Mathematical Analysis of Ferrofluid

QUAID-I-AZAM UNIVERSITY

7 N

ISLAMABAD

By

Noor Muhammad

Department of Mathematics
Quaid-I1-Azam University
Islamabad, Pakistan
2020



Mathematical Analysis of Ferrofluid

QUAID-I-AZAM UNIVERSITY

g N
ISLAMABAD

By

Noor Muhammad

Supervised By
Prof. Dr. Sohail Nadeem

Department of Mathematics
Quaid-1-Azam University
Islamabad, Pakistan
2020



Mathematical Analysis of Ferrofluid

QUAID-I-AZAM UNIVERSITY

7 N
ISLAMABAD

By
Noor Muhammad

A THESIS SUBMITTED IN THE PARTIAL FULFILLMENT OF THE REQUIREMENT FOR
THE DEGREE OF

DOCTOR OF PHILOSOPHY
IN
MATHEMATICS

Supervised By
Prof. Dr. Sohail Nadeem

Department of Mathematics
Quaid-I1-Azam University
Islamabad, Pakistan
2020



Certificate of Approval

This is to certify that the research work presented in this thesis entitled
Mathematical Analysis of Ferrofluid was conducted by Mr. Noor Muhammad
under the kind supervision of Prof. Dr. Sohail Nadeem. No part of this thesis has
been submitted anywhere else for any other degree. This thesis is submitted to the
Department of Mathematics, Quaid-i-Azam University, Islamabad in partial
fulfillment of the requirements for the degree of Doctor of Philosophy in field of
Mathematics from Department of Mathematics, Quaid-I-Azam University
Islamabad, Pakistan.

Student Name: Noor Muhammad Signature: % § 2; DN,

External committee:
a) External Examiner 1: Signature: %
Name: Dr. Muhammad Mushtaq }/
Designation: Assistant Professor
Office Address: Department of Mathematics, COMSATS University, Park
Road, Chak Shahzad, Islamabad.

X
b) External Examiner 2: Signature: M\} P
Name: Dr. Tariq Javed /\/
Designation: Associate Professor
Office Address: Department of Mathematics & Statistics, International

Islamic University, H-10, Islamabad.
ala=L

¢) Internal Examiner
Name: Prof. Dr. Sohail Nadeem
Designation: Professor
Office Address: Department of Mathematics, Islamabad.
Supervisor Name:

St ol QA
Prof. Dr. Sohail Nadeem

Name of Dean/ HOD attires @A/@/L:/\ -

Prof. Dr. Sohail Nadeem




Mathematical Analysis of Ferrofluid
By

Noor Muhammad

CERTIFICATE
A THESIS SUBMITTED IN THE PARTIAL FULFILLMENT OF THE
REQUIREMENTS FOR THE DEGREE OF THE DOCTOR OF
PHILOSOPHY

We accept this thesis as conforming to the required standard

g«\wb}; g\ & Ao

Prof. Dr. Sohail Nadeem Prof. Dr. Sohail Nadeem
(Chairman) (Superviso:)j"j
3. % 4. @} il
Dr. Muhammag} Mushtaq Dr. Tari@{ Javed
Department of Mathematics, Department of Mathematics &
COMSATS University Park Statistics, International Islamic
Road, Chak Shahzad, Islamabad. University H-10, Islamabad

(External Examiner) (External Examiner)

Department of Mathematics
Quaid-I-Azam University
Islamabad, Pakistan

2020



Author’s Declaration

L, Noor Muhammad, hereby state that my PhD thesis titled Mathematical Analysis

of Ferrofluid is my own work and has not been submitted previously by me for

taking any degree from Quaid-I-Azam University Islamabad, Pakistan or anywhere
else in country/world.
At any time, if my statement is found to be incorrect even after my graduation the
university has the right to withdraw my PhD degree.
SR
Name of student: Noor Muhammad

Dated: 20-01-2020



Plagiarism Undertaking

! solemnly declare that research work presented in the thesis titled “Mathematical

Analysis of Ferrofluid” is solely my research work with no significant contribution

Tom any other person. Small contribution/help wherever taken has been duly

acknowledged and that complete thesis has been written by me.

[ understand the zero tolerance policy of the HEC and Quaid-i-Azam University

towards plagiarism. Therefore, I as an Author of the above titled thesis declare that
no portion of my thesis has been plagiarized and any material used as reference is

properly referred/cited.

[ undertake that if I am found guilty of any formal plagiarism in the above titled
thesis even afterward of PhD degree, the University reserves the rights to
withdraw/revoke my PhD degree and that HEC and the University has the right to
publish my name on the HEC/University Website on which names of students are

placed who submitted plagiarized thesis.

AR

Student/Author Signature

Name: Noor Muhammad




Acknowledgments

In the name of ALLAh, the most Beneficent, Who enabled me to
complete my dissertation. | offer my humble gratitude to Holy Prophet
MUHAMMAD (peace Be Upon Him), who is forever a touch of
guidance and knowledge for humanity as a whole.

| feel highly privileged to express my heartfelt gratitude to my
supervisor, Dr. Sohail Nadeem for his skilful guidance, helpful
suggestions and inspiring attitude during the research. His kindness
and generous response to my difficulties during the research work to
complete the dissertation in time will never forgotten.

| am also thankful to all the teaching staff of our department. Their
inspiration and suggestions helped me to complete my research work.

My appreciation is also expressed to my parents, brothers and other
family members for their constant support, love, guidance and
encouragement throughout my career

| would like to extend my sincere gratitude to all my lab mate fellows
and friends, who have supported me and given me confidence to
complete this task.

At the end, | would like to say thanks to the Higher Education
Commission (HEC) of Pakistan for their financial support to do this

project entitled “Study of peristaltic flow problem with different nano
models” under research Grant no. 6170/Federal/NRPU/R&D/HEC/2016.

Noor Muhammad
January 2020.



Contents

Contents i
List of Figures v
List of Tables ix
Introduction 1
1 Introduction 1
2 Heat transfer analysis of a thermally stratified ferromagnetic fluid 9

3

2.1 Imtroduction . . . . . . ... 10
2.2 Ferrohydrodynamic and thermal energy equations . . .. . .. 10
2.3 Magnetic dipole . . . . . ... 11
2.4 Solution procedure . . . .. ... ... ... 13
2.4.1 Optimal homotopy analysis method . .. ... ... ... 14
2.4.2 Convergence analysis . . . . . .. ... ... .. ....... 14
25 Discussion . . . . . ... 17
2.5.1 Friction drag and local Nusselt number. . . . . . . . . .. 21
Evaluation of Fourier’s law in a ferrofluid in porous medium 25
3.1 Introduction . . . . . . . . ... 26
3.2  Ferrohydrodynamic and thermal energy equations . . .. . .. 26
3.3 Solution procedure . . . ... ... ... L. 28
3.3.1 Optimal homotopy analysis method . .. ... ... ... 29
3.3.2 Convergence analysis . . . . .. ... ... ... 29
34 Discussion . . . . . ... 32

3.4.1 Friction drag and local Nusselt number. . . . . . . . . .. 40



contents contents

4 Analysis of friction drag and heat transfer in a ferrofluid 45
4.1 Introduction . . . . . . . ... 46
4.2  Ferrohydrodynamic and thermal energy equations . . .. . .. 46
4.3 Solution procedure . . . .. .. .. ... 47

4.3.1 Optimal homotopy analysis method . .. ... ... ... 49
4.3.2 Convergence analysis . . . . ... ... ... ... ... .. 49
44 Discussion . . . . . . . ..o 52
4.4.1 Friction drag and local Nusselt number . . . .. ... .. 59

5 Hybrid isothermal model for the ferrohydrodynamic chemically re-

active species 65
5.1 Introduction . . . . . . . . ... 66
5.2  Ferrohydrodynamic and thermal energy equations . . .. . .. 66
5.3 Solution procedure . . . . . . ... ... 68
5.3.1 Optimal homotopy analysis method . .. ... ... ... 70
5.3.2 Convergence analysis . . . . ... ... ... ... ... 71
54 Discussion . . . . .. .. 72
5.4.1 Physical parameters of engineering interest . . . . . . . . 80

6 Ferrite nanoparticles MnZnFe,O,4, Fe;O, and NiZnFe,O, in flow of

ferromagnetic nanofluid 85
6.1 Introduction . . . . . . . . . . . ... 86
6.2 Ferrohydrodynamic and thermal energy equations . . . .. .. 86
6.3 Thermo-physical properties of NiZnFe;O,-C2HgO5, MnZnFe;O,4-
CyHgO,, and Fe, O4-CoHO, . 0 0 0 0 0 000 0o 87
6.4 Solution procedure . . . ... ... ... ... ... .. ... ..., 88
6.4.1 Optimal homotopy analysis method . ... ... ... .. 90
6.4.2 Convergence analysis of optimal HAM solution . . . . . 90
6.5 Discussion . . . . . . .. .. 92
6.5.1 Parameters of engineering interest . . . . . . .. ... .. 97

7 Impacts of ferrite nanoparticles in viscous ferromagnetic nanofluid 101
7.1 Introduction . . . . . . . ... 102
7.2 Ferrohydrodynamic and thermal energy equations . . . .. .. 102
7.3 Thermo-physical properties of MnZnFe,O,-CoHzO,, NiZnFe,O,-

CyH;0,, Fe304-CoHgO,, MnZnFe,O4-H>0, NiZnFe; O4-H,0, and
FesO.-HoO . . . o o o o 103

ii



contents contents

7.4 Solution procedure . . .. . .. .. ... ... . 104
7.4.1 Optimal homotopy analysis method . ... .. ... ... 106
7.4.2 Convergence analysis of optimal HAM solution . . . . . 107

7.5 Discussion . . . . . . ... 108
7.5.1  Friction drag and local Nusselt number . . ... ... .. 116

References 121

il






List of Figures

2.1
2.2
2.3
24

2.5

2.6
2.7
2.8
2.9
2.10
2.11
2.12

3.1
3.2
3.3
3.4

3.5

3.6

3.7

3.8

3.9
3.10

Geometry of the flow. . . . . . . ... oo 12
Graph for 10th order approximation. . . . . . . . . . .. .. ... ... 16
Graph for 12th order approximation. . . . . . . . . . ... ... .. .. 16
Consequence of parameter 3 (ferrohydrodynamic interaction) on axial

velocity. . . . . Lo 18
Consequence of  ferrohydrodynamic interaction parameter on distri-

bution of temperature. . . . . . . ... ... 19
Consequence of 57 thermal stratified parameter on axial velocity. . . . 19

Impact of S; thermal stratified parameter on distribution of temperature. 20

Consequence of R ratio parameter on velocity field. . . . . . . ... .. 20
Wall shear stress versus ratio parameter R. . . . . ... ... ... .. 21
Wall shear stress versus thermally stratified parameter S;. . . . . . . . 22
Heat transfer rate versus Prandtl number Pr. . . . . . . . . ... ... 22
Heat transfer rate versus thermal stratified parameter S;. . . . . . .. 23
Geometery of the flow. . . . . . . .. ... oo 27
Error decay for 10th order approximation. . . . . . . . . . .. .. ... 31
Error decay for 12th order approximation. . . . . . . . . . .. .. ... 31

Impact of paramter 3 (ferrohydrodynamic interaction) on axial veloc-

ity f/(€). . o o 34
Impact of parameter § (ferrohydrodynamic interaction) on tempera-

ture field 61(€). . . . ... 34
Influence of B; (Deborah number) on distribution of velocity f'(£). . . 35
Effect of 1 (Deborah number) on temperature distribution 6;(¢). . . . 35
Impact of parameter \; (ratio of relaxation to retardation times) on

velocity field f/(§). . . . . . . . 36
Consequence of parameter A\; on distribution of temperature 6,(¢). . . 36

Consequence of S (thermal stratified parameter) on axial velocity f'(£). 37



list of figures list of figures

3.11
3.12
3.13
3.14
3.15
3.16
3.17
3.18

4.1
4.2
4.3
4.4
4.5
4.6

4.7

4.8
4.9

4.10
4.11

4.12
4.13
4.14
4.15
4.16

5.1
5.2
5.3
5.4
2.5
0.6

Influence of Sy (thermal stratified paramter) on temperature field 6;(§). 37

Effect of Pr (Prandtl number) on temperature field 6;(§). . . . . . .. 38
Consequence of R (ratio parameter) on velocity distribution f/(£). . . 38
Effect of P, (porosity paramter) on f'(§). . . . .. ... ... ... .. 39
Wall shear stress versus [3; Deborah number. . . . . . . .. ... ... 41
Wall shear stress versus ratio parameter R. . . . . . . . ... .. ... 42
Heat transfer rate versus Prandtl number Pr. . . . . . . . . .. .. .. 42
Heat transfer rate versus S thermal stratified parameter. . . . . . . . 43
Geometery of the flow. . . . . . . .. .. oo 48
Graph for 10th order approximation. . . . . . . . . . .. ... ... .. 51
Graph for 12th order approximation. . . . . . . . . . . ... ... .. 51
Impact of elasticity parameter (,,) on velocity distribution. . . . . . . o4
Influence of elasticity parameter (6,,) on distribution of temperature. . 54

Consequence of ferrohydrodynamic interaction parameter () on ve-

locity field. . . . . . . . 95
Impact of ferrohydrodynamic interaction parameter (§) on tempera-
ture field. . . . . .. 55

Consequence of (S7) thermal stratified parameter on velocity field (f'(£)). 56

Variation of (S)) thermal stratified parameter on temperature field

(01(8)). -« o 56
Consequence of (Pr) Prandtl number on axial velocity (f'(£)).. . . . . 57
Consequence of (Pr) Prandtl number on distribution of temperature

(01(8)). -« o 57
Impact of ratio parameter (R) on axial velocity (f'(£)).. . . . . .. .. 58
Wall shear stress versus R. . . . . . . . . . ... ... 59
Wall shear stress versus Sy1. . . . . . . .. 60
Heat transfer rate versus Pr. . . . . . . . . . ... ... ... ..... 60
Heat transfer rate versus Sy. . . . . . . . . . ... .. ... ... ... 61
Geometery of the flow. . . . . . . .. ... oo 68
Graph for 12th order approximation. . . . . . . . . . ... ... ... 71
The consequence of parameter d;, (conjugate) on axial velocity. . . .. 74
The consequence of parameter d;, (conjugate) on temperature field. . . 75
The effect of parameter 0, (conjugate) on concentration field. . . . . . 5

The consequence of parameter § (ferrohydrodynamic interaction) on
velocity field. . . . . . ..o 76

vi



list of figures list of figures

2.7

2.8

2.9

5.10
0.11
5.12
5.13
5.14
5.15
5.16

6.1
6.2
6.3
6.4

6.5

6.6

6.7

6.8

6.9
6.10

7.1

7.2

7.3

7.4

7.5

7.6

The effect of parameter 3 (ferrohydrodynamic interaction) on temper-
ature field. . . . ..o 76

The consequence of parameter § (ferrohydrodynamic interaction) on

concentration field. . . . . . . ... Lo L oo 7
Effect of K, (strength of homogeneous reaction) on g(§). . . . . . . . . 7
Consequence of K (strength of heterogeneous reaction) on g(§). . . . 78
Influence of Se¢ (Schmidt number) on concentration field ¢g(§). . . . . . 78
Impact of . (Curie temperature) on temperature field. . . . . . . . . . 79
Friction drag via dp. . . . . . . . . oo 80
Wall shear stress versus 0. . . . . . . . . . 81
Heat transfer rate via 8 (ferrohydrodynamic interaction parameter). . 81
Heat transfer rate via Pr (Prandtl number). . . . . . .. ... ... .. 82
Geometery of the flow. . . . . . . .. ... oo 88
Graph for 10th order approximation. . . . . . . . . . .. ... ... .. 92
Comparitive analysis of solid volume fraction ¢ on axial velocity. . . . 95

Comparitive analysis of solid volume fraction ¢ on distribution of tem-
perature. . . . ... 95
Comparitive analysis of parameter  (ferrohydrodynamic interaction)
on axial velocity. . . . . .. .o 96

Comparitive analysis of parameter g (ferrohydrodynamic interaction)

on distribution of temperature. . . . . . . ... ... ... L. 96
Wall shear stress versus Pr. . . . . . . . . . . .. ... 98
Wall shear stress versus A. . . . . . . . . . ... 98
Heat transfer rate versus Pr. . . . . . . . .. . ... .. .. ...... 99
Heat transfer rate versus A. . . . . . . . . ... ... ... ... ... 99
Geometery of the flow. . . . . . . .. ... 104
Graph for 12th order approximation. . . . . . . . . . .. .. ... ... 108
Comparitive inspection of parameter ¢ on axial velocity in CoHgOo

and HoO. . . . . . 112
Comparitive inspection of parameter ¢ on distribution of temperature

in presence of CoHgOo and H,O. . . . . . .. . ... ... .. .. ... 112

Comparitive study of ferrohydrodynamic interaction parameter on ax-
ial velocity in presence of HoO and CoHgOs. . . . 0 . . . . . . .o . .. 113
Comparitive study of parameter § on distribution of temperature in
presence of HoO and CoHgOo. . . . . . . . . o 0 o oo Lo 113

vil



list of figures list of figures

7.7

7.8

7.9

7.10

7.11

7.12
7.13

Comparitive examination of parameter P,, on axial velocity in presence

of CoHgOy and HO. . . . . . . 0 0 . oo 114
Comparitive examination of parameter J, on velocity distribution in

presence of HoO and CoHgOo. . . . . . 0 0 0 0 0 0 0oL 114
Comparitive examination of parameter 9, on temperature field in pres-

ence of CoHgOy and HyO. . . . . . . . . . ... 115
Wall shear stress versus P,,. . . . . . . . . . . .. 117
Wall shear stress versus 5. . . . . . . . . . ... 117
Heat transfer rate versus . . . . . . . . . . . ... L. 118
Heat transfer rate versus A. . . . . . . . ... ... ... 118

viil



List of Tables

2.1
2.2
2.3

3.1
3.2
3.3

3.4

4.1
4.2
4.3
4.4

0.1
5.2
2.3
5.4

6.1

6.2
6.3
6.4

Average residual square errors AL ..o 15
Individual residual square errors for A A% and A%, . . .. ... .. 15
Comparison of Nusselt number. . . . . . . .. .. ... ... .. .... 23
Average residual square errors AL ..o o000 30
Individual residual square errors for A A% and A%, . . .. ... .. 30
Comparison of rate of heat transfer for the case when g = 1.0, 8 =

1.0, Pm=1.0, A\ =15, 5=02. .. ... ... ... ... 40
Friction drag and local Nusselt number. . . . . . .. .. ... .. ... 41
Average residual square errors AL ... 50
Individual residual square errors for A A% and A%. . .. .. ... 50
Comparison of Nusselt number. . . . . . . . . ... ... ... ... .. 62

The friction drag and Nusselt number tabulated via series solution

based on optimal HAM. . . . . . .. ... ... ... ... ... ... 62
Average residual square errors AL ..o o000 71
Individual residual square errors for A A% A% and A9 . .. ... 72
Comparison of Nusselt number. . . . . . . .. ... ... ... ..... 82

Friction drag for distinct values of Pr, 3, Sc, and J;, are classified and
compared by means of analytic solution based on optimal HAM and
BVPh2-midpoint method. . . . . . . .. .. ... 0oL 83

Thermo-physical properties of manganese zinc ferrite, ethylene glycol,

Nickel zinc ferrite, and magnetite ferrite. . . . . . . . .. ... ... .. 88
Average residual square errors AL ... o000 91
Individual residual square errors for A A% and A% . . ... ... 91
Comparison of Nusselt number. . . . . . . .. ... ... ... ..... 97

1X



list of tables list of tables

7.1

7.2
7.3
7.4

Thermo-physical properties of HyO, CoHgO2, MnZnFe;O4, NiZnFesO4,and

FesOg4. . . o 0 o 104
Average residual square errors AL ..o o000 107
Individual residual square errors for A A% and A%, . . .. ... .. 107
Comparison of Nusselt number. . . . . . . .. ... ... ... ..... 119



Nomenclature

N R =
& e

=
»

A B, C

Qo

Hnf

(PCp)ny

Velocity components, m/s
velocity at boundaries, m/s
Dynamic viscosity, kg/(ms)
Pressure, Pa

Heat transfer coefficient,
W/(m?*K)

Curie temperature, K

Reference temperature, K

Rate constants, L/(mol.s)
Magnetic field, tesla

Magnetic permeability,
N/A?

Magnetic scalar potential,
tesla

pyromagnetic  coefficient,
Wb/ (m*K)

Reynolds number

Skin friction coefficient
Ratio of relaxation to retar-
dation times, s
Dimensionless
1/s

Porosity of porous medium,
1/m

Chemical species, 1/m

constants,

Constant concentration

Reference length, m
Dynamic viscosity of
nanofluid, kg/(ms)

Heat capacitance of

nanofluid, J/kgK

T
T,y

P
«
K

blabZ

Tw
Nu,
A2

xq

a,b,c

H,, H,

Temperature, K
Cartesian coordinates, m
Density, kg/m?

Thermal diffusivity, m?/s

Thermal conductivity

Kinematic viscosity, m?/s
Specific  heat
J/(kgK)

Magnetization, A/m

capacity,

Dipole moment per unit
length, J/T.m

Boundary layer thickness,
m

Dimensional constant, K/m
Ambient temperature, K

Wall shear stress, N/m?
Nusselt number

Retardation time
Normal stress moduli
permeability of  porous
medium, m

Concentrations of Chemical
species

Components of magnetic
dipole, tesla

solid volume fraction
thermal conductivity of

nanofluid W/mK
Density of nanofluid, kg/m?




list of tables

list of tables

(pcp) s
(Pcp)s
Hs

M

CoHg O,
MnZnFe;O,
H,O

Heat capacitance of base
fluid, J/kgK

Heat capacitance of solid
particle, J/kgK

Dynamic viscosity of solid
particle, kg/(ms)

Dynamic viscosity of base
fluid, kg/(ms)

Ethylene glycol

Manganese ZINC ferrite
Water

P
Ps
ks
ky
NiZnFe, 0,

F€304
51 752

Density of base fluid, kg/m?

Density of solid particle,
kg/m?

thermal conductivity of
solid particle, W/mK
thermal conductivity of
base fluid, W/mK

Nickel ZINC ferrite
Magnetite ferrite

Ratio of diffusion coeffi-

cients

xii




Chapter 1

Introduction



2 Introduction

Introduction

An incredible consequence of boundary layer flows can be watched in the envi-
ronment where liquid and surface are in direct contact. The development of thin
boundary layer [1] transpired where the liquid adjust speed of the body because of
drag/friction forces. Influence of such forces is smaller inside the laminar region as
compare to turbulence region. Recently, the scientists and researchers are interested
to arise the rate of cooling or heating and reduce the friction drag in the advanced
technological procedures. Thus different models were constructed for the reduction
of drag forces or friction drag, for example, flows through the tail surface of plane,
wing, and wind turbine rotor, etc. Although, the friction drag can be decreased by
maintaining boundary layer beyond the separation and maintain a secure connection
to slow the transition of the laminar to turbulent flow. This function can be accom-
plished by cause of distinct physical objectives like fluid injection and suction, through
moving the surface, and the existence of different body forces. Likewise, the scientists
have developed different types of boundary conditions that are applicable in the en-
hancement of rate of heating/cooling over the surface. Thus, the aim of the analysis
concentrates on the reduction of friction drag and enhancement of rate of heating.

The heat transport phenomena due to stretching sheets through the ambient fluid
are characterized and reported widely in the modern literature survey. Characteris-
tics of products and materials obtained through engineering and industrial processes,
mostly depend on the structure and nature of fluid away from a sheet and also on
stretching rate. As the unpredictable change in temperature of the extrudate or the
rapid stretching may demolish the expected quality and characteristics of the result-
ing product, as well as, the heat transfer rate essential to be synchronized carefully.
To overcome these difficulties, ambient fluids with significant electromagnetic char-
acteristics are of great curiosity as their flow could be synchronized by the extrinsic
magnetic field applied outside from the working fluid. In such situations, ferrofluids
are significant in stabilizing the flow of heat. Ferrofluids are fluids that are synthesized
in an artificial way and composed of extremely condensed suspensions of narrow mag-
netic/ferrite particles in a transporter liquid. These fluids perform like usual fluids
except magnetization force. Ferrohydrodynamics studies the behavior of motion of
magnetic fluid affected by magnetic polarization forces. In heat transfer equipment
liquids are frequently utilized as heat transporter. Some examples of consequential
benefits of heat transfer liquids involve avionics and vehicular cooling systems in dif-
ferent industries, cooling and hydronic heating systems in buildings, textile, papers,

foods, and chemicals. In everything described, thermal conductivity of liquids that
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transfer of heat are important in the construction of profitable heat transport material.
As global competition intensifies, factories needs to construct improved heat trans-
fer liquids consequentially larger thermal conductivities than are currently available.
However, the existing literature on thermal conductivity restricted to micrometer or
milimeter-sized particles until 1881. Maxwell’s theory [2] demonstrates that introduc-
ing ferrite/magnetic spherical particles accelerates thermal conductivity of different
suspensions. It is suggested that adding nano-meter sized ferrite/metallic particles
in heat transfer liquids e.g., engine oil, water, ethylene glycol, or ethanol to form to
a new subclass of fluids along enormous thermal conductivity, the resulting fluid is
termed as nanofluid. Nanofluids display better quality when compared with fluids
containing micrometer-sized particles and conventional heat transfer liquids. Since
heat transfer results on the wall of the particles, it needs to be used nanoparticles
with considerable surface area. Ferrite/Nanoparticles have sufficiently large surface
area as compare to micrometer-sized particles, and therefore nanofluids have extensive
potential for application [3-21] in heat transfer.

Ferrofluids are colloidal liquids made of ferrimagnetic or ferromagnetic ferrite
nanoparticles slanged in an electrically non-conducting carrier fluid. In ferromag-
netic nanofluids hyperthermia, ferrites nanoparticles of various types like MnZnFe;Oy,
Fe;04, and NiZnFe;O4 or even of hematite are infused in tumor and afterward sub-
jected under enormous magnetic field frequency. These ferrite nanoparticles yield
heat that regularly enhances tumor temperature, which can kill cancer cell [22]. A
well-tempered of these ferrites are, therefore, characterized by containing the iron
atoms situated at the origins of octahedra of oxygen atoms and zinc atoms originated
in tetrahedra of oxygen atoms. Characteristically, the normal spinel are paramag-
netic and the inverted spinel are ferromagnetic at the room temperature. Further,
at low temperature zinc ferrites behave like antiferromagnetic. Ferrofluids do not
hold magnetization in the absence of a magnetic dipole and are classified into super-
paramagnets. A remarkable feature of the ferromagnetic nanofluids is the reliance of
magnetization on the temperature and this thermomagnetization coupling makes fer-
romagnetic nanofluids more applicable in diverse practical applications [23-36]. The
impacts of magnetic and thermal field gradients on saturated viscous ferrofluid flow
was explored by Neuringer et al. [37]. Crane [38] initiated the Newtonian fluid flow
with linear stretching, which later on reduced to non-Newtonian fluids. Anderson and
Valnes [39] inspected the work of Crane’s for non-conducting viscous ferrofluid. He de-
scribed the consequence of magnetic field caused by magnetic dipole over a stretching

surface (shear driven motion) finalized that influence of magnetic field was to deceler-
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ate the movements of liquid particles instead of a hydrodynamic case. The character-
istics of localized magnetic field over a free and force convective magnetic fluid flow are
scrutinized by Tzirtzilakis et al. [40] and got numerical results for sundry materialized
parameters. Impacts of dust particles on ferrofluid with convective porous medium
were characterized by Sharma et al. [41]. Zeeshan and Majeed characterized the im-
pacts of magnetic dipole and suction/injection in a Jeffrey fluid flow past a stretchable
surface [42]. Sharma et al. [43] explored the influence of dust particles in a ferrofluid
with thermal convection. A notable fascinating characteristic of ferrofluids is that
magnetization is a function of temperature such characteristic put up ferrofluids more
competent in diverse applications. On the motive of electromagnetism, Neuringer and
Rosensweig [44] expressed that po (M.V)H (magnetic force per unit volume) becomes
uoMVH if the subsequent assumptions are stated in a way (i) The direction of H
(magnetic field) of a fluid will be the direction of magnetization M, (ii) the liquid
will be non-conductive and (i7i) the assumption of displacement current is considered
insignificent. In this fashion, ferrohydrodynamics need continuation and existence of
a spatially extended field, whereas this is not required in case of magnetohydrody-
namics. The viscous ferromagnetic liquid induced by eccentric cylinder along transfer
of heat was scrutinized by Kim et al. [45]. Majeed et al. [46] scrutinized the flow of
heat in a viscoelastic ferrofluid with an external magnetic dipole. The higher heat
transfer were scrutinized in the analysis. Hussanan et al. [47] scrutinized inertial and
microstructure features in presence of effective thermal conductivity for the investi-
gation of transferring heat in a magnetite ferrofluid. The influence of friction drag on
magnetohydrodynamic rotating ferrofluid past a shrinking/stretching wall was delib-
erated by Jusoh et al. [48]. Reduction in friction drag was depicted in the analysis
for the case of ferrofluid in presence of nonlinear stretching velocity. Experimental
analysis of the forced convective ferromagnetic fluid saturated in a magnetizable/non-
magnetizable porous media was incorporated by Shafii and Keshavarz [49]. Entropy
generation in a magnetohydrodynamic ferrofluid in a cavity having porous medium
was examined by Astanina et al. [50].

The viscous materials with the phenomena of thermal stratification has achieved
lot of importance among the researchers. Naviers-Strokes expressions are stated to
implement certain characteristics of viscous materials. Further, thermal stratification
with viscous/Newtonian materials is functional in several engineering and manufac-
turing processes. It originates in flows due to dissimilar densities of fluids or change in
their temperature difference. The relevant examples of thermal stratification include

oceans and lakes stratification, ground water reservoirs, salinity in rivers, industrial
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oceans, estuaries and food manufacturing processes. It is applicable in lakes since it
influences the temperature difference between oxygen and hydrogen. In this direc-
tion, thermal stratification is useful in heat transfer. Van Atta [51] characterized the
degeneration of turbulence region in the viscous thermally stratified flow. Foisal and
Alam [52] deliberated magnetohydrodynamic thermally stratified fluid flow over an in-
clined plate with high porosity medium. Antoniadis and Papalexandris [53] scrutinized
shear flows in pure-fluid domains and superposed porosity with thermal stratification
and got the solution via numerical technique. Heat transfer and its impacts on the
viscous dissipation and stratification in the flow of a magnetohydrodynamic nanofluid
was inspected by Besthapu et al. [54]. Rehman et al. [55] investigated numerically the
convection and thermal stratification and its influence on the Casson fluid. Thermal
stratification and its impacts on the flow of heat in a two phase vAlyO3-CoHgO4 and
vAl;03-HoO nanofluid was evaluated by Ahmed et al. [56]. Makinde et al. [57] an-
alyzed the flow of heat in a thermally stratified magnetohydrodynamic Casson fluid
along a horizental sheet in presence of Lorentz forces. The analysis of non-linear
thermal radiation and its impacts on the chemically reactive Eyring-Powell water-
alumina nanofluid in presence of thermal stratification was scrutinized by Koriko et
al. [568]. Karim et al. [59] examined the cooling and heating performance in a storage
tank along thermal stratification. Paradis et al. [60] scrutinized coiled heat exchanger
and thermal storage tank via uni-dimensional model for thermal stratification. En-
hancement of thermal stratification in a heated water storage tank was inspected due
to an exterior device by Gomez et al. [61]. Some relevant applications to thermal
stratification may be seen in [62-67].

Merkin [68] specified four common ways through which temperature distribute
from wall to ambient fluid, i.e., (i) prescribed surface heat flux distributions, (ii) pre-
scribed wall temperature distributions, (iii) conjugate conditions, and (iv) Newtonian
heating. In conjugate condition, heat flow from a bounding wall of finite heat capac-
ity and thickness. The interface temperature relays on the underlying characteristics
of the system, i.e., thermal conductivity of solid particle and liquid. On the other
hand, in Newtonian heating, the rate of transfer of heat from the bounding wall (of
finite heat capacity) is relative to wall temperature. It is also known as conjugate
convective flow. Later on, Salleh et al. [69] scrutinized the flow of heat in viscous fluid
flow by incorporating Newtonian heating at the surface. Qasim et al. [70] depicted
the Newtonian heating and its impacts in the micropolar fluid flow. Sarif et al. [71]
demonstrated numerical simulation via Keller box method to analyze the Newtonian

heating and its influence on the liquid flow. Nadeem et al. [72] examined viscoelastic
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fluid by taking Newtonian heating at the sheet and analyzed heat transfer for the
flow of fluid. Tmran et al. [73] scrutinized generalized Maxwell magnetohydrodynamic
fluid flow past a nonlinear stretched surface via Newtonian heating. Kamran and Wi-
watanapataphee [74] inspected the micropolar chemically reactive species along second
order slip past a stretched sheet along Newtonian heating. The impacts of transverse
thermophoretic effect in the flow of magnetohydrodynamic fluid along Newtonian
heating is evaluated by Mehmood et al. [75]. Newtonian heating and Hall current
effects on convective micropolar magnetohydrodynamic liquid flow over a surface are
dissected by Kamran et al. [76]. Hussanan et al. [77] scrutinized the transfer of mass
and heat in a micropolar nano-fluid by incorporating Conjugate parameter at the wall.
Applications of Newtonian heating available in the literature [77-82].

The packed bed tabular reactions of cooled or heated walls are usually employed
in industry to accomplish heterogeneous or homogeneous catalytic reactions, which
can be endothermic or exothermic. In gas-solid transport-reaction mechanisms, re-
action takes place within the solid phase, within liquid phase, or at liquid interface.
Reaction between atoms/molecules of sundry coefficients can take place during their
collision and or a third distinct atom/molecule may be sufficient for a reaction to
occur. Several chemical reactions proceed slowly, on not at all, except in the presence
of a catalyst. A survey of the chemical aspects of heterogeneous, or surface reactions
has been characterized by Scott [83] and Gray and Scott [84]. A full talk of catalysis
and the interpretation of several practical applications mentioned herein [85-87]. A
heterogeneous mixture includes of either or both of (i) hydrophilic and hydrophobic
materials in a unique mixture, or (ii) sundry conditions of matter; hydrophilic and hy-
drophobic materials would be a mixture of silicone grease, octane, and water. Fluids,
solids, heterogeneous, and gasses might be made homogeneous by mixing, melting, or
by permitting time to go for diffusion to appropriate the atoms/molecules equitably.
For instance, mixing dye to water will make a heterogeneous solution, however, later
on, it reduced to a homogeneous. These reactions are important in several chemically
reacting procedures. Merkin [88] initiated the chemically reactive species in the flow
induced by stretched surface. The friction drag in a chemically reactive species was
scrutinized by Chaudhary and Merkin [89]. Bachok et al. [90] characterized nanofluid
flow along chemically reactive species. Kameswaran et al. [91] expressed heat transfer
in a chemically reactive species along nanofluid. Khan and Pop [92] deliberated the
flow of heat in a chemically reactive species.

Keeping the above importance in mind, this thesis is arranged in the following

manner:
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In chapter one, a brief discussion is made about heat transfer along friction drag
in liquid flows and their applications are further discussed.

Chapter two is devoted to “Heat transfer analysis of a thermally stratified fer-
romagnetic fluid”. In this chapter transfer of heat is explored for the ferromagnetic
fluid along thermal stratification. Magnetic dipole is taken to reduce the turbulence
in the flow. Temperature field, axial velocity, and heat transfer along friction drag
are discussed analytically. Contents of the chapter are published in “Proceedings
of the Institution of Mechanical Engineers, Part E: Journal of Process Mechanical
Engineering” (2018) 0954408918759244.

Chapter three demonstrates “Evaluation of Fourier’s law in a ferrofluid in porous
medium”. Characteristics of thermomechanical coupling are computed. Heat transfer
is implemented for the Jeffrey ferromagnetic fluid along thermal stratification and
porous medium. Porous medium play important role in controlling heat transfer. For
larger ratio parameter, the drag coefficient at the surface declines. Contents of the
chapter are published in “Results in Physics” 7 (2017) 2361 — 2368.

Chapter four characterizes “Analysis of friction drag and heat transfer in a fer-
rofluid”. Influence of magnetic dipole in a second grade ferrofluid induced by linear
stretching sheet is scrutinized in this chapter. Thermal stratification has consequen-
tial impacts in controlling transfer of heat. Magneto-thermomechanical interaction
decelerates the motion of the fluid. The contents of the chapter are published in
“Results in Physics” 7 (2017) 854 — 861.

Chapter five examines “Hybrid isothermal model for the ferrohydrodynamic chem-
ically reactive species”. Influence of Newtonian heating in a ferrofluid is analyzed for
three chemical species. Heat flux is examined by incorporating Fourier’s law for heat.
The analysis is carried out for equal diffusion coefficients of all autocatalyst and re-
actions. Heat transfer rate and friction drag are depicted for the ferrohydrodynamic
chemically reactive species. Contents of the chapter are published in “Communications
in Theoretical Physics”.

Chapter six reveals “Ferrite nanoparticles MnZnFe,O,4, Fe304 and NiZnFe,O4 in
flow of ferromagnetic nanofluid”. The presence of ferrite nanoparticles enhances the
transfer of heat in boundary layer flows. To control thermal and momentum boundary
layer thickness, magnetic dipole is introduced in the flow. Solid volume fraction arises
the rate of flow of heat situated on the boundary layer is incorporated. The contents
of the chapter are published in “The European Physical Journal Plus” 132(9) (2017)
377.
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Chapter seven is devoted to “Impacts of ferrite nanoparticles in viscous ferro-
magnetic nanofluid”. Theoretical scrutiny is conducted to demonstrate the heat
transfer of six distinct ferromagnetic CoHgOo-MnZnFe,O4 (ethylene glycol-manganese
zinc ferrite), NiZnFe,O4-CyHgOq (nickel zine ferrite-ethylene glycol), CoHgOg-FezOy
(ethylene glycol-magnetite ferrite), HoO-NiZnFe,O4 (water-nickel zinc ferrite), HyO-
MnZnFe,O4 (water-manganese zinc ferrite), and FesO4-HoO (magnetite ferrite-water)
nanofluids. Heat transfer enhancement is observed in presence of these ferrite nanopar-
ticles. The contents of the chapter are published in “PloS one” 13(1) (2018) e0188460.
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2.1 Introduction

This chapter delineates on the transferring of heat in a viscous ferrofluid. The analysis
is examined in presence of an external magnetic dipole. The investigation is disclosed
by the phenomenon of thermal stratification and stagnation point. Conservation of
linear momentum and mass is used to develop expressions of ferrohydrodynamic prob-
lem. Heat flux is assessed by employing the Fourier’s law of heat. Optimal HAM
(Homotopy Analysis Method) and Bvph2-midpoint techniques are employed in the
evaluation of the consequence of magneto-thermomechanical coupling on ferrohydro-
dynamic flow. The impacts of distinct parameters on distribution of temperature and
velocity field are depicted by virtue of graphs. Numerical values and graphical results
of friction drag and heat transfer rate corresponding to involuted parameters have
been discussed and computed. Further, the ferrohydrodynamic parameter declines
the axial velocity thereby enhances the temperature profile. From the analysis of
thermodynamics, it is determined that the transport of energy occurred because of

the interactions of a system with its surrounding.

2.2 Ferrohydrodynamic and thermal energy equa-

tions

The characteristics of a steady, electrically nonconducting and an incompressible two-
dimensional ferrofluid over an impermeable linear stretching sheet are incorporated.
By exerting a force on the sheet located at y = 0 introduces stretching in the sheet
having velocity U, (z) (See Figure 3.1). The resulting stretching in the sheet is pro-
portional to length from origin. Further, magnetic dipole is placed outside the surface.
A magnetic dipole is placed in the framework whose center is kept on vertical axis
at distance d from surface positioned at y = 0. The magnetic field points of mag-
netic dipole are taken along positive xr—axis. An enhancement in the strength of
magnetic field due to magnetic dipole leads to saturate the ferrofluid. The Curie
temperature is greater than wall temperature is hypothesized, additionally, the tem-
perature T' = T, is assumed to be fluid temperature away from the surface, where
T < T, < T,. The fluid above Curie temperature is incompetent of magnetiza-
tion, T\, = Ty + byx and T, = Ty + box are respectively evaluated as the variable
temperature at the surface and away from surface. The impacts of heat genera-

tion/absorption are considered to be negligible. Making use of boundary layer ap-
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proximations (v = O(9) = y,u = O(1) = x), the governing equations in a ferrofluid
become

ou Ov
= 2.1

Ou OJu _ 19P  puMOH  pd*u

I el res 2.2
aT or kK, T ( 0H OH 0T
bl = - — | =a—. 2.
Yo +U8y PCp (u ox +U8y) O‘agﬁ (23)

Here p display the density, (u,v) signify velocity components along (x,y) direc-
tions respectively, a exemplify the thermal diffusivity, v signifies kinematic viscosity,
P indicates the pressure, ¢, represents the specific heat, whereas, H represents the
magnetic field, p signify magnetic permeability, K, denotes the pyromagnetic coeffi-
cient, T symbolizes the temperature, and M denotes the magnetization. The assumed

admissible boundary conditions are of the form

ul,_o = Uy(z) = Sz, v|,_, =0,T|,_y =T, = Tp + biz, (2.4)
— Ue(z) = Qz, T

u| — 1T, = T() + ng. (25)

Yy—00 Yy—00

Here U, (z) characterizes the velocity due to stretching, whereas T,, identifies

temperature of ambient fluid, whereas, b; and by are dimensional constants.

2.3 Magnetic dipole

The impact of magnetic field driven by magnetic dipole influences the flow of ferrofluid.
Such impact can be described by a well known function named as magnetic scalar

potential, which is expressed as

71 T

_n__ T 2.
27 (y + d)? + 2%’ (2.6)

here ~; symbolizes the dipole moment per unit length, ampere turns meter is dimen-
sion of vy, the components for the magnetic field are

0y —(y+d?+a?

A T >
(m2+ (y+d)2)

(2.7)
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0 o 22(y+d)
Y oy 2n 2
<(y+d)2+x2)

Since it is generally known that the magnetic body force is relative to magnetic field

(2.8)

gradient of H, we thus have

ne () (2 29)

Using Egs. (2.7) and (2.8) in Eq. (2.9), we obtain the following equations

OH v o«

= R dn (2.10)
OH 212 1
—_—= = — ) 2.11
o w<<y+d>5 <y+d>3) (211)

The linear relation of state approximates the impact of magnetization with tempera-

ture given below
M=K,(T.-T). (2.12)

The ferrofluid flow and its physical geometry is revealed in Figure 2.1.

0. T; Y,\V
—
Ferromagnetic fluid .:.3
—
& N i *:" 3 X u
] | ™ | | U Aty
j T 1 H w

Figure 2.1: Geometry of the flow.
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2.4  Solution procedure

Here, we introduced the dimensionless variables

vn.€) =o€ 06 M = T = O P (213)

Here 05(&) and 6;(€) exhibit dimensionless temperature, the corresponding dimen-

Szy\/E, nzx\/g- (2.14)
I Iz

The stream function is defined in this fashion that the mass equation satisfies

sionless coordinates are

directly, in which the function (1, ) signifies the stream function, (u,v) symbolize
the comparable components of velocity. The velocity stream function relation are
defined as

u:M:Saﬁf’(ﬁ),v:—M:—\/@f@). (2.15)

dy ox
Employing the similarity transformations given in Egs. (2.6) to (2.12) and (2.13)
to (2.15), Egs. (2.2) and (2.3) together with the aforesaid boundary conditions given
in Egs. (2.4) and (2.5) transform to the system defined below

m o pr2 "o 260, 2 _
AR i TR (2.16)
2\ 0, —
07 + Prfo] + % + 20y —4Nf? =0, (2.17)
0 — Pr(2f'0, — f60,) + A0 10y i
(€+7)3
2 if (2.18)
- 0 () =
F(E)=1,f(§=0,6:(§) =1—51,0:() =0, at =0, (2.19)
1(€) = R,01(&) — 0,05() — 0, when & — oo. (2.20)

In above equations, the parameters 3 (ferrohydrodynamic interaction), S; (thermal
stratified parameter), A (viscous dissipation), R (ratio), ¢ (Curie temperature), and
Pr (Prandtl number) are defined as
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Q v Tc Ba! ,U’OKI)(Tw - TO)p
= — P = — — _
h s Tt Tw—To’ﬁ 2 12 ’
(2.21)
\ S | Spad? g - by
K, (T, —Tv) TR

At the walls, the framework of engineering interest, i.e., the friction drag and rate

of heat transfer are

2Ty ou x oT

Cr=—%, Tw= 7 , Nu, = — ) (2.22)
pU2 Y |,—o Tw—To" 0y |,
We finally achieved the following non-dimensional equations
1
§R€1/20f = f"(0), Re""?Nu, = —(0,(0) + n*65(0)). (2.23)

2.4.1 Optimal homotopy analysis method

The series solution for the present boundary value problem is deliberated via optimal
HAM. The mechanism is utilized to demonstrate solutions for non-linear equations.
The entire interpretation can be found in [96,97]. In the evaluation of the problem
one needs the linear operators and initial guesses which are given below for the under

discussion problem.

af  d d*0 d26
Ly(f) = d_f{: d_f];’ Lo, (01) = I; — 01, Lg,(02) = E; — 0y, (2.24)

fol§) =1+ (§ = DR = (1 = R)exp(=¢), 01,(¢) = (1 = S1)exp(=¢),
020(§) = Eexp(=E),

where L(f), Lo, (01), and Lg,(02) specify the linear operators, additionally fy(¢),
01,(€) and 0,,(&) illustrates initial guesses of f, 61, and 0.

(2.25)

2.4.2 Convergence analysis

The auxiliary /supporting parameters in these analytic solutions are hy, hy,, and hy,
have remarkable intention in controlling the convergence of series solutions. To get a

convergent analytic solutions, preferred values are assigns to h¢, hg,, and hg,. For this
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reason, residual errors are observed for ferrohydrodynamic equations by implementing

the expressions defined below

Afnzfo [R] (&, hy)]Pde, (2.26)
Aty = [ e e (227
Al = [ IR 6 b e (2.28)

These expressions are utilized in the evaluation of convergence for the optimal
HAM, the resulting convergence and residual errors are listed in tables 2.1 and 2.2.
Figures 2.2 and 2.3 reveal the average square residual error for 10th and 12th order.

AJ exhibits the total square residual error, defined in the following equation

Al = A+ AL+ AL (2.29)
valucs hy ho, he, AL
4 —0.85201 —0.32761 —0.83081 5.35012 x 1077
6 —0.90042 —0.79320 —0.93011 8.74023 x 1072
8  —0.99031 —0.95107 —1.18830 3.82109 x 10716
10 —1.03268 —0.98031 —1.89907 2.43981 x 10~
12 —1.38020 —0.99521 —1.39987 7.82033 x 10722

Table 2.1: Average residual square errors Af .

% hy = —1.38020 hy, = —0.99521 hy, = —1.39987
4 1.39811 x 1077 8.30932 x 108  5.27890 x 10~?
8 4.32098 x 1071 2.72209 x 1071 0.37890 x 10713
12 6.38041 x 1072 3.03318 x 10717 1.40992 x 10~

20 1.71109 x 1072%  6.39804 x 1072 3.27088 x 10~

Table 2.2: Individual residual square errors for A, A% and A%.
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Figure 2.2: Graph for 10th order approximation.
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Figure 2.3: Graph for 12th order approximation.
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2.5 Discussion

The consequences of present problem described in equations (2.16) to (2.20) is ob-
tained through BVPh2—midpoint technique and optimal HAM. The characteristics of
sundry substantial parameters on the flow are inspected. The impacts of dimension-
less parameters 8 (ferrohydrodynamic interaction), A (viscous dissipation), S; (ther-
mal stratified), R (ratio), 7 (dimensionless distance from origin to center of magnetic
dipole), and Pr (Prandtl number) are scrutinized. Moreover, rest of the parameters
appearing in the flow framework are treated fixed. Fixed values for these parameters
are appropriated as € = 2.0, A = 0.01,y = 1.0.

The influence of parameter S (ferrohydrodynamic interaction) is delineated in
Figures 2.4 and 2.5. The presence of parameters § (ferrohydrodynamic interaction),
e (Curie temperature), and 7 (dimensionless distance from magnetic dipole center to
origin) are necessary to prevent the effect of magnetic dipole on the flow. The presence
of (micro-sized) ferrite particles in a viscous carrier fluid leads to ferromagnetic fluid,
which arises fluid viscosity and consequently a decrease in the velocity field occurs for
increasing values of parameter  (ferrohydrodynamic interaction), as evident in Figure
2.4. The impact of f(ferrohydrodynamic interaction) on axial velocity is carried out
when magnetic dipole is present. It is perceived that magnetic dipole reduces the axial
velocity rapidly. The characteristics of parameter 8 (ferrohydrodynamic interaction)
on temperature field are communicated in Figure 2.5. It is expressed that giving
variation to parameter 8 (ferrohydrodynamic interaction) causes an enhancement in
fluid temperature inside the boundary layer. In fact, the interaction between magnetic
field action and fluid particles reduces velocity, thereby, arising heating due to friction
among liquid layers that leads to thick thermal boundary layer, i.e., depletion in
movements of liquid particles causes heat transfer strengthened, which is conspicuous
in Figure 2.5.

The consequence of parameter S; (thermal stratification) on velocity and temper-
ature fields are evident in Figures 2.6 and 2.7. Figures 2.6 and 2.7 stipulate that
axial velocity and temperature field declines for the corresponding variation in ther-
mal stratification parameter S;. Increase in parameter S; (thermal stratified) leads
to increase the density of fluid layers, due to which the dense particles of ferrite move
toward the surface that gives rise to magnetohydrodynamic interaction, the respec-
tive interaction leads to enhance the viscosity of fluid and also effect the thermal
conductivity, which is responsible for a reduction in axial velocity and heat transfer.

The characteristics of parameter R (ratio) on axial velocity are described in the

current subsection. The parameter R depicts the ratio of ambient fluid velocity to
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surface velocity due to stretchable sheet. The behavior for distinct values of parameter
R (ratio) on axial velocity is scrutinized in Figure 2.8. The impacts of R is quite
different for R > 1 and for R < 1. R > 1 physically states that the fluid have higher
velocity, whereas, R < 1 demonstrates that surface with high velocity as compare to
fluid velocity. Further, there is no change in axial velocity for R = 1.0, i.e., both
surface and fluid move with same velocity. Improvement in axial velocity is noticed

for enlarging values of ratio parameter R.

1.0
0.8

0.6

£

0.4

0.2

Figure 2.4: Consequence of parameter [ (ferrohydrodynamic interaction) on axial

velocity.
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Figure 2.6: Consequence of S thermal stratified parameter on axial velocity.
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Figure 2.8: Consequence of R ratio parameter on velocity field.
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2.5.1 Friction drag and local Nusselt number

Equations (2.22) and (2.23) incorporate mathematical form for friction drag and Nus-
selt number. The influence of parameter R on friction drag is characterized in Figure
2.9. The friction drag enlarges for increasing values of parameter R. Figure 2.9
designates that when R = 0 there is no change and it is because of the similarity
between fluid velocity and sheet velocity due to stretching. Further, for prominent
values of parameter R, the fluid axial velocity dominates the sheet velocity, which
corresponds to enhancement in axial velocity, as a result, skin friction coefficient de-
creases. While Figure 2.10 exhibits the impact of parameter S; (thermal stratified)
on wall shear stress. It is analyzed that larger stratification parameter gives rise to
wall shear stress. Further, the characteristics of parameters Pr (Prandtl number) and
Sy (thermal stratification) via heat transfer rate are given in Figure 2.11 and 2.12 It
is scrutinized from Figure 2.11 that variation in parameter Pr causes reduction in the
heat transfer rate, instead from Figure 2.12, it is perceived that parameter S; reveals
enhancement of rate of heat transfer. Table 2.4 shows the comparison of Nusselt

number.

0.4f 1

0.2} ]

0.0

-0.2
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-0.8} ]
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Figure 2.9: Wall shear stress versus ratio parameter R.
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Figure 2.10: Wall shear stress versus thermally stratified parameter S;.
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Figure 2.11: Heat transfer rate versus Prandtl number Pr.
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Figure 2.12: Heat transfer rate versus thermal stratified parameter 5.

Pr  Chen [93] Re "2 Nu, (Optimal HAM) Re™'/2 Nu, (BVPh2-Midpoint)

0.72  1.0885 1.088461 1.0885521
1.0 1.3333 1.333250 1.3333720
2.0 2.0210 2.021910 2.0210619
3.0 2.5097 2.509692 2.5097472
4.0 - — = 2.903481 2.9030492
10.0  4.7968 - — = 4.7968310

Table 2.3: Comparison of Nusselt number.
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Concluding remarks
The impacts of thermal stratification on the ferrofluid past a horizontally stretch-
able surface along an exterior magnetic dipole is evaluated. The main points to

investigate the flow are given below.

® An increase in parameter (ferromagnetic interaction) gives rise to heat transfer

thereby reducing axial velocity.

e Higher values of parameter S; (thermal stratification) correspond to thinning
of velocity and temperature fields. Further, the heat transfer rate enhances for

increasing values of thermal stratified parameter ;.

e Variation in parameter R (ratio) results in an increment in axial velocity, while

the wall shears stress decreases.

e Giving variation to Pr (Prandtl number) arises axial velocity thereby declines
the temperature field.
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3.1 Introduction

This chapter delineates the impacts of stagnation point and thermal stratification on
friction drag and heat transport phenomena in a Jeffrey fluid. The investigation is
performed in presence of an exterior magnetic dipole. The analysis of Jeffrey fluid
along magnetic dipole represents the ferromagnetic fluid. The fluid exhibits magnetic
properties as a result of inclusion of ferrite particles, thus it is a non-Newtonian Jef-
frey ferrofluid. The medium in the analysis is taken to be porous. Fourier’s law is
implemented in the assessment of heat flux. The respective equations are considered
under the assumptions of a boundary layer. After utilizing the similarity variables
the resulting equations are analyzed numerically and analytically with the help of
BVPh2—midpoint method and Optimal HAM (homotopy analysis method) respec-
tively. Physical features are interpreted via tables and graphs. Numerical values and
graphical results of friction drag and heat transfer rate corresponding to involuted pa-
rameters have been discussed and computed. Further, the porosity parameter decline
the axial velocity and Deborah number enhance the temperature field. Graphical
results of several parameters on velocity of flow, friction drag, temperature field, and

rate of heat transfer are presented.

3.2 Ferrohydrodynamic and thermal energy equa-

tions

An electrically nonconducting, steady, and an incompressible two-dimensional fer-
rofluid is merged past a stretched surface. The fluid under consideration is a non-
Newtonian rate type fluid named as Jeffrey fluid. The stretching is initiated in the
sheet having velocity U, (z) due to a force exerted on the sheet at y = 0. The stretch-
ing is directly relative to distance from origin. The magnetic dipole is arranged on
outer surface at some distance from the fluid. While due to stagnation point flow the
velocity as y — oo is considered to be U.(x) = Qz. A magnetic dipole is precisely put
in the system in such a manner that its center lies at a distance d from below xr—axis.
An enhancement in magnetic field strength leads to saturate the ferrofluid. Curie tem-
perature is greater than the stretching sheet temperature, whereas temperature of the
fluid element away from the sheet is considered T' = T, and T, < T;, < T.. The mag-
netic effect vanishes beyond the temperature T,. Variable temperature T, = Ty + by«

and T, = Ty + box are scrutinized at wall and away from the wall, and Tj signify the
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reference temperature. The impact of heat absorption/generation is imperceptibly

small. For ferrofluid, the governing equations are

ou Ov
D T, 1
9%ty =0 (3.1)
ou ou 10P poM OH L 0%u
Ui Vo= ——— T
Ox oy p Ox p Or  p(1+ X)) 0y? (3.2)
U Du Pu  Ou 0*u  Oud*u ve '
+ U +v + — e~ - —u,
p(1+ X))\ 0xdy? oy? Oy 0x0dy  Ox 0y ko
oT or kK, T ( 0H OHY o*T
Boundary conditions are
ul,_o = Uy(x) = Sz, v|,_, =0,T|,_y =T, = Tp + biz, (3.4)
ul, oo = Ue(z) = Qu, T, — Tc =Ty + b (3.5)

Here S and @) are dimensionless constants. The consequential schematic of fer-

rofluid is shown in Figure 3.1. Here the circular lines indicate the magnetic field.
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Figure 3.1: Geometery of the flow.
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3.3 Solution procedure

Here we compose the dimensionless variables

wln.€) =106 = 7=

in which 0,(§) and 6,(§) exhibit dimensionless temperature, the corresponding non-

§:y\/E, n:x\/E. (3.7)
p 7

The stream function is defined in this fashion that the mass equation satisfies di-

= 01(€) +n"02(8), (3.6)

dimensional coordinates are

rectly, here the ¢(n, §) signifies the stream function, (u,v) symbolizes the comparable

components of velocity defined below

_0mE) o ey 00,8
==, =Suf(©)v=——5= = —VSuf(E), (38

where prime expresses differentiation with respect to £ and . Employing the similarity
transformations given in Eqgs. (2.6)-2.12 and (3.6)-(3.8), Egs. (3.2 — 3.5) reduces to

the system of boundary value problem

f/// _ (/\1 . 1)(f/2 . ff//) o ﬁl(ff(w) . f//?)

o 236, 2 (3.9)

/7 / 2)‘Bf th — /
91 +P7’f91+#+262—4)\f2:0, (310)

0y — Pr(2f'0, — f0,) + 200 102 _ 4y i

(E+7)?
2 of (3.11)
+ 0 = o (i + ) =

&) =1,f(§) =0,01(§) =1~ 51,65() =0, at =0, (3.12)
(&) = R,0:1(£) = 0,05(§) — 0, when & — oc. (3.13)

In above system of equations, the parameters [ (ferrohydrodynamic interaction), f;
(Deborah number), A; signify relaxation to retardation times ratio, S; (thermal strat-
ified parameter), A (viscous dissipation), R (ratio), P,, (porosity parameter), ¢ (Curie
temperature), and Pr (Prandtl number) are characterized as

Q 14 Too 71 MOKp<Tw - TO)
R = — P _ — g —_
ST = T, — To’ﬁ 2m 12

p
=S\
S 7/81 S 1,

3.14

S ve Spd? by (3:14)
A=——— P, = Y = 51 = —.
,OKp(Tw — To) KQS 12 b1
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At the walls, the parameters of engineering interest, i.e., the friction drag and rate of

heat transfer are

270 uo Ou Lo 0%u 0%u
Cr=—, Tw= — + u +v ;
pU?2 1+ X\ 0y —0 1t A 0yox oy? =0 315
N x 0T (3.15)
Uy = —_— .
Tw - TO ay y=0

Which after non-dimensionalization take the form

1 " B " £ /
ﬂ(f (0) = B1(f(0)f7(0) = f7(0) £(0))), (3.16)

Re Y2 Nu, = —(6,(0) + 1%65(0)).

1
§R€1/20f =

3.3.1 Optimal homotopy analysis method

Optimal HAM (homotopy analysis method) is employed for solution of present bound-
ary value problem. The method is hired to demonstrate solutions for non-linear
equations. The optimal HAM gives us a better flexibility to get the auxiliary linear
operator and the initial guess than the conventional non-perturbable techniques. The
entire interpretation can be found in [96,97]. The linear operators and initial guesses

in the present analysis is defined below

d? d? d*0,
Lf(f):d_g—’_d_é];? L91(61):d_£2_917
2 (3.17)
Lo, (03) = ‘2—;; 9,
fol) =1 - (1 =R — (1 - R)exp(=E), 01,(§) = (1 — Si)ezp(—¢), (3.18)

02, (&) = Eexp(=E),

where L¢(f), Lo, (61), and Ly, (62) portray the linear operators, besides f;(£), 61,(§)
and 0y, (§) exemplify initial guesses of f, 0, and 6.

3.3.2 Convergence analysis

The auxiliary parameters hy, hg,, and hg, have a magnificent aim to stabilize the
convergence of solutions. To get a convergent analytic solutions, preferred values
are assigns to hys, hg,, and hy,. For this reason, residual errors are observed for
ferrohydrodynamic equations by implementing the expressions defined in Egs. (2.26)-

(2.28). These expressions are utilized in the evaluation of convergence for the optimal
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HAM, the resulting convergence and residual errors are listed in tables 3.1 and 3.2.
Figures 3.2 and 3.3 reveals the 10th and 12th order average residual square error. A/

exhibits the total square residual error, defined in Eq. (2.29).

% h¢ hg, he, AL
4 —0.981921 —0.872958 —0.09223 4.61754 x 1078
6 —0.01206 —0.943273 —0.02714 1.59062 x 10~
8 —0.05365 —0.914006 —0.06445 6.70151 x 10~
10 —0.04371 —0.05362 —0.01794 1.01087 x 10~'8
12 —0.03177  —0.92185 —0.06242 4.11943 x 10722

Table 3.1: Average residual square errors Af .

valees>  hy = —0.03177  hy, = —0.92185  hy, = —0.06242
4 1.10421 x 1072 3.42476 x 1077 3.63257 x 10~°
8 3.54190 x 10717 2.51890 x 10~'2  4.44569 x 1010
12 8.43786 x 10720 7.42327 x 1076 5.65326 x 10~ 4

20 2.56190 x 1072 0.53438 x 1072!  7.96546 x 1072

Table 3.2: Individual residual square errors for A A% and A%,



3.8 Solution procedure

31

error

error

0.001 ¢ 4

1071 E

1075 L ,

1079 L ,

103
2

Figure 3.2: Error decay for 10th order approximation.
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Figure 3.3: Error decay for 12th order approximation.
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3.4 Discussion

Optimal HAM is implemented to get the results of the boundary value problem de-
scribed in Eqgs. (3.9)-(3.13). Here the influence of sundry substantial parameters on
fluid flow are under discussion. The impacts of dimensionless parameters [3; (Deborah
number), Ay, 5 (ferrohydrodynamic interaction), A (viscous dissipation), S; (thermal
stratified), R (ratio), v (dimensionless distance from origin to center of magnetic
dipole), and Pr (Prandtl number) are scrutinized. Moreover, other parameters in the
flow framework are fixed. The fixed values are A = 0.1, v = 1.0, and € = 2.0.

The impact of ferromagnetic effect on flow problem exists only in presence of [
(ferrohydrodynamic interaction), € (Curie temperature) and v (dimensionless distance
from origin to center of magnetic dipole) parameters. In Figure 3.4, velocity field re-
duces by the increment in 3 (ferrohydrodynamic interaction) parameter because of the
presence of ferrite particles arises liquid viscosity. The characteristics of parameter 3
(ferrohydrodynamic interaction) on distribution of temperature are shown in Figure
3.5. It is observed that by varying the parameter 5 (ferrohydrodynamic interaction),
inside the boundary layer temperature enhances. This occurs by the interaction be-
tween movements of liquid particles and an action of a magnetic field. The interaction
between particles of fluid and magnetic field action diminishes the velocity of the fluid,
whereas, frictional heating among fluid layers is growing which leads to arise thermal
boundary layer, i.e., enhancement in heat transfer occurs because of the reduction in
movements of fluid particles, which is evident in Figure 3.5.

The impacts of parameters ; (Deborah number) and A\; (ratio of relaxation to re-
tardation times) on temperature field and axial velocity are evident in Figures 3.6—3.9.
When \; = 0 and \y = 0, the relaxation and retardation time at surface reach its min-
imum value, which stipulates that the interior impacts of relaxation and retardation
time in liquid are absent, because of which fluid becomes a classical Newtonian fluid.
The impact of 3; (Deborah number) on axial velocity and distribution of temperature
is delineated in Figure 3.6 and 3.7. Rising Deborah number (3; leads to enlarge the
stretching rate at the surface, as a result, disturbance in particles of ferrofluid nearer
the surface arises, such disturbance in particles of ferrofluid enhances the inertial
forces, which enhances the axial velocity as is evident in Figure 3.6. Characteristics of
f1 (Deborah number) on the diffusion of temperature is revealed in Figure 3.7. Aris-
ing ; (Deborah number), temperature field is evaluated to be declines. Physically £,
(Deborah number) is corresponding to A;, thus, any substance reduces its viscosity
for long retardation time, which may bring about an enhancement in its movement,

which subsequently debilitates lower temperature field. Further, Figures 3.8 and 3.9
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depict the performance of the ratio of relaxation to retardation times parameter \;
on velocity and temperature fields. From Figure 3.8, it is watched that axial velocity
declines for arising A\; (ratio of relaxation to retardation time), contrarily, temperature
profile is slowly expanding with enlarging A (ratio of relaxation to retardation time)
as shown in Figure 3.9. An enhancement in A; infers to an enhancement in relaxation
time, i.e., a perturbed system requires more time in retaining its original position.
This phenomenon of relaxation times leads to arising the drag forces, which are re-
sponsible for the possible reduction in axial velocity and enhancement in temperature
field.

The present study characterizes the consequence of parameter S; (thermal strat-
ification) on velocity and temperature fields. Velocity and temperature fields are
decreasing for greater values of the corresponding parameter thermal stratification
shown in Figures 3.10 and 3.11. It is noted that the decaying temperature difference
between surface and ambient of sheet is reducing the temperature field. Magnetohy-
drodynamic interaction parameter 3 is responsible for a reduction in axial velocity
and heat transfer is raised by increasing parameter S; (thermal stratified), leads to
increasing the density of fluid. As magnetohydrodynamic interaction is raised by the
high density of ferrite particles moving towards the surface.

The Prandtl number Pr play a vital role in forced convective heat transfer and
thermal boundary layer. The Pr (Prandtl number) measure the ratio of heat transmis-
sion and energy storage capacities of the molecules. Figure 3.12 exhibits the impact
of Pr (Prandtl number) on distribution of temperature. It is designated that due to
increasing Pr (Prandtl number), thermal diffusivity declines, subsequently, the ther-
mal boundary layer thickness and temperature declines, the resultant disturbance due
Prandtl number is determined in Figure 3.12.

The stretchable sheet causes change in velocity of the fluid, we thus established
the ratio parameter R which designates the ratio of ambient fluid velocity to surface
velocity. The parameter R has a peculiar behavior on axial velocity observed in
Figure 3.13. The parameter R has contrasting behavior for R > 1.0 and for R < 1.0.
Moreover, axial velocity remains constant for R = 1.0, means both the surface and
fluid flows with same velocity. Axial velocity is rising by the increment in ratio
parameter R. Whereas, the consequence of parameter P,, (porosity) on the axial
velocity is demonstrated in Figure 3.14. Velocity field declines by giving variation to

parameter P, (porosity).
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Figure 3.5: Impact of parameter 5 (ferrohydrodynamic interaction) on temperature
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Figure 3.6: Influence of 8; (Deborah number) on distribution of velocity f'(§).
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Figure 3.7: Effect of $; (Deborah number) on temperature distribution 6 (§).
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Figure 3.8: Impact of parameter A, (ratio of relaxation to retardation times) on
velocity field f/(€).
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Figure 3.9: Consequence of parameter A\; on distribution of temperature 6;(§).
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Figure 3.10: Consequence of Sy (thermal stratified parameter) on axial velocity f’(§).
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Figure 3.11: Influence of Sy (thermal stratified paramter) on temperature field 6;(§).
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Figure 3.12: Effect of Pr (Prandtl number) on temperature field 6;(§).
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Figure 3.13: Consequence of R (ratio parameter) on velocity distribution f’(§).
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3.4.1 Friction drag and local Nusselt number

Impact of sundry substantial parameters § (ferrohydrodynamic interaction), 5; (Deb-
orah number), A; (relaxation to retardation times ratio), R (ratio parameter), S;
(thermal stratified paramteter), and Pr (Prandtl number) are observed on friction
drag and Nusselt number. The characteristics of 51 (Deborah number) and g (ferro-
hydrodynamic interaction) on the friction drag are evident in Figure 3.15. The friction
drag declines for giving variation to 5 (Deborah number) along with £ (ferrohydro-
dynamic interaction). The impacts of \; (ratio of relaxation to retardation times)
and R (ratio parameter) on the friction drag is characterized in Figure 3.16. The en-
hancement in parameter R causes an increase in friction drag. Moreover, skin friction
coefficient declines because plate velocity is hindered by fluid velocity for greater val-
ues of parameter R causing an increase in axial velocity. The fluid velocity and sheet
velocity are same due to stretching at R = 0, causing no change in the graph Figure
3.16. Moreover, impact of S; (thermal stratified parameter), 5; (Deborah number),
and Pr (Prandtl number) on the heat transfer at the surface is evaluated in Figure
3.17 and 3.18. Heat transfer at the surface declines when Prandtl number Pr is en-
hanced along f; (Deborah number) as depicted in Figure 3.17. While Figure 3.18
designates the impact of parameter S; (thermal stratified) on transfer of heat at the
surface. the features of parameters Pr (Prandtl number) and S; (thermal stratifica-
tion) via heat transfer rate are given in Figure 3.18. It is perceived that enhancement
in parameter S; leads to enhance the heat transfer rate. Tables 3.3 and 3.4 display

the comparison of Nusselt number and friction drag.

Pr Abel et al. [95] CHARZeuls  BVPRZACpom
1 1

0.72 1.0885 1.088542 1.0882302
1.0 1.3333 1.333341 1.3332183
2.0 - — = 2.021082 2.0215192
3.0 - — = 2.509783 2.5097533
4.0 - — - 2.903042 2.9034172
10.0 4.7968 - == 4.7868615

Table 3.3: Comparison of rate of heat transfer for the case when g = 1.0, 5; = 1.0,
Pm =1.0, \y = 1.5, 51=0.2.
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Pr g 0B 5 %Rel/sz Re 12Ny
1.0 1.0 0.7 0.2 1.08721 1.28703
1.5 1.06532 2.08518
2.5 1.00532 2.34319
20 1.0 0.7 0.2 1.29365 2.44380
1.4 1.45329 2.31437
1.8 1.55430 2.31981
2.0 1.0 04 0.2 1.54828 0.95285
0.8 1.32063 0.97275
1.2 1.15042 0.98421

20 1.0 02 0.2 1.15476 0.79654
0.4 1.16543 0.87542
0.6 1.18043 0.96432

Table 3.4: Friction drag and local Nusselt number.
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Figure 3.15: Wall shear stress versus ; Deborah number.
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Figure 3.16: Wall shear stress versus ratio parameter R.
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Figure 3.17: Heat transfer rate versus Prandtl number Pr.
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Figure 3.18: Heat transfer rate versus S; thermal stratified parameter.
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Concluding remarks

The aspects of thermal stratification on the ferrofluid past a horizontally stretch-
able surface under the influence of magnetic dipole is under discussion. Bvph2-
midpoint method and Optimal HAM are used to get the numerical and analytic
series solution for flow problem. The consequences of a few physical parameters, for
example, parameter [ ferromagnetic interaction, \;, thermally stratified parameter
S1, Deborah number (3, ratio parameter R, Prandtl number Pr and porosity param-
eter P,, on temperature and velocity fields are inspected and scrutinized graphically
in point of interest. At last, Some critical perceptions in view of the present study

are as per the following.

® An increase in parameter /3 (ferromagnetic interaction) gives rise to heat transfer

thereby reducing axial velocity.

e Variation in 8; (Deborah number) declines temperature field and enhances axial

velocity.
e Axial velocity declines as we enhance the porosity parameter P,,.

e Variation in parameter R (ratio) arises axial velocity, while the wall shears stress

decreases.
e )\ declines the axial velocity whereas increases the temperature field.

e Higher values of parameter S; (thermal stratification) corresponds to thinning
of velocity and temperature fields. Further, the rate of heat transfer enhances

for increasing values of parameter Sy.

e Pr (Prandtl number) leads to decline the temperature field.
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4.1 Introduction

This chapter characterized the heat transport phenomena in a second grade ferrofluid
flow. The analysis is carried out in the presence of an external magnetic dipole. The
investigation is disclosed by the phenomenon of stagnation point. Variable temper-
ature at boundary and away from the surface is incorporated in the analysis. The
assumptions of Newtonian heating and thermal radiation are neglected. Conservation
of linear momentum and mass is utilized to model expressions for a second grade
ferrohydrodynamic problem. Heat flux is evaluated by employing the Fourier’s law.
Optimal HAM (Homotopy Analysis Method) is demonstrated in the evaluation of
influence of magneto-thermomechanical coupling and normal stress on the ferrohy-
drodynamic flow. The impacts of distinct parameters on temperature field and axial
velocity are depicted through graphs. Numerical values and graphical results of fric-
tion drag and heat transfer rate corresponding to involuted parameters have been
discussed and computed. Further, the (elasticity parameter declines the temperature
field thereby enhances the axial velocity. Graphical results of several parameters on

rate of heat transfer, axial velocity, friction drag, temperature field are presented.

4.2 Ferrohydrodynamic and thermal energy equa-

tions

The impacts of a steady, electrically non-conducting and an incompressible two-
dimensional second grade ferrofluid over an impermeable linear stretching sheet are
incorporated. By exerting a force on the sheet located at y = 0 introduces stretching
in the sheet having velocity U, (z). The resulting stretching in the sheet is propor-
tional to the length from origin. The velocity of stagnation point far away from wall is
taken to be U.(x) = Qx. Further, magnetic dipole is placed at a distance outside from
the surface. The center of magnetic dipole is placed on vertical axis at a distance d be-
low the r—axis. The magnetic field points of magnetic dipole are taken along positive
r—axis. An enhancement in the strength of magnetic field driven by magnetic dipole
leads to saturate the ferrofluid. The temperature T' = T, is assumed to be fluid tem-
perature away from the surface, where T,, < T,, < T, the fluid above T, is incapable
of being magnetized. T, = Ty + byx and Ty, = Ty + byx are respectively involved
as the variable temperature at the surface and away from surface. The impacts of

heat absorption/generation are taken to be negligibly small. Making use of boundary
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layer approximations, the governing equations in a ferrofluid under boundary layer

approach are

ou Ov
— — 4. 1

ox oy  pox p Or oy?

L a &*u du N Bu N Pu  dud’u (42)
p \ 0zdy Oy uax8y2 U@y3 Ox 0y? )’
oT or kK, ( 0H OH o*T
il - _ - — | = a—. 4.
“ag;+”ay PCyp (u&r +U8y) a@yQ (43)

Here «; signifies the normal stresses moduli. The assumed admissible boundary

conditions are

ul,_o = Uy(z) = Sz, 0], =0,T|,_g =Ty =To + biz, (4.4)

Uy oo = Uelw) = Qu, T, — To = To + box. (4.5)

The physical schematic of ferrofluid is shown in Figure 4.1. Here the circular lines

indicate the magnetic field.

4.3  Solution procedure

The assumed dimensionless variables are

W T.—T

Y(n,§) = n(;)f(ﬁ)ﬁ(é’,n) =T T

01(€) +n*0:(€), (4.6)

here 05(¢) and 6, () exhibit dimensionless temperature, the corresponding dimension-

S S
=y |22 =222 (4.7)
\/ 1 \/ 1

The stream function is defined in this fashion that the mass equation satisfies di-

less coordinates are

rectly, here the ¢(n, £) signifies the stream function, (u,v) symbolizes the comparable

components of velocity defined below

IR UR S N VS I
u= =g =Sef(©v= =5 = VS f(9), (4.8)
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Figure 4.1: Geometery of the flow.

where prime expresses differentiation with respect to £ and . Employing the similarity
transformations given in Eqs. (2.6)-(2.12) and (4.6) to (4.8), equations (4.2) and (4.3)
along with stated boundary conditions given in Eqgs. (4.4) and (4.5) reduce to the

following equations

7 " enn 1 (iv)y _ pr2 "o 200, 2 _

FU (ST 20 = S = RS —<€+7)4+R 0,  (49)
2\ 0, —
0! + Prfo + % + 20y — 4Nf? =0, (4.10)
0 — Pr(2f, — f0,) + 207 9; AN
(€+7) 111
PN e )

F€) =11 =0,601(§) =1—51,6:(§) =0, at £=0, (4.12)
(&) = R,0:(£) = 0,05(&) — 0, when & — oo. (4.13)

In above system of nonlinear equations, the parameters d,, (elasticity parameter)

B (ferrohydrodynamic interaction), A (viscous dissipation), R (ratio), S; (thermal
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stratified parameter), ¢ (Curie temperature), and Pr (Prandtl number) are defined as

R _ Q Too B _ lMOKp(I’w - TO),O
S T, — Ty’ 2 12 ’

(4.14)
S,LL2 OQS Spd2 bg
A=————— = —, 7y =4/ —,51 = —.
pKp(T, — To) pv 1 by

At the walls, the parameters of engineering interest, i.e, the friction drag and rate of

14
,Pr=—e=
(0]

heat transfer are

F= pU2" " Nay y=0 "\oyor " oyr oy 00y ) |,—o’ L5
Nu, = < 3_T o
v Tw — To 8y y=0 '
We finally, achieved the following non-dimensional equations
1
_Rel/ZC://O+6mIOIIO—/I,O 0’
SREC = £1(0) + 8, (F(0)1(0) = £(0)£(0)) w16,

Re Y2 Nu, = —(6,(0) 4+ 1%65(0)).

4.3.1 Optimal homotopy analysis method

The series solution for the present boundary value problem is deliberated via optimal
HAM. The mechanism is utilized to demonstrate solutions for non-linear equations.
The entire interpretation can be found in [96,97]. In the evaluation of the problem

one needs the linear operators and initial guesses which are given below

Bf  Ef 420,

Li(f) = -5+ =5 Lo, (6h) = — — bh,
E . . 9 s (4.17)
L92<92) = d_§2 — ‘92.
fo(§) =1+ (- 1R — (1 - R)exp(—E),01,(§) = (1 — Si)exp(—E), (4.18)

02, (&) = Eexp(=E),

where L¢(f), Ly, (61), and Ly, (f2) symbolizes the linear operators, furthermore,
fo(&), 61,(&) and 0,,(&) illustrate the initial guesses of f, 0;, and 6.

4.3.2 Convergence analysis

The auxiliary/subsidiary parameters hy, hg,, and hgy, have remarkable intention in

controlling the convergence of series solutions. To get a convergent analytic solutions,
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preferred values are assigns to hy, hg,, and hg,. For this reason, residual errors are
observed for ferrohydrodynamic equations by implementing the expressions defined in
Egs. (2.26)-(2.28). These expressions are utilized in the evaluation of convergence for
the optimal HAM, the resulting convergence and residual errors are listed in tables
4.1 and 4.2. Figures 4.2 and 4.3 reveal the average residual square error for 10th and
12th order. A/ exhibits the total square residual error, defined in Eq. (2.29).

wluess ho, ho, Al
4 —0.914901 —0.834128 —1.09223 4.61754 x 10~
6 —1.01206 —0.932163 ~—1.0271 1.59062 x 10711
§  —1.05365 -—0914006 —1.0644 6.70151 x 107%
10 —1.00068 —0.949574 —1.03027 1.01087 x 10~'*
12 103177 092185 —1.06242 4.11943 x 10~

Table 4.1: Average residual square errors A? .

values—

ducs = —1.03177

he, = —0.92185

he, = —1.06242

4 1.14111 x 107°
8 3.63587 x 10719
12 8.25911 x 10~
20 2.59611 x 10~28

8.74605 x 1071°
1.22724 x 10716
1.79475 x 10~
9.85676 x 1074

8.60314 x 1078
6.74969 x 10~1°
2.28596 x 10718
4.02086 x 10722

Table 4.2:

. . . 9 9
Individual residual square errors for A/ | A% and A%,
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Figure 4.2: Graph for 10th order approximation.
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Figure 4.3: Graph for 12th order approximation.
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4.4 Discussion

The analytical solutions of boundary value problem described in Eqgs. 4.9-4.13 are ob-
tained through optimal HAM. The characteristics of sundry consequential parameters
on fluid flow are deliberated in this section. The impacts of dimensionless parameters
dm (elasticity parameter), 5 (ferrohydrodynamic interaction), A (viscous dissipation),
S1 (thermal stratified), R (ratio), v (dimensionless distance from origin to center of
magnetic dipole), and Pr (Prandtl number) are scrutinized. Moreover, rest of the pa-
rameters appearing in the flow framework are treated fixed. The established values of
these parameters are A = 0.1, v = 1.0, and € = 2.0. The values assigned to remaining
parameters are § = 1.0; R =0.5; S; = 0.2, §,,, = 0.5, and Pr = 2.0.

The effects of elasticity or second grade parameter 9, are evident in Figure 4.4.
It is confirmed that for increasing values of parameter d,, (elasticity), velocity pro-
file enhances deliberately, the result indicates that axial velocity and complementary
boundary layer becomes large with the improvement of §,,, i.e., velocity boundary
layer is growingly thicker. It is scrutinized that response velocity growing up by
arising (increasing values of d,,) of an elastic force of the fluid.

Meanwhile by taking d,, = 0, the forces at surface reach its least possible value,
which stipulates that the interior elastic force of liquid are absent, by cause of which
the fluid becomes a classical Newtonian fluid. Figure 4.5 specify that the boundary
layer thickness of temperature field are increasingly thinner with an increase of elastic-
ity parameter 6,,, which declares that thermal transmission becomes faster. Moreover,
it also depicts that less time will be essential to generate the thermal boundary layer
with elasticity parameter d,,.

The impact of parameter §(ferrohydrodynamic interaction) is incorporated in Fig-
ures 4.6 and 4.7. The presence of parameters,  (ferrohydrodynamic interaction), e
(Curie temperature), and v (dimensionless distance from magnetic dipole center to
origin) are essential to stabilizing the impact of ferromagnetic effect on flow problem.
The existence of particles (micro sized) of ferrite in second grade carrier fluid leads to
ferromagnetic fluid, due to which viscosity of the fluid arises and as a result reduction
takes place in velocity field for increasing values of parameter 5 (ferrohydrodynamic
interaction), which is exhibited in Figure 4.6. The impacts of parameter 3 (ferro-
hydrodynamic interaction) on distribution of temperature are evident in Figure 4.7.
It is noticed that giving variation to parameter § (ferrohydrodynamic interaction),
causes an enhancement in temperature of the fluid inside the boundary layer. The
communication between particles of fluid and action of magnetic field reduces veloc-

ity field so that arising frictional heating surrounded by fluid layers leads to thicked
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thermal boundary layer i.e., the reduction in movements of particles of fluid causes
improvement in heat transfer, which is displayed in Figure 4.7.

The influence of parameter S; (thermal stratified) on axial velocity and temper-
ature field is characterized for the present analysis. Figures 4.8 and 4.9 designates
that axial velocity and temperature field declines for the corresponding variation in
thermal stratification parameter S;. The described reduction in the distribution of
temperature is due to decay in temperature difference between the surface and away
from the sheet. Increase in parameter S; (thermal stratified) leads to increase the
density of fluid layers, due to which the dense particles of ferrite move toward the
surface that gives rise to magnetohydrodynamic interaction, which is responsible for
a reduction in axial velocity and enhancement in heat transfer rate.

The effect of Pr (Prandtl number) in temperature equation has arisen because of
ratio of momentum and thermal diffusivity. The existence of Pr (Prandtl number) in
temperature equations influences their corresponding response. Its characteristics are
quite opposite as compared to parameter /3 (ferrohydrodynamic interaction) on tem-
perature field. Figures 4.10 and 4.11 indicate the influence of Pr (Prandtl number).
The increase in axial velocity and a decline in heat transfer is noticed. Physically,
thermal diffusivity reduces by enhancing the parameter Pr (Prandtl number). Re-
duction in thermal diffusivity is responsible for heat distributed away from the heated
sheet and by the way, the temperature gradient at wall is rising. This phenomenon
decreases the ability of energy that decline thermal boundary layer and arises the
axial velocity.

The effects of parameter R (ratio) on axial velocity is incorporated. The parameter
R indicates the ratio of ambient fluid velocity to surface velocity due to a stretchable
sheet. Figure 4.12 delineates the impacts of parameter R (ratio) on axial velocity.
The characteristics of R were quite different for R > 1 and for R < 1. Keep in
mind that when R > 1, it represents the case where fluid move with high velocity
as compare to surface and R < 1 demonstrates the case when surface move with
the higher velocity as compare to fluid. Further, there is no change in axial velocity
for R = 1.0. Improvement in axial velocity is noticed for enlarging values of ratio

parameter K.
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Figure 4.4: Impact of elasticity parameter (d,,) on velocity distribution.
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Figure 4.5: Influence of elasticity parameter (6,,) on distribution of temperature.
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Figure 4.6: Consequence of ferrohydrodynamic interaction parameter (/3) on velocity
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Figure 4.8: Consequence of (51) thermal stratified parameter on velocity field (f'(£)).
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4.4.1 Friction drag and local Nusselt number

Eqgs. 4.15 and 4.16 describe the mathematical form for friction drag and Nusselt num-
ber. The consequence indueced by the parameter R on skin friction is characterized in
Figure 4.13. The friction drag enhances for increasing values of parameter R. Figure
4.13 indicates that when R = 0, there is no change, it is because of the similarity
between fluid velocity and sheet velocity due to stretching. Further, for higher val-
ues of parameter R, the fluid velocity dominate the plate velocity, which corresponds
to enhancement in axial velocity, as a result, skin friction coefficient reduces. While
Figure 4.14 designates the impact of parameter S; (thermal stratified) on wall shear
stress. It is observed that larger stratification parameter gives rise to wall shear stress.
Further, the features of parameters Pr (Prandtl number) and S; (thermal stratifica-
tion) via heat transfer rate are given in Figures 4.15 and 4.16. It is scrutinized from
Figure 4.15 that variation in parameter Pr causes a reduction in the heat transfer
rate, instead of from Figure 4.16, it is perceived that enhancement in parameter S,
leads to enhance the transfer of heat. Tables 4.3 and 4.4 display the comparison of

Nusselt number along friction drag.
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Figure 4.13: Wall shear stress versus R.
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Pr  Chen [93] Abel et al. [95] Re;/* Nu, (Optimal HAM)

0.72  1.0885 1.0885 1.088521
1.0 1.3333 1.3333 1.333306
2.0 2.0210 - — - 2.021092
3.0 2.5097 - — = 2.509762
4.0 - — = - — = 2.903051
10.0  4.7968 4.7968 - — =

Table 4.3: Comparison of Nusselt number.

Pr 8 6. Si Re/?C; Re,’” Nu,
1.0 1.0 02 0.2 1.0590 1.2923

2.0 1.0329 2.0928
3.0 1.0289 2.3828
20 1.0 02 0.2 1.2976 2.4426
2.0 1.5032 2.3213

3.0 1.6121 2.3172

20 1.0 02 0.2 1.1248 0.80757
0.4 1.0868 0.90595

1.0 1.0263 0.99595

20 1.0 02 0.2 1.1248 0.80757
0.4 1.15317 0.90386
0.6 1.35607 0.99310

Table 4.4: The friction drag and Nusselt number tabulated via series solution based
on optimal HAM.
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Concluding remarks

The characteristics of thermal stratification on the ferromagnetic fluid over a
stretchable surface along the external magnetic dipole is carried out. Optimal HAM
(Homotopy Analysis Method) and Bvph2—midpoint techniques are employed in the
evaluation of the influence of magneto-thermomechanical coupling on the ferrohydro-

dynamic flow. The key points of the flow problem are bellow.

e Anincrement in parameter 5 (ferromagnetic interaction) gives rise to heat trans-

fer thereby reducing axial velocity.

e Higher values of parameter d,, (elasticity), the axial velocity enhances gradually

whereas the temperature field reduces.

e Variation in parameter R (ratio) results in an increment in axial velocity, while

the wall shears stress decreases.
® )\; declines the axial velocity whereas increases the temperature field.

e Higher values of parameter S; (thermal stratification) corresponds to thinning
of velocity and temperature fields. Further, the heat transfer rate strengthen

for increasing values of parameter S;.

e Pr (Prandtl number) leads to decline temperature field, whereas, enhances the

axial velocity.
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5.1 Introduction

This chapter concentrates on the hybrid isothermal model for the chemically reactive
species i.e., homogeneous-heterogeneous reactions in ferrohydrodynamic flow. The
characteristics of Newtonian heating and magnetic dipole in a ferrofluid due to a
stretchable surface is analyzed for three chemical species. It is presumed that the
isothermal cubic autocatalator kinetic gives the homogeneous reaction and the first or-
der kinetics gives the heterogeneous (surface) reaction. The analysis is carried out for
equal diffusion coefficients of all autocatalyst and reactions. The transport equations
are taken by incorporating the boundary layer assumptions. Further, the boundary
value problem is clarify analytically as a consequence of BVPh2-midpoint method and
optimal homotopy analysis method (optimal HAM). Characteristics of materialized
parameters on the magneto-thermomechanical coupling in the flow of a chemically
reactive species are investigated. Further, the heat transfer rate with friction drag
are depicted for the ferrohydrodynamic chemically reactive species. Schmidt number
improve the transfer of heat in the flow. The materialized parameters are described

via graphs and tables.

5.2 Ferrohydrodynamic and thermal energy equa-

tions

A hybrid model for homogeneous-heterogeneous reactions are scrutinized for the in-
compressible ferrohydrodynamic boundary layer flow along with the isothermal cubic

autocatalytic reactions, declare schematically by

A+C+C — 3C, rate=kjac® (5.1)
B+C+C — 3C, rate=kibc® (5.2)

while the first order, hybrid isothermal reactions on the catalyst surface are

A — O, rate=ksa (5.3)

B — C, rate=ksb (5.4)

here a, b, and ¢ characterizes the concentrations of chemical species A, B and C.

It is presumed that the reactants A and B have constant concentration ag and in

the external flow there is no autocatalyst C. Then the reactions given in Egs. (5.1)

and (5.2) confirms that at the outer edge of the boundary layer and in the exterior
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flow the reaction rate will be zero. The heat released by the reaction is considered
negligible. By exerting a force on the sheet located at y = 0 introduces stretching in
the sheet having velocity U, (z). The flow is scrutinized in the presence of a magnetic
dipole. The center of magnetic dipole is kept along vertical axis at a distance d below
x—axis. The magnetic field points of magnetic dipole are taken along positive xr—axis.
An enhancement in the strength of magnetic field driven by magnetic dipole leads to
saturate the ferrofluid. The temperature T' = T, is assumed to be fluid temperature
away from the surface, where T, < T,, < T.. The fluid above Curie temperature
is incapable of being magnetized. The impacts of heat absorption/generation are
taken to be negligibly small. Making use of boundary layer approach, the governing

equations becomes

ou  Ov
B + a—y =0, (5.5)

Ou ~OJu _ 190P  puMOH  pd*u

— — = ——— - 5.6
u8x+v8y ,003:+ p Oxr  poy? (56)
oT or kK, T 0H OH 0*T
4= — gt ) =a—— 5.7
u8x+vc9y PCp “ax+”ay a@yQ’ (57)
da  da dP*a )
U% Ua—y = DAm — klac s (5 8)
0b 0b 9%b 9
U% + Ua—y BW - k’le s (5 9)
dc dc &
u% + va—y = Dca—y2 + krac® + ki bc?. (5.10)
Boundary conditions are
oT
ul,_o = Uy(x) = Sz, v|,_, =0, e = —hT,
Y lv=0 (5.11)
da b dc '
Dy — = ]{ZSCL, Dp — = ]{ZSCL, DC a_ = _ksa7
ay y=0 ay y=0 ay y=0
uly oo = 0,7, o = Too =T, al, o, — ao, (5.12)
bl, oo = G0, €l oo — 0.

Here U, (x) exemplify the characteristic velocity. In the above equations, S desig-
nate dimensionless constants, and h, identify heat transfer coefficient. The material-

istic schematic of ferrofluid is delineated in Figure 5.1.
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Figure 5.1: Geometery of the flow.

5.3 Solution procedure

The assumed dimensionless variables for the present analysis are

W, €) = n(%)f(é), a = agg(€), b= aoh(€),
T.—T
Tc

(5.13)

¢ = agj(§), 0(&n) = = 01(5) +17°02(€)-

Here 05(&) and 60;(&) exhibit dimensionless temperature, the corresponding dimension-

less coordinates are

l2
e= Ve, n="VEe Re="". (514)

The stream function ¢(n, &) is defined in such a way that the mass equation satisfies

directly, (u,v) symbolizes the comparable components of velocity defined below

IRUURI o ov(n,§)
U—a—y—Sxf (&), v=r—g =" =- 7f(€), (5.15)

where prime expresses differentiation with respect to £ and . Employing the similarity
transformations given in Eqgs. (2.6)-(2.12) and (4.13) to (4.15), equations (4.6 — 4.10)
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along with stated boundary conditions given in Eq. (4.11) and (4.12) reduce to the

system of coupled equations as follow

266,

" 12 " o
"=+ ff NET (5.16)
Vi / 2)‘ﬁf 9 - /
0, + Prfo; + # + 205 — 4)\f2 =0, (517)
0y — Pr(2f'0y — f0)) + 200 1 6; — ANf"?
E+7) (5.18)
2f Af ‘
A(e—06 =
0 =0 (gt ) <O
o.0" + f9' = Kngi®* =0, (5.19)
%h” + fB — Kyhj® =0, (5.20)
%j”+fj’+Khj2(g+h) = 0. (5.21)
F(€) =1,f(&) =0,01(§) = —0n(1+6:(8)),02(£) =0, (5.29)

gl(f) = ng(0)7 51h/<€) = ng(0)7 52]/(§) = ng(0)7 at 5 = 07
1 (&) = 0,601(8) = 0,62(6) = 0,9(6) = 1,h(&) — 1,5(§) — 0, when & — co. (5.23)

In above boundary value problem, the dimensionless materialized parameters are 3
(ferrohydrodynamic interaction), K, and K (strengths of homogeneous and hetero-
geneous reactions respectively), A (viscous dissipation), e (Curie temperature), §; and
o (ratio of diffusion coefficients), d, (Conjugate parameter due to Newtonian heat-
ing), Sc¢ (Schmidt number), Pr (Prandtl number), and ~ (dimensionless distance) are

described as

Dpg v v oK, T.p kgl T
0h=—,Pr=—,6= b K, = = —
T Dy’ " oz’ﬁ 2t p? DA\/Re78 T.’

(5.24)

The chemically reactive species A, B and C are considered to be of the same
size, due to this assumption the diffusions species coefficients Dy, Dpg, and D¢, are

equivalent i.e., 1 = d, = 1, at that point we have
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9(&) +(€) =1, () +i(&) =1, (5.25)
Through Egs. (26 — 28), we obtain the following equation
1 /" / 2
o0 T —2Kg(1—g)" =0, (5.26)

with corresponding boundary conditions

g'(§) = Kyg(§), at £=0,9(§) > 1, as {— oo (5.27)
At the walls, the parameters of engineering interest, i.e., the friction drag and rate
of heat transfer are

27w ou

TQyw oT
_ — Tw — - —
Uz’ "oy

- — w:k—
T By

Ug

Cy

, . (5.28)
y=0 y=0
In above physical parameters of engineering interest, 7, and ¢, are respectively
symbolizes the wall shear stress and heat flux, we finally achieved the following non-
dimensional equations
Rel/2
2

1
Cr= 17(0), Re—1/2Nug; = —op (1 + 60) + 77292(0)). (5.29)

5.3.1 Optimal homotopy analysis method

The present system of equations are solved by utilizing the optimal HAM and BVPh2-
midpoint method. This technique is free of large/small physical parameters. Optimal
HAM [96,97] is different from all other previous procedures, it gives the convergence
of series solution in a simple way. In the present analysis, optimal HAM is proposed
to depict the solution of the problem. The corresponding linear operators and initial

guesses are

d? d? d*0
L =L L, ey =T g,
de® - dg a8 (5.30)
el > '
Loy (02) = gz = or Lylo) = d—gg -9,
)
fol€) = 1 = eap(=€), 61,(€) = T—zeap(~E),
Kh (5.31)
02 (6) = Eeap(=€), gulE) = 1~ == cap(=6).

where L¢(f), Lg,(61), Lo,(62), and Ly(g) characterizes the linear operators, and
Jo(&), 01,(8), O2,(&), and go(§) illustrate initial guesses of f, 0y, 02, and g.
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5.3.2 Convergence analysis

The physical parameters hy, hg,, hg,, and h, have leading motivation to stabilize the
convergence of resulting series solutions. Specified values are assigned to the auxiliary
parameters for getting the convergence. In this direction residual errors are obtained
for the ferrohydrodynamic equations by implementing the expressions defined in Egs.
(2.26)-(2.28). These expressions are utilized in the evaluation of convergence for the
optimal HAM, the resulting convergence and residual errors are listed in tables 6.1 and
6.2. Figure 6.2 reveals the average square residual error for 12th order, Al exhibits

the total square residual error, defined in Eq. (2.29).

0.001 ¢ i
107 ¢ 4
Y
8 107 4
“
QO
1075 4
107 4
10*23 L L L L L L L
2 4 6 8 10 12
m
Figure 5.2: Graph for 12th order approximation.
% hy he, ha, hyg Al
2 —0.72310 —0.49908 —0.53911 —0.29031 0.0000319
4 —0.75990 —0.47140 —0.60330 —0.27190 5.52044 x 107°
6 —0.79021 —0.49021 —0.65424 —0.29309 3.51899 x 10~13
8 —0.87209 —0.63802 —0.67814 —0.46602 4.31766 x 10~'7
10 —0.890226 —0.68310 —0.82031 —0.47031 7.35281 x 1022

Table 5.1: Average residual square errors Al .
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alg—j hy = —0.890226 hg, = —0.68310 hg, = —0.82031 h, = —0.47031
8 2.42896 x 10720 4.72109 x 10~'* 0.40051 x 1071 7.44109 x 10~°
10 4.11809 x 10723 6.33801 x 10~'7 2.49221 x 10716 3.50809 x 1010
12 5.77199 x 1072 3.50921 x 10720 6.99216 x 1071 1.72097 x 10~
20  0.99731 x 1073°  0.66214 x 1072* 8.30921 x 1072 9.00912 x 10~

Table 5.2: Individual residual square errors for A A% A% and AY..

5.4 Discussion

This section concerns the interpretation of materialized parameter on the hybrid
chemically reactive species in the viscous ferromagnetic fluid. The characteristics
of physical parameters d;, (Conjugate parameter due to Newtonian heating), 5 (ferro-
hydrodynamic interaction), K} and K (strengths of homogeneous and heterogeneous
reactions respectively), A (viscous dissipation), Sc¢ (Schmidt number), d, (Curie tem-
perature), Pr (Prandtl number) and 7 (dimensionless distance) are on the hybrid
chemically reactive species are incorporated. The boundary value problem is ana-
lyzed via BVPh2-midpoint method and optimal HAM.

The effect of parameter ;, (conjugate parameter due to Newtonian heating) on
axial velocity and temperature field are exhibited in Figures 5.3 and 5.4. It is portrayed
from Figure 5.3 that J, (conjugate parameter due to Newtonian heating) decline the
axial velocity of fluid. Arising J, produces enhancement in heat transfer coefficient,
as a result, the resistance between fluid layers enhances, which produces reduction in
distribution of velocity. The influence of parameter §, (conjugate parameter due to
Newtonian heating) on distribution of temperature is interpreted in Figure 5.4. It’s
obvious that distribution of temperature in hybrid chemically reactive species shows
increasing impact by increasing the parameter ¢,. The physical interpretation is that
an increment in J;, leads to rise the heat transfer coefficient hg, subsequently, the
temperature field strengthen. Further, the characteristics of d; (conjugate parameter
due to Newtonian heating) on concentration field is evident in Figure 5.5. It seems
from Figure 5.5 that concentration field declines for larger valves of ;. Indeed, Figure
5.5 reveals an increase in conjugate parameter that leads to decelerates the rate of
diffusion of hybrid chemical species, as a result, the concentration field reduces thereby
enhancing the thickness of concentration boundary layer.

The presence of parameters § (ferrohydrodynamic interaction), v (dimensionless

distance), and ¢ (Curie temperature) assure the characteristic of magnetic dipole on
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the hybrid chemically reactive species. Figures 5.6 — 5.8 designates the characteristics
of ferrohydrodynamic interaction parameter on the axial velocity and temperature
field. The axial velocity of hybrid chemically reactive species declines for ferrohydro-
dynamic parameter evident in Figure 5.6. As 8 has a direct relation with viscosity in
a linear way, thus by enhancing 3 the hybrid chemically reactive species develop the
viscous effect of fluid, subsequently, the velocity field diminish. Further, the enhance-
ment in viscosity leads to arising friction between fluid layers, such enhancement in
friction are responsible for the increment in temperature field evident in Figure 5.7.
On the other hand, ferrohydrodynamic parameter declines the concentration profile
depicted in Figure 5.8. The physical interpretation is that, an increment in 5 results
in the enhancement of viscosity of the hybrid chemically reactive species along the
diffusion coefficient, which arise the friction between fluid layers, subsequently, the
diffusion of the chemical species reduces.

The characteristics of parameters Sc (Schmidt number), K (strength of homo-
geneous reaction), and K (strength of heterogeneous reaction) on the concentration
field are determined in Figures 5.9 — 5.11. The consequence of K} on the concen-
tration field is evident in Figure 5.9. Concentration field declines for K}, (strength
of homogeneous reaction). Whereas, larger values of K, (strength of heterogeneous
reaction) declines the distribution of concentration as evident in Figure 5.10. The
concentration boundary layer thickness arise for higher values of Kj; and K. The
physical interpretation is that an enhancement in K and K leads to reduce the dif-
fusion coefficients of hybrid chemically reactive species, as a result, the concentration
field reduces, whereas, their concentration boundary layer thickness enhances. The
impacts of Sc¢ (Schmidt number) on distribution of concentration is characterized in
Figure 5.11. The higher values of Sc¢ (Schmidt number) improves the concentration
field exhibited in Figure 5.11, whereas, the concentration boundary layer decline for
Sc (Schmidt number). Physically, as Sc¢ (Schmidt number) is proportional to momen-
tum and mass diffusivity ratio in a linear way, thus Sc > 1.0 means that momentum
diffusivity is greater than mass diffusivity, S¢ = 1.0 means that momentum diffusiv-
ity is equal to mass diffusivity, and Sc < 1.0 means that mass diffusivity is greater
than momentum diffusivity. In all these mentioned cases the concentration field arises
whereas, the concentration boundary layer thickness reduces.

The influence of Curie temperature on the concentration field is evident in Figure
5.12. The temperature field and its corresponding thermal boundary layer thickness
arises for Curie temperature ¢ portrayed in Figure 5.12. Larger values of Curie tem-

perature leads to higher ambient temperature, appropriately, the temperature field
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enhances. As the Curie temperature is different for different particles, thus when
Curie temperature parameter is arises it means the fluid have higher ability of ab-

sorbing heat, therefore enhancement is observed in Figure 5.12.

1.0

0.8-

0.6;
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Figure 5.3: The consequence of parameter 0, (conjugate) on axial velocity.
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Figure 5.4: The consequence of parameter ¢, (conjugate) on temperature field.
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Figure 5.5: The effect of parameter §;, (conjugate) on concentration field.
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Figure 5.6: The consequence of parameter 3 (ferrohydrodynamic interaction) on ve-
locity field.

0.8

£=03,2.0,3.0,4.3

0 (£)

Figure 5.7: The effect of parameter § (ferrohydrodynamic interaction) on temperature
field.
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Figure 5.8: The consequence of parameter /5 (ferrohydrodynamic interaction) on con-
centration field.
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Figure 5.9: Effect of K}, (strength of homogeneous reaction) on g(§).
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Figure 5.10: Consequence of K (strength of heterogeneous reaction) on g(¢).
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Figure 5.11: Influence of Se¢ (Schmidt number) on concentration field g(¢).
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Figure 5.12: Impact of J. (Curie temperature) on temperature field.
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5.4.1 Physical parameters of engineering interest

This section concerns the results of physical parameters of engineering interest. These
materialized parameters are given in Eqgs. (5.28) and (5.29). The aim of this section
is to scrutinize the impacts of three different chemical species on the rate of heat
transfer and friction drag, which are useful in the advanced technological processes.
The friction drag via d. (conjugate parameter due to Newtonian heating) for different
values [ (ferrohydodynamic parameter) is portrayed in Figure 5.13. It is observed
that the ferrohydrodynamic interaction parameter enhance the friction drag of the
hybrid chemically reactive species. On the other hand, the friction drag declines for
the Sc¢ (Schmidt number) shown in Figure 5.14. Further, the impacts of conjugate
parameter 0. on the heat transfer rate via § (ferrohydrodynamic) in the flow of a
hybrid chemically reactive species is depicted in Figure 5.15. It is characterized that
heat transfer rate enhances for conjugate parameter 6.. Whereas, An enhancement
in rate of heat transfer via Pr (Prandtl number) and conjugate parameter o, are
designated in Figure 5.16. The physical parameters of engineering interest and its

impacts on the present flow problem is depicted in Tables 5.3 and 5.4.

10‘/
, B=0.7

Re!C;

Figure 5.13: Friction drag via dy,.
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Figure 5.14: Wall shear stress versus 9y,.
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Figure 5.15: Heat transfer rate via § (ferrohydrodynamic interaction parameter)
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Figure 5.16: Heat transfer rate via Pr (Prandtl number).

Pr  Chen et al. [93] Re,'/* Nu, (Optimal HAM) Re;"” Nu, (BVPh2-Midpoint)

0.74 - — = 0.482091 0.4820967
1.0 0.5184 0.513491 0.5134405
1.3 0.6246 0.598403 0.5984381
1.9 0.6870 0.631318 0.6313702
4.0 - — = 0.889504 0.8895382
10.0 - — = - — - 1.8002127

Table 5.3: Comparison of Nusselt number.
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Pr Sec B M\ Re/? C; (Optimal HAM) Re;/” C; (BVPh2-Midpoint)

3.0 1.2 15 03 1.48031 1.480322
3.5 1.46416 1.464137
4.5 1.30295 1.302969
3.0 1.2 15 0.3 1.48031 1.480322
1.5 1.30052 1.300951
2.0 1.21052 1.210570
3.0 1.2 15 0.3 1.48031 1.480322
1.8 1.49372 1.493739

2.0 1.65091 1.650963

3.0 1.2 15 0.3 1.48031 1.480322
0.5 1.34271 1.342738

0.7 0.50641 0.506447

Table 5.4: Friction drag for distinct values of Pr, 3, Sc, and d;, are classified and
compared by means of analytic solution based on optimal HAM and BVPh2-midpoint
method.



84 Hybrid isothermal model for the ferrohydrodynamic chemically reactive species

Concluding remarks

The present work concentrates on the heat transfer rate and friction drag in a
hybrid chemically reactive species. The analysis is carried out for three different
chemical species. Mass flux is evaluated by Fick’s law. The phenomena of Newtonian
heating and magnetic dipole are further considered. The main points of the analysis

are following.

® The conjugate parameter enhances the temperature field thereby declines the

axial velocity and concentration field.

® The axial velocity and concentration field of hybrid chemically reactive species
decline for ferrohydrodynamic parameter, thereby enhances the temperature
filed.

® The strength of homogeneous reaction K} results in the reduction of concentra-
tion field.

® The heterogeneous reaction strength K declines the concentration field.
® The Schmidt number improves the concentration field.
e The friction drag via conjugate parameter ¢, are depicted.

® The heat transfer rate via ferrohydrodynamic and Prandtl number are scruti-

nized.
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6.1 Introduction

The intention of present chapter is to theoretically exhibit the practicability of the con-
cept of ferromagnetic nanoparticles with Fe;O4 (magnetite ferrite), NiZnFe,O, (nickel
zinc ferrite), and MnZnFe,O, (manganese zinc ferrite) as ferrites nanoparticles and
CyHgO4 (ethylene glycol) as a base fluid. The analysis centralizes on depicting the
heat transport phenomenon in the ferromagnetic nanofluids. A comparison has been
made for different ferrites nanoparticles in the analysis of axial velocity, temperature
field, wall shear stress, and heat transfer rate. The constitutive equations for velocity
and temperature are given under the boundary layer assumptions. In the wake of uti-
lizing appropriate similarity variables, the final form of the boundary value problem is
clarified as a consequence of the BVPh2-midpoint technique and analytically with op-
timal homotopy analysis method (optimal HAM). The physical emerging parameters
are portrayed by virtue of graphs.

6.2 Ferrohydrodynamic and thermal energy equa-

tions

Consider an electrically non-conducting, incompressible, steady, and laminar viscous
boundary layer flow of a ferromagnetic NiZnFe;O4-CoHgOs, MnZnFe,O4-CoHgOo, and
Fe304-C3HgO5 nanofluids over a continuously stretching sheet. The effect of the
magnetic dipole is taken in this pattern that its center exactly lies on the y—axis
distant d from the x—axis. The nanofluid flow is induced, in behalf of stretching of
the surface. The temperatures at the stretching sheet and ambient fluid are T =
T, and T = T,,. The magnetic field points of the magnetic dipole are applied in
positive x—direction. The schematic system for the flow evaluation is delineated in
Figure 6.1. To make ferrofluid saturate, the magnetic dipole improves the magnetic
field by significant strength. The Curie temperature 7T, is presumed to be greater
than wall temperature T,,, while, the temperature T = T, is supposed to be fluid
temperature, where T,, < T,, < T,.. The fluid above Curie temperature is inadequate
of magnetization. The nanoparticles along base fluid are in thermal equilibrium is
hypothesized. Taking into consideration the assumptions suggested above, employing

the boundary layer approximation, the equation of ferrohydrodynamic and energy

ou Ov
9 + 8_y =0, (6.1)
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and F62 04-02H6 02 87
ou  Ou OP oOH 0*u
Pnf (Ua— + Ua—y> =5 T MMOE + i g2 (6.2)
oT oT OH OH O*T
(pcp)nf (ua_x + Ua_y) — o K,T (U% + ’Ua—y) = knfa—yZ. (6.3)

Here fu,,¢ signify the dynamic viscosity of nanofluid, p,, s displays for nanofluid den-
sity, (pcp)ny represents the specific heat, whereas &,y exemplify thermal conductivity,

the assumed admissible boundary conditions are

ul,_o = Uy(z) = Sz, v],_=0,T|,_g = Tu, (6.4)

uly, oo =0, T, o — Te (6.5)

In Egs. (6.4) and (6.5) the temperature condition recommended at y = 0 and y —
oo describe the wall and Curie temperature at the boundaries, T, signify temperature

of ambient fluid.

6.3 Thermo-physical properties of NiZnFe,O4-CoH;O-,
MHZHFGQO4-CQH602, and F6204-C2H602

Expressions for p,s (dynamic viscosity), (pc,)ns (specific heat or heat capacitance),
pnys (effective dynamic density), and k,; (thermal conductivity) are stated for the
nanofluid as

Hnf 1 .
Ty (L= gy TP pr(l =)

(pcpIng = (pcp)stp + (pep) p(1 — ), (6.6)
knf _ (Qkf + ks) B 290(]{‘1f _ ks)

kp (2 + ko) + ok — k)

Eq. (6.6) shows the general expressions used to compute the specific heat, den-
sity, dynamic viscosity, and thermal conductivity for nanofluids. Thermo-physical

properties of ferrite nanoparticles are tabulated in table 6.1.
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plig/m?) Cy(J/keK) k(W/mK) Pr
Ethylene glycol CoHgOq 1116.6 2382 0.249 204
Nickel zinc ferrite NiZnFe,O4 4800 710 6.3 —
Manganese zinc ferrite MnZnFe,O4 4700 1050 3.9 —
Magnetite ferrite FezOy 5180 670 9.7 —

Table 6.1: Thermo-physical properties of manganese zinc ferrite, ethylene glycol,

Nickel zinc ferrite, and magnetite ferrite.

Ue Tc y’ L

Ferromagnetic —
fluid —%
nanofluid ™3 O
—
RN
2 = —— > X. U
N | [ = ™ ] U TSt
T Td v

Figure 6.1: Geometery of the flow.

6.4 Solution procedure

The assumed dimensionless variables are

Wm®=n%?ﬂ®,ﬂém=/n_T 0,(6) + 16:(6). (6.7)

T, —T.

Where 65(§) and 60 (§) exhibit dimensionless temperature, the corresponding dimen-

S S
e=y |22, p=u |2 (6.8)
Ky My

The stream function is interpreted in this fashion that the mass equation satisfies di-

sionless coordinates are

rectly, here the (1, £) signifies the stream function, (u,v) symbolizes the comparable
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components of velocity defined below

UZM: x/ ’U:—M:— M
)] o =1 @) (6.9)

where prime expresses differentiation with respect to £ and . Employing the similarity

transformations given in Egs. (2.6)-(2.12) and (6.7) to (6.9), Eqgs. (6.2) and (6.3) along

Egs. (6.4) and (6.5) reduce to the system of boundary value problem
1 26,

n _ 12 1 _ — 0 6.10
T i—premy T T a ey - O

knf/kf 0" + Prfo 200 f(el - 5) 0 — ANf? =
ol P S e

knf/kf 0" P / / 2)‘ﬁ f92 "2
~ (pcp)s 2 7a(2f€2_f92)+—3_4)‘f

(1—p+ o) f/(é +7) y (6.12)

A(e—0 -

rain =00+ i) <O

f&) =0,f(§) =1,01(&) =1,0:(6) =0, at £=0, (6.13)
(&) = 0,601(8) = 0,605(£) = 0, when & — . (6.14)

In above system of nonlinear equations, the parameters  (ferrohydrodynamic inter-
action), A (viscous dissipation), Pr (Prandtl number), and ¢ (Curie temperature) are
defined as

/B — lMOKP(Tw B Tc)p
T, —1T. 2 2 ’

(6.15)
pr_V \_ Su? o Spd?
a’ pKy (T — 1) po

At the walls, the parameters of engineering interest, i.e., the friction drag and rate of

transfer of heat are

27, ou
Cf - _w7 Tw = W7~ )
pUg Y|, (6.16)
z 0T '
Nu, = — .
T, —1T. 0y =0

We finally achieved the following dimensionless equations for friction drag and Nusselt

number, i.e., local surface heat flux

1 "
mf (0),

B kng , /
Re V2Nuy, = _k—;(el(()) + 1°60,(0)).

%Rel/QCf =
(6.17)
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where Re, = %f(x) = Sy—f signify local Reynolds number depends upon the sur-
face stretching velocity U, (), %Rel/ 2C'; describes the friction drag, and Re, V2N Uy

symbolizes the local Nusselt number.

6.4.1 Optimal homotopy analysis method

The optimal HAM and BVPh2—Midpoint method (Maple) are implemented in the
current problem for series solution of equations (6.10), (6.11) and (6.12) along the
permitted boundary conditions defined in Egs. (6.13) and (6.14). These techniques are
utilized to get the solutions for highly non-linear equations. The optimal HAM [96,97]
gives better results compared with perturbation techniques and other conventional
investigative techniques. Firstly, the optimal HAM gives us a remarkable flexibility
to pick the equation type of linear sub-problems. Secondly, the optimal HAM works
regardless of the possibility that there do not exist any large/small consequential
parameters in determining equations and boundary/initial conditions. Particularly,
unlike perturbation and alternative analytic techniques, the optimal HAM gives us
an advantageous approach to insure the convergence of solution by presenting the
supposed convergence control parameter into the series solution. In evaluation of
problem, one needs the linear operators and initial guesses which are given below for

the under discussion problem.

3 2 2
Lf(.f) = ;l_i + d_£7L01(91) = d_921 - 917
g dg d§
20 (6.18)
Lo, (65) = f; — 6.
fo(§) =1 —exp(=¢),01,(§) = exp(=f), (6.19)

020(§) = &exp(=E),

where L¢(f), L, (61), and Lg,(f2) symbolizes the linear operators, while fy(¢),
61,(€) and 65, (&) illustrate initial guesses of f, 61, and 6.

6.4.2 Convergence analysis of optimal HAM solution

The auxiliary parameters hy, hg,, and hy, have a leading purpose in controlling the
convergence of the solution. To get a convergent analytic solutions, preferred values

are assigns to hys, hg,, and hy,. For this reason, residual errors are observed for
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ferrohydrodynamic equations by implementing the expressions defined in Egs. (2.26)-
(2.28). These expressions are utilized in the evaluation of convergence for the optimal
HAM, the resulting convergence and residual errors are listed in tables 7.2 and 7.3.

Figure 7.2 reveals the average square residual error for 10th order. A/ exhibits the

total square residual error, defined in Eq. (2.29).

values hy he, ho, Al
4 —077901 —0.52131 —1.00021  0.009324
6 —0.93260 —0.71010 —1.00871 5.32150 x 1077
8  —0.99832 —0.88031 —1.09215 0.49321 x 10~*3
10 —1.00131 —0.90043 —1.10032 4.27210 x 107"
12 —1.04319 —0.98317 —1.20921 2.73090 x 10~*2

Table 6.2: Average residual square errors A? .

values—

order)

hy = —1.03177

he, = —0.92185

he, = —1.06242

8
10
12
20

7.70010 x 10~%
1.42103 x 1072°
5.19034 x 10~%7
8.32298 x 10~

2.42890 x 1077
4.42879 x 10720
7.54900 x 10
0.87231 x 107>

3.54290 x 1071
7.64431 x 1071
1.80052 x 10718
6.53180 x 1072

Table 6.3: Individual residual square errors for Af A% and A%,



92 Ferrite nanoparticles MnZnFes Oy, Fe3Oy4 and NiZnFes Oy in flow of ferromagnetic

nanofluid

0.001 = 3

107 -

1071

error

1051

1070

102
2

Figure 6.2: Graph for 10th order approximation.

6.5 Discussion

The boundary value problem is determined numerically and analytically via the
BVPh2-Midpoint method and optimal (HAM) respectively. This section contains
the consequential interpretation of sundry parameters on the flow field. The impacts
of dimensionless submerging parameters  (ferrohydrodynamic interaction), A (vis-
cous dissipation), ¢ (solid volume fraction), and Pr are evaluated. Moreover, the
rest of the materialized parameters in the flow problem are considered as fixed. The
established values of these parameters are v = 1.0, A = 0.01, € = 2.0. The accuracy of
the present optimal HAM and BVPh2—midpoint method is confirmed by comparing
Re~Y2Nu, with Rashidi et al. [94] tabulated in table 7.4. The results characterized in
table 7.4 are agreed with the present analysis. The ferromagnetic NiZnFe;O4-CoHgOg,
MnZnFe,04-CyHgO4, and Fe304-CoHgOy nanofluids flow with and without nanopar-
ticles are investigated. To realize an obvious insight of present analysis, the results
are explored for the friction drag, axial velocity, Nusselt number, and temperature
field graphically.

The impacts of parameter ¢ on velocity distribution and temperature field of fer-
romagnetic NiZnFe,O4-CoHgOo, MnZnFe;O4-CoHgO4, and Fes04-CoHgOo nanofluids
are evident in Figures 6.3 and 6.4. It is depicted from Figure 6.3 that axial veloc-

ity of existing fluid decreases with parameter ¢ (solid volume fraction of nanofluid).
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The axial velocity reduces away from the wall. In fact, enhancement in parameter ¢
(solid volume fraction of nanofluid) concentrates the ferromagnetic fluid which con-
sequently produces friction to the liquid motion that leads to deteriorate the axial
velocity in the presence and absence of magnetic dipole. The presence of the mag-
netic dipole diminishes the fluid motion compared with the case when magnetic dipole
is removed. This means that the magnetic dipole is particularly important in reduc-
ing the movements of fluid particles. Further, it is also clear from Figure 6.3 that
Fe3O, (magnetite ferrite) particles are more magnetized compared with NiZnFe,Oy4
(nickel zinc ferrite) and MnZnFe,O, (manganese zinc ferrite) nanoparticles. The more
the magnetization, the more the resistance produced by the magnetic dipole to the
fluid particles. As a result, Figure 6.3 depicts that Fe3O4-CyHgOs ferromagnetic
nanofluids have low velocity compared with ferromagnetic NiZnFe;O4-CoHgOs and
MnZnFe;04-CoHgO2 nanofluids. The impact of parameter ¢ (solid volume fraction)
on temperature field of ferromagnetic NiZnFe,O4-CoHgOo, MnZnFe;O4-CoHgOso, and
Fe304-CoHgO4 nanofluids in the presence and absence of magnetic dipole is revealed
in Figure 6.4. It is recognized that temperature field of Fe304-CoHgOs is higher than
NiZnFe;04-CyHgOo and MnZnFe,O4-CoHgOo nanofluids in the presence and absence
of the magnetic dipole. The physical interpretation is that the thermal conductivity of
Fe;04 (magnetite ferrite) nanoparticles is higher than NiZnFe,O4 (nickel zinc ferrite)
and MnZnFe,O4 (manganese zinc ferrite) nanoparticles. Moreover, the presence of
the magnetic dipole makes the temperature field higher if compared to the case when
the magnetic dipole is removed. This is by virtue of fact that the magnetic dipole
yields more resistance to the Fe3O, (magnetite ferrite) nanoparticles compared with
NiZnFe,O4 (nickel zinc ferrite) and MnZnFe,O4 (manganese zinc ferrite) nanoparti-
cles, that leads to enhance the temperature field.

The influence of parameter (ferrohydrodynamic interaction) is delineated in Fig-
ures 6.5 and 6.6. The existence of parameters v (dimensionless distance), ¢ (Curie
temperature), and [ (ferrohydrodynamic interaction) is essential to hold the impact
of ferromagnetic effect on the boundary layer flow. The existence of Fe3O4 (mag-
netite ferrite), NiZnFe,Oy4 (nickel zine ferrite) and MnZnFe,O4 (manganese zinc fer-
rite) nanoparticles in a viscous carrier fluid corresponds to ferromagnetic nanofluid,
because of which viscosity of liquid enhances and correspondingly the axial velocity
reduces for enlarging values of parameter § (ferrohydrodynamic interaction), which
is depicted in Figure 6.5. The impact of 8 (ferrohydrodynamic interaction) on axial
velocity is carried out with and without the magnetic dipole. It is recognized that

existence of the magnetic dipole reduces the axial velocity rapidly compared to the
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case when the magnetic dipole is removed. This is by cause of the fact that mag-
netic dipole attracts the nanoparticles Fe3O4 (magnetite ferrite), NiZnFe,Oy (nickel
zinc ferrite) and MnZnFe,O,4 (manganese zinc ferrite) that coincide to strengthen the
viscosity of the nanofluid inside the boundary layer and as a result the axial veloc-
ity slows down. The highest velocity is observed for the CoHgOs (ethylene glycol,
when ¢ = 0) and the lowest axial velocity is observed for the Fe;O,-CoHgOs (mag-
netite ferrite-ethylene glycol, when ¢ = 0.2) nanofluids as it is evident in Figure 6.5.
Impact of 5 (ferrohydrodynamic interaction) on the temperature profile is exhibited
in Figure 6.6. It is evident that improvement in parameter § (ferrohydrodynamic
interaction) lead to enhance the temperature of nanofluid in both cases, i.e., with
and without magnetic dipole. This is because of the interaction between an action
of a magnetic field and movements of Fe3O4 (magnetite ferrite), NiZnFe,O4 (nickel
zinc ferrite) and MnZnFe,O, (manganese zinc ferrite) nanoparticles. The interac-
tion between magnetic field action and Fe;O, (magnetite ferrite), NiZnFe;Oy4 (nickel
zinc ferrite) and MnZnFe;O, (manganese zinc ferrite) nanoparticles thinning the ax-
ial velocity thereby enhancing heating due to friction among fluid layers, that cause
to raise the thermal boundary layer, i.e., the devaluation in movements of Fe3Oy
(magnetite ferrite), NiZnFe,Oy4 (nickel zinc ferrite) and MnZnFe,O4 (manganese zinc

ferrite) nanoparticles contribute in the enhancement of the temperature field.
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6.5.1 Parameters of engineering interest

The expressions for friction drag and rate of heat transfer are expressed in Egs.
(6.16) and (6.17). The impact of parameter ¢ (solid volume fraction) on wall shear
stress of the ferromagnetic CoHgO2-NiZnFe,Oy (ethylene glycol-nickel zinc ferrite),
MnZnFe,O4-CoHgOo (manganese zinc ferrite-ethylene glycol) and CoHgOg-Fe3Oy (ethy-
lene glycol-magnetite ferrite) nanofluids in both cases, i.e., with and without the
magnetic dipole are displayed in Figure 6.7. Reduction is incorporated in the wall
shear stress in presence of the magnetic dipole compared to the case when the mag-
netic dipole is removed. Since we know that the magnetic dipole attracts the Fe3Oy
(magnetite ferrite), NiZnFe,Oy, (nickel zinc ferrite) and MnZnFe,O4 (manganese zinc
ferrite) nanoparticles, this results in the enhancement of the viscosity of the nanofluid
inside the boundary layer and yet the wall shear stress increases. The lowest friction
drag is depicted for the CoHgOs (ethylene glycol, when ¢ = 0) and the highest friction
drag is observed for the Fe304-CoHgOo (magnetite ferrite-ethylene glycol, when ¢ =
0.2) nanofluids as it is evident in Figure 6.7 and 6.8.

Moreover, ¢ (solid volume fraction) on wall shear stress of the ferromagnetic
CoHgO9-NiZnFe,Oy (ethylene glycol-nickel zine ferrite), MnZnFe,O4-CoHgOs (man-
ganese zinc ferrite-ethylene glycol) and CoHgOo-Fe3O4 (ethylene glycol-magnetite fer-
rite) nanofluids via heat transfer rate are analyzed in Figures 6.9 and 6.10. It is
scrutinized from Figure 6.9 that the heat transfer rate enhances for ferromagnetic
CoHgO9-NiZnFeyOy (ethylene glycol-nickel zine ferrite), MnZnFe,O4-CoHgOs (man-
ganese zinc ferrite-ethylene glycol) and CoHgOo-Fe3Oy (ethylene glycol-magnetite fer-
rite) nanofluids in the presence and absence of magnetic dipole. The fast improvement
in rate of heat transfer is perceived along magnetic dipole, instead, from Figure 6.10,
it is evident that an increase in heat transfer rate is depicted for the respective ferro-

magnetic nanofluids. Comparison of the Nusselt number is delineated in Table 6.4.

Pr Rashidi et al. [94] Re,"/* Nu, (Optimal HAM) Re,/? Nu, (BVPh2-Midpoint)

1.0 1.000000 1.000000 1.000000
3.0 1.923682 1.923690 1.923672
4.0 - — = 2.003170 2.003162
2.0 - — = 2.329810 2.329871
8.0 - — = - — = 2.541990

Table 6.4: Comparison of Nusselt number.
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Concluding remarks

The purpose of this article is to theoretically exhibit the practicability concept
of ferromagnetic nanofluids with nickel zinc ferrite (NiZnFe,O,), magnetite ferrite
(Fe3Oy4), and manganese zinc ferrite (MnZnFe,O,) as ferrites nanoparticles and ethy-
lene glycol (CoHgOs) as a base fluid. Heat transfer is depicted in the resulting fer-
romagnetic nanofluids. The boundary value problem is interpreted numerically and
analytically as a consequence of the BVPh2-midpoint method and optimal HAM re-
spectively. The key points of the flow problem are bellow.

e Enlargement in ¢ (solid volume fraction) consequences in the reduction of axial
velocity and enhances the temperature field in the presence of the magnetic

dipole.

e Axial velocity reduces and the temperature field enhances swiftly for increasing

values of 3 (ferromagnetic interaction), when the magnetic dipole is present.

® The wall shear stress of the ferromagnetic NiZnFe,O4-CoHgOo, MnZnFe,Oy-
CoHgOs, and Fe304-CoHgO5 nanofluids reduces in the presence and absence of

magnetic dipole.

® The fast reduction in the heat transfer rate is observed in the presence of the

magnetic dipole.
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7.1 Introduction

This chapter conducts the theoretical examination to demonstrate the heat trans-
fer of six distinct ferromagnetic CoHgOy-MnZnFe,Oy4 (ethylene glycol-manganese zinc
ferrite), NiZnFe;O4-CoHgO4 (nickel zinc ferrite-ethylene glycol), CoHgOg-FezOy4 (ethy-
lene glycol-magnetite ferrite), HoO-NiZnFe;O4 (water-nickel zinc ferrite), HoO-MnZnFe; Oy
(water-manganese zinc ferrite), and Fe3O0,-HoO (magnetite ferrite-water) nanofluids.
Heat transport phenomenon in the flow of ferromagnetic nanofluid is characterized.
A comparison has been made for different ferrites nanoparticles in the analysis of
axial velocity, temperature field, heat transfer rate, and wall shear stress. The con-
stitutive equations for velocity and temperature are taken under the boundary layer
assumptions. In the wake of utilizing appropriate similarity variables, the final form
of boundary value problem is clarified numerically with BVPh2-midpoint method and
analytically with optimal homotopy analysis method (optimal HAM). The physical

emerging parameters are portrayed.

7.2 Ferrohydrodynamic and thermal energy equa-

tions

Consider an electrically non-conducting, steady, incompressible and laminar viscous
boundary layer flow of a ferromagnetic CoHgOo-MnZnFe, O, (ethylene glycol-manganese
zinc ferrite), NiZnFe,O4-CoHgO, (nickel zince ferrite-ethylene glycol), CoHgOo-Fe3Oy
(ethylene glycol-magnetite ferrite), HyO-NiZnFe,O4 (water-nickel zinc ferrite), HyO-
MnZnFe,O, (water-manganese zinc ferrite), and Fe3O4-HoO (magnetite ferrite-water)
nanofluids along a continuously stretching surface. Magnetic dipole is taken in this
fashion that its center exactly lies on the y—axis below z—axis at a distance d. The
flow is caused in behalf of stretching of sheet. The surface stretched along veloc-
ity U, = Sz (S is a dimensionless constant) and 7' = T,, and T' = T, symbolizes
the respective temperature at the stretching sheet and ambient fluid. The magnetic
field points of magnetic dipole are applied in positive z—direction. To make fer-
rofluid saturate, the magnetic dipole improve the magnetic field of significant strength.
The fluid above Curie temperature 7, is incapable of magnetization. The tempera-
ture T' = T, is supposed to be temperature of the fluid, where T, < T,, < T..
It is presumed that the nanoparticles and base fluids are in thermal equilibrium.
The thermophysical properties of CoHgOo-MnZnFe,Oy4 (ethylene glycol-manganese
zinc ferrite), NiZnFe,O4-CoHgO, (nickel zince ferrite-ethylene glycol), CoHgOo-FezOy
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(ethylene glycol-magnetite ferrite), HoO-NiZnFe;O, (water-nickel zinc ferrite), HoO-
MnZnFe,O, (water-manganese zinc ferrite), and Fe304-HoO (magnetite ferrite-water)
nanofluids are taken in table 7.1. Utilizing these assumptions into account, employing

the boundary layer approximation, the equations in a ferrohydrodynamic and thermal

energy
ou Ov
—+—=0 7.1
Ox + oy ’ (7.1)
ou  Ou oP OH OP*u e
n N - - — Q= A nf ~ o 5 72
pf(“ax”a) oz MM g T e T R (7.2)
aT orT OH OH 0*T
nfl v—=—+v— | — oK, T'| u— — | = k= 7.3
(pCp) f(u 8.17 + Uay) Ho p (U G.CE +v ay ) ! ayQ ( )
The admissible boundary conditions are
oT
ul,_g = Uyp(x) =Sz, v|,_5 =0, — = —h.T, (7.4)
y=0 y=0 dy =0
ul, oo = 0,7, o — Te (7.5)

In Eq. (7.4), the condition recommended at y = 0 for temperature speaks to the

effects Newtonian heating, h. signify heat transfer coefficient.

7.3 Thermo-physical properties of MnZnFe,O,-CsH;O,,
NiZIlFGQO4-CQH602, F6304-C2H602, MDZHF@QO4-
HQO, NiZnFeQO4—H2(), and F6304—H20

Expressions for p,y (dynamic viscosity), (pc,)ns (specific heat or heat capacitance),
pny (effective dynamic density), and k,; (thermal conductivity) are stated for the
nanofluid in Eq. (6.6). Thermo-physical properties of ferrite nanoparticles are tabu-
lated in table 7.1. The schematic system for the flow evaluation is delineated in Figure
7.1.
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p(Kg/m?) Cp(J/KgK) k(W/mK) Pr

Ethylene glycol CoHgO4 1116.6 2382 0.249 204
Water H,O 998.3 4182 0.60 6.96

Nickel zinc ferrite NiZnFe,Oy4 4800 710 6.3 —
Manganese zinc ferrite MnZnFe;O4 4700 1050 3.9 —
Magnetite ferrite FesOy 5180 670 9.7 —

Table 7.1: Thermo-physical properties of HoO, CoHgOo, MnZnFe,Oy4, NiZnFe,O4,and
F6304.

Ue TC Y; bl

Ferromagnetic —
nanofluid —
e =
—
D
& = — S—
~ 1 [ " ] U 4 3
(L dda ™™

Figure 7.1: Geometery of the flow.

7.4  Solution procedure

The assumed dimensionless variables are

w6 = 1©). dem = Fo = hO+whe. (10

Where 65(€) and 6, (&) exhibit dimensionless temperature, the corresponding dimen-

sionless coordinates are
prS psS
E=yy /"= =y | (7.7)
Hy Hy

The stream function is defined in this fashion that the mass equation satisfies di-

rectly, here the ¢(n, §) signifies the stream function, (u,v) symbolizes the comparable
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components of velocity defined below

wo WO ey 00O [Suy
== = Szf'(€), o y f(6), (7.8)

where prime expresses differentiation corresponding to ¢ and n. Employing the sim-
ilarity transformations given in Egs. (2.6)-(2.12) and (7.6) to (7.8), Egs. (7.2) and
(7.3) along Eqs. (7.4) and (7.5) reduces to the system of boundary value problem

(1 — 90)725/10 " 2 7 2501 Pm /
_ _ — =0, (7.9
oy L A e [ ) ARy K
knf/kf 9" 9 2\0 f(el - 5) 0, — AN =
(1_¢+¢%>1+Prf 1+—(€+7)3 + 205 — ANf 0, (7.10)
knf/kf 9 _ p / / 2)‘5 f‘92
e 2 r(2f'02 — fb5) + ——3
(1—p+ @%) y 4f(§ +7)° -
. n2 (9 o —
w33 0=+ ) <O
f(§) =0, f(§) = 1,01(§) = —0n(1 + 0:(0)),65(£) =0, at =0, (7.12)
(€)= 0,61(8) = 0,05(£) — 0, when & — oo. (7.13)

In above system of nonlinear equations, the parameters A (viscous dissipation), dy,
(the conjugate parameter of Newtonian heating), # (ferrohydrodynamic interaction),
P,, (porosity parameter), Pr (Prandtl number), and ¢ (Curie temperature) are defined

as

7. | Vs " poKp(Tw — 12)py
— 6 — hC —— —_ — p
3 Tw — TC’ h 92 ) 5 o #?c )

, — (7.14)
Pr:ﬁ>Pm: era)\: i V= i :
ay K4S prip(Tw — To) iy

At the walls, the parameters of engineering interest, i.e., the friction drag and rate

of heat transfer are

o 27w ou
= 75y Tw = MUnf7—
1= i,

w

y=0
7.15

" k(Tw—T.) 0y

)
y=0
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We finally achieved the following dimensionless equations for friction drag and Nusselt

number, i.e. local surface heat flux
1

1 1/2 _ "

§R€ Cf _ (1 . %0)25/10.]6 (0)7 _

Re™Y?Nu, = —%ﬁ(l + ! ) o
: ky 01(0) +n202(0))

1 Re'/2Cy signify the friction drag and Re™'/2Nu, exemplify the heat transfer rate,
in which Re, = %f@) = Sy—w: signify local Reynolds number depends upon the surface
stretching velocity Uy (z).

7.4.1 Optimal homotopy analysis method

BVPh2-midpoint method (Maple) and optimal HAM (Mathematica 9.0) are imple-
mented in current analysis for the solution of equation. These techniques are utilized
to get the solutions for highly non-linear equations. The optimal HAM utilizes the
homotopy /auxiliary parameter to depict that a nonlinear system of differential equa-
tions may be divided into a set of linear system of differential equations that can
be solved analytically. Moreover, the optimal HAM [96,97] gives better results com-
pared with perturbation techniques and other conventional investigative techniques.
Firstly, the optimal HAM gives us a remarkable flexibility to pick the equation type of
linear sub-problems. Secondly, the optimal HAM works regardless of the possibility
that there do not exist any large/small auxiliary parameters in determining equations
and boundary/initial conditions. Particularly, unlike perturbation and other analytic
techniques, the optimal HAM gives us an advantageous approach to guarantee the
convergence of solution by presenting the supposed physical parameter into the se-
ries solution. In evaluation of the problem, one needs the linear operators and initial

guesses which are given below for the under discussion problem.

BfdEf 420
Lf(f):d_fg d_£27 L91(91):E21_917
Py (7.17)
L92(92) = E; - 027
_ e
) = 1= exp(—€), 1,(6) = T2 ean(—€), -

02 (€) = Sexp(=E),
where L(f), Lg,(61), and Lg,(f2) symbolizes the linear operators, while fy(¢),
01,(€) and 05, (&) illustrates initial guesses of f, 61, and 0.
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7.4.2 Convergence analysis of optimal HAM solution

The auxiliary parameters hy, hg,, and hy, have a leading purpose in controlling the
convergence of the solution. To get a convergent analytic solutions, preferred values
are assigns to hys, hg,, and hy,. For this reason, residual errors are observed for
ferrohydrodynamic equations by implementing the expressions defined in Egs. (2.26)-
(2.28). These expressions are utilized in the evaluation of convergence for the optimal
HAM, the resulting convergence and residual errors are listed in tables 7.2 and 7.3.
Figure 7.2 reveals the average square residual error for 12th order. A/ exhibits the
total square residual error, defined in Eq. (2.29).

wliest ho, ho, Al
4 —040025 —042903 —0.97231  0.009324
6 —0.44380 —0.49902 —0.98331 2.5489 x 10~
8 —0.54992 —0.49930 —0.99005 1.09211 x 10~'°
10 —0.60321 —0.54173 —0.92152 3.62310 x 1075
12 —0.76119 —0.76497 —1.10921 7.16290 x 10~2!

Table 7.2: Average residual square errors A? .

valies>  hp = —0.76119  hy, = —0.76497  hy, = —1.10921
8 2.54891 x 10720 3.44370 x 1071  9.54570 x 10~'°
10 6.43670 x 10722 1.45219 x 1076 0.64881 x 10714
12 0.32671 x 1072 8.33670 x 1072  6.45672 x 1078

20 2.34589 x 10720 1.54891 x 10725 2.43370 x 10723

Table 7.3: Individual residual square errors for Af A% and A%,
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Figure 7.2: Graph for 12th order approximation.

7.5 Discussion

The substantial clarification of sundry parameters on the flow field is scrutinized in this
section. The consequence of dimensionless emerging parameters 3 (ferrohydrodynamic
interaction), J, (conjugate parameter due to Newtonian heating), ¢ (solid volume
fraction), A (viscous dissipation), P, (porosity parameter), and Pr (Prandtl number)
are analyzed. Moreover, the rest of the materialized parameters in the flow problem
are considered as fixed. The fixed values of these parameters are A = 0.01, ¢ = 2.0,y =
1.0. The boundary value problem is solved numerically and analytically via BVPh2-
midpoint method and optimal HAM respectively. The accuracy of the present optimal
HAM and BVPh2-midpoint method is tested by comparing ¢ (0) with those of Rashidi
et al. [94] tabulated in table 8.4. The results achieved for current problem agrees. The
flow of a ferromagnetic NiZnFe,O4-CoHgOo, NiZnFe;O4-HoO, MnZnFeyO4-CoHgOg,
MnZnFe;O4-H5 0, Fe304-CoHgOs, and Fe3O4-HyO nanofluids with nanoparticles are
scrutinized. In contemplation of an obvious insight into the existing flow problem, the
conclusion are determined for the axial velocity, temperature field, friction drag, and
Nusselt number graphically. The analysis is implemented in the presence of magnetic
dipole.
The influence of parameter ¢ (solid volume fraction) of the ferromagnetic NiZnFe,O,4-

CQHGOQ, NiZIlFGQO4—HQO, MHZHF@QO4-CQH602, MHZDF6204—H20, F€304—C2H602,
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and Fe304-HyO nanofluids are depicted in Figures 7.3 and 7.4 on the dimension-
less axial velocity and temperature field. It is evident from Figure 7.3 that the axial
velocity of the respective nanofluids declines along improvement in parameter . The
axial velocity reduces away from surface. In fact, improvement in parameter ¢ (solid
volume fraction) causes to concentrates the ferromagnetic fluid which consequently
produces resistance to the moments of liquid particles that leads to decline the axial
velocity for both the base fluids, i.e., HoO and CyHgO4 (water and ethylene glycol).
The presence of magnetic dipole provides attraction to the ferrites nanoparticles due
to which the axial velocity of the ferromagnetic nanofluids slows down. It means that
magnetic dipole plays a vital role in reducing the movements of fluid particles. Further,
Figure 7.3 depicts that Fe3O, (magnetite ferrite) nanoparticles are more magnetized
as compared to NiZnFe,Oy (nickel zinc ferrite) and MnZnFe,O, (manganese zinc fer-
rite) nanoparticles. The more magnetization, the more will be resistance produced
by the magnetic dipole to the fluid particles, as a result, it is depicted that FezOy4-
CoHgO5 and Fe,O4-HoO ferromagnetic nanofluids have low velocity as compared to
the ferromagnetic NiZnFe;O4-CoHgOq, NiZnFe,O4-HoO, MnZnFe,O4—CyHgO4, and
MnZnFe;O4-Hy0 nanofluids. The characteristics of parameter ¢ (solid volume frac-
tion) on temperature field of the ferromagnetic NiZnFe,O4-CoHgOo, NiZnFe,O4-H, 0,
MnZnFe;04-CoHgOs, MnZnFe,O4-Hy0, Fe304—CoHgO4, and Fe3O4—H,O nanofluids
in presence of magnetic dipole are delineated in Figure 7.4. It is illustrated that tem-
perature field of Fe3O,—CoHgO5 and FezOy4-H50O is higher than NiZnFe,O4-CoHgOo,
NiZnFe;04-H,0O, MnZnFe,O4—CsHgO,, and MnZnFe,O4-H>O nanofluids in presence
of magnetic dipole. In fact, thermal conductivity of Fe304 (magnetite ferrite) nanopar-
ticles is higher than the thermal conductivity of NiZnFe,Oy4 (nickel zinc ferrite) and
MnZnFe;O, (manganese zinc ferrite) nanoparticles. Moreover, the presence of mag-
netic dipole makes higher the temperature field until the temperature of the fluid reach
to the Curie temperature T, of the fluid. In fact, magnetic dipole produces more resis-
tance to the Fe3O4 (magnetite ferrite) nanoparticles as compared to NiZnFe,O, (nickel
zinc ferrite) and MnZnFe,O, (manganese zinc ferrite) nanoparticles, which improve
the temperature field. If the temperature of the ferrite nanoparticles is higher than
the Curie temperature T, then these ferrite nanoparticles lose their magnetization and
there will be no attraction for ferrite nanoparticles whose temperature is higher than
the Curie temperature T..

The impact of parameter 3 (ferrohydrodynamic interaction) is displayed in Figures
7.5 and 7.6. The existence of parameters vy (dimensionless distance from origin to cen-

ter of magnetic dipole), e (Curie temperature), and g (ferrohydrodynamic interaction)
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is necessary to hold the impact of ferromagnetic effect on the boundary layer flow. The
presence of Fe3O,4 (magnetite ferrite), NiZnFe,Oy (nickel zinc ferrite), and MnZnFe, Oy
(manganese zinc ferrite) nanoparticles in a viscous carrier fluid corresponds to ferro-
magnetic nanofluid, because of which viscosity enhances and subsequently the axial
velocity reduces for enlarging values of parameter 3 (ferrohydrodynamic interaction)
as shown in Figure 7.5. The consequence of 3 (ferrohydrodynamic interaction) on ax-
ial velocity is carried out for the ferromagnetic NiZnFe;O4-CoHgOo, NiZnFe,O4-H5 O,
MnZnFe;04-CoHgOs, MnZnFe,O4-HoO, FezOy-CoHgOs, and FesO4-HoO nanofluids.
It is noticed that the exitance of magnetic dipole makes a rapid reduction in the
axial velocity of the ferromagnetic nanofluids when water is used as base fluid. The
physical interpretation is that the magnetic dipole attracts the ferrite Fe3O, (mag-
netite ferrite), NiZnFeyOy4 (nickel zinc ferrite) and MnZnFe,O4 (manganese zinc fer-
rite) nanoparticles which result in the enhancement of the viscosity of the nanofluid
inside the boundary layer and as a result, the axial velocity slows down. The highest
velocity is observed for the CoHgO4 (ethylene glycol, when ¢ = 0) and HyO (water,
when ¢ = 0), whereas the lowest axial velocity is observed for the Fe3O;—CyHgOq
(magnetite ferrite-ethylene glycol, when ¢ = 0.15) and Fe3O,—H,0 (magnetite ferrite-
water, when ¢ = 0.15) nanofluids as evident in Figure 7.5. Behavior of parameter j
(ferrohydrodynamic interaction) on distribution of temperature is revealed in Figure
7.6. It is depicted that the larger values of parameter 8 (ferrohydrodynamic interac-
tion) improve the temperature of the nanofluid in presence of the magnetic dipole.
It is because of the interaction between an action of a magnetic field and move-
ments of Fe3O, (magnetite ferrite), NiZnFe,Oy4 (nickel zinc ferrite) and MnZnFe,Oy4
(manganese zinc ferrite) nanoparticles. The interaction between magnetic field ac-
tion and Fe;O, (magnetite ferrite), NiZnFe;Oy4 (nickel zinc ferrite) and MnZnFe; Oy
(manganese zinc ferrite) nanoparticles thinning the axial velocity thereby enhancing
frictional heating among liquid layers, that improve thermal boundary layer, i.e., the
reduction in movements of FesO4 (magnetite ferrite), MnZnFe,O4 (manganese zinc
ferrite), NiZnFe,Oy4 (nickel zinc ferrite) nanoparticles results in the enhancement of
distribution of temperature.

The behavior of parameter P, (Porosity) in the flow of ferromagnetic NiZnFe,O,-
CyHgO9, NiZnFe,O4-HyO, MnZnFe,O4-CoHgOo, MnZnFe,O4-HoO, FesO4-CoHgOo,
and Fe3O4-HoO nanofluids is observed in Figure 7.7. The existence of parameters
P,, (Porosity) in the presence of Fe3O, (magnetite ferrite), NiZnFe;O,4 (nickel zinc
ferrite) and MnZnFe,O4 (manganese zinc ferrite) nanoparticles in a viscous carrier

ferromagnetic nanofluid slow down the axial velocity and as a result the axial velocity
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reduces for enlarging values of parameter P,, (Porosity) as shown in Figure 7.7. It is
depicted that for ferrites-water based ferromagnetic nanofluid in the presence of mag-
netic dipole, the axial velocity reduces rapidly. The physical interpretation is that an
increase in P, (Porosity) causes to produce more resistance to the fluid particles, and
the magnetic dipole attracts the ferrite Fe;O, (magnetite ferrite), MnZnFe,O4 (man-
ganese zinc ferrite), and NiZnFe,Oy (nickel zince ferrite) nanoparticles which result
in the enhancement of the viscosity of the nanofluid inside the nano-boundary layer
and as a result the axial velocity slow down. The highest velocity is observed for the
CoHgO4 (ethylene glycol, when ¢ = 0) and HoO (water, when ¢ = 0), whereas the
lowest axial velocity is observed for the Fe3O4—CyHgOy (magnetite ferrite-ethylene
glycol, when ¢ = 0.15) and Fe;O4,—H,O (magnetite ferrite-water, when ¢ = 0.15)
nanofluids as evident in Figure 7.7.

The influence of conjugate parameter ¢, of Newtonian heating on axial velocity and
temperature profile are addressed in Figures 7.8 and 7.9. It is disclosed from Figure
7.8 that an increase in the d;, (conjugate parameter) prompts change in the axial veloc-
ity of the ferromagnetic NiZnFe,O4-CoHgOo, NiZnFe,O4-HoO, MnZnFe,O4-CoHgOo,
MnZnFe;04-H50, Fe304-CoHgOs, and Fe3O4-H,O nanofluids, the consequence indi-
cate that the axial velocity and relative nano-boundary layer declines for dj (conjugate
parameter), i.e., the axial velocity is reduces. It is inspected that the response veloc-
ity reduces with rise (increasing values of ;) of an elastic force of the working fluid.
The impacts of J,, (conjugate parameter) on temperature field is characterized in Fig-
ure 7.9. Correspondingly an enhancement in conjugate parameter arises the rate of
heat transfer that improves the temperature of the ferromagnetic NiZnFe;O4-CoHgOg,
NiZnFe;O4-H5O, MnZnFe;O4-CoHgOo, MnZnFe,O4-HyO, FesO4-CoHgOo, and FezOy4-
H50O nanofluids. Moreover, thermal boundary layer thickness arises. It is likewise

perceived that temperature at wall is higher for conjugate parameter.
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Figure 7.3: Comparitive inspection of parameter ¢ on axial velocity in CoHgOo and
H,0.
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Figure 7.4: Comparitive inspection of parameter ¢ on distribution of temperature in
presence of CoHgOo and H5O.
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Figure 7.5: Comparitive study of ferrohydrodynamic interaction parameter on axial

velocity in presence of HoO and CoHgOs.
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Figure 7.6: Comparitive study of parameter § on distribution of temperature in pres-
ence of H,O and CyHgOs.
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7.5.1  Friction drag and local Nusselt number

The mathematical relations for the friction drag and rate of transfer of heat are
expressed in Egs. (7.15) and (7.16). The influence of parameter ¢ (solid volume frac-
tion) on wall shear stress of the ferromagnetic NiZnFe;04-CoHgOq, NiZnFe,O4-H, O,
MnZnFe,04-CyHgOo, MnZnFe;04-H50, Fes04-CoHgOs, and FezO4-HoO nanofluids
in presence of the magnetic dipole is evident in Figures 7.10 and 7.11. It is seen
that the presence of water based ferrite nanoparticles reduces the wall shear stress as
compared to the case when ethylene glycol-based ferrite nanoparticles are used. The
skin friction coefficient is analyzed in the presence of magnetic dipole. Since we know
that the magnetic dipole attracts the FesO4 (magnetite ferrite), NiZnFe,O4 (nickel
zinc ferrite) and MnZnFe,O, (manganese zinc ferrite) nanoparticles which result in
the enhancement of the viscosity of the nanofluid inside the boundary layer and yet
the wall shear stress increases. The lowest wall shear stress is depicted for the CoHgO»
(ethylene glycol, when ¢ = 0) and HyO (water, when ¢ = 0) and the highest wall
shear stress is observed for the Fe3O4-CoHgO2 magnetite ferrite-ethylene glycol, when
¢ = 0.15) and Fe304-H,O (magnetite ferrite-water, when ¢ = 0.15) nanofluids as
evident in Figures 7.10 and 7.11. Moreover, ¢ (solid volume fraction) of the ferromag-
netic NiZnFe,O04-CyHgO4, NiZnFey,O4-HoO, MnZnFe,O4-CoHgOq, MnZnFe,O4-H5 0,
Fe304-CoHgOs, and Fe;O4-HoO nanofluids in the presence of the magnetic dipole
via heat transfer rate are analyzed in Figures 7.12 and 7.13. It is scrutinized from
Figure 7.12 that the heat transfer rate reduces for ferromagnetic NiZnFe;O4-CyHgOo,
NiZnFe;04-H50, MnZnFe,04-CyHgO4o, MnZnFe,O4-H50, Fez04-CoHgO4, and FezOy-
H50 nanofluids. The fast reduction in heat transfer rate is observed in presence of
water based ferrite nanoparticles, instead, from Fig. 7.13, it is evident that an increase

in heat transfer rate is depicted for the respective ferromagnetic nanofluids.
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Pr

Rashidi [94] Re;"/” Nu, (Optimal HAM) Re;/* Nu, (BVPh2-Midpoint)

0.72
1.0
3.0
4.0
2.0
8.0

0.808631
1.000000
1.923682

0.808641
1.000000
1.923690
2.003170
2.329810

0.808639
1.000000
1.923672
2.003162
2.329871
2.541990

Table 7.4: Comparison of Nusselt number.
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Concluding remarks

The purpose of the article exhibit theoretically the practicability of the concept
of ferromagnetic nanofluids with Fe3O4 (magnetite ferrite), NiZnFe,O, (nickel zinc
ferrite), and MnZnFe,O, (manganese zinc ferrite) as ferrites nanoparticles and HyO
(water) and CyHgOsq (ethylene glycol) as base fluid. The heat transport phenomenon
is depicted in the resulting ferromagnetic nanofluids. The boundary value problem is
scrutinized numerically and analytically as a consequence of BVPh2-midpoint method
and optimal homotopy analysis method respectively. The determination of the anal-

ysis are

e An increase in ¢ (solid volume fraction) results in the reduction of axial velocity

and enhances the temperature field.

e The existence of parameters P, (Porosity) in the presence of Fe3O, (magnetite
ferrite), NiZnFe,Oy4 (nickel zinc ferrite) and MnZnFe,O4 (manganese zinc ferrite)
nanoparticles in a viscous carrier ferromagnetic nanofluid slow down the axial

velocity.

e Axial velocity reduces and the temperature field enhances rapidly for increasing

values of § (ferromagnetic interaction) when magnetic dipole is present.

e The axial velocity and relative nano boundary layer of the ferromagnetic NiZnFe,O,4-
CQHGOQ, NiZIlFQQO4—HQO, MHZHF6204—CQH602, MHZDF6204—HQO, Fe304-CgH602,
and Fe304-H,0O nanofluids are decreasing functions of 0, (conjugate parameter)

and increasing function of temperature profile.

e The wall shear stress of the ferromagnetic NiZnFe,O4-CoHgOo, NiZnFe,Oy-
HQO, MHZHF€204—CQH602, MHZDF@QO4—HQO, F6304—C2H602, and F€304-HQO
nanofluids enhances with parameters /3 (ferromagnetic interaction) and P, (poros-
ity).

® The fast devaluation in heat transfer rate is observed in presence of magnetic

dipole.
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