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Abstract

In this dissertation, a review of some electrostatic modes in self-gravitating dusty plasma is
carried out. First of all the basic norma modes (dust-acoustic wave (DAW) and dust-ion-
acoustic wave (DIAW)), in unmagnetized and collisionless dusty plasma are discussed.

The electrostatic waves with fluctuating dust charge and self-gravitational effects are
considered in a dense dusty plasma. The self-gravitational attraction arises due to massive
dust particles and leads to Jeans type instability. This Jeans instability is discussed for
tenuous (low density dust), dilute (medium density dust) and dense (high density) regimes
that corresponds to dust-acoustic wave (DAW), dust charge density wave (DCDW) and dust
coulomb wave (DCW), respectively. A review of general dispersion relation for electrostatic
dust waves for multi-ion system is carried out. The linear instability of dusty plasma is
discussed for electrostatic case with limit Gm3/q5 ~ 0. The dispersion relation of self-
gravitating, collisional (dust-ion collision only) dusty plasmais aso reviewed.

A new dispersion relation is re-derived considering the attractive forces among the dust
particles and concluded that the attraction among the charge particles could be the cause of
collapse of astrophysical bodies and hence leads to the formation of stars and planets in dusty
plasma.

Vii



Contents

1

2

Introduction 3
1.1 Characteristics and Parameters of Dusty Plasma . . . . . . ... .. ... .. 4
1.2 Wave Instabilities in Dusty Plasma . . . . . ... ... ... ... ... ... )
1.3 Self-Gravitation . . . . . . .. ..o 6
1.4 Effects of Self-Gravitation in Dusty Plasma . . . . . . .. ... .. ... ... 6
1.5 Review of Research Work on Dusty Plasma . . . . . .. ... ... ... ... 6
1.6 Motivation . . . . . . . . Lo e 7
1.7 Layout of Dissertation . . . . .. .. .. .. ... ... ... .. 8
Wave Phenonmena in Dusty Plasma 9
2.1 Imtroduction . . . . . . . .. 9
2.2 Waves in Dusty Plasma . . . . . . . .. ... ... . 0oL 9

2.2.1 Dust Acoustic Waves . . . . . . .. ... 9

2.2.2 Dust Ion Acoustic Waves . . . . . . . .. ... L. 14
2.3 Self-Gravitation in Dusty Plasma . . . . . . .. .. .. ... ... ...... 17

2.3.1 Introduction . . . . . . . .. Lo 17

2.3.2 Fluid Model . . . . . . . o o 18

2.3.3 Dispersion Relation . . . . . . . ... ... o o L 18

2.3.4 Jeans Instability . . . ... ... oo 19
24 Summary .. oL ..o e e e 20
Dust Wave Modes in Self-Gravitating Dense Dusty Plasma 21
3.1 Imtroduction . . . . . . . . .. 21
3.2 Self-Gravitating Dusty Plasma . . . . . . . . ... ... ... .. ... 21
3.3 Electrostatic Modes in Dense Dusty Plasma . . . . . . ... ... ... ... 24



3.3.1 Perturbed Dust Number Density . . . . .. ... ... ... ..... 25

3.3.2  Dust Charge Fluctuation . . . . . . ... ... ... ... .. ..... 26
3.3.3 Dispersion Relation . . . . . . ... ... oo 28
3.3.4 Discussion on Jeans Type Instability . . . . .. ... ... ... ... 29
3.3.5 Critical Wavenumber “k.” . . . .. .. ... ... ... ....... 32
3.4 Summary ... ... e e e e 34
Electrostatic Dust Modes in Dusty Plasma 35
4.1 Self-Gravitational Effect in Multi-Ion System . . . . . . ... ... ... ... 35
4.1.1 Model Equations . . . . . .. .. . o 35
4.1.2 Dispersion Relation . . . . . . . ... .. oo 38
4.1.3 Self-gravitational Effects in Dusty Plasma . . . . . . ... ... ... 40
4.2 Linear Instability of Dusty Plasma . . . . . . .. ... ... ... ...... 41
421 Fluid Model . . . . . . . . .. 41
4.2.2 Dispersion Relation . . . . . . . . ... oo 43
4.3 Electrostatic Mode in Self-Gravitating, Collisional Dusty Plasma . . . . . . . 46
4.3.1 Fluid Model . . . . . . . . .. 46
4.4  Multi-fluid Theory for Jeans Type Instability . . . . . . . ... ... ... .. 51
4.4.1 Fluid Model . . . . . . . . ... . 52
4.4.2 Dispersion Relation . . . . . . . ... ... ... L0 54
4.5 Summary ... oL e e e e 56



Chapter 1

Introduction

Dusty plasmas have been, extensively investigated at the end of nineteenth century. The
charged dust particles and plasma are the two components of the Universe that are present
everywhere. The dust particles in the plasma give rise to new characteristic features for the
research interest. The properties of the dusty plasma are entirely different from ordinary
plasma with multi-ionic species. An interesting feature of the dusty plasma is formation of
plasma crystals, i.e., it can form crystals, when particles arranged in an ordered form [1, 2.
The dusty plasma is present in our solar system such as in circumsolar dust rings, in asteroids
(a space object made up of dust and plasma that orbits the Sun in the space between Mars
and Jupiter), in comets (a huge ball of frozen gases and dust orbiting around the Sun),
in space between the planets, interstellar clouds, and in circumstellar disks, in noctilucent
clouds, in light coming from clouds to the ground including air polluted with smoke during
thunderstorm, and in the flame of candle [3, 4]. The space between stars is called interstellar
space. This space is occupied completely with dust particles and frozen gases. The large
molecular clouds collide with each other due to gravitational forces and cause the formation
of new stars. The charged dust grains are also present in interplanetary medium. The space
between planets is filled with dust, whose presence was indicated from the zodiacal light.
The dust particles in the inner solar system are dominantly due to the asteroid belt (a wide

band of asteroid orbiting the Sun between the Mars and Jupiter ).



1.1 Characteristics and Parameters of Dusty Plasma

The neutral dust particles when covered completely in an ordinary plasma, they get electri-
cally charged [3, 5|. In dusty plasma, the plasma species (electrons and ions) can recombine.
While sometimes electrons are emitted by dust particles through thermionic or secondary
electron emission. This influences the ionization balance of plasma [6]. The dust grains size
ranges from nano- to -micronmetre and the dust charging could be a thousand electron. The
grains are assumed to have equal radius with same charges. The basic processes of dust
grains charging mainly depend on the environment around the dust grains.

The dust grains are charged by the electrons and ions flowing onto their surfaces. The
dust particles absorbed in a gaseous plasma are generally negatively charged. The energetic
electrons or ions are either reflected by the dust particulates or they pass through the dust
material when they interact with dust particle surface. In this interaction they may lose their
energy partly or fully. This energy can excite other electrons that may cause them to leave the
material and are named as Secondary-Electrons. The emission of secondary electrons from
the dust particles, make the particle surface positive. The photons incident onto the dust
grain surface give rise to the Photo-Emission of electrons from the dust particle surface. Due
to emission of photoelectrons, the dust particles gain positive charge. The emitted electrons
interact with other dust particles and are absorbed by a number of dust particles, which may
become negatively charged [7]. Other charging processes are field emission, ultra-violet ray
irradiation, radioactivity, impact ionization etc. (Feuerbacher et al., 1973; Fechting et al.,
1979; Whipple et al., 1985; Havnesetal., 1987) [8].

The charge neutrality condition (when there are no external perturbations), is given as
azZgNgo + Neo = Nig (1.1)

here o = 1 or —1, for negative or positive charged dust particle respectively. In Eq. (1) z,4 is
total number of charges accumulated on the dust particle surface.

The effective Debye length in dusty plasma is given as

\p = _ Apedpi (1.2)

V )\%e + A%)z

where Ap. and Ap; are the Debye lengths of the electron and ions respectively.



The dust plasma frequency is defined as

4q?n
pa = 1| 0 (13)

where qq0, n40 and my are the equilibrium dust charge, number density and mass respectively.

The length scale parameters for the dusty plasma are the radius of the dust particle, the
average distance between the dust particles and the effective Debye length, denoted by “R”,
“d” and “Ap” respectively. Here the dust particle size is smaller than the other two scale
lengths. Now if the dust particles are arranged so that R < A\p < d 7 then each particle is
surrounded by the electrons and form a Debye shielding. In other case when “R < d < \p”,
the distance between dust particles is less than the effective Debye length. In this region

heavy charged dust particles play role in the collective behavior [7].

1.2 Wave Instabilities in Dusty Plasma

Since the wave is defined as periodic motion, so the change in distribution of kinetic and
potential energy in any medium can also be termed as wave.

In dusty plasma, the dust particles introduces new kind of instabilities. The dust parti-
cles bears many forces like gravitational force, electrostatic and electromagnetic forces, and
pressure gradients etc. These forces are the sources of free energy to cause different sort of
instabilities in space dusty plasma. Instabilities in dusty plasma varies with respect to space
or time. Thus, there is a strong relationship between wave frequency w and wave vector £k,
showing that perturbation belong to free energy (kinetic energy of the particle transferred
to the perturbation fields) of the system. Any perturbation in the system changes the quasi-
neutrality condition and the space plasmas does not remain at thermodynamic equilibrium.
This variation decreases the free energy.

The frequency and wave vector can be written as in term of real and imaginary parts,
ie, w = w, +iw;, and k = k, + ik;, respectively. The imaginary part of the frequency w;
represents the damping or growth rate of instabilities. The increase in free energy increases
the value of w; form negative to a limit when w; = 0, is reached. This is the limit of threshold
for instability. This shows that the further increase in free energy at particular wave vector

makes the imaginary part of frequency w; positive and hence the wave grows. The dispersion



relation changes to the cold plasma case when the free energy is increased to a range where

maximum growth rate reaches. This regime is taken as a fluid instability.

1.3 Self-Gravitation

In dusty plasma with heavy dust particles, the gravitational interaction among dust particles
come into play on the same footing as the electrostatic forces behave. This gravitational

interaction among dust particles is termed as Self-Gravitation.

1.4 Effects of Self-Gravitation in Dusty Plasma

The gravitational instability of an infinite homogenous medium was first considered by Sir
James Jeans [9, 10]. It is a facts that the formation of stars is due to the gravitational
collapse of dust particles and the clouds of interstellar gas. The interstellar radiations and
other processes ionizes the gas clouds. Thus, due to interstellar gaseous cloud-cloud collisions,
stars or stellar clusters are formed. In these collisions a gaseous slab is shaped with shock
fronts propagating away from the collision boundary. These gaseous slab increase in mass
and become unstable against gravitational instability, which results in fragmentation of these
slabs. Thus, these fragments collapse further and results in stars or stellar clumps [11].
Mainly the Jeans Instability of self-gravitating interstellar gaseous cloud is supposed to be

the cause of formation of stars.

1.5 Review of Research Work on Dusty Plasma

Here only that research work is summarized that is related to the rest analysis of this disser-
tation.

In 1985 Bliokh et al. [12], had investigated the electrostatic waves in Saturn’s rings. In
1988 Havnes [13], discovered the relative drift between the solar wind and dust particles. In
1990 Rao et al. [14], had discussed the low frequency "dust acoustic wave" in unmagnetized,
collisionless dusty plasma with Boltzmann distributed electrons and ions. In 1992 Shukla [15]
had investigated the linear electrostatic and electromagnetic waves in low frequency regime.
In 1992 Shukla et al. [16], investigated another normal dust mode i.e., "dust ion acoustic

wave" arising due to depletion of electrons and immobile dust particles with high charge.
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In 1993 Melando et al. [17], had first time properly discussed the effect of fluctuation
of dust particle’s charge on collective behavior in dusty plasma. In 1994 Pandey et al.
[18], discussed the linear and nonlinear effects of Jeans instability in dusty plasma. In 1995
Barken et al. [19], had presented the laboratory results of the instabilities of dust acoustic
modes. In 1996 Pandey et al. [20], has investigated the self-gravitational instabilities by
considering the dynamics of ionic specie as well. In 1997 Verheest et al. [21], had pointed
out that work of Pandey et. al [20], is erroneous, because there is no need to consider the
ion dynamics in comparison to heavy dust particles. They also have found the dispersion
relation for dust acoustic and dust ion acoustic waves in self-gravitating dusty plasma with
fluctuating dust charge. In 1998 Mammun et al. [22], had described the ultra-low frequency
waves of electrostatic dust modes in inhomogeneous, magnetized dusty plasma including
self-gravitation.

In 2000 Rao et al. [23], had investigated the effects of dust charge fluctuations and self-
gravitation on electrostatic dust waves in dense dusty plasma. They had also discussed the
Jeans instability for different density regimes. In 2002 Jacobi et al. [24], had represented
the effects of self-gravitation and collisions (among dust particles and ions) on low frequency,
electrostatic waves in dusty plasma. In 2004 Misra et al. [25], had discussed the linear
electrostatic dust modes in collisional, self-gravitating dusty plasma with different charge
impurities. In 2005 Delzanno et al. [26], had considered the Lennard Jones potential in a
model of collisionless dusty plasma. In 2006 Shukla et al. [27] have investigated the Jeans
type instability due to an attractive forces among charged particles in self-gravitating dusty

plasma.

1.6 Motivation

Dusty plasma is the rapidly growing field of research and it provides a rapid development
in plasma technology. In the beginning, the main focus of research was on the study of
characteristics of isolated dust particle e.g., the charging processes, creation of dust particles,
shielding of charges and drag forces etc. were investigated. These processes alongwith some
other studies provide the information about the field of gravito-electrodynamics.

The recent research interests are the study of collective processes in dusty plasma. Among

these processes, the waves propagating under different conditions and corresponding insta-



bilities are much focused. Different types of new dust modes are investigated for collective
dynamics of electrons, ions and the charged as well as neutral dust particles. Self-gravitational
forces appearing due to attraction among heavy dust particles, is the basic source of forma-
tion of stars, planets etc. Thus, the processes of formation astrophysical bodies is the rapidly
developing research field.

The growing research interest in studying dusty plasma provides great motivation to

study different processes in dusty plasma.

1.7 Layout of Dissertation

The dissertation is arranged in the following fashion: The first Chapter contains a brief
introduction to dusty plasma, its parameters and characteristics, self-gravitation and the
Jeans instability and review of research work on instabilities in dusty plasma.

In Chapter 2, some waves in dusty plasma namely the “dust-acoustic wave” and “dust-ion
acoustic wave” are discussed. In last section the introduction to self-gravitation and Jeans
instability is presented.

In Chapter 3, the dense dusty plasma is considered. Firstly a fluid model is discussed,
which carries constant dust charge. Then in next section, new dust wave mode, i.e., ‘dust-
coulomb wave’ is discussed, which arise due to self-gravitation and fluctuation of dust particle
charge in dense dusty plasma. The Jeans type instability and critical wavelengths for different
density regime are also discussed.

The last Chapter 4, deals with the dispersion relations, derived for different cases. A
general formalism is described for self-gravitating dusty plasma with more than one ionic
specie. Then in next section, linear Jeans instability is described for heavy dust particles
obeying the condition Gm?2/q% ~ 0, and is then discussed for various limits. In the last
section, takes into account the electrostatic energy in addition to self-gravitation and dust

charge fluctuation.



Chapter 2

Wave Phenonmena in Dusty Plasma

2.1 Introduction

In this chapter we shall discuss the physics of “waves in dusty plasma” and derive linear
dispersion relations. The introduction to the phenomena of self-gravitation in dusty plasma
is also discussed. We consider here dusty plasma consisting of electrons, ions and negatively

charged dust grains.

2.2 Waves in Dusty Plasma

In dusty plasma, the dust particles are charged, it sustains wave modes in the same way
as an electron-ion plasma supports ion-acoustic waves [28]. There are two kind of waves
in dusty plasma. These wave mechanisms arising due to dust dynamics, have been widely
studied theoretically as well as experimentally. First type of electrostatic waves called the
“Dust—Acoustic Wave” was theoretically discussed by Rao et al, [14]. The second type of
wave was discussed by Shukla et al., [16] and named it the “Dust-Ion—Acoustic Wave”. Both

the dust-acoustic and dust-ion-acoustic waves have been detected in laboratory as well [29].

2.2.1 Dust Acoustic Waves

In dust-acoustic wave, the dust particles are mobile and these are compressional waves in
which disturbance propagates through the dust layers [30, 28]. For this mode, we consider
collisionless, unmagnetized dusty plasma [7, 29].

The Dust-Acoustic wave is very low frequency wave with frequencies of the order of the



dust plasma frequency wpq (: VAT, Ga0 /md) [30]. This frequency is much less than the

electron (wp.) and ion (w,;) plasma frequency due to high dust mass [30]. The phase velocity
of the dust-acoustic waves is smaller than both the electron and ion thermal velocities [7].
Thus, in Dust-Acoustic waves, the dust grains provide the inertia which is balanced by the

restoring force of the pressures of Boltzmannen-distributed electrons and ions.

Fluid Equations

The electron and ion have small mass as compared to the mass of dust particle, thus we
call these species as inertialess. These inertialess species maintain equilibrium in the dust-
acoustic wave potential “¢”. When we ignore the inertia of electrons and ions, then electric
force is balanced by the pressure gradient and hence the number densities of electron and

ion are given by Boltzmann type distribution, [14] as,

Ne = Ny €XP <kZ§ ) (2.1)

—e¢
n; = Ny €X 2.2
o (757 (2:2)
respectively. Here neg (ni0), Te (T;) are the equilibrium number densities and temperature of
electrons (ions), ¢ is the electrostatic potential, and e is the electronic charge. The dust fluid

equations consist of continuity equation,

0
a(nd) + V~(ndvd) =0 (23)
and momentum equation given by
0
mang a + Vd'V Vg = qdndE — Vpd (24)

where my, mng, Vg, qa(= —ez4), are mass, number density, velocity, and charge of dust
particles respectively. While E and Vp, are the electric field and dust pressure gradient,
respectively. Here the electrostatic waves propagate along the z—axis. We replace "E” by

(=0, @) and "pg" by (ngkpTy), thus after simplification, we get

el - —_ e - — 2.5
ot + v 0x? va mg O mang Ox i (2:5)

(8 82) qd 0 _kBTd 0
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To close the set of fluid equations, the Poisson’s equation is given by,

2

@425: 4T (ene — en; — qanq) (2.6)

Now we first separate the dependant variables into equilibrium and perturbed parts denoted

by subscripts "0" and "1" respectively,
Ne = Neo + Ne1, M = Njo + N1,  Ng = Nao + Nd1 , Vd = Vdo + Va,

here equilibrium parts represent the plasma parameters without oscillations. Then, after
linearization, we get the simplified equations. By linearization we mean that the amplitude of
oscillations is so small that the terms with higher power of amplitude can be ignored. Hence,
we get the set of equations: For ¢ < kpT,;/e, the exponential factor “exp (£e¢/kpT.;)” in

the electron and ion number densities are,

2
ep, edy
14+
FoTon <kBTe,z-) "

Nei = Ne0,i0

Therefore, the first order perturbed electron and ion number densities are,

ep,

Nel = neOE (2.7)
e
ni = —nioﬁ (2.8)

The linearized dust continuity equation can be written as,

0 0

el —vq =0 2.9
g1t a5V (2.9)
and dust momentum equation
0 qa 3kBTd 0
—Uy = ——¢p— —n
ot ! my Mandgo Ox dl

For one dimensional case, myV,2/2 = kgTy/2, where Ty is the dust temperature

0 qa O 3V2 0
gy = -t Ty 2Tt 7 2.1
8tvdl mg 0T Ngo OT i (2.10)

11



Assuming all the perturbed quantities are proportional to exp [—i (wt — kx)], the Egs. (2.9)
and (2.10) yields the following result,

—iwndl + ndoik Vg1 = 0 (211)
3V2

—iwvdl = —Zk’2¢—2k Tdndl (212)
mq Tdo

Solving Egs. (2.11) and (2.12), we obtain

k2
gy = —doddo (2.13)

Ma(w2-3k2V2)
Now writing perturbed form of Poisson’s equation as,

62
@th: Ar (ener — eniy — qaonar) (2.14)
Dispersion Relation

Substituting the values of n.;, n; from equations (2.7) and (2.8), we get

0? 4 egb egb
@Qﬁl— e neOE —€ —nm@ — qdNa1

After rearranging the terms, we get

2 2

¢, =4 —
=47 | neg—— + nip——
! “kpT. kT,

82

da?

) ¢ — 4mqana (2.15)

Now defining Debye lengths of electron and ions as, Ap. = \/4mnee?/kpgT, and A\p; =

Amne?/kpT;, we get

4 e? 4 e? 1 . 1
N0 ™Mo = 5 + 5 = 5
“kpT, “kpT, XL, AL D

Where \p is the effective Debye length. Now replacing the )\52 = k%, the Eq. (2.15) becomes

62

@le =k} ¢ — 47qana

12



Now taking Fourier transform, we get

—k*¢1 = ko, — dmqana

or

(k2 —+ k2D) ¢1 = 4’/qu’rld1

Substituting ng; from Eq. (2.13), in the above equation and replacing k% = )\52 and then

multiplying with \7,, we get the dispersion relation for Dust-Acoustic wave as:

2,2 )2
k*wsa A

2 27,2
= 3K2VE 4 2D
N TR

we can write wygAp = Cpa, representing speed of Dust-Acoustic wave. Finally, we obtain

the following dispersion relation for the dust-acoustic wave,

k*C% ,

2 2772
= 3K2V2 4 DA
. @Rz

Limiting Cases

For cold plasma i.e., w/k > Vpgand in long-wavelength limit i.e., k?A}, < 1, Eq.

takes the following result,

w = kwpaAp

Substituting the values of Ap and w4, we get

N|=

w==k

422 e*ngg |:47T€2 {nio Neo H -

mq k'B f Te

or

N[

Ngo | Mo Tineo -
=k — 1
“ =0 mg |:kBTi { * Tengo H

(2.16)

(2.16)

Using charge neutrality condition, we can write "n.o/nio = 1 — zgonao/nio" for negatively

charged dust grains. Thus, substituting this in above dispersion relation, we get

1
w1 N0 kBT {1_1_2(1_2610%0)} 2
150 mq Te 10

13

(2.17)



Phase Velocity of Dust-Acoustic waves

From this equation we can found the phase velocity of the Dust-Acoustic waves if we know

the plasma and dust parameters T,, T;, n;o, and ng49, 240,

W nao [kgT; T; ZdoMdo -
V,=—= 1+—1(1-
P k 4z mq [ * Te < o )]

N

2.2.2 Dust Ion Acoustic Waves

Shukla et al. [16] have discussed dust-ion acoustic waves in dusty plasma. In the Dust-
Ion acoustic waves, the dust particles are considered to be stationary, but the dust grain
influences the wave propagation. The influence of the dust is that it reduces the electron
number density because a fraction of electrons, sticks to the surface of dust particles. The
wave frequency is of the order of the ion plasma frequency w,, which is greater than dust
plasma frequency [30]. In this case, the phase velocity of the Dust-Ion acoustic waves is
much greater than the thermal velocity of the ions and dust particles i.e., w/k > Vi, Vi
Whereas, the electrons thermal velocity is much greater than the phase velocity of Dust-Ion-
acoustic wave, [7]. The “ion-acoustic wave” can still exists even when the electron and ion

temperatures are equal.

Fluid Model for Immobile Dust Particles

The electrons number density here obey Boltzmann distribution as given by Eq. (2.7). The
set of one dimensional equations for dust ion acoustic waves with immobile dust particles

consist of the ion continuity equation,

+ — (nv;)) =0
ot 8x< i)
the ion momentum equation,
81)2‘ 0
mmzﬁ enio ks 8_xpz

and the Poisson’s equation,

82

%gb: 47 (en. — en;)

14



These equations differs from that described for dust acoustic waves in this aspect that the
kinetic pressure of ions and perturbed dust number density, both are neglected [30]. The

dust particles contributions is described only by quasineutrality equation,

N0 = Nep + 2dNdo

Dispersion Relation

From above fluid equations the perturbed ion number density, after Fourier transformation,

is evaluated to be,

After taking Fourier transform of Poisson’s equation and substituting the perturbed electron

and ion number densities, the dispersion relation comes out to be

2 szn‘kz/\%e N0 ( k? ) kT,

T4 k2)3,. " o \1+ k2N, ) mi

where w,; = \/4me2n;o/m;, and A\p. = \/kpT./4me*n.y, are the ion plasma frequency and

electrons Debye length, respectively. This dispersion relation is same as that for ion acoustic

waves with additional term n;g/neo > 1.

Fluid Model for Mobile Dust Particle

The electrons number density here obey Boltzmann distribution as given by Eq. (2.7). The

ion number density is found from perturbed continuity equation [7],

87%’1 0
i0—7Vi1 = 2.1
ot +n oaxv 1 0 ( 8)
and momentum equation for ions
8vi 0
mmioa—tl = enoby — %pn (2~19)

Substituting £y = —0,¢,, and p; = n;1kgT;, we get

8?)1'1 . € 8 . ]CB,I; 8

ot N Eﬁ_x ! mmioa_x

15



The Poisson’s equation is given by Eq. (2.14). Now for finding perturbed ion number density,

n

we take Fourier transform of Egs. (2.18) and (2.20). Let us, simply replace "0," by "—iw
and "0," by "ik", we get,
—iwnﬂ + nigikvﬂ =0 (221)

—iwvy = —— ik, — 3VZikna (2.22)
my;
and solving both equations simultaneously, we get

w? 1 eng

The dust number density perturbations remains same as that for Dust-Acoustic waves, given

by Eq. (2.13). Whereas for stationary dust particles, the dust charge perturbations are
zero, i.e., ng; = 0, and the dust ion acoustic wave comes out for a very short time scale as

compared to the dust plasma period (t = 27/wpq)-

Dispersion Relation

Combining equations (2.1), (2.13), (2.14) and (2.23). Also here we assume that w > kVp;,

kVrq, for obtaining the dispersion relation.

T Ame’neg B k_2 4me’n;g L 47qulondo
kBTe (JJ2 m; mq

Thus, the dispersion relation for the Dust-Ion acoustic waves is (Shukla and Silin 1992) |7, 31]

kQ (A}Z‘2+W2
1+g_PMpuo (2.24)

where A\p. = 1/kpe = \/kpT./4me®nen, wpi = \/4me2n;0/m;, and wpq = \/47q3 a0/ Ma, are

the electron’s Debye length, ion plasma frequency and dust plasma frequency, respectively.

Limiting cases

Since my > m;, thus ion plasma frequency is much greater than the dust plasma frequency

i.e., Wy > wpq, thus Eq. (2.24), yields

2,212
2 kwpi)‘De
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or
2,12
2 sz

Here, we have substituted

Are2n. T :
C,y = wpidpe = \/ mefng _kple < ”’“) cs (2.27)

m;  4meng Teo

where C; is the speed of sound of dust-ion-acoustic waves and ¢, = /kpT./m;is the speed of

sound of ion-acoustic waves. For the long wavelength limit i.e., kA%, < 1, equation (2.30)

N0
w=k ( ) Cq
Neo

Phase Velocity of Dust-Ion-Acoustic wave

is simplified as

The phase velocity of the dust-ion acoustic waves is same as that of pure ion-acoustic waves

with an additional factor of \/n;/n. > 1 [30] i.e.,

w N0
]f Neo

This frequency is typically for laboratory plasma are tons of k H z and the propagating velocity

is few em/s [28]. The speed of sound of dust- ion-acoustic wave is larger than that of ion-
acoustic wave by a factor \/n/neo in Eq. (2.27).

Since, we know that a fraction of free electron number density is attached to the dust
particles [30], thus by increasing dust charged density, the free electrons number density can
be reduced. In this way due to reduction of free electron number density, the speed of sound

of dust-ion-acoustic waves would increase in comparison with Ton-acoustic waves [30].

2.3 Self-Gravitation in Dusty Plasma

2.3.1 Introduction

The previous discussed normal waves show the stable excitation in dusty plasma. Whereas
the space and laboratories plasmas are not at thermodynamic equilibrium. The self-gravitating
force introduces instability in dusty plasmas. The instability in plasma is determined by the

influence of exponentially growing unstable collective modes [7]. The gravitational instability
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was first studied by Jeans [10]. We assume that the plasma particle’s density is much smaller
than the dust density, i.e., men. < m;n; < mgng and hence, the gravitational potential is
only determined by the dust grain density [7]. The charged plasma species are subjected
to the electrostatic and gravitational forces. Here, we study the mathematical formalism of

Jeans-Instability.

2.3.2 Fluid Model

The dynamics of the interstellar gas clouds, consist of continuity equations,

dp
el . = 2.2
LV (o) =0 (225)
and momentum equation
9 _
P [5 + (U . V):| V= —pvw — VP (2.29)

respectively. Here p is the mass density, v is the fluid velocity, ¢ is the self gravitational
potential and P is the gas pressure. Where the gas pressure P is derived from speed of sound,
i.e., “cg = \/vkgT/M” given as

VP =cVp (2.30)

These set of equation is closed with the help of gravitational Poisson’s equation,
V) = 4npG (2.31)

where G is the gravitational constant.

2.3.3 Dispersion Relation

Separating now the dependant variables into equilibrium and perturbed parts with subscript
"0" and "1" as v = v + v1, p = py + p;- Here we assume that equilibrium variables are

spatially invariant and are stationary as well. Now we write the linearized set of equation

0
% + V- (Topy + V1) =0
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Op1

5 =~V T (2.32)

Since vy = 0. The perturbed momentum equation is
— =V, —c,— (2.33)
The gravitational Poisson’s equation now becomes
V), = 4nGp, (2.34)
Assuming that all the perturbed variables vary as exp [—z’ (wt + l?:.?)}, thus
—iwp, = —poik - Uy (2.35)

for "9y = 0" and momentum equation transforms as

21kpy

—iwvy = —iky, — ¢ (2.36)
0
AnGp
Yr=——5— (2.37)
Solving these equations simultaneously, we get the dispersion relation
w? = 2k* — 4nGp, (2.38)
Or we can write it as
W= (K- 2) (2.39)
where
K2 — 4rGp, _ 4G pymp it (2.40)

In this equation m, is the mass of proton, p is the mean molecular weight, kp, and 7, are

the Boltzmann constant and gas temperature respectively [32].

2.3.4 Jeans Instability

For k < kj, the w? in the Eq. (2.39) becomes negative
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w® = —c? (k7 — k?) (2.41)

which shows that the perturbation is growing exponentially and causes Jeans instability. k;

defines a minimum mass scale

3 3
My = (21> Po = {”kBT} 1 (2.42)
k. Gmpp| /Po

This is named as Jeans Mass. Oscillation in gas cloud larger than this size will grow and
become Self-Gravitating and collapse, because due to heavy dust particles they become
densely packed which reduces their electrical charging. At that time the electrostatic pressure
cannot balance the gravitational force, this leads to the formation of stars and planets, etc..,

like in astrophysical bodies.

2.4 Summary

In this chapter we have reviewed the work of Rao et al. [14] and Shukla et al. [16]. Rao et
al. [14] have discovered that the dust-acoustic wave is low-frequency wave in which restoring
force is provided by the pressure of inertialess electrons and ions, while dust inertia helps
in the propagation of the wave. Shukla et al. [16] have described the dust-ion-acoustic
wave in dusty plasma. They concluded that the large phase velocity of the dust-ion-acoustic
wave is due to the negative potential, which is set up due to the depletion of electrons in
the background plasma. We have also studied the effects of self-gravitational force in dusty

plasma. Self-gravitation in dusty plasma leads to Jeans type instability.
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Chapter 3

Dust Wave Modes in Self-Gravitating

Dense Dusty Plasma

3.1 Introduction

In this chapter, we shall study the effects of self-gravitational force and Jeans type instability
for different density regimes of dust particles. The dust particle in dusty plasma gets electri-
cally charged due to electrons, ions and other surrounding effects. These charged particles
play important role than being just additional specie. The charging of dust grains and its
fluctuating due to electron and ion currents reaching the dust particle surfaces makes dusty
plasma entirely different from normal electron-ion plasma. Due to dust charged fluctuations,
the waves propagating through dusty plasma, are weakly damped. These waves are named
as "dust coulomb wave". We shall study about dust-acoustic, dust-charge-density and dust-
coulomb waves existing in tenuous, dilute and dense dusty plasma regimes respectively. The

critical wavelengths for different for different density regimes are also investigated.

3.2 Self-Gravitating Dusty Plasma

First, we study the ultra-low frequency wave, in self-gravitating dusty plasma without dust
charge fluctuations and named as "Dust-Acoustic wave". The number densities of Boltzmann

distributed electrons and ions, are given as

Ne = Neg EXP <kj; ) , (3.1)
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n; = Njp exXp (— k(;g;) , (3.2)

where n,. (n;) and T, (T;) are the number densities and temperatures of electrons and ions,
neo (o) are the equilibrium number densities, ¢ is the electrostatic potential and kp is the
Boltzmann constant [23]. The fluid equations in one-dimension consist of dust continuity
equation

ong 0

Tt " s () =0, 33

and the dust momentum equation

vy dvg qqa 09 kBTd% (9_¢

E—H}d%_ mg 0z ngmg 0z 0z’

(3.4)

where ¢ and ) are the electrostatic and the gravitational potential respectively, and ¢, is the

grain charge with equilibrium value Q4 [23]. The electrostatic Poisson’s equation is

@+47r(en-+ ng—ene) =0 (3.5)
022 7 qdnd e)] — Y .

while the gravitational Poisson’s equation is

P

922 = 47andmd (36)

here, Viq = \/kpT4/ma, is the dust thermal velocity. Expanding the dependent variables as

Ng = Ngo + N1, Vg = Vgo + V41, ¢:¢0+¢17 ¢:wo+¢1

Here, equilibrium quantities are spatially invariant and stationary as well. Thus, writing the

linearized set of equations as

e

Ne1l = Neo kB¢71—,e (37)
e

n;1 = nwﬁ (38)

Obtained for limit ¢ < T, ;/e, in Eq. (3.1) and (3.2). The continuity equation becomes

8nd1 (%dl
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and the momentum equation is

Oar  qa 0y Vi ona O

—_—=—— - - — 3.10
ot mg 0z  ngy 0z 0z ( )
The electrostatic Poisson’s equation is
92
W(b; + 4w (eni1 + ganar — ener) = 0, (3.11)
The gravitational Poisson’s equation is
92
—a;él = 47erdnd1, (312)
Taking the time derivative of continuity equation,
Pngy o (0
— | = =0 3.13
oz g\ 52t (3.13)

Now, taking space derivative of momentum equation and using gravitational Poisson’s equa-

tion, we get

O (Ova _ 900 Vig&na OV (3.14)
oz \ ot | my 022 ngo 022 072 '
Solving above perturbed equations simultaneously, we get
0? , 07 qanao 0,
<ﬁ — 47TGndomd — ‘/td@) Ngr — — ma 922 (315)

Assuming all the perturbed quantities are oscillating and varies sinusoidally as exp [—i (wt — kz)].

Thus, Eq. (3.14) transforms into the following result

k2, (3.16)

(w2 + 47TGTLd0md - ‘/;%l/{?Z) Ngl = —

Let,
A=w? 4w, - V2K (3.17)

where w j4 is the dust Jeans frequency given by

Wjd = V 47TGnd0md (318)
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Thus, the perturbed dust number density from Eq. (3.15) can be written as,

4dndo , o
k NI
e (3.19)

Ngp = —

Now substituting the perturbed electron and ion number densities in perturbed electrostatic

Poisson’s equation

D¢, Ame? [ 1 1
— — 4+ — 4 =0 3.20
9. o T + T ¢y + 4mgana = 0, (3.20)
Taking Fourier transform of above equations
9 1 1
—k ¢1 — )\T + )\T @1 + 4’/qund1 = 0, (321)
De Di

Here A\p. and A\p; are the electron and ion Debye lengths respectively. Now substituting the

value of ng in above equation we get,

1+ Kk A2 47 Nyg2k?
A( +A2 D) - WT;Zd —0, (3.22)
D

where A\p = /A2 + Ap;, is the effective Debye length. After substituting w,q = \/47n40¢2/ma,

and with re-substitution of value of A from Eq. (3.16), we get the following result

w? wf,d)\% w?
_ V2 ZJd 3.23
2 1+ k2)\2D td k2 ’ ( )

which is the desire dispersion relation of the "Dust-Acoustic wave" in Self-Gravitating dusty

plasma.

3.3 Electrostatic Modes in Dense Dusty Plasma

In dusty plasma for ultra-low frequency case, the electron and ion number densities are
supposed to obey Boltzmann type distribution [23], as written in Egs. (3.1)and (3.2). Now
assuming that the equilibrium parts are spatially invariant and also stationary. Thus, we get

the perturbed fluid equations consisting of number densities of electron and ion respectively,

e
Nl = Neo < kj}@) (3.24)
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Ny = —N4o (k:j;) (3-25)

The one dimensional dust continuity equation,

on 0
_8;” + ndoavdl =0 (3.26)

and the equation of motion,

dvay _ _Gdo 0%, Vig Ona _ 9% (3.27)
ot mg Oz ngo 0% 0z .

where Vg = \/kpTy/my, is the dust thermal velocity. Here ¢, is the perturbed electrostatic

and v, is the gravitational potential. The electrostatic Poisson’s equation is given as

82
0_;5 + 47 (eni1 + qaonar + ganao — ene) =0 (3.28)

While the gravitational Poisson’s equation is

0%,

52 ArGmgnag, (3.29)

The charge fluctuation is determined from current balance equation [23]
z

where I, I; are the electron and ion currents respectively. These are given as

8kgT, eV
— _ 2 e
I. = —wR%en, () p— exp {kBTJ (3.31)
8kpT; eV
. — 2 . 4 —
I, = mR%en; (¢) p— [1 kBﬂ:| (3.32)

where R and V' are the dust grain radius and surface potential, respectively.

3.3.1 Perturbed Dust Number Density

Now for finding the perturbed dust number density, we follow these steps: After taking

temporal derivative of continuity equation and spatial derivative of momentum equation, we
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get the following results

Png o (0
012 + ndoa (%Udl) =0 (333)

2 2 92
0 (8%1) 4009 Vg Ona AnGmgng, (3.34)

0z \ ot mg 022 n_do 022

Considering that vy is continuous, i.e., 9, (Og1) = 0; (0,vq1), we get the following result

0? 0? n 0?
<ﬁ — VQZ@ — 47erdnd0) NgL = — ;l;zdo 8521 (3.35)

Assuming all the perturbed variables are proportional to exp [—i (wt — kz)], Eq. (3.34) gives

the following result,

_ Tdoddo
Ng1 = Am, o} (3.36)
where
w? 2 W%d
A:ﬁ—‘/;(ﬁ—? (3.37)

3.3.2 Dust Charge Fluctuation

The perturbed current balance equation is

0 (qao + qar) 0qa1
—_— —— =T+ Lo+ 14+ 1; 3.38
ot + Vao B o+ dio+ Le1 + 1451 ( )

Here vqg, I.0(1;0) are the equilibrium velocity and the electron(ion) current respectively. At

equilibrium these quantities are equal to zero, thus Eq. (3.37) is simplified as,

dqm

W = le1 + Iil (339)

After taking Fourier transform of Eq. (3.38), we get

—iwqqr = Loy + Iy (3.40)
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Now after simplify the right hand side of Eq. (3.38), by substituting the perturbed values of

I., I;, we get the following equation,

, SkpT. Vo + Vi
—iwqn = —mR% (Meo + Me1) WTB;L exp [%]
SkpT; e(Vo +V
7TR2€ (’]’Lio + nil) 7'(':;’1% |:]_ — ( k?BE 1>:|

or gy = —TR% % [(neo + Ne1) €Xp {kjﬂ exp L:B‘;SH +
nR%e 87]:;? {(nio + ni1) [1 - ]:B"/% - ;;%H (3.41)
Now for V; <« T./e, we can expand exp (eV;/kgT,.) = 1+ eVi/kgT. + ..., thus
—iwqy = —mR% 87]:;? [(neg + Ne1) €XP <k;‘/£> [1 + ki;@” + (3.42)
TR2%e 87]:;? [(nig + ni1) [1 — l:;/;i — l:;/,}l”

After linearization, we get

. 8kgT, eVt eV; eVt
—iwqy = —mR% mf;e {neo exp <k3£> |:kB%e:| + Ney €XP <k3£>} + (3.43)

8kgT; eVo eVi
R? i (1— —n;
e P (i)~ ()

as V1 = qq1 /4Ameo R, and ne1 i1 = Neoio (epy /kpTe;), thus

S €qa1 . Ne0€P exp eV N
<0 kpT. ) |dneoRkgT. | = kgT. ksT,

TR 8e2kpT; 0 _€¢1 1— eVo o €qd1
m; O\ kpT, kpT; O\ dreoRkpT,

or
8mn2,et eVh 8mn2,e? eVo
s _ _R e( _ R2 e0
e FpTom, F (kBT) e kpT.me (kBTe 7
8mn2 e eV 8mn2 e
RY% | — (1-— —R 0 3.44
ksTim; ( kBTi) o kgTim; dan (3.44)



Re-arranging the terms, we get

, R 4mnepe? 47‘[‘6271606 eVo N 4dmn;pe? dmen,g
—WQqq = — X
W= |\ ke me P ksl keT,  mp |
R? Amngoe? 4meng eVo Amn,pe? dmen;g eV
1-— 3.45
Vo \/kBTe me CP\ir) T\ TR T )| )
or

—iwqg = —i {wpe exp ( Vo ) + wm} qa1—
V271 [ ADe kgTe ADi

R? Wpe eV Wi eVp
1— —— 3.46
V2 [)\De P (kBTe> M ADi ksT; o1 (3.46)

where w,, and Ap, are the plasma frequency and Debye length of the a (= e, i) specie. We

suppose that characteristic dust grain charging frequencies are given by,

R [wpe eVh ) Wpi]
W = — e + —_— 3.47
! Vor |:)\De P (kBTe ADi (3.47)
R | wpe eV Wi eV
- — 1 - 3.48
2 Vor [)\De =P <kBTe> * ADi ( kBTi):| (3.48)

Thus, we get the following result,

—iWqy = —W1qa — wa R, (3.49)

or

Wa

=—R 3.50
qd1 Wy — iw¢1 ( )

Let A = wy/wy — iw, thus the dust charge fluctuation is given by the following equation:

g = —RAQ, (3.51)

3.3.3 Dispersion Relation

Now substituting perturbed electron and ion number densities from Egs. (3.1) and (3.2) in

electrostatic Poisson’s equation given by Eq. (3.27), thus

D¢, 4Ame* [N, N,
822 kB

_ T Ti] ¢1 + 47 [qarnao + qaonar] = 0
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or
0*¢,

1
52~ 32Ot AT [ + gaona] = 0
D

_1
where A\p = (/\Bf + )\Bi) * is the effective Debye length and Ap; p. = \/kBTm/éLﬂe?ni’e are
the ion and electron Debye lengths, respectively. After taking Fourier transform of above
equation and substituting the values of g41, n41 and then simplifying, we get the following

equation
L+ K2 + fA | AmNagh A5,
k? k2Amy

=0 (3.52)

where f = 47 RNy\3,, is the fugacity parameter, which is a measure of grain packing. Sepa-

rating A from Eq. (3.53), we get,

_ wpaAD
1+ k203 + fA

(3.53)

Substituting back the value of "A" from Eq. (3.36), into Eq. (3.51), we get

w2

ﬁ_‘/t?i_l_

Wa _ Cha
k2 1+ A5+ fA

where Cpa = wpqAp, is the dust-acoustic velocity. Thus, we get the dispersion relation of

self gravitating dusty plasma with fluctuating charge of dust particles as,

2 2 2
w Cha 2 Wid

R T1r 0k 1A T g

(3.54)

3.3.4 Discussion on Jeans Type Instability

For the limit w <« w;, when the dust charge fluctuation is small and dust particles gets
equilibrium charge more quickly, so A — § = wy /w1, then Eq. (3.53) changes as follow,
w? C% 4

2
“o_ 2 “id
k2 14+ ALk2+ f6 A (3.55)

This relation is analyzed in different fugacity limits as fé < 1, fd > 1, for tenuous and
dense dusty plasma respectively.

Tenuous Dusty Plasma

When dilute dusty plasma is considered, i.e., fo < 1, the dispersion relation becomes
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w’ Cha 2 Wi
Y _ ZJd 3.56
k2 14k Y~ (3:56)
which leads to usual Jeans instability of dust-acoustic waves [23]. This relation can further
be simplifies, when we consider the cold dusty plasma V;; < Cp4 and the large wavelength

limit, k27, < 1 the dispersion relation becomes

2 2

w w
7= C%, — ﬁ (3.57)

To find the instability rate we re-arrange the above equation as follows,

W Cpak
W%d W%d
w? 242

Jd

where A\jpa = Cpa/wyq, is the Jeans length [23]. In the limit k2A3DA < 1, i.e., Jeans
instability arises due to the smaller Jeans length than system scale length. Thus, from Eq.
(3.57), we get the following roots

w = tiwyq (3.59)

The instability is growing for w = iw j4, while it is damped for frequency, w = —iw ;4

Dense Dusty Plasma

We have dense dusty plasma when fo > 1, showing that the dust grain packing (fugacity)

is large. The dispersion relation in Eq. (3.54) becomes,

w? C? w>
fo (14252
w? Che 2 Wi
5k T R (3.61)
where C%, = C% ,/f and A%, = \},/ f4.
2 212
WL KOy (3.62)

2 2
Wid W7a0
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let the critical Jeans length is

f—— Che
JDC = ——,
de(5
Thus,
© e (3.63)
2 JDC ’ .
Wid

As, due to large fugacity C%. < C%,, this implies that A\;pc < Ajpa, which shows that
the system will be unstable for much smaller scale size. The Jeans instability occur when

the system scale length is greater than Jeans length i.e., /{:2)\3 pc < 1 thus,
W = :l:z'wjd (364)

General Case

The dispersion relation in Eq. (3.55) in the limits £2)%,, k?A% < 1, become

F ChChe ¥
B Cho+Chy0 1 R

Critical Jeans Wavenumber

For cold dusty plasma (V4 = 0), the critical Jeans wavelength is found from Eq. (3.64), and

is given as
Cha  Che Cha

which gives different cases of dust-acoustic and dust-coulomb waves for specific fugacity
limits. From Eq. (3.65), we can see that for a given values of w4 and Cp 4, the critical Jeans
length “k;” varies with “1 + fé ” only. Thus, for high fugacity dusty plasmas, the system
becomes unstable at shorter scale length. We can note that Jeans length A\;pa is greater
than critical length A\ ;pc i.e.,

by Y

S =7 =4 (3.67)

Aipc A
which is true for all fugacity limits. The nature of the dust modes and corresponding Jeans

instability is determined by the shorter scale lengths.

31



3.3.5 Critical Wavenumber “ k. ”

Since we know that Jeans instability is the growing instability for the perturbed system
with wavenumber k£ < k., where k. is the critical wavenumber. The expression for critical
wavelength can be determined by substituting “—iw = 2” in Eq.(3.54) and rearranging the

terms we get the following result

02 3, w2
— vz Zdd— 3.68
k2+1+k2k2+fw+ﬂ+ ek (3.68)

Now factorizing the above equation and after simplification, we get

CHAR? (Q+w1) + ((1+ E2AD) (Q+wi) + fws) (KVE 4+ Q2 —w?)

k2 ((1+ k20%) (Q + wi) + fws) =0 (3.69)

Collecting terms with “€2”
O (14 k2] + Qw; (1 + k2% + f%) +Q[KChu+ (K°V5 —w3y) (L+E2X5)] (3.70)

twy [KPCh 4 + (K2VE — w3y) (L+ KA, + f)] =

After rearranging the above equation, we get
(Q+wi) (FPChHy+ (L+END) (KPVE+ Q2 —wy)) + fwid (FPVE+ QP —w?y) =0 (3.71)
Separating the terms with w
wi [(1+K*2D) (K*VE + Q% — wiy) + f6 (K°V5 4+ Q2 —why)]
+Q [CHAR + (1 + E2AD) (K*V + O —w?y)] = —Ch 4k w:
Simplifying and comparing coefficients of w;, we get

(L4 kA% + £6) (K°V3 4+ Q2 — W) = —Ch 4k (3.72)

Rearranging the terms, we obtain

—Cpak?
1+ K203+ fo

O+ K*V2 — w3, = (3.73)
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or

Q C%Ak:2 + k2v2 2
=4/— —w
14+ k2\% + f6 td T Jd
Thus, it has only one real positive root when the wavenumber k satisfies the following con-
dition
k*C% ,
14+ k205, + f6

+ EVE < w?y (3.74)

The critical wavenumber is determined by finding the roots of biquadratic equation derived

from above condition
VANG (K2 + [Ch 4+ VA (L + £6) — w2 A5 k2 — wiy (1 + f8) =0 (3.75)

It has only one positive root. For limit k2A%, < (1 + f6) in Eq. (3.74), the critical wavenum-
ber k., turns out to be

Cha
1+ f6

-1/2
ke = wja { + 1/;31 (3.76)

This illustrates that the system becomes unstable at shorter scale length, when the criti-
cal wavenumber increases for increasing the dust fugacity. It also shows that the thermal
pressure of the dust particle increases the critical wavelength, thus for Jeans instability, long-
wavelength perturbations are necessary. Physically, we can say that the thermal pressure of
the dust particles causes an opposing force to avoid instability, thus prior to the establish-
ment of gravitational, the system scale size should be larger. For neutral dust particle Eq.

(3.75) give the following classical result,

_ Wjd

ko = 2
Vid

(3.77)

For “dust-acoustic waves” in tenuous dusty plasma ( fé < 1), the critical wavenumber is

~1/2

kDAY = wyq [Ch A + Vid’] (3.78)

Whereas, the critical wavenumber for “dust-coulomb waves” in dense dusty (fd > 1), plasma

is given as
Cpoa ~1/2
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Generally the critical wavelength, for any fugacity regime including dilute dust plasma (f§ ~

1) corresponding to “dust-charged-density waves” can be written as

ChaCho
Che + Chofo

—1/2
ke = wyq { + Vé] (3.80)

Y

which is obtained by multiplying first term on right side with “C%,./C%.”. Replacing “C% , =
C20f  thus

C2 (2 -1/2
k., = —__DPATDC 4 2 3.81
W Jjd |:012)C+012)A6+ td ( )

This equation gives the same result as that derived above for dust-acoustic and dust-coulomb

waves in respective limits.

3.4 Summary

In this chapter, we have reviewed the research work of Rao et al. [23], in which they a
systematic investigation on the effects of self-gravitational forces in dusty plasma for different
density regimes has been carried out. They found that for dust-acoustic waves, the Jeans
instability sets in, for tenuous dusty plasma, i.e., “fé < 1”7 whereas for dust-coulomb wave, it
occurs for dense dusty plasma, i.e., “fd > 1”7, which propagate due to dust charge fluctuation.
These dust modes exist when the dust charging frequency is much greater than the wave
frequency [33]. The dust-acoustic wave also exist when the dust charging frequency is much
less than wave frequency for dilute dusty plasma regime [33]. They also concluded that
the critical scale length for Jeans instability of dust-coulomb wave is smaller than that for

dust-acoustic waves.
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Chapter 4

Electrostatic Dust Modes in Dusty

Plasma

In this chapter, we shall derive the different dispersion relations of Jeans instability. In
unmagnetized dusty plasma two dust modes of electrostatic waves have been discovered
in last decade of 19" century. These modes are the dust-acoustic wave [14] and dust-ion
acoustic wave [16]. It has been discovered that the electron and ion currents reaching the
dust particle’s surface are oscillatory in the presence of above said modes. Thus, the dust
charge fluctuation become new dynamic variable, which causes a damping mode in a dusty
plasma. It also causes the damping of dust-acoustic and dust-ion-acoustic waves, which is
different from Landau and collisional damping. In this chapter we shall discuss the following

models :

4.1 Self-Gravitational Effect in Multi-Ion System

Consider a self-gravitating dusty plasma composed of electrons, ions and charged dust parti-
cles, where dust grains are supposed to be point charges having interparticle distance much
smaller than the effective Debye length of dusty plasma. We study the electrostatic oscillation

only.

4.1.1 Model Equations

We consider the dusty plasma composed of electrons, ions and charged dust particles. The

average distance among dust particles is less than the effective Debye length of the dusty
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plasma. We does not consider the ion gravitational force because, for most plasma conditions,
the ion mass is much smaller than the dust mass per charge. The number density of electrons
obey Boltzmann distribution, because we can neglect the electrons inertia due to smaller

phase velocity of the dust-acoustic and dust-ion-acoustic waves, thus we have electron number

eg
Ne = Neo €XP il )

The dynamics of the plasma is controlled by continuity equation,

density given as

anj 0
o T gz () =0,

and the equation of motion,

Ovj  —q; 00 O

ot m; 0z 0z’

and the electrostatic and gravitational Poisson’s equations, given by

82¢
€052 —ene + E n;q; =0, (4.1)
™Y
52 = 4G E nym;, (4.2)

where n;, v, ¢; and m; is the number density, velocity, charge and mass of the j™ ionic-specie
respectively. And ¢ and ¢ are the electrostatic and gravitational potential, where G is the

gravitational constant. We can define the charge neutrality condition as,
€Ney = Z d;o0750,
J

Here n. and gjo are the equilibrium number density and charge of j* specie respectively.

Ne1 = Neo (kZ? ) ) (43)

The perturbed continuity equation,

on; 0
a;l + & (nj(ﬂ)jl) = O, (44)
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the equation of motion is,

avjl —4qj0 8¢1 8¢1

= — 4.5
ot m; 0z 0z’ (45)
and the electrostatic and gravitational Poisson’s equation are
O _ > njg; =0 4.6
€05 — el + j nj1q; =0, (4.6)
T _y G njm; (4.7)
5.2 = 4T j n;1m;, .

respectively, where n;1, v;1, ¢;, and m; are the number density, the velocity, the charge, and
the mass of the ionic species. Also v and G are the gravitational potential and the gravitation

constant. Taking Fourier transform of perturbed continuity and the momentum equation as:

k

nj1 = ;nj(ﬂ}jl, (48)

k
Vi1 = w <qu ¢ + ¢1) ) (4.9)

Solving above equations simultaneously, we get

2
nj1 = f)— (%0 ¢1+ ¢1) ; (4.10)

Taking Fourier transform of gravitational Poisson’s equation
47TG
— Z min;i, (4.11)

and substituting the perturbed ion number density from Eq. (4.10) into Eq. (4.11), we get,

47TG
Yy = Zmﬂ%o (%0 o1+ ¢1> 5 (4.12)
or
Z 47Tij’I’Lj0 Ar G
Yot Lty = -
w
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The perturbed gravitational potential is thus given as,

4nG
oz Z jonjod
_ J
¢1 - ;wij ’
I+ -

(4.13)

where w;; = \/ > i 4wGm;njo, is the Jeans frequency of j™ specie.

4.1.2 Dispersion Relation

Now substituting the values of n.y, nj; and 1, from Eq. (4.3), Eq. (4.8) and Eq. (4.13)

in electrostatic Poisson’s equation given by Eq. (4.6), after taking its Fourier transform as

follows,
0 2 . % Z qjonjody
N2 el 0 J
co (ik)2 ¢y — — b, + quﬁnm 40 cbl s —0,
J 1+ Jw2
or

2 2 '
Neo€ k= njo j ArGk?
k2 N T Rn =0,
(60 My ;%uﬂ mj> T 2 w? G0

J

After rearranging the above terms, we obtain a dispersion relation,

Zw?,j n
e o ] G B R

where Ape = \/neoe?/cokpTe and wy; = \/q3n3,/€om; are the electron’s Debye length and
plasma frequency of the j** ionic specie. Since due to charge neutrality condition en.y =

> gjonjo, thus we can write,
J

2
2
e qdjoT 0 4rG 2 Nen€ 2 9
— | = (ene)” = X ATGMeney = W, W7,
€0 - w €0 €gme

J
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We can introduce the global frequency for plasma oscillation and Jeans frequency as “wf, =

Z w2” and “wj = Y w%.”, thus the above dispersion relation becomes,
J

2
1 w2 w? 4rG q;oM ;o0
€ J
Let
1
At =1+ —5—, (4.16)
k2)2,

Eq. (4.15) becomes
2

(w* — Awlw) (1—|——) + w2 wi, =0,
Wy

Simplifying, the above dispersion relation, we get the following result
w! + (Wi — Awl) w? — A (Wi’ — wiwi,) =0, (4.17)

The constant term is greater than or equal to zero, because

2 2 2 2 2rG

w wJ wpewJe =

N oMo

(gjomu — qiomy)® >0 (4.18)

- m;m
j J

The double summation states that “j # [”. Since this term is equal to, or greater than zero,
thus dispersion relation in Eq. (4.17), always have a constant term equal to zero or with

negative sign. For such plasmas with one ion, like hydrogen-ion, we have the constant term

equal to zero. Thus, the dispersion relation reduces to
wh+ (W% — Aw)w? =0 (4.19)
It has two roots one is “w = 0”, and other comes from

w? = Wi — W (4.20)

)

where “w?, = Aw2 7. For plasma consisting of more than one type of ionic specie, we have

roots

2 _ ( Aw + \/ Aw2 —I— 4A (wlz,wJ — w2 w?]e)
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2
. (Aw? —w3) 4/ (Aaf +w?)’ = dAw? 0, .

The instability grows for the negative root of the equation.

4.1.3 Self-gravitational Effects in Dusty Plasma

In this section, we consider the self-gravitation in dusty plasma for different ionic specie. We
consider here protons and massive dust particles with negative charge, labeled with “ and

d’ respectively. Substituting “j =i and [ = €”, thus Eq. (4.18) can be written as,

ArGnon

2 2 2 2 1074d0 2

wwWr —w, Wi, = — (;0MMqg — qaoT; 4.22
p~J pe Je €My ( v l) ( )

The dust particle charge in equilibrium is ¢4 = zg0e and ¢;o = e, thus we can write

2 2 2 2 47TG7’L7;0’I’Ld0

WoWT — Wp Wi, = ————— (emq + ezaom;)’
€01 Mg
or
e’n mi\ >

o .

wWrw? —w? w? = ArGmgngy X 1+ zg— (4.23)
p~J peJe
€0 mq
o\ 2
2 2 2 2 _ .2 2 i

WoWT — Wy, = WigWy, (1 + Zdoﬁd> (4.24)

where w4 and w,,; are the dust Jeans frequency and ion plasma frequency. In Eq. (4.24) we

can use the approximation that “zzom; < my”, thus we get,
A (Wi’ — wl w3,) = AwZiw’y = wiw’y (4.25)

This result is valid when self-gravitational effects due to ions are neglected in comparison to
that of heavy dust particles. If we consider the self-gravitational effects due to the ions then
we consider the result of Eq. (4.24). For bi-ion plasma instability arises due to some modified
Jeans instabilities. In dusty plasma heavy dust particles are the cause of self-gravitational
effects leading to Jeans type instabilities, but in usual bi-ion plasma, the instabilities have

weak effects.
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4.2 Linear Instability of Dusty Plasma

As stated earlier, the dust grain size is very large usually in the range 1um to 1em. The flux
of these micrometer sized grains observed Helios probes is 1072-10"%g in the range of 1 A.U.
from sun which is much greater than the mass of both electron and ion. The charge on dust
grains is also 10 times large as compared to the charge on electron. As the dynamics of
electrons and ions is controlled by electromagnetic forces, while the dynamics of astrophysical
bodies like stars, planets and satellites is governed by gravitational forces. For micro or sub-
micron sized dust particles these two forces become comparable. For only electrostatic forces
to be considered we should have Gm?2/q% ~ 0. Since the dust grains are very massive thus
we assume that the dust particles are cold i.e., T; < T, = T; = T showing that electrons and

ions are thermalized [?].

4.2.1 Fluid Model

Here we consider spatially uniform density of electrons, ions and dust particles. The charge

of these species is denoted by g. = ¢; and g4. The continuity equation is

On,
ot

+ V- (Rava) =0 (4.26)

where « represents electrons, ions and dust particles. The momentum equation for electrons

and ions is given as

dvg
mana% = —N0qaVO — ngma Vi) — TVn, (4.27)

here o = e,i. Whereas the momentum equation for cold dust particlesis (T; < T, =T; =1T)

dv
mdndd_td = ngqqV ¢ — mangVy (4.28)

Where v, is the fluid velocity. Since

. g P _ Nala
€o €o
The electrostatic Poisson’s equation is
V2¢ = —4drn [Qan = Gelle — and] (429)
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while gravitational Poisson’s equation is

V2 = 4nGmgng (4.30)
The quasineutral equilibrium is ggng = ¢q(n; — n.). For linear gravitational stability of
homogeneous dusty plasma, we assume that : n.y = constant, n;g = constant, ng =

constant, where n.y,nio > nag, I. = 1; = T = constant, T; = 0, ¥, = 0, ¢, = 0,

Ugo = Veop = ;0 = 0. The linearized set of fluid equations are the continuity equation for

specie,

00Ny,
T T eV, =0 (4.31)

and the momentum equation for electron, ions and dust particles are

dov
mdndOWd = NgoqaVOP — ManaoV o1 (4.32)
ddv,
Meleo =~ = NeoqV O — meneogVoyy — TVon, (4.33)
dévi

respectively. The gravitational Poisson’s equation,
V251 = dnGmgdng (4.35)
and the electrostatic Poisson’s equation
V3¢ = —4rn [q (6n; — dne) — qadng (4.36)

For homogeneous equilibrium, the perturbations varies with expi(kz —wt). Now we take the
Fourier transform of linearized equations and write them in term of dny. Eq. (4.30), gives
the following result,

—iwdng + nao(ik)ovg = 0 (4.37)
(—iw)dne + neo(ik)ove = 0,

(—z’w)éni + nzg(zk)(sz =0
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The perturbed dust particles velocity is

v, = 4.38
va kndO ( )
and the perturbed electron and ion velocities are
won
Ve = = 4.39
Ve = T (4.39)
won;
ov; = - 4.40
Ui = (4.40)

respectively. The gravitational potential is found from Fourier transform of Eq. (4.34) as,

—k2(5¢ = 47TGmd5nd

—4A7Gmydn
(Sw = —kQ d d (441)

4.2.2 Dispersion Relation

Taking Fourier transform of momentum equations of electrons and ions, then substituting
perturbed electron and ion velocities and gravitational potential from Eq. (4.39), (4.40)
and (4.41), respectively in transformed electron and ion momentum equations we get the

following results

meneo(—iw)m;ne = neoq(ik)dp — meneo(ik)(—_4ﬂGmd5nd) — T(ik)dn.
kneo k2
70

Dividing above equations with “/kT 7 we obtain

1 () = 2 () (e

1 (3] on - 2t (32) (e

Substituting “m, /T = 1/vy,,” where (o stands for electrons and ions) vy, is the thermal

velocity and “wjq = VArGmgng” is the Jeans frequency for dust particles. Now after
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rearranging we can write dn, and dn; in term of dng and d¢, as

Nepqdd Wiy Neo w17
5, = Sng| |1— = 4.42
" [ T * k‘?vfhe Ndo i k:%fhe ( )
nioq5¢ UJ?]d N0 w? -
on;, = |— 1) 1— —— 4.43
" [ T k23, nao " k2vg, (4.43)

respectively. Now we find perturbed dust number density by substituting perturbed dust
velocity dvg from Eq. (4.38) and perturbed gravitational potential 67 from Eq. (4.41) in

perturbed dust momentum Eq. (4.33), after taking its Fourier transform, we get,

, won , , ArGmgon
Mango (—iw) < k:nd(:l) = ngoqq (1k) 0 — mgngo (ik) (—W) (4.44)

Dividing above equation with “2km,” and rearranging again, we obtain

w?  ArGmgngo Ndoqd

— 4+ —— | dng = — 4]

(k? L ) g == m00

or

T e AR (4.45)

I mg \ k2 k2 '

here w4 = V4rGmgngg, is Jeans frequency of dust particles. Now using dn. and én; from
Eq. (4.42) and Eq. (4.43) in Poisson’s Eq. (4.36) after taking its Fourier transform, we get

the following result,

-1

nioqd¢ w?,d %o w?

k266 — drq | — Sna| [1— | —
o= [ T F2ih, Mo . kv,
-1
neﬂqdqb w%d Neo :| |: CU2 :|

4dmq [ + omg| |1 — —=—— — 4mqaon 4.46
T k2v}, nao d k27, a7 (4.46)
Substituting“A, = 1 — w?/k*v7, 7 where a stands for electrons and ions. For thermal

2 2 o ~~
Vihe > gy, and i, & Neg R Mg

2

4mngg?
k2vz£2hi a0 A,k‘z

2 _
K50 = ———

[i + ALJ 0p — 4mqq [1

Ai :| (57’Ld

44



Here “Ap = /T /4mngq?” is the effective Debye length thus
(KA + A7+ AJY] 69 = —Amqa), [1 - == dng (4.47)

or

2 ; 1 _
56 = —4mqq {1 - i%@—} Sng [K2A5 + A7 4 AT (4.48)

Substituting this value of d¢ in perturbed dust number density Eq. (4.45), we obtain

2 2 4 2)\2 2 i 1
(w_2 N w—‘;d) _ 2 Wnciolqd D {1 _ i%@_} (4.49)
k k (K25 + A7+ At my qd Vip,, Ndo Ai
Simplifying the Eq. (4.49), we obtain a dispersion relation for Jeans instability of dusty
plasma with heavy dust particles such that Gm?2/q% ~ 1, as

—k2Ahw?,

2
2 q wyg Mo 1 2
W2 — 1 L%5a0 - 1 4.50

(K205, + At + A1 [ Ga VZ,, Mo AZ} Jd (4.50)

Where “wpq = \/4mnaq2/ma” is the dust plasma frequency.

Limiting Cases

If there is no charge on dust particles then dust plasma frequency w,; = 0 and gives the Jeans

instability of gas. Electrostatic oscillation of the dusty plasma can be obtained if w?, = 0.

2
pe’

we have w?/ (k*v}, ) ~ (w2y/w?) (1/k*A}) and w3, /w2 ~ (mi/ma) (¢3/4?) (nao/no). Now

For the ultra low frequency case one has the limits w” ~ w3, & w2; K wi,, w2 In this limit
we substitute the typical values as (m;/mg =~ 107'2), (¢3/q¢? ~ 10°) and (n4/ne ~ 107?), we
conclude that w?/ (k?v3, ) ~ w3, (k*v3, ) < 1, A; = 1, A, ~ 1. Thus, we can neglect the
second term in above dispersion relation. The electron and ions both follow Boltzmann’s
relation because the gravitational and inertial effects are weaker on both species. Thus, the

simplified dispersion relation is

2\2, 2
5 K Apwyy

W = m — w?,d (451)
D

For the scale size of perturbation of order same as the Debye length, i.e., k:2>\2D > 1, the

gravitational condensation is affected by unshielded electric field (which is due to charge
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separation). Hence we have

w? = w;d — w?, (4.52)

While in this limit the electrons and ions are supposed to be fixed in background thus
“One = on; = 07. The gravitational condensation of dust particles in the limit Gm?2/q¢3 < 1

is maintained by space charge electric field.

4.3 Electrostatic Mode in Self-Gravitating, Collisional
Dusty Plasma

We consider in this model the dust-ion collisions in dusty plasma comprising of electrons,
ion and dust particles. We consider the electrostatic waves only that propagates along x-axis
with wave period quite different from dust particle’s fluctuating charge time to ensure that

dust fluctuations are zero.

4.3.1 Fluid Model

The number density of the electrons is Boltzmann distributed given as

Ne = Neo €XP (kj; ) , (4.53)

The one dimensional (along z—axis) continuity equations and equations of motion for ion

and dust grains are

(9nd 0
W + % (ndvd) =0 (455)
ov; ov; q 0 Oy U:QM on; _
o tuig + B + o + . + vig (v; —vg) =0 (4.56)
8vd (%d qq (9¢ a’(ﬂ U%‘d and _
et e ar T o T g v (v ) =0 (4.57)
Here
m;To
Vagi = id
mando
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where n,, v, ¢o, and m,, are the number density, velocity, charge and mass of the «a specie
respectively, whereas v;4, 14; are the collisional frequency The electrostatic and gravitational

Poisson’s equations are

2¢ 1
i ; (ne€ — niq; — Naqa) - (4.58)
o

respectively. We write here the perturbed as well as linearized set of equations: The linearized

Nel = Neo ( i ) : (4.60)

electron number density is

kgT.

the perturbed ion and dust continuity equation are

(9ni1 (9 .

ot + nioa—mvﬂ =0 (461)
on 0

aZl + s —var = 0. (4.62)

respectively. While perturbed ion’s and dust grain’s equation of motion are

anl q; 8¢1 877[}1 U%Z» 8ni1
ot +miax + ox + n; Ox

+ Via (va — va1) = 0. (4.63)

vy N qa 00y N oY, N @8%1

: — ;1) =0 4.64
ot mg Ox Jdr  ngy Ox - vai (v = va) (4.64)
respectively. The perturbed Poisson’s equations are,
P¢, 1
0 e (Ne1e — N1 — Naqa) - (4.65)
0
a—‘i; = 47G (miniy + manay) (4.66)

All the perturbed quantities are assumed to be proportional to exp [i (kz — wt)]. Thus, the
ion continuity Eq. (4.61) and dust continuity Eq.(4.62), transforms as

—iwnil + ikniovﬂ =0

—iwngy + thkngvgy =0
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or

kngg
i1 = 4.67
iy = (4.67)
k
w

respectively. The momentum equation of ions and dust particles in Eq. (4.63) and (4.64),
respectively transforms to

2

) L 4 . .. Uy
—iwv;] + zk%@ + ik, + zk—T'nil + Vig (Vi1 —vg1) =0

4.69
o (4.69)
dd v
—iwvd1 + Zk—gbl + Zk”gbl + ikﬂndl + Vi (’Udl - Uz‘l) =0 (470)
mgq Nqo
respectively. The electrostatic Poisson’s equation becomes,
1 [ e%*ne
—k2p, = — © ;
ol 0 ( ksl + npe + nded)
1 e®ng 1
O = e EaT T ke M€ T nad)
1 L _ ! 4.71
+ WQDG qb == ]{52_60 (n,;le —+ ndlqd) ( 7 )

where A\p, =

V€*neo/kpT, is the electron Debye length. Let us suppose that

1 —1
A=1(1 4.72
< +k%e) (4.72)

Substituting the n;; and ng from Eq. (4.67) and (4.68) in Eq. (4.71), we get the following

equation

Ak
¢ = e & (M4ioVi1Gio + MioVa1qa) (4.73)
The gravitational Poisson’s Eq. (4.66) transforms as,
5 k
—k", = 47TG; (Mmaniovin + Mandova ) (4.74)
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Substituting the perturbed electrostatic and gravitational potential from Eq. (4.73) and
(4.74) into the ion’s equation of motion, Eq. (4.56), we get

. iqu‘o A iqu‘o A
—WV;1 + VigVil + (nioGiovi1) | + (PdoGaovar) | +
i eokw m; Eokw
e 4G k2. k
ik T (minouir) | + ik T (Mmanaovar) | + D —NeoVit — VigVar = 0 (4.75)
kw kw Ngo W

Multiplying with (iw) and simplifying the Eq. (4.75), we get the following result,

2
[w (W + ivq) — Adio"o + 4rGming — k*v3|vig = — [—quo d0 ga + 4rGmgngg — zwuid} Va1
€0l mi€p

here we define plasma and Jeans frequency as: +/q%ni/€omi = wy; and VArGm;ng = wy;

respectively. Thus,

qi044

oy

[w(w + Vi) — Awfn- + W — k:%%i] Vi = [A — Wi+ iwyid] Va1 (4.76)

Now substituting Eq. (4.73) and (4.74) into the dust equation of motion, i.e., Eq. (4.57),

(w+ivg) — L { ndOdedl} e [ oqo] vip — k [__mdndovdl} -

mg | €.kw mg | €.kw kw
47 G k2 v?
k {—W—miniovﬂ} — —@ndgvdl — ivdlvil =0 (477)
kw W Ngo

Multiplying Eq. (4.77) with “w”

2
) qqMdo qaqiol; )
w(w + ivg) — AT L AnGmgngy — Evdg | vg = — | A" + 4xGming, — iwvg | vt
€My mg€o
where,
LA
Vigi = id
MaNdo

It implies that,
2

. AnGmin; VdoGioMi , w7,
wlwtivig——2 ) — Aw? + % — k202 | vy = A2 2 4w =2 | v
2 pd Jd Td Ji 2
4rGmgnge €51y W74
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or

2
Wy m; Wi
2 2 2 Qd i 2 . J1i

{w <w + ZLUI/ZdWQ ) k*v2, + de Awpd} Vg1 = [Aw — Wy T iWwrig—— | Vi

Jd gdio Mg UJJd

(4.78)
Comparing Eq (4.76) and Eq. (4.78), we get
Wi 2 2 2 . 2,2 2 2
W+ g " — By + why — Awly| X [w (w +ivig) — Ko, + ) — Awly] =
WJd
. 2
{AW — Wi, + iwuidl [AwQ da i _ Wiy + iwvig w; (4.79)
€EoMy; qio Mq Wid

Simplifying the right hand side of Eq. (4.79) as follow :

2
q ng, . 2 [ Wy GioqdoMdo Qdo ™

A? 12) Sdo %0 4 wzﬁwid + (iwviq) Ll — Aw 2 —_— sziw?,d— +
€oMMyg WJyd €Tl Gio Ty

4i0qd"do . ddo"i . , .
AT (zwyid) + AwZ; (iWVig) — iWVigws; — iWVigw?,
€0 w?, P Gioma

It implies that,

2 2
qq"do 9ip"vi0
€oMMg €oMNy;

2

w .

2.2 2 2,2 . Ji . 2

Atwpwng + wiawy; + (wwidw—> — 2iwvigwy; — Aw giy [ ATGngemy
Jd

2 2 2

q> , ArGmingg  Qagan

Gmango do'” +A T vy L W0Zd_do
2 2

€51 qxm? 3 WJid 4drGmagngo €015

2
AT qionio

Awpiw Jd

2 2 2
Q0" % 4T qinnio

2

Awpiiwvig 5
Qio"Myg my;

Y

or

2

w .

2.2 2 2 2 . Ji . 2

Afwwng + wiwy; + (wwidw—> — 2iwvigwT; — A (Wi jaWpiWpd + W1iW JdWpipd) +
Jd

Al Wi . Wi
WV qWpilWpd — F MWWV pilWpd ,
Wid Wjd

Thus
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2
2 2 . W . 2 . Wi
(Awpiwpd)” + (wriwga)” + (wwidw—) — 2iwvgw; — 2Aw i JiWpiWpd + 2Azwyidwpiwpdw—
Jd Jd

2

WJi

= (Awpiwpd — WrWg + iwuid—‘]) , (4.80)
Wid

So, we have the desired dispersion relation for self-gravitating dusty plasma with dust-ion

collisions, as

2

. Wy .

{w (w + ivia— ) — K0+ Wi — Awid} X [w(w+ iia) — Kof; +wf, — Awly] =
Jd

2
. W i
(Awpiwpd — WyWwq + ZWVid_) ;
WJjd

4.4 Multi-fluid Theory for Jeans Type Instability

The collapse of interstellar gas clouds and subsequent formation of stars and planetesimals
is caused by the “Jeans instability” in the interstellar space [34]. In astrophysical plasmas,
Jeans instability is produced due to the effects of self-gravitating force [27]. In dusty plasma
consisting of plasma species (electrons and ions) and heavy dust particles, the mass density
is mainly due to the dust particles. The total pressure is written as the sum of pressures of
both plasma specie. And the dust-acoustic waves establish a potential for Jeans instability
same as sound waves in usual electron-ion plasma. In the present model, we consider high
charging of dust particles, which is fluctuating due to electron-ion currents reaching the dust
particle surface in dusty plasma. We also consider that there is an attractive force between
overlapping Deby spheres [35] of the two separate dust charges of the same polarity due to
electrostatic energy. The equilibrium is established, when this electrostatic energy balances

the self-gravitational forces. The equilibrium gravitational potential is given as,

here 24, e, my, and d are the dust charge number at equilibrium, electronic charge, mass of

dust particle and separation distance between dust particles.
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4.4.1 Fluid Model

The set of fluid equations governing the dynamics of Dust-acoustic perturbation are given

as follow : The perturbed number densities of Boltzmann distributed electron and ions are

given as
Ne1 = Neo <§—,_¢) 5 (481)
;1 = Nyo (_;¢> ’ (4.82)

respectively, which are derived from

e
Nei = Nep,i0 €XP (:l: Teﬂ-) y

where ng (ni0) is the equilibrium electron (ion) number density, T, (7;) is the electron (ion)
temperature, ¢ is the electrostatic potential of the dust-acoustic perturbations. The lin-

earized continuity equation for dust particles is

Ong
ot

+ ndOV.vd = O7 (483)

and the dust momentum equation is

3, Z 3V2 U
(— + ud) vg =20y 2VTdg, Ty, + v_, (4.84)
ot mgy Ndgo mq

where n,1 (€ n40) is a small density perturbation (« stands for electrons "e" and ions "¢"

and dust particles "d"), v is the dust-neutral collision frequency, vy is the dust fluid velocity,
Vrq is the dust thermal speed, ¢ is the gravitational potential. The gravitational Poisson’s
equation is given as

V2, = 4rGmgna, (4.85)

where G is the gravitational constant and my, is the dust mass. The perturbed interaction

potential energy between two dust grains is given as

27402102
U~ dOleeeXp (—i) (1 - i) , (4.86)
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where Z,; is a small perturbation in the equilibrium dust charge, Ap = Apidpe/\/Ap; + AD,
is the effective Debye length of the dusty plasma and Ap;, Ap. are the ion and electron Debye

lengths respectively. The quasi-neutrality condition is
Ne1 — Ni1 + ZaoNar + Zainao = 0, (4.87)

here substituting n.;, n;; and Zg;, we get

1 [47nee®  4mnipe®
47 T, T;

V2
} ¢+ ndo’f’dv—¢ = —Zgeng,
1

or
[1 + 47md0rd/\2D1£] o= —47TZdoe/\%nd1,
U1
or
¢ = =41 Zger (14 ) nar, (4.88)

where f = 47md0rd)\%yg /vy is related with the dust charge perturbation. The perturbed dust
charge is given as,

Za = (rqva/evt) ¢, (4.89)

The Eq. (4.86) now can be written as

27 10€> d d Tqls
U~ - 1— — - “ 4.
d P < )\D) < 2/\D) ( evq ) ¢ (4.90)

This relation has been derived by using current balance equation

9qa 944
- = =1 +1, 4.91
ot + vy pp + ( )

where I, (I;) is the electron (ion) current onto the grain surface

I, = —merine (¢)

8kpT. ox eV
p kpT. |

TMe

I, = Werﬁni (9)

T
8k Ty exp {1 a4 ] : (4.92)

kT,

™m;
here V' = q4/4megr, is the grain surface potential. The perturbed dust charge is found in the

same way as derived in section [3.3.2]. The right hand side of dust momentum equation shows
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that various forces are acting on the dust fluid. The first term corresponds to the electrostatic
forces, the second term represents the dust pressure gradient, while third term arises due to
self-gravitational force and the last term due to electrostatic energy. The attractive force is
due to the sum of the electrostatic energies of the electron’s and ion’s Debye spheres and the

overlapping dust Debye sphere.

4.4.2 Dispersion Relation

Now we take Fourier transform of set of dust fluid equations and simplify these equations as
follow: Fourier transform of continuity equation of dust particles is,
(—iw) Ng1 + Ndo (Z/{?) Vg = 0, (493)
or
Wng1 = Ngokvg, (4.94)
Fourier transform of dust momentum and gravitational Poisson’s equation is :
V2,

Zdoe (’Lk‘) U

(i) + va)va = S22 (18) & — =L (i) nay = (i) iy + ==, (4.95)
—4nG
Yy = % (4.96)

respectively. Substituting the interaction energy and dust charge perturbation from Egs.

(4.90) and (4.96) into Eq. (4.95), we get

, k A 72 e2\F, 3V2k 4rGmana
= k[ =/l
(W~ ivg) vg 3 ( e Na1 + - Nd1 2 +
k (2Z4€2 —d d \ rqvy (47 Zge)3
— — ) (1- 4.97
ey ( ¥ exp (AD) ( 2)\D> ” ( 1+ f a1, ( )

Since vy = wngy /nak, after simplifying the Eq. (4.97), we get

kw2 \2 2k2w2 \?
. . pd”*D 2172 02 pd”*D
w(w+2yd)——(1+f) + 3V k*n QJ+<—1+f
—d d Tl
— ) (1—-— ) == 4.
xexp<)\D) < 2/\D) vd (4.98)

o4



where wpq = \/ 473 e*ngo/ma, is the dust plasma frequency and Q; = /4nGmgng is the

Jeans frequency. Let Cpp = wperp (1 + f )71, thus the final dispersion relation is

w(w+iva) = K*Cpp +3Vih* = Qs + <2/~c20%-, ri y2>

PdV1

() (11 49

where w and k are the frequency and the wavenumbers. Rearranging the above dispersion

relation and writing in quadratic form as follow

2 —d
w? +ivgw + Qy — K*C%p [1 44 exp (—)} — 3k*V2+
d V1 )\D

—d
K202 L2 o (—) —0,
DP)\D ” P Y

Let V = [Cpp[1+ (2rava/v1)exp (—d/Ap)] + 3kVE]"? and S = rqva/vidp exp (—d/Ap),
thus
W Fivgw + Qy — V22 + E*C3 S = 0, (4.100)

The solution of Eq. (4.100) is

w=—iZx %\/492 +ASC2 k2 — 4k2V2 1 02, (4.101)

The Jeans instability occurs if
40% + 4SC% pk? > AK*V? — 03, (4.102)

The maximum growth rate is
v =1/Q%+ SC% k2, (4.103)

shows that the Jeans instability increases with dust grains attraction. From above equations

it is clear that the induced Jeans instability due the grain attraction is dominant for the limit

Sk*Ch, > Q3.
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4.5 Summary

In this chapter, we have reviewed the research work of Pandey et. al [18], Verheest et al.
[21], Jacobs et. al [24] and Shukla et al. [27]. In [18], we have reviewed the linear instability
analysis only and found the dispersion relation for Jeans instability for limit Gm?2/q2 ~ 0,
showing that dust grains are much heavier. Also discussed the linear dispersion relation for
low-frequency case, and considered the electron and ions as Boltzmannian. In reference [21],
we have re-derived the linear dispersion relation, for cold multi-ionic species in the presence
of mutual effects of self-gravitational and electrostatic forces in dusty plasma. Dispersion
relation for the hydrogen plasma is derived for single ion plasma. The general dispersion
relation for collisional (dust-ion collisions only), low frequency dusty plasma for electrostatic
case has been rederived [24]. New dispersion relation for dusty plasma by taking into account
the electrostatic energy and self-gravitational effect has been rederived. They found that the
electrostatic force assists the Jeans instability and makes the system further unstable. They
also found that in the presence of electrostatic force, the system becomes unstable even if

there is no self-gravitational effects in dusty plasma.
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