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Preface

The study of commutative rings originated from the theory of algebraic number
and algebraic geometry [3]. In 1921, Emmy Noether gave the first axiomatic
foundation of the theory of commutative rings in her monumental paper “Ideal
theory in rings”. The genesis of the theory of commutative rings dates back to
the early 19t century while its maturity was achieved in third decade of 20t
century.

For any type of abstract algebra, a generalization is a defined class of such
algebra. Of course, a generalization of a concept is an extension of the
concept to less specific criteria. Generalization plays a vital role to enhance a
mathematical concept and to walk around the tracks which leads to achieve
new goals.

Since the introduction of the concept of commutative rings, much progress has
been made by many researchers in the development of this concept through
generalization [28, 29, 39].

In 1972, a generalization of a commutative semigroup has been introduced by
Kazim and Naseeruddin [26]. In ternary commutative law, abc = cba, they
introduced braces on the left of this law and explored a new pseudo
associative law, that is (ab)c = (cb)a. This they called the left invertive law. A
groupoid satisfying the left invertive law is called a left almost semigroup and is
abbreviated as LA-semigroup. Despite the fact that the structure is non-
associative and non-commutative, however it possesses properties which usually
come across in associative and commutative algebraic structures.

In 1978, Mushtaqg and Yusuf [50] established some interesting and useful results in
the theory of LA-semigroups. In [51], they introduced locally associative LA-
semigroups.

Later in 1991, Mushtaq and Igbal [43] did an extensive study in decomposition of
locally associative LA-semigroup. One can see that Mushtaq and his associates
have a remarkable contribution to strengthen and explore new tracks in the
theory of LA-semigroups.

In 1994, Protic and Stevanovic [56] have used the name Abel-Grassmann’s
groupoids(abbreviated as AG-groupoids ), instead of LA-semigroups. For more



details of their spad work regarding AG*-groupoids and AG**-groupoids, we
refer [57, 58, 59, 69]. Mushtaq and Khan [46, 47, 48, 49] also focused on AG*-
groupoids and AG**-groupoids and have done extensive work.

In 1996, Mushtag and Kamran [45] extended this concept to left almost group
(abbreviated as LA-group). An LA-semigroup is called an LA-group if (i) there
exist a left identity ecG such that ea = a for all a € G, and (ii) for every a € G there
exists a left inverse a’'e G such that a'a = e. For more details see [25].

The fundamental questionnaire like, Why’s, What’s, If’s, always insist the human
mind to explore an unending task, to move from known to unknown and from
visible to invisible. The passionate purposefulness has always led to the opening
of new outlook of expanse.

Keeping in view the fundamental questionnaire, we thought of a purpose to
generalize commutative rings by an outcome of LA-semigroups and LA-groups.
Actually, this offshoot is a non-associative and a non-commutative structure,
known as left almost rings (abbreviated as LA-rings), introduced by Yusuf [70].
Left almost rings are in fact a generalization of commutative rings and carries
attraction due to its peculiar characteristics and structural formation.

This thesis comprises 8 chapters and on the whole it is a threefold study. In first
phase we discuss AG-groupoids and I'-AG-groupoids which are in fact single
(binary) operational structures. These structures have been investigated in
chapters 2 and 5. In second phase, we deal with two (binary) operational
structures such as LA-rings and I'-LA-rings. These concepts have been studied in
chapters 3, 4 and 6. While in the third phase, we look into the application side
and investigated the fuzzy concepts of these algebraic structures.

In chapter one, a brief history of LA-semigroups, LA-groups, I'-semigroups and I'-
rings has been discussed. Moreover, some basics of fuzzy concepts have been
provided. We have also included the fundamental information about these
structures which are directly related to our study.

Chapter 2 contains two sections. In section one; we have discussed the ordering
of AG-groupoids. Actually the purpose of defining ordering has been based to
tackle the degree questions in LA-ring of finitely non-zero functions, which have
been discussed in chapter 4 (section 2). In section 2, we have included some
results regarding ideals, M-systems and N-systems in ordered AG-groupoids.



The contents of chapter 2, in the form of two papers have been published
(accepted) in;

0] Far East J. Mathematical Sciences, 47(2010), 13-21.
(i) Int. Electronic J. Pure and Applied Mathematics (to appear).

Chapter 3 is distributed into three sections. In section one, we have provided
some elementary properties of LA-rings. In second section, we have discussed
ideals, M-system, P-system, I-system and subtractive sets in LA-rings. We have
proved that if R is an LA-ring with left identity e, then R is fully prime if and only if
every ideal is idempotent and the set ideal(R) is totally ordered under inclusion.
Further, a left ideal | of an LA-ring R with left identity e is quasi-prime if and only if
R\l is an M-system. Also we have shown that every subtractive subset of an LA-
ring R is semi-subtractive. In section 3 we continued the developments made in
section 2, regarding elementary concepts of ideals in LA-rings. We have taken a
step forward to study the direct sum in LA-rings and have established some
criterion for LA-ring to be the direct sum of its ideals.

In chapter 4, our study is distributed into two sections. In section one, we
generalize the structure of commutative semigroup ring (ring of semigroup S
over ring R represented as R[X; S]) to a non-associative LA-ring of commutative
semigroup S over LA-ring R represented as R[Xs; s€S], consisting of finitely nonzero
functions. Nevertheless it also possesses associative ring structures.

The motivational source behind this study is the book: Commutative semigroup
rings, the University Chicago, Press, 1984 (see [13]). During the construction of LA-
ring represented as  R[Xs; seS], we have adopted the analogous way as in [13].
In this study we have obtained various generalizations parallel to corresponding
parts of commutative semigroup rings. For this we mostly followed [12, 13, 20,
54]. Some results concerning homomorphisms of LA-ring R[Xs; s€S] have been
included. We have also introduced the concept of LA-modules which intuitively
would be the most useful tool for further developments. For example recently,
Shah and Raees [68] have investigated several results corresponding to
associative modules theory over the rings.

In the second section, we have taken the case in which commutative
semigroup has been replaced by an LA-semigroup and accordingly we have
constructed an LA- ring through which all the established results in section one
stood as particular case. Here is the right place to use the concept of ordered



AG-groupoids as discussed earlier in chapter 2; to tackle the degree problem
arose during the developments of this type of LA-rings.

The contents of chapter 4 have been published in;
Int. J. Contemp. Math. Sciences, 5 (2010), no. 5, 209-222.

In chapter 5, we have divided our work into two sections. In section one; we
have introduced a non-commutative and a non-associative structure, which we
named as I'-AG-groupoids. Our main objective behind this study is to generalize
the concept of AG-groupoids which have been studied by several researchers
[41, 42, 43, 46, 47, 50, 57, 58, 69]. We have discussed the concepts of I'-ideals
and TI'-bi-ideals in this structure. In second section, we have studied regular and
intra-regular I'-AG-groupoids. And have characterized these particular types of
I'-AG-groupoids by the properties of I'-ideals.

Also we are with a plan to use the characteristics of I'-AG-groupoids and to
make a link with T'-LA-rings which have been discussed in chapter 6. One can
observe that I'-LA-rings are an immediate generalization of LA-rings and also it is
a generalization of commutative I'-rings [4, 34, 35, 52].

The contents of chapter 5 also have been published in;

® Proc. Pakistan Acad. Sci., 47 (2010), 33-39.
(i) Int. J. Algebra, 4 (2010), no. 6, 267-276.
(iir) Int. J. Applied Mathematics and statistics, (to appear).

In chapter 6, we have introduced I'-left almost rings (abbreviated as I'-LA-rings).
We have initiated this idea by taking inspiration from an article: “On a
generalization of ring theory” published in Osaka Journal of Mathematics, 1964.
In this article, Nobusava [52] have introduced the concept of I'-rings for the first
time. After his research, Barnes [4] weakened slightly the conditions in the
definition of the I'-ring in the sense of Nobusava. Barnes [4], Kyuno [34, 35] and
Luh [37], studied the structure of I'-rings and obtained various generalizations
analogous to the corresponding parts in ring theory.

I'-left almost rings are a direct generalization of LA-rings discussed earlier in
chapters 3 and 4. We can easily observe that I'-left almost rings are in fact a
generalization of commutative I'-rings and intuitively commutative I'-rings are
generalization of commutative ring theory. Consequently, I'-left almost rings
become a generalization of commutative rings.

iv



In this study we have generalized some results which were established for LA-
rings in chapter 3 earlier.

Lastly, in chapter 7 we have made our thoughts to turn to the application side
and for the first time we have taken a step forward to investigate the fuzzy
concepts of these algebraic structures. We have established some interesting
results concerning I'-AG-groupoids and LA-rings. For these developments, we
mostly followed [1, 8, 22, 23, 31, 32, 70].
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Chapter 1

Brief History and Preliminaries

Introduction

This chapter contains the brief history of LA-semigroups, LA-groups, I'-semigroups and
I'-rings. We have provided the preliminaries of these structures and those definitions and
fundamental results which are directly related to our study. We have partitioned this chapter
into two sections. In first section, we deal the basic definitions, and fundamental results of LA-
semigroups and LA-groups which are used successively in further discussion. In second section,

we provide some preliminaries about I'-semigroups and I'-rings.

1.1 LA-semigroups and LA-groups

In 1972, a generalization of a commutative semigroup has been introduced by M. A. Kazim and
M. Naseeruddin [26]. In ternary commutative law, abc = cba, they introduced braces on the
left of this law and introduced a new pseudo associative law, that is (ab)c = (¢b)a. They called
it left invertive law. A groupoid satisfying the left invertive law is called a left almost semigroup
and is abbreviated as LA-semigroup. The notion of LA-semigroups significantly contributed
in the generalization of commutative semigroups. With the help of this left invertive law,
they successfully manipulated subtraction and division as binary operations and proved several
results. They have generalized some useful results of semigroup theory. Despite the fact that
the structure is non-associative and non-commutative, however it possesses properties which
usually valid for associative and commutative algebraic structures.

Later, Q. Mushtaq and his associates have investigated the structure further and added



many useful results to the theory of LA-semigroups. The notion of locally associative LA-
semigroups was introduced by Q. Mushtaq and S. M. Yusuf [51]. An LA-semigroup S is said to
be a locally associative if (aa)a = a(aa) for all a € S. Later in [43], Q. Mushtaq and Q. Igbal
have done extensive study on Locally associative LA-semigroups. We genuinely acknowledge
that in this field much of the spade work has been done by M. Kazim and M. Naseeruddin [26],
Q. Mushtaq and his associates [40, 41, 42, 43, 44, 45, 46, 48, 49, 50, 51] and P. V. Protic and
N. Stevanovic [56, 57, 58, 59, 69].

In [17], P. Holgate has called this structure as left invertive groupoid. He defined it as a
groupoid S in which every a, b, ¢ satisfy the left invertive law (ab)c = (cb)a. He has preferred the
term left invertive groupoid instead of LA-semigroup because naturally commutative semigroup
satisfy left invertive law and LA-semigroups lie between them and groupoids.

LA-semigroups are also known as Abel-Grassmann's groupoids [56] and abbreviated as AG-
groupoids. In an AG-groupoid S the medial property, (ab)(cd) = (ac)(bd) for all a,b,c,d € S,
holds. A groupoid G is called a paramedial if (ax)(yb) = (bx)(ya) for all a,b,x,y € G
[24]. Ideals in AG-groupoids have been discussed in [69]. In an AG-groupoid S with left
identity e, S(Sa) C Sa and (aS)S C aS, where a is an idempotent in S. Also in [69],
a subset @ of an AG-groupoid S is said to be a quasi-ideal if SQ N QS C @ and since
Q*>=Q*’NQ?>C SQNQES C Q, this implies that Q is an AG-subgroupoid of S. P. V. Protic
and N. Stevanovic [69] have defined AG*-groupoid. An AG-groupoid with weak associative law
is called as AG*-groupoid. Also they have generalized AG-groupoid with left identity in the
form of AG**-groupoid. An AG**-groupoid with a weak associative law becomes a semigroup.
They have shown that a non-associative a left simple (right simple, simple) AG*-groupoid does
not exist. In [59], they have also introduced the concept of AG-bands. An AG-groupoid is
called an AG-band if all of its elements are idempotents.

Later in 1994, Q. Mushtaq and M. Kamran [25] extended this concept to left almost group
(abbreviated as LA-group). An LA-semigroups is called an LA-group if (i) there exist a left
identity such that ea = a for all, and (ii) for every a € G , there exists a left inverse aeqG

such that a'a € G. By e we shall mean the left identity. It is not very hard to see that the left



identity ‘e’ and the left inverse are unique. It is important to note that if d’is the left inverse of
a then aa’ = (ea)a’ = (d’a)e = ee = e. This implies a’ is the right inverse of a. A non-empty
subset H of an LA-group G is said to be an LA-subgroup of GG if H is itself an LA-group under
the same binary operation as defined in G. Suppose (G, -) is commutative group then it is easy
to see that (G, ), where “x" is defined as a*b = ba~! for all a,b € G is an LA-group. If H is

a non-empty subset of an LA-group G, then H < G if and only if ab~! € H for all a,b € H.

Theorem 1 [45, Theorem 3.2] If G is an LA-group, then
(1) GG =G.
(2) eG = Ge =G.

Lemma 2 [45, Lemma 3.4] If G is an LA-group and H < G, then
(1) aH = (Ha)e.
(2) (ab)H = H(ba) for all a,b € G.

Lemma 3 [45, Lemma 3.5] The relation a = b(modH) is an equivalence relation, where

H<@G.

Theorem 4 [45, Theorem 3.8] If G is an LA-group and H < G, then G/H = {Ha : a € G}

is an LA-group.

1.2 TI'-semigroups and I'-rings

In this section, we give basic concept of I'-semigroups and I'-rings. In 1981, the notion of
I'-semigroups was introduced by M. K. Sen (see [63] and [64]). Let M and I" be any nonempty
sets. If there exists a mapping M x I' x M — M written (a,a,c) by aac, M is called a
I-semigroup if M satisfies the identity (aab)Bc = aa(bBc) for all a,b,c € M and o, €
I". Whereas the I'-semigroups are a generalization of semigroups. Many classical notions of
semigroups have been extended to I'-semigroups. We remark that the I'-semigroup given in

[64, 65] by Sen and Saha may be called a one-sided I'-semigroup. Later on in [10], Dutta and



Adhikari introduced a both sided I'-semigroup in which the operation I' x § x I' — I was
also taken into consideration.

Nobusawa studies I'-rings for the first in [52]. After his research, Barnes [4] weakened slightly
the conditions in the definition of the I'-ring in the sense of Nobusawa. Barnes [4], Kyuno [34,
35] and Luh [37] studied the structure of I'-rings and obtained various generalizations analogous
to corresponding parts in ring theory. Let (M, +) and (I, +) be abelian groups. M is called a
I'-ring if there exists a mapping M x I' x M — M satisfying the following conditions:

(i) (a+ b)ac = acc + bac.

(ii) aa(b + ¢) = aad + aac.

(i) a(a + B)b = aab + afb.

(iv) (aad)Be = aa(bfc).



Chapter 2

Ordered AG-groupoids

Introduction

This chapter contains two sections. In section one we deal with ordering of AG-groupoid.
The motivation behind this study is the usefulness of totally ordered semigroups. For this
purpose, we have extended this concept to the AG*-groupoids with left identity e and established
that: An M-torsion free and cancellative AG*-groupoid S with quotient group 7', admits a total
order compatible with its operation if and only if T" has a total order.

In section 2, we have investigated M-systems, N-systems and I-systems in ordered AG-
groupoids. We have proved that if S is an ordered AG-groupoid with left identity and L a
proper left ideal of S. Then L is quasi-prime if and only if S\ L is an M-system. Also we have
shown that if NV is an N-system of S and @ € N, then there exists an M-system M of S such

that a € M C N.

2.1 Ordering of AG-groupoids

The techniques we have used in this study are mainly inspired by [13]. We begin initially by the

following theorem which is a generalization of [13, Theorem 1.2].

Theorem 5 If S is an AG*-groupoid and C' is a left cancellative subAG*-groupoid of S, then
there exists an embedding ¢ : S — T, where T is an abelian monoid such that

(1) ¢ (c) has an inverse (¢ (c))™" in T for all ¢ € C and

(2) T={(¢(c)"¢(s) : s € 8,ceC}.

If S = C, then monoid T is an abelian group.



Proof. Define a relation ~on A = C x S by (c1,51) ~ (c2, s2) if and only if ¢152 = cos1. We
claim that ~ is an equivalence relation. Indeed: The relation ~ is reflexive, as cs = c¢s implies
(c,s) = (¢, ). Clearly ~ is symmetric as (c1, s1) ~ (ca, s2) implies ¢159 = c251, i.e. cas1 = €182
and hence (cz,s2) ~ (c1,51). Now suppose (c1,81) ~ (c2,82) and (c2,82) ~ (cs3,83). This
implies c1s2 = c281 and ca2s3 = c3s2. Now we have (c183)ca = (cas3)c1 = (c152)c3 =
(c2s1) c3 = (c3s1)ce. This implies that ¢1s3 = ¢3s1 and hence (¢1, 1) ~ (c3,s3) and therefore
~ is transitive. If (c1,81) ~ (co,82), then c¢1s0 = ca251. By [50, Theorem 2.7], it implies
that sac; = s1ca. Now (c3s4) (s2c1) = (c3s4) (s1c2) implies (c3s2) (sac1) = (c381) (sac2)
and so (c382,84¢2) ~ (c351,54¢1) or (c3,84) (c2,82) ~ (c3,84) (c1,51) or (c3,84) (c1,51) ~
(c3,84) (2, 82) . This implies ~ is left compatible. Again if (c1, 1) ~ (c2, $2), then c152 = cas1
and sac; = s1ca. Now (s2¢1) (c384) = (s1¢2) (c384) , using medial law we have (sac3) (c154) =
(s1¢3) (c284) and so (c184) (sac3) = (cas4) (s1c3) . This implies, (154, s1¢3) ~ (c284, S2C3) OF
(c1,51) (€3, 54) ~ (c2,52) (c3,54) . Hence ~ is right compatible. Thus ~ is compatible. Now
T=CxS/~={[c,s] :ce C,s € S} is the set of all equivalence classes of C' x S under “~".
T is a commutative monoid under the binary operation “x" defined by [(c1, s1)] * [(c2, s2)] =
[(c1c2,8251)] € T. Clearly T is closed. Now we show that (7', %) is an AG-groupoid. For this

consider,

([(c1, s1)] * [(cay s2)]) * [(c3,83)] = [(c1c2,5251)] * [(c3, 53)]
= [(cie, s281)] * [(c3, 53)]
= [((c1e2) €3, 83 (s251))]

= [((e3e2) c1, 59 (s351))] -

Now we take

([es, s3] * [ea, s2]) * er,s1] = [(eaca, sass)]  [(ex, s)
= [((csce) c1, 51 (5253))]

= [((e3c2) c1, 52 (s351))]



Thus ([c1, s1] * [ca, s2]) * [c3, 53] = ([(c3,53)] * [(ca, s2)]) * [(c1,51)] . Hence (T, %) is an AG-

groupoid. Let [(c1,51)] € T, then

[(c1,s0)] % [(c,0)] = [(crc,es1)] = {(c2,52) € A: (c1c,e51) ~ (c2,52)}
= {(c2,82) € A: (c1c) s2 = ca(cs1)} = {(c2,52) € A: c(c152) = c(c281)}
= {(02,82) cA: C189 = 6281}

= {(02,82) € A: (01,81) ~ (62,82)} = [(01,81)] .

Hence [(c, )] is a right identity in T for all ¢ € C'. Now since T" is an AG-groupoid therefore by
[50, Theorem 2.4] it becomes a commutative monoid. Now define ¢ : S — T by ¢ (s) = [(c, ¢s)]
for all s € S. Let s1,59 € S such that s; = so. It is easy to verify that ¢ is well-defined. Now

we show that ¢ is one-one. Let s1,89 € S,

¢ (s152) = [(c,c(s182))] = [((c2e1) , (c2c1) (s152))] = [((c2c1) , (c251) (c152))]
= [((c2c1) ; (c2s1) (e152))] [(e, €)] = [((cacn) €, e((c251) (c152)))]
= [((c2cr) e, e((c2s1) (e152)))] = [((ec1) e2), (c251) (c152)]
= [(c1, c182)][(c2, cas1)] = [(c2, cas1)][(en, crs2)]

= [(c1s1,¢1)] [(c2s2,c2)] = & (51) ¢ (s2) -

Now

Kerg = {se€S:¢(s) istheidentityof T} ={se€ S:¢(s)=|(c,c)]}
= {seS:[(c,es)] =[(c,0)]} ={s€S:(c,cs) ~ (c,0)}
= {seS:cc=c(es)} ={s€S:cc=(cc)s}

= {seS:e=s}={seS8:s=¢e} = {e}.

Thus ¢ is one-one. Hence ¢ : S — T is an embedding. Hence ¢ is one-one. Thus ¢ : S — T'is
an embedding. Now if ¢ € C, then ¢ (c) = [(c,c?)] has an inverse (¢ ()t = [(¢?,¢)] €T
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Indeed, ¢ (¢) (¢ (c))™! = [e,?] [(¢?,¢)] = [(e.c? c.c®)] = [(c1,c1)], where ¢; = c.c? € C

and [(c1, c1)] is an identity in 7. Now an arbitrary element [(s,c)] in T' can be written as

@) o(s) = [ees)][( )] = [(cc? e (es))]

As T is commutative, so (¢ (c)) "¢ (s) = ¢ (s)(¢(c)) ™" = [(¢,s)]. If S = C, then every
element of T is invertible. Consider [(c, s)] [(s, )] = [(cs,cs)] = [(c?,¢?)] = [(c1.¢1)], which
is an identity in 7. Hence T is an abelian group. =

Now in the following we extend the definition [61, Page 332] for an AG*-groupoid with left

identity e.

Definition 6 Let (S,*) be an AG*-groupoid, then S is said to be M-torsion free if for all

x,y € S there exist 1 < m € M C Z* with x™ = y™, then x = y.

Example 7 Take AG*-groupoid (Q*,x), in which the binary operation “" is defined as
a*xb=ba"t (QF,*) is an O-torsion free, where O is the set of odd positive integers. In

2

particular for m = 3, take 2 = y3 and by locally associative property we have z2 % x = y? x 3.

2

Now as for all x € QT, x* =1, so 1xx = 1xy. This implies x = y. Hence (Q*, x) is O-torsion

free AG*-groupoid. Similarly (Z,o) is an O-torsion free defined by aob = b — a.

Definition 8 Let S be a nonempty set, “«" a binary operation on S and < a relation on S
(S, %, <) is called a total ordered AG-groupoid if (S,x*) is a AG-groupoid, (S, <) is a partially

ordered set and for all a,b,c € S, a < b implies that axc < bxc and cxa < cx*b.

Lemma 9 Let (S,*) be an AG*-groupoid. If < is total order on S compatible with x, then S

is M -torsion free and cancellative.

Proof. Leta,b € Sandsaya < b (thatisa <band a #0b).If a <b, thisimplies axx < bxx

for all x € S. Since < is compatible with respect to *, this implies S is cancellative. Now if
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a < b, then axa < axb...(1) and a*xb < bxb... (2). It further implies that axa < axb < bxb.
From (1), we have (axa)*a < (a*b)*a and from (2), we can say (a*b)xb < (bxb) xb.
Now for a < b, the compatibility of * implies that (a * b)*a < (a * b)*b and hence (a * a)*xa <
(axb)*xb< (bxb)x*b.

Continuing this process for m-times, where m is minimal in the set M, we have o' < ... <
b™. This implies "™ < b™ for some m € M. Hence (S, %) is M-torsion free. m

The following theorem establishes a relation between an AG*-groupoid and its quotient

group.

Theorem 10 Let T' be the quotient group of a cancellative AG*-groupoid S. Then T is

M -torsion free if and only if for all z,y € S, 2™ = y" implies x = y,wheren € M C Z™.

Proof. Suppose T' = C'x S/ ~ is torsion free. This implies [(z, x)] is only element of C'x .S/ ~
of finite order. So, [(z,z)]" = [(z,z)]. Assume that 2" = y", where n € M C Z*. Then

z.2" = x.y". So by power associativity of S, we have z!*"

= z.y" or 2".x = z.y™. This
implies (z",y™) ~ (x, ) or [(z,y)]" = [(z,z)] and hence it implies x = y.

Conversely suppose that for all z,y € S, 2™ = y" implies x = y. Let [z,y] € C x S/ ~
such that [(z,y)]" = [(z,2)]. This implies (z",y") ~ (z,x) and therefore 2.z = z.y™. So by

1

power associativity in S, 2"t = x.y" or z.2" = z.y™. This implies " = 3" and so = = .

Thus [(z,2)]" = [(z,z)] and hence T'= C x S/ ~ is M-torsion free. m

Theorem 11 Let S be a M-torsion free cancellative AG*-groupoid with quotient group T.

Then S admits a total order compatible with its operation if and only if T' has a total order.

Proof. If T is totally ordered under <, then the relation < induces a total order on S
compatible with the AG*-groupoid operation. Conversely, if S is totally ordered under <,
then we define a relation ~ on T as follows, each element of T is expressible in the form
¢ s for some ¢c,s € S and ¢ is inverse of ¢. Now for t1 = 0/151 and to = 02))53 in T, we
define t; ~ to by c’lsl < 0533. It is not hard to see that ~ is a well defined relation of

total order on T that is consistent with the group operation on 1" and for the restriction of
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the relation < on S, we just to verify that ~ is well defined and that it agrees with the
relation < on S. Thus, if t; = cllsl = 0/232 and ty = cg33 = 0/434, where c3s1 < c183, then,
(c3s1) (c284) < (c183) (€284) cnnee. (1)

Now for the values of ¢y and s4, we consider c’lsl = 0/252, then by cancellativity we
have (c)51)sy = (Cy52)sy = (S982)cy = ecy. S0, (c151)sy = ¢y and ((c151)5y) = (cy)
implies that (015,1)52 = c9. Now for s4, consider 0/353 = 02154. Then 04(0;,33) = 64(62184) or
04(0;)33) = (02104)54 = s4. Now by repeated use of definitions of AG-groupoid, AG*-groupoid
and medial law in (1), it can be easily verified that if (cgs1) (cas4) < (c183) (c2s4), then

(ca59) < (c254) and hence ~ is well defined. Define ¢ : S — T by ¢ (s) = ¢ (cs), where ¢ is

inverse of ¢ € S. Then ¢ is an embedding. Indeed,

!

b (s1s2) = ¢ (c(s1s2)) = (cc )(s182) = e(s189) = 5189

’ / ! !

= [(ec)si][(cc)sa] = [e (es1)]le (esa)] = ¢ (s1) & (s2) -

Let ¢ (s1) = ¢ (s2) . This implies that [¢ (¢s1)] = [¢ (¢s2)] or (c¢')s1 = (e¢')s2 and hence

s1 = Sa. Thus for s,t € S, we have s ~ ¢ if and only if ¢(cs) < c(ct) ifandonly if s <t. m

2.2 M-Systems in Ordered AG-groupoids

In this section, we have studied ideals, M-systems, N-systems and I-systems of ordered AG-
groupoids. We have proved that if L is a left ideal of an ordered AG-groupoid with left identity,
then L is quasi-prime if and only if S'\ L is an M-system; L is quasi-semiprime if and only if
S\ L is an N-system and L is quasi-irreducible if and only if S\ L is an I-system. Moreover,
we show that every quasi-semiprime left ideal of an ordered AG-groupoid with left identity is
an intersection of some quasi-prime left ideals.

Let S be a nonempty set, a binary operation on S and < a relation on S. (S,-,<) is
called an ordered AG-groupoid if (S,-) is a AG-groupoid, (S, <) is a partially ordered set and
for all a,b,c € S, a < b implies that ac < bc and ca < ¢b. This structure is a generalization

of AG-groupoids and ordered semigroups. The following theorem follows by Theorem 1 in [41]
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and definitions of ordered AG-groupoids and ordered semigroups.

Theorem 12 An ordered AG-groupoid S is an ordered semigroup if and only if a(bc) = (cb)a

for all a,b,c € S.

For HC S, let (H] ={te€ S|t <hforsomeh € H}. This lemma is similar to the case

of ordered semigroups.

Lemma 13 Let S be an ordered AG-groupoid and A, B subsets of S. The following state-
ments hold.

(1) If A C B, then (A] C (B].

(2) (A](B] € (AB].

(3) ((A](B]] € (ABJ.

A nonempty subset A of an ordered AG-groupoid S is called a left ideal of S if (4] C A
and SA C A and called a right ideal of S if (A] C A and AS C A. A nonempty subset A of
S is called an ideal of S if A is both left and right ideal of S.

Proposition 14 Let S be an ordered AG-groupoid with left identity. Then every right ideal
of S is a left ideal of S.

Proof. Let R be a right ideal of S. Then (R] C R and RS C R. We claim that SR C R,
indeed, SR = (eS)R=(RS)eC ReCR. m
For A C S, let < A > denote the left ideal of S generated by A and for a € S, < {a} >

is denoted by < a >.

A groupoid S is called a paramedial if (az)(yb) = (bx)(ya) for all a,b,z,y € S [24].

Lemma 15 If S is an AG-groupoid with left identity e, then it satisfies paramedial law.
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Proof. Let x,y,l,m € 5, then consider

(zy)(Im) = (al)(ym), by medial law
= (e(e])(ym)
= [(ym)(zl)]e, by left invertive law
= [(yz)(ml)]e, by medial law
= le(mD)](ya)
= (mi)(yo)

= (my)(lz).

Hence S is a paramedial. m

Lemma 16 Let S be an ordered AG-groupoid with left identity and A C S. Then S(SA) =
SA and S(SA] C (SA].

Proof. Since S has a left identity, S = S.S. Then by definition of AG-groupoids and paramedial
law, we have S(SA) = (SS)(SA) = (AS)(SS) = (AS)S = (SS)A = SA. Thus S(SA) =
SA. By Lemma 13, we have S(SA] = (S](SA] C (S(SA)] = (SA]. =

Lemma 17 Let S be an ordered AG-groupoid with left identity and a € S. Then < a >=
(Sal].

Proof. Since S has a left identity, a € (Sa]. By Lemma 16, we have S(Sa] C (Sa]. So (Sa]
is a left ideal of S containing a. Let L be another left ideal containing a. Thus Sa C L, so
(Sa|]C L. m

Let S be an ordered AG-groupoid. A nonempty subset M of S is called an M-system of S
if for each a,b € M, there exists x € S and ¢ € M such that ¢ < a(zb). Equivalent definition:

for each a,b € M, there exists ¢ € M such that ¢ € (a(Sbh)].
Remark 18 (1) If (S,-) is an AG-groupoid, we endow S with the order relation <, then
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(S,-, <) is an ordered AG-groupoid. Moreover, the set M is an M-system of a AG-groupoid
(S,-) if and only if M is an M-system of an ordered AG-groupoid (S, -, <).
(2) If an ordered AG-groupoid S is an ordered semigroup, then the set M is an M-system

of an ordered AG-groupoid S if and only if M is an M-system of an ordered semigroup S.

A left ideal P of an ordered AG-groupoid S is called quasi-prime if and only if for all left
ideals A, B of S, AB C P implies AC Por BC P.

Lemma 19 Let L be a left ideal of an ordered AG-groupoid S with left identity e. Then L

is quasi-prime if and only if for all a,b € S, a(Sb) C L impliesa € L orb € L.

Proof. Suppose that a(Sb) C L. We get S(a(Sb)) C SL C L and by medial law, paramedial

law and the definition of AG-groupoid, we have

S(a(50)) = (55)(a(Sb)) = (Sa)(5(5b)) = Sa((55)(5b))

= (5a)((b5)(55)) = (Sa)((b5)S) = (Sa)((S5)b) = (Sa)(Sb).

Since L is a left ideal of S, (Sa](Sb] C ((Sa)(Sb)] = (S(a(Sb))] € L. Since (Sa] and (Sb]
are left ideals of S and L is quasi-prime, (Sa] C L or (Sb] C L. By Lemma 17, a € L or
b € L. Conversely, let A and B be left ideals of .S such that AB C L and A g L. Then there
exists s € A and ¢ L. Now for all y € B, we have z(Sy) C A(SB) C AB C L. Hence by

assumption, y € L for all y € B. Hence B C L, this implies that L is quasi-prime. =

Theorem 20 Let S be an ordered AG-groupoid with left identity and L a proper left ideal of

S. Then L is quasi-prime if and only if S\ L is an M-system.

Proof. Assume L is quasi-prime and let a,b € S\ L. Suppose ¢ ¢ (a(Sb)] for all c € S'\ L.
Then (a(Sb)] C L, this implies a(Sb) C L. By Lemma 19, a € L or b € L, which is impossible.
Then there exist ¢ € S\ L such that ¢ € (aSb|. Hence S'\ L is an M-system.

Conversely, assume that S\ L is an M-system. Let a,b € S such that a(Sb) C L. Suppose

that a,b € S\ L. Since S\ L is an M-system, there exist ¢ € S\ L and = € S such that
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¢ < a(xb) € a(Sbh) C L. Since L is a left ideal of S, we have ¢ € L, which is impossible.
Hence a € L or b € L. By Lemma 19, L is quasi-prime. =

Let S be an ordered AG-groupoid. A nonempty subset N of S is called an N-system of S
if for each a € N, there exists x € S and ¢ € N such that ¢ < a(za). Equivalent definition:

for each a € N, there exists ¢ € N such that ¢ € (a(Sa)].

Remark 21 (1) In [48], definition of N-systems in AG-groupoids is called a P-system. If (S, -)
is a AG-groupoid, we endow S with the order relation <:= idg, then (S,-,<) is an ordered
AG-groupoid. Moreover, the set N is an P-system of a AG-groupoid (S,-) if and only if N is
an N-system of an ordered AG-groupoid (S, -, <).

(2) If an ordered AG-groupoid S is an ordered semigroup, then the set M is an M-system
of an ordered AG-groupoid S if and only if M is an M-system of an ordered semigroup S.

(3) Let S be an ordered AG-groupoid. Each M-system of S is an N-system of S.

A left ideal P of an ordered AG-groupoid S is called quasi-semiprime if for any left ideal
A of S, A2 C P implies that A C P. It is obvious that a quasi-prime subset of S is a

quasi-semiprime subset of S.

Lemma 22 Let L be a left ideal of an ordered AG-groupoid S with left identity e. Then L

is quasi-semiprime if and only if for all a € S, a(Sa) C L implies a € L.

Proof. Suppose that a(Sa) C L. We get S(a(Sa)) C SL C L and by similar in the proof
of Lemma 22, we have S(a(Sa)) = (Sa)(Sa). Since L is a left ideal of S,(Sa|(Sa] C
((Sa)(Sa)] = (S(a(Sa))] € L. Since (Sa] is a left ideal of S and L is quasi-semiprime,
(Sa] C L. By Lemma 17, a € L. Conversely, let A be a left ideal of S such that A% C L.
Now for all z € A, we have x(Sz) C A(SA) C A%2 C L. Hence by assumption, = € L for all

x € A. Hence A C L, this implies that L is quasi-semiprime. =

Theorem 23 Let S be an ordered AG-groupoid with left identity and L a proper left ideal of

S. Then L is quasi-semiprime if and only if S\ L is an N-system.
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Proof. Assume L is quasi-semiprime and let a € S\ L. Suppose ¢ ¢ (a(Sa)| for all c € S\ L.
Thus (a(Sa)] C L, this implies a(Sa) C L. By Lemma 17, a € L, which is impossible. So
there exist ¢ € S\ L such that ¢ € (aSa]. Hence S\ L is an N-system. Conversely, assume
that S\ L is an N-system. Let a € S such that a(Sa) C L. Suppose that a € S\ L. Since
S\ L is an N-system, there exist c € S\ L and z € S such that ¢ < a(za) € a(Sa) C L. Then
¢ € L, which is impossible. Therefore a € L. By Lemma 22, L is quasi-semiprime. m

The intersection of quasi-prime left ideals of an ordered AG-groupoids S (if it is non empty)
need not be a quasi-prime left ideals of S. The following proposition shows that it becomes

quasi-semiprime.

Proposition 24 Let J; be any set of quasi-prime left ideals of an ordered AG-groupoid for

allieI. If P=(,c;Ji # 0, then P is a quasi-semiprime left ideal of S.

Proof. Let L be a left ideal of S such that L? C P. Then L? C J; for all i € J. This implies

Le J;forallie J. So L C P. Hence P is a quasi-semiprime left ideal of S. m

Theorem 25 Every quasi-semiprime left ideal of an ordered AG-groupoid with left identity is

an intersection of some quasi-prime left ideals.

Proof. Let L be a quasi-semiprime left ideal of S and {J; | i € I'} the set of all quasi-prime left
ideal of S containing L. This set is not empty because S itself is a quasi-prime left ideal of S.
Let a € S\ L. Then a(Sa) € L, take a; € a(Sa) C (a(Sa)] but a; ¢ L. From a1(Sa1) € L,
we have ag € S such that ag € a1(Sa1) C (a1(Sa1)] but az ¢ L. We continue this way, take
a; € (aj—1(Sa;—1)] but a; ¢ L. We put a = ag and let A = {ap,a1,a2,...}. So ANL =10.
Next, we claim that M is an M-system. Let a;,a; € M. Let us assume that 7 < j. If i = j,
then a;11 € (a;(Sa;)] = (a;(Sa;)]. If i < j, then aj1 € (aj(Sa;)] C (a;(S(aj-1(Saj-1)))] C
(aj(Saj-1)]... C (aj(Sa;)] by Lemma 16. A similar argument takes care of the case in which
i > j. Now we have that A is an M-system and ANL = 0. Let T ={M | M is an M-system
of S such that a € M and M N L = (0}. Then T # () because A € T. By Zorn's Lemma,

there exists a maximal element, say M’ in T. Again let X = {J | J is a left ideal of S such
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that JN M = () and L C J}. Then X # () because L € X. By Zorn's Lemma, there
exists a maximal element, say J' in X. Let z,y € S\ J'. Then (SzxUJ | N M # 0 and
(SyuJ' TN M #0. So there exist a,b € M’ such that a < ux and b < vy for some u,v € S.

Since M’ is an M-system, there exists m € M such that m < a(wb) for some w € S. Thus

m < (uz)(wvy)) = ((vy)z)(wu) = (vw)(z(vy)) = (e(uw))(z(vy))
= (ex)((uw)(vy)) = z((yw)(vu)) = z(((vu)w)y).

Then S\ J' is an M-system. From maximality of M’, S\ J' = M’ and so J' is a quasi-prime
left ideal of S containing L. Sincea ¢ J', L=n{J;|i€I}. =

Theorem 26 Let S be an ordered AG-groupoid. If N is an N-system of S and a € N, then

there exists an M-system M of S such that a € M C N.

Proof. Since N is an N-system and a € N, there exists ¢; € N such that ¢; € (a(Sa)], So
(a(Sa)] NN # 0, take a3 € (a(Sa)] N N. Since N is an N-system, there exists ca € N such
that c2 € (a1(Sa1)], So (a1(Sa1)] NN # 0, take as € (a1(Sa1)] N N. We continue this way,
take a; € (a;—1(Sa;—1)] N N. We put a = ap and let M = {ap, a1, ag,...}. We have M is an
M-systemanda e M C N. m

Let S be an ordered AG-groupoid and a left ideal P of S is called quasi irreducible
(quasi strongly irreducible) if for any left ideals A, B of S, ANB =P (AN B C P) implies
that A=PorB=P (AC Por BCP).

Let S be an ordered AG-groupoid with left identity. A nonempty subset I of S is called an

I-system of S if for each a,be I, (<a>N<b>)NI#0.

Theorem 27 Let S be an ordered AG-groupoid with left identity and L a proper left ideal of
S. Then the following statements are equivalent.

(1) L is quasi-irreducible.

(2) Foralla,be S, <a>N<b>C L impliesa € L orbe L.

(3) S\ L is an I-system.
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Proof. (1) = (2) Assume L is quasi-irreducible and let a,b € S suchthat <a >N <b>C I.
Thus <a > Lor<b>€ L. Thenae€ Lorbe L. (2) = (3) Let a,b € S\ L. Suppose
(<a>nN<b>N(S\L)=0. This implies <a>N<b>C L Soa€ LorbelL,itis
impossible. Hence (< a >N < b >)N(S\L) # 0. Therefore S\ L is an |-system. (3) = (1) Let
A, B be left ideals of S such that AN B C L. Suppose A ¢ Land BE L. Leta€ A\ L and
b€ B\ L. This implies that a,b € S\ L. By hypothesis, (< a >N <b>)N(S\L) # (0. Then
there exists cé<a>N<b>and c€ S\ L. It shows thatce<a>N<b>C ANBCL,

it is impossible. Thus A C L or B C L. Hence L is quasi-irreducible. m
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Chapter 3
Left Almost Rings

Introduction

Actually left almost rings (abbreviated as LA-rings) [70], are an offshoot of LA-semigroups
and LA-groups . LA-rings are in fact a generalization of commutative rings and carries attraction
due to its peculiar characteristics and structural formation. Despite the fact that the structure
is non-associative and non-commutative, however it possesses properties which usually come
across in associative and commutative algebraic structures.

This chapter contains three sections. In section one, we have discussed some elementary
properties of LA-rings. In second section, we deal with the concepts of ideals, M-systems,
P-systems, |-systems and subtractive sets in LA-rings. In continuity to second section, in the
third section, we have taken a step forward and established some results regarding the direct

sum in LA-rings.

3.1 Some basics of LA-rings

Definition 28 Let R be a set with at least two elements and two binary operations +' and
“" defined on R. Suppose (R,+) is an LA-group and (R, -) is an LA-semigroup satisfying both
left and right distributive laws: a(b+ ¢) = ab+ ac and (a + b)c = ac + be for all a,b,c € R.
Then (R, +,-) is called an LA-ring.

Since (R, +) is an LA-group, it contains a left additive identity ‘0" such that 0+ a = a for



all a € R. Now

0-

a

= (040)-a=0-a+0-a

= 0+0-a=0-a+0-a

As (R, +) is cancellative, so 0 = Oa for all a € R. i.e. ,0is the left zero for (R, -). Similarly,

it can be proved that a0 = 0 for all a € R, so that 0 is the right zero for (R, ). We shall refer

to 0 as the zero element of LA-ring (R, +,-). By the definition of an LA-group, every element

a of (R,+) contains a unique additive inverse —a. An LA-ring (R,+,-) is called an LA-ring

with left identity e if for all @ € R, e.a = a.

Example 29 From a commutative ring (R,+,-), we can always obtain an LA-ring (R, ®,-)

by defining for a,b € R, a®b=05b—a, a-b, is same as in the ring.

Let R be an LA-ring with left identity e. An element a € R is said to be invertible or unit

in R if there exists an element b € R such that ab = ba = e.

We represent U (R), the set of all unit elements in R. It is not hard to prove that U (R)

is an LA-group under the multiplication.

Theorem 30 If (R,+,) is an LA-ring. Then

1

2) a(—=b) = —ab=(—a)b

4) (—a) (=b) = ab
—a — b for all a,b € R.

(1)
(2)
3) —(-a) =
(4)
) -

Proof. (1)

a0 =0 =0a

(a+b) =

a0

= a(040)=a0+ a0

= 04+a0=a0+ a0
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By the cancellative law for the additive LA-group(R, +), we have 0 = a0. Likewise, 0a =
(04+0)a = 0a + 0a implies 0a = 0.

(2) By the definition, — (ab) is the element which when added to ab gives 0. Thus in
order to show a (—b) = — (ab) , we must show a (—b) + ab = 0. By the left distributive law:
a(=b)+ab=a(-b+b)=a0=0. Similarly, (—a)b+ab= (—a+a)b=0b=0. (3) Since

0=a—a,

0—(—a) = (a—a)—(—a) adding both sided by — (—a)

= (—(-a)+(-a))+a=0+a=a

(4) By using (2) and (3), we have (—a) (=b) = — (a(—=b)) = — (— (ab)) = ab. (5) Since

0=—(a+b)+ (a+b)

0+ (—a—0b) = (—(a+b)+ (a+0b))+ (—a—b) adding both sides by (—a — b)
(—a—b) = ((—a—0b)+ (a+0b)—(a+b) by left invertive law
= ((ma+a)+(=b+0b) —(a+0)
= (0+0)—(a+b)=0—(a+b)=—(a+Db)

= (—a—-0b)=—(a+b).

Lemma 31 /f an LA-ring has left identity e, then it is unique.

Proof. Suppose there exists another left identity, say f. Then ef = f and fe = e. Now
f=ef =(ee)f = (fe)e =ee =e. This implies left identity is unique. m

In an LA-ring medial law holds trivially, i.e, (ab) (c¢d) = (ac) (bd) for all a,b,c,d € R. While
paramedial law: (ab) (cd) = (db) (ca) holds only if R has left identity e.
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Lemma 32 Let R be an LA-ring with left identity ‘e’ such that ab = cd for all a,b,c,d € R.

Then ba = dc.

Proof. Let ab = cd for all a,b,c,d € R. Now ba = (eb) a = (ab)e = (cd) e = (ed)c =dc. m

Definition 33 Let (R,+,-) be an LA-ring. If S is a non-empty subset of R and S is itself an

LA-ring under the binary operation induced by R, then S is called an LA-subring of (R, +,-).

Lemma 34 If S is non-empty subset of an LA-ring (R,+,-), then S is an LA-subring of
(R,+,-) if and only if both a — b and ab € S for all a,b € S.

Proof. Proof is straight forward. m

Lemma 35 The intersection of two LA-subrings of an LA-ring R is again an LA-subring.

Proof. Straight forward. m

Remark 36 The intersection of any family of LA-subrings of an LA-ring R is again an LA-

subring.

Let R be an LA-ring and 0 # a € R, then a is said to be a left (right) zero divisor in R
if there exists some element 0 # b € R such that ab = 0 (ba = 0) and is called zero divisor
if it is both left zero and right zero divisor. An LA-ring R is cancellative if ab = ac and
ba = ca (where a # 0) implies b = ¢ for all a,b,c € R. Let (R,+,-) be an LA-ring. If ab=10

for all a,b € R, implies either a = 0 or b = 0, then (R, +, ) is called an LA-integral domain.

Lemma 37 A left cancellative LA-ring is a cancellative LA-ring.

Proof. Let R be a left cancellative LA-ring. Let a,b,c € R such that ba = ca. Consider
d € R be any fixed element of R. Then (ba)d = (ca)d. This implies (da)b = (da)c. Thus

b = c. Hence a left cancellative LA-ring is a cancellative LA-ring. m

Remark 38 A right cancellative LA-ring with left identity e is cancellative.
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Theorem 39 An LA-ring R is an LA-integral domain if and only if it satisfies the cancellative

laws.

Proof. Let R be an LA-integral domain. Suppose

ac

L A

Now suppose

ca

ab for all a,b,c € R and a # 0

ac—ab=0

a(c—b) =0

c—b=0sincea#0

c=0>.

A

ba

ca—ba=0
(c—b)a=0
c—b=0sincea#0

c=b.

Hence R satisfies the cancellative laws.

Conversely, suppose R satisfies the cancellative laws. we have to show that R is an LA-

integral domain. It is enough to show that R has no zero divisor. But we suppose a contradiction

that R has zero divisor. Then by definition ab = 0 where a,b are non-zero elements of R.

This implies ab = a0. By left cancellative law, we get b = 0, which a contradiction. R has no

left zero divisor. Now ba = 0 = b0. By left cancellative law a = 0, which is a contradiction.

This implies R has no right zero divisor. This implies R has no zero divisor. Hence R is an

LA-integral domain. =

An element a of an LA-ring R is called additively idempotent if a +a = a. I (R) denotes
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the set of all additively idempotent elements of R. Since I (R) is non-empty, because 0 € R
as left additive identity. If every element of R is additively idempotent then R is additively

idempotent.
Lemma 40 An LA-ring is additively idempotent if and only if T (R) = R.

Proof. Suppose R is additively idempotent. This implies a+a = a for all a € R. As we know
that 1™ (R) C R. Since a + a for all a € R. This implies R C I (R). Hence R = I (R).
Conversely, suppose I (R) = R. Let a € R. This implies a € I'" (R) i.e., a is additively
idempotent element of R. Since a was taken to arbitrary element of R. Hence R is additively

idempotent. m

Lemma 41 If a,b,c and d are elements of an additively idempotent LA-ring R satisfying

a+c=bandb+d=a then a =b.

Proof. By additive idempotent, we have

a = ata=a+(b+d) =b+(a+d) =(atc)+(atd)
= (a+a)+(c+d)=a+(c+d)=(b+d) +(c+d)
= (b+o)+(d+d)=(b+c)+d=((a+c)+c)+d
= ((c+o)+a)+d=(c+a)+d=(d+a)+c
— ([d+(b+d)+e= b+ (d+d)+c

= (b+d)+c=a+c=0b

Henceb=c. m

An element a of an LA-ring R is called multiplicative idempotent if a®> = a (i.e., aa = a).
I*(R) denotes the set of all multiplicative idempotent elements of R. Since I*(R) is non-
empty, because 00 = 0 € R as left additive identity. If R is an LA-ring with left identity
e, then e is multiplicative idempotent element of R, since ee = e. If every element of R is

multiplicative idempotent then R is multiplicative idempotent.
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Lemma 42 An LA-ring R is multiplicative idempotent if and only if [* (R) = R.

Proof. Proof is easy. m

3.2 Ideals in LA-rings

In this section, we discuss the concept of ideals in LA-rings. Main results are (1) Let R be an
LA-ring with left identity e, then R is fully prime if and only if every ideal is idempotent and
the set ideal(R) is totally ordered under inclusion. (2) A left ideal I of an LA-ring R with left
identity e is quasi-prime if and only if R\I is an M-system. (3) Every subtractive subset of an
LA-ring R is semi-subtractive. (4) Every quasi-prime ideal of an LA-ring R with left identity e

is semi-subtractive.

Definition 43 If A is an LA-subring of an LA-ring (R,+,-), then A is called a left ideal if

RA C A. Right ideal and two sided ideal are defined in the usual manner.
The following proposition provided that every right ideal in an LA-ring is a two sided ideal.

Proposition 44 If (R,+,-) is an LA-ring with left identity e, then every right ideal is a left
ideal.

Proof. Let I be a right ideal of LA-ring R, this implies I is a LA-subring of R. Now let r € R
and i € I, then ri = (er)i = (ir)e € I. Thus [ is also a left ideal. m

Now onward by ideal in LA-ring R with left identity e, we mean a right ideal. An element
r of an LA-ring (R, +, ) is called idempotent if r -7 = r. An ideal I of an LA-ring R is called

minimal if it does not contain any ideal of R other than itself.

Lemma 45 Let R be an LA-ring with left identity e. If I is a minimal left ideal of R, then al

is a minimal left ideal of R for every idempotent a.

Proof. Let I be a minimal left ideal of an LA-ring R and a is an idempotent element,

consider al = {ai:i € I}. Let aiy,aiz € al. Then ai; — aiz = a (i — i2) = ai’ € al, where
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i =i1—iy € I and (aiy)- (aiz) = (a-a) (i1 -i9) = a (i1 - ia) = ai’ € al, by medial law. Thus
al is a subring of R. For r € R, ai € al, using [51, Lemma 4], we have r (ai) = a (i) € al.
Thus al is a left ideal of R. Next, let H be a non-empty left ideal of R which is properly
contained in al. Define K = {i € [ : ai € H} and let y € K. Then ay € H, and so we
get a(ry) = r(ay) € RH C H. This implies that ry € K. Hence K is a left ideal properly
contained in I. But this is a contradiction to the minimality of I. Thus al is a minimal left

ideal of LA-ring R. m
Lemma 46 [f I is a right ideal of an LA-ring R with left identity e then I? is an ideal of R.

Proof. Let i € I?, then we can write i = 2y where z,y € I. Now consider ir = (zy)r =
(ry)x € IT = I?. This implies that I? is a right ideal and hence by proposition 44, I? is a left

ideal. m
Remark 47 If I is a left ideal of R with left identity e, then I? becomes an ideal of R.
Lemma 48 Intersection of two left(right) ideals of an LA-ring is again a left(right) ideal.

Proof. Let I,.J be two left ideals of an LA-ring R. Let a,b € I N J this implies that a,b € I
and a,be J. So,a—bel,a—be Janda-belanda.be J. Thisimpliesthata—be INJ
anda-belINJ. Nowletr€ RandaeInJ,soa €1 and a € J. This implies ra € I and
ra € J and hence ra € INJ. Thus I'NJ is a left ideal. m

Addition of ideals I and J of an LA-ring R is defined as

I+J={z+y:xz€l, yeJ} CR.

Lemma 49 The sum of two left ideals of an LA-ring with left identity e is again a left ideal.

Proof. Let R be an LA-ring. Let I,J be left ideals in R. Suppose 21,25 € I + J. This

implies 21 = (z1+ 1) and 22 = (x2 +y2). 21 — 22 = (X1 +y1) — (B2 +y2) = (z1 + 1) +
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(—z2—y2) = (r1 —22) + (y1 —y2) € I + J. Now

z1-22 = (x1+y1) (v2a+y2) =21 (2 +y2) +y1 (2 + y2)

= (x122 + 21Y2) + (y1:c2 +y1y2) = (z122 + Yy122) + (1‘1y2 +y1y2) € I+ J.

Again suppose z € [ +J and r € R then z =z + y forsome x € I,y € J.
rz=r(z+y)=(rce+ry) €I+ J. Thus I 4+ J is a left ideal. m

Consequently we obtain the following:

Corollary 50 Let R be an LA-ring R with left identity e. Then
(1) Sum of two right ideals of R is a right ideal of R.
(2) The sum of one left ideal and one right ideal of an LA-ring R is a left ideal of R.

(3) Addition of left ideals is not commutative as well as not associative.

Remark 51 For an LA-ring R with left identity e, the following hold;
(1) I+ R=R and R+ 1 # R.
(2) (0)+1=1and I+ (0)#1I.
3)I=-1=-x:2€l.

Let A, B are ideals of an LA-ring R. Then the product of A and B is defined by

IJ = { Y wmyi:x;€ly; € J}.

finite

= { Z Ty = ((((3313/1 + :L‘gyg) + l‘gyg) + :1:4y4) + ...+ xnflynfl) 4+ Tpyp s x € Iy € J}

finite

Lemma 52 Let R be an LA-ring with left identity e. Product of two left ideals of R is again

a left ideal.

Proof. Straight forward. m
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Lemma 53 Let R be an LA-ring with left identity e. If I is a proper ideal of R, then e ¢ I.
Proof. Assume on contrary that e € I and let r € R, then consider r = er € IR C I. This

implies that R C I, but I C R. So, I = R. A contradiction. Hencee ¢ 1. m

Definition 54 An LA-ring R is said to be fully idempotent if all ideals of R are idempotent.
If R is an LA-ring with left identity e then the principal left ideal generated by an element a is
defined as (a) = Ra = {ra : r € R}.

Remark 55 It is important to note that if I is an ideal of R, then I = (I) and also I? is an

ideal of LA-ring R. Hence I? = (I?).

Proposition 56 If R is an LA-ring with left identity e and I, J are ideals of R, then the
following assertions are equivalent:

(1) R is fully idempotent,

(2) InJ=(1J),

(3) the ideals of R form a semilattice (Lg, \), where I A\ J = (I.J).

Proof. (1)=(2). Since IJ C INJ, (IJ) CINJ. Nowleta e INnJ. As (a) is principal
left ideal generated by a fixed element a, so a € (a) = (a)(a) C (IJ). Hence INJ = (IJ).
(2)=03). INnJ={IJ)=InJ=JNnI=JAITandalso IANI=(II)=INI=1. Hence
(Lg, ) is a semilattice. (3)=(1). Now I =IATI=(I])=1I]. m

Proposition 57 Suppose R is an LA-ring with left identity e. Let I be a right ideal, then
the following are equivalent;

1
2

(1)1
(2) e€

(3) I contains a unit
(4)

4) I contains an element which is right invertible or left invertible.

Proof. (1)=(2). Suppose I = R, then since e € R, we have e € I. Now suppose e € I,

then for all z € R; x = ex € I. Thus R C [ and I being an ideal in R, I C R. Hence
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I = R. (2)=(3). If e € I, I contains a unit obviously. Now suppose I contains a unit u, then
e=u-u"' €I (3)=(4). Suppose I contains a unit, then obviously I contains an element
which is both right and left invertible. (4)=-(1). Now suppose I contains an element a which
is right invertible or left invertible. But in an LA-ring right invertibility implies left invertibility
and vice versa. Thus a is a unit. m

An ideal P of an LA-ring R is said to be prime ideal if and only if AB C P implies either
A C P or B C Pwhere A and B are ideals in R and it is called semi-prime if for any ideal I
of R, I?> C P implies that I C P. An LA-ring R is said to be fully prime if every ideal of R is
prime and it is fully semiprime if every ideal is semiprime.

The set of ideals of an LA-ring R is said to be a totally ordered under inclusion if for all

ideals I, J of R, either I C J or J C I and is denoted by ideal(R).

Theorem 58 Let R be an LA-ring with left identity e, then R is fully prime if and only if
every ideal is idempotent and the set ideal(R) is totally ordered under inclusion.

Proof. Let R is fully prime and I be any ideal of R. By lemma 46, I? is an ideal of R, and
so I? C I. Also II C I which implies that I C I?. So, I? = I and hence I is idempotent.
Now let A, B be ideals of R and AB C A, AB C B which implies that AB C ANB. As A
and B are prime ideals so AN B is also a prime ideal of R. Then AC ANBorBC ANB
which implies that either A C B or B C A. Hence the set ideal(R) is totally ordered under
inclusion. Conversely let every ideal of R is idempotent and ideal(R) is totally ordered under
inclusion. Let L, M and N be any ideals of R with LM C N such that L C M. Now since
L is idempotent, . = L? = LL C LM C N. This implies that L. C N and hence R is fully

prime. W

Definition 59 An ideal I of an LA-ring is said to be strongly irreducible if PN Q) C I implies
PClorQCl.

Theorem 60 Let R is an LA-ring with left identity e, then an ideal I of R is prime if and

only if it is semiprime and strongly irreducible.
Proof. The proof is obvious. =
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3.2.1 M-systems, |-systems and Subtractive sets in LA-rings

In this study, we discuss M-system, P-system, I-system and subtractive sets in an LA-ring with
left identity e. We prove the equivalent conditions for a left ideal to be an M-system, P-system,
I-system and establish that every M-system of elements of an LA ring with left identity e is
P-system. Also we prove that every subtractive subset of R is semi-subtractive. Finally, we

show that every quasi-prime ideal of an LA-ring R with left identity e is semi-subtractive.

Definition 61 A nonempty subset S of an LA-ring R is called an M-system if for a,b € S

there exists r in R such that a(rb) € S.

Example 62 Since we assume that any LA-ring R has left identity e, so any LA-semigroup

or LA-monoid of (R, -) is an M-system.

Definition 63 Let I be a left ideal of an LA-ring R with left identity e. Then I is said to be
a quasi-prime if HK C I implies that either H C I or K C I, where H and K are any left
ideals of R. If for any left ideal H of R such that H> C I, we have H C I, then I is called

quasi-semiprime.

Proposition 64 Let I be a left ideal of R with left identity e, then the following are equivalent:
(1) I is quasi-prime ideal.
(2) HK = (HK) C I implies that either H C I or K C I, where H and K are any left
ideals of R.
(3)IfHZ T and K ¢ I then HK ¢ I, where H and K are any left ideals of R.
(4) If h,k are elements of R such that h ¢ I and k ¢ I then (h)(k) € I.
(5) If h, k are elements of R satisfying h(Rk) C I, then either h € I ork € I.

Proof. (1)<(2). Let I is quasi-prime. Now by definition if HK = (HK) C I, then
obviously it implies that either H C I or K C I for all left ideals H and K of R. Converse
is trivial.(2)<(3) is trivial. (1)=(4). Let (h)(k) C I, then either (h) C I or (k) C I, which
implies that either h € T or k € 1. (4)=(2). Let HK C I. If h € H and k € K, then
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(h)(k) C I and hence by hypothesis either h € I or k € I. This implies that either H C I or
K C 1. (1)&(5). Let h(RE) C I, then R(h(RE)) C RI C I. Now consider

R(h(RK)) = (RR)(h(RK)) = (Rh)(R(Rk)), by medial law
= (Rh)((RR)(REk)) = (Rh)((kR)(RR)), by paramedial law
= (Rh)((RR)k), by left invertive law

— (Rh)(Rk) C I.

Since Rh and Rk are left ideals for all h € H and k € K, hence either h € [ or k € 1.
Conversely, let HK C I where H and K are any left ideals of R. Let H ¢ I then there exists
[ € H such that [ ¢ I. For all m € K, we have [(Rm) C H(RK) C HK C I. This implies

that K C I and hence [ is quasi-prime ideal of R. m

Proposition 65 A left ideal I of an LA-ring R with left identity e is quasi-prime if and only
if R\I is an M-system.

Proof. Suppose I is a quasi-prime ideal. Let a,b € R\I which implies that a ¢ I and b ¢ I.
So by Proposition 64, a(Rb) € I. This implies that there exists some r € R such that a(rb) ¢ I
which further implies that a(rb) € R\I. Hence R\I is an M-system. Conversely, let R\I is
an M-system. Suppose a(Rb) C I and let a ¢ I and b ¢ I. This implies that a,b € R\I.
Since R\I is an M-system so there exists € R such that a(rb) € R\I which implies that
a(Rb) ¢ I, which is a contradiction. Hence either a € I or b € I. This shows that I is a

quasi-prime ideal. m

Definition 66 A nonempty subset () of an LA-ring R with left identity e is called P-system

if for all a € @, there exists r € R such that a(ra) € Q.

Proposition 67 Let I be a left ideal of an LA-ring R with left identity e, then the following
are equivalent:

(1) I is quasi-semiprime.
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(2) H?> = (H?) C I = H C I, where H is any left ideal of R.
(3) For any left ideal H of R: H ¢ I = H*> ¢ I.
(4) If a is any element of R such that (a)? C I, then it implies that a € I.

(5) Foralla € R: a(Ra) CI=ac€l.

Proof. (1)&(2)<(3) is trivial.(1)=-(4). Let (a)? C I. But by hypothesis I is quasi-semiprime,
so it implies that (a) C I which further implies that a € I. (4)=(2). For all left ideals H of
R, let H? = (H?) C I.If a € H, then by (4) (a)? C I implies that a € I. Hence it shows that

H C 1. (1)&(5) is straight forward. m

Proposition 68 A left ideal I of an LA-ring R with left identity e is quasi-semiprime if and

only if R\I is a P-system.

Proof. Let I is quasi-semiprime ideal of R and let a € R\I. On contrary suppose that there
does not exist an element x € R such that a(xza) € R\I. This implies that a(za) € I. Since I is
quasi-semiprime, so by proposition 67, a € I which is a contradiction. Thus there exists x € R
such that a(za) € R\I. Hence R\I is a P-system. Conversely, suppose for all a € R\I there
exists x € R such that a(xa) € R\I. Let a(Ra) C I. This implies that there does not exist

x € R such that a(xza) € R\I which implies that a € I. Hence by 67, I is quasi-semiprime. m
Lemma 69 An M -system of elements of an LA-ring R is a P-system.

Proof. Let S be a nonempty subset of R such that S is an M-system. Then for all a,b € S,
there exists an element r € R such that a(rb) € S. If we take b = a, then a(ra) € S which

implies that S is a P-system. m

Definition 70 An ideal I of an LA-ring R with left identity e is strongly irreducible if and
only if for ideal H and K of R, HN K C I implies that H C I or K C I and I is said to be
irreducible if for ideals H and K, I = HN K implies that I = H or I = K.

Lemma 71 Every strongly irreducible ideal of an LA-ring R with left identity e is irreducible.
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Proof. The proof is obvious. =

Proposition 72 An ideal I of an LA-ring R with left identity e is prime if and only if it is

semiprime and strongly irreducible.
Proof. The proof is obvious. =

Definition 73 A nonempty subset S of an LA-ring R with left identity e is called an I-system
if for all a,b € S, ({(a) N (b)) NS # ¢.

Proposition 74 The following conditions on an ideal I of an LA-ring R are equivalent:
(1) I is strongly irreducible.
(2) For all a,b € R: (a) N (b) C I implies that eithera € I orb € I.
(3) R\I is an I-system.

Proof. (1)=-(2) is trivial. (2)=-(3). Let a,b € R\I. Let ((a) N (b)) N R\I = ¢. This implies
that (a) N (b) C I and so by hypothesis either a € I or b € I which is a contradiction. Hence
({a)N(b))NR\I # ¢. (3)=(1). Let H and K be ideal of R such that HNK C I. Suppose H
and K are not contained in I, then there exist elements a,b such that a € H\I and b € K\[I.
This implies that a,b € R\I. So by hypothesis ({(a) N (b)) N R\I # ¢ which implies that there
exists an element ¢ € (a) N (b) such that ¢ € R\I. It shows that c € (a) N (b)) CHNK C [
which further implies that H N K SZ I. A contradiction. Hence either H C [ or K C I and so

I is strongly irreducible. =

Definition 75 A nonempty subset A of an LA-ring R with left identity e is said to be sub-
tractive if and only ifa € A and a+ b € A implies that b € A and A is called semi-subtractive
if and only if a € ANV(R) implies that —a € ANV (R), where V(R) is a set of all those

elements of R having additive inverse.

Proposition 76 Let A be a subtractive subset of an LA-ring R with left identity e, then
(1) Every subtractive subset of R contains 0.

(2) Every subtractive subset of R is semi-subtractive.
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Proof. (1) If a € A then 0+ a = a € A. Hence by definition 0 € A. (2) Let A be a
subtractive subset of R. Let a € AN V(R). This implies that a € V and a € V(R). Now as
A is subtractive, so a + (—a) = 0 € A. This implies that —a € A and also —a € V(R). So

—a € ANV(R). Hence A is semi-subtractive. m

Proposition 77 For subtractive and semi-subtractive left ideals of R, the following holds:
(1) Intersection of subtractive left ideals of LA-ring R with left identity e is a subtractive
left ideal of R.
(2) Intersection of semi-subtractive left ideals of LA-ring R with left identity e is a semi-

subtractive left ideal of R.
Proof. The proof is obvious. m
Proposition 78 Every quasi-prime ideal of an LA-ring R with left identity e is semi-subtractive.

Proof. Let I be a quasi-prime ideal of R and a € I NV (R). If r € R, then (—a)(r(—a)) +
a(r(—a)) =0 and so (—a)(r(—a)) = —a(r(—a)). But on the other hand a(ra) + a(r(—a)) =
0 which implies that a(ra) = —a(r(—a)). So by uniqueness of additive inverse, we have
(—a)(r(—a)) = a(ra). For all r € R if (—a)(r(—a)) = a(ra) € I, then by Proposition 64,
—a € I and also —a € V(R), which implies that —a € I NV (R). Hence I is semi-subtractive.
[

Since every quasi-prime ideal is surely quasi-semiprime, so following corollary is an immediate

consequence of Proposition 78.
Corollary 79 Every quasi-semiprime ideal of an LA-ring R is semi-subtractive.

Proof. The proof is analogous to the proof of Proposition 78. =

3.3 Direct Sum in LA-Rings

In this section, we construct some new LA-rings from a given family {R; : i € I} of LA-rings.

For this purpose, we introduce complete direct sum and direct sum of this family. We discuss
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some criterion for LA-ring to be the direct sum of its ideals. We show that if {A4; :i € I} be a
family of ideals of an LA-ring R, I = {1, 2,3...,n} . Then the following conditions are equivalent.
(1) Xier A; is a direct sum. (2) Ziera; = (... ((a1 +a2) +ag) + ... +apn—1) +an, =0, a; €
A;,i € I, implies that a; = 0 for all ¢ € I. (3) Each element a € X< A; is uniquely expressible
in the form a = (... ((a1 + a2) + a3) + ... + an—1) + an, where a; € A; and i € I.

It is natural to ask is it possible to construct something new from old? In algebra, we use

the notion of direct sum. Here we adopt this notion to answer this question.

3.3.1 Complete Direct Sum and Direct Sum

Let {R; : i € I} be a family of LA-rings indexed by a nonempty set I. The Cartesian product
IT{R; :i € I} of the sets R; is the set of all functions f : I — U{R;:i € I} such that
f@)eR;foralliel. Let f,geII{R;:i€I}.Define f+g, fgby f+g(i)=f(i)+g(3),
fg(i)=f(i)g (i) forallie I. Then f+g, fg € II{R;:i € I}. It can be easily verified that
IT{R; : i € I} together with the above two operations is an LA-ring. This LA-ring is called the
complete direct sum of the family of LA-rings IT{R; : i € I} and is denoted by IL;c; R;.
Suppose that I is a finite set, say I = {1,2,3...,n} . In this case, the complete direct sum
is denoted by @i/ R; = (((...((R1 @ R2) ® R3)...) ® R,—1) ® Ry,) and an element {a; : i € I'}

is usually written as an n-tuple (a1, as,as, ..., ay) .

Definition 80 The direct sum of family of LA-rings {R; : i € I}, denoted by ®;crR; is the

set ®icrRi = {(a;) € WierR; : a; # 0 for at most finitely many i € I}.

Theorem 81 Let R be an LA-ring and {R; : i € I} a non empty family of LA-rings, Il;c1R;
the direct product of LA-rings R;, and ®;c1R; the direct sum the LA-rings R;.
(1) ;s Ry, is an LA-ring.

(2) DicrR; is an LA-subring of Il;c1 R;.
Proof. Straight forward. m

Definition 82 Let | be a nonempty set, say, {1,2,3...,n}, and each {4, : i € I} be a family

of ideals of LA-rings R. Then the sum of this family, denoted by ¥;c; A; is the set
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Yier Ai= { ( ((a1 + ag) + ag) —+ ...+ anfl) “+a,: ;€ Az}

Theorem 83 Let {A; :i € I} be a family of ideals of an LA-ring R. Then
(1) Xier A; is an ideal of R,
(2) A; CXjer Aj forallie 1,
(3) if A is an ideal of R such that A; C A for all i € I, then ¥;c; A; C A.

Proof. Straight forward. m

Definition 84 Let {A;:i € I} be a family of ideals of an LA-ring R, where | is finite or

infinite. Then the sum of this family, denoted by ¥;c1 A;, is the set
Yier Ai={a € R:a € Xic1 A; for some finite subset I of I}

Theorem 85 Let {A; :i € I} be a family of ideals of an LA-ring R. Then ¥;c; A; is an ideal
of R.

Proof. It is straight forward. =

Definition 86 Let {A;:i € I} be a family of ideals of an LA-ring R. A sum ¥;c; A; of

{A; :i €I} is called a direct sum, if for all k € I, A N ‘EIAi = {0}.
1€
iZk

Lemma 87 Let {A; :i € I} be a family of ideals of an LA-ring R. If ¥;c1 A; is a direct sum,
then for all a € Ay, b€ Ay, k#1, ab=0.

Proof. Let a € A, b € A, and k # [. Since Aj, and A; are ideals, ab € Ay and ab € A;.
Since Ay, € Y A;, ab € X A;. Therefore ab € A N X A;. Since ¥y A; is a direct sum, so
o = S
AN AEIAi {0}. Hence ab=10. m
1€
iZk

Lemma 88 [67] If (S,*) is an LA-monoid with left identity e, then position of any element

a; in the finite product of elements of S can be changed accordingly.
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(1) If n— 1 is even, then

((... ((a1 % a2) * ag) ...) * @;) * ...) * Qp_1) * Qp

= ((-..((a1 *xa2) xag) ...) * aj—1) * [@ip1 * €]) * ...) % [an—_1 * €]) * [an * €]) * a;
(2) If n — i is odd, then

((... ((a1 *x a2) * ag) ...) * a;) * ...) % Qp_1) * Gy,

= ((... ((a1 * a2) *x ag) ...) x aj—1) * [aj11 * €]) * ...) * [an—1 * €]) * [an x€]) * [a; x €],

where a; € S, 1=1,2,...,n.

Theorem 89 Let {A; :i € I} be a family of ideals of an LA-ring R, I = {1,2,3...,n}. Then
the following conditions are equivalent.

(1) Xier A; is a direct sum.

(2) Yiera; = (...((a1+a2) +ag) + ... +an—1) + an, = 0, a; € A;,i € I, implies that
a; =0 foralli € 1.

(3) Each element a € X;c; A; is uniquely expressible in the form

a=(..((a1 +a2)+a3)+..+apn_1)+ an, wherea; € A; and i € I.

Proof. Case I: ( when k — i is even);
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(1) = (2), let (... ((a1 +a2) +a3) + ... + an—1) + a, =0,a; € A;,i € I. Let k € I. Now

0 = ((((--((a1 +a2) +a3) + ...+ ag—1) + (ak+1 +0)) + ... + (an—1 +0)) + (@, +0)) + ax
0—ar = (((((--((a1 +a2) +a3) + ...+ ax—1) + (ar+1 +0)) + ... + (an—1 +0)) + (an +0)) + ar) — ax
—ap = (ap —ag) + ((((.. ((a1 +a2) +az) + ... + ax—1) + (ag41 +0)) + ... + (an—1 + 0)) + (an +0))
—ap = 0+ ((((...((a1 + a2) +a3) + ... + ar—1) + (ar41 + 0)) + ... + (an—1 + 0)) + (an +0))
—ar, = ((((..((a1 +a2) + ag) + ... + ag—1) + (ak11 + 0)) + ... + (an—1 + 0)) + (a5 + 0))

€ Apn ’LEIAZ = {0} .
ik

Hence a; = 0.

(2) = (3),
a= (. (a1 +a2)+a3)+...+apn-1)+an=(..((by +b2) +b3) + ... + bpy_1) + bn,
where a;,b; € A;, for all ¢ € I. Then

0 = ((...((ar+a2)+as)+...+an-1)+ap)— ((-..((b1 +b2) +b3) + ... +bp—1) +by)
0 = ((...((a1 +a2)+a3)+...+apn-1)— (... (b1 +b2)+b3)+ ... +byp—1)) + (an — by)
0 = (((.((a1+a2) +a3)+ ...+ an-2) = (... ((by +b2) +b3) + ... + by_2)))

+ (an—l - bn—l) + (an - bn) .

Continuing in this way, we get (... (((a1 — b1) + (a2 — b2)) + (a3 — b3)) + ... + (an—1 — bp—1))+
(an, —by) = 0. Hence by (2), a; —b; = 0 for all ¢ € I. That is a; = b; for all i €

I. (3) = (1), Let a € Ax N 'EIAZ" Then there exist a; € A;, i = 1,2,3...,n, such that
1€
i2k
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a=ar=(..((.((a1 +a2)+as)+..+ax-1)+ aks1) + ... + an—1) + an, this implies that

0 = (( (( ((a1 + ag) + a3) + ...+ ak,l) + ak+1) + ...+ an_1> + an) — ag

= ((c. ((-o- ((a1 +a2) +a3) + ... + ag—1) + (—ag) + (ag+1 + 0)) + ... + (an—1 +0)) + (an + 0))

Also 0+ 0+ ... + 0 = 0. Therefore, by (3), a; =0 for all i € I. Thus, AN 'EIAi = {0} and
1€
iZk
so Yier A; is a direct sum.

Case II: (when k — i odd): It is trivial. m

Definition 90 An LA-ring R is said to be an internal direct sum of a finite family of ideals
{4;:iel}if

(1)) R=(..((A1+A2) + A3) + ...+ A1) + A,

(1) (... (A1 + A2) + A3) + ... + Ap—1) + Ay, is a direct sum.

Theorem 91 Let R be an LA-ring with the property that (R,+) is an abelian group. If
{4; :i € I} is a finite family of ideals R and R is an internal direct sum of {A; :i € I}, then

R~ @iEIAi-

Proof. Let I = {1,2,3,...,n}. Suppose R is an internal direct sum of ideals Aj, Ao, ..., A,,.

Let a € R. Then a is uniquely expressible in the form
a=(..((-..((a1+a2)+a3)+..+ap-1)+ag+1) +... + an—1) + an, where a; € A;, i € I.
Now (al,ag,ag, ...,an_l,an) € BicrA;. Define

f R — @iEIAi by f(a) = (alaazaa?ﬂ "‘aan—lvan) .
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Let a,b € R. Then there exist a;,b; € A;,i € I such that

a = (... ((a1+a2)+a3)+...—|—an_1)—i—an

andb = ( ...... ((b1+b2)+b3)—|——|—bn_1)—|—bn

Leta = b
< (..((a1+a2)+az)+ ... +an-1)+an=(..((bg +b2) + b3) + ... + bpy—1) + by,
& a;=b;foralli el
< (a1,a2,a3,...,apn—1,ay) = (b1,b2,b3,...,bn_1,by)
& fla)=[(b)

This shows that f is a one to one function. Let (a1, as,as, ...,an—1,a,) € @icrA;. Then a =
(veree ((a1 +a2)+as)+ ...+ apn—1)+a, € Zicr Aj=Rand f(a) = (a1,a2,a3,...,an-1,an) .
Hence, f is onto @®;crA;. Finally, we shows that f is a homomorphism. Since a + b =

( (((a1 +b1) + (a2 + b2)) + (CL3 +03)) 4+ ... + (ap-1 + bn—l)) + (apn, + by) , we have,

f (CL + b) = ((a1 + bl) , (CLQ + bg) , (ag + bg) s ey (an + bn))

= (alaa25a37 ...,(ln) + (b17b2)b37 7bn) = f ((l) + f (b) .

n n n
By lemma 87, ab = (((a1b1 + a2b2) + a3b3) =+ ...+ an,lbn,1)+anbn = 'El a;b;. ab = 421 ailElbi,
1= 1= 1=
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n n
where, a = Zlai,b = 'E1bi’ a;,b; € A;, for all i € 1.
1= 1=

n n—1
a; § b, = ( a; + an> <'E1bi + bn>

Z
n—1 n—1
(Zaz+an> ;b +<,Z aﬁ—an)bn
n—1
= (Ealzb—kaan) <§1aibn+anbn>

n—1
2 azb + 0) + (04 apby) =0+ ( ,;1 a;b; + anbn>

ab =

n—1 n
by using (a+b) +¢c = b+ (a+c¢) = <'Elaibi—|—anbn> = 21 a;b;.  This implies that

f(ab) = f <§1 a,;bi> — (a1b1, asbs, ooy nbp) = (a1, az, rry an) (b1, ba, ooy by) =  (a) £ (b) . So, fis

LA-ring homomorphism. Hence R >~ @;c1A4;. m

Theorem 92 Let R be an LA-ring with 1 such that (R, +) is an abelian group and {A; : i € I}
be a finite family of ideals of R. Then R = (((...((A1 ® A2) ® A3)...) ® Ap—1) ® A,,) if and
only if there exist idempotents e; € A;, i = 1,2, ...,n, such that

() 1=(..((e1 +e2)+e3)+ ... +en-1) +en,

(2) e;,R=A; foralli=1,2,3....n

(3) eiej—eje; =0 fori # j.

Proof. Let R = (((-..((A1 & A2) @ A3)...) ® Ap—1) ® Apn). Now 1 € R. Thus, there exist

ei € Aj,i=1,2,...,n,such that 1 = (... ((e1 + e2) + €3) + ... + €n—1) + €,. Then

e = ((( (( ((61 + 62) + 63) + +) 61‘,1) + ei) +€iy1 + ...+ enfl) + en) €;
= (((c (( ((e16i + ea6;) + e36;) + .oct) €im1€;) + €7) + €ig1€i + oo + €n_1€;) + €n6;)

= (((-((-((0+0)+0) +...4)0) + €?) + 0+ ... +0) +0), by Lemma 87.

2 if n—i=
Hence ¢; = {:?ZJFO 'ifnn_'i:;znd}. If e, = e? 4+ 0, then ¢; = 0 + (e? +O) = (e? + 0) + 0, by
using given property that (a + b) +c = b+ (a + ¢), so, this implies that e; = (0 + 0) +¢2. So,

e; = e?. Hence ¢; is an idempotent for all i = 1,2, 3, ...,n. Since ¢; € A; and A; is an ideal, so
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e;RC A;. Let a € A;. Then

a=la= ((...((ex1+e2)+es)+...+ep1)+ey)a
= (...((e1a+ e2a) + e3a) + ... + ep—1a) +e,a
B e;a if n-i is even
N eia+0 if n-i is odd
because e;e; = 0 for all ¢ # j. If a = e;a + 0, then a = 0+ (eja +0) = (e;a+0) + 0, by
using given property that (a +b) + ¢ = b+ (a + ¢), so, this implies that a = (0 + 0) + e;a,
by left invertive law. So, a = e;a. Hence a = e;a € e;R. Therefore, ¢;R = A;. Conversely,

assume that there exist idempotents e; € A;, i = 1,2, 3...,n, satisfying the given conditions.

Let a € R.

a = la=((...((e14+e)+e3)+...+en1)+en)a
= (...((era+ e2a) + e3a) + ... + ep—1a) + epa

€ (((...((elRl + 61R2) + 61R3)...) + ean_l) + ean)

N

(((((Al + Az) + Ag)) + An_1> + An)

Hence, R C (((...((A1 + Ag) + A3)...) + Ap—1) + Ap). But (((...((A1 + Ag) + A3)...) +
Ap—1) + An) € R. Hence, R = (((-..((A1 + A2) + A3)...) + A1) + Ay). Now we show
that this sum is direct sum. Let a € A; N 'ZI A;. Then there exist ay,as,...,a, € R such
1€
i£k
that, a = (... ((... ((a1 + a2) + a3) + ... + ai—1) + ajy1) + ... + an—1) + ap. This implies e;a =

( (( ((67;&1 + 61@2) + eiag) + ...+ eiai,l) + eiasz) + ...+ eian,l) + e;ay,. Thus,
eia = (...((...((0+0)+0)+...+0)+0)+...4+0) + 0, because e;je; =0 for all i # j.

Thus e;a = 0. Since 0 # e; € A;, therefore e;a = 0 implies that a = 0. Hence R =

((.(Ar @A) B A3)...) D A1) D Ay). m
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Chapter 4

A generalization of Commutative Semigroup Rings

Introduction

On the basis of developments made in chapter 2, regarding the ordering of AG-groupoids
and in chapter 3, regarding the concepts of ideals and direct sum in LA-rings, we take a step
forward into broad vision and deal with an area which is comparatively hard. This chapter
contains two sections and main objective of this study is to generalize commutative semigroup
rings. For this in first section, we construct LA-rings of finitely non-zero functions. We adopt
the analogous way as in [13] and obtain various generalizations parallel to corresponding parts
of commutative semigroup rings. During construction we also introduce the concept of LA-
module, which intuitively would be the most useful tool for further developments. For example
recently in [68], T. Shah and M. Raees have investigated several results parallel to associative
modules theory over the rings.

In second section, we generalize the results established in first section. In this study, we
actually consider a case in which we replace commutative semigroups by LA-semigroups (or
AG-groupoids) and construct an LA-ring of finitely non-zero functions. Here is the due place
to use the concept of ordering of AG-groupoids as discussed earlier in chapter 2; to tackle the

degree problem arose during the developments of this type of LA-rings.

4.1 LA-rings of finitely non-zero functions

In this study, we generalize the structure of a commutative semigroup ring (ring of functions
from a commutative semigroup S to ring R represented as R [X;S]) to an LA-ring of com-

mutative semigroup S over LA-ring R represented as R [X®;s € S], which is a non-associative



structure, consisting of finitely nonzero functions from a commutative semigroup S into LA-ring
R. Generally, the concepts of degree and order are not defined in semigroup rings unless we
consider S, a totally ordered semigroup with 0 adjoined. Analogous to commutative semigroup

rings R [X;S], we may define degree and order of an element of LA-ring R[X*®;s € S].

4.1.1 The Construction

Let (R, +,-) be an LA-ring with left identity and S be a commutative semigroup under binary
operation “x". Let T' = {f | f : S — R, where f are finitely nonzero}. Define the binary
operation “+" in T as (f 4+ g)(s) = f(s) + g(s).

(T, +) is an LA-group. Indeed, let f,g € T. Now as f(s),g(s) € R for all s € S, so,
(f+9)(s)=f(s)+g(s) € Rand hence f+g € T. Let f,g,h € T. As f(s),g(s),h(s) € R,

so by left invertive law in (R, +), we have

(F+9)+h)(s) = (f+9)(s)+h(s) = (f(s) +9(s)) + h(s)
= (h(s) +9(s)) + fs) = (h +9) (s) + f(5)
= ((h+9)+ f)(s).

Hence (f+g)+h = (h-+g)+f. Thus left invertive law holds in T'. Define the mapo: S — R

such that o(s) =0 for all s € S,

(04 f)(s) = ols)+f(s) =0+ f(s) = f(s)
o+f = f.

Thus o is left additive identity in T'. For every f € T there exists a function —f:S5 — R
defined by (—f)(s) = —f(s) for all s € S and ((—=f) + f)(s) = (—f(s)) + f(s) = —f(s) +
f(s) =0=o0(s). This implies (—f)+ f = 0. So the left inverses exist in (T',+) . Hence (T, +)
is an LA-group. We can say f + (—f) = 0 as —f(s) is also the right inverse of f(s) in R by
[45]. Now we define binary operation "®" in T as follows f © g (s) = >_,,,—s f(t) - g(u). We
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claim that (T, ®) is an LA-semigroup. As for f(¢) and g(u) € R, where t,u € (S, %) and
(R, ) is LA-ring, f ® g(s) € R. Since f, g are finitely nonzero on S, therefore f © g € T. For

f,9,h €T and s € S, consider

(fOg)@h)(s) = Z(f@g Z{Z 9))} - h(u)
= Y U 9@) hw= > (hu) g(9) f(®)-
(p*q)*u=s (uxq)*p=s

As every commutative semigroup implies an LA-semigroup, so (p * q) * u = (u * q) * p for

all p,q,u € (5, *). Hence

(fog@ns) = > (fp)-g9@) hw)= > (hu)-g(q))- f(p)

(pxq)*xu=s (uxq)*p=s
= Z{Z 0)}- fp) = Z(hGQ)(T')-f(p)

[(h®9) © f1(s) -

Thus (T, ®) is an LA-semigroup. Now we verify that the binary operation “®" is distributive
over addition. Indeed as f(t),g(u) and h(u) € R and multiplication is distributive over

addition in R, so

[f@(g+h)](s) = Zf (g +h)( Zf + h(u))
= > (f)-gw+f(t Zf g+ > f@®)-h

= (f®g)(8)+(f®h)(8)=[f®g+f®h](8)-
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Hence f® (¢+h) = f ©® g+ f ® h. Similarly

(g+h) O fl(s) = D (g+h)®)-Flw)= D (9(t) +h®)- f(u)

= D O f@+h@)-f)= gt)-f)+ D h(t)-f()

= GoNE+hof)(s)=gof+hofl(s).

Hence (9+h)© f=9g® f+h® f. Thus (T,4,®) is an LA- ring of commutative semigroup
(S, %) over LA-ring (R, +,).

Remark 93 If we take S = Zg then polynomial LA-ring becomes a particular case of LA-ring

(T,+,0).

4.1.2 Representation of elements of T’

To represent the elements of ring (T, +, ®), we first define LA- modules over an LA-ring R.

Definition 94 Let (R,+,.) be an LA-ring with left identity e. An LA-group (M,+) is said
to be LA-module over R if R x M — M defined as (a, m) — am € M, wherea € R, m € M
satisfies

(i) (a +b)m = am + bm,

(ii) a(m +n) = am + an,

(iii) a(bm) = b(am),

(iv) 1.m = m,

for all a,b € R, m,n € M.

For instance, let (R, +,-) be an LA-ring with left identity and S be a commutative semi-
group. It is important to note that every commutative semigroup is an LA-semigroup. Now

it is easy to verify that R[S] = {Z a;sj : aj € R,s; € S} is an additive LA-group. We
j=1
claim that R[S] is an LA-module over R. Indeed, let R x R[S] — R[S] be defined as

a, a;S;) +— aa;)s; which is obviously well-defined.
3 5) 3 )8j
j=1 j=1
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The first two and fourth propertles are easy to verify. We verify the third property. Consider

bZajsj *GZ(baj)Sj)f(Z( (baj)) s;).

j=1
As R is an LA+ ring W|th left |dent|ty, so by [51, Lemma ], a(b ) b(ac) holds for all

n

a,b,c € R. Hence a( bZajsj = (Z (b(aay))sj) = b(z (aaj)s;) =b aZa]sj Thus

j=1 j=1 Jj=1

a(bz a;jsj) = b(a Z a;s;).
j=1 j=1

Remark 95 If (S,-) is a commutative semigroup, then T = R[S] and elements of LA-ring
T are written either in the form of )" . o f(s)s or >°i | f(si)si. Thus (1) S is a free basis
for R[S] as an LA-module over LA-ring R and (2) multiplication in R[S] is determined by
using distributivity and by setting (r1s1)(rese) = (r1r2)(s182) where r1,m9 € R and s1,s9 € S.
Indeed, consider f(s1)s1 + f(s2)s2 + ... + f(sn)sn = 0. Since s1, s2, ..., 8, € S and s; # 0 for
alli=1,2,...,n,so, f(s;) =0 foralli =1,2,...,n. Thus s1, s, ..., S, are linearly independent.
Now let f(s1), f(s1),..., f(sn) € R and s1, s2, ..., sp, € S. Then, f(s1)s1+f(s2)s2+...+f(sn)sn
is a linear combination of elements of S whose coefficients are from the LA-ring R. Thus S

is a free basis for ring T as an LA-module over an LA-ring R. Now let f =" | f(s;)s; and
9="221 9t

Forn = 1m=1, f-g=(f(s1)s1) (g(t1)t1)
= [f(s1)g(t1) - s1ta
Forn = 2,m=2, (f(s1)s1+ f(s2)s2) - (9(t1)t1 + g(t2)t2)
= f(s1)s1- (g(t)tr + g(t2)ta) + f(s2)s2 - (g(t1)t1 + g(t2)t2)
= [fls1)s1-g(t)tr + f(s1)s1 - g(t2)t2) + f(s2)s2 - g(t1)tn + f(s2)s2 - g(ta)ta)

= f( 1)g(t1) - s1t1 + f(s1)g(te) - sita + f(s2)g(t1) - sats + f(s2)g(t2) - sato

m+n
= Z f(si)g(t;)sitj. Thus in general, f - g = Z f(si)g(tj)sit;.
i+j=2 i+j=2

Remark 96 If (S,+) is a commutative semigroup, then the elements of T' are written either

in the form Y~ ¢ f(s)X® or 31 f(si) X"
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From next lemma, it is obvious that the introduction of symbol X and notation X? has

the effect of transforming (S, +) into ({X® | s € S},-) by means of isomorphism.

Lemma 97 For a semigroup (S, +), there exists a semigroup ({X?® :s € S},-) which is iso-

morphic to S, where “" is usual multiplication.

Thus by the effect of this isomorphism, the representation of an element f of 1" gets the

form f = Z f(si)X® or Z fiX*, where f; = f(s;). We shall represent T by R[X*;s € S].
i=1 i=1

4.1.3 Degree and order of elements of LA-ring R[X*;s € 5]
The concepts of degree and order are not generally defined in semigroup rings unless we have
to consider S, a totally ordered semigroup with 0 adjoined (that is ordered monoid). The

structure of LA-ring R[X?®;s € S] is also not convenient for defining degree and order of an
n

element unless (.S, ) is totally ordered. Here we define support of f = ZfiXSi abbreviated
i=1

as Supp(f) = {si: fi # 0}. The order and degree of f is defined as ord(f) =min(supp(f))

and deg(f) =max(supp(f)).

Lemma 98 (1) If R is an LA-ring with left identity, then for f,g € R[X%;s € 5],

deg(f.g) < deg(f) + deg(g).

(2) If R is an LA-integral domain, then deg(f.q) =deg(f) +deg(g) .
Proof. (1) Let f = (fo+ fiX+..., fnX") and g = (go+ 1 X + ..., gm X"™) where fpn, gm # 0.
So

f-9 = (fogo, (figo + fog1)X + ...+ fugm X"
Now if fn - gm # 0, then, deg(f-g) =n+m = deg(f) + deg(g) and if f, - gm =0, then

deg(f-g) < deg(f)+ deg(g). Thus deg(f.g) < deg(f)+ deg(g).

(2) As R is an LA-integral domain, so for f, # 0,9, # 0, the product f, - gm # 0. Thus
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clearly deg(f.g) =deg(f) +deg(g). m

4.1.4 Further Developments

A mapping ¢ of an LA-ring (R, +,") into an LA-ring (R',+,) is called a homomorphism if
p(a+b) =¢(a)+ ¢ (b) and ¢ (ab) = ¢ (a) - ¢ (b) and for the two sided ideal I of R, the
mapping v : R — R/I defined as v (a) = a + I is called the natural epimorphism of LA-ring
R onto R/I.

Let O be an epimorphism of an LA-ring R to an LA-ring R’, then R/Kerf ~ R'.

Theorem 99 Let R be an LA-ring and L, M be commutative semigroups. Then
R[XxEm. (1,m) e La M} ~ (R [Xl;z € L})([Xm;m e M),

where L ® M the is external direct sum of commutative semigroups L and M .

Proof. Here we regard the elements of LA- ring R, as finitely non-zero functions from com-
mutative semigroup to LA-ring R.

Assume that (R [X';1 € L])([X™;m € M]) = A. Define¢: A — R [X(l””); (l,m) e L& M|
by [¢ (f)] (I,m) = [f (m)] (1) where f(m) € R[X';1 € L], f€ Aand f: M — R[X%1 € L).
Clearly ¢ is surjective because if h € R [X(l’m); (Ibm)e L@ M] , then the element f € A
defined by

[f (m)] (1) = h(l,m) is such that

[¢ (NI (,m) = [f(m)] (1) =h(l,m).
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Now Suppose f

Then f (m)

g.
g (m) for some m € M.
[g(m)](I) forsomel € L,me M
o(9)(l,m)

¢(9)-

RS NI NI | NI N

Thus ¢ is one-one. It is an LA-ring homomorphism. Indeed, let f,g € A and (I,m) € L & M.

[0 (f +9)] (I, m)

[(f +9) (m)] (1) =
= [Fm)] () +1g (m)] (1) =

[f (m) + g (m)] (1)
[0 (NIUm) +[¢(g)] (I, m)

= [¢(f) + (9] (,m)

Now consider

[‘b (f®g>] (lam) =

Thus ¢ is an isomorphism. =

[(f ©g) (m)](D)
(D (F@)(e)-((g(®) (@)

axb=m cxd=l

>

(exd,axb)=(l,m)

(f (@) () - ((g (b)) ()

¢ (f)(c,a)- o (g) (d,b)

Remark 100 From above result, for the finite set {Yi}?zl of indeterminates, isomorphism of

RY1,Ys, ..., Y,] and R[X;Zy] follows by induction.

The following theorem is an extended form of theorem 99.

Theorem 101 The polynomial LA-ring R [{Y)}xen], where R is an LA-ring and {Y)} xca is a
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family of commuting indeterminates and F' = Z:';A Z such that Zy ~ Zy. Then R[{Y)}xen]

is isomorphic to LA-ring R [X; F] of free commutative semigroup (F,+) over R.

Proof. As I = Ei”eA Z) such that Z) ~ Zj for each A and {e)},., be the standard free
basis for F' that is the A\-th coordinate of €, is 1 and all others coordinates are 0. Each element
of F'is uniquely expressible in the form a = ) kyey, for some kyx > 0(ky € Z)). For each
reX® € R[X; F], we have

S rallaea Y € R[{Ya}aca] - We define

61 RIX:F] = R, | by o3 raX?) = 3 ralhea V.
a€EF a€F

Suppose ZTGX“ = ZrbXb.

a€F beF
Here, a = > kiexand b= kyex, where ky,ky > 0.

ZTXZ’%\% N ZTbXZ’“i\EA
a =

acF beF
Z 7,,an7161+k2€2+...+k2A8A+... — Z Tkall61+k3l282+...+k‘l)\ek+...
acF beF
S roxhiexke xhe = $pxhexke xhe
acF beF
I !
(k1,0,0,...) (.-,0,0,0,k)...) (kq,0,0,...) (0,...,0,ky ,0...)
> raX X Y= Y nXx X AL
acF beF
i ! i
k‘l k‘Q k‘A _ kl kz k)\
S oYYV R L = Y Y Yl
acF beF
kx k;
D rallaeaVPr = ) nlleaY,
acF beF
b
6O raX?) = o> mXP).
acF beF

Thus ¢ is well-defined. Now it is straight forward to prove that ¢ is an isomorphism. m

The following is a generalized form of [13, Theorem 8.1].

Theorem 102 Let R be an LA-ring with left identity e and let (S,*) be a commutative
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semigroup. Let R[X®;s € S| be an LA-ring of S over R. Then R[X?®;s € S| is an LA-integral

domain if and only if R is an LA-integral domain and S is an torsion free and cancellative.

Proof. Assume that R is an LA-integral domain. Now S is torsion free and cancellative if and
only if S admits a total order < compatible with its operation [13, Corollary 3.4]. Let f,g €
R[X%;s € 8]\ {0} such that f = Y7, fiX%, g = >, ;X" where 51 < s9 < ... < s,
and t; <ty < ... <t,. If f1 #0,91 # 0, then s1 +t; €supp(f ® g) and frg1 X171 is the
corresponding term in f ® g. In particular, f-g # 0 hence R[X?®;s € S] is an LA-integral
domain. Conversely, assume that R[X?®;s € S] is an LA-integral domain. On the contrary,
suppose that R is not an LA- integral domain then for a,b € R\ {0}, we have a.b = 0. If s € S,
then aX® ® bX*® = 0, where aX® # 0,0X° # 0. This implies that R[X?;s € S] is not an LA-
integral domain. Similarly, if S is not cancellative and s,t,u € S are such that s+t = s+wu but
t # u, then for r € R\ {0}, we have rX*® (rX* —rX") =0, where rX* and rX* —rX" are
nonzero. Hence R[X?;s € S] is not an LA-integral domain. Finally, assume that R is an LA-
integral domain and that .S is cancellative but not torsion free. Let s, € S be such that s # ¢
while ns = nt for some n € Z™ and choose k € Z™ minimal so that ks = kt. If 0 # r € R,
then 0 = (r2X*s — r2X*) = (rX* —rX") © (X0, r X" Since S is cancellative the
choice of k implies (k — i1 — 1)s + i1t # (k —i2 — 1)s +iat for 0 < i3 < ig < k — 1.Thus
Z?:_ol % G # 0. Hence again R[X?;s € S] is not an LA-integral domain. m

The next result generalizes [13, Theorem 7.2] and contains some basic informations con-

cerning homomorphisms of LA-rings of commutative semigroups over LA-rings.

Theorem 103 Let . : R — Ry be an LA-ring homomorphism. Let A =keru and ¢ : S —
So be a semigroup homomorphism, where S, Sy are commutative semigroups with 0 adjoined
to them. Then the following statements holds;

(1) p*: R[X?% s €S — Ry [X®;s € S] is defined as p1* (D> ri X %) = >0 pu(ry) X,
is LA-ring homomorphism such that kery* = A[X?®;s € S| =kern [X?®;s € S]. p* is surjective
if v is surjective.

(2) ¢* : R[X?®;s € S] — R[X®;s € So| defined as ¢* (31, i X)) = S0, r; XG0 s sur-
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Jective and ker¢® = I. The ideal of R[X?®; s € S] generated by{rX“ —rX?:¢(a)=0¢(b),rec R}.
@* is surjective if ¢ is surjective.

(3) 7: R[X%s€S] — Ro[X%s € So| defined as (31, ri X*) = S0, pu(ry) X0,
is an LA-ring homomorphism such that kerr = keru*+ker¢p* = A[X®;s € S]+ 1. Then 7 is

surjective if u and ¢ are surjective.
Proof. Same as in [13, Theorem 7.2]. =

Corollary 104 Assume that A is an ideal of the LA-ring R and that ~ is a congruence
on commutative semigroup S = S U{0}. Let I = {rX* —rX’:¢(a)=¢(b),r € R}, ¢ :
S — 8/ ~ is a canonical epimorphism. Then R [X*;s € S] JA[X*;s € S] ~ & [X%;s € S] and
R[X® s€ S] /I ~ R[X?®;s €S/ ~], where the ideal I is called the kernel ideal of congruence.
Proof. As ¢ : S — S/ ~ is defined by ¢ (s) = [s]. So we define ¢* : R[X*;s€ S| —
R[X%s€ S/ ~] as ¢* (30 miX%) = Y0 r X6 = En:rix[sﬂ which is an LA-ring
epimorphism. Therefore R[X®;s € S] /ker¢™ ~ R[X®;s € 25/1 ~]. Similarly we may define
amap p* : R[X%seS] — B[X%seS] by p*(Oin, miX™) = Y p(ri) X™, where
uw: R — % is a surjective LA-ring homomorphism defined as u(r) = r + A. p* is also
LA- ring epimorphism. Hence R[X%;s € S] /kerp* ~ £ [X%; s € S]. It can be shown that

kerp* = A[X% s € S]. Therefore, R[X*;s € S| JA[X*;s€ S~ [X%s€S]. m

Definition 105 An ideal P of an LA-ring R is called prime if and only if AB C P implies
that either A C P or B C P, where A and B are ideals in R.

Theorem 106 Let R be an LA-ring with left identity 1. Then P is a prime ideal in R if and

only if R/P is an LA-integral domain having the left identity P + 1.

Proof. Same as [19, Theorem 2.16]. m

The following is a generalized form of [13, Corollary 8.2].

Corollary 107 Let A be a proper ideal of LA-ring R, then A[X®;s € S| is prime ideal in

R[X?®;s € S]ifand only if A is prime ideal in R and S is cancellative and torsion free semigroup.
Proof. Follows from theorem 102 and corollary 104. m

54



4.2 Generalized LA-rings of finitely non-zero functions

In continuation to first section, in this section, we have investigated a case in which commutative
semigroup S is taken as an LA-semigroup and almost all the established results in first section
stand as a particular case. We construct an LA-ring of finitely non-zero functions from LA-
semigroup S to LA-ring R, represented as R [X?®;s € S] and also we discuss the concepts of
degree and order of R[X*;s € S].

Let (R, +,-) be an LA-ring with left identity and S be an LA-semigroup under "“x". We
name the set {f : f : S — R, where f are finitely nonzero} as 7T'. Similar to section one, we
define the binary operations “+" and “®” in T" as (f + g)(s) = f(s) +¢g(s) and f © g (s) =
D tiu=s I () - g(w).

It is not hard to see that (T,4,®) is an LA- ring of LA-semigroup (S,*) over LA-ring
(R, +,-).

To represent the elements of LA-ring (T, +,®), we foIIownthe same procnedure as in first
section. Ultimately the canonical form of an element of T is Zf(si)si or Zfisi.

The following is a generalization of lemma 97 of first sectiizrlm =
Lemma 108 For an LA-semigroup (S, ), there exists an LA-semigroup ({X®|s € S}, ®)

which is isomorphic to S, where “©" is not a usual multiplication.

Proof. Suppose A = {X? | s € S}. We claim that A is an LA-semigroup. Let X1 X2 € A
so X*1 ® X% = X*1*%2 ¢ A as S under x is an LA-semigroup. Hence A is closed under
"©".Let X1, X% X% € A then (X*1 @ X%2) @ X = X("™) @ X3 = X(svws2)rss —
Xlssrsa)st — x(so%2) o X — (X% 0 X*2) @ X

Hence A is an LA-semigroup under “©®". Now define ¢ : S — A as ¢ (s) = X*. Let for
$1,82 € S, s1 = s2. This implies X' = X*2 and ¢ (s1) = ¢ (s2). Thus ¢ is well-defined.
suppose ¢ (s1) = ¢(s2). Thus X®1 = X%2s0 s; = s9. Hence ¢ is one-one. Clearly ¢ is
onto. Now ¢ is homomorphism as for 51,55 € S, ¢(s1 % 59) = X7 = X1 @ X2 =

¢ (s1) ® ¢ (s2). Thus ¢ is an LA-semigroup isomorphism. =
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Thus b};the effect of ab:ve isomorphism, the representation of an element f of T" gets the
form f = Z f(si)X® or Z fiX®, where f; = f(s;). We shall represent T by R[X*;s € S].
The céiéept of degreei:alnd order are not generally defined in semigroup rings unless we
have to consider S, a totally ordered semigroup with 0 adjoined (that is ordered monoid).
The structure of LA-ring R[X?%;s € S| is also not convenient for defining degree and order

of an element unless (S, %) is totally ordered. The concept of ordering of LA-semigroups (or

AG-groupoids) has been discussed earlier in Chapter 2.

Here we define support of f = ZfiXSi abbreviated as Supp(f) = {s; : fi #0}. The
i=1
order and degree of f is defined as ord (f) = minSupp(f) and deg (f) = max Supp (f) .

Let (QT,-) denote the group of all positive rational numbers. If we take S = (Qg)ILAS

)

where ILAS abbreviates Initial LA-semigroup, which is made an LA-semigroup by defining the

binary operation * as

axb = 0if a=0o0rb=0,

= b-alifa#0andb#0.

If Ris an LA-ring with left identity, then for f,g € R[X®;s € (Qg, )], the degree and order

an

of f(X)=ao+a X" +..+a, X" € R[X*s €S with & < 2 < .. < % s defined
as, ord (f) =0 if ap # 0 and deg (f) = 3~

In a polynomial ring R[X], for f,g € R[X], deg(f -g) < deg(f)+deg(g) andord(f-g) >
ord (f)+ord(g).If Risanintegral domain, thendeg (f - g) = deg (f)+deg(g) andord (f -g) =
ord (f)+ord(g) . But the following lemma shows a deviation for LA-ring R [X*;s € S| of LA-
semigroup (Qg , ) = S over LA-ring R.
Proposition 109 Let R be an LA-ring with left identity and f,g € R[X®;s € S| such that
FOX) = fot X0 ot fon X o1 4 fn X 52 and g (X) = go+- g1 X 5+t gu_1 X014
an%.

(1) If R is an LA-integral domain, then deg (f ® g) = deg (¢)-(deg (f)) ™" if (deg (f)) ™" >

1 and deg (f © g) > deg (g) - (deg ()" if (deg ()" < 1.
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(2) If R is not LA-integral domain, then deg (f ® g) < deg (g) - (deg ()" if ==t > 1

Am—1
and deg (f © g) > deg(g) - (deg (f))_1 if% < 1.

Proof. (1) As R is an LA-integral domain, so for f,,, 0,9, # 0, fi - gn # 0.

fX)og(X) = fogo +f190X% +fong% Tt frngn X b ¥
AS(% < %,Wheretzl,Z,...,n—l.SOZ—:*%<%*%
b b
if o > 1. Hence deg(f@g):%’: %:% .
= deg(g) - (deg ().
Now fort = 1,2,...n—1, %<2—Zimplies%*%>2—:*;—z
ifsz < 1 so, deg(f@g)>x*zzx.fz

— deg(g) - (deg (F)) 1 if U <1,

am

(2) If R is not an LA-integral domain, then there is a possibility that for f,,, # 0, g, # 0,

fm’gnzo-

As Z::ll * %’; < Z:j « ;Zj, where k= 1,2,....n — 2
Hence deg(f ®g) = Z::i * ;:j < Z—: * ;—:
= S deg(g) - (deg (1)
Thus deg (f ©g) < deg(g) - (deg(f))".
m— n— m Cn n bm
Now Zm_ll * ccln_i > Z—m * Ccl—n = 2—71%

brm—
Thus in this case, deg(f ©®g) > deg(g)- (deg(f)) " if ~"— < 1.

Remark 110 There could be two possibilities for deg (f © g) .
(i) If R is an LA-integral domain, §™ % g < §™ or g™ x ¢ < 2 then in this case,

deg (f © g) < deg(f) ordeg(f® g) < deg(g).
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(ii) If R is not an LA-integral domain m—:i*g—z < @ or &, then in this case, deg (fog) <

deg (f) ordeg (f ® g) < deg(g).

Remark 111 /f we take an LA-semigroup other than (Q(J)r, %), then the results for degree and

order will be different from those of (Qg , *).

4.2.1 Main Results

In this section we generalize the results as established in first section of this chapter. Specifically,
we show the necessary and sufficient condition for an LA-ring R [X®; s € S] to be an LA-integral
domain. We also discuss the homomorphisms of LA-rings.

Following external direct sum of semigroups as in [13, Page 18|, we define external direct
sum of LA-semigroups (S, *) and (T',#) as S&T = {(s,t) : s € S,t € T}, whereas the binary
operation in S&T is defined as (s1,t1)®(s2,t2) = (81 * 51, t1#t2) for 51,80 € S and t1,t9 € T.

A mapping ¢ of an LA-ring (R, +, ) into an LA-ring (R, +,") is called a homomorphism
if p(a+b)=v(a)+¢(b)and p(a-b) =y (a)-¢(b) and for the ideal I of R, the mapping
v: R — R/I defined as v (a) = a + I is called the natural epimorphism of LA-ring R onto
R/I. Let 0 be an epimorphism of an LA-ring R to an LA-ring R, then R/Kerf ~ R'.

The following is a generalized form of Theorem 99 of first section.

Theorem 112 Let R be an LA-ring and S, T’ be LA-semigroups. Then R [X(57t); (s,t) € S @ T] ~
(R[X*%;s € S))([X"t €T)), where S® T the is external direct sum of LA-Semigroups S and
T.

Proof. Here we regard the elements of LA-ring of S (respectively of T' ) over R as finitely
nonzero functions from the LA-semigroup S (respectively LA-semigroup T' ) into LA-ring R.
Assume that (R[X®;s € S])([X!t € T]) = A. Define ¢: A — R[XV;(s,t) € S T
as follows; if f € Aand (s,t) € SET, then [¢ (f)] (s,t) = [f (t)] (s), where f (t) € R[X*;s €
S]and f: T — R[X?®;s € S], which is well-defined map. Clearly ¢ is surjective because if h €
R[X®Y;(s,t) € S®T], then the element f € A defined by [f ()] (s) = h(s,?) is such that

58



[0 (NI (s,t) = [f ()] (s) = h(s,2).

Now Suppose f g.

Then f (t) g (t) for somet € T.

¢(9)(s,1)

£
?é
[f )] (s) # [g(t)](s) for somese S;teT
”
# 9(9)-

Thus ¢ is one-one. Let f,g € A and (s,t) € S®T.

[ (f+9l(s,t) = [(f+9) D] (s) =[F () +g()](s)
= [F@1(s) +[g O] (s) = o ()] (s,2) + [ (9)] (s, 1)
= [o(f)+2(9)](s1).

Now consider
B(fegl(st) = [(fog®Is) =D (f@) g®)(s)

axb=t cxd=s

= Y. (F@)e)-(g0) (@

(cxd,axb)=(s,t)

= S 6 (ea)dlg)(dD)

(cxa)+(dxb)=(s,t)
= [0(f) ©d(9)] (s,¢) forall (s,;t)e S®T.

Thus ¢ is an isomorphism. =

Corollary 113

RIX"): (r.s) € (@)@ (@) "] = (R [x7r € (@)™ )( [ x5 € (@) "]
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By [61, Page 332], a semigroup S is said to be m-torsion free if for any z,y € S there
exists m > 1 with ™ = ¢y, then z = y. We extend this for LA*-semigroup with left identity

€.

Definition 114 An LA*-semigroup (S, ) with left identity e is said to be an M -torsion free

if for all x,yy € S there exists a subset M of ZT such that 1 < m € M with ™ = y™ implies

T =y.

Example 115 (Qf,*) is an LA*-semigroup with left identity 1, defined as

axb = 0ifa=0o0rb=0,

= b-alifa#0and b#0,

is an O-torsion free where O is the set of odd positive integers. For this, consider m = 3,

2xx =y?xy. Now asfora//meQa“,

Let 23 = y3. As (QF,*) is an LA*-semigroup, so
22 =1, s0 1%z = 1xy. This implies x = y. Hence (Qar, ) is an O-torsion free LA*-semigroup.
Similarly (Z,x) , an LA*-semigroup with left identity 0 defined as a xb = b — a, is an O-torsion

free where O is a the set of odd positive integers.
The following is a generalized form of Theorem 102, proved in first section.

Theorem 116 Let R be an LA-ring with left identity and let (S, ) be an LA*-semigroup.
Let R[X?;s € S| be an LA-ring of S over R. Then R[X?;s € S| is an LA-integral domain if

and only if R is an LA-integral domain and S is an M -torsion free and cancellative.

Proof. Assume that R is an LA-integral domain. Now .S is an M-torsion free and cancellative
if and only if S admits a total order < compatible with its operation (see chapter 2, section
one). Let f,g € R[X% s€ S]\{0} such that f = >0, f; X%, g = > ¢ X", where
s1<sp<..<spandty <ty <..<t, If f1 #0,91 # 0, then s; xt; € Supp(f ® g) and
f191 X511 is the corresponding term in f ® g. In particular f.g # 0 hence R[X®;s € S] is an

LA-integral domain. Conversely, assume that R[X?;s € S] is an LA-integral domain. On the
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contrary, suppose that R is not an LA- integral domain then for a,b € R\ {0}, we have a.b = 0.
If s € S, then aX*©bX* = 0, where aX® # 0,bX?® # 0. This implies that R[X®; s € S] is not
an LA-integral domain. Similarly, if S is not cancellative and s,%,u € S are such that sxt = sxu
but ¢ # u, then for r € R\ {0}, we have rX*® (rX' — rX*) = 0, where 7X* and 7 X" —r X*
are nonzero. Hence R[X*®;s € S| is not an LA-integral domain. Finally, assume that R is an
LA-integral domain and that S is cancellative but not an M-torsion free. Let s,t € S be such
that s # t while s™ = t™ for some m € M C Z* and choose k € Z* minimal in M so that
sk =th If 0 # 7 € R, then 0 = (r2X=" —r2X™) = (rX* —rXt) o (X0} r X7 7%it) Since
S'is cancellative the choice k implies that ts(k_il_l)*ilt + s(k_irl)*igt for0 < iy <i9g < k—1.
Thus Zf;ol px st Dt # 0. Hence again R[X?®;s € S| is not an LA-integral domain. m
The next result generalizes Theorem 103 and contains some basic information concerning

homomorphisms of LA-rings.

Theorem 117 Let y : R — Ry be an LA-ring homomorphism. Let A = kery and ¢ :
S — Sy be an LA-semigroup homomorphism, where S, Sy are LA-semigroups with 0 adjoined
to them. Then the following statements holds;

(1) p*: R[X® s € S] — Ry [X®; s € S]is defined as p* (D1 m X)) = >0 p(rg) X,
is LA-ring homomorphism such that ker p* = A[X®;s € S| = ker u[X®;s € S]. pu* is surjective
if 1 Is surjective.

(2) ¢* : R[X®;s € S] — R[X®;s € S| defined as ¢*(3> 1, miX%) = S0 m X006 s
surjective and ker ¢* = I. The ideal of R[X*;s € S| generated by

{rX®—rX":¢(a)=¢(b),r € R}. ¢" is surjective if ¢ is surjective.

(3) 7: R[X%s € S] — Ro[X%s € So| defined as (31, ri X %) = S0 | p(r;) X260 s
an LA-ring homomorphism such that ker 7 = ker p* + ker ¢* = A[X®;s € S|+ 1. Then T is

surjective if u and ¢ are surjective.

Proof. Same as [13, Theorem 7.2]. =
The congruences on LA-semigroups have been discussed in [42].

The following generalizes Corollary104.
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Corollary 118 Assume that A is an ideal of the LA-ring R and that ~ is a congruence
on an LA-semigroup S = SU{0}. Let I = {rX?—rX":¢(a)=¢(b),r€ER}, ¢ : S5 —
S/ ~ is a canonical epimorphism. Then R[X?®;s € S] JA[X®;s € S] ~ R/A[X®;s € S| and
R[X® se€ S]/I ~ R[X?®;s €S/ ~], where the ideal I is called the kernel ideal of congruence.

Proof. As ¢ : S — S/ ~ is defined by ¢ (s) = [s]. So we define ¢* : R[X*;s€ S] —
R[X%s€ S/ ~]as ¢* (S0 mX%) =30 mi X)) = Zn:riX[si] which is an LA-ring epi-
morphism. Therefore, R [X?®;s € S] /ker¢* ~ R[X?%;s € 5371% .

Similarly we may define a map p* : R[X®;s € S] — R/A[X®;s € S| by p* (D1, i X%) =
Yo p(ri) X%, where p @ R — R/A is a surjective LA-ring homomorphism defined as
w(r) =r+A.u*is also LA-ring epimorphism. Hence R[X®;s € S| /ker u* ~ R/A[X®;s € S].
It can be shown that keru* = A[X?®;s € S]. Therefore, R[X?%; s S]/A[X®;se S| ~
R/A[X®*;s€ S]. m

Definition 119 An ideal P of an LA-ring R is called prime if and only if AB C P implies
that either A C P or B C P, where A and B are ideals in R.

Corollary 120 Let A be a proper ideal of LA-ring R, then A[X?®;s € S| is prime ideal in
R[X%;s € S] if and only if A is prime ideal in R and S is cancellative M-torsion free LA-

semigroup.

Proof. Proof is straight forward. m
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Chapter 5
['-AG-groupoids

Introduction

In this study, we have introduced a non-commutative and a non-associative structure, which
we named as I'-AG-groupoids. I'-AG-groupoids are a direct generalization of AG-groupoids
which have been studied by several researchers [41, 42, 43, 46, 47, 50, 57, 58, 69]. The
motivation behind this study is an article ; On I’-semigroups, by M. K. Sen [63], published in
1981. I'-semigroups are a generalization of semigroups. Many classical notions of semigroups
were extended to I'-semigroups.

In this chapter, we present our work into two sections. In section one, we have defined I'-AG-
groupoids and also constructed some examples. I'-AG-groupoids are in fact a generalization
of AG-groupoids. We discussed some basic characteristics of this concept and established
some important results which have been used for further developments in the theory of I'-
AG-groupoids. Moreover, we investigated the concept of I'-ideals and M-systems in T'-AG-
groupoids. In second section, we characterized regular and intra-regular I'-AG-groupoids by the

properties of I'-ideals.

5.1 The characteristics of elements of I'-AG-groupoids

In this section, we extend some properties of AG-groupoids to I'-AG-groupoids and correlate
I'-AG-groupoids and I'-semigroups [63, 64].

We initiate with the following definition:

Definition 121 Let S and I' be nonempty sets. We call S to be a I'-AG-groupoid if there



exists a mapping S x I' x S — S, written (a,~,c) by ayc, such that S satisfies the identity

(ayb)pc = (eyb)ua for all a,b,c € S and v, u € T

Example 122 An AG-groupoid is I'-AG-groupoid. Indeed, let S be an arbitrary AG-groupoid
and I' any nonempty set. Define a mapping S x I' x § — S, by ayb = ab for all a,b € S and

v € T'. It is easy to see that S is a I'-AG-groupoid. Indeed, consider

(ayb)pc = (ab)uc = (ab)c = (cb)a.
Now take (cyb)ua = (cb)ua = (cb)a.

Hence (ayb)uc = (cyb)ua for all a,b,c € S and vy, € T

Thus every AG-groupoid is a T'-AG-groupoid.

Example 123 Let I' = {1,2,3}. Define a mapping Z x T' x Z — Z by ayb =b— v —a

u o

for all a,b € Z and v € T, where is a usual subtraction of integers. Then 7 is a I'-AG-
groupoid. Indeed, (ayb)uc=(b—~v—a)jpc=c—p—(b—v—a)=c—pu—b+~vy+a. and
(ecyb)pa=(b—v—cjpa=a—pu—(b—y—c)=a—p—b+~v+c=c—pu—b+~vy+a. Hence

(ayb)uc = (cyb)pa for all a,b,c € Z and vy, € T.

Example 124 In general a '-AG-groupoid S is not an AG-groupoid but if we define axb = ayb
for all a,b € S and v a fixed element in T'. Then it can be easily verified that (S, ) is an AG-

groupoid and we denote this by S,.

An element e € S is called a left identity of I'-AG-groupoid if eya = a foralla € S and v €
I'. Let G and I' be non-empty sets. If there exists a mapping G X I' x G — G, written (z,7,y)
by zvy, G is called a I'-medial if it satisfies the identity (zay)B(lym) = (zal)B(yym) for all
z,y,l,m € G and o, B,y € T, and if G satisfies the identity (zay)B(lym) = (may)B(lvx),
then it is called I'-paramedial. A I'-AG-groupoid S is said to be commutative if for any a,b € S,

there exists y1 € I' such that aub = bua.Let G and I' be non-empty sets.

Theorem 125 [/f a I'-AG-groupoid S has a left identity e, then it is unique.
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Proof. Suppose there exists another left identity f. Then eyf = f and fye = e. Now

f=evf=(eveyf=(fre)re=ere=ec. m
Theorem 126 In a I'-AG-groupoid, a right identity becomes a left identity.

Proof. Let S be a I'-AG-groupoid with right identity e, then aye = a foralla € S and v € T.
Consider eya = (eye)ya = (aye)ye = aye = a. Hence this implies that e is also a left identity.

|
Theorem 127 Every I'-AG-groupoid is a I'-medial.

Proof. Let S be a I'-AG-groupoid and for all z,y,l,m € S and o, 3,7 € T', using defini-
tion of I-AG-groupoid repeatedly we have (zay)s(lym) = [(Iym)ay|Bz = [(yym)al]fz =

(zal)B(yym). =

Theorem 128 If a I'-AG-groupoid S has left identity e, then S is I'-paramedial.
Proof. Consider
(zay)B(lym) = (zal)Byym) = lep(zal)]B(yym)
= [(yym)u(zal)|Be = [(yyz)u(mal)]Be
= [en(mal)|B(yyz) = (mad)B(yyx) = (may)B(lyz).
Hence S is a I'-paramedial. m

Theorem 129 In a I'-AG-groupoid with left identity e, associativity and commutativity imply

each other.

Proof. Suppose S be a I'-AG-groupoid with left identity e and let S be associative, then for

all a,b € S and p € T'. Consider

apb = ey(apb) = (eya)ub = (bya)ue = by(ape) = (eab)y(ape)
= (eaa)y(bue) = ay(bue) = (ayb)ue = (eyb)ua = bua.
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Thus S is commutative. Conversely let S be commutative and let for any a,b,c € .S, there
exists u € I'. Then consider ap(buc) = (buc)pa = (cub)ua = (aupb)pc. Hence S is associative.

Theorem 130 In a I'-AG-groupoid S, the following statements are equivalent:
(1) (aad)Be = ba(cfa)
(2) (aab)Be = ba(afe)

Proof. (1) = (2), au(buc) = (buc)pa = (cub)ua = (apb)uc. (2) = (1), (aad)fc =
(cab)fa = ba(cfa) m

Theorem 131 Let S be a I'-AG-groupoid with left identity e. If for any a,b,c,d € S, there

exists o € ', then aab = cad implies baa = dac.
Proof. baa = (eab)aa = (aab)ae = (cad)ae = (ead)ac = dac. =

Lemma 132 IfS is a -AG-groupoid with left identity e, then (aab)? = (baa)? foralla,b € S
and o, B €T

Proof. (aab)?= (aab)B(aab) = (aca)B(bab) = (baa)B(baa) = (baa)®. =

Definition 133 A I'-AG-groupoid S is said to be a left cancellative if for all a,b,c € S and

any a € ', if caa = cab implies a = b.

Theorem 134 (1) A left cancellative I'-AG-groupoid is also a right cancellative.

(2) A right cancellative T'-AG-groupoid S with left identity e is a left cancellative.

Proof. (1) Let S be a left cancellative I'-AG-groupoid. Now for all a,b,c € S and a, 3 € T,
suppose acc = bac. Let t € S be any fixed element. Then (aac)Bt = (bac)Bt implies
(tae)Ba = (tac)Bb. So a = b.

(2) Let S be a right cancellative I'-~AG-groupoid S with left identity e and let aaz = aay.
Now by theorem 131, aax = aay implies xaa = yaa. As S is right cancellative, therefore

x = y and hence a left cancellative.
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In the following we have an interesting result which may be useful in further development

in I'-AG-groupoids.

Theorem 135 Let S be a I'-AG-groupoid with left identity e, then aa(bfc) = ba(afc) for
alla,b,ce S and a,5 € T.

Proof. For all a,b,c € S and «, 3,7 € T, consider aa(bfc) = (eya)a(bBc) = (eyb)a(afc) =
ba(afc). m

5.1.1 Relationship between I'-AG-groupoids and I'-semigroups

We have established some interesting results which show a relationship between I'-AG-groupoids

and I'-semigroups.

Theorem 136 A I'-AG-groupoid is a T'-semigroup if and only if aa(bfc) = (cab)Ba for all
a,b,ce S anda,B eT.

Proof. Let S be a I“AG-groupoid and let aa(bfBc) = (cab)Ba holds for all a,b,c € S
and o, 8 € T'. aa(bfc) = (cab)Ba = (aab)Be. This implies that S is a I'-semigroup. Now
conversely let S is a I'-semigroup, then (aab)Bc = aa(bfc), Also (aab)fc = (cab)Ba. Hence
aa(bBc) = (cab)Ba. m

Theorem 137 If a I'-AG-groupoid S has a right identity e, then S is a commutative I'-

semigroup with identity.

Proof. Let S be a I'~AG-groupoid with right identity e, then by theorem 126, e is also a left
identity in S. Let for any a,b € S, there exists u € I". Then aub = (epa)ub = (bua)ue = bua.
Hence S is commutative. Further consider (aub)uc = (cub)pa = (buc)pa = ap(buc). Thus S

is a commutative I'-semigroup with identity. m

Theorem 138 A I'-AG-groupoid S with left identity e is a commutative I'-semigroup with

identity if and only for any a,b,c € S, there exists a € I such that ac(bac) = (cab)aa.
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Proof. Suppose S is a I-AG-groupoid with left identity e such that aa(bac) = (cab)aa.
Consider ace = aa(eae) = (eae)aa = eaa = a. Which implies e is the right identity of S
and hence by theorem 137, S is a commutative I'-semigroup with identity. Conversely suppose
S is a commutative I'-semigroup with identity. Then for all a,b,c € S and a € T', we have
aa(bac) = (aab)ac = ca(aab) = ca(baa) = (cab)aa. m

The following corollary is a consequence of theorems 129 and 136.

Corollary 139 For a I'-AG-groupoid S, the following are equivalent:
(1) Associativity
(2) Commutativity

(3) aa(bBc) = (cab)Ba for all a,b,c € S and o, 5 € T.

5.1.2 T'-ldeals in I'-AG-groupoids

In this study, we have discussed I'-ideals and I'-bi-ideals of I'~AG-groupoids which are in fact
a generalization of ideals and bi-ideals of AG-groupoids (for a suitable choice of I'). we have
studied some characteristics of I'-ideals and I'-bi-ideals of I'~AG-groupoids. Specifically, we
have proved that a I'~AG-groupoid S with left identity e is fully I'-prime if and only if every
I'-ideal in S is I'-idempotent and the set of I'-ideals of S is totally ordered under inclusion.
We also proved the equivalent conditions for I'-bi-ideals of S that is (1) every I'-bi-ideal of
S is I'-idempotent, (2) H N K = HI'K, where H and K are any I'-bi-ideals of S and (3)
the I'-ideals of S form a semilattice (Lg,A), where H A K = HI'K. Also we have shown
that every I'-bi-ideal of a I'-AG-groupoid S with left identity e is a ['-prime if and only if it is
I’-idempotent and the set of I'-bi-ideals of .S is totally ordered under inclusion. In the end we
have established some results regarding m-systems in I'-AG-groupoids

We initiated with the following lemma:

Lemma 140 IfS is a I'-AG-groupoid with left identity e then ST'S = S and S = el'S = STe.
Proof. Let x € S, then for any v € I', we have x = eyxr € ST'S and so S C ST'S. Hence

S = ST'S. Now as e is left identity in S, so for any v € T, it is obvious that eI'S = S. Now
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consider STe = (ST'S)'e = (eI'S)['S = ST'S = S. Hence S = el'S = STe. m

Definition 141 Let S be a I'-AG-groupoid. A nonempty subset M of S is called a subl'-AG-
groupoid of S if ayb € M for all a,b € M and v € I'. A subl'-AG-groupoid I of S is called
a left(right) I'-ideal of S if ST'I C I (IT'S C I) and is called an T'-ideal if it is left as well as

right T'-ideal.

Proposition 142 If a I'-AG-groupoid S has a left identity e, then every right I'-ideal is a left
I'-ideal.
Proof. Let I be a right I'-ideal of S. Then fori € I, s € S and a € T', consider sai =

(eys)ai = (iys)ae € I. Hence I is a left I'-ideal. m

Lemma 143 If I is a left I'-ideal of a I'-AG-groupoid S with left identity e, and if for any

a € S, there exists v € I, then a1 is a left I'-ideal of S.

Proof. Let I is a left T'-ideal of S,consider sy(avi) = (eys)y(avyi) = (eya)y(syi) =

ay(syi) € ayl. Hence avI is a left I'-ideal of S. m

Lemma 144 If I is a right I'-ideal of a I'-AG-groupoid S with left identity e, then IT'I or a
I'-ideal of S.

Proof. Let z € IT'I, then = = i7yj where ¢, € I and v € I'. Now consider zas = (iyj)as =
(svj)ai € IT'I. This implies that IT'] is a right I'-ideal and hence by proposition 142, IT'I is
al-ideal of S. m

Corollary 145 [f I is a left I'-ideal of S then IT'I becomes a I'-ideal of S.

Definition 146 A I'-ideal I of S is called minimal I'-ideal, if it does not properly contain any

I'-ideal of S.

Lemma 147 A proper I'-ideal M of a I'-AG-groupoid S with left identity e, is minimal if and
only if M = a®>T'M, for all a € S.
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Proof. Assume that M is a minimal I'-ideal of S. Now as MIT'M is a I'-ideal of S so
M = MTM. It is easy to see that a?T'M is a I'-ideal and is contained in M. But as M is
minimal so M = a?T'M. Conversely let M = a?T'M, for all @ € S. On contrary let K be a
minimal T-ideal of S which is properly contained in M containing a, the M = a’TM C K,
which is a contradiction. m

A T-ideal P of I'-AG-groupoid S is said to be I'-prime if AT'B C P implies that either
A C Por BC P, for all I'-ideals A and B in S. A I'-ideal P is called I"-semiprime if II'1f C P
implies that I C P, for any ['-ideals I of S. If every I'-ideal of ['-AG-groupoid S is I'-semiprime,
then S is said to be fully I'-semiprime and if every I'-ideal is I'-prime, then S is called fully
I-prime. A T-ideal I of a I'-AG-groupoid S is called a T-idempotent if IT'] = I and if every
I’-ideal of S is I'-idempotent then S is called fully I'-idempotent. The set of I'-ideals of I'-AG-
groupoid S is said to be totally ordered under inclusion if for all I'-ideals H, K, either H C K

or K C H and we denote it by I'-ideal(5).

Theorem 148 A I'-AG-groupoid S with left identity e is fully T'-prime if and only if every

I'-ideal in S is T'-idempotent and T'-ideal(S) is totally ordered under inclusion.

Proof. Let S is fully I'-prime. Let I be a I'-ideal in S. Then by lemma 144, IT'I will also be
a I'-ideal in S and hence IT'I C I. Also IT'I C IT'I. But as S is fully I'-prime, so it implies
that I C IT'I. Thus IT'I = I and hence [ is I'-idempotent. Now let H, K be I'-ideals of S
and HI'K C H, HI'K C K which imply that HI'K C H N K. Now as H N K is prime, so
H C HNK or K C HnN K which further imply that H C K or K C H. Hence I'-ideal(.S)
is totally ordered under inclusion. Conversely, let every I'-ideal is T'-idempotent and I'-ideal(.S)
is totally ordered under inclusion. Let I,J and P be I'-ideals in S with IT'"J C P such that

I C J. As | isI'-idempotent, so I = IT'] C IT'J C P which imply that S is fully I'-prime. =

Definition 149 If S is a I'-AG-groupoid S with left identity e, then the principal left T'-ideal

generated by x is defined as (x) = STx = {syx:s€ S}, forallz € S and vy €T.

Definition 150 Let P be a left I'-ideal of a I'-AG-groupoid S, then P is said to be a qausi
I'-prime if for left I'-ideals A and B of S such that A'B C P, we have A C P or B C P
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and P is called qausi I'-semiprime if for any left I'-ideal of S such that IT'I C P implies that

ICP.

Theorem 151 If S is a I'-AG-groupoid S with left identity e, then a left T'-ideal P of S is
qausi I'-prime if and only if ac(SBb) C P implies a € P or b € P, for all a,b € S and any
a,pel.

Proof. Let P be a qausi I'-prime in I'-AG-groupoid S with left identity e. Assume that
ac(SBb) C P, then Svy(aa(SBb)) C STP C P. So by lemma 140, I'-medial and I'-paramedial,

we get

Sy(aa(SPb)) = (565)v(ac(SBb)) = (Sda)y(Sa(SBb)) = (S6a)y((S55)a(Sb))
= (S6a)y((b6S)a(SBS)) = (Sda)y((b6S)aS) = (Sda)y((S4S)ab)

= (Sda)y(Sab).

This implies that (a)y(b) C STP C P. But P is qausi I'-prime, hence either a € P or
b € P. Conversely, assume that AI'B C P, where A and B are left I'-ideals of S such that
A ¢ P. Then there exists x € A such that ¢ P. Now za(SBy) C AI'(ST'B) C ATB C P,
for all y € B and o, 8 € T'. So by hypothesis, y € P for all y € B implies that B C P. Hence

P is qausi I'-prime. =

Corollary 152 If S is a I'-AG-groupoid with left identity e, then a left I'-ideal P of S is qausi

I'-semiprime if and only if aa(SBa) C P implies a € P, for all a € S and any o, € T

Lemma 153 If I is a proper right(left) T'-ideal of a T'-AG-groupoid S with left identity e, then
e¢l.

Proof. On contrary let ¢ € I. Then for any v € T, we have S = eyS € IT'S C [ and

consequently 7 = S. A contradiction arises because I is proper I'-ideal of S. Hencee ¢ I. m

Definition 154 Let S be a I'-AG-groupoid. A sub I'-AG-groupoid B of S is said to be
I-bi-ideal of S if (BI'S)I'B C B.
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Example 155 Let S ={1,2,3,4,5}. Define a binary operation “" in S as follows:

Then (S, -) becomes an AG-groupoid, where x € {1,2,4}. Now let I' = {1} and define a
mapping S X I' x § — S, by

al’'b = ab for all a,b € S. Then it is easy to see that S is a ['-"AG-groupoid. If we take
B = {3,z}, then B becomes

I'-bi-ideal of S.

Remark 156 Example 155 shows that I'-bi-ideals in I'-AG-groupoids are in fact a generaliza-

tion of bi-ideals in AG-groupoids (for a suitable choice of I").

Proposition 157 Let A be a left T'-ideal and B be a bi-I'-ideal of a T'-AG-groupoid S with
left identity e, then BT'A and (AT A)I'B are I'-bi-ideals of S.

Proof. Toshow that BI'A is a I'-bi-ideal of S, let consider ((BI'A)I'S)I'(BT'A) = ((STA)I'B)I'(BT'A) =
((BTA)I'B)I'(STA) C ((BI'S)I'B)I'A C BT'A. Also by I'-medial law, it can be verified that
(BTA)T'(BT'A) = (BI'B)I'(AT'A) C BT'A. Hence BT'A is a I'-bi-ideal of S. Now by corollary

145, I'-medial law and the fact that ST'S = .5, we have

(((ATA)TB)TS)T((ATA)TB)

(((ATA)DS)I(BLS))I((ATA)TB)
C ((ATA)T(BTS))T((ATA)TB)

= ((ATA)T(ATA))I((BT'S)I'B) C (AT A)T'B.

Hence (AT'A)I'B is a I'-bi-ideal of S. m
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Proposition 158 The product of two I'-bi-ideals of a I'-AG-groupoid S with left identity e

is again a I'-bi-ideal of S.

Proof. Let H and K be two I'-bi-ideals of S. Then using I'-medial law and ST'S = S, we get
((HFTK)F'S)IM(HIK) = ((HFK)I(STS))IFM(HFK) = ((HFS)F(KTS))I(HFK) = ((HFS)FH)F((KFS)IK)
C HT K. Hence HT'K is a I'-bi-ideal of S. m

Theorem 159 Let S be al'-AG-groupoid and H; aT'-bi-ideal of S for alli € I. IfN;cr H; # O,
then N;cr H; is a I'-bi-ideal of S.

Proof. Let S be a I'-AG-groupoid and H; a I'-bi-ideal of S for all ¢ € I. Assume that
NicrH; # . Let 2,y € NierH;, s € S and o, 8 € I'. Now z,y € H; for all i € I and since
for each i € I, H; is a I'-bi-ideal of S, so xay € H; and (zas)py € (H;I'S)I'H; C H; for all
i € 1. Therefore xay € NierH; and (xas)By € NierH;. Hence NicrH; is a T-bi-ideal of S for

alliel. m

Theorem 160 /f B is I'-idempotent I'-bi-ideal of a I'-AG-groupoid S with left identity e, then
B is a I'-ideal of S.

Proof. Consider BI'S = (BI'B)I'S = (STB)I'B = (SI(BT'B))T'B = ((BIB)I'S)I'B =
(BT'S)I'B C B. Which implies that B is a right I'-ideal and so is left I'-ideal of S. Hence B
is a I'-ideal of S. m

Lemma 161 [f B is a proper I'-bi-ideal of a I'-AG-groupoid S with left identity e, then e ¢ B.

Proof. On contrary let e € B. Now consider sab = (eys)ab € B. Also for any s € S and
any 7 € I', we have s = (eye)ys = (sye)ve € (STB)I'B C B which implies that S C B. A

contradiction to the hypothesis. Hence e ¢ B. m

Proposition 162 If H and K are I'-bi-ideals of a I'-AG-groupoid S with left identity e, then
the following assertions are equivalent:

(1) every I'-bi-ideals of S is I'-idempotent,
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(2) HNK = HTK,
(3) the I'-ideals of S form a semilattice (Lg, ), where H N K = HT'K.

Proof. (1) = (2), By lemma 160, it is obvious that HI'K' C H N K. For reverse inclusion,
as HNK C H andalso HNK C K,so (HNK)I'(HN K) C HT'K which implies that
HNK C HTK. Hence HN K = HTK.

(2) = 3), HNK = HI'K = HNK = KNH = KNH.Also HNAH = HI'H = HNH = H.
Similarly associativity follows. Hence (Lg, A) is a semilattice. (3) = (1), H=HAH = HT'H.

Definition 163 A I'-bi-ideal P of a I'-AG-groupoid S is said to be prime I'-bi-ideal if for all
I'-bi-ideals A and B of S, AI'B C P implies either AC P or B C P.

Definition 164 The set of I'-bi-ideals of S is totally ordered under inclusion if for all I"-bi-
ideals I, J either I C J or J C I.

The following theorem gives necessary and sufficient conditions for a I'-bi-ideal to be a

I-prime ideal.

Theorem 165 Every I'-bi-ideal of a I'-AG-groupoid S with left identity e is a I'-prime if and

only if it is I'-idempotent and the set of I'-bi-ideals of S is totally ordered under inclusion.

Proof. Let P be a I'-bi-ideal of I'-AG-groupoid S and assume that each I'-bi-ideal of S is
I’-prime. Since PI'P is a I'-ideal, so it is I'-prime which implies that P C PI'P, hence P is
I'-idempotent. Now let A and B be any I'-bi-ideals of S. As AN B is also a I'-bi-ideal, so by
hypothesis A N B is I'-prime. Now by lemma 160, either A C AN B or B C AN B which
further implies that either A C B or B C A. Hence the set of bi-I'-ideals of S is totally ordered
under inclusion. Conversely, let every I'-bi-ideal of S is I'-idempotent and the set of I'-bi-ideals
of S is totally ordered under inclusion. Let A, B and P are I'-bi-ideals of S with ATB C P
and also assume that A C B. Now as A is I'-idempotent, so A = AI'A C AI'B C P. Hence

every I'-bi-ideal of a T'-AG-groupoid S with left identity e is a ['-prime. =
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A nonempty subset A of a I'-AG-groupoid S is called an M-system if for a,b € A there
exist 7 € S and «, B8 € T such that aa(rb) € A and A is called P-system if for all a € A, there
exist 7 € S and o, f € T" such that aa(rfa) € A. Let I be a left I'-ideal of a I'-AG-groupoid
S. Then I is said to be a quasi-I™-prime if HI'K C I implies that either H C [ or K C I,
where H and K are any left I'-ideals of S. If for any left I-ideal H of S such that HI'H C I,

we have H C I, then I is called quasi-I"-semiprime.

Proposition 166 Let I be a left I'-ideal of S with left identity e, then the following are
equivalent:

(1) I is quasi-I"-prime ideal.

(2) HTK = (HT'K) C I implies that either H C I or K C I, where H and K are any
left I'-ideals of S.

(3)IfHZ I and K ¢ I then HT'K ¢ I, where H and K are any left I'-ideals of S.

(4) If h, k are elements of S such that h ¢ I and k ¢ I, then (h)T'(k) ¢ I.

(5) If h,k € S and o, p € T satisfying ha(SpSk) C I, then either h € I ork € 1.

Proof. (1) < (2). Let I be a quasi-I'-prime. Now by definition if HT' K = (HI'K) C I, then
obviously it implies that either H C I or K C [ for all left I'-ideals H and K of S. Converse
is trivial. (2) < (3) is trivial. (1) = (4). Let (R)I'(k) C I. Then either (h) C I or (k) C I,
which implies that either h € Tork € I. (4) = (2). Let HTK C I. If h € H and k € K, then
(h)I'(k) C I and hence by hypothesis either h € I or k € I. This implies that either H C I or
K C1I. (1) (5). Let ha(SBk) C I. Then ST (ha(SBk)) € STI C I. Now consider

ST(ha(SBk)) = (STS)I'(ha(SBk))
— (STh)T(ST(SBk)), by M-medial law
= (STh)I((STS)T(SBE))
= (STh)T((kT'S)T(STS)), by M-paramedial law
= (STh)((ST'S)T'k), by definition of I'-AG-groupoid

— (STh)(STk) C I.
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Since ST'h and STk are left I'-ideals for all h € H and k € K, hence either h € [ or k € I.
Conversely, let HT' K C I where H and K are any left I-ideals of S. Let H ¢ I then there
exists | € H such that [ ¢ I. For all m € K, we have [I'(ST'm) C HI'(STK) C HT'K C I.

This implies that K C I and hence [ is quasi-I’-prime ideal of S. =m

Proposition 167 A left I'-ideal I of a I'-AG-groupoid S with left identity e is quasi-I'-prime
if and only if R\I is an M -system.

Proof. Suppose I is a quasi-I-prime ideal. Let a,b € S\I which implies that a ¢ I and b ¢ I.
So by proposition 166 al'(ST'b) ¢ I. This implies that there exist some r € S and o, 3 € T’
such that aa(rBb) ¢ I which further implies that aa(rgb) € S\I. Hence S\I is an M-system.
Conversely, let S\I is an M-system. Suppose aI'(STb) C I and let @ ¢ I and b ¢ I. This
implies that a,b € R\I. Since R\I is an M-system so there exist 7 € R and «, 3 € T such
that aa(r3b) € R\I which implies that aI'(STb) € I. A contradiction. Hence either a € I or

b € I. This shows that [ is a quasi-I'-prime ideal. m
Lemma 168 An M -system of elements of I'-AG-groupoid S is a P-system.

Proof. Let A be a nonempty subset of S such that A is an M-system. Then for all a,b € A,
there exist an element r € S and «, 3 € I such that aa(rsb) € S. If we take b = a, then

ac(rfa) € S which implies that S is a P-system. m

5.2 Some characterizations of regular and intra-regular I'-AG-groupoids

In this section we have investigated the characterizations of regular I'-AG-groupoids by the

properties of I'-ideals.

Definition 169 A I'-AG-groupoid S is said to be a regular I'-AG-groupoid if for each a in S

there exist x € S and a, f € I' such that a = (acx)Ba.

Lemma 170 Every right I'-ideal of a regular I'-AG-groupoid is a I'-ideal.
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Proof. Let S is a regular ['-AG-groupoid and let I be its right I'-ideal. Now for each s € S
there exist x € S and «, 8 € I" such that s = (saz)fBs. If a € S and v € T, then consider
sya = ((sax)Bs)ya = (afs)y(sax) € I. Which implies that I is a left I-ideal. Hence I is a
I-ideal of S. m

Lemma 171 Every regular I'-AG-groupoid is fully I'-idempotent.

Proof. Let S be a regular I'-AG-groupoid and I be a T'-ideal of S. It is always true that
IT'T C I. Now if a € I, then as S is regular I'-AG-groupoid, so there exists b € S and o, 5 € '
such that a = (aab)Ba € IT'I. Thus I C IT'I, and hence S is fully I-idempotent. m

Lemma 172 If S is a regular T'-AG-groupoid then HT' K = H N K, where H is right I'-ideal
and K is left I'-ideal.

Proof. Let H and K be right and left I'-ideals of S with HTK C HNK. Now let x € HNK,
then there exist y € S and «a, 8 € T such that z = (zay)pfx € HT'K. Hence HTK = H N K.

Theorem 173 A regular I'-AG-groupoid S is fully T'-prime if and only if T'-ideal(S) is totally

ordered under inclusion.
Proof. Proof follows from theorem 148 and lemma 172. =m

Definition 174 A T'-ideal I of a regular I'-AG-groupoid S is said to be strongly irreducible if
for I'-ideals P and Q of S, PN Q C I implies that either P C I or K C 1.

Theorem 175 Every I'-ideal in a regular I'-AG-groupoid S is I'-prime if and only if it is

strongly irreducible.

Proof. Assume that P is a prime I'-ideal of S. Then there exist I'-ideals A and B in S such
that AI'B C P. Now by lemma 172 A'B = AN B implies that either A C P or B C P.
Hence P is strongly irreducible. Now conversely let every I'-ideal of a regular I'-AG-groupoid
S is strongly irreducible. Then for any I'-ideals A and B of S, AN B C P implies that either
A C Por BCP. Butbylemma 172, ATB = AN B. Hence P is a prime I'-ideal of 5. =
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Definition 176 A I'-AG-groupoid S is said to be an anti-rectangular I'-AG-groupoid if x =
(yax)pBy, for all x,y € S and o, B € T.

Proposition 177 If A and B are I'-ideals of an anti-rectangular I'-AG-groupoid S, then there

product is also a I'-ideal.

Proof. Using I'-medial law and ST'S = S, we have (AT'B)I'S = (AI'B)I'(ST'S) = (AI'S)I'(BT'S) C
AB, and ST(A'B) = (ST S)I'(AT'B) = (STA)I'(STB) C AB. Hence AT'B is a I'-ideal. m
As a consequence, if Iy, Is, I3, ..., I, are T'-ideals of S, then (...((I;T[2)'[3)I..T'T,) is

also a a I'-ideal of S.

Theorem 178 Any subset of an anti-rectangular T'-AG-groupoid S is left I'-ideal if and only
if it is right I'-ideal.

Proof. Let I be right I'-ideal of S. Now for all z,y € S and «, 5,7 € I', consider zyi =

((yax)By)vi = (iBy)y(yax) € I. Conversely, assume that I is a left I-ideal, then iyzx =

((yai)By)ye = (zBy)y(yoi) € I. m

Lemma 179 If I is a T'-ideal of an anti-rectangular T'-AG-groupoid S, then

HT'(a) ={z € S : (zaa)fx =z, fora€ Il and a,f €T} C I.

Proof. Let y € HI'(a), then for any a € I and «, 8 € T', we have y = (yaa)By € (STI)I'S C
I. m

Proposition 180 If H and K are I'-ideals of an anti-rectangular I'-AG-groupoid S, then the
following assertions are equivalent:

(1) S is fully I'-idempotent,

(2) HNK = HTK,

(3) The I'-ideals of S form a semilattice (Lg, \), where H N K = HT'K.
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Proof. The proof follows from proposition 162. =

Theorem 181 Every I'-ideal of an anti-rectangular I'-AG-groupoid S is I'-prime if and only

if it is T-idempotent and T'-ideals(S) is totally ordered under inclusion.

Proof. The proof follows from theorem 148. m

5.2.1 Quasi-I'-ideals in [-AG-groupoids

Now we study quasi-I'-ideals of I'-AG-groupoids analogous to quasi-I'-ideals in I'-semigroups

7).

Definition 182 Let S be a I'-AG-groupoid. A nonempty subset () of S is called a quasi-I'-
ideal of S if STQ NQTS C Q.

Remark 183 (1) Each quasi-I'-ideal QQ of I'-AG-groupoid S is a subI'-AG-groupoid of S. In
fact, QI'Q C STQ N QT C Q.
(2) Every right T'-ideal and every left I'-ideal of a I'-AG-groupoid S is a quasi-I'-ideal of S.

The proof of the next theorem similar to the case of quasi-I-ideals of I'-semigroups (see

[7))-

Theorem 184 Let S be a I'-AG-groupoid and ); a quasi-I'-ideal of S for each i € I. If

Nicr Qi is nonempty set, then (\,c; Q; is a quasi-I'-ideal of S.

Remark 185 In theorem 184, it is necessary that (\,c; Q; is a nonempty set. For example,
let T' = {1,2} and N be a set of positive integers. Define a mapping N x I' x N — N, by
acb = a+ b+ « for all a,b € N where + is the usual addition on N. Obviously N is a
I'-AG-groupoid. Take Q,, ={n+1,n+2,n+3,...} forn € N. Then Q,, is a quasi-I'-ideal of

N for alln € N but (), @n is an empty set.

Theorem 186 The intersection of a left I'-ideal and a right I'-ideal of a I'-AG-groupoid S

is a quasi-I'-ideal of S.
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Proof. Let L and R be left and right I'-ideal of S. Consider a € R,b € L and o € T', we
have aab € LN R. So LN R # (. Consider ST(LNR)N(LNR)I'S C STLNRT'S C LNR.
Hence L N R is a quasi-I'-ideal of S. m

In the following we give an example of I'-AG-groupoid with left identity e in which the

condition (zae)BS = xS holds for all x € S and a, B € T.

Example 187 Let S = {a,b,c,d,e}. Define a binary operation - in S as follows:

d
d
d
d

dlelele|b|d

eld|d|d|el|b

Then (S, -) becomes an AG-groupoid. Now let T" = {1} and define a mapping SxI'xS — S,
by xly = xy for all z,y € S. Then S is a [-AG-groupoid. Also we can see that a is a left
identity in S and (zaa)BS = xBS holds for all z € S and «, 3 € T'. However, a is not an

identity of S.

Remark 188 Let S be a I'-AG-semigroup with left identity e. We have STe = S, in deed,
STe = (ST'S)'e = (eI'S)I'S = ST'S = S. However, e need not be an identity.

Theorem 189 Let S be a I'-AG-groupoid with left identity e such that (zae)BS = xS for
allz € S and a, 8 € I'. Every quasi-I'-ideal of S is the intersection of a left I'-ideal and a right

I'-ideal of S.

Proof. Let @) be a quasi-I'-ideal of S. Set L = QU STQ and R = QU QLS. Then STL =
ST(QUSTQ) = STQUST(STQ) = STQU(STe)['(STQ) = STQU(STS)I'(el'Q) = STQ C
L. So, STL C L. This implies that L is a left I-ideal of S. Similarly, RI'S = (QUQT'S)I'S =
QTS U (QTS)I'S = QIS U (QTS)I'(el'S) = QI'S U (QTe)I'(ST'S) = QTS U (QTe)I'S =
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QTS C R. So R is a right T-ideal of S. We have LN R = (Q U STQ) N (Q U QTS) =
QUSTRNQETS)=Q.Hence Q=LNR. m

Similar to [7], bi-I'-ideals of I'~AG-groupoids are defined as follows:

Definition 190 A subI'-AG-groupoid B of I'-AG-groupoid S is said to be a bi-I'-ideal of S
if (BT'S)I'B C B.

Theorem 191 Let S be a I'-AG-groupoid with left identity e such that (zae)B3S = xS for
allx € S and o, 8 € I'. Then every quasi-I'-ideal () of S is a bi-I'-ideal of S.

Proof. Since QI'Q C QT'S and QT'Q C STQ, QT'Q C QTSN STQ C Q. This implies
that @ is a subI-AG-groupoid of S. Now (QI'S)I'Q C (STS)I'Q = STQ. Also (QT'S)TQ C
(QTS)I'S = (QT'S)I(eI'S) = (QTe)T(ST'S) = (QTe)T'S = QI'S. This implies that (QT'S)T'Q C
STQ N QTS C Q. Hence Q is a bi-T-ideal of S. m

5.2.2 Regular and intra-regular I'-AG-groupoids

In this study, we give necessary and sufficient conditions for regular I'-AG-groupoids with left
identity. Moreover, in last theorem, we give necessary and sufficient conditions for regular and

intra-regular I'-AG-groupoids with left identity.

Lemma 192 Let S be a I'-AG-groupoid with left identity e, then ac(bBc) = ba(aSc) for all
a,bce S and o, €T.

Proof. Forall a,b,c € S and a, 3,7 € I, consider aa(bfBc) = (eya)a(bfc) = (eyb)a(afc) =
ba(afc). m

Lemma 193 Let S be a I'-AG-groupoid with left identity e such that (xae)3S = x5S for all
x € S and a,B € I'. The following statements are true.
(1) STa is the smallest left I'-ideal of S containing a.

(2) aI'S U STa is the smallest right T'-ideal of S containing a.
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Proof. (1) Since S has a left identity, a € STa. Consider ST'(STa) = (STe)['(STa) =
(STS)I'(el'a) = STa, thus STa is a left I-ideal of S containing a. Next, let L be any left
I’-ideal containing a. So ST'a € SI'L C L. Hence STa is the smallest left I'-ideal of S

containing a.

(2) Claim that (aI'S U STa)I'S C (aI'S U STa). Consider

(aI'SUSTa)I'S = (al'S)I'SU (STa)I'S
= (STS)au (STa)l(el'S)
= STaU (STe)I'(al'S)
= STaU ST (al'S)
= STaUal'(STS) by lemma 192

= STaUal'S =al'SU STa.

Hence aI'S U ST'a is a right I'-ideal of S. Since @ € STa, a € al'S U STa. Let R be any
right I'-ideal of S containing a. Since aI'S € RT'S C R,al'S C R. Also STa = (ST S)T'a =
(aI'S)I'S C (RI'S)I'S C RT'S C R. It follows that aI'S U ST'a C R. Therefore al'S U STa is

the smallest right I'-ideal of S containing a. ®

Theorem 194 Let S be a I'-AG-groupoid with left identity e such that (zae)BS = xS for
allx € S and o, 8 € I'. Then the following statements are equivalent:

(1) S is regular.

(2) Q = (QT'S)I'Q for every quasi-I'-ideal Q of S.

(3) RN L = RUL for every right I'-ideal R and every left I'-ideal L of S.

Proof. (1) = (2). Let Q be a quasi-I-ideal of S. Let # € Q and a,3 € I. Since S is
regular, so there exist a € S and «, 8 € T such that © = (zaa)Bz. Thus x = (zaa)fz €
(QT'S)T'Q. This implies that Q C (QT'S)T'Q. Now (QI'S)I'Q C (QT'S)I'S = (QT'S)I'(el'S) =
(QTe)[(ST'S) C (QTe)l'S = QI'S. Thus (QI'S)I'Q C QI'S. Also (QI'S)I'Q C (QTS)I'S =
(STS)I'Q C STQ. It follows that (QI'S)I'Q C QT'SNST'Q C Q and hence Q = (QU'SI'Q. (2) =
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(3). Let R be aright I'-ideal and L a left T'-ideal of S. So by theorem 186, RNL is a quasi-I"-ideal
of S. Then by hypothesis, RNL = ((RNL)I'S)['(RNL) C (RT'S)I'L C RI'L. This implies that
RNL C RT'L. Obviously, RI'L C RNL. Hence RNL = RI'L. (3) = (1). Letx € S. By lemma
193, STz is a left I'-ideal of S containing x and zI'SU STz is a right I'-ideal of S containing z.
So by hypothesis (zI'SUSTz)NSTx = (2I'SUSTx)I'(STz) = (2I'S)I'(STz)U(ST2)I'(STx).
Since z € (zI'SU STz) N STz, x € (xI'S)['(STx) U (STx)I'(STx) which further implies that
x € (zI'S)I'(STz) or x € (STx)I'(STx).

Case 1: z € (2T'S)I'(STx). By the definition of I'-AG-groupoids and lemma 192, we have

z = (z0a)B(bya) = ((byz)aa)Be
— (((epb)yz)aa)Bz = (((wpb)ye)aa)Ba
— ((aye)aloub))Bz = (va((are)ub))Ba

= (xas)Bx, where s = (aye)ub € S.

Hence x = (zas)fBz. So x is regular.
Case 2: z € (ST'z)['(ST'z). Since (STz)I'(STz) = ((eI'S)T'z)I'(STz) = ((2T'S)T'e)I'(STz) =
(xI'S)I'(ST'z), x € (2I'S)I'(STx). By using the process of case 1, we have x is regular. In

both two cases, therefore S is regular. =

Definition 195 A nonempty subset A of I'-AG-groupoid S is called a generalized bi-I'-ideal
of S if (AT'S)T'A C A.

Remark 196 (1) Generalized bi-I'-ideal of S need not be a subAG-groupoids of S.
(2) If S is a I'-AG-groupoid with left identity e such that (xae)B3S = xS for all z € S

and a, B € T, then every quasi-I'-ideal () of S is a generalized bi-I'-ideal of S.

Theorem 197 Let S be a I'-AG-groupoid with left identity e such that (zae)BS = xS for
allx € S and o, 8 € I'. Then the following statements are equivalent:

(1) S is regular.

(2) Q = (QU'S)I'Q for every quasi-I'-ideal Q) of S.
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(3) A= (AT'S)T'A for every generalized bi-I'-ideal A of S.

Proof. (1) = (3). Let A be a generalized bi-I'-ideal of S, then (AI'S)I’A C A. Now let
a € A. Since S is regular, there exist  in S and «,f in I" such that a = (aax)fa. It
follows that @ = (aax)Ba € (AT'S)['A which further implies that A C (AI'S)T"A. Hence
A= (AT'S)T'A. (3) = (2). Let Q be a quasi-I'-ideal of S. Since every quasi-I'-ideal of S is a
generalized bi-I'-ideal of S and by hypothesis, @ = (QI'S)I'Q. (2) = (1). By theorem 194. m

Definition 198 A nonempty subset A of I'-AG-groupoid S is called an interior I'-ideal of S
if (STA)T'S C A.

Lemma 199 Let S be a I'-AG-groupoid with left identity e. Then a non-empty subset I of
S is an interior I'-ideal of S if and only if I is a I'-ideal of S.

Proof. Suppose [ is an interior [-ideal of S. Let a € I and s € S . This implies a € S, and
so we have a = eya, where v € I'. Now consider aas = (eya)as € (STI)I'S C I, it follows
that aas € I and so IT'S C I . Hence I is a right I'-ideal of S and hence I is a I'-ideal of S.
Conversely, let I be a I'-ideal of S. Then (STI)I'S C IT'S C I. This implies (STI)['S C I.

Hence I is an interior I'-ideal of S. m

Theorem 200 Let S be a I'-AG-groupoid with left identity e such that (zae)BS = xS for
all x € S and o, 8 € I'. Then the following statements are equivalent:
1) S is regular.

(

(2) QN J = (QTI)T'Q for every quasi-I'-ideal Q and every T'-ideal J of S.
(3) BN J = (BT'J)I'B for every bi-I'-ideal B and every I'-ideal .J of S.

(

)
)
)
) GNJ = (GLJ)I'G for every generalized bi-I'-ideal G and every I'-ideal J of S.

Proof. (1) = (4). Let a € GNJ, where G is a generalized bi-I'-ideal and .J is a I'-ideal of S.
Since S is regular, there exist z in S and «, 5 in I" such that a = (aax)Ba. Then consider a =
(aazx)Ba = (((aax)Ba)ax)fa = ((xBa)a(aaz))Ba = (aa((xfa)ax))Ba by lemma 192. Since
(zBa)ax € (STJ)I'S C JT'S C J, (zfa)azx € J. Thus a = (aa((zfa)az))Ba € (GTJ)I'G.
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It follows that G N J C (GI'J)I'G. On the other hand, let G be a generalized bi-I'-ideal
and J be a T'-ideal of S. Then (GT'J)I'G C (GT'S)I'G C ((eI'G)I'S)I'G C GT'G C G. Also
(GTI'G C (ST J)I'S C J. It follows that (GT'J)I'G C GNJ. Hence GNJ = (GT'J)I'G. Now
by theorem 191 and it is fact that every bi-I'-ideal is a generalized bi-T'-ideal, we have (4) = (3)
and (3) = (2). (2) = (1). Let Q be a quasi-I'-ideal of S. Since S itself is a I'-ideal of S, it
follows that @ = Q@ N S = (QT'S)I'Q. Hence by theorem 194, S is regular. m

Theorem 201 Let S be a I'-AG-groupoid with left identity e such that (zae)BS = xS for
all x € S and o, 8 € I'. Then the following statements are equivalent:

(1) S is regular.

(2) @ N R C RI'Q for every quasi-I'-ideal QQ and every right T'-ideal R of S.

(3) BN R C RI'B for every bi-I'-ideal B and every right I'-ideal R of S.

(4) GN R C RI'G for every generalized bi-T'-ideal G and every right I'-ideal R of S.

Proof. (1) = (4). Let G be a generalized bi-I'-ideal and R a right I'-ideal of S. Let
a € G N R. Since S is regular, there exist z € S and «a, f € I" such that a = (acx)Ba. Then
a = (aax)fa = (aax)B((acx)Ba) € RT'G. This implies that GN R C RI'G. (4) = (3) and
(3) = (2) are trivial. (2) = (1). Suppose that L is a left I'-ideal and R is a right I'-ideal
of S. Obviously, RI'LL C L N R. Since every left I'-ideal of S is a quasi-I'-ideal of S and by
hypothesis, LN R C RI'L. Hence LN R = RI'L. So By theorem 194, S is regular. =

Definition 202 A I'-AG-groupoid S is said to be an intra-regular I'-AG-groupoid if for each

a in S there exist x,y € S and o, 8,y € T such that a = (zaa)B(ayy).

Proposition 203 Let S be a I'-AG-groupoid with left identity e. Then A is a I'-ideal of S if

and only if A is an interior I'-ideal of S.

Proof. Let A be a I'-ideal of S. Then (STA)I'S C AT'S C A, this implies that A is an interior
I’-ideal of S. Conversely, suppose A is an interior I'-ideal of S. Now let t € AI'S, then t = aab

for some a € A, « € I' and b € S. Since S is intra-regular, so there exist p,q in .S and «, 3,7

in T such that b = (pab)B(byq). Then t = aab = aa((pab)B(byq)) = (pab)a(aB(byq)) =
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(paa)a(bB(byq)) € (STA)T'S C A. It follows that AT'S C A, which further implies that A is
a right I'-ideal of S and hence A is a I'-ideal of S. m

Theorem 204 Let S be a I'-AG-groupoid with left identity e such that (zae)BS = xS for
allz € S and a,8 € I'. Then S is regular and intra-regular if and only if every quasi-I'-ideal

of S is I'-idempotent.

Proof. Assume that S is regular and intra-regular and let @@ be a quasi-I'-ideal of S. Then
QRTQ C Q. On the other hand, let a € Q. Since S is regular and intra-regular, there exist
x,y,z € S and «, 3,7 € I such that a = (aax)Ba and a = (yaa)B(ayz). Using definition of

I’-AG-groupoid repeatedly and lemma 192, we have

a = (aax)Ba = (((yaa)B(ayz))ox)fba
= ((zB(ayz))a(yaa))Ba = ((af(zz))a(yaa))Ba
= (((yaa)B(zy2))aa)Ba = ((((epy)aa)f(zyz))oa)Ba
= ((((apy)ae)B(zvz))aa)Ba = ((((zyz)ae)Blapy))oa)Ba
= (((z72)B(apy))aa)Ba = ((af((zy2)py))aa)Ba
= ((aBp)aa)Ba, where p = (zy2)uy € S

€ ((QIIrQIQ =Qra.

This implies that Q@ C QI'Q). Hence QI'Q = @, which shows that @) is I'-idempotent.
Conversely, assume every quasi-I'-ideal of S is I'-idempotent. Let a € S. Then STa is a

quasi-I'-ideal of S. So,

STa = (STa)l'(STa) = (STa)'((eI'S)'a) = (STa)I'((al'S)Te)

= (STa)l'((aI'S)L'(el'S)) = (STa)I'((al'e)I'(STS)) = (STa)I'(al'S).

Thus a € (STa)T'(al'S), which further implies that a = (zaa)B(avyy) for some z,y € S and

a, 3,7 € I'. Hence a is intra-regular. So S is intra-regular. Next, we show that S is regular by
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using theorem 194 (3) = (1), let R and L be right and left ideals of S, respectively. Claim that
RN L =RIL. Clearly RI'L C RN L. Conversely, by theorem 186, RN L is a quasi-I'-ideal
of S. By assumption, RN L= (RNL)I'(RNL)C RI'L. Hence RN L = RI'L. By theorem

194, S is regular. m
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Chapter 6
['-Left Almost Rings

Introduction

In this chapter, we introduce gamma left almost rings (I'-LA-rings) which are in fact a
generalization of left almost rings (LA-rings) introduced by S. M. Yusuf [70] and also a gener-
alization of commutative I'-rings [52]. We have initiated this idea by taking inspiration from
an article: "On a generalization of ring theory” published in Osaka Journal of Mathematics,
1964. In this article, Nobusawa [52] have introduced the concept of I'-rings for the first time.
After his research, Barnes [4] weakened slightly the conditions in the definition of the I'-ring
in the sense of Nobusawa. Barnes [4], Kyuno [34, 35] and Luh [37], studied the structure of
I"-rings and obtained various generalizations analogous to corresponding parts in ring theory.

I-left almost rings are a direct generalization of LA-rings discussed earlier in chapters 3,
4. We can easily observe that I'-left almost rings are in fact a generalization of commutative
T'-rings and intuitively commutative I'-rings are generalization of commutative ring theory.
Consequently, I'-left almost rings become a generalization of commutative rings.

Let (M,+) and (I',+) be abelian groups. M is called a I'-ring if there exists a mapping
M xT' x M — M satisfying the following conditions:

(i) (a+ b)ac = acc + bac.

(ii) aa(b + ¢) = aad + aac.

(iii) a(a + B)b = aab + afb.

(iv) (aad)Be = aa(bfc).

In this study we have generalized some results which were established for LA-rings in chapter

3 earlier.



6.1 Main Results

We first define I'-LA-ring.

Definition 205 Let (M,+) and (I',+) be additive LA-groups. If there exists a mapping
M xT'x M — M satisfying the following conditions:

(L1) (a + b)ac = aac + bac

(L2) aa(b+ c) = aab + aac

(L3) a(a+ B)b = aad + afb

(L4) (aab)Be = (cab)Ba
for all a,b,c € M and «a, € T', then M is called a gamma left almost ring (I'-LA-ring).

Throughout the matter below M denotes a I'-LA-ring.

Definition 206 An additive LA-subgroup A of M is said to be a left I'-ideal if maa € A for
alla € A, € I' and m € M. Right I'-ideals and two sided T'-ideals are defined in the usual

manner.

Definition 207 An element e € M is called a left identity of M if eya = a for all a € M

and v eT.

Proposition 208 If M is a I'-LA-ring with left identity e, then every right I'-ideal of M is a
left I'-ideal of M.

Proof. Let I be a right I'-ideal of M, this implies I is an additive LA-subgroup of M. Now
let m € M, i €I and v € T, then myi = (eam)~yi = (iam)~ye € I. Thus I is also a left
I'-ideal of M. m

Now onward by I'-ideal in I'-LA-ring M with left identity e, we mean a right I'-ideal of M.
Lemma 209 [/f I is a right I'-ideal of M with left identity e then IT'I is a I'-ideal of M.

Proof. Let ¢ € IT'I, then we can write : = xay where z,y € I and a € I'. Now consider
iym = (xay)ym = (may)yx € IT1. Thisimplies that IT'T is a right I'-ideal and by Proposition
208, ITI is a left I'-ideal. Hence it follows that IT'] is a I'-ideal of M. m
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Lemma 210 Let M be a I'-LA-ring with left identity e. If I is a proper right (left) T'-ideal of
M, thene ¢ I.
Proof. Assume on contrary that e € I and let m € M and o € T', then consider m = eam €

ITM C I. This implies that M C I, but I C M. So I = M, a contradiction. Hencee ¢ [. m

A T'-LA-ring M is said to be fully I'-idempotent if all I'-ideals of M are I'-idempotent. If
M is a I'-LA-ring with left identity e then the principal left I'-ideal generated by an element m
is defined as (m) = MT'm = {nam :n € M and a € T'}.

It is important to note that if I is a I'-ideal of M then I = (I), and as IT'] is a I'-ideal of

M, hence IT'I = (IT'I).

Proposition 211 If M is a I'-LA-ring with left identity e and I, J are I'-ideals of M, then
the following assertions are equivalent:

(1) M is fully T'-idempotent,

(2) InJ =({ITJ),

(3) the I'-ideals of M form a semilattice (Lps, \), where I A\ J = (IT'J).

Proof. (1) = (2). Since ITJ CINJ, (II'J) CINJ Nowletm € INJ. As (m) is
a principal left I'-ideal generated by a fixed element m, so m € (m) = (m)I'(m) C (IT'J).
Hence INJ =(ITJ). 2)= 3). INJ={UT'J)=INnJ=JNnI=JAIlandalso IAN]=
(ITI) =INI =1I.Hence (L, A) is a semilattice. (3) = (1). Now I = IANI = (IT'I) = ITI.
|

A TI'-ideal P of a I'-LA-ring M is said to be prime I'-ideal of M if and only if A'B C P
implies either A C P or B C P, where A and B are I'-ideals in M and P is called semiprime if
for any I'-ideal I of M, IT'I C P implies that I C P. A T'-LA-ring M is said to be fully prime
if every I'-ideal of M is prime and it is fully semiprime if every I'-ideal is semiprime.

The set of I'-ideals of M is said to be a totally ordered under inclusion if for all I'-ideals I,

J of M, either I C J or J C I and is denoted by I'-ideal().

Theorem 212 Let M be a I'-LA-ring with left identity e, then M s fully prime if and only

if every T'-ideal is T'-idempotent and the set T'-ideal(M ) is totally ordered under inclusion.

90



Proof. Let M be fully prime and I be any I'-ideal of M. By Lemma 209, IT'I is a I'-ideal of
M, and so IT'I C I. Also IT'I C I which implies that IT'I = I and hence I is I'-idempotent.
Now let A, B be I'-ideals of M and AI'B C A, AI'B C B which implies that A'B C AN B.
As A and B are prime T'-ideals so AN B is also a prime T'-ideal of M. Then A C AN B
or B C AN B which implies that either A C B or B C A. Hence the set I'-ideal(M ) is
totally ordered under inclusion. Conversely, assume that every I'-ideal of M is I'-idempotent
and T'-ideal(M ) is totally ordered under inclusion. Let Q, R and S be any I'-ideals of M with
QI'R C S such that Q@ C R. Now since (Q is I'-idempotent, Q = QI'Q C QI'R C S. This

implies that Q C S and hence M is fully prime. m

Definition 213 A I'-ideal I of a I'-LA-ring M s said to be strongly irreducible if PN Q C I

implies P C I or@Q C 1.

Theorem 214 Let M be a I'-LA-ring with left identity e, then a I'-ideal I of M is prime if

and only if it is semiprime and strongly irreducible.
Proof. The proof is straight forward. m

Definition 215 A nonempty subset A of a I'-LA-ring M with left identity e is called an

M -system if for a,b € A there exist m € M and «, 5 € I" such that aa(mpb) € A.

Let M be a I'-LA-ring, a,b,c,d € M and «,3,7 € T', we have that (aab)B(cyd) =
[(eyd)ab)fa = [(byd)ac)Bfa = (aac)B(byd). So (aab)B(cyd) = (aac)B(byd), this is called the
I-medial law. Next, let M be a I'-LA-ring with left identity e, a,b,c,d € M and o, 5,7 € T,

we have that

(aab)B(cyd) = [eB(aab)]|B(cyd) = [(cyd)B(aab)]Be
= [(eya)B(dab)]fe = [ef(dab)]B(cva)

= (dab)B(cya).

Then (aab)B(cyd) = (dab)B(cya), this is called the I'-paramedial law.
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Definition 216 Let I be a left I'-ideal of a M with left identity e. Then I is said to be
quasi-I'-prime if HU'K C I implies that either H C I or K C I, where H and K are any left
I'-ideals of M. If for any left I'-ideal H of M such that HT'H C I, we have H C I, then I is

called quasi-I'-semiprime.

Proposition 217 Let I be a left I'-ideal of M with left identity e, then the following are
equivalent:

(1) I is a quasi-I'-prime ideal of M.

(2) HTK = (HT'K) C I implies that either H C I or K C I, where H and K are any
left I'-ideals of M.

(3)IfH ¢ I and K ¢ I then HT'K ¢ I, where H and K are any left I'-ideals of M.

(4) If h, k are elements of M such that h ¢ I and k ¢ I then (h)I'(k) € I.

(5) If h,k € M satisfying hI'(MTk) C I, then either h € I ork € I.

Proof. (1) < (2). Let I be quasi-I'-prime. Now by definition if HI' K = (HT'K) C I, then
obviously it implies that either H C I or K C I for all left I'-ideals H and K of M. Converse
is trivial. (2) < (3) is trivial.

(1) = (4). Let (h)I'(k) C I, then either (h) C I or (k) C I, which implies that either
helorkel.

(4) = (2). Let HTK C I.If h € H and k € K, then (h)I'(k) C I and hence by hypothesis
either h € I or k € I. This implies that either H C T or K C I. (1) < (5). Let h['(MTk) C I,
then MT'(h['(MTk)) C MT'I C I. Now consider

MT(hD(MTk)) = (MTM)T(hT(MTk)) = (MTh)T(MT(MTE))
= (MTR)T((MTM)I(MTk)) = (MTh)T((KT'M)T(MTM))
= (MTR)T((kLM)TM),= (MTh)T((MTM)Tk)

= (MTh)[(MTk).
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Hence (MTh)I'(MTk) C I. Since MT'h and MTk are left T'-ideals for all h € H and
k € K, hence either h € I or k € I. Conversely, let H'K C I where H and K are any
left I'-ideals of M. Let H ¢_ I then there exists | € H such that [ ¢ I. For all m € K,
we have I[I'(MT'm) C HI'(MT'K) C HI'K C I. This implies that K C I and hence [ is a

quasi-I'-prime ideal of M. m

Proposition 218 A left I'-ideal I of a I'-LA-ring M with left identity e is quasi-I'-prime if

and only if R\I is an M-system.

Proof. Suppose I is a quasi-I'-prime ideal. Let a,b € M\I which implies that a ¢ I and
b ¢ I. So by Proposition 217, we have al'(MTb) ¢ I. This implies that there exist some
m € M and o, 8 € T such that aa(mpBb) ¢ I which further implies that aa(mpgb) € M\I.
Hence M\I is an M-system. Conversely, let M\I is an M-system. Suppose al'(MTb) C I
and let a ¢ I and b ¢ I. This implies that a,b € M\I. Since M\I is an M-system so there
exist m € M and «, 8 € T such that aa(mB3b) € M\I which implies that aI'(MTb) ¢ I, a

contradiction. Hence either ¢ € I or b € I. This shows that [ is a quasi-I'-prime ideal. ®m

Definition 219 A nonempty subset () of a'-LA-ring M with left identity e is called P-system

if for all a € Q, there exist m € M and «, 8 € T' such that aa(mpa) € Q.

Proposition 220 Let I be a left I'-ideal of M with left identity e, then the following are
equivalent:
1) I is quasi-I'-semiprime.

2) HTH = (HT'H) C I = H C I, where H is any left I'-ideal of M.

(1)

(2)

(3) For any left T-ideal H of M : H ¢ I = HT'H ¢ I.

(4) If m is any element of M and v € T" such that (m~ym) C I, then it implies that m € I.
(5)

5) Forallm € M and o, € I': ma(Mpm) C I =me I.

Proof. (1) & (2) & (3) is trivial. (1) = (4). Let (mym) C I. But by hypothesis I is

quasi-I'-semiprime, so it implies that (m) C I which further implies that m € I. (4) = (2)
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For all left T'-ideals H of M, let HTH = (HT'H) C I. If m € H and v € T, then by (4)

(mym) C I implies that m € I. Hence it shows that H C I. (1) < (5) is straight forward. =

Proposition 221 A left I'-ideal I of M with left identity e is quasi-I'-semiprime if and only
if M\I is a P-system.

Proof. Let I be a quasi-I’-semiprime ideal of M and let m € M\I. On contrary suppose that
there do not exist an element z € M and «a, 8 € T such that ma(zm) € M\I. This implies
that ma(z8m) € I. Since I is quasi-I'-semiprime, so by Proposition 220, m € I which is a
contradiction. Thus there exist z € M and «, € I' such that ma(zpm) € M\I. Hence
MNA\I is a P-system. Conversely, suppose for all m € M\I there exist x € M and o, € T
such that ma(xzpm) € M\I. Let mI'(MTI'm) C I. This implies that there does not exist
x € M such that ma(xpm) € M\I which implies that m € I. Hence by Proposition 220, I is

quasi-I'-semiprime. m
Lemma 222 An M-system of elements of I'-LA-ring is a P-system.

Proof. Let A be a nonempty subset of M such that A is an M-system. Then for all a,b € A,
there exist an element m € M and «, 3 € T such that aa(mpb) € A. If we take b = a, then

ac(mfBa) € A which implies that A is a P-system. =

Definition 223 A I'-ideal I of a I'-LA-ring M with left identity e is strongly irreducible if
and only if for I' -ideals H and K of M, HN K C I implies that H C I or K C I and I is
said to be irreducible if for I'-ideals H and K, I = HN K implies that ] = H or I = K.

Lemma 224 Every strongly irreducible I'-ideal of M with left identity e is irreducible.
Proof. The proof is obvious. =

Proposition 225 A I'-ideal I of M with left identity e is I'-prime if and only if it is I'-

semiprime and strongly irreducible.

Proof. The proof is straight forward. =
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Definition 226 A nonempty subset B of I'-LA-ring M with left identity e is called an I-
system if for all a,b € B, ({a) N (b)) N B # ¢.

Proposition 227 The following conditions on I'-ideal I of M with left identity e are equiv-
alent:

(1) I is strongly irreducible.

(2) For all a,b € M : (a) N (b) C I implies that eithera € I orb € I.

(3) M\I is an I-system.

Proof. (1) = (2) is trivial. (2) = (3) Let a,b € M\I. Let ({(a) N (b)) NM\I = ¢. This implies
that (a) N (b) C I and so by hypothesis either a € I or b € I which is a contradiction. Hence
((a)n(b))NMN\I # ¢. (3) = (1) Let H and K be I'-ideals of M such that HNK C I. Suppose
H and K are not contained in I, then there exist elements a, b such that a € H\I and b € K\I.
This implies that a,b € M\I. So by hypothesis ((a) N (b)) N M\I # ¢ which implies that there
exists an element ¢ € (a) N (b) such that ¢ € M\I. It shows that c € (a) N (b)) CHNK C I
which further implies that H N K SZ I. A contradiction. Hence either H C I or K C I and so

I is strongly irreducible. m

Definition 228 A nonempty subset T' of I'-LA-ring M with left identity e is said to be
subtractive if and only ift € T and t + s € T implies that s € T and T'is called semi-
subtractive if and only ift € TNV (M) implies that —t € T NV (M), where V(M) is a set of

all those elements of M having additive inverse.

Proposition 229 Let T be a subtractive subset of M with left identity e, then
(1) every subtractive subset of M contains 0 and

(2) every subtractive subset of M is semi-subtractive.

Proof. (1) If t € T then 0+t =t € T. Hence by definition 0 € T
(2) Let T' be a subtractive subset of M. Let t € "NV (M). This implies that ¢ € T" and
t € V(M). Now as T is subtractive, so t + (—t) = 0 € T. This implies that —¢ € T" and also

—t € V(M). So, =t e TNV (M). Hence T is semi-subtractive. m
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Proposition 230 For subtractive and semi-subtractive left I'-ideals of M, the following holds.
(1) Intersection of subtractive left I'-ideals of M with left identity e is a subtractive left
I'-ideal of M.
(2) Intersection of semi-subtractive left I'-ideals of M with left identity e is a semi-

subtractive left I'-ideal of M.
Proof. The proof is obvious. m
Proposition 231 Every quasi-prime I'-ideal of M with left identity e is semi-subtractive.

Proof. Let I be a quasi-prime I'-ideal of M and a € INV(M). If m € M and o, € T
then (—a)a(mpB(—a)) + aa(mB(—a)) =0 and so (—a)a(mB(—a)) = —aa(mB(—a)). But on
the other hand aa(mpBa) + ac(mpB(—a)) = 0 which implies that aa(mpBa) = —aa(mp(—a)).
So by uniqueness of additive inverse, we have (—a)a(mpB(—a)) = aa(mpa). For all m € M
if (—a)a(mpB(—a)) = aa(mpa) € I, then by Proposition 217, —a € I and also —a € V(M),
which implies that —a € I NV (M). Hence I is semi-subtractive. m

Since every quasi-prime I'-ideal is surely quasi-semiprime, so following corollary is an im-

mediate consequence of Proposition 231.
Corollary 232 Every quasi-semiprime I'-ideal of I'-LA-ring M is semi-subtractive.

Proof. The proof is analogous to the proof of Proposition 231 =
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Chapter 7
Fuzzy Concepts in I'-AG-groupoids and LA-rings

Introduction

Earlier in chapter 5, we have introduced the notion of I'-AG-groupoids and have studied
this structure from different aspects. The aim of this study is to extend the results established
in chapter 5, to fuzzy concepts. We have investigate fuzzy I'-ideals and prime, semiprime
fuzzy I'-ideals of a I'-AG-groupoid S. We have proved that, if S is a I'-AG-groupoid with left
identity e, then every fuzzy I'-ideal of S is idempotent if and only if every fuzzy I'-ideal of S
is semiprime. We have also shown that, if S is a I'-AG-groupoid with left identity, then every
fuzzy I'-ideal of S is prime if and only if every fuzzy I'-ideal of S is idempotent and the set of
fuzzy T'-ideals of S is totally ordered by inclusion.

In [71], Zadeh introduced the notion of a fuzzy subset f of a set S as a function from S
into [0,1]. The notion of a fuzzy ideal in I-rings was first introduced by Jun and Lee [23].
They studied some preliminary properties of fuzzy ideals of I'-rings. Dutta and Chanda [11],
studied the structures of fuzzy ideals of a I'-ring and characterize I'-field, Noetherian I'-ring,
etc. with the help of fuzzy ideals via operator rings of I'-ring. Jun [22] defined fuzzy prime
ideal of a I'-ring and obtained a number of characterizations for a fuzzy ideal to be a fuzzy
prime ideal.

In 1981, the notion of I'-semigroups was introduced by Sen (see [63, 64, 65]). Let M and
I’ be any nonempty sets. If there exists a mapping M xI' x M — M written (a,~, c) by aye,
M is called a T'-semigroup if M satisfies the identity (aab)Sc = aa(bfc) for all a,b,c € M
and a, 8 € I'. Whereas the ['-semigroups are a generalization of semigroups. Many classical

notions of semigroups have been extended to I'-semigroups.



In this paper we define fuzzy I'-ideals in a I'- AG-groupoids and study some of its properties.
We also define prime and semiprime fuzzy I'-ideals in I'- AG-groupoids and study those I'-AG-

groupoids in which each fuzzy I'-ideal is (prime) semiprime.

7.1 Fuzzy I'-ideals in I'-AG-groupoids

We recall certain definitions and preliminaries from chapter 5, which are needed for our dis-

cussion.

Definition 233 Let S and T' be nonempty sets. We call S to be a T'-AG-groupoid if there
exists a mapping S xI' x S — S, written as (a,~, c) and denoted by a~yc such that S satisfies

the identity (ayb)uc = (cyb)ua for all a,b,c € S and v, € T.

In a I'-AG groupoid S the medial law holds, that is

(aab)B(cyd) = (aac)B(byd) for all a,b,c € S and «, B,y € T.

An element e of a I'-AG groupoid S is called left identity if eya = a for all a € S and
vel.

A non-empty subset A of a I'-AG groupoid S is called a sub I'-AG groupoid of S if ayb € A
forall a,b € S and v € T.

An I'-AG groupoid S whose all elements are idempotent, that is aya = a for all @ € S and
v € I' is called a band.

In a I'-AG band the following laws are true

1. (aab)Ba = a«a(bBa) for all a,b € S and a, 5 € T
2. (aab)Be = (aac)B(byc) for all a,b,c € S and a, B,y € T.

3. (aab)Bb = baa for all a,b e S and o, 5 €T
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If S is I'-AG groupoid and A, B C S we denote
AT'B :={aybla € A,y €T,b € B}.

A non-empty subset I of a I'-AG groupoid S is called a left (right) I'-ideal of S if STI C I
(IT'S C I). A non-empty subset I of a I-AG groupoid S is called a I'-ideal if it is both a
left and right T'-ideal of S. The intersection and union of a non-empty family of left (right)
I-ideals of a T-AG groupoid is again a I'-ideal of S. If S is a I'-AG groupoid with left identity

e, then every right I'-ideal of S is a left I'-ideal of S.

7.1.1 Fuzzy Subset of I'-AG-groupoids

A function f from a non empty set X to the unit interval [0, 1] is called a fuzzy subset of S.
For fuzzy subsets f,g of X, f C g means that f(x) < g(z) for all z € X. The fuzzy subsets

fAgand fVgof X are defined as

(fAgx) = [flz) Agz) =min{f(z),g9(z)},

(fVg)z) = flx)Vg(x)=max{f(z) g(z)} forall z,y € 5.

More generally, if {f;|i € I} is a family of fuzzy subsets of X, then /\ fi and
iel

\/ fi are defined as follows:

el

(/\ fi) (@) = N filz) =inficr{fili € I},

icl icl
(\/ fi) (z) = \/ fi(x) = supie{fili € I}
iel iel

and will be the intersection and union of the family {f;|i € I} of fuzzy subset of X.
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Let f be a fuzzy subset and t € (0, 1] then the set
U(f:1) = {o € X|f(a) > 1}

is called the level set of f.
If S'is an I'-AG groupoid and f, g are any fuzzy subsets of S. We define the product fT'g

of f and g as follows:

\/ min{f(y),g(2)} if 3x,y € S and v € T such that z = yyz,
(fTg)(x) := § a=v=
0 if z# yyz

7.1.2 Fuzzy I'-ideals

Let S be a I'-AG groupoid and ) # A C S. Then the characteristic function x 4 of A is defined
by:

lifxeA,

Oifz ¢ A

XA S — [07 1]7'_> XA(J;) =

Let S be a I'-AG groupoid and f a fuzzy subset of S. Then f is called a fuzzy sub I'-AG
groupoid of S if f(xzyy) >min{f(x), f(y)} for all z,y € S and v € T.

Let S be a I'-AG groupoid and f a fuzzy subset of S. Then f is called a fuzzy left (right)
I-ideal of S if f(zvy) > f(y)(f(zyy) > f(z)) for all x,y € S and vy € T.

If fis both a fuzzy left I'-ideal and a fuzzy right ['-ideal of S. Then f is called a two-sided
fuzzy I'-ideal of S.

Note that if f is fuzzy right T'-ideal of a I'-AG groupoid S with left identity e. Then

f(z) = f(ex) > f(e) for all z € S.

Proposition 234 Let S be a I'-AG groupoid and ) # A C S. Then A is a sub I'-AG

groupoid if and only if the characteristic function x 4 of A is a fuzzy sub I'-AG groupoid.
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Proof. Suppose that A is a I'-AG groupoid and a,b € S, and v € T. If a,b € A, then
ayb € A and we have y 4(ayb) =1 =min{1,1} =min{x(a), x4(b)}. If a ¢ Aor b ¢ A, then
min{x 4(a),x4(b)} =0 < x4(avyb). Hence x4 is a fuzzy sub I'-AG groupoid.

Conversely, assume that x4 is a fuzzy sub I'-AG groupoid. Let a,b € A and v € T, then

1 =min{x4(a),xa(b)} < xalayb). Thus ayb € A and A is a sub I'-AG groupoid. =

Proposition 235 Let S be a'-AG groupoid and ) # A C S. Then A is a left (right) T'-ideal

of S if and only if the characteristic function x 4 of A is a fuzzy left (right) T'-ideal of S.
Proof. The proof is similar to Proposition 234. =

Proposition 236 Let S be a I'-AG groupoid f a fuzzy subset of S. Then f if a fuzzy sub
I'-AG groupoid if and only if U(f;t)(# 0) is a sub I'-AG groupoid for all t € (0,1].

Proof. Suppose that f is a fuzzy sub I'-AG groupoid. Let a,b € U(f;t)(#£ (). Then f(a) >t
and f(b) > t. Since f(ayb) >min{f(a), f(b)} = t. Hence ayb € U(f;t) and U(f;t) is a sub
I'-AG groupoid of S.

Conversely, assume that U(f;t)(# () is a sub I'-AG groupoid of S for all ¢ € (0,1]. Let
a,b € S and v € T such that f(ayb) <min{f(a), f(b)} =t. Then ¢t € (0,1] and a,b € U(f;1t)
but ayb ¢ U(f;t). This is a contradiction. Hence f(ayb) >min{f(a), f(b)} for all a,b € S

andveTl. m

Proposition 237 Let S be a I'-AG groupoid and f a fuzzy subset of S. Then f is a fuzzy
left (right) T'-ideal of S if and only if U(f;t)(# () is a left (right) T'-ideal of S for all t € (0, 1].

Proof. The proof is similar to Proposition 236. =

Example 238 Let S ={1,2,3,4,5} and define a binary operation “" in S as follows:
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5

Then (S,-) is an AG-groupoid. Now let I' = {1} and define mapping S xI' x § — §

by alb = ab for all a,b € S. Then S is a I'-AG groupoid (see example 155 chapter 5) and

1

1

{1},{1,2},{1,3,4,5} and S are ideal of S.

Define f: S — [0,1] by f(1) = 0.9, £(2) = 0.8, f(3) = 0.5, f(4) = 0.5, f(5) = 0.5.

U(f;t) :=

S
{1,2} if t € (0.5,0.8]
{1} if t € (0.8,0.9]

0

3

if £ €(0,0.5]

if t € (0.9,1]

4

Then by Proposition 237, f is a fuzzy ideal of S.

Lemma 239 If S is I'-AG groupoid with left identity e. Then every fuzzy right I'-ideal of S

is a fuzzy left I'-ideal of S.

Proof. Let S be a I'-AG groupoid with left identity e and f a fuzzy right I'-ideal of S. Let

a,be S and a,p €T then

f(aab) = f((eca)Bb) because e is left identity
= f((baa)Be) by left invertive law

> f(baa) because f is a fuzzy right T'-ideal
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Thus f(aab) > f(b) for all a,b € S and a, B € T'. Hence f is a fuzzy left I-ideal. m
Note that the intersection and union of any family of fuzzy I'-ideals of a I'-AG groupoid S

is a fuzzy I'-ideal of S.

Proposition 240 If S is a I'-AG groupoid and f, g, h are fuzzy subsets of S. Then

(fT'g)Th = (hL'g)T'f.

Proof. Let x € S and o, 8 € T', then

(fL9)Th)(z) =\ {(fT9)(y) Ah(2)}

T=yaz

=V {( V (f(a)Ag(b))) /\h(z)}
r=yaz y=afBb
=V {(f@) Ag®) Ah(2)}

z=(afb)az
(since x = (afb)az = (z8b)aa by left invertive law)

so (fTg)Lh)(x) =\ [(h(z) Ag(b) A f(a)]

z=(zpb)aa

(since h(z) Ag(t) < \/ {h(c) Ag(d)})

zab=cad

so, (fTgTh)(x) < \/ H V {h(C)Ag(d)}}/\f(a)]

z=(zpb)aa

= \/ {(hLg)(2Bb) A f(a)}

z=(zBb)aa

<\ {(rg)(s) A F(1)}

r=s7t

= ((hIg)Tf)().

zab=cad

Hence (fT'g)Th < (h['g)T'f. Similarly, (hI'g)T'f < (fT'g)Th. Thus (fT'g)Th = (hT'g)T'f.

Remark 241 If S is a I'-AG groupoid and F(S) is the collection of all fuzzy subsets of S,
then (F(S),T) is a I'-AG groupoid.
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Lemma 242 let S be an I'-AG groupoid with left identity e and f, g, h be fuzzy subsets of
S, then

fT(gTh) = gT'(fTh).

Proof. Let x € S, then

(ST(grm) @) =\ [f(y) A gLh)(=)]

T=yaz

=V 1AV {g@ nho)

T=yoz z=afb

=V {f®) A(g(a) Ah(b)}
z=ya(afb)
(since x = ya(apfb) implies © = aa(yFb) because S has left identity)

So, (fT(gTm)(@) =\ {g(a) A(f(y) AR(b))}

z=ac(ypb)

(since f(y) AR(D) < \/ (f(t) AK(s))

yBb=tys

So, (fT'(gTh))(z) < \ {g(a)A{ \ (f(t)Ah(s))}]
)

r=aa(ypb ypPb=tvys

=\ 9@ A {(/Th)(ys0)}]

z=ac(yBb)

<\ o) A {UTR)(@))]

T=paq

= (gL (fTh))(x).

Thus fT'(gI'h) < gT'(fTh).
Similarly, gT'(fT'h) < fT'(gT'h). Therefore fT'(gI'h) = gI'(fT'h). =

Lemma 243 Let S be a I'-AG groupoid with left identity e and [ a fuzzy right I'-ideal of S,
then fU'f is a fuzzy I'-ideal of S.

Proof. Since f is a fuzzy right T'-ideal of S, by Proposition 235, f is a fuzzy left T'-ideal of S.
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Let a,b € S. If (fTf)(a) =0, then (fT'f)(ab) > (fTf)(a). Otherwise

(fTHab) = \/ {fw) A f(2)}

a=yvyz
(If a = yvyz, then aad = (yyz)ab = (byz)ay by left invertive law)
So, (fTf)(ab) = \/ {f() A f(2)}
a=yyz
< \/ {f(byz) A f(y)} since f is a fuzzy left I'-ideal
a=yvyz
<V {f(OAF(@} = (fTf)(ab).
aab=cyd

Thus (fTf)(ab) > (fTf)(a). Hence fT'f is fuzzy right I'-ideal of S and by Lemma 239, a

fuzzy I'-ideal of S. m
Lemma 244 If S is a I'-AG groupoid and f, g are fuzzy T'-ideals of S, then fTg C fNg.

Proof. Let f and g be fuzzy I'-ideals of S and z € S. If (fT'g)(z) = 0, then (fTg)(z) <

(fNg)(z), otherwise

(fTo)(z) = '\ (fy) Ag(2)

T=yoz

< \/ (fy) A g(2)(f(yz) A g(yz)) since f and g are fuzzy I'-ideals of S

T=yaz

=\ (f@) rg(2))

T=yaz

= (fng)(z).

Thus fTgC fNg. m

Remark 245 If S is a'-AG groupoid with left identity e and f and g are fuzzy right I'-ideals
of S, then fT'g C fI'g. If S is a I'-AG groupoid and f a fuzzy T'-ideal of S, then fT'f C f.

Lemma 246 If S is a I'-AG groupoid with left identity e and f,g are fuzzy T'-ideals of S,
then fT'g is a fuzzy I'-ideal of S.
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Proof. Let f,g be fuzzy I'-ideals of S and a,b € S, and «, 3,y € I'. If (fT'g)(a) = 0, then

(fTg)(a) < (fTg)(ab), otherwise

(fTg)(a) =\ (f(e)Ag(d)

a=cyd

(since a = c¢vd, so afb = (cyd)Bb = (cyd)B(eab) = (cye)3(dab) by medial law)

(fTg)(a) < \/ (f(cye) A g(dab))( since f and g are fuzzy I'-ideals)
a=cvyd

< '\ (f@)Ag)

afb=zvyy

= (fTg)(aBb).

Thus (fT'g)(afb) = (fT'g)(a).
Therefore fI'g is a fuzzy right I'-ideal of S and by Lemma 239, fI'g is a fuzzy I'-ideal of
S. m

Remark 247 Let S be a I'-AG-groupoid with left identity e and let FI(S) be the set of all
fuzzy T'-ideals of S, then (FI(S),I') forms a I'-AG-groupoid.

7.1.3 Fuzzy points in I'-AG-groupoids

Let S be a I'~AG-groupoid and z € S. Then for a € S and t € (0, 1], we define

t ifz=a
ap: S — [0,1], z — as(z) ==

0 otherwise

Then a; is a fuzzy subset of S and is called a fuzzy point with support ¢.

By a¢ € f, we mean f(a) > t.

Theorem 248 Let S be a I'-AG groupoid with left identity e and let it holds T'-medial law
. If f is a fuzzy left I'-ideal of S, then a;I'f is a fuzzy left I'-ideal of S, where a; is a fuzzy

point of S.
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Proof. Suppose that f is a fuzzy left I'-ideal of S. Let z,y € S and «,83,7 € T. If
(. f)(x) =0, then (a;L' f)(zyy) > (a:L'f)(x), otherwise

(@lh@) = '\ {a) A f@)}

Yy=paq
(Since y = pag, so zyy = zy(pag)

= (efz)y(pagq) = (efp)y(zag) = py(zag) by medial law)

Thus, (a,Lf)(z) = \/ {alp) A f(a)}

Yy=paq

< \/ {a¢(p) A f(zaq)} since fis a fuzzy left T-ideal of S

Yy=paq

<V Aalorf@)

ryy=cad

= (T f)(zvy).

Thus (a:I'f)(zyy) > (a:I'f)(x). Consequently, a;I'f is a fuzzy left I'-ideal of S. m
Let S be a I-AG groupoid and a € S. A fuzzy left (two-sided) I'-ideal f of S is called the
fuzzy left (two-sided) I'-ideal of S, generated by a; for t € (0, 1] if f is the smallest fuzzy left

(two-sided) I'-ideal of S containing a;.

Theorem 249 Let S be a I'-AG groupoid with left identity e and a; a fuzzy point of S. Then

the fuzzy left I'-ideal of S, generated by a; is l,,, defined by:

tifzeSTa
log S — [0,1], 2 — g, (2) := .

0 otherwise

Proof. Let z,y € S and o, 5,7,0 € T.
Case 1. If y ¢ STa, then Iy, (y) = 0 < lg, (zyy).
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Case 2. If y € STa, then y = saa for some a € S and a € I'. Hence

zyy = wy(saa) = (efr)y(saa)
= ((saa)Bz)vye by left invertive law
= ((saa)B(edz))ve
= ((sae)B(adz))ye by medial law
= (eB(adx))v(sce) by left invertive law
= (ada)y(sac)

= ((sae)dz)ya € Sa.

Hence lo,(y) = t = l4,(xyy). Thus in any case Iy, (zvy) > 14, (x). Consequently, I,, is a
fuzzy left I'-ideal of S.

Also by the definition of a;, we have a; < ,,.

Now let f be a fuzzy left I'-ideal of S containing a;.

Case 1. If z € STa, then z = saa for some s € S and a € I" and so [, (x) = t.

Also

Case 2. If x ¢ STa, then l,,(z) =0 < f(x).
Thus Iz, € f in any case. This shows that [, is the smallest fuzzy left I'-ideal of S

containing a;. m

Theorem 250 Let S be a I'-AG-groupoid with left identity e and a; a fuzzy point of S. Then
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the fuzzy right I'-ideal t,, of S, generated by a; is defined by:

tifxealSUSTa,
ta, : S — [0,1], 2 — tq4, () :=

0 otherwise
Proof. Let x,y € S and .
Case 1. If z ¢ aI'S U STa, then t,,(z) = 0 < to,(z7y).
Case 2. If x € a'SU ST a, then z € al’'S or x € STa. If x € al'S, then x = aac for some
ce Sand a el So zyy = (aac)yy = (yac)ya € STa.

Let € STa, then © = sfBa for some s € S and a € I' and so

vy = (sPa)yy = (sPa)y(eay)
= (sBe)y(aay)
= ay((sBe)ay) € al'S because aa(bfc) = ba(afc).

Hence zyy € aI'S U ST'a, and we have t,,(z) =t = 4, (xyy). Thus in any case tq, (zyy) >
ta,(z). Therefore t,, is a fuzzy right T'-ideal of S.

Also by definition by the definition of a;, we have a; < t,,.

Now let f be a fuzzy right I'-ideal of S containing a;. Then by Lemma 239, f is a fuzzy
T'-ideal of S. Then for any x € al'S U ST'a, we have x = aas or x = saa for some s € S and
a €T'. Hence t,,(z) = t.

If x = aas, then

t = ai(a) < f(a) < flaas) = f(z).

If £ = saa, then

t =a(a) < f(a) < f(saa) = f(x), since f is a fuzzy I'-ideal of S.

Hence f(z) >t = t4,(x).
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If x ¢ al’'S U STa, then t,,(x) =0 < f(x). Thus, we have t,, C f. Consequently t,, is the
smallest fuzzy I'-ideal of S generated by a;. =

A I'-AG-groupoid S is called is called regular if for every a € S, there exists x in S and
a, B € T such that a = (acux)Ba, or equivalently, a € (al'S)Ta.

For a regular I'-AG-groupoid it is easy to see that SI'S = S.

Proposition 251 Every fuzzy right I'-ideal of a regular I'-AG-groupoid is a fuzzy left I'-ideal
of S.

Proof. Let f be a fuzzy right T'-ideal of S and a,b € S and v € T'. Since S is regular, there

exist x € S, and a, f € T" such that a = (acx)Ba. Then

flayd) = f(((aczx)Ba)yd)

= f((baa)B(avyz))
>  f(baa) since f is a fuzzy right I'-ideal of S
> f(b).

Thus f(ayb) > f(b). Therefore f is a fuzzy left I'-ideal of S. m

Corollary 252 In a regular T'-AG groupoid S, every fuzzy right I'-ideal of S is a fuzzy I'-ideal
of S.

Lemma 253 If f and g are fuzzy right I'-ideals of a regular I'-AG groupoid S, then fI'g =

fnNg.

Proof. Since S is regular, by Proposition 251, every fuzzy right I'-ideal of S is a fuzzy I'-

ideal of S. Since S is regular, so for every a € S there exist z € S and «, 3 € I" such that
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a = (aax)Ba. Thus

(fng)(a) = fla)Agla)

f(aazx) A g(a) since f is a fuzzy right T'-ideal

\ (f(@) A g(d))

a=y~yz

= (fTg)(a).

IN

IN

Thus f Ng C fI'g. On the other hand by Lemma 244, we have fI'g C f N g. Therefore

fTg=fng. =
Corollary 254 Let f be a fuzzy right I'-ideal of a regular T-AG groupoid S, then f = fT f.

Remark 255 It is clear that if S is a regular I'-AG groupoid, then FI(S) (the set of all fuzzy

I'-ideals) is a commutative semigroup.

A fuzzy T-ideal f of a I'-AG groupoid S is called prime (semiprime) if:

gTh C f (gT'g C f) implies g C for h C f (g C f) for every fuzzy I'-ideal g and h of S.

Note that every prime fuzzy I'-ideal of a I'-AG groupoid is semiprime.

A fuzzy T'-ideal f of a I'-AG groupoid S is called irreducible if:

gNh C fimplies g C f or h C f for every fuzzy I'-ideal g and h of S.

Proposition 256 A fuzzy I'-ideal f of a I'-AG groupoid S is prime if and only if it is both

semiprime and irreducible.

Proof. Suppose that f is a prime fuzzy I'-ideal of S. Then clearly, f is semiprime. Let g and
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h be fuzzy I'-ideals of S such that g h C f. As

gh C gnNhC f=glhCf

= g C forhCf, since fis irreducible.

Hence f is prime fuzzy I'-ideal of S. m
A T-AG groupoid is called fully fuzzy prime if every fuzzy I'-ideal of S is prime fuzzy I'-ideal
of S.

Theorem 257 A regular I'-AG groupoid S is fully fuzzy prime if and only if the set of all

fuzzy T'-ideals FI(S) of S is totally ordered under inclusion.

Proof. Suppose that S is fully fuzzy prime. Let f, g be fuzzy I'-ideals of S. Then by Lemma
244, fT'g C fNg. As fNgis a prime fuzzy I'-ideal of S, hence either f C fNgorg C fNg.
This implies that either f C g or ¢ C f. Hence FI(S) is totally ordered under inclusion.
Conversely, assume that FI(.S) is totally ordered under inclusion. Let f, g, h be fuzzy I'-
ideals of S such that gT'"h C f. As FI(S) is totally ordered under inclusion, so either g C h
or h C g. Suppose that g C h. Then g = gI'g C gI'h C f. It follows that ¢ C f. Thus f is

prime fuzzy I'-ideal of S and hence S is fully fuzzy prime. =

Theorem 258 Every fuzzy T'-ideal f in a regular T'-AG groupoid S is prime if and only if f

is irreducible.

Proof. Let f be a prime fuzzy I'-ideal of S. Let g, h be fuzzy I'-ideals of S such that gNh C f.
By Lemma 244,

gT'h C gnNhCf

= g C forhC f,since f is prime.

Hence f is irreducible.
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Conversely, assume that f is irreducible. Let g, h be fuzzy I'-ideals of .S such that gI'h C f.
Since S is regular, by Lemma 242, gI'h = gNh. Thus gNh C f, since f is irreducible, we have
gC forhCf. Hence fisprime. m

A fuzzy subset f of a I'-AG groupoid is called a I'-AG band if all its elements are idempotent.

Lemma 259 The concepts of fuzzy right and fuzzy left I'-ideals in a I'-AG band coincide.

Proof. Let f be a fuzzy right I'-ideal of S and a,b € S and «, 3,7 € I'. Then

flaad) = f((aaa)Bb)

= f((baa)Ba) by left invertive law

v

f(baa), since f is a fuzzy right I'-ideal
f(0)

v

Hence f(aab) > f(b) and f is a fuzzy left I'-ideal of S.
Conversely, assume that f is a fuzzy left I-ideal. Then for a,b € S and «, 3,7 € I, we

have

flaad) = f((aca)pd)
= f((baa)Ba) by left invertive law

> f(a) since f is fuzzy left T'-ideal.

Hence f is a fuzzy right I'-ideal of S. m

Lemma 260 Every fuzzy I'-ideal of a I'-AG-band is idempotent.

Proof. Straightforward. =

Theorem 261 Every fuzzy I'-ideal of a I'-AG-band is prime if and only if F'I(S) is totally

ordered under inclusion.
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Proof. Suppose that every fuzzy I'-ideal of S is prime. Let f and g be fuzzy I'-ideals of S,

then f A g is a fuzzy I'-ideal of S and hence prime. Thus

fTg < fAg
f<fAgorg<fAg

=
= f<gorg<f.

Hence FI(S) is totally ordered under inclusion.
Conversely, suppose that FI(S) is totally ordered by inclusion. Let f,g, and h be fuzzy
I-ideal of S such that fT'g < h. Since FI(S) is totally ordered under inclusion so either f < ¢

or g < f. Assume that f < g, since S is a band, so every fuzzy I'-ideal is idempotent and hence

Hence f is prime. m

7.2 Regular and Intra-regular I'-AG-groupoids characterized by the properties

of fuzzy I'-ideals.

In this section, we characterize regular and intra-regular I'-AG-groupoids by the properties
of fuzzy I'-quasi-ideals, fuzzy I'-interior ideals and fuzzy I'-bi-ideals and fuzzy I'-generalized

bi-ideals.

7.2.1 Definitions and Preliminary Lemmas

Throughout this study S will denote a I'~AG-groupoid unless otherwise stated. For definitions
and lemmas we refer to chapter 5.

In the following we recall certain definitions and results from first section of this chapter.

Definition 262 Let S be a I'-AG groupoid and () # A C S. Then the characteristic function
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X4 of A is defined by:

lifzeA,
Oifr g A

Ya: S — [0,1],— xal) =

Definition 263 A function f from a non empty set X to the unit interval [0,1] is called a
fuzzy subset of S. For fuzzy subsets f,g of X, f C g means that f(z) < g(x) for all x € X.

The fuzzy subsets f N\ g and fV g of X are defined as

(fAg)x) = [flz) Agle) = min{f(z),g(x)},

(fvglz) = [flx)Vy(z)=max{f(x),g(x)} forall z,y € S.
If f,g are any fuzzy subsets of S. We define the product fI'g of f and g as follows:

\/ min{f(y),g(z)} if 3 z,y €S and v € T such that x = yvz,
(fTg)(x) ==  ==v=
0 ifx # yvyz

Definition 264 Let S be a I'-AG groupoid and [ a fuzzy subset of S. Then f is called a
fuzzy sub T'-AG groupoid of S if f(xzyy) >min{f(z), f(y)} for all x,y € S and v € T and f
is called a fuzzy left (right) T'-ideal of S if f(zyy) > f(y)(f(xvyy) > f(z)) for all x,y € S
and v € I'. If f is both a fuzzy left I'-ideal and a fuzzy right I'-ideal of S. Then f is called a

two-sided fuzzy I'-ideal of S.

Lemma 265 Let S be a I'-AG groupoid with left identity e. Then every fuzzy right T'-ideal

of S is a fuzzy left I'-ideal.

Lemma 266 If S is a I'-AG groupoid with left identity e and f,g are fuzzy I'-ideals of S,
then fU'g is a fuzzy I'-ideal of S.

Lemma 267 If S is a '-AG groupoid and f, g are fuzzy I'-ideals of S, then fT'g C fNg.
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Definition 268 A I'-AG-groupoid S is said to be a regular I'-AG-groupoid if for each a in S

there exist x € S and o, B € T such that a = (aax)fa.

7.2.2 Fuzzy ideals in regular I'-AG-groupoids

We initiate with the following lemma:

Lemma 269 In a regular T'-AG-groupoid S, fT'g = f N g, where f is a fuzzy right I'-ideal

and g is a fuzzy left I'-ideal.

Proof. Since fT'g C f N g, so we only show that f N g C fT'g. Let a € S, then there exist
z € S and a,8 € T such that a = (aazx)Ba. Now (fTg)(a) = Va—ys: {f (¥) Ag(2)} >
flaaz) Agla) = fla) Agla) = f(a) Ag(a) = (f Ng)(a). Thisimplies fNg C fTg. Hence
Tg=/fng =

Lemma 270 Every fuzzy right I'-ideal of a regular I'-AG-groupoid is fuzzy I'-idempotent.

Proof. Let S be a regular I'-AG-groupoid and f a fuzzy right I'-ideal of S. Since fT'f C f, so
we only show that f C fI'f. Let a € S then there exist an element x in S and «, 8 € T such that
a = (aaz)Ba. Now (fTf)() = Ve {f (9) A £ (2)} = flaaa) Af(a) > F(a)Af(a) = f(a).
This implies f C fT'f. m

Definition 271 Let A be a subset of I'-AG-groupoid S. The characteristic function of A is
denoted by C'4 and defined by

lifaec A
Ca(a) =

0 otherwise

We note that a I'-AG-groupoid S can be considered a fuzzy I'-subset of itself and write

S=0Cg,ie, Sx)=1forallzeS.

Proposition 272 Let A and B be any non-empty subsets of I'-AG-groupoids S. Then the

following properties hold.
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Lemma 273 (1) If AC B then Cy C Cp.
(2) C4T'Cp = Carp.
(3) CauCp = Caup.
(4) CanCp = Cans.

Proof. (1) Let a be any element of S. Suppose a € A, this implies a € B. Thus Cy(a) =1 =
Cp(a). Thisimplies C4 C Cp. If a ¢ A, thisimplies a ¢ B. This implies C4(a) = 0 = Cp(a).
Thus C4 C Cp.

(2) Let x be any element of S. Suppose © € AT'B. This implies 2 = aab for some a € A,
beBand a €. (CaAT'CR)(z) = Vazyrz {Ca (y) NCp (2)} > Ca(a) NCp(b) =1AN1=1=
Carp(x).

Now suppose = ¢ AT'B. This implies x # aab for some a € A, b € B and a € T.
(CATCB)(x) = Va=yy2{Ca (y) NCp (2)} =0A0=0=Carp(z). Hence CoAI'Cp = Carp.

(3) Let a be any element of S. Suppose a € AU B. Then there are three cases

(1) whena € Aand a € B. (C4UCB)(a) =Cala)VCp(a)=1V1=1=Cyyp(a).

(1) whena € Aand a ¢ B. (C4UCp)(a) =Csla)VCp(a) =1V 0=1=Caygp(a).

(731) when a ¢ Aand a € B. (C4UCB)(a) =Cala)VCp(a) =0V 1=1=Caygp(a).
If a ¢ AU B. This implies a ¢ A and a ¢ B. This implies (C4 U Cpg)(a) = Caup(a). Hence
in all cases C4 UCp = Caup.

(4) Let a be any element of S. Suppose a € AN B. This implies a € A and a € B. Now
(CanCp)(a) =Cyla) NCp(a) =1AN1=1=Canpla). Suppose a ¢ AN B. This implies
a¢ Aanda ¢ B. Now (CaNCg)(a) = Cy(a) N\Cp(a) =0A0=0= Cynp(a). Hence

CanNCp=Cpnp. ®

Definition 274 A fuzzy I'-subAG-groupoid f of aT'-AG-groupoid S is called a fuzzy I"-bi-ideal
of S if f (zay)Bz) > f(x) A f(2) forall z,y,z € S and o, B € T.

Lemma 275 Every fuzzy right (two-sided) I'-ideal of a I'-AG-groupoid S is a fuzzy T'-bi-ideal
of S.
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Proof. Let f is a fuzzy right I-ideal of S. Let x,y,z € S and «, 5 € T'. Now f ((zay)B8z) =

f (vay) > f (x) and f((zay)B2) = f((za)Bz) > f(zay) > f(2). It follows that f((zay)B2) >
f(@) A f(2). This implies f is a fuzzy I'-bi-ideal of S. Similarly it is fairly easy to prove that

every two sided fuzzy I'-ideal is also a fuzzy I'-bi-ideal of S. m

Lemma 276 Let S be a regularT'-AG-groupoid. Then for every fuzzy I'-bi-ideal f, (fT'S)T'f =
1

Proof. Since (fT'S)I'f C f, because f is a fuzzy I'-bi-ideal of S. Let a € S. This implies

there exist x € S and a, § € T" such that a = (acx)Ba. Now

((TSITf)(a) = Vazyyz {(fTS) (Y) A f(2)} = (fTS)(acz) A f(a)
Vaaw=psq {(f () NS (@)} A fla) = fla) AS(x) A fla) = 1A fla) = [(a)

This implies f C (fT'S)I'f. Thus (fTS)I'f=f. =
Lemma 277 Every fuzzy right T'-ideal of a regular T'-AG-groupoid is a fuzzy T'-ideal of S.

Proof. Let f is a fuzzy right I'-ideal of S. Let a,b € S. This implies there exist elements
x € S and a, B € I such that a = (acz)Ba. f(ayb) = f((aax)Ba)yb) = f((bBa)y(aax)) >
f(bBa) > f(b). This implies f(ayb) > f(b). This implies f is a fuzzy left I'-ideal and hence f

is a fuzzy I'-ideal of S. m

Definition 278 A fuzzy subset f of I'-AG-groupoid S is called a fuzzy I'-interior ideal of S
if f((xay)Bz) > f(y) forall z,y,z € S and a, B € T.

Lemma 279 Let S be a regular I'-AG-groupoid. Then any non-empty fuzzy subset f of S is

a fuzzy U-interior ideal of S if and only if f is a fuzzy I'-ideal of S.

Proof. Suppose f is a fuzzy I'-interior ideal of S. Let a,b € S. This implies there ex-
ist elements x € S and o, € T such that a = (aax)Ba. f(ayb) = f((acz)Ba)yb) =
f(bBa)y(aax)) > f(a). This implies f(ayb) > f(a). It follows that f is a fuzzy I'-right ideal
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of S and hence by Lemma 277, f is a fuzzy I'-ideal of S. Conversely, let f be a fuzzy I'-ideal
of S. Let z,y,z € S and o, 8 € T. Now f ((zay)Bz) = f (zay) > f(y). Thus f is a fuzzy

interior I'-ideal of S. m
Remark 280 Fuzzy interior I'-ideal and fuzzy T'-ideal coincide if S is regular I'-AG-groupoid.

Definition 281 A fuzzy subset f of I'-AG-groupoid S is called a fuzzy I'-quasi-ideal of S if
(JTS)N(STf) C f.

Proposition 282 In a regular T-AG-groupoid S with left identity e, (fT'S) N (ST f) = f for

every fuzzy right I'-ideal f of S.

Proof. Let f be a fuzzy right T'-ideal of S. This implies (fI'S) N (ST f) C f, because
every fuzzy right I'-ideal is fuzzy I'-quasi-ideal. Let a € S. This implies there exist x € S
and o, € T, such that a = (aazx)Ba. (fT'S)(a) = Va=yy- {f (W) AS(2)} > f(aazx) A
S(a) = flaax) N1 = f(aax) > f(a). This implies f C fI'S. This implies (ST f)(a) =
Vactsm {8 () A £ (m)}} > S(aaz) A f(a) = 1A f(a) = f(a).f C ST

(STf)(a) = Vazism {S () A f(m)}} = S(aaz) A fla) = 1A f(a) = f(a)
f

N

ST f

= fC(fTS)Nn(STf).

Hence (fTS)N(STf)=f. m

Lemma 283 Let S be a groupoid with left identity e such that I'-medial law holds. Then

every fuzzy I'-quasi-ideal is a fuzzy I'-bi-ideal of S.

Proof. Let f is a fuzzy quasi-ideal of S. Let z,y,z € S and «a,8 € I'. This implies
f((zay)Bz) = ((STS)N(STS))(zay)Bz) = (fTS)(xay)Bz) A (ST f)((zaypB)z), since fis a
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quasi-ideal of S. Now (ST f)((zay)B2) = V (way)sz=tym {5 () A f (M)} =V way)semtym {1 A f (M)} =
f(z). Thisimplies (ST'f)((zay)Bz) = f(2). (fI'S)((xaw)B2) =V (zay)pz=prq {f () A S (@)} =
V(zay)Bz=pyq 1f (P) A1}

Now (zay)Bz = (xay)B(edz) = (xae)B(ydz) € (xae)l'S = xT'S. This implies (zay)Sz €
aI'S, so (zay)Bz = xznr for some r € S and n € T'. This implies (fT'S)((zay)Bz) =
V(way)pz=enr=pg L (P) N S(@)} = Vanr=pq {f (p) A1} = f(z). Thisimplies(fT'S)((zay)Bz) >
f(z). Thus f((zay)Bz) = (fT'S)((zay)Bz) A (STf)((zay)Bz) = f(x) A f(2). This implies
f((zay)Bz) > f(x) A f(2). This implies f is a fuzzy I'-bi-ideal of S. m

Theorem 284 Let S be a I'-AG-groupoid with left identity e. Then the following conditions
are equivalent.

(1) S is regular.

(2) fNng= fLg for every fuzzy right I'-ideal f and every fuzzy left I'-ideal g of S.

(3) h = (hI'S)T'h for every fuzzy I'-quasi-ideal h of S.

Proof. (1) = (2). By Lemma 269. (1) = (3). Let a € S. This implies there exist elements

x in S and a, f in T such that a = (aax)Ba. Now

(RTS)TR)(@) = Vacye {(ATS) (5) AR (2)} > (ATS)(aa) A h(a)
= (Maaa=tsm {h (1) NS (m)}) Ah(a) > h(a) A S(x) A h(a) = h(a)

= h C (h['S)Th.

Since every fuzzy I'-quasi-ideal is fuzzy I'-bi-ideal of S by lemma 283. This implies
(hI’'S)I'h C h. Hence it follows that h = (hI'S)'h. (3) = (2). Let f is a fuzzy right I'-
ideal and g is a fuzzy left I'- ideal of S. Then obviously f and g are fuzzy I'-quasi-ideals of S.
Since intersection of any two fuzzy I'-quasi-ideals of S is also a fuzzy I'-quasi-ideal of S by,
so fNgis a fuzzy I'-quasi-ideal of S. fNg=((fNg) 'S I'(fNg) C (fTS)'g C fT'g. This
implies f N g C fT'g. Since fT'g C fNg. Hence fTg= fNng.(2)= (1). Let a € S. Since

STa is a left I'-ideal of S generated by a and aI'S U STa is a right I'-ideal of S containing
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a. This implies Cgr, and Cyrsusra are fuzzy I-left and fuzzy I'-right ideals of S respectively
and by hypothesis Cyrsusta N Csra = Carsustal Csre. So by Proposition 272, we have
Clarsusta)nsta = C(arsusra)sra- Consequently (al'S U ST'a) N STa = (al'S U ST'a)STa.
Now as a € (aI'SUSTa) N STa, so a € (aI'SUSTa)STa. This implies a is regular and hence

S is regular. m

Theorem 285 Let S be a I'-AG-groupoid with left identity e. Then the following conditions
are equivalent.

(1) S is regular.

(2) f=(fTS)L'f for every quasi-ideal f of S.

(3) f = (fT'S)T'f for every bi-ideal f of S.

Proof. (1) = (3). Straight forward. (3) = (2). Because every fuzzy I'-quasi -ideal is fuzzy
I'-bi-ideal by Lemma 283. (2) = (1). By Theorem 284. m

Theorem 286 Let S be a I'-AG-groupoid with left identity e. Then the following conditions
are equivalent.

(1) S is regular.

(2) fng=(fTg)L'f for every fuzzy I'-quasi-ideal f and every fuzzy I'-ideal g of S.

(3) hNk = (hI'k)T'h for every fuzzy I'-bi-ideal h and every fuzzy I'-ideal k of S.

Proof. (1) = (3). Let h be a fuzzy I'-bi-ideal and k be a fuzzy I'-ideal of S. Then (hI'k)I'h C
(STk)I'S C k'S C k and (hI'k)T'h C (hI'S)T'h C h. It follows that (hI'k)['h C hN k.
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Let a € S and o, 8 € I. Then a = (aax)Ba = (((aazx)Ba)ax)Ba = ((zfa)a(acz))Ba =
(aa((xzpa)ax))Ba. Now

((hCk)Th)(a) = Va=tym {(hTk) (1) A b (m)}
> (hTk)(aa((zBa)az)) A h(a)
= (Vaa((zBa)az)=ysz 1h (¥) Nk (2)}) A h(a)
> h(a) A k((z8a)0z) A ha) > hia) A k(a)
= (hNk)(a)

= hnkC (ATk)Th

Consequently h Nk = (h['k)Th.(3) = (2). Straight forward because every fuzzy I'-quasi-
ideal of S is a fuzzy I'-bi-ideal of S.(2) = (1). Since S is fuzzy I'-ideal,;so f NS = (fT'S)T'f.
It follows that f = (fT'S)I'f, where f is a fuzzy I'-quasi-ideal of S. Hence by Theorem 284,

S is regular. m

Theorem 287 Let S be a I'-AG-groupoid with left identity e. Then the following conditions
are equivalent.

(1) S is regular.

(2) fngCgl'f for every fuzzy I'-quasi-ideal f and every fuzzy right I'-ideal g of S.

(3) hng C g'h for every fuzzy I'-bi-ideal h and every fuzzy right T'-ideal g of S.

(4) kN g C gT'k for every fuzzy generalized T'-bi-ideal k and every fuzzy right T'-ideal g of

S.

Proof. (1) = (4). Let @ € S and o, € T, then by hypothesis, a = (aax)Ba. Now
(9Tk)(a) = Va=iym {(9) () Nk (m)} = glacx) A k(a) = g(a) A k(a) = k(a) A g(a). This
implies (k A g)(a) and consequently kN g C gT'k for every fuzzy generalized T'-bi-ideal k and
every fuzzy right I'-ideal g of S. (4) = (3) = (2) are straight forward.

(2) = (1). Let f be a fuzzy right I'-ideal and g be a fuzzy left I'-ideal of S.Then clearly

gl'f C fNg. Also since every fuzzy left I'- ideal is fuzzy I'-quasi-ideal of .S, so by hypothesis
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fngCgl'f. It follows that f N g = gI'f for every fuzzy right I'-ideal f and g is a fuzzy left
I'-ideal of S. This implies that g N f = g['f. Hence S is regular 284. m

7.2.3 Fuzzy ideals in intra-regular I'-AG-groupoids

Definition 288 A I'-AG-groupoid S is called intra-regular if for each a € S, there exist x,

y € S and a, B,y €T such that a = (zaa)B(ayy).
Lemma 289 In an intra-regular I'-AG-groupoid S, every fuzzy I'-ideal is fuzzy I'-idempotent.

Proof. Let f be a any fuzzy ['-ideal of S. Since fT'f C f. We only show that f C fT'f.
Let a € S. So by definition a = (zaa)B(ayy). Now (fI'f)(a) = Vemys: {f (W) A f(2)} >
f(zaa) A f(ayy) > f(a) A f(a) = f(a). This implies f C fT'f. Hence f = fT'f. m

Lemma 290 Let S be an intra-regular I'-AG-groupoid S, then g N\ f C fI'g for every fuzzy
left I'-ideal f and for every fuzzy right I'-ideal g of S

Proof. Let a € S. This implies there exist z, y € S and «,3,7 € I’ such that a =
(zaa)B(ayy). Now (fTg)(a) = Va=ys- {f (¥) N9 (2)} = flzaa) A glayy) = f(a) A gla) =
gla) A f(a) =(gN f)(a). ThisimpliesgN f C fI'g. m

Lemma 291 Every fuzzy right I'-ideal of an intra-regular I'-AG-groupoid S is a fuzzy I'-ideal
of S.

Proof. Let f be a fuzzy right I'-ideal of S. Let a,b € S. Then by definition, a = (zaa)B(ayy).

Now f(adb) = f((zaa)B(avy))ob) = f((bS(avy))d(zaa)) = f(bB(avy)) = f(b).
This implies f is a fuzzy left I'-ideal of S and consequently f is a fuzzy I'-ideal of S. m

Theorem 292 Let S be an intra-regular I'-AG-groupoid with left identity e. Then any non-
empty fuzzy subset f of S is a fuzzy U-interior ideal of S if and only if f is a fuzzy I'-ideal of
S.
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Proof. Suppose f is a fuzzy I'-interior ideal of S. Let a,b € S. Then there exist element
z,y € S and o, 3,7 € T, such that a = (zaa)B(ayy). f(add) = f((aazx)B(ayy))odb) =
F(bB(avy))d(aca)) = Flavy) = f((ena)yy) = F(a). This implies f(adb) > f(a). It follows
that f is a fuzzy right I'-ideal of S and hence by Lemma 291, f becomes a fuzzy I'-ideal of S.
Conversely, let f be a fuzzy I'-ideal of S. Let z,y,2 € S and o, 8 € . Now f ((zay)Bz) =

f(zay) > f(y). Thus f is a fuzzy interior I'-ideal of S. m

Remark 293 In an intra-regular T-AG-groupoid S, fuzzy T'-interior ideal and fuzzy T'-ideal

coincide.

Theorem 294 Let S be a I'-AG-groupoid with left identity e. Then the following conditions
are equivalent.
(1) S is an intra-regular.

(2) gN f C fTg for every fuzzy left T'-ideal f and for every fuzzy right I'-ideal g of S.

Proof. (1) = (2). Straight forward by lemma 290. (2) = (1). Let a € S, then STa is a
left I'-ideal of S generated by a and al'S U ST'a is the right I'-ideal of S containing a. It
follows that Cgr, and C,rsusre are fuzzy I'-left and fuzzy I'-right ideals of S respectively.
So by hypothesis C . or. N Csra € Csrg © Carsusra. Then by Proposition 272, we have
Clorsusra)sra © Cra(aTsusra)- It follows that (aI'SUSTa) N STa C STa(al'SU STa). Since
a € (a'SUSTa) N STa, so a € STa(al'S U STa). This implies a is intra-regular. Hence S is

intra-regular. =

Theorem 295 Let S be a I'-AG-groupoid with left identity e. Then the following conditions
are equivalent.
(1) S is intra-regular.
(2) fng=(fTg)L'f for every fuzzy I'-quasi-ideal f and for every fuzzy I'- ideal g of S.
(3) hnk = (hRT'k)T'h for every fuzzy I'-bi-ideal h and for every fuzzy I'-ideal k of S.

124



Proof. (1) = (3). Let z € S, so there exist s, t € S and «, 3,7 € I such that z =

(sax)B(zyt). Consider

zyt = ((sax)B(zyt))vt = (2B((sax)yt))vt = (xB((sax)yt))y(ent)
= (zBe)y(((sazx)yt)nt) = (xBe)y((tyt)n(sax)) = (zBe)y(((ent)yt)n(sax)
= (zBe)y(((tnt)ve)n(sax)) = (xzBe)y(((tnt)ys)n(eax) = (zBe)y(((tnt)ys)nz)

= (2B((tnt)ys))v(enz) = (zB((tnt)ys))yx

and
sax = sa((sax)B(xyt)) = sa(zB((sax)yt))
= (ens)a(zB((sax)t)) = (enz)B(sa((sax)t))
= af(sa((sax)yt))
Now
((RLR)TA)(x) = Vazyye {(RTK) (y) AN (2)}

> (hTk)(sax) A h(zyt)

= (Vawamtem {0 (1) A K ()}) A ((@B((tt)y5))y2)

> h(z) A k(sa((saz)yt)) A h(z) since h is a fuzzy T-bi-ideal.
> h(z) Ak(z) = hN k(z) since k is a fuzzy T-ideal.

= hnkC (hTK)Th
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Also

(hTk)Th € (STK)T'S C kT'S C k

4

(hTk)Th C k

(hTk)Th

N

(hT'S)Th C h

4

(hTK)Th C h

4

(hTk)Th € hN k.

Hence hNk = (h['k)T'h. (3) = (2). Straight forward because every fuzzy I'-quasi-ideal
of S is a fuzzy I'-bi-ideal of S. (2) = (1). Let E be a fuzzy right I'-ideal and J be a fuzzy
two-sided I'-ideal of S. Since every fuzzy right I'-ideal of S is a fuzzy I'-quasi-ideal of S. Then
by hypothesis ENJ = (ETJ)I'E C (ST'J)T'E C JT'E. Since E is a fuzzy right T'-ideal and

J is also a fuzzy left I'-ideal. Hence S is intra-regular by Theorem 294. m

Theorem 296 Let S be a I'-AG-groupoid with left identity e. Then the following conditions
are equivalent.

(1) S is intra-regular.

(2) fngCgl'f for every fuzzy I'-quasi-ideal f and every fuzzy left I'-ideal g of S.

(3) hng C gT'h for every fuzzy I'-bi-ideal h and every fuzzy left I'-ideal g of S.

Proof. (1) = (3). Let h be fuzzy I'-bi-ideal and ¢ be a fuzzy left I'-ideal of S. Let z € S.

Then by definition x = (sax)B(xvyt). Now

ayt = ((sax)B(zyt))ot = (xB((saw)yt))dt
= (2B((sax)yt))d(ent) = (zBe)d(((sax)yt)nt), I-medial law
= (zBe)d((tyt)n(sax)) = (xBe)d(((ent)yt)n(sax))
= (xBe)d(((tnt)ye)n(sax)) = (zBe)d(((tnt)ys)n(eax))
= (xBe)d(((tnt)ys)nx) = (zB((tnt)ys))é(enx)
= (zB((tnt)vs))dx
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Now

(GTh)(x) = Ve=amw {g(a) AR (b)} = g(sax) Ah((xB((tnt)ys))dx)
> g(x) Nh(z) = h(z) Ag(x) = (hNg)(z)

= hngCglh

(3) = (2) . Obvious because every fuzzy I'-quasi-ideal of S is fuzzy I'-bi-ideal of S. (2) =
(1). Let R be a fuzzy right I'-ideal of S and L be a fuzzy left I'-ideal of S. Since every fuzzy
right I'-ideal of S is fuzzy I'-quasi-ideal of S. Consequently R is a fuzzy I'-quasi-ideal of S.

So by hypothesis RN L C LI'R. Hence S is intra-regular by 294. m

7.2.4 Fuzzy idempotent ideals in regular and intra-regular I'-AG-groupoids.

Theorem 297 Let S be a I'-AG-groupoid with left identity e. Then the following conditions
are equivalent.

(1) S is Regular and intra-regular.

(2) fT'f = f for all fuzzy T'-bi-ideals of S.

(3) fin fa= (fil'f2) N (foL' f1) for all fuzzy T'-bi-ideals f1, fo of S.

Proof. (1) = (2). Let x € S. Since S is regular, so there exist elements ¢ € R and o, 5 € T

such that = (zaa)Bx, also S is intra-regular, so by definition = = (sax)B(zvyt). Now
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z = (zaa)fr = (zaa)B((xaa)Bz).

Also zaa = ((saz)B(x7t))aa, since x = (sax)B(xt)
= ((saz)B(znt))alena) = ((sax)Be)a((zyt)na)
= ((eaz)Bs)a((zyt)na) = (zfs)a((zyt)na)
= (zfs)a((((zaa)bz)yt)na) = (zfs)a(((tfz)y(raa))na)
= (zPs)a((ay(zaa))n(tbz)) = (zhs)a((zy(aaa))n(tbz))
= (zBs)a(((epz)y(aca))n(tfz)) = (xBs)a((((aaa)uz)ye)n(tfz))
= (zfs)a((((aaa)uz)yt)n(efr)) = (xBs)a((((aca)pz)yt)nz)
= (zBs)a(((tpx)y(aaa))nz) = (xBs)a((((ept)pw)y(aca))nz)
= (zfs)a((((zpt)pe)y(aca))nz) = (zfs)a((((aca)pe)y(zpt))nz)
= (zBs)a((((eaa)pa)y(zut))nz) = (zfs)o(((apa)y(zut))nz)
= (eBs)a((z7((apa)pt))nz) = (zfs)a((zy2)nz), where z = (apa)ut

= (((my2)nz)Bs)ax = ((snz)B(zvz))ax = (x((snx)y2))ax

So we have z = (zaa)B((zaa)bz) = ((zB8((snz)vz))az)B((zaa)fx), since zaa =

(xB((sm)y2))a.

Now consider

(ST @) = Veap{f (@) A F(0)} = f((xB((sn2)y2))az) A f((zaa)b)
(f(@) A flz) = f(x)
So, f C [Tf.

Y

Also fT'f C f. Hence it follows that f = fI'f.

(2) = (3). Let f1, fo are fuzzy I'-bi-ideals of S. Then obviously fi N fy is also a fuzzy
I'-bi-ideal of S. So by hypothesis, we have f1Nfo = (fiNf2)T(f1Nf2) C f1il' f2. Also f1Nfo =
(f1 N f2)D(f1 N fa) C fol'f1. It follows that f1 N fo € (fil'f2) N (f2I'f1). Now we claim that
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that fiI'fa is a fuzzy I'-bi-ideal of S. For this we show that ((fiI'f2)I'S)I'(fil'f2) C (fiT' f2).

(ATRTST(ATf) = (ALfR)TSTS)T(AT f2)
= ((ATST(f2I'S))T(f1l f2)
= ((ATSTf1)((f2l'S)Tf2) C fil'f2

Consequently fiI'fs is a fuzzy I'-bi-ideal of S. Similarly foI'f; is also a fuzzy I'-bi-ideal of
S. As intersection of fuzzy I'-bi-ideals of S is also fuzzy I'-bi-ideal of S, so (fiI'f2) N (f2I'f1)

is a fuzzy I'-bi-ideal. Then by hypothesis

(ALf2) 0 (folf1) = (AT f2) N (f2Lf0)D((ALS2) N (fol' f1))
C (ATf)T(f2l f1) € (ATST(ST f1)
= ((STTST fr = (((Se)L f1)T ST fr
= (el fr = (ATSTT fi
= ((STSLf)Cf = (STA)Tf
= ((Se)Lf)Lf1 = ((/1e)DSTf1 = (AT f1 € fi.

On same lines we have, (fil'fa) N (foaI'f1) € f2 and hence it follows that (f1I'f2) N
(foI'f1) € f1 N fa. Consequently f1 N fo = (f1il'f2) N (foI f1).

(3) = (1). Let R be a fuzzy right T- ideal and L a fuzzy I'-ideal of S. Then R and L are
fuzzy I'-bi-ideals of S. By lemma 275, every fuzzy right I'-ideal and fuzzy two-sided I'-ideal is
a fuzzy T'-bi-ideal of S. Then by hypothesis we have RN L = (R['L) N (LT'R). This implies
RNL C (RTL)N(LTR) and RNL C LTR = RNL C RT'L. Since RT'L C RN L always true.
Hence it follows that RN L = RT'L and RN L C LT'R. Hence S is regular and intra-regular

which completes the proof. m

Theorem 298 Let S be a I'-AG-groupoid with left identity e. Then following conditions are

equivalent.
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(1) S is regular and intra-regular.

(2) Every fuzzy I'-quasi-ideal of S is I'-idempotent.

Proof. (1) = (2). Let g be a fuzzy I'-quasi-ideal of S. Since gI'g C g, so we only show that
g C gl'g. Let x € S. Then S being a regular we have by definition z = (zaa)fBx, also S is

intra-regular, so there exist s, t € S and «, 3,7 € I such that z = (sax)B(xyt). Consider

z = (vaa)fz = (((sax)B(zyt))aa)Bz = ((af(z7t))a(sax)) B
= ((zBlart))a(sax))Bz = (((sax)B(ayt))ox) Bz
= ((((ens)ax)B(ayt))ax) bz = ((((xns)ae)flart))ax) Bz
= (((ant)ae)B(ans))ax)Br = ((zB(((art)ae)ns)))ox) B

Now

(9rg) (@) = Vamyuz {9 (W) A g (2)} > g((zB(((art)ae)ns)))az) A g(z)
> (9(z) Ag(x)) Ag(z) = g()

= gCygly

Hence it follows that g = gI'g.

(2) = (1), let @ € S. Then STa is a right T'-ideal of S containing a. Since every
right I'-ideal is I'-quasi ideal of S, so ST'a is a I'-quasi-ideal of S. This implies Csr, a
fuzzy T-quasi- ideal of S. Then by (2), Csrq = Csral'Csra = C(sra)(sra)- It follows that
STa = (STa)(STa). As a € STa, so a € (STa)(STa). Hence a is regular and intra-regular.

Consequently S is regular and intra-regular. =

Theorem 299 Let S be a I'-AG-groupoid with left identity e. Then following conditions are
equivalent.
(1) S is regular and intra-regular.

(2) Every fuzzy I'-quasi-ideal of S is I'-idempotent.
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(3) Every fuzzy T'-bi-ideal of S is T'-idempotent.

Proof. (1) = (3). Obvious by Theorem 297. (3) = (2) . Straight forward because every fuzzy
I'-quasi-ideal of S is a fuzzy I'-bi-ideal of S by Lemma 283.

(2) = (1) . Follows from Theorem 298. m

Theorem 300 Let S be a I'-AG-groupoid with left identity e. Then following conditions are
equivalent.

1) S is regular and intra-regular.

2) fiN fa C fil'fo for all fuzzy I'-quasi-ideals f1, fo of S.

(1)
(2)
(3) fNg C fTg for every fuzzy I'-quasi-ideal f and every fuzzy I'-bi-ideal g of S.
(4) gN f C gT'f for every fuzzy T'- bi-ideal g and every fuzzy T'-quasi-ideal f of S.
(5)

5) g1 Ngo C g1'gs for all fuzzy I'-bi-ideals g1, go of S.

Proof. (1) = (5). Let g1, g2 are fuzzy I'-bi-ideals of S. Then g; Ng2 is also a fuzzy I'-bi-ideal
of S. Also by Theorem 297, every fuzzy I'-bi-ideal in S is ['-idempotent. Then it follows that
g1Ng2=(g1Ng2)'(g1Ng2) C g1l'g2.(5) = (4) = (2) and (5) = (3) = (2). Because every
fuzzy I'-quasi-ideal of S is fuzzy I'-bi-ideal of S by Lemma 283.(2) = (1). Let R be a fuzzy
right I'- ideal and L is a fuzzy left I'-ideal of S. Since every fuzzy right and fuzzy left T'-ideal
of S is fuzzy I'-quasi-ideal of S. Then by hypothesis, we have RN L C RI'L. Also it is always
true that RI'L C RN L. So consequently RN L = RI'L. Hence S is regular by Theorem 284.
Again by (2), RNL=LNRCLTR. It follows that RN L C LT'R. Hence by Theorem 294,

S is intra-regular. =

7.3 Fuzzy ideals in LA-rings

In this section, we introduce the concept of fuzzy ideals in LA-rings. Specifically we have shown
that: (1) If R is an LA-ring with left identity e, then every fuzzy right ideal of R is a fuzzy
ideal of R. (2) In an LA-ring R with left identity e, a non-empty fuzzy subset f of R is a
fuzzy interior ideal if and only if f is a fuzzy ideal of R. (3) If R is a fully fuzzy quasi-prime

LA-ring, then every fuzzy left ideal is fuzzy idempotent.
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Definition 301 Let R be an LA-ring. A fuzzy subset f of R is a function from R into the

closed unit interval [0,1], that is f: R — [0, 1].
Remark 302 F (R) denote the collection of all fuzzy subsets of R.

Definition 303 Let A be a subset of R. The characteristic function of A is denoted by C4

and defined by

lifac A
Ca(a) =

0 otherwise

We note that an LA-ring R can be considered a fuzzy subset of itself and write R = Cfp,

i.e,, R(z) =1 for all z € R.

Definition 304 Let f and g be two fuzzy subsets of an LA-ring R. The product fo g is
defined by (fog)(x) =V o {A{f(a;) A g(b;)}},otherwise 0.
b;

= a;
i=1

Lemma 305 Let A and B be any non-empty subset of an LA-ring R. Then the following

properties hold.

(1) If AC B then C4 C Cp.
(2) CaoCp=0Cyp

(3) CauCp = Caup.

(4) CanCp = Canp.

Proof. (1) Let a be any element of R. Suppose a € A, this impliesa € B. Thus Cq(a) =1 =
Cp(a). Thisimplies C4 C Cp. If a ¢ A, thisimpliesa ¢ B. This implies C4(a) = 0 = Cg(a).
Thus C4 C Cp.

(2) Let = be any element of R. Suppose x € AB. This implies x = ab for some a € A and
be B. (CaoCp)(x) = Vo ap AN {Ca (@) NCp (bi)}} = Cala) NCp(b) =1A1=
1=Cap(z).

Now suppose = ¢ AB. This implies x # ab for some a € Aand b € B. (C40Cp)(x) =
Ve=sm aipAN=1 {Ca (@) NCp (bi)}} =0A0=0=Cap(x). Hence CaoCp = Cap.
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(3) Let a be any element of R. Suppose a € AU B. Then there are three cases

(1) a€ Aand a € B. Now (C4UCp)(a) =Cy(a)VCp(a)=1V1=1=Cayp(a).

(2)a€ Aand a ¢ B. Now (C4UCpg)(a) =Cys(a)VCp(a) =1VvV0=1=Caugl(a).

(3) a¢ Aanda € B. Now (C4UCB)(a) =Cs(a)VCp(a) =0V 1=1=Cyup(a). If
a ¢ AU B. This implies a ¢ A and a ¢ B. This implies (C4 U Cg)(a) = Caup(a). Hence in
all cases C4 UCpg = CauB.

(4) Let a be any element of R. Suppose a € AN B. This implies a € A and a € B. Now
(CanCg)(a) =Cala) N\Cp(a) =1AN1=1=Canp(a). Suppose a ¢ AN B. This implies
a¢ Aanda ¢ B. Now (C4NCpg)(a) = Cala) N\Cp(a) =0A0=0 = Cynp(a). Hence

CanNCp=Cpnp. ®

Proposition 306 If f, g, h are fuzzy subsets of an LA-ring R, then

(fog)oh=(hog)of.

Proof. Let x € R and suppose f o g = k. Now

(koh)() = Ve=sn  apANi=1 {k(ai) A (bi)}}
Now k(ar) = (f©9)(@) = Vaosr et A1 1 (e) A g (d)})
(Fog)om)(@) = Vayr an ANz { (Vo= AN {F () Ag (d) 1)) AR (B })

= Ve=yr (57, adbi AN (N2 S (6) Ag(di) b} AR (bi))}
= Voo (aagn AT ((F (e) A g (d) AR (b))}
= Vo=s (bidy)e; INi=1 (B (0i) A g (di)) A f (i)}
= Veosn (5 bde AN (A2 {8 (00) A g (di)}) A F ()}
= Ve I8 { Vs v AN (B (50 A g ()1 A £ () )
= Voo AN L (ma) A (02)})

= (o f)(@)=((hog)o f)(x)
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where [(m:) = (h 0 g)(mi) = Vin, s 4,0\ {B () A g (d)}}. Thus (fog)oh =
(hog)of. m

Remark 307 Let R be an LA-ring with left identity e, then it easy to verify that fo(go h) =
go(foh),(fog)o(hok)=(foh)o(gok) and (fog)o(hok)=(koh)o(gof) foral
fuzzy subset f,g,h and k of R.

Definition 308 A fuzzy subset f of an LA-ring R is called fuzzy LA-subring of R if f (a — b) >
f(a)A f(b) and f (ab) > f(a) A f (b) for all a,b € R.

A fuzzy LA-subring f of an LA-ring R is called a fuzzy left ideal of R if f (ab) > f (b) for
all a,b € R. Similarly, f is called a fuzzy right ideal of R if f (ab) > f(a) forall a,b € R. fis
called a fuzzy ideal of R if f is a fuzzy right ideal and a fuzzy left ideal of R.

In an LA-ring if f and g are two fuzzy LA-subrings of R then obviously f N g is also a
fuzzy LA-subring of R and similarly the intersection of two fuzzy left (right, two-sided) ideals

is again a fuzzy left (right, two-sided) ideal of R.

Theorem 309 Let A be a non-empty subset of an LA-ring R. Then the following properties
hold.

(1) A is an LA-subring of R if and only if C4 is a fuzzy LA-subring of R.

(2) A is a left (right, two-sided) ideal of R if and only if C4 is a fuzzy left (right, two-sided)
ideal of R.

Proof. (1) Suppose A is an LA-subring of R. Let a,b € R. If a,b ¢ A. This implies
Ca(a) =0=Cy(b),so Ca(a—b) >0=Ca(b)NCa(b) and Ca(ab) > 0= Ca(b) ANCyx(b). If
a,b € A. Thisimplies C4(a) =1 = Ca(b),so Ca(a—b) =1=Ca(a)NCa (b) and Cy(adb) =
1 =Cyu(a) NC4 (b). Thisimplies Cy(a—b) > Cy(a) ANCa (b) and Ca(ab) > Ca(a) NCy (b).
This implies C'4 is a fuzzy LA-subring of R. Conversely, assume that C4 is a fuzzy LA-subring
of R. Let a,b € A. Since Cy(a—b) > Cu(a)NCy4(b) =1and Cy(ab) > Ca(a)NCa (b) = 1.
This implies C4(a—b) = 1 and C4(ab) = 1. Thusa—b and ab € A. Hence A is an LA-subring.
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(2) Suppose A is a left ideal of R. Let a,b € R. If b ¢ A, then C4(b) =0, so Cx(ab) >
0=Ca(b). If b€ A, then ab € A, since A is a left ideal. This implies C4(ab) =1 = C4(b).
This implies C4(ab) > C4(b). Thus Cy4 is fuzzy left ideal of R. Conversely, assume that C4
is a fuzzy left ideal of R. Let r € R and a € A. Since Cy(ra) > Cs(a) = 1. This implies
Ca(ra) = 1. This implies ra € A. Thus A is a left ideal of R. Similarly we can prove for right

and two-sided ideal. m

Theorem 310 Let f be a fuzzy LA-subring of an LA-ring R, then the following assertions
are true.

(1) f is a fuzzy LA-subring of R if and only if fo f C f and f(x —y) > f(x) A f(y) for
all z,y € R.

(2) f is a fuzzy left ideal of R if and only if Ro f C f.

(3) f is a fuzzy right ideal of R if and only if fo R C f.

Proof. (1) Suppose f is a fuzzy LA-subring of R. Let z € R. If (fo f)(z) =0 < f(z).
This implies f o f C f. Otherwise ,(f o f)(#) = Vo=yr  ap AN {f (@) A f(bi)}} <
Vo= agb {21 {f (@ibi)}} = f(2). This impliesfo f C f.

Conversely, assume that fo f C f and f(z —y) > f(z) A f(y) for all 2,y € R. Let
z,y € R, then f(zy) = (f o f)(zy) = Vay=sr  ap AN {f (@) A f(i)}} = flz) A f(y)
This implies f is a fuzzy LA-subring of R.

(2) Suppose f is a fuzzy left ideal of R. Let z € R. If (Ro f)(x) = 0 < f(z). This

implies Ro f C f. Otherwise,

(Ro f)(x) = Vo=yr ap AN {R(ai) A (0))} = Va=sr  ap AN {1 A F(01)})

= Vo= aib A= U (0} < Vaesr ap ANS1 {f (aibi)}} = f(2)

Conversely, assume that Ro f C f. Let y,z € R. Set x = yz. Now f(yz) = f(x) >
(Ro f)(z) = Vo=sr  ap ANz {B (ai) A f (bi)}} = R(y) A f(2) = 1A f(z) = f(z). This

implies f is a fuzzy left ideal of R. Similarly we can prove (3). =
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Remark 311 f is a fuzzy ideal of R if and only if Ro f C f and foRC f.

Lemma 312 If f, g are fuzzy LA-subrings of an LA-ring R with left identity e, then f o g is

a fuzzy LA-subring of R.

Proof. Let f,g are fuzzy LA-subrings of R. Now we have to show that f o g is a fuzzy
LA-subring of R.

(1) (fog)o(fog)=(fof)o(gog) C fogby307. Thisimplies (fog)o(fog)C fog.
(2) Since g is a fuzzy LA-subring. This implies g(z — y) > g(x) A g(y) for all z,y € R.

This implies f(g(z —y)) > f(g(z) Ag(y)). So (fog)(x—y) = (fog)(x)A(fog)(y), by use
part (1) of theorem 310. m

Lemma 313 If R is an LA-ring with left identity e, then every fuzzy right ideal of R is a

fuzzy ideal of R.

Proof. Let R be an LA-ring with left identity e and f be a fuzzy right ideal of R. Let a,b € R.
Now f (ab) = f ((ea)b) = f((ba)e) > f (ba) > f (b) Thus f is a fuzzy ideal of R. m

Lemma 314 If R is an LA-ring with left identity e and f, g are fuzzy ideals of R, then f o g

is a fuzzy ideal of R.

Proof. Let z,y € R. Itis enough to show that fog is a fuzzy right ideal of R. If (fog)(x) =
0 < (fog)(wy), otherwise (f o g)(x) = Voyn g ANy {f (@) Ag (bi)}}. Since z =
iy @ibi, so, wy = (3011 abi)y = 3 (aibi)y = 37 (aibi) (ey) = 31 (aie)(biy). Now

(fog)@) = Vimyr ap ANz {f (@) Ag (b))}
v:cy:Z?:l(aie)(biy){/\?:l {f (aie) Ng (bly)}}
vacy:Z;Lzl cidi{/\?zl {f (CZ) Ng (dl)}} = (f © g)(‘ry)

= (fog)(zy) > (fog)(x)

IN

IN

This implies f o g is a fuzzy ideal of R by 313. =
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Theorem 315 If R is an LA-ring and f,g are fuzzy ideals of R with left identity e, then

fogC fnyg.

Proof. Let f,g be fuzzy ideals of R and z € R. If (fog)(x) =0 < (fNyg)(x), then

(fo9) (@) < (fNg) (&), otherwise

fogl@) = Veesm e AN {f (@) A g (bi)}}
< Ve=sr a1 S (@ibi) A g (aibi) }}
= Ve=sn b A= {f Ng(aibi)}} = (f N g)(z)

= fogCfng.

Remark 316 If R is an LA-ring and f is a fuzzy ideal of R, then fo f C f.

Theorem 317 Let R be an LA-ring and f is a fuzzy right ideal of R, then f o f is a fuzzy
ideal of R.

Proof. Since f is fuzzy right ideal of R and R is an LA-ring. Let z,y € R. We show that
(fof)(@y) = (fof) (@) If (fof)(x)=0<(fof)(zy), otherwise

(fof)@) = Veesn g A= {f (@) A f(0i)}}

= Ve=sn  aib AN I (0) A f (@) }}

= Vay=(=", aibi)yiNiz 1 (b)) A f (ai) }}

= Vay=s1 (asbi)y Nz {1 (0) A f (ai) }}
Vay=s2r (ybia: AN=1 {f (Wbi) A f (ai) }}
Vay=sn e ANz {f (i) A f(di)}} = (f o f)(zy)
(fo H)xy) > (fo f)l(x)

IN A

4

This implies f o f is a fuzzy ideal of R. m

137



Remark 318 Let R be an LA-ring and f is a fuzzy left ideal of R with left identity, then
fofisa fuzzy ideal of R.

Lemma 319 Let R be an LA-ring. Then fog C fNg for every fuzzy right ideal f and fuzzy
left ideal g of R.

Proof. Let f is a fuzzy right ideal and g is a fuzzy left ideal of R. Let x € R. If fog(x) =

0 < fNng(z), otherwise

(fog)(x) = Ve=sr aANiz1 {f (a:) Ag(bi)}}
< Veosn g AN S (@ibi) A g (aibi) }
= Vs ap AN=1(f N g) (aibi)} = (f N g) (x)

= fogC fny.

Lemma 320 In an LA-ring R with left identity e, Ro R = R.

Proof. Every x in R can be written as * = ex, where e is the left identity in R. So
(RoR)(x) = Vo= ap {NZ1 {R (@) A f(bi)}} > {R(e) AR (z)} =1 This implies (R o
R)(z) =1= R(x) for all z in R. Hence RoR=R. =

A fuzzy LA-subring f of an LA-ring R is called a fuzzy interior ideal of Rif f ((zy)z) > f (v)
and f is called a fuzzy bi-ideal if f ((zy)z) > f(x) A f(2) for all z,y,z € R. A fuzzy LA-
subring f of an LA-ring R is called a fuzzy quasi-ideal of R if (fo R)N(Ro f) C f. A fuzzy
ideal f of an LA-ring R is called a fuzzy idempotent if fo f = f.

As in theorem 309, it can be easily verified that " A is a bi (interior,quasi) ideal of R if and

only if C4 is a fuzzy bi (interior,quasi) ideal of R".

Theorem 321 Let f be a fuzzy LA-subring of an LA-ring R. Then f is a fuzzy interior ideal
of R if and only if (Ro f)o R C f.
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Proof. Suppose f is a fuzzy interior ideal of R. Let x € R. If (Ro f)o R)(x) =0 < f(x).
This implies (Ro f) o R C f. Otherwise there exist a;, b;, ¢;,d; € R such that z =Y "." | a;b;
and a; = > | ¢;d;. Since f is a fuzzy interior ideal of R. This implies f((c;d;)b;) > f(d;).

Now

(Rof)oR)(z) = Ve=yr ap{Nii {(Ro f)(ai) AR(bi)}}
= Voo an N { (Voo e ANS LR (6) A £ ()1 AR (6) 1)
= Voosr e AN { Vamsy e ANZ (LA F (@)D AT
= Voos oMo { (Vamsr e AN (D) A 11
= Va=y abANie1 {\/ai:z;;l cd NS (dz‘)}}}
= Vo (ad)b {N=1 f (di)}

< Va=s (edip ANi=1f ((cidi) bi)}, by def of fuzzy interior ideal.

Conversely, assume that ((Ro f)o R) C f. Let x,y,2 € R and set a = (zy)z. Now

f((zy)z) = fla) = ((Ro f)oR)(a)
= Va=yr g ANz {(R o f) (ai) AR (bi)}}
> (Ro f)(zy) AR(z)
= Vay=y e {Niz1 {B(e) A f(di)} A R(2)
> R(z)Afly) ANR(z) =1Afly) A1 = f(y)

= f((zy)2) > f(y).

This implies f is a fuzzy interior ideal of R. m

Theorem 322 Let f be a fuzzy LA-subring of an LA-ring R. Then f is a fuzzy bi-ideal of R
if and only if (fo R)o f C f.
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Proof. Suppose f is a fuzzy bi-ideal of R. Let z € R. If ((foR)o f)(x) =0 < f(x).
So, (foR)o f C f. Otherwise there exist a;,b;,c;,d; € R such that x = >, a;b; and
a; = y iy cidi. Since fis a fuzzy bi- ideal of R. This implies f((c;d;)b;) > f(ci) A f(b;).

Now

(foR)o f)() = Ve=yn AN {(foR)(ai)) A f(bi)}}
= Voo o AN { (Voo e ANS UF () A R ()1 A £ (60 )
= Voosr et AN { (Vaimsop a ANE {F(e) ATHR A F(80) )
= Vaes o AN { (Voo e AN (@) A £(00) 1)
= Voo (e NS S (@) A (00}
< Va=s(dip A Ni=1 f ((cidi) bi)} = f()

= ((foR)of)C [
Conversely, assume that ((fo R)o f) C f. Let z,y,2z € R and set a = (zy)z. Now

f(lzy)z) = fla) = ((foR)o f)(a)
= Va=y g {NiZ1 {(f o R) (@) A f (b3)}}
> (foR)(zy) A f(2)
= Vay=yr aa, iz {f(@) AR(di)} A f(2)
> @) AR A f(z) = fl@) ANLA f(z) = f(@) A f(2)
= f((zy)z) > f(z) A f(2).

This implies f is a fuzzy bi-ideal of R. m

Proposition 323 In an LA-ring R, the following hold.
(1) Every fuzzy ideal of R is a fuzzy interior ideal of R.
(2) Every fuzzy left (right, two-sided) ideal of R is a fuzzy quasi-ideal of R.
(3) Every fuzzy right (two-sided) ideal of R is a fuzzy bi-ideal of R.
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Proof. The proof is straight forward. m

Remark 324 If f and g be two fuzzy interior (bi,quasi) ideals of an LA-ring R. Then it is

straight forward to show that f N g is a fuzzy interior (bi, quasi) ideal of R.

Lemma 325 Let R be an LA-ring with left identity e. Then any non-empty fuzzy subset f

of R is a fuzzy interior ideal if and only if f is a fuzzy ideal of R.

Proof. Suppose f is a fuzzy interior ideal of R. Let z,y € R. Now f(zy) = f((ex)y) > f(x).

This implies f is a fuzzy ideal of by lemma 313. Converse is true by Proposition 297. m

Lemma 326 Every fuzzy quasi-ideal of an LA-ring R with left identity e, is a fuzzy bi-ideal
of R.

Proof. Let f is a fuzzy quasi-ideal of R. Let z,y,z € R. This implies f((zy)z) > ((foR)N
(Ro /))((zy)z) = (fo R)((zy)z) A (Ro f)((zy)z), since f is a quasi-ideal of R. Now

(Ro f)((zy)z) = Vimy)e=sr, ap A1 {R (i) A f (bi)}}
= Vaye=x7 ab Nz (LA F (b)) = f(2)
= (Ro f)((zy)z) = f(2).

(foR)((xy)2) = Vimyesr ap {1 {F (ai) AR (b:)}}

= Viey)z=>", a1 Nie1 {f (ai) A1}}

Now (zy)z = (zy)(ez) = (ze)(yz) € (xe)R = xR. This implies (zy)z € xR, so (zy)z =

xr for some r € R. This implies

(f © R)((:ry)z) = v(xy)z:mr:Z?zl aibi{/\?:l {f (al) N 1}}
= Var=yn e ANz {F (@) ALY} > f(a)

= (foR)((zy)z) = f(a).
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Thus f((zy)z) = (f o R)((zy)z) A (Ro f)((zy)z) = f(z) A f(z). This implies f((zy)z) >
f(z) A f(2). This implies f is a fuzzy bi-ideal of R. m

7.3.1 Fuzzy Quasi-Prime ideals in LA-ring

Definition 327 A fuzzy left ideal P of an LA-ring R is called fuzzy quasi-prime ideal of R if
fog C P implies that either f C P or g C P, for all fuzzy left ideals f and g of R. And R is

called fully fuzzy quasi-prime if every fuzzy left ideal of R is fuzzy quasi-prime.

Lemma 328 Let R be a fully fuzzy quasi-prime LA-ring with left identity e, then every fuzzy

left ideal is fuzzy idempotent.

Proof. Let f be a fuzzy left ideal of R. This implies f is a fuzzy quasi-prime ideal of R.
Since fo f is a fuzzy ideal of R by Remark 318. This implies f o f is a fuzzy quasi-prime ideal
of R. Since fof C fof. Thisimplies f C fo f. Since fof C f. Hence fof=f. m

Proposition 329 If R is a fully fuzzy quasi-prime LA-ring with left identity e, then every

fuzzy left ideal is a fuzzy ideal of R.

Proof. Let f be a fuzzy left ideal of R. Now we have to show that f is a fuzzy right ideal
of R.foR=(fof)oR=(Rof)ofC fofC RofC f. Thisimplies fo R C f. This

implies f is a fuzzy right ideal of R. Hence f is a fuzzy ideal of R. m

Theorem 330 If R is fully fuzzy quasi-prime LA-ring with left identity e. Then for every
fuzzy left ideal f of R following are true.
(1) Ro f is an idempotent.

(2) Every fuzzy right ideal g of R commutes with f.

Proof. (1) (Ro f)?=(Ro f)o(Rof)=(RoR)o(fof)=Ro f by Remark 307.
(2) feg=(fof)og=(gof)of S(goR)of S Bof.gof=go(fof)=folgof)C
fo(goR)C fog. Thisimplies fog=gof. m
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Proposition 331 Let R be a fully fuzzy quasi-prime LA-ring with left identity e, then for all
fuzzy left ideals f and g of R, fog= fNg.

Proof. Let f and g are fuzzy left ideals of R. fog C RogC gand gof C Ro f C f.
Now fog=(fof)o(gog) =(g90g)o(fof)=gof Thisimplies fogC fng. Now
(fNng)=(fng)o(fNg)C fog. Thisimplies fNgC fog. Thus fNg= fog. Since

fNgisaleft ideal of R and f N g is idempotent by Lemma 328. m

Theorem 332 Let R be a fully fuzzy quasi-prime LA-ring with left identity e. Then for every
fuzzy left ideal f, then the following conditions are equivalent.

(1) f is a fuzzy ideal.
(2) f is a fuzzy interior ideal.
(3) f is fuzzy bi-ideal.
(4) f is fuzzy quasi-ideal.

Proof. (1) = (2), is obvious by Proposition 323. (2) = (3), suppose f is a fuzzy interior

ideal. (foR)of=(foR)o(fof)=(fof)e(Rof)C (Rof)ofC (Rof)oRC f. This
implies (f o R)o f C f. Thus f is fuzzy bi-ideal. (3) = (4), suppose f is a fuzzy bi-ideal.

(feR)N(Rof) C foR=(fof)oR =(Rof)of=(Ro(fof))of
= (fo(Rof))ofC(fof)ofC(foR)ofCf
= (foR)N(Rof)Cf.

Hence f is a fuzzy quasi-ideal of R. (4) = (1), suppose f is a fuzzy quasi-ideal. Now we
have to show that f is a fuzzy ideal of R. It is enough to show that foR C f. foR = (fof)o
R=(Rof)of C fof C Rof. Thisimplies foR C Rof. Thus foR C (foR)N(Rof) C f.

This implies f o R C f. Hence f is a fuzzy ideal. m
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Chapter 8

Conclusions

The whole study in this thesis can be divided into three phases. In first phase we discuss AG-
groupoids and I'~AG-groupoids which are in fact single (binary) operational structures. These
structures have been investigated in chapters 2,5. In second phase, we deal with two (binary)
operational structures such as LA-rings and I'-LA-rings. These concepts have been studied
in chapters 3,4, and 6. While in the third phase, we look into the application aspect and
investigated the fuzzy concepts of these algebraic structures.

AG-groupoids (also known as LA-semigroups) have been studied by several researchers. We
genuinely acknowledge that in this field much of the fundamental work has been done by M.
Kazim and M. Naseeruddin [24], Q. Mushtaq and his associates [40,41,42,43,44, 45 47 48, 49]
and P. V. Protic and N. Stevanovic [56, 57,58, 59, 69].

In phase one, we first time introduce the concept of ordered AG-groupoids. Also we initiate
the concept of I'-AG-groupoids which are a generalization of AG-groupoids.

In the second phase, we have discussed left almost rings (abbreviated as LA-rings), which
are in fact a generalization of commutative rings. Despite the fact that this structure is non-
associative and non-commutative, interestingly it possesses properties which usually are valid
in associative and commutative algebraic structures. Moreover, we have studied I'-LA-rings
which also lead to the generalizations of commutative rings. The concepts focused in phase
one, have significant contribution in phase 2 and phase 3. For instance, the purpose of defining
the concept of ordered AG-groupoids was to deal with the ‘degree questions’ arose in LA-ring
of finitely non- zero functions. Likewise, the characteristics of I'-AG-groupoids can be seen in

the set up of I'-LA-rings discussed in chapter 6.



Some of the important conclusions which can be drawn from the chapters 2 — 7 are as
follow.

(1) It is beyond doubt that total ordering of semigroups plays a vital role to enhance the
theory of semigroups. Keeping in view the importance of this concept, we first time investigate
the ordering of AG-groupoids. For this study we followed mostly [13].

(2) By following [27,48], we also study ideals, M-systems, N-systems and I-systems of
ordered AG-groupoids.

(3) We introduce a non-commutative and a non-associative structure, which we named as
I’-AG-groupoids. This structure is a direct generalization of AG-groupoids. The motivation
behind this study is an article ; On T'-semigroups, by M. K. Sen [63], published in 1981. T-
semigroups are a generalization of semigroups. Many classical notions of semigroups were
extended to I'-semigroups. The supporting literature for this study which we followed is in
[7,10, 15, 16,63, 64, 65].

(4) Several authors, for example, E. Kleinfeld in [28,29] and D. C. Murdoch and O. Ore
in [39] have generalized the concept of commutative rings and investigated the structural
properties of these generalizations. In this study we also generalize the concept of com-
mutative rings but however with a different mode. For this we discuss left almost rings
(abbreviated as LA-rings) [70]. We investigate some elementary concepts in LA-rings. More-
over, we introduce the concepts of ideals and establish some results analogous to associative ring
theory. We also discuss M-systems, P-systems and |-systems and subtractive sets in LA-rings.
The main objective of this study is to generalize the results corresponding the commutative rings
and to find the characteristics hidden in this non-commutative and non-associative structure.
Also we discuss direct sums in LA-rings using the concepts of ideals.

(5) We discuss an area which is comparatively hard. For this we construct LA-rings of
finitely nonzero functions, represented as R [X®;s € S]. Also we introduce the concept of LA-
modules which will play a vital role to enhance the theory LA-rings. Recently in [68], T. Shah
and M. Raees have investigated this concept and generalized several results corresponding to

associative modules theory over the rings. For this study we followed [12,13, 20, 54].
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(6) Taking motivations from Nobosawa [52], we introduce I'-left almost rings, which are
a direct generalization of LA-rings. It is not hard to see that I'-left almost rings are also a
generalization commutative I'-rings. During the discussions on I'-left almost rings, we followed
[4,34,35,37,52].

(7) We also attempt the fuzzy concepts of algebraic structures such as LA-rings and I'-
AG-groupoids which have been discussed in earlier chapters. For this we mostly followed

[1,8,11,18,23,36,62, 71].

8.1 Future prospects of the work

(1) In phase one, we deal with single (binary) operational structures such as AG-groupoids and
I'-AG-groupoids, which have been discussed in chapters 2 and 5.

In 1972, the concept of LA-semigroups (or AG-groupoids) has been introduced by M. Kazim
and M. Naseerudin. We have investigated some characteristics of ordered AG-groupoids in
chapter 2. Keeping in view the importance of ordered semigroup theory, we can see a lot of space
to be filled in, by doing work in this particular area. In the same phase, we have also introduced a
non-commutative and a non-associative structure, which we named as I'-AG-groupoids (chapter
5). We have discussed its elementary characteristics and established some results regarding its
ideals. In future, this structure can be investigated in many different aspects. For example,
semilattice decompositions of I'-AG-groupoids, orthodox I'-AG-groupoids, archimedean I'-AG-
groupoids and theory of ordered I'-AG-groupoids. This structure can further be extended to
I'-AG*-groupoids and I'~AG**-groupoids.

(2) In second phase, we discuss LA-rings and I'-LA-rings which are in fact two (binary)
operational structures. These concepts have been studied in chapters 3,4 and 6. Though LA-
ring is a non-associative and non-commutative structure, but due to its peculiar characteristics,
it possesses properties which we usually encounter in associative algebraic structures. In future
we can see a lot of room to extend and study this concept in different parameters. For example
on the basis of developments made in chapter 3, we have constructed LA-rings of finitely

non-zero functions (chapter 4, section one), represented as R [X®;s € S]. By Remark 93, we
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got liberty to extend this to integral dependence. Also we are planning to use R[X®;s € S] in
coding theory and cryptography. Several authors have investigated these concepts, for instance,
Reed and Solomon [60], I. F. Blake [5] and A. A. Andrade and R. Palazzo [2]. We may replace
the polynomial codes by taking bits from a finite LA-ring or from finite almost field. During
the construction of R[X?;s € S], we have also defined LA-module which intuitively would be
the most useful tool for further developments. In this regard recently in [68], T. Shah and M.
Raees have investigated several results parallel to associative modules theory over the rings.
(3) In the third phase, we have initiated fuzzy concepts of the structures discussed in phase
one and phase two. We investigated the concept of fuzzy ideals in I'-AG-groupoids and in LA-
rings (chapter 7). In future we are planning to investigate the concepts of soft AG-groupoids,
soft ordered AG-groupoids, (a,3)-fuzzy ideals, generalized fuzzy ideals, intuitionistic fuzzy
ideals and rough ideals in these newly established structures ( ordered AG-groupoids, I'-AG-

groupoids and LA-rings ).
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