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Preface

Nanofluids contain particles of size smaller than 100nm which area homogeneously and

stably dispersed inabase fluid. Metals (Al, Cu, Fe and Au), oxide ceramics (CuO,

TiO2, Al2O3 and Fe3O4), carbides ceramics (TiC and SiC), single oramulti-walled car-

bon nanotubes (SWCNTs and MWCNTs),asemiconductors (TiO2 and SiO2) and many

composite materialsaact asananoparticles. The advanced type of improving heat conduc-

tivity ofabase fluids like water, engine oil, toluene and ethylene glycol is to append nano

sized particles. Nanofluids are aanovel concept. Inclusion of nanoparticles in base fluids

remarkably enhances the heat transfer performance. Cooling is the most technical chal-

lenge faced in countless industries such as manufacturing, electronics and automobiles.

Nanofluids have great potentials in transportation, to improve automotive and heavy-

duty engine cooling rates by reducing the complexity of thermal management systems,

lowering the weight and enhancing the efficiency. Nanoparticles shows antibacterial prop-

erties or drug-delivery properties. Nanoamteial is more effective in nano/micro-electro-

mechanical devices and heat exchangers. Non-Newtonian fluids deviates the Newtonian’s

law of viscosity. Rheological characteristics ofanon-Newtonian fluids give rise toahighly

complicated and very complex constitutive relation. Inarecent past several non-linear

liquidsamodels are proposed according to their physical behaviors and shear. Examples

of such fluids are drilling muds,asugar solutions,ablood, polymers ofamolecular weights,

ceramics,ashampoos and lubricants. Many industrial procedures such as petroleum reser-

voirs,apolymer processing, ceramics, food production andapharmaceutical industries are

the main focus ofanon-linear fluids. Features of heat transfer is based through in-

volvement of various mechanism i.e., thermal radiation,aJoule heating, entropy gener-

ation,aconvective conditions andaheat source/sink.

Having allathe above aspects inamind, the modeling for flows ofananofluid involving

nanoparticles is made. Solutions and analysis are presented byahomotopy analysis tech-

nique. The present thesisais designed as follows.
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Chapter oneaprovides literature review and expressions for basic laws ofaconservation of

mass, momentum,aenergy and concentration. Mathematical formulationaand boundary

layer expressions of nanofluids,athixotropic and Maxwell fluids are provided. Basic con-

cept ofahomotopy analysis method is also incorporated.

Chapter twoaaddresses the two dimensional flow ofananofluid due to curved stretching

surface. Modeling isabased upon silver-waterananofluid. Convergent series solutions

for nonlinear systems areaconstructed. Solutions areapresented for the contributions of

involved sundryavariables. Discussion is made for velocity. Expressions of skin fric-

tionacoefficient is calculated through numerical data. The contents ofathis chapter are

publishedain Results in Physics 8 (2018) 1104–1109.

Chapter three extends the analysis of chapter two for magnetite nanofluid. Flow and

heatatransfer are discussed. Here analysis involve thermal radiation, heat generation and

convective boundary conditions. The modeled non-linear systems are reduced into di-

mensionless expressions.aHomotopic convergent solutions with appropriate domains are

derived. Importance of physical parameters are narrated via plots. Computations of

skinafriction and Nusselt numbers are explained. Outcomes ofapresent chapteraare pub-

lished in Results in Physics 7 (2017) 3107–3115.

The purpose of chapter four is twofold. Firstly magnetohydrodynamic flow of nanofluid

due to non-linear stretchingasurface is developed. Transverse magnetic field is applied.

Such consideration is significant in magnetic cell separation and to predict blood flow

problems. Secondly to inspect entropyageneration rate. Slip effects are considered at the

boundary. Joule heating, thermal radiation and heatageneration/absorption. Non-linear

systems are solved by taking optimal homotopy analysis method. The detail of plotted

graphs isadiscussed. The obtained results are published in Journal of Molecular liq-

uids 276 (2019) 441–452.

The chaptersafive and six are prepared for the flow analysis with MHD and carbon

nanotubes. In chapter five the nanoparticles of magneticacharacteristics are considered
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while inachapter six characteristics of both single and multi-walledacarbon nanotubes

are discussed. Porous medium is specified by modified Darcy’s law. Homogeneous-

heterogeneousareactions and convective boundary conditions are entertained. Solutions

of various parameters are computed and analyzed. Main observations are summarized

in the conclusions. Material of these two chapters ae published in Results in Physics

8 (2018) 268–275 and International Journal of Numerical Methods foraHeat

and fluid flow.

Chapter seven presentsahomogeneous-heterogeneous reactions in three-dimensional flow

of silver-water nanofluid. Fluid flow is caused by rotating disk of variable thickness.

Implementation of appropriate transformation leads to ordinary differential variables.

Physical quantities are explained graphically. The obtained results are published in In-

ternational Journalaof Heataand Mass transfer, 113 (2017) 96–105.

Chapter eight is structured to show the MHD characteristics of nanofluid due to stretching

cylinder. Silvera(Ag), Copper (Cu), Copper oxide (CuO), Titanium oxide (TiO2)aand

Aluminium-oxide (Al2O3) nanoparticles with water is considered. Present analysis fo-

cuses on entropyageneration rate with modified Darcy’s law. Non-linear radiation and

non-uniform heat source/sink are also present. For heat transport phenomenon convective

conditions are employed. For reduction of PDEs into ODEs transformation procedure is

implemented. Non-linear problems are computed through optimal homotopy technique.

Flow behavior in terms of velocity, temperature,aentropy rate,aBejan number and skin

friction and heat transfer rate are emphasized in the discussion. The outcomes of this

chapter are published in Applied Nanoscience DOI: org./10.1007/s13204–019–

00961–2 (2019).

The analysis of Maxwell nanofluid is discussed in chapters nine and ten. Electrically

conducting fluid is considered with combined effects heat and mass transfer. Modeling is

developed via non-linear convection and heat generation/absorption. Non-linearaversion

of thermal radiation is adopted. Activation energy is also used. The contents of chapter

3



nine are submitted. Material of chapter ten is published in Journal ofathe Brazilian

Societyaof Mechanical Sciences andaEngineering DOI: org./10.1007/s40430–

019–1576–3 (2019).

Chapter eleven reportsathe salient features of thixotropic nanofluid due to stretching sheet

of variable thickness. Stagnation point flow is analyzed. The derived non-linearasystems

are solved. Intervals of convergence are verified. Velocity, temperature, concentration,

skin frictionaand local Sherwood and Nusselt numbers are examined for influential param-

eters. The obtained resultsaare published in Iranian Journal of Science and Tech-

nology, Transactions A; Science DOI: org./10.1007/s40995-00688-3 (2019).
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Chapter 1

Literature reviewaand basics
equations

Thisachapter containsathe motivation and survey of literature for considerations of nanoflu-

ids, rotating disk,asurfaces with variable thickness,aDarcy-Forchheimer porous medium,

non-Newtonianamaterials, entropy generation and homogeneous-heterogeneousareactions.

Techniques utilized for solutions development are brieflyamentioned.

1.1 Background

Nanofluids are a new class of nanotechnology-based heat transfer fluids with augmented

thermal properties at the smallest possible concentrations by uniform dispersion and sta-

ble suspension of nanoparticles (1-100nm) in host fluids. Nano-sized metallic particles

(Copper, Silver, gold, Titanium or their oxides), carbon nanotubes and nitrites (SiN) are

used in traditional heat transfer fluids to form slurries. Combinations of nanoparticles

and base fluids can create several heterogeneous nanofluids. Applications of nanofluids

are significant in industrial and biomedical processes such as engine cooling, drag reduc-

tions refrigeration, chillers, high-power lasers, oil engine transference, cooling of electron-

ics, boiler,hybrid-powered engines, microwave tubes, drilling, lubrication, nanofluids in

transformer cooling oil, cooling of welding, great energy savings and emissions reduc-

tions. Word ”nanofluid”is credited by Choi and Eastman [1]. Xuan and Li [2] worked on

heat transfer enhancement of nanofluids. Choi et al. [3] designed nanoparticles to refine
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the quality of product and enhance thermal conductivity of fluids. Daungthondsuk and

Wongwises [4] gave a review of convective heat transfer nanofluids. Recently literature on

experimental and theoretical attempts regarding nanofluid is quite extensive. Few reviews

on nanofluids are presented in refs. [5]-[13]. Apart from these Buongiorno [14] developed a

mathematical model of convective transport of nanofluids. Buongiorno introduces seven

slip mechanisms between nanoparticles and base fluid. He concluded that there is an

abnormal enhancement in thermal conductivity due to presence of thermophoretic and

Brownian diffusion of nanoparticles. Buongiorno et al. [15] shows no anomalous thermal

conductivity enhancement in considered fluids. With these view points the nanofluid flow

due stretching sheet with chemical reaction is discussed by Hayat et al. [16]. Pourhoseini

et al. [17] worked on silver-water nanofluid due to plate exchanger. Nanofluid flow due

to permeable stretching/shrinking sheet with regression and stability analyses is given by

Jahan et al.[18]. Reddy et al. [19] discussed the salient aspects of thermophoresis and

Brownian motion in nanofluid flow past a slandering stretching surface.

Flows due to non-Newtonian materials has gained continuous attention of several re-

searchers. Examples of non-Newtonian fluids in geophysics and bio-engineering fields are

food products, milk, apple sauce, toothpaste, ketchup, crystal growth, blood at low and

oil reservoirs etc. Non-Newtonian fluids for their multiple properties are not accounted

by a single relation. These fluids introduce a non-linear relationship between shear stress

and strain rate. Non-Newtonian fluids are classified into differential, integral and rate

types. One of them, Maxwell liquid is simplest subclass of rate type liquids. recently,

Tan et al. [20] gave a Maxwell fluid flow among two plates. Thixotropic fluid model is

another important fluid model. The complexity among shear thinning and thixotropic

fluid is that viscosity diminishes in a shear thinning liquid with enhancement of the shear

rate. However, the thixotropic fluid reveals a viscosity decay via time at the constant

shear rate. Blasius flow of thixotropic fluids is presented by Sadeqi et al. [21]. Few

related studies to non-Newtonian fluids can be looked through the refs. [22]-[25] and
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several attempts therein.

Flow due to stretching surface expanded great interest due to its application in indus-

trial and engineering forms. Most of the applications using flow generated in hot rolling,

broadsheets manufacture, rubber sheet, liquid crystals in condensation processes, fiber

spinning, glass blowing, melt-spinning, wire drawing, paper production, polymer sheet

filaments, polymer extrusion and so on. Fluid flow due to linear stretching surface was

initially reported by Crane [26]. Extensive information on this topic now exists. However

in most cases it is assumed that velocity of stretching surface is linearly proportional

to the distance from fixed origin. However realistically stretching sheet may not nec-

essarily be linear. Gupta and Gupta [27] discussed the flow due to stretching sheet.

Three-dimensional nanofluid flow due to non-linear stretching sheet is reported by Khan

et al. [28]. Analytical solutions of nanofluid flow subject to nonlinear stretching velocity

is analyzed by by Mahanthesh et al. [29]. Besides the flow due to flat stretching sheet

are mostly attended. In past fluid flow by curved stretching surface is not elaborated

properly. Very less attention is given about the study fluid flow due to curved stretch-

ing surface. Sajid et al. [30] examined fluid flow subject to curved surface with linear

stretching velocity. Micro polar fluid flow past curved stretching sheet is modeled and

analyzed by Naveed et al. [31]. Viscous flow due to curved stretching sheet with convec-

tive conditions is addressed by Hayat et al. [32]. Recently Sanni et al. [33] developed

a mathematical modeling for non-linear curved stretching sheet. Later on, Hayat et al.

[34] considered nanofluid flow subject to non-linear curved stretching sheet. Soret and

Dufour effects in nanofluid flow due to non-linear curved stretching surface is analyzed

by Reddy et al. [35]. Flow of nanofluid by non-linear stretching velocity is addressed by

Hayat et al. [36].

Practical and theoretical significance of applied sciences and engineering convince the

flow analysis in rotating frame. Flow due to rotating surfaces gained much attention of

engineers and researchers. Dominant applications include centrifugal filtration process,

13
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air cleaning machines, rotating machinery, medical equipment, designs of multi-pore dis-

tributor and converter etc. Initial work on rotating disk is presented by Karman [37].

Stewartson [38] analyzed the fluid flow between two rotating coaxial disks. Fluid flow

between two rotating disks is studied by Mellor et al. [39]. Ming et al. [40] elaborated

power-law fluid flow due to rotating disk. Cu-water nanofluid flow due to rotating disk

is given by Hayat et al. [41]. The previous papers mainly discussed the flow by a disk of

negligible thickness. However due to acceleration/declaration, the thickness of stretching

surface may increase/decrease with distance. This factor depends on the value of the

velocity power-index. Applications regarding to surfaces of variable thickness are signif-

icant in mechanical, architectural, civil, marine and aeronautical engineering. Fang et

al. [42] described flow subject to stretching sheet of variable thickness. Subhashini et al.

[43] presented the fluid flow due to stretching sheet with variable thickness. Reasonable

recent literature is now available for rotating disk problems (see refs. [44]-[47] ).

The concept of fluid flow in porous space has great importance in geophysics, environ-

mental and industrial systems, civil and chemical engineering, catalytic reactors, heat ex-

changer layouts, fibrous insulation, mechanics of nanofluid, petroleum technology, oil pro-

duction, geothermal energy schemes, nuclear waste disposal, petroleum resources, blood

flow via lungs or arteries,fermentation process, gas-cleaning filtration, ground water pol-

lution and porous bearings and pipes. For the very first time Darcy’s theory is used for

porous space problems [48]. The classical DarcyâĂŹs law is insufficient when inertia and

boundary features are taken into account at high flow rate. So it’s impossible to neglect

the inertia and boundary features. Forchheimer [49] considered these aspects by taking

additional terms through square velocity factor in Darcian velocity expression. Flow of

homogeneous fluids saturating porous medium is given by Muskat [50]. Seddeek [51]

discussed flow of porous media. Fluid flow with Darcy-Brinkman-Forchheimer relation

is proposed by Singh et al. [52]. Pal and Mondal [53] studied fluid flow with Darcy-

Forchheimer expression. Darcy-Forchheimer flow in carbon nanotubes is discussed by
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Hayat et al. [54]. Ganesh et al. [55] presented Darcy-Forchheimer flow of nanofluid due

to stretching sheet.

Recently, some researchers have focusedaon entropy ofathermodynamical systems. En-

tropyageneration refers toairreversible thermodynamicaladeterioration of systems.aFor

assessment of irreversibilitya(entropy generation) the second law of thermodynamicsahas

been utilized.aThe level ofairreversibility obtainingaduring any thermalaprocess is mea-

sured byaentropy generation. Thermodynamic irreversibilitya(entropy generation) gen-

erally accompaniedathe processes of heatatransportation. Specificafactors are responsi-

bleafor irreversibilities generationalike fluid friction,aJoule dissipation, heat transporta-

tionathrough fixed temperatureadifference and diffusionaetc. Entropy generationarelates

the heat transportation,aelementary thermodynamic principlesaand fluid mechanics. En-

tropy generation implementsathese sources toaformulate the realastructures and pro-

cedures whichaare categorized byaconstraints (finite, time). Entropyageneration mini-

mization (EGM) technique is used toaoptimize performanceaof thermal devicesasuch as

switches,aelectrical and motor control, temperatureasensor’s for power conversionaand

thermal science education.aThey are restricted by heataor mass transportationaand ir-

reversibilities regarding fluid flow. Bejan [56, 57] scrutinized idea of entropy generation

minimization (system disorderedness). He observedathat two diverse featuresai.e. liq-

uid frictionaand heat transportation dueato temperature gradient.aThese features are

responsible for production of entropy in fluid flow process.aHe also delineated the numer-

ous applications in which irreversibility is minimized on a multifaceted level. However

forapractical utilization the entropyageneration rate mustabe minimized for thermody-

namicafunctioning up gradation. Flow of Casson nanofluid with entropy generation is

presented by Abolbashari et al. [58]. Some recent advancement in this direction can be

see in the attempts [59]-[65].

Concept of chemicalbreactions are classifiedbinto heterogeneous and homogeneous reac-

tions regardingbto uniformity of a subject. Suchbreactions are utilized inbchemically
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reacting structuresblike catalysis, combustion andbbiochemical systems. In the pres-

ence orbabsence of a catalyst these reactionbreact manifestly. Their isba key difference

among homogeneousband heterogeneous reactions. Homogeneous reactions contain chem-

icalbchanges which are solely depends only on nature of interactionbamong reactants.

Such reactions are simple and have uniformity for example oxyacetylene torchbburning.

While reactions on the surface of catalyst ofavarious phase are occurred in heteroge-

neous reactions. Such reactionsbare complex and have lack uniformity. Flow behav-

ior subjectbto chemical reaction has significant application in metabolism of food in

body,bexplosion of fireworks, cropsbdamage, air and water pollution, polymer and ceram-

ics, formation and dispersion of fog, groves of fruit trees and atmospheric flows. Chaud-

hary and Merkin [66] proposed a simple isothermal model for homogeneous-heterogeneous

reactions in flow with different diffusivities for reactant and autocatalyst. After that

Merkin [67] worked on boundary layer flow with homogeneous-heterogeneous reactions.

Hayat et al. [68] described homogeneous-heterogeneous reactions in nanofluid flow due

to rotating disk of variable thickness. Raees et al. [69] anticipated a homogeneous-

heterogeneous reactions for nanofluid flow. Homogeneous combustion of methane-air

mixture and heterogeneous reaction characteristics in micro channel is presented by Wang

et al. [70]. Alzahrani [71] reported the effect of homogeneous-heterogeneous reactions in

flow of carbon nanotubes. Homogeneous-heterogeneous reactions in three dimensional

radiative flow of nanofluid is presented by Hayat et al. [72].

1.2 Fundamental laws

1.2.1 Law of conservation of mass

Lawaof conservation ofamass stems from theaprinciple that mass can neitherabe created

nor destroyedainside the control volume. For aaknown velocity and no source/sinksait

is sufficient toamodel the continuityaequation (flow is continuous). Moreover in the law
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of conservation of mass totalainlet and outlet flux is constant. Differential form of law

ofaconservation of mass for compressible fluid is

∂ρ

∂t
+∇ · (ρV) = 0, (1.1)

whereaρ exhibits fluid density,at is the time and V = (u, v, w) the velocity of the fluid.

Foraincompressible fluid, law conservation ofamass is

∇ ·V = 0. (1.2)

In Cartesianacoordinatesathe operator and continuity equationais given by

∇ =
∂

∂x
i+

∂

∂y
j +

∂

∂z
k, (1.3)

∂u

∂x
+
∂v

∂y
+
∂w

∂z
= 0, (1.4)

where as inacylindrical coordinates we have

∇ = er
∂

∂r
+ eθ

∂

∂θ
+ ez

∂

∂z
, (1.5)

1

r

∂

∂r
(rvr) +

1

r

∂

∂θ
(vθ) +

∂

∂z
(vz) = 0. (1.6)

The operator and continuity equation an in terms of curvilinear coordinates is written as

∇ = (r +R)
∂

∂r
er +R

∂

∂x
ex, (1.7)

∂

∂r
[(r +R) v] +R

∂u

∂x
= 0. (1.8)

1.2.2 Conservationaof linear momentum

It is statedathat total linear momentumaof an isolated system remainsaconserved. Math-

ematically, we have

ρnf
dV

dt
= −∇.τ + ρnfb. (1.9)
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This equation contained the inertial forces which is the internal force on left hand side

while on the right hand side the first term is due to the surface force which is an external

force and last term is body force.

The Cauchy stress tensor is defined as

τ = −pI + µnfA1, (1.10)

where d
dt

(= ∂
∂t

+ V.∇) is the material derivative, I signifies the identity tensor, p the

pressure and A1 the first Rivlin Ericksen tensor given as

A1 = (∇V) + (∇V)tr . (1.11)

The dynamics viscosity of nanofluid is [73]:

µnf =
µf

(1− φ)2.5 , (1.12)

where the effective nanofluid density is taken as follows [74]:

ρnf = ρf (1− φ) + ρsφ, (1.13)

in which φ isathe solid volume fractionaof nanoparticles, nf represents the thermophys-

icalaproperties of the nanofluid, s is defined as nano solid particles and f in subscript

explain base fluid.aIt is worth mentioningathat nanofluid analysis is absent for φ = 0.

1.2.3 Law of conservationaof energy

Law of conservation of energyainterprets that total energy of theaframework is conserved.

It is obtainedathrough first law of thermodynamics. Energy equationafor nanofluid in the

presence of viscous dissipation andathermal radiation can be written as

(ρCp)nf
dT

dt
= τ.L + knf∇2T −∇.qĥ, (1.14)

where qĥ is the radiative heat flux. First law ofathermodynamics states thatathe increase

in the internalaenergy of a thermodynamical system is equal to the amountaof heat
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energyaadded to the system minusathe amount of energyalost as a result of theawork

done by theasystem on the surroundings.

The effective nanofluid heat capacity (ρCp)nf is

(ρCp)nf = (ρCp)f (1− φ) + (ρCp)s φ. (1.15)

and the effectiveathermal conductivity ofananofluid knf by Maxwell-Garnett Model is

given by [75]:

knf
knf

=
ks + 2kf − 2φ (kf − ks)
ks + 2kf + 2φ (kf − ks)

. (1.16)

1.3 Basic laws foraBuongiorno’s model

1.3.1 Law of conservation of linearamomentum

Generalizedaequation ofamotion is

ρ
dV

dt
= ∇.τ + ρb. (1.17)

1.3.2 Law ofaconservation of energy

Nanofluidaenergy equation can beawritten as

ρCp
dT

dt
= −divq̌r + Ip∇ · Sp, (1.18)

where Ip is the specific enthalpyaof nanoparticles material, Sp is the nanoparticles dif-

fusion mass flux and q̌r is the energyaflux. No radiation is present. The first term on

left hand sideaof exhibits the combinedaeffects of changeain local energy andaadvection

term. On the right hand side first term comes from Fourier’s law of heataconduction and

last term is due toananoparticles. Energy flux is given by

q̌r = −k∇T + IpSp. (1.19)
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Eq. (1.18) becomes

ρCp
dT

dt
= −∇ · (−k∇T + IpSp) + Ip∇ · Sp,

= k∇2T −∇ · (IpSp) + Ip∇ · Sp,

= k∇2T − Ip∇ · Sp − Sp · ∇Ip + Ip∇ · Sp,

= k∇2T − Sp · ∇Ip. (1.20)

Considering

∇Ip = Cp∇T, (1.21)

one obtains from Eq. (1.20)

ρCp
dT

dt
= k∇2T − CpSp · ∇T. (1.22)

Diffusionamass flux Sp for theananoparticles, given as theasum of two diffusion termsa(Brownian

diffusion and thermophoresis) by

Sp = Sp,B + Sp,T , (1.23)

with

Sp,B = −ρpDB∇C. (1.24)

HereaBrownian diffusion coefficientaDB can be defined byathe Einstein-Stokesaequation

DB =
kBT

3πµdp
, (1.25)

in which kB is the Boltzmann’saconstant and dp the nanoparticlesadiameter. Further

Sp,T = ρpCVτ , (1.26)

Vτ = −γ̃ µ
ρ

∇T
T
, (1.27)
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for the thermophoresis velocity V. In above equation the proportionality factor γ̃ (while

ρp and ρ are the densities of nanoparticles and base fluid respectively) can be expressed

as follows:

γ̃ = 0.26
k

2k + kp
, (1.28)

in which kp and k are the thermalaconductivities of theaparticle material respectively and

fluid. Henceathermophoresis diffusion flux is given by

Sp,T = −ρpDT
∇T
T
, (1.29)

where

DT =
γ̃µC

ρ
, (1.30)

which is the thermophoresisadiffusion coefficient. From Eqs. (1.24) and (1.29), diffusion

mass flux is given by

Sp = −ρpDB∇C − ρpDT
∇T
T
. (1.31)

Thus Eq. (1.22) becomes

ρCp
dT

dt
= k∇2T + ρpCp

[
DB∇C · ∇T +DT

∇T · ∇T
T

]
. (1.32)

1.3.3 Conservation of concentration

For the nanoparticles the concentration equation is

∂C

∂t
+ V · ∇C = − 1

ρp
∇ · Sp, (1.33)

where ρp is the mass density of the nanoparticles, C is nanoparticles volume fraction and

Sp is the diffusion mass flux. Now

∂C

∂t
+ V · ∇C = ∇ ·

[
DB∇C +DT

∇T
T

]
, (1.34)

which is the concentration equation for nanofluids.
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1.4 Entropy and second law of thermodynamics

1.4.1 Entropy

Entropy is a measure of disorder or randomness of molecular motion of the system.

Entropy of a system increases if heat flows into the system at constant temperature and

it decreases if heat leaves the system at constant temperature. It is a state function

which depends on the state of system. The absolute value of entropy can’t be determined

however change in entropy can be determined by the relation:

dS =
dQ

dt
. (1.35)

This expression shows that entropy of a system increases if heat flows into the system at

constant temperature and it decreases if heat leaves the system a constant temperature.

1.4.2 Entropy in irreversible process

In nature there is no reversible process due to friction and heat transfer. Thus every

thermodynamic process is irreversible. To find the entropy change for an irreversible

process, we choose a path by connecting the initial and final states and calculate the

entropy change by the equation:

S =

f∫
i

dQ

dt
. (1.36)

1.4.3 Secondalaw of thermodynamics

The second law of thermodynamicsain terms of entropy stated as in any thermody-

namicaprocess,athat proceeds from one equilibriumastate to another, the entropy of the

system + environment either remainsaunchanged or increases. For reversible process,athe

entropy does not change. Forairreversible processes i.e., for all natural processes, the to-

tal entropy of the system must increase. It isapossible that the entropy ofasystem might

decrease, but entropy of environment showsaincrease of magnitude. Therefore the total
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change in entropy isaalways positive. Entropy generation consistsaof three sources i.e.

entropy generation due to heatatransfer, viscousadissipation and mass diffusion.Entropy

equation is expressed as

Ng =
kf
T∞

(∇T )2 + µfΦ, (1.37)

where

Φ =
1

µf
: ∇u. (1.38)

1.5 Boundary layer expressions of non-Newtonian flu-

ids

1.5.1 Maxwell fluid

Extra stress tensor S foraMaxwell fluid is(
1 + λ1

D

Dt

)
S = S+λ

DS

Dt
= µA1, (1.39)

where λ1 signifies relaxation time, D
Dt

for covariant tensor, µ for dynamic viscosity and

A1 for first Rivlin-Erickson tensor.

For tensor rank two, vector b1 and scalar ϕ, we have

DS

Dt
=

∂S

∂t
+ (V · ∇) S− S (∇V )tr − (∇V) S, (1.40)

Db1

Dt
=

∂b1

∂t
+ (V · ∇) b1 − S(∇V)tr − (∇V)b1, (1.41)

Dϕ

Dt
=

∂ϕ

∂t
+ (V · ∇)ϕ. (1.42)

Momentum equation afteraboundary layer approximations leads to

ρ

(
1 + λ1

D

Dt

)
dV

dt
= −

(
1 + λ1

D

Dt

)
∇p+

(
1 + λ1

D

Dt

)
(∇.S) . (1.43)

1.5.2 Thixotropic fluid

Extra stressatensor τij for this fluid is

τij = 2µ (Λ2d (t)) dij. (1.44)
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Here viscosity is time-dependent through allowing the second invariant of deformation

rate tensorato be time-dependent and Λ2d denote the second invariantaof deformation

rate tensor. It is defined as

Λ2d =
∂ui
∂xj

+
∂uj
∂xi

. (1.45)

Here

Λ2d = (2dij)
2 = 4

((
∂u

∂x

)2

+
1

2

(
∂v

∂x
+
∂u

∂y

)2

+

(
∂v

∂y

)2
)
> 0. (1.46)

For viscosity function we have

µ = µ0 − 2R∗a

(
∂u

∂y

)2

+ 4R∗b

(
u
∂u

∂y

∂2u

∂x∂y
+ v

∂u

∂y

∂2u

∂y2

)
. (1.47)

1.6 Solution methodology

It isavery difficult and some times even impossibleato compute the exact solutionsaof

non-linear problems in science and engineering. Usually perturbation, Adomian decom-

position and homotopy perturbation methods areaused to find solutionsaof nonlinear

equations. Besides, the homotopy analysis method (HAM) is also employed for the con-

vergent solutions development.

1.6.1 Homotopyaanalysis method

The conceptaof homotopyawas firstaformulated byaPoincare around 1900 (Collins 2004).

In topology, two functionsaare called homotopic if oneacan be ”continuously deformed”

intoathe other. Homotopy is aacombination of twoaGreek words homos means identi-

calaand topos means place. If there exists twoacontinuous mapping g1 and g2 from the

topological space S intoathe topological space Z resulting g1 is homotopic to g2. A

continuousamapping G exists then

G : S × [0, 1]→ Z, (1.48)
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such that for each s ∈ S

G(s, 0) = g1(s), G(s, 1) = g2(s). (1.49)

The mapping G is called the homotopy between g1 and g2.

1.6.2 Solutions derivation by HAM

Homotopy analysis method (HAM)[77]-[84] is independent of large/small parameter. It

also providesaexemption to choose multiple ways of base functions. This method is con-

venient toaadjust and control convergence region. For the fundamental conceptaof ho-

motopy analysis technique, weaassume a non-linear differential equations.

N [u (ξ)] = 0, (1.50)

in which N standsafor nonlinear operator, u (ξ)for unknownafunction and ξ for indepen-

dent parameter.

1.6.3 Zeroth-orderadeformation problems

(1− q)L [u(ξ, q)− u0(ξ)] = q}N [u(ξ, q)], (1.51)

in which q is homotopic variable i.e., 0 ≤ q ≤ 1, } 6= 0 for auxiliary variable, L for linear

operator and u0(ξ) for initial guess satisfying the boundary conditions.aWhen q = 0 and

q = 1 then

u(ξ, 0)− u0(ξ) = 0 and u(ξ, 1)− u0(ξ) = 0, (1.52)

respectively. Whenaq increases from 0 to 1 then u(ξ, q) vary from initialasolution u0(ξ)

to desiredasolution u(ξ). According to Taylor series we have

u(ξ, q) = u0(ξ) +
∞∑
m=1

um(ξ)qm, um(ξ) =
1

m!

∂mu(ξ, q)

∂qm

∣∣∣∣
q=0

. (1.53)
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1.6.4 mth order deformation problems

The resulting problems at this order are given by

L [um(ξ)− χmum−1(ξ)] = }Rm(um−1), (1.54)

Rm(um−1) =
1

(m− 1)!

∂m−1u(ξ, q)

∂qm−1

∣∣∣∣
q=0

. (1.55)

χm=

{
0,m ≤ 1
1,m > 1

, (1.56)

The solutionaof system can beaacquired utilizing a suitable software likeaMATHEMATICA.

If theaauxiliary variable,ainitial guess and the auxiliaryalinear operatorais selected accu-

rately, the series willaconverge at q = 1. Thus

u(ξ) = u0(ξ)−
∞∑
m=1

um(ξ). (1.57)

1.6.5 Solutions by OHAM

1.6.6 Optimal convergence control parameter

The non-zeroaauxiliary variables } defines convergence portion.aWe can compute the

minimumaestimations of such variablesaby taking small error. In the frameaof HAM,

the } plays a pivot role.aThat is why such variablesarefer to as convergenceacontrol

parameterawhich differs HAM from other analyticalaapproximation methods.aIn order

to reduce CPU timeawe have applied conceptaof minimization by consideringaaveraged

squaredaresidual errors [77]. It is given by

%m =
1

k + 1

k∑
l=0

N ( m∑
i=0

um (ξ)

)
ξ=lδ∗ξ

2

, (1.58)

where %m is the total residualasquares error.
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MHD flow of Ag-waterananofluid by
nonlinear curvedastretching sheet

The present chapter concentrates on two-dimensional flow of viscous nanofluid due to

nonlinear curved stretching surface. Nanofluid is suspension of Silver(Ag) nanoparticles

and water(H2O). Magnetic field of strength (B∗0) is applied. Apposite transformations

are utilized in obtaining dimensionless expressions. Homotopy analysis method (HAM) is

implemented for computations of convergent series solutions at zeroth and mth order de-

formations. Pressure inside the boundary layer flow induced by curved stretching surface

cannot be ignored. The characteristics of volume fraction of silver nanoparticles, dimen-

sionless radius of curvature, power-law index and magnetic parameter are discussed on

pressure, velocity and skin friction coefficient. Our findings indicate that the magnitude

of velocity reduces for higher silver nanoparticles volume fraction. Clearly magnitude of

pressure and velocity distributions are inversely related to the dimensionless radius of

curvature.

2.1 Model development

Here steady two-dimensional flow of an incompressible viscous nanofluid bounded by

non-linear curved stretching sheet coiled in a circle of radius (R) is formulated. Silver

nanoparticles with water as a regular base fluid is considered. Nanofluid is electrically

conducted due to magnetic field of constant strength (B∗0) applied in the r-direction.
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Induced magnetic field for low magnetic Reynolds number is not entertained. We adopted

curvilinear coordinates (r, x) to construct relevant equations (see Figure (2.1)). We have

taken x and r-axes along and transverse direction to surface respectively. Surface has

stretching velocity uw (x) = u0x
n where u0 is the positive constant and n the power-law

index.

Figure 2.1: Geometry of the flow.

The boundary layer flow equations are given as:

∂

∂r
[(r +R) v] +R

∂u

∂x
= 0, (2.1)

u2

r +R
= − 1

ρnf

∂p

∂r
, (2.2)

ρnf

(
v
∂ǔ

∂r
+

Ru

r +R

∂u

∂x
+

uv

r +R

)
= µnf

(
∂2u

∂r2
− u

(r +R)2 +
1

r +R

∂u

∂r

)
− R

r +R

∂p

∂x
− σnfB∗20 u, (2.3)
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subjected boundary conditions are [33]:

u = u0x
n, v = 0 at r = 0,

u,
∂u

∂r
→ 0 as r →∞. (2.4)

In the above expressions velocity components along (r, x) directions are specified by (u, v)

and p the pressure.

Effective dynamic viscosity of the nanofluid by Brinkman is given as [73]:

µnf =
µf

(1− φ)2.5
, (2.5)

and the density of nanofluid is

ρnf = (1− φ)ρf + φρs. (2.6)

Electrical conductivity of nanofluid is [76]:

σnf
σf

= 1 +
3
(
σs
σf
− 1
)
φ(

σs
σf

+ 2
)
−
(
σs
σf
− 1
)
φ
, (2.7)

where φ signifies solid volume fractionaof nanoparticles, s in subscript is for nano solid

particles and f inasubscript for base fluid.

The thermal diffusivity of nanofluid is given by

αnf =
knf

(ρCp)nf
, (2.8)

where the heat capacitanceaof nanofluid is

(ρCp)nf = (1− φ)(ρCp)f + φ(ρCp)s. (2.9)

Effective thermal conductivity of nanofluid for spherical nanoparticles is approximated

by Maxwell Garmett Model as

knf
kf

=
(ks + 2kf )− 2φ(kf − ks)
(ks + 2kf ) + 2φ(kf − ks)

. (2.10)
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Here µf indicates dynamic viscosity, ρf and ρs density of fluidaand solid particles and ks

and kf thermal conductivities of solid nanoparticles and base fluid respectively.

In order to get the solution, appropriate variables are defined as

u = u0x
nf̃ ′(ξ), v = − R

r +R

√
ũ0νfxn−1

[(
n+ 1

2

)
f̃(ξ) +

(
n− 1

2

)
ξf̃ ′(ξ)

]
,

p = ρfu
2
0x

2nP̃ (ξ) , ξ =

√
u0xn−1

νf
r. (2.11)

Prime denotes differentiationawith respect to ξ. Mass conservation law isbautomatically

satisfied.bAfter using Eq. (2.11), Eqs. (2.2) and (2.3) can be reduced asbfollows:

∂P̃

∂ξ
= (1− φ+ φ

ρs
ρf

)
f̃ ′2

ξ +K∗
, (2.12)

1
(1−φ+φ ρs

ρf
)

(
2nK∗

(ξ+K∗)
P̃ + (n−1)ξK∗

2(ξ+K∗)
∂P̃
∂ξ

)
= 1

(1−φ)2.5(1−φ+φ ρs
ρf

)

(
f̃ ′′′ + f̃ ′′

(ξ+K∗)

− f̃ ′

(ξ+K∗)2

)
−
(

(1+n)ξ+2nK∗

2(ξ+K∗)2

)
K∗f̃ ′2 + (n+1)K∗

2(ξ+K∗)2 f̃ f̃ ′ +
(n+1)K∗

2(ξ+K∗)
f̃ f̃ ′′

−M
(
σnf
σf

)(
1

1−φ+φ ρs
ρf

)
f̃ ′, (2.13)

with

f̃ ′(0) = 1, f̃(0) = 0,

f̃ ′(∞)→ 0, f̃ ′′(∞)→ 0. (2.14)

In above expressions K∗ = R
√

u0xn−1

νf
denotes the dimensionless radius of curvature

parameter, M =
σfB

∗2
0

ρfu0xn−1 the magnetic parameter and Pr =
νf (ρCp)f

kf
the Prandtl number.

For velocity of fluid, the pressurebcan be eliminated from Eqs. (2.12) and (2.13) and we

get(
1

(1− φ)2.5(1− φ+ φ ρs
ρf

)

)(
f̃ (iv) +

2

(ξ +K∗)
f̃ ′′′ − f̃ ′′

(ξ +K∗)2 +
f̃ ′

(ξ +K∗)3

)

+
(n+ 1)K∗

2 (ξ +K∗)
f̃ f̃ ′′′ +

(n+ 1)K∗

2 (ξ +K∗)2 f̃ f̃
′′ − (n+ 1)K∗

2 (ξ +K∗)3 f̃ f̃
′ − (3n− 1)

2 (ξ +K∗)
K∗f̃ ′f̃ ′′

−(3n− 1)K∗

2 (ξ +K∗)2 f̃
′2 −M

(
σnf
σf

)(
1

(1− φ+ φ ρs
ρf

)

)(
f̃ ′

(ξ +K∗)
+ f̃ ′′

)
=0. (2.15)
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Through Eq. (2.13) the pressure is

(
1

(1− φ+ φ ρs
ρf

)

)
2nK∗

(ξ +K∗)
P̃ = a


(

1
(1−φ)2.5(1−φ+φ ρs

ρf
)

)(
f̃ ′′′ + f̃ ′′

(ξ+K∗)
− f̃ ′

(ξ+K∗)2

)
+ (n+1)K∗

2(ξ+K∗)
f̃ f̃ ′′ + (n+1)K∗

2(ξ+K∗)2 f̃ f̃ ′

− nK∗

2(ξ+K∗)2 f̃ ′2 −M
(
σnf
σf

)(
1

(1−φ+φ ρs
ρf

)

)
f̃ ′

 .
(2.16)

2.1.1 Physical quantities

Skin friction coefficient characterizes the surface drag. Mathematical expression for ve-

locity gradient in x-direction is

C̃sf =
τrx|r=0

ρfu2
0x

2n
, (2.17)

where shear stress τrx is

τrx = µnf

(
∂u

∂r
− u

r +R

∣∣∣∣
r=0

)
. (2.18)

Final form of skin friction coefficient can be written as follows:

(Rex)
0.5 C̃sf =

1

(1− φ)2.5

(
f̃ ′′(0)− f̃ ′ (0)

K∗

)
, (2.19)

inbwhich Rex = u0x
n+1/νf showsbthe local Reynolds number.

2.2 Solution derivation

Here we employed homotopic scheme initiated by Liao [77] for the computations of prob-

lem comprising Eqs. (2.12)-(2.15). For HAM solutions, we have auxiliary function
(
Hf̃

)
and initial approximations

(
f̃0(ξ)

)
with auxiliary linear operator

(
Lf̃
)

as follows:

Hf̃ = exp(−2ξ), (2.20)

f̃0(ξ) = exp(−ξ)− exp(−2ξ), (2.21)

31



MHD flow of Ag-waterananofluid by non-linear curvedastretching sheet

Lf̃ = f̃ (iv) − 5f̃ ′′ + 4f̃ , (2.22)

subject to the properties

Lf̃
[
C1e

ξ + C2e
−ξ + C3e

2ξ + C4e
−2ξ
]

= 0, (2.23)

in which Ci (i = 1− 4) indicate the constants.

2.2.1 Zeroth-order system

We write

(1− q)Lf̃
[
F̃ (ξ; q)− f̃0(ξ)

]
= q}f̃Hf̃Nf̃ [F̃ (ξ; q)], (2.24)

F̃ (0; q) = 0, F̃ ′(0; q) = 1, F̃ ′(∞; q)→ 0, F̃ ′′(∞; q)→ 0, (2.25)

Nonlinear operators are

Nf̃
[
F̃ (ξ; q)

]
=

(
1

(1− φ)2.5(1− φ+ φ ρs
ρf

)

)(
∂4F̃ (ξ;q)
∂ξ4 + 2

(ξ+K∗)
∂3F̃ (ξ;q)
∂ξ3

− 1
(ξ+K∗)2

∂2F̃ (ξ;q)
∂ξ2 + 1

(ξ+K∗)3
∂F̃ (ξ;q)
∂ξ

)

−M
(
σnf
σf

)(
1

(1− φ+ φ ρs
ρf

)

)(
1

(ξ +K∗)

∂F̃ (ξ; q)

∂ξ
+
∂2F̃ (ξ; q)

∂ξ2

)

+
(n+ 1)K∗

2 (ξ +K∗)
F̃ (ξ; q)

∂3F̃ (ξ; q)

∂ξ3
+

(n+ 1)K∗

2 (ξ +K∗)2 F̃ (ξ; q)
∂2F̃ (ξ; q)

∂ξ2

− (n+ 1)K∗

2 (ξ +K∗)3 F̃ (ξ; q)
∂F̃ (ξ; q)

∂ξ
− (3n− 1)

2 (ξ +K∗)
K∗

∂F̃ (ξ; q)

∂ξ

∂2F̃ (ξ; q)

∂ξ2

− (3n− 1)K̃

2 (ξ +K∗)2

(
∂F̃ (ξ; q)

∂ξ

)2

= 0,(2.26)

2.2.2 mth-order deformationbsystems

Here we write

Lf̃
[
f̃m(ξ)− χmf̃m−1(ξ)

]
= }f̃R

f̃
m(ξ), (2.27)

f̃m(0) = f̃ ′m(0) = f̃ ′m(∞) = f̃
′′

m(∞) = 0, (2.28)
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Rf,m (ξ) =

(
1

(1− φ)2.5(1− φ+ φ ρs
ρf

)

)(
f

(iv)
m−1 +

2

(ξ +K∗)
f ′′′m−1 −

f ′′m−1

(ξ +K∗)2 +
f ′m−1

(ξ +K∗)3

)

+
K∗

(ξ +K∗)

m−1∑
k=0

[(
n+ 1

2

)
fm−1−kf

′′′
k −

(
3n− 1

2

)
f ′m−1−kf

′′
k

]
− (n+ 1)K∗

2 (ξ +K∗)3

m−1∑
k=0

fm−1−kf
′
k

+
K∗

(ξ +K∗)2

m−1∑
k=0

[(
n+ 1

2

)
fm−1−kf

′′
k −

(
3n− 1

2

)
f ′m−1−kf

′
k

]

−M
(
σnf
σf

)(
1

(1− φ+ φ ρs
ρf

)

)(
f ′m−1

(ξ +K∗)
+ f ′′m−1

)
, (2.29)

χm=

{
0, m ≤ 1
1, m > 1

, (2.30)

The generalbsolutions ( f̃m) comprisingbspecial solutions ( f̃ ∗m) are

f̃m(ξ) = f̃ ∗m(ξ) + C1e
ξ + C2e

−ξ + C3e
2ξ + C4e

−2ξ. (2.31)

where the constants are

C1 = C3 = 0, C2 = −C4 − f̃ ∗m(0), C4 =
∂f̃ ∗m(ξ)

∂ξ
|ξ=0 + f̃ ∗m(0). (2.32)

2.3 Convergence of homotopy solutions

We havebused the concept of homotopy analysis method to construct series solutions. In

this method we have chance to adjust the convergence of solutions by letting favorable

values of auxiliary variable }f̃ . For acceptable estimations of such variable the }−curve

is drawn in Figure (2.2). Noted range of convergence parameter is −0.23 6 }f̃ 6 −0.0.

Domain of convergence for obtained solution is ξ (0 ≤ ξ ≤ ∞) when }f̃ = −0.18. Table

(2.1) shows some physical properties of nanofluids. Table (2.2) is prepared to compute

thebconvergence of f̃ ′′ (0) . Clearly f̃ ′′ (0) converges at 13th orderbof approximations.
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Figure 2.2: }−curve for velocity .

Table 2.1: Thermophysicalaproperties of silver nanoparticles and water [17].

— k(W/m.K) ρ(kg/m3) σ(Um)−1 Cp(J/kgK)

Ag(Silver) 429 10500 3.6× 107 235
H2O(Pure Water) 0.613 997.1 0.05 4179

Table 2.2: HAMbsolutions convergence whenbφ = 0.01, n = 0.1, K∗ = 0.2,M = 0.2 and
Pr = 6.2.

Orderbof approximations −f̃ ′′(0)

1 2.9642
5 0.9403
8 0.9098
13 0.8971
17 0.8971
21 0.8971
30 0.8971
40 0.8971
50 0.8971
60 0.8971
70 0.8971
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2.4 Physicalbresults and discussion

Inbthis section we willbargue the detailed description of involved sundry variables (0.1 ≤ n ≤ 0.9) ,

(0.1 ≤ K∗ ≤ 0.4) , (0.01 ≤ φ ≤ 0.05) , (0.2 ≤M ≤ 0.8) on pressure and velocity distribu-

tions. Estimations of surface drag force is also carried out.

2.4.1 Velocity

Figure (2.3) illustratesabehavior of power-law index (n = 0.1, 0.3, 0.5, 0.9) forbvelocity

f̃ ′(ξ). Velocity of the fluidadeclines for largerb(n). It is due to the fact thatbpositiveavalues

of (n) makesban enhancementain flatness of curved sheet and consequently the velocity

decays. Behavior of dimensionless radius of curvature (K∗ = 0.1, 0.2, 0.3, 0.4) onbvelocity

f̃ ′(ξ) is given in Figure (2.4). For higher values ofbdimensionless radius of curvature

(K∗), the radius of sheet become enlarges which shows flow enhancement. This is

due to theafact that curvature ofbthe sheet significantlyafavors the secondarybflow due

to curvilinearanature of fluidbflow. A secondary flow isbthus superimposedbon pri-

mary flow causedban increment in velocitybfield. Figure (2.5) depictedbthe effect of

volume fraction of nanoparticles (φ = 0.01, 0.02, 0.04, 0.05) on velocity f̃ ′(ξ). A reduc-

tion in velocity of silver-water nanofluid is observedbfor positive values of (φ). Phys-

icallybresistanceabetween fluid particles enhances for largerb(φ) which give rise to de-

creasing trend in velocity f̃ ′(ξ). Figure (2.6) is plotted to show the impact of magnetic

parameter (M) for fluid velocity f̃ ′(ξ). A reduction in velocity is subject to higher values

of (M = 0.2, 0.4, 0.6, 0.8). Drag force (which is known as Lorentz force) is produced due

to application of magnetic field. Such force has ability to retard the fluid flow.
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Figure 2.3: Variation of n on f̃ ′(ξ).

Figure 2.4: Variation of K∗ on f̃ ′(ξ)
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Figure 2.5: Variation of φ on f̃ ′(ξ).

Figure 2.6: Variation of M on f̃ ′(ξ).
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2.4.2 Pressure

Figure (2.7) interprets the features of power-law index (n = 0.1, 0.3, 0.6, 0.9) on pressure

P̃ (ξ) when K∗ = 0.1, M = 0.8 and φ = 0.01 are fixed. A dual behavior is noticed for pres-

sure P̃ (ξ). Pressure P̃ (ξ) reduces near the boundary while increasing trend is noticed away

from the surface for higher (n). In fact higher values of stretchingbindex (n) expanded the

radiusbof curvature that in turnsbenlarges the flatness of curved surface. Moreover pres-

sure gradually approaches to zero. Figure (2.8) isbprepared to examinebpressure P̃ (ξ)

forbvarying dimensionless radius ofbcurvature (K∗ = 0.1, 0.2, 0.3, 0.4) and fixed power-

law index. As expected the magnitude of pressure P̃ (ξ) reducesafor higher (K∗). It can

bebexplained on the basisbthat far awaybfrom the boundary,bthe pressure approachesba

constant value. This is becauseaof when we move away fromasurface thebstreamlines of

the flowabehave in samebmanner as in flowbover a flat stretching sheet. Notablyain this

case the variation ofapressure insidebthe boundary layeracannot bebneglected like abflat

stretching.

Figure 2.7: Variation of n on P̃ (ξ).
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Φ = 0.01, n = 0.1, M = 0.8,

Pr = 6.2

K* = 0.1, 0.2, 0.3, 0.4
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Figure 2.8: Variation of K∗ on P̃ (ξ).

2.4.3 Skin friction coefficient

Skin friction coefficient (Rex)
0.5 C̃sf is computed in Table (2.3). It is noted that surface

drag force enhances for power-law index and magnetic parameter while it reduces for

dimensionless radius of curvature.

Table 2.3: Behaviorsbof n,K∗ and M onbskin friction coefficient for Ag-water nanofluid.

n K∗ M (Rex)
0.5 C̃sf

0.1 0.2 0.8 0.105
0.2 − − 0.128
0.3 − − 0.143
0.5 − − 0.204
− 0.1 − 0.105
− 0.2 − 0.085
− 0.4 − 0.074
− 0.6 − 0.033
− − 0.2 0.105
− − 0.4 0.255
− − 0.6 0.474
− − 0.9 0.749
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2.4.4 Comparative study

Tableb(2.4) isbconstructed to verify the presentbresults with the help ofbprevious litera-

ture. The resultsbare found in goodbagreement.

Table 2.4: Comparativebvalues of skin friction coefficient when n = 0.1.

K∗ Sajid et al. [30] Sanni et al. [33] Present study

5 0.7576 1.1576 1.1578
10 0.8375 1.0734 1.0734
20 0.9356 1.0355 1.0351
50 0.9741 1.0414 1.0411
100 0.9870 1.0070 1.0069
1000 0.9988 1.0009 1.0011
∞ 1 1 1

2.5 Conclusions

Hydromagneticbflow of silver-waterbnanofluid due to non-linearbcurved stretching sur-

facebis reported in this chapter.bThe important pointsbare highlighted below.

o Pressurebhas dual behaviorbacross power-law index.

o Higher values of dimensionless radiusbof curvature correspond to flatbstretching

surface.

o Velocity f̃ ′(ξ)bis decreasing functionbof volume fraction ofbnanoparticles and mag-

neticbparameter.

o Dimensionless radius ofbcurvature reduce the surface drag force while opposite sce-

nario is noticed for power-law index and magnetic parameter.b
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MHD convective flowaof
Fe3O4-water nanofluid by non-linear
curved stretchingasheet

This chapter isbdevoted to analyze magnetohydrodynamic flow of ferrofluidadue to non-

linear curved stretching sheet. Ferrofluid comprisesbwater and magnetite (Fe3O4) nanopar-

ticles. Flow saturates porous medium. Heat transfer characteristicsbare studied by ther-

mal radiation,bheat generation/absorptionband convectivebboundary conditions. Gov-

erning problem are made dimensionless. The obtained non-linear systems are handled

by means of homotopy analysis method. Convergencebintervals for solutionbare ana-

lyzed.bBehavior of differentbvariables on velocity andbtemperature are studiedbby plot-

tingbgraphs. Moreover, the velocityband temperature gradientsbare also calculatedband

analyzed.

3.1 Mathematical formulation

Here we examine two-dimensional flow of an incompressible ferrofluid by non-linear curved

stretchingbsheet. Magnetite (Fe3O4) nanoparticles suspended in water are known as fer-

rofluid. Curvilinear coordinates (r, x) areaused to model governing equations.bStretching

velocity taken in x-direction is u = uw. Electrically conductingbfluid is considered inbthe

presence of magnetic field. Inducedbmagnetic field isbignored. Effects ofbporous medium,

thermalbradiation and heat generation/absorptionbare also accounted. Further, the sur-
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face exhibits convective boundary condition. The bottom surface ofasheet is heated

byaconvection from a hot fluid at temperature Tf while ambientafluid temperature is

T∞. We have

∂

∂r
[(r +R) v] +R

∂u

∂x
= 0, (3.1)

u2

r +R
= − 1

ρnf

∂p

∂r
, (3.2)

ρnf

(
v
∂u

∂r
+

Ru

r +R

∂u

∂x
+

uv

r +R

)
= − R

r +R

∂p

∂x
+ µnf

(
∂2u

∂r2
− u

(r +R)2 +
1

r +R

∂u

∂r

)
−σnfB∗20 u−

µnf
κp

u, (3.3)

(ρCp)nf

(
v
∂T

∂r
+

Ru

r +R

∂T

∂x

)
= knf

[(
∂2T

∂r2
+

1

r +R

∂T

∂r

)]
− 1

r +R

(
∂

∂r
(r +R) qĥ

)
+Q0 (T − T∞) , (3.4)

with boundary conditions

u = u0x
n, v = 0, − knf

∂T

∂r
= hf (Tf − T ) at r = 0,

u,
∂u

∂r
→ 0, T → T∞ as r →∞. (3.5)

Here (u, v)arebvelocity componentsain the radial r andbtransverse x directions, u0 > 0

the stretching constant, p thebpressure and hf the heat transfer coefficient. Accordingbto

Rosseland’sbapproximation, the radiative heat flux qĥ is

qĥ = −4σ∗∂T 4

3k∗∂r
, (3.6)

in which k∗ denotesbmean absorption coefficient and σ∗ thebStefan-Boltzmann constant.

Expanding the term T 4 as ablinear functionaof temperature in Tayloraseries about Ť∞.

We have

T 4 ∼= 4T 3
∞T − 3T 4

∞. (3.7)
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After using Eqs. (3.6) and (3.7). Eq. (3.4) takes the form(
v
∂T

∂r
+

Ru

r +R

∂T

∂x

)
=

1

r +R

(
αnf +

1

(ρCp)nf

16σ∗T 3
∞

3kfk∗

)[(
∂T

∂r
+ (r +R)

∂2T

∂r2

)]
.

(3.8)

Considering

u = u0x
nf̃ ′(ξ), v = − R

r +R

√
u0νfxn−1

[(
n+ 1

2

)
f̃(ξ) +

(
n− 1

2

)
ξf̃ ′(ξ)

]
,

p = ρfu
2
0x

2nP̃ (ξ) , θ̃ =
T − T∞
Tf − T∞

, ξ =

√
u0xn−1

νf
r, (3.9)

continuitybequation is automaticallybsatisfied and Eqs. (3.2)-(3.3) and (3.8) can bebreduced

as follows:

∂P̃

∂ξ
= (1− φ+ φ

ρs
ρf

)
f̃ ′2

ξ + K∗
. (3.10)

1

(1− φ+ φ ρs
ρf

)

(
2nK∗

(ξ +K∗)
P̃ +

(n− 1) ξK∗

2 (ξ +K∗)

∂P̃

∂ξ

)
= 1

(1−φ)2.5(1−φ+φ ρs
ρf

)

(
f̃ ′′′ + f̃ ′′

(ξ+K∗)

− f̃ ′

(ξ+K∗)2 − λf̃ ′

)
− (1+n)ξ+2nK∗

2(ξ+ K∗)2 K∗f̃ ′2 + (n+1)K∗

2(ξ+ K∗)2 f̃ f̃ ′

+ (n+1)K∗

2(ξ+ K∗)
f̃ f̃ ′′ −M

(
σnf
σf

)
(1−φ+φ ρs

ρf
)
f̃ ′, (3.11)

1

(1− φ+ φ
(ρCp)s
(ρCp)f

)

[
1

Pr

(
knf
kf

+RD

)(
θ̃′′ +

θ̃′

(ξ + K∗)

)
+Qθ̃

]
+

(
(n+ 1)K∗

2 (ξ + K∗)
f̃ θ̃′
)

= 0,

(3.12)

with

f̃ ′(0) = 1, f̃(0) = 0, θ̃′(0) = − kf
knf

BT

(
1− θ̃ (0)

)
,

f̃ ′(∞)→ 0, f̃ ′′(∞)→ 0, θ(∞)→ 0. (3.13)

The dimensionlessbvariables in above equations are defined as λ =
νf

κpu0xn+1 which signifies

the permeability parameter, M =
σfB

∗2
0

ρfu0xn+1 the magnetic parameter, Pr =
νf (ρCp)f

kf
the

Prandtl number, RD = 16σ∗T 3
∞

3kfk∗
the radiation parameter, BT =

hf
kf

√
νf

u0xn−1 the thermal

43



MHD convective flowaof Fe3O4-water nanofluid by nonlinear curvedastretching sheet

Biot number, Q = Q0

u0xn+1(ρCp)f
the heat generation /absorption coefficient and K∗ =√

u0xn−1

νf
R the dimensionless radius of curvature. Nowbeliminating pressurebbetween Eqs.

(3.10) and (3.11) we obtain(
1

(1− φ)2.5(1− φ+ φ ρs
ρf

)

) f̃ (iv) + 2
(ξ+ K∗)

f̃ ′′′ − f̃ ′′

(ξ+ K∗)2

+ f̃ ′

(ξ+ K∗)3 − λ
(

f̃ ′

(ξ+ K∗)
+ f̃ ′′

) 
+

(n+ 1)K∗

2 (ξ + K∗)
f̃ f̃ ′′′ +

(n+ 1)K∗

2 (ξ + K∗)2 f̃ f̃
′′ − (n+ 1)K∗

2 (ξ + K∗)3 f̃ f̃
′

− (3n− 1)K∗

2 (ξ + K∗)2 f̃
′2 − (3n− 1)

2 (ξ + K∗)
K∗f̃ ′f̃ ′′

−M


(
σnf
σf

)
(1− φ+ φ ρs

ρf
)

( f̃ ′

(ξ + K∗)
+ f̃ ′′

)
= 0, (3.14)

(
1

(1− φ+ φ ρs
ρf

)

)
2nK∗

(ξ +K∗)
P̃ = a



(
1

(1−φ)2.5(1−φ+φ ρs
ρf

)

)(
f̃ ′′′ + f̃ ′′

(ξ+K∗)

− f̃ ′

(ξ+K∗)2 − λf̃ ′

)
+ (n+1)K∗

2(ξ+K∗)
f̃ f̃ ′′ + (n+1)K∗

2(ξ+K∗)2 f̃ f̃ ′

− nK∗

2(ξ+K∗)2 f̃ ′2 −M

( (
σnf
σf

)
(1−φ+φ ρs

ρf
)

)
f̃ ′


. (3.15)

3.1.1 Physical quantities of curiosity

Mathematically coefficient of skin friction is defined as

C̃sf =
τrs|r=0

ρfu2
0x

2n
, (3.16)

where wall shear stress τrs is given by

τrx = µnf

(
∂u

∂r
− u

r +R

)∣∣∣∣
r=0

. (3.17)

In dimensionless form

(Rex)
0.5C̃sf =

1

(1− φ)2.5

(
f̃ ′′(0)− f̃ ′ (0)

K∗

)
. (3.18)

It is thebratio of heatbtransferred throughbconvection (fluid motion) to thebheat trans-

ferredbthrough conductionb(if the fluid is stagnant). Mathematically

Ñu =
xqw

kf (Tf − T∞)
, (3.19)
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here heat flux qw is given as

qw = −
(
knf +

16σ∗T 3
∞

3k∗

)
∂T

∂r
|r=0. (3.20)

In dimensionless form

(Rex)
−0.5Ñu = −

(
knf
kf

+RD

)
θ̃′(0), (3.21)

in which (Rex) = u0x
n+1/νf denotes the Reynolds number.

3.2 Computations of series solutions

To computebsolutions of given problem, we have employed homotopic scheme. For that

purpose auxiliary functions
(
Hf̃ ,Hθ̃

)
, initial approximation

(
f̃0(ξ), θ̃0(ξ)

)
and Linear

operator
(
Lf̃ ,Lθ̃

)
are given as:

Hf̃ = exp(−2ξ),Hθ̃ = exp(−2ξ), (3.22)

f̃0(ξ) = exp(−ξ)− exp(−2ξ), θ̃0(exp(−ξ)) =
BT

1 +BT

exp(−ξ), (3.23)

Lf̃ = f̃ (iv) − 5f̃
′′

+ 4f̃ , Lθ̃ = θ̃′′ − θ̃, (3.24)

with the properties

Lf̃ [C1 exp(ξ) + C2 exp(−ξ)] + C3 exp(2ξ) + C4 exp(−2ξ)] = 0,

Lθ̃ [C5 exp(ξ) + C6 exp(−ξ)] = 0, (3.25)

and Ci (i = 1− 6) represents the constants.

3.3 Convergence of series solutions

The concept of Liao [77] is employed to express series solutions. No doubt the auxiliary

variables }f̃ and }θ̃ have significant role to control and adjust convergence domain for
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f̃ ′′ (0) and θ̃′(0) in homotopybanalysis method (HAM). For thisbpurpose the } curves have

been organized (see Figure (3.1). Allowed ranges for }f̃ and }θ̃ are −1.20 6 }f̃ 6 −0.85

and −1.5 6 }θ̃ 6 −0.5. HAM solutions converge when }f̃ = −1.0 and ~θ = −1.1. Specific

heat, density and thermal conductivity of Fe3O4-water nanofluid are given in Table (3.1).

Table (3.2) demonstratesbthe convergence ofbseries solutions of momentumband energy

constraints for Fe3O4-water nanofluid. It is clear that f̃ ′′ (0) and θ̃′(0) coverage at11th

and 8th order ofbapproximations respectively.

Figure 3.1: }−curves for velocityband temperature fields.
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Table 3.1: Thermo-physical propertiesaof magnetite nanoparticles and water.

— k(W/mk) ρ(kg/m3) σ(Um)−1 Cp(j/m
3)

Fe3O4(Iron oxide) 9.7 5180 2500 670
H2O(Pure Water) 0.613 997.1 0.05 4179

Table 3.2: HAM solutions convergence when φ = 0.01, Q = 0.1, RD = 0.4, λ = 0.5, n =
M = BT = 0.9, K∗ = 1.2 and Pr = 6.2.

Order of approximations −f̃ ′′(0) −θ̃′(0)

1 2.709 0.382
5 2.545 0.364
8 2.448 0.358
11 2.442 0.358
17 2.442 0.358
21 2.442 0.358
30 2.442 0.358
35 2.442 0.358
40 2.442 0.358
45 2.442 0.358
50 2.442 0.358
60 2.442 0.358

3.4 Interpretations of results

Mainbemphasis in this sectionbis given to thebphysical illustration of emerging variables

with suitable ranges (0.1 ≤ n ≤ 0.9) , (0.1 ≤ K∗ ≤ 1.2), (0.01 ≤ φ ≤ 0.05), (0.2 ≤M ≤ 0.9),

(0.1 ≤ λ ≤ 0.5), (0.4 ≤ RD ≤ 1.0), (−0.4 ≤ Q ≤ 0.4) and (0.1 ≤ BT ≤ 0.9) on pressure,

velocity and temperature (see Figures (3.2)-(3.13)).

3.4.1 Velocity

Figure (3.2) shows thebimpact of power-law index (n = 0.1, 0.3, 0.5, 0.9) onbvelocity f̃ ′ (ξ) .

Velocity and associated momentum layerbthickness are reduced for higher (n). Influ-

encebof dimensionlessbradius of curvature (K∗ = 0.1, 0.3, 0.9, 1.2) on velocity f̃ ′ (ξ) is
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highlighted in Figure (3.3). Here magnitudebof fluid velocitybenhances when (K∗) is in-

creased. Since for higherbvalues of dimensionlessbradius of curvature (K∗),bthe radius of

sheet enlarges which increases fluidbflow. Figure (3.4) shows the consequences of volume

fraction of magnetic nanoparticles (φ = 0.01, 0.02, 0.04, 0.05) for velocity f̃ ′ (ξ) . Velocity

of fluid retards for higher (φ) . Due to higher concentration of nanoparticles the resistance

offered by fluid rises. Therefore the velocity of fluid decays. Impact of magnetite param-

eter (M = 0.2, 0.4, 0.6, 0.9) on velocity f̃ ′ (ξ) is displayed in Figure (3.5). Velocity of fluid

diminishes when (M) is increased. Lorentz force isbin direct relationbwith application of

magnetic field. Higher (M) give rise to morebLorentz force so it produces resistancebfor

fluid particles. Thus velocity f̃ ′ (ξ) reduces. Larger values of permeability parameter

(λ = 0.1, 0.2, 0.3, 0.5) correspond to low velocity f̃ ′ (ξ) (see Figure (3.6)). It is noted that

(λ) has inverse relation with f̃ ′ (ξ) . It is concluded that medium permeability plays vital

role regarding reduction of momentum layer thickness.

Figure 3.2: Variation of n on f̃ ′(ξ).
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Figure 3.3: Variation of K∗ on f̃ ′(ξ).

Figure 3.4: Variation of φ on f̃ ′(ξ).
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Figure 3.5: Variation of M on f̃ ′(ξ).

Figure 3.6: Variation ofλ on f̃ ′(ξ).
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3.4.2 Pressure

Figure (3.7) is sketched to show the behavior of power-law index (n = 0.1, 0.5, 0.6, 0.9) on

pressure P̃ (ξ) . Here the magnitude of pressure enhances for higher (n). In fact the higher

values of stretching index (increasing stretching velocity) enlarge the radius of curvature

that in turns expand the flatness of curved surface. Moreover, the pressure gradually ap-

proaches to zero. Effect of larger dimensionless radius of curvature (K∗ = 0.1, 0.6, 0.9, 1.2)

on pressure P̃ (ξ) is scrutinized through Figure (3.8). Magnitude of pressure reduces for

greater values of dimensionless radius of curvature (K∗). It is noted that pressurebhas

constant valuesbaway from the boundary. It can bebexplained on the basisbthat when we

move awayafrom surface then the streamlinesaof flow behave in same manner as inbcase of

flow pastaa flat stretching sheet. No variationais observed in pressurebfor flatastretching

case i.e. K∗ →∞. However, the variationbof pressure inside thebboundary layer cannot

be ignored as in the case of flat stretching sheet.

Figure 3.7: Variation of n on P̃ (ξ).
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Figure 3.8: Impact of K∗ on P̃ (ξ).

3.4.3 Temperature

Figure (3.9) providesbthe influence of dimensionlessbradius of curvature (K∗ = 0.1, 0.3, 0.9, 1.2)

on temperature θ̃(ξ). It is noted that (K∗) plays notable role regarding enhancement of

thermal layer thickness. In fact for higher radiusbof curvature, the maximum amount

ofbheat is transferredbfrom sheet. As a result temperature inside the fluid rises. Contri-

bution of volume fraction of nanoparticles (φ) on temperature θ̃(ξ) is captured in Figure

(3.10). It predicts thatbthe temperature θ̃(ξ) rises for larger (φ) . The sensitivitybof

thermal layer thickness to volumebfraction of nanoparticles (φ) is related withban en-

hancement ofbthermal conductivity of nanofluid. Figure (3.11) depicted thebinfluence of

radiation (RD = 0.4, 0.6, 0.8, 1.0) on temperature θ̃(ξ). Temperaturebof fluid enhancesbfor

larger estimation of (RD) . Forbhigher (RD) the surface heatbflux rises which is re-

sponsiblebof temperature θ̃(ξ) enhancement. Figure (3.12) elaborated the influence of

(Q ≶ 0) on temperature θ̃(ξ). It revealsbthat presence of heatbgeneration (positive val-

ues) inbthermal layer gives energy which is a responsible of temperature enhancement.
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As noted the temperature of fluid decays for heat absorption parameter (negative val-

ues). Moreover (Q = 0) corresponds to absence of heat generation/absorption. Outcome

of thermal Biot number (BT = 0.1, 0.3, 0.6, 0.9) on temperature is shown in Figure (3.13).

Here θ̃(ξ) has significant improvement with a small variation in (BT ) . Biot number (BT )

has direct relation with heat transfer coefficient (hf ). The convective heat transfer coeffi-

cient enhances for higher (BT ) . As a result temperature rises. It is also found that there

is no heat transfer when BT = 0.

Figure 3.9: Variation of K∗ on θ̃(ξ).
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Figure 3.10: Variation of φ on θ̃(ξ).

Figure 3.11: Variation of RD on θ̃(ξ).
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Figure 3.12: Variation of (Q ≷ 0) on θ̃(ξ).

Figure 3.13: Variation of BT on θ̃(ξ).
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3.4.4 Skin friction coefficient and heat transfer rate

Magnitude of skin frictionacoefficient (Rex)
0.5 C̃sf decreases for higher curvature param-

eter K∗(see Figure (3.14)). Figure (3.15)) givesathe change in magnitude of local Nus-

seltanumber for multiple values of radiation parameter (RD). Greater radiation parameter

enhances the magnitude of heat transfer coefficient.

K* = 0.1, 0.5, 0.9, 1.2

0 2 4 6 8

-6.5
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Figure 3.14: Variation of K∗ on (Rex)
0.5C̃sf .
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RD = 0.1, 0.2, 0.3, 0.4
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Figure 3.15: Variation of RD on (Rex)
−0.5Ñu.

3.5 Concluding remarks

Magnetite nanofluid flow subject to thermal radiation and convective transport phenom-

ena is worked out. The important points are listed below:

o Velocity of fluid declined for permeability parameter, volume fraction of nanopar-

ticles and magnetic parameter, however conflicting trend is observed for curvature

parameter.

o Quite similar behavior are being remarked for curvature parameter and radiation

parameter on temperature.

o Magnitude of skin friction coefficient reduces for dimensionless radius of curvature.

o Magnitude of heat transfer rate rises for radiation parameter.
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Entropy generation inaflow of
Fe3O4-waterananofluid with slip
effects

The purpose of present chapter is to study the flow of nanofluid due to non-linear stretch-

ing sheet. Nanofluid is suspension of iron oxide (Fe3O4) nanoparticles and water(H2O).

Modeling is arranged for viscous dissipation, nonlinear radiation and Joule heating ir-

reversibilities. Thermal and velocity slip aspects are accounted. Entropy generation

analysis is a major concern of present study. Thermodynamic irreversiblities is computed

by rate of entropy generation. Boundary-layer formulation of related consideration yields

non-linear system. Optimal homotopy scheme is adopted to derive and scrutinize the con-

vergent solutions subject to non-linear formulation. The plots for velocity, temperature,

entropy generation and Bejan number are shown through graphs. Further skin friction

and local Nusselt number are calculated and graphed.

4.1 Flow model

We examine two-dimensional flow of water-based nanofluid containing magnetite nanopar-

ticles. Fluid flow is generated by non-linear stretching sheet with velocity uw. Magnetic

field of strength B∗0 is applied in transverse direction to flow. Effects of electric and in-

duced magnetic fields are ignored. Entropy generation analysis is developed. Energy ex-

pression is considered by involvement of Joule heating, viscous dissipation and non-linear

58



Chapter 4

thermal radiation. Heat generation/absorption aspects are also accounted. Further the

surface manifests velocity and thermal slip conditions (see Figure (4.1)). Let Tf and T∞

be fluid and ambientatemperatures respectively.

Figure 4.1: Flow geometry.

The dimensional expressions are:

∂u

∂x
+
∂v

∂y
= 0, (4.1)

ρnf

(
u
∂u

∂x
+ v

∂u

∂y

)
= µnf

(
∂2u

∂y2

)
− σnfB∗20 u, (4.2)

(ρCp)nf

(
u
∂T

∂x
+ v

∂T

∂y

)
= knf

∂2T

∂y2
+ µnf

(
∂ŭ

∂y

)2

−
(
∂qĥ
∂y

)
+ σnfB

2
0u

2 +Q0 (T − T∞) , (4.3)

with

u = uw + βv
∂u

∂y
, v = 0, T = Tw + βT

∂T

∂y
at y = 0,

u→ 0, T → T∞ as y →∞. (4.4)
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In above expressions (x, y) denote the cartesian coordinates, uw = u0x
n(n the power-law

index), (u, v) the velocity components, βv the velocity slip factor, βT the thermal slip

factor and Q0 the heat source/sink coefficient.

Heat flux through Rosseland’s concept qĥ is

qĥ = −4σ∗∂T 4

3k∗∂y
= −16σ∗T 3

3k∗
∂T

∂y
, (4.5)

in which k∗ denotes mean absorption coefficient and σ∗ the Stefan-Boltzmann constant.

After using Eqs. (4.5) one has

(
u
∂T

∂x
+ v

∂T

∂y

)
= αnf

∂2T

∂y2
+

16σ∗

3k∗
∂

∂y

(
T 3∂T

∂y

)
+ µnf

(
∂ŭ

∂y

)2

+σnfB
2
0u

2 +Q0 (T − T∞) . (4.6)

We consider

u = u0x
nf̃ ′(ξ), v = −

√(
n+ 1

2

)
νfu0xn−1

[
f̃(ξ) +

n− 1

n+ 1
ξf̃ ′(ξ)

]
, (4.7)

θ̃(ξ) =
T − T∞
Tw − T∞

, ξ = y

√(
n+ 1

2

)
u0

νf
xn−1. (4.8)

Expression (4.1) is satisfied trivially while Eqs. (4.2) and (4.6) become

(
1

(1− φ)2.5(1− φ+ φ ρs
ρf

)

)
f̃ ′′′ − 2n

n+ 1
f̃ ′2 + ff ′′ −M

(
σnf
σf

)
(1− φ+ φ ρs

ρf
)

(
2

n+ 1

)
f̃ ′ = 0,

(4.9)

we define

T = θ̃(Tw − T∞) + T∞, (4.10)

or

T = T∞(1 + (θw − 1)θ̃), (4.11)
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where θw = Tw
T∞

. Now we have

1
Pr

(
knf
kf

+RD

)
θ̃′′ + RD

Pr

 (θw − 1)3(3θ̃2θ̃′2 + θ̃3θ̃′′)

+3(θw − 1)2(2θ̃θ̃′2 + θ̃2θ̃′′)

+3(θw − 1)(θ̃′2 + θ̃θ̃′′)


+MEc

(
σnf
σf

) (
2

n+1

)
f̃ ′2 + Ec

(1−φ)2.5 f̃
′′2 +Q

(
2

n+1

)
θ̃

(4.12)

+

(
1− φ+ φ

(ρCρ)s
(ρCρ)f

)
f̃ θ̃′ = 0, (4.13)

with

f̃(0) = 0, f̃ ′(0) = 1 + Svf̃
′′(0), θ̃(0) = 1 + ST θ̃

′(0),

f̃ ′(∞)→ 0, θ̃(∞)→ 0. (4.14)

where M =
σfB

∗2
0

ρfu0xn−1 the magnetic parameter, Sv = βv
√(

n+1
2

)
u0

υf
xn−1 the velocity slip

parameter, RD = 16σ∗T 3
∞

3kfk∗
the radiation parameter, Pr =

νf (ρCp)f
kf

the Prandtl number, θw =

Tw
T∞

the temperature ratio parameter, Ec =
u2

0x
2n

∆T (Cp)f
the Eckert number, Q = Q0

(ρCp)fu0xn−1

the heat generation/absorption parameter and ST = βT
√(

n+1
2

)
u0

υf
xn−1 the thermal slip

parameter.

4.1.1 Quantities of interest

The skin friction coefficient C̃sf and heat transfer rate Ñu are given by

C̃sf =
τw
ρfu2

w

, (4.15)

Ñu =
xqw

kf

(
T̆w − T̆∞

) , (4.16)

where shear stress and wall heat flux are gives as

τw = µnf

(
∂ŭ

∂y

)
y=0

, (4.17)

qw = −knf
∂T

∂y

∣∣∣∣
y=0

+
16σ∗T 3

3k∗
∂T

∂y

∣∣∣∣
y=0

. (4.18)
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In dimensionless form

(Rex)
0.5 C̃sf =

(
n+ 1

2

)0.5
1

(1− φ)2.5 f̃
′′(0). (4.19)

(Rex)
−0.5 Ñu = −

(
n+ 1

2

)0.5(
knf
kf

+RD(1 +
(
θ̃w − 1

)
θ̃(0))3

)
θ̃′(0), (4.20)

in which local Reynolds number is Rex = u0x
n+1/νf .

4.2 Entropyageneration

Localavolumetric entropy generationarate per unit volume for MHD flowaof Fe3O4−nanofluid

over non-linearlyastretching sheet with slipaeffects is investigated.aEntropy generation is

carriedaout through viscous dissipation,anon-linear thermal radiationaand Joule heating.

Here

Sg =
kf
T 2
∞

[
knf
kf

(
∂T

∂y

)2

+
16σ∗T 3

3k∗kf

(
∂T

∂y

)2
]

︸ ︷︷ ︸
Thermal irreversibility

+
µnf
T∞

(
∂u

∂y

)2

︸ ︷︷ ︸
Fluid friction irreversibility

+
σnf
T∞

B∗20 (u2)︸ ︷︷ ︸
Joule dissipation irreversibility

,


(4.21)

where
kf
T 2
∞

[
knf
kf

(
∂T
∂y

)2

+ 16σ∗T 3

3k∗kf

(
∂Ť
∂y

)2
]

signifies the entropyageneration due to heat flow ir-

reversibility througharadiation effects,
µnf
T∞

(
∂u
∂y

)2

designatesathe irreversibility of the sys-

tem owing to fluid friction irreversibility at constantadensity and
σnf
T∞
B∗20 (u2) denotes the

Joule heating irreversibilityawith constant magneticaflux density. Dimensionless number

Ng for the entropy generationais defined as

Ng =

(
knf
kf

+RD(θ̃
(
θ̃w − 1

)
+ 1)3

)
αT

(
n+ 1

2

)
θ̃′2+ Br 1

(1−φ)2.5

(
n+1

2

)
f̃ ′′2

+M
σnf
σf
Brf̃ ′2, (4.22)

where Ng =
Ť∞Sgνf
kf∆Ť ŭ0

designates the entropy generation rate, Br =
µf ŭ

2
0x

2n

kf∆Ť
the Brinkman

number and αT = Ťw−Ť∞
Ť∞

= ∆Ť
Ť∞

the dimensionless temperature difference. Bejan number
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is defined as the ratio of entropy generationaby virtue of heat transport irreversibilty to

system totalaentropy generation. Bejan numberavaries from 0 to 1. When Be � 0.5

then irreversibility subjectato heat transferadominates. Theaviscous effectsadominant

when Be� 0.5. Bothaeffects are equalawhen Be = 0.5. Bejananumber (Be) is

Be =
Entropy generation due to heat transfer

Total entropy generation
, (4.23)

or

Be =

(
knf
kf

+RD(θ̃
(
θ̃w − 1

)
+ 1)3

)
αT
(
n+1

2

)
θ̃′2(

knf
kf

+RD(θ̃
(
θ̃w − 1

)
+ 1)3

)
αT
(
n+1

2

)
θ̃′2 +Br 1

(1−φ)2.5

(
n+1

2

)
f̃ ′′2 +M

σnf
σf
Brf̃ ′2,

.

(4.24)

4.3 Optimal homotopy analysis method

Optimal series solutions are developed for given flow system. For this purpose the initial

approximations
(
f̃0(ξ), θ̃0(ξ)

)
and linear operators

(
Lf̃ ,Lθ̃

)
are given as:

f̃0(ξ) =
1

1 + Sv
(1− exp(−ξ)) , θ̃0(ξ) =

1

1 + ST
(exp(−ξ)) , (4.25)

Lf̃ = f̃ ′′′ − f̃ ′, Lθ̃ = θ̃′′ − θ̃, (4.26)

Lf̃ [C1 + C2 exp(ξ) + C3 exp(−ξ)] = 0,

Lθ̃ [C4 exp(ξ) + C5 exp(−ξ)] = 0, (4.27)

with arbitrary constants Ci (i = 1− 5).

4.4 Convergence analysis

The non-zeroaauxiliary variables }f̃ and }θ governaconvergence portionaand also homo-

topic solutionsarate. For optimaladata of }f and }θ minimizationaconcept is utilizedaby

taking averagedasquared residual errors [77]:

%f̆m =
1

k + 1

k∑
l=0

Nf̆
(

m∑
i=0

f̆ (ξ) ,
m∑
i=0

θ̃ (ξ)

)
ξ=lδ∗ξ

2

, (4.28)
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%θ̃m =
1

k + 1

k∑
l=0

Nθ̃
(

m∑
i=0

f̆ (ξ) ,
m∑
i=0

θ̃ (ξ)

)
ξ=lδ∗ξ

2

, (4.29)

where %tm representsbtotal squared residualberror, δξ = 0.5 and k = 20. The idealboptimal

values of convergence controlbparameters are hf̃ = −0.604206 and hθ̃ = −0.621623. We

write

%tm = %f̃m + %θ̃m, (4.30)

Totalbaverage squaredaresidual error is %tm = 0.0460441. Plot forbtotal residual error

foramagnetite nanofluid isbdepicted in Figure (4.2). Physical propertiesbof density, spe-

cificaheat and thermalbconductivity is specified in Table (4.1). Table (4.2) presents

theaaveraged residual errorsbwith optimal values. Decay is observedbfor higher order

ofbapproximations.

Figure 4.2: Residual error for Fe3O4-water nanofluid.
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Table 4.1: Thermo-physical properties of magnetite nanoparticles and water [32].

— k(W/mk) ρ(kg/m3) σ(Um)−1 Cp(j/m
3)

Fe3O4(Iron oxide) 9.7 5180 2500 670
H2O(Pure Water) 0.613 997.1 0.05 4179

Table 4.2: Individual averagedbsquared residualberrors for magnetite waterbnanofluid.

m εf̃m εg̃m

2 6.40585× 10−3 4.35807× 10−2

4 2.88705× 10−3 3.27522× 10−2

6 1.81595× 10−3 2.82566× 10−2

8 1.30355× 10−3 2.57135× 10−2

10 1.00570× 10−3 2.40389× 10−2

12 8.12689× 10−4 2.28336× 10−2

14 6.78328× 10−4 2.19146× 10−2

16 5.79881× 10−4 2.11851× 10−2

18 5.04915× 10−4 2.05877× 10−2

20 4.46608× 10−4 2.00897× 10−2

4.5 Results and discussion

Effect of various flow variables satisfying (0.02 ≤ φ ≤ 0.05), (0.1 ≤M ≤ 0.4),

(0.2 ≤ RD ≤ 0.5), (1.1 ≤ θw ≤ 1.5), (0.1 ≤ Q ≤ 0.5), (0.01 ≤ Ec ≤ 0.1), (0.6 ≤ Sv ≤ 0.9),

(1.1 ≤ n ≤ 1.5) and (0.8 ≤ ST ≤ 1.2) for velocity f̃ ′(ξ), temperature θ̃ (ξ), entropy rate

and Bejan number are presented in Figures (4.3)-(4.23).

4.5.1 Velocity

Figure (4.3) elaborates influence of volume fraction of nanoparticles (φ = 0.02, 0.03, 0.04, 0.05)

against velocity f̃ ′(ξ). Larger values nanoparticles volume fraction gradually reduces ve-

locity of nanofluid. Physically fluid particles experience and offer high resistance due to

incremental values of φ and as a result the velocity decays. Characteristics of power-law

index (n = 1.1, 1.3, 1.4, 1.5) on velocity is depicted in Figure (4.4). For higher values of

power-law index (n) the velocity of fluid enhances. Figure (4.5) exhibits influence of
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magnetic parameter (M = 0.1, 0.2, 0.3, 0.4) on f̃ ′(ξ). Velocity of fluid declines for higher

(M). Physically the Lorentz force appeared through magnetic parameter and becomes

stronger due to an increment in (M). In fact the stronger Lorentz force has ability to

reduce the fluid velocity. Figure (4.6) elucidates the influence of velocity slipaparameter

(Sv = 0.6, 0.7, 0.8, 0.9) on f̃ ′(ξ). It is noted that higher (Sv) reduce the velocity. Physi-

cally with an increment in (Sv) the stretching velocity is partially transferred to the fluid

and consequently the velocity reduces.

Figure 4.3: Variation of φ on f̃ ′(ξ).
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Figure 4.4: Variation of n on f̃ ′(ξ).

Figure 4.5: Variation of M on f̃ ′(ξ).
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Figure 4.6: Variation of Sv on f̃ ′(ξ).

4.5.2 Temperature

Figure (4.7) delineates the the influencebof magnetite nanoparticles volumebfraction

(φ = 0.02, 0.03, 0.04, 0.05) on temperature for Fe3O4-water nanofluid. For higher (φ)

the temperature of fluid enhances. Physically an enhancement in thermal conductivity

of nanofluid leads to rise the temperature of fluid. Variation of (n = 1.1, 1.3, 1.4, 1.5) on

fluid’s temperature θ̃(ξ) is plotted in Figure (4.8). Power-law index (n) has direct relation

with temperature θ̃(ξ). Influence of radiation parameter (RD = 0.2, 0.4, 0.5) against tem-

perature θ̃(ξ) is determined in Figure (4.9). It is observed thatbradiative heatbtransfer

rate enhances with anbincrement in (RD). This is becausebof larger (RD) the coefficient

of mean absorption decreases.bThus temperaturebenhances. Impact of Eckert number

(Ec = 0.01, 0.03, 0.7, 0.1) on temperature θ̃(ξ) is displayed in Figure (4.10). Physically

mechanical energy is converted into heat energy. It is because of internal friction of

molecules. Hence temperature rises. Figure (4.11) revealed the behavior of temperature

ratio parameter (θw) on θ̃(ξ). Clearly temperature enhances through (θw). It is noted that
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temperature of sheet is higher inbcomparison withbambient temperature for higher (θw.)

Figure (4.12) displayed effectbof (Q = 0.1, 0.2, 0.4, 0.5) on θ̃(ξ). Temperature of fluid en-

hances for (Q > 0). Physicallybinternal energy ofbliquid particlesbrises by higherbvalues

of (Q) and so temperaturebincreases. Moreover reverse trend is observed for (Q < 0) .

Figure (4.13) illustrates the variation of thermal slip parameter (ST = 0.8, 1.0, 1.1, 1.2) on

θ̃(ξ).Temperature of fluid declines via higher (ST ). Heat transfer from surfacebtowards

adjacentblayers ofbfluid trough larger(ST ). Hence temperature declines.

Figure 4.7: Variation of φ on θ̃(ξ)
.
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Figure 4.8: Variation of n on θ̃(ξ).

Figure 4.9: Variation of RD on θ̃(ξ).

70



Chapter 4

Figure 4.10: Variation of Ec on θ̃(ξ).

Figure 4.11: Variation of θw on θ̃(ξ).
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Figure 4.12: Variation of Q on θ̃(ξ).

Figure 4.13: Variation of ST on θ̃(ξ).
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4.5.3 Local entropy generation rate Ng(ξ) and Bejan number Be

Figures (4.14) and (4.15) are plottedbto examine behaviorbof (φ) on Ng(ξ) and Be. Bejan

numberbreduces while rate ofbentropy generation enhances.bPhysically withbincreasing

values of (φ) the magneticband fluid frictionbeffects are weakerbthan heat transfer. Fig-

ures (4.16) and (4.17) demonstratebthe impact of (Br) on Ng(ξ) and Be. Here larger

(Br) reducesbBejan number (Be) and increasesbentropy generation rate (Ng(ξ)). Ba-

sicallybBrinkman number measuresbheat releasedbby viscous heatingbin a relation to

transfer ofbheat due to conduction of molecules.bNear surface the viscous effectsbproduce

less amountbof heat energy whenbcompared withbtransfer of heatbenergy by molecu-

larbconduction. Large amountbof heat evolved amongbfluid particles isba cause ofbentropy

enhancement. As a result system disorderliness also enhances. Figures (4.18)-(4.19)

demonstratebaspects of temperature differencebparameter (αT ) on Ng(ξ) and Be. Both

quantitiesbhave increasingbfeatures for larger (αT ). Heat transfer effects are dominant

over magnetic and frictional fluid effectsbvia higher (αT ). Hence Be rises. It can be

noticed from figure that (Ng(ξ)) → 0 as we move far away from surface. Figures (4.20)-

(4.21) show the radiationbparameter (RD) behavior for (Ng(ξ)) and (Be). Qualitative

similar behavior is noted for (Be) and (Ng(ξ)) . Both entropybrate and Bejan number are

enhanced via (RD). Duebto enhancement of internalbenergy of given flow systembthe

rate of local entropybgeneration (Ng(ξ)) and (Be) are increased. Figures (4.22) and

(4.23) elucidated the behavior of (M) on (Ng(ξ)) and Be. Diverse behavior of (M) on

Ng(ξ) and Be is observed. Greater M creates an enhancement in (Ng(ξ)) while Be de-

cays. Clearly (M )is verybsensitive to entropy generation enhancement.bFor higher (M)

the Lorentz force enhances due tobwhich resistance of fluid enlarges. As a result entropy

rate enhances. Bejan number fluid frictionbirreversibility dominates over heat and mass

irreversibilities and thus (Be) decays.
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Figure 4.14: Entropy generation rate Ng via φ.

Ec = 0.01, M = 0.1, Q = 0.2, RD = 0.3,

Br = 0.4, Sv = ΑT = 0.6, ST = 0.8,

n = 1.5, Θw = 1.4, Pr = 6.2

Φ = 0.02, 0.03, 0.04, 0.05
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Figure 4.15: Bejan number Be via φ.
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Figure 4.16: Entropy generation Ng via Br.

Figure 4.17: Bejan number Be via Br.
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Figure 4.18: Entropy generation Ng via αT .

Figure 4.19: Bejan number Be via αT .
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Figure 4.20: Entropy generation Ng via RR.

Figure 4.21: Bejan number Be via RD.
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Figure 4.22: Entropy generation Ng via M .

Figure 4.23: Bejan number Be via M .
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4.5.4 Surface drag force and heat transfer rate

Figures (4.24)-(4.27) are sketched to show the influence of magnetic parameter (M), ther-

mal slip (Sv), temperature ratio parameter (θw), Eckert number (Ec), velocity slip param-

eter (ST ) and nanoparticles volume fraction (φ) on skin friction coefficient (Rex)
0.5 C̃sf

and heat transfer rate (Rex)
−0.5 Ñu. Figure (4.24) highlights the features of magnetic

parameter (M) on skin friction coefficient (Rex)
0.5 C̃sf . It is reported that (Rex)

0.5 C̃sf

reduces through larger (M). Skin friction coefficient (Rex)
0.5 C̃sf enhances for higher vol-

ume fraction of nanoparticles (φ) is shown in Figure (4.25). Figures (4.26) and (4.27)

guaranteed that larger (ST ) and (θw) show a decay in heat transfer rate (Rex)
−0.5 Ñu.

Figure 4.24: Variations of M and Sv on (Rex)
0.5 C̃sf .
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Figure 4.25: Variations of φ and M and on (Rex)
0.5 C̃sf .

Figure 4.26: Variations of ST and R and on (Rex)
−0.5 Ñu.
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Figure 4.27: Variations of θw and Ec and on (Rex)
−0.5 Ñu.

4.6 Conclusions

Here flow of magnetite nanofluid with slip effect is explored. The outcomes are mentioned

below.

o Velocity declines for higher values of volume fraction of nanoparticles, magnetic

parameter and velocity slip parameter.

o Temperature of fluid shows increasing behavior for volume fraction of nanoparticles,

Eckert number, radiation parameter and temperature ratio parameter while decays

for thermal slip parameter.

o Entropy generation rate enhances through higher volume fraction of nanoparticles,

Brinkman number and radiation parameter.

o Bejan number enhances for temperature difference parameter while decays for Brinkman

number.

o (Rex)
0.5 C̃sf is more for larger volume fraction of nanoparticles is observed.
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Three-dimensional flow
ofaFe3O4-water nanofluidawith
homogeneous-
heterogeneousareactions

An analysis has beenacarried out in this chapterafor bidirectional nanofluid flow due to

non-linear stretching sheet.aPure water is treated as a baseafluid. Nanoparticles of mag-

netic characteristics are considered. Effects of non-lineararadiation andanon-uniform heat

sink/source are examined. Aasimple modelaof homogeneous-heterogeneous reactions is

used. Optimal homotopy analysis method (OHAM) is adoptedafor solution development

of the non-linear system. Optimal estimationsaof auxiliary variables areaobtained. Im-

pact of severalanon-dimensional parameters foravelocity components,atemperature and

concentrationafields are examined.aGraphs are plottedafor analysis of surface drag force

and heat transfer rate.

5.1 Flow equations

Three-dimensionalaflow of an electricallyaconducting viscousananofluid is examined. Flow

is causedaby non-linearly stretchingasheet at z = 0. An incompressibleafluid occupies

z > 0. Assumed thatasheet is stretched with velocities uw = u0(x+y)n and vw = v0(x+y)n

where u0, v0 areathe constants (see Figure (5.1)). Contribution due toanon-uniform heat
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source/sinkaand non-linear radiationaare studied. Appliedamagnetic field of strength B∗0

acts transverselyato flow. Omission ofaelectric and induced magneticafield is ensured.

Figure 5.1: Problem sketch.

Homogeneous-heterogeneousareactions of twoatypical chemicalaspecies A and C have

beenaanalyzed. Homogeneous reactionsafor cubic autoacatalysis satisfy

A+ 2C → 3C, rate = K1a
∗c∗2, (5.1)

whileaon catalystasurface the requiredaheterogeneous reactionsais given by

A→ C, rate = K2a
∗, (5.2)

where K1 and K2 are rate constants of chemicalaspecies havingaconcentrations a∗ and c∗.

Non-uniformaheat source/sink) is defined by

Q′′′ =

(
kfuw (z)

(x+ y)νf

)[
I1 (Tw − T∞) f̃ ′ (ξ) + I2 (T − T∞)

]
, (5.3)

where I1 and I2 are the heat generation/absorption coefficientsarespectively.

In Cartesian coordinates,athe flow problems are governed by

∂u

∂x
+
∂v

∂y
+
∂w

∂z
= 0, (5.4)
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ρnf

(
u
∂u

∂x
+ v

∂u

∂y
+ w

∂u

∂z

)
= µnf

(
∂2u

∂z2

)
− σnfB∗20 u, (5.5)

ρnf

(
u
∂v

∂x
+ v

∂v

∂y
+ w

∂v

∂z

)
= µnf

(
∂2v

z2

)
− σnfB∗20 v, (5.6)

(ρCp)nf

(
u
∂T

∂x
+ v

∂T

∂y
+ w

∂T

∂z

)
= knf

(
∂2T

∂z2

)
+

16σ∗

3k∗
∂

∂z

(
T 3∂T

∂z

)
−Q′′′, (5.7)

u
∂a∗

∂x
+ v

∂a∗

∂y
+ w

∂a∗

∂z
= DA

∂2a∗

∂z2
−K1a

∗c∗2, (5.8)

u
∂c∗

∂x
+ v

∂c∗

∂y
+ w

∂c∗

∂z
= DC

∂2c∗

∂z2
+K1a

∗c∗2, (5.9)

u = uw = u0 (x+ y)n , v = vw = v0 (x+ y)n , w = 0, T = Tw,

DA
∂a∗

∂z
= K2a

∗, DC
∂c∗

∂z
= −K2a

∗ at z = 0,

u→ 0, v → 0, a∗ → a0, Ť → T∞, c
∗ → 0 as z →∞, (5.10)

where (u, v, w) are the velocityacomponents along (x, y, z)adirections and DA and DC the

diffusion coefficientsarespectively.

Making useaof the following transformations

u = u0 (x+ y)n f̃ ′(ξ), v = v0 (x+ y)n g̃′(ξ), ξ = z

√(
n+ 1

2

)
u0

νf
(x+ y)n−1,

w = −

√(
n+ 1

2

)
νfu0 (x+ y)n−1

[(
f̃ + g̃

)
+
n− 1

n+ 1
ξ
(
f̃ ′ + g̃′

)]
,

θ̃(ξ) =
T − T∞
Tw − T∞

, a∗ = ǎ0j̃ (ξ) , c∗ = a0s̃ (ξ) . (5.11)

The continuity equationais satisfiedaautomatically and Eqs. (5.5)-(5.10) become(
1

(1− φ)2.5(1− φ+ φ ρs
ρf

)

)
f̃ ′′′ +

(
f̃ + g̃

)
f̃ ′′ − 2n

n+ 1

(
f̃ ′ + g̃′

)
f̃ ′

−M
(
σnf
σf

)
1

(1− φ+ φ ρs
ρf

)
f̃ ′ = 0, (5.12)
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(
1

(1− φ)2.5(1− φ+ φ ρs
ρf

)

)
g̃′′′ +

(
f̃ + g̃

)
g̃′′ − 2n

n+ 1

(
f̃ ′ + g̃′

)
g̃′

−M
(
σnf
σf

)
1

(1− φ+ φ ρs
ρf

)
g̃′ = 0, (5.13)

 1

1− φ+ φ
(ρCρ)s
(ρCρ)f




(
knf
kf

+RD

)
θ̃′′ + 2

n+1
(I1f̃

′ + I2θ̃)

+RD

 (θw − 1)3(3θ̃2θ̃′2 + θ̃3θ̃′′)

+3(θw − 1)2(2θ̃θ̃′2 + θ̃2θ̃′′)

+3(θw − 1)(θ̃′2 + θ̃θ̃′′)




+Pr
(
f̃ + g̃

)
θ̃′ = 0, (5.14)

(
1

Sc

)
j̃′′ +

(
f̃ + g̃

)
j̃′ − 2

n+ 1
Kr j̃s̃

2 = 0, (5.15)

(
δ

Sc

)
s̃′′ +

(
f̃ + g̃

)
s̃′ +

2

n+ 1
Kr j̃s̃

2 = 0, (5.16)

f̃ (0) = 0, f̃ ′ (0) = 1, g̃ (0) = 0, g̃′ (0) = Ψ, θ̃ (0) = 0,

j̃′ (0) = Ksj̃ (0) , δs̃′ (0) = −Ksj̃ (0) , (5.17)

f̃ ′ (∞)→ 0, g′ (∞)→ 0, θ (∞)→ 0, j̃ (∞)→ 1, s̃ (∞)→ 0. (5.18)

Here Ψ = v0

u0
signifies ratio variable, M =

σfB
2
0

ρfu0xn−1 the magnetic parameter, RD = 16σ∗T 3
∞

3kfk∗

the radiation parameter, θw = Tw
T∞

the temperature ratio parameter, Pr =
υf (ρCp)f

kf
the

Prandtl number, δ =
DČ
DǍ

the Diffusion ratio coefficients, Sc =
νf
DǍ

the Schmidt number,

Kr =
K1a2

0

u0(x+y)n−1 the homogeneous reaction strength and Ks = K2

DA

√
νf

u0(x+y)n−1

√
2

n+1
the

heterogeneous reaction strength. Here weamake an assumptionathat diffusionacoefficients

for bothachemical species are same i.e. δ = 1 andathus

j̃(η) + s̃(η) = 1 (5.19)

Eqs. (5.15) and (5.16) yield(
1

Sc

)
j̃′′ +

(
f̃ + g̃

)
j̃′ − 2

n+ 1
Kr j̃

(
1− j̃

)2
= 0, (5.20)
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with the boundary conditions

j̃′ (0) = Ksj̃ (0) , j̃ (∞)→ 1. (5.21)

5.1.1 Physicalaquantities

Skinafriction coefficient
(
C̃sfx and C̃sfy

)
and localaNusselt number

(
Ñu

)
are defined as

C̃sfx =
τwx
ρfu2

w

, C̃sfy =
τwy
ρfv2

w

, Ñu =
(x+ y) qw

kf (Tw − T∞)
. (5.22)

Here surface shear stress along x and y directions are given by

τwx = µnf

(
∂u

∂z

)
z=0

, τwy = µnf

(
∂v

∂z

)
z=0

. (5.23)

Wall heataflux is given by

qw = −knf
∂Ť

∂z

∣∣∣∣
z=0

+ (qĥ)w . (5.24)

Dimensionless expressions of (C̃sfx, C̃sfy) and (Ñu) are

(Rex)
0.5 C̃sfx =

(
n+ 1

2

)0.5
1

(1− φ)2.5 f̃
′′(0),

(Rey)
0.5 C̃sfy =

(
n+ 1

2

)0.5
1

Ψ3/2 (1− φ)2.5 g̃
′′(0),

(Rex)
−0.5 Ñu = −

(
n+ 1

2

)0.5 [
knf
kf

+RD(1 + (θw − 1))θ̃(0))3

]
θ̃′(0), (5.25)

in which Rex = u0(x+y)n+1

υf
and Rey = v0(x+y)n+1

υf
denote the local Reynolds numbers.

5.2 Optimalahomotopic solutions

In theaframe of HAM, the optimal series solutionsaare developed. We selectasuitable

operators and initialaguesses in the forms

f̃0(ξ) = 1− exp(−ξ), g̃0(ξ) = Ψ (1− exp(−ξ)) ,

θ̃0(ξ) = exp(−ξ), j̃ = 1− 1

2
exp(−

√
2

n+ 1
Ks(ξ), (5.26)
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with

Lf̃ = f̃ ′′′ − f̃ ′, Lg̃ = g̃′′′ − g̃′, Lθ̃ = θ̃′′ − θ̃, Lj̃ = j̃′′ − j̃, (5.27)

and

Lf̃ [C1 + C2 exp(ξ) + C3 exp(−ξ)] = 0,

Lg̃ [C4 + C5 exp(ξ) + C6 exp(−ξ)] = 0,

Lϑ̃ [C7 exp(ξ) + C8 exp(−ξ)] = 0,

Lj̃ [C9 exp(ξ) + C10 exp(−ξ)] = 0, (5.28)

in which arbitrary constants are Ci (i = 1− 10).

5.3 Optimalaconvergence analysis

In homotopic solutions the non-zeroaauxiliary variables ~f̃ , ~g̃, ~θ̃ and ~j̃ ensure conver-

gence analysis. For optimal data of ~f̃ , ~g̃, ~θ̃ and ~j̃ we have utilized the concept given

by Liao [77]. The averaged squared residualaerrors of the m-th order ofaapproximations

is applied to reduce the CPU-timeaand are given as follows:

%f̃m =
1

k + 1

k∑
l=0

Nf̃
(

m∑
i=0

f̃ (ξ) ,
m∑
i=0

g̃ (ξ)

)
ξ=lδ∗ξ

2

, (5.29)

%g̃m =
1

k + 1

k∑
l=0

Ng̃( m∑
i=0

f̃ (ξ) ,
m∑
i=0

g̃ (ξ)

)
ξ=lδ∗ξ

2

, (5.30)

%θ̃m =
1

k + 1

k∑
l=0

Nθ̃
(

m∑
i=0

f̃ (ξ) ,
m∑
i=0

g̃ (ξ) ,
m∑
i=0

θ̃ (ξ)

)
ξ=lδ∗ξ

2

, (5.31)

%j̃m =
1

k + 1

k∑
l=0

Nj̆
(

m∑
i=0

f̃ (ξ) ,
m∑
i=0

g̃ (ξ) ,
m∑
i=0

j̃ (ξ)

)
ξ=1δ∗ξ

2

. (5.32)

Following

%tm = %f̃m + %g̃m + %θ̃m + %j̃m, (5.33)
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where %tm constitute total squared residual error, δ∗ξ = 0.5 and k = 16. For magnetite wa-

ter nanofluid the convergence control parameter have optimalavalues like }f̃ = −0.686258,

}g̃ = 0.651312, }θ̃ = −0.112385 and }j̃ = −1.92267 and totalaaverage squaredaresidual

error is %tm = 0.384779 takenaat 2nd order of approximations.aPlot for total residualaerror

of Fe3O4 -water nanofluidais drawn in Figure (5.2). Thermophysicalaproperties such

asadensity, specific heat and thermal conductivity is shown in Table (5.1). By using

optimal values of } theaaveraged squaredaresidual errors isacomputed in Table (5.2).

Moreover, theaaveraged squaredaresidual errors show decreasingatrend for higheraorder

deformations.

Figure 5.2: Residual error for magnetite-water nanofluid.
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Table 5.1: Thermo-physical properties of magnetite nanoparticles and water.

— k(W/mk) ρ(kg/m3) σ(Um)−1 Cp(j/m
3)

Fe3O4(Iron oxide) 9.7 5180 670 25000
H2O(Pure Water) 0.613 997.1 0.05 4179

Table 5.2: Individual averaged squared residual errors having optimal values of auxiliary
variables for magnetite water nanofluid.

m εf̌m εǧm εθ̌m εǰm

2 2.97942× 10−4 4.38213× 10−5 9.50986× 10−5 3.84342× 10−1

4 6.50099× 10−5 8.08571× 10−6 5.50189× 10−5 3.41095× 10−1

6 2.97292× 10−5 3.26840× 10−6 3.85403× 10−5 3.15708× 10−1

8 1.72782× 10−5 1.68369× 10−6 2.97053× 10−5 2.97885× 10−1

10 1.13359× 10−5 9.92329× 10−7 2.42156× 10−5 2.84327× 10−1

12 8.03415× 10−6 6.40412× 10−7 2.04679× 10−5 2.74327× 10−1

14 6.00804× 10−6 4.41266× 10−7 1.77406× 10−5 2.65008× 10−1

16 4.67339× 10−6 3.19449× 10−7 1.56633× 10−5 2.58267× 10−1

5.4 Physical interpretation

This section presents the effects of (1.0 ≤ n ≤ 1.3),(0.2 ≤M ≤ 0.8), (0.1 ≤ Ψ ≤ 0.7),

(0.4 ≤ RD ≤ 0.7) , (0.02 ≤ φ ≤ 0.05), (1.3 ≤ θw ≤ 1.6), (0.2 ≤ Kr ≤ 0.5) and (0.2 ≤ Ks ≤ 0.5)

for magnetite-water nanofluids on velocity components, temperature and concentration

distributions. Plots for skin friction coefficient and heat transfer rate are also sketched.

5.4.1 Velocity components

Figure (5.3) illustrate the effect of (φ = 0.02, 0.03, 0.04, 0.05) onavelocities f̃ ′(ξ) and

g̃′(ξ). Higher (φ) reduces both velocities. Physicallybresistance betweenbfluid parti-

clesbenhances forblarger (φ) which produceba decline inbvelocities f̃ ′(ξ) and g̃′(ξ). Be-

haviorbof power-law index (n = 1.0, 1.1, 1.2, 1.3) on the velocities is shown in Figure

(5.4). Clearly motion of fluid particles rises for higher (n). Physically viscosity of fluid

reduces due to higher values of (n). Therefore both velocities are enhanced. Figure

(5.5) is sketched to indicate the behavior of magnetic parameter (M = 0.2, 0.4, 0.6, 0.8)
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for velocities f̃ ′(ξ) and g̃′(ξ). For larger magnetic parameter (M) both velocities of fluid

decay. As expected drag force (which is known as Lorentz force)bis createdbby applica-

tionbof magnetic field.bThis force hasbability to slowbdown flow. Figure (5.6) is graphed

to study the variation in velocities (along x and y directions) respectively forbhigher

ratio parameterb(Ψ = 0.1, 0.3, 0.5, 0.7). Higher values of (Ψ) constitutebmore veloc-

itybfield along y-directionbwhile opposite trend canbbe observed forbvelocity fieldbalong

x-direction. Physically larger values of (Ψ = v0

u0
) leadbto either anbincrease in ( v0)

orbdecrease in (u0), thebconstant along x -directionbdecreased andbΨ along y-direction

increasesbcorrespondingly.

Figure 5.3: Variation of φ on f̃ ′(ξ).
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Figure 5.4: Variation of n on f̃ ′(ξ) and g̃′(ξ).

Figure 5.5: Variation of M on f̃ ′(ξ) and g̃′(ξ).
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Figure 5.6: Variation of Ψ on f̃ ′(ξ) and g̃′(ξ).

5.4.2 Temperature

Influence of nanoparticles volume fraction (φ = 0.02, 0.03, 0.04, 005) on θ̃(ξ) is displayed

in Figure (5.7) . An increasing behavior of thermal field and associated layer thickness

is noted via (φ). It is due to the fact that higher values of (φ) corresponds to more

thermal conductivity as well as thermal layer thickness. Figure (5.8) represents the vari-

ation in temperature for radiation parameter (RD = 0.4, 0.5, 0.6, 0.7). Temperature of

fluid increases for larger (RD). Here Rosseland radiative absorptive (k∗) reduces due

to strengthening the radiation parameter. The radiative heat flux enhances and conse-

quently the rate of radiative heat transfer enhances inside the fluid. Higher radiative

heat transfer to the fluid is responsible for an increase in thermal layer growth. Impact of

temperature ratio parameter (θw = 1.3, 1.4, 1.5, 1.6) on θ̃(ξ) is illustrated in Figure (5.9).

Increasing behavior is observed for temperature with an increment in (θw = Tw
T∞

). It is

due to the fact that temperature of stretching sheet is higher than ambient temperature

with increasing (θw).
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Figure 5.7: Variation of φ on θ̃(ξ).

Figure 5.8: Variation of RD on θ̃(ξ).
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Figure 5.9: Variation of θw on θ̃(ξ).

5.4.3 Concentration

Outcome of nanoparticles volume fraction (φ = 0.02, 0.03, 0.04, 0.05) on concentration is

illustrated in Figure (5.10). Here concentration of nanoparticles is an increasing function

of volume fraction of nanoparticles (φ). Figure (5.11) is plotted to examine the impact of

homogeneous reaction parameter (Kr = 0.2, 0.3, 0.4, 0.5) on concentration j̃(ξ). Concen-

tration reduces for higher values of homogeneous reaction parameter. It is through the

fact that reactants are consumed during homogeneous reaction. Behavior of heteroge-

neous reaction parameter (Ks = 0.2, 0.3, 0.4, 0.5) on the concentration is displayed in Fig.

(5.12). It has been examined that large heterogeneous parameter shows an increasing

trend in concentration. For higher values of (Ks) the diffusion coefficient reduces and less

diffused particles enhances the concentration.
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Figure 5.10: Variation of φ on j̃(ξ).

Figure 5.11: Variation of Krφ on j̃(ξ).
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Figure 5.12: Variation of Ks on j̃(ξ).

5.4.4 Skin frictionbcoefficient and localbNusselt number

Figures (5.13)-(5.16) show thebskin friction coefficients (C̃sfx and C̃sfy) and local Nusselt

number (Ñu)bfor differentbvalues of volumebfraction of nanomaterial,bmagnetic param-

eter, radiationbparameter and temperature ratio parameter respectively.bSkin friction

coefficientbalong x-directionbdepicts increasingbbehavior via (φ) andb(M) (see Figure

(5.13)). Figure (5.14) shows that skin friction coefficient along y-direction enhances for

(φ) and (Ψ). Figure (5.15) depicts thatbheat transferbrate enhances against (φ). Magni-

tude ofbthe local Nusselt numberbenhances viabhigher (θw) (see in Figure (5.15)).
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Figure 5.13: Variation of Ψ on (Rex)
0.5 C̃sfx.

Figure 5.14: Variation of φ on (Rex)
0.5 C̃sfy.
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Figure 5.15: Variation of θw on (Rex)
0.5 Ñu.

Figure 5.16: Variation of θw on (Rex)
0.5 Ñu.
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5.4.5 Comparative study

A comparison between analytical results of the problem and previous literature have been

shown in Table (5.3). A good accuracy is obtained between two results.

Table 5.3: Comparison of the values of skin friction coefficient when M = I1 = I1 = I1 =
I1 = 0 and variation of φ.

Junaid et al. [28] Mahantesh et al. [29] Present study

n Ψ φ f̃ ′′(0) g̃′(0) f̃ ′′(0) g̃′(0) f̃ ′′(0) g̃′(0)

n > 1 0.0 0.0 1.62435 0.0000 1.62435 −0.0000 1.6243 0.00000
n > 1 0.5 0.0 1.98942 0.99471 1.98942 0.99471 1.98947 0.99477
n > 1 1.0 0.0 2.29718 2.29718 2.29718 2.29719 2.29712 2.29715
n > 1 0.1 0.05 - - - - - - 2.20611 1.10306 2.20611 1.10306
n > 1 0.1 0.1 - - - - - - 2.33770 1.16853 2.33711 1.16850
n > 1 0.1 0.2 - - - - - - 2.42320 1.21160 2.42380 1.21130

5.5 Conclusions

Mainbpoints are asbfollows:

o For higher magnetic parameter the velocity of fluid reduces.

o Velocity components f̃ ′ reduces while g̃′ enhances for higher values of stretching

rates ratio.

o Behavior of nanoparticles volume fractionbfor momentum and thermal layersbis

opposite.

o For fluidbconcentration the strengthbof heterogeneousbreaction variable increases

while opposite trend is noticed for homogeneousbreaction case.

o Higher values of magnetic parameter and nanoparticles volume fraction enhance

skin friction coefficient.
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Darcy-Forchheimer bidirectional
flow in (SWCNTs) and (MWCNTs)
carbon nanotubes
withahomogeneous-heterogeneous
reactions

In this chapter modeling is provided for three-dimensional flow of water-based carbon

nanotubes. Flow generated is due to bidirectional non-linear stretching surface. Char-

acteristics of both single-walled carbon nanotubes (SWCNTs) and multi-walled carbon

nanotubes (MWCNTs) are discussed. Darcy-Forchheimer model is used for flow saturat-

ing porous medium. Heat transfer characteristics are elaborated considering convective

heating process. Homogeneous-heterogeneous reactions are also accounted. The appro-

priate transformations lead to strong nonlinear ordinary differential equations. Optimal

homotopy analysis technique (OHAM) guided to convergent solutions.The plots are mani-

fested and examined with respect to various variables. Skin friction coefficient and Nusselt

number are computed and elaborated. The results for both SWCNTs and MWCNTs are

observed and compared.
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6.1 Problem formulation

Consider steady three-dimensional (3D) flow of water-based carbon nanotubes (CNTs)

due to bidirectional non-linearly stretching of surface. Heat transfer mechanism are ex-

amined by considering Xue model [2]. An incompressible fluid saturates the porous

space satisfying Darcy-Forchheimer relation. We consider cartesian coordinate system

in which surface is coincident with xy−plane and fluid occupies the space z ≥ 0. Let

uw = u0 (x+ y)n and vw = v0 (x+ y)n be velocities of stretching surface along the x−

and y−directions respectively. Here u0, v0 and n > 0 being the constants. The con-

vectively heated mechanism gives surface temperature which present hot fluid tempera-

ture as Tf and heat transfer coefficient hf . Flow analysis is developed in the presence

of homogeneous-heterogeneousareactions. The resulting boundary layer expressions for

present three-dimensional flow are

∂u

∂x
+
∂v

∂y
+
∂w

∂z
= 0, (6.1)

u
∂u

∂x
+ v

∂u

∂y
+ w

∂u

∂z
= νnf

(
∂2u

∂z2

)
− νnf

κp
u− Feu2, (6.2)

u
∂v

∂x
+ v

∂v

∂y
+ w

∂v

∂z
= νnf

(
∂2v

∂z2

)
− νnf

κp
v − Fev2, (6.3)

u
∂T

∂x
+ v

∂T

∂y
+ w

∂T

∂z
= αnf

(
∂2T

∂z2

)
, (6.4)

u
∂a∗

∂x
+ v

∂a∗

∂y
+ w

∂a∗

∂z
= DA

∂2a∗

∂z2
−K1a

∗c∗
2

, (6.5)

u
∂c∗

∂x
+ v

∂c∗

∂y
+ w

∂c∗

∂z
= DC

∂2c∗

∂z2
+K1a

∗c∗
2

. (6.6)

The associated boundary conditions are

u = uw = u0 (x+ y)n , v = vw = v0 (x+ y)n , w = 0,

− knf
∂T

∂z
= hf (Tf − T ) , DA

∂a∗

∂z
= K2a

∗, DC
∂c∗

∂z
= −K2a

∗ at z = 0,

u→ 0, v → 0, T → T∞, a
∗ → a0, c

∗ → 0 when z →∞, (6.7)
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Here u,v and w are flow velocities in x−, y− and z− directions respectively, Fe = Cb
(x+y)

√
κp

the Forchheimer coefficient of porous media, κp the porous medium permeability and Cb

the drag coefficient.

Xue [2] proposed a theoretical model for which

µnf =
µf

(1− φ)2.5 , ρnf = ρf (1− φ) + ρCNTφ, αnf =
knf

(ρcp)nf
,

νnf =
µnf
ρnf

, (ρcp)nf = (ρCp)f (1− φ) + (ρCp)CNT φ,

knf
kf

=
(1− φ) + 2φ kCNT

kCNT−kf
ln

kCNT+kf
2kf

(1− φ) + 2φ
kf

kCNT−kf
ln

kCNT+kf
2kf

, (6.8)

where µnf stands for nanofluid effective dynamic viscosity, µf for dynamic viscosity of

base fluid, ρnf for density of nanofluid, ρf for base fluid density, φ for volume fraction of

nanoparticle, (ρCp)nf for effective heat capacity of nanofluid, ρCNT for carbon nanotubes

density, kCNT for thermal conductivity of carbon nanotubes and kf for base fluid thermal

conductivity.

Selecting the transformations

u = u0 (x+ y)n f̃ ′(ζ), v = v0 (x+ y)n g̃′(ξ), ξ =
(
u0(n+1)

2νf

)1/2

(x+ y)
n−1

2 z,

w = −
√(

u0νf (n+1)

2

)
(x+ y)n−1

[(
f̃ + g̃

)
+ n−1

n+1
ξ
(
f̃ ′ + g̃′

)]
,

θ̃(ξ) = T−T∞
Tf−T∞

, a∗ = a0j̃ (ξ) , c∗ = a0s̃ (ξ) ,

(6.9)

continuity equation Eq. (6.1) is trivially verified while Eqs. (6.2)-(6.7) yield

1

(1− φ)2.5
(

1− φ+ ρCNT
ρf

φ
) f̃ ′′′ + (f̃ + g̃

)
f̃ ′′ − 2n

(n+ 1)

(
f̃ ′ + g̃′

)
f̃ ′

− 2

(n+ 1)

λ

(1− φ)2.5
(

1− φ+ ρCNT
ρf

φ
) f̃ ′ − 2

(n+ 1)
Frf̃

′2 = 0 (6.10)

1

(1− φ)2.5
(

1− φ+ ρCNT
ρf

φ
) g̃′′′ + (f̃ + g̃

)
g̃′′ − 2n

(n+ 1)

(
f̃ ′ + g̃′

)
g̃′

− 2

(n+ 1)

λ

(1− φ)2.5
(

1− φ+ ρCNT
ρf

φ
) g̃′ − 2

(n+ 1)
Frg̃

′2 = 0 (6.11)
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1

Pr

knf
kf

θ̃′′ +

(
1− φ+

(ρcp)CNT
(ρcp)f

φ

)(
f̃ + g̃

)
θ̃′ = 0, (15)

(
1

Sc

)
j̃′′ +

(
f̃ + g̃

)
j̃′ − 2

n+ 1
Kr j̃s̃

2 = 0, (6.12)

(
δ

Sc

)
s̃′′ +

(
f̃ + g̃

)
s̃′ +

2

n+ 1
Kr j̃s̃

2 = 0, (6.13)

f̃ (0) = 0, f̃ ′ (0) = 1, g̃ (0) = 0, g̃′ (0) = Ψ, θ′ (0) = − kf
knf

BT (1− θ (0)) ,

j̃′ (0) = Ksj̃ (0) , δs̃′ (0) = −Ksj̃ (0) , (6.14)

f̃ ′ (∞)→ 0, g′ (∞)→ 0, θ (∞)→ 0, j̃ (∞)→ 1, s̃ (∞)→ 0. (6.15)

Here λ =
νf

κpu0(x+y)n−1 denotes the permeability parameter, Ψ = v0

u0
the ratio variable, Fr =

Cb√
κp

Forchheimer number, BT =
hf
kf

√
2

n+1

√
νf

u0(x+y)n−1 the Biot number, Pr =
νf (ρcp)f

kf
the

Prandtl number, Sc =
νf
DǍ

the Schmidt number, δ = DC
DA

the ratio of diffusion coefficient,

Kr =
K1a2

0

u0(x+y)n−1 the homogeneous reaction strength and Ks = K2

DA

√
νf

u0(x+y)n−1

√
2

n+1
the

heterogeneous reaction strength.

When DǍ = DČ then δ = 1 and thus

j̃ (ξ) + s̃ (ξ) = 1. (6.16)

Now Eqs.(6.12) and (6.13) give(
1

Sc

)
j̃′′ +

(
f̃ + g̃

)
j̃′ − 2

(n+ 1)
Kr j̃

(
1− j̃

)2
= 0, (6.17)

with the boundary conditions

j̃′ (0) = Ksj̃ (0) , j̃ (∞)→ 1. (6.18)
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6.1.1 Quantities of interest

The expressions for skin friction coefficients and local Nusselt number are

(Rex)
0.5 C̃sfx =

(
n+1

2

)0.5 1
(1−φ)2.5 f̃ ′′ (0) ,

(Rey)
0.5 C̃sfy =

(
n+1

2

)0.5 1
Ψ3/2(1−φ)2.5 g̃′′ (0) ,

(Rex)
−0.5 Ñu = −

(
n+1

2

)0.5 knf
kf
θ̃′ (0) ,

 (6.19)

where Rex = uw (x+ y) /νf and Rey = vw (x+ y) /νf stands for local Reynolds number.

6.2 Homotopy procedure

The appropriate initial approximations and linear operators are

f̃0(ξ) = 1− exp (−ξ) , g̃0(ζ) = Ψ (1− exp (−ξ)) , (6.20)

θ̃0(ξ) =

 BT

BT +
knf
kf

 exp (−ξ) , j̃0 (ξ) = 1− 1

2
exp

(
−
√

2

n+ 1
Ksξ

)
(6.21)

Lf̃ = f̃ ′′′ − f̃ ′, Lg̃ = g̃′′′ − g̃′, Lθ̃ = θ̃′′ − θ̃, Lj̃ = j̃′′ − j̃. (6.22)

The above linear operators obey

Lf̃ [C1 + C2 exp (ξ) + C3 exp (−ξ)] = 0, Lg̃ [C4 + C5 exp (ξ) + C6 exp (−ξ)] = 0,

Lθ̃ [C7 exp (ξ) + C8 exp (−ξ)] = 0, Lj̃ [C9 exp (ξ) + C10 exp (−ξ)] = 0,

(6.23)

in which Ci (i = 1− 10) depict the arbitrary constants

6.3 Convergence

The averaged squared residual errors are given as

εf̃m =
1

k + 1

k∑
l=0

Nf̃
(

m∑
i=0

f̃ (ξ) ,
m∑
i=0

g̃ (ξ)

)
ξ=lδ∗ξ

2

, (28)

εg̃m =
1

k + 1

k∑
l=0

Ng̃( m∑
i=0

f̃ (ξ) ,
m∑
i=0

g̃ (ξ)

)
ξ=lδ∗ξ

2

, (6.24)
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εθ̃m =
1

k + 1

k∑
l=0

Nθ̃
(

m∑
i=0

f̃ (ξ) ,
m∑
i=0

g̃ (ξ) ,
m∑
i=0

θ̃ (ξ)

)
ξ=lδ∗ξ

2

, (6.25)

εj̃m =
1

k + 1

k∑
l=0

Nj̃
(

m∑
i=0

f̃ (ξ) ,
m∑
i=0

g̃ (ξ) ,
m∑
i=0

j̃ (ζ)

)
ξ=lδ∗ξ

2

. (6.26)

Following Liao [43] :

εtm = εf̃m + εg̃m + εθ̃m + εj̃m, (6.27)

where εtm exhibits total squared residual error, δ∗ξ = 0.5 and k = 20. Best optimal

values of auxiliary variables for SWCNTs-Water are }f̃ = −0.616913, }g̃ = −0.624129,

}θ̃ = −0.000163257 and }j̃ = −1.57895 with total average squared residual error being

εtm = 0.00230052 whereas optimal data of convergence control parameters for MWCNTs-

Water are }f̃ = −0.610944, }g̃ = −0.618209, }θ̃ = −0.000359268 and }j̃ = −1.580 with

total average squared residual error being εtm = 0.00229349. Figures (6.1) and (6.2) are

plotted for residual error of single and multi-walled carbon nanotubes. It is noted that

the averaged squared residual errors show decreasing trend for higher order deformations.

Table (6.1) depicts thermophysical properties of water and carbon nanotubes (CNTs).

Tables (6.2) and (6.3) present the specific averaged squared residual errors by using

optimal values of convergence control parameters at m = 2 for SWCNTs-Water and

MWCNTs-Water respectively.

105



Darcy-Forchheimerabidirectional flow in (SWCNTs) and (MWCNTs)

SWCNTs- water
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Figure 6.1: Residual error for single-walled carbon nanotubes and water.

MWCNTs - water

5 10 15 20

0.0010

0.0050

0.0020

0.0030

0.0015

0.0070

m

E
r
r
o

r

Figure 6.2: Residual error for multi-walled carbon nanotubes and water.
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Table 6.1: Thermo-physical properties of single and multi-walled carbon nanotubes and
water

— k(W/m.k) ρ(kg/m3) Cp(j/kgk)

(SWCNTs) 6600 2600 425
(MWCNTs) 3000 1600 796

H2O(Pure Water) 0.613 997.1 4179

Table 6.2: Individual averaged squared residual errors for SWCNTs-water nanofluid.

m εf̃m εg̃m εθ̃m εj̃m
2 2.97703× 10−4 6.42426× 10−5 1.11985× 10−3 8.18731× 10−4

6 3.06491× 10−5 7.26317× 10−6 9.27638× 10−4 6.59371× 10−6

10 1.07557× 10−5 2.6183× 10−6 8.73656× 10−4 1.64036× 10−6

16 4.04702× 10−6 1.00222× 10−6 8.39252× 10−4 1.29133× 10−7

20 2.53488× 10−6 6.31497× 10−7 8.26796× 10−4 3.53144× 10−8

Table 6.3: Individual averaged squared residual errors for MWCNTs-water nanofluid.

m εf̃m εg̃m εθ̃m εφ̃m

2 2.89912× 10−4 6.22793× 10−5 1.1175× 10−3 8.23794× 10−4

6 2.98607× 10−5 7.05572× 10−6 9.24652× 10−4 6.7205× 10−6

10 1.04900× 10−5 2.548× 10−6 8.70279× 10−4 1.70585× 10−6

16 3.95293× 10−6 9.77269× 10−7 8.35464× 10−4 1.30667× 10−7

20 2.47811× 10−6 6.16436× 10−7 8.22796× 10−4 3.54361× 10−8

6.4 Results and discussion

Here the influences of porosity parameter (λ), Forchheimer number (Fr), ratio parameter

(Ψ), nanoparticle volume fraction (φ), thermal Biot number (BT ), homogeneous reaction

variable (Kr), heterogeneous reaction variable (Ks) and Schmidt number (Sc) on the

velocities f̃ ′ (ξ) and g̃′ (ξ) , temperature θ̃ (ξ) and concentration j̃ (ξ) fields. Figures (6.3)-

(6.18) are illustrated and interpreted for such intention. Results are achieved for both

single and multi-walled carbon nanotubes (SWCNTs and MWCNTs).
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6.4.1 Velocity components

Figures (6.3) and (6.4) are constructed to explore he impact of volume fraction of nanopar-

ticles (φ = 0.01, 0.02, 0.03, 0.4) on velocities f̃ ′ (ξ) and g̃′ (ξ) . It is declared that (φ) yields

an enhancement in velocities f̃ ′ (ξ) and g̃′ (ξ) for both SWCNTs and MWCNTs. It is

observed that velocities of fluid particles in case of MWCTS-water base fluid is dominant

than SWCNTS for higher volume fraction of nanoparticles. The role of ratio variable

(Ψ = 0.0, 0.2, 0.4, 0.5) on velocities f̃ ′ (ξ) and g̃′ (ξ) for both SWCNTs and MWCNTs

are addressed in Figures (6.5) and (6.6). Increasing behavior of g̃′ (ξ) is noted for higher

(Ψ) while reverse trend is observed for f̃ ′ (ξ). Figures (6.7) and (6.8) are sketched to

indicate the behavior of permeability parameter (λ = 0.5, 0.6, 0.7, 0.8) on velocities f̃ ′ (ξ)

and g̃′ (ξ) for both SWCNTs and MWCNTs. Clearly a rise in permeability parameter

(λ) corresponds to lower velocities. Infact the permeability of porous medium reduces for

higher (λ). It is noted that velocity for multi-walled CNTs is lesser than single-walled

CNTs. Figures (6.9) and (6.10) are constructed to examine that how the axial f̃ ′ (ξ)

and transverse g̃′ (ξ) velocities gets affected with the variation of Forchheimer number

(Fr = 0.0, 0.1, 0.2, 0.3). Velocities f̃ ′ (ξ) and g̃′ (ξ) decline via higher Forchheimer num-

ber (Fr). It is due to the fact that drag force has great association with Forchheimer

number. Higher Forchheimer number increases drag force which has ability to retard the

fluid velocities. It is worth mentioning that fluid velocities are more prominent in case of

single-walled CNTs when compared to multi-walled CNTs.
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Figure 6.3: Variation of φ on f̃ ′(ξ).

Figure 6.4: Variation of φ on g̃′(ξ).
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Figure 6.5: Variation of Ψ on f̃ ′(ξ).

Figure 6.6: Variation of Ψ on g̃′(ξ).
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Figure 6.7: Variation of λ on f̃ ′(ξ).

Figure 6.8: Variation of λ on g̃′(ξ).
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Figure 6.9: Variation of Fr on f̃ ′(ξ).

Figure 6.10: Variation of Fr on g̃′(ξ).
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6.4.2 Temperature

Figure (6.11) is delineated for nanoparticle volume fraction (φ = 0.01, 0.2, 0.03, 0.04)

variation against temperature θ̃ (ξ) for both SWCNTs and MWCNTs. Clearly a rise in

(φ) augments temperature θ̃ (ξ) and thermal layer. Influence of permeability parameter

(λ = 0.5, 0.6, 0.7, 0.8) against temperature θ̃ (ξ) is plotted in Figure (6.12). Higher (λ)

correspond to a stronger temperature for both SWCNTs and MWCNTs. In fact, the

existence of the porous space enhances the resistance to the fluid flow, which rise the

temperature of fluid. Figure (6.13) show the changes in temperature θ̃ (ξ) for various

values of Forchheimer number (Fr = 0.0, 0.1, 0.2, 0.3). It is clearly noticed that higher

Forchheimer number (Fr) enhance the temperature for both SWCNTs and MWCNTs.

Influence of thermal Biot number (BT = 02, 0.3, 0.4, 0.5) on temperature is plotted in

Figure (6.14). Larger (BT ) leads to a increasing trend in temperature for both SWCNTs

and MWCNTs. Physically higher Biot number (BT ) leads to stronger convection which

causes an enhancement in temperature θ̃ (ξ) and related thermal layer thickness.

Figure 6.11: Variation of φ on θ̃(ξ).
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Figure 6.12: Variation of λ on θ̃(ξ).

Figure 6.13: Variation of Fr on θ̃(ξ).
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Figure 6.14: Variation of BT on θ̃(ξ).

6.4.3 Concentration

Behavior of nanoparticle volume fraction ( φ = 0.01, 0.02, 0.03, 0.04) on concentration

j̃ (ξ) for both SWCNTs and MWCNTs is depicted in Figure (6.15). It is noted that

concentration of nanofluid is an increasing function of volume fraction of nanoparticles.

Figures (6.16)-(6.17) represent the behavior of j̃ (ξ) under the variation of homogeneous

reaction parameter (Kr = 0.0, 0.1, 0.2, 0.3) and heterogeneous reaction parameter (Ks =

0.0, 0.3, 0.6, 1.0) for single-walled and multi-walled CNTs. It is noted that concentration

of fluid enhances for heterogeneous reaction parameter while reduces for homogeneous

reaction parameter. Figure (6.18) displays the change in concentration j̃ (ξ) via Schmidt

number (Sc = 1.0, 1.3, 1.6, 2.0). A rise in concentration is noted for higher values of

(Sc). Physically Schmidt number is based on Brownian diffusivity. Larger (Sc) generates

stronger Brownian diffusivity. Such stronger Brownian diffusivity leads to concentration

enhancement.
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Figure 6.15: Variation of φ on j̃(ξ).

Figure 6.16: Variation of Kr on j̃(ξ).
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Figure 6.17: Variation of Ks on j̃(ξ).

Figure 6.18: Variation of Sc on j̃(ξ).
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6.4.4 Skin friction coefficient and heat transfer rate

Figures (6.19) and (6.20) present the plots of skin friction coefficients (Rex)
0.5 C̃sfx and

(Rey)
0.5 C̃sfy for varying nanoparticle volume fraction (φ) and permeability parameter

(λ). Clearly the magnitude of skin friction coefficients (Rex)
0.5 C̃sfx and (Rey)

0.5 C̃sfy

are enhanced for increasing values of nanoparticle volume fraction (φ). Figures (6.20)

and (6.21) are plotted to analyze the behavior of nanoparticle volume fraction (φ), Biot

number (BT ) and power-law index (n) on heat transfer rate (Rex)
−0.5 Ñu. Magnitude of

local Nusselt number (Rex)
−0.5 Ñu are enhanced for larger nanoparticle volume fraction

(φ) and power-law index (n).

Figure 6.19: Variations of φ and λ on (Rex)
0.5 C̃sfx.
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Figure 6.20: Variation of φ and λ on (Rex)
0.5 C̃sfy.

Figure 6.21: Variations of φ and BT on (Rex)
−0.5 Ñu.
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Figure 6.22: Variations of n and BT on (Rex)
−0.5 Ñu.

6.5 Conclusions

Three-dimensional flow of water-based carbon nanotubes induced by non-linear stretching

of surface in existence of homogeneous-heterogeneous reactions has been analyzed. Main

points of present analysis are described below:

o Larger ratio parameter (Ψ) correspond to lower velocity field f̃ ′ (ξ) while opposite

trend is noticed for velocity field g̃′ (ξ) .

o Increasing values of Forchheimer number (Fr) and permeability parameter (λ) show

reduction in velocities f̃ ′ (ξ) and g̃′ (ξ).

o Velocities f̃ ′ (ξ) and g̃′ (ξ) and temperature θ̃ (ξ) are enhances via nanoparticle vol-

ume fraction φ.

o Higher Biot number (BT )enhances temperature θ̃ (ξ) and more thermal layer thick-

ness.
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o Greater porosity parameter (λ) and Forchheimer number has more temperature

θ̃ (ξ).

o Larger Schmidt number (Sc) and heterogeneous reaction strength (Ks) present

increasing trend for concentration field j̃ (ξ).

o Skin friction coefficients are increasing for larger nanoparticle volume fraction (φ).

o Local Nusselt number (Heat transfer rate) is increasing function of nanoparticle

volume fraction (φ) and power-law index (n).
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Nanofluid flow dueato rotating disk
with variable thickness
andahomogeneous-heterogeneous
reactions

Present chapterafocuses on the steady, three-dimensional flow of water-based nanofluid.

Silver is taken as nanoparticles. Flow is caused by rotatingadisk with variableathickness.

Mass transfer subject to homogeneous-heterogeneous reactions is examined. Non-linear

formulation basedaupon conservation laws of mass, momentum, energy and concentra-

tion is made. Homotopy concept is utilizedafor the developmentaof solutions. Special

attention is paid to the convergence of solutions. Plots for skin frictionacoefficient and

Nusseltanumber are analyzed. Mainaconclusions are indicated.

7.1 Problem formulation

We consideraaxisymmetric nanofluidaflow due to a rotatingadisk with constant angu-

lar frequency Ω. Assume thatathe disk at z = d
(

r
R0

+ 1
)−p

is not flat. Here d is

theadisk thickness coefficient, R0 is the radius and p the diskathickness index. Cylin-

dricalacoordinates (r, θ, z) are employed. Geometry of problem isashown in Figure (7.1).

Nanofluid is a suspension of silver (Ag) nanoparticles with water (H2O) being a base fluid.

Temperature at theasurface of disk is Tw and ambientatemperature is assumedato be T∞.
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Moreover thermal radiation and Joule heating effectsaare not considered in theaheat

transfer analysis. Homogeneous–heterogeneous reactions are also considered.aacbdcb

Figure 7.1: Geometry of the flow.

Under the assumptions ∂p
∂r

= ∂p
∂z

= 0, O (u) = O (v) = O (r) = O (1) and O (w) = O (z) =

O (δ) the equations for flow and heat and mass transfer are as follows:

∂u

∂r
+
u

r
+
∂w

∂z
= 0, (7.1)

ρnf

(
u
∂u

∂r
− v2

r
+ w

∂u

∂z

)
= µnf

(
∂2u

∂z2

)
, (7.2)

ρnf

(
u
∂v

∂r
+
uv

r
+ w

∂v

∂z

)
= µnf

(
∂2v

∂z2

)
, (7.3)

(ρCρ)nf

(
u
∂T

∂r
+ w

∂T

∂z

)
= knf

(
∂2T

∂z2

)
, (7.4)

u
∂a∗

∂r
+ w

∂a∗

∂z
= DA

(
∂2a∗

∂z2

)
−K1a

∗c∗2, (7.5)
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u
∂c∗

∂r
+ w

∂c∗

∂z
= DC

(
∂2c∗

∂z2

)
+K1a

∗c∗2, (7.6)

with boundary conditions

u = 0, v = rΩ, w = 0, T = Tw, DA
∂a∗

∂z
= K2a

∗,

DC
∂č∗

∂z
= −K2a

∗ at z = d

(
r

R0

+ 1

)−p
,

u→ 0, v → 0, T → T∞, a
∗ → a0, c

∗ → 0 as z →∞, (7.7)

In above expressions a0 the positive dimensional constant.

Using generalized Von Karmanatransformations can be posited:

u = r∗R0ΩF̃ (η), v = r∗R0ΩG̃(η), w = R0Ω(1 + r∗)−p
(

ΩR2
0ρf
µf

) −1
n+1

B̃(η)

Θ̃ =
T − T∞
Tw − T∞

, J̃(η) =
a∗

a0

, S̃(η) =
c∗

a0

, η =
z

R0

(1 + r∗)p
(

ΩR2
0ρf
µf

) 1
n+1

, (7.8)

one has

2F̃ + B̃′ + ηεpF̃ ′ = 0, (7.9)

(
1

(1− φ)2.5(1− φ+ φ ρs
ρf

)

)
F̃ ′′(Re)

1−n
1+n (1 + r∗)2p− F̃ 2 + G̃2− B̃F̃ ′− F̃ F̃ ′pηε = 0, (7.10)

(
1

(1− φ)2.5(1− φ+ φ ρs
ρf

)

)
G̃′′(Re)

1−n
1+n (1 + r∗)2p − 2F̃ G̃− B̃G̃′ − F̃ G̃′pηε = 0, (7.11)

 1

1− φ+ φ
(ρCρ)s
(ρCρ)f

(knf
kf

)(
1

Pr

)
(Re)

1−n
1+n (1 + r∗)2pΘ̃′′ − F̃ Θ̃′pηε− B̃Θ̃′ = 0, (7.12)

(
1

Sc

)
(Re)

1−n
1+n (1 + r∗)2pJ̃ ′′ −KrL̃S̃

2 − F̃ J̃ ′pηε− B̃J̃ ′ = 0, (7.13)

(
δ

Sc

)
Re)

1−n
1+n (1 + r∗)2pS̃ ′′ +KrL̃S̃

2 − F̃ S̃ ′pηε− B̃S̃ ′ = 0 (7.14)
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with boundary conditions

B̃(α) = 0, F̃ (α) = 0, F̃ (∞)→ 0, G̃(α) = 1, G̃(∞)→ 0, Θ̃(α) = 1, Θ̃(∞)→ 0,

J̃ ′(α) = KsJ̃(α), δS̃ ′(α) = −KsS̃(α), J̃(∞)→ 1, S̃(∞)→ 0. (7.15)

The diffusionacoefficients of chemicalaspecies A and C are of comparableasize. This leads

to assumptionathat the diffusion coefficient DA and DC areaequal, i.e. δ = 1. Hence

J̃(η) + S̃(η) = 1. (7.16)

Eqs. (7.13)-(7.14) yield(
1

Sc

)
(Re)

1−n
1+n (1 + r∗)2pJ̃ ′′ −KrJ̃

(
1− J̃

)2

− F̃ J̃ ′pηε− B̃J̃ ′ = 0 (7.17)

with the boundary condition

J̃ ′(α) = KsJ̃(α), J̃(∞)→ 1. (7.18)

The parameters involved in above equations are defined as Re =
ΩR2

0

νf
the Reynolds num-

ber, r∗ = r
R0

the dimensionless radius, ε = r∗

R0+r∗
the dimensionless constant number,

Pr =
νf (ρCp)f

kf
the Prandtl number, δ = DC

DA
the ratio of diffusion coefficients, Sc =

νf
DA

the

Schmidt number, Kr =
K1a2

0

Ω
homogeneous reaction parameter, Ks = K2R0

Ω(1+r∗)p
(

ΩR2
0ρf
µf

) −1
n+1

the heterogeneous reaction parameter and α = d
R0

(
ΩR2

0ρf
µf

) −1
n+1

the disk thickness coeffi-

cient number.

Weaintroduce [37]

B̃ = b̃(η − α) = b̃(ξ), F̃ = f̃(η − α) = f̃(ξ), G̃ = g̃(η − α) = g̃(ξ),

Θ̃ = θ̃(η − α) = θ̃(ξ), J̃ = ̃(η − α) = ̃(ξ). (7.19)

and reduce (Eqs. (7.9)-(7.12)) and (7.17) with boundary conditions (7.15) and (7.18) in

the forms:

2f̃ + b̃′ + (ξ + α)εpf̃ ′ = 0, (7.20)
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(
1

(1− φ)2.5(1− φ+ φ ρs
ρf

)

)
(Re)

1−n
1+n (1 + r∗)2pf̃ ′′ − f̃ 2

+g̃2 − b̃f̃ ′ − f̃ f̃ ′p(ξ + α)ε = 0, (7.21)

(
1

(1− φ)2.5(1− φ+ φ ρs
ρf

)

)
(Re)

1−n
1+n (1 + r∗)2pg̃′′ − 2f̃ g̃

−b̃ĝ′ − f̃ g̃′p(ξ + α)ε = 0, (7.22)

 1

1− φ+ φ
(ρCρ)s
(ρCρ)f

(knf
kf

)
1

Pr
(Re)

1−n
1+n (1 + r∗)2pθ̃′′

−f̃ θ̃′p(ξ + α)ε− b̃θ̃′ = 0, (7.23)

1

Sc
(Re)

1−n
1+n (1 + r∗)2p̂′′ −Kr ̂ (1− ̃)2 − f̃ ̃′p(ξ + α)ε− b̃̃′ = 0, (7.24)

b̃(0) = 0, f̃(0) = 0, f̃(∞)→ 0,

g̃(0) = 1, g̃(∞)→ 0,

θ̃(0) = 1, θ̃(∞)→ 0,

̃′(0) = Ks̃(0), ̃(∞)→ 1. (7.25)

7.1.1 Physical quantities

Skin friction coefficient characterizesathe surface drag. At disk the ashear stresses τzr and

τzθ in radial andatangential directionsaare given by

τzr = µnf
∂u

∂z

∣∣∣∣
z=0

, τzθ = µnf
∂v

∂z

∣∣∣∣
z=0

. (7.26)

Skin-friction coefficient C̃sf which is identified by

C̃sf =

√
τ 2
zr + τ 2

zθ

ρf (r∗Ω)2
. (7.27)

In dimensionless form one obtains

C̃sf (Re)
n−1
n+1 =

1

(1− φ)2.5 r∗
(1 + r∗)p

(√
(f̃ ′(0))2 + (g̃′(0))2

)
. (7.28)
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At disk the heat flux qw is

qw = −knf
∂T

∂z

∣∣∣∣
z=0

, (7.29)

Nusselt number Ñu is identified by

Ñu =
R0qw

kf (Tw − T∞)

∣∣∣∣
z=0

, (7.30)

Dimensionless form is

Ñu(Re)
−1
n+1 = −knf

kf
(1 + r∗)pθ̂′(0). (7.31)

7.2 Homotopy procedure

Initial approximations
(
b̃0, f̃0, g̃0, θ̃0 and ̃0

)
with auxiliary linear operators

(
Lb̃,Lf̃ ,Lg̃,Lθ̃ and L̃

)
are given as

b̃0(ξ) = 0, (7.32)

f̂0(ξ) = 0, (7.33)

g̃0(ξ) = exp(−ξ), (7.34)

θ̃0(ξ) = exp(−ξ), (7.35)

̃0(ξ) = 1− 1

2
exp(−Ksξ), (7.36)

Lb̃ = b̃′, Lf̃ = f̃ ′′ − f̃ , Lg̃ = g̃′′ − ĝ, Lθ̃ = θ̃′′ − θ̃,L̃ = ̃′′ − ̃. (7.37)
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satisfying the properties

Lb̃[C1] = 0,

Lf̃
[
C2e

ξ + C3e
−ξ] = 0,

Lg̃
[
C4e

ξ + C5e
−ξ] = 0,

Lθ̃
[
C6e

ξ + C7e
−ξ] = 0,

L̃
[
C8e

ξ + C9e
−ξ] = 0. (7.38)

where Ci (i = 1− 9) are the constants.

7.3 Convergence

Homotopyaanalysis method (HAM)ais performed for convergenceaof developed solutions.

Convergencearegion is adjustedawith the helpaof auxiliary parameters }b̃, }f̃ , }g̃, }θ̃ and

}̃ for the functions b̃, f̃ , g̃, θ̃ and ̃ respectively. Valid ranges of such variables are attained

by plotting the }−curves (see Figures (7.2) and (7.3)). Admissible values for }b̃, }f̃ , }g̃,

}θ̃ and }̃ are described as −1.1 ≤ }b̃ ≤ −0.3, −1.1 ≤ }f̃ ≤ −0.5, −0.9 ≤ }g̃ ≤ −0.35,

−1.5 ≤ }θ̃ ≤ −0.8 and −1.2 ≤ }̃ ≤ −0.4. The homptopic solutions for whole region

of ξ (0 ≤ ξ ≤ ∞) when }b = −0.7, }f̂ = −0.7, }ĝ = −0.4, }θ̃ = −0.6 and }̃ = −0.8.

Numerical values ofaspecific heat, densityaand thermal conductivityaof silver and water

areapresented in Table (7.1). Table (7.2) is preparedato check the convergenceaof obtained

HAM solutions. It is obvious from the table that 12th and 20th order of approximations are

suitable for the convergence of f̃ ′(0), θ̃′(0) and g̃′(0) while 14th order ofaapproximations

are appropriate for b̃′′(0) and ̃′(0).
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Figure 7.2: }-curves of b̃′′(0), f̃ ′(0) and g̃′(0) for Ag − water.

Figure 7.3: }-curves of θ̃′(0) and j̃′(0) for Ag − water.

129



Nanofluid flowadue to rotating diskawith variableathickness. . .

Table 7.1: Thermophysical properties of silver nanoparticles and water

— k(W/m.k) ρ(kg/m3) σ(Um)−1 Cp(j/kgk) β × 105(1/K)

Ag(Silver) 429 10500 3.6× 107 235 1.89
H2O(Pure Water) 0.613 997.1 0.05 4179 21

Table 7.2: Convergence of series solutions when p = Sc = n = 1.0, ε = α = 0.4, Re =
0.9, r∗ = 0.3, φ = 0.01, Kr = Kr = 0.7 and Pr = 6.2.

Order of approximations −b̃′′(0) −f̃ ′(0) −g̃′(0) −θ̃′(0) −j̃′(0)

1 0.000 0.488 0.377 0.224 0.019
5 0.602 0.527 0.392 0.367 0.024
9 0.610 0.551 0.435 0.401 0.031
12 0.612 0.558 0.455 0.406 0.038
14 0.614 0.558 0.499 0.406 0.044
20 0.614 0.558 0.508 0.406 0.044
25 0.614 0.558 0.508 0.406 0.044

7.4 Results and discussion

This segment is organized to reveal the significant features of pertinent variables versus

velocity components, temperature and concentration and skin friction coefficient and

Nusselt number.

7.4.1 Axial velocity

Figure (7.4) depict the impact of disk thickness power-law index (p = 0.1, 0.5, 0.8, 1.0) on

axial velocity b̃ (ξ) . It is clear that negativeavalues of b̃ (ξ) indicate the flow in downward

direction. Anaincrease in disk thickness power-law index (p) reduces theamagnitude of

axialavelocity. Effect of dimensionless constant number (ε = 0.0, 0.2, 0.4, 0.6) on axial ve-

locity b̃ (ξ) is portrayed in Figure (7.5). One can easily examine that the magnitude of

axial velocity decays for higher (ε) . Figure (7.6) explores the variation of disk thickness

coefficient (α = 0.1, 0.2, 0.3, 0.4) on axial velocity b̃ (ξ) . It is worth mentioning that mag-

nitude of axial velocity reduces via greater (α) . Physically for small R0 the less particles

are in contact with the surface of disk and consequently the velocity decays.
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Figure 7.4: Variation of p on b̃(ξ).
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Figure 7.5: Variation of ε on b̃(ξ).
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Figure 7.6: Variation of α on b̃(ξ).

7.4.2 Radial and Azimuthal velocity components

Behavior of nanomaterial volume fraction (φ = 0.01, 0.03, 0.04, 0.05) on radial f̃ (ξ) and

tangential ĝ (ξ) velocity components are presented in Figures (7.7) and (7.8). It is ex-

amined that for higher (φ) the fluid velocity in both directions decreases. Physically

higher volume fraction of silver nanoparticles is a cause of thermal conductivity enhance-

ment and as a result velocities decays. Silent characteristics of disk thickness coefficient

(α = 0.1, 0.2, 0.3, 0.4) on radial and azimuthal velocities are reported in Figures (7.9) and

(7.10). Here velocity in both directions enhances for higher (α) . Figures (7.11) and (7.12)

are organized to see the outcome of f̃ (ξ) and g̃ (ξ) for increasing values of Reynolds num-

ber (Re = 0.4, 0.6, 0.7, 0.9) . It is found that both velocities via higher (Re) are increased.

In fact Reynolds number (Re) has an inverse relation with viscosity of fluid. For higher

(Re) the viscosity of fluid reduces so less resistance is offered to fluid particles and hence

radial and azimuthal velocities rise.
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Figure 7.7: Variation of φ on f̃(ξ).
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Figure 7.8: Variation of φ on g̃(ξ).
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Figure 7.9: Variation of α on f̃(ξ).
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Figure 7.10: Variation of α on g̃(ξ).
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Figure 7.11: Variation of Re on f̃(ξ).
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Figure 7.12: Variation of Re on g̃(ξ).
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7.4.3 Temperature

Figure (7.13) illustrates the effect of (φ = 0.01, 0.03, 0.04, 0.05) on temperature θ̃ (ξ) for

silver-water nanofluid. Direct relation is observed between (φ) and θ̃ (ξ) . Higher esti-

mations of (φ) correspond to more thermal conductivity and thermal layer thickness.

Therefore temperature enhances. Impact of Reynolds number (Re = 0.4, 0.6, 0.7, 0.9) on

temperature θ̃ (ξ) is shown in Figure (7.14). Here temperature enhances for higher (Re) .
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Figure 7.13: Variation of φ on θ̃(ξ).
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Figure 7.14: Variation of Re on θ̃(ξ).

7.4.4 Concentration

Figures (7.15) and (7.16) give variation of homogeneous and heterogeneous reaction pa-

rameters on concentration distribution ̃ (ξ) . Concentration of nanofluid reduces for higher

(Kr = 0.1, 0.3, 0.7, 0.9) while opposite behavior is noticed for (Ks = 0.1, 0.5, 0.8, 1.1) .

Chemical reactants are consumed in the case of homogeneous reactions and thus nanopar-

ticles concentration decreases. Higher estimations of (Ks) correspond to diffusion re-

duction and less diffused nanoparticles enhances the concentration ̃ (ξ) . Figure (7.17)

is sketched to show effect of Reynolds number (Re = 0.4, 0.6, 0.7, 0.9) on concentration

̂ (ξ) . Reynolds number (Re) significantly favors the concentration ̃ (ξ) .
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Figure 7.15: Variation of Kr on j̃(ξ).
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Figure 7.16: Variation of Ks on j̃(ξ).
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Figure 7.17: Variation of Re on j̃(ξ).

7.4.5 Skin friction coefficient and Nusselt number

Figure (7.18) characterizes the variation of (r∗) on skin friction coefficient C̃sf (Re)
n−1
n+1 for

specified values of (ε). Results indicate that C̃sf (Re)
n−1
n+1 reduces via (r∗) while it has oppo-

site behavior for (ε). Figure (7.19) enlightens the ramifications of (φ = 0.01, 0.02, 0.03, 0.05)

and (Re) on heat transfer rate Ñu(Re)
−1
n+1 . Clearly heat transfer rate is an increasing func-

tion of (φ) and (Re).
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7.4.6 Comparative study

A comparison between analytical results of the problem and previous literature has been

shown in Table (7.3). A good accuracy is obtained between two results.

Table 7.3: Comparison of present results when p = Pr = n = 1.0, φ = 0.

Authors −f̃ ′(0) −g̃′(0) −θ̃′(0)

Ming et al. [40] 0.5102 0.6159 0.3963
Xun et al. [44] 0.5102 0.6159 0.3962

Hayat et al. [45] 0.5109 0.6159 0.3959
Present study 0.5130 0.6110 0.3980

7.4.7 Conclusions

Here flow of silver-water nanofluid due to rotating disk is examined. Major findings

include the following results:

o Magnitude of axial velocity decays for higher values of dimensionless constant num-

ber (ε) , disk thickness power-law index (p) and disk thickness coefficient (α) .

o Higher estimations of Reynolds number (Re) significantly favors both radial and az-

imuthal velocities while opposite behavior is noticed for silver nanoparticles volume

fraction (φ).

o Temperature of fluid enhances for higher volume fraction of silver nanoparticles (φ).

o Opposite impacts of heterogeneous (Ks) and homogeneous (Kr) reaction parameters

are noticed for concentration.

o C̃sf (Re)
n−1
n+1 rises for larger estimations of (ε) whereas it decays when (r∗) is en-

hanced.

o Ñu(Re)
−1
n+1 enhances with the increase in (φ) and (Re).

141



Chapter 8

Entropy generation
inaDarcy-Forchheimer flow
ofananofluid due to stretching
cylinder

Here we are concerned with optimal homotopy arrangements for two-dimensional flow of

magnetite nanofluid. Stretching cylinder with linear velocity creates the flow. Porous

space effects are specified by Darcy-Forchheimer model. We have considered silver (Ag),

copper (Cu), copper oxide (CuO), Titanium oxide (TiO2) and aluminium-oxide (Al2O3)

nanoparticles with water. Energy expression is modeled subject to consideration of non-

linear thermal radiation phenomenon and non-uniform heat source/sink. Total entropy

generation is calculated by using second law ofathermodynamics. Uniformly valid conver-

gent arrangement expressions are established by optimal homotopy technique (OHAM).

Fluid flow and temperature behavior for physical variables are examined graphically.

Coefficient of skin friction and Nusselt number are calculated and analyzed numerically.

8.1 Mathematical description

We explore the incompressible water-based nanofluid flow by stretching cylinder is stud-

ied. Nanofluids are suspensions of nanoparticles such as Copper oxide (CuO), Silver (Ag),

Titanium oxide (TiO2), Copper (Cu) and Aluminium-oxide (Al2O3) in water. Cylindri-
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cal coordinates (x, r) are used to construct relevant equations. Cylinder with velocity

uw = u0

(
x
L

)
is stretched in the axial direction. An incompressible fluid saturates the

porous space specifying Darcy-Forchheimer relation. Characteristics of heat transfer is

performed through nonlinear radiative heat flux and non-uniform heat source/sink.

Equations for flow and heat transfer are

∂u

∂r
+
u

r
+
∂w

∂x
= 0, (8.1)

(
u
∂u

∂x
+ w

∂u

∂r

)
= νnf

(
∂2u

∂r2
+

1

r

∂u

∂r

)
− νnf

κp
u− Feu2, (8.2)

(ρCp)nf

(
u
∂T

∂x
+ w

∂T

∂y

)
= knf

(
∂2T

∂r2
+

1

r

∂T

∂r

)
+

16σ∗T 3

3k∗

(
∂2T

∂r2
+

1

r

∂T

∂r

)
+

16σ∗3T 2

3k∗

(
∂T

∂r

)2

+ µnf

(
∂u

∂y

)2

+ q
′′′
, (8.3)

u = uw = u0

(x
L

)
, v = 0, − knf

∂T

∂r
= hf (Tf − T ) at r = R,

u→ 0, T → T∞when r →∞, (8.4)

where u and w represents velocity components and L the characteristic length of cylinder.

Non-uniform heatasource/sink is defined as

q′′′ =

(
knfuw (r)

xνf

)[
I1 ∗ (Tf − T∞) f̃ ′ (ξ) + I2 (T − T∞)

]
, (8.5)

where generation/absorption coefficients are I1 and I2.

Introducing the suitable transformations

u = u0

(x
L

)
f̃ ′(ξ), v = −R

r

(νfu0

L

)1/2

f̃ (ξ) , θ̃(ξ) =
T − T∞
Tf − T∞

, ξ =
r2 −R2

2R

√
u0

Lνf
,

(8.6)

Eqs. (8.2)-(8.4) take the form(
1

(1− φ+ φ ρs
ρf

)(1− φ)2.5

)[
(1 + 2γξ) f̃ ′′′ + 2γf̃ ′′ − λf̃ ′

]
− Frf̃ ′2 + f̃ f̃ ′′ = 0, (8.7)
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 1

1− φ+ φ
(ρCρ)s
(ρCρ)f

( 1

Pr

)
(
knf
kf

)
(1 + 2γξ) θ̃′′ + 2γθ̃′ + I1f̃

′ + I1θ̃ + Ec (1+2γξ)
(1−φ)2.5 f̃

′′2

RD

(
θ̃ (θf − 1) + 1

)2


(

3θ̃′2 (1 + 2γξ) (θf − 1)
)

+θ̃′′ (1 + 2γξ) (θ̃ (θf − 1) + 1)

+2γθ̃′(θ̃ (θf − 1) + 1)




+f̃ θ̃′ = 0, ,(8.8)

f̃(0) = 0, f̃ ′(0) = 1, f̃ ′(∞)→ 0, θ̃′(0) = − kf
knf

BT

(
1− θ̃(0)

)
, θ̃(∞)→ 0. (8.9)

where λ =
Lνf

κpu0ρf
depicts the permeability parameter, Fr = Fe√

κp
the Forchheimer number,

Pr =
(µCp)f
kf

the Prandtl number, RD = 16σ∗T 3
∞

k∗kf
the radiation parameter, θf =

Tf
T∞

the

temperature ratio variable, Ec =
u2

0x
2

(Tf−T∞)(Cp)fL
2

the Eckert number, Bi = h

kf
√

u0
Lνf

the

thermal Biot number BT =
hf

kf
√

u0
Lνf

and the curvature parameter γ =
√

Lνf
u0R2 .

8.1.1 Physical quantities of curiosity

Surface dragaforce and heat transferarate are

C̃sf =
τw

ρnfu2
w

, Ñu =
xqw

kf (Tf − T∞)
, (8.10)

C̃sf and Ñu in dimensionless form

(Rex)
0.5 C̃sf =

1

(1− φ)2.5
f̃ ′′(0),

(Rex)
−0.5 Ñu = −

(
knf
kf

+RD(1 + (θf − 1))θ̃(0))3

)
θ̃′(0), (8.11)

in which Rex = u0x
2/Lνf denotes the local Reynolds number.

8.2 Entropyageneration

The entropyageneration consists of threeafactors namely

(i)Heatatransfer Irreversibility (HTI) ,

(ii) FluidaFriction Irreversibility (FFI)
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(iii) PorosityaPermeability Irreversibility (PPI)

Thus

Eg =
kf
T 2
∞

[
knf
kf

(
∂T

∂r

)2

+
16σ∗3T 2

3k∗kf

(
∂T

∂r

)2
]

+
µnf
T∞

[(
∂u

∂r

)2
]

+
µnf
κpT∞

u2. (8.12)

Characteristic entropy generation is defined by

E0 =
LνfT∞Eg
u0kf∆T

. (8.13)

Characteristic entropy generation rate are written as

Ng = Eg
E0

=

(
knf
kf

+RD

(
θ̃ (θf − 1) + 1

)3
)

(1 + 2γξ)αT θ̃
′2+

Br λ
(1−φ)2.5f

′2 + Br(1+2γξ)
(1−φ)2.5 f

′′2

 , (8.14)

where Br =
µfu0x2

L2kf∆T
represents the Brinkman number and αT =

Tf−T∞
T∞

= ∆T
T∞

the dimen-

sionless temperature difference.

Bejan number (Be) is

Be =
Entropy generation due to heat and mass transfer

Total entropy generation
(8.15)

or

Be =

(
knf
kf

+RD

(
θ̃ (θw − 1) + 1

)3
)

(1 + 2γξ)αT θ̃
′2(

knf
kf

+RD

(
θ̃ (θf − 1) + 1

)3
)

(1 + 2γξ)αT θ̃′2 +Br λ
(1−φ)2.5f ′2 + Br(1+2γξ)

(1−φ)2.5 f
′′2

.

(8.16)

8.3 OHAM Solutions

The optimal series solutions areaestablished. We choose

f̃0(ξ) = (1− exp(−ξ)) , θ̃0(ξ) =
BT(

knf
kf

+BT

) exp(−ξ), (8.17)

with

Lf̃ = f̃ ′′′ − f̃ ′, Lθ̃ = θ̃′′ − θ̃, (8.18)
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and

Lf̃ [C1 + C2 exp(ξ) + C3 exp(−ξ)] = 0,

Lθ̃ [C4 exp(ξ) + C5 exp(−ξ)] = 0, (8.19)

in which Ci (i = 1 − 5) are arbitrary constants. In homotopy solutions the non-zero

auxiliary variables ~f and ~θ̃ regulate the convergence zone and also homotopic solutions

rate. To obtain the ideal optimal values of ~f̆ and ~θ̃, idea of minimization concept is

employed by taking averaged squared residual errors as:

%f̃m =
1

k + 1

k∑
l=0

Nf̃
(

m∑
i=0

f̃ (ξ)

)
ξ=lδ∗ξ

2

, (8.20)

%θ̃m =
1

k + 1

k∑
l=0

Nθ̃
(

m∑
i=0

f̃ (ξ) ,
m∑
i=0

θ̃ (ξ)

)
ξ=lδ∗ξ

2

, (30)

Following:

%tm = %f̃m + %θ̃m, (32)

where %tm stands for totalasquared residual error, δ∗ξ = 0.5 and k = 20. The op-

timal data of convergenceacontrol parameter for Ag-water are }
f̃

= −0.504674 and

}θ̃ = −0.680152 with %tm = 0.0265543. Optimal values ofaauxiliary variables for Cu-

wateraare }
f̃

= −0.535421 and }θ̃ = −0.692151 and error %tm = 0.0276802. The op-

timal data of convergence control parameter for CuO-water are }
f̃

= −0.643143 and

}θ̃ = −0.762613 with %tm = 0.0275201. Optimal values ofaauxiliary variables for TiO2-

water are }
f̃

= −0.726765 and }θ̃ = −0.838434 with total averagedaresidual error

%tm = 0.0256793. The optimal values of convergence control parameter for Al2O3-water are

}
f̃

= −0.688264 and }θ̃ = −0.787352 with total averaged residual error %tm = 0.0286444.

Curves of residual errorsaare plotted for all nanofluids (see Figures (8.1)-(8.5)). Table

(8.1) presents the thermophysical properties ofawater and nanoparticles. Table (8.2)-(8.6)

show residual errors of all nanofluids.
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Figure 8.1: Residual error for Ag-water nanofluid.
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Figure 8.2: Residual error for Cu-water nanofluid.
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Figure 8.3: Residual error for CuO-water nanofluid.

TiO2 -water

2 3 4 5 6 7 8 9
0.001

0.002

0.005

0.010

0.020

0.050

m

E
r
r
o

r

Figure 8.4: Residual error for TiO2-water nanofluid.
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Al2 O3 -water
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Figure 8.5: Residual error for Al2O3-water nanofluid.

Table 8.1: Characteristics of nanoparticles and water

— k(W/mk) ρ(kg/m3) σ(Um)−1 Cp(j/m
3)

Copper(Cu) 401 8933 5.96× 107 385
Silver(Cu) 429 10500 3.6× 107 235

Copper Oxide(CuO) 76.1 6320 2.7× 10−8 531.8
Alumina(Al2O3) 40 3970 1× 107−10 765

Titanium Oxide(TiO2) 8.9538 4250 1× 10−12 686.2
H2O(Pure Water) 0.613 997.1 0.05 4179
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Table 8.2: Individual average residual errors for Ag-water nanofluid.

Ag − water

m εf̃m εθ̃m
2 3.26765× 10−3 2.32866× 10−2

4 1.12094× 10−3 1.82634× 10−3

6 4.64313× 10−4 7.24801× 10−4

8 2.25327× 10−4 3.67716× 10−4

10 1.24747× 10−4 1.20815× 10−4

12 7.71813× 10−5 4.48858× 10−5

14 5.24467× 10−5 2.31161× 10−5

16 3.85137× 10−5 1.36508× 10−5

18 3.00996× 10−5 8.03119× 10−6

20 2.46948× 10−5 4.66100× 10−6

Table 8.3: Individual average residual errors for Cu-water nanofluid.

Cu− water

m εf̃m εθ̃m
2 3.52588× 10−3 2.41543× 10−2

4 1.17509× 10−3 2.00740× 10−3

6 5.00180× 10−4 1.07170× 10−3

8 2.56175× 10−4 5.01717× 10−4

10 1.51005× 10−4 1.50434× 10−4

12 9.92802× 10−5 5.35087× 10−5

14 9.92802× 10−5 5.35087× 10−5

16 5.43861× 10−5 1.62122× 10−5

18 4.37754× 10−5 9.46327× 10−6

20 3.66237× 10−5 5.45314× 10−6
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Table 8.4: Individual average residual errors for CuO-water nanofluid.

CuO − water

m εf̃m εθ̃m
2 3.41411× 10−3 2.41060× 10−2

4 1.08771× 10−3 4.14403× 10−3

6 4.97279× 10−4 2.95399× 10−3

8 2.81586× 10−4 7.19484× 10−4

10 1.83343× 10−4 1.40087× 10−4

12 1.31457× 10−4 5.32527× 10−5

14 1.00931× 10−4 3.13949× 10−5

16 8.14252× 10−5 1.67787× 10−5

18 6.81239× 10−5 7.35824× 10−6

20 5.85695× 10−5 3.62701× 10−6

Table 8.5: Individual average residual errors for TiO2-water nanofluid.

TiO2 − water

m εf̃m εθ̃m
2 3.40734× 10−3 2.22720× 10−2

4 1.14445× 10−3 9.74970× 10−3

6 5.68582× 10−4 4.26139× 10−3

8 3.46269× 10−4 3.94865× 10−4

10 2.38774× 10−4 8.27567× 10−5

12 1.78712× 10−4 4.32835× 10−5

14 1.41553× 10−4 3.46839× 10−5

16 1.16756× 10−4 1.05392× 10−5

18 9.92210× 10−5 2.86704× 10−6

20 8.62438× 10−5 2.15518× 10−6
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Table 8.6: Individual average residual errors for Al2O3-water nanofluid

Al2O3 − water

m εf̃m εθ̃m
2 3.89764× 10−3 2.47468× 10−2

4 1.33607× 10−3 6.55269× 10−3

6 6.68945× 10−4 4.23514× 10−3

10 2.81166× 10−4 1.32792× 10−4

12 2.09896× 10−4 5.79818× 10−5

14 1.65735× 10−4 4.02838× 10−5

16 1.36272× 10−4 1.98703× 10−5

18 1.15465× 10−4 7.34830× 10−6

20 1.00097× 10−4 3.72899× 10−6

8.4 Results and discussion

Primary goal here is to explore the characteristics of several sundry variables for velocity,

temperature, entropy rate and Bejan number. This goal is achieved here by plotting the

(8.6)-(8.19). Numerical data of skin friction and Nusselt number is also computed.

8.4.1 Velocity

Figure (8.6) presents the variation of curvature parameter (γ = 0.1, 0.2, 0.3, 0.4) on ve-

locity f̃ ′(ξ) for CuO, TiO2, Cu, Ag and Al2O3−water nanofluids. It is observed that

velocity is more for larger (γ). By increasing values of curvature parameter the radius of

cylinder gradually reduces. Thus less surface of cylinder is in contact with fluid particles

which providesaa small resistance to fluid particles. Thereforebvelocity enhances. It is

observed that velocity of CuO, Al2O3 and TiO2− water nanofluids dominant over Ag and

Cu-water nanofluids. Because Ag and Cu nanoparticles are more denseathan the rest

ofananoparticles. Influence of volume fraction of nanoparticles (φ = 0.01, 0.02, 0.03, 0.05)

on velocity f̃ ′(ξ) for all nanofluids is captured in Figure (8.7). An increment in (φ) yields

reduction in f̃ ′(ξ). Velocity of Cu and Ag-water nanofluids is less than CuO, TiO2 and

Al2O3− water nanofluids because of their higher densities. Salient characteristics of per-

meability parameter (λ = 0.3, 0.4, 0.5, 0.6 ) on f̃ ′(ξ) is plotted in Figure (8.8). Here f̃ ′(ξ)
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decays for higher (λ). It is because of the fact for higher (λ) mean lead to more kinematic

viscosity. A small permeabilitybcauses the production of resistivebforce to the fluidbflow

which is responsiblebof reduction in f̃ ′(ξ). Figure (8.9) reports the impact of Forchheimer

number (Fr = 0.2, 0.3, 0.4, 0.5) on f̃ ′(ξ). Higher Forchheimer number (Fr) cause reduction

in f̃ ′(ξ). Physically dragbforce has significant associationbwith Forchheimer number (Fr).

Higher Forchheimer number (Fr) enhance drag force which has tendency to reduce the

velocity. Similar results are obtained for all nanofluids.

Φ = 0.05, I1 = 0.1,

I2 = Fr = 0.2, Λ = 0.3,
Br = 0.4, ΑT = 0.8,

BT = Ec = RD = 0.9,
Θ f = 1.1, Pr = 6.2

Γ = 0.1, 0.2, 0.3, 0.4
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Figure 8.6: Variation of γ on f̃ ′(ξ).
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I1 = Γ = 0.1, I2 = Fr = 0.2,
Λ = 0.3, Br = 0.4, ΑT = 0.8,

BT = Ec = RD = 0.9,
Θ f = 1.1, Pr = 6.2
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Figure 8.7: Variation of φ on f̃ ′(ξ).
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Figure 8.8: Variation of λ on f̃ ′(ξ).
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Φ = 0.05, Γ = I1 = 0.1,
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Br = 0.4, ΑT = 0.8,

BT = Ec = RD = 0.9,
Θ f = 1.1, Pr = 6.2
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Figure 8.9: Variation of Fr on f̃ ′(ξ).

8.4.2 Temperature

Figure (8.10) present the outcome of (φ = 0.01, 0.03, 0.04, 0.05) on temperature for CuO,

Al2O3, TiO2, Ag and Cu-water nanofluids. As expected higher (φ) estimations yield an

increment in temperature. The sensitivity of associated thermal layer to nanoparticles

volume fraction has relationship with an enhancement of nanofluid’s thermal conduc-

tivity which uplifts the nanofluid temperature. It is worthbmentioning that temper-

aturebare slightly higher for Ag−water nanofluid rather than Cu, TiO2, Al2O3− and

CuO-water nanofluids due to its high thermal conductivity. An enhancement in θ̃ (ξ)

and thermal layer thickness via (γ = 0.1, 0.2, 0.3, 0.4) is noted in Figure (8.11). Greater

values of(γ) shrinks the surface area of cylinder. High heat transferbrate by convection

isbcreated due tobminimum particles arebattached on the surface. Thus temperature

enhances. Figure (8.12) interprets the impact of Eckert number (Ec = 0.1, 0.4, 0.7, 0.9)

on temperature. Higher (Ec) boosts temperature of fluid. It occurs due to frictionbof

molecules where mechanicalbenergy is converted intobthermal energy. Hence temperature
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enhances.bThermal Biot number (BT = 0.1, .4, 0.7, 0.9 ) for all nanofluids on temperature

θ̃ (ξ) is plotted in Figure (8.13). It is observed that θ̃ (ξ) rises when (BT ) is augmented.

I1 = Γ = 0.1,

I2 = Fr = 0.2, Λ = 0.3,
Br = 0.4, ΑT = 0.8,

BT = Ec = RD = 0.9,
Θ f = 1.1, Pr = 6.2

Φ = 0.01, 0.03, 0.04, 0.05
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Figure 8.10: Variation of φ on θ̃(ξ).
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Φ = 0.05, I1 = 0.1,

I2 = Fr = 0.2, Λ = 0.3,
Br = 0.4, ΑT = 0.8,

BT = Ec = RD = 0.9,
Θ f = 1.1, Pr = 6.2

Γ = 0.1, 0.2, 0.3, 0.4
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Figure 8.11: Variation of γ on θ̃(ξ).
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Br = 0.4, ΑT = 0.8,

RD = BT = 0.9,
Θ f = 1.1, Pr = 6.2
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0 1 2 3 4 5 6
0.0

0.1

0.2

0.3

0.4

0.5

0.6

Ξ

Θ�

HΞ
L

Figure 8.12: Variation of Ec on θ̃(ξ).
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Φ = 0.05, I1 = Γ = 0.1,
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Br = 0.4, ΑT = 0.8,
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Θ f = 1.1, Pr = 6.2
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0 1 2 3 4 5 6
0.0

0.1

0.2

0.3

0.4

0.5

0.6

Ξ

Θ�

HΞ
L

Figure 8.13: Variation of BT on θ̃(ξ).

8.4.3 Entropy generation and Bejan number

Figures (8.14) and (8.15) shows the outcome of Brinkman number (Br = 0.2, 0.3, 0.4, 0.5)

on Ng (ξ) and Bejan number Be.bHigher values ofbBrinkman number (Br) enhance vis-

cous dissipation irreversibilities andbthus entropyarate boosts while Bejananumber de-

creases foralow thermal conductivity. Plots for temperature ratio parameter (αT =

0.8, 0.9, 1.0, 1.2) on Ng (ξ) and (Be) are displayed in Figures (8.16) and (8.17). Disor-

deredness in the system and Bejan number are enhanced for higher (αT ). It is notedathat

Ng → 0 away from surface.aFor larger (αT ) the heat transfer effects are prominent than

fluid friction. That is why (Be) is increases. It isbfound that Ag−water nanofluid

have morebprominent effectsathan rest of the nanofluids for (Be) due to its higher

heataconductive ability.bEffect of Forchheimer number (Fr = 0.2, 0.3, 0.4, 0.5) on entropy

generation Ng (ξ) and Bejanbnumber (Be) are plotted in Figures (8.18) and (8.19). Here

Ng (ξ) and (Be) are enhancedbfor higher (Fr) in all nanofluids. Physicallybdisorderliness

of system increasesafor higher Forchheimer number Fr. Therefore Ng (ξ) and (Be)brise.
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Br = 0.2, 0.3, 0.4, 0.5

Φ = 0.05, I1 = Γ = 0.1,

I2 = Fr = 0.2, Λ = 0.3,
ΑT = 0.8,

BT = Ec = RD = 0.9,
Θ f = 1.1, Pr = 6.2
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Figure 8.14: Variation of Br on Ng (ξ).
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Figure 8.15: Variation of Br on Be.
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ΑT = 0.8, 0.9, 1.0, 1.2

Φ = 0.05, I1 = Γ = 0.1,
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Figure 8.16: Variation of αT on Ng (ξ).
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Figure 8.17: Variation of αT on Be.

160



Chapter 8

Fr = 0.2, 0.3, 0.4, 0.5

Φ = 0.05, I1 = Γ = 0.1,

I2 = 0.2, Λ = 0.3,
Br = 0.4, ΑT = 0.8,

BT = Ec = RD = 0.9,
Θ f = 1.1, Pr = 6.2
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Figure 8.18: Variation of Fr on Ng (ξ).
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Figure 8.19: Variation of Fr on Be.
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8.4.4 Skin friction coefficient and heat transfer rate

Influence of nanoparticles volume fraction (φ) on skin friction coefficient and heat trans-

fer rate for five different types of nanofluids are elaborated through Tables (8.7)-(8.8).

Magnitude of skin friction coefficient and heat transfer rate enhanced for higher φ.

Table 8.7: Behavior of φ on skin friction coefficient for all nanofluids.

φ Ag Cu CuO TiO2 Al2O3

φ Ag Cu CuO TiO2 Al2O3

0.01 −0.9747 −0.9704 −0.9631 −0.9566 −0.9574
0.03 −1.0616 −1.0490 −1.0278 −1.0080 −1.0106
0.05 −1.1501 −1.1297 −1.0949 −1.0626 −1.0665

Table 8.8: Behavior of φ on heat transfer rate for all nanofluids.

φ Ag Cu CuO TiO2 Al2O3

0.01 −1.005 −1.004 −1.004 −1.003 −1.001
0.03 −1.066 −1.066 −1.064 −1.062 −1.049
0.05 −1.129 −1.129 −1.125 −1.123 −1.101

8.5 Concluding remarks

Darcy-Forchheimerbflow of nanofluid due to stretching cylinder withbentropy generation

is studied. Main observations are:

o Rise inbnanoparticles volume fractionbhas tendency to retard thebvelocity and en-

hance the temperature.

o A reductionbin velocity isbobserved for higher valuesbof permeability and Forch-

heimerbvariables.

o For higherbEckert number thebtemperature of fluid enhances and impact of silver-

waterbnanofluid dominatesbwhen compared with rest of nanofluids.
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o Temperaturebof fluid increasesbfor thermal Biot number.

o Entropybgeneration enhances forbhigher estimations of temperature difference vari-

able, Forchheimerbnumber and Brinkman number while Bejan number reducesbfor

Brinkman number.

o Magnitudebof skin frictionbcoefficient is an increasingbfunction of volume fraction

of nanoparticles.

o An enhancementbin local Nusseltbnumber occurs for volumebfraction of nanopar-

ticles.
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Chemically reactive flow of Maxwell
nanofluid due to stretching cylinder
with thermal radiation

This chapter investigates the non-linear mixed convective flow of Maxwell nanofluid due

to stretching cylinder. Electrically conducting fluid is considered. Silent features of Joule

heating, thermal radiation and first order chemical reaction are attended. Concentration

and energy expressions consist of Brownian motion and thermophoresis phenomena. Heat

and mass transfer are described by convective conditions associated with cylinder. Strong

non-linear systems are solved for convergent homotopy solutions. Salient characteristics

of magnetic parameter, Deborah number, curvature parameter, Biot number, Prandtl

number, thermophoresis parameter, Eckert number and Schmidt number on the velocity,

temperature, nanoparticles concentration, Nusselt and Sherwood numbers are reported

via graphs.

9.1 Problem statement

Non-linear mixed convective flow of Maxwell nanofluid towards stretching cylinder is mod-

eled. Fluid is conducted electrically through B̃∗0 applied along radial direction. Also, the

magnetic Reynolds number is assumed small and the characteristics of induced magnetic

field are not considered. Electric field is absent. Cylinder with velocity ww = w0

(
z
L

)
is

stretching in the axial direction. Thermal radiation, Joule heating and convective heating
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effects are considered in the heat transfer process. Brownian motion and thermophore-

sis attributes are considered. Viscous dissipation is absent. Chemically reacted species

model are accounted. The relevantaproblems satisfy:

∂u

∂r
+
u

r
+
∂w

∂z
= 0, (9.1)

u
∂w

∂r
+ w

∂w

∂z
+ λ1

(
w2∂

2w

∂z2
+ u2∂

2w

∂r2
+ 2uw

∂2w

∂r∂z

)
= νf

(
∂2w

∂r2
+

1

r

∂w

∂r

)
− σfB

∗2
0

ρf

(
w − λ1u

∂w

∂r

)
+g(ε1 (T − T∞) + ε2 (T − T∞) (T − T∞))

+g(ε3(C − C∞) + ε4(C − C∞)(C − C∞)), (9.2)

(
u
∂T

∂r
+ w

∂T

∂z

)
= αf

(
∂2T

∂r2
+

1

r

∂T

∂r

)
+ τ

(
DB

∂C

∂r

∂T

∂r
+
DT

T∞

(
∂T

∂r

)2
)

+
16σ∗T 3

∞
3k∗(ρCp)f

(
∂2T

∂r2
+

1

r

∂T

∂r

)
+

σB2
0

(ρCp)f
w2. (9.3)

(
u
∂C

∂r
+ w

∂C

∂z

)
= DB

(
∂2C

∂r2
+

1

r

∂C

∂r

)
+
DT

T∞

(
∂2T

∂r2
+

1

r

∂T

∂r

)
−Kc (C − C∞) , (9.4)

u = 0, v = 0, w = ww =
zw0

L
, − kf

∂T

∂r
= hf (Tf − T ),

−Dm
∂C

∂r
= km(Cf − C) at r = R,

w → 0, T → T∞, C → C∞ as r →∞. (9.5)

in which (u,w) are the velocity components in (r, z) directions, λ1 the relaxation time,

C the nanoparticles volume fraction, τ = (ρCp)p
(ρCp)f

the heat capacity ratio, αf =
kf

(ρCp)p

the thermal diffusivity, g the gravitational acceleration, ε1 and ε2 the linear and nonlinear

thermal expansion coefficients, ε3 and ε4 the linear and nonlinear concentration expansion

coefficients, Kc the reaction rate of solute, DT thermophoresis diffusion coefficient and

DB the Brownian diffusion coefficient.
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Considering

u = −R
r

√
νfw0

L
f̃(ξ), w =

zw0

L
f̃ ′ (ξ) , θ̃(ξ) =

T − T∞
Tf − T∞

,

φ̃(ξ) =
C − C̆∞
Cf − C∞

, ξ =
r2 −R2

2R

√
w0

Lνf
, (9.6)

we have (
(1 + 2γξ) f̃ ′′′ + 2γf̃ ′′

)
− β

[
2f̃ f̃ ′f̃ ′′ − f̃ 2f̃ ′′′ − γ

(1 + 2γξ)
f̃ 2f̃ ′′

]
−M

(
f̃ ′ − βff ′′

)
+N1θ̃(1 + ς

T
θ)

+N1N2j̃(1 + ς
C
j) + f̃ f̃ ′′ − f̃ ′2 = 0, (9.7)

(
1

Pr

)
(1 +RD)

(
(1 + 2γξ) θ̃′′ + 2γθ̃′

)
+NB (1 + 2γξ) θ̃′j̃′

+NT (1 + 2γξ) θ̃′2 + f̃ θ̃′ +MEcf̃ ′′2 = 0, (9.8)

(
(1 + 2γξ) j̃′′ + 2γj̃′

)
+
NT

NB

(
(1 + 2γξ) θ̃′′ + 2γθ̃′

)
− Scf̃ j̃′ − LCScj̃ = 0, (9.9)

f̃(0) = 0, f̃ ′(0) = 1, f̃ ′(∞)→ 0, θ̃′(0) = −BT (1− θ̃(0)), θ̃(∞)→ 0,

j̃′ (0) = −BC(1− j̃ (0)), j̃ (∞)→ 0, (9.10)

Here incompressibility condition (9.1) is trivially verified, M =
LσfB

∗2
0

ρfw0
the magnetic

parameter, β = w0λ1

L
the Deborah number, N1 = z3gε1(Tw−T∞)

Re2ν2
f

the mixed convection

parameter, N2 = z3gε2(Cw−C∞)

Re2ν2
f

the ratio of concentration to thermal buoyancy forces

ς
T

=
A2(Tf−T∞)

A1
and ς

C
=

A4(Cf−C∞)
A3

the non-linear convection parameter due to tem-

perature and concentration, Gr =
gA1(Tf−T∞)z3

ν2
f

the Grashof number for temperature,

Gr∗ =
gA3(Cf−C∞)z3

ν2
f

, the Grashof number for concentration, Pr =
(µCp)f
kf

the Prandtl

number, Ec = w2
w

(Cp)f (Tf−T∞)
the Eckert number, RD = 16σ∗T 3

∞
3k∗kf

the radiation parameter,

NB =
τ(Cf−C∞)DB

νf
the Brownian motion parameter, NT =

τ(Tf−T∞)DT
T∞νf

the thermophore-

sis parameter, LC = LKc
w̆0

the reaction-rate parameter, BT =
hf

kf
√

w0
νfL

the thermal Biot

number, BC = km
Dm

√
w0
νfL

the concentration Biot number, Sc =
νf
DB

the Schmidt number

and γ =
√

Lνf
w0R2 the curvature parameter.
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9.1.1 Local Nusselt number

It is the ratio of heatatransferred through convectiona(fluid motion) to the heat trans-

ferredathrough conduction (if the fluid is stagnant). Mathematically we have

Ñu =
zqz

kf (Tf − T∞)
, (9.11)

with

qw = −
[
kf

(
1 +

16σ∗T 3
∞

3kfk∗

)(
∂T

∂r

)]
r=R

. (9.12)

Now

Re−0.5Ñu = − (1 +RD) θ̃′(0), (9.13)

9.1.2 Sherwood number

It portrays the ratio of convective mass transfer to diffusive mass transport rate i.e.

S̃h =
jw

DB (Cf − C∞)
, (9.14)

jw = −DB

(
∂C

∂r

)
r=R

. (9.15)

Dimensionless version of S̃h is

Re−0.5S̃h = −j̃′(0), (9.16)

in which Re = w0z2

lν
denotes the local Reynolds number.

9.2 Solution Methodology

For solutions we choose

f̃0(ξ) = 1− exp(−ξ), θ̃0(ξ) =
BT

1 +BT

exp(−ξ), j̃0(ξ) =
BC

1 +BC

exp(−ξ), (9.17)

with

L1(f̃) = f̃ ′′′ − f̃ ′, L2(θ̃) = θ̃′′ − θ̃, L3(j̃) = j̃′′ − j̃, (9.18)
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and

Lf̃ [C1 + C2 exp(−ξ) + C3 exp(ξ)] = 0,

Lθ̃ [C4 exp(ξ) + C5 exp(−ξ)] = 0,

Lj̃ [C6 exp(ξ) + C7 exp(−ξ)] = 0, (9.19)

9.3 Convergence analysis

It is quite obvious that convergence controlling parameters ~f̃ , ~θ̃ and ~j̃ are involved in

the developed HAM solutions. For determination of suitable values of these parameter

controlling convergence of series solutions, the Figure (9.1) is sketched. The valid regions

of ~f̃ , ~θ̃ and ~j̃ are found −0.9 6 ~f̃ 6 −0.3, −7.9 6 ~θ̃ 6 −0.41 and −1.1 6 ~j̃ 6 −0.5.

When ~f̃ = −0.7, ~θ̃ = −0.5 and ~j̃ = −0.7. The convergence of series solutions upto

four decimal places for f̃ ′′(0), θ̃′(0) and j̃′(0) is found in Table (9.1). It is clear that

f̃ ′′(0) and θ̃′(0) converge at 13th order of approximations while for j̃′(0) the 15th order

of approximations is required.

Residual errors are sketched in Figures (9.2)-(9.4). The residual errors are calculated for

velocity, energy and concentration equations through the expressions:

∆f̃
m =

1∫
0

[
Rf̃
m

(
ξ, }f̃

)]2

∂ξ,

∆θ̃
m =

1∫
0

[
Rθ̃
m (ξ, }θ̃)

]2

∂ξ,

∆j̃
m =

1∫
0

[
Rj̃
m

(
ξ, }j̃

)]2

∂ξ. (9.20)

168



Chapter 9

Figure 9.1: ~-curves for velocity, temperature and concentration fields.
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Figure 9.2: ~f̃−curve for the residual error ∆f̃
m.
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Figure 9.3: ~θ̃−curve for the residual error ∆θ̃
m.
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Figure 9.4: ~j̃−curve for the residual error ∆j̃
m.
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Table 9.1: HAM solutions convergence when γ = 0.1, β = 0.2, Ec = 0.4, ς
T

= M = NB =
NT = 0.5, BC = ς

C
= 0.6, RD = 0.7, N1 = N2 = 0.8, BT = 09, LC = Sc = 1.1 and Pr =

1.3.

Order of approximation −f̃ ′′ (0) −θ̃′ (0) −j̃′ (0)

1 0.9676 0.3534 0.3163
3 0.7236 0.2744 0.3602
7 0.6738 0.2403 0.3819
13 0.6654 0.2353 0.3847
15 0.6654 0.2353 0.3848
20 0.6654 0.2353 0.3848
25 0.6654 0.2353 0.3848
30 0.6654 0.2353 0.3848
35 0.6654 0.2353 0.3848

9.4 Interpretation

This portion presents the dimensionless parameters for 2D Maxwell fluid flow past a

stretching cylinder. Figures (9.5)-(9.15) are sketched for velocity,temperature and con-

centration.

9.4.1 Velocity

Figure (9.5) interprets the impact of Deborah number (β = 0.2, 0.3, 0.4, 0.5) on f̃ ′(ξ).

Here velocity decays via higher Deborah number (β). Physically fluid relaxation time

enlarges with increasing values of Deborah number (β). Hence velocity decays. Figure

(9.6) portrays the characteristics of curvature parameter (γ = 0.1, 0.2, 0.4, 0.5) on f̃ ′(ξ).

Clearly f̃ ′(ξ) increments for (γ). Radius of cylinder reduces due to an increment in

curvature parameter. Hence less resistance is offered towards fluid motion and fluid

velocity increases. Behavior of magnetic parameter (M=0.0,0.2,0.4,0.6) for velocity f ′(ξ)

is portrayed in Figure (9.7). Velocity retards for higher (M). As magnetic parameter has

association with resistive Lorentz force. Lorentz force enhances through higher values of

(M) which resists the fluid velocity. Thus velocity decays.
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Γ = 0.1, Ec = 0.4, M = V
T
= NB = NT = 0.5, BC = V C

= 0.6,

RD = 0.7, N1 = N2 = 0.8, BT = 0.9, LC = Sc = 1.1, Pr = 1.3

Β = 0.2, 0.3, 0.4, 0.5
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Figure 9.5: Variation of β on f̃ ′(ξ).
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Figure 9.6: Variation of γ on f̃ ′(ξ).
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Figure 9.7: Variation of M on f̃ ′(ξ).

9.4.2 Temperature

Figure (9.8) elaborates the characteristics of curvature parameter (γ = 0.1, 0.2, 0.4, 0.5)

on θ̃(ξ). Temperature enhances for larger (γ). Behavior of Eckert number (Ec =

0.1, 0.2, 0.4, 0.5) on temperature θ̃(ξ) is captured in Figure (9.9). Temperature θ̃(ξ) rises

via higher (Ec). Physically the mechanical energy is converted into thermal energy for

internal friction of molecules. That is why thermal field rises. Figure (9.10) is plotted

to show the combined effects of Brownian motion (NB=0.2,0.4,0.5,0.6) and thermophore-

sis parameter (NT = 0.2, 0.4, 0.5, 0.6) on temperature. Here temperature of nanofluid is

more for thermophoresis and Brownian motion parameter (NB and NT ). Due to presence

of thermophoresis phenomenon the temperature of fluid increases in which heated par-

ticles are pulled away from hot region to cold surface. It is noted that higher Brownian

motion parameter NB rises the temperature of fluid. It is physically expected because

Brownian motion parameter NB describes the movement of nanoparticles in fluid. Figure

(9.11) indicates temperature variation for (Pr = 1.1, 1.2, .13, 1.4). There is a reduction
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in temperature forbhigher (Pr). In fact thermal conductivity reduces for higher (Pr) and

consequently the temperature decays. Figure (9.12) graphed to indicate the behavior of

thermal Biot number on temperature. Positive values of (BT=0.1,0.3,0.5,0.9) offer more

heat transfer resistance inside a fluid when compared with cylinder and thus temperature

enhances.

Γ = 0.1, 0.2, 0.4, 0.6

Β = 0.2, Ec = 0.4, M = V
T
= NB = NT = 0.5, BC = V C

= 0.6,

RD = 0.7, N1 = N2 = 0.8, BT = 0.9, LC = Sc = 1.1, Pr = 1.3
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HΞ
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Figure 9.8: Variation of γ on θ̃(ξ).
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Γ = 0.1, Β = 0.2, M = V
T
= NB = NT = 0.5, BC = V C

= 0.6,

RD = 0.7, N1 = N2 = 0.8, BT = 0.9, LC = Sc = 1.1, Pr = 1.3
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Figure 9.9: Variation of Ec on θ̃(ξ).
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Figure 9.10: Variations of NB and NT on θ̃(ξ).
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Γ = 0.1, Β = 0.2, Ec = 0.4, M = V
T
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Figure 9.11: Variation of Pr on θ̃(ξ).
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Figure 9.12: Variation of BT on θ̃(ξ).
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9.4.3 Concentration

Figure (9.13) presents impact of curvature parameter (γ = 0.1, 0.2, 0.4, 0.5) for concentra-

tion j̃(ξ). There is an enhancement in concentration j̃(ξ) for larger (γ). Brownian motion

parameter (NB = 0.2, 0.4, 06, 0.8) and thermophoresis parameter (NT = 0.2, 0.4, 06, 0.8

) have opposite effect on concentration j̃(ξ) (see Figure (9.14)). Action of destructive

chemical reaction (LC > 0) and generative chemical reaction (LC < 0) on concentra-

tion j̃(ξ) is graphed in Figure (9.15). It is noted that concentration j̃(ξ) enhances for

generative chemical reaction parameter (LC < 0) while reverse response is noticed for

destructive chemical reaction parameter (LC > 0). During destructive chemical reaction

(LC > 0) rate of species decreases and concentration decays.

Β = 0.2, Ec = 0.4, M = V
T
= NB = NT = 0.5, BC = V C

= 0.6,

RD = 0.7, N1 = N2 = 0.8, BT = 0.9, LC = Sc = 1.1, Pr = 1.3
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Figure 9.13: Variation of γ on j̃(ξ).
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Figure 9.14: Variations of NB and NT on j̃(ξ).
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Figure 9.15: Variation of (LC < 0) and (LC > 0) on j̃(ξ).
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9.4.4 Heat and mass transfer rates

Figures (9.16)-(9.19) show the variations of heat and mass transfer rates for different

physical variables. Behavior of thermal Biot number on local Nusselt number (Rez)
−0.5 Ñu

is plotted in Figure (9.16). Clearly heat transfer rate for thermal Biot number is increased.

Figure (9.17) illustrates the variation of curvature parameter (γ) on Nusselt number

(Rez)
−0.5 Ñu. It is noted that local Nusselt number is reduces via (γ). Figure (9.18)

reflects less magnitude of the mass transfer rate for chemical reaction parameter LC .

Figure (9.19) depicts decreasing behavior of Sherwood number when γ enhances.
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Figure 9.16: Variation of BT on (Rez)
−0.5 Ñu.
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Figure 9.17: Variation of γ on (Rez)
−0.5 Ñu.
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Figure 9.18: Variation of LC on (Rez)
−0.5 S̃h.
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Γ = 0.6, 0.7, 0.8, 0.9
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Figure 9.19: Variation of γ on (Rez)
−0.5 S̃h.

9.5 Major findings

We have following observations.

o Curvaturebparameter has tendency to rise fluid velocity, temperature andbconcentration.

o Brownian motionbfor temperature and concentration has reversebresponse.

o Concentration isbreduced for destructive chemicalbreaction whereas itbenhances for

generative chemical reaction.

o Influence of thermalbBiot number on Nusselt number is opposite when compared

with curvature parameter.

o Sherwoodbnumber is reducedbfor the curvature andbchemical reaction parameters.

181



Chapter 10

Chemically reactive flow of Maxwell
nanofluid due to stretching cylinder
with activation energy

This chapter discussed the radiative flow of Maxwell nanofluid over a stretching cylin-

der. Modeling of heat transfer is made with thermal radiation, convective conditions and

heat generation/absorption effects. A modified Arrhenius function is analyzed in order to

investigate activation energy. Mass transfer is examined by considering the activation en-

ergy along with binary chemical reaction, thermophoresis and Brownian diffusion. Mass,

energy, momentum and concentration laws give rise to nonlinear differential systems. Ho-

motopic algorithm is adopted to derived the convergent series solutions. Five quantities

namely the velocity, temperature, concentration and local Nusselt and Sherwood num-

bers are discussed. Clearly concentration of nanoparticles enhances for activation energy

while it reduces for chemical reaction parameter.

10.1 Modeling

Here two-dimensional flow of Maxwell nanomaterial past a stretching cylinder is modeled.

Cylinder has constant concentration Cf of nanoparticles whereas (T∞, C∞) are fluid’s am-

bient concentration and temperature respectively when z →∞. The Brownian diffusion

and thermophoresis properties are accounted. Let the cylinder with velocity ww = w0

(
z
L

)
is stretched in axial direction. Fluid is electrically conducting. Moreover influence of ac-
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tivation energy with binary chemical reaction is stated to debate mass transfer rate. A

phenomenon of thermal radiation with heat generation/absorption effects is reviewed.

Viscous dissipation and Joule heating effects are taken absent. The governing problems

under the aforementioned assumptions become:

∂u

∂r
+
u

r
+
∂w

∂z
= 0, (10.1)

u
∂w

∂r
+ w

∂w

∂z
+ λ1

(
w2∂

2w

∂z2
+ u2∂

2w

∂r2
+ 2uw

∂2w

∂r∂z

)
= νf

(
∂2w

∂r2
+

1

r

∂w

∂r

)
− σfB

∗2
0

ρf

(
w − λ1u

∂w

∂r

)
, (10.2)

(
u
∂T

∂r
+ w

∂T

∂z

)
= αf

(
∂2T

∂r2
+

1

r

∂T

∂r

)
+ τ

(
DB

∂C

∂r

∂T

∂r
+
DT

T∞

(
∂T

∂r

)2
)

+
16σ∗T 3

∞
3k∗(ρCp)f

(
∂2T

∂r2
+

1

r

∂T

∂r

)
. (10.3)

(
u
∂C

∂r
+ w

∂C

∂z

)
= DB

(
∂2C

∂r2
+

1

r

∂C

∂r

)
+
DT

T∞

(
∂2T

∂r2
+

1

r

∂T

∂r

)
(10.4)

−K2
c (C − C∞)

[
T

T∞

]n
exp

[
−Ea
k1T

]
,

u = 0, v = 0, w = ww, − kf
∂T

∂r
= hf (Tf − T ), C = Cf at r = R,

w → 0, T → T∞, C → C∞ as r →∞, (10.5)

where (u,w) are velocity components in (r, z) directions. The term
[
T
T∞

]n
exp

[
Ea
k1T

]
is

referred as the modified Arrhenius function.bHere k1 = 8.61× 10−5eV/K represents the

Boltzmann constant, n is the dimensionless constantbor rate constant having the range

−1 < n < 1band Ea the activation energy.

Considering

u = −R
r

√
νfw0

L
f̃(ξ), w =

zw0

L
f̃ ′ (ξ) , θ̃(ξ) =

T − T∞
Tf − T∞

, (10.6)

j̃(ξ) =
C − C∞
Cf − C∞

, ξ =
r2 −R2

2R

√
w0

Lνf
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we have [
(1 + 2γξ) f̃ ′′′ + 2γf̃ ′′

]
− β

[
2f̃ f̃ ′f̃ ′′ − f̃ 2f̃ ′′′ − γ

(1 + 2γξ)
f̃ 2f̃ ′′

]
(10.7)

−M
(
f̃ ′ − βff ′′

)
+N1θ̃ +N2j̃ + f̃ f̃ ′′ − f̃ ′2 = 0,

(
1

Pr

)
(1 +RD)

(
(1 + 2γξ) θ̃′′ + 2γθ̃′

)
+NB (1 + 2γξ) θ̃′j̃′ (10.8)

+NT (1 + 2γξ) θ̃′2 + f̃ θ̃′ +Qθ̃ = 0,

(
(1 + 2γξ) j̃′′ + 2γj̃′

)
+
NT

NB

(
(1 + 2γξ) θ̃′′ + 2γθ̃′

)
− Scf̃ j̃′ (10.9)

−LCSc[1 + αT θ]
n exp

(
−E∗

1 + αT θ

)
j̃ = 0,

f̃(0) = 0, f̃ ′(0) = 1, f̃ ′(∞)→ 0, θ̃′(0) = −BT [1− θ̃ (0)], (10.10)

θ̃(∞)→ 0, j̃ (0) = 1, j̃ (∞)→ 0.

in which M =
LσfB

∗2
0

ρfw0
depicts magnetic parameter, β = λ1w0

L
the Deborah number,

RD = 16σ∗T 3
∞

3k∗kf
the radiation parameter, Pr =

(µCp)f
kf

the Prandtl number, NB = τ(Cw−C∞)DB
νf

the Brownian motion parameter, NT =
τ(Tf−T∞)DT

T∞νf
the thermophoresis parameter, Q =

Q0L
w0(ρCp)f

the heat generation/absorption parameter, αT =
Tf−T∞
T∞

the temperature differ-

ence parameter, LC = LK2
c

w0
the reaction-rate parameter, E∗ = Ea

k1T∞
the non-dimensional

activation energy, Sc =
νf
DB

the Schmidt number and γ =
√

Lνf
w0R2 the curvature parameter.

10.1.1 Quantities of interest

Mathematically

Ñu =
zqw

kf (Tf − T∞)
, (10.11)

with

qw = −
[
kf

(
1 +

16σ∗T 3
∞

3kfk∗

)(
∂T

∂r

)]
r=R

. (10.12)

Now

(Rez)
−0.5 Ñu = − (1 +RD) θ̃′(0), (10.13)
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Sherwood number

S̃h =
jm

DB

(
C̆f − C̆∞

) , (10.14)

jm = −DB

(
∂C̆

∂r

)
r=R

. (10.15)

Dimensionless version of S̃h is

(Rez)
−0.5 S̃h = −j̃′(0), (10.16)

in which Re = w0z2

Lνf
denotes the local Reynolds number.

10.2 Homotopy procedure

For solutions we choose

f̃0(ξ) = 1− exp(−ξ), θ̃0(ξ) =
BT

1 +BT

exp(−ξ), j̃0(ξ) = exp(−ξ), (10.17)

with

L1(f̃) = f̃ ′′′ − f̃ ′, L2(θ̃) = θ̃′′ − θ̃, L3(φ̃) = j̃′′ − j̃, (10.18)

and

L1 [C1 + C2 exp(−ξ) + C3 exp(ξ)] = 0,

L2 [C4 exp(ξ) + C5 exp(−ξ)] = 0,

L3 [C6 exp(ξ) + C7 exp(−ξ)] = 0, (10.19)
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10.3 Convergence analysis

Auxiliary parameters ~f̃ , ~θ̃ and ~j̃ gave us opportunity to adjust convergence region for

solutions of highly nonlinear system. ~ curves are plotted in Figure (10.1) for the velocity,

temperature and concentration. Permissible values of ~f̃ , ~θ̃ and ~j̃ are adjusted in the

ranges −1.05 ≤ }f̃ ≤ −0.2, at 13th, −1.4 ≤ }θ̃ ≤ −0.65, at 15th and −1.6 ≤ }j̃ ≤ −0.2,

at 18th order of approximations. When ~f̃ = −0.4, ~θ̃ = −1.1 and ~j̃ = −0.7 the series

solutions converges in whole region of ξ (0 < ξ <∞). Table (10.1) is also constructed to

guarantee convergence.
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Figure 10.1: ~-curves for velocity, temperature and concentration.
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Table 10.1: Convergence of series solutions when γ = RD = Q = 0.1, β = NB = 0.2, BT =
αT = 0.3,M = Sc = 0.5, E∗ = 0.6, NT = 0.8, n = 0.9, LC = 1.1 and Pr = 1.5.

Order of approximation −f̃ ′′ (0) −θ̃′ (0) −j̃′ (0)

1 1.0323 0.2000 0.5575
5 1.0797 0.1811 0.5454
8 1.0862 0.1787 0.5367
11 1.0878 0.1779 0.5321
13 1.0879 0.1777 0.5296
15 1.0879 0.1776 0.5290
18 1.0879 0.1776 0.5275
25 1.0879 0.1776 0.5275
35 1.0879 0.1776 0.5275
50 1.0879 0.1776 0.5275

10.4 Discussions

This section is developed to scrutinized the behavior of physical variables on temperature,

concentration and velocity. Moreover heat and mass transfer rates are presented in tabular

form.

10.4.1 Velocity

Figure (10.2) is prepared to examine velocity of nanofluid for higher Deborah number

(β=0.1,0.2,0.3,0.4). Velocity gradually reduces for larger values of (β). Physically Deb-

orah number (β) is a ratio of fluid relaxation time to its characteristic time scale. when

shear stress is applied on fluid, then the time in which fluid attain its equilibrium position

is called relaxation time. This time becomes larger for those fluids having higher viscosity.

Thus an increment in (β) enhances the viscosity of fluid. As a result viscosity of fluid

reduces. Note that if (β) fluid behave like a Newtonian fluid. Figure (10.3) is plotted to

investigate the behavior of magnetic parameter (M = 0.0, 0.2, 0.4, 0.6) on velocity f ′(ξ).

Clearly velocity reduces when (M) is increased. Larger (M) give rise to more Lorentz

force . As a result velocity is reduced. A resisting force is induced with application of

magnetic field which slows down the fluid flow. Contribution of curvature parameter on
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velocity is captured in Figure (10.4). As expected velocity of fluid near the cylinder is

increased. It is observed that the radius of cylinder will decreases with the increase of

curvature parameter (γ). As a result less surface of cylinder is in contact with fluid par-

ticles which produce a small resistance towards fluid particles. Hence velocity enhances.

Q = RD = Γ = 0.1, NB = 0.2, BT = ΑT = 0.3, M = Sc = 0.5,

E = 0.6, NT = 0.8, n = 0.9, LC = 1.1, Pr = 1.5

Β = 0.1, 0.2, 0.3, 0.4

0 1 2 3 4 5 6 7
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Ξ
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Figure 10.2: Variation of β on f̃ ′(ξ).
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Q = RD = Γ = 0.1, Β = NB = 0.2, BT = ΑT = 0.3, Sc = 0.5,

E = 0.6, NT = 0.8, n = 0.9, LC = 1.1, Pr = 1.5

M = 0.4, 0.5, 0.6, 0.7
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Figure 10.3: Variation of M on f̃ ′(ξ).

Q = RD = 0.1, Β = NB = 0.2, BT = ΑT = 0.3, M = Sc = 0.5,

E = 0.6, NT = 0.8, n = 0.9, LC = 1.1, Pr = 1.5

Γ = 0.1, 0.2, 0.3, 0.4
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Figure 10.4: Variation of γ on f̃ ′(ξ).
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10.4.2 Temperature

Figure (10.5) displayed the influence of heat generation parameter (Q > 0) on tempera-

ture θ̃(ξ). Here temperature of fluid rises subject to higher estimations of heat generation

parameter (Q > 0). Physically nanomaterial has the property to improve the temperature

of fluid. Thus heat generation present in system boostsbthe temperature. Temperature

θ̃(ξ) for (RD = 0.2, 0.3, 0.4, 0.5) is increased (see Figure (10.6)). Note that thebmean

absorption coefficient becomes less for (RD) and thus temperature enhances.

RD = Γ = 0.1, Β = NB = 0.2, ΑT = 0.3, M = Sc = 0.5,

E = 0.6, NT = 0.8, n = 0.9, LC = 1.1, Pr = 1.5

Q = 0.1, 0.3, 0.4, 0.5

0 2 4 6 8
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Figure 10.5: Variation of Q on θ̃(ξ).
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Q = Γ = 0.1, Β = NB = 0.2, BT = ΑT = 0.3, M = Sc = 0.5,

E = 0.6, NT = 0.8, n = 0.9, LC = 1.1, Pr = 1.5

RD = 0.5, 0.6, 0.7, 0.8
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Figure 10.6: Variation of RD on θ̃(ξ).

10.4.3 Concentration

Exploration of dimensionless activation energy (E∗ = 0.2, 0.4, 0.7, 0.9) on nanoparticles

concentration is reflected in Figure (10.7). A rise in concentration is observed. Since

activation energy is small amount of energy to activate molecules in a system to start

chemical reaction. Therefore if activation energy is very high then rate of reaction reduces

and thus concentration enhances. The influence of temperature difference parameter (αT )

on concentration is noted in Figure (10.8). It is observed that j̃(ξ) is decreasing function

of (αT ). Figure (10.9) clarifies the influence of non-dimensional chemical reaction param-

eter (LC = 0.5, 0.6, 0.7, 0.8) on concentration of nanoparticles. Decay in nanoparticle’s

concentration is noticed with an increase in (LC).
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Q = RD = Γ = 0.1, Β = NB = 0.2, BT = ΑT = 0.3,

M = Sc = 0.5, NT = 0.8, n = 0.9, LC = 1.1, Pr = 1.5

E = 0.4, 0.5, 0.7, 0.9
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Figure 10.7: Variation of E∗ on j̃(ξ).

Q = RD = Γ = 0.1, Β = NB = 0.2, BT = 0.3, M = Sc = 0.5,

E = 0.6, NT = 0.8, n = 0.9, LC = 1.1, Pr = 1.5

ΑT = 0.3, 0.4, 0.5, 0.7
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Figure 10.8: Variation of αT on j̃(ξ).
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Q = RD = Γ = 0.1, Β = NB = 0.2, BT = ΑT = 0.3,

M = Sc = 0.5, E = 0.6, NT = 0.8, n = 0.9, Pr = 1.5

LC = 0.4, 0.5, 0.7, 0.8
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Figure 10.9: Variation of Lc > 0 on j̃(ξ).

10.4.4 Heat and mass transfer rates

Impact of emerging variables on (Rex)
−0.5 Ñu and (Rex)

−0.5 S̃h is calculated in Table

(10.2). It is noted that heat transfer rate enhances for non-dimensional activation en-

ergy parameter while it reduces for Brownian motion and thermophoresis. Clearly mass

transfer rate enhances for Brownian motion and Thermophoresis and decreased for non-

dimensional activation energy parameter.
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Table 10.2: Numerical Values of heat transfer and mass transfer rates when γ = RD =
Q = 0.1, β = 0.2, BT = αT = 0.3,M = Sc = 0.5, n = 0.9, LC = 1.1 and Pr = 1.5 are
fixed.

NB NT E∗ (Rex)
−0.5 Ñu (Rex)

−0.5 S̃h

0.2 0.8 0.6 0.1964 0.5301
0.3 − − 0.1894 0.5640
0.4 − − 0.1831 0.5851
0.5 − − 0.1762 0.5980
− 0.5 − 0.2018 0.4995
− 0.6 − 0.1997 0.5041
− 0.7 − 0.1975 0.5142
− 0.8 − 0.1907 0.9288
− − 0.2 0.1911 0.8198
− − 0.4 0.1931 0.6888

10.4.5 Comparison results

Table (2.3) presents the comparison of −f̃ ′′(0) for different values of Maxwell parameter

in limiting case. The resultsbare found in goodbagreement.

Table 10.3: Comparison values of β for Newtonian case i.e., M = 0.

β −f̃ ′′(0)

Abel et al. [78] Megahed [79] Present outcomes

0.0 1.000000 0.999978 1.00000
0.2 1.051948 1.051945 1.051889
0.4 1.101850 1.101848 1.101903
0.6 1.150163 1.150160 1.150137
0.8 1.196692 1.196690 1.196711
1.2 1.285257 1.285253 1.285362
1.6 1.368641 1.368641 1.368757
2.0 1.447617 1.447616 1.447650
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10.5 Conclusions

We summarize the major findings as follows:

o Velocity of fluid enhances via curvature parameter while it reduces for magnetic

parameter.

o Temperature of fluid increases for radiation and heat generation parameters.

o Concentration is reduced for destructive chemical reaction whereas as it enhances

for temperature difference number.

o Concentration of nanofluid enhances for non-dimensional energy.

o Brownian motion and thermophoresis reduces for heat transfer rate while it en-

hances for mass transfer rate.
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Magnetohydrdynamic flow of
thixotropic nanofluid with Soret and
Dufour. . .

This chapter addresses magnetohydrodynamic (MHD) flow of thixotropic nanofluid. Stag-

nation point flow due to nonlinear stretching sheet of variable thickness is elaborated.

Heat and mass transfer features are discussed using Soret and Dufour effects. Convec-

tive conditions are also imposed. Nonlinear systems are solved by homotopy algorithm.

Convergence of derived solutions is ensured explicitly. Velocity, temperature, concentra-

tion, skin friction coefficient and local Sherwood and Nusselt numbers are examined for

influential parameters.

11.1 Formulation

Let us model stagnation point flow of thixotropic nanofluid due to stretching surface of

variable thickness. Flow caused by nonlinear stretching surface is restricted in domain

y > 0. Behaviors of Brownian movements and thermophoreseis are studied. Stretching

velocity of sheet is uw (x) = u0(x + b)n (n being power-law index). A magnetic field

of constant strength B̃
∗
0 is applied. Omission of electric and induced magnetic fields is

ensured. The related problem satisfy:

∂u

∂x
+
∂v

∂y
= 0, (11.1)
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ρf

(
u∂u
∂x

+ v ∂u
∂y

)
= ue

due
dx
− σfB

∗2
0 (ue − u) + µf

(
∂2u
∂y2

)
− 6Ra

(
∂u
∂y

)2
∂2u
∂y2

+4Rb


(
∂u
∂y

)(
∂2u
∂y2

)(
u ∂2u
∂x∂y

+ v ∂
2u
∂y2

)
+
(
∂u
∂y

)2 (
u ∂3u
∂x∂y2 + v ∂

3u
∂y3 + ∂u

∂y
∂2u
∂x∂y

+ ∂v
∂y

∂2u
∂y2

)
 ,

 (11.2)

u∂T
∂x

+ v ∂T
∂y

= αf

(
∂2T
∂y2

)
+ τ

[
DB

(
∂C
∂y

∂T
∂y

)
+ DT

T∞

(
∂T̆
∂y

)2
]

+ 1
(ρCp)f

16σ∗

3k∗
∂
∂y

(
T 3 ∂T

∂y

)
+ DBKT

(Cp)fCs
∂2C
∂y2 .

 (11.3)

(
u
∂C

∂r
+ w

∂C

∂z

)
= DB

(
∂2C

∂y2

)
+
DT

T∞

(
∂2T

∂y2

)
+
DBKT

T∞

∂2T

∂y2
, (11.4)

u = uw = u0 (x+ b)n , v = 0,−kf ∂T∂y = hf (Tf − T ) ,

−Dm
∂C
∂y

= km (Cf − C) at y = d (x+ b)
1−n

2 ,

u = ue = v0 (x+ b)n , T → T∞, C → C∞ as y →∞,

 (11.5)

where components of velocity in (x, y) directions are (u, v) and Ra and Rb the material

constants.

Considering:

u = u0 (x+ b)n F̃ ′(η), v = −
√(

n+1
2

)
νfu0 (x+ b)n−1

[
F̃ (η) + n−1

n+1
ηF̃ ′(η)

]
,

η = y
√(

n+1
2

)
u0

νf
(x+ b)n−1, Θ̃(η) = T−T∞

Tf−T∞
, J̃(η) = C−C∞

Cf−C∞
,

 (11.6)

Eq. (11.1) is trivially satisfied while Eqs. (11.2)-(11.5) give

F̃ ′′′ − 2n
n+1

F̃ ′2 + F̃ F̃ ′′ +Ka (x)
[
n+1

2
F̃ ′′

2
F̃ ′′′
]
− 2

n+1
MF̃ ′ + 2n

n+1
Ψ2 + 2

n+1
ΨM

+Kb (x)

[ (
n+1

2

) (
3n−1

2

)
F̃ ′′

4 − n+1
2
F̃ F̃ ′′

2
F̃ iv

−
(
n+1

2

)2
F̃ F̃ ′′F̃ ′′′

2
+ 5n2+2n−3

2
F̃ ′F̃ ′′

2
F̃ ′′′

]
= 0,

 (11.7)

1
Pr

(1 +RD) Θ̃′′ +RD



(
Θ̃− 1

)3
(

3Θ̃2
(

Θ̃′
)2

+ Θ̃3Θ̃′
)

+3
(

Θ̃− 1
)3
(

2Θ̃
(

Θ̃′
)2

+ Θ̃2Θ̃′′
)

+3
(

Θ̃− 1
)((

Θ̃′
)2

+ Θ̃Θ̃′′
)


+NBΘ̃′J̃ ′ +NT Θ̃′2 + F̃ Θ̃′ +Df J̃

′′ = 0,


(11.8)

ϕ̃′′ +

(
NT

NB

+ SrSc

)
Θ̃′′ + ScF̃ J̃ ′ = 0, (11.9)
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F̃ (α) = α 1−n
1+n

, F̃ ′(α) = 1, F̃ ′(∞)→ Ψ,

Θ̃′(α) = −BT [1− Θ̃ (α)], Θ̃(∞)→ 0,

J̃ ′ (α) = −BC [1− J̃ (α)], J̃ (∞)→ 0.

 (11.10)

Letting

F̃ (ξ) = f̃(η − α) = f̃(ξ), Θ̃ = θ̃(η − α) = θ̃(ξ), J̃ = j̃(η − α) = j̃(ξ) (11.11)

one can write

f̃ ′′′ − 2n
n+1

f̃ ′2 + f̃ f̃ ′′ +Ka (x)
[
n+1

2
f̃ ′′

2
f̃ ′′′
]
− 2

n+1
Mf̃ ′ + 2n

n+1
Ψ2 + 2

n+1
ΨM

+Kb (x)

[ (
n+1

2

) (
3n−1

2

)
f̃ ′′

4 − n+1
2
f̃ f̃ ′′

2
f̃ iv

−
(
n+1

2

)2
f̃ f̃ ′′f̃ ′′′

2
+ 5n2+2n−3

2
f̃ ′f̃ ′′

2
f̃ ′′′

]
= 0,

 (11.12)

1
Pr

(1 +RD) θ̃′′ +RD



(
θ̃w − 1

)3
(

3θ̃2
(
θ̃′
)2

+ θ̃′θ̃3

)
+3
(
θ̃w − 1

)2
(

2θ̃
(
θ̃′
)2

+ θ̃2θ̃′′
)

+3
(
θ̃w − 1

)((
θ̃′
)2

+ θ̃θ̃′′
)


+NB θ̃

′j̃′ +NT θ̃
′2 + F̃ θ̃′ +Df j̃

′′ = 0,


(11.13)

j̃′′ +

(
NT

NB

+ SrSc

)
θ̃′′ + Scf̃ j̃′ = 0, (11.14)

f̃(0) = α 1−n
1+n

, f̃ ′(0) = 1, f̃ ′(∞)→ Ψ,

θ̃′(0) = −BT [1− θ̃ (0)], θ̃(∞)→ 0,
j̃′ (0) = −BC [1− j̃ (0)], j̃ (∞)→ 0.

 (11.15)

Here Ka =
6u3

0Ra(x+b)3n−1

ρfν
2
f

, Kb =
−4u4

0Rb(x+b)4n−2

ρfν
2
f

are the non-Newtonian parameters, BT =

hf

kf

√
(n+1

2 )u0
νf

(x+b)n−1
the thermal Biot number, BC = km

Dm

√
(n+1

2 )u0
ν

(x+b)n−1
the concentration

Biot number, Pr =
(µCp)f
kf

the Prandtl number, M =
σfB

∗2
0

ρfu0
the magnetic parameter,

Ψ = v0

u0
the velocity ratio parameter, Sc =

νf
DB

the Schmidt number, RD = 16σ∗T 3
∞

3kfk∗
the

radiation parameter, θf =
Tf
T∞

the temperature ratio parameter, NB =
τDB(Cf−C∞)

ν
the

Brownian motionbparameter, NT =
τDT (Tf−T∞)

νT∞
the thermophoresis parameter, Df =

DBKT (Cf−C∞)

νf (Cp)fCs(Tf−T∞)
the Dufour number and Sr =

DBKT (Tf−T∞)

νfT∞(Cf−C∞)
the Soret number .
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11.1.1 Physical quantities of curiosity

Mathematically, skin friction of coefficient is defined as

C̃sf =
τw
ρu2

w

, (11.16)

where wall shear stress (τw) is expressed as

τw =

[(
µf − 2Ra

(
∂u

∂y

)2
)
∂u

∂y

]
y=d(x+b)

1−n
2

. (11.17)

In dimensionless form

(Rex)
0.5 C̃sf =

(
n+ 1

2

)0.5 [
f̃ ′′(0) +

(
n+ 1

2

)
Ka

3

(
f̃ ′′(0)

)3
]
. (11.18)

Mathematically, Nusselt number is defined as

Ñu =
(x+ b) qw

kf (Tf − T∞)
, (11.19)

where wall heat flux (qw) satisfies

qw = −kf
(

1 +
16σ∗T 3

∞
3kfk∗

)(
∂T

∂y

)
y=d(x+b)

1−n
2

(11.20)

or

(Rex)
−0.5 Ñu = −

(
n+ 1

2

)0.5 (
1 +RD(1 + (θf − 1))θ̃(0))3

)
θ̃′(0). (11.21)

Mathematically, Sherwood number is defined as

S̃h =
(x+ b) qm

DB (Cf − C∞)
, (11.22)

where the mass flux (qm) obeys

qm = −DB

(
∂C

∂y

)
y=d(x+b)

1−n
2

(11.23)

or

(Rex)
−0.5 S̃h = −

(
n+ 1

2

)0.5

j̃′(0). (11.24)

In the above expressions Rex
(
= ũ0 (x+ b)n+1 /νf

)
the local Reynolds number.
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11.2 HAM Solutions

We take for solutions here as

f̃0(ξ) = Ψ(ξ) + (1−Ψ)(1− exp(−ξ)) + α
(

1−n
1+n

)
,

θ̃0(ξ) = BT
1+BT

exp(−ξ),
j̃0(ξ) = BC

1+BC
exp(−ξ),

 (11.25)

with
Lf̃ (f̃) = f̃ ′′′ − f̃ ′,
Lθ̃(θ̃) = θ̃′′ − θ̃,
Lj̃(j̃) = j̃′′ − j̃,

 (11.26)

and
Lf̃ [C1 + C2 exp(ξ) + C3 exp(−ξ)] = 0,

Lθ̃ [C4 exp(ξ) + C5 exp(−ξ)] = 0,
Lj̃ [C6 exp(ξ) + C7 exp(−ξ)] = 0,

 (11.27)

11.3 Convergence

Convergence region is adjusted with the help of auxiliary parameters }f̃ , }θ̃ and }j̃ in

homotopy analysis method. Thus we have inspected and plotted the }−curves (see Figure

(11.1)). Ranges of admissible values for } are −1.1 ≤ }f̃ ≤ −0.68, −1.86 ≤ }θ̃ ≤ −0.98

and −2.12 ≤ }j̃ ≤ −0.6. Solutions convergebin whole region of ξ (0 ≤ ξ ≤ ∞) when

}f̃ = −1.0, }
θ̃

= −1.4 and }j̃ = −1.6. Series solutions convergence can be seen from Table

(11.1). f̃ ′′(0) and θ̃′(0) converge at 20ht order of approximations and j̃′(0) converges at

17ht order of approximations.
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Figure 11.1: ~-curves for velocity, temperature and concentration.

Table 11.1: Series solution convergence when Ψ = 0.1, Ka = Kb = 0.2, BT = BC =
0.3, RD = Df = M = Sr = NT = NB = 0.5, θw = 1.3, n = 1.1, P r = 1.3 and Sc = 1.7.

Order of approximations −f̃ ′(0) −θ̃′(0) −j̃′(0)

1 0.9943 0.2192 0.2223
5 0.9997 0.2001 0.2104
10 1.0074 0.1950 0.2068
15 1.0120 0.1850 0.2058
17 1.0133 0.1833 0.2056
20 1.0149 0.1818 0.2056
23 1.0149 0.1818 0.2056
30 1.0149 0.1818 0.2056
40 1.0149 0.1818 0.2056
45 1.0149 0.1818 0.2056
50 1.0149 0.1818 0.2056
60 1.0149 0.1818 0.2056
70 1.0149 0.1818 0.2056
80 1.0149 0.1818 0.2056
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11.4 Analysis

This section highlights the behaviors of velocity, temperature, concentration, surface drag

force and heat and mass transfer rates for different involved parameters.

11.4.1 Dimensionless velocity field

Figures (11.2) and (11.3) are plotted to investigate influences of thixotropic parameters

(Ka = 0.2, 0.4, 0.6, 0.7) and (Kb = 0.2, 0.4, 0.6, 0.7) on velocity f̃ ′(ξ). It is noted that

velocity field enhances for thixotropic parameters (Ka) and (Kb). Physically it is verified

that (Ka) and (Kb) lead to shear thinning case which demonstrates viscosity change due

to time. Hence larger values of thixotropic parameters (Ka) and (Kb) correspond to

longer the fluid experiences shear stress which causes reduction in fluid viscosity. Hence

velocity of fluid enhances.

Figure 11.2: Variation of Ka on f̃ ′(ξ).
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2

Figure 11.3: Variation of Kb on f̃ ′(ξ).

11.4.2 Temperature

Combined effects of Brownian motion (NB = 0.2, 0.4, 0.5, 0.6) and thermophoresis (NT =

0.2, 0.4, 0.5, 0.6 ) on θ̃(ξ) are displayed in Figure (11.4). Increasing behavior of tempera-

ture and thermal layer thickness is noted for Brownian motion (NB) and thermophoresis

(NT ). Impact of Dufour number (Df = 0.2, 0.3, 0.5, 0.7) on temperature θ̃(ξ) is portrayed

in Figure (11.5). Results indicate that temperature θ̃(ξ) is an increasing function of Du-

four number (Df ). Effect of Prandtl number (Pr = 1.1, 1.2, .13, 1.4) on temperature is

shown in Figure (11.6). There is a reduction in temperature for higher (Pr). In fact

thermal conductivity reduces for higher (Pr ) and consequently the temperature decays.

Figure (11.7) is plotted to study the impact of thermal Biot number on temperature.

Higher (BT = 0.3, 0.4, 0.5, 0.6) offer more heat transfer resistance inside a fluid when

compared with stretching sheet and thus temperature enhances.
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Figure 11.4: Variations of NB and NT on θ̃(ξ).

Figure 11.5: Variation of Df on θ̃(ξ).
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Figure 11.6: Variation of Pr on θ̃(ξ).

Figure 11.7: Variation of BT on θ̃(ξ).
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11.4.3 Concentration

We can see from Figure (11.8) that an increase in thermophoresis parameter (NT ) yields

an enhancement of concentration j̃(ξ). No doubt thermal conductivity increases in pres-

ence of nanoparticles. Higher values of (NT ) correspond to an increase in fluid thermal

conductivity. Larger thermal conductivity lead to more concentration. Mean while con-

centration of nanoparticles reduces through NB. Physically for larger (NB) the collision

among the fluid particles increases and the corresponding concentration decreases. Higher

values of (Sr = 0.2, 0.3, 0.5, 0.7) on concentration j̃(ξ) is depicted in Figure (11.9). Clearly

concentration is an increasing function of (Sr). Figure (11.10) is plotted to study varia-

tion of concentration j̃(ξ) for larger (BC). Concentration j̃(ξ) of fluid enhances for larger

solutal Biot number (BC). It is due to the fact that coefficient of mass transfer enhances

via higher (BC).

Figure 11.8: Variation of NT and NB on j̃(ξ).
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Figure 11.9: Variation of Sr on j̃(ξ).

Figure 11.10: Variation of BC on j̃(ξ).
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11.4.4 Skin friction coefficient and local Nusselt and Sherwood
numbers

Figure (11.11) depicts impacts of Ka and M on skin friction coefficient. Magnitude of

skin friction coefficient enhances for larger Ka. Heat transfer rate reduces for NT (see

Figure (11.12)). For higher n the localaSherwood number enhances (see Figure (11.13)).

Figure (11.14) shows that Sherwoodanumber reduces for larger NT .
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Figure 11.11: Variation of Ka on (Rex)
0.5 C̃sf .
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Figure 11.13: Variation of n on (Rex)
−0.5 S̃h.
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NT = 0.3, 0.5, 0.8
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Figure 11.14: Variation of NT on (Rex)
−0.5 S̃h.

11.5 Closing remarks

Nonlinear radiation in flow of thixotropic nanofluid is studied in presence of Soret and

Dufour effects. The following points are worth mentioning:

o Velocity is an increasing function of material parameters (Ka, Kb) of thixotropic

liquids.

o Temperature of fluid enhances for higher Brownian motion, thermophoresis param-

eter, thermal Biot number and Dufour number.

o Concentration of nanofluid strongly depends upon the Soret number and solutal

Biot number.

o Magnitude of Skin friction coefficient rises for material variable (Ka.

o Thermophoresis parameter reduces for heat and mass transfer rates.
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