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ABSTRACT

By employing quantum hydrodynamic model, the nonlinear dynamics of ion-
acoustic waves in a collisional, nonuniform quantum magnetoplasma is investigated in
the presence of ion sheared flow. It is shown that the parallel ion shear flow can drive the
guantum ion-acoustic wave unstable, in the linear case. Whereas, in the nonlinear case,
possible stationary solutions of the nonlinear set of equations is obtained in the form of
various types of vortices. It is shown that the inclusion of the quantum statistical and
Bohm potential terms significantly modify the scale-lengths of nonlinear structures. It is
pointed out that this investigation can be applicable to dense astrophysical and laboratory
plasmas where the quantum effects would play significant role.

It is shown that large amplitude ion-acoustic waves in a nonuniform electron-
positron-ion plasma can give rise to monopolar, dipolar and vortex street type structures
in dense quantum plasma with sheared ion flows.

Linear and nonlinear properties of quantum dust-acoustic waves are also studied
in the presence parallel dust sheared flow for inhomogeneous dissipative dust-
contaminated magnetoplasma. It is shown that in the linear case, the shear dust flow
parallel to the external magnetic field can drive the quantum dust-acoustic wave unstable
provided it has a negative slope. On the other hand, in the nonlinear case, stationary
solutions of the nonlinear mode coupling equations which govern the dynamics of
quantum dust-acoustic waves can be represented in the form of various types of nonlinear
vortex structures, Again, in this case, we found that the inclusion of quantum statistical
and Bohm potential terms significantly modify the scale-lengths of the vortex structures.

We have also revisited the coupled Shukla-Varma and convective cell mode for
classical and quantum dusty magnetoplasma. We found that the inclusion of electron
thermal effects modify the classical coupled Shukla-VVarma and convective cell mode. We
also discuss how the quantum statistical and Bohm potential terms can be incorporated in
the said mode.

The dust-ion-acoustic solitons and shock waves are also investigated in a
nonuniform quantum dusty plasma case by employing the quantum hydrodynamic model.
By using the small amplitude perturbation expansion method, KdV and KdVB types of
equations are derived. The dissipation is introduced by taking into account the kinematic
viscosity among the plasma constituents. Our numerical results show that the strength of



the quantum dust-ion-acoustic shock wave is maximum for spherical, intermediate for
cylindrical and minimum for the planar geometry case. The effects of quantum Bohm
potential, dust concentration and kinematic viscosity on the quantum dust-ion-acoustic
shock structure are also investigated. Finally, the temporal evolution of dust-ion-acoustic
KdV solitons and Burger shocks are also investigated by putting the dissipative and
dispersive coefficients equal to zero. The effects of quantum Bohm potential on the
stability of dust-ion-acoustic shock is also investigated. It is pointed out that the relevance
of present investigation might be in microelectronic devices as well as in dense

astrophysical plasmas.
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Chapter 1

Introduction

A plasma can be defined as a quasineutral gas of charged and neutral particles exhibiting
collective behavior. The charged particles interact with one an other through the long-
range Coulomb type force. Classical plasmas are characterized by high temperature and
low densities which can be found in interplanetary or interstellar media as well as in
laboratory produced plasmas. One of the fundamental characteristics of plasma is its
ability to shield out electric potential that is applied to it. The shielding distance is
known as electron Debye length A\p, = \/W in an electron-ion plasma, where
T.(neo) is the electron temperature (number density), and kg is the Boltzmann constant.
On the other hand, dense quantum plasmas consist of high density and low-temperature
plasmas with pressures in excess of a megabars. Classical plasmas switches to a dense
plasma as soon as plasma condenses at sufficiently low-temperatures such that the average
distance between the two nearest neighbors become comparable or smaller than their de
Broglie’s wavelength. In quantum plasmas, the degenerate plasma particles such as ions
and electrons follow Fermi-Dirac type distribution. The plasma particles occupy all the
available energy levels, from the ground state to the higher energy levels such that in each
energy state no more than two Fermions can occupy the same state. This is due to the
Pauli exclusion principle. The high-density, low-temperature quantum plasmas obeying

the Fermi-Dirac distribution are quite different from the so called classical low-density,



high-temperature plasmas which obeys Maxwell-Boltzmann type distribution. Classical
plasmas usually deals with a low-density and high-temperature plasmas, wherein the
quantum effects are not significant. On the other hand, for low-temperatures and high-
density case, the quantum effects begin to play important role. In this case, an additional
scalelength is introduced, which is known as the de Broglie wavelength A\g; = h/(2mm,v;),
where j represents species index. It represents the wavelength associated with the plasma
particle, the quantum effects would be more significant for large wavelengths compared
to the interparticle spacing. There is a lot of interest in quantum plasma study during
the last few years due to its applications in various fields namely in microelectronic device
[1], in dense astrophysical environments [2, 3| ( e.g., in the interior of Jovian planets, in
white dwarfs, and in neutron stars), free electrons in metals [4], highly compressed plasma
produced due to launching of strong shock waves through matter, dense pinch plasmas
and in inertial confinement fusion produced plasmas due to the interaction of high power

3 as well

lasers or ion beams on solid targets can acquire densities of the order of 10% cm™
as in dusty plasmas [5, 6, 7]. It has also applications in spintronics, nanotubes, quantum
wells and quantum dots etc.

There are two well-known mathematical formulations in quantum plasmas, namely
the Wigner-Poisson and the Schrédinger-Poisson. These two approaches are generally
employed to describe the statistical and hydrodynamic behavior of charged species at
quantum scales in dense plasmas. These two approaches are the quantum analogue
of kinetic and fluid treatments of classical plasmas, respectively. The two approaches
have been elaborated at length by Manfredi [§8]. The quantum hydrodynamic (QHD)
model is based on the Schrodinger-Poisson formulation, which includes the quantum
statistical pressure and quantum force term essentially representing quantum tunneling
effect of electrons through the Bohm potential. Number of linear dispersion relations
are derived and analyzed for quantum plasmas [6, 7, 9, 10]. The QHD models are

simple, numerical efficient, in these models one uses directly the macroscopic variables of

interest alongwith appropriate boundary conditions for a given problem. However, one



of the shortcoming of QHD model is that wave particle interaction or simply the Landau
damping cannot be explained using QHD model equations which are derived from the
Wigner [11] distribution function.

For better understanding of quantum plasmas and its applications, it is worthwhile
to first briefly review the historical developments. More than four decades ago, Kilimon-
tovich & Silin [12] and Bohm and Pines [13, 14] has studied the dynamics of quantum
plasma and presented dispersion relation of electron plasma oscillations in a dense quan-
tum plasma. The electrons, ions and holes are assumed degenerate (obeying Fermi-Dirac
distribution), whereas the ions are assumed to be cold and classical (obeying Maxwell-
Boltzmann distribution). Electromagnetic properties of electron gas for quantized mag-
netic field has been discussed for dense quantum electron plasma with a background of
fixed ions [15, 16]. By employing, many particle kinetic model, the quantum electro-
dynamic properties of cold plasma [17] has been investigated. Using covariant Wigner
function, relativistic properties of quantum plasmas were investigated [18].

The non-relativistic quantum plasmas can be studied with the help of Schrodinger
description whereas, collective behavior of relativistic quantum plasmas can be investi-
gated with the help of quantum field theory [19]. Manfredi [8] has developed quantum
hydrodynamic model for the electron gas which consists of electron continuity and mo-
mentum balance equations. In the electron momentum conservation equation or simply
the equation of motion of electron fluid, the quantum effects appears in the form of Bohm
potential term. The quantum statistical and quantum Bohm potential introduces new
type of pressure effects which has pure quantum origin. Several authors have found new
modes and instabilities by using quantum hydrodynamic model and highlighted the im-
portance of Bohm potential and quantum statistical pressure in dense plasma systems
[20, 21, 22]. Furthermore, quantum magnetohydrodynamic (QMHD) model has also been
proposed in recent years [23, 24]. Apart from linear waves, some nonlinear properties has
also been investigated such as the vortex and soliton and shock wave formation in quan-

tum plasmas [25], trapping in quantum plasmas, the wave particle interaction for dense



quantum plasmas [26, 27] etc. It is found that electrostatic and electromagnetic waves
are significantly modified in the presence of external magnetic field. Several new modes
and instabilities found to exist due to electron spin magnetic moment and quantized
Landau energy levels of highly degenerate fermions in the presence of strong background
magnetic field [28, 29].

By employing Pauli equation, a multifluid model for Fermionic electron plasma has
been derived so as to investigate the spin and quantum electrodynamic effects on quan-
tum plasma using Maxwell equations [30, 31]. Various limits are identified wherein the
Bohm potential, Fermi statistical pressure, spin and quantum electrodynamic effects
play important role. New dispersion relation for Alfvén waves has been derived by con-
sidering spin-up and spin-down electrons as two different types of electron fluids [32].
Quantum effects are also recognized in solid state systems such as in dense metallic sys-
tems, nanostructures, quantum dots, quantum wires, quantum wells, quantum diodes,

nanotubes, and in quantum optics [33, 34, 35] etc.

1.1 Characteristics of Dense Plasmas

As discussed earlier in the introduction that the quantum mechanical effects becomes
relevant when the de Broglie wavelength becomes comparable to the average distance
between the particles (r) = (r, — r;) o< n3/2, where n represents the number density of
plasma particles and 7y (r;) is the position of k(l)-th particle. The thermal de Broglie

wavelength of the charged particles can be written as

h

1/ QijkBTj

where h is the Planck’s constant, j is the species index (j equals to e for electrons, and i

(1.1)

)\Bj -

for ions) and m; is the mass of j-th species. It is evident from the above expression that
the quantum effects would be more pronounced for lighter particles namely the electrons

as compared to massive ones such as ions. Due to this reason, the ions would be treated
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classically in most of calculations of electron-ion dense quantum plasmas. The condition
for which quantum effects would be important if the temperature of the system (7") is
less than the Fermi temperature T; [8], where
h? 212/3, 2/3
Tpr; = —— 37 n; 1.2
Fj 8772mj kB ( ) J ( )
To classify a classical and quantum plasma, let us introduce a dimensionless parameter
X, given as

CTep 1

2/3
Xy = 2 = (30 ()

(1.3)

When the plasma temperature 7' becomes smaller than the Fermi temperature Tr; or
simply when x; > 1, the quantum effects would be dominant [36]. On the other hand,
when T > Tp; or x; < 1, the plasma would be in the classical domain and in this case

it would be governed by the Maxwell-Boltzmann type of distribution,
fup(e) = Aexp = (e — ) /kpT] (1.4)

where A is normalization constant. For x; > 1 it would follow Fermi-Dirac distribution,

1

oxp (e — 1) JkpT] + 1) (1.5)

frp(e) (

where p is the chemical potential and ¢ is energy variable.
For quantum plasmas, their is another dimensionless useful parameter I'g, which is

known as the quantum coupling parameter. It is defined by the ratio of Coulomb type

1/3
j

E; 2 e’m,; Aoy \°
Ty — int J_ pJ 1.6
Q EFj (37T2)2/3 hzn;/?s <2kBTFj) ( )

of interaction energy Fj,:(= e’n.”) and the Fermi energy Er;(= kgTFr;), i.e.,

where h = h/2m, w,; is the plasma frequency for jth-species and hw,; represents the

plasma energy due to the local oscillations of shielded plasma particles [8, 36]. It is
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Figure 1-1: Phase diagram of plasma in thermodynamic equilibrium in space and labo-
ratory plasmas.

very interesting to notice here that one can retrieve the classical results by replacing
Tp; with T" and Ap; with Ap. One can also define a parametric regime for which the
quantum coupling parameter I'g > 1 and it is known as quantum collisional or strongly
coupled plasma. On the other hand, when I'g < 1, the plasma is termed as weakly
coupled or quantum collisionless plasma. It is obvious that dense plasmas show more
collective behavior as compared to low density plasmas. Fig. (1-1), shows a plot of plasma
temperature viz. number density for various plasma systems, namely the ionospheric
plasma (IONO), space plasma (SPACE), solar corona (CORONA), electric discharge
(DISCHA), tokamak plasma (TOK), inertial confinement fusion (ICF), metal clusters
(MET), Jupiter’s core (JUP) and white dwarf star (DWARF) [8].

The pioneering work of Bohm & Pines and Pines [13, 14] has opened up the doors for
several researchers to study various aspects of dense electron-ion (e-i), electron-positron-

ion (e-p-i) and dusty quantum plasmas. For instance, by employing statistical approach,

10



various thermodynamical properties of highly degenerate electron-ion plasmas has been
investigated for a broad range of number densities and temperatures both analytically
[37] as well as numerically [38]. Ultra-high density and strongly coupled plasmas has
been discussed in some detail in Ref. [39]. The QHD model has also been employed to
study the propagation of linear and nonlinear waves in inhomogeneous quantum plasmas.
For instance, new electron drift wave in dense quantum magnetoplasma has been derived
by Shukla and Stenflo [40] and found that the electron Bohm potential term signifi-
cantly modify the electron drift mode. El-Taibany and Wadati [11] studied the dynamics
of nonlinear quantum dust-acoustic waves in a nonuniform quantum dusty plasma and
found that the formation of solitons manifest a dependence on a critical value of plasma
parameters unlike a homogeneous plasma. Haque and Mahmood [41] studied the linear
and nonlinear drift-waves in inhomogeneous quantum plasmas with neutrals in the back-
ground. The authors of Ref. [41] found that the quantum corrections appreciably modify
the drift-solitons and shocks in quantum magnetoplasmas.

Quite recently, Haque and Saleem [42] proposed that monopolar and dipolar quantum
vortices could appear in a uniform dense e-i-plasmas. We have extended the said work by
considering a nonuniform, dissipative quantum electron-ion plasma with sheared ion flow
parallel to the ambient magnetic field by employing the quantum hydrodynamic (QHD)
model. Linear as well as nonlinear properties of quantum ion-acoustic waves are investi-
gated [43]. We found that parallel ion shear flow can drive the quantum ion-acoustic wave
unstable. Stationary solutions of the nonlinear equations that govern the quantum ion
acoustic waves are also obtained. It is found that electrostatic monopolar, dipolar, and
vortex street type solutions can appear in such a plasma. It is observed that the inclusion
of the quantum statistical and Bohm potential terms significantly modify the scalelengths
of these structures. The relevance of present investigation in the dense astrophysical
plasma is also pointed out where the quantum effects might play very important role.

The electron-positron plasmas have been observed to behave differently in sharp con-

trast to the typical electron-ion (e-i) plasmas [11, 24]. One of the important feature of
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electron-positron (e-p) plasma in comparison with electron-ion plasma is the same mass
but equal and opposite charge of electron—positron plasma. Electron-positron plasmas
have been observed in active galactic nuclei [44], in pulsars magnetosphere [45], in the
polar regions of neutron stars [46], as well as in the intense laser fields [47]. Electron
positron plasma is also believed to exist in the early universe [48] as well as at the cen-
tre of our own galaxy [49]. Electron-positron-ion plasmas have also been a subject of
investigation in quantum plasmas. For instance, Ali et al. [50], investigated linear and
nonlinear ion-acoustic waves in an unmagnetized electron-positron-ion (e-p-i) quantum
plasma. The authors derived the Korteweg-de-Vries (KdV) equation for quantum e-p-i
plasma and an energy equation for arbitrary amplitude ion-acoustic waves and discussed
the relevance of their results. Mushtaq and Khan [51] investigated the characteristics
and stability of quantum ion-acoustic solitary waves in an e-p-i plasma with transverse
perturbations and found that the quantum corrections significantly modify the linear and
nonlinear propagation characteristics of ion-acoustic waves. Masood et al.[52], explored
the quantum ion-acoustic wave propagation in a magnetized e-p-i plasma and found that
the soliton structure of the ion-acoustic wave depends upon quantum statistical pressure,
concentration of positrons, strength of magnetic field, and the propagation angle.

We have investigated linear and nonlinear properties of quantum ion-acoustic waves
in a nonuniform, dissipative quantum plasma (composed of electrons, positrons, and ions)
with sheared ion flow parallel to the ambient magnetic field, using hydrodynamic model
for quantum plasma [53]. We found that ion acoustic waves becomes unstable for quan-
tum plasma in the presence of parallel sheared ion flows for |S;|k, > k,. Stationary
solutions of the nonlinear equations that govern the quantum ion-acoustic waves are also
obtained. It is found that electrostatic monopolar, dipolar, and vortex street type solutions
can appear in such a plasma. It is observed that the inclusion of positron, quantum sta-
tistical, and Bohm potential terms significantly modify the scalelengths of these nonlinear
structures.

A considerable interest among the plasma physicists arises in dusty plasma due to
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the ubiquitous nature. A dusty plasma is loosely defined as a normal electron-ion plasma
with an additional constituent of micron or submicron sized dust grains. We shall discuss
in some detail dusty plasma and its characteristics in Chapter 5. Dusty plasma is quite
different from multi species plasma because of the presence of extremely massive and
highly charged dust grains, several new ultra-low frequency collective modes on com-
pletely different scale length may appear. In dusty plasmas, it is well known that the two
normal modes of unmagnetized, weakly coupled plasmas are the dust-acoustic (DA) and
dust-ion-acoustic (DIA) waves, respectively. These modes were theoretically predicted
by Rao, Shukla and Yu [44], as well as by Shukla and Silin [45]. In the DA wave, the
restoring force comes from the inertialess electrons and ions in the comparison with ex-
tremely massive dust grains while the dust mass gives the inertia. The frequency range
of this wave is much lower and the phase velocity much smaller than the ion acoustic
velocity. On the other hand, the phase velocity of the DIA wave is greater than both dust
and ion thermal velocities. The inertia is provided by dust and ions while the restoring
force comes from the electron pressure. Another way to view this mode is to treat dust
as immobile. Both these modes have been detected in several dusty plasma experiments
[46, 47, 48, 49]. Low-frequency dust ion-acoustic perturbations can propagate in cosmic
plasma environments as well as in dusty plasma of Earth’s mesosphere. They also con-
tribute towards the low—frequency noise in the F-ring of Saturn [45]. It also occurs in
the candle flame, zodiacal light, in the lightening of thunderstorms, in the eruption of
volcanoes. It has also several applications in industry such as in microelectronics [54] and
carbon nanotubes [55]. Dust particles has also been observed in fusion plasmas [56] due
to sputtering of wall material of tokamak device which is made of beryllium and carbon
tiles. Tkezi [57] predicted theoretically the Coulomb crystallization of dust charge grains
in (1986) which was later experimentally verified with the observation of dust plasma
crystal (DPC) formation [58]. The phase transition in dust plasma crystals has been
observed in several experiments [59]. It is generally believed that a major boost to the

field of dusty plasma came after the discovery of DAW and DPC formation. Since the
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density of dust plasma crystals is very high, so one would expect quantum effects play
very crucial role.

Haas [24] presented QHD model for dense quantum plasma and discussed quantum
ideal magnetostatic equilibria. Shukla and Stenflo [40] reported two new drift-modes in
nonuniform ultracold magnetoplasmas. When dusty plasma cooled down to extremely
low-temperatures, the de-Broglie wavelength of the charged particles become comparable
to the dimensions of the system, then the ultra-cold dusty plasma behaves like a Fermi
gas and consequently the quantum effects are expected to play central role. Shukla and
Ali [6] derived a linear dispersion relation for the quantum dust-acoustic waves by con-
sidering ultra-cold quantum dusty plasma using QHD model. Later Ali and Shukla [60]
investigated QDA solitary waves through Korteweg-de Vries (KdV) equation using QHD
model. On the other hand, Taibany and Wadati [11] studied the nonlinear quantum
dust-acoustic wave in a nonuniform dusty plasma in the ultracold plasma limit. By em-
ploying reductive perturbation method, they found the possibility of solitons formation
for inhomogeneous quantum dusty plasma case. As discussed earlier that Haque and
Saleem [42] found ion-acoustic vortex formation in a uniform dense quantum plasma.
Whereas, we have investigated [61] the coupled quantum drift-dust acoustic vortex forma-
tion in the presence of background density inhomogeneity as well as the sheared plasma
dust flow parallel to the ambient magnetic field. We have also investigated [62] coupled
Shukla-Varma (SV) and convective cell mode in classical and quantum inhomogeneous
dusty magnetoplasmas. It is shown that the inclusion of electron thermal effects signif-
tcantly modifies the original coupled SV and convective cell mode. The limiting cases
are also discussed. It is shown that in the absence of electron pressure, the coupled SV
and convective cell mode reduces to the original expression derived by Shukla and Varma
(63, 64] in classical plasmas.

It is well known that a nonlinear dispersive medium admits shock-like solutions. This
happens due to the balance between the non-linearity (causing wave steepening) and

dissipation (e.g., caused by viscosity, collisions, wave particle interaction, etc.). However,
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when a medium has both dispersive and dissipative properties, then the propagation
of small amplitude perturbations can be adequately described by Korteweg-de Vries-
Burgers (KdVB) equation. The Burger term in the nonlinear wave equation arises when
one takes into account the kinematic viscosity among the plasma constituents [65]. When
the wave braking due to non-linearity is balanced by the collective effect of dispersion
and dissipation, a monotonic or oscillatory dispersive shock wave is generated in a plasma
[66].

We study the one-dimensional propagation of dust-ion-acoustic (DIA) shock waves in
a quantum plasma wn both planar and nonplanar geometries. When we put the dissipa-
tive coefficient equal to zero then we obtain standard equation for the quantum dust-ion-
acoustic soliton in planar and nonplanar cases. The said equation has been numerically
solved so as to study DIA soliton formation for spherical geometry case for various time
scales. We found that the height of the soliton decreases with the increase of time. Fur-
thermore, when the amplitude of the soliton decreases its width increases. In this model,
we consider immobile dust (either negative or positive), dynamical ions and inertialess
electrons. The dissipation s introduced by taking into account the kinematic viscosity
among the plasma constituents. We use the QHD model and for small amplitude ap-
prozimation, and derive KdVB equation for DIA shock wave in a quantum plasma in
the nonplanar geometry. The effects of quantum corrections on the stability of KdVB
equation are also investigated for the first time in this work [67].

Dense quantum plasma physics is very rich and promising field of plasma physics.
The research work is motivated by its number of applications in plasma assisted car-
bon nanostructures, nanotechnologies as well as in the x-ray sources. It is essential to
understand the fundamentals of various collective processes in quantum plasmas. How
various plasma phenomena evolve in high-density, low-temperature regime is an active
are of research. During the past few years, lot of research work has been done in this
important field, especially in the nonlinear effects of dense quantum plasma system by

using QHD model. A detailed analysis would give us a guideline for deep understanding
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the origin of various nonlinear structure formation and collective motions in high-density,

and low-temperature quantum plasmas.

1.2 Layout of the Thesis

The organization of the thesis is as follows: In chapter 1, historical developments and
various characteristics of dense quantum plasmas alongwith their applications are briefly
described.

The second chapter deals with the quantum hydrodynamic equations. Specifically,
we discuss in some detail simple derivation of quantum hydrodynamic (QHD) equations,
which are extensively used to describe quantum plasmas, by using Schrodinger-Poisson
and Wigner-Poisson model equations. Since, mostly plasma behave as a fluid, and in the
presence of electric and magnetic fields, this charged fluid would experience various types
of drift motions, a brief derivation of drift-approximation is thus presented in section 2.3.

Chapter 3 is devoted to study of linear and nonlinear properties of quantum ion-
acoustic vortices in an inhomogeneous dissipative quantum magnetoplasma with sheared
ion flows. Basic set of nonlinear equations for quantum electron-ion plasma are presented
in subsection 3.2. New dispersion relation and various interesting limiting cases are
presented in Sec. 3.2.1. In subsection 3.2.2, nonlinear analysis is presented and various
types of vortex structures are shown to exist under certain approximations. Numerical
results are presented and a comprehensive summary of new findings is given in summary
section 3.3.

Chapter 4, deals with electron-positron-ion (e-p-i) plasmas. In the introduction sec-
tion 4.1, we give a brief historical review of some important work in the field of classical
and quantum e-p-i plasmas. Then in Sec. 4.2, we present governing model equations
for quantum e-p-i plasma. Linear dispersion relation has been derived and discussed in
subsection 4.2.1, and stationary nonlinear solutions are presented in subsection 4.2.2.

Finally, in Sec. 4.3, we summarize the work.
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In chapter 5, we consider dense dusty plasma. After a brief introduction and his-
torical background to dusty plasma, some novel linear modes are reviewed, namely the
dust-acoustic (DA) and dust-ion-acoustic (DIA) modes in subsections 5.1.1 and 5.1.2,
respectively. Mathematical modeling of the governing nonlinear equations, to describe
quantum dusty plasma, is presented in Sec. 5.2. The linear and nonlinear analysis is
presented in Subsections 5.2.1 and 5.2.2, respectively. We finally, summarize the results
in subsection 5.2.3. Then in Sec. 5.3, Shukla-Varma and convective cell modes are re-
visited for classical (subsection 5.3.2) and for quantum (subsection 5.3.3) dusty plasmas.
The results are then summarized in subsection 5.3.4.

Chapter 6 is devoted to the study of solitary and shock waves in a multicomponent
dusty plasma for planar and nonplanar geometries. In section 6.1, a brief history of
solitary wave and KdV equation as well as shock waves as solutions of the Burger equation
(or simply KdVB equation) are presented. We have reviewed classical dust-acoustic
solitary waves in Sec. 6.2 for planar geometry and in Sec. 6.2 for nonplanar geometry.
Whereas, in sections 6.4 and 6.5, we present model equations for quantum dust-ion-
acoustic solitary and shock waves for planar geometry. Then in Sec. 6.6, we present
KdV equation for nonplanar geometry and in Sec. 6.7, the KdVB equation for nonplanar
case is presented for quantum dusty plasmas. Numerical results of KdV and KdVB
equations are presented in Sec. 6.8. Stability conditions of dust-ion-acoustic shock waves

are discussed in Sec. 6.9. Finally, in Sec. 6.10, we summarize the work.
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Chapter 2

Model Equations for Quantum

Plasmas

2.1 Schrodinger-Poisson Model

In this chapter, we shall very briefly review the Schrodinger-Poisson and Wigner-Poisson
models for electrostatic, unmagnetized, collisionless quantum plasmas [36]. We may start
with an ensemble of degenerate Fermions in dense plasmas. The Schrodinger equation
for N-particles wave functions v, which obeys N independent Schrédinger and Poisson’s

equations can be written as

T e

e = Taman () ¥ (2.1)
@ = dre EN ? —n (2.2)
or2 p Pi |9 0 )

N
ni(z,t) = Zpi WZF (2.3)
i=1

where h = h/27, the subscript i = 1,...N and ng represents the number density of fixed

ions and p; represents the occupation probability of quantum mixture of states ;.
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By introducing the wave function

. @ (x,t)

Y, = /ni(x,t)e'n (2.4)
where n; = |77/Ji|2, m;u; = O; and u; represents the fluid velocity. Using the above
equation, we get

. i (x,t) L ei(zot)
ihop, = —\/ni(x,t)e' n 4 ihe' o Opn/my(x,t) (2.5)

Differentiating twice with respect to x, we get

pi(z,t)

. 2
‘P'L( ,t) 1 ;
O2p; = —\/mge’w (3§wi)+<g) Vi (0up;) € (Oup;)

+§;e 5 (Drp) Oe/0) + () €5 4 (D) ¢

%( t) «m(m t)

(Dw0;)  (2.6)

Substituting Eqgs. (2.5) and (2.6) in (2.1), we obtain the following result

h* [
—/ne’ ke’ Gt n, =——— li

i(@,t)
2m | h nleWh <82 )

pi(z,t) pi(z,t)

+(ﬁ> i (0n) 52 <amsol->+%ei 2 (0n0) (Bh/0)

%(I t) %(z t)
+e! (03v/mi) + (0 V) € ( M)} — (ed) 1 (2.7)
Collecting the imaginary parts of Eq. (2.7) and using the definition of fluid velocity,
we get
87%‘ N o 1 o
or
5 T o (njv) =0 (2.8)

which is the desired continuity equation. Similarly, collecting the real parts of Eq. (2.7),
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we obtain the following result

h2
2m/n;

dp; 1 2

/i

Differentiating the above equation with respect to x and after simplification, we get

e R 0 [9%/n;

where

1090 (105,
Uzﬁx_maxax m O0x

Equation (2.9) represents an equation of motion for quantum fluid. The second term

on the right hand side of Eq. (2.9) is the quantum Bohm potential term.

2.2 Wigner-Poisson Model

The quantum analogue of the Vlasov-Poisson model is the Wigner-Poisson model. For
N identical fermions, the Schrodinger equation for N particles wave function can be

expressed by the Slater determinant, which can be expressed as

Vi(q,t)  Yolqu,t) - - - Wyl t)

¢1 (Q27 t) ZZJQ(Q% t) o wN(Q% t)
V(q1,qe,an;t) = \/LN (2.10)

(08 (QNa t) ¢2<QN: t) o wN(QNa t)

which shows that the total wave function vanishes if two rows are identical. This is in
accordance with the Pauli exclusion principle which states that no two identical Fermions

can occupy the same energy state. In the ultra-cold plasma limit, all the lower energy
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states are fully occupied by electrons up a maximum energy state which is known as
Fermi energy level. The Wigner distribution function satisfy the following equation in

one-dimension,

o + vafe iem //e ime (v —1") A
= _—— X J— J—
or U ox (27)° bt bt h

X [¢ (ac + %,t) — ¢ (1’ — %ltﬂ fe(x, v, t)dAdv (2.11)

where ¢ (z) is the effective potential due to N-electrons with a background of fixed ions.

The Poisson’s equation can be written as

% = 4re (/ fedv — no) (2.12)

Taking various moments of Eq. (2.11) and retaining the terms of the order of h?, we
readily obtain the following set of dense quantum electron fluid equations which are also

termed as quantum Madelung fluid equations in the literature,

on. N 0 (neve)
ot ox

=0,

2 82 (nt?) Jox?
7%(3 a)e 0 1 opr I 0 (n”*)

5“’6% Ve ™ oz Ne Ox 2m. Oz Ve

where the first equation is the well known electron continuity equation and the second
one is the electron momentum equation with the quantum statistical pressure term (pge,
which is known as Fermi pressure) and the last term is known as quantum force term.

In three dimensional space, the above two equations can be re-written as

on,
ot

+ V- (neve) = 0, (2.13)
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0 1 h? V?/ne
Me (a + V.- V) v, =eVo— n—ngFe + 2m€V ( N ) (2.14)

Here the Fermi pressure term for degenerate electrons obeying Fermi-Dirac distribu-
tion can be expressed as [68],

(2.15)

2
_ MeNgUR, [ MNe
Pre=—%— | —

(D+2)/D
3 no)

where D represents the number of degrees of freedom and vp. is known as the Fermi
velocity which can be related to the Fermi temperature (Tr.) through the relation
%mjv%j = kpTr;. Here kp represents the Boltzmann constant and n, is equilibrium
number density of ions and electrons in electron-ion plasma.

The quantum force term can be expressed as a gradient of Bohm potential (¢z) in

nViyne\ _
F,=V (2m6 N ) = Vo, (2.16)

The quantum force term arises due the quantum mechanical tunneling of electrons

the following manner

through the Bohm potential and it vanishes for classical plasma systems (for which
h — 0). The Wigner-Poisson’s equations are extensively used to study various types

of linear and nonlinear waves in dense quantum plasmas.

2.3 Drift-Approximation

In the next chapters, we shall use drift-approximation to study drift waves in quantum
plasma. We shall present a brief derivation of drift-approximation and the underlying
physics in this section. Since plasma behave as a fluid which is composed of many
individual particles, one would expect the fluid to have drift motion in a direction which
is perpendicular to the extended magnetic field. The drift-motion perpendicular to the

external magnetic field is due to magnetization of the plasma particles. To derive drift-

22



approximation, we start with the following fluid equation of motion,

) 1 h2 V2 T,
J J J

where !qj} is the magnitude of charge, m; is the mass of the jth species i.e., j = e for
electrons and ¢ for ions, n; is the number density and B = By 2, £ is a unit vector
along the z-axis. Assuming electrostatic perturbations (i.e., E = —V¢, where ¢ is the

electrostatic wave potential) and taking cross product of above equation with 2, we get

4q;

(ﬁt + \Z V)ﬁ XVv; = —(—?3 X V¢+Bo [Vj (2 . 7:’) -2 (ZA’ . Vj)D
J
1 2 \V& ;
— Z % Vprj + h—zz x V <—‘/n_]> (2.18)
m;n; ij VT

For low-frequency perturbations for which we may assume w < w.;, where w is the
perturbation frequency, w.; = |g;| Bo/m;c is known as the gyrofrequency of jth species
and c is the speed of light. Using algebraic iterative procedure, the above equation can

be written as,

1 1 m;d 1
= —(3xV — T (3 . 5 X VD
\ar, Bo(zx ¢)+BO 0 dt(zxv])+quonjzx PR
2 \V& ,
—h—z x V il : (2.19)
2m;q; Bo V1

where d/dt = 0, + v;-V, the first term on the right hand side of Eq. (2.19) is the usual
E x B drift, the second term is the polarization drift and the last two terms are known as
the diamagnetic drift terms which arises due the pressure gradients. As we have discussed
earlier, that in dense quantum plasma system, we have the Fermi pressure and the Bohm

term. Since the E x B drift is dominating, we can define various terms and can write
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the total perpendicular component of fluid velocity as,

Vij = VE + Vpj +Vpj,

where,
1
vp= (2% V),
1 0
Vpi= _BOwci [& + (V ' V):| v¢7
1 h2 V2,
Vpj = éprFj——éxV ! .
q]'TLjB() 2quj‘B0 A /?’Lj

where vp; is the diamagnetic drift velocity in a quantum plasma.
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Chapter 3

Quantum Ion-Acoustic Vortices in a

Nonuniform Electron-Ion Plasma

In this chapter, we shall discuss some linear and nonlinear properties of quantum ion-
acoustic waves in a nonuniform, dissipative magnetized plasma with sheared ion flows. By
employing the QHD model, we found that parallel ion sheared flow can drive the quantum
ton-acoustic wave unstable. Stationary solutions of the nonlinear equations that govern
the quantum ion acoustic waves are also obtained. It is found that electrostatic monopolar,
dipolar, and vortex street type solutions can appear in such a plasma. It is observed that
the inclusion of the quantum statistical and Bohm potential terms significantly modify
the scalelengths of these structures. The present work may have relevance in the dense

astrophysical environments where quantum effects are expected to play a significant role.

3.1 Introduction

It is well known that the plasma occurs in a turbulent state whenever it is driven away
from its thermodynamic equilibrium due to free energy sources. For instance due to laser
light interaction, radio frequency heating and beam particle interaction etc. In the pres-

ence of free energy sources, the plasma distribution may deviate from its thermodynamic
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equilibrium distribution known as Maxwell Boltzmann type distribution. The turbulence
provides a mechanism to a relaxed state via self-organization through superimposition of
waves, vortex formation as well as zonal flows [69]. Where the self-organization means a
process through which the internal organization of a system increases without guided or
managed by external sources. A vortex is defined as a spinning turbulent flow or simply
a spiral whirling motion having closed streamlines. A vortex motion of a fluid arises due
to V x v, where v represents the fluid velocity. Whenever, there is vorticity in a fluid, the
fluid becomes more and more curled and eventually starts rotating in the form of various
types of vortices. The vortex motion in magnetized plasmas is governed by nonlinear
equations such as Navier-Stokes equation, Charney equation as well as Hasegawa-Mima
equation [70, 71] etc. The solution of these nonlinear equations admits various types of
vortices in wide variety of plasma systems such as in upper atmosphere, in heliosphere,
in magnetosphere as well as in laboratory produced plasmas. The Navier-Stokes and
Hasegawa-Mima equations are nonlinear partial differential equations containing nonlin-
earity in the form of two-dimensional vector product which can be expressed in terms of a
Poisson bracket which can be written as J[f,g] = 2 x Vf-Vg. It is well established that
the two-dimensional nonlinear differential equations possessing Poisson bracket or Jaco-
bian nonlinearity admits vortex structures. Charney [70] explained the formation of large
scale atmospheric vortex with the help of Rossby waves. On the other hand, Hasegawa
and Mima [71] showed a close similarity of drift waves and Rossby waves. The fluid starts
rotating due to Coriolis force or due to Lorentz force in a magnetized plasma. In order to
understand the vortex formation in a magnetized plasma, we may consider a collisionless
plasma in the presence of a uniform magnetic field pointing in the z-direction. Due to
charge bunching an internal electric field may exist. Due to the presence of electric and
magnetic field, the plasma column starts rotating due to E x B drift. Most commonly
seen vortices in a magnetized plasma are monopolar and dipolar vortices. A monopolar
vortex is single circularly symmetric vortex possessing a nonzero angular momentum and

it causes an excess of local charge density. Whereas, the dipole vortex essentially rep-
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resents two closely packed monopole vortices with opposite polarity and rotation. The
dipolar vortex has nonzero linear momentum, while its angular momentum is zero. There
are several types of vortex structures have been observed in neutral fluids as well as in
plasma systems. The study of vortex motion is important to explain the formation of
self-organized structures as well as energy transport in magnetized plasmas. Due to vor-
tex formation, the fluid starts rotating and significantly effect the transport mechanism.
It also plays important role in strong turbulent state of several physical systems such as
in magnetized plasmas, rotating fluids as well as in oceanography etc.

As discussed earlier, there is a lot of interest during the past few years, in the field of
quantum plasmas due to various potential applications namely in microelectronic devices
[1], in dense astrophysical plasmas [2, 3] (like in neutron stars and in white dwarfs etc.),
in high-power laser-produced plasma experiments [4] as well as in dusty plasmas [5, 6, 7].
The classical plasmas deals with low-density and high-temperature plasmas, in which, the
quantum effects are ignorable. Whereas, in high density and low-temperature plasmas,
the quantum effects are expected to play important role.

To deal with quantum plasmas, two well known mathematical formulations are:
the Wigner-Poisson and the Schrodinger-Poisson models. The quantum hydrodynamic
(QHD) model which has been extensively used based on Schrédinger-Poisson formula-
tion, so as to investigate various the linear as well as nonlinear processes in dense plasmas
[8, 9, 10]. The main advantage of using QHD model is numerical efficient, and the di-
rect use of various macroscopic variables of interest and ease with the use of appropriate
boundary conditions. However, the QHD model cannot explain the so called Landau
damping or simply the wave particle interaction, since it has been derived by taking
appropriate moments of the Wigner distribution function [11].

The QHD model has also been used to study linear and nonlinear properties of in-
homogeneous quantum plasmas. For instance, El-Taibany and Wadati [11] studied the
nonlinear dynamics of quantum dust-acoustic waves in a nonuniform quantum dusty

plasma and found that the formation of solitons manifest a dependence on a critical
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value of plasma parameters unlike a homogeneous plasma. Shukla and Stenflo [40] found
new drift-modes in nonuniform quantum magnetoplasmas and observed that the electron
Bohm potential term significantly modify the electron drift wave frequency. Haque and
Mahmood [41] studied the linear and nonlinear drift-waves in inhomogeneous quantum
plasmas with neutrals in the background and found that the quantum effects significantly
modify the drift-solitons and shock structures in quantum magnetoplasmas. Quite re-
cently, Haque and Saleem [42] proposed that monopolar and dipolar quantum ion-acoustic
vortices could appear in a uniform dense plasmas.

In this chapter, we shall extend the said work and investigate the coupled quantum
drift-ion acoustic vortices in the presence of background density inhomogeneity as well
as the sheared plasma ion flow [43] parallel to the ambient magnetic field. In the next
section, we shall derive nonlinear set of equations for the coupled drift ion-acoustic waves
for quantum plasma. In subsection 3.2.2, we shall present stationary solutions in the form
of various types of nonlinear structures namely the monopolar, dipolar, and vortex street
type solutions. These profiles are also presented both analytically as well as numerically.

In Section 3.3, we summarize the main findings.

3.2 Nonlinear Equations

We consider here, a nonuniform electron and ion plasma, embedded in a uniform external
magnetic field B = ByZz, where By is the strength of magnetic field and Z is a unit
vector pointing in the z-direction. We assume that there exists an equilibrium plasma
flow vio(z) 2, with velocity and electron (ion) equilibrium density gradients in the -
direction. We assume that some external sources maintain the equilibrium density and
velocity gradients. We also assume that the range of phase velocity as follows: vp; <
w/k < vpe (where vp; the Fermi velocity of the j-th species). By employing the quantum
hydrodynamic (QHD) model, the set of equations which governs the dynamics of electron

and ion fluids are written in the following way:
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The equation of motion of electron fluid for dense quantum plasma can be written as

1 h? Vv /ne
MeNe (0 + Ve - V)V, = ene (V(b — Eve X B0> — Vp. + Zmev ( N ) (3.1)

where ¢ is the electrostatic potential, n.(m.) is the number density (mass) of electron,
and e is the magnitude of charge of electron. Assuming one-dimensional Fermi gas, the

electrons obey the following equation of state [68],

2

_ 2mevg, g

= en?
3 2n%,

Pe (3.2)

where v, is the Fermi velocity of electrons which can be related with the Fermi electron
temperature Tr., by %mev%e = kgTr., where kg is the usual Boltzmann constant.

The z-component of equation of motion (3.1) for inertialess electrons yield the follow-

1 h? V3.
ed.¢ — n—eazpe + Zmeaz ( N ) =0 (3.3)

Considering electrons inertialess for low-frequency waves such that 9; < w.. (where

ing result,

wee 1s the electron cyclotron frequency) with p,k; — 0. Letting n. = neo(z) + nep in
Eq. (3.3) and using Eq. (3.2), where ngy(n.1) is the equilibrium and perturbed number

density of electrons such that n.; < n.y, we get

1 . [2kgTr. h2 V2V (ne ¢
€. — —0. |27E2EE (1, —|—n61)3} v, ( (o + 1 1)> —0
n 2me (

e 3 Neo Neo + nel)

By employing Taylor’s series expansion for the Fermi pressure and Bohm potential
terms under the assumption that the quantum corrections to be small [42], we obtained

the perturbed number density of electrons,

Ne1 e h?

~ 2 3.4
oo = TpTr  Tomoa . Y (¢9) (3:4)
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Assuming ions to be cold, the equation of motion for collisional ions can be written as
1
mm,(@t +v; - V)VZ = —€en; ng — —V; X BO — M;N;Vin Vi
c
which can also be re-written as
1
min;(dy + Vip + vi - V)v; = —en; | Vo — —v; x By (3.5)
c

where the differential operator has been defined as d; = 0; + v;00, and v;,, represents the
collision frequency between the ion and neutral particles.
The ion fluid velocity component perpendicular to the external magnetic field using

Eq. (3.5) can be written as

c . c c .
Vil = EZXVM — Bowo <dt + Vin + Bﬁozxvﬂb + Uizaz> Vi¢ (3.6)

Here we have used low-frequency approximation which is valid for |0;| < w,;, such that
wei (= eBg/m;c) is the frequency of gyration of the ions around the applied magnetic
field. It is worth-mentioning here that the first term on the right-hand side of equation
(3.6) is the usual E x By drift velocity and the other term is the ion polarization drift

velocity. The Poisson’s equation, in this case can be written as
V3¢ = —dre(n; — n,) (3.7)

Using Eq. (3.4), we can write Eq. (3.7) as

e (N, - HY) V(D) (3.8)

N0

Here we have defined a normalized electrostatic potential ® = e¢/ (2kgTr.), and electron

Fermi wavelength Ay, = \/kBTpe/Qﬂnoe2 with n;0 = neo = no, and H = /h?/8m.kpTp,
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represents the electron Bohm potential term. The continuity equation for the ion fluid is

877,1'
ot

+V-(nwv;)=0 (3.9)
From equations (3.6), (3.8) and ((3,9), we obtain the following result

Dy|® — (Npre = HY)V?® = piVID] — v3n[® — (A, — H?) VD)
2 2
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where Dy = d; + vip, + (/we) 2xVOV | + v;,0,, ¢s = \/2kpTr./m; represents the
quantum ion acoustic speed, and the ion Larmor radius is defined as p,(= ¢s/we;).

The z-component of ion fluid equation (3.5) gives

2
Dyvis = —20.® — = (2xV & - V)u

Wi
which on simplification gives
Dyvi, = —c2[0, — S; 0,|® (3.11)
Here the ion sheared flow parameter is defined as S; = — (9,v;0) /wei-

3.2.1 Linear dispersion relation

In this section, we shall derive a local dispersion relation from Egs. (3.10) and (3.11),
by dropping out the nonlinear terms, and by assuming expli(k, v + k., z — wt)| type

perturbations, we finally obtain the following result

(w/ + z'um>2 k3 p? + <w/ + z'um> (w1 + (M2, — HH)E? — W] — k22 < - %SZ) =0
(3.12)
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where the ion drfit-frequency is defined by w* = — (¢?/w.) d.(Inn;) and the Doppler

shift frequency w’ = (w — k,v;). For collisionless and uniform density plasma, Eq. (3.12)

1/2

, 1—k,S;/k

W = ke, - y9i/k: (3.13)
(14 (Npe — H2)K? + k7 )

reduces to

The above expression shows that quantum ion acoustic waves can be destabilized for
kySi > k..

On the other hand, if we keep the ion collision frequency term, equation (3.12) shows
an oscillatory ion-drift waves instability for w' << iv;,. By writing down w = w* + 7,

we get
k22 (1 - @S-
Vink 07 o ke
- 5 — 5 (3.14)
1+ (A2, — HO)K2 1+ (A2, — H2)K2

’Y:

Eq. (3.14) shows that the quantum corrections modify the scalelengths of the system.
Note that in the absence of parallel shear velocity, the wave is damped, however, the ion
drift dissipative instability gives growth for |S;| k, > k.. Therefore, it follows from Eq.
(3.14) that ion drift waves can be driven by the combined effects of ion sheared flow and

the ion neutral drag provided |S;| k, > k..

3.2.2 Nonlinear analysis

In the previous section, we showed that ion sheared flow and collisions can drive elec-
trostatic drift-waves and ion acoustic waves unstable for dense quantum plasma. Due
to nonlinear interaction of finite amplitude drift and ion acoustic waves, various types
of coherent nonlinear structures can be formed. For localized vortex type solution, we
may define a reduced coordinate £ = y + az — ut. Here, u represents translational speed
of the vortex and « is some constant. For simplicity, we assume a collisionless plasma

and retain the leading order nonlinearities in our calculations such that we have assumed
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|vg - V| >> |v;,0,|. Equation (3.11) takes the following form:
D¢Uiz = —C?[Oéag - Szag]q)

where the differential operator Dy = 0z — (¢2/Uwe;) (0,90 — 0:P0,,) and U = u — awyg .

The solution of above equation is

(a—S5)® (3.15)

S

Viz =

Substituting the value of v;, by using Eq. (3.15) in Eq. (3.10), we readily obtain

2 2 2
Ude® + j— (9, In nyg) BOD — U*Oe® — O‘;S (o — S;)0:D + %J[(I), V2P| —Ud V2D =0

which on simplification gives

1_E_ Ush i 0:® + G J[@aV2CI>]—|— c; (0 lnn~)<I>8<I>—8V2<I>—0
U ¢ Uwe i Uwe o ¢ LT

(3.16)
where U* = — (¢?/wei) d, (Inny), Ug, = \/(acg/U) (a — S;). Here Uy, represents the

shear in the parallel velocity, and a; = (A}, — H2? + p?). In the absence of scalar nonlin-

Us (Uas\?
earity (that involves ®J;®) and for (1 -~ ( Uh) ) = 0, we obtain the following
equation
2
0:V2 @ S @,V =0 (3.17)

 VaUwe

where V3 = 0% + 82. Here V3 operator is normalized with a. The solution of equation

40 2 Uwe
Vie = —2exp {_cfo (CD - a:)] (3.18)
0

(3.17) is given as

where &, and a, are some constants. The solution of Eq. (3.18) would be

vV SU ct 1
o = a—2wx + ®gln [2 coshx + 2 (1 - —2> COS§:| (3.19)
c a

s 0
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Figure 3-1: A vortex chain type solution obtained by solving equation (3.19) for a uniform
density and dense astrophysical plasma case.

Equation (3.19) gives Kelvin-Stuart "cats eyes" type solution which represents chains

of vortices for a2 > 1 [72, 73]. Here U = [U* + \/(U*)2 +4(U,,)?]/2 represents the

speed of vortex chain. Fig. (3-1) shows a vortex chain type profile in (x,§) plane and
by using parameters of dense astrophysical plasmas for constant density plasma case for
which [42, 43]: ng ~ 10*" cm™3, By = 2 x 10° Gauss, M = U/c, = 0.8, Ry/p; = 1,
a = 0.2 and S; = 0.1. The Fermi temperature of electron is Tr. = 4.32 x 107 °K and
H, = 3.7 x 1075. We found a periodic vortex street type of profile with periodicity in &
variable. A three-dimensional view of vortex streets type profile is shown in Fig. (3-2).

If we ignore the scalar nonlinearity in Eq. (3.16), we obtain

av%—c—?J[@ va (1-7 (%)) ge—0 3.20
EV 1L Uci y s L] U U 3 - ( )

34



0.4

Figure 3-2: 3-D vortex profile obtained by solving equation (3.19) by using the parameters
as used in Fig. (3-1).

Ua
where 1, = (1 - — — ( Uh> ) The general solution of above equation (3.20) would

V20— d = f (cb - U;’x> (3.21)

S

The function f <<I> LY x) =W <<I> LY x) satisfied a linear relation[68], such

A 4
that T is constant. The Eq. (3.21) thus gives us

2
Cs

ViD — & =W (@ _ Y x) (3.22)

Using polar coordinates, the outer (r < Rp) and inner (r > Ry) solution of above equation

(3.22) for a vortex of radius Ry would be

D1 (r,0) = C1 Ky (Y1) cos @ (3.23)
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and

?/J% + wg Uwci
v :

<I>m(7“, (9) = |:02J1 (¢2T) + (
where ¥3 = — (¢ + W), W = —(¢] + 43), and J;(K;) are ordinary (modified) Bessel

r} cos (3.24)

function. Here C'; and Cy are some constants which can be determined by using appro-

priate boundary conditions i.e., the continuity of ®, 9,®, and V3 ® at the circle r = R,

such that
Uw Ry Uwci( 1/1%) Ry
Ci = , Co=—+ | == | =5~ 3.25
L@ KR) T @\ 4y (s R) 329
and 1), from the following expression

K1 (¥, Ro) Wy J1 (2 10)

Equation (3.26) admits a typical dipolar vortex solution [74, 75]. In Fig. (3-3), we have
displayed a contour plot of the solutions given by the Egs. (3.23) and (3.24) by choosing
no = 102ecm™3, a = 0.1,

By = 2 x 10'%? Gauss, S; = 6.0 and U/c, = 0.8. One finds p;, = 4.36 x 1079 cm,
Tr. = 4.32 x 107 °K with H = 3.7 x 1072, If we choose the magnetic field By = 2 x 10°
Gauss and ny = 10?"cm ™3, then the Larmor radius p; = 4.36 x 107% cm with small
value of quantum parameter H = 3.7 x 1075, It is evident that both the vortex street
and dipolar vortices are formed on a very short scalelength, typically of the order of ion
Larmor radius p; (i.e., of the order of 107¢ cm).

Finally, in the case when the scalar nonlinearity is stronger than the vector nonlin-

earity, Eq. (3.16) reduces to

2
Cs

V2P —
EV 1L U

(&2

* 2

which admits monopolar type vortex solutions [75].
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Figure 3-3: Two dimensional contour plot of ® by solving equations (3.23) and (3.24) for
some typical plasma parameters as given in the text.
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3.3 Summary

In this chapter, linear as well as nonlinear propagation of electrostatic ion-acoustic waves
and drift-dissipative quantum magnetoplasma has been investigated in the presence of
sheared ion flows parallel to the ambient magnetic field [43]. It is shown that the ion
sheared flow can drive the quantum ion-acoustic waves unstable. It is found that the
linear ion drift waves are driven by the combined effects of parallel ion sheared flows and
the ion neutral drag provided |S;| k, > k,. The effects of the quantum corrections on
the linear drift waves are also highlighted. On the other hand, upon the interaction of
finite amplitude quantum drift waves and ion acoustic waves, various types of coherent
nonlinear vortex (such as monopolar, dipolar and vortex street) are formed in a colli-
sionless plasma. We found that in the presence of quantum statistical as well as Bohm
potential terms, the scalelength of nonlinear structures are significantly gets modified.
These results are very useful to understand the physics of nonlinear structure formation

in dense astrophysical plasmas.
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Chapter 4

Quantum Ion-Acoustic Vortices in

Electron-Positron-Ion Plasmas

In this chapter, we have presented nonlinear dynamics of low-frequency electrostatic quan-
tum ton-acoustic waves in a nonuniform, dissipative electron-positron-ion plasma with
sheared ion flows. In this model, the ions are treated classical, whereas, the electrons and
positrons dynamics is governed by the QHD model. The parallel sheared ion flow derives
the quantum ion-acoustic waves unstable for |S;| k, > k,. Whereas, stationary solution
of the mode coupling equations in the form of various types of vortex structures in such
a plasma. We found that the the quantum effects in e-p-i plasma significantly modify
the scalelengths of nonlinear structures. The present investigation might have very useful

applications in dense astrophysical environments [53].

4.1 Introduction

Electron-positron (e-p) is believed to exist in the pulsars, in the inner region of the
accertion disks around the central black holes [76, 77] as well as in the intergalactic
jets, in the early universe (at the center of our galaxy), Van Allen belts, solar flares

[78, 79, 80]. the e-p pair plasma can also be produced due to the interaction of intense
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laser-light with solid target surface [81]. Pair plasma can also produced in a laboratory by
the accumulation of positrons from a radio-active source in normal electron-ion plasma
[82] using an electrostatic trap. Although, the electron-positron pair exists in several
astrophysical plasmas such as active galactic nuclei, pulsars magnetosphere as well as in
early universe with a background of small percentage of ions. Due to finite life time of
positrons, both the astrophysical and laboratory plasma becomes a mixture of electrons,
ions and positrons. Such admixture or three component electron-positron-ion (e-p-i)
plasma has been created on laboratory scale and investigated in literature [85]. When
intense short laser pulses passes through an electron-ion plasma, due to pair production
results in e-p-i plasma [84]. Due to large mass difference of ions and electrons, even a
small percentage of ions can excite several low-frequency modes which do not exist in a
normal electron-positron plasma. Therefore, it is very important to study epi-plasma so
as to understand the behavior of laboratory as well as astrophysical plasmas. Lakhina
and Buti [85] have investigated the e-p-i plasma for pulsars magnetosphere case. It is
well known that nonlinear behavior of electron-ion plasma becomes quite different in
the presence of positrons [86]. For instance, Hasegawa et al. [87] have investigated the
positron acceleration to relativistic energies by shock waves in epi-plasma.

The electron-positron plasma behaves very differently in comparison with normal
electron-ion plasma [86, 88]. One of the important feature of electron-positron (e-p)
plasma in comparison with electron-ion plasma is the same mass but equal and opposite
charge of electron—positron plasma. The presence of electron-positron plasma in active
galactic nuclei [89], pulsars magnetosphere [76], in the polar regions of neutron stars [90],
as well as in the intense laser field [91], is well known. It also exists in the early universe
[92] as well as at the centre of our own galaxy [93]. Electron-positron-ion plasma has been
a subject of investigation in quantum plasma. For instance, Ali et al.[50], has investigated
ion-acoustic waves in an unmagnetized e-p-i-quantum plasma in the absence of external
magnetic field. In the said reference, nonlinear Korteweg de Vries type equation was

derived for quantum e-p-i plasma and discuss the relevance of their new findings. Mushtaq
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and Khan [51] have investigated some linear and nonlinear characteristics of ion-acoustic
waves, in quantum e-p-i plasma with transverse perturbations. Masood et al. [52],
investigated the soliton formation in quantum e-p-i plasma and found that it depends
upon Fermi pressure, positron concentration, the magnitude of applied magnetic field, as
well as the propagation angle.

Recently, Haque and Saleem [42] showed the existence of monopolar and dipolar
vortices in homogeneous electron-ion quantum magnetoplasma. This work was further
extended by Masood et al. [43] for nonuniform, quantum collisional magnetoplasma in
the presence of ion shear flows. Linear as well as nonlinear properties of ion-acoustic
waves were investigated. For negative ion shear flow, they found that drift waves drive
the system unstable. They have also showed that the presence of dust introduced a
new large scalelength of the system. It is found that the vortex structure scalelength
become of the order of dust Larmor radius which is of the order of 1075 c¢m instead of
10719 ¢m for magnetic field strength of the order of 10° Gauss for fixed dust charge state
24 = 100 [61]. In this chapter, we shall investigate the coupled quantum drift-ion acoustic
vortex formation in a nonuniform magnetized e-p-i plasma in the presence of parallel ion
sheared flows [53]. In the next section, we shall derive nonlinear set of equations to
describe quantum drift ion-acoustic waves in electron-positron—ion magnetoplasma and
a linear dispersion relation in Sec. 4.2.1. In Sec. 4.2.2, various types of nonlinear
vortex structures shall be presented which are stationary solutions of the nonlinear mode
coupling equations. Specifically, monopolar, dipolar, and vortex street type solutions will
be presented both analytically as well as numerically. Finally, we recapitulate the main

findings of the paper in the summary section.

4.2 Governing Nonlinear Equations

Let us consider nonlinear propagation of low-frequency electrostatic waves in a nonuni-

form electron-positron-ion (e-p-i) plasma in a constant magnetic field By Z, where By is
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the magnitude of applied magnetic field and 2 is a unit vector pointing in the z-direction
[53]. Whereas, the ion sheared flow is maintained by some external sources. We assume
that the equilibrium ion velocity (0vy/0z ), and density gradient (On;o/0x) are in the
x-direction. The phase velocity of the wave is assumed to be vp; < w/k <K Vpe;UF,
(where vp; is the Fermi velocity of the jth— species). The fluid equation for the jth—
species can be written as:

The quantum hydrodynamic model equations for electron and positron can be written

as

2
men; (0; + v, - V)vj = Fen; (E + %vj X BO) — Vp; + Z:ZV (V\/%nj) (4.1)
Here, the electrostatic field can be related with the electric potential ¢ through the
relation E = —V¢. Where n; represents the number density of the jth-species such that
j = e for electrons and p for positrons, m. is the mass of electron and e is the charge of
electrons. Here —(+) sign is used for the electron(positron). Here both the electrons and
positrons are assumed to satisfy one dimensional (1—D) Fermi gas equation of state[68§],

such that

1 MV 4
Pj=73 n2, " (42)
In this case, one can easily relate the Fermi velocity of electron (positron) with the Fermi
temperature TFr;, through the relation %mev%j = kpTr;. Here kp represents the usual
Boltzmann constant.

In this case, the z-component of Eq. (4.1) by considering massless electrons/positrons

gives

2 V2 -
+ed,¢ — i(r)zpj + f 0, VI =0 (4.3)
Ne 2me VT

Here we have ignored the inertia of electrons and positrons for low frequency waves

such that |0;| < w.; and in the limit p;k; — 0 (such that j = e,p). Assuming quantum
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correction to be very small, we have expanded the Fermi pressure and the Bohm potential

terms by using Taylor series[53], and finally obtained the following result

Ne1 e h?
o ¢+ 272
50 QkBTFe 16mekBTF€

V2 (ed) (4.4)

Similarly, by adopting the same procedure, one can easily wrote down the following

expression for the positrons,

TR S T (4.5)

o o, 1602m k3 T3,
where 0, = Tp,/Tr. and ® = e/ (2kpTr.) is the normalized electrostatic potential.

Assuming ions are cold, the equation of motion for the ions can be written as
1
mznl(at + V; V)Vz = en; E + -V; X B() — M;N;VinV;
c
or simply
1
mml(dt -+ I/m)Vi = en; (E + —-v; X Bo) (46)

c

here the differential operator d; is defined as d; = 0y + v;1 - Vi + (vio + vi2) O,.
Again taking the cross product of above equation with By, we finally obtained the

perpendicular component of ion velocity expression in the following form:

Cc . C Cc
Vil X~ EDZ X ngb — Bowci (&5 + Vin + EOZ X VLQS + (Ui() + Uiz) 8Z) VLQS (47)

where the first term on the right hand side (¢/By) 2 X V¢ is the E x B drift. Here,
we have used the drift approximation which is valid for low-frequency waves such that
|0;| < we; (where the ion gyrofrequency is w.; = eBy/m;c).

Poisson’s equation for e-p-i plasma can be written as

V2¢ = —4me(n; +n, — n,) (4.8)
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Using Egs. (4.4) and (4.5), we can write Eq. (4.8) as
ni g - Qe =0 )

Vo (4.9)
140 X

Here, the Fermi wavelength of electrons can be written as: Ap. = \/ kpTre/2mne0e? and
the plasma density in equilibrium is defined by n;y + nyy = neo, with electron Bohm
potential H = \/m (here H. = H, = H). p = njo/ne0, x = 1/p+ (1 — p) /po,
and x; = 1/p+ (1 —p) /pos.

The continuity equation for the ion fluid is given by

ﬁni
ot

Using Egs. (4.7) and (4.9) in Eq. (4.10), we obtain

Dy|® — (Nire = HY)V?® — piVI D] — 3n[® — (A, — H*) VD)

2 2
—% (Oxnio) O, P + %QXVL‘I’ - Vinng + 0.0 =0 (4.11)

where Dy = d; + vin, + (% /wei) 2 X VO - V| + 0;,0,. Here the quantum ion-acoustic
speed is defined as c¢y; = \/2kgTr./m; and the ion Larmor radius by p;.

The parallel component of ion momentum equation (4.6) yields

CQ

Dyv;, = —ci@sz — wi;(é' x V1P V)uy
which on simplification gives
Dyv;, = —c%[0. — S; 9,]® (4.12)
where S; = — (0,vi) /we is the ion shear flow term.
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4.2.1 Linear analysis

In the linear limit, we assume that ¢ and v;, are proportional to exp [i(k,y + k.2 — wt)],
where w and k are the frequency and wavevector, respectively. To derive a local dispersion
relation from Eqgs. (4.11) and (4.12), we neglect the nonlinear terms and after Fourier

transformation, we get

(w/ + z',/m>2 k2 p? + (wl + z'ul-n) [wix + (M5, — HY)E? + W] — k2% ( — %Sl> =0
T 413)
where w' = w — kuvyg is the Doppler shifted frequency and w* = — (¢ /we) dy (Inngg)
is the drift-frequency. This is the coupled drift-dissipative and ion-acoustic mode in
the presence of sheared ion-flow (S;-term) in electron-positron-ion magnetoplasma. For

collisionless plasma and uniform density plasma, Eq. (4.13) becomes

: 1 — k,S;/k. 12
w = k,cg ( 5 by i/ K ) (4.14)
X + (N — H?)K? + k3 p}

For k,S; > k., the modified ion-acoustic waves for dense plasma becomes unstable. The
above expression (4.14) also shows that the presence of positron concentration modify
the dispersion relation.

For collisional plasma case, equation (4.13) yields an oscillatory instability for ’w' ’ <<

Vin. If we let w = w* +i7y, we get [53]

vkt K (L= kySi/k)

z

T TNF S )R vy + (A3, — H2)R?]

(4.15)

The above expression (4.15) shows that scalelengths of the system gets modified for
quantum plasmas. On the other hand, the wave gets damped for S; = 0 case. The ion
drift waves become unstable for |S;| k, > k, case. It is evident from the above expression
(4.15), that ion sheared flow and ion-neutral collisions derive the ion-drift waves unstable
for |S;| ky, > k.. The growth/damping rate of ion-drift waves gets modified in the presence

of positron concentration for epi-plasma case.
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4.2.2 Nonlinear solutions

In the previous section, we have found that the velocity gradient and collisions can
destabilize the e-p-i plasma. As we did in the previous chapter, in order to find the
localized vortex type solutions, we transform the modeled equations by defining a co-
moving frame with the vortex £ = y + az — ut, where u is some constant speed of that
frame, by ignoring the dissipative term, Eq. (4.12) in the said new frame is satisfied by
the following relation [53],

Dyvi, = —c2, (. — S;) 0:®

where Dy = 0 — (¢, /Uwe;) (0,0 — 0:P0,,) is a differential operator and U = u — awo,

such that u # av;. The possible solution of above equation gives

2
%(a — S)®3.16 (4.16)

Viz =

Using Eq. (4.16) in Eq. (4.11), we obtain

2.\ /a, U* ac2»\/a_8
0D + —2— (0, xni0) POD — \Ja,—0:P — —= — S;)0:®
VasO:® + oulxn (Gaxnio) POP — /a5 O e (o = S;) O
2,
LGV 518 0 V2 0] - \/a0VED = 0

wciU

or

U (Ua\’ 1
(1 - — ( Uh) ) 0:® + J[®,a,V2 ] + N (0 Inni) POD — O VI =0 (4.17)
The coordinates £ and z are normalized by /a; and cZ/Uw, respectively. U* =
—(1/x)d; (Inny) is the normalized drift velocity, Ug, = /a(a — S;)/x¢Csi, as = (x\%e
—H? + p2)/x, V3 = 0%/0x% + 9%/0&* and the Jacobian is defined as J[f, g] = 0, f0:g—
Ot fO,g. If we ignore the scalar nonlinearity (that involves ®0®) and set (1 — U*/U —
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(Ugn/U)?) = 0, then we obtain the following expression
O:Vi® — J[®,Vid] =0 (4.18)

where V3 = 02 + 8?. It may be noted here that V2 operator has been normalized with

a?. The solution of above equation (4.18) is given by

49 2
V2o = —Fexp [—— (® — x)] (4.19)
) q)oo
Here &y, and ry represent some constants. The solution of above equation can be written

as

1
O =1+ Py In [2 coshx + 2 (1 — —2> Cos S] (4.20)
7o

For 72 > 1 Eq. (4.20) yields the standard Kelvin-Stuart "cats eyes" type solution which

represents a typical vortex chains type solution [72, 73]. In this case the speed of vortex

chain would be U, = [U* + \/(U*)2 +4 (Ush)2}/2. By choosing some typical parameters
of dense astrophysical e-p-i plasmas, and plotted ® in (z, £) plane and obtained Fig. (4-1)
exhibiting vortex chain type profile [52, 53]: n., =1 x 10® cm™2, nyo = 0.8 X 10%® cm ™2,
nio = 2 x 10?2 cm ™3, and the magnetic field By = 5 x 10° Gauss, Mach number M =
Uy/csi = 0.8, @ = 0.2 and ion sheared flow parameter S = 0.1. Here the electron and
positron Fermi temperatures are given by Tr. = 1.96 x 108K and T Fp = 1.69 x 103K
with H = 1.99 x 1072, Ap, = 1.37 x 10~ %cm, U* = 1.79 x 10® cm/sec, Uy, = 8.49 x 10°
cm/sec, ¢, = 1.8 x 10® cm/sec and p; = 3.76 x 107% cm. It shows a periodic vortex street
with the periodicity in £. Fig. (4-2) shows how the vortex streets manifest themselves in
a 3—D plot which is an other way to visualize vortex structure.

If we drop the scalar nonlinearity in Eq. (4.17), we get

* 2
OeVA D — J[®,a,V2 | — (1 U <U5h> ) 0 = (4.21)
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Figure 4-1: Plot of vortex chains profile obtained from Eq. (4.20) for some dense astro-
physical parameters in e-p-i plasmas.

Figure 4-2: 3-D vortex profile obtained by solving equation (4.20) for the parameters
used in Fig. (4-1).
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where 1, = (1 U (%h

2
i ) ) . The general solution of above equation can be written

as

Vido -, ® = f(P— 1) (4.22)

The function f(® —x) = W (® — z) is assumed to behave linearly [74], where W is a
constant. The Eq. (4.22) thus gives us

Vi — & =W (& — 1) (4.23)

Using polar coordinates, one can transform in (7,6) coordinates and write the outer

(r < Rp) and inner (r > Ry) solutions in the following way (where Ry is the size of

vortex):
Dy (r,0) = C1 K1 (1y7) cos (4.24)
and ) ,
(1, 0) = [Cng (1) + (%;'21/12) r} cos 6 (4.25)
2

where V3 = — (3 + W), W = —(¢] +¢3), and K,(J;) are the usual modified (ordinary)
Bessel functions of order one. Here €'} and (5 constants can be calculated by using the

continuity of ®, 9,®, and V2 & at the boundary of the vortex r = Ry such that

R B _¢_§> Ry
CI‘KlwlRo)’CZ_( 2) Th(unho) (4.26)

and 1), from the following nonlinear solution

Ko(yRo) ¢y Ja(1hyRo)

Ki(¥yRo)  wy Ji(¥yRo) (4.27)

Egs. (4.24) and (4.25) represents a dipolar vortex type solution [75]. We have plotted the
solutions (4.24) and (4.25) in Fig. (4-3) by taking the same parameter as described earlier.

It can be seen that like the vortex street solutions, the nonlinear dipolar structures are
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Figure 4-3: Two dimensional view of ® obtained by solving equations (4.24) and (4.25)
for the same plasma parameters as taken in Fig. (4-1).

also formed on a very short scalelength i.e., of the order of ion Larmor radius p; (i.e., of
the order of 107 cm).
Finally, in the case when the scalar nonlinearity is stronger than the vector nonlin-

earity, Eq. (4.17) reduces to

AVAR B

* 2
- (Dxni0) PO® — (1 - % - (Z]’l> ) 8:® =0 (4.28)

which admits monopolar vortex like solutions [75].

4.3 Summary

In this chapter, linear and nonlinear propagation of ion-acoustic and drift dissipative
mode in e-p-i quantum magnetoplasma has been investigated [53] in the presence of ion

sheared flow. We found that the sheared ion flow can drive the quantum ion-acoustic wave
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unstable. It is found that the linear ion drift waves are driven by the combined effects
of parallel ion sheared flows and the ion neutral drag provided |S;| k, > k,. The effects
of the quantum corrections and the positron concentration on the linear ion-drift waves
are also highlighted. Stationary solutions of the nonlinear equations that govern the
dynamics of quantum ion-acoustic waves are also obtained. It is found that electrostatic
monopolar, dipolar, and vortex street type solutions can appear in such a plasma. It is
observed that the inclusion of the quantum statistical and Bohm potential terms as well
as the positron concentration significantly modify the scalelengths of these structures.
The present investigation may have relevance in the dense astrophysical plasmas where

the quantum effects are pronounced.
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Chapter 5

Dust-Acoustic Vortices and
Shukla-Varma Mode in Quantum

Plasma

In this chapter, we first present a brief introduction to dusty plasma and its applica-
tions. Some novel fundamental modes in a collisionless, uniform dusty plasma are also
reviewed. We have investigated linear and nonlinear properties of dust-acoustic waves in
a nonuniform, dense dissipative quantum plasma (composed of electrons, ions, and ex-
tremely massive negatively charged dust particles) in the presence of parallel dust sheared
flow, by employing quantum hydrodynamic model (QHD). It is shown that parallel dust-
shear flow drive the quantum dust-acoustic mode unstable. Stationary solutions of the
nonlinear mode coupling equations that govern the dynamics of quantum dust-acoustic
waves are also presented. It is shown that various types of electrostatic vortex structures
can be formed. The coupled Shukla-Varma (SV) and convective cell mode is rederived
in classical and quantum dusty magnetoplasma case. We found that the said mode is
significantly modified for quantum dusty plasma case. Interesting limiting cases are also
discussed. The relevance of our new findings with regard to the dense astrophysical envi-

ronments is also pointed out.
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5.1 Introduction to Dusty Plasma

A dusty plasma is normal electron-ion plasma with micron or sub-micron size dust grains.
The dust-grains are either negatively or positively charged depending on their surround-
ing plasma environment. "An admizture of such charged dust grains, electrons, ions and
neutral particles form a dusty plasma".

Dusty plasmas are low-temperature fully or partially ionized electrically conducting
gases. In the absence of external forces, the dusty plasma satisfies the charge neutrality
condition in equilibrium i.e., ¢;no = en. — ganqo, where g; is the charge and njy rep-
resents number density of the jth species(j = i for ions, e for electrons and d for the
dust grains). The typical sizes of dust-particles ranges from 10 nm to pm and typical
charge on the dust-grains qq ~ (10® — 10°) e, where e represents the charge of electron.
Figure (5-1) is a typical example of Carbon grains grown in an experiment performed by
Praburam and Goree [94] at temperatures of the order of 300-600 °K. The shape dust
grains resembles with cauliflowers. It is well known that most of space plasmas such as
interstellar molecular clouds, asteroid zones, planetary rings, nebulae, cometary tail and
earth’s environment, the presence of dust is well established [95, 96, 97, 98]. Typically,
the dust grains in interstellar and circumstellar clouds are in the form of ice or silicates
and metallic type such as graphite, magnetite or in the form of amorphous carbon type.
Whereas, in the interplanetary medium, the existence of dust particles is also well known
from the zodiacal light. The zodiacal light is due the presence of dust particles in the
solar system. The dust particles are also produced to mutual collisions of asteroids in
the asteroid belt. The interplanetary dust which is usually rich in carbon id often very
fragile and fluffy. It is well established that most of the rings of outer giant planets are
composed of various types of dust grains. It plays very fundamental role in the forma-
tion of planetary rings (such as Jupiter, Saturn, Uranus and Neptune), comet tails and
nebulas. In our earth’s atmosphere, the dust is produced due to man made pollution
such as due to rocket and space shuttle exhausts. Recently, with the help of direct rocket

probe measurements, the presence of both negatively and positively charged dust grains
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Figure 5-1: Carbon grains grown in a plasma having size of the order of 10nm to 1um
[94].

in the polar mesopause has been reported [99], where the polar mesosphere is located at
altitudes from 80 to 93 km. There are several industrial applications of dusty plasma,
such as in microelectronics , carbon nanotubes, the growth of Carbon to form a pure
diamond structure [100] and in thermonuclear fusion plasmas [56]. In fusion devices,
the dust particles are produced due to the sputtering of tokamak wall material which
is composed of beryllium and carbon tiles. The presence of small fraction of dust play
significant role to understand the transport process in tokamak plasma [101]. The dusty
plasma support several new types of modes and instabilities in a uniform/nonuniform
magnetized plasma.

One of the most fundamental mode in dusty plasma is the excitation of dust-acoustic
wave (DAW) which was discovered by Shukla in (1989). Later Rao et al.[44], presented
theory of linear and nonlinear dust-acoustic-waves (DAWSs) by taking into account the
dust-particle dynamics and Boltzmann distributed electrons and ions. The theoretical
prediction of Rao et al. [44], was confirmed experimentally by Barkan et al. [46]. Later,
dust-ion-acoustic-wave (DIAW) was theoretically predicted by Shukla and Silin [45] in
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(1992) by considering electrons inertialess and follow Boltzmann type of distribution,
whereas the ions were treated inertial and stationary extremely massive dust grains. The
restoring force in dust-ion-acoustic-wave comes from the electron pressure, whereas, the
ion mass provides the inertia. The effect of dust comes through the charge neutrality
condition in equilibrium. For |w| > v;, and k?\3,, < 1, the DIAW satisfies a linear dis-
persion relation of type w = k\/mCsd, where w is the perturbation wave frequency,
k is the magnitude of the wavevector, v, is the effective ion collision frequency with dust
or with neutrals and Cy; = \/m is the dust ion-acoustic speed. Later, Barkan et
al. [102], performed an experiment on dusty plasma and measured the phase speed of the
wave which was found to be in good agreement with the theoretical predictions of Shukla
and Silin [45]. The Coulomb crystal formation via the charged dust grains interaction was
theoretically predicted by Ikezi [57] by considering Yukawa type repulsive force, when the
Coulomb coupling parameter exceeds 170. Chu and I [58] experimentally verified the the-
oretical prediction of dust plasma crystal (DPC) which is in the form of regular ordered
structure i.e., body centered and face centered cubic dust crystal structures. There exist
dust lattice waves (DLW) in strongly coupled dusty plasma [103]. It is well established
that dusty plasma supports various types of nonlinear structures such as dust-acoustic
[104] and dust ion-acoustic [105] shock waves. As we have discussed earlier that in Ref.
[40], Haque and Saleem found the possibility of various types of vortex structure forma-
tion in a nonuniform, dense quantum, highly magnetized electron-ion plasma. In this
chapter, we shall study the quantum drift-dust acoustic vortices in inhomogeneous dusty
plasma with dust sheared flow. In this case, various types of vortex are shown to exist.
It is also found that in the presence dust, with quantum statistical and Bohm potential
terms, the scale length of nonlinear vortical structures are significantly modified. These
results are useful to explain nonlinear vortex structure formation in dense astrophysical

environments [62].
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5.1.1 A simple derivation of dust-acoustic mode

As discussed in the introduction section, that the novel dust-acoustic waves was predicted
by Rao, Shukla and Yu [44], by taking into account the dust dynamics and assuming both
the electrons and ions follow Boltzmann type of distribution, such that the perturbed

number density of electrons and ions can be written as

e

Ne1 = Neo ]fBTe (51)
and
e
N1 —nio—k;% (5.2)

Whereas, the perturbed number density of dust can be calculated by using the dust-

continuity and dust equation of motion, such that

Oar | V- V=0 (5.3)
ot
and
IV
"t _ 7 4
myq ot e Vo (5.4)

where my is the mass of dust, —Ze is some constant charge on the dust grain surface,
ng1 and V, are the perturbed number density of the dust and the dust fluid velocity,
respectively, and ¢ is the electrostatic wave potential. To close the system of equations,

we may use the Poisson’s equation
V3¢ = —4me (i — Ne1 — Znay) (5.5)

To derive a local dispersion relation, we assume that all the perturbed quantities are

varying as exp|—i (wt — k - r)], where w and k are the angular frequency of the wave and
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the wavevector, respectively, Egs. (5.1) to (5.5) yield the following result

222 17
De ] (5.6)

2: 2]{:2 2 1
w BO Csd|: +(1+775)

which is the desired dispersion relation for the dust-acoustic waves. Here, 0 = n;g/neo,
Ape = VkpT/dmneoe?, g = Z(6—1) /(L +nd), n = T./T;, and Cu = /kpT./ma
is the dust-acoustic speed. Here, we have also used the charge neutrality condition in
equilibrium i.e., n;g = neo + Zngo. It may be noted here that for the dust acoustic waves,
the electron and ion pressure provides the restoring force, whereas, the inertia comes from
the dust mass. Since the mass of dust is extremely large as compared to the electron and
ion mass, therefore, the dust-acoustic wave frequency would be very small as compared

to the dust plasma frequency.

5.1.2 Dust ion-acoustic mode

In the previous subsection, we have derived a linear dispersion relation for dust-acoustic
waves by assuming that both the electrons and ions are inertialess and thus follow Boltz-
mann type of distribution in the dust-acoustic wave potential ¢. Shukla and Silin [45]
predicted the dust-ion-acoustic waves in dusty plasma. They have assumed that the
phase velocity of the said wave is much smaller than the electron thermal speed and
larger than the ion and dust thermal speeds, such that the electrons are assumed to
be inertialess and follow Boltzmann distribution. Whereas, ions are dynamic and the
perturbed number density of the ions and ion fluid velocity can be obtained from the
following ion continuity equation, such that

8ni1

ot
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and the ion equation of motion

= ~3
ot c VQS L0

m;

where the ion fluid velocity is V;. Taking partial time derivative of Eq. (5.7) and
using Egs. (5.8) and (5.5), after Fourier transforming, we obtain the following dispersion

relation
2 2
1 Wy + Wy,

1
" k2)\3,. w?

—0 (5.9)

In the derivation of Eq. (5.8), we taken stationary dust such that ng = 0 and
also assumed w/k > Vj;; Vig, where Vj; (Viq) is the thermal velocity of the ions (dust).
Since the dust mass is very large as compared to the ion mass, therefore, the ion plasma
frequency would be larger than the dust plasma frequency. Consequently, Eq. (5.9) can
be rewritten as

2 k2C2

= 75 1
v (14 k223,) (5.10)

where Cs = \/(ni0/ne0)cs, and ¢ = /kgT./m; is the usual ion-acoustic speed. For

perturbation wavelength larger than the electron Debye length, Eq. (5.10) yield the

following dispersion relation of dust-ion-acoustic waves

w=k (”“) kol (5.11)

Neo m;

Since in duty plasma, with negatively charged dust grains, the ion number density is
much larger than the electron number density, therefore, the phase velocity of dust-ion-
acoustic wave would be always larger than the ion acoustic speed. Like the dust-acoustic
waves, the dust-ion-acoustic waves has also been detected experimentally [46, 48] with a
typical frequency of kHz range.

So far, we have discussed a simple derivation of dust-acoustic and dust-ion-acoustic
waves in a classical plasma. In the next section, we shall present linear and nonlinear

study of dust-acoustic mode in dense quantum plasma using QHD model.

58



5.2 Nonlinear Model for Quantum Dust-Acoustic Waves

We consider a dusty plasma which consists of electrons, ions and negatively charged dust
grains. We assume that the dust charge state z4 is fixed and the plasma is inhomogeneous
and the applied magnetic field is uniform such that B = ByZ, where By is the strength
of external magnetic field and 2 is a unit vector along the z-axis. We also assume that
in equilibrium, there is a streaming flow of the dust given by v4(x) Z, having velocity
gradient as well as dust density gradient (Ongo/0x) along the x-axis. We further assume
that both the streaming flow of the dust as well as density gradients are maintained
by some external sources. For low-frequency quantum dust-acoustic type modes, we
assume that the phase velocity of the wave is vpy < w/k < vp;;vpe (Where vp; is the
Fermi velocity of the jth-species, such that j = e,7,and d for electron, ion and dust,
respectively). Using the quantum hydrodynamic (QHD) model, and following the same
procedure as described in Sec. 3.2, the parallel component of inertialess electron equation

of motion with quantum corrections, yield the following result

Ne1 e h?
= o+
16mk%TE,

- 2 12
I Vi(eg) (5.12)

For inertialess ions, the parallel component of equation of motion yield the following

result
M1 1 €

ta & (5.13)

nio 0 2kpTre

where 0; = Tp;/Tr.. It may be noted here that we have ignored the Bohm potential term
for the ions, since the mass of ion would appear in the denominator and would make this
term very small in the comparison with the electron term. Furthermore, we are treating
the dust as a classical fluid.

The equation of motion for a collisional cold dust can be written as

1
mdnd(dt +Van + Vg - V)Vd = —ezqNyg (E + EVd X Bo) (514)
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where d; = 0; + v400, and E = —V ¢ for electrostatic case.
Under the drift-approximation, which is valid for low-frequency waves such that |0;| <
Wed (Weg = (e24Bo/mgc) is the dust gyrofrequency), the perpendicular component of dust

fluid velocity can be expressed as

c . c c .
VgL = gz xVi¢p+ B (dt + Van + gz XVip+ Udzaz) V¢ (5.15)

0 0Wed 0

where (¢/By) 2xV | ¢ term represents the usual electric field drift and the second term
is the polarization drift.

For dusty plasma, the Poisson’s equation can be written as
V2 = —4me(n; — ne — zana) (5.16)

Using Eqgs. (5.12) and (5.13), the above equation yields,

2 2
Ndr _ Y {_q) + (M) VQQD)] (5.17)
Ndo X

where the electrostatic potential ¢ has been normalized and defined as ® = e¢/ (2kpTF.),
x=(1/oi+p)/(1=p), x1 = p/(1—p), and p = neo/nj0. Here , Apq = \/kpTre/2mz4nq40€>

is the Fermi wavelength in dusty plasma, and n;y = n.g + zqnqo is the charge neutrality

condition in equilibrium, and H = /h?/8m kT, is the electron Bohm potential.

The continuity equation for the dust can be written as

From Egs. (5.15), (5.17) and (5.18), we get

Apq + 03— x1 H? Mg — X1 H?
D¢|:_(I)+<Fd+pd X1 >V2<I>]—Vdn[—@+(pd X1 >V2<I>]

X X
2, . 1
+—=% (0, In (xngo)) PO,P + —2 x V,®-Vinng + —0,v4. =0 (5.19)
Wed Wed X X
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where Dy = d; 4+ v + (y/wea) 2 X VOV | 4 04,0, csa = \/2kpTre/mq is the quantum
dust-acoustic speed, w.q is the dust gyro-frequency, and p, is the Larmor radius of the
dust.

The equation of motion of dust along the z-axis can be written as

2
Dyvg, = —20.® — (2 x V.® - Vv

Wei

or

Dyva, = [0, + Sq 0,]® (5.20)

where Sy = (0,v40) /weq is the shear in the parallel velocity component.

5.2.1 Dispersion relation

To derive linear dispersion relation from Egs. (5.19) and (5.20), we neglect the nonlinear
terms and assume that all the perturbed quantities are proportional to exp [i (k,y + k.2 — wt)],

we get

! 2 i k:
(cu + wdn) k2 o2 + (w + iudn) [w(l + (N — HOR? — o] — k2, ( - k_ysd) ~0
(5.21)
where w' is the Doppler shifted frequency and w* = — (2 /weq) dp (Inny) is the drift-

frequency. For collisionless plasma, the above dispersion relation yields

, 1—k,Sy/k. 1/2
w :kzcsd(l - de/z - 2) (5.22)
+ (A2, — HA)k2 + k2 2

It is evident from the above expression that the quantum dust acoustic mode becomes
unstable for k,S; > k..

Equation (5.21) predicts an oscillatory drift-dust wave instability for w' << vg4,. By
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letting w = w* + iy, we get

k
(155
2 2Csd d
Vdnkj_pd . kz (523)

TR, ER T 1+ (0, - HY)R?

Eq. (5.23) shows that the quantum corrections modify the scalelengths of the system.
Note that in the absence of parallel dust shear velocity, the wave is damped, however,
the dust-drift-dissipative instability gives growth provided that |Sy| k, > k.. Therefore,
it follows from Eq. (5.23) that dust-drift waves can be driven by the combined effects of
dust-sheared flow and the dust-neutral drag provided |Sy| k, > k..

5.2.2 Nonlinear analysis

To illustrate how vortex structures can be formed in a dense quantum dusty plasma, we
consider a collisionless highly magnetized plasma. To find localized vortex type solution,
we may define new coordinate ¢ such that £ = y+az—ut, where u is the vortex speed and
« is some constant. Notice that we are assuming |vg - V| > |04.0,|, where vg = (¢/By)
zZ x V,¢. Equation (5.21) in the transformed frame can be expressed in the following

manner

D¢Udz = —C?d[aag + Sd(‘?g](I)

where Dy = 0 — (¢2,/Uweq) (0,90 — 9 P0,) is a differential operator and U = u — avgy.

The possible solution of above equation gives

2
C—[“’Jd(a +5y)® (5.24)

Vdz = —

Using Egs. (5.19) and (5.24), we get

2
. d
Va0e® + —V " s (DeXa0) PO — Coy/0s 240 e

WeaU X Mo Wedl Xao
Oécg s Cg \/CL—S
_ —xcéf? (a+ S)0c® + 202 (80,91 8] = Va0, V1@ = 0
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or

(1-U*—-U2) 0@+ J[®, V7] + (OXNa0) PO® — 0: V3 ® =0 (5.25)

XTdo

The coordinates ¢ and x are normalized by /a, and ¢2,/Uw. respectively. U* =
—d, (Inng) /x is the normalized drift velocity and Uy, = (ac?;/xU?) (o + S;). Here
Usp, is related to the dust shear flow, and a, = ()\%e — H*+ p3) /x. If we ignore the
scalar nonlinearity (i.e., ®9:®) and set (1 — U* — U2,) = 0, then we obtain the following
equation

OViD — J[®, V3P =0 5.26
3

where V3 = 02 + 9Z. Here again, we have normalized V3 operator with a2. Eq. (5.26)

4P 2 vV sU ct
V3o = —20exp {_(}T (<I> — ﬁx)]
a

2
0 0 Cs

is satisfied by

Here @4 and ag are some constants. Above equation is satisfied by the following solution

vV sU ct 1
o = %x + @y ln [2 coshx + 2 (1 - ﬁ) cos 5} (5.27)
s 0

For R2 > 1 the vortex profile given by Eq. (5.27) resembles the Kelvin-Stuart "cats eyes"
that are chains of vortices [73]|, where Ry represents the vortex size. The vortex chain

speed is Uy = [U* + \/(U*)2 +4(Uy)?]/2. We have plotted Eq. (5.27) (z,&) plane by

choosing some typical dense astrophysical plasma parameters for homogeneous plasma
case [42]: ng ~ 10" cm~3 and the magnetic field By = 2 x 10° Gauss, M = U/c,q = 0.8,
Ro/ps = 1, a = 0.2 and dust sheared flow parameter S; = 0.1. The electron Fermi
temperature is Tr. = 4.32 x 107 °K and H = 3.7 x 1072, It shows a periodic vortex street

with the periodicity in &.
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Figure 5-2: A vortex chain profile is plotted by solving equation (5.27) for dense astro-
physical plasma parameters.

If we ignore the scalar and vector nonlinearities in Eq. (5.25), we obtain

Us (Uas\?
HVIe—[1——— (2 9e® =0 5.28
v ( () ) : (5.29
U (Us\® o . .

where 1, = | 1 — T\ . The above equation is satisfied with the following

expression
Uwci
Vi -y, d=f ((I) > a;> (5.29)

U () U () . .
The function f <<I> — C; x) =W <CI> — c; a:) is assumed to follow linearly the
Csd Csd

Larchieve Reznik technique, where W is a constant. The Eq. (5.29) thus gives us

2

V2P & =W (cp - Ucwg:) (5.30)
sd
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This equation was transformed in plane polar coordinates for the outer (r < Ry) as well
as for the inner (r > Ry) regions by defining a circle of radius Ry . The general solutions

for the said two regions are written in the following way

D, (r,0) = CL K (Y1) cos (5.31)

and

w% + 1/% Uwci
¥3 c

D (1, 0) = [O2J1 (thor) + (
where 15 = — (3 + W), W = —(¢7 + ¢3). Here again K,(J;) represents the mod-

r} cos 6 (5.32)

ified(ordinary) Bessel functions of the first kind. The two constants C; and C, are
calculated by using the continuity of ®, 9,®, and V2 ® at r = Ry,

Uwei Ry Uwei ( 1/1%) Ry
Ci = , Oo=—5— | ——=5 | 5~ 5.33
T Ry e i) R 559
and 1), from the following nonlinear solution
K2(¢1R0) _ _wl J2<w2R0) (534)

Ki(01Ry) g Ji(¥5Ro)

In Fig. (5-3), we have plotted the solutions (5.31) and (5.32) in the form of a dipolar
vortex [75] for various plasma parameters: n;, = 1.43 x 10*cm ™3, ngy = 0.43 x 10*2cm ™3,
za = 103, By = 10" Gauss, a = 0.2, and U, /csq = 0.8. We find that p,, = 4.518 x 10~1°
cm, Tr. = 1.133 x 107 °K and the normalized quantum parameter H = 3.123 x 10710
and shear flow parameter S; = 0.1. It can be seen that like the vortex street solutions,
the nonlinear dipolar structures are also formed on a very short scalelength i.e., of the
order of dust Larmor radius p,,.

Finally, in the case when the scalar nonlinearity is stronger than the vector nonlin-
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Figure 5-3: Two dimensional contour plot of ® obtained by solving equations (5.31) and
(5.32) for the same parameters as given in the text.
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earity, Eq. (5.25) reduces to

AVAR RS

X"do

5.2.3 Summary

In this chapter, we have investigated [61] the linear and nonlinear propagation charac-
teristics of quantum dust-acoustic waves (QDAW) in an inhomogeneous and dissipative
dense magnetoplasma with sheared dust flows parallel to the ambient magnetic field. It
is found that the linear drift dissipative waves can drive the system unstable provided
the gradient of the shear flow is negative. The effects of the quantum corrections on the
linear drift waves are also highlighted. It is observed that the inclusion of dust enhances
the scale length of the system over which the wave propagates. Stationary solutions of
the nonlinear equations that governs the dynamics of quantum dust-acoustic waves are
also obtained. It is found that electrostatic monopolar, dipolar and vortex street type
solutions can appear in such a plasma. It is observed that the quantum statistical and
Bohm potential terms significantly modify the scale lengths of these structures. The
present investigation may be beneficial to understand the dense astrophysical plasmas
where the quantum effects are expected to play a vital role. Finally, we would like to
mention that although a lot of work has been done on electromagnetic vortices in the
classical domain. However, the area is still unexplored in quantum plasmas. The future

investigations should incorporate the electromagnetic effects in nonuniform plasmas.

67



5.3 Shukla-Varma and Convective Cell Mode in Quan-
tum Dusty Plasma

The coupled Shukla-Varma (SV) and convective cell mode is revisited in classical and
quantum dusty magnetoplasmas. It is shown that the inclusion of electron thermal effects
modifies the original coupled SV and convective cell modes. It is also discussed how the

quantum effects can be incorporated in the coupled SV and convective cell modes.

5.3.1 Introduction

During the last two decades, there has been a considerable interest in the plasma physi-
cists community to understand new features of dusty plasmas [97, 98, 99]. Dusty plasma
is ubiquitous in nature and its constituents are electrons, ions and micron or submi-
cron sized highly charged dust grains. The dust particles can be negatively or positively
charged depending upon the background plasma conditions. Since the presence of addi-
tional dust component enhances the complexity of the plasma, therefore, very often in
the literature it is also referred as complex plasma. The applications of dusty plasma
ranges from astrophysical to laboratory plasmas [44, 75]. Since the typical mass of dust
grains is of the order of (10 — 10®) m,, where m,, is the mass of proton, consequently, it
introduces new scale lengths which are not so common in traditional electron-ion plasma.

As discussed in Sec. (5.1), that there are two well known two normal modes in
a weakly coupled dusty plasma, namely the dust-acoustic (DA) and dust-ion-acoustic
(DIA) modes, in unmagnetized plasma. These two novel modes were predicted by Rao,
Shukla and Yu [44], and Shukla and Silin [45] theoretically. In the normal dust-acoustic
mode, the inertialess Boltzmann distributed electrons and ions provide the restoring
force, whereas, massive dust provides the inertia. In the case of dust-ion-acoustic mode,
the phase velocity of DIA mode is assumed to be larger than the thermal velocity of dust
and ion. In this case, the inertia come from the massive dust and ions and the electron

pressure provide restoring force. In the dust ion acoustic mode, the dust is taken to be
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immobile. Both the dust-acoustic and dust-ion-acoustic modes have been experimentally
detected [46, 47, 48]. For instance, in the cosmic plasma and in the earth’s mesosphere,
ultra-low-frequency dust ion acoustic wave propagate. In the Saturn’s F-region, very
low-frequency DIAW’s noise can also be produced [45].

Dust-contaminated magnetoplasmas are generally believed to be inhomogeneous and
capable to excite several new types of drift-waves. As discussed earlier, quantum plasma
has gained interest during the last few years due to its applications in a wide variety of
physical situations in complex plasmas [61]: such as in dense astrophysical environments
[3], in microelectronic devices [1], in laser-plasma experiments [5], in quantum optics
[35, 108], etc. At very low-temperatures of plasma, the de-Broglie wavelength of the
plasma particles becomes comparable to the interparticle spacing or simply when the
plasma temperature becomes comparable or less than the Fermi temperature, the plasma
behaves like a highly degenerate Fermi gas and quantum mechanical effects starts playing
role.

For quantum plasmas, the Schrodinger-Poisson, Wigner-Poisson, and Dirac-Maxwell
models are most widely used models to study quantum plasmas. The said quantum
models are very similar to fluid and kinetic models of the classical plasmas. To model
quantum plasmas, the quantum hydrodynamic (QHD) model is widely used. The QHD
model is different from the classical model due to an additional term which is known as
the “Bohm potential” term. In accordance with the Bohr correspondence principle, all
the classical results should be recovered in the limit A — 0.

In the next section, we shall rederive the coupled Shukla-Varma (SV) and convective
cell mode in a classical and quantum dusty plasma with electron thermal effects. Some
interesting limiting cases are also discussed. We have also shown how the Shukla-Varma
and convective cell mode is modified in quantum plasma. effects can be incorporated in

the coupled Shukla-Varma and convective cell mode.
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5.3.2 Shukla-Varma and convective cell mode: classical case

To derive coupled Shukla-Varma and convective cell mode in the presence of electron
pressure. Let us consider an inhomogeneous dusty magnetoplasma with fixed dust. We
assume that in equilibrium the density gradients of electrons, ions and dust are in the
x direction. To obtain a linear dispersion relation for the low-frequency (by comparison
with the ion gyrofrequency, w.; (= eBy/m;c), long-wavelength (by comparison with the
ion-gyroradius, r1) electrostatic SV and convective cell mode, we assume that the external
magnetic field is uniform and pointing along the z-axis and the wave is propagating in

the x-y plane. The charge neutrality condition for equilibrium can be written as
Njg = Neo + ZdNdo, (5.36)

where njq is the equilibrium number density of the jth-species ( j = ¢ for ions, e for
electrons, and d for the dust species) and z, is fixed charged state of negatively charged

dust. The equation of motion for the ions is,
1
mznl(at +v;- V)Vz = en; <E + —-v; X B0> , (537)
c

where v; is the ion fluid velocity, m; is the mass of ion, n; is the number density of ion
and e is the magnitude of the electron charge. For electrostatic perturbations, we have
E = —V¢, where ¢ is the electrostatic potential and By is the ambient magnetic field.
The perpendicular component of ion fluid velocity under drift-approximation from Eq.

(5.37) can be written as

C . C Cc .
Vil = EZXVJ_QS - Bowm' (8,5 + goz X VJ_QS -V + ’Ulzaz> VJ_qb, (538)
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Here on the right hand side, the first term is E x B drift and the second one is the

polarization drift. The parallel equation of motion of ions is

8%2 (& 8(}5
= ——— 5.39
ot m; 0z ( )
The equation of motion for the hot electrons is given by
1
Mene(0; + Ve - V)V, = —en, <E + —v, X BO) — kgT.Vn., (5.40)
c

where m, is the mass of electron, n. is the electron number density, and v, is the electron

fluid velocity. The perpendicular component of electron velocity from Eq. (5.40) yields

Vol R — 5% V.6, (5.41)
By

where the electron polarization drift and diamagnetic drift have been ignored in the above

expression, for simplicity. The z-component of electron fluid velocity is given by

avez . e 8@5 I{IBT’6 6715

= ——— : 42
ot me 0z mene 0z (5:42)
The continuity equation of electron is given by
Ine
; LV (neve) =0, (5.43)
Using Eq. (5.41) the above equation (5.43) becomes
ane c avez
8151 + EZ X qu . Vneo -+ neog =0. (544)
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The ion continuity equation using drift-approximation for the ions given by Eq. (5.38),

we get

87%1 2 aviz o
ot EOZXV¢ ano—Bo e (6,: + goz X V¢ V + Viz z) Vqu—i—niOE =0. (545)

Subtracting Eqgs. (5.45) from (5.44), after using the quasi-neutrality condition (n; =
ne1), and ignoring the parallel ion dynamics, we have
V3¢  w?dnc, pBowe; OVes

ot 2 BO xV(qdndo) V¢+ c 92 :0, (546)

where wy; = \/m is the ion plasma frequency, ¢4 = ezq, and p = nq/ny. Egs.
(5.42), (5.44), and (5.46) are the desired set of equations to study the convective cells
and dust drift-ion acoustic waves in dust-contaminated magnetoplasma. The traditional
coupled SV and convective cell mode was derived under cold plasma limit |0;| > Vi, |0.|
(63, 64]. Here, we have rederived the SV and convective cell mode by retaining the
electron thermal effect. Fourier transforming Eqgs. (5.42), (5.44) and (5.46), we obtain

the following dispersion relation

w® —wg, w? — (w2, + v3kD) w+ < . k27, — M 7 ) =0, (5.47)
where w,, = w4mcd,(qana)/ (wf,ikyBo), Wee = kon/PWciWee/ky, Wee = |eBy/mec| and
Fneo = Oz Inneg. Eq. (5.47) is the modified Shukla-Varma and convective cell mode in
the presence of electron thermal effects. It is worth-mentioned here that when the phase
velocity of the mode becomes very close to the electron thermal velocity, the Landau
damping effect can not be ignored and hence the kinetic effects should be incorporated
in the present study. However, the original coupled Shukla-Varma and convective cell
mode [63, 64] is completely recovered by taking the limit |0;| > Vi, |0,|. However, if we
set the last term in Eq. (5.47) equal to zero, then we get the following result

72



2
y Wy dme
2

wpi kyBO

w O (qanao) w — (wzc + U%ek’z) =0. (5.48)

5.3.3 Shukla-Varma and convective cell modes: for quantum

plasmas

In the last sub-section, we have derived the coupled SV and convective cell mode in a
classical plasma. However, when the density of plasma becomes very high, the quantum
effects seems to become important. In this section, we shall rederive the coupled Shukla-
Varma and the convective cell mode for quantum plasma by using QHD model for the

electrons for which the electron pressure term can be written as [68]

2 3
(37%)3 né, (5.49)

The z-component equation of motion for the electrons can be written as

(5.50)

Ovee _ e 06 1 Op., B 9 (Vi
Vie )

o m.0z men, 0z 2m20z

Here, we have assumed that the applied magnetic field is pointing in the z-direction.
Using sinusoidal approximation for the perturbed quantities, Egs. (5.44), (5.50), and
(5.46), yield the following result

1 3 H?k?
wt — wsvw3 — {w; + gkgvf% ( 1 62 )} w?

UF@
1 3H62k:2 9 9 wgcky/ineo 9 1, 2H62k2

which is the desired dispersion relation for coupled Shukla-Varma and convective cell
mode for quantum plasmas with electron pressure term. Here, k = |/k2 + k2, vp. =
/2kpTpe/m. and H, = h/m.. Notice that when the phase velocity of the wave becomes

close to Fermi velocity of electron, the kinetic Landau damping effect can not ignored.
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Generally, the quantum statistical term is very large as compared to the quantum Bohm

potential term, Eq. (5.51) becomes

1 2 kykin
w? —wg,w? — (wzc + gkgv%€> w4+ = (wsvkzv%e - vame) =0 (5.52)
wce

It may be noted here also that if we ignore the electron pressure in Eq. (5.52), then
it reduces to the classical SV and convective cell mode [64].

In order to depict the existence of a new coupled Shukla-Varma and convective cell
mode for quantum dusty plasma, we choose some typical parameters of dense quantum
dusty plasma and plot the new dispersion relation (5.51) for n;p = 1.43 x 106 cm™3,
ngo = 0.43 x 1026 cm=3, Z; = 103, the external magnetic field By = 10*® Gauss for which
the electron Fermi temperature is Tk, = 1.133 x 10" K. Figure 5-4 shows the existence

of a new mode. The mode is unstable for small k, decays for large k, values.

5.3.4 Summary

To summarize, we have extended the classical Shukla-Varma mode in classical and quan-
tum magnetoplasmas with electron thermal effects. The electron thermal effects seem to
significantly modify the coupled SV and convective cell mode. Some interesting limiting
cases are very briefly mentioned. We have shown both analytically as well as numerically
that how the quantum effects can significantly modify the coupled SV and convective
cell mode. On the other hand, when we ignore the electron thermal effect, the coupled
SV and convective cell mode reduces to the original expression derived by Shukla and

Varma in classical plasmas.
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Figure 5-4: Variation of the normalized growth rate as a function of &, of coupled SV and
convective cell mode for n;y = 1.43 x 10%6 cm™3, ngy = 0.43 x 10?6 cm™3, Z; = 103, the
external magnetic field By = 10" Gauss k,. = 10* cm™' and kg = 10 k,. with k£, = 0.1
ke, where k.(kq) represents the electron (dust) scale-length.
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Chapter 6

Quantum DIA Shock and Solitons in

Planar and Nonplanar Cases

The dust ion-acoustic solitons and shock waves are investigated in quantum plasma in
the presence of external magnetic field. The dusty plasma consists of electrons, ions, and
very massive dust particles by using the standard QHD model. We derive the Korteweg-de
Vries-Burger (KdVB) equation by using small amplitude perturbation expansion method.
The dissipation effects are introduced by considering the kinematic viscosity term. We
found that the amplitude of quantum DIA shock wave is mazximum for spherical, interme-
diate for cylindrical, and minimum for planar geometry cases. We have also investigated
how the kinematic viscosity and dust concentration as well as Bohm potential effects the
formation of DIA shock. The temporal evolution of dust ion acoustic KdV type soli-
tons and Burger shocks by ignoring the dissipative and dispersive coefficients. We have
also investigated the effect of quantum Bohm potential on dust ion acoustic shock wave.
This work might be useful to understand quantum dusty plasma which has applications

i microelectronic devices as well as in astrophysical plasmas.
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6.1 Introduction

So far, we have discussed various types of waves for dense quantum plasmas by as-
suming that the amplitude of the wave is small. However, when the amplitude of the
waves becomes large, nonlinear effects cannot be ignored. It is known that the nonlinear
effects might come from the nonlinear Lorentz force, wave particle interaction or the
trapping of plasma particles. The nonlinear effects may lead to the formation of various
types of coherent nonlinear structure formation such as vortices, solitons and shocks.
During the past few decades, a lot of interest and progress has been made to under-
stand nonlinear physics. In Chapters 3-5, we mainly dealt with various types of vortex
structure formation in quantum plasmas such as electron-ion, electron-ion-positron and
dusty plasmas. In this chapter, we shall discuss in some detail another type of nonlinear
structure formation which is known as soliton. Soliton is basically localized nonlinear
wave and posses a remarkable property that it propagate without dissipation and retain
its shape upon collision with another soliton. Historically, the solitary wave was first
observed by Russell [109] on Edinburgh canal in (1834) and then he performed several
laboratory experiments and derived an empirical formula which relates the speed (C;) of
the solitary structure with the wave amplitude (a), the unperturbed depth of water (h)
such that C, = y/g(a + h), where g is the acceleration due to gravity. This wave is also
known as gravity wave, which is basically a solitary wave. Then afterwards, in 1895, two
Germans, Korteweg and de Vries [110] proposed a nonlinear partial differential equation
to model the shallow water waves which was witnessed by Russel. This famous equation
is know as Korteweg-de Vries or KdV equation in literature. The solution of nonlinear
KdV equation would relate the change of amplitude of the wave as it travels in space and
time is known as solitary wave or the KdV solitons. One of the important features of
KdV equation is that the speed of solitary wave structure is related with the amplitude
of the wave. Zabuskey and Kruskal [111] found that the solitons behave more like parti-
cles since they retain their identity upon collision with another soliton. They obtain the

above mentioned results by numerically solving the KdV equation. Thus the solution of
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KdV equation represents solitons which propagates without changing shape and this is
due to a neat balance of dispersion and nonlinearity. Since the solitary wave spreads out
due to the dispersion and the wave amplitude decreases, whereas, the wave gets steep
and narrower due to the nonlinear effects. When these two effects balance one and other
a solitary wave is formed which propagates by retaining its shape. There is another type
of stationary waveform which results from the balance of nonlinearity and dissipative
effects which is known as Shock wave and is the solution of Burger equation. The shock
waves are described by the KdV Burger or KAVB equation. To the best of our knowledge
Sagdeev [112] was the first who has discovered the solitary plasma waves in ion-acoustic
and magnetosonic modes. As discussed in Chapter 5 that in most of space and labora-
tory plasma, the presence of dust particles excite several new modes and instabilities as
well as nonlinear structures which are not prevalent is the normal electron-ion plasma.
In this chapter, we shall discuss in some detail the soliton and shock wave formation in
dust-contaminated plasma in classical and dense quantum plasmas, specifically, we shall

discuss the quantum dust ion acoustic shock and soliton formation.

6.2 Dust-Acoustic Solitary Waves

As discussed earlier in the Introduction, that solitons are generally formed when there
is balance of dispersion and nonlinearity for a given nonlinear and dispersive system.
Generally, due to nonlinearity, the wave gets steepened and the dissipation effects come
from the collisions, and viscous effects etc. On the other hand, it is also well known that
in the presence of dissipation and nonlinearity, small amplitude perturbations would be
described by the KdVB type equation. The kinematic viscosity is the source of Burger
term in nonlinear KdVB equation [65]. It has been seen that oscillatory dispersive shock
wave is produced whenever the nonlinearity is balanced by the dissipation [66].

In this section, we shall discuss the one-dimensional dust-acoustic solitary waves. In

this model, the electrons and ions are taken to be Boltzmann type whereas the dust
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dynamics is governed by nonlinear set of dust continuity, dust equation of motion and

Poisson’s equation, as described by Rao et al.[40],

Ond 0
Bt + g (raua) =0 (61)

Jug Oug  Op
W + Uda - g = O, (62)

82
8_;20 = (g + pene — ;i) , (6.3)

where the fluid velocity of the dust is normalized with Cy = /24kpT;/ma, ¢ is normalized
with kpT;/e and n; is normalized with n;o such that j = e,i,d. Here p; = njo/240na0 =
0/ (6 —1), p, = neo/zaomao = 1/ (0 — 1), 6 = njo/neo, and o; = T;/T.. The Boltzmann

distributed electrons and ions in the normalized form can be written as,

n. = explo;y), (6.4)

n; = exp[—¢], (6.5)

By employing reductive perturbation method [113], Egs. (6.1)-(6.5) were solved by
using the stretched coordinated: ( = €'/2(z —vy7), where ¢ is smallness parameter,
T = €¥/%t, and v, is the normalized soliton speed. Next we expand ng, ug and the

normalized electrostatic wave potential ¢ in power series of € in the following form:

Ug = eug) + ezugf) + .. (6.6)

ng=1-+ eng) + eQngl?) + ... (6.7)
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o =1+epM 4+ 2@ 4 . (6.8)

To the lowest order in ¢, Egs. (6.1)-(6.8) give:

n((il) — _gp(l)/vg7 uEll) — —Sp(l)/’UO; and UO - (,LLZ + O-i,ue)_l/2 . (6.9)

To the next higher order in €, we have

(1), (1)
Gng) Onf) 8u&2) 9 <nd Ug >

_ = 1
ou oul e oul)
_ _ = A1
or "ac T ac Mg =V (G10)
2.,(1)
T = e =P 2 (= oF) [)” =0, (6.12)

o vg(p 2

From Egs. (6.10)-(6.12), we obtain the following KdV equation [65]:

D) ) D)

o)
+ agpp + by 1
or

9¢ 9¢

—0, (6.13)

where ag = v3(p; — op, — 3/v5)/2 and by = v3/2. The analytical solution of above KdV
can be obtained by defining a new transformation such that ¢ = ( —ug7 and 7 = 7, where
up is some constant speed which is normalized with C;. Using the boundary conditions
ie., o — 0, d?oM/de* — 0, dp™M /dé — 0 at & — Fo00, the stationary solution of KAV
equation (6.13) would be

oM = 350 sec h? [(f — UugT) /\/4bs/u0] (6.14)

It is evident from the above solution that for small amplitude solitary waves, the wave
potential would be negative or positive, depending upon the signature of a,. If we

write a; = —v§ [67 + (36 + 0;)0; + 6(1 + 02) /2] which is always negative for all values
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of § and o;. The amplitude of dust-acoustic solitary wave increases with a decrease of
width. Arbitrary amplitude dust-acoustic solitary waves has also been investigated by
Shukla and Mamun [64] using Sagdeev potential approach using appropriate boundary
conditions, which is out of the scope of present literature review. For quantum plasmas,
it is very difficult to use Sagdeev potential approach to find the solution of KdV in
cylindrical or spherical geometry. We shall therefore use the reductive perturbation
method to develop KdV and KdVB type equations for the study of dust-ion-acoustic

solitons and shock waves.

6.3 Dust Acoustic Solitary Waves in Cylindrical and
Spherical Geometry

In the last section, we have discussed dust-acoustic-solitary waves in one-dimensional
geometry. Since in most of the laboratory and space plasmas, one encounter with cylin-
drical or spherical dust-acoustic solitary wave structures. In this section, we shall discuss
the propagation of radially imploding dust-acoustic-solitary wave in cylindrical or spheri-
cal geometry. The nonlinear dynamics of ultra-low frequency dust-acoustic solitary waves

in spherical and spherical geometry can be expressed as

8nd 10 v .
o T, naua) =0, (6.15)
8ud (9ud 8@ .
ot T, Ty O (6.16)
10 [ ,0p\
o (7“ 5) = (na + e exploip] — p;expl=¢l), (6.17)

where v = 1(2) for cylindrical(spherical) geometry and r is the radial distance which has
been normalized with effective Debye length Ap,,. To obtain a generic equation which
describe the in going solution based on Egs. (6.15) to (6.17), we may use the stretched

coordinates ¢ = —e'/2(r + vgt) and 7 = ¢3/2t and using the same perturbation expansion
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procedure discussed in the previous section (6.2), we get

oMy
Z .M
or + 27'('0 +ase

)

1)
W %, (6.18)

aC ¢

The above equation is the modified KdV equation with the same coefficients defined in the

previous section. The second term is a new term and it arises due to cylindrical /spherical
geometry. Using the standard two-level finite difference method [114], one can solve
the modified KdV equation for dust-acoustic-solitary wave in cylindrical and spherical
geometry by choosing appropriate parameters of classical dusty plasmas and the results
are given in Ref. [115]. As discussed earlier, since our primary objective here is to develop
modified KdV type equation for quantum dust-ion-acoustic solitary waves. In the next
section, we shall present our new findings.

For this purpose, we consider the propagation of small amplitude quantum dust ion
acoustic wave in planar as well as in nonplanar cases [67]. Since we are studying DIA
shock waves, we shall consider immobile dust, dynamic ions and Boltzmann distributed
electrons. To introduce dissipation, we retain the kinematic viscosity term in our model.
We use the standard quantum hydrodynamic model equations and derive KdV and KdVB
type equations by using small amplitude approximation so as to investigate the prop-
agation of DIA solitons and shock waves in quantum plasma. In Sec. 6.4, we present
a generic model equations for 1-D KdVB equation for QDIA shock for plane geometry
case. In the next section 6.5, we derive 1-D KdVB type equation for QDIA shock wave for
nonplanar geometry case. Then the results are presented and discussed in Sec. 6.8. We

have also presented the stability analysis of KAVB for the first time in our investigation.
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6.4 Model Equations for Planar Geometry Case

In this model [67], we assume that the dense electrons obey Fermi degenerate gas obeying

the following one-dimensional gas law, such that

2

B Imeve, 5

= — 2 ’]’Le
3 n

Pe (6.19)

where vp, = \/m is the Fermi velocity of electrons, kg is the Boltzmann con-
stant, and Tr. is the electron Fermi temperature. Here, n.(ne) is the electron number
density (equilibrium number density of electrons). The charge neutrality condition in
equilibrium can be written as

N0 = Neo + 2dNdo

We assume that the phase velocity of the wave is: vp;; vpg < w/k < vpe, where vp;
is the Fermi velocity of the jth-species (such that j = e, i,d). We assume that the dust is
stationary, ions are dynamic and the electrons are inertialess and Boltzmann distributed.
For dust-ion-acoustic (DIA) waves in plane geometry case, can be written as:

The ion continuity equation is

on; 0

() — 2
BT +8x (nyu;) =0 (6.20)

The normalized ion equation of motion can be written as

ou;  Ou; 99 Duy

The equation of motion for inertialess electrons can be written as

0

_ 09 on. H? 0 [8‘9—; ne] (6.22)

_@x_neax 2 Or Ve
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The Poisson’s equation is given by

8%

Fr i (Pre + (1 = p)na — ni) (6.23)

where ¢ is the normalized electrostatic wave potential with 2kgTr. /e, the ion fluid veloc-
ity is normalized with quantum ion acoustic speed ¢, = (2kzTr./m;)'/?, and the number

density, n; with equilibrium number density njo. The space coordinates x is normalized

with quantum Debye length \p = \/ 2e,KpTr./nipe*and the time coordinate ¢ is normal-

ized with ion plasma period w;il = +/(gom;/nipe?). Here, p = neo/nio, and n; = p,wpi/c%;,

where the ion kinematic viscosity is represented by p, and H, = \/ h%ufn- Jmemgct. . We

have assumed that the dust is positively charged having fixed charge state z4.

Equations (6.19)-(6.23) are the modeled equations to study three component electron-
ion-dust quantum plasma. The Fermi pressure and quantum Bohm potential represents
the quantum correction terms in equation (6.22). We use the quantum statistics by
employing 1-D equation of state [see e.g., equation (6.19)]. Solving equation (6.22) and
by using the boundary conditions: At x — +o00, n. =1 and p =0 , we get

1, H?2[( 1 */ne
L (L2 621

Notice that we have ignored the quantum Fermi pressure and Bohm potential terms while

¢:_

1
2

writing down Eq. (6.21) for the ions, since the mass of electrons is very small as compared
to the ions. It is also worth mentioning here that one can not write electrons as inertialess,
since the mass of electrons appears in the Bohm potential term which is normally taken in
the classical plasma case (such as in the derivation of classical Boltzmann type relation).
Finally, we have ignored the electron kinematic viscosity p, term, since it is of the order

me/m;.
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6.5 KdV Equation for Plane Geometry Case

In the absence of kinematic viscosity (i.e. putting n = 0 in Eq. (6.21)), we apply the
reductive perturbation technique to Eqs. (6.20), (6.21), (6.23), and (6.24) to obtain
KdVB equation in 1-D to study quantum dust-ion-acoustic wave propagation [67]. We

have expanded various plasma parameters in terms of smallness parameter €, such that

Ne = 1+ eng +Engg +---
Vv, = €Uj1 -+ 62'1)1'2 + -
o = ep+Elpyt-- (6.25)

Notice that various plasma parameters are functions of  and ¢, and the expansion pa-
rameter € is very small (0 < € < 1) . Here the strength of the nonlinearity is represented
by ¢, and stretched variables are defined by ¢ = ¢'/2(z — M) and 7 = €*/2t. Inserting the
above expansions and stretching, Eqgs. (6.20), (6.21), (6.23) and (6.24), to the first power

in € give
1
ny = Xuil
1
U1 = X¢1
Ne1 = ¢1
Pler = N (6.26)

Solving for A\, we get
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whereas the higher powers of ¢ yield the following set of equations

GG = e gl
Py —Ne2 = %nzl_ If 3;;1;1
Plez — Nig - = 882—521 (6.27)

Solving the system of equations (6.26) and using (6.27), we obtain the following nonlinear
KdV equation for QDIA (for negatively charged dust) solitary waves in one dimensional
case

0P 0P PP

Here & = ¢, A = \ (pA* +3/XA%) /2, and B = \* (1 — pH?/4) /2,where A and B are

the coefficients of nonlinearity and dispersion respectively.

6.6 KdVB Equation for Plane Geometry Case

We obtain KdVB equation for the quantum DIA shock waves using the reductive per-
turbation technique to solve Eqs. (6.20), (6.21), (6.23), and (6.24) [67]. The first order

in € yield the following result,

1
Ny = /\ U1
1
U1 = X¢1
Ne1 = ¢1
Pner = N1 (629)

Solving for A\, we get



whereas the higher powers of ¢ yield the following set of equations

AT = e gl
g —Nez = %nzl—}%%
Pz — Nz = 8;?; (6.30)

Solving the system of equations (6.29) and using (6.30), we obtain KdVB equation for 1-
D quantum DIA shock waves for planar geometry case, by considering negatively charged

dust particles
0P 0P 03P
— 4+ AP—+B— - C—
o T A% T B e Ve

0*d
=0 (6.31)
where @ = ¢, a = i,e, A = A(pA\*+3/)\?) /2, B = X*(1 —pH?/4) /2 and C =
N,0/2. Here A is the nonlinearity coefficient, B is the dispersion coefficient and C' is the
dissipation coefficient. We obtain KdVB equation for DIA wave in 1-D case, by using
the same procedure. Here A, B, and C' coefficients for positively charged dust grains are

given by

AN/3 )\

A= - | =5+ —
2()\2+p>’
3 2

poo Ny
2 4p

Mo
c = 5 (6.32)

For positively charged dust grains with majority of electrons, p = njg/neo-
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6.7 Model Equations for Nonplanar Geometry Case

The nonlinear dynamics of dust-ion-acoustic wave in dense quantum plasma is described

by the following set of quantum hydrodynamic equations for nonplanar geometry [67]:

ani + Z( . ) +
ot r fithi

0

o T Vigr T "oy Tige
2 2
099 _ 8”8+He‘9< L 8*/”_@) (6.35)

(6.34)

or e or 2 Or Ve Or?
10, 09,
a5 = e+ (1= p)na —mni (6.36)

The electron momentum equation yields the following result with the boundary condi-

tions: at o0, ¢ =0 and n, = 1,

1 1, H? 10 (0
¢__§+§ne_2\/n_er”8r <T or > (637)

6.8 KdVB and KdV Equations for Nonplanar Geom-
etry

We apply the reductive perturbation technique to solve Eqgs. (6.33), (6.34), (6.6.36) and
(6.37) to obtain KdVB equation in 1-D QDIA shock waves [67]. Since all the perturbed
quantities are functions of r and t. Using the stretched variables: ¢ = €'/2(x — At) and
7 = ¢3/%t, where ¢ is an expansion parameter (0 < ¢ < 1), Egs. (6.33), (6.34), (6.36)
and (6.37) yield the following type of KdVB equation, for quantum DIA shock wave for
nonplanar geometry (for negative dust grains),

0P 0P re 0?d

1%
T 4 ADP— 4 B— — C— + - = .
5 T AYGE Y B CagQ +-®=0 (6.38)
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where @ = ¢, A = A (pA* +3/X%) /2, B=X° (1 — pH?/4) /2 and C = 1;y/2.

Here, v = 0,1,2 corresponds to the KdVB equations for planar, cylindrical and
spherical geometry cases. If we take v = C' = 0, then we obtain the standard KdV type
equation, whereas, for v = B = 0, Eq. (6.38) becomes Burger type equation. We obtain
KdVB equation for DIA wave for planar case by using the same procedure as discussed

earlier. The coefficients A, B, and C for positively charged dust would be

AN/3 N\
A:__ _
2()\2+p>’
3 2
- £(-%)
2 4p
_ o
C = 5 -

When the electrons are in majority, p = n;o/neo for positively charged dust grains.
Here new term v/7 arises due to geometry factor. The geometry term which appears
7/2

as a higher order contribution, which is of the order of ¢’/¢ and above; from the momentum

equation. If we put the kinematic viscosity equal to zero in Eq. (6.34), then the algebraic
manipulation of Egs. (6.33), (6.34), (6.35) and (6.37) yield the following nonlinear KdV
equation for 1-D quantum DIA solitary waves in the nonplanar geometry, for negatively
charged dust

0P 0P PO v

— +AD— 4+ B—+ - =
87’+ 8£+ 8§3+T 0

where
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Figure 6-1: Numerical results by solving equation (6.38) for different values of v, with
H,=0.5,p=0.7,and n, = 0.5.

6.9 Results

By employing two-level finite difference approximation method, we solve numerically the
modified KdAVB Eq. (6.38) for quantum DIA shock waves for nonplanar case. We use
the tanh method [116, 117], to obtain the following exact solution of the planar KdVB

equation, which was used as a initial profile in our numerical simulations:

3C? 6 C?
25 AB

[1 — tanh {k(¢ — v7)}], (6.39)

where k = C'/10B. It may be noted here that exact analytical solution of KAVB equation
for planar case which contains dispersion and dissipative effects.

In order to find the evolution of nonplanar KdVB equation in time, we numerically
solve equation (6.38) by varying positive dust concentration. The geometry effect on the
quantum dust ion acoustic shock is shown in Fig. (6-1). It is evident from the graph
that shock strength is maximum for spherical geometry, intermediate for cylindrical, and
minimum for the planar geometry case. We consider first the spherical geometry case

and investigate how the shock strength changes with plasma parameters (for v = 2 case).
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Figure 6-2: Solution of equation (6.38) numerically for different positron concentrations:
p=0.5— 0.7, where v = 2, H, = 0.5, and 1, = 0.5.

Figure (6-2) shows the variation of shock structure with dust concentration. We
found an increase of the strength of quantum dust ion acoustic shock by decreasing the
concentration of dust. Similarly, we showed the effect of Bohm potential on the shock
structure. We found that Bohm term increases the strength of shock. Figure (6-4)
investigates The effect of kinematic viscosity 7, on the shock structure is investigated
and showed in Fig. (6-5). The strength of the shock decreases with increasing |7|. We
also found that the shock strength increases with increase of 7.

By ignoring the dissipative and dispersive coefficients, we have plotted the KdV and
KdVB equations. By putting C' = 0, the temporal evolution of the quantum DIA soliton
in a spherical geometry is plotted and shown in Fig. (6-6). It is found that the amplitude
of the DIA soliton increases with decreasing |7|. Figure (6-7) shows the time variation of
quantum DIA Burger equation by taking B = 0 in equation (6.38). The shock strength

decreases with the increase of |7|.
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Figure 6-3: Numerical solution of (6.38) for various values of H, = 0.05 and 0.5, where
v=2,p=0.7and n, = 0.5.
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Figure 6-4: Solution of equation (6.38) numerically for various values of H, = 0.05 and
0.5, where v =2, p = 0.7 and 7, = 0.5.
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Figure 6-5: Solution of Eq. (6.38) for v = 2 and for various time scale 7 = —9, —6, —3,
and H, = 0.5, p = 0.7 with n, = 0.5.

Figure 6-6: Formation of dust-ion-acoustic solitons for various time scale as a function
of ¢ for v = 2 by taking C' = 0 in Eq. (6.38) for time 7 = —9, —6, —3, and H, = 0.5,
and p = 0.7.
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Figure 6-7: The solution of quantum DIA Burgers equation (6.38) for various time scale:
T = -9, —6, —3 and by taking B = 0 in spherical case (v = 2), with H, = 0.5, p = 0.7
and 7y = 0.5.

6.10 Stability Condition of DIA Shocks

To find the stability condition of quantum DIA shock waves, we use a coordinate trans-
formation which transform all independent variables £ and 7 into a new co-moving frame
such that ¥ = & — Uy7. Here Uy represents the speed of DIA wave. We finally obtain a
third order ordinary differential equation of ®(¥), which can solved and integrated once

to give the following result,

B + = Ay — C% —Ugy =0 (6.40)

where y = ® and we have imposed the appropriate boundary conditions, namely y — 0,
dy d*y
- 50, —
Ay A2
asymptotic behavior and obtain the following equation [118],

— 0 at ¥ — oo. We linearize equation (6.40) in y; and look for an

Py dy
U2 - Oa_\IJ + onl =0 (641)

B

The solutions of equation (6.41) are proportional to exp(W W), where W = C/2B +
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\/C?/4B? — Uy/B. The condition for a stable shock is C' > 2/BUj, whereas for C' <
2v/BUy we have an oscillatory quantum DIA shock. It may be noted here that quantum
Bohm potential modifies the stability criteria through the dispersion coefficient B, in this

model.

6.11 Summary

To summarize, in this section, we have investigated the effect of geometry (planar or
nonplanar) on the propagation of DIA shock waves for 1-D case [67]. We assume that
the dust charge state is fixed and the dust grains can be wither positive or negative,
depending upon the background conditions of the plasma. Since the mass of dust grains
is very large as compared to the electrons and ions, we consider both ions and electrons as
inertialess. The kinematic viscosity term has been introduced so as to retain dissipation
effects among the plasma constituents. The quantum hydrodynamic model has been
used and using small amplitude approximation method, we obtain a KdVB equation to
describe the propagation of quantum DIA shock waves in dusty plasma. We found that
the strength of quantum DIA shock depends upon the geometry and it is maximum for
spherical, intermediate for cylindrical, and minimum for the planar case. We have also
investigated the effects of dust concentration as well as the quantum Bohm potential
on the shock strength. We found that shock strength increases with an increase of
quantum Bohm potential whereas it decreases with an increase of dust concentration.
We have investigated the time evolution of quantum DIA shock in spherical geometry
case. We found a decrease in the shock strength with an increase of |7|. We also found
that with an increase of 7 the shock strength increases and the shock gets steeper. By
neglecting the dissipation and dispersive coefficients, the time evolution of quantum DIA
solitons and shocks are also investigated. We found that both the amplitude as well as
the strength of shock decreases with an increase of |7|. We have also investigated the

effect of quantum Bohm potential on the stability of the DIA shock. These results would
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play very important role to understand various nonlinear processes occurring in quantum
dusty plasmas which are relevant in microelectronic devices and in dense astrophysical

plasmas.
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