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Abstract

Average scattered field from a perfect electric conductor (PEC) cylinder and per-
fect electromagnetic conductor (PEMC) cylinder with random radius is investigated.
Uniform and normal distributions of the radius are considered. First, a very small
cylinder is considered and analytical expressions for average scattered field can be
written using small approximation of cylindrical wave functions. Co polarized aver-
age scattered field from a very small PEMC cylinder depends upon only zeroth order
scattering coefficient while higher order coefficients contribute in cross polarized aver-
age scattered field. Zeroth order scattered field of a very small PEMC cylinder can be
written as sum of zeroth and first order scattered field of a PEC cylinder. For a small
and large cylinder, it is not possible to write down analytical expressions for average
field so numerical average is done. Average scattered field from a small PEC cylinder
of random radius differs from the scattered field from a PEC cylinder with mean
radius for both transverse magnetic (TM) and transverse electric (TE) polarizations
respectively. For a small PEMC cylinder it has been observed that the average co
polarized scattered field is equal to scattered field from a cylinder with mean radius.
This is not true in case of cross polarized scattered field and difference can be seen
for most of the scattering angles. In case of large PEC/ PEMC cylinders it is worth
mentioning that the average scattered field is almost equal to the scattered field from
a cylinder with mean radius.

In the second problem, the perturbation theory (PT) is used to calculate the
scattered field from a slightly perturbed PEC/PEMC cylinder for shape perturba-
tion. Both transverse magnetic (TM) and transverse electric (TE) polarized inci-
dence fields are considered. A relation between the PT and the model for random
cylinder (RC) generation is developed which is important for the PT to remain valid
during the numerical simulations. The scattered field expressions obtained using the

PT are verified using the result obtained by method of moments (MoM) in case of a



PEC cylinder. The solution obtained by using the PT is more efficient in terms of
simplicity and computational time. The scattering cross section for both the PEC
and PEMC random cylinders is analyzed by varying the perturbation parameter B
and the parameter describing the RC generation N. In particular, the distinctions
due to perturbation are pronounced in the forward and backward scattering. It is
noticeable that both B and N control the roughness of the cylinder and hence affect

the scattering pattern.

i



Chapter 1

Introduction

Scattering from random boundaries and structures is an area of special interest for
remote sensing and it can be applied in tropospheric wave propagation, wireless com-
munication and radar technology, etc. Scattering is also very important phenomenon
in modelling the channel for wireless communication. Owing to the random nature
of the channel, it is difficult to predict the behaviour of the channel. The randomness
could arise in two ways, either in the shape of the cylinder i.e., non circular /arbitrarily
shaped structures or in the parameters such as radius, location etc. The applications
also include semi deterministic wideband propagation for urban environments. Scat-
tering properties of the structure depend on the physical and geometrical parameters
such as size, material and shape of the object. Moreover, the hosting medium also
affects the scattering pattern in cylindrical structures.

The interaction of electromagnetic waves with the scatterer depends upon the
material of the scatterer. The scattering response varies a lot with the change of the
material properties. It is hard to predict the behavior of the scattered field. In general,
forward and backward scattering properties are of interest in many applications which
have widely being investigated for many available naturally materials. With the
advancement in science many artificial materials are engineered named metamaterials.
Researchers took the challenge to explore the electromagnetic interaction with such
materials.

In the literature, very little work has been found to study scattering from random



boundaries. In this research work, electromagnetic scattering from a perfect electro-
magnetic conductor (PEMC) random cylinder is studied. The aim is to calculate the
analytical solution of the average field scattered from a PEMC cylinder for both ran-
dom size and random shape. This chapter includes motivation of the research work
and introduction to the main problem, literature review of the current research work

for regular and irregular structures, contribution and outline of the thesis.

1.1 Realization of a PEMC boundary

Electromagentic boundary conditions play an important role to describe the wave
interaction of field and objects. For a perfect electric conductor (PEC) object, the

tangential components of the electric field must be continuous [1], i.e.,
ixE=0 (1.1.1)

where 77 is the unit vector normal to the surface of the cylinder. The boundary con-

dition for a perfect magnetic conductor (PMC) is often written in terms of magnetic
field as,

iix H=0 (1.1.2)

The boundary conditions described in equations (1.1.1) and (1.1.2) can be combined

using the admittance parameter M as [2],
7 % (Mﬁ+ﬁ) ~0 (1.1.3)

For M — o0, boundary condition for PEC is extracted while the boundary condition
for PMC is retrieved for M = 0. PEMC boundary is proposed by Lindell and Si-
hvola [3, 4]. It is reported that a layer of bi-isotropic Tellegen medium or gyrotropic
anisotropic medium when added with a guiding structure acts as a PEMC bound-
ary. Montaseri [5] et al. proposed the realization of the curved PEMC boundary. A
PEMC boundary has been practically realized in [6]. Also, PEMC structure has been
proposed using graphene sheet deposited onto a PEC backed dielectric layer in [7].



1.2 Scattering from deterministic boundaries

Scattered field from a PEC cylinder is investigated in [1]. Scattering width (SW)
is observed for small as well as large radius of the object. For small radius of the
object, it is observed that SW does not vary too much for all scattering angles.
On the other hand, scattering width for large radius varies rapidly as a function of
scattered angle. Scattering by dielectric cylinders is reported in [8]-[9] where scattered
as well as transmitted field exists. Due to the presence of transmitted field, the radar
cross section (RCS) may be small. Scattering by two nearby conducting cylinders is
discussed in [10]. Scattered field from multiple cylinders have been reported in [11]-
[12]. Yin et al. [13] studied the scattered field from an array of circular bi anisotropic
cylinders for normal incidence while an oblique incidence is discussed in [14].

Scattering from a metamaterial object such as PEMC cylinder has been reported
in [2]. For a special case M = 1/1y, maximum cross polarized scattered field is ob-
served where 79 is the impedance of the free space. It is also observed that for an
unpolarized incident wave, scattering width is independent of the parameter M. Scat-
tering by a PEMC elliptic cylinder is investigated in [15]. The analytical solution for
the field is obtained using the method of separation of variables. Scattered field from
parallel metamaterial cylinders is discussed in [16]. It is reported that the scattering
cross section increases in forward direction for an array of cylinders which can be used
for increasing the directivity of the antennas. Later on, many researchers discussed
the various scattering scenarios such as PEMC cylinder coated with metamaterial
[17]-[21].

Scattering from buried objects is another important class of the problem. In [22],
scattering from a PEC cylinder under a dielectric half space is studied using spectral
domain solution. Scattered field from a finite set of buried PEC cylinders is reported
in [23] while dielectric circular cylinders are discussed in [24]. A semi analytical
cylindrical wave approach is used to calculate the scattered field for both near and
far zones. In [25], PEC cylinders buried below a dielectric slab is studied. Scattered
field from a PEMC cylinder buried under a flat interface is reported in [26] while



rough interface is assumed in [27, 28].

1.3 Scattering from random boundaries

Scattering from the random media has been discussed as early as 1950 by Rice and
Cartwright [29, 30]. Their main focus was on planar random surfaces. Liang et al.
[31] reported the scattering by rough surfaces with large heights and slopes. Further,
scattering from a three dimensional arbitrary layered media having periodic rough
interfaces was presented in [32, 33]. A small amount of effort has been made to study
the scattered field from cylindrical objects with random shape and radius as compared
with the random planar surface scattering.

In [34], scattering from a PEC cylinder of an arbitrary shape is discussed using
the perturbation theory (PT) while a dielectric cylinder is reported in [35]. It is
shown that acoustically vibrating an object at its resonant frequencies can provide
an effective method to measure the Doppler scattered response monostatically or
bistatically. Scattered field from an object of arbitrary shaped cylindrical structures
is discussed in [36, 37]. Ashraf and Rizvi [38] reported the electromagnetic scattering
from a random cylinder of arbitrary shape by the method of moments (MoM). It is
reported that the coherent scattering cross-section increases in the forward direction
as the randomness increases and decreases in a backward direction. In [39], both the
studies of [34] and [38] are combined to relate the PT with the random cylinder (RC)
generation. The PT requires small surface variations as compared to wavelength of
incident field and it is a computationally efficient method while the MoM is shape
dependent and the computational time increases manifolds if the scatterer size is
large. Scattering from a PEC cylinder with random radius placed under a slightly
rough surface was studied by Fiaz et al. [40]. This work has been done analytically
using the PT for rough surface scattering. Average cross polarized scattering from a
random PEMC cylinder with uniform and normal distribution of the radius has been

reported in [41].



1.4 RC models

Random cylindrical structures can be defined in three different types in cylindrical
coordinate system (r, 6, z) i.e., a circular RC, an axially corrugated RC and an
angularly corrugated RC. In circular RC, the radius 'r’ is a random variable. The
ensemble of this type of RCs will have circular cylinders with different radii. In axially
corrugated RC, the radius 'r(z)” of the RCs is a stochastic process with parameter
z. The cross section of these cylinders will be circular having different radius at
different 'z’ values. In an angularly corrugated RC, the radius, which is a stochastic
function of azimuthal angle '6’, will be different at different angles. The cross section
of the angularly corrugated RC does not vary along cylindrical axis. The modeling
of angularly corrugated RC is most difficult because of a periodic random process
needed to generate it.

In literature, three different models for angularly corrugated RC generation are
discussed [43, 44, 38]. In [43], RC is defined by a stationary stochastic process with
zero mean, obtained with its correlation function exp{—2asin?(6/2)}. This correla-
tion function should be even, translationally invariant and periodic with period 2.
Hence, this model is restricted by its correlation function. The second model re-
ported in [44] is defined in terms of an infinite Fourier series where the coefficients
are independently complex Gaussian random variables. The above two RC models
posses various disadvantages. In the first model, the shape of the cylinder cannot
be controlled directly by the correlation function. In the second model, the complex
Gaussian coefficients of the infinite Fourier series describe a noisy random process
and the electromagnetic boundary conditions are difficult to satisfy.

In [38], the finite Fourier series is used to generate a random cylinder and it is

given by
N
p(0) = Z Y,, cos(nf + ) (1.4.1)
n=1

It is assumed that the random amplitude Y,, and phase v, are independent and

identically distributed uniformly between [—B, B] and [—m, 7| respectively. In this



model, p(f) is zero mean and its variance is NB?/6 where N denotes the number
of terms. The maximum value of the sum of the series is |[NVB|. By adding the
mean radius ry, a random cylinder can be realized whose radius cannot be negative
if ro > NB.

In this research, a random cylinder has been generated using the model reported
in [38]. This model is not limited by the choice of correlation function as in [43, 44].
It gives a better control on the shape of the resultant cylinder and the cylinder will

have no negative radius at any angle.

1.5 Thesis overview and scientific contribution

The flow chart of the thesis is shown in figure 1.1. Chapter 2 presents the scattering
from a PEC circular cylinder of random radius with uniform/normal distribution.
Assuming that the size of the cylinder is very small, the analytical expressions for
average scattered field are written using the small approximation of cylindrical wave
functions. It is worth mentioning that the small approximation used in [1, 40] reduces
the size of the cylinder to a very thin wire. The approximation used in this work
enabled to obtain the analytical expressions for average scattered field for a relatively
larger radius. Beyond a certain value of radius, it is not possible to write down
analytical expressions for the average field and the numerical average is obtained,
i.e., an ensemble average of the field scattered from all the generated RC’s. The
average field is obtained for 500 realizations of RC. Moreover, scattered field from a
cylinder with mean radius is calculated and its difference with the average scattered
field is noted. By varying the standard deviation of the normal distribution, its effect
on the average scattered field is also analyzed.

In chapter 3, PEMC (metamaterial) circular cylinder with random radius is con-
sidered to compute the average co and cross polarized scattered field. To this end,
all the average scattering coefficients for a very small PEMC cylinder have been ex-
pressed in terms of scattering coefficients for PEC cylinder reported in chapter 2.

Moreover, it is observed that only zeroth-order scattering coefficient contributes to



co-polarised average scattered field whereas first order coefficients also contribute to
cross-polarised average scattered field. In case of large PEMC cylinders, it is observed
that the average scattered field is almost equal to the scattered field from a cylinder
with a mean radius. For small PEMC cylinder, it has been observed that average
co-polarised scattered field is equal to the scattered field from a cylinder with a mean
radius. This is not true in case of cross-polarised scattered field and the difference
can be seen for most of the scattering angles. These observations have been reported
in a journal publication by the author [41].

In chapter 4, an analytical method based on perturbation theory (PT) has been
developed which not only generate the cylinder but also calculate the average scat-
tered field from a perturbed cylinder. To ensure the validity of the PT during the
numerical simulations for generating RC and calculating average field, an effort has
been made to derive two conditions in terms of perturbation parameter (B) and the
number of terms (V) in the Fourier series representation of RC. It has been concluded
that the perturbations must be small and the condition for gentle slope will be auto-
matically satisfied for smaller values of N. The expressions obtained for the scattered
field are also verified with the results obtained through MoM. The developed method
is more efficient as compared to MoM in terms of simplicity and computational time.
This method allows the efficient evaluation of near zone two dimensional field plots
which are very useful to analyze the forward and backscattering properties of per-
turbed cylinder with reference to that for a circular cylinder. These observations have
been reported in a journal publication by the author [39)].

In chapter 5, the PT is applied to study the scattering from PEMC perturbed
cylinder. It is observed that how the perturbations affect the co and cross polarized
components of the scattered field compared with the reference scattered field from
the circular PEMC cylinder. In particular, the distinctions due to perturbations
are pronounced in the forward and backward scattering. The forward scattering is
affected more than the backward scattering due to perturbations. Also, the effect of

perturbations for the TE polarization is more evident. Finally, by changing the value



of the admittance of the PEMC cylinder, the variations in the co and cross polarized
scattering are noted. This work has been accepted for a journal publication by the

author [42]. In chapter 6, final remarks and conclusions are given.

Figure 1.1: Flow chart of the thesis.



Chapter 2

Average scattered field from a
PEC cylinder with random radius

Average scattered field from a random PEC cylinder is discussed in this chapter. Uni-
form and normal distributions of the radius are considered due to the random nature
of the radius. First, a very small cylinder is considered and analytical expressions
for the average scattered field are written using small approximation of cylindrical
wave functions. Secondly, a small and large cylinder is considered. In this case, it is
not possible to write down analytical expressions for the average field, the numerical
average is only done. The problem formulation is given in Section 2.1. In Section 2.2,
evaluation of the average scattered field is presented. Numerical results are discussed

in Section 2.3. The time dependency is taken as e/“*.

2.1 Problem description and formulation

A PEC circular cylinder of radius «a is considered in Figure (2.1) where a is a random
variable. It is assumed that the cylinder is infinite in z-direction and the problem
is two dimensional. All the mediums are linear, homogeneous and isotropic. The
incident field can be both TM polarized (E is parallel to cylinder axis) or TE polarized

(E is perpendicular to cylinder axis). It is expressed in terms of V; which represents



10

electric or magnetic field for TM or TE polarization, respectively. It is given by
Vi = Ve ki (2.1.1)
where Vj represents amplitude of incident plane wave and is given by

% TM Polarization
Vv = 0 (2.1.2)

WE—O TE Polarization
o

The scattered field in terms of scalar cylindrical functions can be expressed as

Figure 2.1: Geometry of the scattering problem.

Vo=V Yo 5T TEHD (kop)e™ (2.1.3)

where H,(f)(k:op) is Hankel function, b,, is the unknown coefficient and can be found

by imposing the following boundary condition at the surface of the cylinder p = a [1]

VIi4VP=0 (2.1.4)
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pT™M _ _ Jn(koa)

7 (2)(k0a) (2.1.5)
e _ __Jnlkod) 2.1.6
n ,(2 (/{joa,) ( )

where J,(koa) is Bessel function. In case of a cylinder having small radius, kpa << 1

and n > 0, the following approximations for Bessel and Hankel functions can be used
[45].

Jn(koa) = % (2.1.7)
H® (koa) = (Fo(ikiaf; + jrin)(%)" (2.1.8)
F! (koa) = %Fn(k‘oa) — Fyr(Koa) (2.1.9)

where F), is Bessel or Hankel function of second kind. The scattering width oop can

be expressed as [1]

- |EZ)?
o2 = lim [27Tp|EZ|2] (2.1.10)
415y no|
o2p = —’ S bee (2.1.11)
5 n=0
2 | 2
Oop = 77? ;:%enbn cos(n@)‘ (2.1.12)
where
1 n=0
€n = (2.1.13)
2 n#0

2.2 Evaluation of average scattered field

In this problem, it is assumed that the randomness is due to the radius, i.e., the
radius ‘a’ is a random variable with a certain distribution. Average scattered field

can be calculated analytically when a very small cylinder is considered i.e., kga << 1
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while for large cylinder only numerical average can be done. In this section, ana-
lytical evaluation of the average scattered field is discussed for uniform and normal
distribution of the radius. Putting the equations (2.1.7), (2.1.8) and (2.1.9) in the
equations (2.1.5) and (2.1.6), b, for TM polarization is given by

1
o™= — - 2.2.1
° 1— 2 1n(kja) ( )
b = — IT (a) (2.2.2)

For TE polarization, b, is given by

im(koa)?
bOTE = bflpM = 37( 40 ) (2.2.3)
im(koa)?
blTE = —be = —‘77(40 ) (2.2.4)

where k{, = 0.89k,. The higher terms can be ignored as koa << 1.
The analytic average has been done in [40] where

1

2 _
Hy(hoa) = —2 In(kja)

(2.2.5)

is used instead of

1

H?(koa) = —————
o(koa) 1-— 2?] In(kja)

(2.2.6)

which reduces the size of the cylinder to a very thin wire. Balanis [1] has also used
the same approximation for the Hankel function as in [40] to calculate scattering by
conducting circular cylinder with small radius. Here the approximation of Hankel
function defined in equation (2.2.6) is used for which the radius of small cylinder
is increased from millimeters to centimeters for the same frequency. The average

scattered field can be obtained by taking average

<Vim=Vo Y j" <by > HP (kop)e’™? (2.2.7)

n=—oo
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2.2.1 Uniform Distribution

For uniformly distributed random radius, the probability density function for the

radius a is defined as [40)]

=A. ag<a<a

P,(a) =4 ™" (2.2.8)
0 Otherwise
< b, > can be calculated using the following integral
<b, >= / b, P,(a)da (2.2.9)
For TM polarization, < b,, > is given by
a2 Ac
<M > = / da (2.2.10)
o 2(a)
250
z(a) =1 — = 1In(kja) (2.2.11)
T
The solution of integral is given in Appendix as,
imAe2
pTM s = I o 2.2.12
where
C, = {E1 [2(a2)] — Er[2(a1)] — 7} (2.2.13)
9
) =1— ?j In(K)a; ) (2.2.14)
2
z(az) =1 — == In(kyaz) (2.2.15)
T
(2.2.16)
and v = 1.781. The expression for b1™ V n # 0 is given by
i Ac
< bTM > = JT [ k 2n+1 k 2n+1] 2917
" T(n)T(n + Dko(2n + 1) L0%2) (Foa) (2:2.17)
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For TE polarization, < b,, > is given by

< by >TE =< py >™ (2.2.18)

<b >TF=_ <p >™ (2.2.19)

The covariance function for uniform distribution of the radius is,

24, [ 1
< boby > = ZW / sda (2.2.20)
0 (2(a))
w2A. T ap a jme
bob = — — > 2.2.21
< %o > 4k |:Z(CL2) z(ay) 2Kk} } ( )
T22A, 6 6
< bObl > = STE)?’ |:E1(1 + ; 11’1(]476&2) — El(l + ; ln(kéal)} (2222)
A, : :
< bby >= m |:(]€()CL2> — (]{70@1> ] (2223)

2.2.2 Normal Distribution

The probability density function for normally distributed random radius is given by

1 a— < a>)?
- exp [_ : 2 ) ]
V27s, 2s2

The average scattering coefficient < b,, > can be calculated using the following integral

P,(a)

(2.2.24)

1 *® (a— < a>)?
<b, >= b, exp|————|da 2.2.25
— / e[S (2.2.25)

The Taylor series given in the Appendix is used to evaluate the above integral. For

TM polarization, < b,, > is given by

(ko )? g M?*n? 1
pIM < Jm (ko 2 2y 0
< by > 10 (<a>"+s;) 20 {Z(<a>)
js? [1 — 294 In(ky <a >))]
+ | (2.2.26)
T <a>? [z(< a >)}

: 2

<bM > = %K a>%+s2) (2.2.27)
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Since kga << 1, higher terms can be ignored. For TE polarization, < b, > can
be calculated using equations (2.2.18) and (2.2.19). The covariance function for nor-

mal distribution of the radius is,

o 1 4sg[ln(k6<a>)—§+1}
i 4 { [z(< a >)]2 " w2 < a>? [z(< a >)}4 (222
< boby > = jﬁjlkg { <ZC(L<>C2L i;i B [z(:Zi)]z
— - [1 Lt ln(%; - >))] }(< a >? +5s2) (2.2.29)
[z(< a >)]
< bbby > = ko2 (<a>*+6<a>?s2+3s)) (2.2.30)
(=

2.3 Numerical results

In this section, numerical implementation of the theory is done. Results are reported

for three sizes of cylinder.
e Very small cylinder (a; = 0.01), ay = 0.06, frequency (f)=30MHz)
e Small cylinder (a; = 0.1, as = 0.6, f=300MHz)
e Large cylinder (a; = 1\, as = 6, f=300MHz)

All the results are averaged over 500 realizations.
First, average scattered field from very small PEC cylinder of random radius with
uniform distribution is shown in Figure (2.2). It is observed that the results for

both analytic average defined in equation (2.2.7) and numerical average (an ensemble
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Figure 2.2: Average scattering cross section of a very small PEC cylinder of random
radius with uniform distribution where a; = 0.01\, as = 0.06\. Results are shown
using both analytic and numerical average.

average of the field scattered from all the generated RC’s) are in good agreement.
Average scattering width < o > of a small PEC cylinder of random radius with
uniform distribution is shown in Figure (2.3). Also scattering cross section o, of
a cylinder with mean radius is shown as reference result for TM polarization. A
large PEC cylinder is considered in Figure (2.4). It is noticed that the averaged
cross-section is very close to that of a circular cylinder with mean radius having
maximum amplitude at #=0°. To better analyze the pattern, polar plots are also
given. Results for TE polarization are shown in Figures (2.5) and (2.6) respectively.
For large cylinder, < ¢ > is almost equal to o.,~ where difference is observed for
small cylinder.

Now consider a random cylinder when radius is normally distributed with s, =
0.25. Figure (2.7) shows scattering pattern of a small random PEC cylinder for TM
polarization while large PEC cylinder is considered in Figure (2.8). Figures (2.9) and
(2.10) show results for TE polarization respectively. It is observed that < o > is same

as 0.4~ for large cylinder while difference is observed for small cylinder.
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270

Figure 2.3: Scattering cross section (normalized) of a small PEC cylinder of random
radius with uniform distribution for TM polarization where a; = 0.1\ and as = 0.6.
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Figure 2.4: Scattering cross section (normalized) of a large PEC cylinder of random
radius with uniform distribution for TM polarization where a; = 1\ and as = 6.
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Figure 2.5: Scattering cross section (normalized) of a small PEC cylinder of random
radius with uniform distribution for TE polarization where a; = 0.1\ and as = 0.6).
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Figure 2.6: Scattering cross section (normalized) of a large PEC cylinder of random
radius with uniform distribution for TE polarization where a; = 1A and as = 6.
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Figure 2.7: Same as Figure (2.3) except that normal distribution with s, = 0.25 is
considered.
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Figure 2.8: Same as Figure (2.4) except that normal distribution with s, = 0.25 is
considered.
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Figure 2.9: Same as Figure (2.5) except that normal distribution with s, = 0.25 is
considered.
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Figure 2.10: Same as Figure (2.6) except that normal distribution with s, = 0.25 is

considered.
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Chapter 3

Average scattered field from a
PEMC cylinder with random size

In this chapter, average scattered field from a random PEMC cylinder is discussed.
Uniform and normal distribution of the radius is considered for both TM and TE
polarizations to evaluate the average scattered field. The time dependency is taken
as /!, The problem formulation is given in Section 3.1. In Sections 3.1.1 and 3.1.2,
solution for the uniform and normal distributions is presented respectively. Numerical

results are discussed in Section 3.2.

3.1 Problem description and formulation

A PEMC circular cylinder of radius a is considered in Figure (3.1). It is assumed
that the cylinder is infinite in z-direction and the problem is two dimensional. All
the mediums are linear, homogeneous and isotropic. The incident field can be both
TM polarized or TE polarized expressed in terms of V; which represents electric or

magnetic field for TM or TE polarization, respectively,
Vi = Ve ke (3.1.1)
where Vj represents amplitude of incident plane wave and is given by

% TM Polarization
v o= o (3.1.2)

wE—O TE Polarization
Ho

25
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In case of PEMC cylinder, cross polarized scattered field also exists in addition to

Figure 3.1: A linearly polarized plane wave is incident upon a random PEMC cylinder.

co-polarized scattered field. The co and cross polarized components in terms of scalar

cylindrical functions can be expressed as

Vo=Vo S 5 BEMTEHP (kop) + IMTEHD (Rop)le™  (3.1.3)

where b, and ¢, are the unknown coefficients. Boundary conditions at the surface of
the cylinder p = a are given by [2]
ME} + H} + H} + ME; =0 (3.1.4)

Unknown coefficients are obtained by imposing the above boundary conditions and

are given by [2]

oo _ (ko) T, (hua) + Mg T (Boa) Hit™ (ko) (3.1.6)
: (14 M) HE (ha) B (ko)



T™ _ 2M770
whoa(1 + M22) H (koa) Hi? (koa)

Cn

y o __Hi (Koa) Ju(koa) + Mg T, (koa) Hy” (koa)

(1 + M202) H? (koa) Hi? (koa)
e TE _ 2Mno
" rhoa(1 + M22)H (koa) HI® (koa)

The scattering width oop can be expressed as

o5 = ‘ E €nbn, cosn@‘
o5 = ‘ E €nCn, cOS(n) ‘

where

1 n=0
€, =

2 n#0

From equations (3.1.6) to (3.1.9), it can be seen that

Moreover for Mny = 1, the above equations are simplified to

TE _ 1 TM
bn - bn
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(3.1.7)

(3.1.8)

(3.1.9)

(3.1.10)

(3.1.11)

(3.1.12)

(3.1.13)

(3.1.14)

This gives the idea that SW will be same for both polarizations. Using the approx-

imations for Bessel and Hankel functions as in equations (2.1.7) through (2.1.9), b,

and ¢, for TM polarization are given by

= (45 ko = (F52) (<3)
(]ﬂ (1- M2 >(k0a)2
™ _ Mo 1
“ —‘< 5”%

o™= (%‘éﬁo) (koa)?

(3.1.15)
(3.1.16)
(3.1.17)

(3.1.18)
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where @ = (1 + M?7n2) and higher terms can be ignored. From the above equations

it can be seen that b, and ¢, can be expressed in terms of the expressions obtained
for PEC,

1 M?ng
™ _ ( )\ TM,PEC _ 0\ TM,PEC
by "M — (Q)In ( 5 )bo (3.1.19)
Af2..2
it = U)o .120)
Mrgj
T = _< 503>60TM,PEC (3.1.21)
2M’/]Q
T™ _ TM,PEC
o _( 0 )61 (3.1.22)

For TE polarization, b, and ¢, satisfy the following relations

b F = byt (3.1.23)
b =p™ (3.1.24)
ol = —¢, ™™ (3.1.25)
ot = —™ (3.1.26)

3.1.1 Uniform Distribution

The average scattered field can be obtained using equation (2.2.9). For TM polariza-

tion, < b, > and < ¢, > are given by

T JmAc 5 g1 TAM?n2e%
= — _— 1.2
<HM > = [(k‘oag) (koar) } G (3.1.27)
ra _ JmAc(l — M?ng) 3_ 3
<HM > =T [(koag) (Koar) ] (3.1.28)
™  _ jrAc(l — M?n3) 2n+1 _ 2n+1
< bn > = 4@]{30(271 n 1) [(ko&g) (k‘oal) ] (3129)



TV o _ﬂMnoAcezlf
<cyt > = 72@% C,
TMnyA,
< C{M > = 6627]:0 |:(k‘()a2)3 — (k‘oal)ﬂ
v TMnoA. 2nt+l 2n+1
SO T T ke @n T 1) (hoaa)?" = (o)

For TE polarization, < b, > and < ¢, > are given by

<BF >=<pM >
< bl > =< pI™M >

TM

<clF>=—<cM>
<clF>s>=— <M

The covariance function for uniform distribution of the radius is,

; 2M2 2Ac a2 1
< oty > = %7270/ ——da
@ (ww)
g o ATMIEA [ a;  a  jmed ]
cop>= — — .
00 2Q)? z(az)  z(aq) 2k},
202,02
JmeMeng A 6 / 6 /
< cpC1 > = W [El(l + % hl(k‘oag) — El(l + % ln(k‘oal)]
T2 M?n2 A,
<cec > = WZZJO [(ko&g)s — (koal)S]
W(MZWg)zAc a ai jﬂe%
boby > = - - C,
= %% > 2 [(z(a2) Aa) 2k ]
22,2
JmeM=*n5 A, 6 6
— T%gj) |:E1(1 + ; 11’1(]476@2) — El(l + ; 111(]{76@1)]
(mM2ng(1 — M?ng))*Ac 6. 1
< boby > = 0 0T 0 [E1(1 + = In(kjan)
6. )
— Ey(1+  In(kfan))
_ (w(1 = MPng))* A, 5 5
<biby > = 10V, [(k‘oaz) (koar) }
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(3.1.30)
(3.1.31)

(3.1.32)

3.1.33
3.1.34
3.1.35

~—~~ —~
~— N~ N~

3.1.36

(3.1.37)

(3.1.38)

(3.1.39)

(3.1.40)

(3.1.41)

(3.1.42)

(3.1.43)
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3.1.2 Normal Distribution

For TM polarization, < b, > and < ¢, > are calculated by using the Taylor series

given in Appendix

™  _ j7(ko)? 2 .2\ M?ng 1
<by" >= 10 (<a>"+s3) 0 {Z(<a>>
2 g2 [1 — 22 4 In(k) < a >))]
+ (3.1.44)
3
< a>? [z(< a >)}
im(1— M2
<M > = MZL—Q%)U@O)QK a>% +s2) (3.1.45)
; H211 - 224+ In(k) < a>))
<c§M>:9M7’°{ S [ : . ]} (3.1.46)
Q@ lz<a>) 2 <a>? [z(<a>)}
2
<M > = %k a>% +s?) (3.1.47)

For TE polarization, < b, > can be calculated using equations (3.1.33) to (3.1.36).

The covariance function for normal distribution of the radius is,

gy . %sg[ 1+ 4B+ Ik, <a >))]
<l == Q2 [z(< a >)}2 " < a >2 Z(< a >)}4 }
_j?TM2n§{<a>2 —1—5(21_ 252 - %[1—%(2+1n(k6<a>))}
2Q? [z(< a >)] [z(< a >)]2 [z(< a >)}3

7T2(]{20)4
1602

(< a>*+5s2) — (<a>*+6<a>?s>+ 3s§)} (3.1.48)
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<bobl > =

JmMPyg (1 = MPg) { <a>%+4s7 252
4Q? [z(< a >)} [z(< a >)]2
) 2—3[ — 294 In(ky < a >))} }(< R

3
[z <a >)]
(1 = M?n3) (ko)* 4 2 .2 4
— 1602 (<a>"46 <a>°s; +3s,) (3.1.49)
A 2.2 2. 9
< biby > = —(W(l ]\4462%)(%) ) [(< a>*46<a>%s+ 3s§)} (3.1.50)
M2n2 1 421 In(k) <a>)—Z+1
< CoCy > = — ;70{ 3 + |: ’ 1 ] } (3151)
@ [z(< a >)} 2 < a >? [z(< a >)]
gy > = g M*n(ko)? { <a>%+s? B 252
202 z(< a>) [z(< a >)r
2[1 - 22+ (ks < a>)) o
. . }(< a >2 +552) (3.1.52)
[z(< a >)}
Mno(ko)?\ 2
<eciep > = (%) [(< a>"4+6 <a>%s2+ &sﬁ)] (3.1.53)

3.2 Numerical results

In this section, numerical implementation of the theory is done. First the results
reported by Ruppin [2] have been reproduced in Figure (3.2) where far zone scattered
field is shown for kpa = 10 and Mmny, = £1. The cross polarized scattered field
is maximum for Mny, = +1 and many side lobes are observed. In the subsequent

discussion, results are reported for three sizes of cylinder.

e Very small cylinder (a; = 0.01\, ay = 0.06, f=30MHz)
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e Small cylinder (a; = 0.1, az = 0.6\, f=300MHz)
e Large cylinder (a; = 1)\, ay = 6, f=300MHz)

All the results are averaged over 500 realizations. Figure (3.3) shows the result for
cross polarized scattered field of a random PEMC cylinder and very little difference
is observed. The graphical representation for analytical expression of co polarized
scattered field is not shown because for Mny = £1, b, — 0,V n # 0 and by only
contributes. The analytical average is the arithmetic mean of by.

Figures (3.4) and (3.5) show co and cross polarized scattering patterns of a small
PEMC cylinder of random radius having uniform distribution. It is noticed that
< o > is very closed to 0.~ in case of co polarized component. Very small difference
can be found for cross polarized scattered field. Large cylinder is considered in Figures
(3.6) and (3.7). It is seen that difference can be better analyzed using polar plot
in forward and backward scattering directions. Results also show that there is no
significant difference between < o > and o.,~. The scattering pattern for large
cylinder is more focused in both the cases for co and cross polarized fields while for
small cylinder it varies for most of the scattering angles. It is worth mentioning that
the plots of co and cross polarized scattered field for TE and TM polarization are
same due to Mny = £1.

Now consider a random cylinder when radius is normally distributed. Scattering
widths for a small PEMC cylinder are shown in Figures (3.8) and (3.9) while a large
PEMC cylinder is shown in Figures (3.10) and (3.11) respectively. It is observed that
for a small PEMC cylinder, < ¢ > and o,~ are different both co and cross polarized
scattered fields. In case of a large PEMC cylinder, < o > and 0., are same for co
polarized scattered field while difference can be noticed for cross polarized scattered
field.

Figures (3.12) and (3.13) show co and cross scattering pattern of PEMC cylinder
for different values of standard deviation. The mean radius is < a >= 3.5\. Results
show that the co polarized scattering pattern does not vary as a function of s, while

variations can be observed in cross polarized scattering pattern.
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Figure 3.2: Co and cross polarized scattered field from a PEMC cylinder.
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Figure 3.3: Cross polarized scattering cross section (normalized) of a very small
PEMC cylinder of random radius with uniform distribution where a; = 0.01\ and
as = 0.06\.
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Figure 3.4: Co polarized scattering cross section (normalized) of a small PEMC
cylinder of random radius with uniform distribution where a; = 0.1\ and as = 0.6\.
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Figure 3.6: Co polarized scattering cross section (normalized) of a large PEMC cylin-
der of random radius with uniform distribution where a; = 1A and ay = 6.
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Figure 3.7: Cross polarized scattering cross section (normalized) of a large PEMC
cylinder of random radius with uniform distribution where a; = 1\ and as = 6.
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Figure 3.8: Same as Figure (3.4) except that normal distribution with s, = 0.25 is
considered.
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Figure 3.9: Same as Figure (3.5) except that normal distribution with s, = 0.25 is
considered.
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Figure 3.10: Same as Figure (3.6) except that normal distribution with s, = 0.25 is
considered.
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Figure 3.11: Same as Figure (3.7) except that normal distribution with s, = 0.25 is
considered.
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Figure 3.12: Co polarized scattering cross section (normalized) of a PEMC cylinder
of random radius with normal distribution for different values of standard deviation.
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Figure 3.13: Cross polarized scattering cross section (normalized) of a PEMC cylinder
of random radius with normal distribution for different values of standard deviation.



Chapter 4

Scattered field from a random PEC
cylinder with arbitrary shape using
the perturbation theory

In this chapter, scattering from a random PEC cylinder having shape perturbations
is discussed. An effort has been made to relate the PT conditions with the RC
generation. This is very important as the conditions for the PT to be valid must not
be violated in the generation of the random cylinder. Both the TM and TE polarized
incident fields are assumed. The solution is verified by implementing the well known
MOM. Problem formulation is given in Section 4.1 and the numerical results are

presented in Section 4.2. The time dependency is taken as e/*t.

4.1 Problem formulation

A random PEC cylinder with an arbitrary cross section is assumed as shown in Figure
(4.1). It is assumed that the cylinder is infinite in z-direction and the problem is two
dimensional. All the mediums are linear, homogeneous and isotropic. A plane wave
is made incident to illuminate the scatterer. In polar coordinates, the radius of the
random cylinder in terms of unperturbed cylinder radius a and perturbation constant

B are expressed as
P =a+ Bp(h) (4.1.1)
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Figure 4.1: A circular random PEC cylinder illuminated by TM/TE polarized incident
field.

where B satisfy the relation B << A. The TM or TE polarized incident field is
denoted by V; which represents electric or magnetic field component, respectively. It
is given by

Vi= Z Vo(=5)" T (kp)eim@=0) (4.1.2)
where Vi™® = 2o and V™ = 2. By writing perturbation series, the scattered field

can be represented as [35]

V, = Z Vo(—=5)"(® + ¢ kB + 2(kB)? 4 ...) H? (kp)e™ =% (4.1.3)
where ¥, ¢! etc are the unknown coefficients and can be found by imposing the

boundary conditions at the perturbed cylinder surface.
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4.1.1 Solution for TM Polarization

To find the unknown scattering coefficients, the following boundary conditions will

be applied at the surface of the cylinder as [34]
VIi4Vi=0 (4.1.4)

After putting the expressions for the incident and scattered fields into boundary
condition, we get

—+00

S (=) (a0

n=—oo

“+oo
+ > (=) A+ ehkB + A (kB + ) HP (ka)e™ %) =0 (4.1.5)
The Taylor series expansion of Bessel and Hankel functions about ka can be written

Fo(kp) = Fn{k(a + Bp(e)} = F,(ka) + F' (ka)kBp(6) + .... (4.1.6)

Putting the above equation in equation (4.1.5), we get

+oo

Y (i) Inlka) + J; (ka)kBp(6) + ...]""

+ f (—5)" [Hf)(l{;a) + H;L(z)(ka)kBp(H) + ...

n=—oo

(2 +c kB4 A (kB)* + ...)eM" = 0 (4.1.7)

Comparing the coefficients of the zeroth order terms the following expression is ob-

tained for ¥

0= Jnlha) (4.1.8)

H? (ka)
For B = 0, there is no perturbation and the resultant scattered field will be that of

n

an unperturbed circular cylinder given by [1]

+o0
V== 3 Valogr-2eE g einto-a (1.1.9)
fatl H? (ka)
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The first order scattering coefficient ¢! can be calculated by comparing the first order

terms as
+0o . +oo .
‘ , 27p(0) ‘ eI
n 1 r17(2) Jno n _
E —7)" e, H,” (ka)e’™ = g J 4.1.10
L ( ) ( ) ﬂ_ka = ( ) H7(L2) (l{;a) ( )

The higher terms of (kB)? can be neglected as kB << 1. The Fourier series repre-

sentation of p(6) is
+o0

p(0) = Re[ Z Ymej(mewm)] (4.1.11)

m=—0oQ

Putting the above equation in equation (4.1.10) we get the solution for ¢!,

9 in+1 +00 Y.  ei¥n-q
ch=—"t 3 () — (4.1.12)
rkaHy” (ka) =5, Hy” (ka)
The scattered field up to first order is given by
+00 ;
, Jn(ka) 2+
Vs = Vo(=J ”[— +
,;w o(=9) HO (ka)  wkaHY (ka)
+00 1
Y.  ei¥n—q ,
) kB| HP (kp) %) 4113
q;w( ) 1O ha) (kp) ( )

In the next section, the unknown coefficients for the TE polarization will be derived.

4.1.2 Solution for TE Polarization

In the TM case, it is seen that the electric field E, is always tangent to the surface
of the cylinder while for the TE case, Ej is always tangent to the cylinder boundary.
So, the tangential electric field component will be found using the unit tangent vector

defined by [35]
b9
V14 1+

and Op(0) = a%—(?. Using the tangential components of the electric

t= (4.1.14)

Bop(9)
a+Bp(0)

field, the boundary condition is given by

where ( =

Vian + Vian =0 (4.1.15)

tan
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The tangent electric field can be calculated using the Maxwell’s equation as [35]

. 1 ] 1 Cin } -
|7 — " T (ko) — kJ (k)| e™0=0) 4.1.16
= T & T | ) k) (4.116)
and
1
| A — § (L 4+ kB + A (kB)? + ...
tan jwe n:_ooj (Cn_l_cn +Cn( ) + )
1 (in i (0—0
S — HP (ko) — kH'® (K } eIn(0—0:) 4.1.17
T | ) k) @117

Substituting the expressions for the tangential incident and scattered fields in equation

(4.1.15), we obtain

> i [ k) + T (ka)kBp(6) + ..}

1
jwe =0 il

—k{J] (ka) + J!(ka)kBp(0) + }] ind

1 +00 . ) 1
- (A + kB + A (kB)? +...) ————
e 2 (kB)" 4 )~y

[%{Hf’%a) + H? (ka)kBp(6) + ...}

“K{H'® (ka) + H"® (ka)kBp(8) + }} ) (4.1.18)

In the above equation, the Taylor series expansion of the Hankel functions is used.
Balancing the zeroth order terms of the equation (4.1.18), the unknown scattering

coefficient 2 can be obtained as

& = —% (4.1.19)
Hy™ (ka)

The resultant scattered field for the unperturbed circular cylinder can be written as

= J, (ka) @) n(6-0;)
V= ; j _m H (kp)e (4.1.20)

To calculate ¢, we equate the first order terms of equation (4.1.18)
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400 +oo

S - | pOT, P (0)2n i

§7"H'? (ka)clel™ = VR — - e/ (4.1.21
Z@O () Zoo Hy? (k) w(ka)*H," (ka) a2y

where T, = J;{(ka)Hé(z)(ka) — J,’l(ka)H;f@)(kla). The expression for the p'(0) is given
by

+00
p'(0) = Re[ Z ijmej(mﬁerm)} (4.1.22)

m=—0Q

Substituting the above equation in equation (4.1.21), ¢! can be written as

.n —+o00 w B .
LI N Y@ 520 = a)g 1193
“n H;L(Q)(ka) q;oo] Hé@)(k‘a) |i 1 7T(]€CL)3 ( o )

The resultant scattered field is given by

1 +o0o J/ k’ n +o0 ‘ Yn_ eﬂﬁn—q
‘/s: Z j—n|:_ n( CL) + J Z —qin—q® —

jwe H (ka)  H)? (ka) Pl H? (ka)
j2(n — q)q @) in(0—0;)
{7, m(ka)3 b ] w (kp)e ( )

From equation (4.1.23), it is seen that the function p’(f) is not required, only coeffi-

cients are required.

4.2 RC Generation and Results

In this section, the RC generation is discussed and relationship to the PT is developed.

For the PT to be valid, the conditions are given by

[kp(0)] <<1 (4.2.1)
and 0(8)
p
50 | <<1 (4.2.2)

In [38], the finite term Fourier series is used to generate a random cylinder and it is
given by
N
p(0) = Z Y,, cos(nb + ) (4.2.3)

n=1
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It is assumed that the random amplitude Y,, and phase 1, are independent and
identically distributed uniformly between [—B, B] and [—m, 7| respectively. In this
model, p(f) is zero mean and its variance is NB?/6 where N denotes the number of
terms. The maximum value of the sum of the series is |[NB|. Putting the maximum

value of p(#) in the first condition defined in equation (4.2.1) , we get
|ENB| << 1 (4.2.4)

The derivative of p(#) can be expressed as

8@—(:) = Z nY,, sin(nd + ) (4.2.5)

n=1
The maximum value of the sum of the above series is

N(N +1)B

S = 5

(4.2.6)

From equations (4.2.5), (4.2.6) and the second condition given in equation (4.2.2), we
get

‘w‘ <1 (4.2.7)

2
From equations (4.2.4) and (4.2.7), the conditions for RC generation can be written

as

M’ <<1 (4.2.8)

2
For N < (4w/X — 1), the first condition dominates while the second condition domi-

|kNB| << 1, ’

nates when N > (47/\ — 1). It means that the perturbations must be small and the
condition for gentle slope will be automatically satisfied for smaller values of N. For
our simulations, N is a small number and only the condition given in equation (4.2.4)
must satisfy. Figure (4.2) shows the random cylinder generated by using equation
(4.2.3). In Figure (4.2a), N is kept constant while B is kept constant in Figure (4.2b).
It can be noticed that the randomness of the cylinder varies as the value of B or N is
changed.

Figures (4.3) and (4.4) show the scattering cross section of a random PEC cylinder
obtained using the PT and MoM for a = 0.5\ and a = 1\ respectively. The other
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parameters are B = 0.005 and N = 5. Result obtained using the MoM compared
well with that obtained by the PT for a slightly perturbed cylinder.

The scattered field from a circular cylinder is obtained by selecting perturbation
parameter B = 0. We consider a PEC cylinder with mean radius a = 0.5\ and
B = 0.005, N = 5. The near zone scattered field for normal incidence is obtained
as shown in Figure (4.5). A large cylinder with mean radius a = 1\ is considered in
Figure (4.6). These two dimensional field plots show that the scattered field in near
zone from a perturbed PEC cylinder varies considerably while compared with the
scattered field from a circular cylinder (B = 0). The difference between the scattered
fields in forward and backward directions for TE and TM polarized incident fields is
also very much clear.

Figures (4.7) and (4.8) show the scattered field from a perturbed PEC cylinder
where a = 0.5\ and N = 5. For reference, result for a circular cylinder having
a = 0.5\ is also shown. For a circular cylinder B = 0 and for a random cylinder
B =0.005. A large cylinder with a = 1\ is considered in Figures (4.9) and (4.10). It
is noted that for the small value of the perturbation parameter B, the scattered field
from the random cylinder is almost equal to that of the circular cylinder.

Figures (4.11) and (4.12) show the scattering cross section of a perturbed PEC
cylinder with different value of the perturbation parameter where N=5. When B is
kept small, a little variation in the scattered field is observed while the large variations
can be found when B is increased. Figures (4.13) and (4.14) show the scattering cross
section from a perturbed cylinder with different values of N where B = 0.005. Small
variations in the scattered field is observed when N is kept small while the large
variations can be seen when N is increased. Scattering for TE polarized field is more
sensitive to the change in B and N than TM case. Figures (4.15) and (4.16) show
the scattering cross section of a perturbed PEC cylinder with different value of radius
where B = 0.005 and N = 5. As radius of the cylinder is increased large variations

are noticed.
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(b)RC for B = 0.005

Figure 4.2: Generation of the random cylinder with a = 0.5)\.
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Figure 4.3: Comparison of scattered field from a perturbed PEC cylinder using the

PT with that obtained using the MoM where a = 0.5\, B = 0.005 and N = 5.
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Figure 4.4: Same as figure (4.3) except that radius a = 1\ is assumed.
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(a) Circular cylinder B = 0, TM polarization (b) Perturbed cylinder B = 0.005, TM polarization

(c) Circular cylinder B = 0, TE polarization (d) Perturbed cylinder B = 0.005, TE polarization

Figure 4.5: Scattered field from a perturbed PEC cylinder with mean radius a = 0.5\
and N = 5.
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(a) Circular cylinder B = 0, TM polarization (b) Perturbed cylinder B = 0.005, TM polarization

(c) Circular cylinder B = 0, TE polarization (d) Perturbed cylinder B = 0.005, TE polarization

Figure 4.6: Same as Figure (4.5) except that a = 1\ is assumed.
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Figure 4.7: Scattered field from a perturbed PEC cylinder for TM polarization where

a = 0.5\ and B = 0.005.
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Figure 4.8: Same as Figure (4.7) except that TE polarization is assumed.
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Figure 4.9: Scattered field from a perturbed PEC cylinder for TM polarization where
a = 1)\ and B = 0.005.
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Figure 4.10: Same as Figure (4.9) except that TE polarization is assumed.
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Figure 4.11: Scattered field from a perturbed PEC cylinder for different values of B
where a = 0.5\ and TM polarized incident field is assumed.

Figure 4.12: Same as Figure (4.11) except that TE polarized incident field is assumed.
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Figure 4.13: Scattered field from a perturbed PEC cylinder for different values of N
where a = 0.5\ and TM polarized incident field is assumed.

Figure 4.14: Same as Figure (4.13) except that TE polarized incident field is assumed.
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Figure 4.15: Scattered field from a perturbed PEC cylinder for different values of ’a’
where B = 0.005, N =5 and TM polarized incident field is assumed.

Figure 4.16: Same as Figure (4.15) except that TE polarized incident field is assumed.



Chapter 5

Scattered field from a random
PEMC cylinder with arbitrary
shape using the perturbation
theory

In this chapter, a random PEMC cylinder is considered and the scattered field is
calculated using the PT. First, perturbed cylinder generation and the related PT
conditions for the method to be valid are described in Section 5.1. Moreover, the de-
tailed calculations for the zeroth and the first order solution are evaluated. Numerical

simulations are performed in Section 5.2. The time dependency is taken as e/*t.

5.1 Problem formulation

Consider figure 5.1, a random cylinder (RC) is generated using the model expressed
in [38]. It is assumed that the cylinder is infinite in z-direction and the problem is
two dimensional. All the mediums are linear, homogeneous and isotropic. The math-
ematical description in terms of Y,, (random amplitude) independent and identical
uniformly distributed between [—B, B] and v,, (phase) distributed between [—7, 7] is

expressed as

p(0) =D Y, cos(nf +1)y,) (5.1.1)
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The perturbation on the cylinder’s surface can be expressed as [34],
P =a+ Bp(h) (5.1.2)

where a is the unperturbed radius and B is the perturbation constant satisfying

B << A. The validity conditions for PT are reported as [39],

[kNB| <<'1 (5.1.3)
)w <1 (5.1.4)

5.1.1 TM polarization

A TM polarized electric field is incident upon the cylinder and is given by

Ei= > j " Tu(kop)e’ (5.1.5)

n=—oo

Since the scattered electric and magnetic fields will have both the co and cross

180

270

Figure 5.1: A random PEMC cylinder with radius a = 0.5\.

polarized components. It is worth mentioning that for a perturbed cylinder, the z-

component of the field is always tangent to the surface of the cylinder satisfying the
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following boundary condition

ME! + ME? + H? =0 (5.1.6)
where
- Z " an H (kop)e'™ (5.1.7)
| o
H® = - Z b H? (kop)e™ (5.1.8)
JTo n=-—oo

In the above equations, the co polarized unknown scattering coefficient is described by
a, while the cross polarized unknown coefficient is described by b,,. The ¢ component
is no more tangential to the surface of a perturbed cylinder. The other tangential
components are obtained by taking the dot product with the tangent vector reported

in [35]. The expression can be written as

b9
VI+E 1+

where ( = af%p(@ and p'(0) = %r(é’). Hence, the boundary condition for the tangen-

tial component is given by,

f=

(5.1.9)

H,fan +ME;, +H;, =0 (5.1.10)
Using the following relation
1 .
Hyw = — (v X Ez> ¥ (5.1.11)
JWHo

the incident and scattered fields in terms of the tangential component can be evaluated

as,
Hip == Z [C‘MJ(kop’)—Jé(kop’)}ej”" (5.1.12)
Jo == /1 +§2 kop'
1 — Cj .
H: = - "q k‘ H/(2) k / inf 5.1.13
CIM r2) (2) (1. N\ inb
t“"_n;om g P ) 2 ) (5.1.14)
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To find the unknown coefficients from the boundary condition in equations (5.1.6)
and (5.1.10), the PT is applied. The first step is to expand the unknown coefficients

into the perturbation series as

an = a + alkoB + a2 (koB)? + - - - (5.1.15)
by, = b0 + bLkoB + b2 (koB)* + - - - (5.1.16)

Moreover, the cylindrical wave functions are expanded into Taylor series about kya
as [35],

Fo(kop') = Fn{ko(a + Bp(e)} = F,(koa) + F.(koa)koBp(6) + - (5.1.17)

By substituting the equations (5.1.15)-(5.1.17) in the filed expressions defined in the
equations (5.1.5), (5.1.7) and (5.1.8) and using the boundary condition in the equation
(5.1.6) we get,

n=oo

> T Julkoa) + koBp(6).J, (kea) }e'?

n=—oo

+ Y TMad + abkoB + al(koB)* + - -

{H? (koa) + koBp(0) H!® (koa) }e'™
1 n=oo
— - (1) + b ko B + b2 (koB)* + - - -
A n;ooj ( 0 (koB) )
{HP (koa) + koBp(0)H® (koa) }e'™ = 0 (5.1.18)

Similarly, putting the equations (5.1.15)-(5.1.17) in the field expressions defined in
the equations (5.1.12)-(5.1.14) and using the boundary conditions in the equation
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(5.1.10) we get,

- koﬂq’l]ano ::Z_o;j_n{‘]“(kw) + koBp(0)J' (koa)}ei™

* jz\%,o nif"{ié(ko@ + ko Bp(0)J" (koa) }ei™

_ koptlfaﬁo nij_"(ag +alkoB + a2(koB)? + )

{Hr(zz)(koa> + kon(H)Hy/L@)(koa)}ejn@
JMUO:_Z:)O‘] ad +akoB + a?(koB)? + - - -)

{H'® (kya) + koBp(0)H"® (kga) }e'™

J”C Z 0 4 b koB + b2 (koB)? + - - -)

n=—oo

{H(2)(k0a) + kon(Q)H,'L(z)(k:oa)}ej"e

- Z 3700 + biko B + 02 (koB)* + - - -)
{H? (koa) + ko Bp(0) H}® (koa) e = 0 (5.1.19)

Putting the values of ¢ and p’ in the above equations and comparing the zeroth order

terms , the following expressions are obtained as,

°H OH® 1.2
a® H (kga) — jMﬁob (koa) = —J,(koa) (5.1.20)

'@ (koa) — jMnob® H'® (koa) = —J! (koa) (5.1.21)
The above expressions can be solved to find unknown coefficients a2 and 9 as,

o _ 12 (kea) Ty (Koa) — M3, (k:oa) * (koa) (5.1.22)
! (1 + M) H? (koa) H (oa) -

B = 2Mmo (5.1.23)
"1+ M) mhoaHY (koa) HIP (koa)
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Equations (5.1.22) and (5.1.23) are similar to the expressions as reported by Ruppin
in [2]. The first order terms from the equations (5.1.18) and (5.1.19) can be written

as
n_z_:w i7al H? (koa) — i n;w i H P (kga) = —1y (5.1.24)
Z §"al H'® (kga) — jMnq Z 7L H'® (kga) = —j Munly (5.1.25)
where
n=oo 1
= / 0 r7/(2) a0 g(2)
I = p(6) n:Z_OO{Jn(kOa) FayH (ko) — <2 (k;oa)} (5.1.26)
I, = p/(6) nf { = I (hoa) — P00 @) ()
= U (koa)? (koa)?
_Jn_ o e (koa) +p(9){—J' (ko) + " (oa)
(k’oa)2 noen k‘()
2
+ anH,'{(koa) — ]M?]Qb?LH;L/(k’QCL) + k—a H, (k‘oa)
oa
2]M770 01y’
- H 1.2
e I (ko) | (5.1.27)

The higher terms of (kB)? can be neglected as kB << 1. From the equation (5.1.1)

the expressions for p’(6) can be written as,

+oo
p'(9) zRe[ > ijmej(m“W’] (5.1.28)

Putting the values of p(#) and p/(#) from equations (5.1.1) and (5.1.28) in the equa-
tions (5.1.26) and (5.1.27), the following expressions are obtained

+o0 n=00
- Z Ve (0400 N7 L (oa) + 0 HLP (Koa)
. RHO(k } 1.2
i H () (5:129



67

—+o00 n=oo .
. ; Mmnq
I = Y mom) — I (ko) — S0 HO) ()
0m 2 e ,;oo{ Gloars 100 = et (o)
_ Jn A H® J(mb+¢m) 5 i !
L nH . (koa) } m;wY e ;w{koaJn(k:oa)
2
+ J;{(k‘oa) + CLSLHZ(/{?()G) — ]MT]()Z)ELH;L/(]{TQCL) + EGSLH;L(]{:OG)
0
2]MT]0 017/
- ann(koa)} (5.1.30)

Equations (5.1.24) and (5.1.25) can be solved simultaneously using the orthogonality

condition to find the unknown coefficients a’ and b} as,

a;ll _ jMT]()LQH (koa) M2 LlH (koa) (5131)

(1+ M2no>H<2 (Koa) Hn? (koa)

—j Mo Lo HY? (koa) + Ly Hi? (koa)
bL = { D } (5.1.32)
(1 + M2n3) Hy” (koa) Hn™ (Koa)
where
L = Z Y, _ el { ! (ko) + a2H! (koa) — ; MmbOH'@ (ko a)} (5.1.33)
q=—00
— Jq qMmny
Lo — i(n—q)Y,_ Jn-g)) _ L 7 (L bO k
2= 3 S Y { = e athon) = (Lt (koo
“+oo
. 2
- (koa)2agﬂg2>(koa)} + Y Yn_qeﬂwnq>{%J;(koa)+Jg(koa)
g=—00
. 2 2j M
(ko) — Mot H; (hoa) + iy H (ko) ~ ]koanobgH;(koa)} (5.1.34)

The zeroth and the first order coefficients can be used to represent the scattered field

as,
+00
Eo= " Eo(=j)"|(a) + abkoB)H? (kop)+

.08+ ko B) P (kop) | (5.1.35)
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5.1.2 TE polarization
The TE polarized incident magnetic field is given by

) R — .
H;:—E > T Tu(kop)e™ (5.1.36)
0

n=—oo

The boundary condition for the z-component is expressed as,

H!+ H:+ ME?=0 (5.1.37)
where
H: = _ L n:zoo e HP (kop)e™ (5.1.38)
JMo ==
ES = Tio 7", H® (kop)el™® (5.1.39)

where ¢, and d,, are the co and cross polarized unknown coefficients. The boundary
condition for the tangential component can be written as,
ME!

tan

+ME;, +H;, =0 (5.1.40)

The tangential component of the incident and scattered field can be written using the

equation (5.1.11) as,

; — _ n ,
Elpy= > 1+ [,ijp, In(kop') — J;(kop’)] e (5.1.41)
Bian = T O [0 1P (o) = HEP (o] (5.1.42)
HS —_i nicio 1/1_‘_<'2 i d [C]nH@)(k /)—H/(2)(k’ /) jno (5143)
tan — ]77 J n k’Op, n 0P n 0P )€ 1.

By substituting the equations (5.1.15)-(5.1.17) in the field expressions defined in the
equations (5.1.38) and (5.1.39) and using the boundary conditions in the equation
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(5.1.37) we get,

n=oo

— Z 37 Jn(koa) + koBp(0)J' (koa)}el™

n=—oo

- Z 37(E + ko B+ 2 (koB)? + - - )

n=—oo

{H® (koa) + koBp(0)H!® (koa)}e?
+ Mg Z G7(d° + dikoB + d2(koB)* 4 - -)

n=—oo

{H.2 (Koa) + ko Bp(0) H,? (koa) e = 0 (5-1.44)

Similarly, putting the equations (5.1.15)-(5.1.17) in the field expressions defined in
the equations (5.1.41)-(5.1.43) and using the boundary conditions in the equation
(5.1.40) we get,

J”C Z 57 T (ko) + koBp(6).J" (koa) yei?

— Z 7T (koa) + koBp(0)J" (koa) Y&l
jnc Z ( + cLkoB + 2 (koB)? + - - )

{H’<2 (koa) + koBp(6)H'® (koa) }el™

- Z 37(E + e ko B+ 2 (koB)? + - - )

n=—oo

{H'® (kga) + koBp(0) H"® (koa) e’
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"(d° + d ko B + d? (ko B o
Mnok:op Z 57 + d koB + d2(koB)? + - - )
{H,®) (koa) + ko Bp(0) H)®) (koa) e/
1 n=oo
(d° + d}koB + d?(koB .
jMﬁo n;ooj +dykoB + d2(koB)* + - - +)
{H? (koa) + koBp(0) H; (o)} = 0 (5.1.43)

Putting the values of ¢ and p in the above equation and solving the equations (5.1.44)

and (5.1.45) for the zeroth order terms, the following expressions are obtained

A H? (koa) — jMnod® H® (koa) = —J,, (koa) (5.1.46)

0 ') (k — " H'P (k " (k 1.4
& H'® (koa) — yMno (koa) = —J} (koa) (5.1.47)

The above expressions can be solved to find the unknown coefficients ¢? and d° as,

o (koa) Hr”) (koa) — M> 2H(2)(k:0a)J’ (koa) (5.1.48)
(1+ M23) Hy) (koa) Hi™ (oa)
& = 2Mmo (5.1.49)
(1 + M2n2)mhoaHS? (koa) HY (koa)

Equations (5.1.48) and (5.1.49) are similar to the expressions reported by Ruppin in
[2]. The first order terms from the equations (5.1.44) and (5.1.45) can be written as

n=oo

Z 7"t H® (kga) + 7 Mng Z 7 HP (kga) = —1y (5.1.50)
1 n=oo
) (koa G H' (koa) = —1 5.1.51
n—z_:oo] ) + T3 n;m N(koa) = —1y ( )
where
h=p6) Y {—J;(zcoa)—cﬁHP(koa)+jMnod2H;<2><koa>} (5.1.52)

n=—oo
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G o) = p(0) 37 { = (ko)

+ Mo J! (koa) + jMnocd H! (koa) + d° H! (koa)

4 27 Mnqo »
koa

n=—oo

n=—oo

2
01 (koa) + %dQLH,’L(kOa)} (5.1.53)

Putting the values of p(#) and p/(#) from the equations (5.1.1) and (5.1.28) in the
equations (5.1.52) and (5.1.53), the following equations are obtained,

“+o0 n=o00
Iy = Z Y, el (métm) Z {J;L(k:oa) A H'® (kya)
+ jMnodgH;P)(koa)} (5.1.54)
S — JnMmng
Iy = MY, el (mo+im) T (K I OOk
1= 2 e ,;oo{ a2 419) + G o)
nMnO 0 (2) 5 (mO+hm) 2]M770 /
“hea - H 7 (koa) } mZ_:OOY e n_z_:oo{ o J (koa)
+ jM?]QJ”(k‘()a) + jMT]()COH”(k’QCL) + dSLHZ(kQCI,)
2j My Ry 0 7/
o —d H 1.
S (hoa) + 2 P (k:oa)} (5.1.55)

The higher terms of (kB)? can be neglected as kB << 1. Equations (5.1.50) and

(5.1.51) can be solved to find the unknown coefficients ¢! and d} as,
2y
(1+ M2770)H (koa) Hy; (koa)

= M —LH (koa)+L1H (koa) )
" (1 + M202) HS (koa) Hi? (koa)

(5.1.57)
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where

+oo
= 3 Vet q{J’(koa) + O H!® (koa) + j Mngd? H! (koa)} (5.1.58)
q=—00
b qMno

— y _ jd}nfq 0 2

L, q;wg(n 0)Ynger o] — a0 - koadH )(koa)
+oo .

JaMno o2 g [ TM0

L O H| (koa)}—q;oo}fn_qe] {qu(koa)

— jMT]()J//(]{?()CL) - jM’f](]CgH;/(k(]CL) — dSH;/(]{?(]CL)
L 2Mn o 2 o
e o (koa) koadan(koa)} (5.1.59)

The zeroth and the first order coefficients can be used to represent the scattered field

as,
+00 R
Ey= 3" Eo(=j)" [, 0lch + chkoB)H/® (kop)+
A+ d;koB)Hg”(kop)] eI(6-0) (5.1.60)

It is noteworthy that for Mny = oo, the coefficients @}, ¢! in the equations (5.1.31)
and (5.1.56) reduce to the coefficients reported in [39] for both the TM and TE
polarizations. It validates that the scattered field from a perturbed PEC cylinder can
be extracted from that of the perturbed PEMC cylinder.

5.2 Numerical Results

In this section, equation (5.1.35) is implemented to obtain the results for the TM
polarization while the results for the TE polarization are obtained by implementing
the equation (5.1.60). Far zone scattered field from a PEMC perturbed cylinder is
shown in Figures (5.2) and (5.3) for @ = 0.5\ and a = 1) respectively. The angular
behavior shows very small difference between the co and cross scattered field from
the PEMC perturbed cylinder and that scattered from the circular cylinder. For

reference, scattered field from a PEC cylinder is also presented. To get more details,
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near filed is shown in Figures (5.4) and (5.5) for a = 0.5\ and a = 1) respectively
where a TM polarized incident filed while results for TE polarized field are shown in
Figures (5.6) and (5.7) respectively. The distinctions due to perturbation are more
pronounced now in co as well in cross polarized components.

The degree to which the object is perturbed can be controlled by both the per-
turbation parameter B and the number of terms in Fourier series N. Small values
of N and B introduce small perturbations while the large values of N and B give
considerable perturbations. Far zone scattered field as a function of perturbation pa-
rameter B is presented in Figures (5.8) and (5.9). The significant variation in co and
cross polarized component is noted. The effect of perturbation on near zone forward
and backward scattered fields is shown in Figures (5.10) and (5.11) for TM and TE
polarizations, respectively. The scattered field for TM polarization is different from
that for TE polarization.

Figures (5.12) and (5.13) show the far zone scattered field for different values of
N. Near zone scattered field is presented in Figures (5.14) and (5.15) for TM and TE
polarizations, respectively. Comparing these results with those presented in Figures
(5.10) and (5.11), it can be seen that the large value of N introduces significant
variation in the shape of the cylinder and the scattering properties. Moreover, the
forward and backward scattering is also different for both the TM and TE polarized
incidence. In Figures (5.16) and (5.17), scattered field as a function of the admittance
M is shown where a = 0.5\, B = 0.005 and N = 5. The scattered field from a PEC
cylinder is also plotted for reference. It can be noted that co polarized scattered field
from a PEMC cylinder is smaller than that for a PEC cylinder due to presence of

cross polarized field which decreases as admittance is increased.
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Figure 5.2: Scattered field from a perturbed PEMC cylinder with mean radius a =
0.5\, B=0.005, M7y = 2 and N=5.
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Figure 5.3: Same as Figure (5.2) except that a perturbed PEMC cylinder with mean
radius a = 1)\ is assumed.
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(a)Co polarized component, B = 0 (b) Cross polarized component, B =0

(¢) Co polarized component, B = 0.005. (d) Cross polarized component, B = 0.005.

Figure 5.4: Two dimensional filed map of the scattered field from a perturbed PEMC
cylinder with mean radius a = 0.5\, N = band Mny = 2. A TM polarized field is
normally incident on the cylinder.
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(a)Co polarized component, B = 0 (b) Cross polarized component, B =0

(¢) Co polarized component, B = 0.005. (d) Cross polarized component, B = 0.005.

Figure 5.5: Same as Figure (5.4) except that a perturbed PEMC cylinder with mean
radius a = 1) is assumed.
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(a)Co polarized component, B = 0 (b) Cross polarized component, B =0

(¢) Co polarized component, B = 0.005. (d) Cross polarized component, B = 0.005.

Figure 5.6: Two dimensional filed map of the scattered field from a perturbed PEMC
cylinder with mean radius a = 0.5\, N = 5and Mny, = 2. A TE polarized field is
normally incident on the cylinder.
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(a)Co polarized component, B = 0 (b) Cross polarized component, B =0

(¢) Co polarized component, B = 0.005. (d) Cross polarized component, B = 0.005.

Figure 5.7: Same as Figure (5.6) except that a perturbed PEMC cylinder with mean
radius @ = 1) is considered.
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(a) Co polarized component, TM polarization (b) Cross polarized component, TM polarization

(c) Co polarized component, TE polarization (d) Cross polarized component, TE polarization

Figure 5.8: Scattered field from a perturbed PEMC cylinder for different values of
the perturbation parameter B with mean radius a = 0.5\, Mny, = 2 and N=5.
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(a) Co polarized component, TM polarization (b) Cross polarized component, TM polarization

(c) Co polarized component, TE polarization (d) Cross polarized component, TE polarization

Figure 5.9: Same as Figure (5.8) except that a perturbed PEMC cylinder with mean
radius @ = 1) is considered.
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(a) Co polarized, B=0.001 (b) Cross polarized, B=0.001

(c) Co polarized, B=0.009 (d) Cross polarized, B=0.009

Figure 5.10: Two dimensional filed map of the scattered field from a perturbed PEMC
cylinder for different values of B with mean radius a = 0.5\, N =5 and Mn, = 2. A
TM polarized field is normally incident on the cylinder.
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(a) Co polarized, B=0.001 (b) Cross polarized, B=0.001

(c) Co polarized, B=0.009 (d) Cross polarized, B=0.009

Figure 5.11: Same as figure (5.10) except that a TE polarized field is incident on the
cylinder.
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(a) Co polarized component, TM polarization (b) Cross polarized component, TM polarization

(c) Co polarized component, TE polarization (d) Cross polarized component, TE polarization

Figure 5.12: Scattered field from a perturbed PEMC cylinder for different values of
N with mean radius a = 0.5\, Mny = 2 and B=0.005.
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(a) Co polarized component, TM polarization (b) Cross polarized component, TM polarization

(c) Co polarized component, TE polarization (d) Cross polarized component, TE polarization

Figure 5.13: Same as Figure (5.12) except that a perturbed PEMC cylinder with
mean radius a = 1\ is considered.
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(a) Co polarized, N=8 (b) Cross polarized, N=8

(c) Co polarized, N=11 (d) Cross polarized, N=11

Figure 5.14: Two dimensional filed map of the scattered field from a perturbed PEMC
cylinder for different values of N with mean radius a = 0.5\, B = 0.005 and Mn, = 2.
A TM polarized field is normally incident on the cylinder.
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(a) Co polarized, N=8 (b) Cross polarized, N=8

(c) Co polarized, N=11 (d) Cross polarized, N=11

Figure 5.15: Same as figure (5.14) except that a TE polarized field is normally incident
on the cylinder.
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(a) Co polarized component, TM polarization (b) Cross polarized component, TM polarization

(c) Co polarized component, TE polarization (d) Cross polarized component, TE polarization

Figure 5.16: Scattered field from a perturbed PEMC cylinder for different values of
Mny with mean radius a = 0.5\, B = 0.005 and N=5.
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(a) Co polarized component, TM polarization (b) Cross polarized component, TM polarization

(c) Co polarized component, TE polarization (d) Cross polarized component, TE polarization

Figure 5.17: Same as Figure (5.16) except that a perturbed PEMC cylinder with
mean radius a = 1\ is considered.



Chapter 6

Conclusion

First, average scattered field from a PEC/ PEMC cylinder of random radius with
uniform and normal distribution is studied. Analysis is done for both TE and TM
polarizations. Analytical expressions of average scattered field are derived for a very
small cylinder and are also verified using numerical evaluation. It is shown that the
average scattered field of a very small PEMC cylinder can be obtained by average
scattered field from a very small PEC cylinder. For admittance M = 1/ny, the co
polarized scattered field is equal to < by > only and higher terms do not contribute
i.e., b, = 0V,n # 0. In case of small and large cylinder, only numerical results can be
obtained. This study shows that < ¢ > for large PEC cylinder does not differ from
O<q~ with uniform distribution. Difference is noticed for small cylinder. For large
PEMC cylinder, < ¢ > and o.,~ are almost the same for both co and cross polarized
scattered fields. Very small difference is observed for cross polarized scattered field
for small cylinder. In case of normal distribution of radius, < ¢ > and o,~ for both
PEC and PEMC are same.

Secondly, scattering from a random PEC cylinder is studied using the relationship
between the PT and RC generation model for shape perturbation. The numerical
results obtained using the PT are compared well with the MoM. The variations are
small for small values of B and N while an increase in the value of N and B results
in large variations in the scattered field. Scattered field for TE polarized incidence

is more sensitive to B and N as compared to TM polarized incidence. Near zone
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scattering properties are observed in case of a perturbed PEMC cylinder. Near zone
forward and backward scattering properties of the perturbed cylinder are compared
with that of the circular cylinder and distinctions are pronounced. It is observed that
the far field angular behavior of the scattered field shows little difference and near
zone scattering pattern is more insightful to understand the scattering phenomenon.
Finally, the variations of the co and cross polarized scattered field as a function of
perturbation parameter B and admittance parameter M are noted.It is noticed that
both N and B control the amount of roughness and affect the scattered field from

the random cylinder.



Chapter 7

Appendix
7.1 Taylor series of ﬁ about a =< a >
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E,(z) can be calculated by the following relation given in [45]

L =

Ey(z) = Ei(z) —Inz —y

where v = 1.781 and F;(z) is the exponential integral defined as
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7.3 Evaluation of integral I,
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Putting the above relation, we get
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