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Preface

Due to extensive applications in engineering and industries, the thermal properties of fluids

(materials) have gained a great interest in recent days. Conventional fluids such as water, engine

oil, kerosine oil, ethylene oil, gasoline oil etc., possesses very small heat transport capabilities

due to its lower thermal conductance. Thermal conductance of mentioned conventional fluids

can be improved via suspension of nano-sized (1-100nm) particles, known as nanoparticles.

Nanoparticles exist in various varieties such as metal, carbides, nanometals or nitrides (CNTSs,

graphite). In these nanoparticles, CNTs have promising capability of heat conduction. At room

temperature, thermal conductance of carbon substances is five times of ordinary substances. Not

only thermal conductance is the unique quality of CNTs but it also possesses exceptional

electrical, mechanical properties and applications in atomic transportation and nano-sensors.

CNTs are cylindrical shaped substances of carbon fenced by graphene sheet. On the basis

of graphene sheet, CNTSs are classified into MWCNTSs (cylindrical carbon substance fenced by

more than one graphene sheet) and SWCNTs (cylindrical carbon substance fenced by one

graphene sheet). CNTs are utilized in medicine, batteries, electronic instruments, tissue

engineering, solar storages, biosensors, purification process etc.

Having such in mind, the presented thesis consists of ten chapters. In chapter one, we have

reviewed literature regarding nanomaterials, stretching surface, squeezed flow, melting heat and

stagnation flow. Mathematical modeling for concerned equations (continuity, momentum, energy



and concentration) in case of viscous and Jeffrey fluids is presented. Xue expressions for CNTs
while Hamilton-Crosser expressions for hybrid nanofluid and ordinary nanofluids are
established. Moreover fundamental concepts of OHAM and Bvp4c methods for series and
numerical solutions are incorporated.

Chapter two concentrates on melting effect in three dimensional flow of CNTs (SWCNTs,
MWCNTS) over a stretching sheet. Chemical reactions and porous medium are also considered.
Nanomaterial is constructed through dispersion of CNTs in water-basefluid. Shooting method
(bvp4c) is implemented for solutions development. Moreover comparison between MWCNTS
and SWCNTs is also given. Contents of this chapter are published in Results in Physics 8 (2018)

415-421.

Chapter three addresses; melting heat and thermal radiation effects in stagnation flow of CNTs
(carbon nanotubes). Flow is generated via stretching sheet. Chemical reactions are accounted.
Gasoline oil and water are taken as baseliquids. Further conversion of involved PDEs (mass,
momentum, energy and concentration) into ODEs is performed through suitable transformations.
The obtained ODEs are solved through OHAM. Velocity, temperature, skin friction coefficient,
concentration and Nusselt number under involved variables are analyzed graphically. Material of
this chapter is published in Communications in Theoretical Physics 69 (2018) 441-448.

Chapter four addresses entropy production in squeezing flow of CNTs (carbon nanotubes).

Nanomaterial is constructed by adding CNTs in water basefluid. Heat transport in presence of



melting heat is explored. Adequate transformations are implemented for conversion of PDEs into
ODEs. Shooting technique (bvp4c) is used for the numerical solutions. Contents of this chapter
are published in Journal of Thermal Analysis and Calorimetery 140 (2020) 321-329.
Unsteady squeezed flow of Jeffrey nanomaterial is discussed in chapter five. Brownian motion
and thermophoresis describes nanofluid characteristics. Convection conditions for heat and mass
transfer are taken into account. The differential systems are computed for the convergent
solutions. The acceptable values for convergence analysis are recognized. Detail analysis is
performed for velocity, concentration, temperature, skin friction and Nusselt and Sherwood
numbers. Material of of this chapter is published in Physica Scripta 94 (2019) 105703.

Chapter six explores melting phenomenon in MHD flow of Jeffrey nanomaterial by a stretched
sheet. Heat transfer characteristics are elaborated through Joule heating and viscous dissipation.
Thermophoresis and Brownian motion characteristics are analyzed via Boungiorno model for
nanofluid. Chemical reaction with activation energy is studied. Flow is addressed in stagnation
point region. Field equations (PDEs) are transmitted into ODEs by employing adequate
transformations. These non-linear systems (ODEs) are solved by OHAM. Research of this
chapter is also published in Physica Scripta 94 (2019) 115702.

Jeffrey nanofluid in existence of stagnation point by a permeable stretched cylinder is addressed
in chapter seven. Viscous dissipation, Brownian motion, thermal radiation and thermophoresis

impacts are considered. Surface is subject to convective heat and mass conditions. Activation



energy is taken into account. By adequate transformations, the PDEs are converted into ODEs

and then solved employing OHAM. This research is submitted for publication in International

Communications in Heat and Mass Transfer.

In chapter eight we have arranged comparative study of hybrid nanofluid

(MWCNTs+Cu+Water), nanofuid (MWCNTs+Water) and basefuid (water). Flow is due to

curved stretching sheet. Flow is explored through slip boundary condition. Heat transport

analysis is performed in existence of viscous dissipation, mixed convection and convective

boundary condition. Transformation technique is applied in obtaining ODEs. These coupled

ODEs are solved via RK-4 algorithms (bvp4c). Material of this chapter is published in Journal

of Thermal Analysis and Calorimetery (2020) doi.org/10.1007/s10973-020-09577-z.

Chapter nine examines stagnation point flow of hybrid nanofluid (SWCNTs+Ag+Gasoline oil)

by a variable thicked stretched sheet. Viscous dissipation and melting effects are taken into

consideration for heat transport characteristics. PDEs (expressions) are transmitted into ODEs

via transformation technique. Governing ODEs are then converted into system of first order

differential system in order to solve by bvp4c. Observations of this chapter are published in

International Communications in Heat and Mass Transfer.121 (2021) 104805.

Chapter ten deals with hybrid nanomaterial (SWCNTs+CuO+Ethylene glycol) flow by a curved

non-linear stretching sheet. Heat transfer features are emphasized via Newtonian heating.

Viscous dissipation is also reported. Coupled non-linear ODEs are constructed from the field



equations (PDESs) through adequate transformations. These non-linear ODEs are then reduced
into system of first order. Impacts of flow parameters on temperature, skin friction, velocity and
Nusselt number are presented graphically. Comparison amongst hybrid nanofluid
(SWCNTs+CuO+Ethylene glycol), nanofluid (SWCNTs+Ethylene glycol) and basefluid
(Ethyleneglycol) is arranged. Observations of this chapter are published in Journal of Thermal

Analysis and Calorimetery (2020) doi.org/10.1007/s10973-020-10196-x.
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Chapter 1

Literature, basic laws, boundary
layer equations and solution

methodologies

1.1 Nomenclature

Nomenclature for physical parameters involved in all chapters are listed below.

CNTs carbon nanotubes
SWCNTSs | single-walled CNTs
MWCNTs | multi-walled CNTs
Au aluminum

Cu copper

Ag silver

CuO copper oxide

HNF hybrid nanofluid
Ns dimensionless entropy generation
Be Bejan number

A% velocity




U1, Ug, U3 velocity components (for Cartesian coordinates)
T, Y, 2 Cartesian coordinates

Up, Uz, Uy velocity components (for cylindrical coordinates)
r, 0, z cylindrical coordinates

s, r curvilinear coordinates

T Cauchy stress tensor

b body forces

v differential operator (Del.)

I identity tensor

S extra stress tensor

A, first Rivilin Ericksen tensor

B magnetic field

J current density

D pressure

To ratio of heat capacities

Texy Tyys Tzz

normal stresses (for Cartesian coordinates)

Tzyy Taxzy Tyxy Tzxy Tyzy Tzy

tangential stresses (for Cartesian coordinates)

Trrs Togr Tzz

normal stresses (for cylindrical coordinates)

Trgr Trzy Topy Topgs Toys Tar

tangential stresses (for cylindrical coordinates)

Py density for basefluid

Prf density for nanofluid

Phnf density for HNF

PCNTSs density for CNTs

Py density for first nanoparticle in HNF
J density for second nanoparticle in HNF
Kf thermal conductance for basefluid

Enf thermal conductance for nanofluid
Khnf thermal conductance for HNF

KCNTs thermal conductance for CNT's
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Fmy thermal conductance for first nanoparticle in HNF
Kms thermal conductance for second nanoparticle in HNF
(cp)f specific heat for basefluid

(cp)ny specific heat for nanofluid

(cp)nns | specific heat for HNF

(cp)onTs | specific heat for CNTs

(cp)ma specific heat for first nanoparticles in HNF

(cp)ma specific heat for second nanoparticles in HNF

(ep)np specific heat of nanoparticle

af thermal diffusivity for basefluid

Qpf thermal diffusivity for nanofluid

Qhnf thermal diffusivity for HNF

QONTS thermal diffusivity for CNTs

O, thermal diffusivity for first nanoparticle in HNF

Qg thermal diffusivity for second nanoparticle in HNF
B coefficient of thermal expansion for basefluid

B coefficient of thermal expansion for nanofluid

Bhnf coefficient of thermal expansion for HNF

BoNTs coefficient of thermal expansion for CNTs

Bim, coefficient of thermal expansion for first nanoparticle in HNF
By coefficient of thermal expansion for second nanoparticle in HNF
vy kinematic viscosity for basefluid

Unyf kinematic viscosity for nanofluid

Vhnf kinematic viscosity for HNF

VONTS kinematic viscosity for CNTs

Uy kinematic viscosity for first nanoparticle in HNF

Uy kinematic viscosity for second nanoparticle in HNF
g absolute viscosity for basefluid

Fo f absolute viscosity for nanofluid

Fhn f absolute viscosity for HNF
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LONTs absolute viscosity for CNTs

oy absolute viscosity for first nanoparticle in HNF
JT absolute viscosity for second nanoparticle in HNF
C concentration of specie

Dp mass diffusivity

A porosity parameter

A* slip coefficient

A1 latent heat of fluid

Ao relaxation to retardation times ratio

A3 retardation time

Ad mixed convection parameter

As slip parameter

A, B chemical species

a, b concentration of species A and B

Dy, Dp mass diffusion of species A, B

ki, ks rate constants

ko Boltzman constant

kp permeability of porous media

k* mean absorption coefficient

K* strength of homogeneous reaction parameter
K** strength of heterogeneous reaction parameter

Ly, Lo, Ly | auxiliary linear operators

hy, N, hy | convergence parameters

fo, B0, ¢ | initial approximations (guesses)

Uyp(x) stretching or wall velocity in x-direction
Uw(y) stretching or wall velocity in y-direction
Ue(z) Free stream velocity

Uo reference velocity

Uso reference free stream velocity

Vo suction or injection coefficient
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Vp, squeezing velocity

T dimensional temperature

Ty | Temperature of the fluid

Ty, | upper plate temperature

To solid surface temperature

T,, | melting surface temperature

Ts | ambient temperature

R* | radiation parameter

Yo | heat transfer coefficient (convective boundary condition)
v; | mass transfer coefficient

h* | heat transfer coefficient (Newtonian heating condition)
I53 Deborah number

B, | thermal Biot number

B9 | mass Biot number

a* conjugate parameter

« wall thickness parameter

Sq | squeezing parameter

FEc | Eckert number

E¢ | local entropy generation

Q non-dimensional temperature difference
Sa, | characteristic entropy

c arbitrary constant

k number of iterations

o* | Stefan Boltzman constant

o1 dimensionless reaction rate

o electrical conductivity

0 temperature difference parameter

R radius of the cylinder

¥ curvature parameter

Ha | Hartman number
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Fn activation energy

E dimensionless activation energy
n fitted rate constant

a* positive dimensional constant

S suction or injection parameter
Dr thermophoretic diffusion

Dp- Brownian diffusion

Ny, Ny thermophoretic and Brownian motion parameters
Le Lewis number

Sc Schmidt number

M melting parameter

Pr Prandt]l number

m power index or shape parameter

f'(n), 6(n), ¢(n) | dimensionless velocity, temperature and concentration

Qu heat flux

Nug, Nug local Nusselt number

Twzy Twy wall shear stress in x and y-directions respectively

Craz, Cpy skin friction coefficient in x and y-directions respectively
ag positive dimensional constant

Cu, Ch, concentration at lower and upper plates

Cy concentration of fluid

1.2 Introduction

Here we organize some literature regarding nanomaterials (nanofluids), stretchable surface,
squeezed flow, melting heat effect and stagnation flow. Mathematical modeling for fluid flow
expressions (continuity, momentum, energy and concentration equations) in case of viscous and
Jeffrey fluids. Moreover fundamental concepts of OHAM and Bvp4c methods for series and

numerical solutions are incorporated respectively.
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1.3 Background

Nanomaterial is the suspension nano-sized (0-100nm) particles in to baseliquid. This suspension
is known as nanofluid (nanomaterial) while the suspended particles are referred as nanopar-
ticles. These particles are made from metal nitrides (SiN, AIN), carbon ceramics (Tic, Sic),
metals (Au, Ag, Cu) and oxide ceramics (CNTs, graphite, diamonds) etc. Water engine oil,
ethylene glycol, gasoline oil, kerosene oil and diesel oil etc., are used as basefluids. In most
of the industrial and technological processes, these baseliquids are utilized as cooling agents.
Such baseliquids possess very small thermophysical characteristics like specific heat, density,
and thermal conductance. Also it is a known fact aforementioned characteristics of solid sub-
stances are more when compared with liquids. Thus addition of solid nano-sized (0-100nm)
particles in baseliquid highly intensifies the thermophysical characteristics of resulting material
(nanofluid). Initial work in this region is done by Choi and Eastman [1]. Moreover thermo-
physical characteristics of resulting material (nanofluid) highly depends upon shape and size
of the dispersed particles (nanoparticles). Elias et al. [2] noted that such characteristics of
nanomaterials can be highly effected by nanotubes (cylindrical shaped) followed by spherical
shaped, brick shaped and blade shaped nanoparticles respectively. Potentials of CNT's cannot
be denied possessing stiffness and elasticity properties. CNTs are cylindrical shaped seamless
substances which are surrounded by multiple (MWCNTS) or single (SWCNTSs) graphene layers.
CNTs are used in health care process, medical instruments and biosensors. A USA company
SELDON TECHNOLOGIES has constructed a plant (filtering system) for the purification of
drinking water. Such plant removes microbes like pathogens, bacteria and viruses from water
without addition of any chemical and giving heat. Electronic usage of CNTs include lithium-ion
batteries, data storages, transistors, solar storages and semiconductors etc. [3]. Recently a new
class of nanomaterial’s have been developed via addition of multiple (more than one) nanopar-
ticles in the same basefluid. Such new class of nanomaterial is referred as hybrid nanofluid [4,5].
Hybrid nanofluids are acknowledged most suitable than ordinary nanofluids. Hybrid nanofluids
possess advanced properties in comparison to nanofluids. Different models of nanofluids such as
single phased, two phased, Tiwari and Das, CNTs, Boungiorno model etc., are used to analyze
nanotechnology [6-13]. Heat transport through radiation with slip boundary condition in flow

of nanomaterial is elaborated by Souayeh et al. [14]. Soltani et al. [15] performed an experi-
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mental work on applications of hybrid nanomaterial. Analysis of MHD nanofluid via two-phase
model is incorporated by Sheikholeslami and Rokni [16]. Khan et al. [17] examined reduction
of entropy in chemically reactive MHD flow of Sisko nanofluid in region with stagnation point.
Heat transfer via natural convection in MHD flow of nanomaterial is numerically elaborated
by Mohebbi et al. [18]. Hassanan et al. [19] analyzed heat transfer in flow of nanomaterial
(CNTs+Water) over a stretched surface. Entropy production rate reduction in Bodewadt flow
of water-based nanomaterial is examined by Muhammad et al. [20].

Flow over a stretched surface has gained much attention in various technological and indus-
trial purposes. Such flow occurs in fiber spinning, glass blowing, cooling of metallic plates via
bath, moving of plastic films continuously, plastic sheet extrusion, heating of material moving
between wind-up roll and feed roll etc. In this domain initial analysis was presented by Crane
[21]. Entropy generation and chemical reactions in non-Newtonian (Sisko) fluid flow is pre-
sented by Khan et al. [22]. MHD flow of hybrid nanomaterial with Joule heating is explored by
Khashi’ie et al. [23]. Hayat et al. [24] examined flow of Jeffrey material over a stretching surface
of variable thickness in presence of heat generation. Second-grade fluid flow and heat transport
via Cattaneo-Christov heat flux is investigated by Alamari et al. [25]. Khan et al. [26] inquired
entropy generation in flow of CNTs bounded by two stretchable disks. MHD unsteady flow of
viscous fluid by a curved stretching surface is due to Naveed et al. [27]. Numerical study re-
garding flow of hybrid nanofluid (CNTs+CsHgO2+Water) by a stretched cylinder is performed
by Gholinia et al. [28]. MHD flow of Williamson fluid with variable thermal conductance and
thermal radiation by a stretched cylinder is elaborated by Bilal et al. [29]. Heat transport in
squeezed flow of non-Newtonian fluid (third-grade fluid) via Cattaneo-Christov heat flux and
melting heat is expressed by Muhammad et al. [30].

Squeezed flow between two plates is an interesting topic for the researchers. The compact-
ness or deformation of a material occurs when both plates moves away or towards each other.
For technological and industrial point of view squeezed flow is very important. Applications of
squeezed flow in engineering processes are the construction of dampers via electrorheological
fluids, lubrication process, polymers and metal moulding etc. During formation of foams, the
bubble boundaries are explored biaxially while shrinked in thickness [31]. Squeezed flow was ini-

tially examined by Stefan [32]. Heat transport via mixed convection in squeezed flow is explored
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by Hayat et al. [33]. Qayyum et al. [34] considered time-dependent squeezing flow of Jeffrey
material. Heat transport in nanomaterial squeezed flow is examined by Hayat et al. [35]. MHD
effect in squeezing flow of Jeffrey fluid is presented by Muhammad et al. [36]. Squeezing flow
subject to rotation and Cattaneo-Christov heat flux is studied by Hayat et al. [37]. Gupta and
Ray [38] explored squeezed flow of nanomaterial numerically. Chemical reactions in squeezing
flow between Riga plates with convective condition is elaborated by Hayat et al. [39]. Squeezed
flow of nanomaterial using ADM (Adomian decomposition method) for solution development
is presented by Sheikholeslami et al. [40].

Recently researchers have shown a considerable concern in order to improve energy storages
and cooling/heating rate in different modern technologies. Regarding these requirements various
flow problems are modeled assuming various fluid models. Main goal for researcher is that to
construct outstanding energy storages via minimal price. Generally for energy storage process
three approaches are utilized which are latent heat, sensible heat and chemical /thermal energy.
Amongst these approaches, latent heat is considered more appropriate. In this process thermal
energy is added or stored in a material via latent heat while it is recovered again by melting.
Melting and solidification play a vital role in mechanical process. Applications of melting
phenomenon include welding process, crystal development, treatment of sewage via freezing,
magma, solidification and production of semiconductors. In this area initial work is done by
Robert [41]. Melting effect in flow of Maxwell fluid is explored by Hayat et al. [42]. Das [43]
examined melting heat and radiation effects during MHD flow by a movable surface. Melting
effect in stagnation point flow of micropolar fluid is analyzed by Yacob et al. [44] while same
analysis for viscous fluid is due to Bashok et al. [45]. Ho and Gao [46] studied heat transport via
melting in flow of nanomaterial (AloO3s+Paraffin). Melting phenomenon in flow of Oldroyd-B
fluid by a variable thicked sheet is due to Hayat et al. [47]. Gireesha et al. [48] examined melting
effect in MHD flow past a stretching surface in region of stagnation point. Heat generation and
melting heat effects in Jeffrey material flow by a non-linear stretched sheet is explored by Hayat
et al. [49]. Heat transfer through melting effect in Burgers material flow is analyzed by Awais
et al. [50].

A point on the surface of an object placed in flow field at which the local velocity of fluid

becomes zero is referred as stagnation point. At this region the value of static pressure is
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maximum which causes fluid flow. Stagnation points are either orthogonal or oblique. When
fluid particles strike surface of the object placed in flow field orthogonally (normally) and as
a consequence its local velocity becomes zero is called orthogonal stagnation point while when
fluid particles strike such surface the object with a certain angle other than 90 degree and as
a result its local velocity becomes zero is called oblique stagnation point. In both natural and
industrial point of view the flow behavior in stagnation region is too much important. Such flow
can be analyzed for viscous/inviscid, symmetric/asymmetric, steady /unsteady, normal /oblique,
two-dimensional /three-dimensional, forward/reverse, homogeneous/two immiscible fluids [51].
Examples of stagnation flow are flow over submarines, rockets, oil ships, air craps etc. Flow of
blood at a junction through an artery is an example of stagnation flow in human body. Heat
transport in flow by a stretched sheet regarding stagnation point is elaborated by Mahapatra
and Gupta [52]. Pop et al. [53] analyzed radiation in stagnation flow over a stretching surface.
MHD stagnation flow with heat source/sink and variable thermal conductance is examined by
Sharma and Singh [54]. Few analyses regarding stagnation point flows can be seen in Refs.

[55-60).

1.4 Basic laws and its corresponding flow equations

1.4.1 Mass conservation law

Equation based on this law is called continuity equation. This law states that mass can neither

be created nor destroyed. Mathematically we have

apf .
¥ +div(p;V) = 0. (1.1)
For an incompressible fluid we have
div(V) =0. (1.2)
Using velocity distribution
V= (ul(l‘v Y, Z)a UQ(CL‘, Y, Z)a U,3(SL‘, Y, Z)) (13)
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Eq. 1.2 takes the form

8U1 8UQ 811,3

9y +—= By + = 5% =0, (Cartesian coordinates(z, y, z)), (1.4)
while using velocity distribution
V= (UT(Ta 57 Z)a ’LLg(T’, ?, Z)a ’LLZ(T’, pa Z)) (15)

we have
dur ur  10ug  Ou,

5 + "5 T o =0 (cylindrical coordinates(r, 0, z)). (1.6)

1.4.2 Momentum conservation law

Momentum conservation law states that momentum of a system remains conserved. Further

derivation of momentum equation is based on Newton’s second law of motion. Mathematically

dV . —

L.H.S of this expression represents inertial forces while on R.H.S first term denotes surface

forces and second term on R.H.S depicts body forces. Here % is material derivative defined by

d 9
Z =5 tV.V. (1.8)

In Cartesian coordinates (x, y, z) one has

d 0 0 0 0

d_ 0 9 .,.,.9 1.9
7 (9t+u18 +U2ay+U3az, (1.9)
and in cylindrical coordinates (r, 6, z)
d 0 o uz o U 0
4_0,,9 %wo %, 9 1.10
dt 6t+ 8T+T80 r+uaz (1.10)
For an incompressible fluid
= —pI+8, (1.11)
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Tex Taxy Tzz

T= Ty Ty Ty (Cartesian coordinates(x, y, z)),
Tzr Tzy Tzz
and
Trr T Trz
T= |75 T@ T (cylindrical coordinates(r, 6, z)).

Tzr Tg T2z

Using Cartesian coordinates (x, y, z) with velocity distribution
V= (ul(:ﬂv Y, %, t)? UQ({E, Y, 2, t)a U3((E, Y, 2, t))

momentum equation in components form can be expressed as

0 0 0 0
,Of(a + VV)u1 = %(sz) a (Txy) + &(sz) + pfbx,

B 0 0 0
(8t +V.V)usy = 2 —(Tya) + 3y —(Tyy) + &(7y2> + prby,
9 8 8 0

Using cylindrical coordinates (r, 6, z) and velocity distribution

V= (UT(T’ 97 2y t)v u§(r, 9, 2, t)a UZ(T’, 9, 2 t))a

we have
0 0 Ter Tz 10 0
Pf(& +V.V) :3_(7—”1)—'_7_% 7“89( ) 02 (TTZ)+pfbra
8 Trg TGT lﬁ _ 2 _
0 0 Ty 10 0

,Of(g +VV)UZ = E(Tzr) +—+ ___(Tza) + &(Tzz) + psz.

T r 00
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(1.12)

(1.13)

(1.14)

(1.15)

(1.16)

(1.17)

(1.18)

(1.19)

(1.20)

(1.21)



1.4.3 Energy conservation law

Mathematically

pf(cp)f% = Trace(r.grad(V)) — q, — div(q). (1.22)

L.H.S of this equation represent total internal energy while on R.H.S first term is due to
viscous dissipation, second term for thermal and third for radiative heat flux. Here q, and q

are described by Stefan Boltzman law and Fourier’s law of heat conduction respectively.

1.4.4 Mass transport equation

This equation basically represents that total concentration of a system under consideration
remain conserved. Derivation of mass transfer equation is based on Fick’s second law. Mathe-

matically in absence of chemical reaction one can write

ac

&~ div(j 1.2
I div(j), (1.23)
j=-—-Dpgrad(C) (Fick’s first law). (1.24)
Thus we get
€ _ ppdiv(grad(C))
dt
or
% = V?DpC. (1.25)

1.5 Boundary layer expressions under consideration

This thesis is based on boundary layer flow of viscous and Jeffrey fluids.

1.5.1 Viscous fluid

These are the fluids in which shear stress and rate of deformation are directly proportional to
each other in a linear way. Further Newton’s law of viscosity holds for these fluids. Cauchy

stress tensor satisfies

T=-pI+8S. (1.26)
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For viscous fluids

S =uAy,

with

A, = grad(V) + (grad(V))Trensrose,

Velocity distribution is

V= ('U/a;(.f, Y, Z) :U($, Y, Z), uy($7 Y, Z) :’U($, Y, Z)7 UZ($,

For three-dimensional flow we have

Ju  Ou

ox y

— o) 0
grad(V) = | & 5
dw  dw

or Oy

u

ox

Transpose __ p)
(grad (V)7 — |
ou

0z

90u  u 4 o

9x Oy T os
Ar=| Q4 e 2%
G 5T
and
1 00
I=10 10
0 01
Thus
—p+2uft (G + 5
T=| g —p2g

(G + 58 g+ 5)
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u
0z

v
oz |’

ow
0z

v Ow
ox Ox
v  Ow
v Ow
or 0z
ou ow
9z T oz
v ow
02 + oy |

0z

(% 4 Ju)

z X

g+ 52

—p+2p%e

Y, z) = w(z, y, 2)).

(1.27)

(1.28)

(1.29)

(1.30)

(1.31)

(1.32)

(1.33)

(1.34)



Component form of expressions for steady flow are

0 ou 0 ou Ov 0 ou Ow
Pf(V-V)U—%(*p+2ﬂ%)+a—y(u(a—y+%))+

a(#(& + a)), (1.35)
0 ov  Ou 0 ov 0 ov Ow
pr(V.V)v = %(#(% + 8_y)) + 8—y(*p + 2M8—y) t3; (M(& + 8_y))’ (1.36)
0 ow Ou 0 ow Ov 0 ow
pr(V.V)w = %(M(% + 5)) + a—y(ﬂ(a—y + %)) + a(*p + 2#@)- (1.37)

Implementing boundary layer assumptions for 2D flow u =v =2 =y = O(1), w = z = O(9)

while v =z = O(1), v = w = O(J), we get the finalized form as follows

(@+ @)_f@+ @
Prioe U@y N

In cylindrical coordinates (r, §, z) with velocity distribution

V: (UT(T’ 0’ Z) :U7 0’ /U’Z(T’ 07 z) :u)’

(1.38)
one can write
Qur g OQur
or 0z
grad(V)=|[ 0 = o [, (1.39)
Ou, Ouy
o 0 BF
Jur Juz
a0 %
Transpose -
(grad(V)) 0 = o [, (1.40)
Qur g Ouz
0z 0z
3 T 6 T 6 ¥4
255 0 G +%°
A= 0 9Ur 0 (1.41)
Quz  Oup Ouy
o T 0 2%
—p+2uG 0 (G + =)
T = 0 —p + 2ute 0 (1.42)
pGE+52) 0 —p+ 2%
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After implementing boundary layer approximations u, = z = O(1), u, = r = O(J), we get

( %Jr 8uz)_7@+ 9%u, Eauz
P T e ) T T a2 or2  r or’

(1.43)

1.5.2 Jeffrey fluid

Jeffrey fluid is the non-Newtonian fluid which describes rheological feature of linear viscoelastic
fluids. This fluid lies in rate type category which describes relaxation and retardation time
features. Examples of Jeffrey fluid are fiber orientation and dilute polymer solution etc. For

Jeffrey fluid the extra stress tensor satisfies

o dA,
= + (A1 4+ A3——). 1.44
S 1+ A2 T A1+ dt ) (1.44)

In cylindrical coordinates (r, 6, z) with velocity distribution
V = (u'f‘(r’ 0’ z) = U? O’ UZ(T’ 07 Z) = u)’ (1'45)

For two-dimensional flow, we have

Ve S T
=P+ + " (2— n A3(2ﬁ 85? - 2;‘—5 + 2% 852)), (1.47)

Te= Pt fAz (2% + X3 (2u, gzg'; +2u, %2:;)), (1.48)

Trs = Tor = #)\2((6;? + %uz> + A3(uy 2232 +ur8;:22 +u (?921; + uzgigZ)) (1.49)

After implementing boundary layer approximations u, = z = O(1), u, = r = O(J), we get

uy O
3 r 87"2 + dr2 Furﬁ
Ou, Oou, Op I 10u, 0°u,

Py ) = e T or T o

+As3 ). (1.50)

’U/T 87’3 + 4 r 8r6z

2uy Au, 8%uy
oroz + or 0rdz t+u

Ur 8z6r2
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1.6 Solutions methodologies

Non-linear system of ODEs (ordinary differential equations) are solved via OHAM (analytically)
in chapters 5, 6 and 7 while via bvp4dc (numerically) in chapters 2, 3, 4, 8, 9 and 10.

1.6.1 Optimal homotopy analysis method (OHAM)

This method is based on HAM (Homotopy analysis method) using BVPh 2.0 mathematica
package [61-65]. This method only require to define governed equations along with boundary
conditions. Further we select proper auxiliary operators (L¢, Lg, L4) and initial guesses ( fo,
6o, ¢p) corresponding to each unknown function. Bvph 2.0 generate analytical approximations

to the solutions automatically after the aforementioned inputs.

1.6.2 Bvp4c Method

This method (bvp4c) is based on shooting method with Runge-Kutta algorithm. This method-
ology works for first order ODEs. Thus first we convert the governed expressions into systems

of first order ODEs [66-70].
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Chapter 2

Melting effect in chemically reactive

flow of CNT's

2.1 Introduction

This chapter concentrates on melting effect in three-dimensional flow of CNTs (SWCNTs, MW-
CNTs) over a stretching surface. Flow analysis is performed in presence of chemical reactions
and porous medium. Carbon nanotubes (CNTs) are dispersed in water-basedliquid for devel-
opment of nanomaterial. Non-linear differential system is obtained through adequate trans-
formations from flow, heat and mass expressions. Shooting method (bvp4c) is implemented
for solutions development. Velocity distribution and temperature under influential variable
are elaborated graphically while skin friction and Nusselt number are evaluated numerically.

Moreover comparison between MWCNTs and SWCNTs is performed.

2.2 Mathematical Modeling

Consider three-dimensional flow of nanofluid over an impermeable stretchable boundary. Fluid
saturates the porous medium. Present flow is subject to melting heat and homogeneous-
heterogeneous reactions. CNTs are utilized in water. Moreover viscous dissipation and thermal
radiation are neglected. Cartesian coordinates are chosen. Heat released during the reaction is

also
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Homogeneous reaction for cubic autocatalysis is in the form:
A+2B — 3B, rate = kyab?,
while isothermal reaction of order first on the catalyst surface is

A — B, rate = ksa.

(2.1)

(2.2)

These equations of reactions guarantee that the rate of reaction is zero in the external flow

as well on the outer edge of boundary layer. After utilizing boundary layer approximations

(o(z) = o(y) = o(u) = o(v) = o(1),0(w) = o(z) = 0(d)) one has

ou 00 0w
or oy 0z
u@—i—v%—f—w@ = (@—ﬂ)
or oy 0z "oz k)
@ + @ + @ — (& _ i)
Y or U@y Yo, T g2 kp”’
ua—T +v8—T + wa—T = 82—T
Ox oy 9z g2
da da da 0%a 9
U&‘FU@‘FW@ —DA@ *k’lab s
0b 0b 0b 0b 9
U%+Ua—y+w& —DB@*Flﬁab .

The boundary conditions are

u="Uy ({E) = Upz, v = Uw(y) = Uy, T =Ty,

oa ob
Dy <$) =ksa, Dp (£> =—ksa at 2z=0,

u—0, v—0, T-—>T, a—a, b—0 when 2z— cc.

Melting heat condition is
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oT
knf - = ,Onf [)\1 + CS(Tm - To)] Wz=(- (2.10)
0z ) ,_o

Xue expressions regarding CNTs flow are [20]

Unf = wa

f
. 958" n - 1 - + )
1o oyt i = (1= O)py O,

:U'nf -

kenre 1o ko Hes
ko f Fng _ (1= @) + 20 p o Bt In —445 (2.11)

app = , - o
Pug(Colug Ki (1= ¢) + 205 R In Seage Tl

Table. 2.1: Thermal characteristics of CNTs (SWCNTs, MWCNTSs) and baseliquid (water)
[20]:

Physical properties CNTs Baseliquid
SWCNTs | MWCNTSs Water
(5ox) 425 796 4179
k() 6600 3000 0.613
p(£4) 2600 1600 997

Consider transformations

U,
n=z]=, uw=Uwf (1), v="Uyg (n)),

i
/ ’ T_Tf
w = — v 0 =
VIS )+ @), ) =
h =2 )= (2.12)

Implementing these transformations Eq. 2.1 is satisfied while other equations become

A" =N = [P (f+9) [ =0, (2.13)

A" = Ag)—g?+(f+9)¢g" =0, (2.14)
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A" +Pr(f+9)0 =0, (2.15)

1
S—Ch” — K*hj? + (f+g) W =0, (2.16)

0
o)~ Khit+ (f+9)5 =0, (2.17)

with
PO =1, gO) =1 g p 2"

ky g O+ =0,

f =0 "—0, 6—1, asn— oo. 2.18
) g ) ) 77

In above expressions

A* =

(17¢>2-5(17¢+¢&%§1&> ’
kng
A** — kf
o (pcp)QNTs ’
1 ¢ + d) (Pcp)f

Involved all parameters are

vy vy
A= —— Sc = — Pr=-—"—+
ak:p’ ¢ Dy’ f kf’

adkiz  adky

K* = = (2.19)

Uw(x) a DA a

M= (p)nf (Too — Tm)’ § = &.
A1+ cs (Tm - TO) Dy

Further we assumed that D4 and Dp are of comparable size. This assumption enable us that

both D4 = Dp for 6 = 1. Hence

h(n)+3j(n) =1 (2.20)

Thus Egs. 2.16 and 2.17 yield

%h” KR (L—2h) 4 (f+ )l =0, (2.21)
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with

B'(0) = K*h(0), h(n)—1 as n— co.
Expressions for C'y,, Cf, and Nu, are
(wa) —0 (Twy) -0 Tqw
Crp = —F%— Cy, = —= Nuy = —————,
U ] kf(Too = Tf)
with
ou  Ow ow Ov ou
wr — a_ ) wy — Mnpfl - a_ ) w = _kn 7 J)z=
Dimensionless coefficient of skin friction and Nusselt number satisfy
1 1 Nug kngs
CpoVRe = ———=f"(0), CpyVRe=-——=4"(0), = ——=-0(0).
(1—¢)* ’ (1—¢)* Re- Ky

In aforementioned equations Re = %}(m +y) is the Reynolds number.

(2.22)

(2.23)

(2.24)

(2.25)

Table. 2.2: Evaluation of coeflicient of skin friction and Nusselt number under influential

variables in both single and multi-wall CNTs cases when K* = 0.2, K** = 1.2 and Sc = 0.8.

Parameters | SWCNTs | MWCNTs | SWCNTs | MWCNTs | SWCNTs | MWCNTs

¢ | M| X | CuvRe | CraVRe | CpyVRe | Cry/Re, | T2 Nirr

0.1]05]05]| -1.68714 | -1.63180 | -1.68720 | -1.63187 | -3.63323 | -3.55854

0.2 -2.15488 -2.03959 -2.15500 -2.03976 -4.44146 -4.41693

0.3 -2.80679 | -2.87050 | -2.87050 | -2.62161 | -5.03448 | -5.06319

0.1]02]05]| -2.15488 | -1.64363 | -1.67920 | -1.64371 | -3.69830 | -3.63775

0.6 -1.69066 | -1.62798 | -1.68372 | -1.63806 | -3.61215 | -3.53305

1.0 -1.67020 | -1.61331 | -1.69432 | -1.61339 | -3.53067 -.43530

0.1]0.5]0.0]| -1.42409 | -1.35847 | -1.42411 | -1.35849 | -3.75571 | -3.67827

0.5 | -1.68714 | -1.63180 | -1.68720 | -1.63187 | -3.63323 | -3.55854

0.1]05] 10| -1.91740 | -1.86883 | -1.91742 | -1.86885 | -3.52595 | -3.45443
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2.3 Analysis

Aim here is to interpret impacts of influential variables on the velocity, temperature, skin friction
coefficient and Nusselt number. Figs. 2.1 and 2.2 are sketched for the impacts of nanomaterial
volume fraction on both axial and transverse components of velocity. Clearly both velocity
and corresponding boundary layer are enhanced against higher nanomaterial volume fraction
¢. Furthermore the impact of multi-wall CNTs dominants over single-wall CNTs. Effect of
porosity parameter A on axial and transverse components of velocity is displayed via Figs.
2.3 and 2.4. Velocity decreases against higher porosity parameter \. In fact the permeability
of porous medium decreases for larger porosity parameter which leads to reduction of fluid
velocity. Effect of single-wall CNTs is more than multi-wall CNTs. Figs. 2.5 and 2.6 show
outcome of melting parameter M on axial and transverse components of velocity. Here velocity
profiles increases for larger melting parameter M in cases of both single and multi-wall CNTs.
Influence of nanomaterial volume fraction ¢ on temperature is presented in Fig. 2.7. Clearly
fluid temperature reduces while corresponding thermal layer increases for higher nanomaterial
volume fraction ¢. Fig. 2.8 shows influence of porosity parameter A on temperature. It is
examined that for higher permeability parameter the fluid temperature decreases. In Fig.
2.9 analysis of melting parameter M on temperature is sketched. Temperature reduces for
higher M. In fact enlargement in M corresponds to convective flow of heated fluid to the
melting surface. Influence of porosity parameter A on concentration is depicted in Fig. 2.10.
Concentration decreases for A. Fig. 2.11 shows the effect of strength of homogenous reaction
parameter K* on concentration. There is decrease in concentration for larger K* while opposite
behavior is inspected for boundary layer. Also the impact of single-wall CNTs dominants over
multi-wall CNTs. Effect of strength of heterogenous reaction parameter K** on concentration
is shown in Fig. 2.12. The result for K** on concentration and associated boundary layer are
similar to of K*. Fig. 13. is depicted for the impact of Sc on concentration. It is inspected
that concentration enhances while the corresponding solutal boundary layer decreases for larger
Sec. The ratio of momentum diffusivity to mass diffusivity is called Schmidt number. Thus by
increasing Schmidt number, mass diffusion decreases which is responsible for an enhancement of
concentration. Table. 2.1 illustrates specific heat, density and thermal conductivity of carbon

nanotubes and water. Table. 2.2 is constructed for numerical data of skin friction coeflicient
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and Nusselt number. The skin friction coefficient is more for larger nanomaterial volume friction
¢. However it decreases for melting parameter M and porosity parameter A in both cases of
SWCNTs and MWCNTs. Effects of SWCNTs dominant over MWCNTSs. Nusselt number shows
increasing behavior for larger nanomaterial volume fraction while it has opposite behavior for
melting M and porosity A parameters. Effect of SWCNTs on Nusselt number is more when

compared with MWCNTs.

Fig. 2.1: f'(n) for higher ¢.

Fig. 2.2: ¢’ (n) for higher ¢.
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Fig. 2.3: f’(n) for higher \.

Fig. 2.4: ¢’ (n) for higher \.

Fig. 2.5: f'(n) for higher M.
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Fig. 2.6: ¢’ (n) for higher M.

Fig. 2.7: 0 (n) for higher ¢.

Fig. 2.8: 6 (n) for higher A.
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Fig. 2.9: 0 (n) for higher M.

Fig. 2.10: h(n) for higher A.

Fig. 2.11: h(n) for higher K*.
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Fig. 2.12: h(n) for higher K**.

Fig. 2.13: h(n) for higher Sc.

2.4 Finalized remarks

The outcomes here are listed as follows.

e Velocity distributions (axial and transverse components of velocity) show increasing be-
havior for larger nanomaterial volume fraction ¢. However such velocities have opposite
behavior for porosity parameter A and melting parameter M. Impact of multi-wall CN'Ts

dominants over single-wall CNTs.

e Temperature is smaller for larger nanomaterial volume fraction ¢, melting parameter M

and porosity parameter \. Furthermore single-wall CNTs are more efficient than multi-
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wall CNTs.

Larger strength of homogenous reaction parameter K* and strength of heterogenous re-
action parameter K** cause reduction of concentration. However it enhances for higher

Schmidt number Se.

Larger nanomaterial volume fraction ¢ cause enlargement in the coefficient of skin friction
for both single and multi-wall CNTs cases. Skin friction coefficient reduces for higher

melting M and porosity A parameters.

Heat transfer rate or cooling process can be increased by utilizing smaller porosity para-
meter A\ and melting parameter M. However it reduces for larger nanomaterial volume

fraction ¢. It is seen that SWCNTSs case is more effective than MWCNTs.
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Chapter 3

Melting and radiative effects in

chemically reactive flow of CNT's

3.1 Introduction

In this chapter we have examined melting heat and thermal radiation in stagnation flow of
CNTs (SWCNTs, MWCNTSs). Flow is initialized by stretching sheet. Chemical reactions (ho-
mogeneous and heterogeneous) are taken into account. Gasoline oil and water are taken as
baseliquids. Further conversion of involved PDEs (mass, momentum, energy and concentra-
tion) into ODEs is performed through suitable transformations. The obtained ODEs are solved
through OHAM. Velocity, temperature, skin friction coefficient, concentration and Nusselt num-

ber under involved variables are analyzed.

3.2 Mathematical modeling

We inspect the steady 2D stagnation-point flow towards nonlinear stretchable surface with
chemical reactions. Heat transfer in studied via melting heat and thermal radiation. Concept
of carbon nanotubes is employed. Sheet thickness is considered by y = B* (x + b*)kTm, which
varies with the distance from the slot due to acceleration/deceleration. CNT's (single-wall CNTs
and multi-wall CNTs) are utilized in water and gasoline oil. Cartesian coordinates are chosen

in the problem formulation. The homogeneous reaction for cubic autocatalysis is gives by
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A+2B — 3B, rate=kjab? (3.1)

while isothermal reaction of order first on the catalyst surface is
A — B, rate = ksa. (3.2)

These expressions of reactions guarantee that the rate of reaction is zero in external flow as
well on the outer edge of boundary layer. After utilizing boundary layer approximations, we

have the following systems:

ou Ov
O + 8_1/ =0, (3.3)
ou  Ou dU., 0%u
U% ’Ua— = Ue% Unfﬁ’ (34)
ox oy oyr T3 (pcp)nyp Oy?’ ’
da da 0%a 9
U% + Ua—y = DA8—y2 — k‘lab s (36)
ob ob 0%b
4= = Dp=— 2 )
u8w+U8y B(?y2+klab , (3.7)
*\ M oa
u=Uy(x)=Uy(z+0")", v=0, T=T,, DA(8_y):ksa’
DB(S—Z) =—ksa at y=B" (sc+b*)177m
u—Ug () =Usp (. + 05", T — Tro,
a—ay, b—0 as y— oo. (3.8)

The shape of the surface is highly dependent upon m. For m = 1, the surface becomes flat while
for m < 1 thickness of surface enhances due to which the surface became outer convex. For
m > 1 the thickness of wall reduces which is responsible for inner concave like shape of surface.

The condition of melting heat transfer is

or

knf(a_y)y:B*(x+b*) lom = Prf [)\1 + CS(Tm — To)] Uy:B*(:Jchb*) lom . (3.9)
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Xue elaborated that earlier nanofluid models only valid for rotational or spherical elliptical
materials with very small axial ratio. On the basis of thermal conductivity space distribution,
the properties of carbon nanotubes cannot be described by these models. To overcome this
void, a theoretical model by Maxwell theory for elliptically rotational nanotubes having larger
axial ratio and balancing the impacts of space distribution on carbon nanotubes is given by

_ Fns

Unf = ) pnf:(17¢)pf+¢pCNTsa

Hnf = B

k k +k
knf @ _ (1 - ¢) +2¢kCI$YIYST_Skf In CNgjl;f !

Qpf = ————~, = [T
Pup(Colug Ki (1= ¢) + 205 Rl In Feage Tt

(3.10)

Table. 3.1: Thermal characteristics for basefluids (water, gasoline oil) [58]:

Physical properties Basefluids Nanoparticles

Water | Gasoline oil | SWCNTs | MWCNTs

p( %) 997 750 2600 1600
) 0.613 1.5 6600 3000

cp(5k) 4179 2100 425 796

Transformations are taken as follows:

_m4 11U (4o _\/ 2 wym+1

T —-T,

@(C):ma u=Up (z+b)" F'((), (3.11)

m—1

o= Pt PO+ 0 2] c0=2 HO=2

m—+1

Continuity equations (3.3) is trivially satisfied while other equations yield

2 2
A*E" o ppr =T (F')2 L2 42 0, (3.12)
m-+1 m+1

4 R*

A**l _
( +3k_n£

kg

10" +PrFO =0, (3.13)
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i 1" 2 * 2 I
SCG +1K GH*+ FG' =0, (3.14)
9 g + —— EERe + FH' =0, (3.15)
Se m+1 ’
k Pr m—1
/ _ — nf / ___ —
Fa)=1, ©(a)=0, _k‘f M O (a) + 1o [F (o) + oy 1a] 0,
/ — 2 *ok ! _ L Kok *m+1U0
G'(a) =4/ +1K G(a), O0H'(a)= m+1K Gla) at a=B 5 Vf’
F'(a) = A, ©O(a)—1, G(a)—1, H(a)—1 as a— . (3.16)

Assuming that both D4 and Dp are equal such that § = 1, we have

G +H()=1 (3.17)
Eqgs. 3.14 and 3.15 yield
e LK*GQ —G)2+FG =0 (3.18)
Sc m+1 ’ ’

In above expressions prime depicts differentiation with respect to n, o = B* mT“Ql is wall
vy

thickness parameter and ( = o = B*, /m;r L% indicates the flat surface. We define F(¢) =

f(¢C—a) = f(n), ) =0 —a) =06(n) and G(¢) = h(¢ — a) = h(n). Therefore the Egs.
3.12 — 3.18 become

A4 fP - % () mZ—TlA2 =0, (3.19)
A (1 + %%)9” +Prfo' =0, (3.20)
ky
éh” - nifflh(l —h)* 4 fH =0, (3.21)
PO =1 00 =0, MO0+ slf 0+ el =0,
1 (0) = ilK**h(O) FO—=A 61, h—1 as n—oo. (3.22)
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In aforementioned expressions

A = ! , (3.23)

P .
(1—9)*® (1f¢+¢%¥f&)

kng
A = '“f(p —. (3.24)
_ Wep)eNTs
1 ¢ + d) (Pcp)f
Involved parameters are
C (TOO - Tm) :U’f(cp)f Uoo
M = L Pr=—— A=—
A1+ Cs (Tm*To)y 3 k‘f ’ Uy ’
Dp agky(b* + ) do* | 4 ks [(b* +x)vf
l=—, K'="——""+  R'= To,, K*"=——//""—". 3.25
Dy Uw(x) k*ky Dy Uw(z) ( )
Skin friction and local Nusselt number are
Tw (IL’ + b*) qu
Cip=——, Nupy=——"—"-—, 3.26
002 YT ke (Too — Ton) (3.26)
with
ou orT
Twe = tnf(G) g 0= TG g (3.27)

Dimensionless skin friction coefficient and local Nusselt number are

1 1 Nug,  ky, 1,
CrRe= s \[F5 =10, =-PhTr0. e29)

Here Reynolds number is defined by Re = Yw(o4b)

ve

3.3 Convergence analysis

Optimal values for convergence control parameters are obtained via OHAM. The optimal val-
ues for parameters in single-wall CNTs-water are hy=-0.35450, hy=-0.10309, hj,=-0.30656 and
gasoline are hy=-0.96961, hy=-0.09919, h;,=-0.31119 while for multi-wall CNTs-water hs=-
0.35083, hp=-0.10785, h,=-0.30478 and gasoline are h;=-0.68257, hy=-0.10164, hy,=-0.30969.
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In Figs.(3.1)-(3.4), total residual error verses order of approximations is presented for both

single and multi-wall CNTs considering water and gasoline as baseliquids.

Fig. 3.1: Error with various iterations during SWCNTs-Water.

Fig. 3.2: Error with various iterations during SWCNTs-Gasoline oil.
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Fig. 3.3: Error with various iterations during MWCNTs-Water.

Fig. 3.4: Error with various iterations during MWCNTs-Gasoline oil.

Table. 3.2: Individual average square residual error using optimal data of auxiliary vari-

ables.
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Iterations SWCNTs MWCNTSs

f 0 h f 9 h
k €} € Ep €} Ep oy

2 ( Water ) | 7.8x107% | 6.3x1073 | 2.5x1073 | 1.8x107° | 4.4x1073 | 2.4x1073

Gasoline 5.6x107° | 2.2x1073 | 2.5x1073 | 5.2x107° | 1.5x1073 | 2.4x1073

4 ( Water ) | 2.7x1077 | 3.1x1073 | 6.4x107* | 6.8x1077 | 1.3x107% | 6.0x1074

Gasoline 4.4%x107% | 3.6x107° | 6.8x10~% | 9.8x1076 | 1.1x10~* | 3.0x10~*

8 ( Water ) | 3.4x1077 | 2.9x1075 | 2.7x107* | 2.8x1078 | 4.3x1076 | 1.2x10~*

Gasoline 1.2x1077 | 3.2x1076 | 1.5x107% | 3.3x1072 | 4.0x107% | 1.3x10~*

12 ( Water ) | 1.0x1077 | 3.0x1076 | 1.4x107% | 1.0x107? | 3.3x107° | 4.1x107°

Gasoline 1.5x10710 | 4.3%x1078 | 5.6x107° | 5.9x107! | 4.8x1076 | 4.6x107°

16 ( Water ) | 6.7x1071 | 6.7x1079 | 2.0x107° | 1.6x107! | 1.9x10~7 | 1.6x107°

Gasoline 24x10713 | 1.6x107Y | 2.4x107% | 3.2x10712 | 8.9x1077 | 1.8x107°

3.4 Analysis

In this section velocity, temperature, skin fraction coefficient and Nusselt number are discussed
under the influential variables for two cases i.e., single and multi-wall CN'Ts in the presence
of water and gasoline oil. Figs. 3.5-3.9 are visualized for the behavior of velocity towards ¢,
M, m, A and «. It is inspected that velocity of fluid shows rapid growth for higher ¢, M,
A,m > land « whereas reverse impact is seen for larger m < 1. For velocity field, the impact
of multi-wall CNTs dominates over single-wall CNTs through larger ¢ and m* in case of both
water and gasoline basefluids. Similarly for larger M, A and «, the influence of single-wall CNTs
dominants over multi-wall CNTs in velocity field. It is due to the fact that for higher M rapid
moment of heated fluids towards melting surface occurs due to which velocity enhances. It is
also found that velocity is higher for larger A in both cases A > 1 and A < 1. Furthermore
boundary layer has opposite trend for A > 1 and A < 1 but there in no development of
boundary layer for A = 1 in case of both water and gasoline basefluids. Temperature under the
impact of M, A and R*is composed in Figs. 3.10-3.12. Temperature of fluid declines for higher
M, A and R*. Impact of single-wall CNTs dominants over multi-wall CNTs. For higher M,

42



flow of heated fluids towards cooled surface increases, and thus velocity of fluid enhances and is
responsible for decline of temperature of fluid. Moreover thermal boundary layer enhances for
higher M. For higher A the temperature of fluid decays. It is because larger A is responsible for
higher pressure and resistance to the flow reduces. Hence temperature of fluid enhances. Effects
of K*, K** and Sc on concentration are marked in Figs. 3.13-3.15. It is found that there is
intensification in the concentration for higher K** and Sc while opposite behavior is inspected
for larger K*. Also solutal boundary layer enhances for larger K*. It is examined that influence
of multi-wall CNTs is more efficient than that of single-wall CN'Ts in both water and gasoline
baseliquids. The ratio of momentum diffusivity to mass diffusivity is called Schmidt number.
Thus due to increment in Sc mass diffusivity reduces which causes decline in concentration.
Skin fraction coefficient under the impact of A, ¢, M and m is traced in Figs. 3.16 and 3.17.
Here skin fraction coefficient rises for higher M and A while it reduces for ¢ and m. Impacts
of ¢, M and R*on Nusselt number are depicted in Figs. 3.18-3.19. Rate of heat transfer is
higher for larger values of the mention parameters. Impact of single-wall CNTs dominates over
multi-wall CNTs by considering parameters ¢ and M while considering ¢ and R* the impact
of multi-wall CNTs is efficient in terms of heat transfer. Density, specific heat and thermal
conductivity of baseliquids (water and gasoline oil ) and nanomaterials are given in Table 3.1

while at different order of approximations, average square residual error is labeled in Table 3.2.

Fig. 3.5: f/(n) for higher ¢.
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Fig. 3.6: f/(n) for higher M.

Fig. 3.7: f/(n) for higher m.
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Fig. 3.8: f/(n) for higher A.

Fig. 3.9: f'(n) for higher a.
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Fig. 3.10: O(n) for higher M.

Fig. 3.11: 6(n) for higher A.
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Fig. 3.12: 6(n) for higher R*.

Fig. 3.13: h(n) for higher K*.
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Fig. 3.14: h(n) for higher K**.

Fig. 3.15: h(n) for higher Sec.
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Fig. 3.16: C} for higher A and ¢.

Fig. 3.17: Cy for higher M and m.
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Fig. 3.18: Nu, for higher M and ¢.

Fig. 3.19: Nu, for higher M and R*.
Table. 3.3: Numerical comparison of skin friction coefficient for the present work verses

previous published work when m = 1, ¢ = 0 at different values of A.
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A | Mahapatra and Gupta | Sharma and Singh | Pop et al. | Present obtained results
0.1 -0.9694 -0.969386 -0.9694 -0.969261
0.2 -0.9181 -0.9181069 -0.9181 -0.91851
0.5 -0.6673 -0.667263 -0.6673 -0.66235
0.7 -0.43257
0.8 -0.29971
0.9 -0.15321
1.0 0.00000
3.5 Finalized Remarks

In the present work we have discussed melting heat transfer and thermal radiation effects in

stagnation-point flow of CNTs towards a variable thickness surface. The outcomes are listed as

follows:

Velocity enhances for larger M and «. Also impact of single-wall CNTs is efficient than

that of multi-wall CNTs in both water and gasoline baseliquids cases.

For higher values of ¢, velocity of fluid shows rapid growth while for increment in m there

is opposite trend. Impact of multi-wall CNTs is greater than single wall CNTs.

Temperature profile decreases with an increment in M, A and R*. Single-wall CNTs show

greater impact than multi-wall CNTs in both water and gasoline cases.

Concentration profile shows an enlargement with an increase in Sc and K** while reduc-

tion is inspected for higher K*.

For higher values of ¢ and m, a reduction in skin friction coefficient for both single-wall
CNTs and multi-wall CNTs in water and gasoline is inspected while opposite behavior is

studied for larger A and M.

Local Nusselt number is increased by utilizing larger values of ¢ and R*. Influence of

multi-wall CNTs is more efficient when compared with single-wall CN'Ts.
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Chapter 4

Entropy production and melting

heat in squeezing flow of CNT's

4.1 Introduction

This chapter deals with optimization of entropy production in squeezing flow of CNTs (SW-
CNTs, MWCNTSs). Nanomaterial consists of water as basefluid while CNTs as nanoparticles.
Heat transport via melting effect is explored. Transformation technique is implemented for con-
version of PDEs (flow and heat transfer expressions) into ODEs. Shooting technique (bvp4c)
is employed for solutions development. Bejan number, entropy production rate, velocity and
temperature are studied graphically while Nusselt number and skin friction are elaborated nu-

merically under influential variables.

4.2 Mathematical modeling

Unsteady squeezed flow of carbon nanomaterial is assumed between two parallel plates. Both
plates are distant h(t) apart. Lower plate (at y = 0) is stretched with velocity U, = £ while

the plate at y = h(t) is set in motion towards the plate at y = 0 with a squeezing velocity

vp = % = E%. Melting heat is considered for heat transfer. Entropy generation effect

is considered. Flow is parallel to x—axis while y—axis normal to it. Expressions under interest
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are

or Oy
(@4_“@4_@@)__%_’_ (@4_@)
PriNer TYr T8y’ T T ar T a2 T a2
ov ov @ Op1 v 0%

Pnf(a T U +U8y) ="y + Hng (@ + 8—y2)a

8_T+u8_T+U6_T_a (62T+62T Pnf 4@)Q+(@+@)Q]
ot Ox oy 92 T 92 (pcp)ng' Oz ox Oy’ 7

with boundary conditions

Upz

= w = ) :Tm t =Y

u= Uy (x) T at y=0
dh

u=0, V=Uh = T=T, at y=h(t)

Melting condition is

orT
knf(a_y) = ppf(M +es(Tn —To))v  at  y=0.

Xue expression for CNTs are

Hy Fng

k S k s+kf
gy ey (129)+ 20y e
e ’ - k Tk
Pus Colup ke (1-0)+ 2¢chl;f—’ff In g

(4.5)

(4.6)

(4.7)

Table. 4.1: Thermophysical features of baseliquid (water) and nanoparticles (SWCNTs,

MWCNTS) [58].
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Physical properties CNTs Baseliquid
SWCNTs | MWCNTs Water
(52x) 425 796 4179
k() 6600 3000 0.613
p(£4) 2600 1600 997

We set the transformations

Y . Uox , _ Ugvy T -Ty
n—ma U—(m)f (m, v=- mf(n), 9(77)—Tf_Tm,
where  h(t) = M (4.8)

After implementing aforementioned transformations, Eq. 4.1 is verified while the other equa-

tions take the form

A*f(z‘v) _ f/f// + ff/// _ %(&fﬂ + nf///) =0, (4‘9)
AP
A0 + Pr(fe/ — %779/) + W(ZLEC]CQ + Ele”2) = 0. (4.10)
kny Pr
f(o)y=1, 0(0)=0, —M¢(0)+-——-5f(0)=0,
kg A (1—¢)*?
ffy=o0, f@)y=1, 0@1)=1 (4.11)
In aforementioned expressions we have
1
Af = p , (4.12)
(17¢>2-5(17¢+¢Mp - )
Fus
A = ’“f(p — (4.13)
— W)eNTs
1 d) t ¢ (Pcp)f
The involved dimensionless parameters are
Sg= =, pro s g vy
Uo’ kp h*(cp) (T — Th)’
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Uz% _ 9 (Too — Ton) Y

P = @) M T M ta@ T "Ry

(4.14)

4.2.1 Expressions of skin friction coefficient (Cyv/Re) and Nusselt number

i)

Expressions for CrvRe and J\\/[_;L{L_é in dimensional and non-dimensional forms are

(wa) -0 xq
City = 7?!—’ Nu, = 7“),
! piUZ ky(Ty —Th)
with
ou ou

Twz = :uhnf(a_y)y:()’ qQuw = 7khnf(8_y)y:0'

After implementing transformations (4.8) we get

1 Nug k’}mf
Cre V Re; = 7.]0”(0)7 = - 9/(0)7
! (1—¢y)2° Rea  hy
where Re = %ﬁ represents local Reynolds number.

4.2.2 Entropy analysis

Entropy generation rate is
Sa = Sy (entropy via heat transfer) + Sp(entropy via fluid friction),

or

knp, 0T oT

ou
2 -
Sa 15 ((817) (8y

Ko g
)?) + Th(4(%)2

v  Ou.q
(%Jra—y) )-

Non-dimensional entropy generation is

Ns = Ny (entropy via heat transfer) + Np(entropy via fluid friction),

P
Ns:& =07+ - 55 (4Ecf” + Ecy f'?)

Sy Qkng/kr) (1 —¢)™
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(4.16)

(4.17)

(4.18)

(4.19)



k(T — 1)
where Sg, = ——F——

0 T?h?
Bejan number is

Be — Ny (entropy via heat transfer)

)

N¢(Total entropy)

or
9/2

= 2 Pr 2 "2y
0 +%9(1_¢)245(4ch + Ec1 f?)

Be (4.20)

Note that Bejan number (Be) lies between 0 and 1. Ny dominates over Ny when 0.5 < Be < 1.0
and Np overrides Ny for 0 < Be < 0.5 while for Be = 1.0 both Ny and Ny are equal.
4.3 Solutions via bvp4c method

Governing equations for flow and heat transport are solved via shooting method (bvp4c). This

method is implemented through writing first order ODEs. Thus we proceed as below

f=s1, [ =s, (4.21)
f"=s3, " =sa, (4.22)
I pliv) _ (1 4\25 (g PcNT 94 _
su=f"=1-¢)""(1—-0¢+¢ Iy )( 5 (ns4 + 3s3) — s253 + S1s4), (4.23)
0 = S5, 9, = S¢ (424)
1 Sq Pr
;o _ _9q B 2 2
Sg = A**( Pr(s1s6 5 1S6) —(1 — ¢)2.5 (Ec155 + 4Ecs3)) (4.25)
with associated conditions
kny Pr
s2(0) =1, ——Msg(0)+ ————5%s1(0)=0, s5(0)=0,

2(0) py 6(0) (1) 1(0) 5(0)

s3(1) =1, s4(1) =1, s6(1) = 0. (4.26)

Table. 4.2: Analysis of Cy via Sq, ¢ and M.
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Sq | ¢ | M | C/(SWCNTs) | CH(MWCNTS)
1.0 05 || 0.7 82.5 49.3
0.0 82.8 49.4
1.0 83.1 49.5
2.0 83.5 49.6
3.0 83.8 49.8
1.0 0.1 0.7 6.8 6.2
0.2 7.8 6.3
0.3 11.8 8.4
0.4 20.3 13.2
1.0 || 05 || 0.7 38.6 23.9
1.0 || 0.1 0.1 3.6 3.7
0.2 4.9 5.1
0.3 6.8 7.4
0.4 11.5 14.8
0.5 25.7 29.4

Table. 4.3: Analysis of Nu, via Sq, ¢ and M when Ec = Fc; = 0.2.
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Sq | ¢ | M | Nu, (SWCNTSs) | Nu, (MWCNTSs)
-1.0 { 0.5 | 0.7 24.3 9.7
0.0 24.5 9.8
1.0 24.7 9.9
2.0 24.9 10.0
3.0 25.1 10.1
1.0 | 0.1 | 0.7 114 9.3
0.2 12.0 9.4
0.3 14.0 9.5
04 16.5 9.6
0.5 19.2 9.7
1.0 1 0.1 0.1 7.0 74
0.2 9.6 10.3
0.3 12.7 13.9
0.4 16.7 18.7
1.0 1 0.1 0.5 21.9 29.9

4.4 Analysis

4.4.1 Analysis for flow and temperature

In this subsection influences of involved parameters on flow and temperature are analyzed
graphically. Figs. 4.1-4.3 are plotted in order to study variations of flow under Sq, ¢ and M.
Intensification in flow is seen for larger Sq. Variation in flow via S¢ can be studied in two cases.
i. Sq > 0 (motion of the squeezing plate (upper plate) towards stretchable plate (lower plate)),
ii. (motion of the squeezing plate (upper plate) away from stretchable plate (lower plate)).
For higher Sq (Sq > 0) the velocity of fluid rises due to influence of a force (squeezing force)
felt by fluid particles. Also increments in ¢ and M lead to an enhancement in flow. Physically
increment in M is associated with more rapid flow of heated fluid towards melting surface which
intensifies flow. Interestingly single-walled CN'Ts shows overriding trends when compared with

multiple-walled CN'Ts. Variations in temperature via Sq, ¢ and M are labeled in Figs. 4.4-4.6.
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Reduction in temperature is observed for an increment in Sq (Sq > 0). Higher Sq lead to small
collision among the fluid particles. Hence temperature decays while the associated penetration
depth rises. Decay in temperature is noted with variations in ¢ and M while opposite trend is
seen for associated penetration depth. Physically higher M leads to more flow from hot fluid
towards the melting surface. Hence fluid temperature decays. Furthermore overriding impact

is observed for single-walled CNTs.

4.4.2 Analysis for entropy generation and Bejan number

Variations in Ns and Be via Sq, ¢ and M are depicted in this subsection. Figs. 4.7, 4.9 and
4.11 illustrate variations in Ns via Sq, ¢ and M respectively. It is noticed that Ns reduces with
an increment in Sq. Furthermore production of entropy is maximum at the both walls while it
is minimum at the centre of channel. Higher ¢ leads to smaller Ns while Ns intensifies for larger
M. At both walls production of entropy in maximum while at centre the entropy production
is minimum. Further single-walled CNTs show overriding trend comparatively with multiple-
walled CNTs. In order to analyze the dominance of entropy due to fluid friction over entropy
due to heat transfer or vise versa, Be is labeled via 1 in Figs. 4.8, 4.10 and 4.12. Intensification
in Be is noted with an increment in Sq. It is observed that at the lower wall the entropy due
to fluid friction is prominent for higher Sq. Reduction in Be is noted for higher ¢. It is also
observed that entropy via fluid friction shows overriding behavior at both walls. Be decays with
an increment in M and dominance in entropy via fluid friction is noticed at both walls over
entropy via heat transfer. Furthermore single-walled CNTs shows prominent behavior. Tables

4.1 is constructed for thermophysical features of nanoparticles (CNTs) and baseliquid (water)
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while numerical values of C'y and Nu, under Sq, ¢ and M are presented in Tables. 4.2 and 4.3.

Fig. 4.1: f/(n) for higher Sq.

Fig. 4.2: f/(n) for higher ¢.
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Fig. 4.3: f/(n) for higher M.

Fig. 4.4: 6(n) for higher Sq.
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Fig. 4.5: 6(n) for higher ¢.

Fig. 4.6: 6(n) for higher M.
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Fig. 4.7: Ns for higher Sgq.

Fig. 4.8: Be for higher Sgq.
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Fig. 4.9: Ns for higher ¢.

Fig. 4.10: Be for higher ¢.
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Fig. 4.11: Ns for higher M.

Fig. 4.12: Be for higher M.

4.5 Closing remarks

The key points of presented analysis are
e Intensification in flow is observed with the increment of Sq, ¢ and M.
e Decay in temperature is noted against Sq, ¢ and M.

e Single-walled CNTs shows overriding behavior than multiple-walled CNTs in terms of

both flow and temperature.
e Intensification in heat transfer is analyzed for larger Sq, ¢ and M.
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e Bejan number is an increasing function of Sq while it reduces for ¢ and M.

e Role of multiple-walled CNTs is prominent than single-walled CNTs for both entropy

generation and Bejan number.
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Chapter 5

Squeezed flow of Jeflrey
nanomaterial with convective heat

and mass conditions

5.1 Introduction

Time-dependent squeezed flow of Jeffrey nanofluid is discussed in this chapter. Brownian motion
and thermophoresis effects are addressed. Convection conditions of heat and mass transfer are
implemented. The resulting differential systems are computed for convergent solutions. The
permissible values for convergence analysis are identified. Detail analysis is carried out for

velocity, concentration, temperature, skin friction, Nusselt and Sherwood numbers.

5.2 Modeling

Consider unsteady nanofluid flow of Jeffrey material within two parallel plates. The plate at

y = 0 (lower plate) is fixed while the plate at y = h(t) = ﬂlU;OCtl(upper plate) squeezed towards

lower plate with velocity vy, = %. Brownian motion and thermophoresis are considered. Heat

and mass transport is explored through convective conditions. Here x and y-axes in Cartesian

coordinate system are perpendicular to each other. Under the mentioned assumptions the
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relevant equations are

ou Ov
5 "oy ="
2 2
fyAs +280 T 1 (T + 25)
PER | (gl + 5 + B+ 58)
+50 (5 + 3
2 2
oo + aoagr + 23_52%3
s | 2B u(GE + o)
14 Ao +@(%+g—?§)+%(§;§y+%) ’
+%(giyg + 8(?;6”3/)
or  or  oT ?T  0°T

ot " ar TV ~ 9 ez T a2)

ocor 0CoT Dy ,, 0T o ar .,
+TO(DB(8:L’ Ox * Oy 8y)+ Tm( 81’) +(8y) )
@4_“@_’_@@ = D (82_C+82_C)+&(82_T+82_T)
ot oz oy TP Vox2 Toyr) T T, ‘o2 oy
in which To = M.
pnp(cp)np
Boundary conditions are
oT oC
u=Uy(z)=0, v=-W, *ka—y—’Yo(Tf*T)a Dp-~ By =71(Cr —C)
dh
u=0, V== T=T, C=C; at y=h(t).
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After eliminating pressure gradient from Eqgs. 5.2 and 5.3, we consider the following transfor-

mations
L (U, [T 1o
_ c-0Cy
o(n) = cr—Cn (5.7)

After implementation of the mentioned transformations, conservation of mass is verified trivially

while other equations become

f(w) + (1 + )\2) (ff/l/ o flfl/) - %(1 +)\1) (3fl/ +nfl/l)

+8 (24747 = 75604 5 (1) 4 5709 — £700) = (5.9
0" + Pr (Ny0'¢) + N0 + Sq(f6') —nb') =0, (5.9)
§'+ (300" + SeSa( 79! — nef) =0, (5.10)

B

f(0)=0, f(0)=0, 6(0)=-5(1-6(0), ¢(0)=—B(1-¢(0)),
F)y=0, f(M)=1, 6(1)=0, ¢(1)=0. (5.11)

The dimensionless parameters are:

c v AUy Cy—Cy af
Sq ik r=—, B=7—1 No=Dp7o ), Le Do
DTTwTO Yo Vf(l — Ct) 71 Vf(l — Ct)
N, — T T = Jo JVI2 ) = . 5.12
=TT (Ty —Thn), B Py T Ba Drn U (5.12)
Skin friction and local Nusselt and Sherwood numbers are
Twzx ) y—=
Cpr = Lﬁ’j(t)’ (5.13)
PfYh
py  Ou  Ov Pu v 0?u 0% 0% 0*u
we = L 40y, (514
e =700 By T ar T Gy T aear T Yazay T Vaway T e Tla2) 1)
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Tqy ou

Nug = =8 gy =~k (5 )ymo,
ki(Ty—Tn) 7 f(ﬁy)y ’
Sh — *ﬂ%i)y 0
* 7 Dp-(Cy—Cy)’
In dimensionless form
1 1" B/ em 1" Sq .
=— 1)+ = 1 1) ——f"(1
CpaVRe = T (" (1 + 507 (0 + 617 () = SH(1)
Nu Sh
Z = —¢'(0) and = = —¢/(0),
=00 = =—00)
where Re = %ﬁ represents local Reynolds number.

5.3 Series solutions

(5.15)

(5.16)

(5.17)

(5.18)

Obtained finalized ODEs are solved via HAM. Thus the initial guesses and operators are

ol = 53S0 ~250%). 60 () = BT and gy () = 22
dif 20 2
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5.3.1 Analysis for convergence

Fig. 5.1 is labeled for hy, hg and hyg and its ranges of acceptance are hye[—0.9 —0.1], hge[—1.6
—0.1] and hye[—1.5 —0.5].

Fig. 5.1. Curves for Ay, hg and hy.

5.4 Analysis

Graphical results of involved parameters on flow, temperature, concentration, skin friction,
heat and mass transfer rates are physically discussed in this section. Figs. 5.2-5.4 display
the variation of flow due to Sq, A1 and [ respectively. Flow rises with an increment in Sgq.
Physically Sq < 0 represents that the squeezing plate (upper plate) moves away from the fixed
plate (lower plate). Hence in case Sq > 0, a force (squeezing force) in exerted on liquid due
to which the flow rises. Reduction in flow in seen for larger A\;. Physically A; is referred to
viscoelastic parameter (posses both viscous and elastic effects). Thus flow and corresponding
penetration depth are retarded larger viscosity or elasticity. Intensification in flow is noted for
larger 8. As [ involved Ay (retardation time). So larger As lead to rise in flow. Temperature
variations due to Sq,3;, Ny, N; and Pr are plotted in Figs. 5.5-5.9. Increment in Sq (for
Sq > 0) leads to less collision between fluid particles. It results in decay of fluid temperature.
Temperature and associated depth enlarges for larger ;. Physically an increment in 3, leads
to higher rate of heat transfer which intensifies temperature. Fluid temperature rises for both

Ny and N;. Higher N, intensify the collision between fluid particles and so temperature rises.
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Also larger N; make more stable themophoretic force and thus locomotion of nanomaterial
from warm to cold region. Hence temperature is increased. Higher Pr lead to decay in both
temperature and thermal layer thickness. Higher Pr is due to lower thermal diffusivity. As
a result decay of temperature occurs. Figs 5.10-5.14 elaborate the impacts of Sq, Sc, N;, Ny,
and [, on concentration. Concentration and corresponding penetration depth are reduced with
increment in Sq (for Sq > 0). Reduction in concentration is also noticed for higher Sec. Sc refers
as ratio of viscosity to mass diffusion (momentum to mass diffusivity). Hence an increment in
Sc decays mass diffusion and thus concentration reduced. Higher N, rises concentration. In
fact higher V; lead to thermophoretic force. Increment in N, reduce both concentration and
associated penetration depth. Concentration is also enhanced by larger §5. Figs. 5.15 and 5.16
are plotted for variations in skin friction coefficient due to 3, A1 and Sq. Skin friction increases
with increments in 5 and Sq while it decays for A\;. Heat transfer rate against Sq, Pr, 8; and
Ny is portrayed in Figs. 5.17-5.19. Intensification in heat transfer rate is observed against
mentioned parameters. Mass transfer rate against N, V¢, Sq and 3, is labeled in Figs.5.20 and

5.21. Mass transfer rate is an increasing function of mentioned parameters.

Fig. 5.2: f'(n) for higher Sq.

72



Fig. 5.3: f/(n) for higher \s.

Fig. 5.4: f'(n) for higher .
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Fig. 5.5: 6(n) for higher Sq.

Fig. 5.6: 6(n) for higher ;.
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Fig. 5.7: O(n) for higher Nj.

Fig. 5.8: 6(n) for higher IV;.
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Fig. 5.9: 6(n) for higher Pr.

Fig. 5.10: ¢(n) for higher Sq.
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Fig. 5.11: ¢(n) for higher Sec.

Fig. 5.12: ¢(n) for higher Nj.
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Fig. 5.13: ¢(n) for higher Nj.

Fig. 5.14: ¢(n) for higher f3,.

78



Fig. 5.15: Cy for higher § and A;.

Fig. 5.16: C} for higher Sq and A;.
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Fig. 5.17: Nu, for higher Sq and Pr.

Fig. 5.18: Nu, for higher Sq and f3;.
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Fig. 5.19: Nu, for higher N; and Np.

Fig. 5.20: Sh, for higher N; and Nj,.

Fig. 5.21: Sh, for higher Sq and (.
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5.5 Key points
Major results of presented chapter are listed below.

e Intensification in flow is noted for increment of Sq, while opposite trend is seen for

higher As.

e Increment in fluid temperature is observed for larger (3, Ny, N; while reverse impact on

temperature is examined for Sq and Pr.
e Increment in Sq, Sc and IV leads to decay of concentration.
e Skin friction coefficient decays for As.
e Heat transfer rate rises for higher Sq, Pr, 3;, Ny and N,.

e An increase in mass transfer is seen with increment of Sq and Ny.
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Chapter 6

Melting effect in MHD stagnation

point flow of Jeffrey nanomaterial

6.1 Introduction

Our main intention in this chapter is to investigate melting phenomenon in magnetohydro-
dynamic flow of Jeffrey nanomaterial by a stretching surface. Mechanism of heat transfer is
elaborated via Joule heating and viscous dissipation. Thermophoretic and Brownian motion
characteristics are analyzed via Boungiorno nanofluid model. Additionally the chemical re-
action is studied via activation energy. Further flow is addressed in stagnation point region.
Flow field expressions (PDEs) are converted to ODEs via implementation of adequate transfor-
mations. The coupled non-linear systems of ODEs are solved via OHAM (Optimal homotopy
analysis method). Velocity, skin friction coefficient, concentration, mass transfer rate (Sher-
wood number), temperature and heat transfer rate (Nusselt number) are examined. Flow can
be controlled thorough higher estimations of Hartman number and ratio of relaxation to retar-
dation time parameter. Temperature of fluid intensifies with larger thermophorasis parameter,
Eckert number, Prandtl number, Hartman number and velocity ratio parameter. Concentration
of fluid is higher for larger estimation of thermophorasis parameter, Brownian motion parame-
ter and activation energy parameter. Further skin friction coefficient can be reduced via higher
melting parameter, velocity ratio parameter and ratio of relaxation to retardation time parame-

ter. Nusselt number enhances for Deborah number and thermophorasis parameter. Sherwood
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number is larger for higher Brownian motion parameter and reaction rate parameter.

6.2 Mathematical modeling

Magnetohydrodynamic stagnation point flow of an electrically conducting Jeffrey material is
considered. Brownian motion and thermophoerasis characteristics are studied via Boungiorno
nanofluid model. A transverse magnetic field is applied normal to flow. Induced magnetic field
is neglected due to very low magnetic Reynolds number. Heat transport characteristics are
examined via melting effect, Joule heating and viscous dissipation. Binary chemical reaction
with activation energy is presented. Sheet is stretched along x—axis while y—axis normal to
it (see Fig. (1)). After implementation of boundary layer approximations (o(u) = o(1) = o(x)

and o(v) = 0(d) = o(y)), we get the relevant expressions with associated boundary conditions

as
Fig. 6.1: Geometry for flow field.
ou Ov
oz + 7y =0, (6.1)
Bu
u8z8y2
3
ou Ou  Ou dUe(z) o0 9 vp 0Pu  vfA3 +vg—7§f fo 0
— tu—Fv— =U(v)———=+—BUc(2) + ———= + ———— Y ——Bu
ot 0 0 d ° 14+ X202 1+ 82u du o
T Y T Pr + A2 0y + A2 ety o P
9%u v
ooy
(6.2)

u@_T+U8_T+a(62_T)+T 8_06_T &(8_T)2
y oy S\ oy oy " T 0y
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+—Uf @ + —Agvf (u@@ + u@ Ou > (6.3)
(cp) (L4 A2) 9y>"  (ep)s(L+X2) \ Oy dy*> Oy Oydx )" '
oC oC oC  Dro*T o, Iz,
T v = D+ 2 ke 10— Ou), 1
uax-l-va B8y2 T 07 kre k2 (C—Cx) (6.4)
u(z,y) =Uy () =Uox, v(z,y)=0, T=1T, C=C, at y=0
u(x,y) =Ues(x) 2 U, T —Te, C—Csx when y— 0. (6.5)
Melting effect satisfies
oT
kf(a—y)yzo = p A1+ (T — To)] v(@, y)y=0. (6.6)
Implementing the transformations:
U, ,
n= U_fya U = UOSL‘f (77)7 U= —y UfUOf(n)a
T—Tn C—-Cwx

incompressibility condition (6.1) is identically verified while other equations with associated

boundary conditions become:

P+ BUNE= P = FFO) 4+ (L+ Xo) (A% — A(Ha)® — Haf' — (f)* + ff") =0, (6.8)

E E
9// +Pr (fel —I—Nt(@,)Q +Nb‘9/¢/ + rC)\2(f//)2 _ 1B—i_—)cq(ff/// _ f/f// +EcHa(f’)2)> — 0’
(6.9)
o+ Scfd + %e” _ Seoy(1— 60)nelT59) = 0, (6.10)
b
flO)y=1, 0(00)=0, ,¢(0)=1, M(0)+Prf(0)=0,
ff—A 6—1, ¢—1. (6.11)

Associated parameters are

Do (Co—C), N, =

= AU Ny =
B = A3Up, b o7 o T
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Ugz? vy Mo (Too — Tin)

EC: — Y SC: , — )
Cpf (Too — Tm) Dp« A1+ Cs (Tm — To)
vy aBg T FEia* k‘g
Pr=—, a= , 0=1——, E=—, ol =—. 6.12
af pro T k2Too UO ( )

Skin friction coefficient (C,), local Nusselt number (Nu,) and local Sherwood number (Sh,)

in dimensional form are

oC
Q(wa)yzo SU(Qw)y:O Sc(a_y)y:O
=—>"—, Nuy=—""—Tw—Thn), = —F——, 1
where
_ My (Ou  ODv P % O*u %
Toy =3 + A2 <8y + Ox + )\3(81/2 + dxdy +u(8x8y + 8:62)) ’
oT
= : o = —kp—. 14
Uy =Uoz, ¢ k¢ 3y (6.14)
Finally
1 f"(0) Nuy Shy
—CrzVRe = 1+ 0), = —0'(0), = —¢/(0). 6.15
sCVRe= o (1468), = —00), T2 =40 (6.15)
Here Re = Yoz represents local Reynolds number.

vf

6.3 Methodology for solution

The governed problems are solved via OHAM. Initial guesses to the solutions and linear oper-
ators are

fo=An+(1-A)(1—-e), go=1-€e"", gy=e", (6.16)

and

Li(f)=rf"m)—f(m), Lo0)=0"(n)—0(n), Lg(®)=7a"(n)— o). (6.17)

Total error against order of approximations is visualized in Fig. 6.2 while the ASRE through
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Table 6.1.

Fig. 6.2: Total error agaist k.

Thus we have

1 N[k 2
er (hyshoshg) = 3 > [Z i)y h,m] , (6.18)
H=0 Li:=0
N [k k 2
20 (g ho, o) = 33 D [Z fi) _j,m,z(enn:hm] , (6.19)
H=0 L:=0 =0
1 N[k k k 2
o (Tiy, ho, Tig) = N—HHX_jO [2(1@),7 Wz;(e )= m,ggwi)nml : (6.20)
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Table. 6.1. Various order of approximations and average square residual errors.

Average square residual error
Various approximation (k) 5£ e Ef
2 1.14773x107° | 3.60742x1073 | 2.19886x 1073
4 6.12835x1076 | 1.44109x1073 | 3.52641x10~*
6 7.1482x1077 | 8.71693x 1074 | 4.92821x10~*
8 2.97382x1077 | 8.70499x10~* | 1.84034x10~*
10 1.76213x10~7 | 8.48758x107* | 4.03894x 107>
12 1.03564x 1077 | 7.98541x1074 | 1.14407x107°
14 5.94893x1078 | 7.52871x10~* | 5.72465x10~6
16 3.38497x1078 | 7.20787x10* | 3.43797x 1076
18 1.95534x 1078 | 6.93274x107* | 2.00473x 1076
20 1.18786x1078 | 6.63015x10~* | 1.32199x 1076
22 7.74959x 1072 | 6.30501x10~* | 1.14475x1076
24 5.35127x1079 | 5.99563x 104 | 1.14766x10~6
26 3.7779x107% | 5.72835x10~% | 1.18386x10~°
28 2.65509x1079 | 5.50736x10~* | 1.09574x 106

6.4 Analysis

To analyze variations in skin friction coefficient (v/ReCY), the velocity (f’(n)), Nusselt num-

ber (i\/f%ﬂé), temperature (6(n)), Sherwood number ( \S/%) and concentration (¢(n)) for various

parameters are explained in this section. Fig. 6.2 is plotted for TRE (total residual error).
The optimal convergence control parameters iy = —0.604, 7ip = —1.234 and hy = —2.098 are
evaluated when Pr =12, Ay =0.6, A=0.6, 3 =0.1, N; =0.1, N, =0.2, Ha = 0.6, 01 =
0.9, § = 0.5, Ec = 0.5, Sc = 0.7, n = 0.5 and E; = 0.5. Decay in TRE is examined with

increase in k (number of iterations) as expected.
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6.4.1 Flow (f'(n)) analysis

Impacts of M, 3, A2, A and Ha on velocity (f'(n)) of fluid are visualized in Figs. 6.3-6.7.
Higher M lead to increment in velocity (f/(n)) of fluid. Indeed higher estimation of M lead
to increment in convective flow towards melting surface from hot fluid. Thus intensification
of velocity occurs. An increment in (f’(n)) is noticed for higher 8. In fact higher 3 lead to
increment in elasticity characteristics of the fluid. Thus (f/(n)) is intensified. Large A2 caused
decay in velocity (f'(n)). Indeed Ag is the ratio of relaxation time to retardation time. Thus
higher Az lead to more relaxation time (time required from perturbed system to relaxed system)
which is responsible for decay in velocity. Intensification in velocity (f’(n)) is noted for larger
A. However A < 1 corresponds to thinning of momentum layer thickness, A > 1 corresponds
to thickening of penetration depth while for A = 1 there is no formation of such layer. Further

higher Ha lead to increment in Lorentz force (resistive force to flow) and so (f/(n)) decays.

6.4.2 Temperature (0(n))

Behavior of temperature (6(n)) towards M, Ny, Ny, Eec, Pr and Ha is sketched in Figs.
6.8-6.13. Decay in temperature (6(n)) is seen for higher estimation of M. Indeed for larger
M more cold particles are added to the heated fluid. Hence temperature of the fluid decays.
Temperature (0(n)) is reduced with increment in Ny. Indeed due to thermophorasis the diffusion
of particles form hot fluid towards cold surface intensifies. Thus temperature decays. Increment
in NV, enhances the temperature (6(n)) of fluid. In fact higher N, correspond to more Brownian
motion due to which kinetic energy of nanofluid increases. Hence temperature (6(n)) intensifies.
Higher Ec has a direct impact on temperature (6(n)). Clearly higher E¢ is associated with more
drag forces among fluid particles due to which production of heat increases. Hence temperature
increases. Intensification in temperature (6(n)) is observed via higher estimations of Pr and
Ha. Higher Ha is associated to more Lorentz forces. Thus heat production is higher and so

temperature (6(n)) intensifies.

6.4.3 Concentration (¢(n))

Variations in concentration (¢(n)) of nanomaterial via Se, Ny, Ny, E, 01, 6 and n are visualized

in Figs. 6.14-6.20. Concentration (¢(n)) reduces with higher estimation of Sc. Basically Sc is
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ratio of momentum to mass diffusivity. Thus higher Sc is associated with lower mass diffusion.
Therefore concentration (¢(n)) decays. Intensification in (¢(n)) in noticed for N, Ny and E
while reduction in (¢(7)) is observed for higher o1, § and n. Physically higher o; and n lead
to increase in factor o (1 + §0)™ exp(—TEM). Thus destruction of chemical reaction occurs due

to which concentration rises.

6.4.4 Skin friction coefficient (v/ReCy), Nusselt number (1\\}—%—2) and Sherwood

number (% )

Variations in skin friction coefficient (\/IEC’f) via A, M, 8 and A9 are visualized in Figs. 6.21
and 6.22. Decay in skin friction coefficient in noted for higher estimations of M, A and Ae
while it intensifies with 8. Nusselt number (%) under 5, Ao, M, A, N; and N, is sketched
in Figs. 6.23-6.25. Heat transfer rate is higher for 5 and Ny while opposite response is seen for
A2, M, A and Np. Sherwood number (j%) under influential parameters Ny, Ny, d, o1, E and
n is visualized in Figs. 6.26-6.28. Intensification in rate of mass transfer is noticed for higher N,
and o1 whereas it reduces for higher §, F, Ny and E. Table 6.1 is made for ASRE (average square
residual error) verses various iterations (k). Clearly ASRE reduces with increasing number of

iterations (k).

Fig. 6.3: f/(n) for higher M.
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Fig. 6.4: f'(n) for higher .5

Fig. 6.5: f/(n) for higher \s.
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Fig. 6.6: f/(n) for higher A.

Fig. 6.7: f'(n) for higher Ha.
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Fig. 6.8: 6(n) for higher M.

Fig. 6.9: 6(n) for higher Nj.
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Fig. 6.10: O(n) for higher V.

Fig. 6.11: 6(n) for higher Ec.
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Fig. 6.12: O(n) for higher Pr.

Fig. 6.13: 6(n) for higher Ha.
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Fig. 6.14: ¢(n) for higher Sc.

Fig. 6.15: ¢(n) for higher Nj.
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Fig. 6.16: ¢(n) for higher Np.

Fig. 6.17: ¢(n) for higher F.
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Fig. 6.18: ¢(n) for higher o;.

Fig. 6.19: ¢(n) for higher 6.
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Fig. 6.20: ¢(n) for higher n.

Fig. 6.21: C} for higher M and A.
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Fig. 6.22: C} for higher Ay and §.

Fig. 6.23: Nu, for higher 5 and \s.
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Fig. 6.24: Nu, for higher M and A.

Fig. 6.25: Nu, for higher N; and Np.
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Fig. 6.26: Sh, for higher N; and Ny.

Fig. 6.27: Sh, for higher ¢ and ;.
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Fig. 6.28: Sh, for higher £ and n.

6.5 Conclusions
Here we have following key points.

e Flow (f'(n)) can be controlled via higher Ha and As.

e Intensification in flow is noticed for larger M, § and A.

e Decay in temperature (0(n)) of fluid is analyzed for larger estimations of M and Nj.
e Temperature of fluid rises with Ny, Fe, Pr, Ha and A.

e Concentration (¢(n)) of fluid is higher for Ny, N, and E while reverse behavior is examined

for Se¢, o1, 6 and n.
e Skin friction coefficient (v ReCy) can be controlled with higher M, A and As.
e Nusselt number (%) intensifies with larger estimations of 8 and Nj.

e Increment in Sherwood number (5—%) is noticed for larger NV, and o7.
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Chapter 7

Thermally radiative flow of
nanomaterial with viscous
dissipation and convective heat and

mass conditions

7.1 Introduction

This chapter addresses stagnation point flow of Jeffrey nanoliquid towards a permeable stretch-
ing cylinder. Brownian motion, thermophoresis, viscous dissipation and thermal radiation are
explored. Convective heat and mass conditions are implemented. Moreover activation energy
is taken into account. Suitable variables are utilized in order to convert expressions (continuity,
momentum, energy and concentration) into ODEs (Ordinary differential equations). Result-
ing systems are solved by optimal homotopy analysis method (OHAM). Behaviors of involved
flow, heat and mass transport parameters for velocity, concentration and temperature are ex-
amined graphically. Skin friction coefficient and Sherwood and Nusselt numbers are examined

numerically.
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7.2 Modeling

We assume steady flow of incompressible non-Newtonian nanomaterial (Jeffrey fluid) past a
porous stretched cylinder. Features of nanofluid are investigated via thermophoresis and Brown-
ian motion. Analysis of heat transport is explored in presence of viscous dissipation and thermal
radiation. Convective heat and mass conditions are addressed. Cylindrical coordinates (r, z)
are utilized. Flow is generated by stretching cylinder along z—axis in axial direction while
r—axis being normal to it. After utilizing aforementioned assumptions and boundary layer ap-

proximations, the flow, energy and concentration expressions along with boundary conditions

satisfy:
d(ru)  O(rv
IS
ou  Ou dUe(x) vy O%u  10u u Pu uwdv  Ou Pu

“or U~ T TN i TG aas T e T arores

B v O%u B

—i—um + 2 + ’UW)], (7.2)

ppen 050 = S0 S0 + R L 0 R
sl T L T enenlDs (G o)+ 22Ty (rg)
g—i +vaa—f — Dy (?;f + %%—f) + ?—i(% 4 71«25:) kﬁ(%)neiﬁ (C—Cy), (T4)
u:U@@%:M§, v=—Vp, @%T vo(Ty=T), ngj 1(C;=C) at r=R
u=U(x) — Uoo%, T—Tyw, C—Cyx when r— oc. (7.5)

In order to convert aforementioned PDEs into ODEs, we use the following transformations:

r2—R* | Uy X R vao

_ Yo —_t __h
77_ 2R ('Ufl)’ U Uolf(n)’ v r f()
T T,  C—Cy
V=T = o (7.6)
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Putting above transformations in Eqs. 7.1-7.5, Eq. 7.1 is satisfied while Egs. 7.2-7.5 become

(L 2ym) "+ 29 f" + (14 Do) (FF" — 2) +B(S f" = 3F£") + B+ 20m)(f72 — f ") + A2 = 0,

(7.7)
(1+ gR*M(l +29m)0" + 298] + Pr(f0 + Ni(¢)* + Not' &)
Pr Ec N2 1 1" e "
R o [(L+29n)(f7)" = BQA+2yn)(ff* = L") —~vff)] =0, (7.8)

N, _E_
(14 290)¢" +2v¢' + Scf¢' + Ft[a +29m)0" + 298] — Seolp(l — 09)eTm) =0, (7.9)
b

fO)=1, f0)=8, 0(0)=-p(1-06(0), ,¢'(0)=—P(1-¢(0)),

ff—A 6—0, ¢—0 as n— oo. (7.10)
Associated variables are
U D * n n D mn
B — )\3_0’ Nb B p p( ) p(Cw Coo), N _ T pncp *Tm),
l vr pp(cp)s vfToo pycpy
Uso U2 vy 4o*T3 {
A=—=, Ec= w , Sc=—, * , = Vo,
Uy (Cp)f (Tw — Too) Dp k‘fk’* Uon 0
vy 1 I/f Ty Fia k2
=== P 60=1—— FE =L
Uy R T’ kTw 1T U
1 "}’07” UO 2 - 71T E (711)
kiR vf DR\ vyl

7.3 Expressions of surface friction coefficient, Sherwood num-

ber and Nusselt number

In dimensional forms we have

o Z(Tw)r:R
Cpa = T2 (7.12)
$(Qw)r:R
Shy = —F—"—+—, 7.13
DB(Of - Coo) ( )
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x(qu )TZR

Nu, = r)r=R, 14

where
Hy  Ou 0%u 0%u
wr — a_ A a 9/
Twr = 750 T G TV
T orT or 16 0* T3,

Uw = UUT, Qu = _DBa_ya dry = _kfa al'ld qr = — 3 k*

(7.15)

Invoking expressions 7.5 and 7.6 in Eqs. 7.12-7.15, we get dimensionless forms of C'y, Sh, and

Nuy respectively as

1 1 " Shy N Nuy 4o
5C1VRe = 75=(1+8)1(0), T =00 and S = (14 RY(0). (716)

Uo% .
Here Re = %fl is known as local Reynolds number.

7.4 Solutions methodology

The governed flow, temperature and concentration expressions (PDEs) are solved by means of

Optimal HAM. Initial approximations and linear operators are

61 —-n

_ )
= e,
1+65

bo=77¢ " (7.17)

fo=—-S+An+(1-A)1—-e), b T+ 5,

and

Lr(f)=r"(m)—f(m), Lo(0)=0"(n)—0n), Ly(®) =d"(n—aon). (7.18)
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Total error versus order of approximations (iterations) is plotted in Fig. 7.1. Table. 7.1 is

constructed for ASRE versus order of approximations (k).

Fig. 7.1: Total error via higher iterations.

1 M [k 2
s (g, ho ho) = 377 > [Z )y ;W,] , (7.19)
H=0 Li=0
M Tk k 2
€ (h’fa h’@a ﬁ(b) +1 Z [ fl n=jmn " Z (ei)nhﬂ"’]] 3 (720)
H=0 [i=0 =0
| Mok k k 2
€ (hf7 he, h¢) = M+ 1 Z [Z (fl')n:jﬂ'n ’ Z (Hi)n:hﬂ'n ) Z ((/J)i)n_hwn] : (721)
H=0 L:=0 =0 =0
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Table 1. ASRE versus order of approximations (k) with CPU time.

Various approximation Average square residual error CPU

(k) e£ €} ef Time
2 0.0117668 0.000799246 | 0.0000892354 | 1.08677 (sec)
4 0.00120522 | 0.0000763174 | 0.0000527797 | 5.19675 (sec)
6 0.00104837 | 0.0000138061 | 0.0000450906 | 16.3216 (sec)
8 0.00103228 | 7.42418x107¢ | 0.0000407396 | 39.6874 (sec)
10 0.0010256 | 5.68529x107% | 0.0000374021 | 81.9695 (sec)
12 0.00101941 | 4.37686x10¢ | 0.0000349187 | 153.798 (sec)
14 0.0010135 | 3.48176x107% | 0.0000329233 | 273.906 (sec)
16 0.00100782 | 2.78792x107¢ | 0.0000312837 | 465.017 (sec)
18 0.00100238 | 2.25219x107% | 0.0000298985 | 769.927 (sec)
20 0.000997131 | 1.82805x1075 | 0.0000287095 | 1258.51 (sec)
22 0.000992071 | 1.48978x1076 | 0.000027673 | 2043.21 (sec)
24 0.000987353 | 1.21866x1076 | 0.0000267586 | 3283.29 (sec)
26 0.000983615 | 9.99988x10~7 | 0.0000259436 | 5186.08 (sec)
28 0.000985197 | 8.24765x10~7 | 0.000025211 | 8101.64 (sec)
30 0.00100744 | 6.85946x10~7 | 0.0000245469 | 12495.2 (sec)

7.5 Analysis

This section comprises analysis of fluid velocity (f’(n)), fluid temperature (6(n)), nanofluid
concentration (¢(n)), surface friction coefficient (C'rv/Re), Sherwood number (j—%) and Nusselt

Nug

number ( \/ﬁ) towards involved physical parameters. Optimal values of hf, hy and hy, are
—0.4130, —0.9042 and —0.1982 respectively. For evaluation of 7if, 9 and hy, we have taken
v=0.1,8, =01, R*=01,7v=10,A=0.5,Pr =20, Ny = 0.2, N, = 0.3, Ec = 0.4, Sc = 0.5,

01=03,6=04,S=10,n=1.0and E =0.5.
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7.5.1 Fluid velocity (f'(n))

Behavior of fluid velocity (f'(n)) towards Ag, 3, v, A, S > 0 and S < 0 is plotted in this
subsection. Influence of A2 on f’(n) is labeled in Fig. 7.2. Higher estimation of Ay correspond
to decay of f/(n). Here )z is ratio of relaxation to retardations times also referred as viscoelastic
parameter (posses both elastic and viscosity features). Thus f/(n) retarded with increase in
viscous or elastic effects. Impacts of 3 on f’(n) are portrayed in Fig. 7.3. Rapid growth in f’(n)
is noticed with increase of 8. As [ is the Biot number via relaxation time. Higher 8 correspond
to more relaxation time (time required from perturbed position to relaxed position). Here f'(n)
increases. Fluid viscosity (f’(n)) under influence of + is expressed in Fig. 7.4. It is seen that
f'(n) enhances near surface while it reduces away from surface. Higher ~ is associated with
reduction in radius (R) of cylinder. Thus less particles are now stuck (due to no-slip condition)
with the cylindrical surface. Hence f’(n) decays near the surface while away from the surface
it enhances. Effects of A (A <1 and A > 1) on f/(n) are sketched in Fig. 7.5. Fluid velocity
(f'(n)) enhances for both A <1and A > 1. As A= %;1, thus for A < 1, %?(f <1lor Usx < Up.
Here reference stretching velocity is more than reference free steam velocity. Hence both f(n)
and corresponding penetration depth increases. Also for A < 1, Uy < Us. Here reference
free stream velocity dominates over reference stretching velocity. Clearly f’(n) increases while
associated penetration depth decreases. For A = 1, Uy = U,,. Here both reference free stream
and reference stretching velocity are equal in this case. Hence there is no formation of layer
thickness. Effects of S > 0 and S < 0 on f’(n) are plotted in Figs. 7.6 and 7.8 respectively.
Both S > 0 and S < 0 disturb the flow and f’(n) decreases.
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Fig. 7.2: f'(n) for higher \o.

Fig. 7.3: f/(n) for higher 5.
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Fig. 7.4: f'(n) for higher ~.

Fig. 7.5: f/(n) for higher A.
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Fig. 7.6: f’(n) for higher S > 0.

Fig. 7.7: f'(n) for higher S < 0.
7.5.2 Temperature (6(n))

Behavior of fluid temperature (6(n)) due to higher estimations of g, 8, v, Pr, Ec, R*, 5;, Ny
and Ny is explored in this subsection Fig. 7.8 captured impact of Ay on (7). Clearly 6(n) rises
with higher Ao. As Ay is associated with higher viscosity or higher elasticity therefore more
heat is generated due to dissipation and 6(n) enhances. Variation of 6(n) against § is shown
in Fig. 7.9. Higher / cause reduction in 0(n). Fluid temperature (6(n)) against « is plotted
in Fig. 7.10. Increment in 7 directly varies §(n). In fact higher v lead to small radius (R) of
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cylinder. Thus area of contact between nanofluid and cylindrical surface decreases and more
heated particles join the cold nanofluid above the surface. Hence 0(n) intensifies. Effect of Pr
on 0(n) is labeled in Fig. 7.11. 6(n) reduces with higher Pr. As Pr is ratio of momentum
diffusivity (vy) and thermal diffusivity (ay). Higher Pr leads to small thermal diffusion and
so 0(n) increases. Fluid temperature (0(n)) for Ec is examined in Fig. 7.12. Increment in Ec
causes intensification of 6(n). Physically Ec is the ratio of K.E and enthalpy. Increase of Ec
leads to increment in K.E and consequently 6(n) enhances. Fig. 7.13 displays influence of R* on
6(n). Increment in R* directly affects 6(n). Physically larger R* is associated with increment in
surface heat flux. Thus fluid becomes more worms and 6(n) rises. Fig. 7.14 demonstrate 0(n)
via higher estimation of 8. Higher (; is associated with increase in heat transfer coefficient.
Here 6(n) enhances. Variation of fluid temperature (0(n)) against Ny and N is displayed in
Figs. 7.15 and 7.16 respectively. Increase of both N; and N, intensifies #(n). Higher Ny is
responsible for more thermophoretic diffusion from heated cylinder towards cold fluid and so
0(n) increases. Larger N, is associated with increase of Brownian motion which intensifies K.E

of nanomaterial and so 6(n) intensifies.

Fig. 7.8: 6(n) for higher \.
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Fig. 7.9: 6(n) for higher g.

Fig. 7.10: 6(n) for higher ~.
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Fig. 7.11: 6(n) for higher Pr.

Fig. 7.12: 6(n) for higher Ec.
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Fig. 7.13: 6(n) for higher R*.

Fig. 7.14: 6(n) for higher 3,.
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Fig. 7.15: 6(n) for higher N;.

Fig. 7.16: 6(n) for higher Nj.

7.5.3 Concentration (¢(n))

This subsection is associated for impacts of Ny, Nt, By, E, Sc, 6, 01 and n on nanofluid con-
centration (¢(n)). Fig. 7.17 captured the influence of N, on ¢(n). Decay in ¢(n) is noticed
for higher N,. Further ¢(n) via higher values of V; is labeled in Fig. 7.18. Intensification of
¢(n) is observed by larger N;. Outcome of 5 on nanofluid concentration (¢(n)) is sketched in
Fig. 7.19. Higher 5 directly affect ¢(n). An increase of [, give rise to more mass transfer
coefficient and ¢(n) enhances. Fig. 7.20 is sketched for influence of E on ¢(n). Clearly ¢(n)
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intensifies via E. Impact of Sc on ¢(n) is shown in Fig. 7.21. Here ¢(n) reduces with Sc. As
Sc is ratio of momentum and mass diffusivity therefore higher Sc lead to small mass diffusivity
and thus ¢(n) decreases. Fig. 7.22 displayed ¢(n) under impact of §. Higher ¢ cause reduction
in ¢(n). Nanofluid concentration ¢(n) against higher estimations of o1 and n is plotted in Figs.

7.23 and 7.24 respectively. Both o1 and n cause decay of ¢(n).

Fig. 7.17: ¢(n) for higher Np.

Fig. 7.18: ¢(n) for higher Nj.
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Fig. 7.19: ¢(n) for higher f3,.

Fig. 7.20: ¢(n) for higher F.
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Fig. 7.21: ¢(n) for higher Sec.

Fig. 7.22: ¢(n) for higher 6.
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Fig. 7.23: ¢(n) for higher o;.

Fig. 7.24: ¢(n) for higher n.

7.5.4 Skin friction (C;vRe), Sherwood number (%) and Nusselt number

(7%)

Surface friction coefficient (C'rv/Re) under the influences of Ay, 5 and + is evaluated numerically

in Table. 7.2. Sherwood number (j%) under Ny, Ny, By, Sc, E, 01 and Nusselt number (%)

for impacts of A2, B3, v, N¢, Ny, 31, R* and Pr are numerically evaluated in Tables. 7.3 and
7.4 respectively. Skin friction (Cyv/Re) increases with higher 5 and « while reverse is noticed

by higher A2. Sherwood number ( \5}%) enhances with higher values of Ny, 849, Sc, o1 while it
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reduces for N; and E. Nusselt number (i\/’%) increases against 3, v, R* and Pr while it decays
through higher Ao, N¢, Ny and .
Table. 7.2: Evaluation of surface friction coefficient (Cv/Re) for Ao, 5 and .

X| B | v | —CsVRe
010110 0.6894
0.2 0.6536
010110 0.6895
0.2 0.7079
010110 0.6330
2.0 0.6393

Table. 7.3: Evaluation of Sherwood number (\S/IF%) for Ny, Ny, By, Sc, E and o7;.

Ny | Np | By | Sc| E | o1 \5}%

0.1]01(0.1]0.2|0.110.1]0.09381
0.2 0.09412
0.1]01(0.1]0.2|0.1]0.1]0.09441
0.2 0.09433
01]701(01(0.2|0.1]0.1] 0.09440
0.2 0.17840
01]01(0.1]01/|0.1]f0.1]0.35410
0.2 0.36070
0.1101]0.1|0.2]0.1]0.1|0.37700
0.2 0.37020
01]701(01(02|0.1]0.1]0.37840

0.2 | 0.38000

Table. 7.4: Evaluation of Nusselt number (%) for A2, B, v, N¢y, Ny, 81, R* and Pr.
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Do | By [ Ne | Ny | By | R Pr| D=

01(01(10(02|02|02]|0.1]2.0]0.10510

0.2 0.10560

01(01(10(02|02|02|0.1]20]0.10510

0.2 0.10540
01(01]10]02102(02]0.1]2.0]0.10370
2.0 0.10380

01(01(10(01|02|02/|0.1]2.0]0.10512

0.2 0.10508

01(01(10(01|01|02/|0.1]20]0.10519

0.2 0.10512

01(01(10(0102|01)0.1]20]0.10519

0.2 0.10512

01(01(10(01|02|02]|0.1]2.0]0.10510
0.2 0.11760
01/01}710]01(02]0.2]0.1]|10]0.11700
1.5 | 0.11730

7.6 Conclusions

Key observations of presented chapter are mentioned below.
e Fluid velocity (f’(n)) can be reduced by higher A2, S > 0 and S < 0.
e f'(n) grows rapidly through higher 3, v and A.

e Fluid temperature (6(n)) intensifies for Ay, v, Ec, R*, 5;, Ny and N, while it decays with
B and Pr.

e Nanofluid concentration (¢(n)) increases with higher NV, 55 and E while it decreases

against Ny, Sc, 0, o1 and n.

e Surface friction coefficient (C'rv/Re) is reduced via larger Ay while it enhances for 5 and

Y-
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e Sherwood number (2k2) enhances with Ny, 85, Sc and o7;.

VRe

e Nusselt number (1\\}%) intensifies through higher estimations of Ao, 3, v, R* and Pr.
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Chapter 8

Mixed convective slip flow of hybrid
nanofluid (MWCNTs+Cu+ Water),
nanofluid (MWCNTs+Water) and

basefluid (Water): A comparative

investigation

8.1 Introduction

In this chapter we have addressed comparative investigation of hybrid nanofluid (MWCNTs+Cu+ Water),
nanofluid (MWCNTs+Water) and basefluid (water). Flow is due to curved stretching sheet.
Flow via slip boundary condition is examined. Heat transport with viscous dissipation, mixed
convection and convective boundary condition is discussed. Transformation procedure is adopted
for converting PDEs into ODEs. These non-linear coupled ODEs are solved via shooting method
with RK-4 algorithms (bvp4c). Behaviors of involved parameters on flow, Nusselt number (heat
transfer rate), temperature and skin friction coefficient are analyzed graphically. Velocity of
fluid enhances with increment in nanoparticles volume fraction for multi-walled CNTs, nanopar-

ticle volume fraction for Cu and mixed convection parameter while it reduced via higher esti-
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mations of velocity slip parameter. Temperature of the fluid varies directly with an increase
in nanoparticles volume fraction for multi-walled CNTs, nanoparticle volume fraction for Cu,
Eckert number and thermal Biot number. Skin friction coefficient is reduced via higher mixed
convection and velocity slip parameters. Nusselt number intensifies with increment in nanopar-
ticles volume fraction for multi-walled CN'Ts, nanoparticle volume fraction for Cu, Eckert and
thermal Biot numbers. For comparative study amongst hybrid nanomaterial, nanomaterial and

basefluid, efficient behavior is noted for hybrid nanomaterial.

8.2 Modeling

Consider flow of hybrid nanomaterial (MWCNTs+Cu+Water) due to a curved stretched sur-
face. Flow is analyzed in presence of slip boundary condition. Heat transport characteristics are
studied via viscous dissipation, mixed convection and convective boundary condition. Curvi-
linear coordinates (s, r) are taken. Further s—axis is taken along curved surface while r—axis

is perpendicular to it (see Fig. 8.1).

Fig. 8.1: Geometry for flow field.

Multiple-walled CNTs and Cu are taken as first and second nanoparticles in basefluid of wa-
ter respectively for development of hybrid nanofluid (MWCNTs+Cu+Water). According to

the mentioned assumptions and after implementation of boundary layer approximations the

127



equations are

0 ou

E((r—i—R)v) +R% =0, (8.1)
1 op u?
£ _ 2
Phnyf OT r+ R’ (8.2)
@@ n R u@ n w 1 R @
o r+R 0s r+R Phng T+ R Os
9?u 1 Ou u 9(BP)nny
L ou _ T—Ty), 8.3
+Uh f(8r2+r+R8r (r + R)? + Phnf ( ) (8.3)
or R 0T kg 0T 1 oT Phng Ou 1
== el BTN oY B 4
or + 7’+Ru85 (pcp)hnyf - Or? +T+R8T)+ (pcp)hng  Or T+Ru) ’ (8.4)
with
Lou Lou B or B
u="Uy(s)+ A ar =Ups + A o v=0, _k’"‘far =v(Tw—T) atr=0,
ou
u—0, E—)()’ T—-Tsw as r—oo. (8.5)
We choose the transformations
u="Upsf'(n), wv= —ﬁRR\/ Uovef(n), n= \/Z—;T,
T—-T+ 9 9

0(n) = T P=rils P(n). (8.6)

Implementing these transformations, condition for incompressibility (8.1) is verified while other

equations become

oP _ f/2
6—77 _A1177+’}” (8.7)
2y _@a- $1)*P(1 = 9o)*® o n 2 m° 2 2 '
R An AT T T we! e
f 1 f/,+f/,/. (8.8)

+ +
n+7)? n+n~
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Eliminating P from Egs. 9.7 and 9.8 we get

An (iv) 2 m . 1 " 1 / g n g "
(1—¢1)2'5(1—¢2)2'5(f +77+7f (77+7)2f - (n+v)3f)+n+7ff - (77+v)2ff
I r g 2 Y e / 1 _
A s A 1 () ") = 0, (8.10)
K n+ n+7 (1= ¢1)25(1 = ¢2)25 (n +7)? ’

F(0) = 1-26f"(0),  0'(0) = —m-(1-6(0)), f(0) =0,

Ky
ff—0, 0—0 f"—=0 a n— oo (8.11)
Here
. 1
(1= ¢y) ((1 — 1)+ ¢1pp_"?) + ¢2pp_"f

(8.12)

_ _ . (pﬁ)ml (pﬁ)mQ

Ao = (1 —¢3) <(1 ¢1) + 1 or ) ®2 0B); (8.13)
_ B (PCp)m1 (PCp)ma

By = (1=0) (1= o)+ oy ) 1, (b (5.14)

Involved physical parameters are

Ty — Two)s®
)\5:/%)\*, a= G g O T vy
!

= R—ega Uf le’

(UOS)2pf Yo vf Uo
E — s [—— —’ = —R 815
T ()1 (T — Tno) b VT vf (8.19)

8.2.1 Expressions for Skin friction coefficient (C’f(Re)%) and Nusselt number

(Nuy(Re)~7)

In dimensional form the (C’f(Re)%) and (NuS(Re)_%) are

54s

Tws
Cts yNus = ——————,
d ! kf(Tf*TOO)

=2 8.16
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. u 1 oT
with Tws = /,Lhnf(a - m’d)r:o, qs = _khnf(5> (817)

Implementation of transformations (8.6) leads to dimensionless form of above expression as:

_ 1 7 l / Nu _ _M ’
CpsVRe = Ao a o O+ S 0), o= C000) (8.18)

where Re = %‘fﬁ is local Reynolds number.

8.3 Expressions for nanofluid (MWCNTs+Water) and Hybrid
nanofluid (MWCNTs+Cu-+Water) via Hamilton-Crosser model

For nanoflluid (MWCNTs+Water) [58]

_ My HFnf
AT pus
(pcp)nf =(1-¢y) (Pcp>f + é1(pcp)m1,

Png = (1= ¢1) pg + 191,

Enf _ Kmi + (07 = Dy — (0" = 1oy (k7 — K1)

= . 8.19
Ry = o (0 — Dy + Br(ig — o) (8:19)
For hybrid nanofluid (SWCNTs+Cu+Water) we have [58]
" . Ky Vhnf = Hhng
hnf — ) nf — )
-0 (1) P
(Pep)nng = (1 = ¢2) (1 = 1) (pep) f + d1(pCp)ma) + Po(pCp)m2,
Prng = (1 — ¢2) ((1 — ¢1)ps + ¢>1Pm1) + P2Pm2s
Fhng _ Kom2 + (n* = Dy — (0" — 1)y (kny — Fima)
Kbf Km2 + (n* — 1)Kpf + Go(kipf — Km2)
g _ Km1 4 (0" = iy — (0" = 1)¢y (k7 — /“7m1>‘ (8.20)

Ky m1 + (n* = D)kg + @1 (k5 — Km1)
In above expressions n* = 6 is taken for cylindrical shaped nanoparticles of both MWCNTs

and Cu.
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Table. 8.1: Thermal features of MWCNTs, Cu and water.

Nanoparticles\ Thermophysical properties | p( %% ) | Pr | cp( kgLK ) | k(%)
Cu 8933 - 385 400

MWCNTs 1600 - 796 3000

Water 997 | 6.7 4179 0.613

8.4 Methodology

The governing expressions after transmitting into ODEs via suitable transformations are solved
through shooting technique (bvp4c). According to this method we convert the ODEs (momen-

tum and energy equations) into system of first order ODEs. Thus we have

ti=f, ta=th=f, ts=th=f", ta=ty=f", (8.21)
ts =0, to=ts=10 (8.22)
2 1 1 (1—¢)?5(1—p)*° o
m =t =f"=— ta— ts+ to)— tita+
* (17+7 m+7)2"" (n+1)3 ) An (77+'v (n+1)?
B Y 2 B
———=tity — t5 — tots + Ag Ao (te + t5)), 8.23
(n+7)3 m+7)2?% n+y ( n+y ) (8.23)
Pr Ec 1 te
m* =t = 0" — —(By; Priyte + ta+ (n+7)t3)) — ,
0= = Tl 0= 00— P (P 2 F I =
(8.24)
B - B0 =1t5(0))
t2(0) =1 — Ast3(0),  t1(0) =0, f6(0) = B era—
kg
to—0, t5—0, t3—0 as n— oo (8.25)

8.5 Analysis

Theme of this section is to visualize variations in temperature, flow, Nusselt number and skin
friction coefficient for involved parameters. Note that for best results, values of ¢; and ¢, are ad-

justed in case of nanofluid (MWCNTs+Water) and hybrid nanofluid (MWCNTs+Cu-+Water).
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8.5.1 Variations in f’(n)(velocity)

Velocity under higher estimations of ¢; is sketched in Fig. 8.2. Velocity (f/(n)) is an increas-
ing function of ¢;. Also behavior of hybrid nanofluid (MWCNTs+Cu+water) dominates over
nanofluid (MWCNTs+water). Impacts of ¢ on f’(n) are labeled in Fig. 8.3. Intensifica-
tion in f’(n) is seen for higher ¢,. As ¢, is associated with only hybrid nanofluid (MWC-
NTs+Cu-+water), so in case of nanofluid (MWCNTs+water) no impact of ¢, on f’'(n) occur.
f'(n) under the variations in + is portrayed in Fig. 8.4. Higher v leads to enlargement in
f(n). Physically higher v is associated with increment in radius. Higher radius corresponds to
increment in area of contact between fluid and surface. Thus due to no-slip condition, velocity
of fluid enhances. Impacts of hybrid nanofluid (MWCNTs+Cu+water) are dominant when
compared with nanofluid (MWCNTs+water). Variations in f/(n) due to increment in A5 is
visualized in Fig. 8.5. Higher A5 leads to decay in f/(n). Further impacts of hybrid nanofluid
(MWCNTs+Cu+water) are efficient. f’(n) under higher estimations of A4 is sketched in Fig.
8.6. Higher \4 causes enhancement in f’(n). Physically higher A4 corresponds to greater bouncy
force, which enhances f’(n). Comparative investigations among hybrid nanomaterial (MWC-
NTs+Cu+water), nanomaterial (MWCNTs+water) and basefluid (water) during the impact of
&1, g, ¥, A5 and \g on f/(n) are visualized in Figs. 8.7-8.11 respectively. As consequence it is
founded that better performance is show by hybrid nanofluid (MWCNTs+Cu+water) followed
by nanofluid (MWCNTs+water) and basefluid (water) respectively.

Fig. 8.2: f/(n) for higher ¢;.
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Fig. 8.3: f/(n) for higher ¢,.

Fig. 8.4: f'(n) for higher ~.

Fig. 8.5: f/(n) for higher \s.
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Fig. 8.6: f/(n) for higher \4.

Fig. 8.7: Comparison of f’(n) for higher ¢;.

Fig. 8.8: Comparison of f’(n) for higher ¢;.
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Fig. 8.9: Comparison of f’(n) for higher .

Fig. 8.10: Comparison of f’(n) for higher As5.

Fig. 8.11: Comparison of f’(n) for higher \4.
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8.5.2 Variations in 0(n) (temperature)

Fig. 8.12 is plotted for influence of ¢; on 6(n). It is observed that higher ¢, directly effect
0(n). Efficient behavior is observed for hybrid nanofluid (MWCNTs+Cu+water). 6(n) under
the impacts of ¢, is plotted in Fig. 8.13. Temperature (6(n)) directly varies with higher ¢,.
Further as ¢, is only associated with hybrid nanofluid (MWCNTs+Cu+water), so there is no
impact of ¢, on nanofluid (MWCNTs+Cu+water). Fig. 8.14 visualize impacts of Ec on 0(n).
Intensification in 6(n) is examined via higher estimations of Fec. Basically Ec defines the ra-
tio of K.E to the enthalpy, thus higher Fc leads to higher K.E. Hence 6(n) intensifies. Also
hybrid nanofluid (MWCNTs+Cu+water) shows effective behavior. Impacts of 5; on theta are
presented in 8.15. Theta is directly impacted by ;. Higher 3, is associated with larger heat
transfer coefficient. Hence 6(n) increases. Impact of hybrid nanofluid (MWCNTs+Cu-+water)
are prominent. Comparative investigation of basefluid (water), nanofluid (MWCNTs+water)
and hybrid nanofluid (MWCNTs+Cu+water) during studying impacts of ¢;, ¢,, Ec and [3;
on 6(n) are visualized in Figs. 816-8.19 respectively. Efficient trend is shown by hybrid nano-
material (MWCNTs+Cu+Water) which is followed by nanomaterial (MWCNTs+water) and

basefluid (water).

Fig. 8.12: O(n) for higher ¢,.
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Fig. 8.13: O(n) for higher ¢,.

Fig. 8.14: 6(n) for higher Ec.

Fig. 8.15: 6(n) for higher ;.
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Fig. 8.16: Comparison during (n) for higher ¢, .

Fig. 8.17: Comparison during 0(n) for higher ¢,.

Fig. 8.18: Comparison during 0(n) for higher Ec.
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Fig. 8.19: Comparison during (n) for higher 3.

8.5.3 Variations in C; (skin friction coefficient) and Nu, (Nusselt number)

Cy under the impacts of ¢; and ¢y is portrayed in Fig. 8.20. Cy directly varies with both ¢; and
¢o. No impact of ¢, on Cf is observed in case of nanomaterial (MWCNTs+Water). Impacts of
hybrid nanomaterial (MWCNTs+Cu+Water) are more than nanomaterial (MWCNTs+water).
Fig. 8.21 is labeled for variations in Cy through higher A4 and A5. Reduction in Cf is caused
by both A; and A. Figs. 8.22 and 8.23 are plotted for comparison of hybrid nanofluid (MWC-
NTs+Cu+Water), nanofluid (MWCNTs+Water) and basefluid (water) during impacts of ¢, ¢,
and A4, A5 on Cf. Effective behavior is observed for hybrid nanofluid (MWCNTs+Cu+Water)
over nanofluid (MWCNTs+Water) and basefluid (water) respectively. Rate of heat transfer
(Nug) under the impact of ¢; and ¢, is visualized in Fig. 8.24. Nug is enhanced by higher
¢, and ¢. Effective behavior is analyzed in case of hybrid nanofluid (MWCNTs+Cu-+Water).
Fig. 8.25 is plotted for variations in Nug via higher Ec and ;. Intensification in Nuy is exam-
ined for higher estimations of both Ec and ;. Figs. 8.26 and 8.27 are sketched for comparative
investigation among hybrid nanofluid (MWCNTs+Cu+water), nanofluid (MWCNTs+Water)
and basefluid (water) during studying effects of ¢, ¢y and Ec, 8; on Nus. As consequence
it is found that efficient behavior is studied for hybrid nanomaterial (MWCNTs+Cu+Water)
followed by nanomaterial (MWCNTs+Water) and basefluid (water) respectively.
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Fig. 8.20: C} for higher ¢; and ¢,.

Fig. 8.21: C} for higher A4 and As.
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Fig. 8.22: Comparison of C'y for higher ¢; and ¢,.

Fig. 8.23: Comparison of Cy for higher A4 and As.

Fig. 8.24: Nu, for higher ¢; and ¢,.
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Fig. 8.25: Nuy for higher Ec and f3;.

Fig. 8.26: Comparison of Nug for higher ¢; and ¢,.

Fig. 8.27: Comparison of Nug for higher Ec and f;.
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8.6 Closing remarks

e Velocity of fluid is higher for larger ¢, ¢,, v and A4 while it reduces with higher \s.

Temperature of fluid directly varies with higher estimations of ¢;, ¢9, Ec and (.

Skin friction coefficient can be controlled with higher A4 and As.

Cooling process can be enhanced by higher estimations of ¢, ¢, Ec and f3;.

e During comparative analysis the efficient behavior is noted for hybrid nanomaterial

followed by nanomaterial and basefluid respectively.
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Chapter 9

Numerical study for melting heat in
dissipative flow of hybrid nanofluid

over a variable thicked sheet

9.1 Introduction

This investigation is carried out to examine stagnation point flow of hybrid nanofluid (SW-
CNTs+Ag+Gasoline oil) towards a stretched sheet of variable thickness. The hybrid nano-
materials are acknowledged more suitable than ordinary nanoliquids. The idea is useful for
enhancement of the properties of resultant nanomaterials better than the nanoliquids consist-
ing of one nanoparticle. Viscous dissipation and melting effect are taken into consideration for
heat transport characteristics. Adequate transformations are employed for reduction of PDEs
(expressions) into ODEs. These ODEs are then converted into system of first order in order
to solve by bvpdc (shooting method). Velocity, skin friction coefficient, Nusselt number and
temperature are examined for influential parameters. Comparison of hybrid nanofluid (SWC-
NTs+Ag+Gasoline oil) with nanofluid (SWCNTs+Gasoline oil) and basefluid (Gasoline oil) is
also presented graphically. Velocity of fluid enhances via rise in nanoparticle volume fraction
for single-walled CN'T's, nanoparticle volume fraction for Ag, velocity ratio and melting parame-

ters. Reduction in temperature of fluid occurs with higher Eckert number, nanoparticle volume
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fraction for CN'Ts, nanoparticle volume fraction for Ag and melting parameter. Higher velocity
ratio parameter controls the skin friction coefficient. Nusselt number rises with an increment
in nanoparticle volume fraction for CNTs, velocity ratio parameter and nanoparticle volume
fraction for Ag. Moreover during comparative study better performance is noticed for hybrid
nanofluid (SWCNTs+Ag+Gasoline oil) over nanofluid (SWCNTs+Gasoline oil) than basefluid

(Gasoline oil).

9.2 Mathematical Modeling

Assume steady dissipative flow of hybrid nanofluid (SWCNTs+Ag+Gasoline oil) over a stretched
sheet having variable thickness. In Cartesian (z,y) coordinates sheet is stretched along x-axis
with stretching velocity U,, = Up(xz + b)™ and y-axis perpendicular to stretching sheet. Sheet

1—m
2

thickness is taken as y = B(x + b) , which shows that the thickness of sheet varies with

z-axis and is not of same size (see Fig. 9.1).

Fig. 9.1: Geometry for the flow field.

Melting effect describes heat transport features while flow is examined in stagnation-point

region. After implementing mentioned assumptions and boundary layer approximations we get

ou Ov
5 "3y =" (9.1)
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ou ou dU, 9%

= a — Ve 75— nf 4y o9 2
uax—i-vay de —H]hf@yQ (9.2)
oT oT 0T Hhng 0U. o
U + V7 = apy + a5 ) 9.3
ox 'y "oy T (pep)ung Oy 03
with
1-m
u="Uy(z) =Us(x+b")", v=0, T=T, a y=B"(x+0b)2 ,
u— U () =Us (x+0)", T—-Tw, as y— oo. (9.4)
Melting heat condition is
orT
khnf(a_y)y:B*(x+b*)kTm = Phnf [)\1 + CS(Tm — Tg)] Uy:B*(x+b*)ﬂ . (9.5)
Consider the transformations
m+1 1 2vy mal T—Th
= U b* = U b* F 0 =———-
; \/%f s@r )y =2 @ )R, O =
*\ T (m+1)vf m—1 from—1
u=Up(z+b)"F' (&), v=—\—F""—Uo(x+b)"" (F(&)+EF(E)—) (96)
2 m+1
We have
An " " 2m N2 2m_ o
F FF'— —(F —— A" =0 9.7
(1_¢1)245(1_¢2)2.5 + m + 1( ) + m + 1 b ( )
Enng o ’ PrEc 2
—0"+ B PrFo FH*=0 9.8
gy O TP g s gy ) =0 08
Fla)=1, ©(a)=0 MM@'(oz)JrA (PrF(a)+m_1oz)—() at o= B* mt1
- - kf 1 m+1 "’ N 2?)f
F'la) =4, ©(a)—1 as «a— oo. (9.9)
In above expressions
1
An = ; (9.10)

(1= 62) (1= 61) + 6, 2 ) + 6,202
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1 . (pcp)m1 (pcp)m2
By = (1= (1= o) + o0 ) 1 g, (pkue (0.11)

and prime represents derivative w.r.t ¢ and wall thickness is « = B*, /m+1 Up. Thus a =¢ =
B*, /m+1 Uy gives flat surface. Here we define F'(§) = f(£ — ) = f(n), @(f) =0(&—a)=0(n)

and write

AH 2m 2

m "o N2 _
Ewng on , PrEc mne
_kf 0" + B11 Pr f0' + 1= 051 — 6y)2 (f)* =0, (9.13)
f(0)=1, 6(0)=0, %M@’(O)—FAH(Prf(O)—Fm104):0,
f
/(<) = A, 6(0)—1 when n— oo. (9.14)

Associated parameters are

Uso m+1 ey (Too — Ton) vy (UOSE')ZPf
A=—-—=  a=B" Uy, M=-—"2 , Pr=—  FEc= .
Uo V2o A+ s (T — Tp) aj (o) (Too — Tn)

9.3 Expressions for skin friction coefficient (Cy,) and local Nus-

selt number (Nu,)

Skin friction coefficient (C,) and local Nusselt number (Nu,) are

Tw

X - ) ].
ou
Twz —Mhnf(ay)y B*m, (9.16)
and
(4 )qu
Nu, = —kf(Too =T, (9.17)
T
o 0 (9.18)

—knn (= .
15y e TG
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Substituting Egs. 9.6, 9.16 and 9.18 in Eq. 9.15 and 9.18, we get dimensionless forms of Cf,

and Nu, as

1 1.,
O = ey 2 O 19
]j%’; = —’““Z;Lf \/ m; Lo (o), (9.20)

Up (z+b*)

with local Reynolds number defined by Re = o

9.4 Expressions for nanofluid (SWCNTs+ Gasoline oil) and hy-
brid nanofluid (SWCNTs+Ag-+Gasoline oil) using Hamilton-

Crosser model

For nanoflluid [58]
Hy Hng

O E——— v —
(1—0)?® "7

(pep)ng = (1= 1) (pep) f + &1 (pcp)ma,

Mnf -

Png = (1 —¢1) pg + 191,

Knf _ kmi+ (0" = Drp — (0" = 1)¢y (k5 — Km1)

= . 9.21
Ry = o (0 — Dy + Br(ng — o) 5-21)
For hybrid nanofluid we have [58]
" . Ky Vhnf = Hhng
hnf — ) nf — )
-0 (1) Pin
(Pep)nng = (1 = ¢2) (1 = 1) (pep) f + d1(pcp)m1) + P2(pCp)m2,
Prng = (1 — ¢2) ((1 — ¢1)ps + ¢>1Pm1) + P2Pm2s
Fing _ tm2 + (0" — Dkpr — (0" — 1)dy(rpr — Kima)
Kbf Km2 + (n* — 1)Kpf + Go(king — Km2)
Fnf _ Km1 + (n* =Dk — (n* = 1)y (ky — /@ml)‘ (9.22)

Kf Em1+ (n* — Dk + ¢ (Kf — Kma)
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In aforementioned expressions both for nanofluid and hybrid nanofluid we have taken n* = 6
due to consideration of cylindrical shaped nanoparticles.

Table. 9.1: Thermal characteristics of SWCNTs, Ag and Gasoline oil [58].

Nanoparticles\ Thermophysical properties | p(£%) | Pr cp(kgLK) r(-2%)

m3
Ag 10490 | - 235 429
SWCNTs 1600 - 796 3000
Gasoline oil 750 94 425 0.144

9.5 Solution methodology

Bvp4c (shooting method) is employed in order to develop solutions of governed expressions

(ODEs). Bvp4c is implemented for first order differential equations. Thus we adopt the below

procedure
f=f h=A=f. Hh=f=1" (9.23)
fs=0, fo=f=0 (9.24)
R e N = VR ()
o= =0 = g (B P (e ), (9.26)
RO =1 f5(0) =0, HEMFO) + An(Prfi (0)+ T fa) =0,

f2tn) — A, fs(m) =1 as 17— o0

9.6 Analysis

We have analyzed the effects of influential variables on surface friction coefficient, velocity,
temperature and local Nusselt number graphically in this section. Comparative analysis of
hybrid nanofluid (SWCNTs+Ag+Gasoline oil) with nanofluid (SWCNTs+Gasoline oil) and
basefluid (Gasoline oil) is also performed. It is remarked that during comparative study for
basefluid (Gasoline oil) ¢; = ¢, = 0.0 and values of ¢; and ¢, are adjusted for hybrid nanofluid
(SWCNTs+Ag+Gasoline oil) while ¢y = 0.0 for nanofluid (SWCNTs+Gasoline oil).
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9.6.1 Impacts of influential parameters on f'(7) (velocity)

Fig. 9.2 delineates the effects of ¢,€[0.1,0.4] on f’(n). f’(n) exhibits increasing trend via
higher ¢;. Impacts for hybrid nanofluid (SWCNTs+Ag+Gasoline oil) are more than nanofluid
(SWCNTs+Gasoline oil). Effects of ¢4€[0.1,0.4] on f’(n) are delineated in Fig. 9.3. Higher
¢ cause intensification in f’(n). Hybrid nanofluid (SWCNTs+Ag+Gasoline oil) impacts are
efficient and also nanofluid (SWCNTs+Gasoline oil) remains invariant through ¢, due to its
correspondence with hybrid nanofluid (SWCNTs+Ag+Gasoline oil) only. Fig. 9.4 portrays the
variations of f/(n) due to higher Me[0.1,0.4]. Here f’(n) varies directly with M. Impacts of
M for hybrid nanofluid (SWCNTs+Ag+Gasoline oil) are more when compared with nanofluid
(SWCNTs+Gasoline oil). Fig. 9.5 is sketched for influences of Ae[0.8,1.2] on f'(n). Clearly
f'(n) enhances against higher A. It is also noticed that A = 1.0 reveals no formation of boundary
layer while A > 1 and A < 1 correspond to boundary layer thinning and thickening respectively.
Fig. 9.6 displays the variations in f’(n) via increase of ae[1.0,4.0]. Decay in f/(n) in examined
via higher «v. Influence of a during hybrid nanofluid (SWCNTs+Ag-+Gasoline oil) is more when
compared with nanofluid (SWCNTs+Gasoline oil). f’(n) under higher values of me[0.1,0.4] is
plotted in Fig. 9.7. f/(n) in this sketch reduces with increment in m (m < 1) due to en-
largement of wall thickness. Impacts of m on hybrid nanofluid (SWCNTs+Ag+Gasoline oil)
are more than nanofluid (SWCNTs+Gasoline oil). Figs. 9.8-9.13 are constructed for perform-
ing comparative investigation of hybrid nanofluid (SWCNTs+Ag+Gasoline oil) with nanofluid
(SWCNTs+Gasoline oil) and basefluid (Gasoline oil) during examining influences of ¢;, ¢,, M,
A, o and m on f'(n). It is noticed that best performance is illustrated by hybrid nanofluid
(SWCNTs+Ag+Gasoline oil) proceeded by nanofluid (SWCNTs+Gasoline oil) and baseliquid
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(Gasoline oil) respectively.

Fig. 9.2: f'(n) for higher ¢ .

Fig. 9.3: f'(n) for higher ¢,.
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Fig. 9.4: f/(n) for higher M.

Fig. 9.5: f/(n) for higher A.

Fig. 9.6: f/(n) for higher a.
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Fig. 9.7: f'(n) for higher m.

Fig. 9.8: Comparison of f’(n) for higher ¢;.

Fig. 9.9: Comparison of f’(n) for higher ¢,.
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Fig. 9.10: Comparison of f’(n) for higher M.

Fig. 9.11: Comparison of f’(n) for higher A.

Fig. 9.12: Comparison of f’(n) for higher «.
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Fig. 9.13: Comparison of f'(n) for higher m.

9.6.2 Impacts of influential parameters on (1) (temperature)

Fig. 9.14 is plotted for analyzing 0(n) under values of ¢,€[0.1,0.4]. Higher ¢, causes decay in
O(n). Impacts of hybrid nanofluid (SWCNTs+Ag+Gasoline oil) are prominent than nanofluid
(SWCNTs+Gasoline oil). Temperature (6(n)) via increment in ¢,€[0.1,0.4] is plotted in Fig.
9.15. Temperature varies inversely with ¢, and no impact of ¢, is seen on 6(n) during nanofluid
(SWCNTs+Gasoline oil) due to no correspondence with nanofluid (SWCNTs+Gasoline oil).
Fig. 9.16 is labeled for examining variations in 6(n) due to increase in values of Me[0.1,0.4].
Reduction in 6(n) is observed via M. Physically an increment in M corresponds to addition
of cold fluid particles from melting sheet into the hot fluid. Thus 6(n) reduces and behavior
of hybrid nanofluid (SWCNTs+Ag+Gasoline oil) is efficient as compared to nanofluid (SWC-
NTs+Gasoline oil). Influences of Ece[0.1,0.4] on 6(n) is sketched in Fig. 9.17. 6(n) intensifies
with higher Ec as increment in Ec corresponds to more K.E. Figs. 9.18-9.21 are plotted to
make a comparison among hybrid nanofluid (SWCNTs+Ag+Gasoline oil), basefluid (Gasoline
oil) and nanofluid (SWCNTs+Gasoline oil) for analysis 6(n) subject to ¢, M, ¢ and Ec. It can

be seen precisely that impacts of hybrid nanofluid (SWCNTs+Ag+Gasoline oil) are more and
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are proceeded by nanofluid (SWCNTs+Gasoline oil) and baseliquid (Gasoline oil) respectively.

Fig. 9.14: 6(n) for higher ¢;.

Fig. 9.15: 6(n) for higher ¢s.
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Fig. 9.16: 6(n) for higher M.

Fig. 9.17: 6(n) for higher Ec.

Fig. 9.18: Comparison of #(n) for higher ¢;.
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Fig. 9.19: Comparison of §(n) for higher ¢,.

Fig. 9.20: Comparison of 6(n) for higher M.

Fig. 9.21: Comparison of (n) for higher Fc.
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9.6.3 Impacts of influential parameters on C; (surface friction coefficient)

and Nu, (Nusselt number)

In order to make technological and industrial processes more efficient, surface friction coefficient
must be reduced and cooling process (Nusselt number) must be enhanced. Thus Cy under
influences of ¢; ¢, and M, A is plotted in Figs. 9.22 and 9.23 while Nu, under influences
of ¢; ¢9 and M, A is plotted in Figs. 9.26 and 9.27 respectively. Skin friction (C}) can be
minimized via larger values of A. Similarly Nu, can be regulated through higher values of
¢y, ¢ and A. Comparison among hybrid nanofluid (SWCNTs+Ag+Gasoline oil), baseliquid
(Gasoline oil) and nanofluid (SWCNTs+Gasoline oil) during impacts of ¢; ¢o and M, A on
Cy is presented in Figs. 9.24 and 9.25. Similarly comparison during impacts of ¢; ¢y and M,
A on Nu, is performed in Figs. 9.28 and 9.29 respectively. Efficient performance is noticed for
hybrid nanofluid (SWCNTs+Ag+Gasoline oil) followed by nanofluid (SWCNTs+Gasoline oil)

and baseliquid (Gasoline oil) respectively.

Fig. 9.22: C} for higher ¢; and ¢,.
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Fig. 9.23: C} for higher M and A.

Fig. 9.24: Comparison of C'y for higher ¢; and ¢,.

Fig. 9.25: Comparison of Cy for higher M and A.
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Fig. 9.26: Nu, for higher ¢; and ¢,.

Fig. 9.27: Nu, for higher M and A.

Fig. 9.28: Comparison of Nu, for higher ¢; and ¢,.
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Fig. 9.29: Comparison of Nu, for higher M and A.

9.7 Key observations
Our findings here are summarized as follows.

e Velocity (f'(n)) enlarges with higher estimations of ¢;, A, ¢o, M while it decays through

a and m.
e Temperature (6(n)) reduces for higher ¢, ¢4 and M while it intensifies with Ec.
e Surface friction coefficient (Cy) minimizes for higher estimation of A.
e Cooling process (Nusselt number) can be regulated with higher ¢;, A and ¢,.

e During comparison of f’(n), 6(n), C¢ and Nu,, an efficient behavior is noted for hybrid
nanofluid (SWCNTs+Ag+Gasoline oil) followed by nanofluid (SWCNTs+Gasoline oil)

and baseliquid (Gasoline oil).
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Chapter 10

Numerical study of Newtonian

heating in flow of hybrid nanofluid
(SWCNTs+CuO+Ethylene glycol)
past a curved surface with viscous

dissipation

10.1 Introduction

Present chapter concerns with investigation of hybrid nanomaterial (SWCNTs+CuO+FEthylene
glycol) flow by curved non-linear stretched sheet. Heat transfer features are emphasized through
Newtonian heating and viscous dissipation. Coupled non-linear ODEs are constructed from the
filed equations (Continuity Eq., Momentum Eq. and Energy Eq.) by means of adequate trans-
formations. Such resulting non-linear ODEs are then converted into system of first order ODEs
and solved via shooting technique using RK-4 algorithms (bvp4c). Impacts of emerging flow
variables toward temperature, skin friction coefficient, velocity and Nusselt number are illus-
trated graphically. Comparison among hybrid nanofluid (SWCNTs+CuO+Ethylene glycol),
nanofluid (SWCNTs+Ethylene glycol) and basefluid (Ethylene glycol) is shown.
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10.2 Formulation

Two-dimensional flow of hybrid nanofluid (SWCNTs4+CuO+Ethylene glycol) due to curved
stretched sheet is studied. Sheet is coiled in form of a circle having radius R. Curvilinear
coordinates (s, ) are selected. In s—axis direction sheet is non-linearly stretched with velocity

U, = as™ while r—axis is normal to it.

Fig. 10.1: Geometry for the flow field.

Viscous dissipation and Newtonian heating are accounted for exploring features of heat trans-
fer. Single-walled CNTs and CuO are considered as first and second nanoparticles in ethylene
glycol baseliquid. Under mentioned assumptions along with boundary layer approximations,

the equations are

R% + %((7’ + R)v) =0, (10.1)

% _ p’mfri—:z’ (10.2)

ph”f(v% - HiRu% * rz—/iJ-UR) T fR% +Mh”f(% " —i R% C(r —FUR)Q)7 (103)

g I+ Py O L0 @y o
u=Uy(s) =Ups™, v=0, Z—Z =—h*T at r=0,

u— 0, %HO, T—-Tsw as T — o00. (10.5)



Assume the transformations

U= U()Smf/(ﬁ), v = ——T U()Sm_lvf[m

p=pUss*™P(n), 0(n) =

(10.6)

Implementation of these transformations leads to verification of Eq. 10.1 while Egs. 10.2-10.4

with boundary conditions (in Eq. 10.5) become

Pl f/2
s _ 10.7
A n+vy (10.7)
m—1 ~n / 2y (1 - ¢1>2'5(1 — ¢2)2'5 m+ 1 Y " /2
P+—Lp= - |
2 n+y 0ty A 2 (n+7ff (77+’y)2f (77+7)2ff m+1(n+7)>
1 / 1 1 "
- + 1 10.8
(n+7)? n+ (108)
After elimination of P from Eqgs. 10.6 and 10.7, we get
An (i) 1 1" 2 "y —1 12 ! gt
— + -
(1—¢1)2'5(1—¢2)2'5(f (77+'v)2f n+'7f (77+'7)3f) ((77+’7)2f 77+'fo )
m —"_ 1 fy /// 1/ fy !
n _ _ 10.9
3 o I o - ) (10.9)
Khnf i o' y(m+1) / Pr Ec 1 1" N2
0" + + By L pypy NS+ L) =
Kf ( 77+v) 120+ ) f (1= 1)22(1 — ¢p)%® (77+v)2((77 AR

FO)=0, FO)=1, #(0)=—a"(1+0(0)),

In above equations

)

(1= 62) (1= 91) + &2t ) + g, 22

Pf

By = (1—¢,) (( —¢1) + & (( ))f ) b (pcp)mg.

(pep) ¢
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Physical parameters in above equations are

U, 1-m 1-m
v = 0% R, o =h" S pr= 24

vf Uy '’ ay

)

(Uw)zpf

B o)y (T — Too)

(10.14)

10.2.1 Dimensional and non-dimensional expressions for Nusselt number

(Nus) and Skin friction coefficient (C/,)

Nusselt number and skin friction coeflicient are

SQs (wa) =0
Nug=-—>28 ¢, = Twir=0 10.15
kp(Ty — Teo) d piUG ( )
oT ou 1

with gy = _khnf(W%":O7 Twz = Mhnf( (10.16)

E_r—i-Ru)'

After implementing transformations 10.6 the above expressions become

-1 « Khnf 1 1 1 " 1,
Nus(Re)™2 = a (I+575), Cra(Re)z = (f7(0) + = f(0)).
k0O (1= 60)** (1= ¢)*° v
(10.17)
Here local Reynolds number is Re = Ul%fs

10.3 Hamilton-Crosser model for nanomaterial (SWCNTs+Ethylene
glycol) and hybrid nanomaterial (SWCNTs+CuO+Ethylene

glycol)

Expressions for nanomaterial (SWCNTs+Ethylene glycol) and hybrid nanomaterial (SWC-
NTs+CuO+Ethylene glycol) defined by Hamilton-Crosser are

For nanofiluid
i Enf

O E——— v —
(1—0)?® "7 o

(pep)ng = (1= &1) (pep) s + Pr1(pp)ma,

Mnf -
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pnf = (1 - ¢1)pf + d)lpmla

Ko Kmi+ (0" = Drp — (0" — 1)@ (K — Km1)

Ky - Emi + (n* — D)kf + ¢1(Kf — Kma) ’
= Ky = Hepp f
=0 (1= 6)*" ™ phng

(Pep)nng = (1 = ¢2) (1 = 1) (pep) ¢ + d1(pcp)ma) + P2(pCp)m2,

Prng = (1 — ¢2) ((1 —¢1)ps + ¢>1Pm1) + D2Pm2s

Fnf _ Fm2 + (0" — Doy — (0" — 1)@y (Kby — Kma)

Kb f Em2 + (n* — D)kyr + do(Kpr — Km2)

B _ w4 (07 = Dy — (07 = 1)y (kg — fom1)

Ky Emi + (n* — D)kf + ¢1(Kf — Km1)

(10.18)

(10.19)

In above expressions we have taken n* = 6 (shape parameter) as we have considered cylindrical

shaped nanoparticles.

Table. 10.1: Thermal features of SWCNTSs, CuO and ethylene glycol [58].

Nanoparticles\ Properties | Pr | r(2%) cp(kgLK) p(%%)
SWCNTs - 6600 425 2600

CuO - 76.50 | 531.80 | 0.6320

Ethylene glycol 2.0363 | 0.253 | 2430 | 1115

10.4 Methodology

Field equations (PDEs) after converting into ODEs are solved by shooting method (bvp4c).

Such method is applied on first order ODEs. Thus we adopt the following procedure

mor = f,  mo2=my = [, mo3=mp = [,

mo1 = (9, mi1 = m'm = 9,
2 1 1
" =—( mos+ mo2— m
n+y (n+7)3 (n+7)?

—(memm +
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moa = mgs = f, (10.20)
(10.21)
(17¢1)2-5(1 7¢2)2'5(3m7 1( i
An 2 (n+7)?
(10.22)

Y 2
mmmmos - Wmmmoz)),



1 Pr Ec 1 mi1
my =myy = 0" = 75— (B Prmoyma+ mo2+(n+7)mos)?) — ;
n =0 (=G50 — g (e o )
(10.23)
mo1(0) =0, m2(0) =1, m11(0) = —a(1+me1(0)), moez — 0, me3 —0, mi—0 as n— oo
(10.24)

10.5 Analysis

Role of present section is to elaborate graphically the impacts of involved physical variables on
Nusselt number, temperature, flow and skin friction coefficient. Also for basefluid (Ethylene
glycol) ¢; = ¢ = 0, for nanofluid (SWCNTs+Ethylene glycol) both ¢; = 0 and ¢, = 0.2
and for hybrid nanofluid (SWCNTs+CuO+FEthylene glycol) ¢; and ¢, are adjusted for better

performance.

10.5.1 Behavior of velocity (f’(n)) via involved parameters

Fig 10.2.portrays the effects of ¢; on f’(n). It can be seen that increase in ¢; intensifies
f'(n). Tlustrious behavior is shown by hybrid nanomaterial (SWCNTs+CuO+Ethylene gly-
col) when compared with nanomaterial (SWCNTs+Ethylene glycol). Effects of ¢y on f/(n)
is plotted in Fig. 10.3. Velocity (f/(n)) intensifies with ¢y. Accurately no effect of ¢, is
seen on nanomaterial (SWCNTs+Ethylene glycol) due to association with hybrid nanomater-
ial (SWCNTs+CuO+Ethylene glycol) only. Fig. 10.4 describes f’(n) under higher . Growth
in boundary layer is examined via higher . Increment in ~ leads to increase in radius of
curved surface which is associated with the increment in area of contact between fluid and
solid surface. Hence f'(n) enlarges. Effects of m on f’(n) is portrayed in Fig. 10.5. Velocity
(f'(n)) reduces with increment in m. Eminent behavior behavior is analyzed for hybrid nano-
material (SWCNTs+CuO+Ethylene glycol) as compared to nanomaterial (SWCNTs+Ethylene
glycol). Comparison among hybrid nanomaterial (SWCNTs+CuO+FEthylene glycol), nanoma-
terial (SWCNTs+Ethylene glycol) and basefluid (Ethylene glycol) during analyzing effects of
¢1, b9, v and m on f’(n) is labeled in Figs. 10.6-10.9. Efficient performance is observed
for hybrid nanomaterial (SWCNTs+CuO+Ethylene glycol) when compared with nanomaterial
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(SWCNTs+Ethylene glycol) and basefluid (Ethylene glycol).

Fig. 10.2: f'(n) for higher ¢,.

Fig. 10.3: f’(n) for higher ¢,.
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Fig. 10.4: f/(n) for higher ~.

Fig. 10.5: f'(n) for higher m.

Fig. 10.6: Comparison of f’(n) for higher ¢;.
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Fig. 10.7: Comparison of f’(n) for higher ¢,.

Fig. 10.8: Comparison of f’(n) for higher ~.

Fig. 10.9: Comparison of f’(n) for higher m.
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10.5.2 Behavior of temperature (6(7)) via involved parameters

Fig. 10.10 analyzed the impacts of ¢; on 6(n). It is noticed that rise in ¢; enlarges 0(n).
Prominent trend is shown by hybrid nanomaterial (SWCNTs+CuO+Ethylene glycol) in com-
parison to nanomaterial (SWCNTs+FEthylene glycol). Temperature (6(n)) under higher values
of ¢, is depicted in Fig. 10.11. Increment in ¢, directly affect 0(n). Also no impact of ¢,
is seen on 0(n) during considering nanomaterial (SWCNTs+Ethylene glycol). Fig. 10.12 por-
trays effects of v on 6(n). Intensification in 0(n) is analyzed via - while eminent performance
is shown by hybrid nanomaterial (SWCNTs+CuO+Ethylene glycol). In Fig. 10.13, (n) un-
der higher m is analyzed. Higher m cause reduction in 6(n). Impacts of hybrid nanomaterial
(SWCNTs+CuO+Ethylene glycol) are more than nanomaterial (SWCNTs+FEthylene glycol).
0(n) against higher values of Ec is sketch in Fig. 10.14. Higher Ec¢ causes rise in 6(n). As
Ec defines ratio of K.E to enthalpy. Hence rise in Ec leads to increase in K.E. Thus 6(n)
enlarges. Fig. 10.15 depicts variations in 6(7n) against higher «. Rise in « is associated with
increment in coefficient of heat transfer. Hence 6(n) rises. Figs. 10.16-10.21 display com-
parative study among hybrid nanomaterial (SWCNTs+CuO+Ethylene glycol), nanomaterial
(SWCNTs+Ethylene glycol) and basefluid (Ethylene glycol) during influences of ¢y, ¢q, v, m,
Ec and « on #(n). During comparative analysis better performance is found for hybrid nanoma-
terial (SWCNTs+CuO+Ethylene glycol) followed by nanomaterial (SWCNTs+Ethylene glycol)
and basefluid (Ethylene glycol) respectively.

Fig. 10.10: 6(n) for higher ¢;.
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Fig. 10.11: 6(n) for higher ¢,.

Fig. 10.12: 0(n) for higher .

Fig. 10.13: 0(n) for higher m.
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Fig. 10.14: 6(n) for higher Ec.

Fig. 10.15: 6(n) for higher o*.

Fig. 10.16: Comparison of §(n) for higher ¢;.
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Fig. 10.17: Comparison of §(n) for higher ¢s.

Fig. 10.18: Comparison of 6(n) for higher ~.

Fig. 10.10: Comparison of §(n) for higher m.
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Fig. 10.20: Comparison of #(n) for higher Fc.

Fig. 10.21: Comparison of §(n) for higher o*.

10.5.3 Variations in C; (skin friction coefficient) and Nu, (Nusselt number)

via involved parameters

Skin friction coefficient (C'y) under higher estimations of ¢; and ¢, is displayed in Fig. 10.22.
Both ¢, and ¢, cause increment in C'y. Moreover efficient behavior is shown by hybrid nanoma-
terial (SWCNTs+CuO+Ethylene glycol). Fig. 10.23 is sketched for studying effects of v and m
on Cf. Rise in Cy occurs with higher m while it decays against . Impact of hybrid nanomate-
rial (SWCNTs+CuO+Ethylene glycol) on C is more than nanomaterial (SWCNTs+Ethylene
glycol). Comparative observation among hybrid nanomaterial (SWCNTs+CuO-+Ethylene gly-
col), nanomaterial (SWCNTs+Ethylene glycol) and basefluid (Ethylene glycol) is made in Figs.
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10.24 and 10.25 during studying impacts of ¢, ¢ and m, v on Cy. As expected performance
of hybrid nanomaterial (SWCNTs+CuO+Ethylene glycol) is efficient and is followed by nano-
material (SWCNTs+Ethylene glycol) and basefluid (Ethylene glycol) respectively. Nus under
higher values ¢; and ¢, is labeled in Figs. 10.26. Nus varies directly with rise in both ¢; and
¢o. Fig. 10.27 is displayed for effects of v and a on Nus. Nus decays with higher « while it
enhances with a. Figs. 10.28 and 10.29 are plotted for comparison among hybrid nanomaterial
(SWCNTs+CuO+Ethylene glycol), nanomaterial (SWCNTs+Ethylene glycol) and basefluid
(Ethylene glycol) during analyzing impacts of ¢;, ¢, and «, v on Nug. Hybrid nanomaterial
(SWCNTs+CuO+Ethylene glycol) shows efficient behavior followed by nanomaterial (SWC-
NTs+Ethylene glycol) and basefluid (Ethylene glycol) respectively.

Fig. 10.22: Cy for higher ¢; and ¢,.
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Fig. 10.23: C for higher v and m.

Fig. 10.24: Comparison of C for higher ¢; and ¢,.

Fig. 10.25: Comparison of Cy for higher v and m.
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Fig. 10.26: Nu, for higher ¢; and ¢,.

Fig. 10.27: Nug for higher + and a.

Fig. 10.28: Comparison of Nug for higher ¢; and ¢.
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Fig. 10.29: Comparison of Nug for higher v and «o*.

10.6 Key points
Main points are listed below.

e Higher ¢, ¢y and v lead to decay in velocity (f/(n)) while reverse behavior of f’(n) is
1, P2

noticed for m.

e Enlargement of temperature (6(n)) occurs with increment in Fe¢, ¢, a, ¢ and « while it

reduces for higher m.

e Higher drag force (skin friction coefficient) occur with ¢;, m and ¢, while it can be

controlled via larger estimations of ~.

e Cooling process (heat transfer rate) can be intensified via larger estimations of ¢, and ¢,

while it reduces with an increase in v and a.

e During comparative study it is shown that performance of hybrid nanomaterial (SW-
CNTs+CuO+Ethylene glycol) is better than nanomaterial (SWCNTs+Ethylene glycol)
and basefluid (Ethylene glycol).
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