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Abstract

In this thesis, we focus on the boundedness of p-adic integral operators on p-adic function
spaces. We prove the boundedness of p-adic generalized Hausdorff operator on weighted
p-adic Herz and Morrey-type spaces. We also take into account the boundedness of
commutator of same operator by considering symbol function either from central BMO
spaces or Lipschitz spaces defined on the local field Q. Also, we introduce p-adic analog
of fractional Hausdorff operator and prove weak and strong type estimates for it and
related commutators. We compute sharp weak bounds for Hardy operator and its adjoint
operator. Furthermore, we establish the boundedness of weighted multilinear p-adic Hardy
operators on product of Herz-type spaces. Most of these results (in the form of chapter
in this thesis) has been published and remaining is under review in renowned journals of

mathematical science.
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Preface

The aim of this thesis is to study p-adic integral operators on p-adic function spaces.
Our main results include the boundedness of some integral operators like the p-adic
matrix Hausdorff operator, p-adic fractional Hausdorff operator, p-adic Hardy type
operators and weighted multilinear p-adic Hardy operator on function spaces.

In Chapter 2, we come up with the boundedness of Hausdorff operator, defined
by means of linear transformation A, on the weighted p-adic Morrey and weighted
p-adic Herz type spaces. Also, by imposing some special conditions on A, we discuss
the sharpness of the results presented in this Chapter. The contents of this Chapter
has been published in [60].

In Chapter 3, we investigate the boundedness of commutators of matrix Haus-
dorff operator on the weighted p-adic Herz-Morrey space with the symbol functions
in weighted central BMO and Lipschitz spaces. In addition, a result showing bound-
edness of Hausdorff operator on weighted p-adic A\-central BMO spaces is provided as
well. The contents of this Chapter has been published in [95].

In Chapter 4, we prove the weak and strong boundedness of fractional Hausdorff
operator and its commutator on weighted p-adic Lorentz spaces. The boundedness
of commutators is made possible when the symbol function b is taken from Lipschitz
class of functions. The contents of this Chapter has been published on arXiv [94] and
submitted for publication in well reputed journal of mathematics.

In Chapter 5, we consider continuity properties of another important averaging
operator defined on p-adic field, namely the p-adic Hardy operator. We computed the
sharp weak bounds for p-adic Hardy-type operators on the weighted p-adic Lebesgue
spaces Li(w : Qp)(1 < g < 00). The contents of this Chapter has been published in
[61].

Our study in Chapter 6 adds to and extends the results of Chapter 5 in two ways.
Firstly, we prove the weak boundedness of p-adic fractional Hardy-type operators on
the Lebesgue space L'(w : @g), and in case of Hardy operator obtain the sharpness

of weak bounds. Secondly, we give an intermediate result showing the sharp weak

v



contents v

bounds for fractional Hardy operator on p-adic central Morrey space. The contents
of this Chapter has been submitted for publication [63].

In Chapter 7, we consider the multilinear version of p-adic weighted Hardy op-
erator. We studied the weighted boundedness of weighted multilinear p-adic Hardy
operator on the product of Herz-type spaces. The contents of this Chapter are on-
line on research gate [62] and will be submitted soon to some mathematical science

journal.

Nagash Sarfraz
Islamabad, Pakistan
August 10, 2020
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Chapter 1
Introduction to Some Integral

Operators on p-adic Linear Spaces

1.1 Introduction

Over the years, p-adic analysis has gained much attention because of its numerous ap-
plications in different fields of science, especially, in the field of mathematical physics
(see, for instance, [4, 5, 22, 98]). Back in 1989, in the book [100], Vladimirov et al.
proposed a formulation of p-adic quantum mechanics and introduced p-adic stochas-
tic process, p-adic pseudo-differential operators and p-adic quantum theory. Most
importantly, a systematic reconstruction of the well known p-adic Schwartz theory of
distributions was made in this very book. Since the appearance of this monograph,
the study of harmonic analysis on p-adic fields have taken the interest of many re-
searchers which resulted in various generalizations in operator theory and function
spaces. It has now become a key tool to describe the power decay law, the loga-
rithmic decay law [5] and Kohlrausch-Williams-Watts law. It proved itself a natural
base for development of various models of ultrametric diffusion energy landscape [4].
It also attracted a great deal of interest towards quantum mechanics [100], theoreti-
cal biology [23], quantum gravity [2, 8], string theory [89, 99] and spin glass theory
(3, 90]. In [4], it was shown that the p-adic analysis may be efficiently applied both to
relaxation in complex speed systems and processes combined with the relaxation of
a complex environment. p-adic analysis has a vital role in p-adic pseudo-differential
equations and stochastic process, see for example [68, 100]. Besides, in this day and
age many researchers have shown plenty of interest in the study of harmonic and

wavelet analysis, for instance, see [44, 45, 68].
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Here, in this thesis, our aim is to study some integral operators on function spaces
defined on the p-adic field. Therefore, in order to fulfill our objective, a brief intro-

duction of such a field is mandatory at this stage.

1.2 Preliminaries

Suppose a symbol Q denotes the field of rational numbers. The absolute value |z| of
x € Q satisfies the below properties:

() |x| >0, |x| =0iff z =0,

(i2) |zy| = |2[yl,

(¢ii) & +y| < |z + [yl

Therefore, the function |- | : Q — R is termed as norm. Differently, let p be a prime

number, if a non-zero rational number x can be written in the form

_ Sk
xr = tp )
where the integer k = k(z) € Z and s,t € Z are not multiples of p, then the function:
|- 1p: Q\ {0} = R,
defined as:
0 if =0,
|z, = P
p~ " ifxF#0.

satisfies all the axioms of a field norm with an additional property that:
|+ ylp < max{|z[y, lylp}, (1.2.1)

and is commonly known as p-adic norm.
The field of p-adic numbers, denoted by Q,, is the completion of rational numbers
with respect to the p-adic norm | - |,. A p-adic number x € Q, can be written in the

formal power series as (see [100]):
x :pVZakpk, (1.2.2)
k=0

where a;, k € Z, o9 # 0,05, € {0,1,2,...,p — 1},7 = 1,2, - -. The p-adic norm ensures
the convergence of series (1.2.2) in Q,, because |p?B;p'|, < p 7"

The n-dimensional vector space Q, n > 1, consists of tuples x = (X1, T2y ..., Ty,
where z; € Q, and j = 1,2,...,n. The norm on this space is given by

‘X|p = 12%}% |xj‘p-
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In non-Archimedean geometry, the ball and and its boundary are defined, respec-

tively, as:
Bi(a) ={x € Q}: |x —al, <p"}, Si(a) ={xe Q) :|x—al, =p"}.

We denote B(0) = By and Sk(0) = Sy for convenience. Additionally, for every
a9 € Qp, ag + By, = By(ag) and ag + Sy, = Sk(ay).

The geometry of space Q) is different from the geometry of space R", which follows
from the non-Archimedean property. In particular, the Archimedean axiom is not true
in Q,. For two different balls in non-Archimedean geometry, either they are disjoint
or one is contained in the other.

The local compactness and commutativity of the group Q) under addition implies

the existence of Haar measure dx on Qj, such that

/ dx = |Bo| = 1,
Bg

where the notation |B| refers to the Haar measure of a measurable subset B of Q.
Also, it is not difficult to show that |By(a)| = p™*, |Sk(a)] = p™*(1 — p~™"), for any
a€Qy.

1.3 Some p-adic Function Spaces

Next, we highlight some definitions of p-adic weighted function spaces which will be
used in the upcoming chapters. Taking the weight functions to be equal to unity, we
get the definitions of p-adic function spaces. Therefore, we might give the definition

of weight function first.

Definition 1.3.1 (/16]) Let 5 € R . The set of all nonnegative locally integrable
function w(z) on Qy is represented by Wy and undergoes the below properties:

(a) 0 < w(x) a.e.,

(b) oo > fso w(x)dx,

(¢) w(tx) = [t|5w(x), for all x € Q7 and t € Q,\{0}.

A symbol w(FE) defines the weighted measure of a measurable subset ' C Qp, that is
w(E) = [pw(z)dz. Clearly a weight w(x) € Ws needs not to be necessarily locally
integrable function. Importantly, if w(x) = |x|5, then w(x) € Wy but w(x) € L, .(Q})

if and only if > —n.
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Definition 1.3.2 Suppose w(x) is a weight function on Q. The p-adic space L(w; Q) (0 <
q < o0) is the set of all measurable functions f: Q) — R satisfying

1

1 £l Laquip) = (/@n \f(x)|qw(x)dx) " < 0.

P

Now, we define weighted p-adic weak Lebesgue space as

Definition 1.3.3 Suppose w(x) is a weight function on Qp. A measurable function

[ is in weighted weak Lebesgue space L4 (w, Q}) if:

1/q
I levmcuggy = sup o fx € Q51701 > A) <o
>

where

w{x € Q: [f(x)] > A}) = / w(x)dx.

{x€Qp:|f(x)[>A}
When w = 1, the above space is reduced to weak Lebesgue space defined on p-adic

linear space [103].

1.3.1 Morrey-type Spaces on Q)

Definition 1.3.4 Suppose w is a weight function on Qp, A\ > —%, where 1 < g <
oo. The p-adic space Lq’A(w;Qg) is the set of all measurable functions f: Q) — R
satisfying

Lq’A(M;QZ) = {f S Lizoc(u%(@;l) || f ||qu)‘(w;Q;)< OO},
where

1 1/q
fllLarwony = sup (—/ f(x)|%w(x dx> .
|| ”L (w;Qp) reZ,acQy U)(By(a))/\q—i_l Bw(a)| ( )| ( )

Obviously L&~V (w; Qp) = LY(w;Qy), Lq’o(w;(@g) = L=(w;Qp). When A > 0, the
Morrey space Lq”\(w;(@g) is reduced to {0}. So, in this thesis, we always choose A
from the interval —1/q < A < 0.

Definition 1.3.5 Suppose w is a weight function on Qp, A > —é, where 1 < q < o00.
The p-adic space Bq’A(w; Qp) is the set of all measurable functions f: Qp — R and is
defined as

BN w; Q) = {f € Lie(@) ¢ 1]l o urey) < 0%

where
1

1/q
e nw(x)dx ) .
iy =500 (o pymass [, G0 )

~y
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Obviously L?(w; Q) C B (w;QF) and B#~Y(w;Qr) = Li(w;Q2). Also, it is
interesting to note that B9 (w; Q) = {0} when A < —1/g. When w = 1 the weighted
central Morrey space in p-adic field is central Morrey space in p-adic field which is

defined by

Definition 1.3.6 Suppose 1 < ¢ < oo and suppose —+ < X\ < 0. A function f €

L},.(Qp) is said to belong to central Morrey spaces Bq”\(@;) if

X 1 l/q
B =swp (i [ Gopax) <o

veZ \|By |y

When A = —1/¢q, then B‘?”\(Qg) = LY(Qy). Evidently, B‘M(QZ) is reduced to {0}
whenever A\ < —1/q.

Definition 1.3.7 Suppose —2 < A < 0, where co > q > 1. The p-adic space

g, n\ ; : . n : :
W B (Qy) is the set of all measurable functions f: Q) — R satisfying

WBINQ) = {f [ fllwseray < o0},
where

-1
I Flwsor ) = sup 1Bl fllwiaca,.
v

and || f|lwras,) is the local p-adic L?-norm of f(x) restricted to the ball B, as
I llwsets) = supx € By 1560] > A}
>

Obviously for A = —1/¢, we have WB‘]”\(QZ) = L9°(Qp) is a p-adic weak L? space.
Also, BQ’A(@Z) - WBq”\(@;j) for —1/q¢ < A < 0, where 1 < ¢ < oc.

1.3.2 Herz-type Spaces on Q)

Definition 1.3.8 Suppose w(x) is a weight function on Qy, a € R and 0 < 1,q < o0

then weighted homogeneous p-adic Herz space qu"l(w; Qp) is defined as below:

Kyt (w; Q) = {f € Liyo(wi @0}« 11l ot gy < o0}

where
o

11
1l et sy = ( > w(Bk)al/n||ka||qu(w;@g)) : (1.3.1)

k=—o0
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Since Herz spaces are considered as a generalization of power weighted Lebesgue
spaces. Therefore, we have K4(w; Q) = L(w; Q7).
When w = 1, the weighted p-adic Herz space is just a p-adic Herz space which can

be define as:
Ko@) ={f € LUQg) « 1l gy < o0}

where

oo 1/q
g = (3 Wtk

k=—o0

Definition 1.3.9 Suppose w(x) is a weight function on Qp, a is a real number,
0<q,l <ooand A € RT then the weighted homogeneous p-adic Morrey-Herz space
MKZO’;’\(w;QZ) is defined as:

ME[MNw; Q) = {f € Li,.(w, Q\{0}) : £ arkce sy < 003

where
ko

1
HfHMKf“*(w;Qg) = sue}%w(Bko))‘/"( Z w<Bk)al/nHka”qu(w;Qﬁ)) : (1.3:2)
»qd 0

k=—00

Weighted p-adic Morrey-Herz space is reduced to p-adic Morrey-Herz space if w =1

which can be defined as:

MKlO,Z)\(@Z) - {f € L?OC(QZ \ {0}) : HfHMKlO‘q)‘(QIT;) < 00}7
where

00 1/1
_ —koA kad l
||f||Mf<;§g(Q;)—I§;1€%p ° ( > p ||ka||Lq(@g)) :

k=—o00

A close observation of (1.3.1) and (1.3.2) reveals that by setting A = 0 in (1.3.2)
we get the following equality MKl‘ZO(w; Qr) = K& w; Q).

1.3.3 BMO-type Spaces on Q)

Definition 1.3.10 [21] The weighted p-adic space BMO(w,Qy) satisfies

1 llsaroway = s%pﬁ /B (@) — falwx)dx < oo, (13.3)

where supremum 1is taken over all balls B of Q) and

1
fs = E/Bf(x)dx. (1.3.4)
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If w =1, we get the p-adic space BMO(Q}), see [91]. Now, we turn towards the -
central BM O space.

Definition 1.3.11 Suppose A < % and oo > q > 1. The p-adic space C MO (w, Q)
15 defined as:

1 a
| f learos wop) = Slelg <W/B |f(x) — fBV|qw(X)dX) < 00, (1.3.5)
Y Y

v

where

1
B, = |B_7| /Bw f(x)dx. (1.3.6)

Remark: When X\ = 0, the space CMO%(w, Qp) is just reduced to CMO?(w, Q)
satisfying

1 1/q
||fHCMOq(w,@;;) = sup (m/B |f(x) — valqw(x)dx) < 00.

YEZ

Definition 1.3.12 Suppose 6 € R*. The Lipschitz space A;(Q}) is the space of all
measurable functions f on Qp, such that:
[f(x+h) - f{x)

fllas@my = sup < 00.
H H s(Qp) X hAOEQ) |h|g

The distribution function of f € Q) with a measure w(x)dx is defined as:
pi(A) =w{x € Qy : [f(x)| > A}.
The decreasing rearrangement of f with respect to measure w(x)dx is as follows:

FU(8) = nf{A > 0: ¥ (V) < t),t € R

Definition 1.3.13 The weighted Lorentz space L%*(w,Qy) in p-adic field is the col-

lection of all functions f so that || f||Lesw,qn) < 00, where

s tafe)rd ) if 1 < s < oo,
2 o :

1 llzoe gy =
supyo Y1 (0), if s = oc.
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For f € L%*(w,Qy) with 0 < s <00, 0 < g <7 < 00, clearly

1Al zrs gy < ClFllzas ) (1.3.7)

If an operator T is bounded from L%!(w, Qp) into L™ (w, Qy), then T is of weak type
(q,7). From (1.3.7), evidently,

wix € Q) : TS| > A} < O flaugy: 1< a <7 < oo,

justifies weak type (g,r) for 7.
In Chapter 4, we shall come across the situation where the following Marcinkiewicz

theorem will be helpful for us.

Theorem 1.3.14 Suppose w(x) = |x|5, a > —n, 1 < ¢ < qo, 1 < 1',r9,7" # 19,
v € (0,1) and

1 1

i (L=9)/q +9/q0, ~ = (L= D)/r' + /0.

If T is of weak type (qo,70) and (q',r'), then T is bounded from L%*(|x[,Qy) into
Lr2(|x[s,Qp), for all 1 < s < oo.

1.4 Introduction to Some Integral Operators

In this thesis, some p-adic integral operators of our interest include the Hardy operator,
the fractional Hardy operator, the weighted Hardy operator, the matrix Hausdorff
operator and the fractional Hausdorff operator. A brief introduction to these operators

define on different underlying spaces is given in the next few subsections.

1.4.1 Hardy-type Operators on R"

The operator
1 x
Wi =+ [ )y 23>0, (141)
0

was introduced by Hardy in [49] which satisfies the following inequality:
q
H,HfHLq(]R'*‘) < q_—1||f“Lq(]R+), 1< q < 00. (1.4.2)

It was also shown that the constant ¢/(q—1) appearing in (1.4.2) is optimal. Knowing

its fundamental importance in analysis, Faris in [27] and Christ and Grafakos in [15]
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proposed an extensions of (1.4.1) and its adjoint to the n-dimensional Euclidian space

R™ of which the equivalent forms are:

1= [ gy we = [ iy xern o) 143
1" Jiyi<ixg iyi>ixl 11"

In addition, the corresponding norms of H and H* were computed in [15] which were

same as that of corresponding one dimensional Hardy operators.

Since the appearance of monographs cited above, the study of optimal bounds
for Hardy type operators on function spaces took the global attention and a good
number of research publications were produced in this direction. For instance, the
authors in [32] and [89] investigated this problem on power weighted Lebesgue and
Morrey spaces. Similar results on other function spaces including weak Lebesgue and
Campanato spaces were reported in [114]. Finally, the sharp estimates for Hardy
operator on higher dimensional p-adic product space were obtained in [83].

Let us turn our discussion towards optimal bounds for fractional Hardy type oper-
ators H, and H} (see [33]) which are obtained by replacing |-|" with |-["™* (0 < a < n)
in each of the components of (1.4.3). In 1930, Bliss [7] worked out the following in-

equality for one-dimensional fractional Hardy operator:

[HofllLaws) < Conarpll fll Loy,

1/g—1/p

%_%:aandCShm«p: (i)l/q LB(l 1)

where 0 < a < 1 < p < o0, ; o~ w7
The problem of sharp bounds for H,, on higher dimensional space is recently addressed
in [115]. Mizuta et al. [85] obtained the optimal bounds for H, in the framework of
Banach function spaces. Recently, in [86], they computed the sharp constant for
the fractional Hardy operator on variable exponent Lebesgue spaces. Besides, the
weak type optimal bounds for the fractional Hardy and adjoint Hardy operators are
of special interest to many researcher, see for instance [36, 37, 38, 112]. In this
context, the book [24] and [48] are probably one of the most books for Hardy type
inequalities. For more details about weak bounds of Hardy type operators see some
late publications including [11, 36, 112].

In what follows the weighted Hardy operator which was defined in [10] is given by

Hy(f)(x) = / fx)(t)dt, x € R,

where 1 : [0,1] — [0,00) is a measurable function. Interestingly, when ¢» = 1 and

n = 1, the weighted Hardy operator is reduced to classical Hardy operator given
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in (1.4.1). Xiao [110] proved the boundedness of Hy on LP(R"),1 < p < oo and
BMO(R™). Moreover, he worked out corresponding operator norms as well. Fu et
al. [29] showed that Hy is bounded on central Morrey spaces as well as on A-central
BMO spaces by imposing size conditions on . In addition, in the same paper, they
sharpen these size conditions on . Some results showing boundedness of Hy on other
function spaces were presented in [28, 79].

The weighted multilinear Hardy operator on Euclidean space was defined by Fu

et al. [31] and is given by

1 1
HTT(fl’ e fm)(x) o /0 .. /0 fl(tlx> A fm(tmx)¢(t1’ .. .7tm>dt1 . dtm7 X € R”7

where 1 is a nonnegative function defined on [0, 1] x - - - x [0, 1]. In the same paper,
authors studied the boundedness of the very operator on the product of Lebesgue
spaces and central Morrey spaces. Moreover, the boundedness of weighted multilinear
Hardy operators on the product of Herz type spaces was shown in [41]. Finally, we
remark that the celebrated work on weighted Hardy and integral inequalities can be
found in the works by the authors in [65, 67, 69].

1.4.2 Hardy-type Operators on Q)

The Hardy operator H? and its adjoint HP* on the p-adic field was first time defined
by Fu et al. in [34] and obtained their optimal bounds on L?(Qy). Central Morrey
space estimates for Hardy type operators along with their commutators on the p-adic
field are established in [109]. In [80], the authors turned towards higher dimensional
product spaces and computed the optimal estimates of Hardy type operators on p-adic
field. Finally, the n-dimensional fractional p-adic Hardy type operators are defined
and studied in [105], which for f € Lj,(Q}) and 0 < a < oo, are given as:

P X _L D,* x) = f<Y>
HY £ (x) /|y|p§|xpf<y”y> H* (%) /| =

o x[pe ylp>Ixlp 1Y

dy, x € @y \ {0}.

When « = 0, we obtain p-adic Hardy type operators, see [38] for more details.
The weighted p-adic Hardy operator was defined and studied in [91]. For p-adic
numbers’ field Q, and Z, = {z € Q, : 1 > [z, }, if Z; = Z,\ {0}, then p-adic weighted

Hardy operator can be defined as:
HIf(x)= | fe)o(o),
Ly

where 1 is a nonnegative function defined on Z;. In a same paper [91], it was shown
that H}, is bounded on LY(Qy}), oo > ¢ > 1 as well as on BMO(Qy). Later in 2013,
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authors in [16] established the boundedness of H f; on Herz type spaces on p-adic field.
Furthermore, weighted p-adic Hardy operator along with its commutator on p-adic
central Morrey spaces have been discussed in [108].

In what follows weighted multilinear p-adic Hardy operator was extensively studied
in the near past, see for example [18, 80, 81] and the reference therein. The weighted

multilinear Hardy operator on the p-adic field was defined in [81]:

Definition 1.4.1 Let x € Qp, m € N and f1,- - -, fm be nonnegative measurable

Junctions on Qp, then

Hf;’m(flv .. '7fm)(x) — /* . g fl(tlx) . fm(tmx)¢(t17 .. ;tm)dtl e dtm’

where ¥ 1s a nonnegative measurable function on Zy X - - - X L.

In the same paper, the authors computed the optimal estimates for weighted multi-
linear Hardy operator on p-adic field on the product of p-adic Lebesgue spaces along

with Morrey type spaces.

1.4.3 Hausdorff Operators on R”

Hausdorff summability methods (Hausdorff operators) contributed a lot in the study
of one dimensional Fourier analysis, more specifically, in the study of summability
properties of classical Fourier series. Back in 1917, Hurwitz and Silverman [54] studied
number of methods related to the Hausdorff summability. The real breakthrough came
in 1921, when Hausdorff [49] not only rediscovered the same summability problems
but also associated them with a familiar moment problem for a finite interval. The
later publications in this topic include [6, 46, 90, 104]. In the manuscript [96], Siskakis
started working on composition operators as well as on Cesaro mean in H? spaces. His
nice brief proof for H' boundedness of Cesdro operator in [97] was an important result
in the context of developing theory of Hausdorff operator. In [39] and [40] extension
of results of [96] and [97] was made to the Fourier transform setting on the real line.
The research article [39] was the gateway for Mdéricz and other authors to attempt a
more general averaging operator than Cesaro.

Recent attention towards studying Hausdorff operators on function spaces is a
consequence of the paper [75] by Liflyand and Mérecz. In the paper, they proved that

the operator

Hyf(z) = /Ooo o) 4 (%) dt, (1.4.4)

t
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is bounded from H!(R) into H'(R). The ensuing manuscript [73] extended these
results on the real Hardy spaces HP(R), 0 < p < 1, by employing some smoothness
conditions on the kernel function ®. Also, the article [76] on Hausdorff operator was
written in a quick succession of [75].

Besides its summability properties, the operator is considered as the generaliza-
tion of the operators like the Cesaro operator, Hardy type operators. These are the
properties of Hg that served to encourage researchers to study it in high dimensional
Euclidian space R™. In this perspective an extension of (1.4.4) was made in [70] and
is given by

Hoaf(x) = / B(t) F(A(t)x)dt, (14.5)

n

where ® € L] _(R™) and A(t) is a square matrix with det A(t) # 0 almost everywhere
in the support ®.

Here, it may be quite appropriate to outline some developments in the theory
of Hausdorff operator during the recent years. A survey reveals that much of the
literature on Hausdorff operator is focused on its boundedness on the Hardy spaces
H' [14, 64, 70, 75, 108] and a little on H?, 0 < p < 1, [13, 74, 73]. Without
going into the detailed history, we mention a few recent publications which include
[9, 12, 13, 14, 72, 26, 56, 64, 70, 72, 74, 92, 108, 113]. The matrix Hausdorff operator

was defined in [12]:

H@,Af(X)Z/Rn o F(A(t)x)dt. (1.4.6)

If A(t) = diag[1/]|t],...,1/|t|], then we get another definition of Hausdorff operator
which was defined in the same paper [12]:
d(t
Hof(x) = / Ln)f (i) dt. (1.4.7)
rn [t] [t]

In [12], atomic decomposition of Hardy spaces was employed for the boundedness of
Hausdorff operators in these spaces. Another important development made in [12]
was the introduction of rough Hausdorff operator defined by

~ d(x/|y

Huaftx) = [ F00) )y, (143
where the restriction 2|sn-1 of © on the unit sphere is integrable with respect to the
normed Lebesgue measure dy and @ is a radial function defined on R™. If Q = 1, we
get the following operator:

Hof() = [ %ﬂwdy, (1.4.9)
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which is also focused to study in the same paper [12].
An extension of the operator in (1.4.9) is the fractional Hausdorff operator which

was studied by Lin and Sun [78] and is given as:

O(lx|/ly)

Ty fly)dy, 0<p<n. (1.4.10)

Hop(£)60 = [

It is important to mention here that if the kernel function ® in (1.4.10) is selected
smartly then Hg g is reduced to the some classical operators like Hardy operator,
adjoint Hardy operator, Hardy-Littlewood-Pdlya operator and Cesaro operator. Weak
and strong estimates of two kinds of multilinear fractional Hausdorff operator on
Lebesgue space were studied by Fan and Zhao in [26]. Similar estimates for the
commutators of fractional Hausdorft operator were reported in [56]. Gao and Zhao

[38] obtained the optimal estimates for fractional Hausdorff operators.

1.4.4 Hausdorfl Operators on Q)

The study of Hausdorff operator on p-adic function spaces is solely due to Volosivets
[102, 101]. Suppose that ®(t) is measurable on Qp, n X n matrix A(t) is nonsingular
almost everywhere and has the continuous components a;;(t) : Q) — @, and f(x) is

continuous on Q7. Then the Hausdorff operator is as follows

Haa(f)(x) = /@ () F(AE)x)de
whenever Lebesgue integral exists.

In [102], Volosivets studied the boundedness of Hg 4 in the real Hardy spaces
H'(Qp), the matrix A(t) was restricted to A(t) = a(t)E, where E is the identity
matrix. Subsequently, in [101], by replacing the condition on the form of the matrix
A with the constraints on its norm in @QJ, he obtained the boundedness of Hg 4 in
H'(Qp) and BMO(Qp).

1.5 Our Contribution to the Theory of Hardy-type

Operators

We contributed to the theory of p-adic Hardy-type operators in many ways. Firstly,
we obtain the boundedness of p-adic matrix Hausdorff operator on p-adic Morrey and

Herz-type spaces. Also, under some special conditions on the norm of the matrix, we
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proved sharpness of these results. Secondly, we not only defined the commutators of

p-adic matrix Hausdorff operator on p-adic field:

Hg 4 (f)(x) = b(x) Ho,a(f)(x) — Ha,a(bf)(x), (1.5.1)
but also introduced the p-adic analog of fractional Hausdorff operator in the following

d(x|yl,)
|yl ?

where |y|, is considered to be equal to some power of p as an element of Q,. We also

form:

Ha s(f)(x) = /@ fy)dy, 0<f<n, (15.2)

define and studied the commutators generated by fractional Hausdorff operator and
the Lipschitz function. Finally, we remark that if 5 = 0, we get the another type of

Hausdorff operator and is as follows

o) = [ PEIYL) 5y yay, (1.5.3)

Qn vy

which was recently studied in [103]. Also, we computed optimal weak bounds for
p-adic Hardy type operators on weighted p-adic Lebesgue spaces and weighted p-adic
central Morrey spaces. Finally, we acquired sharp size stipulations on the kernal
function ¢ such that weighted p-adic Hardy operator is bounded on product of Herz
type spaces.

1.5.1 References of Contribution

The contribution is cited in the reference list which include [60, 61, 62, 63, 94, 95].



Chapter 2

The Hausdorftf Operator on
Weighted p-adic Morrey and
Herz-type Spaces

2.1 Introduction

In this Chapter, we will study Hausdorff operator on p-adic function spaces of power
weighted type including Lebesgue spaces, Morrey spaces, and Herz type spaces. Con-
trary to [101, 102], we employ a different methodology to prove our results. In ad-
dition, by imposing some conditions on the norm of the matrix A, we discuss the
sharpness of our results as well. These results are important in the sense that Hg 4
is a p-adic Hardy-Littlewood operator and p-adic modified Hardy operator if A(t) is
diagonal matrix and & is suitably chosen. Secondly, the analysis presented in this
paper can be used to prove the boundedness of Hg 4 and its commutators on other
weighted function spaces of p-adic nature, see for example [95].

In the remaining of this section, we suggest some basic definitions and notation,
as well as some useful lemmas. We prove the main theorems stating the bounded-
ness of Hg 4 on weighted p-adic Herz-type spaces in the next Section. However, the
boundedness of Hg 4 on weighted p-adic Morrey-type spaces is proved in the last

Section.

Lemma 2.1.1 ([101]) Suppose D is an n x n matriz with entries d;; € Q,. Then the

norm of D, regarded as an operator from Qp to Qp, is

1Dl = max max |dyl,-

15
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The action of operator D with matrix {d;;};,_, on x = (21, 72,...,7,) € Q) can be

Dx = (Z dljxj7 ceey Z danEj) .
j=1 i=1

expressed as

Lemma 2.1.2 Suppose that an n x n matriz D with entries d;; € Q, is invertible.
Then
ID7H™ > |det D', > [|D|| ™" (2.1.1)

Proof. By virtue of (1.2.1) and Lemma 2.1.1, we have

n
E dijﬂfj
=1

< max max |dl,|z;|, < || D[],

|Dx|, < max
1<i<n 1<j<n

1<i<n

p

for any x € Q). Then, by replacing x with D~'x, we have
DI~ [xlp < [D™ x|y < [[D7H] |- (2.1.2)
Thus,

{x € Q) IDI ! xl, < 1} 2 [{x € Q) : D], < 1}
> |[{x e Q) [D7Ix], < 131,

which leads to (2.1.1) without any essential difficulty, since |By| = 1.

Lemma 2.1.3 (/21]) Let w € Wg, v € Z and B > —n. Then we have
w(By) = P and w(S,) = pT - w(S,)

Here and in the sequel, for brevity’s sake, we use the following sign:

D|]° if § >0,
a5 = LI 1 (2.1.3)
DY~ if § <0,

where 0 is a real number and D is a nonsingular matrix.
Evidently:

G(D,5(1/p+1/q)) =G(d, B/p)G(d, B/q), (2.1.4)

where p,q € Z*.
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Lemma 2.1.4 Let 3 > —n, w(x) = [x[5, D be any invertible matriz and x € Q,
then

1 D]|Pw(x) if >0,
D Pw(x) if B <0,
= G(D, Blw(x).

w(Dx) <

Proof. The definition of w(x) and (2.1.2) will do world of good to prove a lemma.

Lemma 2.1.5 Suppose > —n, w(x) = ]X\g and D is any invertible matriz, then

we have
(4) w(DBy(a)) < G(D, B)| det D|,w(Bx(a)),
) ) "
(i) W(Bitiog, |1D)|) = w(SO)p(nT)_lHDH w(B).

Proof.(7) Since,

w(DBy(a)) = / x| dx

DBy (a)

:/ |Dz|£|detD|pdz

By (a)

_ |detD|p/ w(Dz)dz.
By (a)

The proof is completed courtesy Lemma 2.1.4.

(47) Similarly,

log,, || D||

w(Biriog, ip)) = Y w(Skj)

j=—o0

log,, || D]

—w(Sy) Y prAt)

j=—o0

p(n'i'ﬁ) B
= w(So)WHDH w(By),

where we employed Lemma 2.1.3 at the second and third step.
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2.2 Bounds of Hausdorff Operator on Weighted p-
adic Herz-type Spaces

The current section consists of results on the boundedness of p-adic Hausdorff operator

on p-adic Herz type spaces. The results and their proofs are as under:

Theorem 2.2.1 Let1 < ¢q,l<o0, 0<A>a, f>—n and w(x) = |x|£, then Hg 4
s bounded on MKEZ/\(“’S Qp) and satisfy the following inequality

”HM”MKﬁ;*(w;@g)

< CIIfIIMK;y(w;@;)/Q [ det A7H(£)]/ 9| A(E) [N PG AT, B/q)| () db.

Proof. For k € 7Z, use of Minkowski’s inequality, p-adic change of variables and

Lemma 2.1.4 give

|| (H<I>,A)ka||Lq(w;@;})

-(/ | [ sawn u(x)ax) "

< | g ( ) A0 () " ow)at

-/ g (f L (T )] de A7 (©)x ) " ow)at

=/ 1 Xawse | agusay | det A7H(6) /TG (AT (t), B/a) | ()], (2.2.1)

n
P

where A(t)Sy denotes the set: {x : A7'(t)x € S;}. Hence, by definition of S and
(2.1.2), Evidently,
LA@)I [x[, < [A7 (t)x], = p".

Making use of the condition 1 < ¢ < 0o, one has

| fxaw)s)llLawsan
log,, [|A(t)|l

1/q
< (/ |f(X)‘qw<X)dX> <C Z Hka+j”L‘1(w;Qg)- (2.2.2)
|x[p<[|A(t)[Ip*

j=—o0

Inequalities (2.2.1) and (2.2.2) together yield

| (Ho,af) Xk La(uiap)
log,, [[A(t)]|

< C/ Z Hka+j||Lq(w;Q;;)|det/‘rl( )|1/qG( Y(t),8/q)|®(t)|dt, (2.2.3)

3 .
P j=—00
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Hence, by means of Minkowski inequality and (2.2.3), we have

HHQ,AfHMKﬁ;\(w;Qg)

o AN
— sup pka)\(nJrﬁ)/n { Z (pka(n+ﬁ)/n H(Hq)’Af) XkHLq(w;Qg)) }

ko€Z k=—o00

<C / | det A7 (t)|IG(ATL(b), B/q)|®(t)]

n
P

1/
ko [log, [A®)] :
x sup p R NN g il Lo dt
ko€Z k=—00 j=—00 P
log,, [|A(t)]l
<C [ |det ATNR)[IG(ATN(E), B/g)@(t)] D pATe A
Qp j=—o00
ko+j 1/1
X Sup p —(ko+i)A(n+8)/ { Z D ka(n+B)l/n HkaHLq(w Qn)} dt. (2'2.4)
ko€Z k=—00
Since, o < A, therefore
logp A (A—a)(n+8)/n
-a)mipyn _ AR
Z p] 1— p(af)\)(n+,3)/n : <225)
j=—00

Substituting the value of this sum into (2.2.4), we get

< Ol sy [, 1968 A7 OG0, B/a)l AR o).

P

Having slightly strict conditions on ® and the norm of the matrix A, we get the

sharp result as below:

Theorem 2.2.2 Let 1 < q,l<o0, 0 <\, a<A<a+n/q, B>—-n, wx)= |x|£
and ® be a non-negative function. Let there exists a constant Cy free from t in such
a way that [[A(t)||7" > & [|AT(b)]| for every t € supp(®), then Hy 4 is bounded on
MKZO;})\(’LU; Qp) if and only if

/ IA(E)[[A-em/ DO+ (1) gt < oo,
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Proof. The sufficient part can be obtained from Theorem 2.2.1, so we are only
interested in necessary part. If ||A(t)||~! > CLOHA_l(t)H, then the inequality (2.1.1)
reduces to

IA@)I" ~ [det A~ (£)], ~ AT (E)]", (2.2.6)

and we divide the remaining proof into couple of cases which are as follows.
Case I: X # 0.

For present case we choose

folx) = [x|Q-a-n/DtA/n,

Obviously, fo € L (w; Qy\{0}), therefore, by Lemma 2.1.3, we have

loc

1 (Fo) Xk gy = /S [x| Ao/ (nB)a/myy ()i = pFOA=) B (G,
k

Also,

ko N
T Yo PO e AN
’ 0

k=—00

ko 1/1
— w(Sy) 4 sup p~roAnFA/m { Z pk/\(n+,3)l/n}

ko€Z k=—o00

A(n+p)/n
— w(Sy)1—L

< Q.
(pot/n — 1)1/1

Also, with a stipulation A < a 4+ n/q, we get

Q@

> |X|I(?A—a—n/q)(n+ﬁ)/n/ |A(t)]|A-en/DW+B)/ng (t)dt
%
= o) [ Ao s
%

Since Hg 4 is bounded on MKﬁ‘éA(w; Qp), it follows that

L VA0t < Al gy ek <

n »q
P

Case II: If A = 0.
For the current case, the space MK la q”\(w;(@g) reduces to K (‘f’l (w; Qp) which is the
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weighted Herz space. In view of the condition o + n/q > 0, we choose
fe(x) = |X’;(aJrn/q)("+B)/n7€/qX{|x|p21} (2.2.7)
Hence, for k > 0, we have
H(fE)XkH%q(w;Qg) :/S |X|;(Oé+n/‘1)(n+5)Q/n—ew(X)dx — p—ka(n-i-ﬁ)fI/n—kew(So)‘
k

Also,

1/1
l
el gy = {E (el o) }

k=0

11
© €/q
= w(So)l/q { g p‘kd/q} = w(So)l/q—p < 00.

i
k=0 (pet/a — 1)1/

On the other hand, we get

Hp af(x) = o Je(A)x) X q1at)x),>13 P (t)dt

(o

which suggest that

[A(t) ||~/ e qcb(t)dt) x| A/ 8) nefa,

\X\

- 1/1
Ha af.(x) = { S p’wWW"||<H¢,Af€>xk||2q(w;@;>}

k=—00

Z{ Z pka(n—i—ﬁ l/n(/ |X| (a+n/q)(n+B)q/n—e
k=—o00

/” . ||A(t)||—(a+n/q)(n+ﬂ)/n—e/qq>(t>dt
t)1>

q

X

w(x)dx> : /q}m

Y 1/
0)a Z phe/a (/ HA(t)H(”"/‘Y)(”*m/”e/q@(t)dt) '
At)l[=p*

k=—00

Let us take € = p~™ then [e|, = p™. Therefore, for 0 < m < k we have

1o, aTell gty

0o 1/1
w(Sp)M /”A( ' ||A(t)H—(a+n/q)(n+ﬁ)/n—6/qq>(t)dt{ Zp—kfl/q}
t)||>e€

k=m

> 1 £l et /”A(t) [A(t)] e e mclagy (),

>e€
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Letting € — 07, we get

A )t < | o
Q

n
p

(w;Qp)— K¢ (w;Qp) < 0.

Here, it is important to note that we cannot take a = A = 0 in Theorems 2.2.1 and
2.2.2 and therefore cannot deduce results for Lebesgue space L?(w;Qy). The reason

is that in case o = A = 0, the series (2.2.5) will be no longer convergent.

2.3 Bounds of Hausdorff Operator on Weighted
Morrey-type Spaces

In a present section, we show the boundedness of Hg 4 on Morrey spaces L9 (w; Qg),
Moreover, the results for Lebesgue space L9 (w; QZ) can be deduced from the Theorems

of this section by assigning special values to the parameters.

Theorem 2.3.1 Suppose 0 > X > —1/q co > ¢ > 1 and w(x) = |x[5, then He 4 is
bounded on L% (w; Qp) and satisfy the following inequality

[Ho.af || Lo wiay)

< [ fllzor wigp) /@n [ det A(t)[;G(A(t), B\ + 1/q))G(AT(t), B/q)|D(t)|dt.

Proof. Let f € Lq’)‘(w;QZ), then an application of Minkowski’s inequality, p-adic
change of variables and Lemma 2.1.4, yields

(W/B @ |H<I>,Af<x)|qw(x)dx) "

~

= (g [, | [, Fawnte] wics) "

1 . 1/q
< [, G |, Vomoi) oo
1 q 1 . N 1/q
: [@g (W /A(t)Bﬂ/(a) |[F ) [fw (AT (t)x)| det A™(t)],d ) |D(t)]|dt

_ /@ | det A7 (£)| Y9G (A (t), B/q)| @ ()]

’ 1 . 1/q
X (W /A(t)Bw(a) |f(x)] w(x)dx) dt. (2.3.1)
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Making use of the condition 1+ Ag > 0 and Lemma 2.1.5(3), we have

(W /Bv(a) |H<I>,Af(x)|qw(x)dx) "

1 . 1/q
: /@3 (w(A(t)Bv(a))/\qul /A(t)BW(a) )] w<X>dX>
x (| det A(6)|,G(A(t), B)M Y| det A7} (6)]}/7G(AT(t), B/q)|@(t)]dt

< [ f 1 zer wigp) /@n | det A(t)[;G(A(t), BN+ 1/q))G(AT!(¢), B/q)|@(t)]dt.

In the next Theorem, we sharpen the result by imposing special conditions on ¢

and on the norm of matrix A(t).

Theorem 2.3.2 Suppose 0 > A > —1/q and oo >q>1, —n <, w(x) = |x|g and
® is a non-negative function. Suppose there exists a constant Cy free from t in such
a way that ||A(t)|~t > CLOHA_l(t)H for every t € supp(®), then Hg 4 is bounded on
Lo (w; Qp) if and only if

/ LA®)[| "D (t)dt < co.
Q

Proof. The sufficient part follows from Theorem 2.3.1, thus we will only prove the

necessary part. If [|A(t)||~ > CLOHA*l(t)H, then the inequality (2.1.1) gives us (2.2.6).
Here, we consider the cases —% <A<0Oand A = —%, separately.

Case I: —1/¢ < A < 0.

We consider fo(x) = |x|§;"+’8)k, then by Lemma 2.4 in [21], fo € L% (w;Q}) and

[ foll La: (@) > 0. Hence, we have

Haafo — / A®)x]IH D (6)dt
Qp
- x| / LA B (6)dt
Qp
= o) [ @ P et
Qp

Therefore,

/Q IA®)] "R (t)dt < | Hoall Lo i) —po usap)-

n
P
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Case II: A =—1/q.
In this case weighted Morrey space L% (w; @;‘) on p-adic field reduces to weighted
p-adic Lebesgue space L(w; Qy). By taking a = 0 in (2.2.7) we choose

fe(l’) — |X|;(”+B)/q_e/qx{\x\p21}-

In addition, taking [ = ¢ and following the same procedure as followed in the proof of
Theorem 2.2.2(Case II), it is easy to conclude that

/ LA~ 2799 (t)dt < || Hoallowiop) —zousp)-
P

Next, we give the following result for the boundedness of Hg 4 on p-adic central
Morrey space B4 (w; Q) :

Theorem 2.3.3 Suppose co > ¢ >1,0> X > —1/q and w(x) = |x|7, then Hy 4 is
bounded on B‘V‘(w; Qp) and satisfy the following inequality

(nt+8) M1/
_ _ A+1/ p
Hallporap < I posquagruS e (S22

X / | det A7H(6)]/“G(ATH(8), B/a) [ A(t) ]|V D D (t)dt.

Proof. Let f € B9 (w; Qp). In this case B, (a) = B,, therefore, we infer from (2.3.1)
that

1 1/q
(w(B,y))\q+l /37 |H<1>,Af(x)|qw(x)dx)
1 1/q iy
= — f(x)[Tw(x dx> det A~ Je B/q
/2(w<37)xqﬂ/A(t)va<>| (x)dx ) | det A7 (£)[}/1G(A7 (1), B/q)(t)dt
In view of the condition that 1 + Ag > 0 and Lemma 2.1.5 (ii), we get

(W / Haaf <X>’qw(x)dx) v

n+ A1/q
< (MDY [ Jaear e @, s/alAwm) e ety

p(”"‘ﬁ) —1

( , / 1/q
. 0 )
W(By10, 140 VB, 0 14

(n+ A+1/q
AM1/q p
< w0 ) il

X / [ det A™H(6)]/7G(A7H (), B/q) | A)[| PO VDo (t)at.
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Finally , the following theorem is stated without proof. The proof can easily be
obtained from the standard analysis presented in this Chapter.

Theorem 2.3.4 Suppose 0 > A > —1/q and 0o > q¢ > 1, —n > [ and ¢ is a
non-negative function. Suppose there is a constant Cy free from t in such a way that
|A®)|~! > Cl0||A*1(t)|| for every t € supp(®), then Hg 4 is bounded on Bq’A(w;QZ)
if and only if
/ A+ (t)dt < oo.

Q

n
P



Chapter 3
Estimates for p-adic Hausdorft

Operator and Commutators

3.1 Introduction

The boundedness properties of commutator operators is an important aspect of har-
monic analysis as these are useful in the study of characterization of function spaces
and regularity theory of partial differential equations. The commutators of Haus-
dorff operator Hg 4 with locally integrable function b were defined in (1.5.1). The
boundedness of the analog of H(’I’,’ 4 on R™ and its special case, when A(t) is diagonal,
were discussed in [55, 56, 57, 59, 93, 106]. However, this topic still needs further
considerations in the sense of its boundedness on p-adic function spaces.

In the current Chapter, we mainly discuss the boundedness of Hg 4 on p-adic
weighted Herz type spaces when b is either from CMO%(w, Q}) or A;(Q}). In addition
an intermediate result stating the boundedness of matrix Hausdorff operator on p-adic
field on CMO?*(w, Q) spaces will be given at first.

3.2 Hausdorff Operator on p-adic CMO%(w, Q)

Having discussed the basic theory on p-adic function spaces and special result regard-
ing the matrix Hausdorff operator in Chapters 1 and 2, now we come up with the

following theroem:

Theorem 3.2.1 Suppose 1/n > X >0, 00 > ¢ > 1, —n < 8 and w(x) = |x[5, then
Hg 4 is bounded on CMOQ’)‘(U),@Z) and satisfies the following inequality:

[ Ho,allorrosrwap) < Killfllearom waop),

26



3.2 Hausdorff Operator on p-adic C MO (w, Q) 27

where

Ki= [ 1det ADRGA™ (0. 5/0GA®), 50+ 1) 0(0) e

Proof. Suppose f € CMO%(w, @Q}). By means of Fubini theorem and p-adic change

of variables we have:

(H@,Af)Bw - 5] A ( ng(A(t)x)QJ(t)dt)dx
= [ (g [, reami oo

/@n(|B|/ dX)!detA {(t),(t)dt
-/, (o / o S0 (0

- fA(t)B-y¢(t)dt’
Qp

Using Minkowski’s inequality, Lemma 2.1.4 and Lemma 2.1.5(:) with a = 0, we are

down to:

<W /B o AT () (Fo )" (X)dx) 1/a

v

(e .
= [, (e ),

< / Jdet A7 ()G (A (1), 5/a)

5
X .
(w(Bv)H’\q A(t)B,

| det A(t)[;G(AT'(t), B/a)G(A(t), B(A +1/q))

Q@

1
. (w(A(t)Bv)AqH /A(t)B7
< | fllemom wan /@n | det A(t)[;G(AT'(t), 8/q)G(A(t), B(A + 1/q))|®(t)|dt.

qw(x)dx> 1/q

1/q
w(x)dx) |D(t)|dt

| ) - faom o0y

q

(A(t)x) = faws,

q

1/q
) — Faon w(x)dx) B (t)]dt

q

1/q
w(x)dx) |D(t)|dt

f(x) = faws,

Thus, we completed the proof of Theorem 3.2.1.
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3.3 Weighted CBMO Estimates for H%,A on Weighted
Herz-Morrey Spaces

The present section demonstrates that commutators of Hausdorff operator are bounded
when b € CMOY(w, Q).

Theorem 3.3.1 Suppose 1 < 1,q,q1,q2 < 00, 1/q+ 1/q1 = 1/q2, a1 = o + n/q,
0<A>ay, B> —n and w(x) = |x|J. Assume that b € CMOY(w,Q}) and

p(t) =|det A7 () |/ G(A™ (1), ﬁ/ql)maX{l G(A™'(t), 8/q)G(A (t),ﬁ/Q)}I‘I’(t)!-

Then the commutator operator HY 4 is bounded from MKﬁqll’A(w, Qp) to MKﬁ;;)‘(w, Q)

and satisfies the inequality:
b
18 A oy < CHollearomuas 1 g

where

= (A—a1)(n+8)/ M b

(A=a1)(n+5)/ M .
i /HA(t)||>1 Il (]d tA()], +1 gp(p||A(t)||))<,o(t)dt

Proof. Let f € MKV A(w,@Z) and b € CMO(w,Qy),

Laq

q2 1/q2
) — BA(t)x)) F(A(R)x)B(E)dt w(x)dx)

1/q2
<[ ( B(A(t)x >>f<A<t>x>|q2w<x>dx) B(6)]dt
Qp

[y (

1/42
</ g ( [0 - ka)f(A(t)X)|"2w(X)dX) B (t)|dt
1/Q2
v g ( [ 1o, - bA<t>Bk>f<A<t>x>|Q2w<x>dx) (1) dt

1/q2
+ /g ( . |(b(A(t)x) — bA(t)Bk)f(A(t)X)|q2’w(x)dx> |D(t)|dt

=+ 1I+1I1.
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By Hoélder’s inequality, p-adic change of variables and Lemma 2.1.4, we estimate [ as

below:

1< ; ( [ - b )i W( A o)) e
</ g ([ 160 bt "
1/

X (/A(t)sk £ ()| | det A(t)[,G(A™ (t),ﬁ)w(X)dX) |D(t)|dt

< [ |det ATN(t) Y G(AT(S), B/ar)
Q

< NCE b ()i ) Uq( [, 60l )i ) e

<w(Bg)"||bllcrros(w,ap)

x [ det AN )T GATH®), B/au) |l Fxawse o oy @) dE. (3.3.1)
Q@

Similarly for 111, first making p-adic change of variables and then making use of

Holder’s inequality to have:

111 g/
Q@

_ /Q det A~ (t)[/2G(A (), B/q0)|

n
P

1/92
([ 1060 - brom f oK) eolas
A(6)S),

1/q2
( S r<b<A<t>x>—bA@)Bk)f(A(t)x)|42w<x>dx) () dt

< / det AL (t)|Y/2G(A (), B/g0)|
Q

1
P

([ MCE bacom ()% w( [.. 6ol )i ) (o)1t

g/ det A7 (t)[2/2G(A7(t), B/ o)
Q

n
D

x w(A(t)Be) Y16l caroswap 1 X a8, || Lot (w,ap) | P () |dt.
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From (2.1.4) ;1/g+ 1/q1 = 1/¢2, and Lemma 2.1.5, the above inequality becomes:

11 <blewoncuyy | et A7 (/=G4 (8), 5/a)G(A™ (1), 5/a)

P

x G(A(t), B/q)| det A()]2/“w(Bi)" || f X at)5, ] L0 (w,0p) | D () |dE

:"LU(Bk)l/qu“CMOQ(w,Qg) /@n | det A—l(t)|11)/q1G(A—1(t),B/ql)
x G(ATH(t), B/a)G(A(L), B/ fXaws.|lLor wap [ P(t)]dt. (3.3.2)

The estimation of I is more of a same to that of I and I1I except that in this
case, additionally, we have to bound the term |bg, — baw)s, |- Therefore, in this case,

we will make use of the Holder’s inequality, p-adic change of variables and Lemma
2.1.3 to have:

I R e R T e o
() (B

X/@ | det A7 (1)],/ 1 G(ATH(t), B/a) | Fxaws,llen wapbs, — baws,]|2(t)]dt.

Next, if ||A(t)|| > 1, then there exists an integer 0 < j such that:
P o< lA®)] < P
Therefore,
J
|ka - bA(t)Bk| < Z |ka+¢ - ka+i+1| + |ka+j+1 - bA(t)Bk|‘
i=0
Holder’s Inequality together with the definition of CMO%(w, Q}) yields:

1
’bBIH»i - ka+i+1’ Sm ‘b(X) - ka+i+1 ’dX

By
C

" |Brriva| JBeyin

C 1/q
< ¢ ( [ = tn |qw<x>dx)
|Br+it1l \ /i

A\
X (/ w(x)? /q)
Br4it1

|b(X) - ka+i+1 |dX
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B i 1/‘1 ’ l/q/
SCM(/ x|, 7 /q) 1bllerronw,ay)
‘Bk+i+1 | Bitit1

plrtB)kFit)/g

<C

< —p(k+i+1)n p(k+i+1)(fﬂ/q+n/q’) 0]l cazos

(w,Qp)

=C||bllcarosw,an)-

The other term can be handled in a similar fashion as below:

1
’ka+J+1 ba) Bl S |A(t) By / ka+j+1|dX
1 1/q
b(x) — bp,, .., |Tw(x dx)
‘A(t)B |(/Bk+j+1| ( ) Pt | ( )

) 1/q’
X (/ w(x)™1 /q>
Bitj1

1 1/q
Sw(Bk-H'-i-l) i (/ |X|;6q’/qu)
| A(t) Bl Byt

X [|bllcrros w,ap)
p(n+5)(k+j+1)/q

< pkHHDER/an/d) i
=Tdet A(t)[,pFn" 1Bllerrosw.a

p)

(G+)n
— L bllemorman
| det A(t)], [

<C— b q(w.Qn)-
‘ let q(t)’p” HCMO( ,Qp)

Therefore, for ||A(t)]| > 1

. A"
bg, — b <C 1+ ————||b a(w.On
b, — bawys,| < (.7 +1+ et A, 10ll carosw,ap)

H‘l(t)Hn
< 1 A —‘I— —_— a(w.Qn)-
= C{ ng(” (t)pH) | let A(t)|p HbHCMO (w,Qp)

When ||A(t)|| < 1, a similar argument yields:

p AW
i =] SO 108 Tty + g ey Jlewortnco

Therefore,
11 SCw(Bk)l/q||b|ICMoq(w,@;)/ | det A7 (8)],/" G(ATH(¢), B/q1))|
Q

[A)[" 1
1 1 A 1 M AN a1 (w,Qnr (I) .
X (| det A(t)|p + 1+ max 0og, H (t)||> 0og, ||A(t)|| ||fXA(t)SkHL ( ,Qp)’ (t)|dt



32 Estimates for p-adic Hausdorff Operator and Commutators

Finally, we combine the estimates for I,/1 and I1] to have:

1(Hg 4 f) Xkl 22 w,0p)
< Cw(Bg)"||bllcrr0a(w,ap)

[AE) [ 1
. max { log, | A(t)]], log, ——— o (.o 2(b) b
. /@g (|detA(t)|p + 1+ max q log, [[A(t)]], log, A 1 X a8, Nl o wiop) o (t)

In order to avoid repetition of the same factor in the subsequent calculations, we
let:

00 =y + 1 o, (140 og, 1 b))

Also, we take:
/¢
1 xawysill 2o wop) = (/ \f(X)lqldX>
A(t)Sk

/¢
<(/ ey
x|p <||A(t)[|p*

log, [ A(®)]
<C D I xkrmllzn waop- (33.3)
Therefore,
I(Hg A f)Xkl o2 oap)
log, [ A(®)]
< Cw(B)" )bl cros ey o I xkmllnwopv(t)dt.  (3.34)

10
P m=—00

Now, using Morrey-Herz space’s definition, the inequality (3.3.4), Minkowski’s

inequality and a stipulation a; = ay + n/q, we have:

b
||H<I>,Af||MKl‘T§2’)‘(w,Qn)

11
_ :u%pfko)\(rﬂrﬁ ( Z pkaz (n+B) l/n“(I_LlI)> Af)XkHLq (@) )
0€ k=—

< Cbllcaroaw,an) sup p~FoAnHA)/n
Qp ko€Z
log,, [[A(t)l

ko N 1/1
{ 3 ( R ”W"||ka+m||m<w,@;>)} B(t)dt

k=—0c0 m=—o0o
k:)\
< Clibllororws) / sup pHoH)/n
"k‘oEZ
log,, [[A(t)l

ko Iy 1/1
X{ Z ( Z pror(ntH) /”HkaerHqu(w:@E))} P(t)dt

k=—00 m=—oo



3.4 Lipschitz estimates for H&’,,A on weighted p-adic Herz-Morrey spaces 33

log,, [[A(t) ]l

< C“b”CMOQ(w,Qg)/ Z pm(k—al)(n—&-ﬂ)/n
QZ m=—o00
ko+m 1/1
% sue%p—(kwm))\(mﬁ)/n( Z pkm(n%)l/n”kaHqul(m(@g)) W»(t)dt.
0 k=—o00
Since a; < A, as a consequence
log,, | A(t)]l a1 ) (ntB) /n
pz pm()\—ozl)(n"!‘ﬁ)/n — ||A(t)”(>\ 1)( +B)/ (3 3 5)
- 1 — pler=A)(n+p)/n o

Hence,

HHgvAfHMKﬁg;(w,Qg) SCHbHCMO(I(w,QZ)|‘f’|MKl°qul’)‘(w7Q;)

x / A8 ) .
Q

n
D

Therefore, we conclude Theorem 3.3.1.

3.4 Lipschitz estimates for Hg)’ 4, on weighted p-adic

Herz-Morrey spaces

In the current section we will show that the boundedness of commutator of p-adic
matrix Hausdorff operator on p-adic Morrey-Herz space holds by taking b € AJ(QZ).

Theorem 3.4.1 Let 1 < g, < ¢ <00, 0< 1,0 <oo,1/r=1/qs—1/q1, 5 > —n and
w(x) = [x[0, o1 = ay+nd/(n+)+n(1/g2—1/q1), 0 < X > o and b € As(QR). Then
the commutator operator H§ 4 is bounded from MKZLEI’)‘(w, Qp) to MKﬁ;;A(w, Qp) and
satisfies the inequality:

|’H<%,Af|‘MK;§2*>‘(w7@g) < CK3HbHA5(QZ)HfHMKl"";l'A(w,Q;z)a
where

Ky = /Q |A(t)[|(m+AC/m=er/m) max 1, ]| A(t)]|°}| det Ail(t)|}1,/q1G(A71(t), B/q)(t)dt.

n
P
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Proof. Let f € MK}'" A(w,(@;‘), b € As(Qp). Using the Minkowski’s inequality and

La
the Holder’s inequality to have:

1(HG o f)XkN Loz (,0p)

- [ |1 rawme - saempec

Q

<L UL
< /;; { ., If(A(t)X)|q1w(X)dX} 1/q1

1/r
x { i |b(x)—b(A(t)x)|’"w(x)dx} 1B (t)]|dt, (3.4.1)

where 1/r = 1/q; —1/q. It follows from the definition of Lipschitz space As(Q}) that

q2

w(x)dx} 1/

q2

1/q2
w(x)dx} |D(t)|dt

(A(t)x) (b(x) — b(A(t)x))

bx) = BA®)X)] < Cb]asiapx — At)x]?
< Cb]l gy max x| A(t)x], }°
< PO bllag(ap) max{1L, [ ()]}, (3.4.2)

for each x € Sy and for almost everywhere t € Q.

By p-adic change of variables, Lemma 2.1.4, inequality (3.4.2) and according to
Lemma (2.1.3) w(Sk)w(By) = w(Bx)w(Sy), inequality (3.4.1) assumes the following
form

1(Hg af)Xkl o2 o)

< Cllbllasiap) /@ (B P s o g

P

x max{L, [|A(t)[°}| det A~ (t)[,/" G(AT' (), B/qr)| @ (t)]at. (3.4.3)
Furthermore, in view of inequality (3.3.3) and 1/r = 1/gs — 1/q1, we get:

1 CH g f )Xk 292 2
log,, [[A(t)]|
< OHb”A6(Qg)w(Bk>6/(n+ﬂ)+l/Q2—1/Q1 / Z Il f Xkl Lan (w,Qn)

Qg m=—o00

x max{L, [[A(t)[|"}] det A~ (£)],/" G(A™!(t), B/ar)| @ (t) dt. (3.4.4)

The factor max{1, || A(t)]|°}| det A~1(t )|p/q1G( L(t), B/q1)|®(t)] repeats itself many
times in the remaining proof of this theorem, so we let it be denoted by ¢(t). With
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this we break our proof in two cases which are given by:
Case 1: 0 < A, in the present case we first evaluate the inner norm || fXxim| L2 (w,Qn)
as below:

k+m 1/1
| Xk +ml Lo wip) < w(Bker)_al/n[ Z w(By) ™| x| (w,Qg)]

j=—o00

- w(Bker)ial/nw(BkwLm))\/n
k+m

11
w(BHm)_A/"( > 'LU(Bj)all/anXj||qu1(w,Q$)>

Jj=—00

< plktm)(n+8)(A—on /n||f||MK (3.4.5)

at, )\(w @n)

Next, by virtue of equation (3.3.5), the inequality (3.4.4) becomes

I( @Af)XkHLq?(w,Q")
S O||b||A5(Qn)||f||MKO<11)\(w Qn)pk(n—i-ﬁ)(5/(Tl+ﬁ)+1/‘12—1/‘11+()\—a1)/n)

log,, [JA(t)

/n Z pr A /n g (£)dt

m=—0Q

< Clollasap I M 03P k(n+B)(8/(n+8)+1/g2—1/q1+(A—a1) /n)

< [ AR
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Therefore, by definition of Morrey-Herz space and oy = ag+nd/(n+8)+n(1/g2—1/q1),

we have:

HHgAfHMngj(w,@g)
< CHbHAé(QS) HfHMK{”l‘A(w,Q;;) :Ué%p_ko(n-‘rﬂ))\/n
,q 0
ko
X |: Z pkl(nJrB)(az/n+5/("+5)+1/(12’1/Q1+(/\7a1)/n)

k=—o0

1/l
x ( / HA(t)H(“*ﬁ)“aﬂ/"cb(t)dt) ]
Qp

< CHbHAa(QS)HfHMKZ‘;l’)‘(w,Qg) /@n HA(t)”(m_ﬁ)()\_al)/nﬁb(t)dt

P

ko 1/1
X sup p—ko(n+,3)/\/n|: Z pk:l(n-‘rﬁ))\/n:|

ko€EZ k=—o00

p O (n+8)(A—a)/n
< C(pl(n-l—ﬂ))\/n _ 1)1/; HbHAé(Qg)HfHMKle;l’/\(w7@g) /Qn JA(t)]] Vg (t)dt

P

< sl larmes /@ LA PO () e, (3.4.6)

P

substituting back the value of ¢(t) we get the desired result.
Case 2: When [ € [1,00) and A =0

In this case Morrey-Herz spaces are reduced to the Herz spaces. It is clear that:

1(Hg, )kl 92 ()
log,, [|A(t)]|
< CHbHAa(QS)/ PF+B) 6/ (n+B)+1/a2=1/ 1) Z 1 f Xkt Lo (o, @ (t)dE. (3.4.7)

1
P m=—0Q

Hence, by using the Minkowski’s inequality and oy = ag+nd/(n+5)+n(1/qga—1/q1),

we obtain:

HHg,AfHKﬁgz (w,Qp)

+oo
< C“bHAg(Qg){ Z pk(n-l—ﬁ)o&l/n

k=—o00
log,, [[A(t) |l Iy 1/1
% |:/ pk(n+5)(6/(n+l3)+1/%—1/q1) Z ||ka+m||L‘11(w,@g)gb(t)dt] }
Qp m=—o00
too ,log, [[A(H)]l N 1/1
<Clies [ { X (3 FO i) | oo
P k=—o00 m=—00
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log,, [[A(t) ]l

11
< Oblanen) /@ S WW(Zp'ﬂl<n+ﬁa1/n||ka||mw@n>) o(t)dt

P M=—00 k=—00

< CliblasaplFllxss wap)

X /Qn max{1, [[A(t)||°} det A™'(6)[/" G(AT(t), B/q) [A(t)||” "D/ D(t)|dB.4.8)

By equations (3.4.6) and (3.4.8), we get the proof.



Chapter 4
Weak-Type Estimates of p-adic
Fractional Hausdorff Operators

4.1 Introduction

In this Chapter, among variety of Hausdorff operators, we choose to study the frac-
tional Hausdorff operator and related commutators on weak type spaces. These
spaces include weak Lebesgue spaces and central Morrey spaces. Using Marcinkiewicz
type interpolation theorem, we also give strong type estimates for these operators on
Lebesgue spaces. However, in the case of central Morrey space we establish the weak
estimates for a special case of fractional Hausdorff operator.

The first section contains results on the said boundedness of Hausdorff opera-
tor and the subsequent section comprises of similar results for the commutators of
the same operator. Finally, at the very end we prove the boundedness of Hausdorff

operator on weak p-adic central Morrey space.

4.2 Lebesgue Space Estimates for p-adic Fractional
Hausdorff Operator

We first give the weak type boundedness result for the fractional Hausdorff operator

following its proof.

Theorem 4.2.1 Suppose n > > 0, co > ¢,r > 1, —n < min{a,v} and w(x) =

x| If @ is radial function, MTQ — =" and

/

A (Y,q) = / |p()] 7t @=D=B =Lt < o0, (4.2.1)
0

38
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then
[ Hos(f)l|Lreeqxlz.an) < Kol fllzagxig.an).,

where y
Ko =C 1_—p_n T(l —p_”)l/q/A(z/) q)
2 1 — p(nt) A

Proof. We first consider

x) = CI)(X|Y|P) w 1/q
Hoaf() = [l () sy

20
-/ R Wty .

Applying Holder’s inequality at the outset to have

(x[yl,) |7, 1" L
|H<I>,5f(X)| S{/@ |y|n—5+‘23q dy |f(}’)|q|y|pdy
o(x|yl,) £, "
:{/@ |y [ Brera dy ¢ I fllzaxigiep- (4.2.2)

Sine @ is radial function then

/ |2 (x[ylp) Iq Z/ o1
n—pA+a k(n—pB4+a
o) |y|( B+a/q)q —~Js, pk(n—B+a/q)d

=(1 — p")pH(He)=a)+54) Z |op(p! )| plt= k) (e (@' =1)=Fa")~1+1

keZ

<C(1 _p—n)|X|;((n+a)(Q’—1)—Bq’)/ |¢(t)|q’t(n+a)(Q’—1)—Bq’—1dt
0
=C(1 - p—n)‘X|;((n+a)(q’—1)—ﬁq’)Aq’ (1, q).

Therefore, by the stipulated condition ”“" —p= ”Tﬂ, (5.2.1) becomes:

|Ho g f(x)| <C(1—p™ ™) A, @) x|, "2 £l Laxis.am)
:C’(l _ p—n)l/q’fl(w7 q)|X|;(n+7)/r||f||Lq(|X|§‘§@$)‘

Let Cy = C(1 = p~™")Y7 A, )| fll Laqiz o) then for A > 0,

{xe Q) : [Hopf(x)] >N} C {x € Q) : x|, < (Co/N)"" ).
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Therefore,

1/r
a0 e o sSupA( [ x <x>rx|;dx)
A>0 Qp {er;:|xp<(cl/A)r/n+w}

1/r
=sup A < / ]x\gdx)
23>0\ Jjxlp<(Cr/nyr/mt

log,, (C1/A)"/"+7

:supA( > / | p”dx) "

A>0 j=—o0 S;

1—p 7 1/r
(e VT
1— p*(nJF’Y)
1 _p—n 1/r N1/
:C(m) (1 —p ™) A, Q) 1 Loxiz. ap)
= I 1l Loz ap)-
Hence, we weak type estimate of Hg g have been obtained.
Next, using Marcinkiewicz interpolation theorem, we give strong type estimates

for Hg g.
Theorem 4.2.2 Suppose n > [ > 0, oo > q,r > 1. Let also —n < min{a, v},

w(x) = |x|5,a > —n. If ® is radial function, let "”“T‘" — B =" and equation (4.2.1)

1s valid for q + € instead of q, then

[ Hapfl|rs(xizop) 21 llLosxig.am-

Proof. Since 1 < ¢,r < 00, so we can find € such that 1 < g—e and 1 < r —e. Then,
by Theorem (4.2.1) Hg 3 has weak types (¢ —€,7 —€) and (q+¢,r +€). Desired result
is acquired by using Theorem 1.3.14.

4.3 Lipschitz Estimates for the Commutator Op-

erator
Similar to previous section, this section contains weak and strong boundedness results
for the commutator operator. We prove the former one first.

Theorem 4.3.1 Let 1 < ¢ <17 < oo, min{a,v} > —n, (B+9) — ’”TO‘ = —" and

w(x) = [x[3. If ® is a radial function, b € As(Q}), 0 < <1 and

K, =C / W7 (£)t @ D) =B pax (1,79 dt < oo, (4.3.1)
0
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then

1 Hg g f |l Lroo (xig.am) < Kall £l Lagsig.op (4.3.2)

where 1y
1 _p—n ' -n
Ky = Ks,q(m) (1 =p™")bllascap)-

Proof. By definition of Lipschitz space, we have
O(x|yly) o
B (160 < / 060 - CORINERY

‘/ |y|nxyﬁy+|§/q b(y) - 5(0))f(Y)IYI§/Qdy’

(x|ylp) a
§||b||Aa(@$)|X|§/ WTZ/Q fFy)lylo/ady

o(xlyl,) .
Hlblasap | ot Iy
Qz |ylp
=1 + I,.

We evaluate I, first. Use of Holder’s inequality gives:

yl) |7, 1 ogy )’
L <Plaend | | F)Ily|ody
o(xlyl,) [ "
=||b||Aa<@;>{ Ny dy ¢ |1 fllzagig.ap)- (4.33)

If |x|, = p',1 € Z, then repeating the same process as in Theorem (4.2.1), we arrive

at:
|D(x|yl,) ’q Z |¢ =Ry P
(n—B+a/q—0)q n—praja—d)g &Y
o |yl pt
=(1- p—") Z W7 (ptF)pR (@ D (n+e)—(B+0)d' ~1+1)
keZ

|X|—((n+a)(q’—1)—(ﬁ+6)q’)

/ ¢q ¢ —1)(n+a) (B+5)q’—1dt

x x| ((n+a)(¢'=1)—=(B+d)d')
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Making use of above value, (5.2.2) becomes:

I < C(1 = p")|[bll sy, /e

1/q
(/ wq 1) (nta)— (B+5)q—1dt) |!f||Lq<|x\;%7@$>'

In order to estimate I, we observe that it differ from I, by a factor ¢ in the power
of |y|,- Thus, from (4.3.4), we infer that

L <C( - p_”)||b||A5(@g)|X|;(n+a)/q+(ﬁ+6)

o0 1/d
X ( / ¢q/(t)t(q/_l)(n-l-a)_ﬁq/_ldt) ||f||Lq(‘X|g7Q2)
0

In view of the condition that (3 + §) — "fTa = —"2 and the inequality (4.3.1),

we obtain

|Hg 5(f)(x)] < Kzq(1 - p_n)||b||A5(Q$)|X|;(n+7)/r||f||L‘1(|x|g,Qg)
Let
Cs = K34(1 = p™ ") 16l as@p |l 2a(xig.am)
then for all A > 0, we have

{x€Q): [Hysf(x)] > A} C{x€Q: |x[, < (Cs/N)""}.
Ultimately,

1/r
1S £ 00) e gsupx( [ x <x>|x|gdx)
! ’ {"e@;:lxp«cs/m” ””}

1/r
=sup A ( / |X|;dX)
A>0 |x|p<(Cs/X)r/m+7
—n 1/r
_ l—-p C
_(1 — p—(nw) 3

1— p,n 1/r -
T e I [ T
=Kyl fll zagxig.an)-
Next, we will show that the strong type estimates also hold for Hg 5

Theorem 4.3.2 Let 1 < ¢ < r < o0, 0 < § < 1, min{a,7} > —n, =" =

(B+9) — "*a , w(x) = [x[5. If ® is radial function, b € As(Q}) and equation (4.3.1)
15 true for q i € instead of ¢ where 0 < € < €, then

15 5 f e eiz.om) = M1 F 2o (xig.ap)-
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Proof. Since ¢,r € (1,00), so ¢ € (1,n/d), we can find 0 < e < ¢ such that
G =q—¢€€ (1,n/d) and go = ¢+ € € (1,n/0). Also, we can choose r; and ry such
that r{ < r < ry which satisfies

(Beo) -2 PEY g

q; T3

Using Theorem 4.3.1, we have:

b
[ Hg g.f | oo ey om) =21 N2 1.0 -
But the equality 1/¢ = 9/q; + (1 — ) /g implies a similar equality 1/r = 9/r; + (1 —

1) /ra. Required result is obtained by using Theorem 1.3.14.

4.4 Hausdorff Operator on Weak p-adic Central
Morrey Space

Theorem 4.4.1 Let —1/q < A < 0. and let 1 < q < co. Let ® be a radial function,
that is ®(x) = ¥(|x|,), where v is defined in all p*, k € Z and f € Bq’A(QZ), then

HH‘PJCHWBM(Q;) < Kl(l _p_n)l/q,”fHquA(ng
where Ky = C [[7¢(t)tdt.

Proof. Similar to the previous results, we decompose the integral as:

> |y|p
D (xlyl,)
= d
> / Ny

Applying Holder’s inequality to get

oo <3 (( [ B ) ([ i) )

keZ ylp°

<Z(( ) [2Cdyl,)I” |’;'|y' ) dy>w( A |f(y)|"dy>1/q>

/ /d
1/g+2 |D(x]yp)|? '
<UF ooy D 1Bely ™ ( S —|y|”;’) dy) . (4.4.1)
k p

kEZ
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If |x|, = p',l € Z, then ®(x|y|,) = ¥ (p'*), then we take:

/ 1/q I—k\|q' 1/q
1/q+A |2 (x|ylp)| _ kn(L/g+2 [v(")]?
> " |Brly (/Sk e dy ) =) pt /et M- dy

kEZ |y’2q keZ
1
keZ
:<1 . pfn)l/q/pln)\ Z ‘w(pl—kﬂp(lfk)(fn/\)fprl
keZ

<=y [ o
0

-y [ e
0

where we majorized at the penultimate step and last step is courtesy of |x|, = p.

Letting
K, = (J/ (L) dt
0

and substituting into the inequality (4.4.1), we get
—n\1/q |« |nA .
[Ho| <K3(1—p ") "X fl] o gy

Further, let A = K;(1 —p*”)l/ql||f||3q,x(<@n). Since A < 0, we have
| Ho f lw ooy < supsup|B, [~ |{x € B, : Alx[;* > 1}/
P ~EZ t>0

=supsup | Byl < p7 s [l < (1/4)

ve

If v < log,(t/A)"/™*, then for A < 0, we obtain

= n
sup  osup 4By U], <7 [xlp < (8/A)AY |
t>0 y<log,, (t/A)/nA

-\
=sup sup t|1B, |y
t>0 y<log, (t/A)1/mA
=sup sup tp~™A

t>0 y<log, (t/A)1/mA
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—A— n
sup  sup By VU Ixl, <07 [xl, < (8/A)YMYVe
t>0 »yglogp(t/A)l/n)\

=sup sup t‘B’Y‘I_{)\
t>0 ~y<log,, (t/A)1/nA

=sup sup tp~™A

t>0 »yé]ogp(t/A)l/n)\
=A
=K (1 - p_n)l/q |||f||BM(Qg)-
Now, if v > log,(t/A)"/™, then for A > —1/q, we have:
A= n
sup sup 4By |l < p7 s [l < (/A) MY
t>0 »y>]ogp(t/A)l/n)\

=sup sup "V |x], < (1/A)
t>0 »y>]ogp(t/A)l/n)\

— sup sup tp'm(—k—l/q) (t/A)l/Aq
t>0 »y>]ogp(t/A)l/n)\

=A
=Ki(1 = ") Nl o)

Therefore,

1o f lw gor gy <KL =) TI1F ]| o qp)-



Chapter 5
Optimal Weak Type Estimates for
p-adic Hardy Operators

5.1 Introduction

A brief history regarding the boundedness of Hardy type operators and their optimal
bounds on function spaces has been given in Chapter 1. In this Chapter, we will
auquire the optimal weak bounds for fractional p-adic Hardy operator and its adjoint
operator. Our results include all feasible cases of power weighted weak type estimate
for p-adic Hardy type operators. Our method of proving main results involves a

frequent use the following formula:

f(x)w(x)dx = Z f(x)w(x)dx.
b ~ez Y5
However, the optimality of the bounds is obtained by employing the idea of use of
power function given in [110].
From this point forward, the notation LI(|z[#) will be reserved for Li(|z[s, Q)
and L#(|z|?) stand for L®*°(|z|?,Q}). The next section comprises of results showing
optimal weak bounds for p-adic Hardy operator while the last section includes similar

results for its adjoint operator.

5.2 Sharp Weak-tye Estimates for p-adic Hardy

Operators

This section considers the problem of obtaining optimal weak bounds for H? and H?.

In this regard our main results and corollaries are as under:

46
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Theorem 5.2.1 Let1<q<”+5, 1<r<oo, 0<a< ’3 < n. If"J“B

then
HP o 1—pm \YT 1 VY
| aHLq(|x\£)aL“°°(\x|;) R p=(n+7) 1— pq%—n '

Corollary 5.2.2 Let 1 <g<Z, 1 <r <oo. [f——a— 2 then

12 La@p)—Lreo@p) = 1.

Theorem 5.2.3 Let 1 < g< oo, 1 <r < oo. [f# = "Tﬂ, then

1 — p—n 1/r 1— p—n 1/q'
P _
1y =) ()

Corollary 5.2.4 Let 1 < q < oo, then

17| 2o (op)—paee(ay) = 1.

a:—“f

Y

Since the proofs of Theorems 5.2.1 and 5.2.3 follows similar pattern, we only prove

Theorem 5.2.1.

Proof of Theorem 5.2.1: Employing Holder’s inequality at the initial stage to

get:

[He f(x)] =

d
VX|" o /qubef(y> y‘

1/q ) 1/q
S\Xlﬁ_"(/ \f(y)!qulﬁdy) (/ ], /qdy> - (5.2.1)
lylp<lxlp lylp<[xlp

Easy computation leads to

logp |X|P q/
‘y‘—ﬁq’/qdy> ( / —jBq /qdy)
(/yhas:qp : 2

j—foo

log,, |x|p 1/¢
= (3 )

(5.2.2)



48 Optimal Weak Type Estimates for p-adic Hardy Operators

where, at the second step, the convergence of the series is by virtue of the condition

that il < n. In view of the condition # —a = ™2 and (5.2.2), the inequality

q
(5.2.1) assumes the following form:
1 — p—n 1/q q_ntB
|ngf<x>|s(1—ﬁ_n) s

1 _p—n l/q’ nty
~(FE5) Wb

1 —pat

1/q
Next, we let C = (%) ||fHLq(‘x|£), then for any A > 0, we get
_pT=

N\ 7
{XE@Z:|H§f(x)|>/\}C{XEQZ:|X|p< <%) }
Thus,

1/r
| HE f||Lroo(|zm —SUP/\ X{XEQ" \pr(x)|>A}( )|X|de)

1/r
<sup A i 7d
Sup ( o X{xe@p e () >}(X)!X\p X)

1/r
=sup A e x de)
>0 x|p /(n+7) | |P
r/<n+v
logp C /
=sup A / X de)
J_zw .
r/(n+7)
log, (cf/x)""" \r
=(1—p ™" sup/\( Z p7("+7)dx>
A>0 Pl

_n 1/r
(L= N
1— p_(n-‘r’Y) 1

()
T—p o) \[_ & L)

On the other hand, suppose

5
Jo(x) = [x[p " Xqxeapixlp<13 (),



5.2 Sharp Weak-tye Estimates for p-adic Hardy Operators 49

then
B 1/q
HfOHLq(|x\£) :</ x|, q_ldx>
|x‘p§1
0
I
j=—00
1—p™ 1/q
:<—pﬂ) . (5.2.3)
1—po17"
Also,
v 1
HY fo(x) = P fo(y)dy
X157 Jiylp<ixty

L &
— |X|n—oc /|| <ix] b’|p a 1X{XGQ§}:\y|p§1}<Y)dy
p YipSIX|p

__B
__ 1 Jto<ro |y|;;q*1dy, x|, < 1;
=y

Sy Iyl iy, x> L.

By necessary splitting of integration domains as done in (5.2.2) and (5.2.3), we get

a— B
IL—p™ , <1
Hgfo(X) — P |X|p |X|p —

B
L—pr ™ | X x> 1L

Let Cy = —2"— then
1—pa—17"

aiil a—n
{xe Q) [H fo(x)| > A} ={|x[, < 1: x|, “"Cy>ApU{|x|, >1:[x[;7"Cy > A}

When 0 < A < Cy, with consideration 0 < o < % < n to have

{xe @y [HL fo(x)] > A} ={|x[, <1} U{[x[, > 1: [x[;7" > A/Ca}
={x € Q) : |x|, < (Ca/A)/""}.
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Therefore, for n — a > 0 < n + 7, we have

1/r
| HE foll Lroeixz) = sup )\(/@ X{XEQg:|x|p<(Cz/)\)1/("O‘)}(X)‘X’zdx)

0<A<Cy m

1/r
= sup )\(/ |x|gdx)
0<A<Ch 1] < (Co /M) 1/ (n—a)

1— p—n 1/r 02 (n+)/r(n—a)
- (1 - p_(”ﬂ)) 1ALy 4 (7)
1 1/rC
()

1—p Ur s 1 _ o 1d
_(m> <m) ||f0||Lq(|x|g)

When A > (5 and o« = q%, we have

{x € Qy: [Hi(fo)x)| > A} =0.

Also, if A > Cy and o < q%, then

(e Qp: HME > 2) = {x e @ xly < (G 7 .

The condltlon ’3 < n implies the inequality: ’8 < n+ﬂ , which together with the

condition "2 — o = n_“z’ yields 2 — o < ™2 Therefore,
q r q—1 T

1/r
1 HE fol | Lroo (x) = sup A(/ |x|7dx)
A>Co |%|p<(C2/X\) ~ a+ﬂ/(q 1

1/r ” S Y - nty -t
(1—p (n+w)) sup C, +)(€1 ) )\1_(%)(%_)

A>Co
1/q

1-—
( ( L n) 1foll o)
1-—
Hence,

1 — p—n 1/r 1— p—n
HP = - -
1 G iy e () (1 - p<n+w>) (1 g

Cs

n—i—'y )
n—i—'y )
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5.3 Sharp Weak-type Estimates for Adjoint p-adic
Hardy Operators

Likewise this section contains the results having sharp weak bounds for adjoint Hardy
operator. The first theorem gives the operator norm of fractional p-adic adjoint Hardy

operator:

Theorem 5.3.1 Let 1 < ¢ < %, 1<r<o. If”%ﬁ—a: ”Tﬂ, then

1 . pin 1/7‘ 1 o p—n 1/‘1,
p:* =
SN Loy e i) = <1 - p—("”)) <p("”)¢ - 1)

T

An obvious corollary of Theorem 5.3.1 is achieved by taking 8 = v = 0, as given

below:

Corollary 5.3.2 Let 1 <g< 7, 1 <r <oo. [f% —a =12, then

. 1 _p—n l/q'
IH5™ | La@py—Lroe@n) = ( g )
pr—1

The next Theorem 5.3.3 and its corollary give the operator norms of p-adic adjoint

Hardy operator:

Theorem 5.3.3 Let 1 <g<oo, 1 <r <oco. If # =" then

T

| HP|| (1= p N N
La(xlp) =L (xl3) — \ T = p=(n+) pe

T

Corollary 5.3.4 Let 1 < q < oo, then

* 1-— p_n 1/q/
1P [ zacog) Lo ap) = (pq”l - 1)

As in the previous section, we will prove only Theorem 5.3.1, the proof of other result

can be obtained similarly.

Proof of Theorem 5.3.1: By Holder’s inequality:

- _ f(y) '
HEf) —’ /|y|p>|xp ’Y|Z‘ady

e (a—n—2)q e
g(/ If(Y)||YIf,dy) (/ vl ° dy> . (5.3.1)
lylp>1xlp lylp>1xlp
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Now, the inequality (5.3.1) possesses two factors and the factor on the right side

is computed as:

(a—n— B)q/ va —£ e
() = 3 )
¥ 1p>[xlp

j=log,, |z|p+1
> n+5 e
(Y )
j:logp |x|p+1
1 — p—n 1/q a_nthB

:(W) Ixlp " (5:3.2)

pre -1

By virtue of the condition # —a =" and (5.3.2), we rewrite the inequality

(5.3.1) as below:

—n

l—p
Hp7* <
2001 < (i

1/ql ¥ _nty
) Xy gy = Oy

where "
1—p™ q
r p
03 - (p(niﬂ/)q/ B 1) ||fHLq(‘x|§)
Now,
{x € Q: [HP*f(x)] > A} C {x € Q) : x|, < (Cf/\) 7 }.
Thus,

1/r
& Fll e iy <SP A ( [@n X (xegiixlp<(c 3y oty (%) |X|3dx)
P

1/r
=sup A ( / \x[de)
A>0 Ix|p<(C4 /A)r/ (n+)
—n 1/r
_ l—-p / cf
11— p_(”""W) 3

1 — p—n 1/r 1 — p—n 1/q
=<m) (ﬁ) 172z

To prove the optimality of the constant, we let

anﬁ

Jo(x) = Xlp " X{ixlp>1}5
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n+ﬂ

then making use of the condition ¢ < , we obtain

1/q
B+(a—n—p) prm
||f0||Lq(IXI5) :(/ 1x]p ld )
[x|p>1

(5[ sl
=175

oo ) 1/
:(1_p—n)1/q( p%(q—"l‘ )) '

j=1

N
_ 1 —p /q
p("%”)q’ 1 '
On the other hand,

HP* fo(x) = /| fjff’_)a dy

ylo>Ixlp Y1

(a—n) L — L
- / YT G copivlon ()dy
[y lp>1%|p

(o)=L — L

‘HYB>4ﬂp|}ﬁp e 1dy} |ij:> 1
(a—n)

flylp>1 vl " e ldya x|, < 1,

which in view of equations (5.3.2) and (5.3.3) yields

. ()
1—p x|, T x| > 1

111

HY™ fo(x) =

n+7)

p( ‘X’p <1

Y

Let Cy = then

W
P

Obviously for A > C4, we have
{x e Qy: [HY fo(x)[ > A} =0,

and for A < Oy

{x € @Z S HE fo(x)] > A} ={x € @z s x, < (04/)\)m}'

Ail)q

{x € Q: B2 fo(x)] > A} ={|x], < 1:Cy> Ay U{|x], > 1: Cylx], 7

/

(5.3.3)

> A}
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Therefore,

1/r
L2 foll ey = 50D A( /| |x\;dx)

0<A<Cy X|p<(Cy/N) (N
r
log,,(Ca/A) (40’ 1/r
= sup )\< E / |x|;dx>
log,, (Ca/A) (4’

1/r
=(1—p™)"" sup A( Z p“"*’”)

() (3)
1—p~ (nt7) 0<A<Cy A
n 1/r
—D
(1 P (””) c

—p \"/ 1—p 1/qu|| ,
1—p- 1—p—(+y) p(—"t'y)q’ 1 OllZa()x|y)
Hence,

1—p™ \// 1—p™ V7
| HE ||Lq (Ix[5)—Lmeo(1x[3) — (1 _p(nﬂ)) (p("”) — 1)

Remark In this Chapter, all the theorems are proved under the condition that 1 <

q < o0o. Therefore, there arise a problem regarding the weak type operator norm of

p-adic Hardy operator when ¢ = 1, which we will address in the next Chapter.



Chapter 6
Sharp Weak Bounds for p-adic

Hardy Operators on p-adic Linear

Spaces

6.1 Introduction

This Chapter is a continuation of a couple of results about p-adic Hardy-type op-
erators presented in Chapter 5, where we have obtained optimal weak bounds for
these operators on weighted p-adic Lebesgue spaces LI(|z[f,Qr), 1 < ¢ < oo. How-
ever, when ¢ = 1, the results of Chapter 5 remain no more true. Therefore, there
arise a question regarding the weak type endpoint estimates for fractional Hardy type
operators on p-adic field. Here, in this Chapter, we will answer this question.

In this Chapter, weak boundedness of p-adic fractional Hardy operator and its
adjoint operator is established on weighted p-adic Lebesgue space L4(w, QZ) at the
endpoint ¢ = 1. In some cases, we obtain sharp constants for these boundedness in-
equalities. Moreover, we obtain the optimal weak estimates for p-adic Hardy operator

on p-adic central Morrey space.

6.2 Endpoint Estimates for p-adic Fractional Hardy
Operator

Here, we show that the weak bound for p-adic fractional Hardy type operators on
p-adic weighted weak Lebesgue space Lq’w(|x|£ ) at ¢ = 1 is not sharp. However, if we
take B = 0 then it becomes sharp and the same is proved in the results of the current

section.
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Theorem 6.2.1 Suppose —n <y, —n+a<fandy>p—a. If f € L1(|x\§), then

1—p™

(n—a+p)/(n+)
2ty < (T '

Proof. Since

1
d
x5~ /|y|ps|x|p f) y'

1 _
/ f<y>|y|£|y|pﬁdy\
lylp<|x|p

x|~

<[l || ]l

|HEf(x)] =

(6.2.1)

Ix[p)"

Let Ol - Hf”Llﬂx‘g)’ then
{x € Q: [HEf(x)| > A} C {x € Q0 : [x], < (Cy/N)Y(—et8)),
Thus,

[HES || Lnsnatsroo af)

ZSUPA< /@ X {xey:(HE 1) >} (X)[X[ ydx
P

A>0

> (n—a+8)/(n+~)

(n—a+p)/(n+~)
(x) |X\;dx)

< A n—a
<A [ X g ")

(n—a+8)/(n+)
=sup A < / e ]x\“*dx)
>0 |X\p<<cl/)\) 1/(n—a+p) p

log, (Cl/A) Hinzatd)

(n—a+p)/(n+)
:sup)\( Z / |X|ZdX>
Sj

A>0 j=—oc0

log, (Cl//\) 1/(n—o+p)

=(1 — p)(n=FA/ () gup X Z P dx

(n—a+8)/(n+)
)

j=—o0

1— pfn (n—a+B)/(n+v) \ Cl
= — su —
1 — p ) b\

1—pm (n—a+pB)/(n+v)
:(1 _ p—(n—l—'y)) ||fHL1(\x|§)- (6.2.2)
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Theorem 6.2.2 Let 0 < a <n andn+~ > 0. If f € L'(Qp), then

HHEN L2 ) v 100,20 (3 :(

Proof. Taking 5 = 0 in Theorem 6.2.1, we infer from inequality (6.2.2) that

1 —pn O\ @ma)/(n+y)
||Hgf||L(n+“/)/(n—a),oo(|x|z) S (—p>

Conversely, let

then

Also,

HY fo(x) =

1— P (n+7)

1-— p‘(”+7)
fo(%) = Xixeapixl,<13 (),

[ follr@p) = 1.

1

— fo(y)dy
x5 /|yps|x|p
1

| |n—oc/ X{XEng\y\pg}(Y)dy
Xlp Iy lp<Ixp

b flylp§|x|,, dy, |x], <1;

x|~

Sy <1 @y x> 1.

Since |Blogp ixlp| 7 = [X|y| Bol|m, therefore,

HY fo(x) =

Now,

{xeQ:[HLfo(x)] > A} ={Ix[p, < 1:[x[7> A U{[x|p > 1 [x[;7" > A}

x[o,|x[p < 1

|X|3_n7 |X|P > L.

Since 0 < a < n, therefore, when A > 1, then

{x €

and when 0 < A < 1, then

{xe Q) : [H fo(x)] > A} = {x € Q) : ()" < |x], < (1/N)"/"}.

Qy : [HEfo(x)| > A} =0,

1— pfn >(n—o¢)/(n+7)

11l ap)-

(6.2.3)
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Ultimately we are down to:

[ foll Lot stm-anyos x3)
) (n—a)/(n+7)

= Ssup )\(/ X{xEQ?:(A)l/O‘<|x|p<(1/)\)1/("_a)}(X)|X|gdx
0<A<1 Qz

(n—a)/(n+v)
= sup /\(/ |x|gdx>
0<A<1 (WY ax|p<(1/A)/ (n=a)

log,, AL/ (a—n)

L L DY (R LG
0<A<1 .
j=log, Al/e+1

(p(logp A1) (ny) gy (log, AV 1) (n4) ) (n—a)/(n+7)

) (n—a)/(n+7)

=(1 —p ™M)=/ gup A

0<A<1 1- p(nJW)

An+n)/a () /(a=n)\ (n—a)/(n+7)
( p—(n+’Y) —1 )

1— )\("ﬂ)/a)\(nﬂ)/(na))(”_“)/("ﬂ)

—(1 — p)(n—a)/(n+7)
_<1 p ) SUD ( 1—p—(n+“/)

0<A<1

1—p " (n—a)/(n+7)
:(—p> Sup <1 _ \m+)/a ) (n+y)/ (=)
1 —p=(+) 0<A<1

|\ (/)
- ( 1— p<”+”))

|\ (/)
= (—1 - p@m)) 1 foll 2ap)- (6.2.4)

) (n—a)/(n+7)

We thus conclude from (6.2.3) and (6.2.4) that

e ) 1/q
p 1-p
HHaHL1(Qg)ﬁ\L(”ﬂLV)/(”*Q)vm(|x|g) = m .

6.3 Endpoint Estimates for p-adic Adjoint Frac-
tional Hardy Operator

This Section contains results regarding weak endpoint estimates for p-adic adjoint
fractional Hardy operator H2* on Lebesgue space. However, contrary to the results

of previous section, we are unable to find sharp bounds even in the un-weighted case.



6.3 Endpoint Estimates for p-adic Adjoint Fractional Hardy Operator 59

Theorem 6.3.1 Suppose —n+a <, —n<~yand~y>p—a. If f€ L1(|X|£), then

1—p™

(—otn+tp)/(v+n)
V2 ooty < (720 ) |

Proof. Obviously,

HP F () :\ [ (f_)ady\
ylp>ixly Y5
:\ / f<y>1y13<”+ﬂ>1yr£dy'.
[y lp>x[p

Since @« —n < and |y|, > |x|,, we have:

|HE™ f(x)] §|X|;(“—a+ﬁ>/ |FY)ly[ody. (6.3.1)

¥ lp>[x[p

Notice that the right hand sides of inequalities (6.2.1) and (6.3.1) are same, there-
fore, applying the definition of L(|x[}) and following the steps as followed in estab-
lishing the inequality (6.2.2), we obtain

1—pn )(—a+n+ﬁ)/(w+n)

”Hp f“L(nJr"/)/(n a+B), (|x|7) < ( Hf”Ll(\x\g) (632)

1 —p—(”""V)
Theorem 6.3.2 Let 0 < a <n andn+~ > 0. If f € L'(Qp), then

1 pn O\ (o) ()
p7* —p
& |z gy L e (i) = 1— p- ()

Proof. We take § = 0 in Theorem 6.3.1, then from the inequality (6.3.2), we get

(n—a)/(n++)
) (6.3.3)

1—p™
p*
IHE (|21 () Lo sn=ar.oo ) < (1 )

Conversely let H?* be bounded from L'(Q%) to LM t/(n=e)ee(|x|7). Let fy(x) =
X[ ™ X {151} (%), then

| foll ey = / x| dx
Ix|p>1
[ee]

=(1-p™)) p°

7=1
ol=p™
1—p@

=p (6.3.4)
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Also,
. foly
i) = [ oY) )y
ylo>Ixlp Y17
= / ¥l Xgiylp>1) (¥)dy -
[¥1p>1%[p
Hence,

Sigtosisg, Y12 Ay, x|y > 15

HE" fo(x) =
Sgi,o1 VL 2y, x|y < 1.

(6.3.5)

Let us first consider

/ lyl, > dy = Z / p~ 7" dy
lylp>1xlp

j=log,, |x|p+1
=(1-p") Z p"
j=log, |x|p+1

By a similar pattern as followed in (6.3.4), we obtain

/ ‘y‘;Qndy — p—n
lylp>1

Therefore, equation (6.3.5) takes the following shape

|X|;n7 |X|P > 1;
1

HEY" fo(x) =p™"
[, < 1.

?

Let
02 - p_na

then
{x e @y [HY fo(x)] > A} = {[x|, < 1:Cy > Ay U{|x|, > 1: Cofx[," > A}
Evidently, if A > Cs, then
{x €Q : [H2" fox)| > A} = 0.
On the other side if A < (5, then

{xeQ: [H fo(x)] > A} = {x € Q) : [x], < (Co/N)""}.



6.4 Optimal Weak Bounds for p-adic Hardy Operator on p-adic Morrey-type Spaces

61

Ultimately, we are lead to

| HE™ foll L)/ (n=a),00(|x|7)

< sup )\(/@ X{|x|p<(02/>\)1/n}(x)|X|gdx

0<A<1

(n—a)/(n+7)
= sup )\(/ |X|;)
0<A<Co |x|p < (Ca /A)Y/ (B+n)

log,, (Ca/A)/™

) (n—a)/(n+7)

)/ (n+7)
= sup )\( / p”dx)
0<A<Cy ]ZOO
log,, (C2/N)M/™ ) (n—a)/(n+7)
= (1 —p ™=/t gup )\( Z pJ(”‘f"Y))
0<A<Cs j=—o00

< 1—p™ )(na)/(nJr’Y) \ (02) (n—a)/n
= — sup —
11— p‘(”“) 0<A<Cy A

1—pn O\ @ @)/(0+) .
:<—p) 02( )/ sup Al—(n—a)/n

1 —p=(nt7) 0<A<Cy
B ( 1—p™m )(n—a)/(nJrv)C
T \1—p () 2
| _pn @) g
= <m> e — I follzrap)-

Since H2* is bounded from L'(Q") to L+/(m=a)eo(|x|7)  therefore,

1 — p_n (n_a)/(n+’y)p _ 1
( ) p HHP, HLl Qn S Ln+y)/(n—a) (|x|'v) (636)

1 — p-(t) 1=

From the inequalities (6.3.3) and (6.3.6), we conclude that

> (n—a)/(n+7)

' L=p"
HHg |’L1(Qg)—>L(n+w)/(n—a),oo(lx‘;{) ~ <1 — p_(n""Y)

6.4 Optimal Weak Bounds for p-adic Hardy Oper-

ator on p-adic Morrey-type Spaces

The present section investigates the weak boundedness of p-adic Hardy operator on p-

adic central Morrey spaces. Most importantly, we have acquired the optimal constant.
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Theorem 6.4.1 Let —1/g <A <0 and1<q<oo, and if f € B‘“(Qg), then

||H||Bq,>\((@g)_>WBq,)\(Qg) = 1.

Proof. Applying Holder’s inequality:

1 1/q 1/¢
- ( / If(Y)|"dy> ( / dy)
D B(0,|xp) B(0,|x[p)

_ A .
= x5 L oo

[HPf(x)] <

||Hf||WBq,A(Qn) §supsupt|BW|;I)‘_1/q‘{x €B,: C|X|Z>\ > t}|1/q
P ~YEZ t>0

—supsupt| B, {Ixl, < p7 1 x|, < (8/C) Y
YEZ t>0

If v < log,,(t/C)"/™*, then for A < 0, we obtain

A= 1
sup  sup 4By YU Ix], < 17 s x|, < (8/C) Y|
t>0 y<log, (t/C)/n*

< sup sup tp~ ™A
t>0 y<log,, (t/C)!/nA

=C

= ||f”Bq,>\(Qg)-
If 7 > log,(t/C)"/™*, then for A+ 1/q > 0, we get

—\—1 n
sup  sup  tBy [ k], < p7 s x|, < (H/C)VAY Ve
t>0 »y>10gp(t/c)1/n>\

< sup sup tp~mA+1/a) (t /C)l/qA
t>0 ry>]0gp(t/c)1/n/\

=C
= ||f”Bq,>\(Qg)‘

Therefore,

HHfHWBq»A(Q;;) < Hf“Bq’A(Q;;)’

which implies that

||H||Bq,A(Qg)_>qu,A(Q;z) <1 (6.4.1)
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To show that the constant 1 is optimal, we employ the idea of use of power function

given in [110]. Hence, we suppose

fo(x) = xqpxl, <13 (%),

then,

1 1/q
1 foll o p) = sup B ), X{|x|p51}(X)dX :
Since A < 0, thus if v < 0 then

1 1/q
sup / dx) =supp " =1.
'yEZ (lB |1+)\q YEZ
e

<0

Since A + 1/q > 0, thus if v > 0 then

1 Ha (A+1/q)
sup / dx) =supp " U =1.
7€z (\B M ~EL
7S

v=0
Therefore,
||f0||Bf1vA(Qg) = 1.

Moreover,

1, x|, <1,
pro(X) =

|X|;:n7 ’X|P > 17

which implies that |H? fo(x)| < 1.

Next, in order to construct weak central Morrey norm we take following couple of
cases:
Case 1. When 0 > #, then

|H follwros,) = sup H{x € By : 1> t}]/1=pms,
0<t<1

and

-1
1 follw za AQp) = SUP | B, |H /quHWLq (By) = supp =1= ”fOHBq,A(Q;)-

Case 2. When 0 < v, we have

|H follwra(s,) :08u<plt|{x € Bo: 1>t} U{l <I[x[, <p”:[|x|," > t}|1/q.
<t<
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For further analysis this case is divided into two more cases:
Case 2(a). If 1 <~ <log,t™*/", then

HHfOHWL‘I(B,y) = sup t{1+p"" — 1}1/q = sup tpn’y/q.
0<t<1 0<t<1

Case 2(b). If 1 < log, t=1/" < 4, then:

| H follwras,) = sup t(1+ A 1)1/q — sup tVe.
0<t<1 0<t<1

Now, for —1/¢g < A <0, and 1 < ¢ < oo, from case 2(a) and 2(b), we obtain

||Hf0||WBM(Qg)

= max{ sup sup tp~™, sup sup tll/qu()‘H/q)}
0<t<1 1<y<log, (1/t)1/" 0<t<1 1<log, (1/t)1/ "<y

= max{ sup t', sup tH)‘}
0<t<1 0<t<1

= 1 = ||f0||Bq’)‘(Q$)
Hence, using the (Bq’A(Qg), WB‘?”\(Q;‘)) boundedness of H in each case, we get
1< ||H||Bq,A(@g)—>WBq»A(Q;)~ (6.4.2)

Finally, combining inequalities (6.4.1) and (6.4.2), we arrive at:

||H||B‘L)\(Q’S)_>WB¢1,)\(Q;) - ]_



Chapter 7

Boundedness of Weighted
Multilinear p-adic Hardy Operator
on Herz-Type Spaces

7.1 Introduction

In the last two Chapters, we mainly focussed on the multidimensional case of p-
adic Hardy-type operators. In this Chapter, we consider another variant of Hardy
operator, namely, the weighted Hardy operator. Like Hardy operator, the weighted
Hardy operator has a long bibliographic history of boundedness results on function
spaces. Since, we are concerned with p-adic analog of multilinear weighted Hardy
operator, therefore, in the remaining of this thesis, we confine ourselves within this
context.

Multilinear operators are studied in analysis because of their natural appearance
in numerous physical phenomenons and their purpose is not merely to generalize the
theory of linear operators. A reader can see the papers [25, 31, 42] and the references
therein for better understanding of multilinear operators. The purpose of this Chapter
is to study the boundedness of H. i’m on the product of p-adic Herz spaces and p-adic

Morrey-Herz spaces. The corresponding operator norms are also acquired.
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7.2 Boundedness of H{Z’m on the Product of Herz

Spaces

In the current section we throw light on the boundedness of H;™ on the product of
p-adic Herz spaces. Furthermore, norm of the very operator is attained as well. We

state and prove our first result.

Theorem 7.2.1 Suppose o, a1, s, - - -,y 1S any arbitrary real numbers, 1 < p, py, - -

— 1,1 4 .41 1
S Pms 1 G < 00 and let also ay + an + - - - + a,,, = - +p2+ +pm =

é + q% + 4 qi = %, then HfZ’m is bounded from Kg“ll’pl(@g) X o X Kg‘nT’pM(QZ) to
Kgv(Qy) if

/ . |t1|;(a1+n/q1) ce |tm|;(am+n/qm)¢(th et )dty - - dty, < 00 (7.2.1)
z

* *
D Zp

Conversely, if q1,q2, "+, Gm = Mq, P1,P2,* -, Pm = mp and HfZ’m s bounded from
KorPH(Qp) x -+ - x KgmPe(Qr) to K3P(Qy) then (7.2.1) holds. Furthermore,

1™ g o1 @y oo Ko @y (@) :/ N / [t CrF B[t ()
z;  Jz
K (b, b )by - - - b, (7.2.2)

Proof. We will prove the Theorem only for m = 2 which will work for every m € N.
As 1/qg=1/q + 1/qo use of Minkowski’s inequality and Holder’s inequality give:

q> 1/q

a\ 1/q
> (tq, t2)dtidts

||HZ’2(f1,f2)Xk||Lq(@g) :(/ / J1(t1x) fa(tax) (b1, t2)dt 1 dt,
Sk z

<[ L().
S//; < . |f1(t1x)]‘hdx) Uql( i |f2(t2X)!q2dx> 1/g2

X 1(tq, t2)dt dty

:/ / : < /tlsk|f1(X)|q1dx)1/q1( /S | fQ(X”quX)l/qQ

X ba], ™9 bo] M R (b, t2)db dts.

fi(t1x) f2(t2x)
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—m

Now for each t;,t, € Z;, nonnegative integers m, [ exists such that [t,|, = p~™ and

ta], = p~'. Therefore, we easily have:

2
1™ (s fo)xill o) S//Z (”lek—m||Lq1(@$)'||f2Xk—l||L‘12(Q$)>
P
X ‘tﬂ;n/q1|t2|;n/q2¢(t1>tz)dtldtz-

Hence, by means of Minkowski’s inequality and Hélder’s inequality together with
1/p1+1/py =1/p and a = ay + ay, we get:

2
IH ™ (f1s f)lligr o)

o 1/p
(X PG

k=—o00
. ( (IIfx Ty S P )
(k_z_:oo // 1Xk—m || Lor (@) - || faXk—t]| Lo2 (@

p\ 1/p
X |t1|;n/¢h|t2|;n/q2¢(t1,t2)dt1dt2> )

k p\ 1/p
// ( ap(Hlek—mHL‘H(@ﬁ)‘HfQXk—lHLQQ(Qg))>
* k=—o00

X[t | ™D o] (b, t2)dby dt

o0 1/p1
<[ [ (3 s ocnlie )
> k=—00

[eS) 1/p2
X ( Z pkazp2||f2Xk—l||122qQ(Qg)) |t1|;n/q1|t2|;n/q2¢(t1,tQ)dtldtg

k=—o00

1/101
// ( Z pkmmeIXk”Lm Qn)

k=—o00

1/p2
( Z pka2p2||f2Xk|qu2(Qn) |t1’;(aﬁ-n/fh)|t2|;(a2+n/Q2)¢<t17t2)dt1dt2

k=—o0
SHleK(‘j‘ll 1(qn) Hf2HK“2 P2 Q;‘)// ’tl|;(a1+n/q1)‘tQI;(a2+n/QQ)w(t1,tg)dtldtz.
Zy
Hence,

||Hp’ (fl; f2)Xk:HK"1 PLQp)x K2 P2 (Qn)— K P (Qp)
< // t1], (@1+n/q1) [t (@241/@2)0), (£ t5)dty dts. (7.2.3)
Ly
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Conversely, let Hi’2 be bounded from Kl‘;‘ll’pl(Qg) X I'(gf’p? (@Qp) to Kg‘vp((@g). For
0<e<1, welet

0 if |x|, < 1,

) = \X]*alf(n/fh)*f if x|, > 1
p P = 5

0 if |x|, < 1,

Fal) = \X]*O‘Q*(n/fm)*f if x|, > 1
P p = L

It is quite evident that fixi = foxi = 0 for £ < 0. Our interest lies only for & > 0.

So, we proceed as follows.

/¢
HlekHLcn(Q;) = (/ yx|p(0¢1+(n/fh)+6)¢h> — (1 _p*n)l/(Ilp*k(al‘FE).
Sk

In a similar fashion, we have:

HfQXkHL‘Q(Qg) = (1 — p*")l/qufk(agﬂ).

Hence,
> ) 1/p1
Il =( 3 #1alcy )
k=—o00

> 1/p1

:(]_ — p_n)l/ql < Zpkalplp_k(al"l‘e)pl)
k=0
a 1/p1

:(1 _ p—n)l/th (Zp—kpls)
k=0

—(1=p™ 1/q1 p '

(I-p™) e
Similarly,

€

1/q2 p

Hf2’|k;’22*’2(@g) =(1-p™") pp2e — 1

It is obvious to see that when x|, < 1 then Hi’2( f1, f2) = 0. We will evaluate the

case as:

G = [ [ A eu b,

:|X|;;(C¥1+TL/(1+2€) //I 1 ‘ | ‘tl’;alfn/q176‘t2’pfalfn/(hfew(tl’tZ)dtldtz.
x[p " <[t]p<1
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Now, for k& < 0, we have Hi’z(fl,fQ)Xk = 0. By the definition of Herz space, we

have:

72 « 72
HHfZ (flafZ)XkH};'(;xm(@g) = E P pHHi (f1>f2)XkH]zq(@g)
k=0

:Zpkap{/ <|X|;(a+n/Q+26)
Sk
p/q
X// |t1|;al_n/q1_€|t2|;a2_n/q2_€d}(t1,t2)dt1dt2)qd}(}
p~k<]t]p<1

=(1- p—n)p/q Zpkap<p—k(a+2e)p)
k=0

p
X (// |t1‘paln/ql6|t2|pa2n/q262/)(t1,t2)dt1dt2> .
pF<It[p<1
Next, for any [ < k, we get

2
5 (s o) xall g v )

oo 1/p
2(1 _ pfn)l/q < Zp2k6p>
k=l

pi<t[p<1
iy 1/p
:(1 . pfn)l/q < Zp2k5p>
k=0

v (p—Qle// |tl‘;oq—n/(h—e|t2‘;a2—n/q2—€¢(t1,tg)dtldtz)
p~!<Jt]p<1

2€

—(1 — p\/a p
_(1 p ) (erp _ 1)1/]0

% (p2le / / |t1‘;alfn/ihfe|t2‘;a27n/quew<t17 tg)dtldtg) ]
p~i<|t]p<1
Since 1 = q2 = 2q, 1/p =1/p1 + 1/ps and p; = p2 = 2p, we have:

2
IH ™ (f1s P Xkl g o)

2L fill ko om | foll oz w2 gy

% (p—Qle// |t1|;a1—n/fh—e|t2|;a2—n/q2—€¢(t1,tg)dtldtQ).
pl<[t[p<1
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We take € = p~!, then letting [ — oo, we have € — 0. Ultimately, we get
2
IH " (f1s f) Xkl o @y x k2272 (@) kon(@p)

z/ [61] ) (1A gy | @2 Ry (8 )by s (7.2.4)
z;

From (7.2.3) and (7.2.4), we get the required proof.

7.3 Boundedness of /" on the Product of Morrey-

Herz Spaces

In this Section, the operator H f;’m is proved to be bounded on the product of Morrey-
Herz spaces. Similar to previous Section, norm of the operator is computed in this
case also. The outset of this Section is the main result which is stated and proved as

below.

Theorem 7.3.1 Suppose a, oy, ao, - -+, Q1S any arbitrary real numbers, 1 < p,py, - -
SPmy @ qus s qm < 00 and let also ap + g + - am = a, A Ay >0,
I ST ST S 1,1y 041 1 — p.m

Ty Tt = Tttt = A+ A=A, thenH¢ 18 bounded

1
. P’ q1 . .
from MES21(Qp) x - - x MESmA=(Qp) to MK3NQy) if

P1,91 Pmdm
/ ce |t1‘;(a1+n/q1—A1) . ,tm,;(amM/qm—M)w(th e tp)dty - dty, < oq47.3.1)
Z z
Conversely, if q1,qo, ...Qm = MG, P1,P2," " * Dm = mp, Q= = Q= (1/m)a,
A== Ay = (1/m)X and H]™ is bounded from MK 21 (Qp) - x MK gm A (Qr)

to MKSMNQp) then (7.3.1) holds. Furthermore,
1

m
. 1>\ . R . R
H MKyl o (Qu) % x MEgmam (Qn)— MKy (QR)

Pm,qdm

:/ .. / ’tl‘;(aﬁrn/ql—/\l) ce ]tm|;(am+”/qm_)‘m)w(tl, et )dty - dtgy,. (7.3.2)
b b
Proof. From the previous theorem, we have:

2
VEZ2(Fs, fo)ul ooy < / / (Hflxk_mum<@g>.||f2xk_lum<@g))
P

X 61, ™ | P (b, o) dbdt s

For 1/p = 1/p1 + 1/pa, @« = a1 + as and A = Ay + Ao. Applying Holder’s inequality
together with Minkowki’s inequality, we are down to:
ko

1/p
’2 —_ « 72
VL2 (Fro ) s oy = supp ko)\( S g (fl,fz)XkHﬁq(@g))
0

k=—o00
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<supp- ’“OA( Z 4 (// £ X0l o g -l foXtll oo )
z;

ko€Z

p\ 1/p
X |t1|;n/ql|t2|;n/(p¢(t1,tQ)dt1dt2) )

ko p\ 1/p
g// ]fu%pko’\( > p’““”(l!flxkmHm(@;)-llfzxkz!lw(@;)) >
j hoe

k=—0o0

X [b1], ™ ba] ™ B (b, t2)dby dt

ko 1/171
ka1p1 b1
//* ]i}le%p ( E p HlekaLtJl(Q;;))

k=—00

1/102
( Z pka2p2||f Xk— l||Lq2(Qn)> |t1|gn/‘11|t2|;n/Q2¢(tht2)dt1dt2

k=—o00

ko 1/pl
—koM kai1pi 1
sup p P fiXe—m n
/éwmz (2} T ““%Q

k=—o00

. 1/p2
o (855 )

ko€EZ ke —o0

X 1], ™ o] B (1, b2) by dt

ko 1/p
(ko—m)A1 § ko pl D1
sup p P n
//Z* ko€Z ( el (Qp))

k=—o00

" 1/p2
y supp_(ko_lw( Z pka2p2||f2Xk||Z£2fl2(@2))

ko€EZ k——o00

X ‘t]_‘p_(al—i_n/ql_)\l)‘tQ‘;(OQJ’_n/qQ_)\Q)w(tl, tQ)dtldtQ
S/ ’tl‘;(aﬁrn/qlf)‘l)’tg‘;(aﬁn/lpf)@)w(tl,tg)dtldtg
Z
<Ml p 2l e
Conversely, we define
fi(x) = |X’p_(a1+n/fh—)\1)’ x € Q;

a(00) =[xl /), x € @,

When a1 # A1 and ag # A9, we arrive at:

1/q
11Xkl Lor o) :(/ |x|;(a1+N/q1—A1)q1)
Sk

:(1 . p—n)l/qlpk‘()q—oq)‘
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Also, it is not difficult to obtain

A
=(1—p™a P

||f1||MK§11,;}11 @) (pp1ir — 1)1/p1'

Similarly, we can get

A
=(1—p™le P
(pror2 — 1)1/172'

W ellvricgz oz p
For A=X\ + X, a=0a1+agyand 1/q¢=1/q1 + 1/qo, we get

Hi72(f1,f2>(x) — |X‘p(a+n/Q/\)/ |t1‘;(a1+n/Q1*>\1)|t2‘;(a2+n/Q2*>\2)w(tbtZ)dtldtQ.
Zy

Ultimately, we have:

||Hi72(fla f2)Xk||Z£q(Qg)

:( |X|;(a+n/Q—>\)lI(// |t1|;(a1+’n/‘11—)\1)|t2|p—(a2+n/q2—)\2)

q p/q
X w(tl, tg)dtldtQ) dX)

p/q
:</s |X‘p(a+n/q/\)(IdX) (//Z ’t1|g(a1+n/qrh)’t2|g(a2+n/q2,>\2)
* ;

p
X w(tl,tg)dtldtQ)
:(1_p—n)1’/qp—k(a—)\)?<// |t1‘;(a1+n/¢h—>\1)|t2|;(012+n/Q2—>\2)
Z;

p
X ﬂ)(tl, tg)dtldtg) .
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Since A\; = Ay = (1/2)\, p1 = p2 = 2p and ¢; = ¢2 = 2q, we have:

ko 1/p
D,2 ) _ —koA kap p,2 p
D (s Sl o) =sup p 0 ( > prer||H? (fl,fz)kaLq(@;)>

k=—o00

ko
:(1 — p—n>1/q sup p—ko)\( Z pkapp—k(a—)\)p

ko€EZ k= —oo

Zy
p\ 1/p
X w(tl,tg)dtldtg) >

0 1/p
=(1—p ") sup p’m( > p’“p)

ko€Z ke — oo

X / |t1 |I;(041+n/¢h—>\1) |t2 |I;(Oé2+n/Q2—/\2)¢(t1’ tz)dt1dt2
Zy

A

—(1 _ /g p
_<1 p ) (p)\p . 1)1/[)

% / |t1 |;(041+”/q1*/\1) |t2 |;(a2+n/q2*>\2)w(th t2>dt1dt2
Zy

=1 lsregyn o 12 larsz oz o

% / It |;(a1+n/fh*/\1) |t |;(a2+n/q2*/\2)w(t1, to)dtydts.
Zy

When a7 = Ay and as = Ay, we have
| fixl qurn(Q;) = || f2xx] %2@(@;) = /S |x[,"dx = (1 _pfn)l/ql'
k

It is not hard to see that

1

_ A1 o\l @
=pM(1—p™) =Ty

Itz apy

1
‘ _ A e N U S S
HfQHMKg;’q/\;(Qg) p 2<1 p ) ’ (p>\2p2 — 1)1/P2 ’

So,

Hi’Q(fl,fg)(x) = |x|;"/q// |t1|;n/q1|t2|;n/q2¢(t1,t2)dt1dt2'
Zy
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Now, we have:

IHD2(fi, f2)xkll Lo @) = (1 —p_")l/q// 1], /0 o], 240 (1, to) b s,
Zy

Thus,

ko 1/p
’2 — Q 72
VEZACFr, ) s o = sup koA( SO pher (fl,fz)XkHﬁq(@g))
0

k=—0o0

ko 1/p
=(1—p ™) sup p** ( > p’“”)

ko€EZ k——o00

X / !tl\;”/ql!tz!;”/%(tl,tz)dtldt2
Zy

As A1 = a7 and Ay = an, we get A = a.. Hence
1
= 1)

X / |t1|;n/q1|t2|;n/qz¢(t1,t2)dt1dt2
Zy

72 -n
||H5; (fla fZ)HMK;‘}”q)‘(Q;) :pA(l - P )1/q

il p 2 llrgzoz )
. / 6], ™9 b2 ] 20 (b1, b2 )by .
Zy
This shows (7.3.2) is also valid in this particular case.

Furthermore, when either ac; = Ay or as = Ay holds, we assume former holds but the

later doesn’t, then on the basis of previous computations we have:

1
. oA N\
||f1HMK;“11,’q>‘11(Q;L) =P 1(1 p ) ' (p>\1p1 — 1)1/171 ’

) — A oo\l -
HfZHMKg;,’q*f(Q;) p 2(1 p ) 2(p)\2p2 _ 1)1/p2'

We definitely have the following representation
HE?(fr, f2) (x) = |, (o2 n/am2) / / [,/ bl 2T (61, 6) db .
Ly

Taking norm on both sides, one has
HH;Z’Z(fl, fz)XkHLq(Qg) =(1 _pfn)l/qp*k(ozzf/\z)

X / / b1 ], 74 b, (2T R TADap (b, 65)dby dts.
P
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At the very end, we obtain

ko

1/p
72 — « 72
V22 ) larses o = supp k0A< S | (fl,fz)xkﬂiq((@g))
0

k=—o00

ko 1/p
:(1 o p—n)l/q sup p—k0>\< Z pkapp—(oag—)\zkp))

ko€Z k=—o00

X / [ta],, /b, RV (6, )bty
Zy
1
(1 _ »—1\1/q A
_(]‘ b ) p (p)\p _ 1)1/p
X // [ba], 9 [t (2R ADap (b, b)) dbydts.
»
Since ay = ag = (1/2)cv, p1 = pa = 2p, @1 = ¢2 = 2q and A} = Ay = (1/2)\, we get:
p72 . = . .
HHzp (f17 f2)||MKg”q>‘(Qg) _||f1||MK311"qA11 (Qg)‘|f2|’MK;22,lz>\22(Qg)

X/ |t1|§n/(h‘tﬂ;(aﬁn/qrw@/}(tl’t2)dt1dt2-
Z;

In this case (7.3.2) also holds, so we conclude the proof.



Bibliography

1]

[10]

K. F. Andersen, Boundedness of Hausdorff Operator on L?(R"), H*(R™) and
BMO(R"™), Acta Sci Math (Szeged), 69 (2003), 409-418.

I. Y. Arefeva, B. Dragovich, P. Frampton and I. V. Volovich, The wave function
of the universe and p-adic gravity, Mod. Phys. Lett. A 6 (1991), 4341-4358.

V. A. Avetisov, A. H. Bikulov and S. V. Kozyrev, Application of p-Adic analysis
to models of sponteneous breaking of replica symmetry, J. Phys. A: Math. Gen.
32(50) (1999), 8785-8791.

V. A. Avetisov, A. H. Bikulov, S. V. Kozyrev and V. A. Osipov, p-Adic models
of ultrametric diffusion constrained by hierarchical energy landscaapes, J. Phys.
A:Math.Gen. 35 (2002), 177-189.

A. V. Avestisov, A. H. Bikulov, V. A. Osipov, p-adic description of Charac-
terization relaxation in complex system, J. Phys. A: Math. Gen. 36 (2003),
4239-4246.

S. Baron, Introduction in the theory of the summability of series, Valgus,
Tallinn, (1977)(in Russian).

A. G. Bliss, An integral inequality, J. Lond. Math. Soc. 5 (1930), 40-46.

L. Brekke and PGO. Frued, p-Adic numbers in Physics, Phys. Rep. 233 (1993),
1-66.

V. 1. Burenkov, E. Liflyand, On the boundedness of Hausdorff operators on
Morrey-type spaces, Eurasian Math. J. 8 (2017), 97-104.

C. Carton-Lebrum and M. Fosset, Moyennes et quotients de Taylor dans BMO,,
Bull. Soc. R. Sci. Liege. 53(2) (1984), 85-87.

76



bibliography s

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

J. Chen , D. Fan and J. Ruan, The fractional Hausdorff operator on Hardy
spaces HP(R™). Anal. Math. 42 (2016), 1-17.

J. Chen, D. Fan and J. Li, Hausdorff operators on function spaces, Chin. Ann.
Math. 33 (2012), 537-556.

J. Chen, J. Dai, D. Fan and X. Zhu, Boundedness of Hausdorff operators on
Lebesgue spaces and Hardy spaces, Sci. China Math. 61 (2018), 1647-1664.

J. Chen, S. He and X. Zhu, Boundedness of Hausdorff operators on the power
weighted Hardy spaces, Appl. Math. 32 (2017), 462—-476.

M. Christ, L. Grafakos, Best Constants for two non convolution inequalities,
Proc. Amer. Math. Soc., 123 (1995), 1687-1693.

N. M. Chung and D. V. Duong, The p-adic Weighted Hardy-Cesaro Operators on
Weighted Morrey-Herz Space, p-Adic Numb. Ultrametric Anal. Appl. 8 (2016),
204-216.

N. M. Chuong, D. V. Duong and K. H. Dung, Some Estimates for p-adic Rough
Multilinear Hausdorff Operators and Commutators on Weighted Morrey-Herz
Type Spaces, Russian J. Math. Phys. Vol. 26(1) (2019), 9-31.

N. M. Chuong, D. V. Duong and K. H. Dung, Weighted Lebesgue and central
Morrey estimates for p-adic multilinear Hausdorff Operators and its commuta-
tors, arXiv: 1810. 06896v1(2018).

N. M. Chuong, Y. V. Egorov, A. Y. Khrennihov, Y. Meyer and D. Mumford,
Harmonic, Wavelet and p-Adic Analysis, World Scientific, 2007.

N. M. Chuong and H. D. Hung, Maximal functions and weighted norm inequal-
ities on local fields, Appl. Comput. Harmon. Anal.,29 (2010), 272-286.

N. M. Chung, H. D. Hung and N. T. Hong, Bounds of p-adic Weighted Hardy-
Cesaro Operator and Their Commutators on p-adic Weighted Spaces of Morrey
Types, p-Adic Numb. Ultrametric Anal. Appl. 8 (2016), 31-44.

B. Dragovich, A. Y. Khrennihov, S. V. Kozyrev, I. V. Volovich, On p-adic
mathematical physics , p-Adic Numb. Ultrametric Anal. Appl. 1 (2009), 1-17.



78

Boundedness of Weighted Multilinear p-adic Hardy Operator on Herz-Type Spaces

[23]

[27]

28]

[29]

[32]

[33]

[34]

[35]

[36]

D. Dubischar, V. M. Gundlach, O. Steinkamp and A. Khrennikov, A p-Adic
model for the process of thinking disturbed by physiological and information
noise, J. Theor. Biol. 197 (1999), 451-467.

D. E. Edmunds, W. D. Evans, Hardy Operators, Function Spaces and Embed-
ding, Springer Verlag, Berlin, (2004).

D. Fan and X. Li, A bilinear oscillatory integral along parabolas, Positivity.
13(22) (2009), 339-366.

D. Fan and F. Zhao, Multilinear fractional Hausdorff operators. Acta. Math.
Sin. (Engl. Ser). 30 (2014), 1407-1421.

W. G. Faris, Weak Lebesgue spaces and quantum mechanical binding, Duke
Math. J. 43 (1976), 365-373.

Z. W. Fu and S. Z. Lu, A remark on weighted averages on Herz spaces, Adv
Math(China) 37 (2008), 632-636.

Z. W. Fu, S. Z. Lu and W. Yuan, A weighted variant of Riemann-Liouville
fractional integral on R™, Abstr. Appl. Anal, 2012 (2012), 18 pages.

Z. W.Fu,S.Z. Luand F. Y. Zhao, Commutators of n-dimensional rough Hardy
operator, Sci China Math, 54(1) (2011), 95-104.

Z. W. Fu, S. L. Gong, S. Z. Lu and W. Yuan, Weighted multilinear Hardy
operators and commutators, Forum Math. (2014), 225-244.

Z. W. Fu, L. Grafakos, S. Z. Lu and F. Y. Zhao, Sharp bounds for m-linear
Hardy and Hilbert Operators, Houston. J. Math. 38(1) (2012), 225-244.

Z. W. Fu, Z. G. Liu, S. Z. Lu and H. Wong, Characterization for commutators
of n-dimensional fractional Hardy Operators, Sci China Ser A, 50(10) (2007),
1418-1426.

Z. W. Fu, Q. Y. Wu and S. Z. Lu, Sharp estimates of p-adic Hardy and Hardy-
Littlewood-Pdlya Operators, Acta Math. Sinica 29 (2013) 137-150.

G. Gao, Boundedness for commutators of n-dimensional rough Hardy operators
on Morrey-Herz spaces, Comput. Math. Appl, 64(4) (2012), 544-549.

G. Gao, X. Hu and C. Zhong, Sharp weak estimates for Hardy-type Operators,
Ann. Funct. Anal. 7(3) (2016), 421-433.



bibliography 79

[37] G. Gao and F. Zhao, Sharp weak bounds for Hausdorff operators, Anal. Math.
41 (2015), 163-173.

[38] G. Gao and Y. Zhong, Some estimates of Hardy Operators and their commuta-
tors on Morrey-Herz spaces, J. Math. Inequal. 11(1) (2017), 49-58.

[39] D. V. Giang and F. Moricz, The Cesaro operator is bounded on the Hardy space
H', Acta Sci. Math. 61 (1995), 535-544.

[40] B. I. Golubov, Boundedness of the Hardy and Hardy-Littlewood operators in
the space ReH' and BMO(in Russian). Mat. Sb. 188) (1997), 93-106.-English
transl. in Russian Acad. Sci. Sb. Math. 86) (1998).

[41] S. L. Gong, Z. W. Fu and B. Ma, Weighted multilinear Hardy operators on Herz
type spaces, The Scientific World Journal, (2014), ID 420408.

[42] L. Grafakos and X. Li, Uniform bounds for the bilinear Hilbert transform, Annal.
Math. 159(3) (2004), 889-933.

[43] Y. Haixia and L. Junferg, Sharp weak estimates for n-dimensional fractional
Hardy Operators, Front. Math. China 13(2) (2018), 449-457.

[44] S. Haran, Analytic potential theory over the p- adics, Ann. Inst. Fourier (Greno-
ble) 43 (1993), 905-944.

[45] S. Haran, Riesz potential and explicit sums in arithemtic, Invent. Math. 101
(1990), 697-703.

[46] G. H. Hardy, Divergent series, Clarendon Press, Oxford, (1949).
[47] G. H. Hardy, Note on a theorem of Hilbert, Math. Z., 6 (1920), 314-317.

[48] G. H. Hardy, J. E. Littlewood and G. POlya, Inequalities, second edition, Cam-
bridge Univ. Press, London (1952).

[49] F. Hausdorff, Summation methoden and Momentfolgen, I, Math. Z. 9 (1921),
74-109.

[50] K.-P. Ho, Dilation operators and integral operators on amalgam spaces (Ly, [,),
Ricerche Mat. (2019). https://doi.org/10.1007/s115857-019-00431-5.



80

Boundedness of Weighted Multilinear p-adic Hardy Operator on Herz-Type Spaces

[51]

[54]

[55]

[56]

[57]

[63]

[64]

K.-P. Ho, Hardy’s inequalities and Hausdorff operators on rearrangement-
invariant Morrey-spaces. Publicationes Mathematicae Debrecen 88 (2018), 201-
2015.

K.-P. Ho, Hardy Littlewood-Polya inequalities and Hausdorff operators on block
spaces. Math. Inequal. Appl. 19 (2016), 697-707.

H. D. Hung, The p-adic weighted Hardy-Cesaro operator and an application to
discrete Hardy inequalities, J. Math. Anal. Appl. 409 (2014), 868-879.

W. A. Hurwitz and L. L. Silverman, The consistency and equivalence of certain
definitions of summabilities, Trans. Amer. Math. Soc. 18 (1917), 1-20.

A. Hussain and M. Ahmed, Weak and strong type estimates for the commutators
of Hausdorff operator, Math. Inequal. Appl. 20 (2017), 49-56.

A. Hussain and A. Ajaib, Some weighted inequalities for Hausdorff operators
and commutators, J. Inequal. Appl. 2018 (2018)6, 19 pages.

A. Hussain and A. Ajaib, Some results for the commutators of generalized Haus-
dorff operator, arXiv:1804.05309v1, 2018.

A. Hussain and G. Gao, Multidimensional Hausdorff operators and commutators

on Herz-type spaces, J.Inequal.Appl. (2013), 594.

A. Hussain and G. Gao, Some new estimates for the commutators of n-
dimensional Hausdorff operator, Appl. Math. 29 (2014), 139-150.

A. Hussain and N. Sarfraz, The Hausdorff operator on weighted p-adic Morrey
and Herz type spaces, p-Adic Numb. Ultrametric Anal. Appl. 11(2) (2019),
151-162.

A. Hussain and N. Sarfraz, Optimal weak type estimates for p-Adic Hardy
operator. p-Adic Numb. Ultrametric. Anal. Appl. 12(1) (2020), 12-21.

A. Hussain and N. Sarfraz, Boundedness of weighted multilinear p-adic Hardy

operator on Herz type spaces, Online on Research Gate.

A. Hussain, N. Sarfraz and F. Giirbiiz, Sharp Weak Bounds for p-adic Hardy

operators on p-adic Linear Spaces (submitted).

D. Q. Huy and L. D. Ky, The multi-parameter Hausdorff operators on H! and
LP, Math. Inequal. Appl. 21 (2018), 497-510.



bibliography 81

[65]

[66]

[67]

[68]

[69]

(73]

[74]

[77]

78]

M. Isabel Aguilar Canestro, P. O. Salvador and C. Ramirez Torreblanca,
Weighted bilinear Hardy inequalities, J. Math. Anal. Appl. 387 (2012) 320—
334.

A. N. Kochubei, Stochastic integrals and stochastic differential equations over
the field of p-Adic numbers, Potential Analysis,6 (1997), 105-125.

V. Kokilashvili, A. Meskhi and L. E. Persson, Weighted norm inequalities for
integral transforms with product kernels, Nova Science Publishers, New York,
2010.

S. V. Kozyrev, Methods and applications of ultrametric and p-adic analysis:
From wavelet theory to biophysics, Proc. Steklov. Inst. Math, 274 (2011), 1-84.

A. Kufner and L. E. Persson, Weighted inequalities of Hardy type, World Sci-
entific, Singapore, 2003.

A. Lerner and E. Liflyand, Multidimensional Hausdorff operators on the real
Hardy spaces, Jour. Austr. Math. Soc. 83 (2007), 79-86.

E. Liflyand, Boundedness of multidimensional Hausdorff operator in H'(R)",
Acta Sci. Math. (Szeged)74 (2008), 845-851.

E. Liflyand, Hausdorff operators on Hardy spaces, Eurasian Math. J. 4 (2013),
101-141.

E. Liflyand and A. Miyachi, Boundedness of the Hausdorff operators in H?
spaces, 0 < p < 1, Stud. Math. 194 (2009), 279-292.

E. Liflyand and A. Miyachi, Boundedness of Multidimensional Hausdorff oper-
ators in H? spaces, 0 < p < 1, Trans. Amer. Math. Soc. (2019), 4793-4814.

E. Liflyand and F. Mérecz, The Hausdorff operator is bounded on the real Hardy
space H'(R), Proc. Amer. Math. Soc. 128 (2000), 1391-1396.

E. Liflyand and F. Mérecz, The multi-parameter Hausdorff operator is bounded
on the product Hardy space H''(R x R), Anal. 21 (2001), 107-118.

X. Lin, Boundedness of Hausdorff operators on function spaces, PhD Thesis,
(2013), University of Wisconsin at Milwaukee, WI.

X. Lin and L. Sun, Some estimates on the Hausdorff operator, Acta Sci. Math.
(Szeged) 78 (2012), 669-681.



82

Boundedness of Weighted Multilinear p-adic Hardy Operator on Herz-Type Spaces

[79]

[80]

[81]

[82]

[83]

[84]

[85]

[36]

[87]

[38]

[89]

[90]

[91]

[92]

Z. G. Liu and Z. W. Zhou, Weighted Hardy-Littlewood averages on Herz spaces,
Acta Math Sin.99 (2006), 1085-1090.

R. H. Liu and J. Zhou, Sharp estimates for the p-adic Hardy type Operator on
higher-dimensional product spaces, J. Inequal. Appl.2017 (2017), 13PP.

R. H. Liu and J. Zhou, Weighted multilinear p-adic Hardy operator and com-
mutators, Open Math.15 (2017), 1623-1634.

S. Z. Lu and L. Xu, Boundedness of rough singular integral operators on the
homogeneous Morrey-Herz spaces, Hokkaido Math. J. 34 (2005), 299-314.

S. Z. Lu, D. C. YanG and F. Y. Zhao, Sharp bounds for Hardy type Operators
on higher dimensional product spaces, J. Inequal. Appl, 148 (2013), 11pp.

Y. Mizuta, Duality of Herz-Morrey Spaces of Variable Exponent, Filomat, 30
(2016), 1891-1898.

Y. Mizuta, A. Nekvinda and T. Shimomura, Optimal estimates for the fractional
Hardy Operator, Studia Math, 227(1) (2015), 1-19.

Y. Mizuta, A. Nekvinda and T. Shimomura, Optimal estimates for the fractional
Hardy operator on variable exponent Lebesgue spaces, Math. Inequal. Appl.

(Preprint).

G. Parisi and N. Sourlas, p-adic numbers and replica symmetry, Eur. J. Phys.
B 14 (2000), 535-542.

G. Parisi and N. Sourlas, p-Adic numbers and replica symmetry break, Eur. J.
Phy. B 14 (2000), 535-542.

L. -E. Persson and S. G. Samko, A note on the best constants in some hardy
inequalities, J. Math. Inequal. 9 (2) (2015), 437-447.

R. E. Powell and S. M. Shah, Summability theory and applications, Van Nos-
trand Reinhold Co., London(1972).

K. S. Rim and J. Lee, estimates of weighted Hardy-Littlewood averages on the
p-adic vector spaces, J. Math. Anal. Appl.324 (2006), 1470-1477.

J. Ruan, D. Fan, and Q. Wu, Weighted Herz space estimates for Hausdorff
operators on the Heisenberg group, Banach J. Math. Anal. 11 (2017), 513-535.



bibliography 83

[93]

[94]

[95]

[96]

[97]

(98]

[99]

[100]

[101]

[102]

[103]

[104]

[105]

[106]

J. Ruan, D. Fan, and Q. Wu, Weighted Morrey estimates for Hausdorff operator
and its commutator on the Heisenberg group, arXiv:1712.10328v1.

N. Sarfraz and F. Giirbiiz, Weak and strong boundedness for p-adic fractional
Hausdorff operator and its commutators, arXiv (2019); arXiv: 1911.09392v]1.

N. Sarfraz and A. Hussain, Estimates for the commutators of p-adic Hausdorff

operator on Herz-Morrey spaces, Mathematics. 7 (2) (2019), 127, 15 pages.

A. G. Siskakis, Composition operators and the Cesaro operator on H?, J. London
Math. Soc.36(2) (1987), 153-164.

A. G. Siskakis, The Cesaro operator is bounded in H*', Proc. Amer. Math.
Soc.110 (1990), 461-462.

V. S. Vladimirov, Tables of integrals of complex Valued Functions of p- Adic
Arguments, Proc. Steklov. Inst. Maths. 284 (2014), 1-59.

V. S. Vladimirov and 1. V. Volovich , p-Adic quantum mechanics, Commun.
Math. Phys. 123 (1989), 659-676.

V. S. Vladimirov, I. V. Volovich and E. 1. Zelenov, p-Adic Analysis and Math-
ematical Physics, World Scientific, Singapore, 1994.

S. S. Volosivets, Hausdorff Operators on p-Adic Linear Spaces and Their Prop-
erties in Hardy, BM O, and Hélder Spaces, Math. Notes, 93 (2013), 382-391.

S. S. Volosivets, Multidimensinal Hausdorff operator on p-Adic Fields, p-Adic
Numb. Ultrametric Anal. Appl. 2 (2010), 252-259.

S. S. Volosivets, Weak and strong estimates for rough hausdorft type operator
defined on p-adic linear space, p-Adic Numb. Ultrametric Anal. Appl. 9(3)
(2017), 222-230.

D. V. Widder, The Laplace transform, Princeton Univ. Press, Princeton
N.J.(1946).

Q. Y. Wu, Boundedness for Commutators of fractional p-adic Hardy Operator,
J. Inequal. Appl. 2012 (2012), 12pp.

X. Wu, Necessary and sufficient conditions for generalized Hausdorff operators
and commutators, Ann. Funct. Anal. 6 (2015), 60-72.



84

Boundedness of Weighted Multilinear p-adic Hardy Operator on Herz-Type Spaces

[107]

[108]

[109]

[110]

[111]

[112]

[113]

[114]

[115]

Q. Wu and Z. W. Fu, Boundedness of Hausdorff operators on Hardy spaces in
the Heisenberg group, Banach J. Math. Anal. 12 (2018), 909-934.

Q. Y. Wu and Z. W. Fu , Weighted p-Adic Hardy operators and their com-
mutators on p-Adic central Morrey spaces, Malays. Math. Sci. Soc 40 (2015),
635-654.

Q. Y. Wu, L. Mi and Z.W. Fu, Boundedness of p-adic Hardy Operators and their
commutators on p-adic central Morrey and BMO spaces, J. Funct. Spaaces Appl.
2013 (2013), Art. ID 359193, 10pp.

J. Xiao, LP and BM O bounds of weighted Hardy-Littlewood Averages, J. Math.
Anal. Appl. 262 (2001), 660-666.

J. Xu and X. Yang, Herz-Morrey-Hardy Spaces with Variable Exponents and
Their Applications, J. Funct Spaces, Volume 2015, Article ID 160635, 19 pages.

H. Yu and J. Li, Sharp weak estimates for n-dimensional fractional Hardy Op-
erators, Front. Math. China 13(2) (2018), 449-457.

G. Zhao, D. Fan, and W. Guo, Hausdorff operators on modulation and Wiener
amalgam spaces, Ann. Funct. Anal. 9 (2018), 398-412.

F.Y. Zhao, Z. W. Fu and S. Z. Lu, Endpoint estimates for n-dimensional Hardy
operators and their commutators, Sci. China Math. 55(10) (2012), 1977-1990.

F. Y. Zhao and S. Z. Lu, The best bound for n-dimensional fractional Hardy
Operator, Math. Inequal Appl, 18(1) (2015), 233-240.






	Contents
	Preface
	Acknowledgment
	Chapter 1 Introduction to Some Integral Operators on p-adic Linear Spaces
	1.1 Introduction
	1.2 Preliminaries
	1.3 Some p-adic Function Spaces
	1.3.1 Morrey-type Spaces on Qpn
	1.3.2 Herz-type Spaces on Qpn
	1.3.3 BMO-type Spaces on Qpn

	1.4 Introduction to Some Integral Operators
	1.4.1 Hardy-type Operators on Rn
	1.4.2 Hardy-type Operators on Qpn
	1.4.3 Hausdorff Operators on Rn
	1.4.4 Hausdorff Operators on Qpn

	1.5 Our Contribution to the Theory of Hardy-type Operators
	1.5.1 References of Contribution


	Chapter 2 The Hausdorff Operator on Weighted p-adic Morrey and Herz-type Spaces
	2.1 Introduction
	2.2 Bounds of Hausdorff Operator on Weighted p-adic Herz-type Spaces
	2.3 Bounds of Hausdorff Operator on Weighted  Morrey-type Spaces

	Chapter 3 Estimates for p-adic Hausdorff Operator and Commutators
	3.1 Introduction
	3.2 Hausdorff Operator on p-adic CMOq,(w,Qpn)
	3.3 Weighted CBMO Estimates for H,Ab on Weighted Herz-Morrey Spaces
	3.4 Lipschitz estimates for H,Ab on weighted p-adic Herz-Morrey spaces

	Chapter 4 Weak-Type Estimates of p-adic Fractional Hausdorff Operators
	4.1 Introduction
	4.2 Lebesgue Space Estimates for p-adic Fractional Hausdorff Operator
	4.3 Lipschitz Estimates for the Commutator Operator
	4.4 Hausdorff Operator on Weak p-adic Central Morrey Space

	Chapter 5 Optimal Weak Type Estimates for p-adic Hardy Operators
	5.1 Introduction
	5.2 Sharp Weak-tye Estimates for p-adic Hardy Operators
	5.3 Sharp Weak-type Estimates for Adjoint p-adic Hardy Operators

	Chapter 6 Sharp Weak Bounds for p-adic Hardy Operators on p-adic Linear Spaces
	6.1 Introduction
	6.2 Endpoint Estimates for p-adic Fractional Hardy Operator
	6.3 Endpoint Estimates for p-adic Adjoint Fractional Hardy Operator
	6.4 Optimal Weak Bounds for p-adic Hardy Operator on p-adic Morrey-type Spaces

	Chapter 7 Boundedness of Weighted Multilinear p-adic Hardy Operator on Herz-Type Spaces
	7.1 Introduction
	7.2 Boundedness of Hp,m on the Product of Herz Spaces
	7.3 Boundedness of Hp,m on the Product of Morrey-Herz Spaces

	Bibliography

