% the %me (?]C %ffa/td,
The Most Gracious, The Most Mercific):



Some Studies in Rough Set Theory Based on Soft
Relations and Their Applications

QUAID-I-AZAM UNIVERSITY

o 5
S UK
i
0 N/
N =A%,
\ i i 2/
e ? o0
- ] 1 | N AL
N ’ S
Ny 3
DAL W
Y 0
N 2
AP = ¢
TSR &) ) AT
e\ L6 <
l Vo 1] l

ISLAMABAD

Ph. D Thesis

By

Rani Swmaivaw Kewwals

Department of Mathematics
Quaid-i-Azam University
Islamabad, Pakistan
2020



Some Studies in Rough Set Theory Based on Soft
Relations and Their Applications

ISLAMABAD

By

Roni Sumaivar Kewnwals

Supervised

By

Prof. Dr. Muhawmwmmad Shabiv

Department of Mathematics
Quaid-i-Azam University
Islamabad, Pakistan
2020



Some Studies in Rough Set Theory Based on Soft
Relations and Their Applications

ISLAMABAD

By
Rani Swmaivaw Kewwals

A THESIS SUBMITTED IN THE PARTIAL FULFILMENT

OF THE REQUIREMENTS FOR THE DEGREE OF
DOCTOR OF PHILOSOPHY
IN
MATHEMATICS

Supervised

By

Prof. Dr. Muhawmmad Shalbiv

Department of Mathematics
Quaid-i-Azam University
Islamabad, Pakistan
2020



Author’s Declaration

I, Rani_Sumaira Kanwal hereby state that my PhD thesis titled “Some
Studies in Rough Set Theory Based on Soft Relations and Their
Applications” is my own work and has not been submitted previously by
me for taking any degree from Quaid-i-Azam University Islamabad,
Pakistan or anywhere else in the country/world.

At any time if my statement is found to be incorrect even after my
graduate, the university has the right to withdraw my PhD degree.

Qs

Name of Student: Rani Sumaira Kanwal

Date: fQD/ 08/9/‘0),0



Plagiarism Undertaking

| solemnly declare that research work presented in the thesis titled “Some Studies

in Rough Set Theory Based on Soft Relations and Their Applications” is
solely my research work with no significant contribution from any other person. Small
contribution/help wherever taken has been duly acknowledged and that complete
thesis has been written by me.

| understand the zero tolerance policy of the HEC and Quaid-i-Azam University
towards plagiarism. Therefore, | as an Author of the above titled thesis declare that
no portion of my thesis has been plagiarized and any material used as reference is

properly referred/cited.

I undertake that if | am found guilty of any formal plagiarism in the above titled thesis
even afterward of PhD degree, the University reserves the rights to withdraw/revoke
my PhD degree and that HEC and the University has the right to publish my name on
the HEC/University Website on which names of students are placed who submitted
plagiarized thesis.

1=
Student/Author Signature: “O‘N\\/

Name: Rani Sumaira Kanwal




Some Studies in Rough Set Theory Based on Soft
Relations and Their Applications

By

Rani Sumaiva Kanwalds
Certificate

A thesis Submitted in Partial Fulfillment of the requirement for the
degree of doctor of philosophy in mathematics.

We accept this thesis as conforming to the required standard

L f

R -
Prof. Dr. Muhammad Shabir Prof. Dr. Sohail Nadeem
(Supervisor) (Chairman)
3. oo /é// o m“’&\
Prof. Dr. Akbar Azam Dr\ ahir Mahmood
Department of Mathematics, Assistant Professor
COMSATS University, Park Department of Mathematics
Road, Chak Shahzad , and Statistics, International
Islamabad. Islamic University, Islamabad.
(External Examiner I) (External Examiner II)

Department of Mathematics
Quaid-i-Azam University
Islamabad, Pakistan
2020



Certificate of Approval

This is to certify that the research work presented in this thesis entitled “Some Studies in Rough Set
Theory Based on Soft Relations and Their Applications” was conducted by Mrs. Rani Sumaira
Kanwal under the supervision of Prof. Dr. Muhammad Shabir. No part of this thesis has been
submitted anywhere else for any other degree. This thesis is submitted to the Department of
Mathematics, Quaid-i-Azam University, Islamabad in partial fulfillment of the requirements for the
degree of Doctor of Philosophy in Field of Mathematics from Department of Mathematics, Quaid-i-
Azam University Islamabad, Pakistan.

Student Name: Rani Sumaira Kanwal Signature: %‘4‘;’

External committee:

a) External Examiner 1: Signature: /:/’7!’/ /4 -

Name: Dr. Akbar Azam

Designation: Professor

Office Address: Department of Mathematics COMSATS University, Park
Road, Chak Shahzad, Islamabad. Pakistan

.'\ei\\ A

b) External Examiner 2: Signature: m\.»c
Name: Dr. Tahir Mahmood ¥
Designation: Assistant Professor
Office Address: Department of Mathematics and Statistics, International
Islamic University, Islamabad. Pakistan

c) Internal Examiner : Signature: ﬁ/ _/&_
s T
Name: Dr. Muhammad Shabir

Designation: Professor
Office Address: Department of Mathematics, Quaid-i-Azam University,
Islamabad. Pakistan

Supervisor Name: Signature: (/(_/’LJ

Prof. Dr. Muhammad Shabir
N ) \k
Ogcu/\j S
E el

Name of Dean/ HOD: Signat(r_e‘:/‘
Prof. Dr. Sohail Nadeem




Dedicated
to

The Holy Prophet Muhammad
(Peace be upon Him)




Contents

I Prelminatics

[1.1 Information systems: Definitions and examples| . . . . . ... ... ..

[1.2  Semigroups: Definitions and examples| . . . . . . .. .. ... ... ..

[1.3  Rough sets: Definitions and examples| . . . .. ... ... ... ....

[1.5  Fuzzy sets and tuzzy substructures| . . . . . . . . . .. ... ... ...

[1.6 Fuzzy soft sets and fuzzy soft substructures . . . . . .. ... ... ..

Reduction of an information system|

[2.1 Sott Binary Relations| . . . ... ... ... ... L.

2.2 Fuzziness associated with SE—relation| . . . . . . . .. ... ... ...

Approximation of ideals in semigroups by soft relations|

3.1 Approximation by soft relations|. . . . . . .. ... ...

ii

v

X

12

15

18

18

28

31

33

40



CONTENTS

[3.2  Approximation of ideals in semigroups| . . . . . . ... ... ... L. 57
[3.3  Problems of Homomorphisms| . . . . . . . ... ... ... ....... 74

4  Approximation of a fuzzy set by soft relation| 78
4.1 Approximations by soft binary relations|. . . . . . . . ... ... ... 78
4.2 Fuzzy topologies induced by soft reflexive relations|. . . . . . . . . .. 92
[4.3  Similarity relations associated with soft binary relations| . . . . . . . . 94
4.4 Accuracy measures | . . . . .. ... e e 98
4.5 Decision making | . . . .. ... o oo oo 105
4.5.1 An Application of the Decision Making Approachl. . . . . . .. 107

[> Rough approximation of a fuzzy set in semigroups based on soft |
[relations 110
[5.1 Approximation of ideals in semigroups| . . . . . . . . . ... ... L. 110

|6  Approximation of a soft set by soft relation| 127
6.1 Approximations by Soft Binary Relations| . . . . . ... ... ... .. 127
6.2 Sott topologies induced by sott reflexive relations|. . . . . . ... ... 143
[6.3  Soft similarity relations associated with soft binary relations|. . . . . . 146
6.4 Approach towards Decision making| . . . . . . .. ... ... ... ... 149
[6.4.1  An application of the decision making approach|. . . . . . . .. 151

|7 Approximation of soft ideals by soft relations in semigroups| 153
7.1 Approximation by soft relations|. . . . . . . ... ... ... ... ... 153
7.2 Approximation of soft ideals in semigroups| . . . ... ... ... ... 156




CONTENTS ii

0.1 Acknowledgment

All praises to Almighty Allah, the most beneficent and eternally merciful, who
created this universe and gave us the idea to discover it. There is no other entity
in the entire universe worthy of worship besides Him. Who is the sole creator of all
the things tinier than an electron to galaxies. I am exceedingly thankful to Almighty

Allah for His approval, direction and help in every single step of my life.

The Holy Prophet Muhammad (PBU H) is the greatest humanitarian that ever walked
on earth. The Holy Prophet Muhammad (PBUH) is the forever source of guidance
and knowledge for humankind. I am thankful to the Prophet Muhammad (PBUH)

whose teachings are the blessing for the whole mankind.

I cannot fully express my gratitude to my supervisor Prof. Dr. Muhammad Shabir,
whose guidance, valuable instructions and illustrative advices, made it possible for me
to present this thesis. This research work would not have been conceivable without his
benevolent help and the inventive capacities . It is due to his untiring efforts that now
i am able to write this acknowledgement. His collaboration and fortifying consolation

will dependably remain wellspring of motivation for me during all good and odds.

As the chairman of Mathematics department, the services of Prof. Dr. Sohail Nadeem
are highly appreciable. He has provided a very conductive environment which is suit-

able for research purpose.

In the department, all my teachers are very cooperative. I would like to thank Prof. Dr.
Qaiser Mushtaq, Prof. Dr. Tariq Shah, Prof. Dr. Yousaf Malik and Dr. Muhammad
Aslam for their help and encouragement. I am thankful to my senior research fellow
Dr. Irfan Ali for his valuable suggestions. Immense gratitude goes to my seniors,

friends and lab fellows especially Saqib Mazher and Nosheen Malik.

My love and gratitude from the core of heart to my late father Raja Daud Igbal who
would be so proud and happy to see me achieving this degree. I am additionally
appreciative to my sister, my brother and my family members for their well wishes

and prayers. I also express my thanks to all my friends for their encouragement.

In the end, I want to pay my attribute to my great mother Sitara Jabeen whose love
and support means to me. I can not forget her prayers for me. I am very much
indebted to her as she was my class teacher in primary grades. She not only brought

me up but suppoted me during my studies throughout my life. I pay an extraordinary



CONTENTS iii

thanks to my mother. I am forever in her debt for helping me through this tough time
of P.hD.

I am so extra-ordinarily thankful to my husband Saqib Mazher for the co-operation,
positive criticism and encouragement. Without him, such a big project of P.hD can
never be possible to complete. His guidance always gave me a ray of hope in the
darkness of desperation. His prayers were really meaningful to me. I am humbled and

grateful from the bottom of my heart for his support.

My little cute princess, my daughter Eeshem Saqib and my charming big hero, my son
Muhammad Abdullah Saqib are most worthy to me. They overjoyed and relieved me
in the difficult time of P.hD. I can not ignore the prayers of my doll for my work which
she used to do with her little hands. Their memories will always keep me smiling.

You, my daughter and my son, I love you forever.

May Almighty Allah shower His blessings and prosperity on all who assisted me in

any way during the completion of my thesis.

Rani Sumaira Kanwal



CONTENTS iv

0.2 Research Profile

The thesis is based on the following research papers.

1. Reduction of an information system, Soft Computing 24 (2020) 10801-10813.

2. Approximation of ideals in semigroups by soft relations, Journal of Intelligent
and Fuzzy Systems, 35(3) (2018) 3895-3908.

3. Roughness of ideals in semigroups by soft relations, (submitted).

4. Approximation of a fuzzy set by soft relation and corresponding decision making,

(submitted).

5. Rough approximation of a fuzzy set in semigroups based on soft relations, Com-
putational and Applied Mathematics, (2019) 38:89.

6. Approximation of a soft set by soft binary relations and corresponding decision

making, (submitted).

7. Approximation of soft ideals by soft relations in semigroups, Journal of Intelligent
and Fuzzy Systems 37 (2019) 7977-7989.



CONTENTS v

0.3 Introduction

Traditional tools for reasoning, computing and formal modeling are crisp, precise and
deterministic in character. However, many practical problems under different fields
have uncertainties. Traditional mathematical tools can never be used due to many
uncertainties existing in these problems. Traditionally, Probability theory is considered
as a useful tool to handle uncertainty. A very basic requirement for its application is
that a system must be stochastically stable. To establish it, a large number of trials is
required. So, a lot of time will be spent on it. In today’s fast pace life, humans have
scarcity of time. This means some non-traditional ways must be sought to tackle this
problem linked with uncertainty. For extraction of helpful information, specialists are
dedicated step by step. They have pulled in light of a legitimate concern for specialists
and experts in different fields of science and innovation. In this regard, Zadeh made
a very nice attempt and introduced the theory of fuzzy sets [09]. Fuzzy sets not
only cope with uncertainty but also have ability to translate human linguistic terms
mathematically. Actually it was a great leap, and paced development many times.
Now there are many generalizations of fuzzy sets and they are perceived and useful to
manage uncertainty but every one of these speculations inherents certain challenges

as Molodtsov have demonstrated [66].

Molodtsov [66] showed up the soft set theory out of the blue for the first time as the
key notion as another numerical instrument meant for to handle uncertainty. This new
hypothesis is free from the troubles related with officially existing techniques. Here an
appropriate number of parameters are available, which makes it possible. Moreover,
soft sets contain many operations which are very handy to deal with various types of
situations. Numerous creators [8, 66, [67] gave a few activities in soft set theory and
hypothesis. The utilization of soft set hypothesis in a decision making issue is talked
about by Maji et al. [65]. Same creators also expanded classical soft sets to fuzzy soft
sets [63]. Roy and Maji displayed a method of question affirmation from an uncertain
multi-eyewitness information and connected it to decision based issues in light of fuzzy
soft sets. Notion of parametric reduction in soft sets have been contemplated by many
authors [21], [7, 64]. Numerous scientists have contemplated the utilizations of soft sets

in alternate point of views [0} 19} 36].

In soft set theory, many authors [5 8, 59, [66] [67] described several operations. There

is a quick development for soft set theory with applications now-a-days [28].
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One more theory, which tackles uncertainty in a non-traditional manner is called rough
set theory, presented by Pawlak [69] [73] [77, [78]. It is another numerical way to deal
with vague or dubious information. Pragmatic applications like information disclosure,
information investigation, machine learning, surmised grouping, struggle examination
is resolved in various zones. Subsequently, one of the fundamental headings of research
in rough set theory is normally the speculation of the Pawlak rough set theory. In light
of soft binary relations, rough set theory of Pawlak can be seen as a unique instance
of soft rough sets. Since its inception, it fascinated researchers and scholars. The
original rough set theory has potential to propose solutions of many problems even
now. Important use of rough set theory is that it helps to reduce the data without
losing useful information. Maji et al. [65] began the possibility of soft sets applications
in decision making. In this initial level work, lamentably mistakes were called regard
for as in [2I] by Chen et al. The point of view displayed in [65] is dismissed by them.
Konga et al. in [51] demonstrated some odd conditions which happens when method
of parametric reduction in the event of soft sets gave in [2I] is connected. So the idea

of normal parametric diminishment is presented by them.

The rough set theory is basically an augmentation of the set theory described by
inadequate and deficient data [69, [70, [74]. The idea of rough set is persuaded by useful
needs especially in characterization and concept formation with deficient data [75]. It
is not the same as and corresponding to different generalizations, such as multisets
and fuzzy sets [20], [75]. In this new emerging theory, there has been a rich interest.
The successful applications of rough set models have shown their benefits in many
problems [15], 16} 17, 18, 20, 23| 32} (9L [70] 71, [72], [76] [7'7, [78, [79, 94, O5, 105, 106} [107).

The roughness in algebraic structures is discussed by many scholars. In algebra, Iwinski
initiated the study of roughness [34]. Kuroki studied roughness in semigroups [52].
Rough groups, rough subgroups and rough ideals of rings are discussed by Biswas and
Nanda, and Davvaz, respectively, [14], [22]. By using algebraic and fuzzy algebraic
structures, T-roughness is discussed by Liu in [52], Qurashi and Shabir in [81) 82,
83], Mahmood et al. in [62], Akram et al. in [I] and Pomykala in [80]. Based
on pseudoorder in ordered semigroups, Shabir and Irshad presented roughness [88].
The properties of rough sets is discussed by Ali et al in hemirings [9]. In [112], the
generalized rough set is defined by Zhu based on binary relation. Moreover, recently,
Akram et al. presented Neutrosophic soft rough graphs with applications in [3] and

Akram et al. investigated some decision making methods in [2] [4].
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Maji et al. [65] began the possibility of soft sets applications in decision making. In
this initial level work, lamentably mistakes were called regard for as in [21I] by Chen
et al. The point of view displayed in [65] is dismissed by them. Konga et al. in
[51] demonstrated some odd conditions which happen when method of parametric
reduction in the event of soft sets gave in [2I] is connected. Many researchers have
proposed a roughness measure for fuzzy sets by mass assignment [10, [IT]. Banerjee and
Pal in [I2] have presented a roughness measure of a fuzzy set. The idea of fuzziness is
generally utilized in the theory of formal languages and automata. Numerous scientists

utilized this idea for the generalization of algebra.

Initially, a fuzzy set was defined by Zadeh in [99]. Fuzzy set theory has given an im-
portant scientific and mathematical tool to the description of those frameworks which
are unreasonably perplexing or uncertain. The fuzzy set theory is well established in
[49].

In [56], fuzzy semigroup was defined by Kuroki. The concepts of fuzzy subgroups and
fuzzy ordered semigroups were innovated by Rosenfeld and Kehayopulu and Tsingelis,
respectively in [84] and [45], 46]. Different types of fuzzy ideals in semigroups are
discussed by Kuroki [53], 54, [55].

Although rough and fuzzy set theory are two prominent notions to study uncertainty,
unpredictability and vagueness yet these theories are distinct in nature. It can be
combined in a good manner to solve many problems. Theory of fuzzy sets proposes
an exceptionally decent way to deal with vagueness. In 1990, Dubois and Prade [26],

presented the concepts of rough fuzzy sets and fuzzy rough sets.

Soft binary relation is a generalization of ordinary binary relations on a soft set. Single
binary relation is addressed by rough approximations in rough set theory. Different
binary relations can be treated in light of soft binary relations through rough approx-
imations. Rough set theory of Pawlak, in the sense of soft binary relations can also be

seen.

This thesis contains an investigation of rough approximations in the light of soft binary
relations by obtaining two soft sets. We approximate a set, a fuzzy set and a soft set to
get two sets of soft sets, two sets of fuzzy soft sets and two sets of soft sets, respectively.
These are called the upper approximation and lower approximation with respect to

the aftersets and foresets, respectively.

The above mentioned concepts will be applied on semigroups. The approximations of
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substructures , fuzzy substructures and soft substructures of semigroups are presented

along with suitable examples.

The lower and the upper approximations with soft equivalence relations are discussed.
The concept of soft equivalence relation is another way to present an information table.
By soft reflexive, soft symmetric and soft transitive binary relations, some properties

are viewed.

Fuzzy topologies and soft topologies induced by soft relations are presented. More-
over, Similarity relations associated with soft binary relations are given The idea of
parametric reduction by a soft binary relation is inspected. Different decision making
methods are also given along with algorithms and applications with respect to the

aftersets and the foresets.
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0.4 Chapter-wise Study

Seven chapters make this thesis.

Chapter one consists of introductory nature concepts, needed for the consequent

chapters.

Chapter two represents the notion of soft relations. We direct an investigation
through soft binary relations in rough approximations by obtaining two soft sets.
With the help of the aftersets and the foresets, we can approximate a set to get two
sets of soft sets. The related concepts of soft equivalence relations are also given. The
concept of soft equivalence relation is another way to present an information table.
This setup provides an opportunity to apply operations available in soft sets to extract
new knowledge from information tables. By taking soft reflexive, soft symmetric and
soft transitive binary relations, some properties are viewed. It is talked about for any
subset X, there is a related fuzzy subset respecting to every parameter. Finally, the
idea of parametric reduction by a soft binary relation is inspected. A procedure has

been displayed in the end.

In chapter three, we applied the concepts of chapter two on semigroups and the
approximations of substructures of semigroups are studied along with examples. The

problems of homomorphism have been talked about.

In chapter four, by using the aftersets and the foresets, we approximate a fuzzy set
to get two sets of fuzzy soft sets. The decision making by fuzzy set is provided ahead.

The decision method algorithm is also given.

In the chapter five, we applied the concepts of chapter four on semigroups and ap-

proximations of fuzzy substructures of semigroups are discussed along with examples.

In the chapter six, for obtaining two sets of soft sets, a soft set is approximated
by the aftersets and the foresets. Soft topologies induced by soft reflexive relations
are presented. Moreover, Similarity relations associated with soft binary relations are
given. A decision making method is given along with algorithms with respect to the

aftersets and the foresets and an application is provided in the end.

In chapter seven, we applied the concepts of chapter six on semigroups and approx-

imations of soft substructures of semigroups are presented along with examples.



Chapter 1

Preliminaries

This chapter contains some ideas concerning with an information system, semi-
groups, rough sets, fuzzy sets, soft sets and fuzzy soft sets which are valuable for

consequent chapters.

In the first section, some fundamental definitions about an information system
are recalled. The definition of a semigroup and its substructures are presented in the
second section along with some basic examples. In the third section, the notion of
rough set is presented along with some examples and basic results. Moreover, the
classification of a rough set is also done in this section. Soft sets are introduced in
section four. The containment, equality, union, intersection, complement and product
of soft sets are given. Moreover, some results of soft sets in a semigroup are also
presented to form a basis of other chapters. Some basic results about fuzzy set theory
are introduced in section five. Some operations in fuzzy sets are also given here. Fuzzy
substructures are presented in this section along with examples. In the last section,
fuzzy soft sets and its substructures are presented. First, fuzzy soft sets operations

are given and fuzzy soft substructures related to semigroups are presented.

Now, some basic and useful ideas are given. U represents a non-empty finite set unless

expressed otherwise throughout this chapter.
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1.1 Information systems: Definitions and examples

Definition 1.1.1 A binary relation J from U to W is a subset of U x W, where U

and W are sets.
J is a binary relation on U, if U = W.

Definition 1.1.2 If J represents a binary relation on U, then J is said to be
(1) Reflexive, if (z,2) € J for all z € U.
(2) Symmetric, if (z,t) € J = (t,z) € J for all z,t € U.

(3) Transitive, if (z,1) € J and (I,t) € J = (z,t) € J for all z,l,t € U.

Definition 1.1.3 A binary relation J is an equivalence relation if it is
(1) Reflexive
(2) Symmetric

(3) Transitive.
A set is partitioned by each equivalence relation into disjoint classes.

Definition 1.1.4 A pair (U, A), where A is a non-empty finite set of attributes and

U is a non-empty finite set of objects, is an information system.

Definition 1.1.5 [73] An associated equivalence relation for each subset of attributes
B C A, can be defined by INy(B) = {(m,n) € U x U : for every g € B, f(m) = B(n)}
and INg(B) = NgepINy(B), where A is set of attributes and U is a universal set.

Definition 1.1.6 [73] Let J be a family of equivalence relations and p € J. If
INy(J) = INy4(J — p), then p is dispensable, otherwise indispensable in J. If each
p € J is indispensable in J, then the family J is independent, otherwise dependent. If
J is independent and R C J, then R is independent. If S is independent and S C J,
then S is called a reduct of J.

Definition 1.1.7 [73] The COR(J) is defined as COR(J) = NRDC(J), where RDC(J)
is the family of all reducts of J.
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Definition 1.1.8 [73]/ A pair Kr = (U, A) is a knowledge representation system,
where ¢ # U is a finite set and ¢ # A is a finite set of primitive parameters. FEvery
primitive parameter p € A can be defined by a total function p: U — V', where V is
the set of values of p.

If U = {my,ma,....,myp} is a universe, A = {py, pg, ..., Py} & set of attributes, V =
U™, Vi, then a triplet (U, A,V) is called an information system or an information
table where V' is values of the attribute p;. Moreover p; is a total function p; : U — V.
Let Kr = (U,A) be a knowledge representation system or a KR system and let
C, D C A be condition and decision parameters. A decision table is a K R system with

recognized condition and decision parameters, denoted by T' = (U, A, C, D).

1.2 Semigroups: Definitions and examples
Here, some detail about semigroups is presented.

Definition 1.2.1 A semigroup is a set S # ¢ having a binary operation " " which is

associative.

Definition 1.2.2 The product XY for two subsets X and Y of S in a semigroup S
can be defined as
XY = {zy : x belongs to X, y belongs to Y'}.

Definition 1.2.3 The Cartesian product S xT' of semigroups S and T is a semigroup
if we define (s,t)(s',t') = (ss,tt') for allt,t € T and s,s € S.

Definition 1.2.4 Ifxy € X for all x, y € X, then ¢ # X of a semigroup S is said to

be a subsemigroup of S.

Definition 1.2.5 If SX C X (XS C X), then ¢ # X C S (where S is a semigroup),
is a left (right) ideal of a semigroup S.

Example 1.2.6 Let S = [0,1], (S,*) is a semigroup if the binary operation on S is
defined as:
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axb= max {a,b} for all a,b € S.

Consider the subset A = [0,0.5] of S, then A is a subsemigroup of S. And, consider
the subset A =[0.5,1] of S, this is an ideal of S.

Definition 1.2.7 If SXS C X, then ¢ #£ X C S is called an interior ideal of S for a

semigroup S.

Every ideal is an interior ideal but the converse is not true which is shown in the

following example.

Example 1.2.8 Let S = {a,b,c,d} be a semigroup with the following multiplication
table

S| e
Q
Q
Q
s

o
Q
Q
Q

dlalal|b|c

Here A = {a,c} is an interior ideal of S, but neither left nor right ideal of S.

Definition 1.2.9 If XSX C X, then a subsemigroup X of a semigroup S is called a
bi-ideal of S.

Every one-sided ideal is a bi-ideal but the converse is not true which is shown in the

following example.

Example 1.2.10 Consider the semigroup of Example . Here A = {a,c} is a
bi-ideal of S but neither left nor right ideal of S.

Throughout this thesis, we shall denote a subsemigroup, left ideal, right ideal, ideal,
bi-ideal and interior ideal by SS, LIL, RIL, IL BIL and IIL, respectively.
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1.3 Rough sets: Definitions and examples

Pawlak at first proposed the theory of rough sets. It was utilized to deal with impre-

cision and deficiency in data frameworks.

In this section, we will give a few ideas identified with rough set theory. Moreover,

some examples are added to demonstrate these concepts.

[67] If U # ¢ is a finite set and J is an equivalence relation on U, then (U, J) is called
an approximation space. If M C U consists of union of some equivalence classes of
U, then M is definable. Otherwise it is not definable. If M is not definable, then we
can approximate it by the lower and upper approximations which are two definable

subsets of M as the following

1<

(M) = U{[m]s:[m]; C M} and

J(M) = U{[m]y:[m]ly N M # ¢}
Definition 1.3.1 [69] The upper approximation of a set M with respect to J is the
set of all objects which can be for certain classified as M with respect to J (are possibly

M in view of J).

From the different representations of an equivalence relation, we obtain three construc-

tive definitions of lower approximation

1. Element based definition

2. Granule based definition

3. Subsystem based definition

J(M)=|J{AeU/T: AC M},
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where [m]; = {n: mJn}.

Definition 1.3.2 [69] The upper approximation of a set M with respect to J is the
set of all objects which can be possibly classified as M with respect to J (are possibly
M in view of J).

From the different representations of an equivalence relation, we obtain three construc-

tive definitions of upper approximation

1. Element based definition

J(M)={meU:[m];NnM # 0},

2. Granule based definition

3. Subsystem based definition

J(M)=({AeU/T: AnM # 0},

where [m]; = {n: mJn}.

A rough set is the pair (J(M),J(M)). Boundary region is represented by the set
J(M)— J(M). Clearly, if J(M) = J(M), then M is definable and J(M) — J(M) = ¢.

Definition 1.3.3 [96] A subset M of U represents a crisp set when its boundary region
is empty, i.e., J(M) = J(M).

The universe U can be separated into three disjoint regions, by using the lower and

upper approximations of a set M C U.
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(1) the positive region (POS);(M) = J(M);
(2) the negative region (NEG) ;(M) =U— J(M) = (J(M))S;
(3) the boundary region (BN'D) ;(M) = J(M) — J(M).

Example 1.3.4 Consider a set U = {1,2,3,4,5,6} as a universal set. Define J as

an equivalence relation such that, for the equivalence relation J on U :
1J1, 2J2, 2J3, 3J2, 3J3, 4J4, 5J6, 6J5, 5J5, 6J6

The equivalence relation induces four equivalence classes, which are the subsets C; =
{1}, Cy = {2,3}, C3 = {4}, Cy = {5,6}, here we want to characterize the set D =
{3,4,5} with respect to J. For this we have

J(D)={4} =C;

J(D)=1{2,3,4,5,6} = CoUC3UCy.

Proposition 1.3.5 [67/ Let J be an equivalence relation on a set U. If M and N are

subsets of U, then the given assertions are valid:

Example 1.3.6 Let (U, J) be an approzimation space, and J be an equivalence rela-

tion, where U = {m1,ma,ms,...,mg}. Consider the following equivalence classes:
&1 = {m1,ma,mg}, E = {ma,ms,mr}, & = {ms}, &1 = {ms}.

Let M = {mg,ms} and N = {ms, mg}

J(M) = {ms} and J(M) = {mag, m3, ms, mr7}
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J(N) = {m3,mg} and J(N) = {m3, mg}

So J(M) = ({ms},{ma,ms,ms,mz}) is a rough set and J(N) is a crisp set.

Example 1.3.7 [96] Consider a universe consisting of three elements U = {1,2, 3}

and an equivalence relation J on U:
1J1, 2J2, 1J3, 3J1, 3J3

The equivalence relation induces two equivalence classes [1]; = [3]; = {1,3}, [2]; =
{2}, now

PU) = {0,{1},{2}, {3}, {1,2},{1,3},{2,3}, U}
is the set of all subsets of U. The following table summarizes the lower and upper

approximations, the positive, negative and boundary regions for all subsets of U.

M | J(M) | J(M) | POS(M) | NEG(M) | BND(M)
0 0 0 0 U 0
{1} 01 1{1,3} 0 {2} {1,3}
{2} | {2y {2} {2} {1,3} 0
{3} 01 1{1,3} 0 {2} {1,3}
{1,2} | {2} u {2} 0 {1,3}
{1,3} | {1,3} | {1,3} {1,3} {2} 0
{23} {2} U {2} 0 {1,3}
U U U U 0 0
The above table shows

J{1}) # J({1})

J({3}) # J({3})

212D # T({1,2)

J({2,3}) # J({2,3})

So {1}, {3}, {1,2}, {2,3} are rough sets with respect to J, and {2}, {1,3} are crisp

sets with respect to J.

Throughout the thesis, we shall denote an equivalence relation by an F—relation.
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1.4 Soft sets and soft substructures

Molodtsov [66] showed up the soft set theory for the first time as the key notion to
handle uncertainty. Soft sets have many operations which are very handy to deal with
various types of situations. Many authors [5 [8, 60, 66} [67] described several operations
in soft set theory. This theory speaks about that every collection of objects in the
universe U can be accompanied by a set F of attributes (Characteristics or parameters)
for U.

Let P(U) denotes the power set of U and for A, B C E, where F is a universe set of

parameters, some basic definitions associated with soft sets are discussed.
Definition 1.4.1 [67] Define J : A — P(U). Then (J, A) is called a soft set over U.

For the illustration of soft sets, Molodtsov gave many concrete examples. One of them

is presented here.

Example 1.4.2 Suppose that U = {hy, ho, hs, hy, hs, hg, h7} is a universe containing

stz houses and A = {

e1 = expensive, es = beautiful, e3 = wooden,
eq4 = 1in green surroundings, es = in good repair }

Consider a soft set (J, A) which describes the "attractiveness of houses” that Mr. X
wants to purchase. Here the soft set (J, A) points out the expensive houses, beautiful
houses, wooden houses and so on, according to Mr. X. Thus, J(e1) represents the

subset of U comprising of all the beautiful houses in U.
We can define the soft set (J, A) completely as
J(e1) = {hi1,hs, ha,he},J (e2) = {h2, hs, hs},

{h47 hﬁ} 5 J (€4> - {h27 h3a h4a h5}
and J (65) = {hl, hg, hg, h4, h5} .

<~
—
D
w
S~—
I

This table represents a soft set (J, A) as



1. Preliminaries 10

(J,A) | by | ho | by | ha | hs | he | hr
er 1 /01|10 |1 o0
es 0 (1 ]1 /0|1 ]0 |0
es 0 (o]0 |1 ]0 |1 |0
es 0 (1|1 |1 ]1]0 |0
es 1 1|1 ]1 |1 ]0 o0

In this table, if hj € J (e;), then a;j = 1, otherwise a;j = 0. where a;j is the (i,7)th

entry.

Now, some necessary operations of soft sets are discussed.

Definition 1.4.3 [8] Over a common universe U, for two soft sets (J, A) and (L, B)
,if AC B and J(e) C L(e) for all e € A, then (J, A) is a soft subset of (L, B) and is
denoted by (J,A) C (L, B).

Definition 1.4.4 [§] Over a common universe U, two soft sets (J, A) and (L, B) are
said to be soft equal if (J,A) C (L,B) and (L,B) C (J, A).

Definition 1.4.5 [8] Let A be the set of parameters, U be an initial universe set.

(a) If J(a) = ¢ for all a € A, then (J, A) is called a relative null soft set with the
parameter set A, denoted by ¢ 4.

(b) If L(e) = U for all e € A, then (L, A) is called a relative whole soft set with the
parameter set A, denoted by Ag.

Definition 1.4.6 [8] Over the common universe U, the union of two soft sets (J, A)
and (L, A) is the soft set (H, A), for all e € A such that H(e) = J(e) U L(e).

Definition 1.4.7 [§] Over the common universe U, the intersection of two soft sets
(J,A) and (L, A) is the soft set (H, A) for all e € A such that H(e) = J(e) N L(e).

Definition 1.4.8 [§/ The product of two soft sets (J, A) and (L, A) over a universe
U is the soft set (JL, A) such that JL (e) = J(e)L(e) for all e € A.
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Definition 1.4.9 [8/ The relative complement of a soft set (J, A) is denoted by (J, A)"
and is defined by (J,A)" = (J", A) where J" : A — P(U) is a mapping given by
J"(e) =U — J(e) for all e € A.

Definition 1.4.10 Let (J, A) be a soft set over S and S be a semigroup. Then

(1) If J (e) is a SS of S for all e € A with J (e) # ¢, then (J, A) over S is called a soft
SS over S.

(2) If J (e) is an IL of S for all e € A with J (e) # ¢, (J, A) over S is called a soft IL

over S.

(3) If J (e) is a BIL of S for all e € A with J (e) # ¢, then (J, A) over S is a soft BIL

over S.

(4) If J (e) is an IIL of S for all e € A with J (e) # ¢, (J, A) over S is said to be a
soft IIL over S.

Example 1.4.11 Let S = {a,b,c,d, e} be a semigroup with the following multiplica-

tion table:

elal|lb|lc|d|e
a|lblb|d|d|d
blb|b|d|d|d
cld|d|c|d]|c
dld|d|d|d|d
eld|d|c|d]c

and A = {e1,ea}. Define (J, A), a soft set over S by

J (61) = {CL, b, ¢, d} y J (62) = {b7 ¢, d} .
Here (J, A) is a soft SS of S. Also (J, A) is a soft LIL of S.

Example 1.4.12 Let S = {a,b,c} be a semigroup with the following multiplication
table:
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and A = {e1,ea}. Define (J, A), a soft set over S by

J(e1) ={a,b,c}, J(e2) ={a,c}.

Here (J, A) is a soft IIL of S.

Example 1.4.13 Let S = {a,b,c,d} be a semigroup with the following multiplication
table:

ela|blc|d
alalalald
blal|bl|la|d
c a d
d|ld|d|d|d

and A = {e1,ea}. Define (J, A), a soft set over S by

T(er) = {ab e d}, J(e2) = {a,d}
Here (J, A) is a soft BIL of S.

Throughout this thesis, we shall denote a soft S\S, soft LIL, soft RIL, soft BIL and
soft IIL by SSS, SLIL, SRIL, SBIL and SIIL, respectively.

1.5 Fuzzy sets and fuzzy substructures

Theory of fuzzy sets proposes an exceptionally decent way to deal with vagueness.

Fuzzy set theory, introduced by Zadeh in [99], has given an important scientific and
mathematical tool to the description of those frameworks which are unreasonably

perplexing or uncertain.

For convenience, we shall denote a fuzzy subset, fuzzy subsemigroup, fuzzy left ideal,
fuzzy right ideal, fuzzy ideal, fuzzy bi-ideal and fuzzy interior ideal by FS, FSS,
FLIL, FRIL, FIL, FBIL and FIIL, respectively, throughout this thesis.

Definition 1.5.1 A F'S, X in U is defined by a mapping A : U — [0,1]. A FS,

A: U — [0,1] is non-empty if A is not a zero map.
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The value A (x) is known as the membership grade of the object 2 and the mapping A

is known as the membership function of U.

The families of all subsets and F'S in U are denoted by P (U) and ¥ (U), respectivley.

Definition 1.5.2 Let A1 and A2 be two F'Ss in U. Then A1 < Ao if and only if A1 (u) <
A2 (w) for all w € U. Moreover, \y = Ay if and only if A1 < Ay and A\ > Ag.

Definition 1.5.3 A F'S, X in U is called a null F'S if \(u) =0 for allu € U. A FS,
A is called a whole F'S in U if A(u) =1 for all uw € U.

Definition 1.5.4 A FS, X in U is said to be a constant FS in U if and only if

A:U — [0,1] is a constant function.
We usually denote null F'S by 0 and whole F'S by 1.

Definition 1.5.5 Intersection, union, and complement of F'Ss are given below:

Aa)Ap(e) = (ANw) ()
A@)Vu(e) = (AU ()

A(x)=1—X(x), where \,p € F(U) and x € U.

More generally, if {f; : ¢ € I} is a family of F'Ss of U, then the union and intersection

are defined as

(Ui fi)(x) = Vi(fi(x)) forall z € U.
(ﬁi fz) (x) = N; (fz (.%')) for all z € U.

Definition 1.5.6 For a number o € (0,1], the a-cut or a-level set of a F'S, X in U
is Ao ={x € U : X(z) > a} which is a subset of U.

Definition 1.5.7 If A(zy) > A () AX (y) for allz,y € S, then a F'S, X in a semigroup
S is called a F'SS of S.

Definition 1.5.8 If A(zy) > A (y) (A(zy) > A (z)) for all x,y € S, then a F'S, X in a
semigroup S is called a FLIL (FRIL) of S.
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Definition 1.5.9 If A (zay) > A(a) for all z,y,a € S, then a F'S, X\ in a semigroup
S is called o FIIL of S.

Definition 1.5.10 If A (zyz) > A(x) A A (2) for all x,y,z € S, then a F'SS, X in a
semigroup S s called a FBIL of S.

Example 1.5.11 Let S = {a,b,c,d, e} be a semigroup with the following multiplica-

tion table:

e|lalblc|d]|e
a|lblb|d|d|d
blb|b|d|d|d
cldld|c|d]|c
dld|d|d|d|d
eld|d|c|d]c

Define A : S — [0,1] by

a b c d|e
A 05(105]03|1)|0.1

Here, \ represents a FSS of S. Also A represents a FLIL of S.

Example 1.5.12 Let S = {0, z,y, z} be a semigroup with the following multiplication
table:

o | 0|z |y |~z
0410|0010
z|0|0[0]O0
y10]01]0 |z
z|0]0 x|y

Define X\ : S — [0,1] by

A107103]07]0.3

Here, )\ represents a FIIL of S.
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Example 1.5.13 Let S = {a,b,c,d} be a semigroup with the following multiplication
table:

S e
S
S
S
S

o
S
S
S

Define X : S — [0,1] by

A107]1031071]0.3

Here, \ represents a FBIL of S.

1.6 Fuzzy soft sets and fuzzy soft substructures
Now, we give some results related to a fuzzy soft set which will be vital in the thesis.

Definition 1.6.1 [85] A pair (J, A) is called a fuzzy soft set over U if J is a mapping
given by J : A — F(U) and A C E (the set of parameters). Thus, J (e) is a fuzzy set

in U for all e € A. Hence, a fuzzy soft set over U is a collection of fuzzy sets in U.

Definition 1.6.2 [85] Over a common universe U, for two fuzzy soft sets (J, A) and
(G, B), we say that (J, A) is a fuzzy soft subset of (G, B) if (1) J(e) is a fuzzy set of
G(e) for alle € A and (2) AC B .

Definition 1.6.3 [85] Two fuzzy soft sets (J, A) and (G, B) over a common universe
U are said to be fuzzy soft equal if (J, A) is a fuzzy soft subset of (G, B) and (G, B) is
a fuzzy soft subset of (J, A).

Definition 1.6.4 [83] Over the common universe U, the union of two fuzzy soft sets
(J, A) and (G, A) is the fuzzy soft set (H, A) for alle € A such that H(e) = J(e)VG(e).

Definition 1.6.5 83 Over the common universe U, the intersection of two fuzzy soft
sets (J,A) and (G, A) is the fuzzy soft set (H,A) for all e € A such that H(e) =
J(e) NG(e).
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Definition 1.6.6 [97] Let S be a semigroup and let (J, A) be a fuzzy soft set over S.
Then

(1) If J (e) is a FSS of S for all e € A with J(e) # 0, then (J, A) is called a fuzzy
SSS over S.

(2) If J(e) is a FIL(resp. FLIL, FRIL) of S for all e € A with J(e) # 0, then a
fuzzy soft set (J, A) over a semigroup S is called a fuzzy SIL (resp. fuzzy SLIL, fuzzy
SRIL) over S.

(3) If J(e) is a FIIL of S for all e € A with J (e) # 0, then a fuzzy soft set (J, A)
over a semigroup S is called a fuzzy SIIL over S.

(4) If J(e) is a FBIL of S for all e € A with J (e) # 0, then a fuzzy soft set (J, A)

over a semigroup S is called a fuzzy SBIL over S.

Example 1.6.7 Let S = {1,2,3,4} be a semigroup with the following multiplication
table:

1
1
2
3
4

W W | NN N

N | W (N W | W
W N

1
2
3
4

Define a fuzzy soft set (J, A), where A = {e1,ea} by

1 |2 [3 |4
J(e1) | 08]0.7]05] 0.1
J(e2) | 09080602

Here, J (e1) and J (e2) are FSS of S. Therefore, (J, A) is a fuzzy SSS of S.

Also J (e1) and J (e2) are FLILs of S. Therefore, (J, A) is a fuzzy SLIL of S.

Example 1.6.8 Consider the semigroup of Example[1.5.13

Define a fuzzy soft set (J, A), where A = {ej,ea} by

0 T Y z
J(e1) | 0.71031]0.7]0.3
J(e2) 1 0.71041(0.7]0
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Here, J (e1) and J (e3) are FIIL of S. Therefore, (J, A) is a fuzzy SIIL of S.

Example 1.6.9 Consider the semigroup of Example[1.5.13

Define a fuzzy soft set (J, A), where A = {ej,ea} by

a b c d
J(e1) | 0.71031]0.7]0.3
J(e2) 10710410710

Here, J (e1) and J (e3) are FBIL of S. Therefore, (J, A) is a fuzzy SBIL of S.

Throughout this thesis, we shall denote a fuzzy SSS, fuzzy SLIL, fuzzy SRIL, fuzzy
SBIL and fuzzy SIIL by FSSS, FSLIL, FSRIL, FSBIL and FSIIL, respectively.



Chapter 2

Reduction of an information

system

In this chapter, we present an investigation of soft binary relations and some of
their properties. Furthermore, a soft equivalence relation offers ascent to a fuzzy set for
every parameter and a fuzzy set related with the soft equivalence relation is discussed.
Soft similarity relations have also been examined. Finally, a parametric decrease have
been talked about in soft rough sets. At last, an application is displayed toward the

conclusion to explain this work.

2.1 Soft Binary Relations

This section represents the notion of soft binary relation from a set U to a set W. Some
basic concepts, characterizations and related properties with regard to soft binary
relation are proposed here. Throughout this chapter, a soft binary relation is denoted
by an SBRE.

Definition 2.1.1 If (J, A) is a soft set over U x W, that is J : A — P(U x W), then
(J, A) is said to be an SBRE from U to W, where A C E (parameters set) .

In fact (J, A) is a parameterized collection of binary relations from U to W. That is,
we have a binary relation J(e) from U to W for each parameter e € A. In what follows,

we shall denote the collection of all soft binary relations from U to W by ng, (U, W).

18
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Definition 2.1.2 If N C W, then we can define two soft sets over U, by

\
=2
—
[
~
Il

{ueU:¢#uJ(e) SN} and
TV () = {ueU:uJ(e)nNN # ¢}

where uJ () = {w € W : (u,w) € J(e)} for each e € A.

Moreover, JV : A — P(U) and TV A P(U) and we say (U,W,J) a Generalized

soft approximation space.
In order to explain this concept, the following example is given.

Example 2.1.3 Let U = {1, x2, 23,24} and W = {b,c,w} and the set of attributes
be A ={e1,e2}.
Define J : A— P(U x W) by
J(el) = {(mhb)’ (1‘1,0), (vaw)}
and J(e2) = {(z2,b),(z2,w), (x4,b)}.

Let N = {b,w} CW. Then

x1d (e1) = {b,c}, zaJ (e1) = {w}, x3J (e1) = @, x4J (€1) = ¢

and
r1J (e2) = ¢, z2J (e2) = {b,w}, x3J (e2) = ¢, w4J (e2) = {b}.
Therefore,

IV(er) = {x2}, JV(e2) = {22, 74},
TV(e1) = {z1,22},7" (e2) = {wa, 74}

Theorem 2.1.4 Let (U, W, J) be a Generalized soft approzimation space and J : A —
P(U x W) be an SBRE from U to W. For N1, Na C W, the following properties hold:

(1) Ny € Ny = M C g2
2 N C Ny =T T

(3) iNl mlNz :iNlmNQ
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(4) T ATV o e
(5) lNl UlNQ g lNluNQ

(6) T U TN = e

(7) JV (e) CU for all e € A and if uJ (e) # ¢ for allu € U, then JV (e) = U for all
eec A

8) I

e € A
(9) JN = <7Nc>c

(10) 7Y = (JV)°.

(e) CU foralle € A and if uJ (e) # ¢ for all u € U, then 7" (e) =U for all

Proof. (1) Let u € J™ (e) for e € A. Then ¢ # uJ () € N1. As N; C Ny, we have
¢ # uJ () € Na. Thus u € JV2 (e). Hence, JN C JN2.

(2) Let u € WA (e) for e € A. Then uJ () N N1 # ¢. As N1 C N, we have

uJ (e) N Ny # ¢. Thus u € T (e) . Hence, T T

(3) Using (1) and the fact that Ny N Ny C Ny, No, we have JMNON2 ¢ gN o g2

so JM1WN2 ¢ gNi N2 Conversely, let uw € JNV (e) N JN2 (e)forec A= ue€ JM (e)
and u € JM(e) = uJ(e) € Ny and uJ (¢) € Ny = uJ(e) C Ny N Noy. = u €

JNON2 (¢) = N1 N2 € JNiON2 Hence, JM 0 JN2 = g0z,

(4) Using (2) and the fact that Ny N No C Ny, Na, we have JhnN

—N1NN:
=J "7

N1 No

cJ T
AL WA

(5) Since Ny, Na C Nj U Ny, so by using part (1), we get JN g2 ¢ gNMUNz a0 so
lNl UlNQ glNluNg.

(6) Since N1, No C N3 U Ny, so by using part (2), we get le, 7N2 - 7N1UN2

le U jNQ g leUN2

implies
. Conversely, let u € N (e) for e € A.

= uJ (e) N (N1 U Ng) # ¢ = uJ (e) N N1 # ¢ or uJ (e) N Ny # ¢.

—N1UN>

Sued (e) oru € T () =ue (le U7N2) (e)=J c T uT™

—N1UN>o

Hence, J = le U jN2.
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(7) Since JV (e)={u € U : uJ (e) C W} C U for e € A, because
uJ (e) ={w e W: (u,w) € J(e)} C W.

If u.J (€) # ¢ for all u € U, then JV (e) = U for all e € A.

(8) By definition, 7" () ={ueU:uJ(e)NW # ¢} C U. Moreover, if uJ (e) # ¢
for every u € U, then 7V =u

(9) Let u € JV (e) for e € A = ¢ # uJ (e) QN@UJ(@)HNC:gé(:)ungNc(e)
Sue (jNC (e))c. Hence, JV = (7NC)C.

(10) By (9), JV = (jNC)C. Therefore, JV* = <7(NC)C)C = JN = <7N>C. Hence,
(I = N .

It is demonstrated by the following example that equality is not valid in (4), (5) and

(8) in general.

Example 2.1.5 Consider U = {mi,ma,m3,ma, ms} is a collection of five mobile
phones as the universal set. These mobile phones are classified by attributes age and
color represented by A = {e1,ea}. Let W = {new, used, old, black, white} be repre-
sented by W = {n,u,0,b,w}.

Define a relation J: A — P (W x U) by

J(e1) = {(n,mq),(n,ms),(0,ms),(0,myq),(u,ms)} and

‘](62) = {(b7 m2)’ (b’ m3)7 (wv ml)’ (w7 m4) ) (w’ m5)} :

NO’LU, nJ (61) = {m17m2}) u(el) = {m5}7 oJ (61) = {m3am4}7
and bJ (e2) = {ma,ms}, wJ (e2) = {m1,mqg,ms} .
Let N1y = {mq1,m2,m3} CU and Na = {ma, mg,ms} CU. Then N1 N Na = {ma}

and N1 U No = {m1, ma, ms, my, ms}. Therefore,

—N1NNo

T2 (er) = ), JNON2 (e1) = {n,u, 0}, T (e1) = {n, 0},

T (e1) = {n,0,u}, IV (er) = {n}, JV2(e1) = {u}.

Hence, le<61) ﬁsz(el) = {n,0} € {n} = ijNz(el), JNUN2 (1) = {n o,u} &

{n,u} = IV (e1) U JN?(eq) and 77 (e1) ={m,o,u} #W.
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Proposition 2.1.6 Let (U, W, J) be a generalized soft approzimation space. Let {N;}
be an arbitrary family of subsets of W. Then

(1) JOerNi = e JN

_Nic1N;

(2) J - ﬂie[jNi.

Proof. (1) Let u € JMicNi(e) & ¢ # uJ () C NierN; & ¢ # uJ (e) C N; for all
ielsue JV (e) foralli e I < u e NicrJ ™V (e) . Hence, JierNe — , p gNi

erlN;

(2) Let u € 7 (e) = uJ (e) N (NierN;) # ¢ = uJ (e) N N; # ¢ for all i € I.

”ieIN

=u€cJ (e)foralliel=uecnierJ (e).Hence, J CNierd .

Definition 2.1.7 If (J, A) is a soft set over U x U, then (J, A) is called an SBRE
onU.

In fact (J, A) is a parameterized collection of binary relations on U. That is, we have

a binary relation J(e) on U for each parameter e € A.

Definition 2.1.8 An SBRE (J,A) on U is said to be a soft reflexive relation on U
if J (e) is a reflexive relation on U for all e € A.

Definition 2.1.9 [27] An SBRE (J, A) on a set S is said to be soft reflexive if (a,a) €
J(e) foralla € S and e € A.

In this case, each uJ(e) is non-empty and u € u.J(e). The approximation operators

have additional properties with respect to soft reflexive binary relation as follows:

Theorem 2.1.10 Let J : A — P(U x U) be a soft reflexive relation on U. For ¢ #
N C U, the properties below hold:

(1) J¥(e) SN

@) N TV (o)

(3) J*=¢p=1T"

4) 7" (e)=U for all e € A.

Proof. (1) Let u € JV (). Then ¢ # uJ (¢) C N. But u € uJ (e), therefore u € N.
Therefore JV (e) C N.
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(2) Let w € N. Then uJ (e) # ¢. Asu € uJ(e) NN, so uJ (e) NN # ¢. It follows
weJ" (e). Hence, N C A (e).

(3) It is direct.

(4) By definition, 7" () ={ueU:uJ(e)NW # ¢}. As uJ (e) # ¢ for every u € U,

therefore, 7 =U m

Definition 2.1.11 An SBRE (J, A) on U is a soft symmetric relation on U if J (e)

is a symmetric relation on U for all e € A.

The approximation operators have additional properties with respect to soft symmetric

binary relation as follows:

Lemma 2.1.12 If (J, A) is a soft symmetric relation on U, then v € uJ (e) implies
uevd(e).

Theorem 2.1.13 Let J : A — P(U x U) be a soft symmetric relation on U. For
¢ # N C U, the properties below are valid:

1) 7 () c n

(2) N§l< )) (e) for all e € A.

Proof. (1) Letu € j<lN(E)) (e). IfuJ (e) # ¢ for alle € A, then uJ (e)NJY (e) # ¢ s0
there exists atleast one uy € uJ (e)NJN (e). This implies u; € uJ (e) and uy € JV (e).
Now, uy; € JV (e) implies u1J (e) € N. Also uy € uJ (€) and the relation is soft
symmetric implies u € uiJ (e). Thus, u € u1J (e) C N. It follows uw € N. Therefore,
j(lN(e)) (e) CN.

(2) Letw € N. Ifu; € uJ (e), then u € uyJ (e), because the relation is soft symmetric.

It is clear that u € u;J (e) N N, so uiJ (e) NN # ¢. It means that u; € 7Y (e) =
N —N

ud (e) C A (e) implies u € l(‘] (e)> (e). Therefore, N C l(‘] (e)> (e). m

Definition 2.1.14 An SBRE (J,A) on U is a soft transitive relation on U if J (e)

18 a transitive relation on U for all e € A.

The approximation operators have additional properties with respect to soft transitive

binary relation as described below:
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Theorem 2.1.15 Let J : A — P(U x U) be a soft transitive relation from U to U.
—=N
For N C U, 7<J (e)) - jN for all e € A.

Proof. Let u € j<jN(€)) (e). It follows uJ (e) N 7N (e) # ¢ so there exists atleast
one u; € uJ(e) N A (e) such that u; € uJ (e) and u; € A (e). Now u; € A (e)
implies that u;J (e) N N # ¢. So there exists atleast one z € u;J () N N such that
x € upJ (e) and x € N. But uy € uJ (e) implies (u,uq) € J (e) and = € uyJ (e) implies
(u1,z) € J(e). Since the relation is soft transitive so (u,z) € J (e). It follows that
x € uJ (e). Therefore, x € uJ (e) N N. This implies uJ (e) N N # ¢.

—=N —=N
Therefore u € T (e). Thus, j(J (e)> (e) C A (e) . Hence, j(J (e)> c7V. m

Theorem 2.1.16 If an SBRE, (J, A) on U is soft reflexive and soft transitive, then
for any subset N C U, the following property holds:

J(jN(e)> =7 for all e € A.

Proof. Since it is soft transitive so by previous theorem

(M) B B
J c 7. 1t is also soft reflexive, therefore N C A (e). By using Theorem

(V) NC
N (e) CJ (e). Hence, J =7 =

2.1.4(2), J

Definition 2.1.17 An SBRE, (J,A) on U is a soft equivalence relation on U if it is

soft reflexive, soft symmetric and soft transitive relation on U.

From now, a soft equivalence relation is represented by an SE-relation and soft equiva-
lence classes by SE-classes. And, an equivalence relation is represented by E—relation

and equivalence classes by E—classes.

Definition 2.1.18 An SBRE, (J,A) on U is an SE-relation on U if J(e) for all

e € A, is an E—relation on U.

Theorem 2.1.19 FEvery information system (U, A, V) can be represented by a soft

equivalence relation and vice versa.

Proof. Let (U, A,V) be an information system. Then every attribute e € A induces
a function from U to V. That is e : U — V defined as e (z) = v, € V.. Where V¢ is a
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set of all values associated with e, and |J Ve = V. Now define a soft relation (J, A)
ecA
on U as

J(e)={(z,y) eUxU:e(x)=e(y)} forall eec A.

Clearly, J (e) is an equivalence relation for all e € A. Thus (J, A) is a soft equivalence
relation on U. Conversely, Let (J, A) be a SE—relation on U. Then J (e) partitions
the set U into equivalence classes for all e € A. To each class obtained by J (e) a value

ve can be associated. Let the collection of all v, is denoted by V.. Now put |J V. = V.
ecA
Thus a soft equivalence relation (J, A) can be represented by an information system

(U,A,V). m

If (J, A) is an SE-relation on U, then each J (e) is an EF—relation over U. Thus, J (e)
partitions the set U into E—classes uJ (e) .

To elaborate this concept, an example is added.

Example 2.1.20 LetU = {my, w2, 73,74, 75,76} be a set where E = {eq, e, €3, €4, €5, €6, €7}

and A = {ey,eq,e3,eq,e5} be the set of attributes.

Define an SE-relation J : A — P(U x U) for each parameter e € A.
The following SE-classes are obtained for each of the SE-relation.
For J(e1), the SE-classes uJ (e1) are {m1,m3},{ma, 74, 75,76} .
For J (e2), the SE-classes uJ (e2) are {m1, 73,76}, {m2, T4, 75} .
For J (e3), the SE-classes uJ (e3) are {mi,m2, 74,75} ,{ms},{me}.
For J (e4), the SE-classes uJ (eq) are {m1, 7o, 74, 75,76} ,{m3} .
For J (es5), the SE-classes uJ (es) is {m1, 72, T3, T4, 75,76} -

A soft indiscernibility relation is obtained by the intersecting all the SE-relations in-

duced by parameters represented as INg (J, A) = Ne,ead (ei) = w

In above example, the partition of U obtained by soft indiscernibility relation INg (J, A)
is {m1},{ma, ma, w5}, {73} and {me}. It is evident that for each J (e;) (SE — relation)
where © = 1,2,3,4,5, (U, J (e;)) gives an approzimation space. Also, (U,w) is an

approrimation space.

In view of the above example, any subset M of U can be approximated by the SE-
relation J (e;). The SFE-class determined by the SE-relation J (e;) is denoted by
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uJ (e;) . The parameterized collection of subsets, denoted by (l M ,A) , is defined as
IM (e;) = Uyenr {uJ (e;) : uJ (e5) € M} for all e; € A, is said to be soft lower approxi-
mation of M with respect to SE-relation (J, A). The parameterized collection of sub-
sets, denoted by (jM,A) , is defined as 7 (€;) = Uuenm {ud (e;) : ud (e;) N M # ¢}
for all e; € A, is said to be soft upper approximation of M with respect to S FE-relation
(J,A).

The soft set (BJM, A) defined by BJM (e;) = A (e;) —JM (e;) for all ¢; € A is called
soft boundary region of M, with respect to SFE-relation (J, A). A subset M of U is
called totally rough with respect to SE-relation (J, A) if BJM (e;) # ¢ for all ¢; € A.
A subset M of U is said to be partly definable with respect to SE-relation (J, A) if
BJM (e;) = ¢ for some e; € A. A subset M of U is called totally definable with respect
to SE-relation (J, A) if BJM (e;) = ¢ for all ¢; € A.

Proposition 2.1.21 For the SE-relation (J, A) on U and for M, N C U,
(1) (2, 4) € (7, 4)
)= (7%.4) =0, (27, 4) = (77, 4) =U
(3) MCN:>(J ,A) C (7 ,A)
(4) MCN:>< ,A) (J A)
(5) (LY, A)n (LY, 4) = (LM, 4)
(6) (jM,A) U (7N,A) - <7MUN,A>

(7) (JM,A) U (JN,A) C (JMONA)

Proof. (1) Let u € J¥ (e) = uJ(e) C M = uJ(e)NM # ¢ = u € 7V (e) . Hence,
(1M, 4) < (7", 4).
(2) Straightforward.

(3) Let u € JM (e). Then uJ (¢) € M. As M C N, we have uJ (¢) C N. Thus
u e JV (e). Hence, (JM,A) C (JV,A).
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(4) Letue J" (e). Then uJ ()N M # ¢. As M C N, we have uJ () NN # ¢. Thus
wue g (e) . Hence, (jM,A> - <7N,A) )

(5)Using part (3) and the fact that M NN C M, N, we have JM™NV C JM JN 5o
JMON  gM A gN .

Hence, (iMﬂN,A) C (JM,A) N (lN,A).

Conversely, let u € JM (e) N JN (e) = u € JM (e) and u € JV (e)

=uJ(e) CManduJ(e) CN=uJ(e) CMNN

=ueJM(e)= (JM A)n (JN,A) C (JMN, A).

Hence, (iMnN,A) = (JM,A) N (JN,A).

(6) Since M, N C M UN so by using part (4), we get THN ) jM, 7" which implies
JMeN ) NAAPAS Hence, (7M, A) U (jN, A) C (jMUN,A) .

Conversely, let u € JHN

uJ (e) NN # ¢

(e). Then uJ (e) N (M UN)(e) # ¢ = uJ (e) N M # ¢ or

sue T (orueT (@ =ue (7MUTY) ()

= TN TN UTY 5 (T A) < (7 4) U (77, 4)

Hence, (7M,A> U (7N, A) - (jMUN, A) .

(7) Since M, N C M U N, so by using part (3), we get JM, JV C JMYN and so
JMuUJN € JMON Hence, (JM,A) U (JN, 4) C (JMV, 4).

(8) Using part (4) and the fact that M NN C M, N, we have 7 ¢ 7, T~
= T < M A TN Hence, (jM, A) N (jN, A) » (jM”N, A> .

9) Let uc JY (&) @ uJ(e) CM < u(e)NM# ¢ < ud(e)N M= ¢
su¢gT ()oue (7MC (e))c. Hence, (7", A) = (JM, A)°.

(10) By part (9), (jMC,A) = (JM, A)°. Therefore, (JM°, A)" = (7‘MC)C,A)

= (JM°,A)° = <7M,A) Hence, (J°, A) = (7M,A)C. n

It is demonstrated by the following example that equality is not valid in (7) and (8)

in general.
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Example 2.1.22 Let U = {my, 72, 73,74} be a set where E = {e1,ea,e3,€e4,€5} and
A = {e1,e2,e3} be the set of attributes. Define a SE-relation J : A — P(U x U)
for each e € A. Then E—classes for J(e1) are {mi,ma} and {72, 73}, for J(ea2) are
{m1,m2, M4} and {ms} and for J(es) are {m1},{me, w3} and {m4}.

Let M = {m1,m3} and N = {m1,m2} so (JM,A) can be represented as

I (e1) = ¢, JM (e2) = {m3}, SV (e3) = {m1} .

And (JN,A) can be represented as JV (e1) = ¢, JN (e2) = o, JN (e3) ={m1}.

Now, M UN = {my, w9, 73} and (JMUN,A) can be represented as

JMON (e1) = {mg, w3}, JMN (e3) = {ms}, JMN (e3) = {m1, 72, 73}

EBvidently, (JMN, A) # (JM, A)u (JV,A).

Now, 7 (e1) =U, 7 (e2) =U, 7 (e3) = {m1,m2, w3} .

And (7N, A) can be represented as

—=N —=N —=N
J (61) - Ua J (61) - {7T1,7T2,7T4}, J (61) — {7‘_1771_2777-3} .

Now, M NN ={m} and (ijN,A) can be represented as

(e3) = {m}.

—MNN —MNN —MNN
TN (er) = {my,mad, TN (e2) = {1, mo,ma}, T

Evidently, (ijN,A) % (jM,A) N (jN,A> .

2.2 Fuzziness associated with SE—relation

In this section, we discuss for any subset M of U, there is an associated F'S, A\; of U
for each e; € A : further we can also find a F'S associated with a subset M of U for
IN, (J,A) = w.

For an SE-relation (J, A) over U, each J (e;) where e; € A, gives a partition of U.
Hence, a F'S, \; is defined of U for each J (e;) .

Let \j : U — [0,1] be defined as A; (u) =| uJ (e;) N M | /| uJ (e;) | .

Also, we can find a F'S, n of U for IN, (J, A) = w. It can be defined in the similar fash-
ion as explained above, that is 7 : U — [0, 1] defined as n(u) = (JuwNM | / | uw |).

In the following example, we see that for any subset of the universe U, there is a F'S
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of U for each parameter. Hence, we have a fuzzy soft set.

Example 2.2.1 11 books to be arranged from left to right on a shelf. Here U =
{b1, b2, b3, by, bs, bg, bz, bs, by, b1, b11} and A = {e1,e2,€e3,¢e4,e5} is a set of parameters
where e1 denotes the binding of books, es the publishing years of books, es the color of
book binding, eq the category in which Mathematics books are placed, es the level of

books. We further characterize these parameters as follows:

e The binding of books includes hard binding, paper binding, leather binding and without
binding.

e The publishing year of books includes 2003-2005, 2006-2009, 2010-2014, 2015-2016
and 2017.

e The Color of book binding is red, yellow, blue, black and green.
e The mathematics books are fluid mechanics, ring theory and discrete mathematics.
o The level of book is Intermediate, BS, Masters and M.phil.

Define an SE-relation J : A — P(U x U) for each e € A. The SE-classes for each of

the SE-relation is obtained as follows:

For J(e1), the SE-classes uJ (e1) are {b1,b10}, {be, bs, bg, b7}, {bs3,bs,bs,bg},{b11}.
For J (e2), the SE-classes uJ (e2) are {b1},{b2,b11},{bs, b7} ,{bs3, b5, bs, b}, {bs,b10} -
For J (e3), the SE-classes uJ (e3) are {b1},{b2}, {bs, bs, b5, b7, bs, by, b10} ,{be}, {b11} -
For J (e4), the SE-classes uJ (eq) are {ba},{bs, b4, bs, b7, bg,bg,b11},{b1,be,b10} -
For J (es), the SE-classes uJ (e5) are {bio},{bs},{b1,b2,bs,bs,bs,b7,bs,bo},{b11}.
Further SE-classes determined by INy (J, A) = N2_,J (e;) = w are {b1},{b2},{bs},
{b1o}, {b11}, {ba, b7}, {b3, b5, b8, b9} .

Let M = {bs, by, bs,b7,b9} . Then

JY (e1) = ¢, JM (e2) = {ba, b7}, I (e3) = &, SV (ea) = ¢, S (e5) = ¢

And,

T" (e1) = {ba, b3, ba, bs, b, br, bs, by}, T (e2) = {bs, ba, bs, br, bs, bo}

M M
J " (e3) = {b3, ba, b5,b7,bg,b9,b10}, J  (ea) = {b3, b4, bs, b7, bg, by, b11}
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T (e5) = {b1, b2, b3, by, bs, b7, bg, by}

NO’LU, wM = {b4ab7} and wM = {b37b47b57b77b87b9} :

Therefore, for each parameter e; where i = 1,2,3,4, ..., fuzzy subsets of U for M =
{b3, bs, bs,b7,bg} are given below:
For J(e1), the F'S, A1 is

0 05 07 05 07 05 05 0.7 07 O 0

b1 b2 b3 7 by’ b5 7 bg’ by bg’ by’ bio’ b11
For J (e4), the FS, A4 is

0 0 07 07 07 0 0.7 0.7 0.7 0 0.7
b17 027 b3 by’ b5 bg’ by’ bg? by’ bio’ b11

For J (es5), the FS, X5 is

0.6 0.6 06 06 06 0 06 06 06 O 0
b1 by’ b3z’ by’ bs 2 bg’ by’ bg’ by’ bio’ b11
Further for w, FS, n is

0 0 07 1 07 0 1 07 07 0 0O
b1? b2’ b3 2 by’ bs 2 bg’ by’ bg? by’ big’ bi1 [ -

The arrangement of the books for J (e1) is by = bio =b11 < be=0by=bg=0b7 < bz =
bs = bg = by.
The arrangement of the books for J (e2) is by = ba = bg = biop = b1 < bz =bs =bg =
bg < by = by.
The arrangement of the books for J (e3) is by = by = bg = by1 < by = by = by = by =
bg = by = b1o.
The arrangement of the books for J (e4) is by = by = bg = big < bg = by = by = by =
bg = bg = b11.
The arrangement of the books for J (e5) is bg = bio = b11 < by =ba =b3 =by =b5 =
by = bg = by.

The arrangement of the books for w is by = by = bg = b1gp = b11 < b3 = by = bg = by <
by = by.
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Hence, the books bs, bs, bg and by will not be placed adjacent to each other in the start.

Moreover, if M = U, then A; (u) =1 and if M = ¢, then \; (u) =0 for all u € U.

2.3 Similarity relations associated with soft binary rela-

tions

In this section, some soft binary relations between two crisp sets are defined based on

their rough approximations and their properties are investigated.

Definition 2.3.1 Let (U,J) be a Generalized soft approximation space. Define the
following binary relations on P (W), for N1, Ny C W.

Ny v Ny if and only if JNt = JN?
N1 = Ny if and only iijl - 7"

Ni = Ns if and only ilel = JN gnd le = jN2.

These binary relations are named as the lower similarity relation , upper similarity
relation and similarity relation, respectively. Obviously, JV and 7V are similar if and

only if they are both lower and upper similar.
Proposition 2.3.2 The relations =, <~ and ~ are E-relations.
Proof. It is direct. m

Theorem 2.3.3 Let (U, J) be a Generalized soft approximation space and J : A —
P(U x U) be a soft reflexive binary relation on U. For N; C U for i = 1,2,3,4, the

following assertions hold:

(1) N1 = Na if and only if N1~ (N1 U Na) =~ Na

(2) N1 =~ Ny and N3 =~ Ny imply that (N7 U N3) = (N2 U Ny)
(3) N1 € Ny and No =~ ¢ imply that N1 ~ ¢

(4) (N1 U N2) = ¢ if and only if Ny =~ ¢ and No <~ ¢
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Proof. (1) Let Ny <~ Ny. Then TN =T By Theorem M(6), we get TN
le U jN2 = le = jN2 so N1 ~ (N1 UN3) =~ Ny . Converse holds by transitivity of
the relation ~ .

(2) Given that N; = Ny and N3 = Ny. Then ' = 72 and J"° = J"*.

By Theorem 6), we get JYONs g g o e g g 2 N

(N1 U Ng) ~ (NQ U N4) .

Thus,

(3) Given Ny =~ ¢. This implies T =7

Also, N1 C Ny = le - 7N2 = j¢. It follows that 7N1 - j¢ but j¢ - le. Therefore,

T =7 = N = o.

(4) Let Ny = ¢ and Nz = 6. Then TN = 7% and 7 = J°. By Theorem [2.1.4(6) , we
get TN TN T Z TP UT0 = T

Thus, (N1 U N3) = ¢. Converse follows from (3). =

Theorem 2.3.4 Let (U,J) be a Generalized soft approximation space and J : A —
P(U x U) be a soft reflexive relation on U. For N; C U fori=1,2,3,4, the assertions

given below hold:

(1) N1 = No if and only if Ny = (N1 N Na) = Ny

(2) N1 2 N2 and N3« Ny imply that (N1 N N3) « (Na N Ny)
(3) N1 C Ny and Ny = ¢ imply that N1 = ¢

(4) (N1 U Ng) = ¢ if and only if N1 = ¢ and Ny = ¢
Proof. The verification is like the evidence of Theorem 2.3.3 m

Theorem 2.3.5 Let (U, J) be a Generalized soft approximation space and J : A —
P(U x U) be a soft reflexive relation on U. For N; C U for i = 1,2,3,4, the properties

are valid:

(1) N1 = Ng if and only if N1~ (N1 UNy) =~ N2 and N1 = (N7 N Ny) = No.
(2) N1 = Ny and N3 = Ny imply that (N1 N N3) U (Na N Ny)

(3) Ny € Ny and N = ¢ imply that N1 =~ ¢

(4) (N1 U N2) = ¢ if and only if N1 = ¢ and Ny = ¢
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Proof. It is an immediate consequence of Theorem and ]

2.4 Parametric reduction

The attributes reduction is designed to keep the classification ability of conditional
parameters relative to the decision parameters in rough set theory. The decision values
are computed by conditional parameters and the parametric reduction is designed to
offer minimal subset of the conditional parameters set to keep the optimal choice
objects. Parametric reduction in soft and rough set theory play a vital role and it

saves time and expenses on several tests.

Moreover, in soft sets reduction of condition parameters is a meaningful concept [21].
The condition parametric reduction is possible while it does not disturb the ability
of classification of decision parameters (in original data). Intention of study is to
classify ability of ) (7, 7;) instead of its values. And classification attitude of decision
parameter will be viewed by exiting some condition parameters from decision table.
For this purpose, the example presented by Maji et al. in [65] and Chen et al in [21],
is analyzed here. Here parameters of an SBRFE are reduced one by one in order to

minimize the data and handle information easily.

Example 2.4.1 Considering U = {71, 72, 73, T4, 75,76}, a collection of six houses

expensive, beautiful, wooden, cheap, in green surroundings, )
where F/ = _ o _ 1S a para-
modern, in good repair, in bad repair

metric set. Suppose Mr. X wants to purchase a house on the following parametric
set P = {beautiful, wooden, cheap, in green surroundings, in good repair} . Symboli-
cally, P = {e1,ea,e3,eq4,e5}. Let A = {e1,e9,e3,¢e4,e5,d}, C = {e1,e2,e3,e4,e5} and
D = {d} where C' and D are the sets of condition parameters and decision parameters,

respectively.

Define a SE-relation J : A — P(U x U) for each e € A.

The SE-classes are obtained for each of the SE-relation as follows:
For J (e1), the SE-classes uJ (e1) are {m1,m3},{m2, T4, 75,76} .
For J (e3), the SE-classes uJ (e2) are {m1,m3, w6}, {ma, 4,75} .

For J (e3), the SE-classes uJ (e3) are {m1,ma, w4, 75} ,{m3},{me} .
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For J (e4), the SE-classes uJ (e4) are {m1, 7o, 74,75, 76} ,{m3} .
For J (es5), the SE-classes uJ (e5) is {m1, T, T3, T4, T5, T6} -

For decision-making, a decision parameter d is adjoined with table 1, where 22:1 (T T5)
is the value of (m;, mj) pair corresponding to J (ex). Those objects are placed adjacent
to each other which have the same values ) (m;,7) so we reset the table and elements
which have the same value, are put side by side to each other and elements of different

values are separated so we have Table 3 which is called original classification table.

Our task is to find without distorting the classification ability of the parameter d, it
is hoped to find the minimum number of condition parameters for decision making

without distorting the ability of classification of parameter d.

If we kill e5 from Table 3, we get Table 4. It is obvious that deletion of e1 affects the
classification of d different from that in Table 3. Therefore ey is a core parameter. If
we delete eo from Table 3, we get another core parameter. If we proceed in the same
way, we find a set of core parameters {ey,ea,es,eq}. But elimination of e5 does not
affect the classification capacity of decision parameter d, so ey is dispensible in Table
4 and it is the condition parameter. Hence, Table 4 gives the same classification with

least condition parameters.

Here, Table 1 represents SE—relation representation of houses under consideration
Table 2 represents SE—relation after adjoining decision parameter d

Table 3 represents SE-relation after the rearrangement of the decision parameter d

Table 4 represents SE—relation after eliminating the condition parameter es.
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Table 2

Table 1

€5

€4

€3

€2

€1

1

0
1
1

1
1
1

(m1,73)

(m2,m3)

(7727 71‘4)

(72, 5)

(7757 71'4)

(5, 75)

(5, 76)

€5

€4

€3

€2

€1

0

1
1

0

0

0
0

1
1
1

(71—1771-1)

(m1,72)

(71—1771—3)

(71—1’71-4)
(m1,75)

(71, 76)

(m2,71)

(m2,72)

(72, m3)

(7727 7T4)

(72, 5)

(m2,76)

(m3,71)

(m3,m2)

(m3,7m3)

(7T3,7l'4)

(773771-5)

(73, 76)

(T4,71)

(T4, 72)

(T4,73)

(T4, 74)

(7T4’ 71'5)

(7‘-4’ 7r6)

(m5,71)

(5, 72)

(m5,73)

(7T5> 7T4)

(w5, 5)

(5, 76)

(m6,71)

(6, 72)

(7(6771—3)

(76, m4)

(7T6,7l'5)

(776771-6)
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Table 4

Table 3

des

€4

€3

€2

€1

1

1
1
1
1
1
1

0

1
0
0

(7['2, 7T5)

(7['4, 7T2)

(T4, 74)

(7[‘4, 775)

(5, 72)

(5, 74)

(w5, 5)

(T4,71)

(7r6> 775)

(m3,6)

(76, m3)

€5

€4

€3

€2

€1

1
1
1

1
1
1

1
1

0
0

(m1,71)

(2, 72)

(T2, 74)
(772’71-5)

(m3,73)

(774, 7[-2)

(T4, 74)

(774, 7T5)

(75, 72)

(775, 7T4)
(75, 75)

(76, 76)

(m1,72)

(m1,73)

(m1,74)

(m1,75)

(71, 76)

(m2,71)

(2, 76)

(m3,71)

(T4,71)

(T4, 76)

(m5,71)

(75, 76)

(76, 71)

(76, 72)

(776, 7T4)

(76, 75)

(73, 76)

(76, 73)

(m2,73)

(m3,72)

(m3,74)

(m3,75)

(m4,73)

(75, 73)
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Therefore, an algorithm for the selection of a house is provided with least condition
parameters.
An algorithm to select a house:
Mr. X selected the house according to this algorithm listed as follows:
(1) Input the SE-relation (J, E).
(2) Input the condition parameter C' which is a subset of E.

(3) At last column of the table, input decision parameter d = ) (7, 7;) achieved by

condition parameters in the table.

(4) Input is re-settled by putting the objects having the same value side by side to

each other for parameter d.
(5) Differentiate those objects which have different values of d.
(6) Identify the core parameters.

(7) By eliminating all the dispensible parameters one by one, an output is obtained
which gives a table with minimum number of condition parameters which has the same

ability of classification of d as in original table with d.

Now considering the example presented by authors in [24]. All the parameters are only
condition parameters here. For decision making, one or more decision parameters are

required. The decision parameter should be 37 _, (m;,7;), , as mentioned in [24].

k>

Example 2.4.2 Let A = {ey,e9,€3,¢€4,€5,¢5,e7,d}, C = {e1,e2,€3,€4,€5,¢€6,e7} and
D = {d} where C and D be the set of condition parameters and decision parameters,

respectively.

Define an SE-relation J : A — P(U x U) for each e € A.

The following SE-classes are obtained for each of the SE-relation.
For J (e1), the SE-classes uJ (e1) are {m1,m3},{ma, ma, 75,76} .
For J (e3), the SE-classes uJ (e2) are {m1,m3, 76}, {72, 4,75} .
For J (e3), the SE-classes uJ (e3) are {m1,ma, wa, 75} ,{m3},{me}.
For J (e4), the SE-classes uJ (eq) are {m1, 72, 74,75, 76} ,{m3} .

For J (es5), the SE-classes uJ (e5) are {m1} and {ma, 73,74, 75,76} .
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For J (eg), the SE—class uJ (eg) is {m1, 72, 73, T4, 75, TG} -
For J (e7), the SE-classes uJ (e7) are {m1} and {mo,ma, 75} ,{m3},{me}.

Repeating the same procedure as in previous example, if we kill any of
e1, €9, €3, €4, €5, €7, then classification pattern of d changes. So eg is dispensible para-
meter here. Therefore elimination of eg does mot affect the classification pattern of

d.

Selection of a car:

The selection of a suitable car to buy is not an easy task. Suppose a person Mr.
X wants to select a car from the alternatives vy, vq, Y3, 74,75, V6> Y75 V85 V95 Y10- L€t
U = {v1:72:73, Y4 V55 V6> V75 V85 V9, Y10} be the universe of ten different cars and let
A = {e1,e2,e3} C E be the set of attributes, where e; stands for Price, ey stands for

color and es stands for car brands.
We further characterize these parameters as follows:

e The Price of a car includes under 30 lacs, between 31 — 35 lacs and between 36 — 40

lacs.
e The car brand includes Honda Accord, Audi, Mercedes benz and bmw.
eThe Color of a car includes black, white and silver.

Define an SE-relation J : A — P(U xU) for each e € A which explains the requirement
of the car which a person Mr. X is going to buy. The following SFE-classes for each

of the SFE-relation are obtained as follows:

For J (e1), the SE-classes uJ (e1) are {71,710}, {72, V4 V6, Y7} {73, V5, 78+ Yo} Which
means that price of cars v, and v, is under 30 lacs, price of cars vy, 74,7 and vy is

between 31 — 35 lacs and price of cars 73,75, 75 and g is between 36 — 40 lacs.

For J (ez) , the SE-classes uJ (e2) are {y1}, {72} {V3, 74,75, V7 ¥8: 79, 710} » {76} which
represents that car brand of the car 7, is Honda Accord, car brand of the car 74 is

Audi, car brand of the cars vs, V4,75, V7, Vs, Y9, Y10 1S Mercedes benz and car brand of

the car vg is bmw.

For J (es) , the SE-classes u.J (e3) are {710}, {v6}, {7172, 73, 74> V5, V75 V8 79} which
represents the color of the cars vy, 7va, V3, V4, V5, V75 Vs, Vg 18 black, the color of car jig

is white and the color of car jg is silver.
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Further SE-classes determined by INy (J, A) = N3_,J (e;) = w are
{nt, {2ty Dl oty {raveds {37578 70} -

Let M = {71, v2,710} be a subset of U consisting of those cars which are most favorite
for Mr. X, then JM (e1) = {71,710}, JM (e2) = {72}, JM (e3) = {710} - And,

—M —M —M
J (61) = {'717'727'74»'76»'77»'710} o (62) = {71’72’73’74’7&77’787797710} o (63) =
{7172, 73, Y4 V50 Y7 V8 Y9 Y10 ) -

=M
Now, JM = {y1,79,710} and T = {y1,72, 73, V4, V5, V6: V7> V8> Yo, Y10} - Therefore,
for each parameter e; where i = 1,2,3,4,..., F'S of U for M = {7,,79,710} are given

below:
For J (e1), F'S, Ay is {% 025 0 025 0 025025 0 0 1 }

For e FS. M\ijgd-t 1 010101 0 01 01 01 011
J( 2)’ S, A2 Y1 ¥2? Y37 Yal v5 7 Y6’ Y7 Y87 Y9! V10

For J (e3), FS, A3 is {0.25 0.25 0.25 0.25 0.25 0 0.6 0.25 0.25 L}
b b ’yl .

Furtherforw,FSnis{i 10000000 1L }

It is obvious that Mr. X will select the car «v; which is under 30 lacs, brand is Honda

Accord and white in color.

Remark 2.4.3 The parametric reduction method which is introduced here is close to
the parametric reduction in rough sets. Here the parameters are ordered one by one
rather than a subset of parameters all in all. Additionally, speciality of this method over
other methods is that we reduce the parameters of an SBRE one by one rather than
the parameters of a soft set. If there should arise an occurrence of vast information,

it is proficiently utilized.



Chapter 3

Approximation of ideals in

semigroups by soft relations

In this chapter, aftersets and foresets are utilized to approximate a set. This results
in the formation of two sets which are soft sets. We call them the lower approximation
and the upper approximation in the sense of aftersets and the foresets. The behaviour
of these concepts are applied to semigroups. Further, approximations of substructures
of semigroups are studied. For better understanding, examples are addded to explain
the concepts in the chapter. Homomorphic images and their relations under semigroup

homomorphism are studied in the last.

3.1 Approximation by soft relations

Soft relations from one semigroup to another semigroup are applied in this section.
This is done to approximate a set in two different ways. We take a subset of So, the
resulting approximation is the subset of 57 with respect to afterset. On the other hand
if a subset of Sy is taken then the resulting approximation is the subset of Ss. In the
last of this section, we used soft compatible relation to approximate the subsets of two

different semigroups and proved some results.

If we take S7 = So = S in Definition|2.1.2/land Y C S, then (JY,A) , (jY,A> , (Yl, A)

40
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and (Yj, A) are soft sets over S defined as

JY(e) = {s€S:sJ(e)CY}

jY(e) = {se€S:sJ(e)NY # ¢} and
YJe) = {s€S:J(e)sCY}
YJ() = {s€S:J(e)sNY # ¢}

for all e € A, where sJ (e) = {t € §: (s,t) € J(e)} where sJ (e) is called the afterset
of sand J(e)s={te€ S:(t s) € J(e)} and is called the foreset of s for each e € A.

Generally s.J (¢) # J(e)s and so JY (e) # Y.J (e) and 7 (e) # YJ (e). However, if

J (e) is a symmetric relation, then they are equal.

Example 3.1.1 Let S = {1,2,3} be a non-empty set and A = {e1,es}. Define J :
A — P(SxS) by J(er) =1(1,1),(2,2),(3,3),(1,2)} and

T(es) = {(1,1),(2,2),(3,3),(2,3)}. Thus 1J(e1) = {1,2}, 2J(e1) = {2}, 3J(e1) =
{3}, 1J(e2) = {1}, 2J(e2) = {2,3}, 3J(e2) = {3} and J(e1)l = {1}, J(e1)2 ={1,2},
J(e1)3 = {3}, J(e2)l = {1}, J(e2)2 = {2}, J(e2)3 = {2,3}. Now if we take Y =
(1,3} then JY (e1) = {3}, JY (e2) = {1,3}, T (e1) = {1,3}, T (e2) = {1,2,3} and
YJ(er1) = {1,3}, YJ(e2) = {1}, YJ(e1) = {1,3}, YJ(e2) = {1,3}. This shows that
(17, 4) # (YL, A) and (T",4) # (V7. 4).

Definition 3.1.2 An SBRE, (J, A) from a semigroup S to a semigroup Sy is called
soft compatible if (a,b), (c,d) € J (e) = (ac,bd) € J (e) for all a,c € S1 and b,d € Sy
and e € A.

Example 3.1.3 Let S; = {1,2,3} and So = {a,b,c} be two semigroups. The opera-

tions on both the semigroups are shown in the tables below:

e|al|b|c

a|a|alc

—_ = = =

213
213
213
213

W N | =

and A = {e1,ea}. Define J: A — P(S; x S2) by
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J(e1) ={(L,a),(2,b),(3,¢),(1,0),(2,a),(1,0)}
and
J(e2) ={(1,a),(2,0),(3,0),(2,0),(2,a)}.

Then (J, A) is a soft compatible relation.

Now, in the next the shortend-form of a soft compatible relation will be SCRE
throughout the thesis.

Example 3.1.4 Let S = {1,2,3} be a semigroup. Then the operation on S in the

table is as follows:

—_= = = | =

2
2
2
2

W |lW|w | w

1
2
3

and A = {e1,ea}. Define J: A— P(S xS) by

J(er) = {(1,1),(2,2),(3,3),(1,2)} and J(e2) = {(1,1),(2,2),(3,3),(2,3)}. Then
(J,A) is an SCRE and soft reflexive relation on S.

If (J,A) is an SCRE from S; to Sy, even then aJ (e).bJ (e) C (ab) J (e) for a,b €

Si, indeed if z € aJ(e) and y € bJ(e), then (a,z) € J(e) and (b,y) € J(e). By
compatibility of (J, A), (ab, zy) € J(e) that is zy € (ab) J (e) for all z,y € S. Similarly,
J(e)x.J(e)y C J(e)(xy) for z,y € So.

The following examples shows that in general aJ (e) .bJ (e) # (ab) J (e) and J (e) x.J (e) y #
J (e) (zy).

Example 3.1.5 Let S1 = {a,b,c,d} and Sy = {1,2,3,4} be two semigroups. The

operations on both the semigroups are shown in the tables below

e a|blc|d e 112(3|4
alalalald 1111234
blal|blal|d 21212212
c a d 313333
d|d d|d 41413121
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and A = {e1,es}. Define J: A — P(S1 x S3) by

J(er) —{ (a,1),(6,2),(¢,3), (d,4), (a,2)., (a,3), }
(b,4),(a,4),(b,1),(d,1),(d.2), (d.3)

and

J(€2) = {<a7 2) ) (a7 3) ? (b7 2) ? (b’ 3) ? (C7 2) ) <c7 3) ? (d7 2) ? (d7 3)}

Then J is an SCRE from the semigroup S1 to the semigroup Ss.

aJ(e1) ={1,2,3,4}, bJ(e1) = {1,2,4}, cJ(e1) = {3} and dJ(e1) = {1,2,3,4}.
Also,

aJ(e2) = {2,3}, bJ(e2) ={2,3}, cJ(e2) ={2,3} and dJ(e2) = {2,3}.
But
aJ(er).cJ(e1) ={2,3} # {1,2,3,4} = (ac) J(e1).

Now,

J(e1)l ={a,b,d}, J(e1)2 ={a,b,d}, J(e1)3 ={a,c,d} and J(e1)4 ={a,b,d}.
Also,

J(ea)l = ¢, J(e2)2 ={a,b,c,d},
J(e2)3 = {a,b,c,d} and J(e2)d = ¢.

But
J(e1)3.J(e1)l = ¢ # {a,b,c,d} = J(e1) (31).

In general, if (J, A) is an SCRE on a semigroup S, then aJ (e).bJ (e) C (ab) J (e),
indeed if x € aJ(e) and y € bJ(e) then (a,z) € J(e) and (b,y) € J(e). By com-
patibility of (J, A), (ab,zy) € J(e) that is xy € (ab) J (e). Similarly J (e)a.J (€)b

J (e) (ab). The following example shows that in general aJ (e) .bJ (e) # (ab) J (e) and
J(e)a.J (e)b# J(e)(ab).

Example 3.1.6 Let S = {a,b,c} be a semigroup with the multiplication table as below:
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and A = {e1,ea}. Define J: A— P(S x S) by

(a,a), (b,b),(c,c), (a,b),
J(er) =
(e1) { (a,c),(b,a),(c,a) }

and J(ez2) = {(a,a), (b,b),(c,c)}. Then J is a soft reflexive and SCRE on S.

aJ(e1) = {a,b,c},bJ(e1) = {a,b} and cJ(e1) = {a,c}. Also, aJ(ez) = {a}, bJ(e2) =
{b} and cJ(e2) = {c}. ButcJ(e1)at(e1) = {a,c} #{a,b,c} = (ca)J(e). On the other
hand, J(ei1)a = {a,b,c},J(e1)b = {a,b} and J(e1)c = {a,c}. Also, J(e2)a = {a},
J(e2)b = {b} and J(e2)c = {c}. But J(e1)cJ(e1)a = {a,c}

# {a,b,¢c} = J(e) (ca).
Definition 3.1.7 An SCRE, (J, A) from a semigroup S1 to a semigroup Sz is called
soft complete relation respecting to the aftersets if aJ (e).bJ (e) = (ab) J (e) for all

a,b € S1 and e € A and is called soft complete relation respecting to the foresets if
J(e)a.J(e)b=J(e) (ab) for all a,b € Sy and e € A.

Now, in the next the shortend-form of a soft complete relation will be SC,, R through-
out the thesis.

Neither SC,, R respecting to the aftersets implies SC,, R respecting to the foresets nor
SCpn R respecting to the foresets implies SC), R respecting to the aftersets.

Example 3.1.8 Consider the semigroup of Example and A = {e1,e2}. Define
J:A—>P(S1 XSQ) by

J(e1) ={(a,2),(a,3),(b,2),(,3),(c,2),(c,3),(d,2),(d,3)} and
J<62) - {(av 2) ) (b7 2) ) (C, 2) ) (d7 2)}

Then J is an SCpu R from the semigroup S1 to the semigroup S with respect to the

aftersets.
aJ(e2) ={2,3}, bJ(e2) = {2,3}, cJ(e2) =1{2,3} and dJ(e2) ={2,3}.

Also,
aJ(e2) = {2}, bJ(e2) = {2}, cJ(e2) = {2} and dJ(ez) = {2}.

Simple calculations show that J is an SCy R with respect to the aftersets.
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Example 3.1.9 Consider the semigroup of Example and A = {ey,ea}. Define
J:A— P(S1 xS2) by

J(e1) ={(a,1),(a,2),(a,3),(a,4),(d,1),(d,2),(d,3),(d,4)}
and
J(62> - {(av 1), (av 2), (a7 3) ) (a7 4)}

Then J is an SC, R from the semigroup S1 to the semigroup S with respect to the

foresets.
J(e2)l ={a,d}, J(e2)2 ={a,d}, J(e2)3 ={a,d} and J(e2)4 = {a,d}.
Also,
J(e2)l ={a}, J(e2)2 ={a}, J(e2)3 ={a} and J(e2)d ={a}.

Simple calculations show that J is an SCp R with respect to the foresets.

Example 3.1.10 Consider the semigroup of Example . Define J: A — P(Sx5)
by J(e1) = {(a,a),(b,b), (c,c),(a,b),(a,c)} and J(e2) = {(a,a), (b,b),(c,c)}. Then J
is a soft reflexive and SCRE on S.

J(er)a ={a},J(e1)b = {a,b} and J(e1)c = {a,c}. Also, J(e2)a ={a}, J(e2)b = {b}
and J(ez)c = {c}. Simple calculations show that (J, A) is a SCp R with respect to
the foresets. But this one is not SCy, R respecting to the aftersets because aJ(e1) =

{a,b,c},bJ(e1) = {b} and cJ(e1) = {c} and cJ(e1).aJ(e1) = {c} .{a,b,c} = {a,c} #
(ca) J(e1) ={a,b,c}.

Theorem 3.1.11 Let (J, A) and (Z, A) be SBRE from non-empty sets S1 to Sz and
X1, Xao be non-empty subsets of So. Then the following hold:

(1) X1 € Xo = J51 () € J*2 (e) for all e € A;

(2) X1 CXp= T (e )CjX2( ) for all e € A;

(3) (L, 4) 0 (172, 4) = (L9772, 4);

(7X*A) (77 4) 2 (777 4)

uXaA) U (1%, 4) € (290, )

7)o () = (),
J.

(7) (J,A) C (Z,A) implies (le,A) ) (ZXI,A);
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(8) (J,A) C (Z, A) implies (7X1,A) c (7X1,A>.
Proof. Straightforward. m

Theorem 3.1.12 Let (J, A) and (Z, A) be SBRE from non-empty sets S1 to Sy and
Y1, Yo be non-empty subsets of S1. Then the following hold:

(1) Y1 C Yo = 1] (e) C 2] (e) for alle € 4;

(2) Y1 C Yo = Y] (e) C Y2 (e) for all e € A;

Proof. Straightforward. m
Corollary 3.1.13 Let (J, A) and (Z, A) be soft reflexive relations on a non-empty set
S and X, Y be non-empty subsets of S. Then the following hold:
(1) JX(e)C X C 7* (e) for all e € A,
(2) X CY = J¥ (e) CJY (e) for all e € A;
(3) XQY:>7X(6) ij(e) forall e € A;
0 (X A) 0 (27 4) = (5 )

(7“) (7.4) 2 (777 4)

6) (L%, 4) U (L7, 4) € (L7, 4);
<7X7A U( A=)
) € (Z,A) implies (jX,A) - (ZX,A>.

Proof. Straightforward. m
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Corollary 3.1.14 Let (J, A) and (Z, A) be soft reflexive relations on a non-empty set
S and X, Y be non-empty subsets of S. Then the following hold:

(1) XJ(e) C X C X J(e) for alle € A;
(2) X CY = XJ(e) CYJ(e) foralle € A

(B) XCY =XJ(e)CYJ(e) forallec 4;

(1) (52,4 1 ("1, 4) = (71, 4);
(5) (7, 4) n (Y7, A) 2 (XVF, A);
(6) (Y2, A) U (Y.L A) C (YY1, A);

AU (YT A) = (YT, A);

Proof. Straightforward. m

Theorem 3.1.15 Let U and W be non-empty sets. Let (J, A) and (Z, A) be SBRE
from U to W. If ) # X C W, then

(1) ((W)X,A> C (7X,A> N (ZX,A).
) (N2, 4)2 (7% 4)u(z¥,4).

Proof. The proof with similar arguments of parts (7) and (8) of Theorem [3.1.11] are

obtained. m

Now in the next Example, we show that there does not exist equality in above results.

Example 3.1.16 Let U = {a,b,c,d,e} and W = {1,2,3,4,5} and A = {e1,ea}.
Define J: A— P(Ux W) and Z : A— P(U x W) by

J(el):{ (@,1),(5,2),(c,3),(d,4), (e,5), (b, 1), (¢, 5), }
(b,5),(d,3),(d,5),(d,1), (e, 1)

J(e2) = {(a,1),(b,2),(c,3),(d,4), (e,5)},

Z(e1) ={(a,1),(b,2),(c,3),(d,4),(e,5),(b,1)} and
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Z(e2) = {(a,1),(0,2),(c,3),(d,4),(e,5),(b,3)}.

Therefore,
(JNZ)(e1) ={(a,1),(b,2),(c,3),(d,4),(e,5), (b, 1)}
and
(J N Z)(e2) = {(a,1),(b,2),(c,3),(d, 4),(e,5)}.
Now,
aJ(er) = {1}, bJ(e1) ={1,2,5}, cJ(e1) = {3,5},
dJ(e1) = {1,3,4,5} and eJ(e1) = {1,5}
and
aZ(er) = {1}, bZ(e1) ={1,2}, cZ(e1) = {3},
dZ(e1) = {4} and eZ(e1) ={2,5}.
Also,

a(JNZ)(e1) = {1}, b(JNZ)(e1) ={1,2}, c(JNZ)(e1) = {3},
d(JNZ)(e1) = {4} ande(JNZ)(e1) = {5}

Let X = {1,2}. Then
7% (er) ={a,b,d,e}, Z" (e1) = {a,b,e} and (TN Z)" (e1) = {a,b}.
This shows that
T () nZ" (e1) = {a.b.e} £ {a, b} = (TN 2) ™ (e1).

Now, let X = {5}. Then JX(e1) = ¢, Z¥X(e1) = ¢ and (JNZ)* (e1) = {e}. This
shows that
I (e)UZ¥ (e1) = ¢ # {e} = (LO2)" (e).

Theorem 3.1.17 Let U and W be non-empty sets. Let (J,A) and (Z,A) be SBRE
fromU toW. 0 #Y C U, then

("
2 (" (
Proof. By using (7) and (8) of Theorem [3.1.12} similar proof can be obtained. m

). A) C (Y7,4)N (YZ, A).

<<

Nz
nZ),A) 2 (Y, A)u(¥Z,A).

It is observed in the next Example that equality does not hold in above results.
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Example 3.1.18 Let U = {a,b,c,d,e} and W = {1,2,3,4,5} and A = {e1,ea}.
Define J: A— P(UXx W) and Z: A— P(Ux W) by

J(el) _{ (CL, 1)’<(b72)a(673)7(574),(6,5),(b,1),(c,5), }7

J(€2) = {(a> 1) ) <b7 2) > (C, 3) ’ (d> 4) ) (6, 5)}7

Z(e1) ={(a,1),(b,2),(c,3),(d,4),(e,5),(b,1),(a,5)} and

)
Z(e2) = {(a,1),(,2),(c,3),(d,4), (e,5),(b,3)}.

Therefore,
(JNZ)(e1) ={(a,1),(b,2),(c,3),(d,4), (e, 5),(b,1)}
and
(J N Z) (62) = {(CL, 1) ) <b7 2) ’ (Cv 3) ) (d7 4) ) (6, 5)}
Now,
J(e1)l = A{a,b,e}, J(e1)2 ={b}, J(e1)3 ={c,d},
J(e1)d = {d} and J(e1)> = {b,c,d, e},
and
Z(e1)l = {a,b}, Z(e1)2 ={b}, 3Z(e1) = {c},
Z(e1)4 = {d} and Z(e1)5 = {a,e}.
Also,

(JNZ)(e)l = {a,b}, (JNZ)(e1)2=A{b}, (JNZ)(e1)3 ={c},
(JNZ)(e1)d = {d} and (JNZ)(e1)d = {e}.

Let Y = {a,b}. Then ¥ J(e1) = {1,2,5},Y Z(e1) = {1,2,5} and ¥ (JNZ) (e1) =
{1,2}. This shows that

YJ(e1) N Z(e1) = {1,2,5} #{1,2} =¥ (JNZ) (e1).

Now, let Y = {e}. Then YJ(e1) = ¢, Y Z(e1) = ¢ and ¥ (JNZ) (e1) = {5}. This
shows that
VI(e)U Z(e) =0 # {5} = ¥ (J0Z)(e1).
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Corollary 3.1.19 Let (J, A) and (Z, A) be soft reflexive relations on a non-empty set
S. If)#X CS, then

(1) ((W)X,A) C (7X,A) N (7X,A).

2 (Ln2)*,4) 2 (¥, 4)u (2%, 4).

3) (X (TNn2Z),4) C(X7,4)n(XZ,A).
4 (Y(L02),4) 2 (XL A)u(¥Z A).

The following example shows that the equality does not hold in above results.

Example 3.1.20 Let U = {a,d,e} and A = {e1,ea}. Define J: A — P(U x U)
and Z : A — PWU x U) by J(e1) = {(a,a),(d,d),(e,e),(a,d),(d,a)}, J(e2) =
{(a,a),(d,d), (e, e)}, Z(er) = {(a,a),(d,d),(e,e),(a,e),(e;a)} and

Z(e2) = {(a,a),(d,d), (e,e)}. Then (JNZ)(e1) = {(a,a),(d,d),(e,e)} and

(JNZ)(e2) ={(a,a),(d,d),(e,e)}. NowaJ(e1)={a,d},dJ(e1) = {a,d} andeJ(e1) =
{e}
and aZ(e1) = {a,e},dZ(e1) = {d} and eZ(e1) = {a,e}.

Also, a(JNZ)(e1) = {a}, d(JNZ)(e1) = {d} and e(JNZ)(e1) = {e}. Let X =
{d,e}. Then 7* (e1) =A{a,d, e},?X(el) ={a,d, e} and (JN Z)X

(e1) = {d,e}. This shows that 7t (e1) nz* (e1) = {a,d,e} # {d, e}

=(Jn Z)X (e1). Now, letY = {a}. Then JY (e1) = ¢, 2" (e1) = ¢ and (J N 2Z)¥ (e1) =
{a}. This shows that J¥ (e1) U ZY (e1) = ¢ # {a} = (JN 2Z)¥ (e1).

On the other hand, J(e1)a = {a,d}, J(e1)d = {a,d} and J(e1)e = {e} and Z(e;1)a =
{a,e}, Z(e1)d = {d} and Z(e1)e = {a,e}.

Also, (J N Z) (e1)a = {a},(JNZ) (e1)d = {d} and (J N Z) (e1)e = {e}. Then X J (e1) =
{a,d,e},* Z(e1) = {a,d,e} and X (JNZ) (e1) = {d,e}. This shows that *J (e1)N
XZ (e1) = {a,d,e} # {d,e} = X (JNZ)(e1). Also, YJ(e1) = ¢, YZ(e1) = ¢ and
Y(JN Z)(e1) = {a}. This shows that ¥'.J (e1)U Y Z(e1) = ¢ # {a} =Y (J N Z) (e1).

Theorem 3.1.21 Let (J, A) be an SCRE from a semigroup Sy to So. For any non-

empty subsets X1 and Xo of Sa, FA (e) T (e) C T (e) for alle € A.
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Proof. Let u € J " (e) g

(e). Then u = xjz9 for some 1 € g (e) and x5 €
T (e). This implies that z1J () N X1 # ¢ and zoJ (e) N X2 # ¢, so their exist
elements a,b € Sy such that a € z1.J (e) N X5 and b € x2J (e) N X3. Thus a € x1J (e),
b€ xJ(e), a € Xy and b € Xy9. Now, (z1,a) € J(e) and (z2,b) € J(e) implies
that (z1xe,ab) € J(e), that is ab € xi1x2J (€). Also, ab € X;X9 C Sy, therefore,

ab € z1xeJ () N X1 Xo. Hence, u = z1x9 € g (e). m

Theorem 3.1.22 Let (J, A) be an SCRE from a semigroup Sy to So. For any non-
empty subsets Y1 and Yo of S1, Y1.J (e) .Y2J (e) C Y1Y2.J (e) for all e € A.

Proof. With the similar arguments as in the above Theorem, the proof is obtained.

If we take a soft reflexive relation and SCRE on a semigroup S, then the following

corollaries are proceeded.

Corollary 3.1.23 Let (J, A) be a soft reflexive and SCRE on a semigroup S. Then
for any non-empty subsets X andY of S, jX(e).jY(e) C jXY(e) for alle € A.

Corollary 3.1.24 Let (J, A) be a soft reflexive and SCRE on a semigroup S. Then
for any non-empty subsets X andY of S, XJ(e).YJ(e) C XY J(e) for all e € A.

Theorem 3.1.25 Let (J, A) be an SC,,R from a semigroup Sy to So (with respect
to the aftersets). Then for any non-empty subsets X1 and Xy of So, JX (e).lX2 (e) C
JX1X2(¢e) for all e € A.

Proof. First we consider that JX (e) and JX2 () are non-empty and u € JX1 (e).JY (e).
Then u = x129 for some 1 € J*! (e) and z3 € J*2(e). This implies that ¢ #
z1J (e) C X1 and ¢ # xoJ (e) C Xo. As zyzaJ (e) = x1J (e) .22J () C X1 Xo, we

have 2129 € §%1%2 (). Hence, J¥1(e).J*2(e) C JX1%2(c). m

Theorem 3.1.26 Let (J,A) be an SC, R from a semigroup S1 to Se (with respect
to the foresets). Then for any non-empty subsets Yy and Yo of S1, Y1.J(e).Y2.J(e) C
Y1¥2 J(e) for all e € A.

Proof. The proof is simple. m

With the similar arguments, the following corollaries are proceeded.
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Corollary 3.1.27 Let (J, A) be a soft reflexive relation and SCy, R with respect to af-
tersets on a semigroup S. Then for any non-empty subsets X andY of S, J* (e).JY (e) C
JXY (e) for all e € A.

Corollary 3.1.28 Let (J, A) be a soft reflexive and SCp, R with respect to foresets
on a semigroup S. Then for any non-empty subsets X and Y of S, X.J(e).Y J(e) C
XY J(e) for all e € A.

Example 3.1.29 Consider the Example

1J(e1) = {a,b,c}, 2J(e1) ={a,b}, 3J(e1) = {c},
1J(e2) = {a}, 2J(e2) = {b,c} and 3J(e2) = {c}.

Let X1 = {a} and Xy = {b,c} be non-empty subsets of Sa. Then le(el) = {1} and

T%(e1) = {2,3}. Now, X1X3 = {a,c} and

—X1X2

T2 () = {1,2,3) # {2,3) = {11{2,3} = T (e1) T 2 (ex).

Example 3.1.30 Consider the Ezample

J(er)a = {1,2}, J(e1)b=1{1,2}, J(e1)e=1{1,3},
{1,2}, J(e2)b={2} and J(e2)c ={2,3}.

<
—~
D
N
~
S|

|

Let Y1 = {3} and Y = {1} be non-empty subsets of S1. Then Y1.J(e1) = {c} and
Y2J(e1) = {a,b,c}. Now, 1Yy = {1} and

127 (e1) = {a,b,c} € {a,c} = {cHa,b,c} =" T(e1).2 T (e1).

Example 3.1.31 Consider the semigroup of Example and A = {e1,ea}. Define
J:A— P(S1 x S2) by

J(e1) = {(a,2),(a,3),(b,2),(b,3),(c,2),(¢,3),(d, 2), (d, 3)}

and
J(62) = {(a’ 2) ) (bv 2) ) (Cv 2) ) (d7 2)}

Then with respect to the aftersets, (J, A) is a SCp,R.

aJ(e2) ={2,3}, bJ(e2) = {2,3}, cJ(e2) =1{2,3} and dJ(e2) ={2,3}.
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Also,
aJ(e2) = {2}, bJ(e2) = {2}, cJ(e2) = {2} and dJ(e2) = {2}.

Let X1 = {4} and Xy = {1,2,3} be non-empty subsets of So. Then JX'(e;) = ¢ and
J*2(e1) = {a,b,¢,d}. Now, X1 X5 = {2,3,4} and

leXg(el) = {a,b,c,d} g ¢ = ¢{a,b,c,d} = lX1 (e1)lX2(€1).

Example 3.1.32 Consider the semigroup of Example and A = {e1,ea}. Define
J:A— P(S1 x S2) by

J(e1) = {(a,1),(a,2),(a,3),(a,4),(d,1),(d,2),(d,3),(d,4)} and
J(€2) = {(dv 1) ) (dv 2) ) (d7 3) ) (d7 4)}

Then J is a SC,, R respecting to the aftersets from the semigroup S1 to the semigroup
So.

J(e2)l = {a,d}, J(e2)2={a,d}, J(e2)3 ={a,d} and J(e2)4 = {a,d}.
Also, J(e2)l = {d}, J(e2)2 ={d}, J(e2)3 ={d} and J(e2)4 = {d}.

Let Y1 = {a,c,d} and Yo = {b} be non-empty subsets of S;. Then Y1J(e1) = {1,2,3,4}
and ¥2J(e1) = ¢. Now, Y1Yo = {a,d} and

Y12 J(er) = {1,2,3,4} € ¢ = {1,2,3,4} =" J(e1).2J(e1).

Example 3.1.33 Consider the semigroup of Example . Let A = {e1,ea}. Define
J:A— P(SxS) by Je) = {(a,a),(bb),(c,c),(a,b),(a,c),(bc)} and J(ez) =
{(a,a), (b,b),(c,c),(a,b)}. Then J is a soft reflexive and soft compatible relation on S.
Now, aJ(e1) = {a,b,c},bJ(e1) = {b,c},cJ(e1) = {c}, aJ(e2) = {a,b},bJ(e2) = {b}
and cJ(e2) = {c}. Let X = {a} and Y = {c} be non-empty subsets of S. Then
jX(el) = {a} and jy(el) = {a,b,c}. Now, XY = {c} and jXY(el) = {a,b,c} #
{a,c} ={a}{a,b,c} = 7X(61)7Y(61). On the other hand, J*(e1) = ¢ and JY (e1) =
{c}. Now, XY = {c} and JX" (e1) = {c} # ¢ = ¢{c} = L " (e1) (e1).

Example 3.1.34 Let S = {a,b,c,d} be a semigroup. The operation on S is as follows:
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and A = {e1,ea}. Define J: A— P(S xS) by

J(er) = { (a,a),(b,b),(c,c),(a,b),(a,c),(bc), } and
(¢,b),(c,a), (b,a)

J(e2) = {(a,a),(b,b),(c,c),(d,d)}. Then (J,A) is a soft reflexive and SCp, R (re-
specting to aftersets and foresets) on S. Now, aJ(ei) = {a,b,c},bJ(e1) = {a,b,c},
cJ(e1) = {a,b,c} and dJ(e1) = {d}. Also, aJ(ez) = {a},bJ(es) = {b}, cJ(e2) = {c}
and dJ(eg) = {d}. Let X = {a,b,c} and Y = {b,c} be non-empty subsets of S. Then
JX(e1) = {a,b,c} and JY (e1) = ¢. Now, XY = {a,b,c} and J*Y (e1) = {a,b,c} #
¢ = {a,b,c}¢ = J¥(e1)J¥(e1). On the other hand, J(e1)a = {a,b,c},J(e1)b =
{a,b,c}, J(e1)c = {a,b,c} and J(e1)d = {d}. Also, J(e2)a = {a},J(e2)b = {b},
J(e2)e = {c} and J(ea)d = {d}. Then XJ(e1) = {a,b,c} and Y.J(e1) = ¢. Now,
XY = {a,b,c} and XY J(e1) = {a,b,c} # ¢ = {a,b,c}p = X J(e1). X J(e1).

Definition 3.1.35 Let (J, A) and (P, A) be SBRE on a non-empty set S. Then the
product (J o P, A) of (J,A) and (P, A) is an SBRE on S defined as follows:

(JoP)(e) = {(z,y) € S xS :if there exists a € S such that (z,a) € J(e) and
(a,y) € P(e)}, for alle € A.

Lemma 3.1.36 Let (J,A) and (P, A) be SBRE on a semigroup S. Then

(1) (JoP,A) is soft reflexive if (J, A) and (P, A) are soft reflexive.
(2) (JoP,A)is SCRE if (J,A) and (P, A) are SCRE.
Proof. (1) Obvious.

(2) Let (z,y), (a,b) € (J o P) (e). Then there are ¢,d € S such that (z,¢), (a,d) € J (e)
and (c,y),(d,b) € P(e). Now, (za,cd) € J(e) and (cd,yb) € P(e) = (za,yb) €
(J o P) (e). This implies that (Jo P,A) is SCRE. m
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Example 3.1.37 For semigroup S = {a,b,c,d,e} with multiplication table is as fol-

lows:

e |e | |2 | |&
ST IO N I I~ ol IO R~
oo (oo |o |o
Q| & | & & & &
| [l |0 |0

@ [SH e S| e

and A = {e1,ea}. Define J, P: A — P(S x 5) by

(a,a),(b,b),(c,c), (d,d),
J(e1) = ,
(e1) { (e,e),(a,d), (c,e) }

Per) = {(a,a),(b,d),(c,c),(d,d),(e,e),(a,e)},
J(ea) = {(a,a),(b,d),(c,c),(d,d),(e,e)} and
P(ez) = {(a,a),(b,b),(c,c),(d,d), (e e)}.

Then (J, A) and (P, A) are soft reflexive and SCRE on S. Now,
(a,a), (b,b), (¢, ¢), (d,d),
JoP)(e1) = and
JoP) ) { (e,€), (a,€), (a,d) , (c ) }
(JoP)(e2) = {(a,a),(b;b),(c,c),(d,d), (e, e)}.

Thus,

(e1) = {a,d},bJ(e1) = {b},cJ(er) = {c,e},
dJ(er) = {d},e(er) = {e},

(e1) = {a,e},bP(er) ={b},cP(er) ={c},

(e1) = {d},eP(er) = {e} and

a(Jop)(er) = {a,d,e},b(Jop)(er) = {b},
c(Jop)(er) = {cej,
d(Jop)(er) = {d},e(Jop)(er) = {e}.

Let X = {a,b,c} be a non-empty subset of S. Then T7* (e1) = {a,b,c} ,PX (e1) =
{a,b,c} and (Jo P)X (e1) ={a,b,c}. But 7* (e1) P (e1) ={a,b,c,e} € {a,b,c} =
(ToP)™ (er).
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On the other hand,

J(e2)a = {a},J(e2)b={b},J(ea)c ={c}, J(e2)d
= {d}, J(ez)e = {e},

P(e2)a = {a},P(e2)b={b},P(e2)c={c},P(e2)d

= {d},P(e2)e ={e} and

(JoP)(ez)a = {a},(JoP)(e2)b={b},(JoP)(e)c
= e},
(JoP)(eg)d = {d},(JoP)(ez)e={e}.

Let ) # X = {a,b,c} € S. Then *XJ(ex) = {a,b,c},X P(es) = {a,b,c} and
X (JoP) (e2) = {a,b,c}. But T (e2)- P (e2) = {a,b,c,e} & {a,b,¢} = (To P)™ (e2).

However, if X is a subsemigroup (S5) of S then, the following Theorem is presented:

Theorem 3.1.38 Let (J, A) and (P, A) be soft reflexive and SCRE on a semigroup
S. For a SS, X of S, T7* (e) 7 (e) C (JoiP)X (e) for alle € A.

Proof. Let z € T\ (e) 7 (e). Then z = zy for some z € 7* (e) and y € Pr (e).
This implies that z.J () N X # ¢ and yP (e) N X # ¢, so their exist a,b € S such that
aczxt(e)NX and be yP(e)NX. Thusa € zJ(e),be yP(e),a e X and b € X.
Since X is a SS of S, we have ab € X. Since (J, A) and (P, A) are soft reflexive and
SCRE, we have (z,a),(y,y) € J (e) and (a,a), (y,b) € P(e) = (zy,ay) € J (e) and
(ay,ab) € P (e). This implies that (zy,ab) € (J o P)(e) = ab € zy(J o P) (e). Thus,
abexy(JoP)(e)NX =z=uay € (W)X (e). Hence, AN C (W)X. ]

The following theorem has similar proof as above.

Theorem 3.1.39 Let (J, A) and (P, A) be soft reflexive and SCRE on a semigroup
S. For a 8S, X of S, XJ (e) .Y P(e) CXY (Jo P) (e) for all e € A.

Now in the next Example, we show that there does not exist equality in above results.

Example 3.1.40 Consider the Example and take X = {e} a SS of S. Then

7¥ (e1) = {c, e}, P (e1) = {a,e} and (JoP) (e1) = {a,c,e}. But(ﬁ)x (e1) =

{a,ce} ¢ {a,e} =T (e1) - P (en).
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Also, if Y = {a}, then Y'J(e1) = {a,d},Y P(e1) = {a,e} and ¥ (Jo P) (e1) =
{a,d,e}. But ¥ (Jo P) (e1) = {a,d,e} ¢ {a,e} =Y J(e1) ¥ P (e1).

3.2 Approximation of ideals in semigroups

Now the aftersets and foresets are applied to SCRE with J (e) # ¢ for all e € A in
the following to approximate substructures of semigroups. It is observed that upper
approximation of a SS (LIL, RIL, BIL, I1L) of a semigroup is a SSS (SLIL, SRIL,
SBIL, SIIL) of the semigroup. Examples are proposed to verify that the converse
is not true. While SC,, R are needed to find out lower approximation of a SS (LIL,
RIL, BIL, IIL) of a semigroup and are SSS (SLIL, SRIL, SBIL, SIIL) of the

semigroup.

Definition 3.2.1 Let (J, A) be an SBRE from a semigroup Si to Sa. If the upper
approzximation (7X,A> is a SS of Sy for ) # X C Sy, then X is said to be the
generalized upper SSS of S1 respecting to the aftersets. The set X is said to be the
generalized upper SLIL (SRIL, SIL) of S1 respecting to the aftersets if (jX,A) is
a LIL (RIL, IL) of S;.

Definition 3.2.2 Let (J, A) be an SBRE from a semigroup Si to Sa. If the upper
approrimation (Yj, A) is a SS of Sy for ) #Y C Sy, then Y 1is said to be the
generalized upper SSS of Sy respecting to the foresets. The set Y is said to be the
generalized upper SLIL (SRIL, SIL) of Sy with respect to the foresets if (Yj, A) is
a LIL (RIL, IL) of Ss.

Theorem 3.2.3 Let (J, A) be an SCRE from a semigroup S1 to Sy. Then

(1) If X is a SS of S, then X is a generalized upper SSS of Si respecting to the

aftersets.

(2) If Y is a SS of S1, then' Y is a generalized upper SSS of Ss respecting to the

foresets.

(3) If X is a LIL(RIL, IL) of S, then X is a generalized upper SLIL(SRIL, SIL)
of S1 respecting to the aftersets.

(4) If Y is a LIL(RIL, IL) of Si, then'Y is a generalized upper SLIL(SRIL, SIL)
of So respecting to the foresets.
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Proof. (1) Suppose X is a SS of Sy. If ¢ # jX(e) for all e € A. Then by Theorem
3.1.21) T (e) T (e) C 7 (e) C 7* (e), that is jX(e) isa SS of Sy foralle € A
and so X is a generalized upper SSS of S respecting to the aftersets.

(2) The proof is a routine verification and is similar to part (1).

(3) Suppose X is a LIL of Sy. As we know that 7% (e) = S; for all e € A, we have
from Theorem [3.1.21{ S, 7" (e) = 7 (e) Jx (e) C 72 (e) C 7* (e). Hence 7¥ (e) is
a SLIL of Sy and so X is a generalized upper SLIL of S; respecting to the aftersets.

(4) The proof is a routine verification and is similar to part (3). =

Now in the next Example, we show that there does not exist converse in above Theo-

rem.

Example 3.2.4 Let S1 = {a,b,c,d,e} and Sy = {1,2,3,4,5} be two semigroups with

the multiplication tables as follows:

elal|blc|d]e o | 1123|415
a|b|bld|d|d 11153415
blb|b|d|d|d 211123415
cldld|c|d]|c 3115345
dld|d|d|d|d 4115|1345
eld|d|c|d]c 511513145

Let A = {e1,ea}. Define J: A— P(S1 x S2) by

J(el):{ (a,1),(6,2),(c,3),(d,4), (e,5), (b, 1), } o
(¢,5),(b,5),(d,3),(d,5),(d,1)

J(ez):{ (a,1),(0,2),(c,3), (d.4), (e,5) , (b, 1), }
(¢,5),(b,5),(d,3),(d,5),(d, 1), (b,3)

Then (J, A) is an SCRE from the semigroups Sj to S2. Now,

alJ(er) = {1}, bJ(e1) ={1,2,5}, cJ(e1) ={3,5},
dJ(e1) = {1,3,4,5}, eJ(e1) = {5} and
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aJ(e2) = {1}, bJ(e2) ={1,2,3,5}, cJ(e2) = {3,5},
dJ(e2) = {1,3,4,5}, eJ(e2) = {5}.

Also,

J(e1)l = {a,b,d}, J(e1)2={b}, J(e1)3 ={c,d},
J(e1)d = {d}, J(e1)5=1b,c,d,e} and

J(e2)l = {a,b,d}, J(e2)2 ={b}, J(e2)3 ={b,c,d},
J(e2)d = {d}, J(e2)5=1{b,c,d,e}.

(1) Let X = {1,2,3}. Then X is not SS of Sy as {1,2,3}{1,2,3} = {1,2,3,5} €
{1,2,3} but 7* (e1) = {a,b,c,d} and 7* (e2) = {a,b,c,d} are SSs of S;. Hence, X
is a generalized upper SSS of S respecting to the aftersets.

(2) Let Y = {a,b,c}. ThenY isnot a SS of Sy as {a,b, c} {a,b,c} = {b,¢c,d} € {a,b,c}
but YJ (e1) = {1,2,3,5} and Y'J (e2) = {1,2,3,5} are SSs of S;. Hence, Y is a
generalized upper 5SS of S respecting to the foresets.

(3) Let X = {1,2,3}. Then X isnota LIL of S as {1,2,3,4,5} {1,2,3} = {1,2,3,5} ¢
{1,2,3} but T7* (e1) ={a,b,c,d} and 7* (e2) ={a,b,c,d} are LILs of S;. Hence, X
is a generalized upper SLIL of S respecting to the aftersets.

(4) Let Y = {d,e}. Then Y is not a LIL of S as {a,b,c,d,e}{d,e} = {c,d} €
{d,ea}but Y.J (e1) = {1,3,4,5} and ¥ J (e2) = {1,3,4,5} are LILs of Sy. Hence, Y is
a generalized upper SLIL of Sy respecting to the foresets.

Following corollary is proceeded by considering soft reflexive and SCRE on a semi-

group S.

Corollary 3.2.5 Let (J, A) be a soft reflexive and SCRE on a semigroup S. Then

(1) If X is a SS of S, then X is a generalized upper SSS of S respecting to the

aftersets.
(2) If X is a SS of S, then X is a generalized upper SSS of S respecting to the foresets.

(3) If X is a LIL(RIL, IL) of S, then X is a generalized upper SLIL (SRIL, SIL)
of S respecting to the aftersets.
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(4) If X is a LIL(RIL, IL) of S, then X is a generalized upper SLIL(SRIL, SIL)
of S respecting to the foresets.

In the next Example, we show that there does not exist converse in above Theorem.

Example 3.2.6 Let S = {a,b,c,d, e} be a semigroup with the multiplication table as

follows:
elal|blc|d]e
a|lblb|d|d|d
blb|b|d|d|d
cldld|c|d]|c
dld|d|d|d|d
eld|d|c|d]c

Let A = {e1,ea}. Define J: A— P(S xS) by

(a,a), (b,b),(c,c),(d,d), (e, e),
J(e1) =14 (a,b),(a,c),(a,d),(b,a),(bc), ¢ and
(b,d),(d,a),(d,b),(d,c),(ec)
(a7 a)7 <b7 b) ? (C7 c)7 (d7 d) Y (67 e)’

J<62) = (aa b) ) (av C) ) (av d) ) (bv CL) ) (ba C) ’
(b,d),(d,a),(d,b),(d,c)

Then (J, A) is a soft reflexive and SCRE on S. Now,

aJ(er) = {a,b,c,d},bJ(e1) ={a,b,c,d},c(er)
= {c},dJ(e1) ={a,b,c,d},eJ(e1) ={c, e}

and

aJ(e2) = {a,b,c,d},bJ(e2) ={a,b,c,d},ct(e2)
= {c},dJ(e2) ={a,b,c,d},eJ(e2) = {e}.

Also,
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J(er1)a = {a,b,d},J(e1)b={a,b,d},J(e1)c
= {a,b,c,d,e},J(e1)d = {a,b,d},
J(er)e = {e} and

J(ea)a = {a,b,d},J(e2)b = {a,b,d}, J(e2)c
= {a,b,c,d},J(e2)d = {a,b,d}, J(e2)e
= {e}.

(1) Let X = {a,b,c}. Then X isnot a SS of S as {a,b, c} {a,b,c} = {b,¢c,d} € {a,b,c}
but T (e1) ={a,b,c,d, e} and T7* (e2) ={a,b,c,d} are SSs of S and thus (jX,A)
isa §55 of S. Hence, X is a generalized upper 5SS of S respecting to the aftersets.

(2) Let X = {a,b,c}. Then X is not a LIL of S as {a,b,c,d, e} {a,b,c} = {b,c,d} €
{a,b,c} but 7* (e1) = {a,b,c,d, e} and 7~ (e2) = {a,b,c,d} are LILs of S and thus
<7X, A) is a SLIL of S. Hence, X is a generalized upper SLIL of S respecting to

the aftersets.

(3) Let X = {a,b,c}. Then X isnot a SS of S as {a,b, c} {a,b,c} = {b,¢c,d} € {a,b,c}
but X.J (e1) = {a,b,c,d} and XJ (e2) = {a,b,c,d} are SSs of S and thus (jX,A> is
a 5585 of S. Hence, X is a generalized upper SSS of S respecting to the foresets.

(4) Let X = {a,b,c}. Then X is not a LIL of S as {a,b,c,d, e} {a,b,c} = {b,c,d} €
{a,b,c}but XJ(e1) = {a,b,c,d} and XJ (e2) = {a,b,c,d} are LILs of S and thus
<7X, A) is a SLIL of S. Hence, X is a generalized upper SLIL of S respecting to

the foresets.

Definition 3.2.7 Let (J, A) be an SCRE from a semigroup S1 to Sa2. A non-empty
subset X of Sy is said to be generalized lower SSS of S1 respecting to the aftersets if
(J*,A) is a SS of S1. The set X is said to be generalized lower SLIL(SRIL, SIL)
of Sy respecting to the aftersets if (JX,A) is a LIL(RIL, IL) of S;.

Definition 3.2.8 Let (J, A) be an SCRE from a semigroup S1 to Sa2. A non-empty
subset Y of S1 is said to be generalized lower §SS of Sy respecting to the foresets if
(YJ,A) is a SS of So. The setY is said to be generalized lower SLIL(SRIL, SIL)
of So respecting to the foresets if (Yl, A) is a LIL(RIL, IL) of Ss.
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Example 3.2.9 Consider the Example and take Y = {1,3,5}. ThenY is a LIL
of Sz but J¥ (e1) = {a,c,e} is not a LIL of S1 as {a,b,c,d, e} {a,c,e} = {b,c,d} ¢
{a,c,e}.

It is shown in the above Example that if (J, A) is a SCRE from a semigroup Sj to So
and Y is a LIL of S5, then (JY,A) isnot a SLIL of S;.

Example 3.2.10 Consider the Example and take Y = {c,d,e}. ThenY is a
LIL of S but J¥ (e1) = {c} is not a LIL of S as {a,b,c,d,e}{c} = {c,d} ¢ {c}.
Similarly, ¥ J (e1) = {e} is not a LIL of S as {a,b,c,d,e} {e} = {c,d} € {e}.

In the above example, we have shown that if (J, A) is a soft reflexive and SCRE on a
semigroup S and Y is a LIL of S even then (JY,A) and (YJ, A) are not SLILs of

S. However, we have the following.

Theorem 3.2.11 Let (J, A) be an SC, R from a semigroup Sy to Sy respecting to the
aftersets. Then

(1) If X is a SS of Sz, then X is a generalized lower SSS of S1 respecting to the

aftersets.

(2) If X is a LIL(RIL, IL) of Sa, then X is a generalized lower SLIL(SRIL, SIL)
of Sy respecting to the aftersets.

Proof. (1) Suppose that X isa SS of Sy. It follows from Theorem [3.1.25{and Theorem
3.1.11{(1), JX (e) JX (e) C JXX (e) C JX (e) . Therefore, JX is a SS of Sy. Hence, X

is a generalized lower SSS of S7 respecting to the aftersets.

(2) Suppose that X is a LIL of Sy. It follows from Theorem [3.1.25] and Theorem
3.1.11[(1), SoJ X () = J%2 (&) .J* (e) € J%*%X (e) € J¥X (e). Therefore, JX is a LIL
of S3. Hence, X is a generalized lower SLIL(SRIL, SIL) of S; respecting to the

aftersets.
The remaining cases can be proved likewise. m

If we take a soft reflexive relation and SC,, R on a semigroup S, then the following

corollary is proceeded.
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Corollary 3.2.12 Let (J, A) be a soft reflexive and SC,, R respecting to aftersets on
S. Then

(1) (JX,A), if it is non-empty, is a SSS of S provided X is a SS of S.

(2) (JX, A), if it is non-empty, is a SLIL(SRIL, SIL) of S provided X is a LIL(RIL,
IL) of S.

Theorem 3.2.13 Let (J, A) be an SC,,R from a semigroup Sy to Se with respect to
the foresets. Then

(1) If Y is a SS of S1, then' Y is a generalized lower SSS of Sa respecting to the

foresets.

(2) If Y is a LIL(RIL, IL) of S1, then'Y is a generalized lower SLIL(SRIL, SIL)
of Sa respecting to the foresets.

If we take a soft reflexive relation and SC,, R on a semigroup S, then the following

corollary is proceeded.

Corollary 3.2.14 Let (J, A) be a soft reflexive and SC,, R on S with respect to the
foresets. Then

(1) (Xl, A), if it is non-empty, is a SSS of S provided X is a SS of S .

(2) (Xi, A), if it is non-empty, is a SLIL(SRIL, SIL) of S provided X is a LIL(RIL,
IL) of S.

The Parts of Theorem [3.2.11] and [3.2.13| do not hold in general as shown below.

Example 3.2.15 Consider the semigroup of Example and A = {e1,ea}. Define
J:A— P(S] x S2) by

Then J is an SCp, R from the semigroup S1 to the semigroup respecting to the aftersets.

aJ(e2) = {2,3}, bJ(e2) =1{2,3}, cJ(e2) =1{2,3} and dJ(e2) ={2,3}. Also,
aJ(e2) = {2}, bJ(e2) ={2}, cJ(e2) =12} and dJ(e2) = {2}.
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(1) Let X = {2,3,4} be a non-empty subset of So which is not a SS of Sz as
{2,3,4}{2,3,4} = {1,2,3} ¢ {2,3,4} but J*(e1) = {a,b,c,d} is a SS of S1. Hence,
X is a generalized lower SSS of S;.

(3) Let X = {2,3,4} be a non-empty subset of So which is not a LIL of Sy as
{1,2,3,4}{2,3,4} = {1,2,3,4} ¢ {2,3,4} but JX(e1) = {a,b,c,d} is a LIL of S;.
Hence, X is a generalized lower SLIL of S1.

Now, Define J : A — P(S1 x S2) by

J(e1) = {(d.1),(d,2),(d,3),(d,4)} and
J(e2) = {(a,1),(a,2),(a,3),(a,4),(d,1),(d,2),(d,3),(d,4)} -

Then J s an SCp R from the semigroup S1 to the semigroup Sa respecting to the

foresets.

J(e2)l = {d}, J(e2)2={d}, J(e2)3 ={d} and J(e2)4 = {d}. Also,
J(e2)l = Ha,d}, J(e2)2 ={a,d}, J(e2)3 ={a,d} and J(e2)d = {a,d}.

(2) LetY = {b, c,d} be a non-empty subset of S1 which is not a SS of S1 as {b,c,d} {b,c,d} =
{a,b,c,d} & {b,c,d} but ¥ J(e1) = {1,2,3,4} is a SS of S2. Hence, Y is a generalized
lower SSS of Ss.

(4) Let Y = {b,c,d} be a non-empty subset of S1 which is not a LIL of Si as
{a,b,c,d}{b,c,d} = {a,b,c,d} € {b,c,d} but ¥YJ(e1) = {1,2,3,4} is a LIL of Ss.
Hence, Y is a generalized lower SLIL of Ss.

Example 3.2.16 Consider the semigroup of Example|3.1.34, and A = {e1,ea}. De-
fine J: A— P(S xS) by

Te) :{ (a,a), (b,b), (c,c), (d,d), (a,b), } .
(av C),(b,c 7(0, b) (C, Cl),(b, CL)
b

) :
J(e2) = {(a,a), (b,b), (¢, ¢),(d,d), (a,b), (b, a)}.

Then J is a soft reflexive and SC,R on S respecting to the aftersets and foresets.
Now, aJ(e1) = {a,b,c},bJ(e1) = {a,b,c}, cJ(e1) = {a,b,c} and dJ(e1) = {d}. Also,
aJ(e2) = {a,b},bJ(e2) = {a,b}, cJ(e2) = {c} and dJ(e2) = {d}. And, J(e1)a =
{a,b,c},J(e1)b = {a,b,c}, J(e1)c = {a,b,c} and J(e1)d = {d}. Also, J(e2)a =
{a,b},J(e2)b = {a,b}, J(e2)c = {c} and J(e2)d = {d}. Let X = {b,c,d}. Then
X is not a SS of S as {b,c,d} {b,c,d} = {a,b,c,d} ¢ {b,c,d} but J*(e1) = {d},
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JX(eg) = {c,d} and X J(e1) = {d}, XJ(e2) = {c,d} are SSs of S and thus (JX,A) is
a SSS of S. Hence, X is a generalized lower SSS of S.

Theorem 3.2.17 Let (J, A) be an SBRE from a semigroup S1 to So. Then for any
—=X1X2 Cle ijg

RIL, X1 and LIL, XQ Of SQ, J
Proof. Suppose that X; is a RIL and X9 a LIL of S, so by definition X;Xy C
X152 C X7 and X1Xo C S9Xs C Xy which implies that X1 Xo C X1 N Xs. It follows
from Theorem [3.1.11 (3), (5), 72 (e) € T2 (e) € T (e) N T2 (). Hence,
TR TN AT .

Theorem 3.2.18 Let (J, A) be an SBRE from a semigroup S1 to So. Then for any
RIL,Y, and LIL, Yy of S1, Y'Y2J C Y1Jn Y2 ],

Proof. The proof is similar to the proof of above Theorem. m

Corollary 3.2.19 Let (J, A) be a soft reflexive relation on a semigroup S. Then for
any RIL, X and LIL,Y of S, 7" c T n7T".

Corollary 3.2.20 Let (J, A) be a soft reflexive relation on a semigroup S. Then for
any RIL, X and LIL,Y of S, XY J C XJn YJ.

Theorem 3.2.21 Let (J, A) be an SBRE from a semigroup S1 to So. Then for any
RIL, Xy and LIL, X5 of Sy, JX1X2 C JX1 0 gX2,

Proof. Suppose that X; is a RIL and Xo a LIL of S, so by definition X;Xo C
X152 - X1 and XlXQ - SQXQ - XQ which implies that X1X2 - X1 N X2. It follows
from Theorem [3.1.11| (2), (4), JX1X2 (e) C JX1MX2 (¢) = JX1 (e) N J*2 (e). Hence,
JNX NNy -

Theorem 3.2.22 Let (J, A) be an SBRE from a semigroup S1 to So. Then for any
RIL,Y, and LIL, Yy of So, Y1Y2J C Y10 Y2,

Proof. The proof is simple and is similar to above Theorem. m
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Corollary 3.2.23 Let (J, A) be a soft reflexive relation on a semigroup S. Then for
any RIL, X and LIL,Y of S, JXY C JX nJY.

Corollary 3.2.24 Let (J, A) be a soft reflexive relation on a semigroup S. Then for
any RIL, X and LIL,Y of S, XY J C XJn Y J.

Definition 3.2.25 Let X be a non-empty subset of Sy and (J, A) be an SBRE from
a semigroup Sy to So. Then X is said to be generalized lower (upper) SIIL of Sy
respecting to the aftersets if (JX, A) (respectively (jX, A)) is an IIL of Sy.

Definition 3.2.26 Let Y be a non-empty subset of S and (J, A) be an SBRE from
a semigroup S1 to Sa. Then Y is said to be generalized lower (upper) SIIL of S
respecting to the foresets if (YJ, A) (respectively (Yj, A)) is an IIL of So.

Theorem 3.2.27 Let (J, A) be an SCRE from a semigroup Sy to Sa. If X is an IIL
of Sa, then X is a generalized upper SIIL of S1 respecting to the aftersets.

Proof. As X is an IIL of S, so S5 XSy C X . It follows from Theorem [3.1.21] that
Sy Tx (e)S1 = 7> (e) T (e) T (e) C WACHEG (e) C 7* (e). Hence, (jX,A> is a
SIIL of S;. Then X is said to be generalized upper SIIL of S; respecting to the

aftersets. m

It is found in the accompanying Example that converse of above Theorem is not true.

Example 3.2.28 Consider the semigroups of Example and A = {e1,ea}. Define
J:A— P(S1 x S2) by

Then (J, A) is an SCRE from the semigroup Sy to the semigroup Sa. Now,

1J(e1) = {a,b,c}, 2J(e1) ={a,b} and 3J(e1) = {a,c},
1J(e2) = {a}, 2J(e2) = {a,b,c} and 3J(ez) = {c}.

Now, X = {a} is not an IIL of Sy as {a,b,c} {a}{a,b,c} = {a,c} Z {a} but T7* (e1) =
{1,2,3} is an II1L of S1. Hence X is a generalized upper SIIL of S1 respecting to the

aftersets.
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Theorem 3.2.29 Let (J, A) be an SCRE from a semigroup S1 to Se. IfY is an IIL
of S1, then Y is generalized upper SIIL of Sy respecting to the foresets.

Proof. The proof is obtained in a similar way from above Theorem. =
It is found in the following Example that converse of above Theorem is not true.

Example 3.2.30 Consider the semigroups of Fxample[3.1.3 and soft relation of above

example,
J(er)a = {1,2,3}, J(e1)b={1,2}, J(e1)c={1,3},

J(e2)a = {1,2}, J(e2)b= {2} and J(e2)c ={2,3}.

Now, Y = {1} is not an IIL of Si as {1,2,3}{1}{1,2,3} = {1,2,3} € {1} but
YJ(e1) = {a,b,c} is an IIL of Sy. Hence Y is a generalized upper SIIL of So

respecting to the foresets.

If we take a soft reflexive relation and SCRFE on a semigroup S, then the following

corollaries are proceeded.

Corollary 3.2.31 Let (J, A) be a soft reflexive and SCRE on a semigroup S. If X
is an IIL of S, then (jX,A), is a SIIL of S.

Corollary 3.2.32 Let (J, A) be a soft reflexive and SCRE on a semigroup S. If X
is an IIL of S, then (Xj, A), 15 a generalized upper SIIL of S.

The converse of above Theorems is not true.

Example 3.2.33 Consider the semigroup of Example Let A = {e1,ea}. Define
J:A— P(SxS) by

J(e1) = {(a,a),(bb),(c,c),(a,b),(a,c), (b, c)}
and J(e2) = {(a,a),(b,b),(c,c),(a,b),(a,c)}.
Then (J, A) is a soft reflexive and SCRE on S. Now

aJ(er) = {a,b,c},bJ(e1) ={b,c},ct(e1) ={c},
and aJ(e2) = {a,b,c},bJ(e2) ={b},cJ(e2) ={c}.
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Now, X = {c} is not an IIL of S as {a,b,c} {c}{a,b,c} = {a,c} € {c} but T7* (e1) =
{a,b,c} and 7* (e2) ={a,c} are IILs of S and thus (jX,A> is a SIIL of S. Hence
X is a generalized upper SIIL of S respecting to the aftersets. On the other hand,

J(e1)a={a},J(e1)b={a,b},J(e1)c = {a,b,c},

and

J(e2)a = {a}, J(e2)b = {a,b}, J(e2)c ={a,c}.

Now, X = {a} is not an IIL of S as {a,b,c} {a}{a,b,c} = {a,c} € {a} but XJ (e1) =
{a,b,c} and X J (e3) = {a,b,c} are [ILs of S and thus (jX,A> is a SIIL of S. Hence
X is a generalized upper SIIL of S respecting to the foresets.

Theorem 3.2.34 Let (J, A) be an SCy, R from a semigroup Sy to Se. If X is an IIL
of S, then X is a generalized lower SIIL of S1 respecting to the aftersets.

Proof. As X is an IIL of S, so S2XS2 C X. Then by Theorem |3.1.11| (2) and
Theorem [3.1.25, S1.J% (€) S1 = J%2 (e) ..J¥ (e) .2 (e) C J52%%2 (e) C JX (e). Hence,
(JX, A) isa SIIL of S;. Thus, X is a generalized lower STIL of S; respecting to the

aftersets. m

Example 3.2.35 Consider the semigroup of Example and A = {e1,es}. Define
J:A— P(S] x S2) by
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J(e2) = {(a,2),(b,2),(c,2),(d,2)}.
Then J is an SC,, R respecting to the aftersets from the semigroup S1 to the semigroup
Sa.
aJ(e2) = {2,3}, bJ(e2) =1{2,3}, cJ(e2) =1{2,3} and dJ(e2) ={2,3}. Also,
aJ(e2) = {2}, bJ(e2) =12}, cJ(e2) = {2} and dJ(e2) = {2}.

Let X ={2,3,4} be not an IIL of Sy as {1,2,3,4}{2,3,4}{1,2,3,4} = {1,2,3,4} ¢
{2,3,4) but J¥(e1) = {a,b,c,d} and J*(es) = {a,b,c,d} are IILs of Sy. Hence, X
1s a generalized lower SIIL of S1 respecting to the aftersets.

Theorem 3.2.36 Let J be a SCRE from a semigroup S1 to Sa. IfY is an IIL of
S1, then'Y is a generalized lower SIIL of Sa respecting to the foresets.
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Proof. The proof is simple and is similar to above Theorem m

Example 3.2.37 Consider the semigroup of example and A = {e1,ea}. Define
J:A— P(S1 xS2) by

J(e1) = {(d.1),(d,2),(d,3),(d,4)} and
J(e2) = {(a,1),(a,2),(a,3),(a,4),(d,1),(d,2),(d,3),(d,4)} -

Then J is a SCp R respecting to the aftersets from the semigroup S to the semigroup
So.

J(e2)l = {d}, J(e2)2={d}, J(e2)3 ={d} and J(e2)4 = {d}. Also,
J(e2)l = Ha,d}, J(e2)2 ={a,d}, J(e2)3 ={a,d} and J(e2)d = {a,d}.

Let Y = {b,c,d} be not an IIL of Sy as {a,b,c,d}{b,c,d}{a,b,c,d} = {a,b,c,d} €
{b,c,d} but ¥ J(e1) = {1,2,3,4} and ¥.J(es) = {1,2,3,4} are IILs of So. Hence, Y

is a generalized lower SIIL of Sy respecting to the foresets.

If we take a soft reflexive relation and SC,, R on a semigroup S, then the following

corollaries are proceeded.

Corollary 3.2.38 Let (J, A) be a soft reflexive and SCy, R on a semigroup S respect-
ing to aftersets. If X is an IIL of S, then (JX,A), if it is non-empty, is a SIIL of
S.

Corollary 3.2.39 Let (J, A) be a soft reflexive and SC,, R on a semigroup S respect-
ing to foresets. If X is an IIL of S, then (Xl, A), if it is non-empty, is a SIIL of
S.

Example 3.2.40 Consider the semigroup of Example|3.1.34, and A = {e1,es}. De-
fine J: A— P(S xS) by

(a;a), (b,b),(c,c),(d,d), (a,b),
J(e1) = and J(ez) = {(a,a), (b,d),(c,c),(d,d)}.
) {(a,c>,<b,c>,<c,b>,<c,a>,<b,a>} fea) = 1@ ) 0 0), e e (. )

Then (J,A) is a soft reflexive and SCp,R on S respecting to the aftersets. Now,
aJ(e1) = {a,b,c},bJ(e1) = {a,b,c}, cJ(e1) = {a,b,c} and dJ(e1) = {d}. Also,
aJ(e2) = {a},bJ(e2) = {b}, cJ(e2) = {c} and dJ(e2) = {d}.And, J(e1)a = {a,b,c}, J(e1)b =
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{a,b,c}, J(e1)c = {a,b,c} and J(e1)d = {d}. Also, J(e2)a = {a},J(e2)b = {b},
J(e2)e = {c} and J(e2)d = {d}. Let X = {b,d}. Then X is not an IIL of S as
{a,b,¢,d} {b,d} {a,b,c,d} = {a,b,d} ¢ {b,d}but J*(e1) = {d}, J¥(ea) = {d} and
XJ(e1) = {d}, XJ(ez2) = {d} are IILs of S and thus (JX,A) is a SIIL of S. Hence,
X is a generalized lower SIIL of S.

Definition 3.2.41 Let X be a non-empty subset of So and (J,A) an SBRE from
a semigroup S1 to Sa. Then X is said to be generalized lower (upper) SBIL of Si
respecting to the aftersets if (JX, A) (respectively (jX,A)> is a BIL of S;.

Definition 3.2.42 Let Y be a non-empty subset of Sy and (J,A) an SBRE from
a semigroup Si to Sa. Then Y is said to be generalized lower (upper) SBIL of Sa
respecting to the foresets if (Yl, A) (respectively (Yj, A)) is a BIL of Ss.

Theorem 3.2.43 Let (J,A) be an SCRE from a semigroup Sy to Sa. Then every
BIL, X of S3 is a generalized upper SBIL of S1 respecting to the aftersets.

Proof. Let X be a BIL of Sy. It follows from |3.2.3(1), (jX, A) is a SSS of So. By

Theorem [3.1.11| (2) and Theorem [3.1.21 T7* (e) S1Tx (e) = 7* (e) T (e) T (e) C

TYX (e) C 7¥ (e). Hence, (jX, A) isa SBIL of S1. Thus, X is a generalized upper

J
SBIL of §;. m

Example 3.2.44 Consider the semigroups and soft relations of Example[3.2.4 Then
X = {1,2,3} is not a BIL of Sy as {1,2,3}{1,2,3,4,5}{1,2,3} = {1,2,3,5} ¢
{1,2,3} but jX(el) ={a,b,c,d} and jX(eg) ={a,b,c,d} are BILs of S1. Hence, X
1s a generalized upper SBIL of S1 respecting to the aftersets.

Theorem 3.2.45 Let (J, A) be an SCRE from a semigroup Sy to Sa. Then every
BIL,Y of S1 is a generalized upper SBIL of Sy respecting to the foresets.

Proof. The proof is simple and is similar to above Theorem. m

Example 3.2.46 Consider the semigroups and soft relations of example[3.2.4).

Then'Y = {a,b,c} is not a BIL of S as {a,b,c}{a,b,c,d,e}{a,b,c} = {b,c,d} €
{a,b,c} but Y J(e1) = {1,2,3,5} and ¥ J(e1) = {1,2,3,5} are BILs of So. Hence, Y
1s a generalized upper SBIL of Sa respecting to the foresets.
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If we take a soft reflexive and SCRE on a semigroup S, then the following corollaries

are proceeded.

Corollary 3.2.47 Let (J, A) be a soft reflexive and SCRE on a semigroup S. Then
every BIL, X of S is a generalized upper SBIL of S respecting to the aftersets.

Corollary 3.2.48 Let (J, A) be a soft reflexive and SCRE on a semigroup S. Then
every BIL, X of S is a generalized upper SBIL of S respecting to the foresets.

Example 3.2.49 Consider the semigroup of E:mmple Let A ={e1,ea}. Define

J:A— P(Sx8S) by

(a,a), (b,b),(c,c),(d,d), (e e),
J(e1) =19 (a,b),(a,c),(a,d),(ba),(bc),
(b,d),(d,a),(d,b),(d,c),(ec)

(a,a),(b,b),(c,c),(d,d), (e e),
J(GQ) = (av b) ) (a'a C) ) (aa d) ) (b7 a) ) (ba C) )
(b,d),(d,a),(d,b),(d,c)

and

Then (J, A) is a soft reflexive and SCRE on S. Now,

aJ(e1) = {a,b,c,d},bJ(e1) ={a,b,cd},
cJ(er) = {c},dJ(e1) ={a,b,c,d},

eJ(e1) = {ce} and

aJ(e2) = {a,b,c,d},bJ(ex) ={a,b,c,d},c(es)
= {c},dJ(e2) ={a,b,c,d},eJ(e2) = {e}.

Also,

J(er)a = {a,b,d},J(e1)b={a,b,d},
J(er)e = {a,b,c,d,e},J(e1)d ={a,b,d},

J(er)e = {e} and
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J(ea)a = {a,b,d},J(e2)b={a,b,d},
J(ea)e = {a,b,c,d}, J(e2)d = {a,b,d},
J(e2)e = {e}.

Let X = {a,b,c}. Then X is not a BIL of S as {a,b,c}{a,b,c,d,e}{a,b,c} =
{b,c,d} € {a,b,c} but 7r (e1) = {a,b,c,d, e} and 7r (e2) = {a,b,c,d} are BILs of
S and thus (jX,A> is a SBIL of S. Hence, X is a generalized upper SBIL of S
respecting to the aftersets. Similarly, X.J (e1) = {a,b,c,d} and X.J (e2) = {a,b,c,d}
are BILs of S and thus (Xj, A) is a SBIL of S. Hence, X is a generalized upper
SBIL of S respecting to the foresets.

Theorem 3.2.50 Let (J, A) be an SCy, R respecting to the aftersets from a semigroup
S1 to Sy. Then every BIL, X of Sy is a generalized lower SBIL of S1 respecting to
the aftersets.

Proof. Let X be a BIL of So. It follows from [3.2.11(1), (JX, A) is a SSS of S». By

Theorem [3.1.11[(2) and Theorem JX (e).51.0% (e) = JX (e).J% (e) .J¥ (e) C
JX5X (e) C JX (e). Hence, (JX,A) isa SBIL of S;. Hence, X is a generalized lower
SBIL of S;. m

Example 3.2.51 Consider the semigroup of Example and A = {e1,ea}. Define
J:A— P(S1 x S2) by

Then J is an SC,, R respecting to the aftersets from the semigroup S1 to the semigroup
Sy. Now,

aJ(er) = {2,3}, bJ(e1) =1{2,3}, cJ(e1) ={2,3} and dJ(e1) = {2,3}. Also,
aJ(ea) = {2}, bJ(e2) = {2}, cJ(e2) = {2} and dJ(e2) = {2}.

Then X = {2,3,4} is not a BIL of Sy as {2,3,4}{1,2,3,4} {2,3,4} = {1,2,3,4} €
{2,3,4) but J¥(e1) = {a,b,c,d} and JX(e3) = {a,b,c,d} is a BIL of S;. Hence, X
is a generalized lower SBIL of S1 respecting to the aftersets.
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Theorem 3.2.52 Let (J, A) be an SCy, R respecting to the foresets from a semigroup
S1 to Sa. Then every BIL, Y of Sy is a generalized lower SBIL of So respecting to

the foresets.
Proof. The proof is simple and is similar to Theorem. m

Example 3.2.53 Consider the semigroup of Example and A = {e1,es}. Define
JAHP(Sl XSQ) by

J(e1) = {(d.1),(d,2),(d,3),(d,4)} and
J(e2) = {(a,1),(a,2),(a,3),(a,4),(d,1),(d,2),(d,3),(d,4)}.

Then J is an SC, R respecting to the foresets from the semigroup S1 to the semigroup
So.

J(e2)l = {d}, J(e2)2={d}, J(e2)3 ={d} and J(e2)4 = {d}. Also,
J(e2)l = {a,d}, J(e2)2 ={a,d}, J(e2)3 ={a,d} and J(e2)4 ={a,d}.

Then'Y = {b,c,d} be not a BIL of Sy as {b,c,d}{a,b,c,d}{b,c,d} = {a,b,c,d} €
{b,c,d} but ¥ J(e1) = {1,2,3,4} is a BIL of S3. Hence, Y is a generalized upper
SBIL of So respecting to the foresets.

If we take a soft reflexive and SC), R on a semigroup S5, then the following corollaries

are proceeded.

Corollary 3.2.54 Let (J, A) be a soft reflexive and SC,, R on a semigroup S respect-
ing to aftersets. Then every BIL, X of S is a generalized lower SBIL of S with

respect to the aftersets.

Corollary 3.2.55 Let (J, A) be a soft reflexive and SCy, R on a semigroup S with re-
spect to foresets. Then every BIL, X of S is a generalized lower SBIL of S respecting

to the foresets.

Example 3.2.56 Consider the semigroup of Example|3.1.54, and A = {e1,es}. De-
fine J: A— P(SxS) by
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Je) { (a,a), (b,b), (¢,¢), (d,d) , (a,b), } o
(a,c),(b,c),(e,b),(c,a), (b a)
J(e2) = {<av a): (ba b) ) (Ca C)? (da d) ) (Ca b) ’
(¢c,a),(b,a),(a,b),(a,c),(b,c)}.

Then (J, A) is a soft reflexive and SCy, R respecting to the aftersets on S. Now,

aJ(e1) = {a,b,c},bJ(e1) ={a,b,c},cJ(er)
= {a,b,c} and dJ(e;) = {d}.

Also, aJ(ea) = {a,b,c},bJ(e2) ={a,b,c},cJ(e2)
= {a,b,c} and dJ(e2) = {d}.

And,

J(er)a = {a,b,c},J(e1)b={a,b,c}, J(e1)c
= {a,b,c} and J(e1)d = {d}.

Also, J(e2)a = {a,b,c},J(e2)b={a,b,c}, J(e2)c
= {a,b,c} and J(ex)d = {d}.

Let X = {c¢,d} be not a BIL of S as {c,d}{a,b,c,d}{c,d} = {a,c,d} € {c,d} but
JX(e1) = {d} and J*(es) = {d} are BILs of S and thus (JX,A) is a SBIL of S.
Hence, X is a generalized lower SBIL of S respecting to the aftersets. Similarly,
XJ(e1) = {d} and XJ(e2) = {d} are BILs of S and thus (*J, A) is a SBIL of S.
Hence, X is a generalized lower SBIL of S respecting to the foresets.

3.3 Problems of Homomorphisms

A mapping v : .S — T, where S and T are semigroups is said to be a homomorphism
if v (ab) = v (a)~ () for all a,b € S. If v is a homomorphism from a semigroup S to
a semigroup 7', then kernel of v is defined as k = {(a,b) € S x S : v(a) =~v(b)}. It is
well known that kernel of =y is a congruence relation on S. Let S and T" be semigroups
and {7, : S — T for e € A} be the collection of homomorphisms. Then we have a soft

congruence relation (k, A) on S, where x (e) = kernel of ~,.
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Theorem 3.3.1 Let S and T be two semigroups and vy, be homomorphism from S to
T, for each e € A. If X is a non-empty subset of S, then v, (FX (e)) = v.(X) where

(A, k) is the soft congruence relation on S.

Proof. Since by Theorem [3.1.13(1), X C &~ (e), it follows 7, (X) C v, (F* (¢)). For

the converse inclusion, let y € 7, (R¥ (¢)). Then there exists an element z € £~ (e)

such that v,(z) = y. Now, z € &X (e) implies that there exists a € S such that

a € zk(e)N X, that is a € zk (e) and a € X. Thus (z,a) € k(e), this implies that

Ve (@) = 7e (x). Then y = 7, (z) = 7. (a) € 7. (X), and so 7. (¥ (e)) € 7, (X).
Hence 7, (F¥ (¢)) = 7.(X). =

If we have a soft relation on a semigroup 7' and a homomorphism from a semigroup

S to a semigroup 7T, then we can construct a soft relation on S as follows:

Lemma 3.3.2 Let~y: S — T be an onto homomorphism and (Jz, A) be a soft relation
on T. Define Ji (e) = {(s,t) € S xS :(v(s),v(t)) € Ja(e)} for all e € A. Then the
following hold:

(1) (J1,A) is a soft relation on S.

(2) (J1,A) is soft reflexive if (J2, A) is soft reflexive.

(3) (J1,A) is SCRE if (Jo, A) is a SCRE.

(4) (J1, A) is SC,, R respecting to aftersets (respecting to foresets) if (Ja, A) is a SCp, R

respecting to aftersets (respecting to foresets) and + is one one.
(5) 7 (77 () =73

(6) v (l{( (e)) € JZ(X) (e) and if 7 is one one, then ~y (l{( (e)) = IQY(X) (e) for e € A.

) (e) for X C S and e € A.

Proof. (1) and (2) are obvious.
(3) Let (a,b), (c,d) € Jy (e).

Then (vy(a),v(b)), (v(c),v(d)) € Ja (e). As (Ja, A) is soft compatible, we have (y(a)v(c),v(b)y(d)) €
J2 (e). This implies that (vy(ac),v(bd))

€ Jy(e). Thus (ac,bd) € Jy (e). This shows that (Ji1, A) is a soft compatible relation

on S.

(4) Obviously aJj (e) .bJ1 (e) C (ab) J1 (e). Conversely, assume that x € (ab) Ji (e).
Then (ab,z) € Ji (e) = (v (ab),v(x)) € J2(e) =
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(v(a)y (b),7(x)) € J2(e). This implies that v (z) € (v (a)v (b)) J2 (e) =
v (a) J2 (e) .y (b) J2 (€). Thus there exist 1 € v (a) Ja (e) and t2 € v (b) J2 (e) such that

v (z) = tita. As v is onto, we have s1,s9 € S such that v (s1) = t; and 7y (s2) = to
and v (x) = tita = v (s1) 7y (s2) = v (s152). As 7y is one one, we have z = s152. Now,

trev(a)Jz2(e) = v(s1) € v(a) Ja(e) = (v(a),7(s1)) € J2(e) = (a,51) € Ji(e).

This implies that s; € aJy (e). Similarly, sy € bJ; (e). Now, = s152 € aJp (e) .bJ1 (e).
This implies that (ab) J1 (e) C aJi(e).bJ1(e). Hence, (ab) Ji (e) = aJi(e).bJ1 (e).

The proof of parenthesis part is similar to the proof of this.

(5) Let b € v (jf) (e). Then there exists a € 7i( (e) such that vy(a) = b and
aJy(e) N X # ¢. This implies there exists © € aJj (e) N X. Now, (a,z) € Ji (e) =
(v(a),v(x)) € J2(e) = v (z) € v(a) J2(€). Also, y(z) € y(X). Thus v (a)J2(e) N
Y(X) # 6 = b =) € B, that is (T () € B
be ﬂ(x) (e). This implies that bJa (e) N~y (X) # ¢. So there exists a € bJa (e) Ny (X),
that is (b,a) € Ja (e) and a € v (X). Since 7 is onto so there exist z € X and s € S such
that a = v (z) and b = v (s). Thus (y(s),v(x)) = (b,a) € Ja(e) = (s,z) € J1 (e).
This implies x € sJj (e) N X, so we have s € ji( (e), that is b = v (s) € v (jf (e)).
Thus 7’2*(X) (e) C v (ji( (e)). Hence v (ji( (e)) = ﬂ(X) (e).

(6) Let b € v (J7* (e)). Then there exists a € Ji* (e) such that v(a) = b, and aJ; (e) C
X. It can be easily shown that if aJ; () C X then y(a)J2(e) C y(X). This implies
that b = y(a) € IQY(X) (e). Now, suppose that «y is one one and let b € lg(X) (e). Then

(e). Conversely, let

there exists a unique a € S such that y(a) = b and v (a) J2(e) C v(X). As vy is an
isomorphism so v (aJj (€)) = v (a) J2(e) and as v (a) J2 () C v (X) we have aJi(e) C
X. This implies a € J{* (e) and b =7 (a) € v (JF* (e)). Hence, v (J{) = l;’(X). [

Theorem 3.3.3 Let v be a surjective homomorphism from a semigroup S to a semi-
group T and (J2, A) be a soft reflexive and SCRE respecting to aftersets (with respect
to foresets) on T. Let X C S. Then jf( (e) (¥Ji1(e))is an IL of S if and only if
7’5()() (e) (*J1(e)) is an IL of T.

Proof. Let ji( (e) be IL of S. Then,

ST (&) S T7 () =7 (ST1 () €77 @)
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=7(9) <jf{ (e)) Co <7f (e)). Since v is an epimorphism, we have by above Lemma
Tjg(X) (e) C 7§(X) (e). Similarly, j;(X) (e)T C j;(x) (e). Thus, 7§(X) (e) is
an IL of T. Conversely, suppose that 7’2”) (e) is an IL of T. Now by Lemma m
v (ji( (e)) = j;(X) (e). Let y € ji{ () and s € S. This shows that y(s) € T
and v (y) € 73()0 (e). Since 7’5(’{) (e) is an IL so vy(s)v(y) € 7;(’{) (e), that is
v (sy) € 73()() (e). Thus v (sy) J2 () N7y (X) # ¢. This implies there exist z € X such
that v (z) € v (sy) Ja (e), that is (v (sy),v(z)) € J2 (e) and so (sy,z) € Ji (e). Thus
z € syJi (e) N X. Hence sy € ji( (e). Similarly, we can show that ys € ji( (e). This

shows that jf (e) is an IL of S. Similarly, we can prove the parenthesis case. m

Theorem 3.3.4 Let~y be an isomorphism between the semigroups S and T and (Ja, A)
be a soft reflexive and SCp, R on T respecting to aftersets (respecting to soft foresets).
Let X C 8. Consider Jy(e) = {(a,b) € Sx S:(v(a),y(b) € Ja(e)}, for all e € A.
Then J7* (e) (XJ, (e)) is an IL of S if and only iflg(x) (e) (V(X)JQ (e)) is an IL of
T.

Proof. It follows from Lemma v (l‘lx (e)) = IQY(X) (e). The theorem can be

proved on the same line as the proof of above theorem. m



Chapter 4

Approximation of a fuzzy set by

soft relation

This chapter presents an investigation of soft binary relations and some of their proper-
ties. Two kinds of fuzzy topologies induced by soft reflexive relations are investigated.
Soft similarity relations have also been examined. We introduce the degree of accu-
racy for membership functions of fuzzy sets respecting to the aftersets and foresets. A

decision making problem on a fuzzy set is also presented.

4.1 Approximations by soft binary relations

This section defines the approximations of a F'S by an SBRE. Some related properties

are proposed here.

Definition 4.1.1 Let (J, A) be an SBRE from U to W and X\ be a F'S in W. Then

we define two fuzzy soft sets over U with respect to the aftersets by

l)\ (6) (u) _ /\aleuJ(e)A (a/) Zf uJ (6) 75 ¢
0 if ut (e) = ¢

and

N () (u) Vo cud(e) (a/) if uJ (e) # ¢

0 if uJ (e) =¢
where uJ () = {w € W: (u,w) € J(e)} and is called the afterset of w for w € U and

78
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ec A.

Definition 4.1.2 Let § be a FS in U, we define two fuzzy soft sets over W with
respect to the foresets by

6l (6’) (w> /\a'EJ(e)w(s <a/> Z:f J (e) w 7é ¢
0 if J(e)w=2¢

and

57 (e) (w) = { Vo ed(eywd (a,) ifJ(e)w # ¢
0 if J(e)w=¢

where J (e)w = {u € U : (u,w) € J(e)} and is called the foreset of w for w € W and
ec A

Moreover, J* : A — F(U), 7" : A — F(U) and °J : A — F(W), T : A — F(W) and
we say (U, W, J) a Generalized Soft Approximation Space.

In order to explain these concepts, the following example is given.

Example 4.1.3 Suppose that Mr. X wants to buy a shirt for his own use. Let U =
{the set of all shirts designs} = {d1,ds,ds,dys,ds,dg} and W = {the colors of all designs} =
{c1, 2, c3,c4} and the set of attributes be A = {e1, ea,e3} = {the set of stores near his house}.

Define J: A— P(U x W) by

Jer) = { (d1,c1), (d1,¢2), (d1,c3), (d2, c2) , (d2, ca), }
(d4, c2), (d4, 03) s (d5, 63) s (d5, 64) s (dﬁ, Cl)
J(ea) = {(di,c3),(de2,c3),(ds,c1),(ds,c1), (ds,c2),(ds,c3)} and
(

J(es) = {(ds,c3),(ds,c1),(ds,ca),(ds,c3), (ds,cq)}.

represents the relation between designs and colors available on store e; for 1 < i < 3.
Then

(e1) = {en,ee3), dad (er) ={ca,cal, dsJ (e1) = &,

(e1) = {ca,e3}, dsJ(e1) ={c3,ca}, deJ (e1) = {c1} and

(e2) = A{est, doJ (e2) = {3}, d3J (e2) = ¢,
daJ (e2) = {ar}, dsJ(e2) ={cr}, deJ (e2) = {c2,c3} and

(e3) = ¢, daJ(e3) ={ca}, d3J(e3) = {c1,c3},

(e3) = ¢, dsJ(e3) ={c3,ca}, doJ (e3) = ¢
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where d;J (ej) represents the color of the design d; available on store e;.

c = {ds}, J(e3)c2=
c3 = {ds,ds}, J 63)04—{d2,d5}

And
J(er)er = A{di,ds}, J(e1)ca = {di1,da,ds},
J(e1)es = {di,d4,ds}, J(e1)ca = {da,d5}, and
J(ez)er = {ds,ds}, J(e2)co={ds},
J(e2)es = {di,da}, J(e2)ca = ¢, and
J (e3) )
J (e3) (

where J (e;) ¢; represents the design of the color ¢; available on store e;.

Define A : W — [0, 1] which represents the preference of the
color given by Mr.X such that
Alc1) = 0.9, A(e2) =08, A(c3) =0.4, A(ca) =0 and
Define § : U — [0,1] which represents the preference of the
design given by Mr.X such that
0(di) = 1, 6(d2) =0.7, 0(d3) =0.5, §(dy) =
0(ds) = 0, d(dg) =0.4.

Therefore, the lower and upper approzimations (respecting to the aftersets as well as

foresets) are

di |dy | ds | dy |ds | dg
JMer) | 0410 |0 040 |09
T loolos|o [08]|o04]09
JMex) | 0410410 [09]09)04
Tea) l04]04]0 [09]09]08
JMes) |0 |0 |04]0 |O |O
T'es) |0 |0 |09]0 |04]0
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and

Cc1 C2 C3 Cyq
%J(e1) | 04010 |0
J(er) |1 |1 |1 |07
SJ(e2) |0 | 0.4 0.7
%J(e3) | 0.1 0.4
%J(e3) | 050 |0
%J(e3) | 050 |05 |0.7

Hence, J*(e;) (d) gives the degree of definite fulfilment of the objects of dJ (e;) to X on
store e; and j)‘(ei) (d) gives the degree of possible fulfilment of the objects of dJ (e;)
to X on store e; for 1 < i < 3 with respect to aftersets. Similarly, ‘Z(ei) (c) gives the
degree of definite fulfilment of the objects of J (e;) ¢ to § on store e; and °J(e;) (c) gives
the degree of possible fulfilment of the objects of J (e;) ¢ to § on store e; for 1 <i <3

with respect to foresets.

Theorem 4.1.4 Let (U,W,J) be a Generalized Soft Approximation Space, that is

J:A— P(UxW) be an SBRE from U to W. For X\, A1,y € F (W), the following

properties for lower and upper approximations respecting to the aftersets hold:

(1) A < Xo = JM < J*

(2) M < = j)\l < j)\Q

(3) i)\l mi)\z :iz\lﬂ)\Q

(4) j)q n j)\2 > j)\lm)\Z

(5) i)\l UJAQ Sl/\lu)\z
—A1UA2

6) TVuT? =7

(7) J(e) (u) =1 for all e € A if uJ (e) # ¢.

—~~
o

S~—
<

—~

e)(u) =1 foralle € A if uJ (e) # ¢.
9) 2= (1) iful (e) # 6.
(10) 7 = (JX) if ul (e) # ¢.
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Proof. For u € U, we have two cases: (i) If uJ (e) = ¢ and (i) If uJ (e) # ¢. If

uJ () = ¢, then all the above parts are trivial. So we consider only the case when

J(e) # .
(1) Since At < Az, 50 JM (€) () = Ay ey (0) < Avewsie (@)
= J* (€) (u). Hence, JM < J*2.

(2) Since A1 < Az, 50 77 (€) () = Vyr eyt (0) < Virewsoe (@)
= 7™ (e) (u). Hence, 7" < J*

(8) Consider (LM N.7?) (¢) (u) = M (¢) (u) AT () (u)

= (Nacus(e)M (@) A (Nacuse)A2 (0) = Ageure) (A1 (a) A Xz (a))

= Aacuste) A1 A Xg) (@) = JM™ (¢) (w). Hence, JM 1 J22 = JhM,
() (u) AT (€) (w)

= (\/aEuJ(e))‘l ( )) A ( acud(e ))‘2( )) > \/aEUJ(e) ()‘1 A )‘2)( ) J
*)\1 *)\2 )\10)\2

(4) Consider <7)‘1 ﬂj)Q) (e) (u) = "

Jhme (e) (u). Hence,
(5) Consider (J* UJ*?) (e) (u) = JM (e) (u) V J* (e) (u)
= (/\aEuJ(e))‘l (CL)) \ (/\bEuJ(e))‘Q (b)) = /\a,bEUJ(e) ()\1 (a) V Az (b))

A1UXo

< Aaeud(e) (M VA)(a)=J (e) (u). Hence, JM U Jre < gz
(6) Consider (?1 U ?2) (&) (w) = T (e) (u) v T (&) ()

= (Vacus ()M (@) V (Vacuse)A2 (a) = Vaeuse) (A1 (a) V A2 (a))

= Vacuse) (i v 22) (a) = 7% () (u). Hence, 7 U7 = 74,

(7) Consider J! (e) (u) = Nacui(e)l (@) = Nacu(e) (1) = 1, because uJ (e) # ¢.
(8) Consider T (e) (u) = Vaeuse)l (@) = Vacuse) (1) = 1, because uJ (e) # ¢.
(9) Consider j)\e (e) (u) = \/aeuJ(e))‘C (a) = VacuJ(e) (1—A(a)) = (AaeuJ(e)A (a)>c
= (J*(e) (u))C Therefore, (jAC (e) (u))c = J* (e) (u). Hence, J = (j/\c>c.

__\c\ C ¢ _(9e\ ¢ ¢ —3\\ C
(10) By part (9), J* = <J)\ ) , therefore, J»* = (J ) = JV = (JA) .

Hence, j/\ = (l)‘c)c.

(11) Straightforward. m
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Theorem 4.1.5 Let (U,W,J) be a Generalized Soft Approximation Space, that is
J:A— PUxW) be an SBRE from U to W. For §,01,02 € ¥ (U), the following

properties for lower and upper approximations respecting to the foresets hold:
(1) 6 < b= NI <)

(2) 61 <6y = 1T <02 ]

(3) 91N B2] = 102 g

(4) 5170 527 > ainba]

(5) M Ju g <12y

(6) 517U 52 ] = 91UB2]

(1) YJ(e)(u) =1 for alle € A if J(e)w # ¢.

(8) YT (e)(u) =1 forallec Aif J(e)w # ¢.

9) 00 = ("7 if T()w # ¢

Proof. Straightforward. m

It is demonstrated by the following example that equality is not valid in (4) and (5)
assertions of above Theorems in general.

Example 4.1.6 Consider U = {n,u,o0,b,w} and W = {my, ma,m3,mg}. Let A =
{e1,ea} be the set of attributes. Define J: A— P(U x W) by

J(el) = {(TL, ml): (nv m2)7 (07 m3>7 (07 m4) ) (uv ml) ) (07 m2) ) (TL, m3) ) (’U,, m4)} ’

J(eQ) = {(b7 m3)7 (b7m1)7 (ba m2) ’ (wv ml) ) <w7m3) ) (w7m4>} .

nJ (61) = {m17m2am3}7 uJ (el) = {mlam4}7 oJ (61) = {mQam37m4} ’

bJ (61) = (b, wJ (61) = ¢
and

nt(e2) = ¢ ,u(ez) =0 ,0J(e2) =,

bJ (e2) = {mi,ma,ms},wJ (e2) = {my,ms,my}.
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Moreover,

J(er)m1 = {n,u}, J(e1) me ={n,o0}, J(e1)ms={n,o},

J(er)ms = {o,u}

and

J(e2)my = {b,w}, J(ex) mg ={b}, J(e2)ms = {b,w},

J(e2)my = {w}.

Define A1, Ao, A1 N A9, Ay UAg: W — [0, 1] by

mi | mo | M3 | Mg
AL 0110 |05]|04
A2 021 03|06
AMNA [01]0 |03]04
AMUXN [02]1 0506
And
n U o b w
o 0.1]05|03]06]08
89 0 [01]04|1 |07
61Nd2 |0 [ 01/03]06]0.7
61Uy | 01]05[04]1 |08
Therefore,
(e1) (0) (e1) (ma)
7 05 57 |05
T 1 27 |04
JM 0 and| 91J 0.3
J 0.3 92 J 0.1
T 4 510027 | 0.3
JhWA2 105 U2 7 | 0.4
Hence,

7)\1(61) (o) N 7 (e1)(0) = 05£04= 7/\10)‘2(61) (o) and

I (er) (0) = 0.5 £ 03 =" (1) (0) UL (e1) (0).
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And

" J(er) (ma) N 2T (1) (ma)

2192 (1) (ma)

0.4 £0.3= 01927 (e1) (my) and
0.4 £0.3= J(er) (ma) U *2J(e1) (my) .

Theorem 4.1.7 Let (J,A) and (Z,A) be two SBRE from non-empty sets U to W
and A1, Ay be non-empty F'S of W. Then the following hold:

(1) (J,A) C (Z,A) implies (lkl,A) D) (Z’\l,A);

(2) (J,A) C (Z, A) implies (7*1,/1) C (71,,4).
Proof. Straightforward. m

Theorem 4.1.8 Let (J,A) and (Z,A) be two SBRE from non-empty sets U to W
and Y1, Ya be non-empty subsets of U. Then the following hold:

(7) (J,A) C (Z, A) implies (°*J,A) 2 (**Z,A);

(8) (J,A) C (2, A) implies (°1J, A) C (517, A).
Proof. Straightforward. m

Theorem 4.1.9 Let (J,A) and (Z, A) be SBRE from non-empty sets U to W and A
be a FS of W. Then

(1) ((JOZ)A,A> c (T,A) N <7A,A).
2) ((JﬁZ)’\,A) O (L A) U (2, A).
Proof. It follows from parts (1) and (2) of Theorem ]

It is found in the accompanying Example that equality is not valid in above Theorem.

Example 4.1.10 Let U = {a,b,c,d,e} and W = {1,2,3,4,5} and A = {e1,ea}.
Define J: A— P(Ux W) and Z: A— P(Ux W) by

J(el):{ (a.1),(0,2),(c,3),(d.4), (e,5), (b,1) , (. 5), }
(b,5),(d,3) . (d,5),(d, 1), (e, 1)

J(62) = {(av 1) ) (b’ 2) ) (C, 3) ) (dv 4) ) (6, 5)})
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Z(e1) ={(a,1),(b,2),(c,3),(d,4),(e,5),(b,1)} and

Z(e2) = {(a,1),(0,2),(c,3),(d,4), (e,5),(b,3)}.

Therefore,
(SN Z)(er) ={(a,1),(b,2),(c,3),(d,4),(e,5), (b, 1)}
and
(J N Z) (62) = {(CL, 1) ) (b7 2) ’ (Cv 3) ) (d7 4) ) (67 5)}
Now,
aJ(er) = {1}, bJ(e1) ={1,2,5}, cJ(e1) = {3,5},
dJ(e1) = {1,3,4,5} and eJ(e1) = {1,5}
and
aZ(e1) = {1}, bZ(e1) ={1,2}, cZ(e1) = {3},
dZ(e1) = {4} and eZ(e1) ={2,5}.
Also,

a(JNZ)(er) = {1}, b(JNZ)(e1) ={1,2}, c(JNZ)(e1) = {3},
d(JNnZ)(e1) = {4} ande(JNZ)(e1) ={5}.

Define \y : W — [0,1] by

A [01(05]0|07]0

Then A\ is a F'S of W but

a b cl|d e
7" (e1) 010500701
7 (e1) 010500705
Tn2) M e o1]oslolor]o

This shows that
- A ——\ A
T (e) N ZM (e1) # (TN 2)™ (e1).
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Now, Define Ay : W — [0, 1] by

A | 02]071]06]|1

Then \g is a F'S of W but

a b c|d e
J (e1) 010500701
27 (eq) 0.1]05]0/]07/[0.5
(JNZ)(e1) | 0.1 ]05]0]0.7]0

This shows that
J* (1)U Z* (e1) # (L0 Z)™ (e1).

Theorem 4.1.11 Let (J, A) and (Z,A) be SBRE from non-empty sets U to W. If §
is a FS of U, then

1
2
Proof. It follows from parts (1) and (2) of Theorem [

TAZ),A) C (°7,A) N (°Z, A).
nz),

),4) 2 (L, A) U (°Z, A).

It is found in the accompanying Example that equality is not valid in above Theorem.

Example 4.1.12 Let U = {a,b,c,d,e} and W = {1,2,3,4,5} and A = {e1,ea}.
Define J: A— P(Ux W) and Z: A— P(Ux W) by

J(el):{ (a,1),(b,2),(c,3),(d,4),(e,5), (b, 1), (c,5), }
( d, 5

‘](62) = {(av 1) ) (b7 2) ) (Ca 3) ) (da 4) ) (ea 5)}7

Z(e1) ={(a,1),(b,2),(c,3),(d,4),(e,5),(b,1),(a,5)} and

Z(e2) = {(a,1),(0,2),(c,3),(d,4),(e,5), (b, 3)}.
Therefore,
(JNZ)(e1) ={(a,1),(b,2),(c,3),(d, 4),(e,5), (b, 1)}
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and

Now,

and

Also,

NN

= {a,b,e}, J(e1)2 ={b}, J(e1)3 ={c,d},

= {d} and J(e1)5 = {b,c,d, e},

= {a,b}, (JNZ)(e1)2={b}, (JNZ)(e1)3 = {c},

= {d} and (JNZ)(e1)5 = {e}.

Then 67 is a F'S of U but

This shows that

(SN Z)(e2) ={(a;1),(b,2),(c,3),(d, 4) , (¢,5)}.

Z(e1)l = {a,b}, Z(e1)2 ={b}, 3Z(e1) = {c},
Z(e1)d = {d} and Z(e1)5 = {a,e}.

by
a c d e
61103[0/04[05]0
1 |23 |4 |5
017 (e1) 03[0/05]05]|0.5
017 (e1) 03[0/04/05]0.3
(JNZ)(er) |03]0]04|05](0

61?(61) ﬂ(sl 7(61) 7551 (J N Z) (61) .

Now, Define 02 : U — [0, 1] by

02

Then 65 is a F'S of U but
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1 |23 [4 |5
%2 (1) 05(1]01]01]01
27 (e1) 05(1]07]01]05
2(JnZ)(e1) | 05| 1]07(01]1

This shows that
2J(e1) U Z(er) # (S0 Z) (er).

Theorem 4.1.13 Let (U, W, J) be a Generalized Soft Approzimation Space. For{i € I : \;} C
F (W), the following properties for lower and upper approximations respecting to the
aftersets hold:

(1) Jiers) (e) = NiepJ (e) for alle € A

(2) JWierd) () D UjerJ™ (e) for all e € A

(3) et (e) = Uie[j)\i (e) for alle € A

(4) J(err) (e) C Nier T (e) for all e € A.

Proof. (1) Take A\; € ¥ (U), where i € I. Then we have

JOE) () () = Agewsie)(Nier i) (@) = Nier(Aacus(ephi(a) = Nier™ (e) (u) for all
ecAandueU.

(2) Take A\; € ¥ (U), where i € I. Then we have

JUierAi) (e) (u) = Ageusey(Vierhi) (@) = Vier (Aacusephi (@) = Uier ™ () (u) for all
ecAanduecU.

(3) It has a comparable proof to the proof of (1).

(4) It has a comparable proof to the proof of (2). m

Theorem 4.1.14 Let (U, W, J) be a Generalized Soft Approzimation Space. For{i € I : §;} C
F(U), the following properties for lower and upper approximations respecting to the

foresets hold:
(1) (Nierdi) y (€) = Nier di g (e) for alle € A
(2) Mierdi) J (e) D User % (€) for alle € A

(3) T (e) = Uier T (e) for all e € A
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(4) (e18)F (e) C Myer T (€) for all e € A.

Proof. It has a comparable proof to the proof of above Theorem. m

If (J,A) is a soft reflexive relation then each w.J(e) ( resp. J(e)u) is non-empty and
u € uJ(e) (resp. u € J(e)u). It is not necessary that uJ(e) = J(e)u.

If (J,A) is a soft E—relation n U, then uJ(e) = J(e)u and {uJ(e):uec U} is a
partition of U. Also, in this case, *.J (¢) = J* (¢) and *.J (e) = 7 (e) forall A € F (U).

The approximation operators have additional properties with respect to soft reflexive

binary relation as follows:

Theorem 4.1.15 For A € ¥ (U), the following properties for lower and upper approz-

imations with respect to the aftersets hold:
(1) J*(e) <\ forallec A
(2) A< 7 (e) for alle € A

(3) J* (e) < 7 (e) for alle € A.

Proof. For u € U,

(1) Consider J* (e) (u) = Nacu(e)A (@) < A(u), because u € uJ (e), therefore JNe) (u) <
A (u). Hence, J* (e) < \.
(2) Consider A (u) < Vieui(e)A (a) = 7 (e) (u). Hence, A < 7 (e).

(3) It directly follows from (1) and (2). m

Theorem 4.1.16 For ¢ € ¥ (U), the following properties for lower and upper approz-

imations with respect to the foresets hold:
(1) %J (e) <6 for alle € A
(2) 6 < 9T (e) foralle € A

(3) %I (e) < 9T (e) forallec€ A.

Proof. It has a comparable proof to the proof of above Theorem. m
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Theorem 4.1.17 Let (J, A) and (Z, A) be two soft reflexive relations on a non-empty
set U such that J (e) C Z (e) for all e € A. Then Z" (e) < J* (e) and J" (¢) < Z" (e)
for all p € ¥ (U) and for all e € A with respect to the aftersets.

Proof. Let u € ¥ (U). Since J (e) C Z (e), we have uJ (e) C uZ (e) for all u € U and

e € A. Therefore, /\zzEuJ(e)M (a’) > /\(ZEUZ(G)/J’ (CL) and vaEUJ(e)M (a’) < vaEuZ(e):u (CL) for
all uw € U. By definition Z" (e) < J* (e) and J" (e) < Z" () with respect to the

aftersets. m

Theorem 4.1.18 Let (J, A) and (Z, A) be two soft reflexive relations on a non-empty
set U such that J (e) C Z (e) for alle € A. Then *Z (e) < *J (e) and *J (e) < *Z (e)
for all p € F(U) and for all e € A with respect to foresets.

Proof. It has a comparable proof to above theorem. m

Corollary 4.1.19 Let (J, A) and (Z, A) be two soft reflexive relations on a non-empty
set U. Then the following assertions hold for all A € ¥ (U) and for all e € A with
respect to the aftersets.

1) TNnZ) () <7

(2) (JN2)*(e) = I (e)u Z* (o).

(e)NZ" (e)

Proof. (1) Let (J, A) and (Z, A) be two soft reflexive relations on a non-empty set U.
Then (J N Z, A) is also a soft reflexive relation on U. Also, (J N Z)(e) C J(e) and

(JNZ) C Z (). By Theorem Tn2 (e) < T (e) and (TN 2) (e) <
VA (e) for any A € F(U). This proves that (JﬂZ)/\ (e) < 7 (e) N 7 (e) for all
A€ F(U) and for all e € A.

(2) This can be proved as (1). m

Corollary 4.1.20 Let (J, A) and (Z, A) be two soft reflexive relations on a non-empty
set U. Then the following assertions hold for all 6 € ¥ (U) and for all e € A with
respect to the foresets.

(1) °(INZ)(e)
(2)°(JNnZ

<9J(e)n°Z(e)
) (e) = °J (e)U°Z (e).

Proof. It has a comaprable proof as above Theorem. =
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4.2 Fuzzy topologies induced by soft reflexive relations

This section investigates two kinds of fuzzy topologies induced by soft reflexive rela-

tions and related results are also considered.

Definition 4.2.1 [68] A family T C ¥ (U) of FS on U is called a fuzzy topology for

U if it satisfies the three axioms given below:
(1)0,1eT.

2)V\, peT= NpeT

(B) N €T forallj € J = UjesA; € T.

The pair (U, T) is called a fuzzy topological space. The elements of T are called fuzzy

open sets.

Theorem 4.2.2 If (J, A) is a soft reflexive relation on U, then T, = {\ € F(U) :
JN(e) = X'} is a fuzzy topology on U for each e € A.

Proof. (1) Take e € A. By Theorem JY(e) = 0 and J' (e) = 1. This implies
that 0,1 € T¢.

(2) Let A\, 0 € T.. This implies that J* (¢) = A and J° () = 4.
Now, by using Theorem JNY(e) = J () N J® (e) = AN J. This implies that
ANdeT,.

(3) Let \j € T, for j € J. This implies that J% (e) = \; for j € J. Since the relation
is soft reflexive, so by Theorem JYieri (e) < UjesAj. Since, A\j < Ujeg Aj,
by using Theorem J% () < JYieI%i (e). This implies Uje s J (€) < JYieI% (e).
This implies Ujes\; < JYi€1%i (). Therefore, JYi€7N (e) = UjesAj. Hence, Ujes\; €
T.. m

Theorem 4.2.3 If (J,A) is a soft reflexive relation on U, then T, = {u € ¥ (U) :
HJ(e) = } is a fuzzy topology on U for e € A.

Proof. It has a comparable proof to the proof of above theorem. m

Remark 4.2.4 In the above two theorems, corresponding to each e € A, we con-
structed two fuzzy topologies on U. If we define T, = {\ € ¥ (U) : J*(e) = X for all
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e € A}, then T, is a fuzzy topology on U and T, = NecaT.. Similarly, if we define
26, ={pe¥FU):"J(e) =u for all e € A}, then 2; is a fuzzy topology on U and
Tf: = ﬁeGATcZ'

Definition 4.2.5 Let (J, A) be a soft reflexive relation over U. Define a binary rela-
tion Ry on U by xRy < xJ (e)y for some e € A where xz,y € U. Then Ry is called
the binary relation induced by the soft binary relation (J, A).

Remark 4.2.6 (J, A) is a soft reflexive relation over U = Ry is a reflexive relation

over U.

Theorem 4.2.7 Let (J, A) be an SBRE over U and R be the induced binary relation
by (J,A) over U. For A\, \a € F(U), the following properties for lower and upper

approzimations respecting to the aftersets hold:
(1) A < X2 = Ry (M) < Ry (A2)

(2) M1 <A = Ry (M) < Rj(M2)

Proof. Straightforward. m

Theorem 4.2.8 Let (J, A) be an SBRE over U and R be the induced binary relation
by (J,A) over U. For 61,02 € F(U), the following properties for lower and upper

approximations respecting to the foresets hold:
(1) 61 <d2= (01) Ry < (62) Ry

(2) 61 <z = (61) Ry < (62) Ry

(3) (01) RyN (62) Ry =

(4) (61) Ryn (02) Ry = (81N d2) Ry
(5) (1) RyU (62) Ry

(6) (61) RyU (62) Ry = (61U b2) Ry.

(61Md2) Ry

< (61U d2) Ry
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Proof. Straightforward. m

Theorem 4.2.9 If (J, A) is a soft reflexive relation on U, then T, = {\ € ¥ (U) :
Ry (A) =X} is a fuzzy topology on U with respect to the aftersets.

Proof. (1) By Theorem R;y(0) =0 and Ry (1) = 1. This implies 0,1 € Tg,.
(2) Let A\, 6 € Tg,. This implies Ry (A\) = A and Ry (0) = ¢.

Now, by using Theorem Ry(ANd) = Ry(A)NRy(6) = AN . This implies
ANd e TRJ.

(3) Let \j € Tg, for j € J. This implies Ry (\;) = A; for j € J. By definition

&(UjejAj) = Ujej)\j. Hence, Ujej)\j € TRJ. [ |

Theorem 4.2.10 If (J,A) is a soft reflexive relation on U, then T;%J ={pe¥F ()
: (u) Ry =p } is a fuzzy topology on U.

Proof. It has a comaparable proof to above Theorem ]

4.3 Similarity relations associated with soft binary rela-

tions

In this section, some binary relations between F'S are defined based on their rough

approximations and their properties are investigated.

Definition 4.3.1 Let (J, A) be a soft reflexive relation over U. For A\, Ay € ¥ (U),

we define
A1 =24 A if and only z'fl’\l = Jh
A1 =4 A9 if and only z'fjAl =7

A1 =4 A if and only z'fl’\l = J* and j)\l = jAQ.

Definition 4.3.2 Let (J, A) be an SBRE over U. For 1,62 € ¥ (U), we define
01 2F 99 if and only if‘sll: %2 J

61 ~r 0o if and only if 9 J = %]
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81 ~p 09 if and only if ©1J = 92J and VT = %],

These binary relations are named as the lower fuzzy similarity relation , upper fuzzy
similarity relation and fuzzy similarity relation, respectively. Obviously, A\; and A2 are
similar if and only if they are both lower and upper similar and d; and Jo are similar

if and only if they are both lower and upper similar.

Proposition 4.3.3 The relations =4, ~4 and ~4 are E—relations on ¥ (U).
Proof. Straightforward. m

Proposition 4.3.4 The relations <p, ~p and ~p are E—relations on ¥ (U).
Proof. Straightforward. m

Theorem 4.3.5 Let (J, A) be a soft reflexive relation on U. For \; € F (U) where
1=1,2,3,4 the following assertions hold:

(1) A1 =a A2 if and only if A =4 (A1U X2) ~a A2

(2) At =4 do and As =a Ay imply that (A1 UX3) =4 (ha U )
(3) A1 < A2 and Ay ~4 0 imply that A\ <4 0

(4) (M UX2) =40 if and only if A1 ~4 0 and Ay <4 0

(5) M1 < Xy and A\ =4 1 imply that Mg =4 1

(6) If ( M1 NA2) ~a 1l then, \y =4 1 and A2 <4 1.

Proof. (1) Let \; <4 A2. Then =T By Theorem M(G), we get T
j)\l U j)\2 = j)\l = j)\Z S0 A1 ~4 (A UX2) =4 Ag. Converse holds by transitivity of
the relation < 4.

(2) Given that \; =4 A2 and A3 =4 As. Then 7 = 72 and 7% = ™.

By Theorem ), we get s

()\1 U )\3) ~A ()\2 U )\4).

—TMUT® = TR uTM = TN Ths,

(3) Given A2 ~4 0. This implies T2 =70



4. Approximation of a fuzzy set by soft relation 96

Also, M1 < A\ = j)‘l - jM = jo. It follows that j)\l - jo but jo - j/\l. Therefore,

j)\l :j0:>)\1 ~4 0.

(4) Let Ay ~4 0 and A2 ~4 0. Then T =T and 72 = T°. By Theorem (6),
we get I =T UT =T U =T

Thus, (A U A2) <4 0. Converse follows from (3).

(5) Given A; =4 1. This implies 7" = J'.

Also, A\ < Ao = j)‘Q D) 7\1 = jl =1D j/\z. Therefore, j/\z = 71 = Ao ~4 1.

(6) It follows from (5). m

Theorem 4.3.6 Let (J,A) be a soft reflexive relation on U. For 6; € ¥ (U) where
1=1,2,3,4 the following assertions hold:

(1) 61 =r 92 if and only if 61 ~p (61U d2) ~F d2

(2) 01 ~F 02 and d3 ~p d4 imply that (01 U d3) ~p (d2 U d4)

(3) 01 < 62 and 69 ~p 0 imply that 61 ~p 0

(4) (61 Ud2) =~r 0 if and only if 61 ~r 0 and d2 ~p 0

(5) 01 < 62 and 61 ~p 1 imply that 6o ~p 1

(6) If (61 N d2) ~p 1 then, 01 ~p 1 and d2 ~p 1.

Proof. It has a comaparable proof as the proof of above Theorem [
Theorem 4.3.7 Let (J, A) be a soft reflexive relation on U. For \; € ¥ (U) where
1=1,2,3,4 the following assertions hold:

(1) AL 24 A2 if and only if A 24 (A1 N A2) 24 Ao

(2) A 24 Ao and Ag 24 Ay imply that (A1 N X3) 24 (ha N )

(3) M1 < Ao and Ag =24 0 imply that \y =4 0

(4) (M1 UX2) 24 0 if and only if A1 24 0 and Ay 24 0

(5) A1 < A2 and Ay =4 1 imply that Ag =4 1

(6) If (M1 N A2) 24 1 then, \y =24 1 and Ag =4 1.

Proof. The verification is like the evidence of Theorem [4.3.5l m
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Theorem 4.3.8 Let (J, A) be a soft reflexive relation on U. For ¢; € ¥ (U) where
1=1,2,3,4 the following assertions hold:

(1) 01 =F 62 if and only if 61 = (01 N 62) 2F 2

(2) 01 2 02 and 03 2 04 imply that (61 N 03) 2 (02 N d4)
(3) 01 < 02 and 9 = 0 imply that 61 =p 0

(4) (61 Ud2) = 0 if and only if 61 =F 0 and d = 0

(5) 01 < 02 and 61 =p 1 imply that 63 =p 1

(6) If (01 N d2) 2F 1 then, 61 =f 1 and 02 =F 1.
Proof. It has a comaparable proof as Theorem [£.3.7] =

Theorem 4.3.9 Let (J,A) be a soft reflexive relation on U. For \; € ¥ (U) where

1= 1,2 the assertions below hold:

(1) A1 < Ag and Mg =4 0 imply that A\ =4 0
(2) M < Ao and A\ =4 1 imply that Ay =4 1
(3) (M UX2) =40, then A\ =4 0 and Ay =4 0
(4) (AMiNAa)=al, then A\ =41 and A2 =41

(5) M =4 A2 if and only if M1 =4 (A1 UX2) =4 A2 and A1 =4 (A1 N A2) 24 Ag.
Proof. It is an immediate consequence of Theorems [£.3.5 and [£.377] =

Theorem 4.3.10 Let (J, A) be a soft reflexive relation on U. For §; € ¥ (U) where
1=1,2,3,4 the following assertions hold:

(1) 61 < 62 and 62 =p 0 imply that 61 =p 0
(2) 01 < 02 and 61 =p 1 imply that 6o =p 1
(3) (01 Ud2) =F 0, then §1 =p 0 and 62 =p 0
(4) (01 Nd2) =p 1, then 61 =p 1 and 02 =p 1

(5) 01 =p 02 if and only if 61 ~F (01 Ud2) ~p d2 and 01 =p (d1 Nd2) 2 da.

Proof. It is an immediate consequence of Theorems [4.3.6| and [£.3.8 =
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4.4 Accuracy measures

The approximation of F'Ss presents a method to investigate how accurately the mem-
bership functions of F'S's describe the objects. In this section, we introduce the degree
of accuracy and the degree of roughness for membership functions of F'Ss respecting
to the aftersets and foresets. For this purpose, a—level cuts of F'Ss are defined and

present some of its properties.

Definition 4.4.1 Let U be a non-empty universe and A € ¥ (U). For 0 £ a < 1, the
a—level cut of A is denoted by Ao = {u € U : XA (u) > a}.

Lemma 4.4.2 Let U be a non-empty universe and A\, pp € ¥ (U). For 0 £ o <1,
A < poimplies that A\ C p,,.

Proof. It is an immediate consequence of Definition ]

Lemma 4.4.3 Let U be a non-empty universe and A € F(U) and 0 £ f < a < 1.
Then Ao C Ag.

Proof. The proof is a direct consequence of Definition ]

Je) g the lower approximation of the crisp set A, while (i A (e))a is the a—level cut

of J* (e) with respect to the aftersets. Therefore,

(f (e))a - {u cU:Je) (u) > a}
= {u €U : Nacug(e) A(a) >
(7'@) = {weU: Ve 2@

Similarly, for § € ¥ (U), we have

(1) = {uev: L@@ z=a}
= {ueU: ey d(a) >a} and
(6j (6)>a = {ueU: Ve d(a)>a} foralec A

with respect to the foresets.
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Lemma 4.4.4 Let (J, A) be a soft reflexive relation on a non-empty universe U, \ €

F(U) and 0 £ o < 1. Then, the following assertions hold with respect to the aftersets:
(1) JX) (e) = (J*(e)),, for all e € A.

(2) ) (e) = (j/\ (e)> for all e € A.

Proof. (1) Let A € F(U) and 0 5 o < 1. For the crisp set \,, we have

JOD(e) = {ueU:ul(e) C A}
= {ueU:)X(a) >aforallacu(e)}
= {u€U: Ncusey (a) > a}
= (I\ (e))a for all e € A.

(2) It can be verified in the similar way as (1). =

Lemma 4.4.5 Let (J, A) be a soft reflexive relation on a non-empty universe U, § €

FU) and 0 £ o < 1. Then, the following assertions hold with respect to the foresets:
(1) Oa)J (e) = (‘Z(e))a for alle € A.

2) “T ()= (*T (), foralle € A.

Proof. It has a comaparable proof as the proof of above lemma. m

Now, we define the degree of accuracy and the degree of roughness for membership

functions of a F'S, in a non-empty finite universe.

Definition 4.4.6 Let (J, A) be a soft reflexive relation on a non-empty universe U.
The degree of accuracy for the membership of A € ¥ (U), with respect to o, B such that
0 5 8 <a <1 and with respect to the aftersets, is denoted and defined as

’7‘(10575) (A) (e:) = ‘l(/\a) (ei)‘ / ‘J(/\ﬁ) (e;)| for all e; € A.

Similarly, the degree of accuracy for the membership of 6 € ¥ (U), with respect to «,
B such that 0 5 5 < a < 1 and with respect to the foresets, is denoted and defined as

(@87 (6) (ei) =

The degree of roughness for the membership of X € ¥ (U), with respect to o, 3 such
that 0 5 B < a < 1 and with respect to the aftersets, is denoted and defined as

(M)l(@i)‘ / ‘(55)j(ei)‘ for all e; € A.
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p{a,ﬁ) (M) (ei) =1~ W’{a,g) (A) (i) for all e; € A.

Similarly, the degree of roughness for the membership of 6 € ¥ (U), with respect to «,
B such that 0 5 < a < 1 and with respect to the foresets, is denoted and defined as

(aﬂ)p‘] (0) (e;) = 1— (a”g)’y‘] (0) (e;) for all e; € A.

Note that, in case of SE—relation, the concept of the foresets and aftersets coincides.
Further, J*) (e) or j(Aﬂ) (e) comprise of the objects of U having « or /3 as the least
degree of definite or possible fulfilment in A for all e € A. Equivalently, J*) (e) or
j(AB ) (e) can be seen as the union of the SFE—classes of U having degree of fulfilment
atleast a or 3 in the lower or upper fuzzy approximation of A with respect to the
aftersets. Therefore, o and 3 serve as the thresholds of definite and possible fulfilment
of the objects of « or B in A, respectively. Hence, 'y{aﬂ) (M) (e) may be interpreted
as the degree to which the membership functions of A is accurate, constrained to
the thresholds « and . In other words, 7‘{% 8 (M) (e) describes how accurate are the
membership functions of the F'Ss with respect to the aftersets. These degrees are

illustrated in the following example.

Example 4.4.7 Let U = {t1,t2,ts,t4,15,ts,t7,ts,t9,t10,t11} be a collection of trees
of different types and A = {e1,ea,e3,e4} be a set of parameters such that e; stands
for the attribute Height, eo stands for Age, es stands for Fruitibility and e4 stands
for the Thickness. Define a SE—relation J : A — P (U x U) for each e € A. The

corresponding SE—class for each of the SE—relation is obtained as follows:
For J (e1), the SE—classes tJ (e1) are {t1,t10}, {t2,ta,te,t7}, {t3,t5,t8,t0}, {t11}.
For J (e3), the SE—classes tJ (ea) are {t1}, {ta,t11}, {ta,t7}, {t3,t5,ts8,t0}, {t6,t10}-
For J (e3), the SE—classes tJ (e3) are {t1}, {to}, {ts,ta,t5,t7,1ts8,to,t10}, {te}, {t11}-
For J (e4), the SE—classes tJ (e4) are {t10}, {te}, {t1,t2,t3,ta,t5,t7,t8,t0}, {t11}-
Define a FS, A : U — [0,1] by

A(t1) = 0.9, A(t2) =0.6, X(t3) = 0.3, A(t4) =0,

A(ts) = 0.2, M(tg) = 0.4, A(t7) = 0.6, A(ts) = 0.8,
/\(ig) = 1, )\(tl()) = 0, )\(tn) =1.

Take o = 0.7 and 8 = 0.6. Then a—Ilevel cuts A\g.g and \o.7 are calculated as
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Xo.6 = {t1,t2,tr,ts,tg, t11}
Xo.7 = {t1,ts, tg, t11}.
Now,

JO0N (e) = {t11}, JPD (eg) = {1},
l(ko.?) (63) — {tl’ tll} , J(AOJ) (64) = {tll} .

And,

(e1) = {ti,ta,t3,ta,t5,t6, 17,18, 9, t10,t11} ,
Ftee) (e2) = {t1,t2,t3,t4,t5, 7,18, 10,111},

( ) = {tl,tz,tg,t4,t5,7f7,t8,t9,t10,t11},

(ea) = {t1,ta,t3,ta,t5,t7, 18,9, t11} -

The degree of accuracy for the membership of X is calculated as
’Y(Ja,ﬁ) (A) (e1) = |JPoD (1) / Jos) (e1)| = 1/11 = 0.091

7‘(]%3) (N (e2) = J(Gor) (e2)|/ j(/\oﬁ) ()| = 1/9 = 0.111

2

‘(]aﬁ) (N) (e3) = J(Gor) (e3)|/ j(/\oﬁ) (es)| = 1/5 = 0.200

7‘(Ja 3) (N (eq) = i()\oj) (es)| / j()\oﬁ) (ed)| = 1/9 = 0.111.

Hence, fy‘(]a 5) (A) (e;) shows the degree to which the membership function of \ is accu-
rate constrained to the parameters o and B for i = 1,2,3,4 with respect to aftersets.

Similarly, we can calculate with respect to foresets.

Theorem 4.4.8 Let (J, A) be a soft reflexive relation on a non-empty universe U,
ANeFWU)and 05 f<a<1. Then, 0< ’y‘(]a 5 (M) (e) <1 for all e € A respecting to
the aftersets.

Proof. For a F'S, A € F(U) and «, 8 € [0,1] such that 0 £ 8 < a < 1. By using
Lemma 14.3, Ao C Ag. Now, JO) (¢) € 7% (¢) < 7™ (¢). Thus 10 (o) <

j(AB) (e) Ja) (e) /j()‘ﬁ) (e)| fluctuates between 0 and 1 which yields

certainly 0 < ’y‘{a pA)(e)<lforallec A. m

so the ratio
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Corollary 4.4.9 Let (J, A) be a soft reflexive relation on a non-empty universe U,
ANeFWU)and0 s B <a<1. Then, 0< p‘(]aﬂ) (A) (e) <1 for all e € A respecting to
the aftersets.

Proof. It is an immediate consequence of Definition and Theorem [

Theorem 4.4.10 Let (J, A) be a soft reflexive relation on a non-empty universe U,
AeFWU)and 0B <a<l.

(1) If a stands fized, then ’y‘(]a 8 (M) (e) increases with the increase in f3.

(2) If B stands fized, then fy‘(]a 9 (A) (e) decreases with the increase in o for all e € A.

Proof. (1) Let « stands fixed and let 0 $ 81 < 85 < 1. Using Lemma we have
Ag, € Ag,. Then j(/\52) (e) C j()‘ﬁl) (e) and ‘J(/\BQ) (e)’ < j(/\ﬁl) (e)
that

. This implies

<209 (@) 1 [70%) (@) Thatis v, ) () () < A, ) () @)

This shows that ’y‘(]a 5 (M) (e) increases with the increase in § for all e € A.

20 @] 1|7 (0

(2) It has a comaparable proof as the proof of (1). m

Corollary 4.4.11 Let (J, A) be a soft reflexive relation on a non-empty universe U,
AeFU)and0 £ B <a<l.
(1) If a stands fized, then p‘(]a 8 (M) (e) decreases with the increase in 3.

(2) If B stands fized, then p{a 5) (A) (e) increases with the increase in « for all e € A.

Proof. It is an immediate consequence of Definition and Theorem [4.4.10] m

Theorem 4.4.12 Let (J, A) be a soft reflexive relation on a non-empty universe U,
AN p€eF(U)and 05 B <a<1. Then, A < p implies the following assertions for all
e € A and respecting to the aftersets.

(1) T(]0475) (M) (e) < T(Iaﬂ) (p) (e), whenever 7()‘*3) (e) = j(“ﬂ) (e)
(2) ’Y(Ja,@) () (e) > ’y{aﬁ) (1) (€), whenever J*) (&) = J#a) ().

Proof. (1) Let 0 £ f < a < 1 and A\, p € F(U) be such that A < p. Then
Aa C py- Thus, JA) (¢) C JHa) (¢) that is |JP) (e)] < ‘J(“Q) (e)‘. This implies that
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< [ @) / [70) e)

‘l(/\a) (e)‘ / ‘J(’\ﬁ) (e) . Hence, 'VZ]a,B) (A (e) < ’Y‘(Iaﬁ) (1) (e).

(2) It has a comaparable proof as the proof of (1). m

Corollary 4.4.13 Let (J, A) be a soft reflexive relation on a non-empty universe U,
A p€eF(U) and 05 B <a<1. Then, A < p implies the following assertions for all
e € A respecting to the aftersets.

{a,ﬂ) (:u) (6)7 whenever j(/\ﬁ) (6) _ j(uﬁ) (e)

(2) pZ] 5 A (e) < ‘(]aﬂ) (1) (€), whenever JX) (¢) = JWa) (¢).
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Proof. It is an immediate consequence of Definition [4.4.6| and Theorem |4.4.12| m

Theorem 4.4.14 Let (J, A) be a soft reflexive relation on a non-empty universe U,
A€ F(U)and 0 £ 8 < a < 1. If (Z,A) is a soft reflexive relation on U such
that J (e) C Z (e). Then, ’y(Ja 5) (N (e) > ’y(Za 5) (A) (e) for all e € A respecting to the

aftersets.

Proof. Let A € F(U) and let (J, A) and (Z, A) be two soft reflexive relations on U
such that .J (¢) C Z (e) for all e € A. Then J* (¢) > Z* (¢) and T (¢) < Z" (e). Also,
JO) (¢) 2 209 (¢) and T (¢) € Z™) (¢). By lemma t.4.4]

10| = |(£r@) |=|(2* ).
- [@@) <] )

= |z*) (e)‘ and

«

‘JW) ()

‘ - ‘Z(’\B) ).

B

Rearranging and dividing the above two equations, we get ‘JO‘“) (e)‘ / ‘J(/\B) (e)| >

‘Z(/\a) (e)‘ / ‘Z()‘ﬁ) (¢)|. Hence, V{a,ﬁ) (A (e) > 'Y(Za,/i) (M) (e) forallee A. =

Corollary 4.4.15 Let (J, A) be a soft reflexive relation on a non-empty universe U,
A€ F(U)and 0 £ 8 < a < 1. If (Z,A) is a soft reflexive relation on U such
that J (e) C Z (e). Then, p‘(]aﬁ) (A (e) > p(Za’B) (A) (e) for all e € A respecting to the
aftersets.

Proof. It is an immediate consequence of Definition and Theorem 4.4.14] =
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Theorem 4.4.16 Let (J, A) be a soft reflexive relation on a non-empty universe U,
AN pueFU)and 05 5 <a<1. Then, A\ ~4 p implies the following assertions for

all e € A with respect to the aftersets are true.
(1) vopy A1) () 27, 5

(2) Vg AN 1) () > A ) (1) (©).

—
—~
>
N
—~
)
~—

~

Proof. (1) Let A, p € F(U) and 0 5 8 < a < 1 such that A ~4 pu. By defin-
ition J*(e) = J"(e). Now by Theorem u JMW¥ (e) = J*(e). Therefore,
JOWa (¢) = JNa (¢). Therefore, ’J ACk)a = ‘J e)‘. On the other hand,

AN p < A which implies (AN p)z C Ag that is J( W Ple) < j()\) (e). Therefore,
‘j(m“)ﬁ( )‘ < |FWs (e)|. Hence, by re-setting, we get ‘J ANK)a ‘/ m“)ﬂ( )| >

‘l()x MJ ‘ Hence, v{, 5 (AN 1) (€) > 7], 5 (V) (€) for all e € A,

(2) This can be proved in the same manner as (1). =

Corollary 4.4.17 Let (J, A) be a soft reflexive relation on a non-empty universe U,
N peFU)and 05 < a<1. Then, A >4 p implies the following assertions for

all e € A with respect to the aftersets are true.
(1) plo gy AN p) () = pf, 4

(2) Pl AN 1) (€) = pll, 5 (1) (e).

~
—~
>~
N
—
Q)
SN—

~

Proof. The proof is direct consequence of Definition and Theorem [

Theorem 4.4.18 Let (J, A) be a soft reflexive relation on a non-empty universe U,
NpueFU)and 05 < a<1. Then, A <z p implies the following assertions for

all e € A with respect to the aftersets are true.
() 7Ly 5 AU (&) = 7, (V) (0)

(2) Vg AU () = A ) (1) (©).

L

Proof. It has a comaparable proof as the proof of Theorem 4.4.16, m

Corollary 4.4.19 Let (J, A) be a soft reflexive relation on a non-empty universe U,
ANueFU)and 05 5 <a<1. Then, A <z p implies the following assertions for

all e € A respecting to the aftersets are true.
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(1) sy AU (©) = 5y (V) ()

(2) oy AU ) () 2 pfl, 5y (1) (e).

~

o
=

Proof. The proof is direct consequence of Definition and Theorem [

Theorem 4.4.20 Let (J, A) be a soft reflexive relation on a non-empty universe U, X,
weF (U)and 05 < a<1. Then, A =4 pu implies that V{a,ﬁ) (M) (e) = '7‘(]04,5) (1) (e)
for all e € A with respect to the aftersets.

Proof. Let 0 £ 8 < o <1 and A, p € F(U) such that A\ ~4 p. By definition
JM(e) = J*(e) and T (¢) = J"(¢). By Lemma [t4.4 JO (¢) = Jo) (c)
and T (e) = Tlke) (e), that is ‘J(’\“) (e)‘ = ‘J(“a) (e)’ and )j(/\ﬁ) (e)| = ’jmﬁ) (e)

This yields ‘J()‘Q)(e)’ /]7(*” (e)) - ]wa) (e)‘ /‘j“"»@)(e)]. Hence, 7, 5 () (€) =

7(Ja B) (n)(e) forallec A. m

Corollary 4.4.21 Let (J, A) be a soft reflexive relation on a non-empty universe U, A,
peF(U) and 05 <a<1. Then, A\ ~4 p implies that p‘(]a 5) (A) (e) = p‘(]a 5) (1) (e)
for all e € A respecting to the aftersets.

Proof. The proof is a direct consequence of Definition and Theorem [ ]

Note: Similarly we can prove the results corresponding to foresets.

4.5 Decision making

Soft set was defined by Molodtsov and applied in decision making problems by (Maji
et al. [64, 65]). The evaluation of all the decision parameters is involved by the results
of soft sets depending on decision making. Moreover, for the evaluation of decision
parameters, there is not a uniform criterion generally (Feng et al. [29]). So, there are
limitations on previous decision approaches. On fuzzy soft set theory, decision making
is done by the authors Roy and Maji in [85]. The limitations in Roy and Maji’s method
[85] is overcomed by Feng’s et al. [29].

Depending on fuzzy soft rough set theory, the decision making methods by soft binary

relations are proposed in this section. This approach helps to use data provided by
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decision makers and further information is not required. Hence, the results should

avoid the paradox results.

The existing approaches to decision making problems based on fuzzy soft set are mainly
focussed on the choice value ¢; (Roy and Maji [85]) of the membership degree about
the parameter set for the given object in universe U and the score of an object o;
according to the comparison table. Then select the object of the universe U with

maximum choice value ¢; or maximum score as the optimum decision.

As the rough lower approximation and upper approximation are two most closed to
the approximated set of the universe. Therefore, we obtain two most closed values
J* (&) (z;) and 7 (e;) (x;) with respect to the aftersets to the decision alternative
xj € U of the universe U by the fuzzy soft lower and upper approximations of the
fuzzy set \. So, we redefine the choice value v, for the decision alternative x; on the

universe U with respect to the aftersets as follows:

n

n
= D2 ) (@) + YT () (@) 2 € U.
i=1 i=1
Taking the object z; € U in universe U with the maximum choice value v; as the
optimum decision for the given decision making problem and by taking the object
z; € U in universe U with the minimum choice value v, as the worst decision for the
given decision making problem. In general, if there exist two or more object z; € U
with the same maximum (minimum) choice value 7, then take one of them random

as the optimum (worst) decision for the given decision making problem.
Algorithm 1:

An algorithm for the approach to a decision making problem is presented here with

respect to aftersets. The decision algorithm is as follows:

(1) Compute the lower fuzzy soft set approximation J* and upper fuzzy soft set ap-

. . —A .
proximation J~ of the fuzzy set A respecting to the aftersets.

n
(2) Compute the sum of lower approximation Z J* (&) (z;) and the sum of upper
n i=1
approximation Z J" (e;) (z;) corresponding to each i with respect to the aftersets.

=1

(3) Compute the choice value v, = Z I (e:) () + Z 7 (€i) (z5), z; € U with
i=1 i=1



4. Approximation of a fuzzy set by soft relation 107

respect to the aftersets.

(4) The best decision is xy, € U if 4, = max; v;, j = 1,2, ..., |U| .

(5) The worst decision is z € U if v;, = min; v;, j = 1,2,..., |[U].
(6) If k£ has more than one value, then any one of x; may be chosen.
Algorithm 2:

Here we present an algorithm for the approach to a decision making problem with

respect to foresets. The decision algorithm is as follows:

(1) Compute the lower fuzzy soft set approximation °J and upper fuzzy soft set ap-

proximation °J of the fuzzy set § with respect to the foresets.

n
(2) Compute the sum of lower approximation Z 9] (€;) (x;) and the sum of upper

i=1
n

approximation Z 9J (ei) (z) corresponding to each i with respect to the foresets.
i=1

n n

(3) Compute the choice value 'y;- = Z 0] (e) (x5) + Z 3T (&) (x5), wj € U with
i=1 i=1

respect to the foresets.

(4) The best decision is zy € U if 'y;g = max; fy;-, j=12,..,]U].

(5) The worst decision is x3 € U if 4, = min; 'y;, j=12,..U]|.

(6) If k& has more than one value, then any one of x;, may be chosen.

4.5.1 An Application of the Decision Making Approach

This subsection shows the steps of decision making proposed in this section by using

an example.

Example 4.5.1 Consider the soft relations of Example again, where a person

wants to select a shirt out of six shirt designs and four shirt colors.
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Define N : W — [0,1] which represents the preference of the
color given by Mr. X such that
A(er) = 0.3, A(c2) =0.1, A(c3) =0, A(eq) =0.5 and
Define 6 : U — [0,1] which represents the preference of the
color given by Mr. X such that
0(dy) = 1, d(d2) =0.7, 6(d3) = 0.5,
0(dg) = 0.1, 6(ds) =0, d(dg) = 0.4.

Consider the following table after applying the above algorithm.

Table : The results of decision algorithm with respect to the aftersets

JN(er) | I (ez) | I (e3) 7 (e1) 7 (e2) 7 (e3) | Choice value v;
di |0 0 0 0.3 0 0 0.3
do | 0.1 0 0.5 0.5 0 0.5 1.6
ds |0 0 0 0 0 0.3 0.3
dg | O 0.3 0 0.1 0.3 0 0.7
ds | O 0.3 0 0.5 0.3 0.5 1.6
de | 0.3 0 0 0.3 0.1 0 0.7
And,

Table : The results of decision algorithm with respect to the foresets

3T (e1) | 2 (e2) | P (es) | 7T (er) [ 9T (e2) | 97 (es) | Choice value v,
c1]04 0 0.5 1 0.1 0.5 2.5
c | 0.1 0.4 0 1 0.4 0 1.9
cs | 0 0.7 0 1 1 0.5 3.2
cs | O 0 0 0.7 0 0.7 1.4
3
Here the choice value v; = Z J (i) () Z 15 calculated with respect
3 = 3
to the aftersets and the choice value ’yj Z J(e;) iL‘J Z j (e; (m]) 1s calculated

with respect to the foresets.
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It is clear that the mazimum choice value is v, = 1.6 = v = 75, scored by the shirt
of designs ds and ds and the decision is in favour of selecting the shirt of design do
or ds. Moreover, the shirts of designs dv and ds are totally ignored. Hence, Mr. X
will choose the shirt of design do or ds for his personal use and he will not select the
shirts of design d1 and ds with respect to the aftersets. Similarly, the mazimum choice
value is 7;{ = 3.2 = 13, scored by the shirt of color c3 and the decision is in favour of
selecting the shirt of color cs. Moreover, the shirt of color c4 is totally ignored. Hence,
Mr. X will choose the shirt of color c3 for his personal use and he will not select the

shirt of color cq with respect to foresets.



Chapter 5

Rough approximation of a fuzzy
set in semigroups based on soft

relations

In the present chapter, with reference to the aftersets and foresets, a new approach
is being presented. This way gives two sets named as fuzzy soft sets. Further, two
approximations such as upper and lower are obtained while using the aftersets and
foresets. For better understanding, these concepts are applied on semigroups. More-
over, two approximations such as upper and lower fuzzy substructures of semigroups

are studied.

5.1 Approximation of ideals in semigroups

Approximations of F'SS ( FLIL, FRIL, FBIL, FIIL) of a semigroup are presented
with the help of SCRE. This is proceeded with the help of aftersets and the foresets. It
is noticed that the two approximations such as upper and lower of a fuzzy substructures
like FSS ( FLIL, FRIL, FBIL, FIIL) of a semigroup are fuzzy soft substructures
of the semigroup. During this process a SC), R, aftersets and foresets are utilized. To

verify our results some examples will be presented.

Definition 5.1.1 Let (J, A) be an SBRE from a semigroup Si to a semigroup Ss.
For any non-empty F'S, A of So, if the upper approximation (jA,A) is a F'SS of

110
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S1, then X\ is said to be generalized upper F'SSS of S1 respecting to the aftersets. If
(j/\, A) isa FLIL (FRIL, FIL) of S1, then the F'S, X is said to be generalized upper
FSLIL (FSRIL, FSIL) of Sy respecting to aftersets.

Definition 5.1.2 Let (J, A) be an SBRE from a semigroup Si to a semigroup Ss.
For any non-empty F'S, § of S1, if the upper approrimation (57, A) is a F'SS of So,
then § is said to be generalized upper F'SSS of So respecting to the foresets. If (5j, A)
is a FLIL (FRIL, FIL) of Sa, then F'S, § is said to be generalized upper F.SLIL
(FSRIL, FSIL) of So respecting to the foresets,

Next, some results related to F'SS, FLIL, FRIL of a semigroup are presented for

upper approximations.

Theorem 5.1.3 Let (J, A) be an SCRE from a semigroup Sy to a semigroup Sa.

(1) Then X is a generalized upper FSSS of S1 respecting to the aftersets, if A is a
FSS of Ss.

(2) Then § is a generalized upper F'SSS of Sy respecting to the foresets, if § is a FSS
Of Sl .

(3) Then X is a generalized upper FSLIL (FSRIL, FSIL) of Sy respecting to the
aftersets, if X is a FLIL (FRIL, FIL) of Ss.

(4) Then § is a generalized upper FSLIL (FSRIL, FSIL) of Sy respecting to the
foresets if 6 is a FLIL (FRIL, FIL) of S.

Proof. (1) Suppose A is a F'SS of Sy. For z,y € 51,

T @ AT (€ 1) = (VocrsoA @) A Vaeysor @)

= Vpezi(e) Vaeyie) (A (P) A A ()
< Vpew(e) Vaey(e) (A (p))

< Vpge(ay)i(e) (A (P9))

=Vt eyt (@)

=77 (e) (ay).

Hence, 7 (e) is a F'SS of S; for all e € A and so A is a generalized upper F'SSS of

S1 respecting to the aftersets.
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(2) The proof is simple like the proof of part (1).

(3) Suppose A is a FLIL of Sy. For z,y € 51,

T (€) (9) = Ve (@)

< Vpeai(e) Vaey(e) A (P2)
< Vpge(ay)i(e) (A (p))
= Vd e(ay) () (“)
=T () (zy).

Hence, 7 (e)isa FLIL of Sy for all e € A and so \ is a generalized upper F.SLIL of

S1 respecting to the aftersets.
(4) The proof is simple like part (3).
Likewise, other cases can be proved. m

It is followed by the next Example that the converse of the parts of above Theorem

do not hold in general.

Example 5.1.4 For two semigroups S1 = {a,b,c,d,e} and Sy = {1,2,3,4,5} with

the multiplication tables as follows:

elal|blc|d]e e | 112(3|41]5
a|b|bld|d|d 11153415
blb|b|d|d|d 211123415
cld|d|c|d]|c 3115345
dld|d|d|d|d 411151345
eld|d|c|d]c 5115345

Let A ={ej,es}. Define J: A — P(S; x S2) by

J<el):{ (a,1),(0,2),(c,3),(d.4), (e,5), (b, 1), } o
(c.5), (b,5),(d.3),(d.5), (d, 1)

J(@):{ (a,1),(5,2),(c.3), (d.4), (e,5), (b, 1), }
(¢,5),(b,5),(d,3),(d,5).(d, 1), (b,3)

Then (J, A) is an SCRE from the semigroup S; to Sy with J (e) # ¢. Now,
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aJ(er) = {1}, bJ(e1) ={1,2,5}, cJ(e1) = {3,5},
dJ(e1) = {1,3,4,5}, eJ(e1) = {5} and

aJ(e2) = {1}, bJ(e2) ={1,2,3,5}, cJ(e2) = {3,5},
dJ(e2) = {1,3,4,5}, eJ(e2) = {5}.

Also,

J(e1)l = {a,b,d}, J(e1)2 ={b}, J(e1)3 ={c,d},
J(e1)d = {d}, J(e1)5=1{b,c,d,e} and

J(ea)l = {a,b,d}, J(e2)2 ={b}, J(e2)3 ={b,c,d},
J(e2)d = {d}, J(e2)5 ={b,c,d,e}.

(1) Define A : So — [0, 1] by

1 2 3 4
A105]04(03]1]0.1

Then A is not a F'SS and FLIL of Sy as A(1.2) = A(5) = 0.1 2 A(1) AX(2) but

a b c d|e
(e1) [05]105[03|1]0.1
(e2) | 0.5105(03|1]0.1

Clearly, 7 (e1) and 7 (e2) are F'SSs and FLILs of S;. Hence, A is a generalized
upper F'SSS and FSLIL of S7 respecting to the aftersets.

(2) Define 0 : S1 — [0,1] by
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Then § is not a F'SS and FLIL of Sy as § (¢.b) =8 (d) =0 # 0.7 =46 (c) Ad (b) but

1 |2 |3 |4|5
9T (e1) [ 0.7107]08[0]0.9

9T (e2) [ 0.7 10708 [0]0.9

Clearly, °.J (e1) and °.J (es) are F'SSs and FLIL of Sy. Hence, § is a generalized upper
FSSS and FSLIL of S respecting to the foresets.

Definition 5.1.5 Let (J, A) be an SCRE from a semigroup Si to a semigroup Ss.
For a non-empty F'S, A of Sa, if (l)‘, A) is a F'SS of S1, then X is said to be generalized
lower FSSS of S1 respecting to the aftersets. If (JA,A) is a FLIL(FRIL, FIL) of
Sy, then F'S; X is said to be generalized lower FSLIL (FSRIL, FSIL) of Sy respecting
to the aftersets.

Definition 5.1.6 Let (J, A) be an SCRE from a semigroup Si to a semigroup Ss.
For a non-empty F'S, § of S1, if (54, A) is a F'SS of Sa, then § is said to be generalized
lower F'SSS of So respecting to the foresets. If (54, A) isa FLIL(FRIL, FIL) of Sa,
then F'S, § is said to be generalized lower FSLIL (FSRIL, FSIL) of Sy respecting

to the foresets.

Example 5.1.7 Consider the semigroups and soft relations of Example

Define X : Sy — [0, 1] by

Then A isa FLIL of Sy and

T er) | 071071080/ 09

But, 7 (e1) isnot a FLIL of Sy as 7 (e1) (ac) = 7 (e1)(d)=0#0.7= 7 (e1) (a) A
T (1) (0).
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In the above example, we have shown that if (J, A) is a SCRE from the semigroup
S1to Sy and Ais a FLIL of Sy even then (l)‘,A) is not a FSLIL of S;. Moreover,
some results related to lower approximations for F'SS (FLIL, FRIL) of a semigroup

respecting to aftersets are presented as follows.

Theorem 5.1.8 Let (J, A) be an SC, R respecting to the aftersets from a semigroup

S1 to a semigroup Ss.

(1) Then X is a generalized lower F'SSS of S1 respecting to the aftersets, if X is a F'SS
Of SQ .

(2) Then X is a generalized lower FSLIL (FSRIL, FSIL) of Si respecting to the
aftersets, if X is a FLIL (FRIL, FIL) of Sa.

Proof. (1) Let z,y € S1 and X be a F'SS of Sy. Then

2 (€) (#9) = Ageuyao (@)

= Ao xd(e).yd () (a,>
= Npezd(e), geyt () (PT)
> Npexge) Ngeya(e) (A (p) A A (q))
> (Mpexse)r () A (Ngeyse (9))
= J* (e) (x) AL (e) (y) -

Hence, J* (e) is a F'SS of S; for all e € A and so X is a generalized lower F'SSS of S;

respecting to the aftersets.

(2) Let A be a FLIL of Sy. Then for x,y € S1, we have,

P () (#9) = Ayeupao (@)

= Ao exd(e).yd(e) (a,>
= Npex(e), qeyi(e) (PQ)
> Ngeyg(e)A ()

= J*(e) (y).

Hence, J* (e) is a FLIL of S; for all e € A and so \ is a generalized lower FSLIL of

S1 respecting to the aftersets. m

Now, results related to lower approximations interms of F'SS (FLIL, FRIL) of a

semigroup respecting to foresets are being given.
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Theorem 5.1.9 Let (J, A) be an SC,, R respecting to the foresets from a semigroup

S1 to a semigroup So.

(1) Then ¢ is a generalized lower FSSS of So respecting to the foresets, if § is a FSS
Of Sl .

(2) Then 0 is a generalized lower FSLIL (FSRIL, FSIL) of Sy respecting to the
foresets, if 0 is a FLIL (FRIL, FIL) of S;.

Proof. The proof is simple like the proof of Theorem [

Example 5.1.10 For two semigroups S1 = {a,b,c,d} and Se = {1,2,3,4} with the

multiplication tables as follows:

e|la|lblc|d e | 1]2]3 1|4
alalalald 1111234
blal|blal|d 21212212
clalal|lc|d 31313133
d|d d|d 41413121

and A = {e1,es}. Define J: A — P(S1 x S3) by

Then J is an SC,, R respecting to the aftersets. from the semigroup Sy to the semigroup
So.

aJ(e2) = {2,3}, bJ(e2) ={2,3}, cJ(e2) ={2,3} and dJ(e2) = {2,3}. Also,
aJ(ez) {2}, bJ(e2) = {2}, cJ(e2) = {2} and dJ(e2) = {2}.

(1) Define X : Sy — [0,1] by
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Then X is not a FSS and FLIL of Sy as A(4.3) = A (2) = 0.4 # 0.6 = A(4) AX(3)
but

a b c d
JN(e1) [0.404]04 |04
JN(e3) [0.404]04 |04

Clearly, J (e1) and J (e2) are FSSs and FLILs of S;. Hence, X\ is a generalized
lower F'SSS and FSLILs of Sy respecting to the aftersets.

Define J : A — P(S1 x S2) by

J(e1) = {(d,1),(d,2),(d,3),(d,4)} and
J(e2) = {(a,1),(a,2),(a,3),(a,4),(d,1),(d,2),(d,3),(d,4)}.

Then J is an SCy, R respecting to the foresets from the semigroup S1 to the semigroup

Sa.

J(e2)l = {d}, J(e2)2={d}, J(e2)3 ={d} and J(e2)4 = {d}. Also,
J(e2)l = A{a,d}, J(e2)2 ={a,d}, J(e2)3 ={a,d} and J(e2)4d = {a,d}.

(1) Define § : S1 — [0,1] by

Then § is not a FSS and FLI of S1 as 6 (cb) =6 (a) =0.1 0.3 =105(c) Ad(b) but

1 |2 |3 |4
J(e1) | 0.7]0.7]07]07
%J(e2) | 0.1 ]0.10.1]0.1

Clearly, °J (e1) and °J (e2) are FSSs and FLIs of So. Hence, § is a generalized lower
FSSS and FSLIs of Sy respecting to the foresets.

Theorem 5.1.11 Let (J, A) be an SBRE from a semigroup Sy to a semigroup Ss.

Then for any FRIL, \y and FLIL Ay of S, T C T AT
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Proof. Suppose that A\ is a FRIL and Ay a FLIL of Ss, so by definition AjAo C
A1 N Ag. It follows from Theorem (part (2) and (4)), T (e) C T (e) C

T (e)N T (e). Hence, 72 C TN T2, m

The next Theorem has similar proof as Theorem [5.1.11

Theorem 5.1.12 Let (J, A) be an SBRE from a semigroup Si to a semigroup Ss.
Then for any FRIL, §; and FLIL &5 of Si, 91%2J C 1. J %2 J.

Theorem 5.1.13 Let (J, A) be an SBRE from a semigroup S1 to a semigroup Ss.
Then for any FRIL, Ay and FLIL, Ay of Sy, JM*2 C JM N J*2,

Proof. Suppose that A1 is a FRIL and Ao a FLIL of S5 , so by definition A; Ay C
A1 N Ag. It follows from Theorem m (part (1) and (3)), JM*2 (e) € JMM2 (¢) =
JM (e) N J*2 (e). Hence, Jhr C ghnJgr m

The next Theorem has similar proof as Theorem [5.1.13

Theorem 5.1.14 Let (J, A) be an SBRE from a semigroup Si to a semigroup Ss.
Then FRIL, 61 and FLIL, 65 of S, 0192 C 91 Jn %],

Discussion related to F'IILs of a semigroup are presented below.

Definition 5.1.15 Let (J, A) be an SBRE from a semigroup Si to a semigroup So
and X\ be a non-empty F'S of Sa. Then X is said to be generalized lower (upper) FSIIL
of S1 respecting to the aftersets if (i)‘,A) (Tespectively (j/\, A)) is a FIIL of S;.

Definition 5.1.16 Let § be a non-empty F'S of S1 and (J, A) be an SBRE from a
semigroup S1 to a semigroup So. Then § is said to be generalized lower (upper) FSIIL
of So respecting to the foresets if (51, A) (respectz’vely (57, A)) is a FIIL of Ss.

Theorem 5.1.17 Let (J, A) be an SCRE respecting to the aftersets from a semigroup
S1 to a semigroup So. Then X\ is a generalized upper FSIIL of S1 respecting to the
aftersets, if A is a FIIL of Ss.
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Proof. Suppose \is a FIIL of Sy. For x,a,y € S1,

T (€) (@) = Vygear()A (@)

S \/pezJ(e) \/q€aJ(e) \/reyj(e))\ (qu)
< Vipgr)e(ay) () | @
= V;z’e(acaz»f(e)A (a )
=J (e) (zay).

Hence, 7 (e) isa FIIL of Sy for all e € A and so A is a generalized upper F'SIIL of

S1 respecting to the aftersets. m

It is found in the accompanying Example that converse to above Theorem is not

precise.

Example 5.1.18 For two semigroups S1 = {1,2,3} and Sy = {a,b, c} with the mul-

tiplication tables as follows:

o | 123 e|la|blc
11123 alalalc
2111213 a c
311123 cla|c|c

and A ={e1,ex}. Define J: A — P(S1 X S3) by

Then (J, A) is an SCRE from Sy to Sa. Now,

1J(e1) = {a,b,c}, 2J(e1) ={a,b} and 3J(e1) = {a,c},
1J(e2) = {a,b,c}, 2J(e2) ={a,b} and 3J(e2) = {c}.

Define X : Sy — [0, 1] by
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Then A is not a FIIL of Sy as A (bca) = A (a) =0 # 0.1 = X(c) but

1 |2 |3
J (er) | 01]0.1]0.1
J (e2) | 0.1]0.1]0.1

Clearly, 7 (e1) and 7 (e2) are FIILs of S;. Hence, \ is a generalized upper F.SIIL
of S7 respecting to the aftersets.

Next upper approximations are being related to FIIL of a semigroup concerning

foresets.

Theorem 5.1.19 Let (J, A) be an SCRE respecting to the foresets from a semigroup
S1 to a semigroup So. Then 6 is a generalized upper FSIIL of Sy respecting to the
foresets, if 6 is a FIIL of Sy.

Proof. It has similar proof as Theorem [5.1.17, =

Moreover the next example shows that the converse of above Theorem is not true.

Example 5.1.20 Consider the Example

J(er)a = {1,2,3}, J(e1)b={1,2}, J(e1)c={1,3},
J(e2)a = {1,2}, J(e2)b={1,2} and J(e2)c = {1,2,3}.

Define 6 : S — [0,1] by

01010101

Then 6 is not a FIIL of Sy as §(231) =4 (1) =0 # 0.1 =4 (3) but

a b c

5T (e1) [ 0.1]0.1]0.1

9T (eg) [ 0.1 ]0.1]0.1

Clearly, °.J (e1) and °J (ep) are FIILs of Sy. Hence, § is a generalized upper FSIIL

of Sy respecting to the foresets.
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Now, lower approximations are described interms of FIIL of a semigroup respecting

to aftersets.

Theorem 5.1.21 Let (J, A) be an SCy, R respecting to the aftersets from a semigroup
S1 to a semigroup So. Then A is a generalized lower FSIIL of S1 respecting to the
aftersets, if A is a FIIL of Ss.

Proof. Let A be a FIIL of Sy. For x,a,y € 51,

J (e) (zay) = /\ale(my)J(e))\ (a,)
= /\a/EacJ(e).aJ(e).yJ(e)A a )
= /\pexJ(e), q€al(e), reyJ(e))‘ (pqr)

> /\anJ(e)A (Q)
=J*(e) (a).

Hence, J* (e) is a FIIL of Sy for all e € A and so X is a generalized lower FSITL of

S1 respecting to the aftersets. m

Example 5.1.22 Consider the Example and A = {e1,es}. Define J : A —
P(Sl X Sg) by

Then J is an SCp R respecting to the aftersets from Sy to Ss.

aJ(e2) = {2,3}, bJ(e2) =1{2,3}, cJ(e2) =1{2,3} and dJ(e2) ={2,3}. Also,
aJ(e2) = {2}, bJ(e2) ={2}, cJ(e2) =12} and dJ(e2) = {2}.

Define X : So — [0, 1] by

A104]06]038

Then A is not a FIIL of Sy as A (143) = A (2) = 0.6 # 1 = X\ (4) but
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a b c d
JN(e1) | 0.6 | 0.6 | 0.6 | 0.6
J*(e2) | 0.6 | 0.6 | 0.6 | 0.6

Clearly, J* (e1) and J* (e3) are FIILs of S;. Hence, A is a generalized lower FSTIL

of 57 respecting to the aftersets.

Now, FIIL of a semigroup respecting to foresets for lower approximations are pre-

sented below.

Theorem 5.1.23 Let (J, A) be an SCy, R respecting to the foresets from a semigroup
S1 to a semigroup So. Then § is a generalized lower FSIIL of Sy respecting to the
foresets, if 6 is a FIIL of Sy.

Proof. The proof is simple and is similar to Theorem [5.1.21] =
Example 5.1.24 Considering the Example and A ={ey,ea}. Define J: A —
P(Sl X SQ) by

J(e1) = {(,1),(d,2),(d,3),(d,4)} and
J(e2) = {(a,1),(a,2),(a,3),(a,4),(d,1),(d,2),(d,3),(d,4)}.

Then J is an SC,, R respecting to the foresets from the semigroup S1 to the semigroup
Ss.

J(e2)l = {d}, J(e2)2={d}, J(e2)3 ={d} and J(e2)4d = {d}. Also,
J(e2)l = {a,d}, J(e2)2={a,d}, J(e2)3 ={a,d} and J(e2)4 = {a,d}.

(e1) | 0.7 [ 0.7 07 0.7
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Clearly, °J (e;) and °J (e2) are FIILs of Sy. Hence, 0 is a generalized lower FSITL

of Sy respecting to the foresets.

Now, we discuss F'BILs of a semigroup.

Definition 5.1.25 Let A be a non-empty F'S of S and (J,A) an SBRE from a
semigroup S1 to a semigroup Sy. Then X\ is said to be generalized lower (upper)
FSBIL of S1 respecting to the aftersets if (l’\,A) (respectively (j)\,A)> is a FBIL
Of Sl.

Definition 5.1.26 Let 0 be a non-empty F'S of S1 and (J,A) an SBRE from a
semigroup Sy to a semigroup Sa. Then ¢ is said to be generalized lower (upper) FSBIL
of Sy respecting to the foresets if (51, A) (respectwely (57, A)) is a fuzzy FBIL of So.

Now, discussion about upper approximations for F'BIL of a semigroup respecting to

aftersets are presented here.

Theorem 5.1.27 Let (J, A) be an SCRE from a semigroup Si to a semigroup Ss.
Then every FBIL, \ of So is a generalized upper FSBIL of S1 respecting to the

aftersets.

Proof. Let A be a FFBIL of Ss. Obviously, A is a F'SS of Ss, therefore by Theorem
5.1.3 7 (e) isa F'SS of S for all e € A. For z,a,y € Si,

THe) @) AT (€) (1) = (Vpers A (0) A (VocysoA (@)

= vaxJ(e) quyJ(e) A (p> AA (Q)
< VpexJ(e) \/reyJ(e) \/qezj(e) ()‘ (qu))
< vprqE(a:yz)J(e))‘ (pTQ)

:i/;\lle(xyz)J(e))\ <CL )
=J" (e) (zay) .

Hence, 7 (e) is a FBIL of S; for all e € A and so A\ is a generalized upper FSBIL

of S7 respecting to the aftersets. m

Example 5.1.28 Considering the Example
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Define A : Sy — [0,1] by

Then A is not a FBIL of Sy as A (152) = A (5) = 0.1 2 0.6 = A (1) A A (2)but

a b c d e
T e |o7]07]02]07]01
T ) |07]07]02]07]01

Clearly, 7 (e1) and 7 (e2) are FFBILs of S;. Hence, A is a generalized upper F.SBIL

of S7 respecting to the aftersets.

Now, discussion about upper approximations for F'BIL of a semigroup respecting to

foresets are presented here

Theorem 5.1.29 Let (J, A) be an SCRE from a semigroup Sy to a semigroup Sy for
alle € A. Then every FBIL, § of S1 is a generalized upper FSBIL of Sy respecting

to the foresets.
Proof. The proof is simple and is similar to Theorem ]

Example 5.1.30 Considering the Example[5.1.4)

Define § : S1 — [0,1] by

Then ¢ is not a FBIL of S; as § (cae) = (d) =0.9 2 0.2 =45 (c) Ad (e) but

112 [3 [4 |5
9J(e1) 1105090909

9T (e2) 11051090909

Clearly, °J (e1) and °.J (e2) are FBILs of Sy. Hence, 6 is a generalized upper F'SBIL

of Sy respecting to the foresets.
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Some discussion about lower approximations for F BIL of a semigroup respecting to

aftersets are presented here.

Theorem 5.1.31 Let (J, A) be an SC,, R respecting to the aftersets from a semigroup
S1 to a semigroup So. Then every FBIL, \ of So is a generalized lower FSBIL of Sy

respecting to the aftersets.

Proof. Let A be a FBIL of Ss. Obviously, A is a F'SS of Sy, therefore by Theorem
J*(e) is a F'SS of Sy for all e € A. For z,a,y € Si,

l/\ (6) (:Cay) = /\ale(xay)J(e)A (CL,)
= Aa'EwJ(e).aJ(e).yJ(e))\ (a’ )
- /\pexJ(e), q€al(e), reyJ(e))‘ (pq?”)
> (/\pEmJ(e))‘ (p)) A (/\reyJ(e))‘ (T))
= J* () (x) NI (e) (y) -

Hence, J* (e) is a FBIL of Sy for all e € A and so X is a generalized lower FSBIL of

S1 respecting to the aftersets. m

Example 5.1.32 Considering the Example and A = {ey,ea}. Define J: A —
P(Sl X SQ) by

Then J is a SCyp R respecting to the aftersets from the semigroup S1 to Sa. Now,

aJ(e1) = {2,3}, bJ(e1) ={2,3}, c¢J(e1) ={2,3} and dJ(e1) = {2,3}. Also,
aJ(e2) = {2}, bJ(e2) ={2}, cJ(e2) = {2} and dJ(e2) = {2}.

Define X : Sy — [0, 1] by

A107]02101]04

Then A is not a FBIL of Sz as A (312) = A(3) = 0.1 2 0.2 =X (3) AX(2) but
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a b c d
JN(e1) [0.1]0.1]0.1]0.1
J(ez) | 0.2 0.2 102102

Clearly, J* (1) and J* (e3) are FBILs of S;. Hence, X is a generalized lower F'SBIL

of S7 respecting to the aftersets.
Further, discussion about lower approximations for F' BIL of a semigroup respecting

to the foresets are presented here.

Theorem 5.1.33 Let (J, A) be an SCy, R respecting to the foresets from a semigroup
S1 to a semigroup Sz. Then FBIL, § of S1 is a generalized lower FSBIL of So

respecting to the foresets.
Proof. The proof is simple and is similar to Theorem [5.1.31] =
Example 5.1.34 Considering the Example and A = {ej,es}. Define J: A —
P(Sl X SQ) by
‘](61) = {(da 1) ) (da 2) ) (dv 3) ’ (dv 4)} and
J(e2) = {(a,1),(a,2),(a,3),(a,4),(d,1),(d,2),(d,3),(d,4)}.
Then J is an SC,, R respecting to the foresets from a semigroup S1 to a semigroup So.

J(ea)l = {d}, J(e2)2 ={d}, J(e2)3 ={d} and J(e2)d = {d}. Also,
J(e2)l = {a,d}, J(e2)2 ={a,d}, J(e2)3 ={a,d} and J(e2)4 ={a,d}.

Define 6 : S — [0,1] by

a b c d
610108106107

Then ¢ is not a FBIL of Si as ¢ (cab) = 6 (a) = 0.1 # 5 (c) AJ (b) but

1 |2 |3 |4
J(e1) | 0710710707
0J(e3) [ 0.1 ]0.1]0.10.1

Clearly, °.J (e1) and SJ (e2) are FBILs of Sa. Hence, 0 is a generalized lower FSBIL

of Sy respecting to the foresets.



Chapter 6

Approximation of a soft set by

soft relation

In this chapter, some fundamental thoughts identified with rough sets and soft sets are
given. Two kinds of soft topologies induced by soft reflexive relations are investigated.
Soft similarity relations have also been examined. A decision making problem is given

based on a soft set.

6.1 Approximations by Soft Binary Relations

This section presents soft set approximations by an SBRE from a set U to a set W.

Some related properties are proposed here.

Definition 6.1.1 Let (J, A) be an SBRE from U to W and G : A — P (W) be a soft
set in W. Then we define two soft sets over U, by

JS€) = {ucU:¢p#uj(e) CG(e)} and
T9€) = {ueU:ul(e)nGe)+# o}

where uJ () = {w € W : (u,w) € J(e)} and is called the afterset of u, for e € A and
uelU.

Moreover, J¢ : A — P(U) and T A PU).

127
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Definition 6.1.2 Let (J, A) be an SBRE from U to W and L : A — P (U) be a soft
set in U, two soft sets in W are defined by

Lje) = {weW:¢#J(e)wC L(e)} and
EJ(e) = {weW:J(e)wnL(e)# ¢}

where J (e)w ={u € U : (u,w) € J(e)} and is called foreset of w, for each w € W and
e € A

Moreover, “'J : A — P(W) and ¥J : A — P(W).

In order to explain these concepts, the following example is given.

Example 6.1.3 Suppose that Mr. X wants to buy a shirt for his own use. Let U =
{the set of all shirts designs} = {d1,dz,ds,dy,ds,ds} and W = {the colors of all designs} =

{c1,ca,¢3,ca} and the set of attributes be A = {e1, ea,e3} = {the set of stores near his house}.

Define J : A— P(U x W) by

J(ey) = { (d1, 1), (d1,c2), (d1,c3), (da, c2) , (d2, ca) }

(dy, ), (dy, c3) , (ds,c3) , (ds, ca) , (de, 1) |
J(€2) = {(d1,63)=(d2 ),(d4701),(d5,cl),(d6702)’(d67c3)} and
( (

J(eg) = {(d3,63), d3,C ,d2,04),<d5,03),(d5,64)}.

represents the relation between designs and colors available on store e; for 1 < i < 3.
Then

(e1) = {er,ca,e3t, dod(e1) = {co,cat, d3J (e1) = &,
(e1) = A{co,c3}, dsJ(e1) ={cs,ca}, deJ (e1) ={c1} and
(e2) = A{es}, daJ(e2) ={es}, dsJ(e2) = ¢,

daJ (e2) = {ar}, dsJ(e2) ={cr}, deJ (e2) = {ca,c3} and
(e3) = ¢, daJ(e3) ={ca}, d3J(e3) = {c1, 3},
(e3) = ¢, dsJ(e3) ={c3,cat, doJ (e3) = ¢.

where d;J (e;) represents the color of the design d; available on store e;.
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And
J(e1)er = {di,ds}, J(e1)co = {dy,da,ds},
J(e1)es = {di,da,ds}, J(e1)ca ={da,d5}, and
J(e2)cr = {da,ds}, J(e2)co = {ds},
J(e2)es = {di,da,ds}, J(e2)ca = ¢, and
J(ezg)ar = {ds}, J(es)c2a =9,
J(es)es = {ds,ds}, J(es)ca = {d2,ds}.

where J (e;) ¢; represents the design of the color ¢; available on store e;.

Define G : A — P (W) which represents the preference of the
color given by Mr. X such that
G(e1) = {ca1,c2}, G(e2) ={co,c3}, G(e3) ={c1,c3,¢c4} and
Define H : A — P (U) which represents the preference of the
design given by Mr. X such that
H(e1) = {di,ds,ds}, H(e2) ={di1,ds}, H (e3) ={ds,ds,ds,ds} .

Therefore, for each parameter the lower J%(e) and upper jG(e) (respecting with after-

sets as well as foresets) are

dy | dg | d3 | dg | ds | dg
JCe) [0 |0 |0 [0 |0 |1
7% 1 1 o1 ]o |1
JGe) |1 |1 |0 [0 |0 |1
7% |1 |1 o oo |1
JGes3) [0 |1 |1 [0 |0 |1
T%es) 1o 1111 o1 o
and
c1 | colcs |y
HJje)|1 |0 |0 |0
HJ(er) |1 |1 |1 |0
HJe)|0 |0 |0 |0
HJe) |1 |0 [1 |0
HJlez) |1 [0 |1 |0
HJes) |1 |0 |1 |1
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Hence, J%(e;) gives the degree of definite fulfilment of the objects of dJ (e;) to G on
store e; and 7G(ei) gives the degree of possible fulfilment of the objects of dJ (e;) to G
on store e; for 1 < i < 3 respecting to aftersets. Similarly, .J(e;) gives the degree of
definite fulfilment of the objects of J (e;) c to H on store e; and .J(e;) gives the degree
of possible fulfilment of the objects of J (e;) ¢ to H on store e; for 1 < i < 3 respecting

to the foresets.

Theorem 6.1.4 Let (J, A) be an SBRE from U to W, that is J : A — P (U x W).
For Gy : A— P(W) and Gy : A — P (W), the properties given below for lower and

upper approximations respecting to the aftersets hold:
(1) Gi(e) € Ga(e) = J (e) C I (e)

(2) Gi (e) C Ga(e) = T (e) € T (e)

(8) ™ (e) CU foralle € A and if uJ (e) # ¢ for all u € U, then 7™ (e) = U, where

W : A — P(W) such that W (e) =W for all e € A.
© %0 = (79D)
(10) 7% (e) = (D))" (e).

Proof. (1) Let u € J9 (e). Then ¢ # uJ (e) C G1 (e). As Gy (e) C Gy (e), we have
¢ # uJ () C Ga(e). Thus u € J2 (). Hence, JO (e) C J92 (e).

(2) Let uw € 7" (€). Then uJ (¢) N Gy () # é. As G1 () C Ga (e), we have

wJ ()N Ga(e) # ¢. Thus u € T2 (¢) . Hence, 77" () € 77 (e).

(3) Using part (1) and the fact that Gy (¢) N Gy (e) C Gy (€) , G2 (€) , we have

JENG2 (¢) € J% (e), J9 (e) so JO92 (e) C J9 (e) N J92 (). For the reverse
inclusion, let u € JO (e) N.J%2 (e) = u € J9 (e) and u € J9 (e)
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= uJ (e) C Gi(e) and uJ (e) C Gy (e) = uJ (e) C Gy (e) N Ga (e)

= u € JOG (¢) = J9 (e) N J2 (e) € JE1N92 (). Hence, J (e) N J92 (e) =
lGlﬂGz (6) .

(4) Using part (2) and the fact that G (e) N G2 (e) C Gy (e), G2 (e), we have

—G1NG2

7 (&) €T (&), T (e) = T (&) € T (e) N T (e).

(5) Since G1 (e), G2 (e) C Gy (e) UG2 (e), so by using part (1), we get
S (e), % () C SO (e) and s0 JO (€) UL2 (¢) € JFV2 (o).

(6) Since G1 (e), G2 (e) C Gy (e) UG2 (e), so by using part (2), we get

—G

le (6), J —G1UG2

(6) g J —G1UG2

(e) which implies T (e) U To (e) CJ

. . —G1UG!
For the reverse inclusion, let u € J ' 2

().
(e) = uJ(e) N (Gi(e)UGa(e)) # ¢ =
uJ(e)ﬂGl(e)#gboruJ(e)ﬁGg(e)7é¢:>u€le(e) orquGQ(e)

= ue (le (e) ujGQ) (e) = JH%

T () uT (e).

—G1UG

(e) C T (e) U T (e). Hence, J (e) =

(7) By definition, JW (e) = {uc U: ¢ #uJ(e) CW(e)} C U, because uJ (¢) =
{weW: (u,w) € J(e)} CW.If u () # ¢ for all u € U, then JW (e) = U.

(8) By definition, WA () ={uecU:uJ(e)N'W (e) # ¢} C U. Moreover, If uJ (e) # ¢
for every u € U, then A (e)=U.

(9) Let u € JO (e) © ¢ # uJ (¢) C Gy (e) & ut (e) NG (e) = ¢

oug i) oue (J“’”)C (e). Hence, JO (¢) — <J(Gf))c (e) .

(10) By part (9), JO (¢) = (J(G@)C(e), therefore JO% (¢) = <J(G5)C>C(e).

—G4

= JO (e) = (7 @

(e). m

It is demonstrated by the following example that equality is not valid in (4) and (5)

)c (e). Hence,(l(G§>>c (€)=

in general.

Example 6.1.5 Consider W = {mq, ma, ms, mq} is a collection of four mobile phones
as the universal set. These mobile phones are classified by attributes age and color
represented by A = {e1,ea}. Let U = {new, used, old, black, white} be represented by
U={n,u,0,b,w}.
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Define a relation J: A — P (U x W) by

J(el) = {(na m1)7 (nv m2)7 (07 m3)? (07 TTL4) ) (ua m5)}

and
J(€2) = {(b7 m2) ) (b7 m3) ) (w7 ml) ’ (w7 m4) ) (w7 m5)} .

Now, nJ (e1) = {my,ma}, u(e1) = {ms}, oJ (e1) = {m3,mq} and bJ (e2) = {ma, ms},

wd (e2) = {m1,mq, ms} .

Define Gy : A — P (W) by G (e1) = {my,ma,m3} and Gy (e2) = {mi,ms}.

And,

Define Go : A — P (W) by Ga(e1) = {ma,mq,ms} and Ga (e2) = {mi,m4} .

Then (G1 N GQ) (61) = G (61) N Go (61) = {TTIQ} and (Gl U Gg) (61) = (G (61) U
Go (e1) = {m1, ma, m3, my, ms} . Therefore,

—=G1NG
FU1NG2

(61) = {n} > lGlUGQ (61) = {n, u, o, b7 w} y
T er) = {n 0}, T%(e1) = {n,u 0}, J% (1) = {n}, J%(e1) = {u}.
Hence, T (e)N A (e) € Jenee (e)

lGlUGQ (e) g iGl(el) UJG2(€1)-

Theorem 6.1.6 Let (J, A) be an SBRE from U to W, thatis J: A — P (U x W).
For HH : A — P(U) and Hy : A — P (U), the following properties respecting to
foresets hold:

(1) Hi(e) € Ha(e) = MJ(e) C 2 (e)

(2) Hy(e) C Hy(e) = M1 (e) C 2] (e)

(3) M (e)n M2 (e) = M2 ] ()

(4) 1T (e)n 27 (e) 2 T2 ] (e)

(5) M (e)u 2] (e) € M2 ()

(6) 117 () U 7 () = 11T (e)
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() UJ(e) CW foralle € A and if uJ (e) # ¢ for allu € U, then VJ (e) = U
(8) UJ(e) CW for alle € A and if uJ (e) # ¢ for all w € U, then VJ (e) = U
(9) "1 (e) = (D7) (e)

(10) 717 (e) = ((1).1)" (e).

Proof. The proof is obtained in a similar way from ]

Theorem 6.1.7 Let (J, A) and (K, A) be two SBRE from a non-empty set U to a
non-empty set W and let (G1,A) and (Ga,A) be two soft sets over W. Then the

following assertions hold:

(1) (J,A) C (K, A) implies (JO*, A) D (K1, A);

(2) (J, A) C (K, A) implies (le,A) c (FGI,A).

Theorem 6.1.8 Let (J, A) and (K, A) be two SBRE from a non-empty set U to a

non-empty set W and let (L, A) be a soft set over U. Then the assertions following
hold:

(1) (J,A) C (K, A) implies (*J, A) D (FK, A);

(2) (J,A) C (K, A) implies (*J, A) C (*K, A).

N

Theorem 6.1.9 Let (J,A) and (K, A) be two SBRE from a non—empty set U to a
non-empty set W. If (G, A) is a soft set over W, then

(1) ((JmK)G,A) - (7G,A) N (FG,A).

@) (L0, 4) 2 (J9 4) U (K9, 4),

Proof. The results are proceeded by parts (1) and (2) of Theorem ]

Observed that converse of above results is not valid. Now we discuss it in the next
example.

Example 6.1.10 Let U = {a,b,c,d,e} and W = {1,2,3,4,5} and A = {e1,ea}.
Define J: A— P(Ux W) and K : A — P(U x W) by

Jer) = { (€3),(d,0), (0,1, (6:3), (1), (c,5), }
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J(€2) = {(b7 2) ) (6, 5) ) (a7 1) ) (dv 4) ) (Ca 3)}7
K(e1) ={(e,2),(a,1),(e,5),(b,1),(d,4),(c,3),(b,2)} and

K(e2) = {(b,2),(a,1),(d,4), (e,5), (b,3), (¢, 3)}-

Therefore,
(JNK)(er) ={(0,2),(a,1),(c,3),(d,4), (e, 5), (b, 1)}
and
(J n K) <62) = {(CL, 1) ) (d7 4) ) (67 5) ) (C, 3) ) (b7 2)}
Now,
aJ(er) = {1}, bJ(e1) ={1,2,5}, cJ(e1) = {3,5},
dJ(e1) = {1,3,4,5} and eJ(e1) = {1,5}
and
aK(e1) = {1}, bK(e1) ={1,2}, cK(e1) = {3},
dK(e1) = {4} and eK(e1) ={2,5}.
Also,

a(JNK)(er) = {1}, b(JNK)(er) ={1,2}, e(JNK)(er) = {3},

d(JNK)(e1) = {4} ande(JNK)(er) = {5}.

Define (G1,A), a soft set over W by Gy (e1) = {1,2} and Gy (e2) = {2,4,5} .

Then

T (e1) = {a,b,d, e}, K (e1) = {a,b,¢} and (JOEK)" (e1) = {a,b}.
This shows that

T () NED (e1) = {aby e} # {a,b) = (TAE) " (en).
Now,
Define (Ga,A), a soft set over W by Ga (e1) = {5} and Ga (e2) = {1,3,4}.

Then J%(e1) = ¢, K%2(e1) = ¢ and (J N K)C? (e1) = {e}. This shows that

J% (en) UK (e1) = ¢ # {e} = (JOK)** (e1).
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Theorem 6.1.11 Let (J, A) and (K, A) be two SBRE from a non-empty set U to a
non-empty set W. If (L, A) is a soft set over U, then

(M ("
2 ("

Proof. The results follows from parts (1) and (2) of Theorem ]

TAK) . A) C (“7,4)n (“K, A).
JNK),A) D (], A) U (LK, A).

The counter parts are not valid as in the example below:

Example 6.1.12 Let U = {a,b,c,d,e} and W = {1,2,3,4,5} and A = {e1,ea}.
Define J: A— P(Ux W) and K : A— P(U x W) by

J(e):{ (a,1),(0,2),(e,5), (b,1),(c,5), (b,5), }
1 (d.3).(d.5),(e.3).(d:4), (d,1), (e, D} |

—

J(62) = {(av 1) ) (C7 3) ) (d7 4) ) (bv 2) ) (6, 5)})
K(e1) ={(a,1),(¢,3),(d,4),(b,2),(e,5),(b,1),(a,5)} and

K(€2) = {(aa 1) ’ (Cv 3) ) (b> 2) ) (67 5) ) (b7 3) > (dv 4)}

Therefore,
(JNK)(er) ={(a,1),(d,4),(e,5),(b,2),(b;1),(c,3)}
and
(JNK) (e2) = {(d,4),(a,1),(c,3), (e,5), (b, 2)}.
Now,
J(e1)l = A{a,b,d,e}, J(e1)2 = {b}, J(e1)3 ={c,d},
J(e1)d = {d} and J(e1)5 = {b,c,d,e},
and
K(e1)l = {a,b}, K(e1)2={b}, 3K(e1) = {c},
K(e1)4d = {d} and K(e1)5 = {a,e}.
Also,

(JNK)(e)l = {a,b}, (JNK)(e1)2={b}, (JNK)(e1)3 = {c},
K)(e1)4 = {d} and (JNK) (e1)5={e}.
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Define (L1, A), a soft set over U by Ly (e1) = {a,b} and Ly (e2) = {c,d}.

Then "] (e1) = {1,2,5}, L11K(e1) = {1,2,5} and ¥ (JNK) (e1) = {1,2}. This
shows that

LT (en) M K (e1) = {1,2,5} # {1,2} = (JNK) (e1) .
Now,
Define (Lg, A), a soft set over U by Ly (e1) = {e} and Ly (e2) = {a,b}.
Then P2 J(e1) = ¢, “2K(e1) = ¢ and L2 (JNK) (e1) = {5}. This shows that

2] (1)U K(e1) = ¢ # {5} = " (JOK)(e1).

Proposition 6.1.13 Let (J, A) be an SBRE from U to W. Let G; : A — P (W) for
1 € I be an arbitrary family of soft subsets of W. Then the following properties hold
with respect to the aftersets:

(1) L1 (e) = Mier % (e)

—Nier1Gi

@7 " (&) CrierT (o).

Proof. (1) Let u € J"€1% (¢) & ¢ # uJ () C NierGi(e) & ¢ # uJ (e) C G; (e)
foralli € I & u € J% (e) for all i € I < u € NiesJ% (e). Hence, JN€Ci (¢) =
NierJ% (e).

—NierGi

(2) Let w € J (e) = uJ (e) N (NicrG; (e.)) # ¢ = uJS;) NGie) # ¢ f;qr all
(e). Hence, J h (e) C Nierd  (€).

[ I%4

_G; _
iel=ued (e)foralliel=ucnNierJ

Proposition 6.1.14 Let (J, A) be an SBRE from U toW. Let H; : A — P (U) be an
arbitrary family of soft subsets of U. Then the properties below are valid with respect
to the aftersets:

(1) Mierfi g (e) = Mier M (e)

(2) NierHi T (e) C ruer HiT (e) .

If (J, A) is a soft reflexive relation, then each uJ(e) (resp. J (e) u) is non-empty and u €
uJ(e) (resp. u € J (e)u). It is not necessary that u.J(e) = J(e)u. The approximation
operators have additional properties with respect to soft reflexive binary relation as

follows:



6. Approximation of a soft set by soft relation 137

Theorem 6.1.15 Let (J, A) be a soft reflexive relation on U. For a soft subset G :
A — P (U), the following properties hold respecting to the aftersets:

(1) J%(e) C G (e)
(2) G(e) € T (e)
(3) I (e) = ¢ (e) = T (e)

1474

(4) J~ (e) =U for all e € A.

Proof. (1) Let u € J%(e). Then ¢ # uJ(e) € G (e). But u € uJ (e), therefore
u € G (e) . Therefore, J% (e) C G (e).

(2) Let uw € G(e). Then u € uJ () NG (e), so uJ () N G (e) # ¢. This implies that
we ¢ (e) . Therefore, G (e) C 7¢ (e).

(3) It is direct.
(4) By definition, 7" (e) ={uecU:uJ(e)NW (e) # ¢}. As uJ (e) # ¢ for every

u
u € U, therefore, J (e)=U. m

Theorem 6.1.16 Let (J, A) be a soft reflexive relation on U. For a soft subset H :
A — P (U), the following properties hold respecting to the foresets:

(1) #J(e) C H (e)

(2) H(e) €T (e)

(3) ?L(e) = ¢ (e) = (e)
(4) YJ (e) =W for all e € A.

The approximation operators have additional properties respecting to soft symmetric

binary relation as follows:

Lemma 6.1.17 If (J, A) is a soft symmetric relation on U, then v € uJ (e) implies
u e v (e).

Proof. Straightforward. m

Theorem 6.1.18 Let J : A — P(U x U) be a soft symmetric relation on U. For a
soft subset G : A — P (U), the following properties hold:
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j(lc(e)) (6)

JU770) (o)

(1) G (e)
(2) G (e)

I

N

Proof. (1) Let u € 7<JG(E)> (e) for uJ(e) # ¢ for all e € A. It proceeds uJ (e) N
JC (e) # ¢ so there exists atleast one uy € uJ (e) N JY (e). This implies uy € uJ (e)
and up € JC (e). Now, uy € JY (e) implies u1J (¢) C G (). Also uy € uJ (e) and
the relation is soft symmetric so u € uyJ (e). Thus, u € u1J (e) C G (e). Therefore,
u € G (e). Therefore, j(f@) (e) C G(e). Hence, 7(JG(6)) CcG.

(2) Let u € G(e). If u1 € uJ(e), then u € uiJ (e), because the relation is soft
symmetric. It is clear that w € uiJ (e) NG (e), so urJ (e) NG # ¢. It means that u; €
7¢ (e) = uJ (e) C 7¢ (e) implies u € l(jG(e)> (e). Therefore, l<7c(e)) (e) D G (e).
Therefore, G C l<7G(e)). |

Theorem 6.1.19 Let J : A — P(U x U) be a soft symmetric relation on U. For a
soft subset H : A — P (U), the following properties hold respecting to foresets:

(1) ("LO)T (e) C H (e)

2) H () c("7®) J(e)

The approximation operators have additional properties with respect to soft transitive

binary relation as follows:

Theorem 6.1.20 Let J : A — P(U x U) be a soft transitive relation on U. For

a soft subset G : A — P (U), the following property hold respecting to aftersets:
=G

7U°@) () c 7% (e).

Proof. Let u € j<jc(e)) (e). This implies uJ (e) N 7¢ (e) # ¢ so there exists atleast
one u; € uJ (e) N 7¢ (e) such that u; € uJ (e) and u; € 7¢ (e). Now uy € J° (e)
implies that u1J (e) N G (e) # ¢. So there exists atleast one x € u;J (e) N G (e) such
that © € u1J (e) and € G (e) . But uy € uJ (e) implies (u,u1) € J (e) and x € u1J (e)
implies (u1,z) € J (e) . Since the relation is soft transitive so (u,x) € J (e) . It follows

that © € uJ (e). Therefore, z € wuJ (e) N G (e). This implies uJ (e) N G (e) # ¢.
e —(7G(e)) -G —(7G(e)) —a
Therefore v € J~ (e). Thus, J (e) CJ (e). Hence, J CJ (e). m

Theorem 6.1.21 Let J: A — P(U x U) be a soft transitive relation on U. For a soft
subset H: A — P (U), the following property holds respecting to foresets:
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("T@)T (&) € HT (e).
Proof. Straightforward. m

Theorem 6.1.22 Ifan SBRE, J: A — P(UxU) onU is soft reflexive and soft tran-
sitive, then for any soft subset G : A — P (U), the following property holds respecting

to afterset:

FU°@) 23 0.

_(JG@) .
Proof. Since it is soft transitive so by previous result .J (e) C 7¢ (e). It is
. =G . =G
also soft reflexive therefore G (e) C J (e). By using Theorem (2)7 J 7 (e) C
_(7%w©) _(7%w®) .
(e). Hence, J (e) = 7¢ (e). m

Theorem 6.1.23 If an SBRE, J : A — P(U x U) on U is soft reflexive and soft
transitive, then for any soft subset H : A — P (U), the following property holds

respecting to foreset:

(@) ] = 1y (e).

Proof. Straightforward. m

If (J,A) is a SE—relation on U, then each J(e) is an E—relation on U. Thus,
J (e) partitions the set U into E—classes uJ (e). In this case, uJ (e) = J (e)u and
{uJ (e) :u € U} is a partition of U. Also, in this case, = “J(e) = J%(e) and
GT(e) =T (e).

To elaborate this concept, consider the next example:

Example 6.1.24 LetU = {71, 7o, 73,74, 75,76} be a set where E = {e1, e, €3, €4, €5, €6, €7}

and A = {e1,ea,e3,eq4,e5} be a set of attributes.

Define an SE—relation J : A — P(U x U) for each parameter e € A.
The following SE—classes are obtained for each of the SE—relation.
For J (e1), the SE—classes uJ (e1) are {m1,m3},{m2, ma, 75,76} .
For J (e2), the SE—classes uJ (e2) are {m1,m3,m},{ma, 74,75} .

For J (e3), the SE—classes uJ (e3) are {m1,ma, ma, w5}, {m3},{me} .
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For J (e4), the SE—classes uJ (eq) are {m1, 79, 7y, 75,76}, {73} .
For J (es5), the SE—classes uJ (e5) are {my,ma, T3, T4, W5, 76} -

A soft indiscernibility relation is obtained by the intersection of all the E—relations

induced by parameters represented as INg (J,A) = Ne,ead (€;) =1

In above example, the partition of U obtained by soft indiscernibility relation INg (J, A)
is {m1},{me,ma,m5},{ms} and {me}. It is evident that for each J (e;) (SE—relation)
where i = 1,2,3,4,5, (U, J (e;)) gives an approximation space. Also, (U,n) is an

approximation space.

Recall that if (J, A) is a SE—relation on U and (G, A) is a soft set over U, then

J9 ) = {ueU:uJ(e) CG(e)} and
() = {ueU:uJ(e)NG(e) # ¢} forall e € A.

The soft set (B.J1, A) defined as BJC1 (e) = T (e) —.JC (e) for all e € A is named
soft boundary region of Gy, respecting to SE—relation (J, A). A soft subset G1 of U
is called totally rough respecting to SE—relation (J, A) if BJC (e) # ¢ for all e € A.
A soft subset G of U is said to be partly definable with respect to SFE—relation (J, A)
if BJE1 (e) = ¢ for some e € A. A soft subset G of U is called totally definable with

respect to SE—relation (J, A) if BJ (e) = ¢ for all e € A.

Proposition 6.1.25 For the SE—relation (J, A) on U and for soft sets G1 and Gs

over U, the assertions given below hold:
(1) (26, 4) € (T, 4)

(2) (2%,4) = (7%, 4) = o, (27, 4) = (7",4) =U

—~

7) (L9 A) U (L2, 4) C (LT, A)
(8) <7G1,A> N <7G2,A) o) (7G1QG2,A>
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(9) (77, 4)" = (S5, 4).

(10) (S5, 4)" = (79, 4).

Proof. (1) Let u € J91 (e) = uJ(e) C G1(e) = u € T (e). Hence, (J1,A) C
(701,A) .
(2) Straightforward.

(3) Let u € JE (e). Then uJ (¢) C Gy (e). As Gi(e) € Ga(e), we have uJ (e) C
G (e). Thus u € J% (e). Hence, (J91,A) C (J92, A).

(4) Let u € A (e). Then uJ (e) NGy (e) # ¢. As G1(e) C Ga(e), we have uJ (e) N
Ga (e) # ¢. Thus u € A (e) . Hence, le,A> ( 7 ) :

(5)Using part (3) and the fact that Gy (e)NG2 (e) C G (e), G (€) , we have J17C2 (¢) C
J (e), L7 () s0 SN2 (€) € I (e) NS (e) .

Hence, (J917C2, A) C (J91, A) N (JO2, A).

Conversely, let u € J1 (e) N JE2 (e) = u € J (e) and u € J2 (e)
= uJ (e) C Gy (e) and uJ () C G2 (e) = uJ () C G1 (e) NGa (e)
=ue J9 (e) = (J9, A) N (J9,4) C (J91"C2, 4).

Hence, (JGMG?,A) = (lGl,A) N (JGQ,A) .

(6) Since G1 (e), G2 (e) C G1 (e) UGz (e) so by using part (4), we get

GluGz( ) G’luGz( )

A (e), To (e) CJ which implies A (e) U A (e) CJ

(7Gl,A) (J ,A) C <7G1UG2,A>.

—G1UG2 (6)

. Hence,

For the reverse inclusion, let u € J
=uJ(e)N(G1UG2) (e) #dp=uJ(e) NGy (e) # ¢ or uJ (e) NG (e) # ¢
=ueJ (e) oru € o () =ue (le UjGQ) (e)

= T () T () UT () = (jG1UG2, A) C <7G1,A> U (302, A) .

Hence, (le,A> U <jG2,A> - (leUGZ,A) .

(7) Since Gy (e), Ga(e) € Gi(e) UGo(e), so by using part (3), we get J (e),

J% (e) € J9YC2(e) and so J9 (e) U JO2(e) C JO1Y92 (e). Hence, (JO', A) U
(L9, A) € (J99, 4).
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(8) Using part (4) and the fact that Gy (e), G2 (e) 2 G1 (e)NG2 (e), we have A (e),
—G1NG2 —G1NG2 (6) )

T )2 7 (€)= T (e)NT? () 2T
Hence, (le,A) N <jG2,A) D (7G10G2,A) .

(9) Let u € J (e) < uJ (¢) C Gy (e) < uJ (e) NGS (e)

=¢p&ud T (e) e ue (jGi (e))c. Hence,(jGi,A ‘o (lGl,A) .

(10) By part (9), <jGi,A>C = (JGl, A) , therefore, (j(G(i)C,A>C = (JGf,A)

= (7, 4)" = (O, 4) Hence, (J51,4)" = (7, 4). m

It is demonstrated that the equality is not valid in (7) and (8) in general.

Example 6.1.26 Let U = {my,m, 3,74} be a set where E = {e1,ea,e3,€e4,€5} and
A = {e1,ea,e3} be a set of attributes. Define a SE—relation J : A — P(U x U) for

each e € A, such that the E—classes for J(e1) are {m1, 74} and {ma, 73}, for J(ez) are
{71,723, m4} and {m3} and for J(es) are {m1},{me, w3} and {m4}.

Define Gy : A — P(U) such that
Gi(er) = {mi,m3}, Gi(e2) = {m,m2}, Gi(e3) = {m1,m4}.

And,

Define Gy : A — P(U) such that
Ga(e1) = {mi,ma}, Ga(ea) = {ma, w3}, Ga(e3) = {m2, w3, 74},

S0 (lGl,A) can be represented as

J (e1) = ¢, J (e2) = {ms}, JO (e3) = {ma, 73,74} .

And (QGZ, A) can be represented as

J9 (e1) = U, J9 (e1) = {m1,ma,ma}, JO% (e1) = {m1, 72,73} .

Now,

Define GyUGy : A — P(U) such that
G1UGy(e1) = {m,m2,ms3}, G1UG2(e2) = {m1,m2, T3},

G1UGs(e3) = {mi,me,m3, 4},
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and (JGMGQ,A) can be represented as

lGlLJGg (e1) = {W27ﬂ_3}7 JG1UG2 (e3) = {71.3}7 JG1UG2 (e3) = {771,772771'3,71'4}.

Bvidently, (JE1YC2, A) # (J91, A) U (J@2, A).
Now, (le,A) can be represented as

T (e1) = U, T (e2) = {m1,ma,ma}, T (e3) = {m1,ma} .

And (jG2, A) can be represented as
—=G =G =G
J % (e1)=U, J 7 (e1) =U, J ?(e1) = {ma,73,m4}.

Now,

Define GiNGy : A — P(U) such that
G1NGy (6’1) = {71'1}, Gi1NGy (62):{7{'2}, G1NGy (6’3):{71'4},

and <ijG2, A) can be represented as

—G1NGa

T (e)) = {m,ma}, T (e9) = {ma, s}, T (eg) = {ma} .

Evidently, (ijGZ,A> =+ (le,A) N (jGQ,A> .

6.2 Soft topologies induced by soft reflexive relations

In this section, we investigate two kinds of soft topologies induced by soft reflexive

relation.

Definition 6.2.1 [89] A family T C S (U) of soft sets in U is called a soft topology

over U if it satisfies the following three axioms:

(1) ¢, U T, where ¢ : A — P (U) and U :A — P (U) are defined as ¢ (e) = ¢ and
U(e) =U foralle € A.

(2)V (G1,A),(G2,A) e T = (G1NGe, A) e T.
3)V (Gj’A)jGJ €T = Ujey (GJ,A) efT.

The pair (U, T, A) is called a soft topological space over U. The elements of T are

called soft open sets.
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Theorem 6.2.2 If (J, A) is a soft reflexive relation on U, then
Tyey={G: A— P (U) : J9 (e) = G (e) foralle € A}

is a soft topology on U with respect to the aftersets.

Proof. (1) Take e € A, by Theorem [6.1.25, J¢ (e) = ¢ (e) and JY (¢) = U for all
e € A. Tt proceeds ¢, U € Ty(c).

(2) Let (G1,A),(G2,A) € Ty be two soft sets. This implies JE1 () = G1(e) and
JE2 () = G4 (e) . Now, by using Theorem JENG2 () = JG1 () N JC2 (e)

=G1(e)NGa(e) = (G1 N G2) (e) . This implies (G1 N G2, A) € Ty(e).

(3) Let (Gj, A) € Ty for j € J. This implies J% (e) = Gj (e) for j € J. Now, by us-
ing Theorem JYi€355 (&) D U3 (e) . Therefore, J9i€3%i (¢) D U;e3Gj (e) -
Since, G (e) € U;je3Gj (e) for j € J. By using Theorem JGi (e) C JYieaGi (e) .
This implies U;e3.J% (e) € JYi€3%5 () . This implies U;e3G (e) € JY€3% (e) . There-
fore, JYie3%i () = Uje3G; (e) . Hence, (UG, A) € Tiey- ™

Theorem 6.2.3 If (J, A) is a soft reflexive relation on U, then
TL,I(e) ={L:A—P(U) " J(e)=L{(e) foralle € A}

is a soft topology on U respecting to the foresets.
Proof. In a like way, the proof is obtained from above Theorem. m

Definition 6.2.4 Let (J, A) be a soft reflexive relation over U. Define a binary rela-
tion Ry on U by xRyy < xJ (e)y for some e € A where x,y € U. Then Ry is called
the binary relation induced by soft binary relation (J, A).

Theorem 6.2.5 Let (J,A) be an SBRE on U and Rj be the induced binary relation
by (J,A). For two soft sets G1 : A — P(U) and Go : A — P (U), the following
properties, respecting to the aftersets hold:

(1) G1 (¢) € Ga () = RyGh (¢) € RyGa ()
(2) G1 (¢) € Ga (€) = RyGh (¢) C RyGs ()

(3) RyG1(e) N RyG2(e) = Ry (G1NGo)(e)



6. Approximation of a soft set by soft relation 145

(4) RyG1(e)NR;Ga(e) 2 Ry (G1NGy)(e)
(5) RyG1(e) U RyGa2 (e) € Ry (G1UG2) (e)

(6) EGI (e) U EGQ (e) = E(Gl U Gg) (6) .
Proof. Straightforward. m

Theorem 6.2.6 Let (J,A) be an SBRE on U and Rj be the induced binary relation
by (J,A). For two soft sets L1 : A — P(U) and Ly : A — P (U), the following

properties respecting to the foresets hold:
(1) L1(e) € La(e) = L1Ry(e) © LaRy (€)
(2) L1 (e) € La(e) = L1Ry (e) C La2Ry (e)
(3) LiRy ()N LoRy (e) = (L1 N La) Ry (e)
(4) LiRy ()N LaRy (e) 2 (L1 N L2) Ry (e)
(5) LiR; (e)U LoRy(e) C (L1 U L2) Ry (e)

(6) L1Ry (e)U LaRy (e) = (L1 U La) Ry (e).
Proof. Straightforward. m

Theorem 6.2.7 If (J, A) is a soft reflexive relation on U, then
Tp, ={G:A— P(U):R;G(e) =G (e) foralle € A}
s a soft topology on U respecting to the aftersets.

Proof. (1) By Theorem Ryjop(e) = ¢(e) and RyjU (e) = U for all e € A. It
follows ¢, U € Tg ()

(2) Let (G1,A), (G2, A) € T, (e) be two soft sets. This implies R,G1 (e) = G1 (e) and
R;Gs (e) = G (e) for all e € A. Now, by using Theorem

& (G1 N GQ) (6) = &Gl (6) N &GQ (6) =Gy (6) NGy (6) = (G1 N Gz) (6) .
This implies (G1 N Ga, A) € T, () for all e € A.

(3) Let Gj € Ty, () for j € J. This implies R;G; (e) = Gj (e) for all e € A. Now, by
using Theorem Ry (UjesGj) (e) = UjesRsGj (e) = UjcGj(e). m
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Theorem 6.2.8 If (J, A) is a soft reflexive relation on U, then
Tp, ={L:A— P(U):" Ry(e) = L(e) foralle € A}

is a soft topology on U respecting to the foresets.

Proof. With the similar argument, the proof is obtained from Theorem ]

6.3 Soft similarity relations associated with soft binary

relations

In this section, binary relations between soft sets are defined based on their rough

approximations and investigate their properties.

Definition 6.3.1 Let (J, A) be a soft reflexive relation on U. Define the following
binary relations on S (U) by

(G1,A) 24 (G2, A) if and only if (F1J, A) = (JC2, A)
(G1,A) =4 (Ga, A) if and only if (C17, A) = (7G2, A)

(Gh, A) ma (G, A) if and only if (G1., A) = (JO*, A) and (G17, A) = (7G2,A> .

Definition 6.3.2 Let (J, A) be a soft reflexive relation on U. Define the following
soft binary relations on S (U) by

(leA) =r (LQaA) Zf and Only Zf (L1l7 A) = (LQJa A)

(L1, A) =p (L2, A) if and only if (11T, A) = (L2J, A)

(L1, A) ~p (Lo, A) if and only if (1, A) = (*24,4) and (21T, 4) = (27, 4)
These soft binary relations may be called the lower soft similarity relation , upper
soft similarity relation and soft similarity relation, respectively. Obviously, J (e) and
jG (e) are soft similar if and only if they are both lower and upper soft similar.

Proposition 6.3.3 The relations =4, ~4 and ~4 are equivalence relations on U.

Proof. Straightforward. m
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Proposition 6.3.4 The relations ~p, ~p and ~p are E—relations on U.

Proof. The proof is simple. m

Next some results related are given.

Theorem 6.3.5 Let (J, A) be a soft reflexive relation on U. Define soft sets (G;, A)
over U fori=1,2,3,4, then the properties below are valid respecting to aftersets:

(1) (G1, A) = (Ga, A) if and only if (G1, A) = ((G1, 4) U (Ga, A)) = (Ga, A)

(2) (G1,A) =4 (G2,A) and (Gs,A) =a (G4, A) imply that ((G1,A) U (G3,A)) ~a
((G2, A) UGy (e))

(3) (G1,A) C (G2, A) and (G2, A) =a (¢, A) imply that (G1,A) =a (¢, A)

(4) ((G1,A) U (G2, A)) ~a (¢, A) if and only if (G1,A) ~a (¢, A) and (G2, A) ~a
(¢, A).

Proof. (1) Let (G1,A) =4 (G2, A). Then A (e) = To (e). By Theorem (6),
we get Jeee (e) = T (e)UjG2 (e) = T (e) = A (e)so (G1,A) ~a ((G1,A) U (G2, A)) =4

(G, A). Converse holds by transitivity of the relation ~4 .

(2) Given that (G1,A) <4 (G2, A) and (G3, A) ~4 (G4, A). Then A (e) = 7o (e)
and 7% (e) = 77 (e).

By Theorem 6), we get Jeues (e) = AN (e)U o (e) = T (e) U T (e) =
T4 (@) Thus, ((G1, A) U (G3, A)) ma ((Ga, A) U (Ga, A)).

(3) Given (Ga, A) =4 (¢, A) . This implies 7 () = J7 (e).
Also, (G1,A) C (Ga, A) = T (e) € T (e) = 7% (e) . Tt follows that 7" () € T° (e)
but 7° (e) C A (e) . Therefore, A (e) = 7’ (e) = (G1,A) ~a (¢, A).

(4) Let (G1,A) =4 (¢,A) and (G2, A) =4 (¢, A). Then A (e) = 7’ (e) = (¢, A)
and 772 (e) = 7’ (e) . By Theorem 6), we get Jee (e) = A (e) uTe (e) =
T’ () uT? (e) =T (e).

Thus, ((G1,A) U (G2, A)) <4 (¢, A). Converse follows from (3). m

Theorem 6.3.6 Let (J, A) be a soft reflexive relation on U. Define soft sets (Li, A)

over U fori=1,2,3,4, then the properties given below are valid respecting to foresets:
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(1) (Ll,A) ~F (LQ,A) Zf and only Zf (Ll,A) ~E ((Ll,A) U (LQ,A)) ~F (LQ,A)

(2) (Ll,A) ~EF (LQ,A) and (Lg,A) ~F (L4,A) z'mply that ((Ll,A)U(Lg,A)) ~E
(L2, A) U (La, A))

(3) (L1,A) C (Lg, A) and (Lo, A) =g (¢, A) imply that (L1, A) =g (¢, A)

(4) ((Ll,A)U(LQ,A)) ~E (¢,A) if and only if (Ll,A) ~E (gb,A) and (LQ,A) ~F
(¢, 4).

Proof. The verification is like the evidence of Theorem m

Theorem 6.3.7 Let (J, A) be a soft reflexive relation on U. Define soft sets (G, A)

over U fori=1,2,3,4, then the properties below are valid respecting to aftersets:
(1) (G1,A) =4 (Ga, A) if and only if (G1,A) =4 ((G1,A) N (Ga, A)) =4 (Ga, A)

(2) (G1,A) =4 (G2, A) and (Gs,A) =4 (Gg, A) imply that ((G1,A) N (G3,A)) =4
((G2, A) N (Ga, A))

(3) (G1,A) C (G2, A) and (G2, A) =4 (¢, A) imply that (G1, A) =4 (¢, A)

(4) ((G1,A) U (G2, A)) =4 (¢, A) if and only if (G1,A) =4 (¢, A) and (Ga, A) <=4
(0,4).

Proof. The verification is like the evidence of Theorem (7). m

Theorem 6.3.8 Let (J, A) be a soft reflexive relation on U. Define soft sets (L, A)

over U fori=1,2,3,4, then the properties below are valid respecting to foresets:
(1) (LI,A) ~p (LQ,A) Zf and OTLly Zf (LI,A) ~p ((Ll, A) N (LQ, A)) gy 0l (LQ, A)

(2) (L1,A) ~p (La,A) and (L3, A) ~p (L4, A) imply that ((L1,A) N (L3, A)) ~p
((L2,A4) N (Lg, A))

(3) (L1,A) C (La, A) and (La, A) ~p (¢, A) imply that (L1, A) ~p (¢, A)

(4) (L1, A) U (La, A)) 5 (6, A) if and only if (L1, A) ~p (6, A) and (Ly, A) ~p
(6,4).

Proof. The proof is obtained in a similar way from Theorem [ |
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Theorem 6.3.9 Let (J, A) be a soft reflexive relation on U. Define soft sets (G, A)

over U fori=1,2,3,4, then the properties below are valid respecting to aftersets:

(1) (G1,A) =4 (G2, A) if and only if (G1,A) =4 ((G1,A) U (Ga,A)) =4 (G2, A) and
(Gl,A) Saly} ((Gl,A) N (GQ,A)) 4 (GQ,A).

(2) (G1,4) € (G2, A) and (G2, A) =4 (¢, A) imply that (G1, A) =4 (¢, A)

(3) (G1, A)U (G2, A)) =4 (¢, A) if and only if (Gr, A) =4 (¢,A) and (G, A) ~a
(6, 4).

Proof. It is simple consequence of Theorems and ]

The next results are simple.

Theorem 6.3.10 Let (J, A) be a soft reflexive relation on U. Define soft sets (L;, A)
over U fori=1,2,3,4, then the properties below are valid with respect to foresets:
(1) (L1,A) =p (L2, A) if and only if (L1,A) ~p ((L1,A)U (L2, A)) ~p (L2, A) and
(Ll,A> ~r ((Ll,A> N (La, A)) ~p (LQ,A).

(2) (L1,A) C (L2, A) and (L2, A) = (¢, A) imply that (L1, A) ~p (¢, A)

(3) ((LlaA) U (L27A)) ~F (d)v A) Zf and only Zf (L17A) ~F (¢7 A) and (L27A) ~F
(¢, A4).

Proof. It is like the proof of Theorem ]

6.4 Approach towards Decision making

Depending on soft rough set theory, the decision making methods by soft binary re-
lations are proposed in this section. This approach helps to use data provided by
decision makers and further information is not required. Hence, the results should

avoid the paradox results.

We obtain two values J (e;) and ¢ (e;) which are most closed with respect to the
aftersets by the soft lower and upper approximations of the soft set G. Therefore, the

choice value 7, is redefined with respect to the aftersets as follows:
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n n

Vi = Zdij + ZdTJ
j=1 j=1

In a decision making problem, the maximum choice value v, is the optimum decision

for the object x; € U and the minimum choice value v, is the worst decision for the

object x; € U. For the given decision making problem, if the same maximum choice

value v, belongs to two or more objects x; € U , then take one of them as the optimum

decision randomly.
Algorithm 1:

An approach to a decision making problem in the form of an algorithm with respect

to the aftersets is provided below. The decision algorithm is as follows:

(1) Compute the lower soft set approximation J¢ and upper soft set approximation

7 of a soft set G with respect to the aftersets.

(2) Corresponding to each z; € U, we calculate d;; which is 0 if z; ¢ JY (e;) and is
1if x; € JY(e;). Similarly, we calculate d;; which is 0 if x; ¢ ¢ (ej) and is 1 if
x; € jG (ej) .

n n
(3) Compute the choice value v; = Z d;; + ZEU with respect to the aftersets.
j=1 j=1

(4) The best decision is z, € U if v, = max; v;, 9 = 1,2,..., |U]|.

(5) The worst decision is x € U if v;, = min; v;, i = 1,2, ..., |U|.

(6) If the value of k is more than one, then we can chose any one of xy.
Algorithm 2:

An approach to a decision making problem in the form of an algorithm respecting to

the foresets is provided below. The decision algorithm is as follows:

(1) Compute the lower soft set approximation .J and upper soft set approximation

H T of a soft set H with respect to the foresets.

(2) Corresponding to each z; € U, we calculate c;; which is 0 if z; ¢ HJ (e;) and is 1
if ; € H#.J (e;). Similarly, we calculate ¢; which is 0 if z; ¢ .J (e;) and is 1 if z; €
HJ (e;) -

n

n
(3) Compute the choice value ’y; = Zgij + ZEU with respect to the foresets.
Jj=1 J=1
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(4) The best decision is a3, € U if v, = max; v;, i = 1,2, ..., [U].
(5) The worst decision is x, € U if fy;; = min; v}, i = 1,2, ..., |U].

(6) If the value of k is more than one, then we can chose any one of xy.

6.4.1 An application of the decision making approach

By an example in this subsection, an application of the decision making approach is

given.

Example 6.4.1 Consider the soft relations of Example again, where a person

wants to select a shirt out of six shirt designs and four shirt colors.

Define G @ A — P (W) which represents the preference of the

color given by Mr. X such that
G(e1) = {a,a}, G(e2) ={co,c5}, G(e3) = {ca,c3,c4} and
Define H : A — P (U) which represents the preference of the

design giwven by Mr. X such that
H(e1) = {da2,ds3,ds}, H(e2) ={d1,ds}, H (e3) = {d1,dz,ds,ds} .

Consider the following table after applying the above algorithm.

Table : The results of decision algorithm with respect to aftersets

diy | dio | dis | din | dia | dig | Choice value ;
d [0 [0 |1 |1 [0 [0 |2
dy | O 0 1 1 0 1 3
ds | 1 1 0 0 0 1 3
dy | O 0 1 0 0 0 1
ds | 0 0 1 1 0 1 3
de | 1 0 1 1 1 0 4

And,
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Table : The results of decision algorithm with respect to foresets

Ci1 | Co | G | Gi1 | G2 | Ciz | Choice value ’y;
ct |0 |0 |0 |1 1 10 |2
c2 |0 |0 |1 1 1 /10 |3
c3|0 |0 O |O |1 1 ]2
cg |0 |1 1 1 10 |1 |4
3 3 B
Here the choice value y; = d;; + Zdzj is calculated with respect to the aftersets
=1 j=1
3 3
and the choice value 7; = Zgij + Z@ 1s calculated with respect to the foresets.
j=1 j=1

The shirt of designs dg scores the mazimum choice value 7y, = 4 = vy, and the decision
is in favour of the shirt of design dg for selection. Moreover, the shirts of designs dy
are totally ignored. Hence, Mr. X will choose the shirt of design dg for his personal
use and he will not select the shirt of design d4 with respect to the aftersets. Similarly,
the shirt of color c4 scores the maximum choice value ’y;c =4 = v, and the decision
is in favour of the shirt of color cyq for selection. Moreover, the shirts of color ¢i and
cs are totally ignored. Hence, Mr. X will choose the shirt of color ¢4 for his personal

use and he will not select the shirts of color ¢1 and c3 with respect to the foresets.



Chapter 7

Approximation of soft ideals by

soft relations in semigroups

In the last chapter, we applied the concepts of chapter six on semigroups and
approximations of SSSs, SLIL (SRIL), S1ILs and SBI Ls of semigroups are studied.

Moreover, for the illustration of the concepts, some examples are considered.

7.1 Approximation by soft relations

Theorem 7.1.1 Let (J, A) be an SCRE from Sy to Sz (S1 and Sa are semigroups).

For any two soft sets (G1, A) and (Ga, A) over Sz and for all e € A, A (e) T (e) C

T (o).

Proof. Let u € J (e) T
T (e). Tt follows g1J (e) N G (e) and goJ () N G4 (e) are non-empty, so their exist
elements a,b € Sy such that a € g1J(e) N G1(e) and b € gaJ (e) N G2 (e). Thus
a€qgiJ(e),be gJ(e),a € Gi(e) and b € Ga(e). Now, (g1,a) € J (e) and (g2,b) €
J (e) implies that (g1g2,ab) € J(e), that is ab € g1g2J (€). Also, ab € G1 (e) G2 (e),
therefore, ab € G (e) G2 (e) N g192J (e). Hence, u = g1g2 € T (e). m

(e). Then u = gygo for some g; € TN (e) and g2 €

The proof of next theorem is a routine verification and hence can be obtained from

above theorem.

Theorem 7.1.2 Let (J, A) be an SCRE from S to Sz (S1 and Sy are semigroups).

153
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For any two soft sets (L1, A) and (La, A) over Sy, 11.J (e) .F2J (e) C ¥112 ] (e) for all
ec A

Theorem 7.1.3 Let (J, A) be an SC,,R respecting to the aftersets from Sy1 to S
(S1 and Sz are semigroups). For any two soft sets (Gi1,A) and (Ga, A) over Sa,
JG(e).J% (e) C JE1G2(e) for all e € A.

Proof. First we consider that J! (e) and J92 () are non-empty and u € JE1 () ..J%2 (e).
Then u = g1 92 for some ¢, € Jé (e) and g9 € JG2 (e). It shows Gy (e) 2 g1 (e) # ¢
and G (€) D goJ (e) # ¢. As gi1g2J () = q1J (€).g2J (e) C Gi(e) G2 (e), we have

u = gigs € J912 (e). Hence, JE192(e) D J%(e).J%2(e). Now, if one of JE () and
J% (e) is empty then ¢ = J (€).J () C J1C> (e). m

The proof of next theorem is a routine verification and hence can be obtained from

above theorem.

Theorem 7.1.4 Let (J, A) be an SC,, R respecting to the foresets from Sy to So (S1
and Sy are semigroups). For any two soft sets (L1, A) and (La, A) over Sy, 11.J(e).72.J(e) C
Lilz j(e) for alle € A.

Example 7.1.5 For two semigroups S1 = {1,2,3} and Sz = {a,b,c} with the multi-

plication tables as follows:

—_ | =] = | =

213
213
213
213

1
2
3

and A = {e1,ea}. Define J: A — P(S; x S2) by

J(er) ={(1,a),(3,0),(2,¢),(2,a),(2,0)}
and
J(eQ) = {(17 b)? (17 a): (37C>7 (27 CL) ) (17 C) ) (27 b>} .
Then (J, A) is an SCRE from the semigroup S1 to the semigroup So.
1J(e1) = {a}, 2J(e1) ={a,b,c} and 3J(e1) = {c}
1J(e2) = {a,b,c}, 2J(e2) ={a,b}, 3J(e2) = {c}.
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Define (G1,A) and (Ga, A), two soft sets over Sy by
Gi(e1) = {a}, Gi(e2) ={a,b} and Ga(e1) ={b,c}, Ga(e2) ={a,c}.

Then J<* (e1) ={1,2} and jG2(61) ={2,3}. Now, G; (e1) G2 (e1) = {a,c} and

—=G1G2

T (er) = {1,2,3} # {2,3) = {1,21{2,3} = T (1) T (en).

Example 7.1.6 Consider the semigroups and soft relations of Example[7.1.5,
J(er)a = {1,2}, J(e1)b={2} and J(e1)c ={2,3}

J(ea)a = {1,2}, J(e2)b={1,2}, J(ez)c={1,3}.

Define (L1, A) and (L2, A), two soft sets over S1 by
L1 (61) = {1,2} ) Ll (62) = {3} and Lg (61) = {2,3} ) L2 (62) = {1} .

Then, 11J(ez) = {c} and 72 J(e3) = {a,b,c}. Now, Ly (e2) Lo (e2) = {1} and

Lil2J(ey) = {a,b, ¢} ¢ {a,c} = {c}{a,b,c} =01 J(eg). T2 T (e3).

Example 7.1.7 For two semigroups, S1 = {a,b,c,d} and So = {1,2,3,4} with the

multiplication tables as follows:

e|la|lblc|d o | 1]2]3 1|4
alalalald 1111234
blal|blal|d 21212212
c a d 31313133
dld|d|d|d 41413121

and A = {e1,ea}. Define J: A — P(S1 x S2) by

J(er) = {(a,2),(b,2),(c,2),(¢,3),(d,2),(b,3),(d; 3), (a,3)}

and
J(e2) = {(da 2) ) ((L, 2) ) (ba 2) ) (67 2)}
Then (J,A) is an SC,,R respecting to the aftersets from the semigroup Sy to the

semigroup Ss.

aJ(e1) ={2,3}, bJ(e1) ={2,3}, cJ(e1) =1{2,3} and dJ(e1) ={2,3}.
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Also,
aJ(e2) = {2}, bJ(e2) = {2}, cJ(e2) = {2} and dJ(e2) = {2}.

Define (G1,A) and (Ga, A), two soft sets over Sy by
Gl (61) = {4}, Gl (6’2) = {2,3} and G2 (6’1) = {1,2,3} ) Gg (62) = {2,4}.
Then J%(e1) = ¢ and J9(e1) = {a,b,c,d}. Now, Gy (e1) G2 (e1) = {2,3,4} and

I6G (e1) = {a,b,e,d} € 6 = d{a,be,d} = S (1) ().

Example 7.1.8 Consider the semigroups of Example

and A = {e1,ea}. Define J: A — P(S; x S2) by

Then (J, A) is an SCy,, R from Sy to So respecting to the aftersets.

J(e)l = A{a,d}, J(e1)2 =A{a,d}, J(e1)3 ={a,d} and J(e1)4d ={a,d}.
Also, J(e2)l = {d}, J(e2)2 ={d}, J(e2)3 ={d} and J(e2)4 = {d}.

Define (L1, A) and (Lo, A), two soft sets over S1 by
Li(e1) = {a,c,d}, L1(e2) ={a} and La(e1) = {b}, La(e2) = {a,b}.

Then “16(e1) = {1,2,3,4} and *26(e1) = ¢. Now, L1 (e1) L2 (e1) = {a,d} and

Ll J(eg) = {1,2,3,4} € ¢ = {1,2,3,4}¢ =11 J(e1).22J(e1).

7.2 Approximation of soft ideals in semigroups

By an SCRE, (J,A) and J (e) # ¢ for all e € A, we approximate a SS (LIL, RIL,
BIL, IIL) of a semigroup respecting to the aftersets (resp. respecting to the foresets).
We show that upper approximation of a SSS (SLIL, SRIL, SBIL, SIIL) of a
semigroup is a SSS (SLIL, SRIL, SBIL, SIIL) of the semigroup and give counter
examples. We also show that lower approximation of a SSS (SLIL, SRIL, SBIL,
SIIL) of a semigroup by an SC,R is a SSS (SLIL, SRIL, SBIL, SIIL) of the
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semigroup and give counter examples. Throughout the remaining paper, (J, A) is a
soft relation from S; to Sz (S1 and Sy are semigroups) and u.J (e) # ¢ for all u € Sy
and e € A and J (e)w # ¢ for all w € S3 and e € A.

Definition 7.2.1 Let (J, A) be an SBRE from Sy to Sa (S1 and Sy are semigroups).
If the upper approximation <7G,A> is a SSS of Sy for any soft set (G, A) over Sa,
then (G, A) is said to be generalized upper SSS of S1 respecting to the aftersets. The
soft set (G, A) is called generalized upper SLIL (SRIL, SIL) of S1 respecting to the
aftersets if (jG,A) is a SLIL (SRIL, SIL) of Si.

Definition 7.2.2 Let (J, A) be an SBRE from Sy to Sa (S1 and Sy are semigroups).
If the upper approximation (Lj, A) is a SSS of Sy for any soft set (L, A) over Si,
then (L, A) is said to be generalized upper SSS of So respecting to the foresets. The
soft set (L, A) is called generalized upper SLIL (SRIL, SIL) of Sy respecting to the
foresets if (Lj, A) is a SLIL (SRIL, SIL) of Ss.

Theorem 7.2.3 Let (J, A) be an SCRE from S1 to Se (S1 and Sy are semigroups).
Then

(1) If (G, A) is a SSS of Sz, then (G, A) is a generalized upper SSS of S1 respecting
to the aftersets.

(2) If (L, A) is a SSS of S1, then (L, A) is a generalized upper SSS of So respecting
to the foresets.

(3) If (G, A) is a SLIL (SRIL, SIL) of S, then (G, A) is a generalized upper SLIL
(SRIL, SIL) of Sy respecting to the aftersets.

(4)If (L,A) is a SLIL (SRIL, SIL) of S1, then (L, A) is a generalized upper SLIL
(SRIL, SIL) of Sy respecting to the foresets.

Proof. (1) Let (G, A) be a SSS of Sy. If ¢ # 7G(e) for e € A. Then by Theorem
7.1.1, ¢ (e) J° (e) C 79 (e) C ¢ (e), that is jG(e) isa S5 of S; for e € A and so

(G, A) is a generalized upper SSS of S; respecting to the aftersets.
(2) With similar arguments the proof is obtained from part (1).

(3) Suppose (G, A) is a SLIL of S;. As we know that 7 (e) = Sp for alle € A. We
have from Theorem Sle (e) = ng (e) .jG (e) C jS2G (e)
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cJ” (e). Hence 7¢ (e) is a LI of Sy and so (G, A) is a generalized upper SLIL of Sy

respecting to the aftersets.

(4) This part has a routine and similar verification to part (3).

The other cases can be demonstrated comparatively. =

It is found in the accompanying Example that converse of above Theorem is not true.

Example 7.2.4 For two semigroups S1 = {a,b,c,d,e} and Sy = {1,2,3,4,5} with

the multiplication tables as follows:

elal|lb|lc|d|e e | 1/2(3]4|5
a|b|bld|d|d 11153415
blb|b|d|d|d 2(1]2(|3|4|5
cld|d|c|d]|c 3115|3145
dld|d|d|d|d 4115|1345
eld|d|c|d]c 5(1]|5]|3 4|5

Let A = {e1,ea}. Define J: A— P(S1 x S2) by

):{ ( (a,1),(¢,3),(e,5), (b, 1), (d,4), }(md

J(61
¢,5),(b,5),(d,3),(b,2),(d,5),(d,1)

J(ez) = { (a,1),(6,2), (¢:3), (€. 5), (b, 1), }
(¢,5),(b,5),(d,5),(d,4),(d,3),(d,1),(b,3)

Then (J, A) is an SCRE from the semigroups S7 to the semigroup Ss. Now,

alJ(er) = {1}, bJ(e1) ={1,2,5}, cJ(e1) ={3,5},
dJ(e1) = {1,3,4,5}, eJ(e1) = {5} and

aJ(e2) = {1}, bJ(e2) ={1,2,3,5}, cJ(e2) = {3,5},
dJ(e2) = {1,3,4,5}, eJ(ez) ={5}.
Also,

J(e1)l = {a,b,d}, J(e1)2 ={b}, J(e1)3 ={c,d},
J(e1)d = {d}, J(e1)5 ={b,c,d,e} and
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J(ea)l = {a,b,d}, J(e2)2 ={b}, J(e2)3 ={b,c,d},
J(e2)d = {d}, J(e2)5 ={b,c,d,e}.

Define (G, A), a soft set over So by G (e1) = {1,2,3} and G (e2) = {2,3,4} and define
(L, A), a soft set over Sy by L (e1) = {a,b,c} and L (e2) = {a,b,e}.

(1) (G, A)isnot a SSS of Sy as {1,2,3}{1,2,3} = {1,2,3,5} € {1,2,3} and {2, 3,4} {2,3,4} =
{2,3,4,5} € {2,3,4} but T (e1) = {a,b,c,d} and T (e2) = {a, b, ¢, d} are SSs of 5.
Hence, (G, A) is a generalized upper SSS of S; respecting to the aftersets.

(2) (L, A)isnot a SSS of Sy as {a, b, c} {a,b,c} = {b,c,d} € {a,b,c} and {a,b, e} {a,b, e} =
{b,c,d} € {a,b,e} but LJ (e1) = {1,2,3,5} and LJ (e2) = {1,2,3,5} are SSs of Ss.
Hence, (L, A) is a generalized upper SSS of Sy respecting to the foresets.

(3) (G, A) is not a SLIL of Sy as {1,2,3,4,5}{1,2,3} = {1,2,3,5} ¢ {1,2,3} and
{1,2,3,4,5}{2,3,4} = {2,3,4,5} ¢ {2,3,4} but T (e1) = {a,b,c,d} and T (e3) =
{b,c,d} are LILs of S;. Hence, (G, A) is a generalized upper SLIL of S; respecting

to the aftersets.

(4) (L,A) is not a SLIL of Sy as {a,b,c,d,e}{a,b,c} = {b,c,d} € {a,b,c} and
{a,b,c,d,e}{a,b,e} = {b,c,d} ¢ {a,b,e} but LJ(e1) = {1,2,3,5} and LJ (e2) =
{1,2,3,5} are LILs of So. Hence, (L, A) is a generalized upper SLIL of S, respecting

to the foresets.

Definition 7.2.5 Let (J, A) be a SCRE from Si to Sz (S1 and Sz are semigroups).
A soft set (G, A) over Sy is said to be generalized lower SSS of S1 respecting to the
aftersets if (JG,A) is a SSS of S1. The soft set (G, A) is called generalized lower
SLIL (SRIL, SIL) of S1 respecting to the aftersets if (JG,A) is a SLIL (SRIL,
SIL) of S1.

Definition 7.2.6 Let (J, A) be a SCRE from Sy to So (S1 and Sy are semigroups).
A soft set (L, A) over Sy is said to be generalized lower SSS of Sa respecting to the
foresets if (Ll, A) is a SSS of So. The soft set (L, A) is called generalized lower SLIL
(SRIL, SIL) of So respecting to the foresets if (Ll, A) is a SLIL (SRIL, SIL) of Ss.

Example 7.2.7 Consider the Ezample and Define (G, A), a soft set over Sy by
G(e1) = {1,3,5} and G (ez) = {1,2}. Then (G, A) is a SLIL of Sy but J% (e;) =
{a,c,e} is not a LIL of S1 as {a,b,c,d, e} {a,c,e} = {b,c,d} € {a,c,e}.
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It is verified in the above example, that if (J, A) is a SCRE from S to Sz and (G, A)
isa SLIL of Sy even then (JL, A) is not a LIL of S1. However, the next theorem is

proceeded.

Theorem 7.2.8 Let (J, A) be an SC,, R respecting to the aftersets from Sy to Sa (S1

and Sy are semigroups). Then

(1) If (G, A) is a SSS of Sa, then (G, A) is a generalized lower SSS of S1 respecting
to the aftersets.

(2) If (G, A) is a SLIL (SRIL, SIL) of Sa, then (G, A) is a generalized lower SLIL
(SRIL, SIL) of Sy respecting to the aftersets.

Proof. (1) Let (G, A) be a SSS of Sy. If ¢ # J%(e) for e € A. Then by Theorem
and Theorem (1), JG (e) .J% (e) C J¥C (e) C JC (e). Therefore, (JG,A) is

a SSS of S;. Hence, (G, A) is a generalized lower SSS of S respecting to aftersets.

(2) Suppose that G is a SLIL of So. If ¢ # J%(e) for e € A. Then by Theorem
and Theorem [6.1.7(1), S1J% (&) = J%2 () .J% (e) C J52Y (e) C

JC (e) . Therefore, (JG, A)is a SLIL of Sy. Hence, (G, A) is a generalized lower SLIL

of Sy respecting to the aftersets.
The rest of the cases can be demonstrated comparably. =

The proof of next theorem is a routine verification and hence can be obtained from

above theorem.

Theorem 7.2.9 Let (J, A) be an SC,, R respecting to the foresets from Sy to Sa (S1

and Sy are semigroups). Then

(1) If (L, A) is a SSS of Si, then (L, A) is a generalized lower SSS of Sy respecting

to the foresets.

(2) If (L, A) is a SLIL (SRIL, SIL) of S1, then (L, A) is a generalized lower SLIL
(SRIL, SIL) of Sy respecting to the foresets.

The converse of parts of Theorems and do not hold generally as shown by

following example.

Example 7.2.10 Consider the Example and A = {ei,ea}. Define J : A —
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P(Sy x S2) by

Je) = {(a,2),(a,3),(b,3),(c2),(c3),(,2),(d,2),(d,3)} and

Then (J, A) is an SC,, R from Sy to So respecting to the aftersets.

aJ(e2) = {2,3}, bJ(ea) ={2,3}, cJ(e2) ={2,3} and dJ(e2) = {2,3}. Also,
aJ(e2) = {2}, bJ(e2) ={2}, cJ(e2) =12} and dJ(e2) = {2}.

Define (G, A), a soft set over So by G (e1) = {2,3,4} and G (e2) = {2,4}.

(1) (G, A) isnot a SSS of Sz as {2,3,4}{2,3,4} = {1,2,3} € {2,3,4} and {2,4} {2,4} =
{1,2,3} € {2,4} but J%(e1) = {a,b,c,d} and JC(e2) = {a,b,c,d}, which show that
(JG,A) is a SSS of S1. Hence, (G, A) is a generalized lower SSS of Si respecting to
the aftersets.

(2) (G,A) is not a SLIL of Sz as {1,2,3,4}{2,3,4} = {1,2,3,4} € {2,3,4} and
{1,2,3,4} {2,4} = {1,2,3,4} € {2,4} but J%(e1) = {a,b,c,d} and J%(e2) = {a, b, c,d},
which show that (JG,A) is a SLIL of S1. Hence, (G, A) is a generalized lower SLIL
of Sy respecting to the aftersets.

Now, Define J : A — P(Sy x S3) by

J(er) = {(d,1),(d,3),(d,4),(d,2)} and

J(e2) = {(a,1),(a,2),(a,4),(d,1),(d,3),(a,3),(d,4),(d,2)}.
Then (J, A) is an SCoR from Sy to Sa respecting to the foresets.

J(ea)l = {d}, J(e2)2={d}, J(e2)3 ={d} and J(ex)d = {d}. Also,
J(e2)l = {a,d}, J(e2)2 ={a,d}, J(e2)3 ={a,d} and J(e2)4 ={a,d}.

Define (L, A), a soft set over S1 by L(e1) = {b,c,d} and L (e3) = {b,c,d}.

(1) (L, A) is not a SSS of Sy as {b,c,d} {b,c,d} = {a,b,c,d} £ {b,c,d} but LJ(e;) =
{1,2,3,4} and “J(es) = {1,2,3,4}, which show that (JG,A) s a SSS of Sy. Hence,
(L, A) is a generalized lower SSS of Sa respecting to the foresets.

(2) (L,A) is not a SLIL of Si as {a,b,c,d}{b,c,d} = {a,b,c,d} ¢ {b,c,d} but
LJ(e1) = {1,2,3,4} and *J(ez) = {1,2,3,4}, which show that (JG,A) is a SLIL of
Sy. Hence, (L, A) is a generalized lower SLIL of Sy respecting to the foresets.
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Theorem 7.2.11 Let (J, A) be an SBRE from Sy to Sy (S1 and Sy are semigroups).
Then 79 € 7% N T for any SRIL, (G1, A) and SLIL, (G2, A) of Ss.

Proof. Suppose that (Gy,A) is a SRIL and (G2, A) a SLIL of Ss, so by definition
G1(e) DGy (e) S22 Gi(e)Ga(e) and Gz (e) 2 SaGa (e) 2 Gy (e) Ga (e) which implies

that G1 (e)NG2 (e) 2 G1 (e) Gz (e). It follows from Theorem (3), (5), T (e) C

Jenes (e) C T (e) N7 (e). Hence, TR TN NT .

The proof of the next theorem is a routine verification and hence can be obtained from

above theorem.

Theorem 7.2.12 Let (J, A) be an SBRE from Sy to Sy (S1 and S are semigroups).
Then Y112 ] C Bvjn L2 for any SRIL, (L1, A) and soft SLIL, (La, A) of Sy.

Theorem 7.2.13 Let (J, A) be an SBRE from Sy to Sy (S1 and Sy are semigroups).
Then J%1% C J% N J% for any SRIL, (G1,A) and SLIL, (Ga, A) of Ss.

Proof. Let (G1,A) bea SRIL and (Ga, A) a SLIL of Sa, so by definition G; (e) G2 (e) C
G1(e) S2 C Gy (e) and G (e) G2 (e) C S2G2 (e) C G (e) which implies that G (e) G2 (e) C
G1(e) N Ga(e). Tt follows from Theorem (2), (4), JG1G2 (¢) C JE1NG2 (¢) =
JG (e) N J&2 (e). Hence, JG1G2 C jéin jG2 m

The proof of the next theorem is a routine verification and hence can be obtained from

above theorem.

Theorem 7.2.14 Let (J, A) be an SBRE from Sy to Sy (S1 and Sz are semigroups).
Then 112 J C T B2 J for any SRIL, (L1, A) and SLIL, (Lo, A) of Ss.

Next, the approximations of STILs in semigroups are described and discussed.

Definition 7.2.15 Let (G, A) be a soft set over Sz and (J, A) an SBRE from Sp to
Sy (S1 and Sz are semigroups). Then (G, A) is said to be generalized lower (upper)
SIIL of Sy respecting to the aftersets if (JG,A) (respectively (jG,A>> is a SIIL of
Si.

Definition 7.2.16 Let (J, A) be an SBRE from Si to Sy (S1 and Sy are semigroups)
and (L, A) be a soft set over S1. Then (L, A) is said to be a generalized lower (upper)
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SIIL of Sy respecting to the foresets if (Li, A) (respectively (Lj, A)) is a SIIL of
So.

Theorem 7.2.17 Let (J, A) be an SCRE from S to Sz (S1 and S are semigroups).
If (G, A) is a SIIL of So, then (G, A) is a generalized upper SIIL of S1 respecting to
the aftersets.

Proof. As (G, A) is a SIIL of Sy, it follows from Theorem that Sle (e)S1 =
7 (e) J¢ (e) T (e) C T (e) C ¢ (e). Therefore, (7G,A> is a SIIL of 5.

Hence, (G, A) is a generalized upper SIIL of S; respecting to the aftersets. m

It is found in the accompanying Example that converse of above Theorem is not true.

Example 7.2.18 Consider the semigroups of Example and A = {e1,ea}. Define
J:A— P(S] x S2) by

Then (J, A) is a SCRE from the semigroup Sy to the semigroup Sa. Now,

1J(e1) = {a,b,c}, 2J(e1) ={a,b} and 3J(e1) = {a,c},
1J(e2) = {a}, 2J(e2) = {a,b,c} and 3J(ez) = {c}.

Now, define (G, A), a soft set over Sa by G (e1) = {a} and G (e2) = {a}, which is
not a SIIL of Sz as {a,b,c}{a}{a,b,c} = {a,c} € {a} but 7¢ (e1) = {1,2,3} and
7¢ (e2) = {1,2,3}, which show that (jG,A> is a SIIL of S1. Hence, (G,A) is a

generalized upper SIIL of S1 respecting to the aftersets.
The next theorem has a routine verification.

Theorem 7.2.19 Let (J, A) be an SCRE from S to Sy (S1 and Sy are semigroups).
If (L, A) is a SIIL of Sy, then (L, A) is a generalized upper SIIL of Sy respecting to

the foresets.

The example below describes that the counter part of above theorem is not valid

generally.
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Example 7.2.20 Consider the Example and soft relation of example

J(er1)a = {1,2,3}, J(e1)b={1,2}, J(e1)c={1,3},
J(e2)a = {1,2}, J(e2)b= {2} and J(e2)c ={2,3}.

Now, define (L, A), a soft set over S1 by L (e1) = {1} and L (e2) = {2,3} which is not
a SIIL of Sy as {1,2,3}{1}{1,2,3} = {1,2,3} ¢ {1} and {1,2,3}{2,3}{1,2,3} =
{1,2,3} ¢ {2,3} but LJ (e1) = {a,b,c} and LJ(e2) = {a,b,c}, which shows that
(Lj, A) is a SIIL of So. Hence (L, A) is a generalized upper SIIL of Sy respecting

to the foresets.

Theorem 7.2.21 Let (J, A) be an SC,, R respecting to the aftersets from S1 to S
(S1 and Sy are semigroups). If (G, A) is a SIIL of Sa, then (G, A) is a generalized
lower SIIL of S1 respecting to the aftersets.

Proof. As (G, A) is a SIIL of Sy, we have by Theorem (2) and Theorem
S1JC (e)S1 = J52 (e) JC (e) J52 (e) C J52652 (e) C JCE (e). Hence, (JG,A) isa SIIL
of Sj. Thus, (G, A) is a generalized lower SIIL of S; respecting to the aftersets. m

Example 7.2.22 Consider the semigroup of Example and A = {e1,ea}. Define
J:A— P(S1 x S2) by

Je) = {(a,2),(a,3),(b,3),(c,2),(c,3),(d,2),(b,2),(d,3)} and

Then (J, A) is an SC,, R respecting to the aftersets from Sy to Ss.

aJ(e2) = {2,3}, bJ(e2) ={2,3}, cJ(e2) ={2,3} and dJ(e2) ={2,3}. Also,
aJ(e2) = {2}, bJ(e2) ={2}, cJ(e2) = {2} and dJ(e2) = {2}.

Define (G, A), a soft set over S by G (e1) = {2,3,4} and G (e2) = {2,4} which
is not a SIIL of S as {1,2,3,4}{2,3,4}{1,2,3,4} = {1,2,3,4} ¢ {2,3,4} and
{1,2,3,4} {2,4} {1,2,3,4} = {1,2,3,4} € {2,4} but J%(e1) = {a,b,c,d} and J®(e2) =
{a,b,c,d}, which show that (lG,A) is a SIIL of S1. Hence, (G, A) is a generalized
lower SIIL of S1 respecting to the aftersets.

The proof of the next theorem is a routine verification.
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Theorem 7.2.23 Let (J, A) be an SC,, R respecting to the foresets from Sy to Sy (S1
and Sy are semigroups). If (L, A) is a SIIL of S1, then (L, A) is a generalized lower
SIIL of So respecting to the foresets.

Example 7.2.24 Consider the semigroup of Example and A = {e1,e2}. Define
J:A—>P(Sl XSQ) by

J(e1) = {(d,1),(d,2),(d,3),(d,4)} and
Jle2) = {(a,1),(a,2),(a;3),(a,4),(d,1),(d,2),(d,3), (d,4)} -

Then (J, A) is an SCy, R respecting to the foresets from Sy to Ss.

J(e2)l = {d}, J(e2)2={d}, J(e2)3 ={d} and J(ez)4 = {d}. Also,
J(e2)l = A{a,d}, J(e2)2 ={a,d}, J(e2)3 ={a,d} and J(e2)d = {a,d}.

Define (L, A), a soft set over Sy by L(e1) = {b,c,d} and L (e2) = {b,c,d} which is
not a SIIL of Sy as {a,b,c,d} {b,c,d}{a,b,c,d} = {a,b,c,d} € {b,c,d} but LJ(e;) =
{1,2,3,4} and “J(ex) = {1,2,3,4} is an IIL of Sy. Hence, (L, A) is a generalized
lower SIIL of Sy respecting to the foresets.

Now, we describe the approximations in SBILs of semigroups.

Definition 7.2.25 Let (J, A) be an SBRE from S; to Se (S1 and S are semigroups)
and (G, A) be a soft set over Sa. Then (G, A) is said to be generalized lower (upper)
SBIL of S1 respecting to the aftersets if (JG,A) <respectively <jG,A>) is a SBIL
of S1.

Definition 7.2.26 Let (J, A) be an SBRE from Sy to Sy (S1 and So are semigroups)
and (L, A) be a soft set over S1. Then (L, A) is said to be a generalized lower (upper)
SBIL of Sy respecting to the foresets if (Ll, A) (respectz'vely (Lj, A)) is a SBIL of
Ss.

Theorem 7.2.27 Let (J, A) be an SCRE from Sy to Sa (S1 and Sy are semigroups).
Then every SBIL (G, A) of Sy is a generalized upper SBIL of S1 respecting to the

aftersets.
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Proof. Let (G, A) be a SBIL of Sy. It follows from Theorem |7.2.3(1), (76, A) is a

SSS of Sy. By Theorem (3) and Theorem 7¢ (€)S1J " (e) = ¢ (e) TJ> (e) W (e) C
TORC (e) C 7¢ (e). Hence, <7G,A> is a SBIL of S;. Thus, (G, A) is a generalized

J
upper SBIL of S;. =

Example 7.2.28 Consider the semigroups and soft relation of Example[7.2.] Define
(G, A), asoft set over Sg by G (e1) = {1,2,3} and G (e2) = {1,2} which is not a« SBIL
of Sy as {1,2,3} {1,2,3,4,5} {1,2,3} = {1,2,3,5} ¢ {1,2,3} and {1,2} {1,2,3,4,5} {1,2} =
{1,2,5} € {1,2} but jG(el) = {a,b,c,d} and jG(€2) = {a,b,d}, which show that
(jG,A) is a SBIL of S1. Hence, (G, A) is a generalized upper SBIL of S1 respect-

ing to the aftersets.
The next theorem has a routine verification.

Theorem 7.2.29 Let (J, A) be an SCRE from S to Sz (S1 and Sy are semigroups).
Then every SBIL, (L, A) of Si is a generalized upper SBIL of Sy respecting to the

foresets.

Example 7.2.30 Consider the semigroups and soft relations of example[7.2.4. Define
(L, A), a soft set over Sy by L (e1) ={a,b,c} and L (e2) = {a,b} which is not a SBIL
of S1 as{a,b,c}{a,b,c,d, e} {a,b,c} = {b,c,d} € {a,b,c} and {a,b}{a,b,c,d, e} {a,b} =
{b,d} ¢ {a,b} but LJ(e;) = {1,5,3,2} and L'J(e2) = {1,5,3,2}, which show that
(Lj, A) is a SBIL of So. Hence, (L, A) is a generalized upper SBIL of Sy respecting

to the foresets.

Theorem 7.2.31 Let (J, A) be an SC,, R respecting to the aftersets from Sy to S
(S1 and Sy are semigroups). Then every SBIL, (G,A) of S2 is a generalized lower
SBIL of S1 respecting to the aftersets.

Proof. Let (G, A) be a SBIL of Sy. It follows from Theorem (2), (JG, A) is a

SSS of S3. By Theorem|3.1.11{2) and Theorem JY (€).81.J% (e) = JC (e).J%2 (e).JY (e) C
JE526 (e) C JC (e). Hence, (JG,A) is a SBIL of S;. Hence, (G, A) is a generalized

lower SBIL of S1. m

Example 7.2.32 Consider the semigroup of Example and A = {ey,ea}. Define
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J:A— P(S1 x Ss) by

Then (J, A) is an SC,, R respecting to the aftersets from S to Sy. Now,

aJ(e1) = {2,3}, bJ(e1) ={2,3}, cJ(e1) ={2,3} and dJ(e1) = {2,3}. Also,
aJ(e2) {2}, bJ(e2) = {2}, cJ(e2) = {2} and dJ(e2) = {2}.

Define (G, A), a soft set over Sy by G(e1) = {2,3,4} and G (e2) = {2,4} which
is not a SBIL of Sy as {2,3,4}{1,2,3,4}{2,3,4} = {1,2,3,4} ¢ {2,3,4} and
{2,4}{1,2,3,4}{2,4} = {1,2,3,4} ¢ {2,4} but J%(e1) = {a,c,b,d} and JC(es) =
{a,c,b,d}, which show that (JG,A) is a SBIL of S1. Hence, (G, A) is a generalized
lower SBIL of Sy respecting to the aftersets.

The next theorem has a routine verification.

Theorem 7.2.33 Let (J, A) be an SC,,, R respecting to the foresets from Sy to Sy (S1
and Sy are semigroups). Then every SBIL, (L, A) of S1 is a generalized lower SBIL
of Sa respecting to the foresets.

Example 7.2.34 Consider the semigroup of Example and A = {e1,es}. Define
J:A— P(S] x S2) by

J(e1) = {(d,1),(d,3),(d,4),(d,2)} and
J(e2) = {(a,1),(a,2),(a,4),(d,1),(a,3),(d,3),(d,2),(d,4)}.
Then (J, A) is an SC,, R respecting to the foresets from Sy to Ss.

J(e2)l = {d}, J(e2)2={d}, J(e2)3 ={d} and J(e2)4 = {d}. Also,
J(e2)l = A{a,d}, J(e2)2 ={a,d}, J(e2)3 ={a,d} and J(e2)4d ={a,d}.

Define (L, A), a soft set over Sy by L(e1) = {b,c,d} and L (e2) = {b,c,d} which is
not a SBIL of Sy as {b,c,d}{a,b,c,d} {b,c,d} = {a,b,c,d} € {b,c,d} but LJ(e;) =
{1,2,3,4} and “J(e1) = {1,2,3,4}, which show that (Ll, A) 18 a SBIL of So. Hence,
(L, A) is a generalized upper SBIL of Sy respecting to the foresets.
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Conclusion

This investigation was dedicated to the discourse of soft binary relations. Some fun-
damental ideas with respect to soft binary relations were proposed. All these ideas
are fundamental supporting structures for innovative work on soft set theory. The
novelty of this work is that how the number of parameters for a soft equivalence re-
lation can be lessened to the minimum without aggravating its original classification
ability. A conclusion can be drawn with minimum parameters by utilizing a soft equiv-
alence relation. It has been talked about that parametric decrease can be made in this
new setting. Another algorithm is exhibited for the parametric lessening proposed by
a soft binary relation. Moreover, two kinds of fuzzy topologies and two kinds of soft
topologies induced by soft reflexive relations are investigated. An approach to decision

making problem is presented depending upon on a fuzzy set.

With the inspiration of concrete thoughts introduced, an investigation on the theoret-
ical parts of these generalized ideas is more valuable and need more consideration. An

expansion of this work is

e An endeavor can be made toward this path by concentrating on the theoretical

establishment of these generalized ideas which are very valuable instruments.

e Additionally, investigation of the axiomatization of the approximation operators is

a fascinating issue to be address.

e Besides and in this way, more positive arrangement in reality is acquired in basic

decision making problems.

e We trust that within the near future, the idea of roughness using soft binary relations
will be connected with other algebraic structures and it is our desire this work would

fill in as a foundation for additional examination of the semigroup theory.

e The subject of this work might be stretched out to further results under different

environments of soft binary relations.

e In future, we will use a soft tolerance relation to handle this concept in a different

way engaging any algebraic structure.
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