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Abstract 

Focused electromagnetic waves have appli cat ions in many areas. such as mI­

crowave antennas and integrated op tical systems etc . Asymptotic ray theory (ART) 

or t he geometrical optics (GO) approximation is a powerful tool for evaluating high 

frequency fields in homogeneous and inhomogeneous medium but it fails in t he vicin­

ity of caustic. Maslov's method combines t he simplicity of asymptotic ray theo ry and 

generali ty of Fourier transform method. This is achieved by representing the geomet­

rical optics fields in terms of mixed coordinates consisting of space coordinates and 

wave vector coordinates. High frequency field expressions valid around focal regions 

of two dimensional Cassegrain and Gregorian dual reflector microwave antennas are 

derived using Maslov 's method. The reflectors ma terials composed of perfect elec­

tric conductor (PEC), perfect electromagnetic conductor (P EMC) and chi ral nihili ty 

coated P ElVIC are chosen fo r the study of field behavior around caust ic region of t hese 

systems . umerical computations are used to evaluate field patterns around the caus­

t ic of dual reflector microwave antennas. To establish validi ty of lVIaslov's method the 

results of cylindrical parabolic reflector based on Maslov's method are compared wit h 

the results obtained using Kirchhoff 's approximation. The resul ts are found in good 

agreement. The field reflected from both PEMC and chiral nihi li ty backed by PEMC 

interface, contains both co-polarized and cross-polarized components. Dependence of 

co-polarized and cross-polarized field components for different values of admittance 

parameter of PEMC has been studied. 
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Chapter 1 

Introduction 

Asymptotic ray t heory (ART) or geometrical optics (GO) approximation is fre­

quently employed for the analysis of wave propagation both in homogenous and in­

homogenous media [1 ,2]. It gives both qualitative and quantitative picture of the field 

and is widely used to study variety of problems in different areas of electromagnetics , 

acoustics, and seismology [2-4]. In fact, GO deals with relatively high frequency field 

problems with limitation to predict the fi eld only in a region where cross-sectional area 

of ray tube does not become zero . However, in practi cal applications there are regions 

such as focal region of focussing systems where cross-sectional area of ray tube reduces 

to zero as shown in F ig. 1.1. and Fig. 1. 2., GO fails to quantify the ray fie ld a t these 

points. Therefore, GO approxima tion is not sui table for fi eld evaluation aro und caus­

ti c where it shows singularity [3-6] . The formation of caustics is a frequent feature in 

electromagnetics, acoustics , and seismology etc., and again these are often the points 

of great interest for their usefulness in practical applications. So in order to study the 

field behavior near caustics [1 ,5] or focal points , some different approach is required . 

Fig. 1.1. Transportation of electromagnetic energy in the form of a t ube of geomet­

rical rays 
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112 
~ (r) = Zo(ro) [A(ro)/A(r)] 

-1/2 
= Zo(ro)J Ct) 

Fig. 1.2. The schematic diagram showing variati on of fieJd in tensit.Y of rectilin ear 

rays as a function of area of field distribution 

lVlaslov proposed an alternate method [8,9] to predict the field distribution around 

caustic region. Maslov's method is a systematic procedure which combines the sim-

plicity of GO and generality of t he Fourier transform which remedies the defecLs of GO 

field expression at caustic. T he formulation of GO fie ld around caustic may be done 

either in spatial domain or wave vector domain or in combination of both the domains 

known as phase space. Ray representation of the field in phase space along with their 

projections onto spatial domain and wave vector domain is shown in Fig. 1.3. The 

representation of GO field in wave vector domain is equivalent to Fourier transform of 

t he wave field. The transformation removes the formation of ray singularity at caustic 

as shown in Fig. 1.3. Considering the problem of geometrical optics in physical space, 

mathematically there appears singularity around the caustic but in fact this singularity 

is not genuine. This is so , because the solu t ion of electromagnetic wave equation is not 

singul ar. Maslov's method makes use of the fact that appearance of caustic/ singularity 

is dependent on the choice of domain for fi eld form ul ation. A caustic/ singula rity along 

the ray cannot appear both in its spatial and wave vector domain simultaneously as 



shown in Fig. 1.3. 
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\ Phase space 
\ ray trajectory 

" 

Wave vector domain 

Fig. 1.3. Th e schematic diagram depicts the rectilinear l'~ys as phase space trajec tory 

along with their projections onto both spatial domain and walre vector domain. The 

singularity in spatial domain is removed in wave vector domain. 

Rays never intersect in phase space, ray intersection and hence the caustic occurs 

only in spatial domain ray projection. Following properties of ray and wave constitute 

the basis of Maslov's method [8 ,9]. 

(i) The trajectory of a ray in t hree dimensions is represented by the solution of Hamil-

ton 's canonical equations that is generally considered in spatial domain r(x ,y ,z). 

Again the ray t ra jectory can also be viewed in six dimensional phase space con-

sisting of space co-ordinates r( x, y , z ) and wave vector components p (Px , Py , pz ) 

as shown in Fig. 1.3 . Furthermore, spatial domain and wave vector domain may 

t hen be taken as respective projections from six dimensional phase space. Other 

p rojections of phase space e.g., (x,py,pz ), (P1;' Py, Z) called the mixed domain are 
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also possible. It implies that a ray can also be described in which a few compo­

nents of space domain (x, y , z) are replaced by corresponding components of wave 

vector domain p(Px ,Py,pJ, giving ri se to a new domain (Px,Py ,z ), refe rred as 

hybrid domain or mixed domain. The solu tion in mixed or hybrid dom ain is con­

sidered because in genera l, the singula riti es in different domains do not coincide. 

The ray shows singularity at caustic when one sees it in spatial domain (x , y , z) 

as in Fig. 1.3. , but generally it is regular in the mixed domain as the singularity 

in each space is usually located at different locations. 

(ii) The solut ion of the Helmholtz equation may be represented as spect rum of su­

perposition of plane wave . This is accomplished through Fourier transform rep­

resentations of solut ion wit h unknown coefficients. The derivat ion of asymptotic 

ray expression in terms of unknown coefficients is obtained from Fourier integral 

by applying t he stationary phase method of integration [6] to t he integral. T he 

ray expression t hus obtained from plane wave spectrum may be compared with 

GO field expression derived using Hami lton 's optics. This may lead to determine 

unknown coefficients of the integrand of Fourier integral. It may be pointed out 

that the integrand of integral transform is in mixed domain and predicts finite 

field at caustic. 

In practical use, the fie ld expression based on Maslov's method assumes the form 

of an integral representation of the solut ion which once again reduces to GO field 

expression in a region far away from t he caustic when integral is solved by stationary 

phase method of integration. The integral which appears in the field expression can 

be evaluated eit her numerically or asymptotically to determine image field. Although 

Maslov's method has attracted attention of many investigators who frequently use 

t he method to study the problems in acoustics and seismology [2-4], yet the li terature 

related with the applications of t he method to physical problems in electromagnetics is 

relatively few. The main objective of this research work is to encourage radio engineers 
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and scientists confronted with high frequency fie ld problems to use Maslov 's method 

for their solutions . In the next sections , mathematical formulation of field expression 

based on Maslov 's method is carried ou t. 

1.1. Formulation of GO Field 

Consider two dimensional scalar Helmholtz equation 

(1.1.1) 

where l' = (x , z), \7 2 = ::2 + :',,22' and t he field U(1' ) is assumed to be uniform along 

y-axis, ko = ~: is a wave number and Ao being the wave length in free space. Index 

of refraction of the medium is n = :0 and assumed to be constant for homogenous 

and isotropic medium. For large values of parameter k , the asymptotic solu tion of the 

Helmholtz equation (1.1.1) is given as below 

U( r , k) = e-·ikS(r) A(r , k) (1. 1. 2) 

where 8(1') is a slowly varying real-valued phase function and the ampli t ude A(1' , k) 

is a slowly varying complex valued function. For large k , ampli t ude function can be 

expressed in terms of Luneberg-Kline asymptotic expansion as 

00 

A(r , k) = L (- jk) -·m.Zm(r ) 
m.=O 

Therefore the asymptotic solu tion of (1.1.1 ) may be written as 

~ Zm( r ) 
U( r , k) = exp[- jk8(r)] 0 (- j ·k)Tn 

m.= O 

(1.1.3) 

(1.1.4) 

For high frequency fields, k tends to become large and assumes infini te value so t hat 

retaining the leading term of the asymptotic series (1.1.4), gives 

U( r , k) = Zo(r )e- jkS(r) (1.1.5) 
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Phase and ampli tude functions may be determined by substituting (1.1.4) in 

(1.1.1 ) and setting the co-efficient of each powers of k equal to zero. Thus co-efficient 

of k2 yields the equation for phase function S(r), known as E ikonal equation [3] 

(1. 1.6) 

Similarly the co-efficient of k yields the ampli tude equation 

(rn= 1,2,3 , 4 , .... ... ) (1.1. 7) 

For rn = 0, zeroth order t ransport equat ion [3J is obtained and is given by 

(1.1.8) 

This retains the leading term of asymptotic series (1.1.4). The equation (1.1.8) furth er 

reduces to 

(1.1.9) 

where 

(1.1.10) 

it m ay be noted that V S has a direction perpendicul ar to the surface S (r ) = cons tan t , 

so that T specifies posi tion of a point on the curve perpendicul ar to this surface. 

i-Phase Function 

Phase function of a ray is given by the so lution of Eikonal equation (1.1.6). Now .. 

wave vector is defined as p = VS and Hamiltonian as H(r, p ) = ~(p . p - n 2 ) so that 

Eikonal equation (1.1.6) becomes 

H (r , p ) = 0 (1. 1. 11) 
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which descri bes t he path of propagation of a ray. Eikonal equation can be converted 

to ordinary differential equations using the theory of characteristics which gives 

dr 
- = \lpH = p 
dT 

dp = - \l,.H = ~ dn
2
(r) = 0 

dT 2 dr 

(1.1.12) 

(1. 1.13) 

where refract ive index n remains constant for homogenous medium. Using p = \l S 

and (1.1. 12) , one can readily obtain 

dS dS dr 
-= - · -= p·\lH 
dT dr dT p 

(1.1.14) 

where T is the parameter along the ray. In (1. 1.12) and (J.1.13) , 'Vp and \lr are 

differential operators with respect to wave vector p (P:c, P:lj , pz ) and space coord inates 

r (x, y , z) respectively. 

Hamil ton 's equations in car tesian components are 

dx 
dT = Px, 

d]Jx = 0 
dT ' 

dz 
- =pz 
dT 

d]Jz = 0 
dT 

Solution of Hamilton 's equations is obtained below 

x = ~ + ]JxT, z = ( + pzT 

Px = ]JxQ' ]Jz = PZQ 

(1. 1.15) 

(1.1.16) 

where (~ , () and (]JXQ' P ZQ ) are t he ini tial value of (x, z) and (Px, p z) respective ly. In te-

gration of (1.1. 14) yields 

(1.1.17) 

TO is value of parameter at ini t ial poin t. Parameter T is related w ith t he length of the 

ray (J" and is given by 

dT = d(J" 
n 

(1 .1.18) 
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ii-Amplitude Function 

Amplitude of the ray is given by the so lu t ion of t ranspor t equation. Consider t he 

zeroth order transport equation given by (1.1.9). Now , if ~~ = F (r) has the solution 

r = R('; , T) t hen one can have the relation 

d 
- [In J ( T ) 1 = \17' . F , 
dT 

J ( ) = D (T) 
T D (O)' 

D(T ) = 8(x, z) 
8(';,T) 

(1.1.19) 

This relation can be shown by differentiation J (T) direct ly and using the relation 

(1.1.20) 

In the above equation r = (Xl, X2, X3) and T represents one of the vari ables (.; , T ) . 

Hamilton 's equation ~~ = p has t he same form if one sets F = p , and \11' . F = 

\11' . P = \1 ;'5 so t hat the solu tion may be expressed in the form 

The solution of the transport equation (1.1.9) is obtained in the form 

Comparison of (1.1.21) and (1.1.22) yields, 

or more explicit ly 

2 1 
Zo = J(T) 

(1.1.21) 

(1.1.22) 

(1. 1. 23) 

In order to explain t he J acobian physicall y and maLhematically. please refer to Fig 1. 2. 

which shows vari ation of fi eld distribution area of recti li near rays as a function of 

distance. It may be no ted that cross-sectional area of para.>Ual ray A(r) is proportional 
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to transformation D (T) from ray co-ordinates (~ , T) to cartes ian co-ordinates (x, y) 

so that J (T) = .:/r~;;)= ~i~i where TO = (~, 0) and J (T) is the normali zed Jacobian. 

ow substitu t ing t he phase and ampli t ude given by (1. 1.17) and (1.1.23) respectively 

in (1.1.5), yields t he approxim ate solu t ion of wave equation (1.1.1) known as GO 

solution [1] 

(1. 1. 24) 

' iVhen several rays pass through a point (x , z), the field U(x , z) is described by a 

sum of components of the type (1.1.24). Note that the GO field expression (1.1.24) 

fails to explain the behavior of the field at caustic both in terms of its ampli tude 

and phase . The phase function undergoes a characteristics ~ phase shift as t he ray 

continues through a caustic. The J acobian J (T) = 0 at caustic because the tube of 

rays in which the intensity is being conserved has zero cross-section there. The GO 

field expression, therefore, yields an infini te field at caustic. The nexL section includes 

the detail of mathematical work involved in the use of Maslov's method to deri ve the 

fie ld expression valid around caustic region. The GO field expression that has been 

established using Hamil ton 's equat ions, needs some remedi al treatment . T he remedy 

for GO field is accomplished by expressing both its ampli tude and phase in mixed 

coordinates through Fourier transform [1 ,5] . 

1.2. Field Formulation Using Maslov's Method 

The occurrence of a caustic in spatial domain can be avoided by mapping the 

rays from phase space to the wave vector domain as shown in Fig. 1.3. The mapping 

from phase space to wave vector domain , separates the rays that intersect at caustic in 

spatial domain. The Maslov's method uses the ray solution in one domain to correct the 

ray solu tion in other domain . Transformation from spatial domain to spectral domain 

or vice versa, can be reali zed through the use of Fourier transform and this constit utes 
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the basis of Maslov 's method. Let U(r) and V(Y) be the two wave functions in spatial 

and wave vector domain respectively, defined by 

U(r) = U(x, z) 

V(Y) = V( :l:,pz) 

Their Fourier transform may be defin ed as 

V(Y) = j~: U(r ) exp(jkzpz)dz 

and 

1 100 

U(r ) = - V(Y) exp ( - jkzpz)dpz 
27T -00 

(1.2.1) 

(1.2.2) 

Equation (1. 2.2) provides an integral representation of U if V is known. The Maslov 's 

method essentially entails the replacement of the function V in (1. 2.2) by an approx­

imation obtained using the stationary phase approximation to t he integral in (1.2.1) . 

Working in mixed domain may enable one to determine solu tion of Helmholtz equation 

t hat remains valid ncar caustic and it is the main feature of lVl aslov's method . 

Consider Helmohl tz equation given by (1. 1.1 ) which may be writ ten more expli c-

it-Iyas 

(1.2.3) 

Fourier transform of (1.2.3) for homogeneous medium gives 

(1.2.4) 

Equation (1. 2.4) is considered to be the wave equa tion in the mixed domain Y(x ,pz) 

and its formal asymptot ic solution may be assumed to have the form 

00 

V(Y) = L Bm(Y)( _ jk) -m exp [- jkT(Y)] 
7n= O 

= [Bo(Y) + (_ jk) - lB1 (Y) + (_ jk) - 2B2(Y) + ... J exp[ - jkT(Y)] 

(1.2.5) 
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Considering high frequency fie ld , k --) 00 and selecting the leading term of t he asymp-

totic series (1.2.5), gives 

V(Y) = Bo(Y) exp (- jkT(Y)) (1. 2.6) 

Substitu t ing (1.2.6) in (1.2.2) gives 

1 l ex> U(x, z ) = - Bo(Y )exp[- jk{T(Y) + pzz }Jclpz 
27T' . -ex> 

(1.2.7) 

T he integral can be evaluated approximately by applying stationary phase method of 

integrat ion [6] . This yields an asymptotic solu t ion in terms of unknown vari ables of 

phase T(Y) and amplitude Bo(Y). The unknowns are determined in such a way that 

the solu t ion should have the followin g characteristics. 

(i) The solu tion yields the finite field a t caustic so that at points far away from caustic 

it gives t he same resul t as produced by the GO field expression (1.1.24). It implies 

t hat both expressions coincide at stationary point pz = PZs and consequently t he 

comparison of the two field expressions will lead to determine unknown variables 

in (1.2.7). 

(ii ) T he unknown vari ables T(Y) and Bo (Y ) determined above, a re substitu ted back 

in (1.2.7) a nd for t his , it is assumed that the fi eld expression (1. 2.7) holds for all 

values of pz. 

The stationary point is determined from the phase function of (1. 2.7) and is found 

to be located at 

which gives 

[
8T(Y) + z] = 0 

8pz PZ= PZs 

8T(Y) 

8pz 
= -Zs 
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The second derivative of phase function as required by stationary phase method of 

integration is 

(l.2.8) 

where Zs is the value of z at stationary point and must be expressed as Zs = zs (x,Pz.) . 

Using these relations , stationary phase method of integration gives the approximate 

solu t ion which remains valid in t he region far away from caustic 

( 
j ) ~ . [oz ] - ~ U(x. z ) = 2~k Bo( x, y ,PzJ op: exp[- jk{T(x,pzJ + Pz.zs }] (l.2.9) 

Comparison of (l. 2.9) with (l.l.24) in respect of ampli t ude and phase respectively, 

yields 

(l.2.1O) 

and 

(l.2.11) 

where ~ , (, T and z must be expressed in terms of mixed co-ordinates (x, pz). Although 

(1 .2.9) agrees with GO solution only at the stationary points, yet it is assumed that the 

expression is valid for all values of pz. Under this assumption expli cit form of Bo(x,pz) 

in (l.2. 10) and T(x ,pz) in (l.2.11) have been determined. In this respect , the method 

resembles t he equivalent current distribution method in high frequency technique of 

electromagnetic d ifFract ion t heory. On substitution of (l.2 .10) and (1. 2. 11 ) in (1.2.7), 

t he field expression assumes the form of 

( 
k ) ~ 1CXl 

[ op ] - ~ U(x " z ) = 27rj -CXl Zo(~ , () J ozz x 

exp [- jk { so(~, () + (T - To)n2 
- zs(x, pz )pz + zPz } ] dpz (l.2 .1 2) 

In (l.2.12) Jo/f:- can be evaluated by using the following relations 

D(T) = o(x, z ) 
o(~ , T) 
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8pz 8( x,pz) 
8z 8(x, z) 

D(T )8Pz = 8(x ,z ) . 8(x,pz) 
8z 8(~ , T) 8(x , z) 

D(T) 8pz = 8(x,pz) 
8z 8(~ , T) 

J8Pz = 8(x,pz) . _ 1_ 
8z 8(~ , T) D(O) 

The field expression (l.2. 12) expression based on Maslov 's method , remains valid 

at all points including caustic region. The solution of ( l.2.1 2) is obtained through 

numerical computations, which yields the fi eld distribution around the caustic region 

of focussing systems. NIaslov 's method takes into account both the fi eld reAected from 

the surface of the refi ector and the field diffracted from edge of the refi ector which is 

refiected in the fi eld plots as main-lobe and minor-lobes respectively. The problem of 

field evaluation in fo cal region has been undertaken by Kay and Keller [13] using the 

conventional Huygens-Kirchhoff 's integra l or physical optics approximation. The two 

fie ld expressions agree completely around the caustic region but differ sli ghtly in phase 

and amplitude elsewhere. 

The basic work of Maslov is reported in Maslov, 1972 [8], a book written in Russian 

and translated into French and another more recent book by Maslov and Fedoriuk , 

1981 [9]. Maslov 's method was originally developed for t he purpose of finding uni-

form asymptotic solu tion of partial differential equations, such as Schrodinger's wave 

equ ation. T he method has subsequent ly been applied to propagat ion a.nd radi at ion 

of waves in homogeno Lls and non homogeneo Ll s medium [l.2]. Th e physical in terpre-

tation of mathematics of Maslov 's method and its relation to other ART methods 

have been discussed by Ziolkowski and Dechamp [5] . Arnold [12] has provided fur­

t her physical insight into this technique. The application of Maslov 's method to in-

homogeneous medium and continuation problems have been discussed by Kravstov 

and Gorman [1,15] . The method has been summarized by Kravtsov, Ziolkowski and 
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Dechamps [5, 14] and applied to propagation and radiat ion of waves in homogeneous 

and inhomogeneous medium. Chapman and Drumond [4] used it to construct the 

seismograms, Gorman and his associates [6 ,1 5] showed hoyv to construct t he asymp­

totic solu tion for various kinds of different ial equations. Hongo and co-wo rker::; applied 

Maslov's method to derive t he high frequency solu tions for field distribution by a phase 

t ransformer , a cylindrical reflector , spherical reflector antenna, a dielectri c spheri cal 

lens, spherical dielectric interface and radiation characteristic of plano convex lens an­

tenna [17-28]. Aziz et al. ut ilized the Maslov's method to study the field distribu t ion 

around caustics of two dimensional Cassegrain and Gregorian dual reflector systems 

composed of perfect electric conductor (P EC) and perfect electromagnetic conductor 

(P EM C) reflectors [23,24,43]. GhafFar et al extended the work to t hree dimensiona l 

Cassegrain and Gregori an systems, study of focussing of field refracted by a plano 

convex lens into uni-axial crystal, study of focussing of field refracted by an inho­

mogeneous slab were studied [25-30] . Hussain et a l. used t his method to stud y t he 

radiat ion characteristics of wood lens [32]. Ashraf et al recent ly used the method to 

study the fields in the focal space of symmetrical hyperbolic focusing lens [31]. F iaz 

et al. ut ilized t he Maslov's method to study the fields distribu tion around caustics 

of two dimensional P EMC Gregorian system [42,43] . Fm"yad and Naqvi extended t he 

Hongo's work by studying the high frequency field expressions in the caustic region 

of a parabolic cylinder placed in chiral medium [45]. Ahsan and Naqvi used Maslov's 

method to study the behavior of reflected field around caustic region of a P EMC 

parabolic cylinder when it is coated with chiral nihility medium [54] . The work in the 

thesis wi ll show that the method can be applied to deri ve the fi eld expressions for both 

single and dual reflector systems for fi eld around their causti c regions. Cassegrain and 

Grego ri an dua l re fl ector sy::;tems are consid ered for the study of fi eld behavior around 

their focal regions. T he reflectors used are of different materials which include PEC, 

P EMC and P EMC backed chiral nihili ty. 
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Concept of PElVIC has been introduced by Lindell and Sihvola [35, 36] as a gener­

alization of P erfect electri c conductor (PEC) and perfect magnetic conductor (PMC). 

PEMC is a new cla::;s of rn etarnateri als lA ppendix Fj that exhi bit::; exceptiona l prop­

erti es not readi ly observed in nature. At PEMC interface certain li near combina tions 

of electromagneti c fields are required to vanish and has been discussed [35 . 36] . Using 

differential-form representation [10 , 37] the corresponding medium has been charac­

terized as being the simplest possible medium. PEMC medium is defined through one 

scalar parameter , the PEMC admittance M [35], whose zero and infinite limi ts give 

the PlVIC and PEC media, respectively. It has been demonstrated theoretically t hat a 

PEMC material acts as a Perfect reflector of electromagnetic wave but differs from PEC 

and PMC in that the reflected field has both co and cross-polarized (Cl'-polarized) field 

components. PEMC does not allow electromagnetic energy to enter, so it can serve 

as boundary materi al. Non-reciprocity of the PEMC boundary can be demonstrated 

by showing that the polarization of plane wave reflected from its surface is rotated , 

the sense and angle of rotation depend on lllI , t he admittance parameter. Many au­

thors have used t he PElVIC concept [35-4 3]. Chiral nihility [Appendix Fj is a ::;pecial 

kind of chiral medium , for which the real part of permi t tivity and permeability are 

simultaneously zero , in other words refractive index becomes zero at cer tain frequency 

known as chiral nihility frequency [49]. In chiral nihility, the two eigenwaves are sti ll 

circularly polarized .But one of them is a backward wave whose phase velocity has an 

anti-parallel direction with corresponding Poynting vector. Chiral is a meta-material 

and field reflected from PEMC backed chiral nihi li ty reflector contains both co and 

cross-polarized field components which finds potential use in military appli cations. 

The electromagnetic waves radiated from a distant source will become a fi eld of 

plane waves at receiving antenna . The field is focussed around causti c region. The 

knowledge of field distribution pa ttern aro und caustic is necessary as it is helpful in 

selecting receiver / transmit ter to be placed in the caustic region. T he field pat tern 
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at caustic leads to development of practical antenna design . The work on Maslov's 

method applied two dimensional dual reflector systems having reflectors of different 

materia ls has been original as reported in t his dissertation [23]'[24J and [43]. The work 

has att racted attent ion of a large number of researchers who have made more than 

fifteen citat ions of the work in this dissertation whi le taking t his work as basis for 

t heir fur ther research work . T he resul ts of 2-D in the disser tat ion may be useful in 

the design of more practical 3-D systems to receive signals of high frequency field in 

communication. 

A Chapter wise brief description of the work carried out in the thesis is given be­

low: In Chapter 2, field expression based on Maslov's method is applied to an arbitrary 

cylindrical reflector (PEC) to derive a general form of field expression which should 

remain valid at all points including the caustic. The general form of field expression so 

derived , can be applied to different shapes of single reflector antenna such as parabolic , 

circular and elliptical cylinder etc. The high frequency fi eld expression contains an inte­

gral form of solu tion neal' caustic and may be evaluated eit her analyti cally/ numerically 

or with uniform asymptotic techniques. The validity of field expression is established 

by showing that in tegral form of solu tion reduces to GO fie ld expression when the field 

point is considered fa r away from caustic region. As an application , the fi eld expression 

is applied to paraboli c cylinder widely used as microwave antenna. The high freq uency 

field expression obtained for a parabolic microwave antenna closely matches with t hat 

obtained by Kay and Keller [13J using induced current method. The field patterns 

evaluated around caustic region of parabolic cylinder for oblique and normal incident 

plane wave [18J using both Maslov's method and Huygens-Kirchhoff's integral , are 

compared and the results are found in complete agreement. 

In Chapter 3, the work on Maslov's method is extended to include the study of field 

behavior around caustic region of more complex systems wh ich include P EC Cassegrain 

and Gregorian dual reflector systems. Both utilize a sub-refl ector wh ich is placed to 
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intercept the field reflected from main-reflector [23-25]. The dimensional parameters 

of main-reflector and sub-reflector are determined using near field focussing properties 

of aperture antennas. T he diameter of main-reflector [Appendix D] is obtained so t hat 

sub-reflector is properly illuminated by the reflected field. The sub-reflector profile is 

determined using ray optics to maximize t he efficiency of parabolic reflector. lVIaslov's 

method is applied to derive high frequency fie ld expressions for both Cassegra in and 

Gregorian dua l refl ecto r antenn as for normal incident plane wave. Field patterns 

a round t heir caustic regions a re evaluated t hrough numerical compu tat ions. T he re­

sul ts of both t he fo cussing systems are then compared with the resul ts obtained by 

applying Huygens-Kirchhoff 's integral to their equivalent parabo li c refl ector. They are 

found in complete agreement , which yet again testifies the validi ty of Maslov's method. 

The parameters of focuss ing systems under study are varied to see the impact on the 

image quali ty of focussing fie lds. The field patterns corresponding to t hree different 

set of paramet ers of dual reflector systems, are obtained to study the quali ty of image 

fields around the caustic region . 

In first part of Chapter 4, t he present work is extended to include t he study of 

field behavior around the caustic region of dual reflector fo cussing systems in which 

one or both the PEC reflectors are rep laced with P EMC reflectors. For this purpose 

fo llowing two cases are considered , 

(i) PEMC Gregori an dual reflector microwave antenna 111 which main-reflector is 

PEMC while sub-reflector is PEC. 

(ii ) PEMC Cassegrain dual reflector microwave antenna in which both the reflectors 

are PEMe. 

Maslov's method is applied to both PEMC Cassegrain and Gregorian dual reflec­

tor antennas to derive high frequency field expressions. The field expressions obtained 

t hereby, yield finite fie ld value around caustic of these systems. The integral of field 
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expression is solved through numerical computations to determine field distribution 

around the caustics . A comparison study of ampli tude variation of both co-polarized 

and cr-polarized field components has been carried out for different values of parameter 

M , the admittance of PEMC boundary. The results are shown schematically. 

In second Part , both Gregorian and Cassegrain dual reflector antennas in which 

main-reflector is PEMC backed chiral nihi li ty whereas sub-reflector is PEC, are con­

sidered for t he study of fie ld behavior around their caustic regions. Field expressions 

valid around the causti c of both dual re Aecto r systems are derived using rvfaslov 's 

method. Solu tions of fi e ld expressions are obtained through numerical computations 

to evaluate t he field patterns around the caustics. Dependence of co-polarized and cr­

polarized field components for different values of admittance parameter M of PEMC 

has been studied. Interpretation of the results is given by taking into account fo l­

lowing observation. How admittance parameter effects the co and cr-polarized field 

components? 

Chapter 5 concludes the present discussion with t he observations based on the 

results presented in the thesis t hat t he method is straightforward and provides an 

alternate to the conventional induced current method or Huygens-Kirchhoff"s integral 

for field evaluation around the caustic region of focussing systems. Both rvIaslov's 

method and Huygens-Kirchhofl's integral yield the results which completely agree 

around t he caust ic region but show slight d ifFerence in phase and amplitude elsewhere. 

T he coating of PEMC and chiral nihility metamaterial on reflectors of Cassegrain and 

Gregorian systems gives rise to co and cr-polari zed fi eld components when p lane wave 

is incident on this metamaterial interface . The generation of co and cr-polarized fi eld 

components finds potential use in military applications 
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Chapter 2 

PEC Arbitrary Cylindrical Reflector 

Maslov's method is used to derive field expression that is valid around the caustic 

of an arbitrary cylindrical reflector. The field expression so obtained, is used to study 

the field distribution around the caustic region of various shapes of single reflector 

fo cusing sys tem i. e., paraboli c, circular and elliptical cyli nder etc. Bu t here only 

parabolic cylinder is considered for the study of fie ld pattern a round causti c region. 

R e:::; ul t:::; obtained for parabo li c reAector using I\ La::; lov's methoe! R. rc comparee! with 

t he resul ts obtained by applying Huygens-I<irchhoff's principle. It is ass umed that 

cyli ndrical reflector is of PEC and source of excitation is a uniform electromagnetic 

plane wave. Medium surrounding the reflector is homogeneous, isotropic , lossless , 

linear , and non-dispersive. 

2.1. Formulation of Geometrical Optics Field 

Consider an arbitrarily shaped cylindrical reflector as shown in Fig. 2.1. whose 

contour is described by 

(2.1.1) 

where (e, () are the Cartesian coordinates of a point on the reftector. The surface of 

arbitrary cylinder is excited by a linearly polarized plane wave with time dependency 

t ime harmonic exp(jwt) . T he field is obli quely incident a nd is given by 

E i = exp ( - j k.r ) 

where 
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Therefore incident field may be written as 

(2 .1.2 ) 

where k x = k sin CPo, k z = k cos CPo, and CPo is t he angle of incident with respect to 

t he z-axis . It may be noted that throughout the research work it is assumed that 

k = ko = WV~LO EO. 

Oblique Incident ., 
Plane wave 

-jk ... 
e 

x-axis 

I 
-C<3 
U ...... 
~ 

"0 .... 

:§3~ 
>-.uU . 

----------;:~_4_------_H_{ d) ~~Z-axlS 

>-. 13 e:- I 
@~ 
.::: 

points 
D 

1 
~= f (~) 

Fig. 2.1. An arbitrary cylindrical (PEG) reflector being excited by oblique incident 

plane electromagnetic wave. 

The wave vector of the incident fie ld is given by 

(2 .1.3) 

The wave vector of t he reflected field may be obtained from the formula based on 

Snell 's law as 

(2 .1.4) 

where n is uni t normal at incident point (~ , () on the surface (2.1.1) and is defi.n ed by 

n = sin eix + cos Biz (2. 1.5) 
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where 

- 1"(0 
sin e = ---;===~ 

) 1 + [1"(0]2' 

1 
cos e = ---;==o==~ 

) 1 + [ff(~)J2 ' 
tan e = - f' (~) (2. 1.6) 

where ./'(0 is t he deri vative of the functi on given by (2. 1.1 ) with respect to f.. Sub­

stitut ing (2.1.3) and (2.1.5) in (2.1.4) gives wave vector of t he refl ected fi eld as 

p " = [sin CPo - 2 sin e cos(e - cpa)] ix + [cos CPo - 2 cos e cos(e - cpa)] iz 

(2. 1.7) 

The coordinates of a point on t he reflected ray are given by the solu tion of Hamil­

ton's equation [19] 

(2.1.8) 

The GO fie ld associated with t he reflected ray at the point (x , z) is given by [8] 

E"(x,z) = AT(X,Z) exp[- jkS(x, z)] (2. 1.9) 

where ampli t ude A"(x, z) may be written as 
I 

AT( ) = A"' (C) [D(T)] - 1 
x ,z a ~ D(O ) (2.1. 10) 

CLnd the phase function is given by 

S (x , z ) = ~ sin CPo + f( 0 cos CPo + T = So + T (2.1. 11 ) 

Ao(~) is t he field ampli tude on the reflector at point (~, () and AT(X, z) is the field 

ampli tude at observation point away from the reflector. D(T) is t he J acobian of t rans­

formation from the ray coordinates (~, T) to cartesian coordinates (x, z) . Quantity 

So = ~ sin CPo + f(O cos CPo is the init ial value of t he phase function at point (~, () and 

T represents the distance along the ray from a reference point (~, () on the reflector . 

Substituting (2.1.10) and (2.1.11) in (2.1.9) , gives 
I 

ET (x, z) = A~ (~) [ ~ ~ ~ n -2 exp [ - j k ( ~ sin CPo + f (~) cos CPo + T ) ] 

= Ao(<) [~i~ir' exp [-jk(So +T)] (2 .1. 12) 

In t he next section , Jacobian of transformation J (T) = g ~~ i, is determined to evaluate 

the ampli t ude of the field refi ected from the refl ecto r. 
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2.1.1. Determination of Amplitude 

T he amplitude of the fie ld associated with the ray refl ected from the reflector is 

I 

A"( ) = AT(C) [D(T )] - "2 
x , Z 0 <" D(O ) (2. 1.13) 

where the J acobian may be determined as 

(2 .1.14) 

Differen tiating (2 .1.8) with respect to ~ and T,using (2 .1.7) and substitu t ing in (2. 1.14) 

yields 

D(T ) = - cos(2e - CPo) + f'(~) sin (2e - CPo) + 2~~ T 

Referring to (2.1.6) , gives tane = - f'(O and so fl/(~) = -sec2 e ~~ and substitut ing 

in above relation gives 

so that 

D(T) = - cos(e - CPo) _ 2 cos2 efl/(~)T 
cos e 

D (O) = _ co::;(e - CPo) 
co::; () 

so that normalized J acobian J (T) may be vvritten as 

J(T) = D(T) = 1 + 2cos
3

e fl/(OT 
D(O ) cos(e - CPo) 

The location of caustic is given by the point satisfying J ( T) = 0 so that 

cos(e - CPo) 
T = - ----'::---::-----'--:-'-:-

2 cos3 efl/ (O 

(2 .1.15) 

(2.1. 16) 

(2 .1.17) 

T hus the coordinates of the caustic point (xc, zc ) on the reflected ray are obtained by 

substituting (2 .1.17) in (2. 1.8) 

_ c sin(2e - CPo) cos(e - CPo) 
Xc - <" + 2cos3 efl/(O 

Z c = f(O + cos(2() - CPo) cos(e - CPo) 
2 cos3 e fl/(~ ) 

(2.1. 18) 
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GO expression for t he field reflected from an arbitrary cylindrical reflector is 

obtained by substituting (2. 1.16) in (2 .1.12) 

(2.1.19) 

In above field expression , when T = - 2 ~~:~(};;j~,(~), t he field E 1
' (x, z) 

becomes infini te . This means that GO field expression (2 .1.19) fails to predict t he 

fi eld around causti c region of an arbitrary cylindrical reflector. T he objective is to 

derive field expression using Maslov 's method that should yield the finite fi eld value at 

all points including the caustic region . This is accomplished using Maslov 's method . 

2.2 . Determination of Field Around Caustic 

In order to obtain uniform field distribution around caustic, Nlaslov's method 

is used . According to Maslov's method, the field expression valid around caustic of 

ar bi trary cylinder can be derived using the relation (1. 2 .12) as 

E"(x , z ) = J k 100 

Ao(O [D (T) Op~ ] -1 
J27r -00 D(O) OZ 

x exp { - jk [So + T - zs(x, P:)P: + p:z] } dp: (2.2 .1 ) 

where So = .; sin CPo + f(O cos CPo is the ini tial phase of the fi eld on t he reflecto r. In 

above expression , zs (x , p '~ ) means that the coordinate Zs should be expressed in terms 

of mixed coordinates (x, p:) using the solu tion of Hamilton's equations. T he same is 

true for T and it is given by T = x-;:I;. ow proceeding to find the unknown vari ables 
P", 

of phase and amplit ude in (2.2.1) as below. 

2.2.1. Evaluation of Phase Function 

The phase function of the reflected field is given by 

S( T) S (1') T l ' pz = 0+ T - Zs x,Pz pz + PzZ 
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Using solution of Hamilton's equations (2. 1.8) , t he phase function may be wri tten as 

s(p~) = ~ sin CPo + f(~ ) cos CPo + x ~ ~ - f(Op~ _ (p~ )2 X ~ ~ + p~z 
Px Px 

= ~ sin CPo + f(O cos CPo + x ~ E, (1 - (p~ )2) - f(E,)p~ + p~z (2.2 .2) 
Px 

Using (2.1.7) and (2.1.8) , it gives 

s(p~ ) = ~ [sin CPo + sin(2e - cpa)] + f(~) [cos CPo + cos(2e - cpa)] +p~x + p:z 

= 2E, sin e cos(e - CPo) + 2f(E,) cos e cos(e - CPo) + p~x + p'~z 

In t he above equation , in trod ucing polar coordinates 

x= psin cp, z = pcoscp (2 .2.3) 

It yields, 

s(e) = 2 [~ sin e + f( E,) cos e] cos(e - CPo) - pcos(2e - cP - CPo) (2 .2.4) 

2.2.2. Evaluation of Amplitude Function 

The amplit ude function means integrand of (2,2. 1) 

[
D(T) ap~ ] - ~ = [J(T) ap~ ] -~ 
D(O) az az 

(2.2.5) 

First of all , it is required to determine ~ from (2. 1.7) and (2.1.8) , vari able z can be 

wri tten as 

z = f(E,) + cot(2e - CPo)(x - ~) (2.2 ,6) 

Differentiation of (2.2.6) w, r. t. e yields 

az _ "( ) aE, _ 2(x - E,) _ cot(2e _ ) aE, 
ae - j ~ ae sin2(2e - CPo) CPo ae 

[ ] 
a~ 2T 

= - tan e + cot(2e - CPo) ae + sin (2e - CPo) 

cos(e - CPo) 1 a~ [ 2cose ae ] 
= - sin (2e - cPo) cos e ae 1 - cos(e - CPo) a~ T 

(2 ,2.7) 
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l\iIaking use of (2 .1.7), gives 
a T' 

~~z = 2 sin( 2e - CPo) (2.2.8) 

As tanO = - f'(~) therefore ~~ = -cos20f"(0 hence using (2.2.7) and (2 .2.8), gives 

az az ae 
ap~ ao ap~ 

1 az 
2 sin(20 - CPo) ao 

cos(O-CPo) a~ [ 21"'(~)cos30 ] 
= - 2 sin 2 (20 - CPo) cos 0 ao 1 + cos (0 - CPo) T 

ap: 2 sin2 (20 - CPo ) cos3 0 f" (~) [ 21'" (~) cos3 0 ]-1 
-= 1 + T 
az cos(O - CPo) cos(O - CPo) 

(2.2.9) 

Using (2. 1.16) and (2.2.9) , yields 

J(T)ap: = [1 + 2F'(OCOs
3

0T ] [2Cos
3

0Sin
2
(20 -cpo)f"(0] 

az cos(O - CPo) cos(O - CPo) [
1 + 2fll(OCOS3 0T] - ' 

cos(O - cDo) 

= 2 cos
3 

0 sin2(20 - CPo) r (0 (Appendix A) 
cos(e - CPo) 

Also (2.2.8) yields 

dp~ = 2 sin(20 - CPo)dO 

Now substituting (2.2.4), (2.2.10) and (2.2.11) in (2 .2.1), gives 

r {k ( . 7r ) 18
/
2 

r [ cos(e - cpo)]! 
E (x , z ) = V;;: exp - J"4 - 8 / 2 Ao(O cos3 0fll(0 

x exp { -j2k[~ sin 0 + f(O cos e] cos(O - cpo) } 

x exp [jkp cos(20 - cP - cpo)] de 

(2 .2.10) 

(2.2 .11) 

(2 .2.12) 

where 8 is the aperture angle subtended at t he caustic such that 8 = 20 at the edge 

of the reflector. It may be noted t hat integration variable has been changed from p'~ 

to O. Field expression (2.2 .1 2) yields finite fi eld at all points including causti c region 

of arbitrary cylinder. 
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2 .3 . Validity of Maslov 's Method 

It is inte rest ing to estab lish the validity of t he fi eld expression (2 .2.1 2) based on 

Maslov's method that produces fin ite fi eld value in t he neighborhood or caustic region . 

In order to achieve this , consider a region far away from caustic and evaluate t he 

field by obtaining approxima te solut ion of (2 .2 .12) through the use of stationary phase 

method of integration [6] . The results obtained from this approximate solu tion must 

agree with those obtained from GO field expression derived in (2. l.19). T his serves as 

an important check on the validity of t he field expression (2.2. 12) based on Meslov's 

method . In order to solve the integral of (2 .2.12) by using stationary phase method of 

integrat ion , the stationary point is determined from the phase fu nction 

s(e) = 2 [~sine + f (~)cos e] cos(e - cPo) - pcos(2e - cP - cPo) 

Differentia t ing (2 .3. 1) w.r .t . e, gives 

S' (e) = 2 [~cos(2e - cPo) - f (Osin (2e - cPo)] + 2p sin (2e - cP - cPo) 

Stationary poin t is obtained by set t ing 

which yields stat ionary point 

e
s 

= cPo + cP 
2 

T he second derivat ive of t he phase function at st ationary point is 

s//(es ) = -4 [~ sin ( 2e - cPo) + f (~) cos(2e - cPo)] 

(2.3 .1 ) 

(2 .3.2) 

+ 2 [COS(2e - cPo) - 1" (0 sin (2e - cPo)] ~~ + 4p cos(2e - cP - ¢o) 

cos( e - cPo) [ cos
3 

e tOI/ () ] = - 2 . 0 1 + 2 ~ T 
cos3 .11/ (0 cos(e - cPo) 0 • 

= _ 2cos(e - cPo) J (T) ( ) 
3 () 

2.3 .3 
cos fl/ ~ 
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The phase function at station ary point is 

S( ()s) = 2[~::;in() + .no cos ()] cos( fJ - cPo) - p cos(2() - (p - cPo) 

= ~ [sin (2e - cPo) + sin cPo] + / (0 [cos(2() - cPo) + cos cPo] 

- x sin (2() - cPo) - z cos(2() - cPo) 

= ~ sin cPo + f(O cos cPo + T 

Equation (2. 2.12) m ay be written in the form of a standard integral as 

15 1l' 18
/
2 

E 1' (x, z) = - exp ( - j - ) F(()) exp [- jkS(())] d() 
1l' 4 - 8/2 

where 

(2 .3.4) 

(2.3.5) 

Using st ationary phase method of integra tion , asymptotic solu t ion of (2.3 .5) is 

E'(x, z ) '" 15 exp ( - j ~ ) [t~j F(O,) exp 1-jkS( 0.)1 vi S'~(B' )1 ] , 
= Ab(~)[J(T)r~ exp [- jkS( ()s)1 

= AC; (~) [J ( T ) r ~ exp [- j k {~ si n CPo + f (0 cos cPo + T } 1 

k » l 

(2 .3.6) 

The field expression (2.3.6) obtained as an approxima te solut ion of (2 .2. 12) , is t he 

same as GO field expression (2. 1.19). Thus the field expression (2.2. 12) reduces to GO 

field expression (2.1.19) in a region far away from caustic. This confirms the valid ity 

of the field expression (2.2.12) obtained using Maslov's method . 

2.4. Special Case- Parabolic Cylindrical Reflector 

The field expression (2.2 .1 2) derived for an arbi t rary cylindrical reflector is now 

used to determine the field distribu t ion around the focal region of a PEe parabolic 

cylinder which is used as microwave receiving antenna . 
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Fig. 2 .2. PEG parabolic cylinder being excited by both normal and oblique incident 

plane electromagnetic wave. 

Consider a plane wave refiection from a two dimensional parabolic microwave 

antenna with its fo cus at the origin of cartesian coordinates system . The surface 

contour of parabolic reRector is defined as 

f( 0 = ( = f - !~. (2.4.1) 

.vhere (~, () are th e car tesian coordinates of a point on the parabolic reflector. Suppose 

t hat a uniform electromagnetic plane wave is ob li quely incident from the left on concave 

side of parabolic refiector as shown in F ig. 2.2 . and is given by 

Now the differentiation of (2.4.1) w.r.t. ~ yields 

f/l(~) = -~ 
2f 

(2.4.2) 

(2.4 .3) 

As from (2.1.7) , f'(~) = - tane, the relation (2.4.3) and (2.4.1) respectively give 

~ = 2ftane , and ( = fCOS 2e 
cos2 e (2.4 .4) 
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Now substit ute (2.4. .3) and (2.4.4) in the field expression (2.2. 12) and obtain 

ET( X, Z) = V2kf exp [ _ j2kf _ j ~ ] ; '8/ 2 [ cos(e - 1;0)] ~ 
7r 4 - 8/2 cos3 e 

[ 
. cos (e - 1;0) - cos e] 

exp jkpcos(2e - 1;0 - 1;) - j2k j cose de (2 .4 .5) 

where x = p sin 1;, z = p cos 1;, and 8 = 2e , is t he angle subtended at focal point 

by the aper ture of paraboli c re fl ector and is ::;elected by 8 = 2ATC tan(.ft. ). when 

the observat ion po inL is considered far from caustic, it can be sho'vv n tha t (2.4. .5) 

will reduce to GO fi eld expression (2.1.19) by applying stationary phase method of 

integration . Using numerical computations, the field expression (2.4.5) gives field 

distribution around the caustic of a parabolic reflector for obliquely incident CPo plane 

wave. For normal incident plane wave 1;0 = 0, the field expression (2.4 .5) will become, 

ffIk f 7r ; .8 /2 
ET(X, Z) = - exp [ - j2k f - j - ] sec e 

7r 4 - 8 /2 

exp [j kp cos(2e - 1;)] de (2.4 .6 ) 

The field expression (2.4 .6) completely agrees with that of Kay and Kell er [13] . The 

field distribution around the caustic region of paraboli c reflector is studied for both 

oblique incident field CPo = _ 5° and normal incident field CPo = 0 as shown in Fig. 2.3-

F ig. 2.5. 

2 .5. Comparison with the Huygens-Kirchhoff's Principle 

To testify the validi ty of t he uniform field expression (2.4. .5) based on Maslov 's 

method , alternate fi eld expression for a parabolic reflector is derived using Huygens-

Kirchhoff 's principle based on Green's theorem as 

1 r 8E1 (2) 
E(x, z ) = j4 Jc 8~J Ho (kT)dl (2 .5. 1) 
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where T = [(x - 0 2 + (z - ()2] ~ and a:,~ can be calcula ted as 

BEy BEy BEy. . 
~ = ~nx + ~nz = - Jw j..L (n x H) l'j = - Jw j..L].'j 
un u X u Z . . 

(2.5 .2) 

where So = ~ sin cPo + ( cos cPo and C is t he contour of the reflector . Using the following 

facts and the asymptotic expression for Hankel funct ion 

dl = } 1 + [f'(OF 
2f' 

= - ' - de 
cos3 e 

H~2 ) (kT) ~ J 2 exp [- .jkT + j7r / 4)] 
7rkT 

Finally the field expression which is valid around the caustic is 

ET( ) _ j,~k [ '2kj' ,7r ] j'8/2 cos(e - cPo) 
-i X Z - - exp - J - J-
'7r 4 - 8 / 2 VT cos3 e 

[
'k (e '" "') ,jk2f cos(e - cPo) - cos e] de x exp .7 ~ P cos 2 - <flO - <fI - . 

cos e 

(2.5.3) 

(2 .5.4) 

(2 .5.5) 

where 8 = 2aTC tan( ~. ) and 8 signifies t he angle which is subtended at the focal point 

by t he apert ure of parabolic cylinder. It may be noted that D is the height of the edge 

of parabolic reflector from horizontal axis, In the vicini ty of caustic T = .r C~:~3~<PO ) . 

T he above field expression assumes t he form which completely agrees with (2.4 .5) . 

T he resul ts of field pattern obtained from fi eld expression (2.5 .5) based on I-Iuygens-

Kirchhoff 's principle are compared with those obtained from fi eld expression (2.4 .5) 

based on N[aslov 's met hod for both normal and oblique incident electromagnetic plane 

wave. The resul ts show complete agreement around caustic region. 

2.6. Results and Discussion 

The field expression (2,2, 12) fo r an arbitrary reflector has been established us-

ing Maslov's method , W hen observation point is far away from caustic, it has been 
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shown that (2 .2.12) reduces to GO field expression (2 .1.19) which is based on solutions 

of Hamilton's equations. As an application to radio engineering, t he fi eld expression 

(2 .2.12) for an arbi trary cylinder is appli ed to a parabolic cylinder which is of' perfect 

electric conductor. The two field expressions (2.4.5) and (2.5.5) based on Maslov's 

method and Huygens-Kirchhoff 's principle respectively, are evaluated through numer­

ical computations to determine field distribution around the feed point of parabolic 

cylinder. 

Fig . 2.3. provides comparison of the two field patterns around feed point, obtained 

using both (a) Maslov's method (solid line) and (b) Kirchhoff's approximat ion (dashed 

line) respectively. The comparison results of field patte rns are fou nd in complete agree­

ment. The above analysis is carried ou t for a parabolic cylinder having dimensional 

parameters of kf = 50 and 8 = ~ . F ig. 2.4. provides the comparison of field patterns 

around caustic region of parabolic cylinder under normal incident (CPo = 0) of plane 

electromagnetic wave, using both (a) Maslov 's method, and (b) Huygens-K irchhoWs 

principle . The resul ts of fie ld comparison are found in complete agreement. T he above 

fie ld analysis is carried out for a parabolic cylinder having dimensional parameters of 

the reflector as kf = 50 and 8 = i. Fig. 2.5. provides the comparison of field dis­

t ribution around caustic region of parabolic cylinder under oblique (CPo = 5°) incident 

of plane electromagnetic wave using the field expression based on both (a) Maslov's 

method , and (b) Huygens-Kirchhoff's principle . The caustic region is located off-axis 

of parabolic cylinder. The results of field comparison are found in complete agreement. 

The above field analysis is carried out for a paraboli c cylinder having dimensional pa­

rameters of the reflector as kf = 50 and 8 = i . Thc di scussion is concluded with t he 

observation that the results obtained by compari son of fi eld patterns arc in complete 

agreement , thereby establishing the validi ty of Maslov 's method. 
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Fig. 2.3. Comparison of refl ected fi eld in tensity around the caustic region of PEC 

parabolic cylinder along z-axis for normal incident p lane wave (¢o = 0) using MAslov 's 

m ethod (so lid lin e) with that using KirchhofF's approximation (dash ed lin e) . T he 

dimension of parabolic cylinder is 8 = ~ and kf = 50 
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Fig. 2.4. Comparison of fi eld in tensity distribu tion around the caustic region of PEC 

parabolic cylinder along T-8xis for normal incident plane wave ((Po = 0) using Maslov 's 

m eth od (so lid line) with that using KircJlh ofF 's approximation (dashed line) . T he di­

mension of parabolic cylinder is 8 = ~ and kf = 50. 
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Fig. 2.5. Comparison of fi eld intensity distribution around the caustic region of 

PEC parabolic cylinder along x -axis for oblique incident plane wave (c/Jo = - 50) us­

ing Maslov's m eth od (solid line) with that using Kirchhoff 's approximation (dashed 

line) . Th e dim ension of parabolic cylinder is 8 = ¥ and kf = 50. 
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Chapter 3 

T wo Dimensional PEe D ual Reflector Systems 

In this Chapter , two dimensional d ua l refi ector systems of perfect elect ri c conduc-

tor are considered for the study of fi eld distribu tion around their caustic regions when 

they are used as microwave receiving antennas. High frequency field expressions are 

derived around feed point of two dimensional Cassegra in and Gregorian sys tems using 

Maslov's method . Field pat terns around feed point of these systems are evaluated 

using numerical computations. The results of each dual reflector system are compared 

with the resul ts of their equivalent parabola obtained using fie ld expression based on 

Huygens-Kirchhoff 's integral. 

3.1. Cassegrain Dual Reflector System 

A Cassegrain dual reflector system as shown in Fig. 3.1. , consists of a main-

reflector which is a parabolic cylinder and a sub-refl ector which is hyperbolic cylinder. 

Both the cylindrical reflectors are assumed to be perfect electric conductor(PEC ). 

The fo cal points of the two reflectors overlap each other and t he system is being 

used as high frequency receiving antenna. Cassegrain dual refl ector system can be 

modelled as a single equivalent parabolic reflector as shown in Fig. 3.2. T he equivalent 

parabolic reflector has the same aperture as that of main-reflector of Cassegrain system , 

Deq = D , bu t its focal length is much longer t han that of the main-reflector . T he focal 

length of equivalent parabola is determined using the following relation [Appendix D] 

f e= (~) f 
c-a 

where ~~~ is called image field magnification. The increased focal length has various 

advantages regarding its performance i. e., less cross polarization , improved apertme 

efficiency etc. 



- 35 -

3.1.1. Formulation of Geometrical Parameters 

The configuration of the Cassegrain microwave antenna is shown in Fig. 3.1. The 

main-reflector is a parabolic cylinder and the equation describing its surface contour 

is given by 

f (6) = (1 = 1). - f + c (3 .1.1 ) 

with 

where (6, (1) are the cartes ian co-ord inates of a point on th e main-l'cflccLor and f is 

its fo cal distance. The sub-reflector is an hyperbolic cylinder whose equation defining 

t he surface contour is given below 

Parabolic cylinder (PEC) 

(<;1' s ) (' SI = f ( ~) 
1 a 

D 

x-axis 

r 
e jkz Incident Plane 

wave 

! \, Hyperbolic cylinder 
! \ (~o, () (PEC) 

\ - -
===t=~ 

Incident Plane 
'kz e J wave 

(3.1.2) 

Fig. 3.1. The schematic diagram showing a PEC Cassegrain dual reflector system 

being excited by normal incident plane electrom agnetic wave. 
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T he equation takes the form 

[ e]-1 f(6) = (2 = a 1 + b~ (3. 1.3) 

with 

(3. 1.4) 

where (6 , (2) are cartesian co-ordinates of a point on t he surface of' hyperboli c cyli n­

dri cal reflector. Further c + a and c - a are the distances from t he feed poin ts F2 and 

F} respect ively to t he sub-refl ector as shown in t he F ig. 3.1. Also D and cl are the half 

apertures of the main reflector and sub reflector respectively. 

~ Main-retl ector x-axis e jkz Incident Plane Equivalent Parabola 

-~~'=--::-~~~\\~ 
T 
I .-!!-.I ~ 

2D A I 

4 eed 

c 
L, 

Sub-reflector --
~ \\ 

II 
II 
II 
1\ 
II 

II 
II 
II 
1/ 

II 1 -_ 1/ 
9""-----f--_--t+- - - - - - - - ::"--11 

Incident Plane 
e jkz wave 

f. 

z-axis 

F ig . 3.2. Param eters in cylindrical dual reflec tor Cassegrain system . 

T he parameters shown in F ig. 3.2 . are defin ed as 

T = j(x - 6)2 + (z - (2)2 

T1 = )(6 - 6)2 + ((2 - ( 1)2 

R1 = J~? + ((2 + C)2 

R2 = J~? + ((2 - C)2 

(3 .1.5) 

(3 .1.6) 

(3.1.7) 

(3.1.8) 

where T l is distance along the ray between two points located on the two reflectors , 

T is a parameter along the ray reflected by sub-reflector , Rl and R2 are t he distances 
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from the hyperboli c surface to the fo cal points F2 and F1 respectively. let nl and 

n 2 be uni t normals at reflection point (6 , (1) and (6,(2) on the main-reflector and 

sub-reflector respectively and are defined by 

where 

1 
cosa= -r==~~~~ 

V I + [f' (6 )J2 

1 
cos 1jJ = V I + [ f' (~2)]2 

(3.1.9a) 

(3. 1.9b) 

(3 .1.10) 

(3. 1.11 ) 

where a and 1jJ a re the angles which t he uni t norm als n, and n 2 make wit h the z­

axis respectively. Referring to (3. 1. 1) , we have f (6) = (, = ~ - f + C 'vv hi ch on 

d iffe rentiating gives 

/'(6) = ; } 

therefore 

- 6 
sin a = -r:::;<==:::::::::= Ve? +4f2' 

2f 
(3 .1.12) cos a = -r:::;<==:::::::::= 

Ve? + 4f2 

Similarly different iating (3 .1. 2) yields f' (6) = ~: ~~ and substitu t ing in (3.1. 11 ) will 

produce (Appendix E ) 

b(2 
cos1jJ = -== 

aJR 1R 2 
(3. 1.13) 

For fo rmulation of other parameters of Cassegrain system [Appendix D]. 

3.1.2 . Derivation of GO Field 

Consider a linearly polarized electromagnet ic plane wave which is norm ally in-

cident on t he aperture of a n axia lly symmetri c paraboli c refl ector of t he Cassegrain 

system as shown in F ig. (3. 1). Let the fi eld be given by 

E i = uyexp(jkz) (3.1.14) 
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As receiving characteristics of t he system are considered , so a fie ld expression is deri ved 

to determine fi eld distribution around caustic point F2 of the system. T he wave vector 

associated with the normal incident field is given by p i = - iz, as angle of incident is 

CPo = Jr. The wave vector of the fie ld reflected from parabolic reflector is obtained by 

substitut ing pi and n in (2.1.4) 

(3 .1.1 5) 

This will become incident wave vector p~ for sub-reflector so that wave vector of t he 

field reflected from the hyperbolic cylinder is 

p; = - sin(2a - 21jJ) i:r; - cos(2a - 21jJ) iz (3.1. 16) 

which expli cit ly gives 

P~2 = - cos(2a - 2'!jJ) (3. 1.17) 

The space coordinates (x, z) of a point on the ray reflected hom hyperbolic cy linder 

may be obtained using (3 .1.17) and the solutions of Hamilton's equations 

(3 .1.18) 

T he cartesian coordinates of t he ray reflected from hyperbolic reflector In terms of 

coordinates 6 , (1 of parabolic reflector are given by 

(3. 1.19) 

In the above equations (P~ I ' P:
1

) and (P~2' P~2 ) are the rectangular components of 

pi and pz respectively. Considering the field after refl ection from sub-reflecLor, Lhe 
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expression for GO fie ld of Cassegrain dual reflector microwave antenna may be given 

tls ing (1.2.26) 

(3.1.20) 

. cos 20: 
So(6) = - (1 = 2J - c 

1 + cos 20: 

where So(6) is t he initial phase of the field incident on the parabolic main reflector , T1 

as given by (3.1.6) is the phase function of t he field associated with the ray propagating 

b etween the parabolic and hyperbolic reflector, T as given by (3.1.5) , is the phase 

function variation of the fi eld along t he ray between the sub-reflector and feed point 

of t he Cassegrain system and E(j(6, (2) is t he ini t ial ampli tude of the field refl ected 

from hyperbolic reflector . 

3.1.3. Evaluation of Jacobian of the Field 

The J acobian of the fi eld refl ected from the paraboli c cyli nder is obtained by using 

(2 .1.16) as 

Substit u t ing cPo = 1f, f" (~) = 2~ ' e = - 0: in the above relation yields 

J ( ) 
_ Dp(T) _ _ cos2 0: 

P T - Dp(O) - 1 f T 
(3.1.21) 

Now consider t he field after refiection from the hyperbolic cylinder , the Jacobian of 

transformation from ray co-ordinates (~1 ' T) to cartesian co-ordinates (x, y) is given 

by [ Appendix BJ 

(3. 1.22) 
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w here relation being used is 8(2 = 8(2 8~2 = tan . 1. 8~2 . And 
8~ 1 86 8~ 1 'f/ 8~1 

86 cos 1jJ [ (2 - (1 cos2 0: ] cos 1jJ R 2 cos2 0: 
86 cos(20: - 1jJ) 1 - f cos 20: = cos(20: - 1jJ ) f 

Furthermore , 

80: 1 2 
-=- coso: 
86 2f ' 

T herefore 

(3 .1. 23) 

As 

c - (2 ~2 
cos (20: -1jJ ) = - R cos 1jJ + - sin 1jJ 

2 R 2 
1 b 2 b 

----== - (C(2 - a ) = -----=== 
R 2JR1R2 a .JRIR2 

Also 

1 _ 2 cos
3

1jJ ~R2 = 1 - 2abR2 aR2~ = 1 _ 2a = R2 
cos(20: -1jJ ) b2(i (R1R2 ) ~ b(C(2 - a2) Rl R 1 

So tha t 

cos
2

0: [ T ] D (T) = --R? 1 - -
j ' - RI 

(3.1.24) 

T herefore the normali zed J acobian of the fie ld reAected from hyperboli c reflector of 

Cassegrain system becomes 

J T _ D (T ) - _ ~ 
( ) - D(O) - 1 RI (3 .1. 25) 

Substituting (3 .1. 25) in (3.1. 20) will produce the GO field expression for Cassegrain 

system 
1 

ET = Eo(6,(2) [1 -~J - 2 exp [- jk(SO+T1 +T) ] (3. 1.26) 

with 

S - r _ j ' cos 20: 
0 - - <,1 - 2 - c 

1 + cos 20: 

It is r eadily seen that the value of t he field given by GO field expression becomes 

infinite at feed point F2 when T = R 1 so t hat J(T) = 0 as expected. Thus in order 

to overcome the problem of singularity at caustic, Maslov's method is used to derive 

field expression that remains valid in t he neighborhood of caustic and gives fini te field 

value. 
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3.2 . D erivation of F ie ld n ear Caustic 

The refined field expression may be derived using t he field expression (l. 2.1 6) 

based on Maslov's method and is given by 

(3.2 .1) 

In order to solve above integral, it is requi red to determine ampli t ude and phase of 

the field in t he caustic region. 

(i) Evaluation of Field Amplitude 

T he integrand of (3 .2.1 ) gives the ampli tude of the reflected field as 

(3.2 .2) 

) 

The value of [J(Tr3~;2 ]-2 has been evaluated below, for detailed work [App endix ej. 

As , 

z = (2 + Pz2 (x - 6) = (2 + cot(20: - 2?jJ )(x - 6) 
])1:2 

P~2 = - cos(20: - 2?jJ ) 

so t hat 

8z 1 86 [ 8 (0: -?jJ ) cos (20:-1/J) 86 ] 
86 = sin (20: - 2?jJ ) 86 2T 86 - cos ?jJ 86 

8pz2 -9' (9 _ 2q ,.)8(0: -?jJ ) 
86 - ~ S111 ~o: 'f/ 86 

. 868(0: -?jJ ) 
= 2 s111 (20: - 2?jJ ) 86 86 
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8pz2 = 868Pz2 = 2sin(2a _ 2?jJ ) 86 8(a - ?jJ ) sin( 2a _ 2?jJ) 86 
8z 8z 86 86 86 86 

X [2T
8(a -?jJ ) _ cos(2a -?jJ ) 86 ]-1 

8 (3 .2.3) 
6 cos ?jJ 86 

D(T) 8Pz2 = [2T8(a - ?jJ ) _ cos(2a -?jJ ) 86 ] [ cos?jJ 86 ] 8Pz2 
D(O ) 8z 86 cos?jJ 8~1 cos(2a - ?jJ ) 86 8z 

F inally it gives 

D (T) 8Pz2 
----
D (O) 8z 

I 

[J (T) ~:z ] - 2 

sin2(2a - 2?jJ) 

R1 

yIR; 
sin (2a - 2?jJ ) 

Substituting (3.2.5) in (3.2.2) yields 

E1' ( ) ET(C r) yIR; x,z = " 0 <,,2 , <,,2 sin(2a _ 2?jJ) 

(3.2.4) 

(3.2 .5) 

(3.2.6) 

which is field amplitude between sub-reflector and the feed point F2 of Cassegrain 

microwave antenna. 

(ii) Evaluation of Phase Function 

The phase function of the field in Caustic region is contained in (3 .2.1) and is 

given by 

5 = 50 + T1 + 5e:ct (3.2.7) 

where 50 and Tl have been defined in equations (3 .1. 20) and (3.1.6) respectively. T he 

extra phase term 5ext is given by 

5 () l' l ' ext = T - Z X, PZ2 PZ2 + ZPZ2 

= (1 - [p~2 l2)T + (Z - (2)P~2 

= [P~2 l2T + (Z - (2)P~2 

= P~2(X - 6) + P~2 ( Z - (2) (3 .2.8) 
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Now expressing cartesian coordinates x and z in terms of polar coordinates to obtain 

the field near caustic, x = p sin ¢ and z = p cos ¢ . Now substit u t ing these values 

and (3. 1.17) in (3.2.8) gives 

Sext = - pcos(2a - 21/J - ¢) + [sin(2a - 21/J )6 + cos(2a - 21/J )(2] (3 .2.9) 

where 

a2 cos 7/) 
(2 = ----;:-=====:::;;== 

.; a2 cos2 1/J + b2 sin 2 1/J 

p = ';x2 + z2 

Also from (3 .1.17) 

dp:2 = sin (2a - 21/J )d(2a) 

T hus substitu t ing (3.2.5) (3.2 .7) ,(3.2 .9) and the value of dp~2 in (3.2 .1 ) produces 

(3.2.10) 

In t he above field expression , R I , So, TI , and Sext have been expressed in terms of 

a. Further in (3.2 .10) , Al and A2 are the subtent ion angles equal to ¢v and ¢r' at the 

edges of t he parabolic and hyperbolic cylinders respectively as shown in F ig. 3.2. It 

may be noted here that limits of' the in tegra ls in equat ion (3.2.]0 ) a re se lec ted using 

t he following relat ions IAppendix D] 

Al = ¢ v = 2 arctan ( ~. ) 

A2 = ¢r = 2 arctan ( 2~) ) 

where D and d are the heights of the edge of t he parabolic and hy perboli c cylinders 

respectively from horizontal axis . 
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3.2.1. Results and Discussion 

T he field expression (3.2 .10 ) obtained usin g lVlas lov's method is valid a ro llnd caus­

t ic region. So that it could be used to determine fie ld patterns around feed point of 

Cassegrain dual reflector system. Mathematica software has been used to find the 

solutions of (3.2.10) by performing numerical computations . T he solut ions obtained 

t hereby are plotted along x-axis and z-axis to give pictorial view of field distribution 

around caustic region . The field patterns around the caustic region of Cassegrain 

dual reflector system and its equivalent parabolic cylinder are obtained using Maslov's 

method (solid line) and Huygens-Kirchhoff's integral (dashed line) respective ly. The 

field patterns are determined for t hree set of parameters of Cassegra in system in order 

to study the fi eld behavior around caustic region. 

F ig . 3.3. provides comparison of two fi eld patterns both along (a) x-axis and 

(b) z-axis around the focal region of Cassegrain system (solid line) and its equivalent 

parabola (dotted line). The comparison resul ts of field patterns are found in close 

agreement. It is observed t hat the field spread region around the feed point is "small" 

as compared to other two cases. The above analysis is carried ou t for Cassegrain 

dual reflector system having dimensional parameters as kf = 55, ka = 6.2, kb = 6.8 , 

kd = 6, kD = 90 and kfe = 282.2 

In F ig. 3.4., the results of Cassegrain dual reflector system obtained by Maslov's 

method (solid line), along (a) x-axis and (b) z-axis , are compared with t he results 

of its equivalent parabola (dotted line) obtained using Huygens-KirchhofPs integral 

respectively. T he agreement of comparison res ults is fairly good. I t is observed that 

the fi eld spread region around the feed poin t is "medium " as compared to other two 

cases . The above analysis is carried out for Cassegrain dual refl ector system having 

dimensional parameters as kf = 65 , ka = 6.2 , kb = 6.8 , kd = 6, kD = 70 and 

kfe = 333.5 



- 45 -

Fig. 3.5. again provides comparison of two field patterns both along (a) x-axis and 

(b) z-axis around the focal region of Cassegrain system (solid line) and its equivalent 

parabola (dott ed line) . The comparison results of field patterns are found in close 

agreement . I t is observed t hat the field spread region around the feed point is "large" 

as compared to other two cases . The above analysis is carried out for Cassegrain dual 

reflector system having dimensional parameters as kf = 100, ka = 18. 7, kb = 15, 

kd = 12 , kD = 125 and kfe = 809 

Fig. 3.3- 3.5 show comparison of field p lots around caustic region of Cassegrain sys­

tem and its equivalent parabola, the field is obtained using both Maslov's method and 

Huygens-Kirchhoff 's integral respectively. The slight difFerence in field space regions 

by two methods appears due to consideration of equivalent parabola of Cassegrain 

system. 

The field behavior in terms of field space variation around the feed point is studied. 

Fig. 3.6 contains the three field plots designated as image field- I , image field-2 and 

image field-3 and they correspond respectively to the following three set of parameters 

of Cassegrain system , 

(i) kf = 55, ka = 6.2, kb = 6. 8, kd = 6, kD = 90 and kfe = 282 .2, 

(ii ) kf = 65, ka = 6. 2, kb = 6. 8, kd = 6, kD = 70 and kfe = 333. 5, 

(iii) kf = 100, ka = 18.7, kb = 15, kd = 12, kD = 125 and kfe = 809. 

The variation of field spread region around feed point against the change in parameters 

of Cassegrain syst em , is observed . The knowledge of the size of field region around 

t he feed point is useful in selecting the physical size of transmi tter or receiver for 

electromagnetic waves . 
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Fig. 3.3. Comparison of field intensity distribution around the caustic region of PEC 

Casssegrain dual reflector system along (a) x-axis and along (b) z-axis for normal 

incident plane wave using 1'1'laslov's method with that of syatem eq uivalent parabola 

using induced current method with kf = 55, ka = 6.2 , kb = 6.8, kd = 6, kD = 90. 

and kfe = 282.2 
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Fig. 3.4. Comparison of field in tensity distribu tion around the caustic region of PEC 

Casssegrain dual reflector system along (a) x -axis and along (b) z -axis for normal 

inciden t plane wave using Maslov's m ethod with that of'system equivalent parabola 

using induced current method with kf = 65, ka = 6.2, kb = 6.8, kd = 6, kD = 70. 

and kfe = 333.5 
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Fig. 3.5. Comparison of fi eld intensity distribution around the caustic region of PEC 

Casssegrain du al reflector system along (a) x-axis and along (b) z-axis for normal 
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Fig. 3.6. Comparison of image fi eld spread region around caustic of Cassegrain dual 

reflector system by considering three different set of parameters of focu ssing system. 

3.3. Gregorian Dual Reflector System 

T he configuration of Gregorian dual reflector system is shown in F ig . 3.7 . It 

consists of two cylindrical reflectors , a parabolic main-reflector and another elli ptical 

sub-reflector both are considered to be perfect electric conductor . T he focal point 

F2 of the sub-reflector coincides with t he focal point of parabolic reflector.The field 

investigation of t he dual reflector antenn a is carried out from the receiving point of 

view. The derivation of high frequency field expression fo r Gregorian system is based 

on Maslov 's method. 

Gregorian dual reflector antenna can be replaced with a single equi valent paraboli c 

reflector as shown in F ig. 3.8 . T he equi valent parabolic re flector has t he sam e aperture 

as that of m ain-reflector of Gregorian system Deq = D , but its fo cal length is much 

longer t han t hat of t he m ain-reflector. The focal length of equivalent parabola is 

determined using t he following relation [Appendix D] 

fe=_ (c+a) f 
c - a 
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Here (c + a)j(c - a) is called image field magnification. The increased focal length has 

various advantages in terms of its performance i.e., less cross polarization , improved 

apertu re effi ciency etc. 

x-axis Incident Field ejkz 

T 

a-c 

d 

2D 

Incident Field ejkz 

Fig. 3.7. A schematic diagram showing PEG cylindrical dual reflector Gregorian sys-

tem being excited by a normal incident plane wave fi eld . 

3.3.1. GO Field Expression 

The equation describing the surface contour of main-reflector is given by (3.1.1) 

and for ellipt ical sub-reflector may be given as 

(3.3. 1) 

(3 .3.2) 

where (6 , (2) are the cartesian coordinates of a point on the surface of sub-reflector. 

In F ig. 3.7., f is the focal distance of t he main-reflector, D and d are the half apertures 
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of the main and sub-reflector respectively. Let TIl and TI2 be the uni t normals at points 

(6 , (d and (6, (2) on t he surface of main-reflector and sub-reflector respectively. The 

uni t vector TIl is completely defined by (3. 1.9) and (3 .1.1 2) , whereas TI2 may be given 

by [ Appendix E 1 

where 
1 a 

sin 1jJ=- JR
1
R

2
b6 , 1 _b(2 cos 1jJ = ---:::== 

JRIR2 a 

and RI and R2 are defined by (3.1.7) and (3 .1.8) respectively. 

Parabolic . 
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~ ~ ---------~ 
a _--" 
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-- ~ 
a-c II 

II 
II 

2D A~~~~~~~~~I~~I~d-------------\~\~ 
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:.:: ~ II l z-axis 
iii .b II 

~ II 
II 
II 

1/ 
- - /1 
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f. ejkz Incident Field 

Fig. 3.8. Param eters in PEG cIu al reRector Gregorian system. 

(3 .3.3) 

(3.3 .4) 

Suppose the main-reflector is excited by a linearly polarized plane wave which is 

defined by equation (3 .1.14) and corresponding wave vector is given by (2 .1.3) with 

cPo = Jr. The wave vector of the field reflected by main-reflector is given by equa tion 

(3.1.16) and that reflected by the sub-reflector may be given by 

p~ = - sin( 2a - 21jJ ) ix - cos(2a - 21jJ )iz (3.3 .5) 

with t he condi t ion 1jJ > a. It may be noted that t he condition 1jJ > a comes from the 

physical picture of t he system for which the above relation has been established . The 
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J acobian associated with the wave reflected by parabolic cylindrical reflector is given 

in (3.1.21). Now considering t he field after reflection from sub-reflector, GO field of 

the Gregori an system may be given using (1.1.24) as 

J 

Er·(x , z) = E5(6 , (2) [ ~~~n -2 exp [- jk(So + T] + T)] (3.3.6) 

The phase fun ction So , Tl and T are given by (3. 1. 20),(3. 1.6)and (3 .1. 5) respecti vely. 

T he J acobian of transform a tion from the ray co-ordinates (~l' T) to t he space co­

ordinates (x,z) of th e fi eld is given 

(3.3.7) 

Around caustic region T = Rl and hence J(T) = 0, GO field expression (3.3.6) , gives 

infinite field. Therefore t he G.O field expression fails to quant ify the field around caus-

tic region. In order to determine finit e field value Er (x , z) at caustic , field expression 

based on Maslov's method is derived. 

3.3.2. Field Determination Around Caustics 

According to the Maslov's method , the field expression which is valid a round 

caustic may be derived using (1.2.12) as 

E"(x,z) ~ J k 100 Ao(~)[D(T) OPz ] -~ 
J2n 00 D(O ) OZ 

x exp { - jk [So + Tl + T - Z (X,PZ2)PZ2 + P Z2]} dpz (3.3 .8) 

where So , Tl and T have been defined in equation (3.1.20) , (3 .1.6) ,(3.1.5) respectively. 
I 

The amplitude term [gi~i BlzZ ] - 2 in field expression (3.3.8) has been evaluated in 
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[App end ix C] as 

[
D(T) [)Pz ] - ~ 
D(O ) [)z 

T he phase function is given by 

= So + TI + Sex 

sin(27jJ - 2a) 
(3.3 .9) 

(3 .3.10) 

where So and T } are determined from eq uations (3. 1. 20) and (3.1. 6) respectively. 

T he extra term of the phase function is given by 

(3.3. 11 ) 

On substituting x = psincp and z = pcoscp, using (3.3 .5) and pz = - cos(27jJ - 2a) in 

t he above extra phase relation , one obtains 

Sex = - pcos(27jJ - 2a + cp) + 6 sin (27jJ - 2a) - (2 cos(27jJ - 2a) (3 .3 .1 2) 

where 

( _ acos7jJ p = vx 2 + z 2 
2 - cos( V' - 2a) ' 

Substitu ting (3 .3.9) , (3 .3.10) and dpz = s in (2 7jJ - 2a)d(2a) in (3.3 .8) yields 

(3 .3. 13) 

where R} , So , T I and Sex in above equation have been expressed in terms of a . More-

over Al and A2 are the subtent ion angles equal to CPv and CPT at t he edges of the 

parabolic and elliptical cylinders respectively as shown in Fig. 3.8 . It may be noted 
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here that limits of t he integrals in equation (3.3.13) are selected using the following 

relations [Appendix DJ 

Al = cPu = 2 arctan (~) 

A2 = cPr = 2 arct an ( 2~e ) 
where D and d are t he heights of the edge of t he parabolic and ellipt ical cylinders 

respectively from the horizontal axis. 

3.4. Results and Discussion 

T he fie ld patterns a round t he caust ic of dual refl ector Gregorian system are ob-

tained by solving (3.3 .1 3) t hrough numerical computat ions. Note that the foca l region 

is located between t he two cylindr ical refiectors , that is point FI as shown in Fig. 3.7 . 

T he field patterns are determined for t hree set of parameters of Gregorian system in 

order to study the fie ld behavior around caustic region . The location of the caustic 

may be observed and verified easily. T he results of field distribution around caustic of 

Gregorian dual refiector system obtained using Maslov 's method are compared with 

t he results of its equivalent parabola obtained using Huygens-Kirchhoff 's principle. 

Fig. 3.9. contains comparison plots of field distribution around the caustic region 

of a Gregorian system (solid line) and an equivalent parabolic refiector (dotted line) 

both along x-axis and z-axis. The comparison resul ts are found in close agreement 

t hereby reaffirming the validi ty of Maslov's method when it is applied to Gregorian 

dual refiector system. It is also observed that the field spread region around the feed 

point is "sma ll" as compared to the other two cases considered for the study. T he 

above analysis is carried out for Gregori an dual refiector system having dimensional 

parameters as kf = 55 , ka = 14, kb = 12. 1, kd = 10, kD = 80 and kfe = 168.4 

In F ig . 3.10. , t he results of Gregorian dual refiector system obtained by Maslov's 

method (solid line), along (a) x-axis and (b) z-axis, are compared with t he results of its 
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equivalent parabola (dotted line) obtained using induced current method respectively. 

The agreement of results of comparison is fairly good and it validates Maslov 's method. 

It is also observed t hat t he fie ld spread region around t he feed point is "medium" as 

compared to other two cases. T he above analysis is based on the parameters chosen 

for Gregorian dual reflector system as kf = 62.5, ka = 10, kb = 8.7, kd = 8.2 , kD = 70 

and kfe = 191.5 

Fig. 3.11. again provides comparison of two field patterns both along (a) x­

axis and (b) z-axis around the focal region of Gregorian system (solid line) and its 

equivalent parabola (dotted line). The comparison resul ts of field patterns a re found 

in close agreement, validating Maslov's method for Gregori an dual reflector system . 

It is a lso observed that t he field spread region around the feed point is "large" as 

compared to other two cases. T he above analysis is carried out by choosing pa rameters 

of Gregorian dual reflector system as kf = 100, ka = 35 , kb = 30 , kd = 15, kD = 80 

and kfe = 3535 

The field behavior in terms of spread of field region around the feed poin t against 

change in system parameters is studied. F ig. 3.12 . contains the four field plots desig-

nated as image fie ld-I , image field-2 , image fie ld-3 and image fie ld-4 and they corre-

spond respectively to t he fo llowing set of parameters of Gregorian system 

(i) kf = 55, ka = 14, kb = 12. 1, kd = 10, kD = 80 and kfe = 168.4, 

(ii) kf = 62.5 , ka = 10, kb = 8.7, kcl = 8.2 , kD = 70 and kfe = 191.5, 

(iii ) kj' = 100 ka = 35 kb = 30 kcl = 15 kD = 80 and k fe = 3535 , ) » " 

(iv) kf = 100. ka = 45 , kb = 30 , kcl = 40, kD = 150 and kfe = 353.5 

The variation of field region around feed point in response to change in parameters of 

Gregorian system, is observed so as to know the size of region occupied by the field. 
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The knowledge of the size of field region around the feed point is useful to fix pbysical 

size of t ransmitter or receiver for electromagnetic waves. 
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Fig. 3.9. Comparison of field dis tribution around the caustic region ofFEC Gregorian 

du al reflector system using Maslov 's m ethod along (a) x-axis and along (b) z-axis witl] 

that of equivalent parabola Llsing induced current; m ethod with param eters kI = 55 , 

ka = 14, kb = 12, kd = 10, kD = 80 and kfe = 168.4 
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Fig. 3.10. Comparison of fi eld distribution around the caustic region of PEC Grego-

rian dual reflector system using Maslov's method along (a) x-axis and (b) z-axis for 

normal incident plane wave, with that of equivalent parabola using induced current 

method with param eters kf = 62.5 , ka = 10, k b = 8.7, kd = 8.2 , kD = 70 and 

kfe = 191.5 
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Fig. 3.11. Comparison of field distribution around the caustic region of PEC Grego-

rian dual reflector system using Maslov's method along (a) x -axis and (b) z -axis for 

normal incident plane wave, with that of its equivalent parabola using induced current 

method with kf = 100, ka = 35 , kb = 30, kd = 15, kD = 8 and kfe = 353.5 
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C h a p ter 4 

T he P EMC D ual R eflector Systems 

The Chapter is divided into two parts. The first par t deals with the study of field 

pat tern around fo cal region of FEMC Gregorian and Cassegrain microwave antennas, 

while the second part is concerned with FEMC backed chiral nihility Gregorian and 

Cassegrain systems. 

4.1. Plane Wave Reflection from PEMC Plane Surface 

Consider a li nearly polarized plane wave obliquely incident on in terface of FEMe 

plane surface as shown in Fig. 4.1. Let the field of incident wave be given by 

Ei = Eio exp[- jk (x sin CPo + z cos CPo)] 

Incident Plane 
wave -jk.r e 

Co-field 
component 

component 

PEMC Plane Surface 

Reflected Plane 
wave e jk.r 

J, 

Fig. 4.1. A plane wave obliquely incident upon the interface of PEMe plane s urface, 

creates both co and cr-filed components. 
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T he wave vector associated with incident fi eld is 

Pi = sin cPou x + cos cPou z 

where cPo is t he oblique incident angle on PEMe plane surface. T he refl ected fi eld 

contains both electric and magnetic fie lds given by 

E t• = E r a exp [- j k (x sin cP,' + z cos cPT )] 

cos cPouz x Era . . 
H r = exp[- J k (x sm cPT + z coscP,·)] 

rJ 

where it is assumed that rJ = rJo = r;;Q. On substituting E and H in vector boundary V EO 

condit ion [Appendix F], yields 

(4 .1. 1) 

Taking t he dot product with dyadic I of both sides and rearranging the te rms , gives 

~ ~ ~ ~ 

(coscPo u z x I - ll/[rJI)' Era = (coscPou z x 1 + MrJI)· E ia (4. 1. 2) 

w here dyadic I is defined as 

1 = U x U x + U y U y 

Solving (4.1. 2) , gives 

ET(~ () = _ (M 2rJ 2 - cos2 cPO)Eia + 2M rJ cos cPo(uz x E ia ) 

o , cos2 cPo + NI2 rJ2 
(4. 1. 3) 

which is the ini t ial value of t he field at the reflection point (~, () on the PEMe refl ector . 

The init ial value of t he field on PEM e plane reflector , may also be obtained as 

(4 .1. 4) 

T he refl ection dyadic R is defin ed by 

~ ~ ~ 

R = R ca l + lic,' ) (4 .1.5) 
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- --
where I = U x U x -I- u y u y and J = U z x f where co means co-polarized and CT means 

cross-polarized components of the refl ected fi eld . Comparing (4.l.3) with (4 .1.4) yields 

(4 .1.6) 

(4.1.7) 

(4. l. 8) 

The rotation angle ¢ 1 between co and cr-polarized field components caused as a resul t 

of field reflection from PEMC interface, is obtained below 

(4.1.9) 

The rotation angle ¢ l depends on the characteristics of both the surrounding medium 

and PEMC interface . 

4.2. PEMe Gregorian Dual Reflector Antenna 

Gregorian dual reflector system shown in Fig. 4.2. , consists of two reflecto rs . one 

is PEMC parabolic main-reflector and another is PEC elliptical sub-refl ector . The 

equations describing t he surface contour of both main-reflector and sub-reflector are 

given by (3. l.1) and (3 .3.1) respectively. The unit normals nl and n2 on t he surface 

of main-reflector and sub-reflector and are given by (3.1.7) and (3 .3.3) respectively. 

Let t he main-reflector of Gregorian dual reflector system be excited by a plane elec-

tromagnetic wave which is given by 

E i = u y exp(jk z) (4 .2. 1) 

T he wave vector associated with in cident fi eld (4.2 .1) is given by 

., . 
p = - lz 
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The wave vector of the field reflected by the PEMC main-reflector and that reflected 

by PEC sub-reflector are given by (3. 1.16) and (3.3 .5) respectively. T he geometrical 

opt ics fie ld expression for t he Gregorian system consisting of P ElVIC parabolic and 

PEC elli ptical cy linder may be obtained from (3.3. 6) by including phase angle (PI in 

the phase term. The phase angle cP l is t he rotation angle caused due to refl ectio n fr om 

PEMC interface of main-reflector. T he GO fi eld expression becomes, 

T 
I 
! 

2D 

X-axIS 

1-< 
V 

'"0 
::::: ...... ->. 
u 

A 

Ret1ector - PEC 
Materials - PEMC 

jkz 
Incident Field e 

a 

Incident Field e
jkz 

Fig. 4.2. A schem atic diagram showing a PEMC Gregorian dual cylindrical refl ector 

system being excited by a plane electromagnetic wave, the refl ected fi eld contains botl] 

co and cr-field components around Caustic region. 

ET(x, z) ~ Eo(", (2) [ ~i~n -,' exp[- jk(So + 71 + 7) + <P,] (4.2.2) 

where phase funct ion includes SO, T] and T given by (3. 1.20), (3. 1.6) and (3.1. 5) respec-

t ively. T he J acobian of transformation associated with the wave after refl ection from 
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sub-reflector is given by using the relat ion (3.3 .7) so that equation (4.2.2) becomes 

- I 

Er'(x, z) = E~(~2' (2) [1 - ;1]"2 exp[- jk(So + T1 -1- T) + cP 1] (4 .2.3) 

where 

tan cPl 

4.2.1. Determination of Surface Field 

In field expression (4.2 .3) , Eo(6, (2) is the amplitude of the field at the reflection 

point (6 , (2) on the sub-reflector. For normal incident field , t he incident angle becomes 

cPo = 'if, further let ex be t he angle made with z-axis by unit normal on the main-reflector 

as shown in Fig . 4 .2. Now using t he relations (4 .1.3) and (4.1.6) through (4 .1.9) one 

can obtain E o(6, ( 1), R and its co and cr-polarized reflection coefficients R co , R c7' and 

rotation angle cP1 for FEMe main-reflector of Gregorian system as 

- -
= R col + R c,' J 

1112172 - cos2 ex 
R co = cos2 ex + 11/[ 2172 

R _ 2Nh7 cos ex 
c,· - cos2 ex + NI2 1]2 

A, _ RCT _ - 2M1] cos ex 
tan'f'1 - - - -,,------,,------------,---

R co M21]2 - cos2 ex 

( 4.2.4) 

(4.2.5) 

( 4.2.6) 

where EO(~l' ( I ), is the surface field of main-reflector and the field after reflection is 

fu lly intercepted by t he sub-reflector. Therefore it is logical to assume that Eo (6, ( 1)= 

E o(6, (2) , the surface field of the sub-reflector . Substitu ting(4.2.1) and (4 .2.4) in 

(4.1.4) , gives 

(4.2.7) 
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where R co and R c7' are given by (4.2.5). On substi t uting (4.2.7) in (4.2.3) , it is readily 

seen that the amplitude of the field around causti c at T = R1 where J = 0, becomes 

infinite. In order to determine finite field value around the caustic, fie ld expression 

based on Maslov's method is derived in t he next section. 

4.2.2. Derivation of Caustic Field Expression 

T he field expression which should remain valid around the fo cal region of PEMC 

Gregorian system, may be deri ved using Maslov's method. The fi eld expression for 

t he system may be writ ten using (3.3.8) as 

1 

The amplit ude term [ ~i;j °lz· ]-2 in (4.2.8) is evaluated in (Appendix C) and is given 

by 

[ 
D ( T) op z ] - ~ 
D(O) oz 

The phase function S(pz ) is given by 

sin(21/; - 2a) 
( 4.2 .9) 

( 4 .2. 10) 

where So , T1 , and Sex are given by (3. 1.20), (3 .1.6) and (3 .3.1 2) respectively and 

phase angle ¢ 1 by (4 .2.6) . Substituting (4 .2.7) , (4 .2.9) and (4 .2.10) into (4 .2.8) and 

converting clPZ2 into a , gives 

(4 .2. 11 ) 

This gives field di stribut ion around feed point F1 of PEMC Gregorian microwave 

antenna. The field reflected from PEMC parabolic cylindrical reflector has both co­

polarized (Rco) and cr-polarized (R cT ) field components . When M'r/ ---) ±oo, (for 
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PEe reflector ) in the expreSSIOn (4 .2. 11 ) containing both co and cr-polarized field 

components , produces R c1' = 0 and R co = - 1, consequently (PI = 0 so that (4 .2.11 ) 

b ecomes 

l;f~ [j A2 j.-All g '( x , z ) = . --:--2 + -j"R; exp[-jk(So + T l + Sex)Jd(2a) 
J 7r Al -A2 (4 .2.12) 

The field expression (4.2.12) is same as (3.3.13) , t he field expression of PEe Gregorian 

microwave antenna. It may be noted that in all the field plots here in this discussion , 

it is assumed that 111['171, 111['172 , IVI'I73, M'I74 ' and M'I75 are used to represent different 

values of IVI'17 

4.2.3. Results and Discussion 

The fie ld expression (4.2. 11 ) based on Maslov 's method remains valid at all points 

and gives finite field around caustic region of PEMe Gregorian dual reflector system. 

The solution of (4.2.11) is obtained through numerical in tegration. For all plots , the 

focussing system having parameters kf = 62.5 , ka = 10, kb = 8.7 , kcl = 8.2 and 

kD = 70 , is considered for t he study of field behavior around caustic region. F ig. 4.3. 

and F ig. 4.4. contain the comparison plots along x-axis and z-axis of co-polarized 

field distribution around feed point Fl of microwave antenna for different values of 

IVI'I7o. Plot for 111['17 = 6000 is in good agreement wi th two dimensional PEe Gregorian 

reflector antenna, that is, field pattern of (4.2.12) as shown in Fig. 4.11. Now F ig. 4.5. 

and Fig. 4.6. contain the comparison of plots of cr-polarized field distribution around 

caustic region for different values of j1l[77- For 111['17 = 6000 cr-field component vanishes . 

F ig. 4.7. to Fig. 4.10. contain the comparison of plots of co-polar ized and cr-polarized 

field distribution around caustic region for some other values of 111['17. The location of 

t he caustic may be observed and verifi ed easily. It is observed from comparison that 

cr-polarized fie ld intensity component decreases as 111['17 increases and it finally vanishes 

as M'17 approaches infini ty, whereas co-polarized field intensity component increases as 

M77 increases t ill it approaches the results of field pattern determined from (4 .2.12) 

for two dimensional PEe Gregorian dual reflector antenna. 
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Fig. 4.3. Comparison of co-polarized fi eld in tensi ty distribu tion pattern ii]o ng .T-axis 

around th e caustic region of' FEMC Gregorian system far M'r/ l = 6000, M'r/2 = 4.5, 

lVh73 = 3.2, JI!f'r/4 = 2.2 and M'r/5 = 0. 5. 
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Fig. 4.4. Comparison of' co-polarized fie ld intensity distribution in th e caus tic region 

along z -axis of' PEMC Gregorian system with parameters M'r/l = 6000 (zero fie ld 

intensity), M'r/2 = 4.5 , M'r/3 = 3.2, M'r/4 = 2.2 and JI!f'r/5 = 0.5 . 



1.0 

,0 0.8 .-
if) 

~ 
Il.) 0.6 

:9 
'"d 0.4 
.--< 

Il.) .-
~ 0.2 

-40 -20 

- 68 -

o 20 

kx 

M7])=3 .2 

M7]2=4.5 

40 60 

X, Distance in wave lengths frOln the focus 

Fig. 4.5. Comp arison of cr-polarized fi eld intensity distribu tion pattern along x-axis 

around the caustic region of PEMC Gregorian system far NI171 = 6000, 1111772 = 4.5, 

M173 = 3.2, 1\1[174 = 2.2 and NI175 = 0.5 . 
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Fig. 4 .6. Comparison of cr-polarized field in tensi ty distribution in the caust ic region 

along z-axis of PEMC Gregorian system having PEMC param eter valu es as NI 171 

6000 (zero fi eld in tensi ty) , NI172 = 4.5 , ]\1[173 = 3.2, M174 = 2.2 and NI175 = 0. 5 . 
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Fig. 4.7. Comparison of co-polarized fi eld intensity distribution along x -axis in the 

caustic region of PEMC Gregorian system having PEMC parameter values as Iv! T)l = 

6000 (maximum fi eld in tensity) , ]1I!T)2 = 4.1 , ~M['rJ3 = 2.5 , A1'rJ4 = 1.5 and MT)5 = 1.1 . 
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Fig. 4.8. Comparison of co-polarized field intensity distribu tion along z -axis in the 

caustic region of PEMC Gregorian system having PEMC parameter values as M T)1 = 

6000 (m aximum fi eld in tensity), MT)2 = 4.1 , MT)3 = 2.5 , M'rJ4 = 1.5 and M175 = l.1. 
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Fig. 4.9. Comparison of cr-polarized field intensity distribution along x-axis in the 

caustic region of a FEMC Gregorian system having FEMC p arameter of M171 = 6000 

(zero fi eld intensity), Nh72 = 4.1 , M173 = 2.5, 111174 = 1.5 and M175 = 1.1 . 
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Fig. 4 .10. Comparison of cr-polarized field intensity distribution along z-axis in the 

caustic region of a FEMC Gregorian system having parameter values of NI171 = 6000 

(zero fi eld intensity) , M172 = 4.1 , 111173 = 2.5, M174 = 1.5 and M175 = 1.1 . 
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Fig. 4.11. Comparison of fi eld intensity distribution along x-axis around caustic re-

gion of PEC and PEMC Gregorian system with PEMC parameter Mr; ---4 ±oo 
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Fig. 4.12. Comparison of co and cr-polarized field in tensity distribution along x-axis 

around caustic region of a PEMC Gregorian system with Nf17 = 2. 
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4.3. PEMC Cassegrain Dual Reflector Antenna 

Geometry of a two dimensional Cassegrain microwave antenna is as shown in 

schematic di agram of F ig. 4.1 3. In present work , it is assumed that bo th t he reflectors 

are perfect elect romagnetic conductor (PEMC). The equations describing the surfaces 

of both m ain-reflector and sub-reflector are given by (3. 1.1) and (3.1. 2) respectively. 

The surface of main-reflector is excited by t he field of linearly polarized plane wave 

propagating along z-axis , and is given by 

Incident Plane 
wave 

x-axis 

~ Hyperbolic cylinder 
\ (PEMe) S1 = f ( ~1) 

-'' 'R 2 d 
2a ' ' " . 

\ ., \~ ~ , s~ ) 1 
~~~~----------~~------~--~',~~~Z-ax I S 

--- FJ 

Incident Plane J'kz e 
wave 

Fig. 4.13. FEMC Cassegrain dual cylindrical reflector system being excited by plane 

elec tromagnetic wave, creates both co and cr-fi eld components around feed point. 

E i = uy exp(jkz) (4.3 .1 ) 

Field after reflection from the parabolic reflector hits the hyperbolic refl ector and 

t herefore converges around feed point of the Cassegrain microwave antenna. The 

objective is to determine the field expression which should remain valid around caustic 
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region of the system. To achieve this , the discussion may be divided into two main 

parts: 

In the first part, GO field expression is determined , which of course contains 

singularity at the feed point. Maslov 's method is used to derive a fie ld expression 

that should also be valid around fo cal region. The method t ransforms the expression 

of GO field from spatial domain into spectral domain. To do this it requires to find 

components of ray vector after reflection from both surfaces , we need expressions for 

the unit normals on the surfaces of each reflector. Unit normals nl and n2 of parabolic 

reflector and hyperbolic reflector have been given by (3.1.9). GO fi eld expression of 

PEC Cassegrain dual reflector microwave antenna is given by (3.1.20), and on including 

field rotation angle (h due to plane wave reflection from PEMC interface , in t he phase 

te rm , yields GO fi eld expression for PEMC Cassegrain system. 

(4.3 .2) 

where phase function includes So , 71 and 7 which are given by (3. 1.20), (3 .1.6) and 

(3 .1. 5) respectively. The J aco bian of field reflected from su b-reflector of Cassegrain 

system has been evaluated in (3 .1.25) and is given by 

J( ) = D(7 ) = _ ~ 
7 D(O ) 1 Rl 

(4 .3.3) 

4.3. 1. Evaluation of Surface F ie ld 

E llo is t he amplitude of the field on the surface of PEMC hyperboli c cyli nder and 

may be evaluated by considering t he fi eld reflected from P ElVIC main-refl ecto r E;o as 

incident fi eld on sub-reflector. The field E;'o and refl ection coeffi cients have already 

been evaluated in (4 .2.4) and (4 .2.5) respectively and are given as 
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- -
= R co l + R cr ] (4.3 .5) 

. 1\11['172 - cos2 0' 
R l co = - 2 ') 

COS 0' + lYlr172 

R _ 2 Nfl '17 COS 0' 
l cr - cos20' + Mf'l7 2 

R lco and R l cr a re co and cr reflection coefficients of the m ain reflector . The wave 

reflected by main-reflector acts as incident wave to sub-reflector . Therefore t he fi eld 

reflected by sub-reflector is given below 

Set 

r 1 [( 2 2 2 ( )) r E 20 = - 2(2 'ljJ ) 1'Iif2 2 lVI2 '17 - cos 20' + 'ljJ ElO 
cos 0'+ + 2'17 

- 2Af2'17Cos(20' + 'ljJ )(Uz x E~o )] 

1 2 2 2 
2(2 'ljJ ) ~12 2[(M2'17 - cos (20' +'ljJ ))(RlcoUy - RlcrUx ) 

cos 0' + + j !J 2 '17 

- 2M2'17COs(20' + 'ljJ )(Uz X (R1co u y - R lc1' UX ))] (4 .3.6) 

R 21 = _ lVli 172 
- cos

2 
(20' + 'ljJ ) 

cos2(20' + 'ljJ ) + lVli 'l7 2 

R 
_ 2kh'l7cos(20' + 'ljJ) 

22 -
cos2(20' + 'ljJ ) + Mi'l7 2 

The relation (4.3.6) will become, 

(4.3.7) 

where 



- 75 -

R 2co and R 2cT are co and cr reflection coe ffi cients of PEMC Cassegrain microwave 

antenna . The rotation angle (P2 produced between the fi eld components after refi ect ion 

from PEMC interface is obtained as 

R2c1' 
t an cP2 =-R 

2co 

On substi tu t ing (4.3. 7) and (4. 3.3) in GO field expression (4 .3.2), It is readily seen 

that t he Geometrical optics field expression gives infini te field value around feed point 

F 1 of microwave antenna as is expected. The field expression valid around caustic 

has b een formulated by using Maslov's method in (3 .2. 1) and may be used for PEMC 

Cassegrain system by including rotation angle cP2 caused by PEMC interface as , 

E' ~ J k j' ex> E 1' [ D(7 ) aP Z2 ] - 2

1 

j27f -ex> 20 D(O) az 
exp [- )k(So + 7 1 + S e:rd + (h]) clpz2 

where integrand in square bracket of above equation has been given in (3.2 .5), whereas 

So, 71 and Sext a re obtained from (3.l.20) , (3 .l. 6) and (3. l.9 ) respectively. T he ro­

tation angle cP2 is ob tained from tan cP2 = ~~:: . On substitut ing these values, the 

equation (4 .3.8) may be written as 

[f~ [J A2 j -Al] ET(X,Z) = -. - + 
J27f A l -A2 

(4 .3.9) 

When IVh = M2 = ±oo (PEC) , R CT = 0, R ca = - 1, t herefore (4.3 .9) reduces to the 

field expression of PEC Cassegrain system (3 .2. 10) 

(4 .3 .10) 
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4.3.2 . Results and Discussion 

Field patterns around the caustic of a two dimensional PEMC Cassegrain d ual 

reflector antenna are evaluated using fi eld expression (4 .3.9) by solving it t hrough 

numerical in tegration. The dual reflector fo cus~ing sy~tem , having parameters k f = 

60 , ka = 6. 2, k b = 6. 8, kd = 6 and kD = 70 , is chosen for the study of fi eld behavior 

around caustic region. F ig. 4 .14.to F ig. 4.20. , contain the plots of co-polarized and 

cr-polarized field components around feed point both along x-axis and z-axis. For all 

plots , we assume !v!rJ = N!lrJ = !vl2 rJ wit h quantit ies Nh and Nh as t he admittances 

of parabolic and hyperbolic reflector respectively. Fig. 4. 14.to F ig. 4.15., contain the 

comparison plots of co-polarized component of fie ld distribu tion for different values 

of l\!!rJ along x-axis and z-axis respectively. F ig. 4.16 . to F ig. 4. 17., contain the 

com parison of field plots for cr-polarized field distri bu t ion for different values of NI rJ 

along x-axis and z-axis respectively. 

P lot for NI rJ ---) ±oo i.e. , ( M 77 = 6000) is in good agreement with the plot of field 

distribu t ion resul t ing from fi eld expression (4 .3.10) of two dimensional PEC Cas~egrai n 

dual refl ector antenna and for MrJ= O it gives t he resul ts of PMC Cassegrain sys tem 

for co-polarized fi eld components. On the other hand , for Nh7 = 0 and MrJ ---) ±oo. the 

cr-polarized field components vanish . At NIrJ= ± l , it is observed from comparison 

t hat cr-polarized component of field intensity assume maximum value whereas co­

polarized component of field intensity decreases to minimum value. It is observed 

from comparison that cr-polarized field intensity decreases as !II[ rJ increases . Also wit h 

the increase in admittance parameter, both main and side lobe start vanishing , whereas 

co-polarized component of field intensity increases as !II[ rJ increases t ill it approaches 

t he results of two dimensional PEC Cassegrain antanna. 

It may be noted that with the increase in admittance parameter, increases the 

amplitude more of main lobe than the amplitude of t he side lobes. T here is a li ttle 
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change in amplit ude of side lobes as compared to t he main lobe. It may be noted 

t hat change in the admittance parameter does not affect number of side lobes. A 

comparison of field distribu tion of a PEMC Cassegrain dual refiector antenna having 

admittance parameter Nlr; -t ±oo with t he field pattern of a PEC Cassegrain dual 

refiector system is as shown in Fig. 4.18. 
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Fig. 4.14. Comparison of co-polarized fi eld in tensi ty distribu tion along x -axis in tiJ e 

caustic region of a FE M C Cassegrain system h aving FEMC p aram eter o f !VI 711 = 6 

(zero fi eld intensi ty), M 'r/2 = 4.5, 1111173 = 3.5 , NI'r/4 = 2.85 and JI/['r/5 = 6000 . 
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Fig. 4.15 . Comparison of co-polarized fi eld intensity dis tribution along z-axis in the 

caustic region of a FE M C Cassegrain system having FEMC parameter of !VI'r/1 = 6, 

NI'r/2 = 4.5 , M 'r/3 = 3.5, 111714 = 2.85 and M 'r/5 = 6000 . 
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Fig. 4.16. Comparison oj' cr-p olarized fi eld in tensity distribu tion along x-axis in the 

caustic region oj' a FEMC Cassegrain system having PEMC param eter of N1171 = 6, 

N1772 = 4.5, N1773 = 3.5, ]\1[174 = 2.85 and JVh75 = 6000 . 
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Fig. 4 .17. Comparison of cr-p olarized fi eld in tensity distribu tion along z-axis in th e 

caustic region oj' a PEMC Cassegrain system h aving PEMC p aram eter oj' M 171 = 6, 

M772 = 4.5, M 7]3 = 3.5,1\11174 = 2.85 and M 7]5 = 6000 (zero fi eld in tensity) 
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Fig. 4.18. Comparison of co and cr-polarized field in tensity distribution along x-axis 

in the caustic region of PEC and PEMC Cassegrain system with PEMC parameter 
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Fig. 4.19. Comparison of co and cr-polarized fi eld intensity distribution along x-axis 

in the caustic region of a PEMC Cassegrain system with M'rf = 5.5. 
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Fig. 4.20. Comparison of co and cr-polarized fi eld intensity distribution along z-axis 

in the caustic region of' a PEMC Cassegrain system with lVIr; = 5,5 , 

4.4. PEMC Backed Chiral Nihility Dual Reflector Systems 

In the present discussion , our in terest is to study the field reflected around caustic 

region of FEMC Cassegrain and Gregorian dual refl ector systems in which parabolic 

cylindrical reflector has been coated with chiral nihility material. Chiral nih ili ty is 

a special kind of chiral medium for which the constit utive parameters, at certain 

frequency known as nihility frequency [49] become E=O, ~L=O , such that f1, # 0, where 

K is the chirali ty of the medium, In the next section , expression for the field reflected 

from interface of chiral nihility slab backed by FEMC material is derived, 

4.4.1. Chiral Nihility Slab Backed by PEMC Boundary. 

Consider a slab of chiral nihility metamaterial of infini te length and is backed by 

perfect electromagnetic conductor. Front face of the chiral nihility slab is located at 

z = ell while perfect electromagnetic conductor is located at z = el2 , where el2 > ell as 

shown in Fig, 4,22 , 
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Fig. 4.22. A chiral nihility slab backed by PEMe m edium . Wh en the slab is excited 

by a plane wave field, creates both co and cross-field components upon reflection . 

A linearly polarized uniform plane wave , is obli quely incident on the chiral nihili ty slab 

backed by PEMe. T he electric and m agnetic fi elds inside and ou tside t he grounded 

chiral nihili ty sla b may be wri tten in terms of unknown coeffi cients as [51, 53] 

E o = exp(j kyY ) [x exp(jkzz) +A- N Rexp(- jkzz ) 

+ B - N L exp( - jkzz )] , z < ch 

EI = exp(jkyY) [E+M~ exp(jktzz ) + P +M! exp(jk1zz ) 

+ E - M R exp( - jki zz ) + P~ML exp( - jk1z )] , ell < z < el2 

Ho = exp(j kyY) [ kl'l] {y exp(j kzz ) - zky exp(j kzz )} 

- ~ {A~NR exp ( - jkzz ) + B - N L exp( - jkzZ ) }] , z < el l 

HI = exp(jk"l y) - j [E+ M + exp(jk+ z ) - P +M + exp(jk - z ) .v '1]1 R l z L l z 

+ E - M R exp( - jkizz ) - P - M L exp ( - j k1zZ )] , ell < z < cl2 

( 4.4.1) 

(4.4.2) 

( 4.4. 3) 

( 4.4.4) 
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where 

Superscript ± in above relations represent the eigenwaves propagating in the ±z di-

rection. The superscript Rand L refer to RCP and LCP eigenwaves satisfying the 

dispersion relat ions as 

where kt = ±WK:, at t he nihility frequency and K: is chi rali ty parameter. Also for 

free space medium assuming k = WVt-LO Eo and T/ = Iiff such that kz , ky satisfy t he 

following dispersion relation 

It may be noted that relation k;z = - klz holds for a ll modes propagating inside the 

slab . Substitut ing N R, and N L in (4.4 .1 ) gives 

(4 .4.5) 

where Aco and ACT are values of the co-polarized and cr-polarized reflected fields . 

Unknown coefficients A co and ACT in field expression (4.4 .5) may be obtained using 

t he continui ty of tangenti al components of electric and magnetic fields across the 
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dielectric interface located at z = d1 . Continuity of tangential components of electric 

and magnetic field yields [53] 

exp(jkzd1) + A coexp( - jkzd1) = (1I1~j+ j) 

x [E+exp(jkl Z dl) + E~exp(-jk1 Z d1)] (4.4.6) 

. kl zk ( 2j ) 
A cTexp( - Jk zd1) = klkz 1I177 + j 

x [E+ exp(jk1zch) - E - exp( - jkI ZdJ)] (4.4.7) 

where it is assumed that 7] = 771 = fiiQ . Solving (4.4.6) and (4.4.7) simultaneously, V EO 

gIves 

where 

Aco = - exp( - 2jkzd l ) + ( 2j .) exp(jkzd l ) 
1I17] + J 

x [E+ exp(jk1 zdd + E - exp( - jkIzd1)] 

kl zk ( 2j) . 
ACT = kl kz 1117] + j exp(J kzd1) 

x [E+ exp(jk1zd1) - E - exp( - jk1 zd1)] 

E~ = - E + ( jRR} + N!17] ) exp(2jk1z d l ) 

- ] I + iVJ. 77 

E+ = 2 exp(jkzd l - jkI zd1 ) 

P - QL 
j + 1I17]R r 

P = 2----"-
1\I17] + j 

Q = ( .1R! + 11177 ) 
- JR,. + M7] 

L = 2.1 - 1I17]R} 
M7] + .1 

R. _ kk1z 
J - kl kz 

( 4.4.8) 

(4.4.9) 
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4.4.2. PEMC backed Chiral Nihility Parabolic Cylinder 

Consider a parabolic cylindrical refl ector coated with chiral nihili ty materi al and 

defined by ( = I~e where f is t he focal length of t he parabola as shown in the 

F ig. 4.23. The field of oblique incident plane wave may be defined as 

field -jk.r -
Incident wave ( - __ _ 

e 
---

,-7Chiral nihility 

/F~ PEMC backing 

"ro 
.~ 
~ 
] ... 
~B 

---------==+M>''''--------l ,. G ~ z-axis 

points 

() Q) 

~~ 
.D 
~ 

@ 
p... D 

Fig. 4.23. The schem atic diagram shows a parabolic cylindrical refl ector having 

PEMe backed chiral nihility coating being excited by oblique incident plane wave. 

The surface field of parabolic reflector using (4 .4. 5) is given as 

z < d, 

(4.4 .10) 

The reflection coefficients Aco and Acr are given by (4.4.8) and (4 .4. 9) respectively as 
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(4.4.11) 

(4.4. 12) 

where E -, E+ , P , Q, Land R f have been defined in the previous section. When the 

plane wave is obliquely incident at an angle cPo on the interface of paraboli c cylinder , 

kz and ky in (4 .4.10), (4.4.11) and (4.4.12) are defined by 

kz = k cos(2a + cPo) 

ky = k sin(2a + cPo) 

where a is t he angle made with t he z-axis by a uni t normal n on t he surface of parabolic 

cylinder. For normal incident plane wave, the incident angle becomes cPo = 0, so that 

kz = k cos 2a 

ky = k sin 2a 

4.4.3. Gregorian Dual Reflector System 

Gregorian system consists of two reflectors. These two reflectors may be of any 

material. It is assumed that the main reflector of Gregorian system is of PEMC 

while sub-reflector is of PEC. The main reflector is coated with chiral nihili ty materi al 

as shown in schematic diagram of F ig. 4.24. If someone is in terested in t he field 

distribution around the focus (caustic) F2 of t he system through geometrical optics 

(GO ), he will fail to do so , because GO explodes at caustic. Our interest is to study 

the effect of' these metamaterials on the fie ld patterns around caustic region. So , a 

high frequency expression for the field around caustic region of chiral nihility coated 

PEMC Gregori an system is derived using Maslov's method. 
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Fig. 4.24. PEJ\1C backed chiralnihility dual refl ector Gregorian system. 

4.4.4. Field Formulation at Caustic 

The main-reflector of t his Gregorian system is excited by the fi eld of a uniform 

plane wave propagating along the z-direction. T he field associated with the incident 

wave is given by 

( 4.4 .13) 

Uniform field expreSSIOn may be formu lated using Maslov 's method , which should 

remain valid around caustic, may be given using (3 .3.8) as 

E" (y, z) ~ J j~7r I: Eo(6 , (,) [J( 7) iJ~;' l -" exp [ - jk [So + 7, + Sex)1l d(2c<) 

( 4.4.14) 

w~lere 50 and Tl are given by (3 .1.20) and (3. 1.6) , respectively and EC;(6, (2) is t he 

ini t ial value of field ampli tude reflected fr om sub-reflector. T he extra phase term is 

given by 

5 e:c = - pcos(2'I/J - 2a + ¢) - 6 sin (2'I/J - 2a) + (2 cos(2'I/J - 2a ) 
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6 = b 
1 - cos2 'l/J 

cos2 ('l/J - 2ex) 

a cos 1/) 
(2 = -----'-----­

cos( 'l/J - 2ex) 

~1 = - 2f tan ex 

f cos 2ex 
(1 = - C 

cos2 ex 
a2 6 

tan 'l/J = - --
b2 (2 

tan ¢ = '!{ 
z 

Now, substituting E5 (6 , (2) from (4 .4.10) and J(T ) Bg;2 from (4.2.9) in (4.4 .14), co 

and cr-polarized fie ld components reflected by PEMC backed chiral nihility Gregorian 

system are given by 

Eco(y ,z ) = -. - + [A cox exp (- jkzz )] yfif; J~~ [jA2 j.-Al] 
J2K Al -.42 

X exp[- jk(So + Tl + Se1;) ]d(2ex) (44 .15) 

{k [j A2 (-Al ] [ ( 'k 'k )] E cr(Y ,z ) = V:;;;; A l f- .1- .42 AcT' J kZY + .J kYz JR, 

x exp[- jk(So + T ] + Sex) jd(2ex) (4.4 .16 ) 

where A co (ex) and AC7' (ex) have been given in (4.4. 11 ) and (4.4 .12) respectively. In t hese 

equations, kz = k cos 2ex and ky = k sin 2ex have been used. It may be noted that in 

the limit lVl'/] ---7 ±oo the backing is PEC, and co scattering coefficient reduces to PEC 

Gregorian system i.e., Aco(ex) = - exp( - 2jkz d1 ) while t he cross polarization coefficient 

reduces to zero i. e., A C'I' = 0, t he relation (4.4 .1 5) reduces to the relation (3 .3.13) Of 

PEC Gregorian system 

{£ [/ 042 j '-A l] 
E7' (y , z )co = . -. - + yfif; exp [- jk (So + Tl + Sex )] d(2ex) 

J2K Al -042 
( 4.4.17) 

Similarly, in case of PMC backing, M '/] = 0, and the cross polarization co-efficient 

A CT (ex) again vanishes and co-polarization co-efficient A co (ex) independent of parameter 
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4.4.5. Results and Discussion 

Plots of co-polarized and cr-polarized components of the reflected field along the 

reflector axes are shown in Fig. 4.25 to Fig. 4.31. The Gregorian system having pa­

rameters as kf = 60 , ka = 25, kb = 23.7, kd = 12 .5 and kD = 40. is chosen for the 

study of field behavior around caustic region. It has been observed that admittance 

parameter 1\IJ'T/ afFects t he ampli tude of the reflected field whereas field distribution 

pattern remains unchanged. Field intensity Plots have been obtained for difFerent val­

ues of M'T/. It has been observed that for 1\IJ'T/ = ± l , cr component of t he reA ected 

field is maximum, while co-polarized field component reduces to zero. For IVI'T/ = 2, 

t he field amplitude of cross polarized component is greater than the co polar ized fi eld 

component and the behavior is reversed for 1\1177 = 3. For M'T/ > 3, t he field ampli­

tude of the cr component decreases and finally vanishes for large values of 1\IJ'T/. It 

can also be seen that for M'T/ = 0 and 1\1['T/ ~ ±oo cr-polarized components of the 

reflected field disappear showing the behavior of the chiral nihility reflector backed by 

PMC and PEC material respectively, which agrees with our analyt ical formul at ion. In 

Fig. 4.29. The results of PEMC backed chiral nihility reflector are compared with the 

results of PEC backed chiral nihility reAector. The results are in good agreemenUt 

has been observed starting from 1\IJ'T/ = 0 (PMC) boundary that fie ld is rotated giving 

rise to increase and decrease in fi eld in tensity of co and cr components for different 

values of 1\IJ'T/. Finally, observation comes to IV['T/ ~ ±oo (PEC boundary) .The field 

intensity variation behavior of co and cr-polarised components has also been studied 

for different values of admittance parameter 1\II'T/l = 5, M'T/2 = 3, !V['T/3 = 2, J\lf174 = l. 5 

and 1\1 'T/5 = 1. The behavior may be observed in the plots of Fig. 4.30. and Fig. 4.31. 

respectively. These findings may find potential use in some applications where con­

trolled intensity of co and cr-polarized field is required. Another striking feature can 

be seen that the factor thickness didn 't appear in the expression of the reflected field. 

It means that the t hi ckness of nihility material coating on the reflector , is irrelevant. 
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It is perhaps due to the fact that in chiral nihili ty material, the two eigen-waves are 

circularly polari zed bu t one of them is a backward wave . 
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Fig. 4.25. Comparison of' co and cr-polarized fi eld intensity dis tribution (a.) along y-

axis and (b) along z -ax is, around the caustic region of a PEMC backed chiral nihili ty 

Gregorian sy stem fOI' NI17 = O. 
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Fig. 4 .26. Comparison of co and cr-polarized fi eld in tensity distribution (a) along y-

axis and (b) along z -axis, around th e caustic region of a FEMC backed chiral nihility 

Gregorian system for lIIITJ = l. 
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Fig. 4.27. Comparison of co and cr-polarized fi eld in tensity distribu tion (8.) along y­

axis and (b) along z -axis, around the caustic region of a PEMC backed chiral nihility 

Gregoria.n system for M Tf = 2. 
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Fig. 4 .28. Comparison of co and cr-polarized fi eld intensity distribution (a) along y­

axis and (b) along z -axis, around th e caustic region of a PEMC backed chiral nihiJity 

Gregorian system for JII£17 = 3. 
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Fig. 4.29. Comparison oFfield intensity distribution (a) along y-axis (b) , along z -axis 

around the caustic region of PEC and PEMC backed chiral nihility Gregorian dual 

reflector antenna with .M'T/ -t ±oo . 
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Fig. 4.30. Variations of' co-polarized component of' fi eld intensity along y-axis, around 

the caustic region of chiral nihility coated PEMC Gregorian dual refiector system for 

different valu es of Mr; . 
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Fig. 4.31. Variations of cr-polarized component of' fi eld intensity along y-axis, around 
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4.5 . Cassegrain Dual Reflector System 

Geometry of Cassegrain system composed of two reflectors. In t he present dis-

cussion, it is assumed that main-reflector is a chiral nihility coated PEMC cylinder 

whereas sub-reflector is PEC hyperbolic cylinder as shown in F ig. 4.32. The system 

is being used as high frequency receiving antenna. T he main objective here is to de-

termine the field expression based on Maslov 's method , which should remain valid 

around the feed point of' t he system. This is accomplished by first de termining GO 

field for the system in space coordinates which does contain singulari ty around focal 

region and then expressing GO field from spatial domain into spectral or wave vector 

domain. This gives finite field value at all points including the caustic region. 
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Hyperbol~c cylinder l 
~2 - f(~) I 

(~2 ' ~J_ .... '" §=:f==--
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Fl "'" 
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II 
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Ret1ector Chiral nhility coating 
Materials - PEMC 

-PEC 

Fig. 4.32. PEMe backed chiral nihility dual refiec tor microwave antenna. 

4.5.1. GO Field 
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Let the surface of main-reflec tor be excited by normal incident fi eld of a un iform 

plane wave as shown in F ig. 4.32. T he field is propagating from left to right a long 

z-axis and is defined by 

(4 .5. 1) 

The GO ray expression for the field reflect ed from the sub-reflector may be given 

using (3.1.20) as 

(4 .5.2) 

where So(6), T } and T a re given by (3 .1. 20), (3 .1.6 ) and (3.1.5) respectively. Now , 

substit ut ing the values of J( T) and E'O (6 , (2) from (3.1. 25) and (4. 4.10) respecti vely 

in (4.5 .2) , yields the GO field expression for the Cassegrain system under discussion. 

It is readily seen tha t at caustic i .e., T=R} and consequent ly J = O. Hence GO field 

expression shows singulari ty at caustic of Cassegrain microwave antenna . But the 

main interest here is to study the impact of t hese metamateri als on the behavior of 

t he field around caustic region . So Maslov's method is used to transform GO field 

expression (4.5.2) into caustic field expression . 

4.5.2. Field Computation Near Caustic 

High frequency expression based on Maslov 's method for the fi eld around caustic 

region of Cassegrain system under considera tion is give n from (3 .2.1) as 

E ' (y, z) ~ j k ; .00 Eb(6, (2) [J( T) aaP Z2
] -;1 exp [- j k[So + T l + Se~;)ll d(2Q) 

J2K -00 Z 

( 4.5.3) 

where So and T l are given by (3 .1.20) and (3.1.6) , respectively and E o(6, (2) is the 

initia l field value on sub-reflector. The extra phase term Sex is given by 

Sex = - pcos(2'ljJ - 2Q + ¢) - 6 sin (2'ljJ - 2Q) + (2 cos(2'ljJ - 2Q) 
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where 

a 2 cos 'l/J 
(~ = -----r=======:=====~= J a2 cos2 'l/J + b2 sin2 'l/J 
6 = - 2ftana 

(I = f cos 2a _ c 
cos2 a 
a2 6 

tan 'l/J = - --
b2 (2 

tan ¢ = '!{ 
z 

p = J y2 + z2 

T he Cassegrain system under study in which main-reflector is of PENIC and i::; coated 

with chiral nihili ty medium , t he surface fi eld EC;(6 , (2) is given by (4.4. 10) with Aco 

and AC7' obtained from (4.4.11) and (4.4. 12) rspectively. Now substit ut ing surface fie ld 
- I 

EC;(6 , (2) and Jacobian of the field [J(T) 8h;2] 2 from (4.4. 10) and (3.2.5) respectively 

in (4.5.3) , yields both co and cr-polarized field components. Therefore, co and cr­

polarized fields reflected by PEMC backed chiral nihili ty Cassegrain system are given 

by 

(k [j'A2 j' - AI ] { ( 'k 'k) } Er(y,z)= y i; Al + - A2 Aco x exp( - jkzz ) + A C7' J~Z y + J~Yz 

x .JR; exp[- jk(So + TI + Sex) ]d(2a) (4.5.4) 

where A co (a) and A cr (a) have been given in (4 .4.11) and (4 .4.12) respectively. In 

t hese relations, kz = kcos2a and ky = ksin2a. ' .\Then !III'!] ---> ±oo (PEC), Acr' = 0, 

Aco = - I , t herefore (4.5.4) becomes as 

(4 .5. 5) 

In t he above equation R I , So , TI and Sex are expressed in terms of a and AI , A2 

are the angles subtended at t he feed point FI and F2 by the paraboli c and hyperbolic 

cylinders respectively. 
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4 .5.3. Results and Discussion 

P lots of co-pola ri zed and cr-polari zed components of t he reflected fi eld along the 

re flector axes are shown in Fig. 4.33. to F ig . 4.39 . PEMC backed chira l nihility 

Cassegrain system with parameters k f = 60, ka = 8, kb = 25, kd = 8 and kD = 40 is 

considered for t he study of fi eld behavior around caustic region . It has been observed 

t hat admi ttance parameter NI r; affects the ampli tude of the reflected field whereas field 

distribution pattern remains unchanged. Field intensity Plots have been obtained for 

different values of JVlr;. It has been observed that for Mr; = ± 1, cr component of the 

reflected fie ld is maximum, while co polarized field component reduces to zero. For 

Nlr; = 2, the field ampli tude of cr component is greater than the co-polarized fi eld 

component and the behavior is reversed for Nlr; = 3. For Nh7 > 3, the field amplitude 

of t he cross component decreases and fin ally vanishes for large values of /IIIr;. It 

can also be seen t hat for IVI r; = 0 and Nh7 ±oo cr-polarized componen ts of the 

refl ected fi eld disappear showing the behavior of t he chiral nihili ty refl ector backed by 

PMC and P EC material respectively, which agrees with our analy tical formu lat ion. In 

Fig . 4.37. , t he results of PElVIC backed chiral nihi li ty Cassegrain system are compared 

wit h t hat of PEC backed chiral nihility Cassegrain system . The resul ts are in good 

agreement. The study of field behavior is started from fl1r; = 0 (PMC) boundary 

and observed that field is rotated giving rise to increase and decrease in field intensity 

of co and cr components for different values of Nlr; . Finally, it reaches Mr; ---) ±oo 

(PEC boundary) . The study also includes comparison of field intensity variation of co­

polarized and cr-polarized components along y-axis for difFerent values of admi ttance 

parameter Nlr;l = 5, fl1r;2 = 3, fl1r;3 = 2, Mr;4 = 1.5 and Mr;5 = 1. T he variation 

behavior of co and cr-pola ri zed fi eld components may be observerl in the plots of 

F ig. 4. 38. and F ig. 4.39. respectively. T hese findings may find po tential use in 

some applications where controlled intensity of co and cross polarized field is required. 

Another striking feature can be seen that the factor t hickness didn 't appear in the 
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expression of the reflected field. It means that the thickness of the reflector coating, 

is irrelevant. It is perhaps due to the fact that in chiral nihility materi al, t he two 

eigenwaves are circula rly polarized bu t one of them is a backward wave. 
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Fig. 4.33 . Distribution of co and cr-polarized components of fi eld in tensity (a.) along 

y-axis and (b) along z-axis, around caus tic region of PEMC backed chiral nihili ty 

Casscgmin system for AI r; = O. Here cr-polarized fi eld component reduces to zero. 
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y-axis and (b) along z -axis, around the caustic region of PEMC backed chiral nihili ty 

Cassegrain dual reflector system for M rJ = 1. Here co-polarized fi eld component 

reduces to zero 
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Cassegrain du al reflector system for M 77 = 2 , 
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y-axis and (b) along z-axis, around caustic region of chiral nii1ili ty coated F EMC 

Cassegmin du al refl ector system for N1'T/ = 3 
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C h apter 5 

S ummary and Conclusion 

GO approxim ation is a powerful tool for dealing with problems of high freq uency 

fields in homogenous and in-homogenous medi a. However , it fails to quant ify the fields 

in t he vicinity of caustic of fo cussing systems. On the other hand , focussed electro­

magnetic fields have applications in various areas such as microwave antennas , and 

integrated optical systems. Field distribution in focal region of focusing systems is 

studied for synthesizing feed arrays in image field and designing of multiple b eam an­

tennas . Usually the conventional Huygens-Kirchhoff 's integral is used to evalua te the 

field around the focal region of fo cusing systems. Maslov proposed another method 

to predict the field in the caustic region . Maslov's method is based on the idea that 

combines t he simplicity of GO and generali ty of Fourier transform. lVIaslov's method 

makes use of t he fact t hat appearance of caustic depends on domain formulat ion of t he 

ray field. It means that ap pearance of caustic in fi eld formulation cannot take place 

both in spatial domain and wave vector domain simul taneously. According to Masloy's 

method the conventional GO field expression in space coordinates is expressed in terms 

of' wave vector domain t hrough the use of Fourier transform to avoid t he singulari ty 

t hat exists in spati al domain . The fi eld expression obtained in this way, is valid at all 

points including t he caustic region. \iVhen the observation point is far away from caus­

tic, the field expression based on Maslov's method , reduces to GO field expression by 

applying stationary phase method of integration . The high frequency field expressions 

for arbit rary reflector , Cassegrain and Gregorian dual reflector syst ems consisting of 

P EC, PEMC and PEMC backed chiral nihili ty reflectors, are derived using Maslov's 

method , when a plane wave is incident. The field expression based on Maslov's method 

is obtained fo r a paraboli c reflector from the fi eld expression derived for arbi t rary re­

flector. T he corresponding expression for the fi eld refl ected from a parabolic re fl ector, 
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is also derived using Huygens-Kirchhoff 's integral. Both expressions agree completely 

near caustics whereas they differ slight ly in phase and ampli t ude away from the caustic. 

T heoretically derived field expressions for a parabolic re fl ecto r, are evaluated 

through num eri cal computations so as to determine t he field pa tterns around the caus­

ti c region for both oblique and normal incident plane wave. T he resul ts are compared 

with those obtained by Huygens-Kirchhoff 's integral. The agreement is fairly good . 

T he resul ts of field pattern around the caustic region of PEC Cassegrain and Grego­

rian systems are compared with t he results of t heir equivalent parabolas obtained by 

applying Huygens-Kirchhofl's integral. The resul ts are found in close agreement . T hi s 

yet again testifies the validity of Maslov 's method for both Cassegrain and Gregorian 

dual reflector systems. For PEMC Cassegrain and Gregorian dual reflector systems , 

t he field behavior around caustic regions is different from corresponding PEC dual 

reflector systems in that t he field reflected from PEMC interface has both co-polarized 

and cr-polarized field components. T he behavior of co and cr-polarized fields around 

caustic region of PElVIC dual reflector systems has been stud ied for difFerent values 

of admittance parameter AfTJ . For t he PMC and PEC special cases . i. e., Nh7 = 0 

and !l1 TJ --> ± oo respectively, t he cr-polar ized fi eld component vanishes in eit her case 

whereas co- polarized fi eld component exists in both cases . For fl1TJ - -; ± oo, t he co­

polarized field component approaches the resul t s of two dimensional PEC dual reflector 

system and is verified t hrough comparison of t he two field plots. For PEMC backed 

chiral nihility Cassegrain and Gregorian dual reflector systems, the field behavior at 

caustics of t hese systems has been studied for different values of admittance parame­

ter NITJ· It is observed that for MTJ = 0 and NITJ --> ±oo, cr-polarized components of 

the reflected field disappear which represents chiral nihility reflector backed by PMC 

and PEC material respectively which is in accordance to our analytical formulation. 

T he results of co-polarized field components of PEMC backed chiral nihili ty reflector 

are also compared with those of PEC backed chi ral nihility refl ector . The results are 
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found in good agreement. For the special FEMe case when NI=~,the reflected fi eld 

appears totally cross-polarized. So it acts like twist polarizer which is a non-reciprocal 

device. It has been observed t hat value of admittance parameter !II! fJ affects only the 

amplitude of the reflected field whereas field pattern remains unchanged. I t may be 

noted t hat t he reflected field is independent of parameter d2 , the layer t hi ckness of 

chiral nihi li ty material. T his is perhaps due to the fact that in chi ral nihili ty, the two 

eigenwaves are circularly polari zed bu t one of them is a backward wave. T he fi eld 

reflected from FEMe or FEMe backed chiral nihi li ty refl ectors of fo cussing systems 

include t he varia tion of co and cross-polarized field components fo r different values 

of admittance parameter N17]. These findings may find potential use in Mili tary and 

other applications where controlled intensity of co and cross-polarized field is req ui red . 

The resul ts presented demonstrate t hat the Maslov's method is straightforward 

and provides an alternate tool to convent ional induced current method or Huygens­

Kirchhoff's principle for evaluating diffraction field in t he caustic region of fo cussing 

systems. It might be an important result of this work to conclude that t he two methods 

are equivalent but Maslov's method is easier to compu te t han Huygens-Kirchhoff's 

integral. Maslov's method can be used to solve various focussing problems . It is 

suggested that the work presented in the thesis may fur ther be extended to apply to 

more complex pract ical problem of t ri -refl ector system being used in Space Technology. 
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Appendix A Evaluation of F = J( 1 zz ) 

First evaluate 8;zz as 

z = f(() + cot(2e - cPo)(x - () 

On differentiat ing (AI) with respect to e, gives 

8z _ j"(C) 8( _ 2(x - 0 _ cot(?e _ ) 8( 
8e - <" 8e sin2(2e - cPo) ~ cPo 8e 

= - [tan fJ + cot(2fJ - cPo)] ~~ + sin(2~T_ cPo) 

cos(fJ - cPo) 1 8( [ 2 cos fJ 8e ] 
= - sin (2e - cPo) cos fJ 8fJ 1 - cos( fJ - cPo) 8~ T 

Hence the differential 88z can be derived as follows. 
p z 

8 z 8z 8fJ 1 8z 
---

8pz 8e 8pz 2 sin (2fJ - cPo) 8fJ 

cos(e -cPo) 8( [ 2f"(OCOS3 fJ ] 
= - 2 sin2(2fJ - cPo) cos fJ 8fJ 1 + cos(e - cPo) T 

Using (A3) and (2.1.16) yields the final result 

F = J(T )8pz = [1 + 2f" (()cos
3

eT] [2Cos3eSin2(2fJ -cPo)f"(() ] 
8z cos(e - cPo) cos(e - cPo) 

[ 
2f"(()cos3fJ ]-1 

1 + T 
cos(e - cPo) 

= 2 cos
3 e sin

2 
(2e - cPo) f" (0 

cos( fJ - cPo) 

Appendix B Derivation of the Jacobian 

(AI) 

(A2) 

(A3) 

(ALl) 

Evaluating the Jacobian of coordinate transformation (x, z) to (6, T) with (x, z) 

given by (3. 1.19). 

8(x z) I 8b + 8px2 T 8C,2 + 8 P.Z 2 T I D(T) = ' = 8 ';1 8';1 8';1 8';1 
8(~1,T) Px2 Pz2 

= 28(a - 'ljJ) T _ cos(2a - 'ljJ) 86 
86 cos'ljJ 86 

(B l ) 
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where the relation used is ~~~ = ~~~ ~~~ = tan 1jJ ~~~ , T he relation between (~ l ' (1) and 

(6, (2) is given by 

(B2) 

and differentia t ing both sides with respect to 6, yields 

86 cos 1jJ [ (2 - (1 cos2 0: ] cos 1jJ R2 cos2 0: 
86 = cos(20: -1jJ ) 1 - f cos 20: = cos(20: -1jJ ) f (B3) 

Furthermore, 

80: 1 2 

86 = 2f cos 0:, (B4) 

Substitut ing (B3) and (B4) in (B1) yields 

T - 2t -- - -- 1 - -- - 1 - --D( ) _ { cos
2 

0: cos
3

1jJ a
4 

[ (2 - (1 cos
2 

0: ] } [ (2 - ( 1 cos
2

0: ] 
2f cos(20: -1jJ ) b2(g f cos 20: f cos 20: 

(B5 ) 

From F ig, 3,1. and with sim ple calcula t ion it can be readily found t hat the fo llowing 

rela tions hold 

~? j ' ,cos 20: 
( 1 = - , - + c = - j --+ c, 

(2 - ( 1 cos2 0: R2 2 
1 - --=-cos 0: 

4} cos2 0: f cos 20: f 

Hence D(T) can be written as 

cos
2 

0: { [ 2 cos
3

1jJ a
4

] } 
D (T) = - f - 1 - cos(20: _1jJ ) b2(g R2 T - R2 

By using the relations 

c - (2 
cos 20: =-­

R2 ' 
' 2 6 sm 0: = R2 

cos(20: - 1jJ ) in (B7) can be expressed by 

c - (2 ~2 ' 
cos( 2C\' - 1jJ ) = -- cos 1jJ + -.' - sm 1jJ 

R2 R2 

= R2~ [~(2(C - (2) + ~~~ ] 
1 [b ((i ~i )] = R2v'R1R2 -;:C(2 - ab a2 - b2 

1 ~(C(2 _ ( 2) = b 
R2VR1R2 a V R1R2 

(B6) 

(B7) 

(BS) 

(B9 ) 
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2 

where the relation used is R 2 = J(c - (2)2 + .;i = C(2;:a . Then the coefficient of T 

in (B7) is simplified to 

U = 1 - 2cos
3

'ljJ ~R2 = 1 - 2abR2 aR2~ = 1 - 2a = R2 (B ID ) 
cos(2a -'ljJ ) b2(J (R1R2)~ b(c(2 - a2) RI RI 

Hence D(T) in (B7) becomes 

(E ll ) 

This shows that the ray is focused at point F2 . 

Appendix C Evaluation of F = J(T)8~;2 

The integrand of (3 .2.1) is used to derive t he expression which is valid at the fo cal 

point F2 . From the relation 

z = (2 + Pz2 (x - ';2 ) = (2 + cot (2a - 2'ljJ )( x - 6) 
. P,c2 

one can obtain 

8z 
86 

8(2 2(x - 6) 8(a - 'ljJ ) - cot(2a - 2'ljJ ) 
86 sin2(2a - 2'ljJ ) 86 

cos(2a -'ljJ ) 2T 8(a - 'ljJ ) 
= - cos 'ljJ sin(2a - 2'ljJ) + sin(2a - 2'ljJ) 86 

1 86 [ 8(a -'ljJ ) cos(2a -'ljJ ) 86 ] 
= sin(2a - 2'ljJ ) 86 2T 86 - cos'ljJ 86 

By using the relations 

8z 8z 86 8Pz2 86 8Pz2 . 
8pz2 86 8Pz2' 8z 8z 86 ' 

8pz2 - 2' (2 2o ,.)8(a-'ljJ) - 2' (2 2o ,.)86 8(a -'ljJ ) -- - sm a - '1/ - S1l1 a - '1/ ---'----'-

8';2 86 86 86 

it gives 

8pz2 = 868pz2 = 2 . (? _ 20 ' .) 86 8(a - 'ljJ ) . (? _ 20 ' . ) 86 
8 8 8 SIn ~a '1/ '" 8 sm ~a '1/ 8 

z z 6 u6 ';1 ';1 

(C l ) 

(C2) 

(C3) 

x [2T 8(a - 'ljJ ) _ cos(2a -'ljJ ) 8';2] - 1 (C4) 
86 cos 'ljJ 86 
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T here we have 

D (T) 8Pz2 = [2t8(a - 'Ij.; ) _ cos(2a - 'Ij.; ) 86 ] [ cos 'lj.; 86 ] 8Pz2 
D (O) 8 ,2 86 cos 1j; Of;'1 cos(2a - ?jJ ) 86 8 z 

, . ?( 8(a - 1/) ) ('.OS?/) 36 
= 2 sll1 - 2a - 2'ljJ ) -

3~1 cos(2a - ?jJ) 86 
(C5) 

From the results of Appendix B we have 

D(T)OPz2 =2sin2(2a _ 2'1j.;)cos
2
aR2 cos 'lj.; cos(2a -?jJ ) f 

D (O) oz 2f Rl cos(2a - 'Ij.; ) cos 1j; R 2 cos2 a 

sin2(2a - 2'1j.; ) 

Rl 
(C6) 

where 

R
1

= C(2+a2 = accos 'lj.;+ Ja2cos2 '1j.;- b2sin 2?jJ 

a Ja2cos2 '1j.;- b2sin2 '1j.; 

C + a cos 2a 
cos 'Ij.; = ----;::-=;:;==;:;:=====::::= 

Ja 2 + c2 + 2accos 2a ' 

asin 2a 
sin 'Ij.; = ----;::-=;:;==;:;:======== 

J a2 + c2 + 2ac cos 2a ' 

6 = b
2 

sin 'Ij.; , 

J a2 cos2 1j; - b2 sin2 ?jJ 

6 = 2f tan a , (1 = C _ 2f cos 2a 
1 + cos 2a 

Appendix D Parameters of Cassegrain Antenna 

CDl) t an rP" - D and tan rP,· - D 2" - 2f 2" - 2fe 

(C7) 

The equation of the paraboli c cylinder is given by (3,1. 1) , Hence, it p roduces 

and 

OA = - f +c, 

D 
t an ¢v = . D 2 

j - 4J 

FH = j' _ D 2 
4 f 

2, §] 2 tan ~ 

( D) 2 - 1 _ tan 2 rP1J 
1 - 21' 2 

(D1) 

(D2 ) 

From (D2) we have tan rPd' = ;~ .. It may be noted that D is height of the edge of the 

parabolic cylinder from horizontal axis. 
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cPT D t an - =-
2 2 f e 

where f e is the fo cal length of the equi valent parabola . 

(D2) 

From the similarities of t he t riangles , one can obtain 

f e L" c + a e + 1 
f Lv c - a e - 1 

tan ~ cPv 
tan ~ cPT 

(D3 ) 

(D 4) 

The last term is obtained from the results in (Dl ). From the above equation e is 

obtained as 

(D5) 

and 

1 2Lv sin ~( cPv + cPT ) 
1 - - = = 1 - ---';-'------,-

e LT· + L" sin ~ ( cPv - cPT) 
(D6 ) 

App e ndix E 

The surface contour of ellip t ical cylinder is defin ed as 

(El ) 

with 

Let t he foci of (Ed be PI (0, - c), F2 (O, c) and (6 , (2) be t he point on t he surface. 

T hen 
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(R1R2)2 = [)((2 + c)2 + ~i ] [)((2 + C)2 + ~i ] 
= (c2 + ( 2 + e + 2c() (c2 + (2 + e - 2c() 

= (c2 + (2 + e) _ 4(2C2 

= [a2 _ b2 + (2 + b2 (1 _ ~: )] _ 4(2 (a2 _ b2) 

[ 
2 ( b

2
)] 2 2 2 2 = a -I- 1 - a

2 
( - !l ( (a - b ) 

( 
62) 4 2 2 = a - 2a 1 - - ( 
a 2 

~ [ (!: -1) \ +b'r 
Let the uni t normal at point (6 , (2) on t he elliptical cylinder by (2 = f(6) be n , t hen 

then 

Therefore 

n = sin 'lj; ix + cos 'lj;iz 

. 0/ ' a6 
sm 'f/ = bJR1R2 

b(2 
cos 'lj; = -=== 

bJR1R2 
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1 
cos 'ljJ = ------:== 

J~~~~ 
b2 

- ~~ 
RJR2 

b(2 

J RJR2 
b( 

(E2) 

(E3) 

Appendix F Perfect Electromagnetic Conductor and Chiral Medium 

The perfect electromagnetic conductor (PEMC) is an idealized electromagnetic 

medium that has been introduced as a non-reciprocal generalization of both perfect 

electric conductor (PEC) and perfect magnetic conductor (P IVfC) . Poss ibili t ies for 

realization of a P EMC has been suggested by Lindel [35 , 36] in terms of a layer of' 

certain non-reciprocal materials resting on a P EC plane. P arameters of a bi-isotropic 

medium can be chosen so t hat the interface of t he layer acts as a FEMC boundary. 

The PEMC boundary conditions [35-38] are of more general form as given below. 

n x (H + ME) = 0, n .(D - NIB) = 0 (P EIVIG) (FI) 

The vector boundary condition is given by 

(F2) 
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where IV! denotes the admi ttance of the P EMC boundary (dimension ~) . Obviously, 

PMC corresponds to IV! = 0 while PEC is obtained as the limi t Jvl ---> ± 

Chiral Medium 

A chiral medium [44-46] is macroscopically continuous medium composed of equiv­

alent chiral objects , uniformly distributed and randomly oriented . A chiral object 

consists of a circular loop of wire whose two ends extend perpendicular to the plane 

of the loop in opposite direction. When an incident wave fa ll s on the helix, it induces 

both electri c and magnet ic dipole moments. Foll owin g Maxwell 's equations, the con­

stitut ive relations for isot ropic chiral media , for t ime ha rmonic fi elds ex p(jwt) must 

have the form 

D = EE + .7K:H 

B = f,LH - .7K:E 

so that the dispersive relation for the wave number k is 

(F3) 

(F4) 

where '+ ' and '-' represent different eigenwaves in the above expression and K: is the 

chirality of the medium which is assumed to be positive for this study. Such media are 

characterized by two intrinsic eigenwaves with left- handed and right-handed circular 

pola ri zation and both of them have diff'erent phase velociti es and refract ion indices . 

Recent researches show that the refraction index for one of t he eigenwaves wi ll even 

be negative [47 , 48] for strong chirality (K:) chiral nihility is a special kind of chiral 

medium for which the constitutive parameters, at certain frequency known as nihility 

frequency [49] will become E=O, f,L= O, such that K: #c 0, where K: is the chirali ty of t he 
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medium. Hence the constitutive relations (F6) fo r an isotropic ch iral nihili ty medium 

will become 

D = + jKH 

B = - jKE (F5) 

(F6) 

In chiral nihili ty, t he two eigenwaves are still circularly polarized .Bu t one of them is a 

backward wave whose phase velocity has an ant i-parallel direction with corresponding 

P oynting vector. P henomena of negative refraction occurs when a plane wave enters 

from vacuum into chiral nihili ty medium. T hat is when a plane wave obliquely hi ts the 

interface of vacuum and chiral nihili ty. One refr acted eigenwave propagates on one side 

of t he normal at cer tain angle while other eigenwave propagates at same angle on the 

ot her side of normal to t he interface. 
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