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Introduction

Theories of rough sets [41, 42], fuzzy sets [48] and soft sets [37]
are the most eminent and dynamic mathematical tools for modeling
various types of data with uncertainty. Uncertainty and vagueness is often
faced in the data assembled and studied for various purposes. The
classical mathematical tools are not always convenient to describe such
aspects of the real world problems. These theories are presented to handle
the uncertainty in data in order to construct a productive mathematical
model. The fuzzy set theory reflects the uncertain knowledge in a very
fruitful way by grading the elements of the universe on the basis of their
characteristics; where grades are assigned from the interval [0, 1].

The rough set theory acquires a completely different mathematical
approach towards the uncertainty and ambiguity of the data. In this
theory, the level of definiteness of the information associated to a set of
objects is interpreted by two definable sets, called the lower and upper
rough approximations, subject to the available information.

Another problem in data analysis is to pinpoint the objects from a
universe of discourse (a referential or a universe of objects) possessing a
particular property or an attribute. This problem is magically ironed out
by the soft set theory. Soft sets are defined with the help of a mapping,
but entirely different in nature from that of a fuzzy set. This is a set-
valued mapping which associates to each attribute a set of objects
(instead of a single value or a number) from a universe of discourse
pertaining the property of that attribute. Both of these theories, i.e., the
fuzzy set theory and the soft set theory diminished the gap between the
classical mathematical methodologies and the vague data of the real

world.



Bipolarity of the information is also an essential aspect of data
while modeling the real world problems. Bipolarity reveals the positive
and negative aspects of the data. The positive part demonstrates the
preferred information or the feasible data, while the negative part
analyzes the inadmissible or implausible data. Bipolar information,
therefore, increases the modeling and reasoning capabilities in all
domains.

In this thesis, we have hybridized the theory of rough sets with the
theory of fuzzy sets and the theory of soft sets endowed with the bipolar
information in three different directions. We have introduced the notions
of the rough bipolar fuzzy sets, the rough bipolar soft sets and the rough
fuzzy bipolar soft sets by defining the roughness in the bipolar fuzzy sets
[29, 50], the bipolar soft sets [40] and the fuzzy bipolar soft sets [45].
This is done by developing the lower and upper rough approximations of
these sets using the approach adopted by Pawlak [41, 42], who
partitioned the universe of objects into granules (classes) of objects. We
have also explored some characterizations of the rough bipolar fuzzy sets,
the rough bipolar soft sets and the rough fuzzy bipolar soft sets. We have
also developed the similarity relations, the accuracy measures and the
roughness measures for these newly presented notions.

The theory of semigroups is a substantial part of algebra and this
theory is incomplete without the study of ideals. The theory of
semigroups and the ideals in semigroups are also amalgamated with
rough sets, along with the bipolar fuzzy sets, the bipolar soft sets and the
fuzzy bipolar soft sets in this work. In this thesis, we have also defined
and discussed the notions of different rough (left, right, two-sided,
interior, bi-) ideals in the bipolar fuzzy semigroups, the bipolar soft

semigroups and the fuzzy bipolar soft semigroups.



The basic purpose to build the rough set theory, the fuzzy set
theory and the soft set theory was to model many real world problems
more efficiently. So, these theories have a great practicality in many areas
of data analysis. An important application of these theories is the
development of many decision making techniques. We have developed
different decision making techniques using the rough approximations of
the bipolar fuzzy sets, the bipolar soft sets and the fuzzy bipolar soft sets.
We have also designed the algorithms for those techniques, accompanied
by suitable examples. These algorithms also support different group
decision making (GDM) problems when there is a group of decision
makers having different opinions who intend to arrive at a single

decision.



Chapter-wise study

This thesis consists of seven chapters which are briefly described
below.

Chapter 1 reviews previous work related to the fuzzy set theory,
the soft set theory and the rough set theory. The bipolar fuzzy sets, the
bipolar soft sets and the fuzzy bipolar soft sets are also discussed. Some
basic definitions related to the ideals and fuzzy ideals in semigroups are
also reviewed.

Chapter 2 presents the rough bipolar fuzzy sets by defining the
lower and upper rough approximations of the bipolar fuzzy sets in the
Pawlak approximation space. The notion is further explained by
exploring its structural properties. Based on these approximations, some
similarity relations between the bipolar fuzzy sets are presented. The
accuracy measure and the roughness measure for the lower and upper
rough approximations of the bipolar fuzzy sets are also provided. The
practical application of the proposed model in decision analysis is
demonstrated with an algorithm for a group decision making problem,
supported by an example.

In Chapter 3, the concept of roughness developed in Chapter 2 is
applied to the bipolar fuzzy ideals in semigroups and some properties of
the rough bipolar fuzzy semigroups are investigated. The rough bipolar
fuzzy (left, right, two-sided) ideals, the rough bipolar fuzzy interior ideals
and the rough bipolar fuzzy bi-ideals are also defined and an overview of
the properties of these ideals is presented.

Chapter 4 presents the rough bipolar soft sets by defining the lower
and upper rough approximations of the bipolar fuzzy sets in the Pawlak

approximation space. The structural properties of these approximations



are explored and some similarity relations between the bipolar soft sets
based on these approximations, are presented. The practicality of the
rough approximations of the bipolar soft sets in decision making
techniques is demonstrated in two different directions by designing two
different algorithms accompanied by suitable examples.

In Chapter 5, the notions of bipolar soft semigroups and the bipolar
soft subsemigroups are presented. The concept of rough bipolar soft sets
developed in the Chapter 4 is infused with the theory of semigroups and
the rough bipolar soft (left, right, two-sided) ideals, the rough bipolar soft
interior ideals and the rough bipolar soft bi-ideals are also defined and
some characterizations of these ideals are examined.

Chapter 6 presents the rough fuzzy bipolar soft sets by defining the
lower and upper rough approximations of the fuzzy bipolar soft sets in the
Pawlak approximation space. The notion is further explored by studying
its structural properties. Based on these approximations, some similarity
relations between the fuzzy bipolar soft sets are presented. The accuracy
measure and the roughness measure for the lower and upper rough
approximations of the fuzzy bipolar soft sets are also provided. The
practical application of the proposed model in decision analysis is
demonstrated with an algorithm, supported by an example.

In Chapter 7, the notions of fuzzy bipolar soft semigroups and the
fuzzy bipolar soft subsemigroups are presented. The fuzzy bipolar soft
ideals, the fuzzy bipolar soft interior ideals and the fuzzy bipolar soft bi-
ideals are also defined and discussed. The concept of rough fuzzy bipolar
soft sets developed in the Chapter 4 is applied to the theory of fuzzy
bipolar soft semigroups, the fuzzy bipolar soft ideals, the fuzzy bipolar
soft interior ideals and the fuzzy bipolar soft bi-ideals. An overview of

some characterizations of these ideals is also presented.
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Chapter 1

Preliminaries

1.1 Introduction

Uncertainty and vagueness is often faced in the data assembled and studied for various
purposes. The classical mathematical tools are not always convenient to demonstrate
such aspects of the real world problems. The most eminent and dynamic mathematical
tools for modeling various types of data with uncertainty are the theories of rough sets,
fuzzy sets and soft sets. These theories are presented to handle the uncertainty in
data in order to formulate a productive mathematical model. For this purpose, Zadeh
[65] developed fuzzy set theory. This theory has tremendous applicability in both,
mathematics and computer sciences, for example, fuzzy logic, fuzzy automata, decision
making, medical science and engineering; see [3, 14, 22, 23, 25, 30, 35, 36, 40, 54]. This
theory proved to be very successful to administer the ambiguity observed in many types
of data. The fuzzy sets work with the help of a mapping which associates a degree
to each object in the universe of discourse. This degree belongs to the interval [0, 1]
and exhibits the measure of presence of a particular property or characteristic in the
objects. These properties are mostly uncertain to be completely present or completely
absent in the objects. For example, the set of emotional persons or the set of good
players. Thus, the fuzzy sets better reflect the real knowledge about the objects.
Another problem in data analysis is to pinpoint the objects from a universe of
discourse (a referential or a universe of objects) possessing a particular property or an
attribute. Molodtsov [48] ironed out this problem magically by introducing the soft
sets in 1999. Soft sets are also defined with the help of a mapping, but entirely different
in nature from that of a fuzzy set. This is a set-valued mapping which associates to
each attribute a set of objects (instead of a single object or a number) from a universe
of discourse pertaining that particular attribute. Some important operations on the

soft sets were defined by Ali et al. [9]. Many other researchers have worked on the soft
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sets in different directions. For instance, [6, 11, 12, 13, 21, 27, 42, 43, 46, 56, 57, 69].
Soft sets are also combined with fuzzy sets to build new concepts; see [7, 10, 29,
28, 41, 44, 50]. Both, the fuzzy sets and the soft sets administer the problems of
uncertainty and imprecision. These theories diminished the gap between the classical
mathematical methodologies and the vague data of the real world.

A recent trend in contemporary information processing emphasizes on bipolar in-
formation: both from a knowledge representation point of view and from a processing
and reasoning one. Bipolarity of the information is an essential aspect of data while
modeling the real world problems in many sciences. Bipolarity reveals the positive and
negative aspects of the data. The positive part demonstrates the preferred information
or the feasible data, while the negative part analyzes the inadmissible or implausible
data. Bipolar information, therefore, increases the modeling and reasoning capabil-
ities in all domains. The bipolar representation of the information was introduced
by Dubois and Prade [26]. Zhang [67] equipped the fuzzy sets with bipolarity and
presented the bipolar fuzzy sets. Lee [38] defined a few elementary operations on the
bipolar fuzzy sets. Bipolar fuzzy sets were also studied by some other authors; see
[4, 5, 20, 34]. Bipolar soft sets were initiated by Shabir and Naz [61].

The rough set theory [52, 53] presented by Pawlak, acquires a completely different
mathematical approach towards the uncertainty and ambiguity of the data. This
theory provides an efficient strategy to tackle the uncertain and doubtful data. In this
theory, the rough approximations of a set of objects interpret the level of definiteness of
the information associated to the objects, subject to the available information. These
approximations make us able to speculate the exactness or uncertainty in the data.
This theory is raised by many authors; see [8, 15, 17, 19, 32, 37, 64, 68]. Rough sets
are also crossbred with soft sets and fuzzy sets to present innovative and practical
concepts; see [17, 18, 24, 29, 37, 45, 49].

1.2 Fuzzy sets

Zadeh [65] generalized the crisp sets to the fuzzy sets (abbreviated as FSs). An FS fi
in a universe U (# ¢) is described with the help of a mapping fir : U — [0, 1] which
associates a value fy(u) to each object u of the set U. This value portrays the extent
to which an object w satisfies the property of fir. The value fy(u) is known as the
belongingness grade of the object u and the mapping fi; is known as the belongingness
map of U. The FS fy is non-empty if f; is not a zero map. Let U be a universe of
discourse (obviously non-empty) and let the collection of all F'Ss in U be symbolized
by F.(U). Then, the formal definitions of operations on FSs, as established by Zadeh,

are given below.



1. Preliminaries 3

Definition 1.2.1 For the FSs fy and gy in U, we say that fy is subset of gy, that
is, fu C gu if and only if fu(u) < gu(u) for each u € U.

Clearly, fy = gu if and only if fy C gy and gy C fu.

Definition 1.2.2 The null FS in U is defined by the mapping Oy : U — [0, 1], such
that, Oy (u) = 0 for each u € U.

Definition 1.2.3 The whole FS in U is defined by the mapping Iy : U — [0, 1],
such that, Iyr(u) =1 for each v € U.

Definition 1.2.4 The union and intersection of the FSs fy and gy in U are defined

as:
(fuUgu)(u) = fulu) V gu(u) for each u € U,

(fu Ngu)(u) = fu(u) A gu(u) for each u € U.

Definition 1.2.5 The compliment of an FS fy in U is symbolized by f{; and defined
as:

fu(w) =1— fu(u) for each u € U.

Definition 1.2.6 An FS fy in U is taken to be constant in U, if and only if the

belongingness map fy : U — [0, 1] is a constant function.

Example 1.2.7 Consider a group U = {p1s, P20, P28, P35, P46, P60} of six persons of
same height, where each p, € U is %y’ years old. Let fy be an FS in U, describing

“how young a person is”. Then, fy is defined as:

U P15 P20 P28 P35 P46 P60
fop,) |1 1 07 05 03 0

Let gy be another FS in U, describing “how tall a person is”, defined as:

U P15 P20 P28 P35 P46 P60
gU(py) 0.8 0.8 0.8 08 0.8 0.8

Then, gy s a constant FS in U.

1.3 Bipolar fuzzy sets

Zhang [67] enriched the FSs with the bipolar information and presented the idea of
the bipolar FSs (BFSs). These sets are capable to handle the fuzziness, as well as,
the bipolarity (the degrees of positivity and negativity) in the data. In the BFSs, the

belongingness degrees are expressed by a pair of belongingness maps.
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Definition 1.3.1 [67] A BFS X in a non-empty universe U is defined as:
A= {(u, AP (w), A () s w e U,

where NP : U — [0,1] and AN : U — [—1,0] are the positive belongingness map and

the negative belongingness map, respectively.

The value AT’ (u) of the positive belongingness map denotes the degree of fulfilment
of an object u to the property of the BFS A, while the value )\N(u) of the negative
belongingness map denotes the degree of fulfilment of the object u to some implicit
counter property of X\. The object u is taken to be irrelevant to the property of A, if
AP (1) = 0= AN (u). The set of all BFSs in U is symbolized by BFS(U). We can write
AMu) = AP(u), AN (u)) for (u, \F'(u), \N(u)) € X\. Lee [38] defined some elementary

operations on the BFSs, which are given below.

Definition 1.3.2 Let \,v € BFS(U). Then, X is contained in v, that is, A C v, if
M (u) < vP(u) and XN (u) > vV (u) for each u € U. Clearly, A = v if and only if \ C v
and v C ).

Definition 1.3.3 The null BFS in U is symbolized by § = (07, 0N), such that, BF (u) =
0 and 0N (u) = —1 for each u € U. Thus, (u) = (0,—1) for each u € U.

Definition 1.3.4 The whole BFS in U is symbolized by I = (IAP,IAN), such that,
TP(u) =1 and IV (u) = 0 for each u € U. Thus, I(v) = (1,0) for each u € U.

Definition 1.3.5 Let \,v € BFS(U). The union and intersection of A and v are the
BFSs in U defined as follows:

AUv = {(u, \P(u) Vo (), AN (u) AvN (w)) :u e U},
ANy = {(u, \P(u) AvE (), AN (u) vl (u) :u e U}
We write \Uv = AP UrP AN o) and A\nv = (A no? AN uul).
Definition 1.3.6 The compliment X' of A € BFS(U) is given by
N ={(u,1 = \(u),—1 = A(u)):uec U}
We write X' = (XN)F, (\)N).

Definition 1.3.7 A BFS X in U is said to be a constant BFS in U, if and only if the
belongingness maps X' : U — [0,1] and AN : U — [=1,0] are constant functions in
U.
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Example 1.3.8 Consider the data of Example 1.2.7, in which, the FS fy in U, ap-
proximates the degree to which a person is young. But, the degree to which a person is
old, may not be approrimated by the compliment of fy. For instance, fir(pss) = 0.5.
But, the degree of p3s for “being old” is not 1 — fu(py) = 0.5, as a person aging 35
years, may be considered as a middle aged person, but not old. A BFS X\ in U, can

better define the degrees of the persons for “being young” and “being old”, as below.

Y ‘ P15 P20 D28 P35 P46 P60
Apy) | (1L0) (1,0) (0.7,0) (0.5,-0.1) (0.3.—0.3) (0.—0.8)

Another BEFS v in U, describing the degrees of the persons for “being tall” and “being

short”, is defined as:

U ‘ P15 P20 p2s P35 P46 P60
v(py) | (0.8,0) (0.8,0) (0.8,0) (0.8,0) (0.8,0) (0.8,0)

Then, v is a constant BFS in U.

1.4 Soft sets

The theory of soft sets, a state-of-the-art device to handle the ambiguities in math-
ematical models, was initiated by Molodtsov [48]. The foundation of this theory is
the conjecture that each set containing objects in the universe U is accompanied by
a set E of attributes (characteristics or properties that the objects of U may possess)
for U. Molodtsov’s soft sets point out all the objects in U, which own some particular
attributes e € E, employing a set-valued mapping. This mapping assigns to each
attribute e € E, a subset of U comprising of those objects which possess the property
e. Let P(U) express the power set of U. Then, the formal definition of a soft set over

U is presented below.

Definition 1.4.1 [48] A soft set over U is expressed by (f,fvl)7 where A C E and
£ A P(U) is a set-valued mapping.

A soft set (€; A) over U, thus, associates to each parameter e € A a subset &(e) of U.
This subset £(e) contains the objects of U having the property e (according to §). The
elements of £(e) may be called the e—approximate objects of (¢; A). These sets cover
the problem (of uncertainty) that the objects pertaining a particular property often
differ according to the opinions of different persons. For instance, if (£;; A) and (&,; /ul)
are two soft sets over U, describing the opinions of two different persons, then £ (e)
and &,(e) may contain deferent objects for same parameter e € A. Some necessary

operations on the soft sets are discussed in [9] and [42].
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1.5 Bipolar soft sets

The bipolar soft sets (BSSs) were proposed by Shabir and Naz [61] in 2009. These
sets are built to distinguish between the preferred and adverse sides of data. The
preferred part demonstrates the feasible information, while the adverse part analyzes
the inadmissible or implausible data. A BSS is obtained by defining two set-valued
mappings from two sets of attributes to the power set of U. One mapping is from
the set £ having positive attributes of the objects of U, while, the other is from the
attribute set = F having the attributes implicitly adverse to those of E. The set ~E

is pronounced and defined as the "counter" set of E.

Definition 1.5.1 [61] A BSS over U is symbolized by ® = (&,1; A), where A C E
and &, are set-valued mappings given by £ : A — PU) and v : -A - P(U) such
that £(e) N1h(—e) = ¢ for each e € A.

Thus, a BSS (£,4; A) can be obtained by merging two soft sets (&, A) and (¢, - A)
together, such that &(e) and ¢ (—e) are disjoint for each e € A. Here, = A is the counter
set of A and ~A C —E. The restriction &(e) N1)(—e) = ¢ is applied as a consistency
restraint. £(e) denotes the objects in U having a property e € A and 1(—e) denotes
the objects in U having a property —e, opposite to e. We denote the set containing
all BSSs over U by BSS(U). It is worth noting that an object lacking a property e,
may not have the opposite property —e. So, we may have 1(—e) # U — £(e) for some
e € E. This difference is named as the degree of reluctance, which occurs due to the
inadequate knowledge or hesitancy in deciding for an object to have an attribute e or
—e. The BSSs beautifully highlight such objects neither possessing the property e, nor

—e. These sets can be better perceived from the following simple example.

Example 1.5.2 Suppose that U = {q;;i = 1,2,3,4,5} is a universe containing five
houses and E = {e1 =costly, es =attractive, e3 =wooden, ey =in natural surroundings,
es =properly maintained} is a set of possible attributes for U. Let the "counter" set of
E be -F = {—e1 =cheap, —ey =dull, —e3 =not wooden, —e4 =in urban area, —es =not
maintained}. Take a BSS (&,1; ;1) expressing the "attractiveness of houses" that Mr.
X intends to purchase. Here, (§,1; ;1) points out the costly or cheep houses, attractive
or dull houses and so on, according to Mr. X and A= {e1,e2,e3} C E contains the
attributes of interest of Mr. X. We can construct the BSS (&, ; A) completely as:

£(er) = {a1, a3, a1}, £(e2) = {a2, 43,95}, &(e3) = {au} and

Y(=e1) ={q2, ¢}, V(—e2) = ¢, Y(=es) = {q1, 92,43, }-
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This BSS (§,; /ul) can be seen in Figure 1.1 below.

Figure 1.1: BSS ({,w;fl)

The BSS (&,1; A) can also be expressed in tabular form by putting the (i,7)th entry
ai; of the table as:
1 if g; € &(e;)
ai; =4 —1 ifqj € P(—e)

0 otherwise

Hence, the tabular expression of the BSS (&,1; ful) is shown in Table 1.1.

v A @ @ G ow g

e1 1 -1 1 1 -1
es o 1 1 0 1
es -1 -1 -1 1 -1

Table 1.1: BSS (&,1p; A)

Note that the houses q1 and g4 are not attractive, but at the same time, they are

not dull, as well. Here, {qi1,q4} is the degree of reluctance of the BSS (&,;A) for

eo =attractive.

Definition 1.5.3 [61] For any two BSSs 81 = (&,91; A1), 0y = (&5, 19 Ag) €
BSS(U), we say that By is a BS subset of Da, symbolized by 3, Cdy if

1) Ay C Ay,

2) &1(e) C &ale) and vy (—e) D ihy(—e) for each e € Ay

Two BSSs 01,02 € BSS(U) are equal if and only if each of them is a BS subset of
the other.

Definition 1.5.4 [61] The relative null BSS over U is (©,U; A) € BSS(U), where

©:A— PWU) andU : =A — P(U) are given by O(e) = ¢ and U(—e) = U for each
e € A. We denote (©,U; A) by O .
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Definition 1.5.5 [61] The relative whole BSS over U is (U,0; A) € BSS(U), where
U:A— PU) and © : =A — P(U) are given by U(e) = U and O(=e) = ¢ for each
e € A. We denote (U,O; A) by Uy.

Definition 1.5.6 [61] Let 31 = (£1,11; A1), o = (&9,19; Ay) € BSS(U). Then,

their union and intersection are expressed as follows:
1. The extended union of 01 and Oy is a BSS
010:02 = (610e6a, ¥1Metha; A1 U Ap)
over U, where £,0.€5 : A; U Ay — P(U) is expressed as:

&1(e) ifec Ay — Ay
<§105§2)(€) =19 &a(e) ife € AQ - x‘vh
E1(e)Uy(e) ifee AN,

and ¥,y : (A1 U Ay) — P(U) is expressed as:

Wy (—e) if e € (A1) — (= 4y)
(¥10etg) (—e) = hy(—e) if ~e € (~Ay) — (=4y)
by(me) Nihy(—e) if me € (A N As)

2. The extended intersection of 91 and Os is a BSS
01709 = (£1N:E2, 11 U1)o; AU 1212)
over U, where £,N:&y A UAy — P(U) is expressed as:

€1(e) ifee Ay — Ay
(£1N:&s)(e) = &o(e) ife € Ay — Ay
1(e)Néale) ifec Ain Ay
and ¥,0c)y : =(Ay U Ag) — P(U) is expressed as:

R ¥y (—e) if e € (ﬂ{ll) -
(V1Uea)(me) = § o(—e) if me € (mAg) —
(=€) Uthy(—e) if me € =(A1 N Ay)

3. The restricted union of 01 and 02 is a BSS
310,02 = (£,0,€9, 1 Mrthg; A1 N Ap)

over U, where £,0,&y : Ay N Ay — P(U) is expressed as (€,0:&,)(e) = & (e) U
&y(e) for each e € Ay N Ay, and ,0piby : (A1 N Ay) — P(U) is expressed as
(110,109) (—€) = 1 (me) Ny (—e) for each —e € ~(A1NAy), provided A|NAy # ¢.
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4. The restricted intersection of 01 and 0o is a BSS
011,02 = (§47:65, $10rthg; A1 N As)

over U, where £,0,&y = A1 N Ay — P(U) is expressed as (£,M,E5)(e) = £1(e) N
&y(e) for each e € Ay N Ay, and ¢,0ppy : —(A1 N Ay) — P(U) is expressed as
(1, 0p109) (m€) = 1) (m€)Uthy(—e) for each —e € =(A1NAs), provided AjNAs # ¢.

Definition 1.5.7 [61] The compliment of a BSS 0 = (f,l/},fl) over U is a BSS 0¢ =
(£°,49% A) over U, where £°(e) = ¥(—e) and ¢¥°(—e) = £(e) for each e € A.

1.6 Fuzzy bipolar soft sets

Fuzzy bipolar soft sets (FBSSs) were presented by Naz and Shabir [51]. Similar to
the BSSs, an FBSS is also constructed by employing two mappings. One mapping is
from the set F of attributes to the fuzzy power set [ »(U), which approximates the
degree of presence of the attributes in the objects of U. While, the other is from -E to
F - (U), which approximates the degree of presence of the implicit counter attributes
in the objects of U. Following the discussion in [51], we present some definitions and

examples.

Definition 1.6.1 A triplet w = (&, ; /ul) is called an FBSS over U, where A C E and
£, are mappings given by € : A — F,(U) and ¢ : =A — F ,(U) such that

0 < &(e)(u) +p(me)(u) <1
for each e € A and for each uw € U, where - A stands for the "counter” set of A.

Here, £(e) and 1 (—e) represent FSs in U. The value {(e)(u) denotes the degree of
presence of a property e in an object u of U, while ¢(—e)(u) denotes the degree of
presence of the adverse property —e in u. The restriction 0 < £(e)(z) + ¢ (—e)(z) < 1
is applied as a consistency restraint. We symbolize the set containing all FBSSs over
U by FBSS(U).

Example 1.6.2 Consider the universe U = {q1,92,43,q4,q5} of houses and the at-
tribute sets E and —|E, as in Example 1.5.2. The BSS defined in that example identifies
the houses with attributes e or —e. We define, here, an FBSS wy = (€1,%1; A1) over
U, describing the degree to which these houses pertain these attributes. Assume that
A, = {e1,e2,e3} and that Mr. X assigns the belongingness values {0.7,0.6,0.8,0.5,0.6}
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and {0.2,0.3,0.1,0.5,0.3}, as shown in Figure 1.2, to the houses in U for the attribute

e1, describing the degrees of how costly and how cheap are the houses, respectively.

\

g1

Figure 1.2: Belongingness values of wy for eq

Then, &;(e1) and v, (—e1) are the FSs in U given below.

§1(e1) = {q1/0.7, q2/0.6, q3/0.8, 4/0.5, ¢5/0.6}

Y1(=e1) = {q1/0.2, ¢2/0.3, g3/0.1, q4/0.5, g5/0.3}

In the same way, we assume:

§1(e2) = {q1/0.8, g2/0.7, q3/0.8, 4/0.6, g5/0.6}

Y1(—e2) = {q1/0.1, q2/0.1, q3/0.2, q4/0.2, ¢5/0.3}

§1(e3) = {q1/0.4, q2/0.6, q3/0.4, q4/0.6, q5/0.5}

Py (—es) = {q1/0.5, ¢2/0.2, q3/0.5, q4/0.4, q5/0.5}

This FBSS can also be represented in tabular form by setting the entry against e;
and q; as (agj,bi5), where a;j = £(€;)(qj) and by = ¥(—e;)(q;). Hence, the tabular
representation of w1 = (&, v1; ;11) s giwen by Table 1.2.

w1 q1 q2 g3 q4 q5

er (0.7,0.2) (0.6,0.3) (0.8,0.1) (0.5,0.5) (0.6,0.3)
ez (0.8,0.1) (0.7,0.1) (0.8,0.2) (0.6,0.2) (0.6,0.3)
es (0.4,0.5) (0.6,0.2) (0.4,0.5) (0.6,0.4) (0.5,0.5)

Table 1.2: Table of FBSS w1 = (51,1/)1;/11)

Definition 1.6.3 For any two FBSSs w1 = (£, 113 A1), wa = (€, 1h9; As) € FBSS(U),
we say that wy is an FBS subset of wa, symbolized by wyCws, if

1) A; C Ay,

2) &(e) C &i(e) and p(—e) Dy (—e) for each e € Ay,

Two FBSSs w1 and wo over U are equal if and only if each of them is an FBS
subset of the other.
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Definition 1.6.4 The relative null FBSS is (®,U; /Vl) € FBSS(U), symbolized by & 4,
where ®(e) = Oy and U(—e) = Iy for each e € A.

Definition 1.6.5 The relative whole FBSS is (U, ®; A) € FBSS(U), symbolized by
UA’ where U(e) = Iy and ®(—e) = Oy for each e € A.

Definition 1.6.6 Let wi = (&;,¢; A1), wo = (€9,19; Ay) € FBSS(U). Then, their

unions and intersections are defined as under:
1. The extended union of w1 and wo is an FBSS
w1llewy = (&0:€5, P1Metdy; Ay U Ag)
over U, where £,U:€, A U4y — P(U) is given by:

§1(e) ifec Ay — Ay
(£10:89)(e) = ¢ &y(e) ifee Ay — Ay
E1(e)Uy(e) ifee AN Ay

and ¥, 0ty : =(Ay U Ag) — P(U) is given by:

da(-e) if e € (<A1 -
(rTict2) () = § a(-e) if e € (<) —
P1(2e) (e if e € (A1 01 Ao)

2. The extended intersection of w1 and ws is an FBSS
willews = (£3Me€,, %1 0:109; Ay U Ay)
over U, where £,0.65 : A1 U Ay — P(U) is given by:

§1(e) ife€ Ay — Ay
(&1Ne€r)(e) = §s(e) ife € Ay — Ay
&1(e)Néale) ifee AN A,

and 1, 0:1by : =(Ay U Ay) — P(U) is given by:

Y1(—e) if ~e € (~A;) — (=4y)
(11045)(—€) = ¥q(—e) if ~e € (—Az) — (m4y)
h1(=e) Uthy(—e) if me € =(A1 N Ay)

3. The restricted union of w1 and ws is an FBSS
wilywe = (&,0,€,, 91 0h9; A1 N Ay)

over U, where (£,0,£,)(e) = &, (e)U&y(e) for each e € AiNAy and (1,019 (—€) =
V(=€) No(—e) for each —e € —(Ay N Az), provided Ay N Ay # 6.
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4. The restricted intersection of w1 and ws is an FBSS
wilwa = (&Nrg, 1hUrthy; AN ;12)

over U, where (£,0,:€5)(e) = &, (e)NEy(e) for each e € AiNAy and (1;Urpthy)(—e) =
V1 (=e) Uhg(—e) for each —e € (A1 N Ay), provided Ay N Ay # 6.

Definition 1.6.7 The compliment of an FBSS w = (&,1; A) € FBSS(U) is an FBSS
w = (&°,9°% A), where £(e) = (=€) and Y°(—=e) = &(e) for each e € A.

Definition 1.6.8 An FBSS w = (£,1; A) over U is said to be constant, if and only if
¢(e) and (—e) are constant FSs in U for each e € A.

1.7 Rough sets

The rough set theory [52] implements a systematic procedure for dealing with vague-
ness in data due to a situation with doubtful information or inadequate knowledge.
The foundation of this theory is the conjecture that every object in the universe of
discourse pertains some sort of (exact or vague) information (data). Objects char-
acterized by the same information are indiscernible. If the indiscernible objects are
taken to be related to each other, then, an indiscernibility relation is obtained which
partitions the object in the universe. The infrastructure of the rough set theory stands
on such indiscernibility relations. The Pawlak approximation space (shortly written
as P-apx space) is the space (U, R), where R is an equivalence relation (shortly written
as eqv-rel) defined on the universe U. The relation R serves as an indiscernibility rela-
tion because it defines a partition U/® of the universe U into the equivalence classes
(eqv-classes) due to indiscernible objects of U. These eqv-classes of R are the main
constituents of the rough sets. The eqv-class of the element v € U under the relation
R, is symbolized by [u]r (or by [u], for convenience). On a subset X of U, the relation

R defines the following two operators.

= {ueU:[ugnX#o},
= {uelU:uxpCX}

=<

The subsets X and X of U, designated to the subset X of U, are called the upper and
lower approximations of X, subject to the relation R, respectively. Note that, both X
and X are unions of disjoint classes in U/R. Moreover;

P 08§RX = X s
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are called the positive, negative and boundary regions (the associated regions) of

X in U. The information about X depicted by these regions is as follows:

e © € PospX means that X definitely contains x.
o r € NegrX means that X certainly does not contain .

e 1 € BndyX means that X may or may not contain z.

Definition 1.7.1 /5] Take a P-apz space (U,R). A subset X C U is definable if

X = X; otherwise X is known as a rough set.

That is, X C U is rough if BndrX # ¢. By this, we mean that a subset X C U
is rough if there are some objects in U, whose belongingness in X is doubtful. Thus,
rough sets have a completely different approach towards the uncertainty of data. Using
the upper and lower approximations, one can judge how accurate is the information

attached to the objects. This can be better understood in the next example.

Example 1.7.2 Consider a set U containing fifteen balls of same size in a bag, out
of which, three are blue, five are green and seven are black. We define a relation on
the collection of balls in the way such that two balls are related if these are of same
color. Surely, this relation turns to be an equ-rel on U which partitions U into three
equ-classes. Suppose that we pick out a sample X of four balls without seeing and after
picking up we see that three selected balls are blue and one is green. The sets U, X, X

and X as well as the associated regions of X can be seen in Figure 1.3.

000
SNY 00000000
PosgX = X 000

NegrX =U - X
- .......: 2009900
BrixX=X-x 00000

@
®
sl

Figure 1.83: Set X and associated sets.

The information about the balls in set X and its associated sets depicted from

Figure 1.8 can be interpreted in the following way.

e The lower approzimation X, which is also the positive region of X, contains the
balls (blue balls) of U which have definitely gone to sample X.
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o The upper approxvimation X contains the balls (blue and green balls) of U which

have possibly gone to sample X.

o The difference X — X contains exactly those balls (green balls), such that, the
selection of each of them in the sample X (deciding that which green ball has
gone to the sample) is doubtful. These balls comprise the boundary region of X.

e The black balls have, surely, mo chance to be selected in the sample X. These

balls comprise the negative region of X.

The following theorem shows some important characteristics of the Pawlak’s rough

sets.

Theorem 1.7.3 [53] Take a P-apzx space (U,R) and let M, N C U. Then, the subse-

quent asservations are true.
1. M C M C M;
2. ¢=¢=0;

3. U=U=U;

M
10. MU

11. MUN =M UN;,
MCN

12. implies that M C N and M C N.
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1.8 Ideals in semigroups

This section reviews some definitions of ideals in semigroups and their characteri-
zations. Recall that, a semigroup comprises of a non-empty set on which a binary
operation is defined, satisfying the associative law. Throughout this work, T will

denote a semigroup, unless and otherwise specified. Take M (# ¢) C Y.

e A subsemigroup of T is a set M C T such that ab € M for each a,b € M (that
is, MM C M).

A left ideal of T is a set M C Y such that xa € M for eacha € M and z € T
(that is, YM C M).

A right ideal of T is a set M C T such that ax € M for eacha € M and x € T
(that is, MY C M).

M is an ideal of T if it is right, as well as, left ideal of T.

An interior ideal of T is a set M C Y such that zay € M for each a € M and
z,y € T (that is, TMYT C M).

A bi-ideal of T is a subsemigroup M C T such that axb € M for each a,b € M
and z € T (that is, MYM C M).

A congruence relation (written as cng-rel) R on a semigroup T is an eqv-rel R on T
which is right and left compatible (that is, (m,n) € R implies that (am, an), (ma,na) €
R for each a,m,n € T). Let [m]p represent the R-cng-class of m € Y. For a cng-rel
R on Y, we generally have [m|g[n|r C [mn]y for each m,n € T. A cng-rel R on T
is complete, if [m|p[n]g = [mn]p for each m,n € Y. This can be observed in the

subsequent example.

Example 1.8.1 Let T = {s,t,u,v} represent a semigroup whose table of binary op-

eration is given below.

s t u w
s|s t u v
t |t t u v
ulu u U v
viv v v o wu

We take two cng-rels Ry and Ko on Y, such that Ry defines the cng-classes {s}, {t}
and {u, v}, while, Ry defines the cng-classes {s},{t,u} and{v}. Observe that, [x]x, [y]%,
[zy]w, for each xz,y € Y. That is, Ry is a complete cng-rel on Y. While, [v]g,[v]n,
[vv]g, for v € Y, because [v]g, = {v}, so, [v]g,[v]r, = {vv} = {u} and [vv]p, =
[ulp, = {t,u}. This means, that, Ra is not a complete cng-rel on Y.
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1.9 Bipolar fuzzy ideals in semigroups

The bipolar fuzzy ideals (BF-ids) in semigroups were defined by Kim et al. [34].
Yaqoob [63] studied BF-ids in LA-semigroups. This section reviews some definitions
about the BF-ids, BF left ideals (BFl-ids), BF right ideals (BFr-ids), BF interior ideals
(BFi-ids) and BF bi-ideals (BFb-ids) in a semigroup.

Definition 1.9.1 [63] Let T be a semigroup and let \,u € BFS(Y). The composition
Ao of the BFSs X and p in T is defined as:

Xop= N opl AN opuy,
where

()\P o ,LLP)(S) - { S:\{nn()\P(m) A ,U,P(n)) ifS =mn fO?” somem,n €Y

0 otherwise
and

A (AN (m) v uN(n) if s =mn for some m,n €T

0 otherwise

for each s € T.

Definition 1.9.2 [3// A BFS X\ in Y s called a BF subsemigroup of Y if for each
m,n €T,

AP (mn) > AP (m) A AP (n) and AN (mn) < AN (m) v AN (n).

Definition 1.9.3 /34 A BFS X in Y is called a BFl-id (or BFr-id) of Y if \¥'(mn) >
AP (n) and AN (mn) < AN(n) (or \XP'(mn) > AP (m) and XN (mn) < AN (n)) for each
m,n €Y.

A BFS Ain 7T is called a BF-id of T if it is both, a BFl-id and a BFr-id of Y, that
is, AL (mn) > AP (m) v AP (n) and AN (mn) < AV (m) A AN (n) for each m,n € Y.

Definition 1.9.4 [63] A BFS X\ in Y is called a BFi-id of Y if for each s,t,u € T,
MNP (stu) > AP () and NN (stu) < AN (t).

Definition 1.9.5 [3/] A BF subsemigroup A of Y is called a BFb-id of Y if for each
s,t,u e,

MNP (stu) > AP (s) AN (w) and NN (stu) < AN (s) v AN (u).



1. Preliminaries

17

Example 1.9.6 Recall the semigroup Y = {s,t,u,v} as established in Example 1.8.1.
Take some BFSs in Y, defined below.

A = {(s,0.3,—0.4), (t,0.4,
A2 = {(s,0.2,-0.2), (t,0.4,
A3 = {(s,0.3, 01)un4,
As = {(s,0.1,—0.1), (£,0.3,

—0.3),
—0.4),
—0.2),
—0.3),

u, 0.6, ODAUOG om
u,0.5,-0.5), (v, 0.5)
u,0.7, 0@4007 om
u,0.4,—0.4), (v,0.4, —0.4)}.

2
}?
}

i

o~ o~ o~ o~

Sitmple calculations confirm that A1 is a BF subsemigroup, Ao is a BFl-id, A3 is a

BFi-id and Ay is a BFb-id of Y.



Chapter 2

Rough bipolar fuzzy sets

2.1 Introduction

Roughness in FSs is studied by many researchers; see [17, 18, 24, 29, 49]. Zhang [67]
enriched the F'Ss with the bipolar information in 1994 and presented the concept of the
bipolar fuzzy sets (BFSs). Later in 2000, Lee [38] also discussed the BFSs. These sets
are able to handle the fuzziness, as well as, the bipolarity (the degrees of positivity and
negativity) in the data. We have investigated roughness in BFSs using the concept of
roughness furnished by Pawlak [52]. We have defined rough BFSs (written as RBFSs),
which are the approximations of the BFSs in a P-apx space. We have also studied
some characterizations of the RBFSs. Some similarity relations between the BFSs are
defined and discussed by applying their rough BF approximations (written as RBF-
apxes) in Section 2.4. Another interesting direction in this chapter is the uncertainty
measures, such as accuracy measure and roughness measure for the RBF-apxes of the
BFSs. Earlier in 1996, Banarjee and Pal [15] provided a roughness measure for the FSs
using a-cuts on the FSs. The roughness measures for the BFSs using the approach of
Banarjee and Pal, are defined and discussed in Section 2.5. These are the measures
which provide an estimation to investigate how accurate are the RBF-apxes of the
BFSs. Throughout this work, U is a non-empty universe and R is an eqv-rel on U.
Different applications of the bipolar and m-polar FSs are discussed in [4, 5, 20]. De-
cision making techniques are another important application of the BF'Ss. We present,
in the last section, a group decision making (GDM) problem and solve it using the
RBF-apxes of the BFSs. An algorithm is also designed to solve this GDM problem,

supported by a suitable example.

18
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2.2 Rough bipolar fuzzy sets

We present and describe the RBFSs in this section. The RBFSs are the approximations
of the BFSs in a P-apx space. We also give the interpretations of the RBF-apxes of
the BFSs.

Definition 2.2.1 Take a P-apz space (U,R) and let N € BFS(U). The lower and
upper RBF-apzes of \ with respect to (U,R) are the BFSs R(\) and R(\) in U, respec-
tively, defined by

RO = {(n. A M), v M) ueU), 21
RO = {0, v M), A M) ueU). 22)

If R(\) = R(N\), then, \ is said to be R—definable; otherwise, X is an RBFS in U.

Let R(\)(u) and R(N\)(u) be symbolized by (AF(u), \¥(u)) and (AT (u), \N (u)),
respectively. Then, the information about the object u interpreted by these RBF-

apxes is as follows:

e The degree of definite fulfilment of u to the property of A is given by AP (u).

e The degree of definite fulfilment of u to the counter property of A is given by
MV (w).

e The degree of possible fulfilment of u to the property of X is given by AP (u).

e The degree of possible fulfilment of w to the counter property of A is given by
AV (u).

The difference A (u) — A (u) of possible and definite fulfilment measures the un-

certain fulfilment of u to the property of . Similarly, A (u) — AV (u) measures the

uncertain fulfilment of u to the counter property of A.

Definition 2.2.2 A BFS ) in U is referred to be classwise constant under an equ-rel
R on U if and only if N(u) = \(u'), whenever, v’ € [u]lg for u,u’ € U.

It is easy to note that the null BFS @\, the whole BFS I and the constant BFSs
are classwise constant under each eqv-rel on U. Also, the lower RBF-apx () and the
upper RBF-apx R(\) of \ are classwise constant under R.

For the illustration of the RBF-apxes, we give a simple example.
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Example 2.2.3 Let U = {m;;i = 1,...,7} be a set containing some food items such
that m1, mo are cakes, ms, myg are some chilli products and ms, mg, my are pies. Let
R be a binary relation on U such that (m;,m;) € R if and only if m; and m; are of

same type. Then, R defines classes {m1, ma}, {ms, mq} and {ms, mg, m7}. Consider
a BFS X in U, defined as:

A = {(m1,0.7,-0.2), (m2,0.7,-0.2), (m3, 0.1, —0.9), (my, 0.1, —0.9),
(m5, 0.5, —0.4), (mﬁ, 0.5, —0.4), (m7, 0.5, —0.4)}.

It can be clearly seem, that, X\ is classwise constant under R and that the lower and

upper RBF-apzes of A under R are same. That is,

RO = {(m1,0.7,-0.2), (ms, 0.7, -0.2), (m3,0.1, —0.9), (ma, 0.1, —0.9),
(ms,0.5,—0.4), (mg, 0.5, —0.4), (m7,0.5,—0.4) }
_ R,

This indicates, that, \ is R—definable. Let p be another BES in U, describing the

sweetness in the food items, as below.

o= {(mla 1, 0)7 (m2a 0.8, _018)7 (m37 0.1, _08)7 (m4a 0, _09)7
(ms, 0.4, —0.4), (mg, 0.5, —0.2), (m7, 0.4, —0.35)}.

The RBF-apxes of p are calculated by Definition 2.2.1 as:

R(p) = {(m1,0.8,0),(me,0.8,0), (m3,0,—0.8), (my4,0,—0.8),

(ms,0.4,—0.2), (mg, 0.4, —0.2), (m7, 0.4, —0.2)}, (2.3)
R(p) = {(m1,1,-0.18), (mg,1,—0.18), (ms, 0.1, —0.9), (my4, 0.1, —0.9),
(ms, 0.5, —0.4), (mg, 0.5, —0.4), (mz, 0.5, —0.4)}. (2.4)

Equations 2.8 and 2.4 show that, R(u) # R(u), rather, R(pn) € p C N(p). So, p
is an RBFS in U. The upper RBF-apz R(u) demonstrates that the degree of possible
fulfilment of cakes (m1 and mz) to the trait of X (that is, the degree of possible sweetness
in cakes) is 1.0. But, ®(u) interprets that the degree of definite sweetness in the cakes
15 0.8. Similarly, the degree of possible sourness in the cakes is —0.18, but the definite

sourness in them is 0.

2.3 Characterizations of rough bipolar fuzzy sets

This section studies some characterizations of the RBF-apxes of the BFSs.
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Lemma 2.3.1 Take a P-apzx space (U,R). Then, every classwise constant BFS in U
is —definable.

Proof. Take a classwise constant BFS A\ € BFS(U) and u € U. Then A\(y) =
AP (w) and AV (y) = A (u) for each y € [u]p. Then

A M) = v AP(y)
y€[ulg y€ulg

and

VAN = A AN (y).
y€[uln yE[ulp

Thus, we have

RO = {w. A ANy, v A(y):ueU}

yE[ulgp yE[ulgp
= {(u, V. A, A AV(y):ueU}=RN).
yE[uln y€[ulp

Which shows, that, A is R—definable. ®

Corollary 2.3.2 Take a P-apz space (U,R). Then, every constant BFS in U is
R—definable.

Proof. The proof follows from Lemma 2.3.1, as every constant BFS in U can be
considered as a classwise constant BFS in U, under any eqv-rel  defined on U. m

Some basic properties of the RBFSs are given below.

Theorem 2.3.3 Take a P-apx space (U,R) and let p,v € BFS(U). Then, the subse-

quent asservations hold.

1. R(p) C p S R(p),
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9. R(pUv) 2 R(p) UR(v),
10. R(pUv) = R(p) UR(v),
11, R(pnv) CR(p) NR(v),
12. u C v implies that R(u) C R(v) and R(u) C R(v).

Proof. (1) The proof follows from Definitions 1.3.2 and 2.2.1.
(2-3) The whole BFS I and the null BFS ) in U are constant. Hence, I and ) are
R—definable by Corollary 2.3.2. That is,

~

1=
>

(1),
(@)

(4-5) The lower RBF-apx R(x) and the upper RBF-apx R(u) of p are classwise
constant under R. Hence, £(1) and (i) are R—definable by Lemma 2.3.1. That is,

RR(p) = R(p) =RR(w),
RR(p) = R(u) = R(R(w)).

(6) From Definition 1.3.6, we obtain

R) = {@@ v (W)W, A WN):zeU}

RO) =

=) ~)
3 =l

y€lz] y€lz]
= {(=, ye\/m(l — uP(y)),yeA[x](—l —uN () :z e U}
= {(z,1- S Ply),-1- yev[w}uN(y)) cxe Ul = (R(p).

(7) Analogous to the proof of (6).
(8) From Definition 1.3.5, we obtain

R(pnv)

= {(x, e/}](up(y) Avp(y))yyev[x}(uN(y) viN(y) sz e U}

= {(=, (yeA[x]uP(y)) A (yEA[x]VP(y)), (ye\/[x]MN(y)) v (ye\/[gE]VN(y))) weU}

= R(p) NR(v).
(9) Again from Definition 1.3.5, we obtain

R(pUv)

= {(=, Q](up(y) va(y)),yevm(uN(y) AN () tx € U}

> (. ( A @)V (ALY B @AY W) e e U)

= R(p) UR@v).
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(10) Analogous to the proof of (8).

(11) Analogous to the proof of (9).

(12) Since u C v, so, uf’(2) < vP(2) and ™V (2) > vN(2) for each z € U. Then we
obtain

R = (. "G v ey ev)

C {(y, A V7(2), vV N(2):y e U} = R(v).
z€[y] z€[y]

Thus, R(p) € R(v). Similarly, R(p) C R(v). =

The assertions (8 —11) of Theorem 2.3.3 hold for any number of BFSs in U. Thus,

we have the subsequent asservations for any indexing set I.

Theorem 2.3.4 Take a P-apz space (U,R) and let {v; : i € I} C BFS(U). Then,

the subsequent asservations hold.
1. %(fnq):‘ﬁgﬂyﬁ,

2. %(LH@)Q'UgﬂVﬂv

el 1€
_ e n@
%(iglvl) C Zﬂ R(v;)

Proof. (1) Take v; € BFS(U), where i € I. Then, we have

_ P N ) -
iQIVl {(u’ié\lyz (U)’i\e/lyl (u)) ‘U U}
By using Equation 2.1, we get
R(0)
= {(u, N (AVP(W), Vv (VvvV¥ cuelU
{ A (APE@). v (V) ueU)
= {w, ACA VW), V(v vly)):ueU}
i€l yelulp i€l yelulp
= Nkw).
i€l

(2) For v; € BFS(U), where i € I, we have

_ P N(w) -
ié&yl {(uvig}yz (u)aiékyz (u))' u e l]}'
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By using Equation 2.1 and Definition 1.3.2, we get

R

- ’U/, N v ViP ) V A V,fv cu € U
i ye[u}m(iel ) yE[u]m(iel (¥))) }

) v( A P AV oUN : U
2 {(u,id(ye[ulﬁvz (y))’iez(ye[umyl (y))) :ueU}

- iglﬁ(yi)'

(3) Analogous to the proof of (1).
(4) Analogous to the proof of (2). m

The inclusion in the assertions 9 and 11 of the Theorem 2.3.3 may be proper. This

can be observed in the subsequent example.

Example 2.3.5 Consider the collection U = {m;;i = 1,...,7} of food items and the
relation R, as described in Example 2.2.3. We take two BFS v and w in U, defined as:

v = {(m1,0.3,-0.4), (me,0.4,—-0.5), (ms,0.6,—0.3), (my4, 0.2, —0.5),
(ms,0.5,—0.5), (mg, 0.6, —0.2), (n7,0.8, —0.1)},

w = {(my,0.6,—0.2), (mz,0.3,—0.3), (ms3, 0.8, —0.4), (m4,0.4, —0.5),
(ms, 0.1, —0.7), (ms,0.9,0), (m7,0.2, —0.8)}.

The lower RBF-apxes of v and w, as well as their union R(v) U R(w), are given as:

R(v) = {(m1,0.3,-0.4), (mg,0.3,-0.4), (m3,0.2,—0.3), (my4, 0.2, —0.3),
(ms, 0.5, —0.1), (mg, 0.5, —0.1), (m7, 0.5, —0.1)},
R(w) = {(m1,0.3,-0.2), (m2,0.3,—-0.2), (m3,0.4, —0.4), (my, 0.4, —0.4),
(ms,0.1,0), (mg,0.1,0), (m7,0.1,0)},
Rv)UR(w) = {(m1,0.3,-0.4), (m2,0.3,-0.4), (m3,0.4,-0.4), (m4, 0.4, —0.4),
(ms, 0.5, —0.1), (mg,0.5, —0.1), (m7, 0.5, —0.1) }. (2.5)

Now we calculate v Uw and its lower RBF-apz as:

vUw = {(m1,0.6,-0.4),(me,0.4,—-0.5), (ms,0.8,—0.4), (my4, 0.4, —0.5),
(ms,0.5,—-0.7), (mg, 0.9, —0.2), (m7,0.8,—0.8)},
RrUw) = {(m1,04,-04),(me,0.4,—-0.4),(ms,0.4,—0.4), (m4,0.4,—0.4),
(ms,0.5,—0.2), (mg, 0.5, —0.2), (m7,0.5,—0.2) }. (2.6)
Equations 2.5 and 2.6 verify that the inclusion (9) of Theorem 2.5.3 is proper. That

18,

RrUw) 2 Rv) UR(w).
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To observe the proper inclusion in (11) of Theorem 2.5.3, we consider the BES p
defined in Example 2.2.8 and calculate p N v and R(pNv) as:

{(m1,0.3,0), (Mg, 0.4, —0.18), (m3, 0.1, —0.3), (my4, 0, —0.5),
(ms,0.4,—0.4), (mg, 0.5, —0.2), (m7,0.4, —0.1)},

R(unv) = {(my,0.4,-0.18), (mg, 0.4, —0.18), (m3,0.1, —0.5), (my4, 0.1, —0.5),
(ms,0.5, —0.4), (mg, 0.5, —0.4), (m7,0.5, —0.4)}. (2.7)

[ ARR%

The upper RBF-apx of v is calculated as:

R(v) = {(m1,0.4,-0.5), (mg,0.4,—0.5), (m3,0.6, —0.5), (my4, 0.6, —0.5),
(ms,0.8,—0.5), (mg, 0.8, —0.5), (m7,0.8, —0.5)}. (2.8)

R(u) N R(v) is calculated from Equations 2.4 and 2.8, as:

R(p) NR(v) = {(m1,0.4,-0.5), (ms,0.4,—0.5), (m3,0.1, —0.5), (my, 0.1, —0.5),
(m5, 0.5, —0.4), (m6, 0.5, —0.4), (m7, 0.5, —0.4)}. (2.9)

The Equations 2.7 and 2.9 verify that the inclusion in (11) of Theorem 2.8.3 is
proper. That is,

R(pNv) € R(p) NR(v).

Theorem 2.3.6 Let R and o be two equ-rels on U, such that, R C o. Then, o(u) C
R(p) and R(u) C 7 () for each p € BFS(U).

Proof. Take any p € BFS(U). Since R C o, we have [z]p C [z], for each x € U.
Thus,

A P (y) < 1" (y)
y€[z]o yE[z]R

and

for each x € U. So, Definition 1.3.2 gives a(u) C R(p).

Similarly, ®(p) C (). m

Corollary 2.3.7 Let R and o be two equ-rels on a non-empty set U. Then, the subse-
quent asservations hold for each X € BFS(U).
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Proof. (1) Let R and o be two eqv-rels on U. Then, RN o is also an eqv-rel on U.
It is also clear that RN o C N and RN o C 0. By Theorem 2.3.6, we have

=
)
2
=
N

RN,
()

=
D)
2
=
IN
Ql

for any A € BFS(U). This proves, that,

(RNa)(A) SR NT(N)

for each A € BFS(U).
(2) Analogous to the proof of (1). m

Theorem 2.3.8 Take a P-apz space (U,R) and let N\ € BFS(U). Then, the subse-

quent asservations are equivalent.

1. R(A) C A
2. ACR(N)
3. X\ is R—definable.
Proof. (1)=(2) Take any A € BFS(U). Then, Theorem 2.3.3 gives,
AC RN = REWN)). (2.10)
But, assumption (1), that is $(\) C ), implies that,
R(R(N)) € R(N). (2.11)

Combining Expressions 2.10 and 2.11, we get A C £(A).
(2)=(3) For A € BFS(U), assume that A C £(\). But, £(A) C X. So, A = R(A).
Which implies that,

R(A) = RRA)) = R(N).

Thus, A is R—definable.
(3)=(1) Obvious. m

Proposition 2.3.9 Take a P-apz space (U, R).

1. An R—definable BFS in U is constant, if R is the universal binary relation on

U.

2. Each BFS p in U is R—definable, if R is the identity relation on U.
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Proof. (1) Let u € BFS(U) be R—definable. Then R(u) = R(x). Which gives
R(p) () = R(js) (). Hence,

, VN ) = (v e ), A N ()
yelul yelu] yelul yelu]

for each w € U. We have [u] = U for each u € U, since & = U x U. So, the above

equation gives

AP ()= v ulf d A Ny = v V).
s (y) A (y) an S H (y) e (y)

This clearly indicates that p is a constant BFS in U.
(2) Straightforward. m

2.4 Similarity relations associated with RBF approxima-

tions

This section presents a few binary relations between the BFSs based on their RBF-

apxes and investigate their properties.

Definition 2.4.1 Take a P-apz space (U, R)and let pu,v € BFS(U). Then, we define
p 2y v if and only if R(u) = R(v),
w ~x v if and only if R(p) = R(v),
w =g vif and only if R(p) = R(v) and () = R(v).

Clearly, p ~p v if and only if p ~% v and p <~y v. The relations ~g, ~x and g
may be called lower RBF similarity relation, upper RBF similarity relation and RBF

similarity relation, respectively.
Proposition 2.4.2 The relations ~g, ~g and =y are equ-rels on BFS(U).
Proof. Straightforward. m

Theorem 2.4.3 Take a P-apx space (U,R). Then, the subsequent asservations hold
for each p,v,\,w € BFS(U).

1. p=gpvifand only if p ~p (pUV)g ~ v,
2. u=xvand X\ =g w imply that (LU N) =g (v Uw),
3. uwCvandv =g @ imply that p ~x @,

4. wCv anduzgygfimply that v <y f,
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5. If (pnUv) =g @, then, L Z;R@ and v ~g @,

6. If (uNv) :%f, then,u:%fanduzé}%f

Proof. (1) Let yu ~% v. Then R(u) = R(v). From Theorem 2.3.3, we have
R(pUv) =R(p) UR() = R(p) = R(v).

So, p~p (nUv) = v.
Converse holds by the transitivity of the relation ~g.

(2) Let p =g v and A ~g w. Then, R(u) = R(v) and R(\) = R(w). From Theorem
2.3.3, we have

R(pUN) = R(p)

o, (WUN) ZA(I/ Uw). ~
(3) v =% 0 implies that R(v) = R(M). Also p C v implies that,

R(p) € R(v) = RO) =0 C R

Thus, R(p) = ﬁ(@) Which shows that u ~g 0.
(4) p ~x T implies that R(p) = @(f) Also po C v implies that,

R(v) 2 R(u) =R(1) =12 R(v).

Thus, R(v) = R(I). Which shows that v ~g I.
(5) This follows from (3).
(6) This follows from (4). m

Theorem 2.4.4 Take a P-apz space (U,R). Then, the subsequent asservations hold
for each p,v,\,w € BFS(U).

1. w~pvifand only if p~x (LNV) ~5 v,

2. pgpvoand N ~p w imply that (LN A) ~x (v Nw),
3. 1w Cvandv >~y @ imply that u ~x @,

4. Cvand p ~x fimply that v ~x f,

5. If (nUv) ~p @, then, 2&&@ and v ~g @,

6. If (uNv) :mf, then,u:%fanduzgef.
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Proof. Parallel to the proof of Theorem 2.4.3. m

Theorem 2.4.5 Take a P-apz space (U,R). Then, the subsequent asservations hold
for each p,v € BES(U).

1. uCvw anduz%@imply that,u%%@,
2. uCv andu%mfimply that v ~g f,
3. If (WUv) =5 @, then, u %gvg/@\ and v =g @,
4. If (uNv) %gnf, then,u%mf(mdyzgcg:f.

Proof. This directly follows from Definition 2.4.1, Theorems 2.4.3 and 2.4.4. =

2.5 Accuracy measures for BFSs

An important application of the RBF-apxes of the BFSs is, that, these approximations
provide a scheme to investigate how accurately the belongingness maps of a BFSs
describe the objects. We introduce the degree of accuracy and the degree of roughness
for the positive and negative belongingness maps of the BFSs, separately. For this

purpose, we first define the a—level cuts of a BFS and describe their basic properties.

Definition 2.5.1 Let A € BFS(U). For 0 £ a < 1, the a—level P-cut (positive cut)
of \ is symbolized by A, and defined as:

Ao ={uclU:\(u)>al. (2.12)

Definition 2.5.2 Let A € BFS(U). For 0 5 a <1, the a—level N-cut (negative cut)
of X is symbolized by A% and defined as:A® = {u € U : AN (u) < —al.

Lemma 2.5.3 Let A\, € BFS(U) and0 < a < 1. Then, A C p implies the following.
1. Ao Cpy,
2. A\ C u~.
Proof. Direct outcome of Definitions 2.5.1 and 2.5.2. =
Lemma 2.5.4 Let A € BFS(U) and 0 & f < o < 1. Then, the following hold.
1. A C Mg

2. NP e
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Proof. Direct outcomes of Definitions 2.5.1 and 2.5.2. =

Note that (A, ) is the lower approximation of the crisp set A,, while, R()), is the
a—level P-cut of the lower RBF-apx R(\) of the BFS A in U. Thus, we conclude the
following, with the help of Definitions 2.2.1, 2.5.1 and 2.5.2.

RNa = {ueU: RN (u)>a}

= {ucU: A MN(y)>a},
y€Eluln

RNe = {ucU: v A(y)>a},

yE[ulp

N = {ueU: v M(y) < -a},
yElulp

RN = {ueU: A AV(y) < —al.
yEluln

Lemma 2.5.5 Let A\ € BFS(U) and 0 £ a < 1. Then, the subsequent assertions
hold.

1. R(Aa) = R(Na,
2. 8:E(>\oz) = 8:E(>\)cw
3. R(A%) = RN,

4. RAY) =R(N)“.
Proof. (1) Let A € BFS(U) and 0 5 o < 1. For the crisp set A\, we have

R(Aa) = {uclU:ulp CAa}
= {ueU:ye€\, for each y € [u|n}
= {ueU:\'(y) > a for each y € [u]p}

= {ueU: A )\P(y)Za}
y€[ulp

= R(N\)a-
The remaining parts can be verified in the same manner. m

Now, we define the degree of accuracy and the degree of roughness for the positive

and negative belongingness maps of a BFS in U.

Definition 2.5.6 Take a P-apz space (U,R). The degree of accuracy for the positive
belongingness map of the BF'S A € BFS(U), with respect to the parameters o, 3 such
that, 0 £ B < o <1, is expressed as:

R _
Do (A) = |
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The degree of roughness for the positive belongingness map of A € BFS(U), with

respect to the parameters o, 5 such that, 0 £ 8 < a <1, is expressed as:
e e
Pla,s(AN) =1 =Dpg 5)(A)-

Definition 2.5.7 Take a P-apzx space (U,R). The degree of accuracy for the negative
belongingness map of the BF'S A € BFS(U), with respect to the parameters a, 3 such
that, 0 £ B < o <1, is expressed as:

_ RO
RO

The degree of roughness for the negative belongingness map of A € BFS(U), with
respect to the parameters o, 5 such that, 0 £ 8 < a <1, is expressed as:

g%‘fl g =1- @n%‘fw(x).

’

Notice that, (\,) (or ®(Ag)) comprises of the objects of U having « (or 3) as the
least degree of definite (or possible) fulfilment for A. Equivalently, ®(A\) (or R(A\g))
may be viewed as union of the eqv-classes of U having the degree of fulfilment atleast «
(or ) in the lower (or upper) RBF-apx of A. Therefore, the parameters o and 3 serve as
the thresholds of definite and possible fulfilment of the objects of U for A, respectively.
Hence, @p?; 8) (A\) may be interpreted as the degree to which the positive belongingness
map of A is accurate, constrained to the threshold parameters « and (. Similarly,
’Dnéa 3) (M) denotes the degree to which the negative belongingness map of A is accurate,
constrained to the threshold parameters o and . In other words, @p?ea’m()\) and
@n?‘;, 3) (M) describe how accurate are the positive and the negative belongingness maps

of the BFS A, respectively. We explain these degrees in the subsequent example.

Example 2.5.8 Consider the set U = {m;;i = 1,...,7}, the relation ® and the BFS
w € BFS(U), as in Example 2.2.3. That is, R defines classes {m1, ma}, {ms, ma},

{ms, mg, mr} and

Bwo= {(mla 1, 0)7 (m2a 0.8, _018)7 (m37 0.1, _08)? (m47 0, _09)7
(ms, 0.4, —0.4), (mg, 0.5, —0.2), (mz, 0.4, —0.35)}.

Take = 0.3 and a = 0.4. Then, av—level P-cuts jiy 3 and jiy 4 are calculated by using
FEquation 2.12, as follows.

tos =U — {ma} = g4

a—level N-cuts pi°% and p%7 are calculated by using Equation 72, as follows.

p% = {mg,ma} = p*7.
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The degree of accuracy for the positive belongingness map of u is calculated by using
Definition 2.5.6, as follows.

B(MOA) = {mlﬂ m2am57m67m7}a

@(MOB) = {m17m27m37m47m57m6,m7}7
[R(poa)l 5

o) Ros)| 7

While, the degree of accuracy for the negative belongingness map of p is calculated by
using Definition 2.5.7, as follows.

R(*T) = {ma,ma} =R(u>),
0.7
R _ R 2
D, gy (n) = W =3= 1.0.
Hence, the positive belongingness map p* of p describes the sweetness in food items
accurate upto the degree 0.714. While the negative belongingness map u of u describes

the sourness in food items accurately (upto the degree 1.0).

Theorem 2.5.9 Take a P-apz space (U,R), A € BFS(U) and 0 £ < o < 1. Then,
0 <Dpfl, 5(A) <1 and 0 < Dnf! 5 (A) < 1.

Proof. Take a BFS A\ € BFS(U) and the parameters «, § be such that, 0 < 5 <
a < 1. To prove 0 < @pgm()\) < 1, we show that |R(\q)| < @(AB)’ Using Lemma
2.5.4, we have A, € A\g. Now, Theorem 1.7.3 gives that,

R() € ROw) € R(\s).
So, [R(Aa)| < |R(Ag)|, or the ratio ;%E;\\‘;gi fluctuates between 0 and 1. Which certainly
yields
0 < Dpll, 5 (V) < 1.
Similarly, it can be shown, that, 0 < @n%m()\) <1l. m

Corollary 2.5.10 For the P-apz space (U,R), A € BFS(U) and 0 £ B < a <1, we
have, 0 < p%,é’)()‘) <1land0< g%m()\) <1.

Proof. Definitions 2.5.6, 2.5.7 and Theorem 2.5.9 verify these asservations directly.
]

Theorem 2.5.11 Take a P-apx space (U,R), A€ BFS(U) and 0 £ < a <1.

1. If a stands fized, then @p%ﬁ)()\) and ©n£76>(A) increase with the increase in
3.
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2. If B stands fized, then @p?zm()\) and 9“?2,3)()‘) decrease with the increase in

.

Proof. (1) Let o stand fixed, 0 £ 5; < 8y <1 and A € BFS(U). Using Lemma
2.5.4, we have Ag, C Ag,. Theorem 1.7.3 gives R(Ag,) C R(Ag,). That is,

|ﬁ()‘52)} < ‘%()‘51)"

This implies that,

RO _ R
RO~ [R(As,)|
That is, QP?Z,BI)O‘) < ’DP%M(A)- This verifies that @p?&}m()\) increases with the
increase in 3. In the same manner, it can be shown that ’Dn%’ 5(A) increases with the

increase in 3.
(2) Parallel to the proof of (1). m
Corollary 2.5.12 Take a P-apz space (U,R), A€ BFS(U) and 05 8 < a < 1.
1. If « stands fized, then p%@(x\) and g%

6>()\) decrease with the increase in 5.

2. If B stands fized, then p?f) ﬁ>(>‘) and o} 5>()\) increase with the increase in «.

Proof. Definitions 2.5.6, 2.5.7 and Theorem 2.5.11 verify these asservations di-
rectly. m

Theorem 2.5.13 Take a P-apz space (U,R), \,;p € BFS(U) and 0 £ 8 < a < 1.

Then, X C u implies the subsequent asservations.

=)

1.

@]

p?z”@) ()‘) < Qp%ea,ﬁ> (/’1’)7 whenever, %(Aﬁ) = (H,B)7

3

R

2. DplL, 5 (A) > Dp

)

(1), whenever, R(Aa) = R(u,)

==

)

3. Dn 3 (1), whenever, R = R(pu'),

=3

5)(A) < Dn

=3

4. Dnl 5 (\) > Dl 5 (1), whenever, RN ) = R(p! 7).

)

Q

Proof. (1) Let 0 £ 8 < a <1, A C pand R(Ag) = R(ug) for A, p € BFS(U).
Lemma 2.5.3 gives, that, A\, C 1. Theorem 1.7.3 gives that, $(\y) € R(p,), that is,
IR(Aa)| < [R(pto)|- Which implies,

ROW| _ [R()|
RO~ RGs)]

Hence proved, that, @p%ﬁ)()\) < QP%@ (1)

The remaining parts can be proved in the same manner. =
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Corollary 2.5.14 Take a P-apz space (U,R), \,up € BFS(U) and 0 £ 8 < o < 1.

Then, A C u implies the subsequent asservations.
1. p% 4 (N) > pR o (1), whenever, R(\g) = R(pg),
2. 85y N) < 0], (1), whenever, R\a) = Rua),

s Q%vﬁ) ()\) 2 QER 8) (M), wh@never, %()\1_0‘) — %(Ml—a)’

4- Q?Em)()\) < 95&@ (1), whenever, RINLP) = R(u!=P).

Proof. Definitions 2.5.6, 2.5.7 and Theorem 2.5.13 verify these asservations di-
rectly. m

Theorem 2.5.15 Take a P-apx space (U,R), A € BFS(U) and 0 £ < a<1. Ifo

s an equ-rel on U, containing K. Then, the subsequent assertions hold.
1. Dplh 5 (A) > Dp7, 5 (M)
2. Dufl, 5 (A) <Dnf, 5 (V).

Proof. 1) Let A € BFS(U) and let ® and o be two eqv-rels on U, such that,
R C 0. Theorem 2.3.6 states that R(A) D o(\) and R(\) C 7(A). Using Lemma 2.5.3,
we get R(A)a 2 0(N)q and R(N)s € 7(\)s. Lemma 2.5.5 gives

RA)[ = R(Nal = [2(A)al = la(Xa)l,
RO = RNl < la(Nsl = l2(As)|
Which implies,
R(Aa)| o lo(Aa)l
1R(s)| ~ [7(As)]

That is, ’Dp?z,m(/\) > @p?aﬁ)()\)-

2) It can be verified in the same manner as (1). m

Corollary 2.5.16 Take a P-apz space (U,R), A€ BFS(U) and 05 <a<1. Ifo

is an equ-rel on U containing N. Then, the subsequent assertions hold.

N

L ploy (V) < #fy 5 (N)

2. Q%ﬂ)()‘) = Q?a,@()‘)'

V

Proof. Definitions 2.5.6, 2.5.7 and Theorem 2.5.15 verify these asservations di-
rectly. m
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Theorem 2.5.17 Take a P-apz space (U,R), \,p € BFS(U) and 0 £ 8 < a < 1.

Then, A ~y u implies the subsequent asservations.

Proof. (1) Let 0 £ 8 < o < 1 and A\,u € BFS(U) be such that A ~» p. By
Definition 2.4.1, £(\) = R(p). Then, Theorem 2.4.4 implies R(A N p) = R(A). This
gives R(A N p)o = R(N)q. That is,

R(A N pa)l = [R(Aa)]- (2.13)

On the other hand, AN x C A. Which implies that, R(A N p) C R(N), that is,
R(ANp)s CR(N)g. This gives

R(AN )] < [

—

Ag)l- (2.14)

Expressions 2.13 and 2.14 yield the following.
RN )] _ [R()

RN we)| ~ [RAs)|

This proves that @pi}gm()\ Np) > @p%ea,g)()‘)-

The remaining parts can be proved in the same manner. m

Corollary 2.5.18 Take a P-apz space (U, R), \,u € BFS(U) and 0 £ f < o < 1.

Then, A ~p u implies the subsequent asservations.

1. P?Zﬂ)()\ Np) < Pga,g)(/\),

. P§<R 7@)()\ Np) < P?e ﬁ)(ﬂ),
B>(A)?

4o gy N0 1) < 0ff, g ()-

)

IS

Q
Q

3.0

)

=3

ﬂ)O‘mM) <o

==

Proof. Definitions 2.5.6, 2.5.7 and Theorem 2.5.17 verify these asservations di-
rectly. m

Theorem 2.5.19 Take a P-apz space (U,R), \,;p € BFS(U) and 0 £ 8 < a < 1.

Then, A g w1 implies the subsequent asservations.
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1. Dpl, gy (AU p) > Dplt, 5 (M),
2. @pi};ﬁ)()‘ Up) = @p%fl,@ (1),
3. D 5 (AU ) > Daf 4 (N,
4. DOnf, 5 (AU p) > DT, 5 ().

Proof. Parallel to the proof of the Theorem 2.5.17. m

Corollary 2.5.20 Take a P-apz space (U,R), \,u € BFS(U) and 0 £ f < o < 1.

Then, A =g w implies the subsequent asservations.

L pl s AUp) < pf, 5 (N,
2. o s AU L) <Pk 5 (1),
3. 0l sy (ANUR) < of, 5(N),
b0 gy (AU ) < o, 5 ().

Proof. Definitions 2.5.6, 2.5.7 and Theorem 2.5.19 verify these asservations di-
rectly. m

Theorem 2.5.21 Take a P-apz space (U,R), \,;p € BFS(U) and 0 £ 8 < a < 1.

Then, A =gy 1 implies the subsequent asservations.

2. D, 5 (A) =Dnf 5 (1).

Proof. (1) Let 0 £ 8 < a < 1 and \,pu € BFS(U) be such that, A\ =g p.
From Definition 2.4.1, we have R(\) = R(u) and R(\) = R(). Then, Lemma 2.5.5
implies, that, R(Aa) = R(u,) and R(Ag) = R(ug). That is, [R(Xa)| = [R(u,)| and
[R(A\g)| = [R(ug)|- This yields the following.

R _ [R(pa)

RO~ [Rug)|

This verifies, that, @pﬁﬂ()\) = ’Dpéaﬁ ().
(2) Analogous to the proof of (1). m

Corollary 2.5.22 Take a P-apz space (U,R), \,up € BFS(U) and 0 £ 8 < o < 1.

Then, A =y 1 implies the subsequent asservations.
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Proof. Definitions 2.5.6, 2.5.7 and Theorem 2.5.21 verify these asservations di-
rectly. m

2.6 Application of RBF approximations

Decision making is a major area to be conferred in almost all kinds of data analysis.
Researchers and experts use their knowledge to design algorithms in order to find a wise
and best decision. Many algorithms are designed by the researchers, in this regard, to
find a best decision [46, 55, 66]. All those algorithms provide the decision to choose
the best object. But, in some circumstances, the best decision becomes difficult to be
taken and one has to look for another better option. So, it will always be advantageous
if the poor decision becomes apparent, in order to avoid the poor decision, as well.
There may also be a group of more than one decision makers, who desire to arrive at
a single decision. We present, in this section, an efficient computational algorithm to
obtain the best, as well as, the poor decisions, for the group decision making (GDM)
problems by using the RBF-apxes. We consider a GDM problem in which a group
of decision makers wishes to decide for a best and a worst object, keeping in view
the degree of positivity, as well as, the degree of negativity examined in the objects.
Let the set containing objects be symbolized by A = {a; : 1 < j < k} and the set
containing the BFSs describing the assessments of m decision makers be symbolized by
Q= {w;:1<i<m}. The information about the objects a;, provided by each w;, is
represented by a table (called the table of ) with (4, j)th entry as wi(a;) = (xij, ¥ij),
where the value z;; denotes the degree of positivity and y;; denotes the degree of
negativity in a; towards the property of w;. First, we assign the indiscernibility grades
to each object under consideration relative to each BFS w;. After that, we define the

indiscernibility relations between the objects.

Definition 2.6.1 The indiscernibility grades G;; corresponding to each object a; € A
and each BFS w; € Q, are given by

P if a2 |yl
Gij =< N if zij 5 |yijl (2.15)
O if zij = |ysj]

where (25, yij) = wi(a;).

The indiscernibility grades depict the following information about the objects.
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e If Gj; = P, the object a; has positive belongingness value x;; higher than the

negative belongingness value |y;;| , with respect to w;.

o If G;j = N, the object a; has negative belongingness value |y;;| higher than the

positive belongingness value x;;, with respect to w;.

e If Gj; = O, the object a; has positive belongingness x;; equal to the negative

belongingness |y;;|, with respect to w;.

Now we give the concept of indiscernibility relations on A associated with the BFSs
in 2. We say that two objects a; and aj are indiscernible, written as a; ~ ay, if and
only if they have same grades for each w;. Thus, when we say that the objects a;
and ag are indiscernible, it means that, either both the objects have positivity higher
than the negativity, or both the objects have negativity higher than the positivity, or
both the objects have equal measures of positivity and negativity. The indiscernibility

relation R between the objects of A is defined as:
%:{(aj,ak) EAXA:ajNak}. (2.16)

Surely, R is an eqv-rel on A.
Now, we proceed to the decision values d; for the objects. For the eqv-rel , we

write $(w;)(a;) = (@, yﬂ) and R(w;)(a;) = (Tij, ¥i;). Denote

— lyis)), (2.17)

m
7 = & @5 - 7). (2.18)

Then, z; represents the definite fulfilment of the object aj;, while, Z; represents the
maximum possible fulfilment of the object a;, towards all decision makers {w; : 1 <
i < m}. Thus, the uncertain (or doubtful) fulfilment of a; is given by the difference
Zj — #zj. The decision will be taken on the basis of the decision parameter, defined

below.

Definition 2.6.2 The decision parameter D has the values d; corresponding to each
object a; € A, given by
dj = z; + zj. (2.19)

This value gives the definite fulfilment z; of the object a;, a double weightage than

to the uncertain (doubtful) fulfilment Zj — z;, because we have

dj:Z‘+7j:2Zj—Zj +7j,
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or,
dj = 2z; + (zj — 2j)- (2.20)

We can rewrite Equation 2.20 as:

dj = 2%(@ -

vig|) + 2 (@5 — 1551) — (215 — [i]) (2.21)

From Equation 2.21, it is clear that the higher the definite positive fulfilment z;; of
aj, the larger the value d;. Also, the higher the definite negative fulfilment ‘ Yij ‘ of aj,

the smaller the value d;. In this way, we identify the poor objects having lowest value
of dj. These are the objects with high definite negative fulfilment, according to w;.

Hence, our algorithm has the following main advantages.

e [t manipulates technically the fuzziness of the data enriched with the bipolarity

of information.

e It accommodates the assessments of any (finite) number of decision makers about

any (finite) number of objects.

e [t gives double weightage to the definite fulfilment of the objects, than to the

uncertain fulfilment.

e It yields a wise decision, containing the best, as well as, the poor decision, so

that, one can sidestep the poor decision.
Main steps of the algorithm are as follows.

Algorithm 2.6.3 The algorithm to decide for the best and poor objects in A, is given
below.

Step I: Input the BFSs Q.

Step II: Find out the equ-rel R on A, using Formula 2.16.

Step III: Evaluate R(w;) and the values z; using Equations 2.1 and 2.17, respec-
tively. N

Step IV: Evaluate R(w;) and the values zj using Equations 2.2 and 2.18, respec-
tively.

Step V: Find the decision values d; for each object a; € A, using Formula 2.19.

Step VI: Construct the decision table with rows of A and the decision parameter
D in the descending order with respect to the values of D. Choose p and q, so that
dp, = max d; and d; = min dj. Then, a, is the best optimal object, while, aq is the poor

object to be decided. If p has more than one values, any one of ap,’s can be selected.
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The flow chart of Algorithm 2.6.3 is shown in Figure 2.1.

Construct
decision table

Input A and Q

2 7

Find the Calculate the
decision values

dJ' =£‘r.’:j.

Evaluate lower approximation Evaluate upper approximations
R(w;) and the values z; R(w;) and the values Zj

Figure 2.1: Flow chart of Algorithm 2.6.3.

relation R

Now we consider an illustration of the Algorithm 2.6.3, as follows.
Example 2.6.4 The GDM problem.

Let A ={a;;i=1,...,6} be a set containing some similar products and a company
X wishes to decide for one product to manufacture. Let Q = {w1,wa, w3, w4} be a set
containing the BFSs describing the assessments of four independent experts, who are
assigned by the company to decide in the favour of a single product. Here, we have
1<i<4and1<j<6.

Step I:

The information about the objects a;, provided by each w;, is represented in the
Table 2.1, where the (4, j)th entry w;(a;) = (xij,yi;) describes the assessment of w;
about the product a;. The value x;; represents the degree to which the product a; is
suitable for being manufactured and the value y;; represents the degree to which a; is

not favorable for production, according to the assessment of the expert w;.

0 al as as a4 as ag

wi  (0.6,—-0.3) (0.7,-0.4) (0.5,—0.5) (0.6,—0.6) (0.7,—0.3) (0.4,—0.4)
wy (0.6,-0.4) (0.5,—0.5) (0.6,—0.3) (0.4,-0.5) (0.5,—0.5) (0.3,—0.4)
ws (0.7,-0.2) (0.6,—0.3) (0.5,—0.2) (0.5,—0.5) (0.6,—0.4) (0.4,—-0.4)
wy (0.5,—-0.4) (0.3,-0.3) (0.5,—0.5) (0.5,—0.3) (0.4,—0.4) (0.5,—0.3)

Table 2.1: Table of

Step 1I:
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For the relation R, first we assign the indiscernibility grades to each object, corre-

sponding to each BFS w; € Q, using Formula 2.15, as in Table 2.2.

Table 2.2: Assignment of indiscernibility grades G;;

From Table 2.2, it can be clearly seen that, as and as got the same grades, while, a4

and ag received the same grades. So, the Formula 2.16 leads to the following eqv-rel
on A.

éR — {(a‘laal)a(a27a2)7(a‘37a3)’(a47a’4)7(a‘57a5)7(a67a6)3
((12, CL5), (a57 (12), (a47 a’ﬁ)) (GG, CL4)}.
This relation serves as our key tool to evaluate the RBF-apxes of w;.
Step III:

The lower RBF-apxes R(w;) of each w; and the values zj are evaluated in Table

2.3, by using the Equation 2.1 and Equation 2.17, respectively.

R(w;) ai as as a4 as ag
R(w1) (0.6,-0.3) (0.7,-0.3) (0.5,—0.5) (0.4,—0.4) (0.7,—0.3) (0.4,—0.4
R(ws) (0.6,—0.4) (0.5,—0.5) (0.6,—0.3) (0.3,-0.4) (0.5,—0.5) (0.3, —0.4
R(ws) (0.7,-0.2) (0.6,—0.3) (0.5,-0.2) (0.4,—-0.4) (0.6,—0.3) (0.4, 0.4
R(ws) (0.5,-0.4) (0.3,-0.3) (0.5,-0.5) (0.5,-0.3) (0.3,—0.3) (0.5,-0.3
2j 1.1 0.7 0.6 0.1 0.7 0.1

Table 2.3: Calculations of ®(w;) and z;

Step I'V:
The upper RBF-apxes %(w;) of each w; and the values z; are evaluated in Table
2.4, by using the Equation 2.2 and Equation 2.18, respectively.

R(w;) a1 as as a4 as ag
R(wi) (0.6,-0.3) (0.7,-0.4) (0.5,—0.5) (0.6,—0.6) (0.7,—0.4) (0.6, —0.6
R(w2) (0.6,-0.4) (0.5,—-0.5) (0.6,—0.3) (0.4,—0.5) (0.5,—0.5) (0.4,—0.5
R(ws) (0.7,-0.2) (0.6,—0.4) (0.5,—0.2) (0.5,—0.5) (0.6,—0.4) (0.5,—0.5
R(ws) (0.5,—0.4) (0.4,—0.4) (0.5,—0.5) (0.5,—0.3) (0.4,—0.4) (0.5,—0.3
Zj 1.1 0.5 0.6 0.1 0.5 0.1

Table 2.4: Calculations of R(w;) and zj
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Step V:
The decision values d; for each a; € A are determined in Table 2.5, using Formula

2.19.

A a1 ay a3 a4 a5 ag
z L1 07 06 01 07 0.1
z; 1.1 05 0.6 01 05 0.1
dj 22 12 12 02 12 02

Table 2.5: Calculations of decision values d;

Step VI:
Now we construct our decision table by placing the set A in first row and the

decision parameter D in the second row. The table is rearranged in the descending

order with respect to the values of D. Decision table is given by the Table 2.6.

A‘al as a3 as G4 Gg
D\2.2 12 12 12 02 02

Table 2.6: Decision table

We get max d; = dqy = 2.2 and min d; = dy = dg = 0.2. Hence p =1 and g = 4,6.

J J
Thus, the product a; is the best decision, while a4 and ag are the poor selections. So,
the most favorable item which the company can manufacture is a;. But, in any case,

it should not go for the products a4 or ag.



Chapter 3

Rough bipolar fuzzy ideals in

semigroups

3.1 Introduction

The notion of RBFSs defined in Chapter 2 handles the vagueness and uncertainty, as
well as, bipolarity in data which can not be avoided in many real life problems. The
concepts of roughness, fuzziness and bipolarity are also correlated to the semigroups
in different manners by many authors to study the data having the structure of semi-
groups. Kuroki [36] presented the concept of fuzzy semigroup in 1991. Ideal theory in
semigroups is correlated to the FSs by many authors; see [1, 2, 31, 33, 56, 58, 59, 60].
Rough ideals in semigroups were initiated by Kuroki [37] in 1997. After that, Maji
et al. [41] applied the concept of roughness to the fuzzy semigroups. Later on, rough
fuzzy ideals in semigroups are studied in [52]. BF-ids in semigroups were presented by
Kim et al. [34]. The direction of this chapter is to extend this work and to the present
the RBF-ids of semigroups. In this chapter, we have discussed the BFSs and BF-ids
in a semigroup. We have also studied the roughness in the BF subsemigroups with
the help of a cng-rel defined on the semigroup and investigated some properties of the
RBF subsemigroup. RBF-id, RBFi-id and RBFb-id in the semigroups are defined and

discussed in this chapter.

3.2 Bipolar fuzzy sets in semigroups

In this section, we link the BF subsemigroups to the subsemigroups of a semigroup
and the BFl-ids (BFr-ids, BF-ids, BFi-id and BFb-id in semigroups to the left (right,
two-sided, interior, bi-) ideals of semigroups, using the a—level P-cuts and a—level N-

cuts of the BFSs as defined in Section 2.5. Throughout this chapter, T is a semigroup

43
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and R is a cng-rel on Y. Recall the Definition 2.5.1 of the a—level P-cuts and the
Definition 2.5.2 of the a—level N-cuts of a BFS A in U, that are,

Ao = {uecU:\'(u)>al,
2 = {ueU: \V(u) < —a},

respectively, for each 0 S a < 1.

Theorem 3.2.1 A BFS A in Y is a BF subsemigroup of Y if and only if Ao and A%,

if non-empty, are subsemigroups of Y, for each a € [0,1].

Proof. Let A be a BF subsemigroup of T, and let a,b € A\,. Then, A(a) > a and
MP(b) > a. Since A is a BF subsemigroup of T, so

NP(ab) = NP(a) A NP(D) > a.

Which implies, ab € A,. So, A, is a subsemigroup of Y for each «. Similarly A% is
a subsemigroup of T for each a.

Conversely, let A, and A“ be non-empty subsemigroups of T for each @ € [0, 1], and
let a,b € Y. Denote AP(a) A N(b) by a, € [0,1]. Then surely, N\(a), \’(b) > a,, and
so a,b € Ay, . But A\, is a subsemigroup of Y, so ab € \,,. Which yields A\ (ab) > .
That is,

AP(ab) = AP(a) A AP(D). (3.1)

Now, denote A (a) vV AN (b) by —ay, where a; € [0,1]. Then AY(a), AN (b) < —a,
and so a,b € A, But A*' is a subsemigroup of T, so ab € A*'. Which yields
MV (ab) < —ay. That is,

MV (ab) < AN (a) v AN (b). (3.2)

Assertions 3.1 and 3.2 prove that A is a BF subsemigroup of T. m

Theorem 3.2.2 A BFS X\ in Y is a BFl-id (BFr-id, BF-id) of T if and only if A\,
and A\, if non-empty, are left (right, two-sided) ideals of Y, for each a € [0,1].

Proof. Let A be a BFl-id of T and let x € Y. Then, for any a € [0,1] and for
each a € A\, we have
AP (za) = N(a) > a.

Which implies, za € A\, for each x € T and a € \,. That is, )\, is a left ideal of Y for

each a € [0,1]. Now, for each a € \*, we have

MW(za) < MW(a) < —a.
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Which implies that, za € \“ for each x € T and a € A*. That is, A% is also a left ideal
of T for each « € [0, 1].

Conversely, let A, and A“ be non-empty left ideals of T for each « € [0, 1] and let
a,b € Y. Denote AP(b) by a, € [0,1]. Then surely, b € A\,,. Thus ab € \,,, as Ay, is a
left ideal of Y. Which gives A?(ab) > «a,. That is,

NP(ab) = NP(b). (3.3)

Now, denote AV (b) by —ay, where oy € [0,1]. Then b € A°! and A\* is a left ideal of
Y. Thus, ab € A**. Which gives A (ab) < —a;. That is,

MV (ab) < AV (D). (3.4)

The expressions 3.3 and 3.4 prove that A is a BFIl-id of Y.
Similar is the proof when A is a BFr-id or a BF-id of T. =

Theorem 3.2.3 A BFS ) in Y is a BFi-id of Y if and only if Ao, and \®, if non-empty,

are interior ideals of Y, for each o € [0, 1].

Proof. Let A be a BFi-id of T and let z,y € Y. Then, for any « € [0, 1] and for
each a € Ay, we have
NP (zay) = NP(a) > a.

Which implies, zay € A, for each x,y € T and a € \,. That is, A, is an interior ideal
of T for each a € [0,1]. Now, for each a € A, we have

M (zay) < AV (a) < —a.

Which implies that, zay € A* for each z,y € T and a € A*. That is, A is also an
interior ideal of T for each « € [0, 1].

Conversely, let A, and A“ be non-empty interior ideals of T for each a € [0, 1] and
let a,b,c € T. Denote A’(b) by a, € [0,1]. Then surely, b € A,,. Thus abc € A,,, as
Aa, 1s interior ideal of Y. Which gives A\P(abc) > a,. That is,

AP (abe) = MP(b). (3.5)

Now, denote A (b) by —aq, where ay € [0,1]. Surely, b € \** and A is an interior
ideal of Y. Thus, abc € X\*! for each a,c € Y. Which gives A" (abc) < —ay. That is,

MV (abe) < AN (b). (3.6)

The expressions 3.5 and 3.6 prove that A is a BFi-id of T. =
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Theorem 3.2.4 A BFS X\ in Y is a BFb-id of T if and only if Ao, and A%, if non-
empty, are bi-ideals of Y, for each a € [0,1].

Proof. Let A be a BFb-id of T. Then, A is also a BF subsemigroup of Y. Hence,
Ao and A, if non-empty, are subsemigroups of Y, for each a € [0,1], by Theorem
3.2.1. Now, let a,c € A\,. Then, \(a) > a and N (c) > «. Since A is a BFb-id of T,

so for each b € T, we have
AP (abe) = NP(a) A NP(c) = a.

Which implies abc € A\, for each a,c € A\, and b € T. So, A\, is a bi-ideal of T for each
«. Similarly, A% is a bi-ideal of T for each «.

Conversely, let A\, and A* be non-empty bi-ideals of T for each « € [0, 1], and let
a,b,c € T. Denote N(a) A N(c) by a, € [0,1]. Then surely, AP(a), \’(c) > o, and
SO a,c € \y,. But, A, is a bi-ideal of T. So abc € A, for each b € T. Which yields
AP(abe) > a.. Or,

AP (abc) = NP(a) A NP(c). (3.7)
Now, denote AV (a) vV AN (¢) by —aq, where a1 € [0,1]. Then AN (a), ANV (¢) < —aq, and
S0 a,c € A*. But \*! is a bi-ideal of Y. So abc € A** for each b € Y. Which yields
MV (abe) < —ay. Or,
M (abe) < MV (a) v AN (c). (3.8)
Assertions 3.7 and 3.8 prove that A\ is a BFb-id of T. m

3.3 Rough bipolar fuzzy sets in semigroups

The RBFSs in semigroups are defined with the help of lower and upper RBF-apxes of
the BFSs in the semigroup T, on which a cng-rel R is defined. These approximations
are defined and discussed in this section. We also present the RBF subsemigroup of
T.

Definition 3.3.1 Let R be a cng-rel on Y and let \ € BF'S(Y). The lower and upper
RBF-apzes of A under the relation R, are the BFSs R()\) and R(\) in Y, respectively,
defined for each s € T as:

ROA) = {(s,RA(5),RAV(s)) 1 s € T},
RO = {(s, R\ (), R\ (5)) : s € T},
where,
RAP(s) = te@]%)\P(t), ﬁAN(s):te[ys]%AN(t),
RAP(s) = v AP@), RV = A V(@)

telsln telsln
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If R(A) = R(N), then, X is said to be R-definable; otherwise, A is an RBFS in Y.

In Chapter 2, some characterizations of RBFSs in a non-empty set U having an
eqv-rel R were presented. These characterizations are also valid when the set U is
replaced by the semigroup T and the eqv-rel on U is replaced by a cng-rel on T. So
the results in Chapter 2 also hold for the lower and upper RBF-apxes of the BFSs in

T, given in the Definition 3.3.1. Some other results are as follows.

Theorem 3.3.2 Let R be a cng-rel on L. Then,

R(A) oR(v) CR(Aov)
holds for each \,v € BFS(Y).

Proof. Since R is a cng-rel on Y, so [z]z[y]r C [zy]n for each z,y € Y. Let

A\, v € BFS(Y). We have
RN oRw) = FAoRP, RNV o TWY),

Raov) = RO o), RON ov™)).

Take any s € Y. If some x,y € T exist, such that s = xy, then we have

RAF o Rl)(s) = S:\/wy(ﬁ)\lj(av) ARVE (1))
— P a VP
= Y @Ay vE0)
— P P
= lacprae WO
< (v WP@Ar®),  since ab € [alalyla € fouln
= abe\{s]m(AP(a) AvE (D)), since xy = s
= te[s];t:ab(AP(a) AT (D))
= tE[Vs]m(t:Vab(AP(a) AvE (b))
= teY] (AP o) (1) = ROE 0P (s).

Otherwise;
RAT o R (5) =0 < RO 0 ) (s).
Similarly, for each s € T, we have
RAN o RN (s) > RN 0 ) (s).

Thus, by Definition 1.3.2, we have

for each \,v € BFS(Y). m
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Theorem 3.3.3 Let R be a complete ecng-rel on Y. Then,
R(AN) oR(v) CR(Aov)
holds for each \,v € BFS(T).

Proof. Since R is a complete cng-rel on Y, so [z]p|y]r = [zy|x for each z,y € T.
Let \,v € BFS(T). We have

RN oR(v) = RA o RP, RAN o RN,
RAov) = (RN o), RN o)),

Take any s € Y. If some x,y € T exist, such that s = xy, then we have

R o RT)(s) = v (RAT(2) AR (y))

s=zy

= sgjy((@g@]mkp(a)) A (be@]%vp(b)))

= v A (APa) AT (b))
s=zy a€lz]n, bE[Y]R

< Vv ( A vV (AP () AvP(t2),  where ty,to €Y
5=y aclz|p, bE[y]n ab=t1t2

= vV A (A ovT)(ab))
S=2Y a€lz]r, bE[Y]R

= V(A (PeuP)a), since ab € [allyls = [zuln
S=TY ab€[ry]n

=V RO o) (ay) = RO 0 vP)(s).
Otherwise;

(RAF o RvP)(5) = 0 < R(AF o vF)(s).

Similarly, for each s € T, we have

RAN o RV (s) > RN 0 ) (s).

Thus, by Definition 1.3.2, we get
RN oR(v) CR(Aov)
for each \,v € BFS(Y). m

Definition 3.3.4 A BFS X\ in Y is a lower (or upper) RBF subsemigroup of Y, if
R(A\) (or R(N)) is a BF subsemigroup of Y, for the cng-rel ® on Y.

A BFS X in T, which is both, lower and upper RBF subsemigroup of T, is called
an RBF subsemigroup of T.
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Theorem 3.3.5 Let R be a cng-rel on Y. Then, each BF subsemigroup of Y is an
upper RBF subsemigroup of Y.

Proof. Take a BF subsemigroup A of Y. Then, A’ (ab) > AF(a) A AP(b) and
MV (ab) < AV (a) v AN (b) for each a,b € Y. Now, for each z,y € T, we have

RN (zy) = v AP (s)
s€lzyln
> voAP(s), since [z]gr[y]nr C [zy]n
s€lzln[yln
= v AP(ab), where s = ab
ab€[zlnlyln
> v (A(a) AT (D))

ae[aj]md be[y]ER

_ P, P
= (Y M@V AW)

= R\ (2) ARA ()

and
RN (zy) = A AN (s)

s€lzyln

< A AY(s), since [z]g[yln C [zyln
s€(zln[ylw

= A AN(ab), where s = ab
ab€[z]x[yln

< A (W (@) VAN (D)

‘16[95]%7 be[y]ER

— N a N
= (p AY@) V(A AN )

= R\ (z) v RAN (y).

This verifies that $()\) is a BF subsemigroup of Y. Therefore, A is an upper RBF

subsemigroup of Y. m

The converse statement of Theorem 3.3.5 is invalid generally, as exhibited in the

next example.

Example 3.3.6 The table of binary operation on a semigroup Y = {a,b,c,d} is given

below.

Q, o o> o o
Q. o o oo
Q QA QL Q| &

Q o o 2
QU o o e |8
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Consider a binary relation ® = {(a,a), (b,b), (¢,c), (d,d), (b,d), (d,b)} on Y. Then
R is a cng-rel on Y, defining the cng-classes {a},{c},{b,d}. We take a BFS \ in T,
as below.

A ={(a,0.4,—0.1), (b,0.3,—0.2), (c, 0.4, —0.2), (d, 0.5, —0.3)}.

The upper RBF-apx of X\ is calculated as:

R(A) = {(a,0.4,-0.1), (b,0.5,-0.3), (¢, 0.4, —0.2), (d, 0.5, —0.3)}.

Simple calculations verify that () is a BEF subsemigroup of Y. But, X\ is not a
BF subsemigroup of T, as:

M(ce) = MN(b)=03
# M) AN () =04

Theorem 3.3.7 Let R be a complete cng-rel on Y. Then, each BF subsemigroup of
T is a lower RBF subsemigroup of Y.

Proof. Let R be a complete cng-rel on Y and A be a BF subsemigroup of T. Now,

for each z,y € T, we obtain

RA(zy) = A AT(s)
s€[zyln
= A AP, since [z]n[ylr = [zy]n
s€lz]nlyln
= A AP(ab), where s = ab
ab€[z]x[yln
> A (AP(a) A AT (D))

a€lz]w, belyln
= (A M)A A A(D)

a€lz]n belyln

= RA"(2) A RN (y)

and
RV () = v AN(s)

s€[zyln

= v a(s), since [2]n[yln = [zy]n
s€zlx[yln

= v AN(ab), where s = ab
abez]n[y]n

< v (W (@) VAN (D)

GE[CE]%, be[y]ER

— Nea N
= (L, AV V(Y AN )

= RAV(z) v RAY (y).

This verifies that R(\) is a BF subsemigroup of Y. Therefore, A is a lower RBF

subsemigroup of Y. m



3. Rough bipolar fuzzy ideals in semigroups 51

The converse statement of Theorem 3.3.7 is invalid generally, as exhibited in the

next example.

Example 3.3.8 Let T = {s,t,u,v} represent a semigroup whose table of binary op-

eration is given below.

s t u w
s|s t u v
t |t t u v
ulu u u v
viv v v o wu

Consider a cng-rel ® on Y, defining cng-classes {s}, {t} and {u,v}. Then, R is a
complete cng-rel on Y. We take a BFS X in Y, as below.

A ={(s,0.3,-0.4),(¢t,0.4,-0.3), (u,0.6,—0.2), (v,0.8, —0.1) }.

The lower RBF-apxz R(\) of X is calculated as:

R(A) ={(s,0.3,-0.4), (t,0.4,-0.3), (u, 0.6, —0.1), (v,0.6, —0.1) }.

Simple calculations verify that R(\) is a BF subsemigroup of L. But, \ is not a
BF subsemigroup of Y, as:

M) = AP(u) =06
# MN@w)arP(v)=08.

Next example shows that Theorem 3.3.7 is invalid if the cng-rel R is not complete.

Next example is established to verify this fact.

Example 3.3.9 Recall the semigroup Y = {a,b,c,d} and the cng-rel ® on YT, as
established in Example 3.3.6. Then, R is not complete. We take a BFS X in T, as
below.

A ={(a,0.4,-0.2),(b,0.6,-0.4), (c,0.4,—-0.1),(d,0.3,-0.3) }.

Then, X is a BF subsemigroup of Y. The RBF-apxes of A are calculated by Defin-
ition 3.3.1 as:

R(A) = {(a,0.4,-0.2), (b,0.6,—0.4), (¢,0.4, —0.1), (d, 0.6, —0.4) },

R(A) ={(a,0.4,-0.2),(b,0.3,-0.3), (¢,0.4,—0.1), (d,0.3, —0.3) }.

Simple calculations verify that ®(\) is also a BF subsemigroup of Y, while, R(\)

is not a BF subsemigroup of Y, as

RX (ac) = RAP(b) =
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3.4 Rough bipolar fuzzy ideals in semigroups

This section presents the notions of the RBFl-id, RBFr-id, RBF-id, RBFi-id and
RBFb-id of T. We also explore some of their characteristics.

Definition 3.4.1 Let R be a cng-rel on T and let X € BFS(Y). Then, X is a lower
RBFl-id (RBFr-id, RBF-id) of Y, if R(\) is a BFl-id (BFr-id, BF-id) of T.

Definition 3.4.2 Let R be a cng-rel on Y and let A € BFS(Y). Then, X is an upper
RBFl-id (RBFr-id, RBF-id) of Y, if R(\) is a BFl-id (BFr-id, BF-id) of Y.

A BFS X in T, which is both, lower and upper RBFl-id (RBFr-id, RBF-id) of Y,
is called an RBFl-id (RBFr-id, RBF-id) of Y.

Theorem 3.4.3 Let R be a cng-rel on L. Then,

R(Xov) C RO NRE)
holds for each BFr-id A and BFl-id v of T.
Proof. Take a BFr-id A and a BFl-id v of T. We obtain

RAov) = (RN ov?), RN o M),
RN NR) = ARl ®RAY uReY).

§R(/\P o VP)(S) = ()\P o VP)(t)

te([s]n

- v (\(a) AP (b))

te[s]g t=ab

< v (AP (ab) A vP(ab)), since A is a BFr-id
te[s]n t=ab

and v is a BFl-id of T.

= RA(s) ARLE (5)
= AR (s).

Similarly, for each s € T, we obtain

RN 0 M) (s) > RAN URY)(s).
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Thus, Definition 1.3.2 gives

R(Aov) SR NR(v)
for each BFr-id A and BFl-id v of T. m

Theorem 3.4.4 Let R be a cng-rel on Y. Then, each BFl-id (BFr-id, BF-id) of T is
an upper RBFl-id (RBFr-id, RBF-id) of Y.

Proof. Take a BFl-id A of Y. Then, A (ab) > AF'(b) and A (ab) < AV (b) for each
a,b € T. Now, for each z,y € T, we obtain

RN (zy) = v AP (s)

s€[zyln

> V )\P(s), since [z]gr[y]nr C [zy]n
s€[z]n(ylr

= v AP(ab), where s = ab
abe[zlnlyln

> Vv AP (b)
ae[x]WJ be[y]ER

= v A
belyln ( )

= R\(y)
and

RN (zy) = A AN (s)

s€[zyln

< A AN(s), since [z|n[y]n C [zy]n
s€lzln[yln

= A AN(ab), where s = ab
ab€[zlnlyln

< A AN
aE[Q?]m, be[y]ER

= A AV
belyln ( )

= ™\V(y).

This verifies that ®()\) is a BFl-id of Y. Therefore, A is an upper RBFl-id of Y.
Similarly, the cases of BFr-id and BF-id of T can be verified. m

The converse statement of Theorem 3.4.4 is invalid generally, as exhibited in the

next example.



3. Rough bipolar fuzzy ideals in semigroups 54

Example 3.4.5 Let T = {k,l,m,n} represent a semigroup whose table of binary

operation is given below.

=~
S T T I T
S T T
S 3 3|3

m
n

n

Let R be a cng-rel on Y, defining cng-classes {k,l,n} and {m}. We take a BF'S A
m Y, as:

A= {(k,0.5,-0.1), (1,0.7, —0.1), (m, 0.6, —0.1), (1, 0.8, —0.1)}.

The upper RBF-apx of X\ is calculated as:

R(A\) = {(k,0.8,-0.1),(1,0.8,—0.1), (m, 0.6, —0.1), (n, 0.8, —0.1) }.

Simple calculations verify that R(\) is a BFl-id of Y. But, X is not a BFl-id of Y,

as:

A(im) = A(k)=0.5
# A(m)=06.

Theorem 3.4.6 Let R be a complete cng-rel on Y. Then, each BFl-id (BFr-id, BF-id)
of Y is a lower RBFl-id (RBFr-id, RBF-id) of Y.

Proof. Let R be a complete cng-rel on T and A be a BFl-id of T. Now, for each
xz,y € T, we obtain

R\ (zy) = A M(s)

s€[xylp

= A AP(s), since [zlxlyln = oyl
s€lz]w[y]w

= A AP(ab), where s = ab
abelz]s [y]n

> A AP
a€lz]w, bE[y]n

= A X
be[y]n (®)

= ™y
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and
R\ (zy) = v AV(s)
s€[zylw

= v AY(s), since [z]g[yln = [zy]n
selelnlln

= v AN (ab), where s = ab
abelz]s [y]n

< Vv )
ae[x]%’ be[y]ER

= v AV
belyln ( )

= V().

This verifies that $(\) is a BFl-id of Y. Therefore, A is a lower RBFI-id of Y. Similarly,
the cases of BFr-id and the BF-id of T can be verified. m

The converse statement of Theorem 3.4.6 is invalid generally, as exhibited in the

next example.

Example 3.4.7 Recall the semigroup T = {s,t,u,v} and the complete cng-rel R on
T, as established in Example 3.3.8. We take a BFS X in Y, as below.

A ={(s,0.2,-0.2), (t,0.4,-0.4), (u,0.5,—0.6), (v,0.6, —0.5) }.

The lower RBF-apx R(X\) of A is calculated as:

R(A) ={(s,0.2,-0.2), (t,0.4,—-0.4), (u, 0.5, —0.5), (v, 0.5, —0.5) }.

Simple calculations verify that ®(X\) is a BFl-id of Y. But, A is not a BFl-id of T,

as:

Mv) = A(u)=05
# M(v) =06.
Next example shows that Theorem 3.4.6 is invalid if the cng-rel R is not complete.

Next example is established to verify this fact.

Example 3.4.8 Let T = {a,b,c,d} be the semigroup as established in Example 3.3.6,
on which, we take a cng-rel ® = {(a,a), (b,b), (¢, c), (d,d), (b, c), (c,b)}. Then, R defines
the cng-classes {a},{b,c},{d} and R is not complete. We take a BFS X\ in Y, as below.
A = {(a,0.5,-0.4), (b, 0.6, —0.6), (c, 0.4, —0.5), (d, 0.7, —0.7) }.
Then, A is a BFl-id of Y. The RBF-apzes of A are calculated by Definition 3.3.1
as:
(A)
(A)

(a,0.5,—0.4), (b,0.6, —0.6), (c, 0.6, —0.6), (d, 0.7, —0.7)},
(a,0.5,—0.4), (b,0.4, —0.5), (¢, 0.4, —0.5), (d, 0.7, —0.7)}.

1= =

=
~{
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Simple calculations verify that R(N\) is also a BFl-id of Y, while, R(\) is not a
BFl-id of T, as

RA(ba) = RAF(b) =

Definition 3.4.9 Let R be a cng-rel on Y and let A € BFS(Y). Then, X\ is a lower
(or upper) RBFi-id of T, if R(\) (or R(N\)) is a BFi-id of Y.

A BFS X\ in T, which is both, lower and upper RBFi-id of T, is called an RBFi-id
of T.

Theorem 3.4.10 Take a cng-rel R on Y. Then, each BFi-id of T is an upper RBFi-id
of T.

Proof. Take a BFi-id A of T. Then A\ (abc) > AF(b) and AV (abc) < AV (b) for

each a,b,c € Y. Now, for each z,w,y € T, we have

RN (zwy) = v AP(s)

s€[zwyl

> Vv A (s), since [z]g[w][y]n C [rwy]r
s€[z]g[w]r [yl

= v AP (abe), where s = abc
abe€z]pw]g[yln

> v APo
o befwlw ®)

= R\ (w)
and

RN (zwy) = A AN (s)

s€lzwyln

< A AN (s), since [z]gp[w]n[y]n C [rwyl
s€lz]n[w]n[y]r

= A AN (abe), where s = abe
abee[z]p[w]n[y]n

< A MV
T befuln ®)

= R\V(w).
This verifies that, $()) is a BFi-id of Y. Therefore, A is an upper RBFi-id of Y. m

The converse statement of Theorem 3.4.10 is invalid generally, as exhibited in the

next example.
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Example 3.4.11 Recall the semigroup T = {k,l,m,n} and the cng-rel R on Y, as
established in Fxample 3.4.5. We take a BFS X in T, defined as below.

A ={(k,0.7,-0.2), (1,0.8,—0.2), (m, 0.4, —0.2), (n,0.9, —0.2) }.

The upper RBF-apx of A is calculated as:

R(A) = {(k,0.9,-0.2), (1,0.9, —0.2), (m, 0.4, —0.2), (n,0.9, —0.2) }.

Simple calculations verify that R(\) is a BFi-id of Y. But, X is not a BFi-id of Y,

as:

M (klm) = AP(k)=0.7
? M) =08

Theorem 3.4.12 Let R be a complete cng-rel on Y. Then, each BFi-id of Y is a
lower RBFi-id of Y.

Proof. Let R be a complete cng-rel on T and A be a BFi-id of T. Now, for each

z,w,y € T, we have

RA (zwy) = A AP(s)

selewyln

= A AP (s), since [7]gw]g[ylr = [rwy]r
s€[z]n[w]r[y]n

= A AP (abe), where s = abc
abe€[z]pw]x[yln

> A N
- bE[w]m ( )

= R\ (w)
and

RAY (zwy) = v AN()

s€[zwyln

= Vo AN (s), since [z]n[w]r[ylr = [rwy]n
selelmlulnlyln

= v AN (abe), where s = abc
abe€[z]pw]n[y]n

< v AV
- befuln ®)

= AV (w).
This verifies that $()) is a BFi-id of Y. Therefore, A is a lower RBFi-id of Y. m

The converse statement of Theorem 3.4.12 is invalid generally, as exhibited in the

next example.
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Example 3.4.13 Recall the semigroup T = {s,t,u,v} and the complete cng-rel R on
T, as established in Example 3.8.8. We take a BFS X in Y, as below.

A ={(s,0.3,-0.1), (t,0.4,—-0.2), (u, 0.8, —0.3), (v,0.7,—0.2) }.

The lower RBF-apx R(X\) of A is calculated as:

RN ={(s,0.3,-0.1), (¢,0.4,-0.2), (u,0.7,-0.2), (v,0.7,—-0.2) }.

Simple calculations verify that ®(X\) is a BFi-id of Y. But, X\ is not a BF'i-id of T,

as:

M(tuw) = X(v)

7
#* A(u) 8.

0.
0.

Next example shows that Theorem 3.4.12 is invalid if the cng-rel R is not complete.

Next example is established to verify this fact.

Example 3.4.14 Let YT = {a,b, c,d} be the semigroup as established in Example 3.3.6
and R be the cng-rel on T as in Example 3.4.8, which is not complete and defines the
cng-classes {a}, {b,c},{d}. We take a BFS X\ in Y, as below.

A ={(a,0.3,-0.4), (b,0.4,—0.5), (¢,0.2,—0.2), (d,0.7, —0.7) }.

Then, X is a BFi-id of Y. The R-RBF-apzes of A are calculated by Definition 3.3.1
as:

R(A\) = {(a,0.3,-0.4), (b,0.4, —0.5), (c,0.4, —0.5), (d,0.7, —0.7)},

R(A) = {(a,0.3,-0.4),(b,0.2,-0.2), (¢,0.2,—-0.2), (d,0.7, —0.7) }.

Simple calculations verify that R()\) is also a BFi-id of Y, while, R(\) is not a
BFi-id of T, as

RAL (bac) = RAP(b) = 0.
0

Definition 3.4.15 Take a cng-rel R on Y and let A € BFS(Y). Then, X is a lower
(or upper) RBFb-id of T, if R(\) (or R(\)) is a BFb-id of Y.

A BFS A\in T, which is both, lower and upper RBFb-id of T, is called an RBFb-id
of T.

Theorem 3.4.16 Take a cng-rel R on Y. Then, each BFb-id of T is an upper RBFb-
id of T.

Proof. Take a BFb-id A of T. Then, X is also a BF subsemigroup of Y. Which
implies by Theorem 3.3.5, that, R(\) = (R(AF),R(AY)) is a BF subsemigroup of Y.
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Now, for each z,w,y € T, we have

RN (zwy) = v AP(s)
s€lzwy]
> Vo AP (s), since [z]p[w]nlyln € [rwyln
s€[z]g [w]n[v]n
= v AP (abe), where s = abc
abeelz]n[w]nyln
> v (AT(a) AN (c))

a€lz]g, bE[wlr, cElylr
= (V. X)) ( v M)
a€lzlp €lylr

= RAP(2) ARN ()

and
FAN (zwy) = A AN (s)

sE[zwy]n

< A AN(s), since [z]g[w]r[ylr S [zwyln
s€lz]nw]nlyln

= A AN (abe), where s = abc
abe€[z]g [wn[yln

< A (A (a) v AN (e))

ae[‘ﬂ%v be[w]md Ce[y]%

= (A M@)V( A X(e)

a€lzlp cElyln

= R\ (z) vRAN ().
This verifies that, $()\) is a BFb-id of Y. Therefore, X is an upper RBFb-id of T. m

The converse statement of Theorem 3.4.16 is invalid generally, as exhibited in the

next example.

Example 3.4.17 Recall the semigroup T = {k,l,m,n} and the cng-rel R on Y, as
established in Fxample 3.4.5. We take a BFS X in T, defined as below.

A ={(k,0.4,-0.3),(1,0.3,-0.3), (m,0.1,-0.3), (n,0.2, —0.3) }.

The upper RBF-apx of X\ is calculated as:

R(A) = {(k,0.4,-0.3), (1,0.4,-0.3), (m, 0.1,—0.3), (n, 0.4, —0.3)}.

Simple calculations verify that R(X\) is a BFb-id of Y. But, X is not a BFb-id of Y,

M (knl) = X'(n)=0.2
# N(k)ANP(1) =0.3.

Theorem 3.4.18 Let R be a complete cng-rel on Y. Then, each BFb-id of T is a
lower RBFb-id of 1.
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Proof. Let R be a complete cng-rel on T and A be a BFb-id of Y. Then, X is also a
BF subsemigroup of Y. Which implies by Theorem 3.3.7, that, R(\) = (R(AF), R(AY))

is a BF subsemigroup of T. Now, for each z,w,y € T, we have

RN (zwy) = A AP (s)
s€lzwylr
= A AT(s), since [z]p[w]n[y]n = [rwy]n
s€[zlnwln y]n
= A AP (abe), where s = abc
abeelz]p [w]nyln
> A (AT (a) A AT ()

a€lz]g, be[wlw, cEly]n

= (A AP@)IA( A
a€lzlp cElyn

= RA"(2) ARN (y)

A (0))

and
AN (zwy) = v AN(s)

s€[zwy]p

= Vo AN (), since [z]p[w]n[yln = [rwy]n
s€[zlx[wlnlyln

= v AN (abe), where s = abc
abe€[z]pw]x[yln

< v (A (a) v AN (e)

a€lzr]g, be[wlr, cElyln

= (v M)V ( v A(e)

aclzlp cElyln

= R\V(z) v RAN(y).
This verifies that $()) is a BFb-id of Y. Therefore, A is a lower RBFb-id of T. =

The converse statement of the Theorem 3.4.18 is invalid generally, as exhibited in

the next example.

Example 3.4.19 Recall the semigroup T = {s,t,u,v} and the complete cng-rel R on
T, as established in Example 3.5.8. We take a BFS X in Y, as below.

A ={(s,0.1,-0.1), (¢,0.3,—-0.3), (u, 0.4, —0.4), (v,0.5,—0.5) }.

The lower RBF-apx R(\) of A is calculated as:

R(A) ={(s,0.1,-0.1), (¢,0.3,—-0.3), (u, 0.4, —0.4), (v,0.4, —0.4) }.

Simple calculations verify that ®(X\) is a BFb-id of Y. But, X is not a BFb-id of T,

as:

M(vsv) = A(u)=04
# M) AN (v) =0.5.
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Next example shows that Theorem 3.4.18 is invalid if the cng-rel R is not complete.
Next example is established to verify this fact.

Example 3.4.20 Let Y = {a,b, c,d} be the semigroup as established in Example 3.3.6
and R be the cng-rel on Y, which defines the cng-classes {a},{b,c},{d}. Then, R is
not complete. We take a BFS X in Y, as below.

A ={(a,0.3,-0.2), (b,0.4,-0.3), (c,0.2,—-0.1), (d,0.5,—0.4) }.

Then, X\ is a BFb-id of Y. The R-RBF-apzes of A are calculated by Definition 3.3.1
as:

R(A) = {(a,0.3,-0.2), (b,0.4,-0.3), (¢, 0.4, —0.3), (d, 0.7, —0.7) },

R(A) ={(a,0.3,-0.2),(b,0.2,-0.1), (¢,0.2,—0.1), (d,0.7, —0.7) }.

Simple calculations verify that R()\) is also a BFb-id of Y, while, R(\) is not a
BFb-id of T, as

I
>
T
=
S
£
|
5
>
T
=
I



Chapter 4

Rough bipolar soft sets

4.1 Introduction

Rough sets and soft sets are both meant for managing the data confronted by ambiguity
and vagueness. Many authors have worked on the soft sets and their parameters; see
[6, 13, 21, 69]. Roughness in soft sets is defined by Feng et al. in [29]. Ali also discussed
the rough soft sets in [7]. In this chapter, we extend this concept to the BSSs and
define the rough bipolar soft sets (RBSSs) using the RBS approximations (RBS-apxes)
of the BSSs in a P-apx space. Some characterizations of these RBS-apxes are explored
in Section 4.3. Some similarity relations on the set containing BSSs in the universe of
discourse are defined in Section 4.4 with the help of the lower and upper RBS-apxes
of the BSSs.

As mentioned earlier, the soft sets are built to characterize the objects according
to some particular attributes. Due to this quality, the soft sets are very useful and
applicable in many types of data analysis. Specially, they have great applicability in
decision analysis. Applications of different soft structures in decision making tech-
niques are discussed in [28, 43, 46, 47, 55, 61, 66]. In the last section of this chapter,
we apply the RBS-apxes of the BSSs to develop two interesting but important decision
making techniques. One is to decide between some objects pertaining some particular
attributes or their counter attributes; the other is to decide between the attributes
which are affecting some particular objects. We also design the algorithms for those

applications and demonstrate the steps of algorithms by suitable examples.

4.2 Rough bipolar soft sets

Definition 4.2.1 Tuke a P-apz space (U,R) and let d = (€,4; A) € BSS(U). The
lower and upper RBS-apxes of O with respect to (U,R) are the BSSs symbolized by

62
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Op = (ééR’géR; /vl) and 3" = (?R,E%; /ul), respectively, where &g, ZER are defined as:

Egple) ={ucU:[uly C &)},

R

() ={ueU:[ugpnéle) # ¢}
for each e € A, and %%’ E% are defined as:

Y€)= {u € U : [ulg N9(—e) # o},
G (me) = {u € U : [uly C ¥(=e)}

for each —e € —A. If Op = 3%, then, 0 is said to be R—definable; otherwise, 0 is an
RBSS over U.
We claim that these RBS-apxes of a BSS are also BSSs.

Claim 4.2.2 Let 0 = (5,1,[);;1) be a BSS. Then, £(e) N(—e) = ¢ for each e € A,
that is, £(e) C U — (—e) = ¢'(—e). Take the lower RBS-apr Oy = (ém,gm;fl) of
0. Ifu € §(e) Nipy(—e) for some e € A, then, u € {,(e) and u € py(—e). Which
implies, [uly C &(e) C ¢'(me) and [uly N (=€) # ¢. That is, [uly C ¢'(—e) and
[ulg N (—e) # ¢ which is not possible. Thus, §,(e) NYp(—e) = ¢ and hence, Dy, is a
BSS over U. Similarly, the upper RBS-apx of 0 is a BSS over U.

The interpretation of these RBS-apxes of O, that is, the information about an

object u, interpreted by the RBS-apxes of 0, is as follows:

LTRS §§R(e) depicts that u definitely possesses the attribute e.

e uc @ﬁ(ﬂe) depicts that u definitely possesses the attribute —e.

u € ?R(e) — £ (e) depicts that u probably has the attribute e.

u € pp(-e) — @%(—'e) depicts that u probably has the attribute —e.

u € (?R(e))' depicts that u definitely does not have the attribute e.

o u € (Pg(—e)) depicts that u definitely does not have the attribute —e.

Here, (€7 (¢)) = U — € (¢) and (¢g(=€)) = U — ().

Example 4.2.3 Suppose that U = {u;;i = 1,2,...,6} is a universe containing sic
objects and E= {e;;i=1,2,...,5} is a set of possible attributes for U. Consider a BSS
01 = (&§1,%1; ;11) over U, with A; = {e1,e2,e3} defined as:
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§i(er) = {ur, us, ug, us}, &1 (e2) = {uz, us, us}, &1 (e3) = {us, ug, us},

Pr(mer) = {ug,us}, 1 (me2) = &, ¥ (mes) = {ua, us}-

Take an equ-rel R on U, defining classes {uy,u2,us}, {ug,us} and {ug}. Then, the
lower RBS-apx of 01 is @% = (é%,ﬁ%;ﬁl), where 571% and ﬁ% are calculated by
using Definition 4.2.1 as:

Sigpler) ={us}, §1(e2) = ¢, &1 (es) = {ua, us},

Yig(mer) = U —{ue}, Y1 (mea) = ¢, 91 (es) = {ur, ua, u3, ug}-

The upper RBS-apx of 01 is 6—1% = (571%,171%; fil), calculated as:

& (e1) = U8 (e2) = & (ea) = U — {ug},

B (cer) = 6.0y (ea) = 6,30, (es) = {us}.

Notice that 014 # a%, so 01 is an RBSS. Also §.(e) C & (e) C ?1%(6) and
ﬁ%(ﬂe) D i(—e) 2 171%(—'6) for each e € Ay. This verifies that 01 co C 571%.
From these RBS-apzes, it can be concluded that the object ug definitely possesses the
attribute e1, but the other objects may or may not possess e1. Similarly, the objects uy
and us definitely possess the attribute es, while the objects ui,us and us may or may

not possess es. But, the object ug definitely possesses the attribute —es.

4.3 Characterizations of rough bipolar soft sets

Theorem 4.3.1 Tuke a P-apz space (U,R) and let d = (¢,4; A) € BSS(U). Then,

the subsequent asservations hold.

1.3, C3CT",

2. %%:@A:@A y
Nia

4. Dgy =05 = @)
R

5. (@),=0 =@") .

6. 5" = (93)°,

7 60% - <5§R>C

Proof. (1) Obvious.
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(2) The null BSS © 5 = (6,U; /Vl) has the lower and upper RBS-apxes symbolized

by %m = (Og,Us; A) and @7;1% = (@R,H%; A). We have for each e € A
Op(e) = {ueU:[uly CO(e)}
= {ueU:[uy Cot=0=06(),
8"(c) = {ueU:[uyn6le) # ¢}
= {ueU:ulgno#¢}=0¢=0(),
Up(-e) = {uelU:[ulgnU(-e)# o}
= {ueU:ugnU#¢}=U=U(—e),
U(-¢) = {uel:[ulyCU(-e)}
= {ueU:ulg CU}=U=U(e).
Thus, Definition 1.5.3 implies that,
04, =0;=0;

(3) Analogous to the proof of (2).
(4) The lower RBS-apx of the BSS 0 = (&, ¢; /i) is symbolized by 0y = (éR,%R;
Now, the lower and upper RBS-apxes of 05 are symbolized by ﬁﬁ% =(

0,

A

=R e R %%7&%’ )
and (Og) = (g ,@% ; A), respectively. Note that, for each e € A, we have

[u].-

U U
[u]lr C&(e)

Ep(e) ={ueU:[uy C&le)} =
That is, £, (e) is union of the eqv-classes of U contained in (e). So,

Epgy(€) = {u € Ut [uly © Eple)} = Eple)

and
R

Eq (&) ={ueU:[ugNggyle) # ¢t =Eyle)

for each e € A. Similarly,
—R
g, (7€) = (€)= By (e)
for each —e € —=A. Thus, from Definition 1.5.3

R
Oy, = O = (Op) -

(5) Analogous to the proof of (4).
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(6) We have 3" = (€77, 575 A) and ()" = (&% (1) 4), where &°(e) =
Y(—e) and ¥°(—e) = &(e) for each e € A. So, we get

€)= {uel:[uyné(e) # ot = fuel: uyni(-e) # ¢}
= p(-e) = (£,)°(e)

and

0 (me) = {ueU:uly Co(-e)} = {ueU: [uyC &)}
= £u(0) = (¥y)°(—e)

for each e € A. Which yields by Definition 1.5.3, that, F (O5)°.
(7) Analogous to the proof of (6). m

Proposition 4.3.2 Take a P-apx space (U,R). Then, the subsequent asservations
hold for each 31 = (£1,11; A1), 09 = (€5, 0; Ag) € BSS(U) and e € A; N As.

1. £15(0) U g (6) € E0Eale),

R

2. £ () UG, (e) = 60,6, (e),

3. £15(0) N Eap(€) = E17Exy(e),

"

4.6 NE(€) D Emne, (),

5. D1p(-6) Uty () = 9,05, (),

i

6. D1 () UTs(~e) C 910,05 (—e),

7. ﬁé}%(_'e) N ﬁ%(_'e) 2 wlﬁrw%fe(_'e)?

"

8. D1 (=€) NPy (me) = 1y

—e).

Proof. (1) For the BSSs 8, = (&;,¢;; A1) and 3y = (€4, 19; Ag), take e € A; N Ay,

Then, we obtain

£1,,(6) Uy, (¢)

{uel:[ulg C&i(e)}U{uecU:[ulg S &(e)}
{uelU:[uly C (&1(e) U&s(e))}
{ueU:[ug C (&U&)(e)}
§10r8og ().

N
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Which proves assertion (1).
(2) Again, for the BSSs 9; = (51,7,/11;211), = (527¢23A2) and for e € A; N A,

we obtain
£ (Vg (o)
= {ueU:ulgné(e) # ot U{ueclU:[ugnése) # ¢}
= {ueU:[ulgn(&(e)Usle)) # o}
= {ueU:[ugyn(&UE)(e) # 0}

= 508, (o).

Which proves assertion (2).

In the same way, one can verify assertions (3-8). m

Theorem 4.3.3 Take a P-apz space (U,R). Then, the subsequent asservations are
true for each 01 = (&, 1; A1), 0y = (€2, ¢9; A3) € BSS(U).

1. ®; C dy implies that 014 C 024, and 6—1&% C 5723%7
2. 61ﬁ7628‘i - @%ﬁrimv

3. 010,0py 2 015310, 02p,

= RN ~ — P —
4. 01M:09 C 61%|_|r62%a
~7§R —_— ~ —
5. 01,09 251%UT529%.
Proof. (1) Assume that d; C Jo. Then &;(e) C &y(e) and 9)1(—=e) D 1hq(—e) for
each e € ;117 where ;11 - ]12. Which yields

Ea(0) = fuclU:[uly C& ()
C {ueU:uly C &)} = Eyple).

Yig(me) = {ueU:fulgNii(-e) # ¢}
> {ueU: [ulgNun(-e) # 6} =ty (~e)
for each e € Aj. Thus, from Definition 1.5.3 , @m - @%.
Similarly, it is verified that 5718% C 572%.
(2) From Proposition 4.3.2, we have

011,02, = (flﬁT§2%,¢10T¢2%;A1ﬁfl2)

= 01,0y,




4. Rough bipolar soft sets 68

(3) Again, from Proposition 4.3.2, we have

3157«52% = (51@52%77/11574#2%;%1101‘12)
D (£15,0ragy: Y1y Whag; A1 N As)
= By, Dagy.

(4-5) These can be verified in the same way as (2-3) above. ®

The subsequent example shows the inclusions in (3) and (4) of the Theorem 4.3.3

may be proper.

Example 4.3.4 Consider the set U = {u;;i = 1,2,...,6} and the BSS 01 as in Exam-
ple 4.2.3. To observe the proper inclusion in (3) and (4) of the Theorem 4.3.3, take
another BSS By = (£q,19; A2) over U, where Ay = {e1,e4} and &y and by are given

as below.

£5fe) = { {u1,us, us} ife=e; bo(me) = { {us} if me = —e;

a {uly Uz, us, UG} /I’f €=¢4 {U4} Zf e = ey

The lower RBS-apz Oz, = ({72%,@%; 1212) of 0o is calculated as:

{ug} ife=ey {uqg,us} if me = —ey
=R —R —R ¥ .
and the upper RBS-apz 02 = (&9 19 ; A2) of 0o is calculated as:

R _ {Ul,UQ,U3,U4,U5} Z'fezel — R B 0] Z‘fﬁe:_‘el
52 (e)_{U 'jfe:e4 1,[12(6)—{(;5 if_‘e:_‘e4

The restricted unions and intersections are calculated for the attributes /vll ﬂfvlg ={e1}.
First we show the proper inclusion in (3) of the Theorem 4.8.3. For this, we calculate
the restricted union 910,09 = (£,0,&q, 1y Nptbg; Ay N Ag) as:

(£10r&5)(e1) = &1(e1) U &yler) = {ur, us, ua, us, ug},

(V109) (mer) = i (mer) Nhy(—er) = {ua}.

The lower RBS-apzx 51DT62§R = (§1OT§2§R, ¢1ﬁr¢2éﬁ§ ;11 ﬂz‘ig) of 01,.02 is calculated
as:

(£10,€0) (e1) = {ua, us, ug},

(1N thgy) (er) = {ur, uz, us}.

The restricted union @%ﬂr@% = (Q%Grég%?ﬁ%ﬁrﬁ%; Ain ;12) 1s calculated as:

(61, 0r)(e1) = €1 e1) U sy (1) = {us},

(Y15, ag) (me1) = Yy, (mer) Ny, (—er) = {ur, ua, us}.
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This verifies the proper inclusion in (3), that is, 315762% > @mDT@%' To verify
the proper inclusion in (4) of the Theorem 4.3.3, we calculate the restricted intersection
9171,:09 = (£:M,€q, 01 Upby; Ay N Ag) as:

(£1Nr&s)(e1) = &1(en) N&yler) = {ur, us},

(8 0rt2) (nex) =y (mer) U (1) = {uz,us}.

The upper RBS-apx 01,0y = (5157«52“, wlgrw;; Ay I’Vulg) of 911,04 is calculated
as:

(f1ﬁr52 §R(61) = {u1,uz,u3},

(¥1Urhy ) (mer) = ¢

The restricted intersection ?Tlmﬁr?)?% = (?fﬁ@?wf“@%”;ﬁl N ;12) s calcu-
lated as:

(€& (o) = & (1) N & (er) = {ur, uz, g, ua ush,

(61 Oty ") (mer) =y (me1) Uy (me1) = 6.

This shows the proper inclusion in (4), that is, 51ﬁ,«32% C amlzlﬁig%.

"

The following proposition points out the R—definable BSSs over U, when R is

identity or universal binary relation on U.
Proposition 4.3.5 Take a P-apz space (U, R).

1. If % is the identity relation on U, then each BSS over U is R—definable.

2. If R is the universal binary relation on U, then the R—definable BSSs are U x
and © 4, where ACE.

Proof. Straightforward. m

Proposition 4.3.6 Take a P-apx space (U,R) and let d = (£,4; A) € BSS(U). Then,

the subsequent statements are equivalent.
1.3 Co,
2.0C O,
3. 0 is R—definable.

Proof. (1)=(2) Assume that 5 C 3. From Theorem 4.3.3, we have (5%)8(t C Og.
Then, Theorem 4.3.1 yields
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(2)=(3) Assume that d C 3. But we have dy C 3. So, d = Jg. This gives
=R =N
0" = (Op) =0g

Thus, 0 is #—definable.
(3)=(1) Obvious. m

Theorem 4.3.7 Take a P-apz space (U,R) and let o be an equ-rel on U, such that,
R Co. Then, 9,C Oy and 5 Cd for each @ € BSS(U).

Proof. Let 3 = (¢,4;A) € BSS(U) for some A C E. Since ® C o, we have
[u]g C [u], for each uw € U. Thus,
£,le) = {uelU:[u, C&le)}
C {uelU:luly Céle)} =Ey(e)
(—e) for each —e € =A. Hence, 3,C dy. In the

3. =

m

for cach e € A. Similarly, ¥ _(—e)

ot c

same way, it can be verified that

4.4 Similarity relations associated with RBS approxima-
tions

This section establishes some binary relations between the BSSs based on their RBS-

apxes and investigate their properties.

Definition 4.4.1 Take a P-apz space (U,R) and let 81,00 € BSS(U). Then, we

define the following notions.

® 01 ~x O2 if and only if D14, = Dagy-

e 01 ~y 02 if and only ifﬁTm = 572%.

e 01 ~x O2 if and only if 015 = D2g and 571% = 572%

These relations may be termed as the lower RBS similarity relation, upper RBS
similarity relation and the RBS similarity relation, respectively. Obviously, 01 and 0

are RBS similar if and only if they are both, lower and upper RBS similar.
Note that if 01 ~g 02, then, 015, = O25,. Which means that

(gm,m;fll) = (§%7@%;A2)~

That is, A; = Ay. Same is the case when 9 ~g O and 01 ~g 02. So, any two
lower RBS similar, upper RBS similar or RBS similar BSSs over U have same set of
attributes. This means that their restricted and extended intersections and unions

coincide.
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Proposition 4.4.2 The relations ~g, ~y and =% are equ-rels on BSS(U).
Proof. Straightforward. m

Theorem 4.4.3 Take a P-apz space (U,R). Then, the subsequent asservations hold
for each d; = (&;,1;; A;) € BSS(U); i = 1,2,3,4.

1. 01 ~x 02 if and only if 01 ~x (0101,02) ~x Oo;

2. 01 ~g 0o and 03 ~x 04 imply that (31,03) ~% (02U1,04), provided that
Ay As # ¢

3. 01 é O and 0y ~x 642 imply that 01 ~x 6141;

4. 01 C 3y and Oy ~gp Z/{Al imply that 0 ~x Z/{A2, provided that A = As.

Proof. (1) Let 0; ~g 02. Then, 571% = ET;R and A; = Ay. From Theorem 4.3.3,
we have
00,0, =805 =5" =5".
SO, 51 ~R (515752) ~R 52.
Converse holds by the transitivity of the relation ~g.
(2) Let 01 =~ 02 and 03 ~x 04, with Al N ;13 = /12 N zzl4 # ¢. Then, 6718? = (VTQ
and 5739(E = 574§R with fll = ;12 and ;13 = fvl4. From Theorem 4.3.3, we have

R

—R R~ — R~ — =~ ie
01,03 = 51§RU7~53§R = 52§R|_|7~54§R = 0oL, 04 .

Thus, (6107"63) ~R (62Gr64)‘
(3) We have 0, C 0y and 9y ~gp @AQ' Which implies that A; C As and

=R~ =R R
01 C 09 :@Az :@AQ'
Restricting the attribute set of @Az to fll, we get 571% C @Af But ®A1 - 571%, SO
a% = ®A1 = @le' Which shows that 01 ~g @Al.
. . =R —R e ¥
(4) 01 :Ngg Z/{Al implies thzjt 01 = UAI = L{;h. By A1 = As we have L{A1 = L{A2.
Clearly, 04 CUy,. Then, 01 C 0y implies that

Oy CUy =Ux =U; =0
. . =R —R
Which yields 0 = Uy, . Hence, 0o ~wp Uy, ®

Theorem 4.4.4 Take a P-apx space (U,R). Then, the subsequent asservations hold
for each &; = (€;,v;; A;) € BSS(U); i =1,2,3,4.
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1. 01 ~5 Oy if and only if 01 ~x (0171,02) ~x Oo;

2. 01 ~g Oy and O3 ~x 04 imply that (3171,03) ~x (3211,04), provided that

v}

Ay N Az # ¢

3. 01 i Oy and Oy ~x 6142 imply that 01 ~x @Al;

4. 91 C 3y and B, ~p Uy, 1mply that 02 ~p Uy, provided that A = A,.
Proof. Parallel to the proof of Theorem 4.4.3. m

Theorem 4.4.5 Take a P-apx space (U,R). Then, the subsequent asservations hold
for each 8; = (€;,9;; A;) € BSS(U); i = 1,2.

M

1. 01 € 09 and Oy ~x @AQ imply that 01 =~y © 1)

2. 01 i O and 01 ~x L{Al imply that O0s ~x L{AZ, provided that ;11 = AQ.

Proof. This directly follows from Definition 4.4.1 and Theorems 4.4.3, 4.4.4. =

4.5 Applications of RBS approximations

Decision making is a major area to be conferred in almost all kinds of data analysis.
There is often a desire to decide for the optimum object. But sometimes, a decision be-
tween the attributes also needs to be made. We propose algorithms for both situations
by applying the concept of RBS-apxes of a BSS. Let the set of attributes and the set
containing objects be symbolized by E = {e;:1<i<m}and U ={u;:1<j<n},
respectively. The BSSs describing the assessment of the decision maker about the
objects is 0 = (&, ; E) We use, in this section, the representation of the BSS 0 as
given in Table 1.1 of Example 1.5.2. Recall that, the (7, j)th entry a;; in the table of @
represents the information about the object u; provided by 0 for the attribute e; € E.

4.5.1 Deciding between the attributes

There are many situations in which one needs to decide between some attributes or
parameters possessed by some objects, or when one is trying to find an attribute hav-
ing maximum effect on the objects. The algorithm presented here helps to decide for
an attribute which is causing maximum effect on the objects. First, we define an indis-
cernibility parameter P for the objects u; of U. Then, we come to the indiscernibility

relation on U.
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Definition 4.5.1 The indiscernibility parameter P, having the values p; correspond-
ing to each object uj € U, is defined by

m

pj = X aij
i=1

This parameter depicts the difference between the number of positive attributes e;
and the number of negative attributes —e; possessed by the object u; € U. Now we
come to the indiscernibility relation on U associated with the BSS d. We say that two
objects u; and uy are indiscernible, written as u; ~ uyg, if and only if they have same
indiscernibility value. That is, u; ~ wy if and only if p; = pi. The indiscernibility

relation R between the objects of U is established as:
R = {(uj,ur) €U xU :u; ~ ug}. (4.1)

n
jglﬁ-j, where agj is the

(i, j)th entry in the table of Oy and @;; is the (¢, j)th entry in the table of 3"

n
Surely, R is an eqv-rel on U. Now, denote a; = Zlal-j and o; =
Q= 2%

Definition 4.5.2 The decision parameter D has the values d; for each e; € E, given

by
di = i + .

Algorithm 4.5.3 The algorithm to decide for the best attribute in E is as follows:

1. Input the BSS d = (5,1[1;E').
2. Find the equ-rel ] on the set U of objects, using Formula 4.1.

3. Evaluate Oy and G for the BSS O using the equ-rel . Find the values o; and

(678
4. Find the decision values d; for each attribute e; € E using Definition 4.5.2.

5. Construct the decision table having columns ofE' and the decision parameter D
rearranged in descending order with respect to the values d;. Choose k, so that,

dr = max d;. Then, ey, is the best optimal attribute.
3

The flow chart of Algorithm 4.5.3 is shown in Figure 4.1.
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; Trput - Construct decision table
d=(£, v, E)
’ Find parameter P
and > and relation R Ca_lc_ui‘are the
E decision values
d=o,+7

4 i

Evaluate lower approximation |::> Evaluate upper approximations

dy and a; 3" anda;

Figure 4.1: Flow chart of Algorithm 4.5.3
For the illustration, we apply this algorithm to an example.

Example 4.5.4 We discuss the situation of a city X where many young citizens are
suffering from the cardiac attack, while it is usually considered to be a problem of
old age. Dr. Y, a cardiologist, is trying to search why this is occurring in early age
so frequently in the city. For this purpose, he takes a sample of heart patients of
age group (30-50 years) admitted in different hospitals of the city. The common risk
factors causing heart attacks are E = {e1 = smoking, ea = heavy drinking of alcohol,
es = diabetic, eq = high cholesterol level, es = sedentary life style, e = high blood
pressure}, which will serve as the attribute set for U. The "counter” set ofE’ may be
taken as ~F = {—e1 = no smoking, —ea = no drinking of alcohol, ~e3 = non-diabetic,
—eq = normal cholesterol level, —es = healthy life style, meg = normal blood pressure}.
To give an understanding of the procedure, we take a small sample U = {t1,ta,.....,tg}

of eight patients.

1. The BSS 0 = (&, E) describing the history and examination report of patients
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under consideration taken by Dr. Y, is given in Table 4.1.

0 t ta ty ta ts tg tr g
e 1 -1 1 1 1 1 -1 -1
es -1 1 1 -1 -1 1 1 1
es 1 1 -1 1 0 -1 -1

e4 O 1 0 1 -1 -1 -1 0
es -1 1 0 -1 -1 1 1 -1
e 1 -1 1 1 0 -1 1 -1

Table 4.1: The BSS (€,; E)

2. The values of the indiscernibility parameter P, corresponding to the objects are
calculated in Table 4.2.

D t1 ty t3 ty ts tg tr ts
e1 1 -1 1 1 1 1 -1 -1
es —1 1 1 -1 -1 1 1 1
es3 1 1 -1 1 0o -1 -1
eq4 0 1 0
es —1 1 0 -1 -1 1 1 -1
1
2

€6 1 -1
P 1 2
Table 4.2: Calculation of values of P

This table immediately gives the equ-rel R on U, dividing U into equ-classes {t1},
{t27t37t4}7 {t5}7 {tﬁa t7} and {tS}'

3. Find Oy and o; in Table 4.3 as:

Op t1 to tz3 ta ts te tr 1z | o
el 1 -1 -1 -1 1 -1 -1 —-1)| -4
es —1 -1 -1 -1 -1 1 1 1| -2
es 1 -1 -1 -1 0o -1 -1 1| -3
eq 0 0 0 o -1 -1 -1 0| -3
es —1 -1 -1 -1 -1 1 1 —-1| -4
eg 1 -1 -1 -1 O -1 -1 -1|-=5

Table 4.3: Calculation of O and
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Table 4.4 gives 5% and @; as:

3 4y by l3 by 15 te tr ty | @
e 1 1 1 1 1 1 1 —1] 6
e -1 1 1 1 -1 1 1 1] 4
e3 1 1 1 0 -1 -1 1| 3
es 0 1 1 1 -1 -1 -1 0] 0
es -1 1 1 1 -1 1 1 1] 2
e 1 1 1 1 0 1 1 1|5

Table 4.4: Calculation of 8% and o;

4. The decision values d; for the attributes are calculated in Table 4.5.

5. Table 4.6 is the decision table of 0.

E @ o 4 E D
el 6 —4 2 el 2
es 4 =2 2 es 2
es 3 -3 es 0
eq 0 =3 -3 €6 0
es 2 —4 =2 es  —2
e 9 —bH 0 es —3
Table 4.5: Calculation of d; Table 4.6: Decision table of 0

We get max d; = di = d2 = 2 and hence k = 1,2. Thus, Dr. Y comes to the
result thag the most dominant reason of so frequent cardiac attacks in younger
generation of the city X is heavy smoking (e1) and heavy drinking of alcohol
(e2). This indicates the excessive use of alcoholic drinks and heavy smoking in
the city, which is to be controlled on first preference in order to overcome the

cardiac attacks in younger generation.

4.5.2 Deciding between the objects

While deciding in the favour of an object from a given set containing objects, sometimes
one may be unable to take the best decision, even when the best decision is known.
So, it will always be helpful if the worst decision also becomes visible. We design
an algorithm which provides the best, as well as, the worst decision. As already
discussed, the RBS-apxes of a BSS demonstrate the definite or the uncertain presence
of an attribute in an object. So, the decision made with the help of these RBS-apxes

is more reliable and refined, as compared to the decision made by just adding the
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values a;j, as in [61]. Let A= {e; : 1 <i<m,} be the set of choice attributes or the
attributes of interest for the decision problem and 8 = (, ¢; fi) be the BSS describing
the assessment of the decision maker about the objects. The indiscernibility parameter
P for the objects is given in Definition 4.5.1 and the indiscernibility relation ® on U
is found by Formula 4.1. For the relation R, we take the (4, j)th entry in the table of
Og as a;; and the (4, j)th entry in the table of 5" as a;;. Denote
mo
b= 2oy and pj= 2

Now we proceed to the decisions values for the objects.

Definition 4.5.5 The decision parameter D' has the values d;- corresponding to each
object u; € U, given by
d; = pj +7;

If |{e; : uj € {(e;)}| and [{—e; : uj € (—e;)}| represent the number of positive at-
tributes e; and the number of negative attributes —e; possessed by u; , respectively,

then, we can write
P = Say = e u; € e}l = [{meituy € v}

Similarly,

p = [eiiuy € Glent] = [{ei s € vp(me))

o= ey €€} - [{reiuy € 97 (e}

)

)

where ‘{ei tuj € §§R(ei)}‘ is the number of attributes e; surely possessed by u;,
=R . .

‘{e@- tuj €& (el)}} is the number of attributes e; probably possessed by u;,

‘{—'ei tuj € gm(ﬁei)}‘ is the number of attributes —e; probably possessed by u;,

‘{—'ei tuj € E%(ﬁei)}‘ is the number of attributes —e; surely possessed by u;.

So, d; becomes

d = |{eitu; € gulen}| - (et us € vy(-en
ey € € e))| - (e uy € BT (en)
Note that,
{eiuj € §§R(€i)} Cleituje Em(ei)}

and
{meisuj €9 (men)} C {mei : uy € Pgl(—en)}.
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So, the attributes e; (or —e;) whose presence in a particular object is definite, are
automatically counted twice in the decision values for that object, while the attributes
with uncertain presence are counted once. On the other hand, the algorithm in [61]
treats all the attributes equally, regardless of whether the presence of these attributes
in the objects is definite or uncertain. The algorithm presented in this paper helps to
find a better decision in a natural way. Hence, this algorithm has two main advantages

over the algorithm presented in [61].

e It provides the best, as well as, the worst decision, so that, one can avoid taking

the worst decision.

e Using the RBS-apxes, the attribute whose presence in an object is definite, are
given double weightage as compared to the attributes whose presence is not

certain.
Algorithm 4.5.6 The algorithm to decide for the best object in U is, as follows:

1. Input the set of choice attributes ACE.
2. Input the BSS 3 = (&,1; A) and find the values of the parameter P.
3. Find the equ-rel R on the set U of objects, using Formula 4.1.

4. Evaluate Oy and " for the BSS 0 under the equ-rel R. Find the values p; and
Dj-

5. Find the decision values d; corresponding to each object u; € U.

6. Construct the decision table having rows of U and the decision parameter D'.
Rearrange the table in descending order with respect to the values d;«. Choose k
and I, so that dj, = max d; and dj = min d;. Then uy, is the best optimal object,

J J

while u; s the worst optimal object to be decided.

The flow chart of Algorithm 4.5.6 is shown in Figure 4.2.
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In,t?uf | Construct decision table
d=(%uw: A)
Input ﬁ
nla’ Find parameter P Calculate the
a 4 and relation ® decision values
: d;=p;+7;

U I

Evaluate lower approximation :> Evaluate upper approximetion
. =H —
dx and p; 0 and P;

Figure 4.2: Flow chart of Algorithm 4.5.6

As an illustration, we apply this algorithm to an example.

Example 4.5.7 Let U = {¢;;i = 1,2,...,7} be a set containing some construction
companies considered by Mrs. Z for the construction of his home and consider the at-
tribute set as FE = {e1 =strong structure, e; =innovative designs, e3 =good reputation,
e4 =competitive pricing, es =having own crew, eg =skilled crew, ey =high quality ma-
terials, es =decisiveness, eg =flexibility, e;g =well organized} and -E = {—e1 =weak
structure, —eg =traditional designs, —es =ill reputation, —eq =high pricing, —es =not
having own crew, —eg =unskilled crew, —e; =low quality materials, —es =indecisive,
eg =rigidity, e1g =disorganized}. Let the ” Quality Analysis of construction work” be
described by a BSS 0 = (5,1/1,;1) with A = {e1,e2,€3,€4,€5,¢6} by

£(e1) = {c3,ca, 07}, E(ea) = {c1,¢2,ca,c6}, (e3) = {c3,ca,¢5,c7}, §(ea) = {e3,¢5},
&(es) = {c1,09,¢3,c4,c6,07}, E(eg) = {c1,¢3,¢4,c6,C7}

and (—e1) = {cz, c6}, V(—e2) = {cs, c7}, P(mes) = {ca, c6}, V(—es) = {c1, c4,¢7},
Y(—es) = {cs}, ¥(—es) = {ca, c5}.

1. Input the choice attributes A = {e1,€2,e3,€4,€5,¢66}.
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2. The BSS 0 is presented and the parameter P is evaluated in Table 4.7.

d= (6,0 A) e e e o s o5 o

e1 0 -1 1 1 0 -1 1
€2 1 1 -1 1 0 1 -1
es3 0 -1 1 1 1 -1 1
e4 -1 0 1 -1 1 0 -1
es 1 1 1 1 -1 1 1
€6 1 -1 1 1 -1 1 1
P 2 -1 4 4 0 1 2

Table 4.7: The BSS 0 and parameter P

3. From Table 4.7, we immediately get the equ-rel
éR — {(Cl) cl)a (027 02)5 (03) 63)7 (047 04)5 (057 65)7 (667 Cﬁ)) (077 07)7
(c1,¢7), (e, 1), (c3,ca), (ca, )}

This relation divides U into equ-classes {c1,cr}, {c3,ca}, {ca}, {c5} and {cs}.

4. Find Oy and p; in Table 4.8 as:

Op c¢ c2 c¢3 ¢4 ©c5 Cg C1
e1 0 -1 1 1 0 -1 0
es —1 1 -1 -1 0 1 -1
es3 0 -1 1 1 1 -1 0
eqs —1 0 -1 -1 1 0
es 1 1 1 1 -1 1 1
1
1

s 1 -1 1 1 -1
pi 0 -1 2 2 0

Table 4.8: Calculation of Og and pj

Table 4.9 gives 5% and p; as:

" c1 ¢ €3 €4 C5 Cg C7
e1 1 -1 1 1 0 -1 1
€9 1 1 1 1 0 1 1
es3 1 -1 1 1 1 -1 1
eq —1 0o 1 1 1 0 -1
es 1 1 1 -1 1 1
€6 1 -1 1 1 -1 1 1
Dj 4 -1 6 6 0 1 4

Table 4.9: Calculation of 5% and p;
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5. The decision values d; for the companies c; are calculated in Table 4.10.

6. Table 4.11 is the decision table.

U ¢ ¢ 3 ¢4 ¢ ¢cg c7

Pj o -1 2 2 0 1 O U ¢3 ¢4 1 ¢ cg c¢c5 co
p; 4 -1 6 6 0 1 4 D8 8 4 4 2 0 =2
d 4 -2 8 8 0 2 4 Table 4.11: Decision table of O

Table 4.10: Calculation of d;

We get max dj = dy = djy = 8 and min d; = dy = —2. Hence k = 3,4 and
J J

I = 2. Thus, the companies c3 and c4 are the best selections, while co is the

worst selection. So, Mrs. Z can decide between any one of cg and c4 for the

construction of her house. But, in any case, she must not go for co.



Chapter 5

Rough bipolar soft ideals over

semigroups

5.1 Introduction

Semigroups are a substantial part of algebra and the study of semigroups is incomplete
without the study of ideals. The theory of semigroups and the ideals in semigroups
were amalgamated with rough sets and soft sets by many authors in many ways. For
instance, the rough ideals in semigroups were first discussed by Kuroki [37] and the
soft ideals over semigroups were initiated by Ali et al. [12]. Motivated by this idea, we
continue the work of Chapter 4 in the direction of the BS subsemigroups and bipolar
soft ideals (BS-ids) over semigroups. We further define and discuss the notions of the
BS subsemigroups, BS left ideal (BSl-id), BS right ideal (BSr-id), BS interior ideal
(BSi-id) and BS bi-ideal (BSb-id) over a semigroup. The roughness in the BSSs and
the BS subsemigroups under a cng-rel defined on the semigroup are also studied. We
further present the rough BS left ideal (RBSl-id), rough BS right ideal (RBSr-id),
rough BS interior ideal (RBSi-id) and rough BS bi-ideal (RBSb-id) over a semigroup
by defining the lower RBSI-id, RBSr-id, RBSi-id and RBSb-id and the upper RBSI-id,
RBSr-id, RBSi-id and RBSb-id over a semigroup and investigate some of their basic

properties.

5.2 Bipolar soft sets over semigroups

The BSSs in semigroups are constructed by hybridizing the RBS-apxes of the BSSs
with the semigroups. Throughout this work, T is a semigroup and E is the set of
attributes for Y. Recall that a BSS over T is given by d = (£, 4; A), where A C E and
¢,1) are mappings given by ¢ : A — P(Y) and v : . P(T) with the consistency

82
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restraint £(e) N i(—e) = ¢ for each e € A. The set containing all BSSs over T is
denoted by BSS(Y).

Definition 5.2.1 Let 3; = (£;,1q; A1), 09 = (£9,19; Ag) € BSS(Y) for a semigroup
Y. The product of 1 and Dy is a BSS 91% 0y = (£ * €y, * ¥y A1 N As) over T,
where
(€1 x&)(e) = &i(e)éale),
(Y1 xPg)(me) = (Wi(me)ha(=e))

for each e € A.
Here, 1| (—¢) denotes the crisp compliment Y — v, (—e) of 1, (—e).

Definition 5.2.2 A BSS 0 over a semigroup Y is a BS subsemigroup over T if and
only if 0% C d.

Theorem 5.2.3 A BSS & = (£,4; A) € BSS(Y) over a semigroup Y is a BS sub-
semigroup over Y if and only if £(e) and '(—e) are subsemigroups of Y for each
ecA.

Proof. Let 0 = (&, ;1) be a BS subsemigroup over Y. Then, d % © C 9. That is,
(Ex &y A) C (645 4).

This gives (£ €)(e) C &(e) and (¥ * ¥)(—e) D ¥(—e) for each e € A. Which yields

§(e)€(e) € &(e) and (' (=e)y’(—e)) 2 (e, that is, 1'(=e)y’(me) € ¢'(—e) for each
e € A. Hence, £(e) and ¢(—e) are subsemigroups of T for each e € A.

Converse follows by reversing the above steps. m

Theorem 5.2.4 Let 01 and 02 be any two BS subsemigroups over a semigroup Y.
Then, their extended intersection 01M.02 and the restricted intersection 011,05 are

also BS subsemigroups over Y.

Proof. Let 9; = ({1,1,&1;;11) and 0y = (524&2;152) be BS subsemigroups over T.
From Theorem 5.2.3, &;(e1), £5(e2), ¥ (—e1) and 15(—es) are subsemigroups of Y for
each e; € A; and ey € As. The extended intersection of 81 and ds is

01710 = (515552a¢105¢2§;11 U A2)

The case is obvious when e € ;11 — AQ or e € /12 — ;11. Take e € ;11 N flg. Then,
£,(e) N &ye) and 1) (—e) N y(—e) are subsemigroups of T. But,

Y1(me) Nh(me) = (P1(me) Uhy(—e))'.
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Thus, & (e)N&y(e) and (1 (—e)Uthy(—e)) are subsemigroups of T for each e € AN As.
Hence, 017,05 is a BS subsemigroup over Y. Similar is the proof of the restricted

intersection 0;71,02. W

Note that, if 8, = (£;,1,; A1) and Ty = (£5,94; Ay) are BS subsemigroups over T
and jll N /12 = ¢, then ;.05 is surely a BS subsemigroup over T. But generally,
the restricted (or extended) union of two BS subsemigroups over T may not be a BS

subsemigroup over Y. This is established in the subsequent example.

Example 5.2.5 Let T = {1,a,b,c} represent a semigroup whose table of binary op-

eration is given below.

o

o Q==
S Qe |9
Q o oo
= S Qe O

1
a
b
c

Let B = {e; :i=1,2,3,4}. We take two BS subsemigroups 01 = (fl,djl;/vh) and
0y = (52,1#2;;12) over T with A, = {e1,e2} and Ay = {e1,e2,e3}, defined below.

iler) = {1, ¢}, &i(e2) = {a},

Y1(mer) = ¢, ¥i(e2) = {c},

§a(e1) = {b} = &y(e2), &ales) = {1, a,b},

Yo(mer) = {a, c}, Po(me2) = {c} = y(—es).

The restricted union 010,05 = (£,U€q, 1 Nphy; AN ;12) 1s calculated for

AiNAy = {e1,e2}, as below.

(&10:8)(e1) = {1,b, ¢}, (£1Ur85)(e2) = {a, b},

(WY10g)(mer) = ¢, (Y10,h9)(mea) = {c}

We find that b,c € (£,U.€5)(e1). But, cb = a ¢ (£,0,:&5)(e1). So, 010,02 (and

similarly 91U:0z) is not a BS subsemigroup over Y.

5.3 Bipolar soft ideals over semigroups

In this section, we define the BSl-ids, BSr-ids, BS-ids, BSi-ids and BSb-ids over the

semigroup Y. Some characterizations of these ideals are also discussed.

Definition 5.3.1 A BSS 0 = (&,; A) over Y is a BSl-id (BSr-id) over Y if and only
ifUy 3 C D (ordFUy; C D)

A BSS 0 € BSS(Y) is a BS-id (BS ideal) over T if it is both, BSl-id and BSr-id
over Y. Recall that U ; = (U, ©; A) € BSS(T) is the relative whole BSS over T, where
U(e) =T and O(—e) = ¢ for each e € A.
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Theorem 5.3.2 A BSS 0 = (f,@!);fl) over Y is a BSl-id (BSr-id, BS-id) over Y if
and only if £(e) and ¢'(—e) are left (right, two-sided) ideals of T for each e € A,

Proof. Let d = (£,;A) be a BSkid over Y. Then, U; ¥ 8 C 3. That is, (U
€0 y; A) C (&5 A). This gives

(U = &)(e) =U(e)é(e) = T.£(e) € &(e)
and

(©x¢)(me) = (0'(me)y)'(me))" = (¢'¢'(-e))’
= (T ¢'(=e)) 2 ¢(-e)

for each e € A. Which yields that, T¢(e) C £(e) and Yo' (—e) C ¢'(—e) for each
e € A. Hence, proved that £(e) and v/ (—e) are left ideals of T for each e € A.

Converse follows by reversing the above steps.

Similarly, the cases of the BSr-ids and the BS-id can be verified. m

Theorem 5.3.3 Let 01 and 02 be any two BSl-ids (BSr-ids, BS-ids) over Y. Then,
their extended intersection 91M:02 and the restricted intersection 917,02 are also BSI-
ids (BSr-ids, BS-ids) over Y.

Proof. Parallel to the proof of Theorem 5.2.4. m

Theorem 5.3.4 Let 01 and 02 be any two BSl-ids (BSr-ids, BS-ids) over Y. Then,
their extended union 91002 and the restricted union 910,02 are also BSI-ids (BSr-ids,
BS-ids) over Y.

Proof. Let 8, = (£;,1; A1) and By = (&;,14; A3) be BSl-ids over Y. From
Theorem 5.3.2, & (e1), £5(e2), ¥} (—e1) and 1) (—ey) are left ideals of Y for each e; € A;
and ey € Ay. The extended union of d; and 99 is

010:05 = (§105527¢1ﬁa"¢12§;11 U AZ)

The case is obvious when e € ;11 — ;12 or e € /12 — ;11. Take e € ;11 N /ulg. Then,
£,(e) U&y(e) and o (—e) U thy(—e) are left ideals of Y. But,

Y1 (me) Uipy(me) = (¥1(me) N ey(—e))'.

Thus, (£,0:£,)(e) and (1h1721h5) (—e) are left ideals of T for each e € A; N Ay. Hence,
0:0.0 is a BSl-id over Y.
Similarly, the cases of the BSr-ids, BS-ids and the restricted union 811,02 can be

verified. m
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Theorem 5.3.5 Let Y be a semigroup. Then, the following assertion holds for each
BSr-id 01 and BSIl-id 09 over Y.

01% 09 C 040,.09.

Proof. Let 8; = (£;,1,; A1) be a BSr-id and 9y = (£, 1hy; As) be a BSI-id over
T. We have

0% 02 = (6% & * ¥ A1 N Ay),
01702 = (§0080, 910,195 A1 N Ag).
From Theorem 5.3.2, £, (e) and 9| (—e) are right ideals of T for each e € A;, while

£5(e) and 1) (—e) are left ideals of T for each e € Ay. Then, for each e € A; N Ay, we

have

(€1 &2)(e) = &i(e)éale)
C &(e) Néxle) = (E10Es)(e) (5.1)

N

and

Pi(me)ph(me) C Yi(me) Nehy(—e)
= (¢Y1(me) Uthy(-e))” (5.2)

Equation 5.2 gives

(V1 %) (me) = (Y1(-e)ph(—e))
2 y(me) Upy(—e)
= (wloﬂh)(_‘e)- (5.3)

The expressions 5.1 and 5.3 yield that,
91% dy C 9,71,09
for each BSr-id 01 and BSl-id 09 over T. m

Corollary 5.3.6 Let T be a semigroup. Then, for each BSr-id 01 and BSI-id 02 over

Y, the subsequent assertion hold.
1% 0o C 9:11.0,.
Proof. This is verified directly from Theorem 5.3.5, as 971,02 C 0170, m

Definition 5.3.7 A BSSd = (&,1; A) over Y is a BSi-id (BS interior ideal) over Y
if and only if Uy ¥ 3 % Uy ca.
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Theorem 5.3.8 A BSS 0 = (5,1#;;1) over Y is a BSi-id over Y if and only if £(e)

and /(=€) are interior ideals of T for each e € A.
Proof. Let 8 = (&,; A) be a BSi-id over Y. Then, Uy ¥ 8 % Uy C 8. Which gives
U*ExU, 09 0;4) C (6,93 4).

That is, (U * &« U)(e) C &(e) and (O x 1 x ©)(—e) D 1(—e) for each e € A. This
yields U(e)é(e)U(e) C £(e) and (O (—e)y (—e)O'(—e)) D ¢(—e) for each e € A. Thus,
we have Y&(e)Y C £(e) and Yo' (—e)T C ¢'(—e) for each e € A. Hence, proved that
£(e) and 4/ (—e) are interior ideals of T for each e € A.

Converse follows by reversing the above steps. m

Theorem 5.3.9 Let 01 and Oy be any two BSi-ids over Y. Then, their extended

intersection 91M.02 and the restricted intersection 017,02 are BSi-ids over Y.
Proof. Parallel to the proof of Theorem 5.2.4. m

Theorem 5.3.10 Let 0; and 05 be any two BSi-ids over Y. Then, their extended

union 910.02 and the restricted union 911,02 are also the BSi-ids over Y.
Proof. Parallel to the proof of Theorem 5.3.4. m

Definition 5.3.11 A BS subsemigroup d = (£,4; A) over Y is a BSb-id (BS bi-ideal)
over Y if and only if 0 % Uz* O C d.

Theorem 5.3.12 A BSS 9 = (£,1; A) over Y is a BSb-id over Y if and only if &(e)
and ' (—e) are bi-ideals of Y for each e € A.

Proof. Let d = (¢,1; A) be a BSb-id over Y. Then, 3 is a BS subsemigroup over
Y. From Theorem 5.2.3, £(e) and 1’ (—e) are subsemigroups of Y for each e € A. Since
0 is a BSb-id over T, so, 0 % U ;% O C 8. Which gives

(€+U &0+ Ox9; A) C (€95 A).

That is, (£ *U * €)(e) C &(e) and (¢ * © % ) (=e) D 1(—e) for cach e € A. This
yields £(e)U(e)é(e) C £(e) and (¢ (—e)O'(—e)y (=e)) D (—e) for each e € A. Thus,
we have £(e)T&(e) C &(e) and ¢/ (=e) Y1) (me) C ¢’ (—e) for each e € A. Hence, proved
that £(e) and ¢/(—e) are bi-ideals of Y for each e € A.

Converse follows by reversing the above steps. m

Theorem 5.3.13 Let 0; and 09 be any two BSb-ids over Y. Then, their extended

intersection 91M.02 and the restricted intersection 011,02 are also BSb-ids over Y.

Proof. Parallel to the proof of Theorem 5.2.4. m
The extended and restricted unions of d; and Js are not necessarily BSb-ids over

T, because these are not BS subsemigroups over T, as shown in Example 5.2.5.
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5.4 Rough bipolar soft sets over semigroups

The rough BSSs (or RBSSs) are defined with the help of lower and upper RBS-apxes
of a BSS over T, on which a cng-rel R is defined. These approximations are defined

in this section. The RBS subsemigroups over T are also discussed.

Definition 5.4.1 Tuke a cng-rel ® on T and let 3 = (£,4;A) € BSS(Y). The
lower and upper RBS-apzes of 0 with respect to (T, R) are the BSSs symbolized by
Op = (§%,g§?; fvl) and 3" = (Em,im; /vl), respectively, where &g, ?R are defined as:

Eple) ={ueT:fuly CEle)},

R

€ (e) ={ueT:[ugnéle) # ¢}

for each e € A, and Y @m are defined as:

Yg(me) ={u e T : [uly Nip(=e) # 6},

R

¥ (me) ={u e T [ulyp C¥(me)}
for each —e € —=A. d is R—definable if Op = 5%; otherwise, 0 is an RBSS over Y.
In Chapter 4, some characterizations of the RBSSs over a non-empty set U having
an eqv-rel R were presented. These characterizations are also valid when the set U is
replaced by the semigroup T and the eqv-rel on U is replaced by a cng-rel on T. So

the results in Chapter 4 also hold for the lower and upper RBS-apxes of the BSSs over
T, given in the Definition 4.2.1.

Theorem 5.4.2 Take a cng-rel ® on Y and 01,09 € BSS(Y). Then, we have
Proof. Let 8; = (£1,9; A1), 32 = (£, 1h9; A2) € BSS(T). We have
530 = (@ & 0 * Gy s Ain Ay,

=N R R v o
0% 02 = (& x& ,hy 9y ;A1 N Ag).

Take e € A; N Ay and s € (a% * g%)(e) = a%(e)gﬁ(e). Then, s = ab for some
a € am(e) and b € gm(e). Which gives [a]g N & (e) # ¢ and [b]n N Ey(e) # .
Let ¢ € [algp N & (e) and d € [blgr N &y(e). Then, cd € [a]lpblp C [ablg and also
cd € &(e)éy(e), as, c € £, (e) and d € &y(e). This yields [a]n[b]rN& (€)Es(€e) # ¢. That
is, [ablg N (& x &y)(e) # ¢. So, ab=s € (mm)(e). Hence, we get

5N ) c G5 (e) (5.4)
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for each e € Ay N Ay. Now, let x € (¢ * 1/12%)(—@). Then,

[z]s € (11 % ¥g)(me) = (1 (me)y(-e))'.

This means that,

[z]5 N ¥ (—e)tp(me) = ¢. (5.5)
We claim that, = ¢ (wil%(ﬂe)) (g ( e)). Asif, z € (E%(ﬂe))'(%m(ﬁe))’, then there
exist a € (Em(ﬁe))’ and b € (@bg (—e))’, such that x = ab. That is, a ¢ E%(ﬁe)
and b ¢ %%(_'6). Which means that, [alg € ¥;(—e) and [blp € ¥y(—e). Let ¢ € [a]g,
c ¢ Pi(—e), d € [blgp and d ¢ 1y(—e). Then, cd € [a|p[blp C [ablp C [z]x and

cd € (1(—e)) (vy(—e)). Therefore, [z]x N (¢P;(—e)) (Yy(—e))’ # ¢. Which contradicts

Equation 5.5. Hence our claim is true, that is,

2 (W1 (=€) (T (=e)) = (by Py )(=e).

So, we have

—FR —R —R

(Y1 %99 )(e) C (P * 9y )(me) (5.6)
for each e € A; N Ay. The assertions 5.4 and 5.6 prove that 671%1 572%@ O1% 52§R. n
Corollary 5.4.3 Let T be a semigroup and {0; : 1 <i <n} C BSS(Y). Then, for a

ceng-rel } on T, we have
~n =R= =g =
*i10; C ¥ 15

Here, *;-_,0; denotes the finite product 91 * g *...x Jy,.

Theorem 5.4.4 For a semigroup Y, a complete cng-rel R on Y and 91, 02 € BSS(Y),
we have
Oy 5% 025, C 01 % Dy

Proof. Let 8; = (£1,9; A1), 32 = (£, 1b9; A2) € BSS(T). We have

Ougp® Oy = (E1gy % Eag Y1y * Yo A1 N Ag),
m&% = (51*525;371#1*7%%;;11(1/12).

Take e € AN Ay and let s € (im*ém)(e) = 571%(6)672%(6). Then, we can write s = ab
for some a € &, ,(e) and b € §y.,(e). Which gives [a]r C & (e) and [b]n € &y(e). Then,
[a]n[b]n C &1(e)éy(e). Since R is complete cng-rel, so, [a]n[blg = [ablx. Which gives
[ablp C &1(e)€q(e). That is, [s]g = [ablr C (§; % &y)(e). So, s € (mﬁ)(e) Hence

(€1 % E2,)(€) € (€1 % E5)(€) (5.7)
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for each e € Ay N As. Now, let z € (¢, *@bg%)(—'e). Then, [z]rN(1); * 1y)(—e) # .
That is,
[z]5 N (W1 (me)ia(me)) # ¢ (5.8)

We claim that,
2 € (1% P2 (7€) = (g (€)Y (G ()"

As if, @ ¢ ((P1(7€)) (og(—e))') that is, @ € (1h1,,(—€)) (¥4 (—e))'. Then, we can
write z = yz, for some y € (Y1,(e))" and z € (1hy,(—e))’. So, [ylpN 1i(—e) = ¢
and [z]pN ¥y(me) = ¢. That is, [ylpC Vi(—e) and [z]rC ¥5(me). Thus, [ylp[z]rC
P (—e)y(—e). Since R is complete, so, [ylr[z]x = [yz]g = [z]x. Which gives [z]g C
Y (=e)y(—e). This contradicts Equation 5.8. So, our claim is true. That is, x €
(14 * Yag)(m€). So

(91 %y, ) () € (1, % ) (~e) (5.9)

for each e € A; N Ay. The assertions 5.7 and 5.9 prove that @m * @% C 5@52%. [
Corollary 5.4.5 For a semigroup Y, a complete cng-rel ® on Y and {0; : 1 < i <

n} C BSS(Y), we have
281 Ty Oy

Theorem 5.4.6 Toke a cng-rel R on Y. Then, the following assertion holds for each
BSr-id 01 and BSIl-id 09 over T.
B1% 05 C 00 1,05

Proof. Let 9, = (£;,1; A1) be a BSr-id and 8y = (£, 1hy; As) be a BSI-id over
Y. Then &, (e) and 1| (—e) are right ideals for each e € Ay, while £,(e) and ¢} (—e) are
left ideals of T, for each e € As. We have

=N R R v v
O1%x 02 = (§%& ¥y *vy 541N Ay,
SR R =R —R~ —R ¢«
3 T,0 = (& ThEy 01 Undhy s A Ag).
Take e € A; N Ay and s € (£ *52%)(6). Then [s]p N (&1 % &)(e) # ¢, that is,

(Sl N €1(€)Ea(e) # 6. Let £ € sl N Ex(e)€ale). Then ¢ € [sly and ¢ € £ (€)Ey(c). We
can write ¢t = ab, where a € &(e) and b € &y(e). Now ab =t € & (e), as &;(e) is
right ideal of T and ab = t € &y(e), as £4(e) is left ideal of S. So, t € [s]p N &;(e) and
t € [s]g N&y(e). Which means that,

[sle N (€1)(€) # & 7 [sln N (€2)(e).
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That is, s € a%(e) 05%(6) = (gmﬁrgm)(e) So, we have

— —R~ =R
(€1 & )(e) S (&1 Mi&a )(e) (5.10)

for each e € A} N Ay. Now, let z € (E%Gr%m)(ﬂe) = (@71%)(—\6) U (%%)(ﬂe). Then,
x € (1!171%)(_'6) orx € (%%)(_'6). Which means that,

[z C i(me) or [z]p C tho(=e). (5.11)
We claim that [x]g N (—e)h(—e) = ¢. As if there is some y € [z]g N Y (=€) (—e).
Then, y = cd for some ¢ € ¥j(—e) and d € ¥5(—e). But 1)(—e) is a right ideal and
Ph(—e) is a left ideal of Y. So, y = cd € ¥j(—e) and y = cd € ¥4(—e). Which yields
y € [z]g N (—e) and y € [z]g N Y5(—e). This contradicts the assertion 5.11. Thus
(2] N ) (—e)vh(—e) = ¢. This gives [z]p C (¥)(=e)h(—e))’. Which means that,
x € (Pq * ¢2%)(—|e). Thus, we have

— R —R —®R

(1 Urhg ) (me) © (¢ %927 ) (—e) (5.12)
for each e € ;11 N ;lg. The assertions 5.10 and 5.12 prove that 519?62%@ 5—18‘% M, 572%.

Theorem 5.4.7 Let R be a complete cng-rel on Y. Then, the following assertion
holds for each BSr-id 01 and BSI-id 05 over Y.

01% 095, C 0143 1 D2gp-
Proof. Parallel to the proof of Theorem 5.4.6. m

Definition 5.4.8 Take a cng-rel ® on Y and let 8 € BSS(Y). Then, 0 is a lower (or
upper) RBS subsemigroup over Y, if Oy (or 3%) is a BS subsemigroup over Y.

A BSS 0 = (5,1/1;;1) over T, which is both, lower and upper RBS subsemigroup

over T, is called an RBS subsemigroup over T.

Theorem 5.4.9 Fach BS subsemigroup over T is an upper RBS subsemigroup over
T.

Proof. Let d € BSS(T) be a BS subsemigroup over Y. Then, 3 ¥ 8 C 8. From
Theorems 4.3.3 and 5.4.2, we have

525" C570 Co.
This verifies that 5% is a BS subsemigroup over Y. Therefore, d is an upper RBS

subsemigroup over T. ®

The converse statement of the Theorem 5.4.9 is invalid generally, as exhibited in

the next example.
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Example 5.4.10 Let T = {a,b,c,d} represent a semigroup whose table of binary

operation is given below.

a b ¢ d
ala b b d
bl|b b b d
clb b b d
dld d d d

Let E = {e; i = 1,2,3,4}. Take a cng-rel R on Y, defining the cng-classes
{a},{b,d} and {c}. We take a BSS d = (£,v; A) over T with A = {ey1, e}, defined
below.

£(e1) = {c,d}, €(e2) = {b,c},

Y(—e1) = {a}, P(—e2) = {a,d}.

Note that 0 is not a BS subsemigroup over Y because ¢ € &(ey), but cc =b ¢ &(e1).
The upper RBS-apz R(0) = (?R,ﬁ; ;1) of 0 under the relation R is calculated as:

€"(er) = {b,c,d}, € (e2) = {b,e,d},

0" (me1) = {a}, ¥ (~ez) = {a}.

Simple calculations verify that R(0) is a BS subsemigroup over Y. So, O is not a
BS subsemigroup over Y, although, it is an upper RBS subsemigroup over Y.

Theorem 5.4.11 Let R be a complete cng-rel on Y. Then, each BS subsemigroup

over Y is a lower RBS subsemigroup over Y.

Proof. Let & be a BS subsemigroup over Y. Then, d ¥ d C 3. From Theorems
4.3.3 and 5.4.4, we have

This verifies that Oy is a BS subsemigroup over Y. Therefore, 0 is a lower RBS

subsemigroup over T. m

The converse statement of the Theorem 5.4.11 is invalid generally, as exhibited in

the next example.

Example 5.4.12 Let T = {s,t,u,v} represent a semigroup whose table of binary

operation is given below.

S 2 o+ ok |~
S g 2 g |-
S S S |2

S & <+ »
S & T+ »
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Let E = {e; 11 =1,2,...,5} and R be a complete cng-rel over Y, defining cng-
classes {s},{t} and {u,v}. We take a BSS 3 = (£,4;A) over T with A = {e1},
defined below.

(er) = {t, v}, ¥(mer) = {s}.

Note that 0 is not a BS subsemigroup over Y because v € {(e1), but vo = u ¢ £(e1).

v

The lower RBS-apz R(D) = (§, Vg A) of O under R is calculated as:
£aler) = {t), ¥y (-er) = {s}.
Simple calculations verify that R(0) is a BS subsemigroup over Y. So, 0 is not a

BS subsemigroups over Y, although, it is a lower RBS subsemigroup over Y.

Theorem 5.4.11 is invalid if the cng-rel R is not complete. Next example is estab-
lished to verify this fact.

Example 5.4.13 Recall the semigroup Y = {a,b,c,d}, the attribute set E and the
cng-rel R as established in Example 5.4.10. Then, R is not complete. We take a BS
subsemigroup © = (€,v; A) over T with A = {e3}, defined below.

5(62) = {ba C}7 ’¢(ﬁe2) = {a}

The lower RBS-apx R(0) = (&, Vg A) of 3 under R is calculated as:

Eqle2) = (e}, wp(-en) = {al.

We find that R(9) is not BS subsemigroup over T, because c € {y(e2), but we have
cc="b¢ g (e2). So, D is not a lower RBS subsemigroup over Y.

5.5 Rough bipolar soft ideals over semigroups

This section establishes the notions of the RBSl-ids, RBSr-ids, RBS-ids, RBSi-ids and

RBSb-ids over the semigroup Y and examines their basic properties.

Definition 5.5.1 Take a cng-rel ® on Y and let d € BSS(Y). Then, 0 is a lower
(resp. upper) RBSI-id (RBSr-id, RBS-id) over Y, if Oy (resp. 5%) is a BSIl-id (BSr-id,
BS-id) over Y.

A BSS 0 in T, which is both, lower and upper RBSIl-id (RBSr-id, RBS-id) over T,
is called an RBSl-id (RBSr-id, RBS-id) over Y.

Theorem 5.5.2 Take a cng-rel R on Y. Then, each BSIl-id (BSr-id, BS-id) over Y
is an upper RBSI-id (RBSr-id, RBS-id) over Y.



5. Rough bipolar soft ideals over semigroups 94

Proof. Let & € BSS(Y) be a BSl-id over Y. Then, U * 0 C 3. From Theorem
——=R~ =
4.3.3, we have U yx 0 C 6%. Now, from Theorems 4.3.1 and 5.4.2, we have

Uu A* 0 = @%; 8%
ClUFo Cd.
This verifies that 5&3 is a BSl-id over Y. Therefore, 0 is an upper RBSl-id over T.
Similarly, the cases of BSr-ids and the BS-ids over T can be verified. m

The converse statement of the Theorem 5.5.2 is invalid generally, as exhibited in

the next example.

Example 5.5.3 Let T = {k,l,m,n} represent a semigroup whose table of binary

operation is given below.

k'l m n
kK |k kK kE n
I |k I k n
mlk kK m n
niln n n n

Let E = {e1, e, e3} and R be a cng-rel over Y, defining cng-classes {k,1,n} and
{m}. We take a BSS 0 = (&, 1; A) over T with A = {e1,e3}, defined below.

€(e) = {k, 1}, &(e3) = {l,n},

Y(mer) = {m}, P(—es) = {m}.

Note that 0 is not a BSIl-id over Y because k € £(e1), but nk = n ¢ &(er). The
upper RBS-apx R(0) = (E%,@%; ;1) of 0 under the relation R is calculated as:

€ (er) = {k, 1,0}, € (e3) = {k.L,n},

0" (ner) = {m}, 9" (neg) = {m}.

Simple calculations verify that R(3) is a BSIl-id over Y. So, 9 is not a BSIl-id over
T, although, it is an upper RBSI-id over Y.

Theorem 5.5.4 Let R be a complete cng-rel on T. Then, each BSI-id (BSr-id, BS-id)
over Y is a lower RBSI-id (RBSr-id, RBS-id) over Y.

Proof. Let 0 be a BSl-id over Y. Then, U ;* 0 C 3. From Theorem 4.3.3, we have
U ;% 89{{@ Og. Now, from Theorems 4.3.1 and 5.4.4, we have
CU;d_C .
C U x* 5% C On
This verifies that 5 is a BSl-id over Y. Therefore, 0 is a lower RBSl-id over Y.
Similarly, the cases of BSr-ids and BS-ids over Y can be verified. m
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The converse statement of the Theorem 5.5.4 is invalid generally, as exhibited in

the next example.

Example 5.5.5 Recall the semigroup T = {k,l,m,n} and the attribute set E as
established in Example 5.5.3. Take a complete cng-rel R on Y, defining classes {k,l, m}
and {n}. We take a BSS 0 = (§,; /Vl) over T with A = {ea, e3}, defined below.

§(e2) = {l,m,n}, &(es) = {l,n},

Y(ez) = {k}, ¥(—es) = {m}.

Note that 9 is not a BSI-id over Y because m € &(e2), but lm = k ¢ £(e2). The
lower RBS-apz R(0) = (§§R,y%; ;l) of @ under R is calculated as:

Eple2) = {n} = & (es),

%R(—'eg) ={k,l,m} = @R(—'eg).

Simple calculations verify that R(0) is a BSI-id over Y. So, 0 is not a BSl-id over
T, although, it is a lower RBSI-id over Y.

Theorem 5.5.4 is invalid if the cng-rel R is not complete. Next example is estab-
lished to verify this fact.

Example 5.5.6 Recall the semigroup T = {s,t,u,v} and the attribute set E as estab-
lished in Example 5.4.12. Take a cng-rel R on Y, defining the cng-classes {s},{t,u},
and {v}. Then, R is not complete. We take a BSI-id 0 = (f,i/J;A) over T with
A= {e4}, defined below.

£(ea) = {u, v}, Y(mes) = {s}. ;

The lower RBS-apx R(D) = (&, Vg A) of O under R is calculated as:

Epled) ={v}, dyp(-eq) = {s}.

We find that R(0) is not BSl-id over Y, because v € {p(e4), but we have vv =u ¢
£plea). So, D is not a lower RBSl-id over Y.

Definition 5.5.7 Take a cng-rel ® on Y and let 8 € BSS(Y). Then, 0 is a lower (or
upper) RBSi-id over Y, if Og (or 5%) is a BSi-id over Y.

A BSS 0 over Y, which is both, lower and upper RBSi-id over T, is called an
RBSi-id over Y.

Theorem 5.5.8 Tuoke a cng-rel R on Y. Then, each BSi-id over Y is an upper RBSi-

id over Y.

Proof. Let 0 be a BSi-id over Y. Then, U 0 % Uy C 9. From Theorem 4.3.3,
we have U 0 % U A%E . Now, from Theorem 4.3.1 and Corollary 5.4.3, we have

UFT FU; = U 78 7 Uy

UGl Co.
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This verifies that 5% is a BSi-id over Y. Therefore, 0 is an upper RBSi-id over T. =

The converse statement of the Theorem 5.5.8 is invalid generally, as exhibited in

the next example.

Example 5.5.9 Recall the semigroup Y = {k,l,m,n}, the attribute set E and the
cng-rel ® on Y, as established in Example 5.5.3. We take a BSS 0 = (&, 1; ful) over T
with A = {ea, e3}, defined below.

€(e2) = {l,n}, £(es) = {k,1},

Y(—ez) = {m}, P(-e3) = {m}.

Note that 0 is not a BSi-id over Y as | € £(ez), but mim =k ¢ &£(e2). The upper
RBS-apr R(0) = (?R,Jm; ;1) of @ under the relation R is calculated as:

€ (e2) = {k,L,n} =€ (ea),

P (me2) = {m} =" (mes).

Simple calculations verify that ®(0) is a BSi-id over Y. So, 9 is not a BSi-id over
T, although, it is an upper RBSi-id over Y.

Theorem 5.5.10 Let R be a complete cng-rel on Y. Then, each BSi-id over Y is a
lower RBSi-id over Y.

Proof. Let 0 be a BSi-id over T. Then, Ll/fk\ 0% L{AE 0. From Theorem 4.3.3, we
have U ;% 0 % Z/IA%E Og. Now, from Theorem 4.3.1 and Corollary 5.4.5, we have
U Ogx Uy = %%:k\ Ok %%
CUFDFU; C
CU x* 0 *UA% C Og.
This verifies that Jg is a BSi-id over T. Therefore, 0 is a lower RBSi-id over Y. m

The converse statement of the Theorem 5.5.10 is invalid generally, as exhibited in

the next example.

Example 5.5.11 Recall the semigroup Y = {k,l,m,n}, the set E and the complete
cng-rel R over Y, as established in Example 5.5.5. We take a BSS 0 = (§,; /ul) over
T with A = {ey, e} defined below.

§ler) ={m,n}, {(e2) = {l,n},

Y(mer) = {l}, ¥(—ez) = {k}.

Note that 8 is not a BSi-id over Y because m € £(e1), but kml =k ¢ &(e1). The
lower RBS-apz R(3) = (&5, Vg A) of B under R is calculated as:

Enler) = {n} = €, (e2),

Dplmer) = (. Lm} =y (ea).

Simple calculations verify that R(0) is a BSi-id over Y. So, 0 is not a BSi-id over
Y, although, it is a lower RBSi-id over Y.
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Theorem 5.5.10 is invalid if the cng-rel R is not complete. Next example is estab-
lished to verify this fact.

Example 5.5.12 Recall the semigroup Y = {k,l,m,n} and the attribute set E as
established in Example 5.5.3. Take the cng-rel R on Y defining the classes {k,m,n}
and {l}. Then, R is not complete. We take a BSi-id 0 = (f,w;fl) over Y with A =
{ea,e3}, defined below.

§(e2) = {k,l,n}, &(e3) = {n},

Y(ez) = P(mes) = {m}. ]

The lower RBS-apx R(D) = (&, Vg A) of O under R is calculated as:

Eplea) = {1}, Ep(e3) = ¢,

Yp(me2) = {k,m,n} = Py (es).

We find that R(0) is not BSi-id over T, because | € {(e2), but we have klm = k ¢
Eple2). So, 0 is not a lower RBSi-id over Y.

Definition 5.5.13 Take a cng-rel R on T and let 6 € BSS(Y). Then, 0 is a lower
(or upper) RBSb-id over Y, if Oy (or 5%) is a BSb-id over Y.

A BSS 0 over Y, which is both, lower and upper RBSb-id over T, is called an
RBSb-id over Y.

Theorem 5.5.14 Take a cng-rel ® on Y. Then, each BSb-id over Y is an upper
RBSb-id over Y.

Proof. Let 0 € BSS(Y) be a BSb-id over Y. Then, 0 is BS subsemigroup over
T and 0 % U;* O C . So, 5" is a BS subsemigroup over Y from Theorem 5.4.9 and
0% Uy 5%§ 5% from Theorem 4.3.3. Now, from Theorem 4.3.1 and Corollary 5.4.3,

we have

This verifies that 5% is a BSb-id over Y. Therefore, d is an upper RBSb-id over T. =

The converse statement of the Theorem 5.5.14 is invalid generally, as exhibited in

the next example.

Example 5.5.15 Recall the semigroup T = {k,l,m,n}, the attribute set E and the
cng-rel ® over Y as established in Example 5.5.3. We take a BSS 0 = (&, fvl) over
T with A = {ey, ea}, defined below.
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€(er) = {l, k}, €(e2) = {l,n},

Y(=er) = {m} = (ez).

Note that 0 is not a BSb-id over Y because | € &(e1), but Inl = n ¢ &(e1). The
upper RBS-apxr R(0) = (?R,E%; ;1) of 0 under the relation R is calculated as:

& (er) = {Lkn} =" (ea),

BN (mer) = {m} = 9" (wea).

Simple calculations verify that R(0) is a BSb-id over Y. So, 0 is not a BSb-id over
T, although, it is an upper RBSb-id over Y.

Theorem 5.5.16 Let R be a complete cng-rel on Y. Then, each BSb-id over Y is a
lower RBSb-id over Y.

Proof. Let 0 be a BSb-id over T. Then, 8 is BS subsemigroup over T and 0 % U 5
dcCao. So, Oy is a BS subsemigroup over T from Theorem 5.4.11 and 0 :k\uA:k\ 3%5
Oy from Theorem 4.3.3. Now, from Theorem 4.3.1 and Corollary 5.4.5, we have

This verifies that Oy is a BSb-id over Y. Therefore, 0 is a lower RBSb-id over Y. m

The converse statement of the Theorem 5.5.16 is invalid generally, as exhibited in

the next example.

Example 5.5.17 Recall the semigroup T = {s,t,u,v}, the attribute set E and the
complete cng-rel | over Y, as established in Fxample 5.4.12. We take a BSS 0 =
(&, ;1) over T with A = {es}, defined below.

E(es) = {s,u}, P(-es) = {t,v}.

Note that O is not a BSb-id over Y because s,u € {(es), but svu = v ¢ &(e5). The
lower RBS-apx R(D) = (£, Vg A) of 3 under R is calculated as:

Eqes) = {5}, p(es) = (L0}

Simple calculations verify that R(0) is a BSb-id over Y. So, 0 is not a BSb-id over
Y, although, it is a lower RBSb-id over T.

Theorem 5.5.16 is invalid if the cng-rel R is not complete. Next example is estab-
lished to verify this fact.

Example 5.5.18 Recall the semigroup T = {k,l,m,n}, the attribute set E as taken
in Example 5.5.3. Take the cng-rel ® on Y defining the classes {k,m,n} and {l}.
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Then, R is not complete. We take a BSb-id 0 = (g,w;/i) over Y with A = {e1,e3},
defined below.

€(e1) = {k,l,n}, {(e3) = {m},

Y(~er) = fm), p(mes) = (kL)

The lower RBS-apz £(0) = (§%,y%; A) of @ under R is calculated as:

£len) = {11, £ es) = o,

gm(—'el) = {k,m,n}, gm(—'eg) =17.

R(9) is not BSb-id over T, because | € {y(e1), but Iml =k ¢ £ (e2). So, D is not
a lower RBSb-id over Y.



Chapter 6

Rough fuzzy bipolar soft sets

6.1 Introduction

Fuzzy bipolar soft sets (FBSSs) are built to manage the fuzziness, as well as bipolarity
of the data with respect to multiple characteristics at a single platform. These sets are
presented by Naz and Shabir [51]. In this chapter, we aim to explore the roughness in
FBSSs and to initiate the notion of the rough FBSSs (RFBSSs) over the universe U of
discourse. The RFBSSs are defined with the help of the lower and upper RFBS-apxes
of the FBSSs in the P-apx space. Roughness in different soft and fuzzy structures is
defined by many researchers. Rough FSs are studied in [18, 24, 29]. Malik and Shabir
[45] studied rough BFSs. Rough soft sets are discussed in [7, 29]. We have presented the
RFBSSs in Section 6.2. Some characterizations of the RFBSSs are studied in Section
6.3 and some similarity relations on the set containing FBSSs over U are defined in
Section 6.4 with the help of their RFBS-apxes. Another exotic feature of this chapter
is the uncertainty measures, such as accuracy measure and roughness measure for the
RFBS-apxes of the FBSSs. Earlier in 1996, Banarjee and Pal [15] provided a roughness
measure for the FSs using a-cuts on the FSs. The roughness measures for the FBSSs
using the approach of Banarjee and Pal, are defined and discussed in Section 6.5.
These are the measures which provide an estimation to investigate how accurate are
the RFBS-apxes of the FBSSs.

As mentioned earlier, the FBSSs are built to handle fuzziness, as well as bipolarity
of the data with respect to multiple attributes. Due to this quality, these sets have great
practicality and applicability in decision making techniques, which is an important
application of the FBSSs. Applicability of the rough sets, FSs and soft sets in decision
analysis are discussed in [28, 43, 45, 46, 47, 55, 61, 66]. The last section of this
chapter presents an application of the RFBS-apxes of the FBSSs. An algorithm is also
designed for that application, supported by a suitable example to illustrate the steps

100



6. Rough fuzzy bipolar soft sets 101

of the algorithm.

6.2 Rough fuzzy bipolar soft sets

Roughness in the FBSSs using an eqv-rel R on the universe U (# ¢) possessing an
attribute set F is discussed in this section by defining the upper and lower RFBS-apxes
of FBSSs in the P-apx space (U, R).

Definition 6.2.1 Tuke a P-apz space (U,R) and w = (£,¢; A) € FBSS(U). The
upper and lower REBS-apzes of w in (U,R) are the FBSSs R(w) = (5%,@%;;1) and
R(w) = (§§R,Q§R;ful), respectively, where £ (e), ?R(e), P (me), @m( e) are F'Ss in U,
defined by

Eple)(u) = &le)g(u) = A £le)(y),

y€uln
O = W=y (),
Uy(cew) = P (W) = v w6,
P = dleym) = A D))

for each e € A and for each u € U. If R(w) = R(w), then, w is said to be R—definable;
otherwise, w is an RFBSS over U.

The interpretation of these RFBS-apxes of w, that is, the information about an
object u of U, depicted by the above defined FSs is as follows.

° §§R(e)(u) indicates the degree to which u definitely has the property e.

. ?R(e)(u) indicates the degree to which u probably has the property e.

. y%(—'e)(u) indicates the degree to which u probably has the property opposite
to e.

. am(—'e)(u) indicates the degree to which u definitely has the property opposite

to e.

Definition 6.2.2 Let R be an equ-rel on the universe U. an FBSS w = (&, /Vl) over
U is referred to be classwise constant under R if £(e)(u) = &(e)(u') and ¥(—e)(u) =
(—e)(u'), whenever, u' € [ulg for u,u’ € U.
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It is easy to note that the relative null FBSS @ j, the relative whole FBSS U x and
the constant FBSS are all classwise constant under each eqv-rel ® on U. The subsequent
example presents a classwise constant FBSS. The RFBS-apxes of an arbitrary FBSS

over U are also explained in this example.

Example 6.2.3 Let U = {q1,42,93,q4,q5} contain five houses and E = {e1 =costly,
ea =attractive, e3 =wooden, eq4 =in natural surroundings, es =properly maintained}
be a set of attributes for U. Let the counter set ofE’ be -F = {—e1 =cheap, —eg =dull,
—eg =not wooden, —eq =in urban area, —es =not maintained}. Let the house q1 be in
some locality A, the houses qa and g3 be in a locality B and the houses q4 and qs be
in a locality C. We define a binary relation R on U, such that, two houses are related
in R if and only if they are in same locality. Then, R is an equ-rel on U, defining
the equ-classes {q1},{q2,q3} and {qs,q5}. We construct an FBSS w = (§,w;;l) over
U, describing the assessment of Mr. A, who intends to buy a house, preferring the
attribute set A = {ey,es}. Let the FBSS w be defined as follows.

(e2) = {q1/0.8, ¢2/0.6, ¢3/0.6, q4/0.5, g5/0.5},

P(—e2) = {q1/0.1, q2/0.3, q3/0.3, q4/0.4, g5/0.4},

€(es) = {q1/0.5, q2/0.4, q3/0.4, q4/0.6, ¢5/0.6},

Y(—es) = {q1/0.5, g2/0.4, q3/0.4, q4/0.4, g5/0.4}.

Then, w is a classwise constant FBSS over U. Now, consider another FBSS w1 =
(€1, 1013 A1) over U with Ay = {e1, ea, e3}, which demonstrates the assessment of some
other person about the houses of U. Let w1 be defined as given below.

§1(e1) = {q1/0.7, ¢2/0.6, g3/0.8, q4/0.5, ¢5/0.6},

Y1(—e1) = {q1/0.2, ¢2/0.3, ¢3/0.1, 44/0.5, ¢5/0.3},

§1(e2) = {q1/0.8, ¢2/0.7, q3/0.8, q4/0.6, g5/0.6},

Y1(me2) = {q1/0.1, ¢2/0.1, g3/0.2, q4/0.2, g5/0.3},

§1(e3) =1{q1/0.4, ¢2/0.6, q3/0.4, q4/0.6, q5/0.5},

Y1(—es) = {q1/0.5, 42/0.2, q3/0.5, q4/0.4, ¢5/0.5}.

The lower RFBS-apz R(wy) = (im,ﬁ%; A1) of wy is calculated as below.

Eigle) = {a/ A Ge)W.a/ A G 6/ A &)

={a/ A &le)W) @2/ A &le)y), a5/ A &len)y)}
y=q Y=42,q3 Y=04,45

={q1/0.7,42/(0.6 A 0.8),43/(0.6 A 0.8),44/(0.5 A 0.6),¢5/(0.5 A 0.6) }

={q1/0.7,42/0.6,43/0.6,44/0.5, g5 /0.5}.

In the same way, the following F'Ss are calculated for each e € A

§1(e2) = {q1/0.8,42/0.7,43/0.7,44/0.6, ¢5/0.6},

§i(e3) = {q1/0.4,42/0.4,43/0.4,44/0.5, ¢5/0.5},

Y1g(me1) ={a1/0.2,42/0.3,43/0.3,44/0.5,45/0.5},

Y14 (me2) = {q1/0.1,¢2/0.2,43/0.2,44/0.3,45/0.3},
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V14(7e3) ={q1/0.5,42/0.5,43/0.5,44/0.5,45/0.5}.
For the upper RFBS-apr R(wi) = (Em,q/)ilm;fvll) of wi, the FSs a%(ei) and
E%(ﬂei) are calculated for i =1,2,3 as below.

& (e1) = {01/0.7,42/0.8,43/0.8,44/0.6, 45 /0.6},

€1 (e2) = {41/0.8,42/0.8,43/0.8,41/0.6, 45/0.6},

&1 (e3) = {41/0-4,02/0.6,43/0.6,41/0.6, 45/0.6},

U1 (mer) = {a1/0.2,42/0.1,3/0.1,44/0.3, 45/0.3},

U1 (me2) = {q1/0.1,42/0.1,3/0.1,44/0.2, 45/0.2},

Uy (mes) = {41/0.5,42/0.2,43/0.2, 44 /0.4, g5 /0.4}.

By comparing belongingness values of the above F'Ss, one can easily see that ém(e) C

& (e) C E%(e) and ﬁm(e) Dy(e) 2 E%(e) for each e € Ay. This verifies R(w;) C
w1 C R(w1), by using Definition 1.6.3.

6.3 Characterizations of rough fuzzy bipolar soft sets

Lemma 6.3.1 Let R be an equ-rel defined on U. Then, every classwise constant FBSS
over U is R—definable.

Proof. Take a classwise constant FBSS w = (£,4; A) € FBSS(U). The lower
and upper RFBS-apxes of w under R are R(w) = (£, ¥y A) and R(w) = (?R,@%; A),
respectively. For e € A and u € U, let {(e)(u) = ce, Where cc,, € [0,1] is a constant.
Then, for any e € A and u € U, we have

§§R(6) (u) = yé{z\t]mg(e) (y) = ye@b]ﬁce,u = Ceu

and
Zm(e)(u) =V E(e)(y) = V. Ceu = Ceu-
yE[uln yE[uln

Which shows that, £ (e)(u) = ?R(e)(u) for each e € A and u € U. Similarly, we have
Y (e)(u) = @m(—'e)(u) for each —e € =A and u € U. This proves, that, R(w) = R(w).
Thus, w is R—definable. =

Corollary 6.3.2 Let R be an arbitrary equ-rel defined on a non-empty finite set U.
Then, every constant FBSS over U is R—definable.

Proof. Proof can be deduced from Lemma 6.3.1, as every constant FBSS over U
can be considered as a classwise constant FBSS over U, under any eqv-rel & defined

onU. m
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Theorem 6.3.3 Take a P-apz space (U,R) and let w = (§,; /i) € FBSS(U). Then,

the subsequent asservations are true.

1. Rw) € w E Tw),

2. R(Py) =05 = R(Py),

5. R(U) = Uy = R0,

4. RR(w)) = R(w) = R(R(w)),
5. R(R(w)) = R(w) = RR(w)),
6. R(w) = (R(w))*,

7. R(w") = (R(w))"

Proof. (1) Obvious by the Definition 6.2.1.
(2) The relative null FBSS ® 5 = (®,U; A) over U is constant. Hence O is
R—definable, by Corollary 6.3.2. That is,

R(®y) = =R

—~

D).
(3) The relative whole FBSS UA — (U, ®; A) over U is constant. Hence UA is
R—definable. That is,
R(Uy) = Uy =R(Uy).
(4) The lower RFBS-apx of the FBSS w = (£,4;A) is symbolized by R(w) =
(géﬁ,%ﬁ;;l). Since, R(w) is a classwise constant FBSS, so, R(w) is R—definable by
Lemma 6.3.1. Which proves that,

R(R(w) = R(w) = R(R(w)).

5) Analogous to the proof of (4).
6) By using Definitions 1.6.7 and 6.2.1, the FBSSs R(w®) and (R(w))¢ are described

92

(
_(6) By using Deflnit
as R(we) = (77,975 A) and (R(w))® = ((§,,)¢, (¥4,)% A). Notice that,

e = vV el = vV b(-e)y)

yE(uln yElul
= Yp(me)(u) = (§5)(e)(u)
and
R

P (me)(w) = A P(me)(y) = A E(e)(y)

yE[uln yE[uln

= &ple)(u) = (L) (me)(u)

hold for each e € A and for each u € U. Which immediately gives R(w®) = (R(w))®.
(7) Analogous to the proof of (6). m
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Lemma 6.3.4 Take a P-apz space (U,R). Then, the subsequent asservations are true
for any wy = (51;¢1§A1)> wo = (52,1/}2;]12) € FBSS(U) and for any e € Ay U As.

1. @05 = (0.6 ),
2. 6&"AEN () 2 (6R8 (e),
5. (€1, 0:62,)(€) € (6,0:65,)(e),
4 (Eayeba,)(€) = (E1ebay) ),

5. (8700, ")(m0) € (41 0ctb, (=),
6. (9, 05" (—e) = (r ety (),
7. (15 0etag) () = (¥10:tb,)(—e),
8. (Y133 eag) (m€) 2 (¥aPicthyy,) ().

Proof. (1) Let w1 = (£;,901; A1), wy = (&, 1h9; A3) € FBSS(U). The case is
obvious for e € ;11 — ;12 oreec ;12 — ;11. For e € ;11 N ;12 and u € U, we have,

(€06 = & (e)u) Ve (e)(u)

- <ye[vu]msl<e>(y>>v< RCIO)
P AGICOMACIN)

= v (@D8)Ew)

— (608 ) (e)w).

Which shows that,
— R~ —R ——R
(§1 Uly )(e) = (§1U&s )(e).
(2) Again, for wy = (&1, %y; ;ll), wa = (&g, Yy; leg) € FBSS(U), the case is obvious
when e € (Al — ;12) U (;12 — Al) For e € A; N Ay and u € U, we have,

ETNEDOW = & (e)u) AE (e)(u)
- <y€[vu QWA (Y &)
> <e><y>Asz< )()

S
= \[/ (515552)( )( )

— (@GN (e ().
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Which shows that, "
R R =
(€1 Nl )(e) 2 (§1N:Ea )(e).
(3-8) Analogous to the proof of (1) and (2). m

Theorem 6.3.5 Take a P-apz space (U,R). Then, the subsequent asservations are
true for any w1 = (1,113 A1), wa = (€9,19; A2) € FBSS(U).

1. wy C wy implies that R(w1) € R(ws) and R(wr) € R(ws)
2. R(wiMewa) = R(w1)MR(w2),
3. R(wilrws) = R(w1)M,R(wa),
4. R(wilews) D R(wr)OR(w2),

5. R(w1lrws) > R(w1)0,-R(wa),

M

6. %(w1ﬁgw2) %(Wl)ﬁeﬁ(u&)?

7. R(wiMywz) € R(w1)M-R(w2),

N

8. %(wlﬂgwg) = %(wl)ﬂgﬁ(wg),
9. %(wlmrwﬂ = @(wl)ﬁrﬁ(wg).

Proof. (1) Given that wy C wy, that is, (&1,%; A1) C (€, 109; As). Then, &(e),
&a(€), ¥1(me), Yy(—e) are FSs in U, such that ;(e) C &y(e) and 1y (—e) 2 1y(—e) for
each e € fvll, where ;11 - /12. This yields

é%(e) = él(e)m < 52(6)% = 572%(6)

and

P
)JL

Y1g(m€) = Br(€) | 2 () = op(-e)

for each e € A;. Thus, R(w1) C R(wy). Similarly, one can verify, that, R(w;) C R(ws).
(2) The FBSSs R(w1)M-R(w2) and R(w1lM-ws) are described as

R(w1)MeR(w2) = (§1Nelagy P15, Uetag; A1 U Az)

and

ﬁ(wlﬁa(%) = (515552%; ¢1Ga¢2éﬁ§ ;11 U ;12)

Now, Lemma 6.3.4 states that,

(515552%)(6) = (Qﬁﬁaﬁlﬁ)(e)
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and
($10:02,) (7€) = (Y1, 0cthay) ()

hold for each e € A1 U As. The above equations assert that,
R(wi1Mawz) = R(w1) R (ws).

(3) This is deduced from (2).
(4) The FBSSs R(w1l.w2) and R(w1)U-R(w2) are described as

ﬁ(wlﬂau&) = (510852%a ¢1ﬁa¢2%§ Al U Az)

and
R(w1)UeR(wa) = (§1,U:€05: Y15,NePayy Ay U Ay).

Lemma 6.3.4 states that the expressions

(610:62,)(€) 2 (€1,,0:62,)(e)

and
(wlﬁ&‘w%}e)(_‘e) C (ﬁ%ﬁfﬁm)(_‘e)
hold for each e € A; U Ay. Which prove that,

R(wilewz) O R(w1)TR(wa).

(5) This expression is deduced from (4).
(6-9) The proof is same as the proof of (2-5). m

The proper inclusions (4-7) of the above theorem may be proper, as exhibited in

the subsequent example.

Example 6.3.6 Consider the universe U of five houses, the relation R on U, the
attribute sets E and —=FE and the FBSS w1, as established in Example 6.2.3. Take
another FBSS wo = (&5, 19; ;12) over U, with Ay = {e1,e2} as given below.

€a(e1) = {41/0.6, 2/0.6, g3/0.7, 4/0.7, g5/0.6},

Yo(=e1) = {q1/0.3, q2/0.2, q3/0, q4/0.2, ¢5/0.3},

§o(e2) = {q1/0.7, ¢2/0.6, g3/0.6, q4/0.7, g5/0.6},

Ya(mez) = {q1/0.1, q2/0.2, ¢3/0.1, q4/0.1, g5/0.2}.

The lower RFBS-apx R(wz) = (@Wﬁ%; Ag) of wa is evaluated as below.

§og(e1) = {q1/0.6, g2/0.6, g3/0.6, q4/0.6, ¢5/0.6},

Sog(e2) = {q1/0.7, q2/0.6, q3/0.6, 44/0.6, q5/0.6},

Yo (—e1) ={q1/0.3, 42/0.2, g3/0.2, q4/0.3, q5/0.3},



6. Rough fuzzy bipolar soft sets 108

Yagp(me2) = {q1/0.1, 42/0.2, ¢3/0.2, 44/0.2, ¢5/0.2}.
For the upper RFBS-apr R(ws2) = (g%,%m;flg) of wa, the FSs g%(ei) and
%m(ﬂei) are calculated for i = 1,2 as below.
& (e1) = {01/0.6,42/0.7,43/0.7, 44 /0.7, 45 /0.7},
& (e2) = {41/0.7, 42/0.6, 43/0.6, 41/0.6, 45/0.6},
By (mer) = {41/03,02/0, 43/0, 41/0.2,45/0.2},
Uy (me2) = {a1/0.1,42/0.1,3/0.1,44/0.1,45/0.1}.
To observe the proper inclusion in (5), the restricted union wiUpws = (£,0,€9, 1Mh9; A1N
/12) of the FBSSs w1 and wo is calculated as:
£10,85)(e1) = {q1/0.7, q2/0.6, ¢3/0.8, q4/0.7, ¢5/0.6},
£10r65)(e2) = {¢1/0.8, ¢2/0.7, q3/0.8, 44/0.7, ¢5/0.6},
P10,99) (mer) = {q1/0.2, ¢2/0.2, ¢3/0, 44/0.2, g5/0.3},
P10r1hg) (me2) = {q1/0.1, q2/0.1, ¢3/0.1, q4/0.1, ¢5/0.2}.
Now, the FSs (61077162%)(6) and (zplﬁrw%?)(—'e) of the FBSS R(w1l,ws) described
by (510r§2%,1/)157«¢2%; A n ;12) are evaluated for e € A n ;12, as below.
(£10,€55)(e1) = {@1/0.7, g2/0.6, ¢3/0.6, 4/0.6, g5/0.6},
(£10,€55)(e2) = {@1/0.8, 42/0.7, ¢3/0.7, 44/0.6, ¢5/0.6},
(Y100 o) (mer) = {41/0.2, 42/0.2, g3/0.2, ¢4/0.3, q5/0.3},
(Y100 a4) (me2) = {q1/0.1, ¢2/0.1, ¢3/0.1, ¢4/0.2, ¢5/0.2}.
The restricted union R(w1)U-R(wsz) = (Q%O@l%,ﬁ%ﬁrﬁ%, fvllﬁfvlg) is calculated
below.
(£1,Ur&ag)(e1) = {41/0.7, ¢2/0.6, 45/0.6, q4/0.6, ¢5/0.6},
(£1,Ur€a)(€2) = {01/0.8, ¢2/0.7, q3/0.7, q4/0.6, g5/0.6},
(Y1) (mer) = {@1/0.2, 42/0.2, ¢3/0.2, ¢4/0.3, ¢5/0.3},
(Y15 r2) (me2) = {@1/0.1, 42/0.2, ¢3/0.2, 44/0.2, g5/0.2}.
Notice that,

—~~ Y~/

(Y1 tag ) (me2)(g2) 5 (Y170 a) (me2) ().
This immediately yields the proper inclusion in (5). That is,

R(w10rw2) 2 R(w)TrR(w2).
Similarly, one can observe the proper inclusion in (4). That is,
R(wilews) D R(wr)D-R(ws).

Next, we verify the proper inclusion in (7) of the Theorem 6.3.5. The restricted
intersection wilywe = (£1N:€q, 11 Ury; A n ;12) of w1 and wsy 1s calculated as:

(&1Nr€2)(e1) = {q1/0.6, ¢2/0.6, q3/0.7, q1/0.5, g5/0.6},

(&10:€2) (e2) = {q1/0.7, ¢2/0.6, ¢3/0.6, 44/0.6, g5/0.6},
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(¥10,95)(me1) = {q1/0.3, ¢2/0.3, ¢3/0.1, q4/0.5, g5/0.3},

($10r2)(—e2) = {q1/0.1, ¢2/0.2, ¢3/0.2, 44/0.2, g5/0.3}.

Now, the FBSS R(w1l,ws) = (§1ﬁT§2u,¢1L~JT¢2JL;A1 N ;12) is evaluated below for
e c /11 N AQ

(&€ r§2 )(61) ={q1/0.6, g2/0.7, q3/0.7, q4/0.6, q5/0.6},
(&1N&y &)3(62) ={q1/0.7, g2/0.6, q3/0.6, q4/0.6, q5/0.6},
(U r¢2%)(_‘61) ={q1/0.3, ¢2/0.1, ¢3/0.1, q4/0.3, ¢5/0.3},

(v1Urthy ) (me2) = {q1/0.1, g2/0.2, q3/0.2, q4/0.2, g5/0.2}.
The restricted intersection R(w1)M,R(ws) = (amﬁ@%,z?f&%m; A1NAy) is cal-
culated below
(&1 ﬂrfz )(61) = {a1/0.6, g2/0.7, 3/0.7, q4/0.6, ¢5/0.6},
(& ﬂr& ")(e2) = {01/0.7, 2/0.6, 43/0.6, 41/0.6, g5/0.6},
(@ Oy ) (—er) = {a1/0.3, ¢2/0.1, g3/0.1, q1/0.3, ¢5/0.3},
(¥1

(
s rw;’*xm) — {q1/0.1, g2/0.1, g3/0.1, q1/0.1, g5/0.1}.

Notice that,

=R —R~ —R
(V1Urthy ) (me2)(g2) 2 (1 Urhy ) (me2)(qz)-
Which immediately shows the proper inclusion in (7). That is,

@(wlﬁrwg) § ﬁ(wl)ﬁrﬁ(u@).
Similarly, one can observe the proper inclusion in (6). That is,
ﬁ(wlﬁswg) §_ ﬁ(wl)ﬁgﬁ@uﬂ.

Theorem 6.3.7 Take a P-apx space (U,R) and let w € FBSS(U). Then, the subse-

quent asservations are equivalent.

3. w is R—definable.

Proof. (1)=(2) Assume that R(w) C w. From Theorem 6.3.5, we have R(R(w))
C R(w). Then, Theorem 6.3.3 yields

w C R(w) = RRw)) C R(w).

Thus, R(w) C w

(2)=(3) Assume that w C R(w). From Theorem 6.3.3, we have R(w) C w. So,
w = N(w). This gives R(w) = R(R(w)) = R(w). Thus, w is R—definable.

(3)=(1) Obvious. m
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Proposition 6.3.8 Take a P-apz space (U, R).

1. Let R be the identity relation on U. Then, each FBSS over U is R—definable.

2. Let R be the universal binary relation on U and w € FBSS(U) be R—definable.
Then, w is a constant FBSS over U.

Proof. (1) Let R be the identity relation on U. Then, each eqv-class is singleton
subset of U. Which implies that each FBSS over U is classwise constant. Hence, each
FBSS over U is R—definable, by Lemma 6.3.1.

(2) Let ® = U x U and let w = (£,¢;A) € FBSS(U) be R—definable. Then,
R(w) = R(w). Which gives @R’%}e;’i) = (E%,E%;A). That is, £, (e)(u) = ?R(e)(u)
and P (—e)(u) = @%(—'e)(u) for each e € A and for each u € U. This yields

e)y) = Vv &(e)y)

y€[uln yE[ulg

and

Vog(me)y) = A p(=e)(y)

y€luln y€fuln
for each e € A and for each u € U. Since, [ulg = U for each u € U, so, we get

A &e)(y) = v &(e)(y)

yelU yelU

and

V p(=e)(y) = A p(-e)(y)

yeU yeU

for each e € A and for each y € U. Which clearly shows that, w is a constant FBSS

over U. m

Theorem 6.3.9 Take a P-apx space (U,R). Take another equ-rel o on U, such that,
R Co. Then o(w)C R(w) and R(w) C F(w) for any FBSS w over U.

Proof. Take w = (5,1/),21) € FBSS(U) for any A C E. Since ® C o, we have
[ulp C [u], for each u € U. Thus, we get

F @@ = A W)

< A €e)(y) = Exle)(u)

yE[ulp

for each u € U and for each e € A. Hence, ) (e) for each e € A. Similarly,
Y _(—e) 2 Yy(—e) for each —e € —A. Thus, o(w)

verify, that, R(w) C o(w). m

c¢
CR w). In the same way, one can
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6.4 Similarity relations associated with RFBS approxi-

mations

This section establishes some binary relations between the FBSSs based on their REBS-

apxes and investigate their properties.

Definition 6.4.1 Take a P-apz space (U, R). We define the following binary relations
for wi,wy € FBSS(U),
w1 ~x wa if and only if R(w1) =R
w1 ~x wa if and only if R(wy) = R(ws);
wi g we if and only if R(wi) =R

We may term these relations as the lower RFBS similarity relation, upper RFBS
similarity relation and the RFBS similarity relation, respectively. Obviously, w; and

wo are RFBS similar if and only if they are both, lower and upper RFBS similar.
Proposition 6.4.2 The relations ~g, ~% and ~x are equ-rels on FBSS(U).
Proof. Straightforward. =

Theorem 6.4.3 Take a P-apx space (U,R). Then, the subsequent asservations hold
for {wi = (&;,%;, Ag) i =1,2,3,4} C FBSS(U).

1. w1 ~x wa if and only if w1 ~x (wil.ws) ~x wa,

2. w1 ~gp wo and w3 ~x wy imply that (wilws) ~x (Wallwy),

3. wq i wo and wo < CI)A2 mmply that wy ~x (I)AI,

4. w1 C we and wy ~p UAl imply that wa ~x UAQ’ provided that Ay = /ulg,

5. (wil-we) ~x P04, if and only if w1 ~x Py, andwy ~g Py,

6. (wilMews) ~g 0A1UA2 implies that w1 =g U/ﬁ and wo ~x []'AQ.

Proof. (1) Let wy ~g wa. Then, R(w;i) = R(wsz). From Theorem 6.3.5, we get

@(wlﬁgwg) = %(wl)msﬁ@)g) = %(wl) = %(WQ).

So, w1 ~x (wil-ws) ~x wa.

Converse holds by transitivity of the relation ~g.
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(2) Given that w1 ~g w2 and w3 ~g wyg. Then, V(w1) = R(w2) and R(ws) = R(w4).

From Theorem 6.3.5, we get

=l

R(wilws) = R(wr)0-R(ws)

(w2)U:R(wq) = R(wallwy).

I
=l

Thus, (w1lw3) ~x (Wallswy).

(3) Given that, wa ~g ® 4,. Which implies R(wy) = ﬁ(CI)AZ) =@ 4,. Also wy C wo
implies that %(w1) C R(wz) = @ 4,. Restricting the attribute set of ® 5 to A3 C A»,
we get R(w1) C @ . But, @5 C R(wi). So, R(w1) = @5, = R(Py,). Which shows
that, w; ~g q)/h'

(4) w1 ~x Uy, implies that R(w1) = R(Uy,) = Uy

given that, w; C wa. So, we get

R(wa) CRUy,) = Uy, =0y,
= %(wl) g %(WQ).

This gives R(ws) = @(ﬁgz). Hence, wa ~gx UAQ'
B (5) Lej wi ~p @ and wy ~p @4 . Then, we have R(wi) = %((I)AI) = @y and
R(wy) = §R(<I>A2) =4 . From Theorem 6.3.5, we get

@(wlﬁawg) = @(wl)l_lgﬁ%(wg) = (I)Al UECI)A2
P

Thus, (w1lws) ~g P 4,4, Converse follows from (3).
(6) This assertion follows from (4). m

Note that in (1) and (2) of Theorem 6.4.3, wy ~x w2 means that R(w1) = RN(w2).
Which indicates A; = Ay by using Definition 1.6.3. Thus, the attribute sets of RFBS
similar (lower, upper or both) FBSSs are same. Hence, their restricted and extended

unions, as well as intersections coincide. Same is the case when wq ~x wg or wi ~gp wa.

Theorem 6.4.4 Take a P-apx space (U, R). Then, the subsequent asservations hold
for {ws = (§;,;, A;) 11 =1,2,3,4} C FBSS(U).

1. w1 ~x wa if and only if w1 ~x (wiMws2) ~x wa,
2. wi ~gp wo and w3 ~x wy imply that (wiMws) ~p (Wallwy),
3. w1 C wo and wo ~p (DAQ imply that wy ~x (I)Alv

4. w1 C wy and wy ~xp if;h mmply that wo ~x UvQ, provided that A, = fvlg,
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5. (wil.wa) ~x P 504, implies that w1 ~g D4, and wy ~x Py,
6. (wlﬁgwg) ~op ~A1UA2 if and only if wy ~x UAUI and wy ~xp UA2.

Proof. Parallel to the proof of Theorem 6.4.3. m

Theorem 6.4.5 Take a P-apz space (U,R). Then, the subsequent asservations hold
Jor {ws = (€103 A;) 11 =1,2,3,4} C FBSS(U).

1. w1 ~x wa if and only if w1 ~x (wilw2) ~g wo and w1 ~x (Wilws) ~x w2,
2. wy C wy and wy ~p (I)AQ mmply that wy ~x <I>A1,
3. w1 C wy and wy R Ufh imply that wo ~x UvQ, provided that A, = ;12,

4. (wilews) ~g (I)AluAQ implies that w1 ~x <I>A1 and wy X (I)A27

5. (wilew2) ~x AU, tmplies that wy ~p Uy and wa ~p Uy, .

Proof. It can be directly deduced from Theorems 6.4.3 and 6.4.4. m

6.5 Accuracy measures for FBSSs

An important application of the RFBS-apxes of the FBSSs is, that, these approxi-
mations provide a scheme to investigate how accurately the belongingness maps of a
FBSS describe the objects. We introduce the degree of accuracy and the degree of
roughness for the positive and negative belongingness maps of the FBSSs, separately.
For this purpose, we first define the a—level cuts of a FBSS and describe their basic

properties.

Definition 6.5.1 Let w = (£,v; A) € FBSS(U). For 0 s a <1, the a—level P-cut
(positive cut) of w relative to the attribute e € A is symbolized by w, ) and defined

as:

Wiea)y = 1u €U :€(e)(u) > a}. (6.1)

Definition 6.5.2 Let w = (£,¢; A) € FBSS(U). For 0 s a <1, the a—level N-cut
(negative cut) of w relative to the attribute e € A is symbolized by w'®® and defined

as:

W& = {u e U :¢(-e)(u) < al. (6.2)

Lemma 6.5.3 Let w; = (£1,11; A1), wo = (€9,109; Ag) € FBSS(U) and 0 £ o < 1.
Then, w1 C wg implies that, wi(e q) c Woe,a) and wﬁem - wée’O‘) for each e € A
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Proof. It can be directly deduced from Definitions 6.5.1 and 6.5.2. =

Lemma 6.5.4 Let w = (£,4;A) € FBSS(U) and 0 s B < a < 1. Then, we have
Wie,a) C Wie,p) and w(eh) C wlea) for each e € A.

Proof. It can be directly deduced from Definitions 6.5.1 and 6.5.2. =
With the help of Definitions 6.2.1, 6.5.1 and 6.5.2, we conclude the following state-
ments for w = (£, v; ;1)

R(W)eay = {uelU:€u(e)(u) > a}l

= {ueU: ye[Au]ERE(e)(y) > a},
R(w)eay = {uel: ye\[{L]mé(e)(y) > a},
R@) = {uelU: ye[u]%lﬁ(ﬁe)(y) < a},
R@) = {ueU: ye[u]mlb(ﬁ@)(y) < al.

Lemma 6.5.5 Let R be an equ-rel on U and w = (5,11);;1) € FBSS(U). Then, the

subsequent asservations hold for each e € A and 0 sa<l.

1. ﬁ(w@,a)) = ﬁ(w)<€»a>’
2. ﬁ(W@,a)) = ﬁ(w)@,a)a

3. R(wle) = R(w)©,

4. R(wlo)) = R(w)le),
Proof. (1) For the crisp set w oy, we have the following.

R(Wiea)) = {ueU:[ulp Cwea}
= {ueU:&(e)(y) > afor each y € [u]lp}

= {uelU: A &e)(y) = a}

yE[uln

= ﬁ(w) (e,ar)

The remaining parts can be verified in the same manner. m
Now, we define the degree of accuracy and the degree of roughness for the positive

and negative belongingness maps of an FBSS over U.
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Definition 6.5.6 Take a P-apx space (U, R). The degree of accuracy for the positive
belongingness map of w = (€,1; A) € FBSS(U), relative to the attribute e € A and

the parameters o, B satisfying 0 £ 8 < a < 1, is expressed as:

R(wiem)]
R = =
Dple,a,p) (@) R (wie,s)]

The degree of roughness for the positive belongingness map of w relative to the attribute

e € A and the parameters «, 5 satisfying 0 < 5 < a < 1, is expressed as:

Pleas) (@) = 1= D0l o 5 (w).

Definition 6.5.7 Take a P-apx space (U,R). The degree of accuracy for the negative
belongingness map of w = (ﬁ,w;fl) € FBSS(U), relative to the attribute e € A and
the parameters o, B satisfying 0 £ 8 < a < 1, is expressed as:

R B |ﬁ(w<e,ﬁ>)‘
Qn(e,a,@ W)= ‘@(w(e,a))y

The degree of roughness for the negative belongingness map of w relative to the attribute

e € A and the parameters «, 3 satisfying 0 < B < a < 1, is expressed as:
tid R
Qe,ap) (W) =1 =D g5y (w).

Notice that, R(weq)) (or R(weg))) comprises of the objects of U having a (or
B) as the least degree of definite (or possible) fulfilment towards the attribute e in
w. Equivalently, (w . qy) (or ﬁ(w@”@)) may be viewed as union of the eqv-classes of
U having the degree of fulfilment atleast a (or ) in the lower (upper) RFBS-apx of
w. Therefore, the parameters o and (8 serve as the thresholds of definite and possi-
ble fulfilment of the objects of U towards the attribute e in w, respectively. Hence,
@p?;a,@ (w) may be interpreted as the degree to which the positive belongingness
map of w is accurate, constrained to the threshold parameters o and . Similarly,
’Dni, ,3) (w) denotes the degree to which the negative belongingness map of w is accu-
rate, constrained to the threshold parameters a and . In other words, Qp?ee,aﬁ) (w)

and @ni}‘\:

e7a7/6

maps of the FBSSs, respectively. We explain these degrees in the subsequent example.

>(w) describe how accurate are the positive and the negative belongingness

Example 6.5.8 Consider the set U = {q; : i = 1,2,...,7}, the relation R defining
equ-classes {q1},{q2,q3} and {qu,qs} and the FBSS wy = (&1,v¢y; A1) over U as in
Ezample 6.2.5. Take o = 0.6, 8 = 0.3, and e = e1. Then, a—level P-cuts w, o6y and

Wie,,0.3) are calculated using Equation 6.1, as follows.

Wier,0.6) — {1, 92, a3, 05},
W(ey,0.3) — {q1,92, 93,94, 45}
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The a—level N-cuts w'€06) and w(€:03) gre calculated using Equation 6.2, as

follows.

w08 — Lo 4,03, 04,5},

w03 = {q1,q2, 43,5}

The degree of accuracy for the positive belongingness map of w relative to e; € Ay s

calculated using Definition 6.5.6, as follows.

ﬁ(“’(el,o.ﬁ)) = {a1, %, e},
R(Wiey03) = {a1a2,43, 0,5},
R(wie 06))} 3
Dp] _ Beeon)| 3¢
Ple1,0.6,0.3) (w) ’%(W<61,0.3>>‘ 5

While, the degree of accuracy for the negative belongingness map of w relative to e1 €

Ay is calculated by using Definition 6.5.7, as follows.

ﬁ(w<€1’013>) = {Q17 q2, q3}7
R0 = {q1, 0,05 0,0},
* B |ﬁ(w<61,0.3>)’ B 3 B
©n<el,0.6,0.3> (w) - W = g = 0.6.

Hence, both (positive and negative) belongingness maps of w describes the expensiveness

or cheapness of houses accurate upto the degree 0.6.

Theorem 6.5.9 Take a P-apx space (U,R), w € FBSS(U) and 0 = f < a < 1.
Then, 0 < ’Dp?;a@ (w)<1and0 < ’Dn?;mm (w) <1 for each e € A.

Proof. Take an FBSS w = (¢, ¢; fvl) € FBSS(U) and the parameters «, 3 satisfy-

ing 0 5 5 <a<1. To prove 0 < @pi’a,m(w) < 1, we show that

}ﬁ(w@,a)) ‘ < ‘ﬁ(w(e,ﬁ)) ‘

for each e € A. From Lemma 6.5.4, we have w, oy € w(c gy Now, Theorem 1.7.3 gives
that,

M fluctuates between 0 and 1. Which

So, |E(w<e’a>)‘ < ‘@(w@ﬁ))}, or the ratio giw(eﬂ))’

certainly yields
0 < DpjL g (w) < 1.

Similarly, one can verify that, 0 < ©n£7a’ﬁ> (w) <1 for each e € A =
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Corollary 6.5.10 For the P-apz space (U, R), w € FBSS(U) and0 £ B <a <1, we
have, 0 < piam(w) <1land0< Q?ﬁ m(w) <1 for each e € A.

€,Qy,

Proof. Definitions 6.5.6, 6.5.7 and Theorem 6.5.9 certify these asservations di-
rectly. m

Theorem 6.5.11 Take a P-apx space (U,R), w = (f,?ﬂ;fl) € FBSS(U), e € A and
0sf<a<l

1. If a stands fized, then ’Dpi o) (W) and @nﬁaﬁ) (w) increase with the increase
m B.

2. If B stands fized, then @p?z,am (w) and @ni,am (w) decrease with the increase
m .

)

Let « stand fixed and let 0 < 8; < 8, < 1. For any e € A , we
* M 2

Proof. (1
have w5,y C W(e,g,) from Lemma 6.5.4. This gives R(w, g,)) € R(w(eg,)). That is,
‘@(w@’gﬁ)’ < @(w@ﬁl))}. Which implies that,

@(w@,a))‘ < @(W(e,aﬂ‘ ‘
[R(wien)| ~ [R(wes,)]

That is, @p?;aﬁﬁ(w) < @pi’aﬁﬁ(w). This verifies that, @p?;aﬁ) (w) increases with

the increase in (. In the same manner, one can verify that, ’Dni ,8) (w) increases with

the increase in .

(2) Analogous to the proof of (1). m

Corollary 6.5.12 Take a P-apz space (U,R), w = (5,2/);;1) € FBSS(U), e € A and
0sf8<a<l

1. If a stands fized, then piﬁ 8) (w) and Q§<Re o,B) (w) decrease with the increase in 3.

€,Q,

2. If B stands fized, then p?ee .6) (w) and Q?‘; o) (w) increase with the increase in o.

Proof. Definitions 6.5.6, 6.5.7 and Theorem 6.5.11 verify these asservations di-

rectly. m

Theorem 6.5.13 Take a P-apz space (U,R) and wy, we € FBSS(U). Then, w1 Cws

implies the subsequent asservations for each e € Ay and 0 $h<a<l.

1 CDp<€ ,8) (wy) < ’Dp?;aﬁ) (w2), whenever, %(wue,@) = %(wﬂe’ﬁ)),
2. ’DP?Z,Q,Q) (wl) = gpz,a,ﬁ) ((")2)7 whenever, ﬁ(‘”l(e,a)) = ﬁ(“@(e,a))a
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3. @n?Ee

€7a?6

y(wr) < @nza,@ (w2), whenever, @(w?’w) =

R
4. gn?%e@ﬁ) (w1) > ’Dn%a@ (w2), whenever, ﬁ(w§6’6>) = E(wée’m).

Proof. (1) Let w; = (51,1/11;;11), wo = (§Q,w2;;12) and 0 5 8 < a < 1. Given that
wliwg and %(wl@’@) = @(wg@,m). Lemma 6.5.3 gives, that, Wile,a) & Wale,a)- The-
orem 1.7.3 gives that, R(wy(e,a)) € R(Wae,ay), OT, ‘ﬁ(wl(emﬂ < }ﬁ(w2<eya>)|. Which

implies that,
’?(wl@,a))‘ < ’?(w%e,a))‘
[R@iges)| ~ [R(wze,s)]

Hence proved, that, ’Dpi%m (w1) < ’nga@ (w3) for each e € Aj.

The remaining parts can be proved in the same manner. m

Corollary 6.5.14 Take a P-apz space (U, R) and wy, we € FBSS(U). Then, w1Cws
implies the subsequent asservations for each e € Ay and 0 sh<a<l

(e.0,8) (w2), whenever, %(wﬂe,ﬁ)) = %(w%eﬁ)),

(e,a,3) (w2)7 whenever, ﬁ(“l(e,a}) = ﬁ(“@(e,a))a

3. g?z o) (w1) > Qi}z,a,ﬁ) (w2), whenever, %(w?m) = @(wée,a)),

4. R (wy) < Qg)CE (w2), whenever, ﬁ(wie’m) = ﬁ(wge’m).

Proof. Definitions 6.5.6, 6.5.7 and Theorem 6.5.13 certify these asservations di-
rectly. m

Theorem 6.5.15 Take a P-apz space (U,R), w € FBSS(U) and0 5 < a<1. Ifo
is an equ-rel on U containing R, then, @pi’am (w) > Qp((fe,a,ﬁ) (w) and ’}Dn?;a@ (w) <
D, , 5 (w) for each e € A.

e7a7/8

Proof. Let ® and o be two eqv-rels on U, satisfying R C 0. Theorem 6.3.9 states
that R(w)Do(w) and R(w)Ca(w) for any w € FBSS(U). From Lemma 6.5.3, we get
R(W) (e,0) 2 (W) (e,0) and R(w) e gy C T(w) (e 5y for each e € A. Lemma 6.5.5 gives

R(@iea))| = [RW) ey | > |0(W)ie,ay| = |a(@ie,ny)]
and

R(@ie.p)| = [R(W)ie,5)] < a(W)ie0] = |o(wie, )] -

This implies the following for each e € A.

Rwiea)| _ |o@ew)l

R(wies)| ~ [F(wies)]
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That is, Qpi,aﬁ) (w) = Dp7, 4 g (w) for each e € A. On the same lines, one can verify,
that, @ni?a@ (w) <Dnf, , 5 (w) for each e € A m

€,Q,

Corollary 6.5.16 Take a P-apx space (U,R), w € FBSS(U) and 0 £ f < a < 1.

(e

If o is an equ-rel on U containing R, then, pé?eaﬁ) (w) < Pe.08) (w) and Q?za@ (w) >

.05 (w) for each e € A.

Proof. Definitions 6.5.6, 6.5.7 and Theorem 6.5.15 certify these asservations di-
rectly. m

Theorem 6.5.17 Take a P-apz space (U,R), 0 £ 8 < a <1 and wy = (fl,wl;/vl),

92

wg = (&y,19; A) € FBSS(U), such that, wy ~g wa. Then, the subsequent asservations
hold for each e € A.

1. Dpl gy (Willews) > DpR | 5 (w1) VOPL , 5 (w2),

2. @TIi’a,m ((JJlﬁgO)Q) > Dni’a,m (wl) V @ni’a,m (LUQ).

Proof. (1) Let 0 £ 8 < a <1 and w; ~x wy. Then, R(w;) = RN(w2). Theorem
6.4.4 implies that, R(wiM.ws) = R(wy). This gives ﬁ(wlﬁgwg)@m = ﬁ(wl)@m. That
is,

| R(w1TT-w2) (e.0))| = [R(W1ge,a))] - (6.3)
On the other hand, wifl.wsCw;. Which implies that, ﬁ(wlﬁewg)éﬁ(wl). That is,

@(wlﬁgw2)<e’6> - ﬂ(wl)@’m. This gives

}%((Wlﬁ(sWZ)(e,ﬁ))‘ < ‘%(uﬁ(e,ﬁ))‘ . (64)
Equation 6.3 and Equation 6.4 yield the following.

‘ﬁ((wlﬁs(ﬂZ)(e,a))‘ > ’E(wl@,a))‘

|R(w1ew2)e.8))] — [R(wie)|

This proves that ’Dp?;a@ (Wilewg) > @pga@ (w1) for each e € A. Similarly, we have

'Dp?‘;a@ (wiMews) > @piﬂ,m (wy) for each e € A. Which proves the following for each
ec A
Qp%z,a,ﬁ) (W1llewz) > @P?@,a,g) (w1) V @P?%e,a,m (w2).
(2) Analogous to the proof of (1). m
Corollary 6.5.18 Take a P-apx space (U,R), 0 5 < a <1 andw; = (51,¢1;A),

9

wg = (&y,19; A) € FBSS(U), such that, wy ~g wa. Then, the subsequent asservations
hold for each e € A.
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) (w1Mews) < p?ee,a@ (w1) A p?i,a,m (wa2),

3

2. Q‘ng’a’m (wilMews) < 0 wB) (wy) A ‘Q§<Re,a,6) (w2).

Proof. Definitions 6.5.6, 6.5.7 and Theorem 6.5.17 verify these asservations di-
rectly. m
Theorem 6.5.19 Take a P-apz space (U,R), 0 £ 8 < a <1 and w; = (fl,wl;fl),

wg = (&y,19; A) € FBSS(U), such that, wy ~g wa. Then, the subsequent asservations
hold for each e € A.

1. ®p§<}270ﬁ> (wlgchQ) > @pi};a?m (wl) V @p?E’mm (CUQ),
2. ’Drfé%m (w1lews) > Q“E{E,a,ﬁ) (w1) V ’}Dniya@ (w2).
Proof. Parallel to the proof of the Theorem 6.5.17. m

Corollary 6.5.20 Take a P-apz space (U,R), 0 £ 8 < a <1 andw; = (fl,wl;/vl),

wg = (&y,19; A) € FBSS(U), such that, w1 ~g wa. Then, the subsequent asservations
hold for each e € A.

B

B) (wll]s‘*@) <p a,B) (w1) A P?i,aym (w2),

y(willewz) < ofF gy (1) A gL, 5 (w2).

Proof. Definitions 6.5.6, 6.5.7 and Theorem 6.5.19 verify these asservations di-
rectly. m
Theorem 6.5.21 Take a P-apz space (U,R), 0 £ 8 < a <1 and w; = (fl,wl;fl),

wo = (&9,19; A) € FBSS(U), such that, wi ~g wa. Then, the subsequent asservations
hold for each e € A.

1. ®p£7a’ﬁ> (CUl) = ©p§<}2,Oé76> ((.UQ),

2. @n?{;% gy (w1) = @n?{;% g (ws).

Proof. (1) Let 0 £ 8 < a <1 and w; ~g wa. Then, R(w1) = R(ws) and R(wy) =
R(wz). Lemma 6.5.5 implies, that, R(Wi(e,ay) = R(wae,qa)) and %(wMe’@) = @(w2<676>).
This yields the following for each e € A.

‘E(L‘Jl(e,a)) ‘ o ‘ﬁ(w%e,a)) ‘

[R(wiges)|  [Rlwaes)|

This verifies, that, ’Dpi’am (w1) = @piva@ (ws) for each e € A.
(2) Analogous to the proof of (1). m
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Corollary 6.5.22 Take a P-apz space (U,R), 0 £ 8 < a <1 andw; = (51,1111;;1),
wa = (&g, ¥y; fvl) € FBSS(U) be such that wy =g wa. Then, the subsequent asservations
hold for each e € A.

1. P?E,a@ (w1) = Pga,g)(“’?)a

2 0%t 0 (@1) = 0 o 5)(W2).

Proof. Definitions 6.5.6, 6.5.7 and Theorem 6.5.21 verify these asservations di-
rectly. m

6.6 Application of RFBS approximations

Decision making is a major area to be conferred in almost all kinds of data analysis.
It is often required to decide for the optimum object in U. But sometimes, one may be
unable to make the best decision, even when the best decision is known. In that case,
it may be helpful if the worst decision also becomes visible. We propose an algorithm
which provides the best, as well as, the worst decision. With the help of this algorithm,
one can avoid making the worst decision as well. Let U be the sets of objects under
consideration, E be the set of attributes for U and let A = {ei : 1 <i < n} be asubset
of E containing the attributes of interest or the choice attributes. The information
about the objects is represented by an FBSS w = (&, ;1) in tabular form, whose
(i,7)™" entry (a;;,b;;) depicts the information about the object u; € U relative to the
attribute e; € A. First we assign the indiscernibility grades to each object and then
define the indiscernibility relation with the help of indiscernibility grades associated

with w.

Definition 6.6.1 The indiscernibility grades G;; corresponding to each object u; € U

and each attribute e; € A are given by

P if Qi i b,‘j
Gij = N Zf Qjj é bi]’ (65)
O if aij = bij

The indiscernibility grades depict the following information about the objects.

o If Gj; = P, the object u; has positive belongingness value a;; higher than the

negative belongingness value b;;, relative to e;.

e If G;; = N, the object u; has negative belongingness value b;; higher than the

positive belongingness value a;;, relative to e;.
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o If Gj; = O, the object u; has positive belongingness a;; equal to the negative

belongingness b;;, relative to e;.

Now we give the concept of indiscernibility relation on U associated with the FBSS
w. We say that two objects u; and u;, are indiscernible, written as u; ~ uy, if and only
if they have same grades for each e;. Thus, when we say that the objects u; and uy, are
indiscernible, it means that, either both the objects have positivity higher than the
negativity, or both the objects have negativity higher than the positivity, or both the
objects have equal measures of positivity and negativity. The indiscernibility relation

R between the objects of U is constructed as:
= {(uj,uk) ceUxU: Uj ~ uk} (6.6)
Surely, R is an eqv-rel on U.

Definition 6.6.2 The indiscernibility parameter N has the values n; corresponding
to each object u; € U, given by
n
ny = 3 (ai; — byy):
=1

The parameter N represents the difference between the degree of positivity and

the degree of negativity for each object u;, cumulative to all parameters. In the same

n
way, the values of the parameter Ny can be calculated by Njg = El(%% = bﬂy) and

the parameter "t by 7% = g] (a;; ™ — bijm), where (%m,%%) and (@m,bij%) are
the (4, j)th entries in the tables of ®(w) and R(w), respectively. Here, n; 5 represents
the definite fulfilment of the object u;, while, nﬁm represents the maximum possible
fulfilment of the object u;, towards w. Thus, the uncertain (or doubtful) fulfilment
of u; is given by the difference nﬁm —ny §R.The table of w is consistent if and only if
R CIND(N), where IND(N) is the eqv-rel on U, dividing U into the classes having

same values n;. Now, we proceed to the decision values d; for the objects.

Definition 6.6.3 The values d; of the decision parameter D for each object u; € U,
given by
—R
d; = Ny T 75

This value gives the definite fulfilment Mo of the object u;, a double weightage

than to the uncertain (doubtful) fulfilment 7, — s because we have

. R _on o 7R
dj—ning—i—n] —2&8% &%—i—n],



6. Rough fuzzy bipolar soft sets 123

or,
dj = 2n; . + (7% — @%). (6.7)
We can rewrite Equation 6.7 as:
n o e R
dj =23 (aijg, = bij) + B (@5 —bij ") — (@i — bijp)) (6.8)
From Equation 6.8, it is clear that the higher the definite positive fulfilment a;; of u;,
the larger the value d;. Also, the higher the definite negative fulfilment b;; ofiuj, the
smaller the value d;. In this way, we identify the poor objects havingTowest value

of dj. These are the objects with high definite negative fulfilment to w. Hence, our

algorithm has the following main advantages.

e [t manipulates technically the fuzziness of the data enriched with the bipolarity

of information.

e It accommodates the opinions about the objects with respect to any (finite)

number of attributes.

e It gives double weightage to the definite fulfilment of the objects, than to the

uncertain fulfilment.

e It yields a wise decision, containing the best, as well as, the poor decision, so

that, one can sidestep the poor decision.
Main steps of the algorithm are as follows.

Algorithm 6.6.4 The algorithm to decide for the best and the worst object in U is

as follows.

~

. Input the set of choice attributes A C E.
2. Input the FBSS w = (€,¢; A).

3. Construct the indiscernibility relation ® on U and find the values of the indis-

cernibility parameter N. Check the consistency of the table of w.

4. Evaluate ﬁ({,z/);;l) and %(f,w;;l) for the FBSS ({,1/);;1) using the indiscerni-
bility relation R defined in Formula 6.6. Also find the values Moo and nﬁéﬁ,

5. Find the decision values dj = Mg —i—rTfR for each object uj € U.

6. Construct the decision table having columns of U and the decision parameter D
only, by rearranging in the descending order with respect to the decision values

d;. Choose k and l, so that dj, = max d; and d; = min dj. Then uy, is the best
J J

optimal object, while u; is the worst optimal object to be decided.
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The flow chart of Algorithm 6.6.4 is shown in Figure 6.1.

Input Construct decision table
W= (E L :H
Input ﬁ
U Find parameter N Calculate the
aned > and relation R decision values
A dj=nj, . W';

Il i

Evaluate lower approximation |:> Evaluate upper approximations

R(E, v A) and nj R(E. v; A) and m;®

Figure 6.1: Flow chart of Algorithm 6.6.4

As an illustration, we apply this algorithm to an example.

Example 6.6.5 Take a collection U = {cy, ca, c3, ¢4, C5, 6} of some construction com-
panies considered by Mrs. X for the construction of her home and consider the attribute
set F = {e1 =strong structure, ea =innovative designs, es =high quality materials,
eq =good reputation, es =well organized, eg =competitive pricing, e; =having own
crew, ey =decisiveness, eg =flexibility, e1g =skilled crew} and ~E = {-e; =weak
structure, —ea =traditional designs, —es =low quality materials, —eq =ill reputation,
—e5 =disorganized, —eg =high pricing, —e7 =not having own crew, —eg =indecisive,
—eg =rigidity, —e1g =unskilled crew}. Let the "Quality Analysis" of construction work

be described by an FBSS w = (&,1; A) given in Table 6.1.
1. Input A= {e1,e2,e4,€6,e7,€10}.

2. Input the FBSS w = (E,w;fvl) as in Table 6.1.

w c1 c2 c3 C4 Cs C6

e1 (0.6,0.2) (0.5,0.5) (0.6,0.3) (0.3,0.5) (0.6,0.2) (0.4,0.4)
ea (0.6,04) (0.5,0.4) (0.6,0.2) (0.7,0.3) (0.5,0.5) (0.3,0.4)
eqs (0.7,0.1) (0.4,04) (0.6,0.2) (0.3,0.5) (0.5,0.4) (0.4,0.4)
es (0.5,0.5) (0.6,0.3) (0.4,0.5) (0.6,0.3) (0.4,0.5) (0.5,0.4)
ez (0.4,0.5) (0.3,0.6) (0.6,0.2) (0.7,0.2) (0.6,0.4) (0.4,0.4)
ero (0.7,0.1) (0.6,0.3) (0.5,0.3) (0.5,0.4) (0.4,0.5) (0.3,0.5)

Table 6.1: FBSS w = (&,1; A)
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3. The indiscernibility grades are assigned to c; € U and the values of the indis-

cernibility parameter N are calculated in Table 6.2.

w ¢ € €3 €4 C Cce
eev P O P N P O
ee P P P P O N
ee P O P N P O
e¢ O P N P N P
ez N N P P P @)
ep P P P P N N
N 17 04 16 09 05 -0.2

Table 6.2: Calculations of G;; and the values of N

We find that

= IND(N).

Which indicates that the table of w is consistent.

R = {(61701)7(02762)a(63703)7(04’64)a(05’05)7(06’06)}

4. Since R is the identity relation on U, so, w is R—definable by Theorem 6.3.8.

That is, R(w) = R(w). This gives N, =15 = ;% for each c; € U.

5. The values d; = Ny T 7”Tj§R = 2n; of the decision parameter D for each c; € U,
are evaluated in the Table 6.3.

U c1 Co c3 c4 cs Cg

er (0.6,0.2) (0.5,0.5) (0.6,0.3) (0.3,0.5) (0.6,0.2) (0.4,0.4)
es (0.6,0.4) (0.5,0.4) (0.6,0.2) (0.7,0.3) (0.5,0.5) (0.3,0.4)
eq (0.7,0.1) (0.4,0.4) (0.6,0.2) (0.3,0.5) (0.5,0.4) (0.4,0.4)
es (0.5,0.5) (0.6,0.3) (0.4,0.5) (0.6,0.3) (0.4,0.5) (0.5,0.4)
ez (0.4,0.5) (0.3,0.6) (0.6,0.2) (0.7,0.2) (0.6,0.4) (0.4,0.4)
erp (0.7,0.1) (0.6,0.3) (0.5,0.3) (0.5,0.4) (0.4,0.5) (0.3,0.5)
N 1.7 0.4 1.6 0.9 0.5 —0.2
D 3.4 0.8 3.2 1.8 1.0 —-04

Table 6.3: Calculation of the decision parameter D
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6. Table 6.4 is the decision table.

U D

c1 3.4
c3 | 3.2
cqe | 1.8
cs | 1.0
co | 0.8
cg | —0.4

Table 6.4: The decision table of w

We get max d; = di = 3.4 and min d; = dg = —0.4. Hence k = 1 and [ = 6.
J J

Thus, the company ¢y is the best selection. If Mrs. X could not make a deal with

c1 for some reason, then, cs will be the second best decision. But, in any case,

she must not go for cg.



Chapter 7

Rough fuzzy bipolar soft ideals

over semigroups

7.1 Introduction

Rough ideals in semigroups were first discussed by Kuroki [37] in 1997. Soft ideals over
semigroups were initiated by Ali et al. [12]. Fuzzy ideals in semigroups were discussed
by many authors; see [1, 2, 31, 33, 56, 58, 59, 60]. Later on, Yang [62] presented
the fuzzy soft ideals over semigroups. These concepts motivate the idea of continuing
the work of Chapter 6 in the direction of the semigroups and ideals in semigroups.
We define and discuss the notion of the FBS subsemigroups, FBS left ideals (FBSI-
ids), FBS right ideals (FBSr-ids), FBS two-sided ideals (FBS-ids), FBS interior ideals
(FBSi-ids) and FBS bi-ideals (FBSb-ids) over semigroups. The roughness in FBSSs
and FBS subsemigroups under a cng-rel defined on the semigroup is also studied. We
further present the concept of roughness in FBSl-ids, FBSr-ids, FBS-ids, FBSi-ids and
FBSb-ids over a semigroup by defining the lower and upper RFBS-apxes of these ideals

over a semigroup and investigate some of their basic properties.

7.2 Fuzzy bipolar soft sets over semigroups

The fuzzy bipolar soft (FBS) subsemigroups are constructed by hybridizing the RFBS-
apxes of the FBSSs with the semigroups. Throughout this chapter, T is a semigroup,
E is the set of attributes for T and R is a cng-rel on Y. Recall that an FBSS over
a semigroup Y is symbolized by w = (§,; fvl), where A C E and &, are mappings
given by £ : A — F.(Y) and ¢ : =A — F.(Y) with a consistency restraint

0<&(e)(a) +v(—e)(a) <1 (7.1)

127
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for each e € A and for each a € Y. We denote the set containing all FBSSs over T by
FBSS(Y).

Definition 7.2.1 For any two FBSSs wi = (£1,1; A1), wa = (€q,19; Az) over Y, the
composition w10 wy of w1 and wa is the FBSS (&1 0&y, 11 01y; Ay ﬂ}ig) over Y, where

(6106) (e)(a) = { a2 NG ff e
0 otherwise
and
A 1~V ba(-e)(e) LT
(Y1 09) (me)(a) = a=be for some b,ce Y

0 otherwise
for each e € AN Ay and for each a € Y.

Definition 7.2.2 An FBSS w = (§,; fl) over Y is called an FBS subsemigroup over
Y, if for each a,b € Y and for each e € A, we have

£(e)(a) NE(e)(b),
P(=e)(a) V p(=e)(b).

Z
<

Example 7.2.3 Let T = {a,b,c,d} represent a semigroup whose table of binary op-

eration is given below.

a b ¢ d
ala b b d
blb b b d
clb b b d
dld d d d

Let B = {e; :i = 1,2,3,4} and let w = (€,1; A) be an FBSS over T with A =
{e1,e3}, such that:

£(er) = {a/0.2, b/0.6, ¢/0.6, d/0.5},

P(—e1) = {a/0.7, b/0.1, ¢/0.2, d/0.4},

&(es) ={a/0.3, /0.7, ¢/0.3, d/0.4},

(—e3) = {a/0.6, b/0.2, ¢/0.5, d/0.5}.

Sitmple calculations verify that w is an FBS subsemigroup over Y.

Theorem 7.2.4 Let wi and ws be any two FBS subsemigroups over Y. Then, their
restricted intersection wilywy and extended intersection will.ws are also FBS sub-

semigroups over Y.
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Proof. Take FBS subsemigroups w; = (£1,%; A1) and wy = (&, 1hy; Ag) over Y.
Their extended intersection is given by wifl.ws = (£;M:€q, 1, Uethy; Ay U Ay). Take any
a,b € T. Then, the following cases arise.

Case I:

Let e € Ay N As. Since w; and wy are FBS subsemigroups over T, so we have the

following for each a,b € Y.

(61N€a)(e)(ab) = & (e)(ab) A Ea(e)(ab)
> (&1(e)(a) A E1(e)(0)) A (a(e)(a) A Ea(e) (D))
= (&ile)(a) A&y(e)(a)) A (€1(e) (D) A &s(e) (D))
)

= (&) (e)(a) A (€1N:E5)(e) (D).
Similarly,
(10:409) (=€) (ad) < (¥10:49)(—e)(a) V (31Uch5) (—e) (D)

for each a,b € T and e € AN As.
Case II:
Let e € A1 — As. Then, for each a,b € T, we have

(61N€2)(e)(ab) = &y(e)(ab)
§1(e)(a) A &1 (e)(b)
(£1N:E5)(e)(a) A (€1Me€2)(e) ().

WV

Similarly,

(101Uc905) (—e) (ab) < (1h1Uthq)(—e)(a) V (41 0:1h5) (—e) ()
for each a,b € T and e € A1 — As.

Same is the case when e € Ay — A7.
Thus, by Definition 7.2.2, it is proved that the extended intersection wil.wy is
an FBS subsemigroups over T. In the same way, it can be shown that the restricted

intersection wiM,ws is an FBS subsemigroup over Y. m

The extended or restricted union of w; and wy may not be an FBS subsemigroup

over Y. This is shown in the subsequent example.

Example 7.2.5 Let T = {k,l,m,n} represent a semigroup whose table of binary

operation is given below.

k'l m n
k|k k kE n
I |k I k n
mlk kK m n
niln n n n




7. Rough fuzzy bipolar soft ideals over semigroups 130

Let B = {e1,e2,e3}. We take two FBS subsemigroups wi = (51,1111;;11) and wy =
(52,1#2;;12) over ¥ with A; = {e1,e3} and Ay = {e1,e2}, defined as below.

&i1(e1) ={k/0.2,1/0.6, m/0.1, n/0.5},

¥y (—e1) ={k/0.4, 1/0.2, m/0.6, n/0.5},

& (e3) ={k/0.9, 1/0.5, m/0.3, n/0.1},

by (~e3) = {k/0.1, 1/0.4, m/0.5, n/0.8},

&o(e1) ={k/0.3,1/0.2, m/0.7, n/0.4},

Po(—er) = {k/0.5,1/0.6, m/0.1, n/0.5},

&o(e2) = {k/0.7, 1/0.6, m/0.5, n/0.4},

Po(—eg) = {k/0.3,1/0.4, m/0.5, n/0.6}.

Simple calculations verify that will.ws and wil,ws are FBS subsemigroups over
Y. The restricted union wily,ws = (£,U,Eq, 1 Np1bg; AN fig) 1s calculated below.

(€,0,6,)(e1) = {k/0.3, 1/0.6, m/0.7, n/0.5},

(Y1M05) (mer) = {k/0.4, 1/0.2, m/0.1, n/0.5}.

We find that

(E10:E)(en)(Im) = (£0,&5)(ex)(k) = 0.3
2 (&0:8)(en)(D) A (610:5)(e1)(m) = 0.6.

So, wilyws (and similarly wlﬁawg) s not an FBS subsemigroups over Y.

Note that wqU.ws is trivially an FBS subsemigroups over Y if AinA, = ¢. Recall
the Definition 6.5.1 of the a—level P-cuts and the Definition 6.5.2 of the a—level N-cuts

of w relative to the attribute e € A, defined respectively as:

Wie,a) — {u S 5(6)(u) > a}7
WM = fue T :(—e)(u) < a}

for each 0 5 a < 1.

Theorem 7.2.6 An FBSS w = (5,1/);21) over T is an FBS subsemigroup over Y if
and only if w ) and w'&®) if non-empty, are subsemigroups of X, for each o € [0, 1]
and for each e € A.

Proof. Let w = (&, v; ;1) be an FBS subsemigroup over Y. Take any e € A and
a,b € weqy. Then, {(e)(a) > a and {(e)(b) > a. Since w is an FBS subsemigroup of
T, so

§(e)(ab) = &(e)(a) NE(e)(b) = a.
Which implies ab € w(e o). S0, W(e oy is a subsemigroup of T for each « € [0,1] and for

each e € A. Similarly, w{®® is a subsemigroup of T for each o € [0,1] and for each
ec A.
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Conversely, let w, oy and w!®® be non-empty subsemigroups of Y for each o € [0, 1]

e,

and for each e € A. Take any a,b € T and denote £(e)(a)AE(e)(b) by ae € [0,1]. Surely,
£(e)(a),&(e)(b) > ae, and s0 a,b € wieq,). But wi,,) is a subsemigroup of T. So
ab € W q,y- Which yields £(e)(ab) > ae. That is,

§(e)(ab) = &(e)(a) A E(e)(b). (7.2)

Now, denote 1)(—e)(a)Vip(—e)(b) by a-., where a—. € [0,1]. Then, ¢(—e)(a), 1p(—e)(b) <
e, and 80 a,b € w®) But w(®<) is a subsemigroup of Y. So ab € wiea-e)
Which yields 1(—e)(ab) < a—e. That is,

P(=e)(ab) < P(=e)(a) V p(e)(b). (7.3)

Assertions 7.2 and 7.3 combine to prove that w is an FBS subsemigroup over T. =

7.3 Fuzzy bipolar soft ideals over semigroups

We construct and confer, in this section, the FBSl-ids, FBSr-ids, FBS-ids, FBSi-ids
and FBSb-ids over the semigroup Y.

Definition 7.3.1 An FBSS w = (5,1/1,;1) over Y is called an FBSI-id over Y, if for
each a,b € T and for each e € /i, we have

Definition 7.3.2 An FBSS w = (E,w;fl) over Y is called an FBSr-id over Y, if for
each a,b € T and for each e € ;l, we have
§(e)(ab)
¥ (—e)(ab)

§(e)(a),

P(-e)(a).

Definition 7.3.3 An FBSS w = (£,4; A) over Y is called an FBS-id over Y, if it
is both, an FBSI-id and an FBSr-id over Y. That is, for each a,b € T and for each

ee€ /Vl, we have

Z
<

§(e)(a) v E(e)(b),
P(=e)(a) Ap(=e)(b).

>
<

Theorem 7.3.4 The extended intersection wiMswy and the restricted intersection willyws
of any two FBSl-ids (FBSr-ids, FBS-ids) w1 and we over a semigroup T are FBSI-ids
(FBSr-ids, FBS-ids) over Y.
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Proof. Let w; = (51,w1;fu11), wo = (52,1/)2;;12) be any two FBSIl-ids over T.
Their extended intersection is given by wifl.ws = (£;M:€q, 1, Uethy; Ay U Ay). Take any
a,b € T. Then, the following cases arise.

Case I:

Let e € ;11 N fvlg. Since w1 and wo are FBSI-ids over T, so, we have the following
for each a,b € T.

(&1N:E)(e)(ab) = &;(e)(ab) A &y(e)(ab)
£1(e)(b) A &a(e)(b)
(515552)(6)@)-

WV

Similarly,
(¥10:95) (me) (ab) < (¥10c105) (—e) (b)

for each a,b € Y and e € 211 N 1212.
Case II:
Let e € A1 — As. Then, for each a,b € T, we have

(£1NEs)(e)(ab) = &;(e)(ab)
> &1(e)(b) = (&4Ne€2)(e)(b).

Similarly,
(¥10:95) (me)(ab) < (1Uc105) (me) (b)
for each a,b € YT and e € A; — As.

Same is the case when e € A9 — Aj.

Thus, be Definition 7.3.1, it is proved that the extended intersection wil.wy is
an FBSI-id over T. In the same way, it can be shown that the restricted intersection
wilywsy is an FBSl-id over Y and that, wilM.we and wi,ws are FBSr-ids and FBS-ids

over Y. m

Theorem 7.3.5 Let T be a semigroup and w1, we be two FBSI-ids (FBSr-ids, FBS-
ids) over Y. Then, their extended union wil.we and restricted union wilywy are also
FBSl-ids (FBSr-ids, FBS-ids) over Y.

Proof. Let w; = (&1, ¢y; /uh), wa = (&9, 1Y9; /12) be any two FBSI-ids over Y. Their
extended union is given by w;l.wy = (510552,1#1551&2;/11 U /12) Take any a,b € T.
Then, the following cases arise.

Case I:
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Let e € /Vh N Ag. Since w1 and wsy are FBSIl-ids over T, so, we have the following
for each a,b € T.

(£10:€5)(e) (ab) §1(e)(ab) v &, (e)(ab)
£1(e)(b) vV &y(e)(b)

= (£U:8)(e)(b).

WV

Similarly,
(¥10etg) (me) (ad) < (¥1Methy)(—e)(b)
for each a,b € Y and e € AN As.
Case II:
Let e € A1 — As. Then, for each a,b € T, we have

(£20:8)(e)(ab) = & (e)(ab)
> £1(e)(D) = (£,U:8)(e) (D).
Similarly,
(¥1M12)(—e) (ab) < (¥10:1b2)(—e) (D)
for each a,b € Y and e € A; — As.
Same is the case when e € A9 — A;.
Thus, be Definition 7.3.1, it is proved that the extended union will.ws is an FBSI-

id over Y. In the same way, it can be shown that the restricted union w;l,ws is an
FBSl-id over Y and that, wiU.ws and w;lU,ws are FBSr-ids and FBS-ids over Y. m

Theorem 7.3.6 Let Y be a semigroup. Then, for each FBSr-id w1 and FBSI-id wo

over Y, the following assertion hold.
wfc? w2 i W1ﬁr(.{)2.

Proof. Let w; = (&,¢,; A1) be an FBSr-id and wy = (£, 19; A) be an FBSI-id
over T. We have
widwy = (&5 08,101y A1N Ay),
wilhwy = (&7,€2,1,0nbg; A N Ay).
Take any s € T. If there exist elements a,b € T, such that s = ab, then for each
e € A1 N As, we obtain

€ o&)E) =V (E()@)AE)
< Vv b(fl(e)(ab) A &y(e)(ab)), since wy is FBSr-id
and ws is FBSI-id over T.
= &(e)(s) N&y(e)(s), since ab = s

= (&Nr€a)(e)(s).
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Otherwise
(§10&)(e)(s) =0< (fﬁrfz)(e)(s)

for each e € /ull N flg. Similarly, for each s € T and for each e € Al N flg, we have

(%1 09y)(me)(s) = (¥, Urthy) (—e)(s)-

Thus, proved that,

w10 wy C willws

for each FBSr-id wy and FBSIl-id wy over Y. m

Corollary 7.3.7 For each FBSr-id wy and FBSI-id ws over Y, the following assertion
hold.

w10 way C willews
Proof. Theorem 7.3.6 verifies it directly, as wil w2 C wilwy. =

Theorem 7.3.8 An FBSSw = (&, A) over the semigroup Y is an FBSI-id (FBSr-id,
FBS-id) over Y if and only if w. oy and wl&®) if non-empty, are left (right, two-sided)
ideals of T, for each o € [0,1] and for each e € A.

Proof. Let w = (5,1/},;1) be an FBSl-id over Y. Take any e € A, z € T and
a € W oy Then, {(e)(a) = a. Since w is an FBSL-id over T, so

§(e)(za) = £(e)(a) = a.

Which implies za € w(e q)- S0, W(e oy is a left ideal of T for each a € [0, 1] and for each
e € A. Similarly, w(¢® is a left ideal of Y for each o € [0,1] and for each e € A.
Conversely, let w oy and w!®® be non-empty left ideals of T for each a € [0, 1]
and for each e € A. Take any a,b € T and denote £(e)(b) by a. € [0,1]. Then surely,
b € W) But we o,y is aleft ideal of Y. So ab € wie 4,y. Which yields {(e)(ab) > a.
That is,
&(e)(ab) = &(e)(b). (7.4)

Now, denote ¢ (—e)(b) by a-., where a—. € [0,1]. Then, 1)(—e)(b) < -, and so b €
wee=e) But w®®e) is a left ideal of . So ab € w®*~<). Which yields 1 (—e)(ab) <
a—e. That is,

$(=e)(ab) < P(=e)(b). (7.5)

Assertions 7.4 and 7.5 prove that w is an FBSI-id over T.

A similar proof follows when w is an FBSr-id or an FBS-id over T. m
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Definition 7.3.9 An FBSS w = (f,d);fl) over Y is called an FBSi-id over T if for

each a,b,c € T and for each e € ;l, we have

Theorem 7.3.10 The extended intersection will.wy and the restricted intersection

wilywa of any two FBSi-ids w1 and wy over a semigroup Y are FBSi-ids over Y.
Proof. Parallel to the proof of Theorem 7.3.4. m

Theorem 7.3.11 The extended union wiU.wo and the restricted union wilywy of any

two FBSi-ids w1 and wsy over a semigroup Y are FBSi-ids over Y.
Proof. Parallel to the proof of Theorem 7.3.5. m

Theorem 7.3.12 An FBSS w = (&,1; A) over the semigroup Y is an FBSi-id over Y
if and only if we o) and W'Y if non-empty, are interior ideals of Y, for each o € [0, 1]
and for each e € A.

Proof. Let w = (&,¢;A) € FBSS(T) be an FBSi-id over Y. Take any e € A,
a4 € Wi oy and x,y € T. Then, {(e)(a) > . Since w is an FBSi-id over T, so

§(e)(zay) = &(e)(a) > a.

Which implies zay € weq). S0, W oy is an interior ideal of T for each a € [0, 1] and
for each e € A. Similarly, w(®® is an interior ideal of T for each a € [0,1] and for
cach e € A.

Conversely, let w ) and w!&®) be non-empty interior ideals of Y for each a € [0, 1]

and for each e € A. Take any a,b, ¢ € T and denote £(e)(b) by . € [0,1]. Then surely,
b € Wea,) But weq, is an interior ideal of T. So abc € weq,). Which yields
&(e)(abe) = a. That is,

§(e)(abe) = £(e)(b). (7.6)

Now, denote ¢ (—e)(b) by c-., where a-. € [0,1]. Then, (—e)(b) < -, and so
b € wle®e) But wl&®-) is an interior ideal of Y. So, abc € w®*<). Which yields
(=e)(abe) < a-e. That is,

P(=e)(abe) < (=€) (D). (7.7)

The expressions 7.6 and 7.7 prove that w is an FBSi-id over T. m



7. Rough fuzzy bipolar soft ideals over semigroups 136

Definition 7.3.13 An FBS subsemigroup w = (&,1; ;1) over a semigroup Y is called
an FBSb-id over Y if for each a,b,c € Y and for each e € A, we have

Theorem 7.3.14 The extended intersection will.wy and the restricted intersection

wil.wy of the FBSb-ids w1 and we over a semigroup Y are FBSb-ids over Y.
Proof. Parallel to the proof of Theorem 7.2.4. m

The extended or restricted union of w; and wg may not be FBSb-ids over T, because

these are not FBS subsemigroups over T, as shown in Example 7.2.5.

Theorem 7.3.15 An FBSS w = (&,1; A) over the semigroup Y is an FBSb-id over
T if and only if we ) and w'e® if non-empty, are bi-ideals of Y, for each e € A and
for each a € [0,1].

v

Proof. Let w = (£,1; A) be an FBSb-id over Y. Then, w is also an FBS subsemi-
group over Y. So, w4y and w'&®) are subsemigroups of T, for each e € A and for
each o € [0,1] by Theorem 7.2.6. Now take any e € A, b e Y and a,c € W(e,a)- Then
surely, £(e)(a) > a and &(e)(c) > a. Since w is an FBSb-id over Y, so

§(e)(abe) = £(e)(a) AE(e)(c) = a.

Which implies abc € we oy S0, W oy is a bi-ideal of T for each a € [0, 1] and for each
e € A. Similarly, w!>® is a bi-ideal of Y for each o € [0, 1] and for each e € A.
Conversely, let w(, oy and w'&®) be non-empty bi-ideals of T for each a € [0,1] and
for each e € A. By Theorem 7.2.6, w is an FBS subsemigroup over T. Now take any
a,b,c € T and denote &(e)(a) A &(e)(c) by a. € [0,1]. Surely, £(e)(a),&(e)(c) = a,
and S0 a,¢ € W(eq,). But wieq,) is a bi-ideal of T. So abc € we q,). Which yields
£(e)(abc) = ae. That is,
(e)(abe) > £(e)(a) A E(€)(0). (7.8)

Now, denote 1(—e)(a)Vip(—e)(c) by a—e, where a—, € [0,1]. Then 1)(—e)(a), ¥(—e)(c) <
Q—e, and 80 a, ¢ € w(&) But w!®&®) is a bi-ideal of T. So abc € w'®*) for each
b € Y. Which yields ¢ (—e)(abc) < a-.. That is,

P (=e)(abe) < ¢p(=e)(a) V (=e)(c). (7.9)

Assertions 7.8 and 7.9 prove that w is an FBSb-id over T. m
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7.4 Rough fuzzy bipolar soft sets over semigroups

The RFBSSs are defined using the lower and upper RFBS-apxes of an FBSS over T,
on which a cng-rel R is defined. These approximations are defined in this section.
The RFBS subsemigroups over T are also defined and some characterizations are

investigated.

Definition 7.4.1 The lower and upper RFBS-apzes of an FBSS w = (5,1#;;1) €
FBSS(Y) under the cng-rel R are the FBSSs R(w) = (£, Ve A) and R(w) = (?R,@%; A)

over T, respectively, where éﬁ(e), ?R(e), %R(—'e), w%(ﬂe) are FSs in Y, defined by

Eple)(u) = &le)y(u) = £(e)(v),

A
yE[uln

Omw = ) w= v &),
Ug(e)w) = D6 (W)= v w(e)y),
T = dleym) = A b))

for each e € A and for each v € Y. If R(w) = R(w), then, w is said to be R—definable;
otherwise, w is an RFBSS over Y.

In Chapter 6, some characterizations of the RFBSSs over a non-empty set U having
an eqv-rel R were presented. These characterizations are also valid when the set U is
replaced by the semigroup T and the eqv-rel on U is replaced by a cng-rel on Y. So
the results in Chapter 6 also hold for the lower and upper RFBS-apxes of the FBSSs
over T, given in the Definition 7.4.1.

Theorem 7.4.2 For the cng-rel R on T and for each wi,ws € FBSS(Y), the follow-
ing holds.

R(w1) & R(ws) € R(w1d wo)

Proof. Since R is a cng-rel on T, so [z]n[y|lr C [zy|n for each z,y € Y. For any
w1 = (&1,01; A1), wa = (€9,109; Ay) € FBSS(Y), we have

R(w) dR(wa) = (& o0& iy oty s Arn A),
%(wﬁ we) = (&0 €2u7¢1 o 7/’2JL; f‘vll N ;12)

~—
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Take any s € T. If some z,y € T exist, such that s = zy, then we have the following
for each e € ;11 N ;lg.

ET08)E6) = v EO@NE (©W)
= V(L E@@) A (Y &)
- v y<ae[x]gb€[y] (&1(€)(@) A €ale) (1))
< ”y<ab€[x (&1(€)(@) A &x(€)(5))), since ab € [alnlyln < [yl
= Y (@)@ A&le)0)) since 1y = s
= Y Gl @) A&l b))
=, (Y (600 A&(e0)

= (610 &2)(e)(t) = R(&; 0 &)(e)(s)-

te[]

Otherwise we have
—R —R —FR
(€1 o0& )(e)(s) =0<¢& 08 (e)(s)
for each e € A1 N A,. Similarly, for each s € T and for each e € A n flg, we have
—R —R ——F—R
(1 oty )(me)(s) = by oy (me)(s).
Hence, proved that, R(w1) o R(wz) - R(w1o wo).
Theorem 7.4.3 Let R be a complete cng-rel on Y. Then, the following holds for each
w1,wy € FBSS(T)

R(w1) © R(w2) € R(w10 wa)

Proof. Since R is a complete cng-rel on T, so [z]n[y|n = [ry]x for each z,y € T.
Let wi = (&1,¢; A1), wa = (9,195 Ay) € FBSS(Y). We have

R(wr) 8 R(wa) = (€150 oy Y1y © P2 A1 N Ag),
R(wiowr) = (§1084: %1 0¥ AN Ay).
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Take any s € T. If some x,y € T exist, such that s = zy, then for each e € A n 1512,

we have
€10 E2) @) = V. (E1(e)(&) Aoy (€)(v))
= V(A N €1(e)(a)) A (bf\ £2(e)(D)))
s=zy € €lyln
= Y A (@@ A &)
< v vV (€1(e)(t1) A&ale)(t2)), where ti,tz € T
s=xY aclz|gn, bE[y|n ab=t1t2
= V( N (§10&5)(e)(ab))
5=TY a€lz]n, bE[Y]n
= VA (o )eah), since ab € [dlalyln = [oyln
= V(& 052%( e)(zy)) = & 0 &rg(e)(s)-
Otherwise;

(€153 0 E2g)(€)(5) = 0 < & 0 &yp(e)(s)

for each e € Al N ./Zlg. Similarly, for each s € T and for each e € fil N flg, we have
(1, 0 ) (~€)(s) = ¥y 0 by (—€)(s).

Hence, proved that R(w1) © R(w2) C R(w10o w2). m

Theorem 7.4.4 For the cng-rel ]} on Y, the FBSr-id wy and the FBSI-id ws over Y,

the subsequent asservations hold.
1. ﬁ(w{o\wg) Q ﬁ
2. ﬁ(wﬁwg) é ﬁ(wl)ﬁr (CL)Q).

Proof. (1) Take an FBSr-id w; = (£;,1; A1) and an FBSid wy = (&5, 19; A)

over Y. We have

ﬁ((«01/\&’2) = (&0 52%»7?1 o ¢2%; ;11 N A?)a
R R(w2) = &Py by Uiby s Ar 0 Ay).
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Now, for each s € T and for each e € ;11 N AQ, we have

E 06 (e)s) = (€1 0&)(e)(D)

te[ £

= Vv (€1(e)(a) A Ex(e) (D))

te[s]n t= ab

< Vv (&1(e)(ab) N &y(e)(ad)), since wy is FBSr-id

te[s]n t= ab

and ws is FBSI-id
= (€1(e) () A&a(e)(t))

tE[ %

< VoV (Gle)(t) Ada(e)(t)

te[slg t'€[s]n

= (g, G@E)A (t,eﬁ]mfz(e)(t'))

- <><>A§2<><>
= @ A8 ) (e)(s).

Similarly, for each s € T and for each e € AN AQ, we have

Vi oy (~e)(s) > (By Uiy )(—e)(s).

Thus, proved, that,
%(Wl/O\UJQ) i ﬁ(wl)ﬁT@(wg).

(2) Analogous to the proof of (1). m

Definition 7.4.5 An FBSS w over Y is a lower (or upper) RFBS subsemigroup over
Y, if R(w) (or R(w)) is an FBS subsemigroup over Y.

An FBSS w = (&, ¢; fvl) over Y, which is both, lower and upper RFBS subsemigroup

over T, is called an RFBS subsemigroup over Y.

Theorem 7.4.6 Each FBS subsemigroup over Y is an upper RFBS subsemigroup

over Y.

Proof. Take an FBS subsemigroup w = (&,1; A) over Y. Then, we have &(e)(ab) >
&(e)(a) NE(e)(b) and Y(—e)(ab) < P(—e)(a) V 1p(—e)(b) for each a,b € T and for each
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ec A Now, for z,y € T and e € ful, we have

SO0 = v )
> Se[xlvﬁ[mé(e)(S), since [z][yln C [zy]n
= abeh\}/ﬂy}ﬁf(e)(ab), where s = ab
2 il be[y]m(ﬁ(e)(a)/\ﬁ(e)(b))
= il 5(6)(6))/\(%&]%5(6)(@)
= ()@ AE (W)

and

P (o) (ay) = se[ﬁy} b(=e)(s)
S P(=e)(s), since [2]n[yln € [zy]n
sexmy]
= abe[x} [ykn ¥(—e)(ab), where s = ab
< (¥ (=e)(a) V 1b(—e) (D))
a€lz krh belyln

= (S VA B

— P (-e)(@) VI (—e)(y).

This verifies that R(w) is an FBS subsemigroup over Y. Therefore, w is an upper

RFBS subsemigroup over Y. =

The converse statement of Theorem 7.4.6 is invalid generally, as exhibited in the

next example.

Example 7.4.7 Recall the semigroup Y = {a,b,c,d} and the attribute set E, as es-
tablished in Example 7.2.3. Take a binary relation R on Y, defining classes {a}, {b, c}
and {d}. Then, R is a cng-rel on L. We take an FBSS w = (5,1/1,21) over T with
A = {e1, e}, defined below.

&(er) ={a/0.1, b/0.3, ¢/0.4, d/0.6},

P(—e1) = {a/0.5, b/0.5, ¢/0.4, d/0.1},

&(e2) ={a/0.2, b/0.5, ¢/0.4, d/0.9},

(—e2) = {a/0.7, b/0.4, ¢/0.6, d/0.1}.

The upper RFBS-apz R(w) = (?R,ﬂm; fvl) of w under R is calculated as:

e%(e1) = {a/0.1, /0.4, ¢/0.4, d/0.6},

P (mer) = {a/0.5, b/0.4, ¢/0.4, d/0.1},

€ (e2) = {a/0.2, b/0.5, ¢/0.5, d/0.9},



7. Rough fuzzy bipolar soft ideals over semigroups 142

0" (mes) = {a/0.7, b/0.4, ¢/0.4, d/0.1}.
Simple calculations verify that R(w) is an FBS subsemigroup over Y. But, we find
that,

£(er)(ce) = &(er)(b) =0.3
# &(er)(c) Aé(er)(c) = 0.4.

So, w is not an FBS subsemigroup over Y. Although, it is an upper RFBS subsemi-

group over Y.

Theorem 7.4.8 Let R be a complete cng-rel on Y. Then, each FBS subsemigroup

over Y is a lower RFBS subsemigroup over Y.

Proof. Let w = (§,v; ) be an FBS subsemigroup over Y. Now, for each z,y € T

and for each e € A, we have

&) = A EON)
= el O sinee [ehalyle = ol
— abe[x/}\ o &(e)(ab), where s = ab
> A (€)@ AEE)E)
= i Ee)(@) A ( A E(e)(d))

belyln

B3
= Eple)@) N Eg(e)(y)

and
Yy(oe)(my) = Se[gy] Y(e)(s)

= el ¥(=e)(s), since [z][ylp = [zy]n
Semmy]

= abe[x} [y]m Y(—e)(ab), where s = ab

< (¥(=e)(a) V ¥h(—e) (b))

a€lz hn, belyln

= v wbe)(a))v(b[v ¥(=e)(b))
ac|x|R Ey

= Pp(me)(z) V by (-e)(y).

This verifies that R(w) is an FBS subsemigroup over Y. Therefore, w is a lower RFBS

subsemigroup over T. ®

The converse statement of the Theorem 7.4.8 is invalid generally, as exhibited in

the next example.
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Example 7.4.9 Let T = {s,t,u,v} represent a semigroup whose table of binary op-

eration is given below.

s t u w
s|s t u v
t |t t u v
ulu u u v
viv ov v ou

Let E = {ei;1 = 1,2,...,5} and let R be a cng-rel over Y, defining cng-classes
{s},{t} and {u,v}. Then, R is a complete cng-rel over Y. We take an FBSS w
= (&, ; ;1) over T with A = {e1}, defined below.

&(er) = {s/0.4, t/0.5, u/0.5, v/0.6},

P(—e1) = {s/0.3, t/0.4, u/0.4, v/0.3},

&(e2) = {s/0.6, t/0.7, u/0.8, v/0.9},

P(—e2) = {s/0.1, /0.2, u/0.1, v/0.1}.

The lower RFBS-apzes R(w) = (&, Vg A) of w under R are calculated as:

Epler) = {s/0.4,¢/0.5, u/0.5, v/0.5},

Yp(mer) = {s/0.3,1/0.4, u/0.4, v/0.4},

Eple2) = {s/0.6, ¢/0.7, u/0.8, v/0.8},

Yp(me2) = {s/0.1, /0.2, u/0.1, v/0.1}.

Simple calculations verify that ®(w) is an FBS subsemigroup over Y. But, we find
that,

{ler)(vv) = €(er)(u) =0.5
# &(er)(v) Aé(er)(v) = 0.6.

So, w is not an FBS subsemigroups over T, although, it is a lower RFBS subsemigroup

over Y.

Theorem 7.4.8 is invalid if the cng-rel R is not complete. Next example is estab-
lished to verify this fact.

Example 7.4.10 Recall the semigroup T = {a,b,c,d} and the attribute set E, as
established in Example 7.2.3. The binary relation R defining the classes {a},{c},
{b,d} is a cng-rel on T and R is not complete. We take an FBS subsemigroup w
= (&, ; ;1) over T with A = {e1, ez}, defined below.

&(e1) ={a/0.4, /0.6, ¢/0.4, d/0.3},

P(—e1) = {a/0.2, /0.4, ¢/0.5, d/0.3},

&(e2) ={a/0.1, /0.2, ¢/0.1, d/0.3},
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(—e2) = {a/0.4, b/0.3, ¢/0.5, d/0.6}.

The lower REBS-apzes R(w) = (&5, Vg A) of w under R are calculated as:
Epler) ={a/0.4, /0.3, ¢/0.4, d/0.3},

Yu(mer) = {a/0.2, /0.4, ¢/0.5, d/0.4},

£rle2) ={a/0.1,0/0.2, ¢/0.1, d/0.2},

Yp(—e2) = {a/0.4, b/0.6, ¢/0.5, d/0.6}.

We find that

Erler)(ac) = Ep(e)(b) =03
7 Eplen)(a) A€g(er)(c) =04

So, R(w) is not FBS subsemigroups over Y, that is, w is not lower RFBS subsemi-

group over Y.

7.5 Rough fuzzy bipolar soft ideals over semigroups

We establish and elaborate, in this section, the notions of the RFBS-ids, RFBSi-ids
and RFBSb-ids over Y. Some characterizations of the lower and upper RFBS-ids, lower
and upper RFBSi-ids and lower and upper RFBSb-ids over T are also discussed.

Definition 7.5.1 An FBSS w over Y is a lower (resp. upper) RFBSI-id (RFBSr-id,
RFBS-id) over Y, if R(w) (resp. R(w)) is an FBSIl-id (FBSr-id, FBS-id) over Y.

An FBSS w over T is called an RFBSI-id (RFBSr-id, RFBS-id) if it is both, lower
and upper RFBSIl-id (RFBSr-id, RFBS-id) over T.

Theorem 7.5.2 Fach FBSI-id (FBSr-id, FBS-id) over Y is an upper RFBSI-id (RFBST-
id, RFBS-id) over Y.

Proof. Take an FBSlid w = (&,1; A) over Y. Then, £(e)(ab) > £(e)(b) and
Y(=e)(ab) < 1h(—e)(b) for each a,b € T and for each e € A. Now, for each z,y € T
and for each e € fl, we have

S = v €
> Vo &(e)(s), since [z]g[y]n C [zy]n
s€lz]rlyln
= v &(e)(ab), where s = ab
ab€lz]r [yl

> V e)(b
T a€glz]n, be[y]wg( )®)

SRACL0

R

= & ()
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and
Pre)ay) = A p(=e)(s)
s€[zylg
< A b(=e)(s), since [z]g[y]n C [zy]n
s€[z|n([yln
= A (—e)(ab), where s = ab
abe[z]n [y

< A (=e)(b)

a€lz]g, bElyn

= A 1p(-e)(b)

belylw
R

= ¢ (=e)(y).
This verifies that R(w) is an FBSIl-id over Y. Therefore, w is an upper RFBSI-id over
T. Similarly, the cases of FBSr-id and FBS-id over T can be verified. m

The converse statement of the Theorem 7.5.2 is invalid generally, as exhibited in

the next example.

Example 7.5.3 Recall the semigroup Y = {k,l,m,n} and E = {e1,e2,e3} as estab-
lished in Example 7.2.5. Let R be a cng-rel over Y, defining cng-classes {k,l,n} and
{m}. We take an FBSS w = (§,; /Vl) over T with A = {e1,e3}, defined below.

&(e1) ={k/0.1,1/0.2, m/0.1, n/0.4},

Y(—er) = {k/0.5, 1/0.6, m/0.7, n/0.4},

¢(es) = {k/0.7, 1/0.6, m/0.1, n/0.8},

Y(—es3) = {k/0.2,1/0.3, m/0.3, n/0.1}.

The upper RFBS-apz R(w) = (Em,@%; fl) of w under R is calculated as:

£ (e1) = {k/0.4, 1/0.4, m/0.1, n/0.4},

O (mer) = {k/0.4, 1/0.4, m/0.7, n/0.4},

€ (e3) = {k/0.8, 1/0.8, m/0.1, n/0.8},

0" (mes) = {k/0.1, 1/0.1, m/0.3, n/0.1}.

Simple calculations verify that R(w) is an FBSIl-id over Y. But, we find that,

ler)(ml) = &ler)(k) =01
2 &(e)(l) =0.2.

So, w is not an FBSI-id over Y, although, it is an upper RFBSI-id over Y.

Theorem 7.5.4 Let R be a complete cng-rel on Y. Then, each FBSI-id (FBSr-id,
FBS-id) over Y is a lower RFBSI-id (RFBSr-id, RFBS-id) over Y.
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Proof. Let w = (§,; ) be an FBSI-id over Y. Now, for each z,y € T and for

each e € fvl, we have

s€ [wy}

Eple)(ey) = £(e)(s)
(

sE[cc];;g[y] g(e)(s), since [z]n[ylx = [Ty

= e where s = ab
abe[w} [y]sn §e)(ab),

> £(e)(b)

e[ }?R? be[y]%

= be@}mﬁ (e)(d)
= &ple))

and
Uale)lay) = v w(e)s)

= ]\/[ P(—e)(s), since [z]plylr = [Tyl
s€[z]plyln

= vV p(—e)(ab), where s = ab
ab€[z]g [yln

< \ —e)(b
o ae[w}m,be[y]mw( /)

=V ee)
€lyln
= Ygu(0e)(y).

This verifies that $(w) is an FBSl-id over Y. Therefore, w is a lower REBSI-id over
T. Similarly, the cases of FBSr-id and FBS-id over T can be verified. m

The converse statement of the Theorem 7.5.4 is invalid generally, as exhibited in

the next example.

Example 7.5.5 Recall the semigroup Y = {s,t,u,v}, the attribute set E and the
complete cng-rel R over Y, as established in Example 7.4.9. We take an FBSS w
= (&, ; ;1) over T with A = {ea, €3}, defined below.

&(e2) = {s/0.1, t/0.2, u/0.6, v/0.3},

P(—e2) = {s/0.7, t/0.6, u/0.3, v/0.3},

&(e3) ={s/0.2,t/0.4, u/0.6, v/0.8},

P(—es) = {s/0.5, £/0.4, u/0.3, v/0.2}.

The lower RFBS-apzes R(w) = (&, Vg A) of w under R are calculated as:

Erle2) = {s/0.1,¢/0.2, u/0.3, v/0.3},

Yp(me2) = {s/0.7, /0.6, u/0.3, v/0.3},

Eples) = {s/0.2, ¢/0.4, u/0.6, v/0.6},
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Yp(mes) = {s/0.5, /0.4, u/0.3, v/0.3}.
Simple calculations verify that R(w) is an FBSl-id over Y. But, we find that,

§(e2)(uv) = &(e2)(v) = 0.
7 &(e2)(u) =0.

So, w is not an FBSI-id over Y, although, it is a lower REFBSI-id over Y.

3
6.

Theorem 7.5.4 is invalid if the cng-rel R is not complete. Next example is estab-
lished to verify this fact.

Example 7.5.6 Recall the semigroup Y = {a,b,c,d} and the attribute set E, as es-
tablished in Example 7.2.3. Take a cng-rel R on Y, defining the cng-classes {a},{b,c},
{d}, then R is not complete. We take an FBSI-id w = (f,z/);fvl) over T with A =
{e1,e3}, defined below.

£(e1) = {a/0.3, b/0.4, ¢/0.2, d/0.6},

Y(—e1) = {a/0.6, b/0.3, ¢/0.4, d/0.1},

&(es) ={a/0.5, b/0.6, ¢/0.5, d/0.7},

b(—es) = {a/0.5, b/0.3, ¢/0.4, d/0.1}.

The lower RFBS-apzes R(w) = (&, Vg A) of w under R are calculated as:

Eq(e1) = {a/0.3, b/0.2, ¢/0.2, d/0.6},

by (—er) = {a/0.6, /0.4, ¢/0.4, d/0.1},

£ples) = {a/0.5, /0.5, ¢/0.5, d/0.7},

Yp(—es) = {a/0.5, b/0.4, ¢/0.4, d/0.1}.

We find that

So, R(w) is not an FBSI-id over Y, that is, w is not lower RFBSI-id over Y.

Definition 7.5.7 An FBSS w over Y is a lower (or upper) RFBSi-id over T, if R(w)
(or R(w)) is an FBSi-id over Y.

An FBSS w over T, which is both, lower and upper RFBSi-id over T, is called an
RFBSi-id over Y.

Theorem 7.5.8 Fach FBSi-id over Y is an upper RFBSi-id over Y.
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Proof. Take an FBSi-id w = (£,1; A) over Y. Then £(e)(abe) > £(e)(b) and
p(=e)(abe) < P(—e)(b) for each a,b,c € Y. Now, for each z,w,y € T and for each

e € fl, we have

Ee)rwy) =V £e)(s)

selewyln

> v E(e)(s), since [z]g[w]nlylr € [rwy]n

s€z]p[w]g [y

= v &(e)(abe), where s = abc

abeelz]p[wlnlylr

> v e

= & (g)(w)

and

(me)wy) = A p(=e)(s)

s€Elzwyln

< A Y(=e)(s), since [z (W] [y]n C [rwyl

s€[z]g(wlr[y]n

= A P(—e)(abe), where s = abc

abc€[z]n [w]n [yl

< A th(=e)(b)

be[w]x

= P (—e)(w).

This verifies that $(w) is an FBSi-id over Y. Therefore, w is an upper RFBSi-id over

T =

The converse statement of the Theorem 7.5.8 is invalid generally, as exhibited in

the next example.

Example 7.5.9 Recall the semigroup T = {k,l,m,n}, the attribute set E for T and
the cng-rel R over Y, as established in Example 7.5.3. We take an FBSS w = (&, /Ul)

over T with A = {ea, e3}, defined below.
£(ez) = {k/0.65, /0.5, m/0.6, n/0.75},
b(—ea) = {k/0.4, 1/0.3, m/0.3, n/0.15},
£(es) = {£/0.92, 1/0.84, m/0.81, n/0.99},
¥(—eg) = {k/0, 1/0.1, m/0.11, n/0}.

The upper RFBS-apz R(w) = (Em,@%; fvl) of w under R is calculated as:

£ (e2) = {k/0.75, 1/0.75, m/0.6, n/0.75},
" (mes) = {k/0.15, 1/0.15, m/0.3, n/0.15},
€ (e5) = {k/0.99, 1/0.99, m/0.81, n/0.99},
0" (mes) = {k/0, 1/0, m/0.11, n/0}.
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Simple calculations verify that R(w) is an FBSi-id over Y. But, we find that,

P(=ex)(llm) = (—e2)(k) = 0.4
£ (—e2)(l) = 0.3.

So, w is not an FBSi-id over T, although, it is an upper RFBSi-id over Y.

Theorem 7.5.10 Let R be a complete cng-rel on Y. Then, each FBSi-id over Y is a
lower RFBSi-id over Y.

¥

Proof. Let w = (£,9; A) be an FBSi-id over Y. Now, for each z,w,y € T and for
each e € ;1’ we have
Eple)zwy) = A &(e)(s)
s€lzwy]x

= 56[.1‘}5}}[/\111]?}3[:[/}9%6(6)(8)’ since [ﬂf]%[w}%[y]% = [ﬁwy]m

= A &(e)(abe), where s = abc

abe€ [z]g [w]n[y]n

> A &(e)(b)

be [w] R

= Egple)(w)

and

Yp(me)(zwy) =V P(e)(s)

s€lzwyln

R PRARSICL L since [2]g[w]plylp = [zwyln

= v P(—e)(abe), where s = abc
abe€[z]g [wln[yln

<V y(=e)(b)

be [w] R

= %%(—'6) (w).

This verifies that ®(w) is an FBSi-id over Y. Therefore, w is a lower RFBSi-id over
T =

The converse statement of the Theorem 7.5.10 is invalid generally, as exhibited in

the next example.

Example 7.5.11 Recall the semigroup T = {s,t,u,v}, the attribute set E and the
complete cng-rel R over Y, as established in Example 7.4.9. We take an FBSS w
= (&, ; ;1) over T with A = {e1,e3}, defined below.

&(e1) ={s/0.2,t/0.4, u/0.6, v/0.8},

P(—e1) = {s/0.6, t/0.5, u/0.3, v/0.2},
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&(es) ={s/0.4, t/0.5, u/0.5, v/0.6},

P(—e3) = {s/0.1, t/0.1, u/0.1, v/0.1}.

The lower RFBS-apzes R(w) = (€5, Vs A) of w under R are calculated as:
Epler) = {s/0.2, ¢/0.4, u/0.6, v/0.6},

Yp(mer) = {s/0.6, t/0.5, u/0.3, v/0.3},

Erles) = {s/0.4,¢/0.5, u/0.5, v/0.5},

Yp(mes) = {s/0.1, /0.1, v/0.1, v/0.1}.

Simple calculations verify that R(w) is an FBSi-id over Y. But, we find that,

§ler)(vus) = &(er)(u) = 0.
2 &(e)(v) =0.

So, w is not an FBSi-id over Y, although, it is a lower RFBSi-id over Y.

6
8.

Theorem 7.5.10 is invalid if the cng-rel R is not complete. Next example is estab-
lished to verify this fact.

Example 7.5.12 Recall the semigroup Y = {a,b,c,d} and E as established in Exam-
ple 7.2.8. Take the cng-rel ® on Y from Example 7.5.6. Which is not complete, and
defines the cng-classes {a}, {b,c}, {d}. We take an FBSi-id w = (&,1; A) over Y with
A = {ey, e}, defined below.

&(e2) = {a/0.3, b/0.4, ¢/0.2, d/0.5},

P(—e2) = {a/0.3, b/0.1, ¢/0.2, d/0},

&(es) ={a/0.4, b/0.6, ¢/0.5, d/0.7},

Y(—es3) = {a/0.6, b/0.2, /0.4, d/0}.

The lower RFBS-apzes R(w) = (§g, Vs A) of w under R are calculated as:

Eple2) = {a/0.3, /0.2, ¢/0.2, d/0.5},

Yp(me2) = {a/0.3, b/0.2, ¢/0.2, d/0},

Eples) ={a/0.4, /0.5, ¢/0.5, d/0.7},

Yp(—es) ={a/0.6, b/0.4, ¢/0.4, d/0}.

We find that

€ (e)(bac) = € (en)(bh) =02
Z §§R(62)(a):03

So, R(w) is not an FBSi-id over Y, that is, w is not lower RFBSi-id over Y.

Definition 7.5.13 An FBSS w over Y is a lower (or upper) RFBSb-id over Y, if
R(w) (or R(w)) is an FBSb-id over Y.
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An FBSS w over T, which is both, lower and upper RFBSb-id over T, is called a
RFBSb-id over T.

Theorem 7.5.14 For the cng-rel R on T, each FBSb-id over Y is an upper RFBSb-id

over Y.

Proof. Take an FBSb-id w = (&, ¢; fi) over Y. Then, w is also an FBS subsemi-
group over Y. Which implies by Theorem 7.4.6, that, R(w) = (E%,E%; ;1) is an FBS

subsemigroup over Y. Now, for each z,w,y € T and for each e € ;1, we have

SO = v €O
=R IR OO since [z]p[w]n[yln € [zwyln
s€[z]x[wlnlyln
= abcemﬂ;/[w}m[y]mﬁ(e)(abc), where s = abc
> v (£(e)(a) A&le)(c))

aclel, be[wl, c€lyln
= ( (€)(a) A (

= (@) A E ()W)

(€)(c))

V \
ae[m}mf CG[y]se§

and
Py = A w(e)s)

< A Y(—e)(s), since [z]g[w]g[ylr C [Twy|p
s€[zln[w]x[y]r

= el syi\[w}m[y]%w(_‘e)(ab@’ where s = abc
< A (¥ (=e)(a) V(=e)(c))
= (A, pEea) v A d(ze)(e))

a€lz]g, bE[wly, cElyln
a€lzr]n

= P (e)(@) VP (—e)(y).

This verifies that R(w) is an FBSb-id over Y. Therefore, w is an upper RFBSb-id over
T =m

The converse statement of the Theorem 7.5.14 is invalid generally, as exhibited in

the next example.

Example 7.5.15 Recall the semigroup T = {k,l,m,n}, the attribute set E for T and
the cng-rel R over Y, as established in Example 7.5.3. We take an FBSS w = (£, ; fvl)
over T with A = {e1, ex}, defined below.

&(e1) = {k/0.76, 1/0.75, m/0.71, n/0.78},
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b(=e1) = {k/0.13, 1/0.15, m/0.16, n/0.11},

£(es) = {k/0.85, 1/0.82, m/0.83, n/0.8},

b(—es) = {k/0.12, 1/0.14, m/0.15, n/0.1}.

The upper RFBS-apz R(w) = (?R,Em; /vl) of w under R is calculated as:

€% (e1) = {k/0.78, 1/0.78, m/0.71, n/0.78},

9" (mer) = {k/0.11, 1/0.11, m/0.16, n/0.11},

€ (e2) = {k/0.85, 1/0.85, m/0.83, n/0.85},

9" (mea) = {k/0.1, 1/0.1, m/0.15, n/0.1}.

Simple calculations verify that R(w) is an FBSb-id over Y. But, we find that,

£(ea)(knl) = &(e2)(n) =0.8
# &(ea)(k) AE(e)(l) = 0.82.

So, w is not an FBSb-id over Y, although, it is an upper RFBSb-id over Y.

Theorem 7.5.16 Let R be a complete cng-rel on Y. Then, each FBSb-id over T is a
lower RFBSb-id over Y.

Proof. Let w = (&,1; A) be an FBSb-id over Y. Then, w is also an FBS subsemi-
group over Y. Which implies by Theorem 7.4.8, that, f(w) = (§§R’£§R’ u) is an FBS

subsemigroup over Y. Now, for each z,w,y € T and for each e € ;1, we have

Elewy) = A €O
RN QIO since [z]g[w]n[yln = [zwyln
s€z]pwlnlyln
= whec e }/\[ ]R[y]%f(e)(abc), where s = abc
> A (0 AEE)
= (g S@@)n( p gle)e)
= §%(6)($)A§§R(€)(y)
and
UpOewy) = v w0l
L QOO since [z]p[w]n[yln = [zwyln
s€z]pw]nlyln
= abce[g:h:/[w]%[y]%zb(—'e)(abc), where s = abc
< v (¥ (=e)(a) V(=e)(c))

a€lz]g, bE[w]r, cElyln

= (V. 9(=e)(@) v ( V. P(me)(c))
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This verifies that ®(w) is an FBSb-id over Y. Therefore, w is a lower RFBSb-id over
T =

The converse statement of the Theorem 7.5.16 is invalid generally, as exhibited in

the next example.

Example 7.5.17 Recall the semigroup Y = {s,t,u,v}, the attribute set E and the
complete cng-rel ® over Y, as established in Example 7.4.9. We take an FBSS w
= (&, ; ;1) over T with A = {ea}, defined below.

&(e2) = {s/0.1, t/0.1, u/0.4, v/0.2},

P(—e2) = {s/0.6, t/0.5, u/0.3, v/0.3}.

The lower REBS-apzes R(w) = (&5, Vg A) of w under R are calculated as:

Erle2) = {s/0.1,¢/0.1, u/0.2, v/0.2},

Yp(me2) = {s/0.6, t/0.5, u/0.3, v/0.3}.

Simple calculations verify that R(w) is an FBSb-id over Y. But, we find that,

E(e2)(uvu) = &(e2)(v) =0.2
F? &(ea)(u) A(ez)(u) = 0.4.

So, w is not an FBSb-id over Y, although, it is a lower RFBSb-id over Y.

Theorem 7.5.16 is invalid if the cng-rel R is not complete. Next example is estab-
lished to verify this fact.

Example 7.5.18 Recall the semigroup T = {a,b,c,d}, the attribute set E and the
cng-rel R on T (which is not complete), as taken in Example 7.5.12. Now, take an
FBSb-id w = (£,v; A) over T with A = {e1, e4}, defined below.

&(e1) ={a/0.7,b/0.8, ¢/0.6, d/0.9},

P(—e1) = {a/0.2, b/0.1, ¢/0.3, d/0.1},

&(eq) ={a/0.3, b/0.5, ¢/0.4, d/0.6},

Y(—eq) = {a/0.4, b/0.3, ¢/0.4, d/0.2}.

The lower REBS-apzes R(w) = (&5, Vg A) of w under R are calculated as:

£pler) ={a/0.7, b/0.6, ¢/0.6, d/0.9},

%R(_'el) ={a/0.2, b/0.3, ¢/0.3, d/0.1},

£rlea) = {a/0.3,0/04, ¢/0.4, d/0.6},

y%(—'&;) ={a/0.4, b/0.4, ¢/0.4, d/0.2}.

We find that

Epler)(aba) = Eg(er)(b) = 0.6
2 Eplen)(a) Aggy(en)(a) = 0.T.
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So, R(w) is not an FBSb-id over Y, that is, w is not lower RFBSb-id over Y.
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