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Abstract 
The c!cctron-ncouctic (EA) waves carrying orbital angular momentum arc investigated in a 

coUisioniess, unmagnetized uniform plasma. The latter is basically a two-temperat.ure electron 

plasma composed of two populat.ions of elecLrons, e.g. the inertial cold electrons and the 

Boltzmann distribut.ed hot electrons with a neuLralizing background of stat ic ions. By employing 

the fluid equations, the dispersion relation for the EA waves is solved for a beam type solution 

under the paraxial approximat.ion and also discussed the Laguerre-Gaussian (LC) solutions. An 

approximate solution for t.he electrostat.ic potential problem is obtained and the electric field 

components are now expressed ill terms of LG potential representing the field lines as heUcal 

structures. F\lrthermore, t.he energy Aux and orbital angular moment.um states carried by the 

EA beam are studied in terms of LG potential perturbations. Numerically, it is revealed that 

the radial and angu lar mode indices strongly modify the profiles of the LG potential. The 

present results are important in the context of trapping and transporting the plasma part.icles 

and energy by the EA beams involving the orbital angular momentum states in laser produced 

plasma as well as in space plasmas, where two distinct populations of electrons exist. 
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Chapter 1 

Introduction to Plasma 

The electromagnetic forces a TC very impOrlttnt in the st.ructure format ion for exam ple t.he st.able 

atoms, molecules, and crystalline solids. It is well-known that there a re three states of matter, 

such as the solid, liquid, and gas. In general, anyone of these states can be converted into 

ot.her through the exchange of energy. Waler molecu le H20 is a remarkable example, which 

is found in all these states. Obviously, when energy is supplied to matter in its solid form, it 

decomposes and the solid will be converted into liquid and then liquid into gaseous state, by 

further increasing the energy up to atomic ionization state. Due to thermal decomposition , the 

interatomic bonds break before ionizing, which decomposing the maLler inlo ions and electrons. 

These oppositely charged particles exhibit a collective behavior and such an assemblage is called 

plasma. On the other hand, in the reverse process the energy is extracted out from the matter. 

The degree of ionizat ion of a plasma is defined as, " the ratio between the number of ionized 

atoms and the total number of atoms in a unit volume," showing t.hat the plasma is ionized 

completely, strongly or weakly. When a gas is ionized, the new forces ar ise in the plasma 

between the plasma particles and the dynamical behavior is influenced by the external electric 

and magnetic fields. 

In the earlier age of the Universe, it was assumed that everyth ing was plasma. [n fact, it is 

thought that almost 99% of our Universe exists in the stat.e of plasma. An the stars, nebulae, 

including sun are composed of an ionized gas. Thus, solar winds coming from the sun, consist 

of charged particles as streams. The Earth is totally covered with charged particles that are 

trapped in the magnetic field of the Earth. Besides, interstellar spaces, are also filled with 
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plasma. !-I owever, it. is not very difficult ~o find t.he plasma on the Earth. Liquid and solid 

systems can be considered somet.ime 1.0 express collect.ive electromagnetic effects describing t.he 

ionized gas, viz. liquid Mercury. The plasma also occurs withjn the Auorescent lamps and in 

the lightning, as well as in many laboratory experiment.s, and in industrial processes. The glow 

discharge has recent.ly become a backbone of micro-circuit rabrication industry. 

1.1 C ri t e ria for P lasmas 

The motion of charged particles produce an electric currents whi ch in turn leads to magnetic 

field, and by which, plasma particles are influenced by the fields of each other, wh ich oversee 

their collective behaviour with several degrees of ueedom 11, 2\. The criteria fo r a plasma state 

can be govemed by the fo llowing characteristics [3, 4): 

1) P lasma frequency 

2) Plasma approximation 

3) Bulk int.eractions 

1) The oscillation frequency of the plasma particles (the electrons oscillate around the ions 

with a frequency called the electron plasma (requency) is larger than the frequency due to 

collisions of the electrons and the neutral part.icles, viz. wpe > Ver" This criterion is satisfied 

when the electrostatic interactions t.ake over the processes of common gas kinetics. 

2) The electrons and positively charged ions are strongly affected by the fi elds of one another, 

as they arc very closed to each other and that also influence many other charged particles in 

their vicinity. Since the charged particles a l"e 1I0t free and therefore are bound, that is why the 

crowed o( the charged particles behaves collectively. Charged particles show a collective motion 

of large vim and complexity. The plasma approximation becomes important when the number 

of charged particles in t he effective Ocbye sphere is much greater than unity representing the 

plasma collective behavior. The effective sphere may be known as t he Oebye sphere with a 

radius as the Ocbye shielding length . T he average number of charge particles within the Oebye 

sphere is represented by a Greek letter called Lambda, U 1\ ". This condition also tells us 

that colonial effects are not too large and the plasma dynamics arc dominated by the collective 

forces . However, in a strongly coupled plasma, this condition is relaxed. 
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3) In.itially, the word" Quasi-neutrality" was used in the cont.ext of Chemistry in 1907. 

However, Tonks and Langmuir 15) used this word in Plasma Physics in 1929. For the bulk 

interactions, it is essential that 1.I1e Oebye sc reening lengt h of the Oehye sphere must be shorter 

than the dimension (size) of plasma. I t. means that. t.he interactions due to bulk of plasma 

arc significant as compared to the interactions at the boundaries, where the boundary effects 

are included. When th is condition is satislled, the plasma will be quasi-neutral. Generally, 

a plasma is produced due to ionization of neutral gases, and approximately, consist.s of equal 

number densities of electrons and positive ions. The positive and negative charge 8uids are 

firmly coupled and must counter balance one another . For a large scale length, they Lend 

to electrically neutralize each other and total electric field within the plasma is zero. As a 

consequence, the quasi-neutrality arises. Such type of plasma is known as the quasi-neutral 

plasma. An unmagnitized collisionless plasma having no significant current is known as the 

simplest plasma. The non-neutral regions are strongly confined and usually situated close to the 

boundaries. Quasi-neutrality becomes significant at a distance depending on the temperature 

and the munber density of a plasma. The zone of quasi-neutrality becomes smaller if the charged 

density of a plasma is larger, because it has an equal number of positive and negative charge 

carriers. The quasi-neutrality breaks down over the Oebye length ( which is denoted by ),0). 

Naturally, the Oebye length is less than one millimeLer. For different cases, the maximum charge 

separation or minimum charged neutrality distance can be of the order, for example [6), 10 m 

for inters tellar medi um, 10- 4 m for Tokamak, 10- 3 III for Ionosphere, 105 m for Intergalactic 

medium, 10 m for Solar wind, 10- 4 III for gas discharge tube, 10- 11 m for Solar core, 102 m for 

Magnetosphere, etc. 

In a rotating plasma, the breaking of quasi-neutrality has been detected when a vortex is 

formed, called plasma hole [71. It is noted that the quasi-neutrality breaks down at the center 

of the plasma hole 181. Recently, a vortex structure [91 has been studied in a rotating nonplanar 

magnetoplasma. The spontaneous breaking of charge-neutrality condi tion takes place in the 

bulk plasma. 

For an ideal plasma, we assume a plasma with equal number of electrons and positive ions. 

The electronic mass is denoted by me and charge by "_ell, while M stands for ion's mass with a 

posit ive charge "+e". We do not essentially mandate for the system to get thermal equilibrium, 
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but however we have, 
1 2 T = _1'11....: < V > 3··-J ] , (1.1) 

this equation gives a kinetic temperature in the energy units. The kinetic temperature of the 

particles is necessarily the average kinetic energy of the charged particles and < Vj > represents 

an average particle speed. The charge-neutrality condition demands that. 

(1.2) 

We suppose that the ions and electrons arc at equal temperature, (viz. Te "'" T, ...., T), then the 

particle thermal speed can be expressed as 

Ut; =: (2T/m;)1/2 (1.3) 

The electron thermal speed is usually much larger than the ion thermal speed due I.e their large 

mass difference {i.e. m, = 1836me}. That is why, we have 

Vii =: (m,./m,) 1/2 Vte, (1.4) 

where tlLe"- (2T/m,.) 1/2. On t.he other hand, The electron plasma frequency can be defined, as 

_ (411'ne2 ) 1/2 
w". - --m, 

(1.5) 

This is the most basic time-scalc in plasma physics, which arises essentially dtle to charge 

separat.ion of plasma particles. Similarly, the electron Oebye lengt.h (ViZ. The length time 

scale) may be expressed, as 

( 
T ) 1/2 

~"'- -­- 411'ne2 

Thus, an ionized gas ( plasma) must satisfy t.he following necessary conditions: 

).De « L, 

• 

(1.6) 

(1.7) 



a nd 

Tp « T 

Here, Land r show the typical length and time-scales of the system under observation. 

1. 2 Maxwell 's Equations 

We consider a set of Maxwell equations in a vacuum as, 

V · E = p/EO, 

V · B ~ O , 

V x B =J.to (J +£OOtE ) , 

( 1.8) 

(19) 

(J.lO) 

(1.11) 

(1.12) 

where Jlo a.nd EO are the permeability and permittivity in a free space, respectively. p is the 

charge densit.y and J is the current density. The above equations in the presence of a medium 

having permeability /l-m and permittivity € can be expressed as, 

V · E = piE, V X E = - DIB, V · B = 0, V x B =Jlm (J +eojE ) I ( 1.13) 

where E (B) is the electric field (magnetic field). Plasma is quite di fferent from other the 

media.. Plasma particles behave in a complex manner and their effects in the medium are not 

countable. Therefore, usually the vacuum equations are used to study the plasma physics. 

1.3 P lasma as Die lectric Medium 

In order to assume the plasma as dielectric medium, we first define the displacement vector by 

the relation: 

D = EoE + P , (1.14) 

5 



where P is the polarization vector and can be expressed in terms of electric field vector E as 

P =t:OXt.:E , (1.15) 

where Xt.: is the electric susceptibility. Using (1.15) into (1.14), we obtain 

( 1.16) 

where t: = EO (1+ Xt.:) is a dielectric constant or plasma response funct ion. All the macroscopic 

properties of the plasma (as a medium) urc hidden in the dielectric constant or plasma response 

function. 

1.4 T hermal P lasma 

These plasmas have the electron number density in the range 11e. ~ (10 14 - 1019) cm- 3 and the 

electron temperature Te. '::! (0. 1 - 2) eV. Both the electrons and ions are nearly in thermal equi­

li brium having the same temperatures, i.e. Te. '::! Tj. T his approximation is vaHd in laboratory 

plasmas and under the certain conditions, the local thermal equilibrium can be achieved. 

1. 5 Cold P lasma 

The cold plasmas have the electron temperature Te '::! (1 - 10) eV and the electron number 

density in the range ne. '::! (108 - 1013) cm-3 . The electrons are hotter than ions and are not in 

thermal equilibrium Til'.: » T; because ions have high density and high heat capacity relative 

to t he electrons, therefore, the total heat transmitted to the walls of container and to the 

background gas is very small. T he cold plasma means small amount of heat transmitted to 

container or gas. 

1.6 Dusty P lasm a 

Dusty plasma is composed of nano-meter or micro-meter particles hanged in it. These dust 

particles may be electrically c1mrged either negatively or positively depending upon the charging 
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processes. Thus, a dust.y plasma is a plasma cont.aining dust. particlcs, in addition t.o ions and 

frce electrons. The charge and muss of dust particles may vary as qd ...... (103 - 106) e, and 

md .... (10- 2 - 10- 15 ) g, rl..ospectivcly_ Dtlsty plasma is sometimes known as t.he complex plasma 

due to complexiLies regarding the size, mass, charge, and shape. 

1. 7 Fusion P lasma 

In 1952, after the fo rmation of Hydrogen bomb, there was a great motivation of ordered ther~ 

monuclear fus ion, El8 a powerful source of energy. The main work to study the fusion plasma, 

the physicists are trying to know how it can be confined to produce the energy and t.o use it fo r 

peaceful purposes. However, Lhere are two besL methods to confine a plasma, one is the inertial 

confinement fusion (ICF) and Lhe other is the magnetic confinement fusion (MCF). 

1.7. 1 Laser P roduced P lasm a 

After the invention of high powered laser and its interacLion with a solid materials, a new field of 

physics is opened up known as laser produced plasma physics. The lattcr has received a great 

deal of interest of the researchers in recent years. Strong electric fields a re produced, when 

a high powered laser beam interacts with plasma. The plasma particles Rre accelerated with 

Idgh energies. High-energy phyz;icists have the large expectations tbat this plasma techniquc 

to accelerate the charged particles can be used to reduce the cost and si7.e of the particle 

accelerators. In case of fusioll, when laser beam hits Lhe solid target, the solid maLerial is 

ablated and plasma is produced at the surface between the target and laser beam. T he laser 

produced plasma mainly depends on the density of solid target, which is not as very important 

in most of conventional plasmas as in laser produced plasma. The main focus of laser produced 

plasma is the ICF, in which the laser beam is focused to explode a tiny solid targeL up to the 

temperatures and densities representative of nuclear fusioll. The laser beam can enter lip to the 

critical density of plasma, when laser frequency becomes equal to the plasma frequency. For 

the Nd laser light [lOj with A = 1.06 .urn, the critical surface density exists a t 1021 em -3, and 

the critical surface density occurs at 1019 cm-3 for CO2 laser with a wavelength A = 10.6 I'm. 
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1.8 A p p lications a nd M otiva tions 

Initially, t.he word plasma was used for an ionized gas by Langmuir [1881. 19571. In t.he ionized 

gases, the electrons, ions, and neutral particles reminded him like a blood plasma curried 

red and whit.e (cells) and germs [11]. Langmuir and Tonks were looking into the science of 

Thngstcn-filament light-bulbs, while establishing the theory of plasma sheath. Langmuir found 

t.hat. there are definite periodic variations of electron number density in a plasma discharge 

tube, which was later known as Langmuir waves. Now-a.-days, the Langmuir's work provides 

t.he basis in most of the plasma processing, which Corms the theoretical basis for manufacturing 

the combined circuits. After , the Langmuir work, plasma study over t.he time expanded to 

many other directions and some of which are narrated in the following: 

1.8.1 Natural Plasm as 

Theory of evolution of Universe assumes t.hat initi ally, there was a fireball of fully ionized 

Hydrogen plasma and Universe came into being after a brutal blast about. 10 billion years ago. 

However, some matter was not in the stnt.e of plasma. Most of the stars consist of plasma, like 

interiors and a tmosphere of hot stars, interstellar, planetary nebuJa, inter planetary media, the 

outer aLmospheres of planets, etc. The natural plasma does not exist on the earth and only 

occurs in cosmic object.s, because in those cosmic objects, plasma has very low number density 

and very high temperature as com pared to the number density and temperature, respectively, 

on the earth. Moreover, plasma can also be produced in the laboratories. In stars, plasma is 

bounded by the gravitational force and in the inter iors by thermonuclear fusion reactions causing 

to emit a huge amount of energy, and this energy is transferred in the form of rad iations to 

the outer surface. The magnetic fields exist in all the universe of plasma. The average surface 

magnetic field of the Sun is nearly of I.he order 1 to 2 G, but it becomes large in entry and 

departure points (magnetic fluctuations). Some of the regions, where the plasma naturally 

exists have been explained below: 
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Earth's I onosphere 

Ear th's ionosphere has the vita.l role in tbe context oC radio signal broadcasting. It reflects or 

absorbs the harmful radiations coming out. Crom the sun and acts as a shield against the harmful 

rad iations to protect our life on the earth. Our sun is constantly releasing the radiations which 

are very intense and consist of Ultra~radiations, X -rays and i-rays. When solar wind reaches 

to the earth's upper atmosphere, it ionizes the upper atmosphere and making a partially ionized 

gas layer of the Earth known as ionosphere [121. When the transmitter is over the horizon and 

emits the radio signal, the latter is reflected back. by the plasma. in the ionosphere only if the 

frequency oC the radio signal is less than plasma frequency in Lhe ionosphere, therefore the 

ionosphere is important Cor communication purposes. 

Van All en Radiat ion Belts 

A belt situated in space in the inner zone of the Earth's magnetosphere and is trapped between 

the earth's magnetic Coree lines. James Van Allen had discovered th is belt and is now named as 

Van Allen Radiation BelL. It is a tours containing energetic particles oC the plasma around the 

Earth that come from cosmic rays and solar winds [131. It is observed that sun and many other 

stars have also such types of belts. Van Allen Radiation Belt can be divided into two distinct 

regions. The inner belt contains the combination of energetic protons and high concentration of 

electrons with energy more than 100 MeV with hundreds of keV, respectively. These are more 

strongly bounded by the magnetic fie ld than in outer belt [14J. The outer belt contains the 

energetic electrons and is generally Cormed by the inward radial diffusion [15, 16], acceleration 

at local [17], because of allocation of energy from the whistler to the electrons of the outer 

belt. The electrons of the outer belt may be continuously removed by the collisions of neutral 

particles of atmosphere {1S] and due to the outward radial difrusion. 

Aurora 

Aurora is a natural light knowJl as the northern and southern lights appearing in the sky abouL 

50 miles above the surface of the Earth. The charged particles are accelerated into the upper 

atmosphere of earth parallel to the magnetic field lines of the earth, colli ding with a large 

energy. Awms are excited and light photons are emitted during the de-excitation. Generally, 
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Figure 1-1: Van Allen radiat ion belt 

aurora appears in a band known as auroral zone 119, 20J . 

Corona 

It is the plasma in the atmosphere of the sun; corona. is present outside the chromospheres and 

spreads into the solar wind. There is a temperature of million Kelvins around the sun in the 

corona region. In spite of energy reducLion due La conduction and radiation, the temperature 

of this region remains at the million Kelvin. Actually, it is a challenging assignment for t he 

researchers to discover the solar corona heating source. The active regions are the loop arrange­

ment joining the points in the photosphere of opposite magnetic polarity, are known coronal 

loops. The density varies from 109 to 1010 particles/ cm3 , with an average temperature in the 

range (2-4) million Kelvin. The active regions contain all the incidents directly associated to 

the magnetic field, existing at various heights on the surface of t he Sun !21], Corona is the main 

arrangement of the coronal loops. These coronal loops actually contain closed magnetic flux 

counter part of the open magnetic flux observed in solar wind and coronal polar zone, spreading 

up in the form of loops from solar body !22J. 
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Figure 1-2: Coronal loops 

H II Regions 

In the neighborhood of n hot star, some medium known us the interstellar medium completely 

comprised of fully ionized Hydrogen gas. The temperature of this region is so high, and the 

Hydrogen gas is ionized by t he ultraviolet radiations of the neighboring star. Such zoncs are 

known as H II regions. Far away from interstellar medium, there are big neutral Hydrogen 

clouds, and are known as 8 I regions, while the cosmic rays and dust particles are the remaining 

parts of the interstellar medium. 

1.9 F luid Equation in P lasmas 

1n the fluid model, the fluid behavior of the particles is studied instead of individual particle 

behavior. Let. us suppose that a plasma fluid with nj, the number density of the jth spccies (j 

equals e for electrons, and i for ions) and fluid velocity Vj. Then , the continuity equation can 

be written as, 

(1.17) 

The momentum equation is 

q. ( V· XB) Vp · 8t vj + (Vj· V }Vj = -'- E+) - --' , 
mj c nj1nj 

(LlB) 
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and the Poisson equation, as 

V·E = 41'1' '2:qj1lj, 
; 

(1.19) 

where the pressure force term ('VPJ) is due to thermal motion of Lhe plasma species and Lite pres-

sure Pi = njkoTj. Tj is the temperature and ko is the Boltzmann constant. E = - VV(r, t) is 

the induced electric field with an electrostatic potential V. However, by neglecting the magnetic 

field effects ancl usi ng the linear t.heory, i.e. nj = njO + njl , Vj = Vjl , E = E l , and V = VI, 

t.he linearized fluid equations becomes 

ancl 

V· E I = 4 71' '2: qjnJl' 
; 

( 1.20) 

(1.21) 

(1.22) 

On the ion t ime-scale, the electrons can be assumed as massless, or inertialess in comparison 

with ions and can be descri bed by the linearized Boltzmann equat ion as, 

(1.23) 

1.10 G roup and Phase Velocities 

To study the waves in plasmas, one must know about the velocities of the waves, i.e. the group 

velocity and the phase velocity. Phase velocity is the velocity at which t.he planes of wave move 

with constant phase. It is very astonishing and unbelievable thing to know t.hat in plasma the 

phase velocity of a wave frequently surpasses the velocity of light. However, modulated waves 

propagate with group velocity instead of pbase velocity. Group velocity is always smaller than 

the light speed c. In quantum mechanics, the velocity of fl. confined particle is called its group 

velocity [26]. Because it changes with wave vector k, the particle becomes less confined, and 

the wave packet's shape expands [27] as shown in the Fig. 1.3. 

The phase and group velocities [27, 28, 29, 30] can be given in ~erms of wave frequency and 
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Figure 1-3: Group velocity 

wave number, respectively, as 

Vp = w/k, Vg = dw/dk. (1.24) 

It is noted t.hat if the angular frequency of wave is directly proportional to wavenumber, then 

the group velocity of wave is absolutely equal to its phase velocity. The refractive index may 

be defined in terms of phnse velocity by the relation n = c/vp = ck/w. 

1.11 A1fven T h eory 

The Astrophysicists know that most of the Universe comprises oC plasma that is why, they feel 

that there should be a better gri p on plasma physics to solve the astrophysical phenomena. 

Hannes Alfvtm established a magnetohydrodynamics (MHO) theory [23J in 1940 for which , 

he got the Nobel Prize in 1970 in physics. In his theory, the plasma is basically assumed 

as a conducting fluid and when it is kept in a constant magnetic field, the electromagnetic 

forces are produced by the every movement of fluid, giving rise to electrical currents, which 

provide the mechanical forces through which the fluid's state of motion changes. Thus, a joint 

hydrodynamic-electromagnetic wave is generated [24J. This is a very successful theory and is 

used to study t he star formation, solar wind, solar Hares, and sunspots. The M1:ID theory can 

be important in the context of dynamo theory and in the magnetic reconnection. The Alfven 
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waves nre extremc1y low frequency waves 1251 which occur in the presence of a magnetic field. 

1.12 E lectron P lasma Wave 

The electron wave is mainly produced d'Je to dynamics of electrons in plasma in the presence 

of static ions. In order to study lhe electron plasma wave, the phose speed must be larger t han 

electron t.hermal speed, viz. w;:,. kSe • The dispersion relaLion for the electron wave can be 

expressed, as 

where S~ = (2kSTclme)I/2 is the electron thermal speed and Wpc == (41TneOe2/m~)1/2 is the 

electron plasma frequency. 

1.13 E lectron-Acous tic Wave 

This type of wave is produced in a two-temperature plasma. The ions are treat.ed as stationary 

particles whereas the cold electrons are mobile and the hot electrons are assumed to obey Lhe 

Boltzmann distribution. The phase velocity of the wave lies between the thermal speed of 

cold and hot electrons, (viz. Se« w/ k « Sh). Where Se = (21<sTe / m e)I /2 and Sh = 

(21( 8Th/mh.)I /2 arc the cold and hot electron thermal speeds. Tc (Til.) is the cold (hot) electron 

temperature. The electron-acoustic (EA) wave has a dispersion relation, lUI 

( l.26) 

where Ce = (WpcADh) is the EA speed, ADh is the hot electron Oebye length, and Wpc is the 

cold e1ectron plasma frequency. 

1.14 Ion-Acous tic Wave 

We are interested in the dynamics of ions, the later as compared t.o electrons. At such a t ime­

scale the electrons are assumed. to foUo\\' the Boltzmann distribution. The phase speed of LA 

wave lies in between the electron and ions thermal speeds as, 5. < w/k < Se. The dispersion 
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relation for IA wave is given by 
kC. 

w ~ ---"=--;-., 
( 1 + k2..\be)1 /21 

( l.27) 

where C. = W piADe: is the IA speed and ADe: is the electron Debye length. 

1.15 Light Wave 

Light wave comprises of a stream of photons and is an electromagnetic wave. The dispersion 

relation for light wave in a plasma medium is given by 

(l.28) 

where W (k) is the angular frequency (wave number) of light wave. 

1.16 P lanar and Helical Wavefronts 

The wave fronts of t.he laser beams can be assumed as planar and helical depending on the 

following propert.ies: 

1.16.1 P lanru' Wavell"onts 

• In laser light, t.he wavefronts are usually planar with uniform phase. 

• The wavevectors and linear momentum of the photons are directed along the beam axis. 

• Each photon has angular momentum of 0' zh aligned parallel or antipara1lel to the direction 

of propagation. 

• Alignment of all the photon spins gives rise to circularly polnrized light beam. 

1.16.2 Helical Wave[Tonts 

• Laser beams with helical wavefronts have wavcvectors which spiral arOlmd the beam axis 

and give rise to OAM. 
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Figure 1-4: Light with planar wavefronts. 

Figure 1-5: Ligbt with helicaJ wavefronts 

• Helical wavefronts arc a lso ci rcularly polarized and showi ng the lotal angular momentum 

(l + 0' ~) Ii pcr photon [311. 

• I is the number of intcr twind helices and O'z is lhc spin polarb\ation. 

• Helical waveCrouts [321 can be represented in a basis SC~ of orthogonal Laguerre.Gaussian 

(LG) beams. 

• Each LG beam is associated with a well-defined state of photon DAM. 

With the invention of laser beam, Ihe photon DAM Ilnd many other optical phenomena 

have been studied (32, 33, 34, 351. 
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1.17 Laguerre-Gaussian Beams 

Any laser beam cnn be described by a Laguerre Gaussian beam 1371, which represents a general 

solution of the paraxial wave equation in cylindrical geometry. By using t.he Laguerre poly~ 

nomials, t.he Laguerre Gaussian beam can be described in Lhe form of cylindrical coordinates 

(r,q"z) as 

( ,,)=CIIf (rv'2) 111 (r')LIII(2r') 
u r,o/,z w(,) w(,) exp - w'(z) , w'(z) 

x exp (ik2~;Z») exp (it",) exp [-i (2p + [ I [ + 1) «z)[' ( 1.29) 

whe re «z), R(z) and w (x) arc t.he beam parameters. L~I nrc Lhe generalized Laguerre poly no­

mials, C,~ is nn appropriate normalization constant, l is the azimuthal quantum number and 

p ~ 0 is t.he radial quantum number. The characterist.ics of LG beams can be studied in the 

following way: 

• LG beams are the natural orthonormal basis set represented in cylindrical geometry. 

• If the beam is not a perfect Gaussian , t.hen higher ord('r te-rm'l are inclmll"d in the intcn5ity 

profiles of LG modes giving rise to DAM. 

• The LG beams are circular symmetric about the beam axis. 

• T he pl\l15e structure is described by the azimuthal index "l ". 

• For' 'I- 0, the LG beams have helical wave{ronts with a handedness which is linked to the 

sign of "l " I can be chosen by convention. 

• The phase variation around the beam centre is 21rl. 

• The phase singularity on the beam axis leads to zero axial intensity for' 'I- O. 

• The radial structure is described by the radial index" p ". 

• For p = 0, the LG beam gives a ring like profile and for higher values of p, the multi-ringed 

profiles with (p + I) rings are obtained· 
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• For assuming l = 0 = p, the lowest order beam Leg known as Gaussian beam can be 

rccovcre<1. 

1.18 Angular Mome ntum 

Experiment.al st.udies [38[ have confirmed the presence of the orbit.al angular momentum (DAM) 

by insert.ing the spiral phase pla.t.e to change the Guassian modes into the Laguerre Gunssian 

modes (.'Out.aining the azimuthal phase term cxp(illp). [ n 1936, Beth, experimentally studied 

[391 t.he mechanical torque crea.ted due to the interchange of angular moment.um t.o a. half-wave 

pla te . The photon angular momentum [45J is essentially composed of two parts, one the spin 

angular momentum due to polarizat.ion states and the other is t.he orbital aJ1gular momentum 

wh ich is produced due t.o angular phase structure of t.he wavefront.s. Hence, t.he total angular 

momentum involving the photon beam is t.he sum of the spin and orbital angular momenta i.e. 

M = (l + 0' .. ) Ii, where (J ,(= ± l ) indicates t.he left and right. handed circularly polarized light. 

The spin angular momentum becomes zero (0', = 0) for linearly polarized light. Moreover, 

l(= O,±l) is the quantum number of the orbital angular momentum, which corresponds to 

the azimuthal index of the LG modes. It has been noticed that the elect.rostat.ic waves (like 

plasmons [52[. phonons [56[. etc.) do not possess any spin angular momentum besides t.he orbital 

angular momeutum due to their longitudinal nature of propagation. Since the electromagnetic 

waves (photons) nrc the transverse waves and therefore carry both spin !\Ild orbital angul ar 

momenta. Very recently, Shukla [761 has explained t.he twisted shear Al£ven waves with orbital 

angu lar momentum statcs. 

1.19 Layout of Thesis 

In the first Chapter, we have studied about the plasma and brieAy described iLs propert.ies 

and criteria. Different types of t.he plasmas have been explained and presented the dispersion 

relations of well-know n plasma waves, such as, the light waves, the electron waves, the ion­

acoust.ic wavcs. etc. FUrthermore, the spin and orbital angular momenta, the Laguerre-Gaussian 

beams, and the properties of the planar and helical wavefronts arc discussed in details. 

Second Chapter explai ns t he or ion-acoustic waves (LA ) or phonons with orbital angular 

18 



moment.um in an unmagnet.ized collisionless uniform plasma. For t.his purpose, Auid equations 

for ions are employed derive a linear dispersion relation for phonons in the paraxial approxima­

tion . A beam as well as Laguerre Gaussian solutions are used to analyze the properties of LG 

phonons. The elect.rostat.ic potential problem is solved in the context. of paraxial approx.imation 

to obtaining the electric field components in terms of LG pot.ential. Furthermore, the energy 

density, cnergy flux, and the angular momentum density of the phonon modes are computed 

analytically and presented Jlumerically. 

Third Chapter the studies of the Raman and Brillouin backscattering of thc beams carrying 

the orbital angular momentuill. For this, the nonlinear dispersion relations of electromagnetic 

and electron plasma waves arc derived and coupled together. Using the parax ial approximations, 

the coupled equations are solved for Laguerre Gaussian modes and the growth rates for the 

backscattered t ransverse and electrostatic waves are derived. We ho.ve also considered the 

coupling of the electromagnetic waves with the ion-acoustic waves (phonons) and obtained the 

growth rates. 

The last Chapter discusses the extension of phonon beam's study to electron-acoustic (EA) 

wave carrying a finite amount of orbital angular momentum in a two-temperature electron 

unmagnetized plasma. The usual dispersion relation of tbe EA wave is employed to obtain 

an approximate para..'Ciai equation for EA waves. The electrostatic potentio.l problem is solved 

for Laguerre-Gaussian beam solutions. The expressions for the energy nux and the I.lIlgular 

momentum involving EA waves are presented in an unmagnetized collisionlcss plasma. Numer­

ically, the Laguerre-Gaussian potential profiles nre examined for the variation of azimuthal and 

radial mode nu mbers. 
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Chapter 2 

Ion-Acoustic Waves with Orbital 

Angular Momentum 

2.1 Introduct ion 

There is a growing interest relating to studying t.he light-matter inLeraction 1401. The inter­

actions or the exchange of angular momentum between the electrostatic and electromagnetic 

waves has been studied extonsively 141, 42, 43 , 441 in 0. plasma. In 1936, Beth and Holbourn 

experimentally computed 139J tbe mechanical torque by the exchange of angular momentum 

to a hair wave plate. Allen ef. 81. 145] t.heoretically investigated the orbital angular momen­

tum (OAM) involving the photon beams by employing Laguerre-Gaussian beams. Just like 

energy and momentum, the angular momentum can also be never created nor dest.royed but. 

only be exchanged. First ti me, Mendonca ct. 81 [461 presented the angular momentum states 

(or phonon and plasmon fields , which may be excited by the nonlinear wave mixing, involv­

ing the scat-tering phenomena. They derived nonlinearly coupled parrudal wave equations and 

instability growth rales in t he paraxial approximations. Brillouin and Raman instabilities are 

very famous in Lhe applicntion of laser fusion [471. Courtial et ul. [481 explained the rotational 

frequency shirt., when t.he angular momenta (spin and orbital angular momentum) arc added to 

the plasma beam. It is round that. the angular momentum associated. with the electromagnetic 

radiations comprises or two distinct. parts, one is related to polarization (due to t.ransverse part 

of eiect.rolUagnct.ic radiation ) or spin and the other is the photon orbital part due to angular 
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phase structure 132, 33, 34, 35, 1191. Simi larly, photon beams carrying spi n and orbita l angular 

momenta relat.ed to c1ectromagnetic fields have been studied in both classical and quantum 

electrodynamics IsO, 511. In I.his Chapter, we will be interesLed to study ion·acollstic waves 

carrying a finite amount. of OAM in an unmagnetized collisionless uniform plssma. For lhjs 

purpose, we will consider t.he dynamics of mobile ions and assuming the clcctrons as Boltzmann 

d istributed. The chcrge.neutrality at equilibrium imposes the condition neO = njO. Since we are 

inl.erested in thc IA waves on n time scale longer t.han the electron plssma period, therefore, 

the wave phase spet.>d can be described as Sj < w/k < Se, where Sj (Se) is the ion (electron) 

thermal speed. 

2.2 Dispers ion R elation for P honons (Ion-Acoustic W aves) 

To calculate the dispersion relation of the ion·acoustic waves or phollons. we consider an un­

magnetized collisionless plasma containing the electrons and ions. The ions are described by t he 

fluid equations (The continuity and momentum equations), whereas the electrons are assumed 

to follow the Boltzmann distribution, The linear dynamics of t.he ion-acoustic waves is governed 

by the fo llowing Auid equations: 

(2.1) 

(2.2) 

and 

(2.3) 

Here n.l shows ion number density perturbations with an equilibrium part niO. E = - VV(r , t ) 

is the electric fi cld, V(I' ,t) is the induced electrostatic potential, Si = (k8Ti./m.)1/2 the ion 

thermal speed , Illld Vii s tands for the ion fluid velocity. The perturbed electron density may 

be approximated by the Boltzmann distribution in the limit eV/kB1~ « J , as 

.v 
ne l ~ neO k8Tc ' (2.4) 
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Here ne) « tleO) is the perturbed electron number density with equilibrium state neO, Te: and 

T. are the elect.ron and ion temperatures, respectively, k8 denot.es the Boltzmann constant. 

Taking the time derivative of Eq. (2.1), we obtain 

(2.5) 

Equation (2.2) after taking divergence can be combined to (2.5), obtaining 

(2.6) 

Substituting (2.4) inlo (2.3), we get 

(2. 7) 

where AD~ = (k8Te/41rcnd)1/2. For long wave length limit, Le. 'V2Ah~ <c 1 , the electrostatic 

potential gives 

(2.8) 

Assuming thnt. {J2n,1/8t2 ::> S~'V2n,1 and combining Eq. (2.8) wit h (2.G), we llavc 

(2.9) 

Equation (2.9) describes the ion number density perturbations with an ion-acoustic speed C, = 

WpiADe: == ( k81~/mdl/2. 

2.3 Paraxial Equation for Ion-Acoustic Waves/ P honons 

In order to study orbit.al angular momentum and the paraxial equation for the ion-acoustic 

waves, we consider a beam type sol ution as given in the following form: 

ii,l (r , t ) = 1io(r) exp (ik,z - iwt), (2.10) 

22 



where ilo{r) is a slowly varying amplitude in spatial coordinate describing the wave profile. 

Decomposing the operator 'V in Eq. (2.9) into its perpendicular und parallel components, that. 

is, 'V='V.l -+ :;'8/8%, one obtains a Helmholtz equation without any approximation 

(2. 11) 

where k~{= w2 /C;) is the longitudinal ','lave number squared and w is the angular wave rre­

qucncy of t.he lA mode. Equation (2. 11 ) can be described as parsed Helmholtz equation 

(2. 12) 

For the paraxial approximation i.e. 1J2fio( r )/8z2 <t: 2ik~afto( r)/az, Eq. (2. 12) reduces to 

(2.13) 

Here, the paraxial approximation means that the wavelength (..\ = 21f/k,) associated to no( r ) 

changes very little along the longitudinal direction (z-axis). Equation (2.13) also satisfies the 

linear dispersion relation of the ion-acoustic waves w2 = C;k~ . The transverse Laplacian opera­

tor can be expressed into cylin&ical coordinates, as \7~ = (l/r)(8/IJr)(rO//Jr) + (l/r')1I' /iJ<p', 
to obtain an axially symmetric beam solution in t.he rorm of Gaussian ru nction, as 

(ik'.') no(r) = no(r,z) " No(z)exp 2;(z) , (2.14) 

wi th No( z), the maximum amplitude associated with Gaussian beam, n(z), the complex beam 

waist and r2 = x2+y2 is the radial coordinate squared. Now using this solution into Eq. (2. 13), 

we obtain 

{2ik. G+ ~od~o)+kt' (~~- I)}no(r)=O, (2.15) 

Equation (2.15) is thus satisfied , when No(z) = N~f!)~o and R(z) = Ro+z-.to. Here No{O), the 

maximum wave amplitude at rocal position (z = .to) Rnd Ro the minimum beam waist.. Thus 

the solution may be writ.ten in the following form 
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_ _ No(O) (' ik,r' ) 
"o(r) = "o(r, z)" 1 + (z <0)/ Ro exp 2 Ro + z zo . (2.16) 

This is the lowest order mode of the LG solution carrying zero orbital angular momentum For 

incorporating the laLLer, we have to st.udy the higher order modes of LG solutions involving 

the well-defined orbita l angular momenta. To express (2. 13) in terms of LG functions, which 

represents a more general solution for the paraxial equation. The LG solu tions may be described 

as 

"0('·, "', z) = N'b {(t + p) ! } j Xiii L~I (X) cxp ( _ X) cxp(il",), 
2vw p! 2 

(2.1 7) 

where X = r2/w2(z) , w(z:) denotes the lA beam widt.h. No stands for maximum amplitude 

involving IA mode at focal position, l = 0, ± l , ±2, .,' and 11 = 0, 1,2, ... show t.he angular and 

rad ial qunnlum numbers, and '.p is the azimuthal angle. 

Olle can expressed the associated Laguerre polynomia ls into Rodrigues formula, as 

X - I [ dP 1 LIII (X) = cxp(X)- - {xl+,cxp(-X)} 
P p! dXp (2.18) 

Assuming a special case, p = 0, l = 0 and R(z) = ikzw2(z} , the lowest order mode i.e. the 

Gaussinn beam solution can be retrieved 152J. Equation (2.17) in a more simple form can be 

described as, 

rio( r , t) = ii~(z) exp(ilrp + ikz - ;wL), (2.19) 

where iLpi(Z) = NO~Ii(r, z} with Fpl(", z) == 2J;: {{/;r)!} t XiII L~I (X), the Laguerre Gaussian 

or mode structure funeLian. T hus, in the phonon beam, the wavefront. would rolate around the 

beam axis in a spirnl, looking like a fusiHi pasta and giving rise to zero int.ensity at the beam 

cent.re. 

2.4 E lectrostatic Potential Problem 

To investigate the IA mode or phonon mode with a well-defined angular momentum (viz. 

I '# 0), we demonstrate the electrostatic potential in term of LG functions. [0 this context., the 
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Poisson's equation is considered in which the electrons are assumed to follow the Boltzmann 

distribution, whereas the ions nre treated as dynamic. Thus, we may write the electrostatic 

potential associated with the electron and ion density perturbations, as 

(2.20) 

One can express the electrostatic potential V( r , t) in terms of LG functions as 

(2.21) 

where t.he amplitude of the elect.rost.at.ic pot.ent.ial concsponds to VpI(I", z) = VoFpI(r, z). Substi­

tuting (2.4) and (2.21) into (2.20), a simplified form is obtained by not.ing '72 = \71 -k~+2ik: 1;, 
as 

{ (Vl + 2ik: :z) -k; - ).t} V(r,t) = -47ren,1 (2.22) 

This equation can easi ly be solved by applying t.he paro.xial equation si milar t.o Eq. (2. 13), 

obtaining 

('VI +2ik.!) V("t) ~ 0, 

Thus, Eq. (2.22) may be reduced to 

VC r, t) = 4 11"c ( ).~e 2 ) n,1 
1 + k:).De 

(2.23) 

(2.24) 

This represents a relation between LG density perturbations and the amplitude of the LG 

potential perturbations. LG density perturbations help to determine the amplitude 

- , 
ii, _ 47reNo).D~ 
0- 1 +k'l).2 . • o. 

(2.25) 

Note that the amplitude of the LG potential is appreciably modified due to the occurrence of 

the Boltzmann electrOIiS t hrough the Oebye shielding length. Now we can express electric field 
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in terms of Laguerre Gaussian potential by ~he relation 

(2.26) 

Wit.h its components into cylindrical coordinates 

6, ~ 
_~ of,,. 

Fpl 8, , 

6, 
.W 

(2.27) ~ -'-, ,. 
E, { 1 8F,,} 

~ - tk,+--- V 
FpI 8c 

Similarly, in the usual way, the electric field may be expressed, as 

E == -ik~/V (r, t). (2.28) 

Here, kef stands for the effective wave number nnd is given by 

(2 .29) 

The radial, azimuthal, and ax ial unit vectors nre denoted by en e\p1 and e" respectively. In 

the following we shell calculate the energy fl ux and OAM associated with ion-acoustic mode or 

phonon mode. 

2.5 E n ergy F lux and OAM Of Ion-Acoustic Wave 

When an ion-acoustic mode propagates in an unmagnetized collisionless un.iform plasma, it 

carries a finite amount of orbital angular moment.um. The spin angul ar momentum associated 

with the ion-acoustic wave is zero because of its electrostatic nature. The energy density 152} 

for Laguerre-Gaussian IA mode can be obtained by considering the dispersive properties of the 

plasma medium, as 
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and energy nux is given [521 by 

1 EI' a 
W~---('w) 

871" 8w ' 
(2.30) 

(2.31) 

where ce,(= ked I kef I) is the effective unit. vector along the electric field, v, denotes the 

group velocity of the lA wave. The dielectric response function of JA wave is giving by 

(2.32) 

where AVe = Sc/wpe. Thus, Lhe expression for the energy density becomes, as 

W ~ -- 1+-- +'" . "" . l EI' { 1 w' . (w' -S'k') } 
811" ).bek~ (w2 - .s?kn2 (2.33) 

Th describe the energy density in terms of LG potential, we use the relation 

(2.34) 

One can express tbe angular momentum density in terms of average of linear momentum densit.y 

in cylindrical coordinatcs, 88 

M (r ) = r X < P >, (2.35) 

where 

P < T p > _ _<,-W--,,->_e-,OOL' < >= 2 = 
Vg V9 

(2.36) 

Combining Eqs. (2.33) and (2.34) and substituting into Eq. (2.36), we get 

(2.37) 

Using Eq. (2.37) into Eq. (2.35) and after doing some straightforward algebra, we obtain 
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M(,) = 1 k.,I<1 V(,) I'> [_,r. __ {i'R of,., k _.!':.. OF,.,} - ,_] 
8 

er r. 1:1 +r1: r. !l. c.,+ c, 
1fVg r rpl vr " pi v: 

X{1 _1_ w;.(w'+s;'k;l} 
+ '\bek~ + (w2 _ S;k;)2 . (2 .38) 

Th£. ruc ial part. of (2.38) along t.he direction of propagat.ion of the longitudinal LA beam is 

practically important, which is proportional to the angular mode number t, similar to t he case 

of photons 1531 as 

M. = ,I k.,I<1 V(,·) I'> [1 + 1 + w~ (w2 + Slk;)] 
87\"vg Abek; (w2 _ 51k;)2 

(2.39) 

Note that M;z is direcLly proportional to the magn itude of Laguerre Caussian potentini and 

inversely proport.ional to t he phonons group velocity. If we consider that the angular mode 

number l = 0, then angular momentum density vanishes. Rence the lowest order mode is a 

pure Gaussian mode with no OAM. However, for higher order modes (I =# 0) , a finite amount 

of OAM is associated with the IA beam. Equation. (2.25) exhibit.s t.hat the amplit.ude of 

Laguerre Gaussian potential is generally dependent on the ion density pert.urbations and the 

electron Df!hy(' shif'lding length, play ing an important. role in the lA orbital angular momentum 

statcs. 

2.6 Numerical Analysis of IA Waves: 

In t his sect.ion, we numerically plot LG potential V(r ) associated with Lhe LA waves (phonons) 

as a function of " r 11 , and choose some typical values from t.he laboratory plasma 154) such as 

Te ~ 3 x 104 1<, and n~ = n;o ~ 1012cm~3. By using these vnJues, we find wpt ~ 1.4 X 108s - I , 

wpe ~ 2 X 1010s- 1 and AD", _ 1O~3cm. Assuming that. ion densit.y perturbation , viz. No/niO ...... 
0. 1, which leads to calculate the amplit.ude of LG potential as Vo .... 8.3 X 1O-4V with LA beam 

waist Wo = 3>', where A = 10 em is the wavelengt.h of phonons. Figure (2.1) depicts t.he var iation 

in LG potent.ial VCr) caused by phonon beam, as a fUllction of r at. the foca1 point ror t = O. 

For assuming l = 0 = p, the lowest. order of the LG potentials (Gaussian profiles) are obtained 
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for varying lA beam width wo(= 2..\, 3..\,4..\,5..\,6..\). It is noted that. t he amplitude of the LG 

potential remains the same but. width or profiles increases with the increase in the lA beam 

waist. However, for' = 0 and p 1= 0, the profiles become a nOll-GaussilUl. It is significant to 

note that. the amplit.ude of the Laguerre Gaussian pot.ential due to t.he phonon modes remains 

cons tant while lA beam widt h decreases for increasing radial index p. It is examined that t;he 

number of nodes on both sides increases wit h increasing the val ue of radial index p as shown 

in the Fig. 2.2. Firgure 2.3 shows the effect of angular mode number (I) on t he LG potentia] 

V(r). The Intter represents positive LG profiles for the even values of angular mode number 

1(= 0, 2) and the negative LG profiles are obtained for the odd values of ungular mode number 

1(= 1, 3), while flXing t he nzimut.hal angle VJ = 11", the ion beam waist Wo = 3..\, and p = O. It. is 

also seen that. t. he peak of LG pot.ent.ial increases when the angular mode number is increased. 

and the node points move toward a larger value of r. Figure 2.4 displays the effect of radial 

mode number p(= 0, 1, 2, 3, 4) wit.h fixed azimuthal angle V' = 7f on the LG pot.ential profiles. It 

is observed that at. fixed l = I, the number of node points are increased giving rise to Significant. 

modificat.ion in the LG potentials. 

To study the LG potential promes, we have used the following table to compute the Laguere 

polynomials and Laguerre-Gaussian functions with different quant.um mode numbers land p. 
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No. Laguerre Gaussian polynomials Laguerre Gaussian (unctions 

1 Lj!1 (x) ~ e(')~ [£, {x'+Pe(-ol}] Fp/(r ,z) = 2:/: {(I;r'!}"2 xIIIL~ I (:c)e(-""2) 
2 L8(x) ~ 1 FO,o(r, z) = ~ exp ( - ~) 

3 LY(x) = I - x F' ,o(r, z) ~ ,},;(I -x)exp(- l) 

4 Lg(x) = 1 - 2%+ ~ F2.O(T, z) = 2J; (1 - 2x +~) exp (- ;) 

5 Lg(x) = 1 - 3x + !x2 - Ax3 F"o(r, z) ~ ,},;(I - 3x + lx' - tx') exp (- ~) 

6 L~(:t) = 1 - 3x + ix2 - ~x3 + ~x4 F",o(r, z) = 2J; (1 - 3x + ~x2 - ~x3 + iix~) 
xexp(- l) 

7 L6(x) ~ I Podr, z) = ~(x) exp ( - ~) 

8 L~(x) ~ I F,,(r, z) ~ ;If. (x') exp (-n 
9 L5(x) ~ I F03(r, x) ~ I}. (x') exp (- n 
10 L:(x) ~ 1 F".(r, x) ~ +.(x') exp (- 1) 

11 £I(x) ~ 1 FII(r,z) ~ I}.x( 1 - x)exp(- l) 

12 Ll(x) ~ 3 - 3x + !x' F,,(r, x) ~ ,},;J3x (3 - 3x + ! x') exp (- ;) 

13 Ll(x) = 4 - 6x + 2x2 _ &X3 F3I (r, z) ~ +.x (4 - 6x + 2x' - tx') exp (- ;) 

14 L~(x) = 5 - lOx + 5x2 - ix3 EII(r, z) = l;/\:x (5 - lOx + 5x2 - jx3 + i4X4) 

+,fiX4 xexp{- l) 
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Figure ~l: Shows LG potential profiles or a function of r for varying Wo = 2), (square doted. 
curve), Wo =- 3>' (small doted curve), Wo = 4>. (small dashed curve), wo = 5>' (long dashed 
curve), Wo = 6). (solid curve) these are the pure Gaussian curves with fixed l = 0 = p. 
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Figure 2-2: Shows the variation in the LG potential V(r) for varying radial mode number p= O 
(square doted curve), p= l (small doted curve), p=2 (small dashed curve), p= 3 (long dashed 
curve) and p=4 (solid curve) with rued angular mode number, 1= 0, and wo = 3>', and oX = 10 
em' 
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Figure 2-3: Shows that the LG potential V( r} for varying angular mode number I = 0 (square 
doted curve), 1=1 (small doted curve), l = 2 (small dashed curve), l = 3 (long dashed curve) 
and l = 4 (solid curve) with fixed radial mode number p = 0, the azimutal angle II' = 11" 
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Figure 2-4: Shows the variation of LG potential profiles for fixed I = 1, and with changing, 
p = 0 (square doted curve), p = 1 (small doted curve), p = 2 (small dashed curve), p = 3 (long 
dashed curve), p = 4 (Solid curve), at a focal point for t = 0, !p = 7T, and wo(= 3>' ). 
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Chapter 3 

Raman and Brillouin Backscattering 

of Light Beam Carrying OAM 

3.1 Introduction 

The exchange of angular momentum between the elect.rostat.ic and the electromagnet.ic waves 

has recently been studied in an unmagnetized collisionlcss plasma (42]. [11 this respect, Beth 

aud Holbourn [39] computed experimentally the mechanical torque by cxchtmgc of angular 

momentum to a half wave plate. Allen et al. 145J theoretically investigated the orbital an­

gu lar momentum of the Laguerre-Gaussian light beams. Mendonca ct. 81. [52J computed the 

orbital angular momentum of plllSffions in an unmagnctized plasma. Ayub ct al. 1561 extended 

the st.udy of the orbital angular momentum fo r phonon!. The exchange of angular momen­

t.um between electrostatic and electromagnetic waves has been explained in a plasma under 

the Brillouin and Raman bnckscattering processes. It is now established tha t (46) the angular 

momentum of electromagnetic racUations comprises of two distinct parts, one related to the 

polarization state due to transverse part of electromagnetic radiation or photon spin and the 

other is the orbital angular momentum (DAM) caused by the phase structure. We shall study 

the coupling of the light waves with the electrostatic modes like plasmons and phonons. For 

t his purpose, we shall derive the nonlinear dispersion for light waves, electron waves and lA 

waves and we introduce the related concepts of photons, phonons and plasmoDS angular mo­

mentum states. These electrostatic and electromagnetic wave modes may be determined by the 
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solutions of the paraxial equations. Furthermore, solve these nonlinear equations for Laguerre­

Gaussian mode solutions by coupling the incident and backscatlered nonlinear equations in an 

unmagneti7,cd collisionlcss uniform plasma. The spin effects for the electrostatic osci llations are 

not present, which mcans that their orbital angular momentum corresponds with their total 

angular momentum. Wben the electromagnetic and elect rostatic waves nonlinearly interact 

with each other then the instability growth rates with DAM states are observed . Brillouin and 

Raman instabilities are famous in the application of laser fusion [4 7]. Raman backscattel'ing 

is now distinguished as a dominant process for very high-intense laser plasma interactions in 

the reference of inertial confinement fusion (ICF) research [57]. The orbital angular momen­

tum's dependence experimentally has been observed in Brillouin scatteri ng of radio waves in 

ionosphere [69], which anticipates for a theoretical understanding. In all the reF studies, the 

photon orbital angular momentum in specific and angular momentum in common have been 

orderly ignored . 

3.2 Coupled Nonlinear Dispersion R e lation for E lectromagnetic 

Wave 

First of all, in order to study electromagnetic waves in a plasma, wc consider the following 

well-known Maxwell's equations, as 

and 

where 

471" 1 aE 
'\7 xB =-J +-­

c " cat' 

lBB 
'\7 x E = - -­

c at ' 

B = '\7 x A , 

(3 .1 ) 

(3 .2) 

(3.3) 

(3.4) 

is the electron current density, c is the speed of light in vacu um and A is the vector potential. 
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Equation (3.1) may be ex pressed, as 

(3.5) 

where we have assumed Coulomb gauge i.e. V · A = O. By using linear theory, we assume 

that H£ = no+nl and Ve= VI , no is the electron density at equilibrium, nl is t.he electron density 

perturbation and VI is t.he perturbed elect.ric field velocity. Substituting these perturbatio ns 

the current densit.y gives 

Putling Eq.(3.G) into Eq.(3.5), we get 

2 411" _ 411" _ _ 1 aE 
- V A = --noev l - -nICvt+--. 

c c c at 

From (3.2) and (3.3) we express the electric field in terms of vector pot.ent.ial, as 

where the velocity gives 

J aA 
E ~--­

c at ' 

_ eA 
Vt=-­

m,e 

Substituting Eq. (3.8) and Eq. (3.9) into Eq. (3.7), we get. 

(3.6) 

(37) 

(3.8) 

(3.9) 

(3.10) 

where Wpc = (411"noe2 fmc) 1/2 is the electron plasma frequency, and 711" is the electron mass. 

Equation (3.10), shows the propagation of electromagnetic waves in an unmngnetized plasma. 

The term on the R.H.S represents the nonlinear contribution, while, the L.H.S gives linear 

terms. Considering the linear part and assuming a plane wave solution and wpe - 0, we obt.ain 

Lhe usual dispersion relat.ion of the electromagnetic waves as w2 = Clk2 . 
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3.3 Nonlinear D ispersion Relation for P lasmons (Langmuir waves) 

The dynamics of the electron waves or plasmon mode is governed by the following equations 

The continuity equation for electrons 

(3.11 ) 

The electron momentum equation, 

(3.12) 

The Poisson equation 

(3.13) 

Taking the d ivergence on both sides of Eq. (3.12), we obtain 

(3.14) 

where we have lLsed VI 'V. Vl = ! \72 I VI 12 . 

Now substituting the Poisson's equation , the continuity equation , and vl =eA Imec into 

(3.14) , a simplified equation is obtruned 

v 222~ nOe2 2 
(

0' ) , at2 - Se V + Wp<: rL] = 2m~c2 'i1 I A I (3 .15) 

It is the nonJinear dispersion relation of the electron waves, Se = (kBTe/me) 1/2, the electron 

thermal speed with electron temperature Te. Right hand side shows a nonlinear contribution 

to the linear dispersion relation on the L.H.S. Equation (4.15) can be solved by using a plane 

wave solution while neglecting the nonlinear term to obtain w2 = w~ + S;k2, where w(k) is the 

angular wave frequency (wave number) of the electron wa.ves. 
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3.4 Paraxial E quations for E lectromagnetic and E lectron P lasma 

Waves 

Let us now suppose that the Electromagnetic and Electrostatic waves arc propagating along 

the z-axis and the solution to equations (3.10) and (3.15) are given by 

and 

A= L Ajexp(ikjZ - iwjt)+c.C" 
;=1.2 

n(r, t) = n\ (r ,t)exp(ik'z -iw' t) +c.c. 

(3.16) 

(3.17) 

Here c.c. stands for complex conjugate, kj and Wj arc the wavenumbers aod the frequencies of 

two electromagnetic waves (the incident. and scattered one). k' and w' are the wavenumber and 

wave frequency of electron waves. 

Supposi.ng that nI and Ai arc varying slowly on time and space scales and they are much 

larger t han the corresponding periods and wave length. Decomposing the operator V = V .l + 
:;.Ia and assuming the paraxial approximations viz. a2nJ/8z2 « 2ikz 8iit/8z and 8rn) « 
2iW"8(n), the wave equation (3 .10) may be written into two coupled equations, as 

(3.18) 

and 

(3.19) 

where 

(3.20) 

Similarly, the equation (4.15) can also be written in the rorm, as 

(3.21) 
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where 

D' 2' ,a 2(~2 2'k,8) = lW at + C v .l + t oz ' 

where we have assumed j = 1,2, then the momentum a nd energy conservat ion give 

and 

(3.22) 

(3 .23) 

The linear dispersion relations are satisfied for electrostatic and transverse modes, k'2 S; = 

(w'2 - w~) and kJc2 = (W] - w~), respectively, and if Wi ':::: wpe, then as a result the incident 

wave frequency becomes twice of the value, i.e. WI ;::: 2wp,,' It is also seen that, in order to make 

aU these conditions well-matched with each other, we have to consider the two electromagnetic 

modes move in the opposite directions, with Ie' > 0 in case of electrostatic wave, with kl > 0, 

and k2 = - 1 k2 1< 0, for the incident and backscattered waves, respectively. For ignoring the 

coupling terms on the RH.S, the linear approximation is obtained. The temporal dependence 

of t he amplitudes "Ill and Aj will d isappear and the linear equations may be converted into the 

pure para.x.ial equations, having the form, 

( ",2 + 2ik .~) X. - 0 
.1 ) 8z J -

(3.24) 

and 

(3.25) 

Assuming the cylindrical coordinates r == (r, <p, z ), we express the paraxial solution of Eq. (3.24) 

as the linear combination of the Laguerre Gaussian modes, 

where FpJ/j{r, z} are the Laguerre Gaussian functions which are defined by, 

, 
F. ( ) - (-'-) { (Ii + Pi)!}' XII; 1 LII; I (X) 

p/ T, Z - 2.Jii Pj! j Pi J 

(3.26) 

(3.27) 

T he integers lj , Pi denote the azimuthal and radial quantum numbers, and tp s tands for the 
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azimuthal angle and Xj = :ie' )' where Wj(z) is the beam waist. Associated Laguerre polyno-w, • 
mials can be defined as L~! (Xi) = XiIi Iv;! [d~'j {Xlj+Pi exp( -Xj)}} exp(X;}. The orthog­

onality relations of the Laguerre Gaussian modes can writ.Len as, Jooo rdr Fp"I, (r, z)F;'h (r, z) 

x J;1I d!pe,(II - h)'P = 6P"P:l0'th, where 6 is the kronecker delta symbol. These solutions cor­

respond to the definite photon DAM stales described by azimuthal quantum numbers ij. In 

the same wily, we can say that. the solutions for the Eq. (3.25) give a superposition of the 

plasmon angu lar momentum slates, described by azimuthal and radial quantum numbers l' 

and p, respectively of the form, Fp'I,(r,z)eil'lp, and the beam waist for bot.h waves is consid­

ered to be the same, while t.he electrostatic waves have zero spin and angular momentum, no 

intrinsic angular momentum, because (in contrast to the transverse photons) plasmons have 

zero spin. Thus, angul ar momentum states of plasmons correspond with their total angular 

momentum states. Thcrefore, the electric field fluctuations involving with thc plasmon states 

will stay purely electrostatic, while obeying the condition \] x E = O. The solutions in the 

form E(1' , t) = E(1') exp (ik' z - u./t + il''{J) , also indicate the angular and radial components of 

electric field. Thus, the solutions for the electron density fluctuations of LC modes can be 

expressed as, 

fl.i(r,tp, z) = iip'I,(z)Fp'I,{r, z)exp{il'tp + ik'z - iw't) + C.c. (3.28) 

Prom Eqs. (3.18) - (3.21), we note to see that even in the form of LG modes they express the 

exchange of linear momentum as well as orbital angular momcntum and exchange of energy, 

between longitudinal and two electromagnetic waves. 

Now solve Eqs. (3.18), (3.19) and (3.21) by using Bqs. (3.26) and (3,28), respectively, as 

and 

2iwi :t iii F'f = :: ii2n', F FI F2ei(l'+12-1\)'P, 

2' a - ",2 w;;" - .'F"'F r. i(-I'+h-12)\p 
~w2Fll:!r2 = -alnl' 1l'2e , 

vt nO 

2' I~ 'F'l- no
e2k12

(_ . n:.)F'F,l':,·c i(l t -I'-12)\P, 
1W at n - 2m~c2 at -.l 

(3 .29) 

(3.30) 

(3.31) 

whcre we have assllmed Lhat, Fj = Fp, I,(r,z), F' = Fp'I'(r,z), iij = Api.li(Z, f), n' = np'l·(z,t), 
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Now integrat ing over ep on both sides Eqs. (3.29), (3.30) and (3 .31), we obtain, 

(3.32) 

(3 .33) 

and 

(3.34) 

Integrating these three equations over the radial coordinate 7' on both sides, we get 

(3.35) 

(3.36) 

and 

(3.37) 

where we have assumed that 

(3.38) 

and 

(3.39) 

We have also used the following ort hogonali ty conditions, 

(3.40) 

3.4.1 Grow th Rates of Backscattered E lectromagnetic and Plasmon Waves 

In order to study, the stimulated Raman scattering by assuming the intense incident wave 

with amplitude ill and to applying the parametric approximation {JiiJ/8t :::' 0, we consider 
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the maximum coupling conditions corresponding to par oJ lei polarization iii II ii2. Then the 

remaining two equations can easily be solved to obtain the growth rates as, 

and 

where 

82 
I 2 I 

8t2n =; n, 

2 ek'R I - I ,=w at 
pe.2m",Jw'w2 

(3.41) 

(3.42) 

(3.43) 

Equat.ions (3.41) and (3.42) are the second order difrerential equations having uostable solutions 

88, 

(3.44) 

These equations indicate the incident wave of amplitude 0.1 exci ting t.he Langmuir waves with 

different angular momentum stutes. [[we consider t.he plasmons carrying no angular momentum 

then following state l2 = - ii , will be the state of the backscattered wave, but. it has been 

observed that the l2 i:- - it is the state of backscattered signal, which indicates that the plasmons 

arc moving in the medium with non-zero AM states, then the Raman backscattering can be used 

as an influential diagnos~ie method to observe the internal plasma vorticit.y. We suppose now a 

motivating cases in which we use two counter propagating electromagnetic waves from outside 

to excite the plasmons to well-defined angular momentum states. Going back to Eqs. (3.35), 

(3.36) and (4.37) the amplitude of the perturbed plasmon state can be fou nd, as n function 

or 0.2(Z, 0). We assume 1 (/.1 1»1 0.2 I and apply the parametric approximation aat/at == 0, for 

parallel polarization, Eqs. (3.35), (3.36) and (3.37) can be reduced to the following form, 

(3.45) 

and 

(3.46) 
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where a finile frequency mismalch Aw = WI - W2 - W i has been inlroduced, as t.he two electro­

magnetic wave modes have been executed from the outside, therefore t.he waves arc cssclltially 

1101. in a definite matching conditions. So, we may write 

and similarly, 

.... .", 2'+ ·A t:I I Off/. = 'Y n lUWVtfl. , (3.47) 

(3.48) 

where, de2 1 al 12= ,,/2. Now solve these two equations with the initial condi t.ionli such that 

n'( z,O) = 0, and fo r arbit.rary (t2(Z,O), we can write t.he solutions in t.he followi ng form 

a;(z, t) ~ o;(z, 0) cooh(gt)eH l>""2), (3.49) 

0' 

(3.50) 

and 9 = [r - (Awj2)] 1/2. Now putting the value of a;(z, t) from Eq. (3.49) into Eq. (3.46) 

and then integrating w.r.t. time, the final result for density perturbation becomes 

(3.51) 

These t.wo Eqs. (3.50) and (3.51) explain the excitation of backscattered plasmon angular mo­

mentum state which is characterized by the azimut.hal number i' = ll - i2, and the backscattered 

growt.h signal with DAM state i2. Growth rates arc depended on the axi al position z, which 

means that very rapidly the axial profile of both the electrostatic modes and excited backseat­

tered will diverge from its linear solution, but the radial beam profile wi ll not be changed. 
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3.5 Brillouin In stability or Ion-Acous t ic Wave 

Here, we consider the dynamics of ion-acoustic waves (phonons) and derive a nonlinear equation 

for phonolls. For t.his purpose, we consider the momentum equations as 

(3 .52) 

Taking the V· on the both sides and ussumi ng inerLialess electrons compared 1.0 ions so that, we 

obtai n 

(3.53) 

T he linearized momentum equaLion for cold ions is given by 

BVil = Ze E at M 
(3.54) 

T he linearized conti nuity equation for ions, 

(3.55) 

Taki ng the time and space derivative of equations (3.55) a nd (3.54) , respectively as 

tJ2n.l a (YO . V,I) 
7!ft2 = -H,O at (3.56) 

and 

8(\7· v,,) ~ Zeoq. E 
at M 

(3 .57) 

Combining Eq. (3.56) and (3.57), we may write 

(3.5B) 

where Z is the charge number and M is the mass of ion. Substituting Eq. (3.53) into the Eq. 

(3.58). we get 

(3.59) 
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As we also know that 1 Vel 12= e2 1 A 12 /m~, Znil = l1el , and Zn,o = l1eO at equilibrium. 

Substituting these values in Eq. (3.59), the final result gives 

(3.60) 

This is a nonlinear dispersion relation for the phonans, where C~ = (ZkoTe/M)I/2 is the 

ion-acoustic speed. Now considering the solution for ion-acoustic osci llations, as 

nil(r, t) = nil(r) exp(ik'z - iwlt) + c.c., 

and fo r electromagnetic wave equation (3.10), as 

A(r,t) = L Aj(r)exp(ikjz-iwjt) + C.c. 
j=I.2 

Applying the same procedu re as done in case of plasmons, we solve Eq. (3.60), as 

0' 

where 

[2 ' I~ C2(~2 2 'kl~)1- ' = Zn;oe
2
k

i2
(A- .A-O) tw 8t + ~ v..l + 1 8% ntl me M I 2, 

(3.61) 

(3.62) 

(3.63) 

(3.64) 

(3.65) 

The differential operator DI is t.he same as for the electron (plasmon) wave, but now the electron 

thermal speed Se is replaced by the phonon's acoustic speed C~. Now the parallel wavenumber kl 

satisfies the ion-acoustic dispersion relation as, klC, = Wi by applying the linear approximation, 

the electrostatic paraxial equation is obt.ained 

('V1 + 2ik~:z) 1\1(1') = 0 (3.66) 

This equat.ion describes the angular momentum states for the ion-acoustic waves, si mil ar t.o 



those of plasmons, and its solution can be defined as, 

ti, I (r, 'P, .:) = np'" (z) Fp'I' (r, z) exp( il' 'P + ik': - iw't) + C.c (3.67) 

Using these solutions into the nonlinear pbonons Eq. (;.t60). the time dependent phonon am­

plitude similar to the plasmon case is obtained as, 

where 
C8 = ZniOc2k'R 

m~MC. 

(3.68) 

(3 .69) 

Equation (3.68) leads to the st.imulated Brillouin backscatlering solu t.ions with n growt.h rate 

in the following form 

with 

If',." 
8t2n = '1.n , (3.70) 

(3.71) 

All t.hose qualitative properties are repeated here which we have discussed for the Raman 

backscattering process. Thus, we have studied st.imulated Raman and Brillouin backscattering 

of electromagnet.ic waves in an unrnagnet.ized collisionless plnsrnn involving DAM stat.es. 

3.6 Summary 

In this Chapler, we have studied t he coupling of the light waves with clectrostnt.ic modes 

likc plasmons and phonons. First, wc have dcrived the nonlinear dispersions of the Langmuir 

and LA waves and introduced the concepts of phonon and plasmon angular momentum states. 

The electrostatic wave modes are found by the solutions of the paraxial equations, similar to 

those expressing t.he electromagnetic wave beams close to the focal region . We have solved 

these nonlinear equations for Laguerre-Gaussian mode solutions by coupling the incidcnt and 

backscatt.ered nonlinear equations in the collisionless uniform plasma. Finally, t.hc correspond­

ing growth rates are dctermined by applying the parametric approximation. An additional 
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rule has been added for nonlinear wave interaction, related with the conservation of angular 

moment.um. Specially, we have shown that by using t.wo counter propagati ng electromagnetic 

waves with well-defined CAM, we can excite the definite states of non-zero phonon and plas­

mon angular momentum. The experimental confirmation of this theoreticaJ model could be 

important to study basic plasma physics . 
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Cha pter 4 

Electron-Acoustic Wave with 

Orbital Angular Momentum 

4 .1 I ntroduction 

Numero us investigations [58, 59, 60, 61, 62, 63] have been carried ou t to investigate the existence 

of two distinct groups of electrons, that are, the cold and hot electrons found in space and 

laboratory plasmas. The hot electrons can be of the energy in t he range (10 - 50) keV (kilo 

electron volL) and the cold electrons may be of the energy (0.1 - 1) keV in laser produced plasmas 

[58), when the intensity of the laser exceeds the value [ "" lOl<'lWjcm2 for Neodymimum-gla.ss 

laser aod I ..... 1012 Wjcm2 for C02 laser . Such a plasma is called bovo-temperature electron 

p lasma, which supports the electron-acoustic (EA) waves and their properties are extensively 

investigated [64, 65, 66]. In t he EA wave, the restoring force comes from the Boltzmann 

distributed hot electrons and the mass of the cold electrons provides inertia to maintain the 

wave. The frequency of the EA wave is larger than the ion plasma frequency while the phase 

velocity lies between the thermal speed of the hot and cold electrons i.e. Sc« w/k « S/I. 

It is also found that the phase velocity of EA wave is unusually small in comparison with 

the Langmuir waves. T he EA mode is frequently found in space plasma (bow shock [70, 71], 

polar regions of the Earth's ionosphere [72, 73], solar corona [74] and the dayside cups region 

[75]). About two decades ago, Allen et al. [32] explained the orbital angular moment um 

(OAM) of t he photons attributed to Laguerre-Gaussian laser beams. Mendonca et al. [46] 
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investigated the electron plasma waves carrying DAM ill an unmagnctized uniform plasma and 

ca1culated the energy nux and clcctric field components suggesting an approximate solution for 

the electrostatic potential problem. Latter, Ayub et 0.1, 156) extended the work for phonons or 

ion-acoustic waves and computed DAM states associnting with thc phonon modes. 

In the following, we shall derive ~he DAM involving the EA modes ill a two- tcmperature 

electron plasma. We will a lso present an approximate solution to the potential problem under 

the paraxial approximation. 

4.2 D ispersion Relation of E lectron-Acoustic Waves 

To study the dispersion relation of the electron-acoustic (EA) wavc, we consider a two- lemperature 

electron plasma containing the inertial cold electrons, and massless Bollzmann distributed hot 

electrons with sta tic ions. We shall be actually interested to study the orbital a.ngular momen­

tum sta tes associnteci with EA modes. At equilibrium, the charge-ncutrnlity condition demands 

njQ = ncO + "hO. where ne() (n/lO) is the cold electron (hot electron) unperturbed density. 

The dynamics of the EA W6\"e can be studied by employing the continuity equation 

8n
ol ( ) Tt'+nd) V - vo;! =0, 

the momentum equation 

a -eE 
- Vo;! = --, at me 

nnd the Poisson equation 

V · E =41re( - flo;! - nhl + niO), 

where the hot electron density perturbations obey the Boltzmann distribution 

eV 
"hi ~nhOk ~ 

·B J. h 

(4.1) 

(4.2) 

(4.3) 

(4.4) 

The electrostlltic potential is denoted by V(r , t). Equation (4.4 ) can be derived when the electro-
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staLk force is balanced wiLh the pressure force in the momcnLmn equation of hot electrons. Vd 

sLands for the cold electron fluid velocity, nhl( <t:: nhO) the perturbed hot.-electron density wi t.h 

equilibrium value nhO, wh ile 1lc1« nd)) is the perturbed (unpert.urbed) cold-electron number 

density pert.urbation. Th is t.he hot.-electron t.emperat.ure. Following the procedure as described 

in Chapt.er 2, we rust t.ake the t.ime derivative of Eq. (4.1) to obtain 

(4.5) 

and the divergence of thc momcntllm equation gives 

:t 'V" Vd = -~-c 'V2
V (4.6) 

Combining Eqs. (4.5) and (4.6), we get 

(4.7) 

Putting Eq. (4.4) int.o Eq. (4.3), we obtain the electrost.atic potential in terms ofud is written 

as 

(4.8) 

where ADh = (k8Th/47mhOC2) 1/2, the hot. electron Debye lengt.h. For long WCLVC length limit 

[67], we assume 'V2 Abl' <:: 1 nnd eventually Eq. (4.8) may be red uced to 

(4.9) 

Now combining Eq. (4.9) and Eq. (4.7), the linear d ispersion relation of t.he EA waves is 

obtained 

( II' ") 8t2 -Cc'V nd = 0 (4.10) 

By using a plane wave solution of the form nd = fld)e,( k r -...t), one may write (4.10) in the 

following form 

(4. 1l) 
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where w (kz) is the angu lar wave frequency (Iongitudiual wave number) of the elcct ronwucoustic 

( 
k,. )1/2 ]/2 

wave C~ = Wpc>'Dh == ~~ is the electron-acoustic speed and Wpc = (471"neOe2jmc) 

stunds fOf the cold elect ron plasma frequency. It is important to note that the electron-acoustic 

speed is significantly modi fied by the ralio of the cold electron number density a nd hot elcclron 

temperature. 

4 .3 Paraxia l Equation for EA Waves 

The usual plane wave solut ion does not. carry orbital angular momentum and therefore we 

consider a beam type solution in order to derive the paraxial equation for t he EA waves as 

given by 

net (1', t) = ncO( r ) exp (ikz% - iwt). (4.12) 

Here ncO( r ) denotes the amplit ude ill the spatial coordinates varying slowly. Using Eq. (4.12) 

into (4.10), the wave equation becomes 

(4 .13) 

where kz (= w/Cf ). Expressing the operator V = V .! + 'la/az and using the paraxial approx­

imat.ion {viz.f{.znc;O( r ) « 2ik .. /;nc;O{r)}, one can derive a paraxial equation for EA waves 

as 

(4.1 4) 

where the solution of the above equation may be written in t.erms of LG funct ions as 

(4.15) 

where npl{z) = Nc;OFpl(r, z), NcfJ is the amplitude of the cold electron density perturbations, 

Fpl(r, z) = 20;- {(I~r}!}' /2 XllIL~lexp(-X/2) are the LG functions with X = r2/w2(z), w(z) 

is the EA beam waist, and cp denotes the azimuthal angle. t and p are the azimuthal and radial 

mode numbers and L~I is the Laguerre polynomials. 
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4.4 E lectrostatic Potential Proble m 

[0 order to charact.erize the EA waves, we solve the elect.rostat.ic potent.ial problem in uniform 

plasma consisting of Boltzmann distributed hot electrons, the inertial cold electrons wit.h sta­

t ionary ions. Thus, the clcctrostalic poLential in terms of density perturbations con be described 

by the Poisson equation, as 

(4.16) 

A direct solut.ion to Eq. (4.10) is a difficult task and here we will be interest.ed into an approx­

imate solution by using a parax ial approximat.ion . The LC potential V( r ,t) Cllll be expressed 

by the following relation 

(4. 17) 

Substituting Eqs. (4.4) and (4. 17) into Eq. (4.16), we arrive at 

{ ('VI + 2ik;c :.;J -k; - "ih} V (r ,t> = 411"encl (4.18) 

Equation (4.18) can be solved by satisfying the paraxial approximation, similar to Eq. (4.14) 

Le. (VI +2ikz£-) V(r,t) = O. Hence the amplitude of the clcctrostntic potential from (4.17) 

may be expressed as Vpl(r,.;) = VcaFpI(r, z). 

Thus, the LG potentia l involving the EA wave becomes 

V (r 0) = v: F (,. z)e(illp+lk.z-iwt) , cO p! , , (4.19) 

a nd (4.18) may reducc to 

( ,11" ) V(r,t) = -4 .. encl ';I 2 . 
1 + kzADh 

(4.20) 

Note t.hat the LG potential becomes negative in contrast to phonon case 1561. The ampli+ 

tude involving LG potential perturbations in the presence of LG density perturbations, can be 

obtained as , -
).DhNdj 

VeO = -41ft: ';I 2 
1 + k:).Dh 

(4.21) 

Sec that t.he amplitude of the LG potential is significantly modified due thc presence of Boltz-
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mann distributed hot electrons through the hot electron Dehye shielding length, the EA wave 

number and the cold electron density perturbations. 

Now using the relation E(r ,L} = ~'VV, we can find the LG electric field components in 

cylindrical coord inates (r, cp, z) as 

E, ~ 

_~oFpI 

Fpl 8r 

Ee 
.W 

~ -,-
r 

E, ("k 1 OF,,) V (4.22) ~ ~ 1.:+---
FI'I {)r 

However, the electric fi eld can also be expressed in the usual way as E == - i keI V(r ,t), where 

I IT • .• k i "/t. , . {k i 8;;, } . '1'h lie enectlve wave vector IS given as eJ = -1';1 or + rOlf' + , - 1';1 c,. us, we 

conclude that the electric fie ld components are sign ificantly affected by the EA beam waist 

through LG mode structure and the hot electron shielding length as well as the cold electron 

density fluctuntions. It is also worth mentioning here that the electric field Hnes for the EA 

waves arc in the form of hel ical structure with radial and azimuthal mode numbers as are 

absent in the plane wave solutions showing straight lines for the electric fi eld. 

4 .5 Energy F lux and DAM for EA Waves 

When an electron-acoustic wave propagates in an ullmagnetized collisionless uniform plasma, 

it carries a finite amount of orbital angular momentum. The energy density for LG EA mode 

can be calculated by taking into account the dispersive properties of t.he plasma medium, as 

(4.23) 

where the dielectric constant for EA mode is given by 

1 w' 
t:(w,k,l:}= 1 +>.2 k2 -w2 _ : 2S!. (4.24) 

o,etti:\:"a, Dh , z c: 

The energy flux~or EA mode can be defined [521 as T etl = W eaVgCe/' where eel (= ked I kef D 
is the effective unit vector and Vg is the group velocity of the EA mode. 
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0ne mny simplify energy density expression further as 

W = IEJ2
{, _,_ w2 w2+k~~} 

~ 811" + .. '-7)hk~ + PC(w2 _ k~~)2 . 
(4.25) 

The energy density enn be written in terms of LG potential by writing 

(4.26) 

as 

M (r ) = r x < Pea >, (4.27) 

where 

(4.28) 

Using Eq. (4.25) into the (4.28), we obtain 

(4.29) 

By employing Eq. (4.29) into Eq. (4.27) and doing some st.raightforward algebra, we get 

(4.30) 

The angular momentum density of EA beam along t he axial direction [531 can be expressed as 

M = II k,tI<1 V I'> { , _ ,_ w' w' + k:~ } 
~ 81fvg + '\bhk~ + pc(w2 _ k~~)2 (4.3') 

Note that M~ depends not only on the square of magnitude of Laguerre Gaussian potential 

but also the inverse of the group velocity of tbe EA wave. Equntion (4.31) is now Significantly 

modified by the dielectric constant of the EA wave. For assuming that angular mode number 

l = 0, which implies that M~ = 0, leading to the lowest order mode or a pure Gaussian mode 
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with no OAM. However, for higher order modes Le. l:f: 0, a finite amount of OAM ossociated 

with the EA waves can eusily be investigated. Similarly, C<luation (4.19) th rough (4.21) also 

concludes that the amplitude of the uegative LG potential profiles caused by Lhe EA mode is 

strongly modified due to the cold-electron density perturbations and wave number k~ carrying 

the finite amount. of DAM. 

4 .6 Numerical Results and Discussion for EA Modes 

Tn this section, we have numerically plotted the LG potential V(r) associated wit.h the EA mode 

as a func tion of IIrll, we have also chosen some appropriate numerical values from the laboratory 

two-temperature electron plasma [681. such as, the hot elect.ron temperature Th ~ 2.lcV and 

the cold elect.ron temperature Tc ~ O.7eV, the hot elect.ron density nh ~ 2 x 101cm- 3 and 

the cold electron density nc ~ 6 x 101 cm-3 . By using t.hese parameters, we can compute 

the ion number density flto = 8 X 1Q1cm-3, the wave number k t = 8.788 em, and the hot. 

electron Debye shieldi ng length >'blL = 1.4506 x 1O-3cm. We also assume t hat the cold-electron 

density perturbation viz. No/ncO .... 0.1, which makes the amplitude of LG poLential to be 

V.:(l .... - 5.18752 x 10- 5 V for the EA beam waist Wo = 3>', where>. .... 0.7149 COl.. Figure 4.1 

shows the variation of LG potential inmlving EA wave at a focal point. for L= O. For changing 

the EA beam waist. we = 2>', 3>", 4>", 5..\,6>' with fixed l = 0 = p , the pure Gaussian curves 

are obtained, the widLh of the LG profiles increases while the amplit.ude remains constant. 

However, the behavior of the EA wave is different from the IA wave. Non-Gaussian profiles 

of LG potential are obtained for l = 0 and p :f: 0, as can be seen in Fig. 4.2. rt is examined 

that the number of nodes on both sides increases for the increase of p value and hence the LG 

potential amplitude remains almost constant but the width decreases with increasing p. Figure 

4.3 exhibits the effect of angular mode number (l) on the LG potential VCr). The latter becomes 

negative for tbe variation of even values of angular mode number l(= 0,2) and becomes positive 

for odd values l (= 1,3) with Wo = 3>', the azimut.hal angle If' = 71", and p = O. It is observed 

that the strength of LG potential increases when the angular mode number is increased. Figure 

4.4 demonstrate the effect of the radial mode number p(= 0, 1,2,3,4) at fixed l = 1,wo = 3>', 

and If' = 1T. Note that the number of nodes and the strength of the LG potential increase with 
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Figure 4- 1: Shows LG potential profiles or a function of r for varying Wo = 2>' (square doted 
curve), Wo = 3>' (small doted curve) , Wo = 4..\ (small dashed curve), wo = 5). (long dashed 
curve), Wo = 6), (solid curve) these are the pure Gaussian curves with fixed l = 0 = p. 

increasing p. However, the behavior of the potential associated with EA wave p rofiles is seen 

opposite to the potential involving phollons [561. 

4 .7 Summary 

To summarize, we have s tudied the two-temperature electron plasma which is composed of 

hot electrons, cold electrons, and positive ions. The hot electrons are assumed to follow the 

Boltzmann distribution while the cold electrons as mobile with a background of stationary ions. 

We have derived a linear dispersion relation for the electron-acoustic (EA) waves by using the 

Laguerre Gaussian solutions giving rise to an orbital angular momentum, instead of plane wave 

solution. FUrthermore, the electrostatic potential problem is solved by employing the Laguerre 

Gaussian beam solutions and the electflC field components have been computed in lerms of LO 

potential suggest ing that the helical field structures are formed. Similarly, the energy density 

and orbital angular momentum of the EA modes have been determined by considering the 

dispersive plasma medium. The numerical results for the LG potential involving the EA modes 

have been discussed, which are of significant importance for understanding the EA waves with 

CAM states in the context of laser produced and space plasmas. 
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Figure 4-2: Shows the LG potential profiles for changing radial mode number p = 0 (square 
doted curve), p =:: 1 (small doted curve), p = 2 (small dashed curve), p = 3 (long dashed curve), 
p = 4 (solid curve) and with fixed l = 0, Wo = 3)" where). = 0.7149 em. 
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Figure 4-3: Shows the LG potential profiles for varying the angular mode number l = 0 (square 
doted curve) , l = 1 (small doted curve), l = 2 (small dashed curve), l = 3 (long dashed curve), 
l = 4 (solid curve). with p = 0, Wo = 3A,and I{J = 11" 
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Figure 4-4: Shows t.he LG potential profiles involving EA waves for p = 0 (square doted curve) 
p = 1 (small doled curve), p = 2 (small dashed curve), P = 3 (long dashed pink curve), p = 4 
(Solid curve). with fixed l = 1, wo = 3>', and rp = 1r. 
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