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Abstract

In this thesis, we consider the problem of boundedness of different Hausdorff operators
and their commutators on function spaces. However, from the point of view of applica-
tions and complexity, the major part of this thesis is devoted to prove the boundedness of
commutator operators generated by Hausdorff operator with locally integrable functions
on different function spaces. The function spaces include L” function spaces, Morrey type
function spaces, Herz type function spaces and Triebel Lizorkin type function spaces with
the Euclidean space R" or the Heisenberg group H™ as underlying spaces. We also con-
sider the weighted boundedness of Hausdorff operator and commutators on these function
spaces defined on R™ or H". Since Hardy integral operators are special cases of Hausdorff
operator, therefore, we also include some results regarding weighted boundedness of com-
mutators of Hardy operators on Morrey type spaces. Almost all work has been published
in well reputed mathematical science journals and is enlisted in the reference section of
this thesis.
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Preface

In this thesis, we will study integral operators including Hausdorff operator and Hardy-
type operators on function spaces. This study require the use of some basic concepts
of measure theory and integration like for example Lebesgue measure and Lebesgue
integrals. We only incidently considered these topics and we will assume in this thesis
that the reader is familiar with such basic concepts of measure theory and integration.

The first Chapter contains a brief history and recent development of Hausdorff
operators. In this Chapter, starting from one dimensional Hausdorff operator, we re-
call the definitions of high dimensional matrix Hausdorff operators, rough Hausdorff
operators and multilinear fractional Hausdorff operators. Several other integral oper-
ators which are special cases of Hausdorff operator are also come into discussion with
in the content of this chapter.

In the second chapter, we first give Lipschitz estimates for the commutators of
matrix Hausdorff operator on Lebesgue, Morrey, Herz and Triebel-Lizorkin space.
Then we give central BM O-estimates for the same commutators on Herz-type spaces.
Here, we give answer to an open question regarding Lebesgue space boundedness of
the commutators of Hausdorff operator. The results of this chapter has been published
in [71].

Keeping in view the importance of weighted theory of function spaces and the work
on Hausdorff operators in the past, we developed new results on the boundedness
of the matrix Hausdorff operator on weighted central Morrey space in Chapter 3.
Employing some special conditions on the norm of the matrix and weight functions,
sharp bounds for these results are also computed. Moreover, similar boundedness
results for the commutators of the matrix Hausdorff operator are established as well.
The results of this chapter has been published in [70].

In chapter four, our objective is to provide some weak type inequalities for frac-
tional Hausdorff operator and related commutators. Since Hardy operators are special
cases of fractional Hausdorff operators so, therefore, remaining of this chapter is de-

voted to obtain sufficient conditions for the boundedness of commutators of Hardy

v



contents v

operator on weighted central Morrey spaces when the symbol functions belongs to
weighted Lipschitz space.

Chapter five is about the boundedness of Hausdorff operator and commutators
on weighted Herz space with the Heisenberg group as underlining space. The first
part is about the boundedness of Hausdorff operator on Herz-type spaces while in the
second part we established weighted C BM O estimates for the commutator operators.
The significance of our results lies in the fact that Herz-type spaces are used in the
characterization of multiplier on the Hardy spaces and in the study of certain kind of
partial differential equations (PDE’s). Some of the results of this chapter has been
published in [72].

Amna Ajaib
Islamabad, Pakistan
October 12, 2020
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Chapter 1

Introduction

There are several methods to check the convergence of a number series. Among them
the Cesaro and Hausdorff summability methods are of fundamental importance. A
review paper by Liflyand [85] reveals that the origin of Hausdorff summability method
can be traced back to Hurwitz and Silverman [68], who studied a family of methods
within the classical framework of number series. However, after the seminal work by
Hausdorff [60], who actually developed the summability methods by associating them
with the moment problem for a finite interval, the topic was retaken by several authors
including Garabedian [47], Hardy [59], Powell and Shah [108], Hille and Tamarkin [62]
and Ustina [124].

The historic development of the Hausdorff operator from Hausdorff summability
to its present forms is best described in the review articles [14, 87]. In summary,
modern theory of Hausdorff operators comprises of two settings, complex analysis
settings due to Siskakis [118, 119] and Fourier transform setting due to Georgakis [48]
and more specifically due to Liflyand and Méricz [49, 90]. In this chapter, we shall
briefly describe the theory of Hausdorff operators in the later settings starting from

one-dimensional Hausdorff operators to multi-dimensional one.

1.1 The One Dimensional Hausdorff Operators

To study the continuity properties of Hausdorff operators on function spaces, an

appropriate point for opening discussion is the one dimensional Hausdorff operator:

he f(z) = /000 f(%)@dt, r € R, (1.1.1)

where ® € L'(R). Also, in the interest of convenience, it is usually assumed that

functions f are initially in Schwartz class S(R). The operator firstly appeared in [90]



2 Introduction

in a thoughtful manner, where the authors studied its boundedness on the real Hardy
spaces H'(R). Sharpness of the main result in [90] was shown in [32] which was then
negated by the authors of [17] by improving the main theorem in [90]. The exact
norm of hg on H'(R) was computed in [66]. Later works by authors in [80, 89, 96]
extended the results provided in [90] to the Hardy spaces HP(R), 0 < p < 1. In
[92], it was shown that the Hausdorff operator has commuting relations with Hilbert
transforms. Finally, the boundedness of the bivariate and multivariate versions of
(1.1.1) on the product Hardy spaces were established in [91] and [67], respectively.
Recently, in [11], a novel idea of proving the boundedness of hg on the Hardy space
HP(R) when 1 > p > 0; was employed to extend some known boundedness results
regarding Hausdorff operator on Hardy spaces. A change of variables in (1.1.1) results

in an equivalent form of the Hausdorff operator [130]:

he f(z) = /0°° o)

Lf(t)dt, v eR, (1.1.2)

of which the weighted boundedness in Lebesgue space with constant exponent and
variable exponent is given in [1] and [5], respectively.

Recent interest in the study of Hausdorff operator is due to the fact that there are
many popular and important operators in analysis which become special cases of hg,
if the function @ is suitably chosen. Like, for example, the one dimensional Hardy

operator: N
hf(z) = x_l/ f(t)dt, x>0, (1.1.3)
0

is obtained from hg if one chooses ®(t) =t~ x(1.00)(t) in (1.1.2). Alternatively, if (¢)
is taken to be equal to x(o,1)(¢) in (1.1.2) then we obtain adjoint Hardy operator given
by:

W f(z) = /Oo L)t (1.1.4)

Here it is worth mentioning that the Hardy-Littlewood-Pdlya operator p which can
be defined as:

pf(z) =" f(z) + hf(z),
which implies that the operator p is also a special case of Hausdorff operator. Another

variant of Hausdorff operator is the weighted Hardy operator:

1
uyf(z) = / Y(t) f(tx)dt, xe€R, (1.1.5)
0
which is obtained from (1.1.2) by selecting:

() =t p(1/t) x(1,00) (1),



1.2 The Matriz Hausdorff Operators 3

where 9 : [0, 1] — [0, 00], is a measurable function. Here, we remark that the Cesaro
operator is also a subcase of Hausdorff operator, see [80] for more details.

Kuang Jichang, in [82, 83], introduced a new generalization of Hausdorff operator
in the form:

o(t)

Hofa) = [ S fa0)i (1.16)

where g : (0,00) — (0,00) is a monotonic function and ® : (0,00) — (0,00) is a
locally integrable function. He obtained the condition on ® which was necessary and
sufficient for the continuity of He on power weighted Herz-type spaces. Also, he
showed that the operator (1.1.1) can be obtained from Hg if one chooses g(t) = 1/t.
In case x € R and ¢(t) = 1/t, some g-inequalities for Hausdorff operator were obtained
in [55]. Finally, our theory of one dimensional Hausdorff operator ends up with the
inclusion of the paper [25] in which Daher and Saadi defined and studied the Dunki-
Hausdorff operator on the real Hardy spaces H!(R).

1.2 The Matrix Hausdorff Operators

In [84], Lerner and Liflyand gave the following extension of he to Euclidean space R
for n > 2

Hoaf(z)= [ [(zA(y))®(y)dy, (1.2.1)

R7
where A(y) is an n x n matrix satisfying non-singularity conditions almost everywhere
in the support of a fixed integrable function ®. Taking into consideration the duality
of H' and BMO, the authors in [84] showed that Hg 4 is bounded on Hardy spaces.
Subsequently, similar boundedness of Hg 4 was reconsidered in [86] using atomic de-
composition of Hardy spaces. Also, results of [84, 86] on the H'(R™) boundedness
of the Hausdorff operators are generalized to the case of locally compact groups in
[102, 103]. Recently, Liflyand and Miyachi [88] extended these results on HP(R™)
spaces with 0 < p < 1. In [104], a spectral representation for multidimensional nor-
mal Hausdorff operator is given. Actually, before Lerner and Liflyand results, Brown
and Moricz defined the multivariate Hausdorff operator H(u,c, A) acting on Borel
measurable functions f : R” — C by setting

H(p, e, A)f(x) = [ f(zA(y))e(z)duly), (1.2.2)
R’ﬂ
where p is a o-finite complex measure defined on the Borel measurable subsets of

R", ¢ : R"™ — C is a Borel measurable function which is nonzero p-a.e., and A := [a;]
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is a n x n matrix whose entries a;; : R" — C are Borel measurable functions and
such that A is nonsingular u-a.e. By defining the operator in this way they obtained
the LP(R™) boundedness of H(u,c,A). In fact, Hp af(x) can be considered as a
special case of H(u,c, A) when p is absolutely continuous. It should be noted that,
unlike Hg 4 f(x), the boundedness of H(u,c, A) on Hardy spaces cannot be obtained
by using the duality of H! and BMO. However, when the matrix A is diagonal, the
boundedness of H(u,c, A) on Hardy and BMO spaces was shown in [131]. Latterly,

Anderson [3] studied the boundedness properties of the operator:

(@) = [ 1enduty). « R, (1.23)

and its formal adjoint operator:
Hf@) = [ fa/y)lt " duty), o € R (124)
R

on LP(R™), H'(R™) and BMO(R™). These results were then extended to the Herz-
type spaces in [44] and rearrangement-invariant function spaces in [64]. The above
cited publications are important as their results are the first attempts to study the
high dimensional Hausdorff operators on function spaces.

In 2012, Chen et al. [12] modified the form of (1.2.1) by replacing the kernel
function ®(y) with |y|"®(y) :
o),

|y|"

Hoaf(z) = o f(zA(y)) (1.2.5)

As a subcase, when A(y) = diag[1/|y|,1/|y], ..., 1/|y|], they give another definition of

n-dimensional Hausdorff operator:

_ ER)
Hof@) = | TG0

Their results include the boundedness of Hausdorff operators on Hardy spaces, local

(1.2.6)

Hardy spaces, Herz and Herz-type Hardy spaces with a conclusion that these op-
erators have better performance on Herz-type Hardy spaces than their performance
on Hardy spaces. In the same year, with different co-authors, Chen et al. [16] ex-
tended the problem of boundedness of Hg 4 to the product of Hardy type spaces.
The boundedness results regarding Hausdorff operators on H*(R™) were improved in
[19]. The continuity of (1.2.5) on Morrey spaces [9, 10], Hardy-Morrey spaces [26],
rectangularly defined spaces [27], Block spaces [63], Triebel-Lizorkin-type spaces [93]
and Campanato spaces [115, 135] has also been discussed in the recent past. Similarly,
some results regarding the boundedness of Hg can be found in [65, 73, 139, 140, 141].
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On the other hand, weighted norm inequalities for Hausdorff operators on function
spaces have recently been reported in the literature which include boundedness of
Hausdorff operator on on power weighted Hardy spaces [18, 112], weighted central
Morrey space [70], weighted Herz-type Hardy spaces [114], weighted central Morrey
and weighted Herz space on Heisenberg group [117, 116] and on weighted Lorentz
spaces [121]. The two weighted inequalities for He 4 on Herz-type Hardy spaces with
power weights have also been obtained in [21].

In the same way, the study of commutators to integral operators is important
as it has many applications in the theory of partial differential equations and in
characterizing function spaces. An attempt has been made in [71] to discuss the

continuity of commutator operator Hg 4, defined by:

Hy W@ = [ wcw-—waun»f@uuy»T;?dy, (127

n

on function spaces when the symbol function b are either from Lipschitz space or
central BMO space. However, when the matrix A(y) is diagonal, we get the com-
mutators of He which were studied in [69, 74] and [132]. Finally, the weighted norm
inequalities for the operator defined in (1.2.7), when b belongs to weighted central
mean oscillation space, were recently reported in [70].

A nice contribution from Russian mathematician to the theory of Hausdorff oper-

ator is the p-adic analogs of matrix Hausdorff operator given in [125]:
Hoaf(x) = A fA)z)p(t)dp(t), (1.2.8)

where 1 is the Haar measure on Q7. In the paper [125], the author gave a sufficient
condition on ¢ for the boundedness of H, 4 on p-adic Hardy and BMO spaces. The
BMO-type estimates on different p-adic function spaces were established in [126] for

the following Hausdorff operator:

Hd@—éw@MWMm:WQK (12.9)

with By is the unit ball of Q. The same author, in [127], obtained the sharp conditions

on the size of ¢ such that the operator H, and it adjoint operator:

Hof(x) = [ [ @)t e(t)du(t), = €@, (1.2.10)

By

are bounded on Morrey and Herz spaces.
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The p-adic matrix Hausdorff operator was reconsidered in [128], where by imposing
conditions on both the determinant and the norm of the matrix, its boundedness
was shown on Hardy, BMO and Holder spaces. Finally, by generalizing the result
presented in [126, 127], the author in [128] proved the two-sided sharp estimate for
the norm of Hausdorff operator on the Herz-type spaces. For Hausdorff operator of
general type defined on Q7, Bandaliyev and Volosivets [6] gave sufficient conditions
of its boundedness in weighted Lebesgue and grand Lebesgue spaces. Sharpness of
some of these conditions was also established in the same paper. The p-adic analogues
of (1.2.3) and (1.2.4) were discussed in [129]. In [75], the authors came up with the
continuity of the Hausdorff operator defined on @} on the weighted p-adic Morrey and
Herz type spaces with power weights. Also, by imposing some specific restrictions on
the norm of the matrix A, they proved that these boundedness results are sharp.

The commutators of p-adic matrix Hausdorff operators were define and studied
in [76]. Perhaps the last article we found, before submission of this thesis, on the
boundedness of Hausdorff operator is [23] in which the authors studied the operator

on variable exponent Morrey-Herz spaces.

1.3 The Rough Hausdorff Operators

Another important development made in [12] was the introduction of rough Hausdorff

operator defined by

oof (o) = [ o))"y, (13.1)

ly|"

where @ is a radial function defined on R, and €2(y’) is an integrable function defined
on the unit sphere S*~!. Here and in the sequel, if Q = 1, we denote ITLM = ITLI).
Immediately after the appearance of [12], two different extensions of the operator }N[cp
to the multilinear case were made in [15] and their bounds on Lebesgue spaces and
Herz spaces were established. Operator norm for the multilinear Hausdorff operator
were computed in [37]. Meanwhile, the sharp constants on the product of Lebesgue
spaces for the same operator were obtained in [134]. g-analysis of the results of [134]
was made in [31]. The sharp Strong and weak type (p,p) estimates for linear and
multilinear Hausdorff operator with the Heisenberg group as underlying spaces were
established in [54]. The authors, in [41], gave some conditions on ¢ which were
sufficient for the continuity of three types of Hausdorff operators on the Lebesgue

spaces with power weights.



1.4 The Fractional Hausdorff Operators 7

In [113], the author studied the operator Hg on power weighted Hardy spaces and
found that it is bounded on H f ‘Q(R”) if the kernal function ® is the Poisson function
or the Guass function. The similar boundedness of Hg on weighted Herz-type Hardy
spaces, using their atomic decomposition, was proved in [143].

Keeping in view the importance of commutator operator, Hussain and Ahmed [69]

defined the commutators of ﬁ@ﬂ by

H o f(z) = b(x) Hb o(f)(2) — Hea(bf)(z). (1.3.2)

Gao and Jia [39] studied the boundedness of f[g = f[gl in Lebesgue, Herz and
Morrey-Herz spaces taking the symbol functions b either from central-BMO or Lip-
schitz spaces. Moreover, central BM O estimates for ]:lg were studied in [74]. Weak
type Lipschitz estimates for such commutators were established in [69]. In the same
paper, using Marcinkiewicz interpolation theorem, it was shown that strong type
Lipschitz estimates for ﬁgg also hold. The boundedness of the rough type Haus-
dorff operator on weighted function spaces was established in [120]. Chuong et al.,
in [24], provided the sufficient and necessary conditions for the boundedness of I;T@’Q
on weighted Herz-type and Morrey-type spaces. Moreover, they also established the
weighted boundedness of ﬁgﬂ on these spaces. The study, in [22], undertook the
weighted boundedness of multilinear p-adic rough-type Hausdorff operator on the
product spaces and also established the boundedness for the commutators of same

operators with symbols in central-BM O space.

1.4 The Fractional Hausdorff Operators

After the appearance of matrix and rough Hausdorff operator, it was natural to de-
fine and study the fractional type Hausdorff operator. The gap was filled in [96] by

studying strong and weak type boundedness for the fractional Hausdorff operator:

Hoof0) = [ T a(lallts. 025 <n (1.4.1)

|ly|=

in Lebesgue spaces. Note that the kernel function ® is taken radial while proving
main results in [96], however, the case of general non-radial function ® was subse-
quently considered in [30]. Necessary and sufficient conditions for the continuity of
Hg , with non-radial function ® on power weighted Lebesgue spaces were provided
in [40]. Roughness in the fractional Hausdorff was defined and studied in [38]. The

paper [43] establishes weak type estimates for fractional Hausdorff operator with a
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conclusion that it is bounded from Hardy spaces to weak Lebesgue spaces. Although,
multilinear fractional Hausdorff operators were defined in [30] but their sharp constant
on Lebesgue spaces were fixed in [133].

The problem of boundedness of fractional Hausdorff operator in Hardy spaces
HP(R™) was initiated by Chen et al. [13]. Wu and Fan [136] continued the work of
[13] in the setting of Homogenous groups and proved the continuity of the Hausdorff-
Gauss and the Hausdorff-Poisson operators in Hardy spaces. Also, in the setting of
Heisenberg group, characterization of some functions was made in [136] for which the
fractional Hausdorff operator is bounded on BMO space, power weighted LP spaces
and Hardy spaces, respectively.

Similar to the definitions of commutators of matrix and rough Hausdorff operators,

the commutators of Hg -, cab be defined as:

Hyo @) = [ P00 by, 0<q<n (142

Such commutators were defined and studied in [73, 110, 123].

1.5 Our Contribution to the Theory

We contributed to the theory of Hausdorff operators in many ways. Firstly, we defined
the commutators of matrix Hausdorff operator for the first time and obtained its
boundedness on Morrey, Herz and Triebel-Lizorkin spaces. Also, we gave answer
to an open question regarding Lebesgue space estimates for the commutators of the
matrix Hausdorff operators. Secondly, keeping in view the importance of weighted
theory of function spaces we developed new results on the continuity of the matrix
Hausdorff operators and their commutators on weighted central Morrey spaces. Also,
by employing some specific conditions on the weight functions and on the norm of the
matrix, sharp bounds for these results are also computed. Thirdly, we established some
weak type inequalities for fractional Hausdorff operator and related commutators.
Finally, we not only showed the boundedness of matrix operator on weighted type
Herz space with the Heisenberg group as underlining space but also obtain similar

results for its commutators.

1.5.1 References of Contribution

The contribution is cited in the reference list which include [70, 71, 72].



Chapter 2
Commutators of Matrix Hausdorft

Operator on Function Spaces

2.1 Introduction

The study of boundedness properties of commutators operators on function spaces
is considered an important problem in harmonic analysis. The study can be utilized
for characterizing the function spaces, in the well posedness problems of solution to
partial differential equations (PDEs) and in the regularity theory to special kind of
PDEs. Therefore, the study of boundedness results for the commutators of Hausdorff
operators is as important as the study of Hausdorff operators itself. In an exploratory
research, one can find very few papers discussing the boundedness of commutators
of various Hausdorff operators [39, 70, 73, 74, 132], except that of Hg 4. Recently,
in [69], we defined the commutators of matrix Hausdorff operator He 4 and locally

integrable function g as:

Hg 4(f)(x) = g(x)Hoa(f)(x) — Ho,a(gf)(2),

and constructed weighted estimates for it on central Morrey spaces, when g € C'M O(R™).
Also, we raised an open question regarding LP(R"™) boundedness of H‘% 4. Here, we
give partially positive answer to this question by establishing LP(R™) — L7(R™) esti-
mates for the symbol functions belonging to the Lipschitz class of functions. However,
in the case g € CMO(R"), the question of L?(R") boundedness of Hj 4 still remains
open.

In this chapter, our aim is to establish the Lipschitz estimates for H, ;‘17)7 4 on Lebesgue,
Morrey and Herz-type spaces and thus generalize some results presented in [43, 70].
In addition, when g € Ag(R™), we obtain LP — Fpﬁ’“ boundedness for Hg ,, where

Ff’oo is the homogeneous Triebel-Lizorkin space. Also, we estimate Hg , on Herz-

9



10 Commutators of Matrix Hausdorff Operator on Function Spaces

type spaces when g € CM O(R™). The significance of our results lies in the fact that
Herz-type spaces are used in the characterization of multiplier on the Hardy spaces
[4] and in the study of certain kind of PDEs [100].

This chapter is organized as follows. The second section contains some basic
definitions and notations likewise some necessary lemmas which will be used in the
succeeding sections of this chapter. Lipschitz estimates for Hg , are established in the
third section. While results regarding central-BM O estimates of H;%’ 4 on Herz-type

spaces are stated and proved in the last section.

2.2 Some Definitions and Lemmas

In 1938, Morrey [105] studied second order parabolic and elliptic PDEs along with

their local behavior and introduced a function space what is called Morrey space.

Definition 2.2.1 Suppose 1 < p < 0o, 0 < X\ < n. The Morrey space LP*R™) is
defined as:
LPAR") = {g € Lipo(R") = |9l or ey < 00},

loc

satisfying

1 1/p
ol = s (5 [ lotarac)
r>0,z0€R™ \ T Q(wo,r)

where xq is the center and r is the side length of the cube Q@ = Q(xo,7) along the

coordinate axes.

It is easy to see that LP(R") = LPO(R") and LP"(R") = L®(R"). If n < A, then we
have LPA(R") = 0. Hence, we consider, in this paper, the case 0 < A\ < n.
For k € Z, we denote Cy = By/By_1 where By := {z € R" : |z| < 2¥}. Then we

will consider the following definition of homogeneous Herz space.
Definition 2.2.2 ([138, 109, 51]) Suppose 0 < p,q < oo, o € R. The Herz space
K&P(R™) is the set:

Ke(R") = { g € Liyo(R"/{0}) ¢ lgll g < 00} -

where

0 1/p
||9||Kg”’(Rn) = { Z 2kap||9||iq(ck)} :

k=—o00
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It is not difficult to verify that LP(R™) = KS?”(R"). Hence, Herz space is reduced to
Lebesgue space LP(R™) when the indices attain some specific values.
Similarly the definition of homogenous Herz-Morrey space M Kg’;}’\(R") can be

stated as below.

Definition 2.2.3 Suppose 0 < p,q < oo, € R, 0 < . The Herz-Morrey space
MESNR™) is the set:

MEGR") = {g € LR /{0}) : lgllysg ey < o0}

where

ko 1/p
—koA ko
9l ey = 20 27 {Z : pugufzw} |
0EZ b — o0
: a0 n\ _ Joa, n A n 0\ (TN
Obviously, M K77 (R") = KP(R") and L9(R") C MK (R™).

For the continuity of commutator operators in function spaces having central na-
ture, one usually looks for a corresponding function class to which the symbol function
b belongs and which has BMO-type behavior at the origin. Having such a prop-
erty an appropriate function space is the homogeneous central mean oscillation space
CMO(R™) defined below.

Definition 2.2.4 ([2]) Suppose co > q > 1. A function g € L] (R") is said to
belongs to the central-BMO space CMOq(R”) if

1 1/q
19l eror sy = Sup (— [ o)~ gmon |qu) “
CMO"(R") = .00 |B(0, R)| BO.R) (0,R)

where |B(0, R)| is the measure of B(0, R) and gp = ﬁ [ g(x)dx is the average of g

over B.

For detailed study of CMO?(R™) space we refer the interested reader to [2, 99].
Obviously, BMO(R") ¢ CMOR") for 1 < q < oo. However, the two spaces
differ in their properties. For example C'MO?(R™) depends on ¢ and CMOI(R") C
CMOP(R™), 1 < p < q < co. Therefore, there is no analogy of John-Nirenberg
inequality of BMO(R™) for CMO?(R"). The function space BMO(R") is the mean

oscillation function space satisfying the following norm condition:

lollasio) =sup 1" [ lgla) - galde.
B
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Definition 2.2.5 ([107]) Suppose € (0,1). The space with the norm condition:

lg(x + h) — g(z)]
A ny — SUu < 0.
||g||Aﬁ(R ) x,he%" |h|’8

is called Lipschitz space Ag(R™).

Next, for a non-singular matrix £, we consider the following definition of norm

E
2= sp (2.2.)
zER™ 2#£0 ’l"
which implies that
IE||™" < [det(E~N)|] < |[E7Y|™ (2.2.2)

Finally, the fractional maximal function Mg of order 8 with 0 < 8 < n have the

form:

B_
Magle) = sup Q1 [ lo(w)ldy
Q3 Q

where the supremum is taken over all cubes () containing x. Notice that when g = 0,
we obtain the usual Hardy Littlewood maximal function M = M,.

This finishes the streak of definitions concerning function spaces, norm of a matrix
and maximal function. We are now in position to state some lemmas which will be

helpful in proving main results.

Lemma 2.2.6 (/107]) Suppose 0 < § < 1 and f € Az(R"), and let Q be any cube in
R™, then

8
sup [fo = f(@)] < ClRI 114, @n),
where |@)| denotes the measure of the cube @) and fo = ﬁ fQ f(z)dz.

Lemma 2.2.7 Suppose 0 < < 1 and the symbol function b is in Ag(R”), then

M (Hg 2f)(x)
[@(y)]

< CIbl[ 4 5 gny /R T max{1, |det A~ ()"} (1 + AW 17) M5 (F)(Aly)x)dy.
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Proof: Let us consider a cube () C R™ in such a way that x € ) and

Y _
‘Q|/C;’H¢,Af<z)|dz |Q|

/]R" Iy\" — b(A(y)2)) [ (Aly)2)dy| d=

|Q! R |y|"|/| A(y)2)) f(Ay)z)| dzdy

|@| e |y|n| / & (A(y)2)| dzdy

IQI R Iyl”|/|bQ_bA F(A(y)2)| dzdy

IQI R |y|”|/|b 2) = bag)e) f(A(y)2)| dzdy
=L+ L+

In the approximation of I;, we use Lemma 2.2.6 to obtain

|P(y)
R < Ol | W o= 150402 ) dy

D(y
< CHbHAa(R”)/ ||y<|n>| (|A( )Q|—A/m /A(y)Q| (2 )|dz> |detA71(Z/)’6/ndy

< Clligeny [ T et A7 P Al

lyl"

In order to estimate 5, we have to approximate |bg — bag)g|. For 0 < 8 < 1, we

obtain
1
bg — baw)el < @ b(2) = bagy)qldz
(t)|dtdz
<o ( /Hﬁ i)
ABR |Q| Q’ A(y)Q

< C1QIP™1bll 4., ey (1 + ||A(y)||ﬂ)

Therefore,

L <l [ S04 14001 (e | A1) dy

< Ol [ T+ LAGI) det A7 )P M) (Al
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It now turns to estimate I5. By virtue of Lemma 2.2.6, the estimation of I3 reduces

to

1 )
Q[ Jrn |y|"

L[ le)] L
== A _
o [ Eaeawr ) = bagaalF 2y
D ()

1
< .
<l |, G (s [ V1)

< ClBllen [ TN M) A

We combine the estimates of I; (i = 1,2, 3), to have

I [ 10A0)2) = bao) 1 (Aw)2)| dy
Q

ﬁ /Q HY A f(2))dz

< C|bll o g@n) %i)max{l, [ det A7 ()17 H(1 + [[A(m)[17) Ms(£)(A(y)).
R Y]

Finally, if one takes the supremum over cubes () in such a way that x € @), then the

result become obvious.

Lemma 2.2.8 (/8]) Suppose 5 € (0,1), 1 <p <n/B,n—LPp>X>0and 1/p—
B/(n— ) =1/q. Then My is bounded operator from LP*(R™) to L4*(R™).

Lemma 2.2.9 ([101]) Let 0 < p; < 0o,p1 < pa <00, 1 < ¢ <n/f and B/n =
1/q1 —1/qe with B € (0,1). If n —n/q > o > —n/q + B3, then

Mg fll georz my < ClIf N icoer @my-
Lemma 2.2.10 (/553]) Let 0 < p1 < 00,p1 < ps < 00,1 < @@ < n/fB and f/n =

1/ — 1/qo with p € (0,1). For A\ >0, ifn—n/q > a— X >—n/q + [, then

1Mo s gy < Clfllyssas gy

P1,91

Lemma 2.2.11 (/107]) Let oo > p > 1> 3 >0, then

19l eny 510 1Q1 0+ [ Jg(2)  goldz
Q>3z Q

LP(R™)

2.3 Lipschitz Estimates for Hff)’ 4, on Function Spaces

As we stated in the introduction, this section is centered on obtaining estimates for

HY , on function spaces. In this regard, our main results are as below.
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2.3.1 Main Results
Theorem 2.3.1 Let 5 € (0,1), n—Bp>A>0,n/f>p>1 and1/p—F/(n—)\) =
1/q. If b € Ag(R™), then

1Hg afllLar@ny < CEBI 4 gy 1f [l or @ny

where K 1is

0}
/ % e | det A= (y)[ /1M1, | det A=) (y)[P/+1/9-NaY (1 4 A@)|P)dy.

Theorem 2.3.2 Let € (0,1), n/8>p > 1, and 1/p — B/n = 1/q. If b € Ag(R"),
then

1Hg afllLany < CEs|bll 4, @y | 2o en)s
where Ky is

/Rn % max{|det A~ (y)[*9, | det A_l(y)|l/p}(1 + [[AW)I17)dy,

Theorem 2.3.3 Suppose 0 < p; < oo,p; < pp < 00,1 < ¢4 < n/f and B/n =
1/q1 — 1/qe with g € (0,1). For A > 0, if n —n/qg > a— X > —n/q + B, and
b€ As(R"), then

13 afllarico, ey < CKslIONa o1 laris, ny:

where K3 s

[ e det A7 )] det A7 )1 + A G )

and

L+ logy([[AWIIIAT W), a= A,
Gan(y) = ¢ [A7 1y, a > A (2.3.1)
AWM, a <A

Theorem 2.3.4 Suppose 0 < p; < oo,p1 < py <00, 1 < ¢ <n/f and f/n =
/g1 —1/qo with € (0,1). If n —n/qg >a > —n/q + B, and b € Ag(R”), then

1 o f sy < ORI oy | L ey
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where Ky is

/Rn [2@)] max{| det A~ (y)[% | det A7 ()Y} (1 + [|A(W)||P)Galy)dy,

y|"

and

) L+ logo([[AWIAT W), a =0,
Ga(y) = { [|AHy)|*, a >0, (2.3.2)
[A(y)[I~, a < 0.

Theorem 2.3.5 Let § € (0,1), p € (1,00) and b € Ag(R"), then
1 ol e ey < CH3 bl |l e
where Ky s

/Rn % max{| det A(y)| V7, | det A(y)|*P/" Py + || A(y)||P)dy.

2.3.2 Proof of the Main Results

A frequent use of Lemma 2.2.7 in proving our main results for this section force

us to use the following notation

o(y) = 2O a1, | det A () P73 (14 AW,

ly|"

for our convenience.

Proof of Theorem 2.3.1: In view of Lemma 2.2.7 and the Minkowski inequality,

we have
1M (Hg o) (M par@ny < Clbll4, @ny /Rn S Ma(f)(AY) )l Lo @y dy-

Using the scaling argument and the fact that |H§ ,f(x)| < M(H§ ,f)(x) a.e., we
get

”H;Af”m’*(w) < CHbHAB(m)I\Mﬁfl\Lp,x(Rn)/R d(y)| det A= (y) |V Mgy,

Lastly, an application of Lemma 2.2.8 leads to the desired result.



2.8 Lipschitz Estimates for H(II’,,A on Function Spaces 17

Proof of Theorem 2.3.2: Following the similar procedure as followed in proving

Theorem 2.3.1, the proof of this Theorem can be easily obtained.

Proof of Theorem 2.3.3: Making use of Lemma 2.2.7 and the Minkowski inequal-

ity, one has
b
1M (Ho a £ arscs, @)

< Clbls oy | I AG! iy

p2,92

dy

(R™)

ko 1/13
:(J||b||Aﬁ(Rn)/R o (y) sup 2—’“0*{ > 2’““”||Mﬂf(A(y)-)||’£q(ck)} dy

ko€EZ k——o0

— Clbll / o(y)] det A~ (y)[ V2

ko€EZ

ko 1/p
X sup QkOA{ Z QkapHMBf(')Hiq(A(y)ck)} dy. (2.3.3)

k=—00

In order to estimate ||Mpf(-)| acag)cy), we follow the method used in [117]. Thus,
by definition of C}, and (5.4.15), we can write

A@y)Cr  {z = AT (WII7'2" < 2] < [|A(y)]12*}-
Next, for any y in the support of ® there exist an integer [ such that
2L < [J[A T ) |I7t < 2 (2.3.4)

Furthermore, the relation ||[A~(y)||~! < ||A(y)|| implies the existence of non-negative

integer m such that
MM < | A(y)|| < 28t (2.3.5)
Inequalities (5.4.18) and (5.4.19) define the bounds for m, that is
log, (IAW)IIIIAT (W)II/2) < m < logy (2] Ayl A~ ())]),
and lead us to have
A(y)Cy, C {x : 25 < || < 2R

Hence,

I+m+1

1MsfOllzeeamicy < D IMafOllaa(ci)- (2.3.6)

J=l
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Incorporating the inequality (5.4.20) into (2.3.3), we obtain

HM(Hg,Af)( )HMKg g (R™)

< Cltl oy [ ol det A )

ko I Py 1/p
X sup Q_kOA{ Z ( Z ZMHMBJC(')HL‘I?(CHJ')) } dy

kocZ k=—oc0 \ j=i

< Ol / o(y)] det A~ ()| /o2

I+m+1 ko+j p
X sup 270 Z 2 ]a{ Z 2P| M f () (Ck) } dy

ko€EZ =l e — oo
l+m—+1
< Clbls e M oy [ S0 det A7 )] > i @an
Now, for a« = A\, we have
I+m—+1 A
S 2070 — 42 < O(1 + logy(A®) A7 (B)])), (238)

and otherwise

I+m+1 —a)(m
P 1— 2()\—(1)

Afl af/\’ > /\’
co 1w a 259
AP a<A

Hence, (2.3.7), (2.3.8) and (2.3.9) together yield
IMCES AP yrissn o

< Clbls M5 s [ I det A7 @ Gonla)i

Making use of the fact that |Hg ,f(z)] < M(H§ of)(z) a.e. and Lemma 2.2.10 we
get the desired result.

Proof of Theorem 2.3.4: An argument similar to one used in proving Theorem
2.3.3, results in
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1M (Hg 4 f) )l o2 2oy

< Ol ey M5 2 / o(y)| det A ()] G (y)dy

However, in contrast with Theorem 2.3.3, here we use Lemma 2.2.9 to fulfill the as-

sertion made in the statement of this Theorem.

Proof of Theorem 2.3.5: For x € (), we have
() — (B ald>
’Q‘prﬁ/n o DA ®,A)Q

2
< |Q|1—+5/”/ |H§>’Af(z)|dz

L y)l
dzd
< ‘Q|1+B/n/ ’y|n /| (A(y)2)| d=dy
! y)|
" Q|4 /]Rn \y[” / (b (A(y)z)| d=dy
! y)l
i Q1 +8/m / ly|? / | (b — bawo) f(A(y)z)| dzdy

Comparing J; (i = 1,2,3) with I; (i = 1,2, 3) estimated in proving Lemma 2.2.7,

one can easily estimate J, J, and J3 by adjusting the factor |Q|%/". Hence, we have

5 Ol e [T Ay

o < Ol [T AWM Ay

I < Ol e [T det A0 ) A

In view of these estimates, inequality (2.3.10) assumes the following form
T |, b Af(2) — (Hb ol

< Ol [ T+ A1) et det AP+ 00 ) Ay

lyl"
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Applying LP(R™) norm on both sides and using Lemma 2.2.11, we obtain
||H<II)>,Af|IFZ;B’°°(Rn) < CHb“Aﬂ(Rn)
[ AT A a1 det A A sy
Finally by scaling argument and boundedness of M on LP(R"), (see [49]) we have

VY af ey < ORI | Lo

which is as required.

2.4 Central-BMO Estimates for Hg)y 4 on Herz-type
Space

2.4.1 Main Results

Theorem 2.4.1 Let 1 < p,q1,q0 < 00,1/q0 = 1/q+ 1/q1, A > 0 and as € R. If
o1 =n/q+ oy and b € CMOYR"), then

||H<(I)>,Af||MKg’2q’2>‘(Rn) < CKGHbHCMOq(]R”)||f||MKab’l>‘(Rn)7

where

o
fo= / | !y(\i)' | det A7 ()" Gy (1)

1 A"
log ——— log || A d
X ( 08 T4y XUAwI<1) +log AWl Ixawi= + 75577 [det A(y)] )"

and Gy, \(y) is the same function as given in (2.3.1) with « is replaced by ;.

Theorem 2.4.2 Let1 < p,q,q2 < 00,1/qo = 1/q+1/q and s € R. If oy = n/q+as
and b € CMOI(R™), then

HHg,AfHKg‘;’F(Rn) < CK?”bHcMOQ(Rn)HfHKq"‘ll”’(Rn)v

where

0] g
= [ e A7) V0 G (0

1 AW
log || A d
X ( & TAG Awi<n + og [ AWIXtawI= + 7o a7, [det Ay)] |

and éal(y) is the same function as given in (2.3.2) with « is replaced by ;.
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2.4.2 Proof of Main Results

Proof of Theorem 2.4.1. Here, we decompose ||[H} ,f Lo (c,) as

it afllmco = ([ | [ T2 00) - Ao sy o) -
< [ B0 o) - sawnsawran) i
< [ PO o) - mscamnrean) i
o [ T[Nt = bapm) ] e "y

By Holder inequality and change of variables it is simple to have

b [ BN ey par) ([ awere ) i

[2(y)|
< IBk|l/q||b||m0q<w>/]R [ det A7 ()Y | fl| s (agycn -

lyl”

In order to estimate Lo, we rewrite it as
Lo= [ 2O o a1y pree bg, — b d
2= T = det AN Y| Fll e (e D — bags] dy

< / %| det A~ ()] V| A(y) Be Y f 1l o catmeny [, — bagy | dy

|D(y)| _
— |Bk|1/q/R Wldetz‘l YWY f Lo agycn) |0, — baw) s dy

Dy
:!Bk|1/q/ | (n)|1d t AT YO f | Lo (awycn) 0B — bag)s, | dy
A |1<1 Y|
Dy
’ 'B’“‘l/q/n " B0 et A= () o = B

= |Bk|1/q (L21 + L22) . (241)
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Thus, for ||A(y)|| < 1, we have

nd D(y
m-3 [ PN et 41 3) [0 £ sy

= Jrimgag<a Yl
j
X {Z ‘bzﬂ'Bk - b2*i+1Bk| + |b27jBk — bA(y)Bk|} d
=1

A use of Holder inequality yields

1
|bQ—in — 627i+1Bk| S m/ - |b(y) — b27i+1Bk|dy
~iB,

< 228y,
= |2 ’B | CMO9(R")

< C||b||cM0q(Rn)~

Similarly,
‘bzijk Bk‘ < |A Bk’/ — by- JBk|dy
27 b b d
< — Ug—j
= Tat A2 Bl g, ") Pl
A"
< A0
C|detA( )‘HbHCMOq(R”)

Thus, we have
Loy < Clbllenroamn)

= o) o Al
> B o =) {5+ A Yy

= Jriisiami<as I

< CHb”CMOq (Rm)
|2()| . 1 1A(y)|
X | det A7 ()Y £l Lar (e | log + dy
/ o<t [y A\ TSNy T [ det A(y)]

Similar arguments result in the following estimation of Los.

Lz < C|bllcron (R™)

2(y)| 1 ( A"
x det A7 (79| £l o (e [ Jog |AGy]| + =22l ) dy
Ly e AT @ ey o 1A+ g
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Having these estimates of Lo; and Log, (4.4.2) assumes the following form

Ly, < C|Bk|1/q||bHcMo<z (Rn)

12(y)| 1 1 | A(y)|"
X | det A~ ()] fll o (aycn | log + dy
/”A(y><1 [yl FHAOI TS A T Tdet A(y)]
[2(y)| 1 [A(y)|"
—i—/ det A7 ()Y £]| Lor (ayon | log | A(y]| + S—2LF— | dy]| .
|| y)”>1 ’y‘ ‘ ’ H HL ( (y) k) ” ( ” \detz4(y)|

It remains to estimate L3. For this purpose we take advantage of Holder inequality
to obtain

1B(AW)") — bagys) (AW
1/Q2
( IB(AW)D) — bagys) f(Aw))| dx)

A (/A@)Ck 06) ~bas 1" )

< det A7 ()Y b = bagy s, | s awicn L | Lo (agycn)
< [ det A ()" | A(y) Be 16l c.yr0 ey 1 f | o cagc)
= [ By det A ()Y 1Bl cxros e 1 Lo (a@ycn) -

Hence,

[P(y)] )
L, < ’Bkyl/CIHbHCMOQ(R")/ PR | det A7 () Y9 | £ || Lor a0 dy-

Combining the estimates for Ly, Lo, and L3 we obtain

[@(y)] -
1 4 | Le2 ey < C!Bkll/qllbl\cMoan)/R W\det/l W F o awyc

1 1A
1 log || A L
( 08 A Awl<1 og [l A Ixtami=1y + et AGy)] |

Again, to make our calculation convenient, we use the following notation

) — |T<’n>\

[ det A" (y)[ /™

1 A"
log || A L AP
( 08 A UAwl<n T og Ayl Ixgawi=1 + det A(y)

Thus, we rewrite above inequality as

n

1 4 llze2 (i) §C|Bk|1/q”bHCMOQ(R")/ P llen awyon dy- (2.4.2)
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Still we have to approximate || f||La (a(y)c,)- For this end we infer from (5.4.20)

that
l+m+1

£z amce < Y Nf o ©on-
=l

By this inequality, (2.4.2) becomes

l+m+1

IHs Af ey < C|Bk‘1/q||bHCM04(R” / Z [fllzox i dy- (2.4.3)

Next by definition of Herz-Morrey spaces MK o2 (R”) (3.3.7), Minkowski inequal-

ity and the condition a; = g + n/q, we get

|’H(%,Af‘|MK;%’>‘(Rn)

1/p
~ up 2t { S g8 g0, ck)}

ko€EZ k=—o0

< Clbllszonan / o(y)

R
ko I+m+1 py 1/p
x sup 2~ FoA Z Z 2k(a2+"/q)||f“m1(ck+j) dy
ko€EZ oo p
= C”b”CMOQ(R")/R e(y)
l4+-m+1 ko+j 1/p
X Sllp2 koA Z 2= jou Z 2ka1p||f||Lq1 - dy
ko€EZ il el
I+m+1
< C’”b”CMOq(R")HfHMKO‘l)‘ R")/ Z 2]()\ Oél

< Clbllssongen iy | #0)Gm ()
92 R™

where G, (y) is the same function as given in (2.3.1) with « is replaced by a;. Thus,
we finish the proof.

Proof of Theorem 2./.2. Since, the proofs of Theorem 2.4.1 and 2.4.2 are sym-
metrical. So, by definition of Herz space K. o2P(R™), (3.3.7), Minkowski inequality and
the condition oy = as + n/q, we get

||H3>,AfHK§22’P(Rn) < C“bHCMO‘I(R")”fHKg‘ll’p(R")/ ¢(y)Ga, (y)dy,

n

where Gy, (y) is the same function as given in (2.3.2) with a is replaced by a;. Thus

the proof is over.



Chapter 3
Estimates for Hausdorff Operator
and Commutators on Weighted

Central Morrey Space

3.1 Introduction

In recent years, the Hausdorff operator has gained much attention. This is mainly
because of seminal work done by Liflyand and Méricz in [89] and Lerner and Liflyand
in [84]. After the appearance of above cited monographs [84, 89], it was natural to
study, refine and extend the existing results on relevant function spaces. A number of
significant studies have been undertaken in this regard like for example boundedness
of one and multidimensional Hausdorff operators on Hardy, L” and BMO spaces
[3, 13, 17, 66, 7, 89]. Besides, many authors have contributed a lot towards obtaining
new estimates on other function spaces. Among them we choose to refer to the papers
[12, 14, 43, 63, 64, 65, 66] and the references therein.

On the other hand weighted norm inequalities for Hausdorff operators on function
spaces have recently been reported in the literature which include continuity of Haus-
dorff operator in Hardy spaces [112, 113] with power weights, weighted Hardy spaces
associated with Herz spaces [114] and in Herz space with Muckenhoupt weights on
the Heisenberg group [117].

The purpose of this chapter is twofold. Firstly, motivated by works in [113, 117],
we give estimates for matrix Hausdorff operator on weighted central Morrey space.
In addition, under some assumption on A(y), we work out operator norm for He 4
on power weighted central Morrey spaces. Secondly, we try to fill the gap to existing
theory of the commutator of Hausdorff operators by defining new type of commutators

in (1.2.7) and establishing the weighted estimates for such commutator operators.

25
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More precisely, under some assumptions on A(y), we give necessary and sufficient
condition on the function ® such that Hgy 4 1s bounded on power weighted central
Morrey spaces.

In the very next section, some notations and definitions will be introduced along
with some necessary lemmas to be used in the subsequent sections of this chapter.
Our main results regarding continuity of matrix operator in weighted-type central
Morrey spaces are stated and proved in the third section. Finally, the last section is

devoted to obtain weighted estimates of commutators of the same operator.

3.2 Notations and Definitions

Having in hand the definitions of Morrey space (Definition 2.2.1) and central-BMO
space (Definition 2.2.4), we now give the definition of central Morrey space. If we take
gB(o,r) = 0 in the Definition 2.2.4, then the residue space is known as central Morrey

space M introduced in [2] with norm condition:

1/q
oy =50 (IBOR [ fypeay) < o
>

B(0,R)

Muckenhoupt [106] firstly introduced the theory of A, weights while studying
Hardy-Littlewood maximal functions on weighted LP spaces. Any nonnegative func-
tion w € L (R™) can be taken as a weight. The notation w(E) will serve to denote
weighted measure of a given subset E of R", that is w(E) = [, w(x)dz. Also, by p/

we mean to consider conjugate index of p, satisfying 1/p+ 1/p’ = 1.

Definition 3.2.1 (/46, 11}]) A weight w is said to belong to the Muckenhoupt class
Ay, 1 <p < oo, if there exist a positive constant C' such that for every ball B C R",

Qm*éw@@)om*éw@*@”@ylsa

Also, w € Ay if there exists a positive constant C' such that for every ball B C R"™,

(|B|_1/ w(y)dy) < Cessinf w(y).
B yeB
For p = oo, we define Ay, = U1§p<oo A,.

Definition 3.2.2 ([46]) A weight w is said to belong to the reverse Holder class RH,
if there exist a fived positive constant C' and r > 1 such that for every ball B C R",

Qm1éwwm0wsmm1éw@@.
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It is also known for s > p that A, C A, and that if w is in A,, then w is in A, for
some 1 < ¢ < p < co. The infimum of all ¢’s such that w € A, is denoted by ¢, and
is known as the critical index for w. In addition, for » > 1, if w € RH,., then for some
€ > 0 one has w € RH,,.. We therefore use the notation r, to denote the critical
index of w for the reverse Holder condition i.e. r,, = sup{r > 1:w € RH,}.

A special class of Muckenhoupt A, weights is |y|*, the power weighted function.
It is accepted that |y|* € A; if and only if —n < o < 0. Moreover, for 0 < a < oo,
[Y|* € Nnta)/napcocAp, Where ’“LTO‘ is known as the critical index for |y|*.

Here we state some Propositions regarding A, weights which will be helpful in

obtaining weighted estimates for Hausdorff operator and their commutators.

Proposition 3.2.3 ([{6]) Suppose w € A,NRH,, r > 1 and p > 1. Then there exist

two nonzero positive constants C1 and Cy such that

for any measurable subset D of the ball B. In general, for a constant 1 < A\,
w(B(xg, AR) < A"Pw(B(xg, R)).

Proposition 3.2.4 ([114]) Suppose g € L*(R™) be a nonnegative function. If w €

Ay, 1 <p, then

B 1 ) 1/p
B(ao, R) L%mmw@sc(ﬂagﬁﬁémﬂg@m@@) .

Let w be a weight function on R”, for any measurable set £© C R", the Lebesgue space

with weights LP(FE;w) is the space of all functions satisfying

1/p
nwwmw(/mwm@mo <.
FE

Komori and Shirai [81], in 2009, introduced weighted Morrey space and studied the
properties of some classical operators in this space. Here, we only define the central

Morrey space with weights.
Definition 3.2.5 Let w be a weight function on R™, A € R and oo > q > 1. Then
the weighted central Morrey space M “MNR™;w) can be defined as:

MQJ\GRTL;,LU) = {g S L?oc(Rn;w) : ||g||Mqa>‘(R”;w) < OO} )

where

1/q
oo e = 500 (wBOR) 2 [ gty puay)

B(0,R)
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Some recent work discussing these spaces include [56, 57, 58]. Next, the weighted

central mean oscillation space can be defined as follows:

Definition 3.2.6 Suppose w be a weight function and 1 < q < oo. Then, a function
g € LL (R™; w) is in the weighted central mean oscillation space C’MOq(R”;w) if

loc

1/q
191lcxr0s @nsw) = Sup (w(B(O, R))l/ l9(y) — gBIqw(y)dy) < 00.

B(0,R)

In the sequel, the notation A < B shall imply the existence of a positive constant
C such that A < CB and the notation A ~ B shall imply the existence of two
positive constants C' and ¢ such that ¢B < A < CB. Moreover, we will denote a
weight from Muckenhoupt A, class by w. However, when the weight is reduced to the

power function, we will denote it by v that is v(z) = |z|*.

Proposition 3.2.7 Let a be a real number, D is any nonsingular matriz and x € R™,

then we have the following results

(i)
[D]|*v () if a >0,

v(Dx) <
ID=H[= () if o <0

(i)
v(B(0, | DIIR)) = | D]|""*v(B(0, R)).

Proof. The proof of this Lemma follows from the definition of v(x) and (2.2.1).
Henceforth, for the sake of convenience, we will denote B(0, R) by B.

3.3 Bounds for Hs 4 on Weighted Central Morrey
Space

Present section is reserved for the proofs of results on the boundedness of Hy 4 on

weighted central Morrey space.

3.3.1 Main Results

Here are the main results for the present section.
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Theorem 3.3.1 Suppose 1 < q1,q2 < 00, A < 0. Suppose also that w belongs to A;

class of weights with r,, as its critical index for the reverse Hdélder condition and let

G > qorw/(re — 1).
Then for any 1 < 6§ < 1y,
HHq),Af”M‘l%A(R";w) = Kl”f”M‘ll’)‘(R",w)’

where

o — nA\+n/q1
o= [ B geangpmpag ey
law<t 1l

D(y _ n/q+nA(6—
[ B angpe g,
A1 Yl

In case, if general weights are replaced by power function, then we obtain the following

theorem.

Theorem 3.3.2 Suppose that —1/¢ < A <0, and 1 < g < 0.
(i) If 0 < a < o0,
||H¢',Af||Mqv>‘(]R”;v) = KQHfHM‘Iv)‘(]R",'U)’

where

@ y - nr-o - 6
Ko= [ T et A7) o) AG) 1000 4 ) oy

lyl”
(11) If —n < a < 0, then

1o, af Wl ira@nsy = Kl Flirar @n )

where

@ — n «
Ky = / Q)| qop 471 () e Ay O+,

ly|™

Especially, in case ||A(y)||~' and [|[A~!(y)|| are comparable, then the result can be

sharpened as below.

Theorem 3.3.3 Let 1 < g < o0, —=1/¢g <A <0, —n < a < 00, and ¢ be a non-
negative function. Suppose that there exists a constant C' independent of all essential
variables such that ||[A7 (y)|| < C||A(y)||~" for all y € supp(®), then the necessary
and sufficient condition for He 4 to be bounded on M9 (R™;v) is that

P(y e
K, = / |y(|,)|||A<y>||< gy < oo,
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Remark Let A(z) = diag[1/p1(2), ..., 1/pn(2)] for p;(z) #0 (i = 1,2,...,n). Define

m(x) = min{|p1(z)], ... [ ()|}, M(2) = max{|p(2)], .., [ (2)]}-
For a constant C' > 1 independent of y if M (x) < Cm(z), then it can be easily verified

that A(z) satisfies the assumptions of Theorem 3.3.3.

3.3.2 Proofs of the Main Results

Proof of Theorem 3.3.1. For a fixed ball B C R", by Minkowski inequality

| Hooof || o2 5:0) = ( /B /R W) ;400 qgw(a:)dg;>1/q2

n Jylm

/Rn ly|” (/ F(Al))* w ()d””>1/q2dy- (3.3.1)

In view of the condition ¢; > @ory/(rw — 1), there exist 1 < r < 7, such that

¢ = qr’ = qr/(r — 1). An application of Holder inequality and reverse Holder
condition yield

| F(A@) o2 () < ( / A dx) 1/ ( /B w(gjyﬂ) 1)

1/Q1
< et A ) B e ([ jpfan)
A

(y)B

By virtue of Proposition 3.2.4, one can have

1/‘h
( / |f<w)|q1dw>
A(y)B

/g 1 q1 Yo
< PO VADID (S T Loy () )

= AW 1B0, R w(BO, AW RN N o A @y (3.3.2)

which suggest that

1AWz @)
< [det A~ (y)[ /= | AW w(B) 2w (BO, [ AW RN g r @y (3:3:3)
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We thus conclude from (5.4.1) and (5.4.2) that

HH‘P,AfHMQQJ\(Rn;w)
4 B(0, || A(y)[|R)\
= ||f||Mq1,/\(Rn7w)/ 2y )||d t A~ ( )|1/Q1||A(y)||n/¢h (w( ((7 AWl ))) dy

re [y[”

=l wrarr @ )

()] ot ae i (WBOJAGIRD Y
(/” e ) (B ) ay

2(y)] ot (CBOIAGIR)
+/” e AT A (0 )dy>.

(3.3.4)
Since A < 0, Proposition 5.2.3 implies that, if [|A(y)| < 1,

w(BO, AR\ _ (1BO,JAWIR)N i,
( w(B(0, R)) )5( 1B(0, R)| )—HA(y)H : (3.3.5)

and if [ A(y)]| > 1,

w(BO, [AWIRN\* _ (1BO, [Aw)|R) N\ e
( w(B(0, R)) ) j( |B(0, R)| ) = [[AW)l , (3.3.6)

for any 1 < 6 < ry,.
Therefore, from (5.4.3)-(5.4.5) it is easy to see that, for any 1 < § < 7,

1o, 4 F [ gae )

= ||f||Mq1 MR w ’|d t A~ ( )|1/‘11||A(y)||"*+"/‘11dy
A(y)H<1 |y\

y 1 n/q1+nA(d—
+ / ‘|detA (y)|Y | A(y)||" et 1)/5dy)-
@)1 y|

The proof is completed.
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Proof of Theorem 3.3.2. In view of the Minkowski inequality, change of variables

and Proposition 3.2.7, we have

1 . 1/‘1
(v(B(O, Ry /B(o p (ol ”(“’)d"”)

< v(B(0,R))~ /4 /R NP (/ 1f(A (a:)dx)l/qdy
~ v(B(0, R))~ A1/

1D (y)| ot A= ()14 N oA ()2 d Va
< [ e atwp ([ @ i)y

= F a0

S Tt det A7 () V) Ay) | OOTYD | AT () [*/0dy it @ > 0,

Iy\"

o 2G| det A= (y) V9| A(y) [P OV D NGy if o < 0.

[y[™

Therefore, we conclude that

Ky ifa>0,

||H<I>,AH TN (R TN (R1 -
MaA(R? w)—M3A(R? ) K3 fa <0

Thus we finish the proof.

Proof of Theorem 3.3.3. If || A~ (y)|| < ||A(y)||~", we infer from (5.4.15) that
[A@)II™" 2= [det A~ (y)] = [|A™ ()| (3.3.7)

Here we will prove the necessary part of the Theorem 3.3.3 as the sufficient part can
easily be obtained from Theorem 3.3.2. We divide the proof into the below two cases.
Case 1. If oo > A > —1/q.

In this situation, we select f, € MPM(R";v) such that fo(z) = |z|*T®*, then

1 foll ooy = 1S 720+ @) (1 + Ag) ™4,

where |S™7!| is the Lebesgue measure of unit sphere S™~1.
On the other side, making use of the condition that 0 < (n 4+ o)\, we obtain

H@,Afo(@ _ /Rn (b(y) |A<y)$|(n+a))\dy

ly|"

- |:L,|(n+a)>\/ ( )”A( )”(n-&-a)/\d%

lyl”
n
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this implies that

() nta
1, all o @m0y .0 i/ oA [ dy,

Rn ‘y’n

which is as required.
Case 2. If A = —1/q, then for 0 < € < 1, we take

fe(@) = |a|" "V sy

|S™ 1
cq

A simple computation yields || fe[|7qgn.,) = . Now, by definition

¢(y> —(n+o —€
Hy a(f)(x) :/R ly | |A(y)x] "N agaps 13y

() —(n+a)/q—e —(n+a)/q—e
i(/ ||||()||(+>/q |-/
1AW =1/le] Y

[ Ho,a(f)ll a0
—(nta)/q—e¢ ( ) —(n+a)/q—¢ !
i || G [A)Il v(x)dz
|z|>1 IA@W)I=1/1=| 1Y

q
= ([ T <>||-<“+a>/q—edy)
ja] > 1 lAw=e Y[

_ ( / N 204, >||—<n+a>/q—edy) (s

ly|"

Now,

by letting ¢ — 0, we have

P
||H<I>||L0(Rn,v)an(Rn,v) >~ / y(’zi? ||A(y)||—(n+a)/qdy‘
Rn

With this we complete the proof.

3.4 Bounds for Hg)’ 4 on Weighted Central Morrey
Space

3.4.1 Main Results

Below are our main results for this section
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Theorem 3.4.1 Letoco >q¢> 1,1 <s<q <00, 1/q1+1/qge =1/s, and 0 > \.
Suppose also that w belongs to Ay class of weights with r,, as its critical index for the
reverse Holder condition and let s > qry,/(ry — 1).

Then for any 1 < § < 1y,

”H%AfHMqA(Rn;w) = KSHb”CMoqz(Rn,w)’|f”Mq1>A(Rn,w)’

where
[(y)l| det A~ (y) [/ ( \detA_l(y)ll/‘n) { MA@

1+ max < log 2||A(y||, dy
/||A@)21 [yl [ Aly) ||/ mmaC=b/e | A(y)[[ ="/ [ det A(y)|

[(y)]| det A~ (y) [/ ( IdetAl(y)ll/qQ) { 2 AW }
—|—/ 1+ max < log , dy
lai<t YA A | ACy) ||~/ [A(yll" | det A(y)|

= K.

Instead of general weights, when dealing with power weights, we have the following

results.

Theorem 3.4.2 Suppose 1 < qg<q <00, /g1 +1/ge=1/q, 0> \> —1/q. Then
(i) If 0 < a < o0,

||H§>,Af||Mm(Rn;v) = K6||b||CMOQ2(Rn,v)||f||Mq1aA(Rn,v)v

where

“1(y) | | A (y) || “1(y) |7z || AL (y)]| 72
o [ 12@)lldet A ()| 1A (v)] G+W”(””i@”>

—(nt+a) A+ —nre
By Ay) | OO IA(y)|

max 4 lo ; + max < log 2||A(y||, —— d
( { ETAG] Tdet A(y)] [ XA14wi<t) g 2[| Ay et A(y)] [ XUAwIzn ) 4

(i1) If —n < a < 0, then

||H§>,Af‘|Mm(Rnw) = K7||bHCMO‘12(]R",v)||f||Mqlv*(]R",v)7

where

AN 10\ 5
o IMM®%¢@ (HyMA@y>
= [yl AGy)] lAW)

2 A" } { MA@ } )
max < lo , + max < log 2|| A d
( { ETAG] Tdet Ay)] f XIAwI<1) g 2[|A(yll, Tdet A(y)] | X0A@I=D | Ay
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More specially, in case ||A(y)||~! and [|[A~*(y)|| are comparable, then the result can
be sharpened by decomposing H g 4 as follows

Hg;l = Mb.:l:—bA ) f(A(y)x)dy,
Ly /A(M P 0(a) = BAG))) f (AQ)a)dy

b2 f = M x) — x x
HYf = /A(M o 0(a) = BAW)2))f (Al)a)d

Theorem 3.4.3 Suppose 1 < g < ¢ < 00, 1/q1 +1/q2 = 1/q, 0 > X\ > —1/q, and
® be a nonnegative function. If there exists a positive constant C' independent of all
essential variables such that ||[A~(y)|| < C||A(y)||~! for all y € supp(®). In addition,
if ®(y)/|y|™ is integrable then

(i) Hg,’,lA is bounded from M®A(R™;v) to M@ R™;v) if and only if

o
Ky /” ) W) 1 A 1+ log —2—dy < oo.

i<t 1yI™

2
AW

(i1) H%?A is bounded from M®*(R™;v) to M9 (R™;v) if and only if

Oy nta

Ko= [ S og2) A dy < o
lawz1 1Yl

Remark. Note that, from the preceding Theorem, one cannot deduce LP(R";v)

boundedness for the commutator operator by taking A = —1/p, just in the case of

Theorem 3.3.3. This raises an open question regarding L” boundedness of H§, , which

will be answered later.
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3.4.2 Proofs of the Main Results

Proof of Theorem 3.4.1. As before we fix a ball B C R". Using Minkowski

inequality, we obtain

1H af | o510

_ ( / / 2 () — b(A)e) F(Al)e)dy

oy
/R" |y

|n
@ (y) : e
< [ B (B\<b<x>—b3>f<A<y>x>\ w(eyic) " dy

g w(x>dx> 1/

U ([ 100 - sawen sawn wie)

=15+ 1+ Is.

Let us start estimating [;. For this purpose, we first compute the inner norm
|(6(-) — bB)f(A(Y))||La(B;w)- The condition s > gry/(r, — 1) implies that there is
1 <r < ry such that s = gr" = gr/(r — 1). By Holder inequality and reverse Holder

condition, we have

1(bs = 0(-))f(AW) )l La(Brw)

< ([ 1060~ e)s <y>x>\8d:c)l/s (f w(x)rdx)l/(m)
<15y ([ [06) - bo)s <y>x>fdx)l/s

In view of the condition 1/s = 1/q; + 1/q2, we have

1(6(-) = b8) F(A(Y) )| Lo(B:a)

1/q2 a
< |B|” sy, 1/q (/ |b(x —bB|q2da:) (/ If(A |q1dx)

< [det A <y>rl/qer\ Yow(B)Y

( /B b(z) - bB\qzdx) o ( /A ) f(:c)|q1d:c) " (5.41)

By virtue of Proposition 3.2.4, it becomes simple to get that

1/g2
(/ b(y) — bBqung) 12 R [ (3.4.2)
B
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Substituting result from inequalities (3.3.2) and (3.4.2) into (3.4.1), one has

1(6(-) = b8) F(A(Y) )| Lo(B:a)
=< w(B)"1] det A7 (y) |/ | Ay) | w(A(y) BYMIbl| .00 o | i e -

Therefore, we obtain

I = w<B)/\+1/q”bHCMOq2 R™ w Hf“Mql AR, w)

L[ el o gy i (2BOAWIRDY
g antpeagpe (ORI 0y, 3

Making use of the inequalities (5.4.4) and (5.4.5) into (3.4.3), we get
I fw(B)Hl/q”b”cMOqz(Rn ‘|f”]\'/[q1v>‘(R",w)

( [ e A Ay

i<ty

+/ | ( )||d t A ( )|1/q1||A(y)||n)\(5—l)/5+n/q1dy )
A ||1>1 ly|"

Now, it turns to estimate I, which can be written as

b= / o >’||f( AW) ) zaBw) |br = bawys| dy. (3.4.4)

[yl

Here, the indices ¢ and s bear the same relationship as observed between ¢; and g9 of
Theorem 3.3.1. Therefore, we infer from (5.4.2) that

1F (A@W) ) LBy
< [det A ()| (| A(y) || *w (B0, R)“w(B(O, [[AMIR)ML N yren @) -

Applying the Holder inequality to s/q; and s/qa, we have

£ (AW)) || La(Biw)
< [det A ()| | A@W) 1" *w(B) 4w (B(O, [AWI BRI ypar r@nwy - (34.5)

With the help of (3.4.5), inequality (3.4.4) assumes the following form

I, < w(B)Hl/quHMn»A(Rn,w)

9D 1yt sy o P B0 TAG R
[ der 47 ) LA I S SIS o — s
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For A < 0, the inequalities (5.4.4) and (5.4.5) help us to obtain

L 2w (B £l v )

(/” - | |y(| )||d t A” ( )’1/s||A( )|m+n/s |bB _ bA(y)B|dy

yl"
= w(B)/\H/q||f||Mq1,A(Rn,w) (fo1 + In2) . (3.4.6)

+/ . ||( )||d t A ( )|1/sHA< )HnAé 1)/§+n/s‘b _bA B\dy>

For our convenience, we denote

AP 0(y) = der 4~ - T2

Moreover, for ||A(y)|| < 1, there exist j € Z such that 277! < [|A(y)|| < 277. Thus

J
I = / o(y) {Z |by-ip — by-i15| + |ba-ip — bA(y)Bl} dy.
A <1

i=1
Since w € Ay, using Proportion 3.2.4, it becomes simple to get that

|b2 iB —b2 z+1B| |2_'LB|/ b2 z+1B|dy
iB

— byinp|d
|2—Z+1B| / MB >-eildy

= 16l enrom @ w)-

Similarly, Proposition 3.2.4 again helps us to have

|by-i5 — baw)s| < 1A(y) B|/ — by-sp|dy
2 b b d
< , — by
= TA AR B Sy Y
A"

————— bl 6 1022 (R ) -
o |detA(y)||| ||CMO 2 (R™,w)

|b2-i8.w — baw)B| 2 [1bllcrrome @n ) and thus

AW
I < w2 (R | det A(y)|
21 = 0l cnroe w)Z/ 1< AGy) <2 o) {j + | det A(y)] dy

SqE—
j=0

o AW
o(y) {1og 27 + dy
2-i-1<|| A(y)[| <2~ [det Ay)]
= ||bHC’MO‘12(R" w) X

B(y)] 1 2 AW
det A~ S\l A(y) PP FY®) max < log , dy
/|A(y><1 g |Gt AT WD TAGT Tdet A(y)]
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Following the same procedure as followed in bounding I, we estimate [s5 as

Iy = HbHCMO‘Zz( w) X

|D(y )| o 1/s nAG=1D/5+1/5) ase d 1o IA(y)|"
/| o ol | det A} (y) || A(y) "™ {1 22| Ay, ot ALy )’}dy.

Incorporating the estimates of Io; and Iz, into (3.4.6), we obtain
I jw(B))\H/quHCMoqz R™,w ||f”M41 AR w)

@) 1 - A"
A~ /s A n(A(6—1)/5+1/s) loo 21| A
(/A(y)>1 ol [ det A~ ()| A(y) max 4 log 2[| Ay, Tdet A(y)] dy

12(y)] 1/s nOH1/9) ax 4 1o 2 A"
o LR O] {lgHA(yH’\detA(y)\}dy>'

It remains to approximate [3. For this purpose, we infer from (3.4.1) that

I(B(A()") = bays) F(AW) ) ssco
< [det A1 (y)] | BV w(B)

1/q2 1/q
(/ |b(A — by )B|q2dx) (/ |f(:v)|q1d:v) : (3.4.7)
A(y)B

Making use of the Proposition 3.2.4, one can obtain

1/g2
(/ ‘b —bA B\qux)

1/q2
~ AP ([ o) = bagte )
A(y)B
= et A7 AW BO B Plson o (349)

In view of (3.3.2), (3.4.7) and (3.4.8), it becomes simple to get that

1(6(A()-) = bag) f(AW) )| LaBiw)
< w(B)"9 det A7 ()| AW) " *w(A) BYMBll o @ a1 | o @ -
We thus obtain

I3 = w(BY Vbl carom @ | Lo o )

LR s s (2B IAGIR)N
[l qee anprag s (“ESEUIEN g,
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Finally, inequalities (5.4.4) and (5.4.5) help us to have
Iy Zw(BY* ]l cxron @ )| L sro s @y

< /” W ot a1 ()75 AQy) 742y

i<t lyl"

e e At Ay ).
| A(y)||>1 \yl

for any 1 < < ry.
Incorporating the upper bounds for I; (i = 1,2,3), we obtain

”H%AfHMqA(Rn;w) = K5||b||cMoqz(Rn,w)||f”MqM(Rn,w)-

This completes the proof.

Proof of Theorem 3.4.2. (i) As in the previous Theorem
3
1Hg 1 fllogmay <D i
i=1
where J; (i = 1,2, 3), assume the form of I, I, and I3, respectively, but with w(-) is

replaced by v(+).
An application of Holder inequality and change of variables yield

e 1) ( [ramr ) "

< U(B)l/qg 10| 3700 (R v)

[D(y)| ot A= ()0 N o A () 2 ) d Y
< [ e ar e ([ et ga ) a

In view of Proposition 3.2.7 it becomes simple to have that

Jv 2 0BVl crom @ alL.f s r @ oy

‘ / '|y(|>'|th ) [V Ay OO A () |y,

The expression for J; is written as

Jo _/R |q)< )’”f( ( )‘)HL‘?(B;U) ‘bB_bA(y)B dy. (3‘4'9)

[yl
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In order to estimate J,. We first compute || f(A(y)-)|| a(Bw)- For this purpose a change

of variables following the Hélder inequality and Proposition 3.2.7 give us

1 CA@W) ) LBy

([

— | det A7 (y)] 2 ( / B o4 e )

= [det A7 (y)[VAT W f N 2o aw B
= [det A7 ()Y AT WU f Nl 2o (4 yo(Aly) B) Y
< (B det A7 ()Y A) 1" OO AT NN L gor gy

1/q

So, therefore (3.4.9) becomes

Jy = U(B)Hl/q||f||Mq1aA(Rn,v)

% |<I>(y)|| det Ail(y”l/QHAfl(y)Ha/q |b
n ly[* | A(y) ||~ O+1/a) B

— bag)n| dy.-

[P ()| det A~ ()| /9| A~ (g) ]|/
ly|"|Ay) ||~ () AF1/a)

By denoting ¢ (y) = , we decompose J, as

Ty (B f g e )

/ V(y) |bs — bag)s| dy +/ U(y) |bs — bagy)s| dy)
lA@) <1 lA@)|1>1
= 0(B)YM Y| £l gar gy (Jo1 + Jaa).

Again, we arrive at the same point as reached in (3.4.6) with w(-) is replaced by v(-).

Therefore, performing in a way similar to that point forward we estimate J, as

Jo fU(B)/\H/qu“CMOqz(Rn,v)||f||MqM(1Rn,v)
®(y)|| det A~ (y) V9| A~ (y) ||/ 2 Aly)|I™
/ [2(y)l le (y_)(LM!)I(AH/(@)/)II {log L AW }dy
A<t [yl | A ‘ [Ayll [ det A(y)]

[ (y)]] det A~ (y)[ V1 A~ (]| { JAwI"
+/ log 2||A(y|| + —=— ¢ dy |.
R P O [ ey AW+ Taet A
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It remains to estimate J3. For this purpose we proceed as follows
[(b(A(y)) — bA(y)B)f(A<y)')||Lq(B;v)

(/} ) — bag) )f(A(y)ﬂf)\qv(w)dﬂ?)l/q

1/q
— et A7 ()] ( [ 100 = baig) 0] o4~ ) )
A(y)B
<[ det A~ () A )1 BC) — bay) SO scaw
< [ det A= ()Y A )b — by lm acymn |l (o

= V(B[] cxro0 o 1 F | sigor e

x| det A7 ()Y Ay) OO AT (y) |1,

Hence,

Js = U(B)Hl/q“bHcMow(Rn ||f||MqM(Rn,u)

< [ S deran e ag e gy

[yl

Coupling the estimates of J; (i = 1,2, 3), we obtain

||H§>,Af”MqA(Rn;v) = K6||b||CMOq2(R",v)||f||Mq1’A(]R”,v)‘

Thus assertion made in part (4) is fulfilled.
(#7) Using Proposition 3.2.7 along with an argument as given above, the proof of

this part becomes simpler. We thus finish the proof.

Proof of Theorem 3.4.3. (i) If ||[A7 (y)|| < ||A(y)||™", then (3.3.7) is valid. The
sufficient part of Theorem 3.4.3 can be easily obtained from Theorem 3.4.2. Next we
will show the necessary part.

For —1/qg < A < 0, choose fy(x) = |z|®*+®* Tt is simple to get that fy €
MR v) and || fol| . Ay = ST+ M1+ Agr) /9. Assume that H(I;’i1
is continuous from M9 to Mq A for all b € [1bl| ¢yyo0 @n ) Taking by = log |z, then
by Lemma 2.3 in [20], b € CMO%(R",v). Noting that (n 4+ a)\ < 0, we have

Hghae = [ Ao (A )

law <1 |yl

=a) [ TG o ey

Awi<t [y
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Hence,
P(y) A
HHbO,lH TR ) s MO (R 0 t/ — I A(y) || "+ log dy.
PATMEAEROAEDZ Jagi<r Tyl IA) |
Therefore, we obtain
O(y) N 1
—=2| A(y) || og dy < oo. (3.4.10)
L(y)a ly[” A
Contrarily,
O(y) nta
[ TAw ey
law<yz 191
D(y) A 1
< —Z[|A(y) " log T dy. (3.4.11)
/A(y)||<1/2 ly|" [AY)]]
Since ®(y)/|y|™ is integrable and (n + a)A < 0, therefore
P
/ WD) ) ey < . 3.412)
1e<iaw)<t 1Yl
From (3.4.11) and (3.4.12), we get
P
[ Ty < . 5.413)
lawi<t 1Yl

It is important to note that

(y o
Ky=tog2 W) 4y +eay
A<t 1Yl

D(y) e
T / )| ()| Log
A<t 19l

1
AT

Then, combining (3.4.10) and (3.4.13), we have Kg < co. This proves part (i) of The-

orem 3.4.3.

(77) In this case we replace by(x) by log ﬁ, then by a similar argument as given

above the proof can be obtained easily.



Chapter 4
Weighted Estimates for Hardy

Type Operators and Commutators

4.1 Introduction

Suppose g be a Lebesgue measurable on Euclidean space R™ with g* be decreasing

rearrangement of g i.e.
g(s) = inf{y > 0 dy(1) < 5}, s € [0,00),
where d,(y) denotes the distribution function of g, given by:

dg(v) =y € R" : [g(y)| >~}

The Lorentz space LP4(R™) is the set:
LP(R") = {g: lgllzran < oo},

where for 0 < ¢,p < oo,

1
<f0 <3Pg > %)q if ¢ < o0,
9]l paen) = 1 .

sup s# g*(s) if ¢ = o0

5>0
In case ¢ = oo, it is obvious that LP*°(R") = weak LP(R"). Also, if p = ¢ then the
space LPP(R™) = LP(R™). It is important to note that, for 1 < p,q < oo, the dual
space of LP9(R™) is the space LP"? (R"). See [50] for more details regarding the duals
of Lorentz spaces.

In recent years Morrey spaces found applications to many classes of PDE’s and

influence mathematical analysis in many ways. We defined these spaces in chapter 2,
Definition 2.2.1. The pre-dual of Morrey space is the block space BP*(R™) introduced

in [7]. In order to define BP*(R™) we first give the following definition:

44
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Definition 4.1.1 ( see, [7]) Let 1 < p < oo and n > p1 > 0. A measurable function b
is said to a (p,p) block if supp(b) = B(xo,r), X0 € R*, 1 >0, and

©

||b||Lp(Rn) S 7“75.

The space BP*(R™) can be defined as:

BPH(R"™) = {Z by Z || < oo and by isa (p,p) block} ,

k=1 k=1
having norm

gl sy = inf {Z |kl g = Zukbk} :

k=1 k=1
where infimum is taken over all such decompositions of g.

The duality between block and Morrey spaces is further extending in [63], where
the Holder’s inequality for BP*(R") and MP*(R™) is provided in the form of following

lemma:

Lemma 4.1.2 Suppose co >p > 1 andn > pu >0, then

/ 1h()gW)ldy < 1l s 9] s

In this chapter, we shall prove that fractional Hausdorff type operator is continuous
from Morrey space to the weak Lebesgue space with power weights and from Lorentz
space to the same without weights. Furthermore, these boundedness results can be
used to prove Lipschitz type estimates for HS. Finally, in the last section, we shall
obtain weighted Lipschitz estimates for the Hardy operator’s commutators in weighted

central Morrey spaces.

4.2 Weak Type Inequalities for the Fractional Haus-
dorff Operator

Let t € R\{0} and for any measurable function f on R"™, let D, denotes the dilation

operator i.e.
(Def)(y) = fy/t), x€R",

then the following lemma is from [63].

Lemma 4.2.1 Letoo>p>1andn > pu>0. Then

ntp
IDef Nl oneny = 17 (L f 1| sy
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Above lemma is very useful in proving results of this chapter stated below.

Theorem 4.2.2 Supposen > a > 0 and

wa) = (0 ) o

Assume that 1 < p,qg<oo, 0<pu <1, n>(p—1Dpu+apandl/p—(a+p)/(n+pun) =
1/q. If ® is a radial function then

|51 1/q
o lintam < (2} Il st
Proof. Let
O(1/|y
v, (y) = 25D,
|l
then

S(J|/lyDly[*™" = a7 Vo (y/l2]) -

Next, with the help of Lemma 4.1.2 and 4.2.1, one has

O([|/lyl)

Hoaf ()] < [ Wf(y)‘ dy

= e [ () 50|
1 e

v (5)
|| Br':u(Rn)

= || W || ot gy | f | aaneny

= 2| "W g oy | F g ),

n

S |x|fn+a

where, in the last equation, we have used the condition 1/p — (a4 u)/(n+ u) = 1/q.
For convenience we use the following notation C' = ||Wo|| g u(gny || f || arpi(eny, then

we have

1/q
H. ,00 < su n )| x|*dx
H <I>,af||Lq (|z|#) _§>187(/n X{CM_# >v}< )| ‘ >
1/q

(Cyytn
<supvy |S"_1|/ ey
v>0 0

n—1|\ 1/a
oy
n-+n
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Thus we conclude that

57|
n 4+

1/q
HH<I>,afHqu°°(|:E\“) < ( ) H\IjaHBP’vH(R”)HfHMp’”(R")'

An obvious corollary of the above result can be stated as:

Corollary 4.2.3 Under same conditions as stated in Theorem 4.4.1 with the excep-
tion that now o = 0, then we have

[S"
n+u

_ 1/q
||Hq>f|rm,m<|x.u>s( ) 1201 g | e

In the proof of next theorem, we employ duality between Lorentz spaces LP?(R™)
is the space L9 (R™).

Theorem 4.2.4 Let 0 < a < n with
gba(ajl) = ||| ’ ’ain®(x//| ' |)HLPI:Q/(R7L) *

Assume that 1 < r,q,p < oo, r > max{p,q}, n>ap and 1/p—a/n=1/r. If ® is a
radial function and ¢,(-) € L>®(S™ 1), then

El

1/r
| Ho o f || Lroo mny < ( ) | Pl oo (sm1y || fl| oo @ry.-

Proof. Using duality, we obtain

|Ho o f(2)] < / n w

< el zra oy | Fll o0 eny,

f(y)‘ dy

— 2(z/lyD

where h,(y) = e Now, it becomes simple to show that

O(z/]- 1)

I Ollen = | T
L' (R")
= |x|a—n ) (x’ﬂ) —|$‘”_a
| . | | . |n—Oé LP/vq/(Rn)
anfp || 2/]-1)
= |z[*"P R )
Lr'd' (R7)

where we have used the dilation property of Lorentz spaces L?"¢ (R™). Making use of
the condition 1/p — a/n = 1/r, we obtain

|Ho of (2)] < |27 (|60 ()| 2 (51| 1 Lo en)-
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For convenience we fix C1 = ||¢a(-)|| oo (sn-1) || f|| rawn) and compute:
{2 €R": |Haaf(@)] > 7} < [{z €R™: Cife| % > 7}
< Hx ER™: |z| < (C’lv_l)%}‘
B |Sn—1‘

(Cn™)"
We thus obtain
15"

1/r
||Hq>,af||mo<w>§< ) 16l zcsms [l Fll -

When o = 0, we obtain the estimate for ﬁcp that can be stated in the form of

following corollary.

Corollary 4.2.5 Let

¢o(7') = HM

| ’ ’n L4 (Rn) '
Assume that 1 < p,q < oo, If ® is a radial function and ¢o(-) € L>=(S™1), then

- |Sn—1| 1/p
[ Ha [l Lpoo ) < <T [ Poll oo (sn—1) || f || ooy

Thus the Hausdorff operator He maps LP4(R™) to LP*°(R™).

4.3 Lipschitz Estimates for the Commutators of
Hausdorftf Operator ﬁ¢

In this section we will show that I?[g, posses similar boundedness results as followed
by fractional Hausdorft operator .E/Icp’a in Theorem 5.4.1 and 5.4.2, when b belongs to
homogeneous Lipschitz space fi3(R™).

Theorem 4.3.1 Let1 > 3 >0 and
Wo(y) = ly["@(1/[y]), Ys(y) = [y|" P®(1/|y]).

Suppose 1 < p,qg<oo, n—LFp>p—Dpand1/g=1/p— (B+p)/(n+p). If® is a
radial function and b € fg(R™) then

[S"
n-+ u

N 1/q
||H<l17>fHLl11°°(\x|u) < ( > 0‘1’07‘1’6HbHM(R”)Hf”Mp’“(Rn)

where

Cuns = M@ {1 W0l sy |l ey | -
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Proof. Consider

LS < Wl [ %‘{Jy’)ﬂy)' dy
(|| ly) f(y)’ "

RTL
+ b y n /
| HM;(R ) o |y["—F

=: ||b”,llg(R")(|x‘ﬂll + ).

Next, using computation made in Theorem 4.4.1, we obtain
Ly < [ TR || gt oy | F -
Similarly, we estimate [; as:
I < A2 W | ot oy | f | s cen)-
Incorporating estimates of I; (i = 1,2), one can get

[Ha f(@)] < 1Bl s oy ]~ 9w 0, [ fl g emy.

We omit the remaining proof as it is the replica of the proof of Theorem 4.4.1.
Adopting the procedure followed in Theorem 5.4.2 and Theorem 4.3.1, the next

Theorem can be proved easily.

Theorem 4.3.2 Suppose 1 > 3 >0 and

o'/ 1)

i) - [0 o(a'/|- )

, ¢p(a)) = H||—"_B

e (R™) p'd (R™)

Assume that 1 < r,q,p < oo, max{q,p} <r, fp<nand 1/r=1/p—F/n. If P is a
radial function, ¢o(-), ¢s(-) € L=(S"1) and b € As(R™) then

S

B 1/r
[ fll 7o ny < ( ) Co0,65 161l 4y @y 1 | Loy,

where

C¢0,¢>ﬁ = max{|’¢0”L°°(S"—1), H(bﬁHLOO(Sn—l)} .

4.4 Weighted Lipschitz Estimates for the Commu-
tators of Hardy Operator

For locally integrable function b we consider here the following two commutators of

high-dimensional Hardy operators:

Hyf = b(Hf) = H(bf),
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and
Hyf =b(H"f) — H*(bf).

Fu et al [34] studied the continuity of these operators in Lebesgue spaces. Further-
more, it was proved in [35] and [122] that the commutators of Hardy operators can be
used to characterize some function spaces. Besides, Gao and Wang [42] established
weighted estimates for H, and H; on weighted Lebesgue space. Further extension of
these weighted estimates for the commutators of rough Hardy operator (see [36] for
definition) was made in [111]. However, two weight inequalities for these commutator
operators were obtained in [94].

Here, our objective is to provide some sufficient conditions in support of the conti-
nuity of commutators of Hardy operator on weighted central Morrey spaces when the
symbol functions belongs to weighted Lipschitz space. Thus, one of the main results

can be stated as:

Theorem 4.4.1 Let w € Ay, b€ Lipg,,, 0 < <1, 1<q< o0, —%<u<u<0
and = pu+ g, then Hy and H; are bounded from M9 (w) to M9*(w'=9).

The function space of our interest, other than the spaces defined in previous chapters,

is the weighted Lipschitz space defined in [45] by the condition

sup w(B) /" <W(B)_1 /B l9(y) — gB!qw(y)l_qdy) " < C < oo,

BeR"

where 0 < 8 <1 < p < o0 and w € A,. The smallest constant C fulfilling the
condition above is considered as the norm of ¢ in this space which is denoted by
llgll Lig - When w = 1, the space Lipg,, = Lipbw reduces to the classical Lipschitz
space Lipg. If w € Ay, then it was proved in [45] that for any 1 < ¢ < oo, the norms
HgHLing are equivalent for various values of ¢, i,e. HQHLing ~ |l9llLips..,- Here, we

need some useful lemmas to proceed further.
Lemma 4.4.2 (/95]) Suppose w € Ay, and b € Lipg ., there exist a C > 0 in such a
way that fori,j € Z with i > 7,

| B

b, — bg,| < C(i = 5)1l] Lip, ., w(Bi)
Lemma 4.4.3 ([95]) Let w € Ay, then for any 1 < p < oo,
[ wtay vy < clpp s,

B

where 1/p+1/p" = 1.
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Proof of Theorem 4.4.1.
Suppose By, = {x € R" : |z| < 2*}, Cy = By\By_1. Assume B(0,R) = By, for

ko € Z. Here, we want to establish following two inequalities:

1/q
1 —
w( By ) e / [Hyf ()"w(z) " de | < Cllbllipy M lyrony,  (441)
0 Bug
1/q
1 . )
W / |Hbf(x)|qw(;(;)1 td < OHbHLiPﬁ,wHfHquu(w)‘ (4.4.2)
0
By,

In order to construct (5.3.14), we consider

By, By, ’m‘n|y|<\x| q
_Z / o / (b(2) — b{w) F(w)dy| w(x)'
ey | = Do LRI | vy
h=—oog, i=—eog,
ey | |;|”l_im/'b” LN vl
= Il—i—I:k o

In view of the fact that A; C A,, Lemma 4.4.3 and the Holder’s inequality, we get

q-1)/q
/|f dy<(B/|f J7w(y) (B/ -1/, o "

< Cw(B)*|Billl 1] yran (w)
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So by Proposition 5.2.3 and the inequality (5.4.3), we estimate [; as

11<022k"q/\b ) — b, | Y w( 1qda:Z/|f \dy

k=—o0 i=—00 5
ko q
k—foo 1=—00
q

< Ol My S (B o0 | 32 2060000

k—foo 1=—00

ko
< C”b”szBwaHM” w( By, ) Z ond(k—ko)(1+pq)
k=—00

< OB 111y 0 (Brg)

where we have used the condition p+ §/n = u, and the fact that —1/q¢ < p < p < 0.

Next, we approximate /o by decomposing it as below

f2<022’“”"/ Z/!b ) = b/ £ (v)ldy w( ) ~ide

k=—o00 i=—00
k
oYy o [ Z/ka—bBHf ] o)
k=—o00 C Z——OOC
=: 121 + [22.

We shall deal with each of Iy; and Iss, seperatly. First we have to establish an
inequality similar to (5.4.3). By Holder’s inequality

i
C;

F@)ldy < Cw(B) 10]| ipgy o I1.F | e ) (4.4.4)
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With the help of inequality (5.4.4) , Proposition 5.2.3 and Lemma 4.4.3, I5; reduces

to

k q
il & =
ko k a
< CHbHLZpﬁ w f||Mq “(w Z w(Bk)l—q Z w(BZ)1+M
ko q
< CHbHL’Lpﬁ w HfHMq i (w) Z 1+q,u Z 271(5 )(14-p)
k=—o0 Pt

ko
< OBl %0 (Bi) 00 S 2pteFolta

k=—o0

< CHbHszﬁ w )1+QM7

f||Mq ,u(w (ka'()

where the convergence of above series is due to the fact that —1/¢ < p < 0.
It remains to estimate Io. For this purpose we again get help from Lemmas 5.2.3-
4.4.3 and the inequality (5.4.3) to obtain

ko k q
Iy < CHbHLZpBwaHMCIM Z w(Bk>liq+qﬁ/n Z (k — i)w(Bi)1+N
k_—OO 1=—00
ko k q
<O 1y D (B | 3 (k= iy
k*—OO 1=—00
ko
< Clbl| 7,0, f||Mqu w(By, )T Z ond(k—ko)(1-+qp)
k=—00

< ClBIL i, , 1 0yt (B ).

Finally, we combine the estimates for I, I; and Iy, to have the inequality (5.3.14).



54 Weighted Estimates for Hardy Type Operators and Commutators

Now, we proceed to establish (5.4.2). For this purpose, we consider

[y ae = [ [ PO i) e

Bko y|2|$|

<o | [ B2y wy v

By prRo>|y|>|x|

+C/ / Mf(y)dy w(z) ~dx

ly|"

By |y|>2mko

= J+J.

The computation of upper bounds for J is much similar to that for (5.3.14). However,

estimation of J’ needs more computational work. Analysis similar to H, indicates

q

B ly|<2mko
ko Lk a
<cy / FrDS / b(a) — by) f)|dy| w(z)'de
k:foock izfooci

< CUBNLipy 1y (Bro)

In computing upper bound for J', we proceed as below

q

y<c / / ) = Pty | ey =

e |

ko

= J + J5.

q

/ urﬂ dy| w(@)rds
|y|"

kko
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We use inequality (5.4.3) and Proposition 5.2.3 for the analysis of J]. So that we have

/ SC/ b(x) = b, ["w(x)" qd:c |f
o0 q
< CHbHszBwaHMW(w (Bko)uqﬁ/n Z w(B)"
k=ko
0 q
< CHbHLlpBwaHMqM(w (Bk0)1+q# Z 2%5(1?—’60)#
k=ko

< Cl0lLipy 1y (Bro)

To get the boundedness of Jj, we need the following decomposition

ggc/
+c/

By,

= Jél + J§2-

q

/ - bB’“||f( dy| wia)~de

kko

q

|ka Bk0| 1—q
/—|f< ) dy| w(z)d

lcko

We first compute J3;. To do this, we use Proposition 5.2.3, Lemma 4.4.3 and the
inequality (5.4.4) to obtain

q

I <c / S 2 [ b~ ba | w)ldy| wla)' s
k=ko Ch

o0 q

Z 2—lmw(Bk)l+u

k=ko

Z 2—knw(Bk>1+/J

k=ko

f: gn(k—ko)u

k=ko

< Clblsi gy [ wle)' 7o

By,

0
q

< CBN Lip o 1F a0y  Bro "0 (B )~

q

< Cb| Lips.. |

f“Mq,u(w)w(Bko)l—i_qu

< Cbl i 1F 0. g0 (B ) .
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The last objective is to analyze the integral J),. For this we use Lemmas 5.2.3-4.4.3
and the inequality (5.4.3) to have

q
By <C [ wi@)1de| 30 2 b, ~ b | [ 17wy
B k=ko c
ko k

o0

w(B

< 1l g B (B | 30 = By 7)

k=k 0

e8] ’ q
< C11l| i 1 | 0y (By ) | > (k= ko)w(By)"
k=ko
oo q
< Wy (Be) 57 | 3k — 2
k=ko

< Cl1bl| zig o 1 | 00 (Bio ) .

By incorporating the estimates of J, J{, Jj, and Ji,, we get (5.4.2). With this we
finish the proof.



Chapter 5
Weighted Estimates for Hausdorft
Operators and Commutators on

Heisenberg Group

5.1 Introduction

Besides the Euclidean space R", the matrix Hausdorff operator can be defined on p-
adic linear space @, which is, under addition, a locally compact commutative group
(see, for instance, [125, 126]) and on the Heisenberg group H™ [103, 117, 137]. Since,
we are mainly concerned with the study of Hausdorff operators commutators defined
on the Heisenberg group H", therefore, it is mandatory to introduce this group briefly
and the definition of matrix Hausdorff operator on it first.

With underlying manifold R?" x R, the Heisenberg group H", under the law of

non-commutative multiplication
Ty = (T1, T2, oy T2ng1) * (Y1, Y2, s Y2nt1)

= (551 + Y1, Ton + Yon, Tont1 + Yont1 + 2 Z(yﬂ?nﬂ' - flijn+j)> :
j=1

is a Lie group. This definition suggests that for z € H",

z-—z=0and z-0 = z.

o7
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Therefore, the identity and inverse elements of H" are same as as that of R?"*! space.
The vector fields

0
Z; = a5 2 n ) 1<;< )
J 82]‘ tez +I 622n+1 =J=n
0 0
Zn 2z . 1<j<n,
i 0%t j “ 0Zon+1 =J ="
0
Zan,
2t 822n+1

form the basis for this Lie algebra. The only non-vanishing commutator relations
satisfied by these vector fields are

[Zja Zn-i-j] = —4Zsp11, 1<j<n.
The dilation, on H", is defined as
5t(zl7 22y eevy R0 22n+1) - (ch tz?a tZQ'ru t222n+1)7 t> 0

Also, the Haar measure on H"” corresponds to the usual Lebesgue measure on R?? x R!.

Thus, for any measurable set £ C H", its measure is denoted by |E|. Moreover,
0,(E)| =t9|E|,  d(6;2) = t9dz,

where () = 2n + 2 is the so-called homogeneous dimension of H".

The group H" is endowed with the norm:

1/4

2n 2
|z[n = (ZZZQ) +Z§n+1 )

i=1
and the Heisenberg distance d, generated by this norm is:
d(s,t) = d(t's,0) = [t 's]s.
Notice that d satisfies triangular inequality and is left-invariant i.e.
d(r-s,r-t)=d(s,t), VYrsteH"
The ball and sphere on H", for ¢ > 0 and x € H", can be defined as

B(z,t) ={y € H" : d(z,y) < t},
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and
S(z,t) ={y e H" : d(z,y) = t},
respectively. To compute the measure of this ball on H", we proceed as below

[B(z,1)] = [B(0,#)] = Qqt?,

where Qg = |B(0,1)], is a function of n only, is the volume of the unit ball . Also,
area of the unit sphere S(0,1) in H" is wg = Q€. For further readings on Heisenberg
group, the book by Folland and Stein [33] and the works by authors in [52, 77, 78| are
standard references.

Now, we are in position to define the operator and relevant commutators on the
Heisenberg group H". Suppose ® € Li .

the following form (see [54] and [117]):

D1
Tog) = | n%}%)g(z)dz,

(H™). The Hausdorff operators on H" assume

Toaf(zx) = / (|I)(|Z)9(A(z)x)dz,
me |2}

where the function A(z) is a matrix-valued function, and we assume that det A(z) # 0
almost every where in the support of ®. Also, we define the commutators T; % RO VEW

with locally integrable function b as

Th 4(9) = bTs,4(g) — Tp,a(bg). (5.1.1)

In this chapter, we study the boundedness of Ty, T 4 and Tg’ 4 on the Herz-
type spaces with both Muckenhoupt and power weights with the Heisenberg group
as underlying space. The next section contains some basic definitions and notations
likewise some necessary propositions which will be used in the succeeding sections. In
Section 3, we give weighted estimates for T on Herz-type spaces. Finally, the last

section is reserved for the study of Tq’; 4 on weighted Herz space.

5.2 Some Definitions and Notations

The Muckenhoupt weighted function theory introduced in [106] was well studied in
the later work by Garcia-Cuerva et al. [46]. An extension of this theory, in the settings

of Heisenberg group H", was provided in [52] and studied in [77, 78]. A function w on

1
loc

w(E) will be reserved for weighted measure of £ C H", that is w(FE) = [, w(z)dz.
Also, if 1/p+ 1/p’ =1, then p and p’ will be called mutually conjugate indices.

H"™ can be given the role of a weight if w € L .(H") and is non-negative. The notation
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Definition 5.2.1 [t is said that w is in the Muckenhoupt class A,(H"), oo >p > 1,
if there exists a C > 0 in such a way that for every ball B C H",

(|B|_1/Bw(z)dz) (|B|_1/Bw(z)_p’/pdz)p/p/ <C

Also, w € Ay implies the ezistence of a constant C > 0 in such a way that for every
ball B C H",

(|B|_1/Bw(z)dz) < Cessinf w(2).

z€B

When p = oo, we define Ay = U1§p<oo A,.

According to Proposition 2.2 in [117], we have A,(H") C A,(H"), for co > ¢ >
p>1,and if w € A,(H"),00 > p > 1, then for € > 0 there exist p — e > 1 such that
w € A,_(H"). Therefore, we may take g, := inf{q > 1:w € A,} as the critical index

of w.

Definition 5.2.2 [t is said that w is in reverse Holder class RH,(H"), if there exists
a fixed constant C' > 0 and r > 1, such that

(|B|—1/Bw7"(z)dz)l/r < O|B\_1/Bw(z)dz.

holds for every ball B C H". In [78], it was proved that w € A, (H") if and only if
there exist some 1 < r such that w € RH,.(H"). In addition, if w € RH,.(H"), r > 1,
then for some € > 0 we have w € RH, . (H"). We therefore use r,, := sup{r > 1:
w € RH,(H")} to denote the critical index of w for the reverse Holder condition.

A particular case of Muckenhoupt A,(H"™) weights is the power weight function
|z|%. From Proposition 2.3 in [117], for x € H", we have |z|? € A;(H") if and only if
—Q < a <0. Also, |z|, € A,(H") for co > p > 1if and only if —Q < o < Q(p —1).

In view of these observation , it is easy to see that for 0 < a < oo,

elie ) ApEY,

Q+a
Q <p<oo

where (@ + «)/Q is known as the critical index of |z|§.
The following two Propositions, proved in [117], concerning A,(H") weights will

be useful in establishing weighted estimates for Tq’; 4 on Herz-type spaces on H".
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Proposition 5.2.3 Suppose w € RH, N A,(H"), 1 <p and 1 < r. Then there exist
constants C1,Cy > 0 such that

DI\ _ w(D) D[\
Ci| = | < —2L<0y| —=
1 (|B\ ~w(B) T C\|B] ’
for any D C B, where D is measurable. In general, for any 1 < \,
w(B(zo, \R) < A\Pw(B(z0, R)).

Proposition 5.2.4 If w € A,(H"),1 < p < oo, then for any f € L .(H") and any
ball B C H"

B [ If(Z)IdzéO(w(B)‘l / |f(2)|”w(2)d2)1/p-

Let £ C H" be measurable, then the weighted Lebesgue space LP(FE;w) contains
the functions f satisfying

1/p
19/l e (Ew) = (/ !9(2)|pUJ(Z)dZ) < 00,
E

where oo > p > 1 and w is a weight function on H". In case p = oo, one has
Ll w) = L2 (H") and || f{ oo gy = [1f | oo am)-

Let E, = By/By_1, where By, := {z € H" : |z|, < 2F}, for k € Z. Then the
homogeneous weighted Herz space in the setting of Heisenberg group can be defined

as below.

Definition 5.2.5 Let a € R,00 > p,q > 0, and w is a weight function on H". The

homogeneous weighted Herz space qu"p(H") is the set

K{?,p(Hn;w) = {g € L?oc<Hn/{0}7w) : ||g||Kg’p(H";w) < OO},

where

o] 1/p
190 icgw @m0y = w(B) N9 gy -
P ( )

k=—o00

When w = 1, we obtain K ~P(H") introduced in [97]. More details on Herz spaces
along with their application can be seen in [28, 29, 61, 98|.

Definition 5.2.6 Suppose a € R,00 > p,q > 0,0 < X and w s a weight function on
H™. The homogeneous weighted Herz-Morrey space MKI??;‘(H”; w) is defined by

MEGME" w) = {g € LB {0} 0) ¢ 9]l gy < 0}
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where

ko 1/p
HgHMKS‘,},A(H";w) = Sue%w(Bko)—A/Q { Z (Bk>ap/Q||g||L‘1(C’kw } ]
0

k=—o00
Obviously, MK;";]O(H”; w) = Kg"p(H”; w).

Definition 5.2.7 Suppose 1 < q < oo and w be a weight function on H". Then,

it is said that a function g € L} (H";w) belongs to the weighted CBMO space

C MO (H"; w) if

loc

1/q
[olsions =30 (w(BOR) [ Jgle) = gulwladaz) <
R>0 B(0,R)

where

a5 = |B(0, 1) / o(2)dz. (5.2.1)

B(0,r)
Recently, weighted boundedness of matrix Hausdorff operators and their commu-
tators defined on different underlying spaces are established in [18, 70, 75, 76, 112,
114, 116, 117, 121].

Lemma 5.2.8 ([117]) Suppose that the (2n + 1) X (2n + 1) matriz M is invertible.
Then
M@ < |det M7 < [|[M7Y|9, (5.2.2)

where

Mﬂj’h
|M|| = sup | | )
z€HP 2#£0 |-’E|h

(5.2.3)

Also, when A, weights are reduced to the power function, we shall use the notation

v(-) instead of w(-), that is v(-) = | - |§. In that case, an easy computation results in:
o(By) = / 2]? do = wo2M9P (B + Q). (5.2.4)
‘Z‘|h<2k

Moreover, in case of boundedness of qu;, 4 on power weighted Herz space, we shall

frequently use the piecewise defined function G :

121]]°7 if 5> 0,

G(M,o3) =
[M=H|=7 it g <0,

where M is any invertible matrix, o € R and § € R*. Obviously, G satisfies:

G(M,B5(1/q+1/p)) =G(M, 5/q)G(M, 5/p), (5.2.5)

where p,q € Z".
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Proposition 5.2.9 Suppose that the (2n+ 1) x (2n+ 1) matriz M is invertible. Let
B> —n, v(z)=|z]f and z € H", then
[M|Pe(z) if B> 0,
IM=Y|7Pu(z) if B<0,
= G(M, B)v(z).

v(Mzx) <

From this point forward, we will use an obvious notation AB(0, R) = B(0, AR),
for A > 0.

5.3 Estimates for 73 on Herz-Morrey Space

As we stated in the introduction, this section is centered on obtaining estimates for
Ty on weighted Herz-Morrey spaces M KX&A(H”; w). In this regard, our main results

are contained in the following subsection.

5.3.1 Main Results

Theorem 5.3.1 Let 1 < ¢1,q2 < 00,1 < p < 00, A > max{0,a1},ay € R. Let ® be
a radial function and 1/q1 + a1 /Q = 1/q2 + a2/Q. Let q1 > qosry/(rw — 1), where
w € A;(H"), 1 < s < oo, with the critical index r,, for the reverse Holder condition.
(i) If 1/q1 + a1 /Q > 0, then we have for any 1 < § < 1y,

HTq)fHMK;%’;(Hn;w) = KI\HfHMK;}I’IA(HH;w)’

where

1 oo
Kl)\ _ / |q)§t)‘t(a1+Q/Q1)(51)/55/\dt + / |(I)it)|ts(a1+Q/QI)/\(51)/6dt'
0 1

(11) If 1/q1 + a1 /Q < 0, then we have for any 1 < § < 1y,

1o s gmney = B2 o sy

where
1 [e%e)
K> = / V‘I’Et”ts(al—HQ/ql)dH / “DEWt(al—MQ/ql)(a—l)/édt
0 1

When A\ = 0, we obtain the following estimates for Tg on Kg"p (H"™; w).
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Theorem 5.3.2 Let 1 < p < 00,1 < q1,¢42 < 00,1 < 0,0 € R. Let @ be a
radial function and 1/q + o /Q = 1/ga + a/Q. Let 1 > qasry/(rw — 1), where
w e A;(H"),1 < s < oo, with the critical index r,, for the reverse Holder condition.
(i) If 1/q1 + a1 /Q > 0, then we have for any 1 < § < 1y,

HTCI’fHK;j;Q’p(H”;w) = K?HfHKgll’p(H”;w)'

(i) If 1/q1 + a1 /Q < 0, then we have for any 1 < § < 1y,

1o £l sy = SIS iy

By replacing Muckenhoupt weights with power weights, one can have sharp result as
below.

Theorem 5.3.3 Suppose a« € R, A > 0,00 > p,g<>1,—Q < 8 < oo and suppose P

be a radial and non-negative function. If

/OO %t(lw/@(a—/w@/q)dt < 00 (5.3.1)
t ?
0
then Ty is bounded on MK;;IA(H”, |- 7).
Conversely, assume that Te is bounded on power weighted Herz-Morrey space
MESMNH", |- %). If A =0 or 0 < A < a, then (5.3.1) is true. Moreover,

M) 148/ -2 +2/0) g, (5.3.2)

o.9]
ITellasscg e gy o mesc o iy = /0 t

5.3.2 Proof of the Main Results

Since, proofs of Theorems 5.3.1 and 5.3.2 involves similar steps and arguments, there-

fore, we will prove Theorem 5.3.1 and Theorem 5.3.3, only.

Proof of Theorem 5.3.1: We need to compute || f|| Lo () first. The condition
@1 > GoSryw/(ry — 1) implies that there exists r € (1,7,) such that ¢; = gosr’. By

virtue of the Holder inequality and the reverse Holder condition, we obtain

s/q 1/(rq2)
||T<pf($)Hqu(Ck;w) < </ |T<1>f(x)|th/sdx) </ w(x)rdx)
Ck Ck

s/q1
< B umy e ([ ng@eta) L 63

C
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65

Following [54], we rewrite T as

o .
Tuf) = [ 22 /| e

Using (5.3.4) and the Minkowski inequality, we have

(/Ck |T¢f(x)|ql/sdx) s/
SN TR
j/ooo |<I>7Et)| </Ck

q/s s/q1
dm)

q/s s/qu
dm) dt.

Next, Holder inequality, polar decomposition and change of variables, yield

s/q
| Pt @/s
/ uﬂ </ / f(ét*1|x\hy/>dy, d[[‘) dt
0 Cr 1]y |n=1
00 s/q
t
[T )
0 Cy Jy'|n=1
0o ok s/q1
o TR peaeragrear)
0 t 2k=1 Jy'|p=1

00 s/q1
D(t
2/ 2@l IE)'tQS/‘“ (/ \f(y)|q1/sdy> dt,
0 t*le

where t~1C}, denotes the set

/ 61, o)y
ly'|p=1

{z : tx € Cy}.

Making use of Proposition 5.2.4, it becomes simple to see that

Ya B0, 28|/
q/s | ( ) )l
(/t—lc’k |f<y)| dy) = w(B(O, th—l))l/ql Hf||Lq1 (B(0,26t=1);w) -

Therefore, we infer from (5.3.3-5.3.7) that

< [B(1)]_w(B(0,24)""
oo = [ ot st en ozt .

(5.3.4)

(5.3.5)

(5.3.6)

(5.3.7)
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Now, by definition and the Minkowski inequality

”Tq)(f)||MKg%’2>‘(Hn7w)

ko 1/p
= sup w(BkO)fA/Q { Z w(Bg )azp/Q TsfI5, (Ch: w)}
ko€EZ e oo
<Dt
j/ | (>|supw(B ))\/Q
0 t keez
ko U)( )1/l12+a2/Q p /p
X {kZOO <w(B( 0, 2R1))1/m ||f||Lq1<B<o,2kt1>;w>) } dt
27+1 (I) )
= Z / sup w(By, )M
j=—00 ko€Z

k=—00

ko 1/ga40a2/Q p 1/p
w(By)
. { > ( e s ) } i

2J+1 )\/Q ko w(Bk;) 1/q1+o¢1/Q
= sup w(By,)~ (_ >
]Zoo /2 ko€Z ’ kzoo w(By—;)
1/pqp 1/p
a1/Q
xZ( ) <Z w(BZ-)mp/QHfHﬁql(ci;w)) ] } dt, (5.3.8)

where we have used the condition 1/¢; + a1 /Q = 1/g2 + a2/ Q.
Again, by definition of weighted Herz-Morrey space, the inequality (5.3.8) assumes
the following form

|’T‘I>(f>HMK°‘2>‘(Hnw)

—< 2+ |(I) If w(Bk’O*j) Ve
1 ar s> e Z o\ 0By

l=j

Since A > max{0,a1}, j <l and k < ko, by Proposition 5.2.4, we have

a1=\)/Q a1=M)(6-1)/(5Q
(w(Bk—j)>( e <\Bk—jl)( femnear QU=Na=NG-D/E (53 1)
w(By_;) ~ \ Bkl
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and
A/Q A(6—1)/(5Q
<w(Bk—j) ) / y ( |Bk—j| > ( )/(6Q) _ 2)\(k—k0)(5_1)/6, (5311)
w(Bp,—;) | Bro—j|
also, if j > 0,
AQ A(6—1)/(5Q
(w(Bko—j)) s (|Bko—a‘|) T s (5.3.12)
w(BkO) N |Bk0| ’
and if 7 < 0,
A SA
(w(Bkoj)) /Q » <|Bkoj‘) “_ 9-isA (5.3.13)
w(By,) T\ Bl

for any 1 < 6 < ry,.
When 1/q; + a1/Q > 0, then from Proposition 5.2.4, we have, if j < 0,

1/q+a1/Q (1/q1+a1/Q)(6-1)/6
( w(Bg) ) ! ~ < | By| ) ! ZQJ(Q/Q1+O<1)(5—1)/5’ (5.3.14)

w(Bg—;) | Bi—j
and if 7 > 0,
1/qi+01/Q s(1/q1+a1/Q)
w(By.—;) ~ \IBk-l

for any 1 < < ry,.
When 1/¢; +a1/Q < 0, then it is easy to see from Proposition 5.2.4 that, if j < 0,

1/gi+a1/Q s(1/q1+a1/Q)
( w(By) ) e ( | Bi| ) ST gis@/atan), (5.3.16)
w(Bk,j) ’Bk*j’
and if j > 0,
1/g1401/Q (1/qi+e1/Q)(6-1)/8
( w(By) ) e ( | By ) o = 9i@atan6-D/5  (5317)
w(By—;) = \|Bil

for any 1 < 0 < ry,.
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Therefore, if 1/q; + a1 /Q > 0, then for any 1 < § < ry,, inequalities (5.3.9-5.3.15)
help us to obtain

1To N arsgz e

2]+1
L O S A
p,q71
]—700
py 1/p
X sup 2p>\k ko)(6—1)/ 2 Ya1—A)(6—-1)/6 dt
{ > (2

2]+1

+Z / [2M)] gjs(@/a+an-ire-1y/s
o py 1/p
xsup{ Z oPA(k—ko) (6-1)/ (22 Y1 —A)(6— 1)/) } dt)
k

ko€EZ —
A
j Kl HfHMKg,};’l)\(H",w)
With this the proof of Theorem 5.4.1(7) is completed.

By a similar argument as above, when 1/¢; + a1 /Q < 0, part (iz) of Theorem 5.4.1
can be proved using (5.3.9-5.3.13) and (5.3.16-5.3.17).

Proof of Theorem 5.3.3: Computing the norm of Ty on the power weighted Herz-

Morrey space involves a similar first step as is taken in the proof of previous Theorem.
Therefore, by (5.3.4) and the Minkowski inequality we have

00 q)(t) , / q 5 1/q
||T<I>f||Lq(Ck7|A\§) = T f((st*1|m|h?/ )dy dt |hdI
Cr 1J0 [y |n=1
% Pt q 1/q
< / —i ) ( f(Ot=1101,,y )y’ leﬁdw) dt.
0 C

By Holder inequality, polar decomposition and change of variables, we obtain

1/q
() _
1Ta llacn iy = / t \ o S, FOy) dy'T9ar | dt
o(t)
j/o : N (Q+8)/a ||f||Lq(rlck,|-\h)dt'

Let jo € Z, be such that 290~ < ¢~ < 29, Then ¢t~'C}, is contained in two adjacent

annulus Cj4j,—1 and Cjyj,. Therefore,

| /

Y |h=1

* D) gime 1
1T fll accp i) 5/0 — ot > Iy - (5.3.18)

I=jo—1
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For 1 < p < oo, the inequality (5.3.18) following the Minkowski inequality yields

Tl asseg )

ko 1/p
— o] ?
~ sup 2 kox\(1+6/Q){ 3 (2k (+5/Q) HT@flqu(ck;Hi)) }

ko€EZ k——o00

< / - @it)t(‘%ﬁ)/q sup 2-FA(1+5/Q)
0

ko€EZ
ko Jo+1 py 1/p
ka(1+6/Q)
% { Z (ZQ ||f||Lq(Ck+z=|'|£)> } dt
k=—0c0 \l=jo
0 Jo+1
< / @t(mm/qZgw—a)(w/@dt
o 1 ,
l=jo
ko+1 1/p
% Sup2 Ako+1) 1+B/Q){ Z Qkozp 1+8/Q) ||f||Lq o ||5 }
ko€EZ k= — oo
< P(t) o
ﬁIIfIIMK;,qA(HnJ.,g)/O — Ty, (5.3.19)

To prove the converse, we assume that Ty is bounded on M Kgf’q)‘(H”, |- [£)). With
this we split our problem in two cases:
Case : 0 < A < «

In this case, we select fo € LL_(H", |- |?), such that

loc

—(1 a—A
folz) = |x|h( +8/Q)( +Q/fI)7

then it is easy to see that

~ 9—k(a=A)(1+8
||f0||Lq(Ck7|.|£)—2 (a=A)( /Q)(

9a(a=N(1+8/Q) _ 1 \ /1
gl —A)(1 + ﬁ/Q))

Therefore,

1 follargco e )

ko 1/p
~ sup 2 FoM1+8/Q) { Z oker(1+5/Q)|| £ ||Lq(C " )}

koEZ k=—o00

9a(a=N(1+8/Q) _ 1 \ /4

N (q<a N+ B/Q))
9a(a=N)(1+8/Q) _ 1 \ '/ ON(1+6/Q)

(q(a —A)(1+ 6/@)) (22(1+8/Q) — 1)1/p

ko 1/p
sup Q—kox\(1+6/Q){ 3 ka/\(1+B/Q)}

ko€EZ k=—o00

< 0Q.
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On the other hand, a change of variables following the polar decomposition yields
@(5 _1x)

To(f)o) = [ =

nlyly

00 —1
~ / MF(”WQ)(&—HQ/Q)&
0

1+8/Q)(a—=2+Q/q) d

[yl y

T P(t
:fo(x)/ %t(lw/@(a—wf@/q)dt.
0

According to our assumption Ty is bounded on M ngg\(H", | - 1)), therefore,

1T

> Ot
Incseg e iy asg ) /0 ¥t(l+ﬁ/@(a“@@dt' (5.3.20)

Finally, inequalities (5.3.19) and (5.3.20) imply that

* () 118/Q) (a1 10/a)
||T<1>||MKI?‘,'QA(Hn,|.|§)—>MK,‘ibA(Hn7‘.|§) —/0 Tt dt.

Case II: A =0
In this case, our assumption reduces to the boundedness of T on K. op(H", | - 7). To

prove the converse relation let us consider

—(14+B + —€
folw) = |zf, ATy .

Then for k£ > 0, an easy computation leads to

[e% € 1/‘1
 o—ka(148/Q)—ke/q 2qa(1+8/Q)+€ _ q
”fE“Lq(Ck,Hﬁ) ~ 2 )

qa(l+B/Q) +¢
which gives that

1 oaa(1+6/Q)+e _ 1\ /4

By decomposing T into polar coordinates and changing variables, we obtain

|’f€HK3"p(H”,|-\§

(I)((sw\ﬁlx)lyr(
h
[yl

To(£)() = [ :

00 -1
~ / Mtuw/@(wcz/q)e/th
1

14 a+ —€
B/Q)(a+Q/q) /qX{|y\;L>1}<y)dy

n

|z[n O(t)
_ |8/ )~/ / — QTR ) sy (w)dt.

0
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This suggests that (T f.)xc, = 0 for &k < 0. Thus, for £ > 0, one has

1/q
1T () vy = ( / \T¢f6<x>\q|xrﬁdm)

~ || ~(1HA/Q)laatQ)—eth
Cy

1/q
o
y / ”@f)t(l+ﬂ/Q)<a+Q/q)+e/thdI> ‘
0

For any € > 0, there exist a m € Z such that 2™ < e < 27! Therefore for

m < k, we have

1T (fe)llLagcy -19)

ol € 1/q  pom—1
o ka(1+8/Q)—ke/a ( QrelbepIer — 1 ) / ®WU)a+8/Qa+Q/ar+e/agy (5.3 99)
- qa(l+3/Q) + € 0

t
Now, the definition of power weighted Herz space and the the inequality (5.3.22)

help us to have

1 Te(fe) HK‘“’ H",||8)

1/p
( Z gkap(1+5/Q) ||T¢~(f6)“Lq (Cr,l- B)>

k=—o00

1/p
(148 - 1/(2¢)
() ($ ) [ s
~\qa(l1+5/Q) +e€ 0 t

P 1/(26) @(t) (145/0) @+ Q)]
- ”fEHK?”’(H";\-Ii)E 12 q/o —t Drerddt,

t

where the last equality is by virtue of (5.3.21).
Letting ¢ — 0, we obtain

 O(t
||T¢'||K,‘;"P(H”~|~|€)—>K;"’P(H”~|~\£) i / ¥t(1+ﬂ/Q)(a+Q/q)dt. (5323)
) k) O

Finally, (5.3.19) and (5.3.23) mean that

ITo ~ / ” q)it) {1+8/Q)(@+Q/a) gy

iy gns iy rcoramng ) = o

Hence, we finish the proof of Theorem 5.3.3.
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5.4 Estimates for Tg 4 on Weighted Herz Space

This section contains the main results of the boundedness of 7T, % 4 and the relevant

proofs.

5.4.1 Main Results

Theorem 5.4.1 Suppose 1 < p,q,q1,q2 < 00 and ai,as € R with aq < 0. Suppose
that 1/s = 1/q1 +1/q and a1 /Q + 1/q1 = ao/Q + 1/qe. In addition, let w € Ay with
the critical indez 1, for the reverse Holder condition and s > qor.y,/(ry — 1).

(0) If 1/q1 + a1/Q > 0, then for any 1 < 6 < 1y,

178 1 ooy < Ft Dllsiongemy I s sy

where

o
K= ()] (1+|detA_l(y)|1/q||A(y)’|Q/q)
lawi<t [yl

et A~ )] | A() | og Ty

; /”A( LGN (14 | det A7 (1) 17 A () |2/

D=1 Yl
% |det A—l(y)|1/q1||A(y)||Q/q1_(a1+Q/Q1)(§_1)/6 10g2||A(y)||dy

(17) If an/Q + 1/q1 <0, then for any 1 < § <1y

b
||T¢>,A||K(‘;‘227P(Hn;w) < Ky ”bHCMO‘I(H";w) HfHK;D‘ll’P(Hn;w) :

where

P _
o= [ BN e a e ag) o)
lAwi=1 |yly
x| det A7 (y)[/% | A(y) |~ og 2] A(y) |y
12()]
+f (1+ | det 47 (9) 7 Ay) [207)
lawi<t lyl?

x | det A1 (y)|M/ || A(y)|| @/ (@I (E-1D/3 150

2
AT

When general weights are reduced to power weights, then the next theorem is:

Theorem 5.4.2 Suppose 1 < p < 00, 1 < ¢,q1,q2 < 00 and B > —n. If 1/qz =
1/qg+1/q1 and 1/q+ as/Q = a1 /Q, then we have
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||T£,A||K;‘22’p(ﬂ{n = K3||b||CMOq H»;v Hf”K“l PHP )

where K3 s

Ky — Juan © () (1 +logy ([ATWIIIAWID) dy, i a1 =0,
S ©W)G (A (), aa(Q + B)/Q)dy, if ay #0.

and

O(y) = |‘ (|Q)||d et A~ (y)|Mo (10% ||A<2 X Aami<y + log 2| A(y )||X{A(y)||>1}>
<G ), ar) 1+ det 47 ()] G (A7), B[ A7)

5.4.2 Proof of Theorem 5.4.1

Here, we have to show that

k=—o00

00 1/p
{ Z W(Bk)aQP/Q ||T£’7AfH]2‘12(Ek,w)} j ||f||K?22’p(Hn;w) .

By the Minkowski inequality and necessary splitting, an upper bound for the inner

norm |73 S 7e2 (g, ) can be obtained as:

H (Tg,Af) HL‘D(Ek;w)

_ H ( [ W) ) b(A(y)x))f(A(y)x)dy>

lyl?

L2 (Byw)

< [ 29106 - AW AW iy

n ‘y’h
</ W) b() — b ) FAW)) 2 sy
H" |y|h
[ T IO b A sy
[ o, — o FAGID iy
H"» ’y|h
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While targeting Iy, we first compute ||(b(z) — b(A(y)z))f(A(y)x)|| a2 (Byw)- The con-
dition s > gary/(rw — 1) implies that there exist 1 < r < 7, such that s = g’

Therefore, by the Hélder inequality and the reverse Holder condition, we have

1(0(-) = b5,) F(AWY) )| L2 (B5:00)

- ( . |(b(z) —ka)f(A(y)x)‘sdx> /s (/Ekw(gj)rdx) v

< B w(B) YR (6() — b F(AW)) e (5.4.2)

Next, using the condition 1/s = 1/¢ + 1/¢1, we can have

1(6(:) = s, ) f(AW) Loy < N16C) = bl lf (AW ) Ln sy (5:4:3)

In second factor, on the right side of the inequality (5.4.3), a change of variables along

1/q1
LFCA@) (5 = | det A= )] Ve ( / B !f(w)!‘“dw>

< | det A~ ()| B(0, 2% || A(y) |||/

1 o 1/Q1
. (w(B(O, Al >||>>/ oartan ) w(x)“)
=< (| det A~ ()| A() |19 By]) /™"

X WA Br) ™ fll Lor (a1 Basw) - (5.4.4)

with Proposition 5.2.4 yields

Similarly, the other factor on the right hand of the inequality (5.4.3), in view of
Proposition 5.2.4, gives

1C-) = b llzaeme = [BrlNIbllcrronem ) (5.4.5)
Inequalities (5.4.2-5.4.5) together yield
1(6(-) = b5, ) f (AY) )| Loz (B
= 18l o xroa @) | f 1| Lo a1 Bisw)

Vg W 1/g2
« (| det A~ () [ A(y) ) Vo — 4 LB

w(llA)||By) /e

Hence, we obtain the following estimate for I :

B = Wllosonm [ T (1det A7 l1AG) "

yl?
(13k)1/ 2
WA B W e ez dy
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Next, we fix to estimate Iy, which is given by

12)]
o= [ 000~ buas) FAG) ey
Hn |y|h
Since s = gor’, therefore we infer from (5.4.2) that

[ (o( = bpaise) FAW ) Lo (5,0
=< IBkI‘”sw(Bk)””||(b(A(y)-) = bjag)m) f(A(y)-)

Le(By)- (5.4.6)

Applying the change of variables formula, Proposition 5.2.4 and Hoélder’s inequality,

we have

[(0(A(y)-) = bpagi) FAW | ez,

1/s
_ | det A7 ()] 2 ( / CE b||A(y)||Bk)f(93)|Sd$)

= [ det A~ () |"*[|A(y) || Bl V*

1 . 1/s
" <m /”A(y)”Bk |(b() = bjag)s,).f ()| w(x)dx)
= | det A_l(y)|1/5|Bk|1/5||A(y)IIQl/sw(||A(y)||Bk)—1/s

Ha 1/q1
. ( /”A(y”Bk [6(2) = bjaw)) 5] w(:v)d:v> ( /” . |f ()] lw(x)dx)

= [ det A~ (y)|"*| Bl [ AW w(| Ay) | Be) "

X [ fll o (raw) 1B 10l e ar0a msw)- (5.4.7)

By virtue of (5.4.6) and (5.4.7), the expression for I assumes the following form:

(I) 1/s
A / | ; DL det 4 ()1 A() [9)

[yl
(Bk>1/lI2
WAy B 1 e aaeisen dy:

Now, the estimation of I3, given by

2(y)
B [ AW b, ~ biawiad,

lyli

requires the bounds for ||f(A(y)-)||ze(e,) and |bp, — bja)s,|- First we consider

| f(AY) ) Loz (B, ,w)- In view of the condition s = o1, we use the Holder’s inequality
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and the reverse Holder condition to obtain

1/q2
LA L pon ) < ( N f(A(y)x)|q2w(:c)dq:)

([ o) ([ wera)”

= [ Bel ™ w(Bi) Y| f(A) ) s 0)- (5.4.8)

Furthermore, the condition 1/s = 1/¢ + 1/¢; and the inequality (5.4.4) help us to
write
oy = 1Bl YU (AW) )| ()
s — /¢
< Bl (Idet A7 ()1 A()]1?)
X w(HA(y>HBk)_1/Q1||f||Lq1(||A(y)||Bk;w)- (5.4.9)

1/ (Ay)-)

We combine the inequalities (5.4.8) and (5.4.9) to substitute the result in the expres-

sion for I3, which now becomes

= [ B Gaeangiawie)
" [yl

Q
h
( (O Qk))l/QQ

|A( )HB ))1/q1 ”f”qu (IA@)| By w ’ka — bIIA(y ||Bk|dy

w(]

Now, it turns to bound |bg, — bja(y)|s, |- For this purpose, we split the integral as

below:

= / (w)l<1 b5 = b ¥ (y)dy +/ 6B, = w5 ¥ (y)dy
<

[A(y)[[=1

= I3 + I3,

where, for the convenience’s sake, we used the following notation:

w(B(0, 2k))1/QQ
w(||A(y) || Bg)) Yo 1 Lo ( ACy) | Bisew) -

W(y) 'Tyﬂ D1 (1 det A= ()] AGw) )

Further decomposition of integral for I3 results in:

I3 = / U(y)
; 23 1<||Ay) | <2~
J
{ > Iba-ip, = by-iip, | + [bo-ip, — b\\A(y)HBkl}dy

i=1
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The first term inside the curly brackets can be approximated using Proposition 5.2.4,
that is

|b2—in - b2—i+1Bk |

< — by-it1p, |dy
|2~ ’Bk! sz *

W ZBk)/ZB b(y) — ba—i+1, |w(y)dy

1 : 1/q
S —55 A b — by—it1 q d d
= w(27By) (/szJ (y) — bo-is13, [ Tw(y) y) (/szkw(y) y>

e (o | )
= i b — by—itip, |7 d
~ w(27By) \w(271By) TmBk' (Y) = ba-irp, [Tw(y)dy

= ||b||C’MOq(IHI";w)‘

| /\

Similarly, for second term inside the curly brackets in the expression of I3y, we

have
|25, = bjawyise! 2 10llerrongnw):

Therefore, we finish the estimation of I3; by writing

Is1 2|16l cxroa i) Z/ U(y)(j + 1)dy
=0

2777 <[ Ay) | <277

2
= 16l enroa n.w/ W(y)log dy.
CMO3(H" ) A |I<1 | A(y)]]

In a similar fashion, the integral I35 gives us

I3 = / V(y)|bs, — bjag)) s, |dy-
A@)|>1

0 J
= Z /2j<||A( i q’(@/){ Z ’b2in — b2i+lBk| + ‘b2j+1Bk — b||A(y)||Bk|}dy
=0 Y Y <A<

=1

< 6l sr0n s / (y) log 2] A(y)||dy.

lA@)II=1

A combination of expressions for I, I, I3; and I3, gives

178 a7l oz 509

= HbHC’MOq(H"- )

<. L (et A ()] IA)I ™ (1+ ] det A )] ]1A()|)

[yl

w(B(0,24))"e
w([|A(y) || Br))"

2
I s e mes { log T Tog(21AGw)I) iy
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Keeping in view the definition of the Herz space, factors containing the index k
in the expression of W(y) are important. Therefore, to proceed further and to avoid
repetition of unimportant factors relative to the Herz space, we have to modify and
rename the expression for W. Hence, in the remaining of this paper we shall use the

following notation:

B(y) = ‘q’(l D1 det A7 )] A [2) ™

|yh

x (1| det A~ (y) /7] A(y)]| /%) max { Tog log 2] A }.

2
AW’
Then,

b
HT<I>7AfHL‘12(Ek;w)
7 w(By)"/e
< blesonsesn | F0) g s sy

Finally, we take into consideration the definition of Herz space and employ the

Minkowski inequality to have

[e.9]

1/p
HT<Ib’,AfHK?22,P(Hn;w) = { Z ||T‘1> AfHL‘D(Ek w)}

k=—o0

< 6l s10n stna / W(y)

> B, )2/Q+1/q2 Py 1/p
x {( Z (|(|Ak(> )| By) Y 1 f | zo (aq) By w)) } dy(5.4.10)

k=—00

Comparing inequality (5.4.10) with the inequality (3.9) in [117], we found that the
term inside the curly brackets is same in both of these inequalities, the only differ-
ence lies in the integrands outside the curly brackets along with a constant multiple
101l ¢x704(rn 1) Outside the integral. Therefore, the inequality (5.4.10) can be written

as:

|73, AfHKasz(Hn- )

ST P Z /

JI—1<||A(y ||<2J

. {kioo <%)m/%l/ql

J Py 1/p
W(Bjj)\ 21 /Q o
8 Z (w(BkJr]l)) W(Bryt)™ N £ o (0 dy, (5.4.11)

l=—0
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where the condition a;/Q + 1/¢1 = as/Q + 1/qo is utilized in obtaining the last

inequality.

Under the stated condition that oy < 0 and [ < j, we use Proposition 5.2.3 to

have

(w(Bk+j))al/Q < <|Bk+ \)C”(‘; /(@9 _ 9(—Dar(6-1)/5
w(By1) ~ \Bgy]

for any 1 < 0 < 7.
In view of Proposition 5.2.3, if a1/Q + 1/¢; > 0, then

( ’LU(Bk) )al/Q+1/Q1 . 2—]@(041/62'*‘1/‘11)7 if jg 0,
w<Bk+j) 2—jQ(O¢1/Q+1/(11)(5_1)/5’ if §>0,

and if a;/Q + 1/¢; < 0, then

(o I e <0

w(By+j) 21Qa1/Q+1/a1) if j>0,

for any 1 < 6 < ry,.

(5.4.12)

(5.4.13)

(5.4.14)

Thus, for ay/Q + 1/q; > 0, from inequalities (5.4.11-5.4.13), for any 1 < § < ry,

we have

|73, Af”;eaw Hn )

< blestongnny | B(y) | Aly) |
I 1< Ay)l|<27

]700

i 1/p
% Z 2041(][)(51)/5{ Z w(By lalp/QHf“qu (B } dy

l=— k=—o00

+ bl csonginsn Z / B (y) | A(y) |(er+@/as—1ro

I AY) <2

l=— k=—o00

00 1/p
X Z 2a1(]l>(61)/6{ Z w(By41) alp/Q”f”qu (Bpirw) } dy.
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Replacing ¥(y) with its value in the above inequality, we get

(KR WY [pove

= HbHCMOq(H”;w Hf”Kal’p(H";w)

3 {/ G (1 4 | dot 471 () ) A ()] 101)
lAwl<t [yl

x | det A7 ()| Y || Ay) ]| log jr IIA( )||

® _
s B e a g peag) )
a1 [yly
x | det A—l(y)|1/q1||A(y)||Q/q1—(a1+Q/q1)(5—1)/6 log(2||A(y)||)dy}.

This completes the proof of Theorem 5.4.1(3).

Similarly, when a;/Q + 1/¢; < 0, by using inequalities (5.4.11), (5.4.12) and
(5.4.14), the second part of Theorem 5.4.1 can be proved easily. Hence, we complete
the proof of Theorem 5.4.1.

5.4.3 Proof of Theorem 5.4.2

Following the proof of Theorem 5.4.1, we write:
HTg,AHng(Ek;v) <+ J+ Jg,

where Jy, Jo, and J3 are as Iy, I, and I3 in the previous theorem with w(+) is replaced

by v(-) = |-|¢. Then by using the Holder inequality and change of variables, we obtain

nx [ B ) - n o) ([ ammea)

" |y|h Ey,
< U(Bk)l/quHCMOq(H";U)

|(I)(y)| -1 1/q1 « _1 1/q1
<[ ldec A e / A =)

Yln




5.4 FEstimates for T(IZ;’A on Weighted Herz Space 81

Using Proposition 5.2.9, we get

[2(y)]| - )
Jq gU(Bk)l/quHqu(Hnw)/H W | det A1 (y)|/
" h

1/q1
x ( / - |f<:c>|qIG(A1<y>,5/q1)v<x>dx) dy

< v(By )l/q”bHCMOq(H” )

[2()| .
X/ T et AT )G (AT W), B/ @) 1l aw e dy-
L |y‘h
Next, the expression for J, can be written as:
/2 :/H |y|Q‘ b = baw) ) (AW ) | Lo (5, ) - (5.4.15)

Changing variables and using the condition ¢»/q + ¢2/q1 = 1, we get

| eAw)2) = bags) (F(A©).)

L2 (Ey;v)

1/q2
( | (b —bnA(y)Bk)f(A(y)x)\”v(x)da:>
= [det A7 ()G (A (y), B/ )

1/42
x ( /A . |(b(2) = byag)s,) f ()] v(af)daf)
< |det AN ()| 2G (A (), B/¢)

1/q

= [det A (y)["=G (A (y). B/a)
< 0([L AW B N1l cxron iy | F L 2o (4w B (5.4.16)

1/q1

It is easy to see that v(||A(y)||Bx) = ||A(y)||9"Pv(By). Using property (5.2.5) and
(5.4.16), the inequality (5.4.15) becomes:

P(y
= o(B) Pl | '| <| | qet 41 ()
h

x G(A™(y), B/a)G (A (), B/a) AW 9| fl| Lor () e dy-
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It remains to estimates J3. A change of variables following the Holder inequality

and Proposition 5.2.9 gives us

|D(y |H
_ br — b A ‘ d
5= [ o b 40,
D (y)]|
=/ WE 1f (AW)x) || o2 (i) | 0B — bjaw .| dy
" h

S/n| W et A1 (4)] V26 (A7 (9), B/a2)

|y|h
< ([ AW Br) | f | Lo (A By B = Ojac)se] dy

Next, if [|A(y)|| < 1, then there exists an integer 7 > 0, such that
277 < Al < 27

Therefore,

J
b5, = bjawse| <D 1ba-is, — ba-ivip | + [ba-in, — bag)s,l
i=1

2
< llbll cxroaun;) log AT
Similarly, for ||A(y)|| > 1, we have
|05, = baw)ise| < 10l crongm.y) 108 2| A)]

Hence

Js = U(Bk)l/q”bHcMOq H";v)

< [ B qew a1 G (a0 5/) 6 (47 ). 5/0) A

n |y|h

2
" ( “A( )“X{HA( y)lI<1} + 10g2||A< )HX{”A(y )HfHL‘H y) E; U)dy

Thus combining .J;, Jo and J3, we get

1T all o2 (0

B(y)|
V(B Y bllcszon sy / e AT e
h

n

x G(A™ (), B/q) (1+|detz4‘1( )G (A7 (), B/a) 1Ay )I\(Q+ﬁ)/">

9
<0g e )HX{||A<y>||<1}+10g2HA( )HX{A(y)Hzl})Hme(A(wEk;v)dy-(5-4-17)
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For the approximation of ||f(-)||za(ae)c,), We consider the method used in [117].
Hence, the definition of Ej and (5.2.2) implies that

AW) B C {z: AT W)II71257 < Jaln < [JA®)127-
Now, there exists an integer [ such that for any y € supp(®), we have
b < [JAT ) |ITt < 2 (5.4.18)

Finally, the inequality ||A~!(y)||~! < ||A(y)|| implies that there exists a non-negative

integer m satisfying:
2 < | A(y)|| < 2™, (5.4.19)
We infer from (5.4.18) and (5.4.19) that:

log, (JIA)IIIIA™ ()I1/2) < m < log, (2 Ay A~ ())I]).

Therefore,
A(y)Ek C {l’ . 21+k71 < ‘x’h < 2k+l+m+1}.

Hence,

I+m+1

1l Ay < D I lor ey - (5.4.20)

Incorporating the inequality (5.4.20) into (5.4.17), we obtain

I+m+1

||T<II;,A||Lq2(Ek;U) < U(Bk)l/quHCMOq(H";v) /]Hln O(y) Z ||f||LQ1(Ek+j§v)dy7 (5.4.21)
j=l

where

[©(y)

2
O(y) = " |Q||d et A7 (y )I”‘“(log e >||X{||A<y>u<1}+10g2||A( )||X{A(y)||21}>

<G00 8/an) (1 |det A7 )P IG(A™ () 81a) A @)
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Using the Minkowski inequality and the condition 1/q + as/Q = a1 /Q), yield

b
HTCI>7AHK322’I](H";U)
= HbHCMO‘I(H";v)
00 I+m+1 Py /P
{ > (U<Bk>1/q+a2/@ [ ew Y ||f||m<Ek+jw>dy) }
k=—o00 H j=l

= Hb”CMOq(]HI”;v)

I+m~+1 00 py 1/p
<[ o) 3 v<B_j>”/Q{ > <U<Bk+j>m||f||Lq1<Ek+j;v>> } dy

j=l k=—o00
I+m+1
< Bllesrongsn I goramney [ ©6) 3 v(Bs)dy.
=1
It is easy to see that
I+m+1 Hm+l
Z U(B,j)al/Q ~ Z 9—ja1(Q+8)/Q
j=1 j=1
Next, for a; = 0,

I+m41

D 2 @R —m 2 <1+ logy (A W)IHAWI)

j=l

and for ay # 0,
+m+1
Z 9-701(Q@+P)/Q ~ 9—le1(R+5)/Q
j=l
HA—l(y)”m(c2+6)/627 if g >0,
||A(y)||fa1(Q+B)/Q7 if o <0,
=G(A7(y), (Q+H)/Q).

Therefore,

T3 all 2w gz c0)

= ||b||oM0q(Hn;v)||f||kgll'P(Hn;v)
Jign ©() (1 +Tog, (JAT W) AW)) dy, i a1 =0,
Jan ©W)G (A7 (y), a1 (Q + B)/Q) dy, if a; #0.

= K3HbHCMOQ(H”;v) Hf”K?ll’p(H”;v)'
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Thus we complete the proof of Theorem 5.4.2.
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