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Nomenclature
English words

d Darcy number

c wave speed

R� radius

n power law index

We Weissenberg number

M Hartmann number

p pressure

a1 half width of endoscope

a2 half width of tube

q �ow rate

E3 viscous damping force parameter

E2 sti¤ness parameter

E1 rigidity parameter

NT thermophoresis parameter

Nb Brownian motion parameter

Re Reynolds number

Gr Grashof number

Br local nanoparticle Grashof number

Jo current density distribution

Rm magnetic Reynolds number

b wave amplitude

To; T1 constant temperature on walls

u; v; w components of velocity

r, z radial and axial directions

k curvature parameter

Co; C1 nanoparticles concentration on walls

S Strommer�s number

3



Greek words

 heat source parameter

� wave number

� viscosity parameter

� curvature parameter

& magnetic di¤usivity

� radius of the endoscopic tube

� wavelength

' nanoparticle volume

� thermal slip

" amplitude ratio

� nanoparticle concentration

� temperature

�hnf Hybrid nano�uid viscosity

�nf Nano�uid viscosity

�f Base �uid viscosity

khnf thermal conductivity of the hybrid nano�uid

knf thermal conductivity of the nano�uid

kf thermal conductivity of the �uid

(�cp)nf heat capacity of nano�uid

�nf electrical conductivity of nano�uid

(�cp)f heat capacity of �uid

�f electrical conductivity of base�uid

ks thermal conductivity of the solid particle

(�cp)s heat capacity of solid particle

�s electrical conductivity of solid particle
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Chapter 1

Introduction

The continuous process of wave contraction and relaxation along the boundary causing the

�uid to �ow is termed as peristaltic pumping. This is an eminent mechanism in physiology of

�uid �ows. Peristaltic phenomena is quite signi�cant in engineering and applied mathematics

as well, because of its huge involvement in real life it has gained limelight among many re-

searchers. It is tracked back to 1966 when Latham [1] did the inaugural work in this direction

and studied peristaltic pumping. Afterwards number of researchers are inspired by the topic

and they analyzed peristaltic phenomena of di¤erent situations [2�6]. It has many applications

in biological �eld when there is no direct contact of transmitting matter with any other part

except the inner surface of walls, which makes it very e¤ective for transmitting the �uid to short

distance without infecting it . Some medical examples are passage of food through esophagus,

movement of ovum in the fallopian tube, transport of urine from kidney to bladder, movement

of spermatozoa in the ductus e¤erents of reproductive tract, blood vessels vasomotion, chyme

movement in intestines and many more. Numerous advanced mechanical applications are in-

vented on the pumping principle of peristalsis for the transportation of �uid in the absence of

internal operational components. Such devices include peristaltic transport of treacherous �uid

in nuclear reactors, heart lung machine, �nger and roller pumps, cell separation etc. A variety

of hose pumps also follow the working essence of peristalsis.

Non-Newtonian �uid, is the class of �uids that do not follow Newton�s law of viscosity e.g.

shampoos, soaps, sugar solutions, honey, tomato ketchup etc. A single constitutive equation is

not enough to completely characterize the diverse rheological properties of such �uids. Because
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of the signi�cance of non-Newtonian �uids, numerous researchers have examined peristaltic

transport in distinct �ow con�guration in several aspects. Kalantan et al. [7] studied peri-

staltic transport in curved channel for non-Newtonian �uid by numerical technique. Ali et al.

[8] analyzed peristaltic transport through curved channel by considering the micropolar �uid.

Peristaltic �ow of couple stress �uid in an asymmetric channel with hall e¤ects was examined

by Hayat et al. [9]. Singh [10] presented the Rabinowitsch �uid model for curved slider bearings

and deduced the results for shear thickening, shear thinning and Newtonian �uids. Jothi at el.

[11] analyzed the Prandtl �uid in a symmetric channel under magnetic �eld impact by using

long wavelength and low Reynolds number approximation. Nadeem and Maraj [12] studied the

hyperbolic tangent �uid in curved channel. Moreover some studies relevant to the topic are

given in [13� 15].

Properties of electrically conducting �uids can be summarized with the help of Magnetohy-

drodynamic (MHD) qualities. Major applications of MHD are applicable in the disciplines like

cosmology, geophysics, astrophysics, sensors, engineering and magnetic drug targeting. Study

of complex rheology of biological �uids within the range of magnetic �eld known as Biomagnetic

�uid dynamics (BFD) is generally a new region in �uid mechanics. It has numerous utilizations

in medicine and bioengineering. Research work in this �eld is being multiplied so considerably

[16 � 22]. Due to the movement of �uid (conducting) magnetic �led creates electric current

which in result modify the magnetic �eld and henceforth mechanical forces are produced which

alter the �ow stream. Initially such analysis was done by Vishnyakow and Pavlov [23]. In their

work, viscous �uids had been discussed.

Darcy�s Law is responsible for �uid �ow in porous region meanwhile �uid in the free �ow

region is represented by Navier Stokes equation. In 1967, Beavers and Joseph considered per-

meable surface with couple �ow motion [24; 25]. Several pragmatic practices experience the

�ow in the occupancy of permeable medium especially in the dynamics of geophysical �uid.

Sandstones, limestones, beach sands, blood vessels with stones in gall bladder, human lungs

and �lter paper are some of the remarkable examples of natural permeable surfaces. Akbar et

al. [26] examined the nano�uid �ow through permeable walls of stenosed arteries. An excellent

biological example of the porous media is the placement of gallstones in bile ducts when they

close them completely or partially. Rapits et al. [27] considered in�nite vertical plates with
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�uid crossing through permeable medium. E¤ects of magnetic �eld and porous media in a ver-

tical tube are examined by Vasudev et al. [28]. Mekheimer [29] considered the porous inclined

channel for nonlinear peristaltic �ow.

Parenthetically, it is more reasonable to consider curved tube/channel for the development

of mathematical models related to �uid �ow domains such as blood arteries, turbine blades,

turbo-compressor devices, pumps and �uid machinery. As most of the natural �ows in biological

courses and glandular pipes are designed in curved tubes [30; 31]. In addition, the wall compli-

ance is found more active regarding rigidity, solidness and mass per unit area for tubes having

thinner span (<0.05cm). Medically, the biddable sort of walls have huge role in respiratory

and cardiovascular procedures where vessels stretch out because of pressure and accordingly

impacts pumping and blood pressure. It implies that under similar circumstances vessels with

greater compliance contort easily than lower compliant vessels. During the previous decades,

number of studies have taken place on compliant walls but its working phenomena in reducing

skin friction still needs a lot of work to understand [32 � 34]. In view of blood �ow, study

on peristalsis with wall properties in complex geometry has moved toward becoming subject

of enthusiasm these days. To study these wall properties, the contribution of Kramer [35; 36]

is notable. Kramer published many experimental studies in which he covers the considered

entity with rubber and signi�cant reduction is found in the drag. To study the �ows through

compliant boundaries experiments have been performed i.e. dolphin propulsion , blood �ow in

arteries, etc. Mittra and Prasad [37] extended the idea of compliant wall for peristaltic �ows

given by Kramer .Heat transfer analysis of Ja¤ery �uid in a porous media was analyzed by

Dheia et al. [38] under compliant walls e¤ects. Sreenadh et al. [39] examined the peristaltic

movement of bolus through esophagus with wall properties and heat transfer e¤ects. Further

analyzed by many investigators as [40� 42].

In the majority of the given references, viscosity of the �uid is viewed to be consistent. The

change in radius and temperature can impressively change the physical properties of the �uid.

Viscosity of the �uid get in�uenced due to the calefaction produced by the internal retarding

force that corresponds to rise in temperature, so the �uid viscosity can not be assumed to

be constant any longer. Subsequently, to inspect the �ow behavior precisely it is adequate

to consider the variation of viscosity for incompressible �uids [43 � 45]. Hakeem et al. [46]
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considered the hydromagnetic �ow of �uid in a tube under the in�uence of variable viscosity.

Abbasi et al. [47] discussed the impact of viscosity depending upon temperature for magneto

hydrodynamic peristaltic �ows.

Endoscopy, from the very beginning has dramatically a¤ected the execution of modern ex-

amination. It has created new ways of diagnostic possibilities that are still growing rapidly.

Inclusion of a long attenuated tube speci�cally into the body to watch an interior tissue or

organ in particular is called endoscopy. Its simultaneous usage is to perform di¤erent tasks

such as imaging and minor surgery. From dynamic viewpoint there is no contrast amongst

catheter and endoscope. Catheters can be adjusted for cardiovascular, neurovascular, urolog-

ical, gastrointestinal and ophthalmic applications by amending the material and re�ning the

strategy catheters are produced. Administration of �uid and gases, drainage, access of surgical

instruments and wide range of di¤erent tasks are fundamental elements of catheters depending

upon its classi�cation. Furthermore �ow �eld and pressure distribution will be altered due to

lodged catheter. Number of examinations are completed to breakdown the e¤ect of endoscope

over peristalsis. Mekheimer et al. [48] discussed the application of an endoscope by considering

the couple stress �uid model in an annulus. There are many investigations to examine the

impact of endoscope/annulus on the peristaltic �ow of Newtonian and non-Newtonian �uids

[49 � 51]. An important utilization of �uid dynamics is in infusion of �uid in the body by

needles or syringes. In the surgical procedure of thread lift infusion, an expert imbues �uid or

various medical supplements in the body. Lip augmentation is one of the most popular and

used thread lift injection in modern

plastic surgery. Many investigators have theoratically studied the peristaltic �uid �ow

through annular cylinders [52� 54].

Currently, the heat transfer phenomena in peristalsis has picked up a lot of consideration

because to its innumerable applications in the �eld of engineering and biomedical science. Heat

transfer includes di¤erent complex procedure such as destruction of unwanted cancer tissues,

assessing skin burns, vasodilation, making of paper, food processing, hyperthermia, metabolic

heat generation and in the treatment of tissue coagulation. It is noticed that when a person does

some intense physical exercise or when body uncovered its exorbitant heat to the surrounding

environment then the �ow of blood stream increases. The elements of artery should be adjusted
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in such a way the increase in blood �ow should be controlled. It is evident that the heat transfer

happens through skin surface by the procedure of evaporation via perspiring when temperature

exceeds 200C and heat of person�s body drop by both radiation and conduction when the

temperature is less then 200C. Eldabe et al. [55] discussed the heat and mass transfer analysis

of couple stress �uid in a porous media with MHD. Sinha et al. [56] analyzed the transfer

of heat in the asymmetric channel with the impact of velocity and thermal slip with variable

viscosity.

Scientists are motivated to investigate increasingly in thermal engineering due to rising

needs of modern technology driven world. Right now, a standout amongst most crucial quest

is to give attention on new kind of heat transfer �uids. Scientists found that expansion of solid

particles to base �uid can enhance the thermal exchange ability. In view of this idea, a new �uid

named as "nano�uid" is introduced and it has hold the attention of scientists and kept them

passionate through the last two decades and word �nano�uid� was �rst introduced by Choi

[57]. In the study of nano�uids, thermophoresis and Brownian motion shows vital importance

as proposed by Buongiorno [58]: The term nano�uid is used to represent the suspension of

ultra�ne elements with diameter upto 50nm. These elements may be nonmetals (graphite,

carbon nanotubes) or metals (oxides, carbides, nitrides). Ordinarily, water, ethylene glycol, oil

etc. are utilized as base liquids, which have naturally low thermal conductivity. As metals have

greater thermal conductivity, thus their inclusion in conventional �uids give the possibility to

enhance the substantially higher thermal conductivity of base �uids. Modern research uncovers

that nano�uid based frameworks have a broad potential zone, for example, electronics cooling,

nuclear reactor cooling, modulators, optical gratings, sink �oat separations, heat exchangers,

refrigerators and solar collectors [59� 61]. Very signi�cant and intriguing use of nanoparticles

in medicine is drug delivery. In this process nanoparticles are engineered that they only attract

to malignant cells which allow coordinate treatment of these cells. This procedure is mostly

utilized in cancer treatment so that it cause less harm to healthy cells. The prospective usage to

such mixture �uids for di¤erent systems have showed the importance of meticulous examination

on properties of nano�uids [62 � 64]. Since the size and the shape of nanoparticles plays an

e¤ective part in improving the thermal conductivity of base �uid therefore, Timofeeva et al.

[65] exhibit a research where shape e¤ect of nano�uid parcticles is considered.
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Magnetic properties of nanoparticles include another scope, where they can improve the

utilization of an external magnetic �eld. Infact, magnetic nano�uids have the prospects for

both of liquid and magnetic �eld. Some of the useful applications are optical gratings, switches,

adjustable optical �ber �lters and modulators. Magnetic nanoparticles show critical signi�-

cance in the treatment of cancer where medicine and the nanoparticles are instructed to move

with the circulation system towards the malignant cells with magnets. The in�uence of these

nanoparticles on the malignancy are found in more adhesive than the invigorating cells. Mody

et al. [66] discussed that the magnetic nanoparticles are used as a drug agent to treat the

tumor cells. Abbasi et al. [67] studied the hydromagnetic peristaltic �ow of nano�uid under

the in�uence of temperature dependent viscosity.

Keeping an eye on above literature, the purpose of the present thesis is to study the theoret-

ical analysis of peristaltic transport of nano�uid in di¤erent �ow con�gurations under di¤erent

e¤ects. Dimensionless parameters and assumptions of long wavelength and low Reynolds num-

ber are used to present the signi�cant modeling. The resulting equations are then solved exactly

and by using HPM techniques [68]. Physical clari�cation of results is given with the help of

tables and graphs. The thesis consists of six chapters that are prepared by the author and

is published in international journal. Chapter 1 is devoted to the introduction while the

other �ve are mainly the study and analysis of peristaltic �ow of nano�uid in the presence of

endoscope.

The unit wise division of the thesis is presented as below.

Chapter 2 reveals the study of peristaltic transport of nano hyperbolic tangent �uid in

an annulus. The motivation behind the current examination is to concentrate on the impacts

of induced magnetic �eld on the peristaltic �ow of non-Newtonian �uid. The �ow is explored

in a wave frame of reference which is moving with velocity c. Nanoparticle and temperature

conditions are comprehended analytically by utilizing Homotopy Perturbation Method and

exact solutions are calculated for velocity, axial induced magnetic �eld, current distribution,

pressure gradient and stream functions. The impacts of various rising parameters are examined

for sinusoidal wave. The phenomenon of trapping has additionally been talked about toward

the end of chapter.

In chapter 3, we deal with the peristaltic transport of Au-nanoparticles in curved tube

10



having biddable walls. Governing equations have been derived for curved tube by using toroidal

coordinate system. Long wavelength and low Reynolds number approximation are utilised to

tackle the nonlinear partial di¤erential equation. Furthermore, perturbation approximation is

used in the form of variant curvature parameter to get the analytical solutions such as axial

velocity and streamlines. Graphs are drawn to understand the physical features of dominant

parameters such as Grasho¤�s number, heat source/sink parameter, amplitude ratio and elastic

parameters. Also temperature tables are subsumed for varying values of mentioned parameters.

This chapter summarised that there is a critical contrast amongst curvature and non-curvature

�ow across the catheterised tube.

The purpose of chapter 4 is to summarize the e¤ects of di¤erent shaped Ag-nanoparticles

on peristaltic �ow through a curved tube having permeable walls.The di¤erent shaped Ag-

nanoparticles are cylinders,bricks and platelets.To study the behaviour of these Ag-nanoparticles

mathematically, system of toroidal coordinate for viscous �uid is utilized. Furthermore, the

analysis is carried out under the assumptions of low Reynolds number and long wavelength

approximation. The method of Perturbation approximation is utilized to simplify the problem

and get the results for pressure gradient, pressure rise, axial velocity and stream functions. The

e¤ects of several parameters have been discussed graphically. We percieve from present analysis

that the temperature pro�le exhibits a decline for larger shape factor of Ag-nanoparticles. Also

the trapped bolus is observed to have larger size for bigger shape factor.

Nano�uids are classi�ed as a class of �uids that enhance the thermal conductivity and

serve as a modern drug delivery technique. The main motivation of chapter 5 is to illustrate

the e¤ects of variable viscosity on peristaltic �ow of Au-nanoparticles. The geometry under

consideration is a curved tube with an endoscope inserted into it. The constructed mathematical

di¤erential system is solved by perturbation method. The comparison between curvature and

non-curvature tube over velocity, pressure gradient and pressure rise are visualized graphically.

For better comprehension of �ow and heat characteristics, streamlines for �ow and contour map

for temperature are plotted. The contemporary investigstion has revealed that non-curvature

tube exhibits larger velocity, pressure gradient and pressure rise in the presence of nanoparticles.

Chapter 6 is the study of hybrid nano�uid, which is considered to be a new class of

nano�uids and getting famous due to its thermal properties and possible utilities to further
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ameliorates the heat transfer rate. Main objective of this analysis is to represent a comparison

between conventional nano�uid and hybrid nano�uid when �uid passes through curved tube

with an endoscope inserted in it while �ow behavior is peristaltic. Cu/water nano�uid and

Cu � Fe2O4/water hybrid nano�uid are considered for this problem. Results for pressure

gradient, velocity, pressure rise and streamlines are given graphically. Tables for temperature

and heat transfer rate are also mentioned. Present study concludes that heat transfer rate for

hybrid nano�uid is higher in comparison to nano�uid.
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Chapter 2

Consequences of induced magnetic

�eld on peristaltic �ow of nano

hyperbolic tangent �uid in an

annulus

The objective of this present chapter is to investigate the peristaltic transport of nano hyperbolic

tangent �uid in an endoscope. The motivation behind this examination is to concentrate on

the impacts of induced magnetic �eld on the peristaltic �ow of non-Newtonian �uid. The �ow

is explored in a moving wave frame of velocity c. Nanoparticle and temperature conditions

have been comprehended analytically by using Homotopy Perturbation Method while exact

solutions are calculated for velocity, axial induced magnetic �eld, current distribution, pressure

gradient and stream functions. The impacts of various rising parameters are examined for

sinusoidal wave. The phenomenon of trapping has additionally been talked about toward the

end of chapter.
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2.1 Mathematical formulation

The basic equations for magnetohydrodynamics, abandoning the free charges and displacement

currents are de�ned as [22]

(i) Maxwell�s equation

r �H0+ = 0 ; (2.1)

r �E0 = 0 ; (2.2)

r�H0+ = J0 with J0 = �
�
E0 + �e

�
V0 �H0+�	 ; (2.3)

r�E0 = ��e
@H0+

@t0
: (2.4)

(ii) The continuity equation

r:V0 = 0 : (2.5)

(iii) The Navier-Stokes equation

�
DV0

Dt0
= �rp0 +r:� 0+�e(J0 �H

0+
) + �f ; (2.6)

where V0 de�nes velocity vector, J0 represents electric current density, E0 is an induced electric

�eld, �e denotes magnetic permeability while � represent electrical conductivity, D=Dt
0 is the

material derivative and � 0 is giving stress tensor. The stress tensor is given as

� 0 = [�1 + (�0+�1) tanh(�)
n]i]; (2.7)

in which �0; �1; m; �; denote the zero shear rate viscosity, in�nite rate of shear viscosity;

power law index, and time constant.  is now de�ned as

 =

s
1

2

P
i

P
j
ijji =

r
1

2
�; (2.8)

where

� = trace(gradV0 + (gradV0)T )2; (2.9)

� is representing second invariant strain tensor. Here we discuss Eq. (2:7) for �1 = 0 and �
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�1: The element of extra stress tensor so inscribed as

� = �0[(�)
n]i = �0[(1 + � � 1)n]i = [1 + n(� � 1)]�0i; (2.10)

i = L+ L
T : (2.11)

(iv) The energy equation

(�c)f
DT

Dt0
= kr2T + [(

dT
T1
)rT:rT + dbrC:rT ](�c)p; (2.12)

(v) The mass concentration

DC

Dt0
= dbr2C + (

dT
T1
)r2T; (2.13)

(iv) On combining Maxwell�s equations, we get induction equation as follow

@H0+

@t0
= r�

n
V0 �H0+

o
+ �r2H0+ : (2.14)

where magnetic di¤usitivity is given as & = 1
��e

:

2.2 Problem formulation

Consider electrically conducting and incompressible nano�uid across the cavity among two

coaxial tubes. The internal tube is uniform, and is sustained at the temperature T0 and

nanoparticle velocity C0 while outer tube experiences a sinusoidal wave travelling down its

walls having temþerature T1 and nanoparticle velocity C1. Here we consider cylindrical co-

ordinates (R0; Z 0) such as R0 is the radial coordinates and Z 0 is axial coordinates. Uniform

magnetic �eld of strength H0R02=R
0 is applied externally in radial direction which results in an

induced magnetic �eld H0 �h0R0 (R0; Z 0; t0) ; 0; hz0 (R0; Z 0; t0)�. So the total magnetic �eld will be
H0+(

H0R02
R0 + h0R0 ; 0; h

0
Z0).

The tube walls are taken to be non-conductive and walls surface geometry is shown in Fig.

15



2:1.

Fig. 2.1 Geometry of problem

The surfaces of the wall satisfy:

R01 = a1 ; (2.15)

R02 = b sin
2�

�

�
Z 0 � ct0

�
+ a2 ; (2.16)

here b is representing wave amplitude, a1and a2 are the radius of two tubes, � represent the

wavelength and c is denoting propagation velocity.

By assuming the �ow parameters independent of the azimuthal coordinates, the velocity

is given as V0 = (U 0; 0;W 0) where U 0 and W 0 are the components of velocity in R0 and Z 0

direction, respectively. Temperature and concentration �elds take the form

T = T
�
R0; Z 0; t0

�
; C = C(R0; Z 0; t0): (2.17)

The governing equations along with nanoparticles in the �xed frame are given as

@h0R
@R0

+
h0R0
R0

+
@h0Z0
@Z 0

= 0; (2.18)
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@U 0

@R0
+
U 0

R0
+
@W 0

@Z 0
= 0; (2.19)

�(
@U 0

@t0
+ U 0

@U 0

@R0
+W 0@U

0

@Z 0
) = � @p0

@R0
+
1

R0
@(R� 0RR)

@R0
+
@(� 0RZ)

@Z 0
� �

0
��

R0

+�eh
0
Z

�
@

@Z 0

�
H 0
o

R02
R0
+ h0R

�
� @h0Z
@R0

�
; (2.20)

�(
@U 0

@t0
+ U 0

@W 0

@R0
+W 0@W

0

@Z 0
) = � @p0

@Z 0
+
1

R0
@(R0� 0RR)

@R0
+
@(� 0ZZ)

@Z 0

+ �e

�
@h0Z
@R0

� @

@Z 0

�
H 0
o

R02
R0
+ h0R0

���
H 0
o

R02
R0
+ h0R0

�
+ �g�T (T � T1) + �g�C(C � C1): (2.21)

Energy and mass concentration equations are given as

(U 0 @T@R0 +W
0 @T
@Z0 ) = �2(

@2T

@R02
+
1

R0
@T

@R0
+
@2T

@Z 02
) + �1fdb(

@C

@R0
@T

@R0
+
@C

@Z 0
@T

@Z 0
)

+
dT
T1
[(
@T

@R0
)2 + (

@T

@Z 0
)2]g; (2.22)

(U 0
@C

@R0
+W 0 @C

@Z 0
) = db(

@2C

@Z 02
+
1

R0
@C

@R0
+
@2C

@R02
) +

dT
T1
(
@2T

@Z 02
+
1

R0
@T

@R0
+
@2T

@R02
); (2.23)

�1 =
(�c)p
(�c)f

is the proportion of the e¤ective heat capacity. The magnetic induction equations in

component form is given as

�
@

@t0
+ (U 0

@

@R0
+W 0 @

@Z 0
)� @U 0

@R0

��
H 0
o

R02
R0
+ h0R

�
� @U 0

@R0
h0Z

= �
@

@Z 0
[

�
@

@Z 0

�
H 0
o

R02
R0
+ h0R

��
�
�
@h0Z
@R0

�
]; (2.24)

�
@

@t0
+ (U 0

@

@R0
+W 0 @

@Z 0
)� @W 0

@Z 0

�
h0z �

@W 0

@R0

�
H 0
o

R02
R0
+ h0R

�
= �[

1

R0
@

@R0

�
R0
@h0Z
@R0

�
� @

@Z 0

�
@

@R0
+
1

R0

��
H 0
o

R02
R0
+ h0R

�
: (2.25)
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In the non moving coordinates (R0; Z 0); the �ow among the two cylinders is not steady. Flow

becomes steady in a wave structure (r0; z0) that moves with similar speed as the wave movement

in the Z 0 direction. Both structures are connected through the following transformations

r0 = R0; z0 = Z 0 � ct0; U 0 = u0; w0 =W 0 � c; (2.26)

where u0; w0 are the velocity components in the wave structure. Suitable boundary limits in

wave structures stands

w0 = �c; at r0 = r01; h
0
z = 0; h

0
r0 = 0;

w0 = �c; at r0 = r02 = a2 + b sin
2�

�
(z0); (2.27)

T = T0 at r0 = r01; T = T1 at r0 = r02; (2.28)

C = C0 at r0 = r01; C = C1 at r0 = r02: (2.29)

Introducing the dimensionless parameters

R =
R0

a2
; Z =

Z 0

�
; r =

r0

a2
; z =

z0

�
; W =

W 0

c
; U =

�U 0

a2c
; w =

w0

c
; u =

�u0

a2c
;

p =
a22p

0

c��
; � =

T � T1
T0 � T1

; t =
ct0

�
; � =

a2
�
; Ry =

�ca2
�

; � =
C � C1
C0 � C1

;

r1 =
r01
a2
= �; r2 =

r02
H2

= 1 + " sin 2�z; " =
b

a2
; � =

a1
a2
; hr =

h0r
H0

; hz =
h0z
H0

;

Gr =
�g�TH

2
2 (T0 � T1)
c�

; br =
�g�CH

2
2 (C0 � C1)
c�

; Nb =
(�c)p db(C0 � C1)

�2(�c)f
;

Nt =
(�c)p (T0 � T1)dT

T1 �2(�c)f
; �2 =

k

(�c)f
;We =

�c

a2
; (2.30)

The parameters Nb; Nt; Gr; br; Ry; � are representing the Brownian motion parameter, ther-

mophoresis parameter; local temperature Grashof number; local nanoparticle Grashof number,

Reynolds number and wave number respectively. � is the radius ratio and amplitude ratio is

represented by ". We as Weissenberg number.

Making use of above non-dimensional parameters Eqs. (2:18) to (2:25) with conditions (2:27)
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to (2:29) become
@hr
@r

+ �
@hz
@z

+
hr
r
= 0; (2.31)

@w
@z

+
u
r
+
@u
@r
= 0; (2.32)

�3Ry(u
@u
@r
+
@u
@z
w) = �@p

@r
+ �2

@

@z
(� rz) +

�

r
@

@r
(r� rr)�

�

r
� �� + S

2Ry

�
�

�
1

r
@r2
@z

+
@hr
@r

�
�@hz
@r

hz

�
; (2.33)

�Ry(w
@w
@z

+ u
@w
@r
) = �@p

@z
+ �

@

@z
(� zz) +

1

r
@

@r
(r� rz) + S2Ry

�
@hz
@r

� �
�
1

r
@r2
@z

+
@hr
@r

��
�r2
r
+ hr

�
+ gr� + br�; (2.34)

where

� rr =
@u
@r
[1 + n(We � 1)]2�;

� rz = (
@w
@r
+
@u
@z
�2)[1 + n(We � 1)];

� zz =
@w
@z
[1 + n(We � 1)]2�;

� �� =
u
r
[1 + n(We � 1)]2�; (2.35)

 = [2(
@u
@r
)2�2 + (

@w
@r
+
@u
@z
�2)2 + 2(

@w
@z
)2�2 + 2

u2

r2
�2]

1
2 : (2.36)

Energy, mass and induction equations become

�a2c

�
u
@ T

@r
+ w

@ T

@z

�
= �2

�
@2T

@r2
+
1

r

@T

@r
+ �2

@2T

@z2

�
+ �1fdb(

@C

@r

@T

@r

+�2
@C

@z

@T

@z
) +

dT
T1
[(
@T

@r
)2 + �2(

@T

@z
)2]g; (2.37)

�a2c

�
u
@C

@r
+ w

@C

@z

�
= db(

@2C

@r2
+
1

r

@C

@r
+ �2

@2C

@z2
) +

dT
T1
(
@2T

@r2
+
1

r

@T

@r
+ �2

@2T

@z2
); (2.38)

�

�
@

@t
+ (u

@

@r
+ w

@

@z
)� @u

@r

��r2
r
+ hr

�
�� @u

@r
hz =

�

Rm

@

@z

�
�

�
1

r

@r2
@z

+
@hr
@z

�
� @hz

@r

�
; (2.39)
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�

�
@

@t
+ (u

@

@r
+ w

@

@z
)� @w

@z

�
hz �

@w

@r

�r2
r
+ hr

�
=

1

Rm
[
1

r

@

@r

�
r
@hz
@r

�
�� @

@z

�
@

@r
+
1

r

��r2
r
+ hr

�
]: (2.40)

Utilizing the long wavelength approximation and neglecting terms of order � and higher, Eqs.

(2:31) to (2:40) take the form
@hr
@r

+
hr

r
= 0; (2.41)

@u
@r
+
u
r
+
@w
@z

= 0; (2.42)

@p
@r
= 0; (2.43)

@p
@z
=
1

r
@

@r

�
r
�
1 + n

�
We

@w
@r
� 1
��

@w

@r

�
+ S2Rm

@hz
@r

�r2
r
+ hr

�
+ gr� + br�; (2.44)

Nb
@�

@r
@�

@r
+
1

r
@

@r
(r
@�

@r
) +Nt(

@�

@r
)2 = 0; (2.45)

(
1

r
@

@r
(r
@�

@r
)) +

Nt
Nb
(
1

r
@

@r
(r
@�

@r
)) = 0; (2.46)

@w

@r

�r2
r
+ hr

�
= � 1

Rm

�
1

r

@

@r

�
r
@hz
@r

��
; (2.47)

whereRm = a2
& ; and S

2 = H2
o�e
�c2

are magnetic Reynolds number and Strommer�s number(magnetic

force number) respectively. Eq. (2:43) displays that p is independent of r:

Rate of volume �ow and boundary conditions
In the �xed coordinates volume �ow rate in the instantaneous position is speci�ed by

�Q = 2�

R02Z
R01

R0W 0dR0; (2.48)

where R02 is a function of Z
0 and t0: Invoking Eq. (2:26) into Eq. (2:48) and integrating produces

�Q = �q + �c(r022 � r021 ); (2.49)
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where

�q = 2�

r02Z
r01

r0w0dr0: (2.50)

In the moving coordinates system the volume �ow rate is independent of time as mention in

Eq. (2:50). Here r02 is the function of z
0 only. Now utilizing dimensionless variables, we �nd

F =
�q

�a22c
= 2

r02Z
r01

rwdr: (2.51)

Over a period T = �=c the time-mean �ow at a �xed z is given as

q0 =
1

T

TZ
0

�Qdt0: (2.52)

Invoking Eq. (2:49) into Eq. (2:52) and integrating, we attain

q0 = �q + �c

�
a22 � a21 +

b2

2

�
; (2.53)

which can be inscribed as
q0

�a22c
=

�q

�a22c
+ 1 +

"2

2
� �2: (2.54)

Dimensionless time-mean �ow can be given as

q =
q0

�ca22
: (2.55)

With the aid of Eqs. (2:51) and (2:55) ; Eq. (2:54) become

q = F + 1 +
"2

2
� �2: (2.56)

The consistent dimensionless boundary conditions for the problem under consideration are
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de�ned as

w = �1 at r = r1 = �; w = �1 at r = r2 = 1 + " sin(2�z);

hr = 0; hz = 0 at r = r1;

� = 1 at r = r1; � = 0 at r = r2;

� = 1 at r = r1; � = 0 at r = r2: (2.57)

2.3 Solution of the problem

From Eq. (2:41) ; and boundary condition (2:57) ; we come to know that hr = 0. Eqs. (2:44)

and (2:47) are given as

@p
@z
=
1

r
@

@r
(r
�
1 + n

�
We

@w
@r

� 1
��

@w

@r
) + S2Ry

@hz
@r

�r2
r

�
+ gr� + br�; (2.58)

�Rmr2
@w

@r
=

@

@r

�
r
@hz
@r

�
: (2.59)

Homotopy perturbation method is utilized to solve the above equations. This advises that we

write Eqs. (2:37) to (2:38); as [68]

H(w; x) = (1� x) [$(w)�$(w20)] + j
�
$(w)� @p

@z
� M2r22

r2

+
1

r
nWe

�
@w

@r

�2
+ 2nWe

�
@w

@r

��
@2w

@r2

�#
+ gr� + br�; (2.60)

H(�; x) = (1� x) [$(�)�$(�10)] + x
�
$(�) +

Nt
Nb
(
1

r
@

@r
(r
@�

@r
))

�
; (2.61)

H(�; x) = (1� x)[$(�)�$(�10)] + x
�
$(�) +Nb

@�

@r
@�

@r
+Nt(

@�

@r
)2
�
; (2.62)
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Initial guess and the linear operator are given as

$�r =
1

r
@

@r
(r
@

@r
); $�r =

1

r
@

@r
(r
@

@r
);

$wr =
1

r

@

@r
(r (1� n) @

@r
)� M2r22

r2
;

�10(r; z) = (
r� r2
r1 � r2

); �10(r; z) = (
r� r2
r1 � r2

);

w20(r; z) =
@p00
@z

�
a4rk + a5r�k + a2r2

�
� 1: (2.63)

According to Homotopy Perturbation Method, we write

� = �0 + x�1 + x
2�2 + :::;

� = �0 + x�1 + x
2�2 + :::

w = w0 + xw1 + x
2w2 + :::;

p = p0 + xp1 + x
2p2 + :::; (2.64)

Utilizing these equations in Eqs. (2:61) and (2:62); the expression for temperature and concen-

tration �eld can be written as

� = s28r2 + rs36 + s37 ln r+ s38; (2.65)

� = s39r3 + r2s46 + s41r+ s47 ln r+ s48: (2.66)

The expressions (2:65) and (2:66) �nally make it convenient to give the velocity

w =
@p

@z

�
b4r

k + b5r
�k + b2r

2
�
+ b105r

k + b106r
�k + b107r

2 + b108r
2k�1

+b109r
�(2k+1) + b110r

3 + b111r
�1 + b112r

k+1 + b113r
�k+1 � b85r3k�2

�b86r�k�2 � b87rk+2 � b88rk�2 � b89r�k+2 � b90r2k � b91r�2k

�b92r�3k�2 � b96r4 + b100r2 ln r � 1: (2.67)
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and pressure gradient is given as

@p

@z
= b114

�
� �

�
1 +

"2

2

�
+ �2

�
+ b115: (2.68)

Integration of Eq. (2:59) with respect to r takes the form

@hz
@r

= �Rmr2
r

w � c1
r1
; (2.69)

where c1 is constant.

To �nd the constant c1; we used Eqs. (2:3) and (2:69)

J0 = �
@hz
@r

=
Rmr2
r

w +
c1
r1
; (2.70)

since J0 = 0 at r = r2; so c1 = Rmr2; which gives

J0 = �
@hz
@r

=
Rmr2
r

(w + 1) : (2.71)
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The axial induced magnetic �eld is given as

hz = Rmr2[
@p

@z

 
b4

�
rk2 � rk
k

�
� b5

 
r�k2 � r�k

k

!
+ b2

�
r22 � r2
2

�!

+b105

�
rk2 � rk
k

�
� b106

 
r�k2 � r�k

k

!
+ b107

�
r22 � r2
2

�

+b108

 
r2k�12 � r2k�1

2k � 1

!
� b109

 
r
�(2k+1)
2 � r�(2k+1)

2k + 1

!

+b110

�
r32 � r3
3

�
� b111

�
r�12 � r�1

1

�
+ b112

 
rk+12 � rk+1

k + 1

!

+b113

 
r�k+12 � r�k+1

�k + 1

!
� b85

 
r3k�22 � r3k�2

3k � 2

!
� b86

 
r�k�22 � r�k�2

�k � 2

!

�b87

 
rk+22 � rk+2

k + 2

!
� b88

 
rk�22 � rk�2

k � 2

!
� b89

 
r�k+22 � r�k+2

�k + 2

!

�b90
�
r2k2 � r2k
2k

�
+ b91

�
r2k2 � r2k
2k

�
+ b92

 
r
�(3k+2)
2 � r�(3k+2)

3k + 2

!

�b96
�
r42 � r4
4

�
+ b100

�
r22 ln r2 � r2 ln r

2
� r22 � r2

4

�
]: (2.72)

From Eqs. (2:71) and (2:72) ; the current density distribution become

Jo = Rmr2[
@p

@z

�
b4r

k�1 + b5r
�k�1 + b2r

�
+ b105r

k�1 + b106r
�k�1 + b107r

+b108r
2k�2 + b109r

�(2k+2) + b110r
2 + b111r

�2 + b112r
k + b113r

�k

�b85r3k�3 � b86r�k�3 � b87rk+1 � b88rk�3 � b89r�k+1 � b90r2k�1

�b91r�2k�1 � b92r�3k�3 � b96r3 + r ln rb100]: (2.73)

The pressure rise, �P; and the frictional forces on the outer and inner tubes, F(0) and F(i); in

non-dimensional form are given as

�P =

Z 1

0

@p
@z
dz; F (0) =

Z 1

0
r22(�

@p
@z
)dz; F (i) =

Z 1

0
r21(�

@p
@z
)dz: (2.74)

The pressure rise �P and the friction forces are calculated numerically by mathematica, where
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as appendix is given to de�ne constants.The velocities and stream functions are related as [1]

u =
��
r
(
@	

@z
) and w =

1

r
(
@	

@r
): (2.75)

Using Eq. (2:67) into Eq. (2:75); we get stream function as

	 =
@p

@z

 
b4

 
rk+2 � rk+21

k+ 2

!
+ b5

 
r�k+2 � r�k+21

�k + 2

!
+ b2

�
r4 � r41
4

�!

�
�
r2 � r21
2

�
+ b105

 
rk+2 � rk+21

k + 2

!
+ b106

 
r�k+2 � r�k+21

�k + 2

!

+b107

�
r4 � r41
4

�
+ b108

 
r2k+1 � r2k+11

2k + 1

!
+ b109

 
r�2k+12 � r�2k+1

�2k + 1

!

+b110

�
r5 � r51
5

�
+ b111 (r � r1) + b112

 
rk+3 � rk+31

k + 3

!

+b113

 
r�k+3 � r�k+31

�k + 3

!
� b85
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]: (2.76)

2.4 Results and discussion

2.4.1 Pumping characteristics

This section deals with the e¤ects of di¤erent parameters involved in the study of pressure

gradient @p@z ; frictional forces F
(i) and F (0) and pressure rise �P: F igs 2:2� 2:13 depicts these

e¤ects. In Fig 2:2; pressure gradient variations are given against axial coordinates z for values of

Hartmann numberM and keeping other parameters �xed. As M elevates, maximum amplitude

of pressure gradient rises. Fig 2:3 describes that by elevating Brownian motion parameter

Nb; the amplitude of pressure gradients drops. Fig 2:4 depicts a decline in pressure gradient with

elevating values of thermophoresis parameterNt: It is evident from �gures that pressure gradient
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is compact in extensive part of annulus z � [0; 0:5] and in the shrinked section z � [0:5; 1] the

pressure gradient is signi�cantly greater i.e. in the extensive portion, �uid can smoothly �ow

without interference of huge pressure gradient whereas in the shrinked section, massive pressure

gradient is required to sustain the �ux primarily at the narrowest point z = 0:75: This even

satis�es the physical situation. Figs 2:5�2:7 gives the variation of pressure rise with the volume

�ow rate with varying M , Nb; Nt: These �gures depict an inverse relation among pressure rise

and �ow rate i.e. a rise in �ow rate drops the pressure rise which describes that maximum

pressure results in zero �ow rate and elevating �ow rate reduces the pressure rise. Retrograde

pumping region (�P > 0; q < 0), augmented pumping region (�P < 0; q > 0) and peristaltic

pumping region (�P > 0; q > 0) are the pumping regions which are displayed in the Fig 2:5

within the intervals q � [0; 0:5] ; q � [0:5; 0:7] and q � [0:7; 1] respectively. It is also evident

that by increasing Hartmann number M , the pressure rise elevates in the retrograde pumping

region and opposite behaviors are observed in augmented pumping. Also Fig 2:5 reveals free

pumping region for �P = 0; q = 0: It can be seen in Fig 2:6 that by elevating Brownian

motion parameter Nb; pressure rise decreases whereas for increasing thermophoresis parameter

Nt pressure rise show an increase which is revealed in Fig 2:7:

Frictional forces for inner and outer wall against �ow rate are shown in Fig 2:8 � 2:13.

Behavior of these forces is entirely opposite to that of pressure rise whereas both behave likewise

for maintaining the values of di¤erent parameters. Also outer wall friction is observed to be

dominant as compared to inner wall friction.

2.4.2 Magnetic �eld characteristics

The variations of axial induced magnetic �eld hz at r = 0:22 with other settled arrangement of

parameters with various estimations of Hartmann number M along axial coordinate z is shown

in Fig 2:14. It is revealed that by expanding the values of M , the axial induced magnetic �eld

hz show an increment. Behaviour of hz for several values of q is described in Fig 2:17. As

q elevates, hz show decreasing behavior. In Fig 2:17, variation of Rm is taken to investigate the

induced magnetic �eld along z coordinate. By increasing Rm; hz �rst increases in the region

[0; 0:1] then decreasing behavior is observed in region [0:1; 0:4] and again a sharp increasing

behavior is seen in the region [0:4; 1].
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In Fig 2:17, di¤erent values of M are taken for induced magnetic �eld across annulus.

It declines in region [0; 0:4] whereas elevates in region [0:4; 1] for increasing values of M . A

rise in magnetic Reynolds number Rm results in rise of induced magnetic �eld hz as depicted

in Fig 2:18. Similar behavior is observed for �ow rate q which can be seen in Fig 2:18.

By increasing Weisenberg number We , induced magnetic �eld hz �rst decreases in region

[0; 0:5] and then follows an increasing attitude in region [0:5; 1] as plotted in Fig 2:20. Current

density Jo across annulus is discussed in Fig 2:21� 2:22. It is observed that current density for

increasing M initially declines and then elevates for increasing Rm:

2.4.3 Nano�uid characteristics

It is seen that the temperature pro�le � elevates with the increasing value of Brownian motion

parameter Nb as can be seen in Fig 2:23. Exactly same behavior is found for thermophoresis

parameter Nt in Fig 2:24. Now by increasing Nb; concentration pro�le � is found to be increas-

ing as seen in Fig 2:25 whereas for increasing Nt opposite trend is noticed i.e. � shows decline

as depicted in Fig 2:26.

2.4.4 Fluid trapping

When an internal circulating bolus of �uid is formed along closed streamline and moves forward

with peristaltic wave then such phenomenon is said to be trapping. Trapping situation is

described by plotting the streamlines in Figs 2:27� 2:29:
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Fig. 2:2 : Pressure gradient dp=dz with z for di¤erent values of M .
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Fig. 2:3 : Pressure gradient dp=dz with z for di¤erent values of Nb:
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Fig. 2:4 : Pressure gradient dp=dz with z for di¤erent values of Nt:
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Fig. 2:5 : Pressure rise �p with q for di¤erent values of M:
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Fig. 2:6 : Pressure rise �p with q for di¤erent values of Nb:
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Fig. 2:7 : Pressure rise �p with q for di¤erent values of Nt:
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M =2,3,4,5
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Fig. 2:8: Friction force F (i) (on inner wall) with q for di¤erent values of M:
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Fig. 2:9: Friction force F (i) (on inner wall) with q for di¤erent values of Nb:
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Fig. 2:10: Friction force F (i) (on inner wall) with q for di¤erent values of Nt:
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Fig. 2:11: Friction force F (o) (on outer wall) with q for di¤erent values of M:
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Fig. 2:12: Friction force F (o) (on outer wall) with q for di¤erent values of Nb:
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Fig. 2:13: The variation of friction force F (o) (on outer wall) with q for di¤erent values of Nt:
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M =2,2.5,3
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Fig. 2:14: Axial induced magnetic �eld hz with z for di¤erent values of M .
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Fig. 2:15: Axial induced magnetic �eld hz with z for di¤erent values of q:
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Fig. 2:16: Axial induced magnetic �eld hz with the z for di¤erent values of Rm:
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Fig. 2:17: The modi�cations of axial induced magnetic �eld hz with the radial coordinate r

for di¤erent values of M where r 2 [�; r2]:
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Fig. 2:18: The modi�cations of axial induced magnetic �eld hz with the radial coordinate r

for di¤erent values of Rm where r 2 [�; r2]:

q=1,1.25,1.5
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Fig. 2:19: The modi�cations of axial induced magnetic �eld hz with the radial coordinate r

for di¤erent values of q where r 2 [�; r2]:
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Fig. 2:20: The modi�cation of axial induced magnetic �eld hz with the radial coordinate r for

di¤erent values of We where r 2 [�; r2]:

M =1,1.5,2

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

r

J

Fig. 2:21: The modi�cation of current density Jo across the annulus for di¤erent values of M

where r 2 [�; r2]:
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Fig. 2:22: The variation of current density Jo with the radial coordinate r for di¤erent values

of Rm where r 2 [�; r2]:
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Fig: 2:23: Temperature pro�le for modi�cations of Nb:
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Fig: 2:24: Temperature pro�le for modi�cations of Nt:
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Fig: 2:25: Concentration pro�le for modi�cations of Nb:
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Fig: 2:26: Concentration pro�le for modi�cations of Nt:
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Fig:2:27 : Streamlines for � = 0:2; � = 0:3; � = 0:4:

2.5 Conclusions

This study observes the impact of induced magnetic �led on peristaltic �ow of nano hyperbolic

tangent �uid in an endoscope. The main �ndings of the examination are given beneath.

� The greatest amplitude of pressure gradient boosts as the Hartmann number elevate while

it drops for expanding values of Nb and Nt:

� For rising values of Nb and Nt retrograde, peristaltic and augmented pumping grows.

� There is a contrarily linear relation among �p and q that is pressure rise falls o¤ with

rising �ow rate.

� The outer and inner friction forces carry on by an opposite manner contrasted with

pressure rise �p:

� The induced magnetic �eld hz boosts by aggravating Magnetic Reynolds number across

the endoscope.
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� Expansion in values of Magnetic Reynolds number results in larger current density Jo:

� Temperature pro�le gives increasing behavior with rising values of Nb and Nt:

� Nanoparticles concentration decline with the rise of Nt and elevates with increasing Nb:
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2.6 Appendix

s11 = r1 � r2; s12 =
r2
s11

; s13 = Nb +Nt; s130 = 2Nt +Nb; s14 = ln r1 � ln r2;
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+
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� s16s18
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s12s13
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s14
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(M2r22)

2
;

b101 =
1

�rk1r
�k
2 + r�k1 rk2

(�b80(r�1+2k1 r�k2 � r�k1 r�1+2k2 )� b81(r�11 r�k2 � r�k1 r�12 )

�b82(rk+11 r�k2 � r�k1 rk+12 )� b83(r�1�2k1 r�k2 � r�k1 r�1�2k2 )

�b84(r�k+11 r�k2 � r�k1 r�k+12 )� b85(r3k�21 r�k2 � r�k1 r3k�22 )

�b86(r�k�21 r�k2 � r�k1 r�k�22 )� b87(rk+21 r�k2 � r�k1 rk+22 )

�b88(rk�21 r�k2 � r�k1 rk�22 )� b89(r�k+21 r�k2 � r�k1 r�k+22 )

�b90(r2k1 r�k2 � r�k1 r2k2 )� b91(r�2k1 r�k2 � r�k1 r�2k2 )

�b92(r�3k�21 r�k2 � r�k1 r�3k�22 )� b96(r41r�k2 � r�k1 r42)

�b97(r31r�k2 � r�k1 r32) + b99(r
2
1r
�k
2 � r�k1 r22)

+b100(r
2
1 ln r1r

�k
2 � r�k1 r22 ln r2));

b102 =
1

rk1r
�k
2 � r�k1 rk2

(�b80(r�1+2k1 rk2 � rk1r�1+2k2 )� b81(r�11 rk2 � rk1r�12 )

�b82(rk+11 rk2 � rk1rk+12 )� b83(r�1�2k1 rk2 � rk1r�1�2k2 )

�b84(r�k+11 rk2 � rk1r�k+12 )� b85(r3k�21 rk2 � rk1r3k�22 )

�b86(r�k�21 rk2 � rk1r�k�22 )� b87(rk+21 rk2 � rk1rk+22 )

�b88(rk�21 rk2 � rk1rk�22 )� b89(r�k+21 rk2 � rk1r�k+22 )

�b90(r2k1 rk2 � rk1r2k2 )� b91(r�2k1 rk2 � rk1r�2k2 )

�b92(r�3k�21 rk2 � rk1r�3k�22 )� b96(r41rk2 � rk1r42)

�b97(r31rk2 � rk1r32) + b99(r21rk2 � rk1r22)

+b100(r
2
1 ln r1r

k
2 � rk1r22 ln r2));
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b103 = 2(b101
rk+22 � rk+21

k + 2
+ b102

r�k+22 � r�k+21

�k + 2 � b80
r2k+12 � r2k+11

2k + 1

�b81
r2 � r1
1

� b82
rk+32 � rk+31

k + 3
� b83

r�2k+12 � r�2k+11
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�b84
r�k+32 � r�k+31
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3k

� b86
r�k2 � r�k1
�k

�b87
rk+42 � rk+41

k + 4
� b88

rk2 � rk1
k

� b89
r�k+42 � r�k+41

�k + 4

�b90
r2k+22 � r2k+21

2k + 2
� b91

r�2k+22 � r�2k+21

�2k + 2 � b92
r�3k2 � r�3k1

�3k

�b96
r62 � r61
6

� b97
r52 � r51
5

� b99
r42 � r41
4

+b100(
r42 ln r2 � r41 ln r2

4
� r42 � r41

16
))

b104 = 2(b2
r42 � r41
4

+ b4
rk+22 � rk+21

k + 2
+ b15

r�k+22 � r�k+21

�k + 2 );

b105 = b54 + b101; b106 = b55 + b102; b107 = b43 + b99;

b108 = b44 � b80; b109 = b95 � b83; b110 = b46 � b97;

b111 = b47 � b81:b112 = b48 � b82; b113 = b49 � b84:
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Chapter 3

Au-nanoparticles analysis of

catheterised curved tube with

biddable walls

In the extant analysis, we have analyzed the peristaltic transport of Au-nanoparticles in curved

tube having biddable walls. Governing equations have been derived for curved tube by us-

ing toroidal coordinate system. Long wavelength and low Reynolds number approximation

are utilised to tackle the nonlinear partial di¤erential equation. Furthermore, perturbation

approximation is used to achieve the analytical solutions such as axial velocity and stream-

lines. Graphs are plotted to understand the physical features of dominant parameters such as

Grasho¤�s number, heat source/sink parameter, amplitude ratio and elastic parameters. Also

temperature tables are subsumed for varying values of mentioned parameters. This chapter

summarised that there is a critical contrast amongst curvature and non-curvature �ow across

the catheterised tube.

3.1 Mathematical formulation

The movement of blood for peristaltic transport is modelled in a region between two annular

curved tubes. Fluid under consideration is incompressible, laminar and viscous. Gold nanopar-

ticles are considered along with blood. Outer tube walls are �exible and also assumed to be
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biddable on which mobile waves are in�icted with small amplitude. While inner tube is �rm

and maintains temperature To: The �ow is generated by sinusoidal wave of range b moving with

speed c through the outer biddable walls of tube. The formulated model for curved tube is, a

�exible circular tube of sweep a2 wrapped as a hover of radius k and an endoscope as a coaxial

tube with span a1. Because of the bent idea of tube, curvature is likewise considered.

Mathematically, two wall surfaces are delineated as follow

�R1 = a1;

�R2 = � = b sin
2�

�

�
Z 0 � ct0

�
+ a2 ; (3.1)

Fig.3.1(a). Geometry of problem
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Fig.3.1(b)

Fig. 3.1 uncovers that the toroidal coordinates system (r; �; ') is utilized to study the stream

�eld of the mentioned geometry. To ignore the impact of torsion, �ow geometry is considered to

lie in a plane. C is representing the focal point of cross area of the tube that is making an angle

' with axial plane and (r; �) is representing polar coordinates of arbitrary point P . Radius of

curvature of this curved tube is given as OC = k while z = k' is representing axial coordinate.

For incompressible �uid, continuity equation in the toroidal coordinates is characterized

below

@ �U

@ �R
+
1
�R

@ �V

@��
+

k

k + �R cos ��

@ �W

@ �Z
+
�U
�R
+
�U cos �� � �V sin ��

k + �R cos ��
= 0: (3.2)

The �R , �� and �Z components of momentum equation using toroidal coordinate are written as
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�nf

�
@ �U

@�t
+ �U

@ �U

@ �R
+
�V
�R

@ �U

@��
+

k �W

k + �R cos ��

@ �U

@ �Z
�
�V 2

�R
�

�W 2 cos ��

k + �R cos ��

�
= �nf

��
@2 �U

@ �R2
+
1
�R

@ �U

@ �R
+
1
�R2
@2 �U

@��
2

�
+

k2

(k + �R cos ��)2
@2 �U

@ �Z2
� 2
�R2
@ �V

@��

�
�U
�R2
+

1

k + �R cos ��

�
cos ��

@ �U

@ �R
+
�V sin ��
�R

� sin
��
�R

@ �U

@��

�
+

2k sin ��

(k + �R cos ��)2
@ �W

@ �Z
� cos ��

(k + �R cos ��)2
�
�U cos �� � �V sin ��

��
� @ �P

@ �R
; (3.3)

�nf

�
@ �V

@�t
+ �U

@ �V

@ �R
+
�V
�R

@ �V

@��
+

k �W

k + �R cos ��

@ �V

@ �Z
+
�U �V
�R
+

�W 2 cos ��

k + �R cos ��

�
= �nf

��
@2 �V

@ �R2
+
1
�R

@ �V

@ �R
+
1
�R2
@2 �V

@��
2

�
+

k2

(k + �R cos ��)2
@2 �V

@ �Z2
�
�V
�R2
+
2
�R2
@ �U

@��

+
cos ��

k + �R cos ��

@ �V

@ �R
� sin ��

k + �R cos ��

� �U
�R
+
1
�R

@ �V

@��

�
+

2k sin ��

(b+ �R cos ��)2
@ �W

@ �Z

+
sin ��

(k + �R cos ��)2
�
�U cos �� � �V sin ��

��
� 1
�R

@ �P

@��
; (3.4)
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@ �W

@�t
+ �U

@ �W

@ �R
+
�V
�R

@ �W

@��
+

k �W

k + �R cos ��

@ �W

@ �Z
+
�W
�
�U cos �� � �V sin ��

�
k + �R cos ��
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= �nf

��
@2 �W

@ �R2
+
1
�R

@ �W

@ �R
+
1
�R2
@2 �W

@��
2

�
+

k2

(k + �R cos ��)2
@2 �W

@ �Z2
�

�W

(k + �R cos ��)2

+
1

k + �R cos ��

�
cos ��

@ �W

@ �R
� sin

��
�R

@ �W

@��

�
+

2k sin ��

(k + �R cos ��)2

�
cos ��

@ �U

@ �Z
� sin ��@

�V

@ �Z

��
+(��)nfg(T � T1)�

k

k + �R cos ��

@ �P

@ �Z
: (3.5)

Energy equation for the curved tube and considering the e¤ects of heat generation for

nano�uid is described as
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(�cp)nf

�
@ �T

@�t
+ �U

@ �T

@ �R
+

k �W

k + �R cos ��

@ �T

@ �Z
+
�U
�R

@ �T

@��

�
= Knf

�
@2 �T

@ �R2
+
1
�R

@ �T

@ �R
+

cos ��

k + �R cos ��

@ �T

@ �R

+
1
�R2
@2 �T

@��
2 +

k2

(k + �R cos ��)2
@2 �T

@ �Z2

� sin ��

k + �R cos ��

@ �T

@��

�
+Q0: (3.6)

The appropriate boundary conditions are given as

�W = 0; �T = �T0; at �R = �R1 = a1;

�W = 0; �T = �T1; at �R = �R2 = � = b sin
2�

�

�
Z 0 � ct0

�
+ a2 : (3.7)

Mathematically, wall compliance may be given as

L (��) = �P � �P0;

here �P0 is representing the pressure on the wall surface from outside which is a consequence of

muscle tension and is considered zero. L is an operator that is utilized to depict the movement

of the stretched membrane with viscous retarding forces, given as

L = �� @2

@ �Z2
+m

@2

@�t2
+ d1

@

@t
;

here � is representing elastic tension per unit width of the membrane, m is denoting mass per

unit area and d1 is representing coe¢ cient of viscous damping forces.

Introducing the following dimensionless quantities
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w =
�w

c
; u =

��u

a2c
; z =

�z

�
; r =

�r

a2
; r2 =

�r2
a2
= 1 + " sin(2�z);

t =
c�t

�
; " =

b

a2
; Gr =

a22(T1 � T0)�f�fg
c�f

; ~� =
T � T1
T0 � T1

; �� = �;

� =
a2
k
; r1 =

�r1
a2
= �;  =

a22Q0
(T1 � T0)kf

; Re =
a2c�f
�f

; � =
a2
�
;

d =
��

a22
; p =

a22�p

c��f
; E1 =

��a3

�3c�f
; E2 =

ma3c

�3�f
; E3 =

d1a
3

�2�f
: (3.13)

After employing the lubrication approach, Eqs. (3:2)� (3:6) take the form

@p

@r
= 0; (3.14)

@p

@�
= 0; (3.15)

1

1 + �r cos �

@p

@z
=

�nf
�f

�
@2w

@r2
+
1

r

@w

@r
+
1

r2
@2w

@�2
� �2(w + 1)

(1 + �r cos �)2
+

� cos �

1 + �r cos �

@w

@r

� � sin �

r(1 + �r cos �)

@w

@�
+Gr

(��)nf
(��)f

�f
�nf

~�

�
; (3.16)

@2~�

@r2
+
1

r

@~�

@r
+

� cos �

1 + �r cos �

@~�

@r
+
1

r2
@2~�

@�2
+ 

Kf

Knf
= 0; (3.17)

1

1 + �r cos �

@p

@z
=
@L(�)

@z
= E1

@3�

@z3
+ E2

@3�

@z@t2
+ E3

@2�

@z@t
=M: (3.18)

3.2 Solution of the problem

To get the expressions for velocity and temperature according to the given boundary condi-

tion,we consider the following
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~�(r(z; t); �) = ~�0(r) + � cos(�)~�1(r) + :::

w(r(z; t); �) = w0(r) + � cos(�)w1(r) + ::: (3.19)

Substituting Eq. (3:19) into Eqs. (3:16) to (3:18) and equating the same powers of � cos(�); we

obtain the written below system and their solutions.

3.2.1 Zeroth order system and solution

@2~�0
@r2

+
1

r

@~�0
@r

+ 
Kf

Knf
= 0; (3.20)

@2w0
@r2

+
1

r

@w0
@r

+Gr
(��)nf
(��)f

�f
�nf

~�0 =
�f
�nf

dp

dz
; (3.21)

~�0(r1) = 1; w0(r1) = 0; (3.22)

~�0(r2) = 0; w0(r2) = 0: (3.23)

The exact solution at this order can be directly written as

~�0(r) = C1 ln r + C2 �

Kf

Knf

4
r2; (3.24)

w0(r) =
M

4
�nf
�f

r2 �Gr
(��)nf
(��)f

�f
�nf

0@� Kf

Knf

64
r4 +

C1
2

�
r2 ln r

2
� r2

2

�
+
C2
4
r2

1A
+C5 ln r + C6: (3.25)
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3.2.2 First order system and solution

@2~�1
@r2

+
1

r

@~�1
@r

�
~�1
r2
+ r

@2~�0
@r2

+ 2
@~�0
@r
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Knf
= 0 ; (3.26)
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@w1
@r

� w1
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+ r

@2w0
@r2

+ 2
@w0
@r

+Gr
(��)nf
(��)f

�f
�nf

(r~�0 + ~�1) = 0; (3.27)

~�1(r1) = 0; w1(r1) = 0; (3.28)

~�1(r2) = 0; w1(r2) = 0: (3.29)

Solution is obtained by substituting Eqs. (3:24� 3:25) into Eqs. (3:26� 3:27) and is given

as follow

��1(r) = rC3 +
C4
r
+ r

0@ Kf

Knf
r2

8
� C1 ln r
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1A� 1
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�
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�
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�nf
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�nf
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(��)f
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�nf
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r6 +

C1
4
r4 ln r

�3C1
16

r4 +
C2
8
r4 � C3

4
r4 � C4

2
r2
�
� C5
2
r2
�
: (3.31)

here all the C�s are constants and de�ned in appendix.

3.3 Results and discussion

Fluid velocity and streamlines are graphically explained for the e¤ects of various parameters i.e.

Gr; ; '; E1; E2 and E3: Gold nanoparticles with brick shape factor n=3.7 are used to study

these e¤ects. Figs 3:2�3:7 are plotted to elucidate the sequel of apposite parameters for velocity

�eld. Furthermore, these �gures also depict the di¤erence of velocity pro�le for non-curvature

tube and curvature tube. In the region between tube having sinusoidal curve and endoscope,

parabolic behavior is observed for axial velocity w against all the involved parameters. E¤ect of
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Grasho¤�s number Gr is discussed in Fig 3:2(a), magnitude of axial velocity is small for small

values of Gr: As Gr increases, an increase in magnitude of velocity pro�le is seen. It is seen that

the maximum velocity is attained closer to the inner tube as compared to the outer tube i.e.

at r = 0:38. It is also evident from the �gure that the velocity for non-curvature tube is lower

in comparison to curvature tube for varying Gr. Three dimensional velocity pro�le is shown in

Fig:3:2(b) for brick Au nanoparticles for pertinent values of Gr. Fig 3:3(a) gives the in�uence

of ; heat source(sink) parameter, on the velocity. It is noticed that the velocity declines with

rise in the magnitude of . Non-curvature tube experiences low velocity as that of tube having

non-zero curvature. Fig 3:3(b) is depicting the 3D graph for the velocity pro�le with variation

of  for brick Au nanoparticle. Fig 3:4(a) is plotted to display the e¤ect of amplitude ratio

on velocity pro�le. Small variations are taken into consideration and it is clear from the graph

that an increase in ' gives rise to the magnitude of velocity pro�le. The variation gets more

small for big values of ': Non-curvature tube and curvature tube exhibit same behavior for

variations of ' with the only di¤erence that magnitude of velocity for curvature tube is higher

than non-curvature tube. Fig 3:4(b) is sketched to give a 3D view of axial velocity for di¤erent

amplitude ratios.

Fig 3:5(a) emphasizes that as rigidity parameter E1 increases there is a remarkable rise

in the velocity pro�le. Physically, it means that wall elastins is helpful to the �uid �ow.

Tube having greater curvature experiences larger velocity. The 3D description for the e¤ects

of E1 on velocity is given in Fig 3:5(b): E¤ects of sti¤ness parameter E2 over axial velocity

are highlighted in Fig 3:6(a) and 3:6(b) for both 2D and 3D respectively. A rise in velocity

is seen for elevating values of E2 i.e. increase in E2 reduces tension in the walls of the tube

which in result pace up the �uid �ow. Variation of damping coe¢ cient E3 e¤ecting the velocity

pro�le can be observed in Fig 3:7(a) and 3:7(b). It is found that higher values of E3 results

in diminishing velocity . This is due to the fact that E3 has oscillating resistance to the �uid

�ow and that is the reason for decrease in velocity for wall damming coe¢ cient E3. It may

also be seen that this behavior of velocity for E3 remain unaltered for both non-curvature and

curvature tube.

Trapping is an imperative phenomena in peristaltic motion. For the most part, the state

of streamline demonstrates the impact of boundary wall on �ow pattern. Here pattern of �ow
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in the area between endoscope and tube wall is discussed. Amazingly, the streamlines split to

shape recirculating closed streamlines, called bolus, inside the tube. This internally circulating

�uid pushes the peristaltic wave ahead. Arbitrary response of encased bolus is seen for variety

of Gr alongside closed streamlines and is depicted in Fig 3:8. From Fig it is seen that the

quantity of caught bolus increases when Gr shifts from 2 to 3 and size is likewise seen to boost

as Gr additionally changes from 3 to 4. Impacts of  over enclosed bolus is considered in

Fig 3:9. It is seen that as  changes from 0.1 to 0.5, number of caught bolus elevates and the

size likewise increases as  bounces to 0.9 from 0.5. Fig 3:10 is utilized to demonstrate the e¤ect

of ' over trapped bolus. As ' is expanded from 0.03 to 0.05, number of bolus increments and

on additionally expanding ' from 0.05 to 0.07 a further increment in number of bolus is seen.

Fig 3:11 is used to study the bolus phenomena for variation of E1: As value of E1 increases an

increase in size of trapped bolus is seen. From Fig 3:11 � 3:12; it is clear that the change in

bolus appearance is similar for both E1 and E2. E¤ects of E3 are elaborated in Fig 3:13 and

it is noted that appearance of bolus mitigates with its increase.

Temperature pro�le for curved tube having elastic walls presented in Table 3:1 and 3:2.

It is witnessed that for greater value of source parameter i.e. for larger  the temperature

of the �uid increases. Also it is interesting to see that the variation in curvature e¤ects the

temperature pro�le. With larger curvature parameter � low temperature is noticed as can be

seen in comparison of tables.
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(a)

(b)

Figs: 3:2(a; b), Velocity pro�le for distinct Grashro¤ number Gr
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(a)

(b)

Figs: 3:3(a; b), Velocity pro�le for distinct heat source(sink) parameter 
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(a)

(b)

Figs: 3:4(a; b), Velocity pro�le for distinct amplitude ratio '
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(a)

(b)

Figs: 3:5(a; b), Velocity pro�le for distinct rigidity parameter E1
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(a)

(b)

Figs: 3:6(a; b), Velocity pro�le for distinct sti¤ness parameter E2
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(a)

(b)

Figs: 3:7(a; b), Velocity pro�le for distinct damping force E3:
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(a)

(b) (c)

Figs: 3:8(a; b; c), Streamlines for Gold nanoparticle for (a) Gr = 3:8; (b) Gr = 4:2; (c)

Gr = 4:4.
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(b) (c)

Figs: 3:9(a; b; c), Streamlines for Gold nanoparticle for (a)  = 0:1; (b)  = 0:15; (c)  = 0:2.
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(a)

(b) (c)

Figs: 3:10(a; b; c), Streamlines for Gold nanoparticles for (a) � = 0:05; (b) � = 0:07; (c)

� = 0:1.
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(a)

(b) (c)

Figs: 3:11(a; b; c), Streamlines for Gold nanoparticles for (a) E1 = 0:01; (b) E1 = 0:05; (c)

E1 = 0:1.
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(a)

(b) (c)

Figs: 3:12(a; b; c), Streamlines for Gold nanoparticles for (a) E2 = 0:1; (b) E2 = 0:15; (c)

E2 = 0:2.
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(a)

(b) (c)

Figs: 3:13(a; b; c), Streamlines for Gold nanoparticles for (a) E3 = 0:4; (b) E3 = 0:6; (c)

E3 = 0:8.
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Table: (3:1), Temperature pro�le for variant source parameters with curvature � = 0:

Table: (3:2), Temperature pro�le for variant source parameters with curvature � = 0:5:

3.4 Conclusions

This study investigates Au-nanoparticles in an elastic curved tube with endoscope.Perturbation

method is utilized to get the analytical solution.On the basis of graphical results, some obser-

vations are made which are given below

� Non-curvature tube experiences low velocity as compared to curved tube.

� Axial velocity pro�le is observed to be higher for greater Grasho¤�s number.

� Large damping force parameter E3 results in lower velocity �eld.

� An increase in source parameter results in higher temperature.
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� Trapped bolus grow bigger with larger E1 and E2 and reduces for larger E3:
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Chapter 4

Endoscopic analysis of wave

propagation with Ag-nanoparticles

in curved tube having permeable

walls

The purpose of present chapter is to summarize the e¤ects of di¤erent shaped Ag-nanoparticles

on peristaltic �ow through a curved tube having permeable walls.The di¤erent shaped Ag-

nanoparticles are cylinders,bricks and platelets.To study the behaviour of these Ag-nanoparticles

mathematically, system of toroidal coordinate for viscous �uid is utilized. Furthermore, the

analysis is carried out under the assumptions of low Reynolds number and long wavelength

approximation. The method of Perturbation approximation is utilized to simplify the problem

and get the results for pressure gradient, pressure rise, axial velocity and stream functions. The

e¤ects of several parameters have been discussed graphically. We percieve from present analysis

that the temperature pro�le exhibits a decline for larger shape factor of Ag-nanoparticles. Also

the trapped bolus is observed to have larger size for bigger shape factor.
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4.1 Formulation of the problem

We are interested to examine the peristaltic transport of incompressible, laminar and viscous

nano�uid in the region between two curved annular tubes. A sinusoidal wave of speed c travels

along the walls of outer tube with wave amplitude b and wavelength �: Inner tube is considered

to be rigid and have constant temperature To while outer tube maintains temperature T1. The

mathematical formulation model for curved tube is, an in�exible circular tube of radius a2

wrapped as a circle of radius k and endoscope in the form of coaxial tube with radius a1. In

view of the fact that tube is curved, the curvature parameter is also taken into account. Gold

nanoparticles with shape factors brick, cylinder and platelet are considered along with blood.

Mathematically, two wall surfaces can be given as

�R1 = a1;

�R2 = a2 + b sin

�
2�

�
(Z � ct)

�
; (4.1)

Fig.4.1. Geometry of problem
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Fig. 4.1 reveals that the system of toroidal coordinates (r; �; ') is utilized to investigate the

�ow �eld in the mentioned geometry. Flow geometry is considered to lie in a plane so torsion

impact is ignored. C is representing centre of the cross section of the tube that is making an

angle ' with the �xed axial plane and (r; �) is representing polar coordinates of an arbitrary

point P in the cross section. Radius of the curvature of this curved tube is given as OC = k

while axial coordinate is de�ned as z = k'.

The continuity equation for incompressible �uid in the toroidal coordinates is given below

@ �U

@ �R
+
�U
�R
+
1
�R

@ �V

@��
+
�U cos �� � �V sin ��

k + �R cos ��
+

k

k + �R cos ��

@ �W

@ �Z
= 0: (4.2)

The �R , �� and �Z components of momentum equation using toroidal coordinate are given as

�nf

�
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@�t
+ �U
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+
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�R
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@��
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�
�V 2
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�
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�
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1
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@��
2
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(k + �R cos ��)2
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� 2
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cos ��
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�V sin ��
�R

� sin
��
�R
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@��
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+

2k sin ��
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@ �Z
� cos ��
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(4.3)
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Energy equation in the presence of heat generation for a nano�uid is given as,

(�cp)nf
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�
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For the �xed frame, the boundary conditions are given as

�W = 0; �T = �T0; at �R = �R1 = a1;

�W = �WB; �T = �T1; at �R = �R2 = b sin

�
2�

�

�
�Z � ct

��
+ a2; (4.7)

here �WB is the slip velocity at �R2 as suggested in [29]

� rz = ��1( �WB �Q); (4.8)

where Q is the Darcy�s velocity given by

Q = � ��

�nf
(r �P � (��)nfg( �T � �T1); (4.9)

where �� is the permeability constant.
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For the stated nano�uid model, the nano�uid viscosity �nf ; speci�c heat and density are

de�ned as mentioned in [5]

�nf =
�f

(1� ')2:5 ; (�cp)nf = '(�cp)s + (1� ') (�cp)f ; �nf =
Knf

(�Cp)nf
;

(��)nf = '(��)s + (1� ') (��)f ; �nf = '�s + (1� ') �f : (4.10)

The expression for thermal heat conductivity of nano�uids is expressed as

Knf

Kf
=
(n� 1)kf + ks � (n� 1)(kf � ks)'

ks + (n� 1)kf + '(kf � ks)
: (4.11)

Here n signify shape factor of nanoparticles given by 3= ; where  represents sphericity of

the particle and is determined by the formation of nanoparticle. For cylindrical nanoparticle

n = 6 or  = 1=2 while for spherical nanoparticle  = 1 or n = 6: Here, in this investigation

we have taken n = 6 i.e. considered spherical shape.

Since the active velocity component is axial velocity so we assume the velocity vector in the

form (0; 0; �W ). The written below transformation is used to shift from ( �R; �Z; �t) �xed frame to

(�r; �z) wave frame,

�z = �Z � c�t; �p(�z; �r) = �P ( �Z; �R; �t); �r = �R; �w = �W � c; �u = �U: (4.12)

Bring out the following dimensionless quantities
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r

@ 

@z
: (4.13)

In these expressions, p is representing the pressure, Gr represents the Grashrof number, ~� is
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dimensionless temperature,Re is Reynolds number, is dimensionless heat source parameter, �

is curvature parameter, d is the darcy number and � represent wave number. After employing

the lubrication approach, Eqs. (4:2)� (4:6) take the form:

@p

@r
= 0; (4.14)
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= 0; (4.15)
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@~�
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+
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r2
@2w

@�2
+ 

Kf

Knf
= 0: (4.17)

In wave frame, the suitable boundary conditions are de�ned as

~� = 1; w = �1; at r = r1 = �;

~� = 0; w = wB � 1; at r = r2 = 1 + " sin(2�z); (4.18)

Dimensionless volume �ow rate is given as

q = F +
1

2
� �2

2
+
"2

4
; (4.19)

F =

Z r2

r1

rwdr: (4.20)
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4.2 Solution of the problem

In order to get the expression for velocity and temperature according to the given boundary

condition,we consider the following forms

~�(r(z; t); �) = ~�0(r) + � cos(�)~�1(r) + :::

w(r(z; t); �) = w0(r) + � cos(�)w1(r) + ::: (4.21)

Substituting Eq. (4:21) into Eqs. (4:16) to (4:18) and equating like powers of � cos(�); we obtain

the following systems and their solutions

4.2.1 Zeroth order system and solution
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Knf
= 0; (4.22)
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; (4.23)

~�0(r1) = 1; w0(r1) = �1; (4.24)

~�0(r2) = 0; w0(r2) = wB � 1: (4.25)

The exact solution at this order is given as

~�0(r) = C1 ln r + C2 �

Kf

Knf

4
r2; (4.26)
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4.2.2 First order system and solution
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~�1(r1) = 0; w1(r1) = 0; (4.30)

~�1(r2) = 0; w1(r2) = wB; (4.31)

Solution is obtained by substituting Eqs. (4:26� 4:27) into Eqs. (4:28� 4:29) as follow
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here all the C�s are constants and de�ned in appendix at the end of this chapter.

The pressure gradient is de�ned as

dp

dz
=
F � t1
t2

: (4.34)

where t1and t2 are calculated by Mathematica.
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4.3 Results and discussion

This section represents the discussion for the graphical results of velocity, pressure gradient,

pressure rise and streamlines. These graphs are obtained by restricting the included parameters

such as Gr = 2�4;  =; d =; � = : Axial velocity w demonstrates parabolic behavior against all

the involved parameters in the region between tube having sinusoidal curve and endoscope. Figs

4:2 (a) and (b) depict the impact of Grasho¤�s number on velocity pro�le while keeping other

parameters �xed. Shape factor of bricks for Ag nanoparticles are considered and it is evident

from the �gure that axial velocity shows increasing attitude in the region [0:1�0:66] for growing

Grasho¤�s number but opposite trend is noticed in region [0:66 � 1]. Three dimensional axial

velocity pro�le can be seen in Fig 4:2 b for brick Ag nanoparticles for the variation of Grasho¤;�s

number. Figs 4:3(a; b) indicate how the velocity pro�le behaves for cylindrical Ag nanoparticles

for varying Grasho¤�s number. It is viewed that velocity elevates in region [0:1 � 0:66] and

diminishes in region [0:66� 1]. Fig 4:3 (b) gives the 3 dimensional view of variation of velocity

pro�le for cylindrical nanoparticles with modifying Gr . Similar trend is seen for both brick

and cylindrical nanoparticles. Impact of platelet nanoparticles with di¤erent Gr on velocity

pro�le is captured in Figs 4:4 (a) and (b) for both 2 and 3 dimensional �ow. Variation is

noticed to be alike as that of brick and cylindrical nanoparticles. In�uence of heat source(sink)

parameter  on axial velocity pro�le for shape factor of bricks for Ag nanoparticles can be

seen in Figs 4:5 (a) and (b) for 2D and 3D respectively. Velocity pro�le shows a decrease in

magnitude for increasing . Figs 4:6 (a) and (b) are plotted to exhibit the trends followed

by velocity pro�le for cylindrical Ag particles. Identical behavior is observed for cylindrical

and brick nanoparticles i.e. velocity pro�le shows a decline in its magnitude both for bricks

and cylinders. Fig 4:6 (b) portraits the 3D velocity for cylindrical Ag nanoparticles. Platelet

nanoparticles with varying  are plotted in Figs 4:7 (a) and (b) for both 2 and 3 dimensions

respectively. Bricks, cylinders and platelets are observed to give the same trend. Velocity is

also in�uenced by amplitude ratio '. Figs 4:8(a; b) describe the behavior of velocity pro�le for

di¤erent ' with brick Ag nanoparticles. It is seen that velocity decreases in the region [0:1; 0:62]

and increases in the region [0:62; 1] by increasing ': An increase is noticed as we move from inner

tube to the center of the region enclosed by the two tubes which is depicted in Figs 4:9(a; b) for

cylindrical Ag nanoparticles giving both 2D and 3D velocity graphs with increasing amplitude
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ratio. Platelets nanoparticles show the same behavior for amplitude ratio as that of cylindrical

and brick nanoparticles and this behavior is captured in Figs 4:10(a; b). Variation of Darcy�s

number d e¤ecting the velocity pro�le can be seen in Figs 4:11(a; b). Initially velocity increases

for increasing d but as we move towards the porous tube, velocity decreases for elevating d. In

region [0:1; 0:74] velocity experiences a rise and then a decline is noticed in region [0:74; 1]. Figs

4:11(a; b) is 2 and 3-dimensional graph plotted to describe velocity pro�le for shape factor of

brick Ag nanoparticles. Figs 4:12(a; b) portrays 2D and 3D view of axial velocity for cylindrical

nanoparticles. Velocity boosts as we move from endoscope to central region i.e.0:1 < r < 0:74

and a decline is noticed in the region 0:74 < r < 1. Figs 4:13(a; b) give the e¤ects of platelet

Ag nanoparticles for di¤erent values of darcy�s number and they behave likely as bricks and

cylinders.

Figs (4:14 � 4:17) are sketched to describe the change in pressure gradient for di¤erent

Gr; ; ' and d. Figs 4:14(a; b; c) depicts the behavior of pressure gradient e¤ected by Grasho¤�s

number Gr: It the observed that the growth of buoyancy forces results in decrease of pres-

sure gradient. Shape factor of bricks, cylinders and platelets for Ag nanoparticle all give the

same behavior. Figs 4:15(a; b; c) describes the behavior of dp=dz against z for variational heat

source(sink) parameter : The amplitude of pressure is noticed to decrease as  gets higher val-

ues with shape factors of bricks,cylinders and platelets. The variational change in pressure gra-

dient due to amplitude ratio ' with bricks, cylinders and platelets in shown in Figs 4:16(a; b; c)

respectively. Pressure gradient is noticed to decrease in region [�1;�0:5] and [0; 0:5] and in-

crease is observed in region [�0:5; 0] and [0:5; 1] for elevating amplitude ratio ': Figs 4:17(a; b; c)

is plotted to give the in�uence of darcy�s number d on dp=dz by taking bricks, cylinders and

platelets. An increase in darcy number d give rise to amplitude of pressure gradient.

To explain the pumping properties, it is crucial to know pressure rise per wavelength.

Thus Figs (4:18� 4:20) are plotted to depict the pressure rise for varying di¤erent parameters

such as Grasho¤�s number Gr, heat source parameter ; amplitude ratio and darcy�s number

d. With expansion in �ow rate,on common observation from these �gures, pressure rise per

wavelength decreases. Figs 4:19(a; b; c) is used to analyze the behavior of pressure rise for

di¤erent values of Gr: It is observed that pressure rise experiences a decline with elevating Gr

through annulus. This trend is followed in both retrograde pumping region(q < 0;�p > 0) and
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augmented pumping region (q > 0;�p < 0): Also shape factor of bricks, cylinders and platelet

Ag nanoparticle behave likely i.e. pressure rise drops for all these nanoparticles with increase in

Gr: Figs 4:20(a; b; c) is plotted to the e¤ects of heat source (sink) parameter  on �p: It can be

seen from �g that �p decreases in retrograde pumping region as well as in augmented pumping

region when  has been increased. The impact of brick, cylinder and platelet nanoparticles is

similar for �p for di¤erent :Figs 4:21(a; b; c) give the e¤ects of amplitude ratio ' over �p: As

the value of parameter increases, �p decreases in retrograde and augmented pumping region.

This behavior is seen for brick, cylinder and platelet Ag nanoparticles.

An engrossing phenomena of trapping for peristaltic �ow with an endoscope is described in

Figs (4:21�4:33). Ag nanoparticles with di¤erent shape factors are taken into consideration for

this discussion. pattern of �ow in the region enclosed by catheter and curved tube is studied by

plotting streamlines. Random behavior of enclosed bolus is seen for variation of Gr along with

closed streamlines and is portrayed in Figs 4:21. From Fig it is seen that the number of trapped

bolus decreases when Gr shifts from 2 to 3 and size is also observed to decrease as Gr further

changes from 3 to 4. From Figs 4:21 � 4:23 it is evident that the change in bolus appearance

is concordant for all di¤erent shape factors considered. E¤ects of  over trapping phenomena

is studied in Fig 4:24. It is witnessed that as  changes from 0:1 to 0:5, number of trapped

bolus decreases and the size also recedes as  jumps to 0:9 from 0:5. Di¤erent shape factors

considered give the harmonious behavior for variation of  and this argument is supported by

Figs 4:24 � 4:26. Fig 4:27 is used to show the impact of ' over trapping phenomena. As ' is

increased from 0:03 to 0:05, number of bolus increases and on further increasing ' from 0:05 to

0:07 a decrease in number of bolus is seen. Brick, cylinder and platelet Ag Nanoparticles give

the same trend which can be veri�ed with the help of Figs 4:27 � 4:29. Decrease in size of

bolus in more noticeable in cylinder and platelet particles as compared to brick nanoparticles.

Variation of darcy�s number is studied in Figs 4:30 � 4:32. Initially, number of trapped bolus

increases for increasing darcy�s number then their size also increases with similar trend of darcy�s

number. Visual study has revealed that all the considered shape factors of nanoparticles have

shown likely behavior. Fig 4:33 is used to compare the e¤ects of di¤erent shape factors of

nanoparticles used. Temperature pro�le for curved channel with permeable walls having shape

factor m is presented in Table 4:1. It is witnessed that for greater value of shape factor i.e.
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for larger m the temperature of the base �uid decreases. Also it is interesting to see that the

variation in curvature e¤ects the temperature pro�le. With larger curvature parameter � low

temperature is noticed as can be seen in Table 4:2.
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Figs: 4:2(a; b), velocity pro�le for distinct values of Grashro¤ number Gr with shape factor
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G r 2,3,4

0.2 0.4 0.6 0.8 1.0
4

2

0

2

4

r

w

(a)

(b)

Figs: 4:3(a; b), velocity pro�le for distinct values of Grashro¤ number Gr with shape factor

of cylinders
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Figs: 4:4(a; b), velocity pro�le for distinct values of Grashro¤ number Gr with shape factor

of platelets
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Figs: 4:5(a; b), velocity pro�le for distinct values of heat source(sink)  with shape factor

of bricks
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Figs: 4:6(a; b), velocity pro�le for distinct values of heat source(sink)  with shape factor

of cylinders
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Figs: 4:7(a; b), velocity pro�le for distinct values of heat source(sink)  with shape factor

of platelets
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Figs: 4:8(a; b), velocity pro�le for distinct values of amplitude ratio ' with shape factor of

bricks
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Figs: 4:9(a; b), velocity pro�le for distinct values of amplitude ratio ' with shape factor of

cylinders
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Figs: 4:10(a; b), velocity pro�le for distinct values of amplitude ratio ' with shape factor of

platelets
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Figs: 4:11(a; b), velocity pro�le for distinct values of darcy�s number d with shape factor of

bricks
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Figs: 4:12(a; b), velocity pro�le for distinct values of darcy�s number d with shape factor of

cylinders
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Figs: 4:13(a; b), velocity pro�le for distinct values of darcy�s number d with shape factor of

platelets
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Figs: 4:14(a; b; c), Pressure gradient for di¤erent values of Grashro¤ number Gr for (a) bricks

(b) cylinders (c) platelets.
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Figs: 4:15(a; b), Pressure gradient for di¤erent values of heat source(sink) parameter  for (a)

bricks (b) cylinders (c) platelets.
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Figs: 4:16(a; b; c), Pressure gradient for di¤erent values of amplitude ratio ' for (a) bricks (b)

cylinders (c) platelets.

99



d=0.009,0.0095,0.01

1.0 0.5 0.0 0.5 1.0
300

250

200

150

100

50

0

z

dp dz

(a)

d=0.009,0.0095,0.01

1.0 0.5 0.0 0.5 1.0
300

250

200

150

100

50

0

z

dp dz

(b)

d=0.009,0.0095,0.0

11.0 0.5 0.0 0.5 1.0
300

250

200

150

100

50

0

z

dp dz

(c)

Figs: 4:17(a; b; c), Pressure gradient for di¤erent values of darcy�s number d for (a) bricks (b)

cylinders (c) platelets.
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Figs: 4:18(a; b; c), Pressure rise for di¤erent values of Grashro¤ number Gr for (a) bricks (b)

cylinders (c) platelets.
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Figs: 4:19(a; b; c), Pressure rise for di¤erent values of heat source (sink) parameter  for (a)

bricks (b) cylinders (c) platelets.
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Figs: 4:20(a; b; c), Pressure rise for distinct values of amplitude ratio ' for (a) bricks (b)

cylinders (c) platelets.
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(a)

(b) (c)

Figs:4:21(a; b; c), Streamlines for Gold nanoparticle with shape factor of bricks for Grasho¤�s

number (a) Gr = 2; (b) Gr = 3; (c) Gr = 4.
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(a)

(b) (c)

Figs:4:22(a; b; c), Streamlines for Gold nanoparticle with shape factor of cylinders for distinct

values of (a) Gr = 2; (b) Gr = 3; (c) Gr = 4.
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(a)

(b) (c)

Figs:4:23(a; b; c), Streamlines for Gold nanoparticle with shape factor of platelets for distinct

values of (a) Gr = 2; (b) Gr = 3; (c) Gr = 4.
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(a)

(b) (b)

Figs:4:24(a; b; c), Streamlines for Gold nanoparticle with shape factor of bricks for distinct

values of (a)  = 0:1; (b)  = 0:5; (c)  = 0:9.
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(a)

(b) (c)

Figs:4:25(a; b; c), Streamlines for Gold nanoparticle with shape factor of cylinders for distinct

values of (a)  = 0:1; (b)  = 0:5; (c)  = 0:9.
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(a)

(b) (c)

Figs: 4:26(a; b; c), Streamlines for Gold nanoparticle with shape factor of platelets for distinct

values of (a)  = 0:1; (b)  = 0:5; (c)  = 0:9.
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(a)

(b) (c)

Figs: 4:27(a; b; c), Streamlines for Gold nanoparticle with shape factor of bricks for distinct

values of (a) � = 0:03; (b) � = 0:05; (c) � = 0:07.
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(a)

(b) (c)

Figs: 4:28(a; b; c), Streamlines for Gold nanoparticle with shape factor of cylinders for distinct

values of (a) � = 0:03; (b) � = 0:05; (c) � = 0:07.
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(a)

(b) (c)

Figs: 4:29(a; b; c), Streamlines for Gold nanoparticle with shape factor of platelets for distinct

values of (a) � = 0:03; (b) � = 0:05; (c) � = 0:07.

112



(a)

(b) (c)

Figs: 4:30(a; b; c), Streamlines for Gold nanoparticle with shape factor of bricks for distinct

values of (a) d = 0:008; (b) d = 0:009; (c) d = 0:01.
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(a)

(b) (c)

Figs: 4:31(a; b; c), Streamlines for Gold nanoparticle with shape factor of cylinders for distinct

values of (a) d = 0:008; (b) d = 0:009; (c) d = 0:01.
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(a)

(b) (c)

Figs: 4:32(a; b; c), Streamlines for Gold nanoparticle with shape factor of platelets for distinct

values of (a) d = 0:008; (b) d = 0:009; (c) d = 0:01.
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(a)

(b) (c)

Figs: 4:33(a; b; c), Streamlines for Gold nanoparticle with shape factor of (a) Bricks

(m = 3:7); (b) Cylinders (m = 4:9); (c) Platelets (m = 5:7).
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Table. 4.1, Variation of temperature pro�le for di¤erent shape factor m with curvature

� = 0:1:

Table. 4.2, Variation of temperature pro�le for di¤erent shape factor m with curvature

� = 0:5:

4.4 Conclusions

A detailed mathematical analysis has been done for impact of Ag nanoparticles on the peristaltic

�ow through a curved tube with an endoscope inserted in it. Some observations of the present

study made on the basis of graphical results are highlighted below

� Temperature pro�le of the nano�uid decreases with the increase in shape factor m of

nanoparticles.

� With an increment in curvature parameter, temperature of nano�uid recedes.
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� Pressure gradient exhibits higher results with larger Darcy�s number.

� Axial velocity elevates as we move from endoscope to the center of annular region.

� For greater Grasho¤�s number Gr and Darcy�s number d, axial velocity is larger.

� The inner bolus grows larger with increasing Darcy�s number.

� The trapping phenomena reveals that the size of inner bolus appears larger for Platelet

nanoparticles as compared to Brick and Cylinder nanoparticles.
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Chapter 5

Physiological study of nano�uid �ow

for Hamilton and Crosser model

with variable viscosity

Nano�uids are classi�ed as a class of �uids that enhance the thermal conductivity and serve as

a modern drug delivery technique. The main objective of this chapter is to present the e¤ects

of variable viscosity on peristaltic �ow of Au-nanoparticles. The geometry under consideration

is a curved tube with an endoscope inserted into it. The constructed mathematical di¤erential

system is solved by perturbation method. The comparison between curvature and non-curvature

tube over velocity, pressure gradient and pressure rise are visualized through graphs. For

better comprehension of �ow and heat characteristics, streamlines for �ow and contour map

for temperature are plotted. We perceive from the present analysis that non-curvature tube

exhibits larger velocity, pressure gradient and pressure rise in the presence of nanoparticles.

5.1 Mathematical formulation

We are interested to examine the peristaltic transport of incompressible, laminar and viscous

nano�uid in the region between two curved annular tubes. A sinusoidal type wave with speed

c travels down the outer wall of tube with wave amplitude b and wavelength �: Inner tube is

considered to be rigid and have constant temperature To while outer tube maintains temperature
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T1. The mathematical formulation model for curved tube is, an in�exible circular tube of radius

a2 wrapped as a circle having radius k and endoscope in the form of coaxial tube of radius a1.

Due to the curviness of tube, curvature parameter is also taken into account. Gold nanoparticles

with shape factor of spheres are considered along with blood.

Mathematically, two wall surfaces can be written as

�R1 = a1;

�R2 = a2 + b sin

�
2�

�
(Z � ct)

�
: (5.1)

For incompressible �uid, continuity equation is given as
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The components of momentum equation for variable viscosity using toroidal coordinate are

given as
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Energy equation with heat generation for nano�uid is given as
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For the �xed frame, the boundary condition is given as

�W = 0; �T = �T0; at �R = �R1 = a1;

�W = 0; �T = �T1; at �R = �R2 = a2 + b sin

�
2�

�

�
�Z � ct

��
; (5.7)

where �T1 and �T0 are representing the temperature of the outer and inner tube as suggested

in [29]

For this present nano�uid model, �nf is the variable nano�uid viscosity and the variation

of viscosity from Brinkman [33] and Srivastava et al. [34] is as follows

��nf =
�f ( �R)

(1� ')2:5 ; (5.8)

where �f is the base �uid viscosity. Also viscosity of the base �uid is assorted according to

the following relation

�f ( �R) = �oe
�� �R =

�o
1 + � �R

: (5.9)

Here �o is the blood viscosity and � is representing variable viscosity parameter (� << 1).

From Eqs. (5:8), (5:9) the e¤ective viscosity of the nano�uid is given as

��nf =
�o

(1� ')2:5
�
1 + � �R

� ; (5.10)

It is evident from the equation discussed above that for � = 0; Brinkman�s viscosity model

(i.e., the e¤ective viscosity independent of �R) is going to be retrieved. Also for ' = 0; we can

get �uid viscosity independent of the nanoparticles.

For this stated nano�uid model; speci�c heat, density and the nano�uid viscosity �nf are

de�ned as

(�cp)nf = '(�cp)s + (�cp)f (1� ') ; �nf =
Knf

(�Cp)nf
;

(��)nf = '(��)s + (1� ') (��)f ; �nf = '�s + (1� ') �f : (5.11)
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Hamilton and Crosser [36] gave the most frequent utilized thermal conductivity equation

(11) for the mixtures of micrometer size particles, it is believed that this equation can be used

for the nano�uids.

Knf

Kf
=
(n� 1)kf + ks � (n� 1)(kf � ks)'

ks + (n� 1)kf + '(kf � ks)
: (5.12)

In the above stated equation, n is used to represent the shape factor and for spherical

nanoparticles n = 3. This relation accurately speculates the thermal conductivity of nano�uids

as shown by Zhang et al. [35].

As axial velocity is e¢ cacious velocity component, so we assume the velocity of the form

(0; 0; �W ). Further we used following transformation to shift from �xed frame ( �R; �Z; �t) to wave

frame (�r; �z),

�z = �Z � c�t; �r = �R; �w = �W � c; �u = �U; �p(�z; �r) = �P ( �Z; �R; �t); (5.13)

here �u, �w and �p are velocity components and pressure in wave frame respectively.

Following are the dimensionless quantities

w =
�w

c
; r =

�r

a2
; u =

��u

a2c
; z =

�z

�
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�r2
a2
= 1 + " sin(2�z);

" =
b

a2
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c�t

�
; ~� =

T � T1
T0 � T1

; �� = �; Gr =
a22(T1 � T0)�f�fg(1� ')2:5

c�o
;

� =
a2
k
; r1 =

�r1
a2
= �;  =

a22Q0
(T1 � T0)kf

; Re =
a2c�f
�f

; � =
a2
�
;

p =
a22�p

c��f
; d =

��

a22
: (5.14)

After employing the approximations, Eqs. (5:2)� (5:6) are written as

@p

@r
= 0; (5.15)

@p

@�
= 0; (5.16)
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@2~�

@r2
+
1

r

@~�

@r
+

� cos �

1 + �r cos �

@~�

@r
+
1

r2
@2w

@�2
+ 

Kf

Knf
= 0: (5.18)

In wave frame, the boundary conditions take the form

w = �1; ~� = 1; at r = r1 = �;

w = �1; ~� = 0; at r = r2 = 1 + " sin(2�z): (5.19)

The volume �ow rate in the dimensionless form is given as

q = F +
1

2
� �2

2
+
"2

4
; (5.20)

F =

Z r2

r1

rwdr: (5.21)

5.2 Solution of the problem

In order to get the expression for velocity and temperature according to the given boundary

condition, we consider the following

~�(r(z; t); �) = ~�0(r) + � cos(�)~�1(r) + :::

w(r(z; t); �) = w0(r) + � cos(�)w1(r) + ::: (5.22)
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Using Eq. (5:21) into Eqs. (5:16) to (5:18) and equating like powers of � cos(�); we obtain the

written below systems

5.2.1 Zeroth order system

@2~�0
@r2

+
1

r

@~�0
@r

+ 
Kf

Knf
= 0; (5.23)

(1� �r) @
2w0
@r2

+

�
1

r
� 2�

�
@w0
@r

+Gr
(��)nf
(��)f

�o
(1� ')2:5

~�0 =
�o

(1� ')2:5
dp

dz
; (5.24)

~�0(r1) = 1; w0(r1) = �1;

~�0(r2) = 0; w0(r2) = �1: (5.25)

5.2.2 First order system

@2~�1
@r2

+
1

r

@~�1
@r

�
~�1
r2
+ r

Kf

Knf
+ r

@2~�0
@r2

+ 2
@~�0
@r

= 0 ; (5.26)

(1� �r) @
2w1
@r2

+
(1� �r)

r

@w1
@r

� (1� �r)
r2

w1 + r (1� �r)
@2w0
@r2

+2 (1� �r) @w0
@r

+ �w0 +Gr
(��)nf
(��)f

�o
(1� ')2:5 (r

~�0 + ~�1) = 0; (5.27)

~�1(r1) = 0; w1(r1) = 0;

~�1(r2) = 0; w1(r2) = 0: (5.28)

Solution of equation (5:23) and (5:26) is obtained as [37] and Eqs. (24; 27) are solved with

the help of inbuilt program of Mathematica.

Pressure gradient is de�ned as

dp

dz
=
F � t1
t2

; (5.29)

where t1and t2 can be easily calculated through Mathematica.
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5.3 Results and discussion

Individual e¤ects of Grasho¤�s number, heat source parameter, amplitude ratio and variable

viscosity on the dimensionless velocity, pressure gradient and pressure rise are illustrated in

Figs 5:1� 5:12. Furthermore, streamlines for these parameters are depicted in Figs 5:13� 5:16

and thermal graphs are also portrayed in Figs 5:17� 5:18.

The e¤ects of Grasho¤�s number Gr on dimensionless velocity w are presented in Fig 5:1

for nano�uid. It is important to note that an increase in Grasho¤�s number represents an

increase in nano�uid velocity. From Fig 5:2, we observed that as heat source/sink parameter 

increases, the velocity starts to become shallow. Physically, this is due to the increase in the

temperature. Fig 5:3 depicts the e¤ects of amplitude ratio on velocity pro�le. It is found that a

higher amplitude ratio ', results in higher velocity i.e. with large amplitude of propagated wave

the resultant velocity is higher. Fig 5:4 is pictorial representation of e¤ects of variable viscosity

� for dimensionless velocity. As the values of this parameter increases, velocity in response

ascends. Moreover, in the absence of curvature parameter that is for non-curvature tube, the

dimensionless velocity pro�le is higher as compared to velocity of nano�uid in curvature tube.

Thus one can conclude that , in the curved tube velocity is observed to be lower or the cravenness

results in a decrease of velocity. Apart from the attitude of velocity curve all the parameters

have identical behavior both in the presence and absence of curvature parameter.

Figs 5:5� 5:8 are sketched to illustrate the change in pressure gradient for parameters such

as Gr; ; ' and �: A sinusoidal curve is observed for pressure gradient and this is due to the

fact that wave propagated along the walls is sinusoidal, thus the curve for pressure gradient

behaves likewise. Fig 5:5 depicts the behavior of pressure gradient due to the variation of

Grasho¤�s number Gr: It is observed that the growth of buoyancy forces results in increase

of pressure gradient. For both the situations, curved and non-curved tube, similar trend is

witnessed whereas curve amplitude of dp=dz for non-curvature tube is higher in comparison to

amplitude of curved tube. Fig 5:6 is used for the graphical representation of heat source/sink

parameter  on pressure gradient. It is clear from the �gure that with a rise in this parameter,

a decrease in dp=dz is happening. Variational change in pressure gradient due to amplitude

ratio ' are shown in Fig 5:7: Here as we elevate the values of this parameter, pressure gradient

appears to have a increasing trend in the narrow part of tube while opposite behavior near
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the wider part of tube is seen. Fig 5:8 is plotted to give the in�uence of variable viscosity on

dp=dz: An increase in � give rise to the amplitude of pressure gradient. Non-curvature tube

have higher pressure gradient than curvature tube.

To explain the pumping properties it is important to know pressure rise per wavelength.

Thus Figs 5:9 � 5:12 are plotted to give the pressure rise for varying di¤erent parameters

such as Grasho¤�s number Gr; source parameter ; amplitude ratio ' and variable viscosity

�:With expansion in �ow rate,a similar observation from these �gures is that pressure rise

per wavelength declines. Fig 5:9 is depicted to study the behavior of pressure rise for various

values of Gr: Pressure rise elevates with a rise in Gr in the retrograde pumping region whereas it

declines in the augmented region. E¤ects of heat source parameter are plotted in Fig 5:10. With

the increase in this parameter, �p drops for retrograde pumping region and rise in augmented

pumping region. Fig 5:11 is giving the pictorial presentation of pressure rise for variation of

amplitude ratio ': Initially an increase in observed for growing values of ' but, in augmented

pumping region opposite trend is seen. Variation of variable viscosity for �p is plotted in

Fig 5:12 and we witness elevating behavior in retrograde region and a decline is captured in

augmented pumping region.

An engrossing phenomena of trapping for peristaltic �ow with an endoscope is described in

Figs (5:13 � 5:16). Au nanoparticles are taken into consideration for this discussion. Pattern

of �ow in the region enclosed by catheter and curved tube is studied by plotting streamlines.

Increase in number of enclosed bolus is observed for variation ofGr along with closed streamlines

and is portrayed in Figs 5:13. From �gure it is seen that the quantity of trapped bolus increases

when Gr shifts from 1:5 to 1:75 and size is also observed to increase as Gr further changes from

1:75 to 2. E¤ects of  over trapping phenomena is studied in Fig 5:14. It is witnessed that as

 changes from 0:1 to 0:5, magnitude of trapped bolus decreases and than increases as  jumps

to 0:9 from 0:5. Fig 5:15 is used to show the impact of ' over trapping phenomena. As ' is

increased from 0:11 to 0:12, number of bolus increases and on further increasing ' from 0:12 to

0:13 same trend is witnessed. Variation of variable viscosity � is studied in Figs 5:16. Initially,

number of trapped bolus increases for increasing � then their size also increases with similar

trend of �.

Figs (5:17�5:18) are responsible for the variation of temperature contour maps for di¤erent
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parameters. In Figs 5:17, we see that as heat source parameter increases, initially the quantity

of trapped bolus reduces and on additional increase of  the size is also seen to recedes. For

the variation of curvature,it is portrayed in Figs 5:18 that �rst the size of bolus increases and

on additional increment of � number of trapped bolus elevates.
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Fig: 5:1, Variation of velocity for distinct Grashro¤ number Gr.
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Fig: 5:2, Variation of velocity for distinct heat source(sink) parameter :
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Fig: 5:3, Variation of velocity for distinct amplitude ratio ':
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Fig: 5:4, Variation of velocity for distinct variable viscosity �:
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Fig: 5:5, Pressure gradient for variation of Grashro¤ number Gr.
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Fig: 5:6, Pressure gradient for variation of heat source(sink) parameter :
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Fig: 5:7, Pressure gradient for variation of amplitude ratio '.
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Fig: 5:8, Pressure gradient for variation of variable viscosity �.
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Fig: 5:9, Pressure rise for di¤erent values of Grashro¤ number Gr.
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Fig: 5:10, Pressure rise for di¤erent values of heat source (sink) parameter .
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Fig: 5:11, Pressure rise for distinct values of amplitude ratio '.
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Fig: 5:12, Pressure rise for distinct values of variable viscosity �.
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Figs: 5:13, Streamlines for Grasho¤�s number (a) Gr = 1:5; (b) Gr = 1:75; (c) Gr = 2.

135



Figs: 5:14, Streamlines for distinct values of heat source (sink) parameter (a)  = 0:1; (b)

 = 0:5; (c)  = 0:9.
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Figs: 5:15, Streamlines for distinct values of amplitude ratio(a) ' = 0:11; (b) ' = 0:12; (c)

' = 0:13.
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Figs: 5:16, Streamlines for distinct values of variable viscosity (a) � = 0:1; (b) � = 0:2; (c)

� = 0:3.
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Figs: 5:17, Temperature contour maps for distinct values of heat source parameter (a)
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 = 0:1; (b)  = 0:2; (c)  = 0:3.

Figs: 5:18, Temperature contour maps for distinct values of curvature parameter (a) � = 0:4;

(b) � = 0:5; (c) � = 0:6.
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5.4 Summary of the work

A detailed mathematical analysis has been done for impact of Au nanoparticles on the peristaltic

�ow through a curved tube with an endoscope inserted in it. Some observations of the present

study made on the basis of graphical results are highlighted below

� With an increment in curvature parameter, velocity of nano�uid recedes.

� Pressure gradient exhibits higher results with larger variable viscosity �.

� Axial velocity elevates as we move from endoscope to the center of annular region.

� For greater Grasho¤�s number Gr and variable viscosity �, axial velocity is larger.

� The inner bolus for streamlines grows larger with increasing variable viscosity parameter.

� Bolus in temperature contour map increases in size with increase in curvature parameter.
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Chapter 6

Impact of hybrid nanoparticles on

peristaltic �ow in curved tube

Hybrid nano�uid is considered to be a new class of nano�uids which is getting famous due

to its thermal properties and possible utilities to further ameliorates the heat transfer rate.

Main objective of this analysis is to represent a comparison between conventional nano�uid

and hybrid nano�uid when �uid is passed through curved tube with an endoscope inserted

in it while �ow behavior is peristaltic. Cu/water nano�uid and Cu � Fe2O4/water hybrid

nano�uid are considered for this problem. Results for pressure gradient,velocity, pressure rise

and streamlines are given graphically. Tables for temperature and heat transfer rate are also

mentioned. Present study concludes that heat transfer rate for hybrid nano�uid is greater in

comparison to nano�uid.

6.1 Formulation of the problem

We are interested to examine the transport of incompressible, laminar and viscous nano�uid in

the region between two curved annular tubes. A sinusoidal type of wave with velocity c travels

down the walls of tube with wave amplitude b and wavelength �: Inner tube is considered to be

in�exible. The mathematical formulation model for curved tube is , an in�exible circular tube

having radius a2 wrapped as circular coil of radius k and endoscope as coaxial tube of radius

a1. Because of the bending of tube, curvature parameter is also taken into account. Copper
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nanoparticles along with iron oxide are taken under consideration

Mathematically, two wall surfaces can be written as

�R1 = a1;

�R2 = b sin

�
2�

�
(Z � ct)

�
+ a2: (6.1)

Toroidal coordinates system (r; �; ') is utilized to investigate the �ow �eld in the geometry

discussed above. Flow geometry is considered to lie in a plane so torsion impact is ignored.

The continuity equation for considered incompressible �uid in the toroidal coordinates is

given as
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+
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+
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1
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@ �Z
= 0: (6.2)

The component form of momentum equation using toroidal coordinate are written as
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; (6.3)
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Energy equation in the occupancy of heat generation for a hybrid nano�uid is written as,

(�cp)hnf
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For the �xed frame, the boundary condition is given as

�W = 0; �T = �T0; at �R = �R1 = a1;

�W = 0; Khnf
@ �T

@ �R
= �B( �T � �T1); at �R = �R2 = a2 + b sin

�
2�

�

�
�Z � ct

��
: (6.7)

As the axial velocity is e¤ective velocity component so we suppose the vector form as

(0; 0; �W ). The written below relation is utilized to switch from ( �R; �Z; �t) �xed frame to wave

frame (r,z),

�z = �Z � c�t; �p(�z; �r) = �P ( �Z; �R; �t); �u = �U; �r = �R; �w = �W � c: (6.8)

Introducing the following dimensionless quantities
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w =
�w

c
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�r
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c�t

�
; u =
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�
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a22�p

c��f
: (6.9)

Mentioned above expressions are representing p as the pressure, Gr as the Grashrof number, ~�

as the temperature, Re is the Reynolds number,  is dimensionless heat source parameter, � is

the curvature parameter and � represent wave number. Employing the lubrication approach,

Eqs. (6:2)� (6:6) are now written as
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= 0; (6.10)
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1
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+ 

Kf

Khnf
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In wave frame, the pertinent boundary conditions are given as

~� = 1; w = �1; at r = r1 = �;

@~�

@r
+Bi

Kf

Khnf

~� = 0; w = �1; at r = r2 = 1 + " sin(2�z); (6.14)

Dimensionless volume �ow rate is given as

q = F +
1

2
� �2

2
+
"2

4
; (6.15)
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where

F =

Z r2

r1

rwdr: (6.16)

6.2 Solution of the problem

In order to get the expression for velocity and temperature according to the given boundary

condition,we consider the following

~�(r(z; t); �) = ~�0(r) + � cos(�)~�1(r) + :::

w(r(z; t); �) = w0(r) + � cos(�)w1(r) + ::: (6.17)

Substituting Eq. (6:17) into Eqs. (6:12) to (6:14) and equating same powers of � cos(�); we

obtain the written below systems and their solutions

6.2.1 Zeroth order system

@2~�0
@r2

+
1

r

@~�0
@r

+ 
Kf

Khnf
= 0; (6.18)
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; (6.19)

~�0(r1) = 1; w0(r1) = �1; (6.20)

(
@~�0
@r

+Bi
Kf

Khnf

~�0) jr=r2= 0; w0(r2) = �1: (6.21)

The exact solution at this order is given as

~�0(r) = C1 ln r + C2 �

Kf

Khnf

4
r2; (6.22)
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4
�hnf
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6.2.2 First order system

@2~�1
@r2

+
1

r

@~�1
@r

�
~�1
r2
+ r

@2~�0
@r2

+ 2
@~�0
@r

+ r
Kf

Khnf
= 0 ; (6.24)

@2w1
@r2

+
1

r

@w1
@r

� w1
r2
+ r

@2w0
@r2

+ 2
@w0
@r

+Gr
(��)hnf
(��)f

�f
�hnf

(r~�0 + ~�1) = 0; (6.25)

~�1(r1) = 0; w1(r1) = 0; (6.26)
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Solution is obtained by using Eqs. (6:22; 6:23) into Eqs. (6:24; 6:25) and is given as follow
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here all the C�s are constants and de�ned in appendix.

The pressure gradient is de�ned as

dp

dz
=
F � t1
t2

; (6.30)
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where t1and t2 are calculated by Mathematica.

The thermophysical properties of stated nano�uid model and hybrid nano�uid are de�ned

as mentioned in [70]

Here n signify shape factor of nanoparticles given by 3= ; where  represents sphericity of

the particle and is determined by the formation of nanoparticle. For cylindrical nanoparticle

n = 6 or  = 1=2 while for spherical nanoparticle  = 1 or n = 6: Here, in this investigation

we have taken n = 6 i.e. considered spherical shape.

Thermophysical properties Fluid Phase(water) Cu Fe2O4

Cp(j=kg)K 4179 385 670

�(kg=m3) 997.1 3970 5180

k(W=mK) 0.613 40 9.7

6.3 Results and discussion

In the present study, parameters that we considered are '2; Bi; Gr; � and '1 = 0:1 is �xed.

The physical situation is modeled in terms of partial di¤erential equation and then perturbation

method is used to solve these equations. Results obtained, are represented through graphs and

tables.

Figures depict the e¤ects of parameters on velocity pro�le, pressure gradient, pressure rise

and streamlines for both hybrid nano�uid and nano�uid. Particularly, Figs 6:1 � 6:5 portray

the behavior of velocity pro�le for the variation of Gr; ; Bi; � and '2 respectively. It is clear

from Fig 6:1 that with a rise in Gr; decrease is observed in the region [0:1 � 0:5] and for the

region [0:5 � 1] an increase is witnessed. It is eminent that velocity for nano�uid is higher in

�rst region as compared to hybrid nano�uid and opposite trend is seen in second region. Fig
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6:2 explains the e¤ect of  on velocity pro�le. Initially with an increase in , velocity pro�le

declines but in the region [0:5 � 1] increase is observed for this parameter. Hybrid nano�uid

velocity is smaller in �rst region while in the second region we see that velocity for hybrid

nano�uid is higher then nano�uid.

In�uence of Biot number on velocity is displayed in Fig 6:3:We can see the similar behavior

for this parameter as we observed for  in both cases of nano�uid and hybrid nano�uid. In�uence

of curvature � is seen in Fig 6:4. As the bending of the tube increases, we see a decline in velocity

near the mid of tube while towards the sides of tube, velocity is higher. Hybrid nano�uid

velocity is greater then nano�uid velocity in �rst half region. Fig 6:5 is giving the visual display

of variation of volume fraction '2: The outcome of this observation is that in the �rst region

velocity decreases as we increase the volume fraction but it increases in second half.

For peristaltic transportation pressure gradient plays a vital role. So Figs 6:6 � 6:10 are

drawn to depict the impact of di¤erent parameters on pressure gradient for hybrid nano�uid

and nano�uid. Increasing Gr results in increase of pressure gradient, also dp=dz for hybrid

nano�uid is higher in comparison to nano�uid and this can be seen in Fig 6:6. Heat source/sink

parameter gives the similar e¤ect as of Grasho¤�s number on pressure gradient i.e. by elevating

 an increase is observed for dp=dz: Fig 8 also shows that pressure gradient for hybrid nano�uid

is larger then nano�uid.

Fig 6:8 is sketched to give the e¤ect of Biot number on dp=dz: With higher Bi ,pressure

gradient is observed to be higher and amplitude for hybrid nano�uid is larger then nano�uid�s

curve. Visual evidence for the �uctuation of curvature parameter is given in Fig 6:9. Larger

curvature results in higher pressure gradient for both hybrid nano�uid and nano�uid, while

dp=dz for hybrid nano�uid remains greater then dp=dz of nano�uid. Fig 6:10 is an observa-

tion for the variation of volume fraction and it illustrates that as we gradually increase the

concentration of Fe2O4 in water, pressure gradient elevates.

Figs 6:11� 6:15 are pictorial representations of pressure rise for both hybrid nano�uid and

nano�uid under the in�uence of several parameters. Describing precisely, Fig 6:11 is e¤ect of Gr

and as it begin to increase we see an increase in pressure rise as well. Fig 6:12 is representing

variation of  and with larger values of , we get greater pressure rise. Fluctuation of Biot

number is sketched in Fig 6:13 and it results in increased pressure rise for larger values. More
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curvature has an increasing e¤ect on �p but opposite behavior is seen towards the end of region

which is clearly visible in Fig 6:14. One more observation for these �gures is that pressure rise

for hybrid nano�uid is greater than �p for nano�uid. Fig 6:15 is also advocating this behaviour

where distinct '2 are taken under consideration.

Streamlines give the �ow pattern and we have drawn these �ow patterns for hybrid nano�uid

in Fig 6:16�6:20: It is noted that for variation of Grasho¤�s number, initially number of trapped

bolus decreases but for further variation we observe an increase in these bolus which is evident

in Fig 6:16: Number and size of trapped bolus has clearly reduced in Fig 6:17 which is the result

of larger heat source parameter. Fig 6:18 is describing that with an increase in volume fraction

'2well distinct bolus are seen and eventually they increase in number as well. Streamlines

for variation of Bi are given in Fig 6:19 and it is witnessed that magnitude and quantity of

trapped bolus are intensi�ed. For greater curvature parameter i.e for a more curved tube we

see a signi�cant increase in number of bolus and is clear in Fig 6:20.

Temperature pro�le for curved channel with Cu=water and Cu�Fe2O4=water is presented

in Table 6:1. It is declared that temperature source parameter contributes positively for temper-

ature pro�le i.e. for larger values of  we get higher temperature. Similar behaviour is testi�ed

for Biot number whereas curvature parameter acts oppositely, for larger curvature we get low

temperature. It is clear from the table that temperature for hybrid nano�uid is higher than

temperature of nano�uid. Also it is interesting to see the variation in concentration e¤ects the

temperature pro�le. Higher concentration of Fe2O4 in base �uid results in higher temperature.

Table 6:2 is bearing the data for heat transfer rate of peristaltic transport in curved tube with

Cu=water and Cu � Fe2O4=water. Heat source parameter and Biot number are responsible

for higher heat transfer rate for both nano�uid and hybrid nano�uid. Curvature parameter has

deteriorating impact on heat transfer rate i.e. with a rise in � it decreases. Greater volume
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fraction '2 results in higher transfer rate.

Fig: 6:1; E¤ects of distinct values of Grashro¤ number Gr on velocity pro�le.

Fig: 6:2; E¤ects of heat source parameter  on velocity pro�le.
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Fig: 6:3; E¤ects of Biot number Bi on velocity pro�le.

Fig: 6:4; E¤ects of curvature parameter � on velocity pro�le.
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Fig: 6:5; E¤ects of nanoparticle volume fraction �2 on velocity pro�le.

Fig: 6:6; Variations of pressure gradient for Gr:
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Fig: 6:7; Variations of pressure gradient for :
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Fig: 6:8; Variations of pressure gradient for Bi.

Fig: 6:9; Variations of pressure gradient for �:

F ig: 6:10; Variations of pressure gradient for �2:
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Fig: 6:11; Distinct Gr for nano�uid and hybrid nano�uid pressure rise.

Fig: 6:12; Distinct  for nano�uid and hybrid nano�uid pressure rise.
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Fig: 6:13; Distinct Bi for nano�uid and hybrid nano�uid pressure rise.

Fig: 6:14; Distinct � for nano�uid and hybrid nano�uid pressure rise.
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Fig: 6:15; Distinct �2 for nano�uid and hybrid nano�uid pressure rise.
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Figs: 6:16 (a; b; c), Streamlines for variation of Gr for hybrid nano�uid.
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Figs: 6:17 (a; b; c), Streamlines for variation of  for hybrid nano�uid.
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Figs: 6:18 (a; b; c), Streamlines for variation of �2 for hybrid nano�uid.
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Figs: 6:19 (a; b; c), Streamlines for variation of Bi for hybrid nano�uid.
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Figs: 6:20 (a; b; c), Streamlines for variation of � for hybrid nano�uid.

Table. (6.1), Variation in temperature pro�le for both nano�uid and hybrid nano�uid.
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Table. (6.2), Variation in heat transfer rate for nano�uid and hybrid nano�uid.

6.4 Conclusions

A detailed mathematical analysis has been done for hybrid nano�uid peristaltic �ow through a

curved tube with an endoscope inserted in it. Some observations of the present study made on

the basis of graphical results are highlighted below

� Axial velocity elevates as we move from endoscope to the center of annular region.

� Pressure gradient exhibits higher results for hybrid nano�uid in comparison to nano�uid.

� Pressure rise shows positive attitude towards volume fraction.

� Higher concentration of Fe2O4 in base �uid results in higher temperature.

� Heat transfer rate is greater for hybrid nano�uid than nano�uid.

� Signi�cant increase in the number of trapped bolus is observed for larger '2.
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6.5 Appendix
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