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Chapter 1

Introduction

Flows confined in cavities and enclosures are induced by buoyancy forces or both

buoyancy and solid boundary movement. The two primary mode of buoyancy gener-

ated internal flows are natural convection and mixed convection. In such flows three

main factors that control natural convection are the fluid volumetric expansion, the

body forces (gravitational, electro-magnetic, centrifugal forces) and density differences

(due to concentration and thermal effects). Natural convective flows inside different

cavities and enclosure finds application in engineering science and technology. This

subject got considerable attention due to its importance in various areas of geophysics,

meteorology, geophysics, material processing, as a heat exchangers in nuclear reactor

system, cooling of electronic equipment, solar energy system, fire control, in chemical

processing apparatus, energy storage and conservation, thermal management in food

storage stores, and many other fields of fluid and thermal science. A comprehensive

review and applications of natural convection in different enclosures were initiated

by Ostrach [1–6]. During the past decades literature on this topic includes the finite

element solution of natural convection phenomenon in a cavity invokes by heated side

wall, has been presented by Ismail and Scalon [7]. The different variations in flow

and thermal profile is reported influenced of various considered geometrical shapes.
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Sezai and Mohmad [8] investigated the heat transfer characteristics in an enclosure

induced by natural convection from heat source at bottom wall. In another study

Haghashenas [9] examined natural convective flow and thermal properties in a square

cavity having one side open, they found that the heat transfer is greatly influenced

by Rayleigh number. Mixed convection flows within cavities and enclosures have es-

pecially piqued the interest of many researchers because flow situation in enclosures

and cavities have amazing computational and physical features which appear in many

scientific and technological applications. Louaraychi et. al. [10] examined the com-

bine free and force convection generated by horizontal boundary movement and heat

transfer correlation in a rectangular cavity. Theoretical studies on force flow behavior

due to boundary motion and and free convection caused by mounted heated triangu-

lar blocks equipped-in an enclosure have been explored by Gangawane et. al. [11].

Salimipour [12] conducted numerical investigations of flow profile and heat transport

characteristics owing to horizontal cylinder inducing mixed convective transportation.

Gupta and Nayak [13] examined the convective (free and force) flow movement in a

vented parallelogram-shaped enclosure, they observed a stronger cold regime estab-

lished because of force inflow through contaminant source. Abu-Hamdeh et al. [14]

analyzed a free convection due to a heated source at bottom and forced convection

stems form wall movement of an enclosure. In another study Muhammad et al. [15]

examined the mixed convection in ethylene glycol based nanofluid inside an enclo-

sure having a heater in center line. Some other investigations exploring convection

phenomenon in various enclosures are considered in [16–20]

Heat transport ability in convection can be triggered by adding of nanoparticles

to base fluids. A nanoliquid is categorized as the colloidal suspension of the nanosized

(<100nm) metallic particles dispersed into the conventional fluid (water, engine oil,

kerosene oil, ethylene glycol, water-glycol, propylene-glycol etc). This insertion of

nanosized particles into the orthodox fluid supplements the thermal characteristics
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of the ordinary fluid amazingly. The characteristics of heat transmission of nanofluid

depend upon thermo-physical behavior of the base fluid, volume fraction and thermo-

physical nature of nanoparticles. Nanofluids owing to their amazing contributions in

numerous areas i.e., power generation, microelectronics, space, cooling, nuclear reac-

tors, electronic devices, energy production, and biomedical appliances are the fluids

of the 21st century. In 1995 Choi [21] was the first who floated the novel idea of

nanofluid. A comprehensive detail on the heat transmission phenomenon of nanofluid

and key features that leads to an augmentation in heat transportation performance

is presented by Buongiorno [22]. Following Choi and Buongiorno, researchers and

scientist are encouraged to explore emerging applications of nanofluids in different

aspects. To mention some important investigations, Chamkha and Selimefendigil

[23] studied the entropy generation in the natural convective flow of nanofluid in an

enclosure, they concluded that heat transfer and entropy generation enhances because

of increase in Darcy number and solid fraction of nanoparticles. The numerical in-

vestigations of rotating flow and variable thermal properties of hybrid nanoparticles

with two different types of base fluids (water and ethylene-glycol) is presented by Us-

man et al. [24]. Haq and Aman [25] studied flow and thermal behavior of nanofluid

inside a trapezoidal cavity with heated object and found that nanoparticles volume

fraction has a key role in thermal conductivity enhancement. Jiang and Zhou [26]

inspected the nanofluid surface driven convection in a rectangular cavity, and found

that nanoparticles fraction greatly influenced the surface tension driven convection

and intensity of heat transfer characteristics. The thermal properties of nanofluid

under the impact of radiation heat source inside a wavy shape cavity is scrutinized

by Alkanhal et al. [27]. Their obtained results point out that the Nusselt number

enhances due to radiative heat exchange.

Convective heat transport of fluid merged in porous media have been considered

a field of great interest. Flow behavior in porous media possesses potential applica-
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tions in industrial and chemical engineering process. Examples of such mechanism

include thermo-insulation configuration, solar pond design, heating of rooms, drying

of grains in storage installations, petroleum reservoirs, underground disposal of chem-

ical and nuclear wastes, groundwater pollutant transport etc. In view of the stated

applications over the past few years, the flow behavior in porous media occurs in var-

ious situation has been examined by several investigators. Previous such literature

contains the forced convection of nanofluid in U-shaped enclosure containing porous

medium is conducted by Selimefendigil and Öztop [28]. Nguyen et al. [29] analyzed

the Ferro-nanofluid in a curved enclosure having porous medium, their analysis depict

that convective transport augments by applying higher voltage in large porous regime.

Pandit and Chattopadhyay [30] probed the natural convection subject to rectangular

shaped cavity having different aspect ratios. The porous medium was entertained

in this study along with unsteady effect. Mondal and Sibanda [31] investigated the

natural convection with unsteady double diffusion direction subject to porous cavity.

In this study they considered both non-uniform and uniform boundary conditions.

Sheremet et al. [32] discussed the magnetized natural convection aspects of nanofluid

towards wavy porous cavity. The entropy generation study for dual convection flow

towards porous cavity along with channel domain equipped with nanofluid was re-

ported by Hussain et al. [33]. Chen et al. [34] adopted finite volume method to

examine free convective flow within porous wavy enclosure. Free convection of Nano-

fluid in a cavity filled with porous matrix is explored by Bourantas et al. [35], they

exhibited the dependence of heated source length on flow fields. The influence of

wavy walls on free convection in a porous enclosure is explored by Sompong and

Witayangkurn [36]. Cheong et al. [37] applied finite difference method to examined

the impact of the wall inclination on flow dynamics in trapezoidal cavity filled with

permeable medium.

Magneto-fluids are important class of fluids and have numerous applications in
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engineering and industrial aspects. The study of such fluids is known as magnetohy-

drodynamic which is characterized as the interaction of moving electrically conducting

fluid with electromagnetic field. It was initiated by Hannes Alfven and is considered

as by coupling the Maxwell’s electro-magnetic equations with the flow and heat dy-

namic equations. The presence of magnetic field generates Lorentz force. In natural

convection fluid movement is caused by buoyancy force. When magnetic field is ap-

plied on fluid these two body forces (Lorentz force and buoyancy force) interact with

each other and influence the flow fields and thermal distribution. Magnetic field sup-

presses convection due to reduction in velocities. Mahmoudi et al. [38] analyzed free

convection in square enclosure. It was found that Lorentz forces applied in various

directions effect the thermal profile and controls the flow of nanoparticles. Magnetic

effect at different inclinations on free convective flow in trapezoidal cavity is pre-

sented by Miroshnichenko et al. [39]. They reported that heat flux is enhanced with

nanoparticles addition and decrease with Hartmann number. The Magneto hydro-

dynamic natural convective flow in a wavy inclined enclosure containing Nano fluid

is studied by Sheremet et al. [32] and it was observed that inclination of cavity and

magnetic effects enhances the convective heat transfer rate. Magnetic field influence

on free convection in prismatic cavity is indicated by Parvin and Akter [40]. Results

depicted that heat transfer is altered by Hartman number. In a T-shaped enclosure

the free convective flow is explored by Sahi et al. [41]. They concluded that stronger

magnetic effect decline the average heat transfer rate and the convection transport

switches toward conduction dominant regime. Haq et al. [42] investigated the free

convective flow of MHD fluid in corrugated enclosure.

Micropolar fluid is a new class of non-Newtonian fluids, the model for such fluids

is derived from microphorpic theory. Eringen [43–45] initially suggested microfluidics

theory in order to delineate the micro-motions of fluid particles that could not be

described by the classical models. The beauty of this model is that it can charac-
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terizes various complex rheological fluids like, animal blood, polymers, lubricants,

suspension and paints etc. For detail analysis about this model one can assessed

[46–49]. Due to its vast implementations in various industrial products, material

processing, biomechanics, slurry technology low-concentration suspensions, turbulent

shear flows, colloidal suspensions etc, numerous researcher have adopted micropo-

lar fluid basic equations to narrate flow problem in various enclosure and cavities.

likewise, in Saleem et al. [50] have numerically studied the two-dimensional natural

convection micropolar fluid flow inside a rectangular cavity warmed with cold side-

walls form below. Sheremet et al. [51] conducted the transient flow characteristics of

micropolar fluid in triangular enclosure having one wavy side induced by free convec-

tion. Nazeer et al. [52] investigated the effect of moving wall on the mixed convection

boundary layer flow in a triangular right-angle cavity equipped with a micropolar liq-

uid. Abidi et al. [53] presented three-dimensional numerical evaluation of convective

heat transfer and fluid motion in a cavity filled under a uniform magnetic field in the

existence of micropolar liquid. They recorded that mass and heat transfer rates are

rising and decreasing due to an increment in the amount of Rayleigh and Hartmann,

respectively. The electrodynamics induced free convective flow field in a rectangu-

lar enclosure filled with micropolar fluid is considered by Samaei et al. [54]. Yan

et al.[55] carried out buoyancy driven micropolar-fluid flow in an enclosure having

elliptic shaped heat source. They report the important solutions subject to applied

inclined magnetic effect and thermal radiation.

The present thesis includes seven chapters in which the introductory part is pre-

sented in first chapter, the second chapter is about the general mathematical for-

mulation of flow situation involve in an enclosure and it’s solution methodology is

explained in details. While the other chapters in which free and forced convection

flows are considered in various enclosures examined under different boundary and

fluid constraints. These chapters are carried out in the following way
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In chapter 3 the natural convection in a partially heated rectangular cavity

containing water-based copper oxide nanofluid (CuO−water) is the topic of our in-

vestigation. The flow field and heat transfer inside the cavity are influenced by two

corrugated heated rods. For the thermophysical properties of nanofluid Koo and

Kleinstreuer-Li (KKL) model is implemented in the governing equations. Numeri-

cal solution of the resulting system of equation is obtained utilizing Finite Element

Method. A validation study with existing literature is also made and it was found

that our obtained results are in excellent agreement existing literature. This inves-

tigation is published in the “Journal of Thermal Analysis and Calorimetry”

143:(2021);4169–4181.

The study in chapter 4 contains the mathematical and computational analysis of

the forced and free convection in a square shape enclosure with inlet/outlet opening.

The flow field is manifested with CuO nanoparticles along with the porous media

assumption. The left boundary is uniformly heated while the right wall is taken cold.

The force flow constraint is implemented on the openings ports and the remaining

portions are kept adiabatic. To be more specific the mixed convection transportation

in the regime persists because of thermal difference in-between the heated source and

cold inflow of fluid. To report solution the finite element method has been adopted.

The mesh independence test and validation of our results in comparison with previous

published literature is also performed. Both the graphical and numerical compared

results are in good agreement with existing study. The simulation in this chapter is

published in the “Journal of the Taiwan Institute of Chemical Engineers”

113:(2020);428-441.

Chapter 5 focuses on the natural convective flow analysis of micropolar nanofluid

fluid in a rectangular vertical container. A heated source is placed in the lower wall

to generate the internal flow. In further assumptions the left/right wall are kept cool,

while the upper and lower remaining portions are insulated. Free convection prevails
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in the regime because of thermal difference in-between the lower warmer and upper

colder region. Such physical setup owns mathematical framework in-terms of non-

linear partial differential equations. The interesting features of the flow along with

thermal transportation involve both translational and rotational movement of fluid

particles. Performing the simulations towards flow controlling variables the outputs

are put together in contour maps and line graphs. The exploration in this chapter is

published in the “International Journal of Numerical Methods for Heat and

Fluid Flow”31(8):(2021);2640-2659.

The topic in chapter 6 is the research exploration for free convection in a squared

shaped enclosure which contains a heated element placed at core region. The Copper

Oxide nanoparticles are taken as solid part of water based nanofluid in the cavity. The

flow configuration is subject to magnetic field applied in an inclined manner. Further,

assumption includes the influence of left and right wall of cavity considered cooled, the

lower boundary is heated partially, and the remaining boundaries are taken adiabatic.

Finite element analysis offered the solutions for the obtained differential equation of

the physical problem. Specifically, the flow dynamics and thermal transmission are

the quantities of physical interest. The computational scheme presents the outcomes

toward various emerging parameters in both line-graphs and isolines. The results in

this chapter are submitted in “International Journal for Numerical Methods

in Fluids”.

Mixed convection flow of nanofluid in porous parallelogram cavity having corru-

gated upper and lower walls is analyzed in chapter 7. The Forced convection in the

enclosure is developed by external cold fluid inflow and rotating cylinder placed in

the core of cavity. while heated corrugated lower wall maintain free convection in the

regime. Moreover, upper corrugated wall is cold, while the remaining portions of the

enclosure are taken to be insulated. This physical model in converted into partial

differential equations and solution of these equations are attained through finite ele-
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ment method. The outcomes are presented in terms of Nusselt number, line graphs

and contour maps. An acceptable comparison of our simulation is also made for the

reduced case with previous published article. The content of this chapter is submitted

for publication in “Physica Scripta”.
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Chapter 2

Mathematical investigation and

concepts

This chapter focuses on the mathematical analysis and the solution technique adopted

in this thesis. A Natural convection problem is considered in first section, it’s mathe-

matical translation in term of partial differential equations is derived. The dimension-

less parameters involve in the formulation which signify the physical situation of the

flow profiles are defined in the second section. Also, various model for thermophys-

ical properties of nanofluid are presented. Then in the next section Finite Element

Analysis is formulated for the solution purpose of the reduced governing equations.

Followed by the comparison and code validation of our computed results with the

existing numerical and experimental literature in the last part.

2.1 Physical description and governing equations

Here we have addressed the two dimensional steady flow and thermal distribution in

an enclosure which is generated by free convection. A partially heated square cavity of

length l filled with water based CuO nanofluid as illustrated in figure 2.1. The bottom
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wall is taken thermally active with temperature Th, vertical walls are assumed at lower

temperature Tc such that Th > Tc. While, the upper wall is maintained insulated.

Physical properties of the fluid are supposed to be constant excluding the density

variation that give rise to buoyancy forces, which is approximated by Boussinesq

approximation.

Figure 2.1: Physical sketch of the flow problem.

In view of the above assumptions the following conservation equations are accept-

able to narrate the said physical configuration.

∂u

∂x
+

∂v

∂y
= 0, (2.1.1)

u
∂u

∂x
+ v

∂u

∂y
= − 1

ρnf

∂p

∂x
+ νnf

(
∂2u

∂x2 +
∂2u

∂y2

)
, (2.1.2)

u
∂v

∂x
+ v

∂v

∂y
= − 1

ρnf

∂p

∂y
+ νnf

(
∂2v

∂x2 +
∂2v

∂y2

)
+

(ρβ)nf
ρnf

g(T − TC), (2.1.3)

u
∂T

∂x
+ v

∂T

∂y
=

knf
(ρCp)nf

(
∂2T

∂x2 +
∂2T

∂y2

)
. (2.1.4)

With the associated boundary conditions can be expressed as
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temperature at lower and upper walls
T = Th, at 0.0 ≤ x ≤ l, y=0.0.

∂T
∂n

= 0, at 0.0 ≤ x ≤ l, y = l.

(2.1.5)

Temperature on vertical walls

T = TC . (2.1.6)

Velocity condition on all boundaries

u = v = 0. (2.1.7)

Here (u, v) are x and y components of velocity of the fluid, T denotes the temperature.

ρnf is the effective density of nanofluid. νnf is the kinematic viscosities of nanofluid.(
(ρβ)nf , (ρCp)nf

)
represents thermal expansion coefficient and heat capacitance of

nanofluid, Whereas, the Thermal conductivity of nanofluid is given by knf , while, Th

and TC stand for temperature at heated and cold boundaries.

Introducing the following dimensionless variables

X =
x

l
, Y =

y

l
, U =

ul

αf

V =
vl

αf

T =
T − Tc

Th − TC

P =
Pl2

ρfα2
f

, Pr =
νf
αf

, Ra =
βf (Th − TC)l

3

νfαf

. (2.1.8)

Here, Pr and Ra define the Prandtl and Rayleigh number. Implementing these vari-

ables the governing equations (2.1.1)-(2.1.4) and the boundary conditions (2.1.5) to

(2.1.7) reduce to the following dimensionless equations

∂U

∂X
+

∂V

∂Y
=0, (2.1.9)

U
∂U

∂X
+ V

∂U

∂Y
=− ρf

ρnf

∂P

∂X
+

µnf

µf

ρf
ρnf

Pr

(
∂2U

∂X2
+

∂2U

∂Y 2

)
, (2.1.10)

U
∂V

∂X
+ V

∂V

∂Y
=− ρf

ρnf

∂P

∂Y
+

µnf

µf

ρf
ρnf

Pr

(
∂2V

∂X2
+

∂2V

∂Y 2

)
+

(ρβ)nf
(ρβ)f

ρf
ρnf

RaPrT, (2.1.11)

U
∂T

∂X
+ V

∂T

∂Y
=
αnf

αf

(
∂2T

∂X
+

∂2T

∂Y 2

)
. (2.1.12)
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The boundary conditions reduces to the following dimensionless form

0.0 ≤ X ≤ 1, Y = 0.0
}
T = 1, heated wall (2.1.13)

0.0 ≤ X ≤ 1, Y = 1.0
} ∂T

∂n
= 0, adiabatic portion (2.1.14)

0.0 ≤ Y ≤ 1.0, X = 0.0

0.0 ≤ Y ≤ 1.0, X = 1.0

T = 0 cooled wall. (2.1.15)

U = V = 0. (2.1.16)

The heat transfer rate from the heated source to the flow regime is measured by

Nusselt number, which is an important physical quantity of interest in the flow con-

figuration. It is computed as local and mean Nusselt number (when heat flow is

consider global) along the heated portion and can be expressed as

Nuloc = −knf
kf

∂T

∂Y

∣∣∣
Y=0

, Num =

∫
s

−knf
kf

∂T

∂n
dX. (2.1.17)

Where s is the heated source length and n is the normal direction to that length.

2.2 Thermophysical properties of nanofluid and di-

mensionless numbers

The flow dynamic and heat transfer properties which are required in the various

considered problems in this thesis are described as follows.

2.2.1 Electrical and thermal conductivity

Thermal conductivity is the heat conduction capacity of a substance, since metals are

the good conductors of heat, using this feature, the nano-metallic particles are added

to thermo-fluid in order enhance its thermal conductivity. Maxwell [56] model for
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electrical conductivity of nanofluid depicts that it is function of base fluid σf , particle

conductivity σs and volume fraction ϕ, represented as.

σnf = σf

1 +
3
(

σs

σf
− 1
)
ϕ(

σs

σf
+ 2
)
−
(

σs

σf
− 1
)
ϕ

 . (2.2.1)

In this thesis we have followed the combined model for thermal conductivity of

nanofluid presented by Koo and Kleinstreuer [57], Li [58], Maxwell [56] formulated as

knf = kstatic + kBrownian, (2.2.2)

kstatic is defined by Maxwell [56] as

kstatic = kf

1 +
3
(

ks
kf

− 1
)
ϕ(

ks
kf

+ 2
)
−
(

ks
kf

− 1
)
ϕ

 , (2.2.3)

where the dynamic part is given by [57]

kBrownian = 5× 104ϕ(ρCp)f

√
KbT0

ρsDs

f(T0, ϕ). (2.2.4)

Here, (Kb = 1.38× 10−23 , T0 = 0.5(Th − TC)) specify the Boltzmann constant and

average temperature while Ds is the diameter of nanoparticles.

The function f(T0, ϕ) in equation (2.2.4) is modified by Li [58] and presented a new

function ζ thus the relation reduces as

kBrownion = 5× 104ϕ(ρCp)f

√
kbT0

ρsDs

ζ (T0, ϕ,Ds) , (2.2.5)

the modified function ζ is given by:

ζ (T0, ϕ,Ds) =
(
a1 + a2 lnDs + a3 lnϕ+ a4 lnDslnϕ+ a5 lnDs

2
)
lnT0+

a6 + a7 lnDs + a8 lnϕ+ a9 lnDs lnϕ+ a10 lnDs
2. (2.2.6)

In above equation (2.2.6) the coefficients a1 − a10 and numerical values of thermo-

physical properties for CuO-water are shown in table 2.1 and 2.2.
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2.2.2 Viscosity of nanofluids

Viscosity is the resistance of a fluid to flow, in the case of nanofluid, it is very impor-

tant in its applications. Here for considered the effective viscosity (for CuO nanopar-

ticles) in-terms of static and Brownian motion described in Koo and Kleinstreuer [59]

can be expressed as

µnf = µstatic + µBrownian =
µf

(1− ϕ)2.5
+

kBrownian

kf

µf

Pr
, (2.2.7)

where the static part in (2.2.7) is contributed by Brinkman [60] model for the viscosity

of nanofluid, given by

µstatic =
µf

(1− ϕ)2.5
. (2.2.8)

2.2.3 Specific heat and density of nanofluid

Volumetric specific heat capacity of a substance is the amount of heat per unit volume

its temperature by one Kelvin. For nanofluid considered in this work we have used the

analysis and formulation by Zhou et al. [61] and Pak-cho [62] for specific volumetric

heat capacity at a constant atmospheric pressure and is defined as

(ρCp)nf = (1− ϕ)(ρCp)f + ϕ(ρCp)s, (2.2.9)

where the density for nanofluid is given by Xaun and Roetzel [63]

ρnf = (1− ϕ)ρf + ϕρs. (2.2.10)

2.2.4 Prandtl number

Prandtl number determine the heat flux between a solid body and moving fluid. It

specifies the ratio of momentum diffusivity (or kinematic viscosity which posses the
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resistance to shear flow) to thermal diffusivity. It can be written as

Pr =
momentum diffusivity

theremal diffusivity

=
νf
αf

=
µfCp

kf
. (2.2.11)

µf is the dynamic viscosity, Cp shows the specific heat, kf is the thermal conductivity.

Moreover, Conduction (thermal diffusivity) dominate convection (momentum diffu-

sivity) for a small value of Prandtl number (Pr << 1). While for larger values

(Pr >> 1), convection process occurs, which is more effective than conduction in

transferring energy.

2.2.5 Grashof number

It is the dimensionless parameter which signify the free (natural) convection. Grashof

number is identified as the ratio of buoyancy (arises due to density differences) to vis-

cous forces (resistive forces which arises with in fluid flow) acting on a fluid. It is also

the natural convection analogue of Reynolds number in the forced convection. Since,

free convection is initiated by density variation, which occurs due to temperature dif-

ference in the fluid. With the increase in temperature, density decreases which causes

the fluid to rise, this phenomenon is caused by buoyancy forces. The resistance to

such motion is controlled by Grashof number. It can be expressed as

Gr =
gβf (Th − Tc)l

3

ν2
f

=
buoyancy forces

viscous forces
, (2.2.12)

βf (=thermal expansion coefficient), νf (=kinematic viscosity of fluid), l (=charac-

teristic length of domain).

2.2.6 Rayleigh number

Rayleigh (Ra) and Grashof (Gr) numbers are closely related and both depict the

natural (free) convection (Gr) and heat transfer (Ra). It can also be interpreted
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as the dimensionless number which control the destabilizing effects of buoyancy and

stabilizing effect of viscosity. Rayleigh parameter is mathematically represent as the

product of Grashof and Prandtl number, and can be written as

Ra = Pr×Gr =
βf (Th − Tc)l

3

νfαf

. (2.2.13)

2.2.7 Reynolds number

The concept of Reynolds number (Re) was introduced by Stokes [64], it describes

the flow behavior of the different fluids. Reynolds number describe the relationship

between inertial and viscous forces. It illustrates whether the flow is laminar or

turbulent. Larger Reynolds number implies higher inertial forces which means that

density and velocity of the fluid is maximum enough as compared to viscous forces.

Which leads to a turbulent flow in the regime as viscous forces cannot prevent the

rapid fluctuation of fluid in that case.

Re =
inertial forces

viscous forces
=

ρfV0l

µf

=
V0l

νf
, (2.2.14)

V0 is the maximum velocity of the fluid, l identify the characteristic length, ρf , νf

denote the density and kinematic viscosity of acting fluid.

2.2.8 Richarson number

Richardson number (Ri) is another important dimensionless parameter which corre-

late the forced convection and natural convection. Mathematically it is the ratio of

Grashof number (Gr) to the square of Reynolds number (Re), i.e.,

Ri =
Gr

Re2
=

buoyancy forces

inertial forces
. (2.2.15)

When Ri < 1 the basic mode of flow is force convection while for Ri > 1 the flow is

maintained by natural convection. Thus, smaller Re implies higher Ri which signifies

the buoyancy driven flow dominated the forced convection.
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2.2.9 Nusselt number

Nusselt number is the dimensionless quantity that associates heat transfer rate in the

fluid, i.e. The convection to conduction heat transfer. In convective heat transporta-

tion thermal energy propagate from the source to the flowing fluid and is directly

proportional to the temperature differences among them. This relationship between

heat flux and temperature difference is quantified by convective heat transfer coeffi-

cient hconv.

qconv = hf (Th − TC) . (2.2.16)

Heat transport is also characterized by the direct thermal conduction due to the

existence of no slip boundary condition in the flow configuration. Hence, in this case

Fourier’s law describe such heat transfer, i.e.,

qcond = −kf∇T . (2.2.17)

Since, the fact that heat flux from the source boundary must be identical thus, (2.2.16)

and (2.2.17) reduces to:

qconv =qcond,

hf (Th − TC) =kf∇T ,

hf

kf
=

−∇T

(T − TC)
. (2.2.18)

This ratio is determined by Nusselt number can be written as:

Nu =
coefficient of convection

coefficient of conduction
=

hf l

kf

=
qcondl

(Th − TC)
. (2.2.19)

In this study it reduces to, i.e., Nusselt number can be computed along the heated

boundary locally as; qcond = −knf
∂T
∂x

and by use of (2.1.8) it becomes

Nu = = −knf
kf

∂T

∂Y

∣∣∣
Y=0

, (2.2.20)
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While, assuming heat transfer rate globally along the heated surface it can be written

as

Num =

∫
s

−knf
kf

∂T

∂n
dX. (2.2.21)

Moreover, Nusselt number can also be represented as:

Nu =f (Ra,Pr) (natural convection) ,

Nu =f (Re,Pr) (forced convection) . (2.2.22)

Table 2.1: Thermophysical properties water-based CuO nanoparticles.

Physical properties Water Nanoparticles (CuO)

ρ(kg/m3 997.1 6500

Cp(J/kg K) 4179 540

kf (W/mK) 0.613 18

β × 105(K−1) 21 29

Ds(nm) - 45

Table 2.2: Coefficient values of nanofluid.

Parameter CuO-water Parameter CuO-water

a1 -26.593310846 a6 48.40336955

a2 -0.403818333 a7 -9.787756683

a3 -33.3516805 a8 190.245610009

a4 -1.915825591 a9 10.9285386565

a5 6.42185846658E-02 a10 -0.72009983664
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2.3 Numerical solution with finite element method

2.3.1 General theory and introduction

In many biological, economic and physical phenomena involve partial differential

equations in its mathematical modeling, such as pattern formation (spatial tissue

structure in morphogenesis), blood flow, chemotaxis, derivative valuation, elasticity,

fluid dynamics etc. The mathematical treatment of these partial differential equa-

tion based models is crucial and challenging for the adequate solution of practical

problems. The analytical or closed-form solution of these equations (PDE’s) is not

possible because such problems involve different kind of complexity, like, inequality

constraint, interfaces, singularities etc. The approximate methods of analysis are

the possible and alternative approach to evaluate the mathematical system of the

physical processes. Following that, the partial differential equations governing the

physical situation are transformed into the discrete algebraic system of that problem.

In the numerical methods analysis variational techniques (Least square, Rayleigh-

Ritz and Galerkin methods) have been adopted to find the approximate solutions

over a domain. In this method the governing equations system is formulated in

equivalent weighted integral form. The approximated solution be considered as lin-

ear combination of unknown constant coefficients and appropriate base functions.

In the variational techniques it is difficult to construct approximated solution over

arbitrary domain. To overcome this disadvantage finite element analysis make use

of variational method and provide a systematic procedure to approximate solution

over sub-regions of the domain. Finite element method is a computational technique

that can solve complicated mathematical model (in-terms of PDE’s) developed in

arbitrary complex domain. This method is well studied for the physical problem of

science and engineering such as, elasticity, diffusion, fluid dynamics, solid mechanics,
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thermodynamics, electromigration etc. The superiority of this method over other

competing technique is owing to its three distinctive aspects, i.e., the complicated

domain of interest is represented in equally (mostly) divided subdomains known as

finite elements. Then, over each of these elements the approximation functions are

assigned which can be described by combination of algebraic polynomials. Third, the

of nodal values (undetermined coefficients) can be obtained by use of these algebraic

expression to satisfy the governing equations (weighted-integral form) over each el-

ement. The approximated algebraic functions are obtained utilizing the concepts of

interpolation theory and are hence named interpolation functions. These approxima-

tion polynomials depend on the order of governing equation and number of nodes in

each element.

2.3.2 Finite element solution procedure

The principle of finite element analysis involve the following steps

2.3.2.1 Domain discretization

The solution domain is divided into finite number of sub-domains, each of them is

known as element. These finite elements formed finite element mesh. Here we have

discretized the domain into triangular element mesh connected to each other at points

called nodes as in figure 2.2.
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Figure 2.2: Discretization of the flow domain

2.3.2.2 Element equations

The local element equations are formed by assuming the a set appropriate functions

to each element that will describe the solution, most often, polynomials are chosen

as basis or shape functions. Which require n nodes of elements if there is n unknown

coefficients of trail functions. The Galerkin approach is adopted to form the matrix

equation in each finite element of the domain.

2.3.2.3 Global equations

The global equation system for the whole domain under investigation is formed by

combining all the local element equations. The boundary conditions should be applied

to before the solutions of combined local element equations.
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2.3.2.4 Solution of global equations

To obtain the continuous solution the global equation system can be solved by iter-

ative techniques, the nodal values (unknowns) of the required functions are obtained

after solution procedure.

2.4 Finite element method implementation

Following the above steps and implementing on the considered problem in this chapter

and same for the other chapters as well in the thesis, we have the domain of interest as

shown in figure 2.1 is divided into collection of sub-regions, here triangular element,

known as finite element mesh (shown in figure 2.2). In discretization, the solution in

the form of continuous function is computed at the nodes of each triangular element.

Since the discretization is done the next is to formulate the weak form of the math-

ematical system (2.1.9)-(2.1.12). We multiply equations (2.1.9)-(2.1.12) by weighted

functions Wi = (W1,W2,W3,W4) which are later on in the formulation, be replaced

by the ith approximated interpolation functions for (P,U, V, T ) and integrated over

the domain of investigation (Ωd). Hence, the weak-formulation over discretized region

Ωd reduces as:∫
Ωd

{
∂U

∂X
+

∂V

∂Y

}
W1dXdY = 0, (2.4.1)∫

Ωd

{
U
∂U

∂X
+ V

∂U

∂Y
+

ρf
ρnf

∂P

∂X
−

µnf

µf

ρf
ρnf

Pr

(
∂2U

∂X2
+

∂2U

∂Y 2

)
− FX

}
W2dXdY = 0, (2.4.2)∫

Ωd

{
U
∂V

∂X
+ V

∂V

∂Y
+

ρf
ρnf

∂P

∂Y
−

µnf

µf

ρf
ρnf

Pr

(
∂2V

∂X2
+

∂2V

∂Y 2

)
− FY

}
W3dXdY = 0, (2.4.3)∫

Ωd

{
U

∂T

∂X
+ V

∂T

∂Y
−

αnf

αf

(
∂2T

∂X
+

∂2T

∂Y 2

)}
W4dXdY = 0, (2.4.4)

where FX = 0 and FY =
(ρβ)nf

(ρβ)f

ρf
ρnf

RaPrT are the body forces in x, y equation com-

ponents. Now the second step weak-formulation is integration by parts and in which

the differentiation is evaluated equally among both the conservation equations and
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test functions. The integration by parts is implemented over each term of momentum

and energy equations except the body forces, the reduced system is as follow

∫
Ωd

{
∂U

∂X
+

∂V

∂Y

}
W1dXdY = 0, (2.4.5)∫

Ωd

{(
U
∂U

∂X
+ V

∂U

∂Y
+ FX

)
W2 −

ρf
ρnf

P
∂W2

∂X
+

µnf

µf

ρf
ρnf

Pr
∂U

∂X

∂W2

∂X
+

µnf

µf

ρf
ρnf

Pr
∂U

∂Y

∂W2

∂Y

}
dXdY −

∫
Γd

W2nXdS = 0, (2.4.6)∫
Ωd

{(
U
∂V

∂X
+ V

∂V

∂Y
+ FY

)
W3 −

ρf
ρnf

P
∂W3

∂Y
+

µnf

µf

ρf
ρnf

Pr
∂V

∂X

∂W3

∂X
+

µnf

µf

ρf
ρnf

Pr
∂V

∂Y

∂W3

∂Y

}
dXdY −

∫
Γd

W3nY dS = 0, (2.4.7)∫
Ωd

{(
U

∂T

∂X
+ V

∂T

∂Y

)
W4 −

αnf

αf

(
∂T

∂X

∂W4

∂X
+

∂T

∂Y

∂W4

∂Y

)}
dXdY −

∫
Γd

W4QndS = 0. (2.4.8)

With outward unit-normal (nX , nY ) components and normal heat flux Qn to the

boundary S. Note that, continuity equation (2.4.5) corresponds to the volume change

due to external force, W1 must be similar to that force. Since, Pressure is responsible

for the volume change so W1 ∼ P . In view of that pressure is assume to be secondary

quantity so following (2.4.5) there is no evaluation of boundary integral with respect

to W1. The main difficulty usually faced in the solution of Navier Stokes equation is

the incompressiblility condition appearing in the configuration. Thus, in the above

system (2.4.5)-(2.4.8) all functions (P,U, V, T ) are all counted as un-knowns, this

implies that numerical computation become difficult in higher dimensional problem.

To beat this challenge the penalty finite element approach [65–67] is utilized here

which relax incompressiblility condition. The principle of penalty formulation is to

perturbate continuity equation (2.4.5) by a small number containing pressure. Thus,

equation (2.4.5) can be represented as:

∫
Ωd

{
∂U

∂X
+

∂V

∂Y

}
WidXdY =

∫
Ωd

−P

λ
WidXdY, (2.4.9)

since P is assume to be finite and choosing λ sufficiently large then the above equation

(2.4.9) so far so good approximation to equation (2.4.5). The Now substituting (2.4.9)
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in (2.4.6) and (2.4.7) the weak formulation reduces as

∫
Ωd

{(
U
∂U

∂X
+ V

∂U

∂Y
+ FX

)
W2 +

ρf
ρnf

λ

(
∂U

∂X
+

∂V

∂Y

)
∂W2

∂X
+

µnf

µf

ρf
ρnf

Pr
∂U

∂X

∂W2

∂X
+

µnf

µf

ρf
ρnf

Pr
∂U

∂Y

∂W2

∂Y

}
dXdY −

∫
Γd

W2nXdS = 0, (2.4.10)∫
Ωd

{(
U
∂V

∂X
+ V

∂V

∂Y
+ FY

)
W3 +

ρf
ρnf

λ

(
∂U

∂X
+

∂V

∂Y

)
∂W3

∂Y
+

µnf

µf

ρf
ρnf

Pr
∂V

∂X

∂W3

∂X
+

µnf

µf

ρf
ρnf

Pr
∂V

∂Y

∂W3

∂Y

}
dXdY −

∫
Γd

W3nY dS = 0. (2.4.11)

This provide the elimination of pressure and fulfill the incompressiblility condition.

The only un-knowns left in the conservation equations are velocity and temperature

profile. The discrete domain is interpolated by assuming test and trail functions for

velocity components and temperature profile. The approximated solution is obtain

by expanding the dependent variable in the form

U ≈
n∑

j=1

UjΦ
h
j , V ≈

n∑
j=1

VjΦ
h
j , T ≈

n∑
j=1

TjΨ
h
j . (2.4.12)

Here, Uj, Vj, Tj (unknowns) depict the values of functions (U, V, T ) at associated node

j, h represent element, Φh
j are the interpolated basis function assumed at each node

j of element h and n describe the total number of nodes in a element. Make use of

(2.4.12) in (2.4.8), (2.4.10) and (2.4.11) the resulting finite element model in-term of

algebraic equations reduces as

n∑
j=1

Uj

∫
Ωd

 n∑
i,j=1

UjΦ
h
j

∂Φh
j

∂X
Φh
i +

n∑
i,j=1

VjΦ
h
j

∂Φh
j

∂Y
Φh
i

 dXdY +
ρf
ρnf

λ

∫
Ωd

 n∑
i,j=1

Uj

∂Φh
j

∂X

∂Φh
i

∂X
+

n∑
i,j=1

Vj
∂Φh

i

∂X

∂Φh
j

∂Y

 dXdY +
µnf

µf

ρf
ρnf

Pr

∫
Ωd

 n∑
i,j=1

Uj

∂Φh
j

∂X

∂Φh
i

∂X

 dXdY+

µnf

µf

ρf
ρnf

Pr

∫
Ωd

 n∑
i,j=1

Uj

∂Φh
j

∂Y

∂Φh
i

∂Y

 dXdY +

∫
Ωd

FXΦh
i dXdY −

∫
Γd

Φh
i nXdS = 0, (2.4.13)
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n∑
j=1

Vj

∫
Ωd

 n∑
i,j=1

UjΦ
h
j

∂Φh
j

∂X
Φh
i +

n∑
i,j=1

VjΦ
h
j

∂Φh
j

∂Y
Φh
i

 dXdY +
ρf
ρnf

λ

∫
Ωd

 n∑
i,j=1

Uj
∂Φh

i

∂Y

∂Φh
j

∂X
+

n∑
i,j=1

Vj

∂Φh
j

∂Y

∂Φh
i

∂Y

 dXdY +
µnf

µf

ρf
ρnf

Pr

∫
Ωd

 n∑
i,j=1

Vj

∂Φh
j

∂X

∂Φh
i

∂X

 dXdY+

µnf

µf

ρf
ρnf

Pr

∫
Ωd

 n∑
i,j=1

Vj

∂Φh
j

∂Y

∂Φh
i

∂Y

 dXdY +

∫
Ωd

FY Φ
h
i dXdY −

∫
Γd

Φh
i nY dS = 0, (2.4.14)

n∑
j=1

Tj

∫
Ωd

 n∑
i,j=1

UjΦ
h
j

∂Ψh
j

∂X
Ψh
i +

n∑
i,j=1

VjΦ
h
j

∂Ψh
j

∂Y
Ψh
i

 dXdY −
αnf

αf

∫
Ωd

 n∑
i,j=1

Tj

∂Ψh
j

∂X

∂Ψh
i

∂X
+

n∑
i,j=1

Tj

∂Ψh
j

∂Y

∂Ψh
i

∂Y

 dXdY −
∫
Γd

Ψh
i QndS = 0. (2.4.15)

In matrix notation it can be written as G11 G12

G21 G22

+

 HC 0

0 HC

+

 KD 0

0 KD

 U

V

 =

 S1

S2

 (2.4.16)

Here the coefficient matrix are represented as

G11
ij =

ρf
ρnf

λ

∫
Ωd

∂Φh
j

∂X

∂Φh
i

∂X
dXdY, G12 =

ρf
ρnf

λ

∫
Ωd

∂Φh
i

∂X

∂Φh
j

∂Y
dXdY, G21 = (G12)T ,

G22 =
ρf
ρnf

λ

∫
Ωd

∂Φh
j

∂Y

∂Φh
i

∂Y
dXdY, HC

ij =

∫
Ωd

(
U
∂Φh

j

∂X
+ V

∂Φh
j

∂Y

)
Φh
i dXdY , (2.4.17)

KD = M11
ij +M22

ij =
µnf

µf

ρf
ρnf

Pr

∫
Ωd

∂Φh
j

∂X

∂Φh
i

∂X
dXdY +

µnf

µf

ρf
ρnf

Pr

∫
Ωd

∂Φh
j

∂Y

∂Φh
i

∂Y
dXdY , (2.4.18)

S1
i =

∫
Ωd

FXΦh
i dXdY −

∫
Γd

Φh
i nXdS = 0, S2

i =

∫
Ωd

FY Φ
h
i dXdY −

∫
Γd

Φh
i nY dS = 0. (2.4.19)

The thermal profile (2.4.15) takes the form

[EC ] {T} = {Qs} , (2.4.20)

where

EC
ij =

∫
Ωd

(
U
∂Ψh

j

∂X
+ V

∂Ψh
j

∂Y

)
Ψh
i dXdY −

αnf

αf

∫
Ωd

(
∂Ψh

j

∂X

∂Ψh
i

∂X
+

∂Ψh
j

∂Y

∂Ψh
i

∂Y

)
dXdY,

Qs =

∫
Γd

Ψh
i QndS. (2.4.21)

The reduced finite element model (2.4.16) and (2.4.20) is then solved iteratively after

imposing the corresponding boundary condition. Here, implementing the conditions
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the boundary integrals in momentum source (2.4.19) and energy source (2.4.21) vanish

because the considered test functions are assumed to be zero on boundaries.

2.5 Mesh independence and results validation

The finite element simulations demand its accuracy and convergence to be checked.

For this purpose, in the first step we have performed mesh independence test and

in the next step the simulations are validated by comparing it with existing publish

results. To attain that objectives we have calculated results for Nusselt number along

heated wall at various mesh having non uniform triangular elements. we started with

the initial coarse mesh containing 462 elements and 3984 degree of freedom (DOFs)

which was refined up-to four levels with 39056 elements and 315144 DOFs shown in

Table 2.3. And from this numerical experiment it is concluded that at one stage the

variation in the results for Nusselt number does not changes when the grid size is

increased further. It was observed that error tends to zero thus it shows that the

results is no more dependent on mesh size. Hence the claims comes true that the

numerical experiment is grid independent. This test concluded that less than 1 %

error is obtained for the results computed between 10618 and 39056 mesh elements.

In view of this we have simulated our results against the non-uniform mesh having

10618 triangular elements.
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Table 2.3: Grid independence test, values of Nusselt number at different mesh size.

DOFs Triangular Elements Nusselt Error

3984 462 4.722171 1.3e-4

13592 1632 4.654755 8.8e-5

19712 2382 4.643975 3.9e-5

86344 10618 4.616778 1.4e-5

315144 39056 4.616701 1.0e-5

After confirming the grid in-dependency test proceeding to code validation. A

comparison with previously publish experimental and numerical explorations by Calcagni

et al. [68] is presented in figure 2.3. It can be seen from figure that our results (stream-

lines and isotherms) computed for Rayleigh number shows strong resemblance with

the experimental and numerical outcomes for isotherms and streamlines. Further, in

term of line graphs it observed that velocity profile in figure 2.4(a) computed against

various Ra depict good agreement with the existing published results of Aminossa-

dati and Ghasemi [69]. The Nusselt number result is also validated with the results

of Reddy and Sreedevi [70]. The graph 2.4(b) reveals excellent resemblance with

published results.
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(a)
(b)

(c)
(d)

Figure 2.3: Comparison of present work (a) isotherms (c) streamlines with previous

experimental (b) and numerical (d) results by Calcagni et al. [68] against Ra =

1.86× 105, ϕ = 0.
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(a) (b)

Figure 2.4: Comparison of present work velocity (a) with reference [70] and Nusselt

number (b) with [69].

The simulation carried out against Richardson number is also validated with the

existing literature. To perform this task we have compared our results with published

articles by Shahi et al. [71] Rahman et al. [72]. Streamlines drawn against Ri = 0.1

and Ri = 10 are compared with results of Shahi et al. [71] shown in figures. 2.5(a–d).

Further, numerical values of Nusselt number are also validated with results of Rahman

et al. [72] presented in Table 2.4. Both the graphical and numerical compared results

are in good agreement with existing literature. Hence, these experiments conclude

that our results are accurate and the code is suitable for the simulation.

30



(a)
(b)

(c)
(d)

Figure 2.5: Streamlines comparison with Shahi et al. [71] at Ri = 0.1 (a),(c) and

Ri = 10 (b), (d).
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Table 2.4: Comparison of Nusselt number against Ri with Rahman et al. [72]

Ri Nu [72] Nu present error

0.0 4.060 4.06315 0.07%

0.5 4.145 4.14032 0.11%

1.0 4.222 4.21842 0.08%

5.0 4.659 4.66475 0.12%

10 5.016 5.03118 0.30%

2.6 Concluding remarks

Form the validation study it is deduce that both the graphical and numerical com-

pared results are in good agreement with existing literature. Hence, these experiments

conclude that our results are accurate. Hence the code is suitable for the simulation.
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Chapter 3

Finite Element simulations for

natural convective flow of

nanofluid in a rectangular cavity

having corrugated heated rods

3.1 Introduction

In various geometrical shapes, investigations of natural convection have significant

importance to technological and industrial development. Particularly, in chemical

and nuclear reactors, energy conversion, metallurgical process, cooling of electronic

devices, solar energy collector, lakes and reservoir, building insulation materials, food

processing, etc. Nanofluids have considerably revolutionized the modern technological

world and are found the best coolant in the various engineering applications. Such

as in cooling of nuclear reactors, automotive, electronic cooling, refrigerators, solar

collectors and various heat exchangers. Since, nanofluid with astonishing heat transit

characteristics is the most discoursed topic of the time. The impact of nanoparticles
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volume fraction is found to be useful in intensifying the heat transfer rate because

of dominant convection involving complex system flow problems. Owing to such

importance this chapter aims to investigation natural convection in a partially heated

rectangular cavity containing water-based copper oxide nanofluid (CuO−water). The

flow field and heat transfer inside the cavity are influenced by two corrugated heated

rods. The mathematical translation of this physical configuration involve non-linear

partial differential equations. Numerical solutions of the resulting differential system

are obtained utilizing Finite Element Method. The results are executed for various

controlling parameter and the simulations for flow field and thermal distribution are

portrayed in terms of line graphs, streamlines and isotherms.

3.2 Mathematical formulation

Consider the steady two dimensional flow of Cu−water nanofluid in a partially heated

rectangular cavity. The enclosure contains two heated corrugated rods with constant

temperature Th. The vertical walls of cavity are kept cold at constant temperature TC .

The outer heated boundaries of the cavity has a constant temperature Th, while the

remaining portions of the upper and lower wall are adiabatic. Figure 3.1 illustrates

the geometry of the problem. The mesh generation for the numerical procedure is

given in figure 3.2. Triangular mesh are considered in the domain, and for better

results and accuracy we have generated maximum mesh at the inner heated rods.
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Figure 3.1: Geometry of the physical problem

(a)

(b) (c)

Figure 3.2: Mesh generation at different portion in physical domain.

The flow field is control by external pressure gradient and buoyancy force. Also

considering the natural convection here and applying the Oberbeck-Boussinesq ap-
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proximation the buoyancy term. Under these assumptions the governing problem

obeys law of conservation of mass, momentum and energy as follow

∂u

∂x
+

∂v

∂y
= 0, (3.2.1)

u
∂u

∂x
+ v

∂u

∂y
= − 1

ρnf

∂p

∂x
+ νnf

(
∂2u

∂x2 +
∂2u

∂y2

)
, (3.2.2)

u
∂v

∂x
+ v

∂v

∂y
= − 1

ρnf

∂p

∂y
+ νnf

(
∂2v

∂x2 +
∂2v

∂y2

)
+

(ρβ)nf
ρnf

g(T − TC), (3.2.3)

u
∂T

∂x
+ v

∂T

∂y
=

knf
(ρCp)nf

(
∂2T

∂x2 +
∂2T

∂y2

)
. (3.2.4)

With the associated boundary conditions for rectangular cavity are stated as,

Temperature at lower and upper walls
T = Th, at 0.0 ≤ x ≤ 7l

10
, y=0.0.

T = Th, at 13l
10

≤ x ≤ 20l
10
, y = l.

(3.2.5)


∂T
∂n

= 0, at 7l
10

≤ x ≤ 20l
10
, y=0.0.

∂T
∂n

= 0, at 0.0 ≤ x ≤ 13l
10
, y = l.

(3.2.6)

Temperature at left and right walls

T = TC . (3.2.7)

Temperature at the inner rods
T = Th, at x = 7l

10
+ λsin(ωπy

l
) , 0.0 ≤ y ≤ 5l

10
.

T = Th, at x = 13l
10

+ λsin(ωπy
l
) , 5l

10
≤ y ≤ l.

(3.2.8)

Velocity at all boundaries

u = v = 0. (3.2.9)

Here (u, v) are x and y components of velocity of the fluid, T denotes the temper-

ature, ρnf is the effective density of nanofluid, νnf is the kinematic viscosities of
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nanofluid,
(
(ρβ)nf , (ρCp)nf

)
represents thermal expansion coefficient and heat ca-

pacitance of nanofluid, whereas, the thermal conductivity of nanofluid is given by

knf , while, Th and TC stand for temperature at heated and cold boundaries, λ and ω

denote the amplitude and wavelength of the inner wavy heated rods. According to

Koo–Kleinstreuer-Li [56,57] and Maxwell [56] the thermal conductivity and dynamic

viscosity are given as.

knf = kstatic + kBrownian,

kstatic was defined by Maxwell which is stated as

kstatic = kf

1 +
3
(

ks
kf

− 1
)
ϕ(

ks
kf

+ 2
)
−
(

ks
kf

− 1
)
ϕ

 ,

where the dynamic part is given by

kBrownian = 5× 104ϕ(ρCp)f

√
KbT0

ρsDs

f(T0, ϕ).

Here, Kb(= 1.38× 10−23), T0

(
= 1

2
(Th − TC)

)
, Ds symbolize Boltzmann constant, the

average temperature and diameter of nanoparticles. The viscosity due to Brownian

motion is defined as

µnf = µstatic + µBrownian =
µf

(1− ϕ)2.5
+

kBrownian

kf

µf

Pr
.

The other thermodynamic properties are given by [73]

ρnf = (1− ϕ)ρf + ϕρs,

(ρCp)nf = (1− ϕ)(ρCp)f + ϕ(ρCp)s,

(ρβ)nf = (1− ϕ)(ρβ)f + ϕ(ρβ)s. (3.2.10)

Introducing the following dimensional variables [74,75].

X =
x

l
, Y =

y

l
, U =

ul

αf

V =
vl

αf

T =
T − Tc

Th − TC

P =
Pl2

ρfα2
f

, Pr =
νf
αf

, Ra =
βf (Th − TC)l

3

νfαf

. (3.2.11)
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Here, Pr and Ra define the Prandtl and Rayleigh number. Implementing these vari-

ables the governing equations (3.2.2)-(3.2.4) and the boundary conditions (3.2.5) to

(3.2.9) reduce to the following dimensionless equations

U
∂U

∂X
+ V

∂U

∂Y
= −A

∂P

∂X
+B Pr

(
∂2U

∂X2
+

∂2U

∂Y 2

)
, (3.2.12)

U
∂V

∂X
+ V

∂V

∂Y
= −A

∂P

∂Y
+B Pr

(
∂2V

∂X2
+

∂2V

∂Y 2

)
+ CRaPrT, (3.2.13)

U
∂T

∂X
+ V

∂T

∂Y
= D

(
∂2T

∂X
+

∂2T

∂Y 2

)
. (3.2.14)

The boundary conditions take the form

0.0 ≤ X ≤ 0.7, Y = 0.0

1.3 ≤ X ≤ 2.0, Y = 1.0

T = 1, (3.2.15)

0.7 ≤ X ≤ 2.0, Y = 0.0

0.0 ≤ X ≤ 1.3, Y = 1.0

 ∂T

∂n
= 0. (3.2.16)

Temperature at left and right walls

0.0 ≤ Y ≤ 1.0, X = 0.0

0.0 ≤ Y ≤ 1.0, X = 2.0

T = 0. (3.2.17)

Temperature at the inner rods

X = 0.7 + Amsin(n1πY ), 0.0 ≤ Y ≤ 0.5

X = 1.3 + Amsin(n1πY ), 0.5 ≤ Y ≤ 1.0

T = 1. (3.2.18)

Velocity at all boundaries

U = V = 0. (3.2.19)

In the above equation the dimensionless physical parameters are defined as

A =
ρf
ρnf

, B =
A

(1− ϕ)2.5
+

A× kBrownian

Pr kf
(3.2.20)

D =
(ρCp)f
(ρCp)nf

+
(ρCp)f
(ρCp)nf

(
kstatic
kf

− 1

)
+

(ρCp)f
(ρCp)nf

kBrownian

kf
(3.2.21)

C =A

(
1− ϕ+ ϕ

(ρβ)s
(ρβ)f

)
, Am =

λ

l
. (3.2.22)
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In which A,B,C,D dimensionless thermophysical parameters where Am and n1

are the amplitude ratio and dimensionless wavelength number.

The quantity of physical interest i.e., the heat transfer coefficient in term of local and

mean Nusselt number along the heated portions of the cavity are defined as

Nu = −knf
kf

∂T

∂n

∣∣∣
wall

Num =

∫
s

Nuds. (3.2.23)

Here n is the normal direction to the heated surface. s denotes the thermal active

boundary and for inner rods s is length along the wavy rods.

3.3 Results and discussion

The natural convection heat transfer inside a rectangular cavity filled with CuO-water

nanofluid is analyzed here. The cavity is partially heated at lower left (0.0-0.7) and

upper right (1.3 − 2.0). The flow and heat transfer characteristics are affected by

two wavy rods at position (0.7, 0.0) on the lower wall and at position (1.3, 1.0) on

the upper wall. The simulation is carried out for the influences of emerging physical

parameters on the heat transfer rate, temperature, and velocity distribution. The

flow field results for different ranges of Ra (104 − 106), ϕ (0.0− 0.2), Am (0.05− 0.2)

and n (0− 20) are reported as:

The influences of Rayleigh number on the flow field and heat transfer rate along the

outer heated length and inner wavy rods are portrayed in figures 3.3(a − d). Figure

3.3(a) depicts the variations in heat transfer rate with respect to horizontal mean

position along the outer heated surface (upper and lower) of the cavity. It is noticed

that local Nusselt number posses maximum values for increasing Ra. Moreover, figure

3.3(a) illustrates that at lower heated length, the behavior of the heat transfer rate is

increasing for Ra = 104 to 106 while, along the upper length it depicts lower values.

The Nusselt number at the inner wavy heated rods for various Ra is presented in figure
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3.3(b). A wavy behavior of the heat transfer rate can be observed from line graphs.

Enhancement of heat transfer rate in a wavy pattern for higher Ra is evident from

the figure. Since augmenting Rayleigh number the buoyancy force becomes stronger

and heat transfer takes place through convection. The alterations in temperature

distribution along the horizontal mean position are presented in figure 3.3(c). This

figure depicts that along the mean position from cold toward the lower heated rods

the temperature has maximum values and start declines from the upper heated rod

to the right cold surface. Further, from the figure, it can be noticed that the thermal

boundary condition satisfies, i.e., the temperature is approaching 1. The vertical

velocity along the horizontal mean position enhances from (0.0 − 0.7) and tends to

decrease from (0.7− 2.0) as evident from figure 3.3(d). Moreover, the figure clarifies

that velocity converges to zero at all solid boundaries. The variations in heat transfer

rate, temperature and velocity profile at different nanoparticles volume fraction are

presented in figures 3.4(a−d). The Nusselt number at outer heated length is exhibited

in figure 3.4(a). It is observed heat transfer rate along the horizontal central line from

(0.0-0.7) rises with respect to the addition of nanoparticles. On the other hand, from

(1.3-2.0) Nusselt number gives minimum values as the volume fraction of nanoparticles

augments. Figure 3.4(b) depicts the heat transfer rate at the inner wavy heated rods.

Clearly, the figure illustrates that heat transfer propagates in a wavy pattern. Also,

it can be noted that Nusselt number maximize by adding nanoparticles. Since the

presence of nanoparticles provokes the effective viscosity and thermal conductivity

of nanoparticles. Higher thermal conductivity corresponds to the maximum heat

transfer rate while higher viscosity implies minimum heat transfer. Hence, we have

from figure 3.4(a), 3.4(b) the effect of thermal conductivity is dominant over dynamic

viscosity thus the net heat transfer rate escalates by the addition of nanoparticles.

Figure 3.4(c) demonstrate the changes in temperature profile along the horizontal

mean position. It is evident from the figure that between the mean position (0.0−0.7)
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temperature decline while it rises between (1.3− 2.0) as ϕ augments. The variations

in velocity distribution with ϕ are presented in figure 3.4(d). The velocity field along

the horizontal mean position gives maximum values from 0.0 to 0.7 and least values

between 0.7 to 2.0. Figures 3.5(a − d) are considered for the combined effects of

wavelength number n and nanoparticles volume fraction ϕ on heat transfer rate at

inner heated rods. It is observed from figure 3.5(a) that for n = 0 (flat rods) the

heat transfer rate enhances as the volume fraction of nanoparticles increase. The

heat transfer rate along the heated rods at n (= 5, 10, 20) is presented in figure 3.5(b)

to 3.5(d), overall, at various corrugation, the Nusselt number escalates in a wavy

manner for different ϕ. As the corrugation of the heated rods increases the flow

and thermal distribution adjacent to the rods varies. This gives rise in heat transfer

rate through convection in the cavity. Thus, as the nanoparticles volume fraction

increases the effect of corrugation on heat transfer is more prominent. The effects

of varying amplitude Am of the inner wavy rods on the flow and thermal fields at

distinct Rayleigh number Ra are illustrated in figures 3.6 and 3.7. The isotherms are

presented in figures 3.6 (a− f) for 0.05 ≤ Am ≤ 0.2 at Ra = 104 and 106. Figure 3.6

reveals that as the amplitude of the inner wavy rods maximizes the thermal contours

intensify. This impact is more stronger for larger Rayleigh number Ra i.e., at Ra =

106. Since, as Am increases the space near the heated rods reduces for the circulations

adjacent to the rods. Thus, the temperature contours are pushed towards the cold and

adiabatic boundaries. This predicts that the temperature of the cavity overall rises.

which is evident from the figures 3.6(a− f) as the anticlockwise orientations getting

stronger as both the amplitude and Rayleigh number vary. This confirms that heat

transfer in the cavity is controlled by convection. On the other hand, the influences

of different amplitude and Rayleigh number on streamlines pattern are depicted in

figure 3.7(a − f). The flow pattern in symmetric clockwise and anticlockwise can

be observed. As the amplitude Am increases the anticlockwise circulation getting
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stronger while the clockwise orientations tend to decrease. Moreover, at smaller

values of Ra, the streamline contours are weaker and its value is up to (−60). While

at Ra = 106 the contours are stronger having values up to (100).

(a) (b)

(c) (d)

Figure 3.3: Impact of Ra on Nusselt number (a) along the outer heated length (b)

along the inner corrugated heated rods and (c) temperature (d) Velocity profile along

horizontal mean position.
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(a) (b)

(c) (d)

Figure 3.4: Impact of ϕ on Nusselt number (a) along the outer heated length (b)

along the inner corrugated heated rods and (c) temperature (d) Velocity profile along

horizontal mean position.
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(a) (b)

(c) (d)

Figure 3.5: Variations in Nusselt number for various ϕ at (a) n1 = 0 (b) n1 = 10 (c)

n1 = 20 (d) n1 = 30.
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(a) (b)

(c) (d)
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(e) (f)

Figure 3.6: Isotherms for different Ra = 104 (left), Ra = 106 (right) and at various

amplitude Am = 0.05 ((a), (b)), Am = 0.1 ((c), (d)) and Am = 0.2 ((e), (f)).

(a) (b)
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(c) (d)

(e) (f)

Figure 3.7: Streamlines at various amplitude Am = 0.05 ((a), (b)), Am = 0.1 ((c),

(d)) and Am = 0.2 ((e), (f)) for different Ra = 104 (left), Ra = 106 (right).

3.4 Concluding remarks

In this article, we have studied three specific nanoparticles (alumina (Al2O3), titania

(TiO2) and copper (Cu)) with base fluid taken to be water. We have got the following

remarks from our study.
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✠ For nanofluid with copper nanoparticles the velocity components show increasing

behavior as the volume fraction of nanoparticles (copper) rises along both the

saddle and nodal points.

✠ The temperature also improves for the CU-water nanofluid with the enhancement

in volume fraction (ϕ) of nanoparticles along stagnation points

✠ It is noted that for all three nanoparticles, alumina and copper have the smaller

and higher velocities components.

✠ The effect of a magnetic parameter (β) on skin friction coefficients has been ex-

amined, and it is noted that shear stresses at the surface reduce as (β) rise.

✠ We have observed that for considered nanoparticles the skin friction coefficients,

and local Nusselt number expand for the increasing values of ϕ.

✠ We have remarked that there is fall in wall shear stresses and rate of heat transfer

when velocity and thermal slip parameters raise.

✠ The surface shear stresses and heat transfer rate have higher values for copper-

water nanofluid as compared to Titania and alumina-water nanofluids.
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Chapter 4

Finite element analysis of

convective nanofluid equipped in

enclosure having both inlet and

outlet zones

4.1 Introduction

The scientific investigations relevant to convection in porous media have consider-

ably increased due to its demand for energy, the requirement to establish efficient for

waste management in nuclear technologies, in chemical industries separation process,

transpiration cooling, housing insulation, in catalytic reactors, winding technology in

high power density machine and various other sectors demands the interest in porous

media convective heat transport. In the fast decades researchers acquire different

approaches to control (enhance) the convective heat transportation. Thus, in that

important direction the investigation in this chapter is to discuss the thermal con-

vective transport propagation in porous medium with nanoparticles. The simulation
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owns the mathematical and computational analysis of the forced and free convection

in a square shape enclosure with inlet/outlet opening. The left boundary is uniformly

heated while the right wall is taken cold. The force flow constraint is implemented on

the openings ports and the remaining portions are kept adiabatic. To be more specific

the mixed convection transportation in the regime persists because of thermal differ-

ence in-between the heated source and cold inflow of fluid. For possible insight, the

physical model is translated in terms of the differential systems. To report solution

the finite element method has been adopted. The quantities of interest include the

flow and heat transportation individualities. The output of computational scheme to-

wards various controlling parameters are offered by means of both the contour maps

and line graphs.

4.2 Geometrical description and basic equations

The physical model contains a partially open and heated square cavity having sides

length L filled with CuO−water nanofluid saturated in porous medium. The lower

left and upper right walls of the cavity possess an inlet and outlet portions with length

d, whereas, the other potions are insulated. The left wall of the cavity is uniformly

heated with temperature Th and the right wall is kept at constant low temperature

TC . Figure 4.1 illustrates the geometry of physical setup while figure 4.2 presents the

triangular mesh distribution for the computational domain.
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Figure 4.1: Schematic sketch of physical model
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Figure 4.2: Mesh distribution of the computational domain.
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A force flow constraints are considered on the top and bottom wall opening ap-

plying the suction and injection phenomena. Buoyancy effect is maintained because

of temperature difference between a laminar vertical cold stream of inflow with con-

stant velocity V0 and wall temperature Th. The thermo-physical properties for acting

nanofluid are presented in table 2.1. Isotropic porosity is assumed with permeabil-

ity Kp and under the Boussinesq approximation the conservation equations can be

expressed as

∂v

∂y
+

∂u

∂x
= 0, (4.2.1)

v
∂u

∂y
+ u

∂u

∂x
= − 1

ρnf

∂p

∂x
+ νnf

(
∂2u

∂y2
+

∂2u

∂x2

)
− νnf

Kp

u, (4.2.2)

v
∂v

∂y
+ u

∂v

∂x
= − 1

ρnf

∂p

∂y
+ νnf

(
∂2v

∂y2
+

∂2v

∂x2

)
+ g(T − TC)

(ρβ)nf
ρnf

− νnf
Kp

v, (4.2.3)

v
∂T

∂y
+ u

∂T

∂x
=

knf
(ρCp)nf

(
∂2T

∂y2
+

∂2T

∂x2

)
. (4.2.4)

Here (u, v) are the velocity profiles along (x, y) directions, T denotes the tempera-

ture, and (ρnf , νnf ) indicate effective density and kinematic viscosity of nanofluid.

The thermal expansion coefficient and heat capacitance of nanofluid are denoted by

(ρβ)nf ,and (ρCp)nf . Whereas, the nanofluid thermal conductivity is given by knf ,

while, (Th, TC) signify the temperature distribution at heated and cold wall.

For the thermo-physical properties the Koo–Kleinstreuer–Li model [57,58] is followed

as

knf = kstatic + kBrownian, (4.2.5)

kstatic is defined by Maxwell [56] as

kstatic = kf

1 +
3
(

ks
kf

− 1
)
ϕ(

ks
kf

+ 2
)
−
(

ks
kf

− 1
)
ϕ

 , (4.2.6)

where the dynamic part is given by

kBrownian = 5× 104ϕ(ρCp)f

√
KbT0

ρsDs

f(T0, ϕ). (4.2.7)
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Here, (Kb = 1.38× 10−23 , T0 = 0.5(Th − TC)) specify the Boltzmann constant and

average temperature while Ds is the diameter of nanoparticles.

Whereas, the viscosity in terms of static and Brownian motion is expressed as

µnf = µstatic + µBrownian =
µf

(1− ϕ)2.5
+

kBrownian

kf

µf

Pr
.

To obtain dimensionless system one can use the following variables [76,77].

X =
x

L
, Y =

y

L
, U =

u

V0

, V =
v

V0

,

P =
P

ρfV 2
0

, θ =
T − Tc

Th − TC

. (4.2.8)

By use of above dimensionless variables (4.2.8) the conservation equations (4.2.1)-

(4.2.4) in reduced non-dimensional take the form

∂V

∂Y
+

∂U

∂X
=0, (4.2.9)

V
∂U

∂Y
+ U

∂U

∂X
=− A(ϕ)

∂P

∂X
+

(
∂2U

∂Y 2
+

∂2U

∂X2

)
B(ϕ)

Re
− U

B(ϕ)

ReDa
, (4.2.10)

V
∂V

∂Y
+ U

∂V

∂X
=− A(ϕ)

∂P

∂Y
+

(
∂2V

∂Y 2
+

∂2V

∂X2

)
B(ϕ)

Re
+

θC(ϕ)
Gr

Re2
− V

B(ϕ)

ReDa
, (4.2.11)

V
∂θ

∂Y
+ U

∂θ

∂X
=
D(ϕ)

PrRe

(
∂2θ

∂Y 2
+

∂2θ

∂X2

)
. (4.2.12)

with the related dimensionless boundary conditions as follow

θ = 0,

U = 0, V = 1
at Y = 0, 0 ≤ X ≤ b, (4.2.13)

θY = 0,

U = 0, VY = 0
at Y = 1, 1− b ≤ X ≤ 1, (4.2.14)

θY = 0 at Y = 1, 0 ≤ X ≤ 1− b,

θY = 0 at Y = 0, b ≤ X ≤ 1, (4.2.15)
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θ = 1 at 0 ≤ Y ≤ 1, X = 0,

θ = 0 at 0 ≤ Y ≤ 1, X = 1,

U = V = 0. for all boundaries (4.2.16)

In which the subscript Y denotes the partial derivative and the other non-dimensional

variables are given by

A(ϕ) =
ρf
ρnf

, B(ϕ) =
A(ϕ)

(1− ϕ)2.5
+

A(ϕ)× kBrownian

Pr kf

D(ϕ) =
(ρCp)f
(ρCp)nf

+
(ρCp)f
(ρCp)nf

(
kstatic
kf

− 1

)
+

(ρCp)f
(ρCp)nf

kBrownian

kf

C(ϕ) =A(ϕ)

(
1− ϕ+ ϕ

(ρβ)s
(ρβ)f

)
. (4.2.17)

The heat transfer at the heated portion can be expressed as

Nu = −knf
kf

∂θ

∂X

∣∣∣
X=0

Num =

∫ 1

0

NudY. (4.2.18)

4.3 Results and discussion

In this chapter, the simulation is performed for mixed convection of copper-oxide

(CuO) water nanofluid equipped in a partially opened and heated enclosure. Fi-

nite element analysis has been carried out for the simulations of governing equations

against different physical parameters. Considering the following range of parameters:

Nanoparticles concentration (ϕ = 0.0 − 0.05), Grashof number (Gr = 103 − 105),

Reynolds Number (Re = 1 − 102), Darcy number (Da = 10−4 − 10−2) and Prandtl

number (Pr = 6.8). Particular efforts were focused on the influence of emerging

parameters on flow field (Streamlines and velocity profiles) and thermal distributions

(Isotherms, temperature field and Nusselt number) presented in figures 4.3-4.11. The

contour maps for isotherms of CuO−water nanoliquid at various Gr (Grashof num-

ber) and different ϕ (Solid volume fraction) are shown in figures 4.3(a − f). Figure
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4.3 depicts that at low volume fraction ϕ the convective mode of heat transfer is dom-

inant and the thermal contours are spread uniformly in the cavity. As ϕ enhances

fluid become more concentrated and the convection effect switches to conduction heat

transfer. It is clear from the isotherms which are crowded close to the left heated

wall and equally dispersed in the core of enclosure, as evident in figures 4.3(a− f) at

Gr = 103 (on the left side) and Gr = 104 (on the right side). On the other hand, the

addition of nanopowder leads to the base fluid more viscous. Thus, the flow motion

inside the cavity reduces. Likewise, the higher solid volume fraction corresponds to

maximum thermal conductivity of nanofluid owing to this reason the convection effect

reduces resulting maximum thermal distribution in cavity. Figures 4.4(a− c) clarifies

this explanation. The Nusselt number along the heated vertical portion and temper-

ature profile along horizontal mean position shown in line graphs figures 4.4(a − b)

are enhanced. Similarly, the velocity profile along the horizontal mean position of

denser nanofluid decreases at various increasing values of ϕ as given in figure 4.4(c).

The flow inside the enclosure is induced by both the buoyancy effect and inertial

forces. The buoyancy forces characterizes by the Grashof number Gr while the

Reynolds number control the force flow condition. The impact of distinct values

of Gr on the thermal distribution and flow field is portrays in contour maps figures

4.5(a− f) and line graphs figures 4.5(a− c). In figures 4.5(a, b) at low Grashof num-

ber the force flow through the inlet predominant the natural convection. Thus, the

stream function flow pattern depict clearly that a stream of cold fluid enters the cav-

ity and move toward the outlet. The buoyancy effect is weaker in this case due to

the strong inertial forces as revealed in figure 4.5(a). Due to weak buoyancy forces

the conductive heat transfer take place and the isotherms contour spread uniformly

in the cavity for heated wall toward the cooled wall as illustrated in figure 4.5(b). At

higher Gr the buoyancy effect gets stronger which leads to maximum free convective

transportation from left heated toward right cooled wall. It is worth mentioning that
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the strength of streamlines and isotherms curves is increased in the middle of the

cavity, see figures 4.5(c − f) for reference. Impact of Grashof number on Nusselt

number along the vertical heat length is presented in figure 4.6(a). Higher Gr im-

plies greater buoyancy forces which suppress the force cold inflow resulting stronger

free-convective heat transportation. Thus heat transfer rate has higher values at

maximum Gr. Furthermore, the thermal boundary increases as y approaches 1 the

Nusselt number reduces in that case, as illustrated in figure 4.6(a). As the higher

values of Gr possess weaker thermal boundary layer thickness effect, thus, along the

horizontal mean position the temperature perturbation near the heated wall diminish

as demonstrated in figure 4.6(b). The fluid velocity field at y = 0.5 it is observed

that the vertical velocity profile is maximum near the heated source wall whereas,

it tends to decrease in the middle and in the vicinity of cooler left wall as shown in

figure 4.6(c). Influence of Darcy number on thermal distribution (isotherms, Nusselt

number and temperature profile) and on flow field (streamlines and velocity distribu-

tion) is presented in figures 4.7(a− f) and figures 4.8(a− c). From figures 4.7(a− f)

it is exhibited that porous medium permeability decrease for smaller Da. Thus, in

the case Da = 10−2 (figures 4.7(a, b)) the solid matrix resistance is minimum as a

result the fluid motion and the the effect of heated wall is dominant inside the en-

tire enclosure. Further decrease of Da to 10−3, 10−4 the resistance of solid matrix

to the flowing particles getting stronger. Consequently, the resistance to flow field

enhances resulting decrease in the streamline distributions and isotherm in the entire

cavity, as presented in figures 4.7(c − f). likewise, in figures 4.8(a − c) it is obvious

that the behavior of Nusselt number (figure 4.7(a)) is maximum at Da = 10−2 and

minimum at Da = 10−4. figures 4.8(b, c) also depict that at lower Da the velocity

and temperature profiles at y = 0.5 (horizontal mean position) have lesser values.

The effect of heated wall length on isotherms is demonstrated in figures 4.9(a − d)

and on Nusselt number and thermal profile is illustrated in figures 4.10(a, b). The
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isotherms contour show that at smaller heated source length i.e., at Lt = 0.25 the

convective heat transfer is less and the penetration of cold nanofluid throughout the

cavity is stronger due to dominant inertial forces. As, Lt increases up to 1 the buoy-

ancy effects control the inertial forces and suppress the cold passage of nanofluid,

strengthening the convective heat transfer across the enclosure, see figures 4.9(a−d).

Impact of different heated source vertical length on Nusselt number and tempera-

ture profile is depicted in figures 4.10(a, b). Line graph reveals that smaller heated

length (Lt = 0.25) possess minimum heat flux in the cavity for instant increase in the

heated source length the strength of Nusselt number augments as sketched in figure

4.10(a). Likewise, the temperature perturbation also have lesser values at smaller

Lt and maximum magnitude at higher Lt (See figure 4.10(b)). Figures 4.11(a − f)

depict the influence of Reynolds number on streamlines and isotherms. In this study

the Reynolds number characterizes the force flow condition i.e., the strength of inflow

of cold nanofluid at injection zone. Another important parameter Ri (Richardson

number) which correlate the forced convection and natural convection. When Ri < 1

the basic mode of flow is force convection while for Ri > 1 the flow is maintained by

natural convection. Thus, smaller Re implies higher Ri which signifies the buoyancy

driven flow dominated the forced inflow convection. From the streamlines distribution

it is clear that inside the cavity clockwise and anticlockwise circulations are formed

and are almost same, while the isotherm contour maps are mostly parallel indicates

that the thermal distribution here resembles conduction heat transfer. It should be

noted that a decrease of Re the force inflow becomes weaker as a result the isotherms

in flat near the vertical heated wall (See figures 4.11(a, b)). As Re augments the in-

tensity of injected cold nanofluid enhances which predominate the buoyancy effect. In

figure 4.11(e) the streamlines distribution inside the cavity shows the stronger force

inflow which moves toward the outlet zone and almost occupy the whole cavity. In

this force convection dominated mode (i.e., Re = 102 and Ri < 1), the isotherms
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shown in figure 4.11(f) are clustered toward the heated vertical wall which depicts

a sharp temperature gradient from left towards the right cooler wall. While in the

remaining regime of cavity the temperature gradient is minimum because of stronger

force inflow.

(a) (b)

(c) (d)
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(e) (f)

Figure 4.3: Isotherms for various values of ϕ and Gr. from top to bottom ϕ = 0.01

((a), (b)), ϕ = 0.02 ((c), (d)), ϕ = 0.04 ((e), (f)) and Gr = 103 (left), Gr = 104

(right).

(a) (b)
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(c)

Figure 4.4: Impact of ϕ on Nusselt number in (a) and temperature and velocity in

(b), (c) along heated length and horizontal mean position

(a) (b)
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(c) (d)

(e) (f)

Figure 4.5: Streamlines and temperature contour for various values of Gr. Gr = 103

((a), (b)), Gr = 104 ((c), (d)) and Gr = 105 ((e), (f)).
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(a)

(b) (c)

Figure 4.6: Impact of Gr on Nusselt number in (a), temperature and velocity in (b),

(c) along heated length and horizontal mean position
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(a) (b)

(c) (d)
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(e) (f)

Figure 4.7: Streamlines and isotherms against various Darcy number. Da = 10−2

((a), (b)), Da = 10−3 ((c), (d)) and Da = 10−4 ((e), (f)).

(a) (b)

65



(c)

Figure 4.8: Influence of Da on Nusselt number in (a), velocity and temperature in

(b), (c) along heated length and horizontal mean position

(a) (b)

66

0.6 

04 

0.2 

Da=10" 
Da=10" 
Da=10-4 



(c) (d)

Figure 4.9: Isotherms at distinct heated segments Lt. Lt = 0.25 (a), Lt = 0.50 (b),

Lt = 0.75 (c), and Lt = 1.0 (d).
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Figure 4.10: Variations in Nusselt number (a) and temperature (b) at various heated

portion
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(a) (b)

(c) (d)
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(e) (f)

Figure 4.11: Streamline and Isotherms at various Re. ((a), (b)) Re = 1 Ri = 103,

((c), (d)) Re = 10 Ri = 10 and ((e), (f)) Re = 100 Ri = 0.1.

4.4 Concluding remarks

Simulation is executed for emerging parameters which decide the flow profiles and

thermal perturbations inside the enclosure regime. Due to addition of ϕ the pri-

mary mode of heat transfer inside the cavity switches from convection to conduction,

Nusselt number also enhances against growing ϕ. Streamlines pattern indicate the

predominant effect of forced inflow over free convection at lesser Gr. Higher Gr

corresponds to maximum Nusselt number and velocity profile near the heated wall.

Primary circulations in streamlines contour gets stronger at maximumDa free convec-

tion heat transfer mode and velocity field enhances against maximum Darcy number.

Raising the vertical heated source length implies stronger thermal distributions and

higher Nusselt number suppressing the cold injected nanofluid. At higher Re (lower

Ri) the primary streamlines circulation enhances due to increased forced inflow of

cold nanofluid. whereas at maximum Ri (lesser Re) the isotherms contour maps

depict conduction heat transfer mode.
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Chapter 5

Simulations of micropolar

nanofluid-equipped natural

convective driven flow in a cavity

5.1 Introduction

Convection in micropolar fluids finds application in various industrial products, ma-

terial processing, biomechanics, slurry technology low-concentration suspensions, tur-

bulent shear flows, colloidal suspensions etc. Erigen [43–45] initially suggested mi-

crofluidics theory in order to delineate the micro-motions of fluid particles that could

not be described by the classical models. The beauty of this model is that it can

characterizes various complex rheological fluids like, animal blood, polymers, lubri-

cants, suspension and paints etc. Owing to its plenty of industrial and engineering

application numerous researcher have adopted micropolar fluid basic equations to

narrate flow problem in various enclosure and cavities. Convection transportation in

such complex and important model in presence of nanofluid is the main theme of this

chapter. The aim is to focus on the natural convective flow analysis of micropolar
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nanofluid fluid in a rectangular vertical container. A heated source is placed in the

lower wall to generate the internal flow. In further assumptions the left/right wall are

kept cool, while the upper and lower remaining portions are insulated. Free convec-

tion prevails in the regime because of thermal difference in-between the lower warmer

and upper colder region. Such physical setup owns mathematical framework in-terms

of non-linear partial differential equations. The interesting features of the flow along

with thermal transportation involve both translational and rotational movement of

fluid particles. Performing the simulations towards flow controlling variables the out-

puts are put together in contour maps and line graphs.

5.2 Physical model and basic equations

The physical setup of the flow consists of a two dimensional rectangular shape con-

tainer of length 2l and width l filled with micro-polar nanofluid placed vertically in

x, y coordinate system as shown in Fig. 5.1(a). Fig. 5.1(b) illustrates the triangular

mesh distribution for the computational domain. The cavity is enclosed by isothermal

cooled vertical left (at x̃ = 0) and right (at x̃ = 1) walls having temperature Tc and

mass concentration Cc and adiabatic upper wall (at ỹ = 2). Including this, a heated

source is mounted at the middle of bottom wall (P1 ≤ x̃ ≤ P2) of temperature and

mass concentration Th and Ch greater than Tc and Cc whereas the remaining portions

(0 ≤ x̃ ≤ P1 & P1 ≤ x̃ ≤ P2).
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(a)
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(b)

Figure 5.1: Physical schematic sketch and mesh distribution of the computational

domain.

To be more specific, the Brownian motion and thermophoresis effects describe

the nanopowder flow distribution. The micropolar fluid configuration characterizes

two vector fields, i.e., one depict the translatory motion (in terms of u∗, v∗) of fluid

particles and the other represent local angular motion of fluid molecules named as

microrotation vector (n∗). The microelements concentration at the boundaries is

controlled by the constant n (0 ≤ n ≤ 1). That is, when n = 0 implies N∗ = 0 which

corresponds to strong microelement concentration, when n = 0.5 it characterizes

weak microelements concentration (it means the anti-symmetric part of stress tensor

vanishes), and the case n = 1 identify the turbulent flow modeling [78]. Moreover,

the Boussinesq approximation is to be hold in the flow field. In view of the above

assumptions the following conservation equations are acceptable to narrate the said
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physical configuration [48,49].

∂v∗

∂ỹ
+

∂u∗

∂x̃
= 0, (5.2.1)

ρf

(
v∗

∂u∗

∂ỹ
+ u∗∂u

∗

∂x̃

)
= −∂p∗

∂x̃
+ (µf + k)

(
∂2u∗

∂ỹ2
+

∂2u∗

∂x̃2

)
+ k

∂n∗

∂ỹ
u∗, (5.2.2)

ρf

(
v∗

∂v∗

∂ỹ
+ u∗∂v

∗

∂x̃

)
= −∂p∗

∂ỹ
+ (µf + k)

(
∂2v∗

∂ỹ2
+

∂2v∗

∂x̃2

)
− k

∂n∗

∂x̃
u∗+

gβρf (1− Cc) (T
∗ − Tc) gβ (ρp − ρf ) (C

∗ − Cc) , (5.2.3)

ρfj

(
v∗

∂n∗

∂ỹ
+ u∗∂n

∗

∂x̃

)
= γ

(
∂2n∗

∂ỹ2
+

∂2n∗

∂x̃2

)
− k

(
2n∗ +

∂u∗

∂ỹ
− ∂v∗

∂x̃

)
, (5.2.4)

v∗
∂T ∗

∂ỹ
+ u∗∂T

∗

∂x̃
= αf

(
∂2T ∗

∂ỹ2
+

∂2T ∗

∂x̃2

)
+ τDB

(
∂T ∗

∂ỹ

∂C∗

∂ỹ
+

∂T ∗

∂x̃

∂C∗

∂x̃

)
+

τ
DT

Tc

(
∂T ∗

∂ỹ

)2

+ τ
DT

Tc

(
∂T ∗

∂x̃

)2

. (5.2.5)

v∗
∂C∗

∂ỹ
+ u∗∂C

∗

∂x̃
= DB

(
∂2C∗

∂ỹ2
+

∂2C∗

∂x̃2

)
+

DT

Tc

(
∂2T ∗

∂ỹ2
+

∂2T ∗

∂x̃2

)
. (5.2.6)

Here (u∗, v∗, n∗) are the velocity and micro-rotation vector. (T ∗, C∗) denote the

temperature and concentration profile. (ρf , µf , k) indicate density, dynamic and

micro-rotation viscosity kinematic viscosity. The micro-inertia and spin gradient vis-

cosity is given by (j, γ). (β, αf , τ , DT , DB) denote thermal expansion and diffusivity,

heat capacitance ratio, thermophoresis and Brownian motion effects parameters. (Th,

Tc and Ch, Cc) signifies temperature and nanoparticles distribution at heated and cold

wall.

To obtain dimensionless system one can use the following variables[79].

X̃ =
x̃

l
, Ỹ =

ỹ

l
, U∗ =

lu∗

αf

V ∗ =
lv∗

αf

, P ∗ =
l2p∗

ρfα2
f

, N∗ =
l2n∗

αf

,

θ(X̃, Ỹ ) =
T ∗ − Tc

Th − Tc

, θ(X̃, Ỹ ) =
C∗ − Cc

Ch − Cc

, Pr =
νf
αf

, Le =
αf

DB

,

R =
k

µf

, Ra =
gβ (1− Cc) (Th − Tc)

αfνf
, Nr =

(ρp − ρf )(Ch − Cc)

ρfβ(Th − Tc)(1− Cc)

γ =

(
µ+

k

2

)
j, Nb =

τDB(Ch − Cc)

αf

, Nt =
τDT (Th − Tc)

αfTc

. (5.2.7)

Here, (U∗, V ∗, N∗), P ∗, (θ, ϕ) are the dimensionless velocity profiles in x, y direc-
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tions, micro-rotation distribution, pressure, temperature and nanopowder concentra-

tion. Whereas, Pr Le, Ra, and R, Nr, Nt, Nt indicate the Prandtl, Lewis, Rayleigh

number and microrotation viscosity, buoyancy, thermophoresis, Brownian motion con-

trolling parameters. By use of above dimensionless variables (5.2.7) the conservation

equations (5.2.1)-(5.2.4) in reduced non-dimensional take the form

∂V ∗

∂Ỹ
+

∂U∗

∂X̃
=0, (5.2.8)

V ∗∂U
∗

∂Ỹ
+ U∗∂U

∗

∂X̃
=− ∂P ∗

∂X̃
+ (1 +R) Pr

(
∂2U∗

∂Ỹ 2
+

∂2U∗

∂X̃2

)
+ PrR

∂N∗

∂Ỹ
(5.2.9)

V ∗∂V
∗

∂Ỹ
+ U∗∂V

∗

∂X̃
=− ∂P ∗

∂Ỹ
+ (1 +R) Pr

(
∂2V ∗

∂Ỹ 2
+

∂2V ∗

∂X̃2

)
− PrR

∂N∗

∂X̃
+

RaPrNr(1− ϕ) +RaPr θ, (5.2.10)

V ∗∂N
∗

∂Ỹ
+ U∗∂N

∗

∂X̃
=Pr

(
1 +

R

2

)(
∂2N∗

∂Ỹ 2
+

∂2N∗

∂X̃2

)
− PrR

(
2N∗ +

∂U∗

∂Ỹ
− ∂V ∗

∂X̃

)
(5.2.11)

V ∗ ∂θ

∂Ỹ
+ U∗ ∂θ

∂X̃
=

(
∂2θ

∂Ỹ 2
+

∂2θ

∂X̃2

)
+Nt

(
∂θ

∂Ỹ

)2

+Nt

(
∂θ

∂X̃

)2

+

Nb

(
∂θ

∂Ỹ

∂ϕ

∂Ỹ
+

∂θ

∂X̃

∂ϕ

∂X̃

)
, (5.2.12)

V ∗ ∂ϕ

∂Ỹ
+ U∗ ∂ϕ

∂X̃
=

1

Le

(
∂2ϕ

∂Ỹ 2
+

∂2ϕ

∂X̃2

)
+

Nt

LeNb

(
∂2θ

∂Ỹ 2
+

∂2θ

∂X̃2

)
. (5.2.13)

following the relevant boundary conditions

At Ỹ = 0 (Bottom wall)

θỸ = ϕỸ = 0, 0 ≤ X̃ ≤ P1,

θ = ϕ = 1, P1 ≤ X̃ ≤ P2,

ϕỸ = θỸ = 0, P1 ≤ X̃ ≤ 1,

N∗ = −n1U
∗
Ỹ
, 0 ≤ X̃ ≤ 1. (5.2.14)

At Ỹ = 2 (Top wall)

θỸ = ϕỸ = 0,

N∗ = −n1U
∗
Ỹ
,

0 ≤ X̃ ≤ 1. (5.2.15)
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At left X̃ = 0 and right wall X̃ = 1

θ = ϕ = 0,

N∗ = −n1V
∗
X̃
,

0 ≤ Ỹ ≤ 2. (5.2.16)

U∗ = V ∗ = 0 on all boundaries.

In which the subscript Y denotes the partial derivative.

Local Nusselt number can be expressed as

Nu = −∂θ

∂n
,

here n indicates normal direction to the plane, particularly

∂θ

∂n
=

√(
∂θ

∂X̃

)2

+

(
∂θ

∂Ỹ

)2

,

whereas, average Nusselt number is defined as

Nuav = −
∫
Ω

∂θ

∂n
dΩ,

where Ω represents the heated boundary of domain.

5.3 Results and discussion

The theoretical analysis on the numerically solved proposed physical model is con-

sidered in this section. The viscous flow of nanofluid comprises microrotation of

molecules in a vertically placed rectangular shaped enclosure is investigated. The

natural convective flow is maintained in the regime due to mounted heated source

at the bottom boundary. The adopted numerical scheme offered the outputs against

various parameters Ra(102−103), R(0.5−2), Le(1−102), Lh(0.2−1.0) are classified

in-term of line graphs and contour maps. In natural convection Rayleigh number is

responsible to maintained the buoyancy-driven flow in the regime. Figures 5.2(a− d)

shows the effects of Ra on velocity, microrotation profile, concentration and temper-

ature distribution. It is obvious that as Rayleigh parameter enhances the convection
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process intensify. Thus, resulting the quick movement of fluid from bottom warm

region to upward cooler region, can be observed in Fig. 5.2(a). It can be noted

that the fluid velocity is maximum near the bottom wall and gradually decreases in

cooler region. Thermal distribution in the region also enhance as Ra augments, See

Fig. 5.2(b). Another important impact of Ra on molecule microrotation is depicted

in Fig. 5.2(c). Since, as the translatory movement increase due to higher Ra, the

microrotation also escalates. Thus, the microrotation profile increases correspond-

ing to Ra impact. In similar manner the concentration distribution increase upon

rising Ra as illustrated in Fig. 5.2(d). Contour maps of streamlines and microro-

tation vector against Ra are presented in Fig. 5.3(a − f). As by nature high Ra

implies stronger buoyancy effects therefore, its impact on flow depicts that when Ra

augment from 102 − 103 two type (anti-clockwise, clockwise) of streamlines and mi-

crorotation circulation are formed. Initially, the clockwise circulations are strong at

smaller Ra, whereas, the anti-clockwise circulations gradually maximizes as Ra rise.

This effect for both distributions (streamlines and microrotation vector) shown in

figures 5.3(a− f). The internal orientation of each particle in the micropolar fluid is

controlled by vortex viscosity parameter R. Basically it characterizes the concentra-

tion of microconstituents and its magnitude increase as R increases. That is non-zero

increasing nature of R corresponds to attenuation in the linear vorticity and aug-

mentation in angular vorticity. On the other hand convective mode of heat transfer

decreases in the presence of strong microconstituents concentration. Following this

, the effects of additional viscosity parameter (R) on flow and thermal profile are

illustrated in line graphs 5.4(a − d) and contour maps figures 5.5(a − f). It should

be noted that as R varies from 0.5 to 2 the viscous forces predominant the buoyancy

effects thereby decreasing the flow field as depicted in Fig. 5.4(a). Since, R is an

additional viscosity coefficient thus it would be more energy consumed to overcome

the large viscosity effects which eventually decline the free molecule motion. Ac-

77



cordingly, the microrotation distribution diminish in the regime, as portrayed in Fig.

5.4(b). The variations in concentration and thermal distribution are not much signifi-

cant. This make sense because of reduction in convective mode of flow which leads to

lesser thermal and concentration distribution, see figures 5.4(c, d). Figures 5.5(a− d)

exhibit the streamlines and contour plots of microrotation. Both these profiles reveal

that streamlines and isoline distribution decreases. This is due to the maximum vis-

cous nature of fluid in the presence of R which dominant over the buoyancy forces

eventually reduce the translatory and rotatory movement of fluid molecules. The

intensification impact of heat source length Lh on flow field is disclosed in-terms of

line graphs in Figs 5.6(a− d) and in isotherms contours Figs 5.7(a− d). One can see

that an increase of heated source length up-to entire lower boundary thereby boosts

free convection in regime. The surge in both temperature and concentration occurs

due to stronger buoyancy effects. This result is depicted in figures 5.6(a, b). This also

implies that translatory and rotatory movement of molecules also augment as shown

in figures 5.6(c, d). The variations in isotherms contours against various heated source

length are described in figures 5.7(a− d). It can be observed from these figures that

intensification of heat source corresponds to stronger buoyancy effects thus the heat

propagates in the entire cavity by the response of natural convection. The alterations

in flow behavior against various Lewis number are delineated in figures 5.8(a−d). As

the Lewis number correlate the thermal and mass diffusivity. It should be noted that

maximum Le corresponds to higher thermal diffusivity and less mass transfer. In

the results a stronger thermal environment and lower concentration distribution are

found as evident in figures 5.8(a, b). The velocity and microrotation graphs against

Le depict that velocity depresses while the micro-rotation vector is not much effected

by Lewis number, can be assessed in figures 5.8(c, d). The escalating behavior of

average Nusselt number against Ra and Lh is shown in figures 5.9(a, b).
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(a) (b)

(c) (d)

Figure 5.2: Impact of various Ra on: a) Horizontal velocity component, b) Temper-

ature, c) Angular momentum, d) Concentration.
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(a) (b)

(c) (d)
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(e) (f)

Figure 5.3: Variations in streamlines and microinertia vector at Pr = 2.0, Nr =

0.01, Le = 100, R = 0.5, Nt = 0.5, Nb = 0.5, Lh = 0.4 : (a, b) Ra = 100, (c, d)

Ra = 500, (e, f) Ra = 1000.

(a) (b)

81



(c) (d)

Figure 5.4: Impact of R on: a) velocity b) microrotation vector, c) concentration, d)

temperature.

(a) (b)
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(c) (d)

Figure 5.5: Variations in streamlines and microinertia vector at Pr = 2.0, Nr =

0.01, Le = 100, Ra = 1000, Nt = 0.5, Nb = 0.5, Lh = 0.4 : (a, b) R = 1, (c, d)

R = 2.0.

(a) (b)
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(c) (d)

Figure 5.6: Impact of Lh on thermal, concentration and flow profiles.

(a) (b)
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(c) (d)

Figure 5.7: Isotherms against various Lh.

(a) (b)
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(c) (d)

Figure 5.8: Impact of Le on flow field and thermal distribution.

(a) (b)

Figure 5.9: Variations in average Nusselt number against (a) Ra and (b) Lh.
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5.4 Concluding remarks

This investigation contains the free convective flow induce by a heated source in the

bottom of vertical rectangular enclosure. Finite volume scheme is adopted to simulate

the partial differential system of the physical model. The parameters controlling the

flow field includes Rayleigh number, vortex viscosity, Lewis and heated source length.

It is concluded that, the velocity, microrotation vector, temperature and concentration

augments at larger Ra. Streamlines distribution increase as Ra elevates. Rising

impact of R possess decay in flow profiles due to stronger viscous nature. Increase

in R corresponds to decrease in convective transport mode which implies decay in

temperature and concentration profiles. Increment in heated source length strengthen

the buoyancy forces which implies the rise in flow and thermal field. Addition of Le

leads to rise in temperature and fall in concentration distribution. Average velocity

and temperature diminish against R whereas, average Nusselt number is enhanced

against both Ra and Lh.
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Chapter 6

Simulation for nanofluid convective

flow inside a partially adiabatic

enclosure influenced by a

sinusoidal oriented heated element

6.1 Introduction

Natural convection is produced by buoyancy force, in which fluid movement is caused

by the rise and fall of hot and cold fluid that is followed by density difference.

Free/natural convection has emerging applications in engineering [80] and industries

such as petroleum [81], nuclear reactors [82], cooling of electronic devices [83], crystal

growth [84], solar collectors [85], biomass [86] and sterilization of canned food [87]

etc. To enhance the convection transportation we have performed a numerical exper-

iment of convective flow situation in the presence of nanoparticles in this chapter. In

the configuration a heated element placed at core region of squared shaped enclosure

which is filled with water-based Oxide nanoparticles. The flow distribution is sub-
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ject to magnetic field applied in an inclined manner. Further, assumption includes

the left and right wall of cavity are considered cooled, the lower boundary is heated

partially, and the remaining boundaries are taken adiabatic. This whole physical

system is translated in mathematical form which involve partial differential system.

Specifically, the flow dynamics and thermal transmission are the quantities of physical

interest. The computational scheme presents the outcomes toward various emerging

parameters in both line-graphs and isolines.

6.2 Model description and governing equations

The physical configuration shown in figure 6.1(a) consists of an enclosure which con-

tained a heated element placed at the core region. The cavity side-length is assumed

to be L, the outside boundaries of enclosure are considered such that, lower wall

is partially heated the upper is taken adiabatic while the left and right walls are

kept cooled. Further, the cavity contains CuO-water nanofluid which undergoes a

two-dimensional flow dynamics and thermal distribution in a steady state.

(a)
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(b)

Figure 6.1: Physical configuration and (b) Mesh distribution of domain.

Specifically, the existence of temperature difference in the regime involve buoy-

ancy forces which are responsible for free convective flow distribution. Moreover, the

operating fluid is affected by Lorentz forces applied in an inclined manner to the

flow situation. The viscosity and thermal conductivity are assumed to be tempera-

ture dependent, thus incorporating the Boussinesq approximation the basic governing

equations are as follows:

∇⃗ · v⃗ = 0, (6.2.1)

v⃗ · ∇v⃗ =
−1

ρnf
∇p+ νnf∇2v⃗ +

i⃗

ρnf
fx +

j⃗

ρnf

(
fy + (ρβ)nfg (T − Tc)

)
, (6.2.2)

v⃗ · ∇T =
knf

(ρCp)nf
∇2T. (6.2.3)

Here v⃗ = (u, v) is the velocity profiles ∇ =
(

∂
∂x
, ∂
∂y

)
is two-dimensional differential
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operator, (ρnf , νnf ) indicate the nanofluid density and viscosity,
(
βnf , (Cp)nf , knf

)
are

the thermal expansion coefficient, specific heat and thermal conductivity of nanofluid.

T signify temperature profile while (Th, TC) are the thermal distribution on heated

and cooled boundaries. fx and fy denote the applied inclined Lorentz forces which

are defined as:

fx = σnfB0
2sinα (vcosα − usinα ) ,

fy = σnfB0
2cosα (−vcosα + usinα ) . (6.2.4)

In which (α, B0) are the inclination angle and strength of the imposed magnetic field,

whereas σnf is the nanofluid’s electrical conductivity.

Here adopted model for thermophysical characteristics is presented by Koo–Kleinstreuer–

Li [57, 58] the properties are described as:

knf = kstatic + kBrownian. (6.2.5)

The conventional static and Brownian motion part as discussed by [56, 57] can be

described as

kstatic = kf

1 +
3
(

ks
kf

− 1
)
ϕ(

ks
kf

+ 2
)
−
(

ks
kf

− 1
)
ϕ

 , (6.2.6)

where the dynamic part is given by

kBrownian = 5× 104ϕ(ρCp)f

√
kbT0

ρsds
f(T0, ϕ). (6.2.7)

Equation (6.2.7) is modified by Li [58] and defined a new function ζ thus the relation

reduces as

kBrownion = 5× 104ϕ(ρCp)f

√
kbT0

ρsds
ζ (T0, ϕ, ds) . (6.2.8)

In which,
(
kb = 1.38× 10−23, T0 = 0.5 (Th − Tc) , ds

)
are the Boltzmann constant,

average temperature and solid particles diameter, whereas the modified function ζ is
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given by:

ζ (T0, ϕ, ds) =
(
a1 + a2lnds + a3lnϕ + a4lndslnϕ + a5lnds

2
)
lnT0 +

a6 + a7lnds + a8lnϕ + a9lndslnϕ + a10lnds
2. (6.2.9)

In above equation (6.2.9) the coefficients a1 − a10 and numerical values of thermo-

physical properties for CuO-water are shown in table 2.1 and 2.2. Moreover, the

electrical conductivity and effective viscosity in term of static and Brownian motion

as considered in [56,57] can be written as:

µnf = µstatic + µBrownian =
µf

(1− ϕ)2.5
+

kBrownian

kf

µf

Pr
, (6.2.10)

σnf = σf

1 +
3
(

σs

σf
− 1
)
ϕ(

σs

σf
+ 2
)
−
(

σs

σf
− 1
)
ϕ

 . (6.2.11)

A dimensionless equations system can be obtained by utilizing the following variables

[75,88].

(X, Y ) =
(x
L
,
y

L

)
, (U, V ) =

(
uL

αf

,
vL

αf

)
, P =

pL2

ρfαf

, θ =
T − Tc

Th − Tc

,

Ra =
gβf (T − Tc)L

3

αfνf
, Pr =

νf
αf

, Ha = B0L

√
σf

µf

. (6.2.12)

By use of the above variables the non-dimensional equations take the form

V̆ · ∇V̆ =
−ρf
ρnf

∇P +
νnf
νf

Pr∇2V̆ + i⃗
ρf
ρnf

PrFX+

j⃗
ρf
ρnf

(
PrFY +

(ρβ)nf
(ρβ)f

PrRaθ

)
, (6.2.13)

V̆ · ∇θ =
(ρCp)f
(ρCp)nf

knf
kf

∇2θ. (6.2.14)

Where V̆ = (U, V ) is the dimensionless flow velocity, (Pr, Ra, Ha) are the Prandtl

number, Rayleigh parameter and Hartman number, while the non-dimensional Lorentz
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forces (FX , FY ) are defined as:

FX =
σnf

σf

Ha2sinα (V cosα − Usinα ) ,

FY =
σnf

σf

Ha2cosα (−V cosα + Usinα ) . (6.2.15)

The boundary constraints of physical domain can be written in non-dimensional form

as: The no-slip condition implies that U = V = 0 on all boundaries. The thermal

conditions are as follows. At vertical portions of the setup:

At
X = 0, 0 ≤ Y ≤ 1,

X = 1, 0 ≤ Y ≤ 1,
θ = 0. (6.2.16)

Upper and lower adiabatic portions:

At
Y = 0, 0 ≤ X ≤ a, b ≤ X ≤ 1

Y = 1, 0 ≤ X ≤ 1,

∂θ

∂n
= 0. (6.2.17)

At outer length and inner element

At Y = 0, a ≤ X ≤ b, θ = 1, (6.2.18)

At (X − 0.5)2 + (Y − 0.5)2 = r2, θ = 1. (6.2.19)

Here we have consider the inner element in the form of parametric curve as:

C(t) = (r(t)cos(t), r(t)sin(t)) , (6.2.20)

where r(t) = Am sin(nt) + r, in which (Am, n) signify the amplitude and element

frequency. The heat transfer rate is the quantity of physical interest, here it is defined

as said by Nusselt number can be expressed as follows

Nu = −knf
kf

∫
hL

∂T

∂n
dX, (6.2.21)

where, hL represents both the outer and internal heated portions while n is the normal

direction to the heated surfaces.
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6.3 Results and discussion

The simulation has been carried out on the governing equations of the physical model

consisting: a partially heated square enclosure with heated element inside core. The

setup is filled with CuO-water nanofluid, herein the results obtained after numerical

simulation against the range of emerging physical parameters controlling flow profile

(velocity field and stream function) and thermal distribution (temperature and heat

transfer rate), such as nanoparticles fraction, Rayleigh number, Hartmann number,

inclination angle of applied magnetic field, frequency and amplitude of inner heated

element, are presented in line graphs and contour plots. Since the operating fluid

is Newtonian nanofluid therefore the Prandtl number has fixed value (Pr = 6.2), the

other parameters are considered in the range (1e3 ≤ Ra ≤ 1e4), (10 ≤ Ha ≤ 1e2),(
π
4
≤ α ≤ 3π

4

)
(0 ≤ ϕ ≤ 0.15), (0 ≤ n ≤ 0.1). The thermophysical properties and val-

ues of the coefficients ai are presented in table 2.1 and 2.2.

Figures 6.2(a − d) present the line-graphs for Nusselt numbers, temperature and

velocity profile at the defined tracks against nano-particles concentrations. It is ex-

amined that the Nusselt number taken along inner heated element up-surges in wavy

manner by the increment of solid particles fraction. See figure 6.2(a) however, the

heat transport rate computed at bottom heated source length decline in response to

addition of nanoparticles fraction as illustrated in figure 6.2(b). The thermal trans-

mission and flow distribution along the vertical mean path are depicted in figures

6.2(c, d). It is reported in figure 6.2(c) that increasing ϕ the thermal field has maxi-

mum values between (0.0− 0.3) and decreasing nature in the interval (0.7− 1.0) the

later diminishing behavior illustrate the influence of upper cooled wall. The flow

profile V in figure 6.2(d) depicts that at lower concentration it has maximum values

in both interval (0.0− 0.3) and (0.7− 1.0) . Its behavior decline as the fluid becomes

more concentrated by adding nano-particles fraction. To be more specific when ϕ
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augments it implies more viscous regime thereby the flow dynamics fall along the ver-

tical mean path. The isotherms variations and streamline distribution against various

nano-particles fractions are demonstrated in figure 6.3(a − f). From portrayed fig-

ures it can be observed that at low concentration the natural convection is stronger

and thereby the contour maps for stream function and isotherms are stronger in the

regime. See figures 6.3(a, b). On the other hand, when particle fraction grow the

figures 6.3(c− f) ensure that buoyancy forces getting weaker and, in the output, sec-

ondary circulations (clockwise) get stronger while the heat transmission switches from

convection to conduction mode. In physical meaning the molecules strength enhances

due to the addition of nano-particles volume fractions which provides resistance to

the flow dynamics and therefore effect the isolines distribution as evident in figures

6.3(a− f) below.

The variations in flow and heat configuration influenced by the element frequency

number n are presented in line-graphs and contour maps. It is portrayed in figure

6.4(a) that heat transfer rate computed at inner heated element propagate in wave

form in the regime. It should be noted that undulation number n really affect the heat

flux rate which possess higher values as n ascends. Heat transfer rate estimated at

outer heated-portion is found decreased as considered in figure 6.4(b), this is because

of the increasing number of undulations suppresses the thermal transmission in the

lower regime. Figures 6.4(c, d) depict the thermal profile and y−velocity component

computed along the mean vertical path. The graph displayed in figure 6.4(c) describe

that temperature in the enclosure increases as the element frequency n grow. Since

as, n multiply the element strength increases which leads to maximum thermal trans-

mission in the enclosure. The velocity field has minimum values by increasing the

undulation of the heated element. It can be noticed that maximum rolls of heated el-

ement possess resistance to the flow profile, hence decreasing flow field in y−direction

as illustrated in figure 6.4(d). The flow patterns and thermal contours in-term of
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streamlines and isotherms against various element frequency number n are presented

in figures 6.5(a − e) and figure 6.5(b − f). It seems that in the flow pattern the

clockwise circulations are increased whereas, the counterclockwise tends to decline as

n changes from 0.02 to 0.08. See figures 6.5(a−e). The isotherms in figures 6.5(b−f)

depict that at the default n (= 0.02) the thermal distribution is of convective nature;

it switches to conductive mode when the element undulations increase up to 0.08. At

smaller n the isotherms indicate that temperature is distributed through convection

while at large element undulations isotherms spread uniformly, and its intensity de-

creases due to predominant conduction effect.

Another important parameter arise due to the impact of Lorentz forces is the Hart-

mann number Ha, and its influences on flow dynamics and energy distribution are

considered in figures 6.6 and 6.7. Form the line graphs shown in figures 6.6(a − d)

it can be noticed that the stronger Lorentz forces translated by maximizing Hart-

mann number Ha, the attenuation of flow profile occurs due to resistive nature of the

Lorentz forces. Consequently, the y−velocity component decrease computed along

the vertical mean position as described in the figure 6.6(a). The temperature profile

has a transverse effect against Ha. As plotted in the figure 6.6(b) it is examined

that along the vertical path temperature has escalating behavior between (0.0− 0.3)

and reduces in the interval (0.7− 1.0). The heat transmission rate both at the in-

ner element and outer heated length is a decreasing function of Ha as illustrated in

figures 6.6(c, d). It can be noticed that increase of Hartmann number attenuates the

convective heat transfer mechanism, implies that the applied magnetic field possess

negative effects on buoyancy forces resulting the dominant conductive heat transfer in

the regime thus Nusselt numbers decline. Figures 6.7(a−e) and 6.7(b−f) present the

streamlines and isotherms for various Ha. The flow patterns indicate that streamlines

rarefy at higher Hartmann number. It ensures that magnetic forces oppose the flow

dynamics and can be confirmed from the isolines in figures 6.7(a − e) that intensity
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of the form formed circulations (clockwise and anti-clockwise) reduces against Ha in

the range (1− 100). As in the above explanation we have discussed that increase of

Hartmann number the convective heat transmission in the enclosure reduces and the

conductive transportation remains dominant. Hence, from the isotherms contour in

figures 6.7(b− f) clarifies that at lower Ha there is still convective heat transmission

occurs but when its values multiply the mode of thermal transport converted to con-

duction mechanism and the isothermal lines spread uniformly in the cavity.

The angle of inclination of applied magnetic field also influenced the flow and thermal

profiles, its variations are presented in figure 6.8. For α = 0 i.e., when the magnetic

field is parallel to the flow direction there is no significant impact on the flow pat-

tern, two circulations in streamlines distribution with uniform density are formed as

shown in figure 6.8(a). Varying inclination angle from π
4
to π

2
and 3π

4
the flow patterns

change, at α = π
4
the contours of stream function indicate that anti-clockwise circu-

lations are pushed upward while the clockwise circulations squeezed downward. See

figure 6.8(c). When the Lorentz forces impact occur perpendicular
(
i.e., α = π

2

)
to

the flow both streamline circulations tend to reduce as exhibited in figure 6.8(e). The

magnetic force applied at α = 3π
4
the orientations of the clockwise circulation changes

form downward to upward whereas, the counterclockwise patterns are pushed down-

ward as presented in figure 6.8(g). On the other hand, thermal profile depicts that

there is no significant impact of the angle of inclination of the magnetic field. The

isotherms are spread uniformly in the cavity just its orientation is reversed when α

changes from π
4
to 3π

4
i.e., at angle α = π

4
isotherms are pushed slightly upward while

at α = 3π
4

isolines are pressed downward as given in figures 6.8(b − h). The stem-

parameter involve in natural convection transportation is Rayleigh number Ra and

its impact on flow configuration cannot be ignored. The outcomes of the proposed so-

lution against different Ra are reported in line-graphs and contour maps as portrayed

in figure 6.9 and 6.10. By nature, Ra is related to buoyancy forces which maintain
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natural convection in the regime. Hence, strengthening Ra boosts buoyancy effects

which leads to stronger convection regime. The heat transfer rate against improving

Rayleigh number indicate maximum values computed at both heated sources (i.e.,

inner element and outer portion). See figures 6.9(a, b). The temperature distribution

given in figure 6.9(c) exhibit that in the interval (0.0− 0.3) it depicts decreasing value

while in interval (0.7− 1.0) it has maximizing behavior. This can be interpreted as at

lower half the heat transmitted from heated lower length and inner element opposes

each other thus thermal profile has lower values. Whereas, in the upper half heat

propagated from inner element in the upward cooled region thus its values increase

as Ra augments. The y−velocity component computed along the vertical mean path

illustrate higher values at various Ra as given in figure 6.9(d). The flow distribu-

tion demonstrated by stream function and isotherms is also controlled by Rayleigh

number. It can be observed that increasing impact of Ra possess stronger buoyancy

forces. The stream function depict that the flow pattern involves two circulations

and with growing Ra both the vertices getting stronger. This implies that convection

transportation is dominant in the region see figures 6.10(a − e). The isotherms also

report that thermal transmission take place through convection remains dominant,

since as Ra is directly proportional to stronger buoyancy effects. This explanation

can be confirmed from the following figures 6.10(b− f).
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(a) (b)

(c) (d)

Figure 6.2: Impact ϕ on (a),(b) Nusselt numbers (c) temperature and (d) velocity

along the defined paths.
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(a) ϕ=0.0 (b) ϕ=0.0

(c) ϕ=0.05 (d) ϕ=0.05

(e) ϕ=0.10 (f) ϕ=0.10

Figure 6.3: Variations in Isotherms (left) and Streamlines (right) at various ϕ.
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(a) (b)

(c) (d)

Figure 6.4: Influence of element frequency n on (a, b) Nusselt numbers, (c) temper-

ature and (d) velocity at shown paths.
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(a) n=0.02 (b) n=0.02

(c) n=0.06 (d) n=0.06

(e) n=0.08 (f) n=0.08

Figure 6.5: Streamlines (left) and Isotherms (right) at different heated element fre-

quency n.
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(a) (b)

(c) (d)

Figure 6.6: Hartman number impact on (a), (b) heat transfer rate, (c) temperature

and (d) y−velocity at indicated paths.
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(a) Ha=10 (b) Ha=10

(c) Ha=50 (d) Ha=50

(e) Ha=100 (f) Ha=100

Figure 6.7: Streamlines (a-e) and Isotherms (b-f) variations with respect to Hartman

number Ha.
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(a) α = 0 (b) α = 0

(c) α = π
4 (d) α = π

4

(e) α = π
2 (f) α = π

2
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(g) α = 3π
4 (h) α = 3π

4

Figure 6.8: Variation in Streamlines (a-g) and Isotherms (b-h) at different inclination

angle α.

(a) (b)
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(c) (d)

Figure 6.9: Impact of Raleigh number on (a, b) heat transfer rate, (c) temperature

and (d) y−velcoity at indicated paths.

(a) Ra = 103 (b) Ra = 103
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(c) Ra = 104 (d) Ra = 104

(e) Ra = 105 (f) Ra = 105

Figure 6.10: Influence of Ra on Streamlines (a-e) and Isotherms (b-f).

6.4 Concluding remarks

Finite element simulation is performed to examine the flow problem arising from a

physical system which contain an enclosure filled with nanofluid. The free-convective

flow situation occurs due to the presence of core-heated element influenced by oblique

magnetic forces. Some physical parameters involved in the flow dynamics which

control the thermal and flow configuration. Interesting results are obtained (1D-

linegraphs and contour maps) against element undulation, particle fraction, Hart-

108



mann number and Rayleigh parameter. The key findings are concluded as:

� Nanoparticles addition rarefies the flow profile while the thermal transmission

improves.

� Increasing undulation of heated element heat transport rate has higher values

whereas, the flow field reduces.

� The flow distribution is suppressed by the applied magnetic force however the

Nusselt number escalates.

� The orientation of the isolines (streamlines and isotherms) changes at various

inclination angle of the applied magnetic force.

� At higher Rayleigh parameter not only the heat transportation rates shoot up

the flow distribution also rises because of the stronger buoyancy regime.

� The free-convective regime is maintain presented by isolines at various improv-

ing Ra.
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Chapter 7

Forced convection of rotating

cylinder in nanofluid filled vented

porous parallelogram enclosure

7.1 Introduction

Flows confined in enclosure with rotating object have practical applications and

great importance in various engineering and industrial aspects, for instant, in the

centrifugally-driven separation processes, electrochemical cells, chemical reactors, tri-

bology, in the production of oil and gas, hydraulic equipment and fluid viscometers

etc. Understanding the mixed convective flow situation in an enclosure with sinu-

soidal horizontal walls and with rotating cylinder in a vertically-oriented annular gap

whose outer wall is stationary while the inner wall rotates is a topic of great signif-

icance within the broader scope of fluid flows. Forced convection of CuO nanofluid

in porous parallelogram cavity having inlet and outlet ports is analyzed here in this

chapter. Flow and thermal distributions are influenced by porous media and CuO

nanoparticles. Force convection in an enclosure is developed by external cold fluid
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inflow and rotating cylinder. Partially heated corrugated wall at the bottom of cavity

maintain free convection. Moreover, upper corrugated wall is cold, while the remain-

ing walls of the enclosure are taken to be insulated. This physical model in converted

into partial differential equations and solution of these equations are attained through

finite element method. The outcomes are presented in terms of Nusselt number, line

graphs and contour maps.

7.2 Physical model and governing equations

Consider the steady flow of CuO–water nanofluid in a partially heated parallelogram

enclosure. Rotating cylinder is placed at the center of enclosure with constant tem-

perature Tc. Inflow opening is placed at the top left corner of the enclosure and inflow

fluid is assumed to be cold. Outlet port is placed at the bottom left corner of the

enclosure. The vertical walls of enclosure are insulated. Lower corrugated wall of the

enclosure has a constant temperature Th. Figure 7.1(a) displays the geometry of the

problem. Triangular mesh distribution of the physical domain is exhibited in figure

7.1(b).
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(a)

(b)

Figure 7.1: Physical model and (b) Mesh distribution of domain.

The considered flow problem is influenced by porous medium resistance and parti-

cles concentration as well. Base fluid and nanoparticles are assumed to be in thermal
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equilibrium. Under these considerations given problem obeys the following conserva-

tion laws:

∂u

∂x
+

∂v

∂y
= 0, (7.2.1)

u
∂u

∂x
+ v

∂u

∂y
= − 1

ρnf

∂p

∂x
+ νnf

(
∂2u

∂x2 +
∂2u

∂y2

)
− νnf

Kp

u, (7.2.2)

u
∂v

∂x
+ v

∂v

∂y
= − 1

ρnf

∂p

∂y
+ νnf

(
∂2v

∂x2 +
∂2v

∂y2

)
+

(ρβ)nf
ρnf

g(T − TC)−
νnf
Kp

v, (7.2.3)

u
∂T

∂x
+ v

∂T

∂y
=

knf
(ρCp)nf

(
∂2T

∂x2 +
∂2T

∂y2

)
. (7.2.4)

With the associated boundary conditions for parallelogram enclosure are given as:

Temperature at left and right walls
∂T
∂x

= 0, at 0.0 ≤ y ≤ l, x = 0.0,

∂T
∂x

= 0, at 0.0 ≤ y ≤ l, x = 15l
10
.

(7.2.5)

Temperature at upper wall{
T = Tc, at y = λ sin(ωπ x

l
), 3l

10
≤ x ≤ 5l

10
. (7.2.6)

Temperature at lower wall
∂T
∂y

= 0, at y = λ sin(ωπ x
l

), 0.0 ≤ x ≤ 3l
10
,

∂T
∂y

= 0, at y = λ sin(ωπ x
l

), 9l
10

≤ x ≤ 12l
10
,

(7.2.7)

and {
T = Th, at y = λ sin(ωπ x

l
), 3l

10
≤ x ≤ 9l

10
. (7.2.8)

At inlet

T = Tc, u = Uo, v = 0 at
8l

10
≤ y ≤ l, x = 0. (7.2.9)

At outlet

∂T

∂x
= 0, u = 0, v = 0 at 0 ≤ y ≤ 2l

10
, x =

15l

10
. (7.2.10)
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At cylinder

T = Tc, u = −Ω (y − y0) , v = Ω(x− x0) . (7.2.11)

Velocity at remaining walls

u = 0, v = 0. (7.2.12)

Here (x, y) components of fluid’s velocity are (u, v) and T denotes the temperature.

knf , (ρCp)nf , (ρβ)nf , νnf , ρnf represents thermal conductivity, heat capacitance, ther-

mal expansion coefficient, kinematic viscosity and effective density of the nanofluid.

Whereas, temperature at cooled and heated boundaries are Tc and Th. Ω is the ro-

tational velocity of the cylinder. Koo–Kleinstreuer–Li defines thermal conductivity

and dynamic viscosity as [56–58].

knf = kstatic + kBrownian.

Maxwell defined kstatic as

kstatic = kf

1 +
3
(

ks
kf

− 1
)
ϕ(

ks
kf

+ 2
)
−
(

ks
kf

− 1
)
ϕ

 .

Dynamic part is represented as

kBrownian = 5× 104ϕ(ρCp)f

√
KbT0

ρsDs

f(T0, ϕ).

Here, Ds, T0

(
= 1

2
(Th − TC)

)
, Kb(= 1.38 × 10−23) are diameter of nanoparticles, av-

erage temperature and Boltzmann constant while f(T0, ϕ) is expressed as

f(T0, ϕ) = 0.011(100ϕ)−0.7272
{
(−6.04ϕ+ 0.4705)T0 + (1722.3ϕ− 134.63)

}
.

(7.2.13)

Viscosity due to Brownian motion is expressed as

µnf = µstatic + µBrownian =
µf

(1− ϕ)2.5
+

kBrownian

kf

µf

Pr
,
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Remaining thermodynamic properties are expressed by [73].

ρnf = (1− ϕ)ρf + ϕρs,

(ρCp)nf = (1− ϕ)(ρCp)f + ϕ(ρCp)s,

(ρβ)nf = (1− ϕ)(ρβ)f + ϕ(ρβ)s. (7.2.14)

Defining the non-dimensional variables as [74,75].

X =
x

l
, Y =

y

l
, U =

u

Uo

, V =
v

Uo

, T =
T − Tc

Th − TC

,

P =
P

ρfU2
o

, Da =
Kp

l2
, Re =

Uol

νf
, Pr =

νf
αf

, Ω =
l

Uo

Ω. (7.2.15)

By using these variables the governing equations (7.2.2)-(7.2.4) with boundary con-

ditions (7.2.5) to (7.2.12) reduce to non dimensional form as follows

U
∂U

∂X
+ V

∂U

∂Y
= 0, (7.2.16)

U
∂U

∂X
+ V

∂U

∂Y
= −A

∂P

∂X
+

B

Re

(
∂2U

∂X2
+

∂2U

∂Y 2

)
− U

B

ReDa
, (7.2.17)

U
∂V

∂X
+ V

∂V

∂Y
= −A

∂P

∂Y
+

B

Re

(
∂2V

∂X2
+

∂2V

∂Y 2

)
+ CT

Gr

Re2
− V

B

ReDa
, (7.2.18)

U
∂T

∂X
+ V

∂T

∂Y
=

D

PrRe

(
∂2T

∂X
+

∂2T

∂Y 2

)
. (7.2.19)

Temperature at both vertical walls

0.0 ≤ Y ≤ 1.0, X = 0.0

0.0 ≤ Y ≤ 1.0, X = 1.5

 ∂T

∂X
= 0. (7.2.20)

Temperature at upper wall

Y = Am sin(ωπX), 0.3 ≤ X ≤ 1.5
}
T = 0. (7.2.21)

Temperature at lower wall

Y = Am sin(ωπX), 0.0 ≤ X ≤ 0.3

Y = Am sin(ωπX), 0.9 ≤ X ≤ 1.2

 ∂T

∂Y
= 0. (7.2.22)
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and

Y = Am sin(ωπX), 0.3 ≤ X ≤ 0.9
}
T = 1. (7.2.23)

At inlet

U = 1, V = 0, 0.8 ≤ Y ≤ 1, X = 0.0
}
T = 0. (7.2.24)

At outlet

U = 0, V = 0, 0.0 ≤ Y ≤ 0.2, X = 1.5
} ∂T

∂X
= 0. (7.2.25)

At cylinder

U = −Ω(Y − Y0), V = Ω(X −X0)
}
T = 0. (7.2.26)

Velocity at remaining walls

U = V = 0. (7.2.27)

Dimensionless physical parameters in the above equations are denoted as

A =
ρf
ρnf

, B =
A

(1− ϕ)2.5
+

A× kBrownian

Pr kf
, (7.2.28)

D =
(ρCp)f
(ρCp)nf

+
(ρCp)f
(ρCp)nf

(
kstatic
kf

− 1

)
+

(ρCp)f
(ρCp)nf

kBrownian

kf
, (7.2.29)

C =A

(
1− ϕ+ ϕ

(ρβ)s
(ρβ)f

)
, Am =

λ

l
. (7.2.30)

Where A,B,C and D are dimensionless thermophysical parameters.

Heat transfer along the heated lower corrugated wall of the enclosure can be defined

as

Nu = −knf
kf

∂θ

∂Y

∣∣∣
wall

Num =

∫
s

Nuds. (7.2.31)

Here s represents the heated surface of the enclosure.
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7.3 Results and discussion

Forced convection heat transfer inside a parallelogram cavity filled with CuO-water

nanofluid is examined here. The enclosure is partially heated at the bottom. The

flow and heat transfer regimes are influenced by bottom heating, rotating cylinder,

inflow and outflow. The finite element method is adopted to attain the solution of

governing PDEs. Temperature field has been examined in terms of isotherms and

temperature profiles for the horizontal mean position while the flow field has been

examined in terms of streamlines within the fluid domain and velocity profiles for a

horizontal mean position respectively. Furthermore, the average Nusselt number has

been considered to calculate the heat transfer along the heated corrugated wall of the

cavity. Consequences of this study have been illustrated graphically in figures 7.2-7.9,

respectively. The outcomes for various ranges ([89]) of Ri (10−2 to 102), Da (10−3 to

10−1), ϕ (0.0 to 0.2) and Ω (−50 to 50) are disclosed in the upcoming subsections.

Figures 7.2(a, b) demonstrate the line graphs of velocity and temperature for var-

ious values of Richardson number. It can be observed that, velocity profiles decline

near inlet port, upraise in the velocity occurs due to the presence of rotating cylinder

and then again velocity declines near the exit port. Moreover, the temperature line

tends to increases because the thickness of thermal boundary layer getting stronger

with the increase in Ri. This shows that with the rise in Ri, influence of force

convection declines and natural convection prevails in the enclosure. Another im-

portant property to consider is the heat transfer rate and its average value against

thermally active portion is computed for various Grashof number. It is reported in

figure 7.2(c) that average Nusselt number has maximum behavior at higher Gr and

minimum values at lower Gr. This reveals that approaching to large Grashof number

natural convection regime gets dominant. Figures 7.3(a− f) displays the streamlines

and isotherms for various Richardson number while other parameters are kept fixed.
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Richardson number is the ratio of free and forced convection i.e., Ri = Gr
Re2

. At small

values of Richardson number i.e., less than unity, forced convection prevails and it

overcomes the natural convection. At Ri = 0.01, fluid enters the cavity from inlet

port and creates a single vortex as portrayed in figure 7.3(a). Due to the dominance

of shear force which is produced by the fluid inflow and rotation of the cylinder, entire

fluid flows in an anticlockwise direction around rotating cylinder situated at the cen-

ter of enclosure and then leaves the cavity from the outlet port. Because, at fixed Gr,

small values of Ri implies large values of Re that augments the shear driving force and

prompts forced convection. figure 7.3(b) illustrates that isotherms are crowded near

the heated portion of the enclosure because of stronger force inflow and enhanced ro-

tating speed at high Reynolds number. By increasing Richardson up to unity, forced

convection turns to the mixed convection mode that is the combination of two effects.

The first one is shear force, which produces from rotation of the cylinder and fluid

inflow, while the second one is buoyancy force produces from temperature difference.

Thus at Ri = 1, streamlines and isotherms are the result of interaction of free and

forced convection as illustrated in figures 7.3(c, d). Further rise in Richardson number

augments the buoyancy force, which promotes natural convection and the influence

of force convection declines. At Ri = 100, buoyancy force is prevailing as a result,

clockwise vortex develops in the left bottom of the cavity. In addition, due to the

weakening of cylinder’s rotation some fluid flows over the cylinder towards outlet

port (see figure 7.3(e)). Because at large values of Ri, buoyancy effect escalates and

the influence of fluid inflow and cylinder’s rotation is minimal due to low values of

Reynolds number. On the other hand, figure 7.3(f) reveals that isotherms distribute

in the whole cavity, since boundary layer thickness increases with the enhancement of

buoyancy force. Line graphs of velocity and temperature for various Darcy numbers

are exhibited in figures 7.4(a, b). With the enhancement of Da line graph of velocity

along the horizontal mean position displays decreasing behavior near the inlet port
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and increasing behavior near the outlet port. Temperature of the fluid rises with

the rise in Da as portrays in figure 7.4(b). Since with the escalation of Da, solid

matrix distance increases which eventually enhance fluid motion and strengthen the

convection. In view of porous medium resistance average Nusselt number computed

along heated wavy length is presented in figure 7.4(c). The displayed results confirm

the above physically explained behavior that at maximum Da the convective heat

transfer rate has maximum value and lower valuer at smaller Da. Since the resis-

tance of porous medium is greater when the solid matrix gap is smaller. Thus along

the thermal active portion the surface friction coefficient is greater at smaller Da, it

is due to more viscous nature of flow profile. This influence of Da is presented in

figure 7.4(d). The influence of various Darcy number on streamlines and isotherms

for fixed Re = 10, Gr = 1e3, ϕ = 0.1 and Ω = 50 is portrayed in figures 7.5(a − f).

Streamlines in figure 7.5(a) illustrates that at Da = 10−3, flow circulation is week,

inflow fluid flows above and below the cylinder toward outlet port and small amount

of fluid rotates around the cylinder (see figure 7.5(a)). Because at low values of Darcy

number, permeability of porous media is less that offers more resistance and causes

the porous matrix to cease the flow in a porous region as a result speed of the flow

reduces. figure 7.5(b) depicts that isotherms are nearly parallel and less dense around

the heated wall displaying that heat is transferred through conduction. Streamline

in figure 7.5(c) reveals that as Darcy number increases to Da = 10−2, resistance

decreases and solid matrix distance increases as a result permeability of the porous

media enhances and fluid flows easily through the pores. figure 7.5(d) portrays that

isotherms are getting closer to the heated portion of the enclosure specifying that

convection is prevailing. As Darcy number rises to Da = 10−1, the strength of flow

circulation increases and entire fluid circulates around the rotating cylinder that al-

most covers the whole enclosure as presented in the figure 7.5(e). Because high values

of Da, upsurges the permeability of porous media and solid matrix distance by weak-
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ening the resistance. Consequently strength of flow circulation intensifies and fluid

travels through the pores easily. Isotherms are moving closer to the heated wall of

the cavity as illustrated in figure 7.5(f) because with the increase in permeability

of porous media heat is transported through convection for large values of Darcy

number.

The outcomes for velocity and temperature against various ϕ along horizontal

mean position is presented in figures 7.6(a, b). With augmentation in the values of

ϕ both velocity and temperature profiles declines near the inlet port and rises near

the outlet port. Since, escalation in the thermal conductivity with the addition of

nanoparticles leads to an intensification in the heat transfer rate. Thus it is depicted in

figure 7.6(c) average Nusselt number has augmented behavior against higher particle

concentration and being the property of nanoparticles the heat transfer rate escalates

versus its maximum volume concentration. Figures 7.7(a−f) demonstrates streamline

and isotherms for various nanofluid solid volume fractions. figure 7.7(a) depicts that

at ϕ = 0, two clockwise circulations are established at the bottom of the cavity.

Small amount of fluid flows around rotating cylinder in anticlockwise direction and

maximum fluid flows above the cylinder towards the outlet port. At ϕ = 0.1, right

circulation vanishes and the size of left circulation reduces as presented in figure 7.7(c).

Flow circulations decline with enhancing volume fraction since, higher concentration

of nanoparticles into base fluid upsurges the fluid viscosity, that slows down the flow

movement. At ϕ = 0.2 all secondary circulations vanish and entire cavity is covered

with single anticlockwise circulation (see figure 7.7(e)). Since addition of nanofluid

to the base fluid causes declination in velocity of the flow inside the enclosure. figure

7.7(b) depicts that at ϕ = 0, isotherms are almost steep near the heated wall of the

cavity. With the increase in volume fraction up to ϕ = 0.2 isotherms turn out to

be parallel along the heated wall (see figure 7.7(f)). Isotherms reveals that with

the increases in volume fraction mode of heat transfer varies from convection towards
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conduction. Hence, with the enhancement of volume fraction conduction mode of heat

transfer is prevailing that upsurges the thermal conductivity of the working fluid.

Figures 7.8(a − d) exhibits the impact of rotation in anticlockwise and clockwise

direction on temperature and velocity in terms of Line graph. When cylinder is

rotating in an anticlockwise direction, velocity of the fluid at inflow is greater than

outflow but in clockwise direction, velocity of fluid at outflow is greater than inflow as

given in figures 7.8(a, c). In anticlockwise rotation, direction of the cylinder is opposite

to the flow direction that produce fluctuations in temperature value but in clockwise

rotation, direction of cylinder is same to the flow direction that enhances temperature

value as depicted in figures 7.8(b, d). Since cylinder rotation has considerable impact

on flow situation thus it is important to compute the average skin friction coefficient

along the rotating body as well. The evaluated result against Ω is presented in figures

7.8(e, f). As shown that the average drag coefficient has smaller values at lower Ω and

higher at maximum rotation. This behavior is because when the cylinder rotates at

slower speed (i.e., Ω = 10) it provide smaller resistance to the inflow fluid. Whereas,

at faster cylinder rotation the in-flow is faced by strong resistance because when the

inflow comes in contact with the faster rotating cylinder it is pushed back. That’s

why the average surface friction is higher at large rotating speed Ω. The impact of

the direction of rotating cylinder in terms of streamlines and isotherms is illustrated

in figures 7.9(a−j). It can be observed from figure 7.9(a) that when cylinder is static

i.e., at Ω = 0 flow field configurations are the consequence of inflow and temperature

difference. Cold fluid spreads in the enclosure through inlet port situated at the top

of left wall. In this case, cylinder acts as cold obstacle situated at the center of cavity

thus fluid moves transversely downward and leave the cavity through outlet port

situated at the bottom of right wall. Temperature difference give rise to buoyancy

force, which produces clockwise circulation underneath the stationary cylinder. figure

7.9(b) exhibits that isotherms are prevailing in the wider region of the enclosure when
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cylinder is stationary, which reveals that buoyancy effect is controlling as compared

to shear driving effect. At Ω = 10, flow configurations are established because of

shear force (that is produced by combine effect of fluid inflow and cylinder rotation)

and buoyancy force (that is produced by temperature difference). When cylinder is

rotating in an anticlockwise direction, it opposes the direction of fluid inflow thus less

fluid pass above the cylinder and direction of most of the fluid changes and it flows

beneath the cylinder to reach the outlet port. Circulation shown up at the left bottom

of the enclosure in the motionless cylinder case reduces in size due to the diminution

of buoyancy force as presented in figure 7.9(c). Increased cylindrical rotation has

suppressed the isotherms due to the enhancement of shear force as depicts in figure

7.9(d). At Ω = −10 cylinder is rotating in clockwise direction, it aids the direction

of fluid inflow, most of the fluid flows above the cylinder towards the outlet port,

and isotherms spread in the wider region of the enclosure as depicts in figure 7.9(e).

The impact of rotating cylinder is enhanced at high values of rotational speed i.e.,

at Ω = 50. In case of anticlockwise rotation, all fluid flow beneath the cylinder and

reaches the outlet port as displays in figure 7.9(g). At Ω = −50 cylinder is rotating in

an anticlockwise direction, rotating cylinder pushes all inflow fluid above the cylinder

toward the outlet port as portrayed in figure 7.9(i). In both cases, single vortex

is formed by the rotation of cylinder that encompasses almost entire enclosure due

the enhancement of shear force. Isotherms compressed towards the heated surface

in anticlockwise rotation as shown in figure 7.9(h). Clockwise rotation spreads the

isotherms in the entire enclosure as revealed in figure 7.9(j).
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(a) (b)

(c)

Figure 7.2: Influence of Ri on V, T and Nuav in ((a), (b)) and (c) along horizontal

mean position and heated portion.
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(a) Ri=0.01 (b) Ri=0.01

(c) Ri=1.0 (d) Ri=1.0

(e) Ri=100 (f) Ri=100

Figure 7.3: Streamlines (left) and Isotherms (right) at various Richardson number Ri
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(a) (b)

(c) (d)

Figure 7.4: Influence of Da on V and T in ((a), (b)) along horizontal mean position

and Nuav and Cfav in ((c), (d)) against heated portion.
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(a) Da=10−3 (b) Da=10−3

(c) Da=10−2 (d) Da=10−2

(e) Da=10−1 (f) Da=10−1

Figure 7.5: Streamlines (left) and Isotherms (right) at various Darcy number Da
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(a) (b)

(c)

Figure 7.6: Influence of ϕ on V, T and Nuav in ((a), (b)) and (c) along horizontal

mean position and heated portion.
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(a) ϕ = 0.0 (b) ϕ = 0.0

(c) ϕ = 0.1 (d) ϕ = 0.1

(e) ϕ = 0.2 (f) ϕ = 0.2

Figure 7.7: Streamlines (left) and Isotherms (right) at various volume fractions ϕ
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(a) (b)

(c) (d)
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(e) (f)

Figure 7.8: Influence of Ω on V, T and Cfav in anticlockwise ((a), (b), (e), (f)) and

clockwise directions ((c), (d)).

(a) Ω = 0 (b) Ω = 0

(c) Ω = 10 (d) Ω = 10
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(e) Ω = −10 (f) Ω = −10

(g) Ω = 50 (h) Ω = 50

(i) Ω = −50 (j) Ω = −50

Figure 7.9: Streamlines (left) and isotherms (right) at different rotation speeds and

directions Ω.
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7.4 Concluding remarks

This study has scrutinized a numerical simulation of forced convection in porous

vented parallelogram enclosure containing nanofluid with partially heated lower wall.

The simulations have analyzed the impact of Darcy number, Richardson number,

nanoparticles volume fraction and magnitude and direction of rotating cylinder on

flow configuration. Escalation of Richardson number, leads to the development of

additional anticlockwise circulation due to the enhancement of buoyancy force and

isotherms move farther from heated source and dispersed in the wider portion of the

cavity. Rise in Darcy number upsurges the permeability of porous media by weaken-

ing the resistance. Consequently strength of flow circulation intensifies and isotherms

reveal that convection mode of heat transfer become prevailing as compare to con-

duction. Increasing the volume fraction of nanoparticles leads to an intensification in

flow circulations and heat transfer. Circulations get stronger at the enhanced values

of rotating magnitude. Heat transportation is maximum when cylinder is rotating in

clockwise direction as compared to anticlockwise direction.
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