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Chapter 1

Introduction

Heat transfer is an ubiquitous process occurring in nature. In an incompressible

fluid, this phenomenon has attained broad consideration because of its utilization

and developments in industry. These developments include rolling the steel at high

temperature, metal extrusion, metal working process, paper production, glass fiber

production, crystal flowing. Ostrach [1] evaluated these applications. Crane [2] in-

vestigated 2D flow for a stretched surface. He analyzed Nusselt number and skin

friction. Wang [3] considered the 3D flow by utilizing the stretched surface. Later

on, this work is extended by many investigators [4 − 15] by considering different

geometries. Some other applications related to stretching surface may be found in

[16 − 19]. However flow analyses over exponentially stretching sheets are examined

sparsely [20 − 24]. Magyari and Keller [25] scrutinized the influence of viscous fluid

induced by exponentially stretching surface. The heat transport phenomenon in a

nanofluid flow produced by exponentially stretching sheet was beautifully analyzed
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by Nadeem and Lee [26].

Nanofluids are a classification of heat transfer fluids which are engineered suspen-

sion nanoparticles(1-100nm) dispersed in the fluid. Usually base fluids incorporate

water, organic fluids (e.g. ethylene, triethylene and so on) engine oil, polymeric so-

lutions, bio-fluids and other base fluids. Medium normally utilized as nanoparticles

encompass carbon in different structures (e.g. carbon nanotubes, graphite, diamond)

metals (e.g. copper, silver, gold), metal oxides (e.g titania, zirconia) and functional-

ized nanoparticles. Utilization of nanofluids has found an extensive variety of poten-

tial applications. Choi was the first one to study enhancement of thermal conductivity

in nanofluids [27]. As indicated by applications, nanofluids are listed as heat trans-

fer fluids, bio and pharmaceutical nanofluids, medicinal nanofluids, environmental

nanofluids etc. Numerous analysts contemplated how the size, concentration, shape

and other properties influence heat transfer rate of fluid. The fusion of specialized

liquids which are designed to enhance performance of heat transfer has turned out to

be progressively appealing lately. So this subject has tempted vast interest from an-

alysts as a result of fascinating properties and applications [28− 37]. Chen et al. [38]

presented an approach to estimate thermal conductivity of liquid having nano-sized

particles, depend on their rheological properties. Zhou et al. [39] examined aspects of

conductivity for different variety of mixtures. Heat transfer enhancement and thermal

conductivity in nanofluids had been studied by [40]. Kabeel et al. [41] examined the

performance of heat transfer of plate with alumina-water nanofluid and water-water

fluids. Significance and importance of nanofluids to increase the heavy duty engine
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and automotive cooling rates was explained by Peyghambarzadeh et al. [42]. The

improvement in heat transfer with the help of nanoparticles concentration and flow

conditions was considered in [43]. Duangthongsuk and Wongwises [44] exposed differ-

ence among experimental data and computed thermophysical properties of nanofluids

on heat transport phenomena. Quiet recently numerous experiments have been done

with variety of nanoparticles suspended in base liquid named as ”Hybrid Nanofluid”,

cutting edge nanofluid. These are reasonably a new class of nanofluids which have

enormous applications in different heat transport phenomenon. When nano-sized

particles are dispersed appropriately, hybrid nanoparticles offer colossal benefit hav-

ing exceptional thermal conductivity. Particularly, nanofluid flow is well-known for

high heat transport as compared to simple liquid. To improve it even more, hybrid

nanofluid is instigated. Many experimental research articles have been published with

the concept of hybrid nanofluid. Momin [45] carried out a study of mixed convection

for laminar flow with (Al2O3 − Cu/H2O). Study on synthesize (Al2O3 − Cu/H2O)

of hybrid nanofluid was examined by Suresh et al [46]. Further, Suresh et al. [47]

explored effects of (Al2O3−Cu/H2O) hybrid nanofluid in heat transfer. The pressure

drop properties of hybrid nanofluid was scrutinized by suresh et al. [48].

Heat transport occurs due to temperature gradient in the medium. Later, Catta-

neo [50] extended this law by adding relaxation time. Christov [51] had given detailed

analysis of energy equation for the examination of heat transfer process. After that,

researchers and analysts have demonstrated Cattaneo- Christov heat flux hypoth-

esis for viscous as well as Non-Newtonian flows for different geometries presented

3



in [52-56]. Study of liquid flows with chemical reaction has immensely attracted

recent researchers. These flows are consequential in various procedures. For sure

homogeneous-heterogeneous reactions occur in these procedures. These reactions in

a time independent, viscous, boundary layer flow have been firstly considered by

Chaudhary and Merkin [57]. Bachok et al. [58] examined the aspects of chemi-

cal mechanisms for stretched flow. Khan and Pop [59] studied impact of chemical

mechanisms by considering viscoelastic liquid.

Study of non-Newtonian liquids has achieved considerable scrutiny in fluid me-

chanic’s theory. The fluids which don’t comply with Newtonian’s law of viscosity

are dropped into a class of non-Newtonian liquids. In perspective of the various at-

tributes of these liquids, various non-Newtonian liquids model have been presented

in literature. Eyring- Powell fluid model [60 − 63] is one of non-Newtonian models.

In 1944, a complete mathematical modelling of Eyring–Powell fluid [64] presented by

Eyring and Powell. Mathematically, the Eyring-Powell fluid model is extra multiplex

but this model has a lot of advantages because its equations can be extracted from the

Kinematic theory of fluids relative to empirical relation. Also, for low and high shear

stress it completely diminishes viscous flow conduct. Nadeem et al. [65] scrutinized

Eyring-Powell liquid flow in an endoscope. Flow of Eyring-Powell liquid with shrink-

ing surface was explored by Rosca and Pop [66]. Hayat et al. [67] studied effects of

developed heat and mass flux models on 3D exponential flow of Eyring-Powell fluid.

The vigorous investigation on nanofluid got extraordinary improvement and it is

applicable on different type of conditions, dimensions and surfaces by numerous an-
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alysts. But very few theoretical studies were published in field of hybrid nanofluid.

Our basic aim is to enhance the present comprehension of the flow and heat transport

of this new class of nanofluid called hybrid nanofluid. Moreover, existing data shows

that investigation related to 3D flow of Eyring-Powell liquid with revised heat flux

relation is not legitimately investigated. So, by considering different perspectives,

this thesis explores the flow and heat transport phenomenon for hybrid nanofluid and

Eyring-Powell fluid. The governing partial differential equations representing our

problems are complicated, highly nonlinear and coupled in nature. After using suit-

able similarity transformations, system of these equations are converted into ODEs.

But it is very challenging to find the exact solutions of these types of problems. Hence,

the numerical and analytic series solutions will be achieved by using the BVP-4C and

optimal HAM. Detail of these methods are provided in Chapter 2 and Chapter 3.

Additionally, the impacts of various physical parameters will be considered for better

understanding and to see the physics of the problem.

This thesis consists of EIGHT chapters containing diverse features of above men-

tioned fluids detailed below which have been already published in international peer

reviewed journals of good impact factors. The order of the thesis is as follow:

Chapter 1 covers the introduction, motivation and methodology of the thesis.

In Chapter 2, aspects of time-independent 2D magnetohydrodynamic flow of

Hematite–water nanofluid for a convective stretched surface is considered. The gov-

erning PDEs are converted into ODEs by using transformations. Then obtained math-

ematical data is tackled analytically by optimal HAM. Impacts of physical parameters
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are explored through graphical and tabular form. These contents are published in

“Neural Computing and Applications, (2017) 1-8, doi: 10.1007/s00521-

017-3139-9”.

In Chapter 3, numerical treatment of rotating Ag−CuO/water hybrid nanofluid

flow with heat generation and absorption is examined. The comparison between heat

transport properties of hybrid nanofluid and simple nanofluid is also investigated. The

governing equations are solved numerically with BVP-4C technique. These contents

are published in “Canadian Journal of Physics, https://doi.org/10.1139/cjp-

2018-0011”.

In Chapter 4, we have studied the rotating hybrid nanofluid flow with radiation

and heat source sink. Three dimensional stretching surface is considered in this chap-

ter. Aspect of chemical reactions is also discussed. Solution is acquired numerically

by using BVP-4C. Outcomes show that heat transport rate of hybrid nanofluid is

higher than ordinary nanofluid and its efficiency can be increased by choosing differ-

ent and proper portions of nanoparticles. These contents are published in “Results

in physics, 7 (2017) 2317-2324”.

In Chapter 5, impacts of partial slip and thermal slip on three dimensional rotat-

ing hybrid nanofluid are analyzed. Effects of thermal radiations are also considered

here. BVP-4C technique is applied to solve the system of equations. Comparison

of heat transport rate of old data with present outcomes is also provided. These

contents are published in “The European Physical Journal E, (2018) 41: 75”.

In Chapter 6, three dimensional Eyring-Powell fluid flow with revised heat flux
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relation and chemical processes with stretched surface are considered. The system of

reduced ODEs are simplified by OHAM. These contents are published in “J. Brazil-

ian Society Mech. Sci. Eng., (2018) 40:538 ”.

Chapter 7 is associated to flow of Eyring-Powell fluid using revised heat flux

relation and chemical reactions. Three dimensional exponential stretching surface is

considered in this chapter. Numerical solution is obtained by using BVP-4C tech-

nique. These contents are published in “Results in Physics, 8 (2018) 397-403”.

In Chapter 8 three dimensional chemically reactive exponential flow of Eyring-

Powell liquid subject to generalized relation is discussed. System of six highly coupled

and non-linear equations is handled through BVP-4C. Comparison of our outcomes

and previously published data for a limiting case is also taken into account. These

contents are published in“Results in Physics, 7 (2017) 3910-3917”.

Furthermore, probable extensions of the present study are discussed at the end.
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Chapter 2

Magnetohydrodynamic aspects for

2D Hematite-water nanofluid over

a convectively heated surface

Magneto-hydrodynamic aspects for two dimensional (2D) Hematite–water nanofluid

with convective boundary conditions are considered. Governing PDEs of MHD nanofluid

using hypothesis of boundary layer reduced into system of nonlinear ODEs. The so-

lutions of these equations are found analytically with OHAM . Graphs are ploted for

various physical parameters. It is anticipated that rate of transport rises as we boost

volume fraction of nanoparticle and it decreases with Eckert number.
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Figure 2.1: flow diagram

2.1 Formulation of the Problem

Let us suppose an incompressible 2D flow of a nanofluid. Fluid occupies y > 0

with Uw = ax where a > 0 (See Fig. 2.1). The surface is heated from hot fluid

by a convective heat transfer at Tf . Further, fluid is electrically conducting with

consistant mhd B0 which is applied uniformly and perpendicularly to flow in absence

of electric field. The aspects of induced mhd are negligible. The governing transport

equations are written as [68-69]:

∇.V = 0, (2.1)

ρnfaj = ∇.T1ρnfB + ρfg, (2.2)

9



(ρcp)nf
dT

dt
= ∇.(Knf∇T ) + trac(T1.L), (2.3)

where

T1 = −pI + µnfA1, (2.4)

V = [u(x, y), v(x, y), 0] , (2.5)

A1, = L + LT , (2.6)

First Rivilin-Ericksen tensor is

A1, =

 2∂u
∂x

∂u
∂y

+ ∂v
∂x

∂u
∂y

+ ∂v
∂x

2∂v
∂y

 (2.7)

The Cauchy stress tensor is given by

T1 =


−p+ 2µnf

∂u
∂x

µnf
∂u
∂y

+ µnf
∂v
∂x

0

µnf
∂u
∂y

+ µnf
∂v
∂x
−p+ 2µnf

∂v
∂y

0

0 0 −p

 (2.8)

Using Eqs. (2.4)-(2.6) in Eq. (2.2) we get

ρnfaj = −∇p+ µnf∇ ·A1. (2.9)

Due to MHD, an extra term J×B has been added in the equation (2.9) i.e.

J×B = −σnfB2
0V, (2.10)

Eq. (2.9), therefore

ρnfaj = −∇p+ µnf∇ ·A1, − σnfB2
0V, (2.11)
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For j = 1, 2

a1 =
du

dt
= u

∂u

∂x
+ v

∂u

∂y
, (2.12)

a2 =
dv

dt
= u

∂v

∂x
+ v

∂v

∂y
. (2.13)

Using Eqs. (2.12)-(2.13) in Eq. (2.11), we get

For j = 1,

u
∂u

∂x
+ v

∂u

∂y
=
−1

ρnf

∂p

∂x
+ 2

µnf
ρnf

∂2u

∂x2
+
µnf
ρnf

∂2u

∂y2
+
µnf
ρnf

∂2v

∂x∂y
− σnfB

2
0u

ρnf
, (2.14)

and for j = 2, we get the second equation that is

u
∂v

∂x
+ v

∂v

∂y
=
µnf
ρnf

∂2u

∂x∂y
+
µnf
ρnf

∂2v

∂x2
− 1

ρnf

∂p

∂y
+ 2

µnf
ρnf

∂2v

∂y2
− σnfB

2
0v

ρnf
. (2.15)

Applying boundary layer phenomena

u = O(1), x = O(1), v = O(δ), y = O(δ), ν = O(δ2). (2.16)

Eq. (2.14) becomes

while Eq. (2.15) reduce to

∂p

∂y
= 0. (2.18)

Boundary condition are

u(x, y) = Uw(x) = ax, v(x, y) = 0,−Knf

(
∂T

∂y

)
= hf (Tf − T ) at y = 0, (2.19)

u(x, y)→ U∞ (x) = cx, T (x, y)→ T∞ as y →∞. (2.20)
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Using Eq. (2.20) in Eq. (2.17), we have

−1

ρnf

∂p

∂x
= U∞

∂U∞
∂x

+
σnfB

2
0U∞

ρnf
. (2.21)

Subtituting Eq. (2.21) in Eq. (2.17), we get To derive the Equation of thermal energy,

we need the following quantities

dT

dt
= (u

∂

∂x
+ v

∂

∂y
)T, (2.22)

∇.(Knf∇T ) = Knf

(
∂2T

∂x2
+
∂2T

∂y2

)
, (2.24)

T1.L=



−p∂u
∂x

+ 2µnf
(
∂u
∂x

)2
+
(
∂v
∂x

) (
µnf

∂u
∂y

+ µnf
∂v
∂x

)
(
∂u
∂y

) (
−p+ 2µnf

∂u
∂x

)
+
(
∂v
∂y

)(
µnf

∂u
∂y

+ µnf
∂v
∂x

) 0

(
∂u
∂x

) (
µnf

∂u
∂y

+ µnf
∂v
∂x

)
+
(
∂v
∂x

) (
−p+ 2µnf

∂v
∂y

)
(
∂u
∂y

)
(µnf

∂u
∂y

+ µnf
∂v
∂x

)

+
(
∂v
∂y

)(
−p+ 2µnf

∂v
∂y

) 0


, (2.25)

trac(T1.L)=(
∂u

∂x
)(−p+ 2µnf

∂u

∂x
) + (

∂v

∂x
)(µnf

∂u

∂y
+ µnf

∂v

∂x
)

+ (
∂u

∂y
)(µnf

∂u

∂y
+ µnf

∂v

∂x
) + (

∂v

∂y
)(−p+ 2µnf

∂v

∂y
). (2.26)

Using Eqs. (2.23), (2.24) and (2.26) in Eq. (2.3), we get

u
∂T

∂x
+ v

∂T

∂y
=

Knf

(ρcp)nf
(
∂2T

∂x2
+
∂2T

∂y2
)− p

(ρcp)nf
(
∂u

∂x
+
∂v

∂y
)

+
2µnf

(ρcp)nf
[(
∂u

∂x
)2 + (

∂v

∂y
)2] +

2µnf
(ρcp)nf

(
∂u

∂y
)(
∂v

∂x
) +

µnf
(ρcp)nf

(
∂v

∂x
)2

+
µnf

(ρcp)nf
(
∂u

∂y
)2. (2.27)
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The above equation in simplified form is

u
∂T

∂x
+ v

∂T

∂y
= (αnf )(

∂2T

∂x2
+
∂2T

∂y2
)− (αnf )p

Knf

(
∂u

∂x
+
∂v

∂y
)

+
2µnf (αnf )

Knf

[(
∂u

∂x
)2 + (

∂v

∂y
)2] +

2µnf (αnf )

Knf

(
∂u

∂y
)(
∂v

∂x
) +

µnf (αnf )

Knf

(
∂v

∂x
)2

+
µnf (αnf )

Knf

(
∂u

∂y
)2. (2.28)

u = O(1), x = O(1), T = O(1), v = O(δ), y = O(δ), υnf = O(δ2), αnf = O(δ2).

Eq. (2.28) becomes,

u
∂T

∂x
+ v

∂T

∂y
= (αnf )

∂2T

∂y2
+
µnf (αnf )

Knf

(
∂u

∂y
)2. (2.29)

The governing equations in simplified form are

∂u

∂x
+
∂v

∂y
= 0, (2.30)

u
∂u

∂x
+ v

∂u

∂y
= U∞

∂U∞
∂x

+ νnf
∂2u

∂y2
− σnf
ρnf

B2
0(u− U∞) +

1

ρnf
[ρfβ

0g(T − T∞)], (2.31)

u
∂T

∂x
+ v

∂T

∂y
= αnf

∂2T

∂y2
+
µnfαnf
Knf

(
∂u

∂y
)2, (2.32)

where αnf , µnf , ρnf and Knf are defined in Table. 2.1.

u(x, y) = Uw (x) = ax, v(x, y) = 0, −Knf

(
∂T

∂y

)
= hf (Tf − T ) at y = 0, (2.33)

u(x, y)→ U∞ (x) = cx, T (x, y)→ T∞ as y →∞, (2.34)

We introduce following conversions

η = y

√
a

ν
, u = axf ′(η), v = −

√
aνf(η), θ (η) =

T − T∞
Tw − T∞

. (2.35)
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Utilizing Eq. (2.35), Eq. (2.30) is disappeared and Eqs. (2.31-2.32) yield:

γ1f
′′′ + ff ′′ − f ′2 + λ2 − γ2[M(f ′ − λ) + rθ] = 0, (2.36)

γ3θ
′′ + Pr(fθ′ + γ4Ecf

′′2) = 0, (2.37)

with boundary conditions

where the physical parameters are defined as

The Skin friction Cf and transport rate Nux are defined as

Making use of Eq. (2.35), Eq. (2.41) is as

√
ReCf =

1

(1− φ)2.5
f ′′(0),

Nux√
Re

= −Knf

Kf

θ′(0), (2.42)
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where Re = Uwx
νf
.

2.2 Solution Technique

The coupled nonlinear system (2.36) to (2.39) is handled analytically with Optimal

HAM (OHAM). Comprehensive description of OHAM is beautifully alaborated by

Liao [70], therefore to avoid the repetition we skip the detail and just define the

important quantities. Starting guesses and operator are defined as

f0(η) = ηλ+ (1− λ)(1− e−η), θ0(η) = (
Nc

1 +Nc
)e−η. (2.45)

Lf (f) =
d3f

dη3
− df

dη
, Lθ(θ) =

d2θ

dη2
+
dθ

dη
. (2.46)

The convergence for the solution depends mainly on hf and hθ which are utilized

to obtain analytic solution via OHAM. From Fig. 2.2, we can visualize 11th order

approx. Convergent results are well presented in tabular form (2.1−2.2). It has been

witnessed that growth in the order of approximation lessens the total residual error

(εtm) consequently guarantees the solution convergence. So, we notice that OHAM

gives appropriate procedure to pick parameters which gives convergent results.
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Table 2.1: Individual residual square errors for εfm and εθm.

values→
order↓ hf =−1.57809 hθ =−1.1836

εfm εθm

4

8

12

18

22

24

0.0000586612

3.46534× 10−7

1.1515× 10−7

4.72789× 10−8

2.64815× 10−8

1.97362× 10−8

0.00201884

0.0000158615

1.50674× 10−6

1.26305× 10−8

1.37207× 10−9

3.501× 10−10

Figure 2.2: Graphical representation for 11th order approximation.
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Table 2.2: The convergence of parametric values for average residual square errors

(εtm) by OHAM.

values→
order↓ hf hθ εtm

2

4

6

8

10

12

14

16

−1.70541

−1.27552

−1.65486

−1.33777

−1.33284

−1.38412

−1.57772

−1.67855

−1.00941

−0.792843

−1.05643

−1.16387

−1.11819

−1.2082

−1.19275

−1.19196

0.00770093

0.00154008

0.0000448689

2.47712× 10−6

1.43086× 10−6

2.52638× 10−7

1.43531× 10−7

8.84055× 10−8
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2.3 Graphical Outcomes

For the better understanding of problem, graphical examination of aspects of physical

parameters λ, M , Nc, Ec and φ on f ′(η) and θ(η) are elaborated in Figs. [2.3− 2.9].

F ig. 2.3 represents influence of M on velocity field f ′(η). Fig. 2.4 clarify the impacts

of Ec on θ(η). Physically, an increment in the internal energy cause increase in tem-

perature. Fig. 2.5 show the effects of Nc on θ(η). There is a rise in temperature with

increase in Nc. F ig. 2.6 explain aspect of φ on θ(η). There is a rise in temperature

with the enhancement in φ. Physically, with the increment in φ, heat energy increases

which eventually boost the temperature. Fig. 2.7 elucidate the impact of λ on θ(η).

Increment in λ correlates with higher stretching rate so obviously reduce the temper-

ature. Thermo-physical properties of hematite and water are in Table 2.3. Aspects

of parameters on friction factor and transport rate are provided in Table 2.4. Table

2.5 provide comparison of our results with Pop [6] (described in [71− 72]).

Table 2.3: The Thermophysical properties of base fluid and Hematite nanoparticle.

Properties H2O Hematite

ρ(kg/m3) 997 5180

Cp(J/kgK) 4179 670

K(W/mK) 0.613 9.7

Pr(m2/s) 6.2 -

.
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Table 2.4: Comparison of f ′′(0) for various λ values with literature.

λ Pop et al. [6] Our outcomes

0.1 -0.96938 -0.96937

0.3 -0.84942 -0.84940

1.0 0.0 0.0

2.0 2.01750 2.01750

.
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Table 2.5: Aspects of physical parameters on friction factor and heat transport rate.

λ M Ec Nc Cf Re
1
2 Nux Re

−1
2

0.0 0.5 0.1 0.5 -0.768854 0.337401

0.1 -0.703101 0.346810

0.5 -0.353752 0.375481

0.5 0.0 -0.349361 0.375614

0.5 -0.353752 0.375481

1.0 -0.390326 0.374692

0.1 -0.353752 0.375481

0.5 -0.336012 0.342264

1.0 -0.277429 0.311199

0.1 -0.464620 0.0916735

0.5 -0.353752 0.375481

1.0 -0.351414 0.609997
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2.4 Remarks

Effects of magnetohydrodynamic on Hematite-water nanofluid over a convectively

heated stretched surface has been examined. The observation is as follows

• The velocity field f ′ declines when we boost M but it rises with λ.

• There is a rise in temperature as we enhance φ, Ec and Nc.

• The heat transport rate declines with the augmentation in Ec and M.

• Increase in convective parameter Nc helps the phenomenon of heat transport.
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Chapter 3

Numerical analysis of rotating

Hybrid nanofluid with heat

absorption

This chapter is carried out to investigate aspects of (MHD), heat absorption/generation

and nanoparticle’s volume fraction on flow of hybrid nanofluid for a stretched sur-

face. Comparison of heat transport properties of conventional nanofluid wit hybrid

nanofluid is also taken into account. To study Lorentz force aspects on 3D stretching

surface, a model of ”thermophysical properties” is considered. Whole system includ-

ing nanofluid and surface is in rigid body rotation about an axis normal to plane

with constant angular velocity. Nonlinear PDEs has been solved using some trans-

formations and sought out with an efficient numerical technique BVP-4C. Aspects of

physical parameters have been explained through graphs and tables. From current
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Figure 3.1: Physical regime of the problem.

analysis, heat transport rate of Hybrid nanofluid is very higher as nanofluid.

3.1 Mathematical Formulation of the Problem

Assume time-independent, 3-D, magnetohydrodynamic, viscous, electrically conduct-

ing, rotating flow of hybrid nanofluid. The fluid occupies z > 0. Also flow induction

is due to stretching of surface at z = 0 (see Fig. 3.1).

Here (Ag) and (CuO) nano-size particle with (H2O) as a base liquid are used.

At beginning, CuO(φ1) of 0.1 vol. is added in base liquid to form CuO − water.

Thus, for Ag − CuO/water, Ag(φ2) with many volume fractions are scattered in

CuO − water. It is rotating in such a way along vertical axis that ω∗ is constant.

With these assumptions, the governing system is written as [73]:

u = Uw = ax, v = Vw = by, w = 0, T = Tw, at z = 0, (3.5)
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u→ 0, v → 0, T → T∞ as z →∞. (3.6)

By introduced transformations

u = axf ′(η), v = ayg′(η), w = −√aνf (f(η) + g(η)),

η = z

√
a

νf
, θ (η) =

T − T∞
Tw − T∞

. (3.7)
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Consequently, the above problem reduce to

f ′′′(η)− (1− φ1)
2.5(1− φ2)

2.5[(1− φ2){(1− φ1) + φ1(
ρs1
ρf

)}+ φ2(
ρs2
ρf

)]

×[(f ′(η))2 − f ′′(η)(f(η) + g(η))− 2Ωδg′(η)]− (1− φ1)
2.5(1− φ2)

2.5M2f ′(η) = 0,

(3.8)

g′′′(η)− (1− φ1)
2.5(1− φ2)

2.5[(1− φ2){(1− φ1) + φ1(
ρs1
ρf

)}+ φ2(
ρs2
ρf

)]

×[(g′(η))2 − g′′(η)(f(η) + g(η)) + 2
Ω

δ
f ′(η)]− (1− φ1)

2.5(1− φ2)
2.5M2g′(η) = 0,

(3.9)

Khnf

Kf
θ′′(η) + Pr[(1− φ2){(1− φ1) + φ1(

(ρCp)s1
(ρCp)f

)}

+φ2(
(ρCp)s2
(ρCp)f

)](f(η) + g(η))θ′(η) + δ1θ(η) = 0,

(3.10)

f = 0, f ′ = 1, g = 0, g′ = λ, θ = 1 at η = 0,

f ′ → 0, g′ → 0, θ → 0 as η →∞. (3.11)

Where Ω, M , λ, δ1 and Pr are defined as,

Ω =
ω∗

a
, M =

√
σhnfB2

0

aρf
, λ =

b

a
, δ1 =

Q

a(ρCp)f
Pr =

νf (ρCp)f
Kf

, (3.12)

and

Cfx =
µhnf (

∂u
∂z

)z=0

ρf (ax)2
, Cfy =

µhnf (
∂v
∂z

)z=0

ρf (ax)2
, Nux = − xKhnf

Kf (Tw − T∞)

(
∂T

∂z

)∣∣∣∣
z=0

.

(3.13)

Re
1
2 Cfx =

1

(1− φ1)2.5(1− φ2)2.5
f ′′(0), δ−1 Re

1
2 Cfy =

1

(1− φ1)2.5(1− φ2)2.5
g′′(0),

Re−
1
2 Nux = −Khnf

Kf

θ′ (0) . (3.14)
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3.2 Numerical solution

The coupled non-linear ODEs (3.8 − 3.10) with (3.11) are simplified using BVP-4C

technique [71 − 72]. In MATLAB, BVP-4C is applied to handle Eqs because of its

viability in solving BVPs which are very difficult than IVPs. In this procedure, system

of equations (3.8− 3.10) escorted with boundary conditions is reduced to first order

ODEs. Then appropriate starting guesses are opted that satisfy conditions. The

procedure is as under:

let

p1 =
1

(1− φ1)2.5(1− φ2)2.5
, p2 = (1− φ2){(1− φ1) + φ1(

ρs1
ρf

)}+ φ2(
ρs2
ρf

),

p3 = (1− φ2){(1− φ1) + φ1(
(ρCp)s1
(ρCp)f

)}+ φ2(
(ρCp)s2
(ρCp)f

), (3.15)

also

29



and

y2 = y′1 , (3.19)

y3 = y′2 , (3.20)

y′3 =
p2
p1

[y22 − (y1 + y4 )y3 − 2Ωδy5 ], (3.21)

y5 = y′4 , (3.22)

y6 = y′5 , (3.23)

y′6 =
p2
p1

[y25 − (y1 + y4 )y6 + 2(
Ω

δ
)y2 ], (3.24)

y8 = y′7 , (3.25)

y′8 =
−Pr

(
Khnf

Kf
)
[p3(y1 + y4 )y8 ], (3.26)

along with initial conditions that are given by

y0 (1) = 0, y0 (2) = 1, y0(3) = a1,

y0 (4) = 0, y0 (5) = λ, y0 (6) = a2,

y0 (7) = 1, y0 (8) = a3. (3.27)

Here ai are the un-known parameters. Now we pick appropriate guesses with the

condition that solution satisfies at infinity boundary condition. Criterion to achieve

the convergence is set to 10−6. The acquired outcomes exhibit aspects of dimensionless

parameters, Ω, M , λ, δ1 and Pr on liquid velocity, temperature, drag forces and heat

transport rate.
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3.3 Results and Discussion

Graphical analyses of flow and heat transport have been carried out to perceive cur-

rent situation. Comparison of velocity field for (H2O), (CuO − water) and (Ag −

CuO/water) is presented in Fig. 3.2. Velocity of base fluid (H2O) is greater than

(CuO−water) and (Ag−CuO/water). F igs. (3.3−3.4) demonstrate aspects of (M)

on f ′(η) and g′(η). By increasing M, for both (CuO−water) and (Ag−CuO/water),

it is anticipated that there is enhancement in retarding force. Physically, the pres-

ence of transverse magnetic field creates Lorentz force which is resistive force and

restricts the motion of fluid. So by increasing magnetic field the Lorentz force in-

creases, that is why velocity and the associated boundary layer thickness diminish.

Moreover, velocity profile decreases as (Ω) is augmented through Figs. 3.5 and 3.6.

The Figs. 3.5 and 3.6 also explain that the velocity of hybrid nanofluid is always

smaller than nanofluid velocity because addition of more colossal particle causes the

flow of the fluid to decay. Fig. 3.7 clarify aspects of λ on g′(η). Physically, along y

axis, as γ increases, there is an increase in ”rate of stretching”which implies rise in

velocity. Comparison for temperature profile for base liquid (H2O),(CuO − water)

and (Ag−CuO/water) is exhibited in Fig. 3.8. Temperature for (Ag−CuO/water)

is higher than (H2O) and nanofluid (CuO − water). Fig. 3.9 represents aspects of

M on temperature field. Fig. 3.10 shows aspect of Ω on temperature field. Rotation

enlarges thermal layer thickness. Additionally, instant increase in temperature is be-

cause of the hybrid nanofluid (Ag−CuO/water). The aspect of λ on θ(η) can be seen
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in Fig. 3.11. We noticed that temperature distribution is the diminishing function of

λ. As f ′(η) rises, the thermal layer gets thinner which reduces temperature. Fig. 3.12

depict θ(η) with δ1. Increase in δ1 prompts an increase in temperature distribution

because of the reason that energy is produced at thermal boundary layer. In Figs.

3.13 − 3.14, by increasing Ω, with the non-zero λ, it is noticed that, in x-direction,

a normal stress in the tangential direction is decreasing to a particular value but in

y-direction, the same tangential stress enhances while hybridity increases skin friction

in both directions. In Table 3.1, thermophysical properties of nanofluid and hybrid

nanofluid are given. For spheric nanoparticles we put n = 3. Table 3.2 provides

the thermophysical properties at 250C. From Table 3.3, by adding φ2, the velocity

of the fluid increases which clearly reduces skin friction for both (Ag − CuO/water)

and (CuO − water). From Table 3.4, the Ω and M have decreasing impact but λ

and φ2 have increasing impact on the rate of heat transfer. Continuously addition of

nanoparticles can exert more energy which increases the rate of heat transfer. Addi-

tionally, we have observed that hybrid nanofluid (Ag − CuO/water) has higher rate

of heat transport as (CuO − water).

Thermophysical Properties of Hybrid Nanofluid (Ag − CuO/water).
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Table 3.1: Thermophysical Properties of (CuO − water).

Properties Nanofluid (CuO − water)

Density (ρ)

Viscosity (µ)

Heat Capacity (ρCP)

Thermal Conductivity (K)

ρnf= (1− φ)ρf+φρs

µnf=
µf

(1−φ)2.5

(ρCp)nf= (1− φ)(ρCp)f+φ(ρCp)s

Knf

Kf
=
Ks+(n−1)Kf−(n−1)φ(Kf−Ks)

Ks+(n−1)Kf+φ(Kf−Ks)

Table 3.2: The Thermophysical Properties of CuO, Ag and H2O.

Properties CuO Ag H2O

ρ(kg/m3)

Cp(J/kgK)

K(W/mK)

Pr(m2/s)

6320

531.80

76.50

−

10500

235

429

−

997.1

4179.0

0.6130

6.20
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Figure 3.2: Comparison of velocity field for (H2O), (CuO − water ) and (Ag −

CuO/water).
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Figure 3.3: Velocity field for M in x direction.
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Figure 3.4: Velocity field for M in y direction.
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Figure 3.5: Velocity field for Ω in x direction.
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Figure 3.6: Velocity field for Ω in y direction.
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Figure 3.7: Velocity field for λ in y direction.
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Figure 3.8: Comparison of temperature field for (H2O), (CuO − water) and (Ag −

CuO/water).
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Figure 3.9: Temperature field for M .
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Figure 3.10: Temperature field for Ω.
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Figure 3.11: Temperature field for λ.
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Table 3.3: Variations of −f ′′(0), −g′′(0) for CuO−water and Ag−CuO/water with

φ1 = 0.1.

Ω λ M φ2 − 1
(1−φ1)2.5f

′′(0) − (1−φ1)−2.5

(1−φ2)2.5 f
′′(0) − 1

(1−φ1)2.5 g
′′(0) − (1−φ1)−2.5

(1−φ2)2.5 g
′′(0)

0.1 0.5 0.71 0.06 2.04364 2.38553 1.18579 1.38416

0.3 1.93741 2.26152 1.53247 1.78884

0.5 1.88474 2.20005 1.86815 2.18068

0.3 0.2 1.99092 2.32400 0.91252 1.06518

0.5 1.93741 2.26152 1.53247 1.78884

0.9 1.88373 2.19886 2.57639 3.00740

0 1.74780 2.04020 1.44325 1.68470

0.71 1.93741 2.26152 1.53247 1.78884

1.5 2.51442 2.93507 1.86305 2.17473

0.04 1.81933 2.01480 1.41764 1.56995

0.08 2.05920 2.53647 1.65120 2.03390

0.1 2.18521 2.84372 1.77456 2.30933
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Table 3.4: Variations of heat flux at surface −θ′(0) for CuO − water and Ag −

CuO/water with φ1 = 0.1.

Ω λ M φ2
−Knf

Kf
θ′(0)

−Khnf

Kf
θ′(0)

0.1 0.5 0.71 0.06 2.3941 2.1514

0.3 2.3486 2.1105

0.5 2.2881 2.0562

0.3 0.2 2.017 1.8126

0.5 2.3486 2.1105

0.9 2.7024 2.4285

0 2.3827 2.1412

0.71 2.3486 2.1105

1.5 2.2262 2.0006

0.04 1.6358 2.1781

0.08 1.6975 2.2599

0.1 1.7293 2.3021

3.4 Conclusion

In this chapter, numerical analysis is executed on magneto hydrodynamic 3-D flow of

rotating hybrid nanofluid (Ag-CuO/Water) for a stretched surface. The results are
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as follow:

• Flow of hybrid nanofluid assumes extraordinary part in heat transport with

magnetic field.

• Hybridity diminishes velocity; however, it increases temperature.

• Hybrid nanofluid would give preferable and better heat transfer execution when

contrasted with nanofluid.

• The heat transport rate of hybrid nanofluid may be accomplished by picking

distinctive and proper nanoparticle extents.
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Chapter 4

Heat transfer enhancement with

Ag-CuO/water hybrid nanofluid

Nanofluids are of great importance to researchers as they have significant uses in-

dustrially due to their high heat transfer rates. Recently, a new class of nanofluid,

”hybrid nanofluid” is being used to further enhance the heat transfer rate. This new

model in 3D is employed to examine the impact of thermal radiation and rotation

over a stretched surface. Chemical reaction and heat absorption/generation effects

are also considered. After employing similarity transformations, the system is solved

numerically. Present outcomes shows that hybridity boosts heat transport rate at

surface.
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4.1 Formulation

Consider 3-D rotating flow of an incompressible hybrid nanofluid for stretching sur-

face. The fluid occupy the half space at z > 0. We have considered Copper Oxide

(CuO) and Silver(Ag) nano particles with base liquid as a water. Initially, CuO(φ1)

nanoparticle of 0.1 volume fraction is dissipated into water to make (CuO − water).

Thus, to formulate ”(Ag − CuO/water)”, Silver (φ2) with different volume fractions

is dispersed in nanofluid (CuO − water). Using these assumptions, the governing

system is

∂u

∂x
+
∂v

∂y
+
∂w

∂z
= 0, (4.1)

u
∂u

∂x
+ v

∂u

∂y
+ w

∂u

∂z
− 2ω∗v = νhnf

∂2u

∂z2
, (4.2)

u
∂v

∂x
+ v

∂v

∂y
+ w

∂v

∂z
+ 2ω∗u = νhnf

∂2v

∂z2
, (4.3)

u
∂T

∂x
+ v

∂T

∂y
+ w

∂T

∂z
= αhnf

∂2T

∂z2
+

Q

(ρCp)hnf
(T − T∞)− ∂qr

∂z
, (4.4)

u
∂c

∂x
+ v

∂c

∂y
+ w

∂c

∂z
= βhnf

∂2c

∂z2
− ξ1(c− c∞)n. (4.5)

Using Roseland approximation [74− 76], qr is given by

qr =
−4σ∗

3%

∂T 4

∂z
. (4.6)

Expanding the Taylor series about T∞ we have [77]

T 4 ≈ 4TT 3
∞ − 3T 4

∞. (4.7)

Related conditions for three dimensional flow are

u = Uw = ax, v = Vw = by, w = 0, T = Tw, c = cw, at z = 0,

u→ 0, v → 0, T → T∞, c→ c∞ as z →∞. (4.8)
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Given issue can be stated in a more straightforward form by using the suitable simi-

larity transformation defined as

u = axf ′(η), v = ayg′(η), w = −√aνf (f(η) + g(η)), η = z

√
a

νf
,

θ (η) =
T − T∞
Tw − T∞

, ξ (η) =
c− c∞
cw − c∞

. (4.9)

With Eq. (4.9), Eq. (4.1) is satisfied while Eqs. (4.2-4.8) transformed into following

coupled nonlinear differential equations.

f = 0, f ′ = 1, g = 0, g′ = λ, θ = 1, ξ = 1, at η = 0,

f ′ → 0, g′ → 0, θ → 0, ξ → 0 as η →∞, (4.14)

where

Ω =
ω∗

a
, λ =

b

a
,Pr =

νf (ρCp)f
Kf

, R =
4σ∗T 3

∞
%Kf

, δ1 =
Q

a(ρCp)f
,

Sc =
νf
βf
, Rc1 =

ξ1(c− c∞)n−1

a
. (4.15)
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The physical quantities of the given problem are defined by

Cfx =
µhnf (

∂u
∂z

)z=0

ρf (ax)2
, Cfy =

µhnf (
∂v
∂z

)z=0

ρf (ax)2
, Nux = − xKhnf

Kf (Tw − T∞)

(
∂T

∂z

)∣∣∣∣
z=0

+ (qr)w ,

Shx = − xKhnf

Kf (cw − c∞)

(
∂c

∂z

)∣∣∣∣
z=0

. (4.16)

With the use of similarity transformations, Eq. (4.16) take the form

Re
1
2 Cfx =

1

(1− φ1)2.5(1− φ2)2.5
f ′′(0), δ−1 Re

1
2 Cfy =

1

(1− φ1)2.5(1− φ2)2.5
g′′(0),

Re−
1
2 Nux = −(

Khnf

Kf

+
4

3
R)θ′(0), Re−

1
2 Shx = −Khnf

Kf

ξ′ (0) . (4.17)

4.2 Results and discussion

Numerical evaluation of the non-linear equations has been carried out to get a better

understanding of the problem. The complete detail is provided in chap 3. The in-

fluence of pertinent physical parameters namely rotation parameter, stretching ratio

parameter, heat generation parameter, radiation parameter, chemical reaction and

Schmidt number on flow, heat and mass transport is presented graphically in Figs.

(4.2 − 4.13). From Table 4.1, friction factor of hybrid nanofluid is enhanced with

nanoparticle volume fraction whereas declines as we increase λ. Chemical reaction

and Sc have no impact on skin friction coefficient. Increment in rotation reduces fric-

tion factor in x-direction, but, it escalates in y-direction. From Table 4.2 we conclude

that changes in stretching ratio parameter, rotation, Schmidt number and chemical

reaction have no influence on heat transport rate. The heat transport rate amplifies

in presence of φ2. We learnt that due to hybrid nanofluid (Ag − CuO/water) the
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heat transfer rate was further augmented. The mass transfer rate diminishes when

we enhance rotation parameter and φ2 but it elevates with λ, chemical reaction pa-

rameter and Schmidt number. To authenticate current numerical data, comparisons

of − f ′′(0) with published data for Ω = 0 = φ1 = φ2 = R is made through Table 4.3.

4.2.1 Comparison of velocity and temperature profiles

The velocity profile comparison for H2O, CuO − water and Ag − CuO/water is

revealed in Fig. (4.1). Since no magnetic field is being applied in the present study

which accelerates nanoparticles, hence (Ag − CuO/water) reduces fluid’s velocity.

There is also a decrease in fluid velocity due to density and dynamic viscosity that

rise because of hybridity and so there is a decline in velocity. We also observe that the

velocity of hybrid nanofluid (Ag−CuO/water) is less than nanofluid’s velocity. The

reason being obvious that including further massive particles hurdles the normal fluid

flow. Fig. (4.2) depicts the comparison of temperature profile amid hybrid nanofluid

(Ag−CuO/water), CuO−water and H2O. We noticed (Ag−CuO/water) reaches

higher temperature than nanofluid (CuO − water). A sudden rise in temperature is

a result of hybrid nanofluid (Ag − CuO/water).

4.2.2 Impact of rotation parameter (Ω)

It is demonstrated through Figs. (4.3−4.4) the aspect of rotation on f ′(η) and g′(η) in

x and y direction respectively. We observe that as (Ω) enhances, the liquid velocity
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Figure 4.1: Comparison of f ′(η).
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Figure 4.3: variation of Ω on f ′(η).

decelerate along with boundary layer thickness. The temperature distribution for

Ag − CuO/water and CuO − water is displayed in Fig. (4.5). Here we observe

that immediate improvement in temperature is due to the hybrid nanofluid Ag −

CuO/water. In Fig. (4.6) the concentration, ξ(η), has been plotted to see the effects

against rotation. Rotation boosts the concentration.

4.2.3 Impact of (λ)

Fig. (4.7) elucidates aspect of (λ) on velocity in y-direction. Increment in stretching

ratio parameter correlates with higher stretching rate in y-axis so obviously there is a

rise in velocity field. Aspects of (λ) on temperature distribution is depicted through

Fig. (4.8). It is discovered from the graph, as λ there is a reduction in the temperature

profile. Through Fig. (4.9) we observe the variation of concentration with respect to
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Figure 4.4: variation of Ω on g′(η).
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Figure 4.5: variation of Ω on θ(η).
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Figure 4.6: variation of Ω on ξ(η).

stretching ratio parameter λ. Larger of λ declines concentration profile.

4.2.4 Impact of (δ1)

Fig. (4.10) illustrates nature of temperature profile with the variation of heat gener-

ation/absorption parameter. Increase in δ1 prompts an increase in the temperature

field since energy is produced at thermal boundary layer.

4.2.5 Impact of (R)

Impact of R over the θ profile is demonstrated in Fig. (4.11). Physically we analyze

higher values of this quantity
%Kf

4σ∗T 3
∞

exhibit that thermal radiation is dominate over

conduction. Hence a great amount of heat energy due to radiation is being released

in the system giving a rise to temperature.
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Figure 4.7: variation of λ on g′(η).
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Figure 4.8: variation of λ on θ(η).
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Figure 4.9: variation of λ on ξ(η).
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Figure 4.10: variation of δ1 on θ(η).
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Figure 4.11: variation of R on θ(η).

4.2.6 Impact of chemical reaction parameter (Rc1)

Fig. (4.12) demonstrate aspects of Rc1 on the concentration profile. The raising

values of chemical reaction lead to decline fluid’s concentration. Consequently the

concentration boundary layer thickness get increased.

4.2.7 Impact of (Sc)

Impact of Sc on ξ is exhibited in Fig. (4.13). Due to Sc, the diffusion is decreases

consequently the fluid’s concentration reduces.
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Figure 4.12: variation of Rc1 on ξ(η).
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Figure 4.13: variation of Sc on ξ(η).
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Table 4.1: Effects of − f ′′(0), −g′′(0) for (CuO − water) and (Ag − CuO/water).

Ω λ φ2 Rc1 Sc −1
(1−φ1)2.5f

′′(0) −(1−φ1)−2.5

(1−φ2)2.5 f ′′(0) −1
(1−φ1)2.5 g

′′(0) −(1−φ1)−2.5

(1−φ2)2.5 g′′(0)

0.1 0.5 0.07 0.5 0.5 1.91658 2.29784 1.06164 1.27283

0.3 1.80930 2.16922 1.49397 1.79116

0.5 1.77585 2.12912 1.88764 2.26314

0.3 0.2 1.88714 2.26254 1.00655 1.20679

0.5 1.80930 2.16922 1.49397 1.79116

0.9 1.74547 2.09269 2.44057 2.92606

0.05 1.68693 1.91773 1.39306 1.58365

0.07 1.80930 2.16922 1.49397 1.79116

0.1 1.99913 2.60156 1.65059 2.14799

0 1.80930 2.16922 1.49397 1.79116

1 1.80930 2.16922 1.49397 1.79116

2 1.80930 2.16922 1.49397 1.79116

0.5 1.80930 2.16922 1.49397 1.79116

1.0 1.80930 2.16922 1.49397 1.79116

1.5 1.80930 2.16922 1.49397 1.79116
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Table 4.2: Effects of −θ′(0) and −ξ′(0) for (CuO − water) and (Ag − CuO/water).

Ω λ φ2 Rc1 Sc
−Knf

Kf
θ′(0)

−Khnf

Kf
θ′(0) −(1− φ1)ξ

′(0) −(1− φ1)(1− φ2)ξ
′(0)

0.1 0.5 0.07 0.5 0.5 1.32460 1.22440 0.65733 0.61131

0.3 1.32460 1.22440 0.64297 0.59796

0.5 1.32460 1.22440 0.62757 0.58364

0.3 0.2 1.32460 1.22440 0.60094 0.55887

0.5 1.32460 1.22440 0.64297 0.59796

0.9 1.32460 1.22440 0.68567 0.63767

0.05 1.32460 1.15700 0.64230 0.61019

0.07 1.32460 1.22440 0.64297 0.59796

0.1 1.32460 1.33120 0.64486 0.58038

0 1.32460 1.22440 0.38047 0.35384

1 1.32460 1.22440 0.82157 0.76406

2 1.32460 1.22440 1.08770 1.01150

0.5 1.32460 1.22440 0.64297 0.59796

1.0 1.32460 1.22440 0.957580 0.89055

1.5 1.32460 1.22440 1.209200 1.12460
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Table 4.3: Comparison of − f ′′(0) for λ as (Ω = 0 = φ1 = φ2 = R).

λ Wang [35] Arial [36] Butt et al [37] Our Outcomes

0.0 1 1 1 1

0.1 1.020902 1.017027 1.020260 1.02137

0.2 1.041804 1.034587 1.039495 1.0404

0.3 1.062705 1.052470 1.057955 1.05871

0.4 1.083607 1.070529 1.075788 1.07643

0.5 1.104509 1.088662 1.093095 1.09364

4.3 Conclusion

The three dimensional steady rotating flow of ”hybrid nanofluid (Ag−CuO/water)”

is examined on a linearly stretching surface. The main conclusion of the work is as

follows:

• Thermal boundary of ”hybrid nanofluid (Ag − CuO/water)” increases by in-

crementing the heat generation parameter δ1.

• There is an enhancement in rate of mass transport at surface by increasing

Schmidt number Sc and chemical reaction Rc1.

• There is an increment in concentration profile with Ω where as it declines con-

centration at surface.
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Chapter 5

Slip flow of 3-D rotating hybrid

nanofluid with thermal jump

The comparison of properties of heat transport between Ag−CuO/water and CuO−

water are studied in this chapter. Also the impacts of rotation, partial and thermal

slip and radiation are examined. The numerical technique BVP-4C is used to tackle

the solution of problem, the detailed method is presented in chapter three.

5.1 Problem formulation

Here 3D rotating flow of Ag−CuO/water with surface temperature subject to partial

slip and (Tw + l ∂T
∂z

) is considered. The fluid occupies z > 0. Uw = ax and Vw = by,

a, b > 0,. Nanofluid is moving about an axis normal to plane with the constant ω∗.
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The representing system is:

∂u

∂x
+
∂v

∂y
+
∂w

∂z
= 0, (5.1)

u
∂u

∂x
+ v

∂u

∂y
+ w

∂u

∂z
− 2ω∗v = νhnf

∂2u

∂z2
, (5.2)

u
∂v

∂x
+ v

∂v

∂y
+ w

∂v

∂z
+ 2ω∗u = νhnf

∂2v

∂z2
, (5.3)

u
∂T

∂x
+ v

∂T

∂y
+ w

∂T

∂z
= αhnf

∂2T

∂z2
− 1

(ρCp)hnf

∂qr
∂z

. (5.4)

Using Roseland approximation

qr =
−4σ∗

3%

∂T 4

∂z
, (5.5)

T 4 ≈ 4TT 3
∞ − 3T 4

∞. (5.6)

So the equation (5.4) is

u
∂T

∂x
+ v

∂T

∂y
+ w

∂T

∂z
= αhnf

∂2T

∂z2
+

16σ∗T 3
∞

3%(ρCp)hnf

∂2T

∂z2
. (5.6(a))

The endpoint conditions are

u = Uw + kνf
∂u

∂z
, v = Vw + kνf

∂v

∂z
, w = 0, T = Tw + l

∂T

∂z
, at z = 0, (5.7)

u→ 0, v → 0, T → T∞ as z →∞. (5.8)

As

u = axf ′(η), v = ayg′(η), w = −√aνf (f(η) + g(η)),

η = z

√
a

νf
, θ (η) =

T − T∞
Tw − T∞

, (5.9)

consequently, the above governing problem reduce to
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f = 0, f ′ = 1 + αf ′′(0), g = 0, g′ = λ+ αg′′(0), θ = 1 + βθ′(0) at η = 0,

f ′ → 0, g′ → 0, θ → 0 as η →∞. (5.13)

These parameters are defined by

Ω =
ω∗

a
, λ =

b

a
, α = k

√
aνf , β = l

√
a

νf
, Pr =

νf (ρCp)f
Kf

, R =
4σ∗T 3

∞
%Kf

. (5.14)

And

Cfx =
µhnf (

∂u
∂z

)z=0

ρf (ax)2
, Cfy =

µhnf (
∂v
∂z

)z=0

ρf (ax)2
, Nux = − xKhnf

Kf (Tw − T∞)

(
∂T

∂z

)∣∣∣∣
z=0

+(qr)w.

Re
1
2 Cfx =

1

(1− φ1)2.5(1− φ2)2.5
f ′′(0), δ−1 Re

1
2 Cfy =

1

(1− φ1)2.5(1− φ2)2.5
g′′(0),

Re−
1
2 Nux = −(

Khnf

Kf

+
4

3
R)θ′ (0) . (5.16)

5.2 Discussion Section

This section scrutinizes aspects of flow imperatives on velocity and temperature fields.

From Figs. (5.1 − 5.2), with the rise in α there is a clear decrease in velocity field
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Table 5.1: Comparison of heat transport rate when α = β = Ω = R = 0.

λ
Our Outcomes

Ag − CuO/water

SSUDevi & SPA Devi [73]

Cu− Al2O3/Water

0.0

0.2

0.4

1.7603

1.953

2.121

0.25575

0.26006

0.26329

or both (CuO − water) and (Ag − CuO/water). Behaviour of β on temperature

field is portrayed in Fig. (5.3). From this figure, there is reduction in temperature

with the rise in β. Impacts of Ω on velocity and temperature field are elucidated

from Figs. (5.4 − 5.6). There is a noteworthy decay in velocity with the increase in

Ω but on the other hand temperature rises significantly. Hybrid nanofluid (Ag −

CuO/water) has larger temperature than simple nanofluid (CuO − water) due to

its larger thermal conductivity which helps in enhancement in temperature. From

Fig. (5.7) the temperature distribution increases with R. This is due to reason that

heat flux at surface increases with R which ultimately boost temperature. Figs.

(5.8 − 5.9) displays the character of friction factor with Ω for two estimations of α.

In Fig. (5.8), friction factor decreases with Ω and α but in Fig. (5.9) it rises with

Ω and decreases with α. Also the friction factor of Ag − CuO/water is more than

simple nanofluid (CuO−water). Fig. (5.10) explore the effect of heat transport rate

with Ω for two estimations of α. From this figure, heat transport rate diminishes with
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Figure 5.1: variation of α on f ′(η).

Ω and α. Additionally Ag − CuO/water has larger heat transport rate than CuO −

water. It could be accomplished by proper choice of proportions of nanoparticles.

The comparison of the results of Ag − CuO/water with nanoparticles composite

Cu−Al2O3/Water are shown in Table 5.1. Also, effects of the parameters involved in

present study on friction factor and heat transport rate are given in Tables (5.2−5.3).

64



0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

0

0.05

0.1

0.15

0.2

0.25

0.3

η

g
’(
η)

 

 

CuO−water

Ag−CuO/water

α = 0.0, 0.1, 0.2 

Figure 5.2: variation of α on g′(η).

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

η

θ(
η)

 

 

CuO−water

Ag−CuO/water

β = 0.0, 1.0, 2.0 

Figure 5.3: variation of β on θ(η).
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Figure 5.5: variation of Ω on g′(η).
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Table 5.2: Variations of −f ′′(0), −g′′(0) for CuO−water and Ag−CuO/water with

φ1 = 0.1.

α β Ω λ R − 1
(1−φ1)2.5f

′′(0) − (1−φ1)−2.5

(1−φ2)2.5 f
′′(0) − 1

(1−φ1)2.5 g
′′(0) − (1−φ1)−2.5

(1−φ2)2.5 g
′′(0)

0 1 0.2 0.5 0.5 1.85063 2.21877 1.27913 1.53358

0.1 1.52545 1.8289 1.06515 1.27704

0.2 1.30868 1.56902 0.91979 1.10276

0.1 0 1.52545 1.8289 1.06515 1.27704

1 1.52545 1.8289 1.06515 1.27704

2 1.52545 1.8289 1.06515 1.27704

0 1.64273 1.96951 0.715103 0.857356

0.2 1.52545 1.8289 1.06515 1.27704

0.4 1.50328 1.80232 1.40482 1.68427

0 1.60783 1.92767 0.602434 0.722274

0.5 1.52545 1.8289 1.06515 1.27704

1 1.51305 1.81403 2.0322 2.43646

0 1.52545 1.82891 1.06516 1.27704

0.5 1.52545 1.82891 1.06516 1.27704

1 1.52545 1.82891 1.06516 1.27704
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5.3 Key Points

Important key points are given bellow:

• Temperature and rate of heat transport at surface in presence of hybrid nanofluid

(Ag − CuO/water) is noticed higher than simple nanofluid (CuO − water).

• Temperature rises with Ω and R but decreases with α and β.
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Table 5.3: Impact of −θ′(0) for CuO − water and Ag − CuO/water with φ1 = 0.1.

α β Ω λ R −(
Knf

Kf
+ 4

3
R)θ′(0) −(

Khnf

Kf
+ 4

3
R)θ′(0)

0 1 0.2 0.5 0.5 0.76136 1.087

0.1 0.73547 1.05

0.2 0.71339 1.0185

0.1 0 1.6537 2.3609

1 0.73547 1.05

2 0.4729 0.67515

0 0.74932 1.0698

0.2 0.73547 1.05

0.4 0.71038 1.0142

0 0.34789 0.49667

0.5 0.73547 1.05

1 0.79091 1.1292

0 0.82359 0.76131

0.5 1.1056 1.05

1 1.3425 1.2919
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Chapter 6

An optimal solution of

Cattaneo-Christov heat flux model

and chemical processes for 3D flow

of Eyring-Powell fluid

This chapter investigates attributes of Eyring-Powell fluid with heterogeneous-homogenous

processes. Moreover, investigation of heat conduction is carried out with revised heat

flux relation. 3-D linearly stretching surface is considered. Analytical results are ob-

tained by OHAM. Aspects of pertinent parameters are delineated through graphical

illustrations. We found that temperature profile declines with enhancing the estima-

tions of thermal relaxation parameter. Furthermore, the concentration increases with

the augmented estimations of Lewis number.
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Figure 6.1: Flow representation.

6.1 Mathematical modeling

Consider (3D) time independent flow of Eyring-powell liquid occupies z > 0 shown

in Fig. 6.1. Uw and Vw, are liquid velocities. In an Eyring-powell liquid,

~S = −p~I + ~τij, (6.1)

ρ
d~V

dt
= −∇p+∇.(~τij), (6.2)

~τij = µ
∂ui
∂xj

+
1

Ω1

sinh−1(
1

σ1

∂ui
∂xj

). (6.3)

Assuming 2nd order estimation of sinh−1 i.e.

sinh−1(
1

σ1

∂ui
∂xj

) ∼=
1

σ1

∂ui
∂xj
− 1

6
(

1

σ1

∂ui
∂xj

)3, | 1

σ1

∂ui
∂xj
| <<< 1. (6.4)

For cubic autocatalysis, the homogeneous isothermal reaction can be written as:

A1 + 2A2 → 3A2, rate = kra1a
2
2, (6.5)
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while the first order, single isothermal reaction on catalyst is represented as follows:

A1 → A2, rate = ksa1. (6.6)

Both reactions are supposed to be isothermal. In perspective of the theory of Cattaneo-

Christov, ~q satisfies following equation [52]:

~q + λe(
∂~q

∂t
+ ~V .∇~q − ~q.∇~V + (∇.~V )~q) = −k∇T. (6.7)

By putting λe=0, equation (6.7) deduces to basic law of Fourier. By supposing steady

and incompressible flow, the above equation is as:

~q + λe(~V .∇~q − ~q.∇~V ) = −Kf∇T. (6.8)

For under consideration problem, the boundary layer equations are [78− 80]:

∂u

∂x
+
∂v

∂y
+
∂w

∂z
= 0, (6.9)

u
∂u

∂x
+ v

∂u

∂y
+ w

∂u

∂z
= (ν +

1

Ω1σ1ρ
)
∂2u

∂z2
− 1

2Ω1σ3
1ρ

(
∂u

∂z
)2
∂2u

∂z2
, (6.10)

u
∂v

∂x
+ v

∂v

∂y
+ w

∂v

∂z
= (ν +

1

Ω1σ1ρ
)
∂2v

∂z2
− 1

2Ω1σ3
1ρ

(
∂v

∂z
)2
∂2v

∂z2
, (6.11)

u
∂T

∂x
+ v

∂T

∂y
+ w

∂T

∂z
+ λeΓe = αf

∂2T

∂z2
, (6.12)

u
∂a1
∂x

+ v
∂a1
∂y

+ w
∂a1
∂z

= FA1

∂2a1
∂z2
− kra1a22, (6.13)

u
∂a2
∂x

+ v
∂a2
∂y

+ w
∂a2
∂z

= FA2

∂2a2
∂z2

+ kra1a
2
2. (6.14)

The prescribed B.C are

u = Uw = ax, v = Vw = by, w = 0, T = Tw, FA1

∂a1
∂z

= ksa1, FA2

∂a2
∂z

= −ksa1, at z = 0,

u→ 0, v → 0, T → T∞, a1 → (a1)0, a2 → 0, as z →∞.

(6.15)
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Where

Γe = u2
∂2T

∂x2
+ v2

∂2T

∂y2
+ w2∂

2T

∂z2
+ 2uv

∂2T

∂x∂y
+ 2vw

∂2T

∂y∂z
+ 2uw

∂2T

∂x∂z

+ (u
∂u

∂x
+ v

∂u

∂y
+ w

∂u

∂z
)
∂T

∂x
+ (u

∂v

∂x
+ v

∂v

∂y
+ w

∂v

∂z
)
∂T

∂y

+ (u
∂w

∂x
+ v

∂w

∂y
+ w

∂w

∂z
)
∂T

∂z
, (6.16)

Selecting

η = z

√
a

ν
, u = axf ′(η), v = ayg′(η), w = −

√
aν(f(η) + g(η)),

θ (η) =
T − T∞
Tw − T∞

, a1 = (a1)0ξ(η), a2 = (a1)0Υ(η) . (6.17)

Automatically continuity equation is verified and Eqs. (6.10-6.14) yield

(1 + γ)f ′′′ + (f + g)f ′′ − f ′2 − γε1(f ′′)2f ′′′ = 0, (6.18)

(1 + γ)g′′′ + (f + g)g′′ − g′2 − γε2(g′′)2g′′′ = 0, (6.19)

θ′′ + Pr(f + g)θ′ − Prα1{(f + g)(f ′ + g′)θ′ + (f + g)2θ′′} = 0, (6.20)

1

(Pr)(Le)
ξ′′ + (f + g)ξ′ − σ2ξΥ2 = 0, (6.21)

χ

(Pr)(Le)
Υ′′ + (f + g)Υ′ + σ2ξΥ

2 = 0, (6.22)

f = 0, f ′ = 1, g = 0, g′ = λ, θ = 1, ξ′ = jξ, χΥ′ = −jξ, at η = 0,

f ′ = 0, g′ = 0, θ = 0, ξ = 1, Υ = 0, as η →∞, (6.23)

where

γ =
1

µΩ1σ1
, ε1 =

a3x2

2νσ2
1

, ε2 =
a3y2

2νσ2
1

, λ =
b

a
, Pr =

υ

αf
,

Le =
αf
FA1

, σ2 =
kr(a1)

2
0

a
, χ =

FA2

FA1

, j =
ks
FA1

, α1 = λea. (6.24)
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It is supposed that FA1 and FA2 of A1 and A2 are of comparable size i.e. FA1 and FA2

are equal so χ=1. Thus:

ξ(η) + Υ(η) = 1. (6.25)

Hence Eqs. (6.20-6.21) takes the form

1

(Pr)(Le)
ξ′′ + (f + g)ξ′ − σ2ξ(1− ξ)2 = 0, (6.26)

ξ′ = jξ(0), ξ(∞)→ 1. (6.27)

6.2 Graphical Results and Discussion

This area exhibits aspects of different related parameters, for example, λ (0≤ λ ≤1.5),

γ (0≤ γ ≤7),ε1 (0≤ ε1 ≤12) and ε2(0≤ ε2 ≤20), α1 (0≤ α1 ≤0.2), σ2 (0≤ σ2 ≤2), j

(0.5≤j≤2.0), Pr (0.5≤Pr≤1.0), and Le (0.5≤Le≤1.5) on θ(η) and ξ(η) profiles. Range

has been referred to by [81]. Aspects of λ on θ(η) profile are shown in Fig. 6.2. We

observe that, by increasing λ, θ(η) declines. Physically, liquid velocity increases by

increasing λ so there is less viscosity of the fluid to its motion. Hence production of

heat is low. Effects of γ, ε1, ε2 on θ(η) are portrayed in Figs. 6.3− 6.5. We observe

that associated thermal boundary layer and θ(η) increase when γ, ε1, ε2 increase.

Aspects of Pr on θ(η) temperature profile can be analyzed from Fig. 6.6. Effects of λ

on concentration profile are shown in Fig. 6.7. By increasing λ, there is an increase

in stretching along y-axis which in turn increases concentration. Figs. 6.8 − 6.10

show the influence of γ, ε1, ε2 on concentration ξ(η) profile. By increasing γ, ε1, ε2,

ξ(η) decreases. Behaviors of Pr on ξ(η) are shown through Fig. 6.11. Increasing Pr
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Figure 6.2: Aspect of λ on θ(η).

enhances the concentration profile. Physically, higher Pr boosts momentum diffusivity

which results in increase in fluid concentration. Fig. 6.12 depicts the aspects of Le on

ξ(η) profile. Greater values of Le relate to enhancement in thermal diffusivity, that is

why enhancement in concentration ξ(η) profile is noticed. Properties of σ2 and j on

ξ(η) are shown in Figs. 6.13− 6.14. By increasing σ2 and j, the concentration profile

decreases because more reactants are consumed which causes the concentration of a

fluid to decrease.
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Figure 6.3: Aspect of γ on θ(η).
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Figure 6.5: Aspect of ε2 on θ(η).

0 1 2 3 4 5 6 7

0.0

0.2

0.4

0.6

0.8

1.0

Η

ΘH
Η
L

Pr = 1.0

Pr = 0.7

Pr = 0.5

Figure 6.6: Aspect of Pr on θ(η).

80



0 1 2 3 4 5 6 7

0.75

0.80

0.85

0.90

0.95

1.00

Η

ΞH
Η
L

Λ = 1.0

Λ = 0.5

Λ = 0.0

Figure 6.7: Aspect of λ on ξ(η).

0 1 2 3 4 5 6 7
0.75

0.80

0.85

0.90

0.95

1.00

Η

ΞH
Η
L

Γ = 7.0

Γ = 5.0

Γ = 0.0

Figure 6.8: Aspect of γ on ξ(η).

81



0 1 2 3 4 5 6 7

0.80

0.85

0.90

0.95

1.00

Η

ΞH
Η
L

¶1 = 12.0

¶1 = 6.0

¶1 = 0.0

Figure 6.9: Aspect of ε1 on ξ(η).

0 1 2 3 4 5 6 7

0.80

0.85

0.90

0.95

1.00

Η

ΞH
Η
L

¶2 = 20.0

¶2 = 10.0

¶2 = 0.0

Figure 6.10: Aspect of ε2 on ξ(η).

82



0 1 2 3 4 5 6 7

0.75

0.80

0.85

0.90

0.95

1.00

Η

ΞH
Η
L

Pr = 1.0

Pr = 0.7

Pr = 0.5

Figure 6.11: Aspect of Pr on ξ(η).

0 1 2 3 4 5 6 7

0.75

0.80

0.85

0.90

0.95

1.00

Η

ΞH
Η
L

Le = 1.5

Le = 1.0

Le = 0.5

Figure 6.12: Aspect of Le on ξ(η).

83



0 1 2 3 4 5 6 7

0.80

0.85

0.90

0.95

1.00

Η

ΞH
Η
L

Σ2 = 2.0

Σ2 = 1.0

Σ2 = 0.0

Figure 6.13: Aspect of σ2 on ξ(η).

0 1 2 3 4 5 6 7

0.2

0.4

0.6

0.8

1.0

Η

ΞH
Η
L

j = 3.0

j = 2.0

j = 1.0

Figure 6.14: Aspect of j on ξ(η).

84



6.3 Concluding remarks

An analysis is performed on 3-D Eyring-Powell liquid past a stretching surface in

sight of homogeneous-heterogeneous processes. Heat transport study is effectuated

in the thermal relaxation parameter by imposing new heat flux model. Results are

achieved by employing OHAM. The main conclusions are as follows:

• θ(η) declines with the rising values of α1.

• Concentration profile decreases for both Prandtl number and Lewis number due

to the increase in momentum diffusivity and thermal diffusivity, respectively.

• Concentration profile is the decreasing function of both σ2 and j. Reason is

very clear that in reaction process, more reactants are consumed that is why

concentration of a fluid declines.
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Chapter 7

Flow of 3D Eyring-Powell fluid

with revised heat flux relation and

chemical processes over an

exponentially stretching surface

This chapter examines 3-D Eyring-Powell liquid flow with chemical reactions. A

new heat flux model is utilized to investigate properties of relaxation time. There

is an inverse relationship between temperature and thermal relaxation time. Tem-

perature inrevised heat flux relation is very less than classical Fourier’s relation. In

this study 3-D revised heat flux relation over an exponentially stretched surface is

calculated first time. For negative A, temperature firstly intensifies to its extreme

value and after that gradually declines to zero, which shows the occurrence of phe-
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Figure 7.1: Physical configuration and coordinate system.

nomenon (SGH)”Sparrow-Gregg hill”. Also, for higher values of strength of reaction

parameters, the concentration profile decreases.

7.1 Mathematical modeling and flow analysis

Consider the three-dimensional, incompressible Eyring-Powell liquid flow on an ex-

ponentially stretched surface. The laminar flow is restricted in the domain z > 0 (see

Fig. 7.1). A simple model of chemical reactions suggested by Chaudhary and Merkin

[57] is considered in the present chapter.
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The principal equations are [82]:

∂u

∂x
+
∂v

∂y
+
∂w

∂z
= 0, (7.1)

u
∂u

∂x
+ v

∂u

∂y
+ w

∂u

∂z
= (ν +

1

Ω1σ1ρ
)
∂2u

∂z2
− 1

2Ω1σ3
1ρ

(
∂u

∂z
)2
∂2u

∂z2
, (7.2)

u
∂v

∂x
+ v

∂v

∂y
+ w

∂v

∂z
= (ν +

1

Ω1σ1ρ
)
∂2v

∂z2
− 1

2Ω1σ3
1ρ

(
∂v

∂z
)2
∂2v

∂z2
, (7.3)

ρcp(u
∂T

∂x
+ v

∂T

∂y
+ w

∂T

∂z
) = −∇.~q, (7.4)

u
∂a1
∂x

+ v
∂a1
∂y

+ w
∂a1
∂z

= FA1

∂2a1
∂z2
− kra1a22, (7.5)

u
∂a2
∂x

+ v
∂a2
∂y

+ w
∂a2
∂z

= FA2

∂2a2
∂z2

+ kra1a
2
2, (7.6)

Now discard ~q from Eqs. (7.4) and (6.8), the following governing equation is as follows

[83]:

u
∂T

∂x
+ v

∂T

∂y
+ w

∂T

∂z
= αf

∂2T

∂z2
− λe[u2

∂2T

∂x2
+ v2

∂2T

∂y2
+ w2∂

2T

∂z2
+ 2uv

∂2T

∂x∂y
+ 2vw

∂2T

∂y∂z

+2uw
∂2T

∂x∂z
+ (u

∂u

∂x
+ v

∂u

∂y
+ w

∂u

∂z
)
∂T

∂x
+ (u

∂v

∂x
+ v

∂v

∂y
+ w

∂v

∂z
)
∂T

∂y

+(u
∂w

∂x
+ v

∂w

∂y
+ w

∂w

∂z
)
∂T

∂z
], (7.7)

With relevant conditions

u = Uw, v = Vw, w = 0, T = Tw, FA1

∂a1
∂z

= ksa1, FA2

∂a2
∂z

= −ksa1, at z = 0,

u→ 0, v → 0, T → T∞, a1 → (a1)0e
B(x+y)

2L , a2 → 0, as z →∞.

(7.8)

The velocities and temperature at the wall are given by

Uw = u0e
x+y
L , Vw = v0e

x+y
L , Tw = T∞ + T0e

A(x+y)
2L .
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Now transformations are [84]:

η = z

√
u0

2νL
e

(x+y)
2L , u = u0e

x+y
L f ′(η), v = u0e

x+y
L g′(η),

w = −
√
νu0
2L

e
(x+y)
2L (f(η) + g(η) + η(f ′(η) + g′(η))),

T = T∞ + T0 e
A(x+y)

2L θ (η) , a1 = (a1)0e
B(x+y)

2L ξ(η), a2 = (a1)0e
B(x+y)

2L Υ(η). (7.9)

Eq. (7.1) is automatically verified and Eqs. (7.2)-(7.7) yield

(1 + γ)f ′′′ + (f + g)f ′′ − 2(f ′ + g′)f ′ − γε1(f ′′)2f ′′′ = 0, (7.10)

(1 + γ)g′′′ + (f + g)g′′ − 2(f ′ + g′)g′ − γε2(g′′)2g′′′ = 0, (7.11)

1

Pr
θ′′ − A(f ′ + g′)θ + (f + g)θ′ +

Λ

2
[{η(f ′ + g′) + (1 + 2A)(f + g)}(f ′ + g′)θ′

−A{(A+ 2)(f ′ + g′)2 − (f + g)(f
′′

+ g
′′
)}θ − (f + g)2θ′′] = 0, (7.12)

1

Sc
ξ′′ + (f + g)ξ′ −B(f ′ + g′)ξ − σ2ξΥ2 = 0, (7.13)

χ

Sc
Υ′′ + (f + g)Υ′ + σ2ξΥ

2 = 0, (7.14)

f = 0, f ′ = 1, g = 0, g′ = λ, θ = 1, ξ′ = jξ, χΥ′ = −jξ, at η = 0,

f ′ = 0, g′ = 0, θ = 0, ξ = 1, Υ = 0, as η →∞, (7.15)

where

γ =
1

µΩ1σ1
, ε1 =

u30e
3(x+y)

L x2

2νσ2
1L

, ε2 =
u30e

3(x+y)
L y2

2νσ2
1L

, λ =
v0
u0
, Pr =

υ

αf
, Λ =

λeu0e
x+y
L

L

Sc =
υ

FA1

, σ2 =
kr(a1)

2
0

2u0L
e

(B+1)(x+y)
L , χ =

FA2

FA1

, j =
ks
FA1

√
2υL

u0
e
−(x+y)

2L . (7.16)

Using Eq.(6.25), Eqs. (7.13-7.14) take the form

1

Sc
ξ′′ + (f + g)ξ′ −B(f ′ + g′)ξ − σ2ξ(1− ξ)2 = 0, (7.17)
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For engineering interest, Cf is demarcated as

Cf =
τw
ρu2w

, (7.18)

where the wall shear stress τw is given by

τw = (µ+
1

Ω1σ1
)
∂u

∂z z=0
− 1

6Ω1σ3
1

(
∂u

∂z
)3z=0, (7.19)

or

√
2 ReCf = (1 + γ)f ′′(0)− γε1

3
(f ′′(0))3. (7.20)

7.2 Discussion section

The set of ODEs (7.10-7.12), (7.17) with (7.15) and (6.27) are implemented utilizing a

solution technique named BVP-4C in MATLAB software. In this segment, the effect

of relevant physical parameters i.e. Eyring-Powell fluid parameter γ, stretching ratio

parameter λ, temperature exponent A, thermal relaxation time Λ, Prandtl number

Pr, concentration exponent B, chemical reactions σ2 and j and Sc on velocities, tem-

perature and concentration profiles are represented in graphical and tabular form.

Fig. 7.2 describe the behavior of Eyring-Powell liquid parameter on f ′ and g′. This

model explains properties of shear thinning liquid. From Fig. 7.2, as γ increases,

velocity component also increases. Fig. 7.3 portrays aspect of λ on f ′ and g′ distri-

butions. One can notice that intensification in λ prompts reduction in f ′ distribution

but an opposite trend is observed for g′ profile. As stretching rate along y direction

is higher because the adjacent surface starts to move in that direction rather than
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x direction. Due to this, f ′ profile decreases while g′ profile increases. Fig. 7.4 elu-

cidates temperature exponent impact on temperature profile for both positive and

negative values of temperature exponent A. For any under consideration value of

A, there is a decrease in temperature distribution . Fig. 7.5 portrays the impact of

Eyring-Powell fluid parameter on temperature distribution. From Fig. 7.5, one can

observe that temperature is decreasing function of Eyring-Powell fluid parameter. In

Fig. 7.6, temperature distribution is plotted for different Λ. As Λ = 0 relates to

traditional Fourier’s law, therefore it is detected from graphical data that when we

involve Λ in energy equation temperature is smaller. Fig. 7.7 elucidates impacts of

λ on temperature profile for both positive and negative values of temperature expo-

nent . For any under consideration value of A, temperature distribution declines as λ

increases. For negative A, temperature profile firstly intensifies to its extreme value

and after that gradually declines to zero, which shows the occurrence of phenomenon

(SGH)”Sparrow-Gregg hill”. From this figure, for negative A, temperature distribu-

tion is concave down and for positive A, near the wall it is concave upward. Also, as

λ increases, the thicknesses of thermal boundary declines. Fig. 7.8 illustrates the im-

pacts of Pr on θ(η). Physically, the relation between Prandtl and thermal diffusivity

is inverse. As Prandtl number Pr increases, one can expect that there are less thermal

impacts to infiltrate into the liquid. Consequently, with the enhancement in Pr, θ(η)

decreases. Fig. 7.9 describes the effects of concentration exponent B on ξ. Aspect of

B on ξ is decreasing. Aspect of stretching ratio parameter on ξ is analyzed in Fig.

7.10. By the intensification of λ, for any under consideration value of concentration
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exponent, the concentration distribution increases. This is due to the increment of

stretching along y direction that is why concentration enhances. Fig. 7.11 describes

the aspect of γ on ξ. We observed that impact of γ on ξ is rising. Aspects of σ2

and j on concentration distribution are depicted in Figs. 7.12 and 7.13. With an

increase in σ2 and j, the concentration profiles depreciates. It may be the domination

of diffusion coefficient than reaction rate. This shows the good agreement with Raju

et al. [85]. Fig. 7.14 elucidates the variation of Schmidt number Sc on ξ. For larger

values of Sc, increasing behavior of ξ is observed. Physically, increasing values of Sc

relate to high rate of viscous diffusion which causes the concentration of a fluid to

increase. Figs. 7.15−7.16 are sketched to see the behavior of gamma on shear stress

versus stretching ratio parameter. These figures reveal that flow resistance boosts

with variation of Eyring-Powell fluid parameter as well as with stretching ratio pa-

rameter , therefore, shear stress increases in both directions. From Table 7.1, the

magnitude of skin friction rises with an expansion in γ and λ. However it reduces

when ε1 increases.
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Figure 7.2: Impact of γ on f ′ and g′.
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Figure 7.3: Impact of λ on f ′ and g′.
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Figure 7.4: Impact of A on θ.
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Figure 7.5: Impact of γ on θ.
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Figure 7.6: Impact of Λ on θ.
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Figure 7.7: Impact of λ on θ.
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Figure 7.8: Impact of Pr on θ.
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Figure 7.9: Impact of B on ξ.
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Figure 7.10: Impact of λ on ξ.
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Figure 7.11: Impact of γ on ξ.

97



0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

η

ξ(
η)

σ
2
 = 0.1, 0.5, 1.0, 1.4, 1.8 

Figure 7.12: Impact of σ2 on ξ.
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Figure 7.13: Impact of j on ξ.
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Figure 7.14: Impact of Sc on ξ.
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Figure 7.15: Impact of γ on skin friction along x direction.
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Figure 7.16: Impact of γ on skin friction along y direction.
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Table 7.1: Effects of Skin friction Cf along x and y directions

γ ε1 λ -Cfx(Re)
1
2 -Cfy(Re)

1
2

0.1 0.3 0.5 1.16824 0.586858

0.5 1.39662 0.709678

1.0 1.67553 0.85724

1.5 1.94891 1.00084

1.8 2.11098 1.08575

0.3 0.1 1.29827 0.651541

0.2 1.29077 0.650262

0.3 1.28308 0.648959

0.5 1.2670 0.646263

0.6 1.25854 0.644862

0.0 1.05405 0.0

0.1 1.10412 0.111621

0.2 1.15183 0.233044

0.3 1.19743 0.363538

0.5 1.28309 0.648961
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7.3 Concluding Remarks

• The three dimensional Eyring-Powell liquid flow using revised heat flux relation

and chemical processes was intended to be investigated in this paper. The

nonlinear ODEs are tackled with bvp-4c technique. Concluding remarks are:

• The intensification in stretching ratio parameter prompts reducing f ′ distribu-

tion.

• Temperature in revised heat flux relation is lesser as compared to classical

Fourier’s relation.

• Temperature distribution declines as lambda boosts.

• For negative values of At, θ(η) represent SGH phenomenon.

• By the intensification of stretching ratio parameter, for under consideration

value of concentration exponent, the concentration distribution increases.

• The flow resistance increments with the variation of γ as well as with λ,therefore,

shear stress increases.
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Chapter 8

Consequences of improved

heat-mass flux relations for 3D

flow of Eyring-Powell fluid

Variable conductivity aspects and generalized Fourier’s-Fick’s laws are studied in this

chapter. Properties of heat/mass transport mechanisms are reported with time de-

pendent relaxation time in energy and concentration equations. Another heat flux

idea involving mystery of heat conduction is exploited which is not quite the same as

the usual literature. Such idea has been utilized as a part of perspective of Cattaneo-

Christov heat flux theory. The characteristic of temperature and concentration re-

laxation features are described. Other than this, chemical reactions are additionally

considered. A numerical technique bvp4c is adopted to simplify the highly complex six

ODEs. The skin friction coefficient for three dimensional Eyring-Powell fluid model
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is calculated. From the present analysis we observe that for higher values of strength

of reaction parameters, the concentration profile decreases. Current effort for three

dimensional Cattaneo-Christov double diffusion and homogeneous-heterogeneous re-

actions over an exponentially stretching surface does not yet exist in the literature.

8.1 Mathematical modeling and flow analysis

We study 3-D, incompressible Eyring-powell liquid flow on an exponentially stretched

surface. The laminar flow is restricted in the domain. A simple chemical reaction

model is considered in the present analysis.For three dimensional flow, the principal

equations are [20]:

∂u

∂x
+
∂v

∂y
+
∂w

∂z
= 0, (8.1)

u
∂u

∂x
+ v

∂u

∂y
+ w

∂u

∂z
= (ν +

1

Ω1σ1ρ
)
∂2u

∂z2
− 1

2Ω1σ3
1ρ

(
∂u

∂z
)2
∂2u

∂z2
, (8.2)

u
∂v

∂x
+ v

∂v

∂y
+ w

∂v

∂z
= (ν +

1

Ω1σ1ρ
)
∂2v

∂z2
− 1

2Ω1σ3
1ρ

(
∂v

∂z
)2
∂2v

∂z2
, (8.3)

ρcp(u
∂T

∂x
+ v

∂T

∂y
+ w

∂T

∂z
) = −∇.~q, (8.4)

u
∂C

∂x
+ v

∂C

∂y
+ w

∂C

∂z
= −∇. ~J, (8.5)

u
∂a1
∂x

+ v
∂a1
∂y

+ w
∂a1
∂z

= FA1

∂2a1
∂z2
− kra1a22, (8.6)

u
∂a2
∂x

+ v
∂a2
∂y

+ w
∂a2
∂z

= FA2

∂2a2
∂z2

+ kra1a
2
2, (8.7)
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The frame indifferent generalization regarding Fourier’s and Fick’s laws are derived

as [51]:

~q + λe(
∂~q

∂t
+ ~V .∇~q − ~q.∇~V + (~∇.~V )~q) = −k∇T, (8.8)

~J + λc(
∂ ~J

∂t
+ ~V .∇~q − ~J.∇~V + (~∇.~V ) ~J) = −DB∇C, (8.9)

replacing λe = λc = 0, in equation (8.8-8.9), we get the classical Fourier’s law and

Fick’s law. By assuming steady state flow with (∂~q
∂t

= 0) and (∂
~J
∂t

= 0), also due the

incompressible flow (~∇.~V = 0), Eqs. (8.8-8.9) can be rewritten as:

~q + λe(~V .∇~q − ~q.∇~V ) = −k∇T, (8.10)

~J + λc(~V .∇~q − ~J.∇~V ) = −DB∇C, (8.11)

now take the divergence of above equations,

∇.~q + λe(∇.(~V .∇~q − ~q.∇~V )) = −∇.(k∇T ), (8.12)

∇. ~J + λc(∇.(~V .∇~q − ~J.∇~V )) = −∇.(DB∇C), (8.13)

as

∇.(~V .∇~q − ~q.∇~V ) = ~V .∇(∇.~q) + (~∇.~V )(∇.~q) = ~V .((∇.~q)~V ), (8.14)

∇.(~V .∇ ~J − ~J.∇~V ) = ~V .∇(∇. ~J) + (~∇.~V )(∇. ~J) = ~V .((∇. ~J)~V ), (8.15)

Eqs. (8.12) and (8.13) can be rewritten as

∇.~q + λe[~V .{(∇.~q)~V }] = −∇.(k∇T ), (8.16)

∇. ~J + λc[~V .{(∇. ~J)~V }] = −∇.(DB∇C), (8.17)
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Using Eqs. (8.4) and (8.5) in Eqs. (8.16) and (8.17), the three dimensional equations

are [86]:

u
∂T

∂x
+ v

∂T

∂y
+ w

∂T

∂z
=

1

ρcp

∂

∂z

(
k(T )

∂T

∂z

)
− λe

(
u2
∂2T

∂x2
+ v2

∂2T

∂y2
+ w2∂

2T

∂z2

)
− λe

(
2uv

∂2T

∂x∂y
+ 2vw

∂2T

∂y∂z
+ 2uw

∂2T

∂x∂z
+

(
u
∂u

∂x
+ v

∂u

∂y
+ w

∂u

∂z

)
∂T

∂x

)
− λe

(
u
∂v

∂x
+ v

∂v

∂y
+ w

∂v

∂z

)
∂T

∂y
+

(
u
∂w

∂x
+ v

∂w

∂y
+ w

∂w

∂z

)
∂T

∂z
(8.18)

u
∂C

∂x
+ v

∂C

∂y
+ w

∂C

∂z
= DB

∂2C

∂z2
− λe

(
u2
∂2C

∂x2
+ v2

∂2C

∂y2
+ w2∂

2C

∂z2

)
− λe

(
2uv

∂2C

∂x∂y
+ 2vw

∂2C

∂y∂z
+ 2uw

∂2C

∂x∂z
+

(
u
∂u

∂x
+ v

∂u

∂y
+ w

∂u

∂z

)
∂C

∂x

)
− λe

(
u
∂v

∂x
+ v

∂v

∂y
+ w

∂v

∂z

)
∂C

∂y
+

(
u
∂w

∂x
+ v

∂w

∂y
+ w

∂w

∂z

)
∂C

∂z
(8.19)

u = Uw, v = Vw, w = 0, T = Tw, C = Cw, FA1

∂a1
∂z

= ksa1, FA2

∂a2
∂z

= −ksa1, at z = 0,

u→ 0, v → 0, T → T∞, C → C∞, a1 → (a1)0e
A(x+y)

2L , a2 → 0, as z →∞.

(8.20)

Where k(T ) can be defined as:

k(T ) = k∞(1 + Θ
T − T∞

∆T
) (8.21)

The velocities, temperature and concentration at the wall are

Uw = u0e
x+y
L , Vw = v0e

x+y
L , Tw = T∞ + T0e

A(x+y)
2L , Cw = C∞ + C0e

A(x+y)
2L . (8.22)

106



Now

η = z

√
u0

2νL
e

(x+y)
2L , u = u0e

x+y
L f ′(η), v = u0e

x+y
L g′(η),

w = −
√
νu0
2L

e
(x+y)
2L (f(η) + g(η) + η(f ′(η) + g′(η))), T = T∞ + T0 e

A(x+y)
2L θ (η) ,

C = C∞ + C0 e
A(x+y)

2L Ψ (η) , a1 = (a1)0e
B(x+y)

2L ξ(η), a2 = (a1)0e
B(x+y)

2L Υ(η). (8.23)

Eq. (8.1) is automatically verified and Eqs. (8.6-8.12) yield

(1 + γ)f ′′′ + (f + g)f ′′ − 2(f ′ + g′)f ′ − γε1(f ′′)2f ′′′ = 0, (8.24)

(1 + γ)g′′′ + (f + g)g′′ − 2(f ′ + g′)g′ − γε2(g′′)2g′′′ = 0, (8.25)

1

Pr
(1 + Θθ)θ′′ + Θ(θ′)2 − A(f ′ + g′)θ + (f + g)θ′ +

Λ

2
[{η(f ′ + g′) + (1 + 2A)(f + g)}

×(f ′ + g′)θ′ − A{(A+ 2)(f ′ + g′)2 − (f + g)(f
′′

+ g
′′
)}θ − (f + g)2θ′′] = 0, (8.26)

1

Scb
Ψ′′ − A(f ′ + g′)Ψ + (f + g)Ψ′ +

Λ1

2
[{η(f ′ + g′) + (1 + 2A)(f + g)}(f ′ + g′)Ψ′

−A{(A+ 2)(f ′ + g′)2 − (f + g)(f
′′

+ g
′′
)}Ψ− (f + g)2Ψ′′] = 0, (8.27)

1

Sc
ξ′′ + (f + g)ξ′ −B(f ′ + g′)ξ − σ2ξΥ2 = 0, (8.28)

χ

Sc
Υ′′ + (f + g)Υ′ + σ2ξΥ

2 = 0, (8.29)

f = 0, f ′ = 1, g = 0, g′ = λ, θ = 1, Ψ = 1, ξ′ = jξ, χΥ′ = −jξ, at η = 0,

f ′ = 0, g′ = 0, θ = 0, Ψ = 0, ξ = 1, Υ = 0, as η →∞, (8.30)

here the parameters are defined in the following expression as,

γ =
1

µΩ1σ1
, ε1 =

u30e
3(x+y)

L x2

2νσ2
1L

, ε2 =
u30e

3(x+y)
L y2

2νσ2
1L

, λ =
v0
u0
, Pr =

υρcp
k∞

,

Λ =
λeu0e

x+y
L

L
, Λ1 =

λcu0e
x+y
L

L
, Scb =

υ

DB

, Sc =
υ

FA1

, σ2 =
kr(a1)

2
0

2u0L
e

(A+1)(x+y)
L ,

χ =
FA2

FA1

, j =
ks
FA1

√
2υL

u0
e
−(x+y)

2L . (8.31)
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Now using Eq. (7.22), we get Eq. (7.23) along with the boundary condition defined

in Eq. (7.24).

8.2 Consequence

We characterize effect of relevant physical parameters on temperature and concen-

tration distributions in graphical and tabular form. The given mathematical model

is solved numerically by utilizing BVP-4C in MATLAB software c.f.[chap 3]. Fig.

8.1 describe the behavior of stretching ratio parameter on temperature profile . From

Fig. 8.1, we see that there is a reduction in temperature and thermal boundary thick-

ness as stretching ratio parameter intensifications. Fig. 8.2 portrays the impacts of

variable thermal conductivity parameter on temperature distribution. One can no-

tice that intensification in prompts increasing temperature distribution. Physically,

the significant quantity of heat transfers from the surface to the substance results

an increase in thermal conductivity that is why increases. In Fig. 8.3, temperature

distribution is plotted for various values of non-dimensional relaxation time. Phys-

ically, when we boost Λ, then the material elements need more time to transport

heat to its neighboring elements and so temperature decays. For Λ = 0, the heat

transports quickly all over the material and relates to traditional Fourier’s law. Fig.

8.4 elucidates temperature exponent impacts on temperature profile. For any under

consideration value of A, we observe that there is a decrease in temperature distribu-

tion . Fig. 8.5 illustrates aspect of Pr on θ(η). There are less thermal impacts as Pr
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raises, thus, the temperature declines. Fig. 8.6 illustrates the impacts of concentra-

tion relaxation parameter on concentration profile . There is a reduction in ξ(η) when

Λ1 is increased. Here Λ1 = 0 relates to traditional Fick’s law. Fig. 8.7 explains the

impacts of Schmidt number on concentration distribution . We conclude that ξ(η)

is decreasing function of Schmidt number. As molecular diffusivity declines when

we increment the Schmidt number. Fig. 8.8 describes the effects of concentration

exponent on concentration profile . From figure we note that the influence of concen-

tration exponent on ξ(η) is decreasing. Impact of stretching ratio parameter on ξ(η)

is analyzed in Fig. 8.9. By the intensification of λ, for any under consideration value

of concentration exponent , the concentration distribution increases. Physically, this

is due to the increment of stretching along y direction that is why concentration en-

hances. Aspects of σ2 and j on concentration distribution are depicted in Figs. 8.10

and 8.11. With an increase in σ2 and j, the concentration profiles depreciates. It may

be the domination of diffusion coefficient than reaction rate. Fig. 8.12 elucidates the

variation of Schmidt number Sc on ξ(η). For larger Sc, we note increasing behavior

of ξ. Physically, increasing values of Sc relate to high rate of viscous diffusion which

causes the concentration of a fluid to increase. Figs. 8.13− 8.14 are sketched to see

aspects of γ on shear stress versus stretching ratio parameter . From these figures, we

observe that the flow resistance increments with the variation of Eyring-Powell fluid

parameter as well as with stretching ratio parameter , therefore, shear stress increases

in both directions. From Table 8.1, the magnitude of Skin friction increments with

an expansion in γ and λ but decreases when ε1 intensifies. Table 8.2 is prepared to
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compare present outcomes with those of Liu et al. [84] in a limiting case. Here good

agreement is observed.

Table 8.1: Comparative values of −f ′′(0) and −g′′(0) for various values of λ when

γ=ε1=0

Present Results︸ ︷︷ ︸ Liu et al. [84]︸ ︷︷ ︸
λ -f ′′(0) -g′′(0) -f ′′(0) -g′′(0)

0.0 1.281809 0.0 1.28180856 0.0

0.5 1.569888 0.784943 1.56988846 0.78494423

1.0 1.812750 1.812750 1.81275105 1.81275105
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Figure 8.1: Impact of λ on θ(η).
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Figure 8.2: Impact of Θ on θ(η).
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Figure 8.3: Impact of Λ on θ(η).
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Figure 8.4: Impact of A on θ(η).
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Figure 8.5: Impact of Pr on θ(η).
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Figure 8.6: Impact of Λ1 on Ψ(η).
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Figure 8.7: Impact of Scb on Ψ(η).
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Figure 8.8: Impact of A on ξ(η).
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Figure 8.9: Impact of λ on ξ(η).
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Figure 8.10: Impact of σ2 on ξ(η).
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Figure 8.11: Impact of j on ξ(η).
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Figure 8.12: Impact of Sc on ξ(η).
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Figure 8.13: Impact of γ on skin friction along x direction.
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Figure 8.14: Impact of γ on skin friction along y direction.
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Table 8.2: Effects of Skin friction Cf along x and y directions

γ ε1 λ -Cfx(Re)
1
2 -Cfy(Re)

1
2

0.1 0.3 0.5 1.16825 0.586861

0.3 1.2831 0.648962

0.5 1.39664 0.709681

0.7 1.509 0.769324

0.3 0.1 1.29828 0.651543

0.3 1.2831 0.648962

0.5 1.26705 0.646268

0.7 1.24973 0.643416

0.0 1.05405 0.0

0.1 1.10412 0.111622

0.3 1.19743 0.363538

0.5 1.2831 0.648962
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8.3 Final Remarks

• Temperature becomes high for greater variable thermal conductivity.

• For non-Fourier’s and Fick’s laws, temperature and concentration are lesser as

compared to classical Fourier’s model.

• Temperature and concentration reduces when temperature and concentration

relaxation parameters are increased.

• The flow resistance increments with the variation of as well as with , therefore,

shear stress increases.

• With the larger values of reaction parameters, concentration distribution de-

creases.
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Chapter 9

Further Study

There is a wide range of work for new exploration in the present field of research. We

have exhibited formulation for problem and analytical/numerical solutions for hybrid

nanofluid and non-Newtonian Eyring-Powell fluid inside this assortment of work. The

properties of transfer of heat over a stretching sheet are examined theoretically. Surely

there is a lot of study staying in this extremely intriguing new class of nanofluid called

hybrid nanofluid and Eyring-Powell liquid model. Here we will talk about a few,

however not all, of the numerous conceivable future extensions. Initially, it would be

an intriguing extension to think about the heat transfer properties of hybrid nanofluid

by taking different but suitable composite of nano particles with micropolar liquid

over an exponentially stretched surface which have a lot of technological and industrial

applications. However, there is a great deal of more examination that should be

addressed in the field of Eyring Powell liquid. Forexample, study of Eyring Powell

liquid in the context of unsteady flows over a wedge. no experimental examinations
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have yet occurred to the best of our information. Subsequently, the present piece of

work obviously persuades the need for comprehensive experimental outcomes to think

about for the comparison of this examination.
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