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Introduction

i:ii',Y,itf:5,.1,"Tffi.1#*HiH'iJn:::"T:t#il,iJ:1T.jl'plllll:]"" I.hi1.ld 
"ryri-r.o,, r. *,a ao# ^ MMy, s,o irrroduc{rm-nyr.rghF h, r9lt4, apptiAt rbcm lo souF. als"brec twtioN Md r.riundl

iiil: : ri;:i,:e#Ji:t f_ctr#'' ifJt8ffiT: H* * - ""
,,,;r,i:: l$:;',i::T];;"Jfi 'ff :ff I I tt fl ":ff ;::#6,;;, l:
:tl jorn serc . sp.'al hlFryoub rru. h in rhe d(.d€ @ shM ,o b- o !F
illi:;,[H:::;,;;;l,J 1r;$] 

bbcha o,,n,dhpn{i6: c.apr," r,yp*a,,pL
tn '1i16. tnni A Zad.h m,rcar""a ,r. no,i.n ot 

^ 
tu., ,,h.nr ot a rr trr a

+H_":":?ijw irfr :;'.t "il*f _i :ff .y"*-jffi * j iil*
#,.".rf:#"."Tsd.Ttrli.";ff "'ti;iilffi iH:ir*1"i*::iitrbu$rqMd'ns apnlic6tiu6,n a"* * ai** * "*t,nJi
ffi :',-, l1.+.,* "#i'*ffi i'ht*tr ;J,fl y;$
f"::T:11'-1" 'ke 

(uzr *osroup. tuav eouF. ruzy noss, rwy modurG

,.ft ,yTJTl,:i:dq#,;..i;"k;t*rrul+.*;T:,.,F,-
;J#; :1"::: f;'ilJt$:frj"Jj:H;:"y" * rhes*k,uG

'"'+.*l+i+r'l1i*,-t*t*#;m'*--
u#U"itY;"*tr : ffi*1,fi *Tt'rii{ ?:l iil._:i
*,j:lTJ::l[ffi:"i: #;'J J ;fl tri; 1,":;f;:r": vi

ffii;i,*tr1fiffi+:,m,g;ffi



h 19a0, Corsjni g.E the ida of smih'"€rsrcuF 1131. Dsv@ hirodk d hrper-
id€als, turry hrp.ride.E ed i uiliotriltic nrzy hrp.idedr in mihyp.rgrouF{ml.
Davw al$ sar thc concept of congru€ne on BeditrJ'persroups tr8l. Hgdar?ti
work€d on *nihyp€rglouF @d relarion! 1281. H6mkhei had $me wtk on id€ats
in a smihlTdg.oup md $en,s r€laliotu l2i.

Thb m.k in alg.b6 ir mnc.t siih lne c.isp s rell & ft,,y apprcrh 10 srudy
sne drgebnic proD€ni6 ofsdihyp.rgoF. ou apprca.[ ofsrud, ic brad on r[e

, Our fi6r Dpl@h h rodpfin-dd Jle prim" nr psid..L, h:pnnc hp.ndest., m
\pq8y5n. p ilpeNysicm li'7v plinE Md I y4 em,pr.de nyp4ids.! tu ddd/
thc buic prcpqlig of $nre.jasg of *hihmq@u6.

Seondlv. w @ rh. h4mdeab MJ fut hyp€ri.nL to chr rr.rir emjmph

Th[d]y_ w gis rhe Mep! af bi.hypsjd.rs. pnn€ &d mprie bi.hwridotsB Eu a tuz! bi.hypd'dets and (uzzy prim" md *niprnp b: byp.nd€lh. Fu.
:usl.oroof Fext4 sd inr&F$ rsmihyFrsroLps

, -OuIoMhobjelEin 
rhE pbjst Ebid,ldGth.@ncppb ot te,e \clwyrd tDgh,) hlp.rid€.b (e.L vq)-f@y quNi byperidot, (€,r vq).fr@y inb;ntT€ided ad {c, € vq)-tuzzy bi.hypdidsl, oI sibypdgbups,nd ch.dcnFs.nrhyFrEmup6 in i.ms oI.he ndions

-_-_l-!: 
hft 

1 _aeercs,h 
E b ceb,li* rh6 con, "pr of ,€. e . 4lru,v sub6-mrhE_rgnp, r€.€,vqr.luay hqpeidial /C.€ \{t-tuzy rDEior hypp,ideal, (€.€ .al

Y.v "l;Dyp-d""r. ed r.. . "c) Fey q@ br"eridett ed de6tu (€, 
= vq./-fu;)s@Dir"€rsmup. (€,€ v9t frsr hypqid.r. {., e vgr)-fr,_y Drciq hyFddoiG-! v{r r tuzq, Dr hyp€ridpot, .nd {(, € v{r j.frrzy qGi h,perid€J of s ;ihyps-gdP d d $udy mp b6r mopnE At$ m cnet6/c rcerne a|td irkarea'xar h hyp€qroup6 u8ing th6e nuhoN

"l":lil.f's',1"11T1 * d'nn' \€. F '{r'ruzv sub.enh}r€rsoup. (F,
&,1, (€r.€, v{rl frey hr"cnded, r€r,€r vc.).Day mim hrT€rided, (.,-e, v{.).f@y qri.bJTdideat, te.,c. vc.if;y i,.

Tl'llll 11 |*:f, "'.r:1",. smast,€d bi b|rsided o, s e.,r,"p".s-,_ip auq s uoy sme barc propertir.. Abo re chdaruna r.gutar tud In.rd.Egutd Fmihyp.BrouF 6ing th@s notiotu



chpl,e.wi& sLddy of this ifh6t contliE tne iott*itrg IRIDF:

Thlousho$ ihi. theis, which @ntains sia ctapr€6, { viu d.rcie , smihrls
groupj unles o!h6rwi* sialed, chapter one, qhjcb b of inrmducrory n it ure pEvide
baic .leiiniliors sd Evier€ e6e ot rhe ba.Lgrcbd mteia.ts whicl se n€ded for
sdpquent cxdprcF ln .hap|a trc. w 8iw @c b@rc pmPAns oI l$prid4llj
twy bweridc.ls u d{*'tr eDisihplp sibyp€.gouD6. ln clBrb thF,ft giw thc @repr of hi-h'I.rid.d5, pdm ed sipdm bi.lD?€ridcatf of mj_
tr'"€.g@F ed deeidize.egut* r.d inlr&Esut r @ilt lsgrcuF in rerG ot
bi-hyperideab, pnm ed mipri.! bnh'"€rid6b. w€ at$ chd;r6iF rnihw-
greups in tetu of prihc ed mipnme bi-h}?e, det5 Inchap,{ four,kdefr;rb.
rcn, cpr. of/€,€ ,ql6.zzy hF rngh!. hyperd.al.. r!.! vqt-fuzyquElhjpe,dpal,..c vqrruzzy inrqior h. qdeal and /€,€ .qr ff., brhvpdrideak of emihy-
Ddg o,ps &r rhtra iqld *mil.,ypsgrcup6 

'n 'qm oI 'ta norioB. ln chap,a
dt t€.C JC\ t@y subetuhypergroLp. rL.r lglrYv nye{flat C, vq)-ruy ink,or tryppndat. t- < vq).t@y bi.hrT€fldeat,M r(, €.v-gt-tEy quNi byFnd.d rd dcffn, t€, € vgr)-(ey {b.€mihyprstup,(r . vqr).f@y hlT?nd6r, (c,e vqrlluzr ineiq b'"e,id€ot, {€,e vq+fr,.a ;,-nt".rrd, d (€. c vqrfrruzr qusi hyperirleat ot a mihrTergrdp t ed sudy

$:ne D:9. eropenB- Aitr d chd&qm ,€sxle {d inu. reguld enihrprsroupsB' s rh* norim rn ciap's .,*. @ gcn.rit,Tc ihc 6d.rpr of.e.e 
"9a 

t,iy i5p-nd-ak or a emihrpqsrcup H and defiff I e ) . . , o" I I py $bsem;hrpesrc;,
'L..r, vqrLrurzyFa InSh rrrJp{dqt.r€..€. .q.] fruvhyp6ridc6t.,€1.r,,G,My inrerior hyp.rided. l-.-Cl v9!t-fu.4 quslLrTc.ideat. {€1. <, .q,).tv"r ;.
nyDcadd dd ( e., c , vsr). hEy smsdti,ed b-hrTcnd@l ot d *nirypers,dp ,d rudy sn. bai. propd6 auo w chs&lerj* n sule ed Inua-Fgut& h.
nyDergrcDp6 cinR the turim.
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ChaPt.r I
ET EMENTARY rHEoRy oF sEMIItypERcRoups

ln this ch6pler, re siw ihe d.finilioF &d 'ah! ftom th€ lh6ry of hypeEtru.t@
ed snitDTdgrenpo *hich de baic tor ihi! subjct. Th. mdn Edts ol tbjr cnapier
ee ralm roo t131, t1el,121.

1.1 Hyperstructu€5
The nEt inpoltqi rcritu .nd lelt€, otnain d on Sype8rrlciuc Th6ry, re
pleni€d h@. For hoE de|lib,6 U3l

Lei I' b€ a noFdtty a.r dd ihe et of .ll mn@p|t sbets oi tl ddot.d by

r.1.1 D€fidilton (cf. [ltD.
A Dnyperwerdtd o tt i. t r.p, : n" 

- 
P(r). The nuD!€r r b c.ll€d ditt

1.r.2 Detnltid (cr. l13l).

A *t lt, €od@€d qith . f.nily tof lvp€bp€r.ti@, i! elled 3 /.t/pc6kutm (or r

r.13 D€nnition (.4. (lsl).

It I C . einsleion, tnoi i! I = {/} *h€p the *ily ot , i6 2, th6 ihe h}"siructN

Ururly, d€ nyPeepsation i. daol€d by ' o " ed rhe ioase ol rhe prir G,6) of
,l i! denot€d by o o t {d c.lld the np.r?Fdlca oI o ud d.

II.4 sd a m non-enply !ub..l. ot n! th.n i o E = U oor.

r,2 Semihyperymups
1.2.1 Dennidon (cr. llcl).
A hypersroupoid (n,0 h calhd a tmi.lttjp.rgftW n

/a o d) o. = a o \o o.l for 6lld.D,c c t



t0

la a sihypetsmup (ll,o) sris66 !h€ r€proddrion uion, aod = roa, for all
o e A,lhen il i6 cslle.l6 hgrelvtozp.

A rcn-dpty sb6€t S oI N mi[ypersmup 
'' 

is clled s 6uh6eeihyF.grotrp oI
}1 if lor all r,s € S, ro I q S l13l

we 8ha.ll wite /o. imr€ad of,4 o {rl od r..{ ror l,} o.a.
Iraemihwasrenp I' mtdm d.l€mn . s h the prop€rry ibd, td rll, € n,r - r o,. I'ep / c eo r), s.ay rl'ar . ir a r.ehr rtsp tcft , d.n.iry of H. tl

r d" : irt {Bn por - l.l). ror.tl r m d, rhen ? E cdlgl Eajd rislr Lcp. tefi,

In Lu, lt is denn€d ih.r il A < P. (jr) then ,,t is czu€il,
(i) d ridl hyperided in A if

,€ A+ ro! 9,4,V9€ /J

(i, d leL hyFrid.d in r it

r€A+!o,g/,v!/€t
liii) o hrprirlcal bl, rlir E borh. bn and s nshr h}!qd€.t i,r r/
AM,rn thp e0ma mps I :! Jcfoed rhar ,t.e prin,,pst neh tt"f) tvpd,ocoL tu tl

Pnncrpd hyp.ndcal tor cq 4 € fi @

<, >.= (a. /1)u {d} (< d >,= (roo) u{a})

< a >.= (noa) o.rJ) u rau aa.

_ 
lI t onrdN-d idmdry element, thfl < d >,= c o /', < o >F ,I' o o md

If 1ed J ee hyperideaL ol rl lhen /nJ, ruJ ed Io./ R arlo hypqideab of /J.

1.3 Frzzy hperideals in semihype.sroupG
t r X bp a rch+mp.y sr A fra$b6.!)of X is . 6dDh rrm X ,nrd s uDr

\lr ) S rtr) Ior alt : e,{ Th€ hqv suher,r 
^/ ed \ v, oI xm,rrrcd x't@rid a.d urion ot \ Nd !.6peri;ty and dc dc6n,rl a IoI(m

(^^/!xr) - r(') 
^/j(,)(.\v r!x4 = )G) v/G)



ll

II /i i! . @6rt dh..r d X, tho ! &lt d-de rh. c6.r.d€i!rh ieridr

- Illedra6rqrt-t .{ I &i!y!.rolrP fl tlE tt tlodudrott!
ft!ry &t d 6{ f ddd tt

,, ^._,,_, I V uO) 
^,,(r)t 

trrtoid. r,, € It'r.[ thd r € ror.
{ 0 otheria

A aD-r r{ of It t 6!.d i&nt a.4 |flo]a=r{
. Ifl fl.b I -ifp.gr B, . ftjry oh-t .\ of t, E Eo . ,ada
.r: f, -i F,ll.

ftrlq iE obor l dr ed to.ry r € F, rl, rb.!
r(.\4_t,€.g1.{,)>4

b ol|d. Ltrd .t6rd o{r.
,,_T9 liy, 

t* i'-y d!.d 
^ 

.!d r o, fl, I S ,r ..! rr.r, 6c .n e r!

L_ tb,z) e E x n:.ey.,,
hr .ry tF iB .ut a. ) .!d I of 

'i, 
&ds

.ror:fl-lo,rl,.-..\odr, -{ V *ttt'l''l't} n'r"t r
( o |f,r. -l

. Y i1:@|y fry"^*dr..r. t^.lc,,.d.ErbDq,qe d, rr.i!!,eB VA .!d nrl d n 6 e.d.6u,t

., / \
Vr., E -. O rt,, _ lVr |(r):=,etrk))a \a/ d

,/\
nrl: d _ ort,,'- [Ar lk):-inf {.\ (,)}4t ui ./ 4r

lI t L . tni. ..q rr r = {l! qs, ...,,}, tln ddt



t2

J Vr I tr) ry{r, t"t,.r,r':,,,r. rr)
\d ,/

&d ln\ | (!) =oi.(\ (r), )4 (5),..., \ (,)I
\€, /

?,\"!t!.l,Pq.f\t.d 4 &, ,{, 4.n.r, v (), 
^rn), 

(r, v rn, 
^ 

(,\, v,!)@ 
^1 ^ 

(rz v r.) = (rr 
^ 

,€) v (rr 
^ 

r!).
Pet Sthilhtb!tud tr

.II_,{ 
g !J, th&!!.c!.t.rqt tc lisrio l. oa/{ b tt i{ry&DFr or //, do6!.d

l,: s -F,ll,.- r,tr) - l I rr.€4--'t0irr*r.

Ll \A/-b. frEy Dhb o{ r.oibT..rdrp tI ,rt ttd, p S , $a l.r < 16,

It 4,8 e.r,.d.4 n.at rr.tvoq. tr, ta rC, ifdd.i.rif.ta <.\,.
PEoA SbddaerEd" o

kt A,E t t&t.tt 6. ut X, tb A = B ll,rn o|'., il 
^^ 

= 
^8.

14 A,B b.M4..d X, t,t,trh _.\^ 
^ 

rr.

o



l3

Izt lg,o) h. . eniltvt'rtei' d A,R h. ntat o! rI. n6 
^^o ^, 

- 
^ba.Itef. Lt r€ t. Ilta roa, tta

Id(.) = 0 (i)
Tni' Dr.d tt.a UG d.€ nd dt y € Jl.d, €,,rd rbd, € to.,

(!)

. I.,,L^* 0..d (r,4-€ r- tt o, € ro,. Tr- r t /{ 6. a r. Thu dtt !&91-_,:,^4:):0 F T F4 Eb_1^.(r). h(.)) -o b; (r,or!Xr) _o

. 6 r € 
^o 

lri &.n 
^d{r) 

_ t. Tlu s € a o4 b. @. d € 4 &d 6 i: a, $(.,6) €,{* stc.,,L t! t E[&
(rr.r,x,) = v {,\40) 

^ ^'(.'}
: dii {r^G), 

^.{rD 
_ r.

Thr (r, o 

^!)(r) 
= r. H@Lor!=td. t]

Ia 
^\^t 

ls @ ha ,ba6 .! E, ttsr

(i) rro(.hv\) - (\o.r.)v(r! o\);(&v\).t = (^,o\)v(\o\).

_ 
(ilrl:1r'^U s (,\, o&)^(\or{);(L^)|)or, < 0{o.rt^ (,Lo.\r.

Peot. (l) lrr , € Il, if .4. = 0. th6
!1,.3 

(ro_v r,.111r1 = o =,^,.t(') v (rr o \Xt).

(r,.0{v\X,) = V {r,(yl,r (,U v,tx,t}
or)ca! V {r,(/)^(r,(,) v\(.))}

= V {(^1(y)^^dr)v(^(r) 
^ 
\k))}

- V l(,r,{r)^&(:)}v V{ {r,0)^r,rr}
= (rr ..\t(,) v (.\r 6 &x,)
= (rr o)E) v ( ro\)x,),



H.re rr o(r,v.\, = (rr or,) v (1, ort.
Similely, a? ce Fft rbd (,U v ,\t o ,\r : ()z d rr) v (\ o ,\r).
{ii) srppe A, = 0, rhen (rr o (^,^ )r)x4 = 0 = (,\1o 

^t(r) ^ 
(.\r o.\t(,)

impli6 thai .\r o ()1 
^ 

)r) < (.\r o.\t 
^ 

l,tr o,\3).

(\,o{.r2^\)r(r) = V t\u,r^r.\,^\)(:)

= V( r,(v)^,\?(:))^(r,(!)^,\(r))

= V{( -\,(!)^.\,{4)^(r,(s)^r.(4)}

< V{ },(r)^.\"kD^ V{ r(!)^ri(t}
(!.)<^, 1rr€r,

= (rr c,\t(,)^(^, o.\r(,).

ThdEroE. rr o (rj 
^ 

r!) < (rr o.\,) 
^ 

{.\, o r3).
S'nilsly recu sh@ tnat (r, 

^rr)o.\, 
< (r,or,) 

^ 
(\o),). o

1.3.0 Denniiion (ct l2ol)
Lo! p bc d tuzzy sub6.i of ,'l, thm p i! called:

i) d lp,v nstu nptidea!.t 4 ir / (.) s inl {p (d)i, lor rery,,, € ri
ii) L fiEzy bl nwidat d rr it &(y) S inl {p(o)J, ror 6dy., ! € ni
iii) 6 hta htwriial e E @ 6Ey rresided hy"€rideal) 

't 
t is rfih a tuzy reft

hyp.rideal md . tuzay rishi nFelid.al,

1.3.10 r4mm (cf. l20D

L.t p be a tpzr 4pcrtlat at H, uea

'ry{Ak'),...,/k"D :"€.i' ."{/r(a)), v',,',,...,,"€r.

1.3.11 PrcpGtion {cr [20])

A noh-6irp.u tu6..1 A oJ E it d hwid?,1 o! tr t1 ara oay I fia.id@.er*hc
IrEtir \^ oI A k a fu.s hwrttal oJ H .

r3.r2 coDldy(cf. [2o])

Lc! t b. a @ihypeigoup &d p be a tuzy hy"€rid..t of l/ md n i! d gxitjn
i,teger. Tlm lor erery d €," w hare p(r) < /(o)



1.3.13 Th@remGr l20l)

L€t 
'' 

b€ . ffijhyp€rgmup &d p b. o fnzzy suhsd ot 
''. 

Th€n / is a 6ay rishi
(|cft, tusided) hyp€rideal oI lt ir and only if for evay I e [0, ]1,!, + 0 is a ishl
(leli, iresided) Iyr'erideal.

13.u corclLry(ct l2ol)

Lct ,r be 6 iuzzy sbt (leri, tscEided) hypeide..l of a *mihypdsloup l]. Thei trcl*l nghr (lcfi. rtusided' h${nd€als A, sd /i1 (Mrh'r . h) of I F equai if Md
udy i rhere h no: € n such thN I, s llG) < r:

r.3.15 Co.onsy(ct larD
li II bc. ymihyp.rgrop a'd I b? a fua\ liSht {t€R, rGided) hJF idrat ot r.
'r 

rr ?r = lrr',il w\qc., . .. r..'h"n In" tam,tj ot. 8hr,t"t rN-$dpdl
nypdre,', ll - l. .n) (oEi'db dll Lhc hwt r:sn, {i€ir. r*sidedj bjDcridpaL

r3.16 corcnay(cr l20l)

?c,l uhd , ot t ro) be Eseded s a 6ay .uber by darityina r wirh ,1.,hd'&'pricrj rr rLn r, If t r {v non emory s!b€, of //. rh.n, b ; rist,r Lt.fr.irn'"ded hlTqid4al itqd onty rt \ B s tJay rist, ,te(r. rm r,le,l/ hrT.;d, at.r, t hc a s'hypprgroup Ttcn for pF y a. tt k Nr
(a)a = {o}u( u a.4,
r(a) = {ot Lr ( U, a),

H\a)r = \a)EuE(a)r tu..o y)

A lL.*..tb'4,1 oJ o-.m.\w"souD 
's ^ 

lupu kJ1 .1s't,. a!f!a,t?ot o! tr { dn.l
anrv t) Jor ad t < a.).u|^.t\7ouot?frtna t hw?ndar al H.nyu,e\!
PmoL S!pA* t bpatuuylcft hvpcrideat of t md, c a/() , ed!. t ThcnI r I \ | SiTc l 6 u fuzlv Ft t !"{iopat of ,y..o,r r, I 

"rxi, 
rr.;,t for.*rv

!e T'.,Hen"c)(o) j rforalo L yor.'hF,mpti6oL Ut.\,rlrhstBUat C U\^.t).
Hene !t^,rl s o hyp€rideat of l/.

Cdhriv sum, rha' Ur\, E 0,sa tdt.hypdiocal.fH. Lpr_ l]su.h.ta.
rJr \ d'dr {\ r^tl ror dtt! € r. S"tdr / I 10,llsua,hrt,\r4 I>r,,r,tr{orl.
rn€n r € r(r;4 bur ? o r g r(.\0, a m,kodiciion. Hde rk) S ;f' {^(nD,
1l'ai E,\ is a fuzy hri hyp.rideat ol t/.
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Let 
^, 

p be fu.g htperid@k ot H,the 
^^p 

Md Av ! aft htzs hweid^la o! H.

P6ot ktrud / b€ 6s,ynt?didob6f daoihtTelgdp It. Then lor,y,z €
rt, trf,l(rl: rk)Md irf !{rl > !l:l

N@,Ior e(h r € !o z,

(r^/) G) = ,t(,)^/G)
> -\(z)^/(:)
= () 

^r) G).
lloe, inf (.\^ !) (.) > (.\ 

^,!)('). 
mc r^/ G ! 6,zy r€ft hrD.rid€d or rr.

simllely re cs shm tha! I 
^ 

/] ic a luzzy lisht hlT€.idedt or ,t, ThE .\ 
^ 

/r is

Simjlely re @ s!@ rhar I v ,r b s nuzy hJ"didc.t of n. O

A tttzV txr*t \ oI H s o lza lall te,p- nsn ) i''/ddat oJ H I Rn on!, {,\Ho,\S r ( rr,p. ror,< \).

Prcot l€! ) bo a tuzy leli hyp.rideat ot A qd , € 1t, rhur

.\,ork) = V {.\,(})^r(,D

= V {r(,li (..r,(y) = r)

: V,rkr sin(r. ,<-i,,r \.d)S,\,or ro!edjacro?.

= r (.J.
H€F, r, o r (') : .r (,) .

CmEsly,Npp.s€thA1 Irol < ). W€slwlhar ) natuzyle& hJ|paid.ltot

r(,) >.\,o^(r)
= V {r,(r)^.\(z)} ro.e,"€a

= v {.r(4}, G@er,(v)= 1)

> .\ (, ror eh 2 slch lhai , € r/ " ..
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o
Tbu id r(r) > r{r). H€E r i! . nay |d, bypdidd ol lJ,

siEibny, { d p@ rtr @ o( frEy 
"ch 

t!rDoid-|,

IJ \ i' d tt, kft l@rrtel dnn I o Iv.! dsna Wndal al E, tlzn 
^a 

p & o
liuz! hvperid@l al E dnn^ap<^^p.

P@f. tri t b€ . nq,r kft hyp6.irl6d dd p t nuzr tEI$ hyp{ida.l of .lt, th@

r,o (ror) = (rx.l) or
S l.r ( t0, !@ 1.3.19)

H.m I . / i! . nr.y le& b}.rid€rl ot ,'.

(.\or) o.\, = lo kora)
< ,\o/ ( bylm ri,Ig)

Sq r o ,r b . na, 4hr hyp€.idd of tl.
ftN t./ b. nEy bypdidal ol rt.
I,'€ I'. I|r,= 0, ih@ (lop)(,) -0s (I^,lx').
If,4, * 0, rhd (.\o/x.) = v '!in{.\(r),pk)}.(r')€"
For (!,, € ,4, ft hare, € , o,, F w hare -\G) 2 .lnt..\(o) > .\0) &1d

ri:) >.i /(4) > /k). EeM

(rorx,) = v Ei!tr(e),,{:)

< 6in{'\(')'d'D
= (,\ 

^ 
FX,).

Thqlots)^A E
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Chapier 2

SEMIHYPERGROUPS CHARACTERIZED BY THEIN FUZZY

HYPERIDEALS

Hy''eridorls play rn inpoidt ble i'r studyits the stMtur€ oI 
'nibyp.rgrd|F

In rhi. chspie'. w clre|en& $me cll]s ol *milyp€rsroup. bv the ptopeniB
or rh.n luzzr left (6p. ddt) id.aL. !i lml, Davaz inhduc€d th€ conepr or
tuzy hyp.rid.aL in d en r}"ereroup. w. diend lhis idd io prime (sDiplinE)
hy!*ride6t of & sedilypergrcup.

In thi! chapter, w de6ne prioe (smipime) hl"en&ab md plims (smipline)
fuzy hypeidesls ol *nihypeqroup€. We charmierie *nibyper8roups in ierm oi
ihei! piihe (enipime) hypen{k!.le dd prine (pnjFinel tuzzy hypelideals.

Ii l4l, Ahim d al. haft dhM thii a enigrcup S is sminnpb ilad only if
erh tu?r ided of S is snipnne if sld only if ead fr-zr id..l ol S ir ihe inteIgtion
of prirE fuzzy ideds of S whid @nr,in ii.

H@ s siE p€r.Iel cheureridic for sjhr?eleupd in cdrp 6 reU s
in fuzJ lorm &d pr@ rhal a sihyFrgroup r' b mjsinple it rnd only if €mh
hypdid$l ol It i3 $nipdn€ if sd only if e{h h}"€.id€i of n i! thc inieMrior
ot primo hyperid€ah ol A whid @nlain ii. W€ cls qiend thi! Foperiy oI si
hypa|gbtF in tuzzy co.texi and plm t[ai a ssihypelgDup ll is sniEimple il
6d only il lof sll luzy hy?endeals ) 6nd I ol ,{, ,\ or = ) 

^p 
il and o.ly il erery

luTzy hyperideal o{ A is eniprime il and ohly if o*h tuzzy hypelidea.l ol ,rI is ihe
int€rulior of prine fuzy hypelideau ot t] *hich contain t.

2.r Prime ud Semiprime hypaideals
Tluoudour t[ie chaph 1' r'ill d@ie tr *nihypelgrcup

A nyp.dderl I of t is coll€d n@tur jf there i6 m p.op€t

An cloneni r € l' is called a zro elenc df t iI for erery
tf t do6 nol conrain a z.ro elened tbe. a hrTaidsl

iI them h no pop€r hypqtdol J ol /l 6rcb lllal J c /.
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2.1,3 lt€nntlon

A hyprided I of . sihr"€rgFup L !' cdl€d ptin. 
^tp.rni..l 

ol It if fo rl

,4o I g t inpli. rhar €irh6 rt g I d a c I-

A non+Epty sub.et M ol. Mit'yFrgrelp H b 6lLd s 
^-hr.rqF,.n 

if lc dl
0.6€, rh@disi.d,r € tt 3uch thri.oIodn,|1 +e,

An ide.l t ol. mihr"argoup n it crlH rmipti[. if 6r .ll lvpdi'l€.L ,4 ol tt,

A rcFdpty.ubei , ol. emihypdgFup tt ir c.lled . r-[rr.r,yrr.a if fd €lch
4 € A, rh€rc qnt! d n € t such th.r aonoan, * e,

t r t1be . mihyp€rgFup, An el€Denl. € tt i! c.ll€d i&nroa.nt it o a ao d. A
hr"€ride.l I o{rsnihyFrg@p t i!call€d irlarpotdt if loI = t.

A enjhr?€rgdp ,t i5 c.llcd ,airirpi. if .Ery hypdid..l of ,1 ir l€mpoLnt,

2.1.0 Deinlllon

A *i hJpagtup r ir cdled frll, trir (Jt/tlr rdtrift) if €vdy l''TsirLd ot It

ll k obviou rrm ih. deff.irioN rhlr ecry pri@ Wperide, b r miprio.
hypsid..l .ftl*ry n.hyFEylrd i. r FhyDeEy.h.

Llr It b. . sihyp€gdp qith iddriry, Thd rhe blk ng @nditid e druiE

(l) r ir r p.ime hypfiddli
(2) do n otC I if !d q y il. € I or 0 € ri
(3) L.t a,d€ n be ud, !hr! (tooot).(Itodor') S L Th€n o € r d t< r,

uhdc (t o.or) ir th. prituipd hr"eddal of I' grNdad b! o Nd (t'odor) i.
ihe praeiptl hyFdd€d oI r sosi!.d by 6.
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PMt (D3 (2) L€r d,d € r andse! I =doro, d€,orr€ rrhenl<r,
boau.e I i3 u idoal oI lhe lenihypergroup ,9

Conre.s€lr sr@ rhat tt oao t and ltobo t s€ rhe pri.cip,t \'pddeots of
l' genq dl by d and d, Epetiwly. II a o ll o , C ,, rhen

IJo (doIldr)o r q I (beuse t i! a byperidcdt ot8,.

lE o.c H)c\E obo E) C r
+ Itoaa E 9l at l!ohoE E r (bque 1is a prihe hypdidea.l)

Tlis impli6 thd eirher o € / or, € /.
(2, + r3r td a ed d b..lFmenb ofd emihlp.Brcup d such rhor (d oa o lt)oiHo o/rrC/ {. noHahg H o o o t I I a I H o h . d i - / ,,odcr! / Lh,s

by (2), eiiber o € .r or b € ].
(3) + 0) L€t ,4 od A b€ hyp€idqls ol tte sjhyp.rsrcup r ,udr !hd!

A. 
_B e L kr A g t dl o € A sd! ih6t d 4 r. r^r, b..l|)/;bi|rry eleDdi oI

R 'th'n t H a n a E , o , 4 a b . H | . roIe / By \jJ eitherd_/or6L/ Asd4Itub- I ). B=/.HenF.4d,(/mpti6rh6rpnh.,Ar/o,A / E

A hypeiideal i ol a @ihypersrcup ,Ii w h idedity is prjne ii and oity [ ,q\r C an

P@t ra I b€ a prih. hjipqde,l of r rd a.d € r\/ Supp@ rhere dG nor{* r € ft $rirnd mtobnIt /, 0. rhor h, for A&h h € l/., a ha6- H ! = g.
rhs rh!r:6 a o/' o, ( /. By propcirbn 2 t.ro. erlhtr a € / or, . ,, which i5 son(u(qon. Hqe rh@ abG M h € t sucl, rhd

ao ho bn E\t +0.

,. c.nwFlr.la]l v bc m h-hypps}3kn L.tdirc t/ b€suchrharoorore L
n o e, ad t.{ / rbq..6 € t\/, and sno //\I u M tu-hyrs:rsm, r ri€re

1l. 4ono, Ht / i 0 i p dor1o, y' /, whio is s @nr,ad.. rionherea.thcr u e, o' t. I

L€i ,,l be a s.oihypogroup *nh scal|r idenriry. Then e€ry mdims.l hypeddeal of

Pmof, L.t P bp a nmnd h}?eridejt of l'. S!pp* 4 A b. hypend4k ot L surl,rhat_4oB - P Supp#.ha.,4g prl*n 4up= t. A,e€ rspr,4_ p. SinccPqlsp ,4 Thb 4ir. N@ B = H o B = A. B,_ p HcnFp€prim,. tr
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III is.htT€rildiof seEihl'pqsup r dd Jrnr?qidal of Il binhd tuns
rlehvD{i.l€.lroarl*hidr pr.pe.}ydtdr1rllEnr( - {'€ n :ro JC,} bs

PMt FiEt ft sh@ tbr! r b r bJ,lEid€.Io{ n. r2r, €,|( &d n € 
''. 

Tha
(A o .) o r - n o (r o 4 S n o r g / (ein@ I i! . typaidetl or r{)

+no,er{.

(rol)o J=ro(toJ)C'. Jq r pc.& Jninypsirt.tof r)
+toh9K.

, rb!@.r( ! ltyeetdEl of fi. Nd n p@ !h4 ,( ts prim, Supc6r, B N
hsrpsidp.L of n od thd Io B t= K btL B e K. Ar roa g r Dd a g l(, s

(,'toB)o J E a (by deiniti@ of Kl .d B o r g r.

IS ruao.lq J (!i@ J ) r&daoJc 4.
By niniD.lity of 4 re gei,

IUBo J = J.

AoJ = A.lIuBoJ)
- A.IrA.BaJ
E t (bc!e _4 o,r ! / ..d (,4oA)oJqr).

gflcq A S L ed rhu t, jr plime, E

L!,1 ,.t. a snilvp.rgorp-rith idothy, Th€! lhp ro @Ds srtuE e oquv-Mr br ! hypqid.,l I or a{.
(1) / i. . sdiDri@ lvDqid€,1;
(2) d. nod q I f Nd only ifa € J.
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Prcot (l) + (2) r.t. € t &d*t / =.orr.4. Il4€ t thd

I gt Gine I h u hy?€dde6l ola)

CdEElr lei tt o a. It b. th€ prin.iFl htFid@l of ft Egurl€d by a It

E.(60ttod)oIt9l (b€M r b. hyp.i&d oI It)

+ (aooo 14 " (n. a" s) E t (rire IJ i! a Mihyp€rsup).
+ndooIie t ( bsw I ie@npriG)

+aeL
(2) + (I) t t A be s hyt6ideal ol4 *nibTergroup II duch lhat,4o,4 g r. lei

d e H oa. E .lt H oa6 E e A (d 4 b r hjT.ridal of Ir).

4o I/ o! e }t o{do /'oa)oa q lE o^o E).\E oao E)e A. AE I

So, by (2), d € L Heee ,4 g , O

An idea,l I o! a enihyPereroup d is sdlpii@ il ed only if i'V i6 I PhyPosr3ten.

Pdt t r I be! priE€ hyFri.l@l of A &d a € lI\I SupF8. rh@ dd loi sid
I € I/ su.! tnat aonoan t'\r * 0. ih.t b, fot @h,l € t, ao lroan tt\t = e
This implie aot oo ! L By Plopdiiion 2.1,14' a € I, vbicb is a onllsdiction
Hence th€re qi*s e n € A eucb thbt

oonoonr rl0.
Cor*!*ly, euft thlt 

''\I 
is a phyp.rs}€rsn L.r d € t be such !h.t ootoo C

r. If a * I. thd a € n\L So, lhd..r!t! u n € It such th.r. o n o a n lt\t t C,

+ooItoogI, whi.I G 6 @nhadiciion.

Hde a € /, i-e. , is *oip.iEe. O



:J

A *oih$€rgrouD Ii is nnly soipriEe if od only iI Il is *mtsimple.

Prcot I2t 11 b.. ehjsinpla smihyp€rgruup ed q1 b. br?eridedr of, s.t
lhai I..r C- P Then.I q p, (beaw thenisimpk). He; p n a semiprinehl@id"il of A

, .nrFal,..e-dme rh,r H h a fu ) .em,p,,m".ohtypcrgrun La Ibc0nlT4rd d d l.h€n /or LJ$s bFrid€i of r, As /o/ ! /o/, rheFror
!im" Lvpqi_"dt of /'. B I /o/ c / atqay.. H"T^
/, i! idcmpob, . Th6 t E misimptc O

A em.h\pcrsroup ,9 is rutlv pr.mp rf Md onlJ it , b ynhmp,c dd ihp e, aIhypcridels of H is totatty orded u ier rclGion
P'ml Lrr /, L€ a luth pimc $nh)p,.sroup. Th€, fi h s tult' qrpri,rc sn,i.r.tl''{do.^Th6 bv l hshm Llo. t r anismptp. S,np@ p e b. hypqi","ts
:j ' ""'11.::-1 

. _l:,4 1.rh4 
p.s pn4qQc p;Q ,i e,ha ps Qqq !^r r nus he sr or hJpsideats ot It is roraly ordered

i anwtv.6rn. 
'hd ll F d errin,pt. mih Ergroup and ,hp st of hy?cr!rd-d 4 6 bbitv obc€d Hd4,r,t6on L"r /.J.ib"hyp.rdedsotfi{rh

etrner/!Jorrgl Asuhe ihat / c /.then, = /o/,_ /oJc p. Hr(p /( pudso pbdDnn"hrpoddtof d E

2.2 Prime and Semiprime fuzzy hyperideals

ljT::ll:11*". *,1"r,-^ d rq.pnm. np"v hyrend",k and, \,ri."a70*mnypqgrcup3 rn terr6 o(the fuy bypendedtj

Lc J 
_bcn 

fuzv ruber dl rh^, I E"aI,d a nnm. ilzl, hypa.roest ot l',tiordt r4t nyp?ndeat ,votH.|o,:,\,mpti6r. \orl: \

:'l^:^bj : l11l rrMl ,.r ,v 
-r!en 

\ E @rcd a s,prim ruTe h,rered oi H riror R.rv tozzy hyperided / of ,Y |] o /r ! ,\ imptiB /r < \
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Ll I 6" d hwm,l4 ol d j4.t wtat up H, th.a th. lot toun4 \otd.

, l l t t u o.pq4" hw.trLal ol H I aan odv d tA. t)@t?fttv futuuon \ o!t 4 o phne tu22! hup"rid.at aI tt.
, t2 I $ d vqtpnqe \s?"nleot oJ H 4 a\d anLv l t\, 4aa.p6M ILtu \an \ol t I o tqtp4w lt2.t hvxnddt ol It

Prool rl, s 
'pF{F 

r s a pnme nvpcirdpat ot ,v Tnpn b, p,opos,.or 1.3.t.. tr
G r My h,?.ridcrl ot I' L.r ,! ,ryt , b" oy tu?zy hlp.rideds ot q puch rh.i
r-ojD. ,t brt tt t \t *,j t- j \r ,t h-, her",xd!?er.u4.hc,r'Ly,_0od/r:Ji o.,bul ,\lr) 0ed,\r.:,-0. /henv., g /. sh@/E;p;m.
nyrppndcd d.d, F hdh ! o : g /. H.nts rheF *Lsb . L' o, sucn rh.r r, /0 HtrcttsoJ)r, -0 S,nm !.y, IrMdrL?)+l],w
naF m ir'r!t,,r:)l *0. sr(r(rols(y.:,€ r. sicr,,0whar,
'/o/r/ v1,mnt!yll?)l r0 Thus !o,n,. .0.d,on(aori.on. Hpr.
r' o , ? \ rmplia rh.i , . \,or!- \ rhB )r i! a pDm t@y l,,Fndrsl of ,.
., t o-,Fel - 3upp6e, r hJi \ri B pnrnr tu24 hvpeliocdt.l l/. Lrt A.B b. a\yNpenoe ol d uth itEr ,4 o 8. /. TLd by pmpGtrron 1.3I |. 

^a. 
\B w I@y

lllllil*:t,"; sino /o B q / o b Propci'ion r'34 rrls z \,. rhB L;- \..swPhdF \. : \rurrl s \r ByPqryioon I r4. wa4 /., o a! L r-,"r i,"p,i."nyFnaaa a.rnrrah w"ldn proF D( ,2

ta { \,. r ( ll ba s faai.y of pr.m" I rzj | !Tr!:,laL wf a sm,n}Telg,oLn d I hpn
,^ 

r, 
's 

a rnjprin. fuzzy hJT.rideJ ot H.

Llr l' be. MilypersDup. Thcn for d

;

Let,\ b€ d luay subei o!
is lhe udl6i tupy rishi

tr

€ l' md t € (0, rl, rhe ftzry flbe! ot oI 
'/

ed is olled i tuzy point oI



A_f@J hyperid€rl I or ,' b olt€d i.t bpor.nr it I.I =,\, A sityp.rgr@p is
c.lled fuzy ehisinple if all iis luz,r hyperjdeab e ideopor€nt.

A fEy h}".ridd ,r d r ubyDErerup n ,! c.jl.d ndinat i( Lhq€ dc mr qilr
uy prcp.r tuzz} hyp€rid€rl / ol rt suoh thai ,r < /.

A tuzy.$ber ) d ! @!hy"e.g'dp tt is s f@y kf! {righq hr?cn&j of ,t it edon'y'\,o\s\(\o\,s))
PFor. L.t ) be a (wy l.& hyp.rid€.t ot Ij ed , € tt. Thcn

(r,o^)(:) = v {r,(r) 
^ 

) (z)}

= V {.\G)) (. r,(e)= r)

S V ,r(r,. t)@ \t4S-r4.{\(dJ}<,t(o)ro{*hocro:.

He@, (), o )X.)<.\(,).
,, P.Mr4y.frppe rh.i r,o,r < I \{G,hoe rhd r jra frs:r t€ft byFrideat of

.t(!) > (r, o,\) (.)

= V {)'(t) 
^ ^(,0

= v {r(,)}, (be@,\d(4)= 1)

: I (r) , Ior srh . such ihai , € , o :.
Thu tirf\ (r) > ) (z) . Hdncs ) i. s r@zy lan hypeddeal or a.
S'Dilely w @ p{w th€ @ ot t@y daht hypEide.l of 

''. o
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Il I is. tuzy leh hypdideal dd p s fuzy nghr hlTendedr of! $nihr?6emp ,',
then ) o / is . luzy hypeidPll of fi.

r, a ()o/) = (.\ror)o!
s r o /r (try L€lma 2.2.9).

H€rE r o / ir a 6Ey left hypsi.l€il of l/,

(rop)o,\,: r o (p o.\,)
< ) o /r (hy L@na 2,2_9).

So, r o / i! a fuay rishi hyF.id€:l oI 11.
Th!s, r o I is a tuz? hypoid€l of l'. o

l€t o. be:tu,y poi of.qihlT.rsro$ r. Then rh. tuzy l€ft (deri) hlT€ dddt
or r sdsalet by o. b tq({4) denned by

o

Prcot For r.y € n iIro, g d, ihen td €..t o €,o,,1.r (n) =, > L, (s). llr a s t Ed rien u e Ea- BsM ! € Ao ihen s = o r liere dicl! 6n n € {
sud thar y € I o a. II I = o lbor r o , - , 

" 
o a ta, ! @trtr dicti@ ed if

V F n oo ih€n ro, C Jo,I odr ,.oh,oa g Ha. lgain a anrhdictim Thus
v d r/o Tlu L (y) = 0 / t- {or to' &! o. ror. Hene in ey cF. r! td, . tr (,J
ro' dh o € roy. rnu L(!J r 

"i,lll, 
(oI so /. i! a tuzly t.oi;;.d;;i

A BvdpnnnionoiL. @ffnd rhar a,: r".. If \sEtrzaloh hr?-rid.at ot t
@nrn,ns q Md il r €tarlEn B, = a (a) s,rtd),mptj6 rhd r, \{oj. rdJ
b' d € n o d ud n € tt whjch rmptiB I hal l (r) j I = L, h) lI r f rro, thm
rq (rr - 0sr l\ sotdi. ) rlsr-. Fafu?yt.h hvp-ij.i ot H s;nqd"d by



L o )lr !!d rr o ( e fuzry hyFid..l. ol ,l gd.t€d by ar.

PFot By lrnn' 2.2.10, L o ), i! r n!,y hrT€id€jl oa i' A5

(Lor,)(') = v {t, (r)^r,G)}

= V (1,(r)) t r"G)=1)

I tltteE4
' 1o olhd"lso.

AIF ii b dd ih4i or < la o lr, It,r i. a tunr hrldide.I of,{ etr|aidng .r
th€n L 5 r irplielq o l, :!!o rr < p. Tfia le.,\r i6 a nuzy tJ.psided ol rt
@ dni.adt.sinibrlr rro(! b. f!,ry h$sided of It @otailiig or. O

If -\ n ! nury ke (i+t) hypoidgl of. mibypdgrotp r .nd or,6. @ 6&y point!
ot r' sud lhlr arorrobt s I !b.! Lo lr < r ((!o(t s r).
P@f. Snpp@ ,\ i. r tuzzy L& blFitlal of ,l dd q o r, o r. : ,r TIF lr. ar o

. .. ( tilteH".,nE,y. rfloo.rr, = I o o.hsaie
ThG lr oa' = rq r&l Iro6, = 1..
H@ L oL = rrooror{ olr < L o

Id )l be r rM:y h,peid..l oa. mibyFrguD r. Thd ihe irllcdins stardErtr

(D I b . tuzy prnle hypedd..l oI. mihyFlgrolp 1l;

r".",k) = V {Ir(?) 
^a.G)}

= V {",(.D, (. r"0):1)

_ I tttreHa
I0 othe rl*



(ii) a' o Ir o d! < ,\ if.rd o.ly if or € l d b, € I, ts *ry tuay poini d., b. ot

(iii) Il o, and t, se luzy points of I/ such ihat /.. o,! S I th.n clthdr d. € ,\
or t, € l,wher ,.. is ihe luzzy hypdide!.1 ol t generat.d b -
P&or. (i)+(ii). suppc€ qd.\rot' S 

^ 
T[en by !€ma 2 2 13,1&o lq < ). Nm

r!, or, o,\, c. -\, o ir < rr)
ro.\, (. t..r4sr)s

s

Bui 1., o )d ed lL o ,\x aE fuay hypdidels ot a spned€d by dr md b"

$pectiveln Thue eiiher 14, o,\r S ) or ir, o,\p 5 -\ This inpli€ either a' € -\ or

Conwt*ly,6uppe lha! o' € l or d' € ,\ tn€n o' orr o r! <,\
(ii)+(iii)- L€r ,- ed ,r. be tuzy hyFrideds or a sftr.led by .. ed ,.

epctiEly sucl ih.l/".o,6:.\ N@ o' <,& rnd d, ! 4 inpliB ih.t 4r or{ S
,& o.\, S,.. ThN o'or{o6, S /. o,6.Ii,& o,r, :: r, thetr or orrot, S r. So
ei$d oi €,\dt € r &y (ii)),

(iiD-(D, L€t I md / b€ fr@y tD?eride.b of rl sudr rMi A o , S L Supp@
,, * I inpli6 thrt Inere eisls, € n $rch th!| p(') l.r(,). rd p(') =, € (0,1l
Thao r. < ! Leiu €,thd!",o,,, < ,1o/ <,\,$by (iiil eith.i.. € ) or v. € r,
but r, * ,\ Bo rt e r. Hence,::r tr

Tte foll@ing sloiemsb e equilrldl fo! a luzry lUTerideal r oI a emilvpetgFup

(t .\ & a sipnhe nr4' hypdid.:li
(ii) arol/oar < r if &d ody if q € )-

Pbot (i) 
- 

(., Lt a o,rx o d. <,\. Tnd br Iamt 2.2.13, l&o 1.. : r.

:
s
s

Tlis impliE thrl (L, o r,)
s4cr.ied by or md I is t

o (L, o l,) S r. Btrt lq o rr is r 6u,y hypend€rl oI
$nipdne fu, lDTai<lei, e lq o Ir S ,r inpli6



29

!h. huy hlTend4l of,9 gcDaaled by aa b MraiM 
'n 

I r.-

oro,rtro4srqo,r,<l
be . fuzy hwcridesl oI l/ $ch th6r /] o I S ,\ Izt d. € /r

d.a^n5po^aSp
oto 

^E.q 
< ra q < ra | < 

^inpliB d. € r. Hene / = V or S ,I Th6 ,\ is a sniptine tuzy hJ"€ridrf,l ot

HD

A *nihypersroup ,9 ir tully tuzy deftiprihe it and only iI t b luzzy semisinpl..

P.oot kt r be d luzzy smisiople snihypd3ioup dd I bc e fey hyp€rids.l of
,'. Il ior a hlpdid€d & or Il, por S,l, rhen p S r (sin@ g ir tuz,, soisimpl€).
Hm ) ir . l@y smjprine hyp€.ideat of t Tru tt i' tully turJ *niFitE

Oonwly, ld // be r finly tuzy Miprime miht?€rgmup. Iar trt'' 
^nb.,Jh}?sid€d oL. Tlen,ro& tu si$ a luay hrTeridal of I' Ar / o/ < / o,r inpliE

/r <,rol(baae p o,r is 5 nDry Miprime h,"€rideat ol,'), Bu! !o! S / always
holds. Henc. ! o p = ,,. Thu, eeh luzzy br"sid€ol ot ll b idenpoien!. So a ig
semjsiDpL. O

A *nihrT€rgdD /t is tully luzzy prine iI md o.ly il lI js. f@y &nbinpte ad
rhe s ot tuzy ny"qidals of It ie roblly orde!€d undd inclson.

Proof, Supp@ Ii is tully hDzy pnme, $ lt is nrny ney *nipdtu. ThE hy
ThmreD 2,2.16 It i5 tuuy snLiEple, Ns, supp@ thit I, / @ t@y hypmd€5ls
of ,J. Sirce ,\ o, S ,\ ^, 

&d ,\ 
^, 

h .Iury hlTerideat ot Il, s ir a ruzy plim€
hypendea.l, Tha eiiher A::,\^ / ov S,\ 

^,, 
lhjs inptie eirher ) S, or, <.\

C.nwlsly, l.t 11 be ! Iuzy eoisihple mjhy"ergrouD md ihe sd of n zy
h}"..id*L ot It i6 tolally o.dercd mdo incluriotr. Ll p, / ed I be fuy ilpdiddaL
orl/sldihalpo, S,\ Sire ihd ei ot tEry hrpdid.rs of tt b totclt dd€E t ud€r
iftrlsid, e €irher / s , q / :! ,,. Asume rhlr Jr: , N@ r=t'ot\:pov<^.
qen@ / < ,\ s t le s fr@y pri@ hyFddeal ol tl. O



30

2.3 Sembimple Semihypersroups in t€nns of Hype d€als
and Frrzzy Hyperid€ls

l. this &ction re char&hize lemjsimple snihyp€rgoups in iqms ot ny?qideals
ud al& in term oI luzzy hypeideats.

R€aU rhd . snihypersrcup lt ir cdled smr,inprs, iI for dadr n < I/ lhere disr,!,: € It sucl' rhat I e r o lorl o hor

Let (E,6) be a sehniwergtuq uith ided,,ty_ Thcnhe tollju'a @nd{ow aft equv

(2) A. B = Aa B,lot dt hwndab A Mn
\3) A= Aa A, Jo.!e1t&r..ltula o! E:
({)<a>=<o>o<r>

Prcot {l) + (?) Ld a € nns. Ther a € /
lheE.xist 

",!,2 
€ 1/ !!ch llui

Mdo€ A. Srkd 6rmisimplr,

d € 
'o 

oovodo: = (rod d!,)o (ao, s,4 o a.

nB9AaB,
orher h d 14 o a 9,4 rbeNy 4 b a hypqidcal oI d j.nd 4 o A e A.,ahrT4id(alol t..$shaF A. B c A- B H.n ; AnB = 40 RJr rN u = ^. 

rhrn by hyp.rh6B ,4 a A = 40,4 ttus inph6 rhd

(lJ Asa€<o>=<o>o<a>,$

a e lE aao E).IEaao E)
= E a40(u o )oaoh
a E"aa$"a.8.

Thbinpli6lhatd €.odorodo: foremr,!,i € ta. lt€.@ t' 6 soisimptd. tr

, NN w-Lh&& ra,csmihyp,lgri!€ i, r"rmsufprimo.srrprr " ur sludotp

A hrpcrdeal ,1 of r hihyT,rBDup d is c.Ipd Fd,.dt iItaalt hrF,idoolsE t- ut E B.c = An1ph6 B = A pt C = A
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A nwndat A o! o smitwpsy@q H i. Fne il and onl! ;J A a wr;Fn ond

P|@t Lzi .4 b€ a Fine hy"€rirL.l of t- Thd cl€$ly ,4 C gmipihe hi B md
C be sy hyFrid€is of t su.:n dut rnC = A. Sirc AoC q BnC =,4 'nd 

n is

a p no hypdid€al of lI. e A e A or C g A. O! ihe othd hed ,4 g B ud ,4 e C
( sind B nC = n). Hdea =,4 o! C=,4

Conres.ly, lei ,4 b€ m ircdtihlo eniflin€ hlT€lnbr ol .& Ll A ad C be

any lyp.id€als of /t 6Mh rhat 8oc g ,4. sine (Bno. (anq q aoc 9,4
$.r,4 is sfriprine, s anc e ,4. Bul,4u (anC) = (,4u4) n(,{uc) = A 5d ,4

ie itreducibre, s m han, ,4 u a = A 6 Ar C = A. He @ B 9 A or C q ,4 Thu!
tr

kt I t o ispade.t ol E and d a E t.s'l rnla o e I md th.ft aat& oa
iftd@ibtz ispdrtat A ol E tun 6ot I e A ed ae A.

Prcot L€t O be lhe 6ldtio. of 6ll hyperideib oI Il rhicl @bin / blr do not

@n.ain "a". Thm n b m'l.€mpiy, he.@ , € O. Tne @Ie.tio o is Pdlitllv
odcGl uder imlNior As *ry toidly ordderl $b&t ol n is bod€d 8boc, &
by Zo.nt L€mro, ih@ qbts ! mqinsl €Lne& $y, r{ in O. we shd thal ,4

b m ideducibl€ hlTeriderl of t. L.t C dd , be itu hlTerideals of t' dtd' thtl
CnD =,4. If borh C ed D potqlt dtain ,4 ihen a € C md 4 € D NN
d € C n D = ,4, vhich is a mlradiclion Hen@ C : A or D - ,4, thot is ,4 13

h&ducible. O

lb the nexi th@rcn w chddcleliz€ ih@ seohypergrcups ir vhich edch hvper

L.t tt h. d tm\upesap, m.n dE hlov^s bnntai.B e qrmteat:
(1) E a s6nistr.pb,
(e) An B = A. B, lt dll nypadab A Mn B oJ E,
(3) A = Ao A, lt oI bpqidat A ot E,
h)Ed.n@toJEa' ptu,
(5) Ekh hwilntd oJ E it tn &ttucu"n oJ Pnn hwndatr oJ E titt lt

Irc6t (l/€(21- 1.lolld fmm 'h.'thsFm I l(3) 
- 

(a) Let A a.d r be iJp0lideaL ol 11 such ihd ,4 o ,4 q 1 Bv hvpoilFi$
40,4=A.eA.I H.n.. uh hyp.ndsal ofg E prp ia.
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(4) + (5) Lt r{ be a hyp€ridol of lr. Th6 obviouly A is ontained in the
intMrio. of aI inedrcible hyperid€n3 of t $ln.n dt3h ,4. Il a 4 A. rhen by
PrcpGition 2.3.4j th€F €xnts m iftedrcible hyF.id€d ol ,' *hjch @ntoiG ,4 bul
dG not mnbi! o [ence A i6 the into@lion oI all iE€.lncible h]Tdid€.ls ol rt
which contain i1. By hypoih6is! cdrl hypsid€al of lj b *nip.ine, s e@h hypelideal
oI l7 is ihe inierstion of sll ineduciblc *miprime hypdid$ls of /J whicn eftair
il. By Pmpsilion 2.3.3, ea.h ireducibl. *miprime hyp€ridesl ol, is prine. Hae
o*h hype.ideal ol A h th€ irleMciion ol pdm. hyporideals oI l/ whicn o ai! it.

(5) + (3) L.t ,4 be s prope! bypsidea.l oi ,', Then ,4 o r{ is a hypeideal ol t'.

d" r = !{/" :,4" e prinE lypsrideal ol t mnlainins A o,41.

Tnis inplis that A o /4 q ,4- for a.h a, Sime oa.L4- is prime, s /4 ! ,{" ior
e&h o md heme ,4 g 

lj-4" = ,4 o ,4. Bul ,4 o A C ,{ alsay.. Hde ! o n q /4. O

Ndt prorGitio! shm rhti in r *milinple enihypdsbnp the 6@prs ofprine
hr"€d<le,l od irrsiucible hypqid€al coincidc,

Lpt, be o hwlid.al oJ o s@linp/' talh!*rs@p E. n6 6. Jotttuin! swe-

lr) T it d pm. Srpertlal ol lI ;
12) T ti d i-edwm. hw.rtdel ol E.

Pbor (l) + (2) Suppce r id s prioe b?ertd@l ot It. Let A. A be sy hrpdid€dls
ola such that /na = ?. Then ? e,4 Md T g A. Sin@,4n4I Aoa, so
,4 o a g ?. Sine I is p!in€, $.4 g T or, g ?. Thu,,l = ? or B = T.

(2) 
- O) Suppce ? h m ireductble hyp.irlecl ot ,9. I*i ,4, a be my hype.

ideals ota sucb ihsr AoA g ?. Since { k semisimpld,sowhave nnB = A.B eT.
Th.i(AnB)u?= r. Bui (.4nB)Lrr = (,{u")n(8ur). Hence (!u?)n(aL_r4 =?.
Sin@ ? is ideducible, e /|u? = ? or AU? = r. Thus re [.ve,,r q ? or A g r. o

fhe loLkruiry m&tt@ M .qni@lei! lor n rtuhwqnq E:
11) Eki hlwnnd ot lt n pnne,
\2) E * tdtrjltnaph nnn h. t.t ol hypatdab ol H is a.hcin.

Pmor. 0) - 
(2) SUpEE 4d hJ?eride.l of I' is pnme. Thd br Thgrjm 2.3.5,

1l is snisinple. L€!,4,4 he lu"€ridc.ls ofr, $a no A q rna. By hypoihGis
a:h bloid€lj or fl is prime, s / n B i.e pise. Thu n q A n a d a 9,4 n t,



(2) + (1) suppe E id *niliDple ed the s! o{ lv"endeab of }l ie a cndn,
I2t ,4, B, C bc h}?€lideaL ol /t such th.l,{oa e C. Sine.& b $nisinple, $
,4 o B = , na. Sire $i ol hr"eride.ts i. a chain, e eirhd,4 q a d E g ,, tnariseir\qAnB=AqAnB=B.Th$ejthaAgCorAeC. O

L€l (,5, .) b€ my emigFup. D€6ne a hypmp.raiioh o on .t by:

a o, = {a, d,dr) for an a,, € 5.

Th€n lor aI a, b, c € 5, w hare

oo (to.) =ao {b,.,r.} = (dor)ukoc) uGo (bc)
= {a, d, d6} u {d, c, tul u {4 bc, (d.D

= {a,4., or, c, bc, a(0.) }
(ao6) oc = {., r,.t}.. = (o oc) u (bo.) u (cr) od

= {d,c,4} u {r,., rc} u {a},., (dr)c}
= {a, r, c,ar, oc, rc, (4d).)

Thu ao (60, t = tao0to.. Trr!,npl€ (5.oj i! a *tunyr'sruup.

- rh, only hyp.rid.nl ol bach a *nihyp€,srup S s S iklf Sio6 So S - S, r

l2t (S, S, ) b. ur od€rcd smicroup. Defrne a hyFlopqarion d o S by:

o.6= {, € S: z s d6} = (arltq a[ d,6 < 5.
Tl(n fd alld.b.. € 5, m.laa th{ oordod = rdtrtl tFr I c ao (0oi/. rFr

I c 4or rq{mc I e oo.' Thiq,mpti6r. u ard I s, H"rer 5 a;r eao(do.)g (a(rc)]. ti{, € (a(r.)i, ihdn, < a(r.). so,<oo(rc)€ u;;r=
a. (D!.). t hb (d(r. jl I a o lro 4. cotuequa, ty (d(rcll . ". 

(0..). sl;ii-t'. "_ca.sh@ (hd (dr).r = (a o rt o.. H4F (a o 6r.. = ; o (6";1. Thu (s.oi i5 a

CoNdq rhp ondeEd smiBrcup 5 = ra.D ^.d."1 qth th- to oqng hutr,ph.a,,o1

,

{G, .), (", .). (,, 1). (., .tO;T), {t-,ait;i.,.), k, e), {4 d), (d, .), G, e)}



u

_ Thr (S..) ir a enihypcgrcup snd the ody hypsirre.ls oI5 e lo,6, d) &d S,|fu b nyD.rid€als e i.hopoht, - (s.d is a hirnpL coilyp€4bup, Aho
Mn tb€ ilpnddre e Dnhe.

C.6id€r the ord€Ed $6i8Fup S = {a, t, c, d} siih i!. toUoring Eultptiorid !ati.

The! ih€ hypdop€ntid o is deffnd h rh€ foDosiE rsbl€

s= (",;),(d,r),G,d, d), k.d)l
Then lhe ht?€ops.tion o on S i. denn€d by rhe lou@ine r.bl.

Th€n (S. o)_i! . @i[]Frglup &d rbe byDqid.rt oI (S, o) F
ldl io,rJ,{a d.l.{d,d.d).s No NTendoat ls prin" or Mjprime. Bu, rhe

props hyp€rld€ala lq t, c) ! {o, d. d} 4 tn€ducrbte.

Con&de ihd ddddd *mrgr@p S - {d, t. L d} wilh ihe lol@ng ou|nptrc En rable



<= (o,o).(6.6),

Then lhe hlTqopsr.iion o on S

., c), (d,l), (a,6), G, c), G, d) l
is de6n€d by rhe |ouo*iDa iable

{",r'}

{.,d}
Th€n (S, o) i3 s snihypersroup &d itE tr?dd.nh of (J, o) e
k],{o,4,{4,1},k,c,d},s. rh.hyp€ddeal {d,.,d} i! pin€ddauoihq hy,

perideals de n€iihe! prime nor siprime
N.xt, w ch{aderie the *nihyperymuF loi w[ich e&ll nDzy hypelid.d G

A r.whu,pdwta E it rewsnpt f dad onlu il for dll ra4t l,lperid^k 
^ 

dnd p ol

Proot llt .\ dd /1 be luzr hrTeridea& oI tne smilimpL &nibTersroup A md
o € rI. Thu rh*.ir(r,y,) c H sudl $a o, roaoroao:-(!oaor)otdo,
sofor€&cba r :ooo!edr(doz.to.tt' xr,ic. a. ooO c trodou)o(ooJ,

r\oPt/a' - v r,ol !or./lrr-

: nin{r(d),dr)}.
A. r and r e fuay lDTeridcots or r, R haw r(o) > .\(at > r(.), ror €dl

d € d' o, {!d or €roo &}i dp) > /l(o),Itr eE y, < dor.
Hdc om{-\(o), /r(/?)} > mjn{}G), p(o)}.
ThN il orxd) : (.\ 

^ 
/)G).

on the o!he' hdd, by rde r.3.20, re haw (r o rxd) S (.\ 
^ 

/Xo).
Here. (.\ o rxa) = (,1 

^ 
/Xz).

Conwely, she $at I o /l = ) 
^ 

,r. t€t /, E b€ hF€rideab ot ,t_ Th€n
by Pbpcftion ti , r, dd rs re fuzry hlT€rjd€d6 of A. Hem by hypo.h€is,
,r^olr =,\i^,\r, By Pbp6itid r'3 7, )rol, = )r,s, thsr&r: lr^t! = lh,
vhich inpliEl n a = / oA. Thu by Theftn 2.3.1,,{ is enisiDple. O



Asdlitpdsmn,EiJtminmpt l onn odv iJ jor ad tta hw6td6l 
^ol 

E,

Prool lfl ,\ be r l@y hypsid€!.1 ol d eDidnplc emilu?dgroup //. Then by
Tl@Em 2i.r2, -\o,\ = l 

^ 
I = I

Conreely, sle lh.t \ . I = I fd €,.n nEr. hypaid€ir -\ of ,t. L€t /4 b€
o hyp€tidsi of ]t. Th€n by Prcpcition 13.11, -r, i: . lu*y hl.p.id&l of t. By
hypoih6i!, ,U o l. = lr. By Pmpdirion 1.3.7, l, o ), = ),4 = )^. Hen@
A = ,4 o,4. Thu by Th&rfl 2.3.1, It i! lonhinple tr

A t@y hypsided I of r sihlTcrsroup ll is c.[ed o irlduiri. irzy n r.riddl
if tor oEh 6Ey lD!.ridesh,r &!d, ol t, ,r ^,: 

r inpliB A =,\ or, = ,r.

A @n etqty sutlet ! oJ a smtnwrgtult E it dn inY/@ttL hwritld ol H t onj
ontv il tt4 d4@t ri!'b. !\'ttio 

^! 
ol I B M 

'ir't@bt fu2.v @1 ol E .

Prcof. Suppc€ t b & irredMiri€ h}?€ridql ol !1. Then rr, !h€ dlreierislic
lun ljon ol I G a turzy htpsid€a.l oI.lt. t i /r ad / b. My Iurv bypcridc.t! of It
such !l'6r /1 ^, = ,r/ vnh / + _\r od, + lr. Thd. there dbr ,,, e E Bucb rhat
dr) l0 md !(!) l0 bu! 

^l:) = 0 sd rlr) = o. Hen@cd lmdr 4 r. sine
I be iralucible lvp€rirlal ort, w ha€ < r > n < ! >t 1_ -rhc fterc eisrs
4 €< ' > n < y > $dr rhor a d r. n4e rr(4) = 0. Thw G^y)(.) = o sire
/(.) l0 md /(r) 10, * h6E nin{/,('),,0)} # 0.

tu d €< . >=, rJ /t o r u r o t u t' o, o Ii, ih.r€fole a = r or there disr
h,hr e ,9 such ihd a € ho r or o € ro I or a € ro I o tr

Iro =, rh.. /r(a) = /r).
Ifd € nor th€n /(.) > dr) bw / 

's 
a fi,ry t€ft bl"€rid4r ot r,

Ito € ro/r !h.n !(.J >,r{r) u-a / b a hizy risht byp'rirr4t oI t1,
Ifo € lo? ol' =,! 9oh, lhrn o € rr ohr fr{ s€ 9, € ftar $d sine,] is a

tuzy 0rended) hypdideal of It,

/,(d)2ptu,)>p(").

e<V >=yUEotuuo AUE o9 oIl. tAd a = gor thft dht r..ir € 
'',d € no1/ d d € !o,l d n e io!otlr.

li o ? then ,(o) : ,(!) brals , is . fuzy IeIt hyperideal ot ,{
!. n then ,(4) > ,(!) b4aw , i6 a f@y lighr hypdid€rl of ,,l.



Il o € A o!o hr =,!,i o lr rhen tor eml / € ro hr,

,lo) > ,lB) > u(i) >- vl!).

IIq'e, ninud).,(o)l > min{p('),,(v)} l0 i.e. G 
^ 

/)(a) * o ,hich h a,onldn ton Thr// i .rr innt,4 !hd, x = rr or , _ rr
' onq 4ry eumc ihd \r i! s trhdJiote fu\ nypenoFsl or t. lr, ,4, a bes),hrTcndeak of l, 8Fh ,hd A n 6| = /. Thd \, ed ,\h @ frxzy hyps,J.sl.\.sm,c)r,s )/ \ lh L I, hlTo.h4i6

l: u.," = \,. HpnF 4 = /orB_ /. Tnb / ,s M .r.du. rh.p hyr?nd"st ^l"o
A ln .u hyepriddt 

^ 
ol o smtnwafnq H a pnne lvz! hwhdat { oal o v I

^ 
a enlpnn? Bnd tmd@bLt lMs hw\dtol

P@l.L€t \ bc . primc fpy hl"critlcat ot /' Tld ,\ rs snrprnp Lp, ,r eJ ,
oP Mv.[zJ I'ylPridads of a {"h'ho! r'' = ^. 

crnr ror s,r. r = \ and, F aprmr ruzy hvp.ridcat of H, r hrc r._ \ ot ,._ \. on ,hp o, her h&d, 
^ 

y = Impra rhat r j / {d t <, H€nrP / = \ or r= \
{ unFrly.l, \, -_srtsJu rbt, &n,ipnnAlluh hvppndrdtotH. LflpMd, b"uyJur4 hyp€ndArsol r suci rnd ,o, . 

^. 
slffc t r^,totr^,t. rro, < \od,rbsEpflm. s Fhaw/^, < \. Bv Lmha t.3.2. Fh.F \vr!1'l = r \!;t. |lv9

:1,'! I -'rhu.\./,, \.,,=r c,n." r.. i,Fdl.,br, s u noh

td \ t: lu,a hFnd"d ol n 3m,\w@Lp H bth 
^,a, 

, Ln.aa,t |,4.\ Ih.a tt,t eu M tr.tttdbt, h,zv \W^d@t I Dt h svh ba!

I-"[ !"' Y.: ,,r"aiuzynr'pq -sro,r.r'rd.=,eq\/,, rh{xFo,b4N,\ ( X 1tu, @Udion r h p,rti.th od.; urds rn tN;n Srpp@ y
,"^! 

y = ,,.| . tI. rh"1 bv p,opsi,; |3.1s,irli hdDzyDlnqrddoir A.1 . ,, Ioracl,,e/.$I/ Vr'i Ata
/\
t,Y,t" ..i4.'" -,.rhus.V, i.,hprls ,np, hnunj o soJ.zolhi
uma. lhere dBb a tuay hyDpnded / of t qhd ib muin,rt $irh np€r b rhppmp.ny ihi ,r S /r ud p(d) = ,.



3a

, )i@ F dle rhd ! is d nEdu.ibt. filfl hyp?nd6t of g. Supp@/ !r^r,?.
vnaa/'. Md /_r aF ru4y hvpr-idcrbofH Thcn,</r,eq,ar9.w."tdrn.u
/./i.or,l rj. 5rpp@, on .onudy tha' r I r/r dd/l / J]j. si@/ a m&mdlqth 6p6r ro 

'. 
pmpory 

'har /td) - / od ! I !, sd / I /]?. i, fo oF rha,
1'ttd ltad4Io\/L H.n.t. pla -lpt r,.,-.+, wt.trh i5acon,,cdrr 01.

/r, Thu /, E e hr€ddbte frzy hypdid€st of,,/. O

kt E b. a t@ihw.Attlp. m.n tk Jotlodng nut'ho* m q$tut n!:

() )o/ \^ll In.vrv laa hwanab 
^ 

and roI h,trt^a\=) ld all l1j--u hw^ddt 
^ 

al H
11) Edch fuzU hwri.ld oJ E I eni1dn4

",u],"r*,,H",y"r 
, E s th. ote"a1i, ot pw t.zy hwtilt a!. o!

P@t (l) e (2) Fotlds nd.h€ ThoEn 2j.r2.(l)€ (3) Iollss frcm the Cotullary2j.r3,

. i1) J (4) L.r ,r ud , be rzv hlp,ideaL ot t/ srh thd \ o,r : ,,. ay
hJporh6i5 tol,- ) So\, !. ttae €&1, fuav hypffide.l of d Femiprime.
,_..:l:,,I l:, .1.,"." p,:pq iay hypaid.dr or Ir d d { \, . r c /J -hs 6r.FOon or d d rdNjblr fuzzy hyp.nd6t5 oI t *hid onLdin l. pbpdr io 2.3.j?,guardi* th€ qbb@ or sud {uzzy hyp.lid.xrs. Hhe ,\ S 1.tr. Ld , € ,1.
Th{ oy Pmpanff 2.3. j 7 ,h"F tu6 M rh edu, rbte tur hyppn.i.al L or ,/ ,urh
'ha' 

.r S \ and,\{r) - )"rr). th6.r" e {),, < ii. ir'""-,:,ri,".G
.'r,\,( < \1r)= \jr rt'G,r\,S^.. c"n.qu"n,5.,.,t, il e1 h1p",.-
6is, ad nry lll?cnd.at ot r ; en,ipnm. b @h 6ay hypedral or d 

^ 
th.

r-rojhlBni 2.J.16. €rdr 6sy i,nducil,te *mrpirm hJFrjd.! 
" pr,.", ,r,*f".@iury hvp€ridel b,hp intsldDn ut aI priuc tll27 hJ,p.nd.alb of t/ wtu.h

i r5l- (3)l}r \ b.o pmpr hru hlT.rid€d or g. rhm 
^o 

\ EaL.. ruzry
lTil"j1"t 1: s,n@ ) u fue hwdids or H. { \ o r s \ ay h,.porheb Fn8w' o \ _,,.r\, wh,,r \i D pnmc fljzy hyp€riaerb oj H. Ttr* ;.J _ \ t.,ll
i € /. Umr S I Io! au i€ /. Tnu r:,^,\ =,\o,\, Hqe tdl = ). tr

LPL H h? o vn*npLe unthlptrgb,p

11) A is o pnhe Jut, hwndst o!

and 
^ 

he o t@! hypendqt o! E. nln uk
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12)^4@inaucibt l'..! hvrdN{.d ot rr

P@t ( | ) .- (2r SrpDs ,\ E a panp fu.y hypodeal ot d t2t I u V tnzly
l)p.ridcdhof d*nhrharI r i r.SinF4o, <!/y< \,$x Io,I :Iur thc or \e! hmd, ! i , _ \ ,mphs 

' 
h.r \ < /] ud \ . ,. ThE ! \ or , = r

, /2). l lll 
-Sup!d" 

\ is { in€dunbt- tuzy hyp.ridcd of t. Lpt !., t tlf,r,
hyptiJ"oh oI I' {J Tr !o, t r. sin,c ri 

^ 
emE,r pte. d by th6om ,J ll,

rob = !t^ u, rr4@ 4^, 
= 

\ Thb (J!^/lv r = \ But. {r^,)v \ _,/r' \r \t,v,\).' .i" \t (, . \r = \ srnF \ i. an FeJu.,bF flzly tvp(nde ot d, $ w" ha@
\ - \ HenFr. ) ur r. \.

y:,! f :,f-^y.-":o rtea Mnr tzz! hsp?ddat oJ h r pdna { anl ont,I 4' *t at tuz,t Lo"ttd6t\ 4 h Jan a . hN, 6d H s &nnrnpk
P@L Suprc rrsi *.y tuzy hyperideat of rJ i! prime. Then by Thsrcn 2.3.12,

Lel r, ,r be ey fEy hyp.rid€rts ot 
'l, 

.h€. r 
^ 

! is r
hy?otl*6ir! l 

^ 
/r is a pihe fezy bvDeridedl ot 19. Sinceor/_<)^/. H€nce r _< ,, or / S ).

tuz.r h,"€rid€d DlIt By.\or:,\^aso):)^/

" ^!_:1:111.,1.:".. 
*:, r/ E +mBinp." *r:hypprc,oup dd rh, 6c, o. tu24nypcntra_d d rorm a chdn. L.r ,r.// Md ' bp My tuzz, h}?eridstq ot 19 s;

fil,? hy?pridcats ot l' f.!h a.hdn o/]: I or
',:..: !!:':"y,,-. {..,!"., . \ n. <F,hpnr' .uo,1,ro. srrnu cFry r@y hvpcrideal of t is pnnF J

c.Eidc 'n.,*nrhJp'_grc,'p giwn,n E\amph2.J.8 Bv p-opGr..n J 17. )p"n yrDy rDTvr'd8ol.t drh.{fthr tundroN. S,neS B enisinph s sq 612z,hypqtd.al i., npdrd. Sinp rhce ot fi,7y h@rid.at of S b s,hrin s; +ry

Co'l1ds 'le siiyp€rsue S giFn D rffide 2.j.9 By pmpsition 1.3.t?, rh.tr v ru,? hrTsd.ak d5 me.fr,c to,m vd, _ \,0, _ r,d j r.._ \.j. s.n,aJoEre@mpF e pFry tuz) hyprrdral ,5pm,pnmp ed.te rd.mpor.nr,,lat L

Now corBider tlrc tuzy byp€rjdeals

r(or = rTrl = 
^(d) 

= 06 ud \.)= \r.)= 02
/,{d)=/,{r) =,rld)= 0.s ud,r(.) = /(sJ = 0.3,rd): v(t): ,{dl = 055 and,(") =,{P) = o 2s



,o

ltr r 16r -,\^r b€rESb@ibple (l^,jl(d={,t^pxr)=(,r^r!Xl). O.i
dd r^^ !1,c = (,\ { !l{el = 0.2 Ttu,\orl )^r r, but nsilhd \ s yrcr
& < ,. lLd@ / i! mr pri@ 6!.y hyFided o{ s.
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ChaDter 3

REcur,AR AND INTRA-&EGULAR sEMlllypERGRoups

Thrs cldpFr mhas ot 
'h@ 

qrtu. In s@n L w,tt6tu q{srhypq ",J, hi-nrpqD4r. arJ ol$i.h. brndpol ud flz! bFhJp.r deat ! a Fnhr p!, g! 1Lp. Wddb 
iprM sr 

'6ula Binc rh* norioc. ln er,on 2, s€ de6n",n,rs.r,:sut",

li,Ilill"li,"p.""1,h'1,-,: Fsxra! dnd InktuFgurd sc1,ihypr8rc,n,n rrms
lllllPrl 

D,;hyp'liedrs dd ruz} L!hqrcndmt . \4cplMrhor a enhr pqsrou! /,6mr r€rd Md n,B.'csuh, irandonyrfforpF?bit_lTqrdca.BolH tot ,
IjllYi') y,?'.1" 'b1. "*hihyp.rsbup /' ts borh Fsurs dd m,,a.rsre if
and omy lr tur oll bi.hyp.dde* at dd B, rI B w h^u.. B ^ & _ o 

" 
a,- b," B,

-wo 
"\Fmd thr,prop, 

'rv 
uI bi-hlpold*s oi *hih}perg,ouFs ed prde rmr s

:-Tl:Tffll.: " p' .*,rd md rn,ra.rpgxrs if 4d onry ifuo. Ndy fuTzy b,-I ypc- ocd \ or r w hdr. \o r = \ Eq xldqity. qe pmF Insr " rtuhylrglapr B qr 
'"gu& dd n B.regula f Md onty r, tor cwry fu7?y bi.hyp"ndcak \ an;

tn rhi! se,bn. cp haF shMn LD, ]Y .,
. :il^l1o_:"Jf l!*.]4ly rzv rri.hyaaidpal \of l/. roro.\ \.rneIion3,q TnFFLm. \ hjl,pr.d.dl $Dnety p:T" br hypcadrat. M,pnno br hypcnJa,
''EutF b' hyp.nd.at e'd d'nnatJ rnilribtc bihra.ridpal ^taenrhlpeGreun.
.q: 

N: Ai" rM/ ful/v b' y_q.,li r. srcnsty pflmr rrzz\ bi-hvp€nd.at +ni.
Brnc ruuy b,.hypd eal, D€dncibh fkv br.hyp€nd.al mo drcngty rrrpduaLtcIudn)rhqp?'rdql /f i scn'idp-,s.oJp wc charnq,z" sFmrhjp"lcroLp6 Ls.nB

3.1 Q6i-byperid€xts alld Bi_hypertdeab

:1.;11:_: I.j, ,..y"T.3'^.nvpq sars. !i hypeiocrr5. r@' qdsi bypq,ocdsr,r rkv b, kp.,ircds of aemihla.rF-p H. we charrrqiF,"guk ;.d ahrcEud 6emiypcrsmuF in terne ot blhlTeliaeab ed fuzJ blbypardmts.
3,r.1 Dednirion

A non..hptv $'b*' Q of a emihyprsbup tl is ralcd a qddrnrpFnd.a ot 
'/ 

rltloht)aaQEQ

A 
osuh6enibyF.Cldp 

S of a *hjlyp€rgmup /' i. c.I€d a b;h}?qjdedt of .& it
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Thrcushq' .hh s.aid R d6o'" bTaideat {,6p. bi hrTaid-,j. left h}"e.ided@ qNir"€rdanl_sen nr4d b5' 4 by /(d) (Ep. a(41, ,(a) hd Q(d)). wc hMj{q\ =.tdl,la Hus.6, Hooor.L(al - {o -roo.B(or _ {oJLdo4-aorlooM (,td) = t.l u (to{ n. o dr
,, n a-smlhypegrcup r'I @nr&M ddnry e.c'M,. rhpn rrd) = HooaE,t(o,=, oa,rl,,= o o r od &d Q(a') = H oono" a.

^.":':fi-'19 1r:*9.'r.'F.ih'?ss*p i! . q@Fhv?€ride.r and .*ryo@'.iypm@d F a bi-hypridc.l. Bu r\p MwF i! hd uuc.

Ewr, $n lrighrl hy?€.idat ot a &hihvF.ghp ie , qlai.hyp"n&d bur Lhr mn.we E not rre 
'hich i! 8iM in tli! ermbJc

Comider ih. *hibr?e|gtuup ,J = lo,r.;.dl wjrh rh. h,/p€mFrarion g:En by

6 {o,o}

la.dl

Q = {a, d} b a qusi.hypqid.ll oa ,{ bu! benhd bi! nor right hw6ide6l of 11.

Aluay 3!bet ,\ of a sihyprgup ,/ is calt€d a nury $benit}?.rsreup of L i,ro!€hrya€.o!i

.!,*tr(a)) > nin{.r(,),)(r)} for aL,r €//

A luz,y {bst ,r o{ . mi}ypersup ,t is cdled r fi@y qusnyp€rjdat ot A if
(rot)^(lor)sr.

Ifl.l 5",*1.:"."-""-* A ruy dub.€htupsstup,\ d /J is cared a ruzyorlypendeat ot I' it

"€i,llr(a) 
> o {.\k),.\G)} rorar',!,:€r.



I'i ,4 be s non.opt. sul€{ of a &n.hypergbup ,tl fh.n 4 b a sub6nihyp.r grclp
or ,J ir Nd onty it rh€ d@cn5th tu;,; r; or ,4 i! a i@v db6cn,hypssDu;

Proot StEighiidNald. E

11:l::1-T,::Y q t".*'jtvpqgb'Ip It E. b-rry?qidc.rorI/ irqd o' v 'rtumrid r, oI A s. 6sy bi hj,Derid€d o, l/.
Ptur Supps thq D i. I b,.hyF€,idest of t lt turm ton L€nm 3. | 7 rhrr lB
j:1 ruzy 

1e-m,hyp.rgrNe or d L€i r.y ud: bc 6ny prehrnr"ot a.r,.ya irn.n r@ r,(rl =,\s(u) = I md,iN,tr tur o 1,090: c B o H o s 9 s. v

4inl r,(o) = I =njr{r,G),,\sk)
$ ' a B ot,4 B, rhet \sl.) = 0 o r,k) = 0 &d 4 w haw

.r,(d) > 0 = oin{r,(,),r,(zD.

".':t..)a(o) 
> Din {r'(,),.\,(4}.

Hqe, \, i. a Iuzy bi \ypsrdeal of l/

srnfr',* ff;+#ift il Htr r J,Hi;:tr m

".'S".r'(") : nj' {'\,(.),r,(z)}
= -uo,r]

.*I3: 1:1n.1.. ^l:...* hr@r,.or = r. &d bo € d .rh6BaHoB 
c B, Nq@. d ,s , bi.hrp+rjd€.r or H .. - - 7

)'(o) = l: !ft {rr(.), r,(,)} .

.<!,t|.^,(a) = I =qiD{.r,G),.uGD



A non'npty srb.€t Q or a *lrilry?€rabup tt b a qEi hy?€rideal of L il and onty
iI lhe chemiedstic tunciion )a ol I i! a luzzy qusihypqidedt oI tJ.

Proot Suppca Q is r qwi.b?€rideat ot a mihypdsreup tl si rq be rhe dl&*
rerisri. tun tion ol Q I2t d be $y .Lnht ol lr. II o € Q, ihm

(.\eo1)^(ro&)G) S r = .\o(o)

rf d t o, .hen re(d) = 0. on th€ oiha hmd, eUre tt6!
(()q" r) 

^ 
(l 

" 
ra)Xd)= 1.

V {,\a(') 
^ 

r{r)} = (re.lxd) = l

V {l{ir^ \o{y)} rrore){d)= r.

This impliE th.1lh@.xi.r cldsts 4., d ed e ot t' witn a € roc ed d € doe
,u.! fh.l &(6) = l Md &G) = r. ntu a € D o c g Q o r dd a e d o e 9 E o Q
rhal ho € QoannoQc Q, shich oniradich tbar al Q. Tbe! vc hare

()e"r)^(lo&) < re
ed re h a tuzzy qusi-l|]iperidel of e @ihypdBronp ,.
C.!s&ly, hl ,\a b. a fuzy quei.hypendcal ot a saibJpersroup 11. Le! o b€

ey €ldetr1 of Qo I'nnoQ. Then iheE stut.lflBis r !d. ot tt &d clmts
o ed. orq su!.bat o € ro! md o € ra c. Ths E h.E

r\aor|a) = v l \o(r)^ rlr)l

z {re(D)^ r(.0

-1,

0. &xa) = L

.\e(a) : (&o1)^0 o _\oxa)
: l^l
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,, ThG{! Q snd$eotnnoe: e. TheEfoF. e is ! qusi.hrT.rirteat of,'a

E$y one.litted hyp€ddedl ot a enihypsgrow ]j is s bi-hype deal of r9.

Prcor, SllaishitoMrd. tr

Every nuzy onasided hypeide..l of a Mihypergr@p r h a tuzy bi-hypeideal ot

P6of. Letpbe.fuuytefrhypqidedotaenitryFraDupn ed.,y,: € r.Then

"I! {/ (.)) > /, (r) : Dii {a (') , / (r,,

ThE ! is 6 fMzy ah6€DihyT€rgroup of Ir.l& €.o!o:. TlEn rlEre *isre, €,oy 6u.! rhai o € ro: e, o y.:.

.<'jr", {/ (a)} > {/ G)} > oiD {,, (,) , r, k)}
Tllc ! is a fuz? bi.hgperjdeat oI

l' 
!rh'brl,. if! B a tuzy ngh, hyp$idsl ot /1 hD n L a tur"l], bi.hyp,,id6t oJ

3.1.12 Lemma '

lT fl#;ils"Ti*'" bltvr€riddars or a @ib'"ergroup'{ ie erher.npiy

Ptuot Siraidrtolud. 
o

Th. podud ol !tu bi hype.ideab of a enil,'€.Sroup tI i, a b,-hypsid..t.
Ptuot L€! 4,, a: b€ brtvp€riddds ot s enihypqsrcup d_ Thd

(aroa,)o(a,o&) = (4o8,. B)a &
t \816$'Bt)oB'
9 Bto &

Th6, tr o ,, jr 6 tub.€oih]".rSrcup of 
''
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(r,ortono(&o&) - (aro(a,orr.a).&
s 18..8.\ro'|
E Aroar.

Tb'a ,r o A" i. . ttlyFldil o{ ,t O

h).t . i!ry bibJFid..l oa..@ib,F!d{, fl. Th-
(2)r.ro,[Sr.

i*trtP,!;y;;***'*.'od"dluDqeq,o a. n@ ft.{.t.,
(r.^)(,) =0 s r(,).

lrr€ 16,,|b@ (I..\)(,) - V Dh{.\(r),lt }. r! r b h{, -i.d\,s,
gup.f tr, o6.{.tr e yo4s'

r(,) > d!{r0),r(,)}, to.! &,er..
II.oe (ror)(4 = V dn{r0),r(,)} s {,). rbr, (ro.lX,) s 

^(,).(2) L.'€ fi. If,a. -r, rha (ro t. rX!) - o < l(.), rd,l| + t, t[6(.\.rorx,) = V d!(,\(r),(r"rxr)
lt4.^.

= v d"{r{r). v d{r(r).r(e)}
u'X" |,trt'

= V V .,.(tt,,i"{r, rtcllt
t,)./L6.)...

= V .V d4r0),r({)}.
t rxrLt .t ,r.

c-:,q:'.': '" =: 
f r:..trd (!' c) €,{. +. € p.c. rh!, € !", e ro&o{).JD. 6. rqy *&L.l d F, r !&

agr(d: &i! 0(r), r({)} t-.[ r,r,{€ n

,.V_. V- u"trrnt,^rott < V V rpt - rr,t.
ry"ree_ a.r2r'rba.6'c (.ro I or)(.) < r(,). E
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Li ,r dd ,i b. frsy bi-tvridd€ds ot ! EltlypcE@p r, Th6 r o ,r b . fteybi-lvDeidd o, fl.
Prot By leo. lj,q

{r orr) o (r.r.) = (r./o.\).r,
S (rolor)o/'
S r o ,r by prnE .td@ 3,r,1t|.

Lrd,4.,d€ r. fta &rsd, €.oi ed r €.o4 ntM
f tr I(,\orxr)^(.\o,rx,) = | V t^r.tnAqrl n I V trt"tnlorlL6)€n J L(.a... )= V V (.\(.) 

^A0)l ^ 
{.\G) 

^dd)}Jb,|c/- {cd€,r"

- V V (.\k)^rG)]^{t.( )^Cd))t
hr,... c/,€,G

- V V ltr(4) 
^.\(c) ^ 

(.)l 
^ 

,l(41
{qr)€r (c4.r"

s V V t{r(.)^r(d}^p(d).
(+Fr.@4€rr

*#d,:#j:j;*"il:(T.;,_i.?il";;5:,Yi^";:.tr

^[r0r)> 
{r(.) 

^.rG)}.

V V firc) 
^ 

rG)) 
^,.(d)t s V 1rx4,r,,{d)1(.n.A(v)€r 

",i.*.- (.lopxr).

_,. 
TbE&. *! r € /od g,oro,, w h& t.\ olvdl >._.:{\o/X,)^(.\or)k)

*:lL(,\ o xxr) > (r orx,)^ {r opx,).
Itetdo€ ,l o x h a tu@J Di-\y?eid.6r of ,t . o
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3.2 Regrdar dd intra-regular s€mihLw€rgroup€
In lhi! sio a d€6n. iorr+r.guh &mihlFrgbp ed ch&@izc Egd& gti-
hypcrSbJp€ Md lnrr&Fsuld *nihlpqsupg in tm ot rher Di_) p;dd! ud

A sih}" .grcup /t n caled reg!l{. if Id @h a € Ir ih@ qlsr , € ,{ sudr ihar

A qtbypcrBtulp H b dl.d ,deFSdu, if tor €vpry o c t' rh€F qid Ly C fi3udthdaerooodo!/

r^i (S, ) b. Nv MishnA Mne a hyp€rcp€raiion o on s by:

oo6= {d,6,.6} for.n .,6 € S.

Th.n Is att ., 6j c € S, e h6w

d. 16oct = d. t6..rl = ,..dr 
Lr fo o.l u{oo (d.))

= \a.4tutu t4...tt L la.b.atet]
= io, 6, ., ab, d., d., d(rcJ Iroorlo. 

, {a.6,orl o.. rdo.rJtbo4utlabtoc)
= t., c, o.) u {d, c, d.} u {or, c, Gd)c}

= i4,4 c, ar, e, tq 1a!).1

I:1,: i 
o_rD o ( j,r4 o"6J o e rhis imptie {s. o) i, r hnyDprebup

,, ilTi.l.if,-,|..^.il:1le,a.tooa' : ta.o2 a" Alba€ aoraoa)oa =ruiu ic,. r. 'nu rr,.t E, reture a Ell s Ink&regnl& M|hrFrgup.

Tl", follwnS @ndnrcns lor ! snihr persnp /J &e equ.vatehL
(rJ r 6 EsDror.

jll l:::y :r"^9 ry,lq I ud rerr hr"eridelr I or r.,e o r = R. .
. 
tr dldj o ,(dl xk) n r(4,, tor €r.I d e //. ,hs! E(.) !, rhe dsn| h'"odal.r H sotu .red r'y a Ma trat r |b" tFft hypend.at oL s.nqakd by a-.



ITllir.j?1. L?rl, be .Es d sdhyp4sMp ud &r bc rj6hL dd rei
nyppfloetu or ff €p(rtrely. Thsn for e&h r. F Md I/ € _,

,o! g A Os@ n is a righi hrlqideat)
ad. "y q , G*a@, i. hfi hJ"qideat)

+ ro! gnnt, 6re!.h, €€.trd!€,
= 'N8""! 

s nn l

-,H['ff: T:H'JJ1 ' 
e an' rh'n. €.r ed c €, since.r/ is keurd,

,rol Gj!@roeen)

RnL aR.L- (it

RoL=RiL

,,_I3l-fl\. tA. ( l/ Atdjb-lhF pnnapd righ! tl}Tq.d€te"nda6d by "d..ud,(4t e h Fiftip€l kti hyp€r,aat gmou..d b, .o;. Th.,
d€ a(.) n.(d) = a(a) or(d).

Tlts ioplie a € G" TJLJ {d))o (roau{a)).

+a€ror*h€8, € ao au {d} &dr€aodutar.

Ca l, ltr- a, =-d rhen-o € aod mpti€d € do (aodl.

:: ll;':.' .o.y€ io. ro,&*r c a o,q oe..{r,.o).
L e Ir. Ir€_aoh,tor@m.l E t1&d V_ o tbqd e,d.i/"d

. l.-{e,v n I € aoA!, € /rroo Iq@ A.t, F,, r[.impr-a er",r,"r,,,.." riu;.;ffi ;;'J.:;lf.i,(aoh)o l/.' oor
d@ d Fr€gute. 

o
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Th€ blldqing @diotu @ €quinlent for 6 milvpergroup ,',

(2) Fo! erery bi-hr"qided a ard left nwdideal ! ol a, a n, g ao r.
(3) BG) . ,(o) q B(dl n ,{a), ftr eh . € rr, *he a(d} jr the bi I'ypqided

s6€6i€d tV "." ei ,(a) i. d'e l€ft |yFridsl 8.ffi8rad by "a' .

Proor (r)-(2). IIt H bc 6 i.edd snihypersloup, a be & bi-hypeid€!.1 md ,
bc 6 l€ft hyperided ot ,c Supp@ a € B n ,. Then o € B sd 4 € ,. Sire tJ is
Elulu $ rhd.6b|3 r! < tt 'rdr 

lhlr 6 € 4oroa, Th€n

o € aoroa e ooro(.oto4)
= (ao hoo)o (fr o a) e B o,

Tnk inpliB En, q Ao r.
(2)+(3). Skdshrfo .rd.
(3)+(1). Sin@ @h ristu nypeljd€at i! t bibJTdiden si by Popcilion 3.2.4, rt

B regulf. E

ld a b€ a milr?€raoup wiii ideliity. Thetr rh€ 6llwi,g si.rmdl€ da equiv,

(3) a(o) = r(a). r.a(o), td.eh o € r'.
Prcot I )-r2\. sLppose, Edrrs $ lemhypergmdp *irh idr.,i,y. Eab.
hyFide&l uf 11ed,€B Sih t/ is Esuls, $ theF ruE r € r sucn rhlr

dea..ooeRoAiB,
On the orher hmd, s A is a bi hypelideat of tt so k haE

Bo EoB9B.

(l)-0), t€t B(a) bc rhe bi-hyredd.al satulaled by 4. Th6n

6 € a(a) = B(a)o'ror(o)
= (ao, oa)o ro(.o a oa)

= 4afla(n.Eaa)oEad
e a. Eoa

TrM d <.or.o for em I € L.It€re Il is r.gulu_ O
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A Fnihjp{grcup H Dr'edl{,f dndontJ i roto^ ) forft.} furv otshvp€nJcaj

Prcol L€' ll br 0 rcCul& *m,hypergBup, ) a fuzzy bi.hyTd,.tad or d &la rl,arRtsCura rhq.pxis6nCHsuci,hsr d C d o t o d : d o h o I o o r. o oJ ,nor/rooohool Tt6th"re.t,srs J€rodoto4sucn,hatdeao/ lh.Fb!.

iro I o )Xa) = V nin{.\k), (r o.\) (v) }

> hir{,\(a),(r o.\)(r)}

tu 
NN.on..rc/.oaonod .urh"rekr!$me1 € no4o,r6u.b,hor r€. od

{1orxr) = V min{l(s),r(.)}

: nin{(?),.t(dD
= hn{r,)(d))
= .\(a).

,,Tl"al\orolrxr:tui1{Var,krr r/,r. On,he o,rer htun. bv p.opoe.:on
\. ThG,\o I o \ = \

!- L 4q{k N{me'h,r \o to \ - ) JorFv{J fuzv olhjpq.da. \ofd kr aD. a biJpodsl oI lt Thrn by pFpciuo :j.I S lr; a tuzzy bi. bvpside.t 
-of ;.

i: yr'':1""'-t-': l:.= :, r_, 11"0"1i,.- r.r z ,s o I o ,, _ \!".r"D rh$.B'E"B= \t n?^e6oHoa - a. Thr,€ro. bv Thdd 326rt,";s,;i;.. rj

istcni io, d @,hlprCmup H.rlr n r Dorh rcgurar a d tnlrdEqular
(2) B = Aa a ror.Ery bi.hvm;ed s.rr,
rr) Q= QoQ lor ftry qu6i hvoerided a.f ,
i!t, l,!,": ;!,," ̂ ":" *: u; i- ar oii,yp.,ia""r, a,.e, or a

I lwy nshr hvpqidpat A &q pv.ry tif, h\p"nd"L
(6) n(d)n r(o) r 4(o) o ,{a) n ,(a) o n(o) ror ftiy a e d.

P^root 11 =,2 - SaDIG" t t a ,pate ud ntra -"aula, s"T,h)p"rgo,p L_Bm ! ornlper'd.il oI I/ ad o F a. S'n* a 
" u",t -lu-.,o ,nraj€sutd, hcrF
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€xis!r,l/,: € tt6uch that a€ doroa ed a€ rooo.o:. Then rehle
a € do'.aga.,oooro4

! (aor)o!oaouo:o(.od) = (aoro!ou/e tao!o,oale (E" EoB)"(D"tt ' R)<Ba B

Sine 8o A ! A dmy5, s A = Bo A.

/3 .5l4r. L4 a, md & b" bi.h!F'de!h ot H Tt.n b! Lpl,ma 3.1 12. a.a arra b' r,ypPridPolof d. ay (2), w haw

4^& = (hn B). (Bt.l &), 
^" 

8,.

., Smrlqb. *(& rrN" lhlr B,- B,! Broq thsBtnB). BtaB2 Bf atOnn o d,d! hand btr I{rd 1 | Ii. A,.A, 
"n,i A." B, 

"." 
t i."r,i.",:" ;.t;;;kmhd J I 12. a, o &n E, o A, ir a bl,vTerid€d of i She s,y quslhypPriddlF d ir-hypqrdeat$ by Ol, k t6E

Rr. B2nB2o at = @ta&.8,68\)a(B,aS,^B,.Bi)
E (.q o Bi o \8,. B\) = 4altba B)a B\
e &oEoBt9h.

s 
sm'rel)..F o om rhd BtoB2nB2aBt, &.ThpretoFB,.ar.

,--a':/51, Ia FMd,lborieh a,d hn hyp.,desj.of d, r6ps,.*ty..th.n by"'H:].::m#"t'*"d''sors rh'"*nrcn irrtqbv ai

",-'":;1'] :i l"r'h1' l"\' t d, r R'o a Lta . t.d,o u,,, r\F np.iFrntu)t.Lta) rr(tota Ltal BurRlajoLra, - Rrd)natdt 0lmyr. H€mSrd)na(4)nLa,oltol rhB b! Plopcriron J2 4. t B renltk{ d €,,rk)n.(aJ _c kla)or(d)n r(d). it(dl. Then
d € rG) o4(a) = (Gl u ro o)6(Id)|oo E)

= \oo o) e4o ao E u E o4odu E ooooo H
= (d o.l udo4oj9 ulv oa dao a.

Thmd€aoa do€aodo t r ae E oacoa RI' a € 4oo rrFn d € ddd q (dda)o coa).
."'lii:1;;1'*" "' "'oo,, ro'|"-"^ (', H,* o F oo,do'oAroh

If a € toa ooo r, rhen ror ene r,, € .{
o € toa.aov.

Ths shoE 1h* tt is inra-Eslle
D
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Ld A b€ r emihvpersdp- Tnd tb€ fotkdtug starlmedd e €quir.lori
(l) r ft borh Eguld.nd intbrguld.
(2) r o I = ,\ lq *ry fuzj' blr!ryrdcal I ol t/.
{3) l^,/ = Iop 

^ror 
td alt ft&y bih}"€rideaL r.!d / of }t.

P@L (1):(r). SWpe tt i! I ngutor a *dl s tu@r€sul€. eoihyp€rsoup
ud l .6sry tt-hypoide.l d t. Si'n 

'l 
b t€Sd& .nd ilrEeal16 s rhw qht

r,v. C HsuLh'hatd€do/ oasdd€t,ooodo: Thu
o € do.od c ao'oao,od s do,.(eoa"aoto.oa = (4o,oroo)o(a.zo,od).

Jhd f.r elE r € ao Ioroa.q € d6:oroa F hrrc a c poq, lrrr N (p, q) . /L

(rorxd) : v {rh) 
^,\(q)

: t.\b) 
^,\(q)A! l is t fu,zy blhyp.ddesl of,c re hac

F.iiLr(t) > Ein{r{.),^("t = r(.),

r .r.'ll-"^{e) 'oiD{\r'l \ro)} = 
^(ol

(I6,\)(o) > {rO)^)(q)l
> {\(.)^I(a)} =)G).

T^h6 \-S \o \. By PFpGi.ion 3.r 14. tr hd@ ) o l \ ) Thu \ o,\ _ I
, .trr-(ir). k! ,\ dl,r b€ tuzry bi_hrperidaL ot n, Thq,t^,r i.atu?,'
bihyperid€.1ol ,,/. By (2), m haw

l^/= (.\ 
^ 

p)o (.\ 

^ 
A) < ro/l

Smildly,w @,tM th&,r 
^ / S /r " I llM r 

^ 
p ! r o r^ /, o r. Fq tbe|l*d mrBm by l/nm 3 Lr5. \ or ud /r o r e frEy b,.hypri&6L of t, ud$. ^o/r /ro \ E. fury brhyp.ndeal ot H By {2), s haF

r o tl A p o .\ : (.\ 
" 

p 
^ 

! d .\) o (,\ o / 
^ 

/ o r)
S loroPor = la (/op) or
= .r o / o r (s / o ll = l] by (2) cbo*)
S '\oIo'\
=,r (4,\6rol = r hy Tfiffi 3.2.0.
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. Hmc )op^ro,\ 5 t Simjtdty, n€.s prln rha! lo,l^Ao) < ! Tns
^o/ ^ro,r 

<.r^/. TheFJoE r op^ po\ = 
^^!., 

J .-rrr IA a. Md Er be bi.hvpnd"ols ot H Then h, propd,ion J I 8. \s{d \& N fuzy bi.hy!.ride6b or l/ By hyporh66

ls, n)& = u, o)"?n,\,r ot,,
Then b Pmp6ition 1.j.6 obd 1,3.?, ft hore

lr.nrj = _\r,.r, 
^ 

l,fr, = )!fr".sf,,

B\n 82 = 4d B,nB,o B\
Hene by Tneoiem 3.2.8, It is boih reeute dd inhaj.uutd. tr

l,',H o€ a snrhrT"rgD,p lh"n Ina t. Uerng da,em"nNdeequ..ai. nr.!,, d F @rh Egule Md inlm.tmlar.
(2) B n L : B " t- a B ld .w ty 6.-byFrideal B ed ebr Fn nypcrdal L oI H.

ry q 6i.hvps drat e $d cwlv .efi lypa.Ua a of

(4) Q@) 
^ 

L(o) c Q@) o L(o) o a(d) ro. eRry a € n

lT:t,:., :pl. \rpn@.d L s r%ur& 6 w e ,Dra,osrd emrhyp€,sbup,,.4 b.h\ Fr'dezr ud I s l"t n p-lap.l a. H. kt a e B. L r*" 
" 

_ a *d i. i
illl@ " "."e1-'h* ","*, F, quch (har o. d o I o a q d o r o o o r o a. Arso, B Inr'&r"guls { rhcF cbt r,: q t/ sdk rhar , e, o, do o: I n6, k h.F

' : 
.^. , 

: 
rv . o .. . , | " r . d = o o (r o y o d I o {c o ? o r o d)t Both a LJaIBo H aBtc Bc La B

Thjs inpliE a € Bo ro a.(2)-(31-(a) ThEs sgrrnm ae obqo6r4l.-ll). Ia 4ra, h- lhc qus-hJT.dri.al sd ara, M rhc r.ft hyp4rd"alrenerde by o. Bp{Lwly Then

. € Q(o)nr(d) sQ(a)"rG)oQ(o)
- lot.J,H oonoa h t,ottq Lfi oor"r{aruLo,nd.r,
- 

'.t,t",'.: ' ".: ' . lot oaHt'a \dt -Ha or'ot,Hoo.' tat .oaH))! rtoluoo I/)olG) u aoa)o1Gtu fl oo,
= lao, od)u (do, od)
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Trq o € d. o o a or fo{ $m n € r/, a € ao i o a. Thc .I' b Esuls.

o € Q(aJrrr(4) q Q(o)or(o)oe(4)
= ((ol u n o o) n (ol L-r a o It)) o (a) LJ r o d) o (({o} u Ir o ,) n (a} LJ d o n))s (o] u r od) o (.1ur o.) o (oI uoo,)
= (aoaoduaodooo11uco H o..nuao E oao do E u t!. ooo o o

UE ooadooa E \) E ooo E od.d\) E ado E aaoda |!)
e dododrJoodooo,qU.o E oaoau E " dod. au B.a.d. H.
Thena€adaoaord€aooo

d €-.oao4or 6rs@ r,y € 1'
tr . € o o d o o ihen ,J i! recule. II a € . o a o d o ,

d € roood oo or o € ro aoo o y rhen tt is inrrregule.

(.\o/orxo) = v {,\(a) 
^ 

(,, o,\xp,

? {^G) 
^ 

(/o.r)(?)}

o

A &nilrrTelgmup H is bdh reS,je and in(rcgxtd f ed onlJ rt tor aory tuzyr hJp.rdd ,r ro mry tu4 teff hlpsde.t t] oi,, d hoE
l^/rs.\.rol.

:T:r:.sil?o*,!hat f s lo,l Ecura. ud ,orr*resurs. aun rcrsdpi r a tuzyo n]"td.al $d u a tuzy kft hvp-nd.al of & Srn;"'lJ b borh resuls &d ,nlr&regurs.tty"€rgrup. tlEFdrd..!,:. t sucn thot d € 4oroo snd d e !/sooo?.

o < aa, 6 o E N.r 4a t q. oaroryododo:toroo I 4o roroororoo?oroaJ,
roroa. e 4 4o ?oroo ed tor ercn p q ro5! w oaF

= {v,,^ y p1.1^ uu,}
> tl(a)^{4(r)^rG)}

xs l ts a.fr@y ti-hyp.rid€d hd / is a fEy hft hyFad.at ot tr, $ r haa, nr-r,s):milJrrd'.)/al= \n Nd.,nlr,kr :;/a,. Thb
(ro/rorxa) > {.1(z)^{r(,)^.\GD}

: {.\(d) 
^ 

{p(a)^.\{4D}
= tr(4) 

^/(a)l = () 
^,/Xa).
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ThB (r 
^ 

AXa) < (.\ollo l)(d).
Conqsly, sbe lhrl l 

^ 
/r S ,\ o r o ,\, Ior eFry f@y hi-hyt de.l ,\ ed

rcry tuzry left hypetideal ,, oI IJ To pr@ ,4 js bolh resul4 ald intra{eeuld
soihyp€rsDup, by Th@Eh 3.2.10, it ii 6ough io pllre rhat

0(2) n rG) q 0(a) o r(o) o4G) for4ryd € rt

L€l , € Q(o) n rk) Sine Q(d) is the qnEi nypdideal dd ,(dl is the ldlt
hr".rideal of 

'' 
gdrsied by d, cp€dwly Thon by Popcition 3 19, loG) G a

luzy qusi-lvperideat md lq.) is a tuay lefi byF.ideal ol t/. Bv hvpoth6h m

(&r") 
^ 
r4.t(') : (^a(.r o r44 o ,r4{.r xr)

As.€ Q(d) d'dr € I(d), whaw lq"r(') = I dd -\r{d(z) = I thG

(.\a(q) o .\.G) . &(") )(r) = l.

Au' by PropGirion L37, \e(.,o \r d o l+" = l({" 4i.e{
thu\ rai.,,{"r.qr.ru = I thb imph6 , € Q{o)o rkloa(al a

3.3 P'ime ud Semiprime bi\vperidears

In this wiion, ft de6ne pline bi bltctide.l, sircnglv pnnc bi-h}?erideal' sni-
Dnm. brhrEndetl, ,n€du.'Lle bthtTeirdcol sd srrcnelv rr€duublP bi t'Ddidc'l
i,r " 

**,tit*rs.'F Wc sl$ oeine pnrnc ru,r br nvp{'d"al $lonev pnt "
6-,v btsh;dJ.ll *mjpnne tu7zv btsr't?erdsal in€du'ible tu2'r blh"pdid'"j
sd srrcoeD i'Fdmblc h2) blnyp"rda of a sihvp'reroup W' ln8rrlPnr
semibyp.lerolpG using th* noiions

A bi-hlDerideal B oI o snihyperslouP ll G call€d

B?qB(ep. t1o B! g 4 idpt6 Ar g A or

bi-hyp€rideab 4,, A, ot }l

a bi.hvmd€.j B ol d *nrb p.reroup l/ iq cdled 
'k!'9ls 

pnm' i( B' ot" &o8r '
B..in. Er - s o t- q D tur.{'' or hvpa dd A' 4,of t

4 (uzybi yP''J.d \ofas"nrhlp"'eroup H ! 'l''d 
pnmP fPrt llongrU pnnP

*.,p"..r 'i,"" < t ,'^,. ,
,*;. , ' t ",, r./, S 

^l 
tq.ll hat hi hvpcrid*a'I" ! *t ' or H

pAme (ftlp. sewqrine) il B\o
&gB(6p. are a) Id 3.u
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1 E€y sirdgly p.ime blh'?.ride.l of r *mihJ?€r3roup is. prim bi-hyp€ridetl
bul tlk con€E is not tru€.

2. Erry pii@ blhrTeriddi ol a snihypergrcup is t siPride bi try?diddl
h! ihe @nw6e is noi hDe.

CoNider th€ smihyp€.soup I/ = {a,t,.,d,4 srm by lhe tollosins tsLle

{.,r,d}
{a,d,a} G,r,d)

G,D,d)

Tb€ bi-hyp€ndsh ol t e {a}, {o,.}, {a, ,, d} ed It. 'rh. dhypaiderl {a}
is sEipriFe bui is nor pritu bi,hyp{jdeal, be.se la,d,d) o {.,,1 = {,1 uut

k,r,dI g {4) sd {4,4 g {d}

Comidd lbe sdmihrpersroup tJ = {0, d,r, cJ siven by ibe tonosins hble

Every 8ub*i orS odsjnins 0 iE s bi-nyprideal of S. Also /. A =.4 to! All bi
hyperidedls,4, a ots Thu euy bi-hyporid.al ol.9 ir prinE bui 10, al i!noi 3tpnsly
pdm€, b€sE {0,q.d} o {0, d.c} n {o,o,4 o {0,a,d} = {0,d} bur {0,d,r} g {0,o}
md {0,o.} g {0,u).

A subei I of a enihypdBroup E is a prime bt-hJ"erid@r oL iI sd only iI th€
ch{mldistjc lunction lB ol D io 3 prime fuzzy bi-iJTeideal of,ti.

Proot L€r E b" ! prine fuzzy bihypeid€al ol a *nihypersloup ll and ls be the
cbaretdi3lic lundion ol A By lhc Prcpcilion 3.1.8, -\, is ! fuy bihlT€rid€.] .f
lJ. Iat /r hd, be luzzy bi-brT€ide& ot 19 srcb that ! o v S -\r, wilh I 1!,\t

0
0 0 0
0
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md, i )!. Then theE qbi 
',9 € Ii suc! thdi,4') + 0 dd,i!) * 0 but

r"rrl .0 = \"lLr. 50 r r' B ud !d B Sina B s s prine blhw'ridsol of H $
Bii,4" O\ur g B. Hm theF qis(s a € Blrl o A(s) sucn lhd a { a So w ha*
,\r.oj - 0 dd hence !tro,i\.r = O Sio@ lv, * 0 t'fu r rha'fo'€

nin {p(.),,(/) } * 0

Sin@o € B(')o B(v), $ thft qi'r,, € B(') ed,l € a0) 
'uch 

thd a € 'r'r!

(r.,x,) = v ,nin (,,(''),/0,)l

> n {,r(,r),yor)}.

sinerr e t(r) = {r} uroruro.s"r' T!@lor r' = ' or 't € r" or ror

@. he E,rt e ra ho L
lr., = r th.n p(r,) = p(i)- Ir', € ro' ihd

i.I r(',): nh {,1(') /(r)}= r(')

lf rr €. d h o r then sin@ p i5 s lMzv bihvpe deal of ,'I so

ini P(,') > BiD {/G),4{')} = /'(')

Al$ !' € B(x) = {9}urovuro llov inpt6 ih 'ithet!l=vorv'€9o!d
6. w n, € li, r, € ro hr oY

1r!, = ! ihen !(yr) = !(v). II $ € !o! th€n

i,'r 4Y,): mn t,0' lv)l /{!)

Itu € vohr ov rb€n s, is s fuzzv bi-lD?€rided ot ll $
i 

"(v,) > n,h{'(!1,!(!)} ='(r)

mtr' U(r,) ,(!,)] ? mn' Ulr),,(v)l * 0

+ 1!o,)(dl : O, *htch is a mn@didion
n'i-"i*l 

-rii.- r.- r,r rup.ridea& d vor n !o' s \t rmPte r: \E d

'<i'^**r,, *"t",1" g i" 
" 

brl vpeflo'al ol H ed ht I B' s' bi hvpo'rlcal'

"t 
ri*.t;;li;;;i t r\rn r'i, PrcPcihon I 3 4 6ha* \s's,\ \s Bv

;;;;; i.;.t. r,,"; rs, o^& $ * hrF rE o)&: rs A5 \! B i pim
;;;d.ril,;:,,9*r;j;, Tr'i* ^" < r. or 

^& 
s ^s 

rh* bv Prop*don r'3 4



A snts€l , ol a snihypesrcup tt
the cb{&te stic tuodion )s oft
Prcot The pml iE sinild !o the

is ! siDdne b;hn€rideal ol ll il ed only if
is a seniprin. fuzzy bi.hypendesl of,,/.

prool of Prop*itior 3,3.7. o

A subet A of a *dihwerEtuup l' i6 . rrloogly pin€ bi-hypdid€.1 ot It if md dly
il lhd chd*isristic luctior -\, ol B c d strcDely pri@ luzzy bihyperideal oI A

Prcor. Supp@ , is a.tmngly prioe bihypeidesl ol d enihypergrcup fi and r,
Ls the claruterislio iftdon oI a. By Popcitim 3-r3, I, is o tuey bi'h]Teriddl
oi ,4. Lt / and / be n'zzy blhypcidsals oI r/ suc! thal !o, ^,op 3 rs, but
p I \D ud r | \s. Then lh€e qisr r,t € It such ihtt,{r) * 0 4d,(r) + 0
bui.\.(z) = 0 dd rrir) = 0. So.4 B md! d a. Sine B h a stronslv
pritu bi-hlT€nd€,] or ri, s a(.) o at/) n 3(v) o a{r) g E H.nF th€P sis
d € a(.) o B(s) n a0) o B(i) such tb6t d + a so w hsw )!(a) = 0 &ad hene
(/o,Xd) = 0 {d (v"r)G) = 0. sin@ /r) l0 and v(t) l0 e

mn'idr),,(r)] + 0

Sind o € B(t). B(!,) n B(!) o a(r), th€retoe rbd€ enst ',''? € B(') ad
u,!2 € B(y) sucn rhat 4€rr dvl ed d e v,or, Thu

k"")G) = v hir{/r(rr),,kt))

> nini,rk,),'0')l

sinc.,r € aG) = {'} uroruro to', theE oleeither tt = ' or rr € ror dr

td 6de h e E,.t . r. ha t.
Ir r, = r, ther /r(,r) = /r(r)- It rr € r"r, ihd

iDf /(.r) >,trin{/,(r) {')} = /'(r)'

Ilrr € f, o ior, rhen sinc. r b a fwy bi-hyp€rid€5lol /J s

'nr p./','orntr,\r, r(r)] !(,)

Al9 sr € a(v) = {y} ugoruy"no! impliB lhat eirher r! =, or u € votd
fo! $nro h, e I1, !r, €1ronr ov.r1,l = y, iheo,(v,) = /(u) llr, € so!, then

,ml",rry ) : mr {,(yr.,ivl} = !lv)
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Ifyr € yo,r' or, lhd a, G s tuzy bi-hypaid€d oI tt &

i'!f ,16l > nin(,{!l.,|!l) =/1,).

nin U(''),,(e,)l > Ein {/('), /(r)} * 0.

+ k . /X.) > 0, ,hidr i. t Mrodictim.
Sinilsly lotr o < !r orr * !.t (,6 pxd) :0, 'bicb 

b r @k.dicrid.
ThE lbr uy fr@y bi.h4Eiit..b A, of r/, /o,A,orr < Is, * h.E / S,ls

ConEEdy,6|mrh A n. bi-hJD6ide.l ot n !d lct Br. B, e b-hrT€rid*L
ol n ,ud 6at A' . Ar n B, o ar e A, tlEn by P6p€i!i6 ri.1, E h.E
Ir,.hn.a < rr. Br PFpaitid 13,6r l.,or,iB!r! = lr, o I& 

^ 
Is: o rrt. So

m hrE lr, o r& 
^ 

)s, o lr, S lr. Ar r, ir I llmgly p'iD. n@y bi.hypdidedt of
t, c ht* rsr S,\, 6,Ui S tr. Thu hy Pbpdition l.&4, @ h.c A, C B q
8.9 R o

L€t (tr : i € tl b€ . fdily of prift bi-hypsid..L of t Miht?€rgbup 
''. 

Thd
n 4 h . mipdme brhlTairLd of l'.

P@f. Si6irhfoM.d o

L.i {r': i € r} b. a Lnily of Fime frE:y bi-hyFidali o(. *D'hyp€.group lt.
TXd A I i5 ! sDiprim f@y bi-hypdideal of I',

PeL Str.ight6.*n. O

Let A b€ a bihrprido.l of i mihyFtgrcup r. Thd B G cll|d m iredeiblc (iBp.
slMsly ir€dudble) it for Nry bi-by?€ridalb A', & ol 

'' 
€ h.E, ha h = B l6p,

arn&C a) iopfiE Er = B d B, = B (6p. B' e B q Bte B).
It b .,bviou ihri *ry .rMrsly iftducibl€ b-hvpdirl€d of . *mjhyDe@oup rt

i! iEduibl€ bqt th€ 6nv* is m! trk.



t l , b. s G ly?€ided of ! enibyDersroup , &ad o b€ my €l@t ot lt $ch
$a! o * a. Th€. theF di8ls m incdeible bi-hypedd€d ,4 ot tt sudr thai A g /

Prcoi L.r O b€ ide co[cri@ ot .ll blhyFrido.ls ol 
'1 

wbch entah A bui do nor
6niah 'o" Thd O jB mkDpry. b6ae I € {1. The oldion Q is . pdriatly
ordered si mdd itulEion, As .wry roially orde'€d subs€t of O is bound€d .bow,
so br zorn's l6nq rhere exjsis a nuinol el€ment, sae ! i. O. w. sho* ih.r ,4
is an ioeducible bi-hy"erideal 6f IJ L€r C ed , be tm b|hwelideats of Il .uch
rhar Cn, =,4. Il boih C and D prop.rly onrai' 4 then o € C dd d € D. Henc€
o € C n D = ,4, rhis @nhdicis the f&i rhEt o d /{ So C = ,4 or D = / i,e , ,4 is
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o

Elry *mnsly irredkible sniprnne bi-ht?didejl of ! snihypersbup n G siDnsty

Pet L€i t b€ a stungly nredftibl. *miprime bi-hyp€ridal oI a gmihyp€tghup
//. kr ar,az b. sy r,i hype.ideats ot 1' sudj tha! ar o 82. B, o ar g a. sin@
(arna,lo(4, na, g aroa2 {d (8r n&)o(8, n&} q B,oar. ftu {ar nrr)o
l8t^ B, I \Bt d &) n (84o Br) c a. Sin@ E is $bipnne blhy"€rjde.t of r, w
h8vca'na, g B Sine, is stronsly ineducible, rehaw Ar q A ora, e B. Thu
a b a erronelJ prin. bi hy?eridert of lt o

A fuzzy bi hy?€rideal I oI a smihypelgroup ,9 h cdlled s ireducibl ksp. sl&ngly
irsrucible) luzy bi hy?sidedl ol E,it ti 

^u 
= 

^ 
\'sp. ti^,: 

^) 
inpliB,r =,\ o!

, = r G6p. r 5 ) o!,:.\) lot ewy fuzy bi-ht"€rideals p,, of It

E€y dmnsly in duible Mipdm. tuay bi-hypdjd":l of a gBihyp{sow ra t a
stb'gly pnm f@y bi hJ}€.id€d ot ra.

Ptut I4t r b€ a stmgly ircductbl€ ehiprim ftzry bi-h}"€rideal o{ a *mthyp€F
gtoup.lL Supp@,r,, m uyluzyblbFiid€.bor'l3ucnrhat roy ^,. tt S 

^.A5 /^' is 3 ruzy bi hyp€nd€d ot tt ad lr^")o{v^tt) s ttov,(p^v)al, 
^ttJ 

s vot.
ThG (/r^,)o(/^/l) < ro,^,or < r. since r i5 *mip!in€, m hav€p^, < ).
Since l h sibngly indlucible, w havo ! S,\ or, < ,\. Ths I is a silongty pi6e

tr
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Iil ) be a luzy bi-iyp6id6al oI d €mihypeeroup r with r(z) = ti *here a € Il
ad i € (0, 11. Tltn theB enstg m ireducibl€ fuey bihype.ideal / or ,Il su.h that

Prcot t ! X = {, , is a fuay bi-hyperideal of I' vith ,(d) = I and I < v}. Then
X + 0, b@ue I € X. The colletion X tu padially ordered sei un&r inclusion tii
v be my tota.Uy ord.rud subE6! ol X1 $y v = {,r I i € 1} L.l ,,r,. € ,c ad lor

r\/,.1(dr = \/ L.lol

> V{,,(,) ^4(r)}
= V(,(")) ^ V(,,(v))

= V(,'x.) ^ V(,'Xr)

frary sub.anihypeqo4 of t.

n'r r\//.r(d) = \/ nf (v,trrt*,*' ,i,
: V{'(')^%k)}

= V(,.r.r) ^ V(/,(n\

= vr,,, | . 
v(y, r:)

It .e Va h a luzy bi.hyperidealot ll
AsI s a for cach t €.I,e) s v,,. Abo (vv,)(d) = v,(4) =, rhN v,, n

rhe lest upper bound ol y, By Zorn's Lenha, ihee *i.ts d fuzy bi hypsideal /l
of,'i which is muinal wilh Gpet to tbe plopslry that ,\ S p dd p(4) = ,. N@,
* shF tbat 1 is e irreducible luzzy bi.lyperidedl ol I/. Supp@ that J, 9 d. luzzy
bihr9eridels oi It such rh8r J^9 = r,. Thu I < I dd /r < 9. We claim thai eithe.
,r = J or }t = o. On 6nrrfy, @ 6upp@ ih.i /1 I I dd ! I I. Since p is ndinal
witb r6pei to lhe propeny ihd ri(z) = i Md ritue p I J 6nd /r I J, n lolffi ihat
Jk) I r sd e(4) t r. ltd'c r =,{a) = (/^exo) * r, wbd is ' @rFdicrio.
Hene eith6 / = J or / = 9, Ths ,l i! s irreducibl€ f@y bihypctdeal of A. O



L.i }/ be a semihypelercup. The! ih€ folldins slate6entc d. equi!zl..t:
(1) l' is boih rcgllar ad inila Fgnlar.
(2) A = a oa lor *ry b'-bp€idal B ot n.
$) Bt n 82 = B\ a Bx. az c & for cll bi LyPeiidcals ,r, t, or fi
(a) Eeh bihypoideal ot s is eniprine.
(5) E€ry bi-hyp€ti.l6l of a snihyp€lgrenp tr it th. intution 'r iriedrcible

suniprine bi-hyperid€els oi 1l *hich ontoiD ii
P6or. (r)+ i2) e (3)

(3) + (4). t4i -B1

This is Fded in Thslen 3.2.8.

md A be bibyporideals oI l/ slch thst ,r o Br g B Bv

: BtaBtnB'oBl

fl'c t,: a 6nc ha'c A.ry bi nyp'ndd ol H is*ttuprim'
r4r > rlJ. L$ A b. a propcr br5)n.nJ4l ur l/ Tlm I is rcn'dinc4 in 'r"

'.Mbo; of dl ftedrubl' blhvPrill€.lt oI fi wlnci 6 ain a Bv tFma
3.3.13, th€le exirt such nroducibl. bi-hypelide8b ll o + B then the exisls d
ir.educible bi.hlT€ridc.l of Il *hich conlains A but doe nol contain o H€n& B ii
the inteffiion ol dl nEdeibl. bi hypqiddls oI /l *hidt onlai' it Bv hvporh6is

eeh bi-hyperideal ol t is enipride, so e@b bi_hlTerideal ol Il is thc ini'etion
oI:rraducibl" Fmirnmr biht?cnd"0ls of t q5icn 

'on ain n

{5r t 12) Ld A bc ! poP' bFhtTc de€r oi H lt B a B I1 tlFaB'l
il.'opdqr, il.at b sos-B lfsot d thcl A o B b 6 pmP'' bi nvp"ri hal

t o R = nlS^ lr^ B iTdu rblc -r ipnmc bihJp"ld"al of d onrtunlgAo]]l

n'r n.p.rs ro s : s" lo! Jl o \ncP "@rv P" is "mp' 
m' rnacots a q a'

fo,alladd&Bc td rftoB Hme 'rl bih\prrid.al of q k'd'mporft E

For a *nihypergroup ,C, ihe lolldins $at.nmts de equinlcni:
(l) rl is both Fa u a.d n&&result
l2r ) o \ = \ for MrY IDY L' ht?cti&al I oi ll
3 r.r \oa F o ,r for oU fuiA brhyrndcab ' r' ' I rJ

(4)E{h fuzy b;hyperid4l oI t F h'zv entipflm
\t, Lww prcpn luzv bi lvpqrdei ol t/ i3 rhe iicr$ I'un of 

'neJr' 
rr'lP luv

ssmidnre bi hJpelideals of,'r whicl' coniain it
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Prcot (r) e (2) e (3) fton Tb@En 3.2.9.
(3) + (4) Id,\,]] b€ my ruzl li-hyp€lid€.le ol, sucn !h.r,\o r S /i. By

Tx6 ,\ S /l Hme ea.I fuzy bi.hyp€ridsl of tt ir tuzy *miprine.
(4) + (5). t4r -\ b€ ! prcp€r tuuy bi,hy?didal of r md {.\ : ! € r) be ihe

elkiion oI a.U ineducible fuz,y bihJperldea.l of iJ vhich @niain ,\ By Ptoposition
3.3.17,lhb oletion i! nonanpty. ttence.\ < 

^.€,\. 
Llt d € n, rhen th.re exj3k

e j.Fducible fr@y bihypen.Lal \ ol lt such thd r S L md ,\(a) = )-G).
Thu L € {\: i € r}. Ede 

^(/r, 
S \ so, 

^d/\(o) = L(a) = t(d). rhs
r'!€rr, S I C.lsqumtly 

^,€!\ = -\ By hypoiheis, eah tuzy bihyp€rided of t1
is fuz,r lsmiplime. S. @h luzy bi-\vpErideal of ,9 h $e iDtssiion of illeduciblc
tuzzy scdiprire bi-hypdideals oI A rhich @ni6in il,

(5) + (2). Let,\ be a luzzy bi,hyF.id€al ot lt. Then rol h 6I!o a rnz?t
bi hrT€rided ot n. Si@ I G a I%y subeniLr"€rgDup of n, $ ,\ o,\ ! ,\ By
hypoihBis .\ o ,\ : 

^d,,\ 
vn€re r! e i@ducible irzy *oipire b'-hyPedde.ls of

,c Tb$,\or:: ), for dl r € .1. Hence I S ,\,Ior all I € .t, beaw r! arc smiplime.
Thmrs^,d\=)c) rrcnero)=). c

In the follNing r6ulr w study o retatioGhip bet@n siDngly irr€ducible h}!er-
idab &d dm.sly pnme bi-hypdideoh of snibypersrouF

l€t t be boih r€uld dd inkrregular csmih}?eryrolp 6d B be . bihyperideal ot
A. Then rh.lollainA sr6t.nents de equival€hr:

(r) B is $mnaly nr.{dble.
(2) A is srusly pi@.

Pmot (l) + (2). Asuma thal B is c b!hJ"eride!,1 ol a rdsular 4d inila-Fsula
s.mi\ypergloup 11 dd tr , B, be ary bi.lvp.ritleals of ,9 strch rhai Er o Ar n & o
81 q A. Since ,q is both re&lq &d inr!&Esulsr, by Th&en 3.2,8, w hare
6. Btn B2oar = &n8..'rfis rr n A, q r. Sinc A is slotrsly iftdncibl€, re
h.E ei.hor ar g A or & q a. Tnu B i.3lbnsly plie.

(2) + (l). t€i a b€ a stongly prine bj hypeideal ol,C sd supp@ r,, a2 be
any bi-hypeideds of s 6uch ihat Bt.BtC B Asara82.lBl.ar = 8rnB2, and
a h dtrorqly pdne re h6@ a, g a or A, e a. Thus B G stmnsty ircduible. E



Lt ,,/ be both regnlar ed inir&legul& smihypergloup. The. the follNing srate-

/l) Every fut bi hrpsidcal or /J 
'r 

tmnsly inslr,blc
(2) Elery luzy bj-hypdidesl o! a is.trorgly p.i@,

P@t 0) + (2). L€l It b€ both r€sule rd inklr€gul& sihlFrgoup md ,\
b. a dronsly nredkible tuzy bihypdidea.l of lj. L€i A / be tuzzy bi-h}Te de.ls of
l] sul\ that ! d,^ /or S ) Sinc. a is boih r.suls and inlr*r€aul&, W Thard
3.2.9, * haw po,^,o/r = ll ^,. 

Tlu /r^, S ). Sirc I is srolsty iftducibte.
s eiihd p S r o. / S l. ThD ,\ h slrdn8ly prine fuzy bi-lDrdid€&l or ,1

12) + 0). Supp@ ,\ is s siFngly prim luzry bi-trypelnbsl of t md /r,/ be
fry bi-hlT€ridezls of /t sK! that ,r o, : -\ A3poy^/o&</o,<,\. Sina I
k sionsly pime, s enhe /1 5 ,\ o S ,\ Thus -\ is skonsly ircdu.ible. O

Each bi-h)"eddedl ot i snihypeigroup IJ G srongly pin€ if ad only ii lJ is bolh
F.sular md inlrajesuls md ihe s't oI bihypdid@ls of I' i3 idally ordded und.r

Ptuof, SuppM th3t €ach bihypedde.l of a €nrihy?ergbup 11 i. dbngly pine.
Then mh bihlTqideal of tj is mjprima ThB by Th@ren 3.3-18, I/ is bolh
rcgll.r &d n !'rcg!ls, To px* lnat ihe *t oI bi-hJTeride.l6 ot t/ G btally
ord.red undor inclNion, le! Br, a, bc dy bi-hyp€rideab ol }' Then by Thorem
3.3 18, Br o A, n & o B, = rr n 4,. Ar ee! bihlTeridcd of t i! sDnsly p.ime,
$ A' n & is.tolgly prin€. Hane eith€r aj q A' n a1 or A, g A, n a, It Er S
a, n A, lhdn ,t q ar dnd ila, g ar n 4,, then E2 q t,,

Convrely, lst t b. both regul$ ud inta-rgd& &d rhe *t ot bihypdideals
of It i6 blally ord.r€d Mds inclsion. Supp@ I b dy *bitrary bihypcrideal of
,.l and l€t Br,a. b€ ny bi hyperideab ol lt such that aloBrnA?oE, q a. SineI/
; borh resular md inria-Eguld, by Tholen 3.2.8, ar a A, na?o Br = a, n 42. Thc
A! n A, ! B. Sin.€ rh€ *t ol bi-hypdideals of I' is torally d.de(d mda i.clEion,
so either Ar q A? o! ,r g Ar. Thrs B\n 82 = B\ ot Bln Ea = Ba. Therelola eiiher
A, q A or B, q a dd he B tu sionsly prirE blhyp€rideal ol H E

Ea.I t@y bi-hyperid€al of a *mih}?dgDuD t is $otrsly Fime it od only il It
k both ftsul6r dd inlrHesular dd rhc sl ol tuzzy bi-hyperidoals ot r tu rotauy
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Pt@t Suppe thai erh nuzy bi,bJperid.al ot a soihFergrcup It is sxonsly
pritu. Thm e&h luzzy bi-bTerid.d Df r, ! snipnm€ Thu by ThbEtu 3 3.10,

'' 
is bdh reg s ed inta'reguld. To p's that the *r ot {uzzy lt-hyperideals ol

It h totatly odered dder inclui6, lei /, , b€ ey tuzy bi-hyFrideds ot A. Tl|en
by Thorm 3.3.19, r^r = rop^,io ). As eah tuzy bi-hypeideal oI}l is shonely
prinej so ) /1 ic slDngly prine. Hd.@ eithd,\ < ,\^/ or p < ) p.III S,\^/
then,\ < /r sd ilr S I 

^ 
p then p:1,\

ConwRlr, dsuod lhai,9 is borh rcgule ed inir&regular sd rhe set ot flzzy
bi hrTeridesl. of I' b iotally ord?red under ircluion. Iri ) be dv &biirrq tuzzy bi
hwerid€al of t/ ed lat /r, / b. my luzy bi.hypsid€als oL Bucn th^r Fov 

^vott 
a 

^.Sine L is both resdd dd iri&Eguls, br Aldld 3.3.19, Il o
Thu J! ^, S r. Sin@ rlE sr ol $Ey bi-hyp€ride.b ol n i! bial\' ordercd uder
imrEion, $ eilhq ]1 : , o!, < p. fiv / 

^v 
- tr 6 tt ^, = t. Tb€€roE €ither

/1 : r op S l dd hence ) b sionsly prioe luzy bi h'"eridedl of ,{ O

Ler a be a senihyp€q.oup srl ih. d ol bihypendeds of Il ir toially oder.d uder
inclNion. Then rhe lollNina 'sdiotu !r€ eqd%ld:

(r) t L borh recul& $d itu-regrld.
(2) Ea.n bi-hypeided of 

'' 
is prioe.

Pmot ( l) + (2). L.! l/ be both resul& e.l inri! Esular enihy?€rsbup md a b.
a bi-hy?e aeil of ?' SuppE ,r, E, be dy arbitrey bi-nr"elidaals ol /J such lhqt
a, o a, g B Since ihd si ol bi-h}"clidadb Di 1l is lorally ordered undd incluion,
e a1 c a, or Br g 41,IfAr g a? then A!oar q aroa, g B. By Thereo 3.3,13,
a b smipnnc, & Fr g B. ltdce A is prim..

(2) + (l). Asw€ that M.y bi.hyFrideb of It is ptire. Sire the er of
bi byper eab ol ,C is tobly dd€Ed lnda j.clsion, $.h€ @n@pb or p n€ dd
sronaly prirc bi.hypdid€:ls eircide, Thmforc by Thmm 3.3.13, tt is borh
regul& ed inraicgule. O

It the st ot fuz, bi-hypeide,l, of a smihypsgroup .II is toially orderd Mde! inclF
sio., iher r is boih re8 d md inir+rogul& il md orny e&h fuay bi,hypdideal

Proof. SuDp@ ll is b.ih regulor sd inira-r€guld mihyFrgldp ed ,\ ; my
Iuzy bt-ly?erid*l of 1l. t t p,, bo ey rbilrry 6uy bi.hyperideals ot A sucl
thal / o z < l Since ihe sr ot tuzzy bih}?dlidals of It is tolatly or.teFd uder
inclsion, so oilhar / S, orl 5 A Ilr < / then /lor < pd, S ) By Tbeoftnr
3.3 19, ,\ is emiplime, $ /r < I Sinilely ft can p.ow inat , S l H€nce ,\ is pine.
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C..wr&lr nppe th6i €rfy fuy bi,hyF.id6l ot t ir prine. Sine rhe s! oI
fuzzy bi-hy?eiidc.ls oI ll ir tot.lly ordoed $dd ilclGio., e the mepb of pdme
luzzy bi hrTqideals sd siDngly pritu tuzzy bi,typei.le€ls @tncid€. The&forc by
Thmlm 3-3.19, n is both regrle dd int6{eguld. o

For a *n hy"€rgDup ,.l, tne follwing srsteme.Ls !r. squirzte.il
(1) The si ol bi hy?eideals ol ,' h lorally ordded un.ter rncrs,on.
(2) E&h bi hyperide ol ,9 is lrbnsly i edu.ibte.
(3) E&h bi hyperideal ot ,r1 is nrcducible.

P.oor 0) + (2). Lel E b. a b![vp6ide6l oI t and ar,a, be any arbilrary bi,
hy"endeals ol a such r har a1 n al g a sine ihe s! ol bi-hy?eride.ls oI 11 is tolally
orderdr mder inclDion, s eilhct 4 E 4ot Bta q Thus eithd ar. B, = rr or
Ato82 = 82 Herc. B\.829 B inplie elrhq rr g A or 4: q A. Thjs shN riai

(2) 3 (3). Ld a be a bi-hypdid€.Iof 
'' 

dld 4,,4, be ey sbilrry bi-
h}"€ridsls al ll srci rhlr r, n8, = a. Then B g Ar md a q B, By bypoihsi,
eirha Br q a tr B, ! a ll@, ei|hq ar = a or a, = a. ThN I Ls iiedEible.

(3) + 0). Ld ar &d ,, be dy bi.hr?€ritea& oI tt T[d a, n & is N bi
hypdid€r oI 

'' 
S. by ht?olh€i6, cnher !, = t, n 82 or a? = Ar n Ar, llat is,

enler 81 g ar or a, g Br Hdce lhe sr ot bihyp€ri{k"ls or r is toralty ordeEd
undd inclNiod. O

For a $nihlrrelg.oup Il ibe lolbwnrs slai.me s dlc equiElenr:
(l) The *i oi luzl bi-hypsideals of ,1 is idtally ordeEd udd jnclusion.
(2) Each tuzzy bi-hyperideal ol,Y i6 siongty ineducibte.
(3) Erh fuzzy bi,hyperideul ol it is ineducible.

Pmor { l) + (2). Id ,\ be o iLzzy blh,peli.lea.l ot ,y md p, y be dy &bjtrary
iuzzy bi-h]"eideals oI It iuch ilEi /l 

^ 
, < ) Si ne ihe st oI luzzy bi-hyp.rideats oI

/, is tlially odeEd mdei inclGion, so oither /] s y o! , < /. Tlu eirhe! rr A, = /r
or A^, =,. Henc/^,: ) ihptiG eitber /i S,\or, < l Thur is shonsly

(2) + (3). I2i l be a ruzy bi,hyp.rideal ot.tt dd a! b€ any ebiinry rDzzy
bthyp..id€ils ot II sdi thai r1 , = ). Then I s r dd r s, By h',?oth6is,
ejtha / -< 

r tr ! S r. H€rej €ilh€r / =,\ d, =,t. ThE I is irdlucible.
(3) + (l). L.i p md, b. qy luzy brhJ,rsiddtr or tt Theo,!^/ c. bi-

hypdidsr of /' So by hyporheiB, cirhet p = p A, e v : | ^,, lhat Gi €irhcr
/ : / oru S / H€re the *r oI lozzy bi-hypsid€d6 of 1l i. torally ordd€d nndqin.tuion. O



Chapt€r 4

SEMrHypERcRoups cHARAcTERIzED By

\e, E /ql-! t zll HYPEI DEALS

Afi.r ibe introduction oi fuzy subgroup by Renleld 1731. nmy Eechs gen,
eralizdt lhh €ncepi. Using iho notion ol "b€lo.gi.s!6' r.d 'quncoiocideme'
ot 6u,,y poink md 6uzy *t3, Bh6k t dd DE l8l, i roducd a.* tlp. ol tuzzr
sub€rcuF the (€!€ vq)-l@y .ubsroup€, DifieE NtboB.ppl'ed thb corept io
de6ne (o,p)-f,,zy srb.irucr,€ of 6lseboic !r.uctu6 (s 1301, [331, h6D.

In rhis d.pt.r, m hhodm thc coeeprs oI (€,€ vq)Ju,J left (dgho hy,
perid€:lr (€,€ v9)-t@y $sihypqideal, (€,€ vg),tu4y int€rior hyD.rid.,l od
{€, € vq)-iEy bi hypqid€lb of enihr!.rg@F ald chs dire snihwe.sroup6

4.1 (o.,3)-fil" y hyperideals
l,€ n enihypssmnp A f!-, luls ,\ of t ol !h€ fod

,) _l r€(o.rl ile=r,
- tD nvft.

is c'lled a 

^1,,, 
r,int silh suppon r dd vde, &d is denoled hy rr. A tDy

poinr ., is sid to d.r,ry ,o (6p. q@.cdvilaa v\n) s hey &i ,\, Mind a
,1€ r {6p. '.cr)il r(') > r (Ep. r(,) +, > D. ln rhis ce ti € vqr (Ep.
,! € 

^qr) 
nem iha! .! € .\ or z!4r (!6p. ,. € r ud r,{r), Th€ symbol r@r

m€s rc,\ do€ noi hold.
In 

'har 
foll@s ler ,{ dcnob a enihyp€goup ud o, , ey one ol €, q, € vq,

€  q ml6 olhwi& sp-i6ed.
I2t I be a tu,,y sub*lo1,'I luch thd l(.) S 0.5torsllx € Il. Lir €,y

md 1€ (0,1lbesucn rhat r. € 
^qr. 

Thcn l(') : , ed l(,)+, > I rr rotos
th* 1<.\(,) +r <,1(,) +)(.) = 2r(,). Thi. inplidlhd r(,) > 0.5. Heme
{tr tt € 

^c,\} 
= 0. Th$ the c@ o -€ Aq is ontiled in ihe followinc de6.nion.

A fuzy sut€€l ,\ of t is callcd dn (e, e vq),luz?,y sub6enihypelsioup of ll iI lor atl
r,! € Il md 1,. € (0,ll the follwins condirion hotd6

r, € \,rr €,\ + l:)hiot,r) € /{,r fore{h?€Joy
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Ler A I)e d rubsemhwfgtuup oJ E a d A afrDzv tll}tetin H d?.ined h!

\'r={^:os'{r€'at u 04.'W..

lr) A s a stubsmt11we.stu1a al H il 641 aat! t 
^ 

i, o (q. e yq)-hu2! stb!?nt

t2) A B t ibrmAhb.pfl('v''p oI tt tl onn oly { 
^ 

s 6A te. e rqt }L-! tu6.

Prcot (1) !€t,,r€ ted,,r€ (0,1/beEndtnar.r,r,,tl.Then)(,)+,> I md
)(r) + ' > ] Tris impliG r. y € ,4 Sine A is a subemihrTersoup ot aj * h.re
@ i,4 ThB rorMry-: € roy V:t 2 0 s. Unini,,,, : 0.r, rh.n Vrl mr{r,4uds{})-.rr,,. r llmr'{,.r1 .05'hd,tr?r-,nn,ll.rJ,Os,0.i ran;s (zl-r{.rt4l Therelorc (z)d.t.,i 6 vc)
, Co' @'ely.I nc -he,\ b s ri?. e . qn,uzy sub6am,hedBmup ot,, d J Lv c3 

.r 
b4 \r) > U s .r{91 > 0 5 rhar i. roj{\ .nd h!{\ N@ by hr"othsis. ar E

vqr rq pwy : . I ov. tr io5. r {h.h \(:t : 0.5 Md e : € /4 lf a19 r (hcn
,r(?r' 05 > I'nph6 \{:r . 01 Thu :. 4 Hen.e rot c,4. rhar b, 4 tr.

. t) Lq l-! L rJ ed r., , ,0 tl bcslh.hd, r,.r! r.fnen\rlj,ann
)(r)>r.ThN(J) :0.5u r(y) : o s Th,s imph6 ,, y € ,4. siD 4 E I
$bmihlpe'sreup or tt, w haF r o 9 e /4 T16 for eqy ? c r o!.1r4 \ O 5 ll
mn'ir.r,:.0.s rh{ vr): njr,4.rl Md $ r?rtui{,-r e ) rmDll.,, .0s.rbcn\r?! nilrl.,L 05_05r tands,:r".,,.?^ Thqelo-",z.nif1,rtr

(L.e .elfrzv sub*mhyper&iupof H dd,., eA rMn 
^{r) 

> u.1, \(9) >0s'h,'BrD!ererth,a} Nd 1,, hy!dh6E,
tu, i vcrrdrlw:cJov If :0r € ,r rhd )(:) > 0.5 rd $: € , u h5?,\rh{ v2r-05 \ tiaplE \)' .05. ThG ? q 4 Hohccro! g ,4,,hsr 8,/1 tr s
sub6mihypergrcup of Ij tr

L.t 
^,te 

o lr2y tubs4 o! a. 'l-ha \ R,n ((. ! vq)-^'I/,r!athrpl1vd,, o! Er and 0hry v ,inJ 
j\(r)l 2 0rnt.rir). \(y),0 5J

Prcot lrl l b€m (€,€ vq)-fMy sub*mjhlTe.srcup ot A On tbe @ftrry,6une
rhd rh@ Aiir /.r c /, suj rhd r,,a trt?ll r nxxl\rt. \(r,.O.sl Thm rh.F
4s\ ? € 'ov aJ h.t \rjt nn,{\:).^/v,.05}.choNr€tr),lrsdchrhrr



IG) <, S mi',{)(.),)(r),0.5). Then.i € ) Md vr € ) bli r(,) < r ed.\G) + I S
0 5 + 0 5 = I, $ :,E-Vil whid is & contrddiclio..

Hem!,i trc)):n r{r('),.\(r),0.5}.
oonseu Nue rh.i,inr {r(?)} : nnr{_\(.),.\(r),0.5}. kr 

', 
€.\.nd?, e.\

ror,,r € (0,ll. rhen )(,) >, md r(e) > r. N@

,!:i,tr(")) > -in{r('),r&) 0.5} > tuiD{t,',0s}.

Ir t 
^r 

> 0.5, r|rn,inr {.\(t} > 0.5. sd lor eve.y : €, oe, r(z) - I 
^ 

r > 0.5 +
0.5 = l, shich inpli6 thai (?)d{,4 € vq1. rr , 

^ 
r S 0.5, ihen ,inf {,\k)} :

i r. % /:)-...,.t e,r Ths,.r-.r,.,)€ .c\ fher.tots)N6n.e.€.g/.tazy
lubs"mihypdarcup of It O

A fu.z! qtld \ aJ a eqtnw4alp ,V u aa ,r,€ -q,.taz, rnsenj4ptmLp ol
H {a4onlu{ u \,,)tr 0r sd c@,.qdv'PsDrp o! n Jo, o!, e\o.a;
Ildt L€r I he d (€, € vq)-6qy sub6.nihype.sup ot r !d ,,, € U(_\ l) for
sne t € (0,0.5J. Then ,\(.) : r md l(r) : r Ii follm rion Thohd 4.r3 rh.t
,i'lr {.\k)} > mnr{lG), )(r),0.5} : mLr{,,0.5} = r. rhus ror ewry, €, o !,

.\(,) : r md s : € u(.\i 4 rhar i, . o ! q u(t 4 Hse u(ri ,) i5 a snbs€oihy-

C.nvryly, Nm. rhlt U(r:,r(+ 0r 6 a sub..hil|JTprsmp oL fo, rlt , €
{0051 supp* rh.r rh.r€ disr j,r €,{ such thar

,i {,\c)} < Di[{)G),.\(!),0.6}

Thic irplE lhrF rua: € roysdd,rhar,rt:) < mrll{4,rll,l,Osl Ch(eI r t0,0sl sucr rhal \(:) , I . ntul\r) \11.0.51. Then I,u € u(\., bur
re ur\ |l i. r oy g u(\'d. "hlr conrradhG our hyporheF.

IIfl€,irr!{.\(rD 2 rh{lk), )(r),0.t} md s ) is h (€,€ va)-f!zy sub€aai.

lit (tJ, o) b. a saihyp.rsloup md ,\ be a fuzy €ubsei
(o,r)'Iuzzy l€ri Gep. dshr) hr"erideal ol,c il tor au , €

o

of,Y. Th.n ,\ is calod u
(0, 1l &d lor all :, y ( lJ,

(I') !,,o\ , rA,r for .rll r e J o, {bp fordr:i yor)
. A ruzy {tt ( \ of It Eral€d e {o /r)-fury hJTendpal oI l' ifn E h.rh ra,rr
ruz,y ltli hlpdLJezl MJ (o,p)-fuzy shr hypcnd€d ot//
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For a fut u sbsct )\ ol I!, d. maibd ll2) it eqnitoteat ta 6e @a?i,eB (Ir),
lneE (rt ad (r, ae e@n r. ioui

(.r1) Fq dr ',v,: € 
'',,illl,{:\(.)} 

>.\(!) (6p. ,ig, {r c)) > r('))
(/i) For all.,, € l' ad I € (0, ll, & € r -.' € I for e{.h ? €' o s (6p. ror

Proor, (r:) 
- 

(r3) ]?t.,v € r and I € (0,1lbe tuch th.l& €,r Thm -\(v) > r.

By (1r,'e haE 
"idl,{}G)} 

> r0) > t It lollNs thlt :r € l Id c&I € r o s.

(.|!) 
- 

(1, Iii.,v € r. Il,\(e) = 0, ih€o ,hr {) (:)l > r0). It )(r) I 0,

ther sr(y) € .\. Th6 by hypothB rr(!) € ,i lor eeh z € , o, Tbus it lollos that
il.f {r,?r} . r(/) tr

A fua tunser \ ot o sdniw?anv E it o fira lef (E,p. ai$d) hw$Ad oJ g
it ond @h 4 \ a M I€,.)-tra tet (Bt r,eht) llll'fr'tat ot tt
P@t Supp@ r n ! f@y left hyFrid..l of tt La.,s € It ad, € (0,ll be such
ihe & €.\. Ther,\(9) - L By hlrorh6G,!M, {I (:)} > r0). Thc }(z) : r Id all

: € r o y, thd is :! € .\ for rll 2 € r o ! Ede .\ is I (€, €)'tuzy lefi hyp€ideal of

CrJ!@ly, sune ihli ) is e (€, € )-tuzzy lcti hypaid€.al or t. tar ., y € 1'. ll
)(r) = 0, then,inrr{) G)) :0 = l(!). suppc. -\1v) 10. Tha rr(, € ). Ihle by

hypoihosis rro) € ) Ior o.I : €, d r, thdt i6 lk) > l(!) lor all ? €,o! Thtu ihDlios
ihdi,hrr{) G)} >.\(!). Hm@ r is 6luzzy )eft hyp€rided or s

Eo.rx (e,e)'tra L.t (rta. ns^t) hw.rrd6t.J E $ 
^n 

(e,evq) hea telt (trp.

Prcoi, Strrtbl{nrd. E

Thd 6.vte or the abore ThoM' h noi irw in seneEl s sh@n i th€ Exsd€
4.t.15.
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E1Elx l<\e,. vtt)-!vr!t t4!1(afl. 4th!) iwtidul t M (e,e vd-ltu4 tq (fts?.

Prcot I^ r bo an (€ v4, € vq)-tuz,y lcft bypdideal oi It, Lot ,,, € ,t and
i € (0,llberuchiluiu €.\ Then !. € vqldodhe.cer e vqlroreveryz €,o! c

kt \ 6. on \o,t)-re v tef (rtsp. ssha) h@ndcal ot E. ?tF! dr e, r0 = {t €
lrl.\(r) > 0l s d rel aasr. rlrit) ntpcndeot ot E .

Pbot h r bo s (a,B) luzy l€ft hyrEidol ol n {d r,y e t bc smh that
s € -\0. Asume il'.l.\(, = 0 for Fhc, € rov. Il a € {€,€ vqi then Jr(yra,\
but there exisls z € r o !, zr(,)r) Ior / € {<, q, € vq, € 

^q}, 
s.onliadi.tion. Noie

ihi y1q,\ but tlrere exi{E z € r o v, ?,3I for, € {€, q, € vq, € 
^q), 

a onlladhtion.
Hen@,\(:) > 0 tor e&h z €.ol/, rhot is, : € )0. Co.eqtmtlr )o i! a lelt hypeideal
ol A. Similsly re can pft ihlt )o ir . right hF€rideal oI I'. E

Lz. I Lr t @n.npr! sxnse. o! n mAwa@ap E. DeFre t lazy 'abt 
I 

^ 
ol E h!

^,,=\'"'o':f:;i
rhen 

^ 
u an I.a,. vq) rL1W lftrp. nsht) hlpend,ot ol E i! Md ohh ij I n

a hh (ftlp, tight) 
^Wddeol 

ol E .

Pmor. Ce I o =€. lll,\ be m (€,€ vq)-f@y ldl hyperideal of ra sd y € t
Ths rb) :0.5. By hypoth6is

,!*,{rk)}>r(!)^05=05
Thus ) (r) :0.5 ror all z e,ou ihat ir ro, q ]. Hence 1 is a loft hyperideal ol

Cn €ely, auoe ihd I is o lefi lypcrideal or I]. Id r, y € Il. lf ,\{r) = 0, ihen

,!{, {r (,)} : o = r0) 
^osIL\(r) U 0 5,lhen ! € ]. By hlTo|h6i! ro, q 1, $l(z) > 0.5 for cE y: €.or.

,:* {'r {r} :05 = '\ir) ^05
I{eme .\ t on (€, € vq)-tuzy hlt hypelideal ot,rr
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C@IIa:q t2i Ibes (q,€ vq),tuay lefr hypnide.l of ll L€rI, € /. Thdn
rfu) : 0.5. Tha e.rqr HeG by hylofi6n'{r € vq} for e.y ? € r o r. tr
&r € I lh€n z € t If ,o5ql lhdn.le r € r. H€re roy ! r T his shm rhsr t is

Cowly, sme thar / ir ! l€ft hyp€rid.al of t. t€r 
', s € It b€ sucn rh.i uqA.

Th€n xr)+, > r. Tti: iEplie ,\(r) : 0.t ihsi b ! € t. By hJTorh6is 'o, 
q r. Thu

A(t) > 0.5.Irt j< 0 5 ihen,\(,): I ed e:. €,\ tft >0.s, tne.,\G)+, > I, ihai
h r,ql Hme z. € vql tor Mry ? € ro, This shm rbar.\ b d (q,€ vq)-tuzzy

CEe III d =€ vc The prcol h lin ldr to rhe p@ts ot rbm pdts. tr

seflktpary.tp E. rh6 I $ 6 Llt (Ep. risht)
.ho6cte4h. t^cann o! I i aa (a,e yq)-Ju,t

Let I be a non dvt! stbset oJ a
hwntel ol E I ann .au ,l th.
Left (nsr. rishr) i@ndal ol lt.

Ew! (q,. vq)-nEa bt fu'p. isnt) hnatddtot H44t(e,ev nD'! tll

Prcot Snppc€ ,\ iB r (c,€ vq)-f@t letl hyp€ridcal ot A. rar r,y € ,' md r €
r(,xo,llb€ such that r! € l. Tnen {r) > !. supp@ tnde disrs z €I, o,.!.h
thor z,€ voq,\. Tha )(u) < , &d l(:) +, < t.'rhtu impti6 2r(z) <,\G) +, < l,
tnd h r(:) < 0.s Nd )(:) < I < r(.). Thu, .\(?) < ni!{.\(r), 0.5}. This inpliG

| tui.rvr),01 /t_\r.-,nalt_,r,r.,01 | \,
o

s.let r € (0,tl such rhar nu{t -I('),0.6} <' < 1 \(:). rlpn r > O.b,r >
I -r(r) ed r < 1- )(:). Thi6 ihpli€ l(r) +' > 1, rhsr isr.er. As l(j) +r s l,e rqr. AEo,\G) < r - r < r, b€a@ r > o.s. Tlis inplis z.cr Hme:,E!i,\
Whici is r cmtEdictiod. Hen@ a < vgr tor ail . € y o,, that c r is d (€,€ vq!
fuzy left hy?€.ide€l of 

''

hn! le,e yd hta 1z!1 (n'p. ndt!) hperiaut oJ E E tn s (q,e vq) tEzy t t



Considq rhe mihr?€rsmp tt = {d. tt, c, A, 4

{. t,d}

The only hypdideals of It ue {o, d, d} md r
Delinc a tuzy subet .\ ol ,l/ @ lollos:

)(a) = 0.3, )(r) = 0.7, rG) = 0.3, r(d) = 0s, r(e) = 0.3.

u(\,4 =

be6@do?€,\buid€dobdd

beare lb, € ,\ but d € a o, and

I H it0<r<0.3
I l4,d.d) ir0.3 < r:0.5
( {",6} ir o.5 < r:0 7

| {') 0.7< t S0.3
t 0 if0.8<l

(l) .r is d (€, € vq)-tuzy br|psid€d of r.
(2) r is nd e (€, €) ruzy hyp.id.6t oI r,
(3) ,l is not m (e, q)-Iuzy hyperideat ot r,

{4) I is tur d (€,€ 
^q)-luay 

hypdidest of

A n@y sub6et I ol a *aihlT€rgroup fl h calted s (d,rlrezy sene,atizod b!
hr"edderl oI 11 if lor all ,, y, : € ft dd r, r € (0, tl ihe ft]ndins Mdni6 noldsi

ura.\ md qo,r 
- 

(u)!,bt,,.rrr br er! u. " -!-.

Lea B h. a tukaapt! nht t ol H nntl 
^ 

he. iety slt .t ia E d4fned bt

_J20.5 4'.8
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(r) B is a sqEmliz.n bi^vr6nd o! H iJ @n onh tt 
^ 

I a \q,. vd hea
gdenln n Ehgpa*lal oJ H.

(2) B 4 a sensatan hnw d.at 6l H iJ@no&{ 
^cd(<,.vq')Jxas.walized bi-hrlennal oJ E.

Pbor. Th€ proof is sibild 10 ibe proof oi Tiolen .!.1.2. O

A fuzy subs€i .\ or a senihypergeu p fi is cal led an (o, r)-ruzy inlsior hype detrl

ot I' iI ror an , !, r € a dd l, / € (0, ll lhe lollwn'e conditiom holdi
(r) 4dr dd !,a) - 

(,)ji,!{r.,)r) tor €wry z € ro3,
(2) ao^ - (u).,,.(,,)r.\ ror ev.ry & € roao !,

Let A t o @-nqty *&et oJ E ond )\ b. o ltz.! drt t ia s&:tt titt
| > o.1 il tEA

' t u oftra.

OJ It A i:: M ilrt tiot fup*nal oJ E u@, n o (q,e vq) fiE u i Nn ful6-

12) AisMi .nor nto.nddl ol A t aAdonly iJ 
^ 

n 6le,eviltd.u inr.tuir

Prcof, The p@l is sinild to the p@t o{ Thm8n 4.1.2. o

A luzzy sub€et ) oI s is called an (a,,)-luay bi'hypqideal ol r, sherc a +€ 
^ri 

if
for all.,r,z €,c md lor all a,' € (0,11 i! calieff6l

(i) r!, vd - (,).,L{,,}rl lor ckry, € r o y.
(itct,,.a.\ - (u)-i(,.,)r) fo!everyo€,oro,.

En tt (e,<) hea hl ht?ennat it M (e,e vq)-t124 M-hgp.rinaL

Pbot Skaighrloned. o

E"*! (e v q,E v 9) futs bi-hvpetnco! t' ( e, e v q)-lE u hr-hwdidalL

Prcof. Sk ightfoMd. D



4,2 (<,< vq)-tuzzy hyp€ridalg
Evtry (d, ,)-luz,y letl (ep. rish!) [yp€ ded of 6 enihypqgrcup It is m (o. € vq)-
fuzy ldl (ep. risb!) hyp€.id6dl o{ lJ Th6Eru 4.}.8, 4.r,9 od 4.1.13 shN th.i
(a, € va) tuzy hft (Mp. right) hJpqideal ot a enihyp.rgbnp Ir b d (e, € vq)
IDzzy leti (sp. lisht) hypelidea.l of ,9 ThG in th€ tbsry ol (a, ,)-lMzy left G6p.
ishi) hypsidmh of rl, (€,€ v,?)-lu?z,y l.tl (rdp. risht) hyperideals play cenkal

ln this sction w dudy (€, € vq)-Iuu y lefi (resp. idl) hypdideals of a enihy

Far t lvzy sfitet \ ol a tmdryp.t!|'llp H, t^. @adit'.n (ta) B.qsdenr t (lr),
fiet Il ond (r) on B huou':

frr) For all r,y e rl and . € (0,ll,!r € r 
-:, 

€ r Io. €mh: € ' "! G6p. fo.

(15) Fq an ',u € It, :i {r('t : {r(v) 
^0.5} 

(Gp. ,i {rGD : {r(.) ^
051)).

Prcot (r.) . (4) t r.,v€ a b€ such thar

'i'll,{rG)} 
< {r0) 

^0 
5}

Tha th.E qists r € r o, sudr drl ,\(,) < r(r) 
^ 

0.5. If r(s) < 05, ihen
)(?) < l(r) < 0.5 Tlu rr(, € .\ but lrr€ 

^ 
?r shid is a @ntrldiciior II

,\k) > 0.5, th€n ,\(rl < 0.5. Th6 &j € I brr :!s< 
^ 

q), d€ain a 6nhadi.tim.

,!'l{,{^(')} :.t(vl n o.s.

u5) - u, Ler ,, ! € t, .nd and r € (0! tl be such ihai v. € r Then r(r) > ,.

.!,1{, {r(")} z.\0) 
^ 

0.5 z t 
^ 

0.5

This inplie that ) (.) > I A 0,t {o! wery: € ro v Il, > 0.5,lhen )(:) 2 05.
This inplies llEl )(z) +, > 0.9 + 0.t = l, tlEi i!,iq) lor every: € ro!.ll a:0 5,
lhen l{:) > Ior ewry: €.o! Tl 6 inpli@:, € ) lor*ery, €,o! Hcne z. € v4r
tor e@ry: € 'o!. a

A frnv tubtet 
^ 

al a tm,l'Vpetstulp E F dt (e,e vq)-l!.,v leJl (Mr nsh,
hwnaeo! ol E it ond dt! { ,.ti,/i.! @ndi,i@ (r,),

Nd, re chd&ldip (€, e vq)-I!zy ldt G6p, rido hrTenddb by rhen l*l



Let \h. t tu.u tubset oJ a senhr','4a,uf H. Th6 
^ 

is dn (a, a vq)-l1s,r t?.tt(resp

nsnt) htpcdd.o! al E 
'l 

aad antv il u\^tt)ll $) * a teft (rttp. rieht) hwedded oJ

PrcoL rei l be & (€, € vq) fuzzy lcft hyp€ddeal ol II add, € (0, 0 sl. L.1 r € A
mdr€ a/(.\rr). Thenr(!) >r. Byhyporheis:if {rG)}:r(r)^05:,^0.5=r,
e: € U(r;l) for dwry z € ,ov. ThB 16, e U(,\i4 H@ U(ri4 ir o l€tt hy"€ridal

Conlwly, Ntrm thd U(r;!) # 0 @ led hy?€rid.rrs ol ,' Ior tll t € (0,0.51.

ra r, y € r b. 3uch thd t{)k)}<l(!)^0.5.Thuth@aidb,€,orsuch
rhar.r G) < .\(y) 

^ 
0 5 s€l*r, € (0,0 sl .uch ihai -\(:) < i s r(r) 

^ 
0 5. Then

! € t/(li4 bu! z I U(.\i4, thal is r o! g U(Aif). wtrich io a @nhadhlion. Eencd
inr {)(:)} > 10)^0.5. o

Ii ic clear frcn Propciiion 1.3.17 ihl ! fuzy suhel ,\ oi ! snihlT.lgrcup g
is . fuzy left (r6p, ridtl hyp€ride.l .,f t it md ody if Ll(l; 4(* 0) b a left (cp
iisht hypdidc.l .f t fd aI r € (0, ll &d t'@ Th@M ,1.2-3, r ir s (€, € v9)-
luzy ldt (cp. rishl) hypdided ol }/ ifund mly if U(r; 4(t 0l b ! lelt (6p- dshtl
hyp€.ide.l ol 11 lor in t € (0j 0.51.

For 6fly fwzy sub&1 I of c snibypargrcup A sd , € (0, ll w denoie Uy:

Q(,\i4 r= {' € r 
'.q.\) 

and Nr:= {' € rLri € vqr}.

Obvjoully l.\1, = U(,\i4 u Q(.\i4.
we cdl lll, 6. (€ vq) 16€l €r of r rnd Q(r! t) ! q lev.l s.i or r.
In Th6r.n {.2.3, re san a ddetcidtion oI (€, € vq) nEy blt (ep. *bt)

hlTerideal oI tl by aing lewl sub@G. N@, * giw amtn€r ch*ddtzation of
(€, € vq),luay l€ft (Ep. isht hyp.idals by sins III.

Let 
^ 

tenfuz.X t$tet oJ a BetuhweAtunp . ltBn^*M\e,evq)-fittutfi
(rese. nght) htneritedt ot ]! 1l Md o^tv \! l^lt a teft (rtsp risht) hw€i.tedt oJ

Poot tri ,\ b€ M (€, € vq) tuzzy le& hypetided or /t. Id , € H dd
lor, € (0,11. Then r, € vqr, rhsrbr(r): rdr(!)+r > l Si.c€
(€, € vq)-fuy lelt hypdiddl of I?, * haE

,!I,lrlJl> {r(!lt^o5l
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c6e t. L.i,\(r) >t. IL > 0.5, il'en,!{,{r(,)} > {r(!) 
^ 

0.51- 0 5 dd $

r(.)+l>0s+05=1,
bene tor eEry. € rog, a9.\. If , s 0 s, rh€n,,nI {\GDZ{r(!)^0sl:r,

case 2, ,r(!)+, > L rfr > 0.51lhen

,i'l:,1^(')]>{I(!)^0s}>1 r^0s= I r.

rhar is,.int {r(.)} + r > l aoc d'c:r4.\. rf} < 0 5. th4

,:')L{1(,)} : {r{t)^0.5} > I -I^05 =0.5 >,.

Hme z. € Vqr. CoMqnenlly, zr € Vq,\ tor mry, €, o r. Ths z € l,U fo!
euy : € r o ,. tlse lrl h r lefi lvpelid$l ot ,q.

ConRr$ly, ld r b€ ! 6uzy subei of Il aod E. be a l€ft hyp€ridal ot It for *ry
! € (0, r1. Ler '.! € 

'' 
b€ such trhr.i,[{}(,)} < {r(!) 

^0.s} 
r"! erc t € (0,0.s].

This idpt6 tItE eisls z €,"!such tbar rG) < r(!) 
^0 

5. S.lei, € (0.11'ucn
!ba! .\ G) < ! S )(r) 

^ 
0.s. Then y, € .\ bui nE tl. ibai ib r € I)1, but z d lrl..

Ths i6 a @ni'ddiclion. Heue, ,inl! {l(.)} : {)(!) 
^ 

0 5} ror dll r,u € ,e rhi6

shM thal ,\ b an (€, € vd tuzy leli hyp€ridea.l of 1l, O

Fron Th6em 4.2.3 and c.2.4, re * that il I i3 a (€, € v4}luzy htt (Bp.
idt) hyrEndol or n dm, U(.\ 4 . l.r[ u€ kft (Ep. righi) t'ypqidok of L
tor .ll r € (0, 0.51, bui Q{r; t) i. rcr r Lli h}"€rid@l of tt for t € (0, 0.51 in stral
s sblm in rhe followinc €fude

CoBids ihe Exmd€a.r.15. Ther Q(ri0,3)=G) h noi d hypsid€al or It.

ta Il be ! mihyFqrcup and ), p e tuy sbet3 of 
'/. 

Tha the o.;pullct

() """,x.),= { [^ "') ^ 
o',1i"'1oo

,n€c/.= {(!,4< 1rxr :'€3/o4.
w€ de d.fin€ ) ftjp by (l n05,,)(r) =minl-\(.),,,(r).0.s1



7!

IJ lH,;) B a xwih@ergtuw Mn A,r,t.6 dft tatU subt.tt at E ruhthd 
^e 

v
dnd/qd. flkn l oo 6 rr q / oo5 d.

Prcot StBishlfoMrd, O

Lct H te a semihw.tstulp. Il 
^ 

atud ( ae (..e !q)-lr,1t tell (Bp. nsv) hy.
ptidedt ol H, rhea Anoip s an (<,e \tq) lr! lei lfttp, isht) hlqeridtul o!

Pt@t Id I md l] b€ (<,< vq)-fr@y bn h}"dideds ol I', t t r,y € ,'r Then

iol (r.r0!4X, = inr (minl\G) ,rG),051)

= L r.r {\ r) /(rf{/rG)}) 0.1

> ni.{nin{,\(!),05},nin{p(r),05},05}
: nin{r(s),/(r),0s}
= (.\ rr. /xs).

Hen@ rn05/ is s (€,€ vq)-6Ey le& hlT€ridal of r'. O

Let E he a semih|pe9n'J'. 4 
^ 

* dn (e,e \q)-fu..v nsv hrpeiddL Ma p it d

le,e\s)-h,zy kl nw;d@LoJ ,9, E,r@n!.!. nren ro0.!r < lndsr
P@f. Id r b€ & (€,€ vq) tuzy ngh! hyFri&.I dd /r b€ u (€,€ vq)-Iuzy
left h'rEnd€al ol l' dd. € It II/,=0,th€n(r%i,rX!)=0<(.\r\s,rxr).Ir

(^.0!,,x,),= v nin{.\(e),p(z),0.5}

Sin@. € ! o z, dnd ,\ is & (€,€ vq).luzzy right hyperideal and I m (<,€ vq)-
luzy lef1 hr!€riddl of t, w h6r

inf llrl > minllful-051

i.I,tr(.) > nin{p(:),0 s}.

rhs,nin{.\(s),/rG),0.5} <nin{r(,),r(,),0.5} ={.\no!pxr) rhisiEpli6
(,roor/)(,) - iur minl)(!).,,G).0sI s (\ft!/)k)

tr
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U \ 6 nl..e vql-hz4 hl tqtpailal6A pba (e,e vq)-fit 4 rilr',, iwa'{lal
oJ tt$ 

^o 
p n 6le,e vq) fuzv @I ot E.

P@t Lt ,l be e (€, € vq) nqy kft lvpfideal dd ,r i. s (€, € v4)-tuzzy ichi
hypdidaa,l of .{ 8nd ,, , € Ij. Then

(.\o/Xr)^0.5 = lV (,\ (r) 
^,, 

(cD l^0.t
\(,ixr' J

V {rk) 
^,,tar ^05}

= V {(r(r) 
^0.5) ^ 

(p(e) 
^0.5)}.lnd€r"

It, € po q, rb€n,o, q 
'" 0oq) = (, or) o q. Sire.\ ir & (€,€ vq) 6zy lefi

.lg{IG)} > hi!{r(') 05}

(ro/xr)^0.5 = v {} 0) 
^0.5^ 

l1(c)}

s V l\..^/,'qr) bsr -inf {.rrdr} > min{^{D.0.5.

= V (r(a) 
^ 

/ (c))

= (_\o,rx4, rde€r : €'orqdoq.

ni t(^oA)(!),0.5) < (,\ opxz), 6l.dy,€to,
sinildly k c& 6h@ thst lor eEy r €,or, (.r o /X4 : ni'! (,i orxr),0.s).

Thu ,\ o ! i. m (<, € vc) 6uy i*Nid.<t tr"qid€al ot fi. E

Tle urn o{ qy t@ily of (€,€ vq)-fEy ke (Ep, is!, hypsirle& of tl ir m
(€, € vq),tuuy l€ft (Ep riehd hypd'dd or a.

Pmot Li 1,\i)* I bc a rmily ot (€, € vq)-Iuzy leli hy"eridedb ol E sd .,!! . E.
Th.n ruf (v \,xr)) = v { joJ (\.(:)))



lSiD€ €ah \, E e '..E ,c).tu4y letr hypendesl of r. s t'rf {,\.1 r\ :
nin {rd!i),0.5} lor all i € L)

/\
'd tl Vr" lr,rl = Vt inl t\t(,0*-.\.:,i.:r.**..

: V{I(!)^05}

= lv\,r!,tl^05
\r€, /

= lV'rr lr' \05
\r€, ,/

Hek. V,\ is @ (€,€ vq)-fuzy Ieft hyp.rideal of,{. tr

An (€,€ vq)-n@r fltenibr.rSdp I of a mihypdgrcup t is clll€d e {€
,€ vq)-f@y bi-hypdidar of r] if for.ll r,y,: € Il dd t,' € (0, rl the 6tl@ins

., €.\ ed:. € r . (u)dr(...) € vq,\ for.ErJ u € ro! o,.

Let B ,e d hotmptv *bset o! H dnd A ,c a lra tuket i,n E a$^.d b!

r(,)= { :-05 ..'l'€ 3
I u oww.

(t) B , a u-liwtuhat ol E i! nnn dt .l 
^ 

,, e (q,e vq) tE 
'i.ntgaidza 

o!

(2) B t d bifupetutat ol E il aaa onb i! 
^ 

n d G,e vq)-rpa ri-hwrrtal

Prcof. Th. pmof is sinile 10 th. prool ot ThsrcD 4.1.2. O

\l) I! d n6-dnptv tubtet B o! d ttuiht!$btp E i. t Ehwid.al ol E tn n 6e
chn@t filttic t!rcribn bJ B it. (q, e vq)-la,q bkoetaUal oI E.

12) A tutu^prv bs.r B o! 6 taittpaywp E * a r;.typaiaat ol E i1 aa
on4t il 

^s 
i!, M (e,e vq)-fir.y ,iiteatdat oJ E.



A Iuz2v tutsd 
^ 

o! t tna WlstNp E b 
^n 

(e,a vq)-hEzv bi-h]/,rrilktt oJ H d
dnd anl! iI ir s6taf4 Lh. latloai@ @qdiaiory,

0) iuf {.I(J} > d {Vr),,\(r),osl 16or1,,a. E,
(21 inl {r(r )l I hn'l\(rl. \(?),0 5l lor 0ll },y, r e It

P@r. Tbe pml b sinjls io the pMf oi Th@reo ,{.ri. O

A lp2! irrs,r 
^ 

ol L .etitttp.tgtort E b d (e1. vq)-lea hi-ntpaidal oJ E d
ond onrv i/ u(ri r)(l 0) k o t.hwAdat ol E lat atL t < (0,o sl

Prcof. The pmt is sinril& b |lle p@t ol Them 4.1 4 E

A lwy sh6et t ol a *nihrT.rsMp A is @lled e (€,€ vq)-f@y gcldarized
bi.byp$idesr ot / ir lor aU 

', ?, : € a $d ,, r € (0, 1l lho lollding @ndiiion hoklsi

r, € I dd z. € r . (!)-dlr.,r € vq) for ery u € zovo:

A I'a $t*t 
^ 

oJ a sqitw,stulpLisaa(€,€ vq)-tr,t9.n.tdieA6thwnd@t
al E iJ 6nd onlt il it satitfa t\. totLauii! unditioa,

i',r lrlu)l -n'i r(r) r(?),0srlorour'v,eB

Prcof. Tne p@l Ls sinil& lo th. pidt ot Th@@ 4.1.4 O

AInatilter 
^of 

at^iiytalrttp H at 4a(e,avq)-ll€ vsdenltA 'hsp.flnal
ol E d d\d oatli d u (\ r)l+ 0) i' d sen 6tved bihw4a$L oJ $ /or drl , € (0,0 51

Ptur. The pr@f is simild to the plml ol ThdtD al 4 O

It is cler iba! every (€, e vq)-fuzy bi-hy"€rideal oI t sinyPersroup E n an

(€,€ v{)-ruzzy geMaliz.d blhyFrid€rl or /l. Th€ Hl ffiple 3he€ rh.i rhe
(€, € v4)-fuzy lEnerdtircd binyperideal ol a k not n'€uly s (€, € vq) tuzy



CoGid€r the emitDTergrcup H = {o, b, c, d} $ith ihc follains idble

.,b\

Dc6E a f@y snh6€t ) of Il hy

.\(a) = 0.3, r(6) - 0, 
^k) 

=0?, I(d) = 0.

{ {c'4 iro<rS07
u(rir) = { {ol ir07<r!03,

t 0 iro8<t
ThN by Thhrn 4.2.19, t j6 e (€,€ vq)Jury g€nqalized brhlFrided ol A

bui ,t is rct on (€,€ vq)-fuz'y bi-hyFra€d oI l/, b6!E U(Ii0.6) = {o,.) b a
senelalied bibperideal of ll but not r bihr"edd€nl of 1l.

bqt G,€ vq).fuzz,t sadnli'cd hi-hvpatdeol ol . nadar raah$alrorp E it o

le.<vq) he2r 
'i.hweatzal 

ol a.

Proof, I?t Ibed (€, € vq)-luzzy generrlized bi hyp€ddea,l ol ,ll edo,t € 
'J 

The!
rhse exist: € t such rhlr t € ,o.o0, Tha re haw oo, q do(ro,ob) =do(ror)ob.
So th@ qis|8 r € b or, such iMt z € a.0 q ooro0. ThE

,,J)1,{^(,)} >,.*f",{)(,)} > .ir{.\(o), 4(b),0 s)

Thtu slm ihd r b r (€, € vq)'tuy subemihypssreup oI tt md $ r i. m
(€, € vq) n',y bihy"erid.! ot rI o

A lEy sh*i I ota sdihJrpsgoup t b call.d s {€,€ vq)-fuuy in1€ or hyp.F
ided ol r' iI lor all2,9,2 € t.nd r,r € (0,llthe lolldin3 ondiliod boldi

(t)., € A and v, € I -- {r-i{rr € vgr rore*ry : €'or,
(2).rr€)+(o) r{.,,} € vq.\ for every u € todor.



u

A Jvzz! srttet 
^ 

oJ a vnihwryaup H iE an \e,< y,!).ta.u inr.wr hrpetidar o!
E iI and otn! iJ ir sa|:'fr@ tlle lollotuin! @nditioB,

tr),sl{l(.)} > d!(rk),.\(s),0.51 t6 aI !,,
(r) ..'lll.,{r(.)} z .i',{,\('),0.51 16 ottd,!,!

P.oof. Th€ prcofis simitd b rbe pldof ofThoreo 4.rJ. O

LI:,, !h!I | .! ! y tltp,'c,"!p A s m t... vet.tD4 ir.nh hwnd^t a!
H tl ond uatv { ut \: t)l a 0) E ot nt.no, tr],?5d.at al H Iar o I c to a \.
Pbf. The pbl G sinilu ro rhe p@f oI Thm@ 4.1.!.

A luzu. sL!€d \ otd rmihjnqgroup rrl s..lhd 6r r€, C q,tuzyqde hrTqidral
oi t, 

'l 
ir !6t866.

{.) z nnr{(r oI)(r),(ro r)('),05}.

Ll ) be s (€,€ vq)-tuz,y qusi-hyp.ridal or rJ. ThentheFt&={r€'|,

s qua;hF€.idealol lt, re h.E lo shd rhdt
lon )oo,Y Thh nem that a € .IIo \ 6nd
lo! eFe s,i € It hd ,, ! € )0, Tls )(r) > 0

)(r) > 0) i.. qui-hr"€.id61of .lr.

Ptut I! ord€r ro sh@ ihrr \ is
Ito,\on,lool/ q \. !€r o € no
d€,\oot Sod€soranda€3rol

(r o,\xd) = v {(t^)(rD
: {rG) ^ 

\ (')i
= {r^r(r)}
= .\ (rJ

sinilarrv (,\o 4G) > )(!).

:
:

hiD(r o )xo),(.\o t(o),0.5i

0 be&w,\G) > 0 ed.\(y) > 0.



Thc a € ro. H.G lo b t qu&i.hyFideilof ,,.

a5

o

EEry iray qusi-hyFid€rl of t ir d (€,€ vd-nEry quarhyFdde.l of n bui

A M-dqty .66.r Q ol 
^ 
.qdvavwp E i. o q@i-lartidal ol E il Ut d@-

Mtditta tEttt^ 
^a 

o! Q ,t 6 (e,.vq)-h.4,?i6rnn4dal oJ E

P@L SuDDe Q b a qui-l'ypdid€d of ,t .nd & i! ih. c.lMr.rltic ift.im
ofQ. I2.r € 

''.Irr 
I Q ilM.l.rr.Q d r I Qon Thd (1.^o)(t) = 0

or (& o lX,) = 0.nd $ ni',{{r o &X.),(& o rX4,0.5} = 0 = &(,) lr. € A
th6 &G) = I > nin{{t o &)(r),(&o IXr),0.5}. IroE rc b u (€,€ vq)-tuzy

ConEr&ly, sppe !h.! ro i. s (€,€ vqltuzry quet-hyt riihtl ol 
''. 

L€.
o € X o Q n Q o n Then ih@ o.ilre r,c €,1.rd r,, € 0 rul ih.t o € to, dd

(roraxa) = V (r(r)^rak))

: {(b)^&('D
= lAl

so (l o &Xo) = L simiLrly (& o lxo) = l.
H€@ &G) > D'n{0 o &X.),(& o rxa),0.5} = 0.s. rhG &(o) = I, shich

ihplie ihd o € Q. He@ roQnQo n C Q, th.t i! Q i! | quEi-hr?€ridal ol
E.O

Ewl 1.,. vq)-J@) ht k eit) itpatdat \ ot n a a le,. vc)-fuz! c@i.

Pet SupF6. I ii s (€, € vq).f@y qusi-hypqidsl oI t/. L.i . € t, rh.n

(r.r)(r)= V {r(,,)^r(,)) = Vr(:1.
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{1d.ll(rr^0.5 = | \/ .lr.r lao.s

= V {r(') ^05}
S V r(t) (be.& A i!s (€,€ vq)'tuzy l€fi hyrclidesl of !,.)

: r (.)
rh' 0orX,)^0.5 s .\ ('). H€@,\(') > 0orX,)^0.5: " 

n{(lo,t)G),(ro
1)('),0.5I. Th6 -\ C s (€, € vq)-rwy qwi-hy"erid..l oI ,i'. o

Easn G,a vg\-^Da qtuinwra.,l oJ o ttuiltsdwtrp tt it 6 lqavqJ-fut!

Prcot gupp@ I b u (€, € v+Iuzy qwlbyp{id€.l ol Milt}gderclp It. Lt
r,, € tt. Nm &r flEy ' € r ot/, E he

^(o) 
> nin(r o IXo).(rq lxo),0.51r '. I= | V {'('r, \{v,}l V tr(r)\r.rrll\oiL.; i td; I
: I1(r) 

^ 
I(r) 

^ 
Nr) 

^ 
r(y) 

^0.5> 11^r(y) 
^ 

r(')^ ll^0.5
=,\{!)^I(.)^05

s";B|'(,\(o)) : nin{.\G),r(r),0.5} td aI.,e€ tt.
Al,. br dl r,y,2 € rl tu eEry u € ro9oz, m IEE

.l(u) : nir{(r or)(u),(Io lxu),0.5}- tr l= lV {rc)^rkrtl^l V {rk)^r(.Dl^osL*;, i L<; I
> {1{,) ^.\(,)} ^ 

{,\(.) 
^ 

1k)} 
^0.rz {r 

^.\(.)l ^ 
{r(,) 

^ 
r} 

^ 
0.5

=.\(:)^r(.)^0s.
s"**f,.{}(to)} : ai!t^(.),{z),0.s} to.ar.,y,' € rr. rrE I he(€.€ v(}

turzy bi-hypqid.xl of ll- O

Tbe hll@lng emple oh@ th6r ihe corlre oI.b@ Lema iE trot true.
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Considd the enibFrsmp ,C = {o, b, c, d} with the lolldirs hble

{o,r}
k,r)

One dtr atily .rEd thdl {d,.) is t bi'hr.t rid€al oI It bur nol 3 qlaih}!€ride'l

De6ne d tuay suhE€t r oI /J bY

,\\dl-03=\1. \d. 0=\ld

Then I is .r i€, € vq)-fuzy blhy"dideal ot lJ but lol d (€, € vq)Juzv quNi
hy?€ndesl ol l'. 86.;0;-\X6) = 0.8 = (.\otxb) but \(t) = 0I ntr{(1'
)Xd), (-\ o rXr),0 sl.

Elerv le,evq)-!@u twqidr.l '! 
6 &nii]|'ljr w L' M l<'e vq)'!au iattur

Pr@r, ld r b€ m (€, € v{)-nDlv bT.rid€l of It Na

nr l.r,orl: mi"{rur osJ z En{r(,, 
^rv,0sl

so 
'nr {riall > mn' {.r(r)..r(e), o 5}

Tr;r..ar,.o., e a *a fol*n u € /"ddu - ro(d'v) rh@ Id Badr' € ro,
wha€!!ro..so Ini {}lu,l= x'l l\u)}:nmtr(!r'05}:r l\(o)051

b{6w lor ed, z e oo!,,inr {I(r)} 2 n'in{l(o).05}

Lr {)(a)l: mmt'\G),051

fiene a i. an (e, € vq)'tuzzy inblioi lvPdide.l oI t.

'Ih. inrdtr.ri@ oJ o^, J^nlv ol lE.e \ q) Jrt2v int ri'r t\,Ptadzols '! d tantwxr'
sD.p t tu d (€, € vqlF:a :n.cnor hwerd.at o! It -

Prcot StBjghiloMld
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L.t 
^ 

6. ttu (e,evq)-firz! b&Writktl oJ d.ninvxryrup I!. LB,\oo! l < r.

Prcof. Let I be o (€, € vq)-Iuzy bihyperide.l ol a. .4. = 0, rhs (Ioo 6r)(d) =

(l.ojlxd) = v ,nn{}o),r(,),0.5}

: v rtn'= r(d'
('J)€a

tr

Ler A, p 6. heu t&set ol d t.tuihl,t!rtn./4' 11 . ?tur I 00.6 /r < I oo.i ll lnsp.

Prooa. St8idllotudd. O

Lct 
^ 

h. 6a (.,. v d-It'2t bi4pattal o! a tdlspavuq It . Tla 
^q:l]ottt 

<

Poof. td a, r, z € I'- 1l -4 = 0, rhen (,\ oo u l o0 5r)(d) : 0 < r(o) I1,4. + 0, the!

t \o0r ro0!^r\d) = v drntrlrrjtroo!)r(:)ju.rJ

- v Dtr{r(!i. v ru{r('),rG).o5}.05}rdQen?.roe,

= v v mnt^wr, ri r{r,iu.5t
(r,)€i. (.r).r.

= v v n'nt^(g)j^rsriu.ol

Sine. € !., C 9" t o e) and ,\ b e (€,€ Vq)-fMzy bi-hJ"elids.l ol Il, re

.\(a) > nin{.\(r), r(,),0.5}.

v v Mt\s).rG),o.s}s v v lk)=l(.),

dd dE q@dy. (r oo. l oo r lxa) s ,\(.). tr
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4.3 R€gDlu ud iDi,ra-reguf$ !€mihypergrcuF
I. this siion, ru chdderize regulor sd irlr&readr miir?elgrcuDs in bG of
(€, € vq).fuay hJ"didexts.

A smit vp.rgtunt E n fts'Lr i! oan onlv il lor eMry (e,e vq)-ta..y ,thw.nnat

t o!51 %31= ,r

P@t (+) t t ,t b€ a.€sule silvpersloup dd lel o € IJ, Sire l, b esuls
s iheE exisrs, € tt such ibdo€aoroae ao,o(do,oa) = ao Goao,). a

Then tor eary ! < r"a"r sd ' € roo, E hdE d € ao r thm

(Ao0j r o0s 

^)(a) 
= V nin{^G),(1oo!-\)(r),05)

> nii{.\(d),(r oo6r)t),05}

= nin{I('), V nin{1(,),-\G),0.5},0.5}

> nin{r(.),dn{r,r(a),0.5},0.5}
= nin{r(a),05} = r(a)

Hene l(o) < (.\ otu 1 o0 5 .\)(a). On ihe other h@d, hv Ppp6irion .1.2 36, k
haw (roo! l oo6)xd) <.\G) fteEroro ()oo,l o05.\)(o)= '\(a).(+) t€|,\ be dn (€, € vq) ruy l,i.bypside6l ot ]' sucll thlt *plsion ro0i
robr) = ), is satisffed. Ib prde that ,Y i! r€sulr, ft wiu plow ttur Ba H aB = B
for all bi-nyp.ided6 a ol tJ. I*t b € B, ih.n by Coolry 4.2.14,,\s is e (€, e vq)-
iuzy bi-byp.n<bi ol a. By hypoihBie

(rs.bs I ob! rrXD) =.\,(D),

Sine t € a. lhd,\,(d) = 1ed * rd* (r!.d 5l o.J )axo) = r By Popciiion
1.3-7, € h!re )! odJ I %5,\, = rr.r.s sd here,[,./.,(0) = I + d € A o l' o a
Tbs a g ao ,|l o a. Sine a is ! bi-hypcrideil of ,{, * a otoA q B. TheEtore
Balta0=B o

Ld 
^ 

oid p b. (8,< !.i-lt z! bi-hw.dd^b ol I!. Thea 
^ao.sp 

i ctro dn (ei< !q)
frzzt! h.hjlflnd^l oJ E.

Prcof, L€i ,\ dd ,l bc (€.€ vq)-f@y bib1€rideab oI 
'J. 

br a,U,. e E. ll

(r .0 
" 

p) .G (r .o ! /,)xa) = 0 : {r .. 
" 

pxo)
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((roo! p) rr (rrr,.))G) = V t(r6t r)0) 
^ 

(r.o. r)k) 
^05)

I V (]tr') ^"(d^o{ I- \/ | ,ic.! |
*:.1^ V {r(Pt) 

^ 
t4et) 

^0 
i} |Lfr I

- \/ \/ \/ J trh)^'l({t)^05}. 1- J,Jf{,.ai* [ ^tr6)^dqr)^or] J

., \, \, t tr&')^rh) I' .L}}[ruti'ri"torao.o j

< \/ \/ \/ [trh)^rh) I' J.J-,J- t ^'(o) ^orl J

SIle o € ! o:,y €,l oqr 6d: €4o6. T!4. € 9o, E 0hoC!)o (,rod =
(r'rooord6o. so ft..dr€ (Aoq oA),. €roo.lt-

V V V l(r0') 
^ 

r(P,) 
^&(c')^o.5}l

s v t{rod 
^1(,t)^,l,(o) ^0.5}1.

Si@ r i u (€,€ v+nry Di!rp.ld..l ofr ah&

,a,g* {r b)} 2 {}(d 
^ 

rb') 
^ 

0 6)'

V ftrbt 
^ 

r(D) 
^r.({r) ^o5}l

< V l{r b) 
^ 

4c,) 
^ 

0.6}l

< V ttrb) 
^,,(6) ^ 

o5II - (r.0,,,X").

Tt{.&. (rarr)oor(rtur,X.) < (rtur)(.), ed rtup b ! (€, € v+iry
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sut€eoihJ"ergFup oLL Lt t, y1 , € r. Th.n

t,, I().05rx') 
^ 

(.\e! !x:) = v {^b)^/(c)^0.6}lr.+r I
t.. l

^ lV {)(r)^4(4^0.t1L€;" I

= \/ \/ I {'\(') 
^ 

/'(a) 
^ 

o i} I- v v l^{r(r)^/G)^0il I

_ \./ \/ [{rh)^)kr^/(q}l I_ v v | ^d,)^0.5 l
< V V l{ro)^&)^rc)^o5}1.

si@. €roe..rd z € ro,. TIH br 6.! D € ro yo: C (poq)oeo(ro4 =
bo (qo!)o')o' &d R h&r € (r o ({. y) o')or. TtE

V V l{.\(r) 
^ 

&) 
^ 

d!) 
^05}l

s V l{.\b) 
^.\(.) ^,tG) ^ 

0.r}1.
*(P(a)"rFl

Sine I is d (€,€ vq)-6@y bl-hr?€ridal of It, & fo. ffiy a € 0o, rnd ror
eery P € rooor, E h.E

,.F!-r(r) > {r(r) 
^ 

r(') 
^ 

0.5}.

H€re, for @.[ o € ro! c {ro (q. r) o').' 
'.d 

e

V l{rb)^,r(r)^pG)^0.5)l

< V I{r(P) 
^pk) ^ 

0.5}l

= (r 00.6rx!).

ftu (r 006 rX@) > (.\oo!pxo)^ (l oo.!/X4.
F.re lo05,r h d (€,€ vq)-tudy bi-hypdid€d oI !r, E
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A tnnrypawat E b iartut suld i! 6nn onlv ,J Li R t Lo R lor .ery hft
hweridal L dtud tor .!.rt riphr hweAd$l R oJ E.

Proof, t l U be e i reregrld minype€Dup and !, F &€ leri ed ght hr?er
id€rle ot t Bpalivelt L.t d € ,nX then d € aod o € n. Sin@ n is inr,r&regua
e thse *bt.,, € t s!d! that a € ! o a o o o v - {. o o) o (o 6 y) q, o A. Thus

Converly, sune thd a € rai g ,oA This inplie thai 4 € ,on = u{lor:
I € r,r €,4). Sir@, ir a leti hypflidd..l !o lor some. € lt such ihar I = 5oo Ako
n i! a lkht hrTerideol @ ld! bme ! €,{ such that r = dor. ThE

a € r or = (,o4) o (..!):,oaoao;
tletue ,t is inlFrcgule.

F.r . r.rd{patrow , 6e IoLa@n! Mdirim m dtu rdla'r:

o

(2) (r 
^u 

&) S (r oo! p) lr rury lE,< vq) l'2v tcl tw.tiddt \ Nd Nt!
\e.e Yq)-fzzv ishr hw.nd4a! p al E.

Ptuof. (1)+ (2) L€t l b€ m (€,€ vq)-luzzy leri hyperidea.l ed /r be an (€,€ vq)-
fiuy i8ht hyTdideal oI l/. Fo! o € Ii, thGG aisi., y € t such that o € roao.o! =
k od). (do!). ThN thde dists, € ro. dd,l € .o !,.!d rhat a € , o,r.

().osrxa) = V {)G) 
^ 

p(dD 
^0.s

z {1(,) 
^ 

/(1)} 
^0.5(Sire I € r o. md l b & (€, € vq)-luy tdt hyp€ride.l ol ,',

e.inr {.1(r} > )(a) 
^ 

0.5. rhs .\{n > .\G) 
^ 

0.s

Al$ 6in c p is u ( € , € vq) luz,y righr hypsidesl ol 'IJ,
*,!d,{p(')} > /r(o) 

^0.s. 
rhN !(1)> !(a)^05)

> {(.\(a) 
^ 

0.5) 
^ 

(!(a) 
^0.s0 ^ 

0.t

= r(.)^&(d) 
^0.5= (.\ 

^{ 
5 /rxd).

(2) + (1) t€r E dd , be dgfurt dd lelt h]"erideal6 of r Then by C.rolldy
4.1,12,,\! and.\. d€ (€, € vq) luzy ight 6!d (€, € Vq)-tuzy left hlTqidesls ol}l.
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6pdi6ly. Thu by lDTothgis * h.w

> r!^lt
= Ih.

ahu,nE e ,oit.Iim ii 6llos 6qn ThM 433, lh n i! i!k+
r€gule, tr

Iit It b. a rmiiweqftw. me lo\auin! M Eudole :

l',) E F both t Etld oditfia.r.9&8.
(ii) rodJl =.r 16.ers f€,€ vq) I'a [rnwtubl 

^ 
oJ E.

(iii) ) n0!p = ro0.rrft.s,r 006 p lor all (<,evq) lQzv tillupdiaaL 
^ 

ond p

Prcof. (i):(ii). I4t .\ be d (€,€ vq)-i,4 blhypqideal or fl {d d € It.
Sine ,{ i€ r€8uld md inilereguld ihere *ist t,!,2 € ,I' such thai o € oot o o q
.oro.o.o.i eda € roaodo,. ahd. €."z"ooros q do,"(|/o.MuF,.d =
(o.kor)oo)o(doGo,)oo). Th€n Lr ewry r € ror,, €,ori t € dorod dd
q € aoro a. Then re h3w d € po q,

(.\"b! rxc) = V {r(!)^.x(q)^05}

> {rh) 
^.1(q) ^ 

0.51

- r {rGJ^rh)^os} tz \ ^{\d)^ 
\ldj^0.i}^05 f

= {rG)^0.5} = {').
On the oth$ bmd, by Prop6jtion 4.2.34, 4 h,w (.\ oo.s r)(z) : rG) ThG

(it-(ti). !€r .\ ed 9 be (€, € vq)-(@zy bihr?€ridab of lt- Thm r rh! p is
6n (€, € vq)-luzy bi-hypcide!,1 ol E, By (ii)

rrh5p = (r tur ll) o! ! (A rbr r)

Sioiltdy, I r\5 r < pooi l. Thu

,\ no.! /] <.\oo!,rfti / oo 5.\'



ro0r/,fts&oo!a
= (.\ o0 5 /r fb ! /r ooj.\) o0, (.\ o0 s rr .\ ! /r oo 3 A)
q (ro05 !)oo, (/ oo., A) = ) oo! (l1o0! A) oo,l
= ,\ oo, p oa. ) (@ p oo ! ,r = /l by (, aborc)
g,\oo51ooi.\

= r (B r "ls I oor l - r by Thd€n ,t.3. | ).

By a siDilo qiy re6 pl1re rb.. ,\.0 r ,/ ftjrobsI q a Consqudily,

roo6/r no3r 00.6 l g,\ftsr
ThercIoE ) nosp =,r %5 !ftj t oo! l

(iiil .(i). To p.m tlar S ir Egule w pow rbar r{ n, =,4 o A n B o,4
tor e€r, bi,tryp..jd?n ,4, &d B ot E. trr , e An B, By Coolluy 4.2.1,t, ,tr
ud I, e (€, € vq)-fr,zy bi,hyFride.b of t. By (ni) (r, nG rrx,) = (rr ob !
^, 

ft.s.rs..6 rr(r) she r € ,4 d(| z e r, rhd .t,(r) = r ad )s(r) = t. Thcn
(r; n0 

' 
I,lk) =nin{rr{z), -\,(r),0.5} = 0.6. Hence (rr d! 3 rsl"! 5.\, o0 s,\, (,) =n t By Popcjr.on! 1.3.6 md 1.3.7. a hsw \. o05 rr-0r lsoo, 

^" = ,,;r."",sd hp0c" \ir8\sdrrJl 0r rmpi6 lh.t I .,4o ar to,4 on.h" .lna I sd, il

On the orhdr hed, l o0. rr &d poo6,\ e (€,€ vq) tuay bi.hyp€rjd.r.ts 6r !, by
temmaa.:1.2. ucne to!5pftrpoo6l ii m (e,€ vq)-flzzybi-hyr€rjdedof t/. By
(ii)

I = ,\&Nr(r)
= (r,.sr\r.\&,x,)
= (^r oo, _\, ft ! .\, oft rrx,)
= (.\r no,,\s)(,) (bv Cii))
= ^r.!\rl

Here: € ,4n r. The€fore,4n a = io AnAo.4, on eqMlty. t' is borh
regule !d inlEESrl& Tbjs ompte(6 dre prcof o
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BY

ln tlis o\tpte! re seneralize itie coneprs ot (€,€ vq) h?zy sussunyrssrcup,
(€,€ vq) 6uzy hlTdideal, (€,< vq)-fuzy i.tedor hypqide{.1, (e,e vq)tuzy bi-
hypeide&!, sd (€,€ vq) ruuy qusi hyperideal sd denne (€,€ vql) tuzy sub-
smihlTersroup, (€,€ vqr)-luzy hypsideal, (€,€ vqr)-fuay inreiior hy?erideat,
(€, € vqr-Iuzy bi-hyperideal, ud (€, € Ver-fuzy qusi h'"dide! ol a *mihypd
soup ,Y dd sludy em€ bsic plop€rlis. Al$ @ d{etelire resda. &d irtr&
re8dr mihyTelgrcuD6 $ing thd noiioM.

ln $hd follN, le! tt dqor4 ! shibyp.rgolp ed t a abirary elen€.r of
10,1) unl6 otheRi* sBi6cd.

Gmalirins rhe Mcept ot ,rr?,t, Jun l3O, 3li deined .rqrr, ir X.) + r + * > r
dd rt € vq.l if rr € I d 

'.q..\.

5.1 (€, € var)-fizzy sub6€mihype"g""F

A iuzzy sub6€t I or tl is cdt d u (e, € vh)-Iuzry srbs€nihrT€rsrcnp oi ]r it to! atl
r, ! € 1l &d ,, r € (0, 1l ihe follNrE @ndiiion hotds

rr € ,\, v, € l - 
(!)d(i,r) € vqr), fo! e!.rr : € , o v.

Ipt A be a tua enet! sutkt al I! oti \ o luz.lt s&rar in r! defuert 6!

^(,)={->+,/'€,4I u awMe

(r) t A s d sarsqLfuperstuw ol H t\.a 
^ 

B 6 (q,€ vqi-fea ,rbsmr\wr

12) A a d nrsm,n!f€$,up oJ H,l si ontu il 
^ 

s m (e, e vqL) hay,!n.

Prcot 0) I2t,,, € rl d'd r,r € (0, tl t'. suc! drr,r, &a,\ Thq 4 v € r, )(r) +
r > I md r(r) + r > 1. Si@ / ic I subernilr?€rgoup ot r, ft hm, o! g ,4.

SEMIHYPERGRoUPs cHARACTERIzED
(e, e vqr)-ruzzy HYPERTDEALs



'rhE &t ewry: € ioy,.\G) : +. rrnir{44 < +, tl6
e rtn"u-, € ) rf.r{r. r '!-".'h"n\()-mtr{,.r}-{
md s (2)Ei(dqJ. Tle..roE (.)turk) € v{ll
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>++++k=t
(2) ki r,v € A sd t,r € (0,llbe such thst.r,v, € r Th€n,\k): I > 0 ord

r(!) : r > o. rhc r(r) : + sd r(!) : +, this irprid z,x € /. sine.4 is a
3ut6€mihy"€rsroup ot,q, re hr€ r o !, g r. Ths ld *!y : € r o v, r(t : f .

trDin{1,4 S +, ihen l(:) > mir{t,f) md s G)d.t!"r € I lr'ni',{,,4 > r+,
tncn r(') + nir{44 + r > + + + + r = I sd s (:)d.{:,,lqJ. rn€erqe

ConwF$ 6uft thsl I ie a (€,€ vqr)-fuzy slb6€nihr?eigoup of tJ and
,,, € /. rben .\(') : + i(r) >+lhdis"+€-\6dy+€.r.\'wby
h}"o$6tu,:H € vq) lor.€y ! <.o!.lIz+ € r then r(, > ? Md $: € ,4.

Itz+qrl ihen )G)+++* > l inplid )(:) > +. ahu z €,4 Hence.oy q,4,
lhat i5, / is d sut6eoihlTerAmup oI 

'J. 
E

lr) I! d 
^ot-mpru 

ttt*t A oJ H a a suhcnihvpersntp aJ E, tJen tie chdftctercic
Jw.tio" al A * a (q,. vql-J@u tulf.hthw.rsdp oI fi.

(2) A M-. pta slnset A ol h is o abstuiup.rgrow ot E iJ onn ontv iJ 
^a& an (e,< tqt)Jez, |ibsenilw.rg@r aJ n.

It * rahe t = 0 in Th€m 5. |.2, drd re get th€ Th6r.n 4.1-2.

Let 
^ 

bc a fuzzu srb.t al E. Then .r ir oi (€, € var)-r,,v iursentweretuq ot F
{ dnd o,ly il ,i {.\(zl} > niDtl(,), r(v), -t' }.

Pr6ot Lt ) be an (e, € v,?r-luzy subs€nihypersroup o! ,'l On the conhey.
eft rhar ilrft di.r.,, € /' s!.! iha! ,inry{rG)} < miD{r(,), 

^(s), 
+} ahou

there6nsk z e rorsucn ihat.\(,) < niD{^(.),-\(t),+). ch(* I € (0,11 such

'hr ^r:J 
. r . mh{,r(rl.rrrl.!:r'}. Th{ n . \ Md & € \ }'ur r/, . I Md

'r1 I =I so:'--A) shthFo oqiradi "on ll"n"

.i'll,{rc)} 2 m'n{.\G).rk/), +}
cdwelr, NUretbat,i {r(?)} : ! tt)i.), )(!), +} Lei', € ) ond v, € I

ror r, r € (0, ll Then r(') > r md .\(v) : r. Nn

,ir,{tr(rl ? m.l\1,) 
'iur, tl2 ridlr,r. 2 }



rf ,^r > ?, ihen,i {^(r} >

l-* 1-*,r(:),t/rr* -2

ahid inpli6 ihar {:)-(.,}q,\. II r^r < +,il€n,inl,l{r} > i^r So G)d,1,,4 €

r, ThG (z)d!r+) € vqrl Thqefore r is sn (€, € vqd fuzv 3ubetnihtTergrorP of
Ea

II€ tale [:0 inThmm5.l.4, ilr. *gei lhc Tb&d 4.1.3

A hp.! s!&.t \ o! a sd thr1*tJenp E k n (.,e lgi-fua snbt@ilp.twlt oJ

H d dad ods I U l\i t)\+ 0) 8 a'Lh stuihi,,aElrtullp ol E Jor dtt t e \0' +)
Prcor. ld r be & (€, € vqr)-tuzzy su&.nityp€rsrcw ol tl dtd '' ! € t(.\i .) ror

eme, e .o,I,i Thenr(r):,ed !!r ji lt follm lrom Th@rn 5l 'l rhat

hr r v:ll > mitr{rr4 vv, it I : tur{' +\ =' Tnd rorcFrv ", "r'""i1a t, -a *., ( (\:r). that i5 , o u { U(\'r) Hc@U(I.r,!dsubFm'hr

Coivl$ly, sune tlt!! U(I;4(l 0) is ! 
'ub*niht?€.gouP 

oI l' fot all ! €
(0, +l supr* lnal llse exist ., ! € ri sch that

.i';r 4r'.. r<mmlrr\.\(r). , I

rhs rhse djsts r €.ov such rhti rG) < nin{r(r),}(!),+} cbo@I€(0+1
sucn thsi -\G) <, < mi',{r(,), )(!), +} Then !,! € U(r;.) bu!,4 U()ir) io'
r "v e U(\,4, shid' onitadi.ts @r h)"othBis

H"nf .,nr lr :r) : mn',)'. vL i.')andso\isdl
E

It @ 'at t = O 
'n 

Tharem s 1.5, 'hd F sd rhp fteFm 4 l4

5,2 (€,€ vqr)-tuzzy hyperiderrs

A luzy sub*i r ofrl is e (€,€ var-fuzy lelt Gisht) hrpoide&l ot t if iot all

',s € t md r € (0,1l rhe fouding @nditim hokbi

V! €.1 + :. € v4tl tor ewry u €'c, (& € I _, t € vqt,r for everv : € vo'l



Lcr L [c a sdtet al H ann 
^

{

O)I Lisakfr(Fte. riehr) hwerid?at al E t\en^Bal9..vq')-jz2!kft
(ftq. aait) lnlpertLat aJ H.

12) L ts a l.lt (ntp nsht) brpe,,l$t a! E i! 
'tud 

onlu itr \ a 1..,1\ql-ltzq
kl (ft,p. t4tit) h!4.lid6t ol H

Prcor. fl. prool b s'nild to r1c troof of lhercm t.l ). o

\1) U a ao^-qpt! tttd L ol H * a tel (tue. rrN) hupzr;dat o! u,ttnke
chatuckti'k fun ban oJ L 6 a lq,e \ s)-rt,t Lelt (Mp. riehr) hweintuL o! E

(2) A na-dpq rrb'et L bl H a st jt (n'p. rltht) hw.rrlal ot E { Mn odu
.J )L * an t.e,e vqt)-fua rel (Fsp. Aen) hwr*teaL a! tt

A l1'2! 'lbset 
\.! H A 6n (e,<'ter)-lE2! t4l (ft". nenr) \lperdat ot E 4 nd

mr, rl ,inrr{.r(r} 2 ni {^(s), ?} (.,F,:,11,{)G)} u.i',{.rG), +})
P@r, Let r b€ d (€, € vqr)-Iuzy left hlTerid€l of tl. On ihe @nrrsy, aunc
rhai iher€ eiFt x,e e fisucnihd,i {.\GD < nii{,\{y),?} Then ihere exhts

z € z o v sch thar 
^(?) 

< mir{)(r), +}. cho@ | € (0, Il such ihat )G) < I <
m, tr.v, +l rhcnr,-rb!')rir',mo)(.lr' t<'r'- ?'-r Ls"
?,( vqi\, ehich is a ont,adi.ri6 Hric,'rr,{\r,l} > mh{\(yr.L-'l

conslely, 6Me tbdr ,i,n {)G)} : .i,'{.\(s),+} L€r ',v e r, md I €

{0,11 be such thai !. € l Then .\(!) Z t Ths .i ,{)(z)} > 'nin{)(e),?} >

"{t,+}.II r > +, then,inr {.\(z)} z +. so ror evq ' € 
'os,rG)+, 

+t >

+ + + + I = 1, whicn imlpi6 that',qd. u I < r+, dEn,!,9{r(:)} >,. so

for erery ' € roy,:' € ) Thu,r € vqr-\ for ewry: € 'os Theiefole ) ir d
(€, € vqr)-tuzzy leli hytdiddal ol t n

A I'zzv ilkel 
^ 

ol H k s^ l€,evqi-t.eu nwdd@t ol H il dnn oa\ il
,ljl {)(r}: nn{.\(!),+} nd irr {-\{r)} > ni {.\(r),+}.



A Juzt) ,rbet A ol a sdnihtryrstutp E h an (e,e q)-lua Ll (@p. aM)
ispaaat ot E rJ 

^nt 
nb iJ u{ it)Ge) a a klt (aa. ;iht) htpataat ot rt Jr

dll , € (0,f]
PMt Th€ plet is siDilr to th. pr@f of Th6!@ 5.1-5. O

1l 
^ 

6 dn lE, < vqt)-te4 kl hwerided ond I i. e (<,. vql-lwy risht hwerided
o/ ri rho r o,r is e (€,€ vqr) fu,zv hb-snd hlpz+;aat oJ E.

Poot l*t x,! € d. Tned

t.. \
t^ot,rttJ -) = lV'o,.",c'r1,f-kR

= V I \ur 
^ t'(rJ I l--: !

"Lt 
2 t
.l= V l) br ^ 

'-i '^r(c)l

(II9 € roq, th€n roy q.o{roq): (,.2)o{ Nd 6tr€..h 2 € toy, theP dirrs
o € .op.Eh that ? € doq SiDe \ h s (€,( vqrlfilty bn hyFrideal 'h.€rd b"
Tnmds.2a.rh.E-r l r,ajl 2 tuni \er, +l thN 6 rroi : mE{\(rr. +} ,

r-l ,, f r-lr -.1(lo/)(y)^- = V {^l}'l^--^/lqii

' V l\(o)^rrcr) baje rbr > Dir{rbr'+}

= v {.\G) 
^ 

/ (a)l

= ()orrx4, fdmryz€'oyq.oq
S.-

mint{r"!xyr.' 
2 
'} :,' r,lA"r)(:D

sinihrly *.& !h@ rhor,ur ttro,.l(t) : m,n {(\ o !X.I+} ThB I.ts
id m (ej € vft)-lu,ry rreslded hyt€ridosl o{ fl

Ndt wshwihd if l&dpe(€,€ vq*)_luzy hyPaid*Is of !enihvpsBrcup



tm

CoNd6 rh. emihrTsgup , =

{",r}

one ce €sily checl rhs! {d}! {o,t}, {o,4c}, {a, t,d} &d G,r,.,d} e. all hy-

= 0.7, I0)=03, .\(.)-0a, .\(d)=0,
- 0.8, r,(t) = 0.3, ,{c) = 0.{, p(d)=0'2-

{a,4c,d} -i!h th.Iolldin8 trble:

rk)

f {", r, c} ilo<iso.3,
,,,,,._, {o,c},r0.3<rs0.a,",",.,- I l.l iro.it<!<0?,

l0 if 07<l<l
[ {.,d,c,d} ito<r<0.2.
l{d,t,4 ir0.2<tS03.

u(/]i4={ {o,c} i!0.3<ts04,
| {.} ifo.!<tso.8,
( e iI 0.8< r: r.

5,2,6, ,\, ! @ (€, € vqd n@y ny?dide.ls or .i/

(.\"rxr) = v {r(,) ^r(!)}
= v{0.{.0,0}
:0.a1()^p)(6)=0.3.

Em lop I r^ / i! sqr@|.

The btdaiid ol ay lmily of (€, € vo)-nnry l.{i (Ep. funt) bJp6?al3 ol n
is e (€, € vq!) nuzy hli (r€sp, nsh!) tryp€dded of l'.



t0r

Prcot ki {)t}G, be. fMily of (€, e v4r)-nuzy left hJ?qide.L d II ed.,A € E.
rhea, r {(A)J(,) = /\{,iir {rxr}.

(Sine €..h ,\ i5 m (€i € vqd-iny left hyp€id€xl ol Il
s.ig{rJk) > -ir{r,(!),+} Ior du i € L)

kD = n lJ:r lr.xdl

: n{ror^f}
= lnro) l^:; ^

\i€t /
rt

= {n \,l(r) ^ 
j 

"\;t /
H* A^ k s {€,€ v9r"n!ry l€ft hype.idor ort. o

Th. mim of dy lmjly of {€, € vgr)-fu'y left (dp. dsl'i) hyFrideds ol It 
's 

M
(€, € vqr-luzy hft (rup. {+!) hypdldell or r/.

Prcor L€! {,\}trr be i ldny oI (€, € vor-6@y left hyF idob ot E tid z,v < lt-
rhn jltf,(Vr,)(,D = V{,i {r}kD

(Sirc @.n ,\ ia a (€, € vq!)'nEy kft hyperiial of t,
$,ilt{r,}G): -i',{)dr),+} ro!.u i e r')

vr,![{rxr)}

V tao) ^-'l
(V,'r,r.I^#

(V,".|ro^#

t{[r I

.,'r{(y^)},, =



r02

trIIde V\ !! & (€, € vqr) fiuzy lefr hypdid4l of ,'l

5.3 (€, € vqr)-fuzzy bi-b'"€rid€al6

An (€,€ vft)-fu,y .ut&nihyp€rsmup r or l' is c.lled 6 (€,< vg.)-ruuy bi
hyperideal oI 4 if lor dl r, y, : € rI ed !, r € (0, ll the loldins Mdiiion holdsl

:. € ) ud,, € ) _. (u),,,,1r,,) < vqr) for *ry u € r o!/o.

kL B tc aM nryqt,arter oJ E oan \ h. 
^ 

htz! trnd $ H tLfn db!

v,J=[:+.'/'€It u 'n?'w'

\r) II B is L ri-hgpndeal oI E upr 
^ 

it 4 {q,E vqt)-!184 u nw d?i ol n.
\2) B n L ba-ntgcnnc/ oJ E il aul only if 

^a 
u (e,E vq)-fr,,' ,i-nupat;aat

Prcot The pmof is similgr to ihe prcofolThsEn 5.1.2. tr

11) IJ o Mmptr dl,..a B ol t smilqsnp E ae . b,lllpd,n nt eI E h.a t^e
ehq@r*r't jncti@ol B n a b,evq*l-hz'J b,-\,zcnttd oJ E.

(2) A @t.nttv ttbs.t B olt 'ehihwtsmt E ae o U-nweri,td ol H d drd
tutu il 

^s 
ts 

^n 
(e,e rql-hQa bi-hwridat oJ E

A fu2zy tunset 
^ 

oJ d mtiups!@np E i. @ (e,e!%).fu',v bi-hup€udt oJ H {
Md onh { it solsfa h. to ol'as @tul!]i'N,

(r),I!{r(z)} > sh{rG),r(s),+l Jot otr x,u. E.
(2) il{",i)(.)) :.i"{.\(,),rQ),+l tu ott t,u,z. H

Prcot The proof ir similr 10 rbe proofofThor.n b.1.4. O

lf w rak | - 0 i. Tnu€m 5-3.i, rh€. * eet th€ Thm 1.2.15.
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A luzll tub ser 
^ 

o! a t tuihwersaw E 6 d le. E v 9r) -tu,v brhvpedned ol E t
md onty t U\AJX.+$) * d bi-hw.ndet o! E lot dlt I e (0,+l
Proot The pr@t ! sinild lo thc plool of Theolem 5.1.5, O

Ifw tdle t = 0 in Thodeh 5.3,5, ilEn w gei the Th€rem 4.2.16.

5.4 (€, € vqr)-tuzzy sddaliz€d bi-lLwdiderr5

A 6Ezy snh6d ,\ ot . smih}ldgrcup ,{ i. c.ll€d q (€, € vq!).IDy sdsatized
bi hlT€rided of rl iI for all i, y, z € t' sd l, r € (0, ll 1he lolleing oldition holds;

r' € ) {d 1€ l + (u),,i,{i,} € vqJ Iq ewry o € r o!o2.

Let B e a n6'drqrv srht t o! E and 
^ 

t . Jnttt arbt a in E wb lir
(t!:! n-.pllrl=11': ?-.-'
t u o4?'w..

lr) II B i o eew"ta4i b,iwnddl ol H uzn 
^ 

n d (q, e v9r)-l'24 s.amtu:d

{2) B k t se dau.a ii-qperi<tat oJ H iJ ona o& iJ 
^ 

s 
^ 

(e,. !at) fEzy
9n nnz?d brhlpcrrdeA ol H.

Proot Tbe prml is sihile to the 0@iol Them 5.t.2, O

\I) u a@n ernprtl subut B o! a tenilqperyntp tt it a sewahzed l+hwdided al
E thzn rhe chntu krcri lancuoh oJ B it a lq, e \tqJ-ha4! seflenlizel h hweride')

12) A nan-cnptx sa|Jer B al a semiltweqftLp E i a senerdi.al bi,hwended
oI E iJ Md mlu d 

^B 
it a 1.,< vtt)-lttq Oen tuti.ad bi-hwnAd aJ E

A JM! tnbtel 
^ 

ol E is aa (.,.',tqi,!uzu s.nerulizen bi-hwiddt aJ H it dtud
ont! il d sahtf.' the loLtoury Maitiot,

L'rr 'i 
fr \:hrt)rrl \t:).__r_tJddLt,.vzeH

PMt Thc p@ol is sinilar to rhe Dtuf oI TheBn t.1.4. D



l0.l

A fua stbser 
^ 

al E a an lE.e \qr).J@t sened,ftc hi.hwtukit o! t! i! oad
ods d ul^tr)(* 0) u d sdediz.n 6i-h'llJttd@t oJ E lor al t < (0.+)
Pbof. The pr@f is bnnibr ro rh€ pr@fof Th6lm s_l.i. O

Ir b,lca,hr cwry a.. \qrLfuu?y brh,.lsdrat ota shihJp"lgrnup t':! on
€ < vq{r ruTq qensralped b \!@riocatof H. Thc nexr *mda lhNs,hor rn,

1€, € vql) ney grrerolDed bi hypelidoAl ot r i! nor ndFadty m (€. € Vqr)Ju,,y

Comido the *hil'yDdgloup & = {o, d, ., d} wifi rh€ fon@ins isr€:

{a,6}

or-.r%ilychah(h.r td,.ta.rJ.{o cl ld.dt.td.r.4.io.d dl Md td,r,(,d}dcalrc,1-'drlzd bi.tur4'deal. of H and {ol ld.rl.l,.6,"},id.hdtsdlo,b.t.at
aF all lr hypelidoald o(jq

De6nc a fruzy b,et l ofl' b!,

,r{o) = 0.8j r0) - 0, .tG) = 0 4, .r(d) = 0.

r {d 4 iro <, s 0.4,
,iA;4 = i {o} ir04<.<08,

t 0 jf08<,<1.

- Tn6 by Th6Em s.4.S. I E M t€ € tqrr luzzy srnerali4d br blFnded of L
r^r @ r € fJ, tl but ,l s trot d (€.c vc|) tuzy bi.lvpei{td or /i, bdaE
ur^:o 4) - to.., t a sensalvrd blh|p€ndar or lt but nor, bi.brT€r e.l or fi .

Erery \€,.-vqrJ'.fu.v .ehedi.dt 
'ittilf'J?idrot 

aJ a Esllnuetunr1r:rsra\p h s an
\e,< vqL) ,a, hr.t4pedddt aJ H.
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Prcot L€l ,\ be ao (€,€ vqd-6@y sererali?2d bi-[yT€rid6t or tt Dd o,b € Il
Then therc *Gh , € ,q such thai d € ro.ob. Thu m bw

ao, <.o (roroD) = co (ro,) o t

.xr I \.r 'l 
> r ll,.,r-..,1o'^'rl.I:{,.i:;r' " ,.;;;

This.hlm that I is s (€, € vqr) nuy sub*sihrTersree of fl dd $ .\ is d
(€,€ vgdJuzy bi-hypeideal of E O

5.5 (€,€ vq.)-hezy ht€rior hvp€riddls

A fuzt sub..t ,\ of ! tuihypersrcup /i i! cdled M (€, € vqr)-f@y int rior hrT.r-
id€d or /t iI ro. sll r, v, . € t aid ,, r € (0. ll tb€ fotl@irs 6nd'i'oG holdi

0)., € l and y, € ) 
- 

(rrr.{i,} € v4J for erery: €, ov,
(2) d, e ) * !, € v,tk\ for ewiy u €,oo o r,

Lct A he d aoEnptu sfiset ol E Md^heolwVt ser$ E suh that

rlr):l' : .?_'"

11) I A i:i M i'tn r hswklel o! E &a 
^ 

i' o (q,e vqE)-lu.! i en

l2l A it an ituaenor hgperid@t aJ E 4 aid ont! { 
^ 

is aa (e,. vq;-it,v htentr

Plmf. The p@f i, riEilr lo ihe prolotahom 5.1.2. O

(\') Ij a @dnptt adt . A ot E minwlnnp E i. tu rnt ri.r trupaaat ol H
the 6e ctlntuteirri. hnctia o! A I a (q,.vq).^D,r flterior hweidett of $

(2) A noh enptg rtbser A bl a tmi\weryftq E is on inr.riar hweddaL oJ H
I oad oltu { \A B a l. .yd-J\a ' tc^6 wnd^[oJ E.

II re lrlc * = 0 itr Tho€m 5.5.2, rn6 w gei rhe Th€rem 4.r.r9



A futN e6t t 
^ 

o! o mtntArgoq E n 6le,evq.)-re A6nF trypa+dat.t
H i! @n oqt ,J iL .otirfq tt* lo!@att @'dtio6,

(r) ,i'*{rG)} > din{.r('),r(r),+l tu.tt,,t e E.
(2) *ig4{^(@)} > rii{}G),+l Jo, ott^,',te E.

Prcot Th. p@f b nnill[ ro ft. prool of Th.ffi s.t.,t. O

rtu , .ncrian oJ 6t l@titv .l G,e vqi-t", int',or ,{ia'i!lat ot n ,nih!-
pavoq E n n le,eve,J-tuz! i,trai6 hypdidal ol E.
PFot Srr.iahtto*dd. O

A laat nlat 
^ 

ol . .anitgagaq E i' M le,e vq).fu,.! itaio ktptidar o!
E il Nid 6lt il Ul^tt)ll C) e M intaior nt aidet ol E ld orr I e lo, Lfl.
Pt@t Th€ pbof i! siEiLr to .h. plld ol Thd€n 5.1.5. O

Ewt lE,< vq)-tg v ntgauat o! t 
'aihwea$'r,'. 

E s I (E, € vq!)-F:.r in-

P@f. Let .\ b. e (€, € vqr-fr@y brFidd ot }l. Tld

.!'g{rGD > ni,,{r(r), H, : nin{,\G),r(!). +}.
Thu I b m (€.€ v{r)-tu ry subqrihtp{gmp.

Ir!t,o,! € r. Then br u € ro 4o, =, o (6o r), - A€Eeilt.. € . or,.ucn

*r[{r(@)} > min{rG),-}

+.\(u) > ni',{.\(:), i----:} f)

l'[{.\(?)} > tr$o{rG),-, )

+ 
^{r) 

> ni,!{r(d).___}.
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- 1r'.{r:r ;) : min^ or ,, }

Ths lron (i) re h6re

r(u): mir()('),--)

+ 4,,,{r(u)} 2 m'n{rG), +} H€@.r is e (€. € vqr-luzzy irt€rir hyperidoil

ol ll. tr
The toUosins .xsple sh@ that m (€,€ vqr)-t@y inierior hyp. d.il ol //

.dn rct t & (€,< vqd-auay h'"€ride.l of lt- Al'o uion ot (€,€ vqr)-n zy
inl€rioi hypdid€ds ol ll ne<l not be d (e, € v$)-fuy inierior h}Te de.l ol t.

h A = la,4.,ll b. a *ojlvpqsreup dth the foll@ins nulliplicario. rable:

Tlpn ihe in!€rid hyDdid€ar, of r d. {d}, {o, ,}, {.,4, {a, d}, {d, d, d), {d, c, d}
sd lJ b {o, ,} ic nol a byp€riddal oI 1t. Deine lurzy sub*rs ), Ir ol II bt

I(o) = 0.3 .\0), V.) =0= \{4,
,(d) = 0.3 r(a). !(6)=0=ll(4.

-.-. I {d.rl iI0<r<0.3.ul\,)= i 0 . ir o.s <;< 1.

,/,....,_ J {o.4 ,ro < r: oB",",,, I0 if 03<tst
Tha by Th@eh 5.5.6, I,p m (€,€ vft)-Iury intqior l!?erideab of It for

e€ry I € {0,11. Bul t()v !!4 = G,6,.} il, € (0,+l lor I = 0.1, vhich is noi an
iniFior hypaidealof,q, $ r v/ is rot u (€,€ var)-tuzy i edor hypdid.n or I'.

Al9 r lnorm (€,€ vqr)J@, hr"sid€.Iof t b@e la,r] isd r hrpnid€d
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5.6 (€ , € vq.)-fuzzy quasihvperideal8

A 6ey 3ubet I oh *niht?dgeup fl ie c.I€d 6n (€, € vqr-n@r qNnhJp.d&,
olt, iln !lti.6e.

\r) > tutrro^,(rr,rro rlr),--).

Let^6.d (<,< !+)-fu|.y qai h@eddtuL oJ E, Thanth. t.t

,b={'€rlI(')>0}
i a q@i Vpatrat ol H .

Prcot In oldd to shd that .\0 i6 r qusi-b}"erideil of,,I, ft ha€ ro shw ih6t
do\n)oo]' e \. kt o € td\nr0ot'. This nes 4 € 

''dlo 
ed o € loo{. so

o € s o, sd d €, o i ld sm r,r € rl aod,,! € \. Thu r(') > 0 dd I(!) > 0.

(ro)xa) = v {(d 
^ 

)G))

z {(d^rG)}
= {l^.\(')}
= r (.).

simildly ()o lxa) 2,\(y).

r(a) > nin(r o,\X.), (r o 1)G),;I
> ninf ,\lrl.,ll!),:l
> 0 b€due,l(r) >0and,\(!) >0.

Tbu . € ,ro. H@ \ b d qu;i-h}?.ridal ol It. o

A han-.,npty subset Q o! a ttuihvpetsturp E k 6 qai-hwnn4l ol E iI Mtt 6nU
iJ rnz cnawteishc functior 

^e 
oJ a e oa (.,e vqt-tety qwi-iypcriaat aI E
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P@f. Suppe O i I qwihs,pdidd of r &d ro i. the cnlelabric iffrim
of Q. td rr n.Irr * Q rh6 ' 4 E.Qo t4 eo H.Tw (r oro)(r) = 0
oi r^o o rxJt = 0 md & nini'to \€)(rt.(.lo d r)rrr. +) = 0 \errl rfr € Q
ttun 

^o(l' 
E r : 'rinl(ro.rexr).{)eo l)ri). +}. {6c€ & is u r€.€ v9r)Ju4y

CdvEdr a.l@ $at & i. d (€, € vq!)-nEy qu.d-typaid6t oa .tt Tho e
'3 

r qu4ftypelid€d of ,', Dy ana)@ t6.2 O

Et.ry le..e 
-,q,)-fu,lr hl ,aht) h,n.idet 

^ 
o! H n 6 G,\ lor).tr ., {@}

It @f. r.t ,r be e (€, € vgr)-nrry Lft h/p&idst I ot tt &d , € r. Th6

rlorx'l: V l(r)^,\(z)l= Vr(?)

{r or)(r^ I:-t = {V^r.l)^I-!-\6-/

= V {,t.r^#}
< V r(")

/ si@ r is d (€, € vqtln!ry hd hyFridal or r, \
\ &,iif r(,) > rG) 

^ 
+. )

^,. .. l-*$(lor){r)^- s V )(r)=,\(I)

,_ 
H@.)G) : (l o r)k) 

^ + : oiD{(t o rr(,),(.l. lxr),';.1. Thu,l t s
t€, € vo'tuzy qusihypdid€! oa t/. O

Ev.t (e..( \N hta c@hsprdial o! a aauhrrdgtulp E i, @ tc.e vqr)-!v,tt
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Pmof. Supp@ ,\ i! M (€, € vft),t@2y quei-hyp.rid€.1 of sin 
"qsrcup 

It. t rr,, € r. N@ for Mry d €,o?, * haa

r(o) : nld{(l. IX"), (r 
" 
rxa),T}

llIl
= lV lt{"r^}{!)}l^ | V trk)^r(r)tl^';l

r td{rry

> 1l{')^ 
^ 
{!)t^ 1}1.)^ li,lr 

^ 
l:-!

: {l 
^.\ 

(rD 
^ {r(,) ^ 

t} 
^ +._..,_ l-t, 

^1,^ ^rr)^__.
so .:ir {^(o)} > bin{,\G), )(r), + ) rd aI r, , € ,1.
rrbo for.r lr,!. z € rJ ed ror oq' u e royo ?. ,h@ diR. a ! ro, !uct: rh&

u e ao ?. ako rh.Editude 9o!.uch th& u ts rot. Thu

,(u, z Di!tO o r)(u),{ro lxu),;}
I rr r= lV trr,rrrr,rrl^ | V rv.r^ro)ll^+

I L.€-t
: fl(o)^,\{,)l^ {Xr) 

^ 
!r} 

^ 
I:j

: {r,n,r t.tt 
^ 

txtr a rt n !:,t
= r t.t n,rr"r n I:-!' '' 2

so iil.,{}(@)) 2 nin{_\(,),.\(,), +} for on,,!,! € n ThB r L an (€j€
vE -tu zy bi.hyp6ld.d olt1. o

Tt lolding dnple shoc n ! rh. @w of tt $@ Tterd i! rcr iik.

Ctuida the @ihJpdBop fi = {o, ,, c, d} witn the fottofing tsbl€:

k.6l



llt

One cd eaily chd& rhai {o, d} is . brbF€li<leal of 
'/ 

but not 6 qusnbypdideal

Deni6 c ley s!t6€i ,l o|tl by

r{dj:0.8=1(.), 1(o)=o=r(4.

Th6 r i! & (.,. vft Ftutry bi-b,pdirt d ot fl id. *ry I € lO, l) bur d e
!!:! vt lfr,q q"*-t'r,Tda"l olJr B-!e (| orxt) =0.3=(rolxb)hrrr(tl = 0I nin{{r ",rXor,(ro t)(Dl, ril}.

5,7 up€
ln thi! €lion re chNa.t.rize
(€, € v?r-ruzy bypaid.ns, (€l

L€i ,\,r b. i@y tub6ds ol r.

reguhr sibJpe€DuF by th. prcp€riiq of ihen
€ ver.luzy qusi- b"eriderls Md (€, € vqd-fu,y

\(")

(,r 
^r 

!X,)

(ivrr)(c)

(^.r /,x,)

L.! 
^,r 

t hzt tihtel, oJ
(U(.1^rp)=(\^l,|)
(2) (r vr r) = (-\r v p.)
(3) (.\ dr ,r) = (\ o /.)

\,)^+
(\^,/)G) ^;
(\ v!)k) 

^ 
-t

(r o /.)(r) ^;

sb*t3 tb I 
^r 

/! I Vr ,, oad

fl. Tt6 tI4 hUMq haL
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o)

= (,\ 
^ I,){4 

^ 
-j

/ l-t\ / l t\= \^(r)^ , /^\/(rr^ ,,

(r 
^r,,x')

(rv!/rx4 = (,\v!)k)^ l f
= (^(,) v/k)) 

^ -
= (,r"r^f)'(r"r^f)
= \(a) v,'14
= (.! v,4X,).

tt r 1!o2 ftt dt v,z e H, $en (.\ o &)(r) =0 Tns

(l%r)k)=(^.,,)G)^+=o
xo r to. ene r,: € A, ihen

(\+!){r) = (\o/l(n 
^ 
-t

I I 'r= LV,l(!r^/,(,)l]^ ,
: V (r^rur^,rar^*)

= V {,urnut"r^ !j}
v,{(^"'^#) ^ (""'^' ;-)}

= V {^&)^i,"(d}

= (.\r oprx,).

(!)

{3)
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tr

LaI A dnd B h2 @aenptu tubtett o! o teninwigtutp E. Un ttu Jo\ouhl! hotd.
0) {r/ 

^*.\s) = (^/.,)r
(2) {r/ vr.\,) = (l/u")r
(3) (r^or ),) = ()1"s)r.

Prcot Straishlbnald. E

Nexi re snd that iI ) L d (€, € v+)-luzy l€ft (risht hyperideal of t rh€n .\r
is a tuzy lef! (ridt) nypeddeal oI rt

L.r )\ E da \<,< vei-l1E s t fr (nsit) ire6d.al ol F. n6 \L ,' a lezt r.It

Ptuf- Lt I be d (€,€ Vqr)Juy l€ft hr?€rid.rl ol lf. ah@ 6r alt r,, € r, ft
ha* .:d {r(z)} : .\(!) 

^ +. rhb inptiB lhst

.:{,{.\(t} ^ ; :,\r,) 
^ ;.

so,lnr {\k)} 2 .\(y) Th6 .\r h . t@y hft hyp€ridel or n. o

A naaapt!! s!b,.t L oI E i. d btt (nghr) nwfidat ol E i! ann and oda iJ (\L)l
B M lE, e vqt-^ra tei (t1sh!) hsp.tid.dt ol E .

Prcot Tbe pFof tollm tron Th6r.m 5,2,2, c

A nah-nqry s$set Q o! u t@ihspergMp E h d @@i-hwdideol oJ E rl l^dt is
M \e, e vct)-Jwu ieri-hwtidrdl al E.

Proof, The p@I i,llM fron nE ctn 6.2.2, E



11,!

Let 
^ 

b. n fua t6tnl W6gmp tt, Tln ,\ or -\ S lr
PEof. Iil I be d ilay eub€enihyFrStuup It. lf ,r = 0, tt6

('\oIX')=0<r(,)
lr r, tc, tlEn(r or.\X,) = (,\. /)(r) 

^ 
+. A! rn t irry.uhc€rtribyFrybup

of,'I, $ tor e,.h r € r/ o,,

)(.)> nin {r(!),r(,)}, tor a.ll 9,, € Ir.

rr(r) )(r) 
^ = 

] Din{r(r)..\(?). ^: }, fd.u ,,r c r.

Hen@ (.\+.\)G)= (,\or)k)^ + = V nir{.\(r),.\(r),+i < r('). rhs,

,\orr < l! O

Nat w dest€ri,€ r€s'nf dih?€4ouF ty rL poFni6 of (€,€ ved-
tuuy hypqid€.ls. qu.li-hypdd€ils, bi-!r"€i.l@b dd g.mnli,ed bi hr"€rided!.

L.r 
^ 

b. e {e,e vqi.fut4r risha iyrFi|ial .nn p h. M (a,e \ai I*! W hwr-
dal ot . stulrtpdttoap lt. Trw I ot ,/ S ) 

^r 
p.

PFot L€r r be d (€,€ vq{)-ney ddr hyFideol ud / be M (€,€ vqt-tuzy

t t U1z €,{. tn€n bt awya €,oi whqre

(ror !)(d) = (l or)(d, 
^ --/\..

= | V {\(Y)^rc)}l^:-i
\GF. I '

= v {t\k)^pG)}^_l
,, tL r-r\ / l-t\ I r)= v,l\rtr/i^-t-l^\lt")^ 2 )^ 2 I

s V {.rt,;^ri.la*}
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{r%',)b) s V {rr'lnut"rn'"*}1i,,\ .. 2 ,
.,. _.l-r= r(6)^/rdt^___

= (r^r rxa).
so (^ .r p) :: {r 

^r 
p). o

Ihe Jollntuin4 ttdwnb 16 a tmiltgpttgtvrp E m cqwnteat:

\2) 
^ ^t 

tt = )\ ot tj tor d.rn leje vei-fu4t risht hwerrd.at 
^ 

nnn danr (e, e
v!n).ht v t4t t'Js;azot I ot tt.
P@f. (1) + (2) Sim tt b r€gulr, e lhm dilt r€ t $cnthrrd€ao.oo=
(ao.)o. Thu rbd. ai*. $tu p €..' 

'udr 
th.r a € rod. so

_. __. l-tr^or,r,ttr, : (ror,taJ^---
/\,.: lV trc) ^/,(4,l^ -:\ad/"

> {r(fl^/(d))^-:
/ Sinc d € oor &d,t ir m {e.r ,/ql t.tuuy nsht \
I [ve6id€d or r. $.iJ l\c,t = 

u0 . ';l I
\ the'efoe,\(P) > .\{d) 

^ +. l
rhere(ore () ot/xd) > t^(o)^-r-^!(a)i^;

= {r(a) 
^ 

/(o)) ^-r:
= (r 

^r 
p) (a).

So lor/l > r^ra Bur ty lad 5.7.8, rorp S r^*A. H€8,\^/ = rorrr-
(2) + (l) Lr n ed I, b€ iighr dd kO ltyp€idEh of ,t Th6 lr. L@n 5,?,5,

(rr)t !d (r.)r m (€, € vo)-nqy ndr !d (€, € ver-nEy L0 hrpqid€d' of n,
speti€V ftE by bypodeir

(r&,I = (.\i or,\,)
_ (.\a &,r!) by {2)

= ('\F !



This imph6 n n, = R o r. Hence i! tollovs bon Ptopcitjon 3.2.5 tbat 1] is

r.Culsr- O

Ft a te nrypergf,q E, h.lolbviq 6n&tiN e ql$otetu:

(2) (I^f/] &,) < () crIq,) /dr e!.,\ (e.evct)-l'.u is nwAad 
^, 

ld
.E! (.,evq\).tDzu s66a1t..nbr hW nt!|@ifur.tut\.,e\ .t'zzr lctt

(3) (I 
^! 

,, 
^. 

,) < () 6r ,l dr ,) tor tM\ le,e vq)-^Ez, nsht irpeAd.at ,. Ior
.ueq \.,e v&)-h'.z! bthwndett p onl la e@t l<,. \eE)-fu.a kn hwrnat

(4) (.r 
^r 

,t 
^r 

,) < (-\ o( p or ,) ld N.rv \<,. \qi-fu:r' risi. hvzr;dut t. tot
Nry le,e ver)-11\'2! (lwi hljp.rrt at | 6nn |or .wry \e.e vg\)-taa tel hIf,r-

Pet 0) 3 (2) Id r, / Nd , be ey (€, € v4r-fuzy .igni hyp.rid€il, (€, € vqr)-
tuzy genelaliad bi-hy"6lideal md (€, € vq, tuzzy left hypdide.l of Ir, rcsp{ti@ly.
tEr ' e /'. Sine t i. pgulr, $ the dbts r € tJ such |hlt a € aorod = (oor)od.
Thb tnse qists, € oor suh ihli o € ro o. So

{rorpo(,)(d):
/ \ ,-,- IVr\'r'^'/"''')J';

j l \!' .!."r/dr)/ ?
lt'"- u'r tt'Prt t^r"r' '^ ! )\;;2I

l-t '$. r\or,,"r vlr,\ _ Irrdr.-, l^ho,)(d)^-t ri)

Sin@o€aoroa=ao(.o.),$theedi*e'Y €tod,su.ithita€ d.'l Tha

(po,)G) = V {/G)^,(1)}

: {r(@)^"(1)}

(o** q1r"r'rr>,r"r^f.)
: (,,r"1^"r"1^f)



t1?

Tha snh6ri.iurins ldu€ or (/ o ,) (a) in (i), * h'w

I lr
r.\o, /o,,lar : (\dr^ , J^t(d'^,k,^:?l

= ()G)^,/G)^, G) ^:---:= () 
^r 

r&,) (o).

(2) + (3) + (a) ShighrloMrd.
14) + (1) Irt 

^ 
sd / be dry (€,€ vqr)Juzzy rth! add (€je vqr)-Iuzy lctt

hlTerideals ol r, epctiwlt. Sln@ "1" is s (€,€ vqr-tuzy qm|hyp€ndeal ol
a, $ by hypoiheh, re hsw

(\ 
^i 

/)G) = (r^,)(u)^--

= (r^r^y)G)^;
= {.\^r 1a /x.)
: (_\ or l or /xd)

= (roro,th)^--
/\."

= lVt{^.r)(o^a4rl^=
\db. J '

Ie" (.r" tttul = V {)(e) 
^ 
(st I.\&'"/



l13

(-v*{[gt^r"r^'ror) ^<o]) ^ ?
(.v {[v"",^'r)^*,])^?
(.v{(v*,)^*})^+
(v {(.y"*,)^*}^+)^+
k"{k,{-^+})^",})^+
/ Sine r is b (€, e ve) Iuzy ishr tvperidead r, !o \I Inr {\rll: \r)^ + that c I

\ uii?ro'n+ r-*oo. o"o )

(r^ry)(a) =

(r4,X,)

ThE r lollN. rhdr tr.e .qrltlzzy Lg.., h)polio"alr d d ud br Mry {€,c, e,truz4 teh hypqided, oI lr. Bui b Lcma i.7 s,

Fo, t ldruw.tbrp H. k" Io anas MdttoB tF .lxt t 4t

r2r rr = l) or I or 
^r 

/4 ."ry e...c, -t,.u s"nt6h,ed b,\Wndear 
^ 

aJ H(.lir = r\or I or \) ror.u.rr r..e y q.).t!22:J nr hrr,",1_1 \ oj H
t4) \ = ( \of I or )) /or.r'ry ir.. v$thaa qw-hndanqr 

^ 
oJ H

Prcol^(ll ).(2t Let \bpetr,€ vqr).fuzy s+rsliz€d LFhypqd"at of gsnd
o r n .'nry r . r.Eure. s In,," ctisN r e 11 \Lch rha o € d or o4 = La o r) od

< {V r,r,r^,r"1)^f
1.. \ r-l= [ V .\(r) 

^,{d | ^ 
:---
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Tha t!4 dists, €.or o.b tbd. € rod go

(lor lorrxa) = (ror..\X6)^+

volnry s@.dd hi-lypqi&.l of E So s h&

(.\olorxd)^+

[ro.'x,r^r,rr)^f
(g{firxo^'tor) ^^r,]) ^ +
[{[oo^")^^or])^#
[{yo,o^*r})^-#
V {vor,r^r,rr^fi
/ tuE. € ro{o, @d l L e (€,€ v{,}iry \
| l.dlliEd EhrD6id..l of ft. I

\ .#L(r(o)I > ({r)^xr)}^ Y )
S r(.) 

^ 
+ - )a (4) . fti i6,u- (ror r or I) 3 \. uaa

. (]Lrt,.u,r,^^",r)^?
> (rorX4^rk)^+

- fV t^<"1^'r'l) n,r"r^7

: tl.yrrl'11nr1"yn !1
= {r(.) 

^ 
r} 

^r(a)^ +

atu (Ior I or rX.)



1m

(2)+(3)+(4)@obdoB
(4) + 0) lA r{ b. sry qw;lryp.ri.lad oa 

'' 
Thd I, it s (€,€ vqr-nEy

qGthlTeided of Ir. H{e, br hypoih"i.,

(.\r)r = (^ro! I or,\r) = (.\r or rrot Ir) = (^t!"0,[.

Thi! impli6 A = .4 " Il " -4. $ene li loll# tDm Prcpditid 3,2-4, that II is

resulf. E

F6 o mtl|pd,aq E, tE toltNih4 @tnkE m qhol4r

(2) (.\ & /) = (r.r I oi r) Jd €,€rr le,e vq.)-fi'24 qMrtwdidat 
^ 

4an dsr
(.,.Y )-furtj hwritat / o! E.

(3) (I & /]) = (l or por -\) lo. d0.r! lE,e \tu)-lczs q16-hw6idat 
^ 

onn e@41

\e,e vq4)-fta.s int^iar hwnnel I ol E,
(4) (.\ 

^r 
f) = (.\ .r I or .\) /or .Ery G,< \td fuz! 6i.nyP4td.rt 

^ 
anlt eMry

(€,e uqi.tdrt tqpq;aat I oJ E.
(5) (I 

^.,r) 
- (r or,, or.r) J'r a.n l.,e vq\)-It'a 6thtr6rLat t Md 6q!

(e,evo\)-h..r ialanr @at I o! E.
(6) (r & p) - (I or ,r + r) tor .ca le,e \tet)-ir4 sNalid hLnsprittat 

^nn Nq G1a Ygt)-lQ,x hsrnr;dal p ot E.
(l (r & r) = (.\ or /r or .r) tm .u4 le,. vw) tzzv san 'atizd 

bi-tqeehrlat 
^6tud et Jx \e,e \qr)-lw! inrnior hlp.id.ol p oJ E.

PMf. O) + 0) L€t r dd I b€ ary (€, € vqr)-6sy sM.lir.d bi"hyp€ride.l dd
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(€, € vqr)-fwy i.rsior hypqidel of 11, Er€dvely, Thd

(^orl%)xa) = (,\opo rx4)^ ?
< (ro1o.\Xo)^l:-!

- (.V ttr.'lr"l^.,trrr)^?

= [{(vu''^'t')^u';;
- (v {(v,r'",^")^'rr})^ -r-

{ V l! t,or^rvr }}^ !^
r ,\

' V { V t^or^ rr'1lln:::1

Sine o e po q o y sd,\ h m (€,€ V*)-hz2y SdeEliz..l bi,hyperided ot r/

' - ,''.. ,''. r-*
cI*{t^tnrJ : {^('r^ \v)J 

^ -

v {'r"'^#}
A(,)^+
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Thu (.\ o| /r + .\Xd) < )rG) Abo

(rorpa)xd) < 0 + A6r r(d)

= 0'/"1)k)^+
1.. \ r-*
LV {(to"Xr)^ r(')l,l^ ,-
/ Sine o € ro, bor &r r € 2o q, G htE \
I (1 

" 
p)(,) = V O(r) 

^ 
,,{q)} |

/ t/ ' )\ r_t- (!.{(.V"tto ^^''1 ^ r'}) ^ ;
/ t/ \ )\(v{(vr'^''or)^'f)^f,
\.@ ( \r.x / ,)
/., f., ..)\ r-r=lVlVptctTla-'
\aq (l* J,/

= v {"or^*}
Sine p is & (€, € vft)-ley intaior l!}?€rid$l ol ,9, $ lhe djci r, ,, , € ,l

sd th$ lif ,{p(z)l > r(4^+. rhB p(d) > r(q)^+. But d €,0! e Oo4)os,
beaue, € ?o q, therefoE,

(^or,. or r)(a) s V {l"lr-*l
*;\
,. l-*

= p\o, 
^ 

_n_ = r.\tt.

rldE (I o. ,r o. r) s (\ 
^ 

p.) = (r 
^r 

tl).
N@ Lt d € lt. Si@ It b r€gulr, s rheE dis& r € Il {cL thrl
a €.o ro o =." (. o. o r o.). Thu th@ qist6.r € ,o d or, Md p € t o c
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luch rh.t a € a or. So

(,\or/o(rxa) = (.\ o,r o.\xo) 
^

= ( V.r.'t.r^r,"utrll)"?
> {r(d) ^Go)XrD ^ -
- .u"rn { y (rr.r a.rt"lr)r r:j

V€*/'
/ Sin6Mry r€.€ "C)-frE" bypnd.al of 11i! \
I M (€ € v{rr_fr4v hvpPrid'al oI t I

\ @,.inr {er1r}-'tsro,^+ )
/ t-t \ r-a\')^tG)^;^r(ar^ ,

= \.)^,,(")^+
= (r 

^r 
rxa).

So (,r or ,r or r) ? ( r 
^r 

,r). H.E (,1 .r rl or )) = {I 
^! 

r).
0) + (5) ' (J) r (2) 'd (?) + (6) = (4) + (2) m ob^iG
(21 . 0) L.i r b€ &y (€, € vqr)-f@y qudi-llj|pd.kal or I'. Th.n, line ili is

& (€, € vqr)-luzy tlc8id€d hyp.rld.d ol It, w h&w

'ud = \d)^:---:

= t,rnrlt"ln#
- (.\ 

^r 
t)(4)

= (.t o. l ot rxo).

oThB 6olbc nm Thg'@ 5,?,1r dui Il ir resulsr.

Fo a M'iJw?69a1q II, t1E fulltuin4 @nnilio6 on .ataualzar:

(2) (I & p) S () or /) /o' .0.r, le,E \tet)-fu*t! Ewi.hwr^qt A

le,ev -ltz4t left ilpeid@l p ol E.
{3) (-\ & /r) ! (.\ d! /r) lor .".ry le,e \q)-!&zv brhwrid^t 

^(.,. v$)-fuzit tek h{*nde't p oI E.
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{a) (.\ & /) S () of /) /or .wr, le, e vqr)-fuztr s.ntuti..n bi-it'.tid.ot 
^ 

otn
.Mry \e, e vqi-h'.v htt hwt d^L I o! E.

PMr (l) + (a) t.l,\ .Id I ba { (€,€ v?r)-ruy ge.'.liad bi-lvpqid€at ed
my (€, € v4|)-I!zy lelt hyp€rideil of /t, €pdtiEly. L€r d € }'. Sinc. 

'' 
is Eguls,

$rher€eli3br€ t3udtnaro€doro.=ao(ro.).Theii[@orilGI€roa
sucri $ar . € oor, Tnu N hrw

(r or !Xo) = (.\ . /Xo) 
^ 
:--:

: r{o)^/(rr^;
_. l-t l-tz 

^to)^ttot^--r- ^ 
-i_ (bo@, € roa.)

= r(aj 
^ /ta, 

^ __
= (r 

^t 
px.).

so (I or /l) > (r & /,).
G)+(3)+(2)@da.
{2) + 0) Li I ..d / b€ s (€, € v{r}tuzzy (glr hypqjd..t &d dv (€, € ve)-

n@r kft lyperidc.l oI ,l, dp€iiEly, Sin€ e€.y (€, € vgr]tuzzy nsh! hyp€ddgl
oI ,l i, & {€, € vqr)-n@y qwlhyFddcd of t- So (I or f) Z (.1 

^r,r). 
By L@@

5.7.3, rot/ 3 I^rp. Tnu (,\orp) = (.\^t/) for.!..y (€,€ vft)-tu,r d6h{
hypqide.l .r'd tu errcry (€,€ vft).nDy hft hyp.rid..l ot n H.i@ ty Tnm

= (v ru",^""r)^9

o

5.8 lDtra-reguf$ !€milrypergmuF
Rsll thar . *nitup.rg@p 

'l 
i! tnrsEgute if Io. a.n o € ,', ih@ disr r, ! € rt

3uch that a € r o d. c o !. ln g€dril rci.her irt@FguL! mihyp€lgrcupd e
&gdd nor rcsd! *mihyp.rtuF e jnt@&gule snil'r"€€rour6. gNE, in
onmutati@ *nihyp€rg@F boih rhe @neplr @incide,

For d t n$Wqaup ,1, ti. h ovint @ndanatu od qjtdan:
lt) E k inttuft4r!4r.
12) l^ & tt) < \^ % tL) lor @ct! le,e v,r;-l',y klt hr'J^dat 

^ 
nd eterx

(<,e v%)-11'zu titb. nwnd.at I oJ E.
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P@4. (l) + (2)Lrrb.u(€,€vft).nErybft h|Ddld.d.!d,lbee(€,€v{.}
tu ,y ilhr typ6id6r o{ r. Fu a € r, dEE di* ', y € It ecb thd a € ...o4o, :
{.oo)o (.oy). Thu th@qbrr, € ro. ud ? € 4or,.uch thai o € tot.

(\orr)(o) = (\o,ix.)^=

(2) + (l) Id lt ed , b. rieh lid bn, bypdikob of t. Tho by r.dm 5.7.5,
(Ix)r dd (I,)r @ (€, € vcr)-ney daln .!d (€, € vqt).fu6y kft lvD.riddL oa ,t,
GpetiEly. ThE by hypoihair E hrE

ltvw"r^utor)^!i
\d;

{A(r)^p(?)} ^;
/ StE, € 'oa 

dd,\ n e (€,€ var)-t'Ey bn h4.rldsel ot n \
| & j'!{rk)} > }C)^ +. rbE r@ > rG) 

^ +. I
I Ato sire / 

'! 
q (€,€ v{!)-ftrq lthi hTqidal or 4 |

\ F,inr {l,)) > /lG) 
^ 
+. rhu p(?) > /d) 

^ + )
r/._ . l-*\ / _. 1-*\l 1-r
t\^(a)^ , /^1,(a)^ , /i^ ,
r1.1nr1.1n f
(.\ 

^r,rxd).

(r,.!)r = (^. or.\.)
> (r, 

^t 
),)

= (radr
Thu,nA g ,ol. geE t 6U* 6on Thffi tJi, tn|l,l i.

m. $bnhq mtetiat @ .{idatat fu 6 tdttttp.tg$rp E-
(l) E itt tt.qala aul hltrttqilc.
(2) l or r = 11 ld .{ry (€, € vq)-tg.! rire-hwErida! ). ol E.
(3) ,i o",\ = ,\ l,f dar, (€, € vqi.rt ! bi hw*ia.al 

^ 
oJ E.

(4) .\ of / : r 
^r 

! rtr drr (€, € vqi.fut, Etbi-hn,idatb 
^.t\ 

al E.

E
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(s) 
^ 

ot | > \ 
^, 

t ld ewrt le.e tt )-lE4 quui.nerc',dd 
^ 

otN tot .tery
{<,<v6-ir.! btiueai*a y o1 tt.

(6),\ of ,r :,\ 
^r 

! Jd.lr (€, € vqr)-ha ti-hwri&Bu 
^, 

I ol It.

PFor 0) + (6) Lt,\, /r be (€, € vqrftzzy blt8rpdi.L.b of ,j !'d a € r. ah.n
lh@ did a,?, r € 

'' 
Nd ihrt d €.o,oo &d. € rodooo:, so

oor. $,o.ooort oro4
{a..oroo) o ko.o'.a)

e

C

Thu.hre qid p € r or,( € ! or,6 < ao p. d.ad c €.oqo. s!.I rlrt. € t...

2

Tnc r o! / : .\ & / Ior rll (€1 € vqd-tuy bi.tryp.rtd.iL .\, /, of r.
(6)+(5)+(1)eobljc.
({) + (2) Tlre.\ = ! in (1), @ ser.\ % I > )!. Si@.wry (€,€ vqd,fiey

quil''Taideol i! e (€, < v{*)-Iuzy &t anihypeBoup, $ ,\ .r I < .\r. ttor
(6)+(3)T'lel=/in(6),wsel ,\orr > rr. St@*.y(<,€ v9r)-

Iury bi-hyperid..l is m (€. € vgt)-fur? sut .nlhypergtup. s I or l S ,tF HdE

(rorx6)^l:-!
/\.,
(!{xd)^/(")r^;
{r(r)^ft)}^+
/ sine t € 4oroa &d r j! s (€,€ v{+nEy bi.ttyFdda,l or r, \
I E h.w.inr {rG)} > !ri'(,\(d),rk}, +} |I rnu.\6) > nin{.\{oj,+}. I
\ s'niluly r(.): 

'!in{a{6j. ts} l
[(,(")^+) ^ 

(,(.)^+)] ^+
l.\(o) 

^ 
/(d)l^ + = (r &/Xa)
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(2) + 0) Lt I be s qrci-hypqideal oI It Tlkn by I*lma 5.6j, ro is s
(<,€ v9r)-ruzy qusi hypsi.leal of L. H€M, by nyFih€i4 re or rc = (&)r
ThN(&"e)r=&orro=(&)rit'pli6Qoe=e so by Thsl4 3.2.3, s b b;th
r€ulf dd intn cgule. O

:fhe loLtouns @ndNtiatu R esixdlent lor a tewhslasrola E.
(,1') E B hotn ngLlnr and iath-t 4t1@.
(2) (.\ % r) 

^ 
(! dl )) : l 

^r 
I lot etent (€i<\tet) fzz! neht hwendzat 

^ 
ai

Ior elery (.,. \cl-1u.4 tel hwriduL ! aJ E
- r3) \q!"1,.o. I _^ Ltlot?vc+ta...qrr./u.!qotu/.w"-d6l t u,.d
lor d?r! \e,e v,lr) t2zy qwi-hwendqt t al H
- /4) \o., r,ro\\, .\\||lor.D?ryte.c!9,1ja,^ t hwan&d \oni
lor e!"^r \E,€ rqt).rD,v 6[hw.nn2d / al H
- ril (\ or /l ^ G or \/ ? \ 

^, 
/./o! ?u.r, tc. € lqrr.i2r notr hw4nda! \ ond

tor ?lery \<,. vqn-r4zv sdeftiud h,ntFndal , oJ H

- (h) (,\ or,r) 
^ 

l/ or \l : \ 
^r, /or.Er!, re.€ vq).,i,?, t"t 

^w\1tat ^ 
Md

Pt dd! \e,evqn.fa! q@|hvpand , oI H
(7) (1 or ,r) 

^ 
(p or ,\) : .r 

^r 
/ ./ot Nry (e,e ! )_fra! tel 

^lpatat ^ 
ata

Ior tud! (<,. v9.)-lE2u bi-hwaadal I oJ E.
(3) (ror,!) 

^ 
0! of.\) a .\ 

^r 
r Jot .w! (e ,e \e.)-rEa t l hue'ateat 

^ 
dnt

Id aery \<.< vg\)-hta gqtuIiz.d bi-n!,petuteat I d E
(e) (.\o.r)^ (Aorr):.\^rp hf N.ry le,<ysL)-J1r24 4tu nl],l:na.ar, 

^ 
and

'l0l I\ or !r' r,ro. r. > \' \ u lor.u\ \e.e !q,, r.!! qtuthn-ndut \ o4J
Jar eEr! l. < rq|) hD,1j l, hvpendft tt oJ I

(1r) (r o* p) 
^ 

(/r ot r) > ) 
^1 

p lof eEl G,e ve')-jau qlFi-t|,pendat 
^ 

rnd
Jar eMfu \ejevq) frav seE$ti,ed bi-hw.rideal I ol E

02){)orp)^(po())>)^rp ln eref! 1.,. yt!,.) fuz! bnhll.rJfiddts A ntod

l3r r \o. !r . rlor r 2 
^ 

|, B lor - 4v e. c, q., lua bAwnkat \ aad Io,?kry te,. vqrt twy qene$hzA hth1l,d^d6t I ol H
rr4)r\orjll \(4oL \r / \^r! /o..rflt \e,< \qt.lD,s eea?tuh2aj t\-hsper*att

Prcot 0) + ( 11) kl ,\, / b€ (€, € vgd-fr@y genqalidd Ln ns,"erid6b ot n and
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4 € t. TIE rlw qisi,.!,t € ll.ud ihrt o € d o. o a &d a € r o 40 o o 2. So

ao c a \! a doaa z) o to d
(ao,o!od) o Go, o,od).

g

q

las ih@ qilt, €.oy,q €,or,0 € dopo c sd. € d. qo4 su.h tn.r d € ro..

(ror!xo) = (roAxa)^I:-!

(.Vurrr^,rar)^!!
1114n11"11nf
/ Si@ r€ d oto a.Dd. € ao{od.!d l dd & re
| (€. € vo!tu',r s@e"liEd t'i.l,yFid6l' or tt,

| & (i,r {.r(u)} > ni.{r('),.\k), +} ud

I ;!{.,{t{u)}: ai!{/k)'/4'), +}
\ rh6 )(r) z .\k)^ + @ @d /,k) > i,(")^ +.
[(,(")^+) ^ 

(,(.)^+)] ^+
= trG) 

^ 
pb)l 

^ __ = (.\ ^Lrx4t
s nil,ru E 6 p'!w rh!. (,r or ,\) > (r 

^r 
r!). Bgr (r or r) 

^ 
(/ or t) ; ,\ \ ,,

(11) - {13)= {t2)= 00'= (9) + (3) + (2),
(11)+{11)=00),
(14)+ (e) + (?) + (6) + (2) .nd
(14)+ (t) + (a) + (3) + (2) d. obvros.

_ (2) -O) la ) b{ s lr.I rqd.fuay dsht hypaideat $d ,l be d (c,, .qrl.
hay left hlT.riddl d tJ.
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(ror /rxd) = (^.,!xo) 
^ ,

:r')^+)("*,*

[v,r,r,,^,rar) ^ T
V {,or^,,r.r^*}

j.{(^r,^?) ^ (,r.,^+) ^+}
.ior {r(a)) >.\{vr^ + ud.inr {a(o)t

rr"or"r . y {rro^a"r^f }

- rG)^ /,(.) 
^ 
l-i

= (r^rpxa).

. s- (lorr) - (.r^r,rr. By hyrolhei. (I.r r) . (I^r r,) Thc (.\o.p) = () 
^.,r).

i'lff"H ST?,:H;ffi'P' e,* tv tvp'oei" t'r q rj : ii a' ut - tv
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PERCROUPS CHA&ACTERlZED BY
€r Vqr)-FUzzy HyPERTDEALS

lnrl.E,il+ erw gpneJolizrnp,on.Aprof !.!,qr:fuA hypolidcatof ,en.1/.p.r8lrp d,ddwd?lrE{€i,. !q.)-fuzysubdemrhyFrsmup,(e,,., \q,rf@y
Fn t'sd j nyD.dprr, {€r.€r vc.llur hvpd.te.l, {€,, c, vq,).6qy rnr.nor hlp+ij6. r€. C. !o.t-f!zzy quai ht?{ €:t. rF,.€, vc.l.f@y bi.hr?Plidmt MdiE. L. vft quzzv gdneld'zed bi I vp.ndedt !,t- B smrhr p"Eroup d ud $ Ldy son "bei.,prcppni6. Also Mddrrsi* rrgxltr Md inrrercguld ffirbl?cr8loup6 F

Rddl rhol a IuuJ poinr r, 'HonSF b. (€p 'quN oincidtrt qirh.r 6 frqy

:jll'i:" TIi": 4.= /v.r rf r. . \ Md ..ei,hen @ siFr, e. 4, r, \rr,
st )111._r.: l) lhen w sf .he',E\(Bp. n?.rr. simirury.v{ h6p. .rqi)mo$ har € v9 (Ep € 

^q) 
dG nor hotd_

o,r (o,P)-ffrzy h/p€ridars

llTui!'l!.:l:.hdeE 't,6 < p. rtbe ch rhar 1 < d Md d., € {r,.a.er vq,., ,,''.i,ix:]l"i,r,i:'Jll. tuzy.ub.et \ of/'. w say

(2),lql) if )(') +r > 2d.
(3) ,. €r vqr) i( r, €a l or .lql).
(41 ri €1 

^q.'t 
jf& €a.\ ud.r4),

r5r r. ,\ if .p \ do6 nol notJ to- o e t.. S a- .e",, . .al
,rl | 

^o" 
d,rLz\ *Lsl ofa emhypereroLp H suli I€, \.rt,_. t?t,L tt

. 
^9rl 

rhen vr) : | .1 snd r(r, . , >, LDrm md a < rr,t I I s )(rl | \(,) _ 2\(,,, e rldr \(r) > r. This hoda,ha,lrr'', €r 
^cr,rl 

= 0 Th.rlor. ft da nor tatp o =€r 
^q,

A. rryqb..r \ oI a srhyp?Emup t is cal€d s (o, Jl lry suhpmrhypqsrcuportr irror altr.!, c H 4d !,r L r) llthe to @ins and;mn hold6
1rr rro tiud\ 

- 
{.)hii{r.rr8\, r.r eeh : e r o s

SEMIHY
(€r,
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A luzy subs€t l or ! $n iyp€rsbup r h csled d (o, p) 6sy hfi (Bp. ishr)
hrTddcal ol It iI frlr .ll , € (r, tllrd tor dl,.! € t, e haw

12) q,o} . nJ\ {r6p. ?,J\,Ior erh:., o I i6p. for @h ? €, o,l
A luzy sub€q \ d a smrhypesmlp ,,t ii , attcd a o. 0/ rlzy hyp4nd6,l oi q

irit is both (a, p) luzy hfi hypdideal dd (d ,) tuzy ishr hypqi.teat df r{

A_ h4] &b8d ,r ol r ffi[tT€rgrcup ll k .alled e Io d j-Iuz] inbrio! hJpndcal
or d. I rrr dr I ]. : € r/ Md fo' 3ll' e t. I r s6r,s66 rhp io.t6ins.on,I,ior

(3) r,o) + u.r) for ewry u € !roJo!.

A tur' sxb.pt \iJ a *hihlTqtsrcup // is caftd e (q.dt fiuy g.nsahzal bi.

,ffiiil;,i' " - *,,r, . Ir a.d for ar. I.r € 1..1 I rdB66.h" ro rMrs
(4).ro.\,s.a) -- (o)d,r!.,)p)ao!srya€ro?o,

A tuzr srb6 r \ ot , emihyp4smJp r/ E.axen m,a,rlfuza b.hyFdcd o, rr,,r t 5at6hcs rhe.ondirion {l) and (4)

A fiay elet \ oL +mrhypcrgtuup H is "al€d o Io. jl-f@y qErh$-ndesl ot
. /1.ll n .a,isf6.he fo wls tund.aon

lt) r,d,\ - . nr\ for.wry ? € yo! tud, € ro!

kLu=|+.toan^b. (a.E) hEzv ,lr{,dnirpdstunp oI E ha
11= tr ( Ir .\k) > l)

4 a txbenirrwrwut ol tt.

Prcoi t t ',! € \. Th€n .\(,) > 7 snd .\{v) > ?. Snppe .h.1 rh@ disrs/ E .orNch'ld v:\. \ rrd € 11.., vq,),ih4,r,.,,a^Md y,,a^
i,l II ,.,,- ,rt,'Ir: ( , or d.r rar,,n 3 € te..so.L- .c,.,/ c,t,.onrert.on {ba8@ )r?) , < mrtj,,,.r,L't _ r,r-.r!,.r,,t--\ ud\(:r , mi"{)(r r. v!)) < ) , mint}(rr. \r)i : 1-i '= 

za. _ r.1-",*,, 
",",,6r,
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H.i@ )C) > .ri thd i.: € \ [r.ewry: € roe.Ira = 4.. Th€n rr9.r dd y,qr,\ (be
.aurA\,)- rl=2ded\Ls)+l .l 1dl BJrfor:€ro, nr\ioldqy
p € {€1,qr, €1 vq,,€i 

^q6} 
Oec.k.\(:) s 7, s :€tr dd )(,) + I s 1 + I = 2d,

e zrqt)). Hene )(,) > ?, ihat h z <,\r lor every z € ro! Thb sbm thdt l' is a

suu.nilD"ersrcup of t O

kt 26 - \+ 1Mn 
^ 

b. dn \o,Blhta tell (ieht) hweAd^l ot E 1:hea

\={,€r:)i,)>1}
n t t4t, tidt ) hype;aat oI E-

PMt Li ) b€ u (d,r)-tuzy l.It hyp€rdar ol L &d t € \ Suppe ihqe
€xi6t6, € tt flch lnd .\(.) < r lor srre : € y o'. Il d € {€1,€, v'r), tlEo

'^(r)a^ 
Brt, € !o, such that )(,) S 1< r('), * a(,)-1). A160 -\(,)+ )(.) !

'-\r . l-2r.o:r c,' thBlno€rnor (ur?cror.,".irlor.v.rv
, € {€r,qi, €, vft,€, 

^q,}, 
vhich b a conhdiciion. Hft.l(!) > 1, thai is z € \

for *ry r € ro..lfo = q. Tllcn rrq.,\. Bnt thm qbl9 2 € Vo, sucn rhal
.r(:) S-7, $ 4€rr qd IG) + r: ?+ I = 2d, $ zra.,\. Thu ro! z euo.,.fi\td
eqy, € {€r,qJ,€i vqr, €1^q,}, {hich is ! dnt.ldiction llene l{:) > 1, thii is
r € \ fo! dery z € !or. This shN tl161 lr is ! left hypeid$.Iol Il. O

lI) Izt % = | + 1 ond \ b.6n lo,g)-J1ea sNntuen 6t-hv*de'1al E. Tt6
)1 B d s@ob.en tuiwndal ol E.

l2l Lc. u = | + 1 dnn 
^ 

he aa \t, 0) lta Ehtp*idal oJ IL Then 
^1 

k a

(3) Let 26 = I + 1 af,d 
^ 

be 6n (d !).!.rzv nte or hwenn@L oJ H Then ). i:
4n nt nor hweidhl oJ E

\4)kt26=|+1oid^6ea \o,1lfuttu (idi hwriAal al E. Ti.n,, isd

Prcot (l) Ptuof b6imiht the pmlolThdftn 6.1.8.
(2) Pr6l lollM atun Thsred 6.1.? md pdt (l).
(3) Prcor b 3i6nd 10 ihe proof of pdrt (2).
(4) Pmor b .intld 10 ihe prcof ol Thoren 6.r.8. c



LeI 26 = \ + 1 M.l A n a n^..npty
ol H 4tnno t itr tie fuzs stbtct 

^

3!&.1.1 lt'rh? A x o nntnnLylequp

u4={
i: afr (a,ejvq') Iuv tuttetuihw.rwtp o! E

Proot I?1 ,4 be r sut*nih/perercup ol r.
0) Iii r,v € rY and,,r € (1,ll be 6uch rhar ', €, ),r, €r ). rhen )(r) > , > 1

and A(!) : r > t. Ths r.! € A {nd so r € / lor e@y : € a o9, ihsi is -\G) > d
lr minlr,rl < d, lhen rG) : ,t Z u,ir{,,4 > I. rhjs impliE zd.u.r €? .\ ]i
mi"{r,'i > d, th€n,\(, +nir{'.rl > 6 +6 =26 This ioptiE zd"lf}q,^. Hene.\
is m (€r, €1 vq.)'tuzy subs€mil'yp.rgroup ol t.

(2) Lei r,r € Ir ed t,r € (1. ll bc such th.t -lg.r,e,qr.\ Th€n )(r) + t > 2d
md ,\(!) + t > 2j. Thi inplie I(r) > 2, - t > 2, - I - ? dd .r(9) > 2, i :
2d - r = 1, ihal is r,!, €,4. ThN : € A fo..r.y : € zo! a'd e r(?) : ? Il
Dn'{r,4 : t. ihmlG) > d : nii[{r,4 > 1 a.d $ :d!r.,} €, r. lfni.{t,r} > d,
rhen rG) + din{r.4 > r+, = 2d. Ths.-r,(,,tq.r. Eo@ r is s (Q,€r vq,) 6Ey

(3) IA rir € 
'J 

and t,r € (1,11 bc auch that,t €r r dd !a/ (:.4.r and
& €1 r), Th€n l(.) > , > t sd )(v) + r > 2d ,\(y) + , > 26 inpliE r{y) > 2, r 2
2d l=r ThEr,y€,4&d$.€,4forscry?€roy A!,.losos 10 (1) add (2)
m obbin z,!o1.-) €1vqr,r,lh8t i6,\ c M (€1 vq,€' vqr)-Iuzv $bd€Dihypdsoup

(bnwlFln sune that ,\ i6 m (o, ej vql)-luzzy subenihypeBroup of a. Tn€n
14=.\r li foll@ lrm Thmrcm 6.1.7 tl|el,1is a subsemihypergroup oLV C

Ler 26 =|+1 atuI A be a aon-€nqlv fllB.t oJ |L Th.n A is o slhsminwe\tuq
oJ E t ann anLv { 

^^, 
u.e .hatuteri'Ni. Jtn tion oJ A h 6 la,l vqt) I'@v

siniLJly re.e pft the lollding Thtuen.

I4r 26 = 1+ t @l A le o non-enrr! tnbtet o! E. D.fitu a r"zu subset ), ol E B

:un=t
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(L) r i. d (4,(r vq.) rlu*g L, (Agir) h\9eAd.lot H {oadmL!{ a is a Lctr

12) 
^ 

ir d4 lo, ? vq6)-ttzt grnenlv.d hi.hwridat (it-hwrnal) oI E I ond
onla iJ A it a seneftli,en bi hwendd (bi-hwerinal) aJ E.

(3) .\ i, o (d, q vft) jdz, Dr,rio nu?drdaot of E iJ ona on\t iJ A a .

{4) \ a oa \a, q rql-fu24t qLBi.hwefid^t ol E iIar.t aaLu i A $ an qt6t

(I) kt 26 = 1 + 1 ann A b. a noa-nptv sxttet oJ E. Thd A ts L tzl (^sha)
hwdnL@t oJ E i! ond .ab t 

^^, ^e 
ctuwtatn fuuan o! A * dn (d, €r vql)'

!a,! Lefr (nahr) nwnd@! at H
(2) Let26:1,+1Md A ne o noa-etuptu subret o! E. rhetu A o sen mlited

|ihwnd.ot (bltupdidaot) oJ H iJ mn dh { 
^A, 

uv .hlwtssh. lwct;n .! A
ir on (c, €i vqr-li.:! se&o/aA bi-htpcndal (6i-6vpsinat) oJ E.

13) Let 26 = 1 + 1 ann A Le d notu.npty slbtet o, E. Thn A " an nrenor
Lyperid@l oJ E t 6nd aaLu N! 

^a, 
tk chfficteri:tic inctian al A d or (o, €i Vqr'

!!a htdi6 ntpaiA.d o! E.
la) L.rU =1+1aad Abea@a-entav fltsetol Ir m6 AB aq@ihrftAadl

al E tad anLtil 
^^,rhech'tuctahsh.fuacboaoJ 

A a an (d, ej vq.).1n2.! qu@i

It is ay b s lhal ffn (o, ,) Iuzy ebcsihlT€ryrcup (lett hJpgid€al, risht
llvpcdddl, $neralized bi hyperided, bi-lvperids,l, inierior hypendeal, qndi bpeF
id.al) ol d !.nilrypdgroup r] h s (o, €r vqr) luzy sub€€Dihypdsrcup (hlt hypq-
ideal, righl hyp.ride.l, gddsliz.d bihyD€rideal, bihyp€rid€.I, intqior hlT€ndeal,

(1) E!.q/ (e1 !a., ea v?l-^uat tubttuinwalt t1 oI E it 6tu \e1, q \ql-fazv
stb|e@h@rwlp ot It

12) E!.ts (.,',t ,ej!e6J-fu..u tel (ns^t) nwnd^l oI H ilMl.1,q\q).
fu,z! t f (ri4/4/ 

^lpqiral 
oI tt.

(3) Er.t! (e1v$,etv{I)-!!zz! gea.dned bi-hyptideA (bihwdded) al H I
dn (<1. <1 \ $)-Jwy senenlued 6i hwnd4l (bi-hweinqL) oJ E.

(4) Eift'x Gl vqt,<a uqr)-lv,!t intdior il'.Adat oJ E i' M le\. Fr vqr)-lvzx
ia.nor hVpataat o1 tt.

(5J Evry G, \1qt ej rql-l\e! q@t-hveetia.d al E i' an le1, e1 \.16).ltz.!

Proot Tne p@f tullm 6on rlD fad thai 
't.i 

€r I ihen r, €1 vq.r. c
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(1) t!er, (o,€i v&)-I,2, rlr'nthsperwp o! tt at oa (<',e, vd-luz!

\2) he\! G&eavql-frbu hlt (tiilt) hwhaat aJ E i' oa \e',ei v4,6)-^az!
t t. 64x) ntpett<a ot E

(3) E6! (q6,? \q)-l&zv s6erali..n bi-h@AttnJ (hi.hwerin d) oJ H $ oa

l<1,e1'tql-l@u sn rotaell bi-hwerid^t (k-hweAddt) aJ H
(4) tD.., (qr,q \q)-tnz! iaurbt Llpa;dal oI I' i, d (€i.€1 vft)-lu.y

(5) tue\t 1q6.9'./q')-!u'! q@i huperided o! E ir aa (q,9 vq.).fu2's quos-

Prcot $b pre only (1). Pr66 or (2), (3). (a) md (5) ee sinird b d,e prer ot
(r).

I?t .\ b. n (ql,€, vq.) fMy suh6€dil'JT€rercuD o1,9. I?t ,,1/ € }. 3nd t,r €
(.),llbesud! thd ]l <r I, !L <i r. Then l(r) >, > I md )(!): r >'t supD6€
theEextrs.€.o!eudihal.d.j',,){qir Then -\G) < Din{i,.} dd.\(, +
i 1t,')<2d+)Cr<d N@ mu{r(.),'y} < i',{r(,),.\(y),d} rh€! chose M

2d - me{)G),'}} > B : 2t - mi"{.\(,),)(!),d}

+ 26 .\G) 2 2d-nu{.\G),,'} > r Z ia{2d .\('),?,, r(?),r)

This implis.\(,)+' : 2d, )(e)+s : 2d ed )(z)+r < 2d 6nd -\(z) < t < 3. tlfc
,!q!) md !,o,\ bul ,,€. vo, vq.,\ Tht i! a contBdicrion. Hd@ 2d(!l
is r is d (€,, €, vqr)-fuzr slb..oiiyp€r3l.up ol t. o

The abore di$wion shN that every (d IJ) fu,zy 8uh€flihyTergoup (l€ti hypdr
ide6l, rid! hyperidc.l, gen€.lli@d bi-hyp€rideal, bi.hyFride.l, iddior hlTerid$l,
qNi-hlT.rid€sl) oI a enihyp€rglonp t i. e (d, €r vqri,zy suk€mibrFrgroup
(leli hypdideal, rishi hypaidgl, esora.li?2d bi'hytdiaeal, bibJ"elideal, inisior
hypeid*|, quai byporidedl) ot ,l. Ako eve.y (d, e' vqd ruzy subs€mihtTerspup
(lcfi hyp€rld€al, right hyFrideal, gsd.li&d bihyperidal, bihnuid\*I, i erid
lryDEided, qei hr"didar) oI rI is an (€,,€. vqd'tuzy lub.€mihyp..Bmp (left
hypcideal, right hyperid.6l, geneblized bi.hyperidedl, bi-hypetidetli inbrjor hype!
idedl, qnf,rihy"€rid.dl) ol lJ. Thu in lh. ihory of (a, p)'l@y 3ub€.nih)"{Bbup
(lcfr hlp€ride,r, ;ghr hlT€ridctl, gedilized bi-iyp€ndeil, bi tDT€rideal, interior
hyperidesl, qu6i'\ypcrideal), (€r, €a vqJ )-luzy subetnibpqsroup (left hlTsiddl,
righl hperideal, eF€rdlized bi'hlTeriderl, bi hyp.!i.le,l, inietior hyp.rid.al quai-
t'ypaid€l) plars cdrrl rcle.



6.2 (€.,<" vqt-fiuzy hypstded6
rAr $d this seclion vith the louowins Th@Enl

Fa a\! !u,y tlbet 
^ 

oJ a ,ninwetgntp !! Md J6 dt a,!, t e E Md t,r e 6,11,
(1o) ir eqlrwr.d ro (rr), (24) iJ e&i@knt to l2b) Md (3d) { e@ibhnt to l3b) aad
(t) n.qdd&'r ro (40. ttnft

(ld) r.,r, €,l + zd.rk) €r vq.t tor d€ry z € roy.
(rr) ru{.inr,lr(r},r} : Di',{r(r),r(s),r}.
(2@) a €r I +. €r vq/ Ior 6e.y : € ror (n €a v9r.\ Ior eEry: € ro y)

(16)md{ xrr {.rt:rl. ') / ni,{ \ r.rl {mu{ 4,r {(.\l '} z n,ir{)rr'.d) | .
/

(3o).,,!, €1,\ + u^.1.,1 ei v.lrl lor erery u € ro r o y.
l3brna{ lrf {)lull.rr > mn,{Ilrl.,\1,).d).
(4o),, €1,\ + u, €, vq,r lor cwry u € vor. ?
(1oJ Du{ n {lG)},))>nd ()tr) d}

(5d) r. €, ,\ + ! <, vq.r 6]' sry. eV.a Ni z e tat.
(5b) nw{{IG),") > ni(o o )X;),(r o 1X:),d).

Ptuot We pte only (td) € (16). Pr@& oI ln€ r€djnins prts arc 3imils b this
(t4) + (1b) s!pp@ .\ G a ruzy suh*i oL'I which s61isfi5 (lo). L€l r. ! € .tJ

n8{,i|lf {^kD,7} < Dn'{r('),r(v),d}.

sclNi , € t/,ll su.n $.t
Dd{,inr {r(z)),r) <, 3 mi {r(r),I(r),d}

rlEn.\(r) : r >.r, -\(v) : l > ,}. ed rhce qi* 2 € roy suct rh.i )G) < t < d
md )G) + ! < r + t = r, thst is rr €i .\,y. €1 -\ bui a€1 v{.-{.l wlich is a

bd{-inl,{}G)},r} > di {r('), )(r),d}

(1t) + (la) Suppe r is a tuzzy sub6€t ol ,'I qhid salisliG ilt) Le!,,s € ,'a

ed i,r € (T ,ll be sucl that r. q ), y, €1 I bul:d"{,r}€r vq,) lor sme 2 <,o !.

.\(,) : r>1 0)

^(r) Z ,>1 (2)

)(r) < mtu{r,4 (3)

sd rc)+nin{r,f} S 2r (4)
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It loll(m rpm (3) md (4) thrt rG) < , Io. sne 2 € z o ,
N@,id{rG),1}<6ed md{rG),1} <nin{r(z),r(v)} rnu

"auc),11 < mht.\k), r(!),6]

{hid, tu a coniradiclio.. Hae zad.,,) €1 Vqrl lor o€ry ? < , o g

From the ibde thelen m dedu@ !ha!

A tuzzy st d I oI a sihrQ.rsrolp t ir clled s
(i) (<,, €, vqr-6,ry ahenibypeqeup of r' if n $|i3n€ 0D).(it (q,€i v4i),1u2?y kfi (ieht) t'J,pdid., of 1i ifft sri!ffB (2b).
(iii) i€i, €1 vir-fuzy edeslized bi-byperideal or ,c it ir s.ihfre (3!).
(ir) (e1,€j vqr)-tuzy bi-hypaide6t ot r ir ir sarbne (tt) sd (3r).
(v) (€r, €, ver )-luzy inrsior hype dect of E if t s.1h6€ (4d),
(vD (€,, €r vq/)-Iuzy qu&si-hyp{i<t€sl oI A if ft srh66 (5t).

Lt I b€ a nEy 3lhset oIa hihyFryblP r md r € (1, tl, @ defftu

D

.r, = {. € }r i., €, r} = {, € E: 
^\z)>_r 

> 1l = Ul^jtJ)j = {r€r:,,q,.U= {,€ rr.\(,)+,>2J)
l)]l = k€ Ir:,,€1v@)) =ru.{.

Le. )\ b d Iu.! tnts,t ol4 sddrwrttoto E. na
(r) r n d, (ci.er v&r-tr!:, mr,enshypaJ't]q. o1 H I na a, { Ul t\11.0)

a o turtnilr',?'9rotrp oJ H lor oI t a (j,6ll.

- 
()\ 

^ 
$ aa te..a- te.) lu! tq /qsll) nupad.at of H I dnd o,ttu tJ t \\:t^,

at a n r?tt t^snt) hwml*L oJ H lor a t e 6 q
(3) ) i, dn (€7'€1 vq5)-hQa se e6ti.ed bi hw{ideor fti-hw.r dq oI E i!

and o& I ut^.t\,. a. L a @n.qh,a hth'4fsd^t ftt.hw.nd6t) o! H tot 
jl

(.t).r ! aa (€i,q vq.).^c,, rited htpataat oJ n i1onaod, iJ ul^J)(;$)
a M inrdor iwrtddt ol E IeoIta11,6l

(5) \ a on l€. .. vqr) tr'?, ql@;iFnnat oJ H { @!t 6t1y I U\^:r)\/ 0)
s o $M-hwdd.il oJ H hr ol t € l^,61



Pmor. !€r r b. s (€1,€r vQ,) luzy subemihyFJgroup of t sd r,I, € Lr(rrl)
ro, $m, € (1,61. Thcn \4 _. r ud \(y) : r By hyporheis

'a{.1'll{.\(:)i.r) :ni'()G),)(s),t} >n,tu{r,6} =r

+,*r {,\k)} 2 ,, bdase t > r. uence z € ulri,) Ior e@!y z €,o!, rhar is

U(,\; ,) is a sub€.nihyp.Eroup ol 1l.
conwkly, @unE ihit u(,\; , (l 0) h 6 subG€nihypdsmup ol t for an , € t?, tl.

Snple tha. ihce eisi 2,, € 1' $o[ that

nd{,inf {.\(4},'r} < mh{I(r),.\(r), r}.

Cn.e , € (1, dl such lhal

!a{,i,,r,{r{z)} 1i <is mir{r(,) r(r),61.

rhis inpliG,l(') > r,)(!) > r nd r(:) < r ror $re z €' o !, rhat is

', v € U(Ii 0 bur r * U(ri 0 |q $ne t € r o y Whicl ie a dtradi.iiod. Hen@
na{,bf {rkD,1} : nir{r{.), 

^{r),d}. 
il[i is r is e (€,,€, ver,ru@y $bemi.

sinirely re cs plN (2), (3), (4) ed (5). E

Flon the lbm Tholem ft roltwd lhar
O) Euy (€,, €, vft)-lwy hyTdidedl ol d snihy"qgloup 11 is d (€r, q vqr)

tuzy inlerior hyp€rideal oI tl.
(2) E€y (€1, €1 vqr) 6sy bn (ri8ht hyperideal of a *hihypogoup ,t n m

(€-, €, vq.)'fky bi-hypside.l of ,'.
(3) Ewry (€,, €1 vq.)-fuzy bi-hypqided of a mihyp€rsmuD 

'' 
b d (€r, €l

vq.)'tuay sodali2d bi t$.rid€sl oI t.
(,!) Eqy (€7, €1 var) nuzy left tighl) hypqide.l oI d *nihypersmup a is nn

(er, €r vqrju,zy quai-hyperideal of ll
(5) E!.ry (€1j €1 vq, fiey qtdihype deal of a *nihyperSbup ,9 is sn (€l

, €r v4t luzy bi,hype.ide6l olc

kt ). h. a fu4t tt t t oJ t @ttyra4anp E 6d 26 = | +^!. T ^0) r i' ar (<a, €1 vq,) iEzy nb'e1,hvpasrap o! E .J oan on]i, d \ie q s
a suuaatqpergaup ot n J6atL r.16,11.

(2) 
^ 

is M le,,e1v q6)-t"u telt ,nsht) wendnt oJ tI il dnd ont! d 
^l(+ 

a)
i.t a teft (rishr) hjr?.id4L o! E kr otL r e (6,1)
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\3) 
^ 

a 6tu \9, q vq).!1'zu seaemLned bhtpcridal (ni-hwerkbat) ol H il anl
ant! il 

^il+o) 
a d genttutized bihw deaL (hi-hwpndqL) o! E Jor atL I e(6,tl.

(4) 
^ 

iJ dn (€), q vqr)-J4€y i,t not hspendat o! H d oad on\1 I Al,(+ 0) F
M $tmr ippqideol ol lt J6o11t e\6,\.

(5) r i, @ (q,€, vqr-F,:/ qldi.nvpaiaat oJ tt { oa afu tl tff $) i n
qB|nwdlat ol E ln dtL r e $.t]|.
Prcot Suppc l is sn (€r,q vq.)-turzy $bemihypdsrdp of ll dd r,, € .{
Then.,,y"q.), Tbat is,\(,)+r > 2, Md )(!)+r > 2d. This inplis )(') > 2d-r >
2d- I =7 md .ihilsrly ,\(!) > 1. By hypolhdis

nd{,i"r {.\G),1} > m'n{rG),I(!,),r}

+ r(:): nin{r(,),.r0),d} > nntl26 - t, f,6],.
Sin@r€{,,rlsd <r51+2d-f <6 ThN

)G)>2d-r+r(z)+r>2d.

Thh impliB ! € ll lor e€y 2 €.o !. ll6e.{ is s.ub6.bih}"€rs@p of t,
coo€eln 6um thli {(l 0) i5 a subemihypaBbup of }' fohlt r € (J,l).

t l r,, € A be such thn lor $ae ? € ro,

'nd{ri,),1} <'nir{.\(,),.\(!),r)

+2' nin{.\(.),.\(!),d} < 2d, du{.\G),7}
+ lN{2i .\('),2, -.\{!),d} < Di"{2d - r(z),2d -'r}. T&, € (d,11 ru.h

m*{2d -r(r),, -r0),r} < | s nin{2, - 
^(:),2d 

- 7}.
Then 2d- )(r) < r,2, -r0) < r dd r 5 2d lG).
+ )(r) + f > 2r,,\(!) + r > 2d brr )(,) + r < 2d, rhar i!'.q,), v,ql) but,,qr-,I

lor 6one , € ' o ?, whid is a mnlradicrion. Hence

Ddt,ill {rk)},t) > nir{r(,),)(r),i}.

sinirsry re d po* (2), (3) a.d ({). tr

Izt 
^ 

b. o ftz21t ruber oJ a Rnihw.t9.bltp H Md 26 = i +1. mea
0) r n4 (€,, €1 vqj)-fEy 

'dsm',tpctettte 
o1 E {onao st vil\+oJ 4

o tn ttuitpdvaq .! E Jdattra(.t,\
(2) r u d (€1, €, vrr,iqz, r.f (tigit) rwan"rt ol E il atut od! il I\)l(* t')

k d kft (neht) taaeddat aJ $ fu ou | < l1,r)
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(3) .\ & a (€a, €, v&)-rra g.drli, d bL@ Oi-Wt) ot H { 6d
Mty iJ lrliF 5J 

" 
3 s. darid bn^tpardat binspa;aa4 ol E /d .r . € (,', ll.

(r) r n on (€,,€, ve,).^!., in.M nwria.d o! tt { onn onbi/ l\il}$) ir
M n 2iw nwdklal oI E Jd oll I e l1.rl-

(5) ,\ i .n (€,, €r vq)-ru,, {@nndidal of E ,l6nd ont! il lt]lil+S) i. 6
qNifuFriaar ot E Jt ott r e Q,tl.
Prcot Suppe I i u (€,,€1 v4.)-l@y rubdnihyD{gNp oa t .d .,, € l{1.IrH 4 €r v{t ed & <r vq.r, rh i! r(r) > r > I d r(.) + r > U !
.\0) >' > 7q I(r)+' >2r. rhu

,\(,)>r>rorr(r)>r-,>r- I =1 l..d .\(r) 2 f > 1 4 r(!) > 2, - , > 2d - I = ?. I
lr' € (,r,61, rh.n r < ' S t. Thts inpl'6 26 - ' 2 J > r Tt i i! bllo,s frd (t)

rhar r(') > ' 4d r(y) :,. By r!,Dorh6i!

'a{.i*{rG)l 1) > din{^(r),.\(r),d}

r i' {.\G)) > min{rG),r(r),r}

+ r(:) :'in'{r('),r0),r}

+ r(:) > niu{r,ar} =r ror.!. €.or.
&d s a €r ). Ths : € l.\ll t6*ry, € r or.
lrr< (r,ll, thdr< r < 1. Thi. i6pl.2J - r <d <'. Th.n it blo€ n@ (.)

$.. r(,) > r - f ..d l(t/) > 2J _ r

nu{,1*{.\G)},1} > 6iu(.\(.),r(r),d}

+ AIL{r(r) > oii{r('),r(y),d}

-.\(r) >,rn'{.\(r),.\(r),r}

+ IG) > min{2, - r,2d - a, - r) = 2d - r ftr .ll . € roy.
Ttis impli.s r(r) + r > U, rlll G +ejr. Thu, € l.lf for.a!ry ? € 'oy. 

Em
[{? i. . $b..mihyp.l3np of rl.



\t) Ihe nte$etion ot o41! lmite al le1'q v{/).ha ,nt,nittwqw$ al ottui@sbtp E * e (enq yqt).!ut, s:|l4ej\\w6sntq oJ E.
\2) me &ofth' al .n! hnit!! ol (.a,e1 vq,).tlzzs tef (ftiltt) hwnn 4b o!

d rd,i[yp.,e@w ]r n d (€a, €ave!).fc,, t ] tidtq nwedat ol 11.

13) Th. tbtan^ oJ 
^ 

y J6anU ol l<1,e1v$).t&! s@at!,rn tuiFnnuL
lh 

^srrklatt) 
oI t s4dit prlsw, H B a4 le1'(l vt fuz! sawlartzad h.h!pa.

id.ot (h,hnoatdatl ol H.
(4) n dfte-ttm ol My hr y ol te1,aa vs,t-Itzt qtM hspdd..t o! a

tm'nwqdr? tt a 
^n 

(<i. e\ rqr)-h,,N flt.ro hwidd oJ E
\5) The i:{t ratian ol anu l$ib oJ G'e1 yd taz! q@ihll7lJr'dal, o! a

r.tuhwergnup tt i. on (e1' q \q,)-hu,! e@tthwfidet oJ r!.

conwln 6u€ ihli l.\l: ! a suremihypssrenp or n tor .11 r € (.!,11. L€r
4y€ /{ lrsun {hd 60rft : € ro!

De{r(r,?} < Din{rG),r(y),r}
s.lci ' € (1, rl $ch rhd

'N{r(r).1} < r 5 hil{r(r),r(r),d)
Thd r, €r ,\ dd 9, €1 ) bli aC; ,\ shicn mntndict3 ou hrFrh6is. Heo@

D&{.i,{)G)},1} > di,,{)(.),}(!),d},

rhar is ) is e (€r, €i vqt-Iuzy subs.nihyFrsroup ot a.
sirnldry, w can prDve rhe palrs (2), (3), (a) ed (5).

family of (€1,€r vqr.fuzzy subsemh'rrersrour of ,l'Proot (1) Iit {.\.}k, b. a

/ /_ \ \lmr ln \ ll:) I
\ *_, \:.t ,/ ./ 0 (.i{,(''x')))"'

(4 ('rlr,o'x"))"")

(A",truo,,^io,o,)

(n,.o,)^ (r'*,)",
( (n^) ') ^ ( (,r'') ,) ^ '



Tha A){ is d (€1, €1 vqr)-fuzy dub6ednlrpdssu! of Ii.

sinilely, w cm p!ft (2), (3), (a) &d (5). E

Th. xni4 aJ dnu knilu o! (er,4 vtu)-!@11 Ll ft1sht) hwtld^L' ol o sminw*
sldp E i' M (e1'e1r$)-1g t|w (nsht) hw6id.at al E.

Prcot Lt {\ }rr be . n'nily ol (€r, €r vqr)-fusy letr hypdid.aL of 
'/ 

&d r, e €

/ / \ \ | , \\| .t lV,t,lt.rlvr = lV( i,'t r.ttt.r)lvr\"*\; / i \;\"* rt
/.t r \

= lVl irt (r,)G) lv 1l
\.:, \4F ./

> V({}')G) ^')
//. , \= lVr(') I 'rr\a, I

= lVr lGr ^,\.;, /
Thj' slo* dur VI i! u (€1, €, v{r-runy k& hyFlirlal ot |r. o

Lt 
^ 

he M (e1.<. vq')-ls'! t l 
^wrina! 

att p b. .a (q,q yd-l@a ad,t
hw{inat ot a tea&iupzrswp E. Th4a 

^ 
. p at on (e1, ej ysl-te4 is*iaat oJ

Prcot t et ,1, I d€ (€,, q Vqr)-tu@y l€ft sd dd$ h{pdide!.ls of lI, €pdimly.

l)o!)l,r^d = I\/ {^l,r^/adrll^d

= V (rb) 
^r(e) ^d)

= V {,r (r) ^, ^r(c)}.
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(Il y €roq ro! Me?,4 € ,t, rh.nrorC ro(roe) - (r o r). 4. N@ ror ea.h
z € , o!, th4 exieh 4 € rop sd ihat , € a o q, sin@,1 ir d (€,1q vq,)Juzy
bA nypdid€al, ihqefoB by Th6M 6.2.r, e h.E {.inl,{}(a)} v,r} - {.\(p) 

^d}thar is r(o) v 'r > {r0,) 
^d}.)

(r./)0)^6 = v {r 0)^d 
^ 

/(c)}

: V ((.\G)v'))^/({)} bsu r(a) v ,r > {rG,) 
^ 

d}

s V {rG)^&(d)}v1

= {r o rx:) v,r, &.4ry.€ro!qao4.

EiD () o rrxr)! t) S Dry{ iaf (.\ o pxr}, ?}.

siDJ.dy w @ e@ r!!r !s{;g{(r orx')},1} > Di! ((r o px,), ,} . rhu
,[ o ,! ir d {€,, €, vq,)-lurry byD{idsl oa ,t. E

Nqr- F.tr@ rb.l if Lrd r * (€r,€, var)'ft!ry byDdid€lb oI a turhypd-
gDup d, |b lol f,\  r,.

Chddd ilE slibrDog@p ,l = {o, t, c, d) drh rb. to[dilr rt!l€:

0

D€fine tuu y Er, I, p of tt by

.\(4) = 0.6, r0) - 03, 
^(c) 

=0.a, r(d) =0.1,
p(d) = 0.65, /0)=03j pk)-0.a, !(d)=0.2.

il0 <, < 0.1,
0.r <, s 0,3,

if03<r<0.41
iI0.,r<r<0.6,

f {a,t,c,d}
l{.,r,"}

u(r;0 = { {d,c}

[ ';'



vl!'|t) '

Th! by 11b@ 6.2.4' r,

&lr

lru

{a,4qd} iI0<l<02'
{4,[,c] if0r<t<0.3,
{.,"} ir03<t<0.4,
{"} it0.4<!<o45,
t it 0.!5 < r.

@ (q,€t vo)-itt t hrldi.LL .e fl 6.1 - 0

(rof)(t) = V t.t(r) 
^ 

r(r))
*.

= vt0.1,0.1,0.D
= o.i(r^a)O)=0a

I&od lor I l^r, i! s..d-

L.t ), r !. n!ry e!4{. d. ailvldln9 t ia d&. tte ft!ry mt*
i,rinlio raa r.r o6n s &Ionq

rk) - (.r(')v1)^d.
(lirx,) - ((r 

^rx') 
v,r) 

^,(rirX,) = (lv pxr) v't) 
^ 
t

(r. irx,) - (Io/,X,)v?)^d

k 
^,|t 

lt!4.atret ol r tdi!|,.rydq s. n4 6. h\arn$ @tutiti,u no&

1r1.ria-i,ri.
(2))i,,=ivi.
(qr.,r>i"i.



Ir(t

0)
(ripx') = (r^rX')v,r) 

^,= ((r(,) 
^t{,) 

v 
") ^ 

t
= (.\(,) v t) 

^ 
(r,(.) v,y)) 

^ 
d

= ((r(r) v t) 
^t)^ 

((r{.) v r) 
^r)= iG)ni(')

= (i 
^ 

iX,).
(2) P6of i! sioild to lh. ploor ol (1).
(3) ll t!.E dd Dl.rtt &, € ,t Dd thd a € r o r, rlo

(.\.,,X5) - ((r o,r)(') v.r) 
^,= (0 v,r) 

^, 
='t 

^ 
d

z o ' 1i";114

(r:/X,) - (.\ o,rxr) v,r) 
^ 
t

// \ \- [( V {r(!)^,,k)}lv'l^,

= ([roo"n^rr,r""rr)) ^,
= V (r(r)vT)^d)^ (,,(!) vi)^t))

- V {^b)^i(.)l
;\

= fi "l) r,r.
\ /-

Lt LB b @a'9q tfi.A ol t aitldgvol'. E. 116 0. t oiet 6@08

1r1 r. ,i ,1, : i-".
tr) r, i r, = i-.
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Podt SrDighilolEd. O

kt \ he a tw! nhset ol o t.ninw6wt! l!
(l) ,/ \ u on {t,.., vet fp:, '@4a!^wryaw 

ol H. t'\.n; s on \e,.e,
\t9)-!"2,t tttt n&wea6rt oJ E.

2) t! \ a on \-, ', .1, -t-v t"ff nqht) 4w\d4t a! H.tnea\ b on \e e
eqr)-lu4 lelr (tigh, hgrtridql aJ E.

(3) lt 
^ 

a a (e1,q vqt) h'z! s.tunti'.n ti.nwrnha (htn pe*|a|) ol H,

t&n r * on (€,, €r vqt-r4,:! gerenlid bi-hwendral OLhlperid@]) o! E
4 I/ \ s ol r..1- .qo'.haa nbno' hw.rd.tt ol n. w" \ " o" 'r, r"

vqr) ,22u inreht huwr;tu4l oJ E

\5) t! 
^ 

s @1...rlvqt.ltE! q@t^ypa.aat ol H. 
^m\so^I-, 

| . v.{t
ht r qwi hsp.rn nl o! E.

Proot Lt ,\ be 6n (€1, €, vqr ) Iuzy sub€.nibyp.rgroup of a sd ., v € 1]. Thcn
lof ea.h: € r. r, tu hrw

ThDs .\ is dn (€1, el ve)-Iuzy subemihypersoup oLH.
similall, w ce plo€ rhe palr (2), (3), (a) ad (5). tr

(r) A novenptV rdpt A o! a sm,\wdsaup 11 * a Bvb|emihweqnup ol H I
and onrs t ,\r i. an (€r, €r vqillpa ttbtmnaodsftlp oJ E

\2) A @t.,gr! tuttt A ol o sdlrypasap E ts a l<i ftda) hwriazol oJ

E iJ onn onU d 
^A 

k dtu (€1, q va/)-loa Llt (rkhr) iwdidet o! E
(3) A aon-.npt! siltkt A o! a smihn.Nntp E is 6 g.netuliz.d bi hwnddl (6i-

hspndat) o! tt I ma oa! d i 
^ 

s M \e.,e1 vi[)-tbt sdenri,ea bN hw.tid6t

mu{ rr {(:)},)l = l(r(Y:)!))^rlvl\as, /
: ((r(,) 

^ 
r(v) 

^d) ^ 
r) v.t

: ((()(.) 
^4 ^ 

(r0) 
^r))^r) 

v1
= (()k)v,I 

^O ^ 
(^(s) v1^ d))^ 6

= )(,) 
^l 

(!) 
^d

=.i'{;("),i(e),6}



\4) AM-a rtt nrt.t A ol smn'wc'9asp E ,t d intdit nw nd oJ E il
dnd orry iJ ,\, !r an (€1' €a vgl) Jv.s intstt hwrrt&l oJ E

l5) A n6-nptv trdset A o! u@thvpzrww E * o qt6nhwdtl4l o! tt d an l
dlv it 

^^ 
s 6n (a1.e1 vltj-Jvz! qvBi-nwdidal oI E

(1) A NLmptu stbt9! 
^ 

oJ n e in]y,{rya"JP E ,' M (e1,e, \t 4t)'Ilutt 3!6tmi'

nwdgntt oJ E ddnnonlsiI ),' A: )\
(2) A tua.e"vq 

'!n'et 
\ ot 

^ 'drnav*vzx+ 
E e a (..,ea vor)'lva bl.

(rqht) hwrd.d oI E I onn dy t I !r < I(It 1S r)
\3) A @t.npty tfiset 

^ 
oJ a sctuhtpergart E a 6n \e.,Fi\at)'ft lt g.wr

oli..n b|Wrdel o! E iJ dd 6tl, iJ ,\ ' 1 . r S 
^.t4t A nn4mrL! ,@'e' 

^ 
at t s.ntiree,9'aw H a 6le,.e1 lq,).jnq b'

h@iddt oJ B iJ Mn onl! i! 
^ 

11r.\S ldd)*l<,\.
llJ A wdnptv 'tt'.l \ ol t anit4ndww E B 6 \e1,er vtuJ fu'4 inlder

tupdid.ot oJ E it tud onh il \r 
^'Lt^.16) A @dp.! itnt.t 

^ 
oJ d tffirwpalt np E a an \€1,., vq6)'ttzz! q@i'

nwid@lol E d @n dh I r. 
^^\.r: ^

Prcor (1) I4i ,\ b€ & (€', €' vq,)JEy sub€.oitvpsgrenP ol t md ' e I{ It

{,i..\X') = 1 
^d 

s rir) v (1 
^d) 

= (.\(r) v t) 
^ 

d =.\(.)

(\.I)G) =

,

,

(^ o.\X!)) v") 
^ 

t

{{V{\(o)^\o)jl

I V t\kjVt vll
Oir) v 1) 

^d

s
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ConvlEly, M ihii r. A S i ed,,9 € 
',, 

Th.D for ea.h r € r o r,
()G)v1)^' = .r(:) >(\.,rXr)t/.. \ \= llV l)h)^)(6)rl"l^'\L.; ) J

: ({.\ (r) 
^ 

.\ (e)} v'}) 
^ 

,
> r (,) 

^,\ 
(r) 

^ 
d = m'n{ r (,), ) (r) , r).

rhE md{,irt {,\(,)},r} : lil{r(r),r(e),d).
H€E ,\ 

'! 
& (€r, €, vo)-fEy sbcoih}?erlMp d ,J

(3) l-€t ,\ b. d (€,, €, v{,).fey !*r.liad bll'}pid€.I ot ,t .nd . € ,' tf
{.\.1'.\Xr) =r^d, lhm

(,\. I .,\X') = 1^6 S,\(J) v (r 
^ 

r) = (r(') v1) 
^6 

=;(r).

(ri r, rx') = (ro0trx')v1)^,
// \ \

= | | v {r(a)^(r..r)(0)} | v,l^,
\\*d / J

= fv {^",^[([v or'^^,"i',^,]]",",
= f {^r.r^ [([v ^,) ", ^,]]', ^,

,^,

")^'

^,,rr' ') ^ 
o)

^ 
rro ^rr"'))

^",^rl"t))

',"')^,

llV { Vt^p,

{{V lVr^r.r

{V{Vr^r.rn

(v,^o,"

r(4.
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Tlu ,\. I 1.\ S ;.
Cqvgely, sme ihat l : ,\ 11 

' 
I ald ,, !, t € t Th€n fo! ersv u €,ovot,

{.\(,)} v?} 
^ 

d = r(,)

|l \
ll V {}1'r^1t. \)(?))]
\\{-' /
(bde th@ aisi P€ r"t 3nn

2 ((r(r) 
^ 

(r 1I) (")) v1) 
^d

^o)")^o
z (r {.) 

^ 
(rk) v'71 

^ 
r)) v'r) ^,> ((.\ k) 

^.\G) ^ 
r) v '') 

^ 
d

z (()(t)^)(z))^d) 
^,= r(')^rG)^6

ThN mdl uf l\(u)I,)l> I(r)^^G)^6
Ths ) F u (€),<r !qr) tu@v gdqaltdd btshv"'rid'al ol tt
(2) Th€ pr@t is similar i. lhe ?bor or (3)-
(4) The pr@r fo!@ Irco (l) md (3)

(5) Lile tn€ p!@r of (3), re c4 p@ thb pdi arro.

(q lrE pl@f rollM hom (2). tr

kt 
^ 

h. e \e1,.1 \tqt)-h'zv n!tu hu|aadat ma I be 
^n 

\arq vq)'lizq ttf
i1l''idal o! s sni,|gpctgrotp E ftar'lr 5,\ i
Prco!. L.t ,\ b€ e (€,, €, v{r>ftrty rishi hvT€ri&d dd P be &

(€,, e, vqrjuuy leli hyp€ridesl ot ti Ler r' z € It Tnen nt! ewrv a € ! o z E

)^,

= ((, o, 
^ [(,v.r'", ^ 

*" 
" ')]



l5{

(Ia,rxd) : ((rorX4)v1)^r

= ( V {r(!)^pG)} v:fl^d

= V {{(r(/)v t) 
^ 

(,,G)vt)} 
^ 

r)

= V ((r0) v'r) 
^ 

t) 
^ 

(0. k) v 1) 
^ 

r))

< V {()(.)v'r) 
^ 

0,(d) v?) 
^d)

= ((^(o) v1)^r)^ (/k)v.y) 
^d): (i 

^ 
iX.).

so (r,r) s (i 
^ 

i). tr

6.3 Ragdarsem 
'vpersrouF

ln rhis sdction re charersiF re8dr @nibyp€r8ouF by rh. prop.ni6 ol ihet
(€r,<i vo).Iuzy hyFride.l4 (€,,€r v{r}frzry q8i, ItyFiddlx (€r,€r vq.)-
6Ezy saq.lirod ti-l$?diddb.&d (€,, €, vqr)-f!,ry bi-hyp€dda!.

m. Hbuint .rata art 6. tadtw,gtutp II e.4uind6t

(2) .\ 
^i 

E ) r,i Jr er" (€r.c1vq.)-hLa nd, @I 
^ 

ad ea lej
,eavql h24 lcf hygatad u oJ E.

Prcot (1) + (2) ki r./ be (.,,e, yq'J-fu4 n$t Mn W Uqtdan oJ E,
E pettuly ed d € It Si@ tt b Eguls, $dedi.t!r € n ru.! tb.t. €



: {(.\(l)v1)^ 0(a) vr)} 
^d

/ S,0F d €. 
" 

J Md ,r . - , e.. €. . q,,Juzr isr, \
I hyecrideal or r. s '{{.\{d}v12r(r)^d I
\ th.dom,\{J) v }: )(o)^d J

rhq€fop {r. rxa) > (.\(a)v?}^r)^(p(a)v-r)^r)

doroa = (o o,) oo. TnB rhqe dbis se, € 4o, srn ind d € poa s.
(r.,lxo) = ((.\ o,r)(a) v 7) ^,/\

= lV tr(.)^,,1d))v)l^,
\.e-d I

= {ir.rairol\/

= (i^ i)(,)
By l?mno 6.2.r?,\ i r, < r. Tnu ) r ll < )^ i

. (2) + (l) h n ed, b€.isht dd bn hyFridals or t TlEn b! taMa 6.2.15,

.\n ud )r @ (€j,€, vqr)-n zy {sb! od (€,,€, va) nzy ht h}"sideals or n,
cpeiiv€ly. Thu by hlToih6G

ln. = )n'),
= )r lL by lehmo6.2.12 ed by (2)

- )n i,\, by !€mna 6-2.12

= )@ bY LnD! 6.213

This inpl'6 R n ! = Eo r. Htu it fo {m nm Prop6i|id 3.2.4

For a sffiilltpttjttup E, the lolLoaing .anditioB e ?4rirater,:

(r) (i 
^ 

i 
^ 
t) s (r' /,. A t- .vuv 1.,, e" vq),t@t rlsh! tuFriaa 

^, 
In

euel \€i,<rvet)-ha studrd bi-hrpd tat r un Jor ad:, (e1,e1vq6)-Je"r

o

(i) (r^i^t) = 
(\. |, u) lot .v.r!

hr eterv {e1.e1 v./) I1u.y ti-hup.ided,t ,
\e1,9 rq.)-fuau right iwnn?d 

^,od hr ewry \E|'q v$)-lwu kJl
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(1t (\^r^/J ? $. p. ') Jd.adn G' .\ uetl Iuz!.kh! tqpeaat 
^

hr .lery (.j,q vqd Jue! QtBi.ns?eddet p nd lot .*ry \e1,e1vq/) frE u tcft
hyperideol v o! E.

P@t O) + (2) Let .\,p &d, be iny {€,,€, vqr}luzy ddr hyFrid@1, (€,
.€r v4,)-tuzzy seMaliz€d bi-bypdrlal od (€",<r vqr) ney H. hyp€ddal of
r, EpectiGly, Ll d € tt. Since l' i! Eeubr, @ th@ qisls. € t such that
o € ooroa = (o or) od. Thu ihe!€ sist!, € ao5 luch ihli o € roa. so

(r.pvxd) = ((Ioro,Xd)v.I)^J
/ \,.lV rr,^,,",),d)/ J\d\*d I

> ({r@ 
^ 

0r o /) (o)} v,,) ^,/
(,i.-,i,'r {rrartur > van'a)

@, ()+/.,)G) z (()G) v,r) 
^ 

d) 
^ 

((r o ,) (a) v 1) 
^ 
d (i)

Sine a € aor oa = o. (r. a), s tb* dists r €,o4 $d ihri d € doi Thc

(/ 6,) (d) v1 = V t/lG)^,(t)) v.)

> {/(.)^,(')}v.y
' ,r"r n l.)(bsM ,inf.{, t)} v I > /

> (!(o) v1) 
^ 

(, (d) v,r) 
^ 

r.

ThB 
'ubditiudls 

El@ or (a o ,) (a) in (i), * h.a

().r./)(o) > ((,\(o)v.r) 
^ 

d) 
^ 

((ro,) (a) v1) 
^d= (rG) v1) 

^r) ^ 
(/rG) v,Y)^ kG) v1)) ^i: ()(a) v-r) 

^ 
r) 

^ 
((&(4) v .l) 

^ 
,) 

^ 
((! (d) v r) 

^ 
,)

= fri"rn"Lrn;r"rl\/

= li,r;arl r"r
\/

(2) + (3) + (1) SrnidtfoMld.
(4) r (r) l,r .\ and, be ey (e1'€' vq.)'tuzy 

'ighr 
sd (€r,€1 vq.)-fu',y

l€fi hyp€rid€,b of tl, r€!@tirely- T1E i ed ie (€,,€, vqr).fuzy igh! sd



lsit

(€,, €, v*}tury he blaida! oa f, flodiFb. $e'1' L r (€l,er v{.}
hEy qod.hrpddol of E, e by bypotld!! a h&

(i^,

")

= (^^/Xo)v1)^d

= (r 
^ 

r 
^,Xa) 

vr) ^,
= fi,r r a;) ror

< (r. r. y)(.)

= ((roro,X.)vr)^,
/\

= | v(.\or)(6)^rc)lv1l ^,\ei.. /
]. .' \
Ir. (ro rxr) - v {{r) ^ 

(r)} 
|

= f{[r^r,^u) ^.0]'",) ^,
=tu{k4^*}'l^'
= [{[^","")^,^o"n]^, ^,
- fu {[t,,t,'n^,r) ^,"o'n]) ^,

si@ .\ b e (€r, €, ver)-Iw5l, {snt nypdid.dof Itt
J*!t)(D)) vt: I(r)^d ild i.

.\(D) v r > {?) ^, 
6. .Ery [ € ro 4
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(i ^;)r"r s (V.roto ""v ^ 
1,1"v "11)^o

= ((v '.,^^o)"")^'
= ((.\ o,xo) v r) 

^ 
d

= (r. /xo).

H.ne it tollN thot i 
^ 
i s )., fq .erv (€' €' /q,l tuz,a tigh hvpfldeal )

of t &d for cEy (ei. €r v{r) luzy ldr lDToded , a( t But bv [eBm 6 2 l?

iai>r.,.s"iai=r",.n*btTIdm6.3.1,Ei!Eeulf O

For d tmitf'9al|f E, thr Jollouag enditinu t qLiuot^r:

1r1 i = 1r ' r * r11- *'e 1<,,elvstl'tel, sdwr\.'n baepeiaat \ ot H

(3) .i = (r ' I . )) /d *', (€',.. vq.)'lt.4t hiwtaai 
^ 

oI H'

(4) i = () t t ' r) rd 4t'! (€r ,.1t 'fu"t q@intpataal 
^oI 

E

P@t (lI= (2) Ld,\ bce {€1 €- vq.) frEv cdrtlit€d bi hvPerid€sl of I'dd
o - r. SirG H i!'€uls,s d?reqbE t €/' luch Lbtl d € oo

Tlu the exisre}9 € oo ' s{ch thd d €, o o. so

(lr 1,.\)(a) = ((r o 1o.\Xa) vt)^ d

= { \,i {rr" rrWr a,tptl u r 1no\cr*
> ((r o 1) (n v')) 

^ 
(.\ (d) v ?) 

^ 
d

t/ \ \
= { | ! lrr"ratgr)'11^rrrd)v1)l^d

\ \,.;, | |
z (^G) 

^ 
I h) v1) 

^ 
(r (a) v 1)) ^,

= (.\(a)^1^r(o)vT)^d
= (.\(.)v 1) ^t
= i t.t.

'ths(^rrr)) Zi.



But lion pa.i (3) ol Theoem 6.2.16, ir lollows rhar () I I 1 l) < ,\.

(2)+(3)+({)eobvios.

'4 
.. r l' !a,4 bc anv qud\i.\)pnue( ol d. rhpn by Corollsy 6.z.ll, ir ts r

(€1, €, vq,)-f@y qEi-hypsid.d of ,t, r&8, by l',Toih6c,

i,=(,t,,r*.r,)= (.r^,-r,.,r,)=i,.".,.
Tt'is inpliE ,4 = ,4 o }l o,4 Hm ii aolm trcn Thdlm 3.2.6, rhd ,' is

r"gule. tr

For o Emi@.sltxp H , the lottouing MdnioB oE eq!,!d.at:

(21 I ) ^, | - (\. l, I rl /f roqv 1e,... v!b)-FD.e q@ iwndat ) anll

e@rt LF1,<1\q)-lua hwerdd I aI E.

(3) (r^,1.) = (.\. /. " r).f- ."",v l<r.el v{x)-t'.! q@ntp.r'lat 
^ 

ad
eNr.J G1, q vqr) fiEv interio, Iw.riael I oI E.

r4r (^^!, ( \, F ! \) /d .r,! (e1,r, uw).tutr h.hwflnd 
^ 

Lnn 484
\<1,<1vq')-ha,s nsp.tid.at p ol It.

{5r l^ \F I ().! r,r) /d rFtr \e.,(,vq.).1p2! h.nwd..t \ nnd tury
I.e.,.1vel-11!t x .hknor lqpeadzA p o! !!

{6) [.\'pj (I.r'- \ lor €,?ry le,t1!q') lua stu'alud .nwnd.at \
ma .E1r l<,,., ve.t-ht2r hn tuk'! b ot H

7 {\ ;l ,\./, \ Jar.q \e\,\j ret,-h.,t sea@'cd h-hwrnd^t 
^dA Mx G1,F,vq6)-lte! intdif nrpcndea! p ol E

Prcot 0) + 0) t"i r snd I be ey (e,, €1 vqr),fuzy Cenera.lized bihlT.rideal
dd (€,. €, v{1}64y inhrior nypsideal ot ,, Bp€tawly. Tnen

(l,p * rxd) < (.\.rr_\xd)
< (.\)(o) by Thdrch 6.2.16.

(.\rp*)xa) < (1rl1"r)(4)
< /rG) by melm 6.2.16.
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r14@l^+/t \rs |\ 
\ 
^!./Nd kt . € tt Stle ll ir i.trlu, s thde diat! r € tt dr.h lhai

4 € aoro a = 4o(ro4oroo). Tha ihoE aisG . € rodor, dd, € roa eucl,

So(.\,It.I)> lr^,1 I. rloc(.rt/tr) = | r^il.
(7) + (5) + (3) + (2) md (7) + (6) + (a) + (2) m obvioE.

(2) - (l) Le r b€ dry (€r. €, vq.).{uEy qosi"brperid€'l or t. Then i i. o
(€i, €1 vqr-n@y qudi-hypd'd€rl or I/. Sine " 1' 

'e 
e (€1, €, vqr-tuey i@3tded

(I!r. rxa) = ((r"/6 rxd)v 1) 
^J/\

= l, V {}(.) ^ 
(/, . rx/) v r,) ^,

2 (r(a) 
^ 

(p o.\) (r) ) v 1) 
^ 

,
, 

\ 
^,= (f.\(o)v1) 

^d)^ LV 
{,r(.) 

^ 
r(dD vtl

/ sine eEy (€r, €i v4r-l@y hyrqide.l ot t b \
I e (€n€' v{')-fu,ry hyp6id6l or, I

\ $,€i'{*{p(')}v1> r,(.) 
^ 
d )

> ((r(o) v 1) 
^ 

d) 
^ 

(r(.) v r) 
^ 

d) 
^ 

(.\(a) v r) 
^ 
,

= (rG) v,r) 
^ 

r) 
^ 

G(a) v 1) 
^ 

d))

= ("to^;ro)

= (;^i)(.)

= ((.\^ lxo) v 1)^d

= fia i) r,r

oThu n bUtu aion Tlmn 6.3.3 {hat /t is r.guLr-
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F6 n t nihwrgntp Il, the JoLltuins 6a&ti6s dE etxioa].nL

r2i | .t ^;,I S (\ ! /r).Ior p,p,, (Lr. €r ver.ld,e q@lnyr.qdal \ and r-.,
lE1,e1\lq).''.u tef ntpendat I ot n

,3r l\.,rJ< /\ -,r /o' ewn le1 . ' 
.q).11',! tttrf!?d?at \ and 4.ry

\<1e1vq/)-ta2.! tzlt hwdld.d I ol E,

(4) i \ 
^ t I S (\rf).td.De" ( ( ,. e1\q)-lEztl sdcldvad tl hwnial \ and

ercry lF1, e. eql-r'.y tel hwridat tt oJ E.

P@t (l) + (4) I€i ) md /r be 6ny (€1j €1 vqrJuzy sendalized bi-hyperidddl
sd sy (q,€, v4r)-fuy l€fi hyp€rideal or ,', €p<tiwlt- Ial d € H. sin@ Ij i.
Dsal*, s there €xjsts r €.al su.I thar d € 4 o r o o = a o (r o d) Then ther. *ists
, €rod sr.! that d€ ao9. ThE r€n w

1^ 4) ^d 
(bcauB.r€rca.)

k) v1) 
^d)

((ro/)(a) ! 1) 
^d

l\ Vd{}G) ^/,(d)} 
v

((IG) 
^/r(r)) 

v,t 
^()G) vr)^ (/rG)v

((\(a) v1) 
^d) ^(G

(r(") 
^ 
r(.))

|.^ n,) (")

(_\ t /rxo) =

s" rr. rt > fi ri\
(r) + (3) + (2) dcrd.
(2) > 0) Let r and tl bc mv (€1,€r vqrju,,y risht hpolideal and any (€,

, €, vqr-tuzy l€li l\T€ride! ol x, €pdiwly. Sine e*ry (€a, €1 vgrjury righr
npdideal ot ,Y k m (.1, €r vqr.tuzzy qudi-hypeidel or }1, ft hule (l | /r) :
(i ^;) Bvk.-'6.,.,?.r.", (;^;) ,n*,,.,, = (l^Nr",*'
(€,, €, vs.)JEy nshr hypedd€.i I md lor *.y (€r, €r vq,)_fuzy bn lyFridml
pol lr Honc byTleorcnc.3,r t is rcglld. tr
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Rccall iher a strihypcrsoup }I is inh&r€sula it for €r.1, d € li, rher. aisi
r,t € It suc! tior d € ro ooooy. I. general neithe! inlleEgul{ smihyperglo{ps
dre re8uld nor reguld $dih}?.iererp6 de inira-regdr smihypqgbnF. H(ftwr,
i..omh nd,i@ snihtp"rg,odDs bo,I ihe@ncpF ! roinc"iF.

6.4 Intra-resuld €emihyperarcups

For a pniilpet@up E, be lollotuin! 6 itiore aft.4tidLnt:
11) H i!' ntn r,4t8.
z, {i ;l - 'r,r,r,' 

a.t!\.,,.,.q lua kJt 
^vpetdat ^ 

Md 14!
(e1,q vql-f1t v nshr hrperidedr pol
Prcot 0) + (2) Li ,\ be an (e1,er vqt nDzy left hyPqideal and /r be a! i€1
,€1 vqr)-lD,ry righr hlTe.ided ol t'. Fo. o € Il, lher€ erjsl t,! € t st I th.i
d €,oaoao! = (ro,)o (ao!/). Thus rh.re.xisLs r € roa Md e € do v, sucn d61

(2) + (r) r,1
{^ ^i).A md , be riEht md lelt hlTeridaLs ol It Then l, CorcU'rv

de (€a, €r va|) ruzy tishi nd (€r €' vqr)Juzzv tet hidideils

() o r)(d) v1) 
^ 

d

l.V 
t^t"r ^,tatt " 1 ^a

(.\(') 
^/G)) 

v 1) 
^d/S:nF C.oasnd \..e.e.€. q,)J ?2r efi l)pt"dPtrl r,Y \

I $,i"f l\r:rl! >.rror^dTbu\{r)v\?\(dlv'^d 
l

I Als sine l] is d (€,, e1 vq.)-fuv Ii8hl hvPsid.al or II, I

\ $,!11"1/,G))v1> pk)^6 rhusp(,)v1u p(o)v'r^d /
{(.\(o) v1) 

^d) ^ 
(p(o) vr) 

^rD ^d(rG) v: 
^d) ^ 

(/G) vr 
^d)

(rG) ^iG)J

(r^rJG)
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or It, cp€tiv€ly. Thu by hypolheis E h6E

rb, = lz'In
: i!^;n by rsE6o.2.l2 ed by (2)

= ,\r i & by 1e0s 62.12

= ,\rd bY lrma 6.2.13

ThE tnA g r.R U€re t lollm frln Thg]M 433, rh.r n i6 indr€{uLr- tr

ne hbu@ dndirttu M qut&ldt lor d @iltwrwq E.
lr) H it horn rzs!16 ond inrtu-ftstlor.
(2) l: r = r Jor rer, (€r€r v{.)-luey q@i.nvff&tr \ o, E.
(3) l1l =,r tor.r.'n (€,, €, v'tt).lt u Wtqpcnd.d 

^ 
oJ E.

({) .\ ,,r > I 
^ 

t /d dr (€r. €r vq)-r"v 9'aigsnnab 
^,y 

ot H
(t) 

^1 
| Z 

^ ^ 
tt lor 4kn le..c. v$\-ttzg qtu-hurmdeoJ 

^ 
n4n !6.vd1l

l<1,a1vqi)-fu214 ,i-hwrklal I oI E.

{6) r' } Z r 
^ 

t /d orf (€r. €r vqr).fv4 r+ispcrinab 
^, 

tr oJ H

Prcor. (lJ + (6) L.t,\,r be (€1,€, vqr),nBzy bi-hypdi.teals ot I' md o € n
TIEn ih@ ailt r,r,r € It such ihat a €.o.o. ed c €, o !o. o:. So

q 3oz"oor.o
: Go,)..o (:o.)
e d o,o (!oa d do 

')o 
co d

= (a.' o v o o) o (4 o:., o a).

Thus lhe€exi.lr€ ro9,q€,or,,€ o.rda dd c € 4oqo4suo\thai a € roc.



160

(\'r)Gl
/\

= (\/ uto^aot'1^r
> (r(6) 

^ 
p(c)l v1) 

^d/ s,ne t. a o pod and ) r N ru,€,,9...|u.y b' hvprid.dl or lt. \
I F hr* 

".itrr 
{\a)}v):mr{)h).\lar.r} I

I ru^ rtor v. _ mht\(or. r.dt. I
\ simirdly rr.' v1 : '!il{r/.) ! '.d}. I

> I(()G) v,r) 
^r) ^ 

((A(a) v 1) 
^ 

r)l^6
= (()(a) v1) 

^ 
d) 

^ 
(( z)v1)^d)

= /ir,r n;r,r'\

= (i^i)G)

Thus ). ! Z ,\ 
^ 
i for all (€,, €1 vqr)-tuzzy bi hyperid4ls,\,p of,{

(6)+(5)+(,1)aorriou.
(4) + (2) rak I = ,! in (a), se set .\ : ) > r. Sltu €v€ry (€1, q v e')-tvzv

qwi-hrrsid€lt is a (€,,€' vqr)-6uzy 6ubes'hJ"€lsrcup, $ )il S ) Hd€
I !,t = ,t.

(6) 3 (3) ral€ ) = /l in (6), w sei A !.\ : .\. sin@ *ry (€'. €' vqi) Itzy bj-

hlTeidsl it d (€', €r v{,)-Iuzy subenibypergmp, $ -\ ! I :; r' Hend t. r = ,\
{3) ) /2) obviu6.
(2) + (r) Iat 4 b€ a qu.si-b".nd€d ot lt. Thd by Corollary 6.2 15,10 is m

(€,, €r v9!)-6€y q[si'h)"ddsi or IJ. Hen@, by hypode4 & ' ro = re ThN

\a.o . & . \e = \a impl'a Q o Q = Q So by Ih.oM 3.2 8. 5 ir boLh rsule ed
in|r&Esdd. O

m. hllooins @nnihdtu art dtxitdtat lor i tdih!'t rsftlP E
I1\ E { born @tld Md i.,,'vratul^r.

\2, (\.r,/ / t!. ^r 
. {.\' ; I ld oatr,e..c.' llua nshl hepp\d?ot 

^
dnd lot e!.ry \ej, q vqlltrz! telt hwtnteot p o! E.



(3) (.\ r r) 
^ 

(/r, 
^) 

z (;,r;) 1,. *".v te,,e,
aad hr erent (et, q v.x)-!,@u qnbiltw€id.dl I oJ

(4) (r'p)^(rr^) 2 (;n ) l,' *"* r.,,.,
ond lar dd.! Le1,e1 rd-!1Dr! brhwnded I ol E.

16l

vqn)-he! risttt hwntldL 
^

vq/) Itz4 twht hwerdal 
^

(5) (^ * !) 
^ 

1p, .\) > \\ 
t;') y", *""s 1e,,e, vq,y1*,u nsu hwend.ot 

^and hr euq! \e1,qvg/)-!u., senernMea -hw.nded po! E.

rbr 1\. !) / lA. \r > 
f,\ ^;.) lc, .wr! te_.e_ \ ct..jLz, t t t w4dst \ ond

hr dery le1,q rq6)-lv.! q@{.hntndd , oI E,

17) (\. !r 
^ 
{r, r) : ( \ ^ ;) /,r tuq t<\, e. ! qt.t,, kt hwnn2ot \ ad

16 e@ry {€1,9 vq')-t4.u ri-ivwrina! | ot E .

(81 (.\. /)^ (/,. )) j (,\ ^ 
iJ /or d.ry t<,,e,\$t.tu 4 bf nwrrddt \ @td

16 .Er l€a,ej vtu)-tEzy sn tulit n bi-ntpalaat p oJ H.

1e) 1r . p) ,r 6 . r; 2 (i ,r yi) 7- M! (<r,e. vq.).Ju,u qrci-bsperntars 
^M1r tt oJ 11.

(10)(r. /) 
^ 

r/. \l : (,\ ^,,J ld.v.\t te-<, vt ) t'2u ct@hw4dat 
^tu lot tu1r le1,€1y(/)-^e.! bi-fuFidq! u ol E

(r) (), p) 
^ 

(/.. r) : (i ^i) Jor .u.ry G,e, vq.J.t ,v qwi-hsp.rrd2zt 
^Mn lot d4! (9,e1\!9')-ie2! sen tuli2.d brnw d.al I aJ E

1ra 1r.1y n 11r a 2 (i r;) 1,t cx.rx @i,qvq.).ri,z! tup;d?b^dd
pol E.

113) 1r -a)n 1p - r1 2 (i,';) 1,r etery \.1,<. eq.)-tu.! bi hw,ide.t 
^ 

ntud

Jar e@r! {.€1, ej y{/)-llhy sencrali.d [i-hm.Adat I ol It.
14 /\ . !r ' A. ) . l^ i) ht tue,x e-e, .qc .tL.v sar.ntua d.

hwridedh \ ann r oJ E

P.oot 0) + (14) Ld ), p be (el) €1 vi/t-tuzr,y generslized b!hy"€rd.at6 or l/ and
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d €.{ Then th@ qkt r,r,: € 11 ruc} that o € a o, od &d r € ?o dod d,. So

e oo,oooroa
= (oo,)o4o('od)
S qo,. (!od6.o:) o.. d

= {qo,€ rod)o ko,o..a).
Thu rh€E €xb{ t € ro!,{ € r or,D €..p.6 ed c € ao {.. ludr ih.r d € 6o..

().,,)G) = ((rorX.)v1)^,

{Vt,\(d)^/,G))vrl^d
({r{i) 

^,&)} 
v?) 

^d

(I(.) v7) 
^r) ^ 

((do) v,r)^r)

(.\(.) 
^ 

;{d)J

(i^, (d

Siailaly Ed p@ th|t (p.,\) U

01) + 03) + 02) + 0o) e {o) +
0.4)+0r)+00),
(14) + (8) + (7) + (6) + (2) dd
(14) + (5) + (a) . (3) + (2) d. obviou.

- (21 = O) r.t,r be( (€,, €1vq.)-f@yrishr trypqld.tled&b€&r€r,€r vqt
tay left hvp..ldeal ol tt A! o€y .e,.€. v4d-Iury Lft hyp.ndeal;f i is;n
(€1, €r vqr)-ruay qusi-hrT.lld.lt of t, @ haE

(.\rr)^(p*^)

S l. p al*!J! tNe, s w n.E

Sile t € d. to a.!d c€.o{o6 &d I ed ri e
(€,, €, v{,)"frtnt g.od.lild bi-nyDqid6ll of I',

E .jllL,{r(o)} v1 > d!trG),rG),r} ed

**|,(do)l v't 2 bintpk)',,k),dl
Ths,t(t) v" > 

^(6) ^, 
s.!d dc) v.y >,{a) ^r.

(i^r)(t^i)
(3) + {2),

. (i^o)

esirr; r,.r:iri.
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