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In t.!n.!y oper.tlo. th. c@ut.t1v. l!,
t! glven by .bc . cb!. x.a. xlrtD and x. fl.r..rudln
(1972) Intlo<lu@d blace6 on th€ left o! tlrj,s
€quation to g.t a n4 psoutlo r.3octative lav, that
i6. (ab)c = (cb)a. rt is call.d the left Invglttva
Ia{, A glpupolil i. caUed a left irnost sehlqroup,
.bb!€vlatad .5 lA-seriqroup, if it6 el.!6nt6
6atisfy th. 1.!t invertiv. t.r. siril.rry, a
groupoid is c.lled a right !l@Et 5dtgloup;
abbreviat€d r. R -s4lgroup. il its €I.!€ntE
altlsfy th. light tnv€rllv. las, that j..
!(bd) - c(br). t sldp i.. cll1ed an alhoat
B.hlgloup I t !6 both an LA-rcilgloup .ntl aD

An lA-.olgroup is .n .lg.braic atructure
lldray betv€€n . gloupold anal a coMutltlve
Eeitqroup. D..plt. ihe fact that tbe stluctur. 16

Pfi[TACE

tnt. th.sl5 corpr1..! lour chapt€lB. Th€

n.vertttaleaa po...38es mhy Int.r..U,nq D!op.rtj...
drlch r€ usullly lind ln cNtatlv€ and
.$oclatlv6 alg€blalc 6tnctu...

(i)



first chapte! contalnE only thoae definitionE and

lesultE ehich af6 diroctly relrted to our study ot
the L -seniqroups. He have nentioned tn this
.hapt€r the resulta vithout Froofs in order to
avoid naklng the dla66rtation uhnecessattly bulky.
fi6 have avolded gtvlng the text-book deftnttton
also by Dresuribq thrt the re.de! is f6!tlt6! ,ith
these deflnltions. ca. refer for
lefere.ce to sevefrl text-books/ and one of theD
is: a.H. ctifford 6nd c.B. Pleston, The algebraic
theory of 5eDi9!oup6, a@r. Math. soc., vols.ll
1961 and II, 1967.

Ih chapt6! 2, we have desc!1b6d the
LA-sebigroup6 try

IJA-seniqrorps and certai. llotroDorphiEnE beleeen
then, specifically, ,e have shorn lhat a.
LA-6erigloup c is a 6erilaEtlce of LA-Eeniqrups.
conver6ety se have 6horn tbat gtven a a€nlratlice
of IA-aetriqroup6 .nd a fabily of horonorpbisns,
vith certaiD properties, an LA-seuigroup can be

deflned rhlch 16 a uhlon of the given

In chapte! 3, re have extended the lesults
by Tahura and Kihura tsrt thrt aDy conhutativ€
sehigloup C i. uhlq!61y .*presstble as a
senilatttce of alchliedean gebigroups. r{e have
genelalized also the results of Heritt and
zuckernan t11l that the folloriDq ar€ nutually
equrvalent: ( r) c is separatlve (1r) the



archinedean conponentE of G are cancellative
(ii!l c can be enbedded in a unton of sroups. No

also in chapt€! r, thdt any rocally
a€sociativ€ la-sellgroup c rlih left identity ig
uniqu€ly explessibte as 6 seDilattice of
alchinedean conpon€ntE. AlEo it has b€en sho{n
thlt c is soparatlve lf and only lf the archinedean
conponente of G are cancellatlve and G ca4 be

enbedded in a ubio. of LA-gloups if a.d only if it

In chapte! 4, aD In-senigroup G, rhich b.s
a l6ft r€gular band of LA-gloups as an LA-sehtgloup
ol left quottehts, 16 shovn to be the LA-senigloub
,htch is a Ieft !€gular band of riqht reversible

charact€rizatiob i. provided by unlque spibad
ploductE. These !e6uItE ale applied to the cas€
th6r€ s ia. Euper abundant and rhe.e tbe sei of
idehpotent; forn a leat nornal band.

The lesults contalned in
published ln Proc.edings of
scr.nces 2, 2a l\ttr), 7e1-2o1.
contalned 1n chapter 3, rre
scmtgroup Aorum, {1 {1991) 155-154,

one separate paper, conrainlng results
fron chaptqr 4, h.6 atready been 3ub&I$ed to
Journar for consideration of publication,

I lti)



C1{APIER ol.E

DEFINITIONS, EXAMPLES AN} SJRVEY

non-a6aocirtiv€ a1g€braic .tluctue. It ha3 tEe!

d€fin€d ln [15] and t23l .3 . groupold 6 In whtch

tbe 1€tt lnvertlv. 1.r:

In t.rnaly o9.ration. th€ cdut.tlv6 tas 1.
gtven by .bc = cb., In 19t2, xazir and l{rs6erudj,n

t15l hav. lntloduc.d b!ac€. on the t.!t ol thi.
€quatloh to E€t . nd p3€udo ..rdlatlva lau, that
ls, (.b)c =(cb)r .nd prov.d sever.l inter6tln9

A l6ft aho.t serlEroup, abbr.vlated r.
IA-s€rlgroup, t3 .n algebralc stncturo btdr.y
b€tra€n ! sroupoid lrd a cmut.tiva 6€r1q!oup. It



x...6rudin has invg3tlgated rohe b.6lc

charact6rlatics ot thls stlucture in hls doctolrl
th€sis 1231. re h.r gerer.llr€d 3on6 ludiuenl.ry

but uE€!u1 and hpoltant !..u1tg o! 8€hlEloup

theory. R.latioDahlpa betv€.n ri-66Dl9roup6 .nd

qua6i-9!oup3, s€ntEtoups, 1oopr, Donolila and grouP.

have be€n eEtabri€h€d.

xlrh and ll.s€endin, 1n th.i,r pape! on

aliogt .enlgroups [15] have.hovn thlt c is r6dl.t.

(1-2) (ab) (cd) - (!c) (bd) ror all a,b,c,d 1n c.

R19ht llnoat EdlgrouF can b. d€fln6<l ilually. tblt
18. a groupoid (6,.) is c.lled ! !19ht .hort
aeliqroup, abb!€vt.ted as !n RA-s€b]group, 1f lt
B.tisai.. th€ liqht lnvelttv. Iar:

lor .ll a,btc ln G hold..

!(bc) = c(bt) lor all .,b,c in c.

(t) kt {z,r) d€note th. group of lnt.ger; und.r
r+,. Detln€ a btnaty operatton t in 2 !6 follow.r

x.y - y-x ror €very x,y In z,



,l!e!e r-r denotes the ordinary EubCractlon deftn€d

i. z. Then it ts a routiDe ratler to ch€ck that
(2, *) 16 an LA-senlg!6up.

(tt) Let (4,+) denote tha qroup of ralion.I
nurb€ra under be defined In a as

x*y = y-x tor every xry In a.

Th€n it is €asy to check thal (4, i) i6 an

(iii) stntlarly (R,rl, rber€ (R,+) 16 a gloup of
all leal nuDbelE !nde! ordlnary addition (+) and r
is th€ binary op.latton iteflned by xry - y-x, fo!
every x,y in R, 1. an LA-a€rlgroup,

(lv) Let (4,.) d.note the qroup.or all non-zero

ratiolal nurb€rs unale! ofdin.fy truttiplic.tlon (.).
Delin. ! bi.aly op.latton . ir A aE rolrovs!

x*y - y r x lo! every x,y . Q. rhen lt can ba

checl<ed easily that (4,.) is an LA-sebtgEoup.

(t) xote that th. blDly op€lation \rr is not
nece!.arlly aEsoctltive. Fo! lf w€ conrtder th€



additiv€ group of ibtegqs, (z,r)r and defina

aib - b-. aor all a,b ln Z.

rben (3i4)*5 r (4-3)*5 r 1*5 - 5-1 - 4

and 3r(4r5) ! 3*(5-4) = 3*1 - 1-3 e -2.
Thus lr(4*5) i {3t4}*5 and .o (zr,) ie not

(il) Th. bin.ry opcr.tlon rr, ls not n€c€s..rlly

aDd 4r3 - 3-{ = -1

ibplles that 3r,r.4rl.
Tho Btructual prop6ltles of r,l-sdlgroupE

are stutllad In a nub6r of lnportant pap€rs th.t
have app6.!6d slnce th6 lntroduclion of thls

one of th... papers xr2th .nd

naEeeludalln [15] rtave tried to llnd out a condltlon
und€r ,htch m In-6di9roup cln b. convert€d lnto .
gloup. Tney a56ert that .D la-EeDigloup G eith l6ft
identity e vill becon€ a gloup 1f for each a ln c

tbere €xlEt b and c in G Elch tha€ a(bc) - . =

(ac)b bolds i. G. In [23] fiuEhtaq has shorn that
tbeir .a3€!tlon ,as not tru.. tt€ provid€al a counter

eelple to support hls a$€!tion. xaziD and



11...@dln I15l have dt.n.tv€ly us€d. th. ldentity
r € .nd (.(!o)). . e vhlab 1. not'

n c...dl,Ill tru a lnEhtn! [2al h|! .hdD tbat
r(tE) = e iio.. !|ot r4.rrttt 14,1y thrt

.(a(bo)) -..nd (.(bc)) . - 6.

co||rlddt lor ln.t re, th. lo1L4lDE .xl!!I. of .n
trf,-.nlgr@p rhlch aatl.!l.. t!. htpotlol. o! tb.
th.do.by xlttr i|rd ru..ruitln ldt c!tc! 1r rct.

Lt G - (!,b,c,ar) .r|ll ! binaly oFrrtlon (.)
b. .l6iin.d ,.n c .r loUdt.

d

rA-qolgloup rtth l.tt ldl.ntlty .
aterdt o! c stl.ly tha lett



tnv€ltlv. Ia, abd ax - a for .11 x In G. uoreover,

!11 th€ .leDents of c aatisty the identtty
a{a(bc)) =e and (.(bc)) a=6

Thus, for €ach x I! c, th.r. exlst y and z tn c

6uch that x(yz) - a = (t2)y. But (c,.) L not.

Eroup, It lE not ev€n r .€!l,g!oup b€cause ve finil
at I.aBt tvo eld6nts b.nd c tn c 6uch tttat (bb)c

Mu6htaq and Yu6ul in [201 have defln€d .n

LA-s€nlgioup defined by ! coDutative inv6!5€

..rig!oup. I€t (G,.) be . c@utatlve lnvela.
sallgroup. Define. btn.ly oD€latton * in G a.

arb - b.a_t, ro! evely a,b tn c.

Th.y hav€ ploved that (c,j) 1r .r ,.a-eenisloup .nd

r€f€u6d to this aE !n llA-seDlqroup defined by a

cohhutatlvg invers€ E€nigroup'. ID [20], the

authors have deEclitEal the Etnctur6 o!

Ir-...I9roup5 d€fi.cd by coeutatlre tnv.!..
aelj,groupa, by @ab3 .or l,A-rdi9roup6 defined by

colrutative sroups and c.rtain hononolphishs

betv..n tieh. speclticarry, th.y have .hoon that Lf

a conftutBtlve lnverBe 66Flgroup 6 ls a senilattice



of the inverse s6.i9roup G th6n th6 LA-sefiigroup

d€fined by G 1s also a s.rilattice of

IA-s6rlgroups. converEely th€y have shom that
glv.n a senilattic€ ol L -.€rlgroups and a f..ily
ol honmolphlshs {itb c€rtain prop€lties, 6n

LA-s€nigroup cln b€ d6fin€tl vhlch is a union of th6

glven LA-seni9roups.

tllstttaq [22], h.E shown tha! conversely,

plovtded that a nede.E.ry.nd auffl.lant co.dttlo.
i5 6atl5fied by an LA-ser!9ro!p, lt c6n induc€ a.
'Abelian qloup satisfyi.nq the condltion a.b - bra-!

for .ll a,b in c. He also ob..rved .oie additional

charactelstic of such ln-aeligroups. specificauy,
the author proved tbat In {G,.), rhe fotrortnq
conditions are equival.nt:
(r) a = (cc.ab)b for !11 a,b,c ln c,
(rr) there ext6t. an Ab€llan sroup (G,r) such that
a.b = b*a-r fo! atl !,b ln c!
(ili) {c,.) is clnee1lltlon wlth tert idebtlty €

.nd a'- e for alf a ln G,

{iv) (c..) bas a r€rt !d..t!ty e ana a2 = e lor

The notion ot ! l€lr(rlghr) rranelative



sapplng (which i3 c!1l€d a l.lt(rigt't) translailon

in semigloup theoly) i. natural and v€ry u6eful. It
is vell-kno{. t5l that each €l€h€nt of a sdntgroup

lnduces a lelt and rlght tlanslatlon. These

translation3 play an lnportant !o1er lor exahple,

l. the theory of 1d€.1 €xt€nalont. A EyEten or

nappings ru: x 
- 

Tu(x) of a non-ehpty set c into

lcself, ehere u rangd over elehenls of a set o, is
cafled conrutabl. if TuTv{x) - TvTu{x) h6rd. for

afl u,v in u anit x ln G. a €y6t€h o! lappingg

ru:x .+ Tu(x) 1s tlansltiv. tl Tu(x) = c ror all r
in G, rhere the set ot €l€r6nts Tu(x) aor alr D in

u is denoted by t!(x), A systen of happings

T: x 
- 

Tu(r) of G Into ltself i3 calted riqht
tianslatlve, fett tlanElatlve or tranElalive

(xY) - xru(Y)/ ru(xY) - Iu(x)Y o!

- tu(x)Y holds for €vsry x,Y ln G

In t251,

happinqs on LA-senj,group6, and besldes other

thinqs, he has shorn that If there i6 a tlansitive
syst€n of rranslaclve ndppings on an LA-seniqroup

wlth left identlty then the structure ls

l{u6htaq has defined translatlv€



neceEsarlly a coihutativ€ E€htEloup wlth ldentity.
It has been 6boen .x.o that . bEppinq ru of a

rranslative syEren of napp1n93 over an 1A-Eehjgroup

G is injeclive if the rlght cancellatlve Iav holds

uith lespect to 6v6ry €l€nent of Tu(c), Alsor every

tlansitiv6 syst.n of t!ah6lltlv€ napplngE ov€r a

nultiplicative LA-sentqroup c vith Ieft identity
has the forh x ..- Tu(x) =

Abelian gloup op€ratio^ on

bapping of u onto c.

+ o(x), ehere + is an

and€:u+ci6a

l{usht.q and x.Dr.n [251 have shorn that a

rn-.€!rg!ouP lr . coDrutatlve

senisroup if a(bc) - (cb). fo! .ll a.b.c tn G.

!u!the!, it has ba6n .horn th.t c, rith left
identity, is a cohut.tlv. rorold if and only 1f
(ab)c " b(ca) !o! all .,b,c tn c.

He,itt and zuk.h6n [11], surv€yed the fj,eld
of ler.ary opelat1on6 rhd .erlgroupE giving rige to
th€h, In I131, Iqbal has 9€n€!al12ed thal! !6sults
to invertlv6 opEr.tlons ahd Btudled the

LA-seniqroupE conn.ct.d ulth theh. Apart fron
s€veral intereating re6ulta, th. n.ln r.sult h€ has

proved is tbat an LA-Eanlgloup iE lEonorpbic to the



dilect ploduct of a grouF all ol rho.. €I€h€nta a!€

o? orde! &o and | 8€hlgrouF und6! a sp€cial biDary

analogous to vaqn€r-!!6.toD RepleBentatlon

Trleoreh [5], Iqbar tn [13] ha. prov6d that 6v6!y

inverse 1a-66i19!oup ha. I f.lthlul1 r.Dr.s€ntation
Ll-6.nlgloup o! p.rt.iar on6-o.€

nappings. Iqbal ha6 llso shorn th.t the given

partl.l orderinq relatlon
idebpotent-separattng congru.nc€ on

h [13], a t.rn&y op€lation on an

IA-senlgroup ua6 introduc.il anal tho .utho!
generalized th6 i.aulta o! i€rltt .nit Zute!@n

t111. soDe $efur prop€rtl.. or !hl6 atlucrur€,e!e
studied and a !6l.tlon.htp r.6 66t.bttshed bet{e6n

tA-senigloups (s..) .nd (sro). dellDeat on th. Eare

th8t x.(Y.z) = xo(Yor) fo! lll x,y,2 in
s. If in {s,.) and (s,o). ,.(y.z) - xo(yoz) rben re
say that (s,.) and (s,o) ar. tn r6l.tlon R wiih

Iqbal [r3l h.s sho,n thlt tt (sr.) ..d
(s,o) fe lelated by R rh.n (s,.) ind (s/o) are

lsohorphic und6! c€rt.ln .ondltlong.



T!an61atlon. and tlan€fornatlon. play a vital
rol€ in the th.oly or G€hlgroup., In (141 Kanran

has shovn that under certaln condltlonE th6 6et of

I€ft t'ransl,!!1ons on r I.ft alho.! Eenlqloup fons
a left arnogt E€higroup. A parallel result to

cayley'3 th€ot€b for th6 6€t of 1€ft tlanslattois
defined on a l6ft alhoat s€nlgroup h!. bee. prov€d

in I141. h I14l, th€ conc€pts or 2€roids and

ldenpotde ln reft .laoa! a.nlgroupa !!€ dtscuE66d

in d€tail, and 3or. inteG.ting !€3ults have b6€n

xEhtaq [2al bas Proved that il. an

lA-senigroup contalns the left c.ncellative
IA-6ut'seit9roup such th.t th€ LA-gube€trtgroup ig
contained in the centle of th6 LA-seligroup then it
can be ehb6dd6d ln a colNt.tiv€ honoid rhos€

cancellative elei.nt6 forn .n ab.llan gfoup and the

identity slEheht of thiE gloup coircLd€s rlth the

identity elesent of th6 connutatlve honotd.

In tr5l, tt haB al.o been proved by xarin and

Nas€erudtn that ln ab LA-s€hlgroup c the

(1.3) b(ac) - (ab)c

11



(1.4) b(ca) - (.b)c

a!6 €qulval€nt fo! all .,b,c ln G.

In o!d€! to d€fln€...oci.tlv€ porela 1n an

rrA-s6nlgroup G v. tlpoi. th6 conalltlon (t) on G and

cau (r.3) or (1.a) a s.!k a6.oct.ttve las. Notlce

that if a - b - c tn (1.3) tb€r .n lA-s€nlgroup

with !h€ r€ak a$oclatlv€ l.r b.coEs a loc611y

associatlv. IA-sdlgroup, urat t6. an lA-E€Digloup

rtth the condltton (..). r a(..) lor All . ln G. In

tle1! x$htaq and luEua h.v. al.ltn.d . loc.Uy
as6ociative rA-aerlgrolp G and h!v. d.tined o. !t a

r€ratlon p on c as lolld.l
a p b If lnd onty I! .bn - bi'r .n<l ba" -

a"' ror 3d6 po5itlv€ tnteg.r n.

Tb€y have .h4n th.r if c 1. a locauy
asaociatlv€ LA-36!19!oup rlth l€lt ld€ntity, tb€n p

i3 a consruenc€ on c .nd G/p f. th6 blxlb.l
Eepalatj,ae hotrorolphlc li.ge o! G. (ie!6r !o llsl
fo! d€taiI3) and henc€ .ll th. r.rult. contain.d ln
t32l .re true lor thl. .tructur..

In [34), Tanu!...d Noldh.I blv€ c.I],.il the
seDigroup Eatl6lylng th. lat€ntlty (ry)' - x'y'
(i : 2l as 6xpon€nti.I n-.ub..nl9roup.



rt 16 lhportant to notB lh.t .D ra-seDtgroup

G eitb reak associativ. propcrty (r.3) or {1.4) i3
exponenti.l. one can !e!.! to [19) .nd t25] for
hore details about thl6 prop.rty.

In I191, it haE been 6horn that locally

assoclarive IA-sehlgloups ar. €xpon€ntla}. Several

6tru.luial th€oien3 a:6 provsd 1n thi€ pap€r.

the folloelng r6sult3 ar€.ee€ntial for ou!

rub.equent uolk ana !r€ r.!€!!€d to trequently.

Tnese results ar€ piov€d ln (rsl and [21]. .nd h€!€

ee state ttlese result6 xlthout ploofs.

T'IEOREN 1.4

rn an ra-seblEroup th. l.tt id€ntiy is uniqu6,

In an LA-s.btEroup th€ rlght id.ntity becoue6

a tvo slded identj.ty.

vre hay ienttoh h.r. that tha

above tbeoleb is not nec€56ailry true. Tiat iEr tbe

l€ft ldentity does not becone the rlght id€ntlty.

I]



a. ! con66qu.no. o! th! .bov. ttr.or.D l|6 nrv.

rh. lollortng lhtortafi! !..urt

tdroREl 1.6

an lA-r.rlgrdP rtth llght lil.tlEttv l. .
c@utltlv6 lonold.

l||aolfl t.7

h an ra-..lgrqP G rlth l.tt ld.ntItv,
.(bc) - b(.c) td au !,b,a ln c.

tddnDt 1.4

rn u-.ntllfduD rl,th 1.!t ld.nttty .nil llgbt
LiE!!€. br. te .lit .l Inrlto,

r groupold (G,;l 1. c.Ir.d I l.lt !!F t
gEdP, .!bnvt!t d.. IA{rouD, tlr
(i) (c,.t t. r r.lt .l!o.t .dlgEouP,

(i1) ..a - a lor All . . d, lnil .

(111) !.!-.lo!alt A.c.

1a



dlrrttr l,t

tn

.tra (.)

llr.n G t. D ra{ftuD etth l.tt t r.ftlty !,
.v.4' .l.r.nt o! O h|! ! l.tt llrrur 8d
.lontr ..tI.!t th. l.tt lnYEllv. t.v.

ttcotlt 1.10

rn Lr-lFdp ri.th rtghi !.aldtlty

lmoiEr 1. 11

a L.lt q|ru.ttv. rt-.rlglouD I.
cenc.u.tlv. t/r-dtgdp.

bl rlrbo

15



tn !n r,A-..nlE!oup c ,Ith l€rt td.nttty, ab -
cd tnptleE that b. - dc for .I1 a,b,c,al ln c.

ltlaonEl'| Lr2

rrEotEt 1.14

A flnit€ lA-a.rlgrolp 13 a group Frovtd.d

a(bc) - (cb)a for .ll a,b,c 1n c.

lt (o,.) 1r. coMut.tlv. g!ou! th€n (c,*) 1.

an l,A-senlqloup unil€! *. vh€!€ . 15 d€lln.al by:

a*b -.':b = b-:. tor ev6ry.,b in c. .nd by a-r t.
rean th. tnvels6 0l a.

A subset containing all the ldenpolent

elerent. ol an L -4n19r6up vlth left ldontlty € 13

a cohhutative slb3€bfgloup rlth . as it. identity.
Due t6 th6or.b 2.6, corollaly 2.2 [2r], re



hav. t!. lo1lor1llg u..tul Ff,rlt .

tgtotEa t.la

t8lorDa t.la

ln I rlElt o|no.U!tlv! tr{olgldp G .v.e'
llglrt ltldtlty ol .D lcolotot .lot l. lt.
ld.ntlty.

rn thero i.10, 3.11, t.12, (?11 th6
rolldlDg r.clt !rv. !..n Fov.d-

lndEa 1.1?

M .n ll-.dlgrdp c, * - b h!. ! ulqu.
elutld loE.v.!y.,b lD c, th.n.tc - lt h!! !!..o !
|rnlqu. .olut16 lG .vcy o,d ln o.

Il ln $ rA-.o!grst' c rlth !.lt ld.Dtlty .
yc r d h!.. untqu. !otut16 lor.v.rl' c,il ln c,
th.|| .x r b h.. lrlo . u1!lu6 .olutt on lot .]Gy
r,b ln c.

t7



It in an l,A-setrlqroup c, ax r b ha. a unique

sorution tor every a,b ln c, then c is a

cohnutatlve qroup.

Th€ folloctnq exarpl€ 6hor3 the existence of
!b LA-6.htqioqp {lth Fore th.n one Ldehpotenc.

{.,b,c) 6hd lhe binlry oper.tion (.)

Th€n c 16 an ta-s€rtgroup ,ith nole than one

Id€npot6n!. Ah rA-sentgloup rlth IElr td€ntity can

have id.lpotenta oth€! than rh. td€ntity.

L.t c = (.,f,.,b,c) and the btnary operatton
(.) be d.ftn€d as foIlors,



?h.n c 1a .D r,A-..!19!oup ehlch bac . as th6 left
ldentity and f aE rh ldefipot6nt.

not. that €f r f6 = ! 1npri6 thlt f : 6.

In (13!, th. forloulng r4utt6 have tf,.n prov€d.

I

an ra-6€!ig!oup rith t.tt id€,rtty e contllns
no ldengot€nt such th.t € r a.

Tl|EonE{ 1.23

A subget conrairlnE arl rh. idenporent
el.bents o! an ur-.€nigloup vlth 16ft tdenrity c,
It a connutattv. gubsebtgloup ,tth e a3 rts

I9



Let 6 - ta,b,c) and a blnary oparatio^ (.) be

d€fin€d iD c aE fotlors.

xushtaq anat Yu6uf lrst have

lolloving !e6ult3 ln this cohn€crion.

Every tocally lEsocrative ra-..!.iqroup *t;h
left id€htlty has aB6ocia!1v. por€lE.

In I19]. xu3btaq lnd yusuf h.ve deftn€d a

r6lacion p (r€fer to lDgG 12) on a tocarly

Then (c,.) ts a Iocalty aasociative rA-seDlgroup.

fh. abov. cxanpl€.hor3 thAt we c.n boe d.fine
.asociatlw pouglg In cr aE re do In sarisroups. so

in orde. to defiDe ..s@iatlv. pd.rs. in a loca1ly
aB€octatlv€ r,a-s€Dlgroup {6 ibtloduce !h€ lefr



aEaociltiv€ LA-6eni9loup G {lth l€ft ld6ntity.
Late! rn t19l It ha6 b.en 9loved that th€

rel.tton p l. a congruenc€ relation on a loc.tly
asEoclatlv6 In-EeDlgloup vfth left identity.

l rel.tlon r on . I@atly a*oclative
I"q-B€htgroup C rlth left Id€ntity e 16 6epalative

ab o az anit !b r bt 1np11€6 i o b.
rt fa6 algo prov€d in tlel th.t ure !.ratton

rn r2ol. Mushtaq abd yuslf hav. shorn th.t'tf
an L^-Eebigroup i6 d.lined by a coeutative j,nver6e

seblgloup lconnutatlv. qroup], tb€n by at€fining !
binary relatlon i. th6 LA-s6ltqroup,
the coMut.tlve thv€rs€ s€Diqroup tco@utat1v6

Ih ch.ptor 2, v. hav6 d.scrib.d the dtlucrur€
of Ul-seolgloups by heans of rA-sofiiqroups and

celt.tn holoholphts.s betra.n th6.. Sp€cillcally,
thar a. u-EentEroup c t6 a

senilattice of lA-serlgroups. conv€lseiy,€ nav€
shoh that slvon a s.htlattlc€ of Lr-Eenigloup. an.t
a flnlly ol hohonolphl.ls, ,ltb celr.In prop.rEres,



.n In-aeligroup can b atefln€il rhtch ts . uhion of
the glv€n LA-..hiqroup.,

In ch.gtar 3 e. hawe .xte.at.d tho !€autts by

Tanura and xlnura trrl that any coDruratlv.
senigroup G is untquely explesslbl€ as a

Eenllattice ol arctrlnedean sdigroups, vre hav.
genelallzed alEo th€ !..qlt6 of H€wtft 6nd

zlikelmn I11l th.r rbe fotl4tnE ale nutually
equival.nt: (t) c is ..parative (tt) the
archir.dean corponent6 of c a!€ ca^celrativ€ (i11)
G can be ehbedd€d th a union of qloupE.

Te hav. ahoun ln cbapt.! 3, tb.t any rocally
a6soctltive In-senlgloup c vith I.!t id€ntity 1s

uniqu.ly exprosslbt. as a geDilattlce of
archin.d.ar conponent.. Ar.o tt has been shoon thrt
G i3..paratlv6 il .:l only if tbe.ichibeil6.n
conpon€nrs o! G a!€ canqollativ€ and c can b€

.rbe<ld.d in a lnion ot rJA-Elolps if and only 1f lt

In chapter i!, an rr-s€rigroup c, rhich ha6 a
reft r€gula! band of ta-qloups as !n r,A_senigloup
of lelt quotl€nts/ bas b66n 6ho{n

LA-senlgroup ehich ts a l€ft regular ban<t of riEht



altern6tiv6 charactelj.zation has been pfovided by

unique spin.d ploducts. Thase r€sulls hlv€ b€en

appll€d to the cas€ vhele s is sup€! abundant and

vhere the set of ideDpoteDts f6!hs a left nonat



CHAPTER TWO

STMILATTICf, SIRL'CTLNE OF LA.STMICROI.FS

(ri) 6 ts both rett .nd rigbt regular,
(111) €very l€tt and ev€ry right Ideal ot c

8-class ol G ia . qroDp.

condltions. hor.ver. 6hed no tj,ght on

6tructu!€ of G, lnd tn altlcI. 4.2 tsl,

To conElaler th€ decohposition of aeDigloups
rnto 9ro!p3. rE ne6<t to lecatt fror I5t, the
follovlhg th€oren. It giv€. ! nuhb.! of conditj.on.
on c, .ach o! ,hicb 1! equivar€nt to tbe aEselt1on
that c i6 a unlon of g!oup6.

The follosilg conditloE are .quivalent:
(i) G ts a unlon ot disjoiht sroup6,



piovlde sDall lllulnatlon ln thi6 dlrectlon.
Il is u€1,1 tnovn th.t a codutativ€ inv€rB€

r.rlgroup c 1. a unton of Eloups. Du6 to t5l, ia I
set of .11 id€npotenrE of a comutatlv€

rnver3e sehlgroup c. then c = u c- *her€ €ach c ls

the group rith td6httry eleGnt ahd c,cr s c!..
doleov€f, e. f lipries that c.. c.. Being a

cohutative b.nd. E ls a r€nit.ttlce. L.t 1 b€ a
seDilattlc€ Lsonorphlc to E. Then e( I ep ln y lf
and only il c . p in Y, rl€ vrite Gq fo! c.d; tltus

cccp r Gdp. The €I€D€nts of Gd rlll be denoted by

slnc€ by th€ R6.s th6orer t5l, rh€ slrucrure
of a conpletely slhple seiiqloup is xnoun, a

s€riqroup whlch lE a unlon of sroups iE a

s€nilattice Y of 3eblsroup! cd(d . y) of a hosn
.tlucture. €v€n if r. r€g.!d rh. Etructule o! a

3€Dilattic€ as knoin, He etill ito not knd the
rtructule of c. ro! atrhouEh,€ knov th.t ed6B E

Gdp, re de not in a posttton to 6ay just hov the
product adbF (ad < cd, b6 . cp) ltee in cdp, vr,ere
d. F. thir l. in g.nelal a conplicared probl.n.
But 1f ue hake th€ furrhe! asglnption lhat the

25



idenpotent €len€nts of G

then we can deteinine the

t 51, that c

dealing tith
are the union of groqps,

coMut€ vith each othe!

stlucture. we observe by

i6 an inve!6e €etrigroup.

lnverse genlgroupd vhlch

aefore re prove th€ resulrE concelnihg

LA-3€niqioups, we d€ttne the fottoring tern..
An erenent a of.an LA-s€nlgroup c is carr€d

lequlai if (ay)a - a for sdh6 x in c. an

I]A-serigroup G is called lefr reguta! if, for any

erenenr a 1n Gr the!€ exisrs x in c such rhar x(aa)

- a. sln ally, an iA-serlgroup c i6 ca1f.d riqnt
regular 1f for any gtenent a .in c, th6re €x15t6 x
tn G such that (a.)x = a. An r,A-Eeriqroup c iF
called regular tf 6v€!y eleh€Dr of c 13 r€gula!_

In t20), r{ushraq and yu6uf h.ve descltbed rhe
strucrure of r,a-seniqroups at€ftned by cohhutarive
lnveige sehtsrotrps, by man6 o! LA-senlgtoups
defin6d by coMutative groupr a.d certain
hononolpbih3 betveen then. Speciflcarryr lt hag

been shoen that if a comut6tive irvorse 3enigroup
c is 5 senlr.rtice ot th€ Invef6€ Eenigloup6 cd

then the LA-sebigtoup daftneat by c is arso a



sgril.ttice or lA-3erigroups. conversely, it h.s
also beeb 3houn tnat qlven a sehilattice o!
h-senigroups 6nd a fanily of hononorphishs, rith
cerrarn propeltt€s, an LA-66hi9!oup can b€ defined

uhich i6 the union of lhe given tA-sehiqroupE. r! c

lE an L -sellgroup and E denotes a set of alt
idenpotent contained tn c, then re catl E to ba a

band. (It is ihportant to point out here that E,

be1n9.3ub.et of c 16 an LA-EubEenlgroup of c and

is not associativ€ aE in the ca3€ of a band i,n

senigroup6) Th€ hain objective of this chapter IE

to reftne thes6 lesults and desclib€ th€ slruclure
of LA-senigroups by heans of LA-Eeniqloups .nd
certain hoDoDorphiEls betveen th€n. Spectf tcallyl
ve shrll shor rnat an Lq-s€nigroup c iE a

aehirattice of ra-Eeblgroup.. conv.lselyr ,e sb.tl
shov that qiven a s.nllattlc€ of LA-senigloups and

a fahlly of hoionolphisEs, vith celtatn p!ope!tte3,
an lA-s€nigioup can be deflned Hhlch is a union of
the given In-Fehiqloups.

It is inportant to note that an LA_eenigroup

a !!ghr ldentity because .n
IA-sebigroup sft! a righr i.tertiry bocones a



contrutatlvc a6hiq.oup vith tvo sid6d identlty. A

horcFfFhl.r b€tr.€n llo ra-a€Digroup. i. at.ftn.d
in tho sah6 ,ay !. a horoholphl.n b€Ey..n Evo

6ei1qroup3. Tha! 1E a rappi.q f tlob .n
LA-66bi9roup (c,.) to an lA-seligroup {C,}) ig
call.d a hobohorphl.n !f (a.blf - (.)fr(b)f, fo!

r{ith ths nocessary inlornation and

t6hlnol.9y tn hand, 16 can nd F ov6 tbe follouing

TIIEOREI{ 2.I

t€t rD IA-6.!Ig!oup c b. a !.nllartlc6 y of
LA-6€!19!oup. Gd, d . y vhenc. €ach cc has a uniqu€
iderpotent €c for c tn y. ta c . F, tne ,.pprng
oq,F derin.d by aacq,F - 6!ad/ ac € cd ls a

holololphi€e of Gd lnto cd.
rf 4. F: r th.n to,F Cp," - Cc,r. Iror.ove!,

tdld 16 th. ldentity happirg oa cd.
If ac € cd ed bp . cF, rhen dbB _

<a40d,i) lbllp,z) wh.nce 7 - dp.



Flfst hot€ that td,p !ap. cd into c8 b.c.us€

d,p lElns laldpotqt. coMut..nd.o 0o,p. "p"o.
cp c! c GFd - cdB < cp.

Gd, then (.dbd) td.p = eF(adbc) -
(e8ep) (a4ba) = (€Fac) {eFbd) = (adrd,F) (baod,B).

Thu. td.F is . hoororphis! lroi cd ro cF. rf c : p

: r, rh€n fo! .ny ad In cd, Gdtd,F)OB, -

.7ad, aa ., tu the left 1d€ntity of cz

cr. thu. (ad Qd,F)46,1 - ad{a,z and

oo,Aep,z - ln,z. As ldad,d . edad = .d, the!€foie
td,d t. tn. ldentity iap of 6d.

In ah r,A-€ellEloup tlt. ploduct of td€llotertc
13 an iderpotent, * .r% - (€dad) (6pb!) =
(ca€p) (aabp) " .7(adbp) = (e7e7) (adbF)

(.r.d) (ezbp) - (ad ed,rt lbleg,lt.

T-ltEoiEu 2.2

- €7(eFac) - (erer) le8ac)-{eze8) (e?aa) -

Let Y be a 6enll.tttc6. .nd to €.ch et.h€nt d
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of Y .ssign an B-senigroup cd vith left i<lentity
€d anit no other ld€hpoteit ruch that Cd anat cp are

disjoint if c : B In y. To each pa1! of €Idert.
d,6 ol Y such that d > F, !Es19n a honoDorphiih

6s,B ot cd tnto Gp such th.t if d > F > z th6n

e",S0A,t - lo,r. b, Qo,o b€ the ld6ntity
€pi-norphisb of c

LA-senigroups cd,

. Let G be th6 union of att
c Y and deftne the product of

any tro eleb.ntg adrbp of 6 (ad c cd and bp € cp)

by ad.bp = (ad od,ftlbl e|,dt ,hcr€ 7 = dp in y.

Then c ls an lA-senigroup whtch iE a senltatlice y

of lA-3€Digloupa cdt d c Y.

The conve-s€ .tater.nt h.s .lre.aty b6€n

establlEh€d in th6o!€r 2.1. st"". "d to,d8 . cdp

ahd b€rp,aF c cdF, th6iefo!. (ad Od,ad tb| Op.dp)

Noe (adbp) c? - Itad ed,d) tbl r|,d|t tcl
= {(!c {d,da) 

'oe,np, 
(tu l1,c1loop,optl c' o1,ou..

- rtad |d,d,r)(bp 06,ap')) G, gr,nprl
- I(ct St,dlrl(bB (a,si..tl(ad ta,dFz) an.r (crbB).d



At,tp )( bF op,rp) ) ad

I(.7 07,781 6z,aprlbpap,rl o"9,opr\ (^o oo,ourl
r(1 ai,dart(bB 0g,d11l, l.o{n,or) iDplieE thar

dbp)c7 = (c7bp) ad.

uoreover, ed.p -
eaB€cA - ecp and 6c.p - €dF - "po - .8.n. r.""" c

1s an lA-sellqloup elth comuting ltt€rpot€nrE .ntt
is a lnlon of LA-s€hiqloups, 6ach baving a 16!!

no, e. shall prov€ the la3t theore[ rhlch
tteE€rlbes ttre Btluctule of an r,a-E€hlgfoup deflncd
by a coMut.tlve inv€!6€ saltqrdp,

(ed {d,dF) (€p tp,dF) .

r,A-seni9roup. c.. rh.r€ c. 1. the r,A-Eesiqloup ulth
left ldentlty E ir a couutatrv.
sub-€ehtgroup of th€ LA-sebiEroup.

sinc. th6 i.letrPoreht.s ot an

LA-.erlgroup c 16 a unlon. uc, o!

I"A-EeDigroup vith



l.!t lil6ntlty c@[ut , lt hpu€. tnat C.G. E G..

r!c...nd l, b.lig lelt liLntltl.. b c. dld c,

!..Poc!iv.ry, an th. lddpotent.. n!i8 hpli€.
thrt ai 1. !n Il-tdtgrouD . ,hlch l. a trnlon o!
Ir-.olgroupi G.. !lora4c, a t. @ut.tth
.ub..D1g!oop of th. !A-.dltrd9 by th. r..urt

-ntlo€ar h th6 b.gln tiq ol tht. ohlPtd.

3t



CHAPTER T}IRII

OEC0t\,/PO6lTl0! 0F A LoCALLY ASSoCIATIVE LA-SEMICROJP

ID [33], T.Dula antl Xlbura ploveil that lny

coDut.tlve s€.Igroui, c is unlquely €xpr€rsibl€ .3

a EeDlllttide ol !!chined..n 6eni9rouP., Later ln

Ilrl, 8€tr1tt an6 zuck€tran pfov.tt that th€

tollorlng @nditloB ale ruturlly equlvllent:
(i) c te ..p.E!tlve, (lr) th. uchi!.d..n
coipon.nte o! G ar. canc.lt.t1ve, (ttl) G c.n b6

db€dd.d In a unlon of srouDa. In thir ch.ptet. re
hav. .xtend€d thsi! r€aults b r rocally
associ.ltve lA-a.hlgroup C {hlch, aB {. kn@, i.
not .n assoctatlv€ stlucturo.

localty agsoctatlv€



IA-€dtgrdD <to.. rt !|g.|!tly haE

ttlxPlt 3.1

tor .,.arpl€.

ll-EalglldP o - (!,

!(.(!r) )

lD . loc.uy r@latlv.
b, c), dltlmd try th. t&L!

fottovlng flr.o!6E.

..s@bttr IA-.dgE4D c vlt!
h8 as.ocl.!lv. pd.r5.

t ttotEt !.2

ror .ny .ld.nt I ln o

3a



= ara, sh€!€ n is a positive inteqer. The identity
aa" = a"' ls tlue for n - r and 2 by (21. so

assune that the identity holds for sone n > 2. Then

by rheolen 1.7 ve hava aa"r - !(aia) = ar(.a) -
(aao-r)(!.). But because s i! ned1al, (aar'r)(a!) -
(aa) (a"''a). rhus aa"'r = (aa) (a'-ra) = (aa)ai =

(aia)a by the left inv€ltlva lar. Eence by

inductlon lt follors ttrat aa' - a"r.
Nov {€ Ehall shou that fo! all a ln c and !o!

all posltlve thtegels b, n

(3.1)

Accordinq to .a" - a"", the !4ult is tlue lo! ! =

1. suppos€ that (3.1) ho1d3 lor .one n>l alao. rh€n

by th€ I€rt lnv€rtive law and (3.1), ,e bave a"rat

= (a"a)a^ - (.'a)a" = a-r .i - (aai)ao = (a'an)a =

Hence, the i€6uIt (3.1) ror10,6 by

induction. Thus, the 3ub-6tructule generat€d by a

Du€ to 1191, if G iE . locally assoclatlv€

lA-serlgroup with 16ft id€ntlty €, then fo!.ll a

in c and fo! all poEitive lnt.9.r6 n,n

(3.r) (o')'= "-
It ls lnportant to nentton that in t rel ir



has b6.n .horD alao th.t
(3.3) (!bl" = a! b' !o!.11 a,b 1n G.nd all
pogtttv. lnt.g.fE n.

1rr. !..ult lE tlu€ fof n-r, 1.t n - 2. rhen (ab)'-
(ab)(.b). (aabz), l'y (r.2). Thur tha result 1.

tlue lor n - 2, suppos€ tlr. r.ault i3 t!u6 lor
n - L, tblt is (ab)t - .rbr. th€n (ab)"r -
(ab)r(ab) . (aia) (brb) by {1.2). rt$ (ab)r'r -
a*"bt". ttenc" by lnaluctlonr th. regult 13 tru.
fo! .rI to.!tiv6 1nt6s.!..

B€foi€ ,e prove tha n.xt !.ru1t, re conald*

an ex.lpl€ rhtch shds that tb.r. €x&tg a rc.lly
assoclatlv. ra-66ignoup ,lth lef! lddtlty thlt la

EXMPLE 3.3

lo! !n6tanc€, if c

oper.tlon (.) 1€ defineal

- t.,b,c,d) and th€ blnary
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lA-sdlgroup vith left

Ilcisal@ally
,ith lelt tdentity a then

cohhuC.ttve subs€nigloup

tro!.6v.!. ro! any a tn 6

.6soclative L!A-senigroup

ll-{a.G:ae=a}i3a

ol c {ith identiiy e.

lnd po.ltlv. lntcs€r h:

!.t. x,y b6long lo H, Th.n x€ - x, ye - y aNt

51hc€ G iE nediar, (xy)6 - (xy) (..) = (xe)(ye) -
xy. A160 xy = (x€)y r (y.)x - yx by viltue of
(I.r). Na. 1et x,y,z b€ tn tr. trr€n x€

b.cru36 of (1.2)t re h.v. x(y.) ! (ae) (yz) =

(xy) (.2) - (xy)z. Ihu6 lt I. i cdutative E{isroup

I*t a belonq to G and n.2, It lollows tlon

t1



(1,1) lnll th€ lact aa'* a^'t th.t !'e -(a"-1.) €.
(ca)a'_' -.atr_r = ar. rhle.howr that a^ iE in H,

In thooren 5 [19] nu€htlq and rusuf hav6

plovad th€ follouing r.sult.

l€t c b€ a l@ally !66oclartv6 LA-sAbiEroup

,ith l.tt ldentity. Ir th6r. €xlsts po6itlv6

i!teg.r. ! lhd n such th.t .b' . b"! and b.' -

LDOtt 3.5

Fo! th.6r\€ of d€ltnltlonr a!6u!e that h<.1

th.n v. o.n trulrlply abr - b"1 by b''" to obeain

b'-1arrl = 6-r"t
- b-', by (3.1)

lbpry b"-(abl - bflt

lnply a(b"-'b') - b"", by rhaord r.?
nenc6 by (r) ab' = b"', Thu6 ab' - b"'r thpty
ab' = b"'r. sl,nce la' = a"!, trave apb,

ta



LDflT 3.6

lrn r.t6tto p oD .ny locllly .66@iatlE
ta-.dtgroup c vitb Lit ldstlty l. r @rqru€tr
a.l.tlo.

!vlii.!t1y p l. r.!1.,.1v. .trd .lruetric. !o!
tr.n.lti.vltt re Dy proc..d .. toUd.. Lt apb .nd
bpc.o that thde dllt Do.tttv. tntagsE n aid r
.uch thlt !b' - b'r. b.r . a-t nna td - dr,

Lt k = (r'+1) (r'1)-1, t!!t 1., k {(l+1) + r.
rtt|an by (r.1), (l.r) lnd {3.3),
!loidt'o') = a((d"!)"o5 - ar(bc')"c')

d.no, lct - .{(Cf,lbr}, !y C.flt{rion o! D
IA-olgroup- fts lrr (3.r) .rd th.or.r 1.7,

'cr = a(Cr'!'b')

= o.""(.D1
- cbrrbF! . (.d..do I ba

- (bDrc'iDr')'
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Tbu6 , .c' - (€-'_) .
- :_*' - c"1' br (3'1) lnd

!e!.rk 2 ln 1191. Theiefore, .cr - cr'r.

slnllllly, it can b. provrit that car - .r'r,
thus shorlng that p is .^ €qu1va16nc6 rclati,on.

To rhd th.t p 16 cdp.t1bl6, assue that lo!
Eore po.i!iv. inteser n,.b" - b"'r and ln" - a"r.
I€t c b€long to G. Tller, by (3.3) and (1.2)

(!c) (bc)" = (ac) (bDci),

= (!br)ccr),

= bmlcil

= (bc)",,.

(ac) (bc)" = (bc)-'. (t)
siilrarry, (bc) (ac)' = (bc) (a'c^) = (bal (cci)

= (ba1(ch,,)

= tact..,.



rhl. Inplles that

Fror (i) and (ii) t. conclude that p ia

coDpatlble. Tbus p Is a congruerce rolation on G.

a congEuence p oh . grouPoia is calleat

separ.tlv€ lf a2 p ab .nit !b p b2 ilPU€s that

(bc) {ac)o = (!c)r{. tll)

a p b. rll€n (.'(.b))'z p (a'z{ab) ) (aab1p

Lt p and o be 6ep.r.t1v€ congrue.cea o! a

loc.lry associative lA-sellgrouP G sith left
id€ntity. If p^ (IlxH) <d^ (HxB), then p < t.

It folfors f!o! theor.b 3.r, (r.r) and (1.2),

("tut)t *r""9 to H .nd {a2(aL,) ) (a2b2) -
= jtutat = bjas belonq to H. The.

o (u'(ab) ) (a'zba)r(.:b')': and so az{ab)o



a2b2. srhce a2b2 p a' and by th€o!€n 1.4, .2b2,ar

is i. H, ue have azbz o !'. slnce, c l. neatlal,

"'b' = (ub)" ..a 
"o t"1" ' a'(al)a(at)'. rt'ua, ".

have aa a ab. Fln.tty a2 p b' and Agaj,n by th.o!6n

3.4, ,e have a",t" te tn $. th€n tr€ obtatn

azoatct2a^tt.oaob.
A gloupold 1! calil to be 6e!!!atlve if the

identity @p d€lln€d o! tt lE a s.paratlvE

A leally.aa@1ativ. u-.6i9roup c rith
left identity i3 a conutatlv€ serigloup vith
iitentity i! it i6 ..p!!!tlv.,

By vlrtu. ol th.orqn t.4, s6 r.ed only to
shov that c = H. l€t . b.long to s. Th.h 61nc. G i3
hedlal ie foltors lrotr th.o!.n 3.4, that (a€)r -
(ae)lae) - a?e - at, tror ty th. fact th6r c is
ncdlal .nd by theo!.n 3.2r v. hav6 ((6e)!): =
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ue define r !€lrtlo. t on G aa follorc. Let

a,b be ln G. Thcn v...y that . r b lf and ohly tf
each of the elenentE a and b dlvtd€s 6o!e pore! of

That is, a 1l b lf .nd only if b' = ax for
sone x and ai - by fo! Eone y rnd posttlv. lnt.gers

(ae)'?a2= a'za2 = (!':)'z lnd (.t)z = (aa':)(ea)

(a€) (a'za) - !'z((a€)a), by th.or.! r.? a.d since c

is Eeparativo (a")a - a". uorro".r, ve h.v€ (ae)z

(ae)a = a2 rhtch lipll.s that a ! a€, rthuE c = H,

Let c b€ a l@alry lssoclatlv. 
',t-seDlEroup,lth l€ft ld€ntlty. th.n th. !.l.tion il on c is the

least s€rilatttc€ congluence on c.

The relatioD ri 16 obvloqEly leflexive and

synnetric. To show trangitivity, l€t a rr b and

b n e, vh6r€ a, b, c !!€ ln c. TbeD b'la a.d a'/b



fo! 6oh. postttve int€q€la n.rat n. This inpllea
th6t !x - bo .nd by - ci tor ron. x and y. Then .-
= (cn)" - (by)" = b"y" by (3.2) .nd (3.3). so cm -
b'y" , (!x)y' E (yrx)a = (e(y\))a r (a(y'x))e. No*

e(a(y'x)) by (3.3). lrat is cn - r(r'x). rf nb - k

and /x - z th.n cr - !2. sl!il!!ly,bx, - .' .nit
cy' - b' inpll€E that ar' - cr,.

n.xt, I€t a, b,c b6lo^g 16 G and a ! b. Th.n

by (3.3) and (1.2), {bc)' . b"c' = (ax)cr -
(ax) (cctr) - (ac) (xc*r) and so (bc)' - (acry,

ehere y = xcrr. Ttu6.c 1bc, sl.Itairy tt ca. b.
shorn rhat ca 4 cb. thls plov€ that rt t3 .
congruence !.lation on c.

conqru€nc€ on G, first v6 Eho* th.t
(1.4) a 1 b irplies .b rr a.

Let a 1 b. tteD ax = b'anat by . a" fo! so!€ x

and y. so by (3.,{) and (r.2), (.b}r = a.b. - ..(6r)
= a(a'x). Ar6or by (3,3) and (r,2),aD = by ihptl€s
th.t ...4 = a.a. = {a!} (by) . (ab){ay). genc.

lr.xt !6 3h@ th!t,

Nou to shou th.t t 1.



(r.s) ab 1 bA for all .,b c G.

By (3.3), rheor.! 1.? and by (1.1), (ab)'?- azbz -
a21rr1 . u1q261 - b((b.).) - {ba)(b.) = (b.)2.

H6nc€ ab ! ba. Alro
(3.5) {ab)c r .(bc) for 611 a.b,c . G.

By th€ iodial Iar (.b)c = (cb) a r (bc). = (.c)b 1

b(ac) - a(bc) by tbedlen l.T rhar6fole 1 i3 a

senilrttice conqruence o. c,

Nd to 6h@ that rl i. th€ l€!3t aerilattic.
conglu.nce oo G v. need to .ho, that n lB contaln.d

in any other ld.hpotent p on c. L€t. ? b, th.n

there 6xiat poslllve int€q.lr ! and n and .tei6nt6

x and y ln c such that a: - b' and by - a". sinc€

apa2.nil bpb2, ,e infer th.t lxpb 6nd bypa. A160,

sincc upt2 ana p Is cdpatlblc, ee q€t bypb2y. fiou

bypa lnplies th.t (by)xr -.'nnd ayr - (by)', Thus

bra! - (ba)r = b' {{by)x,) - (b'_rb)((by)x!) !
(b-rb) ( (x,y)b)-(b_r (x,y) ) (bb)

1b2(xry)b-!) = x,(bzy))b-r by n€dl.l 1ar

tbeolen 1.7. so (ba)n = (xr(bzy))b-'

( (er,) (b'y) )b''r - (((b'zy)r,).)b-r
(b'-re) ((bzy)x,) - (b2y) ( (b-re)xj) by (1.r)
theor.s 1.?. Ir o6 I€t z . (b'"6)xr, th€n (ba)"



(bry)z lspri* that (b2y)p(ba). slntlairy It can be

.norn rha! (a2x)p(ax). 1rru3

.p{by)p(b2y)p(ba)p(att)p(.4)pb inplieE that

T'ttat i3 rr € p. lhu. ! is the feasl
Bobilattice conqluelce on G.

TltEoREu 3.10

Lt 6 be a ro611y a!.@tatlve l,A-serigroup

slth left identity. Th.n 6/r is a laxiDar
E€Dll.tttce hdoorphlc ir.g. of c.

Evldently a r .z for any a In c irpties thlt
6/1 1,. ld€npotent. N4 by th.or.r 2.1o tn t21l! c/1
l! codutarive and lt tott4a that c/I 1s !
serilattice. since b!' theorer 3,9, c/1| j,s rhe L€.Et
a.rtlattlce conglu€nc. on 6, lt foll43 floh
proPosition 1.7 tn [5] rh.t G/r ls rhe baxiMl
3.hlrattice hononorphi,c li.g. of c.



l{. Bay that G i. alchl[e<lean lf fo! any t{o
el€nen!6 of G, each divld€s 3on6 pore! of th.
oth.r. This tead6 ue to th€ lol,loring theorer.

TltEotlr 3.11

I4 616 a loc.lly !6soct.ttv€ IA-E€trigroup

ulth I€lt i<lehtity lhen c 1. unlquety expressible

aE . ..lllattic€ Y ol .rchls6d€an 1oc.Ily
as3oci.ttv6 LA-serisrouFs cd (d . y) virh rhe t.tr
ld€ntity. lhe sebllattlce y ls t.orcrphlc to tbe
raxlb.l ..rirattice hobo.orphtc iDge c/t.f c lnd
cd (d b.rong3 to y) ar€ tb€ €qulvaleDce claBa€s of

the equival€nc€ letation detin€d on

3.9. Tben by th.o!€h l.4r c/r t3 a

c ig honohorlhtc to c/it. c iE a

archlheil..n locally aEsociatlv6
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I!\-86!1g!ouPs vith lcat 1d6nt1tY v1I1 torlov 
'hoh

v. .bor that €ach .qutv.I.n.. c1... a on c lod 1) I.

.n .rchlredean locally 83@I.t1v. IA-3uba41qroup

(rlth left lddtity) or G. A lE a lodllv

...ociattve ra-sdlqEoup (tlth l.fl) Identltv of s

1s c16ar, r€t a,b . A, th.n . , b iDPli€s that

ax r b! and by = a' for son6 xry. s and 60n6

po.ltlv€ lnteqerE !.n. th.n !(bx) = b(ax) = bbo '
b"r and b(ay) - a(by) - ..D - aMr. r'hiE ihprt€6

that b"r/br, balr,. ll'rrt 1., (bx) ? b ana so br

€ a, stllldly. .y c a. llts b"'/a and s""/b

.r. !.l.tli€ to r, thenc. a t. lrch1redean.

to! untquene66, let G b€ I sell.ttice Y ol

lrctln.dean locally as.ociatlv€ lr-s€nigloups (,ith
I.ft ld.ntity) ed (d b6Lons. to Y). onca ua sbou

Ch.t cd are the equtv.l€nc. cl.d... of s nod 
') 

o!!
job j,. done becausa tn.n Y ts l.oborphlc to G/,

lollorg i@diat€ly. L.t arb b. In c. re hav€ to
.hd th.t arb tf lnd 6nly tl .,b € cd- xos eacb

divtder a pouer ot ttt. oth.r. since Gd l.
.ichltud€an, a r b by d€flnltlon. convs!6cry, 1et

. ! b .nd a belong to ca, b belons to cp.



stno. a r b bY d€flnltion s. htv. !x = b' and by '
a' tor rons xry tn c lnd Po.ttlv. 1nt€q€l8 n 'nd n'

Lat x b.1on9 to sr. Tb€tr !x b.Ionga to Gar sn'l b!

bclonss to c., 5o that at - p, B.nce a ' 4 tn th.

€€lll.ttlc. Y. By stDetly p t dt .nd hcd€ d = p.

tt|aonEt 3.12

M 16 a locally...octailve ra_64is.oup

vlth t6!t taenuty, th.h c ls .epaiative jl .nd

only l! its a!chl!6d.!D cdponents

I,.t c tre Eepalatlv6. fh.D by theord 3.4, c

i6 a couul.tive sdlgloup tlth 1d€ntity anal .o by

th.or.r ..16 t5t th. .r.hlrd.!. oorFn4tt cd o! c
ar. eneUative.

conv.!6€Iy, let .v.!y .E€htrsdaan cdFon.nt

Cd o! C b€ danc€llativ€, I.t a,b belong to G

.ucn ttat .' - b2 - .b. t! r b.long. to cd and b



belong. to Gpr tr!€r€ d,F

to Gc lnd ba b6!on9s to
th. c.ncellation 1n G,

t1tu5, G is s€p.ntive.

TtEOtEt 3.13

ar. ln Y, th.b a2 belongs

cp .ucb that d r F. Usi.g

v. concr,ude thFt a = b.

tlGiE.l@a1ry
ulth teft id.ntlty, th€n

g€rlgloup uhich I. a unton

...@Iativ€ lr-erlgloup
G c.n b€ .bb.dd€d tn a

of Eloups lf .nit only lf

s!t4'os6 th.t c ca! b. .rb.dd€d In . sdigloqF
Q vhlch is . unlon of group.. t€t a,b b€lonq to c
6uch that a2 - b2 - ab. It 8 denores tn. haxrn.l
cubgroup of Q cont.Inirs x, then a2 b.lorgs to H:,

b" belonqs to xt, €o that fi. - Hi, But az = ab

iipll€s that a r b. Hsce S IB s€paratlv€,

conv€r8ely, a6Eue that G 15 6€p!!!tlve. Thon

by theoreb 3.4. C is a couut.tive s.ligroup rith
tal€ntlty anal ao by rhe v€Il-kndn resutt In I5l. c

5o



can b€ €lb€tlded in a senigroup ehlch is a qDion ol

51



CHAPTER FOJR

$iARACIRTIZATIOII OF LA-$},{ICROI,F BY A SPINED ffiCDIJCT

In thls chaltei He chllacterize lA-a6bigroup3

s ehtch have an Ll-seDigroup Q of r€ft quotieDt6,

,h€r. Q ls an R-unlpotont l^-senigroup whlch is .
b.nd ol LA-seitEloup6.

n-unipot€Dt sdigloup. eer6 6tudl€d by

aev.r.l author. (6ee for .x!!p1e t8l 6nd tel).
Balr€s I2l charact€rized n-unipotent sefrigroupg

vhtch are batrd. of qloupd. thts characterizatton
ext.Daleal th€ stnetlre o! 1nv.r6e ssl]gloupE ebich

!!€ .crilattic€! of qroup., Rccentry, Goqld {9J,
studj.ed lhe senlgroup s vhl.h has a s€nlgloqp e of
l.at quotienta vhele a t. !n 1nver6€ sentgrou!,
uhlch i3 a E.!l1.rttce ot gloups. nd€velr mny
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definition6 of eenigroups of quoti6nts have been

propos€d and studied, Ior a Buiv€y, the reader nay

consult xeinert t361.'rhese deftnitions have b€en

notlvatgd by corr€sponding d€finitions in itng
theoly. In this chapter ,€ are concerned eith a

concept of 56ni9roup3 of r€at quotients adopt€d by

Fountain and Petrich t?], Th€ d€finition propoged

th€ie, is restricted to cohptetely 0-slnple
sehlgrouF of left quotlgnts. Ths idea Is that t
conpletely o-sinple Benigroup Qr containing a

subssligroup s, is a aehlqrouF of left quorients ol
s lf €very el,eieht q in Q can be vritten as q,
a-rb !o! son€ eldents a,b ln s with az : o and !-r
is th€ lnverse of a ln the group ,?-class IIa of e.
Ib tbla caEe s is c6lled a tolr ord€! in a. Thj,E

deflnitton lDd lts dual eer. u3.d by rountain.nat
Petrich {?1, to chaiact€rlze a lenisloup s ,hich
h.s. conplot€l,y o-sihpl€ a€trlgroup of quoti€ntE.
An ext€nElon of rhis detlnltlon anat fts duat vag

u€€at by Gour.r [3] to obrain a necesgaly and

sufflcl.nt conalltion for a 6ehiEloup

blsinple lnverse d-senigroup of teft quorients.
This extended deft.ition ua6 used by courd ln I9l



a16o to charact6llze sehlgrouPs s vhich hav€ a

36iigloup Q oi Ieft quoti.nts, ehere Q i6 an

lnverse sebigroup rhich is . s6ill,attic. o! groups.

In this chapt€r re h.v. constiter.d the

co!!€spohdlhg problen fo! n-unipotent LA-6enigloups

{hich are band of l^-sroups.

After prallninary reEult€, ve have obtained a

n€ce6sary .nal sufficient conaiEion ao! an

lA-6eEigroup6 s to have an lA-seniqroup e o! left
quotl€nts rh€!€ Q tE an R-unlpotenC LA-Eanlgloup

rhich is a b.ntl of LA-groups. an n-unlpotenr

LA-s€rigroup is an LA-serigfoup ahose Eer of
ld€npotents i. a Ieft regular band tn ohlch (e!)e =

€fr for aby id€hFotebts e ahd f in s.

For an lA-seilgroup S, any t o 6lenents a,b
ln s ale ar-!.tated tf th6y .r€ ielated Ey cr6an,s
lelation tr in son€ over u{-5€.Igroup ot s. thB dual
!€lation o! n* ts r*. rt 1s e..y to se6 th.t nr 16

a left and !*16 a rtght coDqruen.e. Thus the
thtersection of R* and !r t6 a. oqutvarence

relatio. itenoted by tl'.
ue say that an over-Lq-seniqroup Q of an

lA-Eemig.oup s lE an r,A-sehlgroup of left quotienrs



of s it for any olGlsnt q ol Q, there erist arb in
s such that q - ! rb ehere .'r 16 tha l.tt lnva!.6
ot a In an tA-subqroup ol Q. I! Q Is an

lA-gestgroup of l.tt quoti.nta of an A-aebigroup
s, th€n s is saitl to be a l€ft orde! in e.

An LA-s€ntgroup s is ilght reveFlble if for
any a,b in s, there exists x,y ln s Euch that x6 -

It is \Dosh .os f2ol that lf e is a.
R-untpot€nt tA-aenlgroup rhlch i3 a band o!
n-sroups, theb e can be ,rltren as a disjoint
u.lon of m-groups cd, d < y, thar is, Q =du cd,

wt!e!€Yisaband
iderpotents of Q. In
so re bay call Q ln

This lesult has Lcen uEe.t tog6th€. with the
chlr.ct6lization ot R-unipot6nt rA-sellEroupe rhich
ale bands of r,A-9roup6 in tehs ol spln6d product
to 6bt.in an alternativ€ stiuctule for ani

LA-s€hlgroup s to have a l.ft regutar Dand of
ra-groups as an LA-senigroup ot ]€ft quotienrs. At
the €nd the c.se vhere rh6 lefr orders ara in a

isonolphlc to th6 band of

Partlcula! Y is l€ft regular;
this cas€ a left lsgular band



Rr-unipot€nt L-E€rlgroups

s ls a left !€!tul!r band r of r19ht

lev.ralblo l€ft cancell.tiv. lA-sdigroups sd: d. y

ilth l.ft td€.tity.

Lt O be an r-lntpotent rA-seblgEoup vith s.t
ot ld.hpot€nt6 E. th€ eet E l. a l€ft lequt.r b!nd.
so evcry R-class in a cont.ln. a uniqu€ idehpot.ht.
conElite! Q to be the seDll.ttlc. y of rn-Eanlgroupg

cd :(d . Y) rhele fo! any d,B . yr cc ^ cp = c 1! d

: P and a r 
":,%, 

%% r GdF such tttat E = Y.

lror let s be an ra-s€llj,gloup rhlcrt 13 . t.!t
ord.! In Q. Put Sd - S 

^ 
Cd !o! any d 1n !. It

follorr that for any c In yr . tn Cd, th.r€ axlrt
x.y ln 6r rlth a - x-ry dhere x in sp, y tn szr
fo! .oDe €,7 in y. since x-, in c8' y in c7. then d

= Pt and xt in spsr . sp, - sd so tba! sd i6



non-erpty fo! any d in v. cle.rly fo! any d in Yi

sd 13 an LA-Bubaerlgroup of s. llo, to ahov that sd

t. c.nc€llatlv€. I€t a,b,c b.long io Sd and let a.

- bc. since a,b,c ar€ in sdt th.refo!. a!b,c belong

to cd .lEo. 1rhis bpri6 th.t c' is ln cd, Ilrat is
lac)c' - (bc)c', thla lrplies th.t (c'c)a -

(c'c)bthusa-b.
N4 to 3h4 that sd 1. right rev.rrtble 1.t d

b€ in Y and a,b hlons to sa. ch@s€ s tn sd. sinca

b-' ln co, th16 lhpries th.! {sa}b-! l. ln cd, By

tb. oralertng of s tn Q, th.!. .erlsta x In sF and y

ln sz ior 6@.9,t in t such that (..)tr = r-ry.
rhts lhprtes that a = p?.nd (x-!y)b. {(Ea)t!)b -
(bb.')(6a) = €a(6!). rhus

{ed(..) }r = { (x-ty)b}x

- (xb) (x-ry)

- (xx") (bY)

rhat 18 {ed(..))x - e€(by).

thts lrpr1e6 rhlt (5a)r . ap(by) - b(epy) by

th.or€n 1.7; lnd .o ap r d lnd (3a)x -.p(by).
Lat z be In ap. Then

{ (s.)r}z = {(3.) (e!*) }z

- { (6.p) (ar) }z - {z(.x} } (sep)



- {a(zx) ) (Ee8) - (.3) ( (zx)ep}

- (a5) { (.px) z}

= (aE) (r,) - {(xz),)a.
a1nc. (sa)x - e8(by) ' th.r6for6 ( (sa)xlz =

{.p(rv)}z rnpu4 th6t {(r.z)s}a - {b(.9y)}t r
{z(.py)lb. It 1. cl6a! thlt (xu)e ts tn spsdc s8cr

ac. slhllally z(epy) i5 in spsd E s8d - sd. Thi.
ahorr that s ts right !evcr.1b16.

coRoLLARI it. Z

t. t; cd ls an ta-gloup of f€ft

lor any d i. y, tet g b. i. cd .nd choo6e !
ln sc. stnc€ .g f. in c4, th6re exiGrs r ta sF lDit
y 1n sz for 60!€ d,r in v luch tbat .9 - x-ry. Th€n

by th.oro 1.12, 9a = yx_r. otice thlt ir ls ln
cp, Fr - d, v. h.ve {sa)x - (yx-r)x. ,tht6 lbpIi..
!h!t (xa)q . (xx_')y = eFy. r.t b b.lonE to sp.
rn6n, {(xa)9}b . (epytb - (by)ep and (b9) (xa) -

53



I! q b.lohgs to Q, rh.n th6!e exigt !,b In s

eith aRb ln Q rnd q = a"b,

(by) (trb) Irply that (bs) (9!) - (btr) (yb) -
eF(yb) - y(.pb) = yb b€c.u36 of (1.2) lnd tnst4
1.?. lt lolld3 tbat Fd. d. N@ Elnc€ yb f. iD

s7s6 antl sTsF c s7p = sq th.!€ro!e g - 6ag -

Ih1. rorloeE rloli cololllly 4.2 anit lrotr !h€
fact that €v€ry tvo €l€nent. ln cd ale ,t-!.I!t€d.

LEtOtt a,a

I! d b.long. to y antt.,b.re elq.nt. o! sd,



d b€longa to r an<t ..b a!. ln S and s ig
i6 I! ss lor so6 r,p in y, rlth s. - ta,

then SId . slid, Put t = ld ! ,rd. slnc. s.,ta .!. tn
sF a.d sp i3 . rtsht r.v€lsibl€ canc€Ilatlv€
LA-sehtgloqp rltb left iit€ntlty, .s - ar thpltes
tha! th.rs exist h,h in sp such th6r ri(a6) = n{!t}.
lllen by (1.1), .(rr) = !(nt). lrd sD f. in srsp.nd
srsp = srsrd = src = sp, th.leror€ tn ts in sss8 s
srssd=54d=sF.

And again by the rtqbt lev6rs.bt1ity ot sB,
there 6llrt s,y tn aF rith,j(6b) - ,{rn) such that
s(,1!) - t(,n) or (,ll)s - (rnlt. rhts !ean! that
(.s) (!h) i (at) (yn) ,her€ s!, ,t,
sp anit.s E ar tnplt€g thlt uD - yc ae s]d 16

c.nceuative. This hpries tbat sD , yt = k (s.y).
Eence k6 G at o! (k6)b ! (Xt)b. Th.t is (bs)t =
(bt)k. slnc€ I, bs, bt a!. 1n sfl th€r6!or. by
light c.ncollatton tn sp v6 h.ve tE - bt or sb =
st. *ue a n' I ln s.

TT



a ,a*az fo! .ny 6ler.nt . .in s.

Let a b.tonE to sd,. belon!, to a' and t
belong to s,r ,lth .2s - !1t. creally a2 is tn sd

and di - d,r (r r 6ay). cho6. l< 1n s, anit vrlt€
r<(.zs) - k(aat), rhen *{(!.).) = k{(!!}r} irprtos
thar (&)(xs) r (.!) (xt) or (ak) (as) - (ak)(.t).
thlt ia ak is In sdsT= sdsdl - scdl r g, sher€ .r,
at b€long to St ahd S, i. c.nc€ttatlv.. Henc. a. E

at hplte6 that aa - ta ind thls thp11.6 th.t (sa)a

- (ta)a. Thus a's - a2t and a tr a2 tn s. r,her6rore
by th€ du.I o! th€ fact lhat for Any tvo et.E.nt6

ra-sehtgroup s, the foll@tng rro
coniu,tlonE ar6 equlvatonr: (r) aRtb lD s (ii) €a =
ta i! anat only L! eb = tb. But an*a2 by renn! a.a
and h.nc6 ar{*az ln s.

R6tulnlng n@ ro
seen that th€ prodlct
in s. rt ig lbh€diate

the product in a, lt cln be

1n Q 1B an ext€h8ion of th.t
f!o! th6 d€flntrion o! the



produet 1n Q !h.t GdcS r ccp lo! any c,F 1n y.

theretore Q i6 a 1.!t !.gula! b.nal ot IA-gloupg Gd,

{here d belongs to Y. !ro! It. comtructlon, Q 16

an LA-senigloup of l.!t quotl.DtE ol s. 1.

concluslon v€ hav€ €.t.bll,3h€d th€ lollowing

rn L -3€rtqroup S ha. a !.ft r.gular b.nd of

I,^-groups aE an IA-6.!1E!oup ol r€f! guotlenta if
and only il s 13.l.ft r.gu1ar baDd ot riqht
reversibl€ caacall.tlv. r,a-.&lqloup..

Th€ore. {.6 shd. th.t, Il S i3.l€lr
regular band o! rlght !€v€!albl€, 1€!t canc.llative
r,A-s€llqEoupa, lh.n !o! .ny d.conpo6ltlon ol a a6 a

reft legular baDd ol llght r.v.!aibl., cahc€ltative

LA-serigroups. e€ can con.tfuct Q, uh6r6 a iE a

left !€gular band o! IA-g!oup..

chalacterlzatl,oD of.n lA-..blgroup g rhich hae an

LA-s€risloup Q o! l.tt quotl€ntsr ,he!e e ts a reft
reqular band o! LA-gloup.. Th16 chafact.rization



will be ln tern3 ol apih.d pro<lucts. R.call that,
if E is a band .nd r'l 1E .n LA-6en19!oup vi.!h a

Eahlldttic6 congru.nc€ r .nil .r n-Eenigroup

isonorphisn Ot E/. 1 ri/t! hh.r. . 16 the nlnlnlh
senilattice con9ro.rc6 on E, th€n !h€ sub-dllect

P=(e,x).Ek:..r{-xlrt
is catled a spineil product of E.nil U. |{e catl a

sub-direct product S of Erl't ! punch6d spined

product of E and X t! 6 I. aub..t of 6pin€d product

of E and x such th.t to!.ny € ln E. there exlsts x
in t vith (e,x) !n s and lor .ny y tn ti thele
exists r in E vtth (f,y) ln s. Th. .t. oi this
discussion i3 to .hd that the left orders. rhich
have been ch.!.ct.riz.d ..rlj.€!, a!€ in f.ct
punched spln€d ploduct.,

r€t q be an R-unlpot.nt ra-6.nigrolp lnd I be

its bahd of id.Dpot€n*. L.t c b€ rh€ bi.inun
6ebilattic€ congru.nc€ on E. Fo! rny 6 tn E, denote

the .-cl6ss conr.ining e, by: or E(€). l/rllte y =

{E(e): e € E}. sinc. E i. !e!t r.gula!, th€lefo.e
E(e) is a left zero ..btg!oup.



I€t 7 - {(x,y) c exa: z(x) - ?(y)). rt 13

u.1t kn@n th.t 713 th€ dnl.un fnv€ra. 5€llsroup

congruence on Q, .nrr r/E i.. SrrFpo6€ that Q Is a

b.nd o! L^-groupr th6n a/i 1B a B€lil.ttlc€ ol
ra-glouPE, .nd ,. c.D ffIt. a/r -_qfi;, oh6r€ s- It

th. gloup tFcl.s. tn a/7 cont.lntng ;. xoraov€!, e
ls . Epln€d producl P of E lnd A/2, that i.

a - P --U {E(.)xrt:) - ((x-rx.xz). x G a}.

T6 ehphaslze that P I3 a 8elltattlc€ of the di!€ct
products E{.)rlra vhele a b.bngs ro Y ud the
proaluct P 1s !.duc6d lro! th€ calt.s1an plodlct
E x Q/7. oreov€r (r,r-'z) is aD lnver3e of (6,xr)

lor lny a tn E(€). rD Ealrlcul.r, fo! lny {f,y7) ln
E(.)xtr-; (r,y7) ,f (f,;) In P lhn th€ Inv€!6€ o!
(t,y7) 1n lr(.,-, I3 (l,i'l. r{. r€!6! th€ ia.tre! to
t2l anil t31l fo! rurth.! d.t!11..

lel S b€ .n Lr-6.nlgroup rhlch haa p .r !n
rA-eeDigroup of telt quotl€nt!. ro! .ny E b y,

<r.fin. . aubs€t r{; o! Q/z by th€ !u1.: ! ln x; ir
and only ir n b.tonF to a/7 anal (f,h) Is in s fo!



LE l|I a.a

Fo! any : 1n t, xA r. . lelt cancerlatlve

I€t € b€lons to E anit (€,.7) b6 in r(e)xH;.

Si,ncc P is an LA-ssigloup of l.lt quotleits of S,

!h.n th.!e erisr lx,xi), lE :ltl in s and (f,x:"),
the lnvelse of (x,i7), ln .d !,A-subsloup of P, that
1s, f c E(k) 6uch that

(e,a7) - (f,x-'7) (s.yz).

It follovs th.t e - fE. rnd f6 s e, ke = k!r/

,h€!6 k€ iE in r(r)E(e) r !(r.) r E(.) and (x7)(y7)

b€ro.sE to ui- = x;, th.r.!or. (k,x?)(q,yr) -
(k9, (xz) {y7) ) b.Ionss !o s ^ (r(e)r8;) . E€nc€

(xz)(y7) - xyz € rl: and ao x; i6 nob-ebpty.

cl€alryt n; i. ad tA-.ub..!19roup of tt:; rhero n:
l. an [A-group .nd l|a 1a . l€ft ancellative



Fot aDy 6 i..v, |(a 13 !.v6Blbre.

I,.t a7,b7 t€ ln t{; lnd g,h ln E(e) 60 thal

(E,ar),(h,br) a!6 ln s, choo66 ct b x; and t.k6

(k,cr) !!on s for !d. k In E(.). L6t (n,b-!7) b.

!h. lnv.rre of (h,v) 1n .n a-.ubgloup of P' rh.t
,.6, n in B(b) aDd

t(r<,ct) (s,!t)) (n,b.ri) b.tong. to E(6)'r|-.

By th6 left oRrerlng ol 5 ln P! th€re 6xlst
(!,qz),(1,dt) in s, .n<l (t,q-'t) the inw.rde or

(l,qi) h an l,A-Eubgloup ol Pr th.t i3, t bglonga

to !(f) Euch th.t { (k,cr) (s,.7) } (n.tr7) -
(r,q-rl) (l,d?). ThIr iiprleB th.t
t{ (k,cr) (9,a7) } (n,b.'7) I (h,b7)

( (t,q.") (t,d7) l (h.br). that

{ (b,b7) (nrtr7) } { (r.,cr) (s,.r) } -

(b,;) { (k,c7) (E,.r) I -

{ (h,bt) (1,d7t}(t,q 17)

{ (h,br) ( 1, d7) } (t,q_r?) .



( (k,c7) (q,az) ) = ( (h,br) (i,dz) ) (t,drr) o!
{ (k,;) (k,c7) } (9, a7} - {(h/b7) (1,dr) } (t,q-r7)

o! {(q,ar)(k,c7)}(k,;) - {(rt,b7){i,d7)}{t,q'lr)
o! (f,q7) I { (q,.7) (kic7) } (k,;) I =

(r.q7) t {h,bri (l,dz) } (t,q-r7) l

( (q,au ) (k,cr) ){ (f,q?) ()<,;) ) =

((h.br) (i,d7)){(r,q7) (r,q-rr)} and

ti(f ,qr) {k,E) } (k,cr) l{q,a7)r (h,b?) (i,dr) } (f ,?) and

tt(f,q7)(k,;))11,c7)t(q,a7) - t(f,;)(1,d7)I(h,bz),
Th.E rs {(rk,q7.a)(r,cr)}(g,ar) = (rl,i,dr)(h,b7)

{ (fk, (q7.;)c7J } (q,a7) = (fi,i,d7)(h,br).
ay th€oren r.rl, ee hdve (9,ar){{fr),(q7.;}cr)) -
(h,br) (ri,;dr) ( (s,.2) { (rx, (q7.;)er) } (l,vz} -

t (h,b?) (fr, ?d?) I (j, v7). fhat lE

{ (J,v7) (fk, (qz.;) c7) ) (s, a7)- { (J, v7) (lr,idr) ) (h, br)

and (Jfk, vz{(qr.;)crt){9,!r)- {jfi, v7(id7))(h,b7)
and (1!k, rq?-;t(vr.cr') (s,arl= (Jrt, vr(id7)){h,br)
and (Jfx, (q7vr)c7) (q,a?) - (jfi, v7(Id7) ) (h,b7)

and (Jfx, (qv7.)c7)(s,a1) - ljri, vr(?dr))(h,v)
and (Jfk, (qv)c.7)(q,al) = ctt, vr(id7))(h.b7),



Recall that l< = ti, .nd notlc€ th.t fk -fi,tk - k.
so tbat E(!)E(e) r E(e) and JtI = Itk, ef= et€ ale

in E{€), xored.r (vr) (idr) = (v7((;i)dr)) -
vz{;(d7)) - vzd? -vd.? (.s a !6 th. 1.tt ldentrty}
therefole (qv)c , vr:U are In uE.

lrd ea put ll -_ur-, ti lE a.dllattic. Y ol

reverEibl€ left c!.cellatlv€ L\-s€htEloup

left iil€ntlty, sho!€ E b€long! to Y. tt .iE

not€ thrt_u (E{.)).x;) 13 . spln.d

contalnlng s. llo!.ov.!. r€ h.ve

liA etth

th€r. .xtet. xr in H- ulth

y7 Ih ni, th.!. cxi6t.9ln

E .nd (e,az) be in E(e)xM;.

(q,y7), 0her. lr,xI), lg,yt)
is th. lnver3. or (f,rr) j.n

(i) let e berong to
Then (e,a?) = ( I, x_r7)

.!e in 5 .!.1 (l,x'r7)



hi.,i, of P. lherefore e = fg.nlt
Its,(x7l{y.t)) = (e,(xy)7) in s.

(li) Th€ proor is stlaightrore.ld.
{ow t fo110v. thrt s 13 a

product and the folrovtng !e.uM6

l€t P b€ a left .€gullE b.nd of D-gloups and

s b. an LA-senigloup. If P ia .n r,A-senigroup of
left quotients of s, then s is a punched spined

produet of a left r6gular b.nat and a senilatrice of
r.volsible, cancerrativ6 LA-eertgrolps.

For tlre converse ot plopositlo. 4.11, ret 5

b. a punched spined ploduct o! . t€ft regutar band

E and a 3enilattic€ y o! !€v€r.lble, cancellarive
IA-a4tgroups Xd rhere d betongs to y. By colotlary
4.2, th€r€ is atr tA-group of telt quotients cd of
Itd for any d iD y. $. lay a..ur. rhar ca ^ cB - t
tor all d,p tn y, d r B. t€t T - Uc-. oefine a



product (.) in t by

a_tb.c{d _ (x.) _ry<l

uh€r6, If a,b In d; c,d ln xF, then x,y In Mdg are

cl!o..n .uch th.t ab = yc, !h.n T 13 an lr-..nlgrorip
of l.!t guotl.nt. o! x ehar. t{ - lJrl-, mEt 16, I

IE a E€uilatilc. ot LA-group.. Put P - u (E^xc^),

slnc6 Edxcd r5 .n In-Eeligroup .o i. P. vhtch is a

b.nd ol LA-group. 6nd shora aet of iildpotents i6
ab lA-subE€nigloup isohorphlc to i. Therefo.e P iB
a lelt regura! band of In-g!oup6. In tact o6 have:

P js an LA-s.rigroup o! left quotl6ntg ot s.

!€t d b.long to Y .nd (e,!) b€ rn
R€c.ll that s Ia. puncheil splned ploduct of
. alnc€ e Is lD Ed thele .xlits sn .l€!€nt t

.uch that (./!) tn s. A€ n ln cd anil M 1.
orale! ln Gd, th.!6 exiEts .n .l€Ent z ln lt
that (e,z) in s. AE r is lron c and r rs



orde! 1n Cd th€le .x1st a,y In itd, such that n -
x-'y and hence th.!. extt rlg ln E rlrh (f,x) .nd
(9,y) ln s. r{oric. that r_' ueronse cd and th€!.
erlst u,, in I,t4 utth xr - u-rv and (uz)x-t -
uz(u-'v) - (uu-')(zv) - zv.

Iit 1,J be ln ad so thlt (i,u) and (j,v) .re
in s. clearly (€t,uz) = (e,ur) tn s (alnc€ E(e) *€
reft z6!0 sebigroqps). xd (e, (uz)-') is the
tnve!6. of (e,uz) tn 

"r",a, 
or p .Dd (.J9, (zv)y) -

(e,(zv)y) (stnc€ E(.) i. a t6!t zelo s€ntsfoup).
xor6over, (e!D) r (e,x'Iy) = te, (u-'vtut

- 1e, 11u21-'1zv1yyy - (e, (u-r,-'){{zv)yl
- (e, {u-'(2v1{2-ty)} = (e, {.(u'tv)}{z.ry))
= {e, (z!-'){(u-,v)y}) - (e, (!_,v)y). rlrle iupttes
that (.,r) - (e, (ur)_r{(zv)y))

= t., tuz-'t r., (zvlyt.
n{ the cohv.ls€ ot 4.1r i.. .vid€rt. Ih

conclqlon ee h.v€ tL€ folldlng !€3ult.

TSEORE|{ a,13

Ar lA-3€rigroup s ha, . l6ft !.Eul.r banal

I,A-groupr .E an lA-ddisrou! o! r€ft quotrent€



.oil only if s 13 a pwhed rptD&r

r.gula! band And a s€nilattlc. of
c.nc6llative LA-.€nigroups.

lhe folldlng colotrary
cons.quence or th6o.d a. 13,

prdrucl ot . lelt
!ev6r.lble, lett

i3 an l@edi.te

lf s is . .pln€d ploduct of a l.rt r€gular
banit anil a s€nllattice ot !1qhr !€v6!.tb1e teft
c.ncellativ€ lA-s€rig|roups, then S har . left
regul.r band of DA-gEoup3 !s.n LA_E.D1group of

For the reat of this chapte!, l.t S be a

sPtn€d ploduct o! a lef! r.grlar blhd E and .
s€bllattice Y of cancelhttve rA-sertgrolpE d:
rh.r. a belongr to y. putE-UEd, M-U _ and

tEfi A 4.15

The relatior x" is th.gr€arest s€nllattice



ay th€ fact thet tt is . 6enrtattlc€ of
cancellativ€ r,A-se!19ioups, theo ,ar 1E rhe s.ea!es!
b.nd congluence on rir atl of vho6€ cta3EeE ar€
c.nd.ll.tiv.. rh€ r.tatton 7 defjned on x by tb.
iur€ (a,b) 16 in 7 tf .nd onty tf.,b ale in xd ,or
sohe d belonglng to y is a band congruence on u atl
of rhose clasE€s a.e c.nc.Ilative. Th€refoi€
? a ,l-. Nd for.ny eleh€ntg atb ln nit ,e nave
(.b,ba) tn r. n.nce ab ,riba and u/n. i6.

Id€ntlfy th. .6nlratttce n/fl'
x ls a sehlratttc€ r of x;, ,nqe
Ior each J ih J, let zj = id

16 a aub-sebil.ttlce
Y, Ud < 

'?]) 
.

z

, - U (E_xx_).



Ih. fol1ovtng stato.ntg conc.hlDg th.
LA-Eenlgloup s a!. .quival€nt.
(1) E.ch tl'-cl.ss o? Ill l! r.v6rslbl.
(ii) !o! any a,b Ib n, the!6 exi.r r,y ln x vlth

xa - yb and x ,l-y li'.b
(iii) s, 16 r19ht levelsibl€ !o! any I 1n J.
(1v) m6!e i5 an ov6r-ra-a619!oup I o! s shich is
a left !€gufat b.nd x ot rtqht r.v.r.tble t€ft
cancetl.ttvc n-.e!lq!oup. Td, ,her. d b€1ongr to r
and lor .ny j 1n r, ,.; is i.obrphlc to Td lor

R.ca1l rhar fl* ts a s€rtta€lice
x. (i) . (ii)

Il (i) holtt. .nd arb 6ra ln d/ then ab/ b.
are ln n.b and rh€r. eaisr c.b ln H;b vrsh

c(ab) ' d(ba)

of a(cb) - b(da) by theoroh 1.?.
cb rh 8!b , H, r lt,b



d.rn:b,s;rr:b.
rut a = cb and y - d. to set ar - by o!

xa - yb (by theoleb r.12) .nd x ft*y r{*ab. Henc6

lf (ii) holde, z b€lon$ to I,r and a,b are in
8:, than in p.rtlcula! the!. .xj.st a,y In ir uich x!
- yb and x ,i'y *'al. since .2 ,r*6b, th.n a {*.b and

x.y are in Ir: 60 (i) hotd5.

(i). (tii)
rf (i) holds aD.r J t3 In J, (e,a), (f,b)

bolong to sr, sucb that (e,a) belongs to Edxx4,

(r,b) belongs to Ep * nF. 4y, ehere td .nt x8 f€
sub6.tE of tlr. th€n a,b ar€ tn F; elrh xa = ybr

{her6 x ls 1n It}, y is in ltlr fo! EoDe t,,r 1n zj. Ic
follor. that rd - ,r8. r4t 9 bolong to El. h belong

to Er and s b€long to xrd = x!p. lten 96hf 1E tn
ElEcEgEF E elo,ax IE in MtdMl t nrd,.y 13 i. usp 

F
< }lsp vhence (!*). - (6y)b. Th€ erd.nt! (g.hf,sr).
(gehr,3y) ale 1n Er. * xr, .o thar tb.y &a ir sJ.

xo!.ov€r. (s.hr, (3x)a) = (s.hf, (.y)b) (sr i3 !1sht
lev.rsrbl€) that is {sehf6. (6r)a) - {g.hff,(sy)b)
abd (qehf,3x) (€!.) = (s.h!,sy)(f,b), Eence {1tl)



If (iii) hol.ts an<r .,b are ln r;, thq ror
soDs c,p lb zri I b€lonss to rd, b b€tonEe to p,
r6t 6 be in Ed, I be itr Ed, 60 thar (c,.)r(f,b) ar.
in sr. rhe. th€re exist lq,x),(h,y) lD sr rlth
(s,x)(€,a) * (h,y)(f,b). In p!rti@l.!, x,y belonE

to tt;, r" ' yb .nd (1) nord..
(r) + (rv)

It (i) hotde, th.n by re|@ {.15, H; .nd
h6nce {e}:r; 1s a rever.1bl6. left cahcettatjv€
IA-.€hlgroup fo! .ny 6 in Ed, d ln zJ, lor any j tn

T -u (t

U (U
";)

{€)xH

-U(uN-)

,,(u ( ;)

ls . teft !.gul.r banit oi r6ver.tbt€,
canc€Ilattve ra-edlgroups. c1.arly, !o! dny

i', d !n zr, . ln Ed , {.}rr; = x] ana s
LA-.ubr.ii9loup ot r. reDc€ (tv) hord..

If (iv) hotda, the. trlvhrry (1) botds.
A. LA-s€llgloup S tE abundant if



Rr-class antt each t'-cI... of s @nt.Ins an

ldeDpot.nt. I! a is an al@nt oa s, then ar antt a-

denote typlc.l id€rpot.ntg !n n: Md t:
legpactlv.ly. an la-d.nlgroup !r lE .uper abuntt.nt

1f each rlr-claEE contaln! .n ltt€npot€nt. N6xt re
consiiler tbe class of .bundant lA-seuigroups tn
vbich th€ s.t of idebpot€nts fon a reft r.9u1.!
band. Ih thls case every i'-cla* of s cont.lns a

unique lit.hpot€nt. Thq6 s ls cllled R'-lnlpot€nt.
The obj.ctlvo Is to char.ct6r1z6 a c1a6. o!
n'-unip6t.nt LA-s€ligroup. *hich hlv€
In-serigloup Q of reft qlotl.nt! rh6r€ Q ls a lelt
regular band ot LA-groups. 

'||ls 
iE the 6peci;t c.se

of th€ subJ.ct hatt6! dl.cu...it lr€viougty.

L6t s be .D n'-uhlpot€nt lA+algroup tb€n:
(i) s is !up.r .bundant t! .ntl only 1t n* - rr on

E. (rt) S 1! a bahit o! a left cano.lllt1v.
LA-hohold tf and only i,! s 16 Bup€! abundant lnd
x*ts a congruence or s.



Herc.forth by s r€ rh.ll lEan an n*-unipot€nt

M 16. telt !6gut.! b.nd y of !€v€!.tbt€,
l.ft aDc.llatlv€ ra-eerigroups ad, ,h€!€ 4 1. tn y
then th€ lolloelng state.ente ale equivalert.
(I) s i. !up€! abundant

(tt) fo! €vely d in y, . 1i Ed,

ldeDpotent 6z 1n sz for €om y in

(r) ( 11)

rr€t c b€tong to y, ! b.tong to sd and A t'€r,
rhele e, l. .n latopotenr tn sz. since nr . xr by
ltua {.17 tb€!.fo!e a !'62 .nil 6ra i a, Th.t is

(rr) . (t)
r€t a belong to sq ,hde ai-e6' 66 1. an

ldelpotent ln sa. Ti6n e6a - !i that is, 6d - d. rt
t6llow3 that dsd = d anil q6 - d. h pa!tlcut.!, ae6



belongs to sd. By rever.ablllty o! sd , xa =

y(.66), for 3oi6 x,y in ss, that lB, (x.)e5 =

{y{ae5)}e6 and by the leat canc6tlation tn sd rhi6
inplles that x - y and x. - a.e6. Tbua., a66.

lr4 let .7 be an idoipot€nt in s7 etth eTtra

and Szsd < sd. Slnce aa? - a - ae6 and .?!*a, lhen

..r = (ae6)€7 - (ere6)a. ThlB liplieE that eza -
(.7€5)a aDd.7 - e7e6. R6c.rl that er. b.longs to
STSd < Sd, r i3 ln Sd fie hav€

u(67a) = va

er(u!) - va by theord 1.7,
or (er6z) (ua) = va

.nd (.ru) (.?a) = v. by (1.2).
slhllarry {e7u) (67a) = va

er{ (€zu)a} = v!
e?{ (au)€7} = v!
(au) (e7€7) - va

(au).7 r va

(€7u)a = {a.
th16 irplie6 that eza - a slnc. e?a - a - eaa anit

SIhce

(.7!).6 - .€r



(e?r).a - a(e6e6)

(e7!) (€.€5) = ar(e€.)

(er.a) (.63) - .a (..s) .

nrl. 1!p1i6 that .7€5 r ..,
and . ,r.a, that 1r a {*€5 .nat

LEII' 4. r9

If s i..uper abund.ht in vhlch for lny
€I€lent6 atb 1. s, there.xt.t x,y in s rtth e -
yb uat x ta'y ,t'!b theD €.ch ,(r-c1a66 t! s 1. rlght

This ls lDr6dtate l!o! the !.cr thar 6ach

t( -clags o! S lE . left clnc.tl.tiva lA-lonoid.

If s i.. b.dd ol clnc.tlativ€ LA-!onoid.,
th.n th€ rorr@lng Etat€!.ntr .!€ equ1v.l.ht,



1e rlght !€veE.tb1e.

th6!€ exist 6le.ents x,y

(i) i ( tI)
By t m. a.17, s f. iupd abundant on rhich

x 1r . congru.nc.. I€t ! b.long ro lt-, b b6long to
Hf, lor sone idehpot€ntE €,a tn s. Th€n !b betong.
ro fi f and tab). betonss to t-." _ fi:f. Bqt H:f i.
right leversibte, 60 tne!. €*i6t u,v in H:f such
that u(ab) - v{(ab).j. Th.n, by rh€or.b r.7. a(qb)

= (rb) {va) or !{(bu}eef} r {(va)b}a. rh16 rrptr66
th.t (bu) (a€€r) . ((va)b). .nd .Dd {b.) (uee!) _

{(v.)b}a shich fulth€r t!pU.6 that t(ue.f)a}b r

(1) Each ,a'-cl!B tn s

(il) For any ..b tn s,
s ,ith 'a - yb .hd xtt*y

r€t y - (u.6t)a b€long to
- (va)b . 8:fei - H:r x. -

{r) . ( j.i)

fhis 13 Lhha ,t.19.

rn facr any of the .t t.!ent6 o! proFoEltton
r.20 t. a con.€gu.nc€ of E to bave ra_s.hiqroup Q

rl:r€ - n:r. rh6! x

yb and x ttry ,i'!b

6l



of lelt quotlentr vh€re e
lA'gloups. the follovlng

l. . left !.gula! batrat of
!€'@ ateionstrates thl3

LEXXI t.21

auPer abuh<t.nt vhich

rlght reveBl,bre reft
Th.n fo! 6ry e1e!.nts
ln s uith xA - yb and x

Put s asd. vhele I 13 a lelt legutar blDat

and sd t3 a llghr reve!.tbla lett c.ncelhttve
LA-sellgloup for Any d ln 1. Lt a.b b.Iong to s; a

b€long to Sd, b tf,tong to SF, 6ay. rh.n ab balong€
to sdp, and (ab)a be1on9. to sGp,4 - sdp, lnd
thele 6xlsr u,v ln sdp wfth u{(ab)a} _ v(abj wh€re

r = (ua)b ts in sdadp - sqp ard y - (v.cF)a
Lrelonsa to sd8c r sdp. But €very rro elerenr. tn
so8 are n'-reratea (Lenna 4.20). Th.h the !€Buti
follovs !!or th. lact that n* . n* on S.

a2



Now ra coElder th€ construction of s

as slv€n ln th€ tottoins propoEirlon,

serirattlco d6coDp4ltion

sd={xcs.x',xr.Ed}.

(t) sc ta a exldt ahnd.nr r,a-sub..bi9roup o! s

rhich cont!1D6 Ea as its 6€r or 1d€hpoten!6 such

thar n (sd) I F (s) .nd r-(sdl ! t-(s)
{1r) sd^sp=c1!d*E
(1ii) s 13 a s.nitattice of Ed; uh.!. d b€longs

(rv) sd - Ec r:, 'her" H: ls rh6 
'rr-class rn s

containlnq e/ and . belonga to Ed.

Lt s tE .up€!

ldenpot€ntE E lnd E

No, let S be

id€npot.nts E. R.tlln
4.22. Asslgn to €.ch

Ll-ionold itd - 8r tor

suP€! abundalt rlth Eet of
the notations ol propGltlon
d tn Y, a left cancerlatlve

so.a flxed e !n Ed. By the



fact thlt if ar! !!e s-!6l.t.d ld€npot€nts in an

ra-rellqroep s, th.n n: - rf rnpues uj = x. 6e1

.ny f In Ea. By proFGitton r.22,5q: Eaxlld.

Denot€ the ldentlty or litd by 6d a.d put -iMd.

Define a product (.)oD u by x.t = edFxy, lor.ny x

tn ud, y 1. xp. lh€n

(i.y) .z - {6dp(ry) }.2 vh€!€

.dr(xy) belong. to xdp, r b6ton9 to I,17. al.o
(x.y).2 - ed67f(xy) z )

- 6-"- { (zy) x}

- {eFr(zy) } (6dx)

_ (z.Y) x.

Hence rir 1s a seulhttlce y o! the 16rt cancettartve
L^-.o.oid3. lld vhe!. d € y.

h.ve th. tollding l.ma.

LEXX {.23

s ts in on€-to-ohe co!!€spondenc6 vtth
p = u (E-xri-)



+ s by (e,.)t - ea. It ls
. well-rt.ftnett Mp. r,et (6,3)

betong to Ed x r{d and (f,y) belons ro Ep x MF Euch

that ex - fy. ne c.h vellfy th.t e nrcx and f n*!y.
consider .(ex) - .{(e€lx} - .{x€)e) - {x€)(ee) -
(xe)e r (6a)x - €x. This iDplte6 e{6x) , ex rhat
i6 e nr6*. silir.rty f nrfy. Therefo!€ . = r an.r Ed

- EFr that i5, c - p. Thua €x = fy Isplles that

or edx - edy

firus, t ls o.€-to-on6.

ror surjectlvlty, let x belong ro s. vh€le
belongg to Ed, r!y. Then {xr,edx} tE in

Ed x xd, and (x+,€dx)t = x+(.ax) = x+x r x. !r6nce,

R€c.ll that a band E 1,. . left norial band If
efq = 69f for ..y lderpotents e,f,g 1n E. cre.lty
teft nornat bands are I€tt !.gu1ar. To tnprove rne
result ol Lma 4.23, ,e tlpoEe th6 cohdition ot



lelt non.ltty on E.

thenP-!ttxMt
c'Ydd

aro. the lrooa of r€er 4.23, *e hav. the
blj€ction 0: P + s defingd by (€,a)t = €a fo! any

(.,a) in r. To 3ho, that 0 ta a horonolphi3r, Iet
(e,x) berong to td x xd and (f,y) be in Bp x rp.
rhen {(€rx).{f,y)}0 - (€f,edpxy), - (ef) (edBxy) =
(ef) (xy) ehere .f,edp b€1ons ro ldp lnd
l.,x)O(t,yle = (er) (fy). notlce that ex nre hpties
that efe x R* efe.That i6, .t6r n*et o! efex t*ef
Uacause nr - Hi on S. Iha! ls, efex€f = efr. Thts
irplteE thrt ef€xfy - efxy or .fxfy r el;y.

no, I€c 1 b€ in E such that xf ,?'1. Then, in
p.rticufa! ve hav€ xft - xt. That 16 xfi - xff
ehlch ihpltes th6t I = if. Th.r€fore etxfy = elixfy
- eififyr b.caue E is t6!t nolDal, and elxfy =
€lxty, because if - t. Thus efxfy - exfy. 8€nce t



1s ah l.ohorphi.h.

A5.n t.re{t1at6 consequence of propo3ition

4.24, {e h.ve the lolt@irg eolollaly.

t! E is l.tt norDal, then a 16 a splnedt

pro<ruct ot a reft !€Eula! blnd and a g€ltlattice of
Y ol l.lt. canc.ltative lA-bnoidE ll ; vher. c
Derong. !o Y and t{d,5 ate -ctB66es of 5,

I{d <t1lectly fron th.oreE ,!.5 ploposltlon
4.2O, propo6ftioD 4,2a, propo.ttion a.1a, and 1€M

TfiEOtEt a.26

Iit s be sup€! abunatant tn ,hich the set o!
idebpotents is . l€ft nollal band. Tb€n !h.
tollorlng 6rareh6nt6 ale equtvar€nt.
(i) s iE a l6ft older ih . lel! r€tuI.! i,an.l o!

(ii) s t. a left legula! blnd of rtght reversibre
anat left caDcellarlve r,A-.enigloups,



(iti) Por any !,b in s, th€!€ extEtr x,y ln s {ith
xa - yb and x tt'ytt'ab,
(iv) Each lr-class in s is lisht reversrbt€r
(v) s is a sptned product of a left regutar band

and a senir6ttlce o! light reversj,blo and

cancellative h-ae&lgroups.
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