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Introduction

A finite state machine (FSM) or finite state automaton or a simply state machine is a
mathematical model of computation used, to design both computer programs and sequential
logic circuits. It is conceived an abstract machine that can be in one of a finite number of states.
The machine is only one state at a time; the state it is in at any given time is called the current
state. It can change from one state to another when initiated by a triggering event or condition;
this is called a transition. A particular FSM is defined by a list of its states, and the triggering
condition for each transition.

The behavior of state machines can be observed in many devices in modern society which
perform a predetermined sequence of actions depending on a sequence of events with which they
are presented. Simple examples are vending machines which dispense products when the proper
combination of coins is deposited, elevators which drop riders off at upper floors before going
down, traffic lights which change sequence when cars are waiting, and combination locks which
require the input of combination numbers in the proper order.

In 1965 Zadeh introduced the concept of fuzzy set in his definitive paper [56]. Many authors
used this concept to generalize basic notions of algebra. Concept of fuzzy automata was
introduced by Wee in [55]. The theory of fuzzy automata has been developed by many
researchers like, Adamek and Wechler [1], Arbib and Manes [12, 13], Brunner and Wechler
[16], Mizumoto et al. [41], Peeva and Nedyalkova. [45], Peeva [46, 47] and Sentos and Wee
[50]. Malik et al. [36, 37, 38, 39, 40] used algebraic techniques to study the fuzzy finite state
machine, and introduced the notion of submachine of a finite state machine, retrievable,
separated and connected fuzzy finite state machines and discussed their basic properties. Latter
different approaches for the fuzzification of finite state machine presented in detail in [31, 44].

Today there are many practical problems which in different fields, such as engineering, medical
sciences, economics and social sciences involve data that contain uncertainties. Due to various
types of uncertainties, we cannot use traditional methods. Because, most of traditional methods
for formal modeling, reasoning and computing are crisp, deterministic and precise in character.
With the passage of time, different theories have been developed which we can consider as
mathematical tools for dealing with ambiguity and manifold types of uncertainties, such as
probability theory, theory of fuzzy sets, theory of intuitionistic fuzzy sets, theory of vague sets,
theory of interval mathematics and theory of rough sets. All of them have their advantages as
well as inherent limitations in dealing with ambiguity and uncertainties. For example, theory of
probabilities can deal only with stochastically stable phenomena. Consequently, Molodtsov
proposed a completely new approach for modeling ambiguity, vagueness and uncertainty [43].
This so called soft set theory is free from the difficulties affecting existing methods. Algebraic
operations on soft set can be found in [9].



During recent years soft set theory has gained popularity among the researchers due to its
applications in various areas. Number of publications related to soft sets has risen exponentially.
Basic aim of this theory is to introduce a mathematical model with enough parameters to handle
uncertainty. Prior to soft set theory, probability theory, fuzzy set theory, rough set theory and
interval mathematics were common tools to discuss uncertainty. But unfortunately difficulties
were attached with these theories, for details see [35, 43]. As mentioned above soft set theory has
enough number of parameters, so it is free from difficulties associated with other theories. Soft
set theory has been applied to various fields very successfully. Molodtsov in [43] point out
several directions for the application of soft set theory, such as smoothness of function, operation
research, game theory, probability theory of measurement and so on.



Chapter wise Study

The present work in this thesis is written in the theoretical background of finite state machines
and soft sets. It contains the necessary part of automata theory and shows to formulate in an
elegant way various concepts and facts about the soft finite state machine. Prerequisites are
minimal and the work is self-contained.

In this thesis, we have six chapters. Chapter 1 provides some basic material needed for an
understanding of finite state machine and algebra.

In second chapter, using the notion of soft sets, we introduced the concept of soft finite state
machines (SFSM) as a generalization of fuzzy finite state machines. Study of soft finite state
machines is interesting and worthwhile because there are results which hold for fuzzy finite state
machine but do not hold for soft finite machine. For example, [20], in fuzzy finite state
machines if p is successor of g and r is a successor of p, then r is a successor of g. In general this
result holds no longer in soft finite machines. In this chapter, we also introduce a congruence
relation which can be naturally established in such a way that each associates a semigroup with a
soft finite state machine (SFSM). We introduce a (strong) homomorphism of SFSM and then we
investigate the related properties. Using a SFSM we make three finite semigroups with identity
and show that they are isomorphic. We defined soft admissible relation and establish a relation
between SFSM and the quotient structure of another soft finite state machine. Finally soft
transformation semigroups are defined and related properties investigated.

Concept of covering, cascade product, and wreath product play an important role in the study of
automata and their associated semigroups. In 3" chapter, we examine these concepts for soft
finite state machines.

In chapter 4, we continue our study of a soft finite state machine utilizing algebraic techniques.
We defined the concept of soft submachine, separability, connectivity and decomposition of soft
finite state machine. With the help of these concepts, we will prove Decomposition Theorem for
soft finite state machine.

In 5™ chapter concepts of soft subsystem, strong soft subsystem, switching, commutative and
soft finite switchboard state machine are introduced and some of its properties are discussed.

In last chapter we study a new product of two soft finite machines M, and M, written M;-M,
and called the Cartesian composition of M; and M,. We also define the concept of soft
admissible partitions and construct the quotient structure of SFSM with the help of soft
admissible partitions. Finally we discuss the associativity of wreath product, sum and cascade
products of soft finite state machines.
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Chapter 1

Preliminaries

The theory of machines has had a major impact on the development of computer
systems and their associated languages and softwares. It has also found applications
in such areas of science as biology, biochemistry, psychology and others [49].

This chapter briefly summarizes the known results about connections between finite

state machine and algebra.

1.1 Finite State Machines

A finite state machine (FSM) or simply state machine is a mathematical model of
computation used, to design both computer programs and sequential logic circuits. It
is conceived an abstract machine that can be in one of a finite number of states. The
machine is only one state at a time, the state it is in at any given time is called the
current state. It can change from one state to another when initiated by a triggering
event or condition, this is called a transition. A particular FSM is defined by a list of
its states, and the triggering condition for each transition.

The behavior of state machines can be observed in many devices in modern society
which perform a predetermined sequence of actions depending on a sequence of events
with which they are presented. Simple examples are vending machines which dispense
products when the proper combination of coins is deposited, elevators which drop riders
off at upper floors before going down, traffic lights which change sequence when cars
are waiting, and combination locks which require the input of combination numbers
in the proper order.

Finite state machines can model a large number of problems, among which are
electronic design automation, communication protocol design, language parsing and
other engineering applications. In biology and artificial intelligence research, state

machines have been used to describe neurological systems.
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In this section we review some basic results of finite state machines. We are in-
debted [23, 44, 49].

1.1.1 Definition

A six tuple T = (@, XY, f,g,s) is called a finite state machine, where @, X, and Y
are finite non-empty sets, f: Q@ x X — @, g: Q x X — Y, and s € Q.

The members of () are called states. The members of X and Y are called input
and output symbols, respectively. The functions f and g are called the state transition

and output functions, respectively. The state s is called the initial state.

1.1.2 Example

Let Q = {q1,¢2}, X = {a,b} and Y = {0,1}. Define the functions f: Q@ x X — @
and g : @ X X — Y as described in following table

f g
Q\X |a b | a b
q1 q g2 | 0 1
q2 q2 g2 | 1 0
The interpretation of the above table is as follows:
fq1,0) = q g(q,a)=0
f(q1,0) = ¢ g(q,b) =1
fleza) =g  g(g2,a)=1
f(QQ7b):q Q(Q2,b):0

Then T = (Q, X,Y, f,g,q1) is a finite state machine.

The next state and output functions can also be defined by a transition diagram.

1.1.3 Example

We draw the transition diagram for the finite state machine of Example 1.1.2, see
Figure 1.

The transition diagram is known as digraph in graph theory. The vertices are the
states. The initial state is indicated by an arrow as shown. If the finite state machine
is in state gy and inputting x causes output y and a move to state ¢, a directed edge

is drawn from the vertex gg to ¢; and labelled z/y. The transition diagram of Figure
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1is

Figure 1

A word or string (over X) is a finite sequence of elements of some nonempty set X.
Ifx = z129...2), and y = y19ys...y, are strings over X, where x1, T2, ..., Tin, Y1, Y2, ---, Yn €
X, then zy = x122...xmYy1Y2...Yn is also a string over X. Let X* denote the set of all
words of element of X of finite length, A denote the empty word in X* and |z| denote
the length of x for every x € X*.

1.1.4 Definition

Let T = (@, X,Y, f,9,q90) be a finite state machine. An input string for Y is a string

over X and output string for Y is a string over Y. The string
V1VV3.... Uy,

is the output string for T corresponding to the input string
ULULUS. ... Uy,

if there exist states qg, q1,q2, ..., qn € @, such that

f(gi—1,u;) = ¢ fori=1,2,3..n
9(gi—1,u;)) = wvifori=1,23...n.

1.1.5 Definition

A finite state automaton A = (Q, X,Y, f, g, s) is a finite-state machine such that the
set of output symbols Y is {0,1} and where the current state determines the last

output. Those states for which the last output was 1 are called accepting states.

1.1.6 Example

The transition diagram of the finite-state machine A = (@, X,Y, f,g,s), where Q =
{90,91,q2}, X = {a,b} and Y = {0, 1}, is defined by the table below. The initial state
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is qo-
/ g
Q\X |a b |a b
9 90 a1 |0 1
o ) 72 |0 1
q2 90 q2 | 0 1

The transition diagram is shown in Figure 2. If the finite state machine is in state qo,
the last output was 0. If the machine is in either state ¢ or ¢o, the last output was 1.

Consequently, A is a finite-state automaton and the accepting states are ¢; and go.

a/o

Figure 2

We see from Example 1.1.6, that the finite-state machine defined by a transition
diagram is a finite state automaton if the set of output symbols is {0,1} and if, for
each state ¢, all incoming edges to ¢ have the same output label.

The transition diagram of a finite-state automaton is often drawn with the ac-
cepting states in double circles and with the output symbols omitted. If we draw the
transition diagram of Figure 2 in this way, we obtain the transition diagram of Figure
3.

a

Figure 3

In Figure 3, accepting states are in double circles and output symbols are omitted.
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1.1.7 Example

We now draw the transition diagram of the following finite-state automaton of Figure

4 as a transition diagram of a finite-state machine.

Since g2 is an accepting state, we label all its incoming edges with output 1 as in
Figure 5. Since the states ¢y and ¢g; are not accepting, all their incoming edges are
labelled with output 0 as in Figure 5. Then the transition diagram of FSM of Figure

5 is obtained.

1.1.8 Definition

An alternative to Definition 1.1.5 can be obtained by regarding a finite state automaton
A as consisting of

(1) a finite set @ of states,

(2) a finite set X of input symbols,

(3) a next-state function f from @ x X into @,
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(4) a subset A of @ of accepting states,
(5) an initial state ¢ € Q.
In this case, we write A = (Q, X, f, A, q).

1.1.9 Example

The transition diagram of the finite-state automaton A = (Q, X, f, A, g), where Q =
{90, 91,2}, X = {a,b}, A= {q2}, ¢ = qo, and f is given by the following table,

f
Q\X |a b
q0 q1 q0
q1 q2 q0
q2 q2 q0

is shown in Figure 6

1.1.10 Definition

Let A= (Q, X, f, A, q) be a finite-state automaton. Let z = x1x5...x, be a string over
X. If there exists states qo, q1, -..gn satisfying

(1) a0 =gq

(2) f(gi—1,2;) = qi fori=1,2,....n.

(3) qn € A.

Then x is said to be accepted by A. The empty string is accepted if and only if
go=q € A . Let Ac(A) denote the set of strings accepted by A.

Let © = z1x2...x;, be a string over X. Define states qo, q1, ..., ¢ by conditions (1)
and (2) above. Then the (directed) path (qo, g1, -..,¢n) is called the path representing

z in A.
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It follows from Definition 1.1.10 that if the path P represents the string z in a
finite-state automaton A, then A accepts «x if and only if P ends at an accepting state.

The next two examples illustrate design problems.

1.1.11 Example

We design a finite-state automaton that accepts precisely those strings over {a, b} that
contain no a’s.

We use two states :

A : There exists an a.

B : There does not exist an a.

The state B is the initial state and the only accepting state. The finite state

automaton in Figure 7 correctly accepts the empty string.

b a

>

Figure 7

1.1.12 Example

We design a finite-state automaton that accepts precisely those strings over {a, b} that
contain an odd number of a’s.

We use two states :

E : An even number of a’s are in the string.

O : An odd number of a’s are in the string.

The initial state is F and the accepting state is O. We obtain the transition

diagram shown in Figure 8.

Figure 8

A finite-state automaton is essentially an algorithm to decide whether or not a

given string is accepted.



1. Preliminaries 8

1.1.13 Definition

Finite-state automata A and A’ are called equivalent if Ac(A) = Ac(A’).

1.1.14 Example

It can be shown that the finite-state automata of Figures 7 and 9 are equivalent.

Figure 9

1.2 Semigroups and Monoids

During the past few decades connection in the theory of semigroups and the theory
of machines, became of increasing importance, both theories enriching each other. In
association with the study of machines and automata, other areas of applications such
as formal languages and the software use the language of modern algebra in terms of
Boolean algebra, semigroups and others. But also parts of other areas, such as biology,
psychology, biochemistry and sociology make use of semigroups.

The algebraic theory of automata, which uses algebraic concepts to formalize and
study certain types of finite-state machines. One of the main algebraic tools used to
do this is the theory of semigroups. Automaton is an abstract model of computing
device. Using this models different types of problems can be solved.

In this section, we review some basic results of semigroups and monoids.

1.2.1 Definition

A nonempty set S with a binary operation * is called a semigroup if it satisfies the
associative law: (z x (y* 2)) = ((z *xy) * z) for all z,y, z € S. A semigroup is a monoid
if it has an element e for which sxe=exs=s, for all s € S.

If S is finite and it has n elements, then we also say that S is a finite semigroup
of order n. S is called commutative or abelian if x x y = y * « holds for every x,y € S.
Otherwise, we say that S is non commutative or non abelian. One writes instead of
x %y simply xy. Associativity guarantees that products written without parentheses

have well-defined values in S.
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1.2.2 Example

(1) The set N\{1} = {2, 3,4, ....} of all natural numbers, excluding 1, forms a semigroup
under usual multiplication of natural numbers.

(2) The set of non-negative integers forms a semigroup with identity (monoid)
under usual addition of integers.

Assume (5, %) is a semigroup, a € S, and for any pair Hy, Ho C S, we write

axHy = {ah:he€ H}
Hyxa = {ha:a€ Hy}
H{Hy = {hlhg ‘ hi € Hl,hg € HQ}.

In particular, if Hy = Hy = H, then we put H> = HH and, in general, let H! =
H, H* = H*'H for every positive integer k > 1. Associativity of S guarantees
that (Hy (HoHs)) = ((H1H2) H3) for every choice of subsets Hy, Hy and Hs C S, so
HyHyHjs, written without any parentheses, is a well-defined subset of S. Therefore, the
set of all subsets of S is itself a semigroup under this multiplication. A subsemigroup
of (S, %) is a non empty subset S’ of S which is closed under the binary operation
of S, that is it satisfies S" % S C §'. The subsemigroup of S generated by a subset
H C S is the smallest subsemigroup of S containing H. It is denoted by (H). In the
case of singleton H = {h} or finite H = {hq, ha, ...h, }, we write (h) for ({h}) and may
write (hy, ha,...hy) for ({h1, ha,...h,}), respectively. A semigroup is called monogenic
if it is generated by a single element. H is a generating system for S if (H) = S. A
generating system H is minimal if for every h € H, H\{h} is not a generating system.
A minimal generating system is also called a basis. In addition, a semigroup S is
finitely generated if it has a generating system with finitely many elements. If H is a

finite generating system for S, then for an appropriate K C H, K is a basis of S.

1.2.3 Definition

Let S and T be semigroups having a mapping ¢ : S — T such that ¢ (zy) = ¢ (z) ¢ (v)
for all z,y € S. Then, we say that ¢ is a homomorphism from S to T. If ¢ is
surjective, we also say that S can be mapped homomorphically onto T" and that T is
a homomorphic image of S. If ¢ is bijective, then we say that .S is isomorphic to T’
(or S and T are isomorphic) and ¢ is called an isomorphism. An automorphism is an
isomorphism from a semigroup S to itself.

If the semigroup S is a homomorphic (isomorphic) image of the semigroup Sy and
Sy is a homomorphic (isomorphic) image of the semigroup Ss, then S is homomorphic

(isomorphic) image of Ss.
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1.2.4 Definition

An element r € S is called a right-zero (left-zero) element of S if sr = r (rs =r) for
all s € S. In addition, 0 € S is the zero element if 0s =s0 =0, s € S.

1.2.5 Example

Let S be a nonempty set. There is a simple semigroup structure on S with the
multiplication given by xzy = z, for all z,y € S, is called the left-zero semigroup over
S.

If the semigroup has both a left-zero element [ and a right-zero element r, then
it has an unambiguously determined zero element 0 = lr = [ = r. It follows that
the zero element of a semigroup S is uniquely determined if it exists. Just as for a
zero element, the element e of a semigroup is uniquely determined if it exists and is
called the identity element of S. If ¢ : S — T is a homomorphism, and S and T are
both monoids with respective identity elements 1g and 17, it need not be the case
that ¢ (1g) = 1p. The monoid with two right-zero elements or flip-flop monoid is
F = {e,l,r} with multiplication is defined as

e l r
e|e l r
|1 l r
T l T

Then, for example, the constant function from F' to F taking every element of F' to
[ is a homomorphism but does not take the identity element e to itself. A homomor-
phism between monoids that does take the identity to the identity is called a monoid

homomorphism.

1.2.6 Definition

Let X be any nonempty set. A word or string (over X) is a finite sequence of elements
of some nonempty set X. Let X* denote the set of all words of element of X of
finite length, A denote the empty word in X™* and |x| denote the length of x for every
x € X*. X* is the free monoid generated by X with operation, concatenation. Note
that XT = X* — {\} is the free semigroup over X.

1.2.7 Theorem

Let X be a free semigroup over X, S is an arbitrary semigroup, and o : X — S
is an arbitrary map from X into S. Then there is a unique semigroup homomorphism

a: Xt — S extending .
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1.2.8 Remark

Let X = {z}. The free semigroup X* over X is isomorphic (W,+), where W =
{0,1,2,...} . Mapping n € W to =", we obtain an isomorphism from W to X*.

1.2.9 Definition

Let S be a set. An equivalence relation R on S is a reflexive, symmetric and transitive
binary relation, that is, for all x,y, z € S,

(1) zRx

(2) 2Ry imply yRx and

(3) xRy and yRz imply zRz.

1.2.10 Definition

A congruence relation p on a semigroup S is an equivalence relation such that xpy and
upv implies uxpvy.

If zpy for some z,y € S, then sometimes we write z = y (mod p) or, in short, x = y.
(Then, we say that x is congruent to y modulo p or, in short, x is congruent to y.)
Let S and T be semigroups having a homomorphism f : S — T. Then, determines
a congruence relation p with z = y (mod p) if and only if f (z) = f (y) (z,y € S). A
partition S/p of the semigroup S is called compatible if p is a congruence relation. In
this case, multiplication in S induces a semigroup structure on S/p. Letting [x] denote
the p equivalence class x/p of x € S, compatibility means that the multiplication
[z] [y] = [zy] is well defined for all z,y € S and is associative. Thus, we have the

following result.

1.2.11 Theorem

Let p be congruence relation on a semigroup (monoid) S. Then S/p = {[z] : z € S} is

also a semigroup (monoid). Moreover, there exists a homomorphism from S onto S/p.



Chapter 2

Soft Finite State Machine

Soft set theory [43] was firstly proposed by a Russian researcher Molodtsov, in 1999.
This theory is a general mathematical tool for dealing with uncertain, fuzzy, not clearly
defined objects. Soft sets have received much attention in the last era because of their
application in decision making problems. Molodtsov presented the concept of soft sets
to deal with uncertainty. Prior to soft set theory, probability theory, fuzzy set theory,
rough set theory and interval mathematics were common tools to discuss uncertainty.
But unfortunately difficulties were attached with these theories, for details see [35, 43].
As mentioned above soft set theory has enough number of parameters, so it is free from
difficulties associated with other theories. Soft set theory has been applied to various
fields very successfully.

Now we recall the basic definitions of soft set. Throughout U refers to an initial
universe set, P (U) the power set of U and E the set of all possible parameters under
consideration with respect to U.

A pair (F,A) is called a soft set over U, where F' is a mapping given by F :
A — P (U) and A is a subset of E. Therefore, a soft set over U gives a parametrized
family of subsets of the universe U. For a € A, F (a) may be considered as the set of
a-approximate elements of U by the soft set (F, A).

Soft set theory is a generalization of fuzzy set theory see [7]. In this chapter,
using the notion of soft sets, we introduced the concept of soft finite state machines
(SFSM) as a generalization of fuzzy finite state machines. Study of soft finite state
machines is interesting and worthwhile because there are results which hold for fuzzy
finite state machine but do not hold for soft finite machine. For example, [20], in
fuzzy finite state machines if p is successor of ¢ and r is a successor of p, then 7 is a
successor of ¢. In general this result holds no longer in soft finite machines. In this
chapter, we also introduce a congruence relation which can be naturally established in

such a way that each associates a semigroup with a soft finite state machine (SFSM).

12
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We introduce a (strong) homomorphism of SFSM and then we investigate the related
properties. Using a SFSM we make three finite semigroups with identity and show
that they are isomorphic. We defined soft admissible relation and establish a relation
between SFSM and the quotient structure of another soft finite state machine. Finally,

soft transformation semigroups are defined and related properties are investigated.

2.0.12 Definition

A soft finite state machine (SFSM) is a quadruple (@, X, F, U) where ) and X are finite
non-empty sets called the soft states and the set of soft input symbols, respectively,
and (F,Q x X x Q) is a soft set over U.

Let X* denote the set of all words of element of X of finite length, A denote the
empty word in X* and |z| denote the length of x for every z € X*.

2.0.13 Definition

Let T = (Q, X, F,U) be SFSM. Define soft set (F*,Q x X* x Q) by

U if g =p,
F*(q, A, =
(@:2p) { () otherwise.

F*(q,a,p) = F(q,a,p)

and
F*(q,za,p) = | J{F* (¢, 2,7) N F (r,a,p)},
reQ
forallz € X*, p,ge @ and a € X.
Let XT = X* —{\}. Then, X is a semigroup. For F** given in Definition 2.0.13,
we let F'T = F* restricted to Q x X x Q.

2.0.14 Example

Let Q@ = {a,b} be the set of soft states and X = {z,y} be the set of soft inputs.
Consider the universal set U = {1,2,3,4} . Then Y = (Q, X, F,U) is described as

a b
(a,z) | O {1,3}
(a,y) | {1,2,3} 0
(b,z) | {2,3} {1,2}
(b,y) | 0 {2,4}
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The above table can be read as, the image of (a,y,a) under F is {1,2,3}. The image

of (a,zy,a) under F* is (). Since

F*(a,zy,a) = U [F* (a,z,7) N F (r,y,a)]
reQ
= [F*(a,z,a)NF (a,y,a)]U[F* (a,z,b) N F (b,y,a)]

= [0n{1,2,3}JU[{1,3} 0]
— 0.

2.0.15 Lemma

Let T = (Q, X, F,U) be a SFSM. Then,

F*(q,zy,p) = | J{F* (¢, z,7) N F* (r,y,p)},
reqQ

for all p,q € Q and z,y € X*.
Proof. Let p,q € Q and z,y € X*. We prove the result by induction on |y| =n

if n =0, then y = X and so xy = zA = z, hence

U P @z nF (ryp)] = |JF (gz,r)0F* (r,Ap)
reQ req
= F*(q,z,p).

Thus the result is true for n = 0.
Suppose that the result is valid for all u € X* such that |u| =n — 1. Let y = ua
where u € X*, a € X and |u| =n — 1. Then,

F*(q,zy,p) = F*(g,vua,p)= ] [F* (g, zu,r) N F (r,a,p)]
reQ

= U |UF (@es)nF (s,u,7)] N F(r,a,p)
reQ |s€eQ

= U [F* (q,z,8) N F* (s,u,r) N F (r,a,p)]
r,s€Q

= U |F* (g, 9)n | [F* (s,u,r) N F (r,a,p)]

SEQ reqQ
= U [F* (q,z,s) N F* (s,ua,p)]
sEQ

= U [F* (¢, z,s) N F* (s,y,p)] .
s€Q
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Hence the result is valid for |y| = n. This completes the proof. m
Define a relation = on X* by = 2 y if and only if F* (¢, z,p) = F* (q,y,p) for all
p,q € Q. Clearly = is an equivalence relation on X*. Let z € X* and = = y. Then,

F*(q,zx,p) = U {F*(¢,z,7r)NF* (r,x,p)}
reqQ

= U {F (q2r)nF* (ry.p)}
reqQ
= F*(g,2y,p).

Thus zx = zy. Similarly xz = yz. Thus = is a congruence relation on the semigroup

X*. Thus we have the following result.

2.0.16 Theorem

Let T = (@, X, F,U) be a SFSM. Define a relation = on X* by = = y if and only if
F*(q,z,p) = F*(q,y,p) for all p,q € Q. Then = is a congruence relation on X*.

Let x € X*, we denote [z] ={y € X* |z =y} and S(Y) = {[z] | z € X*}. Define
a binary operation ® on S (Y) by [z] ® [y] = [zy] for all [z],[y] € S(T). Obviously
® is well defined and associative. It can be easily checked that [A] is the identity of
S (T) under ®. Hence, we have the following theorem.

2.0.17 Theorem

Let T = (Q, X, F,U) be a SFSM. Define a binary operation ® on S (Y) by [z] ® [y] =
[zy] for all [z],[y] € S(Y). Then (S(Y),®) is a finite semigroup with identity [A].

Now we define another type of congruence relation on X*. Let z,y € X*, define
x=yiff F*(q,z,p) =U <= F*(q,y,p) =U for all ¢,p € Q.

Clearly = is an equivalence relation. Assume that x = y, for every p,q¢ € Q@ and
for any z € X*, we have F* (¢, zx,p) = U <= U [F* (q,z,7) N F* (r,z,p)] =U

reQ
= U (q,z,7)NF*(r,y,p)| =U

reQ
— F*(q,zy,p) =U.

Hence zz = zy. Similarly zz = yz. Thus = is a congruence relation on X*. For any
z€X* wedenote 7 ={yc X*:z =y} and S(T) ={Z:2 € X*}.

Define a binary operation ® on S (Y)byz0y =y forallz,y € S (7). Clearly ©®is
well defined and associative, For any y € S (Y), we have /\®y = )\y =y = y)\ =9y0® A
This means A is the identity of (S (1), @)

Let f:S(Y) — S(Y) by f([z]) = for all [] € S(Y). Let [z],[y] € S(T) such
that [z] = [y] = F*(q,2,p) = F*(q,y,p) for all p,q € Q.
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Thus F* (q,z,p) =U < F*(q,y,p) =U for all p,q € Q

= T =7y = f is well defined. Obviously f is onto and one-one. For every
[z],[y] € S(Y), we have

fele ) =f(zy]) =zy =20y = f(z]) © f([z]).

Thus, we have the following result.

2.0.18 Theorem

Let T = (@, X, F,U) be a SFSM. Define a binary operation ® on §(T) by 2Oy =2y
for all 7,5 € S (Y). Then <§ (1) ,@) is a finite semigroup with identity and [z] — T
is a bijective homomorphism of S (T) to S ().

Let Y = (Q, X, F,U) be a SFSM. For all x € X*, define a soft set F} in Q x @ by
Fy ((p,q)) = F* (p,z,q) for all (p,q) € Q x Q.

Let P, R and T' be non-empty subsets of Q). Let F; and F» be soft sets in P x R
and R x T. Define Fy o Fy in P x T by Fyo Fy (p,t) = | [Fy (p,7) N Fa (r,t)].

reqQ

2.0.19 Theorem

Let T = (Q, X, F,U) be a SFSM and Sy = {F, : x € X*}. Then
(i) Fy o Fy = Fyy for all z,y € X*.
(i7) (S, o) is a finite semigroup with identity, and it is isomorphic to (S (Y),®).
Proof. (i) Let p,q € Q. Then

F:cy (Q7p) = I (qawyap) = U {F* (Qa:B?T) nrE” (T,y,p)}

req
= U{FI(Q,T)mFy(Tvp)}
reQ
= FIOFy((Lp)'

So FyoFy = Fyy.

(13) Obviously (Sy, o) is a finite semigroup with identity F)\. Note that Sy is finite
because @ and the image of F' are finite. Define f : Sy — S (Y) by f (Fy) = [z] for
all F, € Sy. Let F,, Fy, € Sy. Then, F, = F),

< Fu(q,p) = Fy(gp) forall (¢,p) €QxQ
— F'(qz,p) =F (¢,y,p)
= [z]=[y].

Thus, f is well defined. Obviously, f is one-one and onto.

Now, f(FyoFy) = f(Fuy) = [zy] = [2] ® [y] = [ (Fi) ® f(F,). So f is a homo-
morphism. This completes the proof. m
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2.1 Homomorphisms

Homomorphism of machines play a central role in problems of machine decomposition
and in different hardware and software implementations. In particular, automorphism
are applied in automata decomposition, characterization of different automata types,

and investigations of structure of the characteristic semigroup of an automaton.

2.1.1 Definition

Let T; = (Q;, Xi, F;,U) be SFSMs, ¢ = 1,2, over the same universal set U. A pair
(f,g) of mappings f: Q1 — Q2 and g : X7 — X> is called a homomorphism if

Fl (Q7xap) QFQ(f(q),g(w),f(p)), for aupaqul and x GXl.

It is written as (f,g) : T1 — Ya.

The pair (f,g) is called a strong homomorphism if it satisfies

By (f(q),9) . f )= {F(gz.r)[reQ f(r)=f®)},

for all p,q € @1 and x € X;.

A homomorphism (strong homomorphism) (f,g) : T1 — Yy is called an isomor-
phism (strong isomorphism) if f and g are both one-one and onto. It is written as
T =7Ts.

If X; = X5 and ¢ is the identity map, then we simply write f : T1 — T3 and say
that f is a homomorphism or strong homomorphism accordingly. If (f, g) is a strong

homomorphism with f is one-one, then

Fi(q,z,p) = F2(f(q),g9(x), f(p) forall p,q € Q1 and = € X;.

2.1.2 Lemma

Let Y; = (@i, X;, F;,U) be SFSMs, i = 1,2, over the same universal set U. Let
(f,g) : T1 — Ya, be a strong homomorphism. If F»(f(q),g(z),f(r)) # 0 for
all g,r € @1 and = € Xj, then there exists ¢ € Q1 such that Fy (¢, z,t) # 0 and
f@)=7r(r).

Furthermore, if f (¢) = f (p) for all p € @, then

Fi(p,z,r) CJ{F1 (g2, ) 1t €Q, f(t) = f(r)}.

It can be written as Fy (p,z,7) C U‘e] Fi (q,z,t;) such that t; € Q, and f (t;) = f ()
for all i € I.
Proof. Let p,q,r € Q1, v € X1 and F> (f (q),9(2), f(r)) # 0.
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Then, U{F1 (q,z,8) | s€Q1, f(r)=f(s)} # (. Since @ is finite so there exist

t € @, such that f(t) = f(r) and Fy (¢, z,t) # 0. Suppose f (q) = f (p) for all p € Q.
Then,

Fl (p,l‘,’f’)

N

UAF (p28) | s € Qu, f(s) = f(r)}
B (f(p),g(2), f(r)
Fy(f(a),g(z), f(r))
U{F (g 2.t) [t €@, f(t)=f(r)}

— Fi(pa,r) C LR (g2,0) [t€Qr, f(H)=f(r)}. m

2.1.3 Definition

Let Y; = (Qi, X;, F;,U) be SFSMs, i = 1,2, over the same universal set U. Let
(f,g) : T1 — Y9, be a homomorphism. A mapping ¢g : X1 — X2 can be extended
tog: Xi — X3 byg* (z) =g (x1)g(x2)....9 (), where x = z129....2, and z; € X,
j=12,...,n,and g(\) = A.

2.1.4 Lemma

Let T; = (Qi, Xi, F;,U) be SFSMs, ¢ = 1,2. Let (f,g) : T1 — Y9, be a homomor-
phism. Then, ¢* (zy) = ¢* (z) ¢* (y) for all z,y € X7.

Proof. Let z,y € X{ and |y| = n. If n = 0, Then, y = A and hence g* (zy) =
9" (@) =g" () g" (y)-

Suppose now the result is true for all y € X7 such that |y| = n—1,n > 0. Let u = ya
where y € X7, a € X; and |y| = n — 1. Then, ¢* (zu) = ¢* (zya) = ¢* (zy) g (a) =
g () g* (y) g (a) = g* (z) g* (ya) = ¢* (z) g* (u) . The result now follows by induction.
[

2.1.5 Proposition

Let T, = (Qi,Xi, F;,U) be SFSMs, ¢ = 1,2, over the same universal set U. Let
(f,g9) : Y1 — Yg, be a homomorphism. Then,

Ff (¢, z,p) C F5 (f(q).9" (z), f(p)) forall p,q € Q1 and z € X7.

Proof. Let p,q € Q1 and = € X]. We prove the result by induction on |z| = n. If
n =0, then z = XA so g* (\) = A\

Ifp = g, then Fy (q,2,p) = F{' (¢, A,p) =U = F5 (f(0), A\, f (P)) = F5 (f (0) , 9" (2) . f (P)) -

)
If p # g, then FY (¢,7,p) = F{ (¢, \,p) =0 C 5 (f (), 9 ( ) f ().
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Hence the result is true for n = 0. Suppose that the result is true for all y € X7
such that |y| =n—1, n > 0. Let 2 = ya, where y € X7, a € X; and |y| = n— 1. Then,

Ff (q,z,p) = F{(q,ya,p)

= U {F (@y. )N Ff (r.ap)}
reQ1

¢ UBUW@.gw. fe)NE(f(1),9(a),f @)}

reQ1

c UBU@.gw.»")nk (g, f®)}

' €Q2

= F(f(@),9" W g(a),f(p)
= F5(f(q),9" (ya),f(p))
= F5(f(0),9" (@), f(p).

This completes the proof. m

2.1.6 Theorem

Let Y; = (Qi, X;, F;,U) be SFSMs, i = 1,2, over the same universal set U. Let

(f,g9) : T1 — Yo, be a strong homomorphism. Then, f is one-one, if and only if

Fy (¢,xz,p) = F5 (f(q),9" (z), f (p)) for all p,q € Q1 and = € X7.

Proof. Suppose f is one-one. Let p,q € @1 and = € X]. We prove the result by
induction on |z| = n. If n =0, then = X so g* (\) = A.

Since p = ¢ iff f(p) = f(q), then FY (¢, 2,p) =U = F5 (f(¢).9" (z)., f (p))-

Suppose that the result is true for all y € X7 such that |[y] = n —1, n > 0. Let
x = ya where y € X{, a € X; and |y| = n — 1. Then,

B (f(0),9" (2), f(p) = F2(f(a),9" (ya),f(p))
= B/ ()g*() (@), f(p))

= UBF@.gw . fo)NE(f(r).g9a), f (@)}
reQ1

= U {F{ (¢,y,7) N Fy (r,a,p)}

re@i
= F{(q,ya,p)

= F{(¢z,p).

Conversely, let p,q € Q1 and let £ (p) = f (q). Then, 5 (f (4) .\, £ (9)) = F} (4, \,p) =

U. Hence, ¢ = p, i.e., f is one-one. This completes the proof. m
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2.2 Soft Admissible Relations

In this section, we define soft admissible relation for soft finite state machines. Soft
admissible relation naturally lead to a quotient structure of soft finite state ma-
chines. These admissible partitions appeared in the literature under several names,
out-licit equivalences, quotient, covering [2, 3], simulation [4], bisimulation [5] and

block-stochastic matrices [15].

2.2.1 Definition

Let T = (Q, X, F,U) be a SFSM and “~” be an equivalence relation on Q). Then, “~”

is called a soft admissible relation if it satisfies,

p ~ qand F(p,a,r) # () then there exist t; € Q for i = 1,2, ...n such that

n
t; ~ 7 for each 7 and UF(q,a,ti) 2 F(p,a,r) forall p,q,r € Q and a € X.
i=1

2.2.2 Theorem

Let T = (@, X, F,U) be a SFSM and let “~” be an equivalence relation on ). Then

[43 7

,“~” is a soft admissible relation if and only if it satisfies,

p ~ qand F*(p,z,7) # (), then there exist t; € Q for i = 1,2,...n such that

n
t; ~ r for each i and U F*(q,z,t;) O F* (p,z,r) for all p,q,r € Q and x € X™.
i=1

Proof. Suppose “~” is a soft admissible relation on Q. Let p,q,r € Q and z € X*
be such that p ~ g and F* (p,z,r) # 0.

Suppose |z| = n, if n =0, then x = X\. Thus, F* (p,\,7) = F* (p,z,7) =U

= p=r and F*(p,z,r) = U. If we take t = ¢, then t ~ r and F* (q,z,t) =
F*(¢,\q)=U

= F*(q,z,t) 2 F*(p,z,r) and t ~ 7.

Thus, the result is valid for n =0

Suppose the result is true for all y € X* with |y =n—1, n > 0. Let x = ya, where
a € X. Then,

F* (p,x,r) = F* (p,ya,r) = | J [F* (p,2,01) N F (q1,a,7)] # 0.
QEeQ
Let s € @ be such that F* (p, x, s)NF (s,a,r) # 0. It follows from induction hypothesis
n

that there exist t;, € @) such that t5, ~ s for each 7 and U F*(q,y,ts;) 2 F*(p,y,s) .
i=1
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Now, F* (s,a,r) # () and t5, ~ s. Since “~” is soft admissible relation on @, then

m;
there exist t;, € @ such that t;, ~ r for each j; and U F (ts;,a,t;,) 2 F(s,a,r) for

Ji=1
alli=1,2,..n.
Thus,
F*(p,x,r) = U [F™* (p,y,s) N F (s,a,r)]
s€Q
n m;

< Y l|UF (q,y,tsi)] N | F(tsa.t5)
seQ | Li=1 ji=1

- U U [F* (q?y7t3i) nFr (tsi’ a‘7tji)}

1<i<n ts,€Q
1<ji<m;

*
= U F*(q,z,tj,).
1<i<n
1<j5i<m;

So tj, ~ r for each t;, and U F*(q,z,tj;) 2 F*(p,x,r). Therefore, the result

1<i<n
1<j;<m;

follows by induction.

The converse is trivial. m

Let T = (Q, X, F,U) be a SFSM and let “~” be a soft admissible relation on Q.
For q € @, let [g] denote the equivalence class of ¢. Let Q = {[¢] : ¢ € Q} and define
softsetﬁin@vavaby

F(lg),=[p) = |J F(g.2.t) forall p,g € Q and a € X.
tep]

Suppose that [q] = [¢], # = y and [p] = [p]. Then, ¢ ~ ¢'. Now, F([q], =, [p]) =
U F(q,z,t). Let € [p] be such that F* (¢,x,r) # 0 and “~” is soft admissible.
te(p]
Then, there exist ¢; € @) such that t; ~ r and U F({,z,t;) D F(q,z,r).
icl

Now, t; ~r € [p] = t; € [p] = [p], similarly if F (¢, z,t) # 0, then there exist

rj € @ such that r; ~ t and U F(q,z,7j) 2 F (¢, xz,t)
JjeJ

= F ([q],z,[p]) = F([¢],z,[p]]) - This shows that F is single valued. Therefore,
(@,X, F, U) is SFSM. Now define f: Q@ — Q by f(q) = [q] for all ¢ € Q. Clearly,
f is well defined onto map. Let g : X — X be the identity map. Let ¢,t € @ and

x € X. Then,

F(f(q),2 () =F(d,z[t) = Flg2,r) 2 Flg=1).

B relt]

Hence, ( /s g) is a homomorphism.
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2.2.3 Definition

Let T; = (Qi, X, F;,U) be SFSMs, ¢ = 1,2 and let f : T1 — Y3 be a strong
homomorphism. Then, the kernel of f, denoted Kerf, is defined to be the set

Kerf={(p,q) | f(p) = f(a)}.

2.2.4 Lemma

Let T; = (Qi, X, F;,U) be SFSMs, ¢ = 1,2 and let f : Ty — Y3 be a strong
homomorphism. Then, the Kerf, is a soft admissible relation on Q1.

Proof. Clearly Kerf is an equivalence relation on ;. Let p,q € Q1 and (p,q) €
Kerf. Then, f(p) = f(q).Leta € X,r € Q1,and F (p,a,r) # 0. Then, F5 (f (q),a, f (r)) =
E(f(p),a, f(r)) 2 Fi(p,a,r) # (0. By Lemma 2.1.2, there exist t; € Q1,7 =1,2,....,n
such that Fy (p,z,r) C Uj_l Fi(q,z,t;) and f(t;) = f(r). Since f(t;) = f(r),

(t;,r) € Kerf for all i = 1,2...,n. Thus, Kerf is admissible. m

2.2.5 Theorem

Let T; = (Q;, X, F;,U) be SFSMs, i = 1,2 and let f : T; — T2 be an onto strong
homomorphism. Then, there exists an isomorphism f : (Ql/Kerf, X, ﬁ, U) —
(Q2, X, F5,U) such that the following diagram commutes.

f
(Qu.X.F.U) > (@ X.F,.U)

~,

f
(Qlf’Herf’X’F’ H)

Proof. Define f: Q1/Kerf — Q2 by f([q]) = f(q). Let p,q € @1 be such that

[p) = [g]. Then, (p,q) € Kerf, and hence, f (p) = f (¢) or f([p]) = f ([g]) . Thus, f is
well defined. Now, let ¢,p € @1 and x € X. Then,

F(lg,zp) = | F(gzt)

te[p]
= UtBi@zn [ F () =10), Q)
= F(f(q9),z f(p)
= B (F(la) .= F ().

Thus, fis a homomorphism. Obviously, fis one-to-one and onto, and fo f=f. This

completes the proof. m
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2.3 Soft Transformation Semigroups

The concept of transformation semigroups has played an important role in the theory
of finite automata [54]. In this section, we define the concepts of soft transformation

semigroups, faithful soft transformation semigroups and related properties discussed.

2.3.1 Definition

A soft transformation semigroup (STS) is a quadruple (@, S, Fs, U) in which @ is finite
non-empty set, S is a finite semigroup and Fj is a soft set of Q x S x Q) over U such
that

(i) Fs (¢, 2y,p) = | J {Fs (¢, 2,7) N Fs (r,y,p)}

req
(73) If S is a semigroup with identity e, then

U ifg=p

() otherwise

Fy(q.e,p) = {

If, in addition, the following property holds, then (@, S, Fs, U) is called faithful.

(131) Let z,y € S, if Fs(q,x,p) = Fs(q,y,p) for all ¢,p € @, then x =y

Let T = (Q, S, Fs,U) be a soft transformation semigroup. This, STS may not be
faithful. Define a relation R on S, xRy if and only if Fy (¢, z,p) = Fs(q,y,p) for all
q,p € Q and for all z,y € S. Clearly, R is an equivalence relation on S. Suppose that
x,y,z € S and xRy. Then,

FS(Q)xzvp) = U{FS(an)T)mFS(Tvzap)}
reQ

= U {Felg,y.r)NF(r,2,p)}
reqQ
- Fs(%yzvp)

for all ¢,p € Q. Similarly, we can show that, F (q, zz,p) = Fs (¢, zy,p) for all ¢,p € Q.
Hence, R is an congruence relation on S. Let [x] denote the equivalence class of R. Let
S/R = {[z]| = € S}. Define Fs : Q x S/Rx Q — P (U) by F; (g, [z],p) = Fs (g, ,p)
for all ¢,p € Q and [z] € S/R. Clearly, F; is single valued. Now,

Fi(q,[z][y].p) = Fs(q [zy],p)
= FS(Q7$yap)

= U {Fe(gzr) N Fi(ry,p)}
re@

= U {F(@l].r)nF(n.p)
reQ
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also

— U ifg=p
Fs 5 ’ =
(@le]p) { (0 otherwise.

Suppose that Fy (q, [z] ,p) = Fs (q, [y], p) for all ¢,p € Q. Then, Fs (¢, z,p) = Fs (q,y,p)
for all ¢,p € Q. Hence zRy and so [z] = [y]. Thus, (Q, S/R, Fy, U) is a faithful STS.
We call (Q, S/R,F,,U ) the faithful soft transformation semigroup represented by the
quadruple (@, S, F,U).

2.3.2 Theorem

Let T = (Q, X, F,U) be a SFSM. Then, (Q, S(Y), Fs(rys U) is a faithful soft trans-

formation semigroup, where
Fsry (p,[z],q) = F* (p,z,q) for all p,q € Q and z € X™.

Proof. By Theorem 2.0.17, (S(Y),®) is a finite semigroup with identity [A].
Clearly, Fg(v) is single valued. Let [z], [y] € S(T) and ¢,p € Q. Then,

Fseyy(p, [zl ® [y],9) = Fser) (p,[2v],9)
= F"(p,zy,q)
= J{F z,r) N F* (r,y,9)}
reqQ

= U {Fser) (0. [2],7) N Fsery (r,[y] @) } -
reqQ

Now,
F*(p,\q)=U ifqg=p

F b) >\ ) =
s(r) (P[], 9) { F*(p,\, q) = () otherwise.

Suppose Fg(y) (p; [z] ,p) = Fsv) (¢, [y] . p) forall ¢, p € Q. Then, F* (p,z,q) = F* (p,y,q)
for all ¢,p € Q. Thus, z = y or [z] = [y]. Hence, (Q, S (Y) s Fserys U) is a faithful soft
transformation semigroup. m

Let T = (Q, X, F,U) be a SFSM. Then, by Theorem 2.3.2, (Q,S(Y), Fg(r),U)
is a soft transformation semigroup and it is denoted by STS(Y), we call STS(Y) the
soft transformation semigroup associated with T.

Let T = (Q, X, F,U) be a SFSM. Define the relation “~*” on X by x =t y if
and only if F'* (q,2,p) = F* (q,y,p) for all p,q € Q. Then, “~*” is a restriction of
>~ to Xt x X*t. Let S(T)" denote the set of all equivalence classes induced by =t .
Then, S(Y)" = S(Y) — {[\]} and S(T)" is a subsemigroup of S(Y). So, we can
define (Q, S (T)+ ’FS(T)““’ U) as a soft transformation semigroup associated with T.
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2.3.3 Theorem
Let T = (Q, X, F,U) be a SFSM and STS(T):(Q,S(T) s Fs(ry, U) associated with
Y. If f:Q — @ is the identity map and g : X —S(T) by g (x) = [z] for all z € X.
Then, (f,g) is a strong homomorphism.

Proof. Let for any p,q € Q and x € X. Then,

F(q,z,p) = F*(q,%,p) = Fy(v) (¢, [2],p)
= F(¢,z,p) = Fsx) (f (@), [z], f(p). =

2.3.4 Definition

Let (@, S, Fs,U) be a STS. Let “~” be an equivalence relation on Q). Then, “~” is

called a soft admissible relation if and only if,

p ~ qand Fs(p,a,r) # () then there exist ¢; € @ for i = 1,2, ...n such that

n
t; ~ 1 for each ¢ and U Fs(q,a,t;) D Fs(p,a,r) for all p,q,r € Q and a € S.
i=1

2.3.5 Theorem

Let Y = (Q, X, F,U) be a SFSM and ~ be an equivalence relation on ). Then, “~”
is soft admissible relation for Y if and only if ~ is soft admissible relation for the soft
transformation semigroup, STS(Y) = (Q, S(Y), Fsry, U) :

Proof. Suppose “~” is a soft admissible relation for Y. Let p,q € @ be such that
p~qand [z] € S(Y). Let Fgyy (p, [z],7) # () for some r € Q. Then, F* (p,z,7) # 0.
Hence, by Theorem 2.2.2, there exist t; € @ for i = 1,2, ...n such that

n
t; ~ r for each 7 and UF* (q,z,t;) 2 F* (p,z,r) for all p,q,7 € Q and x € X™.
i=1

Thus,

n n

UFS(T) ((L [:U] 7t1) = UF* (qaxvtl) 2 F* (p,iL’,?") = FS(T) (p7 [.’L’] 7T)'
i=1 i=1
Hence, ~ is soft admissible relation for STS(T) = (Q, S (Y), Fg(v),U) .
Conversely, let p,q € Q be such that p ~ g and a € X. Let F* (p,a,r) # () for some
7 € Q. Then, Fg(yy (p,[2],r) # 0. Then, there exist ¢; € Q for i = 1,2, ...n such that

ti ~r for each i and | J Fsr) (q,[al ,t:) 2 Fser) (p, la] ,7)
=1
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Now,

U P (@.a,t:) = | Fsery (a.lal . £i) 2 Fsery (p, [al ,7) = F* (p,a,7) and t; ~ 1.
=1 =1

Hence, “~” is a soft admissible for T. m

2.3.6 Definition

Let (Q1,51,Fs,,U) and (Q2, 52, Fs,,U) be two soft transformation semigroups. A
pair (f,g) of mappings f : Q1 — Q2 and g : S1 — S2 is called a homomorphism
from (Ql, 51, FSU U) to (QQ, 52, FSQ, U) if

(1) g(zy) =g (z) g (y)

(2) If e; is the identity of S7 and eg is the identity of So, then g (e1) = g (e2) .
(3) Fs, (¢,z,p) € Fs, (f(q),9(x), f (p)) for all ¢,p € Q1, z € Si.

(f,g) is called a strong homomorphism if it satisfies (1), (2) and

Fs, (f(0),9 (), f () =|J{Fs (g, 2,t) |t € Qr, f(t) =f (D)},

for all ¢,p € Q1, x € 57.
A homomorphism (strong homomorphism) (f, g) : (Q1, 51, Fs,, U) — (Q2, 52, Fs,,U)

is called an isomorphism if f and g are both one-one and onto.

2.3.7 Theorem

Let T; = (Qi, Xi, F;,U) be SFSMs, i = 1,2. Let (f,g9) : T1 — Y2, be a strong
homomorphism with f is one-one and onto. Then, there exists a strong homomorphism
(g, B,) from STS(Y1) to STS(Ys).
Proof. Define ay : @1 — Q2 by ay(q) = f(q) for all ¢ € Q1 and let 3, :
S (Y1) — S(T2) by B, ([z]) = [g" (z)] for all [z] € S(T1). Let [z],[y] € S(T1) and
[z] = [y]. Fi (q,2,p) = FY (¢, y,p) for all ¢,p € Q1. Now,
Fy (f(a),9" (). f(p)) = Fi(qg=,p)
= Fi(¢y:p)
= F(f (0.9 W), f(p),
for all p, ¢ € Q1. Thus, [g* (x)] = [¢* (y)] . Hence 3 is well defined. Now, 3, ([z] ® [y]) =
By ([zy]) = g™ (zy)] = lg" (@) g" ()] = [g" (@)] ® [9" ()] = B, ([z]) ® B, ([y]) and
By ([A) = lg" (V)] = [A]. Also,
Fsery) (¢;[z],p) = F{(q,,p)
= K (f(9),9" (@), f(p)
= Fsery) (f (@), 8, ([2]),ar (p) -
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Hence, by definition (a 753 g) is a strong homomorphism. =



Chapter 3

Coverings and Products of Soft
Finite State Machines

The concept of, covering, cascade product, and wreath product play an important role
in the study of automata and their associated semigroups [49]. In this chapter, we

examine these concepts for soft finite state machines.

3.1 Covering and General Product Of Soft Finite State

Machines

We have seen in Theorem 2.3.2 that "each soft finite state machine Y = (Q, X, F,U)
has an associated soft transformation semigroup STS(Y) = (Q, S(Y), Fsry, U) " In
this section, we defined the concept of covering, general direct product, full and re-
stricted direct product of soft finite state machines. Using these concepts, we will show
that full (restricted) direct product of soft transformation semigroups associated with
machines cover by soft transformation semigroup associated with the full (restricted)

direct product of soft machines.

3.1.1 Definition

Let T; = (Q4, X;, F;,U) be SFSMs, i = 1,2. Let n be a function from Q3 onto @
and let ¢ be a function from X into Xs. Extend ¢ to a function ¢* of X7 into X3 by
C*(x) = ¢ (x1) ¢ (x2) ¢ (x3) ....C (x,) where, © = x12973...0, and x; € X7,i=1,2,...,n
and ¢* (A\) = A. Then (n, () is called a covering of Y1 by Yo, written T1 < Yo, if and
only if Vgo € Q2, ¢1 € Q1 and = € X7,

Fy (n(q2)z,q1) = [ J{F5 (g2, ¢ () ,72) [ n(r2) = q1, 72 € Qa} .

28
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Clearly, (n,() is a covering of Y1 by Yy if, and only if, for all g2 € Q2, ¢1 € @1,
and z € X{, Ff (n(q),z,q1) 2 F5 (q2,¢" (z),re) such that n(r2) = g1 and there
exist r; € Q2 for ¢ = 1,2,..,n such that n(r;) = ¢ for all ¢ and F} (n(q2),z,q1) =

U B (. (@) ).

3.1.2 Example

Let T; = (Qi, X;, Fi,U) be SFSMs, i = 1,2, such that Q1 = {q1,92}, X1 = {a,b},
Q2 = {1, 45,45}, Xo = {a,b} and U = {1,2,3,4}. Then Ty = (Q1,X1,F1,U) and
Yo = (Q2, X2, F5,U) are described as, respectively

q1 q2
(q1,0) | {1,2}  {1,4}
(q1,0) | 0 {1,2,3}
(g2,a) | 0 {1,2}
(g2,0) | {1,2,3} {3,4}
The above table can be read as, the image of (g1, b, ¢2) under F; is {1,2,3}.
@ % a5
(q1,0) | 0 {14} {12}
(qy,b) | 0 {1,2,3} 0
(g3,a) | 0 {1.2 0
(CIévb) 0 {374} {17273}
(g3,0) | {1,2} 0 0
(g3,0) | 0 {2} 0

The above table can be read as, the image of (¢}, a,q)) under Fy is {1,4}. Define

n:Q2 — Q1 by n(q)) =n(gs) = ¢1 and n(¢5) = g2. Let ¢ be the identity map on
X1 — Xs. Now, for all z € X7

FT (77 (QQ) » T, Q1) = U{Fz* (q'l,x,rz) | n(r2) =aq, 2 € Q2}

= F{ (qu.2,q1) = F5 (q1,%,q1) UF5 (d1, 2. q3) -

Similarly, we can write

Fl* (QI,fL”C_Iz) = F‘2)k (inl'v(JQ)
Ff (q2.z,q1) = F5 (g5, @,q1) UFy (g3, 2, q3)
‘leﬂ< (QQ7377(]2) == FQ* (QQ7x7qé)

Thus, (n,() is a covering of Y1 by Ta.
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3.1.3 Definition

Let Y; = (Qs, Xy, F;,U) be SFSMs, i = 1,2. Let X be a finite set and f a function
from X into X; x X. Let 7; be the projection map of X; x X5 onto X;, i = 1,2,
respectively.

Then, T1 x Ty = (Q1 X Q2, X, Fy, U) is called the general direct product of Y
and Yo. Where Ff : (Q1 X Q2) x X X (Q1 X Q2) — P (U) is defined as follows: for
all (q1,42), (p1,p2) € Q1 x Q2 and a € X,

Fy ((q1,92) 0, (p1,p2)) = F1 (q1, 71 (f (a)) ,p1) N F2 (g2, 72 (f (@), p2) -

If X = X; x X5 and f is the identity map, then Y * Y5 is called the full direct
product of Y7 and Yo and we write T; x To = (Q1 X Q2, X7 X Xo, F1 X Fy,U) for
T1 % YTo. Where F1 x Fy: (Q1 X Q2) X (X1 X X2) X (Q1 X Q2) — P (U) is defined as
follows: for all (¢1,q2), (p1,p2) € @1 X Q2 and (a1, a2) € X7 x X,

Fi x Fo((q1,92) , (a1, a2) , (p1,p2)) = Fi (q1,a1,p1) N F> (g2, az, p2) -

If X1 = X2, X = {(a,a) | a € X1} and f is the identity map from X into X, where
X is the set of all diagonal elements of X1 x X;. Then, Y1 % T is called the restricted
direct product of Y7 and Y9 and we write Y1 xp Ty = (Q1 X Q2, X, F| X Fy, U) for
T * Yo, where

Fi xr F> ((q1,92) , (a1,a1) , (p1,p2)) = Fi (qu,a1,p1) N F5 (g2, az,p2) .

(To obtain the restricted direct product we could also let X = X1 = Xp and f: X —
{(z1,22) | z; € X;, 1 =1,2, 1 = 29} where f (z) = (z,2), and we write Y1 xg Lo =
(Q1 X Q2, X, F1 X F»,U), where

Fi xr F5((q1,42) ;s a, (p1,p2)) = Fi (q1,a,p1) N F2 (g2, a,p2) .)

For every result concerning Y % Yo, there is a corresponding result for T xg Y.
We see this by making the identifications (z,z) — =z for all z € X; = X3 and

(x1,21) .. (T, Tp) — x1..;y for x; € Xq, i =1,2...,n.

3.1.4 Example

Let T; = (Qi, X, F;,U) be a SFSMs, i = 1,2, where Q1 = {p,q}, X1 = {a}, Q2 =
{v,d}, Xo={a}, U ={1,2,3}, and F; and F; are defined as follows

P q '
(pa) | 0 {1,3} (¥ia) | 0 {2,3}
(¢;a) | {1.3} 0 (¢'a) | 0 {2,3}
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The above table can be read as the image of (p,a,q) under Fj is {1,3} and image of
(p',a,q") under Fy is {2,3}. Then, T1 x To = (Q1 X Q2, X1 X X9, F} X F»,U), where
Fy x F5 is defined as

i x B ((p,p'),(a,a),(q,¢")) = Fi(p,a,qQ) NFa(p,a,q) ={3}
0.

Fi x F ((¢.¢'),(a,a), (p.0) = Fi(ga,p)NF(p,a,p) =
Thus,
Ty x Ty
(p.p") (p.d) (¢,0") (¢,9)

((p.p'),(a,a)) | 0 0 0 {3}

((p.d),(a,a)) | 0 0 0 {3}

((g.9"),(a,a)) | 0 {3t 0 0

((¢.4),(a,a)) | 0 {33 0 0
The above table can be read as the image of ((p,p’), (a,a),(q,q’)) under Fy x Fy is
{3}.

Now, 2 is the congruence relation on Y; defined in Theorem 2.0.16.
Note that Fy (q,a,p) ={1,3} and

Fy (g,aaa,p) = Fy(g,aaa,p) = | J {Fy (¢,aa,7) N F} (r,a,p)}
reQ1

= {FY (¢,aa,q) N FY (q,a,p)} U{FY (g,aa,p) N FY (p,a,p)}
= {F (g,aa,q) N{1,3}} U{Fy (¢,aa,p) N0}
= F{(q,aa,q)N{1,3}

= U (F@annF (nag)n{1,3)
reQi

B { {F7 (q.a,9) N FY (g,a,9)} U
{F{ (¢,a,p) N FY (p,a,q)}

= {0uU{1,3}}n{1,3}

= {1,3}.

Thus, Fy (q,a,p) = Fy (q,aaa,p) for all ¢,p € Q1 = a =3 aaa. Similarly, aa =

}0{1,3}

aaaa.
Hence, obviously, = =2 y if and only if length of = and y are both even or both
odd, other then zero, for all z,y € X* and A =; A. Hence, S (Y1) = {[)], [a], [a®]} .
For Y9, =5 is the congruence relation on To defined in Theorem 2.0.16.
Obviously, z 2y y for all z,y € X* such that |z|, |y| > 0 and X\ =5 A. Thus,
S (T2) =A{[Al,lal}.
For T; x T9, 2 is the congruence relation on Y; x Y9 defined in Theorem 2.0.16.
In this case, S (Y1 x Ty) = {[)\] ,[(a,a)], [(a, a)ﬂ } .
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3.1.5 Example

Let Y, = (QZ‘,XZ‘,FZ',U) be SFSMs, i = 1,2, where ()1 = {p, q}, X = {a}, Qo =
{v,d}, Xo={a,b}, U =1{1,2,3}, and F; and F; are defined as follows

p q
| g (p,a) | 0 {2,3}
(p,a) | 0 {1,2} (¢,a) |0 {2,3}
(¢;a) | {1,2} 0 (®',0) | {2,3} 0
(¢,0) | {2,3} 0

The above table can be read as the image of (p,a,q) under F; is {1,2} and image of
(p',b,p') under F; is {2,3}. Then,

Fix By ((p:1) (a,b),(0,4") = Fi(pa,q) N F2 (V,b,q) = {2}
i x B ((¢,0),(a,b), (p.0) = Fi(ga,p)NF(p,b,p) ={2}
B x B ((p,p).(a,a),(q,q")) = Fi(p.a,q)NFe(p,a,qd)={2}
FixF((q.4),(ab),(p,p)) = Fi(g,a,p)NF(q,bp) ={2}
Fix By ((0,7) (a,a), (p,d) = Fi(pa,q) NF2(p,a,q) = {2}
Fix By ((p.d) . (a;0),(¢.9) = Fi(pa,q) N F2(d,b,0)) = {2}
i xF((p.d),(a,a),(q,d)) = Fi(p.a,q)NFa(d,a,q)={2}
P xF((q,4),(a,a),(p,d)) = Fil(g,a,q)NF2(d,a,q)={2}.
Image of F1 x Fy is empty set elsewhere. Then, S(Y;) = { [az]} and
S (T { [ ]} is a group with identity [A] and [ ] , respectlvely S(Yy) =

{IN, [ ],[b]}, where [a] = [aQ], [b] = [b2] , [ab] = [b] and [ba] = [a]. Thus, S (Y1)" =
{la], [@*]} and S (T2)" = {[a], [b]}.

S(T1)+ x S(Y2)" = {(la],]a]), (a],[]), ([0?],la]), ([a?],[b])}. Tt follows
that S (Y1 x To)T = {[ a,a)], [(a, a)Q} , [(a,b)], [( b)g}} The operation tables
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of S(T1)T x S (Y2)" and S (T x T2)T are given below.

S(T1)+ X S (T2)+
(lal,la))  ([a®],la]) (lal,[0)  ([a?],[b])

(@a?] | [@a)  |@a)] [@b)] [@b)]

(b)) | [@a?] [ea] [@b?] [(ab)

(@v?] | l@a)  [@a?] [@b)] [(ab)]
We see that S (T1)" x S (T2)" =2 S (Y1 x T2)" under

(), [a)) — l@a)], ([¢*[a)) — [(aa?],

(el B) — (@b, ([ b)) — [(@b)7].

3.1.6 Lemma
Let T; = (Qi, X;, F;,U) be SFSMs, i = 1,2. Consider the general direct product
T % Y5. Then,

(4) Ff((q1,92), A, (p1,p2)) = FY (q1, A, p1)NFS (g2, A, pe) for all ¢1,p1 € Q1,92,p2 € Q2.

F (g, mu (f (@1)) -oma (f (@n)) 1) N

@) F5 (@1, ), &1, (71:22) :{ Ff (g2, 2 (f (@) o2 (F (@) ).
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where @; € X,i=1,2,...n, for all ¢g1,p1 € Q1,¢2,p2 € Q.
Proof. (i) The proof is straightforward.

(i)
Fy ((Q1,Q2) ;015 <r§1)’r§1)>) N
F}k ((q1,92) ;@1...Gn, (P1,D2)) = U Fy ((rgl),ré )) , a2, (7‘9,7“&2))) n...N
( 51)7’”12)?11*@2 Fy ((T%n DWSH)) Gy (pl,pg))
Fy x By <(Q1afJ2) ,(m1 (f (1)), 72 (f (1)) , (7”51),7"51))) n
_ U Fox By (V) s (1 (f @) 2 (F @), (r,r87) ) 1
(0neaman | Foxh () (0 @) e (F @) (01, 2)
£ (arm (f @) i) 1 P (qz,m @)).r")n
- U F (r,m (£ (@2), ”)mFQ( a7 @), ) nen
e s | (A1) ) 053 (4o )

,

Fi (anm (F @) ) 0By (7 m (F @) r17) 0
U { F (rgn_l),m (f (@n)) ,p1> ﬂ

rﬁi)GQl
_ i=1,2,..n—1
U { 2 (lJz,Trz (f (@)) 77”51)) N K (rgl),m (f (az)) ,7’9) N...N }
(n—1) __
ey Fy (7'2 ;2 (f (@n)) ap2>
i=1,2,.n—1

{ Fy (quom1 (f (@) o1 (f (@), p1) N
Fs (g2, m2 (f (@1)) 2 (f () ,p2) -

3.1.7 Corollary

Let T; = (Qi, X, F;,U) be SFSMs, i = 1,2. Then,
(Z) (Fl X FQ)* = Fl* X F2*
(Z’L) (F1 XR Fg)* = Fl* XR F2*

3.1.8 Proposition

Let T1 = (Q1, X, F1,U) and Yo = (Q2, X, F», U) be a soft finite state machines. Define

~

the relation =15 on X* by x =9 y if, and only if x =; y and = = y, where =; and
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2, is the congruence relation on Y; and Y9 defined in Theorem 2.0.16. Then, =5 is
a congruence relation on X*.

Proof. Straightforward. m

3.1.9 Definition

Let T; = (Qi, X, F;,U) be SFSMs, i = 1,2. Let (z) = {y € X*: 2 =9y} for all
x€ X*and T = {(x) : x € X*}. Then,

STS (Tl) XR STS (Tg) = (Ql X QQ,T, FS(Tl) XR FS(T2), U) s
where

Fsry) xR Fs(ry) ((q1,62) , () , (p1,p2)) = Fsery) (a1, [2]1 , p1) N Fs(ry) (g2, [y, 2) -

3.1.10 Theorem

Let T; = (Qi, X, F;,U) be SFSMs, i = 1,2. Then, the following assertion holds.
STS (Tl XR Tg) > STS (Tl) XR STS (Tz) .

Proof. (r1,72),(s1,52) € Q1 X Q2 and z € X*. Then,

Fsr1)x ns(rs) ((r1,72) , [2], (51, 52))

= (F1 xgr F2)"((r1,m2) 2, (51, 52))

= F{(r1,z,81)NF5 (rg,x, s2)

= Fsr,) (11, [7]y,81) N Fs(ry) (r2, [2]y, 52)
= Fsry) Xr Fs(ry) ((r1,72) , (), (51, 52))

Let T = {(z) : x € X*}. Define f : T —S(Y1 xr Y2) by f ((z)) = [z] for all z € X*.
Let z,y € X" and (z) = (y) <= 2=y <= s jyandz =y <

FY (qi,z,p1) = F{(q1,y,p1) and
F5 (q2,2,p2) = F3(qo,y,p2) for all g1,p1 € Q1 and g2, p2 € Q2

= F{ (q1,z,p1) N F5 (g2, %, p2) = FY (q1, 7, p1) N F3 (g2, 2, p2) for all g1,p1 € Q1
and g2, p2 € Q2

= (F1 xR F2)" ((q1,42) , 2, (p1,p2)) = (F1 xR F2)" ((q1,42) ¥, (P1,D2))

for all (q1,q2), (p1,p2) € Q1 X Q2

= z=yfor Ti xp Ty = [z]=[y] = [f((@)) =/ ().

Thus, f is well defined and if we take g to be the identity map of Q1 x @2, then
we have (g, f) is covering of STS(Y1) xgSTS(Y3) by STS(Y1 xg T2). This completes
the proof. m
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3.1.11 Theorem

Let T; = (Qi, X, F;,U) be SFSMs, i = 1,2. Then, the following assertion holds.

Proof. Let a; € X; and b; € Xy, ¢ = 1,2,..n. Then, (a1,b1). (a2, b2) ... (an,by) =
(arag...an,b1by...by) = (x1,x2) , where x1 = ajas...a, and x9 = byby...b,.

Now Y1 x To = (Q1 X Q2, X1 X X9, F1 x F»,U),

STS(T1 x Ta) = (Q1 X Q2,5 (T1 X T2), Fs(r,x7,),U) and

STS(T1) xSTS(Y2) = (Q1 x Q2,5 (Y1) x S (Y2), Fs(r,) X Fs(ry),U) . Let z1 €
X7 and x9 € X3, then

Fserixvy) ((q1542) 5 (w1, 22)] 5 (p1,12))

= (F1 x F2)" ((q1,92) » (z1,22) , (p1,p2))
= F (a1, 2,p1) N Fy (g2, %, p2)
= Fsry) (q1, [#1],p1) 0 Fs(ry) (g2, [22] , p2)
= Fgry) X Fsery) ((q1,42) 5 ([21], [x2]) , (1, p2)) -
Now, define f: S (Y1) x S (Y2) — S (Y1 x T2) by
f((Jx1], [x2])) = [(x1,z2)] for all 21 € X and 22 € X3.

Let ([z1], [22]), ([11] , [y2]) € S (Y1)xS (T2) be such that ([1], [z2]) = ([y1], [v2]) =
[21] = [y1] and [z2] = [yo] =

Fi (q1,z1,p1) = Fy(q1,y1,p1) and
F5 (g2, 2,p2) = F5(g2,y2,p2) for all g1,p1 € Q1 and ¢2,p2 € Q2

= F{ (q1,21,p1) N F5 (q2,72,p2) = F{ (q1,91,p1) N F5 (g2, Y2, p2)

for all g1, p1 € Q1 and g2, p2 € Q2

= (F1 x F2)" ((¢1,92) » (z1,22) , (p1,p2)) = (F1 x F2)" ((q1,92) , (¥1,92) , (P1,p2))

for all (q1,42) , (p1,p2) € Q1 X Q2 = [(z1,22)] = [(y1,y2)] . Thus, f is well defined
and g is the identity map of Q1 X Q2, then (g, f) is the covering of STS(Y1) xSTS(Y3)
by STS(T1 x T2). m

3.2 Cascade and Wreath Product of Soft Finite State Ma-
chines
Cascade and Wreath Product has various applications in the theory of automata

[22, 23, 48, 49]. In this section, we define the concepts of cascade product, weak

covering and wreath product of soft finite state machines. Using these concepts, we
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will show that there exists a weak covering of soft transformation semigroup associ-

ated with wreath product of soft finite state machines by a wreath product of soft

transformation semigroup associated with machines.

In general, soft transformation

semigroup associated with cascade product of soft finite state machines weakly cover

by a wreath product of soft transformation semigroup associated with machines.

3.2.1 Definition

Let Tl =
be a function from ()2 x X5 into X7. Let Q = Q1 X Q2,

as follows

F* ((q1,q2) , @, (p1,p2)) = F1 (1,0 (g2, @)

for all ((q1,q2),x, (p1,p2)) € Q@ X X2 X Q. Then T =

called cascade product of Y1 and Yo and we write T =

if for all (¢1,42), (p1,p2) € Q and for all x = x1z973..

(1)

F™ ((q1,42) , , (p1,p2)) = Ff (Q179(Q2,1B1)9 (q2 , T2

for some qéi) €Q21=1,23..n—1.

3.2.2 Example

Let Tl = (Ql,Xl,Fl,U) and TQ =

(Q1, X1, F1,U) and Yo = (Q2, X2, F»,U) be soft finite state machines. Let 6

define F? : Qx Xox@Q — P (U)

;1) N Fo (2,2, p2)

(Q, X2, F°,U) is a SFSM. T is
Y1607 5. F? is called separable
Ty € X5

) .0 (qé”_l),azn> ,pl)ﬁFz* (q2,,p2),

(Q2, X2, F», U) be soft finite state machines, where

Q1 ={p1.a1}, X1 ={a,b}, Q2 = {p2, g2}, Xo = {a}, U ={1,2,3,4} and F, and F»

are defined as follows

Ty
D1 Q1 Ty
(p1,a) | 0 {1,2} P2 %
(p1,0) | {2,3,4} 0 (p2,a) | 0 {2,4}
(q1,a) | 0 {1,2,4} (g2,0) | {2,3} 0
(q1,0) | {1,2,3} 0
Let 0 : Q2 x Xo — X7 be defined as follows:
0 (p2,a) =a and 6 (g2,a) = 0.

LethQlXQQ.Then,Fe:QXXQXQ—>P(U)

is such that

F?((p1,p2),a,(q1,42)) = Fi(p1,0(p2,a),q1) N Fa(p2,a,q2) = {1,2} N {2,4}
F* ((q1.a2) 0, (p1,p2)) = Fi(q1,0(g2,a),p1) N Fa(q2,a,p2) = {1,2,3} N {2,3}
FO((p1,92) 0, (p1,p2)) = F1(p1,0(q2,0),p1) N F2 (g2, 0,p2) = {2,3,4} N {2,3}
FO((q1,p2) .0, (q1,02)) = Filq,0(p2.a),q1) N Fa(p2,a,q2) = {1,2,4} N{2,4}
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and F? is () elsewhere.
Note that

F* ((p1,q2) a0, (q1,02)) = Fy (p1,0(q2,0) 0 (p2,a),q1) N F5 (g2, aa, g2)
= I (p1,ba,q1) N Fy (g2, aa, q2)
= Fi(p1,b,p1) N F1(p1,a,q1) N Fy (g2, aa, g2)
= {2,3,41n{1,2}n{2,3 n{2,4}.

It follows that F? is separable.

3.2.3 Proposition

Let T1 = (Q1,X1, F1,U) and Yy = (Q2, X, F», U) be soft finite state machines. Let
T = Y1075 for some 6. Then, for all (q1,4¢2), (p1,p2) € Q and for all y = y1y2....yn €
X3

F ((q1,92) s (p1,p2)) =

G E@oemo () o) m)e

-1
@ Fy (QQ7y1>QQ ) (qé Y2, 4 ) e M Fy (qén ),ympz)
92 €Q2

Proof. Fe* ((Q17QZ) 'Y, (p17p2))

Ll ) o (6. 1.8
(") <0 nre ((qgn—l)’qén—l)) ,ym(pl,m))

q1 -9

F <Q179(Q2,y1) 7Q§1)) N Fy (QQathZQ ) N

Y, P (q§1),9 (Q§1),y2> ,Q§2)) nF (qél),y2,q§2)) n

(4”s”)ee | nmy (Q§" Y 9(615” Ua?/n) ,pl) NF (qgnfl),ymm,)

F (cn,@(qz,yl) ! )) N ( V.0 qgl)vf’J?) ’qf)) "

= U ﬂF1<q§ )9(q§ Yoy ) ) 0

( ()’qg)) Q| <Q2,y1,qgl)> N Fy (Cé ),Z/2,Q§2)> <N Fy (Q§n_l),yn,p2,)

FY (%9 (g2,91) 0 <Q§1),y2> el (qu_l),yn) ,pl) N

mUQ Iy (CIMJLQS)) N Fy (qg),ya,qf)) N...Nky (qén_l),yn,pz)

(1)
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3.2.4 Definition

Let T1 = (Q1, X1, F1,U) and Yo = (Q2, X2, F», U) be soft finite state machines. Let f
be a function from Q3 into X;. Let Q = Q1 X Qo, define F* : Q x (X{‘22 X Xg) XQ —

P (U) as follows, for all ((¢1,q2), (f,z), (p1,p2)) € Q X <X1Q2 X Xg) x Q,

o

F ((q1,q2), (f, ), (p1,p2)) = Fi (@1, f (q2) ,p1) N F2 (g2, %, p2) -

Then, T = (Q,Xle X XQ,FO,U) is a SFSM. T = YT; o Y5 is called the wreath
product of Y1 and Yo. F* is called separable if for all (g1, ¢2), (p1,p2) € Q and for all
(f1,01) (f2,02) - (fns bn) € (X1Q2 X Xz)*,

F™ ((q1:a2) s (f1,01) (f2,02) wooe (frs bn) , (01, 12)) =

Fi (an fr @) o (af7) da (0" 7) op1) 0 B (g2, bababi, o).

for some qéi) €Q2,1=1,2,..n—1.

3.2.5 Example

Let Y1 = (Q1, X1, F1,U) and Yo = (Q2, X9, F2,U) be soft finite state machines, where
Q1 ={q, ¢}, X1 ={a,b}, Q2 ={¢}, ¢}, Xo = {a}, U is any universal set and F

and Fy are defined as follows,

T

a2 Ty
(q,a0) |0 A @ g
(q1,0) | B 0 (¢1,a) |0 E
(g2,0) |0 C (g21,0) | ' 0
(g2,0) | D 0

where A, B,C, D, E and F are subsets of U. Let Q = Q1 xQ2, and XlQ2 ={f1, f2, f3, fa},

where

fild))=a, fi(er)=a, foler)=a, fa(g) =0,
fa(d)=0b, fs(@)=a falq))=b fi(dy) =0
Define F° : Q x <X1Q2 x XQ) % Q — P (U) as follows
FO ((qhqa) ) (flva’) ) (QQ,Qé)) = Fl (thl (qll) )q2) N F2 (Qiaaa q/2) - AOE
FO ((q27Q1) ) (flaa) ) (Q%qé)) = Fl (QZ,fl (qll) 7CI2) N F2 (Qiaaa q/2) =CNE
Fo ((QDqé) ) (flaa)7(qQ7q/1)) = Fl ((thl (qé> ,(J2) ﬁFQ (Qévaaqll) =ANF
FO ((QQ7QQ) ) (flva)7(q27q,1)) = Fl (q27f1 (qé) 7(]2) mFZ (qiaaaqll) - CmF
FO ((qlvqa) ) (fZaa)7(QQ7qé)) = Fl (Q17f2 (qll) 7(]2) mFZ (Qi,@aqg) =ANE
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[¢}

F ((g2:q1) 5 (f2,a), (a2, 45)) = Fi (a2, f2(q}) »a2) N Fa2 (q1,a,¢5) =CNE
F* ((q1, ), (f2,0) (a1, 44)) = Fi (a1, fa (¢5) 1) N Fa (gh,a,q)) = BN F
F" ((42,45) s (fo,0) (a1, 41)) = F1 (a2, f2(¢5) s 1) N Fa (g3, 0,4)) = DN F
F’ ((q1,q1), (f3,0a),(q1,45)) = F1(q1, f3(d1), 1) N F2 (qy,a,q5) = BNE
F* ((q2.41) » (f3,0) . (q1,45)) = F1 (g2, f3 (¢}) »q1) N Fa (df,a,¢h) = DNE
F* ((q1, ), (f3,0) , (q2,41)) = F1 (a1, f3(¢h) , q2) N Fa (gh,a,41) = ANF
F ((q2, ), (f3,a) . (@2, 4})) = Fi (a2, f3 (dh) ,q2) N Fa (¢}, a,q)) =CNF
F' ((q1,q)), (f,a) (@1, 6)) = Fi (a1, fa (@) ,q1) N Fo (¢}, a,¢b) = BNE
F" ((g2,41) s (fa,0) (a1, b)) = Fi (a2, fa(q)) ;1) N Fa (¢, a,¢h) = DN E
F* ((q1,45) , (fa,0) (a1, 1)) = Fi (@1, fa(¢h) . 1) N Fa (g3, 0,41) = BN F
F* ((q2.45) . (fe.a), (q1,4})) = Fi (a2, fa (dh) 1) N Fo (gh,a.¢)) = DN F.

o

Then, T = (Q,X?? % Xo, F° U is a SFSM.

3.2.6 Proposition

For all (g1, q2) , (p1,p2) € Q1 xQ2 and for all (f1,b1) (f2,b2) ... (fn,bn) € <X1Q2 X XQ)* ,
F™* ((q1,q2) » (f1,b1) (f2:02) s oo (fny ), (p1,2)) =

Fy (Q1,f1 (q2) f2 (q(1)> Jn <q(n_1)> ,p1> N
U { Fy <Q2,b1,1qg)) N Fy < (1),522,(15 )) N 2ﬂ Fy (qé"_l),bn,m) .

qu)6Q2
Proof. F°* (<Q17 QQ> ’ (fla bl) (f27 b2) y e (fm bn) ) (p17p2))

Fy (thl (2),a5") N Fy Q2,b1>qg)>ﬁ
= U A r(d).d?) 0B (d"6.6d) 0

qgte NE, (qgm)’ I (q§n71)> 7 p1> N F (q§n71>7 bﬂ@)
g3 €Q2

31 (Q1,f1 (g2) ,q§”) NF (g, f (qé”) 7(1%2)) .. ]
_ U Nk (qﬁn_l)vfn qgn_l)) ;p1> N

e P (qg,bl,qél)) N Fy (qél),bg,qg)) n...

€@, NF, (qén_l), bn,p2>

FY <Q1,f1 (q2) f2 (qé”) Jn (qé”‘”) ,p1) N

B (,)UQ { Fy (Q2,b17qg)) N Fy ( (1 ),b2 qé )) N...NFy ((Iénfl),bn,m) } '

Which completes the proof. m

With the help of cascade and wreath product of soft finite state machines we derive
covering results of soft transformation semigroup. For this we have the following

definition.
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3.2.7 Definition

Let T = (Q,X,F,U) and Y; = (Q4, X;, F;,U), i = 1,2, be soft finite state machines.
Let 7 be function of Q1 x Q2 onto Q and ¢ a function of X* into S (Y1)%2 x S ().
Then, (7, () is said to be weak covering of STS(Y) by STS(Y1) o STS (Y3), written
STS(Y) <, STS(Y1) 0 STS (Y2), if

Fsery (n(q1,q2) , [z],m (p1,p2)) =

U{ﬁ ((q1,92) ¢ (), (11,72)) [ M (r1,72) =1 (P1,p2) 5 (T1,72) € Q1 ¥ Qz},

for all z € X* and (q1, ¢2) , (p1,p2) € Q1 X Qo.

3.2.8 Theorem

Let T; = (Qi, X;, F;,U) be SFSMs, i = 1,2. If F* is separable, then
STS (T107Yg) <y STS (Y1) 0 STS (Y2).

Proof. Now, Y107 = (Q1 X QQ,XlQ2 X XQ,FO,U) , where

F* ((q1,42) (9,0), (p1,p2)) = F1 (q1,9 (q2) ,p1) N F2 (g2, b, p2) and
STS(T10T2) = (@1 % Q2,8 (Y1 0T2), Fyir, o, U) » where
Fgmom ((q1,62) , [(g1.b1) (g2,02) ... (g, bn)], (P1,p2)) =

o

F " ((q1,92) , (91,b1) (92, b2) .- (gn, bn) » (P1,p2)) - Also,

STS (Y1) 0 STS (T3) = (Ql % Q2,5 (T1)? x S (1) ﬁU) , where

~

F°((q1,q2) , (f, [b1b2...bn]) , (p1,p2)) = Fsery) (a1, f(q2) ,p1) N Fs(ry) (g2, [b1ba...bn] , p2)
= I (q1,21,p1) N Fy (g2, b1ba...bn, p2)

where f (g2) = [z1] and x; € X7 is selected below.
Let 1 be the identity map of Q1 X Q2. Define ( : (Xle X X2> — S(Tl)Q2 X
S (Y3) as follows:

¢ ((g1,01) (92,b2) ... (gn,bn)) = (f, [b1b2...by])

Now, (g1,b1) (g2,b2) ... (gn, bn) = (h1,a1) (he,a2) ... (hm, an) if, and only if n = m and
(9i,b;) = (hiya;) i =1,2,...n if, and only if n = m and ¢; = h;, b; = a;, i = 1,2,...,n.

Thus, ( is single valued.
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Firyoray ((@1.02) . [(91.51) (92.62) (90, b)) . (01, p2))

= F*((q1,42),(91,b1) (92, b2) - (gns bn) , (p1,p2))
B Fy (q1,91 (¢2) 92 (q§1)> gn< - ”) 7p1) N
: NG EQz{ Py (sz,bl,qQ )ﬁF2 (qél),bz,qé )) N Fy <q§n_1),bn,p2>

= Iy (qi,z1,p1) N F5 (g2, 22, p2) where 21 = g1 (¢2) 92 (qél)) -On <Q§n_1)>
(

= Fgery) (a1, f (q2) ,p1) 0 Fsery) (g2, [22] , p2)
= F°((q1,q), (f.[22]), (p1,p2))
- U {ﬁo ((q1,92), ¢ ((91,b1) (92, 02) ... (gns b)), (11, 72)) | (1, 72) = (Pljpz)}

Thus, (n,() is a weak covering of ST'S (Y1 0Y2) by STS (Y1) o STS(Y2). m

3.2.9 Theorem
Let T; = (Qi, X;, F;,U) be SFSMs, i = 1,2. If F? is separable, then
STS (Y10Y2) <, STS (Y1) 0 STS(T2).

Proof. NOW, T19Y2 = (Ql X Q27X2,F0, U) s where 0 : QQ X X2 — Xl and

F?((q1.92) , b, (p1,12)) = F1 (q1.0 (q2,b) ,p1) N F> (g2, b, p2) for all (q1,q2) , (p1,p2) €
Ql X QQ, b e X; and STS (T19T2) = (Ql X QQ,S(TleTg),FS(T19T2),U), where

Fsorioms) (a1, @2) s [z2], (p1.02)) = F ((q1,42) , w2, (p1,p2)) for all (q1,q2), (p1,p2) €
Ql X QQ, be X; AlSO7
STS(Tl) o STS (TQ) = (Ql X QQ, S(Tl)Q2 X S(TQ) ,ﬁo, U) s where

F° (a1, 2)  (f, [22]) s (p1,92)) = Fsery (a1, f (a2),p1) N Fsry) (a2, [22], p2)
= I (q1,21,p1) N Fy (q2,22,p2),

for all (q1,q2), (p1,p2) € Q1 X Q2, v2 € X3. Let n be the identity map of Q1 x Qa.

Since F? is separable, so we can define ¢ in the following manner. Define
C: X5 — S(T1)92 x §(Ty)

by
C(22) = (fuy, [x2]) for all 25 € X3,

where f,, (¢2) = [z1] for z9 = bibe...b, and x1 = ajas...a,, and 0 (q1,b1) = a1 and
0 (qyfl), bl-) =a;, 1 =1,2,...n for those qY*l) so that

FY (q1,9(q2,b1)9(q§1),b> G(qg ) by, ,pl)
) { e m b e

= F{ (q1,a102...an,p1) N Fy (g2, 2, p2) -
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Now ( is single valued. For this y = 2 if, and only if dids...d; = b1b3...b;, if and only
ifj=nandd; =b; fori =1,2,..n.
Then, Fger,or,) ((q1,a2) , [22], (p1,12)) = F ((q1, @2) , @2, (p1,p2))

_ U { FY (Ch,@ (q2,01)0 (Q§1)>b2) .0 (qé”_”,bn) 7101) N }

Sear | P2 <Q2,b1,q§1)>ﬂF (qél),bz,qg)) NPy (qén_l),bn,m)
= F{ (q1,a102...an,p1) N F5 (g2, 22, p2)
= Fgry) (g1, f (q2) ;1) 0 Fsry) (2, [22] , p2)
= F° ((fh a2), (f, [%2]) , (p1, p2))
= F°((q1,42),C (x2), (p1,p2)).

Hence, (1, () is a weak covering of ST'S (Y16Y2) by STS (Y1) o STS (Y2). m



Chapter 4

Decomposition of Soft Finite
State Machine

In this chapter, we continue our study of a soft finite state machine utilizing algebraic
techniques. We defined the concept of soft submachine, separability, connectivity and
decomposition of soft finite state machine. With the help of these concepts, we will

prove Decomposition Theorem for soft finite state machine.

4.1 Soft Submachines

In this section, we define the concept of soft immediate successor, soft successor,
strongly soft connected, weakly soft connected. In this section, we will also give
examples regarding to some results, which holds in fuzzy finite state machines, but
may not hold in soft finite state machines.

First, we review some basic results of soft finite state machine. We are indebted
[20].

4.1.1 Definition

Let T = (Q, X, F,U) be a SFSM and let p,q € Q. Then, p is called a soft immediate
successor of ¢ if there exists a € X such that F' (q, a,p) # 0. We denote by SIS (q) the
set of all soft immediate successors of q.

We say that p is a soft successor of ¢ if there exists © € X* such that F* (¢, z,p) # 0.
We denote by SS (q) the set of all soft successors of ¢q. For any subset T" of @, the set
of all soft successors of 1" denoted by S.S (T') is defined to be the set

SS(T)=uU{SS(q): qeT}.

44
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4.1.2 Proposition

Let T = (Q, X, F,U) be a SFSM. Then, q € SS (q) for every q € Q.

Proof. It is obvious. Since
F*(g,\q) =U,

so we have ¢ € SS(q). m

4.1.3 Remark

Let T = (Q, X, F,U) be a SFSM. For any p,q,7 € Q.

(1) SIS (p) €SS (p) for all p € Q.

(i7) If p € SS(q) and r € SS(p), then r need not be in SS(gq). This, is the
interesting point which holds in fuzzy frame, but may not hold in soft frame. For this

see the following example.

4.1.4 Example

Let @ = {a,b,c} be the set of soft states and X = {z,y, 2z} be the set of soft inputs.
Consider the universal set U = {1,2,3,4}. Then, T = (Q, X, F,U) be described as

a b c
(a,z) | {1,2} 0 0
(a,y) | 0 {1,3} 0
(a,z) | 0 0 0
(b,xz) | 0 0 0
(b,y) | 0 {2,4} 0
(b,2) | 0 0 {4}
(c,x) | {2,3,4} 0 0
(c,z) | 0 0 {1,3}
(c,y) | 0 {1+ 0

The above table can be read as, the image of (a,z,a) under F is {1,2}.

Obviously, SIS (¢) € SS(q) forall g € Q = SIS (a) C SS(a) and clearly in the
above table SIS (a) = {a,b}. We want to show that SIS (a) = SS (a), it is enough
to prove that ¢ ¢ SS (a). For this, we show F* (a,w,c) = ) for all w € X*. Here, we
use mathematical induction on |w| = n.

If n = 0, then w = A, hence, F* (a,w,c) = F*(a,\,c¢) = 0 . This result is true for
n=0.

If n =1, then w € X, clearly F* (a,w,c) = ) for all w € X. This result is also true

for n = 1.
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Suppose that F* (a,w,c) = ) for all w € X* such that |w| = n — 1. Let u = wt
where w € X*, t € X and |w| =n — 1. Then,

F*(a,u,c) = F*(a,wt,c)= U [F* (a,w,r) N F (r,t,c)]
reqQ
B { [F* (a,w,a) N F (a,t,¢)] U[F* (a,w,b) N F (b,t,c)]U }
B [F* (a,w,c) N F (c,t,c)]

Since t € X, so if t = z or t = y, we have F* (a,u,c) = (. In particular if ¢ = z, then

we have
F*(a,u,c) = F* (a,w,b) N F (b,z,¢) = F* (a,w,b) N {4} ............ (1)

It can easily be prove that 4 ¢ F*(a,w,b) for all w € X* by using mathematical
induction on |w| = n. Hence, from (1) we have F* (a,u,c) = () for all u € X* such that
lu| = n.

Since F* (a,w,c) = @ for all w € X* = ¢ ¢ SS(a). Thus SS(a) = {a,b}.
Similarly, we can calculate SS (b) = {a,b,c} and SS (c¢) = {a,b,c} .

Note that b € SS (a) and ¢ € SS (b) but ¢ ¢ SS (a).

4.1.5 Proposition

Let T = (Q,X,F,U) be a SFSM. For any subsets A and B of @, the following
assertions hold.

(i) If A C B, then SS (A) C S5 (B).

(1i) AC SS(A).

(i13) SS (A) C SS(SS(A)).

(iv) SS(AUB) =SS (A)uSS(B).

(v) SS(ANB)C SS(A)NSS(B).

Proof. (i) Let g € SS(A) =U{SS(a): a€ A} = q € SS(a) for some a € A.
Then, there exists z € X* such that F* (a,z,q) # 0.

Note that a € AC B = ¢ € SS(B). Thus, SS(A) C SS(B).

(79) Tt is obvious.

(i73) Since A C SS(A) = SS(A) CSS(SS(A)) using (7).

(tv) ACAUB and BC AUB

—  SS(A) C SS(AUB) and SS(B) C SS(AU B)
—  SS(A)USS(B) C SS(AUB).
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Conversely, let ¢ € SS(AUB) =U{SS(2): z€ AUB} = ¢ € SS(z) for some
z € AU B. Then there exists some x € X* such that F* (z,x,q) # ()

— qe€SS(A) orqe SS(B)
— ¢€SS(A)USS(B)

Thus, SS(AUB) C SS(A)USS(B). Hence SS(AUB) =SS (A)USS(B).
(v) Since ANBC Aand ANBCB

— SS(ANB) C SS(A) and SS(AN B) C SS(B)

— SS(ANB)CSS(A)NSS(B). m
Note that equality in (v) may not hold in general. For this, in Example 4.1.4, let
A ={a,b} and B = {a,c}. Then AN B = {a}.
Clearly, SS(ANB) # SS(A)NSS(B), because SS (AN B) = {a,b}, SS(A) =
{a,b,c} and SS (B) ={a,b,c}.

4.1.6 Definition

Let T = (Q, X, F,U) be a SFSM. We say that T satisfies the soft exchange property
if for all p,q € Q and T' C @, whenever

pe SS(TU{q}) and p ¢ SS(T), then g € SS(T U {p}).

4.1.7 Theorem

Let T = (Q, X, F,U) be a SFSM. Then, the following assertions are equivalent.

(1) Y satisfies the soft exchange property.

(1) (for all p,g € Q) p€ SS(q) < q€ SS(p).

Proof. Assume that T satisfies the soft exchange property.

Let p,q € Q be such that p € SS(q) = SS (0 U {q}). Note that p ¢ SS () and so
qe SS(OuU{p})=S5(p).

Similarly, if ¢ € SS (p) then p € SS (q) .

Conversely, suppose that (ii) is valid.

Let pge Qand T C Q. If pe SS(T'U{q}) and p ¢ SS(T), then p € SS(q). It
follows from (ii) that ¢ € SS (p) C SS(T'U{p}). Hence, T satisfies the soft exchange
property. ®

4.1.8 Definition

Let T = (Q,X,F,U) be a SFSM and T' C Q. Let (f,T x X x T) be a soft set and let
S =(T,X, f,U) be a SEFSM. Then, < is called a soft submachine of T if
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(Z) F |T><X><T: f,

(13) SS(T) C T.

We assume that ¢ = (0, X, f,U) is a soft submachine of Y. Obviously, if I’ is a
soft submachine of &, and & is soft submachine of T, then §’ is a soft submachine
of T. A soft submachine & = (T, X, f,U) of a SFSM T = (Q, X, F,U) is said to be
proper if T'# () and T # Q.

4.1.9 Theorem

Let T = (Q, X, F,U) be a SFSM and let &; = (T;, X, F;,U) i € I be a family of soft
submachines of Y. Then, we have
(7) ﬂ S5 = (NierTi, X, Mier F3, U) is a soft submachine of Y.
i€l
(i7) U Qi = (UierTi, X, F', U) is a soft submachine of Y where F' = F' |y, 7x X xU;e,T
i€l
Proof. Let (q,z,p) € NierT; x X X NierT;. Then,
(MierF5) (q,2,p) = MierFi (¢, x,p) = MicrF (¢, 2,p)

= F(q,z,p).

Hence, F' |n,c,Tix X xnye ;7= Mier Fi

Now,

S8 (MierTi) € NierSS (T;) € NierT;
Hence, ﬂ 3, is a soft submachine of Y.
el
(13) Since
S8 (UierTi) = UierSS(Th)

C UierT;

Hence, U Q; is a soft submachine of Y. m
i€l

4.1.10 Definition

A SFSM T = (Q, X, F,U) is said to be strongly soft connected if p € 5SS (¢q) and
weakly soft connected if p € SS (5SS (q)), for every p,q € Q.

4.1.11 Remark

Every strongly soft connected SFSM T = (Q, X, F,U) is weakly soft connected, but

converse may not be true in general.
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4.1.12 Example

Consider the SFSM, which is described in Example 4.1.4. Clearly SFSM is weakly soft

connected but not strongly soft connected, because ¢ ¢ SS (a).

4.1.13 Theorem

Let T = (Q, X, F,U) be a soft finite state machine which is weakly soft connected.
Then, T has no proper soft submachine.

Proof. Suppose that T = (Q,X,F,U) is weakly soft connected. Let & =
(T, X, F',U) be a soft submachine of T such that T' # (). Then, there exists ¢ € T such
that if p € @, then p € SS(SS(q)), because Y is weakly soft connected. It follows
that p € SS(SS(q)) € SS(T) C T so that T = @. Hence, T = S, that is T has no

proper soft submachine. m

4.1.14 Proposition

Let T = (Q, X, F, U) be a soft finite state machine and T C Q. Then, & = (SS(T"), X, Fr,U)
is a soft submachine of T if and only if SS (T') = SS (SS (1)), where Fr = F' |g5(7)x x x$5(T)

Proof. Suppose S = (5SS (T), X, F',U) is a soft submachine of Y. Then SS (SS (T)) C
SS(T). Also from Proposition 4.1.5, SS(T) C SS(SS(T)) for any T' C . Hence,
SS(T) =55 (SS(T)). Converse is trivial. =

4.1.15 Definition

Let T = (Q,X,F,U) be a soft finite state machine. Let T" C @ and {S;:7 € [}
be the collection of all soft submachines of T whose state set contains 7" and &; =

(Qi, X, F;,U), i € I. Define (T') = ﬂ%l Then, (T') is called the soft submachine
i€l
generated by T, written as (T') = (Qr, X, Fr,U), where Qp denotes the intersection

of all soft submachines states set which contains T', that is Q7 = m Q;.
el
It is clear that (T') is the smallest soft submachine of T whose state set contains
T.

4.1.16 Proposition

Let ¥ = (Q, X, F, U) be a soft finite state machine and let T C Q. If (SS (T") , X, Fr,U)
is a soft submachine of Y, then (T') = (SS(T), X, Fr,U).
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Proof. Now (T) = (ﬂ Qi, X, rmigFi,U> , where {N; |i € I} is the collection
el
of all submachines of T, whose state set contains T" and N; = (Q;, X, F;,U), i € I.
It is enough to prove that SS (T) = ﬂ Qi = Qr. Since (SS(T), X, Fr,U) is a soft
el
submachine of T such that 7' C SS (T') , we have that ﬂ Q; CSS(T).Letpe SS(T).
el
Then, there exist ¢ € T and = € X* such that F* (¢t,z,p) # 0. Now, t € ﬂQz and
i€l
since (T') is a soft submachine of T so p € ﬂQi. Thus, SS(T) C ﬂQi. Hence
iel iel
SS(T)=()Qi =
i€l
4.1.17 Definition

Let T = (@, X, F,U) be a soft finite state machine. Then, T is called singly generated
if there exist ¢ € @ such that T = ({¢}). In this case ¢ is called a generator of T and
we say that Y is generated by gq.

4.1.18 Definition
Let ¥ = (Q, X, F,U) be a soft finite state machine and let 7' C Q. T is called free if
forallt e T, t ¢ SS(T\ {t}).

4.1.19 Definition

Let T = (Q, X, F,U) be a soft finite state machine and let T' C Q. If T' is free and
YT = (T), then T is called a basis of T.

4.1.20 Definition

Let T = (Q, X, F,U) be a soft finite state machine. Let Y; = (Q;, X, F;,U), i = 1,2,
be a soft finite submachines of T. If T = (@1 U Q2), then we say that T is the union
of T1 and Y5 and we write T = T U Ts.

If YT =7T;U7Y5 and Q1 N Q2 = 0, then we say that T is the internal direct union
of Y1 and Ys.

4.1.21 Theorem

Let T = (Q, X, F, U) be a soft finite state machine and A;, Ay C @ such that SS (4;) =
SS (SS(A;)) for i = 1,2. Then, the following assertions hold.
(i) (A1 U Ag) = (A1) U (Az)



4. Decomposition of Soft Finite State Machine 51

(13) (A1 N Ag) C (A1) N (Ag), whenever SS (A1 N Ay) =SS (SS (A1 NAg)).

Proof. By Proposition 4.1.14, (SS (4;), X, Fss(a1)s U), (55 (Ag), X, Fss(4)s U)
and (SS (A1 U Ag), X, Fss(4,045) U) are soft submachines of Y. Thus,

(A1) = (SS (A1), X, Fsg(a,),U) , (A2) = (S5 (A2), X, Fss(a,),U) and (A1 U Ag) =
(55 (A1U Ay), X, Fsg(a,04), U) by Proposition 4.1.16.

(1) Since SS (A1 U Ay) = SS (A1) USS (A2), by Proposition 4.1.5. Now,

Fssaussaz) = F (8S(A1)USS(A2))x X x (SS(A1)USS(As))
= I |$5(A,0A2)x X xSS(A1UA2)

= Fss(au4,)-

Hence, <A1 U A2> = <A1> U <A2> .

(i1) By above argument, (A; N Ag) = (S5 (A1 N As), X, Fsg(a,n4,),U) and by
Proposition 4.1.5, SS (A1 N A) €SS (A1) NSS (Az2). Now,

Fss(a1n42) = F [55(41n40)x X xS5(A1NA42)

and
Fos(41)n85(A2) = F 1(S5(A1)NSS(A2))x X x (SS(A1)NSS(Az)) -
Thus,
Fs5(4,n42) = F55(41)n88(A2) 155(41n42)x X xSS(A1nA2)

Hence (A1 N A2) C(A1)N(A2). m

4.2 Separability and Connectivity

In this section, we define the concept of soft connected and separated submachine of
soft finite state machine. Using these concepts, some characterizations of soft finite
state machines are given.

4.2.1 Definition

Let T = (Q, X, F,U) be a soft finite state machine. Let T1 = (Q1, X, F1,U) be a soft

submachine of Y. Then, T; is said to be separated if

SS(Q\Q1)NQL=0.
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4.2.2 Theorem

Let T = (Q, X, F,U) be a soft finite state machine. Let Y1 = (Q1, X, F1,U) be a soft
submachine of Y. Then, T is separated if, and only if, SS(Q \ Q1) = Q \ Q.
Proof. Suppose Y; is separated. Obviously, @ \ @1 € SS(Q \ Q1) . For reverse
inclusion, let ¢ € SS(Q \ Q1) . Since Y7 is separated so SS (Q \ Q1) N Q1 = (). Hence
g ¢ Q1. Thus g € Q\ Q1. Hence, S5(Q\ Q1) C @\ Q1. Thus, S5(Q\ Q1) = Q\ Q1.

Conversely, suppose that SS (Q\ Q1) = Q \ Q1. Clearly, SS(Q\ Q1) N Q1 = 0.
Thus, T, is separated. =

4.2.3 Theorem

Let T = (Q, X, F,U) be a soft finite state machine. Let Y1 = (Q1, X, F1,U) # 0
be a soft submachine of Y. If T; is separated, then Yo = (Q \ Q1, X, F»,U) is also a
separated soft submachine of T where Fy = F' [(Q\0,)x x x(Q\Q1).

Proof. Given that 0 # Q1 # Q, so Q \ Q1 # 0. By Theorem 4.2.2, SS(Q \ Q1) =
Q\ Q1. Hence, Y3 is a soft submachine of T. Now, SS (Q \ (Q \ Q1)) =SS (Q1) = Q1.
Thus SS(Q\ (Q\Q1))N(Q\Q1) =Q1N(Q\ Q1) =0. Hence, T is separated. m

4.2.4 Definition

Let T = (Q, X, F, U) be a soft finite state machine. Then, Y is said to be soft connected

if T has no separated proper soft submachine.

4.2.5 Lemma

Every weakly soft connected finite state machine T = (@, X, F,U) is soft connected.
Proof. Let T = (Q, X, F,U) be a soft finite state machine, which is weakly soft
connected. Hence, T has no proper soft submachines, by Theorem 4.1.13. Thus T has

no proper separated soft submachines. Hence, T is connected. m

4.2.6 Theorem

Let T = (Q,X,F,U) be a soft finite state machine. Then, T is soft connected if,
and only if, for all proper submachines & = (Q1, X, F,U) there exist ¢ € @ \ Q1 and
q1 € Q1 such that SS (¢) NSS (q1) # 0.

Proof. Suppose T is soft connected. Let & = (Q1,X,F,U) be a proper soft
submachine of T. Then, SS(Q\ Q1) N Q1 # 0 since Y has no separated proper soft
submachine. Thus, there exist t € SS(Q \ @1) N Q1. Now, SS(Q1) = Q1. Hence,
t € SS(Q1) and t € SS(Q \ Q1). Thus, there exists ¢ € Q1 and ¢ € @ such that
t €SS (q)NSS(q1). Hence, SS(q) N SS (q1) # 0.
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Conversely, let & = (Q1, X, F,U) be a proper soft submachine of Y. Then there
exist ¢ € Q \ @1 and g1 € @ such that SS (q) N SS (q1) # 0. Hence

0#SS(q)NSS(q1) CSS(QR\Q1)NSS(Q1) CSS(Q\Q1)NQ1.

Thus, S = (Q1, X, F,U) is not separated soft submachine. Thus, Y is connected. ®

4.2.7 Definition

Let ¥ = (Q, X, F,U) be a soft finite state machine. Let p,q € Q. Then, p, g are called
soft connected, if either p = g or there exist qq, g1, ...q; € @ such that gy = ¢ and ¢ =
and there exist a1, ag,...a; € X such that for all i = 1,2,...0 either F (gj—1,a;,q;) # 0
or F (gi,ai,qi—1) # 0.

From the above definition it is clearly that if ¢ and p are soft connected and p and

r are soft connected, then ¢ and r are soft connected.

4.2.8 Definition

Let ¥ = (Q, X, F,U) be a soft finite state machine. For all ¢ € @, the collection of all

soft connected to ¢ is denoted and defined as
SC (q) ={p € Q| p and q are soft connected} .

Note that, for all ¢,p € Q if ¢ € SC (p), then SC (¢) = SC (p). Let Q1 be any
subset of (). Then
= U sc()

qeQ1
4.2.9 Theorem

Let T = (Q,X,F,U) be a soft finite state machine and let N,T C . Then, the
following assertions holds.
(1) If N C T, then SC (N) C SC(T).
(2) T CSC(T).
(3) SC(SC(T)) =SC(T).
(4) SC(NUT)=SC(N)uSC(T).
(5) SC(NNT)C SC(N)NSC(T).
(6) Let g,p e Q. If g € SC (T U{p}) and ¢ & SC (T), then p € SC (T'U{q}).
(7) S5(T) € SC(T).
(8) SS(SC(T)) =SC(T).
Proof. The proofs of (1) and (2) are straightforward.

7
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(3) Since SC (T') C SC (SC (T)) by (2) . For the reverse inclusion, let t € SC (SC (T)) .
Then, t € SC (t1) for some t; € SC (T). Thus, there exist t2 € T such that t; €
SC (t2) . Hence, t € SC (t2) for some to € T. This implies t € SC (t2) C SC (T'). This
completes the proof.

(4) Now NCNUT,and T C NUT, thus SC(N) C SC(NUT), and SC(T) C
SC(NUT). Thus SC (N)USC (T) C SC(NUT). Conversely, let g € SC(NUT).
Then, g € SC (p) for some p € N UT. Thus,

g € SC(p) for some p € N or
g € SC(p) for some p e T.

Hence, g € SC(N) or g € SC(T). That is ¢ € SC (N)U SC(T).

(5) is straightforward.

(6) Suppose that ¢ € SC(T'U{p}) = SC(T)U SC (p) and ¢ ¢ SC(T'). Then,
g € SC (p). Hence, p € SC (q) C SC (T U{q}).

(7) is straightforward.

Consider (8). By proposition 4.1.5, SC(T) C SS(SC (T)). Conversely, let ¢ €
SS(SC(T)). Then, g € SS (t) for some t € SC (T). Now, t € SC (t1) for some t; € T.
Thus, ¢ € SS(t) C SC(t) by (7), and t € SC (t1). Hence, ¢ € SC (t1) C SC(T).
Thus SS (SC(T')) C SC(T). This completes the proof. m

4.2.10 Definition

Let T = (@, X, F,U) be a soft finite state machine and let @; C Q. Then, @ is called
soft connected component of @, if for all g1, g2 € @1, ¢1 and ¢o are soft connected. Q1

is called maximal soft connected component of (), when for all ¢ € Q

If g € SC(Q1), then ¢ € Q1.

4.2.11 Theorem

Let T = (Q, X, F,U) be a soft finite state machine and let p € ). Then, SC (p) is a
maximal soft connected component of Q.

Proof. Straightforward. =

4.2.12 Theorem

Let T = (Q, X, F,U) be a soft finite state machine and let p € Q. Let & = (SC (p), X, F',U).
Then, S is a soft submachine of T, where F' = F |sc(p)x xxSC(p) -
Proof. Straightforward. m
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4.2.13 Theorem

Let T = (Q, X, F,U) be a soft finite state machine. Then, Y is soft connected if, and
only if, for all p € @, SC (p) = Q.

Proof. Suppose T is soft connected. On the contrary suppose that SC (p) # Q.
Then, there exists ¢ € @ such that ¢ € SC (p) . By Theorem 4.2.12, S = (SC (p), X, F',U)
is a proper soft submachine of Y. Hence, by Theorem 4.2.6, there exist ¢ € Q \ SC (p)
and p € SC (p) such that SS(q) N SS(p) # 0. Let ¢t € SS(q) N SS(p). Then, t
and ¢ are soft connected, and ¢t and p are soft connected. Hence, ¢ and p are soft
connected. Thus, ¢ € SC (p) which is a contradiction. So our supposition is wrong.
Hence, SC (p) = Q.

Conversely, suppose that for all p € @, SC (p) = Q. Let & = (Q1, X, F1,U) be a
proper soft submachine of Y. Suppose 3 is separated. Then, SS(Q \ Q1)NQ1 = 0 and
SS(Q\ Q1) =Q\Q1.Let g € Q\ Q1 and ¢’ € Q. Then, SC (q) = Q = SC (¢') . Hence,
¢’ and g are connected. Thus, there exist qg, g1, ...q; € @ such that g = ¢ and ¢, = ¢
and there exist a1, a9, ...a; € X such that for all ¢ = 1,2,...1 either F (¢;—1,a;,q;) # 0
or F(gi,a;,qi—1) # 0. Now, there exists 7 such that ¢;_1 € Q \ Q1 and ¢; € Q1.
Hence, either ¢; € SS(qi—1) € SS(Q\ Q1) or ¢i—1 € SS(¢;) C T, which gives the
contradiction. Thus our supposition is wrong, that is & is not separated. Hence, T is

soft connected. m

4.2.14 Corollary

Let T = (Q, X, F,U) be a soft finite state machine. Then, the following assertions are
equivalent.

(1) T is soft connected finite state machine.
(2) SC(q) = SC(¢) for all ¢,¢' € Q.

4.2.15 Theorem

Let T = (@, X, F,U) be a soft finite state machine. Then, the following assertions are
equivalent.

(¢) T is the internal direct union of its submachines.

(77) T has a separated soft submachine.

Proof. (i) = (ii) Let T; = (Q4, X, F;,U) , i = 1,2, be soft finite submachines of
T, such that ¥ = (Q1 U Q2) , and @1NQ2 = (). To prove Y7 is separated, it is enough to
prove that SS(Q \ Q1) NQ1 = 0. Contrary suppose that there exist ¢ € SS (Q \ Q1) N
Q1 # 0 such that ¢ € SS(Q\ Q1) and ¢ € Q1. Note that SS(Q\ Q1) C Q2. Thus,
q € Q1NQ2 # 0, which contradicts the given fact. So our supposition is wrong. Hence,
SS(Q\ Q1) NQ1 =0. Thus, T has separated soft submachine.
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(1) = (i) Let Y1 = (Q1,X, F1,U) # () be a separated soft submachine of Y.
Then, To = (Q \ Q1, X, F>,U) is also a separated soft submachine of T by Theorem
4.2.3. Clearly, Q1 N (Q\ Q1) =0 and (Q1) U(Q \ Q1) = (Q) = Y. This completes the
proof. m

4.3 Decomposition of Soft Finite State Machines

In this section, we define the concept of primary soft submachine. To use this concept
we prove the decomposition theorem for soft finite state machine. In this section, we

will also give some results of separability and connectivity for primary soft submachine.

4.3.1 Definition

Let T = (Q, X, F,U) be a soft finite state machine. Let & be a soft submachine of T.
Then, < is called primary soft submachine of Y if

(7) There exist ¢ € @ such that ¥ = (t),

(17) For all ¢ € Q If & C (q), then I = (q).

4.3.2 Theorem (Decomposition Theorem)

Let T = (@, X, F,U) be a soft finite state machine. Let {31, 9,33, ...., S} be the

set of all distinct primary soft submachines of Y. Then,

Lr=JS
=1

(2) T # | JSi for any j € {1,2,3,...,n}.
=1
i#£]

Proof. (1) It is enough to prove T C | |<S;. Note that, for all p; € @, there exist

-

=1

only two cases.

(a) <pl> S {%17 %27 %3a seeey %n} or
(b) there exist pi11 € @ \ @p, such that (p;) C (pit1) -
Let po € Q, since @ is finite, either (pg) € {31,392, V3, ...., Sp} or there exists

n
positive integer m such that (pg) C (pm) € {31, 32,33, ..., S} . Thus, Q = U Q1
i=1

n
where $; = (¢;), for i = 1,2,3,...,n. Hence, T = U 3.
i=1

n n
(2) Let N = U Q; for any j € {1,2,3,...,n} and let J; = (¢;) . If t; € U Qt,, then

i=1 i=1
i#] i#]
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tj € Qq, for some i # j. Hence, 3; = (t;) C ;. This is a contradiction, because J; is

n
maximal. So our supposition is wrong. Thus, t; ¢ U SS(t;). Hence, Y # N. m

i=1

i#j
4.3.3 Corollary

Let T = (Q, X, F,U) be a soft finite state machine. Then, every singly generated soft
submachine of T # () is a soft submachine of a primary soft submachine of Y.
Proof. Let {J1, S92, 33, ...., S} be the set of all distinct primary soft submachines
of T. Let py € Q, since Q is finite, either (pg) € {31, S92, V3, ...., Sp} or there exists
p1 € Q\ @p, such that (pg) C (p1). Continue this process until, there exists positive
integer m such that (po) C (pm) € {31, 2,3, ..., Sn} . Thus, every singly generated

soft submachine of Y # () is a soft submachine of a primary soft submachine of T. m

4.3.4 Corollary

Let T = (@, X, F,U) be a soft finite state machine. Then, Q = {3, S92, 33, ..., Sy} in
Theorem 4.3.2 is unique.
Proof. Let I' = {{;,&,, ..., &,,,} be another collection of primary soft submachines
m
of T. Let t; € &; € Q for any ¢ = 1,2,...,n. Since t; € T = U §;, so there exist j

j=1
such that (t;) C §;, by using the corollary 4.3.3. Thus, $; C §;. But 3; is maximal, so

Si = ;. Similarly, we can prove the converse. Thus, €2 and I' are the similar families,
which is appearing under the different name.

Hence, {31, S, S3, ..., Sy} in Theorem 4.3.2 is unique. m
4.3.5 Definition
Let T = (Q, X, F,U) be a soft finite state machine. Then, rank of T, rank(Y), is the
number of distinct primary soft submachines of Y.

4.3.6 Proposition

Let T = (Q, X, F,U) be a soft finite state machine. Then, Y is singly generated if,
and only if, rank(Y) =1
Proof. Straightforward. m

4.3.7 Lemma

Every soft finite state machine T = (Q, X, F,U) has a weakly soft connected subma-

chine.
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Proof. We prove the result by induction on |Q| = n. If n = 1, then the result is
obvious. Suppose the result is true for all soft finite state machines & = (T, X, F,U)
such that |T'| <n—1,n > 0. Let ¢ € Q. Then, (¢) = (Qq, X, F;,U) is a submachine
of T. If (g) is weakly soft connected, then the result follows. Suppose that (g) is not
weakly soft connected. Then, there exist p € Q4 such that ¢ ¢ SS (5SS (p)) and hence
(p) C (q). Now |@p| < n — 1. Hence, by the induction hypothesis the soft finite state
machine (p) = (Qp, X, Fp,U) has a weakly soft connected submachine. Sine (p) is a

soft submachine of T, so T has a weakly soft connected submachine. m

4.3.8 Theorem

Let T = (Q, X, F,U) be a soft finite state machine. Then, the following assertions are
equivalent.

(1) Every singly generated soft submachine of T is primary.

(74) Every non-empty connected submachine of Y is primary.

Proof. (i) = (ii) Let S = (T, X, Frr,U) be a non-empty connected submachine
of T. Let g € T. Suppose (q) # S, that is Q4 # T Since I is connected, SS (T'\ Q4) N
Qq # 0. Let p e SS(T'\ Qq) N Qq. Then, p € SS(t) for some t € T'\ Q, and p € Q.
Now (p) C (t) and (p) C (g) . Since (p) is primary, (p) = (t) = (g). Hence, t € @4, which
is a contradiction. Hence, (¢q) = & and so $ is primary.

(i1) = (i) Let & = (t) be a singly generated soft submachine. By Lemma 4.3.7,
& has a weakly connected submachine, say, N = (p). Then, N is connected and hence

primary. Thus, (p) = (t) = 3. Hence, & is primary. m

4.3.9 Lemma

Let T = (@, X, F,U) be a soft finite state machine and let & = (T, X, Frr,U) be a
separated soft submachine of Y. Then, every primary soft submachine of < is also a
primary soft submachine of Y.

Proof. Let (t) be a primary soft submachine of . Suppose (t) is not a primary
soft submachine of Y. Then there exists ¢ € Q \ @ such that (¢t) C (q). Clearly q ¢ T.
Thus ¢ € Q\ 7. Since t € Q; C Q \ T. Note that Q \ T = SS(Q\T), by Theorem
4.2.3. Thus t € SS(Q\ T)NT, which contradicts the fact that & is separated. Hence,

(t) is a primary soft submachine of T. m

4.3.10 Theorem

Let T = (@, X, F,U) be a soft finite state machine and let &; = (Q;, X, F;,U), i =

1,2,3,...n, be the primary soft submachines of Y. Then, a proper soft submachine
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N = (T, X, Fp,U) of T is separated if, and only if, for some J C {1,2,3,...,m},
J#0,Q\T =]
Jj€J

Proof. Let N = (T,X,Fp,U) be a proper separated soft submachine of T.
Then, by Theorem 4.2.3, SS(Q\T) = @ \ T. Note that (Q \ T) is non-empty be-
cause N is proper. Thus by decomposition Theorem 4.3.2, (@ \ T') is the union of all
its primary soft submachines. Since (@ \ T') is separated soft submachine, so every
primary soft submachine of (@ \ T is a primary soft submachine of Y, by Theo-
rem 4.3.9. Thus, SS(Q\T) = U Q; for some non-empty J C {1,2,3,...,m}. Since

Jje€J

Q\T=5S5(Q\T)= U Q; for some non-empty J C {1,2,3,...,m} .

Conversely, let N JZGJ(T, X, Fp,U) be a proper soft submachine of T such that

Q\T = U Q; for some J C {1,2,3,...,m}. Then
jed
ss@\m=ss|Jae;)=Uss@)=Uae=e\T.

jeJ jeJ jeJ
Hence by Theorem 4.2.2, N = (T, X, Fp,U) is separated. m

4.3.11 Corollary

Let T = (Q, X, F,U) be a soft finite state machine. Then, Y is soft connected if, and
only if, T has no proper soft submachine = (Q1, X, F1,U) such that @ \ @ is the
union of the sets of state of all primary soft submachines of Y.

Proof. Suppose that T is soft connected. On the contrary, Y has proper soft

submachine & = (Q1, X, F1,U) such that Q \ Q1 = UQi’ where ; = (Qi, X, F;,U),
el
1=1,2,3,...n, be the primary soft submachines of Y. Then, by Theorem 4.3.10, & is

connected which contradicts the given assumption. So our supposition is wrong, hence
T has no proper soft submachine & = (Q1, X, F1,U) such that @ \ @ is the union of

the sets of state of all primary soft submachines of Y. Converse is similar. m

4.3.12 Definition

Let T = (Q, X, F,U) be a soft finite state machine and let & = (7, X, F1,U) be a soft
submachine of T. A subset R C @ is called a generating set of S if & = (R).

4.3.13 Lemma

Let T = (@, X, F,U) be a soft finite state machine and let &; = (Q;, X, F;,U), i =
1,2,3,...n, be the primary soft submachines of Y. Let R C Q. Then, R generates T
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if, and only if, for all 7, 1 <14 < n, there exist r; € R such that ; = (r;) .

Proof. Suppose that R generates Y. Then, T = (R) = U (r). Let ¢; € Q; be
reR
such that & = (g;), for all 4, 1 <i < n. Then, ¢; € U (r) and so g; € (r), for some

reR
r € R. Thus (¢;) C (r). Since (g;) is primary, we have (¢;) = (r) .

Converse is trivial. =

4.3.14 Definition

Let T = (Q, X, F,U) be a soft finite state machine and let R C @ be a generating set
of Y. Then, R is minimal generating set of T if

(1) YT = (R) and

(1) For all r € R, (R\ {r}) # T.

4.3.15 Theorem

Let ¥ = (Q, X, F,U) be a soft finite state machine and T = (R) for any R C (). Then
R is minimal generating set of Y if, and only if, |R| =rank(Y).

Proof. Let rank(Y) = n and let &; = (Qi, X, F;,U), i = 1,2,3,...n, be the
primary soft submachines of Y. By Lemma 4.3.13, since R generates T, there exist
r; € R such that &; = (r;) for all 4, 1 < i < n. Since $; are distinct, then r; are
distinct. Thus, |R| >rank(Y). Now, assume that R is a minimal generating set.
Suppose |R| >rank(Y). Then, there exist 7 € R such that r ¢ {ry,re,...,rp}. Thus
(R\ {r}) = T Hence, R is not minimal, which is a contradiction. Thus, |R| =rank(Y).

Conversely, suppose that |R| =rank(Y) . Then, R = {r1,72, ..., }. Hence, (R\ {r;}) =
U 35 # Y. Thus, R is minimal. m
J#i



Chapter 5

Soft Subsystems and Finite
Switch Board State Machine

In this chapter, the concepts of soft subsysytem, strong soft subsystem, switching,
commutative and soft finite switchboard state machine are introduced and some of its

properties are discussed.

5.1 Soft Subsystems of Soft Finite State Machines

In this section, the concept of soft subsysytem and strong soft subsystem are defined.
After defining these concepts, we consider the relation between these concepts, that
is, every strong soft subsystem is a soft subsystem. But, converse is not true in gen-
eral. In this section, we will also prove that, homomorphic image of soft subsystem
(strong soft subsystem) is a soft subsystem (strong soft subsystem), if the homomor-

phism between soft finite state machine is onto.

5.1.1 Definition

Let T = (Q, X, F,U) be a SFSM. Let (ﬁ,Q) be a soft set. Then, (Q,ﬁ’,X,R U) is
called a soft subsystem of T if

ﬁ(p)ﬂF(p,a,q) gﬁ(q) for all p,q € Q and a € X.

If (Q, ﬁ’, X, F, U> is a soft subsystem of T, then we simply write T for (Q, ﬁ, X, F, U) .

61
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5.1.2 Example

Let @ = {a,b,c} be the set of soft states and X = {x,y, z} be the set of soft inputs.
Consider the universal set U = {1,2,3,4}. Then, T = (Q, X, F,U) is described as

a b c
(a,z) | {1,2} 0 0
(a,y) | 0 {1,3} 0
(a,z) | 0 0 0
(b,x) | 0 0 0
(b,y) | 0 {2,4} 0
(b,2) | 0 0 {4}
(c,x) | {2,3,4} 0 0
(c,z) | 0 0 {1,3}
(c,y) | 0 {1+ 0

The above table can be read as, the image of (a,z,a) under F is {1,2}.
Let (ﬁ ) Q) be a soft set over U, defined as

F(a) ={1,4}, F(b) ={1,2,4} and F (c) = {1,4}.

Then, clearly T is a soft subsystem of Y.

5.1.3 Theorem

Let Y = (Q, X, F,U) be a SFSM and <ﬁ,Q> be a soft set over U. Then, T is a soft
subsystem of Y if and only if

F*(p,z,q) N F (p) Qﬁ(q) for all p,g € Q and z € X*.

Proof. Suppose that T is a soft subsystem of Y. Let p,q € Q and x € X*. The
proof is by induction on |z| =n

If n =0, then x = A\. Now, if p = ¢, then

F*(¢,\,q) N F(q) = F(q)

If ¢ # p, then
F*(p,\,q) N F(p)=0C F(q)

Thus, the result is true for n = 0.

Suppose that result is true for all y € X*, with |[y|=n—1,n >0
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Let © = ya where a € X. Then,

F(p)NF*(p,x,q) = F(p)NF*(p,ya,q)
= Fp)n | J{F y,7) N F(r,a,9)}
reqQ

= U[F@nF @unnFag)
reQ

C U {ﬁ(r) ﬂF(T,a,q)}
c F(q)
= F(p)NF*(p,x,q) C F(q).
Converse is trivial. m

5.1.4 Theorem

Let T = (@, X, F,U) be a soft finite state machine. Let T, and Y5 be soft subsystems
of T. Then, the following assertions hold.

(1) T1 U Ty is a soft subsystem of .

(2) T1 N Ty is a soft subsystem of 1.

Proof. Straightforward. m

5.1.5 Definition

Let T = (Q, X, F,U) be a SFSM and (ﬁ,Q) be a soft set over U. For all x € X*,
define (E,Q) as follows

F,(q) = U {ﬁ(p) nF* (p,:v,q)} for all ¢ € Q.
peQ

5.1.6 Proposition

Let T = (Q, X, F,U) be a soft finite state machine. Then, for all soft sets (ﬁ’, Q) and
for all x,y € X*
(£), - P
y

Proof. Let (ﬁ, Q> be a soft set and z,y € X™*. We prove the result by induction
on |yl =n. If n =0, then y = \. Let ¢ € Q. Now,

<E>)\(Q) = U{E(p)ﬂF*(p,A,q)}

peEQ
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Hence (ﬁ;))\ = : = A;A.
Suppose the result is true for all w € X*, such that |u| =n —1,n > 0. Let y = ua,
where a € X, v € X* and |u| =n — 1. Let ¢ € Q. Then,

|

Fwy (Q) = ua (q

= {qu ﬁF* p7CLQ)}

Il
—
<

pEQ

= { mF*(rup)} NF*(p,a,q)
PEQ

= {Fx )N U F (roup) N F* (poa,9)}
reQ peQ

= U{F"E )N F* (r,ua q)}
reQ
(Fw)w

This completes the proof. m

5.1.7 Theorem

Let T = (Q, X, F,U) be a SFSM. Let( Q) be a soft set. Then, T = (Q,ﬁ,X,F,U)

is a soft subsystem of Y if, and only if, Fx C F for all z € X*.
Proof. Let T = (Q, ﬁ,X, F, U) be a soft subsystem of T. Let x € X* and ¢ € Q.
Then,

Fo@)=U{F®nFmea}cF,

peEQ

by Theorem 5.1.3. Hence, E CF.
Conversely, suppose E - F for all z € X*. Let q € Q and x € X*. Now,

Fe)nF paag) c J{F@)NF (o} =F(@) < F@),
PEQ

for all p € ). Hence, T = <Q, ﬁ,X, F, U) is a soft subsystem of T. m
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5.1.8 Definition

Let T; = (Qi, X, F;,U), i = 1,2, be soft finite machines. Let (f,g) : T1 — Y3 be a
homomorphism and <ﬁ, Ql) be a soft set. Define soft set (fﬁ, Qg) by

fﬁ(q'):{ U{ﬁ(Q)\quh f(q)=q'} if f=1(q) £ 0

() otherwise,

for all ¢ € Q.

5.1.9 Theorem

Let T; = (Q, X, F;,U), ¢ = 1,2, be soft finite machines. Let (f,g) : T1 — T2 be
an onto strong homomorphism. If (Ql, F , X, [, U ) is a soft subsystem of T, then
(QQ, I5: X, Fa, U) is a soft subsystem of Ys.

Proof. Let p',¢ € Qo and 2 € X. Then,

fr (p/)ﬂFz (p',a,q/) = U{ﬁ(p)\pGQl, f(p)ZPI}ﬂFz (p/,a,q')
U{FonE (v 0d)lren fo)=p}.

Let p,q € Q1 be such that f (p) = pand f () = q . Then,

ﬁ(p)sz (pl,a,q/> = ﬁ(p)mFQ(f(p)7a7f(Q))
= Fo)n(U{Amanlreen ) =ra=d})
F)NF(par)|reQ, f0)=7(=d}

{F
{F)Irequ 1o =d}
().

N
?CC

Hence,

N

Iz (p') N F (p',a,q') U{fﬁ (q'> |p € Qu, f(p)=p'}
= J#(d).

Thus, (Qg, I X, Fa, U) is a soft subsystem of T5. m

The next example shows that the above result need not be true if f is not onto.
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5.1.10 Example

Let Q1 = Q2 = Q = {p,q}, X = {2z} and U = {a,b,c,d}. Then, T; = Ty =
(Q, X, F,U) is a soft finite state machine which is defined as

| p q

(p,x) | U {a,b,c}
(q, .’L') {bv d} {av b}

The above table can be read as the image of (p,x,q) under F'is {a,b,c}.
Let f: Q@ — @ be a mapping such that f (p) = f(q) = p. Clearly, f is a strong
homomorphism which is not onto. Let (15, Q) defined as F (p) = F (q) = {b} . Then,

F(t)={b} = F(s)NF(s,z,t) for all s,t € Q.
Thus, (Q,ﬁ, X, F, U> is a soft subsystem of Y. Now,

and fz(q) = 0. Thus
fr()NF(p2,q) € f7(0)-

Hence, (Qg, I X, F, U) is not a soft subsystem of Ts.

5.1.11 Definition (Strong Soft Subsystems)

Let T = (Q, X, F,U) be a soft finite state machine. Let (ﬁ,Q) be a soft set over

U. Then, (Q, F , X, F, U) is a strong soft subsystem of Y if and only if, there exists
a € X such that F (p,a,q) # 0 (for all p,q € Q), then F (p) C F (q).
If (Q,ﬁ,X LU ) is a strong soft subsystem of Y, then we simply write T for

(Q,ﬁ,X, F, U) .

5.1.12 Theorem

Let T = (Q, X, F,U) be a soft finite state machine. Let (ﬁ, Q) be a soft set over U.

Then, Tisa strong soft subsystem of T if and only if, if there exist x € X* such that
F* (p,x,q) # 0 (for all p,q € Q) then F (q) 2 F (p).

Proof. Suppose Tisa strong soft subsystem of T. We prove the result by induction
on |z| = n.If n = 0, then = A. Now, if p = ¢, then F* (p,x,q) = U and F (p) = F (q) .
If p # q, then F* (p,z,q) = (). Thus, the result is true if n = 0. Suppose the result is
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true for all w € X* such that |[ul =n—1,n > 0. Let £ = ua, |u| =n—1, u € X*,
a € X. Suppose that F* (p,z,q) # 0. Then,

UAF* (pu,r) N F(r,a,9)} = F*(p,ua,q)

reQ

= F*(p,z,7)
0.

Thus there exist r € @ such that F* (p,u,r) N F (r,a,q) # (. Clearly, F* (p,u,r) # ()
and F (r,a,q) # 0. Hence, by hypothesis F (¢) 2 F(r) and F(r) D F(p). Thus,
F(q) 2 F(p). The converse is trivial. m

5.1.13 Theorem

Let T = (Q, X, F,U) be a soft finite state machine and let (ﬁ, Q) be a soft set over

U IfYisa strong soft subsystem of T then, T is a soft subsystem of Y.
Proof. Let T = (Q, F.X,F, U) be a strong soft subsystem of Y. If F* (p,z,q) =0
for all p,q € @, then
F(p) N F* (p,2,q) C F(q).
If F*(p,z,q) # 0, then F (p) C ﬁ(q), because Y is a strong soft subsystem of Y.

Hence, F' (p) N F* (p,z,q) C F (q). m

5.1.14 Remark

Every soft subsystem of the soft finite state machine T need not be a strong soft

subsystem of Y.

5.1.15 Example

Let Q@ ={a,b}, X ={x} and U = {1,2,3,4} . Then, T = (Q, X, F,U) is described as

‘ a b
(a,z) | {1,2} {1,4}
(b,x) | {2,4} {1,2,4}

The above table can be read as, the image of (a,y,b) under F is {1,4}.
Let (15 , Q) be a soft set over U, defined as

F(a) ={1,2}, and F (b) = {1,2,3}.

Then, T = (Q,ﬁ, X, F, U) is a soft subsystem of Y. Note that F (b,z,a) # 0, but
F (b) ¢ F (a). Thus, T = (Q, ﬁ,X, F, U) is not a strong soft subsystem of T.
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5.1.16 Theorem

Let T; = (Q, X, F;,U), i = 1,2, be a soft finite machines. Let f : T; — Y3 be
an onto strong homomorphism. If (Ql, ﬁ, X, Fy, U) is a strong soft subsystem of T,
then (Qg, I X, Fa, U) is a strong soft subsystem of Y.

Proof. Let ¢q,p € Q1 and x € X be such that F» (f (p),z, f(q)) # 0.

Now,
fe @) =U{F0) reQu fn=f)}
and

fr @) =U{F &) 1s€Qu fis)=Fm)}.
Let s € Q1 be such that F (s) # 0 and f(s) = f (p). Then,

Fg(f(s),x,f(q)) :FQ(f(p),l',f(Q)) #@
Hence,
UtFi(s,ar) [re Qi f(r) = f(a)} #0.

Thus, there exist r € Q1 such that Fy (s,a,r) # 0 and f (r) = f (q) . Since (Ql, F. X, Fy, U)

is a strong soft subsystem of Y1, F (r) 2 F (s) .Hence, fz(f(@) 2 fz(f(p)). Thus,
(Qg, I5: X, Py, U) is a strong soft subsystem of To. =
The following example shows that the above result need not be true if f is not

onto.

5.1.17 Example

Let Q1 = Q2 = Q = {p,q}, X = {2} and U = {a,b,c,d}. Then, T1 = Ty =
(Q, X, F,U) is a soft finite state machine which is defined as

E q

(p,x) | U {a,b,c}
(¢,2) | {b.d}  {a,b}

The above table can be read as the image of (p,x,q) under F'is {a,b,c}.

Let f: @ — @ be a mapping such that f(p) = f(q) = p. Clearly f is a strong
homomorphism which is not onto. Let F ,@) be a soft set over U which is defined
as F (p) = F (q) = {b} . Then,

If F(s,a,t) # 0 (for all s,t € Q) then F (t) D F (s).
Thus, (Q,ﬁ, X, F, U) is a strong soft subsystem of 1. Now,

F2 (paxaq) 7é®7
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f7 (p) = {b} and f5 (q) = 0. Thus,
f5) € fr(a)-

Hence, (QQ, T X, F, U) is not a strong soft subsystem of Ts.

5.2 Soft Finite Switch Board State Machine

In this section, we define switching soft finite state machine and prove that every
switching soft finite state machine satisfies the soft exchange property. We will also
define commutative soft finite state machine and prove that homomorphic image of
commutative soft finite state machine is a commutative soft finite state machine, if

the strong homomorphism between soft finite state machine is onto.
5.2.1 Definition
ASFSM T = (Q, X, F,U) is said to be switching if
F(q,z,p) = F (p,x,q), for all p,g € Q and = € X.
5.2.2 Definition
A SFSM T = (Q, X, F,U) is said to be commutative if
F*(q,zy,p) = F* (¢, yz,p), for all p,q € Q and z,y € X.

5.2.3 Definition

ASFSM T = (Q, X, F,U) is a soft finite switchboard state machine (SFSSM, for short)

if it is both switching and commutative.

5.2.4 Proposition

IfY =(Q,X,F,U) is a commutative SFSM, then
F*(q,za,p) = F* (q,azx,p) for all p,g € Q, a € X and z € X™.

Proof. Let p,g € @, a € X and z € X*. We prove the result by induction on
|z| = n.

If n = 0, then z = X\ and so za = Aa = a = a)\ = ax. Hence, F* (q,za,p) =
F*(q,ax,p). Thus, the result is true for n = 0.
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Suppose that the result is valid for all v € X* such that |u| =n — 1. Let y = ub,
where v € X*, b€ X and |u| =n — 1. Then,

F*(q,ya,p) = F*(quba,p) = |J {F*(qu,r)NF*(r,ba,p)}
reQ

= U {F (qu.r) 0 F* (r,ab,p)}
req
= F*(q,uab,p) = U {F* (q,ua,r) N F*(r,b,p)}
re@
= U {F* (q,au,r) N F* (r,b,p)}
reqQ
= F*(q,aub,p) = F*(q,ay,p) .

This completes the proof. =

5.2.5 Proposition

Let ¥ = (Q, X, F,U) be a SFSSM. Then, F* (¢q,z,p) = F* (p,z,q) for all p,q € Q and
rxe X"
Proof. Let p,q € @Q and = € X*. Suppose |z| = n. Since x = X whenever n = 0,
we have
F*(q,2,p) = F* (¢, A\ p) = F* (p, A\, q) = F* (p, 2z, q) .
Assume that the result is true for all w € X* such that |[ul =n—1,n > 0. Let y = ua
where u € X*, a € X and |u| =n — 1. Then

F*(q,y,p) = F*(qua,p)=|J{F* (¢, u,r) N F*(r,a,p)}
reQ

= U {F*(r,u,q) N F*(p,a,r)}
reqQ

= U {F* (p,a,7) N F*(r,u,q)}
reQ
= F*(p,au,q) = F* (p,ua,q) = F* (p,y,q) .

This shows that the result is true for |x| = n. This completes the proof. m

5.2.6 Proposition

Let T = (Q, X, F,U) be a SFSSM. Then, F* (q,zy,p) = F* (q,yz,p) for all p,q € Q
and z,y € X*.
Proof. Let p,q € Q and = € X*. Suppose |y| = n. Since y = A, whenever n = 0,

we have

F*(q,zy,p) = F* (q,z\,p) = F* (¢, z,p) = F* (¢, \x,p) = F* (¢, yx,p) .
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Assume that F* (¢, zy,p) = F* (q,yz,p) for all y € X* such that |y| =n —1, n > 0.
Let z = ua where u € X* a € X and |u|] =n — 1. Then,

F*(q,zz,p) = F*(q,7ua,p)= LGJQ{F*(%?U“’T)”F(T’@’I’)}
LEJQ {F*(q,uz,r) N F (r,a,p)}
- %{F*(r,uw,q)ﬂF(%a»T)}
- g) {F (p,a,r) N F*(r,uz,q)}
= F*(pauz,q) = LEJQ{F*(p,au,r)ﬂF*(%x,Q)}
_ g{p*(p,ua,r)mF*(r,m,q)}

= F*(p,uax,q) = F* (q,uax,p) = F* (q, zx,p) .

This completes the proof. m

5.2.7 Theorem

Let T; = (Qi, Xi, Fi,U), i = 1,2, be SFSM. Let (f,g) : T1 — Y2, be an onto strong
homomorphism. If T4 is commutative, then so is 1.

Proof. Let pa,q2 € Q2. Then, there exist p1,q1 € @1 such that f(p1) = p2 and
f(q2) = q2. Let ag,be € X5. Then, there are a1, by € X7 such that g (a1) = az, and

g (b1) = ba. Since Y; is commutative, we have

F3 (g2,a2b2,p2) = F3(f(q1),g9(a1)g(b1), f(p1))
= Fy(f(a),9" (aib1), f (p1))
= | J{FF (@ a1bi,m) [ 11 € Qu, f(r1) = f (p1)}
= U{F1 (q1,b1a1,m1) [ 11 € @1, f(r1) = f(p1)}
= Fy(f(a),9" (bra1), f (p1))
= Fy(f(a),9(b1)g(a1), f(p1))

= FQ* (q2>b2af27p2) .

Hence, T4 is commutative SFSM. This completes the proof. m

5.2.8 Theorem

Every switching soft finite state machine ¥ = (Q, X, F, U) satisfies the soft exchange
property.
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Proof. Let T = (Q, X, F,U) be a switching SFSM, that is
F(q,z,p) = F(p,x,q) for all p,q € Q and = € X.

From Theorem 4.1.7, it is enough to prove (for all p,g € Q) p € SS(¢) < ¢ €
SS(p)-

Let p € SS(q), then there exist x € X* such that F* (¢, z,p) # 0, where z =
x1%3...Ty and x1, To, ...z, € X. Since F* (¢, z,p) # 0, so there exist r;, s € @ such that

F(q,z1,71) N F (r1,22,72) N ... N F (rp_1,2p,p) # 0.
Since T is switching, so it can be written as
F (pa $nvrn—l) NnE (Tn—la $n—1vrn—2) NnN..NFE (T‘l,l‘l, q) ?é @

- U F(paxnyrn—l)mF(Tn—luxn—lvrn—Z)ﬂ--‘ﬂF(leajl)q)7&@
T, €Q

= F*(p,y,q) #0.

Hence, g € SS (p). Similarly, if ¢ € SS (p) we can prove p € SS (¢). This completes
the proof. m



Chapter 6

Cartesian Composition of Soft
Finite State Machines

In this chapter, we present a new product of two soft finite machines T; and To,
written as Y1 - To and called the cartesian composition of T1 and T5. We also define
the concept of soft admissible partitions and construct the quotient structure of SFSM
with the help of soft admissible partitions. Finally, we discuss the associativity of

wreath product, sum and cascade products of soft finite state machines.

6.1 Cartesian Composition of Soft Finite State Machines

In this section, we study the concept of the cartesian composition of soft finite state
machines. We show that soft finite state machines and their cartesian composition
share many structural properties. Some of these properties are connectedness, strong

connectedness, commutativity and perfection.

6.1.1 Definition

Let T; = (Qi, X;, F3,U), i = 1,2, be soft finite machines and let X; N Xo = ). Define
Y1 To=(Q1 X Q2, X1 UXp, F1 - ,U),

where

Fi (p1,a,q1) if a € X7 and ps = ¢o
Fi-Fy((p1,p2) ,0,(q1,92)) = § Fo(p2,a,q2) if a € Xy and p1 = ¢4

() otherwise,

for all (p1,p2),(q1,92) € Q1 X Q2, a € X7 U Xs. Then, Y - To is a soft finite state

machine and is called the cartesian composition of T; and Ys.

73
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6.1.2 Theorem

Let T1- YTy = (Q1 X Q2,X1 U Xo, F1 - F»,U) be the cartesian composition of T; and
Yo, where T; = (Q;, X4, F;,U) , i = 1,2, are soft finite machines such that X; N X5 = ().
Then, for all x € X7 U X, such that x # A,

FY (p1,z,q1) if x € X§ and p2 = ¢2
(F1- Fo)" ((p1,12) , 7, (q1,42)) = § F5 (p2.2,q2) if v € X5 and p1 = ¢
() otherwise,

for all (p1,p2) and (g1, q2) € Q1 X Qa.
Proof. Let x € X{UXj, such that z # X and |z| = n. Suppose n = 1, then clearly
it is true. Suppose the result is true for all v € X7, such that |u| = n—1, where n > 1.

Let = ua where u € X{ and a € X;. Now,

(Fr - B2)" ((pr,p2) 2 (a1, ) = (Fi - F2)" (p1 X p2)  wa, (a1,62)
_ U { (F1- F2)* ((p1,p2)  u, (r1,m2)) N }
(r1,r2)€Q1 X Q2 (F1- F2) ((r1,72),a,(q1,92))

_ U { (Fy - F2)* ((p1,p2) ,u, (r1,q2)) N }

rEQ1 Fl (7“17(17Q1)
U {FY (pryu,m1) N F1(r1,a,q1)} i pe = o
= r1€Q1

0 otherwise

_ FY (p1,ua,q1) if po = 2
() otherwise.

Hence, the result is valid for |z| = n. Similarly, we can prove if z € X;. This completes
the proof. m
6.1.3 Theorem

Let T1- Ty = (Q1 X Q2, X1 U Xa, F} - F5,U) be the cartesian composition of T; and
Ty, where T; = (Q;, X;, F;,U) , i = 1,2, are soft finite machines such that XN Xs = ().
Then, for all z € X7, y € X3

(F1- F2)" ((p1.p2) 2y, (q1,92)) = F{ (p1, 2, q1) N FS (p2,9, ¢2)
- (Fl X FQ)* ((p17p2)7yx7 (QLQQ)),

for all (p1,p2) and (g1, 42) € Q1 X Q2.
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Proof. Let (p1,p2) and (q1,¢2) € Q1 x Q2 and v € X{, y € X3. If =y = A, then
zy = A. Suppose p1 = q1 and g2 = p2, then (p1,p2) = (q1,q2) . Hence,

(Fl . FZ)* ((plapQ) , XY, (Qb q2)) = U
= Fl* (p17$7q1) N F2* (p27y’q2) .
If (p1,p2) # (g1, g2) , then either py # g1 or p2 # g2. Thus, FY (p1,x,q1)NEFy (p2,y,q2) =
(). Hence,
FY (pr,z,q1) N FS (p2,9,q2) = 0
- Fl FQ)* ((PlaPZ)vav (QLQQ))-

Ifx#Xand y =X or x = A and y # A. Then, by Theorem 6.1.2, it can easily verify
that

(F1 - F2)* ((p1,p2) 2y, (q1,42)) = FY (p1,2,q1) N F5 (2,9, q2) -
If x #£ X\ and y # A, then

(F1- F2)" ((p1,p2) 2y, (q1,92)) = U { (

Fy - By)* ((prop2) 2, (r1,72)) N }
(r1,72)€EQ1xQ2

(F1-Fo)" ((r1,7m2) v, (¢1,42))

_ (F1 - B2)* ((p1,p2) @, (r1,72)) N
- T‘lLEJQ1 T'QLEJQQ { (Fl ’ FQ)* ((T17T2) 'Y, (QhQQ)) }

- U { (Fl'Fz)*((m,pz),x,(ﬁ,pg))m}
meo, L (Fr-F2)" ((r,p2) 9, (01, 02))

_ { (F1- Fo)* ((p1,p2) @, (q1,p2)) N }
(F1- F2)* ((q1,p2) ¥, (a1, ¢2))
= F{ (pr,z,q1) N F5 (p2,v,q2) -

Similarly, we can prove

(F1- F2)" ((p1,p2) ¥, (q1,q2)) = F{ (p1,z,q1) N FS (p2, v, q2) -

This completes the proof. =

6.1.4 Theorem

Let T1- Yo = (Q1 X Q2, X1 U Xa, F} X Fy,U) be the cartesian composition of T; and
Yo, where T; = (Q;, X4, F;,U) , i = 1,2, are soft finite machines such that X; N X5 = ().
Then, for all z € (X7 U X2)", there exist u € X; and v € Xj such that
(Fl : FQ)* ((p17p2) y Ly (qla q2)) = (Fl ’ FQ)* ((p17p2) , UV, (‘ha q2))
= Fl* (p1,’u,(]1) N FZ* (P27U7Q2) y
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for all (p1,p2) and (g1, ¢2) € Q1 X Q2.
Proof. Let (p1,p2) and (q1,92) € Q1 X Q2 and x € (X3 U Xo)*. If z = A, then we

can choose u = v = A. So, the result is true in this case. Suppose x # A, if z € X or

x € X5, again in this case result is trivially true. Suppose z ¢ X7 and x ¢ X3, then

we have the following possibilities

Case 1: If x = uv, u € X1+, v E X2+, then the result follows by Theorem 6.1.3.
Case 2: Suppose & = ujviug, ui,uz € X; and v1 € X3, u; # X and vq # A for
t=1,2. Let u = wjug € X{ and v = v; € X3. Then, by Theorem 6.1.3,

(F1 - F2)" ((p1,p2) , viug, (q1,q2)) = (F1 x F2)" ((p1,p2) , u2v1, (q1,42)) ,

for all (p1,p2) and (q1,¢2) € @1 X Q2. Thus,

(F1- F2)" ((p1,p2), @, (q1,92))

(F1 - F2)" ((p1,p2) , urviug, (1, q2))

- U

(r1,r2)€EQ1xQ2

- U

{

(F1 -
(£

)* ((p1,p2) ,u1, (r1,72)) N

Fy
- Fp)* ((r1,72) , viug, (q1,92))

}

( )
( )

{ (Fi - F5)" ((p1,p2) s u1, (r1,72)) N }
(r1,r2)EQ1 X Q2 (Fl : FQ)* ((rla TZ) , U201, (QL Q2))
(F1- F»)" ((p1,p2

(Fi - F)" ((p1,p2

, u1u201, (41, G2))

~—  —

, UV, (Q17 Q2)) .

Case 3: Suppose x = viujve, u; € X7 and v,v2 € X5 u; # X and v; # A, for
t=1,2. Let v =v1v3 € X3 and u = u; € X]. Then, by Theorem 6.1.3,

(F1 - F2)* ((p1,p2) s v1ua, (g1, q2)) = (F1 - F2)" ((p1, p2) , urv1, (1, 42))

for all (p1,p2) and (g1, g2) € Q1 X Q2. Thus,

(F1- F2)" ((p1,p2), %, (q1,92))

(F1- F2)" ((p1,p2) , viu1vz, (q1, q2))

U { (F1 - F2)" ((p1,p2) , v1u1, (r1,72)
(F1- F2)" ((r1,72) ,v2, (g1, q2)
)

N

)

(r1,r2)€Q1xQ2 ) )

U { (F1 - F5)" ((p1,p2) s wivi, (r1,7m2)) N
(F1- F2)" ((r1,72) ,v2, (41, 42))

(r1,r2)€Q1xQ2
(F1- F2)" ((p1,p2) , u1v1v2, (1, G2))

(F1- F2)" ((p1,p2) ,wv, (q1,42)) -

Case 4: Suppose z = ujviugv2, ui,uz € X; and v1,va € X3, u; # A and v; # A,

}
}
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for i =1,2. Let u = ujug € X{ and v = vivy € XJ. Thus,

(F1 - Fo)* ((p1,02) 2, (q1,42)) = (F1- F2)* ((p1,p2) , vaviugvz, (41, ¢2))

U { (F1- F2)" ((p1,p2) , w1, (r1,72)) N
(

(mrme@ix0, U (F1F2)7 ((r1,m2) s vruzvz, (01, ¢2))

_ g { (F1 - F2)" ((p1,p2) s w1, (r1,72)) N

(ramyeanxgs U (F1-F2)" ((r1,m2)  ugviva, (41, ¢2))
= (Fy - F2)" ((p1,p2) , maugv1v2, (q1,92))
- (Fl F2>* ((plap2)auva (QIaCD))-

Case 5: Let x = viuivaus, ur,u2 € X and vi,v2 € X3, u; # X and v; # A for
i =1,2. Let v = wjup € X{ and v = viv2 € X3. In this case, the proof is similar to
case 4.

Case 6: Suppose the result is true for all z = ujviugva.... up_1v,—1 € (X3 U Xo)*
for n > 1. Let v/ = wjus....up—1 and v/ = v1vs....v,—1. Now, u = v'u,, and v = v'v,,
then

(Fy - F2)" ((p1,p2) s u1v1u202....unVn, (q1, g2))

B U { (F1 - F2)" ((p1,p2) , u1v1u202... U —1Vn 1, (711,72)) N }

(r1,r2)€Q1 X% Q2 (Fl ’ FZ)* ((Tl’ TZ) » UnUn, (Q1’ q2))

_ U { (Fy - F2)* ((p1,p2) , W'V, (r1,72)) N }

), u
(r1,72)€Q1 % Qs (F1 - ) ((r1,72), un”m(‘]laQQ))
= (F1- B)" ((p1,p2) ,w'v"unvn, (q1,¢2))
= (F1-F)" ((p1,p2),uv, (q1,42)) -

The result follows by induction. Similarly, we can prove when x = viujvous...vpu, €
(X1 U X5)". This completes the proof. m

6.1.5 Theorem

Let T1 Yy = (Q1 X Q2,X1 U Xy, Fy - F5,U) be the cartesian composition of T and
Ty, where T; = (Q;, X;, F;,U) , i = 1,2, are soft finite machines such that XN Xs = ().
Then, T4 - T is soft connected if, and only if, T1 and Y9 are soft connected.

Proof. Suppose T1 and Y5 are soft connected. To prove T; - Yo is soft connected,
for this it is enough to prove SC ((p,p’)) = Q1 X Q2, by Theorem 4.2.13. Let (q,¢’) €
Q1 X Q2, then ¢,p € Q1 and ¢,p’ € Q2. As T; is soft connected, so there exist
q0,q1,---q € Q1, ¢ = qo, P = qi, and there exist x1,z9,...,x, € X7 such that for all
i=1,2,...,k either Fy (¢;,xi,qi—1) # 0 or Fy (¢;—1,2,q;) # 0. Similarly, for Y5, there

}
}
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exist ¢f, ¢, ...q] € Q1, ¢ = q(, p' = ¢}, and there exist y1,y2,...,y; € X2 such that for
all i = 1,2,...,1 either F5 (¢}, yi,q}_1) # 0 or F>(q/_1,vi,q;) # 0. Now, consider the

sequences (q,q') = (q0,40)(q1,40) , (42, 90) -+ (@k+ 40) + (@hs €1) + (ks 43) 5 -5 (Gk, @) =
(p,p') € Q1 X Q2 and the sequence x1, T2, ..., Tn, Y1, Y2, -, Yn € X1 U Xo. Then, it can
easily check that for all ¢ = 1,2, ..., k either

(Fl : F2) ((Qi>q(/)) y Lis (Qi—17q6))

# 0 or
(F1- F) ((¢i-1,90) » i, (46, q0)) # 0

and for all = 1,2, ...,[ either

(F1 - F2) (9, 4}) »%i (arqi—1)) # O or
(F1 - F2) (k1) » 90> (ax,05))  # 0.

Hence. (¢,q¢') and (p,p’) soft connected. This implies (¢q,¢") € SC ((p,p’)). Hence,
SC((p,p") = Q1 x Q2.

Conversely, suppose YTi - Yo is soft connected. Let ¢,p € Q1 and ¢ € Q.
If ¢ = p, then ¢ and p are soft connected. If ¢ # p, then there exist (¢,q') =

(90,40) 5 (q1,41) + (a2, G5) s (Gm> @) = (P, d') € Q1 X Q2 and 21,23, ..., Ty € X1 U Xy
such that for all ¢ = 1,2,...,m either

(F1- F) ((¢i-1,451) »is (05, q5)) # Oor

(Fy - F) (45, 41) » @i, (qi-1,4i—1)) # 0.

Clearly, if ¢;—1 # ¢, then ¢}_; = ¢, and if ¢}_; # ¢}, then ¢;_1 = ¢; for all i =
1,2,3,...,m. Let {q¢ = qi,, qiy, .-, qi,, = p} be the set of all distinct ¢; € {qo,q1,-..,¢m}
and let z;,, x4,, ..., ;, be the corresponding x;’s. Then z;,, x4, ..., ;, € X; and for all

j=1,2,...,n either

Fy (C]i]-fla%j,%j) 75 or

0
Fl (qijax’ijvqij71) 7é @
Thus, ¢ and p are soft connected. Hence, Y is soft connected. Similarly, we can prove

Y5 is soft connected. m

6.1.6 Theorem

Let Y1 Yo = (Q1 X Q2,X1 U Xy, Fy - F5,U) be the cartesian composition of T and
Yo, where T; = (Q;, X4, F;,U) , i = 1,2, are soft finite machines such that X; N X5 = ().
Then, Y1 and Yo are weakly soft connected if T - To is weakly soft connected.



6. Cartesian Composition of Soft Finite State Machines 79

Proof. Suppose Yp - Yo is weakly soft connected. Then, SS(SS((¢q,p))) =
Q1 x Q2 for all (¢,p) € Q1 X Q2. First we prove T; is weakly soft connected. Let
g € @1, then SS(SS(q)) € Q;. For any ¢ € Q1 and p € Q2, then (¢,p) €
Q1% Q2 =S55(55((¢,p))) . Then, there exists (q1,p1) € SS ((q,p)) such that (¢/,p) €
SS ((q1,p1)) - Since (¢',p) € SS ((q1,p1)) so there exists z € (X1 U X2)* such that

(F1- F2)* ((q1,p1) 2, (d'p)) # 0.

Then, by Theorem 6.1.4, there exist v € X{ and v € X3 such that

FI (CIL% q/) N F2 (pl:vap) 7& ®7
that is,
Fl (q17u7q/) 7é @ and F2 (plvvvp) 7é ®7

thus ¢ € SS(q1) and p € SS (p1) cevereene (1)
Also, (q1,p1) € SS((gq,p)) so there exist y € (X1 U X3)" such that

(Fl : F2)* ((q,p) 'Y (QIapl)) 7é @

Then, by Theorem 6.1.4, there exist w € X{ and z € X; such that

Fl (qawaq1) OFQ (pvzapl) # ®7

that is,
Fl <Q7w7q1) 7& (Z) and FQ (p,Z,p1) 7& Qa

thus ¢1 € SS(¢) and p1 € SS (p) ... (2)
Thus, from (1) and (2), ¢ € SS (¢1) € S5 (SS (¢))and p € SS (p1) € SS(SS (p)).
Hence, @1 € SS (5SS (¢q)) and Q2 C SS(SS(p)). This completes the proof. m

6.1.7 Theorem

Let T1- YTy = (Q1 X Q2,X1 U Xo, F} - F5,U) be the cartesian composition of T; and
Yo, where T; = (Qq, Xy, F;,U) , i = 1,2, are soft finite machines such that X; N X5 = ().
Then, T - To is commutative if, and only if, T1 and Yo are commutative.

Proof. Suppose T - T3 is commutative. Let p,q € Q1 and z,y € X} and p/ € Qq.
Then, (p,p,> ) (q,p,) € Q1 X Q2 such that

(Fy - Fy)* ((p,p/) , Y, (q,p')) = (F1- Fy)” ((p, p') YT, (qm')) (1)

because T1-Yg is commutative. Then, equation (1) becomes F (p, zy, q) = F} (p,yz, q) .

Similarly, we can prove Ty is commutative. Converse is trivial. m
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6.1.8 Definition

Let T = (Q, X, F,U) be a soft finite state machine. If T is weakly soft connected and

commutative, then T is said to be weakly soft perfect.

6.1.9 Theorem

Let Y1 Yy = (Q1 X Q2, X1 U Xy, Fy - F5,U) be the cartesian composition of T and
Ty, where T; = (Q;, X;, F;,U) , i = 1,2, are soft finite machines such that XN Xy = ().
Then, Y1 and Yo are weakly soft perfect if T1 - To is weakly soft perfect.

Proof. Straightforward. =

6.1.10 Theorem

Let T; = (Qi, X, F;,U), i = 1,2, be a soft finite machines such that X; N Xy = (.
Let &; = (Q;,X, FQ“U> be a soft submachine of T; for ¢ = 1,2. Then &7 - S
is a submachine of Ti - Ts. Conversely, if & = (Qll X Q;,Xl UXo, F, U) is a soft

submachine of Y7 - Ty, then there exist soft submachines & of T1 and &y of Yo such
that & = %1 . %2

Proof. Let &; = (Q;,X, Fy,, U) be a soft submachine of Y; for ¢ = 1, 2. Now,
Sy -Gy = (Ql X Q, X1 U X, Fiy -FQ;,U) .

Let (p1,q1) € SS (Qll X Ql2> . Then, there exist z € (X1 U X5)* and (p,q) € Q) x Qs
such that
(Fl : F2)* ((p7 Q) y Ly (pbql)) 7é @

Let © = wv be the standard form of x, where u € X7 and v € XJ. Now, by Theorem
6.1.4,

FY (p,u,p1) NFy (q,v,q1) = (F1- F2)" ((p, q) , uv, (p1,q1))
= (Fi-B)" ((p,q),z (p1,q1)) #0

)

) )
Thus, F}' (p,u,p1) # 0 and Fy (¢,v,q1) # 0. Sop; € SS (p) C SS <Qll) = /1 and g1 €
SS(q) C 89 (Q;) = Q). Thus, (p1,q1) € Q) x Q). Thus, S (Q; X Q'2> C Q, x Q.

Now, we want to prove

Fl : F2 |(Ql1XQ;)X(XlUXQ)X(Q;XQIQ): FQll ' FQ;
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For this, let (p,q), (p1,q1) € Qll X Q’Q and x € X; U X5. Then,

F (p,as p1) ifz € X; and g = ¢
(FQ; 'FQ'2> (P @),z (p1,q1)) = F (q,fﬂ q1) if z € Xp and p=p
(0 otherwise

Fi(p,z,p1) if v € Xy and ¢ =q1
= Fy(q,z,q1) if v € Xp and p = py

() otherwise
= (FlFQ) ((p7Q)a$a (plchl))'

Thus, &1 - S = <Q'1 X Q;,Xl U XQ,FQ/ -FQ/ , U) is a soft submachine of 11 - 1.
1 2

Conversely, suppose that & = (Qll X Q;,Xl U Xy, F, U) is a soft submachine of
Ty Yo Let Fy = B lgniars Fop = P2 lgpexmay S1 = (Q1X Fg U),
Sy = <Q2,X, FQ;,U) .Let r €SS <Q1> . Then, there exist p € Q] and z € X} such
that Fy (p,z,7) # 0. Let s € Q5. Then, (Fy - F2)* ((p, ), z, (r,t)) = Ff (p,z,r) # 0.
Thus, (r,) € SS (Q'l X Q'z) = Q) x Q). Thus, r € Q. Hence, S (Q'l) C Q). Thus,
1 is a soft submachine of 1. Similarly, we can prove s is a soft submachine of Y.

Let (p,q),(r,s) € Qll X Q;, z € X1 U Xs. Now

F((p,q),z,(r,8) = (Fi-F)((p,q),z,(r,s))
( Fy (p,z,r) ifre Xy and g=s
= F(q,z,s) ifr € Xoandp=r

@ otherwise

F (p,x,r) ifre X;and ¢g=s
1

FQ/ (q,z,s) ifx € Xoand p=r
2

\

- ()

() otherwise
(p.q),x,(r,5)).

Thus, &= %1 . %2 ]

6.1.11 Theorem

Let Y; = (Q;, X, F;,U), i = 1,2, be soft finite machines such that X7 N Xo = (). Let
~; be an admissible relation on Y;. Then, ~1 - ~9 is an admissible relation on Y1 - 1.

Proof. Let ~; be admissible relation on Y; = (Q;, X, F;,U) . Define ~; - ~9 on
T, Ty by

(P1,q1) ~1 - ~2 (pva.Il) if, and only if, p1 ~1 p; and ¢1 ~2 ¢y,
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for all (p1,q1) (p'pq/l) € Q1 % Qa.
It can easily be prove that ~; - ~g is an equivalence relation on Q1 X Q9. Let

(p1,q1), (p&,qi) € @1 X Q2 be such that (p1,q1) ~1 - ~o (pll,qll) . Let a € X7 U Xy,
and for some (r1,s1) € Q1 X Q2 such that

(F1- F) ((p1,@1) 5 @, (71, 81)) # 0.

Since a € X1 U X9, then either a € X7 or a € X5. If a € X7, then

Fi(p1,a,m1) = (F1 - F2) (p1, 1) , a, (71, 51)) # 0.

Thus, ¢ = s1. Now p; ~1 pll, Fi (p1,a,71) # 0, and ~; is an admissible relation on
1, then there exist t; € Q1, for ¢ = 1,2,...,n such that

n
t; ~ 11 for each ¢ and U F (pll,a,ti) 2 F(p1,a,7m1).
i=1
Hence,

n

U5 () o (16)) = UF (oot
=1

i—1
2> F(p,a,m)

= (Fl . F2) ((ph Q1) y @y (Th ql)) :

Note that t; ~ 71 for each i = 1,2, ...,n and q/1 ~9 q1. Hence, (t,-,qll) ~1 -~ (r,qq) for
each 1 = 1,2, ...,n. Thus, ~1 - ~9 is an admissible relation on Y7 - T9. This completes

the proof. m

6.2 Soft Admissible Partitions

Here we study the concept of soft admissible partition of the @), where () is the state set
of the soft finite state machine. Using this concept, we construct a quotient structure
of soft finite state machine and soft irreducible finite state machine. In this section, we
will also prove that soft admissible partition is maximal if, and only if, corresponding

quotient soft finite state machine is irreducible.

6.2.1 Definition

Let T = (Q, X, F,U) be a soft finite state machine and p = {Q1,Q2,...,Q;} be a
partition of Q). Then, g is called soft admissible partition of @), if the following holds.
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Let a € X, then for all 4, there exist j, where i,j € {1,2,...l}, such that for all
q1,q2 € Qi, if F (q1,a,r) # 0, for some r € Q, then there exist t € Q, for k =1,2,.n
such that

n
U F(q2,a,ty) 2 F(q1,a,r) and tg,r € Qj, forall k =1,2,..,n
i=1

6.2.2 Proposition

Let T = (Q, X, F,U) be a soft finite state machine.
(1) Iop = {{q} : ¢ € Q} . Then, Ig is a soft admissible partition of Q.
(2) {Q} is a soft admissible partition of Q.
Proof. Straightforward. m

6.2.3 Theorem

Let T = (Q,X,F,U) be a soft finite state machine and p = {Q1,Qo2,...,Q;} be a
partition of ). Then, the following assertions are equivalent.

(1) p is a soft admissible partition of Q.

(2) Let € X*. Then, for all ¢, there exist j, where i,j € {1,2,...l}, such that
for all q1,q2 € Q;, if F*(q1,2,7) # 0, for some r € @, then there exist t; € @, for
k =1,2,..n, such that

n
U (g2, %, tr) 2 F* (q1,x,7) and ty,r € Qj, forall k=1,2,...,n

Proof. (1) = (2). Let z € X*, we prove this result by induction on |z| = n.
Let q1,92 € Q; and F*(q1,2z,7) # 0 for some r € Q. If n = 0, then x = X and
F*(q1,x,7) # () means that F* (g1, z,7) = U, that is ¢ = r. In this case, i = j, hence
the result is true for n = 0.

Suppose that the result is true for all u € X*, such that |u| =n — 1 where n > 0.

Let £ = ua where a € X. Now,
P (ql,CL',’I") =F" (ql’uav’r) = U {F* (ql’u7s) nre (S,CL,T)} 7& @
sEQ

Thus, there exist finite number of s € @ such that F* (q1,u,s) N F*(s,a,7) # 0,
implies that F* (q1,u,s) # 0 and F* (s,a,r) # (. By the induction hypothesis, there
exist tp € @Q, for kK =1,2,...m, such that

m
U (g2, u,tr) 2 F* (q1,u,s) and t,s € Qj, forall k =1,2,....m
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Now, t,s € Q;j for all k =1,2,...,m and F (s,a,r) = F*(s,a,r) # (. By given (1),

for each k = 1,2, ..., m there exist t;g, € Q, for k' =1,2,...,n such that

Now,

n
U F* (tk,a,t;ﬁl) D F(s,a,r) and t;c,,r € Qy, forall E'=1,2,..,n.

=1

F* (ql,x,r)

N

N

F*(q1,ua,r) = U {F* (q1,u,8) N F* (s,a,7)}

s€Q
m n

U (U F (qQauvt/ﬁ)> N U F* (tk:aavt;gl)
SEQ k=1 k=1
m n
U U {F* (g2, u, tg) nFr* (tk,a,t;c/)}
k=1'=1
n
U F* qg,ua,t;/)

and t;ﬁ,,r €Q, forall ¥ =1,2,...,n. Thus,

n
U F* (q2,$,t;€/) D F*(q1,z,7) and t;c,,r € Qj/, forall k' =1,2,...,n.
K =1

Hence, the result is valid for |z| = n. This completes the proof.

(2) = (1) . Converse is obvious. m

6.2.4 Corollary

Let T = (Q,X,F,U) be a soft finite state machine.

Then, every soft admissible

partition p of ) induces a soft admissible relation ~ on ) such that the set of all

equivalence classes of ~ is p. Conversely, the set of all equivalence classes of a soft

admissible relation on () is an admissible partition g of Q).

6.2.5 Lemma

Let T = (Q, X, F,U) be a soft finite state machine and p = {Q1,Q2, ..., Q;} be a soft

admissible partition of Q. For i, € {1,2,...1}, for all p,p € Q; and a € X, then

U F (p,a,r) = U F(p/,a,r>.

T'GQj TGQj
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Proof. Letp,p € Q;,a € X.Let Hy = {F (p,a,r)|r€Q;}and Hy = {F <p/,a, r) |r e Qj}.
Now, suppose that r € ); such that F (p,a,r) # (). Since p is soft admissible partition
of ), there exist ¢t € @, for £k = 1,2, ...,n, such that

U F (pl,a,tk> D F(p,a,r) and ty,r € Q;, forall k =1,2,...,n. (1)
=1

Similarly, if F’ (p,,a,r/) +£ () for some 1 € Qj, there exist t;ﬂ, eqQ, fork =1,2,...m
such that

m
U F (p, a,t;/) DOF (p/,a,, r,) and t;/,r/ € Qj, for all K = 1,2,...,m. (2)

Note that F (p,a,r) = 0, for all r € Q; if, and only if, F (p/, a,r) =0, for all r € Q,

because  is soft admissible partition of ). Hence from (1) and (2)
U F(p,a,r)= U F(p,,a,r).
rEQ; reQ;

This completes the proof. m

6.2.6 Theorem

Let T = (Q, X, F,U) be a soft finite state machine and p = {Q1,Q2, ..., Q;} be a soft
admissible partition of (). Define

FP:pxXxp— P(U)

by
FP(Qiyanj): U F(p7a7r)7

reQ;
for all Q;,Q; € p and a € X, where p € Q;. Then, T /p is a soft finite state machine.
It is called the quotient soft finite state machine with respect to p.

Proof. In Lemma 6.2.5, it is proved, F'¥ is well defined. =

6.2.7 Proposition

Let T = (Q, X, F,U) be a soft finite state machine and p = {Q1,Q2, ..., Q;} be a soft
admissible partition of (). Then, for p € Q;

F¥(Qi,2,Q5) € |J F* (p,,7)

reQ;

for all Q;,Q; € p and x € X™.
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Proof. Let Q;,Q; € p and z € X*. To prove this result, we use mathematical
induction on |z| = n. If n =0, then = \. If Q; = Q;, then F¥* (Q;,z,Q;) = U and

UF* D, T,T) UF* p,x,r)=F*(p,x,p) =T,
reQ; reQ;
where p € Q;.
If Q; # Q;, then F&* (Qi,ﬂj,Q]’) # () and @Q; N Q; = (). Since Q; N Q; = () and

p € Q;, then U F*(p,z,r) = (. Hence, F¥* (Q;,z,Q;) = U F*( p,x,r). Suppose
reQ; reQ;
that the result is valid for all x € X* such that || =n — 1, where n > 0. Let n > 0

and y = za, where x € X* a € X, and |z| =n — 1. Now, for p € Q; and r1 € Q,
Fo* (Qlayan) = ¥ (Qiaxa, QJ)
= U (77 Qi Qu) N P (Qr,0,Q))}

Qrep
= { U F* (p,x,r) N U F*(r1,a,q)
QrEP reQg q€Q;
= { U U {F b,x, T)OF (7“1,& Q)}
Qrep \ r€Qr ¢€Q;
c {U U {F 2,1 O F* (r,0,0)}
TEquEQ]
= {U U{F* (p,z,7)NEF*(r,a,q)}
q€Q; |\ QrEpPreQy
= U U {F* (p,2,r) N F* (r,a,q9)}
reQ
= U F* (p,za,q)
qeQj
= U F .
qeQ;

This completes the proof. m

6.2.8 Proposition

Let T = (Q, X, F,U) be a soft finite state machine and p = {Q1,Q2, ..., Q;} be a soft
admissible partition of ). Then, for all z € X*

F* (pan,(Z) g FKJ* (th?Qj))
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where p € Q;,q € Q.

Proof. Let p € Q; and ¢ € (). To prove this result, we use mathematical induction
on |z| = n, where v € X*. If n = 0, then z = A\ If p = ¢, then Q; = Q; and
F&*(Qi,2,Q5) =U = F*(p,z,q).

If p # q, then F* (p,z,q) =0 C F¥* (Qs,z,Q;). If n =1, then x = a € X and

F*(p,a,q) = F(p,a,q)

U {F e}

T’EQ]'
F?(Qi,a,Q;)
= F% (Qz: a, Q]) .

N

Hence, the result is true for n = 0 and n = 1. Suppose that the result is valid for all
x € X* such that |z| = n — 1, where n > 0. Let n > 0 and y = za, where z € X*
a € X, and |z| =n — 1. Then,

F*(p,y,q) = F*(p,za,q)

= U (e F (ra.0)
reQ

— U U {F* (p,xz,r) N F*(r,a,q)}

Qrep \reQr

c U S U {F" Q2 Q) N F? (Qr,a,Q))}

Qrep | reQy
= |J {F* (Qi,2.Qu) N F® (Q1, 0, Q;)}
Qrep

= F¥(Qi,za,Q;)

This completes the proof. =

6.2.9 Corollary

Let T = (Q, X, F,U) be a soft finite state machine and p = {Q1,Q2, ..., Q;} be a soft
admissible partition of ). Then, for all x € X* and Q;,Q; € ¢

U F* (p,x,r) c Fex (Qiax7Qj>7
reQ);

where p € Q;.
From the Proposition 6.2.7, and Corollary 6.2.9, we conclude the following theorem.
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6.2.10 Theorem

Let T = (Q, X, F,U) be a soft finite state machine and p = {Q1,Q2, ..., Q;} be a soft
admissible partition of (). Then, for p € Q;

Fo(Qi,2,Q5) = |J F* (1)
reQ;
for all @Q;,Q; € p and x € X*.
Proof. Straightforward. m

6.2.11 Definition

Let T = (Q, X, F,U) be a soft finite state machine. Let p and Q be soft admissible
partitions of @. Then, o and 2 are F-orthogonal if

(1) pNQ=1Io={{q}: g€ Q}

(2) For all Q;, Q. € p, Hj, H, € Qand a € X, if Q;NH; = {¢q} and Q,NH, = {p},
then

F(q,a,p) = U {F(g,a,r) N F (g,a,7")}.

TGQU
r'eH,

6.2.12 Theorem

Let T = (Q, X, F,U) be a soft finite state machine. Let o and Q be a soft admissible
partitions of Q. Then, o and 2 are F-orthogonal if

(1) pNQ=1Ig={{q}:q€Q}

(2) For all Q;,Qu € p, Hj, H, € Qand z € X*,if Q;NH; = {q} and Q,NH, = {p},
then

F*(q,z,p) = U {F* (q,z,7) N F* (q,x,r’)}.

TeQu
T’/EH’U

Proof. Suppose p and 2 are F-orthogonal, then obviously (1) holds.

(2) Let Qi,Qu € o, Hj,H, € Q, z € X*, Q; N H; = {q} and Q, N H, = {p}. To
prove this result, we use mathematical induction on |z| = n, where x € X*. If n = 0,
then z = \. If ¢ # p then F* (q,z,p) = () and if ¢ = p then F* (q,z,p) = U. Suppose,
q # p. Then either Q; N Q,, =0 or H; N H, =0, say, Q; N Q, = 0. Thus, ¢ ¢ Q,, and
q ¢ H,. Hence,

U {F*(q,x,r)ﬁF*(q,m,r')}: U {@ﬂF*(q,aj,r')}:@.

TEQu re€Qqy
r'eH, r'eH,
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Suppose ¢ = p. Then, Q; = @, and H; = H,. Thus,

U {F* (q,z,7) N F* (q,m,r')} = F*(q,z,p) N F* (¢q,z,p) = U.

r€Qu
r'eH,

Hence, if n = 0, then

F*(q,z,p) = U {F* (¢, z,r) N F* (q,fc,r')}.

r€EQy
r'€H,

Suppose that the result is true for all x € X* such that |[z| =n—1,n > 0. Let n > 0
and y = xa, where z € X*, a € X, where |z| =n — 1. Then,

F*(q,y,p) = F*(q,7a,p)

= U {F (q.z,5)NF*(s,a,p)}
SEQ

(

= U F*(q,z,8)N U {F*(s,a,fr’)ﬂF*(s,a,r')}
s€Q reQu
r'eH,

= U {F*(¢,z,s) N F* (s,a,m)} N U {F*(q,z,s) N F* (s,a,7")}

s€Q rEQy
r'eH,

= U{F*(q,x,s)ﬂF*(s,a,r)} N U U{F*(q,x,s)ﬂF*(s,a,r')}
SEQ reQu SEQ
r’'€H,

= U {F (¢.2a,r) N F* (g, 2a,")}

T‘GQu
T’eHv

= U {F@yr)nF (q,u.7)}.

T‘GQu
r'€H,

The result now follows by induction . The converse is trivial. m

Let T = (Q, X, F,U) be a soft finite state machine. Let p and Q be soft admissible
partitions of ). Consider the soft finite state machine Y /p = (p, X, F¥,U) and T/Q =
(Q,X, F9, U) . Define

FO:(pxQ)x X x (pxQ) — P(U) by

FO ((Qi, Hy) ,a, (Qu, Hy)) = F? (Qiy a,Q,) N F (Hj,a, Hy)
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For all Q;,Qu € p, Hj,H, € Q and a € X. Then, T/p xzg T/Q = (p x Q, X, F°,U)

is a soft finite state machine. Note that
FO ((Qs, Hj) T (Qu, Hy)) = F¥* (Qi, 7, Qy) N £ (HJ'?'T’ H,)

For all Q;,Q. € o, H;, H, € 2 and x € X™.

6.2.13 Theorem

Let T = (Q, X, F,U) be a soft finite state machine. Let p and Q be soft admissible
partitions of @ such that p and Q are F-orthogonal. Then, T < T /p xr T/Q.
Proof. Define n: p x Q@ — Q by n ((Qi, H;)) = q, where Q; N H; = {q}, because
p and €2 are F-orthogonal. Note that 7 is one-to-one. Let £ be the identity map on X.
Let Q;,Qu € p, Hj, H, € Q and z € X*. Suppose Q; N H; = {q} and Q, N H, = {p},
then
F* (n(Qi, Hy) ,x,p) = F* (q,7,p) .

Also,

FO (@i, Hy) 7, (Qu, Hy)) = F¥(Qi,z,Qu) N F™ (Hj,z, Hy)

= U F*(q,z,7) p N U F* (q,z,7")

reEQu r'eH,
- U {F* (q,z,r) N F* (q,x,r')}
TeQu
r'eH,
= I (Qa ‘/I:)p) .

Since p and (2 are F-orthogonal, so by using Theorem 6.2.12, the last inequality holds.
Thus,
FO* ((Qh Hj) y Ly (Qw Hv)) =" (77 (Qla Hj) ,:L',p) .

Now,

F (U(Qi,Hj),x,p) = FO* ((QiaHj)7x7(QuaHv))

_ U{ FOx ((Qz:Hj> L, (QmHs)) ’ }
n ((QTvHS)) = U(Qu,Hv) ) (Qr;Hs) € px

Since 7 is one-to-one. Hence,

FO* ((inHj)7x7 (Q’I‘7HS)) ‘ }
QT:HS)) = (Qva) ) (QT7HS) €pxQ

F*(n(QiaHj)vx’p>:U{ 77((

Consequently, T < YT/p xp T/Q. =
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6.2.14 Theorem

Let T = (Q, X, F,U) be a soft finite state machine. Let p and Q be soft admissible
partitions of @ such that p and €2 are F-orthogonal. Then, T < NOY /.
Proof. Let p = {Q;:i €1} and Q = {H; : j € J} be F-orthogonal partitions of
Q. Let N = (Q,p x X, Fy,U), where
Fn (Hj> (Qi7a) 7Hv) = U {F (Q> a,r)} »
’I”EHU

where Q; N H; = {q}. Fy is well defined because (2 is a soft admissible partitions of
Q. Define 0 : p x X — p x X to be the identity map. Define n: Q2 x p — @ by
n((Hj,Qs)) = q, where Q; N H; = {q}. Then, it can easily prove that 7 is one to one

and onto. Let ¢ be the identity map on X. Now, we want to prove

F* (77 (Hj> QZ) y Ly 1) (H”Ua Qu)) = ((Hj7 QZ) y Ly (H’Ua Qu))

where (Hj,Q;),(Hy, Qu) € Q X p and z € X*. We use mathematical induction on
|z| = n, where x € X*. Forn =1, x = a € X, then for Q, N H, = {p},

F(U(HJ’Qi)’a’n(Hanu)) = F(q,a,p)
= U {F (q,x,r') ﬂF(q,x,T)}

(r',r)EHyXQuy
because p and €2 are F-orthogonal.

= U {F (q,x,r')} N U {F(q,2,7)}

reH, reQu

= Fn(Hj,(Qi,a),Hy) N F(Qi,a,Qu)
= Fn(H},0(Qi,a),Hy) N F(Qi,a,Qu)
= F((H;,Qi),a,(Hy,Qu)).

Suppose that it is true for all z € X* such that |z| =n — 1, where n > 0. Let y = za,
where £ € X* and a € X. Now,

F* (n(Hj’Qi)ayan(Hanu)) = F" (n(HﬁQi)axaan(Hanu))

_ U { F* (n((Hj, Q) , 2,71 (Hs, Q1)) N

H(HS,QT)GT](QX@) F(n (HstT) 7aan(HUaQu))

Since 7 is onto

= U { Fo ((Hj’Qi)7wv (HstT))m }
e U FY((Hs, Qr) 0, (Ho, Qu))

= F™((Hj,Q:),za,(Hy Qu))
= Fe* ((Hj, Ql) » Y, (Hm Qu)) :

}
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Also note that

if, and only if, n ((H;,Q:)) = n((Hy, Qu)) if, and only if, (H;,Q;) = (Hy, Qu) , since n

is one to one, if, and only if,
Fe* ((H]a Ql) ’)‘a (Hv7 Qu)) =U.

Thus,
F* (77 (Hj7 Qz) 7)\a 77 (H’Uv Qu)) = FG* ((HJ7 QZ) 7)‘> (HU7 QU)) = U

Hence, for all x € X*,
F* (77 (H]7 QZ) 7:1;7 77 (HU7 Qu)) - Fe* ((H]7 QZ) ,IIJ, (Hva Qu)) .

Thus (n,(), is a covering of T by N6T/p. m

6.2.15 Definition

Let T = (Q, X, F,U) be a soft finite state machine. Let p and Q be partitions of Q.
Then, p C Q if for all A € p, there exists B € {2 such that A C B.

6.2.16 Lemma

Let T = (Q, X, F,U) be a soft finite state machine. Let p = {Q1,Q2,...,Qn} and
Q= {Hy, Hy, ..., Hp} be partitions of @ such that p C Q and m < n. Then, for all
H; € ), there exist some Qj,,Qjs, .-, Qj, € g such that

Hj = le U Qj2 U...u er.

If m = n, then p = Q.

Proof. Let T = (Q, X, F, U) be a soft finite state machine. Let p = {Q1,Q2, ..., Qn}
and Q = {Hy, Ha, ..., H,} be a partitions of @ such that p C Q and m < n. Then
Q=0Q1U@U..UQ, and Q = HHUHy U ..U H,,. Let Hj € Q, and ¢; € Hj -

n n
Q= U Qi, there exist Qj, € p such that Q;, C H;. Let go € H; \ Q;;, CQ = U Q;,

i=1 i=1
there exist @), € g such that @);, € H;. Continue in this way, there exist some

leanzv ceey Qh ISH@) such that

Obviously, p = Q,if m=n. =
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6.2.17 Definition

Let T = (Q, X, F,U) be a soft finite state machine. Let p be a soft admissible partition
of Q. Then, p is called maximal soft admissible partition of @) if

(1) p is nontrivial.

(2) If © is any soft admissible partition of @ such that p C Q C {Q}, then either

p=0Qor Q={Q}.

6.2.18 Definition

Let T = (Q, X, F,U) be a soft finite state machine. Then T is called soft irreducible
finite state machine if I and {Q} are the only soft admissible partition of (), where

Q| > 2.

6.2.19 Theorem

Let T = (@, X, F,U) be a soft finite state machine. Let o = {Q1, @2, ..., @} be a soft
admissible partition of Q. Then, g is maximal soft admissible partition of ¢ if and
only if T/p = (p, X, F®,U) is soft irreducible finite state machine.
Proof. Suppose p is maximal soft admissible partition of Q. Consider Y/p =
(p, X, F?,U), where
P9 (Qua, Q) = | Flp.ar),

reQ;

for all Q;,Q; € p and a € X where p € Q;. Since p is maximal, so p # {Q}. Thus,
lp| > 1. Let  be a soft admissible partition of p. Suppose © # I,. Then, there exist
2 C p such that Q2 € g and || > 1. Suppose that  # . Without loss of generality,
we may assume that Q = {Q1,Q2, ..., Qmn}, where 1 < m < n. Let

o ={Q1UQ2U ... UQum, Qi1 UQmi2U...UQy}.

Then, p C o and ¢ is a soft partition of Q. Next we show that o is soft admissible
partition of Q.

Consider p,q € Q1 UQ2U...UQ,, with p € Q1 and g € Q2. Suppose F (q,a,s) # 0
where s € Q; € p. Then,

FP(Q27Q)Q7;) = U F(q,a,S) #@
s€Q;

Since p is a soft admissible partition of p, so there exist Q; € g, forj=1,2,...,r such
that

U F? (Ql,a, Q;) 2 F® (QZaaaQi)
j=1
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and, Q;- and @); are belong to the same element of g for j = 1,2, ...,7. Hence

LTJ U F(p,a,t/) D U F (q,a,s)

7=1 tIGQ; SEQ;

this implies that there exists t € Q;- for j =1,2,...,7 such that

!

’
t EQj

U U F(pat) | 2F@as).
j=1

Now, if @; € Q if, and only if, Q;- e Q, for j = 1,2,...,r, because Q; and @; are
belong to the same element of p. If QZ-,Q;» €, then s,t € Q1 UQsU ... UQ,, for all
teQ;j=1,2..,r.7Qi,Q; ¢ then s,t' € Qmi1UQmi2U...UQy, forallt € Q;
j =1,2,..,r. That is, for all ¢ € Q;- such that j = 1,2,...,7 and s belongs to the
same element of o'. Hence, g is soft admissible. Since p is maximal soft admissible
partition of Q, it follows that o = {Q} and Q = {Q}. This implies that § = {p}.
Thus, YT/p = (p, X, F®,U) is soft irreducible finite state machine.

Conversely, assume that Y/p = (p, X, F® ,U) is soft irreducible finite state ma-
chine. Let € be a soft admissible partition of @ such that o C Q C {Q}. Suppose
that p # Q. By Lemma 6.2.16, without any loss of generality, we may assume that

0 = {Ql U QQ Uu...u Qm, Qm+17 Qm+2a ceey Q’ﬂ} )

where 1 <m < n. As p # (Q,

Q={{Q1,Q2, -, Qm} {Qm+1} , {Qmi2}, - {Qn}} # I

We now show that €2 is soft admissible partition of g.
For this consider, @1, Q2 and F¥ (Q1,a,Q;) # 0, for some Q; € p. Then,

F¥(Q1,a,Q;) = U F(q,a,s) # 0 where s € Q;.
s5€Q;
Since @ is finite, so @); is also finite. Thus, we can find all those s;; € @); such that
F(q,a,s;) # 0 and

T

FK) (Ql)a7 Q’L) = U q7a Sl] U Q)a Sl]

8i;€Q;4 j=1

Since F'(q,a,s;;) # 0, for all j = 1,2,3,...,r and  is soft admissible partition of

!

Q, for all p € Q2, there exist ¢;;, € @, such that U F (p,a,tijr) 2 F(q,a,s;;) and
k=1
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tijk,Sij are in the same element of €2 for all k = 1,2, .,r and j = 1,2,...,r. Now, if
Qi Z{Q1UQ2U...UQp}, then tj, s € Q;, for all j,k and for all p € Q2, and

P (QQ,CL,Qi) = U F(p,a,ti)

U
-
L
b
=
S
&
<
N

U
-
g
s
S

»

= FY(Q1,a,Q;).
Suppose @; € {Q1UQ2U...UQp}, then ti, sij € {Q1UQ2U...UQy}, for all jk

and for all p € Q2. Since t;j;, € {Q1UQ2U ... UQp} = U Q, for all j and k, hence
=1

s

F(Q2,0,Qp) = U F(q,a,t))

e,

!

™
U F (p,a,tij)

1 | k=1

NGt

=1

V)
-

J

C\g

D) F(q,a,sj)

.
3L

= F (Q17a7 Ql)

and Q;, Q; € {Q1,Q2,...,Qm}. Consequently,  is soft admissible partition of . Since
Y /g is soft irreducible finite state machine, so Q = {p} and Q = {Q}. Hence, g is

maximal. =

6.2.20 Theorem

Let T = (Q, X, F,U) be a soft finite state machine and |Q| = n > 1. Then,
T < T161T205...0,17,,

where T1,T»,...T,, are soft irreducible finite state machines and the state sets @); of
T; such that |Q;| < n.

Proof. Given |Q] =n > 1, so we can choose a maximal soft admissible partition g
of Q. Obviously, |p| < |@|. From Theorem 6.2.14, there exist a soft finite state machine
Nj such that T < N16;Y/p for some suitable 6. We have proved that in Theorem
6.2.19, if p is maximal soft admissible partition of @, then Y /p is soft irreducible.
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Note that p is the state set for T/p and |p| < |Q|. If Ry is the state set of N7, then
|R1| < |Q| by the construction of Ni. Again, we can use Theorem 6.2.14, there exist a
soft finite state machine N such that Ny < No#a Ny /g1 and Nj /gy is soft irreducible.
Note that the number of state in Ny is less then the number of state in N7. Thus, we

have
T < N161Y/p < NabaNi /9161 p,

and we can write

T S N292N1/9101T/p.

Continue in this way and apply Theorem 6.2.14, to Na. This process must terminate

after a finite number of steps, because |@Q)| is finite. Hence,
T < Y160:1Y205...0, 17,

where T1,T»,...T,, are soft irreducible finite state machines and the state sets (); of
T; such that |Q;| <n. =

6.3 Associative Properties of Products

In this section, we discuss the associativity of wreath product, sum and cascade prod-
ucts of soft finite state machines.

Recall the Definition 2.1.1, of homomorphism, which is given as.

Let T; = (Qi, X, F;,U) be SFSMs, i = 1,2, over the same universal set U. A pair
(f,g) of mappings f: Q1 — Q2 and g : X; — X> is called a homomorphism if

Fi(q,z,p) CFa(f(q),9(x),f(p), forall p,qg € Q1 and x € X;.

It is written as (f,g) : T1 — Ya.
A homomorphism (f,g) : T1 — Y3 is called an isomorphism, if f and g are both

one-one and onto. It is written as 11 = Ts.

6.3.1 Theorem

Let T,Y; and Yo be soft finite state machines. Then the following properties hold.
(1) (ToY1)oTa=To(T107Ty)
(2) (Y0171) 022 = Y03 (L1047 2)
Proof. Let T = (Q,X,F,U),Y1 = (Q1,X1,F1,U), and Yo = (Q2, X, F,U).
Then,

(YoYi)oTs = ((Q X Q1) X Qa, (X9 x X1)¥ x Xy, (Fo Fy) o Fz,U)
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and
To(Ti0Ts) = (Q % (Q1 X Qo) , XXQ2 (XQl X XQ) Fol(F oFg),U) .

Let f:(Q %X Q1) X Q2 — Q X (Q1 X Q2) be the natural map. Let v, and v, be the
natural projection mappings such that v, : X x X — X9 and Yo : X x X —
Xi.
Suppose a function o : Qy — X% x X1, oy =, o« and let ag = 74 0 a. Define
o1 : Q1 x Q2 — X by a1 ((q1,42)) = o1 (¢2) (1) - Define g : (X9 x X1)Q2 X Xy —
XQ1xQ2 (XlQl X XQ) by
9 ((a, 2)) = (o, (a2, 2)) -

It can easily be prove that ¢ is well defined. Now we prove g is one-one. For this, let
g((@32) = g ((a',22))
— (a1, (a2, 72)) = (a7, (b, 7))

= 0712071/,(12 = O/Q, and xoy = 1:/2
Thus, a1 (¢2) (q1) = o] (q2) (q1) , 2 = vy, and x = x5. Implies that a1 = o, as = an,
and g9 = x; Thus v,oa =7, oo/,nyoa = ’ygoo/, and z9 = :CIQ Therefore, @ = ', and
To = mIQ, and so (o, x3) = (o/, xé) Thus, 3 is one-one. Now, we prove 3 is surjective.
For this, let (a', (cp,x2)) € XQ1xQ2 (Xf21 X Xg) . Define a: Q2 — X9 x X, by
o (2) = (g0 (@2)) , where o, (@) = o (1,02) . Then, g (e, 2)) = (o', (p,72))
Thus, g is onto.

Now, consider

Fo(FioF)(f((¢;q1),q2),9 (o, 2)), f (P, p1),p2))
= Fo(FioF) (¢ (0 q)), @1, (az,22)), (p, (p1,p2)))
= F(ga1((p1,p2),p) N {F10 F2 ((q1,42) ; (a2, 22) , (1, p2))}
= F(g,o1(p2) (p1),p) N{F1 (g1, 2 (p2) ,p1) N F2 (g2, 22, p2) }
= F(g7v0a(p2)(p1),p) N{F1(q1,72 0 a(p2),p1) N F2 (g2, 22,p2)}
= F(q,71(01,91) (P1),p) N {F1 (91,72 (61,91) ;1) N F2 (g2, %2, p2) where a (p2) =
= {F(q,01(p1),p) N F1(q1,9y1,p1)} N F2 (g2, v2, p2)
= (FoFi)((g,q1),(01,91), (p,p1)) N Fa (g2, T2, p2)
= (FoF)oF((¢:q1),q), (az2),((p:p1):p2)) -

Fo(Fiol)(f((q,q1),q),9((a,22)), f((p,p1),p2))
= (FoF)oF((¢g,q1),q, (v z2),(p,p1),p2)-

(01,91)}
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It follows that (f,g) is required homomorphism.

Thus, we can write (Yo Y1) oYy = Yo (T107y).

(2) Let T = (Q, X, F,U) and Y1 = (Q1, X1, F1,U) be soft finite state machines.
Let 01 be a function of @1 x X7 into X. Define FO1F} : (Q X Q1) x X1 X (Q X Q1) —
P (U) as follows

FO1F1 ((q,q1), 21, (p,p1)) = F (q,01 (q1,71) ,p) N F1 (q1,21,p1),

for all ((¢,q1),x1,(p,p1)) € @ X X1 x Q. Then, (Q, X1, F01F1,U) is a SFSM and it
is called cascade product of T and Y7 and we write Y6, Y.

Consider (Y01Y1)02T2 = ((Q X Q1) X Qa, Xo, (FO1F1)03F>,U) and 0y : Q2 X
X9 — X7 and

(FO1F1) 0215 (((9,q1) 5 g2) , w2, ((p, p1) , P2))

= F6.1F1 ((¢,q1),02 (g2, 22), (p,p1)) N Fa (g2, z2, p2)
= {F(q,01(q1,02(q2,22)),p) N F1 (q1,02 (q2,%2) ,p1)} N F2 (q2, 22, p2) -

NOW, define (93 : (Ql X QQ) X X2 — X by 93 ((ql,QQ) ,$2) = 91 (q1,92 (QQ,$2)) and
take 04 = 3. Then, we can write 1104 o = (Q1 X Q2, Xo, F104F»,U) and

F104F5 ((q1, q2) » 72, (p1,p2)) = F1 (q1,04 (g2, 22) ,p1) N F (g2, T2, p2) -

Thus, Y03 (T104T2) = (Q X (Q1 X Q2), Xa, FO3 (F104F>),U) and
FO3 (F104F3) (¢ x (q1 X q2),22,p X (p1 X p2))

= F(q,03((q1,42),22),p) N F104F> ((q1,92) , 22, (p1,P2))
= F(q,03((q1,92),22),p) N Fi(q1,04 (g2, 22),p1) N F> (g2, x2,p2) .

Let f:(Q x Q1) xQ2 — Q X (Q1 X Q2) be the natural mapping and ¢ is the identity
map on Xs. Then,

(F01F1) 02F5 (((9,q1) , a2) , w2, (P, P1) 5 P2))

= F01Fi((¢,q1),02 (g2, 22) , (P, p1)) N F2 (g2, 72, p2)

= {F(q,01(q1,02(q2,22)),p) N F1(q1,02 (g2, 22) , p1)} N F2 (g2, 2, p2)
= F(q,05((q1,92) ,22) ,p) N {F1(q1,04 (g2, 72) ,p1) N F2 (q2, T2, p2) }
= F(q,03((q1,92),22),p) N F104F5 ((q1,2) , 72, (p1,p2))

= F03(F104F3) (¢, (q1,92)) , 22, (P, (P1,12))) -

= FO3(F104F) (f ((¢,01) . 92) , 9 (z2) , f ((p,p1) ,p2)) -

Thus, we can write (TGlTl) 05T = Y03 (T104T2) . n
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6.3.2 Theorem

Let T; = (Qi, X, F;,U) be SFSMs, i = 1,2. Then,
T10T < Tq07o.
Proof. Let Tl = (Ql,Xl,Fl,U) and TQ = (QQ,XQ,FQ,U). Then,

TioTs = (Qi x Qo X x Xa, Fi o o, U,
where

FioFy((q1,92), (f,22), (p1,p2)) = F1(q1, f (q2) ,p1) N Fa (g2, 72, p2),

and
T10Yo = (Q1 x Q2, X2, F10F>,U),

where 6 : Q2 x X9 — X3 and

Fi0F> ((q1,92) , 2, (p1,p2)) = F1 (q1,0 (g2, 22) ,p1) N F (g2, 22, p2) -

Let for any xo € Xo, we can define 6, : Q2 — X; by 0., (q2) = 0(g2,z2) for
all g2 € @2 and x3 € Xo. It can easily prove that 0, is well defined. Now, define
C: X9 — XIQ2 X X9 by ¢ (x/) = (91/,33/> and 7 be the identity map on Q1 X Qo.
Then,
F0Fy (n(q1,q2) 22, (p1,p2)) = Fi10F2 ((q1,42) , 72, (p1,p2))

= Fi(q1.0(q2,22) ,p1) N F2 (g2, 72, p2)

= F1(q1,0z, (2) . p1) N F2 (g2, w2, p2)

= Fiolh((q1,92), (0, 22) s (P1,02))

= Fioly((q1,92),C¢ (22), (p1,p2)) -

This implies
F19F2 (77 (qla q2) » L2, (p17p2)) =FioFy ((qla q2) 7C(m2) ) (p17p2)) .

Thus, (1, () is a covering of T10Y5 by Y1 0 To, that is T10To < T10YTs. m

6.3.3 Definition

Let Y; = (Q;, Xi, F;,U) be SFSMs, i = 1, 2. Let 1 be a partial function of Q2 onto Q1
and let ¢ be a function of X; into Xs. Extended ¢ to a function ¢* of X;" into X5 by
¢t (z) = ¢ (21) ¢ (22) ¢ (23) ...¢ (zn) , Where = m12923...7, and z; € X;. Then, the
pair (n,() is called a strong covering of T by Yo, written 17 <; Y5 if, and only if,

F1+ (n(q1),z,m(p1)) C F2+ (Q1aC+ (z) 7p1) )

for all z € Xf and q1,p; belong to the domain of 7.
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6.3.4 Theorem

Let T = (Q, X, F,U), Y1 = (Q1,X1,F1,U) and Ty = (Q2, X2, F2,U) be soft finite
state machines such that T <; T;. Then the following assertions hold:

(1) T x Yo <gT1 x Yo

(2) Toax T <g Yo x T

(3) For any 67 : Q2 x X9 — X, then there exist €2 : Q2 x X9 — X7 such that
TO1To <s T160575.

(4) If (n, ¢) is a covering of T by T such that ¢ is onto, then for any ; : @ x X —
Xo, there exist 05 : Q1 X X1 — X9 such that Y901 T <; To057.

(5) ToTe <4 Tj07Ys.

Proof. Since T <, T, so there exist pair (n,() where 7 is a partial function of
)1 onto @ and ¢ be a function of X into X; such that

F™(n(q),z,n(p1)) C F (q1,¢ (@), p1),

for all x EX1+.

(1) : Define 7y : Q1 x Q2 — @ x Q2 by 71 ((p1,p2)) = (n(p1),p2) and (; :
X x Xo — X1 x X by ¢; ((z,22)) = (((x),z2). Clearly, n, is the partial function

Q1 X Q2 onto Q X Q2. Now,

FPx Ff (0 ((q1,@2)) s (z,22) ,m1 ((p1,12)) = F7 x F (@), q2), (z,22), (n(p1) , p2))
= F"x F2+ ((77 ((h) 7(]2) ) (xva) ) <77 (pl) ap2))

= F*(n(q),z,n(p)) N Fy (g2, 72,p2)
C Fi' (q1,¢(z),p1) N Fy (g2, w2, p2)
= F' xFy ((q1,9) , (C () ,22) , (p1,p2))

= F" X Fy ((q1,9) ¢ (z,22)) . (p1,p2)) -

Thus

FPxFy (m (01, 92)) - (@22) ;71 ((p1,92)) € FY x By ((q1.02) 1 ((2,22)) (P, 12))

So (n1,¢;) is the required covering of T x Yo by 11 x Ys.

(2) : Define ny : Q2 x Q1 — Q2 X Q by nz ((p2,p1)) = (p2,7(p1)) and (y :
Xo x X — X x Xj by (5 ((z2,2)) = (z2,( (x)). Clearly, ny is the partial function
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Q2 X Q1 onto Q2 X ). Now,

F2+><F+(772((%7(11)),(132’90),772((1?2,291))) = F2+XF+((Q2,77(Q1)),(902,1?),(292,77(}71)))
Fy (g2,22,p2) N FF (n(q1) 2,1 (p1))

Fy (g2, 2,p2) N F (q1,¢ (2) ,p1)

Fyf x F' (a2, q1) (22, C (2)) , (P2, 1))
Fy < Fi (g2, 1), 2 (22, %)) 5 (P2, p1)) -

mn

Thus,

Fy < F (03 (g2, @1)) » (w2, %) .19 (p2.21))) € By < FY' (a2, 01) 5 G2 (w2, 7)) , (P2, 1)) -

So, (14, (s) is the required covering of To x T by To x T;.
(3) : Since T91T2 = (Q X QQ,XQ,FQlFQ, U) s where (91 : QQ X XQ — X and

Fo01F>((q,q1), 22, (p,p2)) = F (q,01 (g2, 72) ,p) N F2 (q2, 22, p2) -

Define 62 : Q2 x Xo — Xj by 02 ((q2,22)) = ¢ 0 01 ((q2,22)). Then Y1602y =
(Q1 % Q2, Xa, F102F»,U) and

F10:F ((q1,92) , x2, (p1,p2)) = F1(q1,02 (g2, 22) ,p1) N Fa (g2, 22, p2) -

Let ' : Q1 X Q2 — Q X Qo defined by 1’ ((q1,92)) = (n(q1) , q2) . Clearly, n is partial
surjective map and take ¢ " be the identity map on Xs. Then,

’

FT01F5 ((n(@) , q2) @2, (1 (p1) , p2))

= F*(n(q),01(q2,22),n(p1) N Fy (g2, 2,p2)
C F (q1,¢ (01 (a2, 22)) ,p1) N FY (g2, 22, p2)

= F" (q1,¢001 (g2, 22) ,p1) N Fy (g2, %2, p2)

= F (q1.02((q2,2)) . p1) N Fy (g2, 2, p2)

= F0:F5 ((q1,q2) 2, (p1,p2)) -

FYOF (0 (a1,42)) 2200 (p1,2) )

Thus,

Fto,Fy (77, ((q1,q2)) 2,7 ((p1>p2))) C F 0255 (1, 92) s 22, (p1,p2)) -

So, (n’, g’) is the required covering of Y20, by TafsT).
(4) : Since Y901 = (Q2 x Q, X, F501F,U), where 6; : @ x X — X5 and

Fy01F ((g2,9) , %, (p2,p)) = F2 (q2,01 (¢, %) ,p2) N F (q,7,p) .
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Define 92 : Ql X X1 — X2 by 02 (q17$1) = 92 ((QLC(:B))) = 91 ((77 (QI) a$))7 then
T292T1 = (QQ X Ql,Xl,FgegFl,U) and

F0:F1 (g2, q1) , 21, (P2, 1)) = F2 (g2, 02 (q1,21) ,p2) N Fi (q1,21,p1) -

Let ' : Q2 x Q1 — Q2 x Q defined by 7' ((q2,q1)) = (¢2,7 (q1)) and take ¢ =
Then (n/, ¢ /) is the required covering.

(5) : Since
ToTs=(Qx Q2 X% x Xp, FoF,U),

where
FoFy((q,92),(f,22),(p,p2)) = F(q, f (a2),p) N F2 (q2, 2, p2),

and
TioTs = (Qi x Qo X x Xa, Fi o P, U,

where
FroFy ((q1,92),(g,22), (p1,p2)) = F1(q1,9(q2) ,p1) N F2 (g2, 2, p2) -

Define n' : Q1 x Q2 — Q x Q2 by 7 ((q1,q2)) = (0 (q1) ,q2) and ¢ : X9 x X5 —
X{‘b x X5 by ¢ ((f,z2)) = (Co f,z2). Then, (7],,(/) is the required covering. m
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