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Introduction

Groups, rings and modules are the fundamental concepts of abstract algebra. The study of
groups started in 18th century and gradually developed in various decades, initiated by very
famous mathematicians Cauchy, Abel, Galois and Lagrange. The other fundamental con-
cepts of abstract algebra (e.g. rings and modules) are the generalizations of group. Rings and
modules are the central notions of Commutative algebra and Homological algebra. The de-
velopment of these mathematical theories has been greatly influenced by numerous problems
and ideas occurring naturally in algebraic number theory and algebraic geometry, algebraic
topology. Many books have been written on these fundamental concepts. For systematic

evaluation of groups, rings and modules, we refer the reader to [14, 5].

However, most of the classical mathematical methods and solutions do not address the

imprecision and uncertainties in given information. A genius mind L. A. Zadeh said:
"The closer one looks at a real world problem, the fuzzier becomes its solution.”

In 1965, Zadeh [46] formulated the concept of fuzzy set theory to describe the vagueness
and imprecision containing most of the data. Fuzzy sets handel such situations by attributing
a degree to which a certain object belong to a set. Fuzzy sets has a wide range of applications in
applied sciences such as computer sciences, management sciences, control sciences, robotics,
artificial intelligence, pattern recognition and operation research etc. In its trajectory of
stupendous growth, it has also come to include the theory of fuzzy algebra and for the past
several decades, several researchers have been working on the fuzzy commutative algebra.

Rosenfeld [36] inspired the fuzzification of algebraic structures and introduced the notion
of fuzzy subgroups in 1971. Pan defined fuzzy quotient modules and fuzzy exact sequences
(see [33]). A systematic description of fuzzy commutative algebra by Mordeson and Malik
appeared in [31], and Wang et al. [44] where one can find detailed theoretical study on various

algebraic structures.



In 1982, Pawlak [34] projected a light on incredible theory of rough sets. Rough set
theory helps in management of uncertainties and imprecision containing raw data. It has
been successfully implemented to various real life problems. For instance, data mining, pat-
tern recognition, artificial intelligence and decision support system are most of the auspicious
amongst to it’s numerous applications. Hence, this theory grabbed attention of several re-
searchers owed to its valuable features. Since it’s inception, the question of applications of
rough set theory to various algebraic systems has been addressed by a great number of re-
searchers. For instance, Biswas and Nanda [11] were initiated the study of roughness in groups
and introduced the notion of rough subgroups.

Kuroki and Wang [22] proposed the notion of lower and upper approximation spaces in
groups based on normal subgroups and normal fuzzy subgroups. In [26], Mahmood et al.
studied the notion of roughness in fuzzy subgroups based on a congruence relation and ex-
plore a relationship between the approximation spaces of two different groups by maneuvering
a group homomorphism. In [25], the same authors investigated the concept of roughness in
quotient groups and established several homomorphism theorems between lower approxima-
tions. In [16], Davvaz and Mahdavipour studied the concept of roughness in modules and also
gave some related properties. Since, Pawlak approximation space based on an equivalence
relation, a too restrictive condition for many practical applications. In order to cope with
this issue, there has been a lot of researchs on the extensions of Pawlak’s rough sets [34], in
literature ( see [15, 23, 42, 43, 45, 47, 35] ). In these papers, authors defined the lower and
upper approximation spaces of a subset on the universe of discourse by using an arbitrary
binary relation, a set valued map, a soft binary relation, tolerance relation and similarity
relation to investigate the essential properties of classical rough sets [34]. In [35], Qian et al.
extended the notion of Pawlak’s rough sets to multi-granulation rough sets (MGRS) based
on mutli equivalence relations on the universe of discourse.

On the other hand, the concept of soft set theory was introduced by Molodtsov [30]

in 1999 to deal with the complexity of data containing uncertainties. It has many useful



applications in diverse areas of game theory, the smoothness of functions and measurement
theory. The fundamental operations of soft sets was studied by several number of authors (see
(1,37, 2,12, 29]). Later on, many authors were engaged to found its applications in different
algebraic structures. Aktag and Cagman [1] initiated the concept of soft groups and derived
some of it’s basic properties. Later on, the concept of soft groups was further studied by
Sezgin and Atagiin [38], and Aslam and Qurashi [4]. The concept of soft-intersection groups
was investigated by Cagman et al. [12] and further studied by Kaygisiz [20, 21]. Feng et al.
applied the soft relations to semigroup theory in [18].

Although the theories of soft sets, fuzzy sets and rough sets are very conflicting in nature.
However, many authors have been established a linkage among these theories (see [3, 17, 19,
24, 28, 39, 27, 40, 41]).

This thesis consisting of five chapters inclusively arranged in the following manner. In chapter
one we give some preliminary ideas which will be helpful to our research work. To the
motivation of Cagman et al.’s work [12], we have studied the concept of roughness in soft
sets and find it’s applications on soft-intersection groups in chapter 2. In this chapter, we
also construct a relationship among the soft approximation spaces of two different groups
via group homomorphisms. Chapter 3 is devoted to the study of roughness in modules
of fractions by using a special kind of an equivalence relation on its submodules. Hence,
we introduce the notion of lower and upper approximations in modules of fractions. Some
fundamental results related to these approximation spaces are studied. Furthermore, we
develop several connections between their approximation spaces of two different modules of
fractions by utilizing the concept of module homomorphisms. In chapter 4, we introduce the
notion of fuzzy modules of fractions and study the concept of roughness in fuzzy modules of
fractions. For this, we introduce a pair of fuzzy approximation spaces based on soft modules
of fractions in view of multi-granulation rough sets. Some essential properties relating to
the fuzzy approximation spaces are investigated. Finally, chapter 5 extended the classical

concept of rough subgroups studied by Kuroki and Wang [22], and a connection between



lower and upper approximations via group homomorphism investigated by Mahmood et al.
[26] to soft set theory. In this regard, the concept of soft lower and upper approximation
spaces is introduced in groups by manipulating normal soft groups. Based on the soft image
and soft pre-image of a normal soft group, some connections between the soft approximation

spaces are built by maneuvering group homomorphisms.



Chapter 1

Preliminaries

In this chapter, some basic notions of commutative algebra, fuzzy sets, rough sets and soft
sets are presented. Several kinds of operations and results of soft sets, fuzzy sets and rough
sets are given, which will be useful for our research work. For details we refer [1, 2, 5, 12, 14,

29, 30, 31, 34, 44].

1.1 Rings and modules of fractions

In this section, we recall some basic definitions and necessary results of rings and modules of

fractions. All the material in this section is taken from [5] and [14].
Definition 1.1.1. [14, page 223] A non-empty set L is called a ring, if :
(i) (L,+) is an abelian group.
(11) Multiplication is associative: (lils)s = l1(lals) for all 1y, s, 13 € L.

(1i) Distributive laws: 1y(lo + l3) = lils + l1l3 and (Iy + l2)ls = U115 + lols for all ly, 1,15 € L.

(a) The ring L is called commutative, if multiplication is commutative: lily = lyly for all

lhlg € L.



(b) The ring L is said to have an identity element, if there is an element 1 € L such that
[1=1l=1 foralll € L. We’ll denote it by 1p,.

The additive identity of L will be represented by Or, and the additive inverse of | € L will be
denoted by —I.

Throughout this work, L will be symbolized as a commutative ring with the multiplicative

identity element 1.

Definition 1.1.2. /5, page 2] An element | € L is called unit, if Im = 1, for some m € L.
Then the element m is said to be an inverse of | € L and will be denoted by [=*. We shall

represent the collection of all units of L by U(L).
Definition 1.1.3. /5, page 2] A non-empty subset K of L is called
(1) a subring, if
(i) K is subgroup of the abelian group (L,+),
(i1) K is subsemiring of the semiring (L, ),
(iii) 1, € K.
(2) an ideal, if

(i) K is a subring of (L,+,-).

(i) IK C K foralll € L.

Definition 1.1.4. [14, page 239] Let L and L' be two commutative rings with 1, and 1p

respectively. Then, a map v : L — L' is called a ring homomorphism, if:
(1) (L +1) =) +»(l").
(i) () = L(Dp(l').

for alll,l' € L.



Definition 1.1.5. [5, page 36] A non-empty subset D of L is called multiplicative closed
subset (MCS) of L, if:

(Z) 1, €D.
(i1) dids € D for all dy,ds € D.

Let D be a MCS of L. The relation = on L x D is defined as follows:
(ll, dl) = (lg, dg) =% (lldg — lgdl)d =0y, for some d € D.

which is an equivalence relation. The equivalence class of (I;,d;) € L x D with respect to =
is denoted by fi—ll = {(la,ds) € L x D : (l1,dy) = (I3, ds)}. The set of all equivalence classes is
denoted by:

DlL:{é:leL,deD}

Then D~ 'L is a commutative ring with identity and binary operations ”addition” and "mul-

tiplication” defined as follows:

Lo by lhdy+lody holy  hi

d T dd Ay didy
The ring DL is called the ring of fractions of L with respect to D.

Definition 1.1.6. [5, page 17] A commutative group (Z,+) is called an L—module or a
module over L, if the map:

2 LxZ—Z;(l,2) =1z,
satisfies the following properties:
(1) ll'(21+2’2> :l1‘21+l1 * 29,

(2) (l1+l2)'21:l1'21+l2'21,



(3) L (la-2) = (Lily) - 2,
(4) 1L TR =Z,
forallly, Iy € L and 2z, z5 € Z.

Throughout this thesis, Z will be denoting a module over L.

Definition 1.1.7. /5, page 18] A non-empty subset W of Z is called a submodule, if it fulfils

the following two properties:
(1) W is an additive subgroup of Z.
(2)l-weW, foranyl € L, we W.

If {W; : 1 < ¢ < n}is a family of submodules of Z and K is an ideal of L, then the

following sets are submodules of Z:
N Wy={2€Z:2eW;,1 <i<n}.
ZWi: {Zwi:wi eW;, 1 <i<n}.
i=1 i=1

KW, :{lezzZzEK,zz GWl,TLEN}.

=1

Definition 1.1.8. /5, page 18] Let Zy and Zy be L-modules. Then:

(1) a map ¢ : Zy — Zy is called an L—linear map (or a module homomorphism), if it

satisfies the following conditions:

(1) o(z+2') = p(2) + ¢(¥),

(2) p(l-2)=1-9¢(2),

forall z,2 € Z and 1 € L.



(2) The kernel of ¢ is the set Kerp ={z € Z1 : ¢(z) = 0z,}.

Let D be a MCS and Z be an L-module. Then, there exists a well-known equivalence

relation ”~" on the set Z x D, defined by:
(z,d) ~ (Z,d)=w-(d-z—d-2")=0, for some w € D.

The equivalence class of (z,d) is denoted by Z. Consider the following set of equivalence
classes:

Dz = {2 .2€ Z.de D).
Note that D717 is an D~!L—module with the following addition and scalar multiplication:

21 Z9 . Zldg + Z2d1 l 21 . lZl

o T ad, MCaTd T dd
2 2eD'Zand €D 'L

Lemma 1.1.9. /5, Page 38] If ¢ : Z — Z' is an L—linear map, then it induces the following
D 'L—linear map:

Dly:DlZ 5 D17, 2 — SOEZZ).

Definition 1.1.10. Suppose that ) # Ly C L, O # V1,V C D~1Z, then define the following
sets:
LV, = {Z Liv, 1, € Li,v; €V and n € N},
i=1
Vi+ Vs = {’Ul + vy V] € Vl,UQ < VQ} and
l
DilLl = {8 e Ll,d € D}

It is clear that the set L1V is closed under addition.

Lemma 1.1.11. If ) # Z; C Z for alli =1,2 and ) # L, C L. Then:



(1) Dil(Zl U ZQ) = D’lZl U D71Z2.
(2) DY N Z) C D2 N D12,
(3) D7+ Z5) C D2, + D' 2.

(4) DY(L1Z,) C (D'Ly)(D~'Z,). Equality holds, if either Ly is an ideal of L or Zy is a
submodule of Z.

Proof. All the claims are easy to proof. m

Corollary 1.1.12. /5, Corollary 3.4] Let Zy and Zy be submodules of Z. For any ideal Ly of
L, the following conditions hold:

(1) D7'Z, and D~ (L1Z,) are submodules of D' L—module D17
(Q) D_1(21 N ZQ) == D_lZl N ,D_IZQ.
(3) D_1(21 + ZQ) = D_lZl -+ D_1Z2.

(4) D1 Z,) = (D' L1) (D' Z1).

1.2 Fuzzy sets

In this section, we will recall some basic notions in fuzzy set theory. In the sequel, U will be
representing as an initial universe and F (i) will be representing as the family of all fuzzy

sets of U.

Definition 1.2.1. [46] A fuzzy set p inU (or sometimes called a fuzzy subset of U ), is defined
by a membership function:

U —[0,1].

For each object uw € U, the membership value u(u) describes the grade or degree of membership

to which u € U belongs to the fuzzy set .

10



Definition 1.2.2. [46] Let py,us € F(U). Then, their union and intersection are denoted

and defined by Zadeh componentwise, as follows:
(1) (U p2)(3) = 11 (3) V pia(3)-
(i) (1 N p2)(3) = 1 (3) A p2(3)-
for all 3 € U. Here, A\ denotes the infimum value and \V denotes the supremum value.

Definition 1.2.3. [32] Let U = Z be an L—module and p € F(Z). Then, p is called a fuzzy
submodule of Z, if

(i) p(0z) = 1,
(i) (21 = z2) 2 p(z) A pl(z2),
(i) p(lz1) = p(z21)
for all 2,29 € Z, 1 € L. The set of all fuzzy submodules of Z will be denoted by FS(Z).

Definition 1.2.4. [33, Definition 1.1] Let Z; be L—modules and pu; € FS(Z;), for alli = 1,2.

Then, @ : 1 — o is called a fuzzy module homomorphism, if
(i) p: Zy — Zy is an L—linear map.

(11) pa(e(2)) > ui(z), for all z € Z.

1.3 Rough sets

In this section, we furnish some basic ideas and important results about rough sets. For

detailed study, we refer to the following paper [34].

11



Definition 1.3.1. [34] Let U be an initial universe and 6 be an equivalence relation on U.
Then, a pair (U,0) is called a Pawlak approximation space. For any non-empty subset X of

U, the lower and upper approximations of X are defined as:
X,={ucl:[uy CX} and X ={ucll:[ulynX 0}

where [u]y represents the equivalence class of uw € U with respect to the equivalence relation 0.
The set BR(X) = Ea\ig; is called the boundary region of X. If BR(X) # (), then X is called

a rough set. Otherwise X is a crisp set.
Proposition 1.3.2. [3/] Let (U, 0) be an approzimation space and ) # X1, X2 CU. Then:
—p
(1) Qe =0 =0.
(2) U, =U =U.
(3) X1, C X C Xy .
c ¥ e e c
(4) &9: (%l ) , X{ = (ﬁg) .
—0
(5) &9 =Xy, =X,
) =0
(6) %1 — %_19 — %1 .
(7) X100 X5, = X1, N Xy
(8) X1U X5, 2 X, U Xy,
(9) T 0%y =X, UX, .
(10) TnZs CX N%, .
(11) ]fﬁfl Q %2, then ﬁe Q é@'
(12) If %, C Xs, then X, C X .

12



where, X{ denotes the complement of X;.

In literature, many extensions of Pawlak’s rough sets were modified by a numerous sci-
entists to an arbitrary binary relation, a soft binary relation, a reflexive relation, a tolerance
relation, multi-equivalence relations and a set-valued map instead of an equivalence relation

(see [19, 15, 42, 43, 45, 47, 35]).

1.4 Soft sets

In this section, we review some fundamental concepts about soft sets, soft groups, normal soft
groups, soft-intersection groups and normal soft-intersection groups. From now on, A& will be
indicating as a set of parameters of the universe i. The parameters are usually attributes or
characteristics of & which may be words or sentences. The power set of U is represented by

PU).
Definition 1.4.1. [30] A pair (w, ) is called a soft set over U, where
w:A—PU),
is a set-valued function and A C A. The set of all soft sets of A over U will be denoted by
SU)g.
To explain this concept, let us give an example in the following:

Example 1.4.2. Let U = {a,b,c,d} be the set of calculators and & = {p,c,o0, f} be the set

of parameters of these calculators, where
(p) denotes the price (should be low)
(¢) denotes the coverage (should be large)

(0) denotes the outlook (should be beautiful)

13



(f) denotes the functions (more are required)

Suppose that Mr. X wants to purchase some calculators. To define a soft set (w, \), where
A C A&, means to categories the calculators with respect to its parameters. Let A = &. Then,

define a soft set (w,\) as follows:

((ab.d}, ifo=o
{a,c,dy, ifw=c
{a,d},  ifx=f

{0}, ifx=p

for all x € A. So, the soft set (w, ) describes that:
beautiful calculators={a,b,d}, calculators having large coverage={a,c,d}, calculators with

more functions={a,d}, low price calculators={b}

Definition 1.4.3. [2] Let (wy, A1), (w2, A2) € S(U)g. Then, (wi, A1) is called a soft subset

of (wa, Ag), written as (wy, A1) C(wa, Ag), if:
(1) Al g AQ and
(2) wi(k) C wa(k) for all k € Ay.

(w1, A1), (2, Aa) € S(U) g are said to be equal, if <W1,A1)§<WQ,A2) and (w2,A2)§(w1,A1),
denoted by (wy, A1)= (w2, Ag).

Definition 1.4.4. [2, Definition 3.3,3.7] Let (wy, A1), (w2, A\2) € S(U)m. Then, their re-
stricted intersection (wy, A1) M (we, Ao) = (Y1, As) and restricted union (wy, A1) Ug (w2, Ag) =

(92, Ag) are defined as follows:
(1) 91(8) = w1 () Ncoa(8) for all € € As,
(2) 92(¢) = wi(€) U (k) for all € € A3 and

14



where Ag = Ay N Ay # (.
Definition 1.4.5. [2, Definition 3.5] Let (w,A) € S(U)m. Then, (w, A) is said to be:
(1) a relative null soft set if w(k) = 0 for each k € A and is denoted by Ry.
(2) a relative whole soft set if w(k) =U for each k € A and is denoted by Uy .
We will denote the relative null soft set N by N and relative whole soft set U by U.
Now assume that U = G, where G denotes a multiplicative group.

Definition 1.4.6. [I1, Definition 13] A soft set (w, ) € S(G) 5 is called a soft group over G,
if w(k) is a subgroup of G for each parameter k € A.

Definition 1.4.7. [1, 38, 4] A soft group (w,A) € S(G) z is called a normal soft group over

G, if w(k) is a normal subgroup of G for each parameter k € A.

Definition 1.4.8. [4, Definition 6.1] Let (i, A1) and (wq, A2) be two soft groups over G.
Then, the restricted soft product of (w1, A1) and (wwa, As) is denoted by the soft set (w3, A3) =
(w1, A1)6(wog, Ag), where A3 = Ay N Ay, and defined by ws(t) = w1 (€) - wa(€) for all € € As.

Principally, soft sets are of two types. First, the soft sets are with fixed set of parameters
and second is with distinct types of parameters. In the sequel, we shall discuss the case of
fixed set of parameters. For more details, see [12, 20, 21]. From now onwards, A will be fixed

and U will varies. In this case, the basic notions about soft sets are defined in the following:

Definition 1.4.9. [12, Definition 1] Let ) # A C E. Then, a soft set 7o over U is defined
by the following set-valued mapping:

Ta 2 B — PU) such that To(p) = 0, for all p ¢ A.
This soft set is also signified by:

T2 = {(p,7a(p)) : p € B, 7a(p) € P(U)}.
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The set of all soft sets of & over U will be denoted by S(/A)y.
Definition 1.4.10. [12, Definition 14] Suppose that 6 : Ay — As is a function and T5,, T, €

S(HE)y. Then, the soft image of Ty, under 0 is defined as:

U82=9(21)TA1(81)’ if 971@2) 7"é ®7

0, otherwise.

0(7a, ) (e2) =

for all eo € Ay. The soft pre-image of 7o, under 6 is defined by:

971(7'/\2>(€1) = TA2<9(21)> fO?“ all ¢ € Al.

C’learly, 9<TA1)7 9_1(7—/\2) € S(‘E>M

Lemma 1.4.11. /21, Lemma 5.43] With the above notion, we have 0(07(7a,)) C Ta,. In

particular, if 0 is surjective then 0(071(1p,)) = Ta,-

Definition 1.4.12. [12, Definition 6] Let £ =G and 7¢ € S(G),,. Then, 1g is called a

soft-intersection group over U, if

(1) 79(g1) N 7(g2) € 79(9192).
(2) 79(9r") = 7(q1),
for all 1,92 € G.
The family of all soft-intersection groups of G over U will be denoted by SZ(G),,.
Theorem 1.4.13. [12, Theorem 1] Let ¢ € SI(G),,. Then, 7(g) C 7(e) for all g € G.

Definition 1.4.14. [12, Theorem 8] Let 7¢ € SZ(G),, and Ty be a soft-intersection subgroup
of 7g, where H is a subgroup of G. Then, Ty is called a normal soft-intersection subgroup of

1g over U, if any of the following equivalent conditions holds:
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(1) ™(9192) = Tr(9291),

(2) (919207 ") = Tr(g2),

(3) (919201 ") € Ta(g2),

(4) ™(919201 ") 2 Tu(ga) and
for all g1,92 € G
Definition 1.4.15. [20, Definition 3.20] Let 71,72 € S(G),,. Then, soft product of 71 and
1s defined as follows:

(11 % 72)(x) = Upyo {1 (y) N 72(2)}, where x,y,2z € G.

Definition 1.4.16. Let 71,75 € S(G),,. Then, soft composition of Ty and 75 is defined as
follows:

(11 72) (%) = Mymy{T1(y) N 72(2)}, where z,y,z € G.

17



Chapter 2

Applications of roughness in

soft-intersection groups

This chapter consists of 2 sections inclusively. In section 1, the notion of roughness on soft
sets will be defined. Some fundamental results of this roughness for soft-intersection groups
will be proved. In the next section, we create a connection between soft approximation spaces
of two different groups via group homomorphisms. Throughout this chapter, & = G will be
denoting a multiplicative group with identity e as a set of attributes of &/, and N, M will be

denoting as normal subgroups of G. All the results in this chapter are taken from paper [7].

2.1 The lower and upper soft approximations in soft-
intersection groups

Definition 2.1.1. Let 7 € S(G)y. Then, by the rough approzimation in an approrimation
space (1,G,N,U) we mean a mapping Apr : S(G)u — (S(9))u % (S(9))u:

Apr(r) = (10, 7V),



where two operators T, and TV are defined as:

I,/\/’(x> = myéz/\/7—<y> and

V(@) = UyeanT(y),

for all x € G. Clearly, T, and 7N are soft sets of G over U. The operators Ty and 7V are

called the lower and upper approximations of T with respect to N respectively.
Proposition 2.1.2. Let 7 € §(G),,. Then, the following conditions are hold:

(1) )y C 7 C 7N

(2) If N C M, then 7, C 7, and N M,

(3) T U Tt © T

(4) ?NOM C ?Nﬂ?/v('

(5) Tawm S Ty

(6) TN C M,

Proof. All claims are easy to prove by using the Definition 2.1.1.

Theorem 2.1.3. If 7 € SI(G),,, then 7, 1, € SZ(G),,.

Proof. Let t € ?N(asl) N ?N(:Eg), where z1,75 € G. Then, there exists y; € ;N such that
t € 7(y;) for all i = 1,2. Since 7 € SZ(G),, and t € 7(y1) N 7(y2), it follows that ¢t € 7(y1y2).
As 119 € (21 N)(22N) = 225N, it implies that ¢t € 7V (212,). This proves the following
inclusion:

?N(xl) ﬂ?N(xg) C ?N(xlxz) for all z1,29 € G.
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Now, suppose that ¢ € 7V(x;) then there exists y; € 1A such that t € 7(y;). It implies that
yr' € a7V and t € 7(y;Y). Recall that 7(y; ') = 7(y1). So, 7V (zy) € 7V (a7"). Similarly,

N

the reverse inclusion can be proved. Hence, 7" is a soft-intersection group.

Suppose that z1,20 € G and t € 7(x1) N T, (22). By Definition 2.1.1 of 7, it follows that
ter(y) forall y, € x;N, i =1,2. Since 7 € SZ(G),, and t € 7(y1) N 7(y2) for all y; € ;)N
and vy, € 2o/, Then:

t € 7(y1y2) for all y; € x1 N and yp € 22N (2.1.1)

Let y € z122/N be an arbitrary element. Since (z1N)(xoN') = 2122/, then it can be assumed
that y = y1y2, where y; € 1N and y, € x2N. Using Equation (2.1.1), we get ¢t € 7(y192) =
7(y) for all y € x122/N. By Definition 2.1.1, it follows that ¢ € 7,/(z122). Hence, the following

inclusion is proved:

Ta(x1) NTpr(22) C Tpr(2122) for all 1,20 € G.
With the similar arguments made above, it can be proved that 7,/ (x1) = T, (z;"') for all
x1 € G. Hence, 7,/ is a soft-intersection group. n
Corollary 2.1.4. Let 7 € S(G),. Then, 7V N7M, 17, N1\ € SZ(G),-
Proof. These results are immediate consequence of Theorem 2.1.3 and [12, Thoerem 6]. [

In [12, Example 5], the authors proved that the union of two soft-intersection groups is

not a soft-intersection group. In the next result, it is shown that 7,,U7, is a soft-intersection

group.
Theorem 2.1.5. Let 7 € S(G),,. Then, T,y U1, € SI(G),-

Proof. Let t € (T UTp)(x1) N (Tar UTag)(22), where 11, 12 € G. Then, t € (7, Uz ) (1) =
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Tar(t:) UT o (z;) for all i = 1,2, It implies that

temy(r) orte (1) and t € 7, (r2) or t € 7,,(r2).

In order to prove that t € (7, U 7,,)(r122), consider the following cases:
Case —I:If t € 7,(r1) and t € T (r2). Then t € 7,/(r1) N T (r2) C Tp(r122), since
Ty € SI(G),, (see Theorem 2.1.3). This proves that:

t € Ty (r1r2) U T p(v1r2) = (Tar U Tag) (R112).

Similarly, if t € 7,,(r1) and t € 7,,(z2), then t € (7 U7, ()(r1r2).
Case —I1: If t € 7,/(zr1) and t € 7,(r2), then t € 7(y1) and t € 7(yo) for all y; € N and
Yo € roM. Using 7 € SZ(G),,, we obtain:

te 7(y1) N7(y2) C 7(y1ye) for all 41 € 1N and yp € 1o M. (2.1.2)

Now, let y € r;zoM. Then, y can be written as y = rizom for some m € M. Take
y1 = r1e € 1N and yo = ram € 12 M, then y = y195. It implies that t € 7(y1y2) = 7(y) for all
y € rir2M (see Equation (2.1.2)). Hence, by Definition 2.1.1 we have t € 7,,(r1r2). Then,

t € Ty (r1r2) Uz p(v1r2) = (Tar U Tag) (R112).

Similarly, if t € 7,,(r1) and t € 7,/(r2) then similar arguments can be employed to prove
t € (T Ua)(@1r2)-

Therefore, from all cases it can be seen that (7, U 7,,)(x1) N (Tp U Trq)(r2) is a subset of
(Tar U Tpg) (X1r2)-

Note that, (Ty UTu)(x1) = (T UTpg)(z7") for all 1y € G. Recall that 7 € SZ(G),,. Hence,

T U T, is a soft-intersection group. 0]
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In general, 7V U7M is not a soft-intersection group (see next Example).

Example 2.1.6. Let G = Zg and U be any set. Define 7 : G — P(U) as follows:

(

9[1U912U913U914, ’Lfgzﬁ,

Ay U A, ifg=3;
T(g) =

Qtla ng = Ta 5;

Q[IUQ[% ng:§717

\

forallg € G, where Ay, As, A3 and Ay are any subsets of U. It can be proved that T € ST(G),,.
Let M = {0,2,4} and N = {0,3}. It follows that:

?M(g) = T(g) = Qll UQ{g and ?M(g) = Qll UQ[Q UQ(g UQ{4.

V@) = A UA, UA3 U Ay and 7V(2) = 7(5) = Ay UAs.

Let g1 = 2 and gy = 3, it follows that:
FMUTV) (g1 + g2) = 2 U Ay UAs.

(FM U FN)(QQ) = Qll U ng U ng U 9(4.
FMUTV) (g1) = A U A U A3 U Ay

Hence, if Ay # 0, then:
FUT)(e) N (FM UTV)(g2) € (T UTY) (g1 + 92)-

Therefore, ™' UTN is not a soft-intersection group.
Theorem 2.1.7. If 7 is a normal soft-intersection group, then ™ and Ty are also.
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Proof. By Theorem 2.1.3, we only prove the normality condition. Let ¢t € 7V (z). Then, there
exists z € N such that ¢ € 7(z). It implies that:

t € 7(2) = m(yzy™"), where yzy~' € yay ' N.

Here, we used that 7 is a normal soft-intersection group. Hence, t € 7V (yzy~!) for all
y € G. This proves that 7V(z) C 7V(yay™?!) for all 2,y € G. Hence, 7V(z) is a normal
soft-intersection group.

To prove the normality of 7,,, suppose that ¢t € 7,(x). Then t € 7(z) for all z € 2. Let
y € G and w € yry 'N. Then, y'wy € 2N. As 7 is a normal soft-intersection group, it
implies that:

tery wy) =7y wly ")) =1(w).

Hence, t € T, (yxy™') for all y € G. This proves that 7, (x) C 7, (yzy™') for all y € G. So,

T,r(x) is a normal soft-intersection group. O
Theorem 2.1.8. Let 7 € SZ(G),,. Then, the following statements hold:

(1) Tx1=T.

(2) -1 CTand T T €SIG),.

(8) If T is a normal soft-intersection group, then T -7 is also.

Proof. (1) Let x € G and t € (7 % 7)(x). By Definition 1.4.15 of 7 % 7, we have:
t € 7(y) N 7(2) for some y, z € G such that x = yz.

Due to the assumption on 7, it follows that t € 7(yz) = 7(z). Hence, (7*7)(z) C 7(x) for all

zeq.
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Conversely, assume that ¢ € 7(z). By Theorem 1.4.13, it follows that
t € 7(x) = 7(x) N 7(e) such that x = xe.

Hence, t € (7 % 7)(z). This proves the equality 7% 7 = 7.
(2) By Definition 1.4.12 of soft-intersection group, it follows that 7(y) N7(z) C 7(yz) for all
Y,z € G. Let x € G such that x = yz. Then, by Definition 1.4.16 of soft composition:

(r-7)(z) S 7(y) N7(2) € 7(y2) = 7(2).

Now, we prove that 7 -7 € SZ(G),,. Suppose that t € (7-7)(z1) N (7 - 7)(x2). Then, for all

Y1, 21, Y2, 22 € G such that x1 = y121, and x5 = yo29, we have:

te1(y1) N7(z1) and t € 7(y2) N 7(22). (2.1.3)

Assume that z;29 = yz, for some v,z € G. Take, y1 =y, 21 = y 21, 2 = T2z and 2z, = 27 L.

Then, x1 = y1 21, and x5 = y229. Hence:
t€T(y)N7(y ‘o) and t € 7(222) N 7(2), see Equation (2.1.3).

In particular, t € 7(y) N 7(z). This proves that t € (7 - 7)(z122).
Now, if t € (7 - 7)(x1), then t € 7(y;) N 7(z) for all y;,2; € G such that 1 = y;21. Let

7' = yz. Then, z; = z~'y~!. It implies that
ter(y Hnrz.

Since 7 is a soft-intersection group, then ¢ € 7(y) N 7(z). This proves that (7 - 7)(z1) C
(7-7)(zy"). Similarly, other inclusion can be proved. Therefore, 7 -7 € SZ(G),,.

(3) Let 7 be a normal soft-intersection group and x,y € G. If t € (7-7)(xyz™'), t €
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1

T(y1) N 7(z1) for all y;, 2 € G such that zyz™" = yi21. Let y = uv with u,v € G. Then,

ryr~! = zuvr™! = (zuxr~')(zvrt). Tt implies that

t € T(auz™") N 7(zve™h).

But 7 is normal, then ¢ € 7(u) N 7(v). This proves that ¢t € (7-7)(y) and (7 - 7)(zyz™!) C
(7-7)(y)- O

The converse in Theorem 2.1.8 (1) does not hold in general.

Example 2.1.9. Let G = Zg and U = 7. The soft set 7 : G — P(U) is defined as:

)
{0,1,2,3,4,5,6,7,8,9,10,11,12}, if g =0;
{0,2,4,6,8,10,12}, ifg=T1.5:

7(g) = B
{1,3,4,6,7}, if g =2.1;

[ {0,2,3,6,9,11}, ifg=3:

for allg € G. Then 7 ¢ SZ(G),, because of T(1+2) 2 7(1) N 7(2). Also, it is obvious that
(tx7)(g) =7(g) forallg € G.

The next Example shows that the inclusion is strict in Theorem 2.1.8 (2).

Example 2.1.10. Let G = Z3 and U = Zy. Define 7 € SZ(G),, as follows:

for allg € G. Then,

Hence, 7 ¢ 7- 7.
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In the following Example, it is shown that if 7,7 € SZ(G),, then 7 - 7» ¢ SZ(G),, and
T % T & SZ(G),,-

Example 2.1.11. If G = Zg and U = S3, consider the following soft-intersection groups T

and T over U:

7

U, if g =0;
(g) = {(12), (13), (132)}, ifg=1,5;
{(12), (13), (23), (123), (132)}, ifg=2,4;
{e, (12), (13), (132)}, if g=3;
(u, if g =0;
72(9) = { {e, (12), (13),(23)}, ifg=1,5;
ﬁ, if g=2,3,4;

forall g € G. Now, we calculate T, * 75 and 11 - 75 as follows:

(

U, if g=0;
{(12), (13)}, if g =1,4,5;
{e, (12), (13)}, ifg=3;
({(12),(13),(23)},  ifg=2

(11 % 72)(9) =

0, ifg=0,2,34

for all g € G. Note that (11 x 72)(2) # (11 * 12)(4) and (11 - 2)(1) € (71 - 72)(0). Hence, by
Theorem 1.4.13 and Definition 1.4.12, it follows that T x 7o ¢ SZ(G),, and 11 - 72 ¢ SL(G),,-

(11-72)(9) =
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2.2 A connection between lower and upper approxima-
tions of soft sets

In this section, we develop a relationship between the lower and upper approximation spaces
of soft sets, described in the previous section. In this section, ¢ : G; — G5 will be considered
as a group homomorphism between two groups, and N and M will be denoting as normal

subgroups of G; and G, respectively. It is well-known that:
(1) ¢~'(M) is a normal subgroup of G; and ker ¢ C ¢~ *(M).
(2) If ¢ is an epimorphism, then ¢(N) is a normal subgroup of Gs.

Theorem 2.2.1. Let 75 € S(G2)y and x € Gy. Then, the following implications are true:

€ 7oy (0(0) = 1 € (67 ()0 (0)

T ) =t e mM(0(x)).

te (o' (m))

Proof. To prove the first implication, assume that ¢ € 75, (¢(x)). Then,
t € 7(z) for all z € ¢(x) M. (2.2.1)

Now, let y € x¢~1(M). Since ¢ is a group homomorphism, it implies that ¢(y) € ¢(z)p(p~H(M)) C
¢(x) M. From Equation (2.2.1), it follows that ¢ € 72(¢(y)) = ¢~ (2)(y) for all y € z¢~H(M).
Therefore,

1E (071 m)), 0 (1) = Nyeagra [0 (m)0)]

¢~ (M)

Now, we prove the second implication. Let t € (¢=1(72)) (). Then, there exists some

y € z¢~ (M) such that t € 7(¢(y)) = ¢~ (72)(y). Then,

t € T2((y)), such that ¢(y) € ¢(z)d(¢~ (M)) S () M.
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Hence, t € TM(¢(x)). O

Theorem 2.2.2. With the previous notion, suppose that ¢ is an epimorphism. Then the

following implications hold:

HE (D1 (12), 1 0 (@) =t € Ty (0(a):

temM(6(2) = te o (m)

().

Proof. Assume that ¢ is an epimorphism. We claim that:
if 2 € ¢p(x)M, then y € 261 (M) for some y € G; such that ¢(y) = z.

Note that z can be written as z = ¢(x)m, for some m € M. By surjectivity of ¢, it follows

that ¢(y) = z and ¢(n) = m, where y,n € G;. So,
d(y) = d(x)p(n) = ¢(zn), since ¢ is a homomorphism.

This implies that y~!(zn) € ker¢. Since ker¢ C ¢~ (M), then y~'(xn) € ¢~1(M). As
n € ¢~ (M), it implies that z~ 'y € ¢~1(M). Then, y € x¢~*(M). This prove the claim.

Let t € (¢! (1)) x). By Definition 2.1.1, we have:

¢>_1(M)(
t € ¢ (m)(y) for all y € 2~ (M). (2.2.2)

Let z € ¢(z)M be an arbitrary element. By the above claim, it follows that y € ¢~ (M),

for some y € G; such that ¢(y) = z. Therefore,

t € (oY) = ¢ (1) (y), (see Equation (2.2.2)).
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Then, t € 15(z) for all z € ¢(x)M. This proves the following result:

tE @71 (1), 0y () =t € 12y (9())

Now, assume that t € %M (¢(x)). Then t € 7(z), for some z € ¢(x)M. Again, by the

above claim it follows that y € z¢~'(M) for some y € G; such that ¢(y) = 2. Then,
_ T M)

t € 1o(2) = 2(o(y)) = ¢~ (m2)(y). Therefore, t € (¢p~1(12)) (x). O

Note that if ¢ is not an epimorphism, then the claims in Theorem 2.2.2 are not true (see

Examples 2.2.3 and 2.2.4).

Example 2.2.3. Suppose that Gy = Z4 and Gy = Zg. Let ¢ : Gy — Gy be defined as @ — 3a.
Then, ¢ is a homomorphism but not onto. Take U = {uy,us,usz} and define a soft set

Ty Ze — PU) as:

.

U, if g ="0;
{u17u2}7 ng :/]-\7/3\a
m(g) = L
{ul}v ng = 274;
0, if g="5

\

for all g € Go. Consider the normal subgroup M = {6, 5, Z} of Go. By simple calculations,

one can see that:

S A o) =03
¢~ (12)(e) = ve and 13,,(¢(e)) = tuete SN
fuua}, fe=T1.3, 0, ifole) =13

for all e € G;. Note that




Example 2.2.4. Suppose that Gi, Go, U, M and ¢ are same as in Example 2.2.3. Consider
the following soft set:

{ul}v ng = A;
{2}, ifg=T1;
72(8) = N
{us}, ifg=2,3;
\6)7 ng = 17/5\7
for all g € Go. Then, it follows that
{ur}, ife=0,2;
67 (m)(e) = To(e) = {
{us}, ife=1,3;

for all e € Gy. Since, g~ (M) ={0,2}. Then,

¢~ (M)

¢~ (72) (0) = {wi} and B*(6(0)) = {us, us}.

—1
This proves that uz € ™ (¢(0)) and usz ¢ ¢_1(TQ)¢ e

(0).

Theorem 2.2.5. Let 7 € S(Ga)y, * € Gi and ¢ be an epimorphism. Then, the following
implication is true:

€Ty la) =t € oln), , (6())
Further, if we assume that ¢ is one-one then the converse is also true.

Proof. Let x € Gy and t € 1y, .(x). Then, t € 7(y) for all y € zN. Note that ¢(z)p(N) =
d(xN), since ¢ is a group homomorphism. Let u € ¢(z)¢(N). Then, u = ¢(zn), for some
n € N. As xn € /N, it follows that ¢ € 71 (zn). So,

t € &(11)(u) = Ungy) wea: 11 (y), for all u € ¢p(z)p(N).
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By Definition 2.1.1, we have t € ¢(Tl)¢(/\/)<¢(x>>'

Conversely, assume that ¢ is one-one. If t € QZ5(7'1)¢(N)(¢(:E)), then t € ¢(m)(u) for all

u € ¢(x)p(N). By Definition 1.4.10 of ¢(71)(u), it follows that:

t € Uy—p(v)veg, 71 (v) for all u € ¢(z)p(N). (2.2.3)
Let y € aN. Then, y = xn for some n € N. Hence, ¢(y) = ¢(x)p(n) € ¢(x)p(N). Then

t € Up(y)=p(v)wea, T1(V), see Equation (2.2.3).
Due to the assumption on ¢, for ¢(v) = ¢(y), it implies that v = y. Then, t € 7 (y), for all

y € aN. Hence, t € 1y (7). O

The next Example shows that if ¢ is not one-one, then the converse does not hold in

Theorem 2.2.5.

Example 2.2.6. Suppose that U = 7, G = Z4 and Gy = Zo. Consider the epimorphism of
groups ¢ : G — Gy
0, ifg= 67 §;

Q

for all g € Gi. Define a soft-intersection group 1, : Gy — P(U) as follows:

(

{17273}7 lfg = 6;
T1(g) = {1}, ifg=1,3;

k{1’2}7 ifg :_;
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for all g € Gy. Take N = ker(¢), then we get:

; {1,2,3}, ife=0;
ﬂ/\/(g) = .
; {1}, ife=1,

for all g € Gy and ¢ € Gy. Since ¢(N) = {0}, then it follows that:

B(r1), 0 (60) = {1.2.3} and 6(r), , (6(T)) = {1
Hence, 3 € Md)w)(gb(ﬁ)), but 3 ¢ 71,.(0).

Theorem 2.2.7. With the same assumptions as in Theorem 2.2.5, then the following state-
ment is true:

— < ¢WN)
temV(@) =ted(n)  (4x))
In addition, if ker(¢p) C N then the converse is also true.

Proof Let x € Gy and t € 7V (x).

By Definition 2.1.1, there exists y € /N such that
t € 71(y). This implies that

t € o(11)(0(y)) = Up(y)=s(=)T1(2)-

Let y = xn, where n € N. Then, ¢(y) = ¢(x)d(n) € ¢(x)p(N). Hence, t € ¢<7_1)¢(N)
Conversely, assume that ker(¢) C N and ¢ € ¢(7’1)¢(N)

u € ¢(z)p(N) = ¢(xN). This implies that

(¢(x))-
(¢(z)). Then t € ¢(m)(u), for some

t € Uy—o(y)yea, T1(y) and u = ¢(zn), where n € N.

Suppose that ¢ € 71(y) such that u = ¢(y). Then, ¢(y) = ¢(zn) and hence y~*zn € ker(¢) C
N. Then, y 'z € N ory € 2N. So, t € 7N (x)

]
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The converse in Theorem 2.2.7 become invalid, if ker(¢) € N.
Example 2.2.8. Define ¢ : Zo X Zo — Zs as (a,b) — a for all a,b € Zy. Then ¢ is
an epimorphism with ker ¢ = {(0,0),(0,1)}. Suppose that N = {(0,0),(1,0)} and U =
{x,y,z,w}. Note that ker ¢ € N. The soft set 11 : Zy X Zy — P(U) is defined as follows:

(1, i/ (9102 = (0.0)

Ty, 1 1,92) = 6,T7

ey =} 7@ =00
{I’,y}, Zf (91792) = (170)7

\{2}7 if (91792) = (T,T),

for all (g1,92) € Zo X Zo. It implies that:

¢(11)(g2) = U for all gs € Zsy.

Since p(N') = {0, 1}, then we have:

-~ ¢WN)

V(L) = {z,2} and o(m1)" " (¢((1,1))) =U.

It follows that y € g(r) " (6((T, 1)) and y ¢ 7V ((T,T)).

Proposition 2.2.9. Let 11 € §(G1)y. Then:

(1) If ¢ is an epimorphism and t € ﬂ¢_1(M)(x), then t € MM(QS(:B))

(2) If ¢ is one-one and t € MM(cﬁ(x)), then t € ﬁd)_l(M)(:v).

Proof. (1) Let ¢ be an epimorphism and N = ¢~'(M). Then, ¢(N) = ¢(¢~(M)) = M.
Hence, by Theorem 2.2.5 the result can be easily deduced.
(2) Assume that ¢ is one-one and ¢ € MM(gb(x)) It follows that t € ¢(m)(u) for all
u € ¢(x)M. Then
t € Uyegp(v)wea, 11 (v) for all u € ¢(z) M. (2.2.4)
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Let y € x¢p~ (M) be an arbitrary element. Then, ¢(y) € ¢(z)p(d~1(M)) C ¢(x)M, it implies
that
t € Up(y)=p(v)wea, T1(V), see Equation (2.2.4).

Note that if ¢(y) = ¢(v), then y = v (since ¢ is one-one). Consequently, t € 71(y) for all

y € xp~(M). Thus, t € Ty (@): O

The following Examples illustrates that result 2.2.9 is not true, in general.

Example 2.2.10. Consider the following group homomorphism from Ss to Zg:

6, if g = 6,(123),(132);
o(g) =4
3, ifg = (12)7 (13)7 (23)7

for all g € S3. Clearly, ¢ is not onto. Suppose thatU = {p,q,r}. The soft set 7y : S3 — P(U)
is defined as:

(

u, ifg=e (132);

Ti(e) = {p}, ifg=(123);

0, otherwise;
\

for all g € Ss. If M = {0,2,4}, then
¢ (M) = {e, (123), (132)}.
The soft image ¢(11)(g’) is calculated as follows:

u, ifg =0;
o(n)(g) = e

0,  otherwise;
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for all ¢ € Zg. It follows that
ﬂdrl(/\/t)(e) = {p} and MM(¢(€)) = 0.

This proves that p € ﬂqﬁ*l(/vt)(e) and p ¢ MM(QS(S))

Example 2.2.11. Let U = {l,m,n}, Gy = {1,—1,i,—i} and Go = {1,—1}. Then, the map
¢ : Gy — Gy defined by:
17 ng = 17 _1;'

_17 ng:@,—%
is a group homomorphism. Define a soft set 1 : Gy — P(U) as:

/

U, ifg=1;
m1(g) = < {1}, ifg=1i,—i;

{lam}7 ng: _1;

for all g € Gy. If M is the trivial normal subgroup of Go, then ¢~1(M) = {1, —1}. It follows

that:
U, ifg =1,

{l}, ifg =-1.

o(r)  (6(1) =U and 11, (1) = {1, m}.

¢(n)(g) =

We see that n € MM(gb(l)) and n ¢ EWI(M)(l).

Corollary 2.2.12. With the same notion as in Theorem 2.2.7, the following conditions are

equivalent:
(1) t € 7% M(z).

(2) tedm) (6)).
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Proof. Let ¢ be an epimorphism and N = ¢~1(M). Then, ¢(¢~1(M)) = M = ¢(N) and
ker(¢) C N. The result follows from Theorem 2.2.7. []

Theorem 2.2.13. Let ¢ be an epimorphism and 15 € S(Ga)y. Then, the following statements
are true:
te Q(i)(_/\/)((b(x)) —=tc ¢71<7—2>N(x>'

t e 7N (p(z) <=t € o 1(n) (z).

Proof. 1If ¢ is an epimorphism, then ¢(¢~!(7)) = 7o, see Lemma 1.4.11. By Theorems 2.2.5

and 2.2.7, the following implications hold:

te ¢ (n) (v) =t €m,, ()

tedm) (1) = t € 5™ (6(x)).

To prove the converse, suppose that ¢ € 7 5 (¢(x)). Then

W)
t € To(2) for all 2z € ¢(x)p(N).
Let y € 2. Then, ¢(y) € ¢(x)p(N). Tt follows that:

t € m(o(y)) = ¢ ) (y) for all y € 2N

Hence, t € ¢~ (1) N(x) This completes the proof of first statement.
Now, suppose that ¢ € H*™)(¢(x)). Then

t € 73(2) for some z € ¢(x)Pp(N) = d(zN).
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Let z = ¢(zn), for some n € N and y = xn. Then,

t€m(z) = ma(6(y) = ¢~ () (y) with y € 2N,

Hence, t € (b‘l(Tg)N(x).
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Chapter 3

A study roughness in modules of

fractions

This chapter containing 2 sections. In section 1, a new concept of roughness in modules of
fractions will be defined. Section 2 is devoted to built up a relationship among the approxi-
mation spaces of two different modules of fractions by using the module homomorphisms. In
this chapter, L will be denoting a commutative ring with multiplicative identity element 1,

Z an L—module and D denotes a MCS in L. This chapter is taken from paper [13].

3.1 Roughness in modules of fractions

In this section, we introduce the notion of lower and upper approximation spaces in modules of
fractions with respect to its submodules. Important results interconnected with the presented

notion are studied in detail.

Definition 3.1.1. For an L-submodule W of Z, define a relation Op-1y on D~'W as follows:

z’@z_u z
d d v d

V4
.

u
—cU(D'L
7 for some € ( ),
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where U(D'L) denotes the set of all unit elements of D~'L. Since L is a commutative ring

with identity, then one can verify that Op-1y is an equivalence relation on DWW .

For any z € W and d € D, the equivalence class of % € DWW will be denoted as:

z

[EZ]GD

gy = {% eD W :weW,veDand Zep—lw%} ={ c U(D—lL)}-

=
m

QW

l
m
Lemma 3.1.2. Let W;, i« = 1,2 be submodules of Z and K be an ideal of L. Then, the

following assertions hold:

(1) [Z_i + fl_i:la'D_1W1+D_1W2 g I:czl_i:lep—lwl + I:fl_i:la’D_1W2;

(2) % : I:Z_i]GD71W1 = [7’fflzd11j|6'D71W17

(3) [Z;;]0D71<KW1> g [%]elpflK ’ I:Czl_i:lepflwli
(4) [;_6]9@—1“/1 = [§]9D—1W2 = [§]9D—1W1 n [§]9D—1W2 = [§]9D—1(W1QW2)7
forall L e DL, “ € DK, 2e DN (WinWs), 3 € DT'W,, 2 € DT'Wa.

Proof. 1t is effortless in view of Lemma 1.1.11. O

In Example 3.1.3, it is revealed that 6p-1yy, is not a congruence relation. Hence, the reverse

inclusion in Lemma 3.1.2 (1) is not true.

Example 3.1.3. Consider L = Z4 and D = {1, 3}, then D' L = {0, %, % %} and U(D™'L) =
13 .
{3, 5} 1t follows that:

Note that: [%QD_lL + [%%—u = {6,%} and [% + %%—u = {0}. This clearly shows that

[fl_i]eb—lwl + [%]aa—lwz 7¢~ [% + %]GD_1W1+D_1W2 fOT all 2_1’ fz_i € D_IZ'
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Definition 3.1.4. Let X be a non-empty subset of Z. If W is a submodule Z. Then, by the
rough approzimation in the approzimation space (D~'W,0p-1y) means there is a mapping
Apr : P(D'W) — P(D™'W) x P(D™'W):

Apr(D7'X) = (D" Xpryy, DX ),

where

DXy = {% eD'W:[=]s, ., CD X} and

pix” V= (Lepw:| AD1X # 0).

]Q'Dflw

alg a8

—p'w .
The sets D~'X 1y, and D-1X are called lower and upper approximations of D~1X

in the approximation space (D™'W, p-1y,) respectively.
Remark 3.1.5. Note that D' X, 1, CD7IX. If X C W, then:

-1y

DX CDIX
Hence, both the lower and upper approximations of a non-empty set D' X can be empty sets
simultaneously, see Examples 3.1.11 and 3.1.13.
The Lemma 3.1.6 is the generalized form of Lemma 3.10 of [16].

Lemma 3.1.6. Let W;, i = 1,2 be submodules of Z and K be an ideal of L. Suppose that
Wi C Wy and X1 C Xy C Z. Then:

Wi

-1 -1
CD Xy, and DX, CDIX,

-1
D Xipay,

Proof. 1t is an easy consequence of the Definition 3.1.4 of approximation spaces. O

If X is a submodule of Z, then the approximation spaces of D~!X do not yield any new

information.
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Theorem 3.1.7. If X and W are submodules of Z, then

DXy =D 'X =D %" .

!

Proof. Let 4 € pix " By Definition 3.1.4, [,
D~'W such that % € [%],

L,y ND7'X # (. There exists %

and 7(‘1’—,/ € D~'X. It implies that:

1w

wl

w
R

Since L. % € D~1X for some L € U(D7'L), then [%], _, C D'X. Thus, % € D' X, 1y

—1

This completes the proof. [

In the following Theorem, it is shown that if X C Z is submodule, then the lower and
upper approximations in Davvaz and Mahdavipour’s [16] case also do not give us any new

information.

Theorem 3.1.8. Let A and X be two submodules of Z. Then,
Apry (%) = X = Apr' (%)
Proof.
Apry(X) ={3€ Z: G+A) S XL Apr (X) = {5€ 2: G+ A)NX £ 0}
By (1) of Proposition 3.2 of [16],
Apr (%) € X C Apr ()

Let ¢ € A_prm(%) Then, y € (3+2A) N X for some y € Z. Since y = 3+ a, for some a € A and
n € X. But X is a submodule of Z, hence ) = 3+ a € X. It follows that 3 + 2 C X. Thus

41



r € Apr, (X).

Or

pe(3+A NX for some y € Z imply that y € 3+ A and y € X. Hence, n +A =3+ 2A
and X is a submodule of Z, thus y + 2 C X proves that 3 + 2 C X. Thus 3 € Apr, (X). O

Proposition 3.1.9. Let K be an ideal of L and W a submodule of Z. For any non-empty
subsets X and Y of L and Z respectively, we have:

-1 -1 -1
D XY) ey S PX)@TY)

(D Xp 1) (DY) € (D X)(DTY)

D-L(KW)’

In addition, if X is an ideal of L orY is a submodule of Z, then:

D XY ),y = (7KDY,

“HEW)

Proof. We will only prove the second containment, see Lemma 1.1.11(4). Suppose that
z € (D! Xpag)(DYpuy). Then, z = 30, 3¢ - 3, where 3¢ € D7'Xp 1y and 3 €

a5

b; ]91)—11{ g D_lX

DY o1y for all i = 1,...,n. By definition of the lower approximation, |

and [2]y C D 'Y foralli=1,...,n. Then, 2 € D~'(KW) such that:
d;1%p-1w

[%~%]9D71(Kw) C [%]QDAK-[%](;DAW C(D'X)(D'Y), foralli=1,...,n, see Lemma 3.1.2.

Since (D71 X)(D~'Y) is closed under addition, then Lemma 3.1.2(1) implies that:

n n
a; zZ; a; z;

-1 —1
[Z b_Z : d_i]GD_I(KW) g Z[b_z : d_i]ep—l(Kw) g (D X)<D Y)

=1

Hence, z = Y"1, TS (D_IX)(D_IY)D—I(KW)' .

Remark 3.1.10. In Proposition 3.6 of [16], only second inclusion hold of above result.
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Example 3.1.11. (1) Let L = Z¢, K = {0,3} and D = {1,2,4}. Then

D 'L ={0,=,=} and KL = K.

Y

==l
DOl

Also, D7'K =D YKL) = (D'K)(D"'L) = {0}. Since U(D™'L) = {1,1}, then:

Oy 1, = By 1y = 0} and (2o, 1, = (2o, 1, = {520}

IfX ={2} and Y = {3}, then D'X = {1 1}, D'V = {0}, XY = D"Y(XY) = {0} and
(D'X)(D7'Y) = {0}. This implies that:

MDAK = (D_lXDflk)(D_lypflL) =0, ﬂpfu: = {6} and

(D X)DY), .y, = (O

This proves that (DilX)(Dle)D is not a subset of (D' X p1;)(D 'Y pouy) .

~1(KL)

Proposition 3.1.12. With the same assumptions as in Proposition 3.1.9, the following in-

clusion hold:

DY KW)

—1
DI(XY) P,

C(D'X)(D1Y)

If we assume in addition that X C K, Y C W and either X is an ideal of L orY is a
submodule of Z, then:

K, ——D W

—1 —1
P cdx” ot M.

D 1(XY)

D~L(KW)

— DX)(DY)
Proof. By Lemma 1.1.11, it follows that

D~L(KW)

DI(XY)

D~L(KW)

C (D-1X)(D1Y) (3.1.1)

Now, let X C K and Y C W. Also, assume that either X is an ideal of L or Y is a submodule
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of Z. Then,

D~ KW)

DY KW

DI(XY) — D X)(D1Y) ! see Lemma 1.1.11.

- @ -1
To prove the other inclusion, suppose that z € D=1(X Y)D (KW). Then, there exists y €
D~Y(KW) such that y € [z]o,_, ., N D7 (XY). Note that y can be written as y =

> [ ] with 2; € X and y; € Y. Also, z = $y, for some § € U(D7'L). Tt follows

Wy

<>

that

- aTi . Ys - Tiq @ Ys 1 1 —D 'K, —=D W
= — 2 = — [+ DX)DY)C (DX DY .
2= Dl = S € 0@y € X )
-1 —1 —1
(see Remark 3.1.5). Hence, D*l(XY)D W - (D*lXD K)(D*YD W), see Equation
(3.1.1). O

The following Example shows that the inclusion in Proposition 3.1.12 is strict.

Example 3.1.13. Suppose that L, K, D, X and Y are same as in Example 3.1.11. Since
X ={2} € K ={0,3} and neither X is an ideal of L norY is submodule of Z. Thus

D Y" Ty = 0.

DK

pix. “=mDdx~ "

D D~ (KL) —

Dy Y = (0} and (D-X)(D1Y) — ([0}
Hence, it follows that:

DKL K. — D11,

‘¢ > ix” o .

(D-1X)(D1Y)

The following result is same as the (11) and (12) of Proposition 3.2 of [16].

Proposition 3.1.14. Suppose that W is an submodule of Z. For () # X,,Xy C Z, the

following conditions are true:
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(1) Dil(Xl U X2) = Dile U D71X2D*1W D) D71X1D71W U D71X2,D71

D-1w

—1 -1 -1 -1
(2) DX, UXy) | =D X,UD X, " =D1x, "uDix, "

Proof. By Lemma’s 1.1.11 and 3.1.6, the following results are true:

D(X1UXy) . =D 'X,UD'Xp , DD'X, , UD'Xp . and

-lw

-1 —1 —1 —1
DI(X,UXs) | =DIX,UD X, " 2Dx,. "uDix, "V

—1

DIw — D W ———D" W
Now, we prove that D~1X; U D-1X, is a subset of D1 X UD-1X, . Consider

the element 5 € D1X;, UD X, . Then, [3],_, N (D'X; UD™'X,) # 0. Tt follows
that:
z _ z _
P bt §
Hence, 2 € DX, " UD X, . O

The following Example shows that D~1X; U D71X2D71W is not a subset of D*1X1D71W U
D_IXQD

-1

Example 3.1.15. Let L = Zg and D = {1,3}. Then, D™'L = {0,1,%,2,2,2,2 3} and

UML) = {% % % %} The equivalence classes with respect to Op-1y, are:
_ 2 22 4 4 1 1155
[ ]GD_lL = {0}7 [T]QD_IL = {T7 §}’ [T]HD—IL {T} and [?]QD—IL = {T7§7T7§}

Take X1 = {3,4} and X, = {5}, then D'X; = {1,2, 4} DX, uD X, = {1, 1 122
and D1 X, = { } By Lemma 1.1.11, it can be obtained:

D_lepflL ={

s [

Y, DXy, =0 and




Therefore, D1 X; U D*1X2D71L Q D*1X1D71L U D”XQDAL.

The following result provides the generalized form of (9) and (10) of Proposition 3.2,
Corollary 3.1 and Proposition 3.12 of [16].

Proposition 3.1.16. With the previous notion, suppose that W;, i = 1,2 are submodules of

Z. Then:
-1 -1 -1 _ -1 —1
(1) DX N Xe) oy S DX 0D Xy iy = P Xy, DD Xy,
—1 —1 -1 -1
2) DIxnxy) M epixinpix, ™ epix, M abx, ™

Proof. Note that D™} X; N X,) C DX, ND1X, C DX, for all i = 1,2 (see Lemma
1.1.11). By Lemma 3.1.6,

DN (XN X)) CD'X,ND !X, CD ' Xipuy, ND1 X,

1(W1ﬂW2) - 1wy ®

(3.1.2)

-1 (WlﬂWQ)

-1 (WlﬂWQ)

71(W1QW2)

DX, N Xs) CD X, ND X, cDx,

Now, suppose that z € D_lequl N D_1X2D71W2. Then, z € D~'W; and z € D~'W, such

that [Z]9D71W1 C D 'X; and [2]9?1% C D 'X,. By Lemma 3.1.2 and Corollary 1.1.12, it
implies that:
z € D'WyND W, = D (W, N W,) such that [z]g CD'XiNnD X,

D-lL(winwy) —

Consequently, we get z € D~1X| N D_lXQD_ Form Equation (3.1.2), the following

1(W1QW2) :

equality holds:

DX, ND Xy, =D ' Xy, 1y D' Xy,

1(W10W2) wy”
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In general, D71 (X7 N X3)
DL (W1NW3)

7é Dile N ,DilXQD and

D-H(W1NWa) “L(WinWz)’

7é D_le N D_ng

D1(X, N Xo) prmnm),

Example 3.1.17. Consider L with D of Ezample 3.1.11. Let X; = {0,1} and X, =
{0,2,3,4}. Then, X; N Xy, = {0}. It implies that

DX, =D 'X, =D 'L.

This proves that D™*X, N D1 Xy = D7'L and DY X, N Xy) = {0}. It can be easily deduced
that:

DX\ ND Xy, ,, =D X ND X, =D 'L and

DL —
DI XiNXy) ,, =D XinX,) ={0}.

It is important to note that the result 3.1.18 is a generalized form of the results 3.8, 3.9
and 3.13 of [16].

Proposition 3.1.18. With the same notion as in Proposition 3.1.16, the following statements
hold:

(1) DHX: + X3) CDX| + D_IXQD_

D=1 (W1+W2) — t(Wa+Wa)’

-1 -1 1 1
(2) DX gy, + DKoy, SDT X+ DT Xy, -

D=L (W1+Wa)

“L(W1+W2)

(3) DX, + Xa) CDIX, + DX,

Proof. By Lemma’s 1.1.11 and 3.1.6, (1) and (3) are obvious. We prove only (2). Assume

that z € D*1X1D71W1 + D*1X2D 19y then
wyp W W1 1 W2 -1
z = dl + —= 5 for some d_l e D™ XlD and d_2 eD X2D71W2.

Note that 4+ € D~ such that [%]9D71W C D'X; and ‘P2 € D~ 'Wy such that [2]y w, S
D' X,. Consequently, z = % 4 %2 € D™'W; + D'W, such that [4o, ., + [Flo,1,, S
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DX, + D X, (see Corollary 1.1.12). Using Lemma 3.1.2(1), we obtain:

I 1 1
[Z]GD*1W1+D*1W2 - [d_l d_2]9p lw,+D— 1w, CD X, +D X,
-1 -1
Hence, z€e DX, +D X2D71(W1+W2).

In the following Example, it is proved that the inclusions in Proposition 3.1.18 are strict.

+ D_IXQD_ "

Also, D—1X1D_ "

Example 3.1.19. Suppose L and D as used in Example 3.1.15. Assume that K = L and

¢ DX, + DX,

={0,4}, then K + K' = K. Then:

IK/ {0 }

Suppose that X; = {2}, X

DX, =

D'K=D 'L and D'K+D'K' =D YK + K')=D'K.
= {3,4}, then X; + Xy = {5,6}. It implies that:
2 1114 2255
= D_IX — =, =, = D_l X X — =, =, =, = d
3hD X =ig gD Kt X) =g 3 g5} o
1537z
DX, +D X, ==, :,§,§,:,:}

By Definition 3.1.4, it can be seen that:

DXy, 1 =D1X,

1K/

—1

D
D1(X1 + Xy)

DflK/

K - -
=D 'X,+D'Xy,

=

— D
={=}, DX\, , . =D'X;

-1
D Xipak

Hence, D~
DX,

L(X, +X2

1t

and D~ X1D,

+D Xy, =D 1K,

CBDX 4D Xy, DX F DX,
1K + D 1X2:D7 2 D 1X1 + DilXQfolK

1K/
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Now, if we take X1 = {1} and continuing with same X, then D™1X, = {1,3} X1 +X, =
{4,5} and hence:
455 22455
D X+X — =, =, = leX +D 1X =y =, =y =y =
) ={g. 5} :=Ay3 7073
It follows us that:
DK 11455 DK 1122455
DilX X ::,:::: leX DlX =, =, =, =, =, =, =
(X4 X) pgppg o vt 2 ST ITTI
Therefore, D~ (X1+X2 zD X, + D~ 1X2 oK

3.2 Lower and upper approximations via S~ !R-linear
maps

In this section, we assume that ¢ : Z — Z’ is a module homomorphism. By Lemma 1.1.9,
the induced map D' : D'Z — D7'Z'; 2 @ is also a module homomorphism. If
W and W’ are submodules of Z and Z’ respectively. Then, it is well-known that ¢(W) and

@ 1(W') are submodules of Z’' and Z respectively.

Lemma 3.2.1. With the same notion followed and %5 € D 'W, the following statement is

true:

z z z z

E e I:C_Z]GD71W = D (d/) E [IDilt)D(E)]OD*lw(D*lW).
In addition, if DY is one-one then the converse is also true.

Proof. The following implication can be proved in view of linear property of D~ l¢:

—1 z —1 Z
E - [C_Z]G‘Dflw =D @(E) € [D SD(E)]GD*LP(D’WV)'

Conversely, assume that D~'¢ is one-one and D' (5) € [D~1p(2)], By Definition

D—lo(D—1w)’
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of D71y, it implies that:

-1, (% p(z) Low(2) _ pll-2) RV l -1
D gp(a) i Ry D gp(m), for some s UMD L).
Since D1y is injective, it follows that z= % . 2—:. This proves the required result. [

The following Example shows that the converse of Lemma 3.2.1 is not true, if D1y is not

one-one.

Example 3.2.2. Let us consider L = Z4. Define ¢ : L — L as follows:

0, ifz=0,2
plr) =9 o
2, ifx=1,3

3 .
,=}. By Defini-

and 0 ¢ |

= ol

)]QD_lap(D_lL) ]ep—lL'

Example 3.2.3. Since there exists a one-one ring homomorphism ¢ : Zs — Zyo; T — 6.

Then Zi1o becomes a Zs—module under the scalar multiplication defined as follows:

o~

Z=9p()z= 6Lz, for alll € Zs and % € Zy,.

Assume that D = {1,2,3,4}. Let U = D™ 'Zs = {v1,v9,v3,v4,v5} and U = D7'Zj, =

20



{uy, ug, uz, ug, us} be two universal sets of stores, where

=l =)

_ 1 1 1 1 A
=0, ==,03==,04==,05 == and u; = 0,uy =
1 2= = 5= 3= g 1 2

Suppose that a,b € U (resp. ',/ € U') have the same value of attributes, if (a,b) € Oy (resp.
(a' V) € Oyr). Let A = {€ Q, L B} be the subset of attributes, where E=Empowerment
of sales personnel, Q=Perceived quality of merchandisers, £=High traffic location, P ==Store

profit or loss. Consider the following information system (U'; A):

Table 1

Information System (U’, A)

¢ | Q| ¢e| B

uy | med. | good | yes | loss

us | high | good | no | profit
us | high | good | no | profit
uy | high | good | no | profit

us | high | good | no | profit

Since, D™t is one-one. By Lemma 3.2.1, the following information system (U, A) can be

51



deduced from Table 1:
Table 2

Information System (U, A)

¢ | Q| e| B

vy | med. | good | yes | loss

vy | high | good | no | profit
v | high | good | no | profit
vy | high | good | no | profit

vs | high | good | no | profit

Theorem 3.2.4. With the above notion, suppose that X C Z and X' C Z'. Then the

following implications are true:

—1 !
. D_lcp(g) e DD 1x)

e pix® eI

(D=1 \—1(p—1y// — D 1lw/
e )" T oy epix” Y

Ul w

Proof. Let 2 € D1X | where V = (D~'g)"{(D~'W"). Then, = € V such that [Z],, N

DX # (. There exists Z—i € V such that fl—: € [%]p, and Z—i € D'X. By Lemma 3.2.1,
D'o(%) € [D0(2o, 1, and D7 'p(%) € D7'p(DT'X). Since, D'p(3) € D™'W'. By

Lemma 3.1.2(4), it follows that:

IR 4 2 - PRS- _ _
D0 oy 1y = D)oy 1y amd D) € D05y, 1, 1D (D),
-1y
Hence, D~ '¢(%) € D~ 1p(D~'X )D " This proves the first implication. The second impli-

cation can be proved on the same lines. [
In Theorem 3.2.5, the converse of above result is proved.
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Theorem 3.2.5. With the same assumptions as in Theorem 3.2.4, we have:

D lw PN P
Doty DT 2 T

In addition, if D™'X is an additive subgroup of D~'Z with Ker(D ') C D7'X, then

—1W/ (D—lw)—l(p—lwl)

D_lga(g) e DD 1X) | = 2 e DX

—1y7
Proof. Let D™'p(%) € pix V. By definition of the upper approximation D~'¢(2) €
D~'W’ such that [D~'¢(5)]s,_, , N D' X’ # 0. It implies that 2 € [D~'¢(%)]y__, , and

d
2 e DX, for some 2 € D™'W'. Then,

I T DR AN e i -1

= mD gp(d) =D gp(md), for some — € UMD L).

Hence, 2 € (D7'¢) ™ (D' X’). Note that 2 € V and % € [2]y,,, where V = (D~'p) "} (D~'W’).
Thus, 1% € [2]p, N (D7 ¢) ™ (D' X’). This proves the first implication.

)
W/
, then D'¢(2) € D~'W’ such that [D~'p(2)]

'D71
) a

and D 'p(2) € D-lp(D-'X
D7 'o(D7'X) # 0. There exists + € D~'W' such that & € [D'p(%)]p,_,,, and % €
Dp(D1X). So,

2y DoY), for some - € U(DL)
m d’ Pimd” m '
Assume that D~'p(L) = D7lp(%), for some £ € D'X. It implies that 5 — £ ¢

Ker(D7 ') C D7'X. By the assumption on D~'X, we have £ € [2],, N D' X. Hence,
e DX . O

An illustration of the second implication in Theorem 3.2.5 is made in following Example.
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Example 3.2.6. Let L = 7 = 7y, 7' = Zng. Define a map ¢ : Zog — Zag ; 1 — E/)\l, i.€.,

]

) 0, ifl=
o={
il

Nl
b
k=2l

©0
I
=
Wl
o
=
[\
w

Then o is a ring homomorphism. Hence, Ziy is a Zos—module over the scalar multiplication
defined as:

~|
©
—
o~
~—
~
N

D71Z24 == {0 =, =,=,=,=,= =} and ’Dilzlo = {6,

,_
o
w
W
ot
=)
\]
=l =)

By Lemma 1.1.9, the map D' : D™ 7oy — D171y is defined as follows:

W
)
. .
< <
ISHEN ul
== “OI
=il il
=llon I
== =llol

for all 5 € D 'Zyy. Let W' = {0,2,4,8}, then D'W' = {0} and (D~'p) (D'W') =
{0,2,1,5y =V (say). Since U(D™'Zyq) = {3,2,2, I}, Then,

Iy - 2 6 2 6 4 4

[0op -1 = {0}, 0oy = {0}, [5loy =[5l = {5, £} and [zl = {5}

Assume that X = {1,2,3}, then D™'X = {%, % %} and (D~1o)(D~'X) = {0, %} Hence:

-1 !

1,0 — D1y = 5 e D= e oA UETL B
Note that D~ ¢(0) = D™ '¢(]) = 0 € (D~1p)(D~1X) and 0,1 ¢ D1X .

Theorem 3.2.7. Suppose that ) # X' C Z' and W' is a submodule of Z'. Then the following
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claims are true:

€ (D) (DX — D7o(2) € DN p e

ISHIRN

{Dflcp)fl('Dle/)

z

S D_IX(D_IQD)_I(D_lwl) - D_lgﬁ(d

)€ D 'p(D1X)

D-IWw!’

ST

Proof. Let V. = (D7 ') " (D™'W’) and 2 € V. Note that D~'p(2) € D'W'. If 2 is an
arbitrary element of [D~'¢(2)]g__, ,. Then there exists L e U(D'L) such that

n _ _ lz
n D p(S) =Dy

) z
— - —). 2.1
m d md) (3.2.1)

Firstly, suppose that 2 € (Dilgo)*l(Dle’)V. Since, = € [Z]y, C (D7) H(DIX'). It

7 md d
follows that 2 = D~'p(1%) € D71 X’ (see Equation 3.2.1). Thus, [D~'¢(2)]s ,, , C D'X".

i
The proof of the other claim is on the similar lines. O]

In the next result, the converse of Theorem 3.2.7 is proved.

Theorem 3.2.8. With the previous notion, the following statement holds:

D_lgo(g) €D Xy = 2 e (D7) (D1 X")

(Do)~ 1 (DW)

In addition, if D™'X is an additive subgroup of D~'Z with Ker(D ') C DX, then:

oz _ ~ z
D 190(3) €D 'p(D 1X)D,1W, — 7€ DX ip1gy-1 (-1

Proof. Let V. = (D7'o) " (D7'W’) and 2 € V. Suppose that z ¢ (2], is an arbitrary
element. From Lemma 3.2.1, it follows that D_lgo(g—:) € [D_lgo(é)]%_lwv). Since, D™ p(%) €
D'W' ND (V). It implies that

z

D lp() € [D’lgo(a)]%flw(v) = [DAQO(E)]@D*IW” see Lemma 3.1.2. (3.2.2)
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Now, assume that D~'¢(2) € D'X';, 1y,. By Definition of the lower approximation,

[D~"¢(2)]o,_,,,, is asubset of D' X". By Equation (3.2.2), it follows that Z e (D) H(DIX).

This proves that

z

b

oy € (D7) (D7'X') and = € (D~'9) ' (D7'X),.
The second implication can be proved using same methodology as used in proof of Theorem
3.2.5. ]

Theorem 3.2.9. Let0 # X C Z and 0 # X' C Z'. If W is a submodule of Z and 2 € D™'W,

then following statements hold:

—1 -1
e Do) (DX " = D_IQO(S) eDix’ ¥

(D-1W)

ISHIIRN

—1 —1
eDix’ = D_lgo(s) e Do 1x) W

Further, if D™'X is an additive subgroup of D™'Z with Ker(D 'p) C D™'X. Then, the

converse of second statement can also be proved.
Proof. This proof is analogous to the proof of Theorems 3.2.4 and 3.2.5. O

Theorem 3.2.10. With the same notion as in Theorem 3.2.9, the following assertions hold:

€ (D lp) (D'X)

_ z _
pry & D 190(8) €D X p 1wy

QU™

z Ly 2 NP
a°c D= Xpw =D 1@(3) €D p(DX) 1X)D—1<p(1>—lw)

Moreover, if D™'X is an additive subgroup of D™'Z with Ker(D~'¢) C D™'X. Then, the

converse of second assertion hold.

Proof. This proof is parallel to the proof of Theorems 3.2.7 and 3.2.8. m
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Chapter 4

Fuzzy modules of fractions and

roughness

This chapter consists of 3 sections. In section 1, we define the notion of soft modules of
fractions. In section 2, we introduce a new notion of fuzzy modules of fractions and some
related results. Finally, section 3 is devoted to the study of roughness in fuzzy modules
of fractions in view of multi-granulation roughness by utilizing the concept of soft modules
of fractions. All the time in this chapter, we assume that L is a commutative ring with a
multiplicative identity 1., D is a MCS in L, an D~'L—module D~'Z as a universal set with
additive identity g, where 6 is an additive identity of Z and A as a finite set of parameters.

This chapter is taken from paper [9].

4.1 Soft modules of fractions

In this section, we define the notion of soft modules of fractions and study some related

results.

Definition 4.1.1. A soft set (&, A) over D™'Z is called a soft module of fractions, if £(r) is
a submodule of D~'Z for each r € A, where A C .
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Proposition 4.1.2. Let (&1,A1) and (&, As) be two soft modules of fractions over D™ Z.
Then, their restricted intersection ((, A3) is also a soft module of fractions over D™1Z, where

(¢, A3) = (&1, A1) M (&2, A2) and Ag = Ay N Ay # O (see Definition 3.3 of [2]).

Proof. Since & (r) and &(r) are submodules of D~'Z for each r € A3. By Definition 3.3 of
2], C(r) = &(r) N&(r) is a submodule of D7'Z for all » € A3 (see Page 19 of [5]). Thus

(¢, A3) is also a soft module of fractions over D! Z. O

Definition 4.1.3. Let (&1, A1) and (&3, Ay) be two soft modules of fractions over D~'Z. The
sum of (&1, A1) and (&, Ag) is denoted by (¢, As) = (&1, A1) + (&2, A2), where A3 = Ay X As,
and is defined by ((r) = &1(r1) + &(re) for all v € A3, where r = (11,73).

Proposition 4.1.4. Let (&1, A1) and (&, As) be two soft modules of fractions over D™1Z.
Then, their sum ((,As) = (&1,A1) + (&, Aa), where A3 = Ay X Ay is also a soft module of

fractions over D' Z.

Proof. Since & (r1) and & (ry) are submodules of D717 for all r; € Ay, 7, € Ay. Since the
sum of two submodules is again a submodule, therefore ((r) = & (1) + &(r2) is a submodule
of D71Z for all r = (ry,75) € A3 (see Page 19 of [5]). Hence, (¢, A3) where Az = Ay x Ay is

also a soft module of fractions over D~1Z. O]

Definition 4.1.5. Let (£,Ay) be a soft ideal of fractions over D™ L and (n,As) be a soft
module of fractions over D~'Z. The soft product of (£, A1) and (n, Ay) is denoted by (5, A3) =
(&, A1) X (n,A2), where A3 = A1 X Ay, and is defined by 6(r) = &£(r1).n(re) for all v € As,

where r = (ry,13).

Proposition 4.1.6. If (£, \y) is a soft ideal of fractions over D™'L and (n,A\s) is a soft
module of fractions over D™1Z. Then, their soft product (§,A3) is also a soft module of

fractions over D1 Z.

Proof. Since £(r1) is an ideal of D™!'L and n(ry) is a submodule of D17, for all r; € Ay,

r9 € Ay. Since the product of an ideal with a submodule is a submodule (see Page 19 of [5]).
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Therefore, 6(r) = £(r1).n(rs) is also a submodule of D17 for all » = (ry,72) € As. Hence,
(8, A3) is also a soft module over D1 7. O

4.2 Fuzzy modules of fractions

In this section, we introduce an important notion of fuzzy modules of fractions, and inves-
tigate some fundamental results. Moreover, some isomorphisms are established via fuzzy

homomorphisms.

Definition 4.2.1. Let p be a fuzzy submodule of Z. Define a fuzzy set D'y : D717 — [0, 1]
as follows:
n_ oz

= —, where % eD 7}

D u(2) = V{u(nt) -

d

for all 2 € D™'Z. We denote the set of all fuzzy sets of D™'Z by F(D™'Z) and fuzzy
submodules of D™'Z by FS(D'7).

Theorem 4.2.2. Let u be a fuzzy submodule of Z. Then, D™y € F(D71Z) is a fuzzy module
of fractions of D' Z.

Proof. First, we shall show that the map given in Definition 4.2.1 is well-defined. Let =, % €
D~'Z be such that 2 = 2. We claim that

D () = DM ul). (42.1)

Suppose that D_lu(%) = p(au) for some ¢ € D~'Z such that 2 = 7. By our assumption,

we have % = % Thus



This proves that D' p(%) > D' (). Similarly, it can be proved that D~ u(2) < D~1p(2).
Thus, our claim in Equation 4.2.1 is true. Now, it is remaining to prove that D~y is a fuzzy
submodule of D~Z. For this, we have to show that D=1y fulfills the conditions in Definition
4.1.8 of [31]. Using the Definition 4.2.1 of D!y, we have:

0 n 0
-1 —) = C—_ = -
(%) = viutnr) - 7 = %)
= V{u(nt) : nsu = 0 for some u € D}

=1

Let 2 2 ¢ D~'Z. Assume that
1 2

21

ay 2 a
D n(g) = plarb), D™ a( =

<1
= b h that — = —, — = —. 4.2.2

zZ9

da

Then Z+ + 22 = 3+ + 32, that is, adytzad; — arbetashy  Eyom Definition 4.2.1, it follows that:

did> b1 b2
dy + zod
-1 ﬁ Q _ -1 z1G2 207
M(dl + d2) u(—d1d2 )
r  z1dy + z0d; x 1
=V f— == - D Z
{paw) = — i w© }
> p((arby + agby)bibs)

u(

= 1(arbyb3 + azb?by)
1(
u(

2 alblbg) N M(agb%bg)

> w(aiby) A p(agbs)

— D (EYAD (22
W ADCE)

(see Equation 4.2.2). Furthermore, let - € DL, then

lZl

) =D o) = Vi) s S = =) 2 plmb) = D7()),

l Z1
D u(—.=
M(m d1
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(Using Equation 4.2.2.) Hence, D~y is a fuzzy submodule of D'Z. Thus D'y € F(D'12)

is a fuzzy module of fractions. O]
Lemma 4.2.3. Let py, po € F(Z) be such that py C po. Then, D™y € D™ py.
Proof. The proof is straightforward in view of Definition 4.2.1. O]

Theorem 4.2.4. Let 11 and s be two fuzzy submodules of L-modules Z1 and Zo respectively.
Suppose that © : uy — po is a fuzzy L—module homomorphism. Then, there is a fuzzy
D~ L-module homomorphism

Dlp: Dy D .
Proof. 1t is well-known that if ¢ : Z; — Z5 is an L—module homomorphism, then there is an
D' L—module homomorphism D~'¢ : D™'Z; — D~'Z, defined by 2 — # (see Page 38 of

[5]). Let D11 (2) = pq(nt) be such that & = 2. Then, @ = @. Hence,

since ¢ is a fuzzy L—module homomorphism (see Definition 1.1 of [33]). Thus, Brfp :

Dy =Dty is a fuzzy D' L—module homomorphism. This completes the proof. O

Theorem 4.2.5. Let € F(L) and v € F(Z). Then,

D (pv) = (D~'p).(D™Mw).
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Proof. Let 2 € D~'Z be such that

x
(O (O )G) = D () A D) = plaby) Avlaabs). (1.23)
where ﬂ,fl € DL, ‘ZQ,fj € D 'Z such that &+ = % and % = f—ll,‘;—j = f—; From

Definition 4.2.1 and Definition 4.1.6 of [31], we have:

D™ (1v)(5) = VA(pr)(nt) : = = 2}
=VV{ula) Av(b):ae L,be Z ab=nt, —:—}
> i) i) Gy = 20 ==y
> pilaiby) A vlashy)
=D () A D)
= (D" w).(D7')(5),

(see Equation 4.2.3). Thus (D~'u).(D~'v) € D~!(u.v). Similarly, the reverse containment
can be proved. This completes the proof. [

Theorem 4.2.6. Let py, 1o € F(Z) and v € F(Z'). Then:
(i) D' +D g €D (g + pra)-
(i1) D~ (py N po) = D~ s N D s,

(111) There is a fuzzy D~ L-module isomorphism
DYy @v) =D @D My

Proof. (i) It follows from Lemma 4.2.3 and Proposition 2.1.7 of [31].
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(1) Tt is clear that py Ny C py; for all 4 = 1,2. Tt follows from Lemma 4.2.3 that
D (i Npe) SD 'y ND g

Conversely, assume that £ € D™'Z and (D~ 'y N D o) (5) = pa(z1t1) A po(x2t2) such that
= f—ll = f—j Then:

ulw

D7 M) (5) = VA ) (3 5 = )
> pa(waty) A po(ats)

= (D7 D ) (5).

(i73) By Proposition 42 (5) of [5], we only need to show that

(D0 & D) (D o (E)) = D g ) (1),

; ; (4.2.4)
for all @ e DY Z & Z'). Assume that
D~ & )(E) = (1 ® ) (. p)w) = (aw) A (), (42.5)

where (Z(’i"), =%) ¢ D-Y(Z & Z') such that (mj’) = (Z;l"). By Definition 1.1.12 of [31] and
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Definition 4.2.1, we have:

(D_llul @D_ly)(D_l(p((Z;Zn)» — (D_l,ul EBD—IV)(CEZ’ g)
=D m(2) AD ()
= V{ja(at) Avt) : - = 3% =1

> pa(zw) Av(yw)
= (1 @& v)((z,y)w)

=D e,

(see Equation 4.2.5). Hence, (D~ 'y, & D~ ') (Dilgp(@)) >D N & u)((zt’i”)) for all % €
D~Y(Z @ Z'). Similarly, the reverse containment can be proved. Hence, our claim 4.2.4 is

true. This completes the proof. O]

4.3 The lower and upper approximations in fuzzy mod-

ules of fractions

In this last section, we have introduced the notion of fuzzy modules of fractions. Since a
soft module of fractions is a parameterized family of submodules of D™'Z (see Definition
4.1.1). Using this concept, we approximate a fuzzy set in modules of fractions in the sense of
multi-granulation rough sets and hence obtain a new hybrid model, namely multi-granulation
soft rough fuzzy sets (MGSR-fuzzy sets) in modules of fractions. In this way, we obtain a
pair of fuzzy sets in modules of fractions, viz. fuzzy lower approximation space and fuzzy
upper approximation space based on submodules of the parameterized family of modules of

fractions.

Definition 4.3.1. Let D'y € F(D7'Z) and (£, A) be a soft module of fractions over D™'Z,
where A = {e1, e} C B. Then, the approvimation space (D7Z, D7y, &, N) is called a multi-
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granulation soft rough fuzzy approzimation space in D~1Z. Define the fuzzy lower approxima-

——(EA
tion space D~y and the fuzzy upper approximation space D*l,u(g’ ) for D™y e F(D712)

(&A)
as follows:

—1 2y -1, Ty T2 ‘ —
D u(&/\)(d) =N{D ,u(y) Y € [d]g(ei), where e; € A,i = 1,2} and
D_l,u(g’A)(s) = \/{D_l,u(g) : g € [g]g(ei), where e; € Aji =1,2},

for all 2 € D'Z, where [2]¢,) = 2 4 &(e;) denotes the cosets of £(e;) for each e; € A in

D~Z. It is clear that these D_lu(s A) and D—lu(s’A) are fuzzy sets of D™1Z.

Theorem 4.3.2. Let (£, A) be a soft module of fractions over D~*Z. Suppose that D™1u €
FS(D'Z). Then,

-1 _ —1 —1
(1) D ey = D () VD

ea)’

(2) m(é:/\) _ ,D,lui(ffl) A Dfl,u{(@).

_ _ e (Y,
(3) D 1pJ(£’A) CD Dy,

(4) @y, = Oy
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A)

(11) D1 Y

—(67
-1
en EDTH

where 0 and 1 represents the constant fuzzy sets in D™ Z which maps each element of the

universe D™1Z to 0 and 1, respectively.

Proof. All the claims are easy to prove by using the Definition 4.3.1 of fuzzy lower and upper

approximation spaces. O

Theorem 4.3.3. Let (£,A1) and (n,Ay) be two soft module of fractions over D1Z. Then,
for any D'y, D~'v € F(D'Z), we have:

—_= Dilldb;

(1) D'unD 'y, ND vy, for alle € Ay,

(e)
(e)

(e)
(e)

(2) D'uu D1, = D—l,ug uD for all e € Ay.

-1 -1 _ p-1 -1 -1 -1
(3) D'unD Viery = 2 (1) ND el NP p (e2) N D~ We(ey))-

(&A1) (e2)

() DD = D D n D U DY),

(5) If D pu S D'y, then D S D7 lye .

(&A1)
)

(gvAl)

(6) If D'y C D 'v, then D—lu(é’Al CD v .

(1) Dpn D ¢ DY A D,

(8) D'puD v DDy UD" v )

(£7A1)

(5,/\1)

(9) If D' € D' and (€,A1)C(n, Ay), then Dilp(&Al) C D, ay)-

(67/\1) g (77,/\2) )

(10) If D' C D 'w and (€, A)C(n, As), then D1y Dy

Proof. All claims are easy to prove by using Definition 4.3.1 and Theorem 4.3.2. m

The restricted intersection of two soft modules of fractions is a soft module of fractions (see
Proposition 4.1.2). Thus, the relationships between fuzzy approximation spaces of intersection

and intersection of fuzzy approximations are established in Theorem 4.3.4.
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Theorem 4.3.4. Let (£1,A1) and (&2, A2) be two soft modules of fractions over D™1Z. If
Dy, Dy € F(D71Z), then

As) (n,A3) (61,A1)

(1) D npe) ™ =D D1 ™ < Dy ND 1™ gnd

(2) Dil(ﬂlm,u?)(m As) =D~ M1ﬁD /LQ( A)_D 1 m'ZD*l'u2

(§1,A1) (§2,A2)’

where (n,A3) = (§&1, A1) M (&2, A2) and As = Ay N Ay # O (see Definition 3.3 of [2]).

Proof. Since (1, As)C(&, A;) and D'y N D'y € D~y for all i = 1,2. By Theorem 4.3.3
(9) and (10), we have:

(61,A1) ==y ——(&2,A2)
M2 an

— A o, -
D' N M2)(77 = D nD i, " D nD

—1 . —1 —1 —1 —1
D (mNpa), =D 0D iz, CD T ND i

To prove the converse of (2), let £ € D~'Z be such that

—1 -1 3 _ -1 é -1 3 1 ﬁ
(u(flyAl)mM(§2,A2))<5> =D u1(£171\1)(0)/\u(&71\2)(0) b Ml(y JAD™ (y2>’
(4.3.1)

where 71,32 € D~ 1Z such that € M 32 € Blem) for all a; € Ay, b € Ay, i =1,2. By
Deﬁnltlons 4.3.1, 4.2.1 and Deﬁmtlon 1.1.5 of [31], we have:

_ _ 3 - - r..t 3 :
D 1/'1’1 nD 1#2(7771\3)(5) = /\{(D 1,“1 NnD 1“2)(6) : 6 S [5]77(61‘)761' € AS = Al N A27Z = 17 2}
_ )3 - r,. t 3 r 3
MDY AD ) E e o e,
O A0 ) e B € Blee

for all ¢; € Ay, ¢; € Ayyi = 1,2}

<D~ Nl( ) AD o 2)

Y1 Y2
(-1 ~1 3
B (M(ELM) QM(&,M))(D)’
- -1 —1 -1 —1 -
(see Equation 4.3.1). Thus D'y N'D 12 ps) CD F1ie, A NnD F2(e, A This completes
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the proof. [

To illustrate that the inclusion in (2) of above Theorem cannot be replaced with equality,

we consider the following Example.

Example 4.3.5. Let Z = L = Zyo and D = {1,3,9}. Then,

weel=1=b =13 1=9=31-0-31-7-31-1-31-1-}
% = % = g. Define two fuzzy submodules p,v € F(Z) as follows:
1, if 1=0,2,4,6 1, if 1=0,5
p(l) = and v(l) =
0.5, ifl=1,3,57 0.6, otherwise
for alll € Z. Using the Definition 4.2.1, we obtain
()L fr=04885 ()L =08
D*lu(g) = PSS nd Dilu(g) = '
: i115 :
0.5, l=1,5,517 0.6, otherwise

for all % € D~'Z. By using the Definition 1.1.5 of [31], we get the following fuzzy module of

fractions:
(
1, if+=0
_ 1 ! -
(D pnDW)(3) = q06, fi=2221
el 1115
05, #i=1357381

for all I—E € D'Z. Define two soft modules of fractions (&1, A1) and (&3, As) over D717 as
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follows:

6)%7%7%7%}7 Z.fﬂ:el

67%}7 if B=es

{(_)7 8 s ’LfOé =€ {
Gla)=4 ' and  &(6) =
D_lzlo, ZfOé = €2 {
foralla, p € Ay = Ay = {eq,ea}. By Definition 3.3 of [2], we obtain the following soft module
of fractions:

{(_)}’ if o =e;

{67%7 ifa:€2

n(y) =

for all v € A3 = Ay N Ay, From Definition 4.3.1 of fuzzy upper approximation space, we

obtain:
I e b 1t ! -1
(D-'unD-v) (t)_(D wND V)(t), foralltGD Z.
Also,
D—lp(&’Al)(g[) =1 and D—ly(&’m)(;) = D_ly(%) for all ; ceD'Z.

Thus (D15 A D10) "™ () = (01w D) () 2 DM () A DT ().

[
t
From Proposition 4.1.4, we know that the sum of two soft modules of fractions is a soft

module of fractions. Hence, we consider the lower and upper approximations of fuzzy sets

with respect to sum of two soft modules of fractions in the following two results.

Theorem 4.3.6. Let (&1, A1) and (&2, As) be two soft modules of fractions over D™*Z. Suppose
that D'y, D gy € F(D7'Z). Then

(61:01) | == (§2,72) (n,A3)

+ Dty CD 'y + Dy

(1) D' " DT+ ) and

-1 -1 _ —1 —1 —1
(2) u(&,/\l) "’M(@,,AQ) =D u+D 2 ng) S M(W,Ag’

where (n, Ag) = (&1, A1) + (&2, As), As = Ay X Ay (see Definition 4.1.3).
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Proof. By Theorem 4.3.3 (6) and (i) of 4.2.6,

lﬂA) —( 7A) _ _ _
D (), D+ D IM%A, C D + o)

Dy + D tps o &

(n,A3)

(é1,A1)

o (62.A2)
M2

To prove D=1y, +D C Dy +D—1,u2m’A3). Assume that 3 € D~ 1Z such

that

—1m(€1,A1)

— (€1,M1) 2
(D (+

(&2, z —~ £a,Ao T
+D M) =D DAD 1, M (2) = D (D (B2,
d ds n Yo

(4.3.2)

where 2 22 2L 22 ¢ D17 guch that 2+ 2 =2and € [y 2 € [Flow) ai €

dy

di7d2? y17 y2 Y1 7 Y2

A, b € Mgyt = 1,2. It implies that {1 + 72 € [Hev@) + [Rlew) = 3+ Ze@)ree) =

[Z]n(e)> ¢ = (@, b;) € Az i = 1,2. From Definition 4.1.1 of [31] and Definitions 4.3.1, 4.2.1,

A m xXr xXr y4 .
D~y +D sy o 3)( . ) =V{(D 'y + D~ M2)(y) D= [3]7;(@),02' = (ai, b;) € A3,i=1,2}
CL2 X aq s T z
=V V{D~ AND™ == —4 =, — € |=|pe),c €A
{ #1(6) Mz(bZ) y b1+bQ’y [d]n(l)c 3}
T2
> D~ AND™
Nl(yl) /~b2(y2)
— D_llu (61 A1)<Zl) /\ D IIU/ (527A2)(2)
dy do
—(&1, A z
:<,D_1'u1(§1 1)+D_1M2(§2 2))(3)7
—~——(&1,A1) —~—(&2,A2)

(W:AS)

(see Equation 4.3.2). This proves that D=1y, + Dy CD 1y +D 1y

(2) To prove D! e, Ay + D! 2, ) = Dy, + D! H2, pgy let

-1 1 2y ;-1 2y -1, 1 -1, (%2
(u(fl,Al)—i_M(&,Az))(d) =D K1 (€1,A1) (dl)/\D M?(g 7A2)(d2) =D Ml(?ﬂ )/\D M2(y2)7

(4.3.3)

where 3, 2, %2 2 € D~ 1Z such that 7 € [ZHe 0, 32 € [Zlewn, @i € Aiybi € Apyyi = 1,2
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and % = 2—1 + fl—z. It implies that % + i—; € [2—1 + fl—z]n(ci) = [&lne), ¢ € Az, i =1,2. Thus
_ _ z _ _ T, T z
D'y +D 1M2(,7,A3)(3) =N(D ' +D 1M2)(§) t— € [l 6 € Asy i = 1,2}
a2 X aq as T z
=AVA{D™ AND™ =4 =, — €=l
{ lul(b ) /“L2(b2) y bl b27 y [d]n(cz)’
c; € Ag,i: 1,2}
_ Y _ T
<D (=) AD  a(22)
hn Y2
_ -1 1 -1 22
_ (-1 ~1 Z

. . -1 ~1 1
(see Equation 4.3.3). This shows that D e, Ay + D! D™ pag, o, O D' +D F2, 00y

Similarly, the reverse inclusion can be proved. This completes the proof. [

To prove the inclusion in (1) of above Theorem strictly holds, the following Example is

given.

Example 4.3.7. Consider Z, L and D same as in Example 4.53.5. Define two fuzzy submod-
ules p,v € F(Z) as follows:

1. if1=0,2,46 1, ifl=0

0.5, ifl=1,3,57 0.6, otherwise

for all L € Z. Using the Definition of D'y and D~v given in 4.2.1, we obtain

()L ifr=0.33.3% 1, ifl=0
D_ly(g) = i { ?i ? * and D () =
0.5, ifl= %, %, %, % 0.6, otherwise

for all Z[ € D~'Z. By easy calculations of sum of two fuzzy submodules as given in Definition
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4.1.1 of [31], we obtain:

(Dt D) () = t

for all % € D~'Zy. Define two soft modules of fractions (&1, A1) and (&2, As) over D™ Zyq as
follows, where Ay = Ay = {eq,e2}:

=11
[SSIT )
[eTIN]]
Nel N

0 if o = 0.3 3=
fl(&) _ { ) _7 ’ 9o }7 ifa=e and 52(ﬁ> _ { T if B=e1
{(_), % , if a = ey DilZm, if B=es

for all « € Ay, B € Ay. From Definition 4.1.8 of the sum of two soft modules of fractions, we

have
{67 %}7 Zf (aaﬁ) = (62761>

D 'Zyo, if (a,B) = (e1, 1), (e1,€2), (€2, €2)

n((a, 8)) =

for all (o, B) € A3. Using the Definition 4.3.1 of upper approximation, we have:

(n, [ .

GRON! 1 _
(Z) =D 1#(_)a Dty

(5271\2)( [ [
t

_) = D_llj(z)’

(D i+ D) t

forally € D™'Zo. Thus, it is clear that (D~ + D*lu)m’AS)(%) £ ﬁ‘&’“)(gnﬁ(&’“’(g).

Definition 4.3.8. Let (£, A) be a soft module of fractions over D~YZ. Then, a fuzzy module
of fractions D~y of D717 is called a fuzzy lower (resp. upper ) rough module of fractions, if

(g’A)) is a fuzzy module of fractions of D™1Z. Moreover, a fuzzy module

D_l,u(6 A (resp. D~
of fractions D™y of D717 is called a fuzzy rough module of fractions, if it is both fuzzy lower

and upper rough module of fractions of D=7 .

Theorem 4.3.9. Let (&, A) be a soft module of fractions over D™'Z and p € F(Z) be a fuzzy
submodule of Z. Then, D*lu(E’A) is a fuzzy module of fractions of D~'7.
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Proof. By Definition 4.3.1 of the upper approximation,

— (), 0 IR AN
D-1u —)=V{D " u(-): — €
O =D )

=1.

Recall that D'y is a fuzzy submodule of D™'Z. Let 2, 22 € D~

Definition 4.3.1, we have:

(€A, 21 ) x Z1 29
D! — + V{D~ — €
T i GV I R Gl
_ T T Z1 Z9
=Vv{D =)= e[=
(O7u(): el
= \/{D_lu(f) LT T2 Ghere 2L € [
y oy n Y2 U1
and a; € A,i = 1,2}
I\/,Z>71 _1+ﬁﬂ ﬁ a-uIQ
O+ e e
i) ﬂfl 21
> V{D~ AND™ :
DUCHAD () T e [Tk
21
= (vV{D! e €)@ €N =12
(VD) e (e i
_ 4 T2 22 .
VD (=) = ¢ w) @ €ENi=1,2
(D) 2 € [ e D
—Dil (gvA)(§)/\D71#('EA)(;2)
1 2
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Z9

X2

Y2

d_l]i(ai%

—letan, @i € Ayi=1,2}

22

_e[d_2

]E(ai) + [d—]g(ai), a; € \ji=1,2}
2
T

— € | a;)s
" [d2]£()

]ﬁ(ai)

0
[—le(as) Where a; € A,i=1,2}
S

1Z. By our assumption and

— € [—]E(ai),ai eNi= 1,2}
dy

a; € Ni=1,2}



Now let % € D 'L. Then,

DTN L2 ) s S el P A= 1.2)
D (D) s L € e € i = 1,2)
=V{D~ M(%S) gzégwherege[fl letar), @ € Ayi=1,2}
> ADT () € (e as € AP =1.2)
=D~ M(M)(d—l)

(&A) ( (&A)

Thus D—l,u(s’A)(%.z—l) > D1y Z). Hence, D=1y~ is a fuzzy submodule of D~'Z. [

Remark 4.3.10. Note that, the fuzzy lower approzimation D~* D, of a fuzzy module of
fractions D=t of D™1Z does not a fuzzy module of fractions of D~ 1Z. To illustrate this, we

consider the following Example.

Example 4.3.11. Let L = Z = Zg, D = {1,3}. Then

=il
=il
Wl
wllnol
=]
=
Coll |
<

=l

wli=|

where
1, if =0
0.2, otherwise

for all L € Z. From Definition 4.2.1, we obtain the following fuzzy submodule of D=7 :

[ 1, if%:()

0.2, otherwise
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for all % € D~ 'Z. Consider a soft module of fractions (£, \), where A = {ey,es} defined as

follows:

([

Y 2 4 : _
{O’ §7T}7 Zfa_el
D 1Zs, if @ = ey

for all o € A. By simple computations, we get:

[ [
-1 N _ —1
D M(E,A)(t) 0.2 for all ;€ D Z.
Since D*1M(£ A (0) # 1. Hence, first condition of Definition 4.1.8 of [31] fails. Thus D*1M(€ A)

is not a fuzzy submodule of D™1Z.

In the following result, a connection between the fuzzy lower and upper approximation
spaces of product of a fuzzy set in L with a fuzzy set in Z and the product of the fuzzy lower

and upper approximations of fuzzy sets with respect to a soft module of fractions is made.

Theorem 4.3.12. Let (£,A) be a soft submodule over D™'Z. Assume that y € F(L) and
v e F(Z). Then,

(1) D () = DD Y = p Y,
-1
(2) DDty py SD D! Vien) = D (u.y)(&A).

Proof. By Theorem 4.2.5 and Theorem 4.3.3 (5) and (6),

N 6N o EA) -1
D1y D1y =D D™ Dy Dt Vien) = D (,u.y)(g’A).
(1) Let 2 € D~'Z be such that
D uD V) = (D uDW)(5) = D (=) AD (), (4.3.4)
Yy z

where £,% € D™'Z, % € D~'L such that £ € [3]¢(,) forall ¢; € A;i=1,2 and ¥ = 2.2, By
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Definition 4.1.6 of [31] and Definition 4.3.1, we have:

(&A) 1,0 —— (@A), P, AP Z a 1
DD —V{D (LY ADT Py, 2P _ 2% cpipPepiy
—VV {D”u(%) /\D’ly(%) : % € [Mew@y,ai € Ai=1,2 and
ap za 1, DN 1
ab_z8cepip P Mepiy
bg dvS” Pyr S }
_ a _ a n
=V Vv{D IM(E)AD y( )i 37 € e, i € A= 1,2}
> D (=) AD (%)
z

(&:4)

(see Equation 4.3.4). Thus D~ 'u.D-1v o DD 'u. D" 7. Conversely, assume that

(O u DTN @) =D ) AD TN = D) ADTNG), (435)

where * € DL, % 2 € D7'Z such that %. § = Zand § € [%]5(%), a; € Ai = 1,2. Tt follows

7b’

that“e[ Elétar) = [3le(a- Thus
DDV E) = (DD W) E)  Z € ey, as € Ai = 1,2}
d y oy d
i) X T iL'Q z
=VV{D~ AD! - =— € =l
(O AD D) D= D2 e
forall q; € A,i=1,2, L e DL, 22 e D17}
hn Y2
u a
>D () AD-
> D u(2) AD(G)
PRI TA—— | S
=D (=) AD! =
) v (q)

— —(&A), , %
= (0 D)),
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A)

(see Equation 4.3.5). Hence, D_l/ﬁ.D—ly(&A) C D—lu.D—ly(g’ . In the similar way, it can be

proved that D~'u.D" v, ) C D 'u. D' A This completes the proof. O

(&

In the following Example it is shown that the sign of inequality in (2) of above result

cannot be replaced with the sign of equality.

Example 4.3.13. Suppose that L, Z and D are same as in Fxample 4.3.5. Assume that
w,v € F(Z) are two fuzzy submodules same as in Example 4.3.5. Using the Definition 4.1.6
of [31], we get

(

1, ift=0

_ _ [ o
(D D)) =06, ift=2221

0.5, Z’f%:liléé

\

03331 da-c

SilZlOa ZfO{ = €2

for all o € A. By Definition of lower approximation, we have

( 06, ift=0,2221 ( 06, ift=0,22241

(D uD ) () = t U39S 0 pol, ()= t 13299
— &M 05 fl_11135 DN 05 (_ 11135
) Zf'—T;§7§7T;T ’ ZfE_T7§7§7T7T

for all % € D 'Zyy. On the other hand,

- - [ 0.6, if%:(_)’%vég
(D 'u.D 1V(S’A))(Z> = T e
05 fl—=112153
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0.6. Thus (Dilu.Dflu(&A))(%) < (D 'u.D )
D' uD e p 2 (D' D 'y)

" A)G) for all € D™'Zo. Therefore,

(&A)
Since the product of a soft ideal with a soft module of fractions is a soft module of fractions

(see Proposition 4.1.6). Thus, we consider the approximations of the product of a fuzzy set

of DL with fuzzy set of D=7 in the result 4.3.14.

Theorem 4.3.14. Let (£,A1) be a soft ideal over D™'L and (&, A3) be a soft module of
fractions over D~'Z. Assume that D'y € F(D'L) and D~'v € F(D~'Z). Then

N1 mAs)

(1) D~ (u.v) = D*lu.Dflu(n’AS) = D*lu@l’Al).D*l « and
-1 _ —1 —1 _ —1 —1
(2) D) py = DDy = Dby P Vieana),

where (1, A3) = (&1, A1) X (&2, A2), A3 = Ay X Ay (see Definition 4.1.5).

Proof. By Theorem 4.2.5 and Theorem 4.3.3 (5), (6),

D—l(u.y)(n’M) = D—l,u.D—ll/(n’Ag), D) =D 'uD v

(n,A3) (m,A3)

(1) Let £ € D~'Z be such that

(D_lukghAl).D_1V\§2,A2)>(2) — D_lﬂ(gl,/\l)(ﬂ> A D_ly(g%AZ)(@) — D—lﬂ(@) A D_ll/(]—)>,
il 42 n q
(4.3.6)
where B 2% € D_lL,%,g € D'Z such that BB =2and € [Be ),k € [Blop), ai €

A1, b; € Ay, i = 1,2, Tt follows that, %g S [p1 p2]§1(ai).§2(bi) = [fl]ﬂ(@ubi):n(ci)’ci €N, i=1,2.

a2
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D-1,D-1 (77/\3)(2) =V{(D 1M,'D_1y)(§) : g € [d]ﬂ(cz)’cl € A3, i =1,2}
vV D (Y AD (B T T Ry e A= 1,2
{ u(yl) (y2 iy e 3 }

(51/\1)(291)/\1) 1 s
q1 q2

— (D_lu(élyAl).D_1U(£2’A2))<CZZ

|
~—

)

(&1,A (€2, A —_—(n,A
1M\§17 1).'D_1V\£27 2) C 'D_lpJ.'D_ll/(n’ 3)

(see Equation 4.3.6). Thus D~
(2) Let 2 € D~'Z be such that

D*lu,Dfly(n’AS)(Z) (DD~ y)(y) D u(yl)/\D (yz), (4.3.7)

where 2 € D™'L, £ 22 € D' Z such that £ € [Z]y), ¢ € Ag,i = 1,2 and £ = ZL.22. By
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Definition 4.1.6 of [31] and Definition 4.3.1, we have:

~1 ~1 AN ~1 Uy ~1 Uz
(D M(&,Al)’p V({Q,AQ))(E) - \/{D N(fl’Al)(U_l) ND V(£2’A2)>(U_2) .
BB _2Uepip L2epiygy
v vy d 1 Vg
_ m m Uy .
=V{(MD (=) : — € [ =g @), ai € A,i=1,2H)A
(MDD 2 € (g1 € A = 1,2))
_ p, P u .
(D 11/(5) € [U_z]éz(b ), bi € Agyi = 1,2}),
Mt _=Mepip, @ e D12}
V1 V2 d U1
- py m Uy p U2
=VA{D AD (=) — € [—Jey(ay), —
{ :u( ) (q> n [Ul]ﬁl( ) q [ ]€Q(b)
4 €A €Ngi=1,2 222N cpip 2 cpigy
vy V9 d 0 Vs
b, m U1 p U2
=AV{D~ AD () — € [—Jetas = € [—leatvn)s
{ :u( ) (q> n [Ul]&( ) q [U2]£2(b)
4 €A bi€Ngyi=1,2, 22 2 W cp1p B2 o pin
vy ve  d v Vg
m p Urp Uz z
< AVA{D~ AD! =2 e . = [Elnan) =
{ u( ) (q) > bt SICARACH [d]'rz( )
[g]n(ci),ci = (ai,bi) € A3 Al X AQ,Z = 1 2 G D~ 1L G D~ 1Z}
U1
X2
<D~ AD!
() A D)
= (D 'wD)(5)
Y
-1, -1 Z
_M(m/\:a)(d)’
(see Equation 4.3.7). Thus Dil,u.Dfly(n’As) ) Dilu(&’Al).Dfly(&’AQ). In the similar manner,
—1 —1 -1 .
it can be proved that D! D7,y D v,z €D 1D Y inhs): This completes the proof.
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Chapter 5

New types of soft rough sets in groups

based on normal soft groups

In this chapter, we have defined the notion of roughness in groups in a different way using
normal soft groups. This chapter consisting of 2 sections inclusively. In section 1, we have
defined the concept of soft lower and upper approximation spaces in groups and study some
intrinsic properties related to the soft approximation spaces. In section 2, we developed some
relationships among the soft approximation spaces of two different groups by utilizing group
homomorphisms. In this chapter, G will be denoting a multiplicative group with identity

element 1g. This chapter is the part of our paper [10].

5.1 Lower and upper approximations in groups via nor-
mal soft groups

In this section, we initiate the notion of soft rough sets over groups. We introduce the notion
of soft lower approximation space and soft upper approximation space over groups by using
a normal soft group and study some related properties. All through this section, ) # A C &

where /& is a finite set of parameters.
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Definition 5.1.1. Let (@, A) be a normal soft group over G and O # X C G. Define the
soft lower approzimation space (X_,\) and the soft upper approzimation space (X ,A) of

X with respect to w(e) corresponding to each parameter e € A as follows:
Xo(e)={g€G:gw(e) C X} and X~ (¢) = {g € G: gw(e) N X # 0},

for all e € A. Intuitively, X _ : A — P(G) and X~ : A — P(G) are soft sets over G.

From the Definition 5.1.1, one can easily obtain the following properties of the soft ap-

proximation spaces.

Proposition 5.1.2. Let (wy, A1) and (wq, Ay) be two normal soft groups over G. Suppose
that ) # X1, Xy C G. Then:

(1) Xy (¢) € Xy CXy"'(¢), foralle € A

(2) If X1 C Xy and Ay C Ay, then (X, A)C(Xy_ , As).

(3) ]le Q X2 and A1 Q AQ, then (EW1,A1)Q(XQWQ,A2).

(4) (X1 A1) Us (&m,f\l)i(Xl UXy_ A1)

w1

(5) (Xin X2WI7A1)§(X1 A m (EWI,AQ-
(6) (X1 U XZWIaAl);(lema A1) Un (Ewl, Ay).

(7) (XinXo_  AN=(Xa_ A m(Xe Ay

(8) ]f (W1,A1)§(WQ7A2); then (X1W1,A1)Q(X1WQ,A2).

(9) ]f (wl,A1)§<WQ,A2), then (X1WI7A1)§<&W2,A2).

(10) (X1, As)2(Xa_ M) @ (X1, Ag).

(11) (X" A) ST A A (0, Ag).
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Here, (w01, A1) M (2, Ag) = (91, A3) and A3 = Ay N Ay # O (see Definition 1.4.4).
Proof. The proof is obvious. m

The following Examples illustrate that inclusions in (4), (5), (10) and (11) of Proposition
5.1.2 are strict.

Example 5.1.3. Let G = Dy =< u,v : u* = v = e,vu = uv > be the dihedral group and
A ={ay,a2}. Consider a set valued function w: A — P(G) defined as:

{e,u,u® u?}, if e = aq,
w(e) =

{e,u?,v,u?v}, ife=ay,

for alle € A. Then (w, \) is a normal soft group over G. Assume that X; = {u,v,uv,u?v}

and Xy = {e,u*, v, u?v}, then X, U Xy = G. By simple calculations:
Xy _(a) =Xy () =0 and X, UX,_(a;) =G.

This shows that, X, Ung(al) ¢ &w(al) U &w(al). Continuing with the same X, and

Xy = {v,u3}, we have:
Zw(ag) = W(ag) =G and X, N Xy (az) = {e,v,u? v*v}.

It implies that X, (az) ﬂzw(@) Z XN ng(ag).
Example 5.1.4. Let G = V4 = {1g,a,b,c} be the Klien-4 group and A = {l,m}. Consider

the following normal soft groups wy : A — P(G) and wy : A — P(G) defined by:

{1g,a}, ifQZZ, {1g,b}, ife:l;

wi(e) = and twy(e) =
{1g,¢}, ife=m, {1g}, if e =m,

83



for all e € A. By Definition 1.4.4, V1 : A — P(G) is obtained as:
V1(e) = {1g}, for all e € A.

Assume that X = {e,c}. Using the Definition 5.1.1 of soft approzimation spaces, the following

results can be obtained:

Xo(@)=X_()=0, X, (e)=X, X '(¢)=X "(¢)=G and Yﬂl(e) = X.

_191

Hence, Xy (¢) € X ()N X_ (¢) and X (&) N X () € X' (e).

Note that, Theorem 5.1.5 illustrates that if X is a subgroup of G, then the soft approx-
imation spaces of a subgroup do not provide us any new information with a non-null lower

soft approximation space.

Theorem 5.1.5. Let X be a subgroup of G such that X _(¢) # 0, for some ¢ € A. Then,

following equalities hold:

for all e € A.

Proof. We claim that 1g € X _(¢), ¢ € A. By assumption on X _(¢), there exists g € X _(e).
By Proposition 5.1.2 (1), it follows that g € X. Now:

Recall that X is a subgroup. Thus, 1g € X _(¢) and this proves the claim.

Note that X_(¢) € X C X (e), for all e € A (see Proposition 5.1.2 (1)). Let = € X (e),
where ¢ € A. Then, there exists u € G such that u € zw(e)NX. It yields that uw(e) = zw(e)
and u € X. We claim that uw(e) C X. Since w(e) C X, then uw(e) C uX = X. This proves
the claim. Hence, z € X_(e) for all ¢ € A. Therefore, X_(¢) = X = X (¢), foralle € A. [
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The following Theorem shows that the Propositions from 3.1-3.4 in [22] are weak.

Theorem 5.1.6. Let W and N be normal subgroups of G. Suppose that W, # 0. Then,
Wy =W=w"

Proof. Since W, C W C w (see Proposition 2.1 (1) of [22]). From hypothesis W,, # 0,
there exists ¢ € G such that ¢ € W,,. By Proposition 2.1 (1) in [22], we have ¢ € WW. Hence,

N =1gN = (q.¢ YN = (gN).(¢ '"N) S W W W (5.1.1)

Let x € WN From Definition of upper approximation in [22] at page 204, we have y € 2N NW
for some y € G. Hence, Equation 5.1.1 imply that

yN = (y.1g)N = yN.eN CyN. W Cw

But yN = 2N. Thus 2N C W. Hence, x € W,,. This completes the proof. O

In the rest of this chapter, (w, A) will be denoting a normal soft group over G. In order
to discover the relationship between soft approximation spaces of the product of two subsets
of G and restricted soft product of approximations of these sets, the following results are

presented.

Proposition 5.1.7. Let ) # X1, Xy € G. Then,

(1) (X1X2 aA);<X1 ’A)6<EW7A)
(2) (&w,A)é(&w,A)é(Xngw,A).
where & represents the restricted soft product of two soft groups (see Definition 1.4.8).

Proof. (1) Suppose that x € X, (¢) - X5 (¢) and ¢ € A, then x = uv for some u € X, (¢)
and v € Ew(e). There exist x1, 22 € G such that z; € uw(e) N Xy and 25 € vw(e) N Xs.
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This implies that 2125 € wvw(e) and z129 € X7 X,. This proves that z129 € uvw(e) N X Xo.
Hence, 2 = uwv € X, X5 (¢) for all e € A.

Conversely, assume that z € X; X, (¢) with ¢ € A. Hence, g € zw(e) N X, X5 for some
g € G. From hypothesis, z € gw(e) and g = 115 for some [; € X; and Iy € X,. Thus,
z € (lily)w(e) = (Lhiw(e))(law(e)). Let z = pips, for some py € lyw(e) and py € lhyw(e). Then,
I € prow(e) and Iy € pawo(e). Thus, [; € pyw(e) N X, and Iy € pew(e) N Xy which yields that
p1 € X1 (¢) and py € X5 (¢). Hence, z = pips € X1 () - Xa (¢) for all ¢ € A.

(2) Let 2z € X;_(e) - Xy_(¢), where ¢ € A. Then, z = uv for some u € X;_(¢) and v €
Xy _(e). Hence, uw(e) € X; and vew(e) C X It implies that (uv)w(e) = (uw(e))(vw(e)) C
X1Xj. This proves that z = uv € X, Xy_(¢), for all e € A, O

The following Example illustrates that the sign of soft inclusion C in above Proposition

(2) cannot be replaced with the sign of soft equality =.

Example 5.1.8. Let G = S3 and A = {m,n}. Define a normal soft group (w,\) over G as
follows:

S, if e =m,
{e,(123),(132)}, ife=n

for all e € A. Assume that X, = {e, (12)} and X, = {(12),(13),(23)}. Then X1 Xy =G. By

Definition 5.1.1 of soft lower approzimation, we have:
X1 Xy _(n)=G,X,_(n) =0 and Xy_(n) = Xa.

This shows that X, _(n)-X,_(n) 2 X1 Xs_(n).
The following Lemma 5.1.9 will be helpful to prove some more useful results in the sequel.
Lemma 5.1.9. Let ) # X C G. Then, X (¢) = X.w(e) for all e € A.

Proof. Let z € X (¢), ¢ € A. Then, there exists g € G such that g € z.cw(e) N X. According

86



to our assumption on (w,A), = € gw(e) € X.w(e) for all e € A. Thus X (¢) € X.w(e) for
all e € A.

Conversely, assume that g € X.w(e) for e € A. Then g = [.u for some [ € X and u € w(e).
It follows that [ = gu~! € gw(e) and [ € X. Therefore, [ € gw(e) N X. Thus g € X (e) for
¢ € A. This completes the proof. O

Since the restricted soft product of two normal soft groups is a normal soft group (see

Corollary 6.10 of [4]). Hence, the following results are presented:

Proposition 5.1.10. Let (v1,Z1) and (ve, Zs) be two normal soft groups over G, where () #
=1,29 C E. Assume that ) # X C G, then:

(1) (X7, 2)6(X 7, 2))=(X7,55)8(X ", E3).

(2) If X is a subgroup of G. Then

v1

(X7, 55)=(X7, 21)6(X 7, 29)=(X 2, 20)6(v1, E1)=(X T, B1)6 (0, Za),

where (g,A3) = (v1,Z21)0(ve, Z2) and Z3 = Z1 N =y # O (See Definition 6.1 [4]).

Proof. (1) Let e € Z3. From Lemma 5.1.9 and Definition 6.1, Theorem 6.6 and and Corollary
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6.9 of [4], we have:

€

Hence, (X', 21)8(X 2, 5,)=(X,25)8(X ", Z3).
(2) By Lemma 5.1.9, X (¢)ua(e) = Xvy(e)va(e) = Xe(e) = X (¢). Similarly, X~ (e)v:(e) =
X (¢). Therefore, X (¢) = X “(e)vy(e) N X " (¢)vy(e) for all ¢ € Z5. Thus,

~€ ~U2 ~V1 —

(X, E3)=(X 7, E2)0(v1, Z1) M (X, E1)0(ve, Ea).

This completes the proof. n

It notable that, (2) in above Proposition is inconsistent with Proposition 3.5 and 3.6 of

22).

5.2 Connection between soft lower and upper approxi-
mation spaces

Let ¢ : Gi — G2 be a group homomorphism. In this section, (wy, A1) and (w2, Ay) will

represent the normal soft groups over G; and G, respectively, where ) # A; C & for all
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i = 1,2. In the following, the soft image and soft pre-image of (cwy, A1) and (ws, Ay) are

defined under ¢ respectively.
Definition 5.2.1. Let ¢ be as defined above. Then,

(i) The soft image ¢p(w) : Ay — P(Gs) of (w1, A1) is defined as ¢(w)(0) = ¢(wi(10)),

for all vo € A;.

(11) The soft pre-image ¢~ (ws) : Ay — P(Gy) of (w2, As) is defined as ¢~ (wy)(e) =
¢ Y(wa(e)), for all e € Ay.

Lemma 5.2.2. The soft pre-image (¢~ (w2), As) of (w2, As) is a normal soft group over G,
and ker ¢ C ¢~ (m2)(e), for all e € As.

Proof. Following the same steps as in [38, Proposition 9], the proof is elementary. O

Theorem 5.2.3. With the above notion, let ) # X, C Gi, 0 # X5 C Gy and ¢ € Ay. Then,

the following implications are true:

pe X7 T (e) = o) € 6(X7) (o).

T = 0@) € X7,

T € ¢7HXo)

Moreover, if ¢ is onto then the converse of above statements also hold.

Proof. Let z € Ylwl(m)(e). By Definition 5.1.1, there exists ¢ € Gy such that g € x -
¢ wwa(e)] N X;. Since ¢ is a homomorphism and ¢(¢~1[Z]) C Z, for any Z C G,. It follows
that

3(9) € oz - ¢ [wa(e)] N X1) C Ga - ¢ [wa(e)]) N (X1) C Ga)ma(e) N G(X).

This completes the proof of first implication. The second implication can be proved by

following the same methodology.

89



For converse, suppose that ¢ is onto and ¢(z) € ¢(X;) (¢). There exists ¢’ € G, such that
g € ¢(x)wa(e)Ne(X7). It concludes that ¢’ = ¢(x)-u = ¢(y), for some u € wy(e) and y € Xj.
Since ¢ is onto, assume that u = ¢(v), where v € G;. Then, ¢(y) = ¢(x)p(v) = ¢(zv). By
Lemma 5.2.2, it follows that y~!(zv) € ker¢p C ¢ (ww2(e)) and hence 7'y € ¢~ (wwa(e)).
Then, y € x¢ (o (e)) N X;. This proves the first implication. The other implication can be

proved along the similar lines. O]

Theorem 5.2.4. Fix the notion of Theorem 5.2.3, assume that ¢ is onto. Then the following
statements hold:

v € ¢~ (Xy) (¢) = o(x) € X5 (o).

¢~ (w2)
P € Xy 1o (€) = 00) € 00X)_(6)

Proof. Since ¢ is onto, then ¢(¢~! (s (e))) = wo(e). Hence, (¢~ (wm2)(e)) C ¢~ 1(X>) implies

that ¢(z)ws(e) C Xo. Also, 2(¢71(X3)(e)) C X, implies that ¢(z)wa(e) C ¢(X1). So, the

claims are proved. O

In the Example 5.2.5, it is shown that the assertions of Theorem 5.2.4 fail if ¢ is not onto.

Example 5.2.5. Let G, = S5 and Gy = Zg. Define a group homomorphism ¢ : Ss — Zg by:

0, ifz=-e,(123),(132),
sy = | o= e Um0z
3, ifz=(12),(13),(23),

for all x € Gy. One can see that ¢ is not onto. Assume that Ay = Zg. Define a normal soft

group wsy : Ay — P(Gs) as follows:

Zﬁa Zf ¢ = 07
{0}, ife=1,5,
WQ(Q) = L o
{0, 3}, if e = 2,4,

\{5,5,1}, if e = 3,



for all e € Ay. By Definition 5.2.1 of ¢~ (w3), we get:

|

83, Zf 4 6, 5,

67! (@) (e) = o
{e,(123),(132)}, ife=1,5,3,

that:

Now, assume that X; = {(12), (13), (23), (123)} then ¢(X;) = {0,3}. From Definition 5.1.1,

3) ={(12),(13),(23)} and ¢(X1)_ (3) = 0.

(w2) ( —Zws

X,

In the next result, converse of Theorem 5.2.4 is proved under some conditions.

Theorem 5.2.6. With the same assumptions as in Theorem 5.2.3, the following assertion

holds:
Br) € Xa_ () > w67 (Xa) |, (o)

Further, if X1 is a subgroup of G1 such that ker ¢ C X;. Then:

Ox) € 6(X1)_ () > x € Xuy (o)

— w9

Proof. Let ¢(x) € &wg(e). By Definition 5.1.1, it follows that ¢(z)ws(e) C X,. Suppose
that v € ¢~ !(wa(e)). Then, ¢(v) € wa(e). Tt induces that ¢(zv) = @(x)p(v) € Xo. Then
zv € ¢ 1(X3). This proves that z¢ (w2 (e)) C ¢ 1(X;3) and z € M¢*1(w2)(e)'

Now, assume that ¢(x) € ¢(X;) (e) then ¢(x)wa(e) C ¢(X;). It implies that

— ‘7o

o(z)u € ¢(Xy), for all u € ws(e). (5.2.1)
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Let | € x(¢~*(wwa)(e)) be an arbitrary element. Then, [ = zv such that v € ¢! (ma)(e) =
¢ Hwo(e)). Tt implies that ¢(v) € wa(e) and (1) = ¢(xv) € ¢(X1), see Equation (5.2.1). So,
it can be written as ¢(zv) = ¢(y) for some y € X;. Then, y~!(zv) € ker¢ C X;. Tt yields
that [ = xv € X. Hence, x¢ ' (wa(e)) C X;. O

To build a relationship between soft approximation spaces with respect to soft-image

(¢(k1), A1), the following Lemma 5.2.7 will be used.

Lemma 5.2.7. If ¢ is onto, then the soft image (¢p(w), A1) of (w1,A1) is a normal soft

group over Gs.
Proof. The proof is analogous to the proof of [38, Proposition 2.1]. ]

Remark 5.2.8. In the view of Lemma 5.2.7, ¢ will be taken as an onto homomorphism in

the remaining results of this section.

Theorem 5.2.9. With the same notion as in Theorem 5.2.3, let vo € Ay. Then:
@1 — >~ ¢(w1)
re X, (w)= o) € p(Xy) (o).

€3 () (m) = d(z) € %" ().
Proof. This proof is parallel to the proof of Theorem 5.2.3. m
The converse of Theorem 5.2.9 is proved in the following result with some conditions.

Theorem 5.2.10. With the previous notion, suppose that ker ¢ C woy(r0). Then:
—— (@) ~w1
o(z) € p(Xy) (w) =z € X; ().

o(2) € X" (0) = x € 6 1(Xa) " ().
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Proof. Let ¢(x) € ¢(X1)¢(w1)(m). Then, there exists g € Gy such that g € ¢(z)(p(wy)(w)) N

#(X1). It suggest that g € ¢(z)(¢p(wi(w))) and g € ¢(X;). Therefore, g = ¢(z)p(u) =
d(zu) = ¢(y) for some u € wi(w) and y € X;. Then y'(zu) € kerdp C w;(w). Since
(1, A1) is a normal soft group, it implies that y 'z € @;(tv) and y € xw; (). This proves
that y € 2wy () N X; # 0 and 2 € X; (). Similarly, the second implication can be

proved. [
Example 5.2.11. Let G; = Cy = {+1,+i} and Gy = Cy = {£1} such that i* = —1. Define

an onto group homomorphism ¢ : G — Gy as:

1, ifg=1-1
¢(g) =
1, ifg=i,—i
for all g € Gi. Let Ay = {1,—1} be a subset of Gi. Consider a normal soft group wy : Ay —
P(G1) with wyi(1) = wy(—1) = {1}. Then,

(@(@1))(1) = (¢(w))(=1) = {1}.

Note that ker ¢ = {1, -1} € wy (), for allw € Ay. Let Xy = {1,—1,4i}. Then, ¢(X1) = Go.

By simple calculations, it can be proved that:

S0 (1) = o) (1) = {1, -1} and XT(1) = X7 (1) = {1, - 1,4}

It is clear that, p(—i) = —1 € ¢(X1)¢(wl)(m) but —i ¢ X, (1), for all vo € A,.

Theorem 5.2.12. With the same notion as in Theorem 5.2.9, the following implications hold:

v €9 (X)_ () & 0(x) € Xo,_ (W)

w1

veXi ()= olx) € o(Xe),_ ().
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The converse of second implication is also true, if X1 is a subgroup of G and ker ¢ C X.

Proof. This can be proved following the same methodology as in Theorems 5.2.4 and 5.2.6. [
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