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Nomenclature

English words

h(z) height of stenosis

e0 radius of normal artery

L length of artery

Lo; L length of stenosis

Ren Reynolds number

n shape of stenosis

t time

u0 averaged velocity

p pressure

Srz shear stress

L length of stenosed artery

Q embedding parameter

Prn Prandtl number

Ha Hartmann number

Nt thermophoresis parameter

Nb Brownian motion parameter

S2 Strommers number

Gr Grashof number

Br local nanoparticle Grashof number

J� current density distribution

Rm magnetic Reynolds number

F �ow rate

To; T1 constant temperature on walls

u; v; w components of velocity

r, z radial and axial directions

Co; C1 nanoparticles concentration on walls

Hz; Hr axial, radial induced magnetic �eld
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Da Darcy number

s dimensionless slip parameter

Q1(t) time-variant parameter

Greek words

 thermal slip

� velocity slip

� viscosity parameter

" catheter radius

� inclination angle

� tapering parameter

� maximum height of stenosis

� resistance impedance

! angular frequency

� tapering parameter

� heat source parameter

�o amplitude constant

� nanoparticle volume fraction

� temperature

di; �i; �i indicates position of stenosis

ai; bi; ci constants

xi; mi; gi constants
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Chapter 1

Introduction

Blood is considered as a vital �uid having major importance in physiopathology that remains

a factor of heart failure and other diseases. Blood is a very much concentrated suspension

with a variety of cells such as red blood, white blood cells and platelets that are suspended

in a continuous phase called plasma. Plasma is an aqueous solution of organic substances

and electrolytes mainly proteins. Plasma behaves as a viscous �uid whose viscosity depends

mainly on temperature as water does and exhibits non-viscous properties at low shear rate while

�owing in the small diameter arteries. The main objective of the blood �ow model in arteries

is to evaluate hemodynamic e¤ects for which artery wall experiences due to di¤erent factors

like the �uid �ow geometry, the pulsatile blood �ow and the blood rheology behavior (i.e.,

viscous or non-viscous properties of �uid). Further, it is important to discuss the correlation

between abnormal biological events and �ow pattern characteristics and arterial diseases like

thrombosis, atherosclerosis and stenosis. The hemodynamic e¤ects play important roles in the

access of arterial diseases and regulation of vascular biology (see Mann et al. [1]) and some

other researchers have also discussed this study [2; 3].

Arterial Stenosis is a disease that developed in the form of the obstruction in the lumen of

the blood vessel and it disturbs the normal blood circulation causing major concerns to health

in the form of strokes brain ischemia, cardiac ischemia etc. Atherosclerosis is attributed to

the addition of fat, cholesterol and lipid, so forth on the inner wall of the blood vessel and this

blockade may harm the internal cells of the walls and may promote to the growth of the stenosis

[4; 5]. One of the most serious signi�cance of these arterial diseases is an increase in resistance
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to blood �ow, which leads to reduction of blood �ow in the a¤ected vascular bed.

The mechanics of circulation of the blood through stenosed arteries have been discussed

theoretically and experimentally by many researchers [6; 7]. Liu et al. [8] discussed the blood

�ow through models of stenotic and tapered arteries. Here they deliberated that the stenosis

disturbs the �ow �eld at the throat of the stenosis. Siegel et al. [9] discussed the physiologic

stress levels that are experienced by platelets and endothelial cells in the region of vascular

stenosis. Morgan et al. [10] discussed an incompressible blood �ow through an axisymmetric

stenosis. Here they found that the theoretical calculations of �ow separation characteristics

and pressure drop are in reasonably good agreement with the experimental measurements. The

blood vessel walls may be movable, �exible and permeable. Cholesterol is considered as one of

the major reasons to increase in permeability of the arteries and the further theoretical studies

related to this topic are [11; 12].

Stenosis or atherosclerosis may develop in series (multiple), non-symmetric, symmetric,

irregular, composite and overlapping or bell shaped manner. Perhaps one could consider e¤ects

of stenosis that may develop with di¤erent shapes in the realm of formation of arterial narrowing

which may provide more help to design and to construct upgraded arti�cial organs. Chakravarty

et al. [13] discussed the problem of the blood �ow through con�ned vessel segments with an

overlapping stenosis. They discussed two dimensional and non-linear mathematical model of

blood �ow in tapered arteries with the presence of overlapping stenosis. Ellahi et al. [14]

discussed the arterial blood �ow through composite stenosis under the mild stenosis case by

treating blood as micropolar �uid. Mekheimer et al. [15] discussed a micropolar �uid model for

axis-symmetric blood �ow through radially symmetric but axially non-symmetric mild stenosis

tapered arteries. Some other geometrical con�gurations of the stenosis proposed by di¤erent

researchers are [16� 18]:

Blood �ow through arteries becomes more complicated due to development of aneurysm.

Aneurysm is a like a balloon dilation found on the walls of a blood artery and are usually

seen in arteries such as carotid, cerebral, thoracic, abdominal, femoral, renal etc. It develops

gradually as time passes and grows faster as it becomes larger. The role of hemodynamics in

the growth of aneurysms has been the subject of several studies [19; 20]. Mukhopadhyay et

al. [21] analyzed the systematic analysis of �ow features in a tube and modelled as an artery,
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having a local aneurysm in the presence of hematocrit. Kumar et al. [22] discussed the pulsatile

suspension �ow in a dilated vessel. They discussed the pulsatile suspension �ow characteristics

by analyzing the �ow, pressure and stress �elds.

The interaction and combination of aneurysm and stenosis further complicate the hemody-

namics in diseased arterial vessels. Pincombe et al. [23] discussed the e¤ects of stenosis and

dilatations of the coronary arteries with various combinations on the resistance impedance to

�ow by considering blood as Bingham �uid model. Prasad et al. [24] discussed the steady �ow

of Je¤rey �uid through a tube with both constriction and dilatations. Numerous theoretical and

experimental studies of �uid dynamics through di¤erent geometries of constriction or expansion

have been discussed to evaluate the �ow pattern (see [25; 26]).

The tapering e¤ects are a substantial characteristic of mammalian arterial systems and

considered mathematically by many researchers in order to create resemblance with the living

organism. Biswas et al. [27] discussed the steady blood �ow analysis through arterial stenosis

along tapering wall phenomena. Zaman et al. [28] discussed the two-dimensional model to

analyze the unsteady pulsatile �ow of blood through tapered stenosed arteries. Sankar et al.

[29] considered a computational model to analyze the unsteady �ow of blood through tapered

narrow arteries. Mekheimer et al. [30] discussed the diverging, converging and non-tapered

e¤ects by considering the time-variant anisotropically elastic arteries.

The procedure of catheterization is important and has turn into a standard tool for the treat-

ment and diagnosis in latest medical applications. The inclusion of a catheter into an artery

produces the annular region between the arterial wall and the catheter wall. A catheter is com-

posed of polyester based thermoplastic polyurethane, chlorides and medical grade polyvinyl

etc. The insertion of the catheter into arteries will change the �ow �eld and modify the hemo-

dynamics conditions that occur in the artery before catheterization [31; 32]. Mekheimer et al.

[33] discussed the study that is related to the surgical technique for the injection of a catheter

through stenotic arteries. They explored the movement of physiological �uid on behalf of blood

in the gap between two eccentric tubes. Srivastav et al. [34] discussed the blood �ow in a nar-

row catheterized artery. They investigated by using a two-phase macroscopic model of blood.

Verma et al. [35] discussed the problem of the blood �ow through a symmetric stenosis during

artery catheterization by assuming blood to behave like a viscous �uid.
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The use of external magnetic �eld in biotechnology has many applications for the advance

development of instruments for cell separation, magnetic tracers, cancer treatment and for

the reduction of bleeding during surgeries. To decrease the heart rate in biological systems the

in�uence of external magnetic is helpful as described in [36]. The study of electromagnetic �elds

in medical science was �rstly introduced by Kolin [37]. Recently, several mathematical models

have been considered by a number of investigators to discuss the behavior of the blood �ow

under the e¤ect of magnetic �eld. Stud et al. [38] discussed the in�uence of moving magnetic

�eld on blood �ow. They observed that the in�uence of suitable moving magnetic �eld speed

up the blood. Korchevskii et al. [39] explored the possibility of regulating the blood movement

in human system by applying magnetic �eld. The signi�cant contributions of current years to

this topic are cited as [40; 41].

The circulation of the blood through arteries with no slip condition has been discussed by

many researchers in which they assumed that the �uid layer moves with next to the boundary

surface [42; 43]. Misra et al. [44] considered a theoretical model of the blood �ow through a

stenosed arterial segment with no-slip condition at the vessel wall. However, there is another

mechanism available in literature which considered the hypothesis of slippage, which states

that the velocity of the �uid is linearly proportional to the shear stress. The �ow problems

that exhibit boundary slip conditions have important applications, such as in internal cavities

and polishing valves of arti�cial hearts. Sinha et al. [45] considered the in�uence of externally

imposed periodic body acceleration on the blood �ow through a stenosed arterial segment by

taking velocity slip conditions into account. Recently, Ponalagusamy et al. [46] considered the

mathematical models for the blood �ow through stenosed arterial segment with velocity slip

condition at the constricted wall.

Mostly, the studies that are mentioned above arteries carrying blood were considered to

being horizontal however various arteries in biological systems are not horizontal such as bi-

furcated arteries. Chakraborty et al. [47] explored the blood �ow through radially symmetric

but axially non-symmetric stenosis in an inclined artery. Mekheimer et al. [48] explored the

analysis of the blood �ow through inclined catheterized arteries with a balloon (angioplasty).

Biswas et al. [49] discussed tapered inclined arteries with the catheter insertion. Here they

considered suitable �ow geometry to investigate the e¤ect of shape parameters on the stenotic
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wall. For some further studies in this direction are given in [50; 51].

The circulation of blood plays an important role for heat transferred analysis in tissues.

A variation of temperature and heat transfer rates in living organism depends on the blood

perfusion, arterial blood �ow, metabolic heat generation, thermal properties of blood and tissue.

The heat transfer in tissue is a complex process and discussed by many researchers [52; 53].

Ogulu et al. [54] examined the heat transfer analysis on the circulation of blood in a diseased

artery. They discussed here that the heat distributions also e¤ect the circulation of blood

in cardiovascular system. Chakravarty et al. [55] presented a model to discuss the dynamic

response of heat and mass transfer in bifurcated arteries by considering stenotic conditions.

Tashtoush et al. [56] discussed the in�uence of temperature distributions on a blood �ow

through multi-stenosis arteries. They investigated here the e¤ects of stenosis with Nusselt

number and shear stress.

The viscosity of blood in physiological system is not constant and may depend not only

on the diameter of vessel but also depend on radial coordinate, hematocrit ratio, temperature

and pressure. In fact, blood viscosity decreases when temperature of blood increases, which

will help to increase the blood �ow rate and reduces coagulation factors [57]. Shit et al. [58]

discussed the blood �ow model through a stenosed artery with hematocrit depended variable

viscosity. Nadeem et al. [59] discussed the blood �ow through a tapered stenosed artery with a

temperature dependent viscosity by treating blood as Je¤rey �uid. Misra et al. [60] discussed

dependence of blood viscosity on hematocrit. Gupta et al. [61] discussed the mathematical

model of the blood �ow with radial dependent viscosity in a stenosed artery.

In biomedical applications, the use of nanotechnology giving a unique chemical and phys-

ical property has the potential to provide intensely advance diagnostic methods and capable

devices for more e¤ective molecular exposure [62 � 64]. Nanotechnology based drug delivery

has various advantages and provides a mechanism for solving the problems associated with

conventional drug delivery systems. A small amount of nanoparticles, when dispersed and sus-

pended into the base �uid can provide dramatic enhancements in the thermal properties of

the considered base �uid. The nanoparticles are nanometer-sized particles of carbides, oxides,

metals, or nanotubes and these nanoparticles have applications in biomedicine i.e. radiation

therapy for cancer treatment, deliver drugs by targeting rotted arteries which have developed
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as a noninvasive method to contest heart disease especially copper nanoparticles that corrects

abnormal heart enlargement called hypertrophic cardiomyopathy [65] etc. Gentile et al. [66]

discussed longitudinal transport of nanoparticles in blood vessels by considering blood as Cas-

son �uid. Fluids with nanoparticles �rstly proposed by Choi [67] and after him highlighted

by others [68 � 73]. Buongiorno [74] discussed the di¤erent method to analyze the e¤ects of

nanoparticle dispersion with in the base �uid.

The blood mediated nanoparticle distribution is a growing and new �eld in the development

of diagnostics and therapeutics. A nanoparticle with magnetic properties adds a new dimension

where they can be manipulated with application of an external magnetic �eld. The magnetic

nanoparticles as a drug agent has gained much attention based on their ease of preparation and

ability to transport a drug directly to the centre of the disease. The concept of nanoparticles

with magnetic �eld e¤ects for drug delivery application is discussed by many researchers [75; 76].

The suspended nanoparticles within the base �uid alone are not enough to enhance thermal

conductivity due to dependence on the shape and size of the particles. Recently, Murshed et al.

[77] demonstrated that a carbon nanotube (CNT) provides six times better thermal conductivity

as compared to other materials. Carbon nanotubes are long, thin cylinders of carbon which

were discovered by Iijima et al. [78] and now captivate a wide range of industries as well as

scientists interest due to their fascinating chemical and physical properties. They hold potential

for applications in medicine, gene, and drug delivery areas. There are three key features of CNT

i.e. single, double and multiple wall carbon nanotubes. One of the most important potential

applications of single wall carbon nanotubes is in the domain of nano electronics and as a result

of SWCNT�s is highly conductive. Further discussed by many researchers as [79; 80].

In understanding with all above literature, present thesis is devoted for theoretical analysis of

blood �ow through stenosis with help of mathematical models. The nanoparticles are utilized

here as a drug carrier to discuss the hemodynamic e¤ects of stenosis. The considered nano

mathematical models are simpli�ed for mild stenosis (or aneurysm) case and then solved by

using exact and HPM techniques. The detail description on the HPM technique can be found

in [81]. The main outcomes are obtained after the graphical and �ow pattern illustration.

The thesis consists of ten chapters that are authors own work which is published in reputed

international journal.
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Chapter 2

Theoretical analysis of metallic

nanoparticles on blood �ow through

tapered elastic artery with

overlapping stenosis

In this chapter, the mathematical model of blood �ow through an elastic artery with overlapping

stenosis under the in�uence of metallic nanoparticles is discussed. To do this an appropriate

mathematical geometry of the overlapping stenosis is considered with tapering e¤ect. The

governing equations for a mild stenosis case have been modeled to obtain exact solutions of

velocity, temperature and pressure gradient. The expressions of impedance resistance to �ow

and wall shear stress are computed to discuss hemodynamic e¤ects of stenosis. The e¤ects of

di¤erent emerging �ow parameters are discussed through graphs for di¤erent values of interest.

The obtained results from nano contributions are also discussed with comparison to the pure

blood case � = 0:00. At the end, it is concluded that the contribution of metallic nanoparticles

is important as drug carrier to decrease the signi�cances of the wall shear stress and resistance

impedance to �ow when compared to the pure blood case.
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2.1 Mathematical formulation

Fig. (2.1): Geometry of overlapping stenosed artery.

Let us consider the laminar and the incompressible viscous nano�uid �owing through a vertical

tube of length L with overlapping stenosis. Let (r; �; z) be de�ned as coordinates in the

cylindrical polar coordinate system where z axis is taken along the axis of the artery, while

� and r are taken along the circumferential and radial directions respectively. Also, we have

considered that r = 0 as the axis of the symmetry of the tube and heat transfer phenomenon

is taken into account by giving temperature To to the wall of the artery. The geometry of the

elastic arterial wall of the time-variant overlapping stenosis for di¤erent taper angles is de�ned

as
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h(z, t) = [(��z + e0)�
� cos�

L0
(�z � d)f11� 94

3L0
(�z � d) + 32

L20
(�z � d)2

� 32

3L30
(�z � d)3g]Q1(t); d � �z � d+

3

2
L0;

= (���z + e0)Q1(t); otherwise, (2.1)

where h(z; t) de�ned as the radius of the tapered arterial segment in the trapped region, e0

as the constant radius in the non-stenotic region, � as the tapered angle, 32L0 as the length of

overlapping stenosis, d as the location of the stenosis, � cos� is taken to be the critical height of

the overlapping stenosis and � =tan� represents the slope of the tapered vessel. We can explore

the possibility of di¤erent shapes of the artery, the converging tapering (� < 0), non-tapered

artery (� = 0) and the diverging tapering (� > 0). The time-variant parameter is taken to be

Q1(t) = 1� �o(cos!t� 1) exp[��o!t]; (2.2)

where �o is a constant, ! represents the angular frequency of the forced oscillation and t is

the time. The governing equations for conservation of mass, momentum and temperature for

viscous �uid can be written as

@u

@r
+
u

r
+
@w

@z
= 0; (2.3)

�nf
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@u

@t
+ u

@u
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= �@p
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+ �nf
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� u
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�
; (2.4)

�nf

�
@w
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+ �nf

�
@2w

@r2
+
1

r

@w

@r
+
@2w

@z2

�
+ g(�)nf (T � T0); (2.5)

�
@T

@t
+ u

@T

@r
+ w
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�
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Knf

(�cp)nf

�
@2T

@r2
+
1

r

@T

@r
+
@2T

@z2

�
+

Q0
(�cp)nf

: (2.6)
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In above equations u and w are de�ned as components of velocity in radial and axial directions,

T as the temperature of �uid, Q0 as constant heat absorption or heat generation. For the

proposed nano�uid model �nf is de�ned as viscosity, Knf as thermal conductivity, �nf as

density, nf as thermal expansion coe¢ cient and (�cp)nf as heat capacitance and the thermo

physical properties are given as

�nf =
�f

(1� �)2:5 ; �nf =
Knf

(�cp)nf
; �nf = (1� �)�f +��s;

(�cp)nf = (1� �)(�cp)f +�(�cp)s; (�)nf = (1� �)(�)f +�(�)s;
Knf

Kf
=
(Ks + 2Kf )� 2�(Kf �Ks)

(Ks + 2Kf ) + �(Kf �Ks)
; (2.7)

here for base �uid �f is de�ned as density, �f as viscosity, f as thermal expansion coe¢ cient,

(�cp)f as heat capacitance and Kf as thermal conductivity, while for solid nanoparticle �s is

de�ned as density, s as thermal expansion coe¢ cient, (�cp)s as heat capacitance, Ks as thermal

conductivity and � as the volume fraction. Non-dimensional variables are de�ned as

r =
r

e0
; z =

z

L0
; w =

w

uo
; u =

L0u

uo�
; p =

e20p

uoL0�f
;

t =
tuo
L0

; Ren =
e0uo�f
�f

; Gr =
gf�fe

2
0T0

u0�f
; L =

L

L0

� =
Q0e

2
0

T0Kf
; � =

T � T0
T0

; Prn =
cp�f
Kf

: (2.8)

After using Eq. (2:8); Eqs. (2:3) to (2:6) take the following form

��
�
@u

@r
+
u

r

�
+
@w

@z
= 0; (2.9)

�nf
�f

Ren�
3��
�
@u

@t
+ ��u

@u

@r
+ w

@u

@z

�
= �@p

@r
+
�nf
�f

�2��
�
@2u

@r2
+
1

r

@u

@r
+ �2

@2u

@z2
� u

r2

�
; (2.10)
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�nf
�f

Ren�

�
@w

@t
+ ��u

@w

@r
+ w

@w

@z

�
= �@p

@z
+
�nf
�f

�
@2w

@r2
+
1

r

@w

@r
+ �2

@2w

@z2

�
+
(�)nf
(�)f

Gr�; (2.11)

RenPrn�
2

�
@�

@t
+ ��u

@�

@r
+ w

@�

@z

�
=
Knf

Kf

(�cp)f
(�cp)nf

�
@2�

@r2
+
1

r

@�

@r
+ �2

@2�

@z2

�
+ �

(�cp)f
(�cp)nf

: (2.12)

In the above expressions Gr represents as the Grashof number, Ren is the Reynolds number, Prn

is the Prandtl number, � is non-dimensional heat source parameter with respect to �uid and

u0 is the averaged velocity. Using mild stenosis case �� = �
e0
� 1 and taking extra condition

� = e0
L0
� O(1); the constitutive Eqs. (2:10) to (2:12) can be written as

@p

@r
= 0; (2.13)

@p

@z

�f
�nf

=
@2w

@r2
+
1

r

@w

@r
+

�f
�nf

(�)nf
(�)f

Gr�; (2.14)

@2�

@r2
+
1

r

@�

@r
+ �

Kf

Knf
= 0: (2.15)

Boundary conditions and geometry of stenosis in dimensionless form are de�ned as

h(z; t) = [(�z + 1)� �� cos�(z � d�)f11� 94
3
(z � d�) + 32(z � d�)2�

32

3
(z � d�)3g]Q1(t); d� � z � d� +

3

2
;

= (�z + 1)Q1(t); otherwise, (2.16)

@w

@r
= 0 at r = 0; w = 0 at r = h(z); (2.17)

@�

@r
= 0 at r = 0; � = 0 at r = h(z); (2.18)

where
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�� =
�

e0
; d� =

d

L0
; � =

��L0
e0

: (2.19)

2.2 Solution of the problem

The exact solutions of Eqs. (2:14) and (2:15) are written as

� = �1
4
�(r2 � h2)

�
Ks(1� �) +Kf (2 + �)

Ks(1 + 2�) + 2Kf (1� �)

�
; (2.20)

w =
(1� �)2:5

4

�
dp

dz
� h2q1

�
(r2 � h2) + q1(1� �)2:5

16
(r4 � h4); (2.21)

where

q1 =
Gr�

4

�
(1� �) + � �ss

�ff

��
Ks(1� �) +Kf (2 + �)

Ks(1 + 2�) + 2Kf (1� �)

�
: (2.22)

The �ow rate F that is given as

F =

hZ
0

rwdr: (2.23)

Using Eqs. (2:21) and (2:22) into Eq. (2:23); we get the expression for pressure gradient in

terms of the �ow rate as follows

dp

dz
= � 16

h4(1� �)2:5

�
F � h6q1(1� �)2:5

24

�
: (2.24)

In above F is constant �ow rate and the pressure drop across the length of the overlapping

stenosis is given as

�p =

LZ
0

�
�dp
dz

�
dz: (2.25)

Using above Eq. (2:25), the impedance resistance experienced by the �owing blood in the

arterial segment can be evaluated as
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� =
�p

F
=

8><>:
d�Z
0

�(z) jh=(�z+1)Q1(t) dz +
d�+ 3

2Z
d�


(z)dz +

LZ
d�+ 3

2

�(z) jh=(�z+1)Q1(t) dz

9>=>; ; (2.26)

where


(z) =
16

h4(1� �)2:5F

�
F � h6q1(1� �)2:5

24

�
; (2.27)

�(z) = 
(z) jh=(mz+1)Q1(t) : (2.28)

Expression for the wall shear stress is given as

Srz = �
�nf
�f

�
@w

@r

�
r=h

: (2.29)

Using Eqs. (2:21) and (2:22) in Eq. (2:29), we get the expression for wall shear stress in the

stenotic region

Srz = �
1

(1� �)2:5

�
1

2

�
�h2q1 +

dp

dz

�
h(1� �)2:5 + h3q1

4
(1� �)2:5

�
: (2.30)

The expression of �ow pattern is obtain by using Eqs. (2:21) to (2:22) and utilizing  = 0 at

r = h in the following

w =
1

r

@ 

@r
: (2.31)
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2.3 Thermophysical properties of blood and copper

The experimental values of the various physical parameters are presented in the following table

Physical properties blood Cu

cp(J=kgK) 3594 385

�(kg=m3) 1063 8933

K(W=mK) 0.492 400

 � 10�5(1=K) 0.18 1.67

Table (2.1): Thermo physical properties.

2.4 Results and discussion

In order to understand the quantitative e¤ects of the di¤erent �ow parameter the graphs of

wall shear stress, impedance resistance to �ow and temperature distribution are plotted by

considering three distinct types of tapering e¤ects (diverging tapering ' = 0:01; converging

tapering ' = �0:01 and non-tapered arteries ' = 0:00). In particular the graphs are plotted

by keeping the parameter constant such as �o = 0:1; ! = 7:854; t = 0:5; L = 3; d� = 0:75 [29],

further parameters are de�ned as � = 0:00�0:09; � = 0:1; � = 0:2; F = 0:01; Gr = 0:9; z = 1:5:

Figs. (2:2) to (2:5) are strategized to show that wall shear stress is essential in understanding

the development of arterial disease between the stenotic segment 0:75 � z � 2:25. The stresses

on the wall of overlapping stenotic arteries gain its higher magnitude at the critical locations

where the stenosis is considered maximum, while its magnitude decreases where the stenosis is

considered minimum. One may observe from these graphs that the convergent tapering e¤ects

gives higher results for wall shear stress as comparing with other non-tapered and divergent

tapering e¤ects. The wall shear stress for di¤erent values of heat source parameter � is given

in Fig. (2:2). It is analyzed that stresses on wall of arteries decreases with an increase in heat

source parameter �. This increase is due to increase in internal heat source i.e. metabolic

process, which accelerates �ow of blood and shift stenotic pressure to the wall of arteries. The

wall shear stress for di¤erent values of Grashof number Gr is plotted in Fig:(2:3): It is analyzed

that wall shear stress decreases due to increase in the viscous forces as compare to the buoyancy
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forces. Fig. (2:4) relates to the variation of wall shear stress Srz for di¤erent values of stenosis

height � against the axial distance z. It is illustrated from this graph that stress on the wall

of arteries is increases, as if we increase the stenosis height �. This justi�es the results of

tapering phenomena that stresses on the wall are higher for contracted arteries as compare

to the expanded arteries. Fig. (2:5) is plotted for di¤erent values of nanoparticles volume

fraction � and analyzed that the stresses on the wall of arteries decreases with an increase

in nanoparticles volume fraction. It is also observed from this �gure that the stresses on the

wall is higher for the pure blood case when compared to the other cases (� = 0:01; � = 0:02).

Figs. (2:6) to (2:8) show the variation of the resistance impedance to �ow along the maximum

height of stenosis � for di¤erent values of tapering angle ': From these graphs it is depicted that

resistance impedance to �ow gives higher results for converging tapering as comparing to other

tapering e¤ects. It is also concluded that resistance to blood �ow is directly proportional to

stenosis height � i.e., if we increase stenosis height �, the resistance to blood �ow in the presence

of time variant overlapping stenosis will get the higher amplitude. The e¤ects of Grashof number

Gr is given in Figs. (2:6). It is analyzed that resistance impedance to �ow decreases with an

increase in the viscous forces. The wall shear stress for heat source parameter � is plotted in Fig.

(2:7) and it observed from this �gure that with an increase in internal heat source parameter

�ow is accelerated and resistance to blood �ow decreases: Fig. (2:8) is plotted to show the

resistance impedance to �ow for nanoparticles volume fraction �. It is observed from this

�gure that nanoparticles with high thermal conductivity reduces resistance to blood �ow and

concluded that they are useful as drug carrier to heal the consequences of stenosed arteries: The

variations of temperature pro�le for di¤erent values of stenosis height �; nanoparticle volume

fraction � and heat source parameter � are shown in Figs. (2:9) to (2:11): It is analyzed from

these graphs that temperature pro�le gives higher results for divergent tapering as comparing

to other tapering and maximum temperature occurs at r = 0. The temperature pro�le for

di¤erent values stenosis height � is given in Fig. (2:9). It is observed from these graphs that

temperature pro�le decreases with an increase in the values of stenosis height �. The variation

of temperature pro�le for heat source parameter � is given in Fig. (2:10) and observed that the

temperature pro�le increases with an increase in the values of heat source parameter � because

of increase in the thermal state of the �uid i.e. through metabolic process. From Fig. (2:11),
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it is analyzed that temperature pro�le decreases with an increase in the nanoparticles volume

fraction, which means nanoparticles with high thermal conductivity are useful to dissipate

heat. It is also observed that the temperature distribution remain higher for pure blood case.

Figs. (2:12) and (2:13) are plotted against time t for almost four and three cardiac phases. In

these graphs the magnitude of �rst cycle starts decreasing to obtain its minimum then starts

increasing to obtain its maximum then replicate its form again to obtain the starting point

of the second cycle and so on. It is observed that these graphs decay as the time t increases.

This graphical illustration shows that the resistance impedance to blood �ow and wall shear

stress contributes better results for convergent tapering. Trapping characterized an interesting

phenomenon for the blood �ow in an overlapping stenosed artery that is discussed through

Figs. (2:14) to (2:16) for non-tapered arteries, other associated arteries are discussed in Fig.

(2:14). Fig. (2:14) is plotted for convergent and divergent tapering arteries: It is depicted that

trapping bolus shift towards lower side for expanded arteries (� > 0), while shift towards upper

side for contracted arteries (� < 0). The e¤ects of stenosis height � and time t are discussed

in Figs. (2:15) and (2:16): It is observed from these graphs of streamlines that the number of

trapping bolus increases with an increase in the values time t and stenosis height �. Tables

(2:2; 2.3) are plotted for velocity and temperature pro�le. It is observed from table (2:2) the

temperature pro�le decreases throughout the considered stenosed artery with an increase in the

nanoparticle volume fraction �. The velocity table (2:3) is plotted for di¤erent values of the

nanoparticle volume fraction �. It is observed from this table that velocity starts increasing at

the center of the arteries between the regions �0:4 � r � 0:4; while starts decreasing near the

walls of considered stenosed elastic arteries. This table also indicate that velocity gives higher

altitude for pure blood case (� = 0:00) near the wall of the arteries and gives higher altitude

for nano blood cases (� = 0:02; 0:04) at the center of the stenosed arteries (�0:4 � r � 0:4).
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Fig. (2.2): Variation of wall shear stress for di¤erent values of heat source parameter �.
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Fig. (2.6): Variation of resistance impedance for di¤erent values of Grashof number Gr:
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Fig. (2.10): Variation of temperature pro�le for di¤erent values of heat source parameter �.
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Fig. (2.11): Variation of temperature pro�le for di¤erent values of nanoparticles volume
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Fig. (2.14): Blood �ow pattern for di¤erent values of (a) ' < 0; (b) ' > 0; (c) ' = 0.
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Fig. (2.15): Blood �ow pattern for di¤erent values of (a) � = 0:03; (b) � = 0:04; (c) � = 0:05.
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Fig. (2.16): Blood �ow pattern for di¤erent values of (a) t = 0:3; (b) t = 0:4; (c) t = 0:5.
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� Non-tapered artery Diverging tapering Converging tapering

r �=0.00 �=0.02 �=0.04 �=0.00 �=0.02 �=0.04 �=0.00 �=0.02 �=0.04

�h 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

-0.8 0.0065 0.0061 0.0057 0.0106 0.0100 0.0094 0.0027 0.0025 0.0023

-0.6 0.0135 0.0127 0.0119 0.0176 0.0166 0.0157 0.0097 0.0091 0.0086

-0.4 0.0185 0.0174 0.0164 0.0226 0.0213 0.0201 0.0147 0.0138 0.0130

-0.2 0.0215 0.0202 0.0191 0.0256 0.0241 0.0228 0.0177 0.0167 0.0157

0.0 0.0225 0.0212 0.0199 0.0266 0.0251 0.0237 0.0187 0.0176 0.0166

0.2 0.0215 0.0202 0.0191 0.0256 0.0241 0.0228 0.0177 0.0167 0.0157

0.4 0.0185 0.0174 0.0164 0.0226 0.0213 0.0201 0.0147 0.0138 0.0130

0.6 0.0135 0.0127 0.0119 0.0176 0.0166 0.0157 0.0097 0.0091 0.0086

0.8 0.0065 0.0061 0.0057 0.0106 0.0100 0.0094 0.0027 0.0025 0.0023

h 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

Table (2.2): Variations of temperature pro�le for the nanoparticles volume fraction �:

w Non-tapered artery Diverging tapering Converging tapering

r �=0.00 �=0.02 �=0.04 �=0.00 �=0.02 �=0.04 �=0.00 �=0.02 �=0.04

�h 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

-0.8 0.0127 0.0125 0.0124 0.0148 0.0146 0.0144 0.0076 0.0075 0.0074

-0.6 0.0266 0.0264 0.0265 0.0248 0.0248 0.0248 0.0277 0.0276 0.0275

-0.4 0.0367 0.0369 0.0371 0.0322 0.0325 0.0327 0.0421 0.0422 0.0423

-0.2 0.0428 0.0432 0.0435 0.0366 0.0372 0.0376 0.0509 0.0511 0.0513

0.0 0.0449 0.0453 0.0457 0.0381 0.0388 0.0393 0.0538 0.0541 0.0544

0.2 0.0428 0.0432 0.0435 0.0366 0.0372 0.0376 0.0509 0.0511 0.0513

0.4 0.0367 0.0369 0.0371 0.0322 0.0325 0.0327 0.0421 0.0422 0.0423

0.6 0.0266 0.0264 0.0265 0.0248 0.0248 0.0248 0.0277 0.0276 0.0275

0.8 0.0127 0.0125 0.0124 0.0148 0.0146 0.0144 0.0076 0.0075 0.0074

h 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

Table. (2.3): Variations of velocity pro�le for the nanoparticles volume fraction �:
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Chapter 3

Study of radially varying magnetic

�eld on blood �ow through

catheterized tapered elastic artery

with overlapping stenosis

In this chapter a precise model has been developed for studying the in�uence of metallic

nanoparticles on blood �ow through catheterized tapered elastic arteries with radially varying

magnetic �eld. The model is solved under the mild stenosis approximation by considering blood

as viscous �uid. The in�uence of di¤erent �ow parameters associated with this problem such as

Hartmann number, nanoparticle volume fraction, Grashof number and heat source parameter is

analyzed by plotting the graphs of velocity pro�le, temperature distribution, wall shear stress,

resistance impedance to �ow and stream lines. The in�uence of the radially varying magnetic

�eld on resistance impedance to �ow is analyzed and it is observed that the signi�cantly strong

magnetic force tends to increase in resistance.
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3.1 Mathematical formulation

Fig. (3.1): Geometry of overlapping stenosed artery.

Heat transfer phenomenon is taken into account by giving temperature T1 to the wall of the

artery, To to the wall of the catheter and radially varying magnetic �eld is applied in the normal

direction of the blood �ow. The governing equations for conservation of mass, momentum and

temperature for viscous nano�uid can be written as

@u

@r
+
u

r
+
@w

@z
= 0; (3.1)

�nf

�
@u

@t
+ u

@u

@r
+ w

@u

@z

�
= �@p

@r
+ �nf

�
@2u

@r2
+
1

r

@u

@r
+
@2u

@z2
� u

r2

�
; (3.2)
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�nf
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@w
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+ u

@w

@r
+ w

@w

@z

�
= �@p

@z
+ �nf

�
@2w

@r2
+
1

r

@w

@r
+
@2w

@z2

�
+

g(�)nf (T � T1)� �nfB2o(r)w; (3.3)

�
@T

@t
+ u

@T

@r
+ w

@T

@z

�
=

Knf

(�cp)nf

�
@2T

@r2
+
1

r

@T

@r
+
@2T

@z2

�
+

Q0
(�cp)nf

; (3.4)

in above equations for the given nano�uid model �nf denotes the electrical conductivity and

the thermo physical properties with respect to blood and copper nanoparticles are given as

�nf =
�f

(1� �)2:5 ; �nf =
Knf

(�cp)nf
; �nf = (1� �)�f +��s;

(�cp)nf = (1� �)(�cp)f +�(�cp)s; (�)nf = (1� �)(�)f +�(�)s;

Knf

Kf
=
(Ks + 2Kf )� 2�(Kf �Ks)

(Ks + 2Kf ) + �(Kf �Ks)
;
�nf
�f

= 1 +
3
�
�s
�f
� 1
�
��

�s
�f
+ 2
�
�
�
�s
�f
� 1
�
�
: (3.5)

In above equation, �f denotes the electrical conductivity for �uid, while �s denotes the electrical

conductivity for solid nanoparticle. Non-dimensional variables are de�ned as,

r =
r

e0
; w =

w

uo
; u =

L0u

uo�
; p =

e20p

uoL0�f
; t =

tuo
L0

;

� =
Q0e

2
0

(T0 � T1)Kf
; Ren =

e0uo�f
�f

; Gr =
gf�fe

2
0(T0 � T1)
u0�f

;

� =
T � T1
T0 � T1

; z =
z

L0
; Ha(r) = Bo(r)eo

r
�f
�f
; L =

L

L0
: (3.6)

Here Ha represents the Hartmann number. Utilizing above Eq. (3:6), mild stenosis case �� =

�
e0
� 1, extra condition � = e0

b � O(1) and taking Ha(r) = Ha
r , the governing Eqs. (3:2) to

(3:4) can be written as

@p

@r
= 0; (3.7)
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@p

@z

�f
�nf

=
@2w

@r2
+
1

r

@w

@r
+K2� �

M2

r2
w; (3.8)

@2�

@r2
+
1

r

@�

@r
+ �K1 = 0; (3.9)

where

K1 =

�
ks(1� �) + kf (2 + �)
ks(1 + 2�) + 2kf (1� �)

�
;

K2 =

�
(1� �) + � �ss

�ff

�
(1� �)2:5Gr; M2 = (Ha)

2K3;

K3 =

0@1 + 3
�
�s
�f
� 1
�
��

�s
�f
+ 2
�
�
�
�s
�f
� 1
�
�

1A (1� �)2:5: (3.10)

The geometry of stenosis in dimensionless form is de�ned as

h(z; t) = [(�z + 1)� � cos�(z � d�)f11� 94
3
(z � d�) + 32(z � d�)2 � 32

3

(z � d�)3g]Q1(t); d� � z � d� +
3

2
;

= (�z + 1)Q1(t); otherwise, (3.11)

with

� =
��

e0
; d� =

d

L0
: (3.12)

Corresponding boundary conditions are de�ned as

w = 0 at r = h(z; t); w = 0 at r = "; (3.13)

� = 0 at r = h(z; t); � = 1 at r = ": (3.14)
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3.2 Solution of the problem

The exact solutions of temperature distribution and velocity pro�le using Eqs. (3:13) and (3:14)

are written as

� =
1

4(lnh� ln ")(4(lnh� ln r) + �K1(h
2(ln r � ln ") + r2(� lnh+

ln ") + (lnh� ln r)"2)); (3.15)

w =
dp

dz

(1� �)2:5
(h2M � "2M )(�4 +M2)

r�M ("MrM ("Mr2 � "2rM ) + h2+M (�"2M +

r2M ) + h2M ("2+M � r2+M )) + 1

(h2M � "2M )(�4 +M2)2(�16 +M2)
(K2r

�M

(�4b2(�16 +M2)("MrM ("Mr2 � "2rM ) + h2+M (�"2M + r2M ) + h2M ("2+M

�r2+M )) + (�4 +M2)(�b3(�16 +M2)("MrM ("Mr2 � "2rM ) + h2+M (�"2M

+r2M ) + h2M ("2+M � r2+M ))� b1(�4 +M2)("MrM (r4"M � rM"4) + h4+M (

�"2M + r2M ) + h2M ("4+M � r4+M ))) + (b2(64� 20M2 +M4)(h2+M ("2M

�r2M ) lnh� "2+M (h2M � r2M ) ln "+ (h2M � "2M )r2+M ln r))): (3.16)

Flow rate is given as

F =

hZ
"

rwdr: (3.17)

Using Eq. (3:16) into Eq. (3:17); we get the expression for pressure gradient as follows

dp

dz
=
4(F � b5(z))(h2M � "2M )(�4 +M2)2

(1� �)2:5b4(z)
: (3.18)
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Since F is constant for all sections between the two coaxial tubes, the pressure drop across the

length of the overlapping stenosis is given as

�p =

LZ
0

�
�dp
dz

�
dz: (3.19)

Using above Eq. (3:19), the impedance resistance can be evaluated as

� =
�p

F
=

8><>:
d�Z
0

�o(z) jh=(�z+1)Q1(t) dz +
d�+ 3

2Z
d�


o(z)dz +

LZ
d�+ 3

2

�(z)o jh=(�z+1)Q1(t) dz

9>=>; ; (3.20)

where


o(z) = �
4(F � b5(z))(h2M � "2M )(�4 +M2)2

(1� �)2:5Fb4(z)
: (3.21)

Expression for the wall shear stress is given as

Srz =
dp

dz

�1
h(h2M � "2M )(�4 +M2)

(h2+2M (�2 +M)� 2hM"2+MM + h2"2M

(2 +M))) +
(1� �)2:5

h(h2M � "2M )(�4 +M2)2(�16 +M2)
(K2(�b3(64� 20

M2 +M4)(h2+2M (�2 +M)� 2hM"2+MM + h2"2M (2 +M)) + b2(�16 +

M2)(h2+2M (�2 +M)2 + 8hM"2+MM � h2"2M (2 +M)2)� b1(�4 +M2)2

(h4+2M (�4 +M)� 2hM"4+MM + h4"2M (4 +M))� b2(64� 20M2 +M4)

(h2(h2M (�2 +M) + "2M (2 +M)) lnh� 2hM"2+MM ln "))): (3.22)
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3.3 Appendix

b1 = �
�K1

4
; b2 =

�4 + �K1(h
2 � "2)

4(lnh� ln ") ; b3 =
(4 lnh+ �K1(�h2 ln "+ "2 lnh)

(4(lnh� ln ")) ;

b4 = (�16h2+M"2+MM + "2M (�"4(�2 +M)2 + h4(2 +M)2) + h2M (�h4(�2 +M)2

+"4(2 +M)2)); b5 =
1

48(h2M � "2M )(�16 +M)2(�4 +M2)3)
(K2(12b3(�16 +M2)

(�4 +M2)(16h2+M"2+MM + "2M ("4(�2 +M)2 � h4(2 +M)2) + h2M (h4(�2 +M)2

�"4(2 +M)2)) + 8b1(�4 +M2)2(12h4+M"2+M (h2 + "2)M + "2M ("6(�4 +M)(�2+

M)� h6(2 +M)(4 +M)) + h2M (h6(�4 +M)(�2 +M)� "6(4 +M)(2 +M)) + 3b2

(�16 +M2)(256h2+M"2+MM + h2M ("4(�6 +M)(2 +M)3 � h4(�2 +M)3(6 +M))

+"2M (h4(�6 +M)(2 +M)3 � "4(�2 +M)3(6 +M))) + 12b2(64� 20M2 +M4)

(8h2+M"2+MM(lnh+ ln ") + "2M (�h4(2 +M)2 lnh+ "4(�2 +M)2 ln ")+

h2M (h4(�2 +M)2 lnh� "4(2 +M)2 ln ")))):

3.4 Thermophysical properties of blood and copper

The experimental values of various parameters are tabulated below,

Physical properties blood copper

cp(J=kgK) 3594 385

�(kg=m3) 1063 8933

k(W=mK) 0.492 400

 � 10�5 (1=K) 0.18 1.67

� (s=m) 6.67�10�1 5.96�107

Table (3.1): Thermo physical properties.
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3.5 Results and discussion

The main purpose of this chapter is to discuss the combined e¤ect of the stenosis with radially

varying magnetic �eld on the wall shear stress and resistance impedance to �ow. The e¤ect of

the important parameters such as the Hartmann number Ha; Grashof number Gr, nanoparticles

volume fraction � and heat source parameter � for three di¤erent types of tapering e¤ects are

discussed in this section through graphical illustrations. These graphs are plotted by keeping

the parameter constant such as � = 0:00� 0:09; � = 0:1; L = 3; � = 0:2; F = 0:01; d� = 0:75;

Gr = 0:9; �o = 0:1; ! = 7:854; t = 0:5; Ha = 0:9; z = 1:5, " = 0:1: The magnitude of

wall shear stress is plotted between the stenotic segment 0:75 � z � 2:25, which is essential

to understand the arterial disease because of its strong correlation with the constriction of

the arteries. The graphs of wall shear stress along axial displacement z are plotted in Figs:

(3:2)� (3:6) with di¤erent tapering e¤ects and observed from these �gures that the wall shear

stress having overlapping stenosis gives higher altitude for converging tapering as compare to

the diverging tapering and non-tapered arteries. Fig. (3:2) describe the in�uence of heat source

parameter � on the graph of wall shear stress and it is concluded here that the stresses on wall

of arteries decreases with an increase in internal heat source through metabolic process. The

wall shear stress for di¤erent values of Grashof number Gr is given in Fig: (3:3): From this

graph of wall shear stress it is analyzed that stresses on the wall of arteries decreases with

an increase in the values of the Grashof number. From Fig. (3:4) it is analyzed that stresses

on wall of the artery increases with an increase in the values of stenosis height �. The wall

shear stress for di¤erent values of nanoparticles volume fraction � is given in the Fig: (3:5).

It is depicted that increase in the nanoparticles volume fraction minimizes the stresses on the

considered arterial wall segment. In Fig. (3:6); it is observed that the stresses on the wall of

arteries start increasing with an increase in the Hartmann number Ha: It is observed that this

result is attained due to decrease in axial velocity near the throat of stenosis. The variation

of resistance impedance to �ow � with stenosis height � is given in Figs. (3:7) � (3:10) for

di¤erent values of tapering angle ': It is illustrated from these graphs that converging tapering

arteries gives higher results for resistance impedance to �ow as comparing to other tapering

arteries. It is important to note that resistance to blood �ow is directly proportional to stenosis

height �. From Fig. (3:7), we have observed that with an increase in the Grashof number
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Gr the resistance to blood �ow decreases with an increase in viscous forces. The e¤ects of

heat source parameter � are given in Fig. (3:8): It is illustrated from this graph that with

an increase in heat source parameter � the viscosity of the �uid decreases, that reduces the

resistance impedance to blood �ow. Fig. (3:9) is plotted to show that the in�uence of volume

fraction � on resistance impedance to blood �ow and concluded that the metallic nanoparticles

help to minimize the e¤ects of resistance impedance to blood �ow. The variations of Hartmann

number Ha are given in Fig. (3:10). It is observed that with an increase in the intensity of

magnetic �eld the resistance impedance to blood �ow increases. It is due to the fact that

when magnetic �eld is applied normal to the �uid, random motion of the particles within the

considered base �uid gets slower down and hence �ow of blood is retarded. The variations

of temperature pro�le for di¤erent values of nanoparticle volume fraction � and heat source

parameter � is shown in Figs. (3:11) and (3:12): The variation of temperature pro�le for heat

source parameter � is given in Fig. (3:11) and observed that the temperature pro�le increases

with an increase in the values of heat source parameter �: This graph indicates that with

an increase in the internal heat source of the �uid, temperature pro�le gets higher altitude

(� > 0). From Fig. (3:12), it is analyzed from this pro�le that temperature decreases with

an increase in the nanoparticles volume fraction but shows temperature distribution remains

higher for pure blood case � = 0:00. Figs. (3:13) and (3:14) are strategized versus time t

for almost four and three cardiac phases. In these graphs we observed that the scale of �rst

cycle starts decreasing to obtain its minimum then starts increasing to obtain its maximum

then repeat its form again to obtain the starting point of the second cycle and so on. It is

illustrated from these �gures that �uctuation starts decaying as the time t increases. Trapping

illustrates as an interesting phenomenon for the blood �ow pattern in an overlapping stenosed

artery with radially varying magnetic �eld that is discussed through Figs. (3:15) � (3:19) for

non-tapered arteries and trapping for other associated arteries are discussed in Fig. (3:15). In

Fig. (3:15), it is observed that trapping bolus shift towards lower side for divergent tapering

when compared to convergent and non-tapered arteries. The in�uence of stenosis height � is

given in Fig. (3:16): It is observed from these trapping phenomena that stream lines become

closer with an increase in the stenosis height �. From Figs. (3:17) and (3:18), it is observed that

the number of trapping bolus increases with an increase in the values of Grashof number Gr
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and heat source parameter �. The trapping phenomena for Hartmann number Ha are discussed

in Fig. (3:19): It is depicted in these �gures that the number of trapping bolus increases with

an increase in the intensity of magnetic �eld. The tables (3:2) and (3:3) are plotted to show

the variations of velocity pro�le for di¤erent values of nanoparticles volume fraction � and

Hartmann number Ha against radial direction r. Table (3:2) illustrates that the variations of

velocity pro�le for di¤erent values of nanoparticles volume fraction � increases near the wall

of the catheter between the region " � r � 0:5 (� < 0; � = 0); " � r � 0:6 (� > 0), while

starts decreasing near the wall of the arteries between the region 0:5 < r � h (� < 0; � = 0);

0:6 < r � h (� > 0). Table (3:3) is prepared for velocity pro�le for di¤erent values of Hartmann

number Ha and it is observed from this table that the velocity pro�le increases near the wall of

the artery between the region 0:5 < r � h, while starts decreasing near the wall of the catheter

between the region " � r � 0:5.
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Fig. (3.19): Blood �ow pattern for di¤erent values of (a) Ha = 0:1; (b) Ha = 0:3; (a)

Ha = 0:6.

52



w Non-tapered artery Diverging tapering Converging tapering

r �=0.00 �=0.02 �=0.04 �=0.00 �=0.02 �=0.04 �=0.00 �=0.02 �=0.04

" 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

0.2 0.0228 0.0294 0.0354 0.0197 0.0273 0.0342 0.0274 0.0331 0.0381

0.3 0.0327 0.0397 0.0460 0.0282 0.0368 0.0445 0.0391 0.0446 0.0496

0.4 0.0362 0.0412 0.0456 0.0313 0.0382 0.0442 0.0428 0.0461 0.0490

0.5 0.0354 0.0374 0.0391 0.0312 0.0349 0.0381 0.0408 0.0413 0.0417

0.6 0.0313 0.0304 0.0296 0.0284 0.0288 0.0291 0.0342 0.0324 0.0307

0.7 0.0246 0.0217 0.0192 0.0236 0.0213 0.0193 0.0238 0.0209 0.0185

0.8 0.0158 0.0125 0.0096 0.0174 0.0137 0.0103 0.0102 0.0083 0.0066

0.9 0.0054 0.0038 0.0023 0.0103 0.0067 0.0035 -0.0061 -0.0045 -0.0032

h 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

Table. (3.2): Variations of velocity pro�le for di¤erent values of the nanoparticles volume

fraction �:

w Non-tapered artery Diverging tapering Converging tapering

r Ha=0.3 Ha=0.5 Ha=0.7 Ha=0.3 Ha=0.5 Ha=0.7 Ha=0.3 Ha=0.5 Ha=0.7

" 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

0.2 0.0305 0.0294 0.0279 0.0280 0.0269 0.0254 0.0346 0.0335 0.0321

0.3 0.0405 0.0394 0.0380 0.0371 0.0360 0.0345 0.0458 0.0449 0.0436

0.4 0.0413 0.0407 0.0398 0.0379 0.0372 0.0362 0.0464 0.0459 0.0453

0.5 0.0371 0.0369 0.0367 0.0344 0.0341 0.0336 0.0410 0.0410 0.0409

0.6 0.0300 0.0302 0.0305 0.0283 0.0284 0.0285 0.0319 0.0322 0.0327

0.7 0.0215 0.0219 0.0225 0.0211 0.0215 0.0219 0.0205 0.0210 0.0216

0.8 0.0125 0.0129 0.0135 0.0138 0.0142 0.0148 0.0082 0.0084 0.0087

0.9 0.0038 0.0040 0.0043 0.0070 0.0074 0.0079 -0.0045 -0.0047 -0.0049

h 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

Table. (3.3): Variations of velocity pro�le for di¤erent values of Hartmann number Ha:
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Chapter 4

Examination of nanoparticles as a

drug carrier on blood �ow through

catheterized composite stenosed

artery with permeable walls

In this chapter, the in�uence of copper nanoparticles on blood �ow through a composite stenosed

artery with permeable wall is discussed. The nature of blood is discussed mathematically by

considering it as viscous nano�uid. An exact solution of temperature and velocity pro�le is

obtained by solving the governing equations after using non-dimensional parameters. Hemody-

namic e¤ects of stenosis are discussed through the graphs of resistance impedance to blood �ow

and wall shear stress. Results for the e¤ects of permeability on blood �ow through composite

stenosis have been also discussed graphically. The considered analysis summarizes that with

an increase in the permeability of stenosed arteries the resistance impedance to blood �ow in-

creases. At the end, it is found from trapping pattern that with an impulsion of nanoparticles

in considered base �uid trapped bolus decreases.
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4.1 Mathematical formulation

Fig. (4.1): Geometry of composite stenosis.

The heat transfer phenomenon is taken into account by giving temperature T0 to the wall of

the catheter. The geometry of composite stenosis in dimensional form is given as

h(z) = e0 �
2�

L0
(z � d); d � z � d+

L0
2
;

= e0 �
�

2
(1 + cos

2�

L0
(z � d� L0

2
)); d+

L0
2
� z � d+ L0;

= e0; otherwise, (4.1)

where d represents the position of the stenosis, L0 as the length, while e0 and h(z) as the

radius of the stenosed and normal arteries. The governing equations for conservation of mass,

momentum and temperature for viscous nano�uid can be written as
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@u

@r
+
u

r
+
@w

@z
= 0; (4.2)

�nf

�
@u

@t
+ u

@u

@r
+ w

@u

@z

�
= �@p

@r
+ �nf

�
@2u

@r2
+
1

r

@u

@r
+
@2u

@z2
� u

r2

�
; (4.3)

�nf

�
@w

@t
+ u

@w

@r
+ w

@w

@z

�
= �@p

@z
+ �nf

�
@2w

@r2
+
1

r

@w

@r
+
@2w

@z2

�
+ g(�)nf (T � T1); (4.4)

�
@T

@t
+ u

@T

@r
+ w

@T

@z

�
=

Knf

(�cp)nf

�
@2T

@r2
+
1

r

@T

@r
+
@2T

@z2

�
+

Q0
(�cp)nf

: (4.5)

In above equation thermo physical properties are given as

�nf =
�f

(1� �)2:5 ; �nf =
Knf

(�cp)nf
; �nf = (1� �)�f +��s;

(�cp)nf = (1� �)(�cp)f +�(�cp)s; (�)nf = (1� �)(�)f +�(�)s;
Knf

Kf
=
(Ks + 2Kf )� 2�(Kf �Ks)

(Ks + 2Kf ) + �(Kf �Ks)
: (4.6)

Non-dimensional variables are de�ned as

r =
r

e0
; z =

z

L0
; w =

w

uo
; u =

L0u

uo�
; p =

e20p

uoL0�f
;

Ren =
L0uo�f
�f

; Gr =
gf�fe

2
0(T0 � T1)
u0�f

; �� =
�

e0
;

� =
Q0e

2
0

(T0 � T1)Kf
; � =

T � T1
T0 � T1

; d� =
d

L0
: (4.7)

Using mild stenosis case �� = �
e0
� 1 and taking extra condition � = e0

L0
� O(1); the constitutive

Eqs. (4:3) to (4:5) can be written as

@p

@r
= 0; (4.8)
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@p

@z

�f
�nf

=
@2w

@r2
+
1

r

@w

@r
+

�f
�nf

(�)nf
(�)f

Gr�; (4.9)

@2�

@r2
+
1

r

@�

@r
+

�
Ks(1� �) +Kf (2 + �)

Ks(1 + 2�) + 2Kf (1� �)

�
� = 0; (4.10)

The geometry of stenosis in dimensionless form are de�ned as

h(z) = 1� 2��(z � d�); d� � z � d� +
1

2
;

= 1� ��

2
(1 + cos 2�(z � d� � 1

2
)); d� +

1

2
� z � d� + 1;

= 1; otherwise. (4.11)

The corresponding boundary conditions are given as [11]

w = wb; � = 0; at r = h(z); (4.12)

w = 0; � = 1; at r = "; (4.13)

@w

@r
=

sp
Da
(wb � wP ); at r = h(z): (4.14)

where in above equation Da(= Ro
e2o
) is de�ned as the Darcy number, Ro as the permeability, s as

the dimensionless slip parameter depending on permeable material within the boundary region

and wP as the slip velocity of the permeable boundary that is obtained from Darcy law in the

presence of the body forces

wP =

�
�Da

�f
�nf

dp

dz
+ g2�

�����
r=h

; (4.15)

using (� = 0 at r = h(z)); Eq. (4:15) can be written as

wP = �Da
�f
�nf

dp

dz
: (4.16)
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4.2 Solution of the problem

The exact solutions of Eqs. (4:9) and (4:10) using Eqs. (4:12) and (4:13) are written as

� =
1

4(lnh� ln ")(4(lnh� ln ") + �g1(h
2(ln r � ln ") + r2(�

lnh+ ln ") + (lnh� ln r)"2)); (4.17)

w =
dp

dz

(1� �)2:5
4(lnh� ln ")(r

2(lnh� ln ") + h2(� ln r + ln ") + "2

(� lnh+ ln r)) + g2
64(lnh� ln ")2 (16(h

2(ln r � ln ") + r2

(1 + lnh� ln r)(� lnh+ ln ") + (lnh� ln r)(1 + lnh�

ln ")"2) + �g1(r
4(lnh)2 + (h2 � r2) ln "(4h2 + (3h2 � r2)

ln ") + ln r(�4h4 + (�3h4 + 4h2r2) ln ") + lnh(h2(4r2 +

(3h2 � 4r2) ln r) + (�3h4 + 4h2r2 � 2r4) ln ")� 4(r2(lnh)2 �

2h2 ln r + (h2 � r2 + r2 ln r) ln "+ lnh(h2 + r2 � r2(ln r +

ln ")))"2 + (lnh� ln r)(4 + 3 lnh� 3 ln ")"4))�
(ln r � ln ")wb
(lnh� ln ") ; (4.18)

where by using Eq. (4:18) into Eq. (4:14) slip velocity is given as

wb =
1

4hs(lnh� ln ")� 4
p
Da
(
dp

dz

p
Da(1� �)2:5(h2(�1 + 2 lnh�

2 ln ") + 4hs(� lnh+ ln ")
p
Da + "

2) +
1

64g3
(
p
Dag2(16h

2(1

� lnh+ ln ")� (1 + lnh� ln ")"2) + �g1(�h4(4� 7 lnh+

4(lnh)2 + (7� 8 lnh) ln "+ 4(ln ")2) + 4h2(2� lnh+ ln ")

"2 + (�4� 3 lnh+ 3 ln ")"4))): (4.19)
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Flow rate is given as

F =

hZ
"

rwdr: (4.20)

Using Eqs. (4:18) and (4:19) into Eq. (4:20); we get the expression for pressure gradient as

follows

dp

dz
=
F � g5(z)
g4(z)

: (4.21)

The pressure drop can be de�ned as

�p =

LZ
0

�
�dp
dz

�
dz: (4.22)

Using Eq. (4:22), the impedance resistance can be evaluated as

� =
�p

F
=

d�Z
0


1(z) jh=1 dz +
d�+ 1

2Z
d�


1(z)dz +

d�+1Z
d�+ 1

2


1(z)dz +

LZ
d�+1


1(z) jh=1 dz; (4.23)

where


1(z) =
1

F

�
�F + g5(z)

g4(z)

�
: (4.24)

Using Eq. (4:24) into Eq. (4:23), we get

� = (L� 1)
1(z) jh=1 +
d�+ 1

2Z
d�


1(z)dz +

d�+1Z
d�+ 1

2


1(z)dz: (4.25)

The wall shear stress is evaluated by using Eqs. (4:18) and (4:19), which is given as
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Srz = �(dp
dz

(s(1� �)2:5(�4Da + h2(�1 + 2 lnh� 2 ln ") + "2))
(4hs(lnh� ln ")� 4

p
Da)

+
1

64g3

(sg2(16(h
2(1� lnh+ ln ")� 16(1 + lnh� ln ")"2 + �g1(�h4

(4� 7 lnh+ 4(lnh)2 + (7� 8 lnh) ln "+ (4(ln ")2) + 4h2

(2� lnh+ ln ")"2 + (�4� 3 lnh+ 3 ln ")"4)))
�
: (4.26)

4.3 Appendix

g1 =

�
Ks(1� �) +Kf (2 + �)

Ks(1 + 2�) + 2Kf (1� �)

�
; g2 = Gr

�
(1� �) + � �ss

�ff

�
(1� �)2:5; g3 = (lnh� ln ")(hs(lnh� ln ")�

p
Da);

g4 =
�1

(16(hs(lnh� ln ")�
p
Da))

((1� �)2:5(4hsDa(h2(�1 + 2 lnh

�2 ln ") + "2) +
p
Da(h

4(3� 4 lnh+ 4 ln ")� 4h2"2 + "4) + hs(h4

(�1 + lnh� ln ") + 2h2"2 + (�1� lnh+ ln ")"4)));

g5 =
1

768g3
(g2(2hs(6(h

4(�4 + 3 lnh� 3 ln ") + 4h2(2 + lnh� ln ")

"2 � (4 + 7 lnh+ 4(lnh)2 � (7 + 8 lnh) ln "+ 4(ln ")2)"4) + 2�g1

(h2 � "2)(h4(6� 9 lnh+ 4(lnh)2 + (9� 8 lnh) ln "+ 4(ln ")2)+

4h2(�3 + (lnh� ln ")2)"2 + (6 + 9 lnh+ 4(lnh)2 � (9 + 8 lnh)

ln "+ 4 ln ")2)"4)) +
p
Da(12(h

4(9� 8 lnh+ 8(ln ")� 4h2)(3+

2 lnh� 2 ln ")"2(3 + 4 lnh� 4 ln ")"4) + �g1(�h6(27� 46 lnh+

24(lnh)2 + 2(23� 24 lnh) ln "+ 24 ln ")2) + 9h4(7� 4 lnh+

4 ln ")"2 � 9h2(5 + 2 lnh� 2 ln ")"4 + (9 + 8 lnh� 8 ln ")"6)))):

4.4 Results and discussion

The momentous in�uence of di¤erent emerging �ow parameters on the blood �ow with copper

nanoparticles is discussed through graphs of wall shear stress, impedance resistance to �ow,

temperature pro�le and stream lines. The graphs are plotted by keeping parameters constants
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such as � = 0:1� 0:2; d� = 1:0; z = 1:5, " = 0:1; � = 2:0; F = 0:5; Gr = 0:1; Da = 0:01� 0:9;

s = 0:1 � 0:9; L = 3: Figs. (4:2) to (4:6) are plotted for wall shear stress versus z in the

stenotic region 1:0 � z � 2:0. It is observed from these �gures that wall shear stress starts

increasing from the initial projection of the stenosis (at z = 1:0) and then starts decreasing

from the upstream of the stenotic throat (z = 1:5) to the end of stenotic region (at z = 2:0).

It is concluded from these �gures that stresses on the walls of stenosed artery are maximum

at the throat z = 1:5. Figs. (4:2) and (4:3) are plotted to analyze the in�uence of stresses on

the stenotic wall for Grashof number Gr and heat source parameter �. The graph of wall shear

stress for di¤erent values of Grashof number Gr is plotted in Fig. (4:2). It is depicted that the

stresses on the wall of arteries decreases with an increase in viscous forces: One can observe

from Fig. (4:3), that stresses on the wall of arteries decreases with an increase in the internal

heat source parameter. The wall shear stress for di¤erent values of Darcy number Da and slip

parameter s is given in Figs. (4:4) and (4:5): It is depicted from Fig. (4:4) that wall shear stress

starts increasing with an increase in the values of Darcy number Da: It is depicted from this

�gure that the stresses on the wall of arteries increase due to increase in the permeability of the

stenosed artery. The variation of wall shear stress for slip parameter s is given in Fig. (4:5):

It is observed that wall shear stress increases near the throat of stenosis for Cu blood cases

(1:15 � z � 1:82, 1:10 � z � 1:85) and for pure blood case (1:08 � z � 1:88); while the opposite

trend is observed in the rest of the stenotic segments. The variation of wall shear stress versus

z for di¤erent values of stenosis height � is given in Fig. (4:6): It is analyzed from this �gure

that the wall shear stress increases with an increase in the values of stenosis height � due to

the pressure distribution behavior in the pre and post stenotic regions. Figs. (4:7) to (4:10) are

plotted for impedance resistance to �ow against stenosis height �. Figs. (4:7) and (4:8) are

plotted for heat source parameter � and Grashof number Gr: It is observed from Fig. (4:7)

that viscosity of the �uid decreases with an increase in internal heat source that minimize the

e¤ects of resistance impedance to blood �ow. The variations of Grashof number Gr from Fig.

(4:8) shows that due to decrease in stresses on the wall of stenosed artery resistance to blood

�ow decreases. The resistance impedance for di¤erent values of Darcy number Da is given in

Fig. (4:9). It is analyzed from this �gure that with an increase in the Da resistance to blood

�ow increases. Such an increase is due to increase in permeability of the artery which result
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into damaged, dilated or in�amed arterial wall thickness and tend to increases in resistance.

From Figs. (4:10); It is observed that resistance to blood �ow decreases with an increase in the

values of slip parameter s. It is obtained from this �gure that the damage of arteries due to

stenosis could be decreased by introducing slip e¤ects and may be exploited for better function

of diseased artery. The variations of temperature pro�le against radial direction r for di¤erent

values of heat source parameter � and stenosis height � are plotted through Fig. (4:11) and

(4:12): It is observed from these �gures that temperature pro�le increases with an increase in

the values of heat source parameter �, while decreases with an increase in the values of the

stenosis height �: These graphs also indicate that temperature is higher for pure blood case

(� = 0:00) as compared to the Cu blood cases. It is also concluded that the e¢ ciency of heat

transfer rate from the �owing blood to the walls increases with increase in thermal conductivity

of nanoparticles. Trapping represents an interesting phenomenon and has been plotted here

through Figs. (4:13) to (4:17). From Fig. (4:13); it is observed that with an increase in

stenosis height number of trapped bolus increases between the catheter and stenotic walls. The

trapping for Darcy number Da and slip parameter s is discussed in Figs. (4:14) and (4:15). It

is depicted from this �ow pattern that the number of trapping bolus increases with an increase

in the permeability of the stenosed artery, while shows random behavior for di¤erent values

of slip parameter s. Stream lines for di¤erent values of the catheter size " and nanoparticles

volume fraction � are plotted through Figs. (4:16) and (4:17). It is analyzed from these stream

lines behaviors that the number of trapping bolus increases with an increase in the radius of

the catheter " and decreases with an increase in nanoparticles volume fraction �. Tables (4:1)

and (4:2) are plotted for velocity pro�le against radial direction r to discuss the di¤erent pure

and copper blood cases. From tables (4:1) and (4:2), it is observed that the velocity pro�le

for di¤erent values of Darcy number Da and slip parameter s increases near the wall of the

catheter between the interval " � r � 0:7 and decreases near the wall of the artery between

the interval 0:7 < r � h. The tables show that the velocity pro�le gives higher magnitude for

copper blood case near the wall of the catheter, while the opposite trend is observed near the

wall of the artery.
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Fig. (4.2): Variation of wall shear stress for di¤erent values of Grashof number Gr.
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Fig. (4.3): Variation of wall shear stress for di¤erent values of heat source parameter �.
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Fig. (4.4): Variation of wall shear stress for di¤erent values of Darcy number Da.
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Fig. (4.5): Variation of wall shear stress for di¤erent values of for di¤erent values of slip

parameter s:
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Fig. (4.6): Variation of wall shear stress for di¤erent values of stenosis height �:
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Fig. (4.7): Variation of resistance impedance for di¤erent values of heat source parameter �:
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Fig. (4.8): Variation of resistance impedance for di¤erent values of Grashof number Gr:
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Fig. (4.9): Variation of resistance impedance for di¤erent values of Darcy number Da:
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Fig. (4.10): Variation of resistance impedance for di¤erent values of slip parameter s:
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Fig. (4.11): Variation of temperature pro�le for di¤erent values of heat source parameter �.
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Fig. (4.12): Variation of temperature pro�le for di¤erent values of stenosis height �:
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Figs. (4.13): Blood �ow pattern for di¤erent values of (a) � = 0:07; (b) � = 0:08; (c) � = 0:09.
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Figs. (4.14): Blood �ow pattern for di¤erent values of (a) Da = 0:01; (b) Da = 0:02; (c)

Da = 0:03.
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Figs. (4.15): Blood �ow pattern for di¤erent values of (a) s = 0:60; (b) s = 0:65; (c) s = 0:70.
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Figs. (4.16): Blood �ow pattern for di¤erent values of (a) " = 0:10; (b) " = 0:13; (c) " = 0:16.
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Figs. (4.17): Blood �ow pattern for di¤erent values of (a) � = 0:00; (b) � = 0:02; (c)

� = 0:04.
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w Pure blood (� = 0:00) Copper Blood(� = 0:01) Copper Blood (� = 0:02)

r Da=0.6 Da=0.7 Da=0.8 Da=0.6 Da=0.7 Da=0.8 Da=0.6 Da=0.7 Da=0.8

" 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000

0.2 0.49485 0.49672 0.49834 0.50736 0.50885 0.51012 0.51919 0.52033 0.52127

0.3 0.76553 0.76808 0.77030 0.78003 0.78207 0.78379 0.79369 0.79526 0.79653

0.4 0.93971 0.94231 0.94456 0.95153 0.95360 0.95536 0.96264 0.96423 0.96553

0.5 1.05820 1.06037 1.06226 1.06508 1.06682 1.06830 1.07153 1.07287 1.07396

0.6 1.13983 1.14120 1.14238 1.14108 1.14217 1.14310 1.14222 1.14306 1.14375

0.7 1.19529 1.19550 1.19568 1.19144 1.19161 1.19175 1.18782 1.18795 1.18805

0.8 1.23152 1.23025 1.22915 1.22429 1.22327 1.22242 1.21751 1.21672 1.21609

h 1.26176 1.25749 1.25379 1.25554 1.25212 1.24924 1.24967 1.24704 1.24491

Table (4.1): Variations of velocity pro�le for di¤erent values of the Darcy number Da:

w Pure blood (� = 0:00) Copper Blood (� = 0:01) Copper Blood (� = 0:02)

r s =0.10 s =0.15 s =0.2 s =0.10 s =0.15 s =0.20 s =0.10 s =0.15 s =0.20

" 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000

0.2 0.49979 0.49593 0.49013 0.51122 0.50371 0.49242 0.52205 0.51117 0.49481

0.3 0.77228 0.76701 0.75910 0.78530 0.77505 0.75965 0.79760 0.78275 0.76044

0.4 0.94657 0.94122 0.93317 0.95689 0.94647 0.93081 0.96661 0.95151 0.92882

0.5 1.06395 1.05946 1.05272 1.06958 1.06085 1.04773 1.07486 1.06222 1.04321

0.6 1.14344 1.14063 1.13639 1.14390 1.13842 1.13018 1.14432 1.13638 1.12444

0.7 1.19584 1.19541 1.19476 1.19187 1.19103 1.18977 1.18814 1.18692 1.18509

0.8 1.22817 1.23078 1.23471 1.22167 1.22676 1.23441 1.21556 1.22294 1.23402

h 1.25048 1.25928 1.27250 1.24673 1.26384 1.28957 1.24314 1.26794 1.30521

Table (4.2): Variations of velocity pro�le for di¤erent values of the slip constant s:
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Chapter 5

Impulsion of nanoparticles as a drug

carrier for the theoretical

investigation of stenosed arteries

with magnetic e¤ects

In this chapter, hemodynamics of stenosis is discussed to predict e¤ect of atherosclerosis by

means of mathematical models in the presence of uniform transverse magnetic �eld. The

analysis is carried out using silver and copper nanoparticles as a drug carrier for the theoretical

investigation of blood �ow through inclined artery with composite stenosis. Exact solutions

for the �uid temperature, velocity and pressure gradient are obtained under mild stenosis

approximation. The expressions of current density distribution and axial induced magnetic

�eld are also computed. The results indicate that with an increase in the magnetic Reynolds

number and Strommers number resistance impedance to blood �ow increases. Moreover, it is

concluded from graphical results that hemodynamic e¤ects of stenosed arteries minimize more

e¤ectively for Ag case when compared to other cases.
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5.1 Fundamental equation of induced magnetic �eld

The system is stressed by an external magnetic �eld of strength
�H0�h
�r and the total magnetic

�eld will be �H+(Hr(�r; �z) +
�H0�h
�r ; 0; Hz(�r; �z)), where Hr and Hz are de�ned as the radial and

axial components of total magnetic �eld. The steady governing equations are

1. Maxwell equations are

r:�H+
= 0; r:�E = 0; (5.1)

r� �H+ = �J; where �J = �nff�E+ �ef (�V � �H+)g; (5.2)

r� �E = ��ef
@ �H+

@�t
; (5.3)

2. Continuity and Navier Stokes equations are

r:�V = 0; (5.4)

�nf

�
@ �V

@t
+ �V:r�V

�
= �rp + �nfr2 �V + �nf f + �ef (�J� �H

+
); (5.5)

From Eqs. (5:2) to (5:4), we have

@ �H+

@�t
=r�

�
�V � �H+

	
+

1

�nf�ef
r2 �H+: (5.6)

in which �E is de�ned as the induced electric �eld, �J as the electric current density, �V as the

velocity component, f as the body force and p as the pressure. For the proposed nano�uid

model �nf represents the electrical conductivity, �ef is the magnetic permeability, �nf is the

density and �nf is the nano�uid viscosity:
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5.2 Formulation of the problem

Fig. (5.1): Geometry of composite stenosed artery.

Consider the laminar and the incompressible blood �ow in an inclined tube of length L. Let

us consider the velocity vector as V = (u; 0; w), where u and w are de�ned as the velocity

components in the r and z directions respectively. Heat transfer phenomenon is taken into

account by giving temperature T1 to the wall of the catheter and T0 to the upper wall of the

inclined artery. The geometry of composite stenosis in dimensional form is given as

h(z) = e0 �
2�

L0
(z � d); d � z � d+

L0
2
;

= e0 �
�

2
(1 + cos

2�

L0
(z � d� L0

2
)); d+

L0
2
� z � d+ L0;

= e0; otherwise, (5.7)

where d represents the position, L0 as the length, � as the height, h(z) as the radius of the

stenotic segment, e0 as the radius of the non-stenotic segment (normal artery), " as radius of

the catheter and � as the inclination angle. The governing �ow equations for nano�uid in the
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presence of induced magnetic e¤ects can be written as

@u

@r
+
u

r
+
@w

@z
= 0; (5.8)

@Hr

@r
+
Hr

r
+
@Hz

@z
= 0; (5.9)

�nf

�
u
@u

@r
+ w

@u

@z

�
= �@p

@r
+ �nf

�
@2u

@r2
+
1

r

@u

@r
+
@2u

@z2
� u

r2

�
+ �ef

�
�@Hz

@r

+
@

@z

�
Hoh

r
+Hr

��
Hz � g(�)nf (T � T0) cos �; (5.10)

�nf

�
u
@w

@r
+ w

@w

@z

�
= �@p

@z
+ �nf

�
@2w

@r2
+
1

r

@w

@r
+
@2w

@z2

�
+ �ef

�
Hoh

r
+Hr

�
�
@Hz

@r
� @

@z

�
Hoh

r
+Hr

��
+ g(�)nf (T � T0) sin �; (5.11)

�nf
@

@z

�
�@Hz

@r
+

@

@z

�
Hoh

r
+Hr

��
=

�
u
@

@r
+ w

@

@z

��
Hoh

r
+Hr

�
�
��

Hoh

r
+Hr

�
@u

@r
+Hz

@u

@z

�
; (5.12)

�nf

�
1

r

@

@r

�
r
@Hz

@r

�
� @

@z

�
1

r
+

@

@r

��
Hoh

r
+Hr

��
=

�
u
@

@r
+ w

@

@z

�
Hz �

�
Hoh

r
+

Hr

� @w
@r

�Hz
@w

@z
; (5.13)

�
@T

@t
+ u

@T

@r
+ w

@T

@z

�
=

Knf

(�cp)nf

�
@2T

@r2
+
1

r

@T

@r
+
@2T

@z2

�
+

Q0
(�cp)nf

: (5.14)

For the proposed nano�uid model thermo physical properties are given as
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�nf
�f

=
1

(1� �)2:5 ;
�ef
�e

=
1

(1� �)2:5 ; �nf = (1� �)�f +��s;

(�)nf = (1� �)(�)f +�(�); (�cp)nf = (1� �)(�cp)f +�(�cp)s;

Knf

Kf
=
(Ks + 2Kf )� 2�(Kf �Ks)

(Ks + 2Kf ) + �(Kf �Ks)
;
�nf
�f

= 1 +
3
�
�s
�f
� 1
�
��

�s
�f
+ 2
�
�
�
�s
�f
� 1
�
�
;

�nf =
Knf

(�cp)nf
; �nf =

1

�nf�ef
: (5.15)

The non-dimensional variables are de�ned as

r =
r

e0
; w =

w

uo
; u =

Lou

uo�
; p =

e20p

uoLo�f
; � =

Q0e
2
0

(T1 � To)Kf
;

d� =
d

Lo
; Ren =

e0uo�f
�f

; Gr =
gf�fe

2
0(T1 � To)
u0�f

; � =
T � To
T1 � To

;

z =
z

Lo
; S2 =

H2
0�e
�u2o

; Hr =
Hr

Ho
; Hz =

Hz

Ho
; Rm = e0�fuo�e: (5.16)

In the above equations S2 represents the Strommers number and Rm is the magnetic Reynolds

number. Using Eq. (5:16); mild stenosis case �� = �
e0
� 1 and taking extra condition � = e0

L0
�

O(1); the constitutive Eqs. (5:9) to (5:14) take the form

@Hr
@r

+
Hr
r
= 0; (5.17)

@p

@r
= 0; (5.18)

@p

@z

�f
�nf

=
@2w

@r2
+
1

r

@w

@r
+ S2Ren

�
h

r
+Hr

��
@Hz
@r

�
�f
�nf

�ef
�e

+

�f
�nf

(�)nf
(�)f

Gr� sin �; (5.19)
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�
1

r

@

@r

�
r
@Hz
@r

��
= �Rm

�

�
h

r
+Hr

��
@w

@r

�
; (5.20)

@2�

@r2
+
1

r

@�

@r
+

Kf

Knf
� = 0; (5.21)

where � = 1
�nf
�f

�ef
�e

. The boundary conditions and geometry of stenosis in dimensionless form

are de�ned as

h(z) = 1� 2��(z � d�); d� � z � d� +
1

2
;

= 1� ��

2
(1 + cos 2�(z � d� � 1

2
)); d� +

1

2
� z � d� + 1;

= 1; otherwise. (5.22)

w = 0; � = 0; and Hz = Hr = 0 at r = h(z); (5.23)

w = 0; � = 1; at r = ": (5.24)

5.3 Solution of the problem

The solution of Eq. (5:17) shows that Hr = 0; substituting into Eq. (5:20) we get

J� =
@Hz
@r

= �Rm
�

hw

r
+ c1: (5.25)

Since J� = 0 at r = h from Eq. (5:25); gives c1 = 0; then replace it in Eq. (5:19). The exact

solutions of Eqs. (5:19)� (5:21) using Eqs. (5:23) and (5:24) are directly written as

� =
lnh� ln r
lnh� ln " +

�
Ks(1� �) +Kf (2 + �)

Ks(1 + 2�) + 2Kf (1� �)

��
�

4(lnh� ln ")

�
((�r2 + "2)

lnh+ (h� ")(h+ ") ln r + (�h2 + "2) ln "); (5.26)

80



w =
dp

dz

(1� �)2:5

(�4 +K)(h2
p
K � "2

p
K)
r�
p
K(h2

p
K(�r�

p
K + "2

p
K) + r

p
K"

p
K(�r�

p
K

"2 + r2"
p
K) + h2+

p
K(r2

p
K � "2

p
K)) +

Gr(1� �)2:5
2(�4 +K)2 (((1� �) + �

�ss
�ff

) sin �)

(
8x2r

2

(�4 +K)2 +
2x3r

2

�4 +K � 2x1r
4

�16 +K � 2x5h
p
Kr�

p
K +

2x2r
2

(�4 +K) ln r) +

(x5 � x6)r�
p
K(�h2

p
K + r2

p
K)"

p
K

�h
p
K + "

p
K

+
(x5 + x6)r

�
p
K(h2

p
K � r2

p
K)"

p
K

h
p
K + "

p
K

); (5.27)

where K = S2h2RmRen
� and �ow rate is given as

F =

hZ
"

rwdr: (5.28)

Using Eq. (5:27) into Eq. (5:28); we get the expression for pressure gradient as follows

dp

dz
=
F � x8x7((1� �) + � �ss

�ff
)

(1� �)2:5x6
: (5.29)

The pressure drop from above Eq. (5:29) can be de�ned as

�p =

LZ
0

�
�dp
dz

�
dz: (5.30)

Using Eq. (5:30), the impedance resistance can be evaluated as

� =
�p

F
=

d�Z
0


2(z) jh=1 dz +
d�+ 1

2Z
d�


2(z)dz +

d�+1Z
d�+ 1

2


2(z)dz+

LZ
d�+1


2(z) jh=1 dz; (5.31)

where
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2(z) =
1

F

 �F + x8x7((1� �) + � �ss
�ff

)

(1� �)2:5x6

!
: (5.32)

Using Eq. (5:32) into Eq. (5:31), we get

� =
�p

F
= (L� 1)
(z)2 jh=1 +

d�+ 1
2Z

d�


(z)2dz +

d�+1Z
d�+ 1

2


(z)2dz: (5.33)

The expression for axial induced magnetic �eld Hz and the current density distribution J� can

be obtained using Eq. (5:27) into Eq. (5:25) and from some straight forward calculation we

have

J� =
1

(�4 +K)(h2
p
K � "2

p
K)�

dp

dz
((1� �)2:5hr�1�

p
KRm(h

2
p
K(r2+

p
K�

"2+
p
K) + r

p
K"

p
K(r

p
K"2 + r2"

p
K) + h2+

p
K(�r2

p
K + "2

p
K)))+

x9hRm
2r�

(� 8x2r
2

(�4 +K)2 �
2x3r

2

�4 +K +
2x1r

4

�16 +K + 2x5h
p
Kr�

p
K+

(x5 � x6)r�
p
K(�h2

p
K + r2

p
K)

(h2
p
K � "2

p
K)

+
(x5 + x6)r

�
p
K(�h2

p
K + r2

p
K)

(h2
p
K � "2

p
K)

�

2x2r
2 ln r

�4 +K ); (5.34)

Hz =
1

2(�4 +K)
p
K�(h2

p
K � "2

p
K)

dp

dz
((1� �)2:5(�4 +K)hr�

p
KRm(h

p
K

r
p
K(�2h2r

p
K + h

p
K(�h2(�2 +

p
K) +

p
Kr2)) + 2(h

p
K � r

p
K)2

"2+
p
K + (�2h2+

p
K + r

p
K(h2(2 +

p
K)�

p
Kr2))"2

p
K)) +

hx9Rm
4�

(�

x2(�12 +K)(h� r)(h+ r)
(�4 +K)2 +

x1(�h4 + r4)
�16 +K +

4x5(1� h
p
Kr�

p
K)p

K
+

2(x5 � x6)r�
p
K(h

p
K � r

p
K)2p

K(h
p
K � "

p
K)

+
2(x5 + x6)r

�
p
K(h

p
K � r

p
K)2p

K(h
p
K + "

p
K)

+

2(x3(h� r)(h+ r) + x2h2 lnh� x2r2 ln r
(�4 +K) ): (5.35)
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The wall shear stress is obtained by using Eq. (5:27) in following expression,

Srz = �
�nf
�f

�
@w

@r

�
r=h

; (5.36)

or

Srz = �
 
dp

dz

(h2+2
p
K(�2 +

p
K)� 2h

p
K
p
K"2+

p
K + h2(2 +

p
K)"2

p
K)

h(�4 +K)(h2
p
K � "2

p
K)

+
x9

h(1� �)2:5 (�
4x1h

4

�16 +K + x5
p
K +

h2(2x3(�4 +K) + x2(4 +K))
(�4 +K)2

+
(x5 � x6)h

p
K
p
K

(�h2
p
K + "2

p
K)

� (x5 + x6)h
p
K
p
K

(h2
p
K + "2

p
K)

+
2x2h

2 lnh

�4 +K

!!
: (5.37)

5.4 Appendix

xo =

�
Ks(1� �) +Kf (2 + �)

Ks(1 + 2�) + 2Kf (1� �)

�
; x1 =

�xo
4
; x2 =

�4 + �xo(h� ")(h+ ")
4(lnh� ln ") ;

x3 =
1

4(lnh� ln ")(�xo"
24 lnh lnh� �xoh2 ln "); x4 = �

x3h
2

4�K +
x1h

4

16�K+

x2h
2(4 + (�4 +K) lnh)

(4�K)2 ; x5 = �
x3"

2

4�K +
x1"

4

16�K +
x2"

2(4 + (�4 +K) ln ")
(4�K)2 ;

x6 =
1

(4(�4 +K)2(h2
p
K � "2

p
K))

((1� �)2:5(�16h2+
p
K
p
K"2+

p
K + "2+

p
K(h4

(2 +
p
K)2 � (�2 +

p
K)2"4) + h2

p
K(�h4(�2 +

p
K)2 + (2 +

p
K)2"4)));

x7 =
1

48
(
48h2x5

�2 +
p
K
+
48"2x6

2 +
p
K
� 3(�20 +K)(h

4 � "4)x2
2 +

p
K

+
12(h4 � "4)x3
�4 +K +

8(�h6 + "6)x1
�16 +K � 48(h� ")(h+ ")(x5 � x6)h

p
K
p
K

(�4 +K)(h
p
K � "

p
K)

� 48(h
2 + "2)(x5 + x6)h

p
K
p
K

(�4 +K)(h
p
K � "

p
K)

+
12x2(h

4 lnh� "4 ln ")
(�4 +K) ); x8 = (1� �)2:5Gr sin �; x9 = x8((1� �) + �

�ss
�ff

):
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5.5 Results and discussion

In order to discuss the implementation of the extended set of Navier-Stokes equations with

additional nanoparticle contributions and induced magnetic �eld we have plotted the graphs

of the axial induced magnetic �eld, current density, wall shear stress, impedance resistance

to blood �ow, temperature pro�le and stream lines. The graphs are plotted with the help of

di¤erent emerging �ow parameters by keeping constants such as � = 0:07; Rm = 2; S = 0:8;

� = 0:9; L = 3; z = 1:5, � = 0:2; F = 0:03; Ren = 1; Gr = 2; d� = 1:0; � = 0; �
4 ;

�
2

(vertical, horizontal, inclined arteries): Figs. (5:2) to (5:7) are plotted for wall shear stress

investigation along z in the composite stenotic region. We observed here that for the stenotic

curve (1:0 � z � 1:5) wall shear stress starts increasing from the beginning of the stenosis

until a maximum constriction (i.e., throat) is obtained then decreases to reach the end of the

stenotic segment (1:5 � z � 2:0). Fig. (5:2) is plotted to show the e¤ect of stenosis height �

on the wall of stenosed arteries. It is analyzed from this �gure that with an increase in stenosis

height � stresses on the wall of stenosed arteries increases. The wall shear stress for di¤erent

values of inclination angle � is given in Fig. (5:3): It is found that the stresses on the wall of

horizontal composite stenosed arteries are higher when compared to the inclined and vertical

composite stenosed arteries. The graph with di¤erent variations of Strommers number S and

magnetic Reynolds number Rm are discussed through Figs. (5:4) and (5:5). The in�uence of

the Strommers number S and magnetic Reynolds Rm on wall of the inclined stenosed arteries

depicts that the magnetic �eld become stronger with an increase in these parameters. Moreover,

these �gures also show that the signi�cantly strong magnetic �eld increases the stresses on the

wall of inclined stenosed arteries. Figs: (5:6) and (5:7) are plotted for di¤erent values of the

heat source parameter � and Grashof number Gr: It is depicted from these �gures that the

stresses on the wall of inclined stenosed arteries start decreasing with an increase in internal

heat source parameter and viscous forces. The resistance impedance to blood �ow is important

to discuss the disease section properly and plotted here from Fig. (5:8) � (5:12) against the

stenosis height �. The resistance impedance to blood �ow for di¤erent values of Strommers

number S and magnetic Reynolds number Rm is given in Figs. (5:8) and (5:9). It is depicted

from these �gures that resistance impedance to �ow increases because magnetic �eld becomes

more stronger with an in the values of the Strommers number S and magnetic Reynolds number
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Rm: This increase in the resistance is due to the fact that when magnetic �eld is applied to

the �uid the Lorentz force will oppose the �ow, which tends to retard the �ow of blood. The

e¤ects of Grashof number Gr and heat source parameter � on the wall of inclined stenosed

arteries are discussed in Figs. (5:10) and (5:11): It is observed from these graphs that with

an increase in Grashof number Gr and heat source parameter � the resistance impedance to

blood �ow decreases. In Fig. (5:12); it is observed that resistance to blood �ow is little higher

for horizontal stenosed arteries as comparing to the vertical and inclined stenosed arteries: The

variation of current density distribution J� along r (radial direction) is discussed through Figs.

(5:13) and (5:14). Fig. (5:13) is plotted to show that the in�uence of magnetic Reynolds number

Rm on current density distribution and concluded that strong magnetic �eld tend to decrease

in current density distribution between the region " � r � 0:58; while tend to increase between

the region 0:58 < r � h. The e¤ects of Strommers number S on current density distribution are

given in Fig. (5:14). It is depicted from this graph that current density distribution increases

between the region " � r � 0:58, while the opposite trend is observed in the rest of the region

0:58 < r � h. The graphs of axial induced magnetic �eld are plotted through Figs. (5:15)

and (5:16): The variations of magnetic Reynolds number Rm are discussed in Fig. (5:15): It

is observed from this �gure that the axial induced magnetic �eld increases between the region

" � r � 0:38; while decreases between the region 0:38 < r � h. Further, this graph also shows

that the axial induced magnetic �eld increases throughout the inclined stenosed arteries for pure

blood case with an increase in the values of the magnetic Reynolds number Rm: Fig. (5:16)

is plotted to discuss the e¤ects of Strommers number S and observed that the axial induced

magnetic �eld decreases between the region " � r � 0:38, while the opposite trend is observed

between the region 0:38 < r � h. The variations of temperature pro�le against radial direction

r are plotted through Figs. (5:17) � (5:18) for di¤erent values of interest. The temperature

pro�le is plotted for di¤erent values of the heat source parameter � and nanoparticle volume

fraction �. It is observed that temperature pro�le increases with an increase in the values of the

heat source parameter � and decreases for di¤erent values of the nanoparticle volume fraction

�. Stream lines by trapping represent an interesting phenomenon for blood �ow patterns of an

internally circulating bolus between the catheter and the artery wall. This �ow pattern has been

discussed here through Figs. (5:19) to (5:24) for silver and copper nanoparticles. The trapping
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phenomenon shows that the size of trapping bolus increases for the copper nanoparticles case.

Figs. (5:19) and (5:20) are prepared to discuss the e¤ects of stenosis height � and it is observed

from this blood �ow pattern that the number of trapping bolus increases by the closed stream

lines: From Figs. (5:21) and (5:22), it is observed that the signi�cantly strong magnetic �eld

tend to increase in the size of trapping bolus with an increases in the values of the magnetic

Reynolds number Rm. The e¤ects of Strommers number S are given in Figs. (5:23) and

(5:24): It is depicted from these stream lines patterns that with an increase in the values of

Strommers number S magnetic e¤ects enhance the trapping phenomenon. The tables (5:1) and

(5:2) are illustrated to show the variations of velocity pro�le for di¤erent values of the magnetic

Reynolds number Rm and Strommers number S against radial direction r. Tables (5:1) and

(5:2), shows that with an increase in the values of the magnetic Reynolds number Rm and

Strommers number S velocity pro�le decreases near the wall of the catheter between the region

" � r � 0:5, while increases near the wall of the inclined composite stenosed arteries between

the region 0:5 < r � h.
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Fig. (5.2): Variation of wall shear stress for di¤erent values of the stenosis height �:
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Fig. (5.3): Variation of wall shear stress for di¤erent values of the inclination angle �:

1 1.2 1.4 1.6 1.8 2
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

z

S rz

Pure Blood
Cu Blood
Ag Blood

Rm = 1.1
Rm = 1.5
Rm = 1.9

Fig. (5.4): Variation of wall shear stress for di¤erent values of magnetic Reynolds Rm:
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Fig. (5.5): Variation of wall shear stress for di¤erent values of values of Strommers number S.
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Fig. (5.6): Variation of wall shear stress for di¤erent values of the heat source parameter �:
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Fig. (5.7): Variation of wall shear stress for di¤erent values of the Grashof number Gr:
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Fig. (5.8): Variation of resistance impedance for di¤erent values of Strommers number S:
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Fig. (5.9): Variation of resistance impedance for di¤erent values of magnetic Reynolds Rm.
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Fig. (5.10): Variation of resistance impedance for di¤erent values of Grashof number Gr:
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Fig. (5.11): Variation of resistance impedance to blood �ow for di¤erent values of heat

source parameter �:
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Fig. (5.13): Variation of current density distribution for di¤erent values of magnetic
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Fig. (5.14): Variation of current density distribution for di¤erent values of Strommers

number S:
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Fig. (5.15): Variation of axial induced magnetic �eld for di¤erent values of magnetic

Reynolds Rm:
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Fig. (5.16): Variation of axial induced magnetic �eld for di¤erent values of Strommers
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Fig. (5.17): Variation of temperature pro�le for di¤erent values of the heat source parameter
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fraction �:

94



1.0 1.2 1.4 1.6 1.8 2.0
0.2

0.4

0.6

0.8

1.0

1.2

z

r

(a)

1.0 1.2 1.4 1.6 1.8 2.0
0.2

0.4

0.6

0.8

1.0

1.2

z

r

(b)

1.0 1.2 1.4 1.6 1.8 2.0
0.2

0.4

0.6

0.8

1.0

1.2

z

r

(c)

Figs. (5.19): Blood �ow pattern (Cu nanoparticles) for (a) � = 0:25; (b) � = 0:27; (c)

� = 0:29.
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Figs. (5.20): Blood �ow pattern (Ag nanoparticles) for (a) � = 0:25; (b) � = 0:27; (c)

� = 0:29.
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Figs. (5.21): Blood �ow pattern (Cu nanoparticles) for (a) Rm = 0:36; (b) Rm = 0:38; (c)

Rm = 0:40:
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Figs. (5.22): Blood �ow pattern (Ag nanoparticles) for (a) Rm = 0:36; (b) Rm = 0:38; (c)

Rm = 0:40:
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Figs. (5.23): Blood �ow pattern (Cu nanoparticles) for (a) S = 3:9; (b) S = 4:0; (c) S = 4:1.
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Figs. (5.24): Blood �ow pattern (Ag nanoparticles) for (a) S = 3:9; (b) S = 4:0; (c) S = 4:1.
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w Pure blood (� = 0:00) Copper Blood Silver Blood

r Rm=2.0 Rm=3 Rm=4 Rm=2 Rm=3 Rm=4 Rm=2 Rm=3 Rm=4

" 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000

0.2 0.05591 0.05048 0.04605 0.07880 0.06873 0.06099 0.08854 0.07717 0.06842

0.3 0.08465 0.07889 0.07405 0.11071 0.10024 0.09190 0.12168 0.10997 0.10065

0.4 0.09883 0.09489 0.09145 0.11919 0.11218 0.10634 0.12759 0.11986 0.11344

0.5 0.10151 0.10001 0.09861 0.11162 0.10912 0.10682 0.11565 0.11299 0.11055

0.6 0.09417 0.09491 0.09545 0.09301 0.09450 0.09552 0.09237 0.09412 0.09534

0.7 0.07789 0.08010 0.08197 0.06770 0.07172 0.07496 0.06343 0.06792 0.07153

0.8 0.05356 0.05609 0.05832 0.03983 0.04430 0.04805 0.03420 0.03912 0.04323

h 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000

Table (5.1): Variations of velocity pro�le for di¤erent values of the magnetic Reynolds Rm:

w Pure blood (� = 0:00) Copper Blood Silver Blood

r S=0.3 S=0.6 S=0.9 S=0.3 S=0.6 S=0.9 S=0.3 S=0.6 S=0.9

" 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000

0.2 0.06872 0.06176 0.05288 0.10537 0.09041 0.07310 0.11852 0.10165 0.08211

0.3 0.09764 0.09067 0.08146 0.13690 0.12238 0.10484 0.15099 0.13473 0.11511

0.4 0.10726 0.10281 0.09667 0.13557 0.12667 0.11530 0.14571 0.13585 0.12330

0.5 0.10432 0.10290 0.10070 0.11654 0.11401 0.11026 0.12090 0.11821 0.11421

0.6 0.09218 0.09330 0.09460 0.08853 0.09112 0.09387 0.08721 0.09018 0.09338

0.7 0.07295 0.07559 0.07911 0.05779 0.06326 0.06995 0.05235 0.05847 0.06594

0.8 0.04816 0.05101 0.05495 0.02940 0.03507 0.04231 0.02269 0.02895 0.03693

h 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000

Table. (5.2): Variations of velocity pro�le for di¤erent values of the Strommers number S:
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Chapter 6

Nanoparticles analysis on blood �ow

through tapered catheterized elastic

artery with overlapping stenosis

The main purpose of this chapter is to examine the analysis of blood �ow between an arterial

stenosis and a uniform catheter by using Buongiorno�s model. The nature of blood through

coaxial tubes is considered as nano viscous �uid. The mild stenosis approximation and corre-

sponding boundary conditions are used to obtain analytic expressions for axial velocity, temper-

ature distribution, nanoparticles concentration, wall shear stress and resistance impedance to

�ow. The model is also used to study the consequence of thermophoresis parameter and Brown-

ian motion number on the blood �ow through stenosed arteries by plotting graphs of wall shear

stress and resistance to blood �ow. This considered phenomenon presents that the thermal

conductivity of the nano�uid enhanced only due to increase in Brownian motion number and

hence also useful to minimize the hemodynamic e¤ects of stenosis.

6.1 Fundamental equation of Buongiorno�s model

The heat and nanoparticles concentration phenomenon is taken into account by giving tempera-

ture To and concentration Co to the wall of the catheter, while temperature T1 and concentration

C1 to the wall of the artery. Expression of the law of conservation of mass, temperature and
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nanoparticles concentration is given as

div �V = 0; (6.1)

�f
d�V

d�t
= �rp + �fr2 �V + �fg�t(T � T1) + �fg�c(C�C1); (6.2)

d �T

d�t
=

k

(�c)f
r2 �T +

(�c)p
(�c)f

�
D �Br �C:r �T +

�
D �T

T1

�
r �T :r �T

�
; (6.3)

d �C

d�t
= D �Br2 �C +

�
D �T

T1

�
r2 �T ; (6.4)

in which D �B is de�ned as the Brownian di¤usion coe¢ cients and D �T as the thermophoretic

di¤usion coe¢ cient respectively. Also, � = (�c)p
(�c)f

describes the ratio between the e¤ective heat

capacity in the case of nanoparticle material and heat capacity of the �uid.

6.2 Mathematical formulation

The governing equations for nano viscous �uid by using Eqs. (6:1) to (6:4), can be written as

@u

@r
+
u

r
+
@w

@z
= 0; (6.5)

�f

�
@u

@t
+ u

@u

@r
+ w

@u

@z

�
= �@p

@r
+

�
@2u

@r2
+
1

r

@u

@r
+
@2u

@z2
� u

r2

�
; (6.6)

�f

�
@w

@t
+ u

@w

@r
+ w

@w

@z

�
= �@p

@z
+

�
@2w

@r2
+
1

r

@w

@r
+
@2w

@z2

�
+ �fg�t(T � T1) + �fg�c(C � C1);

(6.7)
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�
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�
@2T

@r2
+
1

r

@T

@r
+
@2T

@z2

�
+ �

�
DB

�
@C

@r

@T

@r
+
@C

@z

@T

@z

�
+
DT
T1

(�
@T

@r

�2
+

�
@T

@z

�2)#
; (6.8)

�
u
@C

@r
+ w

@C

@z

�
= DB

�
@2C

@r2
+
1

r

@C

@r
+
@2C

@z2

�
+
DT
T1

�
@2T

@r2
+
1

r

@T

@r
+
@2T

@z2

�
: (6.9)

For the above equation �t describes the coe¢ cient of thermal expansion and �c as the coe¢ cient

of thermal expansion with nano concentration. Non-dimensional variables are de�ned as

r =
r

e0
; z =

z

L0
; w =

w

uo
; u =

L0u

uo�
; p =

e20p

uoL0�
; t =

tuo
L0

;

Ren =
L0uo�

�
; � =

T � T1
T0 � T1

; � =
C � C1
C0 � C1

; Nt =
(�c)pDT (T0 � T1)

T1(�c)f�
;

� =
k

(�c)f
; Nb =

(�c)pDB(C0 � C1)
(�c)f�

; Br =
�g�ce

2
0(C0 � C1)
�uo

;

Gr =
�g�te

2
0(T0 � T1)
�uo

: (6.10)

Here Nb de�ned as Brownian motion parameter, Br as the local nanoparticle Grashof number,

Gr local temperature Grashof and Nt as the thermophoresis parameter. Using above Eq. (6:10),

mild stenosis case �� = �
e0
� 1 and extra condition � = e0

b � O(1); the constitutive Eqs. (6:6)

to (6:9) can be written as

@p

@r
= 0; (6.11)

@p

@z
=
1

r

�
@

@r

�
r
@w

@r

��
+Gr� +Br�; (6.12)

1

r

@

@r

�
r
@�

@r

�
+Nb

�
@�

@r

��
@�

@r

�
+Nt

�
@�

@r

�2
= 0; (6.13)
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��
+
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�
1

r

@

@r

�
r
@�

@r

��
= 0: (6.14)

The geometry of stenosis in dimensionless form is de�ned as

h(z; t) = [(�z + 1)� � cos�(z � d�)f11� 94
3
(z � d�) + 32(z � d�)2 � 32

3

(z � d�)3g]Q1(t); d� � z � d� +
3

2
;

= (�z + 1)Q1(t); otherwise, (6.15)

where corresponding boundary conditions are de�ned as

w = 0 at r = h(z); w = 0 at r = "; (6.16)

� = 0 at r = h(z); � = 1 at r = "; (6.17)

� = 0 at r = h(z); � = 1 at r = "; (6.18)

where in above

� =
��

e0
; d� =

d

L0
: (6.19)

6.3 Solution of the problem

For the solution of Eqs. (6:13) and (6:14); HPM suggest that we can write these equation as

follow

H(�; �) = (1� �)[�(�)� �(�10)] + �
"
�(�) +Nb

�
@�

@r

��
@�

@r

�
+Nt

�
@�

@r

�2#
; (6.20)

H(�; �) = (1� �) [�(�)� �(�10)] + �
�
�(�) +

Nt
Nb

�
1

r

@

@r

�
r
@�

@r

���
: (6.21)
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The linear operator and the initial guesses are chosen and de�ned as

�r� =
1

r

@

@r

�
r
@

@r

�
; �r� =

1

r

@

@r

�
r
@

@r

�
; (6.22)

�10(r; z) = �
�
r � h
h� "

�
; �10(r; z) = �

�
r � h
h� "

�
: (6.23)

According to HPM, we may de�ne as

� = �0 +��1 + :::;

� = �0 +��1 + :::; (6.24)

Making use of Eq. (6:24) into Eqs. (6:20) and (6:21) for �! 1; the expressions of temperature

and nanoparticles concentration are written as

� = �r � h
h� " +

1

4(lnh� ln ")(h� ")2 (4h(r lnh� h ln r + (h� r) ln ")�

(r2(lnh� ln ") + h2(� ln r + ln "))(Nb +Nt)� 4((h+ r)

lnh� 2h ln r + (h� r) ln ")"+ (lnh� ln r)(4 +Nb +Nt)"2); (6.25)

� = �r � h
h� " +

(Nb +Nt)(r lnh� h ln r + (h� r) ln "+ (� lnh+ ln r)")
(lnh� ln ")Nb(h� ")

: (6.26)

Using Eqs. (6:25) and (6:26), we can �nd exact solution for axial velocity of Eq. (6:12)
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w =
dp

dz

r2(lnh� ln ") + h2(� ln r + ln ") + "2(� lnh+ ln r)
4(lnh� ln ") +

1

144(lnh� ln ")(h
2(36c1 � 36c4 + h(16c2 + 9c3h)) ln r + (�h2(36c1 �

36c4 + 16c2h+ 9c3h
2) + 36(c1 � c4)r2 + 16c2r3 + 9c3r4 + 36c4r2 ln r)

ln "� lnh(r2(36c1 � 36c4 + r(16c2 + 9c3r)) + 36c4((�h2 + r2) ln r +

h2 ln ")) + (lnh� ln r)"2(36(c1 � c4 + c4 ln ") + 16c2"+ 9c3"2)): (6.27)

Flow rate is given as

F =

hZ
"

rwdr: (6.28)

Using Eq. (6:27) into Eq. (6:28); we get the expression for pressure gradient as follows

dp

dz
=
F � c6(z)
c5(z)

: (6.29)

Since F is constant for all sections between the two coaxial tubes, the pressure drop across the

length of the overlapping stenosis is given as

�p =

LZ
0

�
�dp
dz

�
dz: (6.30)

Using above Eq. (6:30), the impedance resistance can be evaluated as

� =
�p

F
=

8><>:
d�Z
0

�3(z) jh=(�z+1)Q1(t) dz +
d�+ 3

2Z
d�


3(z)dz +

LZ
d�+ 3

2

�(z)3 jh=(�z+1)Q1(t) dz

9>=>; ; (6.31)

where
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3(z) =
1

F

�
�F + c6(z)

c5(z)

�
; (6.32)

�3(z) = 
3(z)jh=(�z+1)Q1(t): (6.33)

Expression for the wall shear stress is given as

Srz = �dp
dz

1

144h(lnh� ln ")(36(h
2(�1 + 2 lnh� 2 ln ") + "2)) +

1

(144h(lnh� ln "))(h
2(36c1 � 36c4 + h(16c2 + 9c3h)� 12 lnh

(6c1 � 6c4 + 4c2h+ 3c3h2 + 6c4 lnh) + 12(6c1 � 3c4 + 4c2h+ 3c3

h2 + 6c4 lnh) ln ")� "2(36(c1 � c4 + c4 ln ") + 16c2"3 + 9c3"2)): (6.34)

6.4 Appendix

c1 =
1

(4(lnh� ln ")Nb
(4BrNt(h� ")(h ln "� " lnh) +GrN2

b (�h2

ln "+ "2 lnh) +Nb(4(Br +Gr)(h� ")2 lnh+GrNt(�h2 ln "+ "2 lnh)));

c2 =
BrNt
Nb

(h� ")2; c3 =
�Gr(Nt +Nb)
4(h� ")2 ; c4 =

1

4(lnh� ln ")Nb(h� ")
(4BrNt(�h+ ") +GrN2

b (h+ ") +Nb(�4(Br +Gr)(h� ") +GrNt(h+ ")));

c5 =
1

16(lnh� ln ")(h
4(1� lnh+ ln ")� 2h2"2 + (1 + lnh� ln ")"4);

c6 =
1

2880(lnh� ln ")(h
4(�5(36c1 � 36c4 + h(16c2 + 9c3h)) + 3(lnh)(60

c1 � 105c4 + 4h(8c2 + 5c3h) + 60c4 lnh)� 3(60c1 � 45c4 + 4h(8c2 + 5c3h)+

60c4 lnh) ln ") + "
2(5h2(72c1 � 72c4 + h(16c2 + 9c3h) + 36c4(lnh+

ln ")) + "(80c2h
2 + "(45(�4c1 + 4c4 + c3h2 + (lnh)(�4c1 + 3c4 � 4c4 ln ")+

(ln ")(4c1 � 7c4 + 4c4 ln "))� 16c2(5 + 6 lnh� 6 ln ")"� 15c3(3 + 4 lnh�

4 ln ")"2)))):
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6.5 Results and discussion

In order to understand the quantitative e¤ects of thermophoresis parameter Nt and Brownian

motion number Nb; we have plot the graphs of wall shear stress, impedance resistance to �ow,

nanoparticles concentration, temperature distribution and axial velocity by considering three

distinct arteries. The graphs are plotted by keeping the parameter constant such as Br = 2;

L = 3; � = 0:2; F = 0:01; d� = 0:75; Gr = 2; �o = 0:1; ! = 7:854; z = 1:5, t = 0:5; Nt = 2:0;

Nb = 2:0; " = 0:1: Figs. (6:1) and (6:2) are plotted to observe the in�uence of axial velocity

w on blood �ow through overlapping stenosis. From these �gures, it is observed that velocity

pro�le increases near the wall of the catheter (0:1 � r � 0:65 (� < 0), 0:1 � r � 0:70 (� > 0),

0:1 � r � 0:67 (� = 0)) with an increase in the values of Brownian motion number Nb and

decreases with an increase in the values of thermophoresis parameter Nt, while the opposite

trend is observed near the wall of arteries in the segments between (0:65 < r � h (� < 0),

0:70 < r � h (� > 0), 0:67 < r � h (� = 0)). The variations of temperature distribution �

for di¤erent values of thermophoresis parameter Nt and Brownian motion number Nb are given

in Figs. (6:3) and (6:4): It is analyzed that temperature pro�le increases with an increase in

the values of thermophoresis parameter Nt and Brownian motion number Nb near the wall of

arteries between the interval 0:35 < r � h, while the opposite trend is observed between the

interval " � r � 0:35. This temperature pro�le pattern shows that the random motion of the

nanoparticles is dominating near the wall of the arteries then near the wall of the catheter.

The variations of nanoparticles concentration pro�le � for di¤erent values of thermophoresis

parameter Nt and Brownian motion number Nb are presented in Figs. (6:5) and (6:6). It is

observed from Fig. (6:5); that nanoparticles concentration pro�le � increases with an increase

in Brownian motion number Nb. This result justi�es that with an increase in random motion of

particles the density of �uid increases which also enhance the mass �ux and hence nanoparticles

concentration pro�le increases. From Fig. (6:6), it is depicted that nanoparticles concentration

pro�le decreases with an increase in thermophoresis parameter Nt. At the end, it is concluded

from these results that for thermophoresis parameter and Brownian motion number temperature

pro�le possess same behavior, while opposite trend is observed for nanoparticles concentration

pro�le. In Figs. (6:7) and (6:8) the variations of wall shear stress versus z is plotted between

the stenotic segment 0:75 � z � 2:25 to understand the development of arterial disease with
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di¤erent �ow parameters. We can see that wall shear stress gives higher results for convergent

tapering as associated with other tapering arteries. The variation of wall shear stress for

di¤erent values of Brownian motion number Nb and thermophoresis parameter Nt versus axial

distance z is given in Figs. (6:7) and (6:8). It is illustrated from these graphs that stresses

on the wall of arteries decreases with an increase in Nb and this increase in random motion

of nanoparticles accelerates the �ow of blood to minimize stresses; while opposite behavior

is taken into account for thermophoresis parameter Nt. Figs. (6:9) and (6:10) presented to

observe the variation of the resistance impedance to �ow along the maximum height of stenosis

� for di¤erent values of tapering angle ': It is analyzed that resistance impedance to �ow gives

higher results for converging tapering as comparing to other tapering arteries. Fig. (6:9) is

plotted for di¤erent values of thermophoresis parameter Nt. It is observed from this graph

that resistance impedance to �ow increases with an increase in Nt: The resistance impedance

to �ow for Brownian motion number Nb is plotted in Fig:(6:10). This �gures depicts that the

random motion of particles enhanced the thermal conductivity of the nano�uid due to which

resistance to blood �ow decreases: Figs. (6:11) and (6:12) are plotted versus time t for almost

four and three cardiac phases. In these graphs we can see that the magnitude of �rst cycle starts

decreasing to obtain its minimum then starts increasing to obtain its maximum then replicate

its form again to obtain the starting point of the second cycle and so on. It is also observed

that these graphs decay as the time t increases. The trapping phenomenon for the blood �ow

in an overlapping stenosed artery is discussed through Figs. (6:13) to (6:15). The stream line

phenomena for tapering e¤ects are plotted in Fig. (6:13). It is observed from this �ow pattern

that trapping bolus shift towards lower side for divergent tapering, while shift towards upper

side for convergent tapering. The trapping for thermophoresis parameter Nt and Brownian

motion number Nb is discussed through �gs. (6:14) and (6:15) and it is observed that trapping

increases with an increase in the values of Brownian motion number Nb and thermophoresis

parameter Nt.
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Fig. (6.1): Variation of axial velocity for di¤erent values of Brownian motion number Nb.
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Fig. (6.13): Blood �ow pattern for di¤erent values of (a) ' > 0; (b) ' < 0; (c) ' = 0.
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Fig. (6.15): Blood �ow pattern for di¤erent values of (a) Nt = 0:1; (b) Nt = 0:2; (c) Nt = 0:9.
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Chapter 7

Single wall carbon nanotube

(SWCNT) examination on blood

�ow through a multiple stenosed

artery with variable nano�uid

viscosity

In this chapter, the theoretical model which deals with the analysis of variable viscosity and

thermal conductivity of a single wall carbon nanotube within the considered base �uid �owing

through multiple stenosed arteries is presented. A mathematical model is presented for the mild

stenosis case and then solved by using symmetry boundary conditions to determine the exact

solution of temperature, axial velocity and pressure gradient. The main hemodynamics due to

multiple stenosis are also computed under the in�uence of an SWCNT. Numerical simulations

are presented for the SWCNT with di¤erent values of nanoparticles volume fraction. The

behavior of �uid �ow for blood based SWCNT is discussed through graphs and streamlines. It

is found that the resistance to blood �ow increases for SWCNT case as compared to the pure

blood case.
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7.1 Mathematical formulation

Fig. (7.1): Geometry of multiple stenosed artery.

The axis-symmetric geometry of stenosis in dimensional form is given as

h(z) = e0[1� ��(Ln�1o (z � di)� (z � di)n)] di � z � di + Lo;

= e0; otherwise, (7.1)

where (i = 1; 2; 3) the radius of the non-stenotic arterial segment is e0, length of stenosis is

Lo, di measures the location of the stenosis and n � 2 determines the shape of stenosis. The

parameter �� is de�ned as

�� =
�n

n
n�1

e0Lno (n� 1)
: (7.2)

The governing equations for conservation of mass, momentum and temperature for variable

viscous nano�uid for a vertical stenosed artery can be written as,
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@u

@r
+
u

r
+
@w

@z
= 0; (7.3)

�nf

�
u
@u

@r
+ w

@u

@z

�
= �@p

@r
+
1

r

@

@r

�
2r�nf

@u

@r

�
+

@

@z

�
�nf

�
@u

@z
+
@w

@r

��
�2�nf

u

r2
; (7.4)

�nf

�
u
@w

@r
+ w

@w

@z

�
= �@p

@z
+
1

r

@

@r

�
r�nf

�
@u

@z
+
@w

@r

��
+

@

@z

�
2�nf

�
@w

@z

��
+g(�)nf (T � To); (7.5)

�
@T

@t
+ u

@T

@r
+ w

@T

@z

�
=

Knf

(�cp)nf

�
@2T

@r2
+
1

r

@T

@r
+
@2T

@z2

�
+

Q0
(�cp)nf

: (7.6)

In the above equations for the proposed nano�uid model �nf is the variable nano�uid viscosity;

Knf is the thermal conductivity, �nf is the density, nf is the thermal expansion coe¢ cient

and (�cp)nf is the heat capacitance. The thermo physical properties with variable nano�uid

viscosity is given as;

�nf =
�f (�)

(1� �)2:5 ; �nf =
Knf

(�cp)nf
; �nf = (1� �)�f +��SWCNT

;

(�cp)nf = (1� �)(�cp)f +�(�cp)SWCNT ; (�)nf = (1� �)(�)f +�(�)SWCNT ;

Knf

Kf
=
(1� �) + 2� kSWCNT

kSWCNT�kf ln
kSWCNT+kf

2kf

(1� �) + 2� kf
kSWCNT�kf ln

kSWCNT+kf
2kf

: (7.7)

For the base �uid �f is the density, �f is the viscosity, f is the thermal expansion coe¢ cient,

(�cp)f is the heat capacitance and kf is the thermal conductivity, while for single carbon

nanotubes �
SWCNT

is the density, 
SWCNT

is the thermal expansion coe¢ cient, (�cp)SWCNT

is the heat capacitance, kSWCNT is the thermal conductivity and � is the volume fraction.

Reynolds model�s of viscosity is de�ned as
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�f (�) = �oe
���; (7.8)

where � is de�ned as coe¢ cient of Reynolds model�s of viscosity. Non-dimensional variables

are de�ned as

r =
r

e0
; w =

w

uo
; u =

Lu

uo�
; p =

e20p

uoLo�o
; � =

Q0e
2
0

T0kf
; L =

L

L0
;

Ren =
e0uo�f
�o

; Gr =
gf�fe

2
0T0

u0�o
; � =

T � To
To

; z =
z

Lo
: (7.9)

Using the mild stenosis case �� = �
e0
� 1 and taking the extra condition � = e0

Lo
� O(1); the

constitutive Eqs. (7:4) to (7:6) can be written as

@p

@r
= 0; (7.10)

@p

@z
=
1

r

@

@r

�
�nf (�)

�o

�
r
@w

@r

��
+
(�)nf
(�)f

Gr�; (7.11)

@2�

@r2
+
1

r

@�

@r
+ �

Kf

Knf
= 0: (7.12)

Boundary conditions and geometry of stenosis in dimensionless form are de�ned as

h(z) = 1� �((z � �i)� (z � �i)n)] �i � z � �i + 1;

= 1 otherwise. (7.13)

w = 0; � = 0; at r = h(z); (7.14)

@w

@r
= 0;

@�

@r
= 0 at r = 0; (7.15)

where

� =
��n

n
n�1

(n� 1) ; �
� =

�

e0
; d�i =

di
Lo
: (7.16)
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7.2 Solution of the problem

The exact solutions of Eqs. (7:11) and (7:12) using Eqs. (7:14) and (7:15) are written as

� = ��
�
r2 � h2
4

�24(1� �) + 2� kf
kSWCNT�kf ln

kSWCNT+kf
2kf

(1� �) + 2� kSWCNT
kSWCNT�kf ln

kSWCNT+kf
2kf

35 ; (7.17)

w =
dp

dz
(1� �)2:5

�
m3(r

2 � h2)
4

� m4(r
4 � h4)
8

�
+

�
(1� �) + �(�)SWCNT

(�)f

�
Gr(1� �)2:5

�
m5(h

2 � r2)
2

+
m6(h

4 � r4)
4

+
m7(h

6 � r6)
6

�
: (7.18)

Flow rate is given as

F =

hZ
0

rwdr: (7.19)

Substituting Eq. (7:18) into Eq. (7:19); we obtain an expression for the pressure gradient as

follows

dp

dz
=
F �m9(z)(1� �)2:5

�
(1� �) + � (�)SWCNT

(�)f

�
h4

m8(z)(1� �)2:5h4
: (7.20)

The pressure drop between the segment z = 0 to z = L through the stenosis that is calculated

from above Eq. (7:20) can be de�ned as

�p =

LZ
0

�
�dp
dz

�
dz: (7.21)

Using Eq. (7:21), the impedance resistance can be given after simplifying all the stenotic and

non-stenotic segments as
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� =
�p

F
=

�1Z
0


4(z)jh=1dz +
�1+1Z
�1


4(z)dz +

�2Z
�1+1


4(z)jh=1dz+

�2+1Z
�2


4(z)dz +

�3Z
�2+1


4(z)jh=1dz +
�3+1Z
�3


4(z)dz+

LZ
�3+1


4(z)jh=1dz; (7.22)

where


4(z) =
1

F

0@m9(z)(1� �)2:5
�
(1� �) + � (�)SWCNT

(�)f

�
h4 � F

m8(z)(1� �)2:5h4

1A : (7.23)

Substituting Eq. (7:23) into Eq. (7:22), we have

� =
�p

F
= (L� 3)m10 +

�1+1Z
�1


4(z)dz +

�2+1Z
�2


4(z)dz +

�3+1Z
�3


4(z)dz: (7.24)

Expression for the wall shear stress is given as

Srz = �
�nf
�o

�
@w

@r

�
r=h

: (7.25)

Substituting Eq. (7:18) into Eq. (7:25), we have

Srz = � 1

(1� �)2:5(m3 �m4h2)

�
(1� �)2:5

�
(1� �) + �(�)SWCNT

(�)f

�
Gr

(�m5h�m6h
3 �m7h

5) +
dp

dz

(1� �)2:5
2

(m3h�m4h
3)

�
: (7.26)
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7.3 Appendix

mo =

24(1� �) + 2� kf
kSWCNT�kf ln

kSWCNT+kf
2kf

(1� �) + 2� kSWCNT
kSWCNT�kf ln

kSWCNT+kf
2kf

35 ; m1(z) =
�mo

4
; m2(z) =

�h2mo

4
;

m3(z) = 1 + �m2(z); m4(z) = �m1(z); m5(z) =
m2(z)m3(z)

2
; m7(z) =

m1(z)m4(z)

4
;

m6(z) = �
m1(z)m3(z)

4
� m2(z)m4(z)

2
; m8(z) = �

m3

16
+
m4h

2

24
; m9(z) = Gr

�m5

8
+

m6h
2

12
+
m7h

4

16

�
; m10 = 
4(z)jh=1 ,�1 = d�1; �2 = d�1 + d

�
2 + 1; �3 = d�1 + d

�
2 + d

�
3 + 2:

7.4 Thermophysical properties of blood and SWCNT

Some experimental values of parameters useful for next section are given as

Physical properties blood SWCNT

cp(J=kgK) 3594 425

�(kg=m3) 1063 2600

K(W=mK) 0.492 6600

 � 10�5(1=K) 0.18 1.5

Table (7.1): Thermo physical properties.

7.5 Results and discussion

For evaluating reliability and accuracy of our exact solutions numerical measures of the pertinent

parameters are lighted through graphs in this section of chapter 7. The graphs of temperature,

wall shear stress and resistance impedance to �ow are plotted for the heat source parameter

�; Grashof number Gr; viscosity parameter �; stenosis shape n and height of the stenosis �

respectively. These graphs are considered for pure blood and SWCNT (� = 0:04; � = 0:07)

cases by keeping parameters constant such as � = 2:0; Gr = 2:0; � = 0:1; F = 0:06, n = 2,

d�1 = d�2 = d�3 = 0:5; � = 0:01; z = 2:5, L = 5: The magnitude of wall shear stress is very

essential to understand arterial disease because of its strong correlation with constriction of the

arteries. The graphs of wall shear stress along axial displacement are plotted in Figs: (7:2)�(7:6)
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for di¤erent cases. It is observed from these �gures that wall shear stress having stenosis gives

higher results for SWCNT case when compared to the pure blood case. From these �gures it

is concluded that for the �rst stenotic region the wall shear stress starts increasing from the

beginning of the stenosis until a maximum constriction (i.e., throat) is attained, then start

decreasing to reach the end of the stenotic section (0:5 � z � 1:5). This statement is also true

for other stenotic segments of multiple stenosis (2:0 � z � 3:0) and (3:5 � z � 4:5). Fig. (7:2),

It is interesting to note that symmetry of considered stenosis is destroyed with an increase in

stenosis shapes. The wall shear stress for di¤erent values of the stenosis height � is plotted

in Fig. (7:3). It is observed that the signi�cance of wall shear stress is directly proportional

to the maximum height of stenosis. Figs: (7:4) � (7:5) are plotted for di¤erent values of the

heat source parameter � and the Grashof number Gr: The stress on the wall of the arteries for

the di¤erent cases decreases with an increase in the values of the heat source parameter � and

the Grashof number Gr: The wall shear stress for di¤erent values of the viscosity parameter �

is plotted in Fig. (7:6). It is important to note here that the signi�cance of wall shear stress

decreases with an increase in the values of the viscosity parameter �. Stresses on the wall of the

arteries are higher for constant nano�uid when compared to the variable nano�uid viscosity.

The resistance impedance to �ow is plotted against the maximum height of stenosis in Figs.

(7:7)� (7:10). These graphs depict that resistance impedance to �ow increases with an increase

in the maximum height of stenosis and gives higher results for the SWCNT case as compared

to the pure blood case: The resistance impedance to �ow for di¤erent values of Grashof number

Gr and heat source parameter � is given through Figs. (7:7) � (7:8): Resistance impedance

to blood �ow decreases with an increase in the values of Grashof number Gr and heat source

parameter �: In Fig. (7:9) we observe that resistance in blood �ow through diseased arteries

decreases with an increase in the values of the stenosis shape n. The variations for di¤erent

values of viscosity parameter � for pure blood and SWCNT are depicted in Fig. (7:10). it is

analyzed that resistance to blood �ow decreases with an increase in the viscosity parameter

� and resistance to �ow is higher for constant nano�uid viscosity then for variable nano�uid

viscosity. It is concluded from this result that viscosity of the �uid plays signi�cant roll to

circulate the �ow properly during diseased state of the artery. The temperature pro�le for

di¤erent values of the stenosis height � and the heat source parameter � are given in Figs.
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(7:11) and (7:12). Temperature pro�le decreases with an increase in the values of stenosis

height �, while increases with an increase in the values of heat source parameter �. Trapping,

describing an interesting phenomenon for the blood �ow pattern in an artery having stenosis

is discussed in Figs. (7:13) � (7:16). In Fig. (7:13), we observe that the symmetry of trapped

bolus destroyed with an increase in the values of stenosis shape n. The trapping phenomenon

for stenosis height � is given in Fig. (7:14). The number of trapping bolus increases with the

closed stream lines. The important signi�cance of nanoparticles volume fraction � is discussed

in Fig. (7:15). The trapping bolus decreases with an increase in the nanoparticle volume

fraction as compared to the pure blood case � = 0:00: Fig. (7:16) shows the e¤ects of viscosity

parameter � and observed that the trapping bolus increases for variable nano�uid viscosity as

compared to constant nano�uid viscosity. Tables (7:2) and (7:3) illustrate for di¤erent values

of stenosis shape n; velocity pro�le and temperature pro�le give maximum results at r = 0 that

is the axis of symmetry. From table (7:2), it is observed that the temperature pro�les increases

throughout the stenosed artery between �h � r � h. The table (7:3) shows that the velocity

decreases at the center of the arteries with an increase in values of the stenosis shape n between

the region �0:6 � r � 0:6, while the opposite trend is observed near the wall of the arteries.
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n = 2, n = 7 , n = 11Pure Blood
SWCNT

Fig. (7.2): Variation of wall shear stress for di¤erent values of stenosis shape n.
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Fig. (7.3): Variation of wall shear stress for di¤erent values of stenosis height �.
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Fig. (7.4): Variation of wall shear stress for di¤erent values of Grashof number Gr.
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Fig. (7.5): Variation of wall shear stress for di¤erent values of the heat source parameter �.
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Fig. (7.6): Variation of wall shear stress for di¤erent values of the viscosity parameter �.
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Fig. (7.7): Variation of resistance impedance for di¤erent values of the Grashof number Gr:
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Fig. (7.8): Variation of resistance impedance for di¤erent values of the heat source

parameter �.
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Fig. (7.9): Variation of resistance impedance for di¤erent values of the stenosis shape n:
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Fig. (7.11): Variation of temperature pro�le di¤erent values of stenosis height �:
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Fig. (7.12): Variation of temperature pro�le di¤erent values of the heat source parameter �.
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Figs. (7.13): Blood �ow pattern for di¤erent values of stenosis shape (a) n = 2; (b) n = 5;

(c) n = 7.
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Fig. (7.14): Blood �ow pattern for di¤erent values of stenosis height (a) � = 0:22; (b)

� = 0:24; (c) � = 0:26:
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Fig. (7.15): Blood �ow pattern for di¤erent values of the nanoparticle volume fraction (a),

� = 0:00 (pure blood); (b) � = 0:1; (c) � = 0:2:
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Fig. (7.16): Blood �ow pattern for di¤erent values of the for di¤erent values of the viscosity

parameter (a) � = 0:0, (b) � = 0:05; (c) � = 0:09.
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� Pure blood (� = 0:00) SWCNT (� = 0:04) SWCNT (� = 0:07)

r n = 2 n = 7 n = 11 n = 2 n = 7 n = 11 n = 2 n = 7 n = 11

h 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000

0.8 0.09405 0.11108 0.11912 0.05423 0.06405 0.06869 0.04043 0.04775 0.05121

0.6 0.23405 0.25108 0.25912 0.13496 0.14478 0.14942 0.10061 0.10793 0.11139

0.4 0.33405 0.35108 0.35912 0.19262 0.20244 0.20708 0.14360 0.15092 0.15438

0.2 0.39405 0.41108 0.41912 0.22722 0.23704 0.24168 0.16939 0.17671 0.18017

0.0 0.41405 0.43108 0.43912 0.23875 0.24857 0.25321 0.17799 0.18531 0.18877

-0.2 0.39405 0.41108 0.41912 0.22722 0.23704 0.24168 0.16939 0.17671 0.18017

-0.4 0.33405 0.35108 0.35912 0.19262 0.20244 0.20708 0.17799 0.15092 0.15438

-0.6 0.23405 0.25108 0.25912 0.13496 0.14478 0.14942 0.10061 0.10793 0.11139

-0.8 0.09405 0.11108 0.11912 0.05423 0.06405 0.06869 0.04043 0.04775 0.05121

�h 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000

Table (7.2): Variations of temperature pro�le for di¤erent values of the stenosis shape n:

w Pure blood (� = 0:00) SWCNT (� = 0:04) SWCNT (� = 0:07)

r n = 2 n = 7 n = 11 n = 2 n = 7 n = 11 n = 2 n = 7 n = 11

h 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000

0.8 0.00668 0.00704 0.00716 0.00701 0.00742 0.00756 0.00735 0.00781 0.00799

0.6 0.02483 0.02473 0.02468 0.02503 0.02491 0.02485 0.02522 0.02509 0.02503

0.4 0.04383 0.04339 0.04323 0.04346 0.04296 0.04277 0.04307 0.04252 0.04229

0.2 0.05765 0.05702 0.05677 0.05675 0.05603 0.05575 0.05582 0.05501 0.05468

0.0 0.06266 0.06196 0.06161 0.06155 0.06075 0.06044 0.06040 0.05951 0.05915

-0.2 0.05765 0.05702 0.05677 0.05675 0.05603 0.05575 0.05582 0.05501 0.05468

-0.4 0.04383 0.04339 0.04323 0.04346 0.04296 0.04277 0.04307 0.04252 0.04229

-0.6 0.02483 0.02473 0.02468 0.02503 0.02491 0.02485 0.02522 0.02509 0.02503

-0.8 0.00668 0.00704 0.00716 0.00701 0.00742 0.00756 0.00735 0.00781 0.00799

�h 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000

Table (7.3): Variations of velocity pro�le for di¤erent values of the stenosis shape n:
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Chapter 8

In�uence of metallic nanoparticles

on blood �ow through arteries

having both stenosis and aneurysm

In this chapter, the main objective is to discuss the blood �ow analysis through inclined arteries

by treating its nature as viscous �uid. The e¤ects of both dilatation and constriction are con-

sidered to investigate the behavior of the both abnormal wall segments with variable nano�uid

viscosity. The nonlinear momentum equation for proposed model is simpli�ed by considering

the non-dimensionless parameters to �nd the exact solutions of the formulated problem. The

main hemodynamic e¤ects of stenosis and aneurysm are discussed for di¤erent values of the in-

terest by plotting the graphs of wall shear stress and resistance impedance to �ow and opposite

behavior is observed for both cases. The results also reveal that the nanoparticles with high

concentration are important to reduce the resistance impedance to blood �ow. The graphs of

stream lines show the formation of bolus appears in the aneurysm segment but no formation is

observed or seen in the stenotic segment.
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8.1 Mathematical formulation

Fig. (8.1): Geometry of the problem.

Consider an incompressible and laminar nano�uid �owing through a vessel of �nite length L

and inclined at an angle � to the axis. Also heat transfer phenomenon is taken into account by

giving temperature T0 to the wall of the artery. The geometry of the arterial wall is de�ned as

h(z) = (�z + e0)

�
e0 �

�i
2

�
1 + cos

2�

Li

�
z � �i �

Li
2

���
; �i � z � �i;

= (�z + e0); otherwise, (8.1)

where in above equation h(z) is de�ne as the radius of the abnormal arteries, �i as the maximum

distance of the ith abnormal segment projects into the lumen and is negative for aneurysms and

positive for stenosis, Li as the length of the ith abnormal segment, �i as the distance from the

origin to the start of the ith abnormal segment and is given by

�i =
iP
j=1
(dj + Lj)� Li; (8.2)
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and �i as the distance from the origin to the end of the ith abnormal segment is given as

�i =
iP
j=1
(dj + Lj); (8.3)

in which di is the distance separating the start of the ith abnormal segment from the start of

the segment if i = 1. In above geometry e0 is de�ned as constant radius of the normal artery

in the non-stenotic region, � as the tapering angle, L1 and L2 as the lengths of aneurysm

and stenosis, �1 and �2 as the critical heights of the aneurysm and stenosis, � =tan� as the

slope of the tapered artery. The possibility of di¤erent shapes of the arteries are de�ned as the

converging tapering (� < 0), as the non-tapered artery (� = 0) and as the diverging tapering

(� > 0). The governing equations for conservation of mass, momentum and temperature for

viscous �uid for an inclined artery can be written as

@u

@r
+
u

r
+
@w

@z
= 0; (8.4)

�nf

�
u
@u

@r
+ w

@u

@z

�
= �@p

@r
+
1

r

@

@r

�
2r�nf

@u

@r

�
+

@

@z

�
�nf

�
@u

@z
+
@w

@r

��
�2�nf

u

r2
� g(�)nf (T � To) cos � � g�nf cos �; (8.5)

�nf

�
u
@w

@r
+ w

@w

@z

�
= �@p

@z
+
1

r

@

@r

�
r�nf

�
@u

@z
+
@w

@r

��
+

@

@z

�
2�nf

�
@w

@z

��
+g(�)nf (T � To) sin � + g�nf sin �; (8.6)

�
@T

@t
+ u

@T

@r
+ w

@T

@z

�
=

Knf

(�cp)nf

�
@2T

@r2
+
1

r

@T

@r
+
@2T

@z2

�
+

Q0
(�cp)nf

: (8.7)

In above equations the thermo physical properties with respect to blood and copper nanopar-

ticles are given as
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�nf =
�f (�)

(1� �)2:5 ; �nf =
Knf

(�cp)nf
; �nf = (1� �)�f +��s;

(�cp)nf = (1� �)(�cp)f +�(�cp)s; (�)nf = (1� �)(�)f +�(�)s;
Knf

Kf
=
(Ks + 2Kf )� 2�(Kf �Ks)

(Ks + 2Kf ) + �(Kf �Ks)
; �f (�) = �oe

���: (8.8)

Non-dimensional variables are de�ned as

r =
r

e0
; w =

w

uo
; u =

eLu
uoe� ; p = e20p

uoeL�o ; t = tuoeL ;

� =
Q0e

2
0

T0Kf
; H =

Fr
Ren

; Ren =
e0uo�f
�o

; Gr =
gf�fe

2
0T0

u0�o
;

� =
T � To
To

; z =
zeL; Fr = u2o

ge0
; L =

LeL: (8.9)

Here e� represents as e� = max(�1; �2); eL as eL = min(L1; L2) and Fr as the Froud number.

Utilizing above Eq. (8:9), by assuming � = e0eL � O(1) and taking mild stenosis and aneurysm

condition the governing Eqs. (8:5) to (8:7) can be written as

@p

@r
= 0; (8.10)

@p

@z
=
1

r

@

@r

�
�nf (�)

�o

�
r
@w

@r

��
+
(�)nf
(�)f

Gr� sin � +
�nf
�f

Ren sin �

Fr
; (8.11)

@2�

@r2
+
1

r

@�

@r
+ �

Kf

Knf
= 0: (8.12)

The geometry of the arterial wall in dimensionless form is de�ned as

h(z) = (��z + 1)

�
1� ��i

2

�
1 + cos

2�

�i

�
z � ��i �

�i
2

���
for ��i � z � ��i ;

= (��z + 1); otherwise. (8.13)
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where

��i =
�i
e0
; d�i =

dieL ; �i = LieL : (8.14)

Corresponding boundary conditions are de�ned as

w = 0 at r = h(z);
@w

@r
= 0 at r = 0; (8.15)

� = 0 at r = h(z);
@�

@r
= 0 at r = 0: (8.16)

8.2 Solution of the problem

The exact solutions of temperature distribution and velocity pro�le using Eqs. (8:15) and (8:16)

are written as

� = �1
4
�(r2 � h2)

�
Ks(1� �) +Kf (2 + �)

Ks(1 + 2�) + 2Kf (1� �)

�
; (8.17)

w =
dp

dz

(h� r)(h+ r)(1� �)2:5(�6Hk3(z)� 3H(h2 + r2)k4(z))
24H

+

1

24H
(h� r)(h+ r)(2H sin � (6k5(z) + 3(h2 + r2)k6(z) + 2(h4 +

h2r2 + r4)k7(z))A2 + 6(1� �)2:5 sin � k3(z)A3 + 3(1� �)2:5

(h2 + r2) sin � k4(z)A3): (8.18)

Flow rate is given as

F =

hZ
0

rwdr: (8.19)

Using Eq. (8:18) into Eq. (8:19); we get the expression for pressure gradient as follows

dp

dz
= �(F � h

4 sin � k9(z))

h4(1� �)2:5k8(z)
: (8.20)
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Since F is constant for all sections, the pressure drop across the length of the abnormal artery

is given as

�p =

L�Z
0

�
�dp
dz

�
dz: (8.21)

Using above Eq. (8:21), the impedance resistance can be given after simplifying the ith abnormal

segment from i = 1 as

� =
�p

F
=

8><>:
��1Z
0

�5(z)dz +

��1Z
��1


5(z)dz +

��2Z
��1

�5(z)dz +

��2Z
��2


5(z)dz+

LZ
��2

�5(z)dz

9>=>; ; (8.22)

where


5(z) =
(F � h4 sin � k9(z))
h4F (1� �)2:5k8(z)

; (8.23)

�5(z) = 
5(z) jh=(��z+1) : (8.24)

Using Eq. (8:18) expression for the wall shear stress is given as

Srz = � 1

(1� �)2:5(k3(z) + h2k4(z))
(
dp

dz

�h(1� �)2:5(�6Hk3(z)� 6h2Hk4(z))
12H

�

1

12H
(h(2H sin �(6k5(z) + 6h

2k6(z) + 6h
4k7(z))A2 + 6(1� �)2:5 sin �

k3(z)A3 + 6(1� �)2:5h2 sin �k4(z)A3)): (8.25)
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8.3 Appendix

A1 =

�
Ks(1� �) +Kf (2 + �)

Ks(1 + 2�) + 2Kf (1� �)

�
; A2 = Gr

�
(1� �) + � �ss

�ff

�
(1� �)2:5

A3 =

�
(1� �) + � �s

�f

�
; k1(z) =

�A1
4
; k2(z) =

�h2A1
4

; k3(z) = 1 + � k2(z);

k4(z) = �� k1(z); k5(z) =
k2(z)k3(z)

2
; k6(z) = �

k1(z)k3(z)

4
+
k2(z)k4(z)

2
;

k7(z) = �
k1(z)k4(z)

4
; k8(z) = �

(3k3(z) + 2h
2k4(z))

48
;

k9(z) =
(H(6k5(z) + 4h

2k6(z) + 3h
4k7(z))A2 + (1� �)2:5(3k3(z) + 2h2k4(z))A3)

48H
:

��1 = d�1; �
�
1 = d�1 + �1; �

�
2 = d�1 + d

�
2 + �1; �

�
2 = d�1 + d

�
2 + �1 + �2:

8.4 Results and discussion

In this present model computer codes are used to calculate the results obtained for the resistance

impedance to �ow and the wall shear stress distribution in order to perceive the quantitative

e¤ects of the heat source parameter �; the Grashof numberGr; the nanoparticles volume fraction

�; the viscosity parameter �, the critical height of the aneurysm �1 and the critical height of

the stenosis �2 respectively. The graphs are plotted by considering three di¤erent types of

tapering e¤ects for mild stenosis and aneurysm cases by keeping the parameters constants

such as � = 0:01, Fr = 0:9; � = 2:0; � = 0:1, � = 0:9; �1 = 0:15; �2 = 0:15; F = 0:7;

Gr = 2:0, d�1 = d�2 = 0:5; �1 = �2 = 1:0; � = �
4 (inclined arteries); Ren = 1: Since the

aneurysm and stenosis are the contraction and expansion of the lumen respectively, so the

projection of aneurysm into the lumen is considered as negative and considered as positive

projection for stenosis to plot the graphs of the obtained expressions. The magnitude of wall

shear stress is very essential to understand the arterial disease because of its strong correlation

with the constriction or expansion of the arteries. The graphs of wall shear stress along axial

displacement are plotted in Figs: (8:2) � (8:7) with di¤erent tapering e¤ects. For the case

of aneurysm segment between 0:5 � z � 1:5, it is important to note that wall shear stress

starts decreasing towards the downstream of the aneurysm segment (0:5 to 1:0) to approach its

minimum value (at z = 1:0) and then starts steeply increasing from its minimum value towards
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the end of the aneurysm segment (1:0 to 1:5). Now, for the case of stenosis wall shear stress

between the stenotic segment 2:0 � z � 3:0 starts steeply increasing towards the upstream of

the stenotic segment (2:0 to 2:5) to approach its maximum value (at z = 2:5) and then starts

rapidly decreasing from its maximum value towards the end of the stenotic segment (2:5 to 3:0).

Figs: (8:2) and (8:3) are plotted for di¤erent values of the heat source parameter � and the

Grashof number Gr: These �gures show that the stress on the wall of arteries under the di¤erent

tapering e¤ects start decreasing with an increase in the values of the heat source parameter �

and the Grashof number Gr: In Fig. (8:4); it is observed that the stresses on the wall of arteries

start decreasing with an increase in the values of the inclination angle �: The wall shear stress

for di¤erent values for the viscosity parameter � is plotted in Figs: (8:5). In this graph of wall

shear stress along axial displacement depicts that the stress on the wall of arteries decreases

for the viscosity parameter �. The wall shear stress for di¤erent values of the nanoparticles

volume fraction � is plotted in Fig. (8:6) and observed that the signi�cance of wall shear

stress increases with an increase in nanoparticles volume fraction. The graphs of the wall shear

stress along axial displacement for di¤erent values of the critical height of the aneurysm �1 and

the critical height of the stenosis �2 is plotted in Fig: (8:7). It is analyzed in the Fig. (8:7)

that the stresses on the wall of arteries decreases with an increase in the values of the critical

height of aneurysm �1 between the interval 0:5 to 1:5, while the stresses on the wall of arteries

increases with an increase in the values of the critical height of stenosis �2 in the stenotic section

between the interval 2:0 to 3:0. To investigate the resistance impedance to �ow containing two

diseased portion of wall in proximity three dimensional surfaces is utilized to characterize that

how the resistance impedance to �ow varies with di¤erent combination of disease section. The

resistance impedance to �ow is plotted for non-tapered arteries from Figs. (8:8)� (8:13), while

Fig. (8:14) is plotted for diverging and converging tapering e¤ects. These graphs depict that

resistance impedance to �ow decreases with an increase in the critical height of aneurysm �1;

while increases with an increase in the values of critical height of stenosis �2: The resistance

impedance to �ow for di¤erent values of Grashof number Gr and heat source parameter � is

given through Figs. (8:8) � (8:9): It is observed from these �gures that resistance impedance

to �ow decreases with an in the values of Grashof number Gr and heat source parameter �:

In Fig. (8:10); it is observed that resistance in blood �ow through diseased inclined arteries
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decreases with an increase in the values of the viscosity parameter �. Fig. (8:11), shows that

the resistance impedance to blood �ow increases with an increase in the Froud number. The

variations for di¤erent values of nanoparticles volume fraction � and inclination angle � are

depicted in Figs. (8:12) and (8:13). It is observed that the resistance to blood �ow decreases

with an increase in the nanoparticles volume fraction and also decreases with an increase in the

values of inclination angle �. The tapering is a substantial aspect in the mammalian system

and is discussed in Fig. (8:14). It is depicted in this graph the resistance impedance to �ow

gives higher results for converging tapering when compare to other tapering arteries for both

the aneurysm and stenosis segments. Trapping described an interesting phenomenon for the

blood �ow pattern in an inclined artery having aneurysm and stenosis that is discussed through

Figs. (8:16) � (8:19) for non-tapered arteries, while other associated arteries are discussed in

Fig. (8:15). Fig. (8:15) is strategized to show converging and diverging tapering e¤ects on

the arteries. It is depicted that trapping bolus moves toward right side of the inclined arteries

for converging case by the closed stream lines, while for diverging case trapping bolus moves

towards left side of the inclined arteries when compared to the non-tapered arteries panel. In

Figs (8:16), it is observed that with an increase in the critical height �1 the trapped bolus

increases in the aneurysm segment (0:5 � z � 1:5), while stream lines become wider with an

increase in the critical height �2 in the stenotic segment (2:0 � z � 3:0): From Fig. (8:17), it is

observed that no bolus is seen for horizontal stenosed arteries when compared to the panel of

vertical and inclined stenosed arteries. The possessions of nanoparticles volume fraction � is

discussed in Fig. (8:18) and observed that the trapping bolus decreases with an in increase in

metallic nanoparticles when compare to the panel of pure blood case � = 0:00. The trapping

phenomenon for the viscosity parameter � is discussed in Figs. (8:19) and it is depicted from

these �gures that the trapping bolus shows random behavior for di¤erent values of viscosity

parameter �.
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Fig. (8.2): Variation of wall shear stress for di¤erent values of Grashof number Gr.
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Fig. (8.3): Variation of wall shear stress for di¤erent values the heat source parameter �.
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Fig. (8.4): Variation of wall shear stress for di¤erent values inclination angle �.
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Fig. (8.5): Variation of wall shear stress for di¤erent values the viscosity parameter �.
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Fig. (8.6): Variation of wall shear stress for di¤erent values the nanoparticle volume fraction
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Fig. (8.7): Variation of wall shear stress for di¤erent values the critical height of the

aneurysm �1 and stenosis �2:
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Fig. (8.8): Variation of resistance impedance for di¤erent values of the Grashof number

Gr = 2:0; Gr = 5:0; Gr = 9:0:

Fig. (8.9): Variation of resistance impedance for di¤erent values of the heat source

parameter � = 2:0; � = 5:0; � = 9:0:
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Fig. (8.10): Variation of resistance impedance for di¤erent values of the viscosity parameter

� = 0:0, � = 0:5; � = 0:9.

Fig. (8.11): Variation of resistance impedance for di¤erent values of the Froud number

Fr = 0:1; Fr = 0:3; Fr = 0:9:
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Fig. (8.12): Variation of resistance impedance for di¤erent values of the inclination angle

� = 0 (horizontal arteries); � = �
4 (inclined arteries); � =

�
2 (vertical arteries):

Fig. (8.13): Variation of resistance impedance for di¤erent values of the nanoparticle volume

fraction � = 0:00 (pure blood); � = 0:05; � = 0:09:
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Fig. (8.14): Variation of resistance impedance for the di¤erent tapering e¤ects � = 0:00;

� = 0:01; � = �0:01:
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Fig. (8.15): Blood �ow pattern for di¤erent values of the tapering angle, (a) diverging

tapering � � 0, (b) converging tapering � � 0, (c) non-tapered artery � = 0:00:
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Fig. (8.16): Blood �ow pattern for di¤erent values of the critical height of the aneurysm and

stenosis (a) �2 = �1 = 0:10; (b) �1 = �2 = 0:13; (c) �1 = �2 = 0:16:
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Fig. (8.17): Blood �ow pattern for di¤erent values of the inclination angle (a) � = 0; (b)

� = �
4 ; (c) � =

�
2 .
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Fig. (8.18): Blood �ow pattern for di¤erent values of the nanoparticle volume fraction (a)

� = 0:00; (b) � = 0:01; (c) � = 0:02:
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Fig. (8.19): Blood �ow pattern for di¤erent values of the viscosity parameter (a) � = 0:0,

(b) � = 0:5; (c) � = 0:9.
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Chapter 9

Theoretical examination of

nanoparticles as a drug carrier with

slip e¤ects on the wall of stenosed

arteries

The main purpose of this chapter is to deal with the e¤ects of nanoparticles on the characteristics

of the blood �ow through the bell shaped stenosed arteries by using a suitable mathematical

model. Investigation is carried out using copper and silver nanoparticles as a drug carrier. The

velocity and thermal slip e¤ects are incorporated on the wall of stenosed artery. The governing

equations are considered for viscous nature of blood model and then solved by using mild

stenosis approximations to calculate the hemodynamic e¤ect of stenosis. It is observed that

the impedance resistance to blood �ow decreases with an increase in the values of thermal and

velocity slip parameters. Therefore, the present analysis is able to conclude some important

features of interest in some biomedical applications.
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9.1 Mathematical formulation

Fig. (9.1): Geometry of bell stenosed artery.

Consider an incompressible �ow of viscous nano�uid inside an inclined bell shaped artery having

angle of inclination is �: The heat transfer phenomenon is taken into account by giving tem-

perature T0 to the upper wall of the artery. The geometry of bell shape stenosis in dimensional

form is given as

h(z)

e0
= 1� �

e0
exp[

�m2�2z2

e20
]; jzj � L0;

= 1; otherwise, (9.1)

here L0 represents the length of the stenosis, � is the height of stenosis, � is the relative length

of the stenosis that is de�ned as the ratio of the radius to half length of the stenosis i.e.,

� = e0=L0, m is the parametric constant or bell shape stenosis parameter, while e0 and h(z)

as the radius of the stenosed and normal arteries. The governing equations for conservation of

mass, momentum and temperature for viscous nano �uid can be written as
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@u

@r
+
u

r
+
@w

@z
= 0; (9.2)

�nf

�
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+
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�nf
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+
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��
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2�nf
u

r2
� g(�)nf (T � To) cos �; (9.3)

�nf
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u
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+ w

@w

@z

�
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@z
+
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r
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�
r�nf

�
@u

@z
+
@w

@r

��
+

@

@z

�
2�nf

�
@w

@z

��
+g(�)nf (T � To) sin �; (9.4)

�
u
@T

@r
+ w

@T

@z

�
=

Knf

(�cp)nf

�
@2T

@r2
+
1

r

@T

@r
+
@2T

@z2

�
+

Q0
(�cp)nf

: (9.5)

Thermo physical properties are given as

�nf =
�f

(1� �)2:5 ; �nf =
Knf

(�cp)nf
; �nf = (1� �)�f +��s;

(�)nf = (1� �)(�)f +�(�)s; (�cp)nf = (1� �)(�cp)f +�(�cp)s;
Knf

Kf
=
(Ks + 2Kf )� 2�(Kf �Ks)

(Ks + 2Kf ) + �(Kf �Ks)
; �f = �oe

���: (9.6)

Non-dimensional variables are de�ned as

r =
r

e0
; w =

w

uo
; u =

Lu

uo�
; p =

e20p

uoL�o
; � =

Q0e
2
0

T0Kf
;

Ren =
e0uo�f
�o

; Gr =
gf�fe

2
0T0

u0�o
; � =

T � To
To

; z =
z

L
: (9.7)

Using mild stenosis case �� = �
e0
� 1 and taking extra condition � = e0

L0
� O(1); the constitutive

Eqs. (9:3) to (9:5) can be written as

162



@p

@r
= 0; (9.8)

@p

@z
=
1

r

@

@r

�
�nf (�)

�o

�
r
@w

@r

��
+
(�)nf
(�)f

Gr� sin �; (9.9)

@2�

@r2
+
1

r

@�

@r
+ �

Kf

Knf
= 0: (9.10)

Boundary conditions and geometry of stenosis in dimensionless form are de�ned as

h(z) = 1� �� exp[�m2z2]; jzj � L0;

= 1; otherwise. (9.11)

w + �
�nf
�o

@w

@r
= 0 and � + 

@�

@r
= 0; at r = h(z); (9.12)

@w

@r
= 0 and

@�

@r
= 0; at r = 0; (9.13)

where � (= �o�
�

eo
) and  (= �

eo
) are de�ned as the velocity and thermal slip parameters respec-

tively.

9.2 Solution of the problem

The exact solutions of Eqs. (9:9) and (9:10) using boundary conditions Eqs. (9:12) and (9:13)

are directly written as

� = �

�
h2 � r2 + 2h

4

��
Ks(1� �) +Kf (2 + �)

Ks(1 + 2�) + 2Kf (1� �)

�
; (9.14)

w =
1

8

dp

dz
((1� �)2:5(2a3(�h2 + r2) + a4(h4 � r4))� 4h�) +

1

48
(Gr�

(1� �) + � �s�s
�f�f

�
sin �)((1� �)2:5(6a1(2a3(h� r)(h+ r) + a4(�h4 +

r4)) + a2(3a3(�h4 + r4) + 2a4(h6 � r6)))� 12h(�2a1 + a2h2)�): (9.15)
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Flow rate is given as

F =

hZ
0

rwdr: (9.16)

Using Eq. (9:15) into Eq. (9:16); we get the expression for pressure gradient as follows

dp

dz
=
F � a6(z)h3

�
Gr

�
(1� �) + � �ss

�ff

�
sin �

�
a5(z)h3

: (9.17)

The pressure drop through the stenosis that is calculated from above Eq. (9:17) can be de�ned

as

�p =

LZ
�L

�
�dp
dz

�
dz: (9.18)

Using Eq. (9:18), the impedance resistance can be evaluated as

� =
�p

F
=

�LoZ
�L


6(z) jh=1 dz +
LoZ

�Lo


6(z)dz +

LZ
Lo


6(z) jh=1 dz; (9.19)

where


6(z) =
1

F

0@�F + a6(z)h3
�
Gr

�
(1� �) + � �ss

�ff

�
sin �

�
a5(z)h3

1A : (9.20)

Using Eq. (9:20) into Eq. (9:19), we get

� =
�p

F
= a7(L� Lo) +

LoZ
�Lo


6(z)dz: (9.21)

Using Eq. (9:15) expression for the wall shear stress is given as,

Srz = �
�
(�2a1h+ a2h3)

4

�
Gr

�
(1� �) + � �ss

�ff

�
sin �

�
+
h

2

dp

dz

�
: (9.22)
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9.3 Appendix

ao =

�
Ks(1� �) +Kf (2 + �)

Ks(1 + 2�) + 2Kf (1� �)

�
; a1 =

�ao
4

�
h2 + 2h

�
; a2 =

�ao
4
;

a3 = 1 + �a1; a4 = �a2; a5 =
1

48
(�3(1� �)2:5a3h+ 2(1� �)2:5a4h3�

12�a3 + 12h
2�a4); a6 =

1

192
((1� �)2:5h(12a1a3 � 4(a2a3 + 2a1a4)h2+

3a2a4h
4) + 24(2a1 � a2h2)(a3 � a4h2)�); a7 = 2
6(z)jh=1:

9.4 Results and discussion

This section is devoted for the study of copper and silver nanoparticles with the help of some

di¤erent emerging �ow parameters on the characteristics of blood �ow through the graphs of

wall shear stress, impedance resistance to blood �ow, temperature pro�le and stream lines. The

graphs are plotted by keeping the parameters constants such as � = 0:00� 0:2; � = 0:0� 0:9;

 = 0:0 � 0:9; � = 0:0 � 0:9; Lo = 1:5; L = 3:0, � = 0:2; z = 1:5, F = 0:3; � = 2:0; Gr = 2:0;

m = 2; � = 0; �4 ;
�
2 (vertical, horizontal, inclined arteries): Figs. (9:2) to (9:8) are prepared for

wall shear stress analysis versus z in the bell shape stenotic region. All of these �gures show

that stresses on the wall of inclined arteries start steeply increasing towards the upstream of the

stenotic segment and then start rapidly decreasing towards the end of the bell shape stenotic

segment �1:5 � z � 1:5. Moreover, it is analyzed that the altitude of stresses on the wall

of stenosed arteries for pure blood case is little higher when compared with the nanoparticles

cases. The wall shear stress for di¤erent values of the Grashof number Gr is given in Figs. (9:2)

and observed that the stresses on the wall of inclined stenosed arteries start decreasing with an

increase in the viscous forces. From Fig. (9:3), it is noted that stresses on the wall of arteries

decreases with an increase in internal heat source parameter (� > 0). Figs. (9:4) and (9:5)

describes the e¤ect of stenosis shapem and stenosis height � on the wall of inclined arteries. It is

obtained from these �gures that stresses on the wall of inclined arteries are directly related with

the stenosis height � and inversely related for the stenosis shape m. Figs: (9:6) and (9:7) are

prepared for di¤erent values of the thermal slip  and velocity slip parameters �: It is observed

form these �gures that the stresses on the wall of inclined arteries give the higher altitude for
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pure blood case when compared to the other cases and decreases with an increase in thermal and

velocity slip parameters. It is found that the stresses on the walls are high for no slip condition

when compared to slip condition. The graph with di¤erent variations of inclination angle � is

given in Fig. (9:8) and show that the stresses on the wall of stenosed arteries are higher for

horizontal stenosed arteries when compare to the vertical and inclined arteries. The variation

of wall shear stress versus z for di¤erent values viscosity parameter � is given in Fig. (9:9) and

observed that the stresses on the wall of inclined arteries decreases for variable temperature

dependent viscosity �. It is also analyzed that the stresses on the wall of inclined arteries are

lesser for variable nano�uid viscosity then for the case of constant nano�uid viscosity. The

in�uence of nanoparticles volume fraction � on wall shear stress is given in the Fig. (9:10): It

is observed that the stresses on the wall of inclined arteries decrease with an increase in the

nanoparticles volume fraction. To discuss the disease section resistance impedance to blood �ow

is important and plotted from Figs. (9:11)�(9:18) against the stenosis height �. It is important

to note here that the addition of silver nanoparticles reduces the resistance impedance to blood

�ow slightly more when compare to the copper nanoparticles. The resistance impedance for

di¤erent values of Grashof number Gr and heat source parameter � is given in Figs. (9:11)

and (9:12). It is observed from these graphs that resistance impedance to �ow decreases with

an increase in the values of Grashof number Gr and heat source parameter �. Figs. (9:13)

and (9:14) are prepared for di¤erent values of the thermal  and velocity � slip parameters: It

is analyzed from these �gures that the impedance resistance to blood �ow decreases with an

increase in the values of the slip parameters: So, taking slip condition at the wall of stenotic

artery is important and justify that resistance to blood �ow decreases more e¤ectively for slip

case when compare to the no slip case ( = � = 0). The resistance impedance to blood �ow

for inclination angle � is given in Fig. (9:15). It is observed that the resistance is higher for

horizontal stenosed arteries when compare to the vertical and inclined stenosed arteries. From

Fig. (9:16), it is depicted that the resistance to blood �ow decreases with an increase in the

values of viscosity parameter �. The variation of stenosis shape m is given in Fig. (9:17) and

observed that with an increase in the values of the stenosis shape m the resistance impedance to

blood �ow decreases. Fig. (9:18) is prepared to show that the in�uence of nanoparticle volume

fraction � on resistance impedance to blood �ow and concluded that the nanoparticles helps to
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reduce the resistance impedance to the blood �ow. The variations of temperature pro�le against

radial direction r are plotted from Figs. (9:19) and (9:20). The temperature pro�le for di¤erent

values of the heat source parameter � is given in Fig. (9:19). It is observed that the temperature

pro�le increases throughout the inclined stenosed arteries with an increase in the values of the

heat source parameter �. Fig. (9:20) is plotted for di¤erent values of the nanoparticle volume

fraction �. It is analyzed that the heat transfers rate throughout the inclined arteries decreases

with an increase in the nanoparticle volume fraction. A stream line represents an interesting

phenomenon for �uid �ow of an internally circulating bolus and has been discussed here for

silver and copper nanoparticles through Figs. (9:21) to (9:28). The trapping phenomena show

that more bolus appears for the silver nanoparticles case when compare to other cases. The

blood �ow pattern for stenosis shape m is given in Figs. (9:21) and (9:22): It is observed from

these stream lines that with an increase in the values of stenosis shapes the size of trapped

bolus reduces and then enhance the trapping. Figs. (9:23) and (9:24) are plotted for di¤erent

values of viscosity parameter �: It is observed from these blood �ow patterns that no bolus

appear for constant nano�uid viscosity, while number of trapping bolus decreases for variable

nano�uid viscosity with an increase in the values of parameter �: The trapping phenomena

for the thermal  and velocity � slip parameters are discussed through Figs. (9:25) � (9:28):

These graphs depict that the number of trapping bolus increases for thermal slip parameter,

while decreases for velocity slip parameter. The tables (9:1) and (9:2) are plotted to show the

variations of temperature pro�le and velocity pro�le for di¤erent values of the thermal  and

velocity � slip parameters against radial direction r. Table (9:1) illustrates that the variations

of temperature pro�le increases throughout the stenosed inclined arteries between the region

�h � r � h; which shows that temperature of the considered �uid increases with increase in the

thermal slip parameter. Table (9:2) is prepared for velocity pro�le and observed that velocity

decreases between the region �0:8 < r < 0:8, while the opposite trend is observed between the

regions �h � r � �0:8 and 0:8 � r � h:
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Fig. (9.2): Variation of wall shear stress for di¤erent values of Grashof number Gr:
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Fig. (9.3): Variation of wall shear stress for di¤erent values of heat source parameter �.
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Fig. (9.4): Variation of wall shear stress for di¤erent values of stenosis height �:
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Fig. (9.5): Variation of wall shear stress for di¤erent values of stenosis shape m.
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Fig. (9.6): Variation of wall shear stress for di¤erent values of velocity slip parameter �:
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Fig. (9.7): Variation of wall shear stress for di¤erent values of thermal slip parameter :
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Fig. (9.8): Variation of wall shear stress for di¤erent values of inclination angle �:

1.5 1 0.5 0 0.5 1 1.5

0.4

0.45

0.5

0.55

0.6

0.65

0.7

z

S rz

α = 0.0
α = 0.3
α = 0.6

Pure Blood
Cu Blood
Ag Blood

Fig. (9.9): Variation of wall shear stress for di¤erent values of viscosity parameter �:
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Fig. (9.10): Variation of wall shear stress for di¤erent values of nanoparticles volume

fraction �:
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Fig. (9.11): Variation of resistance impedance to blood �ow for di¤erent values of Grashof

number Gr:
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Fig. (9.12): Variation of resistance impedance to blood �ow for di¤erent values of heat

source parameter �:
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Fig. (9.13): Variation of resistance impedance to blood �ow for di¤erent values of velocity

slip parameter �.
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Fig. (9.14): Variation of resistance impedance to blood �ow for di¤erent values of thermal

slip parameter :
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Fig. (9.15): Variation of resistance impedance to blood �ow for di¤erent values of inclination
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Fig. (9.16): Variation of resistance impedance for di¤erent values of viscosity parameter �:
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Fig. (9.17): Variation of resistance impedance for di¤erent values of stenosis shape m..
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Fig. (9.18): Variation of resistance impedance for di¤erent values of nanoparticles volume

fraction �.
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Fig. (9.19): Variation of temperature pro�le for heat source parameter �:
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Figs. (9.21): Blood �ow pattern (Cu nanoparticles) for di¤erent values of (a) m = 1:0; (b)

m = 2:0; (c) m = 3:0:
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Figs. (9.22): Blood �ow pattern (Ag nanoparticles) for di¤erent values of (a) m = 1:0; (b)

m = 2:0; (c) m = 3:0:
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Figs. (9.23): Blood �ow pattern (Cu nanoparticles) for di¤erent values of (a) � = 0:0; (b)

� = 1:5; (c) � = 1:7.
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Figs. (9.24): Blood �ow pattern (Ag nanoparticles) for di¤erent values of (a) � = 0:0; (b)

� = 1:5; (c) � = 1:7.
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Figs. (9.25): Blood �ow pattern (Cu nanoparticles) for di¤erent values of (a)  = 0:0; (b)

 = 0:02; (c)  = 0:04.

182



1.5 1.0 0.5 0.0 0.5 1.0 1.5
2

1

0

1

2

z

r

(a)

1.5 1.0 0.5 0.0 0.5 1.0 1.5
2

1

0

1

2

z

r

(b)

1.5 1.0 0.5 0.0 0.5 1.0 1.5
2

1

0

1

2

z

r

(c)

Figs. (9.26): Blood �ow pattern (Ag nanoparticles) for di¤erent values of (a)  = 0:0; (b)

 = 0:05; (c)  = 0:09.
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Figs. (9.27): Blood �ow pattern (copper nanoparticles) for di¤erent values of (a) � = 0:0;

(b) � = 0:01; (c) � = 0:015.
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Figs. (9.28): Blood �ow pattern (silver nanoparticles) for di¤erent values of (a) � = 0:0; (b)

� = 0:01; (c) � = 0:015.
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� Pure blood (� = 0:00) Copper Blood (� = 0:09) Silver Blood (� = 0:09)

r =0.00 =0.05 =0.09 =0.00 =0.05 =0.09 =0.00 =0.05 =0.09

�h 0.00000 0.04519 0.08135 0.00000 0.03488 0.06279 0.00000 0.03488 0.06279

-0.8 0.08853 0.13373 0.16989 0.06834 0.10322 0.13113 0.06833 0.10322 0.13113

-0.6 0.22853 0.27373 0.30989 0.17640 0.21129 0.23920 0.17639 0.21128 0.23918

-0.4 0.32853 0.37373 0.40989 0.25359 0.28848 0.31639 0.25358 0.28846 0.31637

-0.2 0.38853 0.43373 0.46989 0.29991 0.33479 0.36270 0.29989 0.33477 0.36268

0.0 0.40853 0.45373 0.48989 0.31534 0.35023 0.37814 0.31533 0.35021 0.37812

0.2 0.38853 0.43373 0.46989 0.29991 0.33479 0.36270 0.29989 0.33477 0.36268

0.4 0.32853 0.37373 0.40989 0.25359 0.28848 0.31639 0.25358 0.28846 0.31637

0.6 0.22853 0.27373 0.30989 0.17640 0.21129 0.23920 0.17639 0.21128 0.23918

0.8 0.08853 0.13373 0.16989 0.06834 0.10322 0.13113 0.06833 0.10322 0.13113

h 0.00000 0.04519 0.08135 0.00000 0.03488 0.06279 0.00000 0.03488 0.06279

Table (9.1): Variations of temperature pro�le for thermal slip parameter :

w Pure blood (� = 0:00) Copper Blood (� = 0:01) Silver Blood (� = 0:01)

r �=0.00 �=0.01 �=0.02 �=0.00 �=0.01 �=0.02 �=0.00 �=0.01 �=0.02

�h 0.00000 0.00059 0.00114 0.00000 0.00032 0.00061 0.00000 0.00021 0.00041

-0.8 0.00757 0.00790 0.00821 0.00559 0.00577 0.00593 0.00487 0.00499 0.00510

-0.6 0.02548 0.02540 0.02533 0.02423 0.02419 0.02416 0.02379 0.02376 0.02373

-0.4 0.04281 0.04244 0.04210 0.04506 0.04486 0.04468 0.04588 0.04574 0.04562

-0.2 0.05507 0.05452 0.05401 0.06062 0.06032 0.06005 0.06263 0.06243 0.06225

0.0 0.05947 0.05885 0.05829 0.06630 0.06599 0.06569 0.06880 0.06858 0.06838

0.2 0.05507 0.05452 0.05401 0.06062 0.06032 0.06005 0.06263 0.06243 0.06225

0.4 0.04281 0.04244 0.04210 0.04506 0.04486 0.04468 0.04588 0.04574 0.04562

0.6 0.02548 0.02540 0.02533 0.02423 0.02419 0.02416 0.02379 0.02376 0.02373

0.8 0.00757 0.00790 0.00821 0.00559 0.00577 0.00593 0.00487 0.00499 0.00510

h 0.00000 0.00059 0.00114 0.00000 0.00032 0.00061 0.00000 0.00021 0.00041

Table. (9.2): Variations of velocity pro�le for velocity slip parameter �:
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Chapter 10

Conclusions

In this chapter we have summarized the main �ndings about the theoretical analysis of a blood

�ow through arteries. The parametric studies and key �ndings of the entire thesis are stated

as:

10.1 Heat and mass transfer results

� The temperature pro�le decreases with an increase in the nanoparticle volume fraction,

which means high thermal conductivity of nanoparticles plays a key role in quick dissipa-

tion of the temperature.

� It is noted that the temperature inside the stenotic artery increases for heat source para-

meter (� > 0). This result is obtained due to increase in internal heat source of the �uid

i.e. through metabolic process.

� Temperature pro�le gives higher results for diverging tapering (� > 0) as comparing to

other tapering.

� The temperature distribution shows random behavior for Brownian motion number Nb

and thermophoresis parameter Nt.

� The nanoparticle concentration increases with an increase in Brownian motion number

Nb and decreases with an increases in thermophoresis parameter Nt.
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10.2 Hemodynamic theoretical results

10.2.1 Nanoparticles e¤ects

� It is concluded that copper and silver nanoparticles with their high thermal conductivity

characteristics are useful as drug carriers to minimize the wall shear stress and resistance

impedance that is experienced by blood �owing through stenosed arteries.

� The Ag nanoparticles are more helpful as drug carriers to minimize resistance as compar-

ing to the Cu blood case.

� The wall shear stress phenomenon gives higher altitude for the pure blood case then

compare to the Cu blood case.

� Increase in Brownian motion number reveals that the thermal conductivity of the base

�uid enhances and reduces resistance to blood �ow.

� It is observed that the hemodynamic e¤ects possesses same behavior for thermophoresis

parameter Nt and Brownian motion number Nb parameters.

� The magnitude of stresses on the wall of arteries and resistance impedance to �ow shows

higher results for the SWCNT case than for the pure blood case.

10.2.2 Permeable wall and slip e¤ects

� Increase in permeability of the artery through Darcy number results in damaged, dilated

or in�amed arterial wall thickness and tend to increase resistance.

� It is also noted that resistance to �ow decreases with an increase in the values of the

permeable slip parameter s and hence accelerate the blood �ow.

10.2.3 Magnetic e¤ects

� It is observed with an increase in the intensity of magnetic �eld resistance impedance

to �ow and wall shear stress increases. This result is concluded from the fact that the

external magnetic �eld slows down the random motion of nanoparticles and hence also

tends down the blood movement.
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� Hemodynamic of stenosis increases with an increase in the magnetic Reynolds number

Rm and Strommers number S. This increase is due to increase in Lorentz force which

tends to retard the �ow of blood. It is concluded from this result that magnetic e¤ects

can be used to regulate or controlled the blood �ow.

10.2.4 Thermal and velocity slip e¤ects

� The amplitude of resistance to blood �ow is higher for no slip case ( = � = 0) and

amplitude is smaller for slip case ( = � 6= 0).

� The hemodynamic e¤ects of the stenosed arteries decreases with an increase in the ther-

mal and velocity slip parameters. Therefore, slip e¤ects are important to heal up the

consequences of diseased artery.

10.2.5 Variable nano�uid viscosity e¤ects

� For variable nano�uid viscosity resistance to blood �ow decrease as compared to constant

nano�uid viscosity (� = 0). So, considering variable nano�uid viscosity is useful for the

blood to �ow through diseased artery to minimize the coagulation factors.

� It is obtained from graphical illustration that stress on the wall of diseased arteries are

also decreases for variable nano�uid viscosity case when compare to the constant nano�uid

viscosity case.

10.2.6 Combination of aneurysm and stenosis e¤ects

� The resistance impedance to blood �ow decreases with an increase in the critical height of

aneurysm �1 and increases with an increase in critical height of stenosis �2, which means

that resistance impedance to �ow has an opposite behavior for the aneurysm and stenosis

cases.

� The wall shear stress in the aneurysm segment is observed to decrease rapidly towards its

minimum value and then starts steeply increase to the end of aneurysm segment, while

the opposite trend of wall shear stress is observed in the stenotic segment as compared

with the aneurysm segment.
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10.2.7 Other important �ndings

� The increase in resistance to �ow creates more stresses on the wall of stenosed arteries

and vice versa. From graphical illustration it is noted that the stresses and resistance im-

pedance to blood �ow possess same behavior for tapering and other �uid �ow parameters.

� Amplitude of resistance decreases for vertical stenosed arteries as compared to the hori-

zontal and inclined arteries.

� The wall shear stress and resistance impedance to �ow possess same variation against t

and this oscillation is decaying as the time t increases.

10.3 Axial velocity results

� The velocity pro�le increases near the wall of the artery and decreases near the wall of

the catheter with an increase in the Hartmann number Ha:

� The axial velocity possesses opposite results for Brownian motion number Nb and ther-

mophoresis parameter Nt:

10.4 Trapping results

� The number of trapping bolus increases with an increases in the values of Nb, Nt, �, ";

Ha; Rm; S; , � and �; while decreases with an increases in the values of � and �:

� The blood �ow pattern shows that the trapping bolus appears in the aneurysm segment,

while no formation is observed or seen in the stenotic segment.

� The variable nano�uid viscosity phenomena shows that more bolus appears for the Ag

nanoparticles case, while constant nano�uid viscosity phenomena shows trapped bolus

increases for the copper nanoparticles case when compare to other cases.
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