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Introduction

In 1934 during the 8" congress of Scandinavian Mathematicians, F. Marty intro-
duced the concept of hypercompositional structures (61]. Since the beginning, the
Hyperstructure Theory had applications to several domains, Marty, who introduced
the hypergroups in 1934, applied them to groups, algebraic functions and rational
fractions. New applications to groups were also found among others by Eaton, Ore,
Krasner, Utumi, Drbohlay, Harrison, Roth, Mocker, Sureau and Haddad.

In the 1940's, Prenowitz represented several kinds of Geometries (Projective, De-
scriptive, Spherical) as hypergroups, and later, with Jantociak, founded Geometries
on Join Spaces, a special hypergroups, which in the decades were shown to be a use-
ful instrument in the study of several branches of mathematies: graphs, hypergraphs,
binary relations, fuzzy sets and rough sets (see [13]).

In 1965, Lofti A. Zadeh introduced the notion of a fuzzy subset of a set as a
method for representing uncertainty. It provoked, at first (and as expected), a strong
negative reaction from some influential scientists and mathematicians, many of whom
turned openly hostile. However, despite the controversy, the subject also attracted
the attention of other mathematicians and in the following years, the field grew enor-
mously, finding applications in areas as diverse as washing machines to handwritting
recognition. In its trajectory of stupendous growth, it has also come to include the
theory of fuzzy algebra and for the past several decades, several researchers have been
working on concepts like fuzzy semigroup, fuzzy groups, fuzzy rings, fuzzy modules,
fuzzy semirings, fuzzy near-rings and so on. Fuzzy ideals in semigroups have been
first studied by N. Kuroki [48-55|, later by other authors as well [2,3,4,58,66,67,68,76-
81,83,84]. In 1996, Corsini introduced Join Spaces with Fuzzy Sets. These structures
have been studied again by Corsini, Leoreanu, Tofan, The ideas of associating a hy-
perstructure with a fuzzy set and of considering algebraic structures endowed with a
fuzzy structure, have been brought foward by Zahedi, Ameri, Borzooei, Hasankhani,
Davvaz, Bolurian, Corsini, Leoreanu, Cristea, Kehagins and others[13],

It is known that Fuzzy Sets are a powerful tool in several applied sciences and S0,
in view of the above correspondence, hyperstructures are as well, A short review of
the theory of hyperstructures appear in [12, 87]. A recent book "Applications of Hy-
perstructure Theory” by Corsini and Leoreanu contains a wealth of applications. Via
this book, they presented some of the numerous applications of algebraic structures,
especailly to the following subjects: geometry, hypergraphs, binary relations, lattices,
fuzzy sets and ruogh sets, automata, criptography, codes, median algebras, relation
algebras, artificial intelligence and probablities, Fuzzy algebra was first considered
in 1971 by Rosenfeld (73], where many basic notions of fuzzy group were presented,
Then other researchers did some more work on fuzzy groups, ideals, modules, vector
spaces etc, 4



In 1980, Corsini gave the idea of semihypergroups [13]. Davvaz introduced hyper-
ideals, fuzzy hyperideals and intuitionistic fuzzy hyperideals in semihypergroups|20].
Davvaz also gave the concept of congruences on semihypergroups [18]. Hedayati
worked on semihypergroups and relations [28]. Hasankhani had some work on ideals
in a semihypergroup and green’s relations [27].

This work in algebra is concerned with the crisp as well as fuzzy approach to study
some algebraic properties of semihypergroups. Qur approach of study is based on the
following points:

Our first approach is to define and use prime hyperideals, semiprime hperideals, m-
hypersystem, p-hypersystem, fuzzy prime and fuzzy semiprime hyperideals to study
the basic properties of some classes of semihypergroups.

Secondly, we use the hyperideals and fuzzy hyperideals to characterize semisimple
semihypergroups.

Thirdly, we give the concept of bi-hyperideals, prime and semiprime bi-hyperideals
as well as fuzzy bi-hyperideals and fuzzy prime and semiprime bi-hyperideals. Fur-
thermore, we give some characterizations of regular and intra-regular semihypergroups
in terms of these notions.

Our fourth objective in this project is to introduce the concepts of (€, € Vg)-fuzzy
left (right) hyperideals, (€, € Vg)-fuzzy quasi-hyperideal, (€,€ vg)-fuzzy interior
hyperideal and (€, € vg)-fuzzy bi-hyperideals of semihypergroups and characterize
semihypergroups in terms of these notions.

The fifth approach is to generalize the concepts of (€,€ vq)-fuzzy subsemihy-
pergroup, (€,€ Vq)-fuzzy hyperideal, (¢, € Vg)-fuzzy inteior hyperideal, (€, € vg)-
fuzzy bi-hyperideal, and (€, € Vg)-fuzzy quasi hyperideal and define (€, € Vi )-fuzzy
subsemihypergroup, (€, € Vg, )-fuzzy hyperideal, (€, € Vg )-fuzzy inteior hyperideal,
(€, € Vau)-fuzzy bi-hyperideal, and (€, € Vau)-fuzzy quasi hyperideal of a semihyper-
group H and study some basic properties. Also we characterize regular and intra-
regular semihypergroups using these notions,

Our sixth approach is to generalize the concept of (€, € Vay)-fuzzy hyperideals
of a semihypergroup H and we define (€4, €4 Vags)-Tuzzy subsemihypergroup, (€,
€5 Vag)-fuzzy left (right) hyperideal, (€., €, Vgs)-fuzzy hyperideal, (€., €, vg)-
fuzzy interior hyperideal, ( €y, € Vigg)-fuzzy quasi-hyperideal, (€,, €, Vi )-fuzzy bi-
hyperideal and (€., €, Vas)-fuzzy generalized bi-hyperideal of a semihypergroup H
and study some basic properties. Also we characterize regular and intra-regular semi-
hypergroups using these notions.



Chapterwise study of this Thesis contains the following sections:

Throughout this thesis, which contains six chapters, H will denote a semihyper-
group, unless otherwise stated. Chapter one, which is of introductory nature provides
basic definitions and reviews some of the background materials which are needed for
subsequent chapters. In chapter two, we give some basic properties of hyperideals,
fuzzy hyperideals and characterize semisimple semihypergroups. In chapter three,
we give the concept of bi-hyperideals, prime and semiprime bi-hyperideals of semi-
hypergroups and characterize regular and intra-regular semihypergroups in terms of
bi-hyperideals, prime and semiprime bi-hyperideals. We also characterize semihyper-
groups in terms of prime and semiprime bi-hyperideals. In chapter four, we define the
concepts of (€, € Vq)-fuzzy left (right) hyperideals, (€, € Vg)-fuzzy quasi-hyperideal,
(€,€ Vq)-fuzzy interior hyperideal and (g,€ Vg)-fuzzy bi-hyperideals of semihy-
pergroups and characterize semihypergroups in terms of these notions. In chapter
five, we generalize the concepts of (€, € Vq)-fuzzy subsemihypergroup, (£, vg)-
fuzzy hyperideal, (€, € vq)-fuzzy inteior hyperideal, (€, € Vq)-fuzzy bi-hyperideal,
and (€, € Vq)-fuzey quasi hyperideal and define (€, € Vi }-fuzzy subsemihypergroup,
(€. € Vaqu)-fuzzy hyperideal, (€, € Vg )-fuzzy inteior hyperideal, (€, € Vg, )-fuzzy bi-
hyperideal, and (€, € Vi )-fuzzy quasi hyperideal of a semihypergroup H and study
some basic properties. Also we characterize regular and intra-regular semihypergroups
using these notions. In chapter six, we generalize the concept of (&, € Vg J-fuzzy hy-
perideals of a semihypergroup H and define (€4, €y Vas)-fuzzy subsemihypergroup,
(E+, €4 Vigy)-fuzay left (right) hyperideal, (€., €, Vgs)-fuzzy hyperideal, (€., . vy)-
fuzzy interior hyperideal, (€., €, vgs)-fuzay quasi-hyperideal, (€., €, Vg;)-fuzzy bi-
hyperideal and (€, €, Vg;)-fuzzy generalized bi-hyperideal of a semihypergroup H
and study some basic properties. Also we characterize regular and intra-regular semi-
hypergroups using these notions.
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Chapter 1
ELEMENTARY THEORY OF SEMIHYPERGROUPS

In this chapter, we give the definitions and results from the theory of hyperstructures
and semihypergroups which are basic for this subject. The main results of this chapter
are taken from [13], [19], [27].

1.1 Hyperstructures

The most important notions and results, obtained on Hyperstructures Theory, are
presented here. For more details, see [13]

Let H be a non-empty set and the set of all non-empty subsets of H denoted by
P*(H).

1.1.1 Definition (cf. [13]).

A n-hyperoperation on H is a map f : H" — P*(H). The number n is called anity
of f.

1.1.2 Definition (cf. [13]).

A set H, endowed with a family I'of hyperoperations, is called a hyperstructure (or a
multivalued algebra).

1.1.3 Definition (cf. [13]).

If I is a singleton, that is I' = { f} where the arity of f is 2, then the hyperstructure
is called a hypergroupond.

Usually, the hyperoperation is denoted by ” " and the image of the pair (a,b) of
H? is denoted by a o b and called the hyperproduct of a and b,

If A and B are non-empty subsets of H, then Ao B= | ] acb.
af A b b

1.2 Semihypergroups
1.2.1 Definition (cf. [13]).

A hypergroupoid (H, o) is called a semihypergroup if

(aobyoec=uqo(boe) forall a,bece H.
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If a semihypergroup (H, o) satisfies the reproduction axiom, ac H = Hoa, for all
a € H, then it is called a hypergroup.

A non-empty subset S of a semihypergroup H is called a subsemihypergroup of
Hifforallz,y€ S, zoy C § [13]

We shall write Aoz instead of Ao {x} and x0 A for {z} 0 A.

If a semihypergroup H contains an element e with the property that, forall r € H,
# € xoe (resp. x € eox), we say that e is a right (resp. left) identity of H. If
roe={z} (resp. eox = {z}), for all z in H, then e is called scalar right (resp, left)
identity in H.

1.2.2  Definition
In [27], it is defined that if A € P* (H) then A is called,
(i) a right hyperideal in H if
TEA=ro0yC AVye H
(ii) a left hyperideal in H if
r€EA=yoxC ANye H

(iii) a hyperideal in H if it is both a left and a right hyperideal in H.
Also in the same paper it is defined that the principal right (left) hyperideals and
principal hyperideal for every a € H are
<a>=(aoH)U{a} (<a>=(Hoa)U{a})
and
<a>=({Hoa)oH)U HaUaH.

If H contains an identity element, then < a >»=aocH <a>=Hoaand
<a>=HoaoH.

1.2.3 Lemma
If I and J are hyperideals of H then INJ, JUJ and [ o J are also hyperideals of H.

1.3 Fuzzy hyperideals in semihypergroups

Let X be a non-empty set. A fuzzy subset A of X is a function from X into a unit
closed interval [0, 1], that is A ; X — [0,1]. If A and p are two fuzzy subsets of X then
A < p means that A (z) < u(z) for all z € X. The fuzzy subsets AApand AV pof X
are called intersection and union of A and #, respectively and are defined as follows

AARz) = Alx)Au(z)
V) = Alz)V ()
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for all + € X.

If A is a non-empty subset of X, then we shall denote the characteristic function
of A b}' A A

If A and p are fuzzy subsets of a semihypergroup H then their product Ao pisa
fuzzy subset of H defined by

rEyes

(Ao ) () { v {A(y) A u(z)} if there exist y,z € H such that z € yo 2.
ﬁ"_l, ) =

( otherwise,
1.3.1 Definition

A subset A of H is called idempotent if Ac A= A.

Let I be a semihypergroup. By a fuzzy subset A of H, we mean a mapping
ArH — [0,1].

For any fuzzy subset A of H and for any t € 0,1}, the set
UXit) = {z € HIA(z) > 1}

is called a level subset of A,

Furanytm[uxzysubaetslmdpof}f, A < u means that, for all z € H,
Alz) < p(x).
For z € H, define

Ar={(y.z)EHxH:zeyoz)}
For any two fuzzy subsets A and y of H, define

V' min{A(@y),u(2)} if A, #0

(yz)ed,

0 ifA; =0

For a non-empty family of fuzzy subsets {Ailics » of a semihypergroup H, the fuzay
subsets \/A; and /\); of H are defined as follows:

ES tES

Aopt H — [0,1],2 — Ao pufz) :={

VA H — [0,1], 2 — (VA.-) (2) := sup X, ()}
il il el

and

ig

AA,- H— 0,1}, z— (A}h) (z) :=inf (A (2)}.
el 16l 4

I 7 is a finite set, say [ = {1,2.3....,n}, then clearly
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(VA;) () =max{Ay (x), Ag (). ..., Au ()}
il

and (/\)..) (z) =min{A; (z), Az (), ., An (2)}

el
1.3.2 Lemma

Let Ay, Ag, Ag be fuzzy subsets of a set A, then Ay v (Ag A Ag) = (M VA)A(N Y Az)
and Ay A (Jl.z Vi3)= {A] A}V ':AI A Az).

Proof. Straightforward. O

If A C H, then the characteristic function A 4 of A is the fuzzy subset of H, defined
as follows:

lifze A,
AA;H——-r[DTl],I--—-lA{J}z{u ;figi, A
1.3.3 Lemma

Let A, u, v be fuzzy subsets of a semihypergroup H such that p<vthen Aoy < Aow
and o d <po )

1.3.4 Proposition

If A,B are subsets of a semihypergroup H, then A C B if and only if Ay < Ap.
Proof. Straightforward. O
1.3.5  Corollary

Let A, B be subsets of a set X, then A = B if and only if Ax = Ag.

1.3.6 Proposition

Let A, B be subsets of a set X, then dgnp = Mg A Ag.

Proof. Straightforward. O
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1.3.7 Proposition
Let (H,o) be a semihypergroup and A, B be subsets of H. Then Xy odg = Ajep.
Proof. letz € H. f £ ¢ Ao B, then

J'L,q_uﬁ-(t} =1 El:l

This means that there does not exist y € A and 2 € B such that z € yoaz.
If A; =@ then
(AaoAp)(z) =0 (i)
If A; # 0 and (y,2) € A, then 2 € yo 2. Then ¥ & Aorz & B. Thus either
Aa(y) = 0 or Ag(z) = 0. So we have, min{A(y), Ap(z)} = 0. Hence (AyoAg)(z) = 0.
Let 2 € Ao B, then Ayop(z) = 1. Thus z €aob, forsomea € A and b € B, so
(a,8) € A,. Since A, # B, we have

(Aaedp)(z) = \/ {Aalp) AArs(2)}
(mzleA,
> min{Aa(a), Ag(b)} = 1.

Thus I:JIA o EH}{I] = ]. Hence )u, o }:3 = Jk,q,g. 0
1.3.8 Proposition
Let Ay, Ay, Ay are fuzzy subsets of H, then

(1) Avo (A2 V Ag) = (A 0 Ag) Vv (A 0 Ag); (Ag v Ag) 0 A = (A20 A1) V (Az0 A)).

(i) Myo (A Ad3) < (A0 A2) A (A1o As)i (A2 A Ag) o Ay € (Mo AL) A (Aso N).
Proof. (i) Let z € H, if A, = 0, then

(Ao (A2 v Ag))(2) = 0= (A0 Ag)(z) v (A1 0 A3)(z).
If X, # @, then

(Ao (A2 v Ag))(z)

V' m) A Qe v ag)E)

[FI‘ }Ear

=V ) AQulz) v As(2)))

(y2)EAds

= V{0 AXa(2) v (A () A g(2)))

(v.zled,

V AM@ A%y VI ) A dg(2))
(we)EA- (¥.z)EA,
= (Ao X)) v (A1 o Mg)(x)

= ((A1942) V (A1 0 Ag))(x).

]
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Hence Ay o (A2 V Ag) = (A1 Ag) v (X 0 Ay).

Similarly, we can prove that (A; V Ag) o Ay = (Az0 M)V (As 0 Ay).

(ii) Suppose A; = 0, then (A 0 (A2 A Ag))(z) = 0 = (A) 0 Ag)(z) A (A 0 Ag)(2)
implies that Ay o (A A Ag) < (A 0 Az) A (A e Ag).

If Ay # 0, then

(Are(Az A Ag))(x)

Vo () A2 A A)(2)}

(wz)}EA:

= VA M) A xa(2)) A (aly) A ds(2)))
(v.z)EA,

= VA Mlm) Ade(2) A (Malw) A As(2)))
(v.2}EA,

< VMW AME@IA VI M) Ads(2))
(wzlEA, (welEds

= (Ao A)(x) A (Ao Ag)(z).

ThE‘l’Efﬂl'E, }ﬁ]_ o {}q A 13} E (.5.1 Q .:kz} A {Jﬁ.l o 13}
Similarly we can show that (A2 A A3) 0 Ay < (Az0 A)) A (Az0 Ay). a

1.3.9 Definition (cf. [20])

Let 1 be a fuzzy subset of H, then p is called:
i) a fuzzy right hyperideal of H if pu(x) < inf {u ()}, for every z,y € H;

aETay

i) a fuzzy left hyperideal of H if p(y) < inf {u(a)}, for every z,y € H;
acroy

iii) a fuzzy hyperideal of H (or fuzzy two-sided hyperideal) if it is both a fuzzy left
hyperideal and a fuzzy right hyperideal.

1.3.10 Lemma (cf. [20])
Let p be a fuzzy hyperideal of H, then

max {p(z1), ..., p(z2)} € inf  {u(a)}, Yz, 79,....7. € H.

aEx orye..on
L.3.11  Proposition (cf. [20])

A non-empty subset A of H is a hyperideal of H tf and only if the characteristic
function Ay of A is a fuzzy hyperideal of H.

1.3.12 Corollary(cf. [20])

Let H be a semihypergroup and pu be a fuzzy hyperideal of H and n is a positive
integer. Then for every o € 2" we have p(z) < (o).



15

1.3.13 Theorem(cf. [20])

Let H be a semihypergroup and i be a fuzzy subset of H. Then p is a fuzzy right
(left, two-sided) hyperideal of H if and only if for every t € [0,1], i, # 0 is a right
(left, two-sided) hyperideal.

1.3.14 Corollary(cf. [20])

Let pt be a fuzzy right (left, two-sided) hyperideal of a semihypergroup H. Then two
level right (left, two-sided) hyperideals iy, and p, (with t; < t3) of u are equal if and
only if there is no = € H such that t; < u(z) < t,.

1.3.15 Corollary(cf. [20])

Let H be a semihypergroup and u be a fuzzy right (left, two-sided) hyperideal of H.
If Tm(p) = {t;,...,t,}, where ¢, < . < {,, then the family of right (left, two-sided)
hyperideals p, (i = 1,...,n) consitutes all the level right (left, two-sided) hyperideals
of u.

1.3.16 Corollary(cf. [20])

Each subset I of H may be regarded as a fuzzy subset by identifying it with its

characteristic function Ay, If I is any non-empty subset of H, then [ is a right (left,

two-sided) hyperideal if and only if A; s a fuzzy right (left, two-sided) hyperideal.
Let H be a semihypergroup. Then for every a € H we put

(@ = {a}u(Ua-z),
Tl
H(a) = {a}u(lUz-a),
s<H
Hlg)ll = (a)HUH(@)U (J z-a-y).
yeH
1.3.17 Proposition
A fuzzy subset A of a semihypergroup I is a fuzzy left (right) hyperideal of H if and
only if for each t € [0,1), U(A;t) # ¢ is a left (right) hyperideal of H, respectively.
Proof. Suppose A be a fuzzy left hyperideal of H and z € U(A;t) and y € H. Then
A(z) = t. Since A is a fuzay left hyperideal of H, so Alz) < E:.E: {A(a)} for every

¥ € H. Hence A(a) > tforall a € yoz, this implies @ € U(A;t) that is yor C U(A; ).
Hence U(A; ¢) is a hyperideal of H.

Conversely, assume that U(A;t) # 0 is a left hyperideal of H. Let # € H such that
Alz) > oifﬂ: {Ala)} forally € H. Select t € 0, 1] such that A(z) =t > .:.E;L {A(e)}.
Then z € U(Ai¢) but yoz € U(A;t), a contradiction. Hence Mz) < ;Ent' {A ()},

aEyox
that is A is a fuzzy left hyperideal of H, O
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1.3.18 Proposition
Let A, p be fuzzy hyperideals of H, then AN p and AV p are fuzzy hyperideals of H.

Proof. Let A and p be fuzzy hyperideals of a semihypergroup H. Then for z,y,z €
H, inf A(x) = A(z) and inf u(z) > pu(2).

TEY0E TEYUE

Now, for each r € y o z,

(AA 1) ()

I

A() A u(z)
Az) A p(z)
(P AH) (2).
Hence, él;[;‘{l Ap)(z) 2 (AAp)(2). Thus A A uis a fuzzy left hyperideal of H.

Similarly we can show that A A i is a fuzzy right hyperideal of H. Thus A A y is
a fuzzy hyperideal of H.

Similarly we can show that AV u is a fuzzy hyperideal of H. O

v

1.3.19 Lemma

A fuzzy subset A of H is a fuzzy left (resp. right) hyperideal of H if and only if
Aue A< A (resp. Aody < A).

Proof. Let A be a fuzzy left hyperideal of H and # € H, then

MAod(z) = \/ {Ap)AA(2)

EEYaE

= V @} =1

rEyss

V Alz) since A(z) < inf A(a) < A(a) foreach a € yoz.
TEyoa agyea

= Alz).
Hence, Ayod(z) < X(z).

LA

Conversely, suppose that AyoA < A, We show that A isa fuzzy left hyperideal of
H.ForzeH,

},f:z} = lHDA{I}
= V Du)AA(z) fory,ze H
TEycT

=V (A=)}, (because My (y) = 1)

TEyes

A(z) foreach z such that z € yo z.

v
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Thus tuf Alx) = A(z). Hence A is a fuzzy left hyperideal of H.
ZEyex
Similarly, we can prove the case of fuzzy right hyperideal. O

1.3.20 Lemma

If A is a fuszy left hyperideal and p a fuzzy rght hyperideal of H, then Ao p is a
fuzzy hyperideal of H and Aop < A Ap.

Proof. Let A be a fuzzy left hyperideal and u a fuzzy right hyperideal of H, then

= (AgoeAlop
< Aopu ( by Lemma 1.3.19)

Hence Ao g is a fuzzy left hyperideal of H.
Also,

(Aou)on = Ao (uoAy)

< Aop ( by Lemma 1.3.19)

So, Ao i is a fuzzy right hyperideal of H.
Thus X o u is a fuzzy hyperideal of H.
Letz€ H. If A, =0, then (Ao u)(z) =0 < (AA pu)(z).

IFA: # 0, then (Ao p)(z) = V min{My), u(2)}.
(1z)EAS
For (y,z) € A, we have @ € yo 2z, so we have A(z) > HE},.LHH] > Aly) and

u(x) > inf p(0) 2 u(2). Hence

(Aep)(z)

\/ min{A(), u(2)}

(w=leAs
min{A(z), p(z)}
(A A p)(z).

Thus, Aepu < AA . iy

(|
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Chapter 2

SEMIHYPERGROUPS CHARACTERIZED BY THEIR FUZZY
HYPERIDEALS

Hyperideals play an important role in studying the structure of semihypergroups.
In this chapter, we characterize some classes of semihypergroups by the properties
of their fuzzy left (resp. right) ideals. In [20|, Davvaz introduced the concept of
fuzzy hyperideals in a semihypergroup. We extend this idea to prime (semiprime)
hyperideals of a semihypergroup.

Iu this chapter, we define prime (semiprime) hyperideals and prime (semiprime)
fuzzy hyperideals of semihypergroups. We characterize semihypergroups in terms of
their prime (semiprime) hyperideals and prime (semiprime) fuzzy hyperideals,

In (4], Ahsan et al. have shown that a semigroup S is semisimple if and only if
each fuzzy ideal of S is semiprime if and only if each fuzzy ideal of S is the intersection
of prime fuzzy ideals of S which contain it.

Here we give parallel characterizations for semihypergroups in crisp as well as
in fuzzy form and prove that a semihypergroup H is semisimple if and only if each
hyperideal of H is semiprime if and only if each hyperideal of H is the intersection
of prime hyperideals of H which contain it. We also extend this property of semi-
hypergroups in fuzzy context and prove that a semihypergroup H is semisimple if
and only if for all fuzzy hyperideals A and p of H, Ao p = A A p if and only if every
fuzzy hyperideal of H is semiprime if and only if each fuzzy hyperideal of H is the
intersection of prime fuzzy hyperideals of H which contain it,

2.1 Prime and Semiprime hyperideals
Throughout this chapter H will denote a semihypergroup.

2.1.1 Definition

A hyperideal I of H is called mazimal if there is no proper hyperideal J of H such
that / C J C H.

2.1.2 Definition

An element x € H is called & zero element of H if for every y € H zoy=yoz = z.
If H does not contain a zero element then a hyperideal | of H is called minimal
if there is no proper hyperideal J of H such that J C I.
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2.1.3 Definition
A hyperideal I of a semihypergroup H is called prime hyperideal of H if for all
hyperideals A, B of H,
Ao B C | implies that either ACJTor BC .
2.1.4 Definition

A non-empty subset M of a semihypergroup H is called an m-hypersystem if for all
a,b € M, there exists an h € H such that achobnN M # 0.

2.1.5 Definition

An ideal | of a semihypergroup H is called semiprime if for all hyperideals A of H,
Ao AC | implies AC [.

2.1.6 Definition

A non-empty subset A of a semihypergroup H is called a p-hypersystem if for each
a € A, there exists an h € H such that achoanN A # 0.

2.1.7 Definition

Let H be a semihypergroup. An element a € H is called idempotent ifa € aca. A
hyperideal I of a semihypergroup H is called idempotent if o [ = [.

2.1.8 Definition
A semihypergroup H is called semisimple if every hyperideal of H is idempotent.
2.1.9 Definition

A semihypergroup H is called fully prime (fully semiprime) if every hyperideal of H
is prime (semiprime).

It is obvious from the definitions that every prime hyperideal is a semiprime
hyperideal and every m-hypersystem is a p-hypersystem.

2.1.10 Proposition

Let H be a semihypergroup with identity. Then the following conditions are equiva-
lent.

(1) I'is a prime hyperideal;

(2)acHobC lifandonlyifacforbe I;

(3) Let a,b € H be such that (Hoao H)o(Hobo H)C I. Thenae forbe I,
where (H o ac H) is the principal hyperideal of H generated by a and (Hobo H) is
the principal hyperideal of H generated by b.
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Proof. (1) = (2) Let a,b€ H and set | =aoHob Ifae [ orbe I then LT
because [ is an ideal of the semihypergroup H.

Conversely, assume that H{ cac H and H obo H are the principal hyperideals of
H generated by a and &, respectively. If ac Ho b C [, then

HofaoHob)o H C I (hecuase I is a hyperideal of H).

Hence
(HoaeoH)e(HoboH)CT

=+ HoaoHCTorHobo HCI (because I is a prime hyperideal)

This implies that eithera€ I orbe I.

(2) = (3) Let a and b be elements of a semihypergroup H such that (Hoao H)o
(Heba H)C I, As aoHobC (HoaoH)o(HoboH)C [ =acHobC I Thus
by (2), eithera€ Jorbe /.

(3) = (1) Let A and B be hyperideals of the semihypergroup H such that
AoBCI Let AZ I and @ € A such that a € I. Let b be any arbitrary element of
B. Then (HoaoH)o(HoboH) C Ac BC I, By (3), eithera e Jorbe I, As
a¢ Isobel ie BCI. Hence, AoB C I implies that either A ClorBCEIl O

2.1.11 Corollary

A hyperideal [ of a semihypergroup H with identity is prime if and ouly if H\[ is an
m-hypersystem.

Proof. Let | be a prime hyperideal of H and a,b € H\I. Suppose there does not
exist it € H such that aohobn H\I # (), that is, for each h € Hoaohobn H\I = {.
This implies ao H ob C I. By Proposition 2.1.10, either a € [ or b & I, which is a
contradiction. Hence there exists an h € H such that

aohobn H\I # 0,

Conversely, let H\I be an m-hypersystem. Let a,b € H be such that ao Hob el
Ifa¢landbg I, then a,b e H\I, and since H\I is an m-hypersystem, so there
exists an h € H such that aochobN H\I # B i.e. ao Hob € I, which is a contradiction,
Hence eithera € Jor b e [ O

2.1.12 Proposition

Let H be a semihypergroup with scalar identity. Then every maximal hyperideal of
H is prime.

Proof. Let P be a maximal hyperideal of H. Suppose A, B be hyperideals of H such
that Ao B C P. Suppose that A ¢ P then AUP = H. Ase€ Hsoee AUP. Since
eg Psoec A Thus A= H. Now B=HoB=AoBC P. Hence Pis prime. [
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2.1.13 Proposition

If I'is a hyperideal of a semihypergroup H and J a hyperideal of H minimal among
those hyperideals of H which properly contain /, then K = {z € H:z0JC I} isa
prime hyperideal of H.

Proof. First we show that K is a hyperideal of H. Let z € K and h € H. Then
(how)oJ=ho(xoJ)C Hol CI (since I isa hyperideal of H)
= hozCK.
Again,
(zoh)oJ=z0(hoJ)CzalC ] (because J is a hyperideal of H)

=rohCK.

Hence K is a hyperideal of H. Now we prove that K is prime. Suppose A, B are
hyperideals of H such that Ae B C Kbut BEZK. AsAoB C K and B € K, we
have

(AeB)oJ C I (by definition of K) and BoJ & I.
Therefore,

ICITUBoJCJ (since J D[ and BoJCJ).

By minimality of J, we get,

IuBeJ=J
Now,
AoJ = Ao(JUBoJ)
= AofUAoBoJ
C I(hecalmednff_:fmld{;iuﬂ}nigf}‘
Hence, A € K and thus K is prime, O

2.1.14 Proposition

Let H be a semihypergroup with identity. Then the following statements are equiv-
alent for a hyperideal [ of H.

(1) I is a semiprime hyperideal:

(2)acHoaC/lifandonlyiface I,



22

Proof. (1) = (2) Letae H andset | =aoHoa. Ifa€ I then
I' € I (since T is a hyperideal of H).

Conversely, let H o a o H be the principal hyperideal of i generated by a. If
aoHoaC I, then

Holao Hoa)o H C I (because I is a hyperideal of H)

= (HoaoH)o(HoaoH)C I (since H is a semihypergroup) .
=% Hoao H C I ( because [ is semiprime)
=sa€l.

(2) = (1) Let A be a hyperideal of a semihypergroup H such that Ae A € I. Let
a € A. Then

a€ Hoao H and Hoao H C A (as A is a hyperideal of H).
Also,

aoHoaC HolacHoa)oH C(HeaoH)o(HeaoH)C Ao ACI.
So, by (2),a € /. Hence AC . O
2.1.15 Corollary
An ideal I of a semihypergroup H is semiprime if and only if //\[ is a p-hypersystem.

Proof. Let I be a prime hyperideal of H and a € H\I. Suppose there does not exist
h € H such that achoan H\I # @, that is, for each h € H,achoan H\I = 0.
This implies a o H oa € [, By Proposition 2.1.14, a € [, which is a contradiction,
Hence there exists an h € H such that

acheoan H\I #0.

Conversely, assume that H\ [ is a p-hypersystem. Let a € H be such that aoHoa C
[.1fa ¢ I, then a € H\I. So, there exists an h € H such that achoa N H\I # 0,

= aocl{oa @ I, which is a contradiction,

Hence a € [, i.e. | is semiprime. a




2.1.16 Theorem
A semihypergroup H is fully semiprime if and only if H is semisimple.

Proof. Let H be a semisimple semihypergroup and P, be hyperideals of H such
that ol C P. Then [ C P, {because H is semuisimple) . Hence P is a serniprime
hyperideal of H.

Conversely, assume that H is a fully semiprime semihypergroup. Let [ be a
hyperideal of H. Then I o I is also a hyperideal of H. As J o[ C I o I, therefore
I'C I'ol (because [ o ] is a semiprime hyperideal of H). But [of C [ always. Hence
IoI =1, i.e. each hyperideal of H is idempotent. Thus H is semisimple. 0

2.1.17 Theorem

A semiliypergroup H is fully prime if and only if H is semisimple and the set of
hyperideals of H is totally ordered under inclusion.

Proof. Let H be a fully prime semihypregroup. Then H is a fully semiprime semi-
hypergroup. Thus by Theorem 2.1.16, H is semisimple. Suppose P, @ be hyperideals
of H. Since PoQ C PNQ, so either PC PNQor Q C PNQ, i.e. either PCQor
) € P. Thus the set of hyperideals of H is totally ordered.

Conversely, assume that } is a semisimple semihypergroup and the set of hyper-
ideals of H is totally ordered under inclusion. Let I, J, P be hyperideals of H with
I oJ € P Since the set of hyperideals of H is totally ordered under inclusion, so
either I C J or J € I. Assume that J C J, then

I=J]olCloJCP. Hence!ft_.‘PandsuPisaprimehyperidealufﬂ. [

2.2 Prime and Semiprime fuzzy hyperideals

In this section we define prime fuzzy and semiprime fuzzy hyperideals and characterize
semihypergroups in terms of these fuzzy hyperideals.

2.2.1 Definition

Let A be a fuzzy subset of i, Then A is called a prime fuzzy hyperideal of H if for
all fuzzy hyperideals u, v of H, pow < A implies 4 < A or v <A

2.2.2 Definition

Let A be a fuzzy subset of H. Then ) is called a semiprime fuzzy hyperideal of H if
for every fuzzy hyperideal i of H, pop < \implies u < X,
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2.2.3 Proposition

Let I be a hyperideal of a semihypergroup H, then the following hold:

(1) I is a prime hyperideal of H if and only if the characteristic Junction Ay of
I 13 a prime fuzzy hyperideal of H.

(2) I is a semiprime hyperideal of H if and only if the characteristic function A;
of I is a semiprime fuzzy hyperideal of H.

Proof. (1) Suppose [ is a prime hyperideal of H. Then by Proposition 1.3.11, A;
is a fuzzy hyperideal of H. Let u and v be any fuzzy hyperideals of H, such that
pow < Arbut p £ Ay and v £ A;. Then there exist ¥,z € H such that u(y) # 0
and ¥(z) # 0, but A(y) = 0 and Ai(z) = 0. Then ¥,z ¢ I. Since I is a prime
hyperideal of H, we have y o 2 & I. Hence there exists T € y o = such that z é 1.
This implies Ar(z) = 0. Hence (1o v)(z) = 0. Since wy) # 0and v(z) £ 0, we
have min{u(y), ()} # 0. Since z € yozso(y,2) € A;. Since A, # @ we have,

(wovj(z) = V min{u(y),v(z)} #0. Thus (wew)(x) > 0, a contradiction. Hence
{2)EA,

pov < Apimplies that u < Aj or v < A;. Thus A; is a prime fuzzy hyperideal of H.
Conversely, suppose that A is a prime fuzzy hyperideal of H. Let A, B be any
hyperideals of H such that Ao B C I. Then by Proposition 1.3.11, Ay, Ag are fuzzy
hyperideals of H. Since Ao B € 1, so by Proposition 1.3.4, Ay.p < Ar. Thus by
Proposition 1.3.7, Agep = Aq 0 A £ Ap, 50 we have Ay < A; or Az < M. By
Proposition 1.3.4, we get A C I or BC I. Hence [ is a prime hyperideal of H.
Similarly we can prove part (2). O

2.2.4 Proposition

Let {A 24 € I} be a family of prime fuzzy hyperideals of a semihypergroup H. Then
.2}.-1. is a semiprime fuzzy hyperideal of H.

Proof. Straightforward, O
2,2.5 Definition

Let H be a semihypergroup. Then fora € H and # € (0,1], the fuzzy subset a, of H
is defined by

: _ ] tifz=a=a
)= 0if2sta
and is called a fuzzy point of H with support a and value f.
2.2.6 Definition

Let A be a fuzzy subset of H. The fuzazy right (left) hyperideal of H generated by A
is the smallest fuzzy right (left) hyperideal of H containing A.
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2.2.7 Definition

A fuzzy hyperideal A of H is called idempotent if Ao A = A. A semihypergroup is
called fuzzy semisimple if all its fuzzy hyperideals are idempotent.

2.2.8 Definition

A fuzzy hyperideal A of a semihypergroup H is called maximal if there does not exist
any proper fuzzy hyperideal ;1 of H such that A < p.

2.2.9 Lemma

A fuzzy subset A of a semihypergroup H is a fuzzy left (right) hyperideal of H if and
onlyiflyukgl{,\alﬂﬂl}i

Proof. Let A be a fuzzy left hyperideal of H and z € H. Then

(Ag o X) (x) V () A d(2))

TEyo

= V BE} =1

TEyes

<\ A=), because Az) < inf {A(a)} < A(a) foreach a € yoz.

Eyos

= Afz).

[

Hence, (Ay o A)(z) < A(a).

Conversely, suppose that Ay o A < A. We show that A is a fuzzy left hyperideal of
H. Let € H. Then

Alz) 2 (AwoA)(z)
=V Du)ar(z)

TEF:

= \/ {A2)}. (because Ay (a) =1)

TCyoz

A(z), for each z such that ¢ € yo 2,

v

Thus JEIHLE1F A(z) 2 A(z). Hence ) is a fuzzy left hyperideal of A
Similarly we can prove the case of fuzzy right hyperideal of H. O
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2.2.10 Lemma

If A is a fuzzy left hyperideal and p a fuzzy right hyperideal of a semihypergroup H,
then Ao p is a fuzzy hyperideal of H.

Proof. Consider

Ao (Aop) = (AyoAjou
< Aoy (by Lemma 2.2.9).

Hence Ao p is a fuzzy left hyperideal of H.

Noww,

fiﬂ#}ﬂln .’Iﬂ{pﬂlﬂ}

< Aoyu (by Lemma 2.2.9).

So, Ao p is a fuzzy right hyperideal of H.
Thus, Ao is a fuzzy hyperideal of H. O

2.2,.11 Lemma

Let a; be a fuzzy point of a semihypergroup H. Then the fuzzy left (right) hyperideal
of H generated by a, is I, (€,,) defined by

i _J tifzx e Ha
w (2) = 0ifz ¢ Ha

and

e i tifz € aH
T 0if z¢aH

Proof. Forz,y € Hif zoy C Ha, then for each & € r oy, lay (@) =t 2 1, (y). I
zoy & Ha then y ¢ Ha. Because if y € Ha then y = a or there exists an h ¢ H
such that y € hea, If y = a then roy =xoa C Ha, a contradiction and if
yEhoathenroyCzro(hoa)=(zo h)ea C Ha, again a contradiction. Thus
y € Ha. Thusl, (y) = 0 < [, (o) for all & € zoy, Hence in any case, lag (@) = 1g, (¥)
for eacha € oy Thus I, (y) < L‘E}LI.,, (@). Sol, is a fuzzy left hyperideal of

H. By definition of l,,, we find that a, < l,,. If A is a fuzzy left hyperidesl of H
containing a, and if z € Ha then as t = a,(a) < A(a) implies that ¢ < Ala) < A(8),
for § € hoa and h € H. Which implies that Alz) >t =1, (z). fz ¢ Ha, then
la (£) =0 < Afx). So lo, € A Thus l,, is a fuzzy left hyperideal of H generated by

Q- ()



2.2.12 Corollary

la, @ Ay and Ay o ( are fuzzy hyperideals of H generated by a;.

Proof. By Lemma 2.2.10, [,, o Ay is a fuzzy hyperideal of H. As,
lacoru)(2) = \/ {la ) A 2g (2)}

rEyea

V @)} CoXu(z)=1)

TEYoE

tifx e Ha
0 otherwise

Il

il

Also it is clear that a; < [,, o Ay. If u is a fuzzy hyperideal of H containing a,
then [, < p implies [, o Ay < po Ay < p. Thus [, o Ay is a fuzzy hyperideal of H
containing a,. Similarly Ay o (,, is a fuzey hyperideal of H containing a,. 0

2.2.13 Lemma

If A is a fuzzy left (right) hyperideal of a semihypergroup H and a,. b, are fuzzy points
of H such that g, e Ay ob, < Athen o l, <A ({, 2, <A)-

Proof. Suppose A is a fuzzy left hyperideal of H and a;0Agob, < A Then Ayca,0
Agob, <Agod <A
Now

Awea(x) = \/ {Anly) Aa(2)}

TEYOE

=V {a@)}, () =1)

rEyoz

~ {1 ifx e Ha

0 otherwise

sifz e Hb
0 otherwise

Similarly, Apob,(x)= {

Thus Agca, =1, and Ayob, =1,,.

Hence [, oly, =Ayoaiodyob, <A a
2.2.14 Proposition

Let A be a fuzzy hyperideal of a semihypergroup H. Then the following statements
are equivalent:

(i) A is a fuzzy prime hyperideal of a semihypergroup H;
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(ii) gy o Ay o b, < A if and only if a; € A or b, € A, for every fuzzy point a,, b, of
H.

¥
(iii) If a, and b, are fuzzy points of H such that v, o v, < A then either a, € A
or b, € A where v, is the fuzzy hyperideal of H generated by a,.

Proof. (i}==(ii). Suppose a;o Ayob, < A. Then by Lemma 2.2.13, [ 0 l;, < A. Now

ly, 2 Agoly, oAy loyo(Anoly)ory

< Lol ody (-Agoly, <4,)
<_: .}.ﬂ}t” ['.'Ingﬂihi}']
< A

But l,, o Ay and [, © Ay are fuzzy hyperideals of H generated by a; and b,
respectively. Thus either I,, 0 Ay < A or l;, © Ay < A. This implies either o, € A or
by € A,

Conversely, suppose that a, € A or b, € A then ;0 Agob, < A,

(ii)==(iii). Let v, and v, be fuzay hyperideals of H generated by a, and b,
respectively such that v, 0wy, < X Now o < v, and b, < v, implies that a;e Ay <
Va, @ Afyp < Vo,. Thus ag0 Agob, < vy, 0m,. Il v, 01, <A then agodyob, < A So
either a; € A or b, € A (by (ii)).

(ili}==(i). Let p and v be fuzzy hyperideals of H such that gpow < A Suppose
gt £ A implies that there exists x € H such that p(z) £ A(z). Let p(z) =t € (0,1].
Then z, < p. Let y, € v then vy, 0w, <€ pov < A, so by (iii), either z, € Aor y, € A,
but z, A so yy € A. Hence v < A, O

2.2.15 Proposition
The following statements are equivalent for a fuzzy hyperideal A of a semihypergroup
H;

(1) A is a semiprime fuzzy hyperideal;

(i) ayo Ayoa, < A if and only if a; € X,

Proof. [:} pu— l:'t':':l. Let a0 Ayyoa, < X Then by Lemma 2.2.13, fm'ﬂ !m < A
Now

Im E {)‘H o tmj @ "‘H E“'f- 2 I“' 9 AH
Aoy

A,

N A A

This implies that (I, o Ag) e (I, e Ay) < A. But [, o Ay is a fuzzy hyperideal of
H generated by a; and A is a semiprime fuzzy hyperideal, so [, o Ay € A implies
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ay € A. If a; € A then the fuzzy hyperideal of H generated by a, is contained in A i.e,
li.l,l,‘I UAH < A. Thus
molgoa; Sl 0y < A

(i) == (1). Let p be a fuzzy hyperideal of H such that popu < A Let a, € p.
Then

MmoAy S pody Sp
godgoa < poag S popu<A

implies a, € A. Hence p = V gy = A. Thus A is a semiprime fuzzy hyperideal of
e

H. O
2.2.16 Theorem
A semihypergroup H is fully fuzzy semiprime if and only if H is fuzzy semisimple.

Proof. Let H be a fuzzy semisimple semihypergroup and A be a fuzzy hyperideal of
H. If for a hyperideal p of H, pop < A, then u < X (since H is fuzzy semisimple) .
Hence A is a fuzzy semiprime hyperideal of H. Thus H is fully fuzzy semiprime.
Conversely, let H be a fully fuzzy semiprime semihypergroup. Let p be a fuzzy
hyperideal of H. Then po p is also a fuzzy hyperideal of H. As jto p < po u implies
f = pop(because po p is a fuazy semiprime hyperideal of H). But gou < p always
holds. Hence i o g = u. Thus, each fuzzy hyperideal of H is idempotent. So H is
semisimple, O

2.2.17 Theorem

A semihypergroup H is fully fuzzy prime if and only if H is a fuzzy semisimple and
the set of fuzzy hyperideals of H is totally ordered under inclusion.

Proof. Suppose H is fully fuzzy prime, so H is fully fuzzy semiprime. Thus by
Theorem 2.2.10 H is fuzzy semisimple. Now, suppose that \, v are fuzzy hyperideals
of H. Since Aow < AAvand AA v is a fuzzy hyperideal of H, so is a fuzzy prime
hyperideal. Thus either A < A A v or v < A A, this implies either A < v or v < A,
Conversely, let H be a fuzzy semisimple semihypergroup and the set of fuzzy
hyperideals of H is totally ordered under inclusion. Let 4, » and A be fuzzy hyperideals
of H such that gov < A. Since the set of fuzzy hyperideals of H is totally ordered under
inclusion, so either u < v or v < . Assume that p <v. Now p=pop<pov <A
Hence u < A so A is a fuzzy prime hyperideal of H. a
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2.3 Semisimple Semihypergroups in terms of Hyperideals
and Fuzzy Hyperideals

In this section we characterize semisimple semihypergroups in terms of hyperideals
and also in terms of fuzzy hyperideals.

Recall that a semihypergroup H is called semisimple, if for each h € H there exist
r,y,2 € Hsuchthat hexrohoyohos,

2.3.1 Theorem

Let (H, o) be a semihypergroup with identity. Then the Jollowing conditions are equiv-
alent:

(1) H iz semisimple;

(2) ANB = Ao B, for all hyperideals A and B of H;

(3) A= Ao A, for every hyperideal A of H:

(1) ca>=<a>o0<a>,

Proof. (1) = (2) Leta € ANB. Thena € A and a € B. Since H is semisimple,
there exist z,y, z € H such that

@a€roacyocacz=(roaocy)o(acs)C Ao B.

Thus ANBC Ao B,
On the other hand Ao B C A (because A is a hyperideal of H) and Ao B cB
(because B is a hyperideal of H), so we have Ao B C AN B. Hence, ANB = Ao B.

(2) = (3) Take B = A, then by hypothesis AN A = Ao A. This implies that
A=Ac A

(3) = (4) Obvious.
()= (1) Asae<a>=<a>o<a>, s0

i

m

(HHoaoH)o(Heao H)
= Hann[ffﬁﬂ}aaoﬁ
€C HoaoHoaoH.

This implies that a € zoaoyoas: for some T,y,z € H. Hence H is semisimple. O

Now we characterize semihypergroups in terms of prime, semiprime and irreducible
hyperideals.

2.3.2 Definition

A hyperideal A of a semihypergroup H is called irreducible if for all hyperideals
B,C of H.BNC=AimpliessB=Aor C=A4.
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2.3.3 Proposition

A hyperideal A of a semihypergroup H is prime if and only if A is semiprime and
yrreducible.

Proof. Let A be a prime hyperideal of H. Then clearly A is semiprime. Let B and
(' be any hyperideals of H such that BNC = A. Since BoC < BNC = Aand Ais
a prime hyperideal of H,so BC Aor CC A. Ontheotherhand ACBand ACC
(since BNC=A). Hence B=Aor C = A.

Conversely, let A be an irreducible semiprime hyperideal of H. Let B and C be
any hyperideals of H such that Bo ¢ C A. Since (BNC)o(BNC)C BoCC A
and A is semiprime, so BNC € A. But AU{BNC) = (AUB)N(AUC) = Aand A
is irreducible, so we have, AUB = Aor AUC = A, Hence BC Aor C € A, Thus
A is prime. (]

2.3.4 Proposition

Let | be a hyperideal of H and a € H such that a € I. Then there exists an
irreducible hyperideal A of H such that I C A and a € A.

Proof. Let 2 be the collection of all hyperideals of H which contain / but do not
contain "a”. Then © is non-empty, because I € 2. The collection {2 is partially
ordered under inclusion. As every totally ordered subset of £ is bounded above, so
by Zorn's Lemma, there exists a maximal element, say, A in . We show that A
is an irreducible hyperideal of H. Let C and D be two hyperideals of H such that
CND = A. If both C and D properly contain A then a € C and a € D. Now
a € CnD = A, which is a contradiction Hence C = Aor D = A, that is A is
irreducible. O

In the next theorem we characterize those semihypergroups in which each hyper-
ideal is semiprime.

2.3.5 Theorem

Let H be a semihypergroup. Then the following conditions are equivalent:

(1) H 15 semisimple,

(2) AnNB = Ao B, for all hyperideals A and B of H,

(3) A= Ao A, for all hyperideal A of H,

(4) Each hyperideal of H 1s semiprime,

(5) Each hyperideal of H is the intersection of prime hyperideals of H which
contain tl.

Proof. (1) <= (2) <= (3) Follow from the Theorem 2.3.1.
(3) == (4) Let A and I be hyperideals of H such that Ao A C 1. By hypothesis
Ao A=A so AC ] Henceeach hyperideal of H is semiprime.




32

(4) = (3) Let A be a hyperideal of H. Then obviously A is contained in the
intersection of all irreducible hyperideals of H which contain A. If a € A, then by
Proposition 2.3.4, there exists an irreducible hyperideal of H which contains A but
does not contain a. Hence A is the intersection of all irreducible hyperideals of H
which contain it. By hypothesis, each hyperideal of H is semiprime, so each hyperideal
of H is the intersection of all irreducible semiprime hyperideals of H which contain
it. By Proposition 2.3.3, each irreducible semiprime hyperideal of H is prime. Hence
cach hyperideal of H is the intersection of prime hyperideals of H which contain it.

(5) == (3) Let A be a proper hyperideal of . Then Ao A is a hyperideal of H.
By hypothesis,

Ao A=n{A, : A, are prime hyperideal of H containing Ao A}.

This implies that Ao A C A, for each a. Since each A, is prime, so A C A, for
each o and hence A C NA, = Ao A. But Ao AC A always. Hence Ac ACA. O

Next proposition shows that in a semisimple semihypergroup the concepts of prime
hyperideal and irreducible hyperideal coincide.

2.3.6 Proposition

Let T be a hyperideal of a sermusimple semihypergroup H. Then the following state-
ments are equivalent:

(1) T s a preme hyperideal of H;

(2) T is an irreducible hyperideal of H.

Proof. (1) = (2) Suppose T is a prime hyperideal of H. Let A, B be any hyperideals
of H such that ANB=T. Then T C Aand T C B. Since ANE 2 Ae B, so
AoBCT. Since T is prime,so ACTor BCT. Thus A=TorB=T.

(2) == (1) Suppose T is an irreducible hyperideal of H. Let A, B be any hyper-
ideals of H such that Ae B C T, Since M is semisimple, so we have ANB = AcB C T,
Then (ANBJUT = T But (ANB)UT = (AUT)N{BUT). Hence (AUT)N(BUT) = T.
Since T is irreducible, s0o AUT' =T or BUT =T7. Thuswehave ACTor BCT. O

2.3.7T Theorem

The following conditions are equivalent for a semihypergroup H:
(1) Each hyperideal of H is prime,
(2) H is semisimple and the set of hyperideals of H is a chain.

Proof. (1) = (2) Suppose each hyperideal of H is prime. Then by Theorem 2.3.5,
H is semisimple. Let A, B be hyperideals of H, then Ao B C An B. By hvpothesis

each hyperideal of H is prime, so AN B is prime, Thus AC ANBarBC AN B,
thatis ACBor BC A.



33

(2) = (1) Suppose H is semisimple and the set of hyperideals of H is a chain.
Let A, B,C be hyperideals of H such that Ae B C C. Since H is semisimple, so
Ao B = AN B. Since set of hyperideals is a chain, so either A C B or B C A, that
is either ANB=Aor ANB = B. Thus either ACCor BCC. O

2.3.8 Example
Let (5, ) be any semigroup. Define a hyperoperation ¢ on § by:
acb= {a,b,ab} foralla,be S.
Then for all a, b, ¢ € §, we have

ao(boc)=ao{bcbe} = (achb)U(aoe)Ulao(be))
= {a,b,ab} U {a, ,ac} U {a, be, (b))
= {a.b, ¢,ab, ac, be, a{be)}
(aob)oc={a,babloc=(acc)U(boc)U((ab)oc)
= {a,e,ac} U {b ¢, be} U {ab, ¢, (ab)e}
= {a, b, c,ab, ac, be, (ab)c)

Thus a o (boe} = (aob) oc. This implies (S,¢) is a semihypergroup.
The only hyperideal of such a semihypergroup 5 is S itself. Since So S = S, so
(S, 2) is semisimple.

2.3.0 Example
Let (S, =, ) be any ordered semigroup. Define a hyperoperation o on § by:
aob={reS:z<ab}=(ab] forall a,be 5.

Then for all a,b,¢ € S, we claim that ao (boc) = (a(be)]. Let t € ao(boe), then
t € aox for some 2 € (hoc). This implies t < az and z < be. Hence ¢ < a(be), so
ae(boc) C (albe)l. Let s € (a(be)), then s < albe). Sos € ao(be) C ﬁLf aox =

ae (boc). Thus (a(be)] € ao (hoc). Consequently (a(be)] = ae (boc). Similarly, we
can show that ((ab)e] = (acb)oc. Hence (acbjoc=ao (boc). Thus (S,0) is a
semihypergroup.

Consider the ordered semigroup S = {a, b, ¢, d, e} with the following multiplication
table and order relation

alblel|d]|e
ala|d|a|d|d
bla|bla|d|d
cleldle|d]e
dia|d|a|d]|d
ele|ld|le|d]e
<= {(a,a).(a,0), (a,d), (a,e), (1), (5, ), (5 ), (e, ), (e, €), (s ), (d, ), (e, €)}



Then the hyperoperation o is defined in the following table

olalb ¢ d e
ala|{abd}|a {a,b,d} | {a,b,d}
blalb a {a,b,d} | {a,b,d}
cla|{abd}| {a,c}]|{abd}]{abecde]
d|a|{abd}]|a {a.b,d} | {a,b,d}
e|e|{abd} ]| {a,c} ]| {abd} ]| {abcde}

Then (S, 0} is a semihypergroup and the only hyperideals of S are {a,b,d} and S.
Both the hyperideals are idempotent, so (S, o) is a semisimple semihypergroup. Also
both the hyperideals are prime.

2.3.10 Example

Consider the ordered semigroup S = {a, b, ¢, d} with the following multiplication table
and order relation

d

=R E-N - R~

alelp
ele|lela|l=

C
a
a
b
b

a
a
i
b
d

hd a
== {(a,a).(bb), (c.c),(d,d), (a,b)}

Then the hyperoperation o on § is defined by the following table

ola|b|e d
alajla|la a
blala|a a
clala]{ab}|a
dlala]{ab} ] {a,b}

Then (5, 0) is a semihypergroup and the hyperideals of (S,0) are
{a}, {a.b} {a,b,c},{a,b,d},S. No hyperideal is prime or semiprime. But the
proper hyperideals {a,b,c}, {a,b,d} are irreducible.

2.3.11 Example

Consider the ordered semigroup § = {a, b, e,d} with the following multiplication table
and order relation



alble|d
gla|alala
blalblc|a
clala|la|a
dia|d|a]a

<= {(a,a). (b.b), (¢, ¢), (d.d), (a,]), (a,¢), (a,d)}
Then the hyperoperation o on § is defined by the following table

olal|b c d
ala|a i a
blal{ab) |{ac}|a
clc|a [H a
d|a|{ad}|a a

Then (S, o) is a semihypergroup and the hyperideals of (5, ¢) are
{a}, {a,c}. {a,d}, {a,¢,d},S. The hyperideal {a,¢,d} is prime and all other hy-
perideals are neither prime nor semiprime.

Next, we characterize those semihypergroups for which each fuzzy hyperideal is
semiprime.

2.3.12 Theorem

A semihypergroup H is semisimple 1f and only if for all fuzzy hyperideals X and j of
H, Aop=AMNu

Proof. Let A and ju be fuzzy hyperideals of the semisimple semihypergroup H and
a € H. Then there exist ,y,z € H such that a € zcaoycaoz = (zoaoy)o(aoz).
So for each a € zcaoyand f € aoz,(a,B) € Xo. ie. a €aoB C (zoaoy)o(aoz),
we have X, # (. Hence

(Aep)fa)

V' min{A(a), u(8)}

(o M)EX,
> min{Aa), z(3)}.

As A and p are fuzzy hyperideals of H, we have A(a) > A(ay) > Aa), for each
a€aoyand a; €Exoa and p(3) > u(a), forevery 3 € ao =,

Hence min{A(er), u(f)} = min{A(a), u(a)}.

Thus (Ao p)(a) = (AA p)(a).

On the other hand, by Lemma 1.3.20, we have (A o p)(a) < (A A p)(a).

Hence, (Ao p)(a) = (A A u)(a).

Conversely, assume that Ao g = A A u. Let A, B be hyperideals of /. Then
by Proposition 1.3.11, A4 and Ag are fuzzy hyperideals of H. Hence by hypothesis,
Aaodp = AsAAg. By Propaosition 1.3.7, A 0Ag = A 4g, thus AdoB = MAAR = Mg
which implies AN B = Ao B. Thus by Theorem 2.3.1, H is semisimple, O
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2.3.13 Corollary

A semihypergroup H 15 semisimple if and only if for each fuzzy hyperideal \ of H,
we have Ao X =),

Proof. Let A be a fuzzy hyperideal of a semisimple semihypergroup H. Then by
Theorem 2.3.12, Ac A= AA A= ).

Conversely, assume that Ao A = A for each fuzzy hyperideal A of H. Let A be
a hyperideal of H. Then by Proposition 1.3.11, A4 is a fuzzy hyperideal of H. By
hypothesis, As o Ay = A4. By Proposition 1.3.7, Ay 0 Ay = Ages = Ay, Hence
A= Ao A. Thus by Theorem 2.3.1, H is semisimple. O

2.3.14 Definition

A fuzzy hyperideal A of a semihypergroup H is called an irreducible fuzzy hyperideal
if for each fuzzy hyperideals p and v of H, pAv =X implies p= X orv = A\

2.3.15 Proposition

A non-empty subset I of a semihypergroup H is an irreducible hyperideal of H if and
only if the charactenistic function A; of I is an irreducible fuzzy hyperideal of H.

Proof. Suppose I is an irreducible hyperideal of H. Then J;, the characteristic
function of I is a fuzzy hyperideal of H. Let p and v be any fuzzy hyperideals of H
such that p A w = Ap with p # A; and v # A;. Then there exist =,y € H such that
p(z) # 0 and v(y) # 0 but Ar(z) = 0 and A;(y) = 0. Hence = ¢ I and y ¢ I. Since
{ is an irreducible hyperideal of H, we have < £ > N < y ># I. Thus there exists
@ €<z >N <y > such that e ¢ /. Hence A;(a) = 0. Thus (u A v){a) = 0. Since
u(z) # 0 and v(y) # 0, we have min{u(z), v(y)} # 0.

Asa€<z>=zUHozUxzo HUHoxzoH, therefore a = 7 or there exist
hyhi € H such that a € hezora€zohora€hoxoh,.

If @ = = then p(a) = pu(z).

If e € hox then u(a) > u(z) because y is a fuzzy left hyperideal of H.

Ifa € xch then u(a) > p(z) because u is a fuzzy right hyperideal of H.

Ifa€hozoh, =ﬁ%xgnhl then a € gyo hy for some gy € hor and since pisa

fuzzy (two-sided) hyperideal of H,

ma) 2 p(g) 2 plz).

Alsoae<y>=yUHoyUyo HUH oyo H. Then a = y or there exist h, h, € H,
such that a€ hoyora€ yohorac hoyoh,.

If a = y then v(a) = v(y).

If a € hoy then v(a) > v(y) because v is a fuzzy left hyperideal of H,

If a € y o h then v(a) > v(y) because v is a fuzzy right hyperideal of H.
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Ifa€hoyohy = U ioh then for each @ €iohy,
i hoy

v{a) = v(f) = v(i) = v(y).

Hence, min{u(a),¥(a)} > min{u(z), v(y)} # 0ie. (uA v)(a) # 0 which is a
contradiction. Thus pA v = A implies that p = A; or v = A}

Conversely, assume that A; is an irreducible fuzzy hyperideal of H. Let A, B be
any hyperideals of H such that AN B = I. Then A4 and Ay are fuzzy hyperideals
of H and Amﬂ = }Lf. Since }n,q,ng - J'u_q A lg, 80 ‘ll.,{ A Jﬁﬁ = J'n;. Thus b}' h},"]]ﬂthl?.‘-ﬁiﬂl.
Aa=ArorAg =X Hence A =1 or B =I. Thus [ is an irreducible hyperideal of
H. O

2.3.16 Proposition

A fuzzy hyperideal \ of a semihypergroup H is prime fuzzy hyperideal if and only if
A is semiprime and irreducible fuzzy hyperideal,

Proof. Let A be a prime fuzzy hyperideal of H. Then A is semiprime. Let g and v
be any fuzzy hyperideals of H such that A=A Since pov < uAr=XAand Aisa
prime fuzzy hyperideal of H, we have 4 < A or v < A. On the other hand u A v = A
implies that A < p and A < v, Hence p= Aorw =\

Conversely, let A be an irreducible semiprime fuzzy hyperideal of H. Let y and v be
any fuzzy hyperideals of H such that yov < A. Since (uAv)o(uAv) < por < Aand Mis
semiprime, so we have uAv < A, By Lemma 1.3.2, we have AV(uAv) = (Avu)A(Ave),
But AV {pAv) =X Thus (\v i) A (AV ) = A Since A is irreducible, so we have
AVp=dorAve= A Hence p < Aorv < A, Thus A is a prime fuzzy hyperideal of
H. o

2.3.17 Proposition

Let A be a fuzzy hyperideal of a semihypergroup H with Ma) = t, where a € H and

t € (0,1). Then there erists an irreducible fuzzy hyperideal u of H such that \ <p
and pla) = t.

Proof. Let X = {v: v is a fuzzy hyperideal of H, v(a) =tand A < v}. Then X # 0,
because A € X. The collection X is partially ordered under inclusion. Suppose ¥
is a totally ordered subset of X say Y = {v;:1 € I'}. Then by Proposition 1.3.18,
[‘kjru.] 15 & fuzzy hyperideal of H. As A < v, for each i & I, 50 A < \u. Also
133 wer

( lq) (a) = V(#(a)) = t. Thus \/v, is the least upper bound of Y. So by Zorn's
el ] -

# ic]
Lemma, there exists a fuzzy hyperideal u of H which is maximal with respect to the
property that A < u and p(a) = ¢.
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Now we show that p is an irreducible fuzzy hyperideal of H. Suppase p = p, A g,
where i, and p, are fuzzy hyperideals of H. Then p < #y and g < pa. We elaim that
} = py OF §4 = py. Suppose, on contrary that y # fty and p # py. Since u is maximal
with respect to the property that u(a) = ¢ and p # gy and g # py it follows that
pi(a) # t and jiy(a) # t. Hence t = pla) = (g, M pig)(a) # t, which is a contradiction.
Hence either 1 = p; or 4 = p,. Thus y is an irreducible fuzzy hyperideal of H. O

2.3.18 Theorem

Let H be a semihypergroup. Then the Jollowing conditions are equivalent:

(1) H s sermisimple,

(2) Ao = AAp, for every fuzzy hyperideals A and p of H,

(3) Ao A=A, for all fuzzy hyperideal X of H,

(4) Each fuzzy hyperideal of H is semiprime,

(5) Each fuzzy hyperideal of H is the intersection of prime fuzzy hyperideals of
H whach contam .

Proof. (1) <= (2) Follows from the Theorem 2.3.12.

(1) = (3) Follows from the Corollary 2.3.13.

(3) == (4) Let A and p be fuzzy hyperideals of H such that Ao A < jt. By
hypothesis Ao A = A. So A < u. Hence each fuzzy hyperideal of H is semiprime.

(4) =2 (5) Let A be a proper fuzzy hyperideal of H and {Ai 11 € I} the col-
lection of all irreducible fuzzy hyperideals of H which contain A, Proposition 2.3.17,
guarantees the existence of such fuzzy hyperideals. Hence A < QIA‘-. Let x € H,
Then by Proposition 2.3.17, there exists an irreducible fuzzy hyperideal A, of H such
that A < A, and Mz) = Aa(z). Thus A, € {)\; ;i € I}. Hence _Ehfl,- < Xei' S0
ig}.ﬁ,(.’rj < Aalz) = A(z). Thus 2}1,- < Aa. Consequently, Q.f}..- = A. By hypoth-

| L]
esis, each fuzzy hyperideal of H is semiprime, so each fuzzy hyperideal of H is the
intersection of all irreducible fuzzy semiprime hyperideals of # which contain it. By
Proposition 2.3.16, each fuzzy irreducible semiprime hyperideal is prime, therefore
each fuzzy hyperideal is the intersection of all prime fuzzy hyperideals of H which
contain it,

(5) = (3) Let A be a proper fuzzy hvperideal of H. Then Ao ) is also a fuzzy
hyperideal of H. Since \ is fuzzy hyperideal of H, so Ao A < A. By hypothesis, we
have Ao A = 2.,);. where \; are prime fuzzy hyperideals of H. Thus Ao A < A; for all

t€El. Hence A< ), forallie [, Thus.-\ﬁ_?fi.:lnh. Hence Ao ) = A 2

2.3.19 Proposition

Let H be a semisimple semihypergroup and A be a fuzzy hyperideal of H. Then the
Joliowing are equivalent:

(1) A is a prime fuzzy hyperideal of H,
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(2) A is an irreducible fuzzy hyperideal of H.

Proof. (1) = (2) Suppose ) is a prime fuzzy hyperideal of H. Let u, v be fuzzy
hyperideals of H such that pAv = X, Since pov < pav < Asop<lorv <A
On the other hand, p A v = X implies that A < y and A < v, Thus u=Xorv=A.
(2) = (1) Suppose A is an irreducible fuzzy hyperideal of H. Let i, v be fuzzy
hyperideals of H such that pov < ). Since / is semisimple, so by Theorem 2.3.12,
pov = pAv. Hence pAv < A. Thus (uAv)VA = A. But, (uAr)VA = (pVA)A(ev ),
50 (VA A (v V A) = )\ Since ) is an irreducible fuzzy hyperideal of H, so we have
pVA=XdorvVvA=A Hence y < Xorw<A\ a

2.3.20 Theorem

Let H be a semihypergroup. Then every fuzzy hyperideal of H is prime if and only
if the set of fuzzy hyperideals of H form a chain and H is semisimple.

Proof. Suppose that every fuzay hyperideal of H is prime. Then by Theorem 2.3.12,
H is semisimple.

Let A, i be any fuzzy hyperideals of H, then A A is a fuzzy hyperideal of H, By
hypothesis, A Ay is a prime fuzzy hyperideal of H. Since Ao < AA poso A< AAp
orpp < AAp Hence A< por p < A

Conversely, assume that # is semisimple semihypergroup and the set of fuzay
hyperideals of H form a chain. Let p and v be any fuzzy hyperideals of H such
that pow < A Since the set of fuzzy hyperideals of H form a chain, so 4 < v or
v Ifu< vithen g = pop < pop < A Il'uﬂ,ut.henrz:pmzi;mugl.
Thus every fuzzy hyperideal of ¥ is prime. O

2.3.21 Example

Consider the semihypergroup given in Example 2.3.8. By Proposition 1.3, 17, the only
fuzzy hyperideals of S are the constant functions. Since S is semisimple so every fuzzy
hyperideal is idempotent. Since the set of fuzzy hyperideals of S is a chain, so every
fuzzy hyperideal is prime.

2.3.22 Example

Consider the semihypergroup S given in Example 2.3.9. By Proposition 1.3.17, the
only fuzzy hyperideals of § are of the form Ala) = A(b) = Ad) = Me) = Me). Since

S is semisimple so every fuzzy hyperideal is semiprime and also idempotent, that is
Ao =],

Now consider the fuzzy hyperideals

Ala) = A(B) = A(d) = 0.6 and A(c) = Afe) = 0.2
ila) = pu(b) = u(d) = 0.5 and p(c) = ule) = 0.3
v(a) = v(b) = v(d) = 0.55 and v(e) = v(e) = 0.25
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then Aoy = Au because § is semisimple. (AAp)(a) = (AMAu)(B) = (AAp)(d) = 0.5
and (AA p)(e) = (AA u)(e) = 0.2, Thus Ao = XA p < v but neither A < v nor
i < v. Hence v is not prime fuzzy hyperideal of S.
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Chapter 3

REGULAR AND INTRA-REGULAR SEMIHYPERGROUPS

This chapter consists of three sections. In section 1, we define quasi-hyperideal, bi-
hyperideal, fuzzy quasi-hyperideal and fuzzy bi-hyperideal of a semihypergroup. We
also prove some results using these notions. In section 2, we define intra-regular
semihypergroup and characterize regular and intra-regular semihypergroup in terms
of their bi-hyperideals and fuzzy bi-hyperideals. We prove that a semihypergroup H is
both regular and intra-regular if and only if for every bi-hyperideal B of /, BoB = 3.
Equivalently, we prove that a semihypergroup H is both regular and intra-regular if
and GII.I}" if for all bi-hyperidea.]s B] and Bz of H we hﬂ.‘h’&, B], n Eg = B'I o Bzﬂﬁzﬂ H|.
We extended this property of bi-hyperideals of semihypergroups and prove that a
semihypergroup H is both regular and intra-regular if and only if for every fuzzy bi-
hyperideal A of H we have, Ao A = A Equivalently, we prove that a semihypergroup
H is both regular and intra-regular if and only if for every fuzzy bi-hyperideals A and
#of H we have, AAp = Aapuh #e A, In this section, we have shown that 4 is
regular if and only if for every fuzzy bi-hyperideal A of H, Ao 10 A = A In section 3,
we define prime bi-hyperideal, strongly prime bi-hyperideal, semiprime bi-hyperideal,
irreducible bi-hyperideal and strongly irreducible bi-hyperideal of a semihypergroup.
We also define, prime fuzzy bi-hyperideal, strongly prime fuzzy bi-hyperideal, semi-
prime fuzzy bi-hyperideal, irreducible fuzzy bi-hyperideal and strongly irreducible
fuzzy bi-hyperideal of a semibypergroup,  We characterize semihypergroups using
these notions.

3.1 Quasi-hyperideals and Bi-hyperideals

In this section, we define quasi-hyperideals, bi-hyperideals, fuzzy quasi hyperideals
and fuzzy bi-hyperideals of a semihypergroup H. We characterize regular and intra-
regular semihypergroups in terms of bi-hyperideals and fuzzy bi-hyperideals.

3.1.1 Definition

A non-empty subset @ of a semihypergroup H is called a quasi-hyperideal of H if
QoHNHoQCQ.

3.1.2 Definition

A subsemihypergroup B of a semilypergroup H is called a bi-hyperideal of H if
BoHaBCB,
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Throughout this section we denote hyperideal (resp. bi-hyperideal, left hyperideal
and quasi-hyperideal) generated by a by I{a) (resp. B(a), L(a) and Q(a)). We have
Ia) = {a}Uac HUHoaUHoao H, L(a) = {a} UH oa, Bla) = {a}UaocalUao Hea
and Q(a) = {a} U(HoaNao H).

If a semihypergroup H contains identity element, then [ (a) = Hoao H,L(a) =
Hoa,B(a)=acHoaand Q(a) = HoaNao H.

Every one sided hyperideal of a semiliypergroup is a quasi-hyperideal and every
quasi-hyperideal is a bi-hyperideal, But the converse is not true.

3.1.3 Example

Every left (right) hyperideal of a semihypergroup is a quasi-hyperideal but the con-
verse is not true which is shown in this example.

Consider the semihypergroup H = {a,b,e,d} with the hyperoperation given by
the table

b c d |
a a
{a,b} | {a,c}

a

a
{a,b} | a
a a |

SRR R~ F-N N
=-RE-RR-BE-DE-]

a
{a, d}

@ = {a,b} is a quasi-hyperideal of H but neither left nor right hyperideal of H.
3.1.4  Definition

A fuzzy subset A of a semihypergroup H is called a fuzzy subsemihypergroup of H if
fnrwerqu:::ny,

“i;l{y{l(a}} 2 min {A(x), AM(y)} for all z,y € H.
3.1.5 Definition
A fuzzy subset A of a semihypergroup H is called a fuzzy quasi-hyperideal of H if
(Acl)A(loX) < A
3.1.6 Definition

Let H be a semihypergroup. A fuzzy subsemihypergroup A of H is called a fuzzy
bi-hyperideal of H if

inf A(e) > min {A(z), A(2)} for all Ty z € H,

L 15F LT
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3.1.7T Lemma

Let A be a non-empty subset of a semihypergroup H. Then A is a subsemihypergroup
of H if and only if the characteristic function A4 of A is a fuzzy subsemihypergroup
of H.

Proof, Straightforward. OJ
34.1.8 Proposition

A non-empty subset B of a semihypergroup H is a bi-hyperideal of & if and only if
the characteristic function Ay of B is a fuzzy bi-hyperideal of H.

Proof. Suppose that B is a bi-hyperideal of H. 1t follows from Lemma 3.1.7 that g
is a fuzzy subsemihypergroup of H. Let z,y and z be any elements of . If ye B,

then since Ag(z) = Ag(y) = 1 and since for every a € z0yo2 C BoHoB C B, we
have

Ag(a) =1 = min {As(z). Ag(z)}.
Thus

ot Ap(a) =1 = min {Ag(x), An(z)}.

Thus
ﬁi‘EL#JLB{Q} =]= min {.J'LBI:I), J«B(z}} .

Ifz¢ Borz¢ B, then Ag(z) = 0 or Ag(z) = 0 and so, we have

Ag(a) > 0 = min {As(z), As(2)}.

Thus
inf Ag(a) 2 min {Ag(z), Agp(z)}.

nExoyns
Hence, Ay is a fuzzy bi-hyperideal of 4,
Conversely, assume that Ag is a fuzzy bi-hyperideal of H. Then it follows from

Lemma 3.1.7 that B is a subsemihypergroup of H. Let & € Bo H o B, then there
exist 2,z € B and y € H such that & € z o y o z. Since

ol As(@) > min{Ag(z), An(2)}
= min{l,1}
= ]

Hence for each o € Toyoz, we have Ag(e) = 1, and so o € B. Thus BoHoB C B.
Therefore, B is a bi-hyperideal of }. (]



H

3.1.9 Proposition

A non-empty subset @ of a semihypergroup H is a quasi-hyperideal of H if and only
if the characteristic function Ag of @ Is a fuzzy quasi-hyperideal of H.

Proof. Suppose @Q is a quasi-hyperideal of a semihypergroup H and Ag be the chara-
teristic function of ). Let a be any element of H. If a € Q, then
((Agel)A(le .hq:l}{d} < 1 = Mgla).
Ifa & Q, then Ag(a) = 0. On the other hand, assume that

(Ago1) A (10 Ag))(a) = L.
Then
V elz) Aly)} = (Ago1)(a) = 1

aEzoy

V (1) Adg(y)} = (10 Ag)(e) = 1.

aSzoy

This implies that there exist clements b, ¢,d and € of H with a € bocand a € doe
such that Ag(b) = 1 and Ag(e) = 1. Hencea c bocC Qe Handaedoe T HoQ
thatisa € Qo H N Ho@ C @, which contradicts that a ¢ ). Then we have

(Age1)A(lolg) < Ag

and Ag is a fuzzy quasi-hyperideal of a semihypergroup H.

Conversely, let Ag be a fuzzy quasi-hyperideal of a semihypergroup H. Let a be
any element of @ ¢ H N H o Q. Then there exist elements s and t of H and elements
b and ¢ of @ such that @ € bo s and a € t o c. Thus we have

(Mg o 1)(a) V {Aalz) Al(y)

{Ag(b) A 1(s)}
1Al
1,

o Il

and so (Ag e 1)(a) = 1.
Similarly, we have
{1 Q Jiq]l:tl} =},
Hence

Agla) = ((Agel)A(leAg))(a)
= 1A1
= 1,
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Thuse € Qandso Qe HNHoQ C Q. Therefore, Q is a quasi-hyperideal of
. O

4.1.10 Lemma

Every one-sided hyperideal of a semihypergroup I is a bi-hyperideal of H.

Proof. Straightforward, ]
3.1.11 Lemma

Every fuzzy one-sided hyperideal of a semiliypergroup H is a fuzzy bi-hyperideal of
H.

Proof. Let y be a fuzzy left hyperideal of a semihypergroup H and z,y,. 2z € H. Then

inf {u(a)} > p(y) > min{u(z),p(y)}.

ETOy

Thus p is a fuzzy subsemihypergroup of #,

leta€ zoyoz Then there exists 3 € z o y such thata€ fozCzoyoz.
Now

inf {u()} 2 {u(2)} = min{u(z), ()}

atrayor

Thus p is a fuzzy bi-hyperideal of H.
Similarly, if 4 is a fuzzy right hyperideal of H then it i8 a fuzzy bi-hyperideal of

H. O

3.1.12 Lemma

The intersection of any family of bi-hyperideals of o semibypergroup H is either empty
or a bi-hyperideal of j7.

Proof. Straightforward. O
3.1.13 Lemma

The product of two bi-hyperideals of a semihypergroup H is a bi-hyperideal.

Proof. Let B, B, be bi-hyperideals of a semihypergroup H. Then

(By o Bz)o(Byo By) (ByoByoBy)o By
{B] GHﬂﬂg}OB;i

E] 2 Bf_}
Thus, Bye By isa subsemihypergroup of H,

i O s O




Also
(BieBy)oHo(ByoBy) = (Bio(Bao H)o By)o By
C (BioHoBy)oB,
C B;oB,.
Thus, B, o B, is a bi-hyperideal of H. O

3.1.14 Proposition
Let A be a fuzzy bi-hyperideal of a semihypergroup H. Then

(1) Aed< )
(2) AoloA <A

Proof. (1) Let A be a fuzzy bi-hyperideal of a semihypergroup H. Then for each T,
e Hifzdyozthen

(Ao A)(x) =0 < Az).
Ifz€yoz then (Ao A)(z) = v min {A(y), A(z)}. As A is fuzzy subsemihyper-

wEyoz
group of H, so for each r € y o 2,

A(z) = min {A(y), A(2)}, for all v.2€ H.

Hence (Ao A)(z) = \/ min {A(y),M2)} < Mz). Thus, (Ao A)(z) < Az).
TEYn:

(2) Let z € H.If A, = 0, then (Aelod)(z)=0< Afz). Let A, # 0, then
(eloX)@) = \/ min{Aly), (10 A)())

(wzled,

=V min{A@y), \/ min{1(p),A(q)})
(r2)EA (ma)eA,

= V V min{l{y],min{l.l{q}}}
(v=)eds (py)ca,

=V V min(pe), @)
(w=)EA: (pglca,

As(y,2) € Ay =+ 2 € yoz and (pg) € A = 2 € pog, Thus z € Yoz € yo(pogq).
Since A is a fuzzy bi-ideal of H, we have

cnf A(z) 2 min {A(y), Ag)} for all y,p,q € H.

Thus we have
VoV mnpma@is V V a@ =
(wsleAs (pgied, (w=leA: (paica,

Therefore, (Ao 1o A)(z) £ Afz). O
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3.1.15 Lemma

Let A and p be fuzzy bi-hyperideals of a semibypergroup H. Then oy is a fuzzy
bi-hyperideal of H.

Proof. By Lemma 1.3.3,

(Aop)o(Xoy) (Aopod)opu
(AoloMou

Ao u by Proposition 3.1.14.

WA A

Let a,b,¢,d € H. Then for each z € ao b and z € cod, we have

{ \ {l{alh#[b}}Jﬂ[ \V {lic}ﬁ#l’d}}}
{ i

ﬂ-:MEA; ﬂl'ﬂ’e"d!

= V'V M@ Ap®)} A (AQ A ulay)]

(ab)EAs (ed)eA,

V Vv {Al@) A AMe)} A {u(b) A u(d)))

{objed: (edicA,

V'V 2@ AN A uib)} A ()]

laMEA; (edieA,

<V V3@ A} Aud).

(ableA. {cdicA,

(Ao () A (Ao u)(z)

I

I

Asz €aocband : EccdmfmyeHandfnrevmyeebnynndeuueccwe
hawgﬁfﬂdgonuzginab}ayu{cnd}-——{uu{buy}uc]on’. Since A is a fuzzy
bi-hyperideal of H, s0 we have

,dnf A(f) > (\@) A AQ)).

Thus
V V @A) Au@) < V' M) A u(d)]
(ableAs (edicd, (fadlcA,
= (Mo u)(g).

Thus for each g € fod € zoyoz we have (Ao 1)g) = (Ao u)(z) A (Ao u)(z)
this implies
inf (Aou)(g) = (Ao u)(x) A (Ao u)(z).

gEroyoz

Therefore Ao is a fuzzy bi-hyperideal of H, a
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3.2 Regular and intra-regular semihypergroups

In this section we define intra-regular semihypergroup and characterize regular semi-
hypergroups and intra-regular semihypergroups in terms of their bi-hyperideals and
fuzzy bi-hyperideals.

3.2.1 Definition[10)

A semihypergroup H is called regular, if for each a € H there exists r € /{ such that
acaoczroa.

4.2.2 Definition

A semihypergroup H is called intra-regular, if for every @ € M there exist Ly H
such that a € zoaoaoy,

3.2.3 Example
Let (S, ) be any semigroup. Define a hyperoperation o on S by:

aob= {a,bab} foralla,be S,

Then for all a,b,¢c € S, we have

ao(boc)=ao (b cbe} = (@ob)U(ace)U(ao (b))
={a,b,ab} U {a,c,ac} U {a, be, albe)}
= {a, b, c, ab, ac, be, a(be)}
(acb)oc={a,bab)oc= (aoc)U(bec)u((ad)oc)
= {a,c,ac} U {b,¢,be} U {ab, c, (ab)c}
= {a,b,c,ab, ac, be, (ab)c}

Thus ao(bec)=(aob)oec This implies (S, ¢) is a semi :
Since a € aoa = {a,a%}, 504 ¢ ao(aca) = {a,a®a’}. Alsoa e ao(aca)oq =
{a,0%a% a"}. Thus (S,0) isa regular as well as intra-regular semihypergroup,

3.2.4 Proposition

The following conditions for a semiliypergroup H are equivalent:

(1) H is regular.

(2) For every right hyperideal R and left hyperideal L of H, Ro L= RN L.

(3) R(a) o L(a) = R(a) N L(a), for each a € H, where R(a) is the right hyperideal
of H generated by "a” and L{a} is the left hyperideal of # generated by "a”.



49

Proof. (1)=(2). Let H be a regular semihypergroup and R, L be right and left
hyperideals of H respectively. Then for each z € R and y €L,

roy C R (because R is a right hyperideal)
andzoy C L (because L is left hyperideal)
= ToyCRNL, foreachze Randye L
=

U zoyC RNL
*ER yEL

= RoLCRNL. (i)

For the reverse inclusion, let z € BN L. Then € Rand z € L. Since H is regular,
50 there exists y € H such that

I € royor=(roy)ox
C Rol (sinceroyC R)
= r€Rol
= RNL CRolL. (ii)

Hence, from (i) and (i), we have,

RelL=RnL.

(2)==(3). Obvious,
(3)=(1). Leta € H, Rfa) be the principal right hyperideal generated by "a” and
L{a) be the principal left hyperideal generated by "a”. Then

@ € R(a)N L{a) = R{a) o L(a).
This implies a € (a0 H U {a}) e (Hoau{a)).

=a€zoywherex €aoHU{a) and y € HoaU {a}.

Thus we have four cases:
Case 1. Ifz=n,y=ﬁthenaEncuimpliﬁaaEnn[aoa}.
Case IL. If £ = a,y € h o a for some heHthenacao(hoa),
Case IIL If z € ao h for some h € H and y = a thena € (ao h)oq,
Case IV.Ifr cachye hy o a for some h,hy € H then a € (@oh) e (h0a)

irnpliesaéno{hnhl}nu. Thuse € aohyoa, for some hy; € hohy CH.
Hence H is regular. O



3.2.5 Theorem
The following assertions are equivalent for a semihypergroup H.

(1) H is regular.

(2) For every bi-hyperideal B and left hyperideal L of H, BNLC Bo L,

(3) Bla) o L{a) € B(a) N L{a), for each a € H, where B(a) is the bi-hyperideal
generated by "a" and L(a) is the left hyperideal generated by "a”.

Proof. (1)=+(2). Let H be a regular semihypergroup, B be a bi-hyperideal and L
be a left hyperideal of H. Suppose a € BN L. Thena € B and a € L. Since H is
regular so there exists h € H such that a €achoa. Then
a € acheaCaoho(aohoa)
= (aohoa)o(hoa)C BolL.
This implies BN L C Bo L.
(2)=(3). Straightforward.
(3)=>(1). Since each right hyperideal is a bi-hyperideal si by Proposition 3.2.4, H
is regular. 1|
3.2.6 Theorem

Let H be a semihypergroup with identity, Then the following statements are equiv-
alent:

(1) H is regular.

(2) B=BoHeB.

(3) B{a) = B(a)o H o B(a), for each a € H.
Proof. (1})=+(2). Suppose H is a regular semihypergroup with identity, B o bi-
hyperideal of H and a € B. Since H is regular so there exists z € H such that

acacroaC BoHoB.
On the other hand, as B is a bi-hyperideal of H so we have

BoHuaBCB,
Thus BoHo B=RH,
(2)==(3). Obvious.
{(3)==(1). Let B(a) be the bi-hyperideal generated by a, Then
a € B(a)= B(a)oHo Bla)

= (aeHoa)oHo(aocHoa)

= acHn(anHuu}uHuu
C acHoa

Thus a € ao zoa for some = € H. Hence H is regular. O
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3.2.T Theorem

A semihypergroup H is regular if and only if Aelo A = A for every fuzzy bi-hyperideal
A of H,

Proof. Let H be a regular semihypergroup, A a fuzzy bi-hyperideal of H and a € H.
As H is regular, there exists h € H such that a € ao hoa Cachofaohoa) =
ao(koachoa) Thus there exists 3 € hoaohoa such that a € ao f. Therefore

(Aeled)a) = \/ min{A(z),(10\)(y)}
aEroy

2 min{A(a), (10 A)(8)}.

Now, since # € hoaohoa, so there exists somey € hoaoh such that f € yoaq,
S0

(LeA)(B) = \/ min{1(s),A(t)}

:'nin{l(";]. Ala)}
min{l, Afa)}
Aa).

I

il

Thus (Ae 10 \)(a) > min{A(a), A(a)} = A(a). On the other hand, by Proposition
3.1.14, we have Ao 1ae ) <A Thus Aolo A=)\

Conversely, assume that Ao 1o )\ = A for every fuzzy bi-hyperideal A of . Let B
be a bi-hyperideal of 4. Then by Proposition 3.1.8 A is a fuzzy bi-hyperideal of H.
By hypothesis Ago 1o Ay = Ag. By Proposition 1.3.7 Ago 1o A = Apopop. Thus
ABotron = Ap. Hence BoHo B = B. Therefore by Theorem 3.2.6 H is regular,. O

3.2.8 Theorem

The following statements are equivalent for a semihypergroup H:

(1) H is both regular and intra-regular.

(2) B = B o B for every bi-hyperideal B of H.

(3) @ = Qo Q for every quasi-hyperideal @ of H.

{4] Bl n Eg = H| o Hzn Ezﬂﬂl for all bi*h}*Pﬂﬂd‘E&]ﬂ Bh B2 of H.

(B) RNLC RoLNLo R for every right hyperideal R and every left hyperideal
Lof H

(6} R(a)n L(a) C R{a) o L{a) N L{a) o Ria) for every a € H.

Proof. (1)==(2). Suppose H is a regular and intra-regular semihypergroup, Let B
be a bi-hyperideal of H and a € . Since H is both regular and intra-regular, there
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exist z,y,2 € Hsuch that a€ aoroaand a € yeaoao 2. Then we have

a € aorcgaCaocrcqgoroa

c {unz}oynuunazo{xnn]-——{aumayaa.}n[nuzuxﬂu}

C (BoHoB)o(BoHoB)C BoB.
= e € BecB
SintoBQBn]ways.suB:BoB.
(2)==(3). Obvious.
(3)==(4). Let B, and B, be bi-hyperideals of H. Then by Lemma 3.1.12, ByN B,

is a bi-hyperideal of H. By (2), we have

B| nﬂj == {B] nEﬂﬂ{BlnEg} g B[ﬂﬂg.

Similarly. we can prove that B‘;nﬂz c EQDB[, Thus B;nﬂg c B[ﬂﬂzﬂﬂﬂﬂﬂi. On
the other hand, by Lemma 3.1,13, Byo By and Byo B, are bi-hyperideals of H, so by
Lemma 3.1.12, Byo By Bao B, is a bi-hyperideal of H. Since every quasi-hyperideal
is & bi-hyperideal so by {2), we have

BieByNByoB, = (B, oﬂyﬂﬂznﬂl}n[ﬂluﬂgﬂﬂguﬂs}
Q I:B| ﬂﬂg}ﬂfﬂzﬁﬂﬂ = Blﬂ{Bgﬂ Bg] Q.Bl
C BIDHGBI C BI'

Similarly, we can prove that By o BN By o By C By Therefore BinB; =
BioByNByo B,

(4)==(5). Let R and L be right and left hyperideals of H, respectively. Then by
Lemma 3.1.10, these are bi-hyperideals of H. The assertion follows by (4).

(5)==+(6). Obvious.

(6)==(1). By hypothesis R{a) N L{a) € R(a) o L{a) N L{a) o R(a). This implies
Rla)L(a) € Rla)oL(a). But R(a)oL(a) C R(a)NL(a) always. Hence R(a)L(a) <
R{a) o L{a). Thus by Proposition 3.2.4, H is regular,

Let a € R(a) N L(a) C R{a) o L(a) N L{a) o R(a). Then

@ € L{a)oR(a) = ({a}UHoa)o({e} Uao H)
£ {aﬂﬂ}UEﬂﬂﬂHUHDGDEUHQGQGQH
= (aca)UacacHUHoaoaoH.

ThusnEunuarueananHuraeﬂuanauH.

Ifacaoa, tllmuanag(aou}n(nua}.

lfa€acaoH thenacacaoh for some h € H. Hencea €ac(acaoh)oh =
ao(aoa)o(hoh),

Ife€ HoaoaoH, then for some x,y € H.

aEroacaoy.

This shows that  is intra-regular. a
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3.2.9 Theorem

Let H be a semihypergroup. Then the following statements are equivalent:
(1) H is both regular and intra-regular.
(2) Ao A = A for every fuzzy bi-hyperideal A of H.
(3) AAp=XopApo ) for all fuzzy bi-hyperideals A and u of H.

Proof. (1)=(2). Suppose H is a regular as well as intra-regular semihypergroup
and A a fuzzy bi-hyperideal of H. Since H is regular and intra-regular so there exist
T,y,2 € Hsuchthat a Eaoroaand a € yonoao: Thus

@ €aorcaCaorcaczoa Caoro(ycacaos)jorea = (aozoyoa)s(aozozoan).

Then for somep € aoroyca,qeaozozroa wehave a € pog, that is (p,q) € A,.
Since A, # {}, we have

(Aed)a) = '/ {Alp)AA@)}

{paleA,
2 {Ap) A Ma)}-
As A is a fuzzy bi-hyperideal of H we have

inf  A(p) = min{A(a), A(a)} = A(a),

FEAOEoy9g
and

el M) 2 min{A(0) @) = X,
Thus

(Ao A)(a) = {Alp) A Ag))
> {Ala) A M)} = Aa).
Thus X < Ao A By Proposition 3114, wehave Ao A< X, Thus Ac h = A
(2)==(3). Let A and i be fuzzy bi-hyperideals of H. Then A Ay is a fuzzy
bi-hyperideal of H. By (2), we have
AAp=(AAp)o(AAp)<Aop.

Similarly, we can prove that AA p < go A Thus AAp < Ao A puo N For the
reverse inclusion, by Lemma 3.1.15, Aoy and j1o A are fuzzy bi-hyperideals of H and
50, Ao Ao is a fuzzy bi-hyperideal of H. By (2), we have

AopApo) (AopAuod)o(lopApuol)
Aopopod=Ado(pou)o
Moo ) (as jro = p by (2) above)
AoloA
Afas AoloA = X by Theorem 3.2.7).

| PN I O |
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Hence Aop A o A < A Similarly, we can prove that AopAped < p Thus
AepApod <AApu Therefore Ao puApo )= AA .

(3)==(1), Let B, and B, be bi-hyperideals of H. Then by Proposition 3.1.8, Ag,
and Ag, are fuzzy bi-hyperideals of H. By hypothesis

Jny1 M Ag, = J"ﬂa o "J"Bz ﬂ""ﬂz o lg..
Then by Proposition 1.4.6 and 1,3.7, we have

ABinmy = ABop, A Agyen, = A8 0B BB,

This implies that
B‘lﬂBg:B]D.Egn-BQ'DH].

Hence by Theorem 3.2.8, H is hoth regular and intra-regular. O
3.2,10 Theorem

Let H be a semihypergroup. Then the following statements are equivalent:
(1) H is both regular and intra-regular.
(2) BNLC BoLoB for every bi-hyperideal B and every left hyperideal L of H.
BRNLCQoLoQ for every quasi-hyperideal () and evary loft hyperideal [, of
H

| (4) Q{a) N L{a) € Q(a) o L{a) 0 Q(a) for every a € H.

Proof. (1)==(2). Suppose H is a regular us well as intra-regular semihypergroup,
B a bi-hyperideal and [ a left hyperideal of H. Let a € BN L. Thena € B andae L.
Since H is regular, there exists r € H such that a €aocroaCaozroaozroa Also
H is intra-regular so there exist ¥ % € H such that a € yoaoaoz. Thus, we have

a € nu:r.'n{ynaaanz]nxua=nu[raynn}o[auzo:oa]

c Bu[HoL]m{BnHoH}gBaLaB.

This impliesa € Bo Lo B,

(2)==%(3)==(4). These assertions are obvious,

(4)=+(1). Let Q(a) be the quasi-hyperideal and L(a) be the left hyperideal
generated by a, respectively. Then

Q(a) N L{a) € Q(a) o L(a) o Q(a)

({a}U(Heoanaao H]}n{{a}UHua]n({n}u{Hnan&oH]]
{Hﬂ}UHM}I"'IE{!I}UNHH“E{H}UHM}GH{R}UHﬂﬂ)ﬁ{{ﬂ]UMH)}
{{a}unnH}u{{ﬂ}uHaa]a{{u}uHoa]

(acaca)U(ao Hoa)

a

m

oy
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Thena € aoaca or forsomehe H acaochoa, Thus H is regular.
Again

Q(a) N L{a) € Q(a) © L(a) o Q(a)

({e} UH 00) N ({a} Uao H)) o ({a} U H 0a) o (({a} U H 0 a) 1 ({a} Uao H))
({a}UHca)o({a}UH 0a)e({a} Uao H)
{auaonUnnucaoHuacHuauaUnoHnauaoHUHnaoacq
L,iHunnauunHuHuanHoanaUHuaanauaoH]

G anmunu-ﬂoanaoHunoHnnouanauanaUHnmcuaH,

iy om

ThﬂnuEﬂnﬂoamnEaarzuanmnraEauzuuua ora€Erogoaoa or
a€rcacaoy for some r,yc H.

Ifa€acaoca then H is regular. Ifacacncaororacacroacaor
aExoanqnauruEznuuunythenHisintmregular, ]

3.2.11 Theorem

A semihypergroup H is both regular and intra-regular if and only if for every fuezy
bi-hyperideal A for every fuzzy left hyperideal u of H, we have

AANp<ldopol
Proof. Suppose that H is both regular and intra-regular semihypergroup, A a fuzzy

bi-hyperideal and y a fuzzy left hyperideal of H. Since H is both regular and intra-

regular semihypergroup, there exist .4,z € Hsuchthat a € gozcaanda € yoaoaoz.
Thus

@ € aoroa C aorogoron C aczo(yoavaos)oroa = an[(zuyua}o{auzowoa}j.

Then for each r € Toyoa,s€ao0z0z0a and for every p € r o g, we have
aE€aop Now

]

(Ao poA)(a) V {Aa) A (uod)p)}

aEaop

{Ala) A (o A)(p)}
{HEJ AN ulr) A MS}}}

poros
2 {Ala) A {u(r) A A(s)}} -
As A is a fuzzy bi-hyperidea) and # is & fuzzy left hyperideal of H, so we have
" inf  A(s) 2 min {Ma), Ma)} = Aa) and HE'mf w(r) = p(a). Thus
sSaozexoa Toysn

(Aopmod)(a) > {Afa) A {u(r) A A(8)}}

> {A(a) A {ula) A Ma)}}
= {A@) A (@)} = (A A w)(a).

IV
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Thus (A A p)(a) < (Ao poA)a).

Conversely, assume that AA g < Ao po A, for every fuzzy bi-hyperideal A and
every fuzzy left hyperideal p of H. To prove H is both regular and intra-regular
semihypergroup, by Theorem 3.2.10, it is enough to prove that

Q(a) N L{a) € Q(a) o L{a) o Q{a) for every a € H.

Let z € (a) N L{a). Since Q(a) is the quasi-hyperideal and L{a) is the left
hyperideal of H, generated by a, respectively. Then by Propasition 3.1.9, Ag(s is @
fuzzy quasi-hyperideal and Mg, is a fuzzy left hyperideal of H. By hypothesis, we
have

(Agia) A Arge))(®) < (Aqie) © ALe) © Agta))(T)-

As 7 € Q(a) and z € L(a), we have Aga)(z) = 1 and Ag(qy(z) = 1. Thus

(AQta) © Aga) © J\Q{u]}{:l'} = 1.

But by Proposition 1.3.7, Ag(a) © AL(a) © AQ(a) = AQ(a)eL(a)oq(a)-
Thus Agiajeriejeiay(z) = 1 this implies x € Q(a) o L(a) = Q(a). a

3.3 Prime and Semiprime bi-hyperideals

In this section, we define prime bi-hyperideal, strongly prime bi-hyperideal, semi-
prime bi-hyperideal, irreducible bi-hyperideal and strongly irreducible bi-hyperideal
of a semihypergroup. We also define, prime fuzzy bi-hyperideal, strongly prime
fuzzy bi-hyperideal, semiprime fuzzy bi-hyperideal, irreducible fuzzy bi-hyperideal
and strongly irreducible fuzzy bi-hyperideal of a semihypergroup. We characterize
semiliypergroups using these notions.

3.3.1 Definition

A bi-hyperideal B of a semihypergroup H is called prime (resp, semiprime) if By o
B, C B (resp. Byo By C B) implies By C B or By C B (resp. B, C B) for all
bi-hyperideals By, By of H.

3.3.2 Definition

A bi-hyperideal B of a semihypergroup H is called strongly prime if ByoBaNByoBy ©
B implies B; C B or By € B for every hi-hyperideals By, By of H.

3.3.3 Definition

A fuzzy bi-hyperideal A of a semihypergroup H is called prime (resp. strongly prime,
semiprime) if pow < A (resp. povAvep S Apops A) implies p € Aor v < A
(resp. p < Aorw < A p < A) for all juzzy bi-hyperideals y and v of H.
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3.3.4 Remark

1. Every strongly prime bi-hyperideal of a semihypergroup is a prime bi-hyperideal
but the converse is not true.

2. Every prime bi-hyperideal of a semihypergroup is a semiprime bi-hyperideal
but the converse is not true,

3.3.5 Example
Consider the semihypergroup H = {a,b, ¢, d, e} given by the following table

b c d e

{a,b,d} | a {a,b,d} | {a,b,d}

b P {a,b,d} | {a,b d}
{a,b,d} | {a,c} | {a,b,d} | {a,b,cd e}

{a,b,d} | a {a,b,d} | {a.b,d}
{a,b,d} | {a,c} | {a,b,d} | {a,b,c,d e}

The bi-hyperideals of H are {a},{a,c},{a,b d} and H. The bi-hyperideal {a}
is semiprime but is not prime bi-hyperideal, because {a,b,d} ¢ {a,c} = {a} but

{a,b,d} € {a} and {a,c} € {a}.
3.3.6 Example

MRS R|O
~AR-NE-HE-NE-HE-

Consider the semihypergroup H = {0, a,b, ¢} given by the following table

D ee | SR

n|ejRe | S
DlelRr |0

la|e]a|a]o
o|ojo|ole

Every subset of S containing 0 is a bi-hyperideal of 5. Also Ao B = A for all bi-
hyperideals A, B of S. Thus every bi-hyperideal of S is prime but {0, a} is not strongly
prime, because {0,a,b} o {0,a,¢} N {o,a,c} o {0,a,b} = {0,a} but {0,a,b} & {0,a}
and {0,a,¢} € {0,a}.

3.3.7 Proposition

A subset B of a semihypergroup H is a prime bi-hyperideal of H if and only if the
characteristic function Ag of B is a prime fuzzy bi-hyperideal of H.

Proof. Let B be a prime fuzzy bi-hyperideal of a semihypergronp H and Ag be the
characteristic function of B. By the Proposition 3.1.8, Ag is a fuzzy bi-hyperideal of
H. Let u and v be fuzzy bi-hyperideals of H such that po v < Ag, with p £ Ap



and v £ Ap. Then there exist z,y € H such that p(z) # 0 and v(y) # 0 but
Mglr)=0=Ap(y). Soz ¢ B and y ¢ B, Since B is a prime bi-hyperideal of H, so
B(z) o B(y) € B. Hence there exists a € B(z) o B(y) such that a ¢ B. So we have
Ag(a) = 0 and hence (g o v)(a) = 0. Since pu(z) # 0 # v(y) therefore

min {p(x), #(y)} # 0.

Since a € B(z)oB(y), so there exist 7, € B(z) and y, € B(y) such that a € 7,00
Thus

(mov)i@) = \/ min{uiz) ()}

sETy o
> min {ple),vim)}-

Since 1, € B(x) = {z} UzozUzoHox. Therefore £, = z or £; € oz or for
somehe Hri€zohoux.
If , = z then p(z,) = plz). If 2, € zox then

i ) 2 min (u(e), () = ).
If z; € o h oz then since u is a fuzzy bi-hyperideal of H so

o, duf, u(zy) 2 min {u(z), plz)} = p(x).

Alsoy; € By) = {y}UyeyUye H oy implies that either yy =y ory, € yeyor
for some hy € H,yy Eyohyoy.

If g = y then v(y) = v(y)- I yy € yoy then

inf v(y) > min {v(y), ()} = v{y).
w1 Eyey
If y; € yo hy oy then as v is a fuzzy bi-hyperideal of H so

Mi;;{wf-*[w] > min {v(y), v(y)} = v(¥)-

Thus,
min {u(zy), v(y)} > min {u(z) v(y)} # 0.

= (pow)(a) = 0, which is a contradiction.

Therefore for any fuzzy bi-hyperideals p,v of H, pov < Ag implies p < Ap or
v < JLH.

Conversely, assume that B isa hi-hyperideal of H and let B,, By are bi-hyperideals
of H such that B, o B, C B. Then by Proposition 1.3.4, we have Agyopy < Ap. By
Proposition 1.3.7, Ap,.8, = Ag, o Ap,, so we have AB, @ Ap; S Ap. As Ap is a prime
fuzzy bi-hyperideal of H, we have Ag, < Agor Ap, < Ag. Thus by Proposition 1.3.4,
we have B; C B or B, C B.
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3.3.8 Proposition

A subset B of a semihypergroup H is a semiprime bi-hyperideal of H if and only if
the characteristic function Ay of B is a semiprime fuzzy bi-hyperideal of H.

Proof. The proof is similar to the prool of Proposition 3.3.7. O
3.3.9 Proposition

A subset B of a semihypergroup H is a strongly prime bi-hyperideal of H if and only
if the characteristic function Ay of B is a strongly prime fuzzy bi-hyperideal of H.

Proof. Suppose B is a strongly prime bi-hyperideal of a semihypergroup H and Ag
is the characteristic function of B. By Proposition 3.1.8, Ag is & fuzzy bi-hyperideal
of H. Let p and v be fuzzy bi-hyperideals of H such that gov Aveop < Ag, but
p ¢ Agand v £ Ag. Then there exist z,y € H such that p(z) # 0 and v(y) # 0
but Ag(z) = 0 and Ap(y) = 0. Soxz ¢ B and y ¢ B. Since B is a strongly
prime bi-hyperideal of H, so B(z) o B(y) N Bly) o B(z) € B. Hence there exists
a € B(z)o B(y) N B(y) o B(zx) such that a ¢ B. So we have Ag(a) = 0 and hence
(pov)(a) =0 and (vo p)(a) = 0. Since u(z) # 0 and »(y) # 0 so

min {u(z), ¥(y)} # 0.

Since a € Blz) e B(y) N Bly) o B(x), therefore there exist 7,2, € B(r) and
Y1, 12 € B(y) such that a € 2 oy, and a € yp © rp. Thus

(pow)(a) = \/ min{p(),v(n)}

aEs o

min {p(z,), v(n)} .

IV

Since z; € B(z) = {z}Uroz Uz o H oz, therefore either 7y =z orr) € zox or
forsome he€ Hz; € xohox.
If z; = z, then p(x;) = plz). If z; € r oz, then

inf p(zy) > min {p(z), u(z)} = plz)-
x)Exox
If r; € o hox, then since y is a fuzzy bi-hyperideal of H so

inf  p(zy) > min {u(z). u(e)} = plz).

ryEzchor

Also y, € B(y) = {y} UyoyUyo H oy implies that either j; =y ory Eyoyor
for some hy € H, yy Eyohyoy. My =y, then v(y) = viy). iy, € yoy, then

inf w(y,) = min {v(y),v(y)} = vy

neyey




If y, € yo hy oy, then as v is a fuzzy bi-hyperideal of H so

dnf () 2 min {u(y), )} = v(v).

Thus,
min {p(z1), v(y1)} 2 min {p(z), v(y)} # 0.

= (powv)(a) = 0, which is a contradiction.

Similarly for a € yy 0 23 we get (v o p)(a) = 0, which is a contradiction.

Thus for any fuzzy bi-hyperideals p.v of H, povAvepu € Ag, we have u < Ap
or v < Ap.

Conversely, assume that B is a bi-hyperideal of H and let B,, By are bi-hyperideals
of H such that By e By N By 0 By € B. Then by Proposition 1.3.4, we have
AH;-B,nB;-B, < Ag. By Proposition 1.3.6, )ngwgsl == lg. = th: A th: o Ag,. So
we have Ag, 0 Ag, A Ag, 0 Ag, < Ag. As Ay is a strongly prime fuzzy bi-hyperideal of

H, we have Ag, < Ag or Ap, < Ag. Thus by Proposition 1.3.4, we have B, C B or
B; € B. (]

3.3.10 Proposition

Let {B;:i € I} be a family of prime bi-hyperideals of a semihypergroup H. Then
[ B, is a semiprime bi-hyperideal of H.

el

Proof. Straightforward a
3.3.11 Proposition

Let {A;:i € I} be a family of prime fuzzy bi-hyperideals of a semihypergroup H.
Then A A is a semiprime fuzzy bi-hyperideal of H.
el

Proof. Straightforward. O
3.3.12 Definition

Let B be a bi-hyperideal of a semihypergroup H. Then B is called an irreducible (resp.
strongly irreducible) if for any bi-hyperideals By, B; of H we have, BN By = B (resp.
B;ﬂﬁ:g E} imp!ien 51=Bﬂfﬂg=ﬂ{rﬂﬁp. B] CBor Egg B].

It is obvious that every strongly irreducible bi-hyperideal of a semihypergroup H
is irreducible but the converse is not true.



61

3.3.13 Lemma

Let B be a bi-hyperideal of a semihypergroup H and a be any element of H such

that a ¢ B. Then there exists an irreducible bi-hyperideal A of H such that B C A
and a € A.

Proof. Let {1 be the collection of all bi-hyperideals of H which contain B but do not
contain "a”. Then € is non-empty, because B € 2. The collection 0 is a partially
ordered set under inclusion. As every totally ordered subset of 2 is bounded above,
0 by Zorn's Lemma, there exists a maximal element, say, A in 0. We show that A
is an irreducible bi-hyperideal of H. Let C and D be two bi-hyperideals of H such
that C'N D = A. If both € and D properly contain 4 then a € C and a € D. Hence

a € CND = A, this contradicts the fact thata ¢ A. SoC=Ador D =Aje Ais
irrecducible. it

3.3.14 Proposition

Every strongly irreducible semiprime bi-hyperideal of a semihypergroup H is strongly
prime bi-hyperideal of H.

Proof. Let B be a strongly irreducible semiprime bi-hyperideal of a semihypergroup
H. Let By, By be any bi-hyperideals of H such that By o Bon By o By € B. Since
(B1N By)o (BN By) C ByoBy and (BN By)o(ByNBy) C ByoB,y. Thus (BN By)o
(BiN By) C (Byo By) N (Byo By) C B. Since B is semiprime bi-hyperideal of H, we
have B, N B, C B. Since B is strongly irreducible, we have B, C B or B, C B. Thus
B is a strongly prime bi-hyperideal of /. 0

4.3.15 Definition

A fuzzy bi-hyperideal X of a semihypergroup H is called an irreducibl (resp. strongly
irreducible) fuzzy bi-hyperideal of H, if pA v = A (resp. pAv < A) implies u = A or
w=A(resp. u = Aorv < A) for every fuzzy bi-hyperideals p, v of H.

3.3.16  Proposition

Every strongly irreducible semiprime fuzzy bi-hyperideal of a semihypergroup H is a
strongly prime fuzzy bi-hyperideal of H.

Proof. Let A be a strongly irreducible semiprime fuzzy bi-hyperideal of a semihyper-
group H. Suppose y, v are any fuzzy bi-hyperideals of H such that pov Avopu < A,
As pAv is a fuzzy bi-hyperideal of H and (uAv)o(vAp) < pov, (uAv)o(vAu) < vopu.
Thus (pAv)o(vAp) < povAwvopu <A Since A is semiprime, we have A v < A,
Since A is strongly irreducible, we have yt < A or ¥ < A, Thus A is a strongly prime
- fuzzy bi-hyperideal of H. W
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3.3.17 Propaosition

Let A be a fuzzy bi-hyperideal of a semihypergroup H with Aa) = t, where a € H
and ¢ € (0,1]. Then there exists an irreducible fuzzy bi-hyperideal p of H such that
A< pand pla) =t

Proof. Let X = {v | v is a fuzzy bi-hyperideal of / with v(a) =t and A < v}. Then
X # 0, because A € X. The collection X is partially ordered set under inclusion. Let

Y be any totally ordered subset of X, say Y = {v; |i € I}, Let z,9,2 € H and for
every &« E T oy,

Jnf (\Vwta) = meu{a}

iel e
> \/{um Avi(y)}
i
= V@) A Vnw)
e i)
= \/(w)(=) A\ ()W)
e el
Hence \/w, is a fuzzy subsemihypergroup of H.
Msufulffaachﬂfé:nyu:,
St {Mm{ﬁ} = E;:LL L))
2 V{""I{J’} A Vl('ﬂ}
el
= @) A (=)
el 1|
= V@) A\ )
il i€l
Hence \/ v is a fuzzy bi-hyperideal of H.,
1=
AsA<w;foreachi€ [, 50\ < \.,.Hr, Also [‘v’u;](a]l = Uu,{ ) =t. Thus Vv, is

el
the least upper bound of Y. By Zﬂrn § Lunrmzu1 thPre 'E-XIBt.H n fuzzy bi-hyperideal u

of H which is maximal with respect to the property that A < p and p{a) = t. Now,
we show that p is an irreducible fuzzy bi-hyperideal of H. Suppose that f, g are fuzzy
bi-hyperideals of H such that fAg = p. Thus p < f and p < g. We claim that either

= f or p = g. On contrary, we suppose that y # f and y # ¢. Since p is maximal
with respect to the property that u(a) = t and since g # f and p # g, it follows that
fla) # t and g(a) # t. Hence t = p(a) = (f A g)(a) # t, which is a contradiction.
Hence either 4t = f or u = g. Thus p is an irreducible fuzzy bi-hyperideal of H. O



3.3.18  Theorem

Let H be a semihiypergroup, Then the following statements are equivalent:

(1) H is both regular and intra-regular.

(2) B = B o B for every bi-hyperideal B of H.

(3) By By = By o Ba By o By for all bi-hyperideals B, By of H.

{4) Each bi-hyperideal of H is semiprime.

(5) Every bi-hyperideal of a semihypergroup H is the intersection of irreducible
semniprime bi-hyperideals of i which contain it.

Proof. (1) « (2) « (3) This is proved in Theorem 3.2.8.

(3) = (4). Let B, and B be bi-hyperideals of H such that By o By € B. By
hypothesis

B] = EinB]
= ByoByNByoB
= ﬂ;ﬂB;EB.

Thus By C B and hence every bi-hyperideal of H is semiprime.

(4) = (5). Let B be a proper bi-hyperideal of H. Then B is contained in the
intersection of all irreducuible bi-hyperideals of H which contain B. By Lemma
9.3.13, there exist such irreducible bi-hyperideals. If @ ¢ B then there exists an
irreducible bi-hyperideal of H which contains B but does not contain a, Hence B is
the intersection of all irreducible bi-hyperideals of H which contain it. By hypothesis
each bi-hyperideal of H is semiprime, so each bi-hyperideal of H is the intersection
of irreducible semiprime bi-hyperideals of H which contain it.

(5) = (2). Let B be a proper bi-hyperideal of H. If Bo B = H then B is
idempotent, that is, Bo B = B. If Bo B # H then Bo B is a proper bi-hyperideal
of H and by hypothesis,

Bo B =n{B, | B, is irreducible semiprime bi-hyperideal of H containing Bo B}

This implies B o B C B, for ull o, Since every B, is semiprime, therefore B € B,
for all @ and so B € NB, = Bo B. Hence each bi-hyperideal of H is idempotent. O

3.3.19 Theorem

For a semihypergroup H, the following statements are equivalent:

(1) H is both regular and intra-regular.

(2) Ao A= X for every fuzzy bi-hyperideal A of H.

(3) AAp=Aopn oA for all fuzzy bi-hyperideals A, j of H.

(4) Each fuzzy bi-hyperideal of H is fuzzy semiprime.

(5) Every proper fuzzy bi-hyperideal of H is the intersection of irreducible fuzzy
serniprime bi-hyperideals of H which contain it.




Proof. (1) + (2) & (3) From Theorem 3.2.9.
(3) = (4). Let A u be any fuzzy bi-hyperideals of H such that Ao A € u. By
hypothesis,

.}n = f\l..l'"'n:'.
= AoAAAoA
= ADA

Thus A < p. Hence each fugzy bi-hyperideal of H is fuzzy semiprime.

(4) = (5). Let A be a proper fuzzy bi-hyperideal of H and {X; : 1 € I} be the
collection of all irreducible fuzzy bi-hyperideal of H which contain A, By Proposition
3.3.17, this collection is non-empty. Hence A < A ). Let @ € H, then there exists
an irreducible fuzzy bi-hyperideal A, of H such that A < X, and Aa) = A.(a).
Thus Ay € {); : i € I}. Hence Aipdi € Aa- So, AierAi(a) = Aa(a) = Aa). Thus
Migrhi € A, Consequently Agerh: = A. By hypothesis, each fuzzy bi-hyperideal of H
is fuzzy semiprime. So each fuzzy bi-hyperideal of H is the intersection of irreducible
fuzzy semiprime bi-hyperideals of H which contain it.

(5) = (2). Let A be a fuzzy bi-hyperideal of H. Then Ao A is also a fuzzy
bi-hyperideal of H. Since A is a fuzzy subsemihypergroup of H, so Ao A < \. By
hypothesis A o A = AjerA; where A; are irreducible fuzzy semiprime bi-hyperideals of
H.Thus Ao A < A forall i € 1. Hence A < A, for all 1 € I, because A, are semiprime.
Thus A € AjerAdi= Ao X Hence Ao A= A O

In the following result we study a relationship between strongly irreducible hyper-
ideals and strongly prime bi-hyperideals of semihypergroups.

3.3.20 Proposition

Let i be both regular and intra-regular semihypergroup and B be a bi-hyperideal of
H. Then the following statements are equivalent:

(1) B is strongly irreducible.
(2) B is strongly prime.

Proof. (1) = (2). Assume that B is a bi-hyperideal of a regular and intra-regular
semihypergroup H and By, By be any bi-hyperideals of H such that B, o B, 1 By o
By € B. Since H is both regular and intra-regular, by Theorem 3.2.8, we have
Bi o Eﬂﬂ Egﬂ H; = B] nt Thus EI n Bﬂ E B. Eiﬂﬂﬂ‘ B is Stl'ﬂ]]g]}' irreducible. we
have either By C B or B; C B. Thus B is strongly prime.

(2) = (1). Let B be a strongly prime bi-hyperideal of H and suppose B, B, be
any bi-hyperideals of H such that B, N By € B. As By o ByN Byo By = B, N B,, and
B is strongly prime we have B; € B or B3 C B. Thus B is strongly irreducible. 0O



3.3.21 Proposition

Let J{ be both regular and intra-regular semihypergroup. Then the following state-
ments are equivalent:

(1) Every fuzzy bi-hyperideal of H is strongly irreducible.

(2) Every fuzzy bi-hyperideal of H is strongly prime.

Proof. (1) = (2). Let H be both regular and intra-regular semihypergroup and A
be a strongly irreducible fuzzy bi-hyperideal of H. Let p, v be fuzzy bi-hyperideals of
H such that pov Avepu < A Since H is both regular and intra-regular, by Theorem
3.29, we have pov Avopu=puAv. Thus pAw < A Since A is strongly irreducible,
so either p €< A or ¥ < A, Thus A is strongly prime fuzzy bi-hyperideal of H.

(2) = (1). Suppose A is a strongly prime fuzzy bi-hyperideal of H and u,v be
fuzzy bi-hyperideals of H such that pov < A. AspovAvep < puowv < A Since A
is strongly prime, so either p < A or v < A, Thus A is strongly irreducible. 0o

3.3.22 Proposition

Each bi-hyperideal of a semihypergroup H is strongly prime if and only if I is both
regular and intra-regular and the set of bi-hyperideals of H is totally ordered under
inclusion.

Proof. Suppose that each bi-hyperideal of a semihypergroup £ is strongly prime.
Then each bi-hyperideal of H is semiprime. Thus by Theorem 3.3.18, H is both
regular and intra-regular, To prove that the set of bi-hyperideals of H is totally
ordered under inclusion, let B, Bz be any bi-hyperideals of H. Then by Theorem
3.3.18, By o By By o By = B, N B;. As each bi-hyperideal of H is strongly prime,
so By N B; is strongly prime. Hence either B; € BiyNBaor B; € BinBy. I B, C
By M By then By, C By and if By C B, N By, then B; C By,

Conversely, let H be both regular and intra-regular and the set of bi-hyperideals
of H is totally ordered under inclusion. Suppose B is any arbitrary bi-hyperideal of
H and let By, By be any bi-hyperideals of i such that Byo BN Byo8; C B. Since H
is both regular and intra-regular, by Theorem 3.2.8, Bye ByNByo By = BiN B;y. Thus
By N B3 C B. Since the set of bi-hyperideals of H is totally ordered under inclusion,
so either B; € B, or By C By. Thus B, N By = By or By N By = By. Therefore either
B, C Bor By C B and hence B is strongly prime bi-hyperideal of H. O

3.3.23 Proposition

Each fuzzy bi-hyperideal of a semihypergroup H is strongly prime if and only if H
is both regular and intra-regular and the set of fuzzy bi-hyperideals of H is totally
ordered under inclusion.
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Proof. Suppose that each fuzzy bi-hyperideal of a semihypergroup H is strongly
prime. Then each fuzzy bi-hyperideal of H is semiprime. Thus by Theorem 3.3.19,
H is both regular and intra-regular. To prove that the set of fuzzy bi-hyperideals of
H is totally ordered under inclusion, let u, v be any fuzzy bi-hyperideals of H. Then
by Theorem 3.3.19, AA = Aopu A pol. As each fuzzy bi-hyperideal of H is strongly
prime, so A A ju is strongly prime. Hence either A< AAporp <dAap HA<AAp
then A < pand if p < A A pthen p < A

Conversely, assume that H is both regular and intra-regular and the set of fuzzy
bi-hyperideals of H is totally ordered under inclusion. Let A be any arbitrary fuzzy bi-
hyperideal of i and let u, v be any fuzzy bi-hyperideals of H such that povAvep < A
Since H is both regular and intra-regular, by Theorem 3.3.19, pov Avopu=pAw.
Thus u A v < A Since the set of fuzzy bi-hyperideals of H is totally ordered under
inclusion, so either py € v or v < . Thus u A v = por g A v = v. Therefore either
< Aorv < Aand hence A is strongly prime fuzzy bi-hyperideal of 1. 0

3.3.24 Lemma

Let H be a semihypergroup and the set of bi-hyperideals of H is totally ordered under
inclusion. Then the following assertions are equivalent:

(1) H is both regular and intra-regular.

(2} Each bi-hyperideal of H is prime.

Proof. (1) = (2). Let H be both regular and intra-regular semihypergroup and B be
a bi-hyperideal of H. Suppose B;, By be any arbitrary bi-hyperideals of H such that
Byo B, C B, Since the set of bi-hyperideals of H is totally ordered under inclusion,
soB) C Bhor B, C B,. I B; C Hy then Hloﬂl C ByoB; C B. B_'f Theorem 3.3.18,
B is semiprime, so By C B. Hence B is prime.

(2} = (1). Assume that every bi-hyperideals of H is prime. Since the set of
bi-hyperideals of H is totally ordered under inclusion, so the concepts of prime and
strongly prime bi-hyperideals coincide. Therefore by Theorem 3.3.18, H is both
regular and intra-regular. O

3.3.25 Proposition

If the set of fuzzy bi-hyperideals of a semihypergroup H is totally ordered under inclu-
sion, then H is both regular and intra-regular if and only if each fuzzy bi-hyperideal
of H is prime.

Proof. Suppose H is both regular and intra-regular semihypergroup and A is any
fuzzy bi-hyperideal of H. Let u, v be any arbitrary fuzzy bi-hyperideals of H such
that pov < A Since the set of fuzzy bi-hyperideals of H is totally ordered under
inclusion, so either y € vor v < p, If p < v then pop < pow € A By Theorem
3.3.19, A is semiprime, so g < A Similarly we can prove that v < A, Hence A is prime.
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Conversely, suppose that every fuzzy bi-hyperideal of H is prime. Since the set of
fuzzy bi-hyperideals of H is totally ordered under inclusion, so the concepts of prime
fuzzy bi-hyperideals and strongly prime fuzzy bi-hyperideals coincide. Therefore by
Theorem 3.3.19, H is both regular and intra-regular. O

3.3.26 Theorem

For a semihypergroup H, the following statements are equivalent:
(1) The set of bi-hyperideals of H is totally ordered under inclusion.
(2) Each bi-hyperideal of H is strongly irreducible.
(3) Each bi-hyperideal of H is irreducible.

Proof. (1) = (2). Let B be a bi-hyperideal of H and B;, By be any arbitrary bi-
hyperideals of i such that BN B, C B. Since the set of bi-hyperideals of H is totally
ordered under inclusion, so either B, € By or By € By. Thus either B; N By = B, or
By N By = By. Hence By M By C B implies either By € B or B C B. This show that
B is strongly irreducible.

(2) = (3). Let B be a bi-hyperideal of H and B,, B; be any arbitrary bi-
hyperideals of H such that By N By = B. Then B C B, and B C B,. By hypothesis,
either By C B or By C B. Hence, either B, = B or By = B. Thus B is irreducible.

(3) = (1). Let B, and By be any bi-hyperideals of H. Then B, N B, is a bi-
hyperideal of H. So by hypothesis, either By = By N B; or By = B, N B,, that is,
either By, C By or B; € By. Hence the set of bi-hyperideals of H is totally ordered
under inclusion. O

3.3.27 Theorem

For a semihypergroup H, the following statements are equivalent:
(1) The set of fuzzy bi-hyperideals of H is totally ordered under inclusion.
(2) Each fuzzy bi-hyperideal of H is strongly irreducible,
(3) Each fuzzy bi-hyperideal of } is irreducible.

Proof. (1) = {2). Let A be a fuzzy bi-hyperideal of H and s, v be any arbitrary
fuzzy bi-hyperideals of H such that uAv < A. Since the set of fuzzy bi-hyperideals of
H is totally ordered under inclusion, so either it < v or v < p. Thus either phy=pu
or pAv =w Hence g A v < A implies either u < A or v € A. Thus X is strongly
irreducible.

(2) = (3). Let A be a fuzzy bi-hyperideal of H and p,v be any arbitrary fuzzy
bi-hyperideals of H such that u A v = A, Then A < p and A < v. By hypothesis,
either u < A or v < A. Hence, either 4 = A or ¥ = A. Thus A is irreducible.

(3) = (1). Let p and v be any fuzzy bi-hyperideals of H. Then u A v is a bi-
hyperideal of H. So by hypothesis, either u = g A v or ¥ = u A v, that is, either

i < vor v < p Hence the set of fuzzy bi-hyperideals of H is totally ordered under
inclusion. a
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Chapter 4

SEMIHYPERGROUPS CHARACTERIZED BY
(€, € Vq)-FUZZY HYPERIDEALS

After the introduction of fuzzy subgroup by Rosenfeld (73], many researchers gen-
eralized this concept. Using the notion of "belongingness" and "quasicoincidence”
of fuzzy points and fuzzy sets, Bhakat and Das (8], introduced a new type of fuzzy
subgroups, the (€, € Vg)-fuzzy subgroups. Different authors applied this concept to
define (a, 3)-fuzzy substructures of algebraic structures (see [30], [33], [46]).

In this chapter, we introduce the concepts of (€,€ vg)-fuzzy left (right) hy-
perideals, (€, € Vg)-fuzzy quasi-hyperideal, (€, € vg)-fuzzy interior hyperideal and
(€. € Vg)-fuzzy bi-hyperideals of semihypergroups and characterize semihyperaroups
in terms of these notions.

4.1 (a,J)-fuzzy hyperideals

Let If be a semihypergroup. A fuzzy subset A of H of the form

_Jte(0l] ify=azx,
M) "{ 0 ify # 1,

is called a fuzzy pomnt with support x and value t and is denoted by z,. A fuzzy
point z, is said to belong to (resp, quasi-coincident with) a fuzzy set A, written as
x; € A (resp. z,9A) if A(z) = ¢ (resp. Alz) +1t > 1). In this case 7, € Vg (resp.
Iy € AgA) means that x; € A or x,qA (resp. x, € A and 1,g)). The symbol z@X
means z,cxA does not hold.

In what follows let ff denote a semihypergroup and a, 8 any one of €, q, € vag,
€ Aq unless otherwise specified.

Let A be a fuzzy subset of H such that AMz) < 05forallz € H, Letz € H
and t € (0,1] be such that 7, € AgA. Then A(z) > t and A(z) +t > 1. It follows
that 1 < A(z) + ¢ < A(z) + A(z) = 2A(x). This implies that A(z) > 0.5. Hence
{xi|x, € AgA} = 0. Thus the case o =€ Aq is omitted in the following definition.

4.1.1 Definition

A fuzzy subset A of /1 is called an (€, € Vq)-fuzzy subsemihypergroup of H if for all
x,y € H and t,r € (0,1] the following condition holds

T € X Y € A — (2)sunftr) € V@A, foreach z € z oy,
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4.1.2 Theorem
Let A be a subsemihypergroup of H and A a fuzzy subset in H defined by

_f 205ifzeA
Alz) = { 1] otherwise.

Then

(1) A is a subsemihypergroup of H if and only if A is a (g, € Vq)-fuzzy subsern-
hypergroup of H.

(2) A s a subsemihypergroup of H if and only if X is an (€,€ Vg)-fuzzy sub-
semihypergroup of H.

Proof. (1) Let z,y € H and t,r € (0, 1] be such that 2, y.gA. Then Alz)+¢> 1and
My) + r > 1. This implies x,y € A Since A is a subsemihypergroup of H, we have
zoy C A. Thus for every z € zoy. A(z) > 0.5. Ifmin{t,r} < 0.5, then A(z) > min{t, r}
and 5o (2)minge,) € A If min{t,r}) > 0.5, then A(z) + min{t,r} > 0.5+ 0.5 = 1 and
50 {z}m,“_,}ql. Therefore (2)yngr) € V@A

Conversely, assume that A is a (g, € Vg)-fuzzy subsemihypergroup of H and z, y &
A. Then Mz) 2 0.5, A(y) > 0.5 that is zp5g) and yosq)\. Now by hypothesis, 255 €
VgA for every 2 € zoy. If 205 € Athen A(z) > D5 andso z € A, If ZasqA then
A(2) + 0.5 > 1 implies Mz) > 0.5. Thus = € A. Hence zey C A that is, A is a
subsemihypergroup of H,

(2) Let #,y € H and t,r € (0,1] be such that z,,y € A. Then AMz) > t and
Aly) 2 r. Thus A(z) 2> 0.5 and A(y) > 0.5. This implies =,y € A. Since A is a
subsemihypergroup of H, we have zoy C A. Thus for every z € zoy, A(z) > 05. If
min{t,r} < 0.5, then A(z) > min{t,r} and so (z)min{er) € A. If min{t,r} > 0.5, then
Alz) + min{t,r} > 0.5+ 05=1 and so (#)minfer}gA. Therefore (2)mingrey € VgA.

Conversely, assume that A isa (€, € Vq)-fuzzy subsemihypergroup of H and r,y €
A. Then AMzx) > 0.5,A(y) 2 0.5 that is 295 € A and Yos € A. Now by hypothesis,
%05 € VgA forevery 2 € zoy. If zp5 € Athen A(z) > 05andso z € A If Tn.50A
then A(z) + 0.5 > 1 implies A(z) > 0.5. Thus z € A. Hence oy C A, that is, A is a
subsemihypergroup of H, O

4.1.3 Theorem

Let A be a fuzzy subset of H. Then A s an (€, € Vq)-fuzzy subsemihypergroup of H
if and only if :}Ellfuy“(;}} 2 min{A(x), Ay), 0.5},

Proof. Let A bean (€, € Vg)-fuzzy subsemihypergroup of H. On the contrary, assume
that there exist z,y € H such that _Lt:L{Ju[z]} < min{Az), A(y),0.5}. Then there

exists : € z o y such that A(z) < min{\(z), A(y),0.5}. Choose t & (0, 1] such that
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Alz) <t < min{A(x), A(y),0.5}. Then x, € A and y, € A but A(z) < t and A(z) +¢ <
0.5 4 0.5 = 1, so 2,€ VgA, which is a contradiction.
Hence ;1:11[ {AMz)} = min{A(z), AMy), 0.5}
€ oy

Conversely, assume that liEni' {A(z)} 2 min{A(z), A(y),0.5}. Let 2, € Aand y, € A
rEToY
for t,r € (0,1]. Then A(z) > t and A(y) > r. Now

:.igrg"{hﬂz}} = min{A(z), My), 0.5} > min{t,r,05}.

It Ar > 0.5, then Lul' {Mz2)} =205 Soforevery z € zoy, A(z) +tAr > 05+
2Ezay
0.5 = 1, which implies that (2)miaer) € VgA. A7 < 0.5, then yzlgu{}.(z}} >

EA T 50 (2)minftr) € A Thus (2)minges) € VgA. Therefore X is an (€, € Vi )-fuzzy
subsemihypergroup of H. O

4.1.4 Theorem

A fuzzy subset A of a semihypergroup H is an (€, € Vq)-fuzzy subsemihypergroup of
H if and only of U(At)(# 0) is a subsemihypergroup of H for all t € (0,0.5].

Proof. Let A be an (€, € Vq)-fuzzy sﬁhsenﬁh}'pmgruup of H and z,y € U(\;t) for
some t € (0,0.5. Then A(z) > ¢ and My) > t. It follows from Theorem 4.1.3 that
inf {A(z)} = min{A(z), A(y),0.5} > min{t,0.5} = t. Thus for every z € z o Y,

TETOY

A(z) = t and so z € U(A;t) that is 7 0 y € U(A;t). Hence U(A;t) is a subsemihy-
pergroup of H.

Conversely, assume that U(X;£)(# 0) is a subsemihypergroup of H for all t €
(0,0.5]. Suppose that there exist z,y € H such that

ilﬁy{i[z}} < min{A(z), Aly), 0.5},

This implies there exists = € z o y such that A(z) < min{A(z), A(y),0.5}. Choose
t € (0,0.3] such that A(z) < £ < miu{A(zx),A(y),0.5}. Then z,y € U(X:t) but
z & U(Ait) Le. zay & U(Ait), which contradicts our hypothesis.

Hence SEE];EH{A[E}} 2 min{A(z), A(y), 0.5} and so A is an (€, € Vg)-fuzzy subsemi-
hypergroup of H. O

4.1.5 Definition

Let (H,0) be a semihypergroup and A be a fuzzy subset of H. Then ) is called an
(a, B)-fuzzy left (resp, right) hyperideal of H if for all t € (0, 1] and for all z, 5 € H,
we have

(11) yeaA — z8A for each z € r o y (resp. for each : € yoz).

A fuzzy subset A of H is called an (o, 5)-fuzzy hyperideal of H if it is both (o, 3)-
fuzzy left hyperideal and (o, 3)-fuzay right hyperideal of H.
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4.1.6 Theorem

For a fuzzy subset \ of H, the condition (I;) is equivalent to the conditions (1),
where (I3) and (I3) are given be low:

(B) Forall z,y,z € H, inf {A(z)} 2 Ay) (resp. inf {A(2)} = A=)).
2Exoy zExoY

(Iy) Forallz,ye Hand t € (0,1}, yo € A — 2z, € A for each z € x o y (resp. for
each : € yoz).
Proof. (I3) — (I5) Let .y € H and t € (0, 1] be such that 5, € A. Then A(y) = t.
By (I3), we have ihu_f {A(2)} = Aly) = ¢. It follows that 3, € Aforeach z € z oy,

sEzoy

(Iy) — (1) Let 2,y € H. 10A(y) = 0, then inf {A(:)} 2 Aly)- 11 Ay) # 0
then yay) € A. Thus by hypothesis 2y, € A for each z € z o y. Thus it follows that
Jdnf {A(z)} 2 Aly). B
4.1.,7 Theorem
A fuzzy subset ) of a semihypergroup H is a fuzzy left (resp. right) hyperideal of H
if and only if A is an (€, €)-fuzzy left (resp. right) hyperideal of H.
Proof. Suppose A is a fuzzy left hyperideal of H. Let x,y € H and t £ (0, 1] be such
that y, € A. Then A(y) > t. By hypothesis Luf {A(2)} 2 Ay). Thus A(z) > ¢ for all

zExOp

:€rxoy thatis z, € A for all z € roy. Hence A is an (€, €)-fuzzy left hyperideal of
H

Conversely, assume that A is an (€, €)-fuzzy left hyperideal of H. Let 2,y € H. If
Aly) = 0, then ienfﬂ!'r {A(z)} 2 0= Ay). Suppose A(y) # 0. Then yxg,y € A Thus by
hypothesis 2y, € A for all z € zoy, that is A(z) > A(y) for all 2 € zoy. This implies
that .EI;E A {A(2)} = Aly). Hence A is a fuzzy left hyperideal of H. m|

4.1.8 Theorem

Every (€, € )-fuzzy left (resp. right) hyperideal of H is an (€,€ Vg)-fuzzy left (resp.
right) hyperideal.

Proof. Straighforward. O

The converse of the above Theorem is not true in general as shown in the Example
4.1.15,
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4.1.9 Theorem

Every (€ Vg, € Vq)-fuzzy left (resp. right) hyperideal is an (€, € Vq)-fuzzy left (resp.
right) hyperideal.

Proof. Let A be an (€ Vg, € Vq)-fuzey left hyperideal of H. Let z,y € H and
t € (0,1] besuch that y € A. Then i, € VgA and hence z; € VoA forevery z € zoy. O

4.1.10 Theorem

Let A be an (o, 3)-fuzzy left (resp. right) hyperideal of H. Then the set A\ = {z €
HI|A(z) > 0} 15 a left (resp. right) hyperideal of H.

Proof. Let A be an (o, 3)-fuzzy left hyperideal of H and x,y € H be such that
¥ € Ap. Assume that A(z) = 0 for some 2 € zo0y. If a € {€,€ Vg} then yiar
but there exists z € T oy, ;)0 for § € (€,q,€ Vg, € Aq}, a contradiction. Note
that y1gA but there exists =z € ray, 2,7 for § € {€,q, € Vg, € Ag}, a contradiction,

Hence AMz) > 0 for each z € zoy, that is, z € Ag. Consequently, Ag is a left hyperideal
of H. Similarly we can prove that Ag is a right hyperideal of H. O

4.1.11 Theorem
Let I be a non-empty subset of a semihypergroup H. Define a fuzzy subset A of H by

t2054f z€l
)‘{IJI{ 0 gl

Then A 18 an (o, € Vg)-fuzzy left (resp. right) hyperideal of H if and only of T 1s
a left (resp. right) hyperideal of H.

Proof. Case I a =€ . Let A be an (€, € Vg)-fuzzy left hyperideal of H and y € [.
Then Aly) > 0.5. By hypothesis

nf {A()} 2 A(y) A 05 =05.

Thus A(z) 2 0.5 for all z € xoy, that is z oy C I. Hence I is a left hyperideal of
H

Conversely, assume that [ is a left hyperideal of H. Let z,y € H. If A(y) = 0, then
_Lni' {A(z)} 2 0= Ay) A 0.5
zExey
If AM(y) = 0.5, then y € 1. By hypothesis zoy C [, so A(z) = 0.5 for every = € zoy.
Thus
Jnf {A(2)} 20.5=Ay) A0S,

Hence A is an (€, € Vq)-fuzzy left hyperideal of H.
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Case Il a = g. Let A be an (g, € Vg)-fuzzy left hyperideal of H. Let y € I. Then
A(y) 2 0.5. Thus yps:qA. Hence by hypothesis 2953 € Vg for every z € zoy. If
Zg.51 € A then 2 € 1. If zg59A then also = € I. Hence z o y C [. This shows that [ is
a left hyperideal of H.

Coversely, assume that [ is a left hyperideal of H. Let z,y € H be such that yg).
Then Aly)+t > 1. This implies A(y) 2 0.5 that is y € I. By hypothesis zoy C I. Thus
A(z) 20.5.1ft < 0.5 then A(z) 2t and s0 2, € A, If t > 0.5, then A(z) + ¢ > 1, that
18 zqA. Hence 2, € Vg for every = € x o y. This shows that ) is an (g, € Vg)-fuzzy
left. hyperideal of H.

Case III o =& Vg, The proof is similar to the proofs of above parts. O

4.1.12 Corollary

Let I be a non-empty subset of a semihypergroup H. Then I is a left (resp. right)
hyperideal of H 1f and only if the characteristic function of I is an (a, € Vq)-fuzzy
left (resp. right) hyperideal of H.

4.1.13 Theorem

Every (q.€ Vq)-fuzzy left (resp. right) hyperideal of H is an (€,€ Vq)-fuzzy left
(resp. right) hyperideal,

Proof. Suppose ) is a (g, € Vg)-fuzzy left hyperideal of H. Let z,y € H and ¢ €
A(z)(0.1] be such that z, € A. Then A(x) > t. Suppose there exists z € y o z such
that z,€ VgA. Then A(z) < t and A(z) + ¢ < 1. This implies 2M\(z) < A(z) +¢ < 1,
that is A(z) < 0.5. Now A(z) < t < Az). Thus A(z) < min{A(z),0.5}. This implies

1 —min{A(z),0.5} < 1 - Mz) = max{1 - A(z),0.5} < 1 - A(2).

0

Select r € (0, 1] such that max{1 — M(2),0.5} < r <1—A(z). Thenr > 0.5,r >
1 — A(z) and r < 1 — A(z). This implies A(z) 4 r > 1, that is z,gA. As A(z) +r < 1,
s0 2.qA. Also A{z) < 1 —r < r, because r > 0.5. This implies 2, EX. Hence =, & V.
Which is a contradiction. Hence 2, € VgA for all z € yoz, that is A is an (g, € va)-
fuzzy left hyperideal of H.

4.1.14 Remark

Every (€, € Vq)-fuzzy left (resp. right) hyperideal of H is not a (g€ Vi )-fuzzy left
(resp. rght) hyperideal.
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4.1.15 Example
Consider the semihypergroup H = {a,b, ¢, d, e}

ojlal|b s il e
ala|{abd}|a {a,b,d} | {a.b,d}
blalb I {a,b,d} | {a,b,d}

¢ |a|{abd}|{ac}]| {abd}]|{abecde}
d|a|{abd}|a {a,b,d} | {a,b,d}

e | a|{abd} | {ac}| {abd}]|{abede}

The only hyperideals of H are {a,b,d} and H.
Define a fuzzy subset A of H as follows:

Aa) =08, Ab) =0.7, Ac) = 0.3, Md) = 0.5, A(e) =0.3.

Then
H if0<t<03
{a,bd} H03<t<05
UlA:t) = {a,b} if05<t<07
{a} 07<t<08
@ if08<t
Then

(1) A is an (g, € vg)-fuzzy hyperideal of H.

(2) A is not an (€, €)-fuzzy hyperideal of H, because agr € A but d € a e b and
dgrEA.

(3) A is not an (g, g)-fuzzy hyperideal of H, because byz € A but d € a o b and
do 2§ A,
(4) A is not an (€, € Ag)-fuzzy hyperideal of H.

4.1.16 Definition

A fuzzy subset A of a semihypergroup H is called an (o, 8)-fuzzy generalized bi-
hyperideal of H if for all z,y,z € H and t,r € (0, 1] the following condition holds:

rrad and z.ad — (1)) IA for every w € zoyo =
4.1.17 Theorem
Let B be a non-empty subset of H and A be a fuzzy subset in H defined by

_J 205 ifzeB
MI}'{ 0 otherunse,

Then
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(1) B is a generalized bi-hyperideal of H if and only if X s a (g,€ Vg)-fuzzy
generalized bi-hyperideal of H.

(2) B is a generalized bi-hyperndeal of H if and only if A 15 a (€,€ Vg)-fuzzy
generalized bi-hyperideal of H.

Proof. The proof is similar to the proof of Theorem 4.1.2. O

4.1.18 Definition

A fuzzy subset A of a semihypergroup H is called an (o, 8)-fuzzy interior hyperideal
of H if for all z,y,z € H and ¢,r € (0, 1] the following conditions hold;

(1) zeeek and yrad — (2)in(e,43A for every 2 € zoy,

(2) ayad — (W)minfr}BA for every w € zoaoy.

4.1.19 Theorem
Let A be o non-emply subset of H and A be a fuzzy subset in H such that

?'-{:r}={ >05 ifzeA

0 otherimse,

Then

(1) If A is an interior hyperideal of H then M is a (g, € Vq)-fuzzy interoir hyper-
ideal of H.

(2) A 15 an interior hyperideal of H if and only if A is an (€, € Vg)-fuzzy interoir
hyperideal of H.

Proof. The proof is similar to the proof of Theorem 4.1.2. O
4.1.20 Definition

A fuzzy subset A of H is called an (a, §)-fuzzy bi-hyperideal of H, where a #€ Ag, il
for all 2,3,z € H and for all t,r € (0,1] it satisfies:

(1) z¢, Yreed —= (2)uminge,r) BA for every z € zoy,

{“} Lty Erﬁ}i 1 {wjmin{r.r}.ﬂh for every weroyoz.

4.1.21 Theorem

Every (€, € J-fuzzy bi-hyperideal is an (€, € Vq)-fuzzy bi-hyperideal.

Proof. Straightforward. a
4.1.22 Theorem

Every (€ Vg, Vq)-fuzzy bi-hyperideal is (€, € Vq)-fuzzy bi-hyperideal.

Proof. Straightforward. O
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4.2 (€,€ vq)-fuzzy hyperideals

Every (o, #)-fuzzy left (resp. right) hyperideal of a semihypergroup H is an (o, € Vg)-
fuzey left (resp. right) hyperideal of H. Theorems 4.1.8, 4.1.9 and 4.1.13 shows that
(r, € Vg)-fuzzy left (resp. right) hyperideal of a semihypergroup H is an (€, € Vg)-
fuzzy left (resp. right) hyperideal of H. Thus in the theory of (o, #)-fuzzy left (resp.
right) hyperideals of H, (€, € vq)-fuzzy left (resp. right) hyperideals play central
role.

In this section we study (€, € Vg)-fuzzy left (resp. right) hyperideals of a semiliy-
pergroup H.

4.2.1 Proposition

For a fuzzy subset A of a semihypergroup H, the condition (1) 15 equivalent to (I5),
where (I,) and (I5) are as follows:

(Iy) Forall z,y € H and t € (0,1],%5 € A — 2 € A for each 2 € x o y (resp. for
every = € yoz).
(Is) For all 2,y € H, inf {A()} 2 {A) A0S} (resp. inf {A(z)} 2 {Az) A
0.5})).
Proof. (I;) — (I5) Let z,y € H be such that
inf {A(2)} < {Aly) A05}.
2E roy

Then there exists z € r oy such that A(z) < Aly) A 0.5 If A(y) < 0.5, then
Mz) < My) < 0.5. Thus gy € A but 3,4)€ A A which is a contradiction. If
Aly) = 0.5, then A(z) < 0.5. Thus yys € A but 25 A G\, again a contradiction.
Hence

Jnf {A()} 2 Mw) A0S,

(I5) — (fy) Let 2,y € H, and and t € (0, 1] be such that y, € A. Then A(y) > t.
By hypothesis, :
‘E&I;Ey {A(2)} 2 AMy) A 0521 A0S0,

This implies that A (z) > t A 0.5 for every 2 € zoy. If t > 0.5, then A(z) = 0.5.
This implies that A (z) 4+t > 0.5+ 0.5 = 1, that is z,9A for every z € zoy. If t < 0.5,
then A (z) > for every s € zoy. This implies 2, € A for every 2 € zoy, Hence z, € Vgl
for every z € zoy. O

4.2.2 Corollary
A fuzzy subset A of a semihypergroup H 1s an (€,€ Vq)-fuzzy left (resp. right)

hyperideal of H 1if and only 1f it satisfies condition (I5).

Now, we characterize (€, € Vq)-fuzzy left (resp. right) hyperideals by their level
sets.



4.2.3 Theorem

Let X be a fuzzy subset of a semihypergroup H. Then A is an (€, € Vq)-fuzzy left(resp.
right) hyperideal of H if and only if U(A;L)(# 0) s a left (resp. right) hyperideal of
H for all t & (0,0.5],

Proof. Let A be an (€, € Vq)-fuzzy left hyperideal of H and ¢ € (0,0.5]. Let z € H
and y € U(A;t). Then Aly) = t. By hypothesis *\i‘iliiu {X(2)} =2 My)n05 2 tA05 =t,
so z € U(M;t) for every 2 € zoy. Thus zoy € U(A;t). Hence U(A;t) is a left hyperideal
of H.

Conversely, assume that U(A;t) # 0 are left hyperideals of H for all t € (0,0.5].
Let z,y € H be such that iEﬂI&{A (2)} < My) A0.5. Then there exists z € z o y such

that A(z) < Aly) A 0.5. Select ¢ € (0,0.5] such that A{z) < ¢t < A(y) A 0.5. Then
y € U(A;t) but z ¢ U(A;t), that is z oy € U(At). Which is a contradiction. Hence
inf {A(2)} 2 Aly) A DS, O
sExay

It is clear from Proposition 1.3.17 that a fuzzy subset X of a semihypergroup H
is a fuzzy left (resp. right) hyperideal of H if and only if U(X;t)(# @) is a left (resp.
right) hyperideal of H for all t € (0,1] and from Theorem 4.2.3, A is an (€, € Vg}-
fuzzy left (resp. right) hyperideal of H if and only if U(X; £)(#£ 0) is a left (resp. right)
hyperideal of H for all ¢ € (0,0.5].

For any fuzzy subset A of a semihypergroup H and t € (0, 1] we denote by:

Q(Ait) := {z € H|z,qA} and [N := {z € H|x, € VgA}.

Obviously (Al = UM )L Q(A;t).

We call [A]; an (€ va)-level set of A and Q(A;t) a g-level set of A,

In Theorem 4.2.3, we gave a characterization of (€, € Vg)-fuzzy left (resp. right)
hyperideal of H by using level subsets. Now, we give another characterization of
(€, € vq)-Tuzzy left (resp. right) hyperideals by using [Al,.

4.2.4 Theorem
Let A be a fuzzy subset of a semihypergroup H. Then A is an (€,€ Vq)-fuzzy left
(resp. vight) hyperideal of H if and only tf [A]; is a left (resp. right) hyperideal of
H for all t & (0,1].

Proof. Let A be an (€, € vq)-fuzzy left hyperideal of H. Let z € H and y € [A];
for t € (0,1]. Then y € vg), that is A(y) = t or Ay) +¢t > 1. Since A is an
(€, € vq)-fuzzy left hyperideal of H, we have

nf (A(2)} > {Ay) A0},
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Case 1. Let AMy) = t. If £ > 0.5, then E_:Ilf {A(2)} = {My) A 0.5} = 0.5 and 8o
sEroy

AMz2)+t>05+05=1,

hence for every z € zoy, zgA. If t € 0.5, then Lnl' {A(2)} 2 {My) A 05} > ¢,
ey

and hence z € A
Case 2. A(y)+t > 1. If £ > 0.5, then

inf {A(z)} 2 {My) A0S} >1—-tA05=1~1,

sExuy

that is, tiEt:'L {A(2)} +t > 1 and thus zq)\. 1f t < 0.5, then
L:;Eﬂ (A} Z{AMy)A05} >1-tA05=0352t,

and 50 5 € A

Hence 2z, € VgA. Consequently, z € Vq\ for every z € zoy. Thus z € [A, for
every z € roy. Hence [A]; is a left hyperideal of H.

Conversely, let A be a fuzzy subset of H and [A]; be a left hyperideal of H for every
t € (0,1). Let x,y € H be such that lilllr?y {A(2)} < {My) A0.5} for some t € (0,0.5].

This implies there exists z € z o y such that A(z) < Aly) A 0.5. Select t € (0, 1] such
that A(z) < t < AMy) A0.5. Then y, € A but z€ VgA, that is y € A but z € [A],.
This is a contradiction. Hence, ml' {A(z)} = {My) A 05} for all z,y € H. This

shows that A is an (€, € Vg)- fuzz},r Ieft hyperideal of H. O

From Theorem 4.2.3 and 4.2.4, we see that if X is an (€, € vg)-fuzzy left (resp.
right) hyperideal of H then, U(A;t) and [A]; are left (resp. right) hyperideals of H
for all t € (0,0.5], but Q(X;t) is not a left hyperideal of H for ¢t € (0,0.5] in general
as shown in the following example.

4.2.5 Example
Consider the Example 4.1.15. Then @Q(A;0.3)={a} is not a hyperideal of H.
4.2.6 Definition

Let H be a semihypergroup and A, u are fuzzy subsets of H. Then the 0.5-product
of A and p is defined by:

TROTE i i

where A, = {(y,2) e Hx H:z€yoz}
We also define A Ng5 i by (A Ngs p)(z) =min{A(x), u(z),0.5} for all z € H.



4.2.7 Proposition

If (H,o0) is a semihypergroup and A, p, v, 8 are fuzzy subsets of H such that A C v
and 4 Cd. Then Aogg u C vogsd.

Proof. Straightforward. O
4.2.8 Lemma

Let H be a semihypergroup. If A and p are (€,€ Vq)-fuzzy left (resp. right) hy-

perideals of H. Then ANgg p is an (€,€ Vq)-fuzzy left (resp. vight) hyperideal of
H.

Proof. Let A and p be (€, € vg)-fuzzy left hyperideals of H. Let z,y € H Then
IE_:IW[AWH‘HI} = !éﬂu[“liﬂ{l{z}q#[:]mﬂﬁ”

Liﬂy{""(:)” A (;?EEEU{#F”} ADD

min{min{A(y), 0.5}, min{u(y), 0.5}, 0.5}

min{A(y), u(v), 0.5}

(A M5 1) (w)-

Hence A Ngs pt is an (€, € Vq)-fuzzy left hyperideal of H. 0

4.2,9 Theorem

v

Let H be a semihypergroup. If A is an (€, € Vq)-fuzzy right hyperideal and p is an
(€, € Vq)-fuzzy left hyperideal of H, respeclively. Then Aogs p < Afgs p.

Proof. Let A be an (€, € Vvq)-fuzzy right hyperideal and y be an (€, € vq)-fuzzy
left hyperideal of  and z € H. If A, = 0, then (A ogs p)(z) = 0 < (ANas p)(z). If
A: # 0, then

(Aogs u)(z) = \/ min{A(y), u(2),0.5}.
{w2)EA,
Since z € yo z, and A is an (€, € Vq)-fuzzy right hyperideal and x an (€, € Vq)-
fuzzy left hyperideal of H, we have
inf A(x) > min{A{y),0.5
inf A(2) > min{\(y),0.5)

and
inf u(z) > min{p(z),0.5}.

royag

Thus, min{A(y), p(z), 0.5} <min{A(z), u(z), 0.5} = (A Mg )(z). This implies
(Aoos u)(x) = inf min{A(y). (=), 0.5} < (Arlos )(a).



4.2.10 Theorem

If A is an (€, € Vq)-fuzzy left hyperideal and p is an (€, € Vq)-fuzzy night hyperideal
of H then Aoy 15 an (€, € Vq)-fuzzy hyperideal of H.

Proof. Let A be an (€, € vg)-fuzzy left hyperideal and u is an (€, € Vyg)-fuzay right
hyperideal of H and z,y € H. Then

(Aop)(y) A0S = ( V {liplﬂu{q]})ﬁﬁ-ﬁ

(pglEAy

= V (xAnl9Aros}

{pglEA,

=V {(A(p)A03) A (u(q) ADS)}.

(paledy

Ifyepog, thenxoy Czo(pog) = (rop)og. Since A is an (€, € Vg)-fuzzy left
hyperideal of H, so

,EE,F{ Ala)} = min{A(p),0.5}.
Thus

(Aep)(y) A0S

\/ () A0GEA ()

(pglEAy
V' {M@) Apu(@)} because inf {Aa)} 2 min{A(p),0.5}

sEroyCacy
=V {(Ma)Au(g)}
rEang
= (Aepu)(z), foreveryz€zxzcyCaogq.

1A

50
min {{A o pu)(y), 0.5} < (Ao p)(z), forevery z € zoy.

Similarly we can show that for every x € xoy, (Ao p)(2) = min {(A o u)(x),0.5}.
Thus Ao is an (€, € Vg)-fuzzy two-sided hyperideal of H. O
4.2.11 Lemma

The union of any family of (€, € Vg)-luzzy left (resp. right) hyperideals of H is an
(g, vg)-fuzzy left (resp. right) hyperideal of H.

Proof. Let {A},e; be a family of (€, € Vq)-fuzzy left hyperideals of H and x,y € H.
Then_mf (V X){=)) = V.{_mf OMa))}:

=]
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(Since each A, is an (€,€ Vg)-fuzzy left hyperideal of H, so 21!" {MHz) 2
€Ay
min {A(y), 0.5} for alli € I.)

Thus
nf { (VA;) ()}

=]

Viinf {A(z))

el

V {Aily) A0.5}

el

- (Vl‘[y]) A0S

i

(V}.,-) () A 0.5,

el

v

Hence \/ A; is an (€, € vq)-fuzzy left hyperideal of H. O

wE [
4.2.12 Definition

An (€,€ Vg)-fuzzy subsemihypergroup A of a semihypergroup H is called an (€
€ Vq)-fuzzy bi-hyperideal of H if for all z,y,2 € H and t,r € (0,1] the following
condition holds;

Te € dand 2. € A — (W)uin(i,r) € V@A for every w € Toyoz,
4.2.13 Theorem
Let B be a non-empty subset of H and A be a fuzzy subset in H defined by
(205 fzeB
Alg) = { 0 otherwise.

Then

(1) B s a bi-hyperideal of H if and only if A is a (g, € Vq)-fuzzy bi-hyperideal of
H.

(2) B is a bi-hyperideal of H if and only if A is a (€, € Vq)-fuzzy bi-hyperideal
of H.
Proof. The proof is similar to the proof of Theorem 4.1.2. O
4.2.14 Corollary

(1) If a non-empty subset B of a semihypergroup H is a bi-hyperideal of H then the
characteristic function of B is a (g, € Vq)-fuzzy bi-hyperideal of H.

(2) A non-empty subset B of a semihypergroup H 1s a bi-hyperideal of H if and
only if Ag is an (€, € Vq)-fuzzy bi-hyperideal of H.
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4.2.15 Theorem

A fuzzy subset A of a semihypergroup H is an (€, € Vq)-fuzzy bi-hyperideal of H if
and only if it satisfies the following conditions,
(1) "iEr:L{A[;}} > min{A(x), My), 0.5} forall z,y € H,

(2) weiﬂfyuz{l{w}} > min{A(z), A\(z),0.5} for all z,y,2 € H.
Proof. The proof is similar to the proof of Theorem 4.1.3. ]
4.2.16 Theorem

A fuzzy subset A of a semihypergroup H is an (€, € Vq)-fuzzy bi-hyperideal of H f
and only if U(Xit)(#0) is a bi-hyperideal of H for all t € (0,0.5],

Proof. The proof is similar to the proof of Theorem 4.1.4. O
4.2.17 Definition

A fuzzy subset A of a semihypergroup H is called an (€,& Vg)-fuzzy generalized
bi-hyperideal of H if for all z,y,z € H and t,r € (0, 1] the following condition holds;

7, € A and 2, € A — (W)ninfer} € VoA for every w € zoyoz.
4.2.18 Theorem

A fuzzy subset A of a semihypergroup H is an (€, € Vq)-fuzzy generalized br-hyperideal
of H if and only if it sabisfies the following condition,

inf {A(w)} = min{A(z),A(2),0.5} for all z,y,z € H.

wi goyox
Proof. The proof is similar to the proof of Theorem 4.1.3. 0
4,2.19 Theorem

A fuzzy subset \ of a semihypergroup H is an (€, € Vq)-fuzzy generalized bi-hyperideal
of H if and only if U(A:t)(# 0) is a generalized bi-hyperideal of H for all t € {0,0.5],

Proof. The proof is similar to the proof of Theorem 4.1.4. a

It is clear that every (€, € Vg)-fuzzy bi-hyperideal of a semihypergroup H is an
(€,€ vq)-fuzzy generalized bi-hyperideal of H. The next example shows that the
(€, € Vq)-fuzzy generalized bi-hyperideal of H is not necessarily an (€, € Vq)-fuzzy
bi-hyperideal of H.




4.2.20 Example
Consider the semihypergroup H = {a, b,c,d} with the following table:

olalbl|c d
ala|a|a a
blala|a a
clala]|{ab}|a
dlala]l{ab}]| {ab}

Define a fuzzy subset A of H by

Ma) =08, A(b)=0, Ae) =07, Ad)=0.

{a.c} f0<t<07,
UMht)=4 {a} if07<t <08,
0 if 08<t,
Thus by Theorem 4.2.19, A is an (€, € Vq)-fuzzy generalized bi-hyperideal of H
but A is not an (€, € vg)-fuzzy bi-hyperideal of H, because U/();0.6) = {a,c} is a
generalized bi-hyperideal of H but not a bi-hyperideal of H.

Then, we have

4.2.21 Lemma

Every (€, € Vq)-fuzzy generalized hi-hyperideal of a regular semihypergroup H is an
(€, € vg)-fuzzy bi-hyperideal of H.

Proof. Let A bean (€, € Vq)-fuezy generalized bi-hyperideal of i/ and a,b € H. Theu
there exists = € H such that b € boxeb. Thus we have aob C ao(boxob) = ao(box)ob.
So thereexists u € boz, such that z€acbCaouob Thus

it (A} > int {A(z)} > min{A(a), A(),05}.
This shows that A is an (€, € Vq)-fuzzy subsemihypergroup of H and so A is an
(€, € vg)-fuzzy bi-hyperideal of H. 1

4.2.22 Definition

A fuzzy subset X of a semihypergroup H is called an (g, € Vq)-fuzzy interior hyper-
ideal of H if for all z,y,z € H and ¢, r € (0,1] the following conditions hold;

[l} T € A and € A— Ez}mlu{t,r} € Vq}' for every : £ roy,

(2) @ € A — (W)wminfs,r) € VgA for every w € roaoy.
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4.2.23 Theorem

A fuzzy subset A of a semihypergroup H is an (€, € Vq)-fuzzy interior hyperideal of
H 1f and only if it satisfies the following conditions,
(1) LI}L{M;}} > min{A(zx), My), 0.5} for all z,y € H.

(2) Ei;;fu {Mw)} = min{\(a),0.5} for all a,z,y € H.
w iy
Proof. The proof is similar to the proof of Theorem 4.1.3. O
4.2.24 Theorem

A fuzzy subset X of a semihypergroup H is an (€, € Vq)-fuzzy interior hyperideal of
H if and only of U(A;t)(# 0) is an interior hyperideal of H for all t € (0.0.3].

Proof. The proof is similar to the proof of Theorem 4.1.4. 0
4.2.25 Definition
A fuzzy subset A of a semihypergroup H is called an (€, € Vg)-fuzzy quasi-hyperideal

of H, if it satisfies,
A(z) = min{(1 0 A)(z), (Ao 1)(z),0.5}.
4.2.26 Theorem

Let A be an (€,€ Vq)-fuzzy quasi-hyperideal of H. Then the set M={ze H |
Alz) > 0} is a quasi-hyperideal of H.

Proof. In order to show that )y is a quasi-hyperidealof H, we have to show that
HodlNXMoH C M Letae H o XM Ayo H. This means that a € H o )y and

aEAuDH.SuﬂEscmandaEyutfurmmes,tEHandm,yeln.Thus,\{m}}[}
and A(y) > 0.

Since

(TeA)a) = \/ {1(s) A A(2)}

nEsox
2 {1(s) AX(z)}
= {l ﬁ.h[Ij}
= A(z).
Similarly (Ae 1)(a) > A(y).
Thus
Ale) = min{(1 0 A)(a), (Ao 1)(a),0.5}
2 min{A(z), A(y),0.5}
> 0 because A(x) > 0 and A(y) > 0.



Thus a € Ag. Hence Ag is a quasi-hyperidealof H. O
4.2.27 Remark
Every fuzzy quasi-hyperideal of H is an (€, € vq)-fuzzy quasi-hyperideal of 4 but

the converse is not true.
4.2.28 Lemma

A non-empty subset Q of a semihypergroup H is a quasi-hyperideal of H if the char-
acteristic function A of @Q is an (€, € Vq)-fuzzy quasi-hyperideal of H.

Proof. Suppose @) is a quasi-hyperideal of H and Ag is the characteristic function
of Q. letz e H1fz ¢ Qthenz ¢ HoQorx ¢ Qo H. Thus (1o Ag)(x) =0
or (Ag o 1)(z) = 0 and so min{(1 e Ag)(z),(Ag e 1)(x),05} =0 = Ag(x). f z € Q
then Ag(r) = 1 > min{(1 0 Ag)(z), (Mg © 1)(x),0.5}. Hence Ag is an (€, € Vg)-fuzzy
quasi-hyperideal of H.

Conversely, suppose that Ag is an (€, € Vg)-fuzzy quasi-hyperideal of H. Let
a€ HoQnNQo H. Then there exists b,¢c € H and x,y € Q such that e € bo x and
a € yoc. Then

(10 Ag)(a)

V {16) AAg ()}

af box
{1(b) A Ag ()}
1A1

l.

So (10 Ag)(a) = 1. Similarly (Ag o 1)(a) = 1.

Hence Ag(a) = min{(1 o Ag)(a), (Ag @ 1)(a),0.5} = 0.5. Thus Ag(a) = 1, which
implies that a € Q. Hence HoQNQo H C Q, that is Q is a quasi-hyperideal of
H. O

4.2.29 Theorem

Every (€,€ Vq)-fuzzy left (right) hyperideal A of H is an (€,€ Vq)-fuzzy quasi-
hyperideal of H.

v

nn

Proof. Suppose A is an (€, € vq)-fuzzy quasi-hyperideal of H. Let ¢ € H, then

(1ed)@) =V {1 AAG=)} = \ A2).

TEYOE




This implies that

(LeA){z)AD5 = ( V .'a{::}) A DS

zEyeL
=V {A () r035)
TEYD:
< v Alz) (because A is an (€, € Vq)-fuzzy left hyperideal of H.)
TEpO:
= A(z).
Thus (10 A)(z) A0.5 < Alx). Hence A(z) = (10 A)(z) A0.5 = min{(1eA)(x), (Ao
1)(x),0.5}. Thus A is an (€, € Vg)-fuzzy quasi-hyperideal of H. O

4,230 Lemma

Every (€, € Vq)-fuzzy quasi-hyperideal of a semihypergroup H is an (€, € Vq)-fuzzy
bi-hyperideal of H.

Proof. Suppose A is an (€, € Vq)-fuzzy quasi-hyperideal of semihypergroup H. Let
z,y € H. Now for every a € z oy, we have

AMa) = min{(10 A)(a), (Ao 1){a),0.5}

[ V {1 A ?\(y}}] A [ \ {lim}hlirﬂ}] A0S

aEToY ooy
[1(z) A A ()] A [AMa) A L(B)] A 05
DAXY)AMz)AL A0S

Aly) A Mz) ADG.

So .,l'li, {Ma)} = min{A(z), A(y), 0.5} for all z,y € H.
Also for all x,y,z € H for every w € T o y o z, we have
AMw) = min{(l e A)(w), (Ao 1){w),0.5}

[V {I{I)M(:}}‘nLV {A{E}hl(z}}}hﬂ.ﬁ
wiE

Toyos Foyes
{UZ)AMEIA M)A L)} A0S
{1AA(Z)}A{Mz) AL} A0S
Alz) A A(z) A0S,
SGMEEEW{A{:H}} > min{A(z), Mz),0.5} forall x,y,z € H. Thus A is an (&, € Vq)-
fuzzy bi-hyperideal of H. O

v I

I

v v

The following example shows that the converse of above Lemma is not true.
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4.2,31 Example
Consider the semihypergroup H = {a,b,¢,d} with the following table:

olalbl|c d
alalala a
blala|a o
clalala {u,b}
d|alall{ab}]|{ab.c}

One can easily check that {a,c} is a bi-hyperideal of H but not a quasi-hyperideal
of H.

Define a fuzzy subset A of H by
Ala) = 0.8 = M), Alb) =0 = A(d).

Then A is an (€, € Vq)-fuzzy bi-hyperideal of H but not an (€, € Vq)-fuzzy quasi-
hyperideal of H. Because (10 A)(b) = 0.8 = (A e 1)(b) but A(b) = 0 2 min{(1 o
A)(b), (Ao 1)(8), 0.5}.

4.2.32 Lemma

Every (€. € Vq)-fuzzy hyperideal of a semihypergroup H is an (€, € Vq)-fuzzy interior
hyperideal of H.

Proof. Let A be an (€, € Vq)-fuzzy hyperideal of H. Now
Eﬁ, {Ala)} = min{A(y). 0.5} > min{A(z), My),0.5}.

So hi;‘ﬁﬁ{h{a}} > min{A(z), AMy),0.5}.

Also for all 7, a,y € H and for every w € zoaoy = zo{aoy). Thus for each z € aoy,
we have w € zoz, Scﬁinf y{l[w]} = uElL{}Ll:w}} > min{A(z).0.5} = min{A(a),0.5}

because for each z € uoy,z};'!l;y{}a{z}} > min{Aa),0.5}.
Thus
weiifw{h{w}} > min{A(a), 0.5},

Hence ) is an (€, € Vq)-fuzzy interior hyperideal of H, O
4.2.33 Lemma

The intersection of any family of (€, € Vq)-fuzzy interior hyperideals of a sernthyper-
group H is an (€, € Vq)-fuzzy interior hyperideal of H.

Proof. Straightforward. O




4.2.34 Proposition

Let A be an (€, € Vq)-fuzzy bi-hyperideal of a semihypergroup H. Then hogg A < A,

Proof. Let A be an (€, € va)-fuzzy bi-hyperideal of H. If A, = @, then (AegsA)(a) =
0 < Aa). If A, # 0, then

(AoosA)a) = \/ min{A(y),\(z),0.5}
(prlEN,
< 'V Ma)=Xa).
(weelEAs

4.2.35 Lemma

Let A, p be fuzzy subsets of a semihypergroup H. Then Aogs p < 1 ogs o (resp.
Aogy S Aogg 1)

Proof. Straightforward. 0
4.2.36 Proposition

Let A be an (€, € Vq)-fuzzy bi-hyperideal of a semihypergroup H. Then AogglogsA <
A

Proof. Let a,y,2 € H. If A, =0, then (AopslogsAl{e) =0 < Aa). If A, # 0, then

(Aooslogs A)a) = \/ min{A(y), (1 0gsA)(2),0.5)
(v 7l A,

V min{A{y), V min{1(r), A(s),0.5},05} foreach z €ros,
{?F}Ea"l [rs)EA,

V V min{A(y),1,A(s),05}

(w2)eda (rajed.

= V'V min{A(y). \5),03).

(¥2)EA: (raleA,

Sincea € yoz Cyo(ros)and Ais an (€, € Vg)-fuzzy bi-hyperideal of H, we
have

Ma) > min{My), A(s),0.5}.
Thus
V V min{dm) M08} VYV Aae)=Ma),

(yaleds (reled, (yz}EA, (rsleA,
and consequently, (Acgs 1 egs A){a) < Ala). O
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4.3 Regular and intra-regular semihypergroups

In this section, we characterize regular and intra-regular semihypergroups in terms of
(g, € Vq)-fuzzy hyperideals.

4.3.1 Theorem

A semihypergroup H is regular if and only if for every (€, € Vq)-fuzzy bi-hyperideal
A of H we have

Aogglogs A=A

Proof. (=) Let H be a regular semihypergroup and let a € H. Since H is regular
so there exists £ € Hsuch that a€aeroaCacze(aczoa)=ac(roacr)oa.
Then for every s € rcacrand r € sca, we have a € aor then

(Mopslogs A)a) = \/ min{A(a), (1005 A)(r),0.5)

nEpor

min{A(a), (1 0p5 A)(r), 0.5}
= min{A(a), \/ min{1(t), \(a),0.5},0.5}

min{A(a), rEnuf:{l.l{n},ﬂ.ﬁ}.ﬂ.ﬁ}
min{A(a), 0.5} = Ma).

Hence Ala) < (A ogs 1 og5 A)(a). On the other hand, by Proposition 4.2.36, we
have (Aopgs 10gs A)(a) € Ala). Therefore (A ogs 1ops A)(a) = Aa).

(=) Let A be an (€, € vq)-fuzay bi-hyperideal of H such that expression A ops
loggs A = A, is satisfied. To prove that # is regular, we will prove that Boe He B =B
for all bi-hyperideals B of H. Let b € B, then by Corollary 4.2.14, Ag is an (€, € Vq)-
fuzzy bi-hyperideal of H. By hypothesis

(A ogs 1 ogs Ap)(b) = Ag(b),

Since b € B, then Ag(b) = 1 and we have (Agcgs12asAg)(b) = 1. By Proposition
1.3.7, we have Agogs logs Ag = Apoiten and hence Ag.pog(b) =1 ==be BeHoB.
Thus BC Bo H e B. Since B is a bi-hyperideal of 1, we Bo Ho B C B. Therefore
BoHoB =18, O

[AY

4.3.2 Lemma

Let X and p be (€, € Vq)-fuzzy bi-hyperideals of H. Then Aogsp ts also an (€, € Vg)-
Juzzy bi-hyperideal of H.

Proof. Let A and p be (g,€ vq)-fuzzy bi-hyperideals of H. Let a,y,z € H. If
a € yoz, then

((Aops p) 205 (Aogs p))(a) =0 < (Aops p)(a).



Ifa€yoz, then

((Acosu)ops (Aopsp))la) = \/ {(Aoosp)(y) A (Aogs p)(z) A0S}

[ \/ {Mp1) Asl@) A 0.5) ]

= nﬁgﬂ :Eﬁvﬂt {l{pﬁ} A ;;[Q‘z] ﬂﬂ-ﬁ}
=Epyog
Alm) A plg1) A 0.5}
5 V V V ﬁ{{}.(p:} ﬁp,tt?:‘ﬂﬁﬂj}]

aEyD: YEPLOG FEPYNR
= {Mp1) A plpa)
B u-Evyat ,,E},{“ 3E},{.n [ Aglar) f:.ﬂ(qu} A 0.5} ]
(A1) A Mpa)
V.V V [ ﬁy(f;z}nu.a} '

aEyoz gER o SEpatge

IA

Sincca € yoz,yeEpogandz€pyogy. Thena€yoz C (proq)o(pog) =
(py © gy o p2) © ga. So for each p € (py o gy o p2).a € pog. Then

V V V@) AAE2) A ulg) £ 05))

afycr ySproq) sEpogy

<V HA®) A AP A plga) A0S

aEpagy

Since ) is an (g, € Vq)-fuzzy bi-hyperideal of H we have
infun {A(p)} 2 {Ap) A Alpa) A 0.5},

PEp S

Then

V {Mp) A Alpa) A pelga) A 0.5}

<V A ) Aulg) A05)

aEpoqy

V {A®) A plg2) A 0.5} = (Aogs pu)(a).

agpoqy

1A

Therefore ((Aegsp)eos(Aonsp))(a) < (Aogsu)(a), and Aogsp is an (€, € Va)-fuzzy
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subsemihypergroup of i, Let x,y,2 € H, Then

(Aoos p)(x) A (Aogg u)(z) = LV {Alp) A pulg) ﬁﬂ-ﬁ}]

Epoq

A [V {A{r}h;s{a]hﬂ.ﬁ}]
Alp) A pulg) ADS
X,,};{,[ {-’E?r f:#(l)ﬁﬂg}]

= & A [{A{P}M(f}ﬂn{q}}

Aj(s) A DS

PEpaq BETOS

V 'V HA®) AR A uls) A0.5)].

TEpog aEros

A

Sincex€pog,andz€ros ThenforeachweroyozC (pog)oye(ros)=
(po(goy)or)os and we have w € (po(goy)or)os. Thus

V V HA@) A A p(s) A0S}

TEpoy aron

< V  H{A®) ANT) Ap(s) A0S}
we(pogoyleries

Since A is an (€, € Vq)-fuzzy bi-hyperideal of H, so for every a € ¢ oy and for
every § € poaor, we have

sk A(B) 2 {X(p) A A(r} A 0.5}.
Hence, for each w € o5 C (po(goy)or)osand so

V' A A M) A u(s) A 05)]

wian

<V [{MB) Auls) A 0.5}

wedoa
= (Aogg ) (w).

Thus (A ogs p)(w) = (Xogs u)(x) A (Nogs p)(2).
Henee A op s u is an (€, € Vq)-fuzzy bi-hyperideal of H. O
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4.3.3 Theorem

A semihypergroup H 5 intra-regular if and only of LN R C Lo R for cvery left
hyperideal L and for cvery right hyperideal R of H.

Proof. Let H be an intra-regular semihypergroup and [, R are left and right hyper-
ideals of H respectively. Let a € LN R then a € L and a € R. Since H is intra-regular
so there exist 7,y € H such that a € roacaocy = (roa)o(acy) C Lo R. Thus
LNRCLoAR.

Conversely, assume that e € LNR C Lo R. This implies that a € Lo R = :u{far :

l € L,r € R}. Since L is a left hyperideal so for some x € H such that { = zoa, Also
R is a right hyperideal so for some y € H such that r = a o y. Thus

a€lor=(zeca)o(ucy)=z0acaoy.
Henee H is intra-regular. a

4.3.4 Theorem

For a semthypergroup H, the following conditions are equivalent:

(1) H is intra-regular.

(2) (A Aasp) < (Aogs p) for every (€,€ Va)-fuzzy left hyperideal X and every
(,€ Vq)-fuzzy right hyperideal p of H.

Proof. (1) = (2) Let A be an (g, € Vg)-fuzzy left hyperideal and p be an (€, € vq)-

fuzzy right hyperideal of H. For a € H, there exist x, y € H such that a € roacaoy =

(rea)e(aoy). Thus there exists § € roaand yEaoy, such thata g fo .
Thus

(Aoosp)(a) = \/ {Ac) Ap(d)}nos
aGeod
> {A(B)Au(1)} A0S
(Since # € zoaand ) isan (g, € Vq)-fuzzy left hyperideal of H,
so inf {AMz)} 2 Aa) A0.5. Thus A(8) > Aa) A0.5.

Also since p is an (
so inf {u(2)}

zEaox

& Vi )-fuzzy right hyperideal of H,
pla) A 0.5. Thus p(y) = pla) A0.5)
{(Ma) A 0.5) A (pla) A0.5)) A 0.5
Aa) A pla) A 0.5

(A Aas p)(a).

" m

I

(2) = (1) Let R and L be right and left hyperideals of H. Then by Corollary
4.1.12, Ag and Ay, are (€, € Vq)-fuzzy right and (€, € vq)-fuzzy left hyperideals of H,
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respectively. Thus by hypothesis we have

AL oA
AL N Ag
"’"LﬁH-

Jk;_,nH

T ||

Thus LN R € Lo R Hence it follows from Theorem 4.3.3, that H is intra-
regular, O

4.3.5 Theorem

Let H be a sermhypergroup, The following are equivalent:

(i) H is both regular and intra-regular.

(ii) Aogs A= A for every (€, € Vgq)-fuzzy bi-hyperideal X of H.

(iil) AMas pt = Aogs Mo Aops p for all (€, € Vg)-fuzzy bi-hyperideals A and p
of H.

Proof. (i)—(ii). Let A be an (g,£ Vq)-fuzzy bi-hyperideal of H and a € H.
Since H is regular and intra-regular there exist z,y,2 € H such that a € aez0a C
acroaoroa, and a € yoaoacz. Then a € aczoacroa C acro(yoacaoz)orca=
(ac(zoy)ca)o(ac(zox)oa). Then foreveryr e roy,s €20z, pEaoroa and
geaosoa Then we havea € pog,

(A ogs A)a)

\/ {Alp) A Mg) A 0.5)

Qe

{Alp) A Alg) A 0.5}

{Ma) A A(a) A 0.5}
{ AA(a) A Ala) A 05} A DS }
{Ma) A 0.5} = Ala).

v IV

On the other hand, by Proposition 4.2.34, we have (A ops A){a) < Ala). Thus
JL Op s Ji = }.

(ii)—{iii). Let A and g be (&, € vq)-fuzzy bi-hyperideals of H. Then A Mg pu is
an (€, € vq)-fuzzy bi-hyperideal of H. By (ii)

ANgsp = (ANgsp)ons (ANes p)
C ANgs

Similarly, AMgs p < pogs A Thus

As it < Aoy i Nos 205 A
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On the other hand, Aogs p and g ogy A are (€, € Va)-fuzzy bi-hyperideals of H by
Lemma 4.3.2. Hence Aogs Mo progs A is an (€, € Vq)-fuzzy bi-hyperideal of H. By

(ii)

Aogs uNgs progs A

| O T |

(Aens 4 Mos 44 %05 A) 00,5 (A og5 1 Mos 1t Ops A)
(A oos i) 005 (4005 A) = Aogs (100 1) 005 A
Aogs pogs A (as pogs = p by (i) above)
Aogg logs A

A(as Aogs 1 ogs A = A by Theorem 4.3.1).

By a similar way we can prove that A ogg u Mgs pogs A C p. Consequently,

Aogs s Nog kOos AT AMgs .

Therefore AMgg = A ogs pNps pogg A,

(iii)—=(i). To prove that S is regular we prove that AN B = Ao BN Bo A
for every bi-hyperideal A, and B of H. Let x € AN B. By Corollary 4.2.14, A,
and Ag are (€, € Vq)-fuzzy bi-hyperideals of H. By (iii) (A4 Nos Ap)(x) = (A %05
A MosAgopgs Ag)(x). Since z € A and z € B, then Aa(z) =1 and Ag(z) = 1. Then
(AaNosAp)(z) =min{As(z), Ag(x),0.5} = 0.5. Hence (A4 005 AgMNos Ag o0 Aa)(z) =
0.5. By Propositions 1.3.6 and 1.3.7, we have M4 995 Ag Mos A 905 Ay = AdcBrBaA
and hence A gopngoa(z) = 0.5 implies that € Ae BN B o A, On the other hand, if

reAeBnBoA, then

1 =

J‘Aﬂ BriBoA {I }
(Asom Nas Agoa)(z)
(A4 205 A Mos Ag ops Aa)(z)

= (A Nos As)(x) (by (iii))

}LAHB[;:E}n

Hence r € AN B. Therefore ANB = AcBnNnBo A, consequently, H is both
regular and intra-regular. This completes the proof. O



Chapter 5

SEMIHYPERGROUPS CHARACTERIZED BY
(€,€ Vqr)-FUZZY HYPERIDEALS

In this chapter we generalize the concepts of (€,€ Vq)-fuzzy subsemihypergroup,
(€, € Vq)-fuzzy hyperideal, (€, & Vq)-fuzzy interior hyperideal, (€, € Vq)-fuzzy bi-
hyperideal, and (&, € Vq)-fuzzy quasi hyperideal and define (€,€ vg;)-fuzzy sub-
semihypergroup, (€,& Vg, )-fuzzy hyperideal, (€,€ Va)-fuzzy interior hyperideal,
(€, € Vi )-fuzzy bi-hyperideal, and (€, € v, )-fuzzy quasi hyperideal of a semihyper-
group H and study some basic properties. Also we characterize regular and intra-
regular semihypergroups using these notions.

In what follows, let H denote a semihypergroup and k an arbitrary element of
[0,1) unless otherwise specified.

Generalizing the concept of z,q\, Jun [30, 31| defined z,q: A, if AMz) +t+k > 1
and x; € Vged if 7, € X or z,q A

5.1 (&, € Vq)-fuzzy subsemihypergroups
5.1.1 Definition

A fuzzy subset A of H is called an (€, € Vi, )-fuzzy subsemihypergroup of H if for all
T,y € H and t,r € (0, 1] the following condition holds

I; € A, Yr €EA— {f:]min{:.r:- € VA, foreach z €xo .
5.1.2 Theorem

Let A be @ non-empty subset of H and ) a fuzzy subset in H defined by

>Lkifrec A
=J 2%
M=) { 0 otherwise,

Then

(1) If A is a subsemihypergroup of H then X is a (g, € Vqu)-fuzzy subsemihyper-
group of H.

(2) A is a subsemihypergroup of H if and only if ) is an (€€ Vi )-fuzzy sub-
semihypergroup of H

Proof. (1) Let z,y € H and t,r € (0, 1] be such that Zy, y-qA. Then z,y € A, AMz) +
t > 1 and Az) + v > 1. Since A is a subsemihypergroup of H, we have zoy C A.



96

Thus for every = € z oy, A(z) > 135 If min{t,r} < 15, then A(z) > min{t, r} and
80 (2)min(er) € A If min{t,r} > L'— then Alz) + m.m{l!', r} B e 1"‘ + _Lﬁ iy i
and so [":’mmlt r|'-?k—l Therefore {:}m{tw} € Vi

(2) Let z,y € H and t, rE (0, 1] be such that x¢, 4 € A Then Alz) = { > 0 and
My) 2 r > 0. Thus Mz) > 5= k and A(y) > I"‘ , this implies z,y € A. Since A is a
subsenuhypergmup of H, we hama zoy C A Thus forevery z € zoy, Alz) = 1—
If min{t,r} < %, then J'.{z} > min{t,r} and $0 (2)minies} € A- 1 min{t, r} > L-
then A(z) + mm{r. rf+k > % ¥+ k =1 and 50 (2)min(e,r)ger- Therefore
[‘r]min{t.r} € VA

Conversely, assume that A is a (€,€ Vi )-fuzzy subsemihypergroup of H and
7,y € A. Then A(z) > 3% Aly) > 5% that is z14 € Aand yiu € A Now by
hypothesis, z1_+ € VgA for every 2 € zoy. If 21,4 € ) then Mz)> 5 andsoz e A
If 2. qe) then A(z) + 155 + k > 1 implies A(z) > 15%. Thus z € A. Hence zoy C 4,
that is, A is a subsemihypergroup of H. o

5.1.3 Corollary

(1) If a non-empty subset A of H 1s a subsemihypergroup of H, then the characteristic
function of A is a (q, € Vqu)-fuzzy subsemihypergronup of H.

(2) A non-empty subset A of H is a subsemihypergroup of H if and only 1if A4
is an (€, € Vi) -fuzzy subsemihypergroup of H.

If we take k = 0 in Theorem 5.1.2, then we get the Theorem 4.1.2.

6.1.4 Theorem

Let A be a fuzzy subset of H. Then X is an (€, € Vi )-fuzzy subsemihiypergroup of [
if and only if inl {Mz)} = min{A(z), My), 5%}
:Exoy

Proof. Let A be an (€,€ Vg )-fuzzy subsemihypergroup of H. On the contrary,
assume that there exist T,y € H such that inf {Jn[z}}- < min{A(z), Ay), 55 }. Then

there exists z € x o y such that J'L{z]l < mm{l{m) Aly), 5%}, Choose t € (0,1] such
that A(z) <t < mm{l{z] AMy),%5*}. Then z, € X and g € A but A(z) < t and
Mz)+t+k < 1—— 41k Lk = 1 50 7€ VauA, which is a contradiction. Hence
Inf {:‘[":‘} 2 mm{h[;r] v"‘lyl 2

Gunveraa];-,r. assime that mf {Jt[ 1} 2 min{Mz2), My), 5} Let 2 € Aand y, € \
for ¢,r € (0,1]. Then A{m}}tandh(y} > r. Now

inf {A(z)} 2 min{A(z), Aly), ——} 2 min{t,r, ~!—~}

sExoy
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It Ar > 155, then ;EEH{J\(:}} > L5k, So for every z € zoy,

l{:)+£nr+k}al—;—k+1—;—k+k=l.

which implies that (z)min(e-3qeA. HEAT < 1%"-, then iEnf {M2)} 2 tAr. S0 (2)min{ts) €
sExroy
A. Thus (2)minfes) € VguA. Therefore A is an (€, € Vau)-fuzzy subsemihypergroup of
H. O
If we take k = 0 in Theorem 5.1.4, then we get the Theorem 4.1.3.
5.1.5 Theorem

A fuzzy subset A of a semihypergroup H is an (€, € Vau)-fuzzy subsemihypergroup of
H if and anly if U(M:1)(# 0) is a subsemihypergroup of H for all t € (0,%55].

Proof. Let ) be an (g, € Vg, )-fuzzy subsemihypergroup of H and x,y € U(A;t) for
some ¢ € (0,5%]. Then A(z) > t and A(y) > ¢. It follows from Theorem 5.1.4 that
_%:lgr{l(z}} > min{A(z), My), 155} > min{t, 155} = t. Thus for every z €z 0y,

AMz) = t and so 2 € U(A;t), that is z oy € U(A;¢t). Hence U(M;t) is a subsemihy-
pergroup of H.

Conversely, assume that U(A;t)(# 0) is a subsemihypergroup of H for all t €
(0, 155). Suppose that there exist ,y € H such that

inf (A} < min{AE), AW, 5

Thus there exists z € z oy such that A(z) < min{\(z), A(y), 5%} Choose t € (0, 355
such that AM(z) < ¢ < min{A(z), A(y), 5} Then z,y € U(Ait) but = ¢ U(A;t) Le.
r oy ¢ U{A;t), which contradicts our hypothesis.

Hence ti};{m{h{z}} > min{Ax), AMy), 5=} and so X is an (€, € Vagi)-Tuzzy sub-

semihypergroup of H. 5
If we take & = 0 in Theorem 5.1.5, then we get the Theorem 4.1.4.

5.2 (€,€ Vg )-fuzzy hyperideals
5.2.1 Definition

A fuzzy subset A of H is an (€,€ Vg )-fuzay left (right) hyperideal of H if for all
z,y € H and t € (0, 1] the following condition holds;
e € A — 2 € Vgh forevery z e zoy (B €A — 2 € Ve for every = € yoz).
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5.2.2 Theorem
Let L be a subset of H and A a fuzzy subset mm H defined by

>LEitzel
=3 &%
Mz) = { 0 otheruise.
Then

(1) If L is a left (resp. vight) hyperideal of H then A 5 a (g, € Vau)-fuzzy left
(resp. right) hyperideal of H.

(2) L is aleft (resp, right) hyperideal of H if and only if A is an (€, € Vi )-fuzzy
left (resp. right) hyperideal of H.

Proof. The proof is similar to the proof of Theorem 5.1.2. O
5.2.3 Corollary

(1) If a non-empty subset L of H is a left (resp. right) hyperideal of H, then the
characteristic function of L ts a (q, € Vau)-fuzzy left (resp. right) hyperideal of H.

(2) A non-empty subset L of H is a left (resp. right) hyperideal of H if and only
if A ts an (€, € Vi )-fuzzy sleft (resp. right) hyperideal of H.

5.2.4 Theorem

A fuzzy subset A of H is an (€, € Vau.)-fuzzy left (resp. right) hypendm! of H if and
only if mf {A[z}} > min{A(y), 5%} (resp. mf {Ju{z}} > min{A(z), 55}).

Proof. Let A be an (€, € Vg, )-fuzzy left hyperideal of H. Dn the contrary, assume
that there exist x,y € H such that mf { (2)} < min{A(y), ;3£ }. Then there exists

z € oy such that A(z) < mlu{A{y} 1—5} Choose t € (0,1] such that A(z) <t <
min{A(y), 5 "} Then y, € A but A=) < t and A(z) +t+k < 352 ’“ + 1," k=1,s0
%€ V@A, whn:.h is a contradiction, Hence mf {Jn{,;]} > tmn{l{y] kY

Conversely, assume that }Enf {Az)} = mm{l{y} L} let z,ye Hand t €
sExoy

(0,1] be such that yt € A Then Ay) > t. Thus mf {A{z]} > min{A(y), F*} =

mm{t "} Ift > 15%, then Jinf {A{z}} > Lk Snfnreveryeﬁ:eyTl{ y+t+k>

LR By k=1, whmh 1m1p|ee that .,qu}l If t < 5%, then Inf {J\{ }} > t. So

for every z € z oy, 5 € A Thus z, € VA for every z € zey Therefore A s an
(€, € Vi )-fuzey left hyperideal of H. O

5.2.5 Corollary

A fuzzy subset A of H is an [ \ € Vi )-fuzzy hyperideal of H if and only of
nf {M2)} 2 min{A(y), 155} and nf {Mz)} 2 min{A(z), 5%},




5.2.6 Theorem

A fuzzy subset A of a semihypergroup H is an (€,€ Vai)-fuzzy left (resp. right)
hyperideal of H if and ondy if U(X;t)(# @) is a left (resp. right) hyperideal of H for
all t € (0,455,

Proof. The proof is similar to the proof of Theorem 5.1.5. O
5.2.7 Theorem

If A is an (€, € Vai)-fuzzy left hyperideal and p is an (€, € V) -fuzzy right hyperideal
of H then Aoy is an (€. € Vg )-fuzzy two-sided hyperideal of H.

Proof. Let 2,y € H. Then

(o k) A5 ( V o cp}mq}}) At
s ]

V ponnw@asE]

vEpeg

=V {Atp)nl—;—fm-m}.

VEPeq

(If y € peg, then oy C xo(pog) = (zep)eq. Now for each z € xoy. there exists
a € zopsuch that z € acq. Since A is an (€, € Vg )-Tuzzy left hyperideal, therefore by
Theorem 5.2.4, we have }Ent' {Ma)} > min{A(p), 155} that is A(a) = min{A(p), 1263
aExop
Thus

Genwn 5 = V x5 an)

VEPSq

\/ (M) A u(a)} because Aa) 2 min{A(s), 5~}

=Enog
=V (X Au(d)}
sEeod
= (Aou)(z), foreveryz€zoyCavog.

I~

So
: 1-k) _ . .
min {(r\ o ) (), T} < It {(Aop)s)}-
Similarly we can show that L‘iiu {(Aop)(2)} = min {(Aop)(z), 157} Thus Aop
X
is an (€, € Vi )-fuzzy two-sided hyperideal of H. O

Next we show that if A and p are (€, € Vi )-fuzzy hyperideals of a semihypergroup
H then Aop & AA p.
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6H.2.8 Example

Consider the semihypergroup H = {a, b, ¢, d} with the following table:

elalble d
alalala a
bla|la|a a
elalal{eb}|a
dlal|al {ab}] {ab}

One can easily check that {a}, {a, b}, {a,b,¢}, {a,b,d} and {a,b,¢,d} are all hy-
perideals of H.

Define fuzzy sets A, p of H by

Ma) = 0.7, AB)=03, Mc)=04, Md)=0,
pla) = 08, p(b)=03, plc)=04, p(d) =02

Then we have
{a,bc} if0<t<03,
o ) {ach if03<t<04,
U0=1 1a} ifoa<t<aor,
0 if 0.7<t<1.

{a.bc,d} f0<t<02,
{a,bc} f02<t<03,
Ulp;t) = ¢ {a,c} if03 <t<04,

{a} if 0.4 <t <08,
@ if 0B<t<].
Thus by Theorem 5.2.6, A, u are (€, € Vi )-fuzzy hyperideals of H with k = 0.4.

Now

(ow(b) = \/ {A@)Apw)}

bezoy
= V{u.d,u.u}
= 042 (AAp)(b) =03

Hence Ao p £ A A p in general.
5.2.9 Lemma

The intersection of any family of (g, € Vg, )-fuzzy left (resp. right) hyperideals of H
is an (g, € Vqu)-fuzzy left (resp. right) hyperideal of H.
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Proof. Let {A}e; be a family of (€, € Vi )-fuzzy left hyperideals of H and z,y € H.
Then inf { ;\.A )z)} = h{ inf {.x,}{z;}

1) ==
{Smm ea.ch A is an (€,€ Vq,,l fuzzy left hyperideal of H,
so_inf {A }z) = min {\(y), 155} forallie 1)

Thus
(A @1 = Ao
2 {l () A - L}
;E.F
- (é&{y]) A -—""
- (g;,) (y) A %
Hence :2..‘}..- is an (€, € Vg )-fuzzy left hyperideal of H. @)

6.2.10 Lemma

The union of any family of (€, € Vg )-fuzzy left (resp. right) hyperideals of H is an
(€, € v )-fuzzy left (resp. right) hyperideal of H.

Proof. Let {)}ie; be a family of (€, € Vqy)-fuzzy left hyperideals of H and z,y € H.
Then inf {(VA)(2)}=V{inf {A}(2)}
ExoY - ey el &y

(Since each A, is an (g, € Vqr;,} fuzzy left hyperideal of H,
so inf {)n Hz) 2 min {A\i(y), 55} forall i € 1)

Thus

inf { (Y{Jx) } (z) = gisgﬂyih}{z}}
V {M{y} A l—;—k}

il

1—k
(!hiy}) AN——
1-k
() on 15+

v
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Hence \/ A, is an (€, € Vg, )-fuzzy left hyperideal of H. O

=]
5.3 (€.e vq.)-fuzzy bi-hyperideals
5.3.1 Definition

An (€,€ Vq)-fuzzy subsemihypergroup A of H is called an (€,€ v )-fuzzy bi-
hyperideal of H if for all ,y,2 € H and ¢,r € (0, 1] the following condition holds;

T € Aand 2, € A — (W)yi(er) € VA for every w € zoyo z,
5.3.2 Theorem
Let B be a non-empty subset of H and A be a fuzzy subset in H defined by

>Lt freB
=) =°F
)= { 0 otheruise.

Then
(1) If B is a bi-hyperideal of H then \ is a (g, € Vqy)-fuzzy bi-hyperideal of H.
(2) B is a bi-hyperideal of H if and only if X is an (€, € Vi )-fuzzy bi-hyperideal

of H.
Proof. The proof is similar to the proof of Theorem 5.1.2. O
5.3.3 Corollary

(1) If a non-empty subset B of a semihypergroup H is a bi-hyperideal of H then the
characteristic function of B is a (q, € Vqu)-fuzzy bi-hyperdeal of H.

(2) A non-empty subset B of a semihypergroup H is a bi-hyperideal of H if and
only if Ap is an (€, € Vqy)-fuzzy bi-hyperideal of H.

5.3.4 Theorem

A fuzzy subset A of a semihypergroup H is an (€, € Vau)-fuzzy bi-hyperideal of H if
and only if it satisfies the following conditions,
(1) “':Eriy{l[z}} 2 min{A(z), A(y), 15} for all z,y € H.

= : 21 1=k :
(2) Mﬁi;u{h{w}} 2 min{A(z),A(z), 5%} for all z,y,2 € H.

Proof. The proof is similar to the proof of Theorem 5.1.4. O
If we take k = 0) in Thoerem 5.3.4, then we get the Theorem 4.2.15.
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5.3.5 Theorem

A fuzzy subset A of a semihypergroup H 15 an (€, € Vi )-fuzey bi-hyperideal of H if
and only if U{At)(#0) is a bi-hyperideal of H for all ¢ € (0, l:gﬁ g

Proof. The proof is similar to the proof of Theorem 5.1.5. O

If we take k& = () in Thoerem 5.3.5, then we get the Theorem 4.2.16.

5.4 (&,e Vq)-fuzzy generalized bi-hyperideals
9.4.1 Definition
A fuzzy subset A of a semihypergroup H is called an (€, € v )-fuzzy generalized
bi-hyperideal of H if for all z,y,z € H and t,r € (0, 1] the following condition holds;
zy € A and 3 € A — (W)yingery € Vo for every w € zoyoz.
5.4.2 Theorem
Let B be a non-empty subset of H and A be a fuzzy subset in H such that
M ={ % T e

Then

(1) If B is a generalized bi-hyperideal of H then A is a (g, € Viqi)-fuzzy generalized
bi-hyperideal of H.

(2) B 1s a generalized bi-hyperideal of H if and only if A is a (€, € Vg )-fuzzy
generalized bi-hyperideal of H.

Proof. The proof is similar to the proof of Theorem 5.1.2. O
5.4.3 Corollary
(1) If a non-empty subset B of a semihypergroup H is a generalized bi-hyperideal of

H then the characteristic function of B is a (g, € Vq)-fuzzy generalized bi-hyperideal
of H.

(2) A non-empty subset B of a semihypergroup H is a generalized bi-hyperideal
of H if and only if Ag 18 a (€, € Vq)-fuzzy generalized bi-hyperideal of H.

9.4.4 Theorem

A fuzzy subset A of H is an (€, € vay)-fuzzy generalized bi-hyperideal of H if and
only if it satisfies the follounng condition,

twERoyos

inf {Aw)} 2 min{M=z), A=2), 1—-;—&'} Jorall z,y,z€ H.

Proof. The proof is similar to the proof of Theorem 5.1.4. O
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5.4.5 Theorem

A fuzzy subset A of H is an (€, € Vay)-fuzzy generalized bi-hyperideal of H if and
only f U(A;t)(# 0) is a generalized bi-hyperideal of H for all t € (0, Lk,

Proof. The proof is similar to the proof of Theorem 35.1.5. 0

It is clear that every (€, € Vai)-fuzzy bi-hyperideal of a semihypergroup H is an
(€,€ Vau)-fuzzy generalized bi-hyperideal of H. The next example shows that the
(&€, € Vi )-fuzay generalized bi-hyperideal of H is not necessarily an (€, € vy )-fuzzy

bi-hyperideal of H.
5.4.6 Example

Consider the semihypergroup H = {a,b,¢,d} with the following table:

olal|b|e d
a(alala a
bla|la|a a
clafal{ab}a
d|a|a]{ab} | {a,b}

One can easily check that {a}, {a, b}, {a, ¢}, {a,d}, {a.b,c}, {a,b, d} and {a, b, c,d}
are all generalized bi-hyperideals of H and {a}, {a,b}, {a,b, ¢}, {a, b, d} and {a, b, c, d}
are all bi-hyperideals of H.

Define a fuzzy subset A of H by

Aa) =08, Ab)=0, Ac)=04, Ad) =0.
Then, we have
{a,c} if0<t<0A4,
Ulhit)={ {a} if04<1<08,
0 if 08<t<l,

Thus by Theorem 5.4.5, A is an (€, € Vi )-fuzzy generalized bi-hyperideal of H
for every k € [0,1) but A is not an (€,€ Vg,)-fuzzy bi-hyperideal of H, becanse
U(A;0.4) = {a,¢} is a generalized bi-hyperideal of H but not a bi-hyperideal of H.

5.4.T Lemma

Buery (€, € Vqi)-fuzzy generalized bi-hyperideal of a regular semihypergroup H is an
(€, € Vas)-fuzzy bi-hyperideal of H.



Proof. Let A be an (€, € Vg )-fuzzy generalized bi-hyperideal of H and o,b € H.
Then there exists z € H such that & € bo z o b. Thus we have

aobCac(boxob)=ac(box)obh.

Thus
inf (A2} 2 _inf (M)} 2 min{Aa), Mb), o).

This shows that A is an (€, € Vi )-fuzzy subsemihypergroup of H and so A is an
(€, € Vg )-fuzzy bi-hyperideal of H. O

5.5 (€,€ Vg.)-fuzzy interior hyperideals
5.5.1 Definition

A fuzzy subset A of a semihypergroup H is called an (€, € Vg )-fuzzy interior hyper-
ideal of H if for all z,y,a € H and t,r € (0, 1] the following conditions hold;

(1) o € A and yr € A — (2)minftr) € VG for every z €z oy,

(2) ay € A — uy € Vi) for every w € zoaoy.

5.5.2 Theorem
Let A be a non-empty subsel of H and A be a fuzzy subset in H such that

2Lk fzeA
AE) { 0 ’ otherunse.

Then

(1) If A s an interior hyperideal of H then ) is a (q,€ Vqi)-fuzzy interoir
hyperideal of H.

(2) A is an interior hyperideal of H if and only if A is an (€, € Vi) -fuzzy interoir
hyperideal of H.
Proof. The proof is similar to the proof of Theorem 5.1.2. O
5.5.3 Corollary

(1) If a non-empty subset A of a semihypergroup H is an interior hyperideal of H
then the characteristie function of A 15 a (g, € Vg)-fuzzy mterior hyperideal of H.
(2) A non-empty subset A of a semihypergroup H 15 an intervior hyperideal of H
if and only 1f Ay 15 a (€, € Vq)-fuzzy interior hypenideal of H.
If we toke k = 0 in Thoerem 5.5.2, then we get the Theorem 4.1.19
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5.5.4 Theorem

A fuzzy subset A of a semihypergroup H is an (€, € Vi )-fuzzy interior hyperideal of
H if and only if it satisfies the follounng conditions,
(1) .“:L{Mz}} > min{A(x), A(y), 555} for all 2,y € H.

(2) “iﬂi;"{)u[w]} > min{A(a), 5%} for all a,x,y € H.
Proof. The proof is similar to the proof of Theorem 5.1.4. 18]
5.5.5 Lemma

The intersection of any family of (€,€ Vqi)-fuzzy interior hyperideals of a semihy-
pergroup H is an (€, € Vi )-fuzzy interior hyperideal of H.

Proof. Straightfoward. O
5.5.6 Theorem

A fuzzy subset X of a semihypergroup H is an (€, € Vqy)-fuzzy interior hyperideal of
H if and only 1f U(X;t)(# 0) ts an interior hyperideal of H for all t € (0, 15%).

Proof. The proof is similar to the proof of Theorem 5.1.5. (]
5.5.7 Lemma

Every (€, € Vqu)-fuzzy hyperideal of a semihypergroup H is an (€, € Vq)-fuzzy in-
terior hypendeal of H.

Proof. Let A be an (€, € Vg)-fuzzy hyperideal of H. Then

nf {\@)} 2 min{A(z), 5} 2 min{A(2), Aw), 5 ).
Thus A is an (€, € Vgy)-fuzzy subsemihypergroup.

Let z,a,y € H. Then for w € zcaoy = zo (acy), so there exists = € aoy, such
that we zoz.

Thus
J0f {A(w)} 2 min{A(2), —}
= A(w) > min{A(2), T}‘ (*)
Asz€aoy so

Juf {A(7)} 2 min{A(a), —2'

-k
2 K

= Mz) > min{A(a),
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= min{A(z), 155} > min{A(a), 5= ).

Thus from (*) we have

Mw) > min{A(a), - ks,

= Wiﬂ'm{l{w}} > min{Aa), '3 }. Hence A is an (€, € Vg, )-fuzzy interior hyperideal
of H. 0

The following example shows that an (€,€ v )-fuzey interior hyperideal of H
need not be an (€,€ Vq)-fuzzy hyperideal of H. Also union of (,€ Vi )-fuzzy
interior hyperideals of H need not be an (€, € Vg, )-fuzzy interior hyperideal of H.

5.5.8 Example

Let H = {a,b,c,d} be a semihypergroup with the following multiplication table:

olal|b|e i
a|lalala a
bla|a|{aed}|a
cClalala i
dlalala a

Then the interior hyperideals of H are {a}, {a, b}, {a,c}, {a,d},{a,b.d}, {a, ¢, d}
and H but {a,b} is not a hyperideal of H. Define fuzzy subsets A, u of H by

AMa) = 08=A(), Alc)=0=Ad);
pla) = 08=up(c), p(b)=0=p(d).

Then we have

o [ {a,b} if0<t<08,

UU"”"{ 0 if 08<t<L.

) {a,e} f0D<t <08,

U{“*‘}“{ 0 fo08<t<l
Thus by Theorem 5.5.6, A, u are (€, € Vgi)-fuzzy interior hyperideals of H for
every k € (0,1]. But U(AV u;t) = {a,b,e} if t € (0, 25%] for k = 0.4, which is not an
interior hyperideal of H, so AV p is not an (€, € Vg, )-fuzzy interior hyperideal of H.

Also ) is not an (€, € Vi )-fuzzy hyperideal of H because {a, b} is not a hyperideal
of H.
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5.6 (¢, e vqe)-fuzzy quasi-hyperideals
5.6.1 Definition

A fuzzy subset A of a semihypergroup H is called an (€, € Vi )-fuzzy quasi-hyperideal
of H, if it satisfies,

1-k

M) 2 min(1 0 A)(x), (Ao 1)(x), 5~

5.6.2 Theorem

Let ) be an (€, € Vi) -fuzzy quasi-hyperideal of H. Then the set
Ao ={z € H | Az) > 0}

is a quasi-hyperideal of H.

Proof. In order to show that A; is a quasi-hyperideal of f{, we have to show that
HodgNgoH C Xg. Leta € HodgNAgo H. Thismeansa € HoAgand a € Age H. So

acsoxanda€yot for some st € H and z,y € Ap. Thus A(z) > 0 and A(y) > 0.
Since

I

(10A)(a) \/ {1(s) AA(z)}

aasr

{1(s) A A(z)}
(1AA@)}
Alz).

o

I

Similarly (Ae 1){a) = My).
Thus
: 1 -k
AMa) 2 min{(10 A)(a),(Ae1}(a), —2-—}
win{A(z), A, 5}
> 0 because Mz) > 0 and Aly) > 0.

v

Thus a € Ay. Hence )g is a quasi-hyperideal of H. O
5.6.3 Lemma

A non-empty subset () of a semihypergroup H 18 a quagi-hyperideal of H of and only
if the characteristic function Mg of @Q 15 an (€, € Vai)-fuzzy quasi-hyperideal of H.
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Proof. Suppose @ is a quasi-yperideal of H and Ag is the characteristic function
of Q. Letzre H Ifz ¢ Qthenc ¢ HoQorz ¢ Qo H. Thus (10 Ag)(z) = 0
or (Ag e 1){z) = 0 and so min{(10 Ag)(z), (Ag o 1)(z), Bk} =0=Jglz). HzeQ
then Ag(z) =1 > min{(10 Ag)(z), (Ago1)(z), 555}. Hence Ag is an (€, € Vi )-fuzay
quasi-hyperideal of H.

Conversely, assume that Ag is an (€, € Vq,)-fuzzy quasi-hyperideal of H. Then Q
is a quasi-hyperideal of H, by Theorem 5.6.2 O

H.6.4 Theorem

Buery (€, € vau)-fuzzy left (right) hyperideal X of H is an (€, € Vau)-fuzzy quasi-
hyperideal of H.

Proof. Let A be an (€, € Vqu)-fuzzy left hyperideal A of i and z € H. Then
(ted)(z) = \/ (1w ArE} = A=)

TEyox TEyoz

This implies that

1~k 1-k
(LoA)(z) A 7 = (V;&{:} ﬁ.—-i—

TEYoz

v {A (5) A 1—;—"’}

< Vi@
zEyo:

( Since A is an (€, € Vi )-fuzzy left hyperideal of H, )

SO IE;L,\{::} 2 Mz n £
So (1o @A~ < \/ Afz) = A(a).

DEyc:

Hence A(z) 2 (10 A)(x) A 5% > min{(1 0 A)(z),(Ao 1)(z), 55}. Thus A is an

(€, € Vi )-fuzzy quasi-hyperideal of f. O
5.6.5 Lemma

Every (€. € vqi)-fuzzy quasi-hyperideal of o semihypergroup H 1s an (€, € v, )-fuzzy
bi-hyperideal of H.
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Proof. Suppose A is an (€, € vy )-fuzzy quasi-hyperideal of semihypergroup H. Let
x,y € H. Now for every a € x oy, we have

Ala) 2 min{(1e A)(a), (Ao 1)(a), ?}

Lv {uxm:w}] AV {A{z}nuyn]nl—;f

Exoy o roy

2 (1@ AW A (AR AL} A 5

2
> (1AW A PE@ApaLE

= A{y]hl{:r}ﬁl—;-—k-,
So ngz{y{lfa}} > min{A(z), A(y), 15*} for all z,y € H.

Also for all x,y, 2 € H and for every w € z o yo 2, there exists @ € z o y such that
w € aoz. Also there exists b € y o z such that w € z o b, Thus

Aw) 2 min{(1o A)(w), (Ao 1)(w), %}

{ V {1@) A{:}}} A LV M)Al EbJ}J N

WEass Exob
{1{a) AX(2)} A {Mz) A 1(B)} A 1—;—#

> (1A} A (M) A t}n%

1-k
= A{:JHA[I]A-E—

v

So inf {Mw)} > min{A(xz), A(z), 5—;—‘-‘} for all 2,y,2 € H. Thus A is an (g,€

WEropor

Vau)-fuzzy bi-hyperideal of 4. @)
The following example shows that the converse of the above Theorem is not true.

5.6.6 Example

Consider the semihypergroup H = {a, b, ¢, d} with the following table:

o(alb|e o
alalala a
blalala a
clalala {a, b}
dia|la]{eb}| {abc}
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One can easily check that {a, ¢} is a bi-hyperideal of H but not a quasi-hyperideal
of H.

Define a fuzzy subset A of H by
Ala) = 0.8 = A(e), A(b) = 0= A(d).

Then A is an (€, € Vg )-fuzzy bi-hyperideal of H for every k € [0,1) but not an
(€,€ Vau)-fuzzy quasi-hyperideal of H. Because (1o A)(b) = 0.8 = (Ao 1)(b) but
A(b) = 0 2 min{(1 0 A)(d), (A o 1)(b), :5*}.

5.7 Regular semihypergroups

In this section we characterize regular semihypergroups by the properties of their

(€, € Vi )-fuzay hyperideals, (€, € Vi )-fuzzy quasi- hyperideals and (€, € Vg )-Tuzzy
bi-hyperideals.

5.7.1 Definition

Let A, u be fuzzy subsets of H. We define the fuzzy subsets Ay, A Ay g, A Vi p and
Aoy i of H as follows:

1-k

A(z) Alx) A -

I

(M) = (ame)aE

(Verla) = (AVa) A=

(Ao u)(z) = (Aopu)(z)A =
5.7.2 Lemma

Let At be fuzzy subsets of H. Then the following hold.
(1) (A Aw k) = (he A o)
(2) (A Vi p) = (A V i)
(3) (Aoe u) = (A o).

Proof, Let x € H.

forallz e H.



(1)

(A Ag pe)(2)

(A Ve p)(x)

= MARE A

AMz) A p(z) A l;—k

(}.{x} A %) A (p.(r:! e ;j’)

Ai(2) A ()
(A A ) ().

o

(v a)@) A L2

() v ) A

(uﬂn%;)v@umlgﬁ

Ael) V pae(z)
(Ae V gy ) ().

o

() fz¢yozforall y,z € H, then (Ao pu)(z) =0. Thus

k

(Aox W)(a) = (Ao p)(s) A —= =0,

If # € yoz for some y,z € H, then

(Aog p)(z)

I

(Row)(z) A -

Lv {A(mmt{zn}l A

Eyoe

V (0w aneiatsE)

rTEYes

V {i{y}mt{z}h!;}

rEYor

1-k 1-k
ﬂ\!"{(l{ﬂ A T) A (F(*?} A—g
V M) A (2)}

TEYo:

(Ak o e )(z).

)}

112
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5.7.3 Lemma

Let A and B be nonempty subsets of a semihypergroup H. Then the following hold.
(1) (As Ak As) = (Aana)k
(2) (Aa Vi Ag) = (Maus)k
(3) (AaoxAr) = (Aaon)k

Proof. Straightforward, O

Next we show that if A is an (€, € Vg, )-fuzzy left (right) hyperideal of H# then A,
is a fuzzy left (right) hyperideal of H.

5.7.4 Lemma

Let A be an (€,€ Vai)-fuzzy left (right) hyperideal of H. Then M is a fuzzy left
(right) hyperideal of H.

Proof. Let A be an (€, € Vi )-fuzzy left hyperideal of H. Then for all .y £ H, we
have inf {A(z)} = A(y) A 155, This implies that
a4 ¢

B 1—-k 1 -k

1#‘5"“&]} A 2 2 My) A —5
So iegzu{l*[z]} > Aily). Thus Ag is a fuzzy left hyperideal of H. O
5.7.5 Lemma

A nonempty subset L of H 1s a left (right) hyperideal of H if and and only if (Ap)s
i an (€, € Vi )-fuzzy left (right) hyperideal of H.

Proof. The proof follows from Theorem 5.2.2, O
5.7.6 Lemma

A non-empty subset ¢ of a semihypergroup H is o quasi-hyperideal of H if (Ag)i is
an (€, € Vai)-fuzzy quasi-hyperideal of H.

Proof. The proof follows from Theorem 5.2.2. O
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5.7.7 Proposition

Let A be a fuzzy subsemihypergroup H. Then Ao A < Ay,

Proof. Let A be a fuzzy subsemihypergroup H, If A, = 0, then
(Ao A)(z) = 0< Mzx).

If A; # 0, then{X op A)(z) = (Ao p)(x) A L;L‘ As ) is a fuzzy subsemihypergroup
of f, so for each x € yo z,

Alz) 2 min (A(y), A(z)}, forall y,2€ H.
This implies that

= =
Mlz) = Az) A 1—2— > min {l{y],.\{zLITk} , forall y,z€ H.

Hence (Aok A)(z) = (Ao p)(z) A L% = \/ min {A(y), A(2), 55} < Milx). Thus,

EEYyoz

Ao d < A a

Next we characterize regular semihypergroups by the properties of (€,€ Vqi)-
fuzzy hyperideals, quasi-hyperideals, bi-hyperideals and generalized bi-hyperideals.

5.7.8 Lemma

Let A be an (€, € Vi )-fuzzy right hyperideal and p be an (€, € Va,)-fuzzy left hyper-
ideal of a semihypergroup H. Then Aoy u < A Ag p.

Proof. Let A be an (€, € Vg )-fuzzy right hyperideal and y be an (€, € Vag)-fuzay
left hyperideal of H.

Let y,z € H. Then for every a € y o 2 we have
1-k
(Aoppl)(a) = (Aopu)la)A —

( V (W) hﬂ{:}}) pi=t

QEYoZ

2
V (00 asera )

aEyas

V {(l{y]n Lﬂéﬁ)ﬂ(p(;}hlgk)hl;k}

agyo:

V {).ga}m{am-‘-;—*}_

aEyas

1A



Thus
o) < V. {Ma) ruia A 155
= Aa)Aula)A L;-f
= (A Axp)(a).
So (A ox ) < (A A ). o

5.7.9 Theorem
The following statements for a semshypergroup H are equivalent:

(1) H ts regular.

(2) A Mg = Xog p for every (€, € Vii)-fuzzy right hyperideal X and every (€, €
Vi )-fuzzy left hyperideal p of H.
Proof. (1) = (2) Since H is regular, so there exists ¥ € H such that a € aczoa =
(a0 zx)oa. Thus there exists some 3 € ao x such that e € Foa. So

(orw)a) = (Aoua)A =t

= (V {»\tclnn[d)}) A

aceod
1-k

2 {MB)Ap(a)} A 5
Since # € aex and A is an (€, € Vg )-fuzzy right
hyperideal of H, so Lzéfd{);(;}} 2 AO) A 15E
T
therefore A(8) > A(8) A 5.

Therctore (\ox w(e) > {Ma) A 15 Au@} a15E

= P@An(@)a st

= (AAws)(a)

So Aoy p > AN p. But by Lemma 5.7.8, Aop t € A Ag . Hence A A = Aoy .
(2) = (1) Let R and L be right and left hyperideals of H. Then by Lemma 5.7.5,

(Ar)k and (Ap)x are (€, € Vi )-fuzzy right and (€, € Vg )-fuzzy left hyperideals of H,
respectively. Thus by hypothesis

(Aror)k = (Arox AL
(ArAeAr) by (2)

= (Apni)

I
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This implies RN L = Ro L. Hence it follows [rom Proposition 3.2.5 that H is
regular. [

5.7.10 Theorem

For a semihypergroup H, the follownng conditions are equivalent:

(1) H is regular.

(2) (NAe A ) < (Ao o v) for every (€, € Vau)-fuzzy right hyperideal A, for
every (€, € Vg )-fuzzy generalized bi-hyperideal p and for every (€, € Vi )-fuzzy left
hyperideal v of H.

(3) (A A v) < (Aog o) for every (€, € Vau)-fuzzy right hyperideal A, for
every (€, € Vai)-fuzzy bi-hyperideal p and for every (€, € Vgy)-fuzzy left hyperideal
v of H.

(4) (A i Ak v) < (Aox oy v) for every (€, € Vay)-fuzzy right hyperideal , for
every (€,€ Vaqi)-fuzzy quasi-hyperideal p and for every (€, € Vau)-fuzzy left hyper-
ideal v of H.

Proof. (1) = (2) Let A,  and v be any (€, € Vg, )-fuzzy right hyperideal, (€, € v )-
fuzzy generalized bi-hyperideal and (€, € Vg )-fuzzy left hyperideal of H, respectively.

Let a € H. Since H is regular, so there exists x € H such that a € aozxca = (aox)ca.
Thus there exists 7 € a o x such that a € Joa. So

(Aopuorv)(a) = (Aopor)(a)A o

( V {\8)A (wov) {u}}) N

o Son

(AE) A (wov) (@) A 5

(Sil’iﬂﬁ ﬂE;EI{A(ﬁ}} = Aa) A 1—;,5 )

so, Aoruort)a) = (Xa) EE Awen@atss 0

IV

Since a € aozroa = ao(zoa), so there exists ¥ € zoa, such that a € aoy. Thus

(pov)(a) = \/ {ula)rv()}

> {u(a) Av() |
(because *E::L{k{ﬂ} >wla)A 1—;—'&)
1-k

= (Hfﬂ-} A (a) A —2—)
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Thus substitiuting value of (g o v) (a) in (i), we have

(Aog pog v)(a) > (A{a} A l;—k) A (.ulfa} Awv(a) A -l—;—k)

= () A pefia) Aesrad) A %

= (AAxpAprv)(a).

(2) = (3) = (4) Straightforward,

(4) =+ (1) Let A and v be any (€, € Vi )-fuzzy right and (€, € vqu)-fuzzy left
hyperideals of I, respectively., Since "1" is an (€, € Vaqu)-fuzzy quasi-hyperideal of
H, so by hypothesis, we have

(A A v)(a) A %

(AAn1Av)(a)A %ﬁ
(A Ax 1 Ag v)(a)
(Ao 10, v)(a)

1—k

(Aolow)a) A ——

(v {{Ml}tb}w{f}}) e

Ehoc

(A Ak v)(a)

I

I

Al

]

(ﬂs (Ae )=\ {Ap) A iiq}}) :

bEpuy
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( V ()2 1{q}}) A v{c}}) A
aEboe bEpog

( \/ J-.{p]) A r:l:r:j}) A L;—’“
biEpag
N

\/ {Mpm‘-—;f}) nv{n}}) At

bEpog

Il

]
ﬁﬁ{-—ﬁ\ﬁf"-\
m
3

Since A is an (€, € Vi )-fuzzy right hyperidealof H, so
l'EEnI" {AB)} = Alp) A % that is
oy

Alb) 2 A(p) A L35 forevery be poy.
Hence

(AAev)(a) < ( \V (e A u{ca}) nt

e e

( \/ A®) M{c}) A ’2;"

agboc

= (Aopw)(a).

Thus it follows that A Ay v < Aoy v for every (€, € Vi )-fuzzy right hyperideal
A of H and for every (€, € vgi)-fuzzy left hyperideal v of H. But by Lemma 5.7.8.
ANty > dogw. So AAy v = Ao, v. Hence by Theorem 5.7.9, H is regular. O

5.7.11 Theorem

For a semihypergroup H, the following conditions are eguivalent:
(1) H s regular.
(2) Ae = (Aog Loy A) for every (e, € Vo) -fuzzy generalized bi-hyperideal A of H.
(3) A = (Aog 104 A) for every (€, € Vaqu)-fuzzy bi-hyperideal X of H.
I:“} Ju.t = {l o 1oy Ji;l fl‘.'-lr EvETY {E, € Vq,;}-ftmy qum-hmdﬁui A ﬂf H.

Proof. (1) = (2) Let A be an (€, € vq J-fuzzy generalized bi-hyperideal of H and
a € H. Since H is regular, so there exists £ € H such that a € aozog = (aoz)oa.
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Thus there exists € a oz such that a € o a. So

(AoplogA){a) = (AoloeA)(a)n 1—;—1:

(“E\!M{{Au 1)(8) M{nl}) N

> (Ae1)(B) AM@ AT

LV (Ma) A 1{3)}) A (a) A 1—;1

e

I

> {AMa)Al(z)} AA(a)A l—;.—"f

{l{a]hl}h}u[u}n-l;—k

/"u‘ [HJ ,

Il

Thus {}i o 1 op }i] 2 A
Since A is an (€, € Vi )-fuzzy generalized bi-hyperideal of H. So we have

(AoloA)(a)A 1—};—&

( Y {mnr.—-:}m:yj}) At

aExoy

( V {( V ()2 n:qn) Mtw}) At
oEToY TEpoy

(ul,{(.i{*”)" 1}) M{m}) AL

Vv { V “[F]h.}.{y}}) i %

cxoy L rEpog

V { V {Atmmty}}n%}

aEray

( Since a € pogoy and X is an (€, € Vg )-fuzzy )

1:.-\ o 1o l}{ﬂ.}

I

I

generalized bi-hyperideal of H so
i -k
LU {M@)} 2 {Mp) A AW} A S
Thus (Ao 10x A)(a) € Ma) A 355 = Ay (a) . This implies (Aog 10x M) < Ay Hence
Ae=(Now Tog A).
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(2) = (3) = (4) are obvious.
(4) = (1) Let A be any quasi-hyperideal of H. Then A, is an (€, € Vqu)-fuzzy
quasi-hyperideal of H. Hence, by hypothesis,

(Aade = (Aaox Lok Ag) = (Aa ok Ay ok Aa) = (Adoson )i

This implies A = Ao H o A Hence it follows from Proposition 3.2.4, that H is
regular. O

5.7.12 Theorem

For a semihypergroup H, the following conditions are equivalent:

(1) H 1s reqular,

(2) (Mg p) = (AogpuogA) for every (€, € Vi) -fuzzy quasi-hyperideal A and every
(€, € Vi) -fuzzy hyperideal i of H.

(3) (AAk ) = (Ao perA) for every (€, € Vi )-fuzzy quasi-hyperideal A and every
(&, € Vi) -fuzzy interior hyperideal p of H,

(4) (A Ak p) = (Nog oy A) for every (€, € Vagi)-fuzzy bi-hyperideal A and every
(€, € Vigu)-fuzzy hyperudeal p of H.

(5) (M A ) = (Aox o4 A) for every (€, € Vay)-fuzzy bi-hyperideal A and every
(£, € Vg )-fuzzy interior hyperideal p of H.

(6) (A Ax i) = (Neg pog X) for every (€, € Vi )-fuzzy generalized bi-hyperideal A
and every (€, € Vau)-fuzzy hyperideal p of H.

(T) (A Ak ) = (Ao pog A) for every (€, € Vi )-fuzzy generalized bi-hyperideal A
and every (€, € Vqi)-fuzzy interior hyperideal p of H.

Proof. (1) = (7) Let A and g be any (€, € Vg )-fuzzy generalized bi-hyperideal and
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(€. € Vagu)-fuzzy interior hyperideal of H, respectively. Then

1-k
2

-

(Aok oy A)(a) = (Aopod)(a)A

< (Ao lo};}{ﬂ]h#

( V(e Uir}ﬁliy}}) ﬂ——k

BExoy

(¢ (oo

2
(m}:/uy { (,L{*W A 1}) A Jk{y}}) _E_lg
( Vv { V {A{ijm}) n_E{c_

aExey \ cepog

=V {V{A{pmm}a——}.

aExay \ xEpoy

Il

Il

Since a € pogoy and A is an (€, € Vai)-fuzzy generalized bi-hyperideal of H so

A @) 2 ) Aam) A 2K

Thus

(A ok pop A)(a)

1A

1-k
Ma) A ——
Y pens
< A{a}h%
= -!".g-'l:ﬂ‘.:],
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Thus (A ek pog A){a) < Ai(a). Also
(Aog poe A)(a) < (logpogl)a)
= {10;10]}{:‘:]&1—;"&

= (V {ummmmn%%

Since a € x oy but for x € po g, we have
(lop)(z) =\ {1(0) A ue)}

TEpoy

(u}!my { (;y,,w“{*"’ ) ﬁ“(‘?”) A 1(?]}) A
(&E\fy{ Vi np{q}}) M}) k=

(«b,(,, {!X‘#(q)}) et
vV {Hiﬁ'l A L;_‘f}

o< royCpegoy

(o

—k

|
>
H|

Il
mi

I

Since p is an (€, € v, )-fuzzy interior hyperideal of H, so there exist r, 5,0 € H
such that _Eilggm{.u(z}} > u(B)AE, Thus p(a) = p(g)A*5E. But a € zoy C (pog)oy,
because z € p o g, therefore,

(Aovpor ) <\ {*‘fﬂ“ij}

sEpagoy

1—-k
= ula) A~ = a).
Hence (A oy puog A) < (Mg A ) = (A Ax p).
Now let a € H. Since H is regular, so there exists € H such that
a€aocrca=ac(roaozoa) Thus there exists y € roaox, and § € y0a
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such that a €ao 3. So

(Aogpop A)a) = (Aopo ) a)A —k

Il

V {Ma) A (po A}m})

Eacd
> {Mﬂ}ﬂ{uol}{ﬂ]}ﬁ—z—k
-k

deqen
Since every (€, € Vi )-fuzzy hyperideal of H is
an (€, € Vi )-fuzzy hyperideal of H
so inf {u(y)} > pla) A 5E.
yEEeany
1—-&

= .r‘l.i:ﬂ}ﬁ (p{ﬂ} M Lé—k- M Ji{ﬂ}) M T

Ala) A p(a) A %
= (A A p)(a).

So (Aog pwog A) = (A A, ). Hence (A oy pog A) = (A A p).

(7) = (5) = (3) = (2) and (7) = (6) = (4) = (2) are obvious.

(2) = (1) Let A be any (€, € Vg )-fuzay quasi-hyperideal of H. Then, since "1" is
an (&, € Vi )-fuzzy two-sided hyperideal of H, we have

Ma) = Aa) Ay
= (\AD)(@)A %
= {)1. Mg 1]{&}
= I:JI. Oy 1 Oy -\}[ﬂ-}
Thus it follows from Theorem 5.7.11 that H is regular. 0

5.7.13 Theorem

For a semihypergroup H, the following conditions are equivalent:

(1) H is reqular.

(2) (A Ak p) < (Mo p) for every (€,€ Vau)-fuzzy quasi-hyperideal A and every
(€, € Vai)-fuzzy left hyperideal p of H.

(3) (A Ak ) < (Aow p) for every (€,€ Vau)-fuzzy bi-hyperideal A and every
(€, € Vi )-fuzzy left hyperideal p of H.
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(4) (A A ) < (Ao ) Jor every (€, € Vi )-fuzzy generalized bi-hyperideal ) and
every (€, € Vg )-fuzzy left hyperideal p of H.

Proof. (1) = (4) Let A and u be an (€, € Vg )-fuzzy generalized bi-hyperideal and
any (€, € Ve )-fuzzy left hyperideal of H, respectively. Let a € H. Since H is regular,
so there exists x € H such that a € aozoa = ao(zoa). Then there exists § € roa
such that a € a o 3. Thus we have

(Aown)(a) = (o)A +5"

- ( \/ {}l[u]h;l{ﬂ}}) n#

niand
> M) Au(B)A 52

> Aa) A ula) n% l-g_" (because 8 € z 0 a.)
= MANERA 1_%_1:
= (\Acu)(a).

So (Aox 1) 2 (A Ax p).

(4) = (3) = (2) are clear.

(2) = (1) Let A and p be an (€, € Vg )-fuzzy right hyperideal and any (€, € Vi )-
fuzzy left hyperideal of H, respectively. Since every (€, € Vi )-fuzzy right hyperideal
of H is an (&, € Vi, )-fuzzy quasi-hyperideal of H. So (Aoy u) > (A Az ). By Lemma
5.7.8, Aop pu < A A p. Thus (A oy ) = (A Ay p) for every (€, Vagi)-fuzzy right
hyperideal and for every (€, € vg,)-fuzzy left hyperideal of H. Hence by Theorem
5.7.9 H is regular. O

5.8 Intra-regular semihypergroups

Recall that a semihypergroup H is intra-regular if for each a € H, there exist .y € H
such that @ € roaoaocy In general neither intra-regular semihypergroups are
regular nor regular semihypergroups are intra-regular semihypergroups. However, in
commutative semihypergroups both the concepts coincide.

5.8.1 Theorem

For a semihypergroup H, the following conditions are equivalent:

(1) H s intra-reqular.

(2) (A Aw ) < (Ao ) for every (€, € Vay)-fuzzy left hyperideal A and every
(€, € Vigu)-fuzzy right hyperideal y of H.
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Proof. (1) = (2) Let A be an (€, € vy )-fuzzy left hyperideal and p be an (€, € V-
fuzzy right hyperideal of H. For a € H, there exist z,y € H such that a € roaoaoy =
(roa)o(aoy). Thus there exists f € roaand yEacy, suchthata e Jory.

Thus

(Ao p)(a) A -1—;_”‘

( V A A#(fi}}) A

A cad
1 -k

(Ao pi)(a)

= (AP A p(n)} A
Since 3 € zoa and A is an (€, € Vg }-fuzzy left hyperideal of H,
so miE::L{A{:}} > Ma) A 155, Thus A(8) > AMa) A 15*.

Also since u is an (€, € Vg )-fuzzy right hyperideal of H,
so_inf {u(z)} 2 pla) A 5% Thus a(y) = ula) A 45

{(A{u)n-l—g—k) A (p[a]nl;k)}h 1;*

= Ala) A pla) A 1—;—'&
= (A A p)(a).

(A ok p) = (XA p).

{(2) = (1) Let R and L be right and left hyperideals of H. Then by Lemma 5.7.5,
(Ar)e and (Ap)e are (€, € Vi )-Tuzzy right and (€, € Vg, )-Tuzzy left hyperideals of H,
respectively. Thus by hypothesis we have

I

(Azor)k = (ArokAr)
:3 {J\.L i"'l.k f“-_ﬂ}
= (Aznme-
Thus LN R € Lo R. Hence it follows from Theorem 4.3.3, that H is intra-
regular. O

5.8.2 Theorem

The follounng conditions are equivalent for a semihypergroup H.
(1) H s both reqular and intra-reqular.
(2) Aop A = Ay for every (€, € Vau)-fuzzy quasi-hyperideal A of H,
(3) Aog A = My for every (€, € Vi )-fuzzy bi-hyperideal X of H.
(4) Nog o = A g p for all (€, € vau)-fuzzy quasi-hyperideals A,y of H,



126

(5) Aop > XAy p for every (€, € Vau)-fuzzy quasi-hyperideal ) and for every
(€, € Vi) -fuzzy bi-hyperideal p of H.
(6) Aok gt 2 X Ag p for all (€,€ Vay)-fuzzy bi-hyperideals \, i of H.

Proof. (1) = (6) Let A, u be (€, € vy )-fuzzy bi-hyperideals of H and a € H. Then
there exist z,y, 2 € H such that a €aozxoaand a € youoaoz. So

a aozrca

acreacroa
(aozx)oao(zoa)
aoro(yoaocaoz)oroa

(a0zxoyoca)o(avzozoa)

nwmnmm

Thus there exist p€ roy, g€ zozr,bc€aopoaand c €aogoa such that a € boe.
Therefore

(orwa) = (op)a) A 152

( V (@ Ml(a}l}) L
i dioir

PO AuE) A

Since b€ acopoa and A is an (€, € Vg )-fuzzy bi-hyperideal of H,
we have nEigL{A[n]} > min{A(a), Ma), }5%}.

Thus A(b) > min{A(a), 5*}.
Similarly u(c) > min{u(a), ¢},

> [(A[a]ﬂlgk)ﬂ(p(a]h];k)]h 1;"

= @) Au(@)] A 5 = (A Acs)(a).

]

v

Thus Aoy p > A Ay p for all (€, € v )-fuzzy bi-hyperideals A, u of H.

(6) == (3) =+ (4) are obvious.

(4) = (2) Take A = p in (4), we get Aog A > Ay Since every (€,€ Vqu)-fuzzy
quasi-hyperideal is an (€, € Vg, )-fuzzy subsemihypergroup, so A op A < A.. Hence
A O X = .Ju-.

(6) = (3) Take A = u in (6), we get Aog A > A Since every (€,€ Vg )-
fuzzy bi-hyperideul is an (€, € Vg, )-fuzzy subsemihypergroup, so A og A < A.. Hence
Aog X = A,

(3) = (2) Obvious.
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(2) = (1) Let @ be a quasi-hyperideal of H. Then by Lemma 5.6.3, A; is an
(€.€ Vae)-fuzzy quasi-hyperideal of H. Hence, by hypothesis, Ag ox Ag = (Ag)s.

Thus (Ageg)i = Agox Ag = (Ag)x implies Qo Q = Q. So by Theorem 3.2.8, § is both
regular and intra-regular. O

5.8.3 Theorem

The following conditions are equivalent for a semihypergroup H.

(1) H is both regular and intra-reqular.

(2) (Aok ) A(pok ) 2 XAy for every (€,€ Vau)-fuzzy right hyperideal ) and
for every (€, € vai)-fuzzy left hyperideal p of H,

(3) (Aowp) A{por A) > A Ak for every (€, € Vi) -fuzzy right hyperideal A and
for every (€, € gy )-fuzzy quasi-hyperideal p of H.

(4) (Aok ) Alpox A) 2 AAg u for every (€, € Vai)-fuzzy right hyperideal A and
for every (€, € Vagi)-fuzzy bi-hyperideal u of H.

(5) (Aokp) Aluor A) 2 AAg p for every (€, € Vau)-fuzzy right hyperideal A and
for every (€, € Vgi)-fuzzy generalized bi-hyperideal y of H.

(6) (Ao ) A (ox ) > A Ay p for every (€, € Va)-fuzzy left hyperideal A and
for every (€, € Vai)-fuzzy quasi-hyperideal ji of H.

(7) (Aox p) A (ox X) > AAy p for every (€, € Vai)-fuzzy left hyperideal A and
Jor every (€, € Vqi)-fuzzy bi-hyperideal p of H.

(8) Aok ) A oe A) = Ay p for every (€, € Vay)-fuzzy left hyperideal A and
for every (€, € Vay)-fuzzy generalized bi-hyperideal p of H.

(9) (Aoep) A (por A) = AAgp for every (€, € Vau)-fuzzy quast-hyperideals A and
uof H

(10) (Aog ) A (ok ) = ANy p for every (€, € Vai)-fuzzy quasi-hyperideal A and
for every (€, € Vagy)-fuzzy bi-hyperideal p of H.

(11) (Aog ) A (op X) = ANk e for every (€, & Vi) -fuzzy quasi-hyperideal X and
Jor every (€, € Vigy)-fuzzy generalized bi-hyperideal p of H.

(12) (Aok p) A(pox A) 2 Ay for every (€, € Vgy)-fuzey bi-hyperideals A and
pof H.

(13) (Aokp) A (ox A) 2 Any i for every (€, € Vau)-fuzzy bi-hyperideal )\ and for
every (€, € Vgy)-fuzzy genevalized bi-hyperideal p of H.

(14) (Aoxp) A(pogd) > AMyp for every (€, € Vai)-fuzzy generalized bi-hyperideals
Aand uof H.

Proof. (I) = (14) Let A, u be (€, € vq)-fuzzy generalized bi-hyperideals of H and
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a € H. Then there exist z,y,2 € H such thata €aoxcaand a € yoacacz So

& & gorxoa

C aozecanroa
(aox)ono(zoa)
gozreo(yocavacz)oroa

| ST I

aozoyoa)o(aczoxoa).
u

Thus thereexist p€E zoy,g€zer,beaopoaandcEacqgoasuch that a € boc

Therefore

(A ok p)la)

Therefore (A oy u)(a)

I

2

(o p)a) At

(\/ {Atd}w{efn) A
asdos

(30 A (@) A 15
[ SincebEaopoaand c€aogoa and A and p are

(€, € Vi )-fuzzy generalized bi-hyperideals of H,
S0 ﬁiﬂﬂa{l[w}} > min{A(z), A(z), 15*} and
il {u(w)} 2 minfu(z), u(2), 54}
\  Thus A(b) = Aa) A 155 so and p(c) > pula) A =%

(@ntzE) A (a1 ;‘:)] iz

M@) A )] A = = (A Au )a).

Similarly we can prove that (pog A) 2> (A A, jt). Hence (Ao pu) A (jrog A) = A A, .
(14) = (13) = (12) = (10) = (9) = (3) = (2),

(14) = (11) = (10),
(14) = (8) = (7) = (6) = (2) and

(14) = (5) = (4) = (3) = (2) are obvious.

(2) = (1) Let A be an (€, € Vg )-fuzzy right hyperideal and u be an (€,€ v )-

fuzzy lelt hyperideal of H.
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For a € H, we have
(hovu)a) = (hou)(a)n 15t

( V () m:{z}}) N

Eyos

V {liy}ﬁ#iz}h-l—;—k}

- V {(0rL5)n (uan 50 a5

(Bmuse .,.iE]:.fnz{Mﬂ)} 2 Ay) A 13 and _E‘JL{P{GJ} = u(z) A l;;) :
Thus

Il

Aarmie) <V {aa)nuta)n 15

aEyoz
1-k

= Aa) A pla) A
= (A M p)(a).

So (Aog p) < (A4 ). By hypothesis (Aog i) > (A As p1). Thus (Ao p) = (AAgp).
Hence by Theorem 5.7.9, H is regular. Also by hypothesis (Ao p) 2 (A Ag p), s0 by
Theorem 5.8.1, H is intra-regular, 0
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Chapter 6

SEMIHYPERGROUPS CHARACTERIZED BY
(€4, €4 Vg;5)-FUZZY HYPERIDEALS

In this chapter we generalize the concept of (€, € Vi )-fuzzy hyperideals of a semiliy-
pergroup H and we define (€., €, Vgs)-fuzzy subsemihypergroup, (€,, €, Vgs)-fuzzy
left (right) hyperideal, (€., €, Vgs)-fuzzy hyperideal, (€., €, Vqg)-fuzzy interior hy-
perideal, (€,, €, Vgs)-fuzzy quasi-hyperideal, (€., €, Vgs)-fuzzy bi-hyperideal and
(€4, €y Vags)-fuzay generalized bi-hyperideal of a semihypergroup M and study some
basic properties. Also we characterize regular and intra-regular semihypergroups us-
ing these notions.

Recall that a fuzzy point z; "belongs to" (resp. "quasi coincident with") a fuzzy
set A, written as x, € A (resp. z,qA) if A(z) > t (resp. AMz)+t>1). Ifz, € A or
g then we write x; € VgA. If 2, € A and zgA then we write z, € Agh. If Mz) <t
(resp. A(z)}+t < 1), then we say that z,E\ (resp. z,4A). Similarly € Vg (resp. EAq)
means that € Vg (resp. € Aq) does not hold.

6.1 (o, f)-fuzzy hyperideals

Throughout this chapter v, 4 € [0, 1] be such that v < § and a, 3 € {€,,q5, €, Vgs, €,
Ags}. For a fuzay point x, and a fuzzy subset A of H, we say

(1) ze e, Mif Mz) 2>t >+,

(2) zegsh if Mz) +1 > 26.

(3) 7 €, Vg if 2, €, A or z.q5).

(4) z¢ €5 AgsA if 2, €, A and z,q4).

(5) z@) if zy0) does not hold for o € {€+, 95, €4 Vs, €4 Ags}.

Let A be a fuzzy subset of a semhypergroup H such that Mz)<d. Letze H
and t € (0.1] be such that z, €, AgsA. Then Az) 2 t>~vand Mz)+t > 2. It
follows that 26 < A(z) +t < A(z) + A(x) = 2A(x), so that A(z) > 4. This means that
{z: : 2 €, AgsA} = 0. Therefore we do not take a =€. Ng;.

6.1.1 Definition

A fuzzy subset A of a semihypergroup H is called an (ar, 8)-fuzzy subsemihypergroup
of Hiffor all z,y € H and t,r € (v, 1] the following condition holds
(1) e, ypad — (2)min{e,118A, for each z € z o .
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6.1.2  Definition
A fuzzy subset A of a semihypergroup H is called an (a, 4)-fuzzy left (resp. right)
hyperideal of  if for all t € (-, 1] and for all z,y € H, we have

(2) yead — 23X (resp, 2,8A) for each = € z oy (resp. for each z & yor).

A fuzzy subset A of a semihypergroup H is called an (o, 3)-fuzzy hyperideal of H
ifit is both (e, 5)-fuzzy left hyperideal and (o, §)-fuzzy right hyperideal of H.

6.1.3 Definition

A fuzzy subset A of a semihypergroup H is called an (a, §)-fuzzy interior hyperideal
of H,if forall ,9,z € H and for all t & (7, 1] it satisfies the following condition:
(3) 2p0d — wyG) for every w € yoz oz

6.1.4 Definition

A fuzzy subset A of a semihypergroup H is called an (ex, B)-fuzzy generalized bi-
hyperideal of H, if for all z,y, 2 € H and for all t,r € (7, 1] it satisfies the following
condition:

(4) 20, Yo0X — (W) ine,} A for every w e zoz 0y
6.1.5 Definition

A fuzzy subset A of a semihypergroup H is called an (e, 8)-fuzzy bi-hyperideal of H,
if it satisfies the condition (1) and (4),

6.1.6 Definition

A fuzzy subset A of a semihypergroup H is called an (a, 8)-fuzzy quasi-hyperideal of
H, if for all x,y € H and for all ¢ € (7, 1] it satisfies the following condition:
(5) @k — z A\ for every z € yo r and 2 Exoy,

6.1.7 Theorem

Let 26 = 14 and )\ be an (o, B)-fuzzy subsemihypergroup of H. Then
Ay={x € H: Az} >1}

is a subsemihypergroup of H.

Proof. Let z,y € A,. Then A(z) > + and AMy) > 7. Suppose that there exists
2 € zoy such that Mz) < 4. If @ € {€,,€, Vg}, then Tazp0A and g g00
but (2)umin{aawyPA for 2 € z oy and for each B € {e€y, 5,6, Vg, €5 A},
a contradiction (because A(z) < ~ < min{A(z), My)} 50 (2)mingr)am A and
Az) + min{Az), A(@)} < ¥ + min{A2), A(y)} < 7+ 1 = 28, 50 (2)mimiage) sy BA).
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Hence A(z) > v, that is 2 € A, for every z € zoy. If a = g5. Then x,g5 and y,g:A (be-
cause A(z)+1 > v+1 = 2§ and A(y)+1 > v+1 = 28). But for z € zoy, z;8A for every
8 € {€4,05,€Eq Vs, €4 Aqs} (because A(z) < 7,50 2€A and AMz) +1 < v+ 1 =24,
s0 7175A). Hence A(z) > 7, that is 2 € A, for every z € z oy, This shows that A, is a
subsemihypergroup of H. O

6.1.8 Theorem

Let 26 = 1+ and A\ be an (o, 8)-fuzzy left (mght) hyperideal of H. Then
A ={z e H:Mz) >}

is a left (right) hyperideal of H.

Proof. Let A be an (a, 3)-fuzzy left hyperideal of H and x € A,. Suppose there
exists y € H such that A(z) < ~ for some 2z € youx If a € {€,,€, Vgs}, then
Zxz)@A, But z € yoz such that A(z) € v < A(z), 50 25z €,A. Also Al2) + Alz) <
v+ Az) €< v+ 1 = 24, 80 2apTeA. This shows that for 2 € yo z, .27;,,{:)35 for every
8 € {€,,45, €4 Vg5, €, Aqs}, which is a contradiction. Hence A(z) >+, that is z € A,
for every z € yoz. If a = g5. Then z,g;A. But there exists z € y o z such that
AMz)<y, 06 and AMz) +1<~v+1=24s0 z;3A Thusforz € yoz, 2,8 for
every J € {€,,qs, €, Vs, €4 Ngs}, which is a contradiction. Hence A(z) > ~, that is
z € A, for every z € y o x. This shows that A, is a left hyperideal of H. O

6.1.9 Theorem

(1) Let 28 = 1+ and A be an (o, 3)-fuzzy generalized bi-hyperideal of H. Then
A, 18 a generalized h-hyperideal of H.

(2) Let 26 = 1+~ and A be an (o, 5)-fuzzy bi-hyperideal of H. Then A, is a
bi-hyperideal of H.

(3) Let 26 = 1 +~ and X be an (o, 3)-fuzzy interior hyperideal of H. Then A, is
an wnterior hyperideal of H.

(4) Let 26 = 1 + v and A be an («, §)-fuzzy quasi-hyperideal of H. Then A, is a
quasi-hyperideal of H.

Proof. (1) Proof is similar to the proof of Theorem 6.1.8.
(2) Proof follows from Theorem 6.1.7 and part (1).
(3) Proof is similar to the proof of part (2).
{4) Proof is similar to the proof of Theorem 6.1.8. O
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6.1.10 Theorem

Let 26 =1+ v and A be a non-empty subset of H. Then A is a subsemihypergroup
of H if and only if the fuzzy subset A of H defined by

J'n[.r}={ >d ifr€A,

<7 otherwise

is an (o, €4 Vs )-fuzzy subsemihypergroup of H.

Proof. Let A be a subsemihypergroup of /.

(1) Let z,y € H and ¢, € (7, 1] be such that 2 €y A, ¥ €, A. Then A(z) 2 t > ~
and My) > r >~. Thus 2,y € A and 50 z € A for every z € zoy, that is A(z) > 4.
If min{t,r} < 4, then A(z) = & > min{t,r} > 7. This implies 2,0, €, A If
min{t,r} > 4, then A(z) + min{t,r} > § + 4 = 26, This implies 204,951 Hence A
is an (€., €, Vay)-fuzzy subsemihypergroup of H.

(2) Let z,y € H and t,r € (v,1] be such that z,qs)\, y-qsA. Then A(z) +t > 24
and A(y) +t > 24. This implies A(z) > 20 -t 2 20— 1 =~ and My) > 20 -1t >
20-1=+,thatisz,y € A. Thus z € A for every z € roy and so A(z) > ~. If
min{¢,7} < 4, then Mz) > § > min{t,r} > 4 and 80 20, €4 A H min{t,r} > 4,
then A(z) + min{t,r} > 8 + 8 = 24. Thus zyin(e,)@sA- Hence A is a (gs, € Vgy)-fuzzy
subsemihypergroup of H.

(3) Let z,y € H and t,r € (4,1] be such that z, €, A and y.qs\ (954 and
Yr €4 A). Then A(x) > ¢ > v and Ay) +t > 26. My) + > 28 implies A(y) > 26—t >
20— 1=+ Thusz,y € A and so = € A for every z € z o y. Analogous to (1) and (2)
we obtain zguye-) €4 VgsA, that is A is an (€, Vau, €, Vg)-fuzzy subsemihypergroup
of H.

Conversely, assume that A is an (o, €, Vqs)-fuzzy subsemihypergroup of H. Then
A=A, It follows from Theorem 6,1.7 that A is a subsemihypergroup of H. O

6.1.11 Corollary

Let 26 =14+ and A be a non-empty subset of H. Then A is a subsemihypergroup
of H if and only if Aa, the characteristic function of A is an (o, €, Vgs)-fuzzy
subsemihypergroup of H.

Similarly we can prove the following Theorem.

6.1.12 Theorem
Let 26 =1+ and A be a non-empty subset of H. Define a fuzzy subset A of H as

_J 26 yzeA,
Az) = { < 5 otherunse

Then
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(1) A ts an (o, €, Vas)-fuzzy left (right) hyperideal of H if and only if A is a left
(right) hyperideal of H.

(2) A 15 an (o, €, Vgs)-fuzzy generalized bi-hyperideal (bi-hyperideal) of H if and
only if A ts a generalized bi-hyperideal (bi-hyperideal) of H.

(3) A s an (a, €, Vgs)-fuzzy interior hyperideal of H if and only if A 15 an
interior hyperideal of H.

(4) A is an (o, €, Vas)-fuzzy quasi-hyperideal of H if and only if A is an quasi-
hyperideal of H.

6.1.13 Corollary

(1) Let 26 =1 + v and A be a non-empty subset of H. Then A 15 a left (right)
hyperideal of H if and only if A,, the characteristic function of A is an (a, €, Vis)-
Juzzy left (right) hyperideal of H.

(2) Let 28 =147 and A be a non-empty subset of H. Then A is a generulized
h-hyperideal (bi-hyperideal) of H if and only if Aa, the characteristic function of A
is an (@, €, Vgs)-fuzzy generalized bi-hyperideal (bi-hyperideal) of H.

(3) Let 26 = 1+« and A be a non-empty subset of H. Then A is an interor
hyperideal of H if and only if Ay, the characteristic function of A is an (o, €, Vig)-
fuzzy interior hyperideal of H.

(4) Let 28 =1+~ and A be a non-empty subset of H. Then A is a quasi-hyperideal
of H if and only if Ay, the characteristic function of A is an («, €, Vas)-fuzzy quasi-
hyperideal of H.

It is easy to see that each (o, J)-fuzzy subsemihypergroup (left hyperideal, right
hyperideal, generalized bi-hyperideal, bi-hyperideal, interior hyperideal, quasi hyper-
ideal) of a semihypergroup H is an (o, €, Vgs)-fuzzy subsemihypergroup (left hyper-
ideal, right hyperideal, generalized bi-hyperideal, bi-hyperideal, interior hyperideal,
quasi-hyperideal) of H.

6.1.14 Theorem

(1) Every (€, Vqs, €4 Vqs)-fuzzy subsemihypergroup of H ts an (€5, €, Vas)-fuzzy
subsemihypergroup of H.

(2) Every (€, Vqs, €, Vas)-fuzzy left (right) hyperideal of H ts an (€. €, Va)-
fuzzy left (right) hyperideal of H.

(3) Every (€4 Vs, €4 Vs )-fuzzy generalized bi-hyperideal (bi-hyperideal) of H is
an (€., €, Vigs)-fuzzy generalized bi-hyperideal (bi-hyperideal) of H.

(4) Every (€, Vs, €4 Vas)-fuzzy interior hyperideal of H is an (€., €, Vq;)-fuzzy
interior hyperideal of H.

(5) Ewery (€, Vas, €, Vas)-fuzzy quasi-hyperideal of H 1s an (€., €, Vag)-fuzzy
quasi-hyperdeal of H.

Proof. The proof follows from the fact that if x, €, X then x; €, Vg, a
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6.1.15 Theorem

(1) Every (g5, €, Vau)-fuszy subsemihypergroup of H is an (€, €, Vas)-fuzzy
subsemihypergroup of H.

(2) Bvery (qs, €, Vas)-fuzzy left (right) hyperideal of H is an (€., €, Vas)-fuzzy
left (right) hyperideal of H.

(3) Bvery (gs. €+ Vqs)-fuzzy generalized bi-hyperideal (bi-hyperideal) of H 1s an
(€4, € Vay)-fuzzy generalized bi-hyperideal (bi-hyperideal) of H.

(4) Every (qs, €, Vgs)-fuzzy interior hyperideal of H is an (€., €, Vqs)-fuzzy
interior hyperideal of H.

(5) Every (s, €4 Vags)-fuzzy quasi-hyperideal of H is an (€., €, Vay)-fuzzy quasi-
hyperideal of H.

Proof. We prove only (1). Proofs of (2), (3), (4) and (5) are similar to the proof of
(1).

Let A be a (gs, €, Vgs)-fuzzy subsemihypergroup of H. Let z,y € H and t,r €
(7,1] be such that z, €, A,y €, A. Then A(z) > ¢ > v and A(y) > r > 7. Suppose
there exists z € z o y such that Zya( € VsA. Then A(z) < min{t,r} and A(z) +
min{t,r} <24 = Mz) < 4. Now max{\(z),7} < min{A(z), A(y),d}. Then choose an
s € (7, 1] such that

26 — max{A(z),7} > s = 26 — min{Mz), My), ¢}.

= 26 — AMz) > 26 — max{Mz),v} > s > max{2§ — A(z), 24 — AM(y).d}.

This implies A(z)+5s > 28, A(y)+s > 26 and A(z)+s < 20 and A(z) < d < 5. Hence
,qs) and y,q5A but 2,E VgsA. This is a contradiction. Hence zqunfery €4 Vs, that
is A is an (€, €, Vgs)-luzzy subsemihypergroup of H. 0

The above discussion shows that every (o, §)-fuzzy subsemihypergroup (left hyper-
ideal, right hyperideal, generalized bi-hyperideal, bi-hyperideal, interior hyperideal,
quasi-hyperideal) of a semihypergroup H is an (a, €, Vgs)-fuzzy subsemihypergroup
(left hyperideal, right hyperideal, generalized bi-hyperideal, bi-hyperideal, interior
hyperideal, quasi-hyperideal) of . Also every (o, €, Vgs)-fuzzy subsemihypergroup
(left hyperideal, right hyperideal, generalized bi-hyperideal, bi-hyperideal, interior
hyperideal, quasi-hyperideal) of H is an (&, €, Vgu)-fuzzy subsemihypergroup (left
hyperideal, right hyperideal, generalized bi-hyperideal, bi-hyperideal, interior hyper-
ideal, quasi-hyperideal) of H. Thus in the theory of (e, 3)-fuzzy subsemihypergroup
(left hyperideal, right hyperideal, generalized bi-hyperideal, bi-hyperideal, interior
hyperideal, quasi-hyperideal), (€., €, Vqs)-fuzzy subsemihypergroup (left hyperideal,
right hyperideal, generalized bi-hyperideal, bi-hyperideal, interior hyperideal, quasi-
hyperideal) plays central role.
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6.2 (&.,&. Vg;)-fuzzy hyperideals

We start this section with the following Theorem:

6.2.1 Theorem

For any fuzzy subset X of a semihypergroup H and for all z,y,2 € H and t,r & (7, 1],
(1a) is equivalent to (1b), (2a) is equivalent to (2b) and (3a) is equivalent to (3b) and
(4a) 15 equivalent to {4b). Where

(1a) 4, e €4 A = Zminfery €4 Vs for every z € zoy.
(16) max{ inf {A()},7} > min{A(z), AM(»). 8}-

(2a) 2y €L A= €, VgsA forevery s €Eyor (5 €, VgA forevery z € xo y).
(2b) max { lnt' {Az) ) = min{A(z), 4} (nm{ ::_cuf {M2)hv) 2 min{}.{m}?ﬁ}) :
2EYer sEToy
(3a) Te,4r €y A => Winfer} €4 VA for every w € zozoy,
(3b) max{_inf {A(w)},7} 2 min{A(z), A(y), 6}.
(4a) x4 €4 A = wy €, Vgs) for every w € yoz oz,
(4b) max{wﬁlgf‘m{l{w}},?} = min{\(x),4}.
(ba) ze €, A=+, €, VsA forevery s €EyozandzE€xoy.
(56) max{{\(z)},7} = min{(10 A)(=), (A° 1)(=), &}.
Proof. We prove only {1a) < (15). Proofs of the remaining parts are similar to this.

(la) = (1b) Suppose A is a fuzzy subset of H which satisfies (la). Let z.y € H
be such that

ulax{:igligu{k(z}}.w} < min{A(x), Ay), d}.
Select t € (v, 1] such that
mnx{:lieul{#{l{:}},j} < t < min{A(z), My), 8}

Then A(z) 2t > v, My) =t > v, and there exists z € zoysuch that M(z) <t < 4
and A(z) +t < 6 +4 = 24, that is z, €, A,y €, A but &, V@A which is a
contradiction. Hence

ma'x{:igli{,,{l{zj}‘ 7} 2 min{A(z), AMy). d}.

(16) = (la) Suppose A is a fuzzy subset of H which satisfies (10), Let z,y € H

and t,r € (7, 1] be such that x, €, A, y, €, A bul zgimfi 1€, VsA for some z €z oy,
Then

AMz) 2 t>7 (1)
AMy) 2 r>7 (2)
AMz) < minft,r} (3)
and A(z) +min{t,r} < 24, (4)
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It follows from (3) and (4) that A(z) < 4 forsome z € z o y.
Now max{A(z),7} < 4 and max{A(z).7} < min{A(z), A(y)}. Thus

max{A(z),v} < min{A(z), A(y),d}
which is a contradiction. Hence Zpu(.) €, V@A for every z € z oy, O
From the above theorem we deduce that
6.2.2 Definition

A fuzzy subset A of a semihypergroup H is called an
(i) (€4, €y Vay)-fuzay subsemihypergroup of H if it satisfies (1b).
(i1) (€4, €y Vgs)-fuzzy left (right) hyperideal of H if it satisfies (25).
(iii) (€, €, Vqs)-fuzzy generalized bi-hyperideal of H if it satisfies (3b).
(iv) (€4, € Vau)-fuzzy bi-hyperideal of H if it satisfies (1b) and (3b).
(v) (€4, €y Vagg)-Fuzzy interior hyperideal of H if it satisfies (4b).
(vi) (€, €4 Vgy)-fuzzy quasi-hyperideal of H if it satisfies (5b).

6.2.3 Definition

Let A be a fuzzy subset of a semihypergroup H and r € (7, 1], we define

A = (zeH:z M) ={zeH:Az)=r>9)}=U(kr)
M o= {zr€ H:zgsh} = {2 € H: Mz)+r > 26)
[Mf = {z€H:z, € vgd) =AU

6.2.4 Theorem

Let A be a fuzzy subset of a semihypergroup H. Then

(1) A 15 an (€,, €, Vqs)-fuzzy subsemihypergroup of H if and only if U(X;t)(# @)
is ¢ subsemihypergroup of H for all t € (v, 4).

(2) A is an (€,, €, Vigs)-fuzzy left (right) hyperideal of H if and ondy if U(N;t)(#
0) is a left (vight) hyperideal of H for all t € (v, d].

(3) A ds an (€., €y Vas)-fuzzy generalized bi-hyperideal (bi-hyperideal) of H if
and only if U(Ajt)(# 0) is a generalized bi-hyperideal (bi-hyperideal) of H for all
t € (7.4].

(4) A 15 an (€,. €, Vas)-fuzzy interior hyperideal of H if and only if U(A; ) (£ 0)
is an interior hyperideal of H for all t € (v, 4).

(3) A is an (€,,€, Vas)-fuszy quasi-hyperideal of H if and ondy if U(X:t)( 0)
s a quasi-hyperideal of H for all t € (v, 4].
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Proof. Let A be an (€., €, Vgs)-fuzzy subsemihypergroup of H and z,y € U{A;t)
for some t € (v, 4]. Then A{z) > ¢ and Ay) > t. By hypothesis

:nnx{niejigg{k{:}}.?} > min{A(x), My),8} = min{t,8} =1

= :'a“f {A(z)} 2 t, because t > 4. Hence z € U(M\;t) for every z € zoy, that is
ZEEOY

U{A:t) is a subsemihypergroup of H.
Conversely, assume that U({A; ¢)(# 0) is a subsemihypergroup of H forall ¢ € (v, 4].
Suppose that there exist z,y € H such that

max{miEtiy{A{z]},'T} < min{A(z), A(y), d}.
Choose t € (7, 4] such that
Ilmx{:;liﬂy{}n{zj}.‘r} < t < min{A(z), A(y), d}.

This implies A(z) = t,Aly) = t and Az) < ¢t for some z € x oy, that is
z,y € U(A;t) but = ¢ U(A;t) for some = € r o y. Which is a contradiction. Hence
max{ gfw{l[z]}, 7} 2 min{Az), A(y), d}, that is A is an (€., €, Vgs)-fuzzy subsemi-
hypergroup of .

Similarly we can prove (2), (3), (4) and (5). O

From the above Theorem it follows that

(1) Every (€4, €, Vg;)-fuzzy hyperideal of a semihypergroup H is an (€., €, Vg)-
fuzzy interior hyperideal of H.

(2) Every (€., €, Vgs)-fuzzy left (right) hyperideal of a semihypergroup H is an
(E4y E4 Vis)-fuzzy bi-hyperideal of H.

(3) Every (€., €, Vgs)-fuzzy bi-hyperideal of a semihypergroup H is an (€,, €,
Vs )-fuzzy generalized bi-hyperideal of H.

(4) Every (€., €, Vgs)-fuzzy left (right) hyperideal of a semihypergroup H is an
(E+, € Ve )-fuzzy quasi-hyperideal of H,

(5) Every (€4, €, Vgs)-fuzzy quasi-hyperideal of a semihypergroup H is an (&,
. &4 Vigs)-fuzzy bi-hyperideal of H.

6.2.5 Theorem

Let A be a fuzzy subset of a semihypergroup H and 26 = 1 + 4. Then

(1) A is an (€,, €, Vas)-fuzzy subsemihypergroup of H if and only if Ai(# 0) is
a subsemihypergroup of H for all r € (§,1].

(2) A 15 an (€4, €4 Vas)-fuzzy left (right) hyperideal of H if and only if Ai(s 0)
is u left (right) hyperideal of H for all r € (4, 1],
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(3) A s an (€4, €, Vgg)-fuzzy generalized bi-hyperideal (bi-hyperideal) of H if and
only if AX(# B) is a generulized bi-hyperideal (bi-hyperideal) of H for all r € (4,1].

(4) A 1s an (€., €, Vqs)-fuzzy interior hyperideal of H if and only if A2(# 0) 1s
an interior hyperideal of H for all v € (4, 1].

(5) A is an (€., €, Vgs)-fuzzy quasi-hyperideal of H if and only if X(# 0) is a
quasi-hyperideal of H for all r € (4, 1).

Proof. Suppose A is an (€., €, Vqs)-fuazy subsemihypergroup of H and z,y € AL
Then x., yrgsA, That is A(x) +r > 26 and My)+r > 24. This implies A{z} > 26 —r >
28 — 1 = = and similarly AMy) > +. By hypothesis

max{_ inf {A()},7} > min{A(z), \w), 6}

= Mz} = min{A(z), My), 8} > min{26 - r,26 —r,d}.
Sincere(d,1]sod<r<1= 2§ -r <4 Thus

Mz) > 20 —r = AMz2) +r > 26,

This implies z € A} for every 2 € r o y. Hence ! is a subsemihypergroup of H.
Conversely, assume that A5(£ 0) is a subsemihypergroup of H for all r € (4, 1).
Let z,y € H be such that for some z € z0y

max{A(z), 7} < min{A(). \(y), 6}

= 28 — min{A(x), My), 0} < 26 — max{\(z),~}
= max{20 — A(z),26 — A(y),d} < min{2d — A(z),26 — +}. Take r £ (4, 1] such
that
max{26 — A(z),26 - A(y), 8} < r < min{28 — A(z), 26 — ).

Then 26 — AMz) < r,26 = AMy) < r and r < 2§ — A(z).
= Az)+ 71> 20, A1) + v > 26 but A(2) +r < 24, that is 2.5, y-qs) but z,GFA
for some z € z oy, which is a contradiction. Hence

max{’;lztil;y{k[z}},ﬁ} > min{A(z), My), 6}

Similarly we can prove (2), (3) and (4). O
6.2,6 Theorem

Let A be a fuzzy subset of a semihypergroup H and 26 = | 4. Then

(1) A is an (€4, €, Vqs)-fuzzy subsemihypergroup of H 1f and only if [A[3(# 0) is
a subsemihypergroup of H for ell r € (v, 1].

(2) A is an (€, €, Vas)-fuzzy left (right) hyperideal of H if and only if [N(# 0)
is a left (right) hyperideal of H for all r € (v,1)
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(3) A is an (€., €, Vay)-fuzzy generalized bi-hyperideal (bi-hyperideal) of H if and
only if [A5(# 0) is a generalized bi-hyperideal (bi-hyperideal) of H for all r € (7, 1).
(4) A is an (€, €, Vas)-fuzzy interior hyperideal of H if and only if [A(# 0) is
an interior hyperideal of H for all r € (v, 1.
(5) A is an (€., €, Vgy)-fuzzy quasi-hyperideal of H if and only if [A2(#0) is a
quasi-hyperideal of H for all r € (v,1].

Proof. Suppose ) is an (€,, €, Vgy)-fuzzy subsemihypergroup of H and r,y € [A%.
Then z, €, VA and gy, €, Vg, that is Mx) 2 r > 49 or Mz) +r > 2 and
My) 2r>vyorAy)+r > 26 Thus
Mz)zro>qor Mz)>28-r>20-1=9 %)
and My)Z2r>qorAy)>W—-r>2-1=+.
If r € (7, 6], then v < r < §. This implies 26 —r > & > r. Then it follows from (*)
that A(z) > r and A(y) = r. By hypothesis

nmx{.LI:L{A{-‘-}}-’I} > min{A(z), My), 6}

= inf {A(z)} 2 min{A(z), M), 6}
= A(2) 2 min{Mz), My), 6}

= Mz2) 2 min{r,r,r} =rforallz€z0y.

and so z, €, A. Thus z € [\l forevery z € z0y.

Ifr e (8,1, then § < r < 1. This implies 26 —r < & < r. Then it follows from (*)
that A(z) > 26 — r and A(y) > 26 — r.

Now by hypothesis

max{ inf {A(z)},7} 2 min{A(z), A(y), 5}
= inf {A(:)} > min{A(z), Ay, 5}
= Mz) > min{A(z), A(y), 6}
= Mz)>min{20 —r,26 - 1,26 -1} =20 —rforall z€zoy.

This implies A(z) 4+ r > 24, that is z,.g4A. Thus z € [\}¢ for every z € z0y. Hence
[A¢ is a subsemihypergroup of H.
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Conversely, assume that [A]{ is a subsemihypergroup of H for all r € (~, 1], Let
x,y € H be such that forsome : €z oy
max{A(z),v} < min{A(z), A(y).d}.
Select r € (4, 1] such that
max{A(z).v} < r < min{A(z), My).d}-
Then z, €, A and y, €, A but 2,€, Vs which contradicts our hypothesis. Hence
nmx{mierll_{y{l{zj},q} = min{ A{z), My),d},

that is A is an (&,, €, Vigs)-fuzzy subsemihypergroup of H.
Similary, we can prove the parts (2), (3), (4) and (5). |

6.2.7T Theorem

(1) The intersection of any famaly of (€., €, Vgs)-fuzzy subsemihypergroups of a
semihypergroup H is an (€,, €, Vy)-fuzzy subsemihypergroup of H.

(2) The intersection of any family of (€., €, Vgs)-fuzzy left ( right) hyperideals of
a semihypergroup H 1s an (€,, €, Vqs)-fuzzy left (right) hyperideal of H.

(3) The intersection of any family of (€., €., Vqs)-fuzzy generalized bt-hyperideals
(bi-hyperideals) of a semihypergroup H is an (€., €, Vgy)-fuzzy generalized bi-hyper-
ideal (bi-hyperideal) of H.

(4) The intersection of any family of (€., €, Vas)-fuzzy interior hyperideals of a
semihypergroup H 1s an (€., €, Vqs)-fuzzy interior hyperideal of H.

(5) The intersection of any family of (€., €, Vgs)-fuzzy quasi-hyperideals of a
semihypergroup H is an (€., €, Vay)-fuzzy quasi-hyperideal of H.

Proof. (1) Let {A}icr be a family of (€,, €, Vqs)-fuzzy subsemiliypergroup of ff

and x,y € H. Then
A (s, 30 Ez})) vy
A

et () )
A (nt, 00 2) wf)

(
(
(/\(miu{a{x}.uy}.a}))
(
(

v

il

AA.{I]) A (/\Ai{y}) Ad

il el

(A ) ((A)or)ns
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Thus AX; is an (€., €, Vgs)-luzzy subsemihypergroup of H.
wiid
Similarly, we can prove (2), (3), (4) and (5). O
6.2.8 Theorem

The umon of any family of (€., €. Vas)-fuzzy left (right) hyperideals of a semihyper-
group H is an (€., €, Vas)-fuzzy left (right) hyperideal of H.

Proof. Let {A;}ic; be a family of (€., €, Vgs)-fuzay left hyperideals of H and z,y €

H. Then
(1, (V) @) w2 = (V(aooe))vs

VEl

(V (L‘,‘,{ Uu.}.:;]) V-r)

LI

V (%) (z) Ad)

(Yz,[z]) A

(\:/,\) (x)Ad

This shows that \/ A, is an (€., €, Vgs)-fuzzy left hyperideal of H. O

vicd

v

6.2.9 Proposition

Let A be an (€., €, Vqu)-fuzzy left hyperideal and p be an (€., €, Vags)-fuzzy right

hyperideal of a semihypergroup H. Then A o ju is an (€., €, Vas)-fuzzy hyperideal of
H,

Proof. Let A, p are (€., €, Vqg)-fuzzy left and right hyperideals of H, respectively.
Let z,y € H. Then

(Aou)w)nd = (V {}uu:-}m;[q}})nﬁ

\ (A @) Aplg) A b}

VEPoY

V (M@ Adan(g)}.

VEpag
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(fy€pogqforsomep,q€ H,thenzoy Crolpog)=(xop)oq Now for each
z € xoy, there exists a € z o p such that z € a o ¢. Since A is an (€., €, Vgs)-fuzzy
left hyperideal, therefore by Theorem 6,2.1, we have { i-,llf {Ma)} v} = {Ap) A6}
nErop
that is Ale) vV v = {Mp) A d}.)
Thus

(Aomw)Ad = \/ (A@AGAu@)

wEpeq

V {(Aa) V) Apulg)} because Ala) vy > {A(p) A 8}

1Eang

V (M Au@} vy

zEced

= (Aop)(z)V7, forevery z€zoyCaocy.

IA

1A

S0
min {(A o u)(y),d} < max{ inf {(Aou)(2)},7}-

Similarly we can show that max{ljzr}[’{{lny}{z]}. ¥} 2 min {(Ao p)(x),d}. Thus
Ao uis an (€,, €, Vgs)-fuzzy hyperideal of H. a

Next we show that if A and u are (€,, €, Vq;)-fuzzy hyperideals of a semihyper-
group H, then Aop £ A A p.

6.2.10 Example
Consider the semihypergroup H = {a, b, c,d} with the following table:

ola|ble d
adla|ala L
blalala a
clalal|{ab}|a
dlalal{ab}]| {ab}

Define fuzzy sets A, p of H by
Ma) = 0.6, A(b) =03, AMc) =04, Md) =01,
pla) = 0.65, p(b)=03, ple)=04, pld) =02
Then we have

{a,be,d}  fO<t <01,
{a,be} if0.1<t <03,

Ulht) = ¢ {a,c} if 0.3 <t <04,
{a} if0.4 <t <08,
[ if 0.6 <t.
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{a,bc,d} f0<t <02,
{a,be} f02<t<03,
Ulp;t) = ¢ {a,c} if03<t<04,
{a} if 0.4 < t < 0.65,
2 if 0.65<t.

Thus by Theorem 6.2.4, A, j¢ are (€., €, Vgs)-Tuzzy hyperideals of H for v = 0
and & = (.3

But

(Aeub) = V (A ArW)

bExoy

= \/{0.4,01,0.1}
0.4 £ (AA u)(b) = 0.3.

Hence Ao pu £ AA u , in general.
6.2.11 Definition

Let X, i be fuzzy subsets of a semihypergroup H. We define the fuzzy subsets
J‘.,}u;k [, A *:";a, and A= p of H as follows;

Mz) = (Az)VA)AS
AAp(E) = (AAp(@)VY)AS

AVa)z) = (AVEE) V) AS
Aep)x) = ((homz)Va)Ad

forallz e H.
6.2.12 Lemma

Let A, p be fuzzy subsets of a semihypergroup H. Then the following conditions hold:
(1) AAp = .;;A,t-s
@) AVu=AVi
(3) Aep 2 Aoj

Proof. Let > € H.
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(1)

AAW)z) = (AAR(E)V)AS
((Ma) Ap(@) V) Ad
((Alx) v ) Aulz) vVa)) Ad
((A(x) V) Ad) A (((z) vV 7) A 6)
Xz) A flx)
= (AA@)).
(2) Proof is similar to the proof of (1),
(3) If there does not exist y,z € H such that z € yo z, then

(Aep)(z) = ((Aep)x)v)AS
= (OVA)Ad=7AS

0= (Ao fi)(z).

nmn nn

IV

Otherwise

(A * p)(x)

I

((Aop)(z)) vy)Ane

(( V {My}ﬁ#{z?}) v-r) W)

( V {{”F}“T}M#{#W?)})) Aé

Eyoz

V (v ad)allelz) vy Ad)

rEye:

= \/ (;{y}hﬁfr‘.ﬁ)

rEyox

- (iu_ﬂ) (z).

6.2.13 Lemma

Let A, B be non-empty subsets of a semihypergroup H. Then the following conditions
hold:

(1) Aa A Ag = Aang.
(2) A4V As = Maug.
(3) Aa = Ap = Auun.
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Proof. Straightforward. a

6.2.14 Theorem

Let A be a fuzzy subset of a semihypergroup H.

(1) If A is an (€., €, Vqs)-fuzzy subsemihypergroup of H, then A is an (€,, €,
Vs )-fuzzy subsemihypergroup of H.

(2) If Ais an (€., €, Vqs)-fuzzy lefl (right) hyperideal of H, then A is an (€., €,
Vs )-fuzzy left (right) hyperideal of H.

(3) If A is an (€. €, Vas)-fuzzy generalized bi-hyperideal (bi-hyperideal) of H,
then A is an (€., €, Vs)-fuzzy generalized bi-hyperideal (bi-hyperideal) of H.

(4) If A is an (€., €, Vau)-fuzzy interior hyperideal of H, then A is an (€., €,
Vs )-fuzzy interior hyperideal of H.

(5) If X is an (€., €., Vqs)-fuzzy quasi-hyperideal of H, then X is an (E€4: €y Vs)-
Juzzy quasi-hyperideal of H.

Proof. Let A be an (€, €, Vq)-fuzzy subsemihypergroup of H and z,y € H. Then
for each z € z o, we have

(:LEI.I-E;; (Az)v ) A &) Vo

(M) AMY)AS) NSV Y

(M) AS) A (M) AS) AS) VY
(M) vy ad) A(My) vy nd))ns

Mz) AA (y) A6
= min{A(z), A(y), 6}.

max( inf {A(:)},7)

IV

Thus A is an (€4, €4 Vigu)-fuzzy subsemihypergroup of H.
Similarly, we can prove the part (2), (3), (4) and (5). O

6.2.15 Corollary

(1) A non-empty subset A of a semshypergroup H 15 a subsemuhypergroup of H of
and only if A4 18 an (€., €, Vqs)-fuzzy subsemihypergroup of H.

(2) A non-empty subset A of a semihypergroup H is a left (right) hyperideal of
H if and only if A is an (€., € Vgs)-fuzzy left (right) hyperideal of H.

(3) A non-empty subset A af a semihypergroup H is a generalized bi-hyperideal (bi-

hyperideal) of H if and only if A is an (€, €, Vas)-fuzzy generalized bi-hyperideal
(bi-hyperideal) of H.
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(4) A non-empty subset A of semihypergroup H is an interior hypendeal of H if
and only if Ay is an (€,, €, Vgs)-fuzzy interior hyperideal of H.

(5) A non-empty subset A of semihypergroup H 15 a quasi-hyperideal of H if and
only if Ay is an (€., €, Vys)-fuzzy quasi-hyperideal of H.

6.2.16 Theorem

(1) A non-empty subset A of a semihypergroup H is an (€., €, Vqy)-fuzzy subsemi-
hypergroup of H of and only if A+ A <A

(2) A non-empty subset A of a semihypergroup H is an (€., €, Vgs)-fuzzy left
(right) hyperidenl of H if and only if 1+ A < A(A+1 < A).

(3) A non-empty subset A of a semihypergroup H is an (€., €, Vqs)-fuzzy gener-
alized bi-hyperideal of H if and only if A=1+A < A

(4) A non-empty subset X of a semihypergroup H is an (€4, €, Vag)-fuzzy bi-
hyperideal of H if and only if A1+ A< Aand Ax A< A

(5) A non-empty subset A of a semihypergroup H is an (€., €, Vis)-fuzzy interor
hyperideal of H if and only if 1+ A+ 1< A,

(6) A non-empty subset A of a semihypergroup H is an (€., €, Vgs)-fuzzy quasi-
hyperideal of H if and only if 1= AAA=1< A

Proof. (1) Let A be an (€., €, Vgs)-fuzzy subsemihypergroup of H and z € H. If
(A= A)(x) = A4, then

(As A)(#) =7 A8 < A[Z)V (YA 8) = (Ma) V) A = A@).
Otherwise

(AeX)(z) = ((Aed)(@))VAIAD

(( \/ {l{u}h}.[b}}) v»r) A

(V {ua}nﬁ.{mna}w) NS

rEanh

(V {},{z]v«,-}w) )

rash

(A(z)va)nd
i{mj.

]

1A
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Thus A+ A < A
Conversely, assume that A+ A < A and x,y € H. Then for each z € z oy,
AR)VAAG = A(z) > (A= N)(z)

(( V {A[n]hl(h]}) v-,) Ad
2 ach

z ({A=)AAW}VA)IAS
> Az)AA(Y) A S =min{A(x),A(y),d}.

Thus max{ inf {A(2)},7} 2 min{A(z), A (¥),6}.

Hence A is an (€., €, Vus)-fuzzy subsemihypergroup of H.
(3) Let X be an (€,, €, Vgs)-fuzzy generalized bi-hyperideal of H and x € H. If
(A= 1w A)(z) =+ A4, then

(Aeled)(z)=vAd<Mz)V(TAS) =(Mz)VY)AG= A[:]
Otherwise

(Aeled)(z) = ((Ao(leA)(z)) V)AL

= ((V {l{n]h{l-l}(b}})\f?)hﬁ

= LV {A[n}ﬁ[((v {l[c]h.h(d}})v-r)hé‘}v'r)nﬁ
(. fon (g ra) o) o)
((ﬁ{ Mwﬂv-,} ) T)A.s
((ﬁm{VM{n}hA(:ﬂAé]U’r}) V"f)hﬁ
(rm{ V () AA( d]h&]v-y})

< \/ {A(m}vq}v-,)na

cashlaocud
= AMz)VYAS

= Mz).



'I'hus).tlt.hgi.

Conversely, assume that A > A+ 1= and z,y,2 € H. Then for every w € zoyoz,

{A)} vy} A S

2

I

v

v IV IV
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E{tuj
(A+14X) ()

((V {ztmmm:{p}})w)m
wExop

(because there exist p € y o 2 such that w € zop)
(M)A (LeX) (B VIIAS

((x () A [(memy} A A(z)} u«)] A .s) v 1) AS

(A () A (M) VAl A VA)AS
(((A (z) AX()) AB) V) AS
((Alz) ANz AG) NS

Maz) AAz) A S

Thus nmx{weiﬂi;“{l{w]}, v} = Alz) AA(z) A D

Thus A is an (€., €, Vgs)-fuzzy generalized bi-hyperideal of H.

(2) The proof is similar to the proof of (3).

{4) The proof follows from (1) and (3).

(5) Like the proof of (3), we can prove this part also.

(6) The proof follows from (2). O

6.2.17 Lemma

Let A be an (€, Vgs)-fuzzy right hyperideal and p be an (€, E4 VGs)-fuzzy left
hyperideal of e semihypergroup H. Then A= pu < AA n

Proof. Let A be an (€,, €, Vgs)-fuzzy right hyperideal and u be an
(€., Ey Vas)-fuzzy left hyperideal of H. Let y, 2z € H. Then for every a E yo 2 we




have

(A= p)(a)

So(A+p) < {lﬂfa}.

(Ao p)a) vy) A S

(‘V {Mw) Ar(z)}v '}') A

oz

V {@) V) A lu(z) v} AG)

sEyor

V {O@) V) A8 A (((2) V1) A )}

asyos

V {(Ma) v ) A (i (a) v y) A 6)

acyo:

((Ala) V) A d) A ((u(a) v ) A D)
(AN f)(a).

6.3 Regular semihypergroups

In this section we characterize regular semihypergroups by the properties of their
(€4, €4 Vgy)-Tuzzy hyperideals, (€., €, Vgs)-Tuzzy quasi- hyperideals, (€., €, Vgs)-
fuzzy generalized bi-hyperideals.and (€., €, Vgg)-fuzzy bi-hyperideals.

6.3.1 Theorem

The follounng statements for a semihypergroup H are equivalent:

(1) H is regular,

0

(2) AA i = A» pt for every (€., €., Vas)-fuzzy right hyperideal A and every (&,
+ €4 Vga)-fuzzy left hyperideal p of H.

Proof. (1) = (2) Let A p be (g,,€, Vgs)-fuzzy right and left hyperideals of H,
respectively and @ € H Since H is regular, so there exists r € H such that a €
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aczroa = (aozx)oa Thus there exists some § € a0z such that a € foa. So
(Asp)(a) = ((Aop)(a)vy)Ad

= (V {l{c}h,u{d}}‘u""r) Ad

acend
{(AB) V) A ((a) vt ad
Since # € e oz and A is an (€., €, Vgy)-fuzzy right
hyperideal of H, so iﬂ{i{i{z}} Vo2 AMB)AS

therefore A(3) vy > Ala) A 4.
Therefore (A= i)(a) > ((A(a) V) A8) A ((k(a) V) AS)

(i{an A f;{u.})
= (AAJ)(a).

By Lemma 6.2.17 A+ 4« < \. Thus As p < AA fi.
{2} = (1) Let R and L be right and left hyperideals of H. Then by Lemma 6.2.15,

Az and Ay are (€,, €, Vgy)-fuzzy right and (€,, €, Vgs)-fuzzy left hyperideals of H,
respectively. Thus by hypothesis

Y

iﬂni, = Ap=Ag

ArAX, by Lemma 6.2.12 and by (2)
= AgAAL by Lemma 6.2.12

= Amy by Lemma 6.2.13.

This implies RN L = Ro L. Hence it follows from Proposition 3.2.4 that H is
regular. O

6.3.2 Theorem

For a semihypergroup H, the following conditions are equivalent:
(1) H s regqular.

(2) (i A A 1';) < (A= p=v) jor every (€,,€, Vas)-fuzzy right hyperideal X, for

every (€5, €y Vis)-fuzzy generalized bi-hyperideal pi and for every (€., €, Vgs)-fuzzy
left hyperideal v of H.

(3) (i A A 5) < (A=p=xv) for every (€,,€, Vgs)-fuzzy right hyperideal A,

Jor every (€,, €, Vqs)-fuzzy bi-hyperideal p and for every (€., €., Vgs)-fuzzy left
hyperideal v of H.

Il



152

(4) (:\n;‘ mfr) < (Aw p+v) for every (€,,€, Vas)-fuzzy right hyperideal A,
for every (€., € Vs )-fuzzy quasi-hyperideal p and for every (€., €, Vgs)-fuzzy left
hyperideal v of H.

Proof. (1) = (2) Let A,p and v be any (€., €, Vgs)-fuzzy right hyperideal, (€,
€+ Vg;)-fuzzy generalized bi-hyperideal and (€., €, Vgs)-Tuzzy left hyperideal of
H, respectively, Let a € H. Since H is regular, so there exists ¥ € H such that
a€aozen=(aoz)oa Thus there exists 3 € aox such that a € fea. So

(Axpsv)a) = ((Aopov)(a)va)né

( V {Ale) A (pov)(d)} vv) nd
aEood
> ({MA)A(nov)(a)}vy)Ad

(sinoe Jnf {A(B)} VY 2 Ma) A 5.)

so, A pen)(a) 2 ((A@)VY)ADA(uon) (@ Va)AS ()

(|

Since a € aorxoca = ac(roa), so there exists r € xoa, such that a € acr. Thus

(wor)(@vy =\ {ule)rv(f)}vy

aFenf
2 {pla)Av(r)}vy

(because_jnf 103} vy 2 v(0) 16.)
> (ula) V1) A (v (a) V) AG.
Thus substitiuting value of (1 o ) (a) in (i), we have
(Apan)a) 2 ((Ma) V) Ad) A ((now) (a) Va) A S

((AMa) va) A d) A (u(a) V) A (v (a) VA)) A S
((Ma) V) A 8) A ((s(a) v 7) AB) A ((v(a) V1) A 6)

(Ju Eﬂ:] ﬁ;zfu}ﬂl'a{u])
= (ih;‘ihl}) (a)

(2} = (3) = (4) Straightforward.
(4) = (1) Let A and v be any (€., €, Vgs)-fuzay right and (€., €, Vg)-fuazy
left hyperideals of H, respectively. Then A and v are (€,, €, Vi;)-fuzzy right and

i
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(€4, €4 Vau)-fuzzy left hyperideals of H, respectively. Since "1" is an (€., €, Vag;)-
fuzzy quasi-hyperideal of H, so by hypothesis, we have

(Fmﬂr) (a) = ((AAv)(a)Vy)Ad
((AATAV)a)Vy)AD
(,imM‘;) (a)
(A*1=v)(a)
((Aelowv)(a)vy)néd

( V {(Ao1)(b) A wvic)} v-,r) Ad

aEbor

|

I

(As (Ao 1)(b) = \/ {A(p) A I{fa}})
bepayg

Thus,

(ln:r) (a) < (V (V{Atmmtqn)m{cm}w) A6
(

V {Ap) A 1}) A #{c}} v 7) Ad

biEpog

I
;"_-"'N
F<l

( V A{p)) m{«)} w) AS
v

\ Alp) 'U"p) A (#(c) v'r]} mi) Ad
V {(\p) vmé}) Mu(e}vﬂ})

Epay

( Smce Ais an (€., €4 Vg )-fuzzy right hyperidealof H, so )

l Il
h B
m
P
,-—""‘--'.r—"‘"—-\r—"'"—u.-—""qa——"-—x
;;"”‘"x

mt' {J..{b}} Vo = Ap) Ad that is

A{b}v—yg A(p) Ad for every b€ pog.
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Therelore,

achoo

(( \ M) A y(c]) v T) Ad
achae

= ((Aow)@)V)AD
= (A+v)(a).

(irai) (a) < (V {(A{bmmvtc}v—m) AS

Hence, it follows that AAD < A for every (€., €, Vs )-fuzzy right hyperideal A
of H and for every (&, €, Vqs)-fuzzy left hyperideal v of H. But by Lemma 6.2.17,

AAD > A%v.S0 AAD = A+ . Hence by Theorem 6.3.1, H is regular. O
6.3.3 Theorem

For a semihypergroup H, the following conditions are equivalent:
(1) H is regular.

(2) A= (A=1=A) for every (€,, €, Vqs)-fuzzy generulized bi-hyperideal A of H.
(8) A= (A#1=A) for every (€,, €, Vas)-fuzzy bi-hyperideal A of H.
(4) A= (N +1=]) for every (€,, €, Vgs)-fuzzy quasi-hyperideal A of H.

Proof. (1) = (2) Let A be an (€,, €, vqs)-fuzzy generalized bi-hyperideal of H and
a € H. Since H is regular, so there exists x € H such that a Eaoroa = (aox)oa.
Thus there exists 3 € a o z such that a € foa. So

(e1xX)a) = ((Aolod)a)vey)Ad

= V {[lﬂl]{ﬁ}h«\{a]}vw) Ad

Foa

> (Ao )(B)VA) AN @) va))nd
= ( V {A(ﬂ}hlirl}v*r)Mhla}vﬂ)nﬁ

Fasa

2 ((Ma)A1(@) VA () V) Ae
= (Ma)Al1AA(a)VY)Ad

= (Aa)vy)Ad

= Ala).

Thus (Ax Lx A) 2 A




But from part (3) of Theorem 6.2.16, it follows that (A« 1+ A) < .i
Thus A= (A=1=A).
(2) = (3) = (4) are obvious.

(4) = (1) Let A be any quasi-hyperideal of H. Then by Corollary 6.2.15, 3.‘4 is an
(€4, €, Vas)-fuzzy quasi-hyperideal of H. Hence, by hypothesis,
Mg = (e L ALY = (Na# X % A = Adswion.

This implies A = Ao H o A. Hence it follows from Theorem 3.2.6, that H is
regular. O

6.3.4 Theorem

For a semihypergroup H, the following conditions are equivalent:
(1) H is reqular.

(2) (inf.) = (A= u=A) for every (€,,€., Vis)-fuzzy quasi-hyperideal \ and
every (€., €, Vas)-fuzzy hyperideal p of H.

@) im’:) = (A= A) for every (€4, €, Vas)-fuzy quasi-hyperideal A and
every (€., €y Vas)-fuzzy interior hyperideal p of H.

(4) (A A p) = (As p+ ) for every (€, €, Vqg)-fuzzy bi-hyperideal A and every
(€41 €4 Vgs)-fuzzy hyperideal p of H.

(5) (iﬁf:) = (A= p=d) for every (€., €, Vis)-fuzzy bi-hyperideal X and every
(€4, €5 Vis)-fuzzy interior hyperideal p of H.

®) (3 L) = (Ao A) for every (€, S, Viu)-fissyj generulised bi-hyperideal X
and every (€,, €, Vau)-fuzzy hyperideal yi of H.

(7) AA _u) = (A2 puxd) for every (€., €, Vys)-fuzzy generalized bi-hyperideal A
and every (€,, €, Vqs)-fuzzy interior hyperideal u of H.

Proof. (1) = (7) Let A and g be any (€., €, Vgs)-fuzzy generalized bi-hyperideal
and (€, €, Vgs)-fuzzy interior hyperideal of H, respectively. Then
(AsprA)a) £ (A=12X)(a)
< (A)(e) by Theorem 6.2.16.
Also

(A pxA)a) (1% p*1)(a)

pla) by Theorem 6.2,16.

1A 1A
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Hence (Awp=)) < (iﬁ,& :

Now let a € H. Since H is regular, so there exists x € H such that
a€acroa=ac|roacroa). Thus there exists r € roacz, and § € roa such
that a €ao 3. So

(A=psA)(a) = ((AepoA)(a)vy)Ad

= ( V {l{ﬂ}h{pnil{ﬁ}}h) Ad

aEand

=z ({Ma)A(pad)(A)}va)né
= (Ma)yvy)asial {ﬂ(ﬂﬁl{ﬂ)}v?)ﬁﬁ
Eroa

an (€, €, Vgs)-fuzzy hyperideal of H
SO Ei:gL {u(r)} vy = pla)nd.

= ((Ma) V) Ad) A (u(a) V) AS) A (Ma) vV y) Ad
= ((Ma) v7) Ad) A (u(a) v 7) A D))

- (ani)
(inﬁ) (a).
So(A+pusd) > (ihﬁ).ﬂmm{l-pnljz(ihﬁ .

(7) = (5) = (3) = (2) and (7) = (6) = (4) = (2) are obvious.

(2) = (1) Let A be any (€., €, Vgs)-fuzzy quasi-hyperideal of H. Then A is an
(€4 €4 Vas)-fuzzy quasi-hyperideal of H. Since "1" is an (€., €, Vs )-Tuzzy two-sided
hyperideal of H, we have

( Since every (€., €, Vqy)-fuzzy hyperideal of H is )

Ma) = (Ma)VY)Ad

((AA1)(a)va)Ad

(.a A i) (a)

= (Ax1xA)a).

nn

]

Thus it follows from Theorem 6.3.3 that H is regular. O
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6.3.5 Theorem

For a semihypergroup H, the following conditions are eguivalent:

(1) H s reqular.

(2) (.;I. A ;:L) < (A= p) for every (€,, €, Vs)-fuzzy quasi-hyperideal ) and every
(€41 €, Vas)-fuzzy left hyperideal i of H.

(3) (ihﬁ) < (A w ) for every (€4, €, Vigs)-fuzzy bi-hyperideal A and every
(€4, €, Va)-fuzzy left hyperideal p of H.

(4) (i A ;1) < (Asp) for every (€., €, Vs)-fuzzy generalized bi-hyperideal A and
every (€., €, Vay)-fuzzy left hyperideal p of H.
Proof. (1) = (4) Let A and u be any (€,, €, Vg;)-fuzzy generalized bi-hyperideal
and any (€,, €, Vqy)-fuzzy left hyperideal of H, respectively. Let a € H. Since H is

regular, so there exists ¥ € H such that a €aoroa =ao (roa). Then there exists
8 € x oa such that a € a ¢ 5. Thus we have

(Aeu)a) = ((Aep)(a)Vvy)Ad

( V {l{c}ﬂ#(d]}\’?) Ad

aicod
((Ala) A () vy)né
(Ma) V) A (ula) vy ad))Ad (because § € roa.)
((A{a) v 7) A 0) A ((i(a) V 1) A D)

(3@ nia)
(1 A fa) (a).

So (A#p) > (ihﬁ :

(4) = (3) = (2) are clear.

(2) = (1) Let A and g be any (€., €, Vis)-fuzzy right hyperideal and any (€,
, € Vay)-fuzzy left hyperideal of H, respectively. Since every (€., €, Vu)-fuzzy right
hyperideal of H is an (€., €, Vgs)-fuzzy quasi-hyperideal of H, we have (A u) >
(ihft) . By Lemma 6.2.17, A» p < (iﬁ,ﬁ) Thus (As p) = (Jk.ﬁ,ﬁ) for every

(€., € Vaa)-fuzzy right hyperideal A and for every (€., €, Vs )-fuzzy left hyperideal
 of H. Hence by Theorem 6.3.1 H is regular, .

AN A"
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Reeall that a semihypergroup H is intra-regular if for each a € H, there exist
r,y € H such that a € zoacaoy. In general neither intra-regular semihypergroups

are regular nor regular semihypergroups are intra-regular semihypergroups. However,
in commutative semihypergroups both the concepts coincide.

6.4 Intra-regular semihypergroups
6.4.1 Theorem

For a semihypergroup H, the following conditions are equivalent:

(1) H is intra-reqular.

(2) (J’uhﬁ) < (A p) for every (€., €, Vs)-fuzzy left hyperideal A and every
(€, €4 Vau)-fuzzy right hyperideal p of H,
Proof. (1) = (2) Let A be an (&,, €, Vgs)-fuzzy left hyperideal and p be an (€,
, € Vgs)-fuzzy right hyperideal of H. For ¢ € H, there exist z,y € H such that

g €xoncany = (roa)o(aoy). Thus there exists r € xoa and s € aoy, such that
aEros,

Thus

(A« p)(a) = ((Aeu)a)Va)Ad

= ( V {Ae) A uld)} V-':f) Ad

aceod
> ({Mr)Ap(s)}VrIAS
Since r € r oa and X is an (€., €, Vay)-fuzzy left hyperideal of H,
S0 :nf {Jt{z)} v > Ma) Ad. Thus A(r) vy 2 Ala) vy Ad.

Alm since o is an (€., €, Vagy)-fuzzy right hyperideal of H,
S0 E"f {u(2)} v > p(a) AS. Thus p(s) vy = pla) vynd
=Eaex

{((Ma) V) A0) A ((ula) vy) A} A
(A(a) Vv A 8) A (pla) vy Ad)

(@ nito))
= (3. A ;,) (a).

Thus (A= p) = {A A Jb).
(2) = (1) Let R and L be right and left hyperideals of H. Then by Corollary

6.2.15, JLH and J\L are (€., €, Vqs)-fuzzy right and (€. €, Vgy)-fuzzy left hyperideals

1w

]
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of H, respectively. Thus by hypothesis we have

Xisk = Np i

> 1,-‘ A ;.ﬁ by Lemma 0.2.12 and by (2)
At Adg by Lemma 6.2.12
;Lnﬂ by Lemma 6.2.13.

[

I

Thus LN R C Lo R Hence it follows from Theorem 4.3.3, that H is intra-
regular. ]

6.4.2 Theorem
The follownng conditions are equivalent for a semihypergroup H.

(1) H 1s both regular and intra-regular.

(2) s A= X for every (€,, €, Vas)-fuzzy quasi-hyperideal ) of H.

(3) Av A= A for every (€., €., Vag)-fuzzy bi-hyperideal X of H.

(4) Aep > A A e for all (€,, €, Vas)-fuzzy quasi-hyperideals M, of H.

(5) A=p > AA fi for every (€4, €4 Vas)-fuzzy quasi-hyperideal A and for every
(€4, €y Vigs)-fuzzy bi-hyperideal u of H.

(6) Aep > Y A gt for all (€,, €, Vas)-fuzzy bi-hyperideals A, p of H.

Proof. (1) = (6) Let A, u be (€., €, Vi)-fuzzy bi-hyperideals of H and a € H.
Then there exist z,y.2 € H such that a €aozoaanda € yoaoaoz So

s aoroa
dorocogezroa
(acz)oao(zroa)

aoro(yoaocacz)eroa

L o T T i

(aoroyoa)o(aozezoa)

Thus there exist p€ roy,g € s01,b € aopoa and ceaogogsuchthat a € boc.
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Therefore
(A=p)(a) = ((Aop)la)vy)na

(AV {A(d) A ple)} V'r) NS

Edoe
> ({AB)Ap(c)}vy)ns

Since b€ aopoa and A is an (€., €, Vqg)-fuzzy bi-hyperideal of H,
we have aeifai;m{l{ﬂ” V1 = minf{(a), AMa), §}.

Thus A(b) Vv = min{A(a) V %, d}.
Similarly u(c) Vv = min{u{a) v v,8}.
[((Ala) v ¥) Ad) A ((p(a) V) Ad)| AS
((Al@) V) A d) A ((p(a) v ) Ad)

(3@ nia)
(i A ,}) (a).

Thus Ae p > AR it for all (€., €., Viy)-fuzzy bi-hyperideals A, ¢ of H.
(6) = (5) = (4) are obvious.

(4) =+ (2) Take A = u in (4), we get A=) 2 ). Since avery (&4, €, Vg )-fuzzy
quasi-hyperideal is an (€., €, Vgs)-fuzzy subsemihypergroup, so A = A < A. Hence
Ax A= jl

(6) = (3) Take A= pin (6), we get A=A 2 A. Since every {ET., €4 Vs )-fuzzy bi-

hyperideal is an (€., €, Vqs)-fuzzy subsemihypergroup, so A=A < A, Hence A=A = A
(3) = (2) Obvious.

(2) = (1) Let @ be a quasi-hyperideal of H. Then by Corollary 6.2.15, jnq is an
{E.,, €., Vs )-fuzzy c[unsi—h]rpenden] of H. Hence, by hypothesis, Ag # Ag = AQ Thus

:\an =Agr g = AQ implies (0o () = . So by Theorem 3.2.8, § is both regular and
intra-regular. 0

6.4.3 Theorem

Il

v

The following conditions are equivalent for a semihypergroup H.
(1) H 1s both regular and ntra-regular.

(2) (A= p)A(ped) = (J-s A f.:) Jor cvery (€., € Vqs)-fuzzy right hyperideal A
and for every (€., €, Vgs)-fuzzy left hyperideal o of H.
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(3) (Aep) A{uwld) 2 (1 h:.t) Jor every (€,, €y Vgs)-fuzzy right hyperideal A
and for every (€., €, Vig)-fuzzy quasi-hyperideal j of H.

(4) (A p)A(p=d) > (31. Aft) for every (€., €, Vas)-fuzzy right hyperideal A
and for every (€, €, Vas)-fuzzy bi-hyperideal p of H.

©) (o)A uw3) 2 (AAR) for evey (€0, vas)uzay right hperideat
and for every (€., €, Vqs)-fuzzy generalized bi-hyperideal p of H.

(6) (Ap)A(usd) > (A A .u) for every (€., €, Vqu)-fuzzy left hyperideal A and
for every (€., €, Vqs)-fuzzy quasi-hyperideal p of H.

(T (A=p)A(urd) > (3. A ﬁ) for every (€., €4 Vqu)-fuzzy left hyperideal ) and
Jor every (€., €, Vay)-fuzzy bi-hyperideal p of H.

& (e mA G 2 (AAR) for evey (€€, Vao)-fusy et hperidea A and
for every (&,, €, Vay)-fuzzy generalized bi-hyperideal p of H.

©) (o)A (e 2) 2 (A7) for every (€:,€, Vau)fusay quasi hperideais
and p of H.

(10) (A= B A (s 2) 2 (i i) for every (€., €, Vae)-fuszy quasi uperideat
and for every (€., €, Vqu)-fuzzy bi-hyperideal p of H.

(1) (A=p)A(u=xd) 2 (i hﬁr) Jor every (€., €y Vas)-fuzzy quasi-hyperideal A
and for every (€., €, Vgs)-fuzzy generalized bi-hyperideal p of H.

(12) (A% p) A (=) > (A M-‘) for every (€, €, Vas)-fuzzy bi-hyperideals A and
uoef H,

(13) (Awp) A () 2 (Jn A ,r'.'u) for every (€., €, Vau)-fuzzy bi-hyperideal ) and
for every (€., €, Vgs)-fuzzy generalized bi-hyperideal p of H.

(14) (A*p) Afu=d) 2 (;.nﬁ) for every (€.,€, Vqs)-fuzzy generalized b-
hyperideals A and p of H,

Proof. (1) = (14) Let A, t be (€&, €, Vay)-fuzzy generalized bi-hyperideals of H and
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a € H. Then there exist »,y,2 € H suchthata € nozvaand n € yoaocaoz. So

a

m

aorodg

aorogoroda
(aozx)oao(roa)
aoro(yoavacz)oroa

i non

(aproyoa)e(aczoroa)

Thus there exist p€ roy, g€ 20z, b €aopoaand ¢ € aogoasuch that a € boc.
Therefore

(Axp)(a) = ((Aou)(a)vr)Ad

& ( V {A(d) A ule)} v-;) Ad

o dor
> ({A®) Aule)} va) AS
Sincebeacpoaandc€aogoaand A and y are
(€4, €4 Vgy)-fuzzy generalized bi-hyperideals of H,
SO hEigLS{A{w}} Vo 2 min{A(z), A(z),4} and
ot {p(w)} vy 2 min{u(z), u(2), 6}
Thus AMb) vy = Aa) A d so and u(c) vV v > pla) Ad.
Therefore (A= p)(a) > (Ma)Vy)A8) A ((u(a) Vv)AS)

= (1[.::} A ﬁ{n})
= (jn .ﬁfj) (a).
Similarly we can prove that (s ) > A A gt | . Hence (Arp)A(pxd) > (EL A ;‘:) ;
(14) = (13) = (12) = (10) = (9) = (3) = (2),
(14) = (11) =» (10),
(14) = (8) = (7) = (6) = (2) and
(14) = (5) = (4) = (3) = (2) are obvious.
(2) = (1) Let A be an (&,, €, Vg;)-fuzay right hyperideal and u be an (€., €., Vg;)-

fuzzy left hyperideal of H, As every (€., €, Vgs)-fuzzy left hyperideal of H is an
(€4, € Vgs)-fuzay quasi-hyperideal of H, we have

{A*#}M#mka(iﬁ_&).

As XA f < Awp always true, so we have A s = AAjand ua A AN
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Hence by Theorem 6.3.1, H is regular and by Theorem 6.4.1, H is intra-regular.
0
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