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Prefrce

DyIMiq of bouDddy layq oos (BL!) b . loPic of Mjq in'etd both ii $io6 atd

6gi@irg. s*h i!ta!$ of thc tt@t t!gl![cB is gcos.r'd be!@ of inportaM of BLF itr

Flynd pllc4urg ed etdt6b@isrrv b p6niqtld' lh' flow e!s'd bv t co inuou

srr.tchile sufM 0@6 it gl$ 6tq ed plF grcdudioa wiE 
'ltawing' 

crvslal gost4

dnsiry of pl&nic nlns, food Prc@sin& m.t l sliming pMs, @olilg of m'llllic plale in a

@olingbothelr.Motivsbdbysuchapplic{iio,aFPidlvi@&singnulbqofrcse@hpapd

deatins wiih lhc flow ovd I sld.hilg srr$.e h.vc be! publisled lo und4srd 
'ith'r 

0E $le

etrecli of btllioa hcd !8t |]6 tr&sf.t, cbdi.tl |@iioq MHD, stiotvblov/us d tb€n

vuiow cdbiolios. Msb asaiid i! rh. r?otud sndi6 hB ben gjvcn to tbe teG

ttin@ion l sL{.h.d now of vi$B flui<ls. SEh flow o$bsis ad i! &€ non'Nc*4otrio

truitl n@h&i6 is sr..ly inv€sti8.ted Howvcr, ih@ is rcid in th' li.lale for the d@e_

dinosionil bound$y latq flos of mn-N.s'toniu iuids ovq a stFl'hi'8 ssf&e Main

purpo* of tbis lhBb is to 6ll sh void ibnwh difretdl losibL conbiEtioN of h6l md

mN tresf.r, MHD 4d sEtior4nj6lioL For !oo-N.*toni6 tlud! th' boud4f th@rv is still

itrcdpl.re. Major obstcle i! sEh @pletron is div.rsit of tbe i@logrcal Prcp€ni6 of non-

Ndtorid tluids. vircocLstic .ffels in th6. ouids givc ri* to .dditiod ndJi@ridd elich

ofrd fomid.bl. tuthdllicd llsk i!.1 ci@l b. Frfoded ad tlmugh nlmicar

sinulariod Havilg th.sc ch.loges il bin4 itr PG.nt th$is is orealiad s folloMl

cblDi.r oft consists of th. lil€ratN sw.y E8ffdin8 the flos of m.lired nuids Bowdarv

Ly€r equation for vsiou tun-N4toie tluidr N propo*d i! th€ ihF dimetuionat flos

situali@Ad!6!t86of homtopy&attsisDct[od(HAM)@.lepoi .dout

cbaDler two drtrBs llc stedy thc{ittmiord 0ow of e iMpl6sible Mawll iluid

Bo@dary laycr lPPo.h is adopi.d in E tlttLbali.d nodelils. CoBltuct d nonlin@

difeMlirl sys:t n k rcdwed i.ro a system @ntlinirg ordii.tv differendd .qutioN sedcs

stutios e deeloD.d, Conv€rg@ ofhe d.riv.d s.i4 elulioN is disuell in debil Eror

alalFis is pEstcd for the vrlidity ofde obt jld solutioN Gralhical rcsults d displeved nl

a!"lru tbe Gffds of D.bon! Nnher on lli. qitytDn tic, twc ltd treiimcNional (*9



Main tudinSF oflhis cha/d &e publilh.d in'Id'DlDml JouE l ror Nmdi'il M'tnod'

h rhB!. 66 (201l) 87S64".

chaDt r thd cxt! s tls flow.naltlb of ch'pta rwo for @i'!dv ce Codpdien wilh the

liditiDg crl$ of tbe netly ce is sho@ Th' F s e @'pt'd tur publicdio' in

In .hr$d fou, w blvc cxein€d lb. nix'd c@ldid boudart la)€r flow or upler

@N4&d Md*ll @cM) flud Th. flow is induc€d dw 10 s bidnedio!'l s!€tching plare

Mainly &e nagnclic fi€ld, difision-th'fro (Ddo!i) ed lhm'lii6siotr 6ora) eff€crs &e

addrsr.d. rt .pPtopid! 6Gfolbtti6 @ nliliz'd b td'@ tbe Fditl dlE€Mtid svsh

into th€ @upl€d system of todi|M oritiErv ditr'rdtial 'qutioc 
lhe e3ing pobLms se

elvcd by homtoPv an lFb tuinod R6utt3 & obbii'd ald diersd fot vclocitv'

tcrnlcFl@, con€ordtion' le6l Nlell tiil l@d Shdrood nuEbes Thc Eain points of 1bi3

chiPtcr @ publilh€d in'ASMET Jound ofEc't TlEfor' 134 (2012) 014503"'

CIE$E EccrPlo6 lj $Eniltffi@d oov of e OldDtd-B ouid ovd' sftdins sudM

Math@ricd mod€li!8 is tLvelop€<l fot the bouddt bter cquanos in the dree{imeNional

flow. Rdtltit8 boudst lavd equslios d@g wih lbe $bjeted boundtrv @nditons d

tsfoded inlo coql€d tF&o ofodhltv ditr'rcnM €qutioN cimPutatios for $e scs

elutioE @ 6!d.. Efi6B of D€b'6h lunbo in th€ disllMelic' two- ald ih'eiineNio'al

Aos e snphi@lv Fcgied ,id aDlv4d Mljd ob$tldons e Plblisld in

"l .mliond Joum.l lot NM.ri!.t Motto& h rhid!' DOI: 10 1002/lld 2716"'

tn clupt*' s!( to uie. th. nN ofJ.fcrv ouid @ tod'lcd' Her" rhe followi'g fou pobleds

d fotuutated &d slv.d.

a) ftc{il!@ion lborDdtvlrtdflo*ovqslim{std'bi4surh"'
b) Th'.cdittmiotil chrdEt flow w!'n low v51l dhibirs selcbits prepqlv'

c) ItF.nio€cioDd magletohvdtudt!'mic sbrilking flow i! s relating Edc

d) Axist trltic flow d@ to totslilg disf"

Convdg€n@ ioEryals in th. ei€s solutios aE d€l€mined lmpacl of kcy Fme1'6 ordng

inro flow a lysis is di*ss.d il .,'h pobld Th' 6ulB of cba!t'6 six €igl'i ed dn' e



alEady publislEd ir il€ joutulb 'ConruLdloE h N"ltudr ScLtc' dd N@'rtctl

siDddlou, l? (2012) 699_?07i aaME: Joum.l of Flold E!glr"d!r" r$ (20rr) 06l20li

hGm.tion.l Joln.l lor Nrn.rt d M.alotlt b rl|||dt, DOI: 101002[1ip714"'

Es!€clivcly stut!$ th. .ont nt3 of cb4Lr s.wn s. subEid'd fo! publio[on in 'Tb'

Eutupd Pbth.l Jo|tn.l Plct"

Chlga r@ p€en|3 lh. thE-dindsiotrd unlt ldv flow w.f 5 3tltchins $rtu'' Con$it ive

Et.noilnips hr th. econd snt olid do<Ll h.rc b..i dliz'd i! ttc prebLE fomuladon'

Nonlilar p€nial ditrc@!.| .qu.!ioo. @ tdE d ido ' ry'e of ordiuv dif@1i'l

€qurtiod Ning lh. sidreity ItlBforDrdo$ Tb. hooolopv ttslvsi! nclbod (HAM) bB ben

idpl@.i.d for th. si4 solui@. Cnpb s di.plav.d for &' efr6l3 of $!drv o{@des

@ tL v.locity 6cU. TL. ttltlbtt ot thl,.t.Ptt e prbut!'d i!'z'il4htift llt

N.tlrfoBtlng A, 66 €OU) 63t6{t1

ft. prebLd of B.€dy lhE{iMidl Oo{' *}ici 6ula dE to tltt'bitg of ! stf!4' is

sdi.d in cl,pla GLYcn now rdlFh i!.dv.d.Gd in vi4 of tts ttr'sfa ald chcdctl

d.ti@ cf..ti rt @nHDoodioS houd.tv vrttt PrebLs !! @Pulod bv HAM

CoElsi@ for rd@itv rnd @(6t!lion fi.1d5 !! dnE C@Filon of Pr*nt invBlisldon

G foud in e qeUcdt !8lq!.t vi& ih. qidilg litoft.d stdits' TIF ob$fttli@s of this

chaia e Nui$.d in "No .d a!.|!,|h Moddbr sd Co!!!\ 11 Qol2l11'5v '

b0lE@ of Soia &d Ddou .frcct i! tr.GdiMioDrl bo'Edlrv Lvd 0o* of visbstic

0uid boEd.d by t oachiDg $rtu i, s(@i!.d i! cbrpt twlve Tht |!3dti!8 Potti'd

diftrlnti.l s,!r.D i! conv.tLd i o tb otdiiry difr.rali.l !vd@!' *'ltich @ trt'n @4puid

e'lrli..[y uing lomiopic qPr*l tm*l s thc bo@tolt tntlvsi' nc$od The flow

{u..liti6 of i!t461{t sislifictdy inllud.cd bv tbc 3uodtv Frucr'6 i! tbe cdpullrio6'

It @cluiod of lh! chrpt e publi$od i! 3llctullo..l Johd of ||at ud Ms
T'8tc., 65 (mr4 2129.2136".
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Chapter 1

Introduction

Txi.cnTra6!idrrh.lnrE .f lii@.twnl€Ett!it'tGsdtb*djDBlsioDniM
i!.tady ud u.dady cg Btililbod@ttod.Lgv tdott'd dd bdDd&v lAvs equolo@

1.1 Lit€hture surv€Y

R!-losic.l chstanft. oa .cNatoi!. luid diEd I loa ths th' N*tdid tuida No

ddh, th. lh€logid F.tetk of .I tb. eGNdtdnr !uid. @r b' pr'dic{td bt orc

@Binuti€ autba b*E .bd. t& {d nr. oi.!.iD For DcNaidia! iuid4 ih@

n.b|'l. ldlild F-Lli.dhiD b.hu th. rtl-.!rt t[6 nt otn!.i! Th' ddiiliiE
€q..ti@ i! @Ndto.h! iui& s E!.t @Dlii:tal' @B @!ir ed hilha o'de in

6no{im b.n Nat !i.! iti&. l!i. n bdu of tbe .lstic ft.r@ i!.dditid b 
'be

{ir.ait- DaDh. .n !h. .!dld{.., *vr.l t$n!.it e 
'!v.lv.d 

i. tb' diruio! or sucb

flM. Fd @pL4 nrj.goFl d.r lllPsLdth.ldof lnod.dicnudoqtdr6t'hils

suna llley h,G dtlLtd o imoptt dbL pld ddq iqn &d ololtd'd lhd luct

0uDlrEeiDpdtstturt .9tli.rl@ilwltiqsDoV@ p6...de Sepsiio!od

Mtra.!@t of mDN€ttdi.t nun n* i!..udd.o 4Dod. pip. he bs e'lP€d bv

P.t d .L l2l, Rlalosi..l Ft'p-ti.. ot t[. @-N6{@i.r nui& ialudilc !h46t€ &96
dat tiEity.ld in viF.L.tLity hts b- dj-ur.d. ldral d .L I3l irc'ig'i4d rh'

d.lnliry ol tb. i!.l6lic @-N.rtdi! nui't i! Cdlttt nd for @.ttic cvli.d6 authoE



h.w eopbEd th. tuit€ €ladt tenlhle ed F@t d t!. @, ot t@ftlal trtj@ io th€

0M. Flor ildlc€d by lnc aEei.biD!.ur6€ ls bd cudt d l,y PoDdni Fl. A!. boe
sd6u &d iMDpr4ible s@!d !!o<le 6uid L& bd @Eidered 6d the Fmblem j! solted

nudielly. E&!r@ d .l lsjp@tdrt !@ oI pm L- dlid o€ A milorhmar
liddnls Euhe Th. nd ll &ls 6q6itd hs b@ .l& 6st l4.d eid ibe boo€Dt@

.q!!li@ &d out4o@ ol pN Ls .uh.€ l@pqalud ed 3nde Es hufd rdte bare

ban p|ie!d. 1t tuylqsLst Lr p[.6lo fc e.da. i! & OrdtoydB loid hs b@ j!-

\ettated by Fbtear 16l, E3 $ilir€d dotrbl€ Fouid si4 trodor io olpute ibe elutim.
Th€ ftl lM $lutt6ld 6 N.vid-Stoi6 !ra'€I ed @d g.ade dui& appd $ tbe

linitina @ of hi' in€ti[dir. F t@{.!d lbAn 17,81 Fdr.d.[e ddy oI D.dtial
bls i! MwU sd Oldioyd-B idd!. SolulioB in bolh .e e .ondr&1.d by enploy-

irg .he Eelcl t@.bE. Vsiou ghpLier ed nllodicd 6d!3 e lbon to &dt* the

pb€Ilm@ ot ihe por@rid w.tc tL ddd ol pot@td wtq i! . g@.Dr.d Otlroyd-B

nrid ha bM sttrdi€<l by ldsu €r .1, [9]. m. turnm hlE 6r56[6h.i lbd Mr 6dltriion6

,or rhe rdaitt 6€ld .rd !t 3hd .!I€ rd.liDr to 3&! etkE i! e OHftld-B duid wilh

&d6.rl daihriE, Tt bltrti@@!tret€dss@olth€N4t .jd $lutio$ md tbd

.dupondjqg D!-Nestode @!inbud@, T[€r @plorld tie H.D!.1 md L+le tras
lm rd tb€ oltrti@. Tn Bdt h& se6li*d Mqrdl 6d{k .ut cllsicd tdaidl or

Oldrld-B 8ui& @ bo ot'tainod a the Acial c@. Efds ol t[e 6&tional p&&das otr

th€ de.r of tle Krtq e als &,lJzed by E@ ol rne sapnr6l iluidbB. !4De qd
-luti@ fr( d. rot rila f.m ot . !.!adi,.d B!rs6, nuid i! cyljldriel d@id trw bs
rotd by J.Eil ed F.t€6r ll0l. LiEitins Bdi. ror rh€ B!196,, Old.qd-B, Mun I, Pond
ghde ed Ndlori.! duids l{ b. d.d!.€d s .b€ 4.rid ce. Vei@ srlphjel 6db e
.!@ i! dd4 b roval @ r.le. phsi.n ..Dcr. oi d. ob6b€<r &luriou. JMr et .1.

[11] &ul]u od tne @t!.dr henc.l dm oI Old&ydB duid, Tbe olutior by IiE liet tl st@
b plant d i! tLe lm of B@l ne&B Uldsdy nd o{ & Oldrrd B add seoeaied

by mlt ltly r@l6ri.g pllte b€tre h! .ide mll pdpodicd.r to rb€ pl'ie bs b@
iNstisat€d by Feisn.i sL 1121, Oldrqd-B luid @d.l !o bd srudi.d by the .uiho6 i!
tie* orr[. Ld tn t n i..delu.t3 Eodd to. dsibils tt !a.ns d polrmic lhuidr Tte
atthoB he otuluddd ibai ihe ,ids {Blb h.w . @ilSnn in @€ o. ihe duid dd i. more



DroDoDced ld the lrsd liba rh! €i d [13] F*Dted dlterdv 0@ oI a vis€ldlic duid

eith tL€ lElio.'l Mm€ll Eodc]. Andidt n! b@ ldloE d i. s do@i! lor *hich the

flli<t is blMdd Lt tm p,..Uel tbb Alihd n w oplottd tbe ndioD.l calculu spplo*b

io obtsi! iho eluiiom. Th4 oftludd ti0't ihe fi*ticDAl coGtnuiiw rcldio@hip bodel is

D.n h{did $ @np&€d lo tbo @D@ii@.I@.Ll lor dsxibiDg ihc ptopdi* of visetsiic

0uid SLird 6Bt prcbld lor . ed snde nutd i! . pmu b.llap@ *i!h b61 boudarr

ns ber @pul€d by 1\n .nd Mturt [14, AnhoE nlw ili'cd tb€ Dodid€d Dar.J s

bw ior vi&o€lalic llnid ud .bo $tdi€d tbe d.oi! oI vieru disipdion Te ed MeuokE

l15l pEDt€d il€ st bility o@lFn of Md*ll iutd i! s p.ou E di@ habd froh beld.

Thry h.E .lrlyred the citicd Rsyleish nua!.., uw nEbd .!d nlqtrencv sd @cluded

ihd th. qiticd tuyleid lubs ftr oE st.tjliq ird!@ tiib t itc!@ i! tie ralrc oI

lhe pNu par@€b. wdns ed lbn [16] dd.lop.n ib€ dsbixty ua\vsis ot the Sorcndrim

ddbleiifiuirc @nvEtid oI N&rrdl fluid i! t p@@ Dediu. Arth6 h3re plenled the

od of il€ ddlbloiihlriw olEttB ;.L t!€ Eodined Dq M&seI no<tcl, Sc etr6
de .lso ilcalobta sd a!.lt!.{ br uilg ihe liM rtrd Mli.e dability tbdi€. AlrhoB

h6re mlcludd thsi it€ ileao i! ihe !6le ol Fuxdion tine 6nlM the iMtability oI the

.,tu Ttdaal @diw iGt liuty od vi&eL.dc tui& h r rd'tins pdo$ lqrs hated

6m b.l@ ha bel e.b".d by xNs d a[ Ir4. trcB oI corjolis rore e iicluded in tbe

malFn o ihe oioii@ ell6t e &.!,€d, H@ tney a5.qEd tb.i ihe cilic.l Rlyleigh

Dd.y nuba lor oE dabiUty irc@6 {iti ie@. i! r€tdd6tion liDe sd Tqvl6 Dsy
r}{, etiL d@ with i!.@ in r.lMrid v.jrd€lu .!d RoniG [3] pledial tbe

0fl oI @N.f,tdt D duid oE . sdcniq lurbe rn d..{ri.dly ondMiitrg g'd srad€

du;d ; u.ba.d *n@ ujbE Elgn*ic ff.ld h pllld. E6li.rl id oI a pm br fltrid in

a ttd! ed@ vith p8nsbL %l! ns bd *udiod by Vaj4volu ei d. lr9l. Innftnce or

h4i tucr @ ibe paiddtic tE p.rt oI Jeddy atrid in a vfrtic.l poDu srriDD hs bs
inv6tiqst€d br. vajmr€h d .r I2q. Ir ir not€d ib. !h. air ol tnppins bola de@ witb

e ilr@ i! pmebiljry pdu*€r md bolu di&ppsn 6dr t!. le8E Blc ot pqDsbiliry

pumek!. lsiltdtic !.@poft oI wiliMn 6uld il aymdrdc .hd6L *dih perDsbL

rdb hs bs dD ddi€d by Vrjrsdu €t .l prl. tne rr@ctry ol |t€ cn&Del ir produ..d

by do€jlg . pan'tdtic sE .nn! @ i!6 *![ ritb dife.at uplilude @d pi@, lae str



ol de bslp€d bolu deg ud i!5 tvbD€Ev dii.ppds 6' blse r'lu' oI rhe pdtpi iiv

pd@tu. U!!to0dy 6d .!d hsr ti.ldd i! ! thi! fln ot Ostrddnlr6al€ liq{iil (ro !

tFEhinS sul&s ha b@ rd,z€<t bv V{r.!€lu e al r22 An'lvd! r cMi{ oLr citb

vi@u diEipatt@ ud th. iopsatu€ dep.lddt i!6rn l @detivitv ginildilv te:IolN

e inwled lotr the @isid oI Frtn di6{6!i.l o6t@ iDb iho !odi!@ ddjuv 
'ljtrd-

.di.l cql*iE sd !t K€IaBd @i!od b @pLttd to @Dpub d' plurion lt itErslcrt

rt r tL.61E ttidos inM *iih e illd4 i! i[€ p@-lN tldd pd@e s *cll a

lh. iDj*lior pardda. A!.btic slutid [t E s!.{oMrodvMit i@ ol. viroelati'c nnid

j! a cdm€l { ! .i!€tohilr 
'atlr 

hs b@ i!€ilslisd he R|ftei ed vajD'€h 1231. Thev

ioupdat.d the [6i trdsle ph@@ ud @ploy€d tns bo@tolv eel}3is netbod to

mput€ tle sE &lutid. lhcy Elde e dpdbo! ot 8dt3 *ith tbe li@ti4 nuDqical

€db.ldfaudndaellot.sr@.. sa|t.olltiN of uns[ddv E grelohvdrdvn &ic

nfl of ncNtui! nuA 6ucd by e iopdliEly .lleh-bjna pldi€ h.rc b@ i'rdigdl€d

b!' h ed ria. [24], Ite s€&.h6 dplo]td tb. bonotod a!D(vti. o€ihod b coDplie

tbe &rMic elutioE vhion @ rtrid lor lh. viol€ rpotial ildai! oI the prcblen Efe.re ot

olsn€tic 6.ld aad Dctio./iqietio @ th. @t€ctio! het tMi{ ot pow l6w duid pd!

. rtr€tc!€d lhct bE ba q iEd ty Caa 1251, Surtn har nu dt! tie pom lar

tut led bou!d!.y [r b€ @EirisaL Apr.opti& E@ibrE @ irNlad lbr the olE-
!i@ ol Da.iid diE@iin l}tu ie o.dilrry difidrdi.l sJstq wLih b 66lly olitd bv

the eohd dmstu. .pptdh. Ea)st .l al 1261 pr@t4d ibe .tu ol s ddo€ep. ed
eagDetic ff€ld d th. peiltslsis inKlvins ih€ J€d&y nujd. E*.i loluiioM e co$lructed

td the reldity cdpotu ed pIsD !.di&l e etlblid€d u!d6lo!8 mwL€ryth 3F

lMie.t o! SiDdt&eu .6.cts of Lar .!d Eg tr.&t€ @ ihe ii@ ddpadat nm o@

. r.Et ljls sureE h4 b@ o.ly,ed ty Xry.t rld Ann' It4. S@nd sade nlid i! the

pl@ ol tnM.l rlifuid .Dd dihEid $@ dcrb m 6didd.d. As\'tic elutio!

fd ths nonlind djd@tigl syst e i! de€L.psd ty tbo no@iorry dDl}3i. bethDd. UBle.dy

ds ol s ilird s.d. luid ffi r stdchjqs lule ba b€I F@r€d by fiqv.r ei al. {281.

A[tn@ n re sbo ilcdponr.d tn. Sa€t.rd Du6@ efieb rDd @elud.d tbt such eddt!

6dd not t igld€d hr 6. Dlidi& n dls LE @k d,r ntbt. N.trtrim hdinc ed
!n. tugr.tohydftay!.Dic .6€.r€ i! . n r ol . J.6rt luid l)w ' ndi.lJ dEicLitra sf@



ba ba Dlrz€d by E ylt 6 .L l29l, It b .nGl tbd N.tuie !..lirg et! lil@ a bdo6ti's

a3e.i i! ordd to ind€e the duidt' t€@rsdN. F,{.t .i .L l$l pr*li.d the .t&6 of

IIA truftr o! tn€ st slrlid poi nd oI u wla.d€1€d l,la*I (UCM) fluid Hae

{iroric h lbe s(milS e$r.|iN fn tb€ D.g!€a.tydod'a@ic MniD@id.l nd oI

Mqtrl auid d6 Elrte. Th€y hrre .ie dofid tbe eraph! or th€ rej.tud emE lo lsDdale ihe

ddb. InFrt{. n rai.l r.g{di.a n{l;lity j! @.d g.de, rhnd gEde od bpdrtD
d6poddt vi@ity flui& ia bd prdsd .t€sddy j! the re&, Pr - 34.

Th€ bouddy lala 6m pdrd.d lry r .tEtdiog Nn& h.rc dt€uiE !+plic!tio6 i!
@gjldiDg od &vq:l |cnnobgigl phl*, Fb(-iat M Fodudid of rl.€tilg @lqial
(boit edrl !&l pob!6 !n€ta), @DiimE @ri!e, 6b@ spiuils, hoi olj,s &d slN
t'ldi4 d Cr& I38l pltldd pioDdils @.! Ellnilg tedje@.td.l6d o€ !
trrekhiog 3[6t, lle Pld&t.d th. Mt siD!{ity sl{ilon 6r rh€ dilmionl6s diffsBnrial

sr!t4, Afr€wdr aiou |dt ilndic..or he t@6idq{d the ns u.lFis of lrudy

I38l dd .hm iED@& 
'ltdst 

to .!,$re U€ polka 6r th€ th@diDmioa! dow situ.tion.

Srcl i aer ir .tjauld.d du b th. &.t rh.l i! Eey pb€ic.l situti@, dd nislr Dot b€

ie q ts{iD@id.l, ftr eplc i! p.F p..dEtio4 gL. toro.ii@, 6!a 3he! {il
pbdi. muta.tui4, I@d plo@i!g, *ir dBwing d.l.o6iing ota. ft€ nowi e rhe th[*
diE@dd.r .!d .8Jd be Fopedy &.IF.d b' irEidai4 ih. o@ o. redi@iold [@
situ.rios. 1{als [39Jate.ted ths uI orclelor th.tbEdin rlonslce, Ddi d al. l40l

pr@td th. ur@dy rllsdi@horl 0or ol ri@u dui.l 6u!.d by . rndching Nl@
Ilq !.rc.1& utilizdd th. bourddy LrE .ppru.d i! th.i. hrErir.iior ld.inpli6otion.
&i.i lall @pLyd hdoioly pstub.tion E€.hod to j!€tissb th. t[leniD.Eiold Aa ol
m i@Fsittu 6rit @ lsdcLd !&frd lt€ mp6trd rhe obanled sulr! r h the oI

weg 1301. Ho 6Lo 6ehd6d th,,r @.t eluiitu m tut pNiblo i!.lose<l tom. Hotrya, s

li€ly F.duc.d rlpNdDDr -l{tiod rEquiri.r l- .&!r rith @ dAd @Dt of @ud
is al$J: etul fo. & @gi@, ei.otisr or o .ppli.d Btb@.ticiu, eho l{ ob|'in a

sohlior quicLl rhaelry g.inine . vdu.lL iBiSit ilto t[€ *eli.! oI th. probld. H.].i
&d J.vrd l,t2l ftud e d.lyiic oluii{,n 6r rhe som&d ihrldi@io!.I flm oE a

ldu drdchi!8 6h€t. They 8bo loot d dr rh. -{ndobdmdyluic (MgD) e6e.t!. 
"hetoplolrd [let rt &dyir Ddhod to blE th. !odi@ pbt @ &d onpor€d rhetu Gulrs

l0



eith th@ ot An l [l]. Siqgh t43l .D.tv,€d tbe tkedindlion l dd ol vi&ou fuid tiih

[ai dd d@ hdlq. seri6 mlrii,tb ol@!6dv ie @@tion !N it lh€ strglsiion point

rcgioo o{ . rbeni@io.'r b.dy h& bd ilvqtiS.i€d bv Xu €t .1. M Th'v iatrcduc€d

rb. Iw siEilrnry rru.f()r ed r.tomdrtd d. disjn'l aoJdm dd @sv equtim

Thb sludy sle o.clud.d tlai utady nos probl@ d b€ nsdred bv [onoiopv aMlvsis

b..do4 tlryd d .1, l4sl dDird the tti*diD@'iond n@ @ r dtr€t ]lnt's sut@ in !
viscleii. nlid Tho sdb lor ib6 tmnid@ioD.l md *i!tr@&ic cg 6 be obtoined

E th. Ubitirg @ oI t[e p@ld elltio!. 4D.bti6l elutios for lb. no!]ins ploblem

e obidled by dpLrils EAlL llr.. d sl la9l &4vzd lt€ llm h.!da efiect! i! tble
diMion l fM oi a vi@ocl4ii iuA. H@ ih. &|LG ilw eolyzed ibs.d6is of gensaiin

mdddturircb@i.d re{tiou o! lie d@. Usteady tb!@diD@ioDil boDddy hvs flos

or niEopol,r flrid oE . s|l€t<[irs orie n ildisrLd by AnE d d tl. 4r' Hty& .t ,l
b3l.oaput d rhe h@tolrelltiolfor tt€ur€dytbredimidal @srEtohydildymic

nm in d pdm spat, Th€y.bo @Eiddsd ih..dat ol oa tAEld {d cheEical r4tio!.
i,ft...tw d'atr pvsr tilt the i!vEri!.!im ildlilg *ith th. i!@diD@ioD'l flm

by Ilnitr8 lurlld &€ rutha ,rdo€d doe sha cb@d n@ Gouded doeriB) de

ccider.d. SrI nm &slFb @ idtialk @ids€d by Bo ,,Loti ed B[s.li I49], Lata

d vrjdFlu Dd KulN [i0] pr@t4d rhe o.lrti6r .nd lueic.r $lutitu ol @uplcd noo-

linN s'€tm in . th6dilll:Bid.l Ei.riag n@, Tn€y dplold a foulb{da RungFKltta

hhsrdio! &htr ld @put iio! oI nd-lild di6d@ti.l BFl@. li i6 6lao toud lh8i

tL. Coio[! I(re rnd the n {&ric 6dn ..'tiAg .glist tt pr6w gndid 6r the l,]ss
valu€ oI rdaiion p&udE @u ffi !d, thr6diE@io!.1 rctatile As ildlced br

a shrjlUna et lirh dion he bd p@t€d hr lrlr.t €t .1, Fll. Abbd ed Alr 1521

d€r:lop.d doBot py elltid hr g.Eli3.d lb@ni'|lsnEl cbetr€l dd dE b uDifl)n

detding of phte. CN difi@tt6tid tr bd in€ked to €lininat lb6 pl6m 3radient.

l! b obddvld th.r th. irfrtalt iljettor .t th. lppd pLt. i@ ti6 nu;d Eldity ad
rhir i!.k ir Eld.i.y [s tbe oqim Elu m tne hru (strct !j!s) plrL. Dodi.ry
&d Atit 163l roud ih€ lppqiE6i. blutjo! id MHD squ€'lg dd bo!reD 1rc pdalel

disb with tuct'@ d iDjdion unDs b@to!,y Ddiubdid Derbod, Flo{ &d ha! r&itd
of lm vnr@btic iua i! ! ^rrnFr sith dicnins r.I! bs ba' FI'd€d by Mns d



sl. [541, x6y.t et .1, [55] irstu.t d ih€ rhnnLiie dd of @!d s.ds tuid i! . role1rs

6!e Itse the ulhG h.E @pured .h. &nytic olutim by @pbJilg boEobpy ealtsir

mdlod. v&io@ plob ol Bidr.l ffi d .[m i! dns b Elidxn $€ obbiul G'na
Mabaed &d Ali 156l pMt€d d€ nd 1|&i6 .!.b!i! of tL. tbedj!fuiolal flN in

. cbEld of lllE .tr.a.niDa r.ll llediE@i@l .qwing !d itr r tubti's cbdml of

l@ lk.tcbins porou uI !e b€! studjed b Muwd et al. [6!- A{|!ob hM lolld the

!u@i6l B'ni. od @p{.d th@ rith th, o.lrtic Ed6 br [@d.py .!.!,si Dethod.

Vdtou I'pbicd €db &€ pr@iod io edt% ih€ rholoaical !.pab ot ihe 3queznrg dm.
UndadJ .q'-t ns ol ! Jd{y nod bdtu awo F6rhl dirrr LE ba ebr€d hy

Qqnu €i al. I5q. They h.w p@t.d the luMicsl ldE ol.Ii! iiction 6.6d.!r md a

@p{ib ritb tLe 
'lredy 

putL,n d tuh i! .hm Mstr6 .1 rI l50l ilvErisat€d lhe nai
&d tru !r.@tu pnmb... h .h. @t€dy 8qlffiilg nd b.r€ p&ill.] plst6. PhFical

iDt€.F.t.iior to wi,ru @b.ddiDd Fru€a€6 i. Ead€ thr[8! g!.phi6l &d taiub! r6ul&,

ThFdimsio!.I rcalri.g 0q b.tra ts ptrs r.!, wilL .tiD &d h6t rrosts na bo
3iudied by E.).r d eL [60], E@ rhe 6uihd h.re ed]%d t!. thm,l &d @D€Dhation

.lip €6.d! tr ld!3 tn€ tdotopy ..!b!i, E rbod I6t - 801.

r.2 Math€matical d€6.rtptioa of basic taws

1.2.1 Ie of @|'EMti6 d@B
Ilp llr ol @lE@iio! ol M or ih. dtiNjv €quri6 ir giM by

!*o.1rut=0,
ph@, dmr .he deDity oa rbe ouirL .od v e rb. tdcity 6cld.

incoDpre6ible fri<l i! Edu..d e
Id u i!@pEibb nc Eq. r.r h b. a$€.d I

(r.2)

o.l)



1.2.2 Id of @DEEtloE of llEr @tl@a@

TIb i! €jerd.d ty tle &,Uosias EL[ioD

r(r _Pi =i r+tu, {I3r

il phic! 
' = -d+g ddo{a ihe C.{.[y sts te@, ! |i. ple,I tLs iddtiry ituor,

s d. da lre t.|s, b tn b.dr h.c ed d/.& iL. ldann d@ dqiEtiE, The c.lcht
3tE r.n$r r &d rlo rdociq 6.ld v tor rt rhreni@sio!.t dw e

v - ln(,, e, r), ol.,y,.J,u(,,s,')1.

l"- .- .-t
o4)

0.0

sd|l[ l@orEq. (L3) e

o.6l

u.?)

0.3)

d(r=) 
+ 
rtl,) + r{I*r +,.-.@d'

9*!*V*ug)*e.
2p.a-ArO.lp - a..

h.b@ equtioc 6,, ,, s.t tr e rhe c@p.M!s o{ 6ody tor b p&ar6t |o rne,_, y_
ard r- dicti@ E periab,.

l2.a laof@r+r@ of @&/
A@rdi4 t ibc d@&, @uii@.quliid e h{

&_pe = t. L-6's+pr, (r.e)

*lc. = 9r is tn6 irterun.rE6f, I rho.p&iffc h6i! ? rb€ ispdarue, ! _ w rhe
vehitt gt:did, q = -tV' tn. n6i As Etd, t rL. .t6ut ddudivir, ed r rh6 radiei



h6ting, I! .bs@ oi ldiatire efielg, Eq (r0) bs!6

-g=,-vv+k!1r. to,

1.r.a F,qqltio! of llrs h!r€&c

It. nui.l drriu spei6 -'r' tti.h e .li8[iv ohhL i! it tl@ ihd€ tiu b' rclatiw rl3spori

of D@e, 
,rt ePci€s A' ntv be b.!,po.t€d bv 

'dvdi@ 
({iih 

'h€ 
!]d lclaft' or Dt-

!u.) od by ditulton G€l*i* to ths Da @!i@) 
'! "cb 

or th€ coordie didi@ Th'

@Ednt i@ c, Dv .ls b' afdt'd !v "s-Gr r*tid r'i ]ilb€the re ti which 1be

bs of sp€cie -{' b eeerri€d F uil rol@ dw to @ r"&1i@ dd D is the co'dcieDt

Th€ !€lewl boudarv lad e$friotr lor @o@tr'ii@ 6€Lc i3

OC, 04 ,Ct _.FC_4_r^, tlu.vaa: +r-d;' +uE = e-57

1.3 Thft€rrimflrionql bourdtry lsy€r €quations

1.S.! !b'En fluid @del

Tb. dtn st6 tM 3 i! e lptadv*t'd Msr€U (UCM) 6uid @ be dprd€d *

lbUo{:
Ir+r'l)e'rr' (l 12)

\ u./

sh@ p d€i8mt6 the }jnemtic rislivl '\r ihc Eleiio! liDe' D/ti the c!ffiis! dif@!ti_

.tld odd At th€ 6n! RivliFEriddd rend tor lh!6diadion'l wlo4itr 6eld v = tz('' v' ')' '(t' ! 4' @(r'

Ar = sFdv+ (grdv)t!.a,

[ ,e *.'* e.e I
= lS*g ,fi *+g I

[ **E **S r* I

o.r3)

ta



.!rl &. . ts tul tgd g, . r*td b .rd . s!' , * tltp€tiv€lv tM

Ds g+rv vls- Eldv,s - I (sadv)'ory" {ll4l

9! - 4. rv.vtu-to.aub, (Il5)
,t0tDj = ff*v vto (r'161

applyrDg th6 opdltor (1+,\r&) d Fa 0 3), w g€i th' n'ndiag €qBtior i! th8 6bt@ce

/ D\dvP\t+^'Dt)-=

Foldils Eai. [84], w w

0.17)- ('*"ff)o,* (",,f;)ro "r'

D{tFr=v \d,, o.rE

sd Ia. (1.17) tld Eq 0.1r) thu yidd

,('.^*)# = -('*,'fi)v,*" ('*r'ff)s'
- - ('*r'fi)v,*oto r'1

h .be@ o{ Far sr.dlet, Eq, 0.m) i.l. rh€ frrE

o('*i'ff)S=urv .r'r

0.re)

o,20J

0.r1)

t6



Eq. (1,21) in @apm@t f@ is si@ bY

*. "*. "L" -.* = " (# - #, e"*)

/ St- "#e+&#-'?"# )-r,l +,r$+u'l#+ur* |

\ +z*fu +z-fu +2"'fi6; J

a, - "E. "H ** = " (#, et* - #)
(**N**Nffi-z'#*\

-r,l .+$-cfi+;$+ | n,"r

\ +wS +x-S +t-'$6 )

I\dLdEG !, !, . ed t E of qda I {h4 eld€ I o dd t e of ods d Ths lhe

ihid .dpo@i of Eq, (r.r) turd- !i@.r6v r@ i! it i! of o.dd t For 3l€dt dfl om

0 22)

(L.U)

(1.2i)

(1.26)

. I t*+ng+'ttr )-^'\ +r.,,9+t S+2.,$ i '

. | "'*+n*+"t* \-"' 
\ +z'*f6+2"'{ft +2"-fr' J

&rr&e"rd;+1al_+u6; = '07

1,1.? Ol&ord-B luld @<Lt

U@ ib€ sta.tE tM b gie bY

(-,'ff)"*('.,,ff)^,,

16



in rhicn b b ihe dad.tid ii@ aod @6Ed'o Lw ol E@dtum tho 
'bd@ 

or DEN

g'E / D\ dv /- D \,-et-r,;);=/t+ v;J 'v 
A'r t'27)

Eq. (1.2?) i! @npomrt IoE udd tn€ b.uldrv Lvt 
'D9@iD'tt@ 

8ivs

o! sn o" .l ,r#+,t#+"]gt \!- +'a! +'& r"'\ 
+ruv Si +2,.$4 + z"-fu J

le" . | "#*"#,.& \l ,,"",='[F--\-s*-gg-s*+ /']
o. o! a, . r'.F-+f*+a?H

+t'-E& + 2"'Bt

_..1n. -,.( "#-,#,--- \l ,,,,,-'[F -'\ -ss- eP - s* /l
Not thd b. rr = 0! the .!m eqtrdLs cdlt Pdd to &d ol the M**€I odd.

1,3.1 J€ftry Euld @d€l

Erpr*jo! of|fr dG t.E iD J.tr !y duld ir

"=+- 
(^' *r'9), (r'30)

rtc. lr L ttp dlo or Fr.-!rd t th. E{{rlxioo tiDi M@

da, / 0 , d\-? = (";*'6*";;^L {r 31)

- [,9 *-g #-gl
= ("*.6."*)l s+f '1g s+8 I {r3')

L#** S-* z# l



Adbq !h€ .:liB sils obpui€d nos Eqr (l A0) dd (1 3') N cire bv

"- =,* [,#.'(.*..*-.*) (,#)]

,. = tu =#r [(#-.c) -' (.#-"*-,"s)

'. = -=#r [(,4.#),'(.#."*..*)
"" = #, [,#.'(.*-,*-.*) (,#)]

.r" =,.= rfr [("e- H).' (.#.,*.,i)
*. = ;a ['fl -"(,*.,*-."9) (,#)

\4' a'l I

0.33J

, 0.3d)

,035)

0.36)

, 0.37)

0.33)

fte rns ol @Igvatio or @@r@ (h @DMi ftd) hr th€ ttsdv io* cE ahd bodv

ld6 ed p@re e .b€dt Yi.ldr

, (8.'X **) = {s-. f,s-. is"'
,QH-'X.'X) = fiu-f,u.fla"

" 
(Y. "X.'E) = {'-. f,*. }s"

l,+-'(

[,+-'(

0.3s)

0..{0)

o.41)

S$rtilutils the $lue ol6E! !i!*6 3-, S4,9*,94, fu ed S,, bio Eqs. (139) _ 0 4r)

ed dili'ibg lhe dds d,lFb e geb

)], 
.-,

)] 
.-,

8a er A* E#+E*e+V#)
+"fu+,$;7 +.fu
E**E*tEfii
*l/v+.ffi+.fu

1.3.4 S*Dd sr.de Aul(| eod€l

Th6 qrt 6t6 io@ s for . !6cdld crad. nuid Dod.l ir

(r.4-r)

I3



in $nic! th. 6tlt Rir$FDric.l6o! i@d Lr i! d.6!.d in Eq 0 13) old tn€ send Rivlj!_

hi.L iM A, @ b.6EPut d ib$Wh

For thc@dlMic Md g!d. nuid, w h@

p>0,or>0,at+q=0. 0.46)

eX =sP+rr/'v-ii'v,

itr v}'jc! , r€N4t do Ditdid @i.Dt cb{..tdl,iDs lb€ @!pL atr@ Bv dplovin8

the opmtor V on tne wlo.itv 6.!d, ih€ qudiiti4 vv &d V{v @ b' @ilv lould shich

o,45)

The 4h strs d b. @DD!t.d sirv fri@ !q. (1d{) &d lut€titutios ilto 8q 0 39)

O.41), o@ ests tne tbr6niD@i@.1 houlddv t ls 'qurri@ 
ld ih' theaod'@jc sond

srad.6trid *bi.! N g16 tY

/r. Ar Ot O!\ e"
P\a+to'+ray+w6r) = PEA

1.3.5 Couple slrt s flutd odd

Id tb. dple drd tui4 |n0 Do@lu.q!.!ioh (r.3) beo@

l/'#-,#.-s )
l-gft+e$+#*B l ('d7)

\ *3S-*&.#i /
/aD A, a! Ev\ et

e\6+1&-+u6t+ud) = 
''ea( "gn-'tts.-* '\

*,1 -*S-S*-F* |

\ +s&-g#*ge /

0.4e)

It



lp*P'# I
ev=l p+#+* I,[#.S**l

f *'P*f* I
+v= | p+S+# 

|

[#*H*#.1

/d" d" du\=,\*t@-67)
. td" 6u d"\-'\6F+6aFt'
l8t d. dt\

= '\fi+@'6i )
./do dv. ao\-' \6F+ 8r $ t,

x."***.-v

o.50)

(1.51J

FeD E4s (1.61)- (I4Sl m wit!

*."#.'t.&

(r.$)

i. whicb / = y'/p is tne €upL tt'd ii@ftv And dpbtr lh€ o'dE an'lv6i! lor rhe

rb6JindbD.r .e w ge'

0.52)

0.e)

(1.55)
x."H."H.-* =

***.'H** -
'\di )- " \6v t'

"(#)-,(#)'
1.4 Solutiormethodology

li b rcl etlunh€d ds]lDot lbar pbvtiol o'c!!ib i! s@d n ilmF tubjal€d io mt_

U@tiy, ia th. r@i!g 'q!'ii@ 
@ 'oolild 

€6 in tl* vio6 fllid' tl'ditiontl

o**r- .oba n oa, "ttF 
tiw Id iL' sl io of tuch eqstt@ But tbis k!-

niqe req 6 sdtl/ltrce pd@t" h tne @rt@'ticd 3va1@ Beide thil' tb66 de orha

.*Ot *o* * ld* * t honotopv odvtlr' honoropJt Ddtubliiod' Adooie dF

@pditi@ d. A@ns 't* 
rb€ h@'t'ev &dvti. dhod GIAM) i! pre'dr'd dw b te

A



. SlIa d!- F! Fquj!. 4 ojvhs. r{dd' i! rlt FoDle

. $. @M8de Esd d b€ rdry c(d.|Lil

. 11 r.. d.eFqturb !.d. L didd.

. ft Fd!t- 6..dd b .nc d&.itr .* .t bc. tu!.*ie

Eeils ti. !i@. D!di.o!d aitBt sa b Eb4 F tin u EA 6r ths &lutioE of

dltd-r !.!1.',,4|..l D.(lL b tb tlrda



Chapter 2

Flow of Maxwell fluid induced bv

bidirectionally stretching surface

Thb d.ptddalorB thcsteldy nowole incdebibL Ma'€lliujd, T[s rbledi!@iolal
ne n ild&cd du b rla tidjsiDl ltFt !i!S or ' .te4. CoD,€Mim tru ol @ sd
lird noD@i@ e !..d i! th. FobloD d&€lopned, Tne @!r6p@dj!c @n-lill{ ditreF

dial 3y!td t &lvrd hy t[€ [@oror'y &.tysb dbod {U M). I}€ strp[s oa Bidusl mF
e trtit€d .!d the obroiftd r6ulr! e @ps.d rith .[€ publ&hd liniiilg brt j6i b
EDiIar! the r6ultl, ft. !np!6 ot Debod lub6 @ pr€p&€d to .!.lyp the dbrrneriq
tb ud lbredlD@iold le

2.1 Math€natlcal analyEis

c.;id th. .hlEdiodioa, dm ot uppaenEt€d MqE! (UCM) !dd. T1E rhl*
dihtuiorsl dd in r[€ duid is ird&€d by rh€ !!&knicg edt a! : = o. a! itrconprQdibte

22



U@t nud 6u! tb. Esid: > 0 (* Fa 2')

!'& 2.1: @ry of tbe Pbbl@'

la. lsr ol @Eviiid of Es &I @o'd@ b' lbe l.s!t n@ Foli@ vLl&

6+ u+6;=q
pl)

(2.2)
| ""*+rg+"tgt \.#.,*.-# =.#-, |..,-e.,*s.,.s ,l

(21)

rnc q r &d @ e !h. tqdtiE tLdtv @t@lb 
'loor 

td' t-' 
'- 

@d '-didriM'
, d.oob the ld@aiic vieit snd lr tb' iddltio ti@



Tbs qr.a@dils b.{td'rt cdditioB @

" = !.(c)=@, '=u!(')=t?' 
u=0 dt '=0'

! - Or rio e:r@' (11)

i! *iiri ti. @!i!.b d > 0 
'!d 

n > 0-

Mrlring w ol the folo{i!! di@iolrd wi|b'L'

"='h' "-*lt"t' "="d{t)' -=-'6 I/(t)'e('r)} (251

in Eqs. (2 1) - (2.4 om 6 86

!* - f+U +s)f +'alll!+d!f -$+d'11-0' (20)

f -{+l!+ctf +8\120+e)!{ -(t+s)'{)=o' \23)

,(t) +,(t) = o' J/(t)'r' lltt)=c &n'0'

/(4)=o, r'(t) =o '4_@ 
(28)

snde priD. d.t aB tle difiddtudd;tn !'Dat to t Mon@ tn' Dd@! Nobd 
't

dd lbc t.iio ol lisiding 6i6 ' 
@

P.=rl-,.=bll 
(2 e)

It i! ints.ti4 to poilt d! th't wiN lillitbg ddb @ b' <t'duc€d ft@ 
'hc 

p@'

b€tis.!b! ttnd @ @tio!'d a lbUd:

\



2.1.1 TLr6dtrEeLD.l 66 of v'o! 6un

PbbLb @ii!i!s ol Eq., (2,6) .!d (2,?) alols {ftn |n. boudo.y @diliod (2.8) ce b€

r€du...l ilto ti. viro iuil rba ,, = 0. Ib. .r.! s n ne

(2,10)

(2.11)

,(0)+r(0) -0, J"(0) = 1, /(0)=c .r?=0,

l'(6) = 0, C(6) = 0 a ?-6, (2.r2)

2.1.1 TedE@ioul 6q of M.x$tU iuid

lrE taiiooiond 6.., ic (, = 0) e..!. nd d& ulEeondi.d MNll (ircr4 nlid
@ b6 orrain.d by dtE3. r 0 i! ih. Eqr (2.6) od (2.?) i..

f - f + ff +\ltrf f - f n=0. (2.r3)

ft€ eitad boulrl.rt ddftirD t t rh. lo!.ri!g fij.b

l(o) =0, /r'(o) = I .itto,
lt(@) =0 o r-6. (2.11)

2.1.3 Ar.l,r!,r@adc id ol !r.:(Ell nun

IrE *nrlD.irlc !d .ftunoo, ia(l = ,) d 6. obtd!.d tv 6ul!s c = 1.0 tn ih€ Eq!,
(r3) .!d (2.4 . sG E [.8

,* -ra +2tf +ltt|tf _ r,/l=o (2.1i)

'iti boulday cddftiN (2,1a) .

26



2.1.4 TiDdiedddl nd d v&ou. Ardd

Tn: trcdiD@lEil ce€, La (, = 0) h tn nn or viFE 0uid d b€ d€duc€d bt !€ttins

. = 0 = pt in th€ E{. (2.6) .!d (2.4 . Ea6 fr oDtrio

(2.16)

rith tL bdldry drdid@ (r.ra) .

2.2 Homotofy solution

1.2.1 Z8vaDorb? thlbtl@tb^ poblcttu

I! ddc to plle.d ft. i!. Looid. -hii@ oa tL DrliDd qu!i@ (2 0) and (24 eirb

rh. boqdly @diti@ (2.E), tnc itLdq .!.hibuti@ ,(r) 6nd 9(t) e loar@€d b! the et

tfee(-"4) lr> o,n>oJ t2l7l

/(t) = 4n+tD4'/aq(-"r)' (2.18)

,(r) = ,$ + DE,aL'laa(-'q), (2.1e)

(2.20)

(2-n)

'tse 4u.!d,:e N @.6tur. tL. ii&bl rE,o('t), ,o(r) .d rt ri@ opaard

, tc i!. orob&d udd ouidd.tioq & da d 6!.H:

2a



.P!+q.q(r)+crd-4)l -0,

wL@q-Creth.@ut5t6.
$. do.n od- pDhl@ e

12.?l')

0 -t). fh,t) - to(?)l ' pnrj'rlJl1t"9(1t' l'

0 -r)rtt(ar) -rb(dl = fr'!'LlJkt,p),!l't,p)1,

(2.24)

(2-?J)

t(qr) + ,(0,r) = 0, t(o,r) = r, t(o,r) -.,
./tr(@,!) = 0, /(6,p) - 0.

b Dq!. (2.24) .!d (216). ti. D.!d. orEdd ,r', .rd .l/, s .t d!.d by rt fouo{iqg

N t",p,,^q. t. H - (n' * $,t.pt + do,o\#

[ 2ln't,":) + tlq'P)tkl,P)l{4,P) ]
* a, l l, \2.n1

| -lht'pt + tt't Pn'fh pt l
N,ti h. er. 

^q, 
il - # - (H)' + i b. e) + d,t. te#

| 2lll't'?:) + t(11,P)\!h'?)/b.P) f+f' I l. (x28)

| -{i1t,p) +t\,t,p)t'{(t,p) I
ll@ t, ud 4 e th. udlily ee D,rerr.. &d, € 10, rl !, e.Dh.ddin8 p.ruds,
WL@t-0ddr=1th6

\2.26)

t(40)

t\q,0)

(2.a)

(2.30)

to|i, I6,D= lkt),

fr,lii, l6,t = cl't).



wld ? Ei6 noE 0 to 1 i[@ ihe uit { saed Jo(r) ed ro(r) alprc..h io tLe 6!.1 €oluti@

,(r) od 9(r) necriirly .!d thoulh AybEl !b 4llrim a hr

tt,r) = to(?) + t fi(rv,

,(r,r) =s{r)+ t r,!(r)rn,

,,-,-).xtual,-.,, ,n qf l,-
^/") = I a',(,'!) 

|"^' ad U" la

,rq, = to\,u + L,altl'

nr, = ht?) + L $n(r}

2.L2 rrndb @mtd1m!'vt',p
The ploti.m d rhi! dtlc 6i!dy tL. htlo'ils d€d!fti@

(r.3rJ

\2,32)

(2.30)

(2.X4)

Ii Bhould be @t€d tnd th. @rwrs@ ordt (2,3r) dd (2.32).rrelely d€pdds upon the

soliry Fetd l, .!d 4. Ilt. vtlE oa n, .d Il & cLd.d i! luch . *.r tbli rb€

si6 0.31) dd (2.32) @vdg. wla p = L E66 EqA (2-3r) .!d (2.32) bM€

(2.35)

(2.36)

.Vnlr.d -xJ'fttl = 
^!Lr-h),

a h('?,r) - &-e,"-,{r) = r,&-(rl

,._{0) + ri(o) = a(0) = l':i(o) = 4(0) = d.(@) =0,

\2.3\

{2.33)

(239)

(2.10)*={l::; '

B



1 
".\d = d:L, + D {U^-i, +,^-Fili /^-t-Lsi

-' . t 2l!- a+s- \ ')!,rii I+r,Dt{ l(r.a2)
-,- [ _t;_,_"1", *n"_,**, +zt__,_,g,"M, ]

Eaployiqg 3rlbolic eftN. MATdEMATICA, ih€ @Gp@di!g lrltd ce b6 solved one

.fts ibe otbs i! tb€ onle n = r, 2, 3, -

2.3 Pmc€8s of conv€rg€nce

To 6!d tb. .rt q@ vdE or 4 ed tt, & rh.r tLs Eq!, (2.31) .!d (2.32) @Nfls., w
n E prspd€d ti. cll@ .L@ i! Flg- 2.2. Ir b @ ilst th. .uitrble !.ag€ hft e

1.6: t S -0,5 ed -r.6 S ll, S -0.3, b tt Fis. 23 dd 2.4 ihe glph. e pG@rod

rc s dor aul}3i. It i! dticiD6r.d rt.r by cloci!8 n€ vslB d & md ,t, Irom lh€ir

.plNFe r!46, r!.@vqa@r ert @ b. otr.in d 6! 6i[ derhj Dle plots 2.5 ald
2-6 .hd lh€ uilual emr ol t &d 9 6r dikrr btu6 ot t/ &d i,. W€ h.re .bhined rbar

r, = 4 = -0.85 crB Du.! rs€6n ullt.

*,.t 2u*1-'+ c', \ ir'.ati I_p,,r{ }(2.4r)o -- [ -,r- , Er.4+s--t-tst-t t2r^-,-\s\-ttri, )

29



P'=02c=as

44

6 -,0

o)-O8

y -.t
- fl') tt4o\

-75 -1 45 0
h,t,

Fi8. 2.2 : n @ of ,'(0) .dd c@) .r dB rtr orn4 of .ppdibtion.

Bt=02c-Astltt
1.3xtQ
lxtQ
6x1tts

-3xtB
-1xfrQ

-1.5xfiQ

-1.4 -1.2 -1 48 46
It

F's. 2.3: I ctm t6 Eilu.l !fu h t(r) .l d. t* dde ot 
'!!@malioD.
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2<fr2
1.&t2

1x1ta
&{Ja

o

-5xft€
-tufie

-1.&te

&=aZc=as

,l[rrlulr, *r"-/

Ft ,.4 : n clre Ia Eilu.l 6u i! ,{r) !. $€ 15n oda ot erniodioD-

49 -48-1
th

.En
6

'b 
-t"f.
-rpt
-3i'o4

02164O2
q

Fig 2.5 : Conpdie! ol Bidul m ir t(r) Id ditdeut v{u€ ol /l-

- i=46
- h=46
-. 4=46

3I



- i-48
lr=46.-. h=46

^d

a rxd
o -2, loo

3t6
-4t10.

6
n

r53' 2.6 : CmFlm ol Eild als in g(r) rd diff@{ dE of r.

2.4 REsr.tlt3 snd dtrcussion

Th€ ri! oI ini! !&tid i, ro arDlt4 tne in!l@ of D.bd..h NDbd 6 .n | 'A C i^
tiDdi@ional, rhreniD€!.ldrl old etuJb!&ic fl@. A @psaliE 6tudy bd@ rhe

p|gr HAM -lurioa 6d tb€ pEriosb obr.i.€d eer od pdiub,tion blDriaB to, tbe

vismu duid ce i, hade. T[6 wi.iioD of Dcbd.! IMb{ ,r o! / |f rtunineBiolat f,ov
dMio6 b pqilv.d h Ft 2,2 I. i' ot aEd .Ld D.hoo! !u!a A Er,rds tbe [q
.!d oae E re.lutior in tlo bouldary lr.]E r[ic}l*, Fisi 2.8 &d 2.9 sh@ ihe efectl or

D€boa! !!Dbr rr 6l, &dy' for lhsdi!@n@l dd, Ir i,ob..trd r!.r eirh m ilrlbs
h ,r botn l€hity @npoelk J, 5!d 9/ d@, Ir js d& otfq!€d rhlr ir thedjDeMionsl
0os situdid the wlo.ity d@ hpnny r[d @p&.d ,in rn tx6niDmiolal [N
3itutior Efet! or& o! ,, htr u od,yM..ric {@ ce j! ptgt d i! Fie. 2J0. rt is Dor.d

tbat tbe r6ul16 obt.in€d lor &isrDadric flm de s quit .injl{ lo th@ obbined lor rhe

rrDddthlBdi@i@ldim.
Tlbb 2.r is 4ade jur !o d.oide r[!r hs eud orrd of r,pprqieorim dd nec€sw tor a

olEg@t &lu.io. lr ie er.d rld 2&n orde o9!trudD.ri@ D,u6cidr tor ih€ mnErscnt
problee, 115L 2.2 i! !ud. in ddq to llnpe |ie prgdt Bdb obrsiled b, EAM viih



tho HPM &d d..1 sluti@ !i@ !t Atld l4ll ft it lould tnAi pMt olulioh h . liDiiing

e !l. led ttr@@t wiin e 6.r olutid

1

a8

06

04

02

1

a8

06

a4

u2

ftd

C-l]o
fi=oqaj00fi

1231
F& 2t: I!!@oar!d/&.lDtd.

C-45

Ph-@aaoqfi

1231
Ft. 1.8: Id@ otr, d J'ft.3D la.

\\

t3



gan

h=oq040!'fl

t\

ftd

'I
osll

a6

a1

02

1231
lt!. t.9 : rd@ oa ,t d / lor lD !s.

c=19
Pf@a306,fi

4I 2 3 4 5'
Irs, 2,r0 : h{* d rr o / &r 'd.yDD.t i. nd.

thbl. 2.lt C@q!.@ dtn.lAM sluti@ 6[ diE@i ddq ot.pprqieari@ 'h6

3a



-/(0) -d'(0)

I

10

15

20

26

t)

1.163750

r,l828|a

Ll8t8@

r.u|2r1?

r.$214

r.La u
L.L82LU

t,182L24

t,1E2l

ll32l2't

o49o62t

0,499378

0.tu?,42

0.i01999

0.501996

0.501996

0.501996

0,501906

0,501t96

0,501096

lbbl€ 2.2r Illutdtits .h. wi.tid oi -/(0) od C(0) siin c thd pt = 0'

HAM, EPM (Ari.l I.4) .!d *t elurior (Ai.l [rll).

-r(o)
lPM l{rl PM l41l Exet [41]

0_4

1.0

1_89495

1.Ott788

1,109948

r,1{1,tit8

1,t7tri720

t
r.0tr58t

1.0 529

1_10679?

1.1,12879

1.178511

r.@4!,5

L0?5?43

1.1(,00'l!

1.112488

1.173?20

0

0.144d6

0.tro28

o500t2r

0,886682

1,1?3?20

o.t*o,
0.360599

0.600833

0.8?4561

1.173511

0

0.5s0523

0.866632

1.173?20

2.5 FiDAI outcoeeg

Tne smlized thFd'Ddid.l nd of e i@DtEibh ul,IE<fu*t€d Mq*ell (Ucn )

dnid (ro s ljFty rlEt liry !u&e n c"-r"i. T1E @i! obse.ntim & list€d belm

. Deboloh nMbe Pr Et !& ihe d@.

. Reulis obi.in€d ld di4@.iic' tiD ed lbFdiesidsl flm d. qualibiidv



. EfcB ot tr oD / e $D[t.'lir€ly sinilxr b t[@ of e/

. Plols ol Bidu.l om .tri6rF ihe Elidity d de dailsd 6diB slutiohe.

. td 9 = O = c, .L. €dt3 fd recdinsion.l dw of M*rcU tuid e€ i@vered
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Cbapter 3

Unsteady flow of Maxwell fluid over

a stretching sheet

Tnn.i,pra nd.he th. thertiD@i@l nd ot Mrw-[ nuid b6u'ded bv t s|tei'nDg

.hd. r'he @ih@ader mddbg ir h€r diod out Nd 
'be 

@puidios e paloDed

bv sius ih6 b@iopv &6t^b einod oraM) It€ cl)Ms@e ol tho dditd Mi€ 3oltr1ion

is sbM solicitly md tie sr &.lvdis ba bs pr@t€d Conpei&' with ih€ pldiorslv

publis!€d drb iD sr'dJ @ i! dwe V&iN at'phsl €dh ft 'tffn i! ards b mdYF

the lalls ol ihe inolvd tel. Pautu.

3.1 Math€matical aDslYEis

Lt N lfuidq .L. dDedqdd..t ttbdiDddMl boud&v lrys [4 of r nh'la ol t&

tyle flnid. Costnuiiw expcio. of UCM 0tid e utiliz€d The 6dd ; bouded bv the

Dnodudin3 surle sitr.bd .t , = 0 Tto nlid o@upie' th6 FSioD z > 0 I}'o equahoE

for the cd'idd€d 6d e
=0, (3.D

3?



$ +nfu+2"fu+z'fu

+'?g+{W+"t#

+1d&+2@& +20o*

*+2"*+2'#+%"8&

+*$+tfi+*fi

+r-$+1'r$+u".$
ud ih. lul,jet d b.mdry 6Dditi(u e

. = ""{.) =1ft,,=,.r,tr) =r_*-3-,.=o *,=0,
o - 0, orq - ,-..,

(

"lI
t

(

-rrl

t

wh@ !, , ud u delo.e r!. vddiry @oF!d. j! r_, !- &d ,_djrerioE Fpetiv€ly. /
tn€ E"4{E vilit', tr tt td&rir! d@ !l4bE dr < r .!d !h. .$3ifr a > 0 .trd

t!. loltdilg EnhL. [84 .d 831

'l=y'Ai:-.)-.,,.r_"r:/(,,=f erh,'--lf alttd-e\lr.tt.6)

(3.2)

(33)

{3.4)

t8



dbfo d€ cdliluitr €qdio (3.1) id@ti6Uy wltl€ Eq!. (3 2) - (3 4) ble th8 Ioudilg tdb

r- - e Q' +ir') - f +\t +')f

+8,(2tr- I'r-u-err -c(rr'*?/"++./1 ) 0 (36r

\ 4l2ra +tf - 0 +dt3r +f)l )
r' -<(r +it) - { +u +df

.r,( 2\, +cv{ -$ +'W-C(rr'.?r'+{r")'l _0, (3r-\ -11?f+\ff-tl+dt!{+#)l l

t(?)+s(4)=0, t'(r)=1, ll,t) =" * 
"t=0,

/(r) r0, /(r) r 0, & r + -, (3.8)

wh@ FiDe ddot6 difa€ntirtid ,ilh dtei lo A The Deb@I nmbd pr, lbo blio

psoera . od tle timei€psnd.rt p&.&ctd ( e &6!.d e

h :;;, c 'btd' c=dt'. (3e)

*h@ ( = 0 yield' ttre stady thredi&ddo!.1 boudly Lta n@ ol Ma'en fnid

3.2 Serie€ 6olutioo8

8.2,7 Z6o$t6na dddtutio pro8a,u

I! @locuy dLtiihtim ,(r) dd 9(t) cu b. prddt€d b, tte !d oI ba8 luctios

{/oe(-q) lr:o,i>o} (3.r0)
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t(r) - &+E84,"f ry(-ryI (311)

,b) = .0r+tE*,,.C.4(-{4)' (&u)

b '!id 4s,.!d Dfii e tb.oddd t!. ffibl idti'l aF 'dd 
[d oo"'d

,.{t}=1-a(-t), (ra)

o(!)=(1-q(-t)), (811)

(r.!a)

, lor + q.e(t)+ q a(-t)] - o' (816)

&dcl-4etLcolid.
11.lt'tlc&rddc.ltutt

0-rF[t(t,r)-t0(tl' ttt4,ltk'd' 't'p)]' (8r?)

(r -r),lr(n d -.(t)l' t+TJtlsd'(t'?)l' (&18)

t(o,r) +(o,r) =0, f(o,r) - L t(o,r) -",
I(oqr)-o, t(o,d -0 (311)

'll



rn@ o..@li!d qEtbrr'r.!d & in Es' (,8) 
'!d 

('9) N

t//.!(,t,pJ,eh,e)l = foid - <(fb,e) +x7b,e)) +{t(r,r)+t(t,?)}1"(' e)

-t"Qt'', - 0'( l2lkrd 
+2 /@'r ++ r0t''.)\

. .1 tf\n Pt-ttfnt Pi"!\Pt I
''l -u,oot*ltnot{,rq -nr\'t Ptl I

, 
^ 
I {t(t.t) +r(t,P}}'P{t r) }, ,..r,'-' t -'(Jr4 P)+r(? PDl(rP)F{n P' I

.t{,lt(?.{I.{r,c)) = fb,r) - c(db,pl +Zfl,|'d) + llkt'p) + tl'l'p:)\{(tt'P:)

-f tl'et - h( {N(t,p) 
++{1'1,a * !a" <n'ol}

^ -( 2'/b.Pt+qd\1,e){\n lp'r 
I - {,tt t) + 

'(4' ') 
} t3/ tq'et + 'r{r'r'dl I

" t llh ct-tt'1'ctl24'l't'ct }, 
".r,

-'' 
l -2{Jt"' {) +,{'|. {td(t s'l('r'c' I

vt@ the .uilisty mE@ Ddu6rds N n, !d 4 ed t € l0' ll b & @b€ddins p€@€ld'

lorrE0sd!=lwhM

,(a,o) = ,o(t)' t(t' r) = r(t)'

!(r,o) = ,o(t)' t(t' r) = s(t)

(322)

(3,23)

Md, wi6 6s! 0 to r tla tn. illti.l sn€ to(r) ed o(t) 'ltorn 
b |b€ 6!tl blutioa

l(r) od 9(r) dprttuly. TbFwn llvtt't si. .,tsid s Fit€

J\t.Pt = lDt tt + ), t^\tt'f

,\4,pt = 6tttt+ L c^\1)r

l1



trt4) = ;--6n-Ln'
. . r t"o(4,!)l,,,"r=fi--'-l,j

Not€ i! lh. @ds@e or Ec. 0'rl) sd (3?5) ttldalv d€p€!& lpo !h' uilidv
pdM€td n/ md 4. Tb. BIG ol ry sd ,tr E &ldt{n i! dtc! ! ltv that d' !46' {3 24)

&d (3.25) 6vEse '[.! P = r. llir n uit

t r-(?),

(3.m)

(3,r7)

(3.23)

(3.19)

l('t) = to\d +

9(r) : e(t) +

s2,2 lrn de. da@.Fobr
Itre p|otlod ot ih. na ordE e 8im bY

(3.30)

(3.34

{3.32)

(3.33)

av-lti - x"J--{I\ = nterskt),

rb^\d - x-s*Llll = rl'R'i\'t)'

t-(0) + e,-(0) -.4,(0) = 
'.(o) 

= 4"(0) = d"(d) - 0,

I o' '<tx-= t
I r, D>r

4, -({/-,-;r:-,}-5tu*-,+e"'rd-fi-,-!4}
XJ

B,( Iui-,- iA-,-Tfj.,) - E.,L 1,1:"-F,t,+1r:,., J;\

,t(ttr*Fr+$" r+) (rf +?f)

,,,F+l 2u*H+c^-FiILaIi L o.r,'iiii I -(t*r.rs - s"-atu-t -zt*Ftg"-t|l l

Fr^ltt) =

t2



,cil

(3.3r)

3.3 Conv€rgerce snalwi3

w€ mb !h.r !i. drasre ol loluibE (3 30) .!d Ofl) &aod. upd n/ od nr' To

tnd tb. ldEiril'le vntu of 4 ed 4, tb. o cdl€d li-.l:M ft di!pl']€d br rd,n ords or

.ppdis.llo! i! Fis, 3 r. This lis shM t!.r |h. rdnisible vdB e -0.9 S n/ < -0 s

sd -O,O 3 ,lr S -0,6, L oldE to vilidlt. d. obt.i!.d dri,tic Edts * h!re Plotied th€

n-cllM &r t6l.tud sr ot r,nir e h th. !ls. g 2 od 3 3.It is rci€d thsi thd elBt 6ulk
upb 66 dcibd pL€ @ b€ obtiiGt t'y .Iood4 th. v!r!6 od ,t eon tLd rege E6!io!ed

i th. FiS.. 3,2 ed 3.3. lblle &l tt F.D..€d lo .!oe th. d!6gge oI rh. d..ir€d si6
$luri.d. Ii i, noa.d !i.t ate irmE!@ it ..ii.Ed .! ite rfth ddq ot.ppdidi@
Tati.3.2 i.6@tru.Ld i! ddE b Mla . @Dpdrs of Fdt eulb ei.h rt prunh€d

€dts, & n loded ibd obtdn d Edt e i! u @Iai .gl@d * h iL. plblebdl

,(,



-tu 1/6

-1,1r16t

-1

-1 -@ 4t 47 46 45 4a
tr

F\g, 3l : n cl|M of ,'{O) .i th. 16d ordd ol |plidiGtid

{.oa h.Q,c=05

1-o4P1=@c=05-@

4t2

--4@
6-4@

4

'--12 -l 48 -<B 41t
&

fu. 3.2 : t cllM ot /(O) .t rb. 16d dd€a of .lpuitulioL



{-oq Pt=Qc=45

25x10'Q

sx$e
25xt2

0

-*tta
-5x104

-z*fid
-11 -16 -1

n
-{5 -O9

Fis. 3'3 : n c1s lbr Bidu.l €d i! /{Il & rb' r# ordd of 'PpMtioo

ze$3

25t104

1-o1 h=02c=a5

o

-2&'ga
-axfr

-z'xfrr,

-1.1 -1.c5 -1 4g
tb

-09

Fi& 3.4 : tr cls b. Eid!.I @ in ,(r) ri rnp 156 dd'r of lp9dibatiol

Dble 3.1: C6!63sd ot tie BAM &luii@ b. di&tor dde of apPrqiurioE sbo
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- rl0) -c(0)

2

5

10

20

30

1,349i13

1.39029I

L41,1(|0

t.tll473?

Lat4Tgr

taLa37

1,{147$7

1.4t1137

0,507t51

0,610963

0.6nur
o62,l€2

0.612383

0.622383

0.622383

0.622383

3.4 nEsults ard dilctE€ion

Thtu @!io! ddibs ih. i.du@ or t'!td'D@d'6r FIMeiE (' D'b'r'! nMba fi md

the Blio pddde c o! ,' tld d Id tis @ or lhre_diEd"idrl t@ lituiion For ihie

pupose w h.n @E!lu.i6d Fiss. 3 6 - ! 10 Fi8t 3 5 ald 3 6 portbltd the ilnftne oI (

oo / dd /. It h ob.dv.d.Lt botl / dt y' ud tne sci't€d bouldsv l!lt! tbicl!@

i@ {h6 ( t iM. Th€ idu@ o' M Frdd6 
'! 

d t' :Dd d is sboto

i! Fisr. 3 ? ed 3 8 !}@ $e Det n i. etbz'd rhd D€bo6h Frdtu A Etards i[e

sd. ans lhe @reliu bourdrv ltv@ br bolh 6bpddl3 / &d d b€o@6 utnmr

witi s inc@s in D.bcaL NEba ,r. Sild ih' Dobdoh nub@ 

't 
do6!6 tne di(erence

b€tien thc sut.!d lh!i& (@ nui&) thadoE !h' dirial beb's lile tui& lo mtll6

hr.h @bd xh<s 6 lese r.ru o, D.hd.h rDbE th' E di'l hdM lit€ slid!

Itb Fopstt ofD.bd.l ludE js.l6od i! Fi i 3?od3 & Fi6 30 it plo$'d bd 
'be

iniu@of 6tiopdu.tdcmth.v€rmtv@tomtt' Ili3ob'dttdibatdilr@i!c
ildicols a d@Ed i! lbo wLocilv / Ir.o lig S.1() w ot"4!d ih'i ihe ilnueM or c on r'

ir qdie opp6ite b thli ol Jc It i5 bw ol ih' hd |nd in€ $t€icb\g @M bidislioBlv

(std.iins.lans 9 _.t.) td tne pciti€ El@ ol a Tbu tt! v€locitv odpdenr slo!3

, - en i,e d .nd i!a-d,g b€-L.!io. !d rb lFodtrv'
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1

@

06

M

02

h-@0-ll'
.oq0| oc t,

1231
tb E6!Itu .1(6/

dbr
.E

ot

6 h-qc-a
g-d|at4110

u2

a1

1231
rb r!:!a!Dd(dt'
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tu:t
tt

o8

@

a4

u)

02

a1

1234
Ft &t:Iln@ddrd/.

a-o5=(

h=@0g0ofi

1234
Els. 8.E:Ileddrr @/.

c=6=(

&-0qaa0o$

.E



fltt,
tt

F,t-424-05

c-@o6 )

1231
ns- a0rblha..dco/

h.aa4-ot
0-O2A6 t

412315
n!- $r0.Itudcoy'.

Dbl- &4 o.q..id d r.d RX. rlt'b tb dady{t .. * Prl Fne ( - 0.0,

o



ordd of Bppnindio! Pl€i E tl! R!r. l8ll

-t"(0) -/(0) llo) -d'10)

I
2

t
l0

l6

m

30

50

r.r5t?50

r.41876

r,181869

1,132117

1.18,123

lt&zr4
LUAD,4

1.t82t%

1,13212,1

0.4r(,425

0.ll,grnl

0,9J2012

0.601099

0.5{,r996

0.50r9!6

0,601c96

o,ao1016

0.501006

ot0r$6

1.153750

1.181176

1.131869

1 t32!17

Lr82r23

1.t82t2,|

1.182l2rl

t.l82lu
1.13212{

1-r82r2a

o190625

oa9$78

0,50201,

0.501949

0.50r046

0,501906

0.501996

3,5 C@clt|3ions

w6 haw jlBtisated ibe tie+d.po.dsnt tb@di@iorol 0w ol d lppd oh@ted M4{.ll

ruCM) nuid oEe ute.dy !!Et linssr&e T!. Eul!8brthed.qdy*tate, t'adieeEioDal

rDd un 1i)fri flm @ b. ddr@d d th. ljDiti,s cE Soluiiou &t the Fdno to
obt'in d ht uins E-AM. Th. @eEggE.!d ldpliol €dts @ di.plry€d 1} i.ntl@
ol tibedspold@t pdeid .!d D€bc.I ruba i! disrs€d Th€ E.i! obsBnom dc

. V.lodty 6el& ,' &d / e imih8 6E li@ o{ ii&Gdepdr|€lt 9{d€r€ (

D.bo6L flobd rt !.r{rb t[€ n@.

In borb @e or u!6dy/.tsdy dom, l' d.d.B whd c iE i!@sed.

Tho widim oI c d t€ro.ftn e qurit3dEly liDilar in viFu ca shd emptFd

*il! the * orMdr.I nuid

. DjD@tdld6 !€l@itr / iG* hr i@i4 c i! both cg of .ledv &d Ml€adv

to



. The Eosnitrde or ftleiii€ br lEt€ldv cse (( > O) i! ldgdr 3 @bps€d to the 31dv
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Chapter 4

Mixed convection three-dimensional

flow of Maxwell fluid with magnetic

field, thermal difiusion and difrusion

thermo efrects

ali. .-h'pi€. @iF lhe Dn€d dution bodsv LvE nw ol uppd{!€t€d Msell

rUcM) tuid. The n@ b .tbi't d b a bidjt*lidd ttrctdils dticst pb!' Efd ot appDed

Easfttic 6eld, difisiolans6o (Dufou) ed tho'@lni6uid (Sor't) s€ aadt*ed' wnh

app@pri.ie ha.lormiioG, Ine r6diilg bould{v bvd equdiotu e r€dued to rcDrined

odinArydifiesti.loquarioB The Eili'S oldiuv d4@dial *tst@ d6 slved bv honobpv

u,l}5tu nethod" Reul!! e obbidrt ed di*u'd frrr vel@itv t4ps'!

b{sr NEri &d b.n Sh6*od nuDbd

4.1 Mathernaticd anab€is

SEe ft @sidd ib. phercn@ oI balt od E6 t@sl6 in lhc std'dv ihrddjn€Dional

boud*y ls}t nd ol M.x*I luid m. nnid it s@ed id be d4tricdlv @ductins i' ihe

p'gs ot u apPli.d Dlgn6ic 6eld ol dElsth so Tle €lechi &d induted nagn€ti' tul&
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e ne€l6t{d I! lddilio!, lh€ 6ix'd @slb! pr4oiao! @hil€d with ttsbsl_djlisior

3!d difiuioF|tso .ftct! i!' @ide"t' Th' nd it ilduced tv rsiidl surfE 3rd'h[g

tlidi€nolrlly. Ptytl6l oodd n .nFr U tlc tir' l 1

I -gi'

Fis '!r : c@&Y of $e pfori@

'fte @tidity, o@-!M. @.d!did od dd6' qortiN lc th' plsr bNdttv bvq

Ao bdrDe 4*!*3 =0, ({ r)
oad|]oZ

+r"*+2,ffi+r-#*
+aP+ae6+"tfu

+b-*+2' #;+2*gl
+f WQ-Ta+tcp'c-
fu +2"56 + u$5 +2.56

+!'#+igi+"?g!
+z*fu +2,.$;r+ 2".ffi

..?t
I

#.'#.,4.-*.,,(
=.#-#F*#)

#-'*.'#-'.t-''(
="#-4F*',*)

u.4
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ocacM
af af gf

- Att "'- f^ A1

q6F + Vfi6V.

(4.4)

({.5)

rn@ q !@d o e i!. vdditk i! lne 5, y ttd, di.€ti@, rcp-tiElv, / lne litr@tic

ddity, )l tt€ d.$ri@ tie, p th. dddv, r tL..r.dric.l @lddiritv, C the @trigtdiob

ofspdi6, D the @o6ci6l ofdihlils 4eiq ,(t |h. i€dtior n e, ftr th€ t[m.l_diftBion, T

the tdp{.trc, Cr tbc rpei6. [..r .i @tei pcE, Cr ihc @@iiFtitb sus€ptibiliin

q tb. d6@i ifi{uit ?; !h. nurd Da l4pe!hr€, C .he greit iio..l ffit ed
(dr, ,.) rhc wlddtic 6a@n 6.6dd rd t@pdc Dd @@k ioo

th6 bouldsly olditic @ bo Eith d

" = r"G) = -, , :4,(r) = tv. a=o,T:ra@\,c=c-('l * z:n,

! - 0, rro, T-?@, CiC- s ,-o, (4.8

whm i[€ rdl t@psilG.!d @rFd@ & F€ib.d a tolroR

71,(,) -r@+d4. c.(") =c-+@,

in sLich C- sd ?€ d.!cn. tie.Ebi4. rstu6 ol@@b.rio! ed tenpaaiud

M.Iilg E oI th. lbuNi!8 ii&il4ity tui.ttd

la,7)

(,{.3)

,=f,|^"=*11,, "-.o4't,, u = -v6,l l\'t - sl',tl

eot=ffi,oot=ffi,



Dq. ({.r) L $dd.d ut@.tidlv .d Eqi (a 2) - (a.0) vidd

," - taf +QI'RL+\U + t\r' - / +rP(t)+r{d,)l

+ 

^12(t 

+ cll f - \l + tf '.l'o'
{ + sa(t +sJ{- sals-sq{+s6,f -0'
{ +frl| +sid -hfe+PtDt{ -0'

t(o) + e(o) = o, .f(o) - r'y'(o) - .' d0) = 1' 
'(0) 

= r'

/(6) = o, /(6) = 0. ,(6) - o' 
'(@) 

- o'

,, = ),a.=!, e.=;. r= + -'*'#f

({.9)

{ - rAl + (M"t+L)\! + c){ -{ + t\12(! +dly' - \! + e\'{) = 0'(1LoJ

(r,ll)

(!.12)

(r.13)

inrhbFi@ildb.r-tt difiidi.tl@ ti$ tq€t ro t 
'od 

tbt @rtdb ' > 0 lrd 
' 

> 0

n!!h@ th! D4...! u!b. p!'.t !'!io c,8'hDid! !uE!a t'' obad 6N*tim Pdl

n a I. D ou dDh- ,r, Sdc odb6 A, cod'd diDdbdt @66tio! buqdcv

pno.ia lv, rtDdtl ulDd Pr, Aah& dlrhd L 
'ut 

lbt ddiclr ia'iid p.ru@'v

u - ffiftffi,a''+m,'-'ffi'
Pl = ;. e'=t' 1r?

rhq€ (r > o) dtt p@tL t !i.!bs !t, (l < o) dtqood' to 'Ptdrc 
0d dd (r = 0)

di.Eo& to &.ud @d'/idioo nd rtt'dhlrv'

lt piJd6l qudriti. .a a-id itd!'i d t!' b"l Nudt (Xt') dd locd Shdod

(tn) NDhrt rli.tr d h. rdlra a

(rl4)

({l5l
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*--*(fl)*.r'=-"(f)-' (.r6)

wL@ q. e<t i" EF,til€lv dDt€ tL. !4i ed re fl{g F4tDtloo (415) i! di@io'ks

N"./u4a - -d(o), 84R$ = -d(o)

4.2 S€ri€6 solutto6

bdd6loFd rn t@oto9t -l!!o.' i.C.c tb tt d h- 6a{ot

{d,ot-',ot tr> 0,">o}

r(r) - dp+tE4"/.a(-"rl

,(r) - 4r + E D.e*y'.'e(-"rl

,(?) = Et4./ 4(-"t)'

4r) - II4./ q(-",r)'

({,r7)

(r,$)

(419J

(420)

(ar1)

11.n)

'tE 4,, .d C. @ t!....6d-.. 1$. 6Eird iliti.r ds ed li!* oo{rtd @

6(d =a(-t),

(a)
(1.%)

(425)

(4.26)

!6



t'h. llililry lild op-.tor !fr r!. istid ,, ,, d Ed , e of th. b@

Lt = 6-6,
4 - 6-4'
4 = #-*
., - ij-e,

eiih th. &'lbrils p[!p6ti.

11.27)

(r.r)

(4.29)

(4,30)

.t Pt + qqkt:t + c'@4n)l = o'

.,|c. + 4da(t) + c!q(-dl= 0'

4 14 "a(t) 
+ q !a(-t)l = 0'

{. tc! q(t) + Go.o(-r)l '0'

rh@ q(i = r - r0) e .t ahiErY cdor.

a.2.1 Zqo$6e, @nF!,{g'd
T!. F!6Lo .i t!. 6.iI dlt de.d&r N drEEtdl I

(,4.3r)

({.12)

{,{.33)

(..tl)

(r - p)ctlJltr, - lol'tll- frN, [t(r,t),!(t,P), a(r'P)'r(r'p)l '
{r - p)&b(r,r) - to(r)l = pt M. [t(r,ttr(r,P)] ,

(r - t) rr [t (tr) - ,b (t, = ,t ,lr. [t(t t)' r(t,p)' i(,,P)'('''I '

O - p)ap(r,r) - e(r) = ri.rr'. [t(t,t),r(4t), i(t'r)' 
'(t't)] '

({35)

({.38)

(1.3?)

{448)

!7



wn@ th. loDli@ opd.td ,r'r, ,|r'r, .,r' .nd .r'r', n! Eqi (435 - d33) e

(.1,39)

({.10J

& = l'\,n ,lfhd-fo' l,lttt. ' NAQ )

+ (M'A + l) {t(?,P) + !(t,r)}.1(?'P)

^ | llit'P)+t\t, l'J'ttt d I*p' 
I -2{t(?, pr + r(r, r)).Pt?, r),'{r.r) I

tL = {hd - 14 /b,p, - {6,P)
+l ?4+t)lih, +- 't i\fkt'P)
, ( lJ\,t,q)+9lq,c)jll-.l,t,ct I+"' 
\ -ztltn qt+ ott'qllltt,st{lq.qt I'

,, = a',,,,. * ( _,[.iiir,lJi,]Li : lr.,:i,,,)

" 
u', 

". ^ (, !1:,!, )i{1.;y l{t ::)

({.4r)

(4.44

6ndth.uili8v@Fcs.t6.en,4,t Edt Mot@tP€ Olbm@b'ddin3

pd@elo!, Fo P= 0 dd t= 1 * hrE

(1.a3)

\4.u)

(445)

(4.{6)

to(r), t(t,r) = r(r)'

en(,r), /(a,1) = e(r),

6(r), i(r' r) = o(t)'

,o(r), ,(r,r)=r(r).

ibt,o)

,(r,0)

a(r,o)

,(a,o)

5a



v/tarwio Emo ro I t!- ti. blt l aE to(t), h(t)' *(t) t'd 
'.(t) "4'@d 

to t!€

6!.1 ntuddu t(r), s(t), ,(?) .dl ,(t) tqdldt Et r|vbtl 6i6 qMic E rie

t($r) - nb) + t t-(rF,

t(r,r) = o(r) + D r.(rlf,

a(r,P)=ro(r) + E ci(r)f,

,(r,r) - ro(4) + t r-(r)r',

I u"lkt,rll

(!.r4

{44)

(1re)

(4.50)

t-(r)

Nob ttr i tL @!@ oa .qodid (4-61) rd (r"d') d@sb d4o& upo th' uiljT v

DQDeta. n ,4, n &d t . tt rtE oan ,4' 4 '!d 
i. c xLc-t€d i! mrn ' 

q 
'na!

tb€ €qe*i@ (4-51) .!d (r-'q dcr. 'nd , 
E 1. lb i db

t(r) - r(r) + El-(4)'

,(?) = r!(r) + t r"(rl

c(r) - co(r)+ t c-(?).

,(r) - ro(r) + t r,(r).

(d.51J

(r.r)

{463)

(!5q

(!.55)

(4.56)

(1.5?)

(,!"53)

a



&.-(4) = 4,+sctu*,-r-e- ' ldE-scLl* -Lol

s'$--,+tc+ri,-, (4m)

R.ntu) = 
q:a+PtDlfn-t-r+ s"-r-r)dr - ft t.4,n+rr + I'.D/c*-r. (a$)

43 conv€rgence

lltr!e!ihaitt .dws@eoa&luiios(4.66)-({!8)depeldr{pdtt'n',i,'Ddi. Ths
p{uct€E Dby e vit l lob b odFnilg the @vE!@rc of lt o$rnnd die Flliltu To

6!d fi. adDi.iti. dE ofir, ,1,, ltr .td ,., F he cooer.i€d th. ,i-.]ld ld l&rr or&r

or rppMi@iioo s 3nou i! Ftr. 4.2 - 'I.6. 
!L* rise. cl6v .n w th't ih' adoisible

ulu€ e -1,2 S (tr,fi',t!,b) S -04 fttlt 4.1It prg@t4d ro rhd iie @.wgme oI

!!. olaidl Ei6 i,r6toa lt il!d.d r[ra rt obd!.rl elutiou e dE!4 up b 6d

-1

-1@5

-116

-1.06

-16

-l'l -12 t
!ia, 4.2 : t .!ro ol l'@) .t t!. 156 oidd oI .pr@i6atio!.

,J - 02- q -q =t c! 05- 14 s.- tlt- Pr. r=i,

6l



,' - rl2! q-4=r, c.oa-il,l sc! to-Pl=rr rv

-ll!6

-{e

e-o*
6

4fl
-{5t
-48

-1,1 -12 -1 -4E 40 41 42 0t
Fi€, 43 : t .!re ol /(O) * tb r6d o!d. oa .t?itdD..r@

& - 02. &. q =a a-O6. tl So- 1 0- Pr'r - N
-13--.---.--------r-

?-14

-11 -12 -1 4a -8 4U -O2 0t
FU. a.4:ltcireof /(0) t!.166 oddd!ppro.jD.ii@.

IP



t Fo2- g - 4 = \ c- 05- U sc= 10- P r= | = N

-o

47

4E

v-{6
-o,

-05

-14 -12 -t 4' -6 41 -O2 0
rl

Fig. 4,6 : t curc o{ d(O) 6t ths ltrr ordd ol .pPrqiDdio!,

ftbl. {.r: Csd!@€ ortt EAM.rnut@ [r dif..€d @da otspuidic *bd
c=0.5 = M, h:0.2 - D,:* = r, Pr= 1.0 = 3c =,r = rv,

.ppbdDr'd ddd -/{0) -3(4)

2

5

l0

20

25

3{

,to

50

1.0t!€3i|

1.1110,t5

1.116011

ur&dl
1.113rn

l,ll37t
1.u37?2

r.l|trn
Ll19?72

Lt1'Jfi

0,64{833

0,t02101

0,6t3605

o67{m
o67&6t

0.i?,o6r

0,6?46r

0,6?4061

0,57.o€1

0,s?ff1

r.t18333

1.,rot7t6

1J$4085

l.r(|8r5l

r.{it8296

1.,$8295

1.(t8r95

LGa295

r.{t8295

r,,riBA5

0088343

0.93?823

0.8?3?85

o863215

0.86321?

0.868213

0.868214

0€64213

0,868213

0.8d82r3
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4.4 Discu$ton

Ou ifr6t in thi. *dim i' to dpbin ti€ b'ldid ol wiou PhFiBl witbk' d the

lrlocitJ, &ft4i..tid sd l@p6aiw 6elds Tbe pdatutd i!'lude the DAo6h lumba

,r, thd Brio c, the s.lDidt Dubd 9c, ihe 'ndi6l 
r€a'ti@ p&@ler t' Predtl nudbs

Pr, nked @Mliotr p.@eid I' HdtEs !uE!€ lV, Dulbu auDhs Dt' Sor€1 nunbo

.9, ed oD@q.ti6 bmvu(y p6r.Ed' N Sj@ N dn! fdu hF is Ebr'd b mi€d

coN€tid pbeoobao! *b@ both th€Eddidisld ed dif$id thdo efidt€ de Pr*nt

Th6€fd€, G ldp| de othc q@tili6 6x'd 6d &tb'€ !n€ dftci! ol M' N' \' '5' t/ T

J..odPr, ThB fus '1 6 - 'l.l? im b@ DLlttd TlE Eidioe oI lt 1ud lVan/

tu ibeniDdioD.l fld N .!om h tLG ItSt 't0-'t9 ftd Fig 
'6nbmt4dtnlt

sagastic 6eld M opp@ th€ n4. Pb1'i.sl,J flhd na€letic 6dd it splied b lujd rbm its

.!pe!t visitr. indlg lo th6 poirn ol b@litr t vieoelstic &Ud IBFrtedv' ihe vield

sl6 af th€ aui.t 6 be 6Dtrolr..l Ev duddv hv wtins tt' !'gndic 6eld int@itv The

dr{'re or xbic! j5 tnd d.0uid'..birii, i. irusit 6@ .[ b. @rblled *ilh rbe belp

ol e eleEoolgel vhjch 8is rie to ils EAv tdiNe @Drb!b!"d sPplieiios itrluding

MdD p{M g.!qali@, sk iDo.gftlic @tiq ol@tils, MID io! Fopubio! 6tc Fi8 47

elucid'6 tie e6.cr' of @@6ri@hqN'vDduea]v@'' Phtsixlv buolucv B '
lo@ dst.d by . {uid thd iD.l*. ti. uD ttrud' Sic tb' pdG !t ib€ depth of tuid

in av doeai! is S€iE tho @Dp{ed io lb' ptgw d tho uppd poni@ induitg a foG

th.! iry to E@ & obi6t uFsit Mlslitudt ol tbh Ire is '$'l 
lo lie difeM@ i! the

ptgtr b€r€ !!e to9 ud t!. b.no! ol th. dr@ &d n &o eq v'l@t b the Risht

oI thc tuid ti.! m d dndi!. @w lho rdid. las e bd@ ir bnotdcv tDc@

ihe up lnlui i'c @ui!s e iq@ i! Auid Elocitv As lolad i! lis 4 ? th'r ibe erek

oI btroacy loM b loud to b. ,m F@u'€d for t tuid {ith t MsU h&dil Du6ber Pr'

Si@ nuid rirl .btlq Pr b E@ '!.iptibL 
io th€ '&'t ol buoluct ftme lig 't'3 plob

i[. €6d ol (] < O) o! J' tu tn. @ oI apd'ls ds ltoo thit FiE- ii n obvioa thti

a,\<OlEtqntibsdw. Th6ild!.@oL\o!/ iorihsceorsitiinsi@bpldl€di!Fis

.1.9 SiM lo( ehins nm (,\ > O) II@ F.itl€ Qru of s4{ii'iio$l L'@ {hjd et3 N a

qNtny ,br.t tp€.d up !h. nd. ftd th. Auid vdait, i@ fo' lhc Fitiw rdtr6 ot -\'

Fig. ,1.10 !h@ tb€ lidlr|eu €&.'l oI 9' .!xt 
't 

(en'! S' i!I@ dd D/ dg@



by r€.pitrs thdr prodoc! @d.,') on ,- I! n obdFd t!.! o@hrid 6.Ll t .d @oce

h.tion bo@d$y Lls i!d*. Flon F,& .1.U, o!Edi!. sdb &. toud whd 9r dru
ed Dr i@6 hy tepi!8 ih€n prcdml @!6i&r me efecb or'r on C i! ths d6iru.iive

ed Ce@dire chmi6l r.!.tim m sh()n in lh. Fig. ,1.12 sd.rl3, It it mtd ibat ihe

efet| of g@.tiE &d d..lrudiw "rd;t tutloor d C e qdte opruit€. Ml)Igru it i!

db lot d t[d i[€ Elllirud. frlr 7 > 0 ; m.!.r lh&'r < 0. !k r.1r preb tne e{ers oI

S.hbidt !@be S. @ |!. q@tdim fidd d. lt i. lot€d |n.r @Erihrl@ !€,ld C {rsas
BpidlJ dtn & ilctw i! ta Fig3. a.$ dd 4.14 .nd tne siDuli@a effek oI + dd

Dr (sbd S. i@s6 ed D/ dq@ W l6pi.g ih6ir prodel @stdt) ot , It is noled

that th6 oblailed r6ult! e quii€ oppdit€ to tbe obded ld @!@t..lio, 6.ld lig 4.1?

clucid.id ine wicti@ ol Ptudtl mnbE P. d th. r&FdE p..6ra ft i! oterEd tbd

Pr 6lg rr:ddi& i! !!. tqa..@ Fodl€.!d. tiq@l boudry Lya. Iib i, i! vis
ol lnc fe. inr! brs{ Prddd NDbd yiglir !E lt |!6ul di6liviry &d tbiDc houdr:y

Tlbre 4.2 qplsiu t!. loc.l Shmd luebd i+1/' Srl ed lb€ l4al Neelt n@ber

RttR N,.lN M, Dt, 9,, 
^ 

*'d rv L n Dot d dd E!s!iin& or ld.l Slatuod !trmbs

i'@ loi Lrr. hlE ol r, lv .!d ,, r[no hd@ fr btge rd6 oI nt rd s'.

Aho 106l Nurdt !u&b6 i.M 60r hs. {rE ol l, lv .d +. Su.[ cs.iude d.reg
rn@ M md r, n ind*.d
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C=(E

,r-ols..}-r
,*gar1tLt

1234
It a!!eddraof.

.:.ii

c!06-I
Pr=19-8''-r
&=tI,.+q=r
N-@et&ls

Itar g: trDdx 6 J'

,a



f(o
1l

c-45=M

BF02=&=4
)FaQ4346-1.0

1234
FIa. !.8:bl@olr<0e/.

1234
Fia, a.9: bl@of r >0@ Jt.

c-45-N

tu=o2=&=q
r=Oqa3oQfi

6?



h=@=4c-o'-u
Pt- 10-s.ir.lv

+-ct4-50
q.q4_r5

', *-o7'q-0/t1

1231
Flr: a.1o r hG oa4.d D, @ I,

1231
rb au: Ide.a4.dl D, @/.

h-@-\c=&H

S-544-at
*-14D-M
&=art4-o7
$.o{ 4- 10

!l



drt

a8

o0

a4

02

c=45-il

f=cnatraqfi

234
{!2:I!d@dr>0@r.

h=o2=&=q=^
7=4043 4q -1.0

i\\

1

r'&

a8

ad

a4

a2

fu.4l3:ldiu@or]<0@0,

M



d/.it,

c-45-

tu=42=q=q=^
s-aluaE',j

246
Fis. a.l4 : IdB@ o'I 8c @ C.

pt =42=t\c=45-Pl

s.014=50
q-414=15
q.ozq=aru
q.-14-05

123156
Fis, a.rl : bt@ of & &d ,, @ ,,

\\

/t.
.-'.::--=-:



stt
1

a8

06

i'. ,'=o:=r,c=os=lr
lJ\ Pr-to=scr'=N

il\il g-oq4='.0
t=t4Et=u

Ft,t 16 : rlnEu of&.!rrD, or.

ii\11 =0"<a=.
\\$=054=t
\o

c=45-M
7=tGSc=rV

E=A1,O4AQ$

ern

AE

05

01

a2

fu. 4 r7 : IduoG ol Pr oD ,,

1

i::\\
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1!bL 4.2: V.l6 ol lool

R"--'l' x!. fon !o@ v.tu6 oI

Sbqelod !trrbd tL.-tn 5l
M, ,\, ]v, Dr dd S. wb@ d =

md .h€ lo.d Nssdt DuDbd

0.5,,r=026!d.t =I0=

.9, Dl 's\1)

1,0

0.20_21.00,2

o.2

0.,1

0.2 0.2

1..|lI935

1..8{129

!ar122

l.{3829

1,t5102

1,46252

14'6r6

r,,(|820

Ll|33,29

l.,l?50t

14,,32

L3n76

1.123X4

1.{7i0!

1_a!r76

0.39620

0i6a2l

0,79523

0f6s2r

o309{i,

0.92644

0.3577i

O3630.1

0.86821

0.8682r

0.86163

l.0mu
0,967{0

04616t

0.75d79

ot 0.2

0l 0.07

0.2 0.t

0'1 0.2

4.5 Corclusiols

Mix.d @diD rhrE dr--.ro-"r dc oau rpPi-@vcr€d Mqrdl (UCM) d,rid rnd Das-
neric 6eLc, tlan.lnifilim 6!d di6liGih@o.&d! i,6?ld€d. Tlo druding Mekr
oI tho pu@!€d .trdy e gi@ h.t*.

It b loled ll!! tn bag!€tic ndd jtt oppre lhe nm.

A! upt!trut @ 6€ e@r€d by hoyu.y shi.[ 6dts d i!@6 in fluid releny.

Oppdire ledb {o obtr,lled i! ib€ cg o! orp..j!s (r < O) .!d eblilg (A > O) nN6.



. Good.iiw (,1< O) dd detruliE (1 > o) d@i6l r.s.iioG he oppdiie 6ultg

. SchDAt nunber 5c 6!d PBadrl nDb€r PI shm a d@ in e

. Sindt@s odeb or S.r€t .' dd Duiou Dr lulhes on the hperate md sn_

cdlralio! de quite opp6ite.



Chapter 5

Similar solutions for

threedimensional flow of an

Oldroyd-B fluid over a stretching

surface

Thb cbold d@b *ith th. tbFii'|lsion l lc€tch.d 0m of 6 Oldr.v&B duid Thc sd_

@iag .qEtt@ Iq.h€ thr6diE4io.l6w s Eodc[td &d siapliidl bry ode! u3l]ii3

Siaibnry telor@ N iml.d to @rqt tbe lonline po.tial dif@tid 3F o ilio ou-

plcd!y.bolddjrry.liEEadlrequdioB,CoDpli.ti@fdthemaltticsoltrtiodeemadc

ihough ibptes@ldion or the hoDoiopy alobtlt e€lhod (HAM) Mlir enpheje i6 giwn io

ihe Doboroh nMbd e6@is i! the sitldo.&iq twc dd th|€niemion.l do* siiuariors

5.1 lvlatheraticalanalysis

W€ i!€!is!b lhe tbFdi@io.,l f,w of e Ollrovd_B luid Tne tuid dupies thc rqion

! > ().!d bounded b€ ! !a. surfi.. 
'nru...d 

.t ' = 0 *lid is steb-binc liljd\' b g€na.@



t!. EoiiN. It goEliq! bo@dry Lye equ.tbu lbr tt€ conor &dy€b e gire! bv

AnoaA@^

& & oo .l/ eb+c#}+c*t \
'6"- 

+ [ *"4'^' 
\ +","ffg +ru$ + t"g i
=.lr;.,(:#.-'#t;6 )l .,

r = lt(,)=@, u=&(r)=6r, u=0 tr,=0,
! - 0, v+o sz-@, (51)

*L@ 2,, dd e r€pr6@t th. docitr @pd6t!, v thd lj!@dic lismitv, ()1, )t ihe

dlsid .!.t (r{d.ai@ d@ rfip€di6,, .!d !L. .rEtlil o > o dd , > 0.

xh f,it€ t!. itk'in8 'ioilliry 
tid.E

G -..a-,,1;.!=@ftl,"="uC\i.u=-\/E |tht+statl. 115)

r[a. J ald , N !!e ditr@idb rdodq drddla Uri!! iLe Ebhb, @linuitv

a o" w ,l L'H+'t*L+r?* )
'r; *'6 '-6; '"' \ +r-4 +n-ft + z"-fi; )

_...n, _,"( ,*n.,#o.€ \1. ",= " |F" \ -sP -*n -E# )J



.q!.do! (6.1) i..tr d @d.& od E9' (t2) - 6r) 3& !!' 6dlo|i'! [tn

f -f +11+slf +hW+tJf f -U +sf n
+P,Ilf +{l f -V+d/")- o' {5€)

{ - { +lJ +d{ + ftltl! +dlf -tl + d'{l
+',l\V+{l/-u+dfl)=o' (5'?)

/(?)+r(il)-q J'tt)-r'y'(?)=' dt-0'
/(?)=0, C(4) =0, s r r &. (68)

b |L..6.aadioo.il.qurtbta Fi@ s!+ tn. ir'lF"ti+d xitt !"!ct to 
' 

Mde6

,1 .rd ,r e !h. I)$d.L @bar i! to. d rts&d 'dd 
d'd'li6 tiE €Fcliidv

.dl . 
'. 

ti. i.rio F..D..-. 1n-. e iE tt

Pt= 
^p, 

Bt-ra.' c=bld, (69)

lr i. b..d th.t c = O - , yi.!b tb idorila hcdbaiold 6 CE bv

f - f + rf +s,p!f f - f n+FzIP - l'-1'o' (5'10)

l(r) =0, /(r)=1 .t lr0'
/(?) =o s r-@ (5.u)

&d ![. .ttyEudi.0ot i! U=9)i&drcdt!@c=l E@FLe

!* - f +2tf + atllrll - f fl+\f"It' - tl*) =0 (6.12)

dd .n tmd..y @dill! 6Jr.

?6



6.2 A@lytic solution8

5.2.\ zdot dda e'"@'?'o!,dat

Ou .ia i. b -tE tlE DdiN 4q!.tid (!.0) 
'!d 

(54 dbi'd t' ttre bo!'drv olintiG

(tE). tlu E h.E *Ldad th. nnbti,! t .' ftdioo

ty'4{-'4)lr:0">o} {'r3)

tld thl 
""lodry 

d&aihtid t(r) .d ,(q) e

J(r) = 4i+tt"i*l"e(-"tl (514)

e(r) =,{8,0+DEr*"rr"a(-"t)' (t 15)

xh@ 4" Nd,4:. * |i€ -€6d'da rt' ilitlal slts 
'o(t)' 

e(t) ald ib' 1inai operld

,o(t)-l-a(n)' {5-16)

o(t) - 41 - a(-t))' (5 17)

(5 13)

eit! |t. lblhdilg ProPEtY

a lcl + C, €'a(4) + 4 do{-t)l = o'

wh@ C -Ca Nihe@td'
T!. pot'l@ * th. @.rh cdd 4

G -P)t [to,t)-.lo(tl - frr!{t1Jh'p)'t(1t'eJi' G20)

(1- ?)t b(t,r) - o(t) = A'M,{t("'p)'t(t'?)' {5r1)

(5.19)



t(o.r) + ,(0,t) = 0'f{0't) = r' t(o'P) = c'

l(€'r) =0' /(e'P) =0'

rhd ihe !onl!@ op€lsr@ .r'r'l ald ,r'r s dd!'d {

(5.2)

(5.23)

(s 21)

.o.so E @t-. {N.I e utftr D @'bUi4 !n' @Im_

MoI@t€(O,IltEdHrilgpc||@b ft tr mt€d th't

fi-(fr)'+otr.o+an,atffi
^ | 2llh p) + t\'1 Ptll \t'P)Pt't Pl I*o'[ 

-{.lro,rr* lr,rtt'.t'rr,ot I

^ | F \,1,?)F \\,e) + l't t,eflq.et I*"1 
- t/to' rt * ltn, oli/-tn, r' I'

fr-(fi)'.or,',t.ct 'nffi
^ | 2ll\.t, +sl.l',llta P\{t'1'P) |+P' 

[ -{t('.P) + r(r' PD"t'(' pr ]

- | t(r, p)/(r, p) + d{r.r)/(r, ?) I+ft 
[ -tlt,r.pl +lt'r'Ptll-r'r'Pr I

ud (nr,4) E ttre Ndi!.Y

s@ of the sie ollnio6

*l@p=0snd,=llha

l(r,o) ' ,o(?), t(t, r) = t(t)'

,(?,0) = 6(r), t(r, r) = e(r)

(5.25)

(5.16)

Fmld@r. sha p vane 6oD o to 1 tbd th' biti'l sr6g 
'o(t) 

ed s0(t) spprca'h io tual

s,r!io6 /('?) 'd g{ti sp*lidv ed ibough lwl.trr dks 
'*po$id 

P qits

t(r,p) = ro(,r) + D t-(r)e-,

g1r,r;= rb1ay + ! o-('?)d",

15.n)

(5.131
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t-(,)=,.r1W1,-,

6{d-*ryL
l{oa. thr! d. cdq€d oa eb (nZD .d ([.4) da-e tp@ aL eiliry Ar@ard.

t/ .!d 4, ft. v.l6 oa ,1, attd i, N .d..td i! .!d . t{ ihd O. qu.nd (5 t4 ed
(6.21) sqlp ri, = L E4w Eit€

(5.20)

(5.r0)

(5.31)

(r.o)

t\11= ro\!t+ ),,i\,1,

,lr, =Jbtlr+ L si(?r,

6.a., n h otb. @rF!.lau
1! F.6l@r .r .ni dd6 !.n4 r!. b&ni4 ddlit'@

a V-Pt, Pl - x-J*'/orl = ntA, rbl,
.h^l'td - x-e*tltil = |'f,''^@,

t-(0) +6(0) = A(0) = r*(6) -4(0) - C,(@) -0,

(5.33)

(5.31)

(5J5)

(536)
( o,'sr
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r/rh) = .fr-t+ E(r*,-'+ c^a-E fr - la+41
'' ., ' I

" i3+ J \t*ta+t'-t4';-'i !
' -' frft | -u^-,-t'-, * c--t-,l^a+21*'+,I.a)!f l

+A t tG,i{+4-!-rtr-U-r++c"-rrf;} ' (ts?)

ti,-(d - 
':-t 

+ t {ff*, ++ c*t)4- d*t+41

., F+l zt!--P+ '-.-t)y'rtd I-' fift | -V*'-n" * c--t-,oH r2l*tac'al,i t

+e,Ellf,a-,+ d:'-g,)di - (/*F!+e"-1+)f) (638)

5.8 C@vcgBrc6 ofthe EAM sohnioE

'tb 6!d tn dit hL ub.. of n, .!d 4 - t[.. 6. E$ (63r) .!d (63r) @N3., lh. o
cd.d n-clru & dirDlryld h ti& tr. SblE tnd thtr 3n FlPd tE!6 nd! N
-13 3 tr 3 -0,6 u<l -15 3 4 S -03 I! P18.. t2.!d 6l tL Lurc 6( @r &dvd!

e .lddd- b L s th.. n, = 4 = -oti ttF !...i .t',d!.!io! ri.. @Fr.d dt[
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o

-a
lrl

i-od

e. -mt,, cot

tf@-ttc-l},

-18 -t -U O

*&
rls. :nwd/(0).dy'(o) d rb rd odid.!{.odo..Ln-

-t -6 4n 44
fl

l'lt 6r: t@{ la r*bl c8 h flt'.! tb rF ad. dlBrea&d

-t:2
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,'-A2-rza-05otn
o@5
@
o@

4@
M
4ffi

-11 -12 -t 48 -At 41t
P!. 5J : t on tr ldildd h t(t) 't 

tr' ld di o' 
'F!'(erdod

tb!.5.ll Cdst@.atL EAU iMd |6 dtu dd' o"El!&'!t@ d@

-f(o) -r.(0)

t
2

6

10

l,
!l

s
4t

'0

tn aa

!.tBltg
rr!ar6
!.64?a

rr!a?!
r.|na?lt

r.ltra?l

rI!,171

r.G.l!
t.@lll

0a160

0.4$85

0,ayt'!

o.irgra?

0,.|n4l

o,l,t4,
0.{t42

0Ltt1,
oltlla
0$r&
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5.4 R.€flnts ad disc1rssion

h thii 6etio! * h.w ploti.d ths sr'pba 6r dibedt ed{€ ol 

" 
on J' ard d Io! l*G

did@ien,tbFni'|8ind.!d ditsetrit 0d situti@ *h.g the sr'9hs to! 

'r 
ir

Buch situaiiod s. rot p@ted h@ beM ii ii '!€dJ 
|Bti@'d iD cI6 qr' Fu 54

orsr. iLe eftct oI N..t'h Nnls ,t on / It b lot€d rh't cldirv prcile iues vith

e inclte il rr' Si@ p, it Foe.riidn io r'tdddid liDe rt PbrsidUv & bd* ir

@tirrt li@ tie ot .qt D.!di.l an&e rh€ dd- It i! ale obdr€d thli ib' ofets oI p:

m / @ qlib oppdib b dG d.cr, or & d / (s ln@ i! chpt'r l)- Tt' efat of p1

on / Md / lo lh6 c@e of lhF<tid@i@al flw siisiiN * ponlald in Fige S i dd

5.6. Th€ obbin d s'nb e qorli6rNdv oinis b tn€ @ ol tsm-dj@io l dw Fig S T

el[idald ihe sdets ot p, d / fd d dd,'@@idc nw' It i! org.dd |!rl ilc ott'bed cults

in tlb c@ N€ siEiLr b dc obbisl tu ih. @ md tbFdi@tiond dw sitMiiou lt

i3 bde of th.ld tid si'y@dty dn o.lv D'Ls tt fld ryDDetric 'bout 
de &d

ril @r diddb the 3d b.bv'o'. Ihbl€ 5 2 Pt@ a odpstrK dudv of prsnt GUI|B

*ith ib* giM i! Isrl ft i ot dv.d rt ! ob.iMl rsrn @ in ' sood 'stuelt witb !h€

nql

c=N

B2=a0a3aq fi

123456
!l!. 5.r : Id!reoar? on / lbr 2D fld

1
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ft?)
t

0t

IB

(x

oi2

o=05

h-o4oguto

12315C
Its. !6: tlrrc od A d l" b 3, nor'

t2t1t6
ljg. 6,0: IicoaA @y' ft.sD !t

ctc
u

ll



f@,

C-1.0

h=oqoAaCn

Fis, 5,7 : &!l@ oI tz @ j/ lor dbJrmri no.
I\bl€ 6.2. Cmp..iq d ritE oi -/(o) ud -/(0) ro. ucM 0uid .e (4 = 0) *i!h

rIo oI II'yd ed Aur. l81j ,Lq ,! = 0.2 ed c = 0.5_

Orda of .ppEjD.rio! P@r EDlt

f t0) -{(o) -J"{0) -/(0)

$.

liir

iir'i\

;

n
30

50

r.F3750

1_181869

1.182U?

r.l82tr3

\-t32tu
1.182rtt

1,182124

0.490621

0.60x{2

0,6019t0

ot0199a

0.50r906

0.5019!6

0,60r996

1.153?t0

1.t81369

t.132117

r.$2123

l.t821U

1.t82tU

1,182124

0,5{20d2

0.5019!6

0.501996

0.501096

5.5 Fina.l r€marks

Ti. lhlBdirldiold Ad ot u Or,t q +E luid @ r sh€t nins 6@ E dMled. Liniijls
€ult! 6. the th dio@ioD,l &d di.r@€i.ic nM @ b. rr.duc€.lfor the e o, uppd
mDw.tad Msi€ll (UCM) ed vi'.@ tui<ls.
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. Deb.Bt nDhn 12 ea!@ tt€ !@.

r Tle efeh of rr oo / @ cuii€ oppdib to th* of ,r.

. Reidual emn ba€ bc! plond to r!fl rhe Blidity.

. R€db lor the 4ov oi M*eI drid 6 be reduc€d hy eitins r, = 0.
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Chapter 6

Threedimensional flow of Jefferv

fluid over a linearly stretching sheet

Thtu dapid nod€b it6 rhbdin@jond ds ot J.fay duid m a liMly liEtclin3 !u,f@,
llufo@tio! Edlod hs b@ ltitied for r[. ra6iD o{ p6rti.l diddiial @!.iios inro
.be @pkd lqlil@ 3Ft@ oi ordiuy dinsali.t .SlratE Tbe &luii@ ot t[€ mo]i!@
sJ6t@ js Ftuted by bdoaopy &dFi' @rb.d. TLo FFrt€d g.ap!i..I Edt @ ea\zn
&d a @Dpraiiw siudy is Ead€ ro wlidlr€ ih. pr@i 6ulL.

6.1 l,{athematical formulation

Hft tr studied d i@pBibt€ fl@ ot. J€&ry Aujd M a tur 6ula.. locded at . = 0.

Tne nuid 6rb iho spaa . > 0 sd rh. Edtrn oI rie duid n au.rl hy lrrelclilg ot a 6ude.
Ite diquity rod @bsrru .qudioE flbier to bould{y b}€ appqesfim sjw

(6.IJ
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9&x+E#**#i
+"$;5 +"ffi +,5
*&.8#.v#
+!frts+udFi+d&i

ft+.,
fe"
167t"

)l

)l

(6.4

(6.3)

ed .tre eialtd bdldq inditi@ e

i"(') = @. "=".{y)=b, u=0 d::0,
(04)

*b@ u, v od u e th. v€lociti. i! tn. r, , .d r didim spdivety, , ddote ih€

Li!.b*ic vimiin lr tie rtio ol relrarid sd ret !drii,.! titu, lz ibe dad.iio! litoe

adiL€odeled>0adD>0.
If prie dmd rh. difda.iaioo piti EDet to , lha cthg

t = d l'(tt), t= osy'ld, u = -\6 U\,t) + s\rl (6.5)

Eq, (6.1) i6 disfred curoBricsly .!d E$. (6.4 - (6,4) yi€ld

{ +o +;,tl1t + 011' - g'1t1* p"lr)" -v + at* - ttl
s'+ (L+ 

^il$ 
+ r){ - g)'l + p"Ilr')'- v * aa* - sl

/(?)+s(4) =0, /(r)=1, !l,t)=c dtt=0,

f6=u lld=o & a-@,

*h@ tn€ DehG! nu4b€,, &din Edo pa..b.ra c re

(6.0J

(6.7)

(6.3)

(6 9)

Ii ir wtleeDtioins lo lot€ $sr rle Bdrirs !rct)l@ for nje{ibsioDAl !s or vis.oN
fluil @ b. d.d'red vlsD ,, = 0 = rr Ftl. rre pobt@ @pon& ro tudine.lionar
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nd ol Jofi€rv nuid wh.! 9 = o = c For c = 1O F lgrs dG dd,v||@|tic is (ia J = r)

olrJ.d&ynuid,'rbdlDaio!.lnti!Yitflndd!ot.ia.dahdc=0 : 9= h= 
^t

6.2 Solutton |ldhodoLg.

a.Lr M d&flt6.n protb{

h ode to prdced lor th. si. Fluiio, l€t u 6uidd ilE be irncti@ of tL' fm

Ude{-.t,ll >0 i>0} (6 r01

rhs. rh. ftto.iry di'hibtrti@ /(r) &d ,(r) e .qs.d a

t(r) = 4,0 + DEd;".1.e(4tI (6.rr)

!(r) = ,&+tDri"'l.a{-'',), (0 12)

'! 
wLich 4$, ed ri" e @.Odd lte i'n|id glg rD(r), o(r) r.d i[€ liod op6..d

I ldth.@ dst Fnl,l@e.det d6 6dlorr

(6.13)

(6,r4)

(6.15)

aq+qae(t)+qa(-tI=0' (6-16)

rh@q-Cr@t!.@Et{rt!,
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ft. 6dh ord6 d.6.D,ti@ !.oble d

N'lila, ,gl't,p)l =

lL - p)rlll't,i - k(nJ) = pn,Ntllln,p!.o\,1'pJl'

(r -r).lr(at) -eo(r)l- tu t"fla,pJ,thdl'

,{rftn,pt.d,t,il = ff *o*^l 
[Ut"o*ao,rH - e)"1

(6.17)

(6.18)

t1o,r) + ,(o,r) =0,/(o,p) = 1, C(o,r) =c'

l(d,r) = o' y'(6,p) = o

h lqr (€.1?) md (618)' the motilo oPeslod .rt md .Mr s de6led d

(6,r9)

t(r,o)

,(r,0)

(6,20)

|s.22)

{6.23)

(6-2,r)

(6.25)

+B"l I'it, l taj, - !tn,P)l'ta,e\ 
L'[ -{t{r,P) +,(?,p)}re{r.r) I

ff - a.r 
[ur","r-ro,orffi 

- (ff )']

+r"l fFt, f('t,Pt- ltt' l.tn etl-L 
{J{?'P) +t(t p))t'"(t'tj I

(6,2r)

I! !q!. (0.14 sld (618), tho nr 5d 4 e tn€ .!dli!y no!_6o p6lu*s uhea p € [0' l]

is u dD.dding p*.D€ta. It !' !oa.d d.r rtat=0 ddr= r ti@

to(t), l(r,r) = l(r),

,o(?), t({, r) = ,(r)

Th.lrldrl sld ,o(r) ed o(?) |ppro.h t 6!.1Flutb@ t(?) .Dd 9(r) BpciiEly eho

r Ei!. toe 0 to I ed ihmwh l\yld'. si6 dpuion ft Mit6

Ibd=t"t'i+Dt^oi{,

,(r,r) = ro(r) + t s,-(a)e-,
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It 6Eg@d€n (d,a).'d (616) rmdv dtoiL or@ t[. ddlidv,..d.ra tt
.!d ll'. 1L $lE oa t, .d tr e ds i!.{!t . try tt* tn. 6i6 (0'2lt) ttrd (6J5}

dr!s. lhe r = 1. lls Eqa. (620 .!d {Orb) e Edldd r eld.

r^\qt-;fr.E\f,'
..o-*egPL

,1?)ztoot+ Lrr\4,

9\1) - 
'o\t,+ 

LS4\1tl'

6.2.2 ngt oter WtFeE
li. E ! .id. D.nhra. G ir bt

tv^1q'p:l - r1.;|*'l'a.rl = ita.trtll,

(d.26)

la.tt')

(6.2r)

(€.20)

,h(t'd x-n-'Ol - 4nr-('r),

,-(0) +r-(0)- J'-(0) -.l'-(6) = 4(o) -,L(@) =0'

I o,-< r

(6.30)

(6.$1)

(e32)

(6.33)

9l



e/,-(?) = ,fr-,+0+lr)D {U**+ g*pili - Ik-t-t J

+kD {n-, .ri - !'*t4!i - ('*Ft +e-n+)ri"} ' (6 31)

&o(') =

+kLl{^--!l'- l-^-ci - (r-i-r +e'r+)f} (635)

6.3 Convergenc€ pmc€dure

In o.de b 6!d tn. o@!@t -luri@ 6[ tL€ vdtily @o(Mi. t dd I w haE ploltad

tho&ed4 .llrcdtL.15d o!d6ol.pprodotis (6Fi{.6.r). Th& M stu€ the

.dEicil . nrs6 ol the 'qili{y Fteld hr .!d ,!. It b r6{.d that !L. adoirqible rahe

s. -1.5 3 (&, 4) < -0.{. l! ordE lo blid.t lhe obt i!.d r6dt3 * haE plott€d tbe

,t-curc fd the €idu.l .m in , ind I (* !(s!. 6 2 Nd 6 3) It i5 mtic€d !h' obtained

sllti@ e qqgllt upto 66 d..i@lgle (s T'bl€ a l).

tt,llt

Fls. 6.! : n clro ot J'(O) 'nd ,'(O) !r lhe 166 ord6 ol .DprodD'tion

p2=.)2'\c=05

f10)

^o)

4
tb

-1.5 -1 45 0

44

^46
:486
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-'x,'
-1x{J'

-1.5r1d

49 48 47 46 45 44
lr

Fk. 6.2 : , c!ft 61 6tdud <M b ,(r) .t tle ltr" odq ol .Dpqifrtio!

tlf
1.6<tr
1x1d
5xfi1

P2=O2- l'l"c=Os

^tr$rA'

SxOi
0

-.&{0r
-1xd

-1,5xfr'

-1 49 48 47 46 45
ttg

Fi!. 6'3 : n ffi tu Eidu.l au i! s(t) d ti. l5s dlk of atPtod@don

h=02-N.c=45
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ftbl6 6.L C@vE8€a .l rh. Fi6 mlliiN 6r diferd ordE of apPKiEdioE sbo

-J"(0) -/(0)
t
2

5

l0

30

40

50

1.058333

1.034?70

1_101?55

1_105?l

r.10r,58t

Ll0t58,

Ll0253X

r.102582

LN282

r.10J82

0.,!95333

0.195463

0.197607

0.493113

0.493113

0.493r13

0]1$113

0.493113

6.4 R€s'nts and discu$ion

Hde !igF. 6.4 - 6.r r [.8 b@ pEpsred !o Frdicr ihe .6-t3 oI pbrdcal p!a@6 such 6
Debdrl nmba A md dnt or r.ldid sd ra.rd.ti@ uc rr @ J'od y' Id ds,rmd
!ic, trerd tIEniIIfui,.DAl im .6lctivelr Tn wi.tiu ot& o! J'lor tsnillrtrional

A@ n rh{)m i the rig. 6rl. Thb Fi& inatrgt6 thli J'od .soia!.d boudary laya

e irc@ins finctios ol rr. liic r, b depad€Dt or ,\r Geiddgtion !ime) md the suid

wldty il].lt$ vith & itu@. in Eb!d*io! tiEa This let i! quiie obvioB fion Ft.

6.4. Otr ib€ othE tDd it j! !or.d nd $s. 6,5 rbd |nc rdcity 6eld / &d bouddr la)d

ibi.l!6 dd€e rtd e iD@ il lr ld rFdi@ion l [@. It i! tsE af i[€ lrt
tb'i rr b.i's the 'imr.di. pq.etd djbii boib vi@u md e-l,!ii. ch!..tdjsti€. Tha

tb. duid wi! ald}3 Ft{d vn@@ visity d sbtici@ piU ie!@. rj36. 6,6 6.9 slw
tbo offets ol 12 sd rr o! J' od C Id the @ ol lbediD@ioo5l nw. Ir i! obsfled th3t

ibe Bulr. obdmd b ibediMional i:e s qujtc siDil! b $e tudi@ional cM.

Sire !L. rntfi& b didchld uifdEly in !L..- &d y-didiN s tb. b€baviG oI P,

.Dd rr d d (sd @p6@t ol irlcity) e .&o quditliii€ly 3iDiLt to rbd ol Jd (6Et

cdpo!@i ol wlocity), Ft!. 6.10 ed 6-rr siw th. .ddt3 or ,, dd ,\r o! l' ror the ce or



qil}dD*ric nd, Tb. ot .iledsuL equ.lit*ivdy 
'nbiL! 

to ib@obidcl'lr iE &d

t|!6diD@ioul 6l'r tub 6-2 i' e.d. itr ddd to @po.. !!. F*nt EurLe ob!d!.d tt
ttAM vith HPM ed q&t el$io! sE by Adel l,{11. It b ioud th.i pl@t sltrtion ha a

sood .3lEFr ri6 e ct olutho i! rh. lioi||la rih.ti@

f(n:)

c-op11=02

fu=ogua6tfi

12315
Ft, 6,.1: bluoe onrt o / fttr 2D nd.

12345
Fts. 6.5 | Innuoo ol )r d J'for 2D dd.

\\..
\=.

f(?)

e=aQ Fz=42
tr=04 0g 0q ro

s6



ftr,
1

aa

aa

a
u

c=06L1-O2

p2-o4ot04/p

t2345
llc &n: &-o. d & 6 / 6. lD &'.

c-a4h-02

h-8A6ttt

1231c
Flg. 0,7 : ldt.d otPr 6 y' frc lt !d.

dhr

u
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02

129a5
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e=ofh-@
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&.o4ot0010

t2316
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aa

c6

a4

a2

1

aa

06

M

a2

c=13Lt=O2

P2-@(BoS,/,,

FiE 0,10 : Iduod ol ,r @ I' ld xri4@.tric ad.

r14

c=14p2=@

)q-aQaSaQ 10

123456
Fi!. 0.U : Inl@ .d )r @ / ia .n"rD.lic 0d.

Nir.

s



thbl. 6.2: lllutraiins 1[. rtuio! ol -r'(O) &d -/(O) tftn c Eta ,, = 0 = rr ' 
uing

It,{M, HPM (arid l4{) .dd dr olltior (A!id t{lD.

-f'(0) -{loJ
EAM HPM I{{ 84. Fll E M IPM I{11 E*r I11l

o.o 1 1r 0 0 0

0.2 1.03940t r.$45a,, r'o39195 0-l'137:16 0 153231 0 rra7J6

0.4 L075788 LO7ll529 r.0?6?88 0 349208 0.960599 0 3',t9203

0-6 r-ros946 r.l$'.gr Lro0er6 0 t9054 0 6o63it 0 590523

0.3 1.142183 1.1428?9 1,1{r,a88 0-866€8t 0 874551 0 866632

r.0 1.17t120 Ll?8511 l.LTllt! I l73?t) 1.1?8511 r'r?3720

6.5 Corclu3ioDs

Th€ t[Fdj@i.&n nd oI r Jery nujll {ffi ! sftn$jqg sulne i6 sdv'€d Th' 6n'l

ourm6 @ l@ti@ed bslo*.

. Ir ir !d.d lhri iie vd&ity &ld illls bv iF4i4 &

. ECat or & ed \ & qui!. oppdit @ llrocitv cdp'|Eb

. R6urt3 obt.i!€d N quditdirdv liDjLr ior d'vbE t!ic' M ed lhrsdinedio'al

. ObtN.d elutim & @vrg@t tPl, 6rh d€dD'l plE'

. Tlvo-dinsi@el I* (s = 0) 6 b' d'duc€'t W 8€tlils ' = u'

. & = 0 =,\r 8i6 tho mult3 otriss tuid

g0



Chapter 7

Threedimensional channel flow of a

Jefferv fluid with stretched wall

ThsdlMi{ml"r-""in (oleiD@pEibhJ.f<ytuit!inn tig.Ldinihicha!tu

Th. !w is indn€d d@ to t riEt.lilC pr.pdty ol lolu 'zll Mat!@iical mcae$rg is

per|roed md the 16 tins pFbl@ e mnputd by b@obpy erbd, hethod. CBphicd

sult! Ior wioE pdi!.!t pdueids e pLort d ud &.b'.d. $bk. e cotuded .o

3[q ih€ @!$.4ere ol th. ol'r.iEl oluitd .!d lo hltiLt€ 6e ptrd sluti@ tbrc!3h

odp&io rith rhd prbli.h.d lidtDs qul!.

7.1 lUatberDtlcsl foDnulstio!

Co!'iL lL€ tbjErlie@id.l cl@el Ad ol & ro@DpEible JetrEj. 6!id Tb€ [!id js

bould.d by tu po.sl&l da diltdt E 
'!€r.. 

It l@ ple d t = 0 f,he@ the wps

r00



pLb sdjdtiag ultm i{idim in t!. cL@el i! !t , = tl (e F c Tl).

Fig. z1 : Gd*rt ol lt Pro6l@

Thc Ddim h in luid t !@a...d du to tb tidtcti@d !hr.Li!g ol Pl'a i. tbe '- sd

!- diBiiou, Tte Lw ol @mii6 ol Eg &d @i@ fd the p!€"t dotu poblen

rctr v I8r e" tu1-i6;t r;',l8-@.6;;1

*];

(.*+"9..#)(F+#. f+)
+28* +28&+2*#

+(fi*+ffi+ga)(*+e)
+ (g* +** + gl&) (g + e)

, (7.2)
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r& v Ie" e! e!\-v6t rrilE'a'azl

.:L-
("t.,* -.*) (B* H - *+)
+(s*+e& +s#) (B+e)

+28&+2*fi +28#-
. (**-**'- *t) (f - #)

atu &' a@ rO, ' lda a'/- d-1

G*.,*+-#)(F*S*#)
+.{i

, (7,3)

(7{)

(7.5J

+(g*+#t+**)(*+B)
+(&*+#*+g#)(*+#)

+2*&: +2*g* +28#

ad the bdld.ry @lditirD N

in 
'bicb 

!.o ed u d€mb tL. v€lo.iti6 h tls r, y ud : dir-ti@, EPati'€V,4 > 0 sd
6 > 0 de th. .@bnts snd y0 i! |!. @Dri&t iqh.tio6 ilrafty .l t!. $pd plat€. Iltrcduing

"=@fI't), "=q/| , b =,^E l^,tl + cla)) (7.6)

ltI]



@!i!uity €qdid (?.1) ! !ati6!d .,nddh.lly ed tt jhnlt pEe .&s ffi dif

f@iirtid Fa6, (?,4 - (26) b@

lN -R.lr + 
^iI(f -!) f -U +dn

+ klpf -{)f -l2l+flr -u+c)fl =0,

d" -R4r + rnJla - n{ -$ + dl-l
+ t,IW - n{ - Qf +ltd* -U +dd*)=o'

\7.7)

(7.3)

t+t=e, (?.9)

(?.rr)

\7.r2)

wn4 !ri@ d@t di6<otirtrD ritn E4.d to ?. d.(@ t[e Dctc.l NDbd tr tt€

A.ybl& rudd R., t!. djDeioDl* i4i.ti.6 Fra.tn €.td tle ltEt hi.8 ratio c N

(7.r0)^ - Ea -vn 'r=;8, ' ;
Not€ tt!. ld ,: = 0 - r! e m obtdn rh. €rlL h. iE[ fd ia

f -E'IV -!) f -U +df)=0,
d" -R"Il/ - fl/ -$ +dfl=u

wiil tic aiEiLr bould8y dilitic (?.9). q&6. - 0,0 rn€ ryt@ rcdw b t@djntuiold
@ k = 0) 

'bi!h 
t C6 b.ld

f, -rudL+ riltf - rn+ p,[2f f - f P - rft-o (z13)

sd idr c = 1.0, w n s *ilrDD(6ic n@ i,. (, - ,). I! .!c! ritltio!, Eq!. (7.? od (?.3)

r -B,lr + rttltr n + hlf f -31t* -ztr*l-0, (?.11)

los



7.2 S€ri€€ aolutiots

r.2.1 Z@ttb6d€r d@n Pobtat

L6r it i.ftirl4p(ci6.iim Lr J .!d , @

r"r", = r- fS-r)r'+Lr -er'/\z)
.1'11 - q+ {$-2")'r'r t.-oy' (716)

and tt @Bpordrng li@ @6&! !

- dt (?.r7)

ritL lh€ tolrtins pfoPdry

.lq+c +d +cl'fl,=o' (7.18)

in rbjch G - Ca e t!. c@tdld tle aioth o!d6 prcbl€o e

0 -P)t [t(t'P)-'o(?)] = frt!{t!ib'P\'tl1'p:l)' (xle)

(1-")ab(t,p)-eo(r)l-ti'r'r''Kt,P),!h'!)l' (720)

f(o,t) = o, /(o't) = o' t(o'') + t(o'') = o'

./0,!)=0, t(1,r)=0, l(l,P)+ t(1,?)=0 \721)

.!d th. dliDr oe6.t E ,f, .d ,/, n

.M'Litu,p),rb,p)l = l'-R"(1+,\t [(/ - ,"- (l+!)J-]

+4.lPP+ lf -Pd +ny -li+')1"") t7 22)

&tJ(',p),r(r,p) = e* - n{t +r,) l(t-t)d - (,+ t) e-l

+9,112{ + /)l' -lt| +ul* - (t+e) 
'*l' 

(?',8)



wn e ,i/ ald & s th€ dudlidv m!_@ pM€!€E ed t € I0' ll i! e @b€ddiog paru*r'

Wlat=0NdP=!|n@

t(?,0)

,(r,o)

l7.u)

I?.25)

(7 r0)

17.27)

,o(r), t(i,1) = t(t)'

ei(a, /(a. r) = e(?)

w!@ ' 
wi6 n o o b 1 in@ ,o(t) tads to ,(r) 'd s{t) tdn' e(?) sa€ti}€lt

ti. ftrytort di6 q9@ior glE

!tr,,pJ = JIOJ+ D r^QtV,

,(r,p) = 9o(r) + E$"(rH,

. ,-, t a" Jo'Ptl

. . I a"!(r,?) |ei'4,=;r-E;-lFo

I! b lota ib'r !h. drGEac of E{. 0 26) tld (7 14 d?d& trl@slv wd rh' uilidr

rduds nr &d ,l, The 6h6 ol nt dd ,lt @ !d6t€d i! s@n | *r\v i[at lno E.l8 (7 26)

dd (?.t) @!ws. vhd , = l Thu * fliL

^tl= 
Io\tt+ L r6tt,tt

e(i,l = so(n)+ L r,"l4).

7.2.2 n'hdb d+ntet@tuE
Tbe r.fh order d.fdDsti.! pob,Ld lE b dittd s

(.a)

(7.2e)

(7r0)

{7.n)

t lJ-(r,r) - xJ-r(t)l = n er,-(t)'

.le-(r,t) -x-c--(r)l - rk&'(r)'

(?.32)

(7.33)



4{o) =
Jd-(l) = 1734)

(7.'5)

= /-0) + o"0) = 0,

r'-(0)

r'-o)

r-= i

ey,-(rr) = ,4'-1-nro+rr)! lll---r- d^-)tii - l|^t+ + s-

. " \: I ru:*'-' - c"-,-,tty - \2c^-n+ r^1-Lvi*'ft 1 -(!-)-,+e^)-'lil"

R ,-(r) = r'il-,-R (1+rtt l1-t+- f*fl){-(*rt+ c^ v,],/)

,r,F I (rrL ,-.-r:-'.)rf - t2l--t4 + l^-'a# | ii7)-f t -(r-n++e"j-drt- )

Enpkrilg .'dnholic -na. MATTEMAnCA th. @tt-tordiDs q€td lg b' dld one

aIL€ ti€otIE i!.t orda u = l,2,3,-

?.3 Com,eryence of th€ golutioE

It b Dt€d tn.t tt mEg@ of -l io@ (?30).Dd (?31) dep€& !p@ ry a'd 6 In

orde b 6d tle ndiDcirl Qlq of 4 .!rl 4' !h.& c.&d n- @ edlplrv€d 1615ft

ord6 oI sppMindior i! idc Eiga ? 2 !d ?3. tli* !ia! dde |it 
'tr€ 'dEisibL 

nl@

e -'0.? < (nr,fi') < -02. T.bls ?l dm tht 2il,l orrlc 
'ppnin.|ioB 

d€ 3u6cimt

in lhe p,€dt Fori€e fd a @!v!r8@i olutioo l!t'L 7, p@ls r oDpdsiiw sludv of

plent 6dt6 eith iL@ obid!.d t! Rd 162l Ii i! ot 6trd thd obttiled tsnlts de i! a

nic.g@ent *ith tbe olr.ldy publilt d ddt!.

], n*,
)

l0a



-34

-315

-35

-95

A!.5q4-05ra-q&=0t

l6
-{6

-37!

-4 -06 -41 -@ o
t

Ft t 2 : I .1e o, f(0) lr !1. ld od6 of 6p!@dE!tioL

-13

-ta

-o0 -t6 -41t
lls ?3 : n cus ol /(O) .i th' Itd ddd 'r "pplqdElioL

lbbl€ 7.1r cdw,.s ol the EAM Flltlou ld dltrs@t ddd ol ltPrdi@troB whd

R.= 6O, rr =06,lt - 0.1' '=05 
sndf=06

Y -1.1

-lt2

R.=6qA.06rfEqr,-Ot

!07



-/(0)

5

r0

,o

50

3.3,11,330

3.t1426

&5gt07r

3.@1713

,.d)l?l5

3.@r?r1

3.001?ll

3.601nr

3,601711

1.1107L2

!aotn

]446199

1.4&12

L.1]1/j5t2

r.u6512

7,4 Ra€ulte and discu$ion

Irpld oI dineli adsins p&eet@ ilcludbS t lio c, D€bd.h luDbd ,1 sd htio pds

Eotd rr or lh€ rdmlty dnp.n@t! ii lad / d oalor.d i! lhb *t'@ Tle]lieesioDAl

plo6 of rdo.ity @pdats e.l& Fqlt d W€ !.8 plotted Fige. 7 ! - ? 14 Figs' 7'l

ud 7.5 Frtby the inflrc ol db p.EE rd c o. ti. di@ior16 'clcitv 
@Ep'!d

/ ed y'. Ir i. shlrm .hai v€lodtt @DoEr. i@ |6 ihe .hi.!ins rdl bv ilsging

'did F..b€ts c Effi ih€ rdcitj. @Dpon d. dd4 @ th€ poDu *all lD p'imiple

ihL b dft to ile let tlat i[e iq @.td.I€d trrl6 (D b. oltrcI€d bv e ios6$

dd@i! ![e d€tcLilg wlaity ol tt bou!&n Fi8! ? 6 &d 7 7 plot tbe ilduere

ofD€bora[ nuDb6 pt on ths Erdfty oopoldt ,' &d / rb@ &3 elucidAb ibi F
locity lmp@6rs shd indsilg b.bvir !e lh. ltrdcnils *€I b{t obviouslv b sthlv

ms coNsmtio! colstBint e t!@o i! nuid Elocity i! tne vicilitJ ol6t etchins sh&t i3

@npsmtsd by 6 d@ in !ni.t ftlocity i! tho upte [all otchmel ln!u@ of ,\r on the

wl*ity cdp@b tr ud / e r,lolt€d i! tho Fk 7.8 ald 7 9 ft is noiic€d frcn thee rigs

tb.l 1r rdsds th. fld !s the !!..rcu.! luds whqa ih€ tlo
@ tlepdE$ll Tnis is bsw oltn n r Ori lr h.iDg the lis*Leiic pemtu d_

hihitr both dgrN rd €Lliic cl@tsitlr. Thu !i. !trid dntt .dArd Fh@ visditv

q ehsticity irc!@ It i .ho mt d t!|t iqidtioo !o d@ild t h.!id IE& lhe p.rcB

w.[ Tnu lhewlo.itj @Dpoab 6n||t i@ M th. p@B *TId@ to ini*ioD Figs

l0a



?.10 sd 7.11 pl6dt th. .6ets oI ilj4tion p&u.td € or the ELcitv co&poMis ,' aid

/. h i' ohdEd t!.t bor! @Epolelis ot tdstv i!d!e hlidb iith e i@a ir ( The

tt@dituEio!.lplor of Et@ity @!m@t !, ! .!d ! e sn@ in t!. Fig. 712_?14Ii

'r 
hrd th!. v.ldity @@@ls a &d ' @ bsi4 |F th !fttdqg tdl but !h@ i! t

dE*r@d. iL. pNu nll fti L qulr. ot io{. Eoo them slip@ldirid 
'bd 

indued

dim i, MiEu !d ai..|I.4d€d bN<Ld. ud tui.b6 6. nry d@ tbe thched

!uh.e (s l[@ i! Fis. ?.12 ed 7.1S). FE ?. .!.s tne ihr$diD@io!.Ipld oI €lo.iiv

@!Id6!t u with , &d II li is rcticod tl.i t n e itu@ i! cieol widtb tl lhe rclocitv

ftrit

Ft- 7,4 : I!!e6 .f a on /.

1(D



\llI__N

Q-4oa t4 t!

110



$n

o

e

@

'-qq4',

ft,
4?]|trdodAol.

o

o

@

|r-cl|| i4l,

@uaL
It ?a!tu drlot

llt



gct

o

@u@@
!t!. tJ:tu.d\dy'.

\S.
8t

t& ?.u : Iea.. d{ d t.

lu



n&

IE 7.rl: 3D lbi oa 3 nlt , dd t-

ll3



Fb 7.r3 : 3D ,b3 oto ti![,.d 4

Fi& Zrr: SD Dt dtn.ht.!dlt

1la



TrbL t2: CoEp{id o{ v.lu or -/'(0) &d -rl{0) b. vi.@s nlid (r, = 0 = }t li2l

whd R! = 6,0. c= 0.5 ed c , 0,5,

tud ol .lprodD.do Pre. ElE
-/(0) -e'(0) -t"10) -410)
2t8mr5 0.d0ga6o 2.9rd0 0.103?16

2.00ct{100,6{xtt!l? 2.0&410.601764

2.00Gt2/ 0,5{xt0r9 2.oq,a2 0.503703

2.to625 o.!qtr62e ,.9&63 0,503700

2.$062,60,60t620 2.00630.5{10?61

7.6 Concl|!3long

fts<ti@io!.l .!r!d nr ol J.&.r luit t-l6 ti ld|l i. &.luid, Tn F*lisd
&lutid L.d tort Hbri4 E i! toid.

. Eftci.ol&.!d,\! e quit .?r..lr4

. V.lcity dd@ rirl u iEg i! a6d rill!

. bjeri@ -r.4 lh. vdo.it,

. l@ i! .!o!d xidlh u . t!d!.rir b t[. ELci!,

. A = 0 = r! sE lh. Edt oa vi@s lurd.

t
t0

m

1l[



Chapter 8

Magnetohydrodynamic

three.dimensional rotating flow of

Jefrery fluid between two porous

walls

ftFdMiooal 3hrinling !( oI Je66y nujd i! t rot rilg s}rt@ t nodel€d h@. Thc

fluid i. .Ldri..Uy mldudilg i! ib€ pr6@. ol I uilorn lpti.d nagletic fr.ld dd ihe

indMad od8!e1ic 6eld is leglet€d, IlD sinilsity itusldmtioE r€<luce ibe non li&d psriial

difdrid .qdim itu ihe o.diNy djft@ilrl €qBiioE. Seia solftim R dcriv€d.

C.rwgee of tn6 obt in d elu.iN b d..r.d, CEpb * plo.l€d .!d disus.d lor wioE

8.r Nlathelrlatical fomulation

coBids .h. @gD€tohydsdJ@ic 0m) dody 0@ of s Jery nua bd@ iM porcc
plda .!id.!t 2L lpd| Tte low od uppe pLi6 d€pold ro .ution snd bloins rEps-
tiwly. The dlid ir rciating uldd rt€ o.ri6 ol Co oli! dd @iriiDgdl br6 wiih conlimt

esrl6! vclocity o aboft tbe r-un (@ Ft. 8.r).



Tho le! ol @!'mti@ ol M ed E@oiu lor lh€ pe@t flN situ.tio! e sivd bv

(3,1)

(8.2)

(81)

rao' ' le! et\ d$n
= -nE+rii\F.8)- o

. /,gS+r'F+,,#b +r*# \+#il +sgr+.#F+,#-fiF I'' '\ *H-UH.UW-"#* l

rAe' t ldt et\= -;a;*i;];tF*F/
. / s**"gr.!c*"* \.#l .s$.,#r-se-,#3 I'

\ +rg& +,.J* +,&# +,,fi} i

.P *,P * m.

Lt7



au 8u -- v lnv du\ oB;ut@) ;
,^4 ( **+"*t+E*;+!S;e- r \ +fr#6 +.#F + fi&ry +,*

eith tt !pp@Fi.t bo!.dry @diti@

) 
*'

I=4.

0, (3.s)

vheE t, ! &d o ds lh€ r€ldity 6bpd€li3.loq '-,y- .nd ,- didtiom, , is tbe Unc

Ddic vn@iv, y' tt€ oodid€d Fff xfid lDlu.t . tle @trifurr flE etre4 d > 0 the

diD@id.l eutat, lr tb€ rtio ol r.l,dio! ro r.*dd.rid tiD., -! a[€ rcbrd.iro! itbc,

p ih8 dtuiry, , th. oLciricrl @duotivity, Ao th. @Ei&t !.srciic 6eld 6!d y0 lne urilorm

T[. Eq!. (3.D - 0,4) d b. Bilr€ i . tupla 6rD by do6,i!s ihe folwils tldslor-

t=-e!(i, t=6^tbl v =Mslr). (8.6)

(8.r) i! clqlr oii6.d.d Es, (6.2) - (&3) 6nd ciinbdi4 .he

(8.8)

f -(t + \\)lrif -2r(y' -R'Vf - rnl+t llf + tf'-2f r"') =e,7)

/ - \L + \\) lM's + 21( f -n'(tc - )l+Bt(ff -f'{:0,

(3E

itr vhid pd@ cbm th. difida.irtio! rit[ n pet to r 1!. Mim/ blo*i,s pelmdq f,
the Rey@lb nuolq Re, tne HetDd IMbd Ir, rhe rciaiio! p{@id tr 6nd rhe D.bo6h
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aubs tr e dd!€d B fril(m

,vr

Th..hm oF.b dify

- AB?F
'*"-=-

t(r;r) = C. / (r;P):0,

(8.r0)

8.2 SolutioD by homot py analysts method

rL. ioid.l .pgrciutiD fti , .!d , ..d luiliry nD* oF.b e

i"r"r = l*cpo- { * ('i4'r,
o('r)=r-y',

eftb |n. fo[o*lrg auili&y lilla ops.ic

5=@

(8.u)

(8.r2)

(8,13)

(3.1{l

(8.15)

(8.16)

(3.17)

(3.13)

.t!-1'd +crf +c.q+ci=o,
t'P,1+cl =0,

F[4 q (i = l - 6) m the @dror;
w. @E|t@r rle z6oii dde plobk@! s 6llom:

tt - pJ L' IlbpJ - ,oldl = frl'q ll(|l'',, a1il ,

0 d r,lt(|d - !ldl - pn J,I, F l'|p), jk l,

l(-Lip)
,(-r;r)

t(-rrr)=1,=Ji
(8.19)

1lt



rt IJ lq;d i (t;dl : W - # \L + ^ntlP +2Ic O + ^nAP
+R.c+r,) (9#P)d,#,) - | ""dff)
. a (r o"t tp * \etd 

tswil -,tisary#a), $.n)

N, lt t r\ d, I t rfl)1 = 
alP 

- * p + t s a 11 ; p1 - z t( 1t + t'1 9$
.oo.r'l (ffrr","1 -rr'"t gP)
+k(ti,,ilW+atuAe/rgl.il). (8.2r)

*h@ nr dd i' c lte uitur |rM !.r.o€t@ .!d, € 10, ll G D d!.ddio'8 pM@
Fd! =0 ud, = r rc tlw

t(r,0) = ,o(r), l(a,r) = r(a),

e(r,0) = ,!(r), ,(?,1) =!(r)-

Nob tld *L@ r wi6 noD 0 r. I th.! th. iD i.l sue t0(r)
ed e(1) &4€.ivdy ed by lyk 'r Ei.. qdio! n n rc

ik d=ktd+t !^b)t ,

,(r,e) - b(r) + t a"(?)rp,

i.(')-"''HlF,
-r,r = a9Szrll- ' nt df' ta'

en@ dc @Esoe ol&t6 (8.%) md (8.25) ltndy d{?€d! up@ ib€ uilidy p.reetN
nr e.l fi,, Tb@ pru.r6 re s€lctad thsush.uc.h. proc€de i[6i i[e sia (8,2a) and

(8.D)

{8.23)

(8.r)

(8.2t

(3-26)

$.n)

rt)



(8-25) @w8! t( r - 1. Tb-6r. w L.E

J{t) =ro(t)+ L r-{tl 623)

e(r) = o{r) + r a"(d (8 2e)

E.2.1 ngr ork' etqn e<m rotbat
Es€ tlo poti.d N o{ thc nddilg rryp6

q V-ki - x-J*'bI = qat4ki,

., b-(r) - x-r--(r)l = 4&-(rI

(&m)

{8.3t

,-(-1) = /-(-1) - /.0) - r"0) = 0,

,,"( r) =6,0) =0,

f o,-s l
xi= (

(8.34

(&33)

a6@ = !Xt-M3t:-\+2rCd^-+rD [4-, Fri - !--F,fy)

+p rlr-\4tr + /,ftf -2aa'-,f), (8.3,{)

i^"|,i = A-t - Mzs*t -ztel*, +a D [s' ' rli -d*r+rr]

+tr,lt*t-'d -d,*$n, G.35)

(8.36)
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W. noti@ tbit ih. .bft st€e! d b. &i€d tv @ of lt€ .vDholic c@putr'ior sofc@e

MATHEMAIICA.

8.3 Crnvergence of tbe homotow sohtioDs

Tbs auiliary p{MebB nr ed llr i! de sdi6.obti@ (8.28) ed (3.29) e importmi r
dtrhnins ihe @NEIFe Fd tho .&,sed blr ol t/ ald ,lr, $. n, sd 4-cul€ @

glolied .r thc c@t6 or itre cl!tr€t n{ rsdddc ot apprdi@iiou in FE 2. H@ rhe rDs.

lor lhe adDi€sibl€ r€lu€ oI n/ ed lt, i! -1,0 5 (ltt,&) S -0 2 InFige.3dd4mhaw
plofi.d the nr &d 4-.@ &r sidusr {j@ ol I !d e ir orda to set ihe adonBible ralgp

id ry md Jt. w. be &'lyz.d ihd by c[cils tn EIE olry on 4 &on ihn r&se Edu
3.t ths corei r6ulr up io 6ih deinal pL.€, ou mp!l5ri@ dlo indidte thit tbe sid
si@ by E!F. (&28) dd (3.29) @!wgp i! iho sbol6 r€eio! oI t *hd ht = -0 6 = he Table

8.r b lEp{rd 10 lbw th. olvdgde ot si6 tolltim lt i (oud tnat lbe @Mgple i.
..nievd !i 20tL 0116 oI .pprqia.aiE

1- 05= K h=A2^4 =Ot M= t0=Re
o2

o1

o

6 -01

--4

-Q4

45

-1.2 -t 4e

ri{- 3.2 : h ffi ol /(0) ar

46 41 42 0 a2

r[. r6d ordE ol sppEinsiio!,

rut



I = 05 = K h - A2 h - A1 lE 10 - Re

48 47 46 45 44
rf

Fig, 33 : n cw 6r Eidu.l d@ i! t(?) !i ir€ lid ddc of arplw!:ml

Ltd

^10.
0

-2xtu6

-*fltt

-^tu

-4xfr'

48 47 46 45 41 43
4

Fir 3.it : ,r cls ia !.drlud @ i! ,(?) & i!€ 15s @dd ot ,!E adDtid.

ann J:4:4a- a2 u =or, u' r'o= m

r!l



lbbb a.t CoNssejD ol !h. IiAM olulioE fd difimt ddq of alplditulbB *hm

R!: 5 0i r, =0,5,,\r =0.1, c= 0,5Dd{ =0.6'

-l'(0) 0)

I
5

0.,1?91666

0,,162:,650

0.4823,55

0.4623255

0.0313111

0.03n6m

0.0378602

8.4 R€6ult3 al|d discussion

In thi. €tion m haE pEp...d !is. (3.5 - 810) in ord.r io @s ihe efe|9 or suc

tiodirjetio! preeta f, o.6!.tic pole&6 M dd ror.rim DeMerE K o! rhe dime0-

lionrs ldftity FbpoMt /rodg- m€ d..rt or{ on J, dt g N shoq i! the Fiss. B-s

&d 3.6. Trr@ Fig& depict tLrl the Elgni|ldd of ,, rndg ilrlj@*iins j!a@ itrt. ItG
beaEe oI ihs fur ttat tu ths rbridiiq sd6r rb6 vorrictr oI rh. sber is lor connn.d xiihin
o bo6d.rt L'€ ud rhe dw b unlilcly io djd urrds sd.qub.Dctiotr G ioperd on thc

slet. Th6 lutid (rff wl€! th€ Arid qd-€ o. rb€ su6&. Tberp-6.e w @ a th.r
ph,Eic.Iy tt€ sudton plsF r€.y ilpdtdi lolo ro !6 rh€ nu u@|[ty in la ot 6hrinkins

6h€€t- Ii$. 8.7 ed 3.3 shd tho ofei6 oI It o! / ud 9. Ii i! ob6srd fron th@ Fiss. irEr
lhc m4niiude of velo.tty @opo!@i. J' sDd ! rt .@ sftn e ilose in M. plljticalt,

*ha ey tuid i! .lbiElad b ! E.gn€ti ffdd tt@ it! .pps6r visity i@ b .h€ point

or b@oilg . vir@lj.itc aolid. Iepdr.rtly, .t yidd .trB ot i[. nlid ce b€ colrrcllcd wry
@u6rdy by vdying rhe Eag!&tc 6eld jlr@tiy Tbe our@e ot whici is ihei rlo nuid,s

ability b r.@it Ioru @ b. @Dinlled wfth ib€ h.tp oI m elerMrgn€r, nbich sis riE to
it D.!y p6jbL @tFlb...d .EDlionoE inchdjrA MUD p@! g@erioa etetroD.{r.ric
dilg ot b.tgl4 MIID i@ propddo! ei.. It€ .id of mt.|io! la.Eetd I( or / Nd 9

d. sh{)m i! tho Figs. 3.0 ed 8,10, The Fig!. 6luctdat€ rh.t ftlooiry @Epolent3 J/ md 9
3[il 6;[rri!g bdlNio. sii! e i&@ i, btrrio! !a!@ct6 l,. TIG physiclly prodi.b

that @iLto"y edi@ N .lb b€ ogeldqtd b!, illljlwils @D!,
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1

OE

€ = os= t< h - 02 
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- 01 Re= ro

q

02

o
o
4

41

M=O0
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tl-15

43
44
4
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n,

0

0

4t

g,r42

44

-o5

€ =05= M k-O211= 01, Re=1.0

04

-1 450 Q5 1

tl

iE 8,0 : Idloa ot r @ lt,

E=o*uh-o2^t=alR.=15

-1 -060 a5 I
n

li& &!0: ld@of r@r,
8.5 ConcludinS rema*r

tra! @lyti t .rdqu i @dqFd to @prt al.!!r..i!s tdv.f.Je6cy ilid b€iE rh€

tsp@LDld* M..n@d6l -tddnm liF ri. ro ! !e!er ditimtirt sysi@ wle

tn



!i- etuno i @pd.d Dr b.a.sy &.bd d!.d- OE L E pL.t d to &.bF rh.

ed. of wb! phdrl Fr.'d.! !t h pdd. e Ftd.d h&r.

. ft. D4!nud. of rrLdv @rdd lM rftn e ie- b &aLdbl.dio

. ls i. ot ad !h.. tL {di.d D.adictd ,. !.l{t tLtd. E l!. .brilri!!.!*i.

. O.cudc, ed. d h. oD..i!d tr h!-i4 na.aloo F.Dr- r'

. ft. c dvis tun s b d.dd bt t br!A =0,

t6



Chapter I

MHD axisymmetric flow of Jeffrey

fluid over a rotating disk

Tiir rl,pta drsrn€ thc },ltD bould.ry l']r !@ of Je&€y duid dtr€ io d 6t rilg disk.

CoEdtra p&tid dif!6ati.l dqurriou e 6d r.&ddD€d iDro ri.oupled srt!@ olqdiry
difisoti.l equl|ioo ed tLer slEd by sins ihs h@olopy elbab Met[od (HAM). rnnrcn.e

or wi@ iMhr<l pbdcal p&uot@ on de di@j@les ndirl &d Miuurhll €lmitjE is

slrcr{lod .od .trdyr.d. Van ior ol *i! Eidi@ o.6ci@t3 j! r.did srd si!!u!!d dne.im
is smiDet for riou vdB ol psri!@r 16@.r@.

9.1 Mathernatical

W€ c@tdE dcody .nd sbrrD.tli. bouldry Lfd [o ot e .lehicrly @dudins Jeftey
nuld boulden by a loHrdudllg idDjle dist ar , = O brarils virh os!&t qlsutu docitr
O .5out the r-&i., A uildm D.g.€itc ffdt ot *MSrh -8" i. .r,ptisd le.lodicuh (p&an€t

b t-q&) to tL. pLe oi dirt bduc.d @gD.ric 6._u n nsder.d trndE tle smptim ot
@d hasneiic R.Fol.b !@b6.

The bouldsry Lyq equrj@ itcr govm !i. dd e

(e.r)

129



0!. 6 € y @! . (tuAa ., ds ,a@ohll= I +\ [rr- 
+ a tEd,.r,- 

+"86F, a;eZ ] )
,^, l. d" t to,\" .e:] _ .9,, 

{e.2rT;]; foF-; \t/ -;orl e'

ar tu lx , ler lbe. du ardrll
'& - "t, - ; - r +.\ [a., 

- r' 
I o, r"o,- +'&aA' a; a,t ] l,r, I8,o ralou ,0..1_ 99e,, te.3,r+I' l"rlr;&-& ';E-r p

Ets !, , 6!d u e th. rlociiy @pleis i! lL. r, d @<l , dj|atioE dpdirdn p i! !h€

dadty ud r n tL..I*tri!l @rh.tMtr of ndl Tte 4F.tri*. boudry @dniou s

!(a0) - 0,,(',0) = ro, d(f,0) .r, -0,
!(tz) ' 0,,t",.)=0 !,16. (e.r)

U|iag lh. ftilrri4 dt $c iao.&.D.

"t,, = rol(r), r (a,) = .or (r),

-k,4 = -,/st"! l',),4= J+,,

E*. (9.r) .nd (0.3) b@.

f -|M$+^ir+!!Ppf _r+fr
+p,Ifa -f{ -zJi*,-f -s4:0, (e.6)

d - iM lL + \t t + g + \t) lr ! - f ']+P,pf! -N -2t{+f tl=o, (s.?)

sitt th. tr.,6di@.d t@rd{t €!dni@

.r(o) = 0, J"(0,)=0, j'(o)-O
,(0) = 1, r(-)=0, (0.8)

(!.5)

lt0



*h@ lhe didlidr- F-d.!

M ---6!' t,=ak,

dDdlitrtr rh.ar th. Bnroe DEhd ed ti. |&.tr !Db6. ll@€ Fim daote

daihtiE vith Ep6t to r.
Th. rti! 6ictio! d.froilt! C, &d C, i! !.did &d ele{|hn djMtiou .t lie dbl de

'rl{
1!114.
p(tt'y

wi4 t' .!d t& N,r.cpi r

t l8r l-8!0! -0.a! .8v tuau]'14' = I l\ 16-+&lr&t,+.86t-;E;+6a,-l),
t lAt - l0!0u 2!& $r0)l,,, _ 

'+r; lr.+&le;F-;dr+;_o.ll
EF. (9.12) ed (9.13) i! '*-^rr 6@ b@.

/. \', !c/ - (n'J GT If {o) +3'r'(ot '
t.\112,c, = (n+_J ;li U (o) _ ,/"(o)l ,

rn@ F4 = rlll, i! tD. h€l rorrlidd na!.td. !ehd.

0.2 Solutioos of th€ Pr'obleEs

solutl@ l (r) dd r(r) i! rh. &@ otb4e nudid

(9.D)

(9,13)

{9.r{)

(9.15)

(9 0l

(9.10)

(9,1r)

trn.dP (-,4), n:0, n >0), 19_la)

BT



(0.1?)

(0.r8)

Not€ ib.i a,- &d ,a- e @€6.id to b. d.t Eb.d fhe 4ProDdlt€ iliiLl 9!46
to (?) , o (r) &d !,e oDa.!@ 4^ 4 o b. dd |! ti. iolFing 6@!

t(t) = t D.-4'4(--,",).

,(r) = E Er-ir'!@({t) '

t (t)

.tU l,il

t b('i)

6 - PJ.r lib,pr - hftt)l

0-r)a,t {nt -e(r)l

t(qr)

,(0ir)

firr, V Q'ld ,.lndl,
fi,u,ll ,d,eGpll ,

fr-6'
;i-''

(qr0)

(r.20)

(0.21)

\9.22)

(0.a)

(9.r,{)

(9-25)

(9.26)

.t Pl + q 4(t) + c..q (-t)l = 0'

&lq4(d+q'e(-4)l =o'

rb ..Gnh ddd ds&tDdn ! Ft*n@ e

%41*'n rr"ort* = n
('|7)

r$



la abftdqr*iou? € I0,4 ed,! # 0 (i = /,9) @spdtivdy tLoqHdils.nd su nry

pe@€td sd t(4i 0) = lo (r) , ,(?i 0) = e (r) !!d J(4 1) = I (r) , r(ri 1) = e (4). wla p

wi6 tm 0 to r, thq t(r;r) wi6 nm th. ilhi,r s|6 to(r) to l(r) &d r(r!r) Ei6
n@ d. iliti.l sE o (r) to , (r) we. d@ !h. iDiti.l 96, W. irti6 led to de6ft lhd

IolbwiDs nodild oPe.t@ .44 ard n/,

nrlihe),sk$2)) -W -iutt* ̂ ,19Pt +-^r l2t.".,\e I,\\pt _(on!tet\'. I

q' \ dl / l('(t:tll']

. I td^ai\. ar@i ditne)-" l(=af) - =#'fi;+ -trt'd'6-1
_u,l(syd\, _r,,,0,9$a]. 0.,,,L\ "'t / d,r )

r'r' Ilht p), t(tie\ = # - tM Q + 
^tJ 

t( p)

+o +r'r 
[a'r'oe$el -4"'";0rlz'er]

-hbryr)ry-ry4tuaar l
o,pno"ttff. - dlJt*i oto"tl. (e.2e)

M ln. Ldp of tylo6 thaM, @ @ eei

tt\et = ttt'?,t Ltrtltp . ,030)

a4:,4) = golttl + L9^1 r'', {9.3t)

r&i



(0.32)

(r.33)

(rr1)

{oi5)

(r.36)

(0.3?)

(0.38)

(9.39)

fi.Ft,a

t-(r) (to(r), ,(t), L(?),

lD(r), sr(d, o{t)'

fid .r-(t)l '
6(r).,e"(r)) '

lhe d66ordioD prbl@ & t!. dtb odd e

.,u-td- x:f*r(' - rtr!U-i(r), e-r(t) ,

a' b-(t) - x"4"-(t)l - 4e* (J'"-!(?)) '

e-(0)

= 0, a(0)

lo,
Ir,

)=o'

I 
^- 

Lrtl4 = n't'rt - lv o + r'1*,-,(4) + -=:! t [2r.(?)rl ",('r)l

- !::s t ft:(r)A*, {rr - ,"(?)e"-*, (r)l

+pt[t:(,if*,Qtt - l"l,t a-,(r) - 2/.(r)fi*,(,,)]

,D [r((t)C---n') + r.(?)4-"-n4)], (0 {0)

lita



R* = 4. ,(rj -;ir{1r \)rq-'('ri | (I-)r)t [r"(t)/- "-'(tt

-(1+^nt [t ('r)r--"-(r)] + BDI2!iQtJd^-"-tl, -t:(d{^- ldl

-f Dl2htd&*,(d - El,ic-*'l,il {e4l)

Th. goDd6l soltriiotu ot psbl@ (9,30) ed (9.3I) e

/(t) : f (t) + 61'+ 6ap(t) +qdp(-r) ' (e{2)

,(t) = e'(r) +6fee(r) + cfqp(-r), (940

'beE t'(tr) , aid 9'(r) N !a.tic0r Dluti@

9.3 Conv€rAence of th€ !€rie3 solutioDs

1}€ @oEg!@ ol rh€ si6 ..luti@ 3i@ b E$ (9,30) &d (9311d€po& upoa lhe

ralu6 ol luili&y DM.ts t/ .!d 4. ior t!i. pEp@ lbo ,!-M ol r' (0) ud d (0)

* plolt dtu156oniaof 4pdiD.ri@ i! ordq b slt tb. .nsin ne..n88 oI tli. Fig. I
sd 2 l!* tb't tL reg6 idr tla .udlidy p{wb e -!,0 S (ry, ir) < -o2. TabL 9 r

i. oshu.t€d i! d&r to @e th. @oq8s€ ol EIM soluliom CoD6gs@ h ehierd

!p b 20/r dds oI lppuiDrtim.

1t6



b241.lq&r@

2

1

oI

-1' -r -ot -ol {a .{2 0 02
tr

F|s. e.l:rwdt(o)dlt lF d-dsdrfbD

0

-o5

-!
7 -1,6

1
_25

-1 48 -06 -Or {r2 0t
It c.t:|d'Mody'(0).rtt l$i ad. d.r?ldD.tioo,

u,zu.-1ah-ub

r!



oDrsle of ItaM slu.i@
sie! M = 2.0, rr = 1.0 aqd p,

/(0) tu dtr€€Dr oldE or

P.de.rprdi0..i@ t',nl J"(0) /(0)
11,11

l1o, r0l

ll5, r5l

I20,2Ol

F1,2ll

0.u0 r.43902

0.Ixp6 1.421(b

0.0n 1.41463

0.00a l.al/gll
0.0020 1,41{,13

9.4 n€sults and discu5sion

IrsE Fts. (9.3) - (9.t) {€ ploiied io 6 rh. bn@c. ol sstm nunb.r M, Deborah

lubs ,r ed )r (t!. ritio ol r.-lsrtioo tiG to Ersd.rid ti@) o! the di@joDleg Ddi.l

wlo{ny J'(r) ed Flss, 9.6 - 9.8 @ lkekned b etudy ihe idu@e of M, rr and ,z oD

,rhqi@h einuth.l El@iv r (r), ri!_ 9_3 dm .tr! /r-.iod€s ndi.l Qlocfty ,, (r)

der@ sith e i@ d H*ba !uDb4 M, This dm rh.t n glctic fr.ld deelaaB
the @ti@ oI lujd ir bdin direti4 Tnis fig ds.hm tb.t boud{y lr}€ tr'jcln*
deRs wnb tie t!@ ol lt&tlu nuobe M. Fig, 0.4 ilui..ie thst t[€ dim.cio't6
dbl veldity l'(r) he de!6.'rs t@d ;t6 Debn! D!,!hd r, b ie@€d. Flon tbjr

Ija. one co @cludo |nd d. bo{il,ry L}€ ri "- dd€e by id@ins r,, h
@t€d ft@ Fk 9.t l[lr Fdid ftloc y 1,0) i! & iu@iis i@rim ot )r. This Fis. slso

deriere tt t bo@ddy Lrs lLi.t"- iDM 'tm ,[t i! itrcd..d. Fig, 9.6 i!dic!i6 tba.

!h. dindbrlds eiErd.l Elbcity j(rl dde with & jljM6 in HsrDn !ub$ M
It Eee ihd mglsric 6€ld Et&rlr rL. @rio! of nua pdicl6 iD sid didio!. Fis 9.?

depicb lb.t the iiiturryl* sid r€lociiy r(r) dd rh. b@ddy r.yd thiclnN ino6e
*ith the iD.@ oI D.bor,[ luDh€ rr, F\!. 9"8 iUutrrld ihd ih. ir--"ro"Lr di.r r€hiiy
e (r) d@ {hd 11 ircre@ ed ih€ boundry brd tLiclo€ abo de@. T6ble 9.2 ir

6s!rut d fd tt€ wi.rid of *in tidir 6acis in ridi,l sd siDu![.t diEtioE for

wiob r1u6 ot plysicsl pelb€tm. !!@ rhir r.ble ii 6 be &!.Itrd€d rlar (?)r/3 Cr is

d@ins tuldi@ ol M &!t r, bd ir iD@ r h o inl]e il r,. H"* (*)r/' C,

t3?



i! l]rdwils nuc' m oI M &d )r wh@ i' d*'€M by El@lg 3/.

Fi& 9.3, Vuigtid of r.dj.l Elo.iq /, (r) lbr di,tu@t Et6 of M.

,'(?)

M-AQAAlA$

fu=a2h-45

123456 7'

pi=aaa15 03a5

-45I1=45

a6

016

a1

ao6

M
a@

a$
4125

a1

aoi
a6
a6

1 2 3 4 6 6 7',
Fi& 0.!. Vuttid of r.dll vddiry / (r) ft{ dieM! $td ot r,.

i,/..1'.i'.1
'i:-\::\

i{:A
'a\

tn



414

o1t2

a1

06
a6
au
a@

g.rt

1

N=oQ03oqfi

M=Oi p2=02

q1234567
Frs- C.6. v&iriD or ndi.l vdqiq /, (?) ft. di0E@r dE ot rr

M=04051.2

\=oi 9z=a2

1 t--T;--l
Fis. 9.6. V&i.ri@ of &iotld rddiq , (r) tor rMeElr dtr6 or &.

\

\::\l_\\
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a2

p2-oQaaaq fi
Ll=O5=Il

),1=qaaQfi

M-aap2=o2

12 ;-7=ffi4
Fi& 9.?. vEirlior oa 'do{l!.| vddly s (r) &a di6dd v.l@ of ,t

gt)
1

08

06

u
a2

1231567
Fig, 0,8, v{i.iio oI &iottol Eld$y eb) &r diendt lslB ot )r.
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lhhre 0.2: Nuluiol rrlE ot di! iictio! codci@l3 lor direut v,lE oi pbr€icd

(q''n ct (Y)"'c"

2,0

2,5

2.0 0.0

r.5

0.0

0.25

0,5

0.25 1,01?35

-4.01336

-0.n170

-0.980?t

-1.06066

-0.?aat5

-0.64475

0.{u|59

-0.?2123

-r.8sru

1,27135

-r.09247

-1,00951

-0.99114

-1.41421

-t,w225

-0,90213

O99.t?3

-0.568r

9.6 Final remsrk!

Th. ltudy ol Mm 6@ of J€dery 4uid de ro rdati!3 dbt i. pMi.d. The gomjng
prcbl@ c elv€d &.lrtic.Uy uils gA!t_ tl! D.j! poilts e SivE beto,.

. Dineuiodes.lrtid v.l6iry r, (r) d@ sld M &dr, e i!6rs€d but ji i,cs6
efth th6 jrru oa lr.

. ELruddy lsrs lbid!6 r#nr pitL diE@tdLB ri<ti.l r€locity /,(r) der@
{ M tld d) r@ b$ I M b ilcl@s ,1,.

. Dir@ionld &iEu!6.r vebcity 9(r) ds* xitt & i@ ir M &d )r vbss i!
incMd siib & in@o iD r,

. Boud..y lsyd irnh* frr & uiolthd ELcity e(?) d@ *jib d i,cl€e in M
Md I! wh@ it i!s@ for lcitiE Glu or r,.

. Sti! Giciid! @dciert C/ jn rh€ edial diEiion i.. ded@ils fiu.ijon oI It ud ,1
bur ft iD.M by i@i,r \.

r,l1



. Skin friction o4;.nt C, t! siDrthal disiim in@ *la , )t ald r, @ iF
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Chapter 10

Unsteady threedimensional flow of

second grade fluid over a stretching

surface

1o,1 Math€mattcal

Th. thFdicri.lrl uldady nq oi.rl...!j!r.!Ae 
'. 

ilqtrr..dr CoEtitn.i€ rcltiid'
jDs of @!d s..ds tuid e [tilit d i! tb. D6dd b@uLri[. Nonli!* p{'isl rti6@ itl

au.ii@ e r.du..d ilro ! rr.t@ oi dniNt tlit atid quti@ hv unlr .[. .ieibtilt

dedrDrtid T!. ho@t fy orlyli D..nod (Er.r't) bt b& iDpLodt€d &t lh€ si'3
&|!tioB. Grap!. s€ di.rLy.d 6r tn .6-r. of diltiF. Fru..dr @ ih€ ELcitv 6eld

ra @ 6odd6 th. uEt&dy tl!6<U&diNl td oa . ed !dd. nrtd M 3 iftlchios

Nrne 1a. nuA i. bu!.l€rt tt d. !@@d*ii!g ELa .n!d.d .t : = 0. ar j!@&

prdibh 6utd @pi. !h. Fi@ , > (,. Tt€ qulti@ spElil8 !h. bounduv la'€ 3@

00.r)

l,l3



pdv +ol

= PEF+dl

Ths subjeied boudary mdiiitr d6 gim by

- -& -d! ^

ph@ !, r dd u s the r€lditi.. pd.ll€l lo th. t, ! .!d
ide tuia d6ity, ,! th€ d''l@ic vildity, at lb€ eDd
a > 0, 6 > 0 md ot < 1. 1{€ Dd dafe

(]u.{)

, disrior repeciiwln p indicatG

gad. Frutu &d lhc coBisb

!=ttnt, '= f;itttt.

/r! A! & ,s\e\d+"d;+"6+aE) =

/A! Ar Aa Aa\e\a+r';+ua!ruat)

It'*tft,-tt*ae'lL +<\2{ +rs-) l

"dr'.,Sp-,F
.sg-e&.S
,gh+"f#+.*
-*#,r * 8** #&
+&# -##**#i

, o0.2)

00.3)

AI .h€ qultitiE rw€rins h Eqi. (102) - (!03) !.w ba @put€d uins cbai! !'ne

thDugh Eq 00.5), It i! @iicod .nr. Eq. 00 1) b id-ii-ltv eild€d aod Es (10 2) dd

r - Ja + tr +s\f - 41' +1r"\ +a'
] 

=,,, 0,,,

=0. 00 7)

. = ffi trr,rr+ctrtt

d" - { +(r +,){ -qc +Z/)+ d'

NN ihe boudary @ldiiioG th&nsn Eqt (r0,4)

I te +2t1. -U +,v-
| +clzft+4J')

o0.5)

00.3)t(0) + e(0) =0, /(0) = 1, Jr'(&) =0, /(0) = a, d(@) =0,

r44



rbs€ ( n .n fid. rfdd p.Du4.6, a! b th. dieliDrd &@rd erlde po..o.t€ old

. b tb. r.aio p.r@.ia. lhc n ;is by

c=cta. a. -- 

---l9)-. 

c-6h oo.e)

10,2 s€rie! soluttons

1O.2.t Z@tbd*j tkifubt prebiGu

Th. vrldclty dLxib{ri@ t(?) ed ,(r) i. .L. .d of b.. tuEriN

I'f @(_"?) t*>0.r >0J, 00.10)

,14) = di.o + LLd;Fir'*p{-z?). O0.l1l

(?) : /jn+tD.{i"lq{-?), 00.12)

vher it iliti.l @ e

Th€ Ulq opdlld &d their eci.tld pepdrir. s

4 ='#-g' (ro.rs)

t = #-8, 00.16)

to(r)=l-dp(-?),

tr [q + q 6a(r) + c' oe(-r)] = o,

4, lcr + c! qp(r) + c6 6e(-?) = o,

o0,13)

00,14)

00.17)

00.13)

145



vb@ G - cr @ ihe @t !t .!d .;.i ed r|:'i & lne d€frci6r..

lAe prlbleef cnEpodin! to the so.h adr d4.Ddim d b. uitd $

(L-d.llbd-loldl=enNt\kd,tladl, (ro.re)

(I - r)4 lr(r,p) - e(r)l = ,tLr'r''f(?,p), t(r,r)], (10.20)

J(o,P)-qt(o,r)=., r(o,t)=0,,/(0,t)=A
I(e'P) = o, , d(o,?) = o, {10.21)

Ntulq .tq. t=6-\k) +tl\t',, I ctt'dt#

I l'l't'qJ +27Qt'PJ7l't'P) |
- ( {/h,r) * ,!f(ap)}+ "' | - Uo,p) + r(a.pt Jt{r.,i I. oo.r2i

L -r{2Ph p)+tf{'? p'l l
nvr.,t.tt,d = ffi - (fi)" - itn.pt.' ctn.pn#

I f'la,d I Ntt,p)'"ln, l
< lttn,nt * f,t tn ol * t 

| - {i{4, p) + e{r.rt r-(r.p) l. {ro.23r

| +AIWhd+rr.tt,dl l
Sa. l/ ad 4 .hm tb. iudli.ry M@ lEu.rd ed p € {0, 1l ililrord d db.ddins
P@.to. Fcr=0 ud, = r hbE

IOt,o:, = lob\, lll,r) = rb),
9(40) = eo(r), 

'(r,4=e(r), 
00.2{)

.ad th. idti,l el@ to(?) .dd e(r) .pE&.! t ti.6!.1 eduri@ l(?) @d e(d sh6 p

r{0



wi€ non 0 lo I. I! dd oI llvlor'. €o.pfesio!

lkt,P)=hld+Dhtri]fF lro25i

,(il,pl - o{r)- L s-r?)pq. (10?61

' F (r,P)lt_Iot: -1:--1-lJl4l Ll,l= -::,-v/ fr-Enld hw,- at @-la
&d the @!ve.so6 oI €iB (10,26) tid (10.20) d€p€n& upd q bd ne Th. n/ 6!d ttr e
c!@ itr sud . $y ilat th€ iat6 (r0$) {rl (10.26) @88. fd , = 1- He@

^d 
= !06l+ LI^01), {r0t8)

,(?)-ro(r)+Lsi(4). {102s)

10.2.2 ndt o/n r @io pt&u
T[€ prcbL@i oEspddihs io t!. ,tn 0..16 d.6e!ti,B dt

.tv-kt) xJ*tltil = ntq-ln,
a, Iei(r) - x,,et"{(t)l = ,!4,,-(r),

o0.30)

o0.31)

l-(0)+e"(0) = a(0) -4"(6) -4,(0) -4(6) =0, (rB))

tt?



Rto=lX,+L ItI*, E+s^-t-tn - t*-,-,41 etr^-,*lt:-,t

+c lrr*i + ln-,)

Lln-,-"Ji +21-'j-,Jr - 0*r-r + s-r*) 4r)

+( (24-r + l#_J

l o, -<t

L{d- , ditrl^-,-' -U*!-t+e--,,ei)

(r0.33)

00.34)

o0.35)

U3ins MATHEMATICA tho BdtDe prcbk@! t'r n = l,2,3, .. hlw bm solved lueellulg.
ll j! mrrh @!ioDi!g ro poilt dt $'r p*.t Drobld Id ( : 0 = d' &du@ ro rhe

ploblen ot a vi8@u nuid &er lllEcicd oluii@ &r ttis yiDu nuid plotno is @npuied

ty Ariel I1!. T!. Fet .n qt addd! rt€ &.btn ot Adel [cr] fron vi!@s ro end
snd€ nuid lae @".da-d tuid nodd hd pr&!G i! the ee thlt it @ @ny d.*rib6
the mmrl .!@ .6.cr3, Tbn l..d".'rid Lfir tn€ dd6 of dif@ri.l std. F\rths
ihe g@irg .qu.rioE e nG onpli.at€d dd Mlild. Such @Dtaiti6 .pp* dle to

vieo€laii. p6pdii6 ol !e!d gFde Auid. Aloals difsl€ln {ffi in tho bouddy con-

diiioB. Ari.l Frl @ui&!erl th6 rtsdr .e o! lllotdnls .lrtee {h@$ wio.dy Btstched

0d b t Ln inio ..c@r i! tn€ F*nt e.lFh.

1O.3 Conv€rgence of tb€ s€ri€6 solutions

It i not d th.t ib. 6beg@e oI duii@ d.p@d! o /t, .!d 4. Figr. 10.1 dd r0.2 belp tor

the .Dowd v.lB or n, ed 4 
'! 

the @Nsldr Fbn@ T1ft Fis. si@ !h.t .dnisibl€

1616 e -1,0 S (t/, i,) S -0.25, thbL $.r n ptq@ta<l to .@ tia! hw Euch dds or

appniDario! i! e.d.!y lor s co€s@t &lutid, lt i! rcticed lnst 20th odsr 6Dprdim&

tioB aB ru6cilDt. Tlble 10.2 F@il ths oDrdiror of i[€ pl6ei H,AM r6ulB wit[ rhe

liA



sult liood b rd.r Frl 6r th€ 4 o{ vib[ tuil, l!@Iaor [€|gn.ni jt ioud b€tB!

-{$t

48tg

-1r!2

-4!E
-o6

-os

-1 4E 46 44 -02 0
tl

F{. l0.r : n {llro oI f(0) u ti. I6fi @d. ol !rpEi@rt6.

FAgd=02c=Os4t@

4t3t

-a#b

-1.2 -1 4E 46 44 42 0t
n8. Ol : n c|rc oI /(0) .r t!. tt$ odd ol .pFddE rim

(.Ogd.02c=05

149



I|bb r0,1: Cds3.rc olth. EAM &luito6 fo diff@Di ords ot appuinariom whsn

c= 0.t. a'= 0.2 ed a = 0.5.

-f(0) {lo)

2

l0

15

20

gJ

50

0.953333

0,065036

0.4555,!2

0.t55301

0.902639

0,962639

0,96m30

0,062639

0 962630

0,962639

0,453333

0 4555{2

0.!55301

0155231

0.455227

0.,155226

ort5tt226

0.155126

0.,155126

0,455}]0

10.4 R6ults and discrrssion

h thj6 dio. b.havior ot dsin peerss ot jrt €r o! ibe ftlocity @npon6k / ud
/ h! b4ro.l)zd. rb, (1o3) - (roq & pbft.d foc !ni. i!|a6t. Tle Eidio6 ol
( o! / ed d d€ shon i! the Fis., ro'3 ed r0..1. rra. Fise. 6hd rbat /, / ed ihe
eiaied bouDd'ry r6ya tbid!€ e iD.Ei$ feri@ otc. It is.lro tur2d thal rhe E,nG
,or rbreni@ioDrl l& e siDibr to r[e fo( i*oiiEdidrl ud &iaraerdc cxs in a
qualitatire !@ rbe!@ r[€ easlirude tor th4di@io!.I@ is ld(e. ti is b&aM criho
t&l t[d e qth [ge!t n! b@ i.tEdu.€d in .uc! @ i! rqer of bidieiiaa.] dr€t hi!g,
Theetetsof!@hdsEdop.rudea. @r,ed/RdLpLr€di!tb.Fiss. rOi&d rO6,
It. r0.5 ehcidc!6 rhar J, ud @i!r. b@d.!r LvE ir ildeinS nDdjon ot a. &d sinns
€'rlk e obt j!.d ts ils !@d @rtu oa r!€ vrio.ity i.i 9/ s ston ,, Iis 10.6. Iis.
10.7 iuGhde ri€ wisri@ of the bdo pdmtd . o! J,. This Fig. jrdiM lhat wtocitv
neU / Dd bouldry 1116 rlido@ dele ri.h & iD.@ ir a Fjs. rO.8 a!dr% tbe
efi4t or c o! /, TLb Fig, lbM i[r,t rdaitr @cp@t / j!@ mth e ilc,oee j! ..
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a6
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tt2
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ft,

aa

06

t1

a2

05

u
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12ta6C
llr, !MrhDdddt.
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ftbL 10.2! nhltbtilg inc wiatid or -r'(0) ud -rl(0) {ith c vn@ a: = 0 = (i uin!

HAM, HPM (Aridl [41]) 6d Mt -luiior (Ari.l lall).

-/(0)
IIAM PM l.rl Aet [ll l M FM F1] F'a.t [411

-1"(0)

0,0 I 110 0 0

0,2 1,030,t05 1-6,t587 r.0c0'l!6 0,1,r6fi6 0r584r oua'36

0.5 r,o4to6 1-088662 1ll0irt6 0,4!520{ 0476290 0i65r0t

0.8 1,1.12188 1.1,C879 1,1.t/EE 0,866682 Oa7.65l 0.$6642

1.0 1,173?20 1.1?8511 1.173?tr0 1,173720 r,178511 L1n720

10.5 OonclusioDs

UBi€ldy ibsdi@iold ds of . ssld sndo nuid La b*D arEltzed. The &nn oulconB

. volaity d.ldr l' .d c & iGgdqs nDdi@ of tiEld.Ddd.lt pddctd (.

. Sdd and. p.ru.id .a dn@ tn. td.

. v.ldiry 6.td It dd@ rna c i iE{-iL

. v.Iocity @F@i 9/ iD@ hpidlt F rh. .tst Ailg rdl

. Th. E|glitrde ol !€laiti6 tE lst ody * (( > O) i, Lrsd *nd @Epqed wilh ihe

3r€dy.litl6 .@ (( =0).

1t1



Chapter 11

Mass transfer efiects in an unsteadv

three.dimensional flow of couple

stress fluid

Tbs ulteldy ih'edi@iolAl fld of @!'L tu a tuid (]E s 3ftrch.d !ula.€ js imligntsd
in ihi! cb.pta- Anrly.n hd ba p€rft@€d i! d. Dkne oI |is |ruld .Dd .Iemicd
@.ion. Non['@ nd .!.&.i! i! oEput d !y. noetopic.ppM.t. pki! e pr@r.d
dd &rlyz€d fq tle wiou !csd4 ot i!t6st, A @DD*.tiE .i!dy *ir[ rhe disriog
elutioG i! 6liDjttlg @ n Ead6,

11.1 Matb€mattcal analysis

Cluid.r t!€ tbeii@6d.1rEtsdr 0ote ol r jnmp.€sdIle €lpt rti6 nuid o@ a
6urh.e ot : = 0. TL. @ti@ i! iuid is c.qid bt !|rst hing of s 3udao. In Gu] notaiioB,

tnd @rtiDuity! DoDort@ od @ndtr.rio! €qu!|ioE lof rh€ bo@dary 16}€1 oow 6n bc

=0, ([.r)a,- u-E



asau&A"d"d"
a aa 0..0. Eo ,t!
A. Ar 0t 0, Ar2 Az|
ac ac rc a1: ,ec_+u=.': I u= = D_- Klt)c.

!trbje! 1o .te b.ud.rr @di.i@

" = fa,'=3a'.=,
r - o,u-0,*-0.*-0. (rr.5)

r - o{.gC{r)' 
,:-y'r d: l,r('r)+4(',)},

01.0)

Ho@E9!. 01.2)-(1L6) i*€ rlc rolrovins

(11,?)

or.8)

or.9)

{1r.2)

013)

or.4l

H€6 r, ! ed o R tic rdditi6 ir tn r, , ud ' diBiios, cleliwb; , = ,r/p
tbe LiftDtic vi!@ity, ,/ = n/, rlo @!ple .rE viMiry, p lbs dstr oI nuid, C lhe

@@iEiid ol Dcb , rh.6€6cidrl ot di'iliag rpei6, r(t) = Krl0 d, |he@lian
6te, C! ih€ @c@rl!rio! .t the srf..€, C@ rn ddt .iion 16r auy toD rhe s[€t, r-
rhe suf@ t€np@iE rld lL ths t Ep6.iw t r e.y &on rh! !ur&.e

Th. aoUo*ios tr&3forDlioB

,=F^,^-+r
Arl=ffi,

jdedi..llr stisly ihe @ntinuity equiron 0r.1).

r= r-r t4J, u=

Y - f + lr + dl -elJ'+Z,,)- Kr =0.

f -{+(J +df -ed +! -Ks" -o,
{ + sal! +dC - s4@+!d)- s"1d - rc'l,= o,

,(0)+r(0)=0, l'(0)=t,/(0)=., C(0)=1,

lr{6) -0, r'(@) =0, C(6) r0, or.l0)



in wl'icb ( = d/o b tt ri4€ d€pdddr p&d€t6, I( = /a//u 0 oq !h€ 6uple d6
paamt2.i Fi4 fd rbg djff@tlii@ ritl n@.d b t.od rh. @i!!ts a > 0 ud t > 0.

The slEtc[ils .*io 4, Schnidi rub6 9c, chdtcat .@rior pa@€rd ,r e s Io[oE]

K,c=ol.''|=D.a=-l]l'lll

wc poiii d ilrr rh€ t@di!!@ioul b=O) *n! b@ EovE dfoi.= 0. Fc.= l,
w obrri! ui,y@€trjc .e i.e {l=,)edhtr((:0)thes$bof &, 0r.4 _0r.9)
r€d@ to th. d6dy 3ftdio

11.2 Seri€€ solutions

112.1 Z@tba&?.t futurtunprdm
Ih( rh. develop@ of t!4 [o@t Fy &tu.ioe, tt. nrdN t(?), ,{r) .!d c(r) j! the sr ot

t4"ee(-n!) l*:0,n>0l r .rr,

cd b€ illbduod e ,oltow:

J(r) = 4! + tt"j-r."e(-"?), (1r.ro)

,(r) = 40 +tt4,,l.xp(-"a), (1r.r4)

o{,r) = XD4"rr.o(-''r), or.rb)

wiih t\. lo|rwilg initiat gll@ .!d suxli.ry lild ope.toB

to(?) = I -e,e{-r), ft(a) =4r-.oa(-?)), 6(r) = €*p(_a), 01.16)

c'="fi-fi'+=ff-fi'+=ff-o (,,,7)

157



Ob{iourly r-he [!e opa.ls hs lbo 6[oi!s Fpdli..

r!@ c, - c. e tt €d,!ir.!d 4u, .ai. .Dd 4" @ |!.6d.i4r' ra. proti.@

!t 6. €*tr {ita @ b. eqd.d !

a, Pr + qq(d +q4(-?)l = o,

a, lc. + ct ae(a) + 4q(-?)l = 0,

ar IC?.e(r) + c! 6d-rt = q

(L - tJ.r II6,pJ - loldl = ptdrIllqd,shil,
(1 - ,)., k(r, r) - ,o(r) = r',/r',tt(r,p),!(r,p)1,

0 - r) fr [a(r,d - 6 (?t = ru\r. v6d,tl'npJ,ll,hd) ,

t(o,p)+r(o,p) -0,lp,?) = r, /(0,p) = c,

t(F,r) - 0, P(6qr) = 0, y'(6,r) = 0, /(6,r) - o,

a(oi?) = 1, i(qr) =o

01.18)

01,19)

(r1.20)

(1r,2r)

11r.2r)

or.23)

0r.24)

rtvb.pJ.tu,erl = 6 - \;, tltt d+ tt't',t'di - t<j'tq,p,

..0J . ndt.-((6+i#r. 1.l!)

^/'lr(r,e),rh 
e)l = # - (6) + llpt, + at|d\"#
. c(A+;#) - Kf l,t,,. (rr.26j

t4 V tntp), El';, p),4,r p)l - W + s c ll Qt, p) + elq, p)) W
- s4ldd'tiiD +Id l|np)) - sq4'tip) - s&tndf 6,p), t\r.2n

lIt



rid. n , ,l' o.d ,1. d |!. .dtrr !M
pd@ra. n!@pr 0 &d, =1, ft oba.i!

/(r,o) = n(d,
(r,o) = o(r),

i(60) = {(r),

(11.x)

(u.rs)

(u-r0)

(1r.31)

(n_32)

or-33)

(r13r)

o1.35)

(11,36)

t(?, r) - r(tl
,(", r) - ,(0),

l(r t) - c('r).

ThFDsb ftyhf *is qp.ldm @ 0D3.iE

ft. .drr8@ ol &i. (rli1) - (u$) d.t-4 qo! rbe d,;!n-y Fret4 [r, i, e.l
/b, ft.nl6of nr,4.!d,t tnb€d..i.di!|l.&lFrt..!h.{i.0rJl)-0rt3)

(11.34

(11.ir3J

(rrl0)

Ihd = rrli +D r^Qif ,

t(",r) =$(d + E t"(dr'",

l(r;?) - a!(r) + t A(r)/',

,-(") = *e#'')L,
*(") - 

",ra'-#')L,
c-(,) - ",rf#|,-

J(r) = ro(r) + D L(r),

e(r) - o(?) + D r-(?),

,(r) = 6(?)+ D A(r).

lo



rL2"2 ittt qtu' tb,futu. 
''oltgtt

He in DetL@! G 3te bY

NrV^\ti - xJ*tl/il =ntR-r,Oi'

4lr-(?) - br--r(tl - it*'-(tl
4 [c," (t) - r-d,"-' (r)] = ft'r* {t) '

ol.r0)

(11,{1)

01.42)

t-(o) + c"(o) = J':.(0) =.1-(o) = /-(0) = 4(@) =0'

d,"(o) - 0' d-(6) =o' (u 
'3)

RAh) - *L-cn!"-,+l/*i - KE-'

+t tU*,* + ft-'-dd - i{-rrjil . 0r'r{)

R*{4) = 
'qi_r 

- (kc_r + i4n_r) 
- trg;r-

EtU- ' "+6-'')d-#'-d0' or'{s)

3*(r) = {t-, - sqC.-r - s41. -, + 14.-'t +

Jctlu*,r+e'-Fd4-4"{+41. (rr/{'r

J o' ^<rr*= { 01.14
I I' n>l

Ti. €qutiou 0U0) - (Un ) ne t@.olnd @ .Sd th. oth6 i! the odd a = 1, 2,

8,...br oplq&a UldErr&a

lo



11.3 CoN€rgenc€ of the IIAM solution

Ir $n; s..ild tr dn n b slre th. o€Asm ot the obi.iled si6 oluriaB Ths Figs

Ol.1) lod 01.2) hac b@ plott d for !h. .dDi.ibL rdu of ry' fi, .!d li resddilg @Ds

sde ol ihs elutios (u 34 - (rlJO), UliiEli. tL. dDjssiblo '"1"6 h'w bM noii'ed in the

ros6 -1.2i < (nr, tr) S -O rt &d -1 0 < tr. S -0.5 I\Ir[c nt = -0 7 = 4 = fu oie ha

ihe bdb &hri@. T[bL 1l.r ir pret d to 6!d i5d nor Du.! ddd ol .pgrdimiioB m
nsry Io! a dqsoni mlntion. li b notic.d tilt ltrn ordd.ppnin'iioB e €uficiert

lo the $tdity 6e!d! ebaw ,,5,n ordd of .pp.qiDstiD s l€quir€d ld ihe @lotion
6€ld. Th$o 11.2 prdid6 . (spd.tiE .tu4y ld li!:d nd lt is foud ib.t HAM olution

ih . lnililg c@ oI p@nl shdy bs r good .g@t tiih the dai sd EPM slutioE

l=06K-01c-o5

r'() t
q\

-1.5 -1,6 -1 475 45 46 0
,r, t

Fis. 11.1 : i cuq of Jr(O) .!d /(O) .r tne 156 qdq ot applqinoiio!.
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Fis. ll2: tcIE ol d(O) d th. r5ts ordq ol4(qiD!ri@

AbL 11,1, CdErsda of tb. HAM oluti@ b. difet€d ordd oI lpFqiutiou wnen

o.dF or apNd@6d -f(0) -c(0)
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11.4 R€sults aDd dtucussion

CoEpuisiioE nx $..6&|3 ol djrdd6a pM.ta @ !:l@ity ed @r@htion 6€lds have

b*n disd out md Fi33 (u.l) - (u.8) baE b@ dLpbyod 1h6 diltioE ol r oD / dnd ,r
@ p@nt6d in rhe Ft!. (u,3) &d (11.4). Ir i! oh.4!d rh€ J' tud y' d6 de@ins lu.rions

ol the @upl€ stla p&uet& r. & is oo.a d.t dple d6 p3.oe.{ n d.p.nilmi trF!
d.6uple 3iB visdity n.!d t[te dpL d- vir.dity d s ! E6rdina asd *bjc]

6.16 tt€ 6uA D@ d.@ oultilg i.to.dds i! the yCocity of the nuid. Tbe widiom

ol r, I ed s. d ih. @D@rrrtim ne! C c pdtr*d in the rt3. 0r,5) - O1.3). Etrd
ol ff oD C ha b€tr .nom i! Fig. 11,5. This Fig, 6bm t[5i { is e i!a@i!g llmti@ ol

r, Thc @!@i.6iton bo!!d.!y l$16.&o iI@ rit[ d iD@ i! r. Fis. rL6 prdicb

th. €Oels ol d€tretiG (,r > 0) cn@i6r d.ni.E @ C, It b rctic.d $.t d.lea@ io

.* of d€6*tudiE {,r > q cn@k l ratioo Fia. 11' qLid tL EitinD ol s@6dj\r
(? < 0) "r*i @tio! d tne @trdid n U t. It ! lot€d th.i t@qdire h < 0)

cb@icd r8tion s@ & i!@ i! the olcotFtio, It is 8bo Dted tbat lbe naslitude

ol d ir la.gs i! ce oI sd{.tiw cn@icd wiio! (? < 0) i! @Dpad'e! to ihe cEe of

d€tructiE d@jql r...tio! (,1 > 0). Phai..Dy ld s@tiE e.e, .-bdi..l Frdion ? talG

pba witloft q@ti,s Dx! ditrubore rh@ diltrdr il the c* ot d6tudn chmicrl

ld;m b urd lal3s. Dc {o rhtu lid EoLcuLr ootio! itr th. ix of (t > 0) n quie lalga

rNcb 6Ddly Gdts jlto & i4@ in the Ee ttur'pdt phdm.M, Fi4.Uy lig. 11.3

plot' tho efe.ls ol Scnnidi nuDld Sc d tho @@htbtid deld. 1Ai! Fis, elucid!'ie th.i
@,Mirdid AeU d dg!!e eith u i|ld@ ir Sd l&D }!e defnitio. oI Sclmidl Dub€r

3ie b Eq. lrr.rr), il i! .L&ly o66€d .nt 5. ir i!83.b propoiiood lo th. difiuiotr

co.m.idi D. Ttdelorc Lt!6 uh6 of 5c drqold to . dru ir ih€ @ion neu.
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Dbb 1r.2: v{irtio! of -J'(0)
(Adol Fll) dd 4er oNtiou (An l

Ed -y'(o) rith . rnd ,( = 0 = r
t4)

-J"(0) -{10)
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l\\ x=oal'

i\\ r=os'

i,\\7"'\n,^iiii\i

60

.It efd ol ,< d / &d !/ G.iEitr..
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Fi!. rla : I!n@ oa .tc d d.

11.6 Concludtog !€Inarl(s

Dfict oI Dg tr.!!f6 o! tL. urt€dy ahteiiD@ionrl fld of srpL 6tI6 tuid lry 6

4cdb{ dd b ilEtia.Ld. An'rFi' i. !-6.D.d h rle Fse ol dmicd lldio!.
ft. D'n! ot.€.Erio@ N lin d bCor-

I

K=A5t=1.0

.-AS=c

s-otaa/"Qfi2,

Velaity 6el,c &d bo@dlr l4u $nh-. @ do@ils tulctiou ol r,

Vd.iioE of r d th. rdeftr nd,:t 6r rt silyED€rriq rF &rl rblEdinmi@al
nor @ re qu.lftdiEb iDil{

Intuae ol K o! rh€ rdocity ed @@|rAiio! 0.lds e opp6iro,

Cotl4i!!'i@ 6old C i! . dqcils ftlcti@ ot ScnDidr luDhd 3a

11€ @@trrtio! !.ld C ns ('rdit Eir. id d6t uriE {t > O) @d selu'iw
(? < 0) cn-F eri@
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Chapter 12

Soret and Dufours effects in

three.dimensional flow of

viscoelastic fluid

lrbjr ci,lts pr€@l! th. ljd od Dr6ur.det! oD tblFdiesio!'l boud&v I"€r dm

ol vignl,sti. nuid oE d ltt tdbg sured An !()vaing p,rt di6E@ti'l 
'qurio6 

d€

rdslorE d i.to ' 
A-ai6t 3 c.d€d ryrt@ of 'jclite ontilrv dif@trli'l eqdioG

ud thd elv.d by $. no&otory e.b$ Dorlod (g M) c-pb6 m pLt €d @ud)% the

@rDo of !ti6de! ps'mh ol i!l@ ld d. !€locitv. lj']tl@rsrid {d bPea' J

12.1 Math€rnatical aDElysis

we cmidd rb€ tbrdillEIiond nd o, s i!@Faab vir.d.dic 0uid oE . stdhins

sur6& .i ? = O. t}€ Dtid i! luid b drd bv . Ili,dldudin! 3iPi.ning slrfe
The h€! ed @ |nefa cb&.aidi. N @fttsd wha b.in SoEl &d Dulou eff(b

de p!@!. It€ @ltinuity, elrlluM, @n@lr*iod ed @sgv 8q!.tiou lor the p]snt

boDndsry Lu€! nd N redued !o the bllosilg .quaiioE:
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02.1)

ar da &a 6." , | ""qb -.s L"

"**H--* = .#-,1_w* *#..,*%_,**,] ",.

iD vhicl !, o ad r @ ibo v€lo.ilis i! th€ r, r/ .!d , directi@, rcpeliEly, v ihe Li!.maiic

vieity, & tbd Midi.l tuid pdu.id, C tI. @Mt6iio. of rpete, D the @€6ci6!e ol

difuirg Aci6, r(r t!. rtlD e, b aho tt ndjiftli@, ?' ah. hpadu, C, th€

3p6fic h..i, C, in€ @ertFtio! lue€ptibtliin a,n tie tbdul dhuny ed ?; th. Srid

lh. bounduy ondiri@ fo. tL6 Drs€d ritu.riD @ bo htre s

a=0iT =!a1C=C. dt.=0j

r-?L, crcE a ,-6' 02.6)

,h@ 4 rbook tn6 rd'li{ r,t rte surle, C- is $. @hr.io! la. amy tom the

.k, ?t i. tb. .rd@ tdpaitu .!d r- i! d. r@!q.iw tu Nq. tw rhe $.t@.

,= tf;" "=*tat. " =*tbJ, s=-\/e {J(t)+e@'}.

ua=ffi,0<,t=ffi
tle @ltiNiq €qtr'tid (11.1) i iddri..lb drj!6d ed Eq. 02,2) {12,6) td.e th. ro[eins

at: ac 0c ^ec .. ^ Dbfer= utt_^tu+ a a7,

af m 8f er Dh. EcuE + u u + vd : h'A,t + e,c, oa-

%(') = e, r =,4,(v) =re,
0.,-0, *-0. P .0.

02.{)

o2.s)

i2.1)



Nor€ rh.r tn6 rwniE@i@d
dnr@ric c$ i.a (, = e).

{ + gcl! +s)d - scto + sc&f =0,

f +Pr\t +s)E +hDt{ =0,

J(0) + r(0) = 0,,r'(0) = 1'l(0) - d, C(o) = ! r(0) t 1,

t(6) = 0, d(6) = o, c(o) J 0! ,(6) r 0,

rh6 r0 = |./, n t[€ du@i6L. is@€Ltic ltm€td' pdD. i |ne difiqdittior witb

reDocl lo , sd lho @Btot o > 0 ald b > 0, nl|terur. tn6 r.iio c, Scleidi numbs Jc,

c!.ni6l reti@ pGucts n Prodtl lshd Pr, Du6u n@he D, .d Sdsl lubs t

{ - { + U + dl + 14 IU + dd' + {f - /)/ -2\lt + $C' ) = 0, (r2 s)

02.10)

02.rrl

f -f+U+s\f +KoIu+s)f +(f -{Jf -2(!+dv'l-0 (r23)

o2.tr)

The bdr Nuelt (xE) .ril bcln Sbswod ($) lurbr. tu b€ nittu a

,{r = ;,=&= ,, Jtr = ;=l&=-

bt., s" =;, 1= !!, P,=vta-,

#ft#'"='+ffi. 0213)

(9=0)@bohtlb€dshoc=0, For c = r, ote 6!ds e

02.14)

4(E)^.,--(X).-. (r2.r5)

l?i)



wh@ qu dd i! t6!€tiv4y d@t€ t!€ har eil Es !ug,
Equdo! (U,r1) 

'! 
i||-d@r toD rsi.

Iv!,/F4/'z - -d(0), siln&v' - -/(0) (12.rd)

rt .€ l.' = r.r/, b t!. bd n.'!.t& @bd.

12.2 S€de soluttoDs

r2.2.r ze/otlrd&i.L@n pttu s
I! dda b o6r.i! iL.EIM &r!t'rE, rt rdod5, di*rih.rbr t(r),,(r),,(r) ed,(r) i! rh€

{y' a(-'a) | .: 0," > o} 02.10

^?) 
= 4, + tE{.la.d_ir), 0z1s)

c{d = e8n+!1rj",,1"e1-a1, {12re)

d(o) = tI4"l*(-'r), vz.zut

,(?) = tX4.y'a(-'r) ttz.ztt

flbid .o 6lt*i4 ftn6d gE

to(t)=1-q(-r), (r2.22)

(12.23)

lr2.u)

(r2.25)



4-4'
., = d-6,
4. = --d,

l1-?)4I t, - rrltt)l =tnNttli,2),t@,?)),
lr - p)cbl,t,p) - talq], =tt {,f6,rt,t1tt,?)),

lr - 4@h1d - klril =rr..^r.l,l,D,ah,p\,
(L - p)..W\t, - $k = r'{.tr.Ilb,pJ,41,p\I,

,(o,p) + (o,r) = o,/(o,r) - ! t(0,r) = .,

l'(6,?) = o, /(@,!) = 0,

A(qr) = r, i(6!r) = 0, ,(qr) = r, (qr) =0,

{1r.26)

112.24

02.2r)

(12.2r)

arPt+qq4qr+qde<-.il=q Or.3o)

a, [d. + cs a!(4) + cd a"(_?)l = o. (12.31)

4lqq(q)+qa(-?I -0, {1's2)

& Id!de{r) +cbdp(-?)l = 0, 02.33)

e[@ ot - cE s |!4 @!rd. &d {", ri,, *,r .!d *,. & tt 6.64h!r.
T[. pbbk@t .i $€ 6.r! dd6 E

(1r.34)

(12.3s)

(12.36)

lJ247)

(12$8)

l?it



N|Vh d,ott p\='# - lfr), |Ih'pt + ttt'etl"di

| {t(aP) + r(?,r)}tr(r,e)
+ Kol +trtt,Pt -{tt, tPtl,,p)

[ 2td(? Pl + t('? P])J*tr' pD

N,V (,,,), t (,,,\ = # - &)" + $ a d + sl,t, p ted

o2.3s)

02.,r0)
| {t(ae) +r(ap)}r'(r,r) I

'Ko | -lFh'q-f\'t P\l/"t t 4 l.
| -2{CQtd + lb,eDflt,il l

!,t Iiiti p), t(,t,p),ob; e),a(l p)l = 
efu*d 

- s"rornO * sa,e-Wd

+s.l a,e)+Ept,pDW,

.tbl'|tnt),r4,td,1b;p),eb; l -efud +p\ D,ryA
+ P, (t(r,p) + t(ar)) + (12.42)

h .bore €q8rtom 4, 4! ,! ed r. & rh. sodli.r, DD.&D p.!@td ud p € IO. ll i! e
erlh€ddjn! r{ret-, ft., - O.!d r- 1, E !&

112.1r)

t(a,o)

,(''0)
t('?ro)

4ro)

rrl,i,

ft(?),

e!(r),

(u.,l:|)

(r211)

02.45)

02.46)

t(a, r) = t(r),

tkt,r) - c(,t).

a(t;1) = c(rl



sT&di4g l(r,0r' r(r'0r, A(rio) &d e{riol i! Itvhr! 'hod with r6pei ro p tr hlw

lJ2,ln

o2.18)

02.40)

(12t0)

/.(4) = *ryL. ,-h)=,jry1.. (,2.5'

I r";(r;r)t ".. r qqg4.lo-'4r = fi-rii--L, '-(r, = "d--E;-Lo (rz.nzi

Not€ |n.t ib€ M€seM o{ en (u4) - (u.!0) d€Edd! up@ ib. .uilary p@€!€E
nr,4,l..!d t. la du of n,4, rlr &d t. N cn@ i! ac! t i6y rhlr ihe @ie
(r2!4 - (r2-t0) @vEso .. , - l. ltartu , 14, 02rO - 02.60) t r. rh. i)n

9t4t = hltl + L9^\4), 02,s{)

ir) =s(r) + L {-(rI (12.55)

vt'lt = dott) + Ldrtnt. (12.66)

t(r,e) = r(r) + D r-(dd',

,(rd =o(r)+ t s"(r)p-,

-^ntq) =*j!i+D4^ld{,

4r;d = e!(r) + E r-(r)r'-,

t7l



!2,2,2 nlr orer d.@n pobbto

T!. Drt ddE deftdliid F.hh e

.r ll-h) - x-t^-r(tt)l = tLr-('i,
a l b^\ti - x"t ̂ -'(i')I = UR ^(,1),

.r [t" (?) - x-c--r (r)] = bn* (r) ,

Lr lr- (r) - r-r*t (r)l = n i:, (r) ,

02,5?)

(12.t3)

(12,59)

G2.m)

tb(o):4(0) r l;(6) = J*(-) = 4"(0) = /_(0) = d.(e) -4,(-)=0,
ci(0)=0,4i(6)=0,r-(0)=0, rF(€) s0, (12.6,

R.I\d= H-,+

4\'t) =t*-t+

| (t*Fr+e'r-.).ri --*-,-,,i
Fl I rr--,**^-,-.rr ]
fi | 

+x"l +{/:-,_.- o*-,_r/i IL t -r(/*,-.+4-,-rri ,
I U*,- +c.-,-.)rd c--,-J,

Fl I rr.-,-,*+",.r,; ]fi l+Kol +{4-,_r - rl-,r)rt I[ [ -2{x.,++4_,r)rg,
tcE U*F. + 6-r+ld - scrc*l +

Pr t [t--,-r + e--!+l11 + Pr rrr*-,,

ai, ('r) = c(-! +

R:"(,i = e:"1+

(r2.61)

(12.61)

sc$r:*,, (12.6.)

(12,65)

o2_66]
I o, *<,

-=l ', -r'
UdDs MAIIEMATICA b -ry b.odD.h. Ee. 0rr4-02.m) @.fts rie 0r[6 j! th.



12.3 Conv€rgedce of tbe de\,€lop€d Eolution

Ilte .iD oI thb drion is b 6nd lL. .nEsal rolurid. aau Figt. (12.1) srd 024 e
F€Fr€d i! orda b otali! tn. .dDiribL urc of n/, 4, ,. .d n ftr t[€ @@g@e

ol tn el[ri@ (12.53) - 0r.66), Tne o<lDisibL vrlE e -r€ < (n/,4) 3 -0.4 md

-1,2 S (fu ,,!) S -0,3, I! Fig'. (Ir3- 12.6) t[€ /lcurc lor |!. Fidnal .m ol /, 9, d ud
, e plotLdindddt getrh€MilgEg6hrn,tl',,1.udn . W. Dalyz€d lhd lhftlgh
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ri. beriE slniiq. T$L 12.1 b p@i.d t 6na thrt [d Du.! dd@ oI apprdibatjoG e

'@y ldr r 6Mgot elutiio. It ! Daic€d r!.! ltt oiil€ .Dp@iD!ti@ e 3umcid

tr tbe rd@ity 6eld! trlsw 25tn ddq ot .ppMiD.tion m Eqlj!€d io| lbe orcoirdton

dd l@ps.te 6.1&. Tatie I2.2 prdide 6 c@p&.iiE strdy lor vis@a fd, lt i! loud

d.r g M $ruibo i! . lirnina 6 oI p@r dldy L4 . g6d .gr*d *i.b lL. lfu
od gPM oltr itu Fdirt d h t!{, Ia4,
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0

-2arfir

-12 49 4E 47
rb

F g, 12,6 : n clft for aidurl @ i! ,(r) .t ti. 15- orde ol .ppMieaiio!,

Ilblo 12,lr CoD@gees ol ths HIM sluii@ Ior difismt o.do! ol appldimtioE whcr

c= 0.5, Ko = 0.1, D, = & = 0.2, Pr = l:Sd = t.

-r{0) -{(0) -r(0)

2

l0

1)

m
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5l)

1,191667

1,22003t

t.2228e2

t.yt88
r.2'a23

1.22823

!22n23

1.22,023
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t.w2i23

0.5126@
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0,5{Nit49

0.6{tt349
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oi053r9

0.i05349

1.15q)00
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l.2r53ll

L22Un
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t_2tt4l8

1.225.153
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1,225454

0.580972
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0.524381
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0.524384

0.52438,!

0 5213&
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l|bb r2.2: nu'istils the wi.iio! oa -r'(0) ed -/(0) pith c who I(o = 0 u!i!g

HAM,I{PM (arid Fll) ed @t $lutitu {^rid Frl)

-/"(0) -/(0)
HPM ldll HPM ltll Ex*i (4rl

0.2

0.4

0.3

r.0

r.039.195

1.tr/5788

1.14244

1.tN458?

r.o705a

Ll06D7

t,t{2379

l.1735It

L@4ot

Ldr5?a8

r.142488

Lnan'

0.1,!8tJ6

0,3,19406

0,690528

0.866632

1.17X120

0.1t8231

0.360599

0.000833

0,8?4$1

1.178 1

0.14486

0349206

0.590528

0.366632

1.t14720

12.4 R€sulb ard discussion

h |nb dion the efieci of di8dd p,!!E€rd d r€ldit]., olr@r..tio! ed rdpd.hre
6eldr i. dd)"zed. Fc thi! psF* Fks r2,7 - 12,10 hsw bm plortad, Tio wialioB or

,(0 on l' ud y' 3€ po.rr.yd i! i[e F ga- 12.7 &d 12.8. Th@ !ics, d€pict thd /, y' ,nd

.nei! eiAt€d boudqy LJe @ d@i!g ftlcti@ d ro. Tle Eiri8 or K$ S.\ 1. Dl
3rd .9. d tne tu-tr^" ddd C @.h@ i! the Fig. l2.9 12.13. Fis. 12.9 d€seibe
the ioluac of r0 d &..d@tBrim 6€td r. I! jr gn rhd d i! e intuilg fiDclion

oI ro. Ft. 12.10 siq lhs wi'iio! ot Sdeid! !u6d 9c or C. ttp @Dentlation 6eld

I &<l @cdhsiio! bouddy Lalq e doddi,3 neiioE ot 5.. at!, 12.11 dd 12 U
dplAiD ihe uiaiid ot s@dire (7 < 0) &d d6lrucriE (? > 0) .l-Lal htioB on d.
Ii i! di.€d tld C b d i@r.iD! fiuti.! ot !@!.iw (,r < O) .h@jcd 

'@rio! 
whdd

t d@ in @ of de|ldiE (,r > 0) en.' Er'ti* The E sirlde or C is Lrse
i! ce ol s@ltire ch.&lc.l retidn (1 < 0) e!.. @pe€d witn th. @e of dettuctiw
chehi6l re&tjon (1 > 0). Ft. 12.13 di&ue th. €det. of D/ ed 9r on d. Thb Fig. repo*s
tlai tno ol'iHtliio! ndd ire ty i@j!g ihe sod nubd & &d dq@ilg rhe

DUIoM N&!a Dr in .u.! . r,ry ihr rh€L pmde! tlei4 (rDh!. Ahc EidioB of Fr,
r., Dt .id + oo inc r@pa*e ff.rd, e rn *T i! !6. Figr. l2.rrl - 12.16. Fis. r2.r4
elu.td6ra tte wiori@ ol P..!dd Nrnr pr oD th. topeniw 6.ld r. H@ e ds66
qien Pr i! i!q@*i. It is quir6 obviou rb6r ill.MiDg i[e predrl !@bq pr @n6pond6

r80



b rh. i€tF i!@E l difrlivity .nd [@ ![€ bNdry Lya dde Fjg. 12,15 depie
![et tenp6.rw i!M6 du to i!.@ jn ro, gifte rh€ rbcny 6eld dqe@ due to d
i!d!& in vie€L.iic pEuetq wbic! rQ'dot that thjl p..oet@ Edu@ rh. tulduld
n@t. lac d& to dda i! nolc.d.! !.@t, rh6 t@Farr ptttl€ dre.
SiEdta@E €tet! ot 9, @d ,/ e portq€d io Fis, 12.16. Ir b notic€d ih.r leDpdar@
profL dd€& by ilcrc.dlg rh. Sorer !uob* 5r &d d@i!S rhe Dui)@ Duhbs Dr by

L..oi4 th€ir pfodc tutrl'.
rLbb r2'3 stm iL6 ut6 ol tn€ rbl $dea mle n!.-tn Sn .!d !!e h.!t Nus€lr

d@bd &z"I/'z /v!! lo! c, r0, Dr, &, Pr, 9c &d ,1, H@ nasdrud. or locrl StMod rMbd
imlte rd L{s! rrl@ ol c, D/, tc.d t *.h@.. it dd@ *th { i!.M h ro, s'
Dd P.- Th€ E:aDitudc d lool Nu-lt rDba ile fc |.[!. d6 of ., t, .rd pr. Snci
n,glitud€ d@ for lars. vdr dI Ko. Dr, S. 84 ,t.

Fi& 11.? : In[@e oi Ko oo /'.
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It 12.11: I!i1E6 o{t< 0 o C,

N c-oq$-o2-q
$tr *= r*"r,6.o,

183



qrt

1t

c.05$=lI2-4
sc-1.0=Pa re=42

'-AQa3aQl,O

21
Fig! l2.r2: tr!@.f T >0o,

rt

\..o

c-Ufv=A
Sc=10-l+=r

q=4tr q=50
g=a4q=1.6
q=a7,q=a7u

\ q=14=05

12345
Fia. 12.13 : Inn@ d .t' Etd D, @ 0'

\

\*

l8,l



ei
1l

g=@-q-K4
c=A5 Sc-10--'l

Pt=a1a5 1.01.5

216
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Ihbl€ lt.3: Vf,lu6 of Ltt l
n ;r/? N!, ld en€ rstu6 of.,

snmod lrbd F!;r/: 5/l Nd th€ loc5t NDelr tunbd

-d(0) d(o)

0.0 0.1
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1.0

0.i 0.1
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t.0 r.0 r.0 0,1
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t. 18
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t.033t12
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0., un8r5
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0,2 1.211315
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0_52+84
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o4830t7
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12.5 ConcludiDs l€mark3

TL. D.a! dtd' d6ib6 ih. sold .!d Dubqr .ed h thFdiD€dm'l bouldlty lqvg

!d ol vixelerh tuid (rer r str€{.Litr8 &d4 It Fa[4d D'b6it thm ib.. &lutio!

u o roth dda ol.ppqiedioD! is @wh &r rddity nddt 'hswmhtid fd c@@l!otio!
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.!d bFlhc nd& e dq.d.,t 20t! drta df .{'r{o.iD.t&! (1!L r2.l) T!€ E!tr
ot*€mrioE s lilt d b.l@.

. tdll@ oll(o @ rdoiqy nddr i. quditliiEb dEiLr n!thnh@t@d' tbFdi@tnEl
.!d aitlD.tric dd a

. tdu@@ ol r0 @ v.lociq d€ld i. quir6 op!6it€ to lt t oI @@trAiion tuld.

. S@t luDhd tr .!rl Dlbur !uDb6 D, .!d oppaii3 h.ddiq lbr t€Dt€dw od

. Vrtuiou ol PEdtl luobd Pr @ , drl Scleidt !re6.. 9c @ C e eirrr

. T[€ @!@tr.ii@ idd d n opposii€ f.r d6blcti€ (,r > 0) .!d ss.tiE (1 < 0) chonicgl

188



Bibliography

Ill K. R, Rabsopd, T. Y. N! dd A, s- Clpra, Flo oI r vi@.lsric nujd o@ 6 srr.tchins

sufaq Rlolosic. Actq 23 (1S€4) 21t - 215.

l2l B. PrI, Y. I Cno dd S. U, S, Cho', S.p6r.rio! 6!d !eft*[@i oI loFlerrodu nrid
dm ir r sudd@ .*pui@ piF J, N@No'r@ie Fluid rvr€.h., ,7 (1990) r?b - l9O.

l3J T. J. Lo(]stt, S. M. RicbEfd$! &d w J- 1{msto, rr. stdiliiy ofinelslic Don-

N.stotrie ,ui& tn C.ne.t. no bdra c@(fric cylildds . fnibdo@i dudn
J, Nd.N€*rore Fruirt Mc.!., € 0912) l6s t?.

[4] C, Pdhli, FI* or ' 6uA or @0d sbd. oE . srErchin[ ,!et, I.r_ J. N@-!i!6
M€.i-, 30 0995) 237 - 203.

l5l l. A. H.s&je, A, A, AbdulLl &d n S, R tu , F&fl .!d !6i t@.Ia iD a po€,L*
6ud (E ! Miofn@al !r!s.!irs .L..., Mr$. C@P. M.d, ,j {r9!8) loi _ tr6.

16l C. el€u, ft. R.rl4ah=St&. probld la e eds. in d Otdrqd-B fluid, ConpG
R.ndu M.td.dqu., 335 (2002) s,! - 98i.

{4 C. Ftu .!d C, F.te!r. Ddr ot. p.ra&n br& i . Ma*r auid, rnt. J. NoF
Li|@ [i*!,, 38 (2003) 065 - s{0.

I8l C, Ftu .!d C. Fddq De.r oa. Fteti.l Drt& b m Oldbld B duid, rnr. J.
Eosls- Sci, 43 (rm5) 3,t0 - 3br.

I9l C, ft1s! C. rdelu, M. (tq.!d D, \.m, Dery of . F.di.l vrrei id . s@daU4d
Oldloyrl-B 0uA, Appl. MarL CoDp_, ao5 (toos) ,tO? - i06.

139



l10l M Jun ud C. ldeaq Sd€ ds.t 3.ltrtioc lor Dl.iitrg !@ oI a sdddized BrgeB

fllid b crlildrial dooriE, J. Nd-Ntuiu Fluid Mdn., 165 (r10) rru - u12.

llllM. Jmn, C. F.ta{ @d l,l- It@, Uur€dy h€li6l fld oI Oldrcyd-B 8!id',

Cm.Nohlind S.i. Nua. gibirr., rd (201I) r3?8 - 1386.

ll2l C, Fet€au, M, N@ ed C. ldeou, Usiedy n@ ole Oldroyd-B Auid gendaied by

a @bl4tlJ !@l6.ti!a pLb b€t@ th lide *ds p6p@dicul.I b tlc pLt€, In1. J.

Nod-Lin@ MR!.,4rt (2000) 1039 - 1042

lr3l w. C, Te, w Pd ud M. Xu, A &te oD uteldy dow ol I vi!.o€lstic dujd siih tlF
Iidiod Manell Eod.l b.rr6 tE p66U.t prsi€, br, J, No!-LiI@ Mech., $ (2m3)

6.t5 - d50.

Ir.! w. c. 1l! 6d T. Msrc|o, Slok6, nhr pbbrea fo ! ldd srade duid jn a pomc
nou-6pe sith hot€d bould.ry, Int. J. Nosl,ira Mc!,, 40 (200t) btb - 522,

llsl w C. tlD ed T. Mdd4 St.bility NrtFis ol a M*wr lujd j! . pmu! Eedjln
Id€d toD b€lori Pdy!, tdr. { 360 (200,r) ,{51 _ {60.

Il6j S. wus &d w C- TrD, stdilny erFi. ot 6d.rt"dri@ doubledinBiv€ @ldion ar
Md*€I {uid i! . p@u E di@, lDt. J. Hor Ftuid Fto*, 32 (2011) 88 _ 9,!

lll J. vss, C. F\ &d W c. Td, TL@.t dr€iiw io,iab'Ity or vi&o€lslic nuid! jn

. btatiD8 pdsu lalq hes..d tw b€h,. J. NcN6{die Flutd MecL, 166 (2011)

93-101.

l13l K. V.j6r€lu ed D. R [i!q Eydroe.gldic nd of . @rd grdde duid M r drehhing
3her, Appl. Marb. c@p,, r48 (200,t) ?89 _ ?91.

lr9l X. vrjhv€h, s. S!@.irr @d C. v R.ddr, reric.t Ad d ! p.ie_rne atrid in a rhi!
@ds with psbblo hlb, I$, J. No!-Li!d Mah.,,u (m06) ?6r _ ?6b.

1201 K Vrjbv€lq S. Srdadn ud P l.LrriinrBy.n. Tbo i!!&D@ or hqt trdsfq on
pdidliic Eulpod ol . J€ftly truid i! a diol !@ sid@, CoM. N@lin* Sci.

NuM. SiDuLr,, 16 (4u) 3r0? s12t



[21] I(, vojr.Elu, S. sHad\ K. R{dilqllb &d C.lc, Pqnldilc irdspot oI s wini@q
duid i! ayeetljc "r-66dr rilh pcDallo rsU., Nodils Ar.lrrir R€al W@ld Ap
pucatiols, 13 (mr2) 23{.t - 2422.

I24 X. vaj..!eh, K. v. Pr.<t rd C, o- Ns, Unriedy nd ed n4! !rei6 io a ihin ntm ot

Givald de Wael€ liquid M a dir€r.tiq 3un&, CM_ Nonlrw Sci, Numd. Situlat.,

l7 (2012) 
'1163 

- 4rTJ.

lAl B, R.ftei ud K Vqihv€Itr, UoDo{.w urblis Ddhod for r/olD vi@t 5ric guid flw
Md h6t treda i! o .fi...i *i|[ a .tretcniq w!, Co@. Nobrin@ Sci. NDer. Sin-
ulai.,l? (2012) d149 4102.

l2al F, x! Md S, J. Lib, Sdj6 sluri@ of ur€dy nas&tolydrodynmic nm or non-

N€ltdim duib ou€d by m iepul,ivdy fi*cnils d3r., J. NoDN€*{o!j& Frdd Itecl._
r29 {2m5) ,6 - 55.

I25l c. E. Cho, Efiecr! or Dra.crjc ffeld &d sucri@/ilj{tio! o! 6rEud @l
M Nowiod& p.u-ldw 0ui& pEr 6 pd@_tlw *r.r.b.d shoor *iih surta.e

Ld J. T!e@ fti., 47 (406) g6,t - 96r,

126l T. E }!t, N. lle.d .d M Ali, Effer! or d @d@p€ ,!d E.sdic 6.ld on rh€ paidat,
6b hbllil8 J.e.r fuid. C@& No.lid &i NuM_ Sind.t,, (2msl 158r _ 150r.

l27l T. lLy.i sld ltr AEis, SiEdreou.&.1! or Isd aad M ltMd or libenepddelr
dd @ s shdrctilg slttoa€, r!t. J, N!]u, M6!h. Fluid!, 67 {2Ou) t34t _ r3b?.

lE T. Hay6t, M. AEi4 S. A,sbd, tud S, ob6idai, UBr.rry Fld of Third Crade rruid
witb sd€i dd DurN E&.rq AsMEl J, Ea.ltddd, r34 {mra o620ot.

[x] T. E y.i, M. Amn jd A, Ah..di, N*rdi.n harilg d nxsEtc,tr]arodyoMic .fiek
i! 6d ot ! Jeftiy tuit @ . ddi.ib !|I€tahj,s .ute, ? (2012) 2&38 _ zs4r.

Fol T. rl.rs, r,L A'sis, M. Q&i! {d A, A. U@dj, E&cis otD]g rrda @ rhe sbsurjon
point ios dt e lpper{drerod Mesr (UCM) fluid, Inr. J. fiea! Ms,&dst*, !
(mrr) 3m -ie,



Fr] & [. Ib.di& md B. Sdus!6, C.rrhphi. ist hiliti6 ,nd rdard Eult! i! a luid ot

rbrl sr.de,ld. J, NodiDd M*!.,16(i$r) rgl - r98.

l32l B. Sbrwh&, Enqo/ shlitty i! tbe Besn Fob&o tor c tuid ot sMld 8r.de, z. A4€w.

M.!h. Phrr., &I 0983) 502 - 508.

l33l B, slr&g!&, TlE bd.Iid-d in ti&e pbbl@ fr . nuid ol lnild sRdq Ridche di Msth-

edliicq 36 0937) 28s - 2t3.

l&l 8. S.6w!d, S[rp slobd i'-{ d*ility lbr t Dp6.N depeddt visny @n-

Efio!, Proc R y. S& Iddoq .!58 l?fi2) rT.3 - na2.

l35l B. St6wh!, E:plo.iw iEt$ili.i. i! b..!Dnu, Spnrsq ISBN 3s1063j890, (1998).

136l F. Ilacli.!d B. Shtrsd&, C.NErio strtility 
'!d uiqll@ Ior r duid ot iljrt snde.

bt, J, Nonline Meh., 23 (1088) 3r - t84.

lNTl !. Ft&cbi dd B. S|Idrsld,8t6ility ed rcDalr6E r6di! iD rhe g@datized rb@ry

oI tuid of s@trd c6de, J, Msi!. A!d. appl., 180 (r9$) 1, _ r3?.

l38J I. J, C!m, FIor p&t 6 strerctiDs pLr., Z, Ansd. Maih, pbyi 21 09m) 645 _ 64x

[39] C, x wms, The tbre djDasional A* d!. b a ,rEr.lins flli eufi&, phys. Fluj&, 2?

o$4) rgrs - r9r7

LOj q D. S. D€ri, fi. S. T.}!& ed C. N!tn, UEiady rhr6njll@i@d bo@d&y lqlr row
d@ t ridcli4 !ud..., br. J. tar Md trele, 2t 09s6) 1996 - 190s.

I{! P, D. Ariel Thbdio@iionxr n@ psr . ltr€t tils sh6r .!d |I€ hoDobly p€.tubaliob
n€lhod, Coep, M.ib. App., 54 (200i) 920 - 025.

FA T, Harat od T. Jd€d, Or m.bai. &luiioD tor ssDeatid thsdin@jon,t MHD fiN
dE 3 p@E &dcrilg !bd, &r:. L.n. a, 3n) (2004 2,(t _ 250.

I43l K sitr8h, TbEji@sidd nn d. vilou itrid,iib [6r &d ee iruddj rn!. C.o]n
Hd Ma I}Gfe, 32 (2tjG) r,t O - r,ug.

192



l44l Il. Xu, S. J. U& ed l. Pop, S@i6 ohri@ oi @t-dy 6E @vetio! 6@ itr the

sbsdticpdlr ..sio! of 3 lhrEniD.qioul b.dy, I!|. J. th@_ &i., 4Z (2003) 600

603.

I4sl

146l

t{4

l{3j

T. H.yd, Irr Stjid u.l L Pop, Thsdi@i@t fld le ! ,trercbtDg su{e h a

viB@oLdic Auid, Nonrils ADbln: R6l Wdtd Applariou, 9 (200s) t8rl _ rs22

T. H.y!i, M- Mut3f' ud M. 8!ji4 O! Ee rrdsrq j! rdbdE*rondt ,tou or a
viE@lutic !uid. N@c, Mdh_ p&iat Df. Eq., 27 @0rr) 9ri 9i6.

K. Abnad, R Nes, A. Lhaq ed L pop, Unst..dy thb<liDmioDat b@dry ldyE
nm de b r slEt -di!S surne i! t aid.polr ou;d, bi. J. N@d. M€ih. Fttrid!, 63
(mr2) fi6r - 1573_

l10J A. K. Bort lorj &d A. Bh{ali, r&droD.sleiic dov ad lar rr@tu be!@ ie [o.i
@i5t pLr6, eu!i. Appl. Maib., 41 00s3) {6r _ {62

[50] K. vajravelu ed B. V. R Xud, Alal4icd dd lusjcsl &lurio@ ot . coupled non-!]E 3y€th &lntrg i! . itbdjlr@iml brldils nn, hr. J. Nodin$ Meh., 39

Fll T. rl.'!t, z.4b6.., T. J.rd ed ra S.ji4 ThbdiIl@d tdDs dm idued hv a
lbridilg aher tor Mtioa Cbd, Sotir@ & !rEd,, jg (zt Or) t6rb 1626

154 A. U+-ad ed A Ati, l,slytic h@|o!,y -lutid ol sElaaljz.d rhEjiMidal
clen l A* de to u!if@ !rEr.[i!s or rh€ pt t , Acr. Meh&j6 si!ic," 23 (2007)
503 - 5r0.

l53l C, Dobi.ry ed A. Azj,, ApDui&lr.,!al$h of MrD qu@ dN berlg ib peE]lel
diit! wiih Eldjon or iqi*i@ by hobor.ly p..trb.rion nehoq Maft, prcb. E!g. doil

T. turd, M. Qoin !!d Z. /{bb6.r lll@ropy &turbo tor rbe @i€ady
MHD nm &d &6 rrelq j! . tms 6p@, Co@ Nonli@ Sci.
r5 (r0r0) 2375 - 233?,

193



[54] J, C. Milra, C. C. sL't and B. J, R.th, Flq 
'nd 

hat E s&n oI. MED vig&lEric

0uid i! . cbm.l ritb *rddiDg r.!e S.@ oFDlidiioE to la€4odvtui6, CoEput€a

Flui&, 37 (206) r - rr.

I55l T. E rd, S. Iru, T, JNrd .!d S. 141d. A! ur[,iic ddion 60r thrill,]s 3w or

sDd gr€zt iuid jn. b{iha h&q CoDr Noorid S.i, Nl)Ea. SinulAl., 15 (2010)

'332 
- 294r.

156l A. MdDood ud A, Nj. H..r tEila d,b€is ol tbFdj@NioDal 8d iD a cnelel or

lM 3tdchins s.U, J. l\ia& b6tit!r. cLejdl Ensibar, ,tl (2010) 20 - 3-4.

I57j S. Muw, A. MebDoo<t &d A. Ali, ThediD@iod rqnein3 Aow i! s rcdi.s
ch&nol of ll9g Bhetc[inC p@s rall, C@p, M!ii, Appl., ln Pr*, 2012.

l53l A, qqb@, M. Abiq A AL&di 6d T. It yat, Ufftsdy !qu@i!s n@ ol Jefie.y add
b6t@! rrc pdslt€l di.lci Ciio, Phln, t n.. 26 (2012) 034?01.

Itgl M. M@rafa T. !.r!r &d 8 Ob.idni, o! r..r ed @ treer i! rhe ut!.dy squsins
nov b€i@ pdand dis&!, Metuica DOt l0,t0cf/6troU-01?-9i3&3,

160l T. H!r,.t, M. Ae.i! sld A. A. Il€ldi, 1!r6di!@io!d bbtin€ 6@ bci@n rvo p.ros
*arb with oDp ed i6t tr@fq! Inr. C@ H.!i Me fDuds,39 (2012) r5t - ss5.

161l S. J. Lie, BcrlD.l Pedubaiid, Ilr6.lucrio! io H@o!.p!, rj,blis Merhod, Cbapoan

& IraryCRC P.€, B@ nltd (2003).

162l S. J. Lta., Not6 d th. !@otorr ealyais bdbod: S.E. d.dnirjoE sd rhslem, Comm.

Nonlhd s.i. Numd. Sinul6r., t4 (3000) ,83 - OO?.

1631 J. Chels, S. J. Liaa, R, N. Mohap.ha ald K, vrjrNclu, Sdje studoE or !$o boDddy
lqyd fl@ by ntu ot rb. ho@toFy u.tJsi, @tho4 J_ M.rb. Ansr. Appl,3aO (20{)s)

2t3 U5.

l04l N. Ko@ ed S. J. Li&, U!!r..dy mo{'Dibnt' bluDd&y rdyE dft csu:€d by d
iEpuhiEry .rEr<lins !.r ,nd, Nodi,q A!.lti* Ral wfld appliciioN, 12 (2or I )
333 - 3r2.

19{



lOtl R. A. V. cordd ed K vojro!€lu, O! tb. El@iid of 6u!ri&v luldiG, opqatds'

ud er63@ mhhol PeM.tc iD ![o .Pp!.4i@ ot th' Bo@t'!v Alalvsis Melhod

to !dli!@ diEe@riAl €qBti@r A C@dd .pPrcs,h, C@ Nonlj@ S'i N!oe!'

SidL[,. r,! (2000) ,10?8 - ,$30.

166l Y- I|! .!d 6. ab6osh€&V E@ot pt unv|!' cihod Id quaddit Ridi (ti6@tial

audio!. Cmn. N@lid S.i. N@. siod.!' lt (2fl8) 539 - 5{6

16?l S. Abb..budy, Solid aoluti@ 6r.L. Fik!u$-N.s@ €qdto! rith tbe bo@topv

ebii! bctlod, AppL Mrth Moa , I (!Xl8) 270G - ,71{'

168l S. Abb6!@dy dd T. Eavlt, Sotuti@ otth. MHD F $d6sl'n fld bv rbncnopv da{vsi3

D&bod. Com, Nodind S.i Nu6 Siad.i., l{ (2000) 3501 3593'

1601 3. Abbsbondy, E@obpr an bd! lolhod ld ibo (tsalda sq8!ion, Nonliree An'lv_

si!: R!.n Wdu AppljeiioB, 11 0010) 307 - 3U

lTOl S, Abbsbddy sd A Shilradi A Mr .ppli.!ii6 of lh€ lomtor'v salv'ir mtbod:

Solvins thc S.ilm Liouvile pFt'la, C@ NodiM & NuE siEuld 
' 

16 (2011)

2 - 126.

frl M. r,t Rrb i, G. Don hv 0d 8. Didrutt, Ar,'qiEJ' $ruti@ ftr lhe Buac

.d regul&i,.d latrg te .4!ti@ bv Edd ol tbe hdot'lv Ddv$ ndhod' CoDE

No.li,e s.i. Nulu SiDul,r', 14 (200) 706 - 7r7'

l?rl M. M. Reni(li snd S. Di!5lfud' Audv dtbltc .ppMd@b elliiom lor skadv th@

dirtuion l prcbl6n oI lnd@tid d! o! in lild elalirs di* bv h@topv Dslvsis

n6thod, Nonrind An'b6it: Rel Wdld AppuotiM, I0 (2009) 
'346 

?35tj

lT3l S. DiMd ud M M. Rahjdj, A F!.tL tEdodi ol t honotor'v eq}ais Delhod

ir tredib@idrl vis6 flo it . Et !8uld d@tu houdd lv tm nding Porou

w.lla Nodild An'lFb: Ral urbrld ApPliqli@, 11 g)10) 1io2 1512

l?{l M. M. Rshidi 'rd 
S. I lif Pos, ]|Dbnt .ItBidL &luti@ lc lNtadv b'ud"v_

tlE !s dd nd tr.sle de b . dlt tilr .hc! tY hofut'ft' &'rJ$s netbod No&

lj!{ anrlrli,: lrod.ljag lDd cd|Iol, 15 (2010) 83 - 95'

196



l75l A. A. J@€idi, C, D@snry .!d M Bdr€ltli, g@obtv ,{!dvsit M'thod to 1l6l!qt B

luid ir . rdticd c[d!61 si$ pNu hll' M*eicr' '15 
(2010) 857 _ 363

F6l B. Ys dd J Ch.n, s@6 shtid L ile !lll!6-Slar dqutioD vil! ttldcbins boundsn

AppL M.ih, Cob!" m8 (2m0) 156 - 164.

[?l A, S, B.taileh, M. S M Nddi 6!d I. EshjD, Appqid,. mdttic'l $htioE ol

sr'tu ol PDF, ht no@brv .ulv.is dhod' c@p Mdt Appl 55 (2m3) 2913- 2023'

Fsl ?- E{tt, M. Amb ud M. S.jid, Me tlusfa 6Eeto d de @hdv dm ol UCM tuid

Ifr . srEt hins sne., Int- J Moda PI4!iFB' 25 (4tr) 2863 - 237s

hgl a, E ysl, M. Mustal6 sld s Ohnd,n' Sdd itrd D{6{r e&cis o! rh€ 61as!did_po[i

nw ot. &isltoht Alid t t&\t ..trd.ni4 thet, ASME J Fluid E!s'{- l$ (trrl)

021W2.

lsol S. N.d€B, M g@in.sl M N&' MdD st'endh! ne of t si@poLi luid lho8h

r pdou n di@, M€.@iq 4i (,0r0) 860 - 330

lsrl T, Illyd ad M Aun!', Tb@diE@i@l n@ of u rPpdols{'d M,Jwll Ocat)

iuid, I!!. J- NuE M€ih Fluid, €6 (20t1) 87t - 88'l

ls2l T, Hct€t, M M6.I! Nd A. A h'Ddj, 'r@ene!"d@t thr*dia@i@d nw sd Eds

tr.$la ol €l4ii6vi@s nuid ow ut€rdJ 
'rsbnins 

sutxte AppL Matb- Mech ' 32

(201r)167-r.

ls3l N. B&hol, A t!h* dd I Pop. Uuiadv ihr*diDdlio'l bouldav bld ne de b a

pd@U. rhrilrins tu6..' ApPL M'rn' M€'! . 3r (m$) u2I - 14$

lS,!l J, Umlr S.n obef ,nd n@-N*rdis fld. logEI IE Nd Yd\ r9rr'

196


