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Abstract

A primer on the dynamics of ultracold atoms in parabolic optical lat-

tices is presented. The general description of the system is not yet avail-

able. Although quasimomentum representation allows easy estimates of

the eigenstates and energy spectrum, in the tight binding model. Ex-

act behaviour of the eigenstates segregates the system evolution into two

prominent dynamical modes, that are discerned as Bloch and Dipole os-

cillations.

The modes suffers, considerably, due to dephasing induced by unequal

energy spacing of parabolic optical lattice. The corresponding atomic

motions are heavily decohered, which resuscitates after certain periods

due to periodic collapse and revival phenomenon.

It is also observed that the phenomenon of Landau-Zener tunnelling elicits

over Bloch mode beyond single band approximation, which is of a particu-

lar character like never considered before. That is, the tunnelling fraction

oscillates, instead to accelerate, and the wave packet dynamics interlace

between Bloch and Dipole oscillations. The effects are explained from

appropriate phase diagram for easy understandings.

iv



Contents

1 Introduction 1

2 Parabolic Optical Lattice 7

2.1 Optical Lattice . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2.1.1 Interaction Hamiltonian . . . . . . . . . . . . . . . . . . . . . 8

2.1.2 Central Equation and Bloch’s Theorem . . . . . . . . . . . . . 11

2.1.3 The Sinusoid Potential . . . . . . . . . . . . . . . . . . . . . . 12

2.1.4 Wannier States . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.2 Quasi 1D Optical Lattices . . . . . . . . . . . . . . . . . . . . . . . . 15

2.3 Role of Parabolic Confinement . . . . . . . . . . . . . . . . . . . . . . 17

2.4 Tight Binding Description . . . . . . . . . . . . . . . . . . . . . . . . 18

2.4.1 First Band Tunneling Parameter . . . . . . . . . . . . . . . . 19

3 Single Band Approximation 21

3.1 Optical Lattice Ground Band Energy . . . . . . . . . . . . . . . . . . 21

3.2 Tilted Optical Lattice . . . . . . . . . . . . . . . . . . . . . . . . . . 22

3.2.1 Lattice Acceleration . . . . . . . . . . . . . . . . . . . . . . . 23

3.2.2 Bloch Oscillations and Landau-Zener Tunneling . . . . . . . . 24

3.3 Mean Atomic Motion . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

3.4 Effects due to Parabolic Confinement . . . . . . . . . . . . . . . . . . 28

3.4.1 Mean Atomic Momentum . . . . . . . . . . . . . . . . . . . . 30

4 Single Band Tight Binding Dynamics 32

4.1 Tight-Binding Features . . . . . . . . . . . . . . . . . . . . . . . . . . 33

4.1.1 Modified Dispersion Relation . . . . . . . . . . . . . . . . . . 33

4.1.2 Energy Spectrum . . . . . . . . . . . . . . . . . . . . . . . . . 34

iv



CONTENTS v

4.1.3 Eigenstates . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

4.2 Bloch Osillations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

4.3 Dipole Oscillations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

5 Wave Packet Propagation 45

5.1 Beyond Single Band Approximation . . . . . . . . . . . . . . . . . . . 45

5.2 Oscillation Vs. Acceleration . . . . . . . . . . . . . . . . . . . . . . . 48

6 Conclusion 49

Appendix 51

Bibliography 53



List of Figures

2.1 Laser configuration for optical lattice potentials . . . . . . . . . . . . 8

2.2 Emergence of Energy Bands in the presence of optical lattice . . . . . 13

2.3 Eigenstates of 1D optical lattice . . . . . . . . . . . . . . . . . . . . . 14

2.4 Localized Wannier states . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.5 Elongated Lattice Geometries . . . . . . . . . . . . . . . . . . . . . . 16

2.6 1D Parabolic Optical Latice . . . . . . . . . . . . . . . . . . . . . . . 17

3.1 Ultracold atoms in tilted optical lattice . . . . . . . . . . . . . . . . . 23

3.2 Bloch Oscillations in tilted optical lattice . . . . . . . . . . . . . . . . 24

3.3 Band structure illustration of Bloch oscillations and LZ-tunneling . . 25

3.4 Phase space of parabolic optical lattice . . . . . . . . . . . . . . . . . 29

3.5 Single band dynamics of parabolic optical lattice . . . . . . . . . . . . 30

4.1 Energy spectrum of parabolic optical lattice . . . . . . . . . . . . . . 35

4.2 Mathieu Function Eigenstates in conjugate Spaces . . . . . . . . . . . 38

4.3 Bloch Ocillations in parabolic optical lattice . . . . . . . . . . . . . . 41

4.5 Dipole Ocillations in parabolic optical lattice . . . . . . . . . . . . . . 42

5.1 Wave packet propagations . . . . . . . . . . . . . . . . . . . . . . . . 46

5.2 Landau-Zener tunnelling over Bloch mode . . . . . . . . . . . . . . . 48

6.1 Phase diagram of parabolic optical lattice . . . . . . . . . . . . . . . 50

vi



List of Tables

3.1 Parametric values for linear Bloch oscillations . . . . . . . . . . . . . 26

6.1 Experimental values used in wave packet propagations . . . . . . . . 51

vii



Chapter 1

Introduction

Ultracold Physics is the most rapidly growing and versatile research area of physics,

empirical side of which has leaped far beyond the conventional experiments of atomic,

molecular and optical physics. The recent realization of ultracold molecules [Pérez-

Ŕıos et al 2017] has opened new doors towards Biophysics and Quantum chemistry,

with cold dipolar gases giving access to anisotropic interactions [Giannakeas et al

2013]. For the past couple of decades, manipulating ultracold atoms in optical lattices

has been predominantly considered as the prime candidate for studying quantum

many-body phenomena [Bloch et al 2008]. The use of Bose condensed atomic gases in

this realm [Morsch and Oberthaler 2006] translate the complete matter wave picture of

de Broglie on a hundred thousand times bigger screen. This also brings an excellent

control of impurity free lattices which are totally artificial and fully customisable.

Thus ultracold atoms is the leading quantum simulator [Gross 2017] from all the

1



Ch 1. Introduction 2

present day technologies. Even the celebrated field of high energy physics can now be

simulated at extremely low energies [Endres et al 2012] by lattice gauge theories in

optical crystals [Goldman et al 2014; Zohar et al 2015]. Man’s quest for practically

observing fancy quantum world and making new devices with it [Gardiner and Zoller

2015] now seems possible on the grounds of ultracold physics, which has potential

applications in the field of quantum control and quantum information [Jaksch 2007;

Schneider 2012].

Like the famous saying, “Castles are not built in one day” all this had its genesis

way back Galilean era, when Kepler surmised that comets experience a pressure

from sun’s radiations. In 1873 Maxwell derived analytical expressions of radiation

pressure right after the Faraday’s discovery of electromagnetic nature of light. First

experimental evidence of mechanical action of light was on a metal foil by Lebedev

[Lebedev 1901], repeated by Nichols [Nicholas and Hull 1903] who designed Nichols

Radiometer for pressure measurements. Later on Lebedev [Lebedev 1910] extended

his work by replacing metallic sheet with a diatomic molecule. Dirac and Kapitza

[Kapitza and Dirac 1933] added more refinements to the field, by probing diffraction

effects of electrons by stationary light waves.

The major outset came from a man who was not credited much for his providen-

tial work. Otto Frisch is the name we mainly know for the pioneering contributions

to first atomic bomb. He was basically a nuclear physicist, who was first to de-

tect fission by-products. But who knows that his experiment [Frisch 1933] for the

measurement of atomic scattering from a resonant sodium light was inceptive to the

field of atom optics. In this experiment recoil momentum gained while interatomic

transitions causes the atoms to deflect. Interaction between light and atomic beams

excites the atoms, also depositing some momentum component in addition. Since the

spontaneous emission of photons is in arbitrary direction. Therefore, over each cycle

net momentum conserves but atom experiences a force, known as spontaneous force

or scattering force [Saif and Watanabe 2019]. This was the starting point, variants of

which enabled trapping and cooling later on.

A super atomic state of matter at minimal temperatures was already been sur-

mised by Bose and Einstein at that time. Although only deflection effects of atomic

beams employing optical fields were made possible. The advent of laser in 1960 was a

key technological advancement. In 1962 Askar’yan discerned another radiative force,
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which was called the dipole force owing to the dipole moment induced by electric

field. This force drives each atom towards regions of maximum or minimum inten-

sity depending upon the phase between dipole moment and electric field. For a blue

detuned incident field the direction of motion is towards intensity minima and oppo-

site for red detuning. The physical phenomenon underneath is similar to atom field

coupling explained by Jaynes and Cummings [Jaynes and Cummings 1963]. This laid

the foundation of first atom trapping proposal by Letokhov [Letokhov 1968].

Art Ashkin [Ashkin 1970] utilized both these forces to trap small particles with

a pair of counter propagating laser beams. This was a key turning point, which

initiated a plethora of novel experiments for atom manipulation. The groups of Han-

sch [Hänsch 1975] and Wineland [Wineland 1975] segreggately proposed laser cooling

schemes, where Hansch’s work was purely concerned with cooling neutral atoms and

Wineland’s was more related to cooling and trapping of ions. Right from the be-

ginning magnetic trapping was also running parallel, which were then employed for

further confinement [Migdall et al 1985] and the trap so formed was named mag-

neto optical trap (MOT) [Raab et al 1987]. Manipulating atoms now seemed easier

and the problem of µK temperature limit was solved by almighty, when noble lau-

reate William Philips noticed the discrepancy between measured and theoretically

predicted temperature values [Gould et al 1987]. The atomic ensemble was found to

be cold below the Doppler cooling limit. It was sisyphus cooling, already theorized

[Dalibard and Cohen-Tannoudji 1985] with the physical significance of gradual energy

loss while moving against potential hills. Westbrook [Westbrook et al 1990] reported

first localization of atoms and hence optical lattices were realized.

Optical lattice paved the way towards fifth state of matter and soon after the im-

plementation of evaporative cooling came the most fascinating experimental break-

through of past vicennial. It was Bose-Einstein condensate [Anderson et al 1995;

Bradley et al 1995; Davis and Blakie 2006] of interacting ultracold atoms in optical

lattice, which is treated as super atom using appropriate particle statistics. Most

of the celebrated phenomena of solid state electronic systems can now be simulated

using ultracold atoms with precise control. The level of interest in the field gained

momentum when it was observed that inter-atomic interaction can be tuned through

magnetic [Courteille et al 2001; Inouye et al 1998] or optical [Theis et al 2004] Fes-

hbach resonances [Chin et al 2010]. Interacting bosons and non-interacting fermions
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of ultacold atoms can now coexist [Lewenstein et al 2004]. The ability to change the

dimensionality of optical lattices, specially to generate periodic potentials, triggered

the investigation of fancy quantum effects ascribed to coherent matter waves [Greiner

et al 2002a; Saif 2005b]. It also enabled observation of celebrated solid state phe-

nomena like band structure [Greiner et al 2001], Anderson localization [Roati et al

2008], Josephson junction [Gati 2007], quantum Hall effect [Palmer et al 2008], Bose-

glass phase [Habibian et al 2013], superfluid to Mott-insulator transitions [Dubius

2009; Greiner et al 2002b], and more importantly the Bloch oscillations [Kolovsky

and Korsch 2004]. Bloch oscillations and certain other effects in this domain has

already contributed to high-precision determination of physical constants [Battesti

et al 2004; Ramos et al 2017; Sacchetti 2017] with atomic clocks [Bloom et al 2014]

providing stable and accurate time measurements.

In the present dissertation we focus on the elementary system of a 1D optical

lattice in the presence of an external parabolic trap. The simplest experimental

realization of 1D periodic potentials [Bloch 2005; Ott et al 2004a] requires additional

atomic confinement, which reduces the dimensionality of 2D optical lattices to a quasi-

1D optical lattice. The confining trap may be optical or magnetic and is similar to

the dipole trap previously used for cooling and trapping [Lee et al 1996]. Thus the

problem is instinctive and resembles to the quantum particle defined on a periodic

lattice, superimposed by parabolic trapping potential, first thematisized by Mattis

[Mattis 1986] for electronic motion in semiconductor superlattices. The parabolic

potential is essential to confine the atoms, which constrains the atomic motion to

a finite region of space and the lattice so formed is called parabolic optical lattice

[Yamakoshi and Watanabe 2015]. The dynamics are totally non-intuitive with the

combined potential substantially modifying the atomic motion, compared to systems

where only one potential from the two exists, as shown theoretically [Hooley and

Quintanilla 2004; Longhi 2007] and experimentally [Fertig et al 2005; Ott et al 2004b].

Coherent matter wave packets can easily be generated as well as manipulated in

such potentials. The recent experiment done in Aarhus [Pedersen et al 2013] reports

high fidelity production of wave packets of Bose condensed rubidium, which can be

transferred to higher bands by lattice amplitude modulation [Medhat et al 2019;

Yamakoshi et al 2018]. In our theoretical analysis we have considered such localized

Bosonic wave packets, triggered by certain displacement of the trap origin. Single
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particle problem has already been solved making use of special Mathieu functions

[Rey et al 2005]. In contrast to previous studies, we employed accurate numerical

and analytical techniques to determine exact energy spectrum and eigenstates of the

system. Different regimes of energies and eigenstates are marked, which play crucial

role in assigning wave packet dynamics.

Parabolic optical lattices have been eagerly studied owing to the localization of

higher lying eigenstates away from the center of harmonic potential. Such local-

ized eigenstates provide an ideal platform for precise quantum registers [Viverit et al

2004]. Localization of wave packet is also essential for observing celebrated quantum

phenomenon of Bloch oscillations, whichever originate in a periodic potential under

the influence of an external force [Bouchard and Luban 1995; Kolovsky and Korsch

2004]. Having understood the effect of dipole force arising from the optical or mag-

netic traps, it is quite instinctive that the presence of harmonic trap with quadratic

forcing should modify Bloch oscillations [Geiger et al 2018]. Parabolic lattices satisfy

both the preconditions. Hence Bloch dynamics are explored for the non-interacting

ultracold Bosons.

Experimental advancements bring about the existence of truly 1D optical lattices

making use of six counter propagating lasers, also known as modulated optical tubes.

Such 1D arrays have their own interest as they enable investigation of Dipole os-

cillations of ultracold atoms. The difference between dipolar dynamics in truly and

quasi-1D optical lattice has been revealed experimentally [Cataliotti et al 2003; Fertig

et al 2005]. The secondary aim of present work is to analyse these effects.

Robust numerical methods have been used for the simulations of wave packet

propagation. The numerical results go hand in hand with the theoretical predictions,

meanwhile highlighting some notable dynamical features, never considered before in

the course of parabolic optical lattices. That is, the wave packet undergoes fractional

loss of probability amplitude to higher bands, ascribed to Landau-Zener tunnelling

[Tayebirad et al 2010]. The tunnelling observed here produces oscillations instead

of acceleration and the overall dynamics results in the interplay between Bloch and

Dipole oscillations.

In short, parabolic optical lattice is the core of rich dynamical phenomena which

are experimentally verified and workable in plentiful applications.
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The work is organised as follows:

Chapter 2 mainly introduces the fundamental physics and basic understanding

of cold Bosonic atoms in optical lattices. The primary aspects of trapping and ma-

nipulation of ultracold atoms in artificially engineered periodic crystals are presented,

briefly discussing the role of additional parabolic potential.

Chapter 3 develops a firm understanding of Bloch oscillations in the single band

approximation, considering the linear system. The phenomenon extends to quadratic

forcing where we encounter Dipole oscillations in addition. Mean atomic observables

are calculated using Heisenberg picture, which aids in developing simplified interpre-

tation of system dynamics.

Chapter 4 primarily relates with tight binding description of single particle prob-

lem. Single-particle properties are practically attained for certain cold atomic gases

by adjusting the inter-atomic s-wave scattering length to zero, utilizing Feshbach res-

onances. Single particle energy spectrum acts as a base line for further studies, by

which borders of the system’s dynamics are identified. This knowledge defines the

basis to study the effect of system parameters on the general dynamics.

Chapter 5 covers the overall dynamics beyond all approximations. Wave packet

propagation accentuate the emergence of Landau-Zener tunnelling on top of Bloch

oscillations. The phenomenon is explained on the basis of band structure involved.

The tunnelling observed here is completely different from previously observed effects.

This is an important outcome of our studies.

Results are summarized and concluded in Chapter 6, making use of appropriate

phase diagram.



Chapter 2

Parabolic Optical Lattice

The basic unifying element of ultracold physics is the optical lattice. The interference

carpet of standing wave laser field generates “potential landscape”, in which trapped

entities move, posited by Letokhov [Letokhov and Minogin 1977]. Particularly for

sufficiently coold atoms, the associated matter wave frequency commensurate with

optical laser frequencies. Thus, even the atomic motion in optical crystals is within

the realm of quantum physics. Right from the beginning a parabolic dipole trap

is playing an imperitive role in most of the trapping experiments. The parabolic

confining potential is also utilized over optical lattice while loading and transference

processes of trapped entities. This significantly revamps the overall potential profile

giving rise to finite parabolic lattice geometries, that are introduced in this chapter.

Before moving to the context of the central physical aspects of this chapter, we shortly

discuss optical lattice with various one-dimensional assemblies.

2.1 Optical Lattice

The stationary wave providing potential platform for atomic motion can be produced

either by shining counter propagating lasers of same amplitude or by retro-reflection

of a single laser beam. We considered the former with a pair of circularly polarized

laser beams counter-shined from opposite directions, as shown in Fig. 2.1. Taking the

unit vectors in three-dimensional cartesian coordinates, represented by {e1, e2, e3}, we

write the spatial profiles of both traveling waves as E1 ∝ eikLx[cos(ϕ)ê3 + sin(ϕ)ê2]

and E2 ∝ e−ikLx[cos(ϕ)ê3 − sin(ϕ)ê2], respectively. The net electric field in traveling

7
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Figure 2.1: A schematic illustration of Laser configuration in generating mutable

optical potentials [Jaksch and Zoller 2004]. Couple of standing waves generated by

a pair of counter-shined laser beams are shown at a polarization angle of 2ϕ. Both

potential landscapes are displaced at ∆x = 2ϕ/kL, which is tunable to generate

different potential forms.

wave approximation is given by E1 − E2 ∝ [sin(kLx+ ϕ)ε+− sin(kLx− ϕ)ε−], where

ε± = ê2 ± iê3, kL = 2π/λ the laser wave vector and ϕ is the polarization angle. The

resulting electric field with laser frequency ω is therefore,

E(x, t) = E+(x)ε+e
−iωt + E−(x)ε−e

iωt, (2.1)

here E±(x) = sin(kLx± ϕ), with angle ϕ making it possible to selectively move the

nodes of both standing waves. Moreover, a single stationary periodic field can be

produced [Huckans et al 2009] out of these using parallel polarization, i.e. ϕ = 0,

which is the concept behind many of the general optical lattice potentials.

2.1.1 Interaction Hamiltonian

Assuming that the electric field generated is purely classical which interacts with

a quantized atom in the conservative manner, i.e. far off frequency detuning from

inter-atomic transitions. The coupling between field intensity and the induced dipole

moment holds a semi-classical description in the interaction picture. The complete

Hamiltonian reads,

Ĥ = Ĥcm + ĤA + ĤI =
p2

2m
+

1

2
~ωoσz − d̂.E(x, t), (2.2)

where, Ĥcm counts for the intrinsic center of mass kinetic energy of the atom. And

the second term consists of the internal degrees of freedom of the atom, which in our
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case supposed to have two levels, for simplicity. The internal states are denoted by

|g〉 and |e〉 which defines the Pauli matrix as σz = |e〉〈e|−|g〉〈g|. The last term in

above equation corresponds to interaction Hamiltonian which needs further solution.

Using completeness relation, we write

ĤI = −[〈e|d̂.E(x, t)|g〉σ+ + 〈g|d̂.E(x, t)|e〉σ−], (2.3)

here σ± represents the atomic transition operators and d̂ the dipole moment operator

which causes the diagonal terms to drop off. Above equation follows

ĤI = −[ µeg . ε+E(x)e−iωtσ+ + µ∗
eg . ε−E(x)eiωtσ−], (2.4)

where µeg denotes the off diagonal dipole matrix element defining the field dependent

Rabi frequency

Ω(x) =
µeg . ε± E(x)

~
. (2.5)

Now, for a stationary sinusoidal field with parallel polarization,

ĤI = −~Ωo sin(kLx)e−iωtσ+ +H.c . (2.6)

A convenient option is to solve the time independent Hamiltonian proceeding from

the rotating frame of the laser. Such an approximation holds good in the realm of far

off detuning (∆) between field and transition frequency, where the counter rotating

phases σ+e
−iωt and σ−e

iωt are ignored by time averaging [Louden 1983]. Hence the

effective Hamiltonian of a two level atom coupled to a stationary wave ends to,

Ĥ =
p2

2m
− ~∆

2
σz − ~Ωo sin(kLx) +H.c . (2.7)

For a segregate treatment of overall atomic transport irrespective of the internal

degrees of freedom, we take the ansatz

|Ψ(x, t)〉 = Ψg(x, t)|g〉+ Ψe(x, t)e
−iωt|e〉 . (2.8)

Solving Schrodinger equation for effective Hamiltonian using above ansatz, yields a

pair of coupled differential equations,

i~
∂Ψg

∂t
= − ~2

2m

∂2Ψg

∂x2
− ~Ωo sin(kLx)Ψe ,

i~
∂Ψe

∂t
= − ~2

2m

∂2Ψe

∂x2
− ~Ω

2
Ψe − ~Ωo sin(kLx)Ψg . (2.9)
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With properly detuned laser beams the inter atomic transitions can be neglected

[Graham et al 1992]. Such a conservative interaction induces a shift in the potential

energy of both internal states, known as the AC Stark shift, which can be calculated

making use of perturbation theory. Second order corrections to the energy bring

about the effective potential faced by atoms. That is,

V (x) = ±|〈e|Ĥ|g〉|
2

~∆
=

~Ω(x)2

∆
. (2.10)

Moreover, at a fairly large detuning the excited state is very less probable [Saif 2005a].

Thus it can be adiabatically ignored. In such a scenario the atom field dynamics

are completely dictated by the ground state probability coefficients which effectively

describe the system’s evolution,

i~
∂Ψg

∂t
= − ~2

2m

∂2Ψg

∂x2
+

~Ω2
o

∆
sin(kLx)Ψe . (2.11)

Taking Vo = ~Ω2
o/∆, defines the lattice depth which is adjustable through the de-

tuning ∆ = ω − ωo. Furthermore, for blue detuning (∆ > 0) atoms gain subsistance

towards minimal intensity nodes. Whilst for red detuned (∆ < 0) laser beams the

direction is towards maximal nodes of standing wave. The effective Hamiltonian of

an atom in its ground state is given as,

Ĥ =
p2

2m
+ Vo sin2(kLx) . (2.12)

Such an assembly of optical components is called optical lattice. The generated pe-

riodic potential governs the dynamics of loaded gas atoms. Depending upon the

potential depth the trapped entities hop between periodic lattice sites. This bring

about plenty of novel phenomena studied in solid state physics. In respect of this

close resemblance, optical lattices are considered as a self assembled “test bed” for

most of the quantum theories.

The intrinsic hopping attached to optical lattice also causes loss of atoms. That’s

why additional trapping potentials are inevitable. Also some particular experiments

mostly require strictly localized atoms with large decay times. A parabolic trap

mostly serves for the purpose, whose effects are at the heart of this chapter and will

be discussed shortly.
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2.1.2 Central Equation and Bloch’s Theorem

Optical lattice complements the conventional crystal structures by giving access to

perfectly pure crystals where the potential is seen by the atoms instead of electrons. A

breif study of the formalisms ascribed to solid state crystals is therefore necessary, to

describe the main characteristics of cold atoms in periodic potentials. In this context

we gently follow the work of Morsch [Morsch and Oberthaler 2006] and similarly

proceed from the one-dimensional study of periodic potential, which can simply be

extended to higher dimensions. The stationary Schrodinger equation of an atom in

potential V (x) reads,

− ~2

2m

∂2ψ(x)

∂x2
+ V (x)ψ(x) = Eψ(x) . (2.13)

For the particular case of V (x) = 0 the eigenstates are familiar plane waves. While

for the celebrated case of periodic optical potential, i.e. V (x + md) = V (x) with

spacing d, the solution follows from the famous Bloch’s Theorem,

ψlk(x) = eikxulk(x), (2.14)

where k represents the usual crystal momentum and ulk(x) is the periodic potential

whose period commensurate with that of the lattice. In turn giving rise to periodic

Bloch states of same period. Using Fourier series

ψlk(x) = eikx
∑
q

C l(k, q)eiqx. (2.15)

These are Bloch states modulated in the rythm of periodic potential [Bloch 1929].

The existence of periodic optical lattice maps the plane waves onto the Bloch states.

Thats why Bloch states are totally de-localized. Also, the forbidden energy zones

elicits in the presence of periodic potential as a consequence of matter wave diffrac-

tions, which is the concept behind the formation of so called Band structures.

Expanding V (x) in terms of its Fourier series,

V (x) =
∑
n

Vn e
iKx, (2.16)
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here K = 2πn/d, representing the primitive reciprocal lattice vector. Using the above

expansion and Eq. 2.13 with the Bloch wavefunctions, we get the difference equation

[(q + k)2 − E]C l(k, q) +
∑
n

Vn C
l(k, q −Kn) = 0 , (2.17)

known as the central equation. This is a matrix equation, which is particularly diag-

onal, where the coefficients are coupled depending upon the k values in first Brillouin

zone. The eigenvalues obtained from this equation are the energy values El
k for each

k which contribute to band formation, labelled as Band index l.

In next subsection we calculate the Hamiltonian matrix for the sinusoidal optical

potential and see how different energy bands and lattice depth contribute to Bloch

states.

2.1.3 The Sinusoid Potential

For an atom moving in the one dimensional optical sinusoid, similar to that of an

optical lattice potential produced earlier, Eq. 2.16 takes the form

V (x) = υoEr sin2(kLx) =
υoEr

4
[2− e2ikLx − e−2ikLx] , (2.18)

where, Er = ~k2
L/2m is the relevant energy scale. Clearly, only three terms sustains

in the Fourier sum with n = 0,±1 relating to first Brillouin zone in the scaled units.

The central equation for this sinusoidal potential follows,

[(q + k′)2 +
υo
2
− E ′

]C l(k, q) +
υo
4

[C l(k, q − 1) + C l(k, q + 1)] = 0 , (2.19)

reduced matrix representation of above equation is given as,

1
2
υo+4(k′−2)2−Elk − 1

4
υo 0 0 0

− 1
4
υo

1
2
υo+4(k′−1)2−Elk − 1

4
υo 0 0

0 − 1
4
υo

1
2
υo+4(k′)2−Elk − 1

4
υo 0

0 0 − 1
4
υo

1
2
υo+4(k′−1)2−Elk − 1

4
υo

0 0 0 − 1
4
υo

1
2
υo+4(k′−2)2−Elk





Cl(−2, k)

Cl(−1, k)

Cl(0, k)

Cl(−1, k)

Cl(−2, k)


= 0,
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Figure 2.2: Emergence of energy bands in the presence of optical lattice potential.

Band gap increases as soon as potential depth is raised which is marked by shaded

regions.

where the infinite matrix relation is reduced to lower orders at a suitable trun-

cation. Above equation can now easily be diagonilized to obtain the eigenvalues El
k

with eigen vectors exclusively determining, C l(k, q), the Bloch coefficients. In the

numerical simulations we have truncated the infinite set at |q| ≤ 5, which satisfies the

condition that, for efficient solutions, the truncation to q should be greater than the

band index. The whole computation recipe is performed using basic Python libraries

where we have preferred Qutip for diagonalizing above matrix.

The band structure obtained is shown in Fig. 2.2, as a function crystal momentum

k and lattice depth Vo, which depicts origin of energy bands as soon as the optical

lattice intervenes. Without an optical lattice the solution follows the usual free par-

ticle dispersion curve. The instant periodic potential is turned on, the curves in the

reduced zone scheme begin to segregate, where the band gap grows with lattice depth.

This is the band structure of an optical lattice, mostly connected to electronic motion

in solid state crytals. Achieving such a same degree of quantumness at a milionth

scale with genuine control is actually quite remarkable. Now cold atoms can be

manipulated in these quantized energy bands, adduce to the experiment at Aarhus

[Pedersen et al 2013].
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Figure 2.3: Eigenstates of 1D optical lattice computed by exact diagonalization of

Eq. 2.19 for l = 0 (left) and l = 1 (right) at different potential depths. The states

obtained are normalized to one over each lattice site. The shaded area is shown to

highlight the presence of optical potential.

Spatially periodic Bloch states are also traced using the Bloch coefficients obtained

in previous procedure. Fig. 2.3 shows the result for couple of initial bands, at various

potential depths. The probability density is being plotted as a function of scaled

position. The results show an increase in the weight over each potential minima with

increase in potential depth.

2.1.4 Wannier States

An alternate decription holds in terms of spatially localized Wannier functions which

serves equally good in the description and commputations of band structure. Bloch

functions are fully extended over the whole lattice with a delocalized plane wave

envelope, i.e. eikx. A localized wave packet can be forged by summing over all the k

Bloch states in the Brillouin zone,

ω`(x− xj) =
1√
N

∑
Bz

ψlk(x)e−ikxj . (2.20)

These alternative basis that turns out to be appropriate to describe inter-particle

hopping amongst different lattice sites, are called the Wannier states [Wannier 1937].

They are simply connected to Bloch states by a Fourier transform, with proper nor-

malization over the first Brillouin zone. To simplify the notation, Wannier functions
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Figure 2.4: Localized Wannier states at the center of lattice, i.e. xj = 0. Variation

with the potential depth in the ground band is shown (left), along with higher bands

(right) at a fixed value of potential. The shaded area is shown to highlight the

presence of optical potential.

can be written in the Dirac formalism,

|n, l〉 =
1√
N

∑
k

|k, l〉e−ikx. (2.21)

Fig. 2.4 depicts the localization effect of Wannier states which increases by rise in

lattice depths. The states become more and more localized by increasing Vo (left),

reaching a maximum localization bound. The limit can be found making use of the

standard deviation formula. The plot on the right shows three lowest wannier orbitals

where the localization of the states diminishes for higher bands at a constant optical

lattice amplitude. The states engineered are more workable in describing the hopping

properties of periodic lattices [Marzari et al 2012]. The added convenience can be

seen in the upcoming single band treatments.

2.2 Quasi 1D Optical Lattices

The minimalistic experimental setup of two beam architecture produces optical lattice

with a spacing d given by half of the laser wavelength [Morsch and Oberthaler 2006].

With proper detuning optical lasers automatically provide centeral confinement in

the radial direction. Although this confinement doesn’t last long for the specific case
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Figure 2.5: Surface of constant potentials generated in the minimalistic two-beam

configuration (left) and arrays of modulated optical tubes (right) [Paredes et al 2004]

generated with a six beam setup. In the later an external, weak modulation across

the tubes might be necessary to attain arrays of truly 1D optical lattices.

of one dimensional architectures. Precisely for a blue detuned laser setup the decay

time is very sharp. Thus it requires external halting potential in addition.

Particular two beam setup with red detuning form a pancake like structure of

fixed potential, as shown on the left of Fig. 2.5. Therefore, a weaker confinement

may halt the transverse modes in a non-trivial fashion. A weak parabolic potential

mostly serves for the purpose and this causes the realization of quasi 1D optical lat-

tices, which is one of the turning points towards parabolic optical lattices.

There also exists a truly 1D optical lattice which is well known by the name of

modulated optical tubes. This is a typical six beam setup analogous to a 3D optical

molasses where the four beams confine the atoms into transverse structures. While

the left two periodically modulate the elongated tubes with a weak driving. The

lattice so formed is shown to the right of Fig. 2.5.

Whether it is a modulated optical tube or a quasi 1D optical lattice, there pertains an

intrinsic tunnelling of atoms, accredited to the quantumness at lower temperatures.

Ultracold atoms stored in an optical lattice are not static and will continuously tunnel

from one lattice site to the other. Lets analyse in the next section what we can do to

counterfeit this hopping effect.
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Figure 2.6: 1D Parabolic Optical Latice

2.3 Role of Parabolic Confinement

Keeping an eye on the context of all above inherent escaping problems, an external

parabolic potential is indispensable. The potential might be optical or magnetic

but the special part is it must be slow harmonic. And the system so formed in the

combined potential of an optical lattice and a parabolic trap is called parabolic optical

lattice. The Hamiltonian is,

H =
p2

2m
+ Vo sin2 (kLx) +

1

2
mω2

Tx
2 , (2.22)

where ωT is the frequency of the trap. Above equation is a prototype of a harmonic

oscillator defined on a lattice and greatly resembles to Bloch electrons in effect of

a quadrupole potential. In the absence of last term the system is periodic in space

whereas, the presence of halting potential makes the system symmetric in space.

Hence a general solution is not yet available and the presence of additional trap

substantially redefines the system dynamics, which will be discerned in the upcoming

chapters. For now we set the foundations for that detailed treatment.
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2.4 Tight Binding Description

The usual Wannier picture describe the most coveted positions of atoms. The maxi-

mally locaized Wannier states delineate the whole weight of atoms around fixed lattice

sites. Thus ultracold atoms can be considered as an approximate harmonic oscilla-

tor at each potential minima. However, their will be a finite tunneling rate due to

wave function overlaps. We only consider tunneling between contiguous lattice sites

and restrict ourself to a single Wannier band. A combination of such terms is mostly

known by the name of tight binding approximation. Now, as the Wannier basis |n, l>
complete an orthonormal set so they can be written in terms of field operators,

ψ̂ =
∑
n

|n, l〉ân ⇒ ân = 〈n, l|ψ̂ , (2.23)

Here, ψ̂ is an operator in the second quantization guiss where â†i creates a particle on

the ith site and âi obliterates. The second quantized Hamiltonian follows,

H = ψ̂†Ĥψ̂ , (2.24)

H =
∑
n,m

â†n〈n, l|Ĥo + ĤT |m, l〉âm , (2.25)

where ĤT denote the trap Hamiltonian and Ho the remaining terms of Eq. 2.22. Also

to simplify the notation fixed band indices in â (â†) are suppressed from the start,

H = −J
∑
n,m

â†nâm +
∑
n,m

â†nâmεnm . (2.26)

Equation introduces two important components of the model, i.e. tunneling parame-

ter J = −〈n|Ĥo|m〉 and single atom energy εnm = 〈n|ĤT |m〉 = δmn
∫
VT (x)|ωn(x)|2dx

≈ VT (xn) ≈ d2n2, defined in the most compact form. Above equation follows

H = −J
2

∑
n

(â†nân+1 + â†n+1ân) +
∑
n

â†nânεn , (2.27)

where we have usedm = n+1 in regard of the nearest neighbouring coupling argument

of tight binding description. Substituting the single atom energy gives

H = −J
2

∑
n

(â†nân+1 + â†n+1ân) +
1

2
mω2

τd
2
∑
n

n2â†nân , (2.28)
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which is the tight binding Hamiltonian of parabolic optical lattice, written in terms

of field creation annihilation operators. Reverse engineering by making use of Eq.

2.23 in above equation give rise to an alternate representation given by

Ĥ = −J
2

∑
n

(|n〉〈n+ 1|+|n+ 1〉〈n|) +
1

2
mω2

τd
2
∑
n

n2|n〉〈n| . (2.29)

That is the exact form of tight binding hamiltonian in Wannier picture, which sub-

stantially simplifies the analytical description. In addition, numerical efforts are also

reduced bringing much easier and efficient computations. As will be seen in the results

of upcoming chapters.

2.4.1 First Band Tunneling Parameter

As introduced in the previous section, tunneling parameter is an important quantity

in dictating overall atomic motion in optical lattices. Here we derive an approximate

relation for its relation with the optical potential depth. Proceeding as

J = −〈n, l|Ĥo|m, l〉 = − 1√
N
eikx 〈k′, l| p

2

2m
+ Vo sin2 (kx)|k, l〉,

J = − 1√
N

∑
k

El
k e

ikx. (2.30)

The energy band width ∆l at Vo >> Er holds the asymptotic expression [Ayub et al

2009]

∆l =
23l+4

l!
√
π

(
Vo
Er

) l
2

+ 3
4

e
−2

√
Vo
Er

[
1− 6l2 + 14l + 7

16

√
Er
Vo

+O

(
Er
Vo

)]
. (2.31)

As we know in the absence of parabolic potential the Bloch states form band structure

of width ∆l = 4J around origin. Therefore, from above solution at l = 0 we write

J =
4√
π

(s)
3
4 e−2

√
s , (2.32)

that is the relation between tunneling parameter and the lattice amplitude. Hence the

lattice hopping can be tuned from outside which elicits beautiful dynamical features

with accurate control.
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The Wannier functions considered till now are free from inter-atomic interactions.

Such single-particle treatment holds good in the situation where a single ultracold

atom attains a particular localized optical lattice site. Although the work can be

extended to Hubbard model or two band tight binding model where higher order

coupling effects are also analysed. The forgoing examination is restrained to non-

interacting ultracold Bosons, leaving non-linear effects a future endeavour.



Chapter 3

Single Band Approximation

The addition of an external potential breaks the uniformity of periodic lattices mak-

ing it symmetric in space. The nonlinear term intricates the dynamics, even for single

atoms, reducing the feasibility of a comprehensive analytical solution. However, the

quasimomentum representation allows single atom evolutions to be determined ex-

actly, the same method prove to be inadequate when atom-atom interactions are

involved. Luckily, there exists an approximation which effectively aids in simplifying

the model Hamiltonian, still preserving the accuracy. That is well known by the

name of single band approximation [Biao et al 2012]. The model is more generic in

approach than the previously discussed tight binding model. Pre-determined Wannier

states of the lowest Bloch band are exploited to map the system on a lattice model

such as Hubbard model, which considerably rationalize the inbred dynamics. This

chapter introduces Bloch oscillations and mainly address the single band dynamics of

parabolic optical lattice, also covering the semi-classical depiction introduced by us.

3.1 Optical Lattice Ground Band Energy

In the Wannier representation, the time dependent wavefunction of a state in the

lowest Bloch band can be written as

ψ(x, t) =
∑
n

φn(t)ψn(x), (3.1)

here, ψj(x) = ψj(x− nd) is the ground state of nth lattice site and

φn(x) =
√
cn(t)e−iϕnt, (3.2)

21
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is an imaginary function describing the complex amplituds,
√
cn, and the phases, ϕn,

related to the wavefunction on nth site. The respective coefficients satisfy the discrete

nonlinear Schrodinger equation

i~
∂φn
∂t

= −J(φn−1 + φn+1), (3.3)

which has the solution in terms of Bloch states with the garnishing plane waves re-

placed by complex functions φn(t) = ei(nkd−Et/~). In this scenario the phase difference

between contiguous sites is constant through out the lattice, i.e. ∆ϕ = φn+1−φn = kd

and depends upon momentum k. For a sufficiently deep lattice, using this Bloch

ansatz, above equation has a solution which gives an analytical expression for the

energy of lowest Bloch band [Ayub 2012]

Eo(k) = εo − 2J cos(kd) , (3.4)

where εo denote a constant energy, determined by potential depth. This is the ground

band energy of an optical lattice without any external potential. It is worth men-

tioning that the Wannier states taken here are free from interaction effects and the

interaction terms are calculated separately even in the single band approximations.

3.2 Tilted Optical Lattice

To give a short introduction of Bloch oscillations we give a brief review of the tilted

optical lattice that is formed by the optical lattice in the presence of a constant linear

force. The potential generated is tilted with a uniform slope, also called a washboard

potential. The Hamiltonian corresponding to the tilted lattice is then

H =
p2

2m
+ Vo sin2(kLx) + Fx , (3.5)

where F represents the static force. The corresponding spectrum is quantized and

well known by the name of Wannier-Stark ladders. The reason behind the name is

the appearance of equi-spaced localized set of energies in each well. And the word

Stark is ascribed owing to the Stark shift induced by external forcing field. While

Wannier was the first to describe the phenomenon [Wannier 1960], followed by a long

debate on the topic. The work history is well summarized in [Bouchard and Luban

1995; Krieger and Iafrate. 1986].
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Figure 3.1: Atomic motion in a tilted optical potential. The constant linear force

submerged upon the lattice yielding uniform tilt.

The dynamics generated in effect of static tilt are totally non-intuitive. Classi-

cally, we expect an accelerated motion towards infinity. But one observes coherent

oscillations with period

TB =
2π~
Fd

. (3.6)

The simplistic tilted band picture, which goes back to Zener’s celebrated paper [Zener

1934], foregrounded the dynamical features of the system. An alternative description

appeared in terms of “acceleration theorem” which also uses field-free Bloch bands.

The wavepacket accelerates with a quasimomentum varying linearly in time kt =

ko + Ft/~, until Brillouin zone sweeps. The time zone boundary is reached Bragg

reflection occurs, it turns back in real space and then it oscillates. These are the

Bloch oscillations tilted optical lattice known for. The phenomenon will be discussed

in detail soon.

3.2.1 Lattice Acceleration

Lets move to the acceleration frame which is the same as the interaction represen-

tation of tilted potentials. Transforming the Schrodinger equation with the new

wavefunctions

ψ̃(x) = exp

(
− i
~
Ftx

)
ψ(x) , (3.7)

the tilted optical lattice Hamiltonian Eq. 3.5, transforms to the new Hamiltonian,

where only the single particle terms vary from their original version. The transfor-
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mation thus leads the following form

H̃ =
(p+ Ft)2

2m
+ Vo sin2(kLx) , (3.8)

which results in the emergence of a time dependent vector potential and the linear

potential is gauged away [Saif and Watanabe 2019]. The underneath algebra follows

x′ = x + Ft2/2m, which implies p′ = p − Ft, it is seen that an effective linear slope

Fx is congruent to an acceleration F/m of the optical lattice.

3.2.2 Bloch Oscillations and Landau-Zener Tunneling

The dynamics of a Bloch particle, i.e a quantum particle moving in a periodic po-

tential with energy as a function of quasimomentum and an unavoidable energy gap

between lowest bands, bring about a totally non-trivial system response to an exter-

nal linear static force.

Figure 3.2: Schematic Illustration of Bloch oscillation [Hartmann et al 2004]. Shown is

the squared amplitude of wavefunction both in sptaial and momentum representation.

Considering the Hamiltonian 3.8, garnished by an additional linear potential gauged

away. The adiabatic spectrum (i.e. for static vector potentials) commensurate with



Ch 3. Single Band Approximation 25

Figure 3.3: Band structure depiction of Bloch oscillations and Landau-Zener tun-

neling in the extended zone representation [Modugno et al 2004], where position (1)

marks the quantum particle placed in the lowest Bloch band.

that of Ho. But for a time dependent vector potential the quasimomentem is dis-

tributed linearly in time k(t) = ko + Ft/~. Under the assumption of a moderate

static force that does not cause the first two bands to overlap, Fd << ∆, the energy

of a wavepacket initially generated in the ground band (1 in Fig. 3.3) , adiabatically

evolves as Eo(k + Ft/~) till it reaches the Brillouin zone edges. As soon as the zone

boundary is reached (marked position 2) the particle experiences Bragg reflection.

That is the momentum reverts (marked position 3) and the wavepacket changes its

direction, returning to its initial outset and the cycle continuous with the Bloch fre-

quency ωB = Fd/~. This subsequent modulation of the particle mean momentum

and position is called Bloch oscillations [Hartmann et al 2004].

Another enrichment to the dynamics which effectively hinders the Bloch oscillations,

rather can be sheded, is the Landau-Zener tunneling. Band picture is again involved

here and some part of the wavepacket reaches higher bands owing to the quantumness

(tunneling) at smaller band gaps [Holthaus 2000]. Band gap reduces by an increased

static tilt and the effect of Bragg diffraction pertains over Bragg reflection. The

whole assembly is schematically depicted in Fig. 3.3, where the second band occupa-

tion (marked position 4) is also shown. The tunnelled fraction accelerates at higher

energies performing roller coaster cascaded motion until it relegates. The dynamics
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are closer to classically expected transport but in the root cause again quantum-

ness involved. It is actually really very interesting that in Bloch oscillations classical

transport was suppressed by quantum mechanics. The origin of same classicality from

quantum tunnelling phenomenon is quite amazing.

Bloch oscillations of a particle is shown in Fig. 3.2 in the single band approximation

where all the Landau-Zener tunnelling is redundant. We think the illustrations serves

well in understanding these fancy quantum phenomena. The parametric values used

are given in the tabular form.

Table 3.1: Parametric values for Bloch oscillation simmulation.

s = Vo/Er F ~eff
1.4 0.005 3.3806

As a brief analytical description we would like to present some analysis from the work

of Holthaus [Holthaus 2000], which shows the transition rate to higher band to be

given by

T =
1

TB
|T |2 , (3.9)

which measures the fractional loss of ground band population to first band. It also

well determines the upper bounds of maximum magnitudes of the static force,

[Fd/Er]max ≈
Vo

4Er
, (3.10)

when calculated by the Landau-Zener relation for the tunnelling probability |T |2

[Zener 1932],

|T |2 ≈ exp

(
π2∆

8Fd/Er

)
. (3.11)

In regard of the above defined limits we confine ourself to the interval [0, Fmax], in the

single band approximation, with Fmax defined by the Eq. 3.10. Hence, under these

suppositions, projection of the Hamiltonian Eq. 3.8 onto the ground band produces

the following form, in quasi-momentum representation [Grecchi and Sacchetti 1995],

H(k) = Eo(k + Ft/~) , (3.12)

with no coupling to first band.
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3.3 Mean Atomic Motion

Lets find out how the single particle observables evolve during one time period. The

time evolution of canonically conjugate variables is governed by the Heisenberg equa-

tions of motion

dk

dt
=
i

~
[H(k), k] =

i

~
[Eo(k + Ft/~), k] = 0 , (3.13)

dx

dt
=
i

~
[H(k), x] =

i

~
[Eo(k + Ft/~),−i ∂

∂k
] =

1

~
∂Eo(k + Ft/~)

∂k
. (3.14)

The first equation leads to conservation of the quasimomentum vector which remains

constant k = ko in the accelerating frame. Whereas, the solution of second equation

contribute to periodic time dependence of the momentum operator besides the peri-

odicity of Eo(k).

Now, for an initial state which can be decomposed into Bloch basis,

ψ(x, to) =
∑
Bz

fk(t0)ψk(x) . (3.15)

The mean atomic observables follow

〈p(t)〉 =
∑
Bz

|fk(to)|2
∂Eo(k + Ft/~)

∂k
, (3.16)

〈x(t)〉 =

〈∫ t

to

p(t′)dt′
〉

= xo +
1

F

∑
Bz

|fk(to)|2[Eo(k + Ft/~)− Eo(k)]. (3.17)

Using Eq. 3.4 we write

〈p(t)〉 = 2dJ
∑
Bz

|fk(to)|2 sin(kd+ ωBt)k, (3.18)

〈x(t)〉 = xo −
2J

Fd

∑
Bz

|fk(to)|2 [cos(kd+ ωBt)− cos(kd)]. (3.19)

Above equation ascertains the presence of Bloch oscillations with amplitude 2J/Fd

and highlights a couple of evolutionary instances. That is oscillation amplitude attains

a maximum for sharply localized quasimomentum distributions fk(to) = δk,ko . Thus a

narrow quasimomentum width is prime for observing Bloch oscillations in real space.



Ch 3. Single Band Approximation 28

3.4 Effects due to Parabolic Confinement

The dispersion relation of a particle in the optical lattice effected by a quadratic

forcing is given by

H(k) = −J cos(kd) + F1x
2, (3.20)

where F1 quantifies the relative strength and is used to represent the notion of force

originating from a parabolic trap. With this the mean atomic observables derived

above, in this case, leads to

~k̇ = −∂E(k)

∂x
= −2F1x, (3.21)

and the group velocity follows,

ẋ =
∂E(k)

~∂k
=
Jd

~
sin kd . (3.22)

The above coupled equations results in an oscillator equation [Saif and Watanabe

2019]

~k̈(t) = −2dJF1

~
sin(kd) , (3.23)

which can be solved considering the time dependent ansatz K(t) = k sin(ηt), where

η is an unknown frequency. Substituting the ansatz above equation reduces to the

equality

(3.24)
kη2 sin(ηt) =

2dJF1

~2
sin(kd sin(ηt))

=
2dJF1

~2

∞∑
n=0

J2n+1(kd) sin[(2n+ 1)ηt] .

On comparing the coefficients of sin(ηt) on both sides, we get

η2 =
2JΩ

~2
J1(kd) , (3.25)

where we have introduced the parabolicity Ω = F1d, which mainly depends upon

the trap strength F1. Clearly, the frequency of the oscillator depends upon quasi-

momentum k. For k approaching to zero, we get the well known dipole oscillations

frequency

ηo = ωD =

√
2JΩ

~
. (3.26)
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Figure 3.4: Classical phase space of the quasimomentum Hamiltonian 3.20. The

thick green contours marks the separatix trajectories, as the boundary at which the

dynamics changes.

Thus the solution of k(t) and x(t) is given as

k(t) = k sin(ηt) , (3.27)

x(t) = − ~k
2F1

η cos(ηt) . (3.28)

Hence in the phase space, (x, p = ~k), the particle with a constant initial quasi-

momentum k = ko, effectively follows rotational dynamics with frequency η having

maximum displacement x = ±~kd
2Ω
η, around origin. The phase space generated is

shown in Fig. 3.4 which elicits liberation over circular dynamics. The region of

closed contours below the separatix is the threshold of simple dipolar motion near

the origin of parabolic optical lattice. These are called dipole oscillations. While the

liberation allude towards periodic switching of quasimomentum vector which quan-

tum mechanically results in Bloch oscillations.
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3.4.1 Mean Atomic Momentum

The above quasimomentum Hamiltonian maps on to a quantum pendulum model

[Ponomarev and Kolovsky 2005] which effectively fences the possible dynamics in

accord with the corresponding shifted trap origin. Eq. 3.27 encased with a width

dependant function portraying the role of dephasing introduced by nonlinear spectrum

of parabolic optical lattices, leads to the mean atomic momentum

〈p(t)〉 = po e
−t2/τ2

σ sin(ωBt), (3.29)

where ωB = Ωlo/~ is the Bloch frequency arising from coupled Eqs. 3.21 and

3.22 by standard separation of variable technique under a constant displacement to

parabolic trap by lo. The dynamics generated with above equation are shown in Fig.

3.5, which exhibit periodic modulation of oscillatory modes due to dephasing and

revivals [Ayub and Saif 2012; Mahmud et al 2014; Saif 2000].

Figure 3.5: Single band dynamics of parabolic optical lattice. Bloch oscillations of the

pendulum ground state at lo = 20 (above) and Dipole oscillations for lo = 3 (below)

are shown with the separatix l∗ = 10. Collapse and revival phenomenon is eminent

caused by dephasing.
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Having gathered all the initial information about the dynamical features induced

by external potentials. We proceed towards actual single particle evolutions beyond

the single band approximations. A thorough understanding of the parabolic optical

lattice is developed in the next chapter where the dynamics are restricted to tight

binding limits.



Chapter 4

Single Band Tight Binding

Dynamics

An ultracold atom constrained to ‘hop’ between contiguous sites of an optical lattice

in the vicinity of a spherically symmetric parabolic potential is an epitome of harmonic

oscillator moving on a lattice. An initial description [Brand and Kolovsky 2007] uses a

quantum pendulum model to expound the dynamical features. Although the general

behaviour of overall eigenstates which play crucial role in systems’s evolution was not

considered. The eigenstates of the tight binding parabolic optical lattice are found

to be given by special Mathieu functions [Rey et al 2005]. However, proceeding from

the not so well known quasimomentum representation significantly clarifies many

hidden aspects, unveiling modified dispersion relations and time evolution operators.

Moreover, the dynamics generated with these evolutions considerably simplifies on

working inside a fixed single band. Such an approximation along with the usual tight

binding axioms is called single band tight binding model.

Bloch oscillation is the most celebrated quantum phenomenon, ever since surmised

by Bloch [Bloch 1928] and extended by Zener [Zener 1934], in which a localised

wave packet performs coherent oscillations under a constant linear forcing, due to

band structure. Numerous applications of this have already been proven fertile. The

question of Bloch oscillations under a quadratic forcing of parabolic potential is quite

instinctive. Meanwhile, the concept of dipole oscillations has already been attached to

parabolic optical potentials. In this chapter, the main character of energy eigenstates

is discussed, which classifies both these dynamics.

32
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4.1 Tight-Binding Features

Let us start with a single cold atom bound to move in a one dimensional periodic

tight-binding lattice, described by Hamilton operator 2.29 in terms of Wannier states

|n, l〉, with one localized orbital per site ‘n′. The usual description of tight binding

allows the atom to hop between nearest neighboring sites, while the motion is con-

strained to a finite region by an external parabolic confining trap. The Hamiltonian is

Ĥ = −J
2

∑
n

(|n〉〈n+ 1|+|n+ 1〉〈n|) +
1

2
κd2

∑
n

n2 |n〉〈n| , (4.1)

where k represents the trap strength, d the lattice spacing, and J is the hopping

matrix element, which is small compared to first band excitation energy. Also to

simplify the notation, writing Wannier states, we have suppressed the band index l .

4.1.1 Modified Dispersion Relation

Alternatively, one can assign a description in terms of Bloch wave basis

|k〉 =
∑
n

|n〉〈n|k〉 =

√
d

2π

∑
n

|n〉einkd, (4.2)

which follows the identity 〈n + 1|k〉 = eikd〈n|k〉, having quasi-momentum k limited

to the first Brilloin zone |k| ≤ b, with b = 2π/d . Using the relations∑
n

〈k′|n+ 1〉〈n|k〉 = e−ik
′d d

2π

∑
n

ein(k−k′)d = δ(k′ − k)e−ikd, (4.3)

∑
n

n〈k′|n+ 1〉〈n|k〉 =
d

2π

∑
n

nein(k−k′)d = δ(k′ − k)
x

d
(4.4)

we find that the lattice Hamiltonian 4.1 reduces to 〈k′|H|k〉 = dδ(k′ − k)H(k), with

modified dispersion relation H(k) written as:

H(k) = −J cos(kd) + F1x
2 . (4.5)

Clearly the above quasi-momentum Hamiltonian is diagonal, where the operators

e±ikd implicit in the kinetic-energy term produces discrete lattice translations of the

tunnelling atom and leads to the dispersion relation, for the case when there is no
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external trapping potential,

E(k) = −J cos(kd) . (4.6)

Moreover, we have introduced the notation F1(= mω2
τ/2) for the half of the trap

strength to highlight the notion of force on atom, whenever it moves away from the

trap origin [Saif and Watanabe 2019]. This force provided by the parabolic trap is

inhomogeneous, which increases quadratically from each side of the center of trap. To

include the effects induced by quardatic forcing, the trap origin is shifted by distance

s = ∆x to new equilibrium position lo = ∆x/d, this will also set the particle into

motion.

4.1.2 Energy Spectrum

To include the initial displacement of trap we begin with

H(k) = −J cos(kd) + F1s
2 , (4.7)

here s = x − xo. As we take the canonically conjugate variables u = kd/2, s = i ∂
∂u

and solve the discrete nonlinear Schrodinger equation (DNLS), we end to a Mathieu

equation [
∂2

∂u2
+

(
4E

Ω

)
− 2

(
−2J

Ω

)
cos (2u)

]
ψ(u) = 0 , (4.8)

with corresponding Mathieu characteristic value 4E/Ω = α and kinetic energy pa-

rameter −2J/Ω = q, which mainly scales with the parabolicity Ω = F1d
2. The

eigenstates of the system are typically known periodic Mathieu Functions. Using

Floquet solution [Abramowitz and Stegun 1964] we write

ψr(s, ν) =

√
d

2π
Cr
m(ν)

∑
m

e[i(ν+2m)K] , (4.9)

to the appropriate normalisation over first Brillouin zone. Whereas the coefficients

Cr
m(ν) mainly depend upon ν, the characteristic Floquet exponent, and are given by

difference equation

[αr(q, ν)− (ν + 2m)2]Cr
m(ν) = q[Cr

m−1(ν) + Cr
m+1(ν)] . (4.10)
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Figure 4.1: Schematic illustration of the Mathieu characteristic energies as a function

of parameter q. Solid dark blue (light red) curves are the eigen values related to ar

(br), whereas dotted-dashed lines correspond to λr, with ν = 0.5.

In above relation, αr(q, ν) represents the corresponding rescaled energy eigenvalues

and the energy of a state with quantum number ‘r’ reads

Er =

{
Ω
4
ar(q) ; even

Ω
4
br+1(q) ; odd ,

where ar(q) and br+1(q) describe the characteristic energies of α [Abramowitz and

Stegun 1964; Meixner and Schäfke 1954]. Note that the energy spectrum varies de-

pending upon the choice of ν, which commensurate with the order of Mathieu equation

by relation r = ν ± 2z. Hence the quantum number r is rounded of to the nearest

even integer 2z. Now for integer values r = ν, which is the case in above mentioned

solution. It is worth mentioning that there also exists a second solution to the above

equation, which is well known by the name of Mathieu functions for non-integer order.

In that scenario the eigenstates are specified by meν(u, q), with corresponding char-

acteristic eigen energies λν+2z(q), uniquely describing both even and odd solutions.

The first few levels that appear from both these cases are, shown in Fig. 4.1, plotted

across the parameter q. Where the continuous solid lines represent energy spectrum

for integer order, irrespective of the even and odd Mathieu functions living in quasi-

momentum space. Both of these solutions have definite parity, with odd levels (dark

blue) of these characteristics are 2π periodic and the even levels (light red) are π

periodic. In particular, Mathieu functions for non-integer order are also plotted to
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distinguish the energy spectra. They are shown as dotted-dashed lines in Fig. 4.1, in

which each quantum number takes on an additional fractional constant number, i.e.

ν = 0.5. By this the spectrum modifies itself and the eigenvalues mainly lie over a

single curve, which for our taken parameters falls exactly in between the first solution

bands.

Some more insight can be drawn by looking at the Fig. 4.1 which also highlights

a couple of other bounding features. One of which is the case of q → 0, where the

spectrum approaches to the quardaticaly-spaced free particle energy levels. This be-

haviour is clearly eminent from the figure as well as from Eq. 4.8, which completely

reduces to the free particle Schrodinger equation whenever q vanishes. To further

elaborate the trends in this region we have the following asymptotic expression, for

small q [Rey et al 2005],

Er =
Ω

4

{
r2 +

1

2(r2 − 1)
q2 +

5r2 + 7

32(r2 − 1)3(r2 − 4)
q4 + . . .

}
. (4.12)

Another important point upon which we would like to emphasise on is the origin of

localized eigenstates in this regime. Wavefunctions approaching free particle solution

in momentum space will bring maximally localized eigenstates in the position space,

and the particle will sit on a single lattice site, with maximum probability amplitude

on it. Localization of the wavepacket is a prerequisite for some key dynamical phe-

nomena like Bloch oscillation which we construe in detail in next subsections.

Second bounding case appears in the q →∞ limit of this problem, which is singular

in the sense that the spectrum is entirely different from that of the translationally

invariant lattice (Ω = 0). In this regime, for very large values of kinetic energy pa-

rameter q, we have the asymptotic expansions

Er =
Ω

4

{
−2q + 4

√
q

(
r +

1

2

)
− (2r + 1)2 + 1

8
+

[(2r + 1)3 + 3(2r + 1)]

128
√
q

+ . . .

}
.

(4.13)

Ignoring higher order terms and restricting ourselves to the quantum numbers linear
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in l, above expression approximates to

Er = −J +
√

2JΩ

(
r +

1

2

)
, (4.14)

these are the famous equi-spaced harmonic oscillator eigenenergies, displaced by

amount −J from the bottom. Thus the Hermite eigenfunctions corresponding to

these energies will also be shifted and haing the new origin at point lo. The atom

will perform simple dipolar motion with an effective dipole frequency, ωD =
√

2ΩJ/~.

These transitions are also evident by looking at the Fig. 4.1, where one can see the

energy curves merging over a single line, which becomes equally spaced as well at the

right extreme. This is a unique behaviour, because in the absence of the harmonic

trap the eigen functions in postion space are Bloch states, but here for a diminishing

trap strength one encounters something different. This effect is thoroughly explained

in [Hooley and Quintanilla 2004], where the authors reveal another counter charac-

teristic of the system, in this regime, i.e. the eigenstates becomes more and more

localized by increasing r. Now lets examine the dynamical modes of the system as

the energy eigenstates interlace between localized to extended states.

4.1.3 Eigenstates

Before describing the time propagation, let us analyse the eigensfunctions in real

space,

ψr(s, ν) = 〈s|ψr〉 =

√
d

2π

∫ π
d

−π
d

dk〈s|k〉〈k|ψr〉 =
d

2π

∑
m

Cr
m(ν)

∫ π
d

−π
d

dk eiks.e
i
2

(ν+2m)kd

=
d

2π

∑
m

Cr
m(ν)

∫ π
d

−π
d

dk ei[(x−lo+
νd
2

+md)k] =
∑
m

Cr
m(ν) δ(x− lo + νd/2 +md).

(4.15)

This represents a collection of delta functions defining the discrete Hilbert subspace

x = nd, and the diminishing argument of the Dirac delta function, in above expres-

sion, deduce that the characteristic Floquet exponent proportionate with the initial

displacement lo, by relation ν = 2lo/d. Now the eigenstates becomes a function of

the initial displacement of the trap and the coefficients Cr
m(ν) describe the real space

amplitude, which sweeps across the whole lattice, as m varies. Therefore, ν being

integer or non-integer decides the points where maximum amplitudes reside. This for
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Figure 4.2: Eigen functions for r = 0, 5, 40, 75 are shown in quasimomentum rep-

resentation, starting from left, each with their corresponding spatial analog placed

right together it, for constant values of q = −500 and ν = 0.5, as obtained by solving

Eq. 4.10.

integers lie exactly above or half way between each lattice site, corresponding to the

2π or π periodic solutions, respectively, when odd or even values of ν are considered.

For ν non-integer, the non-trivial solution discussed above, is dropped with the un-

derstanding that the real space eigenstates vanishes uniformly over each lattice site.

Hence only π and 2π periodic Mathieu functions are considered as valid solutions in

k-space, which give rise to even and odd amplitudes Cr
m(ν) in position space. Gener-

ally, we can say that the presence of external trapping takes the Bloch states to the

k-space, with the equivalent delta functions envelope generating maximally localized

Wannier states in real space.

The overall behaviour of eigenstates as obtained via exact diagonalization of Eq.

3.10, is shown in Fig. 4.2, both in the quasimomentum and spatial description. All

these plots associate with fixed parametric values, that are q = −500 and ν = 0.5,

which depict similar behaviour to discretized harmonic oscillator for lower lying states,

but is still not the same. Although it can be shown that for large values of |q| the

eigenstates took the exact shape of Hermite polynomials, as known analytically. The

wiggles appearing in the spatial profiles related to first two quasimomentum eigen-



Ch 4. Single Band Tight Binding Dynamics 39

states are responsible for the fact that there will be many such periodic functions of

the same form in k-space and they sums up to a single localized packet as connected

by the fourier transform. The localization effect of high energy states away from the

center of parabolic potential is also visible by looking at the right extreme of Fig.

4.2. Remember that here we have chosen a moderate value of kinetic energy param-

eter q, which can be controlled in experiment and for very smaller values we can see

localization effect emerging right from the ground state (not shown).

4.2 Bloch Osillations

The time evolution operator Û(t) in Bloch wave basis is simply

(4.16)

Ûk′,k(t) = 〈k′|Û(t)|k〉 =
∑
r

〈k′|ψr〉e−iErt/~〈ψr|k〉

=
d

2π

∑
r,m

Cr
m(ν)Cr∗

m (ν)e−i(k−k
′)νe−2im(k−k′)e−iErt/~ ,

this propagator changes based on the inherent eigenenergies, which were earlier seg-

regated into two prominent regimes. Keeping in mind that for the solutions that

sustains in our problem r = ν, meanwhile ν itself connects with lo. Using Eq. 4.12

we write

(4.17)

Ûk′,k(t) =
d

2π

∑
r,m

Cr
m(ν)Cr∗

m (ν)e−2im(k−k′)e−i(k−k
′)νe−iΩr

2t/4~ · · ·

=
∑
m

Cr
m(ν)Cr∗

m (ν)e−2im(k−k′)δ(k − k′ + Ωlot/~d) . . . ,

which defines a local static force F = Ωlo/d, and we see that the quasi-momentum k′

follows the classical acceleration

k′ = kt = k − Ft/~ . (4.18)

And the usual lattice band picture restricts the quasimomentum k to first Brillouin

zone. Hence in low q regime the atom will perform Bloch oscillations with frequency

ωB = Ωlo/~, remaining constrained to one side of the trap.
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In the basis of Wannier states, propagator takes the form

(4.19)

Ûn,m(t) = 〈n|Û(t)|m〉 =
∑
r

〈n|ψl〉e−iErt/~〈ψr|m〉

=
∑
r

Cr
n(ν)Cr∗

m (ν)e−iErt/~ ,

the Fourier counterpart of 4.16. Here C ′s are the spatial amplitudes already described

in the previous section. The time evolution operator can be simplified by substitut-

ing asymptotic expressions 4.12 and 4.13, which divides the system’s evolution into

two dynamical modes, namely Bloch mode and Dipole mode. Further, one can see

that evolution operator is periodic in both regimes with Bloch period TB = 2π~/Ωlo
and Dipole period TD =

√
2π~/

√
ΩJ . Lets examine wave packet evolution in both

scenarios one after the other.

Consider the complete time evolution operator, with discrete basis, acting upon an

initial state ψo as

(4.20)
|ψ(t)〉 =

(∑
n,m

Ûn,m(t)|n〉〈m|

)
|ψ(0)〉 =

∑
n,m,l

Cr
n(ν)Cr∗

m (ν)e−iErt/~|n〉〈m|ψ(0)〉

=
∑
n,m,r

Cr
n(ν)Cr∗

m (ν)e−iErt/~Cm(0)|n〉 =
∑
n

Cn(t)|n〉 ,

where, Cm(0) counts for the spatial distribution of initial wave packet, over the finite

lattice Hilbert subspace. Whose time evolution is governed by Cn(t), connate with

the ingrained quasi-energies.

Bloch oscillations of a preliminary state ψo is shown in Fig. 4.1, which depict a

couple of illustrating instances, in the low q regime, used to expound the dynamical

sensitivity of the system, towards the initially projected wave function. That is, if

the overall amplitude of the initial state particularly reside in a single quantum well,

then the wave packet will perform coherent Bloch breathing, uniformly spreading

towards both spatial extremes, after which a complete reconstruction is observed on

the same outset at each Bloch period. Other than that is the case of an extended

primary distribution populating more than one nearby lattice sites. Such a broad

Gaussian distribution is taken as the initial state in right of Fig. 4.1, having non-zero
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Figure 4.3: Time evolution of the absolute value of the wavefunction |〈n|ψ(t)〉| as a

function of t/TB and n, exhibiting Bloch Breathing mode of a localized wavepacket

initially placed at lo = 24 (left), and center of mass Bloch oscillations for a broad

Gaussian wavepacket with variance σ = 1.5 and mean a = 24 (right), in the tight

binding model at |q|= 162.5.

probability amplitude over several contiguous wells. The inceptive distribution now

undergoes dispersionless center of mass Bloch oscillations. Both these plots are gen-

erated at a fixed value of |q|= 162.5 (Hamburg experiment [Heinze et al 2013]) and

a trap shift to n = 24. One can easily note the wavepacket hampering on one side of

the parabolic optical lattice, although there is no physical boundary.

Figure 4.4: Expectation values and width of scaled position, for the same wave packets

as used above, at zero initial momentum.
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4.3 Dipole Oscillations

Dipole oscillations of atomic wave packets have been largely studied in parabolic opti-

cal lattices, which gather more attention right after the realisation of BECs. A lot of

work has been done in this regard, both theoretically [Pezzè et al 2004; Polkovnikov

et al 2002; Rey et al 2005; Ruuska and Törmä 2004] and experimentally [Cataliotti

et al 2003; Fertig et al 2005]. This harmonic oscillator character is pretty evident

from the underneath energy spectrum, in the high q regime. And the Hermite eigen-

function are simply displaced from the bottom, by amount J , with centre on the new

equilibrium position lo. With Eq. 4.14, the real space propagator takes the form

(4.21)Ûn,m(t) =
∑
r

Cr
n(ν)Cr∗

m (ν)e
−
[
i
√

2JΩ
~ (r+ 1

2)−J
]
t
.

Thus the wavepacket transverses both sides of parabolic optical lattice, in the high q

regime, performing center of mass dipolar motion with an effective frequency ωD =
√

2ΩJ/~. The dynamics generated are shown in Fig. 4.5. The time axis is scaled

with the corresponding dipole period.

Figure 4.5: Time evolution of the absolute value of the wavefunction |〈n|ψ(t)〉| as a

function of t/TD and n, exhibiting dispersive dipole oscillations for a sharply local-

ized wavepacket at lo = 24 (left), and simple dipolar motion for a broad Gaussian

wavepacket with variance σ = 1.5 and mean a = 24 (right), in the tight binding

model with |q|= 1625.
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In our numerical simulation the high q regime is achieved by reducing the trap

strength Ω (= 2.79 × 10−4Er, previously) by order of tens. Although it can also

be done by enhancing the lattice tunnelling J (= 2.27×10−2Er ; see appendix for the

relevant energy scale) through depth Vo. As parabolic trap is an external component

so it is preferred for the sake of simplicity. Prominent changes in the dynamics is

observed at |q|= 1625, which approaches to coherent dipole oscillations for a broad

initial distribution, as shown in Fig. 4.5. While a sharply localized distribution suffers

significantly expanding through the contiguous wells, although the overall transport

is still very much similar.

To further construe such effects, an elementary method is mostly used while study-

ing Bloch oscillations. That is by calculating the expectation values one could easily

discern the established wavepacket dynamics. Moreover, the Ehrenfest theorem in-

grained to expectation values also serves as a good test to the computations. Therefore

expectation values and position variances are calculated for both modes, as shown in

Fig. 4.4 and Fig. 4.6. Small changes in variances are observed for Bloch oscillations.

Despite, for Dipole oscillations fluctuating variances are seen which becomes more

robust as the time goes on. The average atomic motion is also pretty much eminent.

Figure 4.6: Expectation values and width of scaled position, for the same wave packets

used in dipole oscillations at a zero initial velocity. Dephased oscillations are observed

with fluctuating variances.
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Note : Although it was expected that the quadratic forcing of parabolic trap should

modify the Bloch oscillations.A complete breakdown of coherent oscillations is ob-

served [Geiger et al 2018], confirming the single band approximation results of previ-

ous chapter. Also, the dipole oscillations are found to be dephased after few cycles.



Chapter 5

Wave Packet Propagation

The actual wave packet evolutions beyond all approximations are at the heart of this

chapter. Having understood the lack of comprehensiveness in analytical solutions

for the parabolic optical lattice Hamiltonian, we proceed towards present day com-

putational advancements to check the reliability of the estimated results. Spectral

split operator technique is being employed, for the wave packet propagations, which

is an accurate method, widely used for calculating exact time dependences. This al-

lows us to probe beyond tight binding or single-band approximation. Such numerical

evaluations are now common and we adduce to [Hartmann et al 2004] for similar

studies.

5.1 Beyond Single Band Approximation

The Landau zener tunnelling phenomenon merely the consequence of inter-band cou-

pling was completely ignored in previous chapters, being restricted to a fixed single

band. The Schrodinger equation of parabolic optical lattice Hamiltonian 2.22 was

completely non-integrable in real space. For that reason we turned to quasimomen-

tum representation and solved the tight binding version of the system. However, the

exact general form of eigenstates and energy spectrum is still abstruse. Such a sce-

nario mostly builds up in the course of driven systems, where the Hamiltonian takes

on explicit time dependent terms. Most often analytical solutions become sparse and

computational methods are employed. We proceed likewise and solve the problem

numerically for better definite results.

45
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Figure 5.1: Propagation of a Gaussian wavepacket with width as previously taken to

be in tight binding evolutions. Absolute value of the wavefunction is shown, exhibiting

Bloch (top) and Dipole (bottom) oscillations, where s = 10Er and ν = 2.83×10−5Er.

The latter is reduced by one order of magnitude for the Dipole oscillations.

The dynamics of a single atom in effect of the Hamiltonian 2.22 are governed by the

time dependent Schrödinger equation

i~eff
∂ψ

∂t
= −∂

2ψ

∂y2
+ (s sin2 (y) + νy2)ψ, (5.1)

where y, ~eff and ν denote the rescaled position y = kLx, the rescaled Planck’s

constant ~eff = Ωlo/π and the scaled parabolicity ν = Ω/π2, respectively, with

s = Vo/Er. The whole scaling assembly is given in the Appendix, where we also

highlight the scaled parametric values used. We stick to the values of Hamburg ex-

periment [Heinze et al 2013]. The experiment is preferred for the ease of controllable

lattice depth s and tuneable parabolicity ν, although Aarhus experiment [Pedersen

et al 2013] serves equally well in wave packet production and manipulation. The new

parameters introduced and the scaled values are given in the Table 7.1.

Above equation can fairly be solved by means of an operator splitting method [Feit
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et al 1982]. The technique splits the evolution operator e−i[T (k)+V (x)]t/~ into corre-

sponding kinetic and potential parts, using Baker-Hausdorff formula, which are sep-

arately calculated in there respective space. Considering only the lower order terms

of expansion, the evolution is governed by

e−
i
~Ht = e−

i
~
V (x)

2
te−

i
~T (k)te−

i
~
V (x)

2
t . (5.2)

Fourier transform of the operators e−iT (k)t/~, e−iV (x)t/~ transforms the initial state in

configuration space (from one to the other). However, the space you wanna end to is

first projected on to the initial state. Keeping the same value of parabolicity as pre-

viously chosen to be in tight binding approach, ν = 2.83× 10−5Er, parameters of the

physical system reduces to only one variable, i.e. scaled depth of the optical potential

s. For s ≥ 4 the system strictly follows tight binding dynamics. With s = 10Er and

at the same initial conditions, the results obtained here, Fig. 5.1, practically coincide

with the tight binding evolutions of previous chapter.

Further, the depth of optical potential is reduced to see beyond the tight binding

approximation. The scaled values are s = 3.6Er and ν = 2.83 × 10−5. As an initial

state, we use the displaced ground state of the system and, hence, width of the wave

packet is no more an independent parameter. The ground state of the Hamiltonian

2.22, with center of the harmonic potential shifted to ∆x, is found by imaginary time

propagation of some trial wavefunction. For the real time propagations then, Eq.

5.1 is solved. This has the same effect as suddenly displacing the ground state wave

function. In the Catiliotti experiment [Cataliotti et al 2003], this has been achieved

by means of a weakly interacting (dilute) Bose-Einstein condensate, where the atomic

cloud is shifted by displacement of the magnetic trap. It could also be obtained by

initial driving as engineered in [Sherson et al 2012]. Therefore, we posit that Hamburg

experiment [Heinze et al 2013] may serve equally well, where the parametric values

are more favourable for observing the discussed dynamical phenomena.

Fig. 5.2 shows the Bloch mode, in real space, as a function of time (shown is the

probability density |ψ(x, t)|2 over initial four Bloch periods, where the bright regions

corresponds to higher density). At t = 0, the wavepacket segregates instantly and the

subsequent dynamics results in the superposition of Bloch and Dipole oscillations.
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Figure 5.2: Propagation of the displaced ground state of the system. Absolute value

of the wavefunction is plotted as a function of t/TB and x/d, exhibiting Landau-Zener

tunnelling over Bloch oscillations, where s = 3.6Er and ν = 2.83× 10−5Er.

The splitting is repeated with a decreasing amplitude at each Bloch period. This

behaviour can be explained on the basis of band structure involved. Band structure

reflects the periodicity of the lattice and it is well known that band gap reduces at

lower depths of the optical potentials. Therefore, at lower band gaps the interband

coupling could no more be neglected. Hence, as we probe beyond tight binding ap-

proximation, interband coupling gives rise to Landau-Zener transitions [Yamakoshi

and Watanabe 2015]. Thus numerically observed splitting is due to perceptible con-

tributions from higher bands.

5.2 Oscillation Vs. Acceleration

Till now the research literature ascribes the motion of Landau Zener tunnelling frac-

tion to uniform acceleration, as the course of homogeneously tilted lattices [Hartmann

et al 2004]. However, here we report the dipole oscillations of the accelerated part of

the wavepacket, due to symmetry of the parabolic optical lattice. It can easily be seen

from Fig. 5.2 that while performing Bloch oscillations, on one arm of the symmetric

structure, some fraction of the wavepacket segregates itself from the overall multitude

and starts to oscillate in the higher bands, traversing both sides of parabola. Hence,

in parabolic optical lattices there will be complete oscillations [Ali et al 2019] and a

properly trapped atom can never escape from the lattice during its propagation.



Chapter 6

Conclusion

With all this understanding developed, we are in a comfortable position to segregate

the dynamical phases of the parabolic optical lattice. A phenomenological illustration

is shown in Fig. 6.1, where we have marked the fences of Bloch and Dipole oscilla-

tions, using the relation

nc = 2

∣∣∣∣√q

2

∣∣∣∣ , (6.1)

being the critical eigen number at which the behaviour of eigenstates changes for

a general value of q. Above the critical number the eigenstates are localised, while

they are extended, in space, below it [Rey et al 2005]. Consequently, it is inferred

that near the centre Dipole oscillations will be observed and on the uprise sides of

parabola Bloch oscillations dictate the dynamics. A clear boundary by blue dotted

lines is marked on the ground band, in Fig. 6.1. The regions 4 and 7(8) strictly

corresponds to Dipole and Bloch oscillation, respectively.

The unique effect of oscillating Landau-Zener tunnelling thoroughly described in pre-

vious chapter is also shown along with, where the first excited band is shown by

red parallel lines. It can be seen that the regions 1, 2, 3, marked with a blue pointer,

clearly, depict the band energy overlap. Although Landau-Zener tunnelling is a purely

quantum phenomenon, which could also occur in 4 and 7(8) at smaller band gaps, we

only mark here the persistent domain of moderate tunnelling probabilities.
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Figure 6.1: Phase diagram of parabolic optical lattice. Regions of Bloch and dipole

oscillations are marked on the ground band (bottom), whereas the Landau-Dipole

oscillations disseminate across the whole lattice in the first band (top).

The oscillations of Landau-zener tunnelled fraction can also be understood from

the presented symmetric structure. Wave packet accelerates from one uprise arm

(5 or 6), hindering the Left and Right Bloch oscillations (LBO-RBO), crossing the

centre it again traps into a potential hill. Consequently, it de-accelerates giving rise

to oscillations, called Landau-Dipole oscillations (LDO).

It is to be noted that all the dynamical phases relates with fixed energy domains,

which can be attained by placing the wave packet at corresponding displaced po-

sitions. One easy way used is shifting the eigenstates by a sudden shift lo to the

parabolic trap centre. For a localized wave packet created near the edges of parabola,

with high values of trap shift, the rate of Landau-Zener tunnelling is much higher

(see pointer) and Landau-Dipole oscillations pertains with larger amplitudes.

Hence, it is inferred that parabolic optical lattice is the core of rich dynamical fea-

tures. The results obtained are experimentally viable, which will be having potential

applications in matter wave splitting and waveguiding devices [Ali and Saif 2019].



Appendix: Units

Rescaling and Parametric Values

In the following, we are giving a description of the used scaled units. The system

of units is motivated by use of recoil energy, Er =
~2k2

L

2m
, and reducing the number

of free parameters to a minimum [Yamakoshi et al 2016]. The scaled hamiltonian

yields dimensionless variables, which can easily be used in numerics. Starting with

the parabolic optical lattice

H =
p2

2m
+ Vo sin2 (kLx) + F1x

2 . (6.2)

The hamiltonian scaled with the free particle energies can be written as

Heff = − ∂2

∂y2
+ s sin2 (y) + νy2 , (6.3)

where y, s, and ν denote the rescaled position y = kLx, the rescaled optical lat-

tice depth s = Vo/Er, and the rescaled parabolic trap strength ν = mω2
T/2Erk

2
L,

respectively.

Table 6.1: Typical values of the parameters for Aarhus and Hamburg experiment

[Yamakoshi and Watanabe 2015]. Parameters converted for numerical analysis are

also shown.
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The scaled variables are shown in Table 7.1, with precise values calculated from

the recent experiments. Both experiments report high fidelity generation of coherent

matter wave packets in parabolic optical lattice. Although the experiments were

strictly performed to transfer the matter wave packets to higher bands by lattice

modulation. We restrict ourselves to the modulation free system for now, leaving the

modulation effects a future endeavour.
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