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Abstract

In this dissertation, a review of some electrostatic modes in self-gravitating dusty plasma is
carried out. First of all the basic normal modes (dust-acoustic wave (DAW) and dust-ion-
acoustic wave (DIAW)), in unmagnetized and collisionless dusty plasma are discussed.

The electrostatic waves with fluctuating dust charge and self-gravitational effects are
considered in a dense dusty plasma. The self-gravitational attraction arises due to massive
dust particles and leads to Jeans type instability. This Jeans instability is discussed for
tenuous (low density dust), dilute (medium density dust) and dense (high density) regimes
that corresponds to dust-acoustic wave (DAW), dust charge density wave (DCDW) and dust
coulomb wave (DCW), respectively. A review of general dispersion relation for electrostatic
dust waves for multi-ion system is carried out. The linear instability of dusty plasma is
discussed for electrostatic case with limit / ≈ 0 . The dispersion relation of self-
gravitating, collisional (dust-ion collision only) dusty plasma is also reviewed.

A new dispersion relation is re-derived considering the attractive forces among the dust
particles and concluded that the attraction among the charge particles could be the cause of
collapse of astrophysical bodies and hence leads to the formation of stars and planets in dusty
plasma.
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Chapter 1

Introduction

Dusty plasmas have been, extensively investigated at the end of nineteenth century. The

charged dust particles and plasma are the two components of the Universe that are present

everywhere. The dust particles in the plasma give rise to new characteristic features for the

research interest. The properties of the dusty plasma are entirely di¤erent from ordinary

plasma with multi-ionic species. An interesting feature of the dusty plasma is formation of

plasma crystals, i.e., it can form crystals, when particles arranged in an ordered form [1, 2].

The dusty plasma is present in our solar system such as in circumsolar dust rings, in asteroids

(a space object made up of dust and plasma that orbits the Sun in the space between Mars

and Jupiter), in comets (a huge ball of frozen gases and dust orbiting around the Sun),

in space between the planets, interstellar clouds, and in circumstellar disks, in noctilucent

clouds, in light coming from clouds to the ground including air polluted with smoke during

thunderstorm, and in the �ame of candle [3, 4]. The space between stars is called interstellar

space. This space is occupied completely with dust particles and frozen gases. The large

molecular clouds collide with each other due to gravitational forces and cause the formation

of new stars. The charged dust grains are also present in interplanetary medium. The space

between planets is �lled with dust, whose presence was indicated from the zodiacal light.

The dust particles in the inner solar system are dominantly due to the asteroid belt (a wide

band of asteroid orbiting the Sun between the Mars and Jupiter ).

3



1.1 Characteristics and Parameters of Dusty Plasma

The neutral dust particles when covered completely in an ordinary plasma, they get electri-

cally charged [3, 5]. In dusty plasma, the plasma species (electrons and ions) can recombine.

While sometimes electrons are emitted by dust particles through thermionic or secondary

electron emission. This in�uences the ionization balance of plasma [6]. The dust grains size

ranges from nano- to -micronmetre and the dust charging could be a thousand electron. The

grains are assumed to have equal radius with same charges. The basic processes of dust

grains charging mainly depend on the environment around the dust grains.

The dust grains are charged by the electrons and ions �owing onto their surfaces. The

dust particles absorbed in a gaseous plasma are generally negatively charged. The energetic

electrons or ions are either re�ected by the dust particulates or they pass through the dust

material when they interact with dust particle surface. In this interaction they may lose their

energy partly or fully. This energy can excite other electrons that may cause them to leave the

material and are named as Secondary-Electrons. The emission of secondary electrons from

the dust particles, make the particle surface positive. The photons incident onto the dust

grain surface give rise to the Photo-Emission of electrons from the dust particle surface. Due

to emission of photoelectrons, the dust particles gain positive charge. The emitted electrons

interact with other dust particles and are absorbed by a number of dust particles, which may

become negatively charged [7]. Other charging processes are �eld emission, ultra-violet ray

irradiation, radioactivity, impact ionization etc. (Feuerbacher et al., 1973; Fechting et al.,

1979; Whipple et al., 1985; Havnesetal., 1987) [8].

The charge neutrality condition (when there are no external perturbations), is given as

�zdnd0 + ne0 = ni0 (1.1)

here � = 1 or �1, for negative or positive charged dust particle respectively. In Eq. (1) zd is

total number of charges accumulated on the dust particle surface.

The e¤ective Debye length in dusty plasma is given as

�D =
�De�Dip
�2De + �2Di

(1.2)

where �De and �Di are the Debye lengths of the electron and ions respectively.

4



The dust plasma frequency is de�ned as

!pd =

s
4�q2d0nd0
md

(1.3)

where qd0, nd0 andmd are the equilibrium dust charge, number density and mass respectively.

The length scale parameters for the dusty plasma are the radius of the dust particle, the

average distance between the dust particles and the e¤ective Debye length, denoted by �R�,

�d�and ��D�respectively. Here the dust particle size is smaller than the other two scale

lengths. Now if the dust particles are arranged so that R � �D � d �then each particle is

surrounded by the electrons and form a Debye shielding. In other case when �R� d� �D�,

the distance between dust particles is less than the e¤ective Debye length. In this region

heavy charged dust particles play role in the collective behavior [7].

1.2 Wave Instabilities in Dusty Plasma

Since the wave is de�ned as periodic motion, so the change in distribution of kinetic and

potential energy in any medium can also be termed as wave.

In dusty plasma, the dust particles introduces new kind of instabilities. The dust parti-

cles bears many forces like gravitational force, electrostatic and electromagnetic forces, and

pressure gradients etc. These forces are the sources of free energy to cause di¤erent sort of

instabilities in space dusty plasma. Instabilities in dusty plasma varies with respect to space

or time. Thus, there is a strong relationship between wave frequency ! and wave vector k,

showing that perturbation belong to free energy (kinetic energy of the particle transferred

to the perturbation �elds) of the system. Any perturbation in the system changes the quasi-

neutrality condition and the space plasmas does not remain at thermodynamic equilibrium.

This variation decreases the free energy.

The frequency and wave vector can be written as in term of real and imaginary parts,

i.e., ! = !r + i!i, and k = kr + iki, respectively. The imaginary part of the frequency !i

represents the damping or growth rate of instabilities. The increase in free energy increases

the value of !i form negative to a limit when !i = 0, is reached. This is the limit of threshold

for instability. This shows that the further increase in free energy at particular wave vector

makes the imaginary part of frequency !i positive and hence the wave grows. The dispersion
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relation changes to the cold plasma case when the free energy is increased to a range where

maximum growth rate reaches. This regime is taken as a �uid instability.

1.3 Self-Gravitation

In dusty plasma with heavy dust particles, the gravitational interaction among dust particles

come into play on the same footing as the electrostatic forces behave. This gravitational

interaction among dust particles is termed as Self-Gravitation.

1.4 E¤ects of Self-Gravitation in Dusty Plasma

The gravitational instability of an in�nite homogenous medium was �rst considered by Sir

James Jeans [9, 10]. It is a facts that the formation of stars is due to the gravitational

collapse of dust particles and the clouds of interstellar gas. The interstellar radiations and

other processes ionizes the gas clouds. Thus, due to interstellar gaseous cloud-cloud collisions,

stars or stellar clusters are formed. In these collisions a gaseous slab is shaped with shock

fronts propagating away from the collision boundary. These gaseous slab increase in mass

and become unstable against gravitational instability, which results in fragmentation of these

slabs. Thus, these fragments collapse further and results in stars or stellar clumps [11].

Mainly the Jeans Instability of self-gravitating interstellar gaseous cloud is supposed to be

the cause of formation of stars.

1.5 Review of Research Work on Dusty Plasma

Here only that research work is summarized that is related to the rest analysis of this disser-

tation.

In 1985 Bliokh et al. [12], had investigated the electrostatic waves in Saturn�s rings. In

1988 Havnes [13], discovered the relative drift between the solar wind and dust particles. In

1990 Rao et al. [14], had discussed the low frequency "dust acoustic wave" in unmagnetized,

collisionless dusty plasma with Boltzmann distributed electrons and ions. In 1992 Shukla [15]

had investigated the linear electrostatic and electromagnetic waves in low frequency regime.

In 1992 Shukla et al. [16], investigated another normal dust mode i.e., "dust ion acoustic

wave" arising due to depletion of electrons and immobile dust particles with high charge.
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In 1993 Melando et al. [17], had �rst time properly discussed the e¤ect of �uctuation

of dust particle�s charge on collective behavior in dusty plasma. In 1994 Pandey et al.

[18], discussed the linear and nonlinear e¤ects of Jeans instability in dusty plasma. In 1995

Barken et al. [19], had presented the laboratory results of the instabilities of dust acoustic

modes. In 1996 Pandey et al. [20], has investigated the self-gravitational instabilities by

considering the dynamics of ionic specie as well. In 1997 Verheest et al. [21], had pointed

out that work of Pandey et. al [20], is erroneous, because there is no need to consider the

ion dynamics in comparison to heavy dust particles. They also have found the dispersion

relation for dust acoustic and dust ion acoustic waves in self-gravitating dusty plasma with

�uctuating dust charge. In 1998 Mammun et al. [22], had described the ultra-low frequency

waves of electrostatic dust modes in inhomogeneous, magnetized dusty plasma including

self-gravitation.

In 2000 Rao et al. [23], had investigated the e¤ects of dust charge �uctuations and self-

gravitation on electrostatic dust waves in dense dusty plasma. They had also discussed the

Jeans instability for di¤erent density regimes. In 2002 Jacobi et al. [24], had represented

the e¤ects of self-gravitation and collisions (among dust particles and ions) on low frequency,

electrostatic waves in dusty plasma. In 2004 Misra et al. [25], had discussed the linear

electrostatic dust modes in collisional, self-gravitating dusty plasma with di¤erent charge

impurities. In 2005 Delzanno et al. [26], had considered the Lennard Jones potential in a

model of collisionless dusty plasma. In 2006 Shukla et al. [27] have investigated the Jeans

type instability due to an attractive forces among charged particles in self-gravitating dusty

plasma.

1.6 Motivation

Dusty plasma is the rapidly growing �eld of research and it provides a rapid development

in plasma technology. In the beginning, the main focus of research was on the study of

characteristics of isolated dust particle e.g., the charging processes, creation of dust particles,

shielding of charges and drag forces etc. were investigated. These processes alongwith some

other studies provide the information about the �eld of gravito-electrodynamics.

The recent research interests are the study of collective processes in dusty plasma. Among

these processes, the waves propagating under di¤erent conditions and corresponding insta-
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bilities are much focused. Di¤erent types of new dust modes are investigated for collective

dynamics of electrons, ions and the charged as well as neutral dust particles. Self-gravitational

forces appearing due to attraction among heavy dust particles, is the basic source of forma-

tion of stars, planets etc. Thus, the processes of formation astrophysical bodies is the rapidly

developing research �eld.

The growing research interest in studying dusty plasma provides great motivation to

study di¤erent processes in dusty plasma.

1.7 Layout of Dissertation

The dissertation is arranged in the following fashion: The �rst Chapter contains a brief

introduction to dusty plasma, its parameters and characteristics, self-gravitation and the

Jeans instability and review of research work on instabilities in dusty plasma.

In Chapter 2, some waves in dusty plasma namely the �dust-acoustic wave�and �dust-ion

acoustic wave�are discussed. In last section the introduction to self-gravitation and Jeans

instability is presented.

In Chapter 3, the dense dusty plasma is considered. Firstly a �uid model is discussed,

which carries constant dust charge. Then in next section, new dust wave mode, i.e., �dust-

coulomb wave�is discussed, which arise due to self-gravitation and �uctuation of dust particle

charge in dense dusty plasma. The Jeans type instability and critical wavelengths for di¤erent

density regime are also discussed.

The last Chapter 4, deals with the dispersion relations, derived for di¤erent cases. A

general formalism is described for self-gravitating dusty plasma with more than one ionic

specie. Then in next section, linear Jeans instability is described for heavy dust particles

obeying the condition Gm2
d=q

2
d � 0, and is then discussed for various limits. In the last

section, takes into account the electrostatic energy in addition to self-gravitation and dust

charge �uctuation.
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Chapter 2

Wave Phenonmena in Dusty Plasma

2.1 Introduction

In this chapter we shall discuss the physics of �waves in dusty plasma� and derive linear

dispersion relations. The introduction to the phenomena of self-gravitation in dusty plasma

is also discussed. We consider here dusty plasma consisting of electrons, ions and negatively

charged dust grains.

2.2 Waves in Dusty Plasma

In dusty plasma, the dust particles are charged, it sustains wave modes in the same way

as an electron-ion plasma supports ion-acoustic waves [28]. There are two kind of waves

in dusty plasma. These wave mechanisms arising due to dust dynamics, have been widely

studied theoretically as well as experimentally. First type of electrostatic waves called the

�Dust�Acoustic Wave�was theoretically discussed by Rao et al, [14]. The second type of

wave was discussed by Shukla et al., [16] and named it the �Dust-Ion�Acoustic Wave�. Both

the dust-acoustic and dust-ion-acoustic waves have been detected in laboratory as well [29].

2.2.1 Dust Acoustic Waves

In dust-acoustic wave, the dust particles are mobile and these are compressional waves in

which disturbance propagates through the dust layers [30, 28]. For this mode, we consider

collisionless, unmagnetized dusty plasma [7, 29].

The Dust-Acoustic wave is very low frequency wave with frequencies of the order of the
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dust plasma frequency !pd
�
=
p
4�nd0qd0=md

�
[30]. This frequency is much less than the

electron (!pe) and ion (!pi) plasma frequency due to high dust mass [30]. The phase velocity

of the dust-acoustic waves is smaller than both the electron and ion thermal velocities [7].

Thus, in Dust-Acoustic waves, the dust grains provide the inertia which is balanced by the

restoring force of the pressures of Boltzmannen-distributed electrons and ions.

Fluid Equations

The electron and ion have small mass as compared to the mass of dust particle, thus we

call these species as inertialess. These inertialess species maintain equilibrium in the dust-

acoustic wave potential ���. When we ignore the inertia of electrons and ions, then electric

force is balanced by the pressure gradient and hence the number densities of electron and

ion are given by Boltzmann type distribution, [14] as,

ne = ne0 exp

�
e�

kBTe

�
(2.1)

ni = ni0 exp

�
�e�
kBTi

�
(2.2)

respectively. Here ne0 (ni0), Te (Ti) are the equilibrium number densities and temperature of

electrons (ions), � is the electrostatic potential, and e is the electronic charge. The dust �uid

equations consist of continuity equation,

@

@t
(nd) +r�(ndvd) = 0 (2.3)

and momentum equation given by

mdnd

�
@

@t
+ vd�r

�
vd = qdndE�rpd (2.4)

where md, nd, vd, qd (= �ezd), are mass, number density, velocity, and charge of dust

particles respectively. While E and rpd are the electric �eld and dust pressure gradient,

respectively. Here the electrostatic waves propagate along the x�axis. We replace "E" by

(�@x �) and "pd" by (ndkBTd), thus after simpli�cation, we get�
@

@t
+ vd

@2

@x2

�
vd = �

qd
md

@

@x
�� kBTd

mdnd

@

@x
nd1 (2.5)
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To close the set of �uid equations, the Poisson�s equation is given by,

@2

@x2
�= 4� (ene � eni � qdnd) (2.6)

Now we �rst separate the dependant variables into equilibrium and perturbed parts denoted

by subscripts "0" and "1" respectively,

ne = ne0 + ne1; ni = ni0 + ni1; nd = nd0 + nd1 ; vd = vd0 + vd1;

here equilibrium parts represent the plasma parameters without oscillations. Then, after

linearization, we get the simpli�ed equations. By linearization we mean that the amplitude of

oscillations is so small that the terms with higher power of amplitude can be ignored. Hence,

we get the set of equations: For �� kBTe;i=e, the exponential factor �exp (�e�=kBTe;i)�in

the electron and ion number densities are,

ne;i = ne0;i0

"
1� e�1

kBTe;i
+

�
e�2
kBTe;i

�2
+ :::

#

Therefore, the �rst order perturbed electron and ion number densities are,

ne1 = ne0
e�1
kBTe

(2.7)

ni1 = �ni0
e�1
kBTi

(2.8)

The linearized dust continuity equation can be written as,

@

@t
nd1 + nd0

@

@x
vd1 = 0 (2.9)

and dust momentum equation

@

@t
vd1 = �

qd
md

��3kBTd
mdnd0

@

@x
nd1

For one dimensional case, mdV
2
td=2 = kBTd=2, where Td is the dust temperature

@

@t
vd1 = �

qd
md

@

@x
��3V

2
td

nd0

@

@x
nd1 (2.10)
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Assuming all the perturbed quantities are proportional to exp [�i (!t� kx)], the Eqs. (2.9)

and (2.10) yields the following result,

�i!nd1 + nd0ik � vd1 = 0 (2.11)

�i!vd1 = �ik
qd
md

��ik3V
2
Td

nd0
nd1 (2.12)

Solving Eqs. (2.11) and (2.12), we obtain

nd1 =
k2nd0qd0

md(!2�3k2V 2td)
� (2.13)

Now writing perturbed form of Poisson�s equation as,

@2

@x2
�1= 4� (ene1 � eni1 � qd0nd1) (2.14)

Dispersion Relation

Substituting the values of ne1, ni1 from equations (2.7) and (2.8), we get

@2

@x2
�1 = 4�

�
e

�
ne0

e�

kBTe

�
� e

�
�ni0

e�

kBTi

�
� qdnd1

�

After rearranging the terms, we get

@2

@x2
�1 = 4�

�
ne0

e2

kBTe
+ ni0

e2

kBTi

�
�� 4�qdnd1 (2.15)

Now de�ning Debye lengths of electron and ions as, �De =
p
4�ne0e2=kBTe and �Di =p

4�ni0e2=kBTi, we get

4�ne0
e2

kBTe
+ 4�ni0

e2

kBTi
=

1

�2De
+

1

�2Di
=

1

�2D

Where �D is the e¤ective Debye length. Now replacing the �
�2
D = k2D, the Eq. (2.15) becomes

@2

@x2
�1 = k2D�� 4�qdnd1
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Now taking Fourier transform, we get

�k2�1 = k2D�1 � 4�qdnd1

or �
k2 + k2D

�
�1 = 4�qdnd1

Substituting nd1 from Eq. (2.13), in the above equation and replacing k2D = ��2D and then

multiplying with �2D, we get the dispersion relation for Dust-Acoustic wave as:

!2 = 3k2V 2
td +

k2!2pd�
2
D

1 + k2�2D

we can write !pd�D = CDA, representing speed of Dust-Acoustic wave. Finally, we obtain

the following dispersion relation for the dust-acoustic wave,

!2 = 3k2V 2
td +

k2C2DA
1 + k2�2D

(2.16)

Limiting Cases

For cold plasma i.e., !=k � VTd and in long-wavelength limit i.e., k2�
2
D � 1, Eq. (2.16)

takes the following result,

! = k!pd�D

Substituting the values of �D and !pd, we get

! = k

s
4�z2d0e

2nd0
md

�
4�e2

kB

�
ni0
Ti
+
ne0
Te

��� 1
2

or

! = kzd0

r
nd0
md

�
ni0
kBTi

�
1 +

Tine0
Teni0

��� 1
2

Using charge neutrality condition, we can write "ne0=ni0 = 1 � zd0nd0=ni0" for negatively

charged dust grains. Thus, substituting this in above dispersion relation, we get

! = k

r
nd0
ni0

r
kBTi
md

�
1 +

Ti
Te

�
1� zd0nd0

ni0

��� 1
2

(2.17)
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Phase Velocity of Dust-Acoustic waves

From this equation we can found the phase velocity of the Dust-Acoustic waves if we know

the plasma and dust parameters Te, Ti, ni0, and nd0, zd0,

Vp =
!

k
=

r
nd0
ni0

r
kBTi
md

�
1 +

Ti
Te

�
1� zd0nd0

ni0

��� 1
2

2.2.2 Dust Ion Acoustic Waves

Shukla et al. [16] have discussed dust-ion acoustic waves in dusty plasma. In the Dust-

Ion acoustic waves, the dust particles are considered to be stationary, but the dust grain

in�uences the wave propagation. The in�uence of the dust is that it reduces the electron

number density because a fraction of electrons, sticks to the surface of dust particles. The

wave frequency is of the order of the ion plasma frequency !pi which is greater than dust

plasma frequency [30]. In this case, the phase velocity of the Dust-Ion acoustic waves is

much greater than the thermal velocity of the ions and dust particles i.e., !=k � VTh;i, Vtd.

Whereas, the electrons thermal velocity is much greater than the phase velocity of Dust-Ion-

acoustic wave, [7]. The �ion-acoustic wave�can still exists even when the electron and ion

temperatures are equal.

Fluid Model for Immobile Dust Particles

The electrons number density here obey Boltzmann distribution as given by Eq. (2.7). The

set of one dimensional equations for dust ion acoustic waves with immobile dust particles

consist of the ion continuity equation,

@ni
@t

+
@

@x
(nivi) = 0

the ion momentum equation,

mini
@vi
@t

= eni0E �
@

@x
pi

and the Poisson�s equation,
@2

@x2
�= 4� (ene � eni)
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These equations di¤ers from that described for dust acoustic waves in this aspect that the

kinetic pressure of ions and perturbed dust number density, both are neglected [30]. The

dust particles contributions is described only by quasineutrality equation,

ni0 = ne0 + zdnd0

Dispersion Relation

From above �uid equations the perturbed ion number density, after Fourier transformation,

is evaluated to be,

ni1 = �
k2

!2

�
eni0
mi

�1

�
After taking Fourier transform of Poisson�s equation and substituting the perturbed electron

and ion number densities, the dispersion relation comes out to be

!2 =
!2pik

2�2De

1 + k2�2De
=
ni0
ne0

�
k2

1 + k2�2De

�
kBTe
mi

where !pi =
p
4�e2ni0=mi, and �De =

p
kBTe=4�e2ne0, are the ion plasma frequency and

electrons Debye length, respectively. This dispersion relation is same as that for ion acoustic

waves with additional term ni0=ne0 > 1.

Fluid Model for Mobile Dust Particle

The electrons number density here obey Boltzmann distribution as given by Eq. (2.7). The

ion number density is found from perturbed continuity equation [7],

@ni1
@t

+ ni0
@

@x
vi1 = 0 (2.18)

and momentum equation for ions

mini0
@vi1
@t

= eni0E1 �
@

@x
pi1 (2.19)

Substituting E1 = �@x�1, and pi = ni1kBTi, we get

@vi1
@t

= � e

mi

@

@x
�1 �

kBTi
mini0

@

@x
ni1 (2.20)
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The Poisson�s equation is given by Eq. (2.14). Now for �nding perturbed ion number density,

we take Fourier transform of Eqs. (2.18) and (2.20). Let us, simply replace "@t" by "�i!"

and "@x" by "ik", we get,

�i!ni1 + ni0ikvi1 = 0 (2.21)

�i!vi1 = �
e

mi

ik�1 � 3V 2
Tiikni1 (2.22)

and solving both equations simultaneously, we get

ni1 =

�
!2

k2
� 3V 2

Tdni0

��1�
�eni0
mi

�1

�
(2.23)

The dust number density perturbations remains same as that for Dust-Acoustic waves, given

by Eq. (2.13). Whereas for stationary dust particles, the dust charge perturbations are

zero, i.e., nd1 = 0, and the dust ion acoustic wave comes out for a very short time scale as

compared to the dust plasma period (t = 2�=!pd).

Dispersion Relation

Combining equations (2.1), (2.13), (2.14) and (2.23). Also here we assume that ! � kVTi,

kVTd, for obtaining the dispersion relation.

�k2 = 4�e2ne0
kBTe

� k2

!2

�
4�e2ni0
mi

+
4�q2d0nd0
md

�

Thus, the dispersion relation for the Dust-Ion acoustic waves is (Shukla and Silin 1992) [7, 31]

1 +
k2De
k2

�
!pi

2 + !2pd
!2

= 0 (2.24)

where �De = 1=kDe =
p
kBTe=4�e2ne0, !pi =

p
4�e2ni0=mi, and !pd =

p
4�q2d0nd0=md, are

the electron�s Debye length, ion plasma frequency and dust plasma frequency, respectively.

Limiting cases

Since md � mi, thus ion plasma frequency is much greater than the dust plasma frequency

i.e., !pi � !pd, thus Eq. (2.24), yields

!2 =
k2!2pi�

2
De

1 + k2�2De
(2.25)
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or

!2 =
k2C2s

1 + k2�2De
(2.26)

Here, we have substituted

Cs = !pi�De =

s
4�e2ni0
mi

kBTe
4�e2ne0

=

�r
ni0
ne0

�
cs (2.27)

where Cs is the speed of sound of dust-ion-acoustic waves and cs =
p
kBTe=miis the speed of

sound of ion-acoustic waves. For the long wavelength limit i.e., k2�2De � 1, equation (2.30)

is simpli�ed as

! = k

�r
ni0
ne0

�
cs

Phase Velocity of Dust-Ion-Acoustic wave

The phase velocity of the dust-ion acoustic waves is same as that of pure ion-acoustic waves

with an additional factor of
p
ni0=ne0 > 1 [30] i.e.,

!

k
=

�r
ni0
ne0

�
cs

This frequency is typically for laboratory plasma are tons of kHz and the propagating velocity

is few cm=s [28]. The speed of sound of dust- ion-acoustic wave is larger than that of ion-

acoustic wave by a factor
p
ni0=ne0 in Eq. (2.27).

Since, we know that a fraction of free electron number density is attached to the dust

particles [30], thus by increasing dust charged density, the free electrons number density can

be reduced. In this way due to reduction of free electron number density, the speed of sound

of dust-ion-acoustic waves would increase in comparison with Ion-acoustic waves [30].

2.3 Self-Gravitation in Dusty Plasma

2.3.1 Introduction

The previous discussed normal waves show the stable excitation in dusty plasma. Whereas

the space and laboratories plasmas are not at thermodynamic equilibrium. The self-gravitating

force introduces instability in dusty plasmas. The instability in plasma is determined by the

in�uence of exponentially growing unstable collective modes [7]. The gravitational instability
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was �rst studied by Jeans [10]. We assume that the plasma particle�s density is much smaller

than the dust density, i.e., mene � mini � mdnd and hence, the gravitational potential is

only determined by the dust grain density [7]. The charged plasma species are subjected

to the electrostatic and gravitational forces. Here, we study the mathematical formalism of

Jeans-Instability.

2.3.2 Fluid Model

The dynamics of the interstellar gas clouds, consist of continuity equations,

@�

@t
+r � (v�) = 0 (2.28)

and momentum equation

�

�
@

@t
+ (�v �r)

�
�v = ��r �rP (2.29)

respectively. Here � is the mass density, v is the �uid velocity,  is the self gravitational

potential and P is the gas pressure. Where the gas pressure P is derived from speed of sound,

i.e., �cs =
p

kBT=M�given as

rP = c2sr� (2.30)

These set of equation is closed with the help of gravitational Poisson�s equation,

r2 = 4��G (2.31)

where G is the gravitational constant.

2.3.3 Dispersion Relation

Separating now the dependant variables into equilibrium and perturbed parts with subscript

"0" and "1" as v = v0 + v1, � = �0 + �1. Here we assume that equilibrium variables are

spatially invariant and are stationary as well. Now we write the linearized set of equation

@�1
@t

+r � (�v0�1 + �v1�0) = 0
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@�1
@t

= ��0r � �v1 (2.32)

Since v0 = 0. The perturbed momentum equation is

@�v1
@t

= �r 1 � c2s
r�1
�0

(2.33)

The gravitational Poisson�s equation now becomes

r2 1 = 4�G�1 (2.34)

Assuming that all the perturbed variables vary as exp
�
�i
�
!t+ �k:�r

��
, thus

�i!�1 = ��0i�k � �v1 (2.35)

for "�v0 = 0" and momentum equation transforms as

�i!v1 = �ik 1 � c2s
ik�1
�0

(2.36)

 1 = �
4�G�1
k2

(2.37)

Solving these equations simultaneously, we get the dispersion relation

!2 = c2sk
2 � 4�G�0 (2.38)

Or we can write it as

!2 = c2s
�
k2 � k2J

�
(2.39)

where

k2J =
4�G�0
c2s

=
4�G�0mp�

kBT
(2.40)

In this equation mp is the mass of proton, � is the mean molecular weight, kB, and T , are

the Boltzmann constant and gas temperature respectively [32].

2.3.4 Jeans Instability

For k � kJ , the !2 in the Eq. (2.39) becomes negative
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!2 = �c2s
�
k2J � k2

�
(2.41)

which shows that the perturbation is growing exponentially and causes Jeans instability. kJ

de�nes a minimum mass scale

MJ =

�
2�

kJ

�3
�0 =

�
�kBT

Gmp�

� 3
2 1
p
�0

(2.42)

This is named as Jeans Mass. Oscillation in gas cloud larger than this size will grow and

become Self-Gravitating and collapse, because due to heavy dust particles they become

densely packed which reduces their electrical charging. At that time the electrostatic pressure

cannot balance the gravitational force, this leads to the formation of stars and planets, etc..,

like in astrophysical bodies.

2.4 Summary

In this chapter we have reviewed the work of Rao et al. [14] and Shukla et al. [16]. Rao et

al. [14] have discovered that the dust-acoustic wave is low-frequency wave in which restoring

force is provided by the pressure of inertialess electrons and ions, while dust inertia helps

in the propagation of the wave. Shukla et al. [16] have described the dust-ion-acoustic

wave in dusty plasma. They concluded that the large phase velocity of the dust-ion-acoustic

wave is due to the negative potential, which is set up due to the depletion of electrons in

the background plasma. We have also studied the e¤ects of self-gravitational force in dusty

plasma. Self-gravitation in dusty plasma leads to Jeans type instability.
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Chapter 3

Dust Wave Modes in Self-Gravitating

Dense Dusty Plasma

3.1 Introduction

In this chapter, we shall study the e¤ects of self-gravitational force and Jeans type instability

for di¤erent density regimes of dust particles. The dust particle in dusty plasma gets electri-

cally charged due to electrons, ions and other surrounding e¤ects. These charged particles

play important role than being just additional specie. The charging of dust grains and its

�uctuating due to electron and ion currents reaching the dust particle surfaces makes dusty

plasma entirely di¤erent from normal electron-ion plasma. Due to dust charged �uctuations,

the waves propagating through dusty plasma, are weakly damped. These waves are named

as "dust coulomb wave". We shall study about dust-acoustic, dust-charge-density and dust-

coulomb waves existing in tenuous, dilute and dense dusty plasma regimes respectively. The

critical wavelengths for di¤erent for di¤erent density regimes are also investigated.

3.2 Self-Gravitating Dusty Plasma

First, we study the ultra-low frequency wave, in self-gravitating dusty plasma without dust

charge �uctuations and named as "Dust-Acoustic wave". The number densities of Boltzmann

distributed electrons and ions, are given as

ne = ne0 exp

�
e�

kBTe

�
� (3.1)
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ni = ni0 exp

�
� e�

kBTi

�
� (3.2)

where ne (ni) and Te (Ti) are the number densities and temperatures of electrons and ions,

ne0 (ni0) are the equilibrium number densities, � is the electrostatic potential and kB is the

Boltzmann constant [23]. The �uid equations in one-dimension consist of dust continuity

equation
@nd
@t

+
@

@z
(ndvd) = 0� (3.3)

and the dust momentum equation

@vd
@t

+ vd
@vd
@z

= � qd
md

@�

@z
� kBTd
ndmd

@nd
@z

� @ 

@z
� (3.4)

where � and  are the electrostatic and the gravitational potential respectively, and qd is the

grain charge with equilibrium value Qd [23]. The electrostatic Poisson�s equation is

@2�

@z2
+ 4� (eni + qdnd � ene) = 0� (3.5)

while the gravitational Poisson�s equation is

@2 

@z2
= 4�Gndmd (3.6)

here, Vtd =
p
kBTd=md, is the dust thermal velocity. Expanding the dependent variables as

nd = nd0 + nd1; vd = vd0 + vd1; � = �0 + �1;  =  0 +  1

Here, equilibrium quantities are spatially invariant and stationary as well. Thus, writing the

linearized set of equations as

ne1 = ne0
e�1
kBTe

(3.7)

ni1 = �ni0
e�1
kBTi

(3.8)

Obtained for limit �� Te;i=e, in Eq. (3.1) and (3.2). The continuity equation becomes

@nd1
@t

+ nd0
@vd1
@z

= 0 (3.9)
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and the momentum equation is

@vd1
@t

= � qd
md

@�1
@z

� V 2
td

nd0

@nd1
@z

� @ 

@z
(3.10)

The electrostatic Poisson�s equation is

@2�1
@z2

+ 4� (eni1 + qdnd1 � ene1) = 0� (3.11)

The gravitational Poisson�s equation is

@2 1
@z2

= 4�Gmdnd1, (3.12)

Taking the time derivative of continuity equation,

@2nd1
@t2

+ nd0
@

@t

�
@

@z
vd1

�
= 0 (3.13)

Now, taking space derivative of momentum equation and using gravitational Poisson�s equa-

tion, we get
@

@z

�
@vd1
@t

�
= � qd

md

@2�1
@z2

� V 2
td

nd0

@2nd1
@z2

� @2 

@z2
(3.14)

Solving above perturbed equations simultaneously, we get

�
@2

@t2
� 4�Gnd0md � V 2

td

@2

@z2

�
nd1 = �

qdnd0
md

@2�1
@z2

(3.15)

Assuming all the perturbed quantities are oscillating and varies sinusoidally as exp [�i (!t� kz)].

Thus, Eq. (3.14) transforms into the following result

�
!2 + 4�Gnd0md � V 2

tdk
2
�
nd1 = �

qdnd0
md

k2�1 (3.16)

Let,

A = !2 + !2Jd � V 2
tdk

2 (3.17)

where !Jd is the dust Jeans frequency given by

!Jd =
p
4�Gnd0md (3.18)
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Thus, the perturbed dust number density from Eq. (3.15) can be written as,

nd1 = �
qdnd0
Amd

k2�1 (3.19)

Now substituting the perturbed electron and ion number densities in perturbed electrostatic

Poisson�s equation
@2�1
@z2

� 4�e
2

kB

�
1

Te
+
1

Ti

�
�1 + 4�qdnd1 = 0, (3.20)

Taking Fourier transform of above equations

�k2�1 �
�
1

�2De
+

1

�2Di

�
�1 + 4�qdnd1 = 0, (3.21)

Here �De and �Di are the electron and ion Debye lengths respectively. Now substituting the

value of nd1 in above equation we get,

A

 
1 + k

2
�2D

�2D

!
� 4�Ndq

2
dk
2

md

= 0, (3.22)

where �D =
q
��2De + ��2Di , is the e¤ective Debye length. After substituting !pd =

p
4�nd0q2d=md,

and with re-substitution of value of A from Eq. (3.16), we get the following result

!2

k2
=

!2pd�
2
D

1 + k2�2D
+ V 2

td �
!2Jd
k2
, (3.23)

which is the desire dispersion relation of the "Dust-Acoustic wave" in Self-Gravitating dusty

plasma.

3.3 Electrostatic Modes in Dense Dusty Plasma

In dusty plasma for ultra-low frequency case, the electron and ion number densities are

supposed to obey Boltzmann type distribution [23], as written in Eqs. (3.1)and (3.2). Now

assuming that the equilibrium parts are spatially invariant and also stationary. Thus, we get

the perturbed �uid equations consisting of number densities of electron and ion respectively,

ne1 = neo

�
e�1
kBTe

�
(3.24)
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ni1 = �ni0
�

e�

kBTi

�
(3.25)

The one dimensional dust continuity equation,

@nd1
@t

+ nd0
@

@z
vd1 = 0 (3.26)

and the equation of motion,

@vd1
@t

= � qd0
md

@�1
@z

� V 2
td

nd0

@nd1
@z

� @ 1
@z

(3.27)

where Vtd =
p
kBTd=md, is the dust thermal velocity. Here �1 is the perturbed electrostatic

and  1 is the gravitational potential. The electrostatic Poisson�s equation is given as

@2�

@z2
+ 4� (eni1 + qd0nd1 + qd1nd0 � ene) = 0 (3.28)

While the gravitational Poisson�s equation is

@2 1
@z2

= 4�Gmdnd1 (3.29)

The charge �uctuation is determined from current balance equation [23]

@qd
@t
+ vd

@qq
@z

= Ie + Ii (3.30)

where Ie, Ii are the electron and ion currents respectively. These are given as

Ie = ��R2ene (�)
r
8kBTe
�me

exp

�
eV

kBTe

�
(3.31)

Ii = �R2eni (�)

r
8kBTi
�mi

�
1� eV

kBTi

�
(3.32)

where R and V are the dust grain radius and surface potential, respectively.

3.3.1 Perturbed Dust Number Density

Now for �nding the perturbed dust number density, we follow these steps: After taking

temporal derivative of continuity equation and spatial derivative of momentum equation, we
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get the following results
@2nd1
@t2

+ nd0
@

@t

�
@

@z
vd1

�
= 0 (3.33)

@

@z

�
@vd1
@t

�
= � qd0

md

@2�1
@z2

� V 2
td

nd0

@2nd1
@z2

� 4�Gmdnd1 (3.34)

Considering that vd1 is continuous, i.e., @z (@tvd1) = @t (@zvd1), we get the following result�
@2

@t2
� V 2

td

@2

@z2
� 4�Gmdnd0

�
nd1 = �

nd0qd0
md

@2�1
@z2

(3.35)

Assuming all the perturbed variables are proportional to exp [�i (!t� kz)], Eq. (3.34) gives

the following result,

nd1 =
nd0qd0
Amd

�1 (3.36)

where

A =
!2

k2
� V 2

td +
!2Jd
k2

(3.37)

3.3.2 Dust Charge Fluctuation

The perturbed current balance equation is

@ (qd0 + qd1)

@t
+ vd0

@qd1
@z

= Ie0 + Ii0 + Ie1 + Ii1 (3.38)

Here vd0, Ie0(Ii0) are the equilibrium velocity and the electron(ion) current respectively. At

equilibrium these quantities are equal to zero, thus Eq. (3.37) is simpli�ed as,

@qd1
@t

= Ie1 + Ii1 (3.39)

After taking Fourier transform of Eq. (3.38), we get

�i!qd1 = Ie1 + Ii1 (3.40)
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Now after simplify the right hand side of Eq. (3.38), by substituting the perturbed values of

Ie, Ii, we get the following equation,

�i!qd1 = ��R2e (ne0 + ne1)

r
8kBTe
�me

exp

�
e (V0 + V1)

kBTe

�
+

�R2e (ni0 + ni1)

r
8kBTi
�mi

�
1� e (V0 + V1)

kBTi

�

or

�i!qd1 = ��R2e
r
8kBTe
�me

�
(ne0 + ne1) exp

�
eV0
kBTe

�
exp

�
eV1
kBTe

��
+

�R2e

r
8kBTi
�mi

�
(ni0 + ni1)

�
1� eV0

kBTi
� eV1
kBTi

��
(3.41)

Now for V1 � Te=e, we can expand exp (eV1=kBTe) = 1 + eV1=kBTe + :::, thus

�i!qd1 = ��R2e
r
8kBTe
�me

�
(ne0 + ne1) exp

�
eV0
kBTe

��
1 +

eV1
kBTe

��
+ (3.42)

�R2e

r
8kBTi
�mi

�
(ni0 + ni1)

�
1� eV0

kBTi
� eV1
kBTi

��
After linearization, we get

�i!qd1 = ��R2e
r
8kBTe
�me

�
ne0 exp

�
eV0
kBTe

��
eV1
kBTe

�
+ ne1 exp

�
eV0
kBTe

��
+ (3.43)

�R2e

r
8kBTi
�mi

�
ni1

�
1� eV0

kBTi

�
� ni0

�
eV1
kBTi

��
as V1 = qd1=4��0R, and ne1;i1 = ne0;i0 (�e�1=kBTe;i), thus

�i!qd1 = ��R2
s
8e2kBTe
�me

�
ne0 exp

�
eV0
kBTe

��
eqd1

4��0RkBTe

�
+
ne0e�

kBTe
exp

�
eV0
kBTe

��
+

�R2

s
8e2kBTi
�mi

�
ni0

�
� e�1
kBTi

��
1� eV0

kBTi

�
� ni0

�
eqd1

4��0RkBTi

��
or

�i!qd1 = �R

s
8�n2e0e

4

kBTeme

exp

�
eV0
kBTe

�
qd1 �R2

s
8�n2e0e

2

kBTeme

exp

�
eV0
kBTe

�
�1�

R2

s
8�n2i0e

4

kBTimi

�
1� eV0

kBTi

�
�1 �R

s
8�n2i0e

4

kBTimi

qd1 (3.44)
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Re-arranging the terms, we get

�i!qd1 = �
Rp
2�

"s
4�ne0e2

kBTe

4�e2ne0
me

exp

�
eV0
kBTe

�
+

s
4�ni0e2

kBTi

4�e2ni0
mi

#
qd1

� R2p
2�

"s
4�ne0e2

kBTe

4�e2ne0
me

exp

�
eV0
kBTe

�
+

s
4�ni0e2

kBTi

4�e2ni0
mi

�
1� eV0

kBTi

�#
�1 (3.45)

or

�i!qd1 = �
Rp
2�

�
!pe
�De

exp

�
eV0
kBTe

�
+
!pi
�Di

�
qd1�

R2p
2�

�
!pe
�De

exp

�
eV0
kBTe

�
+
!pi
�Di

�
1� eV0

kBTi

��
�1 (3.46)

where !p� and �D� are the plasma frequency and Debye length of the � (= e, i) specie. We

suppose that characteristic dust grain charging frequencies are given by,

!1 =
Rp
2�

�
!pe
�De

exp

�
eV0
kBTe

�
+
!pi
�Di

�
(3.47)

!2 =
Rp
2�

�
!pe
�De

exp

�
eV0
kBTe

�
+
!pi
�Di

�
1� eV0

kBTi

��
(3.48)

Thus, we get the following result,

�i!qd1 = �!1qd1 � !2R�1 (3.49)

or

qd1 = �R
!2

!1 � i!
�1 (3.50)

Let � = !2=!1 � i!, thus the dust charge �uctuation is given by the following equation:

qd1 = �R��1 (3.51)

3.3.3 Dispersion Relation

Now substituting perturbed electron and ion number densities from Eqs. (3.1) and (3.2) in

electrostatic Poisson�s equation given by Eq. (3.27), thus

@2�1
@z2

� 4�e
2

kB

�
Ne
Te
+
Ni
Ti

�
�1 + 4� [qd1nd0 + qdond1] = 0
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or
@2�1
@z2

� 1

�2D
�1 + 4� [qd1nd0 + qdond1] = 0

where �D =
�
��2Di + ��2De

�� 1
2 is the e¤ective Debye length and �Di;De =

p
kBTi;e=4�e2ni;e are

the ion and electron Debye lengths, respectively. After taking Fourier transform of above

equation and substituting the values of qd1, nd1 and then simplifying, we get the following

equation
1 + k2�2D + f�

k2
+
4�Ndq

2
d0�

2
D

k2Amd

= 0 (3.52)

where f = 4�RNd�
2
D, is the fugacity parameter, which is a measure of grain packing. Sepa-

rating A from Eq. (3.53), we get,

A =
!2pd�

2
D

1 + k2�2D + f�
(3.53)

Substituting back the value of "A" from Eq. (3.36), into Eq. (3.51), we get

!2

k2
� V 2

td +
!2Jd
k2

=
C2DA

1 + �2Dk
2 + f�

where CDA = !pd�D, is the dust-acoustic velocity. Thus, we get the dispersion relation of

self gravitating dusty plasma with �uctuating charge of dust particles as,

!2

k2
=

C2DA
1 + �2Dk

2 + f�
+ V 2

td �
!2Jd
k2

(3.54)

3.3.4 Discussion on Jeans Type Instability

For the limit ! � !1, when the dust charge �uctuation is small and dust particles gets

equilibrium charge more quickly, so �! � = !2=!1, then Eq. (3.53) changes as follow,

!2

k2
=

C2DA
1 + �2Dk

2 + f�
+ V 2

td �
!2Jd
k2

(3.55)

This relation is analyzed in di¤erent fugacity limits as f� � 1, f� � 1, for tenuous and

dense dusty plasma respectively.

Tenuous Dusty Plasma

When dilute dusty plasma is considered, i.e., f� � 1, the dispersion relation becomes
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!2

k2
=

C2DA
1 + k2�2D

+ V 2
td �

!2Jd
k2

(3.56)

which leads to usual Jeans instability of dust-acoustic waves [23]. This relation can further

be simpli�es, when we consider the cold dusty plasma Vtd � CDA and the large wavelength

limit, k2�2D � 1 the dispersion relation becomes

!2

k2
= C2DA �

!2Jd
k2

(3.57)

To �nd the instability rate we re-arrange the above equation as follows,

!2

!2Jd
=
C2DAk

2

!2Jd
� 1

!2

!2Jd
= k2�2JDA � 1 (3.58)

where �JDA = CDA=!Jd, is the Jeans length [23]. In the limit k2�
2
JDA � 1, i.e., Jeans

instability arises due to the smaller Jeans length than system scale length. Thus, from Eq.

(3.57), we get the following roots

! = �i!Jd (3.59)

The instability is growing for ! = i!Jd, while it is damped for frequency, ! = �i!Jd

Dense Dusty Plasma

We have dense dusty plasma when f� � 1, showing that the dust grain packing (fugacity)

is large. The dispersion relation in Eq. (3.54) becomes,

!2

k2
=

C2DA

f�
�
1 +

�2Dk
2

f�

� + V 2
td �

!2Jd
k2

(3.60)

!2

k2
=

C2DC
�
�
1 + �2Rk

2
� + V 2

td �
!2Jd
k2

(3.61)

where C2DC = C2DA=f and �
2
R = �2D=f�.

!2

!2Jd
=
k2C2DC
!2Jd�

� 1� (3.62)
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let the critical Jeans length is

�JDC =
CDC
!Jd�

;

Thus,
!2

!2Jd
= k2�2JDC � 1� (3.63)

As, due to large fugacity C2DC � C2DA, this implies that �JDC � �JDA, which shows that

the system will be unstable for much smaller scale size. The Jeans instability occur when

the system scale length is greater than Jeans length i.e., k2�2JDC � 1 thus,

! = �i!Jd (3.64)

General Case

The dispersion relation in Eq. (3.55) in the limits k2�2D, k
2�2R � 1, become

!2

k2
=

C2DAC
2
DC

C2DC + C2DA�
+ V 2

td �
!2Jd
k2

(3.65)

Critical Jeans Wavenumber

For cold dusty plasma (Vtd = 0), the critical Jeans wavelength is found from Eq. (3.64), and

is given as

k2J =
!2Jd
C2DA

+
!2Jd�

C2DC
=
!2Jd (1 + f�)

C2DA
(3.66)

which gives di¤erent cases of dust-acoustic and dust-coulomb waves for speci�c fugacity

limits. From Eq. (3.65), we can see that for a given values of !Jd and CDA, the critical Jeans

length �kJ�varies with �1 + f� �only. Thus, for high fugacity dusty plasmas, the system

becomes unstable at shorter scale length. We can note that Jeans length �JDA is greater

than critical length �JDC i.e.,
�2JDA
�2JDC

=
�2D
�2R

= f� (3.67)

which is true for all fugacity limits. The nature of the dust modes and corresponding Jeans

instability is determined by the shorter scale lengths.
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3.3.5 Critical Wavenumber � kc �

Since we know that Jeans instability is the growing instability for the perturbed system

with wavenumber k < kc, where kc is the critical wavenumber. The expression for critical

wavelength can be determined by substituting ��i! = 
�in Eq.(3.54) and rearranging the

terms we get the following result


2

k2
+

C2DA
1 + k2�2D + f !2

!1+


+ V 2
td �

!2Jd
k2

= 0 (3.68)

Now factorizing the above equation and after simpli�cation, we get

C2DAk
2 (
 + !1) +

��
1 + k2�2D

�
(
 + !1) + f!2

�
(k2V 2

td + 

2 � !2Jd)

k2
��
1 + k2�2D

�
(
 + !1) + f!2

� = 0 (3.69)

Collecting terms with �
�


3
�
1 + k2�2D

�
+ 
2!1

�
1 + k2�2D + f

!2
!1

�
+ 


�
k2C2DA +

�
k2V 2

td � !2Jd
� �
1 + k2�2D

��
(3.70)

+!1
�
k2C2DA +

�
k2V 2

td � !2Jd
� �
1 + k2�2D + f

��
= 0

After rearranging the above equation, we get

(
 + !1)
�
k2C2DA +

�
1 + k2�2D

� �
k2V 2

td + 

2 � !2Jd

��
+ f!1�

�
k2V 2

td + 

2 � !2Jd

�
= 0 (3.71)

Separating the terms with !1

!1
��
1 + k2�2D

� �
k2V 2

td + 

2 � !2Jd

�
+ f�

�
k2V 2

td + 

2 � !2Jd

��
+


�
C2DAk

2 +
�
1 + k2�2D

� �
k2V 2

td + 

2 � !2Jd

��
= �C2DAk2!1

Simplifying and comparing coe¢ cients of !1, we get

�
1 + k2�2D + f�

� �
k2V 2

td + 

2 � !2Jd

�
= �C2DAk2 (3.72)

Rearranging the terms, we obtain


2 + k2V 2
td � !2Jd =

�C2DAk2

1 + k2�2D + f�
(3.73)
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or


 =

s
�
�

C2DAk
2

1 + k2�2D + f�
+ k2V 2

td � !2Jd

�
Thus, it has only one real positive root when the wavenumber k satis�es the following con-

dition
k2C2DA

1 + k2�2D + f�
+ k2V 2

td < !2Jd (3.74)

The critical wavenumber is determined by �nding the roots of biquadratic equation derived

from above condition

V 2
td�

2
D

�
k2c
�2
+
�
C2DA + V 2

td (1 + f�)� !2Jd�
2
D

�
k2c � !2Jd (1 + f�) = 0 (3.75)

It has only one positive root. For limit k2�2D � (1 + f�) in Eq. (3.74), the critical wavenum-

ber kc, turns out to be

kc = !Jd

�
C2DA
1 + f�

+ V 2
td

��1=2
(3.76)

This illustrates that the system becomes unstable at shorter scale length, when the criti-

cal wavenumber increases for increasing the dust fugacity. It also shows that the thermal

pressure of the dust particle increases the critical wavelength, thus for Jeans instability, long-

wavelength perturbations are necessary. Physically, we can say that the thermal pressure of

the dust particles causes an opposing force to avoid instability, thus prior to the establish-

ment of gravitational, the system scale size should be larger. For neutral dust particle Eq.

(3.75) give the following classical result,

kc =
!Jd
Vtd

(3.77)

For �dust-acoustic waves�in tenuous dusty plasma ( f� � 1), the critical wavenumber is

kDAWc = !Jd
�
C2DA + Vtd

2
��1=2

(3.78)

Whereas, the critical wavenumber for �dust-coulomb waves�in dense dusty (f� � 1), plasma

is given as

kDCWc = !Jd

�
CDA
�
+ V 2

td

��1=2
(3.79)
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Generally the critical wavelength, for any fugacity regime including dilute dust plasma (f� �

1) corresponding to �dust-charged-density waves�can be written as

kc = !Jd

�
C2DAC

2
DC

C2DC + C2DCf�
+ V 2

td

��1=2
(3.80)

which is obtained by multiplying �rst term on right side with �C2DC=C
2
DC�. Replacing �C

2
DA =

C2DCf �thus

kc = !Jd

�
C2DAC

2
DC

C2DC + C2DA�
+ V 2

td

��1=2
(3.81)

This equation gives the same result as that derived above for dust-acoustic and dust-coulomb

waves in respective limits.

3.4 Summary

In this chapter, we have reviewed the research work of Rao et al. [23], in which they a

systematic investigation on the e¤ects of self-gravitational forces in dusty plasma for di¤erent

density regimes has been carried out. They found that for dust-acoustic waves, the Jeans

instability sets in, for tenuous dusty plasma, i.e., �f� � 1�whereas for dust-coulomb wave, it

occurs for dense dusty plasma, i.e., �f� � 1�, which propagate due to dust charge �uctuation.

These dust modes exist when the dust charging frequency is much greater than the wave

frequency [33]. The dust-acoustic wave also exist when the dust charging frequency is much

less than wave frequency for dilute dusty plasma regime [33]. They also concluded that

the critical scale length for Jeans instability of dust-coulomb wave is smaller than that for

dust-acoustic waves.
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Chapter 4

Electrostatic Dust Modes in Dusty

Plasma

In this chapter, we shall derive the di¤erent dispersion relations of Jeans instability. In

unmagnetized dusty plasma two dust modes of electrostatic waves have been discovered

in last decade of 19th century. These modes are the dust-acoustic wave [14] and dust-ion

acoustic wave [16]. It has been discovered that the electron and ion currents reaching the

dust particle�s surface are oscillatory in the presence of above said modes. Thus, the dust

charge �uctuation become new dynamic variable, which causes a damping mode in a dusty

plasma. It also causes the damping of dust-acoustic and dust-ion-acoustic waves, which is

di¤erent from Landau and collisional damping. In this chapter we shall discuss the following

models :

4.1 Self-Gravitational E¤ect in Multi-Ion System

Consider a self-gravitating dusty plasma composed of electrons, ions and charged dust parti-

cles, where dust grains are supposed to be point charges having interparticle distance much

smaller than the e¤ective Debye length of dusty plasma. We study the electrostatic oscillation

only.

4.1.1 Model Equations

We consider the dusty plasma composed of electrons, ions and charged dust particles. The

average distance among dust particles is less than the e¤ective Debye length of the dusty
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plasma. We does not consider the ion gravitational force because, for most plasma conditions,

the ion mass is much smaller than the dust mass per charge. The number density of electrons

obey Boltzmann distribution, because we can neglect the electrons inertia due to smaller

phase velocity of the dust-acoustic and dust-ion-acoustic waves, thus we have electron number

density given as

ne = ne0 exp

�
e�

kBTe

�
�

The dynamics of the plasma is controlled by continuity equation,

@nj
@t

+
@

@z
(njvj) = 0�

and the equation of motion,
@vj
@t

=
�qj
mj

@�

@z
� @ 

@z
,

and the electrostatic and gravitational Poisson�s equations, given by

�0
@2�

@z2
� ene +

X
j

njqj = 0� (4.1)

@2 

@z2
= 4�G

X
j

njmj� (4.2)

where nj, vj, qj andmj is the number density, velocity, charge and mass of the jth ionic-specie

respectively. And � and  are the electrostatic and gravitational potential, where G is the

gravitational constant. We can de�ne the charge neutrality condition as,

ene0 =
X
j

qj0nj0�

Here ne0 and qj0 are the equilibrium number density and charge of jth specie respectively.

ne1 = ne0

�
e�

kBTe

�
� (4.3)

The perturbed continuity equation,

@nj1
@t

+
@

@z
(nj0vj1) = 0� (4.4)
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the equation of motion is,
@vj1
@t

=
�qj0
mj

@�1
@z

� @ 1
@z
, (4.5)

and the electrostatic and gravitational Poisson�s equation are

�0
@2�1
@z2

� ene1 +
X
j

nj1qj = 0� (4.6)

@2 1
@z2

= 4�G
X
j

nj1mj� (4.7)

respectively, where nj1, vj1, qj, and mj are the number density, the velocity, the charge, and

the mass of the ionic species. Also  and G are the gravitational potential and the gravitation

constant. Taking Fourier transform of perturbed continuity and the momentum equation as:

nj1 =
k

!
nj0vj1� (4.8)

vj1 =
k

!

�
qj0
mj

�1 +  1

�
� (4.9)

Solving above equations simultaneously, we get

nj1 =
k2

!2
nj0

�
qj0
mj

�1 +  1

�
� (4.10)

Taking Fourier transform of gravitational Poisson�s equation

 1 = �
4�G

k2

X
j

mjnj1� (4.11)

and substituting the perturbed ion number density from Eq. (4.10) into Eq. (4.11), we get,

 1 = �
4�G

!2

X
j

mjnj0

�
qj0
mj

�1 +  1

�
� (4.12)

or

 1 +

P
j

4�Gmjnj0

!2
 1 = �

4�G

!2

X
j

qj0nj0�1�
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The perturbed gravitational potential is thus given as,

 1 = �

4�G
!2

P
j

qj0nj0�1

1 +

P
j
!2Jj

!2

� (4.13)

where !Jj =
qP

j 4�Gmjnj0�is the Jeans frequency of jth specie.

4.1.2 Dispersion Relation

Now substituting the values of ne1, nj1 and  1 from Eq. (4.3), Eq. (4.8) and Eq. (4.13)

in electrostatic Poisson�s equation given by Eq. (4.6), after taking its Fourier transform as

follows,

�0 (ik)
2 �1 �

ne0e
2

kBTe
�1 +

X
j

qj
k2

!2
nj0

0B@ qj0
mj

�1 �

4�G
!2

P
j

qj0nj0�1

1 +

P
j
!2Jj

!2

1CA = 0�

or  
�0k

2 +
ne0e

2

kBTe
�
X
j

qj
k2

!2
nj0
mj

!0B@1 +
P
j

!2Jj

!2

1CA+X
j

4�Gk2

!4
q2j0n

2
j0 = 0�

After rearranging the above terms, we obtain a dispersion relation,

 
1 +

1

k2�2De
�
X
j

!2pj
!2

!0B@1 +
P
j

!2Jj

!2

1CA+ 4�G
�0

 X
j

qj0nj0
!2

!2
= 0� (4.14)

where �De =
p
ne0e2=�0kBTe and !pj =

q
q2j0n

2
j0=�0mj are the electron�s Debye length and

plasma frequency of the jth ionic specie. Since due to charge neutrality condition ene0 =P
j

qj0nj0, thus we can write,

4�G

�0

 X
j

qj0nj0
!2

!2
=
4�G

�0
(ene0)

2 =
ne0e

2

�0me
� 4�Gmene0 = !2pe!

2
Je
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We can introduce the global frequency for plasma oscillation and Jeans frequency as �!2p =P
j

!2pj�and �!
2
J =

P
j

!2Jj�, thus the above dispersion relation becomes,

�
1 +

1

k2�2De
�
!2p
!2

��
1 +

!2J
!2

�
+
4�G

�0

 X
j

qj0nj0
!2

!2
= 0� (4.15)

Let

A�1 = 1 +
1

k2�2De
, (4.16)

Eq. (4.15) becomes �
!4 � A!2p!

��
1 +

!2

!2J

�
+ !2pe!

2
Je = 0�

Simplifying, the above dispersion relation, we get the following result

!4 +
�
!2J � A!2p

�
!2 � A

�
!2p!

2
J � !2pe!

2
Je

�
= 0� (4.17)

The constant term is greater than or equal to zero, because

!2p!
2
J � !2pe!

2
Je =

2�G

�0

X
j

X
l

nj0nl0
mjml

(qj0ml � ql0mj)
2 � 0 (4.18)

The double summation states that �j 6= l�. Since this term is equal to, or greater than zero,

thus dispersion relation in Eq. (4.17), always have a constant term equal to zero or with

negative sign. For such plasmas with one ion, like hydrogen-ion, we have the constant term

equal to zero. Thus, the dispersion relation reduces to

!4 +
�
!2Ji � A!2pi

�
!2 = 0 (4.19)

It has two roots one is �! = 0�, and other comes from

!2 = !2ss � !2Ji (4.20)

where �!2ss = A!2pi�. For plasma consisting of more than one type of ionic specie, we have

roots

!2 =
�
�
!2J � A!2p

�
�
q�

!2J � A!2p
�2
+ 4A

�
!2p!

2
J � !2pe!

2
Je

�
2
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!2 =

�
A!2p � !2J

�
�
q�

A!2p + !2J
�2 � 4A!2pe!2Je

2
(4.21)

The instability grows for the negative root of the equation.

4.1.3 Self-gravitational E¤ects in Dusty Plasma

In this section, we consider the self-gravitation in dusty plasma for di¤erent ionic specie. We

consider here protons and massive dust particles with negative charge, labeled with �i and

d�respectively. Substituting �j = i and l = e�, thus Eq. (4.18) can be written as,

!2p!
2
J � !2pe!

2
Je =

4�Gni0nd0
�0mimd

(qi0md � qd0mi)
2 (4.22)

The dust particle charge in equilibrium is qd0 = zd0e and qi0 = e, thus we can write

!2p!
2
J � !2pe!

2
Je =

4�Gni0nd0
�0mimd

(emd + ezd0mi)
2

or

!2p!
2
J � !2pe!

2
Je = 4�Gmdnd0 �

e2ni0
�0mi

�
1 + zd0

mi

md

�2
(4.23)

!2p!
2
J � !2pe!

2
Je = !2Jd!

2
pi

�
1 + zd0

mi

md

�2
(4.24)

where !Jd and !pi are the dust Jeans frequency and ion plasma frequency. In Eq. (4.24) we

can use the approximation that �zd0mi � md�, thus we get,

A
�
!2p!

2
J � !2pe!

2
Je

�
= A!2pi!

2
Jd = !2ss!

2
Jd (4.25)

This result is valid when self-gravitational e¤ects due to ions are neglected in comparison to

that of heavy dust particles. If we consider the self-gravitational e¤ects due to the ions then

we consider the result of Eq. (4.24). For bi-ion plasma instability arises due to some modi�ed

Jeans instabilities. In dusty plasma heavy dust particles are the cause of self-gravitational

e¤ects leading to Jeans type instabilities, but in usual bi-ion plasma, the instabilities have

weak e¤ects.
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4.2 Linear Instability of Dusty Plasma

As stated earlier, the dust grain size is very large usually in the range 1�m to 1cm. The �ux

of these micrometer sized grains observed Helios probes is 10�2-10�9g in the range of 1 A:U:

from sun which is much greater than the mass of both electron and ion. The charge on dust

grains is also 104 times large as compared to the charge on electron. As the dynamics of

electrons and ions is controlled by electromagnetic forces, while the dynamics of astrophysical

bodies like stars, planets and satellites is governed by gravitational forces. For micro or sub-

micron sized dust particles these two forces become comparable. For only electrostatic forces

to be considered we should have Gm2
d=q

2
d � 0. Since the dust grains are very massive thus

we assume that the dust particles are cold i.e., Td � Te = Ti = T showing that electrons and

ions are thermalized [?].

4.2.1 Fluid Model

Here we consider spatially uniform density of electrons, ions and dust particles. The charge

of these species is denoted by qe = qi and qd. The continuity equation is

@n�
@t

+r � (n�v�) = 0 (4.26)

where � represents electrons, ions and dust particles. The momentum equation for electrons

and ions is given as

m�n�
dv�
dt

= �n�q�r�� n�m�r � Trn� (4.27)

here � = e; i. Whereas the momentum equation for cold dust particles is (Td � Te = Ti = T )

mdnd
dvd
dt

= ndqdr��mdndr (4.28)

Where vd is the �uid velocity. Since

r � E = �

"�
=
n�q�
"�

The electrostatic Poisson�s equation is

r2� = �4� [qini � qene � qdnd] (4.29)
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while gravitational Poisson�s equation is

r2 = 4�Gmdnd (4.30)

The quasineutral equilibrium is qdnd = q(ni � ne). For linear gravitational stability of

homogeneous dusty plasma, we assume that : ne0 = constant, ni0 = constant, nd0 =

constant, where ne0; ni0 � nd0, Te = Ti = T = constant, Td = 0,  0 = 0, �0 = 0,

vd0 = ve0 = vi0 = 0. The linearized set of �uid equations are the continuity equation for �

specie,
@�n�
@t

+ n�0r�v� = 0 (4.31)

and the momentum equation for electron, ions and dust particles are

mdnd0
d�vd
dt

= nd0qdr���mdnd0r� (4.32)

mene0
d�ve
dt

= ne0qr���mene0r� � Tr�ne (4.33)

mini0
d�vi
dt

= �ni0qr���mini0r� � Tr�ni (4.34)

respectively. The gravitational Poisson�s equation,

r2� = 4�Gmd�nd (4.35)

and the electrostatic Poisson�s equation

r2�� = �4� [q (�ni � �ne)� qd�nd] (4.36)

For homogeneous equilibrium, the perturbations varies with exp i(kx�!t). Now we take the

Fourier transform of linearized equations and write them in term of �nd. Eq. (4.30), gives

the following result,

�i!�nd + nd0(ik)�vd = 0 (4.37)

(�i!)�ne + ne0(ik)�ve = 0,

(�i!)�ni + ni0(ik)�vi = 0

42



The perturbed dust particles velocity is

�vd =
!�nd
kndo

(4.38)

and the perturbed electron and ion velocities are

�ve =
!�ne
kne0

(4.39)

�vi =
!�ni
kni0

(4.40)

respectively. The gravitational potential is found from Fourier transform of Eq. (4.34) as,

�k2� = 4�Gmd�nd

� =
�4�Gmd�nd

k2
(4.41)

4.2.2 Dispersion Relation

Taking Fourier transform of momentum equations of electrons and ions, then substituting

perturbed electron and ion velocities and gravitational potential from Eq. (4.39), (4.40)

and (4.41), respectively in transformed electron and ion momentum equations we get the

following results

mene0(�i!)
!�ne
kne0

= ne0q(ik)���mene0(ik)(
�4�Gmd�nd

k2
)� T (ik)�ne

mini0(�i!)
!�ni
kni0

= �ni0q(ik)���mini0(ik)(
�4�Gmd�nd

k2
)� T (ik)�ni

Dividing above equations with �ikT �we obtain

�
1� !2

k2

�me

T

��
�ne =

ne0q��

T
+
�me

T

��4�Gmdnd0
nd0k2

�
�nd

�
1� !2

k2

�mi

T

��
�ni = �

ni0q��

T
+
�mi

T

��4�Gmdnd0
nd0k2

�
�nd

Substituting �m�=T = 1=vth��where (� stands for electrons and ions) vth is the thermal

velocity and �!Jd =
p
4�Gmdnd0� is the Jeans frequency for dust particles. Now after
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rearranging we can write �ne and �ni in term of �nd and ��, as

�ne =

�
ne0q��

T
+

!2Jd
k2v2the

ne0
nd0

�nd

� �
1� !2

k2v2the

��1
(4.42)

�ni =

�
�ni0q��

T
+

!2Jd
k2v2thi

ni0
nd0

�nd

� �
1� !2

k2v2thi

��1
(4.43)

respectively. Now we �nd perturbed dust number density by substituting perturbed dust

velocity �vd from Eq. (4.38) and perturbed gravitational potential � from Eq. (4.41) in

perturbed dust momentum Eq. (4.33), after taking its Fourier transform, we get,

mdnd0 (�i!)
�
!�nd
knd0

�
= nd0qd (ik) ���mdnd0 (ik)

�
�4�Gmd�nd

nd0k2

�
(4.44)

Dividing above equation with �ikmd�and rearranging again, we obtain�
!2

k2
+
4�Gmdnd0

k2

�
�nd = �

nd0qd
md

��

or

�nd = �
nd0qd
md

�
!2

k2
+
!2Jd
k2

��1
�� (4.45)

here !Jd =
p
4�Gmdnd0, is Jeans frequency of dust particles. Now using �ne and �ni from

Eq. (4.42) and Eq. (4.43) in Poisson�s Eq. (4.36) after taking its Fourier transform, we get

the following result,

k2�� = 4�q

�
�ni0q��

T
+

!2Jd
k2v2thi

ni0
nd0

�nd

� �
1� !2

k2v2thi

��1
�

4�q

�
ne0q��

T
+

!2Jd
k2v2the

ne0
nd0

�nd

� �
1� !2

k2v2the

��1
� 4�qd�nd (4.46)

Substituting�A� = 1 � !2=k2v2th�� where � stands for electrons and ions. For thermal

v2the � v2thi and nio � ne0 � n0

k2�� = �4�n0q
2

T

�
1

Ai
+
1

Ae

�
��� 4�qd

�
1� !2Jd

k2v2thi

ni0
nd0

1

Aik2

�
�nd
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Here ��D =
p
T=4�n0q2�is the e¤ective Debye length thus

�
k2�2D + A�1i + A�1e

�
�� = �4�qd�2D

�
1� q

qd

!2Jd
v2thi

ni0
nd0

1

Ai

�
�nd (4.47)

or

�� = �4�qd
�
1� q

qd

!2Jd
v2thi

ni0
nd0

1

Ai

�
�nd

�
k2�2D + A�1i + A�1e

��1
(4.48)

Substituting this value of �� in perturbed dust number density Eq. (4.45), we obtain

�
!2

k2
+
!2Jd
k2

�
= � 4�nd0q

2
d�

2
D�

k2�2D + A�1i + A�1e
�
md

�
1� q

qd

!2Jd
v2thi

ni0
nd0

1

Ai

�
(4.49)

Simplifying the Eq. (4.49), we obtain a dispersion relation for Jeans instability of dusty

plasma with heavy dust particles such that Gm2
d=q

2
d ' 1, as

!2 =
�k2�2D!2pd�

k2�2D + A�1i + A�1e
� �1� q

qd

!2Jd
v2thi

ni0
nd0

1

Ai

�
� !2Jd (4.50)

Where �!pd =
p
4�nd0q2d=md�is the dust plasma frequency.

Limiting Cases

If there is no charge on dust particles then dust plasma frequency !pd = 0 and gives the Jeans

instability of gas. Electrostatic oscillation of the dusty plasma can be obtained if !2Jd = 0.

For the ultra low frequency case one has the limits !2 � !2Jd � !2pd � !2pe, !
2
pi. In this limit

we have !2=
�
k2v2thi

�
�
�
!2pd=!

2
pi

�
(1=k2�2D) and !

2
Jd=!

2
pi � (mi=md) (q

2
d=q

2
i ) (nd0=n0). Now

we substitute the typical values as (mi=md � 10�12), (q2d=q2i � 106) and (nd0=n0 � 10�3), we

conclude that !2=
�
k2v2thi

�
� !2Jd

�
k2v2thi

�
� 1, Ai � 1, Ae � 1. Thus, we can neglect the

second term in above dispersion relation. The electron and ions both follow Boltzmann�s

relation because the gravitational and inertial e¤ects are weaker on both species. Thus, the

simpli�ed dispersion relation is

!2 =
k2�2D!

2
pd

2 + k2�2D
� !2Jd (4.51)

For the scale size of perturbation of order same as the Debye length, i.e., k2�2D > 1, the

gravitational condensation is a¤ected by unshielded electric �eld (which is due to charge
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separation). Hence we have

!2 = !2pd � !2Jd (4.52)

While in this limit the electrons and ions are supposed to be �xed in background thus

��ne = �ni = 0�. The gravitational condensation of dust particles in the limit Gm2
d=q

2
d < 1

is maintained by space charge electric �eld.

4.3 Electrostatic Mode in Self-Gravitating, Collisional

Dusty Plasma

We consider in this model the dust-ion collisions in dusty plasma comprising of electrons,

ion and dust particles. We consider the electrostatic waves only that propagates along x-axis

with wave period quite di¤erent from dust particle�s �uctuating charge time to ensure that

dust �uctuations are zero.

4.3.1 Fluid Model

The number density of the electrons is Boltzmann distributed given as

ne = ne0 exp

�
e�

kBTe

�
� (4.53)

The one dimensional (along x�axis) continuity equations and equations of motion for ion

and dust grains are
@ni
@t

+
@

@x
(nivi) = 0 (4.54)

@nd
@t

+
@

@x
(ndvd) = 0 (4.55)

@vi
@t
+ vi

@vi
@x

+
qi
mi

@�

@x
+
@ 

@x
+
v2Ti
ni

@ni
@x

+ �id (vi � vd) = 0 (4.56)

@vd
@t

+ vd
@vd
@x

+
qd
md

@�

@x
+
@ 

@x
+
v2Td
nd

@nd
@x

+ �di (vd � vi) = 0 (4.57)

Here

�di =
mini0
mdnd0

�id
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where n�, v�, q�, and m�, are the number density, velocity, charge and mass of the � specie

respectively, whereas �id, �di are the collisional frequency The electrostatic and gravitational

Poisson�s equations are
@2�

@x2
=
1

�0
(nee� niqi � ndqd) . (4.58)

@ 

@x2
= 4�G (mini +mdnd) (4.59)

respectively. We write here the perturbed as well as linearized set of equations: The linearized

electron number density is

ne1 = ne0

�
e�1
kBTe

�
. (4.60)

the perturbed ion and dust continuity equation are

@ni1
@t

+ ni0
@

@x
vi1 = 0 (4.61)

@nd1
@t

+ nd0
@

@x
vd1 = 0. (4.62)

respectively. While perturbed ion�s and dust grain�s equation of motion are

@vi1
@t

+
qi
mi

@�1
@x

+
@ 1
@x

+
v2Ti
ni

@ni1
@x

+ �id (vi1 � vd1) = 0. (4.63)

@vd1
@t

+
qd
md

@�1
@x

+
@ 1
@x

+
v2Td
nd0

@nd1
@x

+ �di (vd1 � vi1) = 0 (4.64)

respectively. The perturbed Poisson�s equations are,

@2�1
@x2

=
1

�0
(ne1e� ni1qi � ndqd) . (4.65)

@ 1
@x2

= 4�G (mini1 +mdnd1) (4.66)

All the perturbed quantities are assumed to be proportional to exp [i (kx� !t)]. Thus, the

ion continuity Eq. (4.61) and dust continuity Eq.(4.62), transforms as

�i!ni1 + ikni0vi1 = 0

�i!nd1 + iknd0vd1 = 0
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or

ni1 =
kni0
!

(4.67)

nd1 =
knd0
!

(4.68)

respectively. The momentum equation of ions and dust particles in Eq. (4.63) and (4.64),

respectively transforms to

�i!vi1 + ik
qi
mi

�1 + ik 1 + ik
v2Ti
nio

ni1 + �id (vi1 � vd1) = 0 (4.69)

�i!vd1 + ik
qd
md

�1 + ik 1 + ik
v2Td
nd0

nd1 + �di (vd1 � vi1) = 0 (4.70)

respectively. The electrostatic Poisson�s equation becomes,

�k2�1 =
1

�0

�
e2ne0
kBT

+ ni1e+ nd1qd

�

�1 =
1

k2�0

e2ne0
kBT

+
1

k2�0
(ni1e+ nd1q)�

1 +
1

k2�2De

�
� =

1

k2�0
(ni1e+ nd1qd) (4.71)

where �De =
p
e2ne0=kBT , is the electron Debye length. Let us suppose that

A =

�
1 +

1

k2�2De

��1
(4.72)

Substituting the ni1 and nd1 from Eq. (4.67) and (4.68) in Eq. (4.71), we get the following

equation

�1 =
A

k2�o

k

!
(niovi1qi0 + ni0vd1qd) (4.73)

The gravitational Poisson�s Eq. (4.66) transforms as,

�k2 1 = 4�G
k

!
(mi1ni0vi1 +mdnd0vd1) (4.74)
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Substituting the perturbed electrostatic and gravitational potential from Eq. (4.73) and

(4.74) into the ion�s equation of motion, Eq. (4.56), we get

�i!vi1 + �idvi1 +
ikqio
mi

�
A

�ok!
(ni0qi0vi1)

�
+
ikqio
mi

�
A

�0k!
(nd0qd0vd1)

�
+

ik

�
�4�G
k!

(mini0vi1)

�
+ ik

�
�4�G
k!

(mdnd0vd1)

�
+
ikv2Ti
nd0

k

!
ne0vi1 � �idvd1 = 0 (4.75)

Multiplying with (i!) and simplifying the Eq. (4.75), we get the following result,

[! (! + i�id)� A
q2i0ni0
�omi

+ 4�Gmini0 � k2v2Ti]vi1 = �
�
�Aqi0nd0

mi�0
qd + 4�Gmdnd0 � i!�id

�
vd1

here we de�ne plasma and Jeans frequency as:
p
q2i0ni0=�0mi = !pi and

p
4�Gmini0 = !Ji

respectively. Thus,

�
!(! + i�id)� A!2pi + !2Ji � k2v2Ti

�
vi1 =

�
A
qi0qd
�omi

� !2Jd + i!�id

�
vd1 (4.76)

Now substituting Eq. (4.73) and (4.74) into the dust equation of motion, i.e., Eq. (4.57),

(! + i�di)� k
qd
md

�
A

�ok!
nd0qdvd1

�
� k

qd
md

�
Ani0qi0
�ok!

�
vi1 � k

�
�4�G
k!

mdnd0vd1

�
�

k

�
�4�G
k!

mini0vi1

�
� k2

!

v2Td
nd0

nd0vd1 � ivd1vi1 = 0 (4.77)

Multiplying Eq. (4.77) with �!�

�
! (! + i�di)� A

q2dnd0
�omd

+ 4�Gmdnd0 � k2v2Td

�
vd1 = �

�
�Aqdqionio

md�o
+ 4�Gminio � i!vd1

�
vi1

where,

�di =
minio
mdndo

�id

It implies that,

�
!

�
! + i�id

4�Gminio
4�Gmdndo

�
� A!2pd + !2Jd � k2v2Td

�
vd1 =

�
A
vdoqionio
�omd

� !2Ji + i!�id
!2Ji
!2Jd

�
vi1
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or

�
!

�
! + i!�id

!2ji
!2Jd

�
� k2v2Td + !2Jd � A!2pd

�
vd1 =

�
A!2pi

qd
qi0

mi

md

� !2Ji + i!�id
!Ji
!2Jd

�
vi1

(4.78)

Comparing Eq (4.76) and Eq. (4.78), we get

�
!

�
! + ivid

!2Ji
!2Jd

�
� k2v2Td + !2Jd � A!2pd

�
�
�
! (! + i�id)� k2v2Ti + !2Ji � A!2pd

�
=

�
A
qi0qdnd0
�omi

� !2Jd + i!�id

�
�
�
A!2pi

qd
qi0

mi

md

� !2Jd + i!�id
!2Ji
!2Jd

�
(4.79)

Simplifying the right hand side of Eq. (4.79) as follow :

A2!2pi
q2dondo
�omd

+ !2Ji!
2
Jd + (i!�id)

2

�
!Ji
!Jd

�2
� A!2Ji

qioqdondo
�omi

� A!2pi!
2
Jd

qdo
qio

mi

md

+

A
qi0qdnd0
�omi

(i!�id)
!2Ji
!2Jd

+ A!2pi
qdomi

qiomd

(i!�id)� i!�id!
2
Ji � i!�id!

2
Ji

It implies that,

A2!2pi!
2
pd + !2Jd!

2
Ji +

�
!i�id

!Ji
!Jd

�2
� 2i!�id!2Ji � A!Ji

s
4�Gnd0md

q2dnd0
�omd

q2i0ni0
�omi

�

A!pi!Jd

s
4�q2i0ni0
�omi

Gmdnd0
q2d0m

2
i

q2i0m
2
d

+ A
!Ji
!Jd

i!�id

s
4�Gmini0
4�Gmdnd0

� q2i0q
2
dn

2
d0

�om2
i

+

A!pii!�id

s
q2d0m

2
i

q2i0m
2
d

� 4�q
2
i0ni0
mi

,

or

A2!2pi!
2
pd + !2Jd!

2
Ji +

�
!i�id

!Ji
!Jd

�2
� 2i!�id!2Ji � A (!Ji!Jd!pi!pd + !Ji!Jd!pi!pd)+

A

�
i!�id!pi!pd

!Ji
!Jd

+ i!�id!pi!pd
!Ji
!Jd

�
,

Thus
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(A!pi!pd)
2 + (!Ji!Jd)

2 +

�
!i�id

!Ji
!Jd

�2
� 2i!vid!2Ji � 2A!Ji!Ji!pi!pd + 2Ai!�id!pi!pd

!Ji
!Jd

=

�
A!pi!pd � !Ji!Jd + i!�id

!Ji
!Jd

�2
, (4.80)

So, we have the desired dispersion relation for self-gravitating dusty plasma with dust-ion

collisions, as

�
!

�
! + i�id

!2Ji
!2Jd

�
� k2v2Td + !2Jd � A!2pd

�
�
�
! (! + i�id)� k2v2Ti + !2Ji � A!2pd

�
=

�
A!pi!pd � !Ji!Jd + i!�id

!Ji
!Jd

�2
,

4.4 Multi-�uid Theory for Jeans Type Instability

The collapse of interstellar gas clouds and subsequent formation of stars and planetesimals

is caused by the �Jeans instability�in the interstellar space [34]. In astrophysical plasmas,

Jeans instability is produced due to the e¤ects of self-gravitating force [27]. In dusty plasma

consisting of plasma species (electrons and ions) and heavy dust particles, the mass density

is mainly due to the dust particles. The total pressure is written as the sum of pressures of

both plasma specie. And the dust-acoustic waves establish a potential for Jeans instability

same as sound waves in usual electron-ion plasma. In the present model, we consider high

charging of dust particles, which is �uctuating due to electron-ion currents reaching the dust

particle surface in dusty plasma. We also consider that there is an attractive force between

overlapping Deby spheres [35] of the two separate dust charges of the same polarity due to

electrostatic energy. The equilibrium is established, when this electrostatic energy balances

the self-gravitational forces. The equilibrium gravitational potential is given as,

�go =
z2d0e

2

mdd
exp

�
� d

�D

��
1� d

2�D

�

here zd0, e, md, and d are the dust charge number at equilibrium, electronic charge, mass of

dust particle and separation distance between dust particles.
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4.4.1 Fluid Model

The set of �uid equations governing the dynamics of Dust-acoustic perturbation are given

as follow : The perturbed number densities of Boltzmann distributed electron and ions are

given as

ne1 = ne0

�
e�

Te

�
� (4.81)

ni1 = ni0

�
�e�
Ti

�
� (4.82)

respectively, which are derived from

ne;i = ne0;i0 exp

�
� e�

Te;i

�
�

where ne0 (ni0) is the equilibrium electron (ion) number density, Te (Ti) is the electron (ion)

temperature, � is the electrostatic potential of the dust-acoustic perturbations. The lin-

earized continuity equation for dust particles is

@nd1
@t

+ nd0r:vd = 0� (4.83)

and the dust momentum equation is

�
@

@t
+ �d

�
vd =

Zd0e

md

r�� 3V
2
Td

nd0
rnd1 �r 1 +

rU
md

� (4.84)

where n�1 (� n�0) is a small density perturbation (� stands for electrons "e" and ions "i"

and dust particles "d"), �d is the dust-neutral collision frequency, vd is the dust �uid velocity,

VTd is the dust thermal speed,  is the gravitational potential. The gravitational Poisson�s

equation is given as

r2 1 = 4�Gmdnd1� (4.85)

where G is the gravitational constant and md is the dust mass. The perturbed interaction

potential energy between two dust grains is given as

U � 2Zd0Zd1e
2

d
exp

�
� d

�D

��
1� d

2�D

�
� (4.86)
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where Zd1 is a small perturbation in the equilibrium dust charge, �D = �Di�De=
p
�2Di + �2De

is the e¤ective Debye length of the dusty plasma and �Di, �De are the ion and electron Debye

lengths respectively. The quasi-neutrality condition is

ne1 � ni1 + Zdond1 + Zd1nd0 = 0� (4.87)

here substituting ne1, ni1 and Zd1, we get

1

4�

�
4�ne0e

2

Te
+
4�ni0e

2

Ti

�
�+ nd0rd

v2
v1
� = �Zd0end1�

or �
1 + 4�nd0rd�

2
D

v2
v1

�
� = �4�Zd0e�2Dnd1�

or

� = �4�Zd0e�2D (1 + f)
�1 nd1� (4.88)

where f = 4�nd0rd�
2
D�2=�1 is related with the dust charge perturbation. The perturbed dust

charge is given as,

Zd1 = (rd�2=e�1)�� (4.89)

The Eq. (4.86) now can be written as

U � 2Zd0e
2

d
exp

�
� d

�D

��
1� d

2�D

��
rd�2
e�1

�
� (4.90)

This relation has been derived by using current balance equation

@qd
@t
+ vd

@qd
@z

= Ie + Ii� (4.91)

where Ie (Ii) is the electron (ion) current onto the grain surface

Ie = ��er2dne (�)
r
8kBTe
�me

exp

�
eV

kBTe

�
�

Ii = �er2dni (�)

r
8kBTi
�mi

exp

�
1� eV

kBTi

�
� (4.92)

here V = qd=4��0rd is the grain surface potential. The perturbed dust charge is found in the

same way as derived in section [3.3.2]. The right hand side of dust momentum equation shows
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that various forces are acting on the dust �uid. The �rst term corresponds to the electrostatic

forces, the second term represents the dust pressure gradient, while third term arises due to

self-gravitational force and the last term due to electrostatic energy. The attractive force is

due to the sum of the electrostatic energies of the electron�s and ion�s Debye spheres and the

overlapping dust Debye sphere.

4.4.2 Dispersion Relation

Now we take Fourier transform of set of dust �uid equations and simplify these equations as

follow: Fourier transform of continuity equation of dust particles is,

(�i!)nd1 + nd0 (ik) vd = 0� (4.93)

or

!nd1 = nd0kvd� (4.94)

Fourier transform of dust momentum and gravitational Poisson�s equation is :

((�i!) + �d) vd =
Zd0e

md

(ik)�� 3V
2
Td

nd0
(ik)nd1 � (ik) 1 +

(ik)U

md

� (4.95)

 1 =
�4�Gmdnd1

k2
� (4.96)

respectively. Substituting the interaction energy and dust charge perturbation from Eqs.

(4.90) and (4.96) into Eq. (4.95), we get

(! + i�d) vd =
k

(1 + f)

�
4�Z2d0e

2�2D
md

�
nd1 +

3V 2
Tdk

nd0
nd1 � k

�
4�Gmdnd1

k2

�
+

k

md

�
2Zd0e

2

d
exp

�
�d
�D

��
1� d

2�D

�
rd�2
�1

�
4�Zd0e�

2
D

1 + f

��
nd1� (4.97)

Since �d = !nd1=nd0k, after simplifying the Eq. (4.97), we get

! (! + i�d) =
k2!2pd�

2
D

(1 + f)
+ 3V 2

Tdk
2n� 
2J +

 
2k2!2pd�

2
D

1 + f

!

� exp
�
�d
�D

��
1� d

2�D

�
rd�2
�1d

� (4.98)
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where !pd =
p
4�Z2d0e

2nd0=md, is the dust plasma frequency and 
J =
p
4�Gmdnd0 is the

Jeans frequency. Let CDP = !pd�D (1 + f)
�1, thus the �nal dispersion relation is

! (! + i�d) = k2C2DP + 3V
2
Tdk

2 � 
J +
�
2k2C2DP

rd
d

�2
�1

�

exp

�
�d
�D

��
1� d

2�D

�
� (4.99)

where ! and k are the frequency and the wavenumbers. Rearranging the above dispersion

relation and writing in quadratic form as follow

!2 + i�d! + 
J � k2C2DP

�
1 +

2rd
d

�2
�1
exp

�
�d
�D

��
� 3k2V 2

td+

k2C2DP
rd
�D

�2
�1
exp

�
�d
�D

�
= 0�

Let V = [CDP [1 + (2rd�2=�1) exp (�d=�D)] + 3kV 2
Td]

1=2 and S = rd�2=�1�D exp (�d=�D),

thus

!2 + i�d! + 
J � V 2k2 + k2C2DPS = 0� (4.100)

The solution of Eq. (4.100) is

! = �i�d
2
� i

2

q
4
2 + 4SC2DPk

2 � 4k2V 2 + v2d� (4.101)

The Jeans instability occurs if

4
2 + 4SC2DPk
2 > 4k2V 2 � v2d� (4.102)

The maximum growth rate is


 =
q

2 + SC2DPk

2� (4.103)

shows that the Jeans instability increases with dust grains attraction. From above equations

it is clear that the induced Jeans instability due the grain attraction is dominant for the limit

Sk2C2Dp > 

2
J .
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4.5 Summary

In this chapter, we have reviewed the research work of Pandey et. al [18], Verheest et al.

[21], Jacobs et. al [24] and Shukla et al. [27]. In [18], we have reviewed the linear instability

analysis only and found the dispersion relation for Jeans instability for limit Gm2
d=q

2
d � 0,

showing that dust grains are much heavier. Also discussed the linear dispersion relation for

low-frequency case, and considered the electron and ions as Boltzmannian. In reference [21],

we have re-derived the linear dispersion relation, for cold multi-ionic species in the presence

of mutual e¤ects of self-gravitational and electrostatic forces in dusty plasma. Dispersion

relation for the hydrogen plasma is derived for single ion plasma. The general dispersion

relation for collisional (dust-ion collisions only), low frequency dusty plasma for electrostatic

case has been rederived [24]. New dispersion relation for dusty plasma by taking into account

the electrostatic energy and self-gravitational e¤ect has been rederived. They found that the

electrostatic force assists the Jeans instability and makes the system further unstable. They

also found that in the presence of electrostatic force, the system becomes unstable even if

there is no self-gravitational e¤ects in dusty plasma.
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