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Abstract

Average scattered field from a perfect electric conductor (PEC) cylinder and per-

fect electromagnetic conductor (PEMC) cylinder with random radius is investigated.

Uniform and normal distributions of the radius are considered. First, a very small

cylinder is considered and analytical expressions for average scattered field can be

written using small approximation of cylindrical wave functions. Co polarized aver-

age scattered field from a very small PEMC cylinder depends upon only zeroth order

scattering coefficient while higher order coefficients contribute in cross polarized aver-

age scattered field. Zeroth order scattered field of a very small PEMC cylinder can be

written as sum of zeroth and first order scattered field of a PEC cylinder. For a small

and large cylinder, it is not possible to write down analytical expressions for average

field so numerical average is done. Average scattered field from a small PEC cylinder

of random radius differs from the scattered field from a PEC cylinder with mean

radius for both transverse magnetic (TM) and transverse electric (TE) polarizations

respectively. For a small PEMC cylinder it has been observed that the average co

polarized scattered field is equal to scattered field from a cylinder with mean radius.

This is not true in case of cross polarized scattered field and difference can be seen

for most of the scattering angles. In case of large PEC/ PEMC cylinders it is worth

mentioning that the average scattered field is almost equal to the scattered field from

a cylinder with mean radius.

In the second problem, the perturbation theory (PT) is used to calculate the

scattered field from a slightly perturbed PEC/PEMC cylinder for shape perturba-

tion. Both transverse magnetic (TM) and transverse electric (TE) polarized inci-

dence fields are considered. A relation between the PT and the model for random

cylinder (RC) generation is developed which is important for the PT to remain valid

during the numerical simulations. The scattered field expressions obtained using the

PT are verified using the result obtained by method of moments (MoM) in case of a



PEC cylinder. The solution obtained by using the PT is more efficient in terms of

simplicity and computational time. The scattering cross section for both the PEC

and PEMC random cylinders is analyzed by varying the perturbation parameter B

and the parameter describing the RC generation N . In particular, the distinctions

due to perturbation are pronounced in the forward and backward scattering. It is

noticeable that both B and N control the roughness of the cylinder and hence affect

the scattering pattern.

ii



Chapter 1

Introduction

Scattering from random boundaries and structures is an area of special interest for

remote sensing and it can be applied in tropospheric wave propagation, wireless com-

munication and radar technology, etc. Scattering is also very important phenomenon

in modelling the channel for wireless communication. Owing to the random nature

of the channel, it is difficult to predict the behaviour of the channel. The randomness

could arise in two ways, either in the shape of the cylinder i.e., non circular/arbitrarily

shaped structures or in the parameters such as radius, location etc. The applications

also include semi deterministic wideband propagation for urban environments. Scat-

tering properties of the structure depend on the physical and geometrical parameters

such as size, material and shape of the object. Moreover, the hosting medium also

affects the scattering pattern in cylindrical structures.

The interaction of electromagnetic waves with the scatterer depends upon the

material of the scatterer. The scattering response varies a lot with the change of the

material properties. It is hard to predict the behavior of the scattered field. In general,

forward and backward scattering properties are of interest in many applications which

have widely being investigated for many available naturally materials. With the

advancement in science many artificial materials are engineered named metamaterials.

Researchers took the challenge to explore the electromagnetic interaction with such

materials.

In the literature, very little work has been found to study scattering from random

1
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boundaries. In this research work, electromagnetic scattering from a perfect electro-

magnetic conductor (PEMC) random cylinder is studied. The aim is to calculate the

analytical solution of the average field scattered from a PEMC cylinder for both ran-

dom size and random shape. This chapter includes motivation of the research work

and introduction to the main problem, literature review of the current research work

for regular and irregular structures, contribution and outline of the thesis.

1.1 Realization of a PEMC boundary

Electromagentic boundary conditions play an important role to describe the wave

interaction of field and objects. For a perfect electric conductor (PEC) object, the

tangential components of the electric field must be continuous [1], i.e.,

~n× ~E = 0 (1.1.1)

where ~n is the unit vector normal to the surface of the cylinder. The boundary con-

dition for a perfect magnetic conductor (PMC) is often written in terms of magnetic

field as,

~n× ~H = 0 (1.1.2)

The boundary conditions described in equations (1.1.1) and (1.1.2) can be combined

using the admittance parameter M as [2],

~n×
(

M ~E + ~H
)

= 0 (1.1.3)

For M → ∞, boundary condition for PEC is extracted while the boundary condition

for PMC is retrieved for M = 0. PEMC boundary is proposed by Lindell and Si-

hvola [3, 4]. It is reported that a layer of bi-isotropic Tellegen medium or gyrotropic

anisotropic medium when added with a guiding structure acts as a PEMC bound-

ary. Montaseri [5] et al. proposed the realization of the curved PEMC boundary. A

PEMC boundary has been practically realized in [6]. Also, PEMC structure has been

proposed using graphene sheet deposited onto a PEC backed dielectric layer in [7].
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1.2 Scattering from deterministic boundaries

Scattered field from a PEC cylinder is investigated in [1]. Scattering width (SW)

is observed for small as well as large radius of the object. For small radius of the

object, it is observed that SW does not vary too much for all scattering angles.

On the other hand, scattering width for large radius varies rapidly as a function of

scattered angle. Scattering by dielectric cylinders is reported in [8]-[9] where scattered

as well as transmitted field exists. Due to the presence of transmitted field, the radar

cross section (RCS) may be small. Scattering by two nearby conducting cylinders is

discussed in [10]. Scattered field from multiple cylinders have been reported in [11]-

[12]. Yin et al. [13] studied the scattered field from an array of circular bi anisotropic

cylinders for normal incidence while an oblique incidence is discussed in [14].

Scattering from a metamaterial object such as PEMC cylinder has been reported

in [2]. For a special case M = 1/η0, maximum cross polarized scattered field is ob-

served where η0 is the impedance of the free space. It is also observed that for an

unpolarized incident wave, scattering width is independent of the parameter M. Scat-

tering by a PEMC elliptic cylinder is investigated in [15]. The analytical solution for

the field is obtained using the method of separation of variables. Scattered field from

parallel metamaterial cylinders is discussed in [16]. It is reported that the scattering

cross section increases in forward direction for an array of cylinders which can be used

for increasing the directivity of the antennas. Later on, many researchers discussed

the various scattering scenarios such as PEMC cylinder coated with metamaterial

[17]-[21].

Scattering from buried objects is another important class of the problem. In [22],

scattering from a PEC cylinder under a dielectric half space is studied using spectral

domain solution. Scattered field from a finite set of buried PEC cylinders is reported

in [23] while dielectric circular cylinders are discussed in [24]. A semi analytical

cylindrical wave approach is used to calculate the scattered field for both near and

far zones. In [25], PEC cylinders buried below a dielectric slab is studied. Scattered

field from a PEMC cylinder buried under a flat interface is reported in [26] while
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rough interface is assumed in [27, 28].

1.3 Scattering from random boundaries

Scattering from the random media has been discussed as early as 1950 by Rice and

Cartwright [29, 30]. Their main focus was on planar random surfaces. Liang et al.

[31] reported the scattering by rough surfaces with large heights and slopes. Further,

scattering from a three dimensional arbitrary layered media having periodic rough

interfaces was presented in [32, 33]. A small amount of effort has been made to study

the scattered field from cylindrical objects with random shape and radius as compared

with the random planar surface scattering.

In [34], scattering from a PEC cylinder of an arbitrary shape is discussed using

the perturbation theory (PT) while a dielectric cylinder is reported in [35]. It is

shown that acoustically vibrating an object at its resonant frequencies can provide

an effective method to measure the Doppler scattered response monostatically or

bistatically. Scattered field from an object of arbitrary shaped cylindrical structures

is discussed in [36, 37]. Ashraf and Rizvi [38] reported the electromagnetic scattering

from a random cylinder of arbitrary shape by the method of moments (MoM). It is

reported that the coherent scattering cross-section increases in the forward direction

as the randomness increases and decreases in a backward direction. In [39], both the

studies of [34] and [38] are combined to relate the PT with the random cylinder (RC)

generation. The PT requires small surface variations as compared to wavelength of

incident field and it is a computationally efficient method while the MoM is shape

dependent and the computational time increases manifolds if the scatterer size is

large. Scattering from a PEC cylinder with random radius placed under a slightly

rough surface was studied by Fiaz et al. [40]. This work has been done analytically

using the PT for rough surface scattering. Average cross polarized scattering from a

random PEMC cylinder with uniform and normal distribution of the radius has been

reported in [41].
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1.4 RC models

Random cylindrical structures can be defined in three different types in cylindrical

coordinate system (r, θ, z) i.e., a circular RC, an axially corrugated RC and an

angularly corrugated RC. In circular RC, the radius ’r’ is a random variable. The

ensemble of this type of RCs will have circular cylinders with different radii. In axially

corrugated RC, the radius ’r(z)’ of the RCs is a stochastic process with parameter

z. The cross section of these cylinders will be circular having different radius at

different ’z’ values. In an angularly corrugated RC, the radius, which is a stochastic

function of azimuthal angle ’θ’, will be different at different angles. The cross section

of the angularly corrugated RC does not vary along cylindrical axis. The modeling

of angularly corrugated RC is most difficult because of a periodic random process

needed to generate it.

In literature, three different models for angularly corrugated RC generation are

discussed [43, 44, 38]. In [43], RC is defined by a stationary stochastic process with

zero mean, obtained with its correlation function exp{−2α sin2(θ/2)}. This correla-

tion function should be even, translationally invariant and periodic with period 2π.

Hence, this model is restricted by its correlation function. The second model re-

ported in [44] is defined in terms of an infinite Fourier series where the coefficients

are independently complex Gaussian random variables. The above two RC models

posses various disadvantages. In the first model, the shape of the cylinder cannot

be controlled directly by the correlation function. In the second model, the complex

Gaussian coefficients of the infinite Fourier series describe a noisy random process

and the electromagnetic boundary conditions are difficult to satisfy.

In [38], the finite Fourier series is used to generate a random cylinder and it is

given by

p(θ) =

N
∑

n=1

Yn cos(nθ + ψn) (1.4.1)

It is assumed that the random amplitude Yn and phase ψn are independent and

identically distributed uniformly between [−B,B] and [−π, π] respectively. In this
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model, p(θ) is zero mean and its variance is NB2/6 where N denotes the number

of terms. The maximum value of the sum of the series is |NB|. By adding the

mean radius r0, a random cylinder can be realized whose radius cannot be negative

if r0 > NB.

In this research, a random cylinder has been generated using the model reported

in [38]. This model is not limited by the choice of correlation function as in [43, 44].

It gives a better control on the shape of the resultant cylinder and the cylinder will

have no negative radius at any angle.

1.5 Thesis overview and scientific contribution

The flow chart of the thesis is shown in figure 1.1. Chapter 2 presents the scattering

from a PEC circular cylinder of random radius with uniform/normal distribution.

Assuming that the size of the cylinder is very small, the analytical expressions for

average scattered field are written using the small approximation of cylindrical wave

functions. It is worth mentioning that the small approximation used in [1, 40] reduces

the size of the cylinder to a very thin wire. The approximation used in this work

enabled to obtain the analytical expressions for average scattered field for a relatively

larger radius. Beyond a certain value of radius, it is not possible to write down

analytical expressions for the average field and the numerical average is obtained,

i.e., an ensemble average of the field scattered from all the generated RC’s. The

average field is obtained for 500 realizations of RC. Moreover, scattered field from a

cylinder with mean radius is calculated and its difference with the average scattered

field is noted. By varying the standard deviation of the normal distribution, its effect

on the average scattered field is also analyzed.

In chapter 3, PEMC (metamaterial) circular cylinder with random radius is con-

sidered to compute the average co and cross polarized scattered field. To this end,

all the average scattering coefficients for a very small PEMC cylinder have been ex-

pressed in terms of scattering coefficients for PEC cylinder reported in chapter 2.

Moreover, it is observed that only zeroth-order scattering coefficient contributes to
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co-polarised average scattered field whereas first order coefficients also contribute to

cross-polarised average scattered field. In case of large PEMC cylinders, it is observed

that the average scattered field is almost equal to the scattered field from a cylinder

with a mean radius. For small PEMC cylinder, it has been observed that average

co-polarised scattered field is equal to the scattered field from a cylinder with a mean

radius. This is not true in case of cross-polarised scattered field and the difference

can be seen for most of the scattering angles. These observations have been reported

in a journal publication by the author [41].

In chapter 4, an analytical method based on perturbation theory (PT) has been

developed which not only generate the cylinder but also calculate the average scat-

tered field from a perturbed cylinder. To ensure the validity of the PT during the

numerical simulations for generating RC and calculating average field, an effort has

been made to derive two conditions in terms of perturbation parameter (B) and the

number of terms (N) in the Fourier series representation of RC. It has been concluded

that the perturbations must be small and the condition for gentle slope will be auto-

matically satisfied for smaller values of N . The expressions obtained for the scattered

field are also verified with the results obtained through MoM. The developed method

is more efficient as compared to MoM in terms of simplicity and computational time.

This method allows the efficient evaluation of near zone two dimensional field plots

which are very useful to analyze the forward and backscattering properties of per-

turbed cylinder with reference to that for a circular cylinder. These observations have

been reported in a journal publication by the author [39].

In chapter 5, the PT is applied to study the scattering from PEMC perturbed

cylinder. It is observed that how the perturbations affect the co and cross polarized

components of the scattered field compared with the reference scattered field from

the circular PEMC cylinder. In particular, the distinctions due to perturbations

are pronounced in the forward and backward scattering. The forward scattering is

affected more than the backward scattering due to perturbations. Also, the effect of

perturbations for the TE polarization is more evident. Finally, by changing the value
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of the admittance of the PEMC cylinder, the variations in the co and cross polarized

scattering are noted. This work has been accepted for a journal publication by the

author [42]. In chapter 6, final remarks and conclusions are given.

Figure 1.1: Flow chart of the thesis.



Chapter 2

Average scattered field from a

PEC cylinder with random radius

Average scattered field from a random PEC cylinder is discussed in this chapter. Uni-

form and normal distributions of the radius are considered due to the random nature

of the radius. First, a very small cylinder is considered and analytical expressions

for the average scattered field are written using small approximation of cylindrical

wave functions. Secondly, a small and large cylinder is considered. In this case, it is

not possible to write down analytical expressions for the average field, the numerical

average is only done. The problem formulation is given in Section 2.1. In Section 2.2,

evaluation of the average scattered field is presented. Numerical results are discussed

in Section 2.3. The time dependency is taken as ejωt.

2.1 Problem description and formulation

A PEC circular cylinder of radius a is considered in Figure (2.1) where a is a random

variable. It is assumed that the cylinder is infinite in z-direction and the problem

is two dimensional. All the mediums are linear, homogeneous and isotropic. The

incident field can be both TM polarized (E is parallel to cylinder axis) or TE polarized

(E is perpendicular to cylinder axis). It is expressed in terms of Vi which represents

9
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electric or magnetic field for TM or TE polarization, respectively. It is given by

Vi = V0e
−jkixx (2.1.1)

where V0 represents amplitude of incident plane wave and is given by

V0 =







E0

k0
TM Polarization

E0

ωµ0
TE Polarization

(2.1.2)

The scattered field in terms of scalar cylindrical functions can be expressed as

Figure 2.1: Geometry of the scattering problem.

Vs = V0

n=∞
∑

n=−∞

j−nbTM,TE
n H(2)

n (k0ρ)e
jnθ (2.1.3)

where H
(2)
n (k0ρ) is Hankel function, bn is the unknown coefficient and can be found

by imposing the following boundary condition at the surface of the cylinder ρ = a [1]

V i
z + V s

z = 0 (2.1.4)
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bTMn = − Jn(k0a)

H
(2)
n (k0a)

(2.1.5)

bTEn = − J ′

n(k0a)

H
′(2)
n (k0a)

(2.1.6)

where Jn(k0a) is Bessel function. In case of a cylinder having small radius, k0a << 1

and n > 0, the following approximations for Bessel and Hankel functions can be used

[45].

Jn(k0a) =
(0.5k0a)

n

Γ(n+ 1)
(2.1.7)

H(2)
n (k0a) =

(0.5k0a)
n

Γ(n+ 1)
+ j

Γ(n)

π
(
2

k0a
)n (2.1.8)

F ′

n(k0a) =
n

k0a
Fn(k0a)− Fn+1(k0a) (2.1.9)

where Fn is Bessel or Hankel function of second kind. The scattering width σ2D can

be expressed as [1]

σ2D = lim
ρ→∞

[

2πρ
|Ez

s |2
|Ez

i |2
]

(2.1.10)

σ2D =
4

β

∣

∣

∣

∞
∑

n=0

bne
jnφ

∣

∣

∣

2

(2.1.11)

σ2D =
2π

λ

∣

∣

∣

∞
∑

n=0

ǫnbn cos(nθ)
∣

∣

∣

2

(2.1.12)

where

ǫn =







1 n = 0

2 n 6= 0
(2.1.13)

2.2 Evaluation of average scattered field

In this problem, it is assumed that the randomness is due to the radius, i.e., the

radius ′a′ is a random variable with a certain distribution. Average scattered field

can be calculated analytically when a very small cylinder is considered i.e., k0a << 1
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while for large cylinder only numerical average can be done. In this section, ana-

lytical evaluation of the average scattered field is discussed for uniform and normal

distribution of the radius. Putting the equations (2.1.7), (2.1.8) and (2.1.9) in the

equations (2.1.5) and (2.1.6), bn for TM polarization is given by

b0
TM =

1

1− 2j
π
ln(k′0a)

(2.2.1)

bn
TM =

jπ

Γ(n)Γ(n+ 1)
(k0a)

2n (2.2.2)

For TE polarization, bn is given by

b0
TE = bTM1 =

jπ(k0a)
2

4
(2.2.3)

b1
TE = −bTM1 = −jπ(k0a)

2

4
(2.2.4)

where k′0 = 0.89k0. The higher terms can be ignored as k0a << 1.

The analytic average has been done in [40] where

H2
0 (k0a) =

1

−2j
π
ln(k′0a)

(2.2.5)

is used instead of

H2
0 (k0a) =

1

1− 2j
π
ln(k′0a)

(2.2.6)

which reduces the size of the cylinder to a very thin wire. Balanis [1] has also used

the same approximation for the Hankel function as in [40] to calculate scattering by

conducting circular cylinder with small radius. Here the approximation of Hankel

function defined in equation (2.2.6) is used for which the radius of small cylinder

is increased from millimeters to centimeters for the same frequency. The average

scattered field can be obtained by taking average

< Vs > = V0

n=∞
∑

n=−∞

j−n < bn > H(2)
n (k0ρ)e

jnφ (2.2.7)
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2.2.1 Uniform Distribution

For uniformly distributed random radius, the probability density function for the

radius a is defined as [40]

Pa(a) =







1
a2−a1

= Ac a1 ≤ a ≤ a2

0 Otherwise
(2.2.8)

< bn > can be calculated using the following integral

< bn > =

∫

∞

−∞

bnPa(a)da (2.2.9)

For TM polarization, < bn > is given by

< bTM0 > =

∫ a2

a1

Ac
z(a)

da (2.2.10)

z(a) = 1− 2j

π
ln(k′0a) (2.2.11)

The solution of integral is given in Appendix as,

< bTM0 > =
jπAce

π
2j

2k′0
Cz (2.2.12)

where

Cz =
{

E1[z(a2)]− E1[z(a1)]− γ
}

(2.2.13)

z(a1) = 1− 2j

π
ln(k′0a1) (2.2.14)

z(a2) = 1− 2j

π
ln(k′0a2) (2.2.15)

(2.2.16)

and γ = 1.781. The expression for bTMn ∀ n 6= 0 is given by

< bTMn > =
jπAc

Γ(n)Γ(n+ 1)k0(2n+ 1)

[

(k0a2)
2n+1 − (k0a1)

2n+1
]

(2.2.17)
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For TE polarization, < bn > is given by

< b0 >
TE =< b1 >

TM (2.2.18)

< b1 >
TE = − < b1 >

TM (2.2.19)

The covariance function for uniform distribution of the radius is,

< b0b0 > =
π2Ac
4k′20

∫ a2

a1

1
(

z(a)
)2da (2.2.20)

< b0b0 > =
π2Ac
4k′20

[ a2
z(a2)

− a1
z(a1)

− jπe
π
2j

2k′0
Cz

]

(2.2.21)

< b0b1 > =
π22Ac
8k′30

[

E1(1 +
6

π
ln(k′0a2)− E1(1 +

6

π
ln(k′0a1)

]

(2.2.22)

< b1b1 > =
π2Ac
20k′0

[

(k0a2)
5 − (k0a1)

5
]

(2.2.23)

2.2.2 Normal Distribution

The probability density function for normally distributed random radius is given by

Pa(a) =
1√
2πsa

exp
[

− (a− < a >)2

2s2a

]

(2.2.24)

The average scattering coefficient < bn > can be calculated using the following integral

< bn > =
1√
2πsa

∫

∞

−∞

bn exp[−
(a− < a >)2

2s2a
]da (2.2.25)

The Taylor series given in the Appendix is used to evaluate the above integral. For

TM polarization, < bn > is given by

< bTM0 > =
jπ(k0)

2

4Q
(< a >2 +s2a)−

jπM2η20
2Q

{ 1

z(< a >)

+
js2a

[

1− 2j
π
(2 + ln(k′0 < a >))

]

π < a >2
[

z(< a >)
]3

}

(2.2.26)

< bTM1 > =
jπ(k0)

2

4
(< a >2 +s2a) (2.2.27)
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Since k0a << 1, higher terms can be ignored. For TE polarization, < bn > can

be calculated using equations (2.2.18) and (2.2.19). The covariance function for nor-

mal distribution of the radius is,

< b0b0 > = −π
2

4

{ 1
[

z(< a >)
]2 +

4s2a

[

ln(k′0 < a >)− π
j
+ 1

]

π2 < a >2
[

z(< a >)
]4

}

(2.2.28)

< b0b1 > =
jπ2k′20

4

{< a >2 +σ2
a

z(< a >)
− 2s2a

[

z(< a >)
]2

−
2j
π

[

1− 2j
π
(2 + ln(k′0 < a >))

]

[

z(< a >)
]3

}

(< a >2 +5s2a) (2.2.29)

< b1b1 > =
(π2k20

2

)2[

(< a >4 +6 < a >2 s2a + 3s4a)
]

(2.2.30)

2.3 Numerical results

In this section, numerical implementation of the theory is done. Results are reported

for three sizes of cylinder.

• Very small cylinder (a1 = 0.01λ, a2 = 0.06λ, frequency (f)=30MHz)

• Small cylinder (a1 = 0.1λ, a2 = 0.6λ, f=300MHz)

• Large cylinder (a1 = 1λ, a2 = 6λ, f=300MHz)

All the results are averaged over 500 realizations.

First, average scattered field from very small PEC cylinder of random radius with

uniform distribution is shown in Figure (2.2). It is observed that the results for

both analytic average defined in equation (2.2.7) and numerical average (an ensemble
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Figure 2.2: Average scattering cross section of a very small PEC cylinder of random
radius with uniform distribution where a1 = 0.01λ, a2 = 0.06λ. Results are shown
using both analytic and numerical average.

average of the field scattered from all the generated RC’s) are in good agreement.

Average scattering width < σ > of a small PEC cylinder of random radius with

uniform distribution is shown in Figure (2.3). Also scattering cross section σ<a> of

a cylinder with mean radius is shown as reference result for TM polarization. A

large PEC cylinder is considered in Figure (2.4). It is noticed that the averaged

cross-section is very close to that of a circular cylinder with mean radius having

maximum amplitude at θ=0o. To better analyze the pattern, polar plots are also

given. Results for TE polarization are shown in Figures (2.5) and (2.6) respectively.

For large cylinder, < σ > is almost equal to σ<a> where difference is observed for

small cylinder.

Now consider a random cylinder when radius is normally distributed with sa =

0.25. Figure (2.7) shows scattering pattern of a small random PEC cylinder for TM

polarization while large PEC cylinder is considered in Figure (2.8). Figures (2.9) and

(2.10) show results for TE polarization respectively. It is observed that < σ > is same

as σ<a> for large cylinder while difference is observed for small cylinder.
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(a)

(b)

Figure 2.3: Scattering cross section (normalized) of a small PEC cylinder of random
radius with uniform distribution for TM polarization where a1 = 0.1λ and a2 = 0.6λ.
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(a)

(b)

Figure 2.4: Scattering cross section (normalized) of a large PEC cylinder of random
radius with uniform distribution for TM polarization where a1 = 1λ and a2 = 6λ.
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(a)

(b)

Figure 2.5: Scattering cross section (normalized) of a small PEC cylinder of random
radius with uniform distribution for TE polarization where a1 = 0.1λ and a2 = 0.6λ.
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(a)

(b)

Figure 2.6: Scattering cross section (normalized) of a large PEC cylinder of random
radius with uniform distribution for TE polarization where a1 = 1λ and a2 = 6λ.
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(a)

(b)

Figure 2.7: Same as Figure (2.3) except that normal distribution with sa = 0.25 is
considered.
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(a)

(b)

Figure 2.8: Same as Figure (2.4) except that normal distribution with sa = 0.25 is
considered.
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(a)

(b)

Figure 2.9: Same as Figure (2.5) except that normal distribution with sa = 0.25 is
considered.



24

(a)

(b)

Figure 2.10: Same as Figure (2.6) except that normal distribution with sa = 0.25 is
considered.



Chapter 3

Average scattered field from a

PEMC cylinder with random size

In this chapter, average scattered field from a random PEMC cylinder is discussed.

Uniform and normal distribution of the radius is considered for both TM and TE

polarizations to evaluate the average scattered field. The time dependency is taken

as ejωt. The problem formulation is given in Section 3.1. In Sections 3.1.1 and 3.1.2,

solution for the uniform and normal distributions is presented respectively. Numerical

results are discussed in Section 3.2.

3.1 Problem description and formulation

A PEMC circular cylinder of radius a is considered in Figure (3.1). It is assumed

that the cylinder is infinite in z-direction and the problem is two dimensional. All

the mediums are linear, homogeneous and isotropic. The incident field can be both

TM polarized or TE polarized expressed in terms of Vi which represents electric or

magnetic field for TM or TE polarization, respectively,

Vi = V0e
−jkixx (3.1.1)

where V0 represents amplitude of incident plane wave and is given by

V0 =







E0

k0
TM Polarization

E0

ωµ0
TE Polarization

(3.1.2)

25



26

In case of PEMC cylinder, cross polarized scattered field also exists in addition to

Figure 3.1: A linearly polarized plane wave is incident upon a random PEMC cylinder.

co-polarized scattered field. The co and cross polarized components in terms of scalar

cylindrical functions can be expressed as

Vs = V0

n=∞
∑

n=−∞

j−n[bTM,TE
n H(2)

n (k0ρ) + cTM,TE
n H ′(2)

n (k0ρ)]e
jnθ (3.1.3)

where bn and cn are the unknown coefficients. Boundary conditions at the surface of

the cylinder ρ = a are given by [2]

MEi
t +H i

t +Hs
t +MEs

t = 0 (3.1.4)

ǫ0E
i
ρ + ǫ0E

s
ρ −Mµ0H

i
ρ −Mµ0H

i
ρ = 0 (3.1.5)

Unknown coefficients are obtained by imposing the above boundary conditions and

are given by [2]

bn
TM = −H

(2)
n (k0a)J

′

n(k0a) +M2η20Jn(k0a)H
′(2)
n (k0a)

(1 +M2η20)H
(2)
n (k0a)H

′(2)
n (k0a)

(3.1.6)
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cn
TM =

2Mη0

πk0a(1 +M2η20)H
(2)
n (k0a)H

′(2)
n (k0a)

(3.1.7)

bn
TE = −H

′(2)
n (k0a)Jn(k0a) +M2η20J

′

n(k0a)H
(2)
n (k0a)

(1 +M2η20)H
(2)
n (k0a)H

′(2)
n (k0a)

(3.1.8)

cn
TE = − 2Mη0

πk0a(1 +M2η20)H
(2)
n (k0a)H

′(2)
n (k0a)

(3.1.9)

The scattering width σ2D can be expressed as

σco2D =
2π

λ

∣

∣

∣

∞
∑

n=0

ǫnbn cos(nθ)
∣

∣

∣

2

(3.1.10)

σcr2D =
2π

λ

∣

∣

∣

∞
∑

n=0

ǫncn cos(nθ)
∣

∣

∣

2

(3.1.11)

where

ǫn =







1 n = 0

2 n 6= 0
(3.1.12)

From equations (3.1.6) to (3.1.9), it can be seen that

cTEn = −cTMn (3.1.13)

Moreover for Mη0 = 1, the above equations are simplified to

bTEn = bTMn (3.1.14)

This gives the idea that SW will be same for both polarizations. Using the approx-

imations for Bessel and Hankel functions as in equations (2.1.7) through (2.1.9), bn

and cn for TM polarization are given by

b0
TM =

( jπ

4Q

)

(k0a)
2 −

(M2η20
Q

)( 1

z(a)

)

(3.1.15)

b1
TM =

(jπ(1−M2η20)

4Q

)

(k0a)
2 (3.1.16)

c0
TM = −

(Mη0j

Q

) 1

z(a)
(3.1.17)

c1
TM =

(πMη0
2Q

)

(k0a)
2 (3.1.18)
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where Q = (1 +M2η20) and higher terms can be ignored. From the above equations

it can be seen that bn and cn can be expressed in terms of the expressions obtained

for PEC,

b0
TM =

( 1

Q

)

b1
TM,PEC −

(M2η20
Q

)

b0
TM,PEC (3.1.19)

b1
TM =

(1−M2η20)

Q
b1
TM,PEC (3.1.20)

c0
TM = −

(Mη0j

Q

)

b0
TM,PEC (3.1.21)

c1
TM =

(2Mη0
jQ

)

b1
TM,PEC (3.1.22)

For TE polarization, bn and cn satisfy the following relations

b0
TE = b0

TM (3.1.23)

b1
TE = b1

TM (3.1.24)

c0
TE = −c0TM (3.1.25)

c1
TE = −c1TM (3.1.26)

3.1.1 Uniform Distribution

The average scattered field can be obtained using equation (2.2.9). For TM polariza-

tion, < bn > and < cn > are given by

< bTM0 > =
jπAc

12Qk0

[

(k0a2)
3 − (k0a1)

3
]

+
πAcM

2η20e
π
2j

jQk′0
Cz (3.1.27)

< bTM1 > =
jπAc(1−M2η20)

12Qk0

[

(k0a2)
3 − (k0a1)

3
]

(3.1.28)

< bTMn > =
jπAc(1−M2η20)

4Qk0(2n+ 1)

[

(k0a2)
2n+1 − (k0a1)

2n+1
]

(3.1.29)
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< cTM0 > = −πMη0Ace
π
2j

2Qk′0
Cz (3.1.30)

< cTM1 > =
πMη0Ac
6Qk0

[

(k0a2)
3 − (k0a1)

3
]

(3.1.31)

< cTMn > =
πMη0Ac

2Qk0(2n+ 1)

[

(k0a2)
2n+1 − (k0a1)

2n+1
]

(3.1.32)

For TE polarization, < bn > and < cn > are given by

< bTE0 > =< bTM0 > (3.1.33)

< bTE1 > =< bTM1 > (3.1.34)

< cTE0 > = − < cTM0 > (3.1.35)

< cTE1 > = − < cTM1 > (3.1.36)

The covariance function for uniform distribution of the radius is,

< c0c0 > =
jπ2M2η20Ac

2Q2

∫ a2

a1

1
(

z(a)
)2da (3.1.37)

< c0c0 > =
jπ2M2η20Ac

2Q2

[ a2
z(a2)

− a1
z(a1)

− jπe
π
2j

2k′0
Cz

]

(3.1.38)

< c0c1 > =
jπ2M2η20Ac

8Q2k′30

[

E1(1 +
6

π
ln(k′0a2)− E1(1 +

6

π
ln(k′0a1)

]

(3.1.39)

< c1c1 > =
π2M2η20Ac
20Q2k0

[

(k0a2)
5 − (k0a1)

5
]

(3.1.40)

< b0b0 > =
π(M2η20)

2Ac
2j

[ a2
(z(a2)

− a1
z(a1)

− jπe
π
2j

2k′0
Cz

]

− jπ2M2η20Ac
4Q2k′30

[

E1(1 +
6

π
ln(k′0a2)−E1(1 +

6

π
ln(k′0a1)

]

(3.1.41)

< b0b1 > =
(πM2η20(1−M2η20))

2Ac
(4Q)2k′30

[

E1(1 +
6

π
ln(k′0a2)

− E1(1 +
6

π
ln(k′0a1)

]

(3.1.42)

< b1b1 > =
(π(1−M2η20))

2Ac
(4Q)2k0

[

(k0a2)
5 − (k0a1)

5
]

(3.1.43)
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3.1.2 Normal Distribution

For TM polarization, < bn > and < cn > are calculated by using the Taylor series

given in Appendix

< bTM0 > =
jπ(k0)

2

4Q
(< a >2 +s2a)−

M2η20
Q

{ 1

z(< a >)

+

2j
π
s2a

[

1− 2j
π
(2 + ln(k′0 < a >))

]

< a >2
[

z(< a >)
]3

}

(3.1.44)

< bTM1 > =
jπ(1−M2η20)

4Q
(k0)

2(< a >2 +s2a) (3.1.45)

< cTM0 >=
jMη0
Q

{ 1

z(< a >)
−

2j
π
s2a

[

1− 2j
π
(2 + ln(k′0 < a >))

]

2 < a >2
[

z(< a >)
]3

}

(3.1.46)

< cTM1 > =
πMη0(k0)

2

2Q
(< a >2 +s2a) (3.1.47)

For TE polarization, < bn > can be calculated using equations (3.1.33) to (3.1.36).

The covariance function for normal distribution of the radius is,

< b0b0 > =
(M2η20)

2

Q2

{ 1
[

z(< a >)
]2 +

2j
π
s2a

[

− 1 + 2i
π
(3 + ln(k′0 < a >))

]

< a >2
[

z(< a >)
]4

}

− jπM2η20
2Q2

{< a >2 +s2a
[

z(< a >)
] − 2s2a

[

z(< a >)
]2 −

2j
π

[

1− 2j
π
(2 + ln(k′0 < a >))

]

[

z(< a >)
]3

(< a >2 +5s2a)−
π2(k0)

4

16Q2
(< a >4 +6 < a >2 s2a + 3s4a)

}

(3.1.48)
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< b0b1 > = −jπM
2η20(1−M2η20)

4Q2

{< a >2 +s2a
[

z(< a >)
] − 2s2a

[

z(< a >)
]2

−
2j
π

[

1− 2j
π
(2 + ln(k′0 < a >))

]

[

z < a >)
]3

}

(< a >2 +5s2a)

− π2(1−M2η20)(k0)
4

16Q2
(< a >4 +6 < a >2 s2a + 3s4a) (3.1.49)

< b1b1 > = −
(π(1−M2η20)(k0)

2

4Q

)2[

(< a >4 +6 < a >2 s2a + 3s4a)
]

(3.1.50)

< c0c0 > = −M
2η20
Q2

{ 1
[

z(< a >)
]2 +

4s2a

[

ln(k′0 < a >)− π
j
+ 1

]

π2 < a >2
[

z(< a >)
]4

}

(3.1.51)

< c0c1 > =
jπM2η20(k0)

2

2Q2

{< a >2 +s2a
z(< a >)

− 2s2a
[

z(< a >)
]2

−
2j
π

[

1− 2j
π
(2 + ln(k′0 < a >))

]

[

z(< a >)
]3

}

(< a >2 +5s2a) (3.1.52)

< c1c1 > =
(πMη0(k0)

2

2Q

)2[

(< a >4 +6 < a >2 s2a + 3s4a)
]

(3.1.53)

3.2 Numerical results

In this section, numerical implementation of the theory is done. First the results

reported by Ruppin [2] have been reproduced in Figure (3.2) where far zone scattered

field is shown for k0a = 10 and Mη0 = ±1. The cross polarized scattered field

is maximum for Mη0 = ±1 and many side lobes are observed. In the subsequent

discussion, results are reported for three sizes of cylinder.

• Very small cylinder (a1 = 0.01λ, a2 = 0.06λ, f=30MHz)



32

• Small cylinder (a1 = 0.1λ, a2 = 0.6λ, f=300MHz)

• Large cylinder (a1 = 1λ, a2 = 6λ, f=300MHz)

All the results are averaged over 500 realizations. Figure (3.3) shows the result for

cross polarized scattered field of a random PEMC cylinder and very little difference

is observed. The graphical representation for analytical expression of co polarized

scattered field is not shown because for Mη0 = ±1, bn → 0, ∀ n 6= 0 and b0 only

contributes. The analytical average is the arithmetic mean of b0.

Figures (3.4) and (3.5) show co and cross polarized scattering patterns of a small

PEMC cylinder of random radius having uniform distribution. It is noticed that

< σ > is very closed to σ<a> in case of co polarized component. Very small difference

can be found for cross polarized scattered field. Large cylinder is considered in Figures

(3.6) and (3.7). It is seen that difference can be better analyzed using polar plot

in forward and backward scattering directions. Results also show that there is no

significant difference between < σ > and σ<a>. The scattering pattern for large

cylinder is more focused in both the cases for co and cross polarized fields while for

small cylinder it varies for most of the scattering angles. It is worth mentioning that

the plots of co and cross polarized scattered field for TE and TM polarization are

same due to Mη0 = ±1.

Now consider a random cylinder when radius is normally distributed. Scattering

widths for a small PEMC cylinder are shown in Figures (3.8) and (3.9) while a large

PEMC cylinder is shown in Figures (3.10) and (3.11) respectively. It is observed that

for a small PEMC cylinder, < σ > and σ<a> are different both co and cross polarized

scattered fields. In case of a large PEMC cylinder, < σ > and σ<a> are same for co

polarized scattered field while difference can be noticed for cross polarized scattered

field.

Figures (3.12) and (3.13) show co and cross scattering pattern of PEMC cylinder

for different values of standard deviation. The mean radius is < a >= 3.5λ. Results

show that the co polarized scattering pattern does not vary as a function of sa while

variations can be observed in cross polarized scattering pattern.
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Figure 3.2: Co and cross polarized scattered field from a PEMC cylinder.

Figure 3.3: Cross polarized scattering cross section (normalized) of a very small
PEMC cylinder of random radius with uniform distribution where a1 = 0.01λ and
a2 = 0.06λ.



34

(a)

(b)

Figure 3.4: Co polarized scattering cross section (normalized) of a small PEMC
cylinder of random radius with uniform distribution where a1 = 0.1λ and a2 = 0.6λ.
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(a)

(b)

Figure 3.5: Cross polarized scattering cross section (normalized) of a small PEMC
cylinder of random radius with uniform distribution where a1 = 0.1λ and a2 = 0.6λ.
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(a)

(b)

Figure 3.6: Co polarized scattering cross section (normalized) of a large PEMC cylin-
der of random radius with uniform distribution where a1 = 1λ and a2 = 6λ.
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(a)

(b)

Figure 3.7: Cross polarized scattering cross section (normalized) of a large PEMC
cylinder of random radius with uniform distribution where a1 = 1λ and a2 = 6λ.
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(a)

(b)

Figure 3.8: Same as Figure (3.4) except that normal distribution with sa = 0.25 is
considered.
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(a)

(b)

Figure 3.9: Same as Figure (3.5) except that normal distribution with sa = 0.25 is
considered.
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(a)

(b)

Figure 3.10: Same as Figure (3.6) except that normal distribution with sa = 0.25 is
considered.
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(a)

(b)

Figure 3.11: Same as Figure (3.7) except that normal distribution with sa = 0.25 is
considered.
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(a)

(b)

Figure 3.12: Co polarized scattering cross section (normalized) of a PEMC cylinder
of random radius with normal distribution for different values of standard deviation.
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(a)

(b)

Figure 3.13: Cross polarized scattering cross section (normalized) of a PEMC cylinder
of random radius with normal distribution for different values of standard deviation.



Chapter 4

Scattered field from a random PEC

cylinder with arbitrary shape using

the perturbation theory

In this chapter, scattering from a random PEC cylinder having shape perturbations

is discussed. An effort has been made to relate the PT conditions with the RC

generation. This is very important as the conditions for the PT to be valid must not

be violated in the generation of the random cylinder. Both the TM and TE polarized

incident fields are assumed. The solution is verified by implementing the well known

MOM. Problem formulation is given in Section 4.1 and the numerical results are

presented in Section 4.2. The time dependency is taken as ejωt.

4.1 Problem formulation

A random PEC cylinder with an arbitrary cross section is assumed as shown in Figure

(4.1). It is assumed that the cylinder is infinite in z-direction and the problem is two

dimensional. All the mediums are linear, homogeneous and isotropic. A plane wave

is made incident to illuminate the scatterer. In polar coordinates, the radius of the

random cylinder in terms of unperturbed cylinder radius a and perturbation constant

B are expressed as

ρ′ = a+Bp(θ) (4.1.1)

44
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Figure 4.1: A circular random PEC cylinder illuminated by TM/TE polarized incident
field.

where B satisfy the relation B << λ. The TM or TE polarized incident field is

denoted by Vi which represents electric or magnetic field component, respectively. It

is given by

Vi =
+∞
∑

n=−∞

V0(−j)nJn(kρ)ejn(θ−θi) (4.1.2)

where V TE
0 = E0

ωµ0
and V TM

0 = E0

k0
. By writing perturbation series, the scattered field

can be represented as [35]

Vs =

+∞
∑

n=−∞

V0(−j)n(c0n + c1nkB + c2n(kB)2 + ....)H(2)
n (kρ)ejn(θ−θi) (4.1.3)

where c0n, c
1
n etc are the unknown coefficients and can be found by imposing the

boundary conditions at the perturbed cylinder surface.
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4.1.1 Solution for TM Polarization

To find the unknown scattering coefficients, the following boundary conditions will

be applied at the surface of the cylinder as [34]

V i
z + V s

z = 0 (4.1.4)

After putting the expressions for the incident and scattered fields into boundary

condition, we get

+∞
∑

n=−∞

(−j)nJn(ka)ejn(θ−θi)

+

+∞
∑

n=−∞

(−j)n(c0n + c1nkB + c2n(kB)2 + ....)H(2)
n (ka)ejn(θ−θi) = 0 (4.1.5)

The Taylor series expansion of Bessel and Hankel functions about ka can be written

as

Fn(kρ
′) = Fn

{

k(a +Bp(θ)
}

= Fn(ka) + F ′

n(ka)kBp(θ) + .... (4.1.6)

Putting the above equation in equation (4.1.5), we get

+∞
∑

n=−∞

(−j)n[Jn(ka) + J ′

n(ka)kBp(θ) + ....]ejnθ

+

+∞
∑

n=−∞

(−j)n
[

H(2)
n (ka) +H ′(2)

n (ka)kBp(θ) + ....
]

(c0n + c1nkB + c2n(kB)2 + ....)ejnθ = 0 (4.1.7)

Comparing the coefficients of the zeroth order terms the following expression is ob-

tained for c0n

c0n = − Jn(ka)

H
(2)
n (ka)

(4.1.8)

For B = 0, there is no perturbation and the resultant scattered field will be that of

an unperturbed circular cylinder given by [1]

Vs = −
+∞
∑

n=−∞

V0(−j)n
Jn(ka)

H
(2)
n (ka)

H(2)
n (kρ)ejn(θ−θi) (4.1.9)
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The first order scattering coefficient c1n can be calculated by comparing the first order

terms as

+∞
∑

n=−∞

(−j)nc1nH(2)
n (ka)ejnθ =

2jp(θ)

πka

+∞
∑

n=−∞

(−j)n ejnθ

H
(2)
n (ka)

(4.1.10)

The higher terms of (kB)2 can be neglected as kB << 1. The Fourier series repre-

sentation of p(θ) is

p(θ) = Re
[

+∞
∑

m=−∞

Yme
j(mθ+ψm)

]

(4.1.11)

Putting the above equation in equation (4.1.10) we get the solution for c1n,

c1n =
2jn+1

πkaH
(2)
n (ka)

+∞
∑

q=−∞

(−j)q Yn−qe
jψn−q

H
(2)
q (ka)

(4.1.12)

The scattered field up to first order is given by

Vs =
+∞
∑

n=−∞

V0(−j)n
[

− Jn(ka)

H
(2)
n (ka)

+
2jn+1

πkaH
(2)
n (ka)

+∞
∑

q=−∞

(−j)qYn−qe
jψn−q

H
(2)
q (ka)

kB
]

H(2)
n (kρ)ejn(θ−θi) (4.1.13)

In the next section, the unknown coefficients for the TE polarization will be derived.

4.1.2 Solution for TE Polarization

In the TM case, it is seen that the electric field Ez is always tangent to the surface

of the cylinder while for the TE case, Eφ is always tangent to the cylinder boundary.

So, the tangential electric field component will be found using the unit tangent vector

defined by [35]

t̂ =
ζρ̂

√

1 + ζ2
+

φ̂
√

1 + ζ2
(4.1.14)

where ζ = B∂p(θ)
a+Bp(θ)

and ∂p(θ) = ∂p(θ)
∂θ

. Using the tangential components of the electric

field, the boundary condition is given by

V i
tan + V s

tan = 0 (4.1.15)
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The tangent electric field can be calculated using the Maxwell’s equation as [35]

V i
tan =

1

jωǫ

+∞
∑

n=−∞

j−n
1

√

1 + ζ2

[

ζjn

ρ′
Jn(kρ

′)− kJ ′

n(kρ
′)

]

ejn(θ−θi) (4.1.16)

and

V s
tan =

1

jωǫ

+∞
∑

n=−∞

j−n(c0n + c1nkB + c2n(kB)2 + ....)

1
√

1 + ζ2

[

ζjn

ρ′
H(2)
n (kρ′)− kH ′(2)

n (kρ′)

]

ejn(θ−θi) (4.1.17)

Substituting the expressions for the tangential incident and scattered fields in equation

(4.1.15), we obtain

− 1

jωǫ

+∞
∑

n=−∞

j−n
1

√

1 + ζ2

[ζjn

ρ′
{Jn(ka) + J ′

n(ka)kBp(θ) + ....}

−k{J ′

n(ka) + J ′′

n(ka)kBp(θ) + ....}
]

ejnθ

− 1

jωǫ

+∞
∑

n=−∞

j−n(c0n + c1nkB + c2n(kB)2 + ....)
1

√

1 + ζ2
[ζjn

ρ′
{H(2)

n (ka) +H ′(2)
n (ka)kBp(θ) + ....}

−k{H ′(2)
n (ka) +H ′′(2)

n (ka)kBp(θ) + ....}
]

ejnθ = 0 (4.1.18)

In the above equation, the Taylor series expansion of the Hankel functions is used.

Balancing the zeroth order terms of the equation (4.1.18), the unknown scattering

coefficient c0n can be obtained as

c0n = − J ′

n(ka)

H
′(2)
n (ka)

(4.1.19)

The resultant scattered field for the unperturbed circular cylinder can be written as

Vs =

+∞
∑

n=−∞

j−n

[

− J ′

n(ka)

H
′(2)
n (ka)

]

H(2)
n (kρ)ejn(θ−θi) (4.1.20)

To calculate c1n, we equate the first order terms of equation (4.1.18)
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+∞
∑

n=−∞

j−nH ′(2)
n (ka)c1ne

jnθ =
+∞
∑

n=−∞

j−n

[

p(θ)Tn

H
′(2)
n (ka)

− p′(θ)2n

π(ka)3H
′(2)
n (ka)

]

ejnθ (4.1.21)

where Tn = J ′′

n(ka)H
′(2)
n (ka)−J ′

n(ka)H
′′(2)
n (k1a). The expression for the p′(θ) is given

by

p′(θ) = Re
[

+∞
∑

m=−∞

jmYme
j(mθ+ψm)

]

(4.1.22)

Substituting the above equation in equation (4.1.21), c1n can be written as

c1n =
jn

H
′(2)
n (ka)

+∞
∑

q=−∞

j−q
Yn−qe

jψn−q

H
′(2)
q (ka)

[

Tq −
j2(n− q)q

π(ka)3

]

(4.1.23)

The resultant scattered field is given by

Vs =
1

jωǫ

+∞
∑

n=−∞

j−n
[

− J ′

n(ka)

H
′(2)
n (ka)

+
jn

H
′(2)
n (ka)

+∞
∑

q=−∞

j−q
Yn−qe

jψn−q

H
′(2)
q (ka)

{Tq −
j2(n− q)q

π(ka)3
}kB

]

H(2)
n (kρ)ejn(θ−θi) (4.1.24)

From equation (4.1.23), it is seen that the function p′(θ) is not required, only coeffi-

cients are required.

4.2 RC Generation and Results

In this section, the RC generation is discussed and relationship to the PT is developed.

For the PT to be valid, the conditions are given by

|kp(θ)| << 1 (4.2.1)

and

|∂p(θ)
∂θ

| << 1 (4.2.2)

In [38], the finite term Fourier series is used to generate a random cylinder and it is

given by

p(θ) =

N
∑

n=1

Yn cos(nθ + ψn) (4.2.3)
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It is assumed that the random amplitude Yn and phase ψn are independent and

identically distributed uniformly between [−B,B] and [−π, π] respectively. In this

model, p(θ) is zero mean and its variance is NB2/6 where N denotes the number of

terms. The maximum value of the sum of the series is |NB|. Putting the maximum

value of p(θ) in the first condition defined in equation (4.2.1) , we get

|kNB| << 1 (4.2.4)

The derivative of p(θ) can be expressed as

∂p(θ)

∂θ
=

N
∑

n=1

nYn sin(nθ + ψn) (4.2.5)

The maximum value of the sum of the above series is

S =
N(N + 1)B

2
(4.2.6)

From equations (4.2.5), (4.2.6) and the second condition given in equation (4.2.2), we

get
∣

∣

∣

N(N + 1)B

2

∣

∣

∣
<< 1 (4.2.7)

From equations (4.2.4) and (4.2.7), the conditions for RC generation can be written

as

|kNB| << 1,
∣

∣

∣

N(N + 1)B

2

∣

∣

∣
<< 1 (4.2.8)

For N < (4π/λ− 1), the first condition dominates while the second condition domi-

nates when N > (4π/λ− 1). It means that the perturbations must be small and the

condition for gentle slope will be automatically satisfied for smaller values of N. For

our simulations, N is a small number and only the condition given in equation (4.2.4)

must satisfy. Figure (4.2) shows the random cylinder generated by using equation

(4.2.3). In Figure (4.2a), N is kept constant while B is kept constant in Figure (4.2b).

It can be noticed that the randomness of the cylinder varies as the value of B or N is

changed.

Figures (4.3) and (4.4) show the scattering cross section of a random PEC cylinder

obtained using the PT and MoM for a = 0.5λ and a = 1λ respectively. The other
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parameters are B = 0.005 and N = 5. Result obtained using the MoM compared

well with that obtained by the PT for a slightly perturbed cylinder.

The scattered field from a circular cylinder is obtained by selecting perturbation

parameter B = 0. We consider a PEC cylinder with mean radius a = 0.5λ and

B = 0.005, N = 5. The near zone scattered field for normal incidence is obtained

as shown in Figure (4.5). A large cylinder with mean radius a = 1λ is considered in

Figure (4.6). These two dimensional field plots show that the scattered field in near

zone from a perturbed PEC cylinder varies considerably while compared with the

scattered field from a circular cylinder (B = 0). The difference between the scattered

fields in forward and backward directions for TE and TM polarized incident fields is

also very much clear.

Figures (4.7) and (4.8) show the scattered field from a perturbed PEC cylinder

where a = 0.5λ and N = 5. For reference, result for a circular cylinder having

a = 0.5λ is also shown. For a circular cylinder B = 0 and for a random cylinder

B = 0.005. A large cylinder with a = 1λ is considered in Figures (4.9) and (4.10). It

is noted that for the small value of the perturbation parameter B, the scattered field

from the random cylinder is almost equal to that of the circular cylinder.

Figures (4.11) and (4.12) show the scattering cross section of a perturbed PEC

cylinder with different value of the perturbation parameter where N=5. When B is

kept small, a little variation in the scattered field is observed while the large variations

can be found when B is increased. Figures (4.13) and (4.14) show the scattering cross

section from a perturbed cylinder with different values of N where B = 0.005. Small

variations in the scattered field is observed when N is kept small while the large

variations can be seen when N is increased. Scattering for TE polarized field is more

sensitive to the change in B and N than TM case. Figures (4.15) and (4.16) show

the scattering cross section of a perturbed PEC cylinder with different value of radius

where B = 0.005 and N = 5. As radius of the cylinder is increased large variations

are noticed.
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(a)RC for N = 5

(b)RC for B = 0.005

Figure 4.2: Generation of the random cylinder with a = 0.5λ.
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Figure 4.3: Comparison of scattered field from a perturbed PEC cylinder using the
PT with that obtained using the MoM where a = 0.5λ, B = 0.005 and N = 5.

Figure 4.4: Same as figure (4.3) except that radius a = 1λ is assumed.
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(a) Circular cylinder B = 0, TM polarization (b) Perturbed cylinder B = 0.005, TM polarization

(c) Circular cylinder B = 0, TE polarization (d) Perturbed cylinder B = 0.005, TE polarization

Figure 4.5: Scattered field from a perturbed PEC cylinder with mean radius a = 0.5λ
and N = 5.
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(a) Circular cylinder B = 0, TM polarization (b) Perturbed cylinder B = 0.005, TM polarization

(c) Circular cylinder B = 0, TE polarization (d) Perturbed cylinder B = 0.005, TE polarization

Figure 4.6: Same as Figure (4.5) except that a = 1λ is assumed.
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Figure 4.7: Scattered field from a perturbed PEC cylinder for TM polarization where
a = 0.5λ and B = 0.005.

Figure 4.8: Same as Figure (4.7) except that TE polarization is assumed.
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Figure 4.9: Scattered field from a perturbed PEC cylinder for TM polarization where
a = 1λ and B = 0.005.

Figure 4.10: Same as Figure (4.9) except that TE polarization is assumed.
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Figure 4.11: Scattered field from a perturbed PEC cylinder for different values of B
where a = 0.5λ and TM polarized incident field is assumed.

Figure 4.12: Same as Figure (4.11) except that TE polarized incident field is assumed.
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Figure 4.13: Scattered field from a perturbed PEC cylinder for different values of N
where a = 0.5λ and TM polarized incident field is assumed.

Figure 4.14: Same as Figure (4.13) except that TE polarized incident field is assumed.
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Figure 4.15: Scattered field from a perturbed PEC cylinder for different values of ’a’
where B = 0.005, N = 5 and TM polarized incident field is assumed.

Figure 4.16: Same as Figure (4.15) except that TE polarized incident field is assumed.



Chapter 5

Scattered field from a random

PEMC cylinder with arbitrary

shape using the perturbation

theory

In this chapter, a random PEMC cylinder is considered and the scattered field is

calculated using the PT. First, perturbed cylinder generation and the related PT

conditions for the method to be valid are described in Section 5.1. Moreover, the de-

tailed calculations for the zeroth and the first order solution are evaluated. Numerical

simulations are performed in Section 5.2. The time dependency is taken as ejωt.

5.1 Problem formulation

Consider figure 5.1, a random cylinder (RC) is generated using the model expressed

in [38]. It is assumed that the cylinder is infinite in z-direction and the problem is

two dimensional. All the mediums are linear, homogeneous and isotropic. The math-

ematical description in terms of Yn (random amplitude) independent and identical

uniformly distributed between [−B,B] and ψn (phase) distributed between [−π, π] is
expressed as

p(θ) =

N
∑

n=1

Yn cos(nθ + ψn) (5.1.1)

61
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The perturbation on the cylinder’s surface can be expressed as [34],

ρ′ = a+Bp(θ) (5.1.2)

where a is the unperturbed radius and B is the perturbation constant satisfying

B << λ. The validity conditions for PT are reported as [39],

|kNB| << 1 (5.1.3)

∣

∣

∣

N(N + 1)B

2

∣

∣

∣
<< 1 (5.1.4)

5.1.1 TM polarization

A TM polarized electric field is incident upon the cylinder and is given by

Ei
z =

n=∞
∑

n=−∞

j−nJn(k0ρ)e
jnθ (5.1.5)

Since the scattered electric and magnetic fields will have both the co and cross

Figure 5.1: A random PEMC cylinder with radius a = 0.5λ.

polarized components. It is worth mentioning that for a perturbed cylinder, the z-

component of the field is always tangent to the surface of the cylinder satisfying the
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following boundary condition

MEi
z +MEs

z +Hs
z = 0 (5.1.6)

where

Es
z =

n=∞
∑

n=−∞

j−nanH
(2)
n (k0ρ)e

jnθ (5.1.7)

Hs
z = − 1

jη0

n=∞
∑

n=−∞

j−nbnH
(2)
n (k0ρ)e

jnθ (5.1.8)

In the above equations, the co polarized unknown scattering coefficient is described by

an while the cross polarized unknown coefficient is described by bn. The φ component

is no more tangential to the surface of a perturbed cylinder. The other tangential

components are obtained by taking the dot product with the tangent vector reported

in [35]. The expression can be written as

t̂ =
ζρ̂

√

1 + ζ2
+

φ̂
√

1 + ζ2
(5.1.9)

where ζ = Bp′(θ)
a+Bp(θ)

and p′(θ) = ∂
∂θ
r(θ). Hence, the boundary condition for the tangen-

tial component is given by,

H i
tan +MEs

tan +Hs
tan = 0 (5.1.10)

Using the following relation

Htan =
1

jωµ0

(

▽× Ez ẑ
)

· t̂ (5.1.11)

the incident and scattered fields in terms of the tangential component can be evaluated

as,

H i
tan = − 1

jη0

n=∞
∑

n=−∞

1
√

1 + ζ2
j−n

[ ζjn

k0ρ′
Jn(k0ρ

′)− J ′

n(k0ρ
′)
]

ejnθ (5.1.12)

Hs
tan = − 1

jη0

n=∞
∑

n=−∞

1
√

1 + ζ2
j−nan

[ ζjn

k0ρ′
H(2)
n (k0ρ

′)−H ′(2)
n (k0ρ

′)
]

ejnθ (5.1.13)

Es
tan =

n=∞
∑

n=−∞

1
√

1 + ζ2
j−nbn

[ ζjn

k0ρ′
H(2)
n (k0ρ

′)−H ′(2)
n (k0ρ

′)
]

ejnθ (5.1.14)
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To find the unknown coefficients from the boundary condition in equations (5.1.6)

and (5.1.10), the PT is applied. The first step is to expand the unknown coefficients

into the perturbation series as

an = a0n + a1nk0B + a2n(k0B)2 + · · · (5.1.15)

bn = b0n + b1nk0B + b2n(k0B)2 + · · · (5.1.16)

Moreover, the cylindrical wave functions are expanded into Taylor series about k0a

as [35],

Fn(k0ρ
′) = Fn

{

k0(a +Bp(θ)
}

= Fn(k0a) + F ′

n(k0a)k0Bp(θ) + · · · (5.1.17)

By substituting the equations (5.1.15)-(5.1.17) in the filed expressions defined in the

equations (5.1.5), (5.1.7) and (5.1.8) and using the boundary condition in the equation

(5.1.6) we get,

n=∞
∑

n=−∞

j−n{Jn(k0a) + k0Bp(θ)J
′

n(k0a)}ejnθ

+

n=∞
∑

n=−∞

j−n(a0n + a1nk0B + a2n(k0B)2 + · · ·)

{H(2)
n (k0a) + k0Bp(θ)H

′(2)
n (k0a)}ejnθ

− 1

jMη0

n=∞
∑

n=−∞

j−n(b0n + b1nk0B + b2n(k0B)2 + · · ·)

{H(2)
n (k0a) + k0Bp(θ)H

′(2)
n (k0a)}ejnθ = 0 (5.1.18)

Similarly, putting the equations (5.1.15)-(5.1.17) in the field expressions defined in

the equations (5.1.12)-(5.1.14) and using the boundary conditions in the equation
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(5.1.10) we get,

− nζ

k0ρ′Mη0

n=∞
∑

n=−∞

j−n{Jn(k0a) + k0Bp(θ)J
′

n(k0a)}ejnθ

+
1

jMη0

n=∞
∑

n=−∞

j−n{J ′

n(k0a) + k0Bp(θ)J
′′

n(k0a)}ejnθ

− nζ

k0ρ′Mη0

n=∞
∑

n=−∞

j−n(a0n + a1nk0B + a2n(k0B)2 + · · ·)

{H(2)
n (k0a) + k0Bp(θ)H

′(2)
n (k0a)}ejnθ

+
1

jMη0

n=∞
∑

n=−∞

j−n(a0n + a1nk0B + a2n(k0B)2 + · · ·)

{H ′(2)
n (k0a) + k0Bp(θ)H

′′(2)
n (k0a)}ejnθ

+
jnζ

k0ρ′

n=∞
∑

n=−∞

j−n(b0n + b1nk0B + b2n(k0B)2 + · · ·)

{H(2)
n (k0a) + k0Bp(θ)H

′(2)
n (k0a)}ejnθ

−
n=∞
∑

n=−∞

j−n(b0n + b1nk0B + b2n(k0B)2 + · · ·)

{H ′(2)
n (k0a) + k0Bp(θ)H

′′(2)
n (k0a)}ejnθ = 0 (5.1.19)

Putting the values of ζ and ρ′ in the above equations and comparing the zeroth order

terms , the following expressions are obtained as,

a0nH
(2)
n (k0a)−

1

jMη0
b0nH

(2)
n (k0a) = −Jn(k0a) (5.1.20)

a0nH
′(2)
n (k0a)− jMη0b

0
nH

′(2)
n (k0a) = −J ′

n(k0a) (5.1.21)

The above expressions can be solved to find unknown coefficients a0n and b0n as,

a0n = −H
(2)
n (k0a)J

′

n(k0a)−M2η20Jn(k0a)H
′(2)
n (k0a)

(1 +M2η20)H
(2)
n (k0a)H

′(2)
n (k0a)

(5.1.22)

b0n = − 2Mη0

(1 +M2η20)πk0aH
(2)
n (k0a)H

′(2)
n (k0a)

(5.1.23)
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Equations (5.1.22) and (5.1.23) are similar to the expressions as reported by Ruppin

in [2]. The first order terms from the equations (5.1.18) and (5.1.19) can be written

as

n=∞
∑

n=−∞

j−na1nH
(2)
n (k0a)−

1

jMη0

n=∞
∑

n=−∞

j−nb1nH
(2)
n (k0a) = −l1 (5.1.24)

n=∞
∑

n=−∞

j−na1nH
′(2)
n (k0a)− jMη0

n=∞
∑

n=−∞

j−nb1nH
′(2)
n (k0a) = −jMη0l2 (5.1.25)

where

l1 = p(θ)

n=∞
∑

n=−∞

{

J ′

n(k0a) + a0nH
′(2)
n (k0a)−

1

jMη0
b0nH

′(2)
n (k0a)

}

(5.1.26)

l2 = p′(θ)
n=∞
∑

n=−∞

{

− jn

(k0a)2
Jn(k0a)−

nMη0
(k0a)2

b0nH
(2)
n (k0a)

− jn

(k0a)2
a0nH

(2)
n (k0a)

}

+ p(θ)
{ 2

k0a
J ′

n(k0a) + J ′′

n(k0a)

+ a0nH
′′

n(k0a)− jMη0b
0
nH

′′

n(k0a) +
2

k0a
a0nH

′

n(k0a)

− 2jMη0
k0a

b0nH
′

n(k0a)
}

(5.1.27)

The higher terms of (kB)2 can be neglected as kB << 1. From the equation (5.1.1)

the expressions for p′(θ) can be written as,

p′(θ) = Re
[

+∞
∑

m=−∞

jmYme
j(mθ+ψm)

]

(5.1.28)

Putting the values of p(θ) and p′(θ) from equations (5.1.1) and (5.1.28) in the equa-

tions (5.1.26) and (5.1.27), the following expressions are obtained

l1 =
+∞
∑

m=−∞

Yme
j(mθ+ψm)

n=∞
∑

n=−∞

{

J ′

n(k0a) + a0nH
′(2)
n (k0a)

− 1

jMη0
b0nH

′(2)
n (k0a)

}

(5.1.29)
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l2 =
+∞
∑

m=−∞

jmYme
i(mθ+ψm)

n=∞
∑

n=−∞

{

− jn

(k0a)2
Jn(k0a)−

nMη0
(k0a)2

b0nH
(2)
n (k0a)

− jn

(k0a)2
a0nH

(2)
n (k0a)

}

+

+∞
∑

m=−∞

Yme
j(mθ+ψm)

n=∞
∑

n=−∞

{ 2

k0a
J ′

n(k0a)

+ J ′′

n(k0a) + a0nH
′′

n(k0a)− jMη0b
0
nH

′′

n(k0a) +
2

k0a
a0nH

′

n(k0a)

− 2jMη0
k0a

b0nH
′

n(k0a)
}

(5.1.30)

Equations (5.1.24) and (5.1.25) can be solved simultaneously using the orthogonality

condition to find the unknown coefficients a1n and b1n as,

a1n = −jMη0L2H
(2)
n (k0a)−M2η20L1H

′(2)
n (k0a)

(1 +M2η20)H
(2)
n (k0a)H

′(2)
n (k0a)

(5.1.31)

b1n = jMη0

{−jMη0L2H
(2)
n (k0a) + L1H

′(2)
n (k0a)

(1 +M2η20)H
(2)
n (k0a)H

′(2)
n (k0a)

}

(5.1.32)

where

L1 =
+∞
∑

q=−∞

Yn−qe
jψn−q

{

J ′

q(k0a) + a0qH
′(2)
q (k0a)−

1

jMη0
b0qH

′(2)
q (k0a)

}

(5.1.33)

L2 =

+∞
∑

q=−∞

j(n− q)Yn−qe
j(ψn−q)

{

− jq

(k0a)2
Jq(k0a)−

qMη0
(k0a)2

b0qH
(2)
q (k0a)

− jq

(k0a)2
a0qH

(2)
q (k0a)

}

+

+∞
∑

q=−∞

Yn−qe
j(ψn−q)

{ 2

k0a
J ′

q(k0a) + J ′′

q (k0a)

+ a0qH
′′

q (k0a)− jMη0b
0
qH

′′

q (k0a) +
2

k0a
a0qH

′

q(k0a)−
2jMη0
k0a

b0qH
′

q(k0a)
}

(5.1.34)

The zeroth and the first order coefficients can be used to represent the scattered field

as,

Es =
+∞
∑

n=−∞

E0(−j)n
[

ẑ(a0n + a1nk0B)H(2)
n (k0ρ)+

ρ̂, φ̂(b0n + b1nk0B)H ′(2)
n (k0ρ)

]

ejn(θ−θi) (5.1.35)
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5.1.2 TE polarization

The TE polarized incident magnetic field is given by

H i
z = − 1

jη0

n=∞
∑

n=−∞

j−nJn(k0ρ)e
jnθ (5.1.36)

The boundary condition for the z-component is expressed as,

H i
z +Hs

z +MEs
z = 0 (5.1.37)

where

Hs
z = − 1

jη0

n=∞
∑

n=−∞

j−ncnH
(2)
n (k0ρ)e

jnθ (5.1.38)

Es
z =

n=∞
∑

n=−∞

j−ndnH
(2)
n (k0ρ)e

jnθ (5.1.39)

where cn and dn are the co and cross polarized unknown coefficients. The boundary

condition for the tangential component can be written as,

MEi
tan +MEs

tan +Hs
tan = 0 (5.1.40)

The tangential component of the incident and scattered field can be written using the

equation (5.1.11) as,

Ei
tan =

n=∞
∑

n=−∞

√

1 + ζ2j−n
[ ζjn

k0ρ′
Jn(k0ρ

′)− J ′

n(k0ρ
′)
]

ejnθ (5.1.41)

Es
tan =

n=∞
∑

n=−∞

√

1 + ζ2j−ncn

[ ζjn

k0ρ′
H(2)
n (k0ρ

′)−H ′(2)
n (k0ρ

′)
]

ejnθ (5.1.42)

Hs
tan = − 1

jη0

n=∞
∑

n=−∞

√

1 + ζ2j−ndn

[ ζjn

k0ρ′
H(2)
n (k0ρ

′)−H ′(2)
n (k0ρ

′)
]

ejnθ (5.1.43)

By substituting the equations (5.1.15)-(5.1.17) in the field expressions defined in the

equations (5.1.38) and (5.1.39) and using the boundary conditions in the equation
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(5.1.37) we get,

−
n=∞
∑

n=−∞

j−n{Jn(k0a) + k0Bp(θ)J
′

n(k0a)}ejnθ

−
n=∞
∑

n=−∞

j−n(c0n + c1nk0B + c2n(k0B)2 + · · ·)

{H(2)
n (k0a) + k0Bp(θ)H

′(2)
n (k0a)}ejnθ

+ jMη0

n=∞
∑

n=−∞

j−n(d0n + d1nk0B + d2n(k0B)2 + · · ·)

{H(2)
n (k0a) + k0Bp(θ)H

′(2)
n (k0a)}ejnθ = 0 (5.1.44)

Similarly, putting the equations (5.1.15)-(5.1.17) in the field expressions defined in

the equations (5.1.41)-(5.1.43) and using the boundary conditions in the equation

(5.1.40) we get,

+
jnζ

k0ρ′

n=∞
∑

n=−∞

j−n{Jn(k0a) + k0Bp(θ)J
′

n(k0a)}ejnθ

−
n=∞
∑

n=−∞

j−n{J ′

n(k0a) + k0Bp(θ)J
′′

n(k0a)}ejnθ

+
jnζ

k0ρ′

n=∞
∑

n=−∞

j−n(c0n + c1nk0B + c2n(k0B)2 + · · ·)

{H ′(2)
n (k0a) + k0Bp(θ)H

′′(2)
n (k0a)}ejnθ

−
n=∞
∑

n=−∞

j−n(c0n + c1nk0B + c2n(k0B)2 + · · ·)

{H ′(2)
n (k0a) + k0Bp(θ)H

′′(2)
n (k0a)}ejnθ
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− nζ

Mη0k0ρ′

n=∞
∑

n=−∞

j−n(d0n + d1nk0B + d2n(k0B)2 + · · ·)

{H ′(2)
n (k0a) + k0Bp(θ)H

′′(2)
n (k0a)}ejnθ

+
1

jMη0

n=∞
∑

n=−∞

j−n(d0n + d1nk0B + d2n(k0B)2 + · · ·)

{H ′(2)
n (k0a) + k0Bp(θ)H

′′(2)
n (k0a)}ejnθ = 0 (5.1.45)

Putting the values of ζ and ρ′ in the above equation and solving the equations (5.1.44)

and (5.1.45) for the zeroth order terms, the following expressions are obtained

c0nH
(2)
n (k0a)− jMη0d

0
nH

(2)
n (k0a) = −Jn(k0a) (5.1.46)

c0nH
′(2)
n (k0a)−

1

jMη0
d0nH

′(2)
n (k0a) = −J ′

n(k0a) (5.1.47)

The above expressions can be solved to find the unknown coefficients c0n and d0n as,

c0n = −Jn(k0a)H
′(2)
n (k0a)−M2η20H

(2)
n (k0a)J

′

n(k0a)

(1 +M2η20)H
(2)
n (k0a)H

′(2)
n (k0a)

(5.1.48)

d0n =
2Mη0

(1 +M2η20)πk0aH
(2)
n (k0a)H

′(2)
n (k0a)

(5.1.49)

Equations (5.1.48) and (5.1.49) are similar to the expressions reported by Ruppin in

[2]. The first order terms from the equations (5.1.44) and (5.1.45) can be written as

n=∞
∑

n=−∞

j−nc1nH
(2)
n (k0a) + jMη0

n=∞
∑

n=−∞

j−nd1nH
(2)
n (k0a) = −l1 (5.1.50)

n=∞
∑

n=−∞

j−nc1nH
′(2)
n (k0a) +

1

jMη0

n=∞
∑

n=−∞

j−nd1nH
′(2)
n (k0a) = −l2 (5.1.51)

where

l1 = p(θ)
n=∞
∑

n=−∞

{

− J ′

n(k0a)− c0nH
′(2)
n (k0a) + jMη0d

0
nH

′(2)
n (k0a)

}

(5.1.52)
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l2 = p′(θ)

n=∞
∑

n=−∞

{jnMη0
(k0a)2

Jn(k0a) +
jn

(k0a)2
d0nH

(2)
n (k0a)

− nMη0
(k0a)2

c0nH
(2)
n (k0a)

}

− p(θ)
n=∞
∑

n=−∞

{2jMη0
k0a

J ′

n(k0a)

+ jMη0J
′′

n(k0a) + jMη0c
0
nH

′′

n(k0a) + d0nH
′′

n(k0a)

+
2jMη0
k0a

c0nH
′

n(k0a) +
2

k0a
d0nH

′

n(k0a)
}

(5.1.53)

Putting the values of p(θ) and p′(θ) from the equations (5.1.1) and (5.1.28) in the

equations (5.1.52) and (5.1.53), the following equations are obtained,

l1 =

+∞
∑

m=−∞

Yme
j(mθ+ψm)

n=∞
∑

n=−∞

{

J ′

n(k0a) + c0nH
′(2)
n (k0a)

+ jMη0d
0
nH

′(2)
n (k0a)

}

(5.1.54)

l2 =
+∞
∑

m=−∞

jmYme
j(mθ+ψm)

n=∞
∑

n=−∞

{jnMη0
(k0a)2

Jn(k0a) +
jn

k0a
d0nH

(2)
n (k0a)

− nMη0
k0a

c0nH
(2)
n (k0a)

}

−
+∞
∑

m=−∞

Yme
j(mθ+ψm)

n=∞
∑

n=−∞

{2jMη0
k0a

J ′

n(k0a)

+ jMη0J
′′

n(k0a) + jMη0c
0
nH

′′

n(k0a) + d0nH
′′

n(k0a)

+
2jMη0
k0a

c0nH
′

n(k0a) +
2

k0a
d0nH

′

n(k0a)
}

(5.1.55)

The higher terms of (kB)2 can be neglected as kB << 1. Equations (5.1.50) and

(5.1.51) can be solved to find the unknown coefficients c1n and d1n as,

c1n = −M
2η20L2H

(2)
n (k0a)− L1H

′(2)
n (k0a)

(1 +M2η20)H
(2)
n (k0a)H

′(2)
n (k0a)

(5.1.56)

d1n = jMη0

{ −L2H
(2)
n (k0a) + L1H

′(2)
n (k0a)

(1 +M2η20)H
(2)
n (k0a)H

′(2)
n (k0a)

}

(5.1.57)
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where

L1 =

+∞
∑

q=−∞

Yn−qe
jψn−q

{

J ′

q(k0a) + c0qH
′(2)
q (k0a) + jMη0d

0
qH

′(2)
q (k0a)

}

(5.1.58)

L2 =
+∞
∑

q=−∞

j(n− q)Yn−qe
jψn−q

{

− qMη0
(k0a)2

Jq(k0a)−
q

k0a
d0qH

(2)
q (k0a)

+
jqMη0
k0a

c0qH
(2)
q (k0a)

}

−
+∞
∑

q=−∞

Yn−qe
jψn−q

{jMη0
k0a

J ′

q(k0a)

− jMη0J
′′

q (k0a)− jMη0c
0
qH

′′

q (k0a)− d0qH
′′

q (k0a)

+
2jMη0
k0a

c0qH
′

q(k0a)−
2

k0a
d0nH

′

n(k0a)
}

(5.1.59)

The zeroth and the first order coefficients can be used to represent the scattered field

as,

Es =

+∞
∑

n=−∞

E0(−j)n
[

ρ̂, φ̂(c0n + c1nk0B)H ′(2)
n (k0ρ)+

ẑ(d0n + d1nk0B)H(2)
n (k0ρ)

]

ejn(θ−θi) (5.1.60)

It is noteworthy that forMη0 = ∞, the coefficients a1n, c
1
n in the equations (5.1.31)

and (5.1.56) reduce to the coefficients reported in [39] for both the TM and TE

polarizations. It validates that the scattered field from a perturbed PEC cylinder can

be extracted from that of the perturbed PEMC cylinder.

5.2 Numerical Results

In this section, equation (5.1.35) is implemented to obtain the results for the TM

polarization while the results for the TE polarization are obtained by implementing

the equation (5.1.60). Far zone scattered field from a PEMC perturbed cylinder is

shown in Figures (5.2) and (5.3) for a = 0.5λ and a = 1λ respectively. The angular

behavior shows very small difference between the co and cross scattered field from

the PEMC perturbed cylinder and that scattered from the circular cylinder. For

reference, scattered field from a PEC cylinder is also presented. To get more details,
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near filed is shown in Figures (5.4) and (5.5) for a = 0.5λ and a = 1λ respectively

where a TM polarized incident filed while results for TE polarized field are shown in

Figures (5.6) and (5.7) respectively. The distinctions due to perturbation are more

pronounced now in co as well in cross polarized components.

The degree to which the object is perturbed can be controlled by both the per-

turbation parameter B and the number of terms in Fourier series N . Small values

of N and B introduce small perturbations while the large values of N and B give

considerable perturbations. Far zone scattered field as a function of perturbation pa-

rameter B is presented in Figures (5.8) and (5.9). The significant variation in co and

cross polarized component is noted. The effect of perturbation on near zone forward

and backward scattered fields is shown in Figures (5.10) and (5.11) for TM and TE

polarizations, respectively. The scattered field for TM polarization is different from

that for TE polarization.

Figures (5.12) and (5.13) show the far zone scattered field for different values of

N . Near zone scattered field is presented in Figures (5.14) and (5.15) for TM and TE

polarizations, respectively. Comparing these results with those presented in Figures

(5.10) and (5.11), it can be seen that the large value of N introduces significant

variation in the shape of the cylinder and the scattering properties. Moreover, the

forward and backward scattering is also different for both the TM and TE polarized

incidence. In Figures (5.16) and (5.17), scattered field as a function of the admittance

M is shown where a = 0.5λ, B = 0.005 and N = 5. The scattered field from a PEC

cylinder is also plotted for reference. It can be noted that co polarized scattered field

from a PEMC cylinder is smaller than that for a PEC cylinder due to presence of

cross polarized field which decreases as admittance is increased.
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(a) Co polarized component, TM polarization (b) Cross polarized component, TM polarization

(c) Co polarized component, TE polarization (d) Cross polarized component, TE polarization

Figure 5.2: Scattered field from a perturbed PEMC cylinder with mean radius a =
0.5λ, B=0.005, Mη0 = 2 and N=5.
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(a) Co polarized component, TM polarization (b) Cross polarized component, TM polarization

(c) Co polarized component, TE polarization (d) Cross polarized component, TE polarization

Figure 5.3: Same as Figure (5.2) except that a perturbed PEMC cylinder with mean
radius a = 1λ is assumed.
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(a)Co polarized component, B = 0 (b) Cross polarized component, B = 0

(c) Co polarized component, B = 0.005. (d) Cross polarized component, B = 0.005.

Figure 5.4: Two dimensional filed map of the scattered field from a perturbed PEMC
cylinder with mean radius a = 0.5λ, N = 5and Mη0 = 2. A TM polarized field is
normally incident on the cylinder.
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(a)Co polarized component, B = 0 (b) Cross polarized component, B = 0

(c) Co polarized component, B = 0.005. (d) Cross polarized component, B = 0.005.

Figure 5.5: Same as Figure (5.4) except that a perturbed PEMC cylinder with mean
radius a = 1λ is assumed.
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(a)Co polarized component, B = 0 (b) Cross polarized component, B = 0

(c) Co polarized component, B = 0.005. (d) Cross polarized component, B = 0.005.

Figure 5.6: Two dimensional filed map of the scattered field from a perturbed PEMC
cylinder with mean radius a = 0.5λ, N = 5and Mη0 = 2. A TE polarized field is
normally incident on the cylinder.
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(a)Co polarized component, B = 0 (b) Cross polarized component, B = 0

(c) Co polarized component, B = 0.005. (d) Cross polarized component, B = 0.005.

Figure 5.7: Same as Figure (5.6) except that a perturbed PEMC cylinder with mean
radius a = 1λ is considered.
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(a) Co polarized component, TM polarization (b) Cross polarized component, TM polarization

(c) Co polarized component, TE polarization (d) Cross polarized component, TE polarization

Figure 5.8: Scattered field from a perturbed PEMC cylinder for different values of
the perturbation parameter B with mean radius a = 0.5λ, Mη0 = 2 and N=5.
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(a) Co polarized component, TM polarization (b) Cross polarized component, TM polarization

(c) Co polarized component, TE polarization (d) Cross polarized component, TE polarization

Figure 5.9: Same as Figure (5.8) except that a perturbed PEMC cylinder with mean
radius a = 1λ is considered.
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(a) Co polarized, B=0.001 (b) Cross polarized, B=0.001

(c) Co polarized, B=0.009 (d) Cross polarized, B=0.009

Figure 5.10: Two dimensional filed map of the scattered field from a perturbed PEMC
cylinder for different values of B with mean radius a = 0.5λ, N = 5 and Mη0 = 2. A
TM polarized field is normally incident on the cylinder.



83

(a) Co polarized, B=0.001 (b) Cross polarized, B=0.001

(c) Co polarized, B=0.009 (d) Cross polarized, B=0.009

Figure 5.11: Same as figure (5.10) except that a TE polarized field is incident on the
cylinder.
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(a) Co polarized component, TM polarization (b) Cross polarized component, TM polarization

(c) Co polarized component, TE polarization (d) Cross polarized component, TE polarization

Figure 5.12: Scattered field from a perturbed PEMC cylinder for different values of
N with mean radius a = 0.5λ, Mη0 = 2 and B=0.005.
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(a) Co polarized component, TM polarization (b) Cross polarized component, TM polarization

(c) Co polarized component, TE polarization (d) Cross polarized component, TE polarization

Figure 5.13: Same as Figure (5.12) except that a perturbed PEMC cylinder with
mean radius a = 1λ is considered.
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(a) Co polarized, N=8 (b) Cross polarized, N=8

(c) Co polarized, N=11 (d) Cross polarized, N=11

Figure 5.14: Two dimensional filed map of the scattered field from a perturbed PEMC
cylinder for different values of N with mean radius a = 0.5λ, B = 0.005 andMη0 = 2.
A TM polarized field is normally incident on the cylinder.
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(a) Co polarized, N=8 (b) Cross polarized, N=8

(c) Co polarized, N=11 (d) Cross polarized, N=11

Figure 5.15: Same as figure (5.14) except that a TE polarized field is normally incident
on the cylinder.
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(a) Co polarized component, TM polarization (b) Cross polarized component, TM polarization

(c) Co polarized component, TE polarization (d) Cross polarized component, TE polarization

Figure 5.16: Scattered field from a perturbed PEMC cylinder for different values of
Mη0 with mean radius a = 0.5λ, B = 0.005 and N=5.
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(a) Co polarized component, TM polarization (b) Cross polarized component, TM polarization

(c) Co polarized component, TE polarization (d) Cross polarized component, TE polarization

Figure 5.17: Same as Figure (5.16) except that a perturbed PEMC cylinder with
mean radius a = 1λ is considered.



Chapter 6

Conclusion

First, average scattered field from a PEC/ PEMC cylinder of random radius with

uniform and normal distribution is studied. Analysis is done for both TE and TM

polarizations. Analytical expressions of average scattered field are derived for a very

small cylinder and are also verified using numerical evaluation. It is shown that the

average scattered field of a very small PEMC cylinder can be obtained by average

scattered field from a very small PEC cylinder. For admittance M = 1/η0, the co

polarized scattered field is equal to < b0 > only and higher terms do not contribute

i.e., bn → 0∀, n 6= 0. In case of small and large cylinder, only numerical results can be

obtained. This study shows that < σ > for large PEC cylinder does not differ from

σ<a> with uniform distribution. Difference is noticed for small cylinder. For large

PEMC cylinder, < σ > and σ<a> are almost the same for both co and cross polarized

scattered fields. Very small difference is observed for cross polarized scattered field

for small cylinder. In case of normal distribution of radius, < σ > and σ<a> for both

PEC and PEMC are same.

Secondly, scattering from a random PEC cylinder is studied using the relationship

between the PT and RC generation model for shape perturbation. The numerical

results obtained using the PT are compared well with the MoM. The variations are

small for small values of B and N while an increase in the value of N and B results

in large variations in the scattered field. Scattered field for TE polarized incidence

is more sensitive to B and N as compared to TM polarized incidence. Near zone
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scattering properties are observed in case of a perturbed PEMC cylinder. Near zone

forward and backward scattering properties of the perturbed cylinder are compared

with that of the circular cylinder and distinctions are pronounced. It is observed that

the far field angular behavior of the scattered field shows little difference and near

zone scattering pattern is more insightful to understand the scattering phenomenon.

Finally, the variations of the co and cross polarized scattered field as a function of

perturbation parameter B and admittance parameter M are noted.It is noticed that

both N and B control the amount of roughness and affect the scattered field from

the random cylinder.



Chapter 7

Appendix

7.1 Taylor series of 1
z(a2)

about a =< a >

1

z(a2)
=

1
(

z(< a >)
)2 +

2(a− < a >)(2i
π
)

< a >
(

z(< a >)
)3

+
(a− < a >)2

[

2i
π
(−1 + 2i

π
(3 + ln(k0 < a >)))

]

< a >2
(

z(< a >)
)4 + ....

7.2 Evaluation of integral I1

I1 =

∫ a2

a1

Ac

1− 2i
π
ln(k′0a)

da

u = 1− 2i

π
ln(k′0a)

da = −a π
2i
du

a =
1

k′0
e

π
2i
(1−u)
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z(a1) = 1− 2i

π
ln(k′0a1)

z(a2) = 1− 2i

π
ln(k′0a2)

I1 =
−πAce

π
2i

2i

∫ z(a2)

z(a1)

e
−πu
2i

k′ou
da

I1 =
π2Ace

−iπ

2

4k′0

∫ z(a2)

z(a1)

e
−πu

2i

πu
2i

da

I1 = −Ace
π
2i

k′0

{

E1[z(a2)]−E1[z(a1)]− γ
}

E1(z) can be calculated by the following relation given in [45]

E1(z) = Ei(z)− ln z − γ

where γ = 1.781 and Ei(z) is the exponential integral defined as

Ei(z) = −
z

∫

0

1− e−t

t
dt

7.3 Evaluation of integral I2

I2 =

∫ a2

a1

Ac
[

1− 2i
π
ln(k′0a)

]2da

[ 1

1− 2i
π
ln(k′0a)

]

′

=
2i

aπ

1
[

1− 2i
π
ln(k′0a)

]2

Putting the above relation, we get

I2 =
πAc
2i

∫ a2

a1

a
[ 1

1− 2i
π
ln(k′0a)

]

′

da

I2 =
πAc
2i

[ a2

1− 2i
π
ln(k′0a2)

− a1

1− 2i
π
ln(k′0a1)

+
iπ

2Ac
I1

]
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