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Abstract

This thesis aims to study the continuity criteria for the Hardy type operators on the variable
exponent function spaces. More specifically, in this thesis, we consider the boundedness of
the fractional Hardy and rough fractional Hardy operators on Morrey and Herz-type spaces
with variable exponents. Similar results for the commutators generated by these operators
and variable A-central bounded mean oscillation (BMO) functions are likewise obtained.
Also, the continuity of Hardy-type operators and their commutators on variable exponent
function spaces of weighted type took less attention by the research community worldwide.
The same is with weighted Morrey and Herz-type space with variable exponents. The
present thesis also aims to fill this gap by proving the boundedness of the fractional Hardy-
type operators, along with their commutators with weighted variable A-central bounded
BMO functions, on these spaces.
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Preface

This thesis aims to study Hardy type operators on some function spaces. We thus
include the results discussing boundedness of the fractional Hardy operator and rough
Hardy operator along with the commutators of these operators on variable exponent
function spaces.

In Chapter 2, we come up with the boundedness of fractional Hardy operator
on central Morrey space, we also obtained the inequalities for commutator generated
by fractional Hardy operator and the A-central bounded mean oscillation (BMO)
functions on variable exponent central Morrey space. These results published in the
Journal of mathematics [1].

In Chapter 3, we investigate the boundedness of fractional rough Hardy operator
on central Morrey space, we also obtained the inequalities for commutators of the
rough fractional Hardy operators on central Morrey space with variable exponent. In
the end, we study the boundedness of rough fractional Hardy operator on Herz type
spaces. The content of this chapter are drafted in the form of a manuscript which will
be submitted soon.

In Chapter 4, we prove the boundedness for fractional type Hardy operators on
weighted variable exponents Herz-Morrey spaces. The contents of this chapter have
been published in The Journal of Inequalities and Applications [3].

In Chapter 5, we established the boundedness of commutators of fractional Hardy
operators on a class of function spaces called weighted Herz-Morrey space with vari-
able exponents. The contents of this chapter have been published in the Journal of
Function spaces [2].

In Chapter 6, some results are added to demonstrate the boundedness of Hardy

operators and related commutators on weighted variable exponent Morrey spaces.
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Chapter 1

Introduction

The boundedness of operators on function spaces is one of the core
issues in harmonic analysis. It is mainly because many problems in
the theory of partial differential equations, in their simplified form, are
reduced to the boundedness of operators on function spaces. It stimu-
lates the research community to embark on such problems in this field.
The same is the case of the Hardy operator, which is considered a sig-
nificant averaging operator in mathematical analysis. Hardy operators
and related commutators play an indispensable role in the theory of
partial differential equations [4,5] and the characterization of function
spaces [6-8].

Having in hand results discussing the boundedness of Hardy type
operators on function spaces with constant exponents, this thesis aims
to obtain similar boundedness results on variable exponent function
spaces. Nonetheless, boundedness results on the latter type of function
spaces are far from perfect than the same results on the earlier ones.
In addition, this thesis also studies the weighted boundedness of the
Hardy-tye operators and related commutators on generalized function
spaces. However, before starting our main results, we need to introduce
the reader to the Hardy type operators and some basic definitions and
preliminary results regarding variable exponent function spaces. The

purpose of the coming few sections is to fulfill this objective.
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2 Introduction

1.1 One Dimensional Hardy Operator

In mathematical analysis, the Hardy operator is considered a significant
averaging operator and has been exercised a lot during the recent past.

In [9], Hardy defined the classical Hardy operator as:

Hg(z) = —/Ozg(t)dt, z >0, (1.1.1)

and established the inequality:

p
[Hg||r+) < EHQHLP(RJF), I <p<oo (1.1.2)

1
It is customary to denote the adjoint operator of H by H* :

where p% was shown to be the best possible constant.

Hg(z) = /OO 90 0 e R {0},

g

In [10] Hardy found inequality for adjoint Hardy operator

Let b € Lj,.(RT), the commutators of One dimensional Hardy oper-

ator H and its adjoint operator are defined as follow
[b, H]g(x) = b(x)Hg(z) — H(bg)(x),

[b, H¥]g(x) = b(x)H g(x) — H"(bg)(x).
Wong and Long [11] obtained the inequalities for commutator gener-
ated by one dimensional Hardy operator and the adjoint operator of H.
Later on, Xue and Zhang [12] developed two weights inequalities for its

commutator.



1.2 Multi-Dimensional Hardy Operator 3

1.2 Multi-Dimensional Hardy Operator

Faris [13] gave an n-dimensional extension of (1.1.1) of which the equiv-
alent form is given by
Hy(o) = BO.DI™ [ g(aiie (121)
B(0,ly])
where |B(0, |y|)| is the Lebesgue measure of the ball B(0,|y|) in n-
dimensional Euclidean space R". Recently, in [14], it was shown that H
satisfies:

[Hgll oy < Pllgllrwny, 1 <p< o0, (1.2.2)
where the same constant, as given in the inequality (1.1.2), was de-
clared sharp. Inequalities (1.1.2) and (1.2.2) were recently extended to
power weighted Lebesgue spaces in [15] and [16] where sharp constants,
depending upon the weight indices, were again fixed.

Inequalities (1.1.2) and (1.2.2) are known as strong-type (p, p) Hardy
inequalities because in these inequalities Hardy operator maps L? to
LP. The authors in [17] have established the weak-type (p,p) Hardy
inequalities in which Hardy operator maps L” to LP*°. However, it was
shown that the optimal constant for weak-type Hardy inequalities is 1
which is obviously less than p/(p—1). Subsequently, the sharp constants
for weak-type Hardy inequalities on Morrey type spaces were obtained
in [18] and [19].

1.3 Multi-Dimensional Fractional Hardy Operator

Subsequently, in [20], the authors defined the fractional Hardy operator

and its adjoint operator as:

_ 1 folz) = 90 4 L ewe
o) = s Af|§|z|g(t)dt’ o) A>|zl it 7€ R(l\:iol}),
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where |z| = /D1 22

Likewise the sharp constant for high dimensional fractional Hardy
operator on Lebesgue spaces were not fixed until 2015. Zhao and Lu,
in [22], solved this problem by extending the Bliss results (see [21]) for
one dimensional fractional Hardy operator. It has been shown in [22]
that for l < p<qg< oo, 0<f <n,and /n+1/qg=1/p, the operator

Hj is of strong type (p, q) that is it satisfies:

| Hpg|lLamny < Allg|lzomny, (1.3.2)

where the constant:

() Go(a)
q qp ab q'B
is not only sharp but also, unlike the Hardy inequality (1.2.2), depends
on the dimension n of the Euclidean space R".

Hardy inequalities have been a main focus of interest in various
monographs [23,24]. The optimal bounds for Hardy type inequalities
are established only in a few cases and the research in this area is an
active part of modern analysis. Some recent publication in this area
include [25-30]. Besides, Sharp constants for Hardy type inequalities
on product of some function spaces have also been reported in the lit-
erature [31-34].

1.4 Multi-Dimensional Rough Hardy Operator

Recently, Fu and Lu [35] gave the definition of n-dimensional rough

Hardy operator and and it’s commutator as follow:

_ z—7)g(T)dT h9(z) = 2—T 9(7) T
Hogle) = s | 0Tl Hige)= | )T

7> |2 ||

where Q € L¥(S"!), 1 < s < oo, is homogeneous of degree zero. The

commutators generated by a locally integrable function b and the rough
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Hardy operators are defined as below:

In [36], Ren and Tao obtained the weighted boundedness for the com-
mutator of n-dimensional rough Hardy operator and central BMO
functions on the weighted Lebesgue spaces, the weighted Morrey-Herz

spaces and the weighted Herz spaces.

1.5 Variable Exponent Function Spaces

Variable exponent function spaces are a general form of the classical
function spaces in which the constant exponents are replaced with vari-
able exponents. Many aspects of the resultant Banach function spaces
are comparable to those of classical spaces, but they differ from each
other surprisingly and subtly. As a result, variable function spaces are
fascinating, but they are also essential in the context of partial dif-
ferential equations(PDE’s) and variational integrals with non-standard
growth conditions. The study of these and similar spaces has grown dra-
matically during the last 20 years, particularly in the past few decades.
Now, we give an outline of the historical backdrop of variable Lebesgue
spaces. Describing this set of experiences up to the mid-1990s is gener-
ally direct since somewhat a couple of mathematicians worked around
here. From that time the field has blossomed, and we just note a cou-
ple of features. It is for the most part acknowledged that the splitting
line between the early and present day time spans in the investigation
of variable Lebesgue spaces is the basic paper of Kovacik and Rékos-

nik [37] from 1991. However, the beginning of the variable Lebesgue



6 Introduction

spaces originates before their work by 60 years, since they were first con-
centrated by Orlicz [38] in 1931. For a variable exponent p(z) € (1, c0),
he exposed that if

1
[ lg@ptis < o,
0
then for function f the necessary and sufficient condition so that

/ 9@ f(a)de < o0

is that for some o > 0,

!

/01 (\fgxﬂ)“” 4o < oo,

Nonetheless, this piece of information is basically the main commitment

of Orlicz to the investigation of the variable Lebesgue spaces. All things
considered, Orlicz directed his concentration toward the investigation
of the spaces presently called Orlicz spaces, which he likewise presented
in 1931 in a collaborative article with Birnbaum [39]. The following
stage in the improvement of the Lebesgue spaces along with variable
exponent came twenty years after the fact in crafted by Nakano [40] who
fostered the hypothesis of modular spaces, in some cases alluded to as
Nakano spaces. Modular space is a topological vector space outfitted
with a modular: the speculation of a standard. A significant illustration
of a modular space is the function space comprising of all functions f
such that for some A > 0,

[0 2

Where ¢ : E'x[0,00) — [0, 00) is a function for x € E, ®(z,.) acts like a

Young function. These spaces are alluded to as Musielak- Orlicz spaces,

given in [41]. If & = ®(¢) is only function of ¢ then they are called Orlicz

spaces. If ®(x,t) is equal to ") they are grow into variable Lebesgue
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spaces. If ®(z,t) is equal to w(x)t’™, they are nominated weighted
Lebesgue spaces.

From this point onward we give a brief introduction to the notations
and definitions related to the variable exponent Lebesgue, Morrey and
Herz type spaces. From the start to finish of this work, we represent
by |B| and xp the Lebesgue measure and characteristic function of a
measurable set B C R", respectively. Also, B; = B(0,2/) = {z € R" :
2] <27} with Aj = {x e R": 271 < |z| <27} and x; = x4, for j € Z.
The notation g =~ f implies that there exist two constants C; > 0 and
C5 > 0 such that C1f < g < Cyf. Furthermore, £ C R” represents an
open set and p(:) : £ — [1,00) is a measurable function, p'(:) denotes

the conjugate exponent of p(-) which satisfies:

R
7O 0

The set P(E) consist of all p(-) and p/(-) such that:

1 <p =essinf{p(z): 2z € E} <p" =esssup{p(z) : z € F} < cc.

Definition 1.5.1 Suppose p(+) is a real valued function on R™. We say
that

(1) Cllgf(R”) is the collection of all local log-Holder continuous function

p(+) contented

—C

1
px) —pW)| S —F——, lz—yl <z, =xyeR"
Ip() ) og(lz = o) | | 5

(i1) C8(R™) is the collection of all local log-Hélder continuous function
p(+) fulfill at origin
C

x) —p(0)] < , v €R"™
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(4i1) C1%(R™) is a coolection of all log-Hélder continuous function satisfy
the following condition at infinity

Cx
| < — R™.
Ip(x) —p |—1og(e+\x\) T €

(iv) C1o5(R™) = Cl%9 M CI% denotes the set of all global log-Holder contin-

uous function p(-). It was proved in [42] that if p(-) € P(R™) N C8(R")
then Hardy-Littlewood mazimal operator M is bounded on LPY)(R™).

1.5.1 Variable Exponent Lebesgue Space

The variable exponent Lebesgue spaces LPU) were firstly introduced by
Kovécik and Rakosnik in [37]. After that, the development of variable
Lebesgue spaces was started along with the investigation of bounded-
ness of several operators including the maximal operator on LP(") [43,46].
The space LPU) is a set of all measurable function f on the open set E,

in such a away that for positive 7,

L(”fﬁfwwxmm

which becomes a Banach function space when equipped with the Luxemburg-

p(x)
Uhmw>iﬁ{n>OtL<U§”> dxgl}.

Local version of variable exponent Lebesgue space is denoted by Lfo(g (E)
and is defined by

norm

me(E) = {f . f € LPY(B) Y compact subset B C E} :

loc

For existing findings in variable exponent Lebesgue spaces, we direct

the researcher to the recent monographs [44] and [45].
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Recently, the theory of variable exponent analysis is modeled in
terms of the boundedness of the Hardy Littlewood maximal operator
M [43,46,47]:

1
Mf =su / dy,
f T>€’BT‘ Br|f| y

where B, = {y € R" : |x — y| < r}, on the Lebesgue spaces. We use
B(R"™) to denote a set containing p(-) € P(R") satisfying the condition
that the M is bounded on LPU)(R™).

The theory of Lebesgue spaces showed deep concern in many fields
of mathematical analysis like for example in the field of image process-
ing [48], in the analysis of electrorheological fluids models [49] and in
the theory of partial differential equations with nonstandard growth

conditions [50].

1.5.2 Variable Exponent Morrey Space

The Morrey space L}, which was proposed in [51] concerning the study
of partial differential equations, have been widely discussed in the liter-
ature (e.g, [51,52]). We also refer to a recent review study [53], which
contains multiple variants of Morrey type spaces as well as their general-
izations. During the last few decades, many classical operators such as
singular, potential and maximum operators have been studied in Morrey
type spaces. Researchers in the field of variable exponent analysis were
also drawn to the Morrey spaces. First time, variable exponent Morrey
space LPO)AC) gver an open set E C R” was introduce by Almeida and

Hasanov in [54].

Definition 1.5.2 For 0 < A(-) < n and p(-) € P(R"), variable ezxpo-
nent Morrey space LPV)AC) is defined as:

HfHLp(,M(,)(E) — inf {V ; [p(.),/\(.)(é) < 1},
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where
1

PO = s e [Py
B(x,r)

r>0,2cE 7“(33))‘()

and B(x,r) = B(x,7)NE. When p(-) = p and A\(-) = \, we get classical

Morrey space L.

1.5.3 Variable Exponent Central Morrey Space

The A—central Morrey space, the central bounded mean oscillation
(BMO) space and associated function spaces have attractive applica-
tions by exploring estimates for operators along with their commuta-
tors [55—62]. Initially, for constant exponent A—central Morrey space
was defined in [55]. Mizuta et al. defined the variable exponent non-

homogeneous A—central Morrey space in [63].

Definition 1.5.3 [64] Let p(-) € P(R") and \ € R. Then the variable

exponent central Morrey space BPOAR™) is defined as:
BOMR?) = { f € DR ¢ £ ooy < 00
where

”fH : = sup HfXB(QR)HLP(')(Rn)
P(+),A n\y — .
BrOAED T 5s0 [B(0, R)MIxso.m |l oo ey

Replace variable exponent by constant exponent we get classical A—central

Morrey.

1.5.4 Variable Exponent Herz Space

Herz spaces Kg"p are a type of function space presented by Herz in
[65] as part of his research on absolutely convergent Fourier trans-
formations. More lately, there has been a lot of focus on the re-
search of the Herz spaces since there have been numerous notable works

that have helped to advance the study of the Herz spaces. Initially ,
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Izuku introduced Herz spaces with variable exponent K" ) in [66,67].
Later on, Almeida and Drihemn [68] gave a new definition of Herz
spaces by taking the exponent alpha as a variable. They also proved
Hardy-littlewood-sobolev theorems for fractional integrals on Herz Vari-
able exponent Spaces in the meanwhile. However, Herz space having

all the exponents as variables was defined and studied in [69]. Let
B ={x € R": |o| <2¥}, Ay = By \ By_1, and x; = x4, for k € Z.

Definition 1.5.4 Leta(-) : R" = R with a(-) € L>®(R"). and p(-),q(-) €
P(R™). The space l-(;é'))p(_)(R”) is the set of all measurable functions f
given by

a-) n
Koy p0)(RY)

{f < Lf{f(.:)(Rn \ {0}) : HfH['(:(("))p(‘)(Rn) < OO}:
where

I st ey = {251 fxall ooy Yoo ooz

If a(-) = a, q(-) = q and p(-) = p then we have the classical Herz space
q

1.5.5 Variable Exponent Morrey-Herz Space

Herz-Morrey spaces MK, gj};\ are the extended form of Herz spaces and
Morrey spaces . The mapping properties of the singular integral op-
erators on the Herz-Morrey spaces is one of the pioneering research
on the Herz-Morrey spaces by Lu and Xu [70]. When A = 0 then
M Kgf? = Kl‘;"p. Herz-Morrey spaces with variable exponent M K;;D(.)
are first appeared in [71]. The ensuing paper [72] made some general-
ization in the definition of Herz-Morrey spaces given in [71] by replacing

the exponent o with «(-). Few important considerations in this regard
can be found in [73-76].
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Definition 1.5.5 Let 0 < ¢ < o0, A € [0,00), a(-) : R" — R with
a(-) € L¥(R"). and p(-) € P(R™). The space MK;]()'().’)A(R”) is the set of
all measurable functions f given by

‘o - ,)\ n . n
MEZRE) ={ 1 € BP0 1l <0

where

ko 1/q
Hf”MK:;E)()’)A(]R") — :ig 2_k0>\ < Z H2ka()ka H%p()(Rn)) .
: 0

k=—0o0

Obviously, M an}(j())o (R”):Kzgg.)(ﬂ%n) is the Herz space with variable ex-

ponent (see [68]). If a(+) is constant then we have MK;I(D'().’))‘(R”):MK;ZE.) (R™)
[73]. When a(-) and ¢(-) both are constant and A = 0, then MK;;()'()})A (R”):ngp(R”)
are the classical Herz space.

1.5.6 Bounded Mean Oscillation

The absolute value of a function subtracted from its average over a set
is the oscillation of that function over the set. So, the average of the
oscillation over a set is called mean oscillation. A function is said to

be bounded mean oscillation (BMO) if the boundedness of the mean

1

L.(R™) and measurable set

oscillation over the set is satisfied. Let b € L

B in R", represented by

1
Avgh = by = — [ b(x)d
ng B ‘B|/B(x)x

the average or mean of function b over B. Then the oscillation of b over

B is the function |b — bp| and the mean oscillation of b over B is

1
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Definition 1.5.6 [77] let b€ L] (R"), set
1
[Plasroa = sup g [ [ba) = balds,
B B B

where supremum is taken all over the ball B C R" and by = |B| ™" [, b(y)dy.

The function b is known as bounded mean oscillation if ||b|| grromn) < 00
and BMO(R") consist of all b € L] (R") with BMO(R") < co. We can

loc

say that BMO(R") is a linear space i.e if g, f € BMO(R") and A € C
then also f + g, A\f € BMO(R") and

lg + fllsmo < |lgllBaro + || fll Baro

|Agl|Baro = | A9l Baro-

But here is problem arise if ||g||zyp0 = 0, which is not implies g = 0

gives ¢ is a constant. So, we conclude that ||||payo is not a norm.

1.5.7 Variable Exponent Central BMO Space

Central BMO space along with variable exponent C BMOP") was intro-
duce by D. Wang and Z. Liu see [78]. By keeping p(:) constant we get
the classical central BMO space C'BMOP which was defined by Lu and
Yang [79]. Variable exponent C BMOP!) defined as follow

Definition 1.5.7 Let p(-) € P(R") . Then the variable exponent cen-
tral BMO space CBMOPY)(R™) is defined as:

H (f o fB(O,R) )XB(O,R) HLp(') (R")

HfHC’BMOP(')(R”) = Sup
R>0 IXB0.7) 2r0) (R

1.5.8 Variable Exponent A\-Central BMO Space

Meanwhile, the authors in [64] gave the definition of A-central BMO
space along with some important results regarding the estimation of

some operators.
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Definition 1.5.8 Let p(-) € P(R") and A < +. Then the variable ezpo-
nent A- central BMO space C BMOPONRY) is defined as:

CBMOPOP®Y) = { f € LR [ Flloaonn < o0}

where

/] 0 = sup I(f = FBor)XBO.R 120 @Y
P()A(RP) — .
CBMOPOA ) =220 1B0, RYMx a0 | oo ()

If p(-) = p then we get the classical A- central BMO defined in [55].

1.6 Variable Exponent Weighted Function Spaces

Definition 1.6.1 Consider a weight w on R™ and q(-) : R" — [1,00)
with q. < oo. 1. Variable exponent weighted Lebesque space L) (w)

contain all measurable function f hold the inequality given below

q(z)
o =t {20 [ (L) o<1},

is finite. L1 (w) = LY and || f|| ooy = || f]] o) () when w = 1.
2. Let q(-) € P(R"). The set Lq(')(w) contain all measurable function

loc

f so that fx; € L1V (w) for each any every compact set i C R™.

1.6.1 The A, Condition

In this thesis we represent weight by w which is non-negative locally
integrable function on R", that acquire value between (0,0c0) almost
everywhere. Because of this, weights are permitted to be infinite or zero
only on a set of Lebesgue measure zero. Consequently, when % is locally
integrable and w is weight then % will also weight. For measurable set

B we will used notation for a given weight w
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to express the w— measure of the set B. Generally, weighted LP spaces
denoted by LF(w).

Definition 1.6.2 A function w(x) > 0 is known as an Ay weight if
M(w)(z) < Cw(z),

C' is a constant. If w is considered an Ay weights, then the equation

given below

1/ |
wla, = sup — wtdt) — || £
= Mn(w RO

is an Ay Muckenhoupt characteristic constant.

Definition 1.6.3 Let p € (0,00). A weight w is known to be of class
A, if the following condition hold

@ fyor ) (g fon)
chlfelipin Rn(|Q|/Qw(t) dt ‘Q‘/Qw(t)dt < 00

The above expression is said to Muckenhoupt characteristic constant of

w and express by (w4, .

Suppose w(z) is a weight function on R”, which is nonnegative and lo-
cally integrable function on R”. Let LP(") (w) be the space of all complex-
valued functions f on R"™ such that: fwfl) e LPO)(R™). The space

LPU)(w) is a Banach function space equipped with the norm:

1
[ f1 o0 ) = 1fw?O | oo

Benjamin Muckenhoupt introduced the theory of 4, (1 < p < o0)
weights on R" in [80]. Recently, in [81,82] Izuki and Noi generalized
the Muckenhoupt A, class by taking p as variable.
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Definition 1.6.4 Let p(-) € P(R"). A weight w is an A,y weight if

1

|B
In [83], authors proved that w € Ay if and only if M is bounded on
the space LPC).

1/p()

Sup X8|l < oo.

‘le/p X8|l oo [[w™

Remark
( [81]) Suppose p(-),q() € P(R") NC"(R") and p(-) < q(-), then we
have
A C Ap(.) C Aq(.).

Definition 1.6.5 Suppose pi(-),p2(-) € P(R") and 5 € (0,n) such that

zﬁ = pl%x) — % A weight w is said to be A(p1(-), p2(+)) weight if

||XBHLp2<> e HXBH (L1 O O)y S C|B|1“

Definition 1.6.6 [81] Suppose pi(-),p2(-) € P(R") and B € (0,n)

such that zﬁ = piz) — g Then w € A(p1('),p2(')) if and only if wP2() ¢

Aty ()40

1.6.2 Variable Exponent Weighted \— Central Morrey Space

In this thesis we introduce weighted central Morrey space along with

variable exponent.

Definition 1.6.7 If p(-) € P and A\ € R. The weighted central Morrey

space along with variable exponent BPONw) is defined as

BYON w) = {f € L))+ ||l ooy < 00},

where

T _ 1 X B0,m) L0 ()
p(),A
BrOAw) R>0 |B(0 R)P\HXB 0,R) HLP()
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1.6.3 Weighted \— Central BMO Space With Variable Ex-

ponent

Here we introduce weighted variable exponent A— central BMO space.

Definition 1.6.8 If p(-) € P and A € 1. The weighted A— BMO space
along with variable exponent C BMOPY)A (w) is defined as

CBMOPNw) = {f € L) (w) : || fllepmorirw < o0}

loc

where
|| (f - fB(o,R))XB(o,R) HLP(')(w)

f p():A () — SUP
H HCBMO (w) R0 |B(O’R)|>\HXB(O7R)HLP(')(1U)

1.6.4 Variable Exponent Weighted Herz Space

Recent advancement in the field of variable exponent function spaces
include the development of its weighted theory based on the Mucken-
houpt weights [80]. In [83,84], Cruz-Uribe with different co-authors
gave the continuity criteria for Hardy-Littlewood maximal operator M
on weighted LP()(w) spaces. Equivalence between the boundedness of
M on LPY)(w) and the Muckenhoupt condition was proved by Diening
and Hasto in [85]. For constant exponent Lu and Yung [86] introduce
the weighted Herz Space. Izuki and Noi defined the weighted Herz

spaces with variable exponents in [81].

Definition 1.6.9 Let w is a weight on R", ¢ € (0,00), p(-) € P(R")
a € R. The space Kg‘p(.)(w) 1s the set of all measurable functions f
given by

Kipo(w) = {f € L R\ {0}, w0) + [z ) < oo},

where

I, 0 = Su0

ko 1/q
( > QkaquXkHLp(-)(w)) :
k

=—00
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For p(:) = p, we obtained Kgfp(.)(w) = qufp(w).

1.6.5 Weighted Morrey-Herz Space With Variable Exponent

However, weighted Herz-Morrey spaces with variable exponents are de-

fined and studied in [87]. Now, we define variable exponent weighted

a+),A
Morrey-Herz space MK (w).

Definition 1.6.10 Let w be a weight on R", X\ € [0,00), a(-) : R" —
R with a(-) € L*(R"), q € (0,00), and p(-) € P(R™). The space
MK;‘;g")A(w) 15 the set of all measurable functions f given by

sa()\ . n
MEZ W) ={ £ € BP0 1y < 0

where

ko 1/q
sup 2—ko>\< Z QkO‘(')quXquLp«)(w)) .

1F sy = reZ —

Obviously, M K;Z()())O (w):qu;()'().) (w) is the weighted Herz space with vari-

able exponent (see [68]), and M quj;()_’)A(w):M Kflf]’f(w) is the classical

weighted Herz-Morrey spaces (see [88]).

1.7 Owur Contribution

We contribute to the theory of Hardy operator in many ways. Firstly, we
obtained the boundedness of fractional Hardy operator and fractional
rough Hardy operator on A— central Morrey space. We also found
the estimate of commutator led by by fractional Hardy operator and
fractional rough Hardy operator on central Morrey space. Secondly,
we demonstrated the estimates for fractional Hardy operator and their

commutator on weighted A—Central Morrey space and on weighted Herz
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Morrey space with variable exponent. At last, we extend the results of
fractional Hardy operator on Herz Morrey space for fractional rough

Hardy operator.

1.7.1 References of Contribution

We have published three papers [1-3] and the remaining results sub-

mitted in reputed journals.



Chapter 2
Variable A-central Morrey Space
Estimates for the Fractional Hardy

Operators and Commutators

2.1 Introduction

One of the central issues in harmonic analysis is the boundedness of
operators on function spaces. It is mainly because many problems in
the theory of partial differential equations, in their simplified form, are
reduced to the boundedness of operators on function spaces. It stimu-
lates the research community to embark on such problems in this field.
In this chapter, we mainly obtain the boundedness of fractional Hardy
operators on variable exponent central Morrey spaces. In addition,

commutators of these operators:
b, Hlg = bHg — H(bg), b, H"|g = bH"g — H(bg). (2.1.1)

with symbol functions b in variable A-central BMO spaces are shown
bounded on central Morrey spaces with variable exponent. However,
before stating our main results, we need to introduce the reader to some
basic definitions and preliminary results regarding variable exponent

function spaces.

20
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Notably, the function spaces with variable exponents have consider-
able importance in Harmonic analysis as well. Back in 1931, Orlicz [38]
started the theory of variable exponent Lebesgue space. Musielak Or-
licz spaces were defined and studied in [40]. The study of Sobolev and
Lebesgue spaces with variable exponents in [37,44,45,89] further stim-
ulated the subject. The central BMO space was first appeared in [78].
Meanwhile, the authors in [64] gave the definition of variable exponent
central Morrey and A-central BMO space along with some important
results regarding the estimation of some operators. Recently, some pub-
lications [90-92] discussing the continuity of multi-linear integral oper-
ators on these function spaces have added substantially to the existing
literature on this topic.

The aim of this chapter is to prove that on central Morrey space with
variable exponent, the fractional Hardy operator and its adjoint opera-
tor are bounded. When the symbol functions belong to A-central BMO
space with variable exponent, similar conclusions for their commutators
are achieved.

Let’s describe the framework of this Chapter . We will remind some
lemmas and propositions related to variable exponent function spaces.
In the second section of this chapter, we will demonstrate the bound-
edness for Hardy operators and their commutators on central Morrey
space with variable exponent. In Section 2.3, we shall investigate the
similar estimates for the adjoint fractional Hardy operator and its com-

mutators.

Proposition 2.1.1 [/2,95] Let E denotes an open set and p(-) € P(E)

fulfill the following inequalities:
—C
p) —pW)| < 7,
P =P Goglia =)
C

< -
~ log(|z| +e)’

DO |

[p(z) — p(y)] |z < yl, (2.1.3)
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then p(-) € B(F), where C is a positive constant independent of x and
Y.

Lemma 2.1.2 [37] ( Generalized Holder inequality) Let p(-), p1(+), p2(+) €
P(E).

(a) If g € LPV)(E) and f € LPO)(E), then we have

[ 1o £@)] < ralllln e v

Whererp—l—l———ﬁ.

1 2 S I
(b) If g € LU(E), f € LP0)(E) and 50 =m0 T g then we have
19f o2y < Tppllgll oy 1 f 1 20 ()

1 1 \1/p-
Where ’rp,pl = (1 —I— W — m) .

Lemma 2.1.3 [94] If p(-) € B(R"), then there exist constants 0 <
0 < 1 and a positive constant C' such that for all balls B i R" and all
measurable subsets S C B,
X B e () < C|B| X5l Lot ey <0 (ﬂ)é
IXsllpo@sy —  1S17 lIxBllpo®y ~ | B
Remarks Let p(-) € P(R") and meet conditions (2.1.2) and (2.1.3)
in Proposition 2.1.1, then so does p/(-). This implies that p(-),p'(:) €

B(R"). Therefore, using Lemma 2.1.3, we have a constant §; € (0, p21 )

such that the inequality:

o1
HXS||LP2(‘)(R”) <C (@) ’ (2.1.4)
HXBHLP2(')(R”) | B
is satisfied for all balls B C R" and for S C B. Similarly, if p;(-), p|(:) €
B(R™), then by Lemma 2.1.3, we have constants d, € (0, (p11)+)7 d3 €
(0, (p'11)+) such that
HXSHLm(-)(Rn) |S| 02 HXS||LP/1(')(Rn) |S| %
<c(f) <c (_) (215)
Il o =~ C B ol o~ C VBl
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for each and every balls B C R" and for S C B.

Lemma 2.1.4 [9}] Assuming that p(-) € B(R"), the for all balls B C
R™ and for a positive constant C, the following inequality holds:

B 1
c' < EHXBHLP’(')(R”)”XBHLP(')(IR{") <C.

Lemma 2.1.5 [95] Let q(-) € P(R"), then for all b € BMO and all
[,i € Z with | > 1 we have

1
CHbllBao < sup [(b—bB)xBl L) < C||bl|Brro, (2.1.6)
B:Ball HXBHL(;(')(RTL)
(b= bB,)xB| sy @ny < C(I = 0)||bl| Baroll x5, Lae) (- (2.1.7)

While proving our results we control the boundedness of the frac-

tional Hardy operator using the boundedness of the fractional integral

I5(g)(2) = / 9y,

on variable Lebesgue space. In this regard, we need the following Propo-

operator Iz :

sition.
Proposition 2.1.6 [96] Let pi(-) € P(R"), 0 < 8 < 55— and define
pa(-) by
11 B
p2(-)  pi(t) m
Then

15 f | r200 )y < Cllf || o0 (-
Proposition 2.1.6 is useful in establishing the following Lemma (see
[97]).
Lemma 2.1.7 Suppose 3, p1(+) p2(+) be as defined in Proposition 2.1.6,
then
18,11 7200 ) < C2777 X8, | oro ey,
for each and every balls B; = {x € R" : |x| < 27} with j € Z.
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2.2 Boundedness for Fractional Hardy Operator

and Commutator

In this section, we present theorems on the boundedness of the fractional
Hardy operator and commutators on central Morrey space with their

proofs.

Theorem 2.2.1 Let pi(-) € P(R™) and satisfying the condition (2.1.2)
and (2.1.3) in Proposition 2.1.1. Define the variable exponent ps(-) by

1 1 B

pa(z)  pi(z) n

If 9 = N1 +§ and Xy > —(01 + 03), where 61 and d3 are the same
constants as appeared in inequalities (2.1.4) and (2.1.5), then

15 fll raorre < Cllfll oo

proof
By definition of the fractional Hardy operator and Lemma 2.1.2, it’s

easy to see that

Hsf@nita) < i [ 17Oldiute)

k
< 2 Y 1511 2010 oy [ 1 0 oy X1 ()

j=—o0

Taking the LP2()(R") norm on both sides, we have

k
1H s f Xl e ny < C27FD S| Fill g oy

j=—o00
k

< 02 Fn=ph) Z I\fj\le(-)(Rn)HXBjHLP’1<->(Rn)HXBkHLm(-)(Rn)-

j=—00
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Through the use of Lemma 2.1.4 and the inequality (2.1.5), it is easy
to see that

1H s Xkl Lot ey < €2 Z i1l s ey X8, ot o XN

LPQ() (R")
j=—00
HXB ||Lp R
< CQkﬁ Z ”f]HLpl()R" H H - ( )
j=—00 XBrll pric (R")
HXBkHLp1() R”) XBkHLpQ( (R”)

5
< 2% Z 200 £ s gy e s o B

j=—00

%0 (Rn)’
(2.2.1)
In view of the condition 1/p)(z) = 1/p4(x) — 5/n and Lemma 2.1.7, the

last inequality reduces to the following inequality:

k
1Hs Xkl 0 ey < CUFlgmomny D 2" PIBiM I o @)

j=—c0

(2.2.2)

Since

1 L 4B B
X5l iy 2 | BIRT & | BIRO™ & Bl [l ooy (22:3)
(R™)
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Therefore, from the inequality (2.2.2), we infer that

1 il o @y < CIF ponom @ Z 2700 By N | o eny
j=—00
i A
= : nds 1Bl
M lponiu 3 201
j=—00
HX]HLm( )(R™)
[kl L2 ()
HX/{HLZW( )(R™)
k
< CHfHBm(-),Al(Rn)|Bk|>‘2HXkHLp?(,)(Rn) Z onds(j—k)
Jj=—00

|B;12 11| o2 ey
| B2 [ Xk o200 ()

Finally, inequality (2.1.4) helps us to have

k
HHIBfHBPQ(‘),)\Z(RTL) < CHfHBpl(')a)\l(Rn) Z 271(,7'—/6)(53—5-51-1-)\2).

j=—0

Since 03 + 01 + Ay > 0, so we get

[Hs Nl gracrragny < ClF I porcrns ny-

Theorem 2.2.2 Let 0 < < n and let p(-),q(-),r(-) € P(R") and
satisfying the condition (2.1.2) and (2.1.3) in Proposition 2.1.1 with
p(-) <n/B,p'(-) <r(-) and
15 1 1

— 4=y

qt-) n p()  r()
Let 0 <v<1/nand —1/q. < p. Ifu=v—+ A+ f—i, with max{—(v +
1), —(01+93+8/n)} < A, where 41,03 are the same constant as appeared
in inequalities (2.1.4) and (2.1.5), and b € ||b||cgarorcrw then

110, Hp] f || gacrn < ClIbllcparorow | Il oo
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proof

We decompose the integral appearing in the commutator operator

as:

[0 1@ xo(0)] < |y [ 1000) = b0 Sy

1

1
s /|y|<|x| |(b(y) — bg) f(y)ldy - xB(x)
= A; + As.

Let us first estimate A;. By taking the variable Lebesgue space norm

on both sides, we get

[Asllzaor ey = [1(b(-) = bB) Haf (-)xB ()| o) mey.

o : : oo 11,1 (1 _ 1 _B
Taking into consideration the condition 0 = 0T (s(.) =30 n),
the generalized Holder inequality gives us the following estimation of
Al .

| A1) ooy ey < 10— bB)xBl ro@n | (Hpf)xB
= C”bHCBM0r<~>w|B’VHXB

LsO)(R")

Bs().o |B|0HXB

L) (Rn) HHﬂﬂ LsO)(Rm)5

where 0 = A + g Using the result of Theorem 2.2.1, we obtain

1AL oty @y < Clibllenarorors | Bl lIxall o @l IX Bl oo o L Nl o

Here it is easy to see that

1
0 2 || xBl| La) ()
(2.2.4)

Therefore, on account of the condition u = v + o, for A; we have

IS
r(A>|B s() = |B|

X8l o @y lIxsllLo@) = B

| A1l ooy < CIB|Ix Bl oo @ 10l e Baroro v | f || gooa-
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Next, we consider Ay for approximation:

1

o= s [ 1000 = b - o)

which can be decomposed further as:

_b dy - k k—1
Z |x\n || Z /233\2] . B)f(Y)|dy - X2:p\20-15(2)

]_—OO

Z mn T -8 Z /QJB\W - y) — boip) f (y)|dy'X2kB\2k—lB($)

" / bp — baig) f(y)|dy - Xarp\ 21 (x)
k—zoo |$|n_ﬁ j;oo 2/B\2/-1B I »5)f(Y)] 2"B\2¢1B
= Ay + Ay,

where

Ay = Z \ZkBI" Z /] - b2J’B)f(y)‘dy'X2k3\2’f—1B(33)'

k—— 00 j=—00 21B\27~ 1B
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We define a new variable ¢(-) such that % = p,l(.) — %_), then by the
generalized Holder inequality, we have
As

0
b
<C Z 2 B" X pror-1 ()

k=—00
k
Z [(6(y) — baig)x2ipll ol fx2i Bl o X208l i
j=—00
k
=C Z 28 B[+ Xorp\2k-15(T Z I6llcparorow 12’ B X8l o | fll goon
k=—0o0 Jj=—00

12/ BIM|xai Il o0 I X258]| e

0
B_
=C Y 2Bl xamar 1 5(@)[bllesaroros | f 1| oo

k=—o00
i 1,1 1
S BBl

j—*OO

0
= Clbllcamoroslfllgon D 12°BIFxorparp(2).

k=—0o0
With the Lebesgue space with variable exponent norm on both sides,

above inequality takes the following form:

0
|42l e < Clbllcmarorowl fllgson D 12°BIlIxae] oo

k=—00
1 0 1
= CHM‘CBMOTMW||fHBp(-),,\‘B‘m‘B‘“ Z 2’“(“@)
k=—00
0 1
k(L
= C|bllcrorow | f | groallx sl Lao | BI* Z oFlrtay),
k=—00

Hence

[A21[ aer < Cllblleparorow L f | oo Ix Bl Lo [ BI*.
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Finally, consider

0

k
A= 3B Y [ (- bn) )y xamas in(e)

iy
oo o0 /2B\21B

The factor (bp — byig) in the above inequality needs to be dealt with
first. So,

-1

b — beip| = Z |bgivip — baip

i=j
= Z : b(y) — bai|dy
Py 2'B] J2ip
~ - — 0g9i+1B ) X2i+1B Lr) X2i+1 B L)
<O gyl 0= ben) |
i=j
Next, Lemma 2.1.4 helps us to write
1 |2H_IB‘
bB_b' SC — b_bi+1in+1 ()T ——
| 2JB| ; ‘QZB‘ H( 2 ) 2 B‘ L HX21'+1B 10
-1
<O Ibllepmoro 2 Bl
i=j
-1
< Clbllcpyoror Y 127 B
i=j

< Clbllepaoror2 Bl"j] (2.2.5)
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In turn, Ass satisfies the below inequality:

0 2
8_ TP
Ap <C Y xopa-p@)2° B> bllopaoros 27 Bl

k=—00 Jj=—00

| fx2 Bl oo [ X2 Bl 10

0 k
8_ ; vy -
< Cllbllesarorow Z X2kB\2k—1B($)|2kB\" : Z |2‘7+IB| 1]

k=—o0 j=—00
21 B
| Fxosllpo— 20
X258l zr0)
0 5 k
< Clbllepmorow Y Xormae1p(@)28BI5 > 2B 1l goora |27 B
k=—o0 j=—00

0 k
B_ J—_— ]
S CHb”OBMOT(')’VHfHBp(~),>\ Z XQkB\Qk’—lB([E)|2kB‘n 1 Z |2]B| +/\+1‘]‘

k=—00 j=—00

0
< Clbllesarorosll fllgon Y KI2" B xorpoe15(2).

k=—00
Ultimately, our last step would be applying the norm on both sides to
get

0
1422l oo < Cllbllesarorormll Fll g >, k12" Bl Ix2rs] o

k=—00
0 1
< Clblleaproron £l groa Z |k||2" B|*| 2~ B|a)
k=—00
0 1 1
< Cllbllerrorom | £l goorn Z k| |28 |# e | Bt
k=—00

< Clbllenaorowl | fll ool Bl x5l pao-

Combine all the approximations of A;, Ay, Aoy, Ass, we obtained the

required result

116, Halfx B oo @y < Cllbllenrroros | f 1l grooa B X8 oo @e)-
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2.3 Estimates for Adjoint Fractional Hardy Oper-

ator and Commutator

In this last section, we first establish the boundedness of adjoint frac-
tional Hardy operator and then use it to prove the boundedness of
commutator generated by this operator and A-central BMO function b.

The first result is as under.

Theorem 2.3.1 Let pi(-) € P(R") and satisfying the condition (2.1.2)
and (2.1.3) in Proposition 2.1.1. Define pso(-) by

11 B

p2(z)  pi(z) n

If o = M\ + g and Ay < (62 — 1) — B/n, where 4y is the same constant
as appeared in inequality (2.1.5), then

HHEf”BPQ(')»/\Q < CHfHBm(')aM'

proof
Since
H () xi(2)] < / PO dtx ()
< C Z 2](ﬂin) Hf] HLPI(')(R") HX] HLP&(')(Rn)Xk(x%
j=k+1

from which we infer that

LH S £ (@) Xkl ooy < C > 2j(ﬁ_n)HfjHLpl(')(R")”XjHLp'l(-)(Rn)HXkHLP2(')(R”)'
j=k+1

Lemma 2.1.4 guide us to have the following inequality:

T f (2) Xkl ey < C D 2005l ooy
=kt

X] HZZ}M)(RW) XkHLP2()(Rn),
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which by Lemma 2.1.7 reduces to the following one

(o)
HHEf(x)XkHLm<~>(Rn) <C Z QJBHfjHLPl(')(R")HXjHZpl1(-)(Rn)2_k6HXk”LPl(')(R")

j=k+1
(i [kl L1
<C ) 2 k)HfjHLpl(')(R”)H T -
j=k+1 XjllLm O ®e)
<C Z 20_’“)(5_”52)HfjHme(Rnp

k+1

+

J

where we made use of inequality (2.1.5) in the last step of the above

result. Hence, we obtain

s | Bl X8 o0 @y
IS || grarons ey < ClFI oo @n (=) (B-nb) _
5 BP2 AQ(R ) BP1 )\I(R )j:zk;_l |Bk|)\2 HXBkHLp2()(R”)

Utilizing the condition Ay = A\ 4+ 8/n, a result similar to (2.2.3) and

the Lemma 2.1.3, we obtain

o0
HH;fHBPQ('M2(R") < CHfHBm(')vM(R") Z Qn(]*k)(ﬂ/n+>\1752+1)_
j=k+1

Finally, the series is convergent due to the fact that A\; < (0o —1)—f/n,
and hence the result.

Keeping in view the analysis made in the previous section, we only
outline the proof of the following theorem without going into many
details.

Theorem 2.3.2 Let p(-),q(-),r(-) € P(R™) and satisfying the condition
(2.1.2) and (2.1.3) in Proposition 2.1.1 with p(-) < n/B,p/(-) < r(:) and

1 1 1 B

- + _ =
g(-) p() () n

Let 0 < v < 1/n and —1/qy < p < 0. If p = V+>\+§, with A <

min{ (6o — 1) — B/n,—(v + B/n)}, where 65 is the same constant as
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appeared in inequality (2.1.4) and b € ||b||cprrorow then

116; H3Lf | oo < Cliblleparoros |1 f 1] oo

proof:

As in the previous section, we start from decomposing the integral:

e = e

IA

7|0 dr - x(x)

/ |(b(z) — bp) f(7)|
[rl>lal

dr - xp(x)

() — b))
" /T|>|d?|

7

= D1+ Ds.

Following the steps taken to approximate A; in Theorem 2.2.2, we di-

rectly estimate D; as below

| D1l oo @y < Cll(b = bp)xB|l ro@y|(H5f)xs
= Cl|bllcpaoro~ 1Bl x B

Lo @ [ H5f]

where 0 = A\ + g Now, the result (2.2.4) and the Theorem 2.3.1 helps

us to write:

ro®y| Bl xB B

[D1ll oo ey < Clblleparorow | BI*Ixsl oo @ L F 1l oo

Next comparing Dy with As of the Theorem 2.2.2, we arrive at:

0 o0
i B8_
D<) xepup(@) ) [FBI / () = byp) f(T)ldr
k=—00 j=k+1 2iB\2i-1B
0 o0
i B_
T Z Xovp\2t-1B(T) Z 12 B|» 1/' (b —byp) f(7)ldr
k=—o00 k41 2iB\2/-1B

= Doy + Doy
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And for the approximation of Dy, we follow a procedure similar to one

followed in the estimation of As;. Hence, we get

L)

Dy <C Z Xorp\26-1 3 (T Z 127 Bl Y| (b(r) — bap) x5

k=—o0 Jj=k+1

| f X2 B oo || X258 0

0 00
. B .
=C Z XQkB\Qkle(‘/E) Z |2JB|" 1”bHCBMO"'(‘)W‘ZJB’VHXQJ'B‘Ll,-(‘)
k=—00 j=k+1

1110012 BIMIx2i sl ot »HXza-BHLtw

8_
= C||b||cBarorow || 1] gooa Z Xorp\2t—1 5 (T Z 12/ B|=~!

k=—00 j=k+1
L

120 B|" |27 BT a0 70

= Cl|bllcrrororw || f | goera Z X2k B\2k~ 1p(w Z ‘QJB‘“

k=—o00 J=k+1
0
= Clbllepmororlfllgos > 25 B xaep o1 p(2).
k=—00

Eventually, it is easy to see that

0
1Dt s < Clbllemaorowlf lgorn Y 125 B Ixatsll o

k=—00

0
< Clblleparorow 1 || o Z 2D B 28 Bl

k=—o00

0
1 1
< C|bllesarorow fll goern \B\M"") E 9(FHLntay)

k=—0o0

< Clollesyroro L fll o BIFlIxBl ao-
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Next, by virtue of inequality (2.2.5), Doy satisfies:

o0
. B . e
Doy < C E X2kB\2k—lB(SU) E 2/ B[~ leHOBM()r(-)w\QJHB\ 17

| f X2 B0 || X208 HLP’( )

< Cl|bllesarorow Z XotB\2t-13 (T Z 27 B|» |27 B ]

k=—o00 j=k+1
2|
’|fX2jB||Lp(->+
HXQJB”LP
< Cljblleprrorow Z XotB\2t-13 (T 2 BN F oo |2 B
k=—00 Jj=k+1
0 00 ,
< Clbllepaoror | fllpson D Xarmaip(x) Y [2Bl |
k=—00 j=k+1

< Cllbllearorow|1f 1| g Z Xorpoe-15(2) 25 BI! k + 1

k=—00

0
< Clbllesmoronllfllgon Y [k + 1125 Bl xor powsp(@).

k=—o0

To finish the estimation, we take norm on both sides of the above in-

equality to obtain:

0
| D2l oy < Cllbllesaroror ||l o Z |k + 1\’2k+13\“||X2kBHLq<->
k=—o00
0 1
< Clbllcsmorowllfllguos Y Ik + 125 BF28 Bl
k=—o0

0
1 1
< Clbllesarorowlllgnon Y [k + 125w | B o

k=—00

< Clbllepmorow 1 |z Bl Ixsll oo -
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In the end, combining all the estimates of Dy, Dy, Doy, Doy we arrive

at the following conclusive inequality:

116, Hp)fx Bl ooy @) < Cllbllenrrorow L f 1l gooa | BB oo e),

which is as desired.

2.4 Conclusion

By utilizing, some conditions and lemma we have bounded the Hardy

operator on Central Morrey space and for their commutator also.



Chapter 3

Boundedness for the Fractional
rough Hardy Operators and
Commutators on Variable A-central

Morrey Space

3.1 Introduction

In this chapter we are going to examine the boundedness for Rough
fractional Hardy operators as well as boundedness of commutators on
variable exponent A— central Morrey space.

Let’s clarify the framework of this chapter. In section 3.2 of this
chapter, we will demonstrate the boundedness for rough Hardy opera-
tors in central Morrey space about variable exponent. In section 3.3, we
shall be able to investigate the estimates of commutator led by rough
Hardy operator and A\— central BMO function on central Morrey space

along with variable exponent.

3.2 Boundedness of Fractional Hardy Operators

Theorem 3.2.1 Assume thatQ € L*(S™Y), -2 < s. Let q1(+), p(+), g2(+) €

’ n—1

P(R™) hold inequalities (2.1.2) and (2.1.3) in proposition 2.1.1 and de-

38
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fine the variable exponent p(-) by
1 1 1G]
o) pl) 0
Let \1 satisfy the following condition:
Whenq%(,)zﬁ L thereis =\ > 2 and \y = N+ 2. If 03— L+
A2 + 01 > 0, then the fmctzonal rough Hardy operator is bounded from
BulhM ¢ BPOA2 gnd the following inequality satisfy

Hsaf - Xkllgrore < ClFI gaon-

proof

Haof (@) xul@)| < s [ 1096 = 0lat- o)

k
< 2D Sl o 196 = 0G0 g Xo(2):
]_—OO
1_ 1
s qi()

QQI(') T
[Hp.of(x) - xi()]

k
< C2kn=h) Z Hfj”qu(')(R”)HQ(x —t)x;

j=—o00

e Xl Lo - Xk ().

|Hsaf - XkHLp(-)

<2t Z 5l o ey 12(2 = ) x5

j=—00

Since we have

Lo X 2o - x| 2o -

1

1 L1
Ikl o & | Be| 20 & | Byl 50

qu

[ Hgof - XkHLP(')(]R")

_1
L) B = G llxel] oo -

k
< O2 M S il oo 1926 — X

j=—o00

qul(~

(3.2.1)
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Based on preposition 2.1.6, we have

Is(xs,)(2) = C2"yp,(2)

x5, (1) < 27 I5(xp,) ()

Bl po@ny < C27% | Lsxa, || oo )
X, <(C2

. (3.2.2)
< (2 kﬂHXBkHqu()(R”)
Ko
f; 672 H)CBk Q()URHY
Using inequality (3.2.2) in (3.2.1)
[ Hgof - Xull oo @)
k
<O 32 Wfilumoren 1 — sl Bl g el -
Jj=—00
(3.2.3)
Using condition (2.1.5)
k
[Hsof « Xl Lro@ny < C Z TR0 il o ey 122 — £)X5 ]| e

(3.2.4)
Fort € Cj and x € C), and j < k, we have 0 < |z —¢t| < || +2/ < 2.2F,

2k+1

/ IQ(fE—t)IsdtS/ / )|¥do (2 )y~ Ldr < C2Fn
Cj 0
i
1Hpof - Xill ooy < C Y 207H) | Lo ) gy
J—kOO
<O ) 2 B Il
j=—00

(3.2.5)

e L
X 1| Larr ey & [ B[O & |B|7O T &

Nl 2o @y
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k
o s
1Hsof - xillpor ey < C Y 207K B I e
Jj=—00
zk: k)(nos—%) Hf” a |B ‘)\2|Bk|>\2w|‘xk|h(_)
— BrOM R | By s [pealrEs
(3.2.6)
Using inequality (2.1.4)
k
1 Hsof  Xillpo@ny < C Z =200 £ oy | Bl 1k -
(3.2.7)
Since 03 — % + X+ 01 > 0, we get
1Hs0f - Xl oz < ClE L ucom o (3.23)

Theorem 3.2.2 Let p(-),qi(+), ¢2(-) and B are defined same as in the-
orem 3.2.1 and Q € L5(S"7 V). If \y = X\ —l—g and Ny < % - % —1
then

I

HH;»Qf ) XkHBp(')v)‘Z < CHfHB‘h(')«\l'

proof

Hof () il < / PR — D[Pt - i)

Z TN fill o 19z — X5l 0 gy~ X0 (2)-

R")

: 1 1 1
BYUSIngT(.)—f-E—m
HHE Qf’Xk‘HLP(-) (R™)

<C Z 27N fill oo 1922 = )21 oo ey XN 20 -
Jj=k+1
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Using inequality (3.2.2)
HHEQJC : XkHLP(')(R")

<C Z 2U—k)(f=n) 1 fill o ey [12( — 1)

LS

XJHquU R") HXkH

j=k+1 raO@)
As we know
1 7575 1
Xl o = [Bjl=0 ~ | Bjla0 " = By~ il
HHE,Qf . XkHLP(')(R”)
o0
(J—k _ -1
< 0;12 o1 = OBl g el
Now by using lemma (2.1.3)
HHE Qf ' Xk-HLp(» R™)
<C Z 2G| ol paro o [| 2 — )25 By |75
j=k+1

For further calculation follows theorem 3.2.1, we get

||HE,Qf . XkHLP('>(R")

o0
S C Z 2(]_k 'Hqu(')(Rn).
j=k+1
Hence we have
oo
1S of - Xkl ooy < ClF Nl gnom ey D 297 HPTsrmdetn),
j=k+1
By using Ay < % — g — 1 we get the required result

[Hp0f - Xkl grorre@ey < ClF Il aroon gy
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3.3 Boundedness of Commutators for Fractional

Hardy Operators

Theorem 3.3.1 Let0 < 8 <n,Q e L5(S" 1), 2 < s. Let qi(-), p(+), q(-) €
P(R™) hold conditions (2.1.2) and (2.1.3) in proposition 2.1.1 and vari-
able exponent qo(-) define by

I | 1 g
a() @) ) w
Let A\ satisfy the following condition:
When -~ = %—%, there 1s A\ > —)\—g and)\2:>\1+)\—i—§. If

q(-) q: ()
b € |1b|lcBrroa and 03 — =+ Ay + &1 > 0, then the following inequality

satisfy

1[0, Hp.alf - Xkl goore < Cllblleprowallfllgnoa

' ' 11 B 1 _ 1 1
First we estimate A;. Denote FOIEICIEE then a@ = 50 + Ok

A= o [ ) 0) — b))l xa)
B(0,]z])
= |(b() — b))l Hynf ()]

[ AL oo ey = [[(b(2) = 0B)xB(2) Hp 0 f || et (men):
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1

By using Holder inequality (qz(.) = ﬁ + ﬁ)

[ AL]] Lz ey < Cll(b(z) = bB)XB | oo @y | Hp0.f X Bl oo ey
= C|bllcparonrn BN 8 oo (o) B 1x Bl 1ot ey | H g0 e

1ALl 2o @y < CllONemrronra BIMNXBI oo @y B Ix sl oo @) | Hoo f s

Given that u = A\ + g, using the result of theorem 3.2.1

1ALl e @y < CllOllemronra| B2 Ixal poon x5l oo @y 1 g

Z |x\n |z|n—8 Z /ZJB\QJ . )(O(T) = b)Q(x — 7)|dT - Xor prok-15(2)

_]_—OO

< Z kc\%—ﬁ Z /sz\m—lB | f(T)(b(T) — basp)Q(x — 7)|dT - X2’fB\2’“‘1B(x)

i Z |$|n |z|"—B Z /2JB\23 1B bB B b2JB)Q(x N T)ldT ' X2k3\2k713(x)

= Ao + Ay

= 30 B Y L 1 V) ) =l o)

k=—00 j=—00
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Using Holder inequality (Tl) +-L+1=1)

a()
0 , k
An <C Z 2° Bl X ok o1 () Z [(b(T) — b2i)X2iB || a0
k=—o00 Jj=—00
1/ x2illLao |z = 7)x2i 5]l
0 k
B_ .
=C Z IQRB\” 1X2k3\2k713(37) Z HbHCBMO‘I('M|2jB‘)\‘|X2jB|‘LQ<'>
k=—0o0 j=—00

Ls

||fHBq1<->,A1 |2jB|A1||X2iBHLq1<~>HQ(f - T)XQjB

0
B_
=C Y 12"BI" xaemar18(2) [Bllesroma | fll uon

k=—00

k
> [27BMM2B

j=—0

1 1 1
sTaoTao

0
6_
=C Z ’2]63\” 1X2’€B\2’€*13(37)HbHCBMOq('M”fHBth(')M

k=—00
k

Z |2j‘)\+)\1+1‘B‘)\+>\1+1

j=—o00

0
o 8
= C||bllcarroon || fll gaorn Z |2k|”+/\+A1X2k3\2k—13(x)|B|’\+A1+n

k=—o00

0
g ]
|42l e0 < Clbllerrooal flgaon D 125 xarpl o | B

k=—00

0
B 1 8
= Cllblloparooall fllgaoa Yy 1257428 Blaa | B At

k=—o00

0
1 1
= ClIbllesarona | f 1| gnon |B[2O] B2 > 2" aw)

k=—00

421 L < ClblleBaroion | f1 puoas |xsl| oo | B
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Agy = Z 28 B]5! Z /JB\QJ . (b — baip) f(T)2x — T)|dT - Xorpr2+-1p(2)

k=—00 j=—00
-1

|(bB - bQJB)‘ - Z ‘(b2i+lB — bQiB)

i=j
_1 1

— - bT _bi+1 dy
;\m | 1b(7) = by

CZ ’2 B| H b — bgz+1b)X21+1B|qu( HX22+1BHLQ(

By virtue of lemma 2.1.4, we have

‘21’4—13‘
bB_bJB <C b bi+1in+lB (y———————
’( 2 | Z ‘2 B| 2 ) 2 ||L HXQHlBHLq(J
< CZ 16l parosea |27 B
i=j
-1
< Cbllearoar Z 21 B

1=]

< Clblleparona 2 BJM ] (3.3.1)
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0 .
5_ ~ .
Ap <C Y xopap@)2° B D bllopaona |27 B

k=—00 Jj=—00

HszjBHLm-)HQ(f - T)X2J‘B Ls

X2j3||Lq<~)

0 k
b_ ; ,
< Clbllcparo Z XQkB\Qk—lB(x)pkB‘" : Z |2JB|/\+/\1|]|HfHBql(')v)\l

k=—o00 J=—00

HXszHLm-)HQ(x - T)X2JB Ls XzaBHLq(-)

0 k
B_ . )
< Clbllosaronn D Xarmorp(@)|2°BI1 3 (27BN

k=—00 j=—00

R B W
HfHBql(‘),)\l ‘2JB|q1(-)+s+q(.)

0 k
B_ ; .
< Clbllessosnllfllnor Y Xormasap(@)|2"Bl=t Y |2/ B )

k=—00 Jj=—00

0
B_
< Clbllessownllfllgnos Y Xarpar1p(x)|2" Bl |28 BATH k|

k=—0o0

0
8
< Clbllesaronll fllgmon D [RII2EBIMM 5 xowg g1 5(2)

k=—o00
0

8
| A2l et < Clbllesrronosllfllgnon Y RIZEBIMA 5 Xt o

k=—o00

0
B 1
< Clbllepyomoall flignos Y [kl[25BMYFa(28 Bl=0

k=—o0

0
Mo —L Mo —L—
< Clbllesaomnllfll gnos Y [kl[252 20| B a0

k=—o0
< Cllbllearoall | puon B2 lIxa] o

Combine all results of Ay, As, Aoy, Ago, we obtained the required result

1o, Hp0l x5l Leo@n < Cllbllosrrom Il guox | BIlxsll Leo@n

116; Hs ol fxBll grzose < Clbllepyomw ||l aoa
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Theorem 3.3.2 Let p(-),q1(+), ¢2(+) and B are defined same as in the-
orem 3.2.1 and Q € L*(S™™ ). If b € [|bllcpyronow » A2 = A+ A + 2
and B < n(l — 03 — 6 — Ay + ), then

H[b, HE,Q]f“BQQ(%)\Q S CHbHCBMO‘J(')=>‘HfHBql(')»M

proof
b Hialfe) o) < [ RGBT v
() (b(x) —bp)Ux —7)|
: /B<o,x|>c 7|77 a7 x5{%)
[F() () = bp)2z —7)[
i /B(O,|x|)c | 7| a7 xs()
= D) + Ds».
_ [f(T)(b(z) = bp)Qx — )],
b= /B(O,lx)c Tl SR

= |(b(x) — bp)xB(z)||Hs o f(2)],
1 D1[| oo mny = 11(0(x) — bB)xB(2)Hj o f ()] a0 (-
By using Holder inequality (q%() = ﬁ + Tl))
| D1l oty gy < Cll(0(x) — bp)XB(2) || Lo @y | H 3 0. ()X B| 120 ()
= C|bllearoa| BIMIx 5| zao @y B 1x Bl oo @) | H 0. | oo

Given that u = A\ + g, using the result of theorem 3.2.2

1Dl ooy < Clbllearosea | B2 x sl oo @y 1X 81 oo @y L L arcon

B (D)) —bp)Qz =)
P2 = /B’(O,|x|)c |77 & - x5(%)
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0 T)(b(T) — bp)2x — T
= Z /29‘3\23‘13 — )\TInBﬁ) ( )ldT'XT“B\?“B(x)

Z X2+p\2+-1 (T Z ’233|“ / |f(T)(b(T) — baip) Uz — 7)|dl

k=—00 j=k+1 21B\2)71B
0 00
B
+ 3 vomaen@) S 2B / ()b — byp)Qa — 7)|dr
f=—o0 j=k+1 YB\2TIB
= Doy + Doy
0 00 . 5
Dy = Z X2+ p\2+-15() Z 2B / ~F(T)O(T) = beip) Az — 7)|dT
o P 2/ B\21-1 B

Dy < C Z Xoip\2t-15(T Z |2]B|“1H (7) — baip)X2iB L)
k=—o0 Jj=k+1

||fX2J‘BHLg1 )|z —7)

COY wmpn@ S 2B blemions 2B s
k=—o0 Jj=k+1

11 e 12 B [ x2i8l o 122 — 7)

La()

0
=C Y xormor- @) Illeparona | ll o

k=—00
-~ 1 1 1
S 20BN i Bl Ao o
j=k+1
0 e}
=C Y xopa1@)bleprows I noa Y 127B*
h=—o0 j=k+1

0
= C|bllearoo | fll pueora Z |2(k+1)B\A2X2kB\2kle(ff)

k=—00
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0
[ D21 ]| ptr < Cllblleparosoa | f 1 aen Z 2%V B2 | xor | s

k=—o00

0
< Clbllesarosoll fll aoa Z 20D B2 |2¥ Bl =6

k=—00

0
_1 _1
< Clbllonroolfl gaos | B aa Y~ 2kttt an

k=—o00

/\2‘5‘%
< Clblleparoall fll oo | Bl 20

a3 vepun(@) S B Lo it = bun)solar

k=—00 Jj=k+1 2B\Y7'B

Here we use inequality (2.2.5)

0 00
. B X ]
D <C Y xamorip(@) S 2Bl bl omaona 2 B 25l o
k=—00 j=k+1
’|Q(Q7—7)X2J‘B Ls Xza’BHLq-

< Cl|bllesarod Z XovB\2v-1B(T Z ‘QJB‘iil‘QJB‘/\JF)\l‘]l”f“Bql()>\1
k=—o0 J=k+1

HQ(a: - T)Xm‘B Ls ijBHLq -)HXQJ'BHLtn :

< Cblleprrodall fll gaoa Z Xor\2k-15(T Z |2]B|)\+/\1+n |

k=—o0 j=k+1

0
< Clblleprrodrall fll g Z Xavp2i-1(2)| 27 B2k + 1]

k=—o0
0

< Clbllosarowall fllgaos D [k + 1125 B xorporp(2)

k=—00
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0
Dozl pwer < Clibllesaronrallflgnos Y 1k + 1125 Bl xaepll g

k=—o00

0

1

< Clblleprroonll fll paera Z [k + 1][2" BJ*2[2" B| =0
k=—0o0

0
1 1
< Clblepmomall fllpnon Y [k + 128 a0 B w0

k=—o00
< Cltllosaronal fllzaoa B Ix5] pno

Combine all results of Dy, Dy, Doy, Dss, we obtained the required result
116, Hi ol f X8| L6 ny < ClBlleparoms |1l guoa BI2lx 5 oo @y

116, H ol Fx Bl gore < Cliblleparomall flluoa -

3.4 Conclusion

From the above four results we come by the boundedness of Rough
Hardy operator on central Morrey space. Also, the boundedness of com-

mutator generated by rough Hardy operator on central Morrey space.



Chapter 4
Weighted Variable Morrey-Herz
Estimates for Fractional Hardy

Operators

4.1 Introduction

The aim of this chapter is to study the continuity criteria for fractional
type Hardy operators on weighted variable exponents Herz-Morrey spaces.
It is worth mentioning here that our idea is based on Muckenhoupt
theory and on Banach function spaces. The variable Lebegue spaces
boundedness property of Riesz potential is reported in [96]. On the
weighted Herz spaces, the boundedness of fractional Integral operator
is obtained by Izuki and Noi [81].

The presentation of this chapter include two sections. In Section 4.2,

we furnish key lemmas which are helpful in proving our main results in
Section 4.3.

4.2 Key Lemmas

This section begins with some useful lemmas that will aid in the proof

of our results.

Lemma 4.2.1 [98] If X is Banach function space. Then

52
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(i) the associated space X' is also Banach function space.
(ii) || - [|(xy and || - ||x are equivalent.
(i5i) If g € X and f € X', then

[ 1@ < lgllxl il

1s the generalized Holder inequality.

Lemma 4.2.2 Suppose X is a Banach function space, we have that for

all balls B,
1
1< —lIxslxlxsllx-
| B|

Lemma 4.2.3 [99] Consider Banach function space X. Let M be a
Hardy Littlewood mazximal operator is bounded weakly on X, i.e
Ixprrsoyllx S oI fllx

15 true for o > 0 and every f € X. Next we have

sup —:|[xsllxlIxallx < oo.
Bball | B

Lemma 4.2.4 [96] (1) X(R", W) is Banach function space equipped

with the norm
Lf iy = [Lfwllx,
where
XR"W)={feM: fWe X}
(2) The associate space X'(R™, W) is also Banach function space.

Lemma 4.2.5 [81] Let X be a Banach function space and M be bounded
on X', then there ezists a constant § € (0,1) for all B C R" and E C B,

5
IxEllx < (\E|> |
IxBllx |B|
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The paper [37] shows that LP()(R") is a Banach function space and
the associated space LP)(R") with equivalent norm.

Remark:

Let p(-) € P(R") and by compering the Lebesgue space LP()(wP())
and LP0)(w™P()) with the definition of X (R", W), we have

1: If we take W = w and X = LPU)(R™), further we get LPO)(R", w) =
LPC) (wPl)),

2: If we consider W = w™' and X = LYO)(R"), then we have
YO0y = LPOR L),
By virtue of lemma 4.2.4, we get

(LPO(R™ w)) = (LPO) (wPL))) = LP'O (=P 0)) = LPO(R? ™).

Lemma 4.2.6 [100] Let p(-) € P(R") N C"I(R") be a Log Hélder con-
tinuous function both at infinity and at origin, if wPt) € A,y implies
w0 e Ay oy Thus the Hardy Littlewood operator is bounded on
LP20) (w=P20)) and there ewist constants 81,65 € (0,1) such that

HXEHLPz(»)(pr(')) x| (P22 () (\E|)51 (42.1)
IxsllzeoWP0) — lxsl (PO 20y | B| o
and 5
Ixellrow)" B[\ 42.2)
IxBll (g ra0wP2t) ) | B o

for each and every B and for all measurable sets £ C B.

Lemma 4.2.7 [83] Let Hardy Littlewood mazimal operator is bounded
on Banach function space X, then for measurable sets E C B we have

the following result

IxBlx < |B|
Ixellx ™~ |E|
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Lemma 4.2.8 [100/Let consider a weight w on R". There ezist p €
[1,00) such that w € A,, then for any measurable sets E subset of B,

502

5= ()

where 0 < 6 < 1 represent a constant independent of £ and B.

Lemma 4.2.9 [81] Let pi(-) € PR™") NCY9R") and 0 < B < 2,

Pi+

and p () = 11(.) - § If w e A(pi("),p2()), then 1% is bounded from
)52 ( Py ( )to LP2(')(wP2('))_

we have

4.3 Main Results and Proofs

Following Proposition was proved in [101].

Proposition 4.3.1 Let p(-) € P(R"), 0 < ¢ < o0 and 0 < \ < oo. If
af-) € L®(R™) N Cl9(R™), then

q
||fHMK 2;\( p(.))

ko
= sup 2~ oM Z gkal q||kaH ) (wr))
ko€Z k=—o00
ko
Nmax{supZ FoAg Z gka(0 quXkHLp( ) (wr())?
koeZ k=—o00
k<0
—1
koA k
up2- ( S 250 1
k‘oEZ k=—00
keo>0

ko
+ 3 SO Pl ) |
k=0

One of the main result of this study is as below:
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Theorem 4.3.2 Let 0 < ¢ < q2 < 00, pao(-) € P( ") N C(R") and
p1(+) be such that ]%(.) = p11<.) . Also, let w") € A;, X > 0 and
a(-) € L®(R™) N CP(R") be log Holdefr’ continuous at the origin, with
a(0) < a(oo) < A+mndy — B, where dy € (0, 1) is the constant come into

view in (4.2.2), then

1 £ i sy S U@ oy
) q1.p1(")

proof
For any f € MK;(;’?)(wpl(')), if we represent f; = f-xa, = f - X;,
for every j € Z. After that, we write

fl@)= 3 i) = 30 fla) i)

The generalized Holder inequality yields

1
|Hs f(z) - xx(z)] < Er= | f(t)]dt - xr(x)
k
<2t Z Hfj”Lm(')(me))HXjH(Lp1(')(wp1(~)))/2kBXk(x)-
j=—00

(4.3.1)
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Making use of Lemmas 4.2.3 and 4.2.6, respectively, we obtain

HHﬁf(x) ) Xk(x)HLpz(')(sz('))

k
< C2M Z HfjHLm(')(wm('))HXjH(Lm(')(wm(')))/Q_knHXk(x)HLPQ(')(wpz('))
Jj=—00
k
< C2kF Z “fjHLm(')(wm('))HXj“(Lpl(')(wpl(')))’”X/f(x)H(_Llpz(')(wpz(')))/
j——oo

< 2% Z £l zoroom o Xl zor6 omeny 1 (@ o ey

j=—00
HX] (l') H(LPQ(')(wpz(')))'
x5 ()] (Lpz('>(wpz(-)))

< C2" Z 2"~ HfJHLm ) (wP1() HXJH LP10) (wp1()) HXJ( )H(_Llpz(')(wPQ(')))/'
j=—00

(4.3.2)
To proceed further, we take f = xp, in the definition of I5 to get

Is(xs,)(z) > C2Pxp,(x),
which implies that
xn,(x) < C27715(xp,) ().

Taking the norm on both sides and using Lemmas 4.2.9 and 4.2.3, re-

spectively, we get
13, (@) 2220 ey < C277 |5 (xB,) ()] £ o)
<C2” jﬂII(XB )| L6
< 2/ ||(XB )(x)H(Lpl(J(wm(-)))/ (4.3.3)
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Inserting (4.3.3) into (4.3.2), we are down to
[Hpf(z) - Xk(x)HLpz(')(wm('))

k
< 0288 Z ondz(j—F)i(n= Hf]”LT’l() wP1()) HXJHLpQU(pr() [pretes )H(_Llpz(')(wpz(')))/

Jj=—0
k
nds) n .
:C Z 2(6 5 k ] ||fJHLP1( wpl )(2 J HX]HLP2( wpz HXJ( )||(Lp2(')(wp2(')))/)
j=—00
k B
<O 3 20D fill o gumoy:
j=—00

(4.3.4)
In the rest of the proof, in order to estimate ||fjHLp1(')(wp1(-)), we con-
sider two cases as below.

Case 1: We take j < 0, and start estimating as

1

Hf]”Lpl()(wpl()) — 2_.704( )<2]Oé Q1||f]‘ Lpl wpl())>

< 970 ( Z 2ia(0 ql”fZHLpl ) (w1 )
A—af A o 1 "
< 2]( 2 J ( Z 2 a |f2 LP10) (Pl ))>

1=—00

< CQj()\_a(O))Hf||MK(‘;1(;]Z’1A(,)(wp1('))' (4.3.5)

1
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Case 2: For 7 > 0, we get

1

15| o1 2y = 279C) (2”‘ | % (wm1 >)>

j a
< 2—Ja(oo)(22@a ql||szLp1 ) (wP1( ))

1=0
L
< 9i(A—a(0))9 JA( Z oio( (J1HszLp1( uﬂ'l()>
< OQJ(/\a(OO))||f’|MK;1(3,1,}.)(wm(_)). (4.3.6)

By definition of variable exponent Herz-Morrey space along with the

use of Proposition (4.3.1) we arrive at the following inequality:

ko

15 ()] ?\ZKQUA (wr20)) sup 210 Z 2ka(')m“H6f(l’) Xk ()] qum(-)(wpgc))

2() kocZ k—— 00

ko
<max{sup2 koA Z 2heO)ar|| g f(z) - Xk (T T o)

ko€Z k—— 00
ko<0
-1
:uI;QkO)\(h < Z 2]4:04(0)@1 ||Hﬂf(:jlj) . Xk(x) H%m(.)(wm(.))
€ [
k(())ZO k=—o00

ko
4+ Z 2ka(oo)q1 HHﬂf(%) . Xk‘(x)| %pz(‘)(wpz('))) }
k=0

- maX{ifh 1/2 + }/3}7
(4.3.7)
where

ko
}/1 ]Su%2 foA Z 2ka(0)q1HH5f(x) ) Xk('r)‘ %pz(')(wpz('))’
0E

k=—00
ko<0
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-1

Y, = :qu—koNll Z 2ka(0)Q1HHﬁf(x) i Xk(a?)\ %lmc)(wpzm)’
0E

ko=>0 b=
ko
Y; = sup2 Mo Z kN | F, f (x) - X1 ()] qL1p2<~)(wp2<~>)-
koeZ k=0
ko>0

First, we approximate Y;. Since a(0) < a(oo) < ndy + X — 5,

k() k q1
Y, < C’supQ_kOAq1 2’”(0)‘11( 9(B=nd2)(k=j) Fll e (o) )
< Caupz e Y S 11 s mo

k=—o00 j=—00
ko<0
ko k . . q1
< Csup2_k0/\Q1 Z 2’604(0)(11( Z Q(B_H(SQ)(IC_])Q](/\_&(O))HfHM/;a(')’A(,)(wpl(')))
kocZ Pt e q1.P1
ko<O

o k q1
e —koAq1 ka(0)q (B—nd2)(k—7)9j(A—(0))
<O 2™ 30 2700 (3 20z

k:— —_—
ko <0 o0 J=—00
ko k "
<O supQ‘Wq1 okAa 9 (j—k)(=B+ndz—a(0)+A)
MEG - (@ O)y o
1,P10 0 k:7 o
ko<0 o0 J==00

< OHfHZJ\i,Ka()/\ (wpl(-))‘
q1,p1()
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The estimate of Y5 is similar to that of Y. Lastly, we estimate Y3

k qQ
Y3 < Csup2” ’W%ZQ’W ( > 2<5—”52><k‘”|\f||Lp1(-><wm<->)>

ko€Z

Ko>0 F=0 J=m0
q1
< koAq1 ka(oo (B=nd2)(k—j)j(A—a(o0)) ol
Corton St 37 2O s
ko>0 h=0 j==o0
]fo k q1
< o kodar N oka(oo)a: (8-n62) (k=) 9 (A—a(o0))
< O orr oy SUD2T D2 2.2 2
L 0 k=0 j=—00
o >0
ko k q1
g koA kA k) (— B-+nda—a(00)+A
I o 525 02 q1< 3 QU R ma) >)
a1.p1 (") koeZ —0 j——o0
Fo>0
< CIAIT, e

(wpl()>

q1 p1( )
The desired result is obtained by inserting the approximations of Y7, Y5
and Y3 into (4.3.7).

Theorem 4.3.3 Let q1,q2,p1(+), p2(+), B, a(:) and w be as in Theorem
4.3.2. In addition, if —mdo1 + XA < a(0) < a(oo), where 6; € (0,1) is the
constant appearing in (4.2.1), then

IHBS (@) |y g0 ey < CUF@) ppia0n ooy
q2,p () q1.p1(")
proof

An application of the Holder inequality gives
Hife) @] < [ O]l ol
R™\B,.

<C Z Qj(ﬂ_n)HfjHLm(-)(wPl('))HXJ”(Lpl(')(wpl(')))/xk(x)'
j=k+1
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Now, using Lemma 4.2.3, we have
[ H5f () - Xk (2)[] 120 (o) < C Z 2j(ﬁ_n)||fjHLP1(')(wP1('))
j=k+1
1 | (2o om0y X ()] 200 (1200
<C DY 27 fill o mon
j=k+1
X 12000 mnony X0 (@) 2 gy (4.3.8)
In view of inequality (4.3.3), we obtain

||H2f(513) : Xk(JJ)HLpz(->(wp2<-)) <C Z ”fjHLm(')(wm('))

j=k+1

< C Z 2n61(k_j)HfjHLP1(')(wP1('))7

j=k+1

[0k ()] L2 (a0

1 (@) || 222 w20

(4.3.9)
where we used Lemma 4.2.6 in the last step.
In the remaining proof of this theorem, we follow the procedure as

followed in Theorem 4.3.2, to have

[ H5f () - Xk (@) Lo upatry = max{Z1, Zo + Z3}, (4.3.10)
where
ko
Zy = sup2 Mo Z ka0 (hHH* (@) - xr(2 )HLp2< ) (wp2())"
k‘oEZ k=00
ko<O
~1
Zy = sup2 Foa Z 20 QIHHﬁf( T) X (x)H%po(')(wpz('))’
koeZ k—— 00
ko >0
ko
Zs = sup2 PoAny " okeld | e f () - x £ T )
koeZ k=0
kio>0

The estimates of Z; (i = 1,2, 3) are similar to that of Y; (i = 1,2,3) of

Theorem 4.3.2. Here we conclude our result.
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4.4 Conclusion

In chapter we discussed boundedness for the fractional Hardy operators

with variable exponent weighted Morrey-Herz spaces (M K;Z()())/\(w))



Chapter 5
Commutators of fractional Hardy
operator on weighted variable

Herz-Morrey spaces

5.1 Introduction

In this peace of work, our main focus is on establishing the bounded-
ness of commutators of fractional Hardy operators on a class of function
spaces called weighted Herz-Morrey space with variable exponents. We
seek to fined the boundedness of these commutators with symbol func-

tion in BMO spaces.

5.2 Main Results and Their Proofs

Lemma 5.2.1 Let q(-) € P(R") and w be an Ay weight. Then for all
be BMO and all l,1 € Z with | > i we have

1

16l aro ~ sup 16 = bB)XB || Lat) (wio) (5.2.1)
B:Ball || X Bl £a0) (wa0))
[(b = bB,)xB, || Lar weery < C(L =)ol BrollxB | paor @waery — (5-2.2)

proof

64
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First part of this lemma is a consequence of theorem 4 in [100]. Next,
we will prove (5.2.2), for all [,i € Z with [ > i

[(b = bB,) X Byl £a0) (wat))

< Cl(b = bg,| + b5,

DX B Lo wat) (5.2.3)

<C{Il(b—bBl)XBlHLq (wi) T 108, = 0B)X Bl La0) >}

In the view of (5.2.1) we have

[(b = 05,)X B || Lat) (watry < C0]| Baro || X8, £ao) (o) (5.2.4)
Also, it is easy to see that
-1
bp, — b,| < Z [bn1 — bl

bn )|d
<C / by, )|dx
Z ‘BnJrl‘ B, ‘ +1 — |

= C(l —3)[|bll Brron) (5.2.5)
Combining (5.2.3), (5.2.4) and (5.2.5) we get (5.2.2).

Theorem 5.2.2 Let 0 < p; < py < 00, 2(+) € P(R") N CY9(R™) and
q1(+) be such that q%(-) = q%(.) 6 Also, let w") € Ay, b € BMO(R"),
A >0 and a(-) € L*(R") N Clog(R”) be log Holder continuous at the

origin, with a(0) < a(oo) < A+ nds — B, where 0 < dy < 1, then

10, Hol g ooy < CMolBa0 N s

proof
For any f € MK;(';;?)(wa(')), if we represent f; = f-x; = f - xa,,
for each [ € Z, then we denote

= > f@) @)= ) filx)

l:—oo ZZ—OO
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[0l A0 < s 106 = b))y i)
<2770 lzj: i |(b(x) = b(y)) f (y)ldy - x;(x)
<90 Z | 106) = b))y - x5)
+ 2770 Ej: /B (0(y) — bg,) f(y)|dy - x;(x)
:El—l—Egl_ o

(5.2.6)
The generalized Holder inequality yield the following inequality for Ej :

By = 2790 Z / (b() — b))l dy - ()
S 2—j(n—5) Z |b( ) bBl‘ X]( )Hlequ ) (wn ¢ HXBZH qu()(wa()))
l=—00
(5.2.7)
Applying norm on both sides and using Lemma 5.2.1, we get
|1 || po2) (0
j
Z 1(6(x) = b5,) - XB; | Lo20) (w0 | fill Lr war ) |1 X Bl £ om0y
| j
< 27i(n=h) Z (7 = Dbl Barollxs; | a0 ooy | fill Lo oy [IX B (a0 om0y
|l=—0

(5.2.8)
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Now, we turn to estimate Fj5. For this, we have

By <2770 Z 16(y) = bm.) - Xill (zar ) @y 1 fill Lo @wn o) - x5(@)

l=—00
’ J
<2770 N (b(y) — bs,) - X8l 00 (o il Lo my - X5 ()
l=—00

(5.2.9)

Similar to the estimation for F;, we take norm on both sides of above

inequality and use Lemma 5.2.1 to obtain

| E2]| 020 o200y

J
<2790 0(y) = b5,) - Xaill oo n oy ill oo oy - 1G] zeo weo)

l=—0
‘ J
< 2790F) Z 16l Brro X Bl (2ar 0 i )y L fill an o i 0 < X B | Lo w0y -

l=—00

(5.2.10)

Hence from inequalities (5.2.8) and (5.2.10), one has

[0, Hﬁ]f(x)Xj||Lq2(~)(wq2(‘))

<27 bl garo Y (G = DIAill Lur ) 18, 1 220 uoren X8 pan 0 o0y -

[=—00

(5.2.11)

By using Lemma 4.2.3
I[b, Hp] f (SU)XjHqu- ) (wr2())

< 27%||b|| paso Z J = DAl 20 oo X (010 oar 0y IXB | sty
[=—00

(5.2.12)
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Now using Lemma 4.2.6

116, Hp] f (2)X; || L2 ()

HXBIH(qu(J(wac)))' HXBIH(qu(J(quc)))’

j
< 2971b|| paso Z = DI fill cn om0

I=—00 HXBl ” (L220) (w22()))’ HXBj H (L20) (w2()))’

HXBl H(qu(')(wa(')))'

j
< 2P|bllsao Y (G =122l sarol| fill o

l=—00 ) HXBZH(LQQ(')(MQQ(')))/

(5.2.13)

In the definition of fraction integral I3, we replace f by xp, to obtain
IB(XBl)(x) > 0215X31 (iL’),
from which we infer that

x5, (1) < €27 I5(xm)(x).

Taking the norm on both sides and using Lemmas 4.2.9 and 4.2.3, re-

spectively, we get

X8| Laxo ety < C27 [ Ts(x ) | 02 )
< C27"|IxBll ) )
< CQl(n—B)HXBlH(—qul(_)(wa(_))),, (5.2.14)
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The use of (5.2.14) into (5.2.13) results in the following inequality:

H[b Hﬁ]f(x)XjHqu‘ qu(-))

< C|bl|Baro Z 2299 (j = 1202 il s n

[=—0

~1
<HXZ Hqu(')(qu(-)) HXZ H (qu(-)(qu(-)))’>

j
< Clbllsao D 2V (G = D)l fill s pumooy

[=—00

-1
Ca I p——

J
< C||b||Baro Z QU=D(B=nd2) (5 _ DI fill o a0y (5.2.15)

[=—0

In view of the condition p; < ps and the Proposition 4.3.1, we have

106, Hol G s

P2, QQ()

ko
< maedsuper o (32 2OR 0 1)) )

koeZ

ko <0 j=roo
-1

sup (290 (32 2O 1) )
€ —
k?)zo =

ko
2k (S, H ) 5 ) )

=0

= max{ X1, Xo, X3},
(5.2.16)

where

ko
X3 = sup2 % (30 SO, H] ) )

kocZ

=—00
ko<O J
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X = sup2 (3 S 20O 1)yl )

ko€eZ S
ko >0 J=
k(]
X3 = sup2” kox\m(ZQJa p1||[b Hjlf(x) - XjHng( qu(.)))
ko€Z -0
ko>0 =

To estimate X7, Xo, X3, we make use of the conditions on «f-), such
that for [ < 0, we have

1

Ity =270 (2P LA g

l 1
S 2—la(O)< Z 220& pl”fl| Lai(: wq1(')))

- ! o
< 21(,\a(0))21A< Z gial lefz\ Ta10) wa()))

< CQZ(/\a(O))||fHM['(§1(‘;vl’}.)(wq1('))a (5217)

and for [ > 0, we obtain

P1
HleLq1<~>(wq1<->) — g~ lale (210‘ p1||f||Lq1<> e )

1

l Pl

< 2- o (ZZZQ lefl La1() (a1 () )

< 21/\ af 2 l/\( Z 2104 lefz L010) (wn O )

1=—00

1

< C2l(>\a(oo))HfHMK;(-;,l/\(.)(wa(.))- (5218)
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In order to calculate X3, we need to use a(0) < a(o0) < nds+ A —p.

kO j P1
X, < sup2Fornn Z 9ja(0) ( Z (j — Z)Q(J—I)W—naz)HbHBMOHﬁHqu(.)(wa(.)))
ko€eZ I

ko <0 j==00 =—
ko J
< Csup2™ fol 20t ( J—1 9(i=1)(B—nd2)9l(A=a(0))
ko<0

Y41
bl Baroll f1] e (wq1<~>>>
p1,91(*)

ko J Y41
< C'sup2 Foin Z 97(0) ( Z (j — l)2(j—l)(5—n62)21(>\—a(0)))
z

koeZ

k<0 =700 =—00
1ol a0 LI,
MO 3y (wn )
ko J ) D1
< Csup2—ko>\p1 2j>\p1( ] —1 2(l—j)(_ﬁ+n52—a(0)+)\ )
o< j;oo zzz—;o( )
k‘0<0

gcubu%Moufuf;K 2 G
(5.2.19)
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The result of X5 is similar to that of X;. Next, we estimate of X3 as

below

ko J D1
X3 < sup2FoAn Z DYEIES ( Z (j — l)2(j_”(ﬁ_”52)Hb||BMonzHm)(wa«)))

koeZ -
k:(;<0 j==00 =
S j (r—a(oo))
< Osup2—k‘o)\p1 2ja(oo)p1 ( j— l 2(j—l)(5—n52)21 A—a(oo
ko€Z j;oo l:Zoo( )
ko<0

4!
llasol M o

fo J P1
< Csup2—k:o)\p1 2ja(oo)p1< j— l Q(j—l)(ﬁ—n62)2l(/\—a(oo)))
k’0<0
0l A1 s
o J 4!
< C'sup2 FoAn Z 23/\1’1( Z j — 1)20=9)(=B+nda—a(oo )+/\>
foeZ J=—00 [=—c0
ko<0

b
(612 O\|fHMK§1<;§)(M

(5.2.20)
Finally, we combine the estimates for X; (i = 1,2,3), to have the

desired result.

Theorem 5.2.3 Let p1, p2, 1(+), ¢2(+), B, () and w be as in Theorem
5.2.2. In addition if A —nd; < a(0) < a(c0), where 1 < §; < 0, then

110 Haf Wy o izt CHbHBMOHfHMKa( w11 ()
s oo (i)

proof
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We write
b, HY) £ (2)x; ()
4iwwmwmmmmw
R\ B,

<Y [ W)~ )Wy xuta)

< 30 [ b = bl )

I=j+1
+ 3 17" (b(y) = bg) f(y)ldy - x;(x)
— R+ F (5.2.21)

Estimating F; and F5 separately. A use of generalized inequality results

in the following:

F<Cy 27t ; |(b(x) = bp,) f(W)ldy - x;(x)

I=j+1

<O 27N fill g uom oy X (n oy [0() = b |+ x5
I=j+1
(5.2.22)

Applying weighted Lebesgue space norm on both sides and using Lemma
5.2.1, we obtain

[ EL]] o (aatry < C Z 27100 (b(z) — b5;) * Xl L2 (w0
I=j+1

HleLq1(-)(wQ1(-))HXBlH(qu(-)(wq1(<)))’
o0
<C Y 27 Nbl a0l a6 o
I=j+1

12l ar (om0 IX B (pr 0 om0y (5.2.23)
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Similarly

9~ 1(n=F) i (b(y) — bg,) f(y)ldy - x;j(x)

N by) = bs) - X5l ooy il oo @noy - x5 (@) (@)
(5.2.24)

In view of weighted Lebesgue norm and Lemma 5.2.1, we get

|\F2\|Lq2(-)(wq2<->) <C Z Q_I(H_ﬁ)H(b(y) - sz) 'Xj”(qu(-)(wa(-)))’

I=j+1
Hlequ ) (wn ¢ ||X]HL‘12 ) (we2())
<C Z 270D (1 = 5) 1Bl Brsolxall o oy
l=5+1
1 fill porco ) (w1 ¢ ||X]HL‘I2 ) (w2())
(5.2.25)
Hence, from (5.2.21), (5.2.23) and (5.2.25), we obtain
b, HE]JC( L)Xl part ) (wi2())
< Z 271001 — )18l Baroll x| e wroy | fill Lo nen X8z um o)y
l= j+1
< Z 2~ l—])HbHBMOHleLq1<> wn () HXB;H (L9 O) (wni ())) ||X1HLq2 ) (wa2())
I=j+1

||Xj Hqu(-)(qu(-))
HXI ||Lf12('> (we2())

< > 20270 — )bl saroll fill paro o
I=j+1

HXBz” (L1 (wu € HXlHqu() (w92())
(5.2.26)
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Using the condition of A(qi(-),q2(+)) weights given in the Definition

1.6.5, above inequality reduces to

H[b7 H;]f(aj)XjHqu(J(qu(')) S Z 2n51(j_l)(l o j)HbHBMOHflHL(n(')(wtn(J)

I=j+1
(5.2.27)
Next, the condition p; < po and the Proposition 4.3.1 help us to
write
16, HALAXGIT, 2O () maz{Y1,Ys, Y3}, (5.2.28)
where
ko
Y, = :qu—koMn( Z QJa pl”[b Hb’]f Xj‘ Ta20) (qu(.))),
S -
k?)<0 =
Y, = SUI;QkOApl( Z 24O\ b, HEL - X1 (1120) >
€ =—0Q
kgzo 7
and

ko
Y3 = sup2 Fo¥ <22‘7a 21| [b, HElf - X]Hqu() w2 ))>-
ko€Z §=0

ko>0
Lastly, in view of the condition —nd;+A < a(0) < a(o0), we estimate
Y;, 1 =1,2,3, as we estimated X;, 1 = 1,2, 3, in Theorem 5.2.2. Hence,
we finish the proof.

5.3 Conclusion

In the present chapter we achieved our aim is to established the bound-
edness of commutators of fractional Hardy operator and its adjoint oper-

ator on weighted Herz-Morrey spaces with variable exponents M Kp Ez() ) (w).



Chapter 6

Variable Weighted A-central
Morrey Space Boundedness for the
Fractional Hardy Operators and

Commutators

6.1 Introduction

In this chapter, our main focus is on the weighted A— central Morrey
space, which has importance in the theory of Harmonic analysis. For
first time, the idea of A\— central Morrey space for variable exponent
and A— central BMO space was discussed in [64]. Central Morrey space,
central BMO and the related function spaces have delightful application
by investigating the results for operators along with singular integral
operators, cleared in [61,63]. Reisz type potential operator is used for
the boundedness of Hardy operator.

Let’s clarify the framework of this chapter. In section 6.2 of the
analysis of this chapter, we will analyze the boundedness for Hardy op-
erators in weighted central Morrey space about variable exponent. In
section 6.3, we will be able to investigate the estimates of commuta-
tor led by Hardy operator and weighted A— central BMO function on

central Morrey space along with variable exponent.
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6.2 Boundedness of Fractional Hardy Operators s

6.2 Boundedness of Fractional Hardy Operators

Theorem 6.2.1 Let pi(-) € P(R")NC"(R™). Define the variable expo-

nent pa() by
1 1 Qo

pa(x)  pa(x) n
]prl(.) €A, o=\ + % and 6o + 0Ny + 01 > 0, then

||HafHBP2(~)7>\2(wp2(~)) S CHfHBpl(')vAl(wpl('))

proof

Using generalized Holder inequality given in Lemma 4.2.1.

L / O xi(a)

|Haof (z) - xu(2)| <
k
< o~ kn=a) Z HfjHLm(-)(wpl(-))||XjH(Lp1(-)(wP1(')))’ - Xk(T).

j=—o00

|z]

1 Ha f () - xell s gty
k

< C27 N 1 £l umn X ] 21O oy 1k D a0 oracoy.

j=—o00

By mean of lemma 4.2.3 we have

HHaf(x) : Xk‘HLPQ(')(wpz(‘))
k

< Ok Z Hfj”LPl(‘)(wm('))HXj”(Lm(')(wPl(')))'HXkH(_[}pz(-))(wm(')))’

j=—00

1711 (2710 om0y

i
< C2" > " | fill g gume

)
j=—00 ) HXk||(Lp1(~)(wp1(-)))’

HXkH (LP1O) (wP1 ()’ ka”(_[i[pz(-)(wpz(‘)))’ :
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As a results of lemma 4.2.6 and condition (4.2.2) leads to

k
| Ho f(2) - Xl ooy < €253 2200 5] sy oy

]*700
HX]CH LPI( wpl ) Lp2()(wp2()))/' (621)
Based on lemmas 4.2.9 and 4.2.3, we have
IOé(XBk)(x) > C2kaXBk (.I)
X () < C27 o (xp, ) (2)
HXBk HLpz(-)(wp2(~)) S C2ikaHIa(XBk) HLpz(')(wpz(-))
< CQ?kaHXBkHLPI(' ) (wP1()) (622)
< CQk n-a) ||XBkH (LP1 () wpl()))
Using inequality (6.2.2) in (6.2.1) and by the results of lemma 4.2.3
k
[ Ho f () - Xill Lroe uratry < C2%° Z 22U~ RI =N £l s i)
Jj=—00

-1 -1
HX/{“LPQ(- (wr2() |‘X/€H(Lp2(~)(wp2(~)))’

< ¢ Z 2n62 Hf]HLpl() (wp1())

Jj=—00

<2_kn Xk 220 om0y [ X (Lp2<~)(wp2<->))')

k
<C Y20 £l o mo

< Ol pmom wno) 22”52 1 B 1M1 | a6 fum

Jj=—00

k
= CHfHBm(-ml(wmc)) Z Qn(sz(‘j_k)w(Bj)AlHXjHLm(-)(wm<~>)-

j=—o0

_1 1 o [e%
X5 2o umry = w(B)nO & w(B)r 7~ w(B) i1 £r20 (wp20)) -
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k
[Hof (@) - Xl Lm0 ey < CHEN oo fumo oo (j—k)
(w?2) (wr1©)

j=—o0

w(B)M X 120 (o)

k
- CHfHBpl(-),Al(wpl(.)) Z 2”52(]_k

Jj=—00

ww(By)® T —

w(Bg) " — X Lo a0 :
(Br)™ w(By,) N bl (e kaHme(wm(.))

Applying Lemmas 4.2.6 and 4.2.8

HHaf(x) : XkHLpz(') (wr2())
k

< C| fll oo (w1 ©) Z 9no2(J

AL (lB ‘>% el sy 2002
pa (- p2 (-
| By T knm ) wr20)

< CHfHBm( )AL (wP10)) ‘Bk‘)\QHXkHLm() (0920) Z ol n(53+n(51+n§,\2)7

j=—00

HHaf(x) ) XkHBPQ(')J\z(sz(')) < CHfHBm(')J\l(wm('))

k
Z 2n(j—k;)(62+61 +d)A2) )

j=—o00

Since, it is given that do + 61 + 0o > 0, which give the required result

HHOéf(x) ’ XkHBPQ(-)«\z(wpz(-)) < CHfHBpl(»),/\l(wpl(.)).

Theorem 6.2.2 Let pi(-), p2(-) and « be same as in theorem 6.2.1 . If
Ay = A+ 2, wht) € Ay and oo < —n(1 + \y), then

HHéfHsz(-)’Az(me)) < CHfHBp1(-)«\1(wp1(~))-
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proof

H /() o) < / o O ()

<C Y 2Nl mmo@n o 16 oo wnoyy xa(@).
j=k+1

HH;]C(QS) : XkHLpz(')(wP2(~))

<C Y 2 fill e w1 o umoyy Ik a0 oy

j=k+1
- (a— HXJH Lr10) (P
<(C Z 23(04 n)HfjHLm(')(wm(' H ” 10) (P ( HXk:H (L7 (i) HX’CHLW() (wp2())-
ikt (LP1C) (P C )))

By virtue of lemmas 4.2.6, 4.2.7, and by definition of A(ps(-), p1(-))

we get
HH;f(SC) ’ XkHLm(-)(pr(-))

<C Z Qj(a_n)Qn(j_k)HfjHLp1(~)(wp1(-))”XkH(Lpl(‘)(wpl(-)))’HXkHLP2(~)(sz(-))~
j= k+1

<C Z 2 (o n2n Hf]”LPl ) (wp1())

j=k+1

Hence we have

[ Ho f () - XkHBPQ(')v\Q(sz(-)) < CHfHBm(»Ml(wm(-))

Z 2(j—k)(a+n+n)\2).

j=k+1

By using a < —n(1 + A2), we get the final result

HH;fHsz(-)«\2(wp2(~)) S CHfHBPl(-)«\l(me))-
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6.3 Estimates of Commutators for Fractional Hardy

Operators

Theorem 6.3.1 Let a € (0,n) and pi(-),p(-) € P(R") N CP(R") .
Define the variable exponent ps(+) by
1

1
@) 2@ p@) n

1 Q

If whO e Ay, b€ Iblloparororuroy » = A +2 and Xy = A+ A\ + 2,
then

16, Half - X;ll.gra0rz ey < Cllbll oaroser weo) L f | gorcran ey

proof

1
< / IRCERIORE

’x|n—a

1
b —bB dy - B\X
T L, 100 =0l ()

= A + As.

First we estimate A;. Denote ﬁ = pléx) — 2 then pix) — S(lm) + p(lx)_

Ay = [a] o / (b(x) — bs) f () |dy - xu(2)
B(0,]z])
— |(b(x) — b)xs (@) | Haf ()],

[ ALl 220 (ur20y = [[(0(x) — bB)XB(2) Ha f () L2200 (w200
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82

By using Holder inequality (]ﬁ) = #) 4 1%)

[ AL o2t w20y < N[(0(2) = bB)XB(2)]] 2o (e [ Hof (2) X B £50) (w50
= Clbllcarorox \B\ X B L2 (w0

[BI"Ix8ll 5o @wso IIH Fll s sy

1ALl o2 w20y < ClIbll om0 wr0) | BIMIXE ] 2ot vy

| BI*[IxBll Lso st >)|\Haf!|3u,s<‘> (wS0)-
1 1,1
X B p20) (ur200) = w(B)70 & w(B)ST & ||xz] o ) wrO) X B L5 wso)

Given that p = Ay + -, using the result of theorem 6.2.1

1ALl o2 w20y < ClIbllemarorerrwoo) BI21XBH o200 ar20) L s 0.0 ()

1

‘x’n—a

0 1 k
A B o : k k—1
i kzoo |z j;@o /2 R |(b(y) = bB) f(Y)ldy - X2:p\2+-15(2)
0 1 k
S Z |x|n—a Z /QjB\Zj—lB |(b(y) — bQJB)f(y)ldy . XZkB\Zk—lB(.T)

(b — b dy - -
T Z mn o Z /WB\W B B 25)f(y)|dy X2k B\2k B(7)

j=—00
= Ao + A

Ay = Z ‘QkBr_l Z / y) — boip) f (y)’dy'XQkB\Qkle(x)

k—— 00 j=—00 20 B\2J~ 1B

AQZ b —bB dy - B\T).
[ F00) b))
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Using Holder inequality (p11~) + % + ﬁ =1).

A21 < C Z ‘2kB|7_ XQkB\Qk 1B Z H — ijB)X2jBHLP(')(wP('))

k=—00 J=—00
HfXQjB||Lp1(~) wnO)[X25B || 10 ()

=C Z 2" Bl xgepor (2 Z 101l BarOPO A (o)

k=—00 j=—00
127 B1M| X258 ]| Lo (ur)
H fHBm(-)Jq (wp1()) |2JB|/\1 ||X2jB HLm(')(wm(-)) ||X2jB HLt(')(wt(~))

! 1

. 7 L 1
~ w(2'B)"Y & w(2' B)0 0 & (| x5l o wron) X2 B Il 110 ()

”XQ]BH LP1 p1(-)))’

Ay =C Z \2k3|%_1X2kB\2k—1B($)HbHOBMoM-M(wp(-))HfHBm(Ml(wm'))

k=—00
k

> 2B x|

1Oy’ [penE HLm(-)(wmm)
Jj=—00

L”l

By using the result of lemma 4.2.3, we come to have

0
Agt = C ) 12"BI Xk ma- (@) 1]l esaroroa @ | F L gmo s o)
k=—o0
k
Z |2j‘/\+)\1+1‘B|/\+)\1+1

j=—00
0

- CBMOPC)A (wp()) Br1():21 (p1() " 2kB\2k-1B "
Cllol 171l (w1 ) [ 25Ty ()| BI*

k=—o00
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[ A2t Lra) ure0ry < ClbllcBaromen
0

(2552 x| Lo oty | BI T
( )

k=—00

(wr()) HfHBm(-)J\l (wP1()

- CHbHCBMOP(')vA(wP(‘)) HfHBpl(‘)a)\l(wl’l(‘))
0

Z |2k‘%+)\+)\1w(2k3)% |B|/\+)\1+%

k=—o00

1
= CHbHCBMOP(‘)a’\(wP(')) ”fHBpl(')aM(wp1(~))w(B>p2(-) |B’)‘2

0
Z |2‘k(>\2+%)

k=—00

1421 [| o) a0y < ClIBNeBar0r0 wr) L | os 01 o 031X B ]| 226 (ot | BI 2

Ay = Z 24 B! Z /

bp — baip) f(y)|dy - Xorp\2x—15(T)

Pt 2B\2- 1B
1

(b — baip)| = Z |(baitip — baig)
=

= ; b _bil d
Z‘QZB’ 21'3’ (y) 2+ B| Y

=C Z ‘QzB‘ 1(b = bait1p) Xa1 B || oo (wrt) [ X1 Bl (100 (upr 0y
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By virtue of lemma 4.2.3, we have

1
2'B|

-1
(b5 = byp)| < C Y == ll(b = by X1 1o st

i=j

-1

i=
-1
< CHbHCBMOp(~),)\(wp(,)) Z ‘22+1B|)‘
=

|2i+1B‘

)
e8]l 2ot (oo

(6.3.1)
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0 k
Ay < C Z Xorp\2i-1p ()2 Bl» ! Z 1]l BazrorO A (wp0)

k=—00 j=—o00
27 B x| o wm(- X2 Bl (1710 i)y
< Cl|blleproron AMwp()) Z X2FB\2k~ 1p(

k=—00
k .
, , 2’B
Z ‘2j+1B‘)\‘]‘|‘fX2jB‘|LP1(')(wp1('))H ‘ |H |
j=—00 X2i B Lp1() (wp10))
0
< CHbHC’BMOP(')x*(wP(')) Z X2k3\2k713($)|2k3\%_1
k=—o00
k
D 12BN I gmom moy |2 BI
j=—o00
0
< Clbllemaromno |l gmos oy S Xorpae1p(@)[2°BlF!
k=—00

k
> 1B

Jj=—00
<OHbHC’BMOP' M) [l o e )

Z Xerpoe-1p(2) |27 Bl [28 Bk

k=—o00

< Clbllenaroros w@o) [ 1l oo e Z [K]|2" B Xk gr-15 ()

k——oo
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[ Az | £ro) a1y < CHbHCBMOP( N o e oy
ZI%WWW“ﬁWm@mM>
k=—o0
< CHbHCBMOP( Hf”Bpl()M(wm())

0
X:WWBW%%Mﬁmﬁﬁ
k=—0o0
< CHbHCBMOP( Hf”Bm( )21 (wP1())
0
ZHMWW+ | B (B) =0
k=—00

S CHbHCBMOp(')’/\(wP('))Hf||Bpl(')=>\1(wP1(‘))‘B‘)QHXBHLP2(')(wP2('))

Combine all results of Ay, As, Aoy, Ago, we obtained the required result
H[b, Ha]fHLpz(-) wr2()) < CHbHC’BMOp(-),/\(wp(J)”fHBm(JJq wP1()) |B|)\2HXBHLPQ(~)(wP2(-))

1165 Hal £l grara re0y < ClIbllemaroror 2 wrn | Fll gruerns wmoy

Theorem 6.3.2 Let pi(-), po(+), p(+) and « is deﬁne same as in theorem
6.5.1.
If be HbHCBMOp(.),,\(wp(»)) L= A+ g and Ao = XN+ M\ + g} then

1B, H2 L raconagurnsy < ClIBllemaronon s |1 o o

proof

b, H|f(x) - xp(z)| <
I ]ﬂ):w()<L@wn“) -
bx) —bp)f(y
< /(o " = dy - xB(z)

() — be) ()
i /(0 |])

= D1+ Ds.
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b(x) —b
P R B0 P
(0,]z])¢ Y|
= |(b(x) — bp)xs(x)|[H, f(x)],
[ D1l L2 a0y = [[(0(x) = bp) X BH G | Lr20 (ur20)-

By using Holder inequality (p;(.) ﬁ + 1%)

D1l Lo oy < ClI(0(x) = bp)X B Lo (wrony | Ha X Bl 250 ws o)
= C|1bll e Baroror o | BIMIXBI 1o wren | BI 1 x 8l s s
||H;fHB#»5(-)(wS(-))7

Given that u = Ay + 2, using the result of theorem 6.2.2

D11l 220 ey < ClBlleBr1000 ry B2 X8 | 100 ot X B ]| 50 (50
||fHBP1(')’/\1(wP1('))J

< Cbllenrorrwron | BIIXB o2 woron L s 00 0,

Dy — / |f(y)(b(y) — bB)|dy x5(@).
B(0,]z()

Iy‘n—a
0
[(b(y) — bB) f(y)]
Dy = / dy - Xorp\2k-15(T
2 k:z: 2 B\2i-1 B |y|”—0‘ 2kB\2 B( )
<3 xwpp) 3 2B Lo ) - b))y
Pt Paret! 21 B\2i-1B
© 3 ) 3 2B Lo en = ban) )y
k=—00 j=k+1 2B\Y~'B
= Do + Do

Du= Y e n(@) 3 (B Lol = bew) f0)ldy

f=—o00 j=h+1 YB\YIB
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Using Holder inequality (% + pll(_) + ﬁ =1).

Dy <C Z X2kB\2k- 1p( Z |2JB|“1|| (y) — b2jB)X2J‘BHLp<->(wp<->)
k=—o00 j=k+1

HfXZJ’BHLm' w1 X20 Bl £ (w0
=C Z Xokp\2+-1 (% Z 127 BI% 16l 3 arowtrawry |27 BIMIX2i ]| 106 (ro
k=—0c0 j=k+1

1 | sorcn mnen 122 BIM Ix2 Bl g e X258l 216 gt

0 00
<C D xopo-p@) Y 2Bl eparora w12 B
k=—o00 j=k+1

HfHBm(%M (wp1()) ‘QjB‘/\l |‘XQjB HLPI(')(wpl(')) HXQjB H (LP(~)(wp(')))’

= C > x2p215@) 1l enarors w1 o wno)

k=—00

> Bl

j=k+1
O O
=C Z X2t 3\2+-1 () [|b]| e Baroro - (wrn | £ 1] o AL (wP1(0) Z 27 B|*
k=—00 j=k+1

0
- C”bHCBMOP(')v)‘(wP('))HfHBm(%M(wm(-)) Z ‘2(k+1)B‘)\2X2kB\2k—1B(x)

k=—00
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D21 | 2720 (ot <CHbHCBMOP( NN o2 moy

Z |2(k+1)B‘>\2HX2’€BHLP2(')(M’2('))

k=—0o0

< Cllllemrorostosollgmon ot

Z |2(k+1)B‘)‘2w(2kB)%
k=—0o0

<C”bHCBMOP( N o gumeoy | B 2w (B) 70

Z |2(k+1)|>\2+ﬁ

k=—00
< CH bHCBMOP('%A(wP(')) H f”Bm(Ml (wP1()) ‘B‘)\Q HXB HLPz(O(sz(-))

k

0
D= Y vwman(@) 3 PBE [ (- s/ )ldy

oo oo 2/B\2/-1B
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Here we use inequality (6.3.1)

0 %)
Du<C S xormoin(@) S 2B bllopamonuo |27 B
k=—00 j=k+1

HfX2jBHLP1' ) (wp1()) HX2J'BH (Lr1() wm(')))’

< Cllbllerrortra ey Z X2+ B\2+-15(T Z |2/ B[» 27 B 5
k=—00 Jj=k+1
2’|

‘|X213|‘LP1 ) (wp1())

HfXWB”mﬂNme)

o

< Cblleparoreawet) Z Xemap(r) > 2B 2B
k=—00 j=k+1

HfHBP1(~M1(wP1('))‘sz‘/\l
0

< C(”bHCBMOp()/\ wp( HfHBm()M (wP1()) Z X2k B\ 2k~ 1B Z ‘QJB‘)\+)\1+ ’]‘
k=—o0 Jj=k+1

0
< Clbllepaoroa@nlf | noswnoy Y Xeepap(@)|27 B[k + 1]

k=—o00
0

< CIbllesarororwoy | fllsmon ey D Tk + 1125 B2 xopos15(@)

k=—00
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1 D22| 2720 (oot <CHbHCBMOP( NN o2 moy

Z |k + 1H2kHB\A2HXQkB”Lm(-)(wpg(»))

k=—o00

< Clbllosaromon sl e o

0
S Ik + 1|2 Bw (28 B)mo
k=—00
< CHbHC’BMOP( Hf”Bm )AL (wP1()

Z |k + 1H2’““|A2%\B\A2w<3>w%

k=—o00
S CHbHCBMOP(')v’\(wP(')) HfHBPl(')aM(wm(‘)) ‘B‘)\Q HXB HLP2(~)(wP2('))

Combine all results of Dy, Dy, Doy, D9y, we obtained the required result
H [ba HZ]fXBHLPQ(')(wW(')) < CHbHC'BMOP(')vA(wP(')) ||fHBP1(')7/\1 (wP1()) ‘B‘)\z HXB ||Lp2(~)(wp2(~))

H[b H*]fHBp2()>‘2(wP2() < CHbHCBMOM ”fHBm()M(wm())

6.4 Conclusion

We concluded that the fractional Hardy operator and its adjoint oper-
ator can be bounded on weighted central Morrey space with variable
exponent. Similar results for their commutators are obtained when the
symbol functions belong to weighted A-central BMO space with variable

exponent.



Chapter 7
Variable Morrey-Herz Estimates
for Fractional Rough Hardy

Operators

7.1 Introduction

In this chapter our main focus on the fractional rough hardy operators.
Here we study continuity criteria for fractional rough hardy on Herz

Morrey space along with variable exponent.

7.2 Boundedness of Fractional Hardy Operators

Proposition 7.2.1 [96] Let pi(-) € P(R"), 0 < 8 < &= and define
pa(-) by

Then
15| r200 ) < Cllf || o160 (-

Theorem 7.2.2 Let 0 < p; < ¢ < oo, Q € L¥(S"1), 2 < 5. Let

? n—1

@1(+),p(-), q2(-) € P(R™) hold inequalities (2.1.2) and (2.1.3) in propo-

93
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sition 2.1.1 and define the variable exponent p(-) by
1 1 8

a() 0w

Let X satisfy the followmg condition:

When qu(‘) = q%(.) — =, there is —\ > = B and o) € L®(R™) N ClI(R™)
be log Héolder contmuous at the origin, 'wzth a(0) < a(oo) < A+ nds _%
then

HHﬁ,Qf(x)HMK“(‘)V\ < C”f(x)”M[(“(‘)v)‘
a,p(-) p1,a1 (")

proof
1
Haf) - xile) < i [ 170110 = Dl xufo)
k
k
< O2H S fill o 19 = 0% g 100
j=—00
- 11 1

By using of 20 T s 70

| Hpof(x) - xk(z)|

k
< C27F N | Fill o oy 196 — )X 2y G ) - Xk ().

|Hsgof - XkHme

<C27M Z 1fill v oy €202 — £) x5

]_—OO

L&) X5 || 2+ Xkl oo

Since we have

_1
s

1 1
HXk”LfIz' ~ |Bk|qz(') ~ |Bk|q/1(-)

qul(')

[Hsof - XkHLP(')(R”)
k

< O fill Lo 192(e — B)x;

j=—o00

_1
o Bl Il el

(7.2.1)
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Using inequality (3.2.2) in (7.2.1)

[Hgof - XkHLP('>(R")

:
<O 3 Il 12 — Ol Bl g Il
j__oo (7.2.2)
Using condition (2.1.5)
k
1Hs0f - Xel oy < C Y 29795 £ Lo oy 2 — )X 1oy
T (7.2.3)

Fort € Cj and x € C), and j < k, we have 0 < |z —¢t| < |z| +2/ < 2.2F,

/Oj Q(z — t)|*dt g/o

HHB,Qf.Xk‘”LP(')(Rn C Z 20

j=—00

2k+1

/ )do (2 )" tdr < C2Fn
Sn 1

g (724)

In the rest of the proof, in order to estimate || ;|| o) a1y, We consider
two cases as below.

Case 1: We take 7 < 0, and start estimating as

pP1
HfjHqu(')(R") =270 )<230‘ lefjHqu( Rﬂ))

1

/ o
S 2]01(0)< Z 2'504 lefz‘ La) R"))

1=—00
1

J p1
< 2](>\a(0))2]>\< > 29O R”))

1=—00

j(A—a(0
< 09—l ))HfHMK;l(;;’lA(_)(R”)' (7.2.5)
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Case 2: For j > 0, we get

1

1 oy = 27929 (21& Q. )

j o
< 2_.704(00)( Z 22@ lefZHqu() Rn )

< 2j()\ o 2 ]A( Z Qza leszqu >p1
S CZJ(A_Q(OO))’|f‘|MKa()’)E)(R") (726)
p1.a1 (-

By definition of variable exponent Herz-Morrey space along with the

use of Proposition (4.3.1) we arrive at the following inequality:

ko

|Hpof(z )”ﬁ}wg;(w) = sup 270w N " RO Hy o f (@) - X () [ ey
0E

k=—0o0

ko
<max{sup2 FoApy Z ghkal0 leHBQf( ) - xn( )HLp()Rm

ko€Z
Ko< h=mee
-1
sup 2R ( Z 2K O Hy o f () - xu ()] 2E»«)(JRJL)
koeZ k=—00
k>0

ko
n Z oka(c0)py |Hpof(z) - xk(z)) ?}(-)(Rn)) }
k=0

= ma,X{Al, AQ + Ag},
(7.2.7)

ko
A; = sup2~FoAn Z 28O Hg o f (2) - xu(2)] ZEpU(Rn)
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-1

Ay = :qu—k())\Pl Z 2ka(0)P1HH5’Qf(x) xe(2)] ?E)(,)(Rn),
0E

k>0 k=—0o0
k()
Az = sup2 oA Z 2R Hy o f (x) - Xi(2)] jzlpt)(Rn)'
ko€Z k=0
ko>0

First, we approximate A;. Since a(0) < a(o00) < ndy + A — S,

ko p1
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< C'sup 2 Fo oka(0)p ( 2(nds=3)(=k) 9j(A=a(0 ”fHMkO‘( )
< (R™)

ko K h1
SCONFIP i gy SUD2 NS 2ka<0>pl( 3 Q(Znég)(kj)Qj()\a(O)))

i () R ke z

k=— —
ko<O o J >
ko k n
SCOFIP i sup2 R0 N oFAer (3™ (kI a0+
MKP 'q (')(]R )k ez .
LA 0 k:*OO ]:—OO
ko<O

b1
S CHfHMKoz()/\ (R”)

p1,91(")



98 Variable Morrey-Herz Estimates for Fractional Rough Hardy Operators

The estimate of A, is similar to that of A;. Lastly, we estimate Aj

ko k b1
A, < Csup2 o 2ka<oo>p1< Qs DGRy )
e 4 k:z—oo j;oo 11l o (g
ko<O
ko k D1
< CsupszoApl gka(oo)py < 9 (nd3=3)(j=k)9i(A—af Hf ‘ : )
ey k:z_:oo jZOO | MO (R
ko<0
ko k b1
<o sup2- o 2ka<oo)p1< 2<z—n53><k—j>2j<x—a<oo>>>
H H m fn( )(Rn)k()GZ kzoo j;oo
ko<0
ko k D1
<C P1 2 koAp1 Qk/\m 2(J—k)(—*+n(53 a(o0)+A)
Hf” p1 Q1( )(Rn) Solég k_z _Z
ko<0 - =
C b1
Hf” p1 tn()(Rn)

The desired result is obtained by inserting the approximations of A;, A
and As into (7.2.7).

Theorem 7.2.3 Let p1,q,q1(+), ¢2(+), p(+), B and «a(-) be as in Theorem
7.2.2. In addition, if 8 — 2 + X < a(0) < a(oo), then

[ Hj of (@)l o000 < CNF@)] ) p000n
2.p(") p1.a1()
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Using inequality (3.2.2)
HHE,QJC'XICHLP(‘)(R")

<C Z Q(j_k)(ﬁ_n)HfjHqu(‘)(Rn)HQ(x —1)]

j=k+1

2|11 o ey X 10

L3 (R") '

As we know

1
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Xl o) & | Bj| 20 ~ | B; |q1 ~ B 5 Xl
H}J;JLf';XkHLPW(R")
0
<C S 2 gy 96 = O Bl 6 g
j=k+1

Now by using Lemma 2.1.3
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< O3 WO i [0 — 1)1 By| .

j=k+1

For further calculation follows theorem 7.2.2, we get
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ko
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7.3 Conclusion

In chapter we discussed the boundedness criteria for the fractional
Hardy operators on weighted variable exponent Morrey-Herz spaces
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MKq,p(') (w).
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