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Nomenclature

Un f

Nu

Effective dynamic viscosity of nanofluid

Effective kinematic viscosity of nanofluid
Effective density of nanofluid

Fluid pressure

Effective heat capacitance

Magnetic field
Micropolar parameter
Stfan Boltzmann constant
Curvature parameter

Fluid temperature

Electric charge density

Squeezing parameter
Hartmann number

Nusselt number

qr

Rd

Dimensionless velocity

Dimensionless Angular velocity
Dimensionless Temperature

Variable viscosity parameter

Effective thermal conductivity of nanofluid

Effective heat diffusivity of nanofluid
Volume fraction ofnanofluid

Mean absorption constant

Magnetic parameter

Prandtl number

Radiative heat flux

Radiation parameter
Stretching or shrinking parameter

Skin friction coefficient



1 Introduction

Heat management crises in various industrial applications demanded alternative technology. Choi
and Eastman[1] introduced the idea of nanofluids in 1995 for the very first time. These novel fluids
types were synthesized in laboratories by endowing solid particles of nano-sized in the base-fluid.
The resulting formation was now a fluid with upgraded effective physical and thermal
characteristics such as thermal conductivity or heat capacitance. Very soon after the emergence of
these newly invented types of fluids, they capture the attention of researchers, engineers, and
scientists to utilize this idea in real-world applications, such as the cooling system of vehicles, heat
exchangers, manufacturing tools, paints, electronics devices and in medical engineering tools. In
all these widespread applications, nanofluids have proved themselves capable to handle the
significantly critical problems by enhancing the effective heat transfer ability of fluid material at
a lower cost. Due to its adjustable physical and thermal properties such as effective density, heat
capacitance or thermal conductivity nanotechnology is expected to cater as an effective and
efficient medium of heat transfer. Following Choi many researchers have been contributed in the
field of nanofluid, mention may be made to some very recent and important works. Ghadikolaei
et al.[2] shows the effects of magnetism and porosity on micropolar dusty fluids with metallic
nanoparticles. Nadeem et al.[3] presented a study that reveals the impact of magnetism and slips
on the dynamics of a micropolar hybrid nanofluid over a cylindrical body. Alamri et al.[4] studied
convective Poiseuille flow of a nanofluid on a plane porous medium. A heat convection case on a
wavy surface was considered by Hassan et al.[5]. Malvandi et al.[6] presented a study that shows
the effects of nano-particles transportation at film boiling of nanofluid over a vertical plate.
Nadeem et al.[7] presented a theoretical investigation of nanofluid implications as a drug carrier
in stenosed arteries with the MHD field. Sheikholeslami et al.[8] disclosed the influence of
magnetism on nanofluid flow under forced convection in a lid-driven cavity. Nanofluid flow under
natural convection in the presence of thermal radiations is also presented by Sheikholeslami et
al.[9]. Shiekhalipour et al.[10] numerically analyzed the flow of a nanofluid in a trapezoidal
microchannel. They investigated the results obtained with different models and compared them
with the available experimental results. It is concluded in the study that the Eulerian model
predicted outcomes are more comparable to the experimental observations. Nadeem et al.[11]
solved the problem of Falkner-Skan for static as well as moving wedge numerically. Chakraborty

et al.[12] discussed the effects of an applied magnetic field for bioconvection in nanofluid
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possessing gyrotactic microorganisms. Most of the commonly used models are lack of predicting
the distortions of nano-particles size on the effective nanofluid’s viscosity. They concluded that
rising numeric for the parameter of surface convection enhances the number of self-moving micro-
organisms. Koca et al.[13] reviewed the change in nanofluid’s viscosity by varying the size of the
nano-particle and compared them with proposed models for effective viscosity of nanofluids. They
found that the variation of almost 40% in the viscosity can be seen only by changing the particle
size of nanofluids. Diglio et al.[14] suggested a geophysical application of the nanofluid as a heat
carrier in Borehole heat exchangers. They conducted a numerical study to assess the use of
different nanofluids instead of conventionally used fluids like glycol and water mixtures. The work
aimed to find the best medium that can reduce borehole thermal resistance efficiently. They
investigated the case with different types of solid particles including silver, copper, alumina, etc.
and found that copper-based nanofluid provides a significant reduction in borehole thermal
resistance. Carbon nanotubes are among the types of solid nano-particles that are frequently used
as solid constituent in the nanofluid. These sheets of graphite soiled in cylindrical shape has
tremendous application in medical and thermal engineering tools. They are used in drugs delivery
system within the body[15]. Also, these nano particles have proven ability of penetrating into cell
membrane and target tumor affected cells very effectively[16]. Experimental studies proved that
they are less cytotoxic and do not harm the body immune system in side effects. Biosensing for
disease diagnostic systems and health monitoring is another implication of tools that prevalently
utilized CNT’s benefits. These materials have very distinctive thermo-physical properties as
compared to other solid constituents of nanofluids. Carbon nanotubes are less dense as compared
to metallic nanoparticles whereas they possess higher thermal conductivity. All these materials are
environment friendly. Nadeem et al.[17] presented the mass and heat flow of a CNT based
nanofluids. In this study, they have differentiated the impacts of single-walled and multi-walled
carbon nanotubes on the heat flow phenomena. Akbar et al.[18] conducted a numerical
investigation to the problem of CNT based nanofluid flow over a sensor sheet keeping fluid
properties variable. Hussain et al.[19] presented a study that analyzed the case of CNT based
nanofluid flow under forced convection between two rotating surfaces. They have found in their
study that single-walled carbon nanotubes produce less drag and acquire a relatively high heat
transfer rate as compared to multi-walled carbon nanotubes. Shahzadi et al.[20] examined the use

of single-walled carbon nanotubes based nanofluid for the peristaltic flow through annulus. In this



study, the effective dynamic viscosity is considered as a function of radial distance from the
boundaries and nanoparticle concentration. The results depicted that the highest velocity of

SWCNT-based blood rises for ascending magnetude of viscosity parameter.

Possessing two different phases, Nanofluids may produce rotational inertia at the micro-level. The
Navier-Stokes model in its classical form is limited to the motion of fluids as a whole. This theory
does not bother the intrinsic motion of fluid particles due to its microstructure. In many practical
applications, however, these intrinsic motion plays a Vitol role in developing various dimensions
of flow. On contrary to the Navier-Stokes model Eringin theory of micropolar [21,22] fluids take
into account the inner structure and discusses the resulting intrinsic motion of fluid particles such
as rotational or spin motion. This theory generalizes the classical Navier-Stokes model.
Mathematically stress tensor is presented as the symmetric and asymmetric part. In addition, an
equation representing the law of angular momentum conservation is also added to the system of
regulation of equations. Researchers have contributed to the field considering that this is the theory
that meticulously describes fluid motion. Nadeem et al.[23] studied the flow involving the
stagnation point of a micropolar nanofluid on a cylindrical solid body. Shadloo et al.[24] worked
out a solution of the heat and mass transfer on a continuous stretching sheet of a micropolar fluid.
Subhani and Nadeem[25] conducted a numerical study of unsteady magnetohydrodynamics of
hybrid micropolar nanofluid. They found that the rate at which heat transfer for a hybrid nanofluid
is much larger in magnitude than that for a simple nanofluid. Akbar et al.[26] analytically studied
the pressure-driven flow of a micropolar biological fluid passing through oscillatory walls. They
considered metachronal wave propulsion due to cilia beating and concluded that axial velocity in
their case decreases with ascending values of the micropolar parameter while the same parameter

rises the magnitude of micro-rotations.

Magnetofluids are very important types of fluids that have a range of industrial applications. A
relatively novel study namely magnetohydrodynamic was initiated by Hannes Alfven for
electrically conducting fluids. The field of study can be analyzed by considering Maxwell’s
equations of electromagnetism with that of other governing equations such as momentum or
energy equations. Ma et al.[27] gave the numerical solution to the problem of the natural
convectional flow of a nanofluid in a U-shaped cavity with MHD considerations. Haq et al. [28]

discussed the magnetohydrodynamics of fluid in a corrugated cavity with natural convection. They



have applied the finite element technique to solve the problem and found that velocity and
temperature tend to increase with corrugated frequency. Rashidi et al.[29] investigated the case of

MHD nanofluid flow due to peristaltic motion with entropy generation phenomena.

In dealing with viscous fluids researcher normally considers the case of constant viscosity. In real
life situations however dynamic viscosity either depends on space or temperature variables as in
the case of liquid fluids, It can be a function of pressure or stresses as in the case of solids or non-
Newtonian fluids, or it can exhibit variations with a density as in case of gases. In liquid materials
however dynamic viscosity often varies with changing temperature. The variation in fluid
temperature during heat passing through boundaries or variation due to heat production during the
internal fraction of fluid molecules can affect the dynamic viscosity and hence in result disturb the
flow behavior. This phenomenon can be observed in a wide range of fluid materials. Water and
Coal slurries, for example, depicts the above scenario with variation in temperature. The viscosity
of such fluids normally depends inversely on temperature. A rise in temperature may, therefore,
fasten the mass transport phenomena. The situation is encountered very frequently in experimental
studies hence the flow study of fluids with temperature-dependent dynamic viscosity is
unavoidable most of the time. Ellahi et al.[30] discussed the effects of variable fluid viscosity on
non-Newtonian fluid flow in a pipe. Xun et al.[31] investigated the bioconvection flow of
nanofluids across two rotating surfaces with variable fluid viscosity. The result shows a remarkable
variation in Nusselt number and Skin friction with viscosity variation of the fluid. Kharat et al.[32]
investigated a nanofluid flow with solid-constituent as Cobalt Ferrite and Ethylene glycol under
the influence of temperature-dependent dynamic viscosity. It is concluded from the study that
viscosity increases with an increasing fraction of Cobalt Ferrite. Babu et al.[33] analyzed the flow
across a slandering stretching sheet with variable viscosity. Convective boundary conditions are
employed for both mass and heat transfer. A numerical solution is obtained for the problem under
consideration. The study reveals that viscosity variation and the parameter for chemical reactions
act oppositely on the concentration profile. Sobamowo et al.[34] studied the flow of a fourth-grade
fluid with dynamic viscosity varying with temperature. The problem is solved with the

perturbation technique.

The governing equations of fluid dynamics in two-dimensional flow consist of a couple of

equations that represent the law of conservation for linear momentum, an equation that describes
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the heat flow through the system based on the laws of thermodynamics and an equation that embed
the conservation of angular momentum when rotational inertia case is considered. In general form,
these mathematical statements are higher-order non-linear partial differential equations. Although
researchers have presented the exact solution of some very special cases of these equations by
analytical techniques. These equations are cumbersome to deal with in most of the time due to its
higher nonlinearity. Convective acceleration term is a source of nonlinearity in momentum
equations for instance. The analytical techniques never yielded an explicit exact solution for most
of the cases. In fact, neither the exact solution nor the existence of it in general form has yet been
presented. Even for very special cases, the analytical solution is hard to find. Instead, researchers
find the approximate solution with numerical methods. These numerical techniques are more
promising to search for the solution with relatively less effort. Researchers have employed many
effective numerical techniques to uncover different flow problems. We have set the central
objective of this work to model different nanofluid flow problems keeping most of the involved
parameters variable and solved the governing highly nonlinear differential equations with effective
numerical methods. Different geometrical situations of the bounded and semi-infinite domain
through which fluid flows are assumed such as the flow of fluid through squeezing channel and
boundary layer flows. Throughout this work, we have considered a magnetic field acting along
normal to the flow direction of the fluid. It has been observed that this field acts differently with
both cases of boundary layer and of the flow between plates at a finite distance. Equations are

modeled such that nanofluid’s effective viscosity is assumed as temperature-dependent.

Table 1.1 Experimental values for thermo-physical quantities used in the study[17]

Thermo-

physical Pure water SWCNT MWCNT
properties
C,(J/kgK) 4179.0 425 796
p (kg/m?3) 997.10 2600 1600
k (W/mK) 0.6130 6600 3000

Carbon nanotubes are taken as a solid constituent of water-based nanofluid for all of our assumed

problems. Xue[35] model for thermal conductivity is taken into account. Standard values of
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thermo-physical quantities associated with nanoparticles and base fluid that is used in our

computations can be seen in Table. 1. 1.

Pressure dependence of fluids flow, viscosity variation with temperature and existence of magnetic
field added into the non-linearity and complex form of governing equations. For most of the cases,
these equations are in need of an effective numerical technique that has the capability to handle
complex mathematical situations and non-linearity. Two different finite-difference numerical
approaches are conducted to analyze the various assumed flow situations in this thesis. For the
cases when the embedded governing equations can be written explicitly with a relatively smaller
order of non-linearity, a built-in algorithm of MATLAB BVP4C package is incorporated. This
method solves systems of nonlinear ordinary differential equations by applying the Lobatto IIla
formula. This technique solves the differential system by collocation approach. A continuous first-
order differentiable polynomial is guessed as the solution and then solves the governing system.
The above solution guess is taken by keeping in mind the boundary conditions. In this thesis, the
above technique is used mostly to authenticate our solution by providing a comparative study for
relatively simple cases with that of the main numerical technique used. For original problems that
arose in this thesis, we have incorporated 2" order accurate finite difference scheme called Keller
box. It is an implicit numerical scheme the algorithm of which can effectively be used on complex,
high order non-linear, coupled systems of differential equations. This method is unconditionally
stable. The idea is to shape the differential equation system into a linear algebraic equation system.
This algebraic system is then set into matrix-vector forms, such as the coefficient matrix at each
iterating stage is a banded matrix of order three. The next part of the scheme procedure is to split
this banded coefficient matrices into distinguished upper and lower triangular matrices, which are
manipulated algebraically to solve the system. The detailed procedure can be differentiated into
four discrete steps. In the very beginning, the equations are written into a set of differential
equations of the first order. Secondly, this resulting equation system is discreetized using a finite
difference scheme. The third stage is to implement Newton’s linearization technique to linearize
the set of algebraic equations. The final step is to apply matrix algebra to the linearized system.
This very last job is accomplished by programming the algorithm in MATLAB software. Error
tolerance for all of the problems considered in this thesis is set as 1076, Since it was possible to
find the transformations that transformed the ruling partial differential equations to similar

ordinary differential equations, therefore, we write all problems included in this thesis as a similar
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system of coupled nonlinear ordinary differential equations and then solve by the above method.
Grid independence of the solution is also checked for all the problems. The step size and the
boundary length is set such that the grid numbers do not affect the solution to six decimal places
above the boundary length. For unbounded boundary layer problems, this length is set at n = 16.
For this length, all the problems have passed the grid independence test.
The present Thesis consist of six chapters in which the first chapter is an introductory chapter

while all others are expressed as:

Chapter 2 includes the topic of hydromagnetic nanofluid flow across two parallel squeezing
plates. Carbon nanotubes are assumed as the solid part of the water-based nanofluid flow.
Nanofluid exhibit unsteady flow through squeezing solid boundaries. Radiative heat flux is also
taken into considerations. Fluid dynamic viscosity is taken inversely related to the fluid
temperature. The solution is obtained numerically with the Keller box method. In addition to the
original problem, a simple case of constant viscosity is also solved with BVP4C MATLAB.
Results obtained by both of these techniques are in very good agreement with each other. This

work is submitted for publication in “AIP Advances”.

Chapter 3 aims to present the squeezing flow of a micropolar viscous nanofluid with variable
dynamic viscosity. Carbon nanotubes are taken as the solid constituent of nanofluid. Water is
assumed as base fluid. It is assumed that the presence of carbon nanotubes in the base fluid may
cause the inertial difference between the two phases of the nanofluid, which in result can produce
rotational and spin motion within the fluid body. Graphical and numerical results of important
physical quantities are determined using MATLAB and Tecplot software. A second-order finite
difference scheme is implemented to solve our problem. A Comparison study with previous
literature is also done to authenticate our solution. The results obtained are published in “Physica

Scripta”[36]. (2019):19;12.

Chapter 4 considered a viscous nanofluid flow on a curved stretching surface, the dynamic
viscosity of the fluid inversely depending on fluid temperature. In addition, a uniform MHD field
acting perpendicular to the curved surface is taken into considerations, Temperature and velocity
of viscous nanofluid are analyzed for sparsely distributed values of involved parameters such as
magnetic parameter, nano-particles volume fraction or curvature parameters. The solution is

obtained numerically by transforming the equations that governed the system to similar nonlinear
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coupled ordinary differential equations and then solved the resulting similar differential equations
with a finite difference implicit scheme. A comparison study is also presented for results validation
with previous literature. An article that represents the contents of this chapter is published in

“Microsystem Technologies”[37]. (2019):25;2881-2888.

Chapter 5 includes the unsteady flow of a viscid nano-liquid above a permeable curved shrinking
sheet with variable viscosity and magnetic field. On Navier stokes equations the boundary layer
approximation is implemented also for thermal characteristics of the nanofluid the energy equation
is used to model the flow problem. Keller box method is incorporated to reveal the characteristics
of the proposed flow situation. Dual solutions are obtained, which are characterized as the upper
and lower solution. The skin friction coefficient, velocity, and velocity gradient graphs are plotted.
Distinguished critical points have been obtained. It is found that at one side of these critical points
multiple solutions exist, On the other side only a single (stable) solution exists, whereas on these
particular points no solution exists at all. A Comparison study is also represented with that of
previous literature. The temperature and pressure profiles are also plotted opposite to various
effective parameters. The work is published in the “International Journal of Numerical

Methods for Heat & Fluid Flow” [38]. (2019) DOI: 10.1108/HFF-04-2019-0346

The main objective of Chapter 6 is to analyze the impact of temperature-dependent viscosities on
the nanofluid flow while considering rotational inertia over the curvilinear surface. The governing
set of equations are first transformed to similar ordinary differential equations and then these
extremely nonlinear differential equations are unraveled numerically with the help of the finite
difference sheme. A detailed explanation of the mathematical procedure that has been followed is
also mentioned in the study. A reasonable comparison is also given for the simplest case with that

of previous literature. This chapter is published as an article in “Processes”[39]. (2019):7;6;387
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2 Numerical solution of CNT based nanofluid flowing

through squeezing channel.

2.1 Introduction

In this chapter, we have presented a computational investigation of a nanofluid unsteady flow
passing through parallel plates of infinite length. The plates are squeezing towards with certain
velocity. In addition, with thermal radiations, an unsteady magnetic field normal to the plates are
taken into account. Fluid dynamic viscosity is sensitive to temperature. Navier stokes model for
viscous fluids is used to model the physical situation. The governing equations are partial
differential equations which have a high nonlinearity. Appropriate variables of similarity are used
to transform these equations into identical ordinary differential equations which are nonlinear
coupled equations. Such reduced, extremely non-linear differential equations would then be
numerically worked out using the Keller box technique. It is an implicit numerical scheme with
second-order accuracy which is stable unconditionally. Moreover, for the simplest case of no
volume fraction of carbon nanotubes and constant viscosity, An another numerical method
‘BVP4c’ solves the problem. For investigating the flow behavior with the specified physical

situations, computational and graphical results are obtained.

2.2 Mathematical Modelling

Let us assume a viscous nanofluid flowing through a squeezing channel. The edges of the channel
are two parallel plates of infinite length. Both plates are at a distance h(t) = (1 — St)¥/? from
the origin, O. For § > 0 the plates squeezed till they meet at ¢t = 1/f. An unsteady magnetic field
acting in a perpendicular direction to the plates are taken into considerations with strength B(t) =
Bo(1 — Bt)~Y/2, where Bo represents the initial magnetic intensity. Radiative heat transfer is also

considered. Figure 2.1 represents the geometry of the assumed problem.
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Figure 2.1 Flow geometry of fluid passing through squeezing plates

The respective governing equations are given as:

oU s v . 2.1)
ox dy
aﬁ+vaﬁ+ﬁaﬁ_ Lop, 10 oU 200 (2.2)
ot dy 0X  pus ax Pns 0y bty )~ 9 ’
ov I7017+l7ar7 Lop, 13 ov L L0 v (2.3)
ot dy 0x Pnf 0y Pus ax \"/ ax Pns Oy Hns dy
oT 7 oT s ﬁaf 1 aq, <02T> (2.4)
VetV = gy )
ot oy 0x (p )nf ay

Where Equation (2.1) is mass conservation, Equation (2.2) and (2.3) are mathematical expressions
to embed linear momentum conservation along x and y directions with U and V are the respective
velocities in x and y directions. Equation (2.4) represents energy conservation phenomena. T is
used for fluid temperature profile, p symbolized the pressure distribution. The effective density is
calculated as p,r = ¢ppcyr + (1 — @)pro ,where the effective heat capacity is taken as
(PCp)nr = d(PCp)ent + (1 — d)(PCp) oo - Since we have used Carbon nanotubes in the base

fluid as a solid constituent, the thermal conductivity is computed by the model proposed by Xue

et al.[35] which in mathematical form is written as:
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KeNTHK Foo

K
1-¢p+2¢p—FCNT

K Kent-K © 2K g0 . . . .
L L ! . Uns represent the nanofluid viscosity, which is defined as:
X KcNTHKfoo = P0f
feo 1-¢p+2¢ In
KCNT_K foo 2K foo

where Uso, is the symbol used for base fluid viscosity which in our case vary

_ b
Hnr = a=ge®

. . . 1 e . ) 1
inversely with temperature i.e. — = a(T — Tr), Since a=—,T, =T, —=, 6 and a are
Hfoo Hfoo 8

constants, and a > 0 for liquids. The heat flux through radiations is calculated on the bases of

N S aT*
Rosseland approximation which is: q, = — ;‘%% , 0, be Stefan Boltzmann constant and S be
R

the mean absorption parameter. The thermal difference of the fluid phases are so small that T*is
taken as a linear function of fluid ‘[empera‘[ure?4 is replaced by a linear function of fluid
temperature. i.e: We expand T* in Taylor series about the temperature Tc such that
T* = 4T.°T — T2

For the above system the relevant boundary conditions are:

oU _ oT )

— =0, V=0, — =0 at y =0,

dy dy (2.5)
_ - dh .

U=0, VZE, T=Th at yzh(t)

The differential equations presented in equations (2.1-2.4) are mold t a set of similar ordinary

differential equations. For the purpose, we introduced two new dimensionless functions f, 6 and

a similarity variable 7 such as,

- —pBl -
7=—L s, U=
2(1 —pt)2
T—T. y (2.6)
= , n=—
Th = Tc I(1 - po)z

Applying the above transformations, the equation of continuity identically satisfies while the

equations representing momentum and the energy conservations reduced to the form below:
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t + + — Ha*f"
2 7] 7]
2 0 _g _v
6,2 (1- g_r) 6, (1 er) 6, (1 er)
0 (2.7)
_ Als (1 _ 9_) (nflll + 3f!l + flfll _ fflll) — 0
'
4 " €2 ’ ’ (28)
(1+—Rd)9 —S—Pr(f6'+n6')=0
3¢ €1
f=0 f"=0, 6 =0atn=0
f=1, f'=0, O=1lat n=1 (2.9)
Where,
PenT 40, T3 BI? Knr )
Al—(1—¢)25l¢ +(1—¢)] Rd = ,S = NS )
Proo KreBr'™ 2V’ ™ (pCp),,
_ KCNT KfOO + KCNT
, Hreo(PCp) C AL Gy L) >
r=———m— € = ’
ProoKroo 1—h+2 Kr 1 Koo + Kenr
¢+2¢ Kent — Kroo n 2Kfo
= (1= ) + pLoplent (PCp)ent
( )foo J

The mathematical assertions derived for Skin-friction and Nusselt number are

nf Ky oT
Cr = ("— )y ny and Nu = ((1+—Rd) —L

( )2 3y vy KrooTn ay)y n(t)» respectively, which is the

dimensionless form is given as

* lRex " * 4 1
C; = cfw/1—,3t_“1 (D, Nu—el(1+3—ele)9(1)

2.3 Solution Procedure

Boundary layer approximation has brought in to handle the general Naiver Stokes equation to
model the desired physical problem. The obtained equations are nonlinear partial differential

equations that are remodeled by implementing effective transformations. These transformations
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convert the equations to similar ordinary differential equations. To find the numerical solution of
the transformed non-linear differential equations, the Keller-box scheme is used. This numerical
technique is composed of four separate procedures given in the proceeding sections. At the very
beginning, the equations are transformed into a set of first-order differential equations, as

mentioned below:

fl=u (2.10)
u' =v (2.11)
vi=w (2.12)
0 =m (2.13)
1 1 1 1
w ——w'0+—w'0*+—wm+_—vm' ——wmb — —vm'6 + —vm? — Ha*v
07‘ r T 07‘ r r T

2 1 3
+ H—Hazvé? — H—Hazve2 — A Sqw — 34,Sv — 54, Suv — A, Sfv + 9—A1577W9
r T T

9 15 3 9 15
+ —A;Sv0 + B—AlSuUH + H—AleUH - FAlSUHZ - FAlSuUHZ

91" r r T T

3 2 1 3 3 3 5 3 1 3
—FAlsfve +FA15770 +FA15UQ +FA15U,179 +FA15f179

r T T T r

1 2 2 5 2 4
+—A,Snvm + G—AlSum + 9—A15u m— FAlSnva — FAlSumH

97" T r T T

4 1 2 2
— — A;Su*mb + — A;Snvm6? + — A, Sumf? + — A;Su*m6? = 0
r 97" 97' HT (2 14)

A,m' — Asmm — As;fm =0 (2.15)

Where u, v,w and m are the new variables adopted to write the above differential equations
system as a set of first-order, ordinary differential equations. It sets out the respective boundary

conditions as follows:

v=0, f=0, m=0 atn=0
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u=0, f=1, 0=1 atn=1

We now find the finite difference approximation of the governing system of 1% order equations.
For the purpose let us consider the working domain as a rectangular net in the (x,7n)-plan consist

of mesh points as shown in the schematic diagram in Figure 2.2.

n
T : ki—
nj 4 Ps : P,=— A Known
i . Centering
n}._{'"""'?""' h; .Unknown
| Iy S
Nj-1 P; E P,
: ! f—s-
-1 gl .

Figure 2.2 Mesh points functional diagram

i and j are progressions of numbers that imply the coordinate’s position. The finite-difference

form of any point will be ( );'-_1/2 = % [()5_; + ()}] and( )5_1/2 = %[( )+ O]

Now applying the above scheme on the system of equations. The leading four equations are

discretized by centering at (x%,n j—1/2) where the last two equations are discretized by centering

at(x'=1/2,n j—1/2)- The resulting equations are given below:

R 2.16
fjlzjj-‘_1+?](u}+u}_1) (2.16)

. hi . (2.17)
w =ui_q + ?J(v} +vj_4)
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N
U} — V}—1 + E](W]'l + le—l) (2.18)
N
Hjl — 9}_1 +7](m]l + m}—l) (219)
2
[(Wj — Wj-1) N 1 (wi—wm) (6 +6-1)" 2 (w —wjma) (6 +6j-1)
h; 0,> h 4 6, 2
L W +wis) (my +mja) 1 (wy +wyoq) (6 +6;-1) (my + myy)
6, 2 2 9,2 2 2 2
L (vj+v-1) (i —my—a) 1 (v +v-0) (6 +6;-1) (my —mjs)
6, 2 h; ) 2 h;
2
1 (it +mi)” Ha? (v +v-1)
0,2 2 4 2
2 (4 )46 1 (v+v_1)(6+6,_1)°
by W Vi)Y Tbi1) L L \VTY i TY
+ o Ha > > 9r2 Ha > 2
. - 3 . . 4 f. . -
— 4,57 (w; +2WJ 1) —§A15 (v +2v] 1) +A,S (f +2f1 1) (W, +2WJ 1)
3 W +wi-1) (6 +6-1) 9, (v +v-1) (6 +6-1)
_3., (fi + fi=1) Wy + wja) (6 + 6-1)
9, ! 2 2 2
_3 4 (w; + wis) (6 + 6;-1)° 9 (vl (6 + 6-1)°
p 2 1 4 2072 2 4
3 4 (f; + fi=2) (w; + wima) (8 + 6j-4)°
g2 " 2 2 4
1 (w; +wia) (6, +6-)° 3 (v +v-0) (6 + -1)°
3
1 (fi + fi-1) (v + v=1) (6; + 6;-4) ",
——AS ' = M;-
371 2 2 8 j-1/2
(2.20)
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[Az—( : 3 / 1)—14377( : 5 : 1)_143(] 2] 1)( . > - 1)]1=Pj—1/2

Where

El (vm'). 1

2 1 1
, = — ! —_— ! ) '* h 2
M 1/ [(w )j_% (w 9)],_% + 02 (w'e )j_l + 02 (Wm)j_% + 3 -1

gr T 2 T

1 2
_ o ' - 2 a2 L2
0.2 (Wme)j_% 0.2 (vm 0)],_% + 0.2 (vm )j_% Ha vj_% + 0. Ha (v@)j_%

1
——Ha?(w8?) 1—A;S(mw). 1 —34,Sv. 1 —54,S(wv). 1 — A S(fv). 1
0, i3 i3 i3 i3 i3

3 9 15 3
+ e—rAlS(nWH)j_% + g—rAlS(vH)j_% + H—rAlS(uUH)],_% + H_rAls(fve)j—%

9 15 3 1
o 2 _ 2 o 2 - 3
5 > A1S(vo )j_l P > A1S(uvé )j_l P > A1S(fvo )j_%+ P s A1S(n6 )j_%

e 2 r 2 T T

3 5 1 1
— 3 i 3 . 3 -
o =A;S(v8 ),-_% o = A, S(uv )}._% +5 5 A41S(fvo )]._% + rAlS(nvm)]._%

T r r 9

2 2 2 4
+ H—TAlS(um)j_% + B—rAlS(uzm)j_% - FAlS(nva)j_% - FAlS(umH)j_%

r r

4AS 2mo +1AS 62 +2AS 62
g7 1S QmO), g3 MSamD, 4455 ASGmo®, 4

T r r
2 . (2.22)
+—A4;SW?mo6?) ]!
0, =3
Pj—1/2 = _[Az(m')j_l - A377mj_1 - A3(fm)j_1]i‘1 (2.23)
2 2 2
M;_,,, and P;_; , are the terms that are already known.
Newton’s linearization is the very next step to follow. We replace variables f,u,v,w, 8 and m
with f + 6f,u + du, v + dv,w + 6w, 8 + 68 and m + dm respectively. The resulting linear set
of equations are then written as:
(2.24)

hy
8f; = 6fj-1 = (6uj_q + 6u;) = (1))
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hj

511,]' — 5uj_1 — ? (617]'_1 + 517]) = (rZ)j
hj

ovj — 6vj_4 — 7(5Wj_1 + 6Wj) = (13);

h

(al)jé'vj + (az)jé'vj_l + (a3)j5uj + (Cl4)j6u]‘_1 + (a5)16f} + (a6)j6f}_1 + (a7)16WJ
+ (ag)jdwj_1 + (ag);66; + (A1) ;60,1 + (ay1) jom; + (a12)j6mi_y = (76);

+ (bg) j6wj_1 + (bg) 66, + (b10) ;60,1 + (by1)j6m; + (by2)j6mi_y = (17);

At the very end, the system of above-linearized equations is solved algebraically by setting these
equations into matrix form, which are decomposed and written into banded matrices of upper and
lower triangular types. A MATLAB script is programmed to solve the system by block elimination
technique. A very fine step size of An = 0.005 is taken as a step size for all computations. Error
tolerance is fixed at 107°. Scheme results are authenticated by comparing them with the solution
obtained from another MATLARB built-in solver BVP4C for the simplest case of constant dynamic
viscosity. The data obtained from both methods appeared to be in good agreement with each other.

Table 2.1 presents the comparison of said methods.

Table 2.1 Comparison Table for Keller box and BVP4C methods. Ha = 1.0, Rd = 1.0, = 1.0

@ 1) 6'(1)
Keller Box BVP4C Keller Box BVP4C
0.025 —5.0517 -5.0521 3.3159 3.3145
0.05 —4.9977 —4.9985 2.7623 2.7616
0.10 —4.8769 —4.8779 1.9801 1.9785

23

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)



2.4 Results and Discussion

Numerical, as well as graphical results, are determined in the presence of different involved
parameters. The main theme of our work is to find the behavior in the presence of a temperature-

dependent viscosity parameter.
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Figure 2.5 Velocity variations with variable Figure 2.6 Velocity variations with
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Figure (2.2-2.5) represents the velocity profile variations with different physical parameters.

Figure 2.2 depicts a boost in velocity with the 24agnitude of the Hartmann number. The same is
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the case of the squeezing parameter as can be noticed in Figure 2.3. The velocity profile rises as
the squeezing parameters get larger as squeezing walls provide a push to the fluid body along the

moving direction. Figure 2.4 manifests a decline in velocity with a rise in the viscosity parameter.
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Figure 2.7 Temperature variations versus Figure 2.8 Temperature variations versus
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——Rd = 1.0

—_— =-4
r ——Rd = 2.0
—8 =7 0.95 Rd=3.0
6r=-10 =—Rd = 4.0
_ﬂr=-13 0.9 ~—Rd = 5.0
—f =-17 ;
r
0.85
S S
% % .8
ars !9r =-10,5=3.0,phi=0.05, Ha= 1.0
$=0.02,Ha =2.0,5S=3.0,Rd = 3.0
0.7
0.65
0 01 02z 03 04 05 06 07 08 09 1 0 a1 o6z o3 04 05 06 07 08 09 1
n 7
Figure 2.9 Temperature variations versus variable Figure 2.10 Temperature variations versus
Viscosity parameter Radiation parameter

With an increase in radiation parameter heat loss from fluid mass occurs causing fluid more
resistive to motion. Figure 2.5, therefore shows a decline in velocity with radiation parameters.

Figures (2.6-2.9) determines the variation of temperature profile with all involve physical
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parameters. Since by increasing volume fraction of CNT’s, thermal conductivity of nanofluid raise,
consequently fluid temperature increases as can be validated from Figure 2.7, while a decrease in
temperature distribution is observed with rising values of squeezing parameter as can be observed
in Figure 2.6. A rise in the viscosity parameter heightens the temperature distribution of the
nanofluid as evident in Figure 2.8. The present study concluded that temperature distribution

magnifies with ascending values of radiation parameters as represented in Figure 2.9.

Table 2.2 shows that for fixed values of the variable viscosity parameter the Skin-friction
coefficient increases with CNT concentration values while the same parameter decreases the
intensity of the Nusselt number. Table 2.3. Presents the effect on the Nusselt number and skin-
friction of the squeezing parameters. The results show that both increase while keeping the variable
viscosity parameter constant with the increase in the squeezing parameters.

Table 2.2 Variations in Nusselt number and Skin-friction with volume fraction and viscosity parameter.
Ha=1.0, Rd=1.0,§=1.0

0, ) —Cr N,
0.025 4.47373 4.23771
-10 0.05 4.54218 4.08374
0.10 4.81952 3.94902
0.025 4.32488 4.17088
-15 0.05 4.42293 4.03927
0.10 4.71370 3.92875
0.025 4.27463 4.13924
=20 0.05 4.37796 4.01767
0.10 4.66196 3.91836
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The radiation parameter, when raised in magnitude, increases the strength of Skin friction as well

as Nusselt number as shown in Table 2.4. A rise in the Skin friction can be observed with a hike

in the magnitude of Hartmann’s number.

Table 2.3Variations in Nusselt number and Skin-friction with the Squeezing parameter and viscosity parameter.
Ha=1.0, Rd=1.0,¢ =0.05

0, S N N;
1.0 4.54218 4.08374

~10 2.0 5.47507 9.49879
3.0 6.38270 15.60775

1.0 4.42293 4.03927

~15 2.0 5.21024 9.15755
3.0 6.04474 14.8807

1.0 4.37796 4.01767

—20 2.0 5.16436 9.01385
3.0 6.00441 14.59559

A decrease in Nusselt number can be seen for viscosity parameter magnitude less than 10, where

it increases for values of magnitude greater than or equal to 10 as shown in Table 2.5. For all

numeric obtained for the problem, it is very clear that with a rise in viscosity parameter a decrease

in Nusselt number, as well as in Skin friction is observed.
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Table 2.4 Variations in Nusselt number and Skin-friction with the Radiations parameter and viscosity parameter.
Ha=1,5=2,¢=0.05

0, Rd —Cf Ny
0.5 5.90485 10.11312
-10 1.0 5.47507 9.49879
2.0 5.19173 8.67924
0.5 5.41991 9.61867
-15 1.0 5.21024 9.15755
2.0 5.11223 8.51033
0.5 5.30290 9.41917
—-20 1.0 5.16436 9.01385
2.0 5.11572 8.43422

Table 2.5 Variations in Nusselt number and Skin-friction with Hartman number and viscosity parameter.
Rd=1.0,5=2,¢=0.05

0, Ha —Cf Ny,
0.5 5.40040 9.51577
-10 1.0 5.47507 9.49879
2.0 5.79730 9.45223
0.5 5.08277 9.15113
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3 Micropolar nanofluid flow passing through

squeezing walls.

3.1 Introduction

This chapter deals with the inner structure of the fluid material that plays a Vitol role in fluid flow
and thermal behavior of a fluid body. For instance, the existence of two different phases of
nanofluids can produce rotational inertia in addition to the linear inertia. The classical Navier
stokes equations, however, possess the very limited capability to analyze the flow of fluid based
on inner structure. In contrast to the Navier stokes model, the Eringin theory for micropolar fluid
can be utilized to discuss the dynamics of the fluid with rotational and spin inertia meticulously.
This chapter deals with the effects of rotational and spin motion on the dynamics of fluid in the
presence of temperature-dependent viscosity and unsteady MHD field acting in the normal

direction to the solid surface.

3.2 Mathematical Description

Let us consider the flow of a micropolar viscous nanofluid between two infinite squeezing plates
as shown in Figure 2.1. The plates are parallel and are at distant h(t) = [(1 — ft)'/? from the
origin. The two plates squeezed till they meet at t = 1/, where > 0. Radiative heat transfer
and an unsteady magnetic field is taken into consideration, which is directed normal to the plates,
B(t) = By(1 — Bt)~/? is the applied magnetic field, B, is the initial intensity of the applied
magnetic field. The effective dynamic viscosity varies with temperature. Figure 2.1 describes the

geometry of the problem.

Taking into considerations the intrinsic mobility of fluid particles, the two-dimensional flow

equations are:

oU s v G.1
ox dy
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1 dp 16( )aﬁ+1a( +)6U
=———+— g + 1) == |+ —==| (s + €)=
Pnf OX  ppy Ox nf 0 Pns 0y nf 0
o7 (3.2)
Kk ON
———0B%(t)U
pnf 0
oV _av _av
at 0x dy
19p1 0 v k 1 90 v
—— | (u K)— | ——+——=—| (ttnr + ) —
Pry DY Py 0x (o 1) 5 Prf  Pns 0y CIARF
Kk ON (33)
pnf ox .
aﬁ+ﬁaﬁ+vaﬁ 1 a( *aﬁ> K (2ﬁ+a(7
ot 0x 0y pugfOy\' 0y) Ppugl dy (3.4)
a?+ﬁaf+vaf <627> 1 dq,
N R — = —_
dat 0x 6y nf ayz (pcp)nf ay (3'5)
For the above system the relevant boundary conditions are:
oU 0, V=0 o 0 o 0 at 0
— =0, =0, — =\, —_—= a =V,
dy dy ay Y (3.6)
oo, 7= 5o 20 o e y=he
— Y, - dtl - S ayi — 1h a y - ( )

Here N represents angular velocity of fluid particles.

We introduce dimensionless functions f, 8, g, and a similarity variable 1 to convert the governing

set of partial differential equations to a system of similar ordinary differential equations with the

transformations, defined as:
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- Bx N _

U= £, V= fm, N-= g,
2 =50 2(1 - pr)2 21(1 - )2
T - Tc y

0= ) n = 1
Th = Te I(1— Bt)z

Implicating the above transformations and dropping out the pressure gradient term by increasing
the order of differentiation, the continuity equation satisfies identically while the momentum and

the energy equations reduce to the below nonlinear differential system:

. 11011 nrg! 11012
JL S A LS Zf — — Ha?f”
W18 () 02(-2)
7]
_ AlS <1 _ 9_) (nfl// + 3f” + flfll _fflu) + K(l _ ¢)2,5f”l
’ (3.7)
+ K1 - ¢)2'5g’ =0
1 1 K1 —¢)?> 1 6'qg’ 28
™ GO T g L B9 By gy - 2g)
Al _i 2 Al 7] Al
= 0 (-8)
0r r 0, 38)
+S(fg'—f'g—39—-ng) =0 '
A,0" — A;(f0'+1n68") =0 (3.9
f"=0,f=09 =006 =0atn=0
f'=0,f=1,9g=—-Nof"(1),06 =1atn=1 (3.10)
Where,

4
Ay = (1 ) [(1 —9)+ ¢—pC”T],A2 = (1+5-Rd), 45 =52Pr,
Pfe 3€; €

40,T3 B2 p Hfoo (pCp)foo
= , 9 = ,Pr = —m—
Kfoo,BR vaoo pfooKfoo

The dimensionless shear stress and the thermal gradient coefficient is determined by the expression

Rd
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IKnyp 8T

Cr = KfTp 0y

((#nf + K) + KNo)y=n) and Nu = ((1 t35 d) ~—)y=h(t)» respectively,

Pn (dt)z

which is the dimensionless form given as

;= Rzex J1-pt= ( )(1 + (1= NS (D), Ny=e (14 Biele) 0'(1)

3.3 Solution procedure

The extremely non-linear partial differential equations enforcing assumed physics are written in
dimensionless form and then transformed by selecting appropriate transformations into a set of
similar ordinary differential equations. Equations (3.7 — 3.9) are the transformed differential
equations and (3.10) represent the considered boundary conditions. The proceeding step is to
work out a solution to the above equations numerically. The equation governing linear momentum
is an ordinary differential equation of the fourth order, while the equation of energy and angular
momentum are ordinary differential equations of the second order. Five new dependent variables
u,v,w,q,and mis introduced to convert the governing system of equations into a set of first-

order ordinary differential equations, which are given below:

f'=u (3.11)
U =v (3.12)
v =w (3.13)
9 =q (3.14)
0’ =m (3.15)
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!
w ——
0,

1 1 1

1
w0 +—w'0*+—wm+_—vm' ——wmb ——vm'0 + —vm?* — Ha*v

r T HT r r r

2 1 3
+ H—Hazvﬁ - B—Hazvé?2 — A;Snmw — 34,Sv — 5A;Suv — A, Sfv + 9—A1577W9
T T r

9 15 3 9 15
+ —A,;Sv6 + H—AlSuvﬁ + B—AleUH — FAlSUHZ — FAlSuUHZ
r

97" r T r

3 2 1 3 3 3 5 3 1 3
—FAlevé? +FA15U9 +FA15179 +FA15U179 +FA15]CUH

r T r r r

1 2 2 5 2 4
+—A,Snvm + H—AlSum + 9—A15u m— FAlSnva — FAlSumB

97’ T T T T

4 1 2 2
—— A Su*mb + — A, Snym6? + — A;Sum6? + — A, Su*m6? + Ky (w
T 97" HT 97'
- 0 + ! 0% + - 6q + ! 62q) =0
97- 9 2 q HT q HTZ q

T

(3.16)

1 1 1 1 1
q ——0q +-Kq ——Ki0q' + —6°q" + —mq
0, 26

2 0, 6,

r

+ZSK< 2 9+1 6% —2 +4 6 2 92>
V——V —v0° — —g0 ——
1 07' 97-2 g Hrg erzg

2 2 6 2 1
+ A4S <fq —f9=39-na -5 fa0+5-fg0 +5-gb +o-nqb + 5fq6?
r r r r r

1

— —fg@z — iggz — inq92> =0
0,2 9,2 0,2 (3.17)

A,m' — Asmm — As;fm =0 (3.18)

The associated boundary conditions are:

v=0, f=0, q=0, m=0atn=0

u=0, f=1 g=—-Nyf"(1), 6 =1latn=1

We now find the finite difference replacement, which will switch a set of algebraic equations in

place of the above differential equations. For the purpose, we reconsider the working domain as a

rectangular net in the (x, n)-plan as in Figure 2.2.

34



Applying the finite difference scheme as discussed in chapter 2 on the above system of equations.

The first five equations are discretized by centering at (x%,7 j—1/2) where the last three equations

are discretized by centering at(x!~1/2,n j—1/2)- The resulting system of equations becomes
i _ fi hi i
fi =t 3@ +uly
i i hi i
up =uj_q + E(Uj +vj_4)
i i hj i
v =vji_4+ ?(Wj +wj_q)

N
gi=gi_,+ %(q,‘- +q5_y)

. . h; ) )
6?]-‘ = 9]-1_1 + E](m} + m}_l)
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(3.20)

(3.21)

(3.22)

(3.23)



[(Wj —wi-1) 1 (w—wi) (6 + 6-1)° 2 (wi—wia) (6 +6-1)

h; 0,2k 4 o, N 2

L1 W +wis) (my +mje) 1 (wy+wyo) (6 +6;-1) (my + my—y)
0, 2 2 9,2 2 2 2

L (v +v-1) (—my—a) 1 (v +v-0) (6 +6;-1) (my —myy)
o, 2 n; 0.2 2 2 n;

2
1 (ytya)(m+mi)” Ha? (v +v-1)
6,* 2 4 2

2
+ 2y (v +v-1) (6 +6-1) A e (vj +vj-1) (6; + 6j-1)
b, 2 2 0.2 2 4

(W] Wj— 1) 3 (vj + ”j—l) (fJ + fj—l) (Wj + Wj—l)
2 — 415 2 A4S 2
(wj +wj_1) (6 +6,_1) . 9 (v +v;_1) (6, +6,_1)
Yo A Sn-—— IR S z

_3 . (fi + fi=1) (W + wj—1) (6; + 6;-1)
9, * 2 2 2

3 (w; +wies) (8 + 6;-1)° 9 (v (6 + 6-1)°

— A,
6.2 13 4 202 2 4

- Alsr’

(f1+f1 1) (W +w;_1) (6, +6 —1)2
2 4

+—A S
g2 "
4 ig/hSU (wj +w;_1) (6, +6 )

r

(v; +v;_1) (6 + 9]’-1)3
2 3 "2, 3‘415’7 2 8

(fJ+fJ 1) (v +v;-1) (6, +6 —1) N
93 2 2 8

(wj +w;_1)
2

Ki(

2 (witwi) (6 +6-1) L L (w; +wi—s) (8 + 6j-1)° N (q; +4j-1)
0, 2 2 9,° 2 4 2

24+ a-) (G +G) 1 (4 +4-1) (646 )
6, 2 2 ez 2 . o1/

(3.24)
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(aj—a;-1) 1(aj—aj-1) (6 +6-1) L1 (g-gqj-) 1 (a5—a-1) (6 +6-1)

h; 0, h 2 21 h; 5, 1 hj 2
Lt K, (4= 4-2) (6 + 6,-2)° L (m; +mj—1) (a5 + q;-1)
26,2 h; 4 0, 2 2
(vi+v-1) 2 (w+v-1)(6+6-1)
+ 25K, ( A z
2
1 (v;+vi_1)(0; +06;_ 1
+ F( : > =) (& 4] JA (9)+9j-1) +0—(g,- +9j-1)(6; + 6;-1)
T T
1 (6, +6,_1)°
EPRRCEES

+ A4S <(f,- +2fj—1) (q +2q1'—1) (5 +2fj—1) (g +29j—1) 3 (g +2g]-_1)

. (0 +a;-1) 2 (fj+fi-1) (a + 45-1) (6; + 6;-1)

2 0, 2 2 2

4 2 (fj+fi-1) (6; + 6;-1) (9; + 9j-1) N 6 (g;+9j-1) (6 +6;-1)

0, 2 2 2 6, 2 2

2

N 377 (q; +j-1) (6; + 6;-1) L L (fi + fi-1) (4; + 4j-1) (6; + 6;-1)

0, 2 2 9,2 2 2 4
1 (fi+f-) (6 + 6-1)" (9;+9)-1) 3 (gitg-)(6+ 6-1)"

02 2 4 2 02 2 4 (3.25)
1 (gitai-)(g+ 6-1)° N

6,2 2 4 BTG

A, (m —}:nj—l) A (my +2m]-_1) 4, (; +2f,-_1) (my +2mj—1)]i =Py (3.26)

]

Where
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2 1 1 1
—12 = —lW), 1= W'0), 1+ o5 (WO, 1 4o (wm), 1+ o (vm'),

0, 2 - 2 - z O 2

1 1 1 2
o o / _ 2 _ 2 _ 2
> (WmH)j_l P (vm 0)],_1 + P (vm )j_l Ha vt 7 Ha (v@)j_%

. z 0, 2 0, 2 2 Ur

1
——Ha?(wh?) 1 — A, S(mqw). 1 —34,Sv. 1 —54,;S(wv). 1—A;S(fv) 1
7] =3 =3 =3 =3 =3

r

3 9 15 3
+ e—rAlS(nWH)j_% + 97‘415(”9)1—% + e—rAlS(uUG)j_% + Q_rAls(fve)f—%

9 15 3 1
_ 2 _ 2 _2 2 _ 3
P > A;S(vo )j_l P > A;S(uvb )j_l P 5 A;S(fvo )]-_l+ P s A1S(n6 )j_%

T 2 T 2 T 2 T

+3AS 03 +5AS 03 +1AS 03 +
o3 15(8°), 1 P 1S(wv?), 1 P 1S(fv )j_%

T 2 T 2 T

1
g AuSGrvm), 1

2
+ —AlS(um)j_l +
)

2 2 4
£ 2 _ 4 _*
7 A;S(u m)j_% 5 2A1$(nvm9)j_1 P 2A15(um9)j_%

Hr r 2 T

4-AS 2mé +1AS B +2AS 6?2
0.2 1(um)j_1 0.3 1S(mvm )j_l PE 1S(um )j_%

T 2 T 2 T

2 2 1
- 2 2 - _ 2
+ o3 A;S(u*mo )j_% + Kl(wj_% 5 (WG)],_% + 5.2 (wo )j_% + qj_%

r

2 1 2 i—1
g (961)]._% + 02 (6 Q)j_%)] (3.27)

1 1 1
—la',_1—5-(0q"),_1+5Kiq',_1—2-K(69), 1+
2 2

21 -
5 (000, 145K 1~ (070", 1+ 5 (ma), s

292

2 1 4
- - 2 — —
25K <"j—% 5, "0yt gz W0 129, 1t (96), 4

2
9 2(99 ) )
2 2
+ 4,8 ((fQ)j_g - (fg)j_g - 391._1 - (nq)j_l e (fqé?)]._1 + 7 (fgé?)j_g
—(g9) 1 +—(nq9) a1 F(quZ) 1- —(fg Y, - 9—(g92) (3.28)

T

E (nqez)] ;)]
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P12 = —[A,(m"). 1 —Asnm__ 1 — A3(fm). 1]i_1
J=3 J—3 J=3

o_r)

Since the superscripts “i” represent unknown terms and “i — 1” represents terms that are already

known, where 0 < j <] shows the number of iterations along 7 direction. Hence M;_;,, and

N;_,/, and P;_, , contains only known terms.

We now incorporate Newton’s linearization technique. We replace f,u,v,w, g, q,0 and m by
f+déf,u+du,v+dév,w+3déw,g+6g,q+6q,0 + 50 and m + dm respectively, and write

the resulting equations into the form given below:

hy

8fj = fj-1 == (8u; + 6uj_q) = (11);
h;

511,]' - 5uj_1 - ? (517] + 617]'_1) = (rZ)j
h;

) (6w; + 6wj_1) = (13);
h;

6g9; —69j-1 — ?(5%' + 5%‘—1) = (1)

hj

(al)jSUj + (az)j6vj_1 + (a3)]6u] + (a4)j5uj_1 + (a5)15f] + (Cl6)j6f}'_1 + (a7)]5W]
+ (ag)jdwj_1 + (aq);66; + (a4140);660,_1 + (a11) j6m; + (a12)j6m;_q

+ (a13);09; + (a14)j69j-1 + (a15);6q; + (a16)j6qj-1 = (76);

+ (bs)jSWj—l + (b9)j69j + (blo)j69j—1 + (b11)j5mj + (blz)j6mj—1
+ (b13)j69; + (b14)j6gj—1 + (b15)j6q; + (b16)j6qj—1 = (17);
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3.31

3.32

3.33
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(cl)jé'vj + (cz)jé'vj_l + (63)]-6uj + (C4)j5uj'_1 + (C5)]6f) + (Cﬁ)j(s‘f}_
+ (cg)j6wj_q + (¢9) ;60 + (C10) 661 + (c11) jOm; + (¢12) j6m;j_y + (c13)69;

+ (€14)j6gj-1 + (€15)j6q; + (€16)j6qj—1 = (13);

The above system of linearized equations is now set into matrix-vector form as:

Ap =R

A is a block tri-diagonal matrix system given below:

[[A]  [Gi]
[B1] [A:]
L )
[Bi1]
(I (),
[R (rZ)j
= 2 [R i | ,where [6,] =

o1l Limy ),

[Gj-1]

[4)] |

1 + (C7)]6WJ

This system is then solved with the block elimination technique by splitting A into a lower and

upper triangular matrix and implementing matrix algebra. This very last step is programmed in

MATLAB.

For the purpose of solution verification a numerical comparison with C.Y.Wang[40] is

presented, who solved the squeezing problem with the same conditions by a series solution

method. Statistics obtained in both studies are in very good agreement with each other as can be

observed in Table 3.1.
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Table 3.1 Comparison Table for velocity gradient near the plates Ha =0, Rd = 0,¢ = 0,

S '@
C. Y. Wang[40] Keller Box
—0.9952 —-2.410 —2.13709
—0.4997 —-2.7161 —2.53844
—0.100 —2.9452 —2.86887
0.0 —-3.000 —2.95249
0.11576 —3.0622 —3.05085
0.4138 -3.2160 —3.31582
2.081 -3.910 —4.9530

3.4 Graphical Results

Computational results are plotted using MATLAB plot facility and with Tecplot software. These
graphical results represent the behavior of quantities of physical interest such as temperature,
velocity, Nusselt number and Skin friction with various parameters that are considered in the
problem.

Figure 3.1 and Figure 3.2 depicts the streamlines pattern and velocity vector behavior of the
assumed flow situation respectively. The flow is analyzed in the region between the origin and
plates. Since origin split the channel into two symmetrical geometry with identical flow conditions,

the graphical results are plotted only for one portioni.e 0 < n < 1.
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Figure 3.1 Streamlines patterns
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Figure 3.3 Velocity distribution profile with
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Radiation parameter

It has been observed that for squeezing plates the flow momentum away from the origin is

strengthened with the magnitude of the applied magnetic field. Fluid velocity is maximum near

the origin while it reduces toward the solid walls. S > 0 represents the case when both plates move

towards each other. Evidently from Figure 3.4, the velocity distribution in the field rises with

values of the squeezing parameter. The behavior can be justified with the development of pressure

by the moving walls on the incompressible fluid material. The cohesive forces of the fluid material

enhance the resisting strength of solid boundaries, the velocity profile as shown in Figure 3.5 falls

with the rise in the magnitude of the viscosity parameter. Since viscosity is inversely proportional

to temperature, the loss of heat through radiation amplifies the cohesive forces. An increase in

radiation parameter, therefore, resists the flow. The same is the case with the micro-rotational

parameter as the rotational inertia affects the linear flow potential inversely.
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Radiation parameter

Fluid temperature is lowest near the origin while it is maximum at the solid boundaries. The

temperature distribution of the fluid decreases for squeezing parameters and enhances for rising

values of volume fraction and radiation parameter. Figures (3.8-3.10) are plots for temperature

profile varying with different physical parameters.

44



50

T T T T T T T T T 110 T T
—==Ha=2.0 R —==K=0.10 R
45{|—=-Ha=4.0 N | 100{—--K=020 PN
Ha=6.0 LTINS K =0.40 ’ N\
. r G NN I 4 (Y
w||===Ha=80 7 K4 . N ] 90 ==K = 0.60 Vi \
~--Ha=10| 7 ,/' = W\ |=--K=080 , \
ssl=--Ha=12| /7 e AN ] 00f=--k=10 | ; \
// & N WA K ’_---..,\ '
Ly . [} 70 b / - ~ \
30t ll;l /' \\ ‘\\\ E ,' /'/ \‘\ ‘\
I/ + - — AY “\ A # £y Y
E /7 4 ,’1/’--""" o W 360 A Ny
S 25 e ’ AN ‘\‘\\\ N ;7 7 AYRY
S I Na, Sh L NS
/ L 'b s \\\ ! v\
20 r/" K N\ ol : / \
/l/' " D0 \‘\:\ 40 y / ‘\ \‘
Iy A% ¥ ——.
15 ’{,";I ), W w0l 'l‘, /_,— _____ --..._._.\ \ \
ﬂ' > i If R - Crt —Tma '\
oy DR ARt R N
0F g \ \!\ 1 20t Iy 72027 W\, v\
4 N I e o
', N L & /"' - \\ |
S’j' 6 =-10, $=0.05Rd=5S=3,K=1 1 10 3;'9’ §r=-10,Rd=5,Ha=3,S=3,¢=0.05'\‘§“‘&
P
Gﬂ 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 1] 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Figure 3.11 Angular velocity variations with Figure 3.12 Angular velocity variations with
Magnetic parameter Micropolar parameter
16 ' ' ‘ 45 .
_--€r='2 _ —wmRd =1 ”-—-b\\
14| ===0.=-3 RS ] 40 —--Rd=3 < A
g =-4 l/ \\ Rd=5 I/ A Y
r- p/ \s ===Rd=7 a’ Pl M ‘\
12 ___gr=_5 ’/ \‘ 4 35| mueRd=9 ’/ /‘/ “ \\
= 4, \\ —==Rd=12| / / ~\ \
10 Br'_ 9 V "_____“\ \‘ 30 '[ /' \‘ Y
I ’ a/' ‘\‘ \\ tI /’ \\ ‘\
~ g '/ K4 N \\ —~ 25 'I /‘ ———— \‘ ‘\
& r7 A S ¥ ST el N \
N ./ e m——— \ . 20t v Rt R \
!y - “~ O Y ) / Vg NN A
33 6 It '/ ‘/0 -~ \ ‘\ ,,__ /,'//,/ o3 \\\ ‘\\‘
-~ LY -
e Soo M 15 ol gl N
4 ’/ f’ N, *, 1/ A \\\ ‘\
LRy s\ A re LAy \\‘} \\
I/ - * \ ’I "(/ \: ]
V4 N L wf Ay AR\ e |
2 I/ * -'--—-—-_.-""'- A \ A II#’” \\‘\\"
[;"',,"a"‘""-"""'--. ""h.,h‘ \‘ \“ i: ~'/ ¥ {
f == “."‘s. \“‘M \\\\\‘ s I." \ |
o ~. S \’\':‘. 4 6 =-10,4=0.05K=1,Ha=4,5=3 k"
\ -
#=0.05Rd=1,Ha=4,5=3 K= 1~«_ ""'--.3 of %
] T pp—— * * * *
2 . . .
0 0.z 04 77 0.6 0.8 P 0 0.2 0.4 77 0.6 0.8 1
Figure 3.13 Angular velocity variations with Figure 3.14 Angular velocity variations with
variable Viscosity parameter Radiation parameter

Figures (3.11-3.15) are the Angular velocity profile of Micro-rotations plotted with respect to
different parameters. Angular velocity profile attains its maximum amplitude in the very middle
of the region while it reduces towards the solid boundaries. A flow reversal phenomenon can be

seen as exhibited due to the rotational inertial very near to the plates. Similar to the case of linear
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velocity profile angular velocity increases with rising values of the magnetic parameter while it

decreases with values of micro-rotation and radiation parameter. Strength of viscosity and

squeezing on the other hand work differently as it does with linear momentum.
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Figure 3.21 Skin friction versus variable Figure 3.22 Skin friction versus

Viscosity parameter Magnetic parameter

Angular velocity profile increases with rising values of variable viscosity parameter whereas it
decreases with values of squeezing parameter as can be seen in Figure 3.13 and Figure 3.15.
Figures (3.16-3.18) are graphical results of Nusselt number versus volume fraction with variation

in magnetic parameter, radiation parameter and squeezing parameter. It can be seen that
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temperature gradient very near to the solid boundary increases for increasing magnitude of
magnetic and squeezing parameter whereas it decreases for radiation parameter. Figures (3.19-
3.22) are graphical results of the Skin friction versus volume fraction parameter. Skin-friction
coefficient drops in magnitude for rising values of Hartmann number, curvature parameter,

variable viscosity parameter and squeezing parameter.
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4 Carbon Nanotubes based nanofluid flow over a

stretching Curved surface

4.1 Introduction

The impact of temperature dependent viscosity on the dynamics of pressure-driven nanofluid flow
is examined in the present chapter. Considaration is provided for the application of uniform
magnetic field along the direction radial to the curvilinear surface. The physical scinerio is
embedded successfully by the classical continuum model of Navier stoke’s. For mathematical
simplicity the governing set of equations are cut down in size by knocking out the terms of less
significance. The process is known as boundary layer approximation. Appropriate tranformations
are incorporated on the differential equations that translate the system of partial differential
equations into a similar set of ordinary differential equations. These are ordinary differential
equations of extremely high non-linearity, which are workout numerically by the implicite, second
order finite difference method. Graphical and numerical results depict the impact of temperature-
sensitive viscosity and other physical parameters on the flow of nanofluid. The parameter of
viscosity apparently resists the flow velocity and increases nanofluid temperature distribution. The

Skin friction near the boundary wall is also raised by the viscosity parameter.

4.2 Mathematical Description

Let us assume a two-dimensional flow of a nanofluid on a curvilinear solid surface with radius R.
Nanofluid is asserted as incompressible and exhibiting steady flow. Flow is analyzed in
coordinates r and s as set out in Figure 4.1. Surface stretched velocity is inferred as U, along
s — direction. A steady and invariable magnetic field acting on the fluid along r — direction is

taken with strength By,.
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(r,v)

(5,u)

0

Figure 4.1 Functional diagram

The governing equations in curvilinear coordinates are given as:

RE+Z[(r+R)w] =0, (4.1)

v _ ) =24 1 (4-2)
Prf (U or TR T U (r+R) as) = "o T emor <(T + Rty 5 ) +
R 0v u

R i( (& R a_”_L) ( v _ _u
(r+R) s Hnr 5y (r+R)ds T+R r+R””f or (T+R) ds r+R’’

a_u R a_u uw) __ R ap 1 R Ov (43)
Pus (‘U ar tu (r+R) ds + r+R) - (r+R)E + (r+R) or ((7" + R)'u"f(ar (r+R) as
u a R du v\ 2
r+R)) + (r+R) 0s ( nf((r+R) ds r+R)) 0B u
ar R 0T _ 9°T 1 T (4.4)
+ (r+R) as Unf (61'2 (r+R) ar)

u represent the velocity along s while v shows the velocity of the fluid in r — direction. T is fluid
temperature. The pressure distribution is depicted with the symbol p , which is not ignorable in the
case of the curved surface. The effective density, viscosity and thermal conductivity for chosen

materials are computed as it is taken in previous chapters.
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We now intend to write the above equations into non-dimensional form by introducing some

. . * * R * *
variables. i.e.: s* =3 R ==, r'= z , P* = P ———, where L depicts the horizontal length
L 1) ) PnfUco

scale, § is the boundary layer stiffness at x = L, we obtained an estimate of it by taking (%) =

O(Re_l/ ), where R, = %, Uy is the uniform fluid velocity aligned in s-direction.

The incorporated boundary layer approximation reduces the governing nonlinear partial

differential equations to the form given below for very large values of Reynold number.

u?\ _ op (4.5)
Pnf (ﬁ) ~or
Ly (R Yo, R O Puy 1w _u (4.6)
Pns (U or tu (T‘+R) ds + r+R) = ~Pns (r+R) 0s + Hns (Orz + (r+R) or (r+R)2) +
Oty (Ou _ _
r ( (r+R)) O-BO
or, R OT_ (9T 1 or (4.7)
+ (r+R) 0s - unf (6r2 T (r+R) ar)

The relevant boundary conditions:

u = Aas, v=0, T=T, at r =20,
ou
u-0, =20 T=T, at r— oo.} (4.8)

Choosing suitable similarity transformations and introducing dimensionless functions f, 8, and

similarity variable 7

T —T,
u= an (77) V= _—\/ avoof(n) 0 = m 1= \/%r'p = pnfazgzp(n) (49)

The associated momentum and the energy equations given in Eqs(4.5 — 4.7) are transformed to
the following partial differential equation given below by applying suitable similarity

transformations above:

op _ 72 (4.10)
an n+k
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= 1_%) - (n+k) Gr(l—%)z + gr(l_ei;)z + (n+x) 91‘(1—9%) —

ZK ( ) i f”’ 1 f’e’ f”9, 1 f” (4-11)
(n+x) A (

(m+x) (m+x)

1 i 1 K " 12 1 /
—<n+x>z@—M1f>+ (" =+ s

T

L 9 +pr2X_fo'=0 (4.12)

124 =2
9 + (77+K) €1 (T]+K)

Using (4.10) into (4.11) we get

. (4.13)

i (n+1) f anl +2(77+K)f”,29’+ fllgl _ flell _ Zflgl 3+

0 6

NG 0D el el g e-a)

m+r"e" | 2@rre’ 1 f" (D L U i )

wlig) " wegy TG o) m gy

+10f") | = e(ff" = ff) + s (= mm f = %) = 0

ny 1 g pr&_ K o 4.14
0" + s+ Profo' =0 (4.14)

The transformed boundary conditions are given as:
f=0 f=1606=1atn=0
f'-0, f">0 6->0as n- oo

We are also interested in finding the skin friction coefficient Cr near the boundaries which can be

T

w ou u
PfooUwz,

written as Cy = where 7,, = ¢ (5 + —

) |r=o ,» Using the above relations we have

1

CReV/? = — —
fhes —zs(q_ L
(1-¢)25(1-5-)

(f"(0) + %), where Re; = 5% §s the local Reynolds number.

Vfoo
4.3 Solution Technique

Navier-Stokes’ classical model is embedded in the considered physical situation. The terms with

relatively no impact are then drop out using boundary layer approximation. The governing
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equations are highly non-linear coupled partial differential equations. These mathematical
assertions are written in dimensionless form at first stage and then converted into a set of ordinary
differential equations by inducing a few new variables into the system. We now are interested to
solve these similar equations with an implicit finite difference numerical technique. The obtained
regular, nonlinear differential equations are transformed into a series of ordinary differential
equations of the first order. The system then is discretized with a central difference scheme
followed by linearization by Newton’s linearization method. This linearized system is then set into
a tridiagonal matrix form. Matrix algebra following the Block elimination technique is
programmed in MATLAB to execute the very last step. The method we have incorporated on our
problem is well known as the Keller box scheme. The present problem is also evident in scheme
effectivity on complex situations since governing equations are highly non-linear and can merely
be solved with conventional techniques. Keller box executed the solution with very much freedom
of choosing the desired values of involved parameters. A comparison study with previous literature
is also presented to validate the solution obtained from the above mathematical technique. Table
4.1 shows numeric obtained by the present scheme as well as by previous work of Rosca et al.[41].

Both of these results are in very good agreement with each other.

4.4 Results and Discussion

Graphical and Numerical results are determined in the presence of different physical
parameters. The main theme of our work is to find the behavior in the presence of

temperature-dependent viscosity.
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Figure 4.2 Pressure distribution versus Figure 4.3 Pressure distribution versus
Curvature parameter Stretching parameter

Equation (4.11) can be solved to find dimensionless pressure readings. Figure 4.2 and Figure
4.3 shows plots of pressure variation with curvature and stretching parameter. A decrease in
momenta is evident from the graphical results as the magnitude of the variable viscosity parameter
is raised, while the magnetic parameter absorbs the opposite behavior as shown in Figure 4.4 and
Figure 4.6. Velocity variation with volume fraction of the curvature and carbon nanotubes can be
seen respectively in Figure 4.7 and Figure 4.5. From the results it is shown that the velocity profile
decreases with an increase in curvature parameter, while an increase in velocity along s-direction

1s observed with the increase in volume fraction of carbon nanotubes.

54



09 0.9 --g=0.01
—$=0.08
(7] L1 Y @=0.15
orfk 0.7
|
[ X3 ] 0.6
= L =
05 i ~o05
S, [ -
i
04 'l.l 0.4
\
0.3 \ M=2.0, x=5.0, $=0.05 0.3+ M=3, k=50 =1
W
02 \ b 0.2 “‘
01 “. A\
- . 0.1 R
of Yo B S
4.1 R 0.1+ T
2 4 [ ] 10 12 18
7 1 2 3 4 5 n ¢ 7 8 9 1

Figure 4.4 Velocity variations with variable

Figure 4.5 Velocity variations with
Viscosity parameter

Volume fraction parameter

. i
0.9 ===k =20
0.8 —r=25
----- £ =30
0.7
0.6
~ 051
£
. 0.4 6,=-5M=5 $=0.05
0.3
0.2
011
OF STt
' ‘ ‘ ‘ , -0.1 :
1 2 3 4 5 7?6 7 8 9 10 11 12 1 2 3 4 5 6 7 8 9 10
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Figure 4.7 Velocity variations with
Magnetic parameter

Curvature parameter

Figures (4.8-4.11) show a variation in Temperature with various parameters including viscosity

parameter, curvature, volume fraction and magnetic parameter.

In Figure 4.8 it is shown that the fluid temperature rises for ascending values viscosity parameter.
As the abundance of solid particles increases the thermal conductivity of the nanofluid also rises,
it can be validated from Figure 4.9 that a rise in the volume fraction of carbon nanotubes increase
the distribution of temperature in the fluid. Similarly , with the raising values of both magnetic and

curvature parameters, the temperature distribution within the fluid increases as can be seen in
Figure 4.10 and Figure 4.11,
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Figure 4.12 and Figure 4.13 shows the variation of velocity gradient with curvature and

stretching parameter.

56



kadi! ---k=20

sk — =25
\ £=3.0
0.4
9.=5 M=5¢=005
0z

"t

0.2

0.4

0.6

Figure 4.12 Velocity gradient with

Curvature parameter
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Table 4.2 gives numeric for values of dimensionless shear stress near the wall. Readings indicate

that skin friction increases both for the growing degree of curvature parameter and with the

.Increased weight of the viscosity parameter

Table 4.1 Comparison Table for —CfResl/2 with different values of the curvature parameter.

A=1,M=0, $=0.0, 0, >

K Rosca et al.[41] Present results
5 1.15076 1.20000
10 1.07172 1.10000
20 1.03501 1.05001
30 1.02315 1.03331
40 1.01729 1.02503
50 1.01380 1.02001
100 1.00687 1.01002
200 1.00342 1.00504
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1000 1.00068 1.00100

0 1.00000 1.00000

Table 4.2 Numerical values of —C,Res‘l/2 with different values of curvature and variable viscosity parameters.

A=1,M=2 ¢=0

K 6, = —3 6, = —5 6, = —10 6, = —15
5 1.02312 1.13681 1.24017 1.27892
10 0.93787 1.04208 1.13682 1.17234
20 0.89524 0.99472 1.08514 1.11906
50 0.86966 0.96630 1.05414 1.08708
100 0.86114 0.95682 1.04381 1.07642
500 0.85432 0.94924 1.03554 1.06789
1000 0.85347 0.94830 1.03450 1.06683
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5 Unsteady flow of a CNT based nanofluid over a

porous shrinking curved surface

5.1 Introduction

This chapter represents the study of a carbon nanotubes based nanofluid flowing over a curved
shrinking surface. The surface is considered to be permeable. An unsteady magnetic field acting
along the radial direction is also considered. Navier-Stokes model for viscous fluids is used to
embed the physical situation. Curvilinear coordinates r and s are introduced to model the
problem. The dependence of viscosity on temperature makes the proposed model highly non-linear
and coupled with the energy equation. Consequently, the resulting non-linear partial differential
equations are first reformed by proper transformations into a set of ordinary differential equations,
and then numerically addressed by the Keller box method. This study reveals the existence of dual
solutions. Graphical, as well as numerical results, are obtained for both the solutions. It has been
observed that there exists a point called a critical point for certain parameters about which either a
single or dual solution exists. On this very specific point, however, no solution exists. Graphical
results are obtained to study the variation of these critical points with respect to different involved

parameters.

5.2 Mathematical description

The radius R of the curved shrink surface depends on R(t) = RyV1 — at, where R, is a positive
constant, as shown in Figure 1. For accelerated sheet @ > 0 whereas for decelerated sheet o < 0.
The sheet is shrinking with the velocity U,,(s,t) in s-direction at t = 0. The fluid is electrically
conducting. An unsteady external magnetic field B(t) = By(1 — at)/?is applied along r —
direction while the induced magnetic field is negligible. The surface is assumed to be permeable

with mass flux velocity 1, (7, t) which corresponds to the suction/injection of the fluid.
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Figure 5.1 Flow diagram

The governing equations can be articulated as:

Z[v(r+R)]+R==0, (5.1)

o _u* 9w, v RY\_ _9 1 8 @)
pnf <0t r+R+v6r+u05(r+R)>_ 6r+(r+R)6r('unf(r+R)6r +

(5.2
R 0 ou u R 0v 1 ou u R 0v
GR) 25 (ﬂnf G-t em z)) ~rinter (G ~ Tt Gemas)
u w 0w (RYOWN___R 9. 1 0 (2o
'an (6t + r+R T or tu (r+R) 65) - (r+R) 0s + (r+R) or ((T‘ + R)ﬂnf or T+R + (5 3)
R_on\\ R o, (v R ow))_ p
(r+R) as)> + (r+R) ds (’“"f (r+R + (r+R) 65)) oBu,
o, LOT L R OT_ (9T 1 or (5.4)
ot tv ar = (r+R)ds Onf (6r2 (r+R) 67")'
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ou (5.5)
0 .

A >0, represent stretching and A < 0 is the shrinking parameter. The stretching/shrinking

velocity is given as:U, =as, in which a is positive constant. Also,

V, =— (f_: ———S§, represents mass transfer through the surface, for the suction S > 0 and for the

injection S < 0.

For large Reynolds number, Egs. (1) to (5), are reduced to the following

ur _op (5.6
pnf (r+R) o ‘
R \ou R dp 0%u 1 Ju u
Pus ( + m tv + (r+R) 85) “Pnf i) (r+R) 0s + Hns (ﬁ + (r+R) or (r+R)2) +
(5.7
Tor (r+R)
R 0T a*r 1 or (5.8
+ + (r+R) as = Onf (67‘2 + (r+R) ar)' '
1 Weo g T=T, t 0 ‘
U=A"0 V=—|7——=, = a r =20,
(1 - (Zt) (1 - (Zt) W } (59)
0 Mo, T=T, at
u=20, — =0, =l a T — 00,
or )

By using the following transformation

_ as , _ R av o= T —Ty )
e L I e Tt ey 5.10)
’
3 ’ a _ pppa’s®
= Voo (1 — at) " p= (1 — at)? P(m )

Equations (5.6 — 5.8) are transformed into
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or _ S12 (5.11)
o n+r’

2K ( )_i( fIII _ 1 flgl + fllgl + 1 f” _ 1 fl _
- 2 2 2] 6
(+x) A (1—9%) (+x) gr(l_e%) gr(l_ge;r) (n+1) (1‘97) (+1)? (1‘97)
. (5.12)
M1f>—ﬁ( ) s (= R s ),
From Egs. (5.11) and (5.12), it follows that
i (TI'HC)fw Zflll Z(n_l_K)fIIIeI fllgl _ flell _ zflgl + (T]+K)f”9”
6 ] 2 2 2 3 2
w\ () (%) a(-3)  a(-g) e(3) &(7) ()
2(+1)f"'0’ f ' r'e’ ' " (5.13)
- + - -M(f +m+f") | -
6,°(1-2) (7)o (1-g)a? gaoe,(1-2) S
3 rn 1 rn 1 n ! recrr n n
ﬁ(g(n+l<)f FInf A O ) = k(= )+ s (-
12
s [ = 17) =0
1 €, K €\ B 5.14
9”+—9’+Pr(—) 9’—Pr(—)— 6' =0,
CED) )’ &)2"
f=S, f' =2, =1 atnzo,} 5.15
f' -0, f'" -0, 6 >0 asn— oo,

Where M; = (1 — ¢)?>M?. The coefficient of Skin friction is defined as Cr = %, in which

Pfoolw

du

w = Unf (ar r+R) |-=0, that consequently lead to CfReS ) (f"'(0) — —) The

e 5(
2
local Reynolds number is given by Reg = :L . The properties of involved physical parameters
foo

have been presented in Table 2.1.
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5.3 Solution procedure

In the innovative Keller Box method, four new dependent variables namely u, v,w and m are

familiarized to reduce the Egs. (5.13) and (5.14) along with allied conditions given in Eq. (5.15)

beneath as:
f'=u, (5.16)
u' =, (5.17)
v =w, (5.18)
0’ =m, (5.19)
1 (n+K)9w' ZWG +2(n+1€)w7;1+ vm - um’  2um n (11+K)vm; n

z(r(:(igrg B (1—9%1)}(77%) * (1—9%)11(11%)2 - (n+rc)::€1—9%)2 Mt G |- (5.20)

B (S m+rv+ %nv + %n(n + Kw + u) + k(fw —uv) + (nic) (fv —u? -

(n-lmf”) =90

m' + (niK)m + Pri—:(n:c) fm— Pri—ignm =0, (5.21)
=S, u=A4, 6=1 at n=0,} (5.22)
u-0, v -0, 6-0 as n - oo

The schematic structure of mesh points in a rectangular plan is already shown in Figure 2.2. The

coordinate’s position is indicated by the numbers i and j. The finite-difference form of any point
. i 1 ; ; - 1 . .

will be ()12 =7 [()j-1 + ()] and( ); 2 - 10)j '+ ()}]. Consequently, the first four

equations are discretized by placing at (x‘,7 j—1/2) Where the last two equations are discretized by

fixing at (x' /2, n;_1 ).
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. . h; . )
f = fo 2 (g + ),
u=u_; + J( 1+ 7)),

i i hj i i
17]- = 17]-_1 + ? (Wj—1 + W] ),

N T .

The heat equation now can be written as

(mj=mj—1) | (mj+m;_q) e Kk (fj+fj-1) (mj+mj1)  Bne, (mj+m;j_,)
[ + Pr
hj 2(n+k) €1 (m+kK) 2 2 2€q
Nj-1/2,
Where N;_ [am : m,_ +Pr (fm) —Pr 2'877m 1]l L
12 = (n+K) €1 (n+rc)

where M;_,/, is the sum of known terms of the linear momentum equation.

momentum equation is discretized as done in the preceding case.

(5.23)

(5.24)

(5.25)

(5.26)

(5.27)

(5.28)

Similarly, the

In view of Newton’s linearization method. f,u, v, w,8 and m respectively by taking f + 6f,u +

ou, v+ ov,w + dw, 8 + 66 and m + dm lead to the following:
h
6fj —6fj—1— ?(&LJ- + 6uj_1) = (1),
hj
6U,j - 6uj_1 - ? (61]] + 6171'_1) = (T'z)j,
§v; — 8vj_4 (6w +6wj_q) = (13);

hy
59] - 69]'_1 - ?(Sm] + Smj_l) = (T4)j,
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(5.30)

(5.31)

(5.32)



(al)jé'vj + (az)jé'vj_l + (a3)j6uj + (a4)]‘6u]’_1 + (a5)]6f] + (a6)j6f}‘_1 + (533)
(a7)j5Wj + (as)j5Wj—1 + (a9)j69j + (alo)j59j—1 + (a11)j5mj + (alz)j5mj—1 =
(rS)jl

(b1)j6v; + (by);6vj_q + (b3)j6u; + (by)j0uj_q + (bs);6f; + (be)j6fj—1 + (5.34)
(b7)j6wj + (bg) j6Wj_1 + (bg);66; + (b10)j66;-1 + (b11) ;6m; + (by2);6my;—1 =
(Te)j-

In matrix-vector form:

Ap =R. (5.35)

If A is a block tri-diagonal matrix system, then

[41] [G]
[B1] [1‘.1.2] 5]
’ [52]
A= ) = |21
Y [ 5:] (5.36)
[Bi-1] [4j-1] [Cj-1] /
[Bi]  [4]
6wy ] [Ouj_4
(r); om, 86;_4 [R{] 538)
[Rj] = (7'2)] ,where [§,] = 21];11 , [6j] = gﬁ} R = [RZ] ’ 2<j<J .
(T6) dwy dw; [R)]
_5m1_ | 6mj |

This MATLAB based block elimination technique is employed to vet the presented results as a

second check and found an excellent agreement.

For the computational purpose, the step size of An = 0.001 is considered and the results are
obtained by setting the error tolerance to the order 107° in all the cases. Choosing the values of
involved parameters is critical when it affects the computational time. Another inevitable source

of error is the unbounded domain that must be finite for computational purposes. For numerical
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simulations the step size or boundary layer edge which would sufficient enough to attain the
boundary conditions asymptotically for all values of physical parameters is castoff,7 = 16. The
validation of results will be discussed in Table 5.1, which shows clearly that both the upper and
lower solutions branches agree excellently with [41]. In addition, we now also have checked for
the grid-independence of our solution. For the purpose, we increase the grid resolution by reducing
the step size by half and compared the numerical results with the previous one. These two results

are identical. Hence, we can regard our solution as a grid-independent.

Table 5.1 Comparison of f"'(0) for existing analytical and our numerical solutions

K> 0,=0S=2,¢=0M=0,

Rosca and Pop [41] Current study
A Upper branch Lower branch Upper branch Lower branch
—0.5 0.85355 0.14644 0.85355 0.14644
-0.6 0.97947 0.22052 0.97947 0.22052
-0.7 1.08340 0.31659 1.08340 0.31659
-0.8 1.15777 0.44222 1.15777 0.44222
-0.9 1.18460 0.61539 1.18460 0.61539
-0.99 1.089 0.891 1.08900 0.89100

5.4 Results and Analysis

Graphical results of different physical quantities like velocity, pressure, temperature and skin
friction profiles are executed in the below section using MATLAB software. Figures 5.3 and 5.4
represents pressure distribution in fluid with shrinking and suction parameter respectively. It can
be observed that pressure profile increases for raising the magnitude of shrinking and suction

parameters.
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Pressure variation with shrinking parameter Pressure variation with suction parameter

=-5.0,M =20, $=0.05 =100, #=-2.0, A =-0.5 |
sl 0,=-3.0, 4= 0.05, §=-2.0,5=2.0,M = 5.0 06 r ¢ " g

—_— A=-0.1

Figure 5.2 Pressure variations with Figure 5.3 Pressure variations with

Shrinking parameter Suction parameter

Figures (5.5-5.7) show skin friction plots opposite to the shrinking parameter. Graphic data shows
that the coefficient of skin friction decreases for the increasing curvature parameter and escalates
for the variable viscosity parameters both for the upper and lower solutions. For the suction
parameter, the lower and the upper solution skin friction profiles are in opposite conduct as can be
verified in Figure 5.7 Since the skin friction profile increases in the case of the upper solution
branch, whereas, it decreases in the case of lower solution branch. It is learnt that the critical value
of the shrinking parameter increases in the negative direction with the rising magnitude of the
suction parameter as shown in Figure 5.7. On the other hand, these critical values remain the same

for increasing curvature parameter and variable viscosity parameter as seen in Figures 5.5 and 5.6.

Figures (5.8-5.10) offer skin friction graphs opposite to that of the suction parameter. It was
revealed that skin friction profile decreases when increase in curvature parameter values occure,
whereas it increases with variable viscosity parameter. For the shrinking parameter, the coefficient
of skin friction increases for both the upper and lower branches of the solution. Although the critical
values, in this case, vary, as input for the shrinking parameter is changed. It is obvious and can be
seen from Figure 5.9 that when the extent of the shrinking parameter is increased the critical value
of the suction parameter also increased, whereas in the case of curvature and variable viscosity

parameter the critical points are invariant as noticed in Figures 5.8 and 5.10.
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Both the velocity and velocity gradient graphs with varous parameters are plotted in Figures (5.11-
5.14) for two different solutions. The velocity distribution decreases in magnitude for increasing
values of shrinking parameter, while the velocity gradient also increases with higher values of the
shrinking parameter as shown in Figures 5.11 and 5.12 for both upper and lower branch solutions.
The two solutions exhibit the opposite trend for the suction parameter in the velocity profile. The
lower branch velocity profile lessens in magnitude with the growing suction parameter values
while increasing for the upper branch of the solution as shown in Figures 5.13 and 5.14. For both
upper and lower cases, the magnetic parameter weakens the velocity distribution along r-direction

as evident from Figure 5.15 as well as along s-direction as can be seen in Figure 5.16.

The plots of Figures (5.17-5.20) represent temperature variation with different physical
parameters. It can be realized in Figure 5.17 that temperature rises as the curvature parameter
increases. The same is the case for CNT’s volume fraction as revealed in Figure 5.18. However,
the suction parameter reduces the temperature as noticed in Figure 5.19. From Figure 5.20, it can

be concluded that a rise in the variable viscosity increases the fluid temperature.
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14 Variation of Skin friction Coefficient with Curvature parameter
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5 Variation of Skin friction Coefficient with Variable viscosity parameter
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Variation of Skin friction Coefficient with Shrinking parameter
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Velocity and Velocity gradient with Suction parameter
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Temperature variation with curvature parameter
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6 Computational study of CNT nanofluid flow on a

curved surface with micro-rotational inertia

6.1 Introduction

This chapter provides a computational study of the nanofluid flow on the curvilinear surface in the
presence of the magnetic field. Carbon nanotubes are considered to be the solid constituent. The
fluid is viscous with viscosity depending inversely on the temperature of the fluid. Micro-rotations
and spin motions are also taken into considerations. Eringin micropolar fluids theory is used to
model the problem in the curvilinear coordinates system. The set of equations depicting the above
situations are non-linear coupled partial differential equations, which are first converted to a
system of ordinary differential equations and then numerically addressed using an affective finite
differential technique.Numerical and graphical results of quantities of physical significance are

presented and discussed, such as Nusselt number, skin friction, and couple stress.

6.2 Mathematical description

Let us consider a steady incompressible nanofluid flow on a curved surface as shown in Figure
5.1 Single-walled carbon nanotubes are taken as the solid part of the nanofluid with the viscosity
varying as an inverse function of temperature. U,, is the velocity with which the surface is stretched
while V,, represents the mass transfer velocity through the permeable surface. Though for
electrically conducting fluid the induced magnetic field is neglected, there exists an applied
uniform magnetic field acting along the r-direction. The fluid particles are assumed to possess
rotational as well as spin inertia. The equations below are derived using the Eringin theory of micro

fluids that can be regarded as a generalized form of classical Navier-Stokes theory.

The overruling equations in curvilinear coordinates are:

du d _ (6.1)
a‘l—a[(r-i-R)U] = 0,

73



ov u? N ( R )617
Pns "ar r+R ur+R ds

dp R 6( Ju R o0v u))

M"f(5+(r+R)as r+R

or (r+R)0s (6.2)
4 d @+ R) v 1 du 4 R 0Ov u
(r+R)or r bnfor | "7 + R“"f(ar (r+R)os 71+ R)'
( ou N uv N ( R )Ou) (6.3)
Pot\Vor v+ RT“\- ¥R/ s
B R 6p+6 ( +K)6u u K(?N B2
~ (r+R)ds or (fny + Ky or r+ R)) 1or 7w
] R \ON dN (6.4)
i ((57) 35 * v r)
S a(*( +R)6N) e "
~ (r+R)or v or 1 or (r+ R))
R 0T N T 1 4T N 0°T (6.5)
(r+R)os Var = %nf (r+R)or 0r?
The relevant boundary conditions are:
u= AU, (s) =V,(,t) T=T, at r=20
du (6.6)
u-0, — -0 T =Ty, at T —

or

N is the angular velocity of the fluid element, K; represent the micro-rotation viscosity of the fluid
whereas y* = j(lns + %) is the spin gradient viscosity of the fluid. j is the micro-inertial density.
U,,(s) is the surface stretching velocity, which is taken as U, (s) = as, a is a dimensionless
positive constant. A is a dimensionless constant known as a stretching parameter. For stretching
we only put A > 0 Also we have taken V,, = —/av,S, where S is a constant parameter that

represents mass transfer through the surface. Since we have considered the suction phenomena

throughout the study. For suction, we have § > 0.

Incorporating boundary layer approximation for very large Reynolds number values, the nonlinear

partial differential equations described above are reduced to the form given below.

pur (F57) = 22 (67)

r+R
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p‘l’lf (vz_‘l:+u(i)a_u+u_v) —_ R ap + (Mnf + Kl) arz aﬂnf u + aunfa_u_

r+R/ 0s r+R (r+R)6s ar (r+R) or or
ON _ _p2 (6.8)
K P oB“u,
( ( R )aN N 0N)
Prrl \"\7TR)3s TV or
S a< ‘o R) ) Ky(2N +—2 2
T (r+Ror Y 1( (r+R) or
oT R 0T _ 9T 1 9r (6.9)
U 4_(r+R)as ”f'(arz (r+R)6r)
The boundary conditions now are:
u = Aas, v =—./avyS, T=T, at r=20,
ou (6.10)
u-0, §—>O T =Ty, at T — o0,

Choosing suitable similarity transformations and introducing dimensionless functions f, 6, and

similarity variable 1

R T_Too
B A A ey
(6.11)
a 22
n=[7-T. P =ppa’s P(n)

The momentum and energy equations are transformed into the following system of non-linear

Ordinary Differential Equations by applying the similarity transformations above:

an n+k

1 £ 1 f'
(n+x) Ptn) = A <(1 KA =¢)*) <( 9r) (m+x) (1——) (n+x)? (1—%)) B

1 flel fllel
2+' ) 1f‘)

(n+1) 9r(1—9%) ar(1—6—r

(6.13)

no_ gi12 1 / _K(l_d’)z's ’
i F =2 4 s 1) =250
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1 K(1 — ¢)?5 ' ‘9’
+( ®) vy 9 g

+
_9 2 RNCET) 0’
(1 Hr) 0y (1 - H_r)
f' K (6.14)
-K({1 - )2-5<2 + "+ +A4,——(g —f'g)=0
" 1 ’ € K r— 6.15
0" + s+ Prisf0' =0 (6.15)
Using Equation 6.12 into 6.13 we get
RN KU A A S i 17 2(m+)f""'6’
A+K(1-¢) )< (1—9%) + (1—9%) (n+1x) (1—9%) + (M+K)2 (1—%)) * er(l—e%)z *
fllgl _ flell _ 2f'9’ (n_l_K)fllell 2(7]+K)f”6’ _ 1 flel _
o(ig) alig) o(-g)  a(g) ey OOaleg)
/ " no_ gren K n__ g2 1 ry _
M+ o+ Of ") + A (FF = ff) + s A (7 = 2 = s )
(6.16)
(m+1)g"’ g
K(1—¢)2'5< + >=0
(-3)  (-5)
1 K(1—¢)?° ! 9’
LKA=¢) g9 49 _
(1 _ Q) 2 (n + x) 6
B, 0 (1-5,)
—K(1—¢)2-5<2g - >+A ——(fg' ~f'9) =0
m+K)) "+
(6.17)
" 1 ’ € K r— 6.18
0" + s+ Prisf0' =0 (6.18)

Now the boundary conditions in the dimensionless form are:
f=S f=160=1atn=0
ff—>0, f">0 6->0asn-> oo

We are also interested in finding the skin friction coefficient (Cf,.), Couple stress (Cy,) and

Nusselt number (Nu) near the boundaries, which can be written as Ceresl/ 2 =
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S
(1-¢)25(1-5-)

" _1t /2 1 K 1 oy O
A+ KO =) CrrRes™ = Gy @ +5(g'© - N 2) and

2
NuRe Y% = —€,0'(0) , where Reg = ji is the local Reynolds number.
foo

6.3 Solution procedure:

Eringin theory of micropolar fluid is used to model the assumed problem. The governing set of
equations is a Set of five non-linear partial differential equations in curvilinear coordinates.
Boundary layer approximation is incorporate on the system of equations to avoid the terms of
negligible effects. Suitable similarity transformations are implemented in the system. The reduced
model is now a series of ordinary differential equations which are strongly nonlinear in nature.
The entity of temperature-dependent viscosity molds the momentum equations highly non-linear.
A powerful finite difference method “Keller box” is incorporated to work out the solution of the
governing set of coupled non-linear differential equations. This technique is composed of four
distinct procedures. The very first step is the transformation of governing equations into a series
of differential equations of the first order. In the second phase, these equations are discretized
using a central difference scheme, followed by linearization with Newton’s linearization. The very
last step is to write the linearized set of algebraic equations into block tri-diagonal form and solve
them by matrix algebra. Numerical and graphical results are obtained by programming this very
last step into MATLAB. The simplest case of the problem is matched with a previously published
test for solution authentication purposes. As can be seen, in Table.4.1. the data appear to be in
very good agreement with the reported results. Tecplot 360 is also utilized to plot streamlines and
isotherms. 1., = 16 is set as the edge of the boundary layer. A very fine Step size of A n = 0.005

is taken for the calculations. Error tolerance is set at 107°.

6.4 Results and Analysis

Equations (6.16 — 6.18) are governing non-linear ordinary differential equations. The above
system of simultaneous equations is solved numerically with a powerful finite difference
scheme with the help of MATLAB software. Numerical results obtained are then represented
graphically with the help of MATLAB and Tecplot graphic utility. Figure 6.1 and Figure 6.2

show streamline patterns and pressure variation respectively.
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Figures (6.3-6.11) are the isotherm plots executed with different physical parameters. It can be
concluded from the results that temperature distribution within the fluid rises with an increase
in the curvature parameter as well as with the solid fractions of single-walled carbon nanotubes.
Suction, on the other hand, lowers the temperature distribution within the fluid as can be seen
in Figures (6.9-6.11).

Velocity profile along s-direction is represented in Figures (6.12-6.15) with respect to different
physical parameters. It can be seen that flow is opposed by suction as well as the curvature

parameter. The flow of the fluid rises for increasing the values of the Hartmann parameter.
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Figure 6.3 Isotherm with k=5 Figure 6.4 I1sotherm with k = 10 Figure 6.5 Isotherm with k = 15

Figure 6.6 Isotherm with ¢ = 0.05 Figure 6.7 Isotherm with ¢ = 0.10 Figure 6.8 Isotherm with ¢ = 0.15

Figure 6.9 Isotherm with S =0.50 Figure 6.10 Isotherm with S =2.0 Figure 6.11 Isotherm with S =3.0
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Figures (6.16-6.19) depict variations in the skin friction coefficient near the boundaries, where
Figures (6.19-6.23) are a couple stress plots near the curved surface. Graphical results show

that both the skin friction and couple stress parameter decrease for the micropolar parameter,
variable viscosity parameter, and suction parameter.
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Besides that, a decrease in couple stress with rising values of the magnetic parameter can be
noticed in Figure 6.23. For the ascending magnitude of the curvature parameter, it is evident

from the study that the skin friction profile increases whereas the couple stress decreases.
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The behavior of temperature gradient near the surface can be understood with the help of

Nusselt number versus solid fraction graphs mentioned as Figures (6.24-6.27). Heat transfer
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near walls for both multi-walled and single-walled carbon nanotubes is compared in Figure

6.24 for increasing Prandtl number.
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It is concluded that both SWCNT and MWCNT exhibit similar behavior for changing values
of Prandtl number. i.e. In both of the cases, Nusselt number increases in magnitude, however
SWCNT as solid constituent always enhances the heat transfer capability of the fluid as can be
seen. Figure 6.26 and Figure 6.27 show a decrease in Nusselt number with growing
parameters of curvature and variable viscosity, whereas Figure 6.28 validates an increment in

the temperature gradient near the wall with increasing values of the suction parameter.
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7 Thesis Conclusion

This thesis represents the implications of powerful Numerical schemes on different fluid flow
problems. Two major types of geometrical situations are examined. The channel flow between two
plates and a semi-infinite boundary layer flow. Nanofluids are considered as the types of fluids
possess the high potential of industrial application due to their efficient capabilities of heat transfer.
Water is taken as a base-fluid, whereas carbon nanotubes are chosen as a solid constituent in this
work, since they are among the nano-particles of exceptional properties , such as low density and
high thermal heat capacity. In particular, single-walled carbon nanotubes are used as they work
more effectively than that of multi-walled carbon nanotubes. A comparison of both multi-walled
and single-walled carbon nanotubes is also presented. Fluids are considered viscous whose linear

as well as rotational behavior in different geometrical situations are studied.

The second and third chapters represent the case of fluid flow between two plates at a finite
distance from each other. These plates squeezed towards each other with a certain velocity.
Numerical investigations are accomplished to analyzed the viscous flows through the squeezing
channel. The equations which govern these physical situations are originally partial differential
equations which are converted by appropriate transformations into ordinary differential equations.
The solution of differential equations which have emerged are carried out numerically by finite
difference schemes. Graphical and numerical results are obtained keeping dynamic viscosity

variable. It is set to vary inversely with fluid temperature.

It can be concluded from the data obtained that linear flow momentum is enhanced by the
magnitude of the unsteady magnetic field as well as with plates squeezing parameters, where the
same decreases with the values of variable viscosity parameter and thermal radiation parameter.
The study evidently concluded a fall in magnitude of linear momentum as the magnitude of the

micro-rotations parameter is increased.

Temperature distribution across the flow channel depicts a fall with the squeezing parameter,
whereas this temperature profile shows a rise in magnitude with the volume fraction of solid

constituent of carbon nanotubes, variable viscosity parameter as well as with radiation parameter.
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The angular velocity profile is found to be strengthened by the applied external magnetic field and
viscosity parameter while it falls in strength along the channel with values of the micropolar

parameter, thermal radiation as well as with squeezing parameter.

Data are also computed for both Nusselt number and Skin friction. It can be concluded that for the
system with temperature-dependent viscosity, the skin friction coefficient increases for squeezing
parameter as well as for the magnetic parameter. The magnitude of micro-rotation and variable
viscosity parameters is observed to decrease the Skin friction near the walls. The heat transfer rate

decline with radiation parameter while it increases for squeezing parameter.

Proceeding three chapters four, five and six represents the boundary layer flow of nanofluids over
a curvilinear surface. The graphical and numerical data obtained in case of fluid injection through
boundary and stretching of solid surface with certain velocity evidently concluded a rise in the
magnitude of both velocity and temperature distribution across the boundary layer with ascending
values of carbon nanotubes volume fraction and magnetic parameters. The temperature
distribution decreases while the linear momentum profile increases for the rising magnitude of
temperature-dependent viscosity parameter and dimensionless curvature parameter. Also for the
same case of stretching velocity the skin friction near the solid surface increase with variable
viscosity parameter whereas it decreases for curvature parameter. In the case of shrinking surface
and suction of fluid through the solid wall, the problem is found to possess dual solutions. These
two distinguished solutions are named as upper and lower solution branches. Some previous
studies suggested that of these two solutions, only the upper solution can be regarded as a stable
solution. Graphical and numerical results are executed for the said case keeping the viscosity of
the nanofluid temperature-dependent. In the case of a shrinking surface, it is perceived that for
both types of solution, the skin fraction increases by raising the magnitude of the viscosity
parameter. It is also sound that the temperature of the fluid falls with the increasing values of the
suction parameter while it augments for the viscosity parameter, curvature parameter, and the
carbon nanotubes volume fractions parameter. The critical values are the points where the two
solutions coincide. Graphical results of skin friction coefficient versus shrinking and suction
parameter depict that these critical points achieved soon for smaller values of suction parameter

and magnitude of the shrinking parameter.
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Chapter six provides an extensive review of flow over the curvilinear surface with micro-rotation
and spin motions. These reevaluation efforts are commendable enough to classify the enhancement
in heat transfer and thermal conductivity of micropolar fluid with nanoparticle conductive
properties. Dynamic viscosity is supposed to be an inverse function of fluid temperature. It is
concluded that with variable dynamic viscosity, the velocity distribution of the fluid increases with
the magnetic parameter, whereas an increase in the magnitude of variable viscosity parameter
resists the fluid flow. Within the proposed circumstances of temperature-dependent viscosities, the
magnitude of Skin friction drops with rising values of the micropolar parameter while it rises with
the increasing magnitude of the curvature parameter. Also, The results show that when using
single-walled carbon nanotubes, the heat transfer coefficient is improved in contrast to multi-
walled nanotubes. The employed method comparison is revealed with already available results for

the authentication of our technique.
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