PROPAGATION OF ELECTROMAGNETIC WAVES ALONG
DIELECTRIC INTERFACE

Zahid Hameed Qazi

DEPARTMENT OF ELECTRONICS
QUAID-I-AZAM UNIVERSITY
ISLAMABAD, PAKISTAN
JUNE, 2008



This work is submitted as a thesis in partial fulfilment of the

requirement for the degree of

DOCTOR OF PHILOSPHY
IN
ELECTRONICS

DEPARTMENT OF ELECTRONICS
QUAID-I-AZAM UNIVERSITY
ISLAMABAD, PAKISTAN
JUNE, 2008



CERTIFICATE

It is certified that the work contained in this thesis was carried out
and completed under my supervision at Quaid-i-Azam university, Islamabad
Pakistan.

upervisor

(Prof. Dr. Azhar Abbas Rizvi)

Submitted through:

Prof. Dr. Azhar Abbas Rizvi,
Chairman,

Department of Electronics,
Quaid-i-Azam University,
Islamabad, Pakistan.

1ii



To my late parents.



Table of Contents

Table of Contents

List of Figures

Abstract

Acknowledgements

1

2

5

Introduction

Interfacial Line Source

21 Problem Pormmlabion » - v s i ssnm onn i @549 6o 6 @@y
2.2 Asymptotic Solution for Upper Half Space . . . ... ... ... ... ..
2.3 Asymptotic Solution for Lower Half Space . . . ... ... ........

2.4  Wave Propagation along the Interface . . . . . . . .. .. ... ... ...
2.5 Location of Field Nulls or Critical Points . . . . . .. . ... ... ....

Two Dimensional Finite Sources

3.1 Line Source In Upper Half Space . . . . .. .. ... ... ... . ...
3.2 Line Source In Lower Half Space. . . . . ... ... ... ... ...
3.3 Existence of Critical Points . . . . . . . .. .. . . ... ..
34 Ceneralizalion. . . . . o o b 5 s a o b b e o e s & 8RR R B

Current Sheet Perpendicular to Plane Dielectric Interface

4.1 ‘Problem Formulabion . ... & o = g s & 56 dm 5 6 s 5 6 8 Skt 3 5 7 S5
4.2 Electric Field In Upper Half Space . . . ... ... ............
4.3 Electric Field In Lower Half Space . . . .. . ... ... ... ......

Conclusion

References

vi
ix

xii

10
10
14
26
33
37

42
43
52
62
66

73
74
80
90

96

101



List of Figures

1.1 Typical oblique incidence case - A text book problem . . . ... ... ..
1.2 Propagation along a wedge in the farzone . . . .. .. ... ... .. ..
1.3 A line source radiates cylindrical EM waves . . ... ... ........
1.4 Circular phase fronts due to interfacial line source between two dielectric

REEBPEEEE © v i v 0 e S e v A GV IR S B A A W AN WY B E K e

2.1 Geometry of the problem . . . . . . ... .. ... ... ... ... .
2.2 Branch cuts drawn to satisfy radiation conditions in £,; . .. ... ...
2.3 Deformed Path of Integration for Branch euts for £, . . . . . ... ...
2.4 Mapped complexaplane. . . . . . . .. . e
2.5 Only one pair of branch cuts left in the new a plane. . . . .. ... ...
2.6 Branch point at e« = i coshn contributes in evaluation for £, . . . . . . .
2.7 Neither of the Branch Cut will Contribute when @ =#/2 . . . ... ...
2.8 Lower Branch Cut will Contribute when /2 <8 <7 . .. .. ... ...
2.9 No Branch Point Contribution whenn. > . . ... ... ... ... ..
2.10 Original path of integration, @ and the pair of branch cuts for E,; in
ORPIEE oo v wons 5 8 5 O R N R A G B N N RS P R R R R
2.11 Deformed Path of Integration, @' and the pair of branch cuts for E,, in
OTHONE 5o 58 2 B B 2 2 E 26 P S5 Gl % B e b & AR 5 B RS

2.12 Branch point contribution is to be taken when 6 < cos™'(1/n) . ... ..

vi



2.13 Lines of equiphase planes with critical points for E;; and E., continuous
acrogs thelinferface . « v v mc v v m e s s e g W s e e e e E 36
2.14 The critical points seem to densely packed in the lower half space while

the refractive index, n value is increased . . . . . . . . . . . ... . ... 37

3.1 A displaced line source in upper half space . . . . . . ... ... .. ... 44
3.2 Phase map near the interface with displaced line source in upper half space 53
3.3 A displaced line source in lower half space . . .. ... ... ... .... 54

3.4 Phase map continuity preserved when displace line source is below the

IEBHPHGE & o v v 2 v @ P V2 NS I RS N D B R A @ N G R F 6 e e R 62
3.5 Two line sources placed arbitrarily in the upp'er half space . ... .. .. 68
3.6 A displaced arbitrary source in upper half space . . . . . ... ... ... 69
3.7 A displaced arbitrary source in lower half Space . . . . ... ... .. .. 70

3.8 Phase map near the interface due to arbitrary shaped electric source in
=30 o3 015 ol 017 611 Y o R U R R A 71

3.9 Critical points move away as refractive index decreases in lower half space 72

4.1 Two half current sheets present in the yz plane . . . . . ... ... ... 75
4.2 Current sheet present in the yzplane . . . . . . ... ... ... ..... 81
4.3 The corresponding path of integration in complex « plane of Iy . . . . . 83
4.4 Integration path and two branch cuts with poles in the k, plane of Iy . 86
4.5 Integration path in the mapped s planeof Iny . . . . . . . . . ... ... 88

4.6 Critical points in the region, y > 0 due to a current sheet across the

interface while no such pointsiny <0 .. ... ... ........... 95
5.1 Poynting vector and the phase map in the rarer medium . . . .. .. .. 98
5.2 Flow lines due to finite extent sources in the rarer medium . . . . . . .. 99
5.3 Flow lines due to current sheet in the rarer medium . . . . . .. ... .. 100

vil



5.4 Close view of phase map structures with horizontal displacement of the

IOWEEDEN & o s v S R S NG S PRGN SR SR

viii



Abstract

Investigation of electromagnetic waves propagating along plane dielectric interface poses
a very interesting and challenging problem. It is known that the phase velocities of the
electromagnetic waves in dielectric media depend on the constitutive parameters of the
media. Although phase velocities of electromagnetic waves in different dielectric media
are different the tangential electric and magnetic fields across the interface must be
continuous to satisfy the boundary conditions. The studies carried out so far in the field
of propagation along dielectric interface show discontinuous tangential field components
across the interface thereby violating boundary conditions. The discontinuity exists in
the phase and hence in the phase velocity of the field components whereas the magnitude
is continuous across the interface. It is desired to find such a solution for which phase
as well as magnitude of field components, E and H are continuous across the interface
thereby satisfying Maxwell’s equations.

To study the propagation behavior along the interface two classes of problems have
been considered. In the first class of problems current sources of finite extent have been
considered and in the second class the source considered is an infinite current sheet. In
the first class of problems electric field due to electric currents source parallel to the
interface was investigated. The first order asymptotic evaluation of field components
shows a null of the electric field at the interface. This solution satisfies the continu-
ity of electric field while the magnetic field component is discontinuous. Higher order
asymptotic evaluations have been employed to get further insight into this propagation

problem. The results show that the wavefronts need not be discontinuous. In the second



class of problems a current sheet was assumed to be present across the interface to see
the behavior of plane wave near the dielectric interface due to an infinite source.
Among various source configurations considered in this work the continuity of the
phase fronts is found to be preserved with the help of interesting and stable structures
of phase fronts. These structures are formed by two types of critical points in the phase
map known as saddle points and center points. The phase map plots show that these
points exist near the interface in both half spaces when: finite extent sources are present.
While the infinite extent source was responsible for creation of these points in the upper
half space only . These points are located periodically along the interface while their
position above or below the interface depends upon the refractive index of the denser
medium of the two dielectric half spaces. It was found that the refractive index also

effects the periodicity of these points along the interface.



Don’t just say “it is impossible” without putting in a sincere effort. Observe the word
“Impossible” carefully. You can see “I'm possible”. What really matters is your

attitude and your perception.
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Chapter 1

Introduction

It is well known that plane waves are fundamental solutions of Maxwell’s equations.
Plane wave is generated by an infinite sheet of electric current. It is physically impossible
to have sources of infinite dimensions. The finite sources radiate divergent waves but
these waves can be considered locally as plane waves in the far zone of the source. In
various two dimensional radiation and scattering problems of electromagnetic waves,
the waves have to travel parallel to interface in the far zone. An example is of radio
wave propagation parallel to earth’s surface with source at or near the surface. Another
example can be given of a normal incidence of electromagnetic wave on a dielectric
wedge. In the far zone near the interface of this wedge,, direction of propagation of the
wave would become parallel to interface.

The phase velocity of electromagnetic waves in a medium depend upon the consti-
tutive parameters of the medium. When the electromagnetic waves have to propagate
parallel to an interface of dielectric media the difference in phase velocity in different
media poses some interesting questions at and near the interface. For example, how the
phase velocity will change over from one value to the other value across the interface in
a continuous manner? Extensive work has been done in radiation and scattering of elec-

tromagnetic waves in the presence of dielectric interfaces but the interest has generally



been in calculating fields away from interface or in the far zone.

The most basic interface problem is, of course, the problem of reflection and refraction
of a plane electromagnetic wave by a plane interface, which was solved by Fresnel and
presented to the French Academy in 1823. The propagation of waves is not parallel

to interface in this particular case. Consider Fig. 1.1, a plane wave strikes a dielectric
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Figure 1.1: Typical oblique incidence case - A text book problem

interface at an incidence angle, 6; and is reflected at an angle, #,. The wave penetrates in
the second medium at an angle, 8,. The field in the upper medium is sum of incident and

reflected plane waves, or E* 4+ E”. The transmitted field is . These fields are related



through reflection and transmission co-efficients by Snell’s law. To obtain propagation
parallel to the interface the angle of incidence, #; must approach /2. As a result the
reflection and transmission co-efficients tend to become zero and only the incident field
remains. The aim of obtaining propagation parallel to the dielectric interface cannot
be achieved by this simplistic model. The failure of this model is due to its idealized
nature because an infinite source and and an infinite dielectric interface are required by
this model. Therefore one has to look elsewhere to study wave propagation parallel to
a dielectric interface.

Parviz Parhami et. al. [1] derived fields due to current elements radiating over a lossy
ground. They numerically evaluated Sommerfeld integrals present in the expressions
for vector potentials. These vector potentials are valid only above the ground, so the
resulting field gives no information about the fields at or below the surface. Similarly
Parhami and Mittra [2] worked on problem of an arbitrarily shaped thin wire antenna
radiating over a lossy half space. They employed method of moments to solve the
integral equation arising from center-fed vertical dipole and center-fed inverted V-dipole.
Their results show that the far field radiation pattern of the electric field component
parallel to the interface is zero along the interface. Kin-Lu [3] studied interference
effects of a Gaussian electromagnetic pulse incident on an air-dielectric interface for a
micro strip circuit. The numerically obtained results show that the power absorption by
the dielectric surface drops to zero as the incidence angle approaches 7/2. Engheta and
Papas [4] had analytically solved the problem of an interfacial line source on a dielectric-
dielectric interface. Their results also show zero electric field along the interface. They
had observed sub-surface peaking of the field pattern in the denser medium at critical
angle.

Geometrical theory of diffraction(GTD) and Expansion Wave Concept have been



employed by Volski and Vandenbosch [5] to find radiation pattern of an electric line
source present on a semi-infinite dielectric slab. They have used GTD to investigate
the diffraction effects of the truncation while expansion wave concepts were employed
to find out field at the edges of the slab. The field patterns of their results also show a
null of electric field at the interface of the dielectric slab.

Scattering and diffraction problems due to wedge shaped objects also present the
same kind of situation on the interface far from the edge of the wedge. Such problems
have been treated extensively in the literature and several solutions for the scattered
far field have been presented. Complicated field distributions exist near the edge of
the wedge due to presence of diffracted and scattered fields as shown in Fig. 1.2. But
far from the edge of the wedge near the interface the phase velocity continuity again
becomes questionable. For example, Maliuzhinets [6] has given a rigorous solution based
on approximate boundary conditions referred to as impedance boundary conditions.
His solutions are valid only if the magnitude of refractive index of the wedge is large
compared to unity. Kraut and Lehman [7] investigated, the problem of diffraction of a
plane-polarized electromagnetic wave incident on a right-angled dielectric wedge. They
examined the electric field amplitude at the tip of the wedge. Their results are not valid
to investigate the field behavior along the interface far away from the tip, as shown in
Fig. 1.2. Zuffada [8] had also solved a dielectric wedge problem. Her results are not
valid at the wedge interface.

It can be seen that some solutions are invalid at the interface and provide no clue
to the interfacial wave propagation problem. While in the solutions that are valid on
the interface either there is discontinuity of fields at the interface or field is zero at the
interface. The discontinuous field along the interface does not satisfy the Maxwell’s

equations and the zero field on the interface does not satisfy boundary condition that



polynomial y = 2°.
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Figure 1.2: Propagation along a wedge in the far zone

can be best understood by considering a simple polynomial, y = 2

3

magnetic field must be continuous on the interface. The solutions which give a field
null on the interface are in fact approximations.This means that actual field will have
additional higher order terms. The zero field on the interface is an unstable condition.

Any small perturbation will change the location of zero away from the interface. This

3 This polynomial

has three roots at the origin. Addition of a small term, az will give two complex roots
(+iy/e) along with a root at origin thereby changing the nature of roots in the original

Similarly subtraction of the same term will give two real roots



Figure 1.3: A line source radiates cylindrical EM waves

(£+/a) along with a root at origin.
In two dimensional electromagnetic propagation problems the Poynting vector of an

electric field E.é, = A(xz,y)e'#®¥)¢, is given by [9],
8(z,y) = —— APVe(z,y)
] 21:‘}” 1 .

The amplitude function A(xz,y) is continuous and differentiable. Associated with this

electric field is the phase velocity of the wave given by,

U= =5Vé(z,y)

It is observed that the phase velocity is parallel to the Poynting vector and both of

them are normal to the surfaces of constant phase. The behavior of phase velocity can



be observed by looking at the surfaces of constant phase. For example a line source
of electric current placed in a homogenous dielectric radiates a field whose surfaces
of constant phase are circular cylinder as shown in Fig. 1.3. The phase velocity is
completely radial in this case. The situation changes when the line source is at the
interface of two different media. Away from the interface in both media the surfaces
of constant phase will be nearly semi cylindrical but the density of constant phase
surfaces will be different due to different dielectric constants as seen in Fig. 1.4. Since
field is continuous along the interface the interesting question is how these surfaces
connect in a continuous manner without going through a structurally unstable null field
condition. The phase velocity map near the interface cannot be clearly shown as in Fig.
1.4. Therefore the continuous transition of the phase velocity across the interface needs
further investigation. This is the question that will be addressed in this thesis.

Wave propagation along the interface depends on the source of excitation. The
simplest source is an interfacial line source. Although this problem has been solved by
Engetha and Papas [4] but a more detailed analysis is required along the interface and
this will be done in chapter 2. Interfacial propagation is not limited to interfacial source.
In Chapter 3 arbitrary sources are placed in the half space above the interface and below
the interface. The nature of the field near the interface due to these sources has been
investigated in this chapter. Later a generalized finite source of radiation is assumed to
be located arbitrarily in the two media. The resulting fields near the interface are found
asymptotically in the far zone.

Interfacial propagation may also happen due to infinite extent sources. In Chapter
4 a current sheet is placed across the dielectric half space interface. Electric field in
the vicinity of the interface is found asymptotically. The behaviour of phase velocity in

this case is also determined. In the fifth and the final chapter a discussion on results of



various cases considered in this thesis is carried out. An effort has been made to explain

the true nature of the phase velocity near the interface in this work.



Figure 1.4: Circular phase fronts due to interfacial line source between two dielectric
half spaces



Chapter 2

Interfacial Line Source

It is desired to formulate a problem where EM waves will propagate parallel to the di-
electric interface. The simplest geometrical configuration possible is the current carrying
line source present at the interface of two dielectric media. Engheta and Papas [4] has
solved this problem. First order asymptotic solution has been obtained by him which
describes power radiated in the two half spaces. The limitations present in the solution
are that they do not describe the conditions existing at the interface. According to his
results the electric field, E. which is zero at the boundary is continuous but the magnetic
field H, is discontinuous. Further a zero field indicates a zero phase velocity @ which is
structurally an unstable condition. In this chapter the work carried out in [4] is extended
in such a way that the above raised objections are removed and an structurally stable

configuration of surfaces of constant phase is determined.

2.1 Problem Formulation

Consider Fig.2.1 in which a dielectric with permittivity €; fills the region y > 0 and
another dielectric with permittivity e, fills the region y < 0. As materials are non-

magnetic in nature generally the permeability of free space, j is assumed for both half

10
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spaces. A linear source of electric current is placed coincident with the z-axis on the
interface of the dielectric media. The current distribution associated with this source is
given as,

J = I§(2)6(y)e ™d,,

where d(-) is Dirac delta function, I is the current whose magnitude is given in Amperes,

iwt

and d, is unit vector along z-axis. The time harmonic dependence term is take as e~

z1

22
[t € '

x=0

Figure 2.1: Geometry of the problem

and it will be suppressed in further calculations. Due to the geometry of the problem,
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only the z-component of the electric field, E.a, will be present. Maxwell’s equations
reduce the problem to the solution of Helmohltz’s equation for the electric field E,(z,y)
given as,
V2E, + k*E, = —iwuld(2)d(y), (2.1)
where k = w,/Jig€ is commonly known as wavenumber. The wavenumber is k; for y > 0
and it is kg for y < 0. The refractive index in region y < 0 is n = \/m >,
Solution for E, in (2.1) is called Green’s function. The solution given below follows
that of Engheta and Papas [4]. This solution is given in terms of spectrum of plane

waves. Homogenous solution to the Helmohltz’s equation is a plane wave,

: I Sl . T8 Sl o
ei\/kl Lf.yez.k..,._.: = eakl”yetkw. y > On
E, =
e—i k%-—-kgyeik::l: — g—ikﬂuyeikﬂfz y < D,

where k, is arbitrary and

kiy = \/M‘ kay = \/ﬂ

The coordinate chosen for ki, and ks, is such that the radiation condition is satisfied. A
linear combination of all such solutions for all values of k, will also represent a solution

to the Helmohltz’s equation. This statement can be mathematically written as,

E, = f A(ky)et*==etkdl, y >0, (2.2)

E, = / A(ky)e*==e~ kv . y < 0. (2.3)

The complex amplitude function A(k,) is same for both the regions to satisfy the bound-
ary condition that tangential component of electric field, F, is continuous across the

interface at y = 0.
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The proposed solutions are used in the wave equation using the fact that,
1 [ ke
§(z) = %/_me‘ T dkz,
and that e*** form an orthogonal set of functions. The magnetic field component
tangential to the interface is H, = —(i/wp)0Ez/0y and it must be continuous at the

interface y = 0. This boundary condition when applied to (2.2) and (2.3) yields

i . ik - ik
3 . S q L 11, R 2.4
w—,u{f_ ikyy A(k;) e dk, +/;m ikaye€ df..x} I§(z) (2.4)
The above can be written as
fed Wil i
ki A ., e ki LI Wl — 2.5
/;co{ A+ Ry 2r }e =0 (%3)

The above condition gives the complex amplitude coefficient,

wpl wpl
i) == = : (2.6)
( ) 2'”{\/'{3% - "CE F \/k% =5 kf} 2F(kly + kﬁm)

Therefore the plane wave representation of E,, for the two regions is,

UJ[_LI /co ei(k,_.z—f—kmy)
Eq,=- dk, y >0, 2.7
zl 2?1_ . _m(kly + kgy) J‘ ( )

w,u.f /mei(k;::l:—kgyy}
Ez Sy dk:r :{ < 0. 2.8
2T T ook Fay) ! (28)

The solutions of equations (2.7) and (2.8) at y = 0 is given as,

B =By =HEa=a W iH“’(kll:sl) ~ =H (k|2 3. (2.9)
* U2 = Dk | |2 ! ]

The asymptotic evaluation of (2.7) and (2.8) will be carried out for the two half spaces

separately.
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2.2 Asymptotic Solution for Upper Half Space

In the expression (2.7) the path of integration runs on real axis of complex k, plane from
ky = —o0 to k; = 4o00. There are branch point singularities present in (2.7). These
singularities are present at k, = +k; and k, = +ky. The path of integration, P and

the branch points are shown in Fig. 2.2. The branch cuts present at k, = —k, where

Im k

X

Figure 2.2: Branch cuts drawn to satisfy radiation conditions in E,

n = 1,2 are made to run arbitrarily in in the plane Sk, < 0 to satisfy the radiation



conditions. Similarly to satisfy the radiation conditions the branch cuts originating from
ke = ki and k, = ko are extended in Sk, > 0 plane. The path of integration P is to be
closed at infinity to evaluate the integrals. The path P will be deformed to avoid the

branch cuts. This deformed path is shown as P’ in Fig. 2.3.

Im kX

k1 ‘K, Rek

Figure 2.3: Deformed Path of Integration for Branch cuts for E,,

For the convenience in the subsequent evaluation of integral (2.7) the mapping from

the complex £, plane to the complex « plane is carried out. The relationship which
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governs this mapping is,
ky = ky cosa = ky cos(n + i€). (2.10)

Under this transformation ky, = k; sina and

kay = 1/ k% — Kk} cos? a.

The transcendental function cos(a) is single-valued in the above relationship. From its
periodicity property cos(a + 2nmw) = cos(a)where n = +1,+2, ..., it is evident that a
multiplicity of a values corresponds to the same value of k.. Thus the entire £, plane
can be mapped into various adjacent sections of width m in the a plane. To investigate
in detail the properties of the mapping from the k, to the a plane (2.10) is separated

into its real and imaginary parts, assuming k; to be real,

k, = ky cosmcosh(, k; = —ky sinnsinh {, (2.11)

where,
ky = ky + ik;.

The four quadrants in the k,. plane are mapped in the o plane into corresponding regions
identified according to equation (2.10) as shown in Fig. 2.4. These can also be identified
by the encircled numbers in the same Fig.2.4. The repetitious nature of the regions in
the « plane can be noted as n changes by multiples of 2. So this mapping is seen not
to be 1 — 1, rather 1— many. The path of integration P in the original k, plane is now
shown as @ in the new « plane. The transformation also results in the removal of one
branch point pair at +k;. The remaining two branch cuts also run arbitrarily as shown
in Fig. 2.5.

To put the integral (2.7) in a simplified form, cartesian coordinates z and y are con-

verted to polar coordinates r and 6. The relationship used relating these two coordinates
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Figure 2.4: Mapped complex o plane

x =rcosf, y =rsind.
The field represented in the upper half space by (2.7) is now represented by,

I _
By, = “E [ Fa)e"@dq, (2.12)
271' Q

where,
sin o

(sina + v/n? — cos?a))’

F(a) =
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and,

f(a) = icos(a — 0).

I

Figure 2.5: Only one pair of branch cuts left in the new « plane.

The integral in (2.12) is of Laplace type. The observation point is in the far zone thus
kyr is a large parameter which appears in the exponential term. It is the large value of
kyr which permits to observe the field behavior near the interface for small values of 6.

There are only two branch points present at a = i cosh™ (1) and @ = 7 — i cosh™ (n) in
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(2.12). The amplitude function F'(«) varies slowly in comparison with the exponential
function. The method of steepest descent is the most convenient to evaluate (2.12).
n=2~0

¢ = (. An examination of f(a) shows that there is a saddle point at &« = . The
path of integration will be now changed so as to run on path of constant phase while

passing through the saddle point. This deformed path of integration is shown as @’

in Fig.2.6. The endpoints of deformed path of integration are joined with the original

¢

n

Figure 2.6: Branch point at o = 7 cosh 7 contributes in evaluation for E;,

path of integration, @ at infinity. The enclosed region between @ and @’ should not
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contain any singularities. The contribution of branch point singularity at o = i cosh™ 7
will be summed with the saddle point contribution when 0 < # < cos™'(1/n), as shown
in Fig.2.6. When the condition 0 < 6 < cos™'(1/n) is met, the path of integration
will be deformed with its segments shown as C1 and C2 in this figure. Similarly when
7/2 < 0 < 7 the contribution from the second branch point at & = 7 — icosh™ 7 will
be included in the evaluation of integral (2.12). It can be seen from Fig. 2.7 that neither

of the branch point contributes when the observation angle is 7 /2.

NN AAAAAARANRS
A A AR LR AR AR AN AAA]

> 1)
/2

Figure 2.7: Neither of the Branch Cut will Contribute when = /2

For a further facilitation in the evaluation of (2.12) the phase function f(a) is replaced

by the simplest polynomial having the same local behavior as f(«) near the saddle point.
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Figure 2.8: Lower Branch Cut will Contribute when 7/2 < 8 <

The transformation is carried out according to [10],

fla) = flas) — s (2.13)

The steepest descent path in the s plane, along which 7 (s)=constant, has shifted along

real s-axis. The integral in (2.12) becomes,

T ikyr poo
Eq = 2K / G(s)e™ 75" ds, (2.14)
2 o

where,

G(s) = F(as)j—j.
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Figure 2.9: No Branch Point Contribution when . >

The saddle point is now shifted to the origin of new s plane. The power series expansion
of G(s) about s = 0 is given as,

G(s) = G(0) + G'(0)s + G”(O);—T + e+ GM(0)

Sn
nl’

Only first and third terms of expansion will be taken for the evaluation of (2.12). The
second term makes the integrand in (2.12) as an odd function of s and the symmetrical

integration interval around s = 0 will result into a zero for this second term. The term
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by term integration results into the following expression representing the saddle point

contribution,
B wileht S GO (0) D(n + 3)
zl—sad — 271' r_kl'-" et (sz! (kl?.}n i

The first term in power series expansion of G(s) will be,

(2.15)

dev
G(0) = F( s)a .

where,

dev

et —im/4

ds s=0 ! ”( e ’
and

Fla,) = sin #

(sin @ + v/n? — cos?0)

Similarly the second term is given as,

G(0) = {F®(as) [H(0) + 3F () p(0)¢ (0) + F(cxs) ™ (0) },

where,
[0 = 2v2e7,
—idm/4
@) = &
#'7(0) 7
¢'(0) = 0,
and,
FO(a,) = {2 cos® 0 + n?sinf(sin @ — /n? — cos? 0) — 2 cos? O(n? — /n? — cos? 6)}

(n? — cos? 0)3/2(sin 0 -|- Vvn? — cos? f)
Substitution of the above relationships in (2.14) results into the expression for the saddle

point contribution in the upper half space,

wpletr —infa , Fa(@)e~ /4
2l—sad = — L S ! 2.16
E_l sad m {Fl('g)e t 2!\‘.1‘7‘ ( )
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where,
Fi(0) = sin f/
: (sinf + v/n% — cos?0)’
and,
1
Fa(0) =

(sin@ + v/n? — cos?0) 8
{{2 cos* @ + n?sin O(sin @ — /n? — cos? ) — 2 cos® O(n* — sin fv/n? — cos? )}

(n? — cos? 0)3/2

4
(2.17)
It can be seen that the dominant term which decays as (k) ~'/? vanishes at the interface.
This is in accordance with the results of [4]. But it is not true for the next higher
order term which decays as (ky7)~%/2. The zero electric field conditions which existed
in the results of Engheta and Papas no longer hold true if higher order terms in the
asymptotic evaluations are taken. As it has been already pointed out that (2.12) contains
an isolated saddle point at o = @ along with a pair of branch points at o = icoshn and
a = 1 —1icosh7. The point of observation in the far field is assumed to be located in the
region > 0 due to the symmetry of the problem geometry. It means the observation
angle will lie in the range of 0 < § < 7/2.
The branch cut originating from branch point present at o = icoshn is made to
follow a steepest descent path @' thereby facilitating the evaluation of the integral, as
shown in Fig.2.6. The same kind of polynomial transformation is carried out as was

done to find out the saddle point contribution,
f(@) = f(aw) — 5% (2.18)

where,

f(ay) = cos(ay — ) = (ncosf +iy/(n? — 1)sind).



The above substitution transforms (2.11) into the following form,

(=]
B,y = e¢treosta=t) [ g(g)e=hrs’ g, (2.19)
—0Q
where,
dex
= F(5)—
G(S) (S) dS L]
and,
F(s sin

)= (sino + Vn? —cos?ar)

From the relationship (2.18) of plane transformation,

dev 128 128

s = — 2.20
ds sin(a — 6) /1 — [cos(c — 0) + is?)? B2
The above can be approximated near s = () as,
1 —im/2
dae  2se (2.21)

ds  sin(ay —0)
The power series expansion of F(s) around o = ay s,

van(l - n)Va— oy (2.22)

F(s) = 1-— =2/

The factor /oo — oy, is obtained by expansion of cos(a — @) around o = a resulting in

the following form,
s

Vo — oy =

The resultant form of F(s) is,

isin(ay — 0) i

V2nse /4
(1 —n2)/4,/sin(c, — 0)

The even term of s* in the final form of G(s) will integrate out to give results while the

F(s) =1

odd term containing the factor of s will integrate out to zero.

\/2_nse—i51r,/4 258——:'1!/2
G(s) = - >
(1 — n2)V4, [fsin(ay, —0)  sin(ay, —0)
2v/2ns?

= T — D)VA{sin(ay — 0) )32 el
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The following result is obtained, involving powers of s* according to (2.23),

wpf\/ﬁe"{k"’ cnsﬂ)--.*.:;rv’n!-l sinf

BB = =, 2.24
1=br 21‘r(ﬂ.2 _ l)lﬂ(kl‘r)aﬂ(sin(ﬂb - 3))‘W ( )
As,
sin(ay — 0) = ivn? — 1cos — nsind,
the branch point contribution given in (2.24) result into the following form,
wie] /meithkar cos0=3m/4)~kyrv/nT=1sing
Eoor = — ol yn (2.25)

V21 (n2 — 1)V4(ky7)3/2(/n® — 1 cos 0 + insin 0)3/2°
It can be seen from the expression that the branch cut contribution is in the form of a
lateral wave, [11], which decays fast perpendicular to the interface and propagates along

the interface. The total field in the upper half space near the interface is given as,
I ikyr ) ol —idw/4
__wp’ e Fl(g)e—m[d + 2( )E
Vemk 2kyr

qu.f ‘/ﬁei{kgr cos O+ikyrv/nE—1sin 0)e—i31r/4
v/ u
2m(n? — 1)V4(kyr)3/2(y/n? — 1 cos 0 + insin 0)3/2

Ezl

(). (2.26)

The first two terms of the above field expression contains the leading term and the next
higher order term from saddle point contribution in the field expression for the upper
half space. The third term is the branch point contribution present in the electric field

expression for the upper half space.

2.3 Asymptotic Solution for Lower Half Space

The expression in (2.8) which is integral representation of electric field E,» for lower
half space has also two pairs of branch points at k, = 4-ks and k, = 4k,. The path of
integration in (2.8) also runs on real k,-axis from k, = —oo to k, = 0o as in (2.7) which

represents electric field for upper half space. The path deformation and extensions of
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branch cuts in the k, plane are according to Fig.2.2. The k. plane is mapped to a-plane

according to the following relationship to facilitate the evaluation.
k., = kycosq, koy = ko sina, ki = V1/n? — cos? a.

Cartesian coordinates = and y are changed to polar coordinates r and @ to convert
the integral in a more simplified form. Electric field E.; for the lower half space is now

represented in new a-plane as,

iy = W / F(a)e /@ dq, (2.27)
2 Q
where,
P sina .
(sina + /1/n? — cos? o)
and,

f(a) = icos(ex + 0).

According to (2.27) it is clear that one pair of branch points at k, = +k; has been
converted to a saddle point at o« = —6. The other pair of branch points at k, = £k, in
the original k, plane has now shifted on the real axis of a-plane at a; = cos™ (1/n) and
@y = 7 — cos~!(1/n). This is shown in Fig. 2.10 along with the path of integration, @.
The observation point is in the far zone so ko is a large parameter present in the
exponential term in (2.27). Due to this reason it is pertinent to use steepest descent
method for its evaluation. The path of integration @ will be deformed to run along a
constant phase path @’ shown in Fig. 2.11. It can be seen in this figure that while joining
endpoints of Q' with the original path @ at infinity the branch cut will be enclosed while
0 < cos™'(1/n). Path Q' will be deformed to follow path P, path as shown in Fig. 2.12 to
avoid crossing the branch cut. It will be required to sum the saddle point contribution

as well as branch point contribution in this particular case. On the contrary when
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> ]

Figure 2.10: Original path of integration, @ and the pair of branch cuts for E.; in
a-plane

6 > cos™'(1/n) only the saddle point contribution will represent the electric field in
the lower half space. The steepest descent path for the evaluation of the saddle point

contribution follows the equation,
cos(¢ + @) coshn = 1.

A transformation of a-plane to s-plane is carried out similar to equation (2.13). The
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a = cos™ (1)~

Figure 2.11: Deformed Path of Integration, @' and the pair of branch cuts for F.5 in
a-plane

resulting integral becomes,

wp,fekzrf{m) kors?
il A SR 275" g 2.
E,q 2= 1) G(s)e ds, (2.28)
with,
dev
G(s) = F(S)EE'

Taking the power series expansion of G(s) at s = 0 only the first two even powered

terms of s will be used. The terms involving odd powers of s integrate out to zero due
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to the interval of integration being identical on both sides of s = 0. The saddle point

contribution comes out to be,

wplet*2r vinss . Fa(@)e™ /4
PR . cuck SN N1 g7 Wi i e . P 2.29
2—sad Jm{ 3( )e 2(&2?‘) ( )

where,
sin @

(sinf + /1/n% — cos?6)’

F3(0) =
and,

Fy(0) =

1
X
(sin@ + y/1/n? — cos®0)(1/n? — cos? §)3/2
{2(:03“ 0+ é sinf(sin @ — \/1/n% — cos? ) —

o 2 aos? 0)3/2
2cos® O(1/n* — sin0+/1/n% — cos? ) + sinfiln y £050) } (2.30)

The dominant term which decays with (ky7)~'/2 vanishes at the interface. In this case

also the next higher order term results into non-zero electric field at the interface which
is an extension of Engheta and Papas results.

As discussed in the last section due to the symmetry of the problem geometry the
far zone electric field is being analyzed only for 2 > 0 region near the interface. Before
application of the steepest descent method to evaluate the integral a transformation is

made according to (2.18) in the last section which is,

f(a) = f(ab) = 321

where,

f(a) =icos(a+0), f(a) = tcos(ay + 6).
With the fact that o, = cos™!(1/n) the following relationship is obtained,

flap) = icos(ey, +0) = i{cnsﬂ —Vn? — 1sinf}
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Figure 2.12: Branch point contribution is to be taken when 0 < cos™(1/n)

-
n

The above substitutions result into the following form of electric field below the interface,

w#}'et’klr(casﬂ—v‘ﬂi—lsinﬂj/oo iR
E.n=— G 2" ds, 2.31
2 211_(?12 = 1) s (S)E 5 ( )
In the above expression,
it
G(s) = F(Q)g,

while,

F(a) =nsina(nsina —ivn?cos?a — 1).



The power series expansion of F(«), around o = ay, is,

Fla) = sin v =1 V2/n(1 - 1/n) /o=y

 sina+ 1/n? — cos® a v1—1/n? ‘

while,
E"E N 238—i1r/2
ds sin(ay + 6)’

near s = ().
It is known previously from last section that,

se=i5m/4

Vsin(ey, + 6)

o — =

This gives,
\/2-36——-'5511'{‘[

(n2 — 1)1/4 /sin(c, + 0)

The last two relationships combine to give,

V/2se—i57/4 9ge—im/2
(n? — 1)V4,/sin(ay -+ 6) sin(a, + 0)
9\/2s2ei%%/4
(n2 — 1)Y4sin(ay, + 0)3/2°

F(s)=1-

G(s) =

Carrying out the integration of (2.31) with G(s) given by (2.34),

wHIeiklr(cos O—v/n?=1sin 0) g—i3m/4

V2 (n? — 1)Y4(kyr)3/2{/n® — 1 cos 0 + sin 0}3/2°

Ez2—-br ==

Total field below the interface comes out to be by addition of (2.29) and (2.35),

ik;r‘

; —idm/d
E., _wple Fy(0)e }

—imfd
V27kar {Fg(ﬂ)e T

wMIEiku'(cm 0—+/nT—1sin H]e—i3rr/4

V21(n2? — 1)Y4(ky7)3/2{/n* =1 cos 0 + sin 6}3/2

u(ncosd — 1).
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(2.32)

(2.33)

(2.34)

(2.35)

(2.36)

The first two terms of the above field expression are due to the saddle point in the

expression for I, and the leading term from the branch point is represented by the third
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term in the above field expression. The leading term due to saddle point is according
to Engheta and Papas results which vanish at the interface but the next higher order
term cdoes not vanish at the interface. The branch point term also does not vanish at

the interface.

2.4 Wave Propagation along the Interface

The expressions for the electric field have been obtained after the asymptotic evaluation
of the field integrals (2.7) and (2.8). The solutions obtained satisfy the Helmohltz's
equation as well as the boundary conditions at the interface. These solutions are given
in (2.26) and (2.36). The contributions of different terms in the overall field expression
present in these two equations will be discussed.

A very close mathematical symmetry is found to exist in (2.26) and (2.36). A close
resemblance is found to exist between F)(f) and F3(#) which differ by reciprocal of
refractive index, n. The same is also true for F5(f) and Fy(#). Therefore it is evident
that the branch point contribution for E,; equals the saddle point contribution for E,,
at y = 0. The same is true for saddle point contribution in E,; and branch point
confribution in F,, at ¥ = 0. The branch point in F,; is responsible for lateral wave
which travels according to the velocity of the slower medium (y < 0) in a fast medium
(y > 0) but decays exponentially across the interface. This slow wave in upper medium
is supported by the normal slow wave in the lower medium due to the saddle point
contribution in E,. Similarly the fast wave in the upper medium supports a similar
wave in the lower medium to preserve the continuity of the phase fronts. The wave due
to branch point contribution in E,» also bends towards the interface normal in the lower

half space.
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The results obtained are for the cases of isolated saddle points and branch points
in both the media. This is because the interest was to investigate the electric field
behavior near the interface. As the observation angle is increased from the interface
in the far zone the saddle point approached the branch point. The field contribution
coming from branch point integral decays as (kr)~*/* when the transition from the point
of observation, 8 # branch point towards 8 = branch point occurs. The field then decays
as (kr)~%* and can be expressed as pzu'labulic cylinder functions [10].

The wave propagation phenomena near the dielectric interface can also be studied
now with the help of (2.26) and (2.36). The focus in this study will be on the phase
velocity and direction of propagation of the wave.

It has been mentioned earlier that phase velocity, 7 and Poynting vector field, S are
parallel and proportional to each other. It means that the continuous phase velocity
field will give the continuous Poynting vector field. This necessitates the continuity of E
and H fields across the interface. It was observed earlier in the solution of Engheta and
Papas [4] that the electric field was continuous across the interface but the magnetic field
component was discontinuous. But the results in (2.26) and (2.36) show that £, and Hy
are continuous upto the term which decays as (kp)~3/% across the interface. This can
be easily verified by using Maxwell’s equations. The continuity of electric field across
the interface employs that the phase fronts must be continuous across the interface.
Therefore in the following discussion careful attention will be paid to the phase of the
electric field derived in the previous section to investigate the field behavior near the
interface.

The phase velocity of an electromagnetic wave may be defined as

w

[Vol?

7=

V¢

in analogy with plane waves. The equiphase contours of electric field will be called phase
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maps. Due to the symmetry of the problem the phase maps for 2 > 0 will be shown
and discussed only. The lines of phase velocity will be orthogonal to these phase maps.
The phase map of the field in the close vicinity of the interface is shown in Fig. 2.13.
A close observation of the phase map in this figure shows two types of points occurring
periodically in both half spaces near the interface. The phase deform around these points
to form interesting structures.

The lines of phase velocity near these points of this structure form closed curves and
waves seem to circulate around these points. These points are called center type critical
points [12]. Above each center type of critical point is another type of critical point
where equiphase contours intersect each other. The lines of phase velocity near these
points form hyperbolic curves. This is a point of stagnation and waves seem to avoid
flowing through these points. At these points the electric and magnetic fields are in time
quadrature. Hence Poynting vector field is zero at these points. Such points on phase
maps are called saddle type critical points [12].

It is obvious from Fig. 2.13 that two adjacent arms of the saddle type of critical
point enclose the center type of critical point. The overall effect of the structure formed
by the pair of these critical points is to slow down the wave as it enters in the second
medium. It can also be seen in Fig. 2.14 that these two types of critical points oceur
with a different arrangement in the denser medium. For each pair of the two types of
critical point in the rarer medium there are two such pairs in the denser medium.

The field decays as (kir)~! due to the leading terms of saddle points in both half
spaces. The next higher order terms cause more rapid decay of field along the interface,
recognized by (klr]'af 2 factor. The leading term contribution due to branch points in
both half spaces can be distinguished by (k;r)~%/? factor.

It has been observed from Fig. 2.14 that the locations of critical points are dependent
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Figure 2.13: Lines of equiphase planes with critical points for E,; and E,,, continuous
across the interface

on the refractive index, n. As the medium 2 is made more denser by increasing its
permittivity, critical points in the region for ¥y > 0 move closer to the interface. The
increase in the value of n also brings closer the pair of critical points in the lower half
space for y < 0. These points will try to merge together when refractive index is still
increased further, [9]. This effect of refractive index on the critical points is shown in Fig.
2.14. These points are interesting because they redirect the energy and the Poynting

vector, S, is zero at these points [9].
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Figure 2.14: The critical points seem to densely packed in the lower half space while the
refractive index, n value is increased

2.5 Location of Field Nulls or Critical Points

It is known that the phase and the phase velocity of an electromagnetic wave become
ambiguous at the points where the electric field is zero. These points known as critical
points have been discussed in the last section. Therefore the location of the field nulls
or of critical points will be determined. An observation of (2.26) and (2.36) shows that
electric field due to the leading terms of the saddle point contributions become zero
at the interface, # = 0. The next higher order term of the saddle point contributions

which decays as kr=3/2 is not zero at the interface. The branch point contributions in
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both half space electric field expressions are also non-zero at the interface boundary of
the two dielectric half spaces. The location(s) where the electric field E, is zero will be
determined now. Considering the case of upper half space first, one has to find roots of

the following relationship involving (2.26),
E,=0

The field expression above the interface can be written as,

eiklr

AV le

The various variables in the above expression are,

Ezl =A

{F1 (6) n F:’.(B) 4 me—klrsinﬁ\/n‘}‘llei{klr(ﬂcusﬂ—lj—w}} (237)
kyr kyr

ik s wpd emidn/4,

V2

isind

(0) = ,
10) sinf + v/n? — cos*d
1
) = X
2(6) sinf + v/n? — cos? f)
[{2 cos® 0 +n?sin O(sin 6 — v/n? — cos? ) — 2 cos? §(n® — V/n? — cos®fsinf)}
2(n? — cos? 0)3/2
sind
et ] (2.38)
1/4
n? 1
F(0) = (?12 - 1) (n® — cos?0)3/4’
and,
3, _y( ntanf
$(6) = 5 tan™!( -t 1).

As field is being investigated near the interface, so Taylor series of the above four func-

tions of @ is taken near @ = 0. This makes the above functions as,

RN — N —— = — 3(0) ~ .
Fl(g) ?12"'1‘ F‘Z(g) T 11)(9) 2m9| FJ( ) n2—1
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With the assumption that kj» = R and R(ncosf —1) —1 =~ R(ncosf —1) when R > 1,

following simplified electric field representation is obtained,

e’ r i 1 NG ,
E = A-—« - —Rgm ‘LR(I‘I—}.] 239
= \/Tz[ -1 @-DR ' W@-DR" ¢ } (2.43)

The above equation is a non-linear equation whose solution is difficult to obtain so Taylor
series of its terms around # = 0 is taken.
Taking the first terms of the Taylor series expansion and equating the real and

imaginary parts of these terms, respectively, the following simultaneous equations are

obtained,
ool Biln— 11 = %emm L % (2.40)
and,
sin{R(n — 1)} = —E%Gemm = —-\;-%e“. (2.41)
where,

uw= ROVn? -1

Equations (2.40) and (2.41) are squared and added to get rid of R. The result is a

transcendental equation of the following form,

1+ u? = ne 2,

This transcendental equation can be solved using the fixed point iterations of the fol-

1 14+ u?
Upy1 = —‘5111 ( - k)

where k is the iterations index. For a given value of n the right hand sides of equations

lowing form,

(2.40) and (2.41) are fixed. Thus there are many values of R and 6, which satisfy these
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simultaneous equations. Hence the locations of center points is given as,

2mm — sin~! (=)
= Vitu?
Rﬂ'l o n— 1 1
by = Eh (2.42)

where m is a positive integer. In the cartesian coordinates the field nulls are located at

T, and y,, which are given as,

2mmw — Sin'l(vsl%,-)

‘Tlﬂ kl ('n . 1) 1

u
Im = T—F— 2.43
Ym T —1 ( )

It is observed that the field nulls are located periodically at a constant height above the

interface and the distance between them is given as,

A
n—1

This is also evident from the Fig. 2.14 that the periodic nulls occur along z-axis.

The points where electric field is null in the lower half space will be determined now.
These points can be located for y < 0 region by setting E,» = 0 and finding solution for
this equation. The first terms of factors of (2.36) representing E.,» in their Taylor series

expansion are,

—iR(n-1)
: : } =0  (244)

1
V1 —1/n2 {68 * ny/1—1/n?R B ny/n/1 —1/n?

Equating the real and imaginary parts of the above relationship equal to zero following

Ez? =

simultaneous equations are obtained,
50 1 vncosR(n—1) 0

Ji-im a(l—1/n)R_ Rm -1

Vvnsin R(n — 1)
R(n2-1)

and,

=0.



41

From the above relationship,
R(n—1) = +mm,

= V]'_l/n2 \/7_]’ m 1
= R {112 - 1(:t1) T n(l- l/nz)}’

Eym 11 {(:I:l)m ) 1}
vavnr—1 Vn*—1 Jn?—1| Vn )

From the above expression it is clear that for a given constant height from the interface

RO =

critical points exist in a the form of a pair. Their location is also dependent on the

refractive index, n of the medium. This observation is evident from Fig. 2.13.



Chapter 3

Two Dimensional Finite Sources

In the last chapter asymptotic expressions of electric field were found due to a line
source placed at the interface of two dielectric half spaces. The leading terms in the
solution were observed to be in accordance with the solution of Engheta and Papas. But
their solution gave null of electric field at the interface. Investigating further into this
propagation problem it was found that addition of next higher order term perturbed zero
field condition at the interface. This perturbation resulted in the generation of critical
points which were responsible for generation of extra phase lines near the interface.
These extra phase lines preserved the continuity of electric field phase map across the
interface.

The next question to consider is whether the behavior of phase velocity remains qual-
itatively unchanged when the source moves away from the dielectric interface. Green's
functions have been found due to sources present near dielectric interfaces in various
works for example in [13]. The field represented by the Green’s functions is either in
integral representation or if field is asymptotically evaluated in these integrals then only
the first term which decays as (kp)~'/? is given. The results presented in such papers as
[13] provide no answer to the preservation of phase map of waves near the interface.

In this chapter the problem of wave propagation near the interface will be investigated

42
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with different source configurations present in the two dielectric half spaces. As a first
step among these source configurations, a line source will be placed above and below
the interface one by one. Electric field due to the line source will be calculated. Then
the line source will be replaced by an arbitrary current distribution confined to either of
the dielectric half space. The electric field behavior near the interface will be examined
in both cases. Finally generalized current distribution which may be distributed in
both half spaces will be assumed and electric field near the dielectric interface will be

examined.

3.1 Line Source In Upper Half Space

Consider Fig. 3.1 of two dielectric half spaces with a line source of electric current
located at ¢, 7" in the upper half space. The constitutive parameters of upper half space
are assumed as gy and gy while for lower half space as e, and py. The permeability
1o of free space is assumed for both half spaces as most of dielectric materials are non-
magnetic in nature. A line source carrying electric current, JA/m is placed at (2',y').

The current density J is represented as,
J = 1I8(x — 2)8(y — y')ds,

where §(-) is Dirac delta function. The objective is to find the electric field due to
the above source distribution in both half spaces near the interface. The formulation
of the problem is carried out identically to the one given for interfacial line source in
the previous chapter. Various notations used for the electric field representations in the
following evaluations should be taken as, a U’ in the superscript stands for Upper half
space while a 'L’ in the superscript for Lower half space. Similarly a '+’ in the subscript

stands for positive (4) y-axis while a -’ in the subscript stands for negative (-) y-axis.
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Figure 3.1: A displaced line source in upper half space

'sd’ stands for saddle point while 'br’ stands for branch point. According to [13] the

electric field in the upper half space is given as,

I =s) Skiemairithglion?
EU _ wit Y y B:.l.,(a:-z YAtk (v ‘.U)dk-
T dr J_ o kly(k?!: + kly) :

_wpl /OOieifcx(z:—x’)+ikw|y—y’|dkz =L -1}, (3.1)
am ) oo k1y

The first integral, i.e., I; represents the reflected field from the interface. It possesses

branch point singularities at k, = 4k, and k, = +k,. The second integral, i.e., Iy
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on the right hand side of (3.1) is proportional to the integral representation of the
Hankel function. It represents the field due to the source in an unbounded medium
with propagation constant ky. This integral has a pair of branch point singularities at
k, = %k;. The path of integration for both the integrals runs on real axis of complex
ky plane. The branch cuts are extended in the k, plane according to Fig. 2.2 so as to
give decaying field when the path of integration is closed at infinity. Evaluation of the

two integrals will be carried out separately.

The integral 1) is considered first. To facilitate the evaluation, a transformation from

k, plane to a plane is carried out according to,

ky = kycose, kyy = kysina, ko, = kivn? — cos® .

A further transformation from cartesian to polar coordinates is also carried out for the

spacial coordinates according to,
; = rcosf, y =rsinb, z' =1’ cosd, y =7r'sinf.

Due to the above transformation 7, is given as,

B = g eI 02
where,
F(o,1") = {V/n? — cos? a — sin o} 2e " costa=0'),
and,

fa) = icos(a — ).

The path of integration is identical to the path P in the Fig. 2.2. There is a saddle point
at @ = @ and a pair of branch points are located at o« = i cosh™ ¢ and @ = m—icosh™ (.

The contribution of the saddle point denoted as EY_ will be determined first. The saddle
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point is present at « = @ in (3.2) at which f'(a) = 0. A transformation from « plane to

s plane is carried out according to (2.13). The transformed integral is given as,

{n ]
I = e""‘”“’“"/ G(s)e ™ 7" ds,

o0

where,
G(s) = Fy(0,) %
- RN
and,
f(as) =1
Whereas,
Fy(0,7") = {V/n? — cos? § — sin §)}2e k17" cos(0-0")
and,
P
ds f"(as)

The saddle point has shifted to the origin of new s plane. Hence a power series expansion
of G(s) at s = 0 will be taken. The second order derivative of the function Fy(@,7")
required in this power series expansion is given as,

F] {9, T")
(n? — cos? 9)3/2

[4 cos? 0v/n? — cos? 0 + kyr'(n? — cos® )3/ {z cos(8' — 0)

FP0,r")

—kyr’ sin* (0 — 9)} + idky 1’ cos 0 sin(0' — 0)(n® — cos? 0)
+2n% sin 9}. (3.3)
The evaluation of the integral I; yields the saddle point contribution which is given as,

-‘r]stl

w;uf el G@(0) T(n + 3)
. 4
dw(n? — 1) Vkyr Et:: (2n)! (k)" 34)
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Only the first two terms involving even powers of s will be retained in the above series.
The odd powers of s integrate out to zero due to the identical interval of integration on

both sides of s = 0. The truncated form of the result will be given as under,

w“}'eikl r i F(z} (9‘ T") Fl (9‘ '.'"J) e—-i3ﬂ/4
I e 2R ] im/d 1 3.5
- 4\/??(?12—1)\/!:1?{\/_ bifr e +{ V2 & 4/2 } kyr (8:2)

The contribution of branch point present in I; will be determined now. The complex

k. plane is transformed to complex s plane according to (2.13) to facilitate the evaluation
which shifts one of the branch point to the origin of new plane. The new form of integral,
I, is,
Iy = eiklrcm(ab—E)fF(s)e—klrs'zds — eiklr{ncusﬂ+£v"ﬁﬁ_—_lsi“6} F(s)e'k""’zds (3.6)
P P
The same procedure is followed as was followed in case of (2.19) to give the following
result for branch point contribution of the integral, I,

I w}'_LIF g 5 eikll"{ncmﬂ-{-i\/n'}—vlsinﬂ}
1br = —_“—;—271_ {U-r-b}( ,?”) (?12 == 1)1;4(,3“.1?)3/2

where,

\/ﬁe—iklr'{n cos 0'+ivnT—1sind')
{iv/n? —1cos —nsinf}3/2

The asymptotic evaluation of the second integral, I, will now be carried out. The

Fusn(0,r) =

same transformation is applied to this integral as was applied to I,. The resulting shape

of the integral is,

I
L= ) Fye, r')e"”'m"']da (3.8)
47 P

where,

O T o Ir
FQ(Q‘,?',) = g iky 7' cos(e B]‘

and,

fa(c) = ikyr cos(a — 6).
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The original path of integration @ of this integral is the same as given in Fig. 2.10. This
integral has no branch points. The path of integration is deformed to pass through the
saddle point at a = . The deformed path of integration is the same as shown @' in
Fig. 2.11. The contribution of this saddle point is evaluated similarly as for I, with the

unknowns in the power series expansion being,

FZ(H, ?'1) = e"i{kll-' cos(0—0')) ‘

F(0,1') = k' Fy(0, ') {icos(® — ') — (fr) sin(8 — 0') }.

This results into,

w#}*exkgr o —i:’m'fd Fg(g, ?_,) @) .
I = (0, s — F,2(6,r 3.9
e [\m et S - He} | 69)

Hence the total saddle point contribution,

Ieiklf' ; ;
By = ——t 2e~ N Fy(0,1") + (n® — 1) Fy(0,7"
+sd 4\/-5(?12_1)‘/,&?[\/_8 { l( W7 )+(n ) l( T)}
e—i3m/4 ’ 1 ’
+\/2_—le{Fl(2)(6,r} = (0 = DFP(O0,1) + 7 {1+ (0 ~ DBO,r )}}]

(3.10)

The combined field expression involving the saddle point and branch points contri-

bution is given below,

Ieikll' )
EV = Wit 2—1#/4};-9,1 z_ng‘,
" 4/m(n? — 1)kt l‘/_e {A( =?)+(ﬂ. )F(6,7)}
e —idw/4

\/_L;T{F(z)(ﬁ ) — (n? — 1) F$2(0, ') + %{1 +(n? - 1)&(9,?—’)}}]

, eiklr{ncmﬂ+i\!n!—lsillﬁ}
+FF(U+1’J(? ,0) (n2 — 1)V/4(kyr)3/2

(3.11)
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Now the electric field transmitted in the lower half space will be evaluated. This field
is given as [13],

EY =

00 L —i(kat' k1Y) pilkex—kayy)
_wﬂf/ e wie ks, (3.12)
2m ) o (k1y + kay)

The above representation is seen to possess branch point singularities at k, = 4k, and

at ky = *ke. A transformation from k, to e plane is carried out according to,

: 1
ky = kacosa, ky, = kysina, ky, = ke\/— —cos?a
' ' n

whereas the rectangular spatial coordinates, 2/, ¥’ and «, y are also converted to polar

coordinates, ', 8" and r, @ respectively using the following relationships,
' =r'cost, 3y =1'sind, z=rcosd, y=rsind.

The above substitutions result into,

wpel =
EL = 222 | By, r')eke @) g, (3.13)
27 P
where,
5 e ’
. Sinae-—tkgr{\/;r cos? v sin ' 4-cos v cos 8')
Fy(a; 0',7") = ,
(sina + 4/ — cos? @)
and,

f(a) =icos(a +6).

The above field expression is seen to possess a saddle point at o = 6 and a pair of branch
points at & = cos™!(1/n) and a = 7 — cos™}(1/n). Due to symmetry of problem the
electric field being investigated near the interface is for 2 > 0 region so the branch point
present at e = cos™!(1/n) will have to be included in the evaluation if 6 < cos™(1/n).
This evaluation will again be carried by running the branch cut along a steepest descent
path. The path on each side of the branch cut gives similar contribution which is added

to give total contribution of the branch cut.
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The contribution of the saddle point will be evaluated first of all. A transformation
is carried out for convenience, as in the case of field for upper half space, into another
s—plane according to (2.19). This transformation converts the integral into the following

form,
(Tekarien) i
Ei = wlLie /G((S)B~R2?8 ds.
2m P

The power series expansion of G(s) around s = 0 is taken. First two terms containing
even powers of s are considered for their saddle point contribution. F3(f,7') and its
derivative are required for this purpose. The value of F3(a,r’) at o = @ and its second

derivative are,
—ikar'(\/ =t —cos? 0 sin 0’ +cosf cos ')

Fy(0,1') = sin fe
(sinf + /5 — cos?6)
and,
R0 = At 7] X

sinfy /-5 — cos? B(n?cos? 0 — 1)

—n®cos? 0(2 + i3kyr’ sin @' sin 0)

1

+in’kyr’ cos @' cos® Osin 0(34/ 5 cos? — 2sin  — i2kyr’ sin @’ sin® §)

. /1 .
+sin@{y/ — — cos?f — sind

n
—ikor' sin® O(ikyr’ cos® 04/ % —cos?f +sinf')}
1

+ cos® 9{2 — sin (2n?/ o3 = cos? @ — i3kyr’ sin ")
—i2n2kyr'y / niz — cos2 fsin @' sin® 0

—n?(kor")? cos 20’ sin® 6\/?1—]; - %(1 + cos 26)

+ikor' cosf sin (ikgr’ sin 26’ sin? # — cos 6'(34/ ;}15 — cos? 0 + 2sin 9)) }

(3.14)




51

The resultant expression for saddle point contribution below the interface would be,

thar —idmw/4
Eb, = wpl e \/EFJB? e=imlt | \/_e {Fa(ﬂ r)+2\/"F(2}(9 r)}]

(3.15)

The complex k, plane is transformed to complex « plane. The branch points in the
complex « plane have moved to o, = cos™(1/n) and ay,; = m — cos™(1/n) on the real
axis of the plane. The branch cut originating from the branch point is made to run along
a constant phase path. Under these conditions the method of steepest descent is most

convenient to evaluate asymptotically the integral, E¥. The transformation results into,

Efy = %‘fek”ﬂ“"/ G(s)e " ds, (3.16)

g
where,

dae  sinae n

G(s) = F(G)Zs- =

—ikar! Y —cos? qrsin 8 +cos o cos 0
5 ; ) da

It
sin o + ,—llf —cos? o ds

dee 2se~i"/?
ds bin ay+ 6

Expanding G(s) in the Power series at s = 0 or o = ay, and retaining only the s? term

of the expansion results into the following form of the branch point contribution,

- wpl Fir ) (1, 0) eikir{cos 0—v/n?=Tsin ) —idw/4 (3.17)
o am(n? — 1)VA(kyr)3? ’ *
where,
e~har'cost (1 4 i\ /n? — Tkyr'sinf’)
{Vn? —1cosf + sin 0}3/2

The addition of the saddle point and branch point contributions in (3.15) and (3.17)

(3.18)

Frn)(r',0) =

respectively gives the total field below the interface due to the presence of source above



the interface,

2 vV kg?‘ 4:{62?' \/§
w#"rﬂa"‘b) (T” B) eiklr{cuﬁ B—v/n2—1sinf)—idw /4 (319)
VZr(n? — 1)V (kyr)3/2

The expression of the electric field below the interface has been obtained asymptotically.

ikaF . —i3x/4 (o
E: = il P V2 Fy(0, ") e™"4 4 /e {]‘*_3(6,? ) + 2\/§F3(2)(9,?")}]

The leading terms of the (3.19) decay as (kyr)~'/2. The next higher order term come
from the saddle point and branch point contributions near the interface while only the
saddle point contribution is included in the solution when the observation angle if away
from the interface beyond the critical angle. The term from the saddle point can be
identified by the factor of (ksr)™3/? while the factor of (k;7) %2 distinguishes the branch
point contribution.

Phase maps of equations (3.11) and (3.19) combined are shown in Fig. 3.2. Interest-
ingly enough the same structures of phase map can be seen in this figure as were seen in
Fig. 2.13 and Fig. 2.14 in the last chapter. The continuity of phase lines of the electric

field across the interface is preserved in Fig. 3.2,

3.2 Line Source In Lower Half Space

Consider Fig. 3.3 in which a displaced line source placed in the lower dielectric half
space for y < 0 has been shown. The constitutive parameters of this half space are gy
and €; being its permeability and permittivity respectively. The source is located at
(2”,9y"). The electric field due to this line source will be investigated near the interface
in both dielectric half spaces.

First of all electric field in the upper half space will be examined. With this source
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Figure 3.2: Phase map near the interface with displaced line source in upper half space

configuration electric field above the interface is represented as spectrum of plane waves,

EY =

wil [0 e ikayy” g—ikea! gikyypiken

- - / dk. (3.20)
27 —00 k2y 3 l'II{:I';,.'

The path of integration runs along the real axis of the complex k, plane. There are two

pairs of branch points which exist at k, = ks and k, = £k in the integral given in

(3.20). These branch points are to be avoided on the path of integration while the path

is closed at co as shown in Fig. 2.2 in the previous chapter. A transformation will be



x=0

Figure 3.3: A displaced line source in lower half space

made again from k&, to the a-plane and spatial cartesian coordinates z and y will be
transformed to polar coordinates r and @ for convenience in the asymptotic evaluation

of this integral. These transformations are carried out using the relationships,

ky = kycosa, ky, =kysina, kg, =

while the cartesian coordinates transformation is carried out using,

x=rcosf, y=rsinf, z"=1r"cos”, y' =—r"sind".



After carrying out these substitutions the resulting form of (3.20) becomes,

wpl '
BZ = 2i F(a,r")eM™(da, (3.21)
mJp
where,
sin e~ ik " (vnZ—cos? asin 0" —cos a cos 07)
F(a, ) =
') sin o + vn? — cos? o '
and

f(a) = icos(a — ).
It can be seen that a saddle point exists at & = @ due to the choice of k, = k) cos v and
the corresponding branch point pair at k, = £k, has disappeared. The remaining branch
points now are located on the imaginary axis at o = cosh™ ¢, and @ = 7 — i cosh™ (.
The path of integration is deformed to run along a constant phase path. This path
deformation permits to use the most convenient method, steepest descent method for
asymptotic evaluation of this integral given in (3.21).
Carrying out the transformation from a plane to a new complex, s-plane using the
following relationship,

f(a,) = f(as) = 32

the resulting form of the relationship comes out to be,

Jekirflas) 5
B = %f G(s)e™""*"ds, (3.22)
P

where,
f(as) =1,
and,
dov
G(s)=F (s)-tg
In the above relationship,

da 2s
ds  isin(a—0)



The saddle point contribution at o = @ is given as,

_w;:.fe‘*‘” G(U) G0 ) (3/2)
A

The functions F(ag, ") and its second derivative at the saddle point is required in G(0)

EY (3.23)

and G®(0) respectively. These are found to be,

sin ge_ikl""(\-"ﬂ!—mu’ 0 sin 0" —cos @ cos ")

F(as, ") = )
(e 7) (sin @ + v/n? — cos? f)

and,
F(8,r") y
sin@(n? — cos? 6)3/2

— cos® 0(2 + i3k, 7" sin " sin 0)

FO(a,,r") =

+in2kyr" cos 8" cos O sin 0(3v/n? — cos? 0 — 2sin 0 — i2k; " sin 6" sin? 6)
—n? sin&'{ sin@ — vVn? — cos? 0 + ik, " sin® 6 x

(ikyr" cos® 0"v/n? — cos? § + sin H")} + cos? 9{2‘:12 +sin @ x

(i3n2kyr" sin 0" — 2v/n? — cos? 0) — i2kyr" sin 6" sin® 0v/n? — cos? 0
—(ky7")? cos(20") sin® 6\/?12 - %(1 + 005(26’))}

+ikyr" cos® 0 sin {z’klr“ sin 20" sin? 0
+cos 8" (2sin f — 3v/n? — cos? 9)} (3.24)

Finally the saddle point contribution comes out to be,

I \/ﬁ.e-—iaw/d F(G ?.rr)
EU w:“‘ 1L11 / F 0, 1-.-r/4 ) D) 2F(2) 0.r"
= o \/’f? B dkyr { V2 +2v2 (8 )}

(3.25)
The branch point contribution will be evaluated now. It has already been mentioned
that the branch points are present on the imaginary axis of a plane in (3.22). The

branch cut at o = i coshn will contribute only when saddle point is less than the critical
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angle. The transformation from « plane to s plane is once again carried ont,
_ 2
f(a)'—‘f(ﬂ’b)_s,

where,

f(a) = icos(a — 8),

and,

f(ap) = icos(ay — 0) =i(ncosf +ivVn? — 1sind).

Integral given in (3.22) is now represented in s-plane as,

w Ieikn'{ncosﬂ+i\/u§—lsinH} o0 .
A / G(s)e M ds, (3.26)
2m oo
where,
sin cee—tk r''(Vn?=cos? asin " —cos o cos 0') doe
G(s) =

(sina + vn? — cos® o) ds’

Power series expansion of G(s), is taken at s = 0 or @« = ¢ay. The even terms
containing factor of s? are retained to give the contribution of the branch point while
the terms of odd powers of s integrate out to zero. The integration is carried out while

running the branch cut along a steepest descent path to give the following result,

E.Ii;];r . wp.f \/"V_I'F(U—b}(r”' 9) et’klr{ncos9+i\frﬁsinﬂ—31r{’4], (327)
Vor (n2 — 1)1k, r}372
where,
22" (1 — /n2 = Tkyy")
(Vn? = 1cos@ —nsinf)3/2

By adding (3.25) and (3.27) the total field above the interface due to this source

Fy-n(",0) =

below the interface comes out to be,

! & s —i3m/4 "
BY = | VERR(, e e YT (\9/'5"” ) 4 2\/§F{2)(9,r")}}
uﬂf \/T—]"F(U“b) (T”’ G) eiklr{ncasﬁ'+i\/ﬁ§——lsiu 0—3m/4} : (3 28)

w2 = ) 7
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Now the field below the interface will be evaluated while the source is also in the

same region. The field in the region, y < 0 consists of two integrals, I; and I, given

below,
Y — wpl [* (k2y = kly) ik (=) =ikay (y+3") 4.
N 4m —ook2y(k2y+kly) 4
WIE [ L1 ik (o) tikayly—") wpl
_ ——_pikr(z—x ik, = —{I, — I 3.29

The path of integration in both integrals I, and I, run along real k, axis and branch
points are avoided in the process as given in Fig. 2.2. It can be seen in (3.29) that in [;
two pairs of branch points exist at k, = +ky and at k, = =4k, while the second integral
is in fact the integral representation of Hankel function. I; represents the reflected field
from the interface while I, gives a cylindrical wave in an unbounded media. Transfor-
mation from £, to @ plane will be carried out to facilitate the evaluation of the integrals
according to

ky = ko cosa.
This above transformation results in the removal of branch points at k, = +ko. Similarly
the cartesian coordinates = and y are transformed to polar coordinates r and 8 using,

z=rcosd, y = rsinf.

The integral I; results into the following form after the substitution for o plane,

wpln?

. iR U 31 k;n-_,f{a)d 3.30
1 4‘”_(”2 = 1) P I(T ’Of)e o, ( )

where,
2 ,
Fi(a, ") = (sin a —+/1/n? — cos? a) g e
and,

f(a) = icos(e — 6).
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There is a saddle point at & = @ and a pair of branch points at a = #cos™'(1/n).
The transformation to the s-plane is carried out as in the last section. The resulting

expression is of the form,

In2ekarf(@s)
L= “’i B s / H(s)e "5 ds. (3.31)
m(n2 —1)

The saddle point has now moved to the origin of the new s plane. Power series expansion
of the function H(s) will be taken around s = 0. Following functions of observation angle
0 and the source coordinates will be used in the term by term integration to be carried

out after the expansion.

Fi(0,7") = (\/1/n? — cos? 0 — sin 0)e Sk cos(B~01))

Fasr)
(1/n? — cos? 0)372

{4 cos® 0y/1/n? — cos? 0 + kyr" (1/n* — cos® 6')3!2{3'(:05(9” - 0)

—kor" sin*(6" — 9)} + idkqr” cos 0 sin(0” — 0)(1/n* — cos® 0)

F&(6,r")

+2sin 9/?12} ' (3.32)

After inserting the above functions in the power series expansion of H(s) and carrying

out the integration the final form of the integral under consideration becomes,

{V@FI(G, et 4 (8 (5; ¥ 2\/§F1(2)(9,7'”))}

2 _ikor :.hr/d

4k2?"

wpln‘e

S e — Dl

(3.33)

Evaluation for the branch point contribution present in the integral in (3.33) will be
carried out now. It has already been discussed in the previous section that the branch
point contribution is to be included in the overall integral evaluation of I; when the ob-

servation angle 0 is less than a;, = cos™ (1/n) on the real axis. The same transformation
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to s plane is carried out as in the previous section, i-e.,
icos(a — ) =i cos(ay — 0) — s%

The resulting integral will be,

ikar cos(ap,—0)
gL . Wpln'e f K(s)e™tmds, (3.34)

= 4dmr(n? —1)

2
. 1 v ] gt dﬂ"
K(s) = (\f 5 = cos? o — sin a) gk canl=g )E'

The path of integration runs on real axis of s-plane. The power series expansion of one

where,

of the above relationship, K (s) around s = 0 or o = a, is carried out. Keeping only s?

term from the expansion the branch point contribution comes out to be,

i WNI}?(L-IJ}(?'”; g)eiklr{cos9+\/ni—i5inﬂ~31‘r{il} (3 35)
Loy = V2m(n? — 1)VA(kyr)3/2 '

while,
e—iqu” cos(f" —a,) nd/2e—ik1 " (cos 8" —/n?—1sin ")

{sin(ay, — 0)}3/2 N {vVn? — 1cosf — sin@}3/?

It can be seen that when the second integral I is transformed to a plane only a

Fip-p(r",0) =

saddle point is present in the transformed integral. The saddle point contribution from
the second integral is evaluated by following the same procedure as was done in a similar

case when the source was present in the upper half space. The result comes out to be,

o :ﬁj’;{ﬁm e 4 (0,1 S } (3.36)
where,
Fy(8,1") = e~ thar" con0-0"),
and,

F3(0,1") = Fy(0,7" (T — 22k {acos (6 — ") — (kor") sin®(0 — G”)}).
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The total saddle point contribution is achieved by the difference of (3.33) and (3.36).

This result is given as,

Ieiiozr ) ‘H.2F (9 ?.H) _ E—-iSrrfd
EL = w#’ 2 —ur{‘:l. 1 3 ff‘ 0 " :
M ,___Trkzr{\/'e (—————(n?_ gt B )) 4 T
F (0. "
(Fa(ﬁ', ™) + _1_(\/_7?") +2v2F2(0, ?"’)) } (3.37)

Hence combining (3.35) and (3.37) will give the total electric field below the interface

while the source is also in this half dielectric space,

wpln? i

dw(n? — 1)Vkor .

{ VIR0, VT ol (i%u +2v2F®(6,1")) }
2

M}.LIF(],],) (T”, g)eiklr{cos8+ﬁ§—_lsi116—3wfd}
V21 (n? = 1)V4(kor)3/2

Equations (3.28) and (3.35) are combined to get the phase map of the electric field

EY

(3.38)

near the interface. This phase map has been shown in Fig. (3.4). It can be seen from
this figure that phase lines are continuous across the interface due to the continuity of
the field across the interface. The same behaviour was observed in case of interfacial
line source case where the higher order terms of electric field expressions gave continuous
phase lines across the interface.

In this section electric field near the interface has been evaluated using steepest
descent method of asymptotic evaluation of integrals. The source configurations used
include a line source placed above the interface and field found due to it both above and
below the interface. Then the source was moved below the interface and the process of
electric field evaluation repeated. The saddle point and branch point contributions were
obtained when the observation angle was less than the critical angle. Similarly it was

seen that only the saddle point contributes in case the angle of observation was larger
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chapter two cases have been considered as far as the electric current line source location
is concerned. In the first case the line source was placed in the upper half space and
field due to it was evaluated in both half spaces near the interface. In the second case
the line source was placed in the lower half space and field was found in both half spaces
near the interface. The presence of critical points was observed near the interface in
these two cases. The obvious question which now arises is that is it also true in general
for any type of source configuration? If the answer is in affirmative then EE'L = 0, must
have a solution. This solution will help to located the center type of critical points near
the interface. Corresponding to each center type of critical point will be a saddle type
of critical point nearby to conserve the index of rotation of Poynting vector field [9].
An examination of (3.11) reveals various complicated amplitude functions of 8,7 and

#'. To simplify matters (3.11) is written in a simplified form as follows,

ikyr .
By = ;T),& 7 [{lnrsin0C1(6;7,0) + Ca(637",0) } + e et OCy(6;°,0') | (3.39)
1
where,

P(0) = (ncosf +ivn? — 1sinf)

and C; for j = 1,2 are simplified forms of ™ for n. = 0,2 and i = 1,2 as given in (3.11).
The first function in the curly braces above vanishes at, the interface or at # = 0. The
remaining two functions Cy and Cj represent very small terms which are not zero at the
interface. These small terms perturb the solution of E_{,_"(?‘, 0;7',0') =0at @ = 0. The fact
that these small terms are being added to the leading term also suggests that the zero
of EY has shifted from the line at # = 0 to some other location near the interface. The
source location parameters ' and @' are constants. It is expedient to expand function
Cj for 7 = 2,3 in a Taylor series about # = 0. The leading terms of the expansion are

constants. It is assumed that r» = 2 and rsinf = y because the point of observation is
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in the far zone. The assumption leads to the following simplified form of (3.39),

I(ly + 1(2 = eih(n—-l}xe—kl\/ni—ly (340]
where,
¥ =0i/es Kz = Cy/Ca

As K, and K, are complex numbers the above relationship can be written as,

/|K112“92 T II\"QPE""‘D — eiki(n=1)a o=k VAT =Ty (3.41)

where ¢ is the phase of complex number on the left hand side of (3.41).

It can also be seen that the left hand side of (3.41) increases with y > 0 in the
upper half space. The magnitude of first exponential function on the right hand side
varies periodically between -1 and +1 when the observer moves along z-axis. The second
exponential function on right hand side is real. Its value decays from one to zero as y
increases from 0 to co. It leads to the conclusion that product of the right hand side
functions periodically equals the left hand side as the value of y is increased from zero
in the upper half space. The fact that the solutions of the above relationships repeat
periodically results in the creation of critical points in the upper half space near the
interface as shown in Fig. 3.2.

The location of the critical points in the lower half space will be ascertained. The
total field in the lower half space can be written in the following simplified form,

ikor y
EL = EEZT)_W [{ sin 0C4(0; 1", 0"Ykar + Cs (01", 9")} + Co(0; 7", 9”)3*’““(’”] (3.42)

The functions C,, for n = 4,5 and 6 are complicated functions of spatial polar coordinates
of the observer as well as the source. It is observed that for small values of angle of

observation @ the functions Cy and C5 become complex functions. Based on the fact
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that the two function become complex a further simplification of the equation (3.42) can

be rewritten the following form,

ikar i 5
B = [{Cal0:r", 0" kar + C5(0;7,0) } + Co(63 7, 0)eerx@e=intar] - (3.43)

The phases of functions Cy(8;7",0") and Cs(0;r",0") can be approximated as constants
in the far zone when the angle of observation is increased away from the interface. This

assumption leads to the following simplified form of above equation,
CikaR+ Cs + e®1mx(0)-m) — (3.44)

The real and imaginary parts of the above equation can be related by the following
equations,

cos{R(x(0) — n)} = CynR + Cs,

and

sin{R(x(#) —n)} = 0.

This means that,
R(x(0) —n) = +mur,
or,

CaR + Cs = (£1)™.

From the above relationship it can be written that,

ED)™ - Cs

nlk = e
where,
R=M-K,
and .
M = 2 K= G

nCy ' nCy
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IFrom the above equation it can be seen that M <« K indicating that a pair of critical
points will exist in close proximity in the lower region for each value of integer m. Hence
for each critical point in the upper half space for a particular value of m a pair of critical
points will exist in the lower half space. This is also confirmed by the Fig. 3.4.

It has been seen that the above procedure adopted for simplification of EY and E*
can also be followed for EV and E%. As a result of the simplification the form that EY
attains resembles that of E‘,f while E_{_ looks similar to E%. From this resemblance of
field quantities and observation of phase plots show that the critical points also exist due

to EY and E£ on both sides of the interface as they exist due to Eﬂ and E¥ respectively.

3.4 Generalization

Electric field expressions have been found near the dielectric interface in the last two
sections 3.2 and 3.3. In section 3.2 a line source was placed above the interface. The
electric field expressions were found both above and below the interface due to this
source. In the next section, 3.3 the line source was moved to the lower half space and
field due to it was found in both half spaces. It was observed that the zeros of fields near
the interface existed at a fixed height from the interface. The frequency of occurrence
of these nulls of field was (n — 1) per wavelength. These nulls were also independent of
current magnitude of the sources.

Consider now Fig. 3.5 in which two line sources, L and L, are shown placed in
close proximity to each other in the upper half space. The direct distances of these
sources L and L, from origin of the geometry are v’ and r} respectively. As a first step
to analyze the field behavior due to these two sources assume presence of only one of

the two sources, L only. The periodic nulls of the electric field will be created near the
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interface due to this single source as has been proved earlier in this chapter. One of
this field null is shown as Z in Fig. 3.5. Now consider the second source, L, placed at
r} while the source L has been removed. The presence of L; will also cause field nulls
to appear along the interface. One of such field null is shown as Z; in this figure. The
simultaneous presence of these two sources is now assumed in the geometry of problem
as shown in Fig. 3.5. It is known that the electric field is a complex function of two
real variables, 2 and y. The resultant field due to these two sources can be represented
by sum of the leading terms of the Taylor series expansion of the individual electric
fields of the two sources. The resultant expressions will be linear functions of = and
y. Equating real and imaginary parts to zero the resulting two equations can be solved
simultaneously for the finding the zeros of the resultant field. In other words it means
that simultaneous presence of the two line sources will cause the occurrence of field nulls
in the close vicinity of Z and Z,.

In the next step a source of arbitrary shape and size is obtained by considering a
number of line sources in close proximity and integrating them over source coordinates.
Field due to this in the upper half space is represented by EY . and in the lower half
space by E_";m.. This arbitrary source in the upper half space has been shown in Fig. 3.6.
Likewise in Fig. 3.7 a similar source in lower half space is assumed with fields due to
the source shown in the same figure. Now the simultaneous presence of these sources is
considered in this media of two dielectric half spaces. A‘ll the field expressions valid for
above the interface are summed up to obtain the net effect of fields near the interface
in upper half space. In fact this summation is achieved by adding equations (3.11) and
(3.28). An integration is carried out over arbitrary volumes v’ and v” in the resulting
expression. Later Taylor series expansion of the resulting expression is taken at 6 = 0.

Retaining only the leading terms of the expansion gives the following form of electric
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Figure 3.5: Two line sources placed arbitrarily in the upper half space

field expression above the interface,

G el ) ikyrip(0)
By = W[{klmneﬁl(e) +J1(€)} + M(0)e™ ] (3.45)

where,
M3(6) = E3(0) + J3(0)
It can be observed that (3.45) is similar in shape as (3.40) which shows periodic nulls near

the interface. Hence it can be concluded that any number of sources present arbitrarily

in the two dielectric half spaces will always lead to a general form of (3.45). This form
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Figure 3.6: A displaced arbitrary source in upper half space

has its solution near and above the interface at periodic points which are responsible for
creation of critical points near the interface. Similarly equations (3.19) and (3.38) can
also be combined to get electric field expression below the interface while the source’s
location is arbitrary. Following the same procedure of carrying out integration over the

volume parameters v’ and v” the following simplified expression is obtained for the total
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Figure 3.7: A displaced arbitrary source in lower half Space

field below the interface for sources arbitrarily present anywhere in the medium,

eik'_:?'

)72 [{ keyr sin 6 F(0) + Jz(f?)} + M4(9)ei""'-“(9]e‘i"’°"] (3.46)

EL =
where,
M,y(0) = E4(0) + J4(0)

This expression is similar in form to (3.43). It also has a solution at periodic points valid

for lower half space. The phase maps in the due to arbitrary source in the upper half
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space is shown in Fig. 3.8. A similar pattern is obtained due to the arbitrary source in
the lower half space. Saddle and center type of critical points are generated near the
interface which are responsible for the continuity of the phase map of the electromagnetic
wave across the interface. The value of refractive index also changes the location of these

points on the phase map as shown in Fig. 3.9.
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o

o

0.
-0.2 /
81 82 83 84 85 8
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Interface Normal, y/A

Direction of Propagation, x/A

Figure 3.8: Phase map near the interface due to arbitrary shaped electric source in the
upper half space






Chapter 4

Current Sheet Perpendicular to
Plane Dielectric Interface

Behaviour of electric field phase velocity and phase map along the interface of two di-
electric half spaces was investigated in Chapters 2 and 3. The sources of electromagnetic
waves were finite in size. In Chapter 2 the source was an electric current line source
placed at the interface of the two dielectric half spaces. Then in Chapter 3 the source
was generalized to be an arbitrary z-directed source but finite in extent. The phase
velocity plots of the electric field in both the chapters was in conformity with continuity
of field across the interface.

The phase plots also showed interesting structures of phase map present along the
interface. These structures of phase map were produced due to two types of critical
points, the saddle type of critical point and the center type of critical point. The role
of these critical points were explained as regards the phase velocity transition from one
medium to the other. Now two points need further investigation. First point is that how
would a wave generated due to a source of infinite dimensions behave near the interface?
The second point is that if a plane wave propagates alongside the interface what would

be the wave behaviour near the interface?
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The source of an infinite extent can be a current sheet which generates plane elec-
tromagnetic waves. Consider Fig. 1.1 once again to determine if this simple text book
problem can be modified so that propagation parallel to interface can be obtained? In
this figure a source is placed at infinity in a medium having a finite dielectric inter-
face. But it becomes a Fresnel transmission and reflection problem already solved by
Fresnel in 1823. Another possibility is to extend the interface to infinity as shown in
Fig. 1.1 but the source will cut the interface thereby presenting a complicated problem
of transmission and reflection at the interface. Hence the convenient way to study the
plane wave propagation problem near the interface is to place the sheet perpendicular
to the interface. The resulting plane wave propagation will be parallel to the interface.
Far away from the interface the plane wave will propagate according to the propagation
constant of the respective dielectric half space. But near the interface the conditions
will be different. The interest is to investigate how the fast wave in one medium changes
over to a slower wave in the second medium across the interface and what type of phase

map will be generated near the interface?

4.1 Problem Formulation

Consider two half current sheets of current densities J; and Js lying in z = 0 plane as
shown in Fig. 4.1. The dielectric half space which exists for y > 0 has permittivity and
permeability as ey and pg respectively. The second dielectric half space which occupies
the y < 0 space has permittivity and permeability as ¢; and g respectively. The flow
of current in the sheets is parallel to the z-axis. The propagation constant of the plane

wave in the upper half space is k; while for the lower half space it is ky. The current



density may be written as,

hy>0 Ii6(z)as;
j‘= =
Jy y <0 L,5(x)as;
y

k

Figure 4.1: Two half current sheets present in the yz plane

75

I, and I, are the current magnitudes in the two sheets measured in amperes/meter.

It is well known that the Helmohltz equation in a homogenous medium is,

V2E + k*E = —iwpd.

(4.1)
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Since J is z directed and independent of z coordinate thus the electric field F is also z
directed and independent of z coordinate. The electric field E in the two half spaces is

defined as,

Ed, y>0;

E =
Eya, y <0
Therefore (4.1) can be written as,
V2E| + ki By = —iwpli(z), y > 0. (4.2)
V2Ey + k2 By = —iwplyd(z), y < 0. (4.3)

The solution of (4.2) will be considered first. This equation has a homogenous and
a particular solution,

E, = By + Elp:

where Ey;, is the homogenous solution while Ej, represents the particular solution of
(4.2).

An elementary solution to the homogenous form of this equation which satisfies the
radiation conditions is,

Elh = ed:?k:rmeiklyyd:z.

where + sign in the first exponential is for > 0 while the — sign is for z < 0 to satisfy
the radiation conditions. Therefore a general solution to (4.2) can be written as,
0 - s
En = / P(k,)et*==etkumugl
—00

where,

kyy = \/ k% - k§=
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and P(k,) is an arbitrary complex amplitude function of the electric field. The particular

solution which satisfies (4.2) is given as,
By, = Ae®illg,,

where A is the amplitude constant of the electric field. Since the current magnitude is
constant over the sheet and its distribution is independent of y, the particular solution
E), will not be a function of spatial coordinate y. The boundary condition at 2 = 0
which is Ampere’s law results into the following relationship,

OB, 0B

. = 3 4.4
= = iwpl,, Vy >0 (4.4)

x=0-

x=0"*

Substitution of this proposed solution in (4.4) will help to find the value of A. This

means,
E-klA = (—'Lkl)A = -—iw,ufh
or,
_wply
A= ET

Thus the total electric field in the region, y > 0 can be written as,

B, = / P(k,)eit=tkum g “;F::l etkilel (4.5)
—co 1

In a similar manner the solution to (4.3) for the half space y < 0 that also satisfies

radiation condition can be written as,

By = / Q)i g, — “;P;Ife gitalel (4.6)
—00 2

where,

kay = V k3 — k3.

and Q(k;) is an unknown complex amplitude function of the electric field in the lower

half space.
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The boundary conditions at y = 0 will now be applied to find the value of the
unknown amplitude functions P(k,) and Q(k;) given in (4.5) and (4.6) respectively.

There are two boundary conditions given as,

Ey = Ey, (4-7)
and,
G % (Hy — Hy) = J. (4.8)

According to the first boundary condition (4.7) the tangential components of the electric
fields are continuous across the interface and the equations (4.5) and (4.6) give the
following relationship,
* ik I Iy 4
f {P(k:) - Qks) Jeemk, = %{J—e"ﬂ'ﬂ - ﬁe‘*='='}. (4.9)
65 2 |k ko
The ratio e““‘l“'[/kl in the above integral may be written as residue of a pole at k, = k; of

the integral (i/m) [*_ e™**/k} dk,. Substitution of this fact in (4.9) gives the following

—00
relationship,
2 wp (I I o
{P—Q} — —=1{ = — = t|e**dk, = 0. (4.10)
/ﬁ m[ 2m{k§y kfy}] :

Using orthogonality of the complex exponential function in the above expression the

following relationship is obtained,

P(kz) — Q(kz) = ﬂ{:—j - kf_i} (4.11)

2mi | kg,

Similarly according to the second boundary condition (4.8) the difference of tangential
component of magnetic field is equal to the current density on the interface. According
to this condition no electric current exists at the interface except at origin. As the

interface is dielectric in nature no surface currents exist or there is no 4(-) function.
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Hence according to Ampere’s law,

fhl 25 Yz # 0. (4.12)
dy dy
y=0+ y=0—
Therefore,
/ ik P(ks) + Koy Q(ka) e dky = 0. (4.13)

Application of orthogonality property of complex exponential function to (4.13) gives,
klﬂp(kw) + kﬂ!yQ{kx) = 0. (4-14)

Solving (4.11) and (4.14) simultaneously, the following values of complex amplitude

coefficients P(k;) and Q(k.) are obtained,

Ldp‘,k‘gy Ig Il
Ply) = —Fi—""———S 5 —5 4.15
( ) 2?1'1(."{:1!‘, + kgy) {k%y k?y } ( )
wiky, L I
T y__ 2 _ 24 4.16
Q) 2mi(ky + kay) {kfy k3, (4.16)
Substitution of (4.15) and (4.16) in (4.5) and (4.6) gives,
°0 kg Lz .{1 s 3 w,ufl -
E =/ y e 8 el(f-.,r:c+huy]dkz = elk1|:l.|, 4.17
P oo (Ray + Keay) { %3 kfy} 2k, (4.17)
and,
= kl Il Ig stn o w,ufg il
By=| ——E—J— — 2 eikez—tatlgp _ T2 gthalz] 4.18
2 ,[_oo (kly |- k‘Zy) { kfy k%y }B 2ko ( )

For simplification of problem consider Fig. 4.2. In this figure the two current sheets
in the Fig. 4.1 has been replaced by a single sheet of current with the current density
I§(x)d, placed at 2 = 0. The electric field in the z-direction will now be represented by

the following equations in the two half spaces,

wid ;. witd
EY = g—iie"“|x|+2—;{flu*fzu}, (4.19)
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and,

I wyel
EL = u;'zz !-‘J213| + 2$3 {IIL s IEL}- (420)

where,
tk::r Fikiyy

Fykoay

[t
Ly = { s “‘”y} dk,
[{=a)

Ly =

1.1:,-1-: kayy

Iy, = dk;

kiykay

and,

oo eikz::—ikguy

Ly = / {_-"—'_"2 }dkm

—co l'lc21,.-
It has been decided to change the notations of electric field representations such that
E, is replaced by EY while E* will replace E,. This has been done in conformity with
the notations used for electric fields in the previous chapters. The ‘U’ in the superscript
denotes the Upper half space Electric field while ‘L’ in the superscript stands for Lower
half space. Evaluation of the electric field expressions EV and EL will be carried out

NOwW.

4.2 Electric Field In Upper Half Space

The total field in the upper half space is sum of a plane wave propagating with wavenum-
ber k, and two integrals I,y and Iy as given in (4.20). Consider Iy in (4.19) first, which

is given as,

meik,rz-l-ik]yy 9 )
Figes / Al TN 4.21
W= e (

where,
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Figure 4.2: Current sheet present in the yz plane

The path of integration in this integral runs along real axis of k, plane. There are two
pairs of branch points in Iy at k, = +ky and k., = +k,. The branch cuts originating
from these branch points are shown in Fig. 2.2 in chapter 2. These cuts run in the
first quadrant of the complex k, plane because Se**1v] > 0 will satisfy the radiation

conditions when the contour of integration is closed at k; = co. A transformation from
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k. plane to « plane is carried out to simplify the evaluation process according to,
ky = ky cosa.

A subsequent transformation of cartesian coordinates x and y to polar coordinate 7 and
0 according to,

z =rcost, y = rsinf

converts Iy to the following form,
By = —/F(a)ek"’ﬂ“] de, (4.22)
Q

where,
fla) = icos(a — 6),

and,
1

kivn? — cos? o

The path of integration @ which extends from m — i coshn to ico is shown in Fig. 4.3.

F(a) =

It can be seen that the choice k., = kj cos « results in the removal of the branch point
at k; = k;. The second pair of branch points are located on the imaginary axis of «
plane. Complex function f(c) is multiplied by large parameter k) has a saddle point at
a = 0. The complex exponent with a large parameter in the integrand of (4.22) demands
application of steepest descent method for evaluation of I;;y. The path of integration,
@ will be deformed to run on a constant phase path and also pass through the saddle
point. The deformed path is shown as @' in the Fig. 4.3. The contribution from saddle
point will be represented by Ijy.sq while that from branch point will be represented by
Iy.br- The pair of branch points present in « plane corresponds to those at ky = %ky
in the original k, plane. It may be remembered that as electric field for z > 0 is being

investigated near the interface, the branch point at a = icoshn will contribute if the
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Figure 4.3: The corresponding path of integration in complex « plane of Iy

point of observation @ is less than the critical angle. The branch cut will be made
to run along a constant phase path to be able to apply method of steepest descent
for asymptotic evaluation of branch point contribution. In case angle of observation is
greater than the critical angle only the saddle point contribution will be taken to express
electric field in the upper half space.

To evaluate the saddle point contribution a transformation to the s plane is carried
out according to (2.13) for convenience in the evaluation of I).¢q. The path of integration

will now run on real s-axis while the saddle point will be shifted to origin of the new
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plane. The integral (4.22) transforms to,

ghirias) oo =
Iy.sa = r f G(s)e "7 ds, (4.23)
1 —co
where,
Gls) = F(0)
ST g
while,
1
Fla) = —————.
(a) n? — cos? o

As the saddle point is located at s = 0 in (4.23) a power series expansion of G(s) at
s = 0 will be taken. The first term of expansion is taken only which does not come out

to be zero at the interface. This results into the following relationship,

where,

F(as) =

Hence the saddle point contribution due to the first integral comes out to be,

I w,uf etkir g—im/4
10 = V2mi ky/kyry/n? — cos? 0

The following transformation is made to find out the contribution of the branch point

(4.24)

at o = oy,
i cos(a — 0) = icos(ay — ) — s°.

The new form of integral I; for finding the branch point contribution is,

eifir{ncosf+ivn?—1Ising} poo el
Ly = T /G(s)e 2 ds, (4.25)

where,
doe 1 de
Gl =Fa) e e %
() () ds /n?—cos?ads
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Power series expansion of F(ap) will be taken around o = ¢y, while retaining the first

two terms only. The resultant expansion comprising of these first two terms will be,

1 i (1 —2n?)/a—ay
Von(l —n)V4/a—ap  4v2n3/2(1 — n2)3/4

It is known from « to s plane transformation that,

F(ay) =

ge—iom/4

va— oy = —F/———r,
sin(ay, — 0)
and,
da 2se~im/2

ds sin(ay — 6)
The substitutions of the above relationships into the relationship of G(s) results into

the following form of G(s),

- V2eid/4 ; (1 — 2n?)g2e~i7v/4 )
V(1 —n2)V4 [sin(oy, — 0)  2v/2n%2(1 — n?)3/4(sin(ay, — 0))3/2

Retaining only the first term of the expansion,

G(s)

gﬂefkll’(il cos B+ivnZ—1sin H)ei:’m';‘fl

T = . 426
b Vvn(l —n2)Y/4(\/1 —n2cos —nsin6)/2\/kyr (429

Combination of saddle and branch point contributions give the following expression,

w,u,f eiklre-—iﬂjd
kyWVkirvn? —cos? 6

Qﬂ‘eiklr(n cos 04ivnZ—1 sin 8)ei31r/4
kyv/n(l — n2)V4(\/T = nZcosf — nsin 0)1/2/kr [

Iy

291

(4.27)

The second integral in (4.19) is given as,

00 ket LTk, Y .
Biy= f o, (4.28)

—0a k?!}
The path of this integral runs also along real axis of complex &, plane. This integral has

a pair of branch points at k, = 4k, and a pair of poles at k, = 4k, as well, as shown in
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Figure 4.4: Integration path and two branch cuts with poles in the k, plane of Iy

Fig. 4.4. The k, to « plane transformation as well as the cartesian to polar cordinate

transformation is carried out as in the case of I ;. The resulting form of the integral is,
Ly =— / F(a)et /@) dq, (4.29)
Q

where,

f(a) = i{cos(a - 0)},

and,

F(C\:’) = -
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F(c) indicates that a pole exists at the origin of new complex « plane while f(«) shows
that a saddle point exists at o« = #. The original path of integration, P runs as shown
in Fig. 4.4.

To describe the saddle point arrangement in the simplest form at a = @, the expo-
nential function f(a) in equation (4.29) is replaced by a polynomial so as to convert the

integral Iy into a canonical form. The transformation is given as,
= 2 . .3
fla) = flas) — s" =i~ s,

or,
cos(a — 0) = 1 + is?,
and,

da s
ds  sin(a—6)

This results into the following form of Iy

where,
1 da 2i

G(s) = = _—= - 3
(s) sina ds Vs? — 2i{sv/s? — 2icos 0 + (1 + is?) sinf}

It can be seen from the above expression that a pair of poles exist at,

s12 = £V2e™ 1 sin(6/2),

while first order branch point singularities are present at s = ++/2e"/4. The integral
has now been converted to a Laplace type integral. This allows to take the power series
expansion of the function G(s) at s = 0. The steepest descent path through the saddle

point in the complex « plane, is defined by;

S{f ()] = S[f(ew)] =i
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It is seen from Fig. 4.5 that the transformation of the integration variable « to s, results

into SDP on real axis of s-plane while the pole shifts to, s = —/2¢"/4sin(6/2). Region

Ims

s1

s2

/\

Figure 4.5: Integration path in the mapped s plane of Iy

r'r»"l

of convergence is defined by the area enclosed by the original contour in the s-plane and
the SDP which runs on the real s-axis, as shown in the figure 4.5. The location of the
poles at s = £v/2e"/*5in(#/2) is at the boundary of the convergent region.

The contribution of this integral can be examined in two regions of observation. One
region is very near to the interface i-e; @ — 0 while the second is away from the interface,
6 > 0. In the situation when the observation point is away from the interface or the

pole is away from origin only the saddle point contributes in the electric field expression
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and the pole being at the boundary of the convergent region does not contribute.

Under the conditions that @ — 0, the following relationship is used, [10],

Ly(kyr) ~ e*kv‘{iz'za\/%e"“""*’c;g(wb\/ﬁ)+1/%T(0)}, (4.31)

where,
irfd g
b= —v/2e"/*sin 5 |
a=1,
and,
e—t'vrfil

T(U) = m{(’!ﬂﬁ(ﬂ/?) = 1}

Therefore the field comes out to be due to this integral having a pole giving dominant

contribution at origin,

) 2 P —im/4
Ly(kyr) ~ e**ﬂ‘{ + i2av/me~ M Q(Fib\/kyr) + mm{m(em - 1}}

(4.32)

According to [10] when |[b] — 0 then 7'(0) vanishes and Q(=iby/k;r) — /m/2. This
means that for the condition |b]/kr > 1 to be satisfied so as to include the parabolic
cylinder functions as the solution of Iy, When this co‘ndition is not satisfied a plane
wave is obtained from this integral, Ioy; which cancels the plane wave contained in the

solution of EV. Hence the total expression for the electric field above the interface is
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given as,

EV — Eﬁ_f{ pikalal

2k,
UJ{J'I v’z—ﬂeiklre—iwfd + Q?Teikir(ncasﬂ—f-i\fn-’—-lsin 3)81'3:7/4
2mi | kyvEirv/n? —cos20 - kyy/n(l — n2)V4(V1 —n2cosf — nsin0)2\/kyr

vk | 2

_w,ufe“‘l"{ﬁ B \/ge—wa{g(\/f@sin(g)) +‘iS(\/’*‘1—?”5i“(g))}

T B—:"rr/ll

(4.33)

It should be noted that when € =~ 0 the argument of the Error function in the last term
of the above equation becomes zero and the integral contributes only a plane wave. This
wave is due to the pair of poles which have shifted to origin when angle of observation
is reduced to zero. The asymptotic effects of this term become significant only when the

argument has a large value or |b|\/kyr > 1.

4.3 Electric Field In Lower Half Space

The solution for the equation (4.3) which is valid for y < 0 region is similar in form as

the solution for equation (4.2) already obtained and given in (4.33).

wpl wpl
BE= _22‘. ettalel 4 Ej:—i{fu' = sz}, (4.34)
2
where,
oo eikz:c—ikg,, Y ik

L, = —dk,,

v /—oo kluk?y *
and,

co eik::x_ikh;?f
Iy, = —dk;.

.2
oo ’!"21,'
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Evaluation of I;;, will be carried out first. The path of integration in this integral
runs along the real axis of the k, plane. There are two pairs of branch points present
in the integrand which are at k, = 4k, and k, = +ky. The path of integration and
branch cuts shown in Fig. 2.2 are also valid for this integral. It can be seen that the
exponential term, e~V in the integrand satisfies the radiation conditions when the
contour is closed at k, = oco. Transformation to the a plane is carried out using the

relationship k; = kj cos . The resulting integral is,

1 eik-zr cos(ov—8)
I;L = “——-/ dex. (435)
k2 Jo+/1/n* — cos? a

The path of integration @ now runs from 7 — 1 cosh 7 to i cosh 7 as shown in the Fig. 4.3.
The transformation from k, to a plane has also removed the branch point at k. = ko
while the remaining pair shifted to the real axis of o plane at a; = cos™!(1/n) and
@y = m — cos *(1/n). The branch cut contribution which is present at o; = cos™(1/n)
will be included only when the observation angle is less than the critical angle. The path
of integration and branch cut arrangement is the same as for Ey .

It is known that a = —0 is the saddle point and 6 is a negative number below the
interface, therefore the saddle point lies in the (0 < a < 7/2) in the a-plane for z > 0
region. The path of integration @ will be deformed to run through the saddle point at
a = —0 shown as @' in the Fig. 4.3. The branch cut is also deformed to extend along a
constant phase path so that when observation angle is less than the critical angle steepest
descent method can be used while avoiding the branch cut. A transformation is carried
out according to (2.13) to evaluate the integral asymptotically. This transformation will

convert the integral into the following form,

e-'t'fl‘-"f(ﬂn] oo 2
Iy, = : / G(s)e™*" ds, (4.36)
2 -0
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where,

G(s) = F(as)%.

As the path of integration now runs along real axis of new s plane therefore the power
series expansion of G(s) in (4.36) is taken at s = 0 due to the presence of the saddle

point at the origin of s plane. In the relationship of G(s) the function F'(cy) is given as,

1

ky\/1/n% = cos® 6

F(as) =

This leads to,
2weique—i‘rrf4
Lisa = :
kov/kar+/1/n? — cos? 6

The contribution of the branch point will be evaluated now. The branch point is

(4.37)

present at & = a; = cos™'(1/n) in the @ plane. The following transformation,
icos(a — 0) = icos(ey, — ) — s*

shifts the branch point to the origin of the new complex s-plane. The new form of

integral, I, is,

eikn'{cnsﬂ—\lnz—luinﬂ} o0 4
Iy = / G(s)e " ds, (4.38)
ko o5
where,
G(s) = Flon)
s) = F(ay I
and,

1

V1/n? —cos?ap

The derivative (da/ds) is expanded in a power series at s = 0. Only the first term of

F(I‘Jcb) =

the expansion will be used in further calculations or,

doe 2se~"/2 Inse /2

ds ~ sin(cy — 6) - (vn?—1cosf — sinﬁ).
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F(cy) is expanded in a Power series about the branch point, e = ay. The first two terms

of the expansion are given as,

_ n . n(n? — 2)Va — a
V2(n? — D)V /o — o 4/2(n? — 1)3/4

1

where,
ge—im/4
Vo—op = —————.
sin(ay — 6)
Substituting the value of \/or — o, the first two terms of Power series expansion becomes,
Pl = n{ sin(ay, — 0)e?™/4 (n* — 2)59“'-5""' }
V2(n? — 1)V/4s 4y/2(n2 — 1)3/1,/sin(cv, — 0)

The function G(s) is given as,

{ eiﬁrr/al i (?12 = 2)3‘26—1'71:'/4 }
V2(n? — 1)/4/sin(ay — 0)  4V2(n2 — 1)3/4(sin(cy, — 6))3/2)°

The integral is evaluated as,

G(s) =2n

Qﬂeikl"(cm 0—-+/n?—1sin G)Biﬂrr/d

I r — y
b (02 — DYA(V/n? — 1 cos0 — sin 0)/2/Fyr

(4.39)
The last integral to be evaluated in the lower half space is,
00 Likex ,—1kay,y
L= / —f ik, (4.40)
—00 k2y

Obviously the pole and the branch point lie at the same point i-e; k, = £ky. Transfor-
mation into the polar coordinate systems, introduces a saddle point on the real axis and
a pole at the origin. The same approach is adapted in this evaluation as was done for

evaluation of Iy, in (4.29),

ikax
Lp(kor) ~ % [JTT? - \/ge_"“'“'{C( kg?'sin(g)) -4 'ES(\/Esin(g)]}

P e~—i1r/4
Em{coswﬂ) - 1}} (4.41)
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It can be said now that the total electric field below the interface also has two regions for
the nature of the electric field. One form of electric field is represented near the interface
while another form of electric field is represented while the point of observation is away

from the interface. So the total electric field below the interface becomes,

WP'J ke
EL ~ lgf:.."|
3 ey
\/ﬁtkﬂ —trr_/4 zﬁefklr{cosﬂ—-\/n?——isinﬂ)e:ﬁﬂ'ﬂl

2\/&; V1/n% —cos?  ky(n? —1)Y4(v/n? — 1 cos @ — sin0)/2\/kyr

W eika® T w
‘j},ﬁ [§ - \/;e-‘ﬂf"{c(\/@ sin( %)) + i8(v/Forsin(2)) }

g e-fﬂ/‘l

ko \/25in(0/2)

{cos(8/2) — I}J (4.42)

The above field expression which represents electric field below the interface has a
plane wave term. This wave travels with wavenumber k» in the lower half space. Near
the interface this wave term is canceled by a similar wave but of opposite polarity
contributed by the pole present in I;. The contribution of the pole becomes dominant
near the interface. The branch point contribution field decays as (kr) /2.

Asymptotic solutions for electric fields have been obtained for two dielectric half
spaces due to the current sheet placed perpendicular the interface. The results showed
that diffraction terms appeared in the field expressions in the form of parabolic cylin-
der functions near the interface in both half space. These diffraction terms vanished
as |b|\/ﬁ > 1 is satisfied. The asymptotic solutions for the two half spaces also
contained plane wave terms with wavenumbers k; and ko for the half spaces which exist
for y > 0 and y < 0 respectively. These plane wave term get canceled near the interface
when & — 0 while became dominant when 6 > 0 or the condition ]blm > 1is

satisfied. The saddle and branch point terms in both half spaces decay as (kr)~'/2. The

electric field expression for the region y > 0 contain evanescent wave near the interface
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Direclion of propagation, WA

Figure 4.6: Critical points in the region, ¥ > 0 due to a current sheet across the interface
while no such points in y < 0

which decay exponentially perpendicular to the interface. The evanescent wave when
interacts with the plane wave near the interface and as a result the critical points appear
in the upper half space as shown in Fig. 4.6. The critical points for the region y < 0
are not observed while the continuity of the phase map is preserved across the interface.
The frequency of occurrence of these points in the upper half space is proportional to

the refractive index, n of the second medium for y < 0.



Chapter 5

Conclusion

This work was carried out to study the behavior of electromagnetic waves along the
plane interface of dielectric media. The media considered throughout this work con-
sisted of two dielectric half spaces such that their interface was located at y = 0 plane
in the cartesian coordinate system. In order to simplify this investigation of electromag-
netic wave behaviour near the interface, sources of finite and infinite extents were used.
The finite sources included electric current line source as well as sources of arbitrary
shape placed parallel to the interface. Electric current sheet placed perpendicular to
the interface was used as a source of infinite extent. The electric field component of the
electromagnetic waves, propagating parallel to the dielectric interface was investigated.

The leading terms of the asymptotic field expressions valid above and below the
interface due to sources of finite or infinite extent show that the field is zero on the
entire interfacial plane. This solution is good enough if one wants to observe the power
propagating to infinity in a certain direction, because this is the only term which decays
as (kp)~*/2. Unfortunately this does not give the full picture of wave propagation near
the interface when ky < 1. Moreover zero field condition on the interface represents a

structural instability in the phase map of the electromagnetic waves. This structurally

96
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unstable condition of the phase map is converted to structurally stable forms on pertur-
bation by higher order terms in the asymptotic solution of the electric field. Perturbation
by higher order terms results into creation of periodic structures of phase map near the
interface. These structures are formed around isolated critical points. The critical points
are of two types, the saddle type critical points and the center type critical points. The
phase velocity and the Poynting vector field are zero at both the critical points. These
two types of critical points always exist in pair when index of rotation of the Poynting
vector field is zero [9)].

A common behaviour of the equiphase lines is observed above the interface for both
kinds of sources. The density of the equiphase lines in the rarer medium is lower than
the density of the equiphase lines in the denser medium. The center type critical points
produce additional phase lines periodically and saddle type critical points redirect the
additional phase lines into the denser medium where they are required to support the
slower wave. It is known that phase velocity is orthogonal to the equiphase contours.
The phase velocity near center type of critical points forms closed curves and waves seem
to circulate around these points. This circulation phenomenon results into slowing down
of the wave in the rarer medium. Above each center type of critical point is a saddle type
critical point. The lines of phase velocity near saddle type critical points form hyperbolic
curves thus showing as if the wave is avoiding these points. The overall effect of this
structure can be seen qualitatively in Fig. 5.1. There is one major difference in the phase
maps of the finite extent source and infinite extent plane wave propagating parallel to
the surface. In the case of finite extent sources the flow line through a saddle type critical
point eventually ends up going below the structure and into the denser medium. The
passing of flow lines below the structure into the denser medium can be seen in Fig. 5.2.

It means that interconnection of saddle points by flow lines is avoided. This is perfectly
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Figure 5.1: Poynting vector and the phase map in the rarer medium

reasonable because such an interconnection is inherently unstable [14]. In case of plane
wave the flow lines through saddle type critical points are interconnected. Although this
is structurally unstable but it is supported due to the inherent symmetry of the plane
wave. Hence region above the interface is effectively divided in two parts. A flow line
above the interconnecting line remains above and a flow line below the interconnecting
remains below. It has been shown in The interconnecting flow line serves as a boundary

between the two parts. The separation of the two parts has been shown in Fig. 5.3.
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Figure 5.2: Flow lines due to finite extent sources in the rarer medium

There is another difference in the phase map of electromagnetic waves due to finite
extent sources and infinite extent sources. For each pair of saddle type critical point and
center type critical point in the rarer medium two such pairs of these points exist in the
denser medium in case the sources are of finite extent. The arrangement of these points
in the denser medium is such that the saddle type critical points of all the structures
of phase map are almost on a line parallel to z—axis. Whereas the center of each pair
of phase map structure is slightly displaced horizontally from its corresponding phase
map structure in the rarer medium. This slight displacement can be seen in Fig. 5.4.
The flow lines entering from the rarer medium are trapped in these structures for a few
wavelengths before moving further down in the denser medium.

It is known that the phase velocity and Poynting vector field of a wave are propor-
tional to each other. Therefore by looking at the phase map near the interface due to
various source configurations it is possible to predict the behaviour of Poynting vector
field qualitatively near and along the interface of dielectric media. It can be said that
for any type of problem involving propagation near the interface the wave will behave

in a manner discussed above.
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