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Chapter 01 

Introduction 

In the recent years, boundary layer flow and heat transfer analysis over a stretching surface have 

achieved a lot of success because of its numerous applications in the field of industries, 

engineering and technology due to their applications, namely, melt-spinning, wire drawing, 

assembly of rubber and plastic sheets, extrusion, the hot rolling, glass–fiber production, which 

may be an electrolyte etc. The filaments and polymer sheets are assembled with continuous 

extrusion of the polymer from a die to a windup roller that exists for away from the limited 

distance in the industry. In the past era, Crane [1] pioneered boundary layer flow caused by the 

stretching surface. Carragher and Crane [2] highlighted that the temperature contrast among the 

surrounding liquid and surface was relative to the control of the settled point. The conduct of 

Newtonian nanofluids could be valuable in assessing the chance of heat transfer improvement in 

different procedures of these industries. Wu [3] studied the boundary layer flow of water entry 

of twin wedges through a numerical scheme. Micropolar fluid flow at convective stretching 

sheet was debated by Haq et al. [4]. Ramesh [5] explored the results of slip effects with the 

convective conditions of peristaltic flow in a porous medium. Ramesh [6] also investigated the 

impression of inclined MHD in the inclined asymmetric channel. Gireesha et al. [7] investigated 

the Hall impact with MHD nanofluid and also worked on irregular heat 

consumption/generation. Gireesha et al. [8] deliberated the impressions of Hall and thermal 

radiation impacts at porous medium in the existence of suspension of fluid particles. 

Mahanthesh [9] explored the influence of dusty liquid with Hall effects at the stretching sheet. 

Gireesha et al. [10] analyzed the Hall effects on nano-material fluid at linear stretching sheet 

under the Hall effects. Gireesha et al. [11] examined the dusty fluid flow with Hall impacts 

under the nonlinear radiation at the stretching plate. Shalini and Mahanthesh [12] explained the 

nanomaterial dusty fluid with Rayleigh-Benard convection without/with Coriolis force. 

Recently, few investigators have discussed the behavior of fluid at various stretching surfaces 

under various assumptions at sheet see Refs. [13-15]. 

Within the past few protracted times, researchers have confronted a substantial problem of 

thermal efficiency in numerous industrial and engineering applications. Advance technology 

such as microfluidics, optical, chemical synthesis, high speed microelectronics, transportation, 

microsystems including electrical components and mechanical bears high thermal loads. In 
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such days, cooling specific systems is a key problem. The rate of heat transfer is typically 

boosted by adding the region accessible for heat transfer. An assist approach is to utilize a 

thermally viable liquid, which is regularly dispersed interior conventional heat transfer liquids, 

such as water, propylene glycol, ethylene glycol, etc. Heat transfer is the most important these 

days due to an energy crisis in the whole world. Choi [16] was the first person who worked on 

nanofluid. He used the nanoparticles in the base fluids. Before this idea, several authors 

analyzed the heat transfer rate enhancement, but Choi [16] achieved heat transfer rate more than 

two times as compared to conventional flow because of low thermal conductivity. Lee et al. [17] 

used oxide nanoparticle. The properties of the nanofluids were discussed by Das et al. [18]. 

They additionally brought a physical and chemical method for synthesizing nanofluids and also 

defined the methods for making a stable suspension of nanoparticles with the base fluids. They 

also analyzed the stagnation point flow at the convective stretching sheet. Mixed convection of 

nanomaterial fluid flow at porous wedge explored by Ellahi et al. [19]. Usman et al. [20] 

elaborated the effects of nanofluid flow within the nearness of the time-dependent warm 

conductivity and nonlinear radiations. Sheikholeslami et al. [21] worked on the nanofluid model 

under the assumptions of thermal radiations and natural convection flow at porous medium. 

Most interesting research on nanofluids can be seen in the Refs. [23-25]. 

In the Hybrid nanofluids, the study of heat transfer are more prominent and useful ways to 

enhance because of their lot of applications namely, biomedical, defence, generator cooling, 

automobile radiators and welding etc. At the mechanical level, there are positive highlights like 

chemical soundness and tall thermal usefulness, which empowers them to implement useful as 

compared to nanofluids. Suspension of two nanosized particles having base fluids namely 

hybrid nanofluid has been studied experimentally. In the early time, hybrid nanofluid flow 

analyzed experimental and numerical results by Suresh et al. [26-27]. They concluded that 

hybrid nanofluid gets more heat transfer rate as compared to ordinary fluid because improve the 

thermal conductivity of the liquid due to adding solid nanoparticles. The flow of hybrid 

nanofluid with multiwall/spherical silica nanotubes has discussed by Baghbanzadeh et al. [28]. 

Esfe et al. [29] studied the MWCNTs with base fluid and their characteristics of thermal 

conductivity. Hayat and Nadeem [30] analyzed the flow behavior of the hybrid nanoparticles 

with base fluid at a stretching surface. Muhammad and Nadeem [31] achieved the effects of the 

ferromagnetic nanomaterial with base fluid. Theoretical and analytically performance of the 

hybrid nanofluid has initiated by the investigators [32-34]. 
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Normally, Newtonian liquids are weak to project engineering arrangement like as suspended 

particles, liquid having materials comprising fibrous organization. Micropolar fluid theory may 

describe the internal movement and deforming of these substances which are called micropolar 

fluids and was explored by Eringen [35]. He analyzed the jumped conditions and imitative the 

constitutive equations. Non-Newtonian fluid models are useful for studying in polymer 

suspension fluid actions, colloidal solutions, biological fluids, messy liquids, etc. Micropolar 

fluid through radiation impressions is evaluated by Alla et al. [36] in the occurrence of porous 

medium. These initiative results are taken much attracted to the researchers. Magnetized 

micropolar fluid over a stretching disk was pioneered by Rauf et al. [37]. They also worked out 

to gain the results of thermal radiation. The stagnation flow of a micropolar fluid under the 

assumptions of stretching surface with buoyancy and radiation effects has explored by Haq et al. 

[38]. Pal and Mandal [39] have pioneered thermal radiation and MHD in the occurrence of non-

uniform heat sink or source of the micropolar fluid. Influences of electrical magnetic 

hydrodynamics and Hall current of micropolar fluid are discussed by Shah et al. [40]. Recently, 

a few pieces of research have been studied to analyze the flow behavior of micropolar fluid for 

different flow assumptions, see Refs. [41-44]. 

Motivated from the above highlights, the aim of the presented study is to deliberate the 

boundary layer flow of hybrid nanofluid at stretching surfaces. This thesis consists of 8 chapters 

in which chapter one is the introductory chapter. 

Three dimensional flow of hybrid nanofluid over a circular cylinder having sinusoidal radius 

variation is deliberated in chapter 2. The governing equation of motion for three dimensional 

flows is simplified under the assumption as of the boundary layer theory. Furthermore, the 

suitable similarity transformations are applied in developing a mathematical model  

simplification and non dimensionalization. The simplified model is solved through numerical 

scheme. The results of the solid nanoparticle concentrations, and thermal slip, 

dimensionalization saddle and nodal points are calculated at a surface of the cylinder and 

presented through graphs and tables. This chapter has been published in ‘‘Results in Physics, 

2018, 8: 829-835’’. https://doi.org/10.1016/j.rinp.2018.01.024. 

Three dimensional flow of based micropolar hybrid nanofluid over a circular cylinder is 

discussed in chapter 3. The flow due to the stagnation point at a stretching surface is modeled in 

term of partial differential equations. The simplified model is solved through numerical scheme. 

https://doi.org/10.1016/j.rinp.2018.01.024
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The influence of magnetic hydrodynamics, thermal and velocity slip, solid nanoparticle 

concentrations, Nusselt number and skin frictions presented through graphs and tables. This 

chapter has been published in ‘‘Canadian Journal of Physics, 2019, 97(4): 392-399’’. 

https://doi.org/10.1139/cjp-2018-0173. 

Steady of 3D stagnation point flow of hybrid nanofluid over a moving surface having 

anisotropic slip is analyzed in chapter 4. No slip condition is replaced through the partial slip 

condition. Such anisotropic slip happens in geometrically striated surface and super 

hydrophobic stripes. Using the experimental values, we have discussed the hybrid nanofluid 

theoretically for boundary layer flow due to stagnation point flow. The mathematical model is 

considered under the flow behavior. The boundary layer approximation and similarity 

transformations are applied on mathematical model. The dimensionless model further solved 

through numerical scheme. The effects on a moving surface with anisotropic slip are presented 

in term of graphs and tables. This chapter has been published in ‘‘Physica A: Statistical 

Mechanics and its Applications, 2020, 554(15): 124020’’. https://doi.org/10.1016/j.physa. 

2019.124020. 

Computational analysis of water based              flow over a vertical wedge is 

presented in chapter 5. Two kinds of solid nanoparticles with base fluid at vertical Riga wedge 

is studied. Thermal and velocity slip impacts on vertical Riga wedge are investigated in the 

current study. We discussed both the unsteady and steady cases. The water has low thermal 

conductivity. We added the nanoparticle    and        which increases the thermal 

conductivity of the base fluid. This phenomena increase the heat transfer rate at the surface 

Riga plate. Partial differential equations are reduced into an ordinary differential equation by 

means of dimensionless similarity variables. The resulting ordinary differential equations are 

further elucidated through numerical and perturbation methods. Thickness of momentum 

boundary layer is declined because of the solid nanoparticle rises in all cases of    ,       , 

      and       . This chapter has been published in ‘‘Advances in Mechanical 

Engineering, 2020, 20-0197(11): 1–10’’. https://doi.org/10.1177/1687814020968322 

The steady of based micropolar hybrid nanofluid at a Riga curved surface is analyzed in 

chapter 6. Two diverse varieties of the nanoparticles are studied at the curved surface. The 

effects of thermal and velocity slip on the curved surface are discussed. The governing 

equations of the motions for the micropolar hybrid nanofluid flow are simplified under the 

assumptions of boundary layer theory. The system of differential equations is simplified and 

https://doi.org/10.1139/cjp-2018-0173
https://doi.org/10.1016/j.physa.%202019.124020
https://doi.org/10.1016/j.physa.%202019.124020


5  

dimensionalized. Furthermore, the dimensionalized system is solved by a numerical procedure. 

The results of the thermal and velocity slip, curvature parameter, micro rotation parameter, and 

solid nanoparticle concentration at the curved surface are highlighted in graphs and tables. This 

chapter has been published in ‘‘Physica A: Statistical Mechanics and its Applications, 2020, 

551(1): 124083’’, https://doi.org/10.1016/j.physa.2019.124083. 

Flow of micropolar hybrid nanofluid at the curved surface is analyzed in chapter 7. Stagnation 

point flow with Yamada-Ota and Xue models properties are applied on the hybrid nanofluid. 

The system under the flow suppositions has established and dimensionless through similarity 

transformations. Furthermore, the results of the dimensionless system built through numerical 

procedure. This chapter has been published in ‘‘Physica A: Statistical Mechanics and its 

Applications, 2020, 542(15): 123512’’. https://doi.org/10.1016/j.physa. 2019.123512. 

Flow of hybrid nanofluid at the moving needle is analyzed in chapter 8. Two different 

nanoparticles are discussed, namely: SWCNT and MWCNT with base fluid pure water. The 

system under the flow assumptions has developed and dimensionless through similarity 

transformations. Furthermore, the results of the dimensionless system built through the 

numerical procedure. The effects of the governing parameters are discussed through tables and 

graphs. This chapter has been published in " The European Physical Journal Plus, 2020, 

135(2): 145’’. https://doi.org/10.1140/epjp/s13360-020-00185-2. 
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Nomenclature 

    Velocity components,     

     Dynamic viscosity of Hybrid Nanofluid,       

     Kinematic viscosity of hybrid Nanoluid,      

     Density of Hybrid Nanofluid,       

     Thermal diffusivity of Hybrid Nanofluid 

     Thermal conductivity of Hybrid Nanoflui 

  Pressure,        

      
 Heat capacitance of Hybrid Nanofluid 

  Temperature of the fluid 

  Dimensional time,   

   Nusselt number 

      Nanoparticles concentration  

   Richardson number 

    Dynamic viscosity of Nanofluid,       

    Kinematic viscosity of Nanoluid,      

    Density of Nanofluid,       

    Thermal diffusivity of Nanofluid 

    Thermal conductivity of Nanofluid 

  Dimensionless parameter 

  Dimensionless similarity variable 

     
 Heat capacitance of Nanofluid 

  Modified Hartman number 

   Reynolds number 

   Prandtl number 

      Direction components 

  Curvature (m) 

  Micropolar parameter 

   Curvature parameter 

   &    Stretching parameter 

    &     Shear stress  

    Velocity profile (Dimensionless) 

           Micropolar profile 

    Micropolar profile (Dimensionless) 
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Chapter 02 

3D stagnation flow of hybrid nanofluid over a circular cylinder sinusoidal 

radius variation 
 

2.1 Introduction 

In this chapter, analysis of 3D flow of hybrid nanofluid flow at circular cylinder with sinusoidal 

radius variation are discussed. The stagnation point flow is also discussed with saddle or nodal 

points. Thermal slip effects analyzed at the surface of circular cylinder with sinusoidal radius 

variation. The properties    copper and       aluminum with ordinary fluid are analyzed in 

this chapter. The governing equations of motion for three dimensional flows are simplified 

under the assumptions of boundary layer theory. The suitable similarity transformations are 

applied to develop a mathematical model  simplification and non dimensionlization. The 

simplified model is solved through a numerical technique. The results of skin friction, Nusselt 

number, solid nanoparticle concentration, thermal slip and saddle or nodal points are presented 

through graphs and tables. Surprisingly, the velocities along X- axis and Y- axis show 

increasing attitude towards   When the thermal slip is considereded. The significant amount of 

heat transfer is observed for the                with that of          at the both saddle 

and nodal points. For positive values of the thermal slip parameter, temperature for both 

nanofluid and hybrid nanofluid are declining. 

2.2 Mathematical formulation 

Three dimensional time independent flow of hybrid nanofluid towards circular cylinder is 

considered. The radius of the cylinder varies sinusoidally as seen in Fig. 2.1. At the each point 

 ,   and   (maximum and minimum radii), there exists a stagnation point.  The attachment 

lines divide the flow, which passes through the side or through the cylinder at points   to   and 

  to  . The uniform ambient temperature is    , the constant wall temperature at surface is    . 

We initially investigated the boundary layer flow in the area of the nodal stagnation point  . 

With   taken as the inception, we present a facilitate framework with  -axis in the upward 

way,   in the longitudinal direction and   normal to the surface. The velocities along   

         ,             and             are represented as      and   respectively. We 

have chosen (see the Ref. [45]) 

  
                    

      , 
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where,    and    are free stream dependent constants. It might be noticed that the amounts   
  

and   
  don't fulfill the condition of equation of continuity. There is no misfortune of generality 

in requiring that |  |  |  | having      presents in case of plane stagnation flow and 

      case for axisymmetric flow of stgantion. The flow of stream lines is given by the 

equation   
    

 
 ⁄  where        , and   is a constant which presents a particular 

streamline. The attachment lines of the nodal stagnation point range is       while the 

attachment lines of the saddle stagnation point range is       . If     then flow is 

plane. 

 

Fig. 2.1: Flow pattern of the physical model. 

The ultimate flow narrating equations are 
  

  
 

  

  
 

  

  
           

 
  

  
  

  

  
  

  

  
            

   

   
      ) 

 
  

  
  

  

  
  

  

  
            

   

   
        

 
  

  
  

  

  
  

  

  
     

   

   
      ) 

the boundary conditions are 

                           
   

  
                   

 

(2.5) 

      
       

                      (2.6) 
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Where,  ,  , V   W are temperature and velocity element  ,   and    directions. 

2.3 Similarity transformations 

Introducing the following transformable variables 

                                √     (            )  

                     √ 
  

  
    

(     

By utilizing theses on the Eqs. (2.1)-(2.6), resultant equations are presented as 
 

                   [{      (       

     
    

)}    

     
    

]

            

                       

(2.8) 

 

                   [{      (       

     
    

)}    

     
    

]

             

                    

(2.9) 

    

  

  [{      (       

(   )  
(   ) 

)}    

(   )  
(   ) 

]

                       
(2.10) 

                                                   (2.11) 

                                        (2.12) 

           
    

  
                 (2.13) 

Here, prime represents derivative with respect to  ,   is the thermal  slip parameter.      and 

     represent the velocity profiles along    and    direction  respectively,   represents  the 

temperature profile. The quantities of interest for this chapter are     ‘‘Nusselt number’’ and 

    and     ‘‘skin friction coefficients’’ along    and    directions, respectively which are 

characterized mathematically as 

    
   

    
                            

   

    
                  

   
         

         

here     and     are the shear stresses and    is t surface heat flux which are  

         
  

  
               

  

  
    ,        
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           (
  

  
)
   

  

By engaging Eqs.        and         one can acquire the reduced form 

√         
       

                  
        ) 

     √          
        

                  
         

   

√   
    

    

  
            ) 

Table 2.1: Thermo-physical properties 
Properties Nanofluid Hybrid nanofluid 

Viscosity     
  

        
      

  

      
         

   
 

Heat 

capacity 

                            (   )   
                      

                       

Thermal 

conductivity 

   
  

   
                        

                   
 

    
   

   
                             

                        
 

where  
   

  
   

   
                       

 

   
                  

 
 

Density                                                     

Table 2.2: Thermo-physical characteristics are delebrated. 

Thermo-physical properties                                

                       

                         

              40     

                              

Table. 2.3: Compression with existing literature for the values of √        √        and 
   

√   
 when  =0.0 and       . 

    √        √           

√   
 

[  ] Present [  ] Present [46] Present 

Cu 0.0 1.2681 1.2680 0.4993 0.4991 1.3301 1.3299 

0.1 1.9387 1.9387 0.7630 0.7627 1.6185 1.6183 

0.2 2.6968 2.6966 1.0617 1.0616 1.9293 1.9293 
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      0.0 1.2681 1.2678 0.4993 0.4991 1.3301 1.3298 

0.1 1.6482 1.6480 0.6487 0.6485 1.5726 1.5725 

0.2 2.1176 2.1175 0.8334 0.8333 1.8172 1.8171 

     0.0 1.2681 1.2678 0.4993 0.4991 1.3301 1.3298 

0.1 1.6657 1.6656 0.6557 0.6556 1.4956 1.4955 

0.2 2.1530 2.1528 0.8477 0.8774 1.7386 1.7385 

Table. 2.4: Variation in skin friction coefficients 

                         

   √             √        √             √        

0.005 1.2688 0.3886 1.2767 0.3910 

0.04 1.4538 0.4453 1.5033 0.4605 

0.06 1.5623 0.4785 1.6340 0.5005 

0.08 1.6731 0.5125 1.7664 0.5410 

Table 2.5. Variation in local Nusselt numbers 

                          
        

√   
 

   

√   
 

0.005 0.5 0.4572 0.4605 

0.04 - 0.4804 0.4858 

0.06 - 0.4930 0.4991 

0.08 - 0.5052 0.5119 

- 0.0 0.7869 0.8021 

- 0.5 0.4804 0.4858 

- 1.0 0.3457 0.3484 

- 1.5 0.2701 0.2716 

2.4 Results and discussion  

In this analysis, the range of parameters are taken as              ,              

        and       (fixed). The physical circumstance is modeled in terms of differential 

equations while are solved by utilizing shooting method. The resulting consequences are 

expressed through graphs and tables. In detail, Table 2.1 reports the thermophysical 

characteristics of nanofluid and hybrid nanofluid, while, Table 2.2 provides the thermal 

physical properties of nanoparticles at    . The variation of √       , √        and 
   

√   
 are 

given in Table 2.3 when       and       . It is also observed that our results matche with 

Refs. [46] which confirms the execution of the numerical scheme. It is also found that 
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√       ,      √        and 
   

√   
 are accelerating a function of    for each Cu,       and 

    . Table 2.4 represents the variations of skin friction coefficients √        and    

  √        for both the                and         . It is seen from Table 2.4 that the 

√        and      √        are improving function of    for each                and 

        . Similarly, Table 2.5 reports the variations in local Nusselt number for the higher 

values of both   and    towards                and         . 

Fig. 2.1 is a physical illustration of flow problem while Figs. 2.2-2.11 are used to explain the 

effects of involved parameters, namely   and    on both Hybrid nanofluid and nanofluid flow 

along X and Y-axis under the different assumptions. Particularly, Figs. 2.2 and 2.3 reveal the 

distinction of velocity profiles for the distinct values of   . For Hybrid nanofluid     

            , thickness of boundary layer is developed for velocity profiles (      and      ) 

as compared to nanofluid            and the velocity profile reduces by growing    in the 

absence of thermal slip parameter      . The effects of    on Hybrid nanofluid velocity 

along both X and Y-axis at saddle and nodal points is specified in Fig. 2.4 and Fig. 2.5 

correspondingly. It is realized that velocities are growing function of    at both nodal and 

saddle points. The impact of    on both nanofluid and Hybrid nanofluid velocities along X and 

Y-axis when thermal slip effects are presented in Figs. 2.6 and 2.7. One can see from these 

figures that the velocities are increasing function of   . The effect of    on nanofluid and 

Hybrid nanofluid on temperature at       is depicted in Fig. 2.8. It is noted that the growing 

values of    exceeds the temperature. The effects of    on temperature profile at both nodal 

and saddle points are given in Fig. 2.9. One can see that the temperature profile is swelling 

function    at both nodal and saddle points. The impacts of the    and   on temperature 

profile are revealed in Figs. 2.10 and 2.11. The significant growth in temperature profile is 

revealed in Fig. 2.10, due to increasing values of the solid nanoparticle    for both Hybrid 

nanofluid and nanofluid. The temperature distribution shows decline curves via thermal slip 

parameter for (              ) and           . Fig. 2.11 is evident in this regard.  

Increment in solid nanoparticle accelerates the velocity flow that obviously increases the skin 

friction coefficient for both (              ) Hybrid nanofluid and            nanofluid 

that depicts in Table 2.4. It is observed that non-dimensional heat transfer improves due to 

enhance in solid volume fractions, which is revealed in Table 2.5. From Table 2.5, it is pointed 
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that the non-dimensional rate of heat transfer through                is larger than that of 

        . The heat transfer rate improves significantly for the both (              ) 

Hybrid nanofluid and            nanofluid which are seen in the Table 2.5. 

2.5 Closing remarks 

To report the flow properties of both          and                models, a comparative 

analysis is executed. The fluid flow is past a circular cylinder under the stagnation point 

assumption. The role of the thermal slip parameter is also taken into account. The summary of 

the presented work is itemized as follows: 

 In the absence of thermal slip effect, the velocities along    axis and    axis for    

      and                are decreasing function of   . 

 The velocities along X- axis and Y- axis shows increasing when    and thermal slip are 

considered increasing. 

 The significant amount of heat transfer is observed for the                with that of 

         at the both saddle and nodal points. 

 For positive values of the thermal slip parameter, temperature of the both nanofluid and 

Hybrid nanofluid are declining function. 
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Fig. 2.2 

 
Fig. 2.2: Effect of    on both          and                velocity profile (along X-axis) 

when      .  

Fig. 2.3 

 
Fig. 2.3: Effect of    on both          and                velocity profile (along Y-axis) 

when      . 
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Fig. 2.4 

 
Fig. 2.4: Effect of    on Hybrid nanofluid velocity profile (along X-axis) at the both saddle and 

nodal points. 

Fig. 2.5 

 
Fig. 2.5: Effect of    on Hybrid nanofluid velocity profile (along Y-axis) at the both saddle and 

nodal points. 
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Fig. 2.6 

 
Fig. 2.6: Effect of    on both          and                velocity profile (along X-axis) 

when      . 

Fig. 2.7 

 
Fig. 2.7: Effect of    on both          and                velocity profile (along Y-axis) 

when      . 
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Fig. 2.8 

 
Fig. 2.8: Effect of    on both          and                temperature profile when 

     . 

Fig. 2.9 

 

Fig. 2.9: Effect of    on Hybrid nanofluid temperature profile at the both saddle and nodal 

points. 
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Fig. 2.10 

 
Fig. 2.10: Effect of    on both          and                temperature profile when 

     . 

Fig. 2.11 

 
Fig. 2.11: Effect of   on both          and                temperature profile. 
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Chapter 03 

MHD and slip effects in micropolar Hybrid nanofluid past a circular 

cylinder under stagnation point region 

3.1 Introductions 

In this chapter, three dimensional flow based micropolar Hybrid nanofluid at circular cylinder 

with sinusoidal radius variation is analyzed. The combined slip effects is presented in the 

stagnation point region in this chapter. Velocity slip and thermal slip effects at the surface are 

analyzed. Effects of    copper and       aluminium with ordinary fluid is analyzed. The 

governing equations of the motion of micropolar Hybrid nanofluid flow are simplified under the 

boundary layer theory. The differential model in term of partial differential equations is 

dimensionlized through the suitable similarity transformations. The dimensionalized system in 

term of ordinary differential equations is solved through a numerical procedure. The results of 

Nusselt number, skin frictions, magnetic field, thermal slip, velocity slip, rotation parameter and 

solid nanoparticle concentration under the flow assumptions are revealed in graphs and tables. 

The magnetic field effect on temperature distribution and velocity distributions are itemized the 

same behavior of increasing.  

3.2 Mathematical formulations 

Three dimensional time independent flow of micropolar Hybrid nanofluid towards circular 

cylinder with sinusoidal radius variation is considered. The radius of the cylinder varies 

sinusoidally. At the points  ,   and   (maximum and minimum radii), there exists a stagnation 

point. The attachment lines divide the flow, which passes through the side or at of the cylinder 

at points   to   and   to  . The uniform ambient temperature of the micropolar Hybrid 

nanofluid is   , the constant wall temperature at the surface is   . We initially investigate the 

boundary layer flow in the area of the nodal stagnation point  . With   taken as the inception, 

we present a facilitate framework with  -axis the upward way,   in the longitudinal direction 

and   normal to the surface. The velocities along             ,             and   

          are represented as      and   respectively. 
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Fig. 3.1: Flow pattern of the physical model. 

Such as  

  
                    

      , 

where,    and    are free stream dependent constants. The detailed geometry is discussed in 

chapter 2. The attachment lines of the nodal stagnation point range is       while the 

attachment lines of the saddle stagnation point range is       . If     then flow is 

plane. Flow equations for three dimensional micropolar Hybrid nanofluid are characterized as 
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The boundary conditions are 
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where ‘       and     are the velocities apparatuses along     and   direction respectively. The 

physical quantities see in Table [2.1-2.3]. Thermal jump slip parameter is    

{
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 (3.8) 

 the non-dimensional Eqs. (3.1)-(3.7) are reduced to dimensionless non-linear ordinary 

equations 
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The boundary conditions are  



22  

{
 
 
 
 

 
 
 
 

            

                             
    

  
                            

                 
    

  
                             

           
    

  
                

                                                 

                                                

 

 

       

where,   and   ,  ,   and   are function related to the microrotation, temperature and velocity 

profiles while primes indicate differentiation w. r. t.  . The quantities of interest are presented 

below 

    
   

    
 
     

   

    
 
         

   

         
  (3.11) 

    and     ‘‘ are shear stresses’’ in the X- and Y- axis individually and    is heat flux 

defined as  
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 (3.12) 

By using equations        and         we get  
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 (3.13) 

3.3 Results and discussion 

For a specific physical comprehension of the problem, we have explained the significant 

impressions of parameters via MHD parameter M, micropolar parameter K, velocity slip 

parameter  , thermal slip parameter   and nanoparticle volume fraction    on the temperature 

profile, velocity profiles and micropolar profiles. The values of    is chosen as     at      

temperature and 1 atmospheric pressure. Figs. 3.2-3.6 show the variation of several physical 

parameters. These results are illustrated by using the Maple software. 
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3.4.1 Influence of magnetic field 

Figs. 3.3(a) and 3.4(a) show the behavior of M on velocity distributions towards X and Y- axis 

respectively. It is prominent that velocity distribution surges with rise in magnetic field 

parameter. Magnetic field which stabilizes the viscous impacts, provides a force to the fluid 

which is decelerating by the viscous force. Table-3.1 exhibits the mutual influence of   for the 

skin friction and Nusselt number. It is noted that for both Hybrid nanofluid and nanofluid, the 

skin friction and Nusselt number raise with growing in  . The increment in the strength of 

physical parameter M is due to the Lorentz force related with  . Hence, the velocity of the 

fluid enhances while enhanced in magnetic field. The applications of the magnetic field produce 

Lorentz forces. 

Table 3.1: Comparative results of M of the skin fraction and Nusselt number. 

 Hybrid nanofluid (         ) Nanofluid (     ) 

M √             √           

√   
 √             √           

√   
 

0.0 1.46140 0.87815 0.98022 1.23920 0.79164 0.90520 

0.5 1.51081 0.92538 0.99055 1.29202 0.84484 0.91673 

1.0 1.64168 1.04642 1.01626 1.43059 0.97958 0.94478 

1.5 1.81917 1.20319 1.04790 1.61655 1.15216 0.97837 

3.4.2 Effect of solid nanoparticle 

Figs. 3.2(b), 3.3(b), 3.4(b) and 3.5(b) present the behavior of Hybrid nanofluid flow on velocity 

profiles, micropolar profiles and temperature distribution respectively on the surface of the 

circular cylinder. It is distinguished that the velocity profile enhance with positive values of 

nanoparticle volume friction as seen in Figs. 3.3(b)-3.4(b). Because, in a Hybrid nanofluid 

model used in our inquiry, the effective viscosity of Hybrid nanofluid enhances for the positive 

values of the nanoparticle volume fraction which provides high resistance to the liquid 

movement. Fig. 3.6(b) shows the behavior of    on the micropolar profile that fluid velocity 

decayed for the increment of    while the opposite behavior of the solid nanoparticle is seen in 

Fig. 3.5(b). This behavior can be clarified within the macroscopic perspective. Fig. 3.2(a) shows 

the variation of    affect on the temperature profile in the Hybrid nanofluid flow over the 

surface of the circular cylinder. The    increases with decreasing in the temperature profile. It 

is famous that the Hybrid nanofluid flow of thermal conductivity expression appears the 

positive behavior of the heat transfer execution. From Table-3.2, for           and      , 
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it is noted that the skin friction and Nusselt number are enhancing for the increment of solid 

nanoparticle. 

Table 3.2: Comparative results of    of the skin fraction and Nusselt number. 

 Hybrid nanofluid (         ) Nanofluid (     ) 

   √             √           

√   
 √             √           

√   
 

0.005 1.36046 1.14933 0.90582 1.14175 0.76647 0.80771 

0.02 1.42550 0.88368 0.94215 1.20686 0.80083 0.84153 

0.04 1.51081 0.92538 0.99055 1.29202 0.84484 0.88635 

0.06 1.59482 0.96562 1.03895 1.37575 0.88707 0.93096 

3.4.3 Effect of thermal and velocity slip 

Effects the velocity slip parameter on fluid velocities depicted in Figs. 3.3(c) and 3.4(c). It is 

noted that the fluid velocity profile shows the decay curves for the positive values of velocity 

slip parameter. Composite effects of nanoparticle and thermal slip parameter are plotted through 

Fig. 3.2(b). It is noted that thermal slip parameter gives the opposite effects on temperature 

distribution. The temperature distribution behavior shows the decline curve for the positive 

values of thermal slip parameter that are shown in Fig. 3.2(b). The mutual effects of thermal 

slip and velocity slip of the skin fraction coefficient and Nusselt numbers which are depicted in 

Table-3.3. Thermal slip parameter increases for the increment of skin friction coefficients. 

While the Nusselt number decreases for the positive values of thermal slip parameter for 

          and      . 

Table 3.3: Comparative results of   and   of the skin fraction and Nusselt number. 

 Hybrid nanofluid (         ) Nanofluid (     ) 

    √             √           

√   
 √             √           

√   
 

0.0 0.2 1.46140 0.87815 0.98022 1.23920 0.79164 0.90520 

0.2 - 1.51081 0.92538 0.99055 1.29202 0.84484 0.91672 

0.4 - 1.64168 1.04642 1.01626 1.43059 0.97958 0.94478 

0.6 - 1.81917 1.20319 1.04790 1.61655 1.15216 0.97837 

0.2 0.0 1.87847 1.09140 0.83653 1.53425 0.96205 0.79219 

- 0.2 1.68460 1.00742 0.92538 1.40828 0.90307 0.86220 

- 0.4 1.51081 0.92538 0.99055 1.29202 0.84484 0.91672 

- 0.6 1.36098 0.85001 1.03931 1.18783 0.78977 0.95971 

3.4.4 Effect of vortex viscosity parameter 
Figs. 3.3(d) and 3.4(d) describe the effects of vortex viscosity parameter on fluid velocities 

distribution. It is noted that the fluid velocity distribution reveals the decline curve behavior for 
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increasing values of the vortex viscosity parameter which is shown in Fig. 3.4(d). The velocity 

distribution increases for the increment of the vortex viscosity parameter which is revealed in 

Fig. 3.3(d), while the thickness of the momentum boundary layer reveals the curve beyond from 

the surface of the circular cylinder with an increment of the vortex viscosity parameter. Micro-

rotation profile behavior is depicted in Figs. 3.5(b) and 3.6(b). It is clear from Fig. 3.5(b) that 

micropolar parameter   increases with increasing micro-rotation profile. The flow of Hybrid 

nanofluid at micropolar momentum boundary layer thickness shows curve away from the 

surface of the circular cylinder. But the opposite behavior is shown in Fig. 3.6(b). The influence 

of K of the skin friction coefficients and Nusselt numbers are presented in Table-3.4. It is noted 

that the skin friction coefficient along X-axis minimize for the positive values of K while the 

opposite behavior of the skin friction coefficient along Y-axis account to our study for the 

Hybrid nanofluid and nanofluid. It is also appreciated that by augmenting the vortex viscosity 

parameter K, the rate of heat transfer declines for the           and      . 

Table 3.4: Comparative results of   of the skin fraction and Nusselt number. 

 Hybrid nanofluid (         ) Nanofluid (     ) 

K √             √           

√   
 √             √           

√   
 

0.0 1.51140 0.64911 1.03925 1.29829 0.55386 0.97369 

0.5 1.51081 0.92538 0.99055 1.29202 0.84484 0.91672 

1.0 1.54815 1.15908 0.95638 1.33553 1.08388 0.87987 

1.5 1.60398 1.37136 0.93064 1.39916 1.29943 0.85335 

3.5 Closing remarks 

The flow of micropolar Hybrid nanofluid with thermal slip and magnetic hydrodynamics affects 

is considered over a circular cylinder. The physical parameter affects are presented, though 

tables the graphs. These results are obtained through Maple software. The summary of the 

present effort is noted as follows: 

 The magnetic field affect on temperature distribution and velocity distributions itemized the 

same behavior of increasing. 

 The nanoparticle    effects on velocity distributions are noted increasing behavior same, 

but opposite with the temperature distribution behavior. 

 Slip parameters increased which declined the temperature and velocity profiles curves. 

 Micropolar parameter enhances with declining the velocity profile. 
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 Our significant results itemized that micropoar Hybrid nanofluid gain finest heat transfer 

rate as compared to nanofluid.  

Figs. 3.2: Impression of    and   on the temperature profiles 

 
Fig. 3.2(a) 

 

 
Fig. 3.2(b) 
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Figs. 3.3: Effects of        and   on the velocity profile 

Fig. 3.3(a)

 
 

Fig. 3.3(b)
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Fig. 3.3(c) 

 
Fig. 3.3(d) 
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Figs. 3.4: Effects of        and   on the velocity profile 

 
Fig. 3.4(a) 

 

 
Fig. 3.4(b) 
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Fig. 3.4(c) 

 

 
Fig. 3.4(d) 
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Figs. 3.5: Effects of K and   on the micro-rotation profiles. 

 
Fig. 3.5(a) 

 

 
Fig. 3.5(b) 
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Figs. 3.5: Effects of K and   on the micro-rotation profiles 

 

 
Fig. 3.5(c) 

 
Fig. 3.5(d) 
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Chapter 04 

Steady 3D stagnation point flow of Hybrid nanofluid over moving plate with 

anisotropic slip  

4.1 Introduction 

This chapter explains the three dimensional axisymmetric Hybrid nanofluid flow of stagnation 

point at moving plate under slip coefficients in two orthogonal directions. No slip condition is 

replaced through the partial slip condition. Such anisotropic slip happens in geometrically 

striated surface and super hydrophobic stripes. Using the experimental values, we have 

discussed the Hybrid nanofluid theoretically for boundary layer flow due to stagnation point 

flow. The boundary layer approximation and similarity transformations are applied on 

mathematical model for simplification. The dimensionless model further solved through 

numerical scheme. Effects of physical parameters are also discussed in detail.       and       

are unity for no slip condition and decreases to zero as slip is augmented. Slip factors increases 

with the increase in normalized slip velocities       and      . Anisotropic behavior is 

reflected in the various slip velocities       and        It is found that relative velocities are 

higher at small slip. Slip velocities upsurges with growth in slip parameter in both cases Hybrid 

nanofluid and nanofluid. 

 

Fig. 4.1: Stagnation flow of Hybrid nanofluid towards a moving plate. 
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4.2 Mathematical formulation 

The stagnation point flow of Hybrid nanofluid for fixed Cartesian coordinates on the moving 

plate is considered. Align the   direction having the striations of the plate,   direction 

normal to the striations and along the   direction have the axis of the stagnation flow (see Fig. 

4.1).  ,   and   are the velocity components in        and    directions respectively of 

the moving plate. Navier [47] studied about the partial slip  

       (4.1) 

where,  ,   and   are the tangential velocity, the tangential shear stress and the slip coefficient 

while the Navier’s partial conditions are satisfied on the plate. If the potential flow is far away 

from the plate 

                       
 
      

 
            (4.2) 

here,  ,   and   are the velocity components aligns the Cartesian coordinates ( ,  ,  ) 

respectively. The strength of stagnation flow is   , the pressure is  , the density of Hybrid 

nanofluid is     , the kinematic viscosity of Hybrid nanofluid is      and the stagnation 

pressure is   . In the Newtonian fluid flow, the constant characteristics of the Navier-Stokes 

equations are defined as follows  

            (4.3) 

             
  
    

                    (4.4) 

             
  
    

                    (4.5) 

             
  
    

                    (4.6) 

By utilizing Eq. (4.2), the following similarity transforms  

{
  
 

  
 

                  

                  

   √    (         ) 

  √
  

  
  

 (4.7) 

With these transformations, the continuity equation is identically fulfilled. After using the 

above equations, we obtained 
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subject to the potential flow boundary conditions 

                       
 
     

 

 
            as     
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         (4.13) 

Here, the dynamic viscosity of hybrid nanofluid is              .    and    are the slip 

coefficients along the   , and    directions respectively. By applying the similarity 

variables, the above equations are reduced into the following form 

        
    

  
               

    

  
                 

    

  
         

            
    

  
          

(4.14) 

     √
  

    
  is the dimensionless slip factors while it is also noted that normal velocity on 

plate is zero which is defined as             without loss of the generality to the velocity, 

which can set as  

               (4.15) 

The no slip effects (     ) on stagnation point flow on the plate was explored by Heimenz 

(1911). The numerical integration is performed of the Eqs. [4.8-4.9] by applying the bvp4c 

algorithms to execute the initial values of                and               . For the 
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full slip     mean that result is the potential flow      ,      . Suppose   
 

 
 

  and expand  

                (4.16) 

                (4.17) 

      
      

     (4.18) 

      
      

     (4.19) 

Eqs (        ) are the set of nonlinear coupled ordinary differential equations having 

boundary conditions (                            for the case of isotropic slip surface. 

4.3 Asymptotic behavior for large slip 

Consider that    and    are the slip factors which are very large when compared to unity. Eq. 

(4.12) then suggest the expansions of the following form 

       
    

  
             

    

  
      (4.20) 

here, the   (         ) are constants and  ,    . Eqs. (4.8-4.9) linearize to  
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The corresponding boundary conditions Eqs. (         ) become 

                                 

                                
(4.23) 

and Eqs. (         ) have been integrated with the results of                 and 

               . Subsequently, Eqs. (         ) are identical. Therefore, for large slip  

        
        

  
                  

        

  
   (4.24) 

The decline rate for large ζ will be 

           (4.25) 

Applying the variation parameters, the solutions that decline at infinity are  

        ∫
      ⁄

  
   

 

 

 

where       
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(4.26) 

The asymptotic behavior for large ζ, applying the integration by parts, we have 

    √  

      ⁄

  
  

(4.27) 

This quick decrease permits numerical integration to be exceptionally effective. For sidelong 

development at huge slip, we consider 
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(4.28) 

Eqs. (         ) are reduced by using the Eqs (         ), and are defined as follow 
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the corresponding conditions are 

                                        (4.31) 

Eqs (         ) with Eq. (4.31) are cracked numerically by applying the bvp4c technique, 

and obtain the values of               and               with these values we can 

write  

      
        

  
               

        

  
   (4.32) 

For the general   the original equations can be solved easily. Eqs (                  and     ) 

are integrated numerically. More accurate results of the initial values are given in Tables [4.1-

4.2].  

Table-4.1: The initial and final values of   for different values of slip factor    and   
  

  
 

for the hybrid nanofluid. The values in the each cell from top:      ,      ,       and 

     . The outcomes from approximate formulas Eq. (4.24) and Eq. (4.32) are given in 

parenthesis. 

  
  

  
                                                

0 0 0.179677 0.311965 0.545037 0.713014 0.835916 
0.928402 

(0.8948) 

0.963106 

(0.9474) 

0 0 0 0 0 0 0 0 0 

0 1 0.860584 0.745032 0.517791 0.337205 0.19700 
0.0872909 

(0.1261) 

0.0452321 

(0.06301) 

0 1 1 1 1 1 1 1 1 

0.25 0 0.180515 0.314201 0.55019 0.719429 0.841726 
0.931973 

(0.8948) 

0.965201 

(0.9474) 

0.25 0 0.0511468 0.099742 0.22626 0.380542 0.562789 0.770963 0.872895 

0.25 1 0.859442 0.74182 0.509764 0.32671 0.187206 
0.0811592 

(0.1261) 

0.0416155 

(0.06301) 

0.25 1 0.96197 0.923622 0.816185 0.673372 0.490662 0.265617 0.149621 

0.5 0 0.181281 0.316061 0.553456 0.722243 0.843261 
0.932395 

(0.8948) 

0.965328 

(0.9474) 

0.5 0 0.0984738 0.184695 0.377134 0.560483 0.726423 
0.872654 

(0.7895) 

0.93277 

(0.8948) 

0.5 1 0.858401 0.739163 0.504744 0.322204 0.18469 
0.0804606 

(0.1261) 

0.0414033 

(0.06301) 

0.5 1 0.92527 0.853791 0.678204 0.494107 0.315608 0.15001 0.0798425 
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(0.2521) (0.1261) 

0.75 0 0.181981 0.317614 0.555644 0.723762 0.843945 
0.932555 

(0.8948) 

0.965374 

(0.9474) 

0.75 0 0.142213 0.257054 0.481598 0.661105 0.801479 
0.911877 

(0.8597) 

0.954309 

(0.9298) 

0.75 1 0.857452 0.736954 0.501407 0.319793 0.183578 
0.0801968 

(0.1261) 

0.0413282 

(0.06301) 

0.75 1 0.890105 0.791038 0.576098 0.387707 0.231774 
0.104415 

(0.1681) 

0.0544332 

(0.0840) 

1.0 0 0.182621 0.318921 0.557194 0.724704 0.844331 
0.932639 

(0.8948) 

0.965397 

(0.9474) 

1.0 0 0.182621 0.318921 0.557194 0.724704 0.844331 
0.932639 

(0.8948) 

0.965397 

(0.9474) 

1.0 1 0.856585 0.735103 0.499058 0.318307 0.182954 
0.0800584 

(0.1261) 

0.0412894 

(0.06301) 

1.0 1 0.856585 0.735103 0.499058 0.318307 0.182954 
0.0800584 

(0.1261) 

0.0412894 

(0.0630) 

Eqs. (         ) have been integrated with the results of                 and       
         . Subsequently, Es. (         ) are identical, therefore, for large slip 

        
        

  
                  

        

  
   (4.33) 

Eqs (         ) with (4.33) are cracked numerically by applying the bvp4c technique, which 

gives                and              . Thus  

      
        

  
               

        

  
   (4.34) 

Table-4.2: The initial and final values for different slip factor    and   
  

  
 for the 

Nanofluid. The values in the each cell from top:      ,      ,       and      . The 

outcomes from approximate formulas Eq. (4.33) and Eq. (4.34) are given in parenthesis. 

  
  

  

                                                

0 0 0.151154 0.2687 0.492349 0.668505 0.805788 
0.913751 

(0.8870) 

0.95527 

(0.9435) 

0 0 0 0 0 0 0 0 0 

0 1 0.884114 0.783957 0.571635 0.386335 0.231972 
0.104903 

(0.1354) 

0.0547702 

(0.0677) 

0 1 1 1 1 1 1 1 1 

0.25 0 0.151761 0.27043 0.496878 0.674746 0.811938 
0.917825 

(0.8870) 

0.957736 

(0.9435) 

0.25 0 0.0420657 0.082527 0.191217 0.331629 0.510154 0.732357 0.848496 

0.25 1 0.883296 0.781512 0.564699 0.376249 0.221675 
0.0979268 

(0.1354) 

0.0505178 

(0.0677) 

0.25 1 0.968914 0.937421 0.846909 0.719907 0.544876 0.308583 0.177719 

0.5 0 0.152326 0.271919 0.499981 0.677835 0.813841 
0.918402 

(0.8870) 

0.957918 

(0.9435) 

0.5 0 0.0815616 0.154975 0.328153 0.507446 0.682912 
0.848158 

(0.7741) 

0.918935 

(0.8870) 

0.5 1 0.882537 0.779418 0.56000 0.371348 0.218573 0.0969707 0.0502149 
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(0.1354) (0.0677) 

0.5 1 0.93867 0.878998 0.724764 0.548862 0.363421 
0.178262 

(0.2707) 

0.0960951 

(0.1354) 

0.75 0 0.15285 0.273203 0.502184 0.679611 0.814732 
0.918627 

(0.8870) 

0.957984 

(0.9435) 

0.75 0 0.118608 0.21851 0.428328 0.612125 0.766385 
0.894124 

(0.8494) 

0.944681 

(0.9247) 

0.75 1 0.881834 0.777619 0.55669 0.368558 0.217133 
0.0966009 

(0.1354) 

0.0501058 

(0.0677) 

0.75 1 0.909398 0.825205 0.629345 0.440404 0.271412 
0.125161 

(0.1805) 

0.0658224 

(0.0902) 

1.0 0 0.153338 0.274315 0.503808 0.680752 0.815246 
0.918747 

(0.8870) 

0.958018 

(0.9435) 

1.0 0 0.153338 0.274315 0.503808 0.680752 0.815246 
0.918747 

(0.8870) 

0.958018 

(0.9435) 

1.0 1 0.881181 0.776066 0.554261 0.366777 0.216306 
0.0964046 

(0.1354) 

0.0500496 

(0.0677) 

1.0 1 0.881181 0.776066 0.554261 0.366777 0.216306 
0.0964046 

(0.1354) 

0.0500496 

(0.0677) 

4.4 Thermal axisymmetric stagnation flow 

 As discussed in Ref. [48], the temperature far away from the plate is considered to be    and 

temperature on the surface is   . The energy equation takes the form 

                               (4.35) 

Introducing  

     
    
     

  (4.36) 

After applying the above transformation, the dimensionless energy equation is 
    

  
   

  ({      (       

(   )  
(   ) 

)}    

(   )  
(   ) 

)

            
(4.37) 

with Pr is Prandtl number. The temperature slip may exist on the plate surface. The temperature 

slip condition similar to Navier-Stokes condition is  

    
  

  
                   (4.38) 

The dimensionless form of the above equation is  

       
    

  
          (4.39) 

For away from the surface of plate, the boundary condition is written as 

               (4.40) 

and the dimensionless form is written as  

        (4.41) 

The velocity slip factor   that enter in the function   and   while the thermal slip effect 
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introduce the two extra parameters   
    

  
  and     . For the large parameter   

 

 
   yield 

the dominant equation  

             (4.42) 

Such that   is very large, after using the Eqs. (              ) in Eqs. (              ), we 

obtain the following equations 
    

  
  

  

  ({      (       

(   )  
(   ) 

)}    

(   )  
(   ) 

)

     
     

(4.43) 

        
    

  
           (4.44) 

The solution of above initial values problem is  

        4√
  
 
5  (4.45) 

where,    
  ({      (       

(   )
  

(   )
 

)}   

(   )
  

(   )
 

)

    
  

 and   is found from conditions at zero  

  
 

    √
   
 

  
(4.46) 

where,     (
    

  
)  For large  , temperature is defined as 

       
√   

 

    √
   
 

         (4.47) 

We noted from (see Ref. [48]) that   is proportional to     and      Eq. (    ) is 

indistinguishable to the differential Eqs. (       ). Thus for      , 

     
             

                                            
  (4.48) 

and  

      2 
             

                           
   3

  

  (4.49) 

for the arbitrary    and large values of        ,   and       and solution of Eq. (4.43) is 

proportional to erfc(√   ). the initial values found to be  

         
 √   ⁄

     √   ⁄
         (4.50) 

for the general  , Eqs. (              ) are integrated numerically. The numerical values are 

calculated in the Tables [4.3-4.4] for both Hybrid nanofluid and nanofluid.  
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Table-3: Thermal initial values of Hybrid nanofluid for axisymmetric flow. The values in 

the bracket are calculated from Eq. (    ).  
                                         

6.2 1 -2.51242 -1.42303 -0.862236 -0.520419 -0.290273 
-0.124758 

(-0.1240) 

-0.0639669 

(-0.0638) 

6.2 2 -2.64461 -1.4645 -0.877286 -0.525864 -0.291959 -0.125068 -0.0640485 

6.2 3 -2.69537 -1.47993 -0.882800 -0.52784 -0.292567 -0.125179 -0.0640777 

6.2 4 -2.72215 -1.48797 -0.885654 -0.528859 -0.292880 -0.125237 -0.0640927 

Table-4: Thermal initial valued of Nanofluid for axisymmetric flow. The values in the 

bracket are calculated from Eq (4.50). 
                                         

6.2 1 -2.63778 -1.55646 -0.963806 -0.589623 -0.331907 

(-0.3281) 

-0.143604 

(-0.1429) 

-0.0738114 

(-0.0736) 

6.2 2 -2.80721 -1.61393 -0.98554 -0.597686 -0.334447 -0.144078 -0.0739363 

6.2 3 -2.87409 -1.63582 -0.993658 -0.600662 -0.335377 -0.14425 -0.0739816 

6.2 4 -2.90983 -1.64733 -0.997895 -0.602208 -0.335858 -0.144339 -0.074005 

4.5 Results and discussion 

The flow equations presented in the previous section are solved numerically and the obtained 

results are discussed in this section. First of all, it is noted that the functions   and   are 

partially non-coupled from   and   respectively. The initial value problem is started fom  Eq. 

(4.16) for the given slip factors    and    respectively. Further, it is checked that the values of 

                        for large values of  . The quantity of       and       

denoted as stretching velocities owing to the stagnation point flow. The quantities       and 

      are the fluid slip velocities owing to moving plate. Suppose that   
  

  
  is ratio of slip 

factors. The range of   is taken to be         and having ‘‘1’’ being the case of isotropic. 

In the case of isotropic, we noted that     and      . The large slip asymptotic solution 

concurs well with the numerical outcomes when     . It is noted that as the slip factor 

increases from zero, the slip velocities       and       are increased in both cases nanofluid 

and Hybrid nanofluid as shown in Tables [4.1-4.2]. It is also distinguished that velocity profiles 

      and       growth for large values of slip parameter of Hybrid nanofluid and nanofluid 

respectively as shown in Figs. (4.3) and (4.4). The universal functions      and      are 

coordinated by the stagnation flow and are not impacted by the horizontal movement of the 

plate. A few ordinary similarity velocities as appeared in Tables [4.1-4.2]. The slip velocities 

owing to lateral are described by the         aligns the striations and         through the 

striations. For no slip,             are unity and decline to zero as slip parameter is 



42  

augmented. Note that the velocities owing to the sidelong development depend on the 

stagnation flow. Typically, universal profiles are revealed in Tables [4.1-4.2] for Nanofluid and 

Hybrid nanofluid.  

The current study is focused on heat transfer of Hybrid nanofluid and nanofluid for stagnation 

slip flow on moving plate. The exact similarity solution in closed form is achieved for energy 

equation. The flow owing to the literal motion of the plate depends heavily upon the velocity 

slip parameter         of Hybrid nanofluid and nanofluid both on the boundary and in 

governing equations over the stagnation flow. The following concludes that asymptotic 

formulas resulting from Eqs (4.47) and (4.50) agrees for large   and   as revealed in Tables 

[4.3-4.4] for both hybrid nanofluid and simple nanofluid respectively. The heat transfer 

upsurges with rise in   , declines with rise in   and increases for Prandtl number (Pr). It is seen 

that       is high for axisymmetric stagnation flow of Hybrid nanofluid and nanofluid. But the 

heat transfer rate for the axisymmetric case is actually less. Due to the fact, the normal 

velocities at infinity are equal and one should divide Eq. (4.50) through √ . However, the 

denominator is larger for    . Temperature profile increases for the increment of    and    

as revealed in Figs. (4.7-4.8) both for Hybrid nanofluid and nanofluid. 

4.6 Final results 

Three dimensional Hybrid nanofluid stagnation flow and heat transfer on the moving plate is 

considered in this study. The stagnation flow with an isotropic slip and asymptotic behavior for 

large slip in Hybrid nanofluid is also discussed here. The following key factors are concluded:  

 The asymptotic formulas and the exact solution are accurate for large slip   and   . 

 With the increment of physical parameters   and   , temperature profile for both cases 

hybrid nanofluid and nanofluid increases. 

       and       are unity for no slip condition and are decreased to zero as slip is 

increased. 

 Slip factors increases with the increase in normalized slip velocities       and      . 

 Anisotropic is reflected in the various slip velocities       and        It is found that 

relative velocities are higher at small slip. 

 Velocity slip increases with increase in slip parameter in both cases Hybrid nanofluid and 

nanofluid. 
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Fig. 4.2: Impact of   on the       and      . 

 

Fig. 4.3: Impact of    on the      . 

 



44  

 

Fig. 4.4: Impact of    on the      . 

 

Fig. 4.5: Impact of    on the      . 
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Fig. 4.6: Impact of    on the      . 

 

Fig. 4.7: Impact of    on the     . 
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Fig. 4.8: Impact of   on the     . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



47  

Chapter 05 

Computational analysis of water based              flow over a vertical 

wedge 

5.1 Introduction 

Hybrid nanomaterial fluid fluctuating flow at vertical Riga wedge is studied in this chapter. 

Different nanoparticles (two kinds) with base water fluid at vertical Riga wedge effects are 

discussed. The steady and unsteady cases also analyzed. The water has low thermal 

conductivity, thus we added the nanoparticle    and        which increases the thermal 

conductivity of the base fluid. This phenomena increase the heat transfer rate at the surface 

Riga plate. Partial differential equations are reduced into an ordinary differential equation by 

means of dimensionless similarity variables. The resulting ordinary differential equation is 

further solved through numerical and perturbation methods. Thickness of momentum boundary 

layer is declined because of the solid nanoparticle rises in all cases of    ,       , 

      and       .  

 

Fig. 5.1: Unsteady flow of Hybrid nanofluid over wedge. 
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5.2 Mathematical formulation 

Consider the mixed convection fluctuating flow of Hybrid nanofluid over a vertical Riga wedge 

in the presence of solid nanoparticle see Fig. 5.1. The thermal and momentum boundary layer 

thickness is represented by    and   . It is considered that both the free stream and surface 

temperature present small amplitude oscillations in time about steady, non-zero free stream 

velocity and mean temperature. The electro-magneto-hydrodynamic applied on the vertical 

wedge. Under the assumption and usual boundary layer approximation, the following 

mathematical system is  

  

  
 

  

  
     (5.1) 
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/
   

   
 

       (  ⁄ )  ̅̅

    
 

     

     
      

 

 
     

(5.2) 

(
  

  
  

  

  
  

  

  
)      

   

   
  (5.3) 

where,  ̅       and the boundary conditions are  

    
  

  
             ̅            

  

  
            

 
                ̅                   

 

 (5.4) 

The coefficient of the volumetric expression for temperature expresses as  ,         be the fre 

stream velocity,   and   be the                           of the fluid,     ,     ,      and 

      
 is the density, viscosity, thermal conductivity and heat capacity of hybrid nanofluid. 

The above equations are simplified as  

  

  
 

  

  
     (5.5) 
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  (5.7) 

and the corresponding boundary conditions are  

    
  

  
          ̅            

  ̅

  
             

 
                ̅                

 

 (5.8) 

where,  

                          and          ̅                  (5.9) 

The mean surface temperature and mean velocity represent as  ̅     and      ,   is the 

amplitude of oscillation which is      while the frequency of oscillation is    

5.3 Solution procedure 

On the behalf of the boundary conditions given in Eq. (5.8), we deliberate solutions of the 

system (5.5)-(5.8) in the following form  

                                   (5.10) 

                                   (5.11) 

 ̅                                  (5.12) 

where,   ,    are the fluctuating parts and   ,    are the velocity components,  ,   and   , 

   are the real and fluctuating part of the temperature function  . The predictable solution 

functions are the real parts of the functions known in Eq. (5.9). The thermophysical properties 

are presented in Tables [5.3-5.4]. After applying the Eqs. (5.10)-(5.12) in Eqs. (5.6)-(5.8) and 

getting the terms and conditions to     , we obtained succeeding equations 

   
  

 
   

  
     (5.13) 
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with the boundary conditions  
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and  
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  (5.19) 

and relevant boundary conditions are  

     
   
  

             ̅            
   
  

            
 

                              
 

 (5.20) 

Now, considering the functions       and  ̅     like as          
    and  ̅        while 

   and    are the constants, we introduce the following similarity transformations for 

simplification 

      √         
  

 ⁄                 

      √         
  

 ⁄                     

   √         
 

 ⁄    
 

  
√ , 

(5.21) 

where,    and    are the stream function which satisfy the Eqs.                   
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correspondingly. The similarity and local frequency variables are   and  . By applying the 

similarity transformation Eq. (5.23) on Eqs. (5.20-5.22), we get the dimensionless form  

           
     

 ⁄      
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(5.22) 
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(5.24) 

The steady part of the flow is presented as  
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and the boundary conditions are 

               
    

  

      
 
         

        
    

  
      

 
 ⁄               

                                   

(5.27) 

5.4 Perturbation solutions for small ξ 

To gain the impacts of mixed convection near the leading edge, the results based on the series ' 

finite numbers of terms are only valid for the small frequency range. The physical properties are 

discussed in Tables [5.2-5.3]. So,  
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  (5.28) 

Putting these values in Eqs. (5.25)-(5.27), then equating the coefficients of         
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and the boundary conditions are 
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Equating the coefficients of         
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and the relevant boundary conditions are  
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(5.34) 

Equating the coefficients of         
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(5.35) 
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with the relevant boundary conditions are  
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(5.37) 

5.5 Results and discussion 

The inspiration of the physical parameters on the heat transfer and skin fraction is presented in 

Table 5.1. The skin friction improved because of improving the solid nanoparticle. Heat transfer 

rate declines as well as solid nanoparticle enhances which is revealed in Table 5.1. The heat 

transfer rate        (Unsteady flow) achieve much higher than that of the     (Steady flow) 

in case of the    
   

   and    
   

   
. Skin friction reduces when the slip parameter rises. The 

thickness of momentum is reduced by cause of the enhancing  . While, the heat transfer 

improved with improving the   because thickness of thermal boundary rises by cause of 

velocity slip enhances. In the case of    , variation of the modified Hartman number on the 

skin friction and heat transfer is revealed in Table 5.1. Skin friction reduces when the modified 

Hartman number rises. The thickness of momentum is reduced because of the enhancing 

modified Hartman number, but opposite results are achieved for the       , while the heat 

transfer reduced with improving the modified Hartman number because thickness of thermal 

boundary declines because of velocity slip enhances, but opposite results are achieved for the 

      . In case of    , variation of the Richardson number on the skin friction and heat 

transfer is revealed in Table 5.1. Skin friction improves when the Richardson number rises. The 

thickness of momentum is improved because of enhancing Richardson number, but opposite 

results are achieved for the       . In case of    , the heat transfer is improved by improving 

the Richardson number because thickness of thermal boundary improves because velocity slip 

enhances but opposite results are achieved for the       . In case of    , variation of the 

dimensionless number on the skin friction and heat transfer is revealed in Table 5.1. Skin 

friction improves when the dimensionless number rises. The thickness of momentum improves 
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because of enhancing dimensionless number, but opposite results are achieved for the       . 

In case of    , the heat transfer improved with improving the dimensionless number because 

thickness of thermal boundary improves because velocity slip enhances but opposite results are 

achieved for the       . Impressions of the parameters on the modified Hartman number, 

thermal slip, velocity slip and solid nanoparticle on the temperature gradient are highlighted in 

Figs. 5.2-5.5 for the various cases    ,       ,       and       . Fig. 5.2 reveals the 

variation of thermal thickness and thermal slip. It is achieved that thermal thickness is reduced 

because of improving the thermal slip parameter for all cases:    ,       ,       and       . 

But, the thermal thickness reduces       ,       and        respecticly, as the values of    are 

enhanced at the surface of the Riga vertical wedge. 

Fig. 5.3 reveals the variation of thermal thickness and solid nanoparticle concentration   . It is 

achieved that thermal thickness rises because of improving the solid nanoparticle for all cases 

of    ,       ,       and       . The thermal thickness growths owing to enhancing the 

  increases. When the solid nanoparticles added in the base fluid which improves the   but in 

case of the thermal thickness improved       ,       and        respecticly, as the values of    

are enhanced at the surface of the Riga vertical wedge. Fig. 5.4 reveals the variation of thermal 

thickness and modified Hartman number. It is achieved that thermal thickness rises because of 

improving the modified Hartman number for all cases    ,       ,       and        but in 

case of the thermal thickness improved       ,       and        respecticly, as the values of    

are enhanced at the surface of the Riga vertical wedge. This phenomena exists due to Lorentz 

forces              which are explained physically. The electromagnetic forces    

(
 

    
) 

     

 
      

 

 
   work as opposite along to the motion of fluid as drag-like forces 

which successful extents are rotting exponentially along the y axis. Fig. 5.5 reveals the variation 

of thermal thickness and velocity slip. It is achieved that thermal thickness is reduced because 

of improving the velocity slip parameter for all cases    ,       ,       and       , but in 

case of the thermal thickness reduced       ,       and        respecticly, as the values of    

are enhanced at the surface of the Riga vertical wedge. Impacts of the physical parameters on 

the modified Hartman number,  ,   and solid nanoparticle on the velocity distribution are 

highlighted in Figs. 5.6-5.9 for the various cases    ,       ,       and       . Variation of 

the thermal slip and velocity profile are presented in Fig. 5.6. Thickness of momentum is 

reduced because of the thermal slip rises in all cases    ,       ,       and       . 
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Momentum thickness decreases because of enhancing the values of  . Variation of the velocity 

slip and velocity profile are presented in Fig. 5.7. Momentum thickness enhanced due to 

velocity slip upsurges in all cases of    ,       ,       and       . Momentum thickness 

decreases because of enhancing the values of  . Variation of the solid nanoparticle and velocity 

profile is presented in Fig. 5.8. Momentum thickness is reduced because of the solid 

nanoparticle rises in all cases of    ,       ,       and        and thermal thickness 

upsurges owing to enhancing the thermal conductivity of the fluid increases. Momentum 

thickness decreases because of enhancing the values of  . Variation of the modified Hartman 

number and velocity profile is presented in Fig. 5.9. Thickness of momentum improved because 

the modified Hartman number rises in all cases    ,       ,       and       . Momentum 

thickness decreases because of enhancing the values of  . 

Table 5.1: Numerical results of heat transfer and skin friction.  

Physical parameters Steady case Unsteady case 

                 
   

      
   

   
    

   
      

   
   

 

0.005 0.3 0.4 0.5 0.4 0.4 1.3863 0.6330 17.8755 1.3177 

0.02      1.4122 0.5991 18.1203 1.2363 

0.04      1.4489 0.5572 18.4219 1.1373 

0.06      1.4880 0.5185 18.6809 1.0481 

0.04 0.0     3.0803 0.4734 53.3095 1.0877 

 0.3     1.4489 0.5572 18.1219 1.1373 

 0.6     0.8782 0.5690 10.5880 1.1343 

 0.3 0.0    1.5126 1.2494 18.2691 7.6309 

  0.2    1.4689 0.7694 18.1219 2.3232 

  0.4    1.4489 0.5572 17.8755 1.1373 

  0.6    1.4373 0.4370 17.4383 0.6821 

  0.4 0.0   1.7618 0.4498 1.4169 0.1913 

   0.5   1.4373 0.4370 18.2691 0.6821 

   1.0   1.0372 0.4172 40.1539 1.5455 

   0.5 0.0  1.3938 0.4354 18.7622 0.7086 

    0.4  1.4373 0.4370 18.2691 0.6821 

    0.8  1.4789 0.4385 17.8242 0.6584 

    0.4 0.0 1.2104 0.4244 25.2105 1.0087 

     0.2 1.3646 0.4333 20.7774 0.7881 

     0.4 1.4373 0.4370 18.2691 0.6821 

     0.6 1.4817 0.4392 16.5176 0.6145 
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Table 5.2. Thermo-physical properties. 
Properties Nanofluid Hybrid nanofluid 

   

Heat capacity                             (   )   
                      

                       

Density                                             
       

 

Thermal 

conductivity 

   

  

 

  
                        

                   
 

    

   

   
   

                         
 

                        
 

where  
   

  
   

                           

                      
 

Viscosity     
  

        
      

  

      
         

   
 

 

 

Table 5.3: Properties of the thermo-physical. 

Thermo-physical properties                                

                       

                         

              40     
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Variation of thermal slip and solid nanoparticle on temperature profile. 
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Variation of modified Hartman number and velocity slip on temperature profile. 
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Variation of thermal slip and velocity slip on velocity profile. 
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Variation of modified Hartman number and solid nanoparticle on velocity profile. 

5.6 Final remarks 

The mixed convection fluctuating flow of Hybrid nanoparticle fluid at a vertical Riga wedge is 

studied. Major expression of involving parameters on the temperature, velocity, heat transfer 

and skin friction on the Riga vertical wedge are highlighted as  

 The momentum thickness is reduced because of enhancing    while the heat transfer 

improved with improving  . 

 In case of    , the heat transfer improved with improving the Richardson number 

because thickness of thermal boundary improves due to velocity slip enhances but 

opposite results are achieved for the       . 

 Momentum thickness decreases by cause of enhancing the values of   (      , 

      and       ). 

 Thickness of momentum reduced due to solid nanoparticle growths in all cases of    , 

      ,       and       . 
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Chapter 06 

Theoretical analysis of slip effects based micropolar Hybrid nanofluid over 

a Riga curved surface 

 

6.1 Introduction 
In this chapter, the steady flow of micropolar Hybrid nanomaterial fluid at a nonlinear 

stretching curved surface is analyzed. Two different types of the nanoparticles are studied at the 

curved surface. The influences of thermal and velocity slips on the curved surface are 

discussed. The governing equations of the motions for the micropolar Hybrid nanomaterial fluid 

flow are simplified under the assumptions of boundary layer theory. The system of differential 

equations in term of partial differential equations becomes dimensionless by means of similarity 

transformations. The simplified ODE’s are elucidated through a numerical scheme. The results 

of the thermal and velocity slip, curvature parameter, microrotation parameter, and solid 

nanoparticle concentration at the curved surface are highlighted through graphs and tables. 

Surprisingly, the numerical values of                gains higher values than that of 

          in all the cases for weak concentration           and        . The values of 

   
   

  ,    
   

   
 and    

   
  , the weak concentration           achieves sophisticated 

values as compared to the        .  

 

Fig. 6.1: Flow of Hybrid nanomaterial fluid at Riga curved surface. 
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6.2 Mathematical formulation 

The steady base flow of micropolar Hybrid nanofluid at a nonlinear stretching Riga curved 

surface is studied (see Fig. 6.1). Here,   is the radius of curvature while   and   are the 

curvilinear coordinate. The mathematical model under flow assumption are defined as 

 ⃗⃗   ⃗⃗           

 .
  ⃗⃗ 

  
/  ( ⃗⃗   ⃗⃗ ) ⃗⃗    ⃗⃗     ⃗⃗   ⃗⃗           ⃗⃗   (    ⃗⃗ )   ⃗         

 .
  ⃗⃗ 

  
/  ( ⃗⃗   ⃗⃗ ) ⃗⃗      ⃗⃗    ⃗⃗   ⃗⃗   ( ⃗⃗   ⃗⃗   ⃗⃗ )          ⃗⃗ ( ⃗⃗   ⃗⃗ )  (6.3) 

   4.
  ⃗⃗ 

  
/  ( ⃗⃗   ⃗⃗ ) ⃗⃗ 5   ⃗⃗ (  ⃗⃗   ⃗⃗ )        

By introducing approximations to the physical phenomenon, the over-conditions are 

transformed into following forms: 
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/  (6.9) 

               is the partial slip at curved surface whose expression finally takes the 

following form along with the boundary conditions  

                
    

  
 (
  

  
)     [

  

  
 

 

    
   ]     

 
 ⁄       (6.10) 
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The appropriate transformations are  

                      √
 

  
         ( 

 
 ⁄ )          

   
  

    

√
  
 
( 

 
 ⁄ )       

  √   ( 
 
 ⁄ )             ( 

  
 ⁄ )       

(6.11) 

Utilization of above expression in Eqs. (6.5) to (6.10) give the following equations  
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Eliminating the pressure term, and solving Eqs. (6.12) and (6.13) 
  

   
( 

 

         
  ) (      

 

    
     

 

       
    

 

       
  )

  
    

    
              

    

       
           

    

       
   

 
  

   
                        

(6.16) 

  

   
( 

 

         
     ) .    

  

    
/  

   

       
    

   

       
   

 
  

   

   

 
(       

 

    
  )  
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Relevant conditions are 

                    
     

  
                                     

                          

(6.19) 
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The parameters     and     and    are described as 

   
   

      
 
         

   

           
    ( 

 
 ⁄ )

  
      

 
  (6.24) 

where,     is the wall shear stress,    is the heat flux and    is the couple stress which are 

defined as  
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(6.25) 

Using Eq. (6.24) in Eq. (6.25), we get  
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/  (6.27) 

   
   

   
  

    

  
       (6.28) 

where,     (
   

  
 ⁄

  
) is the local Reynold number. 

Thermo physical properties: 

Thermophysical properties             Pure water 

                    4179 

                     997:1 

 (      )           0.613 

The thermophysical charactristics are emphasized above. In this case,    is fixed as 6.2. 

6.3 Results and discussion 
The dimensionless system defined by Eqs. (6.16-6.18) having boundary conditions (6.19) is solved as 

numerically. Physical effects on the flow behavior are discussed through graphs and tables. Table 6.1 

reveals the comparative outcome with existing literature. It is seen that ours rsults are matching with 

them when                  and      for the various values of  .  
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Table 6.1: The comparative numerical values of    
   

   with our outcomes when 

                     and       . 
  Present Wang [49] Sahoo and Do [50] Abbas et al. [51] Nogrehabadi et al. [52] 

0.00 1.0000 1.00 1.00110 1.00000 1.00020 

0.10 0.87180 - 0.87140 0.87200 0.87200 

0.20 0.77620 - 0.77490 0.77630 0.77630 

0.30 0.70140 0.7010 0.69970 0.70150 0.70150 

0.50 0.59060 - 0.58910 0.59110 0.59110 

1.00 0.43000 0.4300 0.42840 0.43010 0.43010 

2.00 0.28410 0.2840 0.28280 0.28390 0.28390 

3.00 0.21420 - 0.21330 0.21400 0.21400 

5.00 0.14570 0.1450 0.14440 0.14480 0.14480 

10.00 0.08110 - 0.08100 0.08120 0.08120 

20.00 0.04290 0.04380 0.04370 0.04370 0.04370 

Tables [6.2-6.3] show the weak concentration           and strong concentration     
      of couple stress, Nusselt numbers and skin friction for nanomaterial fluid and Hybrid 

nanomaterial fluid. Theses tables show the variation of the   ,   ,  ,   ,  ,   and   on the 

   
   

  ,    
   

   
 and    

   
   for                 and          . It is 

observed that the values of    
   

  ,    
   

   
 and    

   
   decline for the large values of    

for the both cases                 and          . In the case of       
          gains higher values than that of          . The dimensionless parameter    

shows the impacts on    
   

  ,    
   

   
 and    

   
  . The numerical values of    

   
   and 

   
   

   decrease and increases the values of    
   

   
 for the large values of    in both cases 

of                 and          . The impacts of the curvature parameter    on 

the    
   

  ,    
   

   
 and    

   
  . It is seen that the curvature parameter   increases which 

decrease in    
   

  ,    
   

   
 and    

   
   in both cases of                 and 

         . The dimensionless micropolar parameter   shows the effects on    
   

  , 

   
   

   
 and    

   
  . It is realized that the values of the    

   
 and    

   
   

 enhances for 

large values of the   but opposite behavior to be noted for    
   

   decrease. The impacts of   

on    
   

  ,    
   

   
 and    

   
    are shown in these tables. It is detected that the values of 

   
   

   and    
   

   augments for growing in the values of    while decline the values of 

   
   

   
. The velocity slip   shows the effects on    

   
  ,    

   
   

 and    
   

  . It is noted 

that velocity slip rises with growing the values of    
   

  ,    
   

   
 and    

   
  . The effects 

of thermal slip parameter   are to be noted on the    
   

   
 in these tables. As the thermal slip 

parameter   increases as    
   

   
 decreases. 

Table 6.2: Numerical values of    
   

  ,    
   

   
 and    

   
   when        

Physical parameters Nanofluids Hybrid nanofluids 

                     
   

      
   

   
    

   
       

   
      

   
   

    
   

   

0.005 0.5 0.5 0.5 0.4 0.2 0.4 2.6842 1.3904 1.2638 2.7518 0.9714 1.3675 

0.02 - - - - - - 2.5899 1.3162 1.2155 2.6495 0.9191 1.3132 

0.04 - - - - - - 2.4695 1.2245 1.1537 2.5188 0.8545 1.2437 

0.06 - - - - - - 2.3547 1.1403 1.0948 2.3944 0.7953 1.1775 

0.04 0.1 - - - - - 2.5910 0.8554 1.5389 2.6612 0.5895 1.6534 

- 0.3 - - - - - 2.5010 1.1017 1.2979 2.5577 0.7644 1.3984 

- 0.5 - - - - - 2.4695 1.2245 1.1537 2.5188 0.8545 1.2437 
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- 0.5 0.1 - - - - 4.6703 1.6778 5.7113 4.7848 1.2182 5.3475 

- - 0.3 - - - - 3.1504 1.3769 1.9745 3.2113 0.9745 2.0741 

- - 0.5 - - - - 2.4695 1.2245 1.1537 2.5188 0.8545 1.2437 

- - 0.5 0.0 - - - 2.0303 1.2115 1.2675 2.2690 0.8437 1.4243 

- - - 0.5 - - - 2.4695 1.2245 1.1537 2.5188 0.8545 1.2437 

- - - 1.0 - - - 2.8950 1.2303 1.0889 2.8318 0.8593 1.1389 

- - - 0.5 0.0 - - 2.3772 1.2287 1.0832 2.4247 0.8578 1.1695 

- - - - 0.2 - - 2.4239 1.2266 1.1188 2.4723 0.8561 1.2070 

- - - - 0.4 - - 2.4695 1.2245 1.1537 2.5188 0.8545 1.2437 

- - - - 0.6 - - 2.5139 1.2225 1.1880 2.5642 0.8530 1.2799 

- - - - 0.4 0.0 - 4.1409 1.2576 1.8518 4.2081 0.8781 1.9869 

- - - - - 0.2 - 2.4695 1.2245 1.1537 2.5188 0.8545 1.2437 

- - - - - 0.4 - 1.7666 1.2090 0.8473 1.8058 0.8435 0.9163 

- - - - - 0.4 0.0 2.4695 2.7272 1.1537 2.5188 1.7534 1.2437 

- - - - - - 0.2 2.4695 1.6902 1.1537 2.5188 1.1491 1.2437 

- - - - - - 0.4 2.4695 1.2245 1.1537 2.5188 0.8545 1.2437 

Table 6.3: Numerical values of    
   

  ,    
   

   
 and    

   
   when        

Physical parameters Nanofluids Hybrid nanofluids 

                    
   

      
   

   
    

   
      

   
      

   
   

    
   

   

0.005 0.5 0.5 0.5 0.4 0.4 0.4 -2.3326 1.3625 0.2798 -2.3946 0.9505 0.3179 

0.02 - - - - - - -2.2504 1.2896 0.2724 -2.3051 0.8992 0.3091 

0.04 - - - - - - -2.1454 1.1994 0.2628 -2.1908 0.8359 0.2977 

0.06 - - - - - - -2.0453 1.1166 0.2535 -2.0820 0.7778 0.2867 

0.04 0.1 - - - - - -2.1122 0.8421 0.3287 -2.1711 0.5805 0.3552 

- 0.3 - - - - - -2.1147 1.0803 0.3021 -2.1663 0.7488 0.3361 

- 0.5 - - - - - -2.1454 1.1994 0.2628 -2.1908 0.8359 0.2977 

- 0.5 0.1 - - - - -3.0561 1.6615 0.0822 -3.1471 1.2033 0.0738 

- - 0.3 - - - - -2.5049 1.3515 0.2216 -2.5580 0.9548 0.2642 

- - 0.5 - - - - -2.1454 1.1994 0.2628 -2.1908 0.8359 0.2977 

- - 0.5 0.0 - - - -1.4006 1.1975 0.1989 -1.5655 0.8339 0.2299 

- - - 0.5 - - - -2.1454 1.1994 0.2628 -2.1908 0.8359 0.2977 

- - - 1.0 - - - -2.9148 1.1993 0.2971 -2.8320 0.8364 0.3304 

- - - 0.5 0.0 - - -1.9867 1.2079 0.3679 -2.0235 0.8426 0.4175 

- - - - 0.2 - - -2.0634 1.2039 0.3191 -2.1037 0.8395 0.3625 

- - - - 0.4 - - -2.1454 1.1994 0.2628 -2.1908 0.8359 0.2977 

- - - - 0.6 - - -2.2381 1.1942 0.1898 -2.3006 0.8312 0.2011 

- - - - 0.4 0.0 - -5.3459 1.2509 0.7355 -5.4412 0.8724 0.8066 

- - - - - 0.2 - -3.0436 1.2154 0.4118 -3.1030 0.8473 0.4599 

- - - - - 0.4 - -2.1454 1.1994 0.2628 -2.1908 0.8359 0.2977 

- - - - - 0.4 0.0 -2.1454 2.6057 0.2628 -2.1908 1.6767 0.2977 

- - - - - - 0.2 -2.1454 1.6427 0.2628 -2.1908 1.1156 0.2977 

- - - - - - 0.4 -2.1454 1.1994 0.2628 -2.1908 0.8359 0.2977 

6.4 Graphical analysis 
The variation of the physical parameters namely, dimensionless stretching parameter   , solid 

nanoparticle   , micropolar parameter  , modified Harman number  , curvature parameter   , 

velocity slip parameter   and thermal slip parameter   temperature, micropolar and velocity 

profiles. The variation of solid nanoparticle of          with velocity profile, micropolar 

and temperature profile respectively is seen in Figs. (6.2-6.3). Micropolar and velocity profiles 

are boosted as well as solid nanoparticle growths, see in Fig. 6.2. The curves of the velocity 

function boosted due to enhancing the   . Thermal thickness and    have the same behavior of 

enhancing in Fig. 6.3. Influence of velocity and micropolar functions with   which reveals in 
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Fig. 6.4. velocity function and   have the same behavior of enhancing but in case of micropolar 

function and   have opposite behavior. Variation of the modified Harman number   and 

velocity and micropolar function depicted in Fig. 6.5. The curves of the velocity declines for 

larger values of  . Variations of dimensionless stretching parameter    with velocity and 

temperature functions depicted in Fig. 6.6. Velocity function and stretching parameter    same 

behavior of enhancing but opposite in case of  temperature function. Thermal slip and 

temperature function variation revealed in Fig. 6.7. thermal slip improve which declines the 

temperature function. The velocity slip parameter and velocity function variation depicted in 

Fig. 6.7. Velocity slip and velocity function opposite behavior seen in Fig. 6.7. The curves of 

the velocity function declines with enhancing the values of velocity slip. The variation of the 

curvature parameter and stretching parameter with micropolar function is seen in Fig. 6.8. The 

curves of the micropolar function declines due to rising the values of stretching and micropolar 

parameters. 

6.5 Final remarks 
The based micropolar fluid of                 flow with velocity and thermal slips at 

Riga channel is deliberated. The nonlinear stretching is also taken in this in this chapter. For the 

various physical parameters, significant findings are illuminated like as dimensionless 

stretching parameter   , solid nanoparticle   , micropolar parameter  , modified Harman 

number  , curvature parameter   , velocity slip parameter   and thermal slip parameter  . 

Some importing finding are: 

 The numerical values of                 gains higher values than that of 

          in all the cases for weak concentration           and strong 

concentration          . 

 For the values of    
   

  ,    
   

   
 and    

   
  , the weak concentration     

      achieves sophisticated values as compared to the        .  

 The modified Harman number ω increases as increasing velocity function and decreases 

micropolar function.  

 The present investigation is in great deal with the already available results. 
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Fig. 6.2 

 

 

Fig. 6.3 

 
Impacts of    on the      ,      and     . 
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Fig. 6.4 

 
 

Fig. 6.5 

 
Impacts of    and   on the       and     . 
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Fig. 6.6 

 
Impacts of    on the       and     . 

Fig. 6.7 

 
Impacts of   on the      and   on        
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Fig. 6.8 

 
Impacts of    and   on the     . 
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Chapter 07 

Model based analysis of Yamada and Ota model and Xue of micropolar 

Hybrid nanofluid at curved surface 
 

7.1 Introduction 

In this chapter, the flow of based analysis of Yamada-Ota and Xue models of micropolar Hybrid 

nanomaterial fluid at curved surface is analyzed. The nonlinear stretching curved surface is 

considered. The system under the flow suppositions is established and dimensionlized through 

similarity transformations. Furthermore, the results of the dimensionless system built through a 

numerical procedure. The phenomena of physical parameters on the curved surface are revealed 

through graphs and tables. 

7.2 Mathematical formulation 

The micropolar Hybrid nanomaterial fluid at a curved stretching surface is deliberated. The 

curvilinear coordinates are taken in which  flow path is shown along the arc length which is  

normal to tangent vector as shown in Fig. 7.1. 

 

Fig. 7.1: Hybrid nanomaterial flow pattern of micropolar fluid. 

It is considered that the surface is stretched along the velocity    in the   direction. It is noted 

that      or      resemble to injection or suction correspondingly. Under these 

deliberations, the flow equations  

 ⃗⃗   ⃗⃗           

 .
  ⃗⃗ 

  
/   ⃗⃗   ( ⃗⃗   ⃗⃗ ) ⃗⃗    ⃗⃗   ⃗⃗           ⃗⃗   (    ⃗⃗ )   ⃗         

 .
  ⃗⃗ 

  
/  ( ⃗⃗   ⃗⃗ ) ⃗⃗      ⃗⃗    ⃗⃗   ⃗⃗   ( ⃗⃗   ⃗⃗   ⃗⃗ )          ⃗⃗ ( ⃗⃗   ⃗⃗ )  (7.3) 
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   4.
  ⃗⃗ 

  
/  ( ⃗⃗   ⃗⃗ ) ⃗⃗ 5   ⃗⃗ (  ⃗⃗   ⃗⃗ )        

By introducing approximations to the physical phenomenon, the above equations are 

transformed into subsequent form:  
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with the boundary conditions 
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Suitable transformations are  
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where, the curvature radius is  ,   and   are the velocity along the axis of   and  . The 

dimensionless system is obtained as 

   
   

    
  (7.12) 
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Eliminating the pressure term, we have 
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Non dimensional boundary conditions take the form 

                                          
                          

        
    

  
              

(7.19) 

In above expressions,     correspond to suction and     is for injection. The physical 

interpretation of thermodynamics are  
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here   and   are be the length and radius of nanotube. Eq. (7.21) is the Yamada and Ota model 

of nanofluid [53]. We extended the Yamada and Ota model of nanofluid into the Hybrid 

nanofluid which is executed in Eq. (7.20). We analyzed the significant results through the 
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following expression 
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Eq. (7.23) is the Xue model nanofluid [54]. We extended the Xue model nanofluid into the 

Hybrid nanofluid which is executed in Eq. (7.22). We analyzed the significant results for 

different physical parameter. The physical quantities namely Nusselt number, skin friction and 

couple stress are defined as  
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where    ,    and    are wall shear stress, heat flux and couple stress respectively. These are 

defined as  
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Using Eq. (7.24) in Eq. (7.25), we get the dimensionless form as follows 
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where,      (
   

  
 ⁄

  
) is the local Reynold number. 

7.3 Results and discussion 

The dimensionless system is solved through the numerical scheme via bvp4c technique having 

the dimensionless boundary conditions. Some physical parameters are defined as curvature 

parameter   , dimensionless stretching parameter   , stretching  parameter  , solid 

nanoparticle volume fraction   , thermal slip parameter   and micropolar parameter  . 
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Impacts of these physical parameters are illustrated through the                    Table 7.1 

shows the comparative result with Wang [55]. It is noted that our findings align well with [55] 

when          ,      and      for the various values of   .  

Table 7.1: The comparison        with our current outcomes. When           
         and     . 

  Wang [55] Present Result 

                      

                     

                     

                     

      

                     

                      

7.3.1 Strong concentration (     ) 

Tables [7.2-7.3] show the weak concentration (n = 0.5) of    
   

  ,    
   

   
and    

   
   for 

Yamada Ota, and Xue models for              and       . These tables show the 

variation of the   ,   ,   ,  ,  ,   and   on the    
   

  ,    
   

   
and    

   
   for Yamada-

Ota and Xue models for              and       . The values of    
   

  , and    
   

   

enhances for the large values of    while decreases the values of Nusselt numbers for higher 

values of    for              and        of Yamada and Ota model, and Xue model. 

The values of    
   

  ,    
   

   
and    

   
   are increased for the large values of    which 

are revealed in Tables [7.2-7.3] for the both cases              and       . These tables 

also depict the impact of   on the    
   

  ,    
   

   
and    

   
   for the              

and       . It is noted that the skin friction enhances for growing the values of the   but 

different behavior is prominent for the Nusselt number and couple stress that is decreased for 

the sophisticated values of   in the both cases of              and       . Impacts of    

on skin friction, Nusselt numbers and couple stress for the              and        are 

shown in These tables as well. It is depicted that the values of    
   

  ,    
   

   
and    

   
   

decreases when the values of    are increased. The impressions of   on the    
   

  , 
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and    

   
    are also shows in these tables. In the case of injection (   ), the 

values of skin friction, Nusselt numbers and couple stress are increasing for the higher values of 

the physical parameter   but opposite behavior is seen in the case of suction (   ). The 

impacts of   for              and        on the    
   

  ,    
   

   
and    

   
   are 

revealed in the these tables. The    
   

   and    
   

   are enhanced for the large values of 

stretching parameter   but opposite performance is seen for the    
   

   
 when the stretching 

parameter   inceases. The effects of thermal slip parameter   on the Nusselt number are shown 

in these  tables, i.e.,  the   increases as    
   

   
 decreases. 

Table 7.2: Numerical results of    
   

          
   

   and    
   

   
 when        

Yamada and Ota model Nanofluids Hybrid nanofluids 

                    
   

      
   

   
     

   
      

   
      

   
   

     
   

   

0.005 0.5 0.5 0.5 0.4 0.4 0.4 0.6904 1.4452 0.9090 0.9123 0.4393 1.0582 

0.02 - - - - - - 0.8346 1.0257 0.9471 1.0103 0.3098 1.0788 

0.04 - - - - - - 0.9807 0.7175 0.9785 1.1086 0.2157 1.0903 

0.06 - - - - - - 1.0853 0.5383 0.9905 1.1763 0.1616 1.0861 

0.04 0.1 - - - - - -0.5730 0.4675 -0.4325 -0.5468 0.1444 -0.4340 

- 0.3 - - - - - 0.0082 0.6253 0.2143 0.0637 0.1860 0.2522 

- 0.5 - - - - - 0.9807 0.7175 0.9785 1.1086 0.2157 1.0903 

- 0.5 0.1 - - - - -4.2601 1.0117 -1.3341 -4.0508 0.3391 -0.7362 

- - 0.3 - - - - -0.1990 0.8159 1.7316 -0.0828 0.2535 1.9405 

- - 0.5 - - - - 0.9807 0.7175 0.9785 1.1086 0.2157 1.0903 

- - 0.5 0.0 - - - -0.0191 0.7078 0.1050 -0.0659 0.2105 0.0623 

- - - 0.5 - - - 0.9807 0.7175 0.9785 1.1086 0.2157 1.0903 

- - - 1.0 - - - 2.9368 0.7265 2.1252 3.3934 0.2206 2.4062 

- - - 0.5 0.1 - - 0.7258 0.6586 0.8309 0.8347 0.2030 0.9250 

- - - - 0.4 - - 0.9807 0.7175 0.9785 1.1086 0.2157 1.0903 

- - - - 0.8 - - 1.3703 0.7868 1.1887 1.5266 0.2321 1.3247 

- - - - -0.1 - - 0.5728 0.6166 0.7381 0.6704 0.1943 0.8210 

- - - - -0.4 - - 0.3672 0.5512 0.6081 0.4496 0.1812 0.6754 

- - - - -0.8 - - 0.1335 0.4639 0.4527 0.1995 0.1637 0.5017 

- - - - 0.4 0.0 - 1.9946 0.7035 1.4333 2.0816 0.2113 1.5446 

- - - - - 0.4 - 0.9807 0.7175 0.9785 1.1086 0.2157 1.0903 

- - - - - 0.8 - -0.0678 0.7300 0.5246 0.0981 0.2198 0.6338 

- - - - - 0.4 0.0 0.9807 1.6724 0.9785 1.1086 0.3927 1.0903 

- - - - - - 0.4 0.9807 0.7175 0.9785 1.1086 0.3927 1.0903 

- - - - - - 0.8 0.9807 0.4567 0.9785 1.1086 0.2157 1.0903 

Table 7.3: Numerical results of    
   

          
   

   and    
   

   
 when        

Xue model Nanofluids Hybrid nanofluids 

                    
   

      
   

   
     

   
      

   
      

   
   

     
   

   

0.005 0.5 0.5 0.5 0.4 0.4 0.4 0.6904 1.4542 0.9090 0.9123 0.4719 1.0582 

0.02 - - - - - - 0.8346 1.0458 0.9471 1.0103 0.3374 1.0788 

0.04 - - - - - - 0.9807 0.7396 0.9785 1.1086 0.2376 1.0903 

0.06 - - - - - - 1.0853 0.5588 0.9905 1.1763 0.1791 1.0861 

0.04 0.1 - - - - - -0.5730 0.4821 -0.4325 -0.5468 0.1582 -0.4340 

- 0.5 - - - - - 0.0082 0.6448 0.2143 0.0637 0.2048 0.2522 

- 1.0 - - - - - 0.9807 0.7396 0.9785 1.1086 0.2376 1.0903 

- 0.5 0.0 - - - - -4.2601 1.0400 -1.3341 -4.0508 0.3701 - 0.7362 

- - 0.3 - - - - -0.1990 0.8404 1.7316 -0.0828 0.2784 1.9405 

- - 0.5 - - - - 0.9807 0.7396 0.9785 1.1086 0.2376 1.0903 
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- - 0.5 0.0 - - - -0.0191 0.7297 0.1050 -0.0659 0.2319 0.0623 

- - - 0.5 - - - 0.9807 0.7396 0.9785 1.1086 0.2376 1.0903 

- - - 1.0 - - - 2.9368 0.7488 2.1252 3.3934 0.2428 2.4062 

- - - 0.5 0.1 - - 0.7258 0.6784 0.8309 0.8347 0.2231 0.9250 

- - - - 0.4 - - 0.9807 0.7396 0.9785 1.1086 0.2376 1.0903 

- - - - 0.8 - - 1.3703 0.8113 1.1887 1.5266 0.2561 1.3247 

- - - - -0.1 - - 0.5728 0.6348 0.7381 0.6704 0.2132 0.8210 

- - - - -0.4 - - 0.3672 0.5667 0.6081 0.4496 0.1983 0.6754 

- - - - -0.8 - - 0.1335 0.4760 0.4527 0.1995 0.1784 0.5017 

- - - - 0.4 0.0 - 1.9946 0.7252 1.4333 2.0816 0.2326 1.5446 

- - - - - 0.4 - 0.9807 0.7396 0.9785 1.1086 0.2376 1.0903 

- - - - - 0.8 - -0.0678 0.7525 0.5246 0.0981 0.2421 0.6339 

- - - - - 0.4 0.0 0.9807 1.7372 0.9785 1.1086 0.4394 1.0903 

- - - - - - 0.4 0.9807 0.7396 0.9785 1.1086 0.2376 1.0903 

- - - - - - 0.8 0.9807 0.4698 0.9785 1.1086 0.1628 1.0903 

7.3.2 Strong concentration (     ) 

Table 7.4 shows the inspiration of different parameters on the    
   

  ,    
   

   
 and    

   
   

for the Hybrid nanofluid flow. It is also discussed for the strong concentration (     ) for the 

Yamada Ota and Xue models. It is noted that the values of the    
   

    are enhanced for the 

higher values of   , but                and couple stress are reduced when the values of the 

   increases for the both cases of Yamada Ota and Xue models. The impacts of    on the 

   
   

  ,    
   

   
and    

   
   for the Yamada and Ota model, and Xue model are observed 

in the Table 7.4. The    
   

  ,    
   

   
and    

   
    are increased for the higher values of    

Yamada and Ota model as well as Xue model. The impacts of curvature parameter   on skin 

friction, Nusselt numbers and couple stress for the Hybrid nanomaterial fluid are noted in this 

table as well. The values of the               are increased for the large values of   , and the 

values of    
   

   
 and couple stress are reduced when     is increasing. Yamada and Ota 

model gains higher values of the    
   

   
 and couple stress than that of Xue model, but 

reverse conduct is noted for    
   

  . The effects of   on the    
   

    Nusselt numbers and 

couple stress for the Hybrid nanofluid are observed in this table. Enhancing values of   implies 

the improvment in the skin friction, Nusselt numbers and couple stress. In the case of     

(injection), the    
   

  , Nusselt numbers and couple stress show the increasing behavior for 

the   but reverse conduct is noted for the     (suction). The stretching parameter   on the 

skin friction, Nusselt numbers and couple stress are exhibited in this table as well. It is noted 

that the   augments with decrease in the    
   

   while opposite behavior is seen for the 

Nusselt number and couple stress. The impacts of thermal slip parameter   are depicted for 
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Nusselt number in the table 7.4. It is noted that Nusselt number decays for the higher values of 

  for the both models Yamada Ota model, and Xue model.  

Table 7.4: Numerical results of    
   

          
   

   and    
   

   
 when      . 

Hybrid nanofluids (       ) Yamada and Ota model Xue model 

                    
   

      
   

   
    

   
      

   
      

   
   

    
   

   

0.005 0.5 0.5 0.5 0.4 0.4 0.4 3.6560 1.4593 0.8087 4.1398 0.4751 0.9232 

0.02 - - - - - - 3.7957 1.0506 0.7466 4.1981 0.3401 0.8540 

0.04 - - - - - - 3.9175 0.7440 0.6720 4.2297 0.2397 0.7713 

0.06 - - - - - - 3.9759 0.5628 0.6057 4.2153 0.1809 0.6977 

0.04 0.1 - - - - - -0.2543 0.4824 0.6061 -0.2254 0.1582 0.6855 

- 0.5 - - - - - 1.2114 0.6468 0.6237 1.3204 0.2057 0.6935 

- 1.0 - - - - - 3.9175 0.7440 0.6720 4.2297 0.2397 0.7713 

- 0.5 0.0 - - - - -4.2686 1.0400 1.0239 -3.8258 0.3702 1.1873 

- - 0.3 - - - - 2.2404 0.8442 0.8425 2.5756 0.2807 0.9699 

- - 0.5 - - - - 3.9175 0.7440 0.6720 4.2297 0.2397 0.7713 

- - 0.5 0.0 - - - 0.5098 0.7297 0.6387 0.4484 0.2319 0.6700 

- - - 0.5 - - - 3.9175 0.7440 0.6720 4.2297 0.2397 0.7713 

- - - 1.0 - - - 11.2010 0.7584 0.6121 12.1948 0.2472 0.7671 

- - - 0.5 0.1 - - 3.2594 0.6833 0.6362 3.5232 0.2252 0.7293 

- - - - 0.4 - - 3.9175 0.7440 0.6720 4.2297 0.2397 0.7713 

- - - - 0.8 - - 4.9118 0.8149 0.7215 5.2934 0.2582 0.8289 

- - - - -0.1 - - 2.8616 0.6399 0.6130 3.0956 0.2153 0.7020 

- - - - -0.4 - - 2.3239 0.5718 0.5795 2.5173 0.2003 0.6625 

- - - - -0.8 - - 1.7099 0.4805 0.5373 1.8576 0.1802 0.6126 

- - - - 0.4 0.0 - 5.2882 0.7312 0.5182 5.5471 0.2354 0.6092 

- - - -  0.4 - 3.9175 0.7440 0.6720 4.2297 0.2397 0.7713 

- - - - - 0.8 - 2.4852 0.7557 0.8190 2.8456 0.2437 0.9257 

- - - - - 0.4 0.0 3.9175 1.7618 0.6720 4.2297 0.4469 0.7713 

- - - - - - 0.4 3.9175 0.7440 0.6720 4.2297 0.2397 0.7713 

- - - - - - 0.8 3.9175 0.4716 0.6720 4.2297 0.1638 0.7713 

7.3.3 Graphical results 

Figs. (7.2-7.10) show the impacts of solid nanoparticle volume fraction of copper particle   , 

dimension less parameter   , curvature parameter   , micropolar parameter  , stretching 

parameter  , suction parameter (   ), injection parameter (   ) and   on the      for the 

both models Yamada Ota and Xue models while Prandtl number (       ) and solid 

nanoparticle of       (      ) are fixed. Figs. (7.2-7.3) show the impact of the solid 

nanoparticle of copper (  ) on  ( ). The effects of Yamada and Ota model, and Xue model for 

             and        are highlighted on the  ( ). It is seen that              

gain higher heat transfer than that of        for both models. Fig. (7.4) reveals the impacts of 

  on the      . It is noted that Yamada Ota model of the              has better heat 

transfer rate as compared to Xue model of the             . It is also seen that the 

curvature parameter ( ) rises for growing the     . The impacts of micropolar parameter   on 

the      are revealed in Fig. (7.5) for the Yamada Ota and Xue models of the Hybrid 
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nanomaterial fluid. The temperature profile decreases as micropolar parameter     increases. 

Yamada and Ota model of the Hybrid nanofluid achievements greater heat transfer as compared 

to the Xue model of the Hybrid nanomaterial fluid. Figs. (7.6-7.7) depict the impacts of   and 

dimensionless parameter (  ) on     . It is revealed that thermal slip parameter improves as 

temperature profile declines. The boundary layer thickness improves as increasing the thermal 

slip parameter     and dimensionless parameter (  ). Figs. (7.8-7.9) are emphasized the 

impressions of suction parameter (   ), injection parameter (   ) and stretching parameter 

  ) on the temperature function. Physical parameters   and   are improved with the increased 

in the temperature profile for both models. For the Xue model of the hybrid nanomaterial fluid, 

the case of injection parameter (   ) gains higher boundary layer thickness than that of 

suction parameter (   ). Fig. (7.10) shows the impact of solid particle of copper    on the 

temperature profile. Both temperature profile as solid particle of copper    find to be 

increasing behavior for the Yamada and Ota model of the Hybrid nanomaterial fluid and Xue 

model of the Hybrid nanomaterial fluid. 

 

Fig. 7.2 
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Fig. 7.3 

 

Comparative results of nanofluids and Hybrid fluids model. 
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Fig. 7.4 

 

 

Fig. 7.5 

 
Effects of curvature parameter and micropolar parameter on  ( ). 
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Fig. 7.6 

 

 

Fig. 7.7 

 
Influence of thermal slip parameter and dimensionless parameter on  ( ). 



84  

Fig. 7.8 

 

 

Fig. 7.9 

 
Impacts of stretching parameter and    /     on  ( ). 
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Fig. 7.10 

 

Comparative results of Yamada and Ota model with Xui model of Hybrid nanofluids. 

7.8 Final remarks 

A steady flow of micropolar Hybrid nanofluid over permeable curved nonlinear stretching 

surface is analyzed. Two models of Hybrid nanofluid, namely, Yamada and Ota model, and 

Xue model are discussed for the above flow. For the various physical parameters, significant 

findings are illuminated like as solid nanoparticle volume fraction of copper particle   , 

dimension less parameter   , curvature parameter  , micropolar parameter   , stretching 

parameter  , suction parameter (   ), injection parameter (   ) and thermal slip parameter 

 . Some key points of the above discussion are: 

 The Yamada and Ota model of the              gain higher heat transfer rate as 

compared to Xue model of the              on the     . 

 In the both cases, the injection parameter (   ) gains higher thermal boundary layer 

thickness than that of suction parameter (   ). 

 It is perceived that the skin friction having opposite behavior to note for the Nusselt 

number and couple stress for the both cases of              and       . 

 The present review offers a clear understanding of the decay. 
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Chapter 08 

On extended version of Yamada-Ota and Xue models of hybrid nanofluid on 

moving needle 

8.1 Introductions 

In this chapter, the study of extended description of Xue and Yamada-Ota models for Hybrid 

nanomaterial fluid is discussed and analyzed on the needle stretching surface. The temperature 

dependent viscosity and thermal conductivity are taken in this chapter. Two different 

nanoparticles are discussed, namely:       and       with base fluid pure water. The 

system under the flow assumptions are developed and dimensionlized through similarity 

transformations. Furthermore, the results of the dimensionless system are built through the a 

numerical procedure. The effects of the governing parameters are discussed through tables and 

graphs.  

 

Fig. 8.1: Flow of Hybrid nanofluid. 

8.2 Mathematical formulation 

The Hybrid nanofluid flow of variable thermal conductivity and viscosity at thin needle are 

debated. Even the thin needle is engaged as a continuous movement that is revealed in Fig. 8.1. 

Two forms of nanoparticles are studied in the Yamada and Ota and Xue Hybrid nanomaterial 

fluid models. The radius of the cylinder needle is considered to be set in the horizontal 

direction as        , where   and   are the radial and axial coordinates measuring the  -
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axis from the leading edge of the needle. When the needle is assumed to become as thin, the 

importance of its transverse curvature is significant, while the pressure gradient is ignored in 

the direction of the body. In addition, constant and ambient temperatures are both considered, 

correspondingly    and   , where,       . The flow model is defined as  

 ⃗⃗   ⃗⃗           

 ⃗⃗   ( ⃗⃗   ⃗⃗ ) ⃗⃗   .
  ⃗⃗ 

  
/    ⃗⃗   ⃗⃗   ⃗⃗ (  ⃗⃗  ⃗⃗ )    (    ⃗⃗ )        

   4( ⃗⃗   ⃗⃗ ) ⃗⃗  .
  ⃗⃗ 

  
/5   ⃗⃗ (  ⃗⃗   ⃗⃗ )        

By means of the boundary layer approximations, mathematical model in the form of 

differential equations is writen as: 
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with the boundary conditions 
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The thermo physical characteristics are defined as  
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Thermo-physical properties                                   
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Introducing the following axisymmetric similarity transformation as 
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Applying the above transformations, we have 
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                                                               (8.10) 

dimensionless boundary conditions are  

                                         

            
    

  
              

(8.11) 

The velocity ratio parameter represented as   
  

  
 . If in a flowing fluid called Blassius flow, 

    reflects a needle (fixed) and when     relates to a fixed needle flowing in a quiescent 

fluid called Sakiadis flow. Because the fluid and needle are travelling in a certain path 

whenever        . If    , then free stream direction is in positive X-axis and    , then 

free stream direction is in the negative X-axis, while the needle moves along the positive X-

direction. But, we reflected the case    , its mean that the free stream direction is always in 

the positive direction. Physical parameters are defined  

   
   

       
         

   
           

  (8.12) 

where,     is shear stress and    is heat flux defined as 
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where,     (
   

  
) is the local Reynold number. 

8.3 Hybrid nanomaterial fluid models 

The Yamada and Ota model of nanofluid [53] and the extended Yamada and Ota model of 
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nanofluid into the Hybrid nanomaterial fluid are presented as. 
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here, length and radius of the nanotube are L and R. Hybrid nanomaterial fluid of Xue model is 
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The significant results for different physical parameters of the above models are analyzed 

through a numerical scheme and the obtained results are discussed in the coming section. 

8.4 Results and discussion 
The reduced dimensionless system Eqs. (8.9-8.10) having boundary conditions (8.11) is 

analyzed numerically. Physical effects on the flow behavior are discussed through graphs 

and tables. Table 8.6 indicates the best relation with system BVP4C and system of 4th 

order Runge Kutta. 

8.4.1 Solid nanoparticle effects (  ) 

The impression of the    is distinguished on the temperature and velocity distributions which 

are emphasized in the Figs. 8.2 and 8.3. On the velocity and temperature profile, we describe 

two models, Xue and Yamada-Ota models of Hybrid nanomaterial fluid. It is prominent that 

the velocity profile improves with the    increments as shown in Fig. 8.2. The momentum 

conductivity of the hybrid nanofluid that enhances due to the rise in the thickness of the 

momentum boundary layer. Since the viscosity parameters of base fluid hybrid nanoparticles 

increases for high values of solid nanoparticles that are provided higher fluid motion resistant. 

The influence of    on the temperature function is shown in Fig. 8.3. With higher values of  

solid nanoparticle   , the temperature profile declines due to the rise of thermal conductivity 
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of Hybrid nanomaterial fluid, thus decreased the thickness of the thermal boundary layer. 

Fig. 8.2 

 
Fig. 8.3 

 
Influence of    on the       and     . 

 

Compared to the Xue model of the Hybrid nanomaterial fluid, the significant outcomes, achieve 

as our interest in this topic, Yamada-Ota model gains enhanced heat transfer rate. The 
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influences of the solid nanoparticle    on the    
   

   and    
   

   
 are seen in Table 8.1. It is 

seen that    
   

   and    
   

   
 decrease for the increasing in    in both cases       

            and            . 

Table 8.1: Computational analysis of Xue and Yamada-Ota models of       
            and            . 

                               

 Xue model Yamada-Ota model Xue model Yamada-Ota model 

      
   

      
   

   
    

   
      

   
   

    
   

      
   

   
    

   
      

   
   

 

0.005 0.5632 0.1515 0.5625 0.1450 0.3710 0.9153 0.3710 0.9109 

0.02 0.5524 0.0910 0.5513 0.0854 0.3648 0.6385 0.3645 0.6293 

0.04 0.5402 0.0521 0.5389 0.0481 0.3585 0.4435 0.3582 0.4337 

0.06 0.5304 0.0329 0.5291 0.0300 0.3537 0.3305 0.3534 0.3214 

0.08 0.5225 0.0221 0.5214 0.0201 0.3498 0.2564 0.3495 0.2482 

8.4.2 Thermal slip Imapcts ( ) 

The effects of   on the velocity and temperature functions are depicted in Figs. 8.4-and 8.5. The 

velocity profile increases with the   which is revealed in Fig. 8.4. The Hybrid nanofluid 

Yamada-Ota model receives larger levels than the Hybrid nanofluid Xue model that is depicted 

in Fig. 8.4. The influence of   on the temperature function is illustrated in the Fig. 8.5. For large 

thermal slip parameter values, the temperature profile decays. The Hybrid nanofluid Yamada-

Ota model achieves heat transfer larger than the Hybrid nanofluid Xue model. It can also be 

interpreted that a boost in the   induces a strict decrease in the temperature for a given value of 

 . The Yamada-Ota Hybrid nanofluid model obtains a thermal boundary layer much better than 

that of the Xue Hybrid nanofluid model. Table 8.2 displays the effects of   on the    
   

   and 

   
   

   
.    

   
   and    

   
   

. For the    
   

   
, the Hybrid nanomaterial fluid Xue model 

gains greater values than those of the Hybrid nanomaterial fluid Yamada-Ota model while the 

opposite results are gained for    
   

  . 
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Fig. 8.4 

 

Fig. 8.5 

 

Influence of   on the       and     . 
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Table 8.2: Numerical outcomes of Yamada-Ota and Xue models of       
            and            . 

                               

 Xue model Yamada-Ota model Xue model Yamada-Ota model 

     
   

      
   

   
    

   
      

   
   

    
   

      
   

   
    

   
      

   
   

 

0.0 1.0179 0.2449 1.0291 0.2401 0.4444 0.6050 0.4455 0.5955 

0.1 0.5680 0.0885 0.5655 0.0825 0.3833 0.5141 0.3831 0.5042 

0.2 0.5402 0.0521 0.5389 0.0481 0.3585 0.4435 0.3582 0.4337 

0.3 0.5308 0.0368 0.5299 0.0339 0.3462 0.3882 0.3460 0.3787 

0.4 0.5261 0.0284 0.5255 0.0261 0.3393 0.3443 0.3391 0.3353 

8.4.3 Impacts of magnetic field ( ) 

The influences of   are illustrated through the Figs. 8.6 - 8.7. It is interpreted that the velocity 

function indicates the declined curves for different values of   as exposed in Fig. 8.6. 

Although, the Lorentz force is connected to the  , the quality of the physical parameter   is 

determined. Futhermore, the velocity of fluid declines by increasing the magnetic field. The 

magnetic field uses generated Lorentz force which is capable to transport liquids as an active 

micro-mixing technology tool in the mixing developments. The Xue model achieves thicker 

momentum thickness than that of the Hybrid nanofluid model of Yamada-Ota. Fig. 8.6 also 

indicates the effect of the magnetic field parameter on the temperature profile. The thermal 

thickness increases as magnetic field parameter is boosted. Table 8.3 exposes the impressions of 

  on the    
   

   and    
   

   
 for both cases of Yamada-Ota and Xue models of Hybrid 

nanomaterial fluid. The    
   

   surges and    
   

   
 decays for the greater values of  . 
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Fig. 8.6 

 

 

Fig. 8.7 
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Influence of   on the       and     . 

Table 8.3: Numerical outcomes of Yamada-Ota model, and Xue model of       
            and            . 

                               

 Xue model Yamada-Ota model Xue model Yamada-Ota model 

M    
   

     
   

   
    

   
      

   
   

    
   

      
   

   
    

   
      

   
   

 

0.0 0.0673 0.0527 0.0668 0.0486 0.0173 0.4787 0.0172 0.4682 

0.5 0.3972 0.0523 0.3958 0.0483 0.2755 0.4489 0.2751 0.4390 

1.0 0.5402 0.0521 0.5389 0.0481 0.3585 0.4435 0.3582 0.4337 

1.5 0.6510 0.0520 0.6499 0.0480 0.4216 0.4402 0.4214 0.4304 

2.0 0.7444 0.0519 0.7435 0.0479 0.4742 0.4378 0.4741 0.4280 

8.4.4 Variable viscosity parameter effects (  ) 

The influences of    on the velocity and temperature functions are illustrated through the Figs. 

8.8 and 8.9 for the both cases of the Xue, and Yamada-Ota Hybrid nanofluid models. It is 

reported that for higher values of   , the velocity function decreases and the temperature profile 

increases. This is due to the effects that horizontal rate of physical thickness reduces with an 

consistent increasing fluid parameter. Physically, this may be attributed to a higher temperature 

between the surface and the ambient fluid as well. The Xue Hybrid nanomaterial fluid model 

succeeds fast thermal thickness than those of the Yama-Ota Hybrid nanofluid model, but the 

momentum boundary layer is observed oppositely. Table 8.4 provide a comparison  of    on 

   
   

   and    
   

   
. It is emphasized that    

   
   augments while    

   
   

 diminishes for 

the boost of    for the both models. 
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Fig. 8.8 

 

 

Fig. 8.9 

 
Influence of    on the       and     . 
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Table 8.4: Numerical outcomes of Yamada-Ota model, and Xue model of       
            and            . 

                               

 Xue model Yamada-Ota model Xue model Yamada-Ota model 

      
   

      
   

   
    

   
      

   
   

    
   

      
   

   
    

   
      

   
   

 

0.01 0.7316 0.0509 0.5627 0.0467 0.3236 0.4289 0.3227 0.4195 

0.5 0.0690 0.0527 0.0696 0.0486 0.1450 0.3392 0.0741 0.3319 

1.0 0.2146 0.0526 0.2149 0.0485 0.1072 0.4625 0.1074 0.4523 

1.5 0.3755 0.0524 0.3751 0.0483 0.2314 0.4514 0.2314 0.4415 

2.0 0.5402 0.0521 0.5389 0.0481 0.3585 0.4435 0.3582 0.4337 

8.4.5 Variable thermal conductivity parameter effects ( ) 
The effects of thermal conductivity parameters are analyzed in the Fig. 8.10 for the both models 

of  Hybrid nanofluid. It is reported that for both Xue and Yamada-Ota models of Hybrid 

nanomaterial fluid, the temperature profile improves for enhancement in ԑ. The Xue hybrid 

nanofluid model succeeds a thermal boundary layer rather than that of the Yamada-Ota Hybrid 

nanofluid model. The warm thermal boundary layer is seen to generate energy, which increases 

the temperature profiles with the expansion in certain places in ԑ. Table 8.5 exposes the 

impressions of   on    
   

   and    
   

   
. It is highlighted that    

   
   enhances while 

   
   

   
 reduces for increment of ԑ for all cases of Xue and Yamada-Ota models of Hybrid 

nanomaterial fluid. 



98  

Fig. 8.10 

 
Influence of   on the     . 

Table 8.5: Numerical outcomes of Yamada-Ota model, and Xue model of       
            and            . 

                               

 Xue model Yamada-Ota model Xue model Yamada-Ota model 

     
   

      
   

   
    

   
      

   
   

    
   

      
   

   
    

   
      

   
   

 

0.0 0.5392 0.0526 0.5380 0.0485 0.3654 0.4987 0.3649 0.4870 

0.2 0.5396 0.0524 0.5384 0.0484 0.3629 0.4742 0.3625 0.4634 

0.4 0.5400 0.0522 0.5387 0.0482 0.3600 0.4530 0.3597 0.4429 

0.6 0.5403 0.0520 0.5391 0.0480 0.3569 0.4346 0.3566 0.4251 

0.8 0.5407 0.0518 0.5394 0.0479 0.4346 0.4187 0.3535 0.4096 

Table 8.6: Comparison Runge Kutta 4
th

 order method with bvp4c technique. 

 BVP4C Method Runge Kutta 4
th

 order method 
 Xue model Yamada-Ota model Xue model Yamada-Ota model 

      
   

      
   

   
    

   
      

   
   

    
   

      
   

   
    

   
      

   
   

 

0.005 0.5632 0.1515 0.5625 0.1450 0.5589 0.1492 0.5593 0.1386 

0.02 0.5524 0.0910 0.5513 0.0854 0.5496 0.0899 0.5478 0.0853 

0.04 0.5402 0.0521 0.5389 0.0481 0.5369 0.0513 0.5311 0.0479 

0.06 0.5304 0.0329 0.5291 0.0300 0.5291 0.0354 0.5243 0.0295 

0.08 0.5225 0.0221 0.5214 0.0201 0.5187 0.01986 0.5168 0.0213 
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8.5 Final remarks 

The Hybrid nanofluid flow with amagnetic field is examined at a surface of the moving needle 

for the Yamada-Ota, and Xue extended models. For the both models, different charactristics are 

compared in the above sections. The major outcomes are:  

 Yamada-Ota Hybrid nanofluid model achieves higher values than that of Xue Hybrid 

nanofluid model for different values of    as in case of    
   

  . 

 Yamada-Ota Hbrid nanofluid model achieves higher values than that of Xue Hybrid 

nanofluid model for different values of     as in case of    
   

   
. 

    
   

   and    
   

   
 are diminished for the growing the values of    in both cases. 

 The Yamada-Ota model is typically improving rapidly compared to the Hybrid nanofluid 

Xue model. 
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