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Preface 

The equations which govern the flows of Newtonian fluids are Navier-Stokes equa­

tions. This nonlinear set of partial differential equations has no general solution and a 

few number of exact solutions are found. Exact solutions are very important for many 

reasons. They provide a standard for checking the accuracies of many approximate 

methods such as numerical and empiricaL Although computer techniques make t he 

complete numerical integration of the Navier-Stokes equations feasible, the accuracy 

of the results can be established by a comparison with exact solution. 

Recently it has generally been acknowledged that non-Newtonian fluids exhibit­

ing a nonlinear relationship between the stresses and the rate of strain are more 

appropriate in teclmological applications than Newtonian fluids. Many industrial 

fluids are non-Newtonian in their How characteristics and referred to as rheologi­

cal fluids. Most particulate slurries (china clay and coal in water) sewage sludge) 

etc.)) rnultiphase mixtures (oil-water emulsions) gas-liquid dispersions l such as froths 

and foams ) butter)) are non-Newtonian fluids. FUrther examples displaying a vari­

ety of non-Newtonian characteristics include pharmaceutical formulations) cosmetics 

and toiletries, paints, synthetics lubricants, biological fluids (blood, synovial fluid, 

salvia), and food stuffs Uams, jellies, soups, marmalades). Indeed, behavior of non­

Newtonian flow is so widespread that it would be no exaggeration to say that the 

Newtonian fluid behavior is an exception rather than the rule. Such rheological fluids 

cannot be adequately described by the Navier~Stokes theory. Because of this reason) 

several models) mainly based on empirical observations have been developed for these 



fluids. One of the important classes of non..,Newtonian fluids which has acquired a 

special status is the viscoelastic fluids. The major attractiveness of these fluids is the 

fact that the constitutive relations, whether we take the second-or the third grade 

fluids since they have been studied the most, are that they are derived based on first 

principles and unlike mnny other phenomenologicnl models, there are no curve fittings 

of parameters to adjust. But the flows of second-and tbe too·d grade fluids present 

some interesting challenges to researchers in engineering, applied mathematics and 

computer science_ The equations of these fluids are very comple.."'( involving a number 

of parameters, highly nonlinear and of higher order than the Navier-Stokes equations. 

Due to complexity of these equations, finding analytical solution is not easy. 

An tmderstanding of the dynamics of fluids in the presence of a magnetic field 

has principal interest because these flows are quite prevalent in nature. Such flows 

are important in many engineering applications-. Specifically they are employed, for 

exa.mple to drive flows, induce stirring, levitation Ot to suppress turbulence, in the 

casting of metals and the growth of semiconductor crystal_ 

Motivated by these facts, this thesis comprises seven chapters. The objective of 

chapter one is to provide background for constitutive equations of second- and third 

grade fluids and the homotopy analysis method (HAM). 

The aim of chapter two is to provide the exact analytical solutions for magneto­

hydrodynamic (MHD) periodic flows induced by non-coaxial rotations of porous disk 

and Newtonian fluid at infinity. Both unsteady and steady solutions are obtained in 

suction and blowing for all values of the frequencies including the resonant frequency. 

It is found that the existing diffusive hydrornagnetic waves decay within the ultimate 
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steady state boundary layers and tb. external magnetic field expedites tbe decay 

process of these waves. 

Chapter three has been prepared to see the influence of Hall current on the flow due 

to non-coaxial rotations of porous, non-conducting oscillating disk and a Newtonian 

fluid at infinity. Exact analytical solution describing the flow at large and small times 

after the start is obtained. The tlu:ee solutions when the angular velocity is greater 

than, smaller than or equal to the frequency of oscillations are developed for s ine 

and cosine oscillatious of the disk. It is observed that the magnitude of the primary 

velocity iucreases while secondary velocity decreases by increasing the Hall parameter. 

It is further found that boundary layer thickness for sine oscillations are smaller when 

compared with cosine oscillations. 

Chapter four looks the analytical solutIon for t.he hydrodynamic flow caused by 

non-coaxial rotations of a porous disk executing non-torsional oscilla.tions and a fluid 

at infinity. The considered fluid is incompressible and second grade. Unsteady and 

steady series solutions are obtained for suction and blowing when angular velocity 

is greater than or smaller than the frequency of sine and cosine oscillations. More­

over I the meaningful steady blowing solution does not exist for both sine and cosine 

oscillations of the disk. 

In chapter five, analysis of chapter fow' is extended to the case when fluid is 

electrically conducting in the presence of a uniform applied magnetic field. Here 

it is found that for uniform suction and blowing at the disk, shear oscillations are 

confined to Elauan-Hart.man layer near the disk for all values of the frequencies. In 

fact, applied magnetic field provides a mechanism for the existence of meaningful 
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steady blowing solution in the resonant case. 

In chapter six, an analysis is performed to study the flow and heat transfer analy­

sis of a second grade fluid past a porous plate. A generalized second grade fluid model 

which arises from a modifica.tion of the second grade constitutive equation incorporat­

ing a shear dependent viscosity is taken into consideration. The governing nonlinear 

flow equations are solved using HAM. Expressions for temperature field are developed 

for the two cases when the plate has constant temperature or it is insulated. The 

results indicate t hat the velocity boundary layer thickness increases for large values 

of normal stress coefficient. The thermal boundary layer thickness increases by in­

creasing Eckel't number whereas it decreases by increasing normal stress coefficient 

and Prandtl number. 

Chapter seven is a contribution in order to obtain HAM solution for the flow of 

a third grade fluid in a porous chanl1e1. Expression for velocity is first constructed 

and then compared with the exact Dlunerical solution for the various values of the 

physical parameters. It is observed that a proper choice of the auxi liary parameter 

in HAM solution gives very close results. 
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Chapter 1 

Introduction 

The ability of electromagnetic fields to influence fluid flow has long been known 

and used with val'ying degrees of success. The equations governing the How con­

sist of the Navier-Stokes equations of fluid motion coupled with Ma.-xwell 's equations 

of electro-magnetics and material constitutive relations. The study of these flows 

is Electro-Magneto-Fluid Dynamics (EMFD). The field of EMFD has traditionally 

been divided into Bows influenced only by electric fields and electric charges, and 

flows influenced only by magnetic fields and without electric charges. The former 

are called Electrohyclroclynamic (EHD) flows and the latter Magnetohydroclynantic 

(MHD) flows , However, the full system of equations in each case has, up until re­

cently, been far too compie..-x to solve generally. The Navier-Stokes equations alone 

become complex when analysis of flows in more dimensions is taken into account. 

Moreover, the governing equations become much complicated when hydrodynamic 

flows of realistic interest are desired ( that is , turbulent , chemically reacting, multi­

constituent , and/or non-Newtonian fluids). Coupled with Maxwell 's equations, the 

1 
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complexity of the system is raised by orders of magnitude. The field is too vast to 

exhaustively cover the subject, so the intent is to provide some analytical solutions of 

the field. To accomplish this , chapters two and five provide the analytic solutions of 

velocity fields for MHD flows. Effort is made to provide a physical understanding of 

the field material interactions causing magnetization. Chapter two contains a general 

developed formula for any periodic disk oscillations. Asymptotic analysis has also 

been carried out to determine the viscous solutions for the larg time. Besides the 

engineering applications, the presented analysis in this chapter possesses geophysical 

applications. The contents of chapter two have been published in Mathematical 

and Computer Modelling 40 (2004) 173-179. 

In an ionized gas where the density is low and/or the magnetic field is very strong, 

the conductivity normal to the magnetic field is reduced due to the free spiraling of 

electrons and ions about the magnetic lines of force before suffering collision; also! 

a current is induced in a direction normal to both the electric and the magnetic 

fields. This phenomenon! well known in the literature, is called the Hall effect. The 

study of MHD flows with Hall current has important engineering applications in 

problems of magnetohydrodynamic generators and of Hall accelerators as well as in 

flight magoetohydrodynamics. With this fact in mind, the effect of Hall current on 

the time-dependent flow induced by non-coaxial rotations of a porous oscillating disk 

and a viscous fluid is analyzed in chapter three. Exact analytical solution describing 

the flow at large and small times after the start is given. The combined effects of Hall 

current, rotation, suction or blowing are shown on the velocity. It is noted that layer 

thiclmess in case of sine oscillations is smaller than for the cosine oscillations. These 
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results have been submitted. for publication in Canadian Journal of Physics. 

In many fields, such as food industry, drilling operations and bio-engineering, 

the fluids either synthetic or natural, are mixtures of different stuffs such as water I 

particle, oils, red celis and other long chain molecules. This combination imparts 

strong non-Newtonian characteristics to the resulting liquids; the viscosity function 

varies non-linearly with the shear rates; elasticity is felt through an elongational 

effects and time-dependent effects. In these cases, the fluids have been treated as 

viscoelastic fluids [1-16). 

Understanding of the problems concerning the flow of viscoelastic fluids, such 

as crystal growth, polymer injection and molding, and food or chemical processing 

and transmission, etc. has become important in recent years. However, most of the 

applications treat the viscoelastic fluids as Newtonian fluids and use the Newtonian 

model to analyze, predict and simulate the behavior of viscoelastic fluids. Due to 

a widely expanded domain of applications, the flow characteristics of viscoelastic 

fluids have been found to be quite different from that of Newtonian fluids. This 

situation suggests t hat t he flow behaviors of viscoelastic fluids cannot be replaced 

by the results from the Newtonian Hows. Therefore, the fundamental flow behaviors 

of viscoelastic fluids should be studied in order to gain better understanding and to 

enhance applications in various industries. But due to complexity of fluids, it is very 

difficult to suggest a single model which exhibits all properties of viscoelastic fluids . 

They cannot be described as simple as Newtonian fluids. Rheological properties 

of material are specified in general by their so-called constitutive equations. The 

simplest constitutive equation for a fluid is a Newtonian one and the classical Navier-
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Stokes theory is based on this equation. The mechanical behavior of many real fluids , 

especially those of low molecular weight, is well enough described by this theory. 

There are, however, many rheological complex fluids such as polymer solutions, speciaJ 

soap solutions , blood, paint, certain oils and greases which are not well described by 

a Newtonian constitutive equat ion. For this reason, many models or constitutive 

equations for complex fluids have been proposed and most of them ar.e empirical or 

semiempi.ricai. 

The non-linear response of comple..'\( fluids constitute an important area of math­

ematical modeling in non-Newtonian ftuid mechanics. The most widely used model 

by the researchers is the power-law constitutive relation. Although the power-law 

model adequately fits the shear stress and the shear rate measurements for many 

non· Newtonian fluids, it cannot be used to accurately describe phenomena such as 

"die-swelling" and "rod·clirnbing'f which are manifestations of the stresses that de­

velop orthogonal to planes of shea.r in the flow of these complex fluids . The power law 

model does not predict these normal stress effect; though it can predict some of the 

usual characteristics of nOD-Newtonian fluids such as shear thinning and shear thick· 

ening. The simplest model which can capture the normal effects is the second grade 

fluid or the Rivlin-Ericksen fluid of grade two. One of the recent advances in the theo­

retical studies in rheology is the development of generalized differential grade models. 

The simplicity of the form and the fact that these modified constitutive relations can 

be used to study shear-thining/thickening, the decrease/ increase in viscosity with in­

creasing/decreasing shear rate, as well as predicting normal stress differences, have 

opened the way for the solution to the engineering problems [17-19]. Specifically the 
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generalized secoQd grade and third grade fluid models exhibit tbe property of shear 

thinniQg!thickenning for both steady and unsteady flows. With these facts in mind, 

the steady flow of a generalized second grade fluid past a porous plate is presented 

in chapter six. Expression for velocity has been developed using homotopy anaiysjs 

method (HAM). It is found that boundary layer thickness increases by increasing 

the normal stress coefficient. Chapter seven looks the channel Bow of a third grade 

fluid . The fluid is induced by imposing constant pressrne gradient. HAM solution is 

obtained for velocity and compared with the existing numerical solution. It is noted 

that HAM solution holds even for those values of the Deborah number (large values) 

for which numerical solution [20] bas a convergence problem. The analysis of this 

chapter has been published in " Non-Linear Dynamics" 45 (2005), 55-64. 

Heat transfer plays an important role during handling and processing of nan­

Newtonian fluids. The understanding of heat transfer in boundary layer flows of 

non-Newtonian fluids is of important in many engineering applications such as the 

design of thrust bearings and radial diffusers, transpiration cooling, drag reduction, 

thermal recovery of oil, etc. Because of this motivation, a systematic study of heat 

transfer of generalized second grade fluid has been provided in chapter six. Solutions 

for temperature distributions have been obtained for isothermal and insulated walls. 

It is observed that the behavior of temperature for insulated wall is similar to that 

of an isothermal wall. Further, thermal boundary layer thickness decreases for large 

values of the normal stress coefficient and Prandtlnumber. These results have been 

accepted for publication in" Int. J. Applied Mechanics and Engineering l1
• 

The viscous How due to non-coaxial rotations of disk and a fluid at infinity or due 
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to eccentric rotating disks has been considered by a nwnber of workers [211, Exact 

solution to the Navier-Stokes equations for such flow has been implied by Berker 

[221, For flow between two coa'<ially or non-coaxially rotating infinite parallel disks 

with same angular velocity, he showed that there are infinite number of non-trivial 

solutions of the Navier-Stokes equations. He further pointed out that a single unique 

solution requires an extra condition. He assumed that flow is symmetric with respect 

to the origin. This condition helps for a unique solution if the boundary conditions 

Oll the disk are symmetric. However) if pressW'e gradient is prescribed in the Navier­

Stokes equations then all the constants appearing in the solution can be determined 

and one has a unique solution. But, single disk flow problems do not need extra 

condition for a unique solution. The flow induced by a disk and fluid at infinity which 

are rotating non·coaxially at slightly different angular velocities has been studied by 

Cojrier [23]. In continuation, exact solutions for the flow of three dimensional Navier· 

Stokes equations have been provided by Erdogan [24,251 when the porous disk and a 

viscous fluid at infinity rotate with the constant angular velocity and are in a state 

of non-coaxial rotation, Murthy and Ram [261 e,xtended the analysis of reference [241 

for the rnagnetohydrodynamic fluid, Additionally, t hey also discussed the eflects of 

heat transfer due to eccentric rotations of a porous disk and a viscous fluid at infinity. 

The studies of non-Newtonian fluids for this type of flow have also been available 

in the literature WIder various conditions and fluid models. Mention may be made to 

the works of n.i et ai, [271. Blyler and Kurtz [28!, Bird and Harris [29!, Bower et ai, 

[3~!, Abbott and Walters [311. Rajagopal [321, Rajagopal and Gupta [33!, Kaloni and 

Siddiqui [341, Zhang and Goddard [35J, Rajagopal and Wineman [36!, Ersoy [37,381 
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and Asghar et 81. [39[. 

The unsteady flow due to non-coaxially rotating disks or due to non-coaxial rota­

tions of a disk and a fluid at in.finity has also received considerable attention. Smith 

[401 has extended the work of Berker [411 to the case of unsteady motions. Later, the 

unsteady viscous flows between two eccentric disks or due to single disk and a fluid at 

infinity have been investigated by Rao and Kasiviswanathan [421, Kasiviswanathan 

and Rae [431, Pop [441, Erdogan [45-471, Ersoy [481 and Hayat et aJ. [49,501. Very 

little attention has been given for such flows involving non-Newtonain fluids with un­

steady motions [51,521. Thus, the purpose of chapters four and five is to analyze the 

unsteady second grade flow due to non-coaxial rotations of porous disk and a fluid 

at infinity. Chapter four deals with the analysis for a hydrodynamic fluid . Several 

limiting cases are deduced from the present analysis. It is noted that steady blowing 

solution for resonant frequency does not exist. This is because of the thickening of 

a bow,dary layer at sufficiently large distance from the leading edge. The contents 

of this chapter have been published in " Applied Mathematical Modelling" 

28 (2004) 591-605. In chapter five, the effects of an applied magnetic field on the 

flow of a second grade fluid is studied. It is found that for uniform suction and blow­

ing meaningful unsteady and steady solutions valid for all values of the frequency 

are possible. The observations of chapter five have been accepted in " Chemical 

Engineering Communicat ions ". 
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1.1 Theoretical background for constitutive equa-

tions of second and third grade fluids 

For the homogenous incompressible fluids , the constitutive law satisfies the following 

equation 

T = - p,I + F (D) , (1.1) 

in which T is the Cauchy stress tensor, PI is the pressw'e ( scalar function) and I 

is the identity tensor. The function F depends upon the deformation tensor D given 

by 

D = L + LT, L =gradV, (1.2) 

where V is the velocity field and T in the superscript indicates the matrix transpose. 

Also, the function F verifies the Stokes hypothesis F (O) = O. Note that, if F is n011-

linear then Eq. (1.1) defines a non-Newtonian fluid. Let us recall some definitions 

concerning a particular class of non-Newtonian fluids, namely the differential fluids of 

complexity n. For further details we refer the reader to Noll and Truesdell [531. The 

constitutive law of fluids of complexity n is 

T = - p,I + F (A" ... , An) , (1.3) 

where A" .. . , An are the first Rivlin-Ericksen tensors defined by 

(1.4) 

A dAn _, T 
n = dt + L An- 1 + An_IL, n > I, (1.5) 

where dJ dt is the material time derivative. 
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The principle of material frame indifference requires F to be an isotropic funct ion. 

If in Eq. (1.3), the function F is a polynomial of degree n then we have the subclass of 

fluids of grade n. Taking into account the isotropy of F , the most general constitutive 

laws for the fluids of grades 1 to 3 are, respectively) 

(grade 1), (1.6) 

(1.7) 

T =-PII+I'A1 +"I A,+",A;+illA3+il, (AlA, + A, AI)+il3 (trA;) AI (grade 3), 

(1.8) 

where fJ, is the dynamic viscosity, ai, a2, {3!,f32 and /33 are the specific material moduli, 

Note that the fluids of grade 1 are in fact the classical Newtonian ones. In constitutive 

law for second grade fluid in Eq. (1.7), the "1 and "2 can be related to the first and 

second normal stress differences, NI and .ill. respectively. Experimental data available 

for the large number of viscoelastic fluids all suggest that NI is positive [54[. On the 

other hand, N2 is often found to be either negative or zero. Also when N2 is rneasW'ed 

to be non-zero , i t is usually found to be much smaller than Nt. This means that for 

a second grade fluid to comply with the experimental observations, one should have 

at > 0 and 0:'2 < O. Having said this, it should be mentioned that there are some 

controversies around this rheological model I particularly about the sign of 0'1 and size 

of "2. Fosdick and Rajagopal [551 argue that for a second grade rheological model to be 

thermodynamically compatible, the Clausius-Duhem inequality should hold together 

with the Helmholtz free energy being at its minimwn whenever, the fluid is locally 

at rest. These thermodynamical constraints put some severe restrictions on the sign 
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and magnitude of the material moduli [55]: 

(1.9) 

The sign proposed above for 01 is tantamount to saying that NI is negative. If this sign 

is accepted for 0" then based on Eq. (1.9) the sign for N, should be positive. Both 

sign are in direct contradiction with e.,<perimental data available for viscoelastic fluids. 

The last relationship in Eq. (1.9) also suggests that the absolute values of N, and iv, 
are equal to each other which simply cannot be confirmed experimentally. Obviously, 

there are certain important issues still wlresolved about th.is controversial rheological 

model. For a critical review of the second grade fluid the reader is referred to Dunn 

and Rajagopal [56]. III the present thesis, we have decided to take the restrictions 

given ill Eq. (1.9) for theoretical analysis. 

Similar considerations for fluids of third grade led Raj.gopaI157] and Fosdick and 

Rajagopat [58] to give the following restrictions on 11. al. 0'2, fill fi 2• and {33 appearing 

in definition (1.8): 

I' ~ 0; (3, = (3, = 0, (33 ~ 0, ", ~ 0; la, + ",I :0; .j24p.(33· (110) 

Some useful informations regarding the signs of 0'1 have also been presented by Fosdick 

and Straughan 159], Straughan 160-63] and Franchi and Straughan 164,651. With above 

restrictions, the constitutive law (1.8) of fluids of grade 3 takes the form 

(1.11) 

1t is noted that this constitutive relation not only predicts the normal stress differ­

ences, but can also predict the "shear thicken.ing'! pbenomenon ( since f3a 2': 0) which 
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is the increase in viscosity with increasing shear rate. That is , we can rewrite Eq. 

(l.ll) as 

(l.L2) 

and the quantity in the bracket can be thought of as an effective shear-dependent 

viscosity, that is, 

(1.13) 

1.2 Homotopy analysis method 

After the appearance of supercomputers, it is easy to obtain the analytical solutions 

of linear problems. Such solutions for the non-linear problems present special chal­

lenges to engineers, mathematicians and physicists alike. Resea.rchers usually used 

the perturbation methods in the construction of analytical solut.ions of non-linear 

problems. It is out of question that perturbation methods play important role ill the 

development of science and engineering. But, like other non-linear analyt ical tech­

niques, perturbation methods have their own limitations. These methods are based 

upon the existence of small/large parameter which is often known as the perturba.tion 

quantity. Unfortunately, many non-linear problems do not contain such perturbation 

quantities at all. Some nonperturbative methods, such as the artificial small para­

meter method [66], the 6-expansion method [67] and the Adomian's decomposition 

method [68], have been developed. Unlike from the perturbation methods, these 

nonperturbative methods do not depend upon small parameters. However, all these 

methods (pertul'bative and nonperturbative) cannot provide us greater freedom and 



12 

larger flexibility to adjust and control convergence regions of series of approximations. 

Besides) the efficiency of approximating a non-linear problem has not been taken into 

enough account. SOl it is necessary to develop some more efficient analytic methods. 

A kind of analytic method namely the homotopy analysis method (HAM) [69,70J 

has been proposed by introducing an auxiliary parameter to construct a new kind 

of homotopy in a more general form. HAM has already been successfully applied to 

several non-linear problems [71-83J.The HAM has the following advantages: 

• It is valid if a given non-linear problem does not contain small/large parameter 

at all. 

• It provides us with a convenient way to adj\J.Et and control convergence regions 

of series of analytical approximations. 

• It can be employed to efficiently approximate a non-linear problem by choosing 

different sets of base functions. 

After the introduction of HAM now we simply introduce the basic concept of ho­

motopy. Two mathematical objects are said to be homotopic if ODe can be continuous 

deformation into another. For example) the real line is homotopic to a single point, 

as in any tree. However, the circle is not cont ractible, but is homotopic to a cylinder. 

The basic version of homotopy is between mapping of ftUlctions. 

In topology, two continuous functions form one topological space to another called 

homotopic if one can be Il continuous deformation" into another, such a deformation 

being called a homotopy between the two functions. 
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Definition: Homotopy is a continuous transformation from one function to an­

other. A homotopy 'It between two continuous functions f and 9 from a topological 

space X to a topological space Y is defined to be continuous function 

'It: X x [0, I] ~ Y 

such that for all points x E X 

1t (x, 0) = f(x) and 1t (x, I) = g(x). 

If f is homotopic to 9, then there exist one parameter family 

{1tp; p E [0, II} 

of continuous functions such that 

1t: IR x [0, I] ~ IR 

defined by 

1tp (x) = (1- p) f(x) + pg(x), v x E IR & p E [0, I]. 

This function is well defined since both (I - p) f(x) and pg(x) belong to IR and so 

(I - p) f(x) + pg(x) belongs to IR. Further, we observe that 

1to (x) = f(x) and 1t1 (x) = g(x). 

Usually {1tp; p E [0, II} is called the linear homotopy between f and g. 



Chapter 2 

Unsteady MHD periodic flows due 

to non-coaxial rotations of porous 

disk and a viscous fluid at infinity 

In this chapter an analysis is carried out to study the magnetohydrodynarnic (MHD) 

viscous fluid flows characteristics. The flows are subjected due to non-coaxial rota­

tions of porous disk and a flu id at infinity. The general periodic oscillation of a porous 

disk has been taken into account. Exact solution for the velocity field has been devel­

oped using Laplace transform method. In addition, the velocity fields corresponding 

to five special cases of the considered general periodic oscillation are also included. 

It is found that the obtained steady and transient solutions in suction and blowing 

cases are meaningful. 

14 
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2.1 Mathematical formulation 

Consider the flow of an incompressible viscous fluid of finite electric conductivit,y (1 , 

The fluid is electrically conducting in the presence of • uniform magnetic field Bo 

which is applied perpendicular to the disk. The disk (z = 0) is porous. The fluid fills 

the space z > 0 and is in contact with the disk. The axes of rotation, of both the 

disk and fluid , are assumed to be in the plane x = 0, with the distance between the 

axes being l. The disk and the fluid are initially rotating about the z' - axis with 

constant angular velocity n and at time t = 0, the disk and the fluid start to rotate 

at z and z' -axes respectively with O. For t > 0, the disk also oscillates in i ts own 

plane with frequency n. 

In Cartesian coordinate system, the unsteady motion of the conducting viscous 

incompressible fluid is governed by the conservation laws of momentum and of mass 

which are 

dV 1 2 1 
- = --Vp, + vV V + - J x B, 
dt p p 

(2.1) 

div V = 0, (2.2) 

in which V = (u., v, w) is the fluid velocity with u, v, and w as the velocity compo-

nents in the x. y and z- directions respectively. p is the fiuid density, Pl is the scalar 

pressure, d/ dt is the material derivative, II is the kinematic viscosity, J is the current 

density and B is the total magnetic field which is the sum of applied Bo and induced 

b magnetic fields. 

In addition to Egs. (2.1) and (2.2), the governing flow consists of the Maxwell 

equations and a generalized Ohm's law which after neglecting the displacement cur-



x 
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rents are given by the following equations 

divB = 0, 

BB 
curl E=-­at ' 

J = (J" (E + V x B) . 
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(2.3) 

(2.4) 

(2.6) 

(2.6) 

In above equations /-Lm is the magnetic permeability and E is the electric field. For 

the derivation of Lorentz force in Eq. (2.1), we assume that the magnetic field is 

perpendicular to the velocity field, the electric field is negligible and the induced 

magnetic field is small compared with the applied magnetic field. The last assumption 

is valid when the magnetic Reynolds number is very small and there is no displacement 

current [84] . With these assumptions, one can write 

~ (J x B) = _ aB5V. 
p p 

(2.7) 

The relevant boundary conditions are 

u = -fly + Uh(t), v = Ox at z = ° faT t > 0, 

u = -O(y - l), v = Ox as z ---t 00 for all t, (2.8) 

u = -fl(y -l), v = Ox at t = ° for z > 0, 

in which U is the velocity and h(t) is the general periodic oscillation of a disk. The 

Fourier series representation of h(t) is given by 

00 

h(t) = L ak eiknt
, (2.9) 

k=-oo 
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where 

ak = ~ r h(t)e- ikn, dt, 
To in 

(2.1O) 

with non zero oscillating frequeucy n = 27rjTo. Eq. (2.9) is referred to as the synthesis 

equation and Eq. (2.1O) as the analysis equation. The coefficients {a.} are the Fourier 

series coefficients or t he spectral coefficients of h(t) . ill practice the fluid motion would 

be set up from the rest , and, for some time after the initiation of the motion, the 

flow field contains "transients" determined by these initial conditions. It may be 

shown that the fluid velocity gradually becomes a harmonic fW'lction of t, with the 

same frequency as the velocity of the boundary, and only this periodic state will be 

considered here. 

We seek a velocity field of the form 

,,=-f!y+f(z,t), v=r!x+g(z,t). (UI) 

Upon making use of above equation into Eq. (2.2), we have for uniform porous disk 

[851 that 

W= - Wo (2.12) 

where ( Wo > a is the suction velocity and Wo < a corresponds to the blowing 

velocity). 

In view of Eqs. (2.1) , (2.7) , (2. 11 ) and (2.12) one can write 

(2.13) 

in which 

F=f+ig. (2.14) 
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With the help of above equation} the boundary and initial conditions are specified as 

F(O , t) = Uh(t), ) 

F(oo, t) = nt, 

F(z, 0) = fll. 

2.2 Exact analytical solution 

(2.15) 

(2.16) 

To facilitate the solution of Eq. (2.13) subject to Eqs. (2.15) and (2.16), we define 

the Laplace transform pair as 

H (z, s) = 1= F(z , t).-·Idt, 

1 li+,= 
F(z,t) = -2 . _ H( z,s)e"ds. 

7r1. ..\-ioo 

(2.17) 

(2.18) 

In term of Laplace parameter s. the Eqs. (2.13) and (2.15) after taking into account 

Eq. (2.16) are transformed into 

where 

[d
3 

Wa d' (M+S) d]-
dz3 + ~ dz' - v dz H (z, s) = 0, 

= - L a, H(O,s) = U 'k ' s - t n 
k: -OQ 

- fll 
H (z, s) = - as z ~ 00, 

s 

.., _'n uBJ 
WI -',,+-. 

p 

The general solution of the ordinary differential equation (2. 19) is 

(2.19) 

(2.20) 

(2.21) 

(2.22) 

_ _ [~+ (~)'+(M;")' [_~+ (~)'+("",). 
H (z, s) = C, + C,e + C3e (2.23) 
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where C1, C2 , and C3 are the arbitrary constants which after using Eqs. (2.20) and 

(2.21) can be determined as 

C
1 

= nz, 
s 

00 

L ak 
C2 = U 

S - ikn 
k=-oo 

oz 
C3 = o. 

s 

In view of the above values of the constants, our solution (2.23) reduces to 

H(z,s) = ~l [1 - exp { - (~ + (~ ) \ (M : S) ) Z } 1 

(2.24) 

(2.25) 

[1 - exp { - ( ~+ (~ ) \ ( M : S) ) Z } 1 
00 

L ak +u . 
s - ~kn 

k=-oo 

Inverting the above result by means of Laplace transform we get the velocity field 

-~z 1 - _e_~_v_ 

e 4v2 pI.' V erf c _z - - .:...:..lL + ~ + in t w
2 

"a
2

'
n ( ) -z ~+:..:::..o.+.L (W:2 aB2 ) 

2 Vvt 4v p 

F (z, t) = Ol +e' ~+~+.~ er! C (2./Vt + (~ + ":3 + in)t) 
00 [ /(!J'f)2+~] 

2 

+u '\' -~zL-1 e -zv v v 
~ CLk e 21.' s-ikn 

k=-oo 

(2.26) 

where L -1 indicates the inverse Laplace transform. We know that 

e v v = e 21.' v 4vt L- 1 [ -z (~2 )2 +.!] Z _{(~)2 +.!}vt-~ 
2'/rrvt3 ' 

L-1 
[ 1 1 = eiknt (2.27) 
s - ikn 

and thus by the convolution theorem of Laplace transform we can write 

[ 

( ~)2 . ] -z 21.' +j; W 2 s z2 

L- 1 e iknt Z -{(~) +-}vt--= e * e 21.' v 4vt 

S - ikn 2'; 7rvt3 ' 
(2.28) 

where asterik in above equation indicates the convolution. 

The simplification of above equation yields 

_ eiknt 

L -1 [e -zJ(!J'f / +!; ] 
s-tkn 

r-~---- ,-____________ __ 

z (31.)2 +!.+ ikn ( ( 2 )) 
e 21.' v v erf c -2 ~-vt + (~ ) + ~ + ~ vt . (2.29) 

2 
( 3l. ) 2 + S + ikn ( ( 2 )) 

21.' j; -;;- erf c -2 ~-vt - (~) + ~ + i:n vt 
-z 

+e 



From Eqs. (2.14) , (2.26) and (2.29) one obtains 

-z .:.:Jl.+---->L+L 
~ 

.L ·.lL - 1-~ 
nl + 2nl - 2 

e 
w2 crB~ on ( 
4" pv "erf c _ Z __ 

2 yVt 

w 2 
crB2 on ( 

-z 
e 

x 

.:.:Jl.+~+L 
4" P" "erf c _z - + 

2 yVt 

~ 00 

+Ue-'IV
z 

'" a eikwot 
2m 6 k 

k=-oo 

w2 crB2 ; ( On..L+kJ..fl\ ( +~+~ B P" "erf c _ z __ 
2 yVt 

~ ~ i(n+kn) ( 
~+ P" + " erf c _z_ + 

2 yVt 

(~+~+i (~))t) 
(~ + a :3 + i (n~kn) ) t) 

where eT fc( x ) is the complementary error function defined by 

00 

erf c(x) = 1 - erf(x) = J e-7"~ dTl 
x 

and the real and imaginary parts of Eq. (2.30) give -k and m 1 respectively. 

Substituting 

w.2 (J B2 in a a ° - + -- + - = Xl + 2Yl 
4v pv v 

Eq. (2.30) becomes 

in which 

20 

(2.30) 

(2.31) 

(2.32) 

(2.33) 

(2.34) 

(2.35) 
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[~ { (WJ lTB6) , ft' (WJ lTB5)} ] l Xl (2.36) - -+- + + -+-
411 P 411 P 

[~ { (WJ lTB6) , 0' (WJ lTB5)}] l (2.37) YI - -+- + - - +-
411 P 411 P 

rk - [~ { 
1 

(~! + IT:5)' + (0 + nk)' + (~! + IT:5) }]' (2.38) 

1 

6k - [~ { (~! + IT:6)' + (0 + nk)' _ (~! + IT:5) }] , (2.39) 

Equation (2.34) gives the complete analytical solution for the velocity field due to 

the porous disk oscillating periodically in its own plane. As a special case of this 

oscillation, the flow fields for different disk oscillations are obtained by an appropriate 

choice of the Fourier coefficients which give rise to different disk oscillations. 

The periodic oscillations and their corresponding Fourier coefficients are given 

below. 

Oscillation 

f(t) 

i. eint 

ii. cosnt 

iii. sin nt 

. [1, It I < ~ 
?'v . 

0, ITll < It I < Jf 
v. 2:::-00 6 (t - kTo) 

Fourier coefficients 

al = 1, ak = 0, (k =I=- 1) 

al = CL-I =~, CLk = 0, otherwise 

al = -CL-l = i) CLk = 0, otherwise 

a-ill 
0- To' 

a -..l.. k - To 

sin(knTd 
ak = 7rk ' 

\:j k 
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The results for these oscillations are respectively given in the following expressions 

(2.41) 
x 

(2.42) 
x 

(2.43) 

~ 00 h. + if& = H * + Ue- v Z '"' eiknt 
nL fl.l 20lTo L.J 

k=-oo 

X ( e--jv(rk
+i8

k
) erf c (2Jvt - (rk + i6k) It) ) 

+e Jvh+ i8
k) erf c CJvt + (rk + i6k) It) 

(2.44) 

For the case of blowing we use Wo < 0 in Eqs. (2.34) to (2.44). Thus solutions (2.34) 

and (2.40) to (2.44) clearly describe the general features of the unsteady hydromag-
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netic ft.ow including the case of uniform suction or blowing according as Wo > 0 or 

Wo < 0 respectively. 

2.3 The ultimate steady state flows and the bound-

ary layers 

Taking t ~ 00 in Eqs. (2.34) and (2.40) to (2.44) and using asymptotic formula for 

the complementary error fWlction i. e. 

we have 

where 

[ 

erfc (,j;;; ± (Xl + iYI)) - -- > 

erfc(,J;;e ± h +iO,)) - -- > 

(0,2)' 1 

(0,2) 

(2.45) 

(2.46) 

(2.47) 

(2.4~) 

(2.49) 

(2.50) 

(2.51) 

(2.52) 

It is interesting to note that Eq. (2.46) is of the oscillatory nature. This solution 

represents transverse waves, In other words, hydromagnetic diffusive waves DeeUl' 
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in a rotating system. For this flow, the thicknesses of the boundary layers are of 

the order (*' + 7.; r J 

and (*' + -Tv rl 
It is important to appreciate tha~ the 

thicknesses of the boundary layerl:l decrease with an increase of the magnetic ficW or 

suction parameter and remain bounded for all values of the frequency. When 11. = 0 

then Xl = rk and the distinct boundary layers combine into a single layer of thickness 

of the order (*' + 7.; r I 
In the case of blowing, the steady state solutions are obtained from Eqs. (2.34) 

and (2.40) to (2.44) by replacing Wo by -WJ, (WJ > 0). Taking the limit t ~ 00 

and then using the asymptotic formula for the complementary error fwlction we have 

(2.53) 

(2.54) 

(2.55) 

(2.56) 

(2.57) 

(2.58) 

where XI, fit . Tk) Ok and X are obtained by replacing Wo by - Wl in the expressions 

(2.36) to (2.39) and (2.52) respectively. 

For hydrodynamic fluid Bo = 0 and the solutions (2.53) to (2.58) do not satisfy 

the boundary condition at infinity in the resonant case (n = (2) . However, these so-

lution satisfy all the boundary conditions in the nOD-resonant case i.e. for n 1= n. 
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Actually one of the boundary layers becomes infinitely thick when n = n. Conse­

quently, the oscillations generated by the disk are no longer confined to the ultimate 

boundary layers. In hydromagnetic situation, the solutions (2.53) to (2.58) satisfy 

the boundary conditions for all values of frequency including the resonant frequency 

and unbounded spreading of shear oscillations away from the disk in blowing and res­

onance is controlled by the external magnetic field ( all the boundary layers remain 

finite for all values of the frequencies). Physically, the diffusive hydromagnetic waves 

exist in the magnetohydrodynamic system. These waves are found to decay within 

the ultimate steady state boundary layers. The external magnetic field expedites the 

decay process of these waves. 

2.4 Concluding remarks 

The presented analysis in this chapter consists of an exact analytical transient and 

steady solutions for periodic flows induced by the non-coaxial rotations of porous 

disk and viscous fluid at infinity. The solutions for suction and blowing cases are 

derived for all values of frequencies including the resonant frequency. The effects 

of the magnetic parameter and suction/blowing parameter on the velocity are seen, 

from where we observe that an increase in the magnetic parameter leads to a decrease 

in the boundary layer thickness. The effect of suction parameter on the velocity is 

similar to that of the magnetic parameter. Moreover, it is further noted that diffusive 

waves occur in the hydrornagnetic system. 



Chapter 3 

The influence of Hall current on 

the unsteady flow due to 

non-coaxially rotating porous disk 

and a viscous fluid at infinity 

Tllis chapter contains the analysis for flow due to the oscillating porous disk rotating 

non-coaxially with a viscous fluid at infinity. The fluid is electrically conducting in 

the presence of a uniform strong transverse magnetic field and the Hall effects are 

taken into account. Governing equations are implied with reasonable approximations 

and solved analytically to get the expressions for the velocity fields in closed form. 

Graphical results are presented for the velocity components for various values of 

parameters namely, the Hall , suction and blowing and a discussion is provided. It is 

26 
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important to note that the presented results are valid for all values of the frequencies. 

3.1 Problem description and mathematical formu-

lation 

Let us consider an incompressible viscous fluid which fills t he space z > 0 and is 

in contact with an infinite porous disk making oscillations in its own plane. We 

introduce a Cartesian coordinate system with the z-axis normal to the disk, which 

lies in the plane z = O. The axis of rotation of both the disk and the fluid, are assumed 

to be in the plane x = 0, with the distance between the axes being l. The geometry 

of the problem is shown in Fig.3.1. Initially, the disk and the fluid at inJinity are 

rotating with the same angular velocity n about the z'-axis and at time t = 0, the 

disk start to oscillate suddenly along the x-axis and to rotate impulsively about the 

z-axis with n and the fluid continues to rotate with n about the z'~axis. A uniform 

magnetic field Bo is applied in the positive z~direction. 

z z/ 

,/-_---L ___ Y 

o d 

~OSllt or Us innt 
x 

Fig. 3.1 Flow geometry 
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The corresponding boundary and initial conditions are taken as 

u = -ny + U cos nt or u = - ny + U sin nti v = 'ox at z = 0 for t > 0, 

u = -n (y -I), v = nx as z _ 00 for all t, 

u = - n (y -I), v = Ox at t = 0, for z > 0, 

(3.1 ) 

in which n being the frequency of the non-torsional oscillations. 

The equations governing the Bow are (2.1) to (2.5) , (2.11), (2.12) and the foHowing 

generalized Olnn's law which includes the Hall current [861 

W.T. ( ) [ 1 J +-B J x B =(7 E+ V x B+-Vp,l, 
o ene 

(3.2) 

where e is the electron charge, Pe is the electron pressure, ne is the electron number 

density. We is the cyclotron frequency and 'Te is the electron collision time. Note that 

the ion-slip and thermoelectric effects are not included in Eq.(3.2). In the absence 

of an external applied electric field and with negligible effects of polarization of the 

ionized gas we take E = O. The induced magnetic field is negligible which is a 

valid considE'xation on the laboratory scale. FUrther, it is assumed that We're::::::: O{I) 

and W( fj « 1, where Wi and Ti are cyclotron frequency and colljsion time for ions 

respectively. 

Proceeding with the Eqs. (2.1), (2.11), (2.12) and (3.2) and then lliling lhe above 

assumptions, the flow with Hall effects is governed by the following scalar equations: 

8f 8f l ap 8'f (7B6 
- - 09 - Wo- = --- + v- - (f - Oy), (3.3) at 8z pax 8z' p(l -im) 

ag 89 18p 8'9 I1B6 
at + Of - Wo 8 z = - p ay + v az' - p (1 _ im) (g - Ox) , (3.4) 



1 oj) 

P oz 
a-B6 W; 

p (1 - im) 0 , 

where m = WeT e is the Hall parameter and the modified pressure j) is 

From Eqs. (2.11) and (3.1) , we may write 

f(O,t) = U cos nt or f(O,t) = Usinnt; g(O,t) = 0 for t > 0, 

f (z, t) = D.Z ; 9 (z, t) = 0 as z -+ 00 for all t, 

f (z, 0) = nz; 9 (z, 0) = 0 for z > o. 
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(3.5) 

(3.6) 

(3.7) 

Eliminating j) from Eqs. (3.3) to (3.5), using boundary conditions (3.7h and then 

combining the resulting equations one can write the following problem: 

in which 

and 

Introducing 

02 G oG oG , 
'l.)- - - + Wo- - (N +iD.)G = 0, 

Oz2 ot OZ 

G (0, t) = Xl cos nt - 1 or G (0 , t) = Xt sin nt - 1; t > 0, 

G (z, t ) = 0, as z -+ 00 for all t , 

G (z, 0) = 0 for z > 0 

N = CJB6(1+im) 
p(l+m2) . 

the governing problem becomes 

02 H oH oH 
v- - - + Wo- - NH = 0 oz2 ot OZ ' 

(3.8) 

(3.9) 

(3.10) 

(3.11) 

(3.12) 
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H (O,t) - - I +~lcosnt or H (O,t)=- I +~lsin nt;t> o, (3.13) 

H (z, t) - 0 as z ~ 00 for all t; H (z, 0) = o. 

3.2 Exact solution to the problem for non-resonant 

frequencies (k = njD f 1) 

By means of the Laplace transform, we obtain the following solutions for the resulting 

transformed problems for U cos nt 

- [1 U {II}] H(z,s)= -s-in+2nl s+i(n- n)+ s-.(n+n) e,; n>n, (3.14) 

- [1 U {II}] H(z,s) = -s-in + 2nl s-i(n-n) + s-i(n+n) e,; n<n (3.15) 

and for U sin nt 

H (z, s) = - + - - e,· n > n, - [1 iU { II }] 
s - in 2nl s + i (n - n) s - i (n + n) , 

(3.16) 

- [1 iU {II }] 
H(z ,s)= -s-in+2nl s -i (n-n) - s-i(n+n) e,; n<n, (3.17) 

in which 

(3.18) 
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After the inversion for the Laplace transform, the Eqs. (3.14) to (3.18) yield the 

following suction solutions for U cos nt, n > r2 

and for n < r2 
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For U sin nt, n > n 

and for n < n 



where 

and 

x, - [ 

I3 [ 

I, - [ 

IS [ 

y, - [ 

Y3 - [ 

y, [ 

y, - [ 
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(W2+ N, )' + (1+ N,m)' + (W'+ N, )]1 
I +m2 1+m2 1+m2 

(W'+ N, )' + (k -I- N,m )' + (W'+ N, )] 1 
1 +m2 1+m2 1+m2 

(W' + N, ) ' + (k + 1 + N,m)' + (W' + N, )] I 
1 + m2 1 + m2 1 + m2 

l 

(W'+ N, )' + (1+ N,m -k)' + (W2+ N, )] ' 
1+m2 1+m2 1+m2 

(W' + N, )' + (I + N,m ) 2 _ (W' + N, )] j 
1 +m2 1+m2 1 +m2 

w' N, k N,m W, N, , , ] I 
( + 1 + tn2 ) + ( - 1- 1 + 'In,) - ( + 1 + m') 

(W'+ N, )' + (k + l+ N,m)'_(W'+ N, )]1 
1 + m2 1 + m2 1 + m2 

(W' + N, ) ' + (I + N,m _ k)' _ (W' + N, )]! 
1 + m2 1 + m 2 1 + m 2 

N uB~ 
1 = po,' 

W= WO. 
2v'vfl 

(3.23) 

Note that in obtaining Eqs. (3.19) to (3.22) , the Eqs. (3.1O) and (3.11) have also been 

used. The solutions (3.19) to (3.22) are unsteady and valid for the suction case. Fbr 

blowing, the unsteady solutions can be directly taken from the suction case i. e. from 

Eqs. (3.19) to (3.22) by replacing W by -W, (W, > 0). Further, the steady state 

solutions in the respective case can be obtained by using the following asymptotic 
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values of the complementary error function 

(0,2) , j = 1 to 4. (3. 24) 

3 .2.1 Exact solution for the resonant case (n/D = 1) 

Employing the same methodology of solution as in the previous section, the unsteady 

suction solutions for U cos nt and U sin nt can be respectively written as 
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in which 

Y7 = 

For blowing TiV = - WI (WI > 0) and the respective unsteady solutions for U cos nt 

and U sin nt are 
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where , , r [ 2 Nl HIm 2 Nt x, - ( WI + 1+ m' ) + C + m' ) + (WI + 1+ m' ) 

[ 2 2 r 2 Nt N1m 2 Nt 
x. - ( WI + 1 + m') + (2 + 1 + m') + ( WI + 1 + m' ) 

[ , , r 2 Nt NIm 2 NI y, - (WI + 1+m,) +C+m') - (WI + 1+ m, ) 

[ , , r 2 NI ~ N1m 2 Nt 
y. - (WI + 1+m,) + ( 2+ 1+m') -(WI + 1+m,) 

In order to determine the steady state solutions, we use Eq. (3.24) and get for U cos nt, 

l.+ iJL = l+e""w" { 
fll fll 

(3.29) 

and for U sin nt 

3.3 Results and discussion 

In this chapter, we study the effects of Hall current on the flow due to non-coaxial rota-

tion of an oscillating disk and a fluid at infinity in the presence of suction and blowing. 

For sIIlail times, the analytic solutions have been obtained using Laplace transform 

method. The analytic solutions for large times have been computed through asymp-

totic behavior of the complementary error ftlllction. We also compaJ.'ed the present 

velocity profiles mathematically and graphically with those given in the reference 

[50]. The results are found in well agreement. The mathematical problem contains 
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altogether six dimensionless parameters (~, k, I, W, Nl and €). A detailed investi­

gation of the Hall parameter for cosine and sine oscillations when the angular velocity 

is greater than, smaller than or equal to the frequency of oscillations for both suction 

and blowing is analyzed. 

To illustrate bow the Hall effect modifies the structure of flow, the profiles of 

velocity are plotted for both cosine and sine oscillations when T = 0.3, 4~1 = 1 

,N1 = 5. T he effect of Hall parameter m = 0.5, 1, 2 on velocity profiles for cosine 

oscillations when W = 0 and k = -5, 1, 5 are shown in Figs.3.2 (i, ii) ) respectively. 

It is seen from these Figs. t hat the magnitudes of f /01 increases and g/Dl decreases 

with the increase of m. Moreover I it is observed that boundary layer thickness for 

k = 1 is smallest when compared with k < 1 and k > 1. Also, the boundary layer 

thickness in case of k < 1 is smaller than that of k > 1. 

In order to see the variation of Hall parameter m = 0.5) 1, 2 on the velocity 

profiles in presence of suction VV = 0.5 and cosine oscHlation, we display Figs.3.2 

(i, ii}for k = - 5, 1, 5. It appears that when the applied magnetic field is strong, 

both f /01 and 9 /01 depend strongly on t he Hall parameter m. T he magnitude of 

f /01 increases while 9/01 decreases for large m. Here, tbe boundary layer thickness 

is minimum and the velocity profiles are maximum when k = 1. Also, the velocity 

profiles for k > 1 are greater tbao for k < 1. Further, the comparison of Figs. 3.2 

(i, ii) and 3.3 (i, ii) indicate that velocity profiles and boundal"Y layer thicknesses are 

smaller in case of suction. This is not surprisingj it is Imown that suction causes 

reduction in the bO\.llldary layer t hickness. 

To demonstrate the effect of Hall parameter m = 0.5, 1, 2 on velocity profiles in 
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blowing W = -0.5 and cosine oscillations, the Figs.3.4 (i, ii) are prepared for k = -5, 

I , 5. These Figs. elucidate that the magnitude of velocity profiles is largest for k = 1 

willie the boundary layer thickness is smallest. It is also evident that velocity profiles 

f 10,1 and glnl are larger for k > 1 when compared with that of k < l. 

Figs 3.5 (i, ii) to 3.7 (i, ii) illustrate the variation of Hall parameterm = 0.5, 1, 2 on 

f /0,1 and glnl for W = 0, W > 0 and W < 0 for sine oscillat ions. It is obvious from 

Figs. 3.2 (i, ii ) to 3.7 (i, ii) that boundary layer thickness in case of sine oscillations 

are smaller than that of cosine oscillations. 

3.4 Conclusions 

The investigation of the effects of Hall current on the Bow characteristics due to 

non·coaxial rotations of disk and a fluid has been investigated in this chapter. The 

following conclusions have been emerged: 

• One important point which should be taken into account is that in the presence 

of Hall parameter, the asymptotic steady solution for blowing and resonance 

exists. 

• When the external magnetic field is strong. the role of Hall parameter becomes 

more significant. 

• As the Hall parameter increases the magnitude of primary velocity f Iru in­

creases while both secondary velocity glnl and boundary layer thickness de-

creases. 
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• The layer thickness in case of sine oscillations are smaller than for cosine oscil­

lations. 

• The present analysis of small magnetic Reynolds number is valid for flow of 

liquid metals or slightly ionized gas. Note that the term involving electron 

pressure gradient in Eq. (3.2) is negligible for ionized gas and p, = p/2 for fully 

ionized gas (ignoring ion-slip term). 

• T he results in t he absence of Hall effects can be recovered by taking m = O. 

T his shows t hat t he obtained results are in good agreement with the existing 

results [501. 



f 
nl 
z 

~.'l5 

f 
nl 
~ 

f 
nl 
4 

(b) 

0.5 

40 

1- m=O.S 
- - m -1 

----m=2 

1- m=O.S 
- - m-1 

---- m=2 

~ z 

I -m=o.s 
- - m=1 

---- m=2 

~ ~.5 

Fig.3.2(i) The effect of Hall parameter on -!rr for cosine oscillation in the absence 

of suction and blowing at (4~1 = 1) . 
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Fig.3.2(ii) The effect of Hall parameter on ifi for cosine oscillation in the absence 

of suction and blowing at ( 4~1 = 1) . 
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Fig.3 .3(i) The effect of Hall parameter on frr for cosine oscillation in the presence 

of suction at (4~l = 1) . 
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Fig.3.3(ii) The effect of Hall parameter on m for cosine oscillation in the presence 

of suction at (4~l = 1) . 
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Fig.3.4(i) The effect of Hall parameter on -!u for cosine oscillation in the presence of 

blowing at ( 4~1 = 1) . 
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Fig.3.4(ii) The effect of Hall parameter on m for cosine oscillation in the presence of 

blowing at C~l = 1) . 
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Fig.3.5(i) The effect of Hall parameter on -Iu for the sine oscillation in the absence of 

suction and blowing at (4~1 = 1) . 
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.; 

Fig.3.5(ii) The effect of Hall parameter on m for the sine oscillation in the absence 

of suction and blowing at (4~1 = 1) . 
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Fig.3.6(i) The effect of Hall parameter on fu for sine oscillation in the presence of 

suction at (4~1 = 1) . 
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Fig.3.6(ii) The effect of Hall parameter on m for sine oscillation in the presence of 

suction at (4~1 = 1) . 
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Fig.3.7(i) The effect of Hall parameter on fu for sine oscillation in the presence of 

blowing at ( 4~1 = 1) . 
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Fig.3.7(ii) The effect of Hall parameter on -ffi for sine oscillation in the presence of 

blowing at (4~1 = 1) . 



Chapter 4 

Second grade fluid flow induced by 

non-coaxial rotations of porous 

oscillating disk and a fluid at 

infinity 

In this chapter1 the developed flow of hydrodynamic Don~Newtonian fluid induced 

by the non-coaxial rotations of porous oscillating disk and a fluid at infinity has 

been studied with the emphasis of rheological effect. The developed velocity field 

is predicted by a second grade fluid model. Adopting the Laplace transform and 

perturbation series methods, the unsteady and steady solutions for velocity have 

been established analytically for all values of the frequencies in suction and blowing 

cases. It is also found in hydrodynamic second grade fluid that the steady blowing 

52 
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solution does not satisfy the boundary condition at infinity. 

4.1 Description and formulation of the flow prob-

lem 

Here, the flow field of the problem is bounded by an infinite porous disk located 

at z = O. The fluid considered is non-Newtonian (second grade), incompressible, 

hydrodynamic and occupies the semi-infinite space x > O. The disk and the fluid 

at infinity rotate initially about the i-axis with the same n. But at t = 0, the 

fluid rotates about z'-axis with n and the disk suddenly starts to rotate about 

the z-axis with the same n and start to e.xecute non-torsional oscillations along the 

x-axis. Thus. the Bow equations here is described t hrough Eqs.(l. 7), (2.2). (2. 11) 

and 

<IV 1 
- =-divT. 
dt p 

(4.1) 

The resulting scalar equations in terms of f and 9 are 

of _ Wo a] _ ng __ ~ op + !!.o'] + ", [ a'] _ w/ 3 1 _ nO'g] (4.2) 
at ax - pax paz' p otoz' ax' oz" 

ag_WoOg+n/=_ ~oP+ !!. o'l +'" [03g _w/3g _ nO' f] (4.3) 
at ax pay paz' p atoz' ax' az" 

lap 
0=--- (4.4) 

paz' 

in which the modified pressure including the rheological effects is 

- pn'r' [(a l )' (a9 ) '] P = PI - - 2 - - (2", + "') az + ax . 
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The boundary and initial conditions corresponding to the problem are given in Eq. 

(3.7). It can also be noted that p is independent upon z. 

Using the properties of the partial derivatives of the modified pressure and Eq. 

(3.7h, one obtains 

al a
3 
F _ al Wo a

3 
F + (v _ ia1n) a

2 
F + Wo aF _ aF _ iO,F = -in2l, (4.5) 

p aWz2 p az3 p az2 az at 

where F is defined in Eq. (2.14) and v = I!:.. p 

By virtue of Eqs. (2.14) and (3.7), we have 

F(O ,t)=o'l+Ucosnt or F(O,t)=f2l+Usinnt; t>O, 

F (z , t) = 0 as z -+ 00 for all t , 

F (z, 0) = 0, z > O. 

Let us introduce the following non-dimensional quantities 

(4.6) 

(4.7) 

Invoking the non-dimensional quantities in Eq. (3.23) and above, Eqs. (4.5) and (4.6) 

are reduced to the non-dimensional form as 

a3 H a3H a2H aH aH 
(3 aTae - (3W ae + (1 - 2i(3) ae + 2W 7i[ - 2a:;: = 0, (4.8) 

H(O,T) - eiT (-l+~COSkT) or H(O'T)=eiT(-1+~sinkT);(4.9) 

H(OO,T) - O,H(~ , O) = O. 

4.1.1 Solution of the problem for non-resonant case (k =11) 

Taking the Laplace transform of both sides of Eqs. (4.8) and (4.9) , we obtain 

_III _ " _, _ 

(3WH -(1-2i(3+(3s)H -2WH +2sH=O, (4.10) 
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H (0 8) = __ 1_ + _U_ [ 1 + _---,7.1_=] 
, s - i 2S1l s - i(k + 1) s + i (k - 1) , 

(4.11) 

or 

- 1 U[ 1 1] 
li (0, s) = - s _ i + 2ml s _ i (k + l) - , +'i (k - 1) , (4.12) 

H(oo,s)=O. (4.13) 

In Eq. (4.10), prime denotes differentiation with respect to~. Equation (4.10) is the 

third-order differential equation for (3 ¥ ° and W ¥ ° and for (3 = ° or W = 0 

this reduces to equation governing the Newtonian fluid or no suction respectively. 

The analysis of the flow of the second grade fluids, in particular, and the viscoelastic 

fluids, in general, is more challenging mathematically and computationally. The 

equations of motion are higher order than the Navier-Stokes equations . Also, the 

order of the differential equation characterizing the flow is more thall the number 

of the available boundary conditions. Thus, the adherence boundary condition is 

insu.fficient for determinacy. The method used to overcome this difficulty is to expand 

the solution as a power series in the non-Newtonian parameter. This is indeed how 

most of the flow problems were solved since the initial effort of Beard and Walters 

[87] who considered the two-dimensional flow of a viscoelastic fluid near a stagnation 

point. One may also refer, for example, to the works of Shrestha [88], Mishra and 

Mohapatra [89], Rajagopal et al.[90], Verma et al. [911 and Erdogan [921 for other 

problems in various geometries. Thus for the solution of Eq. (4.10), we .. 'pand Has 

follows: 

H = Hd (3 H , + 0 ((3') (4.14) 
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which is valid for small values of (3 only. On substituting Eg. (4.14) into Egs. (4.10) 

to (4.13) and then comparing coefficients of like powers of (3 one obtains t he following 

systems of differential equations along with the appropriate bOWldary conditioI15 for 

U cos nt and U sin nt. 

4.1.2 Zeroth and first-order systems 

(4.15) 

HI (0 s) = __ 1_ + _U_ ( 1 + _...,7.1_C7) 

. s - i 20l s - i (k + 1) s + i (k - 1) • 
(4.16) 

or 

HI (0 s) = __ 1_ + _U_ ( 1 _ -;---,T,I_-;-;-) 
. s - i 2inl s - i (k + I) s + i (k - 1) , 

(4.17) 

Hdoo.s) = O. (4.18) 

_III _" _II --.J _ 

WHo -H, -(s-2i)H, -2WH,+2sH, =0, (4.19) 

H,(O,s) =0, H,(oo,s)=O. (4.20) 

4.1.3 Zeroth and first order solutions 

Without going into detail! the solutions of zeroth and first order systems can be shown 

as: 

For U cosnt and k > 1 

(4.21 ) 
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( 

~2W2VW2 + 28 ~ 2W
3 ~ 2W 8 ~ ~ ) e~:~~ 

2 'W 2ts +2iyW2 + 28 + '/, - vW2+2s 

_ ( ~2W'VW2 + 28 ~ 2W3 ~ 2W8 ~ ~ ) 
2'W 2lS +2iyW2 + 28 + '/, - vW2+2s 

( 4.22) 

( 1 1) u~e-ml~ 
X s+i(k-l) + s-i(k+l) 2m 

where 

( 4.23) 

For U sin nt and k > 1 

(4.24) 

(4.25) 

For U cosnt and k < 1 

HI (~, 8) = e -ml~ { - 8 ~ i + 2~l (8 _ i (~ _ k) + 8 - i (~ + 1)) } , (4.26) 

( 

3 S2) ~2W'VW2 + 28 ~ 2W ~ 2W 8 ~ v'W'+2, ~"~::' 

2'W 2lS +2iyW2 + 28 + '/, - VW2+2s 

_ ( ~2W'VW2 +28 ~ 2W3 ~ 2W8 ~ ~ ) 
2'W 2lS +2iyvV2 + 28 + '/, - vW2+2s 

(4.27) 

( 1 1) u~e-Tnlf. 
X s-i(l-k) + s-i(k+l) 2m 



For U sin nt and k < 1 

Hl=e-ml~{-8~i+;~l (8 - i(~ - k) - 8 - i(~+1))} ' 

( 

-2W'JW' + 2s - 2W' - 2W s - k ) C~::{ 
+2iJW2 + 28 + 2iW -~ 

_ ( -2W'JW' + 2s - 2W' - 2Ws - k ) 
+2iJvV2 + 28 + 2iW -~ 

iUC~~~{ ( S-i(~-k) - S-t(~+l) ) 
In view of the above solutions, and Eq. (4.14) we have 

For U cos nt and k > 1 
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( 4.28) 

( 4.29) 

(4.30) 

(4.31) 
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For U cosnt and k < 1 

( 4.32) 

x ( s-i(Lk) + S-i(~+l) ) 
For U sin nt and k < 1 

e-ml~ ( __ 1 + ilL ( 1 _ 1 )) 
s-i 2m s- i(l-k) s-i(k+1) 

_ < ( -2W
2
JTtV2 + 28 - 2W

3 
- 2W8 - k ) 

{3~ , + s + . 
S-t 

+2'iJW2 + 28 + 2iW _ 2is v'W2+2s 

( 

- 2W2JW2 + 28 - 2W3 
- 2W8 - k ) 

i{3Use-ml~ 

20.1 

+2iJW2 + 28 + 2iW - ~ 

(4.33) 

x( 1 _ 1 ) s-i(l - k) s-i(k+1) 

Making use of Eqs. (4.30) to (4.33) in Eq. (2.18) and then evaluating the arising 

integrals by the substitution method we obtain after carrying the lengthy calculations 

the following expressions 

( 

ev'W2+2i~ erf (,* + JW2 + 2iA) ) 

+e-v'W2+2i( erf (,* - ylW2 + 2iA) 

1 J e-Tnl~+S'T d _ e - W {+i(k+l)..-
2,ri s-i(k+1) 8 - - 2 

X ( eJW2+2(k+1)i~ erf (~ + JW2 + 2 (k + 1) iA) ) 

+e-JW2+2(k+ l ) i~ erf (,* - JW2 + 2 (k + 1) iA) 

(4.34) 

(4.35) 
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1 J e-mle+sT d _ e-We-i(k-l)T 

27ri s+i(k-l) S - - 2 

( 

eJW2-2(k-l)i( erf (*- + jW2 - 2 (k - 1) i~") ) 
x +e-JW'-'(k-l)i€ erf (*, _ y'W' - 2 (k - 1) iv'I) . 

(4.36) 

-L(_2)W2 J JW42sse~mlHsT ds = 
27rt S-t 

2 

_2~~W2e-we-~~-fr _ ~W2JW2 + 2ie-W(+iT 

( 

e-v'W2+2i( erf (--.L - JW2 + 2i I'f) ) ..,fiT V2 

X _e'/W'+2i€ erf (.k + Jw' + 2iv'I) 

( 4.37) 

( 4.38) 

( 

e vW2.+2i( erf (--.L + JW2 + 2i v1) ) _W3~e-W(-+iT ..f27- 2 

+ -VW2+2i( erf ( -(- - JW2 + 2i I'f) ..f27- V2 

2 f" _ l1ewe-"ve-~ ~- T _ iW~e-W(+iT 
V;: T2 (4.39) 

( 

e-VW2+2i( erf (*- - JW2 + 2iv1) ) 
X +e,/W'+2i€ erf (.k + Jw' + 2iv'I) 



1 J 2iSW e-ml €+sr d _ - s-27ri s-i 

( 

ev'W2+2i~ .erf (-L'FT + JW2 + 2i if2) ) 2iWge- W €+iT YH V 2 
2 X 

+e-v'W2+2t~ erf (-L - JW2 + 2i if) ../2i V2 

_W2 J ~~e-ml€+sT d -
---;::r- s-i(k+l) S -

2 

-2VIew2e-W€-;~-~ - eW \/W2 + 2 (k + 1) ie-W~+i(k+l)T 

x ( e-JW2+2(k+l)i~ erf ("* - JW2 + 2 (k + 1) iA) ) 

_eJW2+2(k+l)i~ erf (~ + JW2 + 2 (k + 1) iA) 
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( 4.41) 

(4.42) 

( 4.44) 

( 4.45) 
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( 4.46) 

(4.47) 

( 4.48) 

(4.49) 



-1 J isge-=l{+ST d-
-;:;: v'w2+2s(s-i(k+1)) s-

_i~#e-W~-W2~ - fr - %VW2 + 2i (k + 1)e-W~+i(k+ 1)T 

( 

e-VW2+2(k+1)i~ erf (-# - VW2 + 2 (k + 1) iII) ) 

x _eVW '+2(k+1)i( erf (* + v'W2 + 2 (k + 1) iv1) 
+ igw2e- WH i(k+1)'T 

2VW2 +2i(k+1) 

( 

e-VW2+2(k+1)i~ erf (-# - VW2 + 2 (k + 1) iII) ) 

x _eVW '+2(k+l )i( erf (* + v'W2 + 2 (k + 1) iv1) 
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(4.50) 

( 4.51) 

(4.52) 

(4.53) 



_ i(k_l)~W2e-W~-i(k-l)'" 

4JWL 2i(k-l) 

( 

e-JWL2(k-l)i~ erf ( *- - .jW2 - 2 (k - 1) i-J1) ) 
x _eVW'-2(k-l)i , erf (7;; + jW2 - 2 (k - 1) iv1) 

.1i.. J ~se-ml~+sT ds = 
27T"i s+i(k-l) 

2i~e-w~ ( #e-fr- w:'" + yiw
L

2
2i(k-l) e-i(k-l)r) 

+2i~e-w~ ( e-JWL2(k-l)i~ erf (A:r - .jW2 - 2 (k - 1) i~) ) 
_eJWL2(k-l)i~ erf ("* + .jW2 - 2 (k - 1) i~) 
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( 4.54) 

. (4.55) 

( 4.56) 



-i J s{e-ml~+s", ds -
1T"i v'W2+2s(s+i(k-l)) -

·c Ii _W~_W22:_r: !:5. ';WL2i(k_l)e-W~-i(k-l)'" 
-~c."y ;:;::e 2 2.,. - 2 4 
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X ( e-';WL2(k-l) i~ erf (k - ylW2 - 2 (k - 1) iv1) ) 
_e';WL2(k- l)i~ erf (* + ylW2 - 2 (k - 1) iv1) (4.57) 

Upon making use of Eqs. (4.34) to (4.57), the following expressions of H(~, r) may 

be obtained. 

For U cos nt and k > 1 

( 4.58) 

For U sin nt and k > 1 

For U cos nt and k < 1 

(4.60) 

For U sin nt and k < 1 



In above equations 

-~# (ql - ~) e-W€-W2~_~ + ~e-W€+i(l+k)T 

x ( (ry, - ry3) e(x,+i,,), erf c (k + (X9 + iY9) v1) ) 
+ ("13 + "14) e-(X9+ t Y9)€ erf C (~ - (Xg + 1,yg) A) 

-~# (q2 - ~) e-W€-W2~_~ + ~e-W€-i(k- l)T 
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(4.62) 

, (4.63) 

, (4.64) 

( 

("16 - 'r/s) e(xlo+iylO)€ erf C (k + (XlO + iylO) A) ) 
x + (ry, + rys) e - (x,,+iy,,), erf c (* - (XlO + iylO) v1) 

(4.65) 
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(4.68) 
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( 

e(X8+iY8)'; erf c (* + (xs + iys) \11) ) -W€ v~ 

-T +e- (x.+iy"i( erf c (-f,:; - (xs + iys) VI) 
. ( e(xg+iyg)'; erf c ("* + (Xg + iyg) A ) ) 

iU -W';+~kT 

- 4m
e 

+e-(x,+i",i( erf c (,*" - (x, + iy, ) VI) 
. ( e (Xll+iyu)'; erf c ("* + (XU + iyu) A) ) 

+ iU -W';-~kr 

~e . I 

+e-(Xll +iYll)'; erf c (-4=: - ( X 11 + ~Y11 ) A) 
v2r (4.69) 

i(l- k) 
ql = 2 - -4-' (4.70) 

i (1 + k) 7W2 

q2 = 2 - -4-' (4.71) 

1 

_ [JVV4 + 4 + W2]'2 
Xs - 2 (4.72) 

1 _ [J W4 + 4 (k + 1) 2 + W2] '2 

Xg - 2 (4.73) 

1 

XlO = [
JW4 + 4 (~ _ I)' + W' ] '2 

(4.74) 

X 11 = (4.75) 

1 

_ [JW4 + 4 - W2] '2 
Ys - 2 (4.76) 

1 

y, ~ [JW4 +4 (k/ I)' - w']' (4. 77) 

1 

_ [JW4 + 4 (k _ 1)2 _ W2] '2 

YlO - 2 (4.78) 
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_ [JW4+ 4(I-k)'-W,]1 
Yli -

2 
(4.79) 

. (i ') 3iW' '11 = (XS + 'Ys) 4- - W + 4 ( ')' 
Xs + ~Y8 

(4.80) 

(4.81) 

_( . )[W' (k+l)i_i]_iW'(k+l+2) 
'13 - Y9 + 'Y9 + 4 2 4 (X9 + iy,) , (4.82) 

( 4.83) 

_ ( .) [W2 (k - 1) i i] iW' (k -1 - 2) 
'1, - XIO + 'YIO - 4 - -2 + 4 ( +. )' 

XlO ZYlO 
(484) 

1]6 = W 3 - iWk, (4.85) 

( . )[W2 (l-k)i i] iW'(I-k+2) 
'17 = Xl! + 'Yl! + 4 - -2 - 4 ( +. ). 

Xu tYn 
(4.86) 

Upon making use of Eq. (4.7), the solutions (4.58) to (4.61 ) can be written as 

k> 1, 

(4.87) 

k> 1, 

(4.88) 

k < 1, 

(4.89) 

F f3U -;, 
rll - 1 = Hs(t;, T) + /3e- i

' H,(t;, T) +' 2~1 (H3(t; , T) - H7(t;, T) ) ; U sinn!, k < 1. 

(4.90) 

In above equations, we give exact solutions of zeroth and first order, but in view of 

the lack of convergence it is not sure that the obtained solution is close to the full 
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solution. The solutions (4.87) to (4.90) after using Eq. (2.14) lead to the following 

expressions 

f +ig 
nl 

1 + ih (~, T) + (3e-iT H2(~' T) + (3~~~ i-r (H3(~' T) + H4(~' T)) , U cos nt, k > 1 

1 + H5(~' T) + (3e-iT H2(~ ' T) + i{3~~~i-r (H3(~ ' T) - H4(~' T)) , U sin nt, k > 1 

1 + H6(~, T) + (3e - iT H2(~ ' T) + (3~~~i-r (H3(~ ' T) + H7(~' T)) , U cos nt, k < 1 

1 + Hs(~, T) + (3e-iT H2(~' T) + i{3~~~i-r (H3(~' T) - H7(~' T) ) , U sin nt, k < 1 

( 4.91) 

The real part gives -Iu and imaginary part gives m. The results for blowing can be 

obtained directly by replacing TIT! with - WI. 

4.1.4 Solution for the resonant case (k = 1) 

Following the same procedure as for k i= 1, the solution expressions here are given by 

where 

t~;g = 1 + iil(~' T) + (3e- iT H2(~' T) 

+(3~~~ '-r (ii3(~' T) + ii4(~' T)) , U cos nt, 

t~;g = 1 + ii5(~' T) + (3e- iT H2(~' T) 

+ i(3~~~i-r (ii3(~' T) - ii4(~' T) ) , U sin nt, 

( 

e(xs+iys)'; erf c (-.L + (xs + iys) n) 1 
-e- w~ ..J2T V 2 
-2-

+e-(xs+iys)'; erf c (* - (xs + iys) A) 

...... Ue-We+i-r ( e(xs+iYs)'; erf c (~ + (X5 + iY5) A) 1 
Hl (~, T) = + 401 

+e-(x5+iYs)'; erf C (~ - (X5 + iY5) A) 

Ue-We-i-r ( e
W

'; erf C (kr + iW A) 1 
+ 4S11 

+e-W'; erf C (-.L - iW n) ..J2T vz 

(4.92) 

, (4.93) 



and H2 is given in Eq. (3.72). In above expressions 

'w 2 
~ (~ .~ ) W2 ~ 
'T/l = Xs + ~Ys - -(~-+-.~-) , 

Xs ~Ys 

~ W 3 'W 'T/2 = +~, 

~ W 3 'W 'T/3 = - ~ , 

1 

~ [JW4+16 +W2]2 
Xs = 2 ' 

1 

~ [JW4 + 16 - W2]2 
Ys = 

2 
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, (4.94) 

( 4.95) 

( 4.96) 

( 4.97) 

( 4.98) 

( 4.99) 

( 4.100) 

(4.101) 

(4.102) 

(4.103) 
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4.2 Results and discussion 

The starting solution for the case of suction is 

(4.104) 

The above solution describes the general features of the unsteady boundary layer 

flow in a fluid bounded by a porous disk for small values of f3. This solution clearly 

brings out the contribution due to the material parameter of the second grade fluid. 

It should be noted that Newtonian solution [93] can be recovered as a special case 

for f3 = o. We also note that for f3 = 0 = U, the velocity field is identical to that of 

Erdogan [45]. This provides a useful mathematical check. 

The solution given by Eq. (4.91) is general and independent of the assumption 

of the form of the steady state solution. In order to determine the steady structure 

of the solution (4.101) we use Eq. (3.24) and thus solution (4.91) takes the following 

form: 

For U cos nt, k > 1 

(4.105) 

For Usinnt, k> 1 

(4.106) 
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For U cos nt , k < 1 

(4.107) 

For Usinnt, k < 1 

(4.108) 

where the subscript 's' denotes the steady state situation. Clearly, the steady solutions 

(4.105) to (4.108) are independent of the initial condition and are periodic in time. 

For some t ime after the initiation of the motion, the velocity field contains transients 

and they gradually disappear in time. The transient solution is obtained by the 

subtraction of steady state solutions from Eq. (4.91). i.e. 

it + igt = i + ig _ (is + i gs) 
f2l Dl ru' ( 4.109) 

In above expression subscript 't' represents the transient solutions. It is seen that 

for large time, the transient solution (4.109) disappears. Further, expressions (4.105) 

to (4.108) show the existence of four distinct boundary layers of thicknesses of order 

(W + Xj ) - l , j = 8 - 10. It is interesting to note that the associated boundary layers 

are modified due to the presence of W. These thicknesses decrease with an increase 

of the suction parameter and the rotation. It is further noted that these thicknesses 

remain bounded for all values of the frequency of the imposed oscillations. When 

k = 0, Xs = Xg = XlO = Xu and the four boundary layers coalesces into a single 
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layer of thickness (W + XS)-l . In particular, when U = 0, solutions (4.105) to (4.108) 

reduce to 

(4.110) 

which for /3 = 0 = W corresponds to Erdogan's result [93] . 

For resonant case, the steady solutions from Eq. (4.92) is of the following type: 

For U cosnt 

(4.111) 

For U sinnt 

(4.112) 

From above solutions we note that in the presence of suction (W =1= 0) , the steady 

solution in the resonant case (k -+ 1) does not depend on the order of the double 

limit operation T -+ 00, k -+ 1. In fact, the double limiting procedure with W =1= 0 

gives 

(4.113) 

From Eqs. (4.111) and (4.112) , it is also noted that steady asymptotic blowing 

solution for resonant case does not exist i.e. the boundary condition at infinity is not 

satisfied for blowing. The physical mechanism of non-existence of the steady solution 

is that the blowing causes thickening of the boundary layer. At sufficiently large 
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distance from the leading edge the boundary layer becomes 50 thick that it becomes 

turbulent. 



Chapter 5 

Unsteady MHD second grade flow 

due to non-coaxial rotations of an 

oscillating porous disk and a fluid 

at infinity 

The aim of this chapter is just to provide an answer to the question of finding a 

meaningful steady blowing solution for resonant frequency in the second grade fluid. 

An attempt is made here by imposing magneto hydrodynamic problem. It is found 

that unlike the hydrodynamic problem for blowing and resonance, the steady solution 

in this chapter satisfies the boundary condition at infinity. Thus, for uniform suction 

and blowing at the disk, the shear oscillations are confined to Elanan-Hartman layers 

near the disk for all values of the frequencies including the resonant frequency. 
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5.1 Mathematical analysis 

Here, the problem considered is the same as in the previous chapter except that 

magnetic field Bo is applied. The magnetic Reynolds number is taken small and 

induced magnetic field is neglected. Therefore, the mathematical problem consists of 

boundary and initial conditions given in Eq. (4.9) and the following equation 

83 H 83 H fJ2 H a H 8H 
(3 aTae - f3W ae + (1 - 2i(3) 8e + 2W 8[ - 2 (8 + N1) aT = 0, (5.1) 

Proceeding in a similar manner as in chapter 4 and avoiding the lengthy details of 

calculations , the suction solutions at tIlls stage for k i- 1 may directly be expressed 

in the following form 

For U cos nt and k § 1, 

For U sin nt and k § 1 

where 

_e- W{ ( e (X1 2+
i
Y12 )'; erf C ( ,k. + (Xl2 + iY12) A) ) 

2 +e-(X12+iY12)'; erf C (~ - (Xl2 + iY12) v1") 
e(X 13 +iY13)'; erf C (~ + (Xl3 + iY13) A) 

+e-(X 13+iY13)'; erf C ( ~ - (Xl3 + iY13) A) 
e(X14+iY14)'; erf C ( ~ + (X14 + iY14) v1") 

+e-(X14+iY14)'; erf C ( ~ - (X14 + iY14 ) v1") 

(5.2) 

(5.3) 

(5.4) 



_~ #- (ql - ~) e-W,;-(W2+2NH-~ + ~e-WUi(l+k)T 

x ( (ry, - ryg) e(x"+iy,,l, erf c ( k + (X13 + iY13 ) v1), ) 
+ (773 + 'rIg) e-(X 13 +tY13)'; erf C (k - (Xl3 + 1,Y13) A) 

_~#- (q2 - ~) e-W,;- (W2+2NH-~ + ~e-W,;-i(k- l)T 

x ( (776 - 7710) e(X14+
i
Y14)'; erf C ( k + (X14 + iY14) A) ) 

+ (776 + 7710) e-(X14+i Y14)'; erf C (* - (X14 + iY14) A) 

_ e-;~'~ ( e(X12+
i
Y12)'; erf C ( A:r + (X12 + iY12 ) A) ) 

+e-(X12+iY12)'; erf C (* - (X12 + iY12) A) 
e(X13+ iY13)'; erf C (* + (X13 + iY13) A) 

+e-(X13+iY13)'; erf C (* - (X13 + iY13) A) 
e(X14+iY14)'; erf C (A:r + (X14 + iY14) A) 

+e-(X14+ iY14)'; erf C (* - (X14 + iY14) A) 
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(5.5) 

(5 .6) 

(5.7) 

(5.8) 
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(5.9) 

(5.10) 

1 

X13 = [ j(W' + 2Nd' + 4 (~+ 1)' + (W + 2Nl)'] • , (5.11) 

1 

Xl< = [ j(W' + 2Nd' + 4 (~~ I)' + (W + 2Nl)'] • , (5.12) 

1 

r j(W' + 2Nd': 4 ~ (W + 2Nd] "2 , 
Y12 = l (5.13) 

1 

Y13 = [
j(W' + 2N1)' + 4 (~+ 1)' ~ (W + 2N.J'] "2 , 

(5.14) 

1 

Y14 = [
j(W' + 2N.J' + 4 (~ ~ I)' ~ (W + 2Nl)']"2 , 

(5.15) 

(5.16) 

(5.17) 

. [2 (k - 1) i i 1 iW2 (k - 3) 
'r/10 = (X14 + 1,Y14) w - - - + ( .)' 

4 2 4 X14 + 1,Y14 
(5.18) 
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Now Eqs. (4.87) to (4.90) take the following forms 

F(~, T) = Hl(~' T)+(3e - iT H2(~' T)+(3~~~iT (H3(~ ' T) + H4(~' T)) , U cos nt, k §. I, 

(5.19) 

- - '(3U -iT ( - - ) F(~,T) = Hs(~,T)+(3e-iTH2(~,T)+2 2~l H3(~,T) - H4(~, 'T) ,Usinnt, k §.l. 

(5.20) 

With the help of Eq. (2.14) , above results become 

- -
1 + HI (~ , T) + (3 e -iT H 2 (~, T) 

f + ig 
-nl 

+{3~~~i~ (H 3(~, T) + H4(~' T)) , U cos nt, k §. 1 

- -
1 + Hs(C T) + (3e;;iT H(~, T) 

(5.21) 

+i{3~~~i~ (H3(~'T) - H4(~'T)) ,Usinnt,k §.1 

The real part gives it and imaginary part gives tIT. The results for blowing can be 

obtained by replacing W with - WI 

For resonant case k = 1 and the solutions in this case are given by 
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where 

, (5.24) 

, (5.25) 

(5.26) 

(5.27) 

(5.28) 

1 

X6 = [ V(W' + 2Nd' +216 + (W' + 2) N' ] , (5.29) 



82 

_ [V(W, + 2Nd' + 16 - (W' + 2Nd] 1 
yo = 

2 
(5.30) 

(5.31) 

5.2 Graphs and tables 

This section includes the table showing the muuerical values for the vaxiation of N1, 

{3 and k on -Iv and ffi in the resonant case. The resonant steady solutions are also 

sketched for < (= ,'(.) = 1. The table for N" /3 and k on Iv and m is as follows: 

{ W T < k /3 N, L JL 
OJ OJ 

0.5 5 0.5 1 1 0.5 1 0.216477 0.038459 

5 0.414775 0.026184 

10 0.577667 0.015945 

15 0.992641 0.0099332 

{ W 'F' < k N, /3 L .lL 
01 01 

0.5 5 0.5 1 1 !O 0.1 0.913241 0.003189 

0.2 0.829347 0.006378 

0.3 0.745454 0.009567 

0.4 0.661560 0.0127569 

~ W 'F' < /3 N, k L JL 
01 01 

0.5 5 0.5 1 0.5 10 1 0.578875 0 

10 0.666184 0.045886 

15 0.772133 0.095678 



The results for -!u and m against ~ are p lotted in the following graphs. 
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Fig.5.1 The variation of ~l with ~ for the cosine oscillation at W = 5, T = 0.7, (3 = 0. 5, 

E = 1. 
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Fig.5.2 The variation of m with ~ for the cosine oscillation at W = 5, T = 0.7, (3 = 0.5, 

E = 1. 
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1 

Fig.5.3 The variation of -!u with ~ for the cosine oscillation at W = 5, T = 0.5, Nl = 

10, E = 1. 
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Fig.5.4 The variation of it with ~ for the cosine oscillation at W = 5, T = 0.5, Nl = 

10, E = 1. 
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Fig.5.5 The variation of III with ~ for the cosine oscillation at W = 5, T = 1, Nl = 5, 

(3 = 0.5 . 
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Fig.5.6 The variation of m with ~ for the cosine oscillation at W = 5, T = 1, Nl = 5, 

(3 = 0. 5. 
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5.3 Results and discussion 

In order to obtain the steady state solution, we will use the asymptotic form of the 

complementary error function (3.24). 

Here if we let T -- 00 in Eq. (5. 2), we get for U cos nt, k:S 1 

is + igs 
-

Dl 
(5.32) 

For Usinnt, k:S 1 

(5.33) 

and transient solutions can be obtained by subtracting steady part of the solution 

from Eqs. (5.2) and (5.3). 

It is pertinent to mention here that the solutions (5.32) and (5.33) satisfy required 

boundary conditions in Eq. (4.6). Therefore for all values of frequencies the flow 

can always be determined and has a well-defined boundary layer on the disk for 

suction and blowing. For suction, the distinct boundary layer thicknesses are of order 

(W + Xj) -1 , j = 12 -14. It can be seen clearly that thicknesses of the boundary layers 

strongly depend upon suction, magnetic and rotation parameters. The boundary layer 

thicknesses decrease drastically with the increase in rotation, suction and magnetic 

parameters. The steady flow in suction and blowing cases has a structure of an 

oscillating layer in which shear oscillations are confined near the disk. An interesting 
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result which emerges from this analysis is that for resonant case (k = 1) , the steady 

blowing solutions are given by: 

For U cosnt 

(5.34) 

For U sinnt 

(5 .35) 

which satisfy the boundary condition at infinity, contradicting the hydrodynamic 

analysis [94]. In [94], it was shown that the obtained steady solution is valid for all 

values of the frequencies and suction parameter except for the blowing and resonant 

frequency (k = 1) . It is known that the suction and blowing have opposite charac-

terist ics on t he boundary layer flows. In fact, the suction plays a role to prevent 

the oscillations from spreading far away from the disk for all values of frequencies . 

This is due to viscous diffusion. On the other hand, the blowing is responsible to 

promote the spreading of the oscillat ions far away from the disk and thus the pene-

tration depth of the oscillations is not finite when k = 1. Therefore, the meaningful 

hydrodynamic steady blowing solution for the resonant frequency in not possible. To 

provide the meaningful steady blowing solution in the resonant case we considered 

the present magnetohydrodynamic analysis. Here, the solutions (5.34) and (5.35) 

satisfy the boundary conditions for all values of the frequencies including k = 1. The 
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unbounded spreading of the oscillations away from the disk is controlled by the exter-

nal magnp.t.ir: np.lr1 Ann t.hm:: t,he hydromagnetic oscillations have been ~onfinp.rl to the 

ultimate boundru.·y layer. Basically, the diffusive hydromagnetic waves occur in the 

rotating system. These waves decay within the ultimate steady state boundary lay-

ers. In other words', the presence of an external magnetic field expedites the decaying 

process of diffusive hyclromagnetic waves. This fact can also be described through 

Figs.5.l - 5.6 as follows: 

Figs.5.1 and 5.2 elucidate the variation of Hartman number on the steady blowing 

solution in the resonant case. It is clearly seen that fu increases and ik decreases 

with the increase in N1 • The effect of material parameter of the second grade fluid on 

the velocities Iu and m is shown in Figs.5,3 and 5.4, respectively. An increase in {3 

leads to decrease in it, The behavior of f3 has been also seen on the velocity -fit . The 

behavior of fJ on m is quite opposite to that of m. In order to illustrate the variation 

of k on fu and m, we made Figs.5.5 and 5.6. These Figs. indicate that both fu and 

~ increases by increasing k. However m increases more as compared to m, 
It is worth emphasizing to note that mathematical nature and physical content of 

the solution obtained by three limiting procedures k -4 1 r ~ 00 Nt ~ 0 in this case 

or in the reverse order are different for W = 0, 

From Eqs. (5.21) 

For U cosnt 

I (5.36) 



and 

For Usinnt 

and 

89 

J - e-(l+tle + .JLei,..-..,!2(l+i)~ I 
201 

+JLe-" erf c (1-) + P(i(1+i)e-(1+i)( . 
2rll 2... 2 

(5.37) 

I (5.38) 

1 - e-(I+i){ - iU eiT"-v'2(l+ile I 
2n1 

+.iJLe - iT erf c (1-) _ PW+i )e-(1+i)( . 
201 2... 2 

(5.39) 

Clearly the expressions (5.36), (5.37) and (5.38), (5.39) axe quite different. It may be 

noted that Eqs.{5.36) and (5.38) do not satisfy the boundary conditions at infinity 

and hence are not the meaningful solution. But Eqs. (5.37) and (5.39) satisfy the 

boundary conditions and hence qualify for the solution. Moreover, the present analysis 

is more general and the results of several previous studies [45, 49, 50, 93) 941 can 

be obtained as the limiting cases. In particular this study includes the solution for 

hydrodynamic flow to a non-coaxial rotation of rigid non-oscillating disk and a viscous 

fluid by taking f3 = 0 = W = U = NI [45] . For hydrodynamic viscous flow of a rigid 

oscillating disk we put f3 = 0 = W = NI [49]. The results for magnetohydrodynarnic 

flow of a second grade fluid and porous non-oscillating disk can be recovered by taking 

U = 0 [50]. For viscous magnetohydrodynamic fluid and porous oscillating disk one 

can recover the results by choosing f3 = 0 [93]. The results for hydrodynamic flow of 
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a second grade fluid and porous oscillating disk can be obtained by taking NJ ~ 0 

[94J. 

5.4 Concluding remarks 

In this chapter, we have presented a study of an incompressible, magnetobydrody­

narnic second grade fluid under transversely applied magnetic field. The flow is in­

duced due to non-coaxial rotations of an oscillating porous disk and a fluid at infinity. 

The problem solved by the method of Laplace transform provides the results for un­

steady and steady meaningful solutions in the sliction and blowing cases for all values 

of the frequencies. The effect of second grade fluid parameter and the magnetic field 

have also been studied. The physical mechanism for the existence of meaningful 

steady blowing solution in resonant case has been explained. The obtained analytical 

solutions have been also compared with the previous studies in the literature. 



Chapter 6 

Generalized second grade flow past 

a porous plate with heat transfer 

An analysis is carried out to study the steady flow and heat transfer characteristics 

in a non-Newtonian fluid past a uniformly porous plate. A modified model of second 

grade fluid that has shear dependent viscosity and can predict the normal stress 

difference is used. In heat transfer, two cases are considered i. e. (i) constant wall 

temperature (ii) insulated wall. The solution of equation of momentum is obtained 

using homotopy analysis method (HAM). Expression for temperature is given by 

solving the energy equation. Emphasis has been laid to study the effects of various 

emerging parameters on the flow and heat transfer characteristics. 

91 
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6.1 Development of the flow 

Consider the flow of a generalized second grade fluid (in the region ° < y < 00) past 

a porous plate at y = ° and temperature 00 . The flow far away from the plate is 

uniform and temperature of the fluid is O~ . We select Cartesian coordinate system 

in which x-axil; is parallel to the plate and the y-axis perpenrucular to the plate. 

The equations which govern the incompressible flow are the continuity (2,2), linear 

momentum (4.1) and energy equations. The energy equation may be expressed as 

p de = T. L- divq+ 11', 
dt 

(6.1) 

where e is the specifIc internal energy, r is the radiant heating and q is the heat flux 

vector. The constitutive equation for Cauchy stress tensor T in a generalized second 

grade fluid [95] is 

(6.2) 

where m is the material parameter. The second invariant of the synmletric part of 

the velocity gradient is defined as 

(6.3) 

It should be noted that for iii = 0, the model defined by Eq. (6.2) reduces to that con-

sidered by Rajagopal [96 - 98] , Rajagopal and Gupta [99] , Hayat et al. [100 - 102] 

and Sidruqui et oJ. [103]. IT "1 = '" = 0, on the other hand, the generalized power 

law model [54] is recovered from Eq. (6.2). Moreover, if '" = '" = 0 and iii = 0 we 

are left with the classical model of Navier and Stokes. 
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We seek the velocity and temperature fields as 

v =u (y) i + v(y )j, (6.4) 

8=8 (y), (6.5) 

where i and j are the unit vectors in the x- and y- clirections . It follows from Eq. 

(2.2) that 

v (y) = -Wo = constant (6.6) 

in which Wo > 0 is a scale of suction velocity and {tVa < a is blowing velocity at the 

plate. 

From Eqs. (1.4), (1.5), (6.2), (6.4) and (6.6) we can write 

(6.7) 

(6.8) 

T.:r;.1; = 0 = Ty,z, (6.9) 

(6.10) 

(6.11) 

and Eq. (4.1) gives 

(6.12) 

(6.13) 

where the modified pressure P is 

(fi.14) 
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and Eq. (6.13) indicates that P is not a function of y and z. With a consideration 

of uniform free stream velocity U~ far away from the plate and following Rajagopal 

and Gupta [991 we bave from Eq. (6.13) that 

and hence Eq. (6.12) becomes 

EiP = 0 
Eix 

{ m/' } d du'du du d'u - 1'[1-1] - +pWo--o,Wo -=O. dy dy dy dy dy3 

The boundary conditions are 

u (0) = 0, U -> U~ as y -> 00. 

(6.15) 

(6.16) 

(6.17) 

Since Eq. (6.16) is a third order ordinary differential equation and we thus have one 

boundary condition less than that necessary to solve Eq. (6.l6). While it is possible 

to augment the boundary conditions based on the asymptotic structures for the 

velocity field or the stress. We thus have 

du -t 0 
dy 

as there is no shear in the free stream. 

as y-too 

Let us introduce the following non-dimensional parameters 

• yUo:) 
Y =--, 

" 
, U 

U =­
U~' 

W'- Wo 
0- UOQ' 

(6.18) 

(6.19) 

The Eq. (6.16) and boundary conditions (6.17) and (6.18) after dropping asterisks 

take the following form 

(6.20) 



where 

1.1 (0) = 0, ,, -; 1 as V -. 00, 
flu 
-~O 
dy 

1'0 (U;;' ) iii+! r - -- -"' - U' p ~ v 

Eq. (6.1) far the flaw under cansidratian becames 

£l2e de d'lI du dti dti 
dv' dv dv2 ( dy ) dy dy { [ ']",I' } k- + pcWo- = Cl'I W O- - po - --, 
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(6.21) 

(6.22) 

(6.23) 

where c is the fluid specific heat, f) is the temperature and k is the constant ther-

mal conductivity. The equation (6.23) is solved subject to the following boundary 

conditions: 

6.1.1 Case 1: Constant wall temperature 

0(0) = eo , e (y ) - e", as y _ 00 . (6.24) 

6.1.2 Case 2: Insulated wall 

~e I = 0, e (v) - e~ as y - 00. 
Y 1/=0 

(6.25) 

6.2 Analytic solutions for integer material para-

meter (m) 

Here, we seek solutions with dti j dy > 0, "I > ° and consider the case that iii is a 

positive integer. When iii = I, Eq. (6.20) becomes 

(6.26) 
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When in = 2, Eq, (6,20) is 

(6,27) 

and for iii = 3, 

d
3
u du (dU) ' cf'u "Wo- - Wo- - 41'f, - -- = O. 

dy3 dy dy dy2 
(6,28) 

in which f" f, and r, can be taken from Eq, (6,22) , 

Now to solve the non-linear differential Eqs, (6,26) to (6,28) subject to boundary 

conditions (6,21). we apply the HAM to give an explicit, uniformly valid and totally 

analyt ic solutions. 

6.2.1 The zero-order deformation equation 

In view of boundary conditions (6,21) and Eq. (6.20) , we take 

(6.29) 

as tbe initial guess of U (y) and 

( a' a) C[u(y;p) ] = aWOay' - WOay u(y;p) (6.30) 

as the alLxi liary linear operator. Moreover using Eq. (6.20) the non-linear operator is 

and the zero-order deformation problem is 

(1 - p) C[u (y; p) - 'U() (y)] = pr1J\/"[u (y; p)1 , (6.32) 
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au (y' p) 
,,(O;p) = 0, ,,(y;p) ~ 1 as y ~ 00, {) , ~ a as y ~ co, (6.33) 

y 

in which p and Ii are embedding and non-zero auxiliary parameters respectively. 

For p = 0, the solution of Eqs. (6.32) and (6.33) is 

"(y; 0) = '"0 (y) (6.34) 

and for p = 1, Eqs. (6.32) and (6.33) are equivalent to Eqs. (6.20) and (6.21), 

provided 

"(y; 1) = v.(y). (6. 35) 

Clearly when p increases from a to 1, ,,(y;p) varies from Uo (y) to u (y) governed by 

Eqs. (6.20) and (6.21) . We have great h'eedom to choose Ii. Assume that fi is properly 

chosen so that the zero-order deformation Eqs. (6.32) and (6.33) have solutions for 

all p E [a, 11 and thus the term 

. () _ ~ {)',,(y;p) I 
Uk Y - k' fJ k ' . P JI:O 

(636) 

exists for k > I. By Taylor's theorem and Eq. (6.34), ,,(y;p) can be expanded in 

power series of p as 

+~ 

,,(y;p) = 110 (Y) + I: udy) p' . (6.37) 
k:::l 

FUrthermore, asswning that h, is so properly chosen that the above power series is 

convergent at p = 1, we have from Eq. (6.35) the solution series 

+~ 

u(V)=uo(V)+ I:udv) . (6.38) 
k=1 
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6.2.2 The higher-order deformation equations 

For brevity, define the vectors 

Uk = {'Lto (y) ,'Ltl (y) I1/,2 (y), .. ',Uk (y)). (6.39) 

Differentiating the zero-order deformation problem consisting of Eqs. (6.32) and 

(6.33) with respect to p we have for in = 1 as 

(6.40) 

u (O;p) = 0, u (y;p) --+ 1 as y --+ 00. (6.41) 

Now differentiate (6.40) with respect to p and then setting p = 0, we obtain the 

following first order deformation problem 

(6.42) 

'Ltl (0) = 0, 'Ul (y) --+ 0 as y --+ 00. (6.43) 

Now differentiating Eq. (6.40) with respect to p twice and then setting p = 0 and 

dividing by 2!, we get the second-order deformation problem as follows 

aw' d3tL2~Y) - W, dU2(Y) = vV; (1 + Ii) (a
d3U1

(Y) - dUl(Y)) I o dy 0 dy 0 dy3 dy 

-21i r (~d2Ul(Y) + d2uo(y) dUl(y)) 
f.1, 1 dy dy2 dy2 dy 

'Lt2 (0) = 0, 'U2 --+ 0 as y --+ 00. 

, (6.44) 

(6.45) 

Now again differentiate Eq. (6.40) thrice with respect to p then dividing by 3! and 

setting p = 0, we get the third-order deformation problem as follows 

aw' d3u3(Y) _ vV; dU3(y) = 1. (1 + Ii) W, (a d3U2 (y) _ dU2(y)) 
o ~3 0 ~ 2 0 ~3 ~ 

-lillT (~d2U2(y) + dUl(Y) d2UIJY)) 
r 1 dy dy2 dy dy 

-Ii r (d2uo dU2(y) + dUl(Y) d2Ul(y)) 
f.1, 1 dy2 dy dy dy2 

(6.46) 
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"3 (0) = 0, "3 (00) = 00, (6.47) 

For higher-order deformation equation, we first differentiate Eq.(6.40) k- t,jrues with 

respect to p then divide by k! and set p = 0, Here, the high-order deformation 

problem becOl'nes 

Uk (0) = O. 'Uk - 0 as y ~ 00, 
dul,: 
-~ O 
dy 

as y -I> 00 , 

in which 

1 ak-1N1u(y;p)11 
'R-,(U"_l) = (k- l )! a k 1 ' 

P p=o 

k> 1, 

(6,48) 

(6,49) 

(6.50) 

(6,51) 

We note that nk (uk-d is dependent upon the integer material parameter ih. For 

m = 1, 2 and 3 we respectively have 

(6,52) 

where primes indicate the derivative with respect to y. 

When iii = 2 then 

(6,53) 

and for iii = 3 

k-l It i 

n.cu k-Il = "WOU~~, - WO";_1 - 4Mr3 2:>~-I-n I>~-i I>';-jU~, (6,54) 
~=O i=O j-:=:O 
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6.2.3 Solution expressions when m is positive integer 

Here we solve the linear kth-order deformation Eq. (6.48) with boundary conditions 

(6.49) upto third-order of approximations. The four term solution of Eqs.(6.20) and 

(6.21) is 

'/.L (y) = '/.La (y) + 'l.Ll (y) + '/.L2 (y) + '/.L3 (y) , (6.55) 

where '/.La (y) is given in Eq. (6 .29) and solutions of Eqs. (6.42) to (6.45) for in = 1 

are 

26n2ri,u2 (1 - e -~ ) 

-45n,url (n,url - 2 (1 + 11,) Waa) (1 - e-7c;) 

( 

9 (1 + 11,)2 W5cx
2 

) ( _~ ) 
+10 1-e va 

- 1211, (1 + 11,) Waa,url + 2n2ri,u2 

(6.58) 

Similarly when in = 2 



and when in = 3 

351li2r~f-k2 ( 1 - e -~ ) + 576li2r 2f-k2 (1 - e -71: ) 

-210li2r 2 (3 + 2r2) f-k2 (1 - e -7!; ) 
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+ 1121i(1 + Ii) (15 + 16r2) f-ka3/2Wo (1 - e-* ) 
-210lif-k {8 (1 + Ii) (1 + r 2) a3/2Wo - lir~f-k} (1 - e-~) 

+4480 (1 + 1i)2 a3WJ (1 - e--J;) 
(6.61) 

(6.62) 

1180li2r~f-k2 (1 - e -~ ) 

+165lif-kf3 (30 (1 + It) a2Wo - 7lif-kr3) (1 - e-~) 

+33 (1 - e-~) 
( 

225 (1 + Ii) 2 a4~VJ + 2li2f~f-k2 ) 

- 1201i (1 + Ii) a2Wof-kf3 

(6.64) 

6.3 Heat transfer analysis 

Using the non-dimensional parameters defined in Eq. (6 .19) and 

(6.65) 

Eq. (6.23) and the boundary conditions (6.24) , after dropping the asterisks reduce 

to 

(6.66) 
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0(0) = 1, 0 (00) = 0, (6.67) 

where the Prandt l Pr and Eckert Ec numbers are 

(6.68) 

To non-dimensionalize the boundary conditions (6.25), we define [104] 

(6.69) 

and get 

dO l d = 0, 0 (00) = 0, 
y y=o 

(6.70) 

where Ob is the bulk temperature and Eckert number Ec in this case is 

(6.71) 

Making use of Eq.(6.55) into Eq.(6.66) and then solving the resulting equation along-

with the boundary conditions (6.67) we have the following expressions 

6.3.1 Case I: Constant wall temperature 

For in = 1 

(6.72) 
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For in = 2 

()= (6.73) 

and for in = 3 

() = (6. 74) 

6.3.2 Case II: Insulated wall 

For in = 1 

( * 7£ ~ * ) 
()= fltiJe c< + M2e '" + M3e Va + Mse a (6.75) 

+aEcPr 
(3" -2y (3°-3y (3*-4y (3*-5y 

.::.§..u. 7! .=!!u .=!1.u 
+ NI~e ..fo + MGe C< + Mze Va + Me.e Va 

(3* -6y (3*-7y (3* -8y (3*-9y 

For in = 2 

() = 

~ ~ ~ =J!lt 
Mge yO + A110e ya + MIle yet + M12e ya 

(3* -2y (3* -4y (3* - 6y (3* -8y 

-fi:" -,*11 -TaY -* + M13e et + Mae a + fltiJse a + MIse a 
(3*-lOy (3*-l2y (3*-l4y (3*-16y 

(6. 76) 

-,*y -jf:Y 
+Mue a + Mle.e a 

(3* -l8y (3* -20y 



and for iii = 3 

B= 

where 

M2 = (1\1[9 + lvIlO + M11 + 11/112 + NI13 + M14 + 1I11S + 11116 + M17 + JvI18 ) , 

~ ( 11119 + 11120 + JvI21 + 11122 + M23 + M24 + M2S ) 
M3= , 

+ 11126 + 11127 + M28 + JvI29 + M30 

M4 = (2Ml + 3Jv12 + 4M3 + 5lvI4 + 6JvIs + 7 NI6 + 8Jvh + 9M) , 

Ms = ( 2111
9 + 4JvIlO + 611111 + 8JvI12 + lOM13+ ), 

12M14 + 14M1S + 16Jvh6 + 18M17 + 20M18 

( 

2M19 + 5Jvho + 8M21 + llJvh2 + 14M23 + 17 M24 + 20M) , 
JvI6 = 

+23JvI26 + 2611127 + 29M28 + 32M29 + 35M30 

1 
Ml=----~ 

5832vV8ci~ 
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(6.77) 

(6.78) 
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, . 

1 
M3 = -----= 
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6.4 Convergence of the solution expression for ve-

locity 

The explicit expression given in Eq, (6.55) contains the auxiliary parameter It which 

gives the convergence region and rate of approximation for the homotopy analysis 

method. In Fig.6.1, the !'i-curve is plotted for second order approximation for the 

non-dimensional velocity field 'Lt. It is clear from Fig.6.1 that the admissible values 

for !'i is - 0.6 :::; !'i :::; O. Our calculations for 7n = 1 to 3 indicate that the series of the 
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velocity field given in Eq. (6. 55) converges in the whole region when n = - 0.5. 

100 
3rd -order approximation 
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fz 

Fig. 6.1 n- curve for the 3rd-order approximation of u(y). 

6.5 Discussion of the velocity and temperature pro-

files 

In this section we assign the physical interpretations to velocity and temperature 

profiles. For that we first discuss the expressions of velocity profiles with the help of 

graphs. Of particular interest here are the influences of the normal stress coefficient 

a and the porosity parameter Wo for three values of m. For velocity profile, Figs.6.2 

and 6.3 are plotted when m = 1, Figs.6.4 and 6.5 for m = 2 and Figs.6.6 and 6.7 for 

m=3. 

In order to examine the effects of a we made Figs. 6.2, 6.4 and 6.6 for m = 1, 

2 and 3 respectively. It is noted that large values of a are responsible to increase 

the velocity boundary layer thickness. Figs.6.3, 6.5 and 6.7 depict the effects of 

suction and blowing on the velocity. The velocity boundary layer thickness is found 
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to decrease for higher values of sucHan velocity. 

For the case of blowing, it is well kI).OWD that in the case of Newtonian fluids, there 

is no solution to the Navier-Stokes equations. However, a solution to the equations 

of motion in t,he case of fluid injected into the domain is possible in the case of 

non-Newtonian fluids. As expected, t.he blowing causes thickening of the velocity 

boundary layer and this boundary layer thickness is greater when compared to the 

case of suction. 

It is further seen that the velocities in the tiu-ee cases of m have DO much difference 

through the variation of o. However, if we take the variation of Wo then the velocities 

aJ."e sensitive for the different values of prl. which shows the shear-thickening effects of 

the examined non-Newtonian fluid. ThLls. a. generalized second grade fluid exhibits 

the shear-thinning and shear-thickening effects for 1n < ° and in. > 0, respectively, 

Figs.6.8(a) - G.9(a) illustrate the temperature profiles for in, = 1, 2 and 3 respec­

tively in case of constant wall temperature. [n Fig.6.B (a), we observe that an increase 

in the Eckert number Ec enhances t.he thel'mal boundary layer thickness. Also, for 

large values of Prandtl number, the thermal boundary layer thickness decreases. It 

can also be seen that increasing the normal stress coefficient has the effect of decreas­

ing the thermal boundary layer thickness. Further, Figs.G.8(b) and G.9(0) show tbe 

similar observation as in the Figs.6.8(a) for Ee. a and Pro 

The temperature profiles corresponding to the case of porous plate subject to 

blowing can be obtained by changing the sign of Wo0 This was done in this analysis 

and variations of temperature with respect to Ee. a and Pr are found similar to that 

of suction. Figs.G.9(b) - G.lO(b) depict the temperature distributions for the insulated 
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wall for in = 1, 2,3 and different values of Ee , 0: and Pro Interestingly, it is observed 

that the behavior for insulated wall is similar to the case of an isothermal wall 

(a) Suction (Wo = 0.5) (b) Blowing (Wo = -0,5) 
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Fig.6.2 Profiles of velocity'Ll (y) for various values of normal stress coefficient 0: for 

fixed !i = -0.5, J.1 = 1 and r 1 = 1. 

0.8 

0.6 

0. 4 

- Wo= 0.5 
- - Wo = 1 
---- Wo = 2 
.... Wo = 5 mm

=-o, 
- - Wn = - 1 
.--- Wo = -2 
.. Wo = -5 

o o 2 4 5 
y y 

Fig,6.3 Profiles of velocity 'U, (y) for various values of suction (panel a) and blowing 

(panel b) for fixed !i = - 0.5 , J.1 = 1, r 1 = 1 and 0: = 1. 
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(a) Suction (Wo = 0.5) (b) Blowing (Wo = - 0.5) 
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(a) Suction (Wo = 0.5) 
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(b) Blowing (Wo = -0.5) 
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Fig.6.6 Profiles of velocity 'Lt, (y) for various values of normal stress coefficient a for 

fixed Ii = - 0.5 , f.L = 1 and r3 = 1.8. 
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6.6 Concluding remarks 

In tius work, the velocity and temperature profiles for flow of generalized second 

grade fluid past a porou, pl.te are obtained analytically. The two interesting cases of 

constant plate temperatm€ and insulated plate are discussed. A method of homotopy 

analysis is used to find t.he velocity profiles. It enables computation of the flow and 

heat transfer characteristics for any value of the normal stress coefficient of the fluid. 

The variation of mat.erial parameter. normal stress coefficient and suction and blowing 

on the velocity profiles is illustrat,ed. Further the effect of various parameters such as 

Eckert number, normClJ st.ress coefficient Prandtl number and the material parameter 

on the temperature profiles is studied. As a result, the following are detexmineci: 

• The considered model of genenJized second grade fluids exhibits both shear 

thinning and shear t.ltirJ<ening propel'ties. 

• Increase in the normal stress coefficient len.ds to an increase in the velocity 

boundary layer thidmess. 

• Increasing the valu<:." of the. suction velocity provides decrease in the velocity 

boundary layer thickness. 

• The increase in blowing velocity increases the velocity boundary layer thickness 

when compared with that of suction velocity. 

• The velocity profiles are not much sensitive to variations in Q for various values 

of m. 
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• The temperature profile changes significantly with ECkert number and thermal 

boundary layer thickness increases with an increase in Eckert number. 

• The temperature profile depends strongly on the normal stress coefficient and 

Prandtl number. By increasing these parameters, the thermal boundary layer 

thickness is found to decrease. 

• It is worth-mentioning to note that our zeroth order solution (6 .29) corresponds 

to the solutions in the references [97) and [99) when I' = O. This guarantees the 

correctness of the presented calculations. 



Chapter 7 

Channel flow of a third grade fluid 

using HAM 

This chapter presents a study of the steady flow of an incompressible third grade 

fluid through two parallel porous walls. For the present study, the rate of injection 

of the fluid at one wall is equal to the rate of suction at the other wall . The flow is 

induced by applying external pressure gradient . The flow is governed by a third order 

non-linear boundary value problem. Analytical solution for the velocity is obtained 

using HAM. A comparison is also made with the existing exact numerical solution 

[201 of velocity for the var ious values of the physical parameters. It is found that a 

proper choice of the auxiliary parameter occurring in HAM solut ion gives very close 

results. 
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1.1 Mathematical formulation 

Consider the steady flow of d third grade fluid between two porOlli! walls at y = a 

and y = b. The flow is due to a constant pressure gradient. Also, there is cross flow 

because of uniform injection of the fluid at lower wall with velocity Wo and an equal 

suction at the upper wall. For third grade fluids, we use the constitutive Eq. (1.11) 

which along with Eqs. (4.1) and (6.6) yields 

(7.1) 

where P is defined in Eq. (6A) 

The boundary conditions are 

"(0.) = ·0. (b) = O. (7.2) 

Defining the non-dimensional variables 

(7.3) 

and substituting Eq. (7.3) in Eq. (7.1) and boundary conditions (7.2) we obtain 

in which 

f( RUlli + U" - RU' + TU''1 UI! = -1, 

U(cr)=U( l )=O, 

2 (OP)' 
= ~ R = pWob [( = "1 T = G(3,b ;;;; 

cr b' 'b" 3 ~ P ~ 

(7 A) 

(7.5) 

(7.6) 

and primes denote cUfferentiation witJl respect to 7J (incidentally the value of T in 

[20j-is incorrectly reported) 
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7.2 Homotopy solution 

Now to solve the non-linear ordinary differential Eq. (7.4) subject to boundary con-

ditions (7.5), we apply the homotopy analysis method to give an explicit, uniformly 

valid and totally analytic solution 

7.2.1 Zero-order deformation 

In view of Eq. (7.4) and boundary conditions (7.5), we take the initial guess of U (r;) 

of the following form 

(7.7) 

which satisfies 

Uo (0') = Uo (1) = 0, (7.8) 

and define the auxiliary non-linear operator 

( 
fj3 02 a ) -

£1 [V (y;p)] = ](Ror;3 + 0''7 2 - Ror; U (y;p). (7.9) 

In the initial guess (7.7) , CIO, Cll alld C12 are the constants of integrations 

f ('/7) = em3 7J
) 9 (r;) = e71W1

) (7.10) 

where m3 and m4 are the roots of 

J( Rrn.2 + m - R = 0 (7.11) 

which are 

-J 4]( R2 + 1 - 1 -J 4K R2 + 1 + 1 
m3 = ) 7n4 =-

2KR 2KR 
(7.12) 



For smalJ f{ (or R ) one can write 

"'" - R-KR'+O(K'R'), 

1 
m, - ](R - R++O(KR') , 
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(7.13) 

(7.14) 

Now the independent solution J (~) matches with the solution for a corresponding 

Newtonian fluid, Thus, from Eqs. (7.7), (7,10), (7.13) and (7,14) we obtain 

where 

ry 
Uo = 010 + 0 11 e"'" + R' 

1 -(1 
ell = - R(ema _ emao ) 

This solution is the same as given in reference [105] for a second grade fluid. 

We can construct the zeroth-order deformation problem as 

(7,15) 

(l -p)£, [V(ry;p)-Uu(~)l =pn [f{R~''f +~-R~~ l' (7. 16) 

+T(~)2~~~ +1 

U «(1;p) = 0. U (l;p) = 0, (7,17) 

where p E [0, 1) is an embedding parameter and n as an auxiliary parameter, Eqs. 

(7.16) and (7.17) is 

(7.18) 

and for p = I . the Eqs. (7.16) and (7.17) are equivalent to Eq. (7.4) and (7.5) so that 

(7,19) 

Clearly when p increases from ° to 1, U (1!;p) varies (or deforms) from Uo ('1) to U (~) 

governed by the Eqs. (7.4) and (7,5). We have great freedom to choose n. Assume 
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that the deformation U('I;P) governed by Eqs. (7.16) and (7.17) is smooth enough 

so th::tt 

0 1'1 ('I) ~ {)' V ('I; p) I k> 1 o ak ,- + 
P p=O 

(7.20) 

By Taylor's theorem and Eg. (7.)8) . we can write 

U ('I;P) = Un ('I) + LUd,,)p'. (7.21) 
k:l 

where 

U. ( ) ~ ~ i!'U (ry;p) I 
"I 1" 8 k . " p "",,0 

(7.22) 

Assume that the above series is cOllwrgent when p = I: we have, from Eq. (7.21) 

~ 

U ('/1) = Uo (~) + L U, (rl)· (7,23) 
1,:=1 

Differentiating Eqs. (7.16) .IId (7.17) with respect to P and then setting P = 0 and 

using Eqs. (7.18) and (7.20). we hll"(' the following first-order deformation problem 

U, (0) = U, (1) = O. (7.25) 

The solution of the above first-orch~1' deformation problem is 

where 

M = - 1 [M (."." _ ue""") + 1\1 (e'=' _ .'m,,,) + M ( •. 3m, _ e3m,")] 32 m, m,(1 33 34 35 I e -e 
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M _ nTBom3 
33 - R2 (2KRm3 + 1) ' 

~ nTB5m3 
1134 = R (3KRm3 + 1)' 

Now differentiating Eqs. (7.16) and (7.17) with respect to p twice and setting p = 

o and using the relations (7.18) and (7.19) we have the second-order deformation 

problem as 

Solving the above problem one obta.ins 

e(l+0')m3 
M 36 =---­

em3 _ em3 0' 

M _ _ 1 
37 - m3 rn30' e -e 

(7.27) 

(7.28) 

(7.29) 

lv! - fiT ( lvI32m3 111.33 (K Rm3 + 1)) M _ tiT M33 m3 

38 - . R2 (2KRm3 + 1) + R2 (2KRm3 + 1)2 ' 39 - 2R2 (2KRm3 + 1)' 

M
40 

= tiT (2m3C20M32R + 2NI34 _ 2m3C20KJ..!f33 ) M _ 2m3C2onTM33 
R2 (3f( Rm3 + 1) (3f( Rm3 + 1)2 ' 41 - R (3K Rm3 + 1)' 
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M" ~ n:r (mlC?oM" R2 + 4m,C,oM"R + 3M" + m3CioM33 (2J< Rm, + J) ) 
2R' (4 f( Rm.3 + I) 4 (4I<Rm3 + 1) ' 

M _ fiTCiofdj3 711\j 

,,- 2 (4gR"" + I) ' 
M _ 2m3C,ohT (m3C20M34 R + 3M,,) 

" - 3R (5KRm3 + I) 
Af. _ 3liTCioM55ffi3 

45 - 4(Gf(Rm3+ 1)' 

The three term solution is 

v ~ Vo + VI + V" 

7.3 Higher order deformation 

(7,31 ) 

For higher order defonnat,iou equation" we first differentiate Eqs. (7,16) and (7.17) 

k times with respect to fJ t, hel1 dividing by k! and set p = O. Here, the higher order 

deformation problem beCOl ~ I('!-> 

[ 

KRV[~I + V~_I - RV;_I 1 
(1 - p) CIIV, (1/) - ~" UI, - I (111I ~ Ii • 

T ",I-I V' ",n V' V" + L..j=o k-l-) L....1i:O j-i i + Xk 

(7,32) 

Vk (a) = Vk (0) = 0, (7,33) 

7.4 Convergence of the solution expression for ve-

locity 

The explicit , analytic expre-.sivn (7.31) contains the auxiliary parameter n. As pointed 

out. by Liao [711 , the conV~l'gence region and rate of approximations given by the 

homotopy analysis method Hre strongly dependent upon the auxiliary parameter. In 
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Figs. 7.1 and 7.2 the Ii-curves are plotted to see the range of admissible values for 

the parameter Ii. It is clear from Figs . 7.1 and 7.2 that the range for the admissible 

values for Ii is - 1 ~ Ii < O. And the solution given in Eq. (7.31) converges in the 

whole region of TJ , when n is in the neighborhood of -1.0. It is also observed that the 

interval for the values of h converges to value -1.0 as T increases keeping K and R 

fixed. It is also clear from Fig. 7.2 that. value of Ii decreases from -1.0 towards 0.0 

as K increases. 
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Fig.7.1 Ii- curve is plotted for the 2nd-order approximation of U(TJ) for increasing T. 
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~1 

Fig. 7. 2 Ii- curve is plotted for the 2nd-order approximation of U ( TJ) for increasing K. 
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7.5 Results and Discussion 

From Table 1. we observe tbC1t the optimurn value of I'i depends -upon the physical 

parameters R, J(, and T. In particular, we note that if Rand 1< are small then the 

value of fi must be choseu dose to - 0.83 reduced progressively as the value of T is 

increased . However. wheu Rand K are moderate to la.rge a value of Ii close to -0,96 

gives the velocity profile Yel'Y close to the one that was obtained numerically by Ariel 

[201· 

Table 1 

illustrating the variatiou of U( 1/2), t he velocity in the middle of the channel , with 

R, the cross-flow Reynold's llumher J\' , the viscoelastic fluid parameter T , the third 

grade parameter and fi t ih' homotopy <llL'd liaI'Y pru'cuueter. 

R [( T U( I/2) Exact, numeric.a! solution 

1 0.1 l 

2 

5 

0.2 1 

2 

0.5 1 

2 

0.109334 

0.100976 

0.100651 

0.102101 

0.099691 

0.087626 

0.085475 

HAM solution 

-0.87 0.109368 

-0.87 0.106976 

-0.58 0.101969 

-0.85 0.102151 

-0.73 0.099400 

-0.82 0.087673 

-0.69 0,085471 
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R K l' U( 1/2) Exact numerical solution Ii HAM solution 

2 0.1 0 0001280 

1 0.089911 -0.94 0.089912 

2 0.088679 -0,89 0.088692 

5 0.085578 -0,77 0.085708 

0.2 1 0.078179 -095 0,078179 

2 0.077282 -0.9 0.077288 

5 0.074993 -0.79 0.075064 

0.5 1 0060643 -0.94 0060643 

2 0.OG0099 -0,93 0.060100 

5 0.058673 -0.83 0.058690 

5 0.1 1 OJ)52089 -0.96 0.052089 

2 0.1l51974 -0.99 0.051974 

5 0.051638 -0.94 0.051638 

10 0.051102 -094 0.051102 

20 0.050117 -098 0.050119 

0.2 1 0.041948 -0,99 0.041948 

2 0.041886 -0.96 0.041886 

5 0.041703 -0,94 0.041703 

10 0041407 -097 0.041407 

20 0,040852 -0.93 0.040852 



R [( T U(1/2) Exact numen cal solution 

0,5 1 

2 

5 

10 

20 

0.029750 

0.029723 

0.029644 

0.029514 

0.029266 
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Ii HAM solution 

-0.99 0.029750 

-0.99 0.029723 

-0.96 0.029644 

-097 0.029514 

-0.99 0.029266 

Here it is worth mentioning t:hrl.t the HAM solution is valid for all values of the 

physical parameters R, [\', <ll1d T. Therefore , it seems reasonable to assume that the 

HAM solution holds even for I-ll()se vall1es of the physical parameters for which Ariel 

[4] had a problem in obtainin~ I"he convergence of t he series solution for large values 

of T. [t is believed that as iOllR (1:; the above mentioned guidelines regarding the choice 

of n are adhered to, the HAi\![ f'oiut,ion '/lL'ust provide a reasonably accurate solution 

of the problem for aU vR lues of the pru·'Ilneters. In any case a value of!i between -1 

and - 0.6 would give a result which wou ld not be far off from the exact solution. 

[n Fig. 7.3, U has been plot.ted against ~ for R = I, T = 5, and ]( = 0.2 and 

0.5. For these values of the pa.rameters1 an intelligent guess had to be made for n. 

Looking at Table I , we expect that for ]( = 0.2. n must be close to -0.5, and for 

]( = 0.5, fj must be approximately equal to -0.45. It must be remarked here that 

Ariel [201 was not able to get the convergence of the solution for the above mentioned 

values of the parameters. Thus HAM offers an attractive alternative for computing 

the flow of viscoelastic Huids where nurnel'ical techruques fail to give t he solution for 
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varying reasons. 
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'/ 

Fig.7.3 Variation of velocit.y profile for different values of K. 
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Abstract- The unsteady flow of a viscous electrically conducting fluid bounded by a porous disk 
in the presence of a uniform magnetic field has been studied. Exact analytic solution for the flow 
generated by arbitrary periodic oscillation of a porous disk is obtained. Some interesting flows caused 
by certain special oscillations are also examined. Asymptotic analysis is carried out to determine the 
solutions for the large time. The structure of the velocity boundary layers is discussed physically. In 
the case of blowing and resonance, the hydromagnetic steady state flow is found to exist. © 2004 
Elsevier Ltd. All rights reserved. 

KeywordS-General periodic oscillation, Porous disk, Asymptotic blowing solution, Resonance, 
Laplace transform. 

1. INTRODUCTION 

The unsteady flow due to two noncoaxial rotations of a disk and a fluid at infinity has received 
considerable attention. Rao and Kasiviswanathan [1] presented an exact solution for the unsteady 
flow in which the eccentric disks execute nontorsional oscillations. Kasiviswanathan and Rao [2] 
also presented an exact but large time solution of the unsteady Navier-Stokes equations for the 
flow due to an eccentrically rotating disk oscillating in its own plane and the fluid at infinity. 
The initial conditions which make the flow two-dimensional are investigated by Erdogan [3,4]. 
Recently, Erdogan [5] has studied the flow due to noncoaxial rotations of a disk oscillating in its 
own plane and a fluid rotating at infinity. Rajagopal [6J has considered the flow of a simple fluid 
in an orthogonal rheometer. Parter and Rajagopal (7] also proved that when the disks rotate 
with different angular velocities about distinct axes or a common axis, there is a one parameter 
family of solutions. Further, the flows of Newtonian and non-Newtonian fluids between parallel 
disks rotating about a common axis has been reviewed by Rajagopal (8]. 

However, no attempt has been made to discuss the flow for small time due to noncoaxial 
rotations of a porous oscillating disk and a fluid a.t infinity. It is apparent from physical con­
siderations that suction prevents the imposed oscillations from spreading far away from the disk 

0895-7177/04/$ - see front matter © 2004 Elsevier Ltd. All rights reserved. 
doi:10.1016/j.mcm.2003.09.035 
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by viscous diffusion for all vaJuea oftbe frequency parameter. On the contrary, the blowing pro­
motes the spreading of the oscillations far away from the boundary disk, and hence, one of the 
boundary layers tends to be iDfinitely thick when the disk is forced to oscillate with the resonant 
frequency, Thus, oscillatory fiom are no longer possible for the c&se of blowing and resonance. 
The phenomena. of resona.noo here occurs when the oscillating frequency of the disk is equal to 
t he angul8l velocity of rotation. E¥en if suction Or blowing is absent, the bounda.xy layers extend 
throughout the flow field [5} . Thus, it remains to answer the question of finding a meaningful 
solution for blowing and resonance. An attempt is made to answer this question. The aim of this 
communication is to discuss the UllSteady magnetohydrodynamic flow of an electrically conduct­
ing thlid bounded by an in.fin.ite nonconducting porous disk with uniform suction or blowing in 
the presence of a transverse magnetic field. The disk executes arbitrary periodic oscillations. A 
general pe.tiodic oscillation h(t) with period To is considered. The response of oscillations in the 
Sow field can be built up using Fourier series representation. Exact analytical solution (due to 
arbitrary periodlc oscillation) valid for large and small times is obtained. The flow field, due to 
certain special values of oscillation, is then derived as a special case of the arbitrary periodic os­
cillations . By using the Laplace transform method, the structure of the steady and the unsteady 
hydromagnetic boundary la.yers are examined, including the case of blowing and .resonance. It is 
found that, in the case of blowing and resonance, steady solution satisfies the boundary condition 
at infinity, which is a. deviation from the hydrodynamic situation. Several results of interest are 
obtruned as special cases of the presented analysis. 

2. FORMULATION OF THE PROBLEM 

Let us consider the unsteady flow of an electrically conducting incompressible fluid . The fluid 
is bounded by a nonconductive porous disk at % = 0. A uniform magnetic field Bo is imposed, 
perpenclicular to the disk. The axes of rotation, of both tbe disk and fluid, are e.ssumed to be in 
the plane x = 0, with the distance between the a.xes being t. The disk and the fluid are initiEilly 
rotating about the %1 = axis with constant angular velocity n and at time t = 0, t he disk and 
the Buid start to rotate at ,;: and ,%1 axesl respectively, witb n. For t > 0, the clisk also oscillates 
in its oWn pIa.ne with frequency n. 

The equations governing the unsteady :MHD Bow are 

rNd =-!Vp+vV'V+!jxB, (1) 
t P P 

eliv V=O, (2) 
eliv B=O, (3) 

curl B = pm.l, (4) 
8B 

curl E=--
8t' 

j =u(E+ V X B), 

(5) 

(6) 

where V = (u, 11, w) is tbe velocity vector, p is the pressw e, p is the deDBity, j is the electric 
current densityl '" is the kinematic viscosity, pm is the magnetic permeability, E is the electricfield, 
and (f is the electric conductivity of the fluid. B is the total magnetic field so that B = Bo + b, 
b is the induced magnetic field. The magnetic Reynolds Dumber Rm [9] is assumed to be small, 
as is the case with most of tb.e conducting fluit;ls, and hence, b is small in compa.rison with Bo 
and is, therefore, DOt taken into &ccoWlt. The force j x B now becomes /7(V X Bo) x Bo. In 
addition, div j = 0 is a.cquired by using equation (4). 

The appropriate boundary and I.nitial conditions (01' t he velocity field are 

u=-Oy+Uh,(t), lI=OX, at%=O, fort>O, 

u = -O(y - I), v = Ox, as. _ "", for all t, (7) 

u = -O(y -I), tI = Ox, 



Unsteady Periodic Flows 115 

where u and v are the r Bnd l' components of the velocity 8Jld U is the velocity IUld the Fburie.r 
series representation of h(t) is as follows 

~ 

h(t) = 2: Ilk eiht
, 

.k = 2. /, h(t)e-""' dt, 
T, " 

in which n = 21f/To and {a .. } are the 'Fburier series coefficients of h(t). 
We seek solutioN! to the equations of motion in the form 

u = - ny + / (%, t), v = nx+ 9(%,t). 

Making use of equation (10) in equation (1), one obtains 

Following (10\, we take 

8w =0. 
8. 

w=-wo, 

in wWch Wo > 0 is the suction velocity and Wo < 0 is the blowing velocity. 
In view of the ,mall R"" equatiooz (1), (10), and (12) yield 

ff'F 8'F 8'F ( • ') OF II-+WO----- iQ+-Bo -=0, 
8z3 {Jz'J &t8z p Oz 

with the following boundary and initial conditioll3 

where 

F(O,t) = Uh(t), 

F(oo, t) = nl, 

F(.,O) = m, 

F=/+ig. 

3. EXACT SOLUTION OF THE PROBLEM 

(8) 

(9) 

(10) 

(11) 

(12) 

(13) 

(14) 

(15) 

(16) 

Let F(z, t) has a Laplace transform 111 (.t, s) . We can take Laplace transform of equation (13) 
with the initial condition (15), to obtain an ordinary differential equation with the boundary 
conditions a.s: 

(17) 

(18) 

m 
Ii (x,s) = - , as • z-oo, (19) 

where 

(20) 
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The differential equation (17), with the boundary conditions (18) and (19), has the following 
solution 

m [ {(wo w(z,s)=s 1-exp - 2;+ 

+U ~ a~ [1 _ exp {_ (Wo + 
k~OO S - ~kn 211 

(~)'+(~))'}l 
(~)'+(~) z}]. 

(21) 

The La.place inversion of above equation will complete the solution of the problem. Therefore, 
by the convolution theorem for Laplace transform, we have tha.t the inverse of equation (21) as 

~ f . 9 e- 2v z 
-+~-= 1---nl m 2 

-% 
e ~ ~ ill (z 

4 v + pv + II erf c 2..;vt-

4v + pv + v erf c __ + ~ ~ ill (z 
2 vfvt 

e .., pv v erf c ----z ~+~+ill ( z 
2..;vt 

+ez 4ii.+ pv + " erf c __ + ~~ill ( z 
2..;vt 

(W~ uBs in) t) -+-+-411 pll 1I 

(W~ uBS in) -+-+- t 
411 pll 1I 

(W~ uBS in) -+-+- t 
411 pll 1I 

-+-+-- t (W~ uBS in)) , 
411 pll 1I 

where erfc(x) is the complementary error function defined by 
00 

erf c(x) = 1 - erf(x) = J e-'T
2 

dr, 
z 

(22) 

(23) 

and the real and imaginary parts of equation (22) give f Inl and glnl, respectively. It is better 
to write equation (22) in the following form 

-~z 00 ' [e-*(r~+ibl:) erf c ( ~ - (rk + iOk) 0) 1 
f . 9 Ue TIl ~ ikn.t 2vvt (24) 
nl + ~m = H + 2nl L.J ake .. ( z ) , 

k=-oo +e 7V(rlo+i<Sio) erf c 2vfvt + (rk + ic5k) 0 

where 

(25) 

(26) 

(27) 

(28) 

(29) 
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We note that equation (24) gives the solution for general periodic oscillation of the diak. As a 
special case of this, the result for different cWk oscillations are obtained by an appropriate choice 
of the Fourier coefficients, wbich give rise to different disk oscill&.tions. For example, the results 
for the oscillations 

cos nt, sin nt, 
{ 

T, } 1, It I <2 
To ' 

0, IT,I < It I < 2 
and 

~ 

I: 6(t- kTo), 
k __ CIO 

are respectively given 88 

(30) 

(31) 

Is .g3 H :.:;U:.;'-"'~:i-._· -+t-= -ru 0 1 .uu (32) 

(33) 

!!.+ i~ = H + e ~ E eUn! 2vvt 
" U -~. ~ [ .-.",( •• t"·)""'(~-('·+"·)v'<)l 
m ru lOtTo . " -00 +e*( ... t f&_) erf c (2J;t + (rot. +,6 ... ) Vi) . (34) 

For the cao;e 01 blowing, we use Wo < 0 in (24)-(34). Thus, solutlolltl (24) and (30)-(34) clearly 
describe the general features of the unsteady hydromagnetic Bow, including the case of uniform 
suction or blowing. according to Wo > 0 or Wo < 0, respectively. 

4. THE ULTIMATE STEADY STATE 
FLOWS AND THE BOUNDARY LAYERS 

Taking t _ 00 in (24) and (30H34) and using the asymptotic lormula for the oomplementsry 
error function, we have for suction 

(35) 

(36) 
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where 
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e- (Wo/2,,).- (a/VU> (oHP) 

M = 1- -'---"""2---

(37) 

(38) 

(39) 

(40) 

We note that solution (35) is of the oscillatory type, For this Bow, thicknesses or the boundary 
layers are of the order (Wo/2v + v'V/o.)-l and (Wo/2v + .,fo/rk)-l, It is interesting to Dote 
that the thicknesses of the boundary layers decrease with an increase of the magnetic field or 
suction parameter s and remain bounded for all values of the frequency. When n = 0, then 
Q = r,l: I and the distinct bOWldary layers combines into a single layer of the thickness of the order 
(Wo/2v + .;v/a)- I 

In the case of blowing, the steady state solutions are obtained from equations (24) and (30)-(34) 
by replacing Wo by -WI, (Wi > 0) and taking the J..imjt t _ 00 and has the form 

where 
_ e(wl/211)%-a/.,fo (6.+f.a) 
M=l- I 

2 

(41) 

(42) 

(43) 

(<<) 

(45) 

(46) 

where a, P, fJn and 6k are obtained by replacing Wo by - WI in the expressions (26) to (29)) 
respectively. 

In absence of magnetic field Bo = 0, we Dote that solutions (41)-(45) satisfy the boundary 
conditions for all values of frequency n, but the boundary condition at infinity is not aa.tisfied 
when n = O. In other words, when the disk 06cillates with the resonant frequency n = 0, 
one of the boundary layers becomes infinitely thick. CoDSequently, tbe oscillations generated by 
the disk are no longer confined to tbe ultimate boundary layers. In a bydromagnetic situation, 
801utioDlJ (41)-(46) satisfy the b.oundary conditione for all v8.lues of frequencies, including the 
resonant frequency and unbounded epreading of shear oscUlations away from the disk in blow­
ing, and resonance is controlled by the external magnetic field (aU the boundary layeI'fl remain 
finite for all values of frequencies). Physically, the diffusive hydromagnetic waves exist in the 
magnetohydrodynamic system. These wa.ves aze found to decay within tho ultimate steady state 
boundary layer!. The e.."Ctemel magnetic field expedites the decay process of these waves. 



Unsteady Periodic FlmYa 119 

5. CONCLUDING REMARKS 

In this communication, we ha.ve studied the oscillating diak problem. The combined efforts of 
8. transverse magnetic field, suction, blowing, and D.Oncoa.xial rotation are undertaken. Besides 
engineering applicatioN, the present e.nalys1s of the magnetic 08cill.ating problem possesses also 
astrophysical and geophysical applications [111j namely, in connection with the use of such equa.­
tions for a hetter understanding of the motion of electrically conducting fluid, such as ionized 
clouds. 

Another important field of application is the electromagnetic propulsion. B88ically, an electro­
magnetic propulsion system consists of a power source, such as a. nuclear reactor I a plasma, and 
a. tube through which the plasma is accelerated by electromagnetic forces. The study of such a. 
Bystem, which is closely associated with magnetochemistry, requires a complete understanding of 
the equation of state and transport properties such as diffusion, shear stress-sheru: rate relation­
ship, thermal conductivity, electrical conductivity, and radiation. Some of these properties will 
undoubtedly be influenced by the presence of an external magnetic field which sets t he plasma 
in hydrodynamic motion. 
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Abstract 

The purpose of this work is to examine the flow of a fluid bounded by a porous disk. The fluid is assumed 
to be non-Newtonian (second grade) and incompressible. Such a flow model has great significance not only 
of its own theoretical interest, but also for application to geophysics and engineering. The governing initial 
value problem has been solved analytically by using the Laplace transform technique. Explicit expressions 
for the velocity for steady and unsteady cases have been constructed. The analysis of the obtained results 
showed that the flow field is appreciably influenced by the material parameter of the second grade fluid, the 
imposed frequency, rotation and porosity parameters. Several known results of interest are found to fo llow 
as particular cases of the solution of the problem considered. 
© 2003 Elsevier Inc. All rights reserved. 

Keywords: Unsteady flow; Second grade fluid; Non-coaxial rotation; Oscillating disk; Porosity 

1. Introduction 

The possibility of an exact solution of the Navier-Stokes equations for the flow due to non­
coaxial rotations of a disk and a fluid at infinity has been implied by Berker [1]. Exact solutions 
for the flow due to a single disk in a variety of situations have been obtained by number 
of workers. Coirier [2] has studied the flow due to a disk and a fluid at infinity which are 
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rotating non-ooaxially at slightly different angular velocities. Exact solutions of three-dimensional 
Navier-8tokes equations are obtained by Erdogan [31 for the flow due to non-coaxial rotation of a 
porous disk. and a fluid at infinity. RajagopaJ [4] has considered the flow of a simple fluid in an 
orthogonal rheometer. The flows of Newtonian and non-Newtonian fluids between parallel disks 
rotating about a common axis has been reviewed by Rajagopai (5] . Parter and Rajagopal [6J also 
discussed that solutions which lack symmetry are possible for swirling flows about a common axis . 
These asymmetric flows have relevance to the stability of the axi-symmetric flows. 

In order to extend the work of Berker [7] to the case of unsteady motions, Rao and Kasi­
viswanalhan [8] considered the flow of a fluid between two eccentric rotating disks for which the 
streaml ines at a given instant are concentric circles in each plane paral1e! to a fixed plane and each 
point of the plane is perfo rming non-torsional oscillations. Unsteady fl ow due to non-coaxial 
rotations of a disk, executing non-torsional oscilla tion in its own plane and a fl uid at infinity has 
been investigated by Kasiviswanathan and Rao [9]. The unsteady flow due to eccentric rotations 
ora disk and fluid at infinity which are impulsively started was examined by Pop (1 0]. He assumed 
that flow is two-dimensional , and that both the disk and the fluid at infinity are initially at rest and 
that they are impulsively started at time zero. It is clearly seen that under the assumed conditions 
by Pop, the Oow does not become two-dimensional, but becomes three-dimensional. The condi­
tions which make the flow two-dimensional bave been investigated by Erdogan (II] . More­
recently, Erdogan (1 2] obtained an exact solution for the flow due to non-coaxial rotations of a 
disk, executing oscillations in its own plane, and a fluid at infinity. 

As is knowll , the Navier-Stokes equations seem to be an inappropriate model for a class of real 
Huids, called non-Newtonian fluids, which includes viscoelastic liquids with short memory and 
viscous fluids with polymer additives. In recent years, considerable efforts have been usefully 
devoted (0 the study of flow of non-Newtonian fluids because of their practical aOlI [unuamental 
importance associated wHh many technological applications. A vast amount of literature is now 
avai lable for various kinds of geometries and for a variety of non-Newtonian fluids. In order to 
increase the basic understanding of second grade fluids, several authors including Rajagopal 
[1 3.14]. Rajagopa l and Gupta [1 5]. Rajagopal et al. [16]. Bandelli and Rajagopal [17] . Fetecau and 
Fetecau [18]. Benharbil and Siddiqui [19]. Coscia and Galdi [20] and Hayat et al. [21-23] have 
studied the theory of non-Newtonian fluids in various geometrical configurations. In general , it is 
not easy to study a non-Newtonian fluid flow problem associated with a complex geometry. 
Keeping this in mind the aim of this work is twofold. Firstly. the flow of a second grade fluid 
produced by an oscillating disk which rotates noo-coaxially with the fluid at infinity, is examined. 
For second grade fluid, the proposed constitutive relations are involved and complicated, leading 
partial differential equations with highly oan-linear terms which make the question of well­
posedness extremely difficult to address. In contrast, such a question is of fundamental impor­
tance, not only from a mathematical point of view, but mainly as an essential test for the 
underlying physical model. Here, it is shown that the equations of motion have an exact solution. 
Secondly. to include tbe effect of porosity by taking into account the porous disk instead of a rigid 
disk. An ana lytical solution for large and small times after the start is obtained. The solution fo r 
three cases, when tbe angular velocity is greater than, smaller than or equal to the frequency of 
oscillation arc given. For smaU times the Laplace transform method is used. For large times, the 
steady solut ion is possible for suction and blowing when angular velocity is greater than or 
smaller than the frequency of oscillation. If the angular velocity is equal to the frequency of 
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oscillations. lbe system resonates. It is seen that steady blowing solut ion in resonartt case does nOI 

satisfy the boundary condition at infinity. The solution of Erdogan (I2] can be obtained as a 
special case of the presented analysis by taking the suction/blowing velocity and material 
parameter of the second grade fluid to be zero. 

2. Flow problel1l 

The flow of an incompressible second grade fluid, neglecting thermal effects and body forces, is 
governed by 

divV = 0, (1) 

(2) 

where the Cauchy stress tensor T in an incompressible and homogeneous Rivilin- Ericksen fluid of 
second grade is related to the fluid motion in the foUowing manner [24J 

(3) 

A, ~ (grad V) + (grad V) T, 

dA, T 
A, ~ dr + A, (grad V) + (grad V) A,. 

Here V is the velocity vector field, p the fluid pressure, p the: constan t fluid density, J1 the 
constant coefficient of viscosity, d/dt the material time derivative and <X" lXl the normal sU'ess 
moduli. 

According to Dunn and Fosdick [25}. the second grade fluid model is compatible with thermo~ 
dynamics when the Helmholtz free energy of the fluid is a minimum for the fluid in equilibrium, 
The fluid model then has general and pleasant boundedness and stability properties. The Clau~ 
sius-Duhem inequality and the assumption that the Helmholtz free energy is a minimum in 
equilibrium provide lhe following restrictions 

J1 ~ a, 1X, ~ a, ct, + ctl = O. 

Since we are dealing with second grade fluid flow, the strict inequality holds true. Fosdick and 
Rajagopal [26] showed that when IXI < 0, the fluid exhibits anomalous behavior that is incom­
patible with any fluid of rheological interest, and so results in a fluid that is uns table. 

We consider a Cartesian coordinate system with the z-axis normal to the porous disk. The axes 
of rotation, of both tbe disk and the fluid, are assumed to be in the plane x = 0, with the di stance 
between the axes being I . The common angular velocity of disk and the fluid is taken as .0. We 
seek a solution for the velocity field of the fonn 

II ~ - fly + f(z, I), v ~!lx+ g(., I) (4) 
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with the following boundary and initial conditions 
u= - (Jy+Ucosnt or u=-Qy+Usin nt; u=!lx, at z= O (or( > O, 

II = - Q(y - l), [} = Qx, as z - 00 for alit, 

u = -a(y -I}, u = llx, at 1=0, for z > 0. (5) 

The condition of incompressibility implies that z·component of velocity is equal to -woo Clearly 
wo > 0 is for suction velocity and Wo < 0 is for the blowing velocity. Making use of Eq. (4) in 
Eq. (2) and eliminating the pressure from the resulting equations give 

il' P' a' F' il' P' aF' iJF' 
"-- - rxwo--+ (v - iC(Q)--+wo - - -- iar = _iQ2[ 

at Clz2 oz3 QZl 02 at 

with the following boundary and initial conditions 

F'(O, t) = Q/ + U cos n( or r(O,t} = Ql + U sin nt, 

F'(OO , I) = 0, F'(O,I) = 0, 

where ., 
a. =-, 

p 

Defining 

F' =/+ ig. 

e= ~ZI -r= Qt, 
a 

(J = -IX, , 

Eq. (6) and conditions (7) become 

Wo 
w =--

.j2va' 

a'H a'H a'H ali aH 
p---pw-+(1-2iP)-+ 2w--2-= O. aT ae ae a~' a~ at 

Ii( ~, t) = P(~ , t )e" 

H(O,t) = e"( - I + g[ COSkt ) or H(O ,T) = e"( -1 + g[ Sinh): 

H(oo, T) = 0, H(~ , 0) = 0. 

3. Solution of the problem 

The Laplace transform pair is defined by the following equations 

H(e,s) = 100 

He-lt d. , 

1 hhi~-
H(~ , T) = -2 . _ Hen ds, 

1tt ~-ioo 

(6) 

(7) 

(8) 

(9) 

( 10) 

(II ) 

(12) 

(13) 
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In view of the Laplace transform method, the initial -boundary value problem reduces to 

pwFi'" -( 1-2ip+ps)H' - 2wH' +2sH =0, ( 14) 

I I 1 
i rk + I) + s + irk - I) , 

(15) 

or 

- I U[ I I 
H(O,s) = - -. +-2· I ·(k I) - .( s-, ,Q s-, + s+, k 

( 16) 

H(oo,s) = O. ( 17) 

In Eq. (14), primes denote differentiation with respect to e, Eq, (14) is the third-order differential 
equation for {J t- 0 and w =1= 0 and for P = 0 or w = 0 this reduces to equation governing the 
Newtonian fluid or no suction respectively, The analysis of the How of the second grade Huids, in 
particular, and the viscoelastic fluid s. in general, is more challenging mathematically and com­
putationally. The equations of motion are higher order than the Navier-Stokes equations. Also, 
the order of the differential equation characterizing the flow is more than the number of the 
available boundary conditions. Thus.the adherence boundary condition is insufficient for deter­
minacy, The standard method used to overcome this difficulty is to expand the solution as a power 
series in the non-Newtonian parameter treats a singular perturbation as a regular perturbation as 
the non-Newtonian parameter multiplies the highest order terms in the equation. This is indeed 
how most of the earlier flow problems were solved since the initial effort of Beard and Walters (27] 
who considered the two~djmensional How of a viscoelastic fluid near a stagnation point, One may 
also refer. for example, to the works ofShl'estba [28], Misra and Mohapatra [29]. Rajagopal et aL 
(30], Verma et a1. [31] and Erdogan [32] for other problems in various geometries. In the present 
analysis, the difficulty is also removed by seeking a solution of the following form : 

H=H,+PH,+O(P') (18) 

which is valid for small values of f3 only, On substitu ting Eq, (18) into Eqs. (14)- (17) and then 
comparing coefficients of equal powers of (J one obta ins the following systems or differential 
equations along with the appropri ate boundary conditions. 

3./, Zerolh~order system 

--/, -/ -
HI + 2wHI - 2sH I = 0, (19) 

_ 1 U( I I) 
H,(O,s) = -s-i +2Q/ s - i(k+ I ) + s+i(k - I) , (20) 

or 

- I U ( 
H , (0, s) = - -s --i + 2iQ/ "'s ~i ('"k-C+--;-;-I ) (21 ) 
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(22) 

3.2. First-order system 

wH';' - H~ - (s - 2i)H'; - 2wH~ + 2sH 2 = 0, 

Solving above systems and then using Eq. (18) we arrive at 

for U cos nt and k > 1 

H=e-/II~ --+- + +fJ-- -2w2Vw2 +2s - [1 U (1 1)] ~e-/Il~ [ 
s - i 2Q! s+i(k-l) s-i(k+l) s-i 

-2w3 -2ws- S2 +2iVw2+2s+2iw - 2is ] 
vw2 + 2s vw2 + 2s 

(23) 

(24) 

- - 2w\/w2 + 2s - 2w3 
- 2ws - + 2iVW2 + 2s + 2iw - -;==:=== 

fJU ~e-lII;; [ S2 2is ] 
2Q! vw2 + 2s vw2 + 2s 

x [S+i(~-l)+S-i(~+1)] ' (25) 

For U sin nt and k > 1 

H - -/Il~ [ 1 iU (1 1)] fJ ~e-/II~ [ 2 2. I 2 2s -e --+- - + -- - wyw+ 
s-i 2Q! s+i(k-l) s-i(k+l) s-i 

-2w3 -2ws- S2 +2iVw2+2s+2iw- 2is ] 
vw2 + 2s vw2 + 2s 

- ' - 2w2 VW2 + 2s - 2w3 
- 2ws - + 2iVW2 + 2s + 2iw - -;==:===7= 

fJiU ~e-/Il;; [ S2 2is ] 
2Q! vw2 + 2s vw2 + 2s 

x [S+i(~ - l)-S - i(~+l)]' (26) 

For Ucosnt and k < 1 
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For U sinnt and k < 1 

H - -/II~ [ 1 iU (1 1)] fJ ~e-m~ [ 2 2 / 2 2 
- e - s _ i + 2Q/ s _ i(l _ k) - s _ i(k + 1) + s _ i - W v W + s 

_ 2w3 _ 2ws _ S2 + 2iVW2 + 2s+ 2iw _ 2is ] 
vw2 + 2s v'w2 + 2s 

- - 2w2 V w2 + 2s - 2w3 
- 2ws - + 2i V w2 + 2s + 2iw - --;:::=:==::::::= 

if3U ee-/II ~ [ S2 2is ] 

2QZ vw2 + 2s vw2 + 2s 

x [S - i(~ - k) - S -i(~+l)] ' (28) 

Making use of Eqs. (25)-(28) in Eq. (13) we respectively obtain 

for U cos nt and k > 1, 

- . - f3U - -
H(e, -r) = H I (~, -r)e1t + fJH2(~' -r) + 2Q/ (H3(~, -r) + H4(e, -r)). (29) 

For U sinnt and k> 1 

- . - if3U - -
H(e,-r) = H5(~,-r)elt + fJH2(~,-r) + 2Q/ (H3(~,-r) - H4(~,-r)). (30) 

For Ucosnt and k < 1, 

- . - fJU - -
H(e, -r) = H6(~ , -r)elt + fJH2(~' -r) + 2QZ (H3(~, -r) + H7(~' -r)). (31 ) 

For Usinnt and k < 1 

- . - if3U - -
H(~, -r) = H8(~, -r)e1t + fJH2(e, -r) + 2Q/ (H3(~, -r) - H7(~' -r)), (32) 

where 
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ii,(c ,t) ~ -C/J;(p -~c).-,{-",t-4. + ce-W{+III"" [(q, - 'Il)el.,'ib,,, 

X erf c( 1+ (0, + ib,) JD + ('1) + q4)e- I.,';b'/'erfc( 1- (GJ + ib,) /f)]. 
(35) 

ii,( c, t) ~ -c /J;( q - ~C)e--<-",H; + ,.--<-;('-11' [('16 - q,)ei.,+lb,/, 

x erf c ( 1 + (G, + ib,) /f) + ('16 + 'J,)e-I.,+ib'/'erf c ( 1- (G, + ib,) A) 1 ' 
(36) 

If?(" t) = -e/J; (q -l:e) e-w(-.,.2i-t + ee-lV{+i('-k)t [('16 _ 'h)e(cr~+ib~)~ 

X erf c( 1+ (G, + ib,) A) + (q, + ~l)e-I"'lb'I'erfc( 1- (G4 + ib. ) /f) 1, 
(39) 



T. Hayat el al. I Appl. Main. Modelling 28 (20M) 591--605 

i(l - k) 7w' 
p~ 2 -4' 

_ [J""+4+w']! 
a , - 2 ' 

a, ~ [ j w' + 4(k
2 
+ I)' + w'r. 

aJ ~ [ jw' +4(k
2
- I)' + w'r 

_ [jw'+4(I-k)'+w']! 
04 - 2 • 

b ~ [Jw'+4-w']! 
I 2 ' 

599 

(40) 

(41 ) 

(42) 

(43) 

(44) 

(45) 

(46) 

(47) 

(48) 
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b, = [
I"" +4(k _I)' _ w' ]l 

2 ' 

_ [/w'+4(I_k),_w,]1 
b .. - 2 ' 

, (i ) 3iw' 'I, = (0, +,b,) 4- w' + 4(0, +ib,)' 

( 'b ) [, (k + I)i i 1 iw'(k+ 1+2) 
113 = al + 1 2 W + - - - -;';-'c--o-;'.--' 

4 2 4(0, + ib,) , 

'16 = WI - iwk, 

, [, (1 - k)i 
'h =(a .. +lb4) w-+ 4 ~l - iw'(I - k+2) 

2 4( •• + ib.) . 

(49) 

(50) 

(5 1 ) 

(52) 

(53) 

(54) 

(55) 

(56) 

(57) 

Using 

F(~,<) = H«(,<)e-" (58) 

we can write from Eqs. (29)-(32) as 

_ . _ pUe-it _ _ 

F«(,<) = H,«(,<) + pe-"H,«( ,,)+ WI (H,«( ,,)+H.«(,<)), Ucosn" k> I, (59) 

_ I - ipUe- if - - ( 
F«(,,)=H.«(,<)+pe-'H,«(,<)+ 2QI (H,«(,<) - H,«(,<)), Usinn', k< I. 62) 

In above equations, we give exact solutions of zeroth and first order, but in view of the lack of 
convergence it is not sure that the obtained solution is close to the full solution . 
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With the help of Eq. (9), above results become 

RU - iT - . - "e - -
1 + HI (~, -r) + fJe - 1TH2 ( ~ ' -r) + 2Q/ (H3(~, -r) + H4 (~' -r)) , 

J+ig 
Q/= 

601 

U cos nt, k > I 

U sin nt, k> 1 

U cos nt, k < 1 

U sin nt, k < 1 

(63) 

The real part gives fu and imaginary part gives fu. The results for blowing can be obtained by 
replacing w with -w. 

For resonant case k = 1 and the solution in this case is given by 

(64) 

where 

H3(~, -r) = -~f£ (p -~~) e-\Ve-I,l~-t + ~e-we+2iT [(t/4 _113 )e(ii2+ib2)e 

x erfC( ~+ (a2 +ib2)~) + (t/4 + t/3)e-(Q2+ib2)eerfC( ~- (a2 +ib2)~)]' 

H4(~,-r) = -~ 0(q_ W~)e-we-"l~-t+2t/5~e-2WeerfC(-~--iW fi:\, 
V~ -r V2r V2) 
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H3({ r)=- e-"'
C 

[e(lIl +lbd¢erfc(-'-+tal +lb,) Ii) +C-(1I1+ib l)( 

'2 /2T V"i 

X erfc(-'-- (at + ibd ®]- iU e-'o{+il [e(-1+ ib1)(erf c(--.L+ (il2 + ib2) Ii) /2T V "i) 4Q/ /2T V'i 

+e-(al+ibl)~erfc(-I;--(a2+ ib2) ®] + iU e-W(-ir[eW(erfc(-'-+ iW Ii) 
/2T V 'i) 4Q/ /2T Vi 

+ e-W~e,f c( Jzr- iWfz) ] 
and Hz is given by Eq. (34). In above expressions 

• 7,'? 
P= - T' 

tis = wl - ilV, 

4. Discussion 

The starting solution foJ' the case of suction is 

H =H, + pH,. (65) 

The above solution describes the general features of the unsteady boundary layer flow in a fluid 
bounded by a porous disk for small values of p. This solution clearly brings out the contribution 
due to the mater ial parameter of the second grade flu id. II should be noted that Newtonian 
solu tion [1 2] can be recovered as a special case for P = o. We also note that for p = 0 = U, the 
velocity neld is identical to that of Erdogan [11] . This provides a useful mathematical check. 
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The so lution given by Eq. (63) is general and independen t of the assumption of the fonn of the 
steady stale solution . In order to determine the steady structure of the solutio n (63) we use the 
asymptotic formula for the complementary error fUDction i.e. when "[ goes to infinity we find that 

err c ( ~±(aJ+ ibJ) JD ~(0 , 2) , j= I,2,3, 4 

and solution (63) takes the fo llowing form: 

For U cos nt, k > 1 

J. ~ig· = [I + 1 - 1 + 2P« '1 , + '/,)Je-""-"""')' + 2~ 1 /I + 2P« '/J + '1.)Je-""-'"+''' )'' ''' 

+ 2~l l l + 2P~('ls + 'I,)le-""-"'+"' )<-I"] . (66) 

For Usinnt, k > I 

f . ~/. = [I + 1- 1 + 2P«'1, + '12)Je- '''-I''+.')' + ;~II - I + 2P« '1J + '1.)Je-""-I,,' . ')' +. ' 

- ;~I [- 1 + 2P(('1s + '1, )Je-"'-I"'. ')'-"']. (67) 

For UCOSll t, k < 1 

I. ~Iig· = [I + 1- I + 2P« '1I + '1, )Je-"'-"" . ')< + 2~1 /I + 2P« 'IJ + '1. )Je-""-I"+o,),,,, 

+ 2~1 [1 + 2P~('I' + 'I1)Je-wH", •• )I-'h] . (68) 

For U sinnl, k < 1 

I. ~:g. = [I + 1- I + 2P( ('I , + '1,)Je-"'-I"+"')' + ;~II - I + 2P~('IJ + 'I. )le-"·-I .. +,.,/(. II, 

- ~~II- I + 2P{('I, + 'I1)Je-"-I"+" ')' - 'h]. (69) 

where subscript 's' denotes the steady state situation. Clearly. the steady solutions (66)-(69) are 
independen t of the initial condi tion and are periodic in time. For some time after the ini tiation of 
the motion, the velocity field contains transien ts and they gradually disappear in time. The 
transient solution is obtained by the subtraction of steady state solutions from Eq. (63). i.e. 

I. + ig, = f+ ig _ (I.+ ig,) (70) 
il l ill ill ' 

In above ex.pression subscript 'C represents the transient solutions. It is seen that for large time, 
the transient solution (70) d isappears. Further, ex.pressions (66)-(69) show the existence of four 
di stinct boundary layers of thicknesses of order (w + air !, j = 1,2 1 3, 4. It is interesting to note 
that the associated boundary layers are modified due to the presence of w. These thicknesses 
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decrease with an increase of the suction parameter and the rotation. It is further noted that these 
thicknesses remain bounded for all values of the frequency of the imposed oscillations. When 
k = 0, Q, = a2 = OJ = Q<4 and the four boundary layers coalesces into a single layer of thickness 
(w+o,r l

, In particular. when U = 0, solu tions (66)-(69) reduce to 

f,+ igs = 1 + [-1 +2pe(111 +r12 )le,-W~-(",+ibll~1 
Q/ 

which for p = 0 = w corresponds to El'dogao's result [12J . 
For resonant case, we have from Eq. (64) 
For U cos lit 

/. ~/8' = [1 + [-1 + 2~~(~, + "2)[e-'~-I"+"'I' + 2~1 [1 + 2PWi, + I),)[e-"'-I"+;',I'';' 

+2~1[l + 4p~l)s[e-2"'-;1 (7 1) 

For Usinll( 

h ~/gs _ [I + l- l + 2[3~(t1L + '12)Je-~-{QI +ibll { + ~~l [ - I +2P{(/'3 + r,~)le-\·{-(h+ih){+iT 

- ~~I [1+ 4p~iisle-'w'-;1 (72) 

From above solutions we note that in the presence of suction (w i- 0), the steady solution in the 
reSonant case (k _ I) does not depend on the order of the double limit operation T _ 00, k - I. 
In fact, the double limiting procedure with w f=- 0 gives 

L· L ' (/+;8) L · L · (/ +;8) lm~_1 Im f _ OO ---:of = tnl t _ OO Ull~_1 ----aI . 

From Eqs. (7 1) and (72), it is also noted that steady asymptotic blowing solu tion for resonant case 
does not ex.ist. The physical mechanism of non·existence of the so lu tion is that the blowing causes 
thickening of the boundary layer. At sufficiently large distance from the leading edge the 
boundary layer becomes so thick that it becomes turbulent. 
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Ah.st r llct. 1lIe solution (urlhe flow of ~ third grade fluid bounded by tWD paralle l porous platts is given using hDmotopy ~naly5i$ 
metllod (HAM). A eomp~r;,nn is madt with Ihe (.)Ia(:\ numerical solutiDn for the ~lIriDus v~lues of tke physica l p~t3JT1ctc", II is 
found Ih~1 I prop¢r choice of the aUlili l ty parameter occurring in HAM solution gives vt.'ry close resulls . 

1. Introduction 

Tn numerous technological applications, the fluids in use do not follow the commonly assumed linear 
relationship between lhe stress and the rate of strain at a poin!. Such Huids have come to be known as 
non-Newtonian fluids , One of the widely accepted models amongst non-Newtonian fluids is the c1nss 
of viscoelastic fluids which have lheir consti tutive equations based on sou nd theoretical foundations. 
In general, they can have an arbilrary number of parameters-the addition of each parameter aiding in 
explaining Ilway same features of the flow that could not be explained otherwise. 

The earliest model of viscoelastic fluids was proposed by Rivll ll and Ericksen [1], which included 
two pRrAOll'.Ir:rs I'1t Ann I'1z in the consti tutive equation ne'lit1e.<; Ihe. Nl';wlnn;~ln visr:nsi lY /1 .. The incl usion 
of the parameter at, in particular, leads to some spectacular ramifications in the solution of the flow 
problems. In most of the flows the order of the differential equat ions governing thc motion is raised by 
at least one. whi le there is no corresponding increase in the number of boundary condi tions. Though 
there have been several proposals regarding the eXl.T'd boundary conditions, at the time of writing. there 
is no consensus amongst the researchers on Ihe acceptability of any or the proposed boundary condition. 
Under the circumstances. the solutions of the How problems have to be obtained on the basis of some 
plausible assumptions regarding the behaviour of the solution for values of at close to zero. 

The earlier attempts were mostly centered around the fi rst order perturbation solutions in terms of the 
non-Newtonian fl uid parameters - the classical case being the two dimensional !tow near a stagnation 
point [2), The arguments advanced for the use of the fi rst order terms are not the higher order terms 
are neglected in Ihe derivation of the consti tutive equations. What the proponents of such arguments 
overlook is the fact that once the equations of motion have been derived then they ought to be solved 
in their entire ly. The validity of the perturbation solution can only be judged by comparing it with the 
solution of the full equations of motion without making any assumption on the size of the parameters 
in the equal ions of motion. For the aforementioned problem of two dimensional fl ow near a stagnation 
point several discrepancies were noted by Serlh {3]. Teipel (4] and Ariel [5) who obtained Ihe solutions 
withou t using the first order perturbation technique. 
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The solution for the sl:lJtnlltion point flow was facilitated by the fact that the boundnry value problem 

describing the motion, even though it was or lugner order. was smgular at the boundary. Such an aid is 
not available when the Row takes place between parallel porous plales. Now there is an inerease in the 

order of differential equation. bulthe highest derivative is multiplied by aL. Because of this, a different 
approach must be chosen that involves the pruning of the spurious solution introdut:ed on account of 

the ot]-tenn in the differential equation. Ariel (6) derived the solutions fo r the flow of a viscoelastic 
fl uid between parallel boundaries when there is an injection of the flu id at one boundary and an equal 

suehon at the other boundary. 
The inclusion of some more parameters in the constitutive equations, known as the third grade fl uid 

parameters, makes the model more realistic. However it adds a new dimension in the solution processes 

of Ihe Row problems. namely, non- linearity. For the fl ow between parallel plales. Ariel [7] derived an 
interesting method fo r computing the fl ow by seeking Ihe solu tion in a series of exponential terms. He 

was able to obtain the solution for a combination of values of physical parameter. but the performance 
of the series solution degraded sharply as the value of the thi rd grade ftu id parameter was increased, 

This warranted Ihe search of alternate methods for computing the fl ow of the th ird grade fluids. 
For the last decade, the perturbation methods have received a fresh impetus on account of some 

pioneering work by Liao [8]. He introduced a newly devcloped mcthod known as HAM which has 

led to much improved solutions of several problems in fl uid mechanics. These solutions were earlier 

limited in thcir applicability on account of the small radius of convergence of the perturbation solution. 

In HAM the convergence can be dramatical ly improved by properly choosing the value of an auxil iary 
parameter h, occurring in Ihe solulion. As a demonstration of the usefu lncss of the HAM , one may refer 
to Liao's solution [91 of the Blasius problem in Ihe form of a series which converges throughout the 

domain of interest. Recently, Ayub el a\. [10J derived the solution of the steady fl ow of a third grade 

fluid past a porous plate by using HAM. 
In the present paper we apply Ole HAM to obtain the solut ion of the laminar How of a third grade 

flu id thJough :I Oat porous channel when the rate of injection at one wall is equal to the rate or suction al 
the other wall. 11le fl ow is caused by the external pressure gradient. The solution is expressed in lenns 

of the auxiliary parameter Ii, which is then varied to determine its optimum value . For the said values 

of Ii. the sol ution obtained in the present paper, it is tielieved, is applicable for all values of the physical 

parameters. 

2. Mathematical Formulation 

Consider thc steady flow of a third grade fluid between two porous walls at)l = a and y = b. The How 

is due to a constant pressure gradient. Also, there is cross fl ow because of unifonn inject ion of the fl uid 

al lower wall with velocity lID and an equal suction at the upper wall . For third grade fl uids, physical 

considerations were taken into account by Fosdick and Rajagopal [I I) in order to obtain the fo llowing 

fonn for the constitutive law: 

(I) 

which, when introduced in Iheequation of conservation of momentum leads to the fo llowing equation (7] : 

(2) 
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Moreover, the coefficients /-L, ai, a2 and fh must satisfy the following inequalities: 

The boundary conditions are 

11(0) = u(b) = O. 

Defining the flOn*dimensional variables 

'1= ~ and 
b 

and substituting Equation (5) in Equation (2) and boundary conditions (4) we obtain 

K RUlli + Uti _ RUt + TUi'-U t
! = - I , 

U(.) ~ U( I ) ~ 0, 

in which 

• 
(J = b' 

a, 
K-­

- pb?' 

6" b2('l!)2 T= ,vJ a .. 
~J 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 

and primes denote differentiation with respect to 71 (incidentally the value of T in [7] - is incorrectly 

reported) , 

3. Homotopy Solution 

In view of Equation (6) and boundary conditions (7), we rake the initial guess of u('1) of the following 

form 

, 
U, ~ A, + B,f(,) + C,g(,) + Ii 

which satisfies 

U,(.) ~ U,(I) ~ 0, 

(9) 

(10) 

(II) 

as the auxiliary linear operator, In the initial guess (9), Ao, 8 0 and Co are the constants of integration 
",d 

(12) 
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in which m and m are the roots of 

KRm2 +m - R = 0 

and are taken as 

../4K R2 + 1 + 1 m=-------m= 
2KR 2KR 

For small K (or R) one can write 

(13) 

(14) 

(15) 

(16) 

Now the independent solution /(1]) matches with the solution for a corresponding Newtonian fluid. 
Thus, from Equations (9), (10), (15) and (16) we obtain 

U A + B emIl + I] 
0= 0 0 R' 

where 

I-a 
Bo------

- R(em _ en",)' 

This solution was first derived by Ariel [6] for a second grade fluid . 

(17) 

Denoting Ii as an auxiliary parameter, we can construct the zeroth-order deformation equation as 

_ [ a
3
D a

2
D aD (aD)2 [PD ] (1 - p)L[U(I]; p) - UO(I])] = pn K R -

3 
+ -2 - R - + T - -2 + 1 

dl] dl] dl] dl] dl] 
(18) 

with the boundary conditions 

D(a; p) = 0, D(l; p) = 0, (19) 

in which p E [0,1] is an embedding parameter. For p = 0 the solution of Equations (18) and (19) is 

D(I]; 0) = UO(I]) (20) 

and for p = 1, the Equations (18) and (19) are equivalent to Equations (6) and (7) so that 

D(I]; 1) = U(I]). (21) 

Clearly when p increases from 0 to 1, D(T}; p) varies (or deforms) from UO(I]) to U(I]) governed by 

the Equations (6) and (7). We have great freedom to choose Ii. Assume that the deformation D(I]; p) 

governed by Equations (18) and (19) is smooth enough so that 

k ~ 1. (22) 

p=O 
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By Taylor's theorem and Equation (20), we can write 

ro 

0(,; p) = Uo(")+ L U,(,)p'. (23) ,., 
in which 

U( )= -,-J,U(,;p)1 . 
, " k' " . . liP ,-0 

(24) 

Assume that the above series is convergent when p = 1. we have, from Equation (2 1) 

ro 

U(,) = Uo(') + L U,(,j. (25) ,., 
Differentiating Equations (18) and ( 19) with respect lOp and then selli ng p = 0 and using Equat ions 
(20) and (22), we have the fo llowing first-order defonnation problem 

[ 
dJUo d' Uo dUo (dUo)'dlUO 1 

LU, = r~ K R d"J + d"l - R d" + T d" d,,' + I , (26) 

U,(a)= U,(I) = O. (27) 

Solving the above fin;t-order deformation problem one obtains 

(28) 

where 

~(I+"'~m 
Al = (Cl(l - 0) + Dl(e'" - em ... ) + E,(e"" - e21""')]. em _ em,. 

Bl = I {C (em _ oem,,) + D (e2m _ eln, ... ) + £ (eJm _ eJma )] em _ e....... I I I , 

C _ liT Born D _ liT 85m E _ itT BJm2 

I - R2(2KRm + I)' I - R(3KRm+l ) 1 - 6(4KRm+1) 

Now differentiat ing Equations ( 18) and (19) with respect to p twice and selling p = 0 and using the 
relations (20) and (22) we have the second-order defonnation problem as 

The solution of the above problem is 

u,=(1 + ~)U, + W. 

W = [A2 + (Bl + C1" + D21'/1)e .... ~ + (E1 + F1t)e
2m

,
j 1 

+(G1 + Hl1J)e'lm,j + 12e(m~ + hesmfl ' 

(29) 

(30) 

(31) 

(32) 
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whe", 

Thc three tCITTl solution is 

V =UO+U, +U'l.. (33) 

For higher order deformation equations, we first differentiate (18) and (19) k times with respect to p 

then dividing by k! and set p = O. Here, the higher order defonnation problem becomes 

1 _ J L U _ U = Ii. k-I k-I ot-I 
[

KRUm +U" - RU' ] 
( I) [t(11) Xk k- I(11») ",~-J V' "II U' U" ' 

where 

\
,, 

Xt = 0 
k> I , 
k=1 

+T L.j~ k-J-i L.i_ O }- I I + Xk 

U.(u) = U.(O) = 0, 

4, The Convergence of the Solution 

(34) 

(35) 

(36) 

The explicit, analytic expression (33) contains the auxiliary parameter Ii. As pointed OUI by Liao [81. 
the convergence region and rate of approximations given by the homotopy analysis method are strongly 
dependent upon the auxiliary parametcr. In Figures 1 and 2 the /i.-curves are plotted \0 see the range of 
admissible values for the parameter Ii.. It is clear from Figures 1 and 2 that the range for the admissible 
values for Ii is - 1 .:5 It < O. And the solUlion given in Equation (33) converges in the whole region 
of 'I. when Ii is in the neighborhood of -1.0. It is also observed that the interval for the values of n 
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h 
Figure 1. Ii - curve is plotted for the 2nd-order approximation of U(l/) for increasing T. 
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Figure 2. Ii - curve is plotted for the 2nd-order approx imation of U(T/) for increasing K. 

converges to value -1.0 as T increases keeping K and R fixed. It is also clear from Figure 2 that value 
of Ii. decreases from - 1.0 towards 0.0 as K increases. 

5. Results and Discussion 

From Table 1, we observe that the optimum value of Ii depends upon the physical parameters R, K, and 

T. In particular, we note that if Rand K are small then the value of Ii must be chosen close to - 0.83 

reduced progressively as the value of T is increased. However, when Rand K are moderate to large a 
value of Ii close to - 0.96 gives the velocity profile very close to the one that was obtained numerically 
by Ariel [7]. 

Here it is worth mentioning that the HAM solution is valid for all values of the physical parameters 

R, K, and T. Therefore, it seems reasonable to assume that the HAM solution holds even for those 

values of the physical parameters for which Ariel [7] had a problem in obtaining the convergence of 
the series solution for large values of T. It is believed that as long as the above mentioned guidelines 

regarding the choice of Ii are adhered to, the HAM solution must provide a reasonably accurate solution 
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Figure 3. Variation of velocity profile for different values of K. 

mentioned values of the parameters. Thus HAM offers an attractive alternative for computing the flow 
of viscoelastic fluids where numerical techniques fail to give the solution for varing reasons . 
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