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Preface

The boundary layer flows over a moving surface have vital importance due to their ever increasing usage in the
industries. In such industrial processes, the kinematics of stretching and heat transfer through rate of cooling have
substantial impact in the improvement of final product of better quality. No doubt, the thermal buoyancy force arising
due to cooling or heating of @ moving surface may alter significantly the flow and thermal fields and thereby the heat
transfer behavior in the manufacturing process. In several practical applications, the order of magnitudes of buoyancy
and viscous forces are comparable for moderate flow velocities and large surface temperature differences and
convective heat transfer process is thus called as mixed convection. The buoyancy forces due to temperature and
concentration differences are significant in mixed convection thermal and concentration diffusions. In fact the
buoyancy forces causing a pressure gradient in the boundary layer modify the velocity, temperature and concentration
distributions and consequently the rate of heat and mass transfer between the surface and fluid. Specifically the mixed
convection flows are encountered in industrial processes like solar central receivers exposed to the wind currents,
nuclear reactors called during emergency shutdown, electronic devices cooled by fans and heat exchangers etc. The
mixed convection flows with heat and mass transfer are relevant to energy related engineering problems that include
both metal and polymer sheets. Mastly, the fluids in industrial processes are non-Newtonian. Certain oils, paints, blood
at low shear rate, shampoos, cosmetic products body fluids, pasta, ice cream, ice, mud etc are few examples of non-

Newtonian fluids. Keeping all the aforementioned facts in mind, the present thesis is structured as follows.

Chapter one covers literature survey and laws of conservation of mass, linear momentum and energy. Boundary layer
equations of second grade, Maxwell, Oldroyd-B and thixotropic fluids are presented. Basic idea of homotopy analysis

method is also given.

Chapter two deliberates the mixed convection boundary layer flow of thixotropic fluid with thermophoresis over a
stretched sheet. Fluid is electrically conducting in the presence of constant applied magnetic field. Heat and mass
transfer effects are considered in the presence of Joule heating and thermal radiation. Series solutions are obtained
to analyze the velocity, temperature and concentration fields. Numerical values of local Nusselt and Sherwood numbers
for different values of emerging parameters are computed and analyzed. A comparative study with the previous

solutions in a limiting sense is made. The leading results of this problem are published in "Journal of Thermophysics

and Heat Transfer 27 (2013) 733-740".

Three-dimensional mixed convection flow of second grade fluid over an exponentially stretching surface are studied in
chapter three. Convective boundary conditions are utilized for the heat transfer analysis. Analysis is carried out in the

presence of thermal radiation. The series solutions are established through a newly developed method recognized as



the homotopy analysis method. The convergent analysis of velocity components and temperature are derived. Graphs
are plotted and analyzed for interesting physical parameters. A systematic study is performed to analyze the impacts
of the significant parameters on the velocity and temperature, the skin friction coefficients and the local Nusselt
number. The contents of this chapter are published in “Plos One 9 (2014) e90038".

Chapter four reports the heat and mass transfer effects in three-dimensional mixed convection flow of viscoelastic
fluid with internal heat source/sink and chemical reaction. An exponential stretching surface is employed for flow
generation. Magnetic field normal to the direction of flow is taken under consideration. Convective conditions at
boundary surface are also encountered. An analytical approach homotopy analysis method is used to develop the
solution expressions of the problem. Impacts of different controlling parameters such as stretching ratio parameter,
Hartman number, internal heat source/sink, chemical reaction, mixed convection, concentration buoyancy parameter
and Biot numbers on the velocity, temperature and concentration profiles are analyzed graphically. The local Nusselt
number and Sherwood numbers are sketched and examined. The results of present chapter are accepted for
publication in "Computational Mathematics and Mathematical Physics”.

Chapter o provides the three-dimensional mixed convection flow of viscoelastic fluid over a stretching surface in
presence of thermophoresis. Soret and Dufour effects are also taken into account. Series solutions are constructed.
Dimensionless velocity, temperature and concentration distributions are shown graphically for different values of
involved parameters. Numerical values of local Nusselt and Sherwood numbers are computed and analyzed. The
contents of this chapter are submitted for possible publication in “International Journal of Nonlinear Sciences and
Numerical Simulation”.

Three-dimensional flow of Maxwell fluid over a stretching surface is addressed in chapter six. Analysis is prepared in
presence of concentration and thermal buoyancy effects. Convective boundary conditions for heat and mass transfer
are explored. Series solutions of the resulting problem are established. Results are displayed to examine the influence

of physical parameters on the velocity, temperature and concentration fields. Main observations of this chapter are

published in "Journal of Central South University 22 (2013) 717-726".

Chapter seven is prepared to examine the heat and mass transfer effects in three-dimensional flow of Maxwell fluid
over a stretching surface with convective boundary conditions. Mass transfer is considered in the presence of first
order chemical reaction. Conservation laws of energy and concentration are based upon the Soret and Dufour effects.

Convergent series solutions to the resulting nonlinear problems are developed. The relevant results are published in

“International Journal of Numerical Method for Heat and Fluid Flow 25 (2013) 98 - 120".

Mixed convection flow by an inclined stretching surface with thermal radiation is investigated in chapter eight. The
boundary layer equations of an Oldroyd-B fluid in the presence of heat transfer are used. Suitable transformations

reduce the partial differential equations into the ordinary differential equations. Computational analysis is implemented



for the convergent series solutions. The values of |ocal Nusselt number are numerically analyzed. Effects of various
parameters involved in the velocity and temperature are discussed. The contents of this chapter are accepted for
publication in "Journal of Applied Mechanics and Technical Physics”.

Chapter nine provides the mixed convection flow of an Oldroyd-B fluid bounded by a stretching surface with
suction/injection. Mathematical formulation is developed in the presence of heat source and power law heat flux.
Velocity and temperature are computed. Numerical values of local Nusselt number are examined. Results are
computed in a limiting sense with existing literature. The contents of this chapter are published in “"Journal of the
Brazilian Society of Mechanical Sciences and Engineering 37 (2013) pp 423-430".

Chapter ten investigates the effects of heat and mass transfer in the mixed convection flow of an Oldroyd-B fluid over
a stretching surface with convective boundary conditions. Stress is given to the analysis of Soret and Dufour effects.
Related problems are first modeled and then computed by homotopy analysis method (HAM). Velocity, temperature and
concentration fields are given. In addition, the local Nusselt and Sherwood numbers are examined through numerical
values. These observations are submitted for publication in “Thermophysics and Aeromechanics”.

Falkner-Skan flow of rate type non-Newtonian fluid is analyzed in chapter eleven. Expressions of an Oldroyd-B fluid are
used in the development of relevant equations. Analysis has been carried out in presence of mixed convection and
thermal radiation. Expressions of flow and heat transfer are assembled. Convergence of derived nonsimilar series

solutions is provided. This research is submitted for publication in "Journal of Aerospace Engineering”.
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Chapter 1

Literature survey and methodology

1.1 Introduction

This chapter contains the literature review related to the considered flow problems. Boundary
layer equations of thixotropic, second grade, Maxwell and Oldroyd-B fluids are presented. Brief

idea of homotopy analysis method (HAM) are also provided.

1.2 Background

External flows around streamlined bodies have viscous (shear and no-slip) effects confined close
to the body surfaces and its wake but are nearly inviscid far from the body are termed as bound-
ary layer flows [1] which occur in aerodynamics (airplanes, rockets, projectiles), hydrodynamics
(ships, submarines, torpedoes), transportation (automobiles, trucks, cycles), wind engineering
(buildings, bridges, water towers) and ocean engineering (buoys, breakwaters, cables). The
boundary layer flow problem over stretching sheet have many industrial applications such as
polymer sheet or filament extrusion from a dye or long thread between feed roll or wind-up
roll, glass fiber and paper production, drawing of plastic films and liquid films in condensation
process. Due to the high applicability of this problem in such industrial phenomena, Sakiadis [2]
initiated the work for flow by moving surface. After the pioneering work of Sakiadis, researchers
have studied the flow over stretching surfaces under various aspects for viscous and nonlinear

fluids. A similarity solution of viscous fluid over a stretching surface which is stretched with



the velocity proportional to the distance from origin was presented by Crane [3]. Chakrabarti
and Gupta [4] analyzed the hydromagnetic flow over a stretching surface. Heat transfer over a
continuous stretching surface with suction and injection was analyzed by Chen and Char [5].
Vajravelu and Hadjinicolaou [6] reported the heat transfer features in the laminar boundary
layer flow of viscous fluid over a linearly stretching surface with variable wall temperature. Ef-
fects of suction and injection are present. They attained the solutions of the problem in Kumar
functions. Andersson et al. [7] found the solutions over a stretching surface in presence of first
order chemical reactions. Similarity solutions of the boundary layer equations over stretch-
ing wall was obtained by Banks [8]. Closed form solution of magnetohydrodynamic (MHD)
flow under slip condition over a permeable stretching surface was obtained by Fang et al. [9].
Mukhphadhyay et al. [10] obtained the solution of MHD boundary layer flow over a heated
stretching sheet with variable viscosity. Wang [11] extended the boundary layer flow of Crane
[3] for three-dimensional stretching surface. Devi et al. [12] extended the flow of ref. [11]
for unsteady stretching surface in presence of heat and mass transfer effects. An approximate
analytical solutions of the steady, laminar three-dimensional flow for an incompressible viscous
fluid past a stretching sheet were proposed by Ariel [13,14]. Hayat and Javed [15] analyzed
the three-dimensional flow of an incompressible viscous fluid over a porous stretching surface
in presence of magnetic field by employing homotopy analysis method. Kumari and Nath [16]
discussed the unsteady magnetohydrodynamic viscous fluid with heat transfer induced by a
bilateral stretching surface. An analysis for heat transfer over a non-linearly stretching surface
for a viscous fluid was provided by Vajravelu [17]. Cortell [18] extended the work of ref. [17]
in presence of thermal radiation and viscous dissipation over a non-linearly stretching surface.
Two-dimensional magnetohydrodynamic stagnation point flow of an incompressible micropolar
fluid over a non-linearly stretching surface was explored by Hayat et al. [19]. The laminar
boundary layer flow over an axisymmetric plane was provided by Afzal [20]. It has been noted
by Gupta and Gupta [21] that stretching mechanism in all realistic situation is not linear. For
instance the stretching is not linear in plastic and paper production industries. Besides these
the flow and heat transfer by an exponentially stretching surface has been studied by Magyari
and Keller [22]. In this attempt the two-dimensional flow of an incompressible viscous fluid is

considered. The solutions of laminar boundary layer equations describing heat and flow in a



quiescent fluid driven by an exponentially permeable stretching surface were numerically ana-
lyzed by Elbashbashy [23]. Al- Odat et al. [24] numerically discussed the thermal boundary
layer flow with an exponential temperature distribution. Here magnetohydrodynamic flow was
addressed. Liu et al. [25] studied the three-dimensional boundary layer flow of a viscous fluid
over an exponentially stretching surface by using the Ackroyd and Runge-Kutta methods.
Analysis of non-linear fluids is an active area of research for the last few years. In many
fields such as food industry, drilling operations and bioengineering, the fluids, either synthetic or
natural, are mixtures of different stuffs such as water, particle, oils, red cells and other long chain
molecules. Such combination imparts strong rheological properties to the resulting liquids. The
dynamic viscosity in non-linear materials varies non-linearly with the shear rate. These fluids
in terms of their different rheological features cannot be described by a single constitutive
relationship. Hence several relationships for the non-linear fluids are proposed. In fact the
additional parameters in such non-linear fluids are the main culprit which makes the resulting
systems more nonlinear, higher order and complex than the Navier-Stokes equations. The
rheological fluids in general have been classified into three categories known as the differential,
integral and rate types. Second grade fluid is a subclass of differential type fluids which exhibits
the normal stress effects. To predict these effects many researchers studied second grade fluid
under various aspects. Dandapat and Gupta [26] discussed the flow of an incompressible second-
order fluid due to stretching surface under boundary layer assumptions. Chen et al. [27]
delivered the temperature distribution in viscoelastic fluid of Walters’ B Model over a horizontal
stretching plate. The velocity of the plate is proportional to the distance from the slit. Vajravelu
and Rollins [28] carried out the heat transfer effects in viscoelastic fluid over a stretching surface
with frictional heating and internal heat generation or absorption. Hayat et al. [29] studied
the three-dimensional flow over stretching surface in a viscoelastic fluid by applying homotopy
analysis method. Liu [30] presented analytical solutions for the flow and heat transfer in steady
laminar boundary flow of an electrically conducting fluid of second grade subject to transverse
uniform magnetic field past a semi-infinite stretching sheet with power-law surface temperature
or power-law surface heat flux. The effects of viscous dissipation, internal heat generation or
absorption, work done due to deformation and Joule heating were also considered in the energy

equation. Flow and heat transfer characteristics of viscoelastic fluid with porous medium over



a stretching surface with viscous dissipation was governed by Nandeppanavar et al. [31] .
Differential type models do not predict the relaxation and retardation time effects while these
effects can be anticipated by rate type fluids. Maxwell fluid is a simplest subclass of rate
type fluids. Channel flow of an upper convected Maxwell fluid (UCM) induced by suction was
presented by Choi et al. [32]. Sadeghy [33] discussed the flow of an upper-convected Maxwell
(UCM) fluid above a rigid plate moving steadily. Pahlavan et al. [34] studied the MHD flows
of UCM fluids above porous stretching sheets using two-auxiliary-parameter homotopy analysis
method. Maxwellian MHD flow induced by a linearly stretched with thermal radiations was
investigated by Aliakbar et al. [35]. Unsteady flow of generalized Maxwell fluid with fractional
derivative induced by an accelerating plate was provided by Fetecau et al. [36]. Kumari and
Nath [37] analyzed the Maxwell fluid over stretching sheet in presence of mixed convection. Abel
et al. [38] proposed the MHD flow and heat transfer for the upper-convected Maxwell fluid over a
stretching sheet. Hayat et al. [39] presented the three-dimensional Maxwell fluid over stretching
surface with convective boundary conditions. Bhatanagar et al. [40] initiated to analyze the
boundary layer flow of rate type fluids. They obtained the solutions of two-dimensional flow
over a stretching surface with variable free stream velocity. Exact solutions of unidirectional
flow of an Oldroyd-B fluid between two parallel plates was presented by Rajagopal [41]. Exact
solutions for flows of an electrically conducting Oldroyd-B fluid over an infinite oscillatory plate
in the presence of a transverse magnetic field when the entire system rotates about an axis
normal to the plate was obtained by Hayat et al. [42]. The linear stability of the flow of
an Oldroyd-B fluid through a linear array of cylinders confined in a channel was analyzed by
Smith et al. [43]. They computed solutions for both the steady state and linear stability of
these states by employing finite element analysis. Exact solutions for the influence of Hall
current and rotation in the oscillatory flows by an infinite plate were obtained by Asghar et al.
[44]. Fetecau and Fetecau [45] analyzed the unsteady flows of Oldroyd-B fluids in a channel
of rectangular cross-section. A linear stability analysis determining the onset of oscillatory
convection of an Oldroyd-B fluid in a two-dimensional rectangular porous medium generated
by Newtonian heating was presented by Niu et al. [46].

In nonlinear fluids sometimes nonlinearity introduced by their shear-dependent viscosity

and/or elasticity often gives rise to a formidable mathematical task which cannot be solved.



Obviously, the situation becomes much more complicated when the viscosity of the fluid is time-
dependent. Time-dependent fluid systems are quite frequent in industrial applications with the
common effect being a drop in viscosity by the progress of time. Complex fluid systems such
as drilling muds, foodstuff, paints, cosmetics, pharmaceuticals, suspensions, grease, and the
like belong to this class of fluids-the so-called thixotropic fluids. Physiological fluids such as
blood, synovial fluid, and mucus may also exhibit thixotropic behavior depending on the time
scale of the observation. A common effect among thixotropic fluids is that their viscosity is
decreased even when the shear rate is constant [47,48]. Harris [49,50] tried to address boundary
layer flows of thixotropic fluids. Haris presented a simple thixotropic fluid model (the so called
Harris model) to investigate the effects of a fluid’s thixotropic behavior on the characteristics
of the momentum boundary layer formed above a fixed plate [50]. Two-dimensional flow of
an incompressible thixotropic fluid obeying Harris rheological model over a fixed semi-infinite
plate was investigated by Sadeqi et al. [51].

Mixed convection flows or combined free and forced convection flows occur in many techno-
logical and industrial applications and in nature for example, in solar receivers exposed to wind
currents, electronic devices cooled by fans, nuclear reactors cooled during emergency shutdown,
heat exchanges placed in a low-velocity environment, flows in the ocean and in the atmosphere,
and many more. Finite element method was utilized for detailed analysis of mixed-convection
flow in a horizontal channel heated from the side walls were computed by Sillekens [52]. Heat
transfer enhancement by air injection in upward heated mixed-convection flow of water was
studied by Celata et al. [53]. Barletta [54] provided the analysis of the laminar and fully
developed mixed convection flow in a vertical rectangular duct with one or more isothermal
walls. Magyari et al. [55] analyzed the boundary layer mixed convection flow over a perme-
able horizontal plate. The unsteady mixed convection boundary layer flow near the region of
a stagnation point on a vertical surface embedded in a Darcian fluid-saturated porous medium
was investigated by Nazar et al. [56]. They employed Keller-Box method to obtain the so-
lutions. Laminar two-dimensional unsteady mixed convection boundary-layer flow of viscous
incompressible fluid past a sharp wedge was developed by Hussain et al. [57]. Perturbation
solutions were obtained for small and large dimensionless time. Experimental investigation was

presented on mixed (free and forced) convection to study the local and average heat transfer



for hydrodynamically and thermally developed laminar air flow in a horizontal circular cylinder
was analyzed by Mohammed and Salman [58]. Laminar mixed convection heat transfer for as-
sisted and opposed air flows in the entrance region of a vertical circular tube with wall heat flux
boundary condition had been experimentally investigated by Mohammed [59]. Kotouc et al.
[60] also provided the loss of axisymmetry in the mixed convection assisting flow past a heated
sphere. A transient laminar mixed convection flow of viscous incompressible fluid generated
by thermal buoyancy force over a horizontal porous sensor surface placed inside a squeezing
channel was discussed by Mahmood et al. [61]. The implicit finite difference approximation
together with Keller box method was employed for the solution of small and large time regimes.
Heat and mass transfer characteristics in mixed convection boundary layer flow past a linearly
stretching vertical surface in a porous medium filled with a viscoelastic fluid with Dufour and
Soret effects was governed by Hayat et al. [62].

Radiative mixed convection has gained much importance amongst the recent researchers due
to number of applications in geophysical and energy storage problems such as in furnaces, ovens
and boilers and the interest in our environment and in no conventional energy sources, such
as the use of salt gradient solar ponds for energy collection and storage. Similarity equations
governing steady hydromagnetic boundary-layer flow over an accelerating permeable surface in
the presence of thermal radiation, thermal buoyancy and heat generation or absorption effects
were obtained by Chamka [63]. Buoyancy force and thermal radiation effects in MHD boundary
layer viscoelastic fluid flow over continuously moving stretching surface was investigated by Abel
et al. [64]. Mukhopadhyay and Layek [65] presented the free convective boundary layer flow and
heat transfer of a fluid with variable viscosity over a porous stretching vertical surface in presence
of thermal radiation. Results were obtained by Lie group transformations. Also Mukhopadhyay
[66] analyzed the effects of thermal radiation on unsteady boundary layer mixed convection
heat transfer problem from a vertical porous stretching surface embedded in porous medium.
Magnetohydrodynamic mixed convective flow and heat transfer of an electrically conducting
power-law fluid past a stretching surface in the presence of heat generation/absorption and
thermal radiation was studied by Chen [67]. Numerical solutions were generated by an implicit
finite-difference technique for the non-similar coupled flow.

A study of utilizing heat source or sink in moving fluids has been a subject of interest of many

10



researchers. This is because of its possible application to geophysical sciences, astrophysical sci-
ences, and in cosmic studies. Such flows arise either due to unsteady motion of the boundary
or the boundary temperature. The study of fluctuating flow is important in the paper industry
and many other technological fields. Many investigators stressed on the magnetohydrodynamic
flow of an electrically conducting fluid because of numerous applications in metallurgical in-
dustry such as in drawing, annealing, in the purification of molten metals from non-metallic
inclusions, electromagnetic pumps, MHD generators etc. Several studies have been presented
by the authors in presence of transverse magnetic field and heat source/sink over a stretching
surface. Heat transfer characteristics in an electrically conducting fluid over a stretching sheet
with variable wall temperature and heat source/sink was investigated by Vajravelu and Rollins
[68]. Abel et al. [69] presented the study of momentum and heat transfer characteristics in
hydromagnetic flow of viscoelastic liquid over a stretching sheet with non-uniform heat source,
where the flow was generated due to a linear stretching of the sheet and influenced by uni-
form magnetic field applied vertically. Beg et al. [70] examined the magnetohydrodynamic free
convection from a sphere embedded in an electrically-conducting fluid-saturated porous regime
with heat generation.

The present trend in the field of chemical reaction analysis is to give a mathematical model
for the system to predict the reactor performance. A large amount of research work has been
reported in this field. In particular, the study of heat and mass transfer with chemical reac-
tion is of considerable importance in chemical and hydrometallurgical industries. MHD flow
with heat and mass transfer characteristics of an incompressible viscous electrically conducting
and Boussinesq fluid due to a vertical stretching surface with chemical reaction and thermal
stratification effects was presented by Kandasamy et al. [71]. Mansour et al. [72] studied the
effects of chemical reaction, thermal stratification, Soret and Dufour numbers on MHD free
convective heat and mass transfer of a viscous incompressible and electrically conducting fluid
over a vertical stretching surface embedded in a saturated porous medium. The combined effect
of mixed convection with thermal radiation and chemical reaction on MHD flow of viscous and
electrically conducting fluid past a vertical permeable surface in presence of porous medium
was analyzed by Pal and Talukdar [73]. Mass transfer with chemical reaction in MHD mixed

convective flow along a vertical stretching sheet was investigated by Singh et al. [74].
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1.3 Fundamental laws

1.3.1 Law of conservation of mass

The equation of continuity (law of conservation of mass) can be represented by

op B
2 TV (V) =0, (1.1)

where p is the density of fluid and V is the fluid velocity.

For an incompressible fluid Eq. (1.1) can be expressed as follows:

V-V =0. (1.2)

1.3.2 Law of conservation of linear momentum

Generalized equation of motion can be expressed as

av
_— = . b_ ]..
p” V. 1+4p (1.3)
For an incompressible flow
T=—-pI+8S (1.4)

in which 7 is the Cauchy stress tensor, p is the pressure, I is the identity tensor, S is the extra
stress tensor, b is the body force and d/dt is the material time derivative. The Cauchy stress

tensor and the velocity field for three-dimensional flow can be described in the forms

Oxx Tay Tzz

T = Tya: Uyy Tyz ) (15)
Tzx Tzy Ozz
V = [u(zx,y, 2),v(z,y, 2), w(z,y, 2)], (1.6)

where 0., 0yy and o, represent the normal stresses, 7.y, Tzz, Tyzs Tyz, Tze and 7., show
the shear stresses and w, v, w are the velocity components along the x, y and z—directions

respectively.
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Equation (1.3) in component form can be written as follows:

) <au ou ou 8u> _ 0(0uz) | O(Tay) X 0(Taz) + pby, (1.7)

Oz oy 0z

ov ov ou Ov 0(Tye)  O(oyy) = O(7yz)
il — 1.
P <8t Ox dy * 82) Ox * dy " 0z * Py (18)

p(@w ow  Ow 811}) O (12a) | O0(12y) | 0(022)

E +u% —|—Ua—y +1UE = Oz + 8y + BP +pr7 (19)

where b, b, and b, show the components of body force along the z, y and z—axes, respectively.

The above equations for two-dimensional flow become

Ou Ou  Ou\ _ 0(0s)  O(Twy)

p(at+“ax+”ay> = T oy P (1.10)
@ @ @ _ O(rya) | 9(oyy)

p<8t+u8x+vay> = o + By + pby. (1.11)

1.3.3 Equation of heat transfer

According to first law of thermodynamics the heat transfer equation can be written as

de
Py = 7L -V -q1+ pry, (1.12)
where ¢ = C,T is the internal energy, C), the specific heat, T" the temperature, L = V'V the
velocity gradient, q; = —kVT the heat flux, k the thermal conductivity and r;, the radiative

heating. The above equation in absence of radiative heating is given below

ar
pCp E

= 7. VV+EkV?T. (1.13)
1.3.4 Diffusion equation

Mass transfer occurs whenever fluid flows that is some mass is transferred from one place to

another. According to Fick’s law

% = D.V*C - k,C, (1.14)
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where C is the concentration, D is the coefficient of mass diffusivity and k,, is the reaction rate

diffusing species.

1.4 Boundary layer equations of nonlinear fluids

1.4.1 Second grade fluid

Extra stress tensor S for a second grade fluid can be expressed as
S = uAj + a1As + A2, (1.15)
where A is the first Rivilin-Erickson tensor can be defined by
A; = grad V + (grad V) "enspose (1.16)

For three-dimensional flow one obtains

ou ou v ou ow
25z 9 Tox 9: T o
— ou v v v ow
A= B_y_‘_% 26_y E—Fa—y (1'17)
du dw v dw dw
9t o:tay 2%

and the second Rivilin-Erickson tensor As can be computed through

o dAnfl
o dt

transpose

A, + A, L+L A, . (1.18)
For thermodynamic stability the second grade model should obey the ineqaulity given below:

=001 >0,00 +as=0. (1.19)

From the boundary layer theory [1], the order of u, v,z and y are 1 while the order of w and z

are §. Three-dimensional boundary layer equations for second grade fluid can be written as

93 93
J2u 0 O O o U007 T Wont (1.20)
0 0 0z 022 Ou 2u | Ou 2 du 82 dw 52 ' :
z By 0z 02 p | (JTyy BTy offu 4 ofuly)
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03 o
ov ov ov v o ”Taz? +wgs—

Us— U= f W =V t+— (1.21)
v 92 v 92 v 9? dw 92
e AN (=R =R o o)
1.4.2 Maxwell fluid
The extra stress tensor S for Maxwell fluid can be expressed by the following relation
D DS

14AM—)S=S+A\— =puA 1.22
<+1Dt> +1Dt HAT, (1.22)

in which )\ is the relaxation time, D /Dt the covariant differentiation, u denotes the kinematic
viscosity and A; the first Rivlin-Erickson tensor. For a tensor S of rank two, a vector by and

a scalar ¢, we get

DS aS transpose
;=5 T (V-V)S — S(grad V) — (grad V)8, (1.23)
Db;  8by
51 =5 T (V-V)by — (grad V)by, (1.24)
Dy d¢
57 =27 t(V.V)e. (1.25)

Implementation of (1 + )\1%) on Eq. (1.3), we have the following relations in the absence of

body force

D\ dVv D D

By adopting the procedure
D D
—(V)=V.|= ). 1.2
Dt (V)=v <Dt> (1.27)

Hence the above relations in absence of pressure gradient is

D\ dV

By using the boundary layer theory [1], the order of u, v,  and y is 1 and order of w and z is

0. The w—momentum equation vanishes identically because it has order . Hence the boundary
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layer equations for three-dimensional flow of Maxwell fluid are

92 92 2
SN WG UG _ 2 (1.29)
27 :
Oz dy 0z +2uv—68;gy + 2vw—8‘9y2 -+ 2uw (%2 e 9z
w40 w4 A out T T o= = v (1.30)
Ox 0 0z 02 52 92 022" ’
4 +2uv axavy + 20w Byavz + 2uw ('?xgz

The boundary layer equation for two-dimensional flow of Maxwell fluid are given below

ou ou 2 0%u 0% Pu 0%

1.4.3 Oldroyd-B fluid
The extra stress tensor for an Oldroyd-B fluid model can be expressed as
D DS D
1+M— )]S=S+\— = 1+X— ) A 1.32
<+1Dt> +1Dt M<+2Dt> 1 (1.32)
where Ay denotes the retardation time and law of conservation of momentum in absence of

pressure gradient and body force can be written as follows:

) v _ (1 + )\2D2t> (V.A1). (1.33)

D
14+ M—
P< + A1 7t

Dt

The scalar forms of boundary layer equations in this case are

20%u 4 ,20% 280%u
U%+U%+w%+)\1 u89€2+v 8yz+w 02?2

ox 0 0z 9%u 92u 2u

Yy +2uvax—ay + QUMW + 2uw g5
2 3u 23u Pu

- 0“u Ao UBrd22 +U8y8z2 +w823 (1 34)
022 _Oudtu _ qudPv _ Judw ’ ‘

Oz 022 Oy 0z 0z 0z2
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2 2 2
v v v u?y +vzg—y§ +w?ZH
Um— +V— +w— + N1

O 8y & +2uv 88962(';)y + 20w ('gjc';}z + 2uw 8(1‘2(';)2
) 33w 33w v
= v ﬂ + Ao UpedZ T Voya:2 +was (1.35)
022 Py wdty 9w ’
Oz 0z2 Oy 022 0z 022
and the governing boundary layer equation for two-dimensional flow is
3 93
ou ou 0%u 0%u 0%u 0%u U% + v%
U=— +v—+ A\ (VP25 + 025 F 2uv—— | =v | = + A vy Y
ox oy ( dx? y? Oz 0y ay? P\ _oweru  suote
Ox Jy? dy Oy?
(1.36)

1.4.4 Thixotropic fluid

Stress tensor 7 for thixotropic fluid model
Tij = 2p(112a(t))dsj,

where the viscosity is allowed to be time-dependent through allowing the second invariant of the
deformation-rate tensor to be time-dependent, 1154 is the second invariant of the deformation-

rate tensor and

2di; = (Oui/Oxj + Ou;[Ox;). (1.37)

In the simple Harris model, a quadratic form is used for the I1s4 so that we have,

ou\? 1 /0u Ow\? [Oov\?
IIzd:(Qdij)2:4<<a—Z> +§<a—Z+a—z> +<a—z> ) > 0. (1.38)

For the viscosity function, in the SH model we have [49,50]

dl1sq

p=tig — Rallza + Ry—=, (1.39)
where % is the material derivative defined as
d 0

— = — V.V). 1.40

prilvies (V.V) (1.40)
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In equation (1.39) R; and Ra are the material constants.

For boundary layer analysis the viscosity function becomes

ou\ ou 0%u ou 0%u
= po—20 (37 ) 4 (g s+ o ) (141)

By using boundary layer analysis the y-momentum equation is completely dropped for two-

dimensional flow. On the other hand, the x-momentum equation is reduced to

ou 93y 9%y 9%y
2 (a—y> (W) <“axay + “a—y2>
) 93 93y
2 (@)2 Upuay? Vo
%y L Ou Pu v Py
Oy Oxdy Oy Oy?

Ox oy  oy? p \ 0y dy?

(1.42)

1.5 Homotopy analysis method (HAM)

In the absence of analytical solutions before the advent of computers, the researchers mainly
directed their efforts at obtaining some forms of approximate solutions. One of the key issues
of approximate solutions has always been the accuracy of the solutions. The accuracy, gen-
erally speaking, is measured in terms of the norm of the error in Banach space. The error
being the difference of the approximate solution from the exact solution. In the absence of
an exact solution (analytical or numerical) a heuristic approach consisting of the convergence
of successive approximations has been chosen to judge the merit of an approximate solution.
With the advent of computers the approximate solutions in fluid dynamics have lost some of
their importance as more and better numerical algorithms have been developed to solve the
increasingly realistic, but more complicated problems numerically. Nevertheless, approximate
analytical solutions still have their relevance for the following reasons: Firstly, they give the
solutions for each point within the domain of interest unlike the numerical solutions which
are available for a particular run only for a set of discrete points in the domain. Secondly,
compared to a numerical solution a nicely produced approximate solution, requiring a minimal
effort and having a reasonable amount of accuracy is always handy for an engineer, scientist

or an applied mathematician, who can obtain a solution completely, thereby gaining a valuable
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insight into the essentials of the problem. Thirdly, even with most of the scientific packages,
some initial guess is required for the solution, as the algorithms, in general are not globally
convergent. In such situations, approximate solutions can provide an excellent starting guess,
which can be rapidly refined to the exact numerical solution in a few iterations. Homotopy
analysis method is proposed by Liao [75,76] and is very useful to obtain the series solutions
of the nonlinear ordinary and partial differential equations [77-85]. According to Liao [75, 76],

this method distinguishes itself from other analytical methods in the following five aspects

1. HAM is not dependent on physical parameters. Therefore the technique can be used for

both strong/weak nonlinear problems.

2. It is valid for strongly nonlinear problems even if a given nonlinear problem does not

contain any small/large parameter.

3. It provides us with a convenient way to adjust the convergence region and rate of approx-

imation of the series solution.

4. HAM provides freedom to chose base functions to approximate the solution of nonlinear

problem.

5. This method can be coupled with many other mathematical methods such as integral

transform methods, series expansion methods, numerical methods and so on.

This technique is applicable in the development of results to numerous problems [78 — 88].

Idea behind the HAM is as follows.

Nonlinear differential equation can be written as follows:

C(w)+¢(r) =0, (1.43)

where C is a nonlinear operator, w(r) is an unknown function to be determined and ¢(r) is a

known function. The homotopic equation is

(1 =p)Lw(r,p) — wo(r)] = ph{Clw(r,p) — c(r)]}, (1.44)
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where wo(r) is initial guess, £ is auxiliary linear operator, / is auxiliary parameter or con-
vergence control parameter, p € [0,1] is an embedding parameter and w(r, p) is an unknown
function. By expanding Taylor’s series about p one obtains

1 9%a(r,p)

w(r, p) = wo(r) + Zwk(r)pk, ug(r) = R (1.45)
k=1

q=0
The convergence of above series firmly depends upon f. The value of f is chosen in such a

way that series solution is convergent at p = 1. Substituting p = 1 one obtains

w(r) =wo(r) + Y wi(r). (1.46)
k=1
The k-th order deformation problems are
L [wi(r) — xpwg—1(r)] = AR(r), (1.47)
where
0,k <1,
Xk = (1.48)
1L,k>1,
T P S Y (r)+§:w (r)p* (1.49)
SR CESV A P e~ T | . '
— o
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Chapter 2

MHD mixed convection flow of
thixotropic fluid with
thermophoresis, Joule heating and

thermal radiation

This chapter deals with the magnetohydrodynamic (MHD) mixed convection flow of thixotropic
fluid over a moving surface. Heat transfer is considered in the presence of thermophoresis, Joule
heating and radiative effects. Dimensionless nonlinear problem is computed by homotopy analy-
sis method (HAM). The convergent solutions are plotted and examined for various parameters
of interest. Numerical values of wall shear stress and heat transfer rate are computed and

discussed.

2.1 Mathematical formulation

We consider Cartesian coordinate system in such a way that r—axis is along the stretching
surface and y—axis is perpendicular to it. The magnetohydrodynamic boundary layer flow of
thixotropic fluid is taken into account. Heat and mass transfer characteristics are accounted

in the presence of thermal radiation and thermophoresis effects. Uniform temperature of the
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surface T, is higher than the ambient fluid temperature 7. Further the species concentration
at the surface is taken uniform C,, = 0 while the ambient concentration is Co. A constant
magnetic field of strength By is applied in the y-direction. The flow is steady and the magnetic
Reynolds number is taken small so that an induced magnetic field is negligible in comparison
to applied magnetic field. Taking into account the Rosseland approximation for radiative heat
flux, the mass, linear momentum, energy and concentration equations are simplified to the

following expressions:
ou Ov

%+8_y =0, (2.1)

ou ~ Ou u 6Ry [(Ou\? [D%u o* B2
Ur— +V— = Ve —— | = -— | — U
dr 'y oy p \0y y? p
ou 9%u %u
LARy 2(8) (&) (wdis +052)
ou 0°u 33u Oou _9%u_ A &%u
P + _y) u8$8y2 +v 8 07 T Dy 0zdy + Oy oyZ )
+Q[BT(T - Too) + BC(C - Coo)]a (2 2)
LOT o7 k T 160,15 0°T  2uk (Ou)\*  duls Ou *u (0u)’
Ox oy  pcp Oy? 3ke  Oy? pcp, \ Oy cp Oy Oxdy \ Jy
4Ry Ou 0%u <8u>2 1 <8u>2 o*B2 ,
g 2R D) £ () L 20,2 2.3
pcp Oy 0y? \ dy pcp \ Oy PCp (23)

oC oc  _9°C 0

where (u,v) are the velocity components parallel to the x— and y—axes, R; and Ry are the
constants, v the dynamic viscosity of fluid, p the density of fluid, c* the electrical conductivity,
g the gravitational acceleration, S and 3, the thermal and concentration expansion coefficients

respectively, T' the temperature, ¢, the specific heat, o5 the Stefan-Boltzmann constant, k. the
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mean absorption coefficient, D the diffusion coefficient and Vr the thermophoretic velocity.
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Fig. 2. 1: Physical model

Equations (2.1)-(2.4) are solved subject to the boundary conditions

u = uy=azx, v=0, T=T,x), C=Cyu(zr)at y=0,
u — 0, ?HO,T%TOO,CHCOOasyHoo. (2.5)
Y

The thermophoretic term Vp in Eq. (2.4) can be defined as

T
Vo= 1y 20

o (2.6)

Here ko is the thermophoretic coefficient and T;. is the reference temperature. A thermophoretic

parameter 7 is defined by the following relation

k(T — Two)
r=_2ow ool T . (2.7)

The wall temperature and concentration fields are

Tw=Tx +bx, Cp =Cx +cx, (2.8)
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where a, b and c are the positive constants. Introducing

T-Tw

= 2.

a
w=afn), v =i, n=u/% 00)
incompressibility condition (2.1) is automatically satisfied and the Eqgs. (2.2)-(2.5) become

2f/f//2f/// 4 f//4

fll/+ffll_f/2+K1(:Z:)fIIQf/l/+K2 (x) L
_fo//f///2 _ ff// fzv

—M?f'+X(0+N¢) =0, (2.10)

4 1
(1 + §R> 0" + Pr(f0' —0f") + PrEcf" + gKlPrch”4

+KaPrEc(f' " = ff" ") + M?PrEcf” = 0, (2.11)

& + Sc(fd — of') — Ser(¢'0) — ¢0”) =0, (2.12)

f =0, ff=1, 0=1, ¢=1atn=0,

ff = 0, f"—0,06—0, —0asn— oo, (2.13)
where the non-Newtonian parameters are Kp(z) = —GR;)# and Ks(x) = %, M =
_ 9B (Tw—Too)a® /v?

O'*Bg /pc the Hartman number, A = Gr,./ Re? the local buoyancy parameter, Gr, = ey
the local Grashof number, N = 5.(Cy — Cx)/B7(Tw — Txo) the constant dimensionless con-
centration buoyancy parameter, Pr = % the Prandt]l number, R = 40,13, /k.k the radiation
parameter, Ec = u /c,(Tyy — Two) the Eckert number and Sc = % the Schmidt number. It is
further seen that both K7 and K5 are functions of x. Hence the fluid flow in present situation
lacks a self-similar solution. This is striking difference when compared present case with that of
Blasius flow of viscous fluid i.e. in Blasius flow there is self-similar solution. Here K32 especially
indicates the fluids’ thixotropic behavior.

The skin friction coefficient, local Nusselt number and local Sherwood number in non-

dimensional form can be written as follows:

Re,/*Cy = f"(0) = K1 /6[f"(0)]°, NugRe;/? = —0'(0) and ShRe, "/ = —¢/(0).  (2.14)
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Here we noticed that the wall shear stress at given x—location is only affected by R; but only
indirectly by Ry (i.e. through f”(0)) [51]. We have serious limitation in a simplified Harris
model for representing true thixotropic fluid.

2.2 Series solutions

The homotopic solutions for f and € in a set of base functions

{n* exp(—nn), k> 0,n >0} (2.15)
are given by

=3 ap, 1" exp(—nn), (2.16)

n=0 k=0
Zme W exp(—nm) (2.17)

n=0 k=0
=3 e an” exp(—nn) (2.18)

n=0 k=0

k

k k
where a b, and are ¢, ,,

mons Omon are the coefficients. The appropriate initial approximations and

auxiliary linear operators are

fo(n) =1 —exp(—n), bo(n) = exp(—n), do(n) = exp(—n), (2.19)
Ly=f"—Ff, Lo=f"—Ff Lo=f"—F (2.20)

with
Ef(Cl + Coe + 036_77) =0, £9(04677 + 056_77) =0, E¢(C§€n + 076_77). (2.21)

in which C; (i = 1—7) denote the arbitrary constants and the zeroth order deformation problems

are

(1= p) 25 (Fmp) = folm)) = Ny (Fnip),0mip), S ) (2:22)
(1= 1) Lo (00 p) — 00(m)) = phoNy (0055 p), f (), b(m:)) (2.23)
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(1—p) Ly (@(n;p) — ¢o(77)> = phgNy (9(n;p)> fp), @(n;p)) » (2.24)

FO;p) = 0, f(0;p) =1, f'(c0;p) =0, f"(c0;p) =0,

0(0;p) = 1, 8(c0;p) =0, 3(0;p) =1 and ¢(o0;p) =0, (2.25)

(wa¥y

where p shows embedding parameter, hif, iip and hg the non-zero auxiliary parameters and the

nonlinear operators Ny, Ny and Ny are

Nilf(n.p),0(n;p), ()] = 53—+ f(n,p) o an

37 R 2 £ ¢ 2
9°f(n,p) #f(m,p) (9f(n.p)
on3

92 ¢ 2 93 £ ’
ot ()

af(n.p) (8213(774)))2 03 f(n.p) + (32f("vp))4 — f(n,p)

on on? on3 on?
+K . R ' R
2(7) 9 f(n.p) (331”(77,1)))2 — f(n,q) (<92f(777p)>2 *f(n.p)
on? on3 ; on2 on”
A . of(n,
A0, ) + N(n; p) — MQ%, (2.26)

. . R 2 2 F 2
Nl .00, Bsp)) = (1+3) ZUL) 4 pre <M>

3 on? on?
. 2 . 4
on 37! on?
A 8f(777p) R 8@(7’]7]))
. GInP) , p
Pro(n,p) o + Prf(n,p) n
E)fé()mp) (023;(247))4
+KyPrEc AN , (2.27)
—f(n, p) 5142 (8 Z;(’%p))

A~ A ~ 2/\ A g F ~
Nglf(n,p),0(n;p), o(n;p)] = %;’2’29) + Sec ( (n,p) agbg;’p) - af(azp)cﬁ(n,p))
. . o
—Ser (80(@71)7, D) 8@%)(87177,17) - ¢(77’p)a 08(77172’ p)> ) (2.28)
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When p =0 and p =1 then

f(n:0) = fo(n) and f(n;1) = f(n), (2.29)
0(n; 0) = 0o(n) and O(n; 1) = O(n), (2.30)
&(n;0) = ¢(n) and G(n; 1) = ¢(n), (2.31)

and when p increases from 0 to 1 then f(n,p), 6(n,p) and ¢(n, p) vary from fo(n) to f(n), 6o(n)
to 0(n) and ¢y(n) to ¢(n). Employing the Taylor’s series expansion we have

F.0) = folm) + 3 ™ Fuln) = — TR (2.32)
m=1 m: D p=0

00n.) = Bo0) + 5= O™, Orn() = — TICED)| (2.33)
m=1 m. p p=0

601,p) = o) + 32 Sm(MP™, Sou(0) = — —8m§’ {7;) (2.34)
m=1 m: p p=0

Convergence of series (2.32-2.34) is closely associated with %z, hg and hy. The values of hy, hg

and hg are chosen such that the series (2.32-2.34) converge at p = 1. Hence

£ = folm) + 3 finl). (2.35)
On) = Boln) + 3 O (). (2.36)
6(m) = don) + 3= G0, (2.31)

If we denote the special solutions f;, (1), 6, (n) and ¢}, (n) then the general solutions f, (1),
Om (1) and ¢y, (n) are

fm() = f(n) + C1 + Cae" + Cze™, (2.38)
Om(n) = 05, (n) + Cae” + Cse™", (2.39)
bm(n) = ¢pa(n) + Cee” + Cre™. (2.40)
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2.3 Convergence analysis and discussion

We recall that the auxiliary parameters hy, g and hg are useful in controlling and adjusting
the convergence of the series solutions. We draw the A—curves at 14th order of approximation
in obtaining the ranges for iy, hy and hyg. It is noticed from Fig. 2.2 that the admissible
values of hy, hg and hy are —0.7 < hy < —0.25, —0.95 < hy < —0.5 and —0.95 < hyg < —0.5.
Further the series solutions converge in the whole region of n when hy = hy = hy = —0.6.
Table 2.1 is presented to see the convergent values for different order of approximations at
hy = hy = hy = —0.6. This Table indicates that the series solutions for velocity converge
from 20th order of deformations and temperature and concentration converge from 25th order
of deformations. Hence 25th order deformations are computed to find a convergent series

solutions.
K1 =01, Ko =0.2,1 =04,7=03 M=06,Sc=0.7, Ec=05,Pr=10,N=03 R=04

-05

-1

-15

), ¢(0),¢'(0)

-2

—
""""" 4o
- 60

-12 -1 -0.8 -06 -04
Tig, Ty, Ty

Fig. 2. 2: h—curves for the functions f, 8 and ¢
Table 2.1: Convergence of series solutions for different order of approximations when

Ki=01,Ky=02\=04,7=0.3M=0.6,Sc=0.7, Ec=05,Pr=10, N=03, R=0.4
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and hy = hg = hy = —0.6.

Order of approximations —f”(0) —60(0) —¢'(0)

1 0.86800 0.63500 0.85000
5 0.82753 0.60365 0.71921
10 0.82461 0.60732 0.69473
20 0.82425 0.60872 0.68636
25 0.82425 0.60886 0.68578
30 0.82425 0.60886 0.68578
35 0.82425 0.60886 0.68578

Figs. 2.3- 2.7 are sketched to analyze the variations of thixotropic parameters K; and Kj,
local buoyancy parameter A, Hartman number M and concentration buoyancy parameter N on
the fluid velocity f/(n). Figs. 2.3 and 2.4 depict that the fluid velocity and momentum boundary
layer thickness are increasing functions of thixotropic parameters. By increasing thixotropic
parameters, the values of material parameters R; and Ry increase. An increase in the material
parameters give rise to the fluid velocity and momentum boundary layer thickness. Fig. 2.5
shows that an increase in local buoyancy parameter gives rise to the fluid velocity and its
associated boundary layer thickness. Increase in buoyancy parameter corresponds to stronger
buoyancy force. Buoyancy force is an agent that causes an increase in the fluid flow and its
related boundary layer thickness. An increase in Hartman number reduces the fluid velocity.
Hartman number involves the Lorentz force and an increase in Lorentz force reduces the fluid
velocity and boundary layer thickness (see Fig. 2.6). The Lorentz force provides a resistance
to flow. From Fig. 2.7 it is observed that concentration buoyancy parameter enhances the
velocity.

To see the impacts of different parameters on the temperature 6(n), Figs. 2.8-2.15 are
potrayed. From Figs. 2.8 and 2.9, we have seen that the thixotropic parameters K; and Ko
are decreasing functions of temperature and thermal boundary layer thicknesses. Larger values
of Ky and K> correspond to stronger R; and Ro showing a reduction in the temperature. We
also noted that the thixotropic parameters have quite opposite effects on the fluid velocity

and temperature. Figs. 2.10 and 2.11 present the effects of local buoyancy parameter and
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concentration buoyancy parameter on the temperature. It is found that the temperature and
thermal boundary layer thickness become smaller for larger values of local buoyancy parameter
and concentration buoyancy parameter. Physically, both A\ and N depend on the buoyancy
force. Larger values of A and N lead to the stronger buoyancy force. Such stronger buoyancy
force reduced the temperature and thermal boundary layer thickness. Fig. 2.12 is plotted
to analyze the influence of Eckert number on the temperature. Here it is revealed that the
temperature and thermal boundary layer thickness are increased for larger Eckert number.
This is because of the reason that heat energy is always stored in the liquid due to the frictional
heating. Such increase in Eckert number enhances the temperature at any point in the thermal
boundary layer region. From Fig. 2.13, one can see that temperature is an increasing function
of Hartman number. Larger values of Hartman number posses stronger Lorentz force. This
stronger Lorentz force enhances the temperature and thermal boundary layer thickness. Impact
of Prandtl number Pr on the temperature 6(n) is analyzed in Fig. 2.14. Thermal boundary
layer thickness and temperature 0(n) are decreasing functions of Pr. This is due to the fact
that with an enhancement in Prandtl number Pr, thermal diffusivity decreases which leads to a
reduction in temperature 0(n). Fig. 2.15 shows that temperature 6(n) increases with an increase
in radiation parameter R. Also thermal boundary layer thickness enhances with R which is
due to the fact that as thermal radiation parameter increases, the mean absorption coefficient
k. decreases which in results give rise to the divergence of radiative heat flux. Hence the rate
of radiative heat transferred to the fluid shoot up so that the fluid temperature increases.
Figs. 2.16-2.22 are plotted to see the variations of Ky, Ko, A\, N, Ec, M and 7 on the
concentration ¢(n). Figs. 2.16 and 2.17 show the influence of thixotropic parameters on the
concentration. From these Figs. we observed that increase in thixotropic parameters reduced
the concentration and its related boundary layer thickness. We also analyzed that the effects
of thixotropic parameters on the temperature and concentration are similar in a qualitative
sense. A comparison of Figs. 2.8, 2.9, 2.16 and 2.17 show that the variation in temperature
are dominant in comparison to variation in concentration due to thixotropic parameters. Local
buoyancy parameter and concentration buoyancy parameter are decreasing functions of con-
centration (see Figs. 2.18 and 2.19). Fig. 2.20 shows that an increase in Eckert number leads

to a decrease in the concentration and its related boundary layer thickness. For higher Eckert
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number, concentration specie diffuses due to which the concentration field decreases. Fig. 2.21
illustrates the variations of Hartman number on the fluid concentration. It is revealed that
concentration is a decreasing function of Hartman number. We conclude that the variations
in temperature are more dominant when compared with the variations in the concentration.
From Fig. 2.22 it is observed that the associated boundary layer thickness and concentration
profile decrease when thermophoretic parameter 7 increases.
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Fig. 2.3: Influence of K7 on f'(n)
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Fig. 2.4: Influence of Ky on f'(n)
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Fig. 2.5: Influence of A on f'(n)

Ki1=01,K>=02,1=04,7=03,Sc=07,Ec=05Pr=10,N=03,R=04

1
— M=00
08 - — M=05
---- M=10
06 M=15
g
04
02
0
0 2 4 6 8

Fig. 2.6: Influence of M on f'(n)
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Fig. 2.7: Influence of N on f'(n)
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Fig. 2.8: Influence of K; on 0(n)
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Fig. 2.9: Influence of K5 on 6(n)
K1 =01,K,=02,7=03,M=06,Sc=0.7,Ec=05Pr=10,N=03 R=04
— 1=-05
— — 1=00
---- 1=05
A=10
5
>
0 2 4 6 8

Fig. 2.10: Influence of A on 6(n)
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Fig. 2.11: Influence of N on 6(n)
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Fig. 2.12: Influence of Ec on 6(n)
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Fig. 2.13: Influence of M on 6(n)
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Fig. 2.14: Influence of Pr on 6(n)
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Fig. 2.15: Influence of R on 6(n)
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Fig. 2.16: Influence of K; on ¢(n)

35



)]

¢

)]

K1 =01,1=04,7=03 M=06,Sc=07 Ec=05Pr=10,N=03, R=04

1

0.8

06

04

02

1

08

06

04

02

Fig. 2.17: Influence of K5 on ¢(n)
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Fig. 2.18: Influence of A on ¢(n)
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Fig. 2.19: Influence of N on ¢(n)
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Fig. 2.21: Influence of M on ¢(n)
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Fig. 2.22: Influence of 7 on ¢(n)

37



Table 2.2 is made to find the numerical values of skin-friction coefficient for various values

of Ky, Ko, M, A and 7 when the other parameters are fixed. We noted that the values of

skin-friction coefficient are decreased by increasing K7, K5 and A. However reverse situation is

noted for M and 7. Table 2. 3 analyzes the numerical values of local Nusselt number and local

Sherwood number for different values of emerging parameters in viscous and non-Newtonian

cases. We observed that the values of local Nusselt number and local Sherwood number is large

in the case of non-Newtonian fluid when compared with the case of viscous fluid. Table 2.4 is

computed for the comparison of f”(0) and #'(0) through different values of Prandtl number and

local buoyancy parameter when all other parameters are zero. From this Table, it is analyzed

that our series solutions have a good agreement with the numerical solutions in a limiting case.

Table 2.2: Numerical values of skin-friction coefficient for different values of Ky, Ko, M,

Aand 7 when N =0.3, R=0.4, Pr=1.0, Ec=0.5 and Sc = 0.7.

Ki Ky M X 1 —Re*Cy
0.0 02 06 04 04 0.84799
0.3 0.79227
0.5 0.76088
02 00 06 04 04 084923
0.3 0.79373

0.5 0.76247

02 02 00 04 04 0.71906
0.5 0.80959

1.0 1.01672

02 02 05 00 04 0.95561
0.4 0.76145

0.8 0.56391

02 02 05 03 00 080923
1.0 0.81003

2.0 0.81106

Table 2.3: Numerical values of local Nusselt number and local Sherwood number for different
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values of M, Ec, Pr, N and R when A = 0.3 and 7 = 0.4.

M Sec Ec Pr N R —0'(0)  —¢'(0) —0(0)  —¢'(0)
K1 = Ky = 0.0 Ki = Ky =02

0.0 0.7 05 10 03 04 0.67883 0.87335 0.69254 0.88088
0.5 0.58160 0.86284 0.60339  0.86671
1.0 0.20936  0.83862 0.36075 0.84058
05 05 05 1.0 03 04 0.58763 0.62245 0.60862 0.68707
1.0 0.57572  1.10358 0.59829  1.10750

1.5 0.57065 1.45081 0.59387 1.45463

05 07 03 1.0 03 04 0.66211 0.84754 0.67841 0.85318
0.6 0.54179  0.87021 0.56632 0.87341

0.8 0.46338  0.88469 0.49302  0.88618

05 07 05 05 03 04 0.41490 0.88107 0.42578 0.88426
0.8 052313 0.86855 0.54006  0.87243

1.3 0.65577  0.85452 0.68482 0.85721

05 07 05 1.0 0.0 04 0.55688 0.85559 0.58355 0.85988
0.5 0.59650 0.86737 0.61561  0.87109

1.0 0.62949  0.87800 0.64317  0.88142

05 07 05 1.0 0.3 0.0 0.70547 0.84788 0.73986 0.85133
0.5 0.55912  0.86538 0.57908  0.86942

1.0 0.47505  0.87469 0.48877  0.87958

Table 2.4: Comparison of f”(0) and ¢'(0) with Singh et al. [76] for different values of Pr and
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Singh et al. [76]

Present solutions

f"(0) 0'(0) £"(0) 0'(0)
Pr =07

-1.00 -0.79366 -1.00000 -0.79373
A=0.0
Pr =07

-0.50751 -0.89613 -0.50767 -0.89614
A=1.0
Pr =07

257771 -1.17244 2.57789  -1.17287
A =10.0
Pr =10.0

-1.00 -3.72067 -1.00000 -3.72033
A=0.0
Pr =10.0

-0.82568 -3.74856 -0.82529 -3.74718
A=1.0
Pr =10.0

0.61966 -3.95235 0.61940 -3.95266
A =10.0

2.4 Closing remarks

Effects of Joule heating, thermophoresis and thermal radiation in MHD flow of thixotropic fluid

are analyzed. The main observations are listed below.

e The non-Newtonian parameters K; and K» have similar effects on the velocity in a qual-

itative sense.

e The effects of M and A on the velocity field are quite opposite.

e The variations of K1 and K5 on temperature and concentration are opposite in comparison

to velocity.

e An increase in Schmidt number corresponds to a smaller variation in concentration field.
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Chapter 3

Three-dimensional mixed convection
flow of viscoelastic fluid with
thermal radiation and convective

conditions

The objective of this chapter is to examine the thermal radiation effect in three-dimensional
mixed convection flow of viscoelastic fluid. The resulting partial differential equations are re-
duced into a system of nonlinear ordinary differential equations using appropriate transforma-
tions. The series solutions are developed through a modern technique known as the homotopy
analysis method. The convergent expressions of the velocity components and temperature
are derived. The solutions obtained are dependent on seven sundry parameters including the
viscoelastic parameter, mixed convection parameter, ratio parameter, temperature exponent,
Prandtl number, Biot number and radiation parameter. Discussion to these parameters is made

via plots.
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3.1 Mathematical analysis

Let us consider three-dimensional mixed convection flow of second grade fluid due to an expo-
nentially stretching surface. The surface coincides with the plane z = 0 and the flow is confined
in the region z > 0. The surface also possess the convective boundary condition. Influence of
thermal radiation through Rosseland’s approximation is taken into account. Flow configuration

is given below.

2 A2 777
—S

%
LUV L LY
I =T, 4T &

Fig. 3.1: Geometry of problem
The governing boundary layer equations for steady three-dimensional flow of viscoelastic fluid

can be put into the forms:

ou Ov Ow
— 4+ —+=— =0, 3.1
oz + y + 0z (3.1)
2 2
Ox oy 0z 022 p 01022 023 192 g_z ggz 19 %_1; %
+9B87(T — Teo), (3:2)
v 92 v 92
u@—i-v@vtw@:y@—i-ﬂ v—a% +w&— a_;a_zg"‘a_gazgu (3.3)
0 0 0 022 Oy022 023 v 92 dw 52 ’ '
o0y 00 \Ou0 U0\ ol gy 4 odugy

or | or or kT 1oy
Yo U@y w@z_pcp8z2 pep 0z
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where u, v and w are the velocity components in the z—, y— and z—directions respectively, «; is
the material fluid parameter, v = (p/p) is the kinematic viscosity, p is the dynamic viscosity, p
is the fluid density, 7" is the fluid temperature, g is the gravitational acceleration, S1 is thermal
expansion coefficient of temperature, ¢, is the specific heat, &k is the thermal conductivity and
g- the radiative heat flux. By using the Rosseland approximation, the radiative heat flux ¢, is

given by
o, o
3k, Oz

qr = (35)

where o is the Stefan-Boltzmann constant and k. the mean absorption coefficient. By using
the Rosseland approximation, the present analysis is limited to optically thick fluids. If the
temperature differences are sufficiently small then Eq. (3.5) can be linearized by expanding 7%

into the Taylor series about T, which after neglecting higher order terms takes the form:
T* = 4T3 T — 3T%. (3.6)
By using Eqgs. (3.5) and (3.6), Eq. (3.4) reduces to

oL or ., oT kT 160,13 9°T
oz Ay 0z pcp 022 3Bkepe, 022

The boundary conditions can be expressed as follows:

oT
u=Uy, v=Vy, w=0, —kazh(Tf—T), at z =0, (3.7)
u—0,v—0, T — Ty as 2 — 00, (3.8)

where subscript w corresponds to the wall condition, & is the thermal conductivity, T is the
hot fluid temperature, A is the heat transfer coeflicient and T, is the free stream temperature.

The velocities and temperature are taken in the following forms:

T x A(z+y)
Uy = Upe ™", Vi = Voe T, Ty = T = Too + Toe 21" (3.9)

in which Uy, Vj are the constants, L is the reference length and A is the temperature exponent.
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The mathematical analysis of the problem is simplified by using the transformations [25]:

z+y x U 1/2 x /
u o= Upe T f'(n), v="Ue T g(n), w=— (%) e (f+nf +9+n9),
T+y 1/2 x
T = TC,o—i—ToeA(22r )9(77), n= <2U—0L> e 2, (3.10)
14

Incompressibility condition is now clearly satisfied whereas Eqgs. (3.2) — (3.8) give

6 1" gl 3 //_3 1 " 1
PG -2 gy i | ST BO AT e o, 3y

+(49" + 2ng") f" = (f + g +ng') ™

69//191 _"_ (3f‘// _ 3gll _"_ nf‘l//)gll
9"+ (f+9)g" —2(f'+9)d + K =0, (3.12)

+(4f' + mf")g" = (f+g+nf)g"

4
1+ gR)G” +Pr(f+9)0 —PrA(f' +4¢)0 =0, (3.13)
=0, g=0, f'=1, ¢ =8,0 = —y,(1—6(0)) at n=0, (3.14)
ff—0,4g—0 6—0 asn— o (3.15)

in which K is the viscoelastic parameter, § is the ratio parameter, Pr is the Prandtl number,
G'ry is the local Grashof number, R is the radiation parameter, A is the temperature exponent,
v is the Biot number, Re, is the local Reynold number, A is the mixed convection parameter

and prime denotes the differentiation with respect to 1. These can be defined as

w 40*T3 h [2vL
K = Srs-ghee=tn- (M=) -5
0

2L k kek kV U’
L = - Tr — Too)z®
Re, — Job =y GTZ,GTIZ 9811y _ )e” (3.16)
v Re v

The skin-friction coefficients in the x and y directions are given by
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Cpp = —uo (3.17)

1/2pU2’
Ty
C = 3.18
where
[ %u 92u d%u ou Ju
_ Ju UDz0z +U8y82+ww+&%
Twzx|,—g = p—— + ko o o )
0z +0udu | 9dwdw _ dwdu
L 0z Ox 0z Ox 0z 0z 2=0
[ 9%v 9%v 9% ou Ju
o v UHzoz + U@yaz + w@ + 9z Oy
Tuyl..o = |H7; +ho - AR (3.19)
9z L v | gOwdw _ Jwdv
L 0z Oy 0z Oy 0z 0z 2=0

By using Eq. (3.19) in Egs. (3.17) and (3.18), the non-dimensional forms of skin friction

coefficients are as follows:

~1/2
Co= () UK G 450+ 2 )]y 620)
Re) /2
Cpy = <7> 9" + K (=(f +9)g" +5(f' +¢)g" +2f'f"+24'g")], - (3.21)

Further the local Nusselt number has the form

2

160,12 oT
_< 3k:eo°+k>E z (Re\? 4

3.2 Solutions development

The initial guesses and auxiliary linear operators in the desired HAM solutions are

Jom) = (1 =€), go(n) =B (1—e"), bo(n) = %tn)’ (3.23)

ﬁf — f/// _ f/7 £g — g/// _ 9/7 C@ — 9// _ 0’ (324)
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subject to the properties

£f(Cl + Che + 036777) = 0, ,Cg(C4 + Csel + C6efn) =0,
Lo(Cre+ Cge™™) = 0. (3.25)

in which C; (i = 1 — 8) are the arbitrary constants, L¢, L, and Ly are the linear operators and
fo(n), go(n) and 6y(n) are the initial guesses.

Following the idea in ref. [78] the zeroth order deformation problems are

(L=p) L5 [F1p) = folm)| = phsNy | FOrsp),amp)] (3.26)

(1=p) Ly [§(7:7) = go(m)] = phyN; | F(m: ). 5(m: )| (3.27)

(1= p) £4 [0(n: ) = Oo(n)| = phoNy [ F(m: ). 503 ), 0(n, )| (3.28)
FO:p) = 0, f'(0:p) = 1, f(00ip) =0, §(05p) =0, (3.29)
§0:p) = a, §(ooip) = 0,6(0,p) = —y1[L — 6(0, )], (o0, p) = 0. (3.30)

For p =0 and p = 1 one has

Fm;0) = fo(n), §(m;0) = go(n), 8(n,0) = 0o(n), and f(n;1) = f(n),
(n,1) =6(n). (3.31)

gm1) = gn),

Note that when p increases from 0 to 1 then f(n, p), g(n,p) and 8(n, p) vary from fo(n), go(n) and
0o(n) to f(n), g(n) and O(n). So as the embedding parameter p € [0, 1] increases from 0 to 1, the
solutions f (n;p),9(n; p) and @(77; p) of the zeroth order deformation equations deform from the
initial guesses fo(n), go(n) and 6y(n) to the exact solutions f(n),g(n) and 6(n) of the original
nonlinear differential equations. Such kind of continuous variation is called deformation in

topology and that is why the Eqgs. (3.26-3.28) are called the zeroth order deformation equations.
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The values of the nonlinear operators are given below:

0% f(n,p)

(3.32)

: ) ~ f(n,p) of(n,p) , 83(n,p)\ df(m.p) | /; .
Nilf(n,p),g(n,p)] = e 2 on + n on + (f(mp) +g(n,p)> a7
68fg77;p) 8318”;2719) I <382g7(72,p) _3? f(n p) | 778 g;g,m)
02 f(n, 94(n, 024 53
+K (J;;gp) +(4 g((;z?p) + o 8572 )) 5573 p)
~ ~ 4 7
- (f(n,p) +4(n,p) + n%ﬁ@p)) %
+2X0(n, p),
o P(n.p) 260\ pginp)  Fonp) \ atmp)
Nolg(n,p), f(n,p)] = —55— —2 viny | —on T A 0z
" +—,7’ " +4(n, p) 7
03 7
609(’7”)) o g ( _ g%ﬂ p) Ud (J;(;;p))
of( 92 (n,
+EK (4 (10) 4 o, 8;’;7”) “4(32) (3.33)
f( 9*4(n.p)

( (1, p) + (77 p)+1 ) s

. R ) 920 A ) d0(n,
NolO(n,p), f(n,p),g(n,p)] = (1+ 3R) 8(772 P) +Pr(f(n,p) +g(n7p))#
. 3f(77»p) 89(77717) )
PrA ( an + an 0(n,p). (3.34)

Here fif, Iy and Ry are the non-zero auxiliary parameters and Ny, N, and Ny the nonlinear

operators. Taylor series expansion gives

Fn.0) = folm) + 3 Fulm™, Ful) = TR (3.35)
m=1 m: p p=0

9(0.0) = go(m) + 3 guu(mP™, ginn) = i, —amag (Zp) ; (3.36)
m=1 m: p p=0

0n.p) = Ouln) 3 O™, Ol = - ZOD (3.37)

where the convergence of above series strongly depends upon %y, iy and hy. Considering that
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hif, hy and hg are chosen in such a manner that Egs. (3.35) — (3.37) converge at p =1 then

£ = folm) + 3 finl) (3.38)
o(n) = 0(n) + 3= g (). (3.39)
on) = Bo(m) + 3= (0. (3.40)

The corresponding problems at mth order deformations satisfy

Ll fm() = XmSm-1(n)] = hyRF(n), (3.41)
Ly[gm(n) = Xmgm-1(n)] = IRy (1), (3.42)
Lo[0m(n) = Xmbm—-1(n)] = ReRG (n). (3.43)

fm(0) = f,(0) = f7,(0) = 0, gm(0) = g,(0) = gp,(c0) =0,

elm(o) - 719m(0) - 9m<oo) =0, (3.44)

m—1 m—1 m—1
REMm) = foa() =23 focawfb =2 2 Gno1-nfi + 2 (fno1wfr + 9m—1-wf7.)
k=0 k=0 E—=0
6m_1 ! 1 3m_1 1! 1 _ 3m_1 1 1/
> Tk fE 3 20 Gkt DR AT
E—=0 E—=0 k=0
K m=l " 1! 4 m=l / 1 2 m=1 1 "
+ + ];0 N9pm—1—f% + ;;o Ir—1-kf + ’;0 N9m—1-kJ%

m—1 " m=l " el / "
= o1k =Y gmer—k Y = Y NG 1w A
E=0 k=0 k=0

+2)0, (3.45)
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m—1 m—1 m—1
Ry' (M) = gm-1(n) —2 kE Im—1-k9% — 2 kZ Irn—1-kTp T kZ (fm-1-k9k + Im-1-191)
=0 =0 =0

m—1 m—1 m—1
/ " 1/ 1 ! 1
6 > 19K +3 2 fo1-x9% —3 > Im-1-19%
k=0 k=0 k=0
m—1

m—1 m—1
+K | + kE N1 19, +4 kZ fr1 19k +2 kE N1 19k

m—1

k=0

4 m—1
Rg'(n) = (L+gR)0 g +Pr kzo(%_l_kfk + 01—k k)

m—1
—PrA kE (froc1- 10k + 91 10%),
—0

0, m<1,
Xm =
1, m>1.

The mth order deformation problems have the solutions
fm(n) = fn(n) + C1 + Cae” + Cze™,

gm(n) = gp(n) + Cy + Cse” + Cge ™,
Om(n) = 0,,(n) + Cre" + Cge™",

where the special solutions are f,, g% and 6;,.

3.3 Convergence analysis

m—1 m—1

nn " ! nn

- I9m—-1-k9 — ) fm—l—kgk: -2 nfm_l_kgk
k=0 k=0

(3.46)

(3.47)

(3.48)

(3.49)

(3.50)

(3.51)

We recall that the series (3.38) — (3.40) contain the auxiliary parameters Ay, hy and hg. These

parameters are useful to adjust and control the convergence of homotopic solutions. Hence the

h—curves are sketched at 15"

order of approximations in order to determine the suitable ranges

for hy, hy and hg. Fig. 3.2 denotes that the ranges of admissible values of Ay, hy and hy are

—0.7 < hy <-0.2, 0.7 < hy < —0.1 and —0.8 < hy < —0.2. Table 3.1 presents the numerical

values of — f”(0), —g”(0) and —6'(0) for different order of approximations when iy = —0.5, iy =
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—0.6 and hyp = —0.7. It is seen that the values of — f”(0) and —g”(0) converge from 20th order of

deformations whereas the values of —6'(0) converge from 25th order approximations. Further,

it is observed that we have to compute less deformations for the velocities in comparison to

temperature for convergent se

ries solutions.

f0.9"0.60)
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|
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0
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\
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\
\
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Fig. 3.2: h—curves for the functions f, g and 6

Table 3.1: Convergence of series solutions for different order of approximations when

K=01,A=02Pr=12 ~, =06, =02, iy = 0.5, /i, = —0.6 and hy = —0.7.

order of approximations 1 5 10 15 20 25
—f”((]) 1.06111 1.02482 1.02609  1.02623  1.02618  1.02618
—g"(0) 0.544444 0.548057 0.548092 0.548043 0.548053 0.548053
—6'(0) 0.317778 0.305581 0.305729 0.305744 0.305738 0.305738

3.4 Discussion of

results

The effects of ratio parameter 3, viscoelastic parameter K, mixed convection parameter A, Biot

number ~; and radiation parameter R on the velocity component f/(n) are shown in the Figs.

3.3-3.5. It is observed from Fig. 3.3 that velocity component f’(n) and thermal boundary layer

thickness are decreasing functions of ratio parameter 5. This is due to the fact that with the

increase of ratio parameter (3, the z-component of velocity coefficient decreases which leads

to a decrease in both the momentum boundary layer and velocity component f'(n). Fig. 3.4
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illustrates the influence of viscoelastic parameter K on the velocity component f'(n). It is
clear that both the boundary layer and velocity component f/(n) increase when the viscoelastic
parameter increases. Influence of mixed convection parameter A on the velocity component
f!(n) is analyzed in Fig. 3.5. Increase in mixed convection parameter A shows an increase in
velocity component f’(n). This is due to the fact that the buoyancy forces are much more
effective rather than the viscous forces. Figs. 3.6 and 3.7 illustrate the variations of ratio
parameter 3 and viscoelastic parameter K on the velocity component ¢'(n). Variation of ratio
parameter 8 is analyzed in Fig. 3.6. Through comparative study with Fig. 3.3 it is noted
that f’'(n) decreases while ¢'(n) increases when 3 increases. Physically, when (3 increases from
zero, the lateral surface starts moving in y—direction and thus the velocity component ¢'(n)
increases and the velocity component f'(n) decreases. Fig. 3.7 is plotted to see the variation
of viscoelastic parameter K on the velocity component ¢’(n). It is found that both the velocity
component ¢’'(n) and momentum boundary layer thicknesses are increasing functions of K . Tt
is revealed from Figs. 3.4 and 3.7 that the effect of K on both the velocities are qualitatively
similar.

Figs. 3.8-3.14 are sketched to see the effects of ratio parameter 3, viscoelastic parameter K,
the temperature exponent A, Biot number v;, mixed convection parameter A\, Radiation para-
meter R and Prandtl number Pr on the temperature 6(n). Fig. 3.8 is drawn to see the impact
of ratio parameter 5 on the temperature 6(n). It is noted that the temperature 6(n) and also
the thermal boundary layer thickness decrease with increasing 5. Variation of the viscoelastic
parameter K on the temperature 6(n) is shown in Fig. 3.9. Here both the temperature and
thermal boundary layer thickness are decreasing functions of K. Variation of mixed convection
parameter A is analyzed in Fig. 3.10. It is seen that both the temperature 6(n) and thermal
boundary layer thickness are decreasing functions of mixed convection parameter A. Fig. 3.11
presents the plots for the variation of Biot number ;. Note that 6(n) increases when ~; in-
creases. The thermal boundary layer thickness is also increasing function of v;. It is also noted
that the fluid temperature is zero when the Biot number vanishes. Influence of temperature
exponent A is displayed in Fig. 3.12. It is found that both the temperature (1) and thermal
boundary layer thickness decrease when A is increased. Also both the temperature 6(n) and

thermal boundary layer thickness are increasing functions of thermal radiation parameter R
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( see Fig. 3.13). It is observed that an increase in R has the ability to increase the thermal
boundary layer. It is due to the fact that when the thermal radiation parameter increases,
the mean absorption coefficient k. will be decreased which in turn increases the divergence of
the radiative heat flux. Hence the rate of radiative heat transfer to the fluid is increased and
consequently the fluid temperature increases. Fig. 3.14 is plotted to see the effects of Pr on
6(n). It is noticed that both the temperature profile and thermal boundary layer thickness are
decreasing functions of Pr. In fact when Pr increases then thermal diffusivity decreases. This
indicates reduction in energy transfer ability and ultimate it results in the decrease of thermal

boundary layer.
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K=02y,=A=04,1=05 R=03, Pr=0.7
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Fig. 3.3: Influence of 5 on the velocity f'(n).
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Fig. 3.4: Influence of K on the velocity f'(n).
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Fig. 3.14: Influence of Pr on the temperature 6(n).

Table 3.2 includes the values for comparison of existing solutions with the previous available
solutions in a limiting case when K = A = v; = R = 0 and [ varies. This Table presents an
excellent agreement with the previous available solutions. Table 3.3 is computed to see the
influences of viscoelastic parameter K and ratio parameter 3 on skin friction coefficients in the
x and y directions. It is noted that K has quite opposite effect on skin friction coefficients
while quite similar effect is seen within the increase of ratio parameter 5. Table 3.4 examines
the impact of viscoelastic parameter K, mixed convection parameter A, ratio parameter (3, Biot
number 7, radiation parameter R, Prandtl number Pr and temperature exponent A on the
local Nusselt number (rate of heat transfer at the wall). It is noted that the value of rate
of heat transfer increases for larger viscoelastic parameter K, mixed convection parameter A,
ratio parameter 3, Biot number ~, Prandtl number Pr and temperature exponent A while it
decreases through an increase in radiation parameter R.

Table 3.2: Comparative values of —f”(0), —g”(0) and f(o0) + g(o0) for different values /3
when K =)A=+, =R=0.

Liu et al. [25] Present results
a  —f"(0) —g"(0) f(2) +g(00) —f"(0) —g"(0)  f(o0) +g(o0)
0.0 1.28180856 O 0.90564383 1.28181 0 0.90564

0.50 1.56988846 0.78494423 1.10918263 1.56989 0.78494 1.10918
1.00 1.81275105 1.81275105 1.28077378 1.81275 1.81275 1.28077
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Table 3.3: Values of skin friction coefficients for different values of K and S when A =

v, =05, R=0.3, Pr=12and A=0.2.

K o —(53)"7c. -(%)"cy
0.0 0.5 4.95289 4.37363
0.2 5.16586 3.97055
0.3 5.42622 3.96130
0.3 0.0 3.72170 1.65409
0.2 4.30247 2.34617
0.5 5.42622 3.96130

Table 3.4: Values of local Nusselt number —(1 + 3 R)¢'(0) for different values of the
parameters K, 5, A\, R, A, Pr and ~;.
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K X B8 v R Pr A —(1+3R)0(0)
0.0 05 05 05 03 1.2 02 0.297492
0.3 0.308234
0.5 0.311853

0.2 0.0 0.303062

0.3 0.304775

0.5 0.305738

0.2 05 0.0 0.282007

0.3 0.297135

0.5 0.305738

0.1 0.0885730

0.3 0.216850

0.5 0.305738
02 05 05 05 0.0 0.329701
0.3 0.305738

0.5 0.292750

02 05 05 05 03 1.0 0.292152

1.2 0.305738

1.5 0.321826

02 05 05 05 03 1.2 0.0 0.288530

0.2 0.305738

0.5 0.325492

3.5 Conclusions

Three-dimensional mixed convection flow of viscoelastic fluid over an exponentially stretch-
ing surface is analyzed. The analysis is carried out in the presence of thermal radiation and

convective boundary conditions. The main observations can be summarized as follows.

e Influence of ratio parameter 5 on the velocities f'(n) and ¢'(n) is quite opposite. However

the effect of viscoelastic parameter K on the velocities f'(n) and ¢'(n) is qualitatively
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similar.

Momentum boundary layer thickness increases for ¢’(n) when ratio parameter S is large.

Effect of 8 on f/(n) is opposite to that of ¢'(n).

Velocity component f’(n) is increasing function of mixed convection parameter . However
0(n) decreases with an increase of mixed convection parameter A. The impacts of Biot

number 7; and radiation parameter R on f’(n) and 0(n) are qualitatively similar.

Momentum boundary layer is an increasing function of mixed convection parameter A

while thermal boundary layer is decreasing function of mixed convection parameter \.
Increase in Prandtl number decreases the temperature 6(n).

Thermal boundary layer thickness decreases when ratio parameter (3, viscoelastic para-
meter K, mixed convection parameter A, Prandtl number Pr and temperature exponent

A are increased.

Influence of viscoelastic parameter K on the x and y directions of skin friction coefficients

is opposite.

Both components of skin friction coefficient increase through an increase in ratio parame-

ter f.

Local Nusselt number is an increasing function of Prandtl number Pr, ratio parameter 5,
viscoelastic parameter K, mixed convection parameter A, Biot number v, and temperature

exponent A while it decreases for radiation parameter R.

59



Chapter 4

Convective heat and mass transfer
in three-dimensional mixed
convection flow of viscoelastic fluid
with chemical reaction and heat

source /sink

This chapter investigates the heat and mass transfer effects in three-dimensional mixed con-
vection flow of viscoelastic fluid with internal heat source/sink and chemical reaction. An
exponential stretching surface induces the flow. Magnetic field normal to the direction of flow
is applied. Convective conditions at boundary surface are also encountered. Appropriate sim-
ilarity transformations are utilized to reduce the boundary layer partial differential equations
into ordinary differential equations. Analytical solutions of the resulting systems are obtained.
Convergence of the obtained solutions is discussed explicitly. The local Nusselt and Sherwood

numbers are sketched and examined.
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4.1 Mathematical modeling

We consider the three-dimensional mixed convection boundary layer flow of viscoelastic fluid
past an exponentially stretching surface. Mathematical analysis has been carried out in presence
of internal heat source/sink and generative/destructive chemical reaction. Magnetic field is
applied to the normal direction of flow. The surface coincides with the plane at z = 0 and the
flow is confined in the region z > 0. Convective boundary conditions for both heat and mass
transfer on the sheet are taken into account. The governing equations for three-dimensional

flow are expressed as follows:

ou Ov OJOw
— = =0 41
Ox * oy * 0z ’ (4.1)
2
0 0 0 072 0x0%2 023 du _9? dw 9u
v Y ® ® P wos - +26: 8:1:52 +2315 022
O'*Bg
+95T(T - Too) + gﬁC(C - C’oo) - P u, (42)
v §? Ju 62
0 0 0 072 Oy0z2 023 v 92 ow &>
v Y ® : P oz : +28Z ayavz +261; 8;2)
*BQ
220y, (4.3)
p

or  orT or _ a2T Q

ac+ 8_C+ 80 D 82_0_
Yor T8y TV, T P2

k1(C — Cx). (4.5)
In the above equations, u, v and w are the velocity components in the x—, y— and z—directions
respectively, a; the material fluid parameter, S, the thermal expansion coefficient, 8- the
concentration expansion coefficient, o* the electrical conductivity, By the magnitude of applied
magnetic field, p the density of fluid, g the gravitational acceleration, v = (1/p) the kinematic

viscosity, p the dynamic viscosity, o the thermal diffusivity, 7' the fluid temperature, ¢, the

specific heat of the fluid, @ the uniform volumetric heat generation/absorption, C' the con-
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centration field, D the mass diffusivity and prime denotes the differentiation with respect to

.

The boundary conditions are given by

T T

u= Uy, v="Vy, w=0, —ka—:h(Tf—T), —Da—:h*(C’f—C) at z =0, (4.6)
0z 0z

u—0,v—0 T —Ty, C— Cyx as z— o0, (4.7)

where subscript w corresponds to the wall condition, h is the heat transfer coefficient, A* is the
concentration transfer coefficient, 7' is the ambient fluid temperature and Cy is the ambient
fluid concentration.

At wall the velocities, temperature and concentration distributions are defined as:

zty zty A(z+y) B(z+y)
Uw:U()eL,Vw:VOeL,Tw: s + Tpe 2L ,Cw: ' + Cpe™ 2L R (48)

where Uy, Vo, Wy are the constants, L is the reference length, T is the ambient temperature,
Cw is the ambient concentration, A is the temperature exponent and B is the concentration

exponent. By using similarity transformations [25]:

T x U 1/2 x /
u = Upe T f'(n), v="UeT g (n), w=— <%> e (f +nf +g+ng),
T = T+ T 520(m), € = Coo + Coc ™52 6(n), 1 — (2U—“L) 5o (49)

equation (4.1) is identically satisfied and Eqs. (4.2) — (4.9) give:

6f/l/f/ + (39// _ 3fl/ + ng///)f//
+((49" +2ng") " = (f + g +ng") "

f"+(f+9) f =2(f'+4 ) f+ K +2XMO0+Np)-M f' =0,

(4.10)
6////+3I/_3//+ n "
9"+ (f+9)g" —2(f +9)d + K g'q +Bf" = 3g" +nf")g — Mg =0, (4.11)
+@Af" +2nf")g" = (f +g+nf)g"
0"+ Pr(f+g)0 —PrA(f' +4¢)0+Prp*0 =0, (4.12)
¢" + Sc(f + g)¢' — SeB(f +¢')p — Sck*¢ =0, (4.13)

62



f=0, g=0, f'=1 ¢ =50 =-7(1-000), ¢ =—7(1-¢(0), at n=0, (4.14)
ff—0 4g—0 06—-0, ¢6—0asn— oo, (4.15)

where K is the viscoelastic parameter, A is the mixed convection parameter, Gr, is the local
Grashof number, N is the concentration buoyancy parameter, M is the Hartman number,
Pr is the Prandtl number, 5* is the heat source/sink parameter, k* is the chemical reaction
parameter, Sc is the Schmidt number, 3 is the ratio parameter, v, is the heat transfer Biot

number and 4 is the mass transfer Biot number. The definitions of these variables are

Ty — Too)® o*Bj
K — alijA _ Gr§7 G’f’x _ gﬁT( f )ZL‘ , N = M M = BO,
2w Re? Z Br(Ty —

v Q k h*
r P B pcpa k UO S D B ’ 71 = \/7 Y2 = \/7 ( 6)

The local Nusselt and Sherwood numbers in dimensionless forms are

Nu/Rel/? = 577 (0), (4.17)
Sh/Rel/? = —%qﬁ'(o), (4.18)

in which Re, = %Lex_zry is the local Reynolds number.

4.2 Series solutions

For homotopic solutions, the initial guesses and auxiliary linear operators are chosen as follows:

folm) = (1= €77), gnlo) = B (1), Gulo) = P, gy = 2P (g 19

Ef — f/// _ f,7 £g — gl/l _ g/’ £0 — 9// _ 9’ £¢ — ¢// _ ¢ (420)
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The above operators satisfy the following properties

£f(Cl + Che + 036777) = 0, ,Cg(C4 + Csel + 066771) =0,
Lo(Cre + Cge™™) = 0, £¢(09677 + Croe™ ™) =0, (4.21)

where C; (i =1 — 10) are the arbitrary constants.

The problems corresponding to zeroth order are

(1=p) Ls | £059) = fom)] = phsNy [ £ p), 3 0), 0(n: ), S(mip) | (4.22)
(1= 1) £y [§(:0) = go(m)] = phyN; | F(m: ). 5(m: )| (4.23)

(1= p) Lo |0(n:p) = bo(m)| = PhoNy [f( P3P, 0. 6(mip)| . (4:24)
(1) Lo |000:) = do(n)| =l | Fm:p). 300 ). Op). S0 p)| . (4.25)
FOp) = 0, f'(0;p) =1, f'(c0ip) =0, §(0;p) =0, (4.26)
§(0:p) = a,§'(05ip) = 0.6(0,p) = —71[1 = 6(0.p)], (4.27)
B(c0,p) = 0, 6(0,p) = =1 = 3(0,p)], d(00,p) =0, (4.28)

>

N 37 A R .
Ny lf(:p), 3(n: p), O Jm.p 0f(n.p) | ag(n,p)) 0f (n,p)

(m;p), (m;p)] = o ) 2( o o o

N fn.p) 8212(772,19)+2A 9(7],p) _ 2 p)
+i(n.p) | M +N&(1:p) o

R . M
624 (n:p) 93 f(n,p) + 3 on?
on o’ _3? f(n D) (n p)

+ T] o’
on? +2778 g(n p) o e

f(n.p) + g(mp) 9 f(n.p)
3 ont
+n g(gz,p) n
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- ) i, ol 1\ 5 f (mp) | 9%(n,
Nolf (0:p), §(m; p), 0(n: p), d(m; p)] = 98(773 B, a(?n g(n . + 95(772 s
0 | Baln) +4(n,p) 7
669&77}’) 83
+K 362
+ 9? g(n p) 0% f (1.p)
3 +n an3
4df(77 P)
g!np I dn 33_2
N5
+K .
[ f(.p) +g(77,p) 944(n.p)
+776fg77],p) o’
_p%90n.p) (4.30)

A ~ 2A f h A
Nolf(m;p), (3 p), 0(m; p), d(m;p)] = 96n.p) + Pr ( (Fim2) ) 99(n.p) + Pr 5*0(n, p)

>

20 . F (- .
Nolf (), 9(n; p), 0(n; p), p(m;p)] = MJrSC( /:E) )M&k*cb(n;p)

n +3(n,p) on
of(m,p) | 04(n,p)\ ~,
—ScB ( on + on ) o(n; p). (4.32)

Here p is an embedding parameter, the non-zero auxiliary parameters are hig, hy hg and hyg and

the nonlinear operators are Ny, Ny, Ny and Ny. Taking p =0 and p = 1 we get

Fm;0) = fo(n), §(m:0) = go(n), 8(n,0) = 0o(n), 3(n;0) = ¢y(n) and f(n;1) = f(n),
1) = gn), 0(n,1) =0(n), ¢(n:1) = ¢(n). (4.33)

As p enhances from 0 to 1 then f(n,p), g(n,p), 0(n,p) and ¢(n,p) differ from fo(n), go(n), Oo(n)
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and ¢y(n) to f(n), g(n), 6(n) and ¢(n). Applying Taylor’s expansion we have

1 o™ f(mp)

F1,p) = fo)) + 3 )™, Funln) = i gom : (4.34)
m=1 m: D p=0

900.0) = go(m) + 3 g (mp™, ginn) = i, —amag (Z;p) ; (4.35)
m=1 m. p p=0

On.) = B0(o) + 3 B0, Bs(n) = 7 TR (4:36)
m=1 m: p p:0

80.0) = 60l) + 3 P, 6,,0) = ;- LUED) (1.37)
m=1 m. p p=0

The convergence of above series strongly depends upon Ay, hy, hg and hg. Considering that hy,

hg, hg and hy are selected properly so that Eqs. (4.34) — (4.37) converge at p = 1. Therefore

£ = folm) + 3 finl), (1.35)
o(n) = 0(n) + 3= g (). (4.39)
o) = Bo(m) + 3= 0. (4.40)
o) = don) + 3= G0, (.41)

The general solution expressions can be written as

fm(n) = f(n) + C1 + Cae" + Cze™, (4.42)
gm(n) = gp(n) + Ca + Cse” + Cee ™", (4.43)
Om(n) = 05, (n) + Cre" + Cse™, (4.44)
Om(n) = ¢ (n) + Coe™ + Croe™ ", (4.45)

where the special solutions are f,, g%, 0, and ¢r,.
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4.3 Convergence analysis and discussion

Homotopic solutions (4.38) — (4.41) obviously depend on the auxiliary parameters iy, hg, hg
and hg. In order to control the convergence of series solutions’ these auxiliary parameters

play a central role. To obtain the convergence region, the hA—curves have been plotted at
14" order of approximations in Fig. 4.1. This Fig. clearly shows that the acceptable values
of hf, hy, hy and hy are —1.0 < hy < —04, -1.0 < hy < 0.2, —1.2 < hy < —0.1 and

—1.2 < hy < —0.1. Table 4.1 ensures that the series solutions converge in the whole region of 7

when Ay = iy = By = hy = —0.5.

'(0)£'(0)6(0).6'0)

|'.II|
ﬁ*=ﬁ=A=B=0.2,,M=K=0-1,}'1=}’2|=0-55
UrPr=07,S=08,1=N=k"=03

N f L L - hr,hg,hg:ha

L 1
[T - -03 0.0

Fig. 4.1: h—curves for the functions f, g, 8 and ¢.

Table 4.1: Convergence of series solutions for different order of approximations when
K=M=01,A=B=p"==02,A=N=k"*=0.3,7, =7 = 05,Pr =0.7,Sc = 0.8

and hy = hg = hy = hy — 0.6.

order of approximations 1 5 10 15 20 25 30 35
—f"(()) 1.155 1.104 1.078 1.068 1.065 1.064 1.064 1.064
—4"(0) 0.2359 0.2395 0.2414 0.2420 0.2422 0.2422 0.2422 0.2422
—6'(0) 0.3084 0.2620 0.2437 0.2373 0.2349 0.2341 0.2340 0.2340
—¢/'(0) 0.3300 0.3318 0.3336 0.3340 0.3341 0.3341 0.3341 0.3341
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Figs. 4.2 and 4.3 are plotted to see the effects of Hartman number M on the velocity profile
f'(n) and ¢'(n). The velocity profiles f'(n) and ¢’(n) are decreased when we increase the values
of M. Also the momentum boundary layer thicknesses are decreasing functions of M. Fig.
4.4 is drawn to see the influence of internal heat source/ sink parameter S* on the velocity
profile f/(n). Clearly in case of heat sink parameter 5* < 0 both momentum boundary layer
thickness and f’(n) decrease while in case of heat source parameter 5* > 0 kinetic energy of
the fluid particles increases due to which the velocity profile f'(n) increases. Outcome of mixed
convection parameter A on the velocity profile f/(n) in both assisting and opposing flows is seen
in Fig. 4.5. In case of assisting flow A > 0 both f’(n) and momentum boundary layer thickness
are enhanced while reverse effect is observed for opposing flow A < 0. Fig. 4.6 exhibits the
variation of concentration buoyancy parameter N on the velocity profile f/(n). It is examined
that an enhancement in N gives rise to the velocity profile f/(n).

Fig. 4.7 depicts the influence of internal heat source/sink parameter * on the temperature
0(n). With an increase in internal heat source 5* > 0 both the thermal boundary layer thickness
and 0(n) increase while in case of heat sink parameter 5* < 0 both the thermal boundary layer
thickness and 0(n) decrease.

Figs. 4.8-4.10 are sketched to see the variations of chemical reaction parameter k*, concen-
tration exponent B and mass transfer Biot number v, on the concentration profile ¢(n). Fig.
4.8 is presented to analyze the variation of chemical reaction parameter k* on the concentra-
tion profile ¢(n). It is noted that the associated boundary layer thickness and concentration
profile ¢(n) decrease for generative chemical reaction £* > 0 while reverse phenomena is noted
for destructive chemical reaction k* < 0. With an enhancement in concentration exponent B
both the concentration profile ¢(n) and the boundary layer thickness decrease (see Fig. 4.9).
Variation of mass transfer Biot number 75 on the concentration profile ¢(n) is displayed in Fig.
4.10. Here we examined that the effect of 75 on the concentration profile ¢(n) and associated
boundary layer thickness are increasing.

Figs. 4.11-4.13 are displayed to see the impacts of mixed convection parameter A, concentra-
tion buoyancy parameter N, ratio parameter 3, Hartman number M, internal heat source/sink
[* and heat transfer Biot number 7, on the local Nusselt number —6'(0). Fig. 4.11 shows that

the heat transfer rate at the wall increases for assisting flow A > 0 while it decreases for op-
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posing flow A < 0. It is also examined that the heat transfer rate at wall is increasing function
of concentration buoyancy parameter N. Fig. 4.12 exhibited that the larger values of ratio
parameter 3 corresponds to a higher heat transfer rate —6’(0). Also it is to be noted that with
an increase in Hartman number heat transfer rate decreases. Fig. 4.13 depicts that the heat
transfer rate at the wall —6’(0) decreases with internal heat source 8* > 0 while increases with
internal heat sink 8* < 0.

Variations of mixed convection parameter A, concentration buoyancy parameter N, ratio
parameter 3, Hartman number M, chemical reaction k* and mass transfer Biot number 5 on
Sherwood number —¢'(0) are plotted in the Figs. 4.14-4.16. Fig. 4.14 is drawn to see the
influences of mixed convection parameter A and concentration buoyancy parameter N on the
Sherwood number —¢'(0). It is seen that the Sherwood number —¢’(0) is increasing function of
A and N in case of assisting flow A > 0 while decreasing function for opposing flow case. Fig.
4.15 depicts that the Sherwood number —¢’(0) decreases with an enhancement in Hartman
number M while it increases with an increase in ratio parameter 5. Fig. 4.16 exhibits that the
mass transfer at the wall —¢’(0) enhances with generative chemical reaction k* > 0 while it
reduces with destructive chemical reaction k* < 0. It is also observed that the mass transfer at
the wall —¢/(0) is an increasing function of mass transfer Biot number v,.Table 4.2 ensures the

validity of present results with Liu et al. [25] in the limiting sense.
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Fig. 4.2: Influence of M on velocity f/(n).
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Fig. 4.3: Influence of M on velocity ¢'(n).

Fo)

1

B=k*=A=B=02 M =y; =y, =0.3,
Pr=Sc=07, K=A=N =05

0.8]
o.e;
B =-30,00, 0.3, 7.0

0.4

02+

Fig. 4.4: Influence of 8* on velocity f'(n).
f'(m)
10

08¢ k*=A=B=0.2y1=7

= B =0.3,
Pr=Sc=07 g =K=N=

M =
0.5
06l
04l

r A=-0.5,0.0,0.5,0.9

0.2+

Fig. 4.5: Influence of A on velocity f'(n).
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Fig. 4.8: Influence of £* on ¢(n).
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Fig. 4.14: Influence of A and N on —¢'(0).
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Table 4.2: Comparative values of —f”(0), —g”(0) and f(o0) + g(o0) for different values of
Bwhen K =A=N=7,=7,=0"=k"=0.

Liu et al. [25] Present results
s =10 —3"(0) f(2) +g(00) —f"(0)  —¢"(0)  f(o0) +9g(0)
0.0 1.28180856 O 0.90564383 1.28181 O 0.90564
0.50 1.56988846 0.78494423 1.10918263 1.56989 0.78494 1.10918
1.00 1.81275105 1.81275105 1.28077378 1.81275 1.81275 1.28077
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4.4 Closing remarks

The present chapter deals with the three-dimensional mixed convection flow of MHD viscoelas-
tic fluid over an exponentially stretching surface in presence of heat source/sink and genera-

tive/destructive chemical reaction. The main outcomes are as follows.

e Velocity profiles f/(n) and ¢'(n) reduce with an increase in Hartman number M.
e Momentum boundary layer thickness decreases with an increase in ratio parameter 3.

e Both the velocity profile f’(n) and momentum boundary layer thicknesses are increasing
functions of internal heat source parameter 8* > 0, assisting flow case A > 0 and concen-
tration buoyancy parameter N while decreasing functions of internal heat sink parameter

B* < 0 and opposing flow case A < 0.

e Thermal boundary layer thickness and temperature 6(n) decrease with an increase in
internal heat sink 5* < 0 while thermal boundary layer thickness and temperature 6(n)

increase with an increase in internal heat source 5* > 0.

e With an enhancement in generative chemical reaction £* > 0, concentration exponent
B and Schmidt number Sc decreases the concentration profile ¢(n). The concentration
boundary layer thickness increases for larger mass transfer Biot number ~, and destructive

chemical reaction £* < 0.

o Heat transfer rate —0’(0) boosts up in case of assisting flow A > 0, concentration buoyancy
parameter N, ratio parameter 3, heat transfer Biot number v; and internal heat sink
parameter $* < 0 while heat transfer rate —6'(0) reduces with opposing flow A < 0,

Hartman number M and internal heat source 5* > 0.

e With an increase in assisting flow A > 0, concentration buoyancy parameter N, ratio
parameter (3, mass transfer Biot number 75 and generative chemical reaction parameter
k* > 0, the Sherwood number —¢’(0) enhances while reverse behavior is noted in case of
opposing flow A < 0, Hartman number M and destructive chemical reaction parameter

kE* <0.
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Chapter 5

Thermophoresis and MHD mixed
convection flow with Soret and

Dufour effects

This chapter investigates the heat and mass transfer effects in three-dimensional mixed convec-
tion flow of viscoelastic fluid over a stretching surface with convective boundary conditions. The
fluid is electrically conducting in the presence of constant applied magnetic field. Conservation
laws of energy and concentration are based upon the Soret and Dufour effects. First order
chemical reaction effects are also taken into account. Dimensionless velocity, temperature and
concentration distributions are shown graphically for different values of involved parameters.

Numerical values of local Nusselt and Sherwood numbers are computed and analyzed.

5.1 Mathematical analysis

We consider the steady three-dimensional magnetohydrodynamic mixed convection flow of an
incompressible viscoelastic fluid over a stretching surface at z = 0. The flow takes place in the
domain z > 0. Heat and mass transfer characteristics are taken into account in the presence
of Soret and Dufour and thermophoresis effects. The ambient fluid temperature is taken as
Two while the surface temperature is maintained by convective heat transfer at a certain value

Ty. A constant magnetic field By is applied in the z-direction. Induced magnetic field is not
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considered due to small Reynolds number. In addition the effects of first order chemical reaction
in mass transfer are taken into account. The governing boundary layer equations for the flow

under consideration are

ou Ov Ow
i E e e 1
Ox + oy + 0z 0, (5.1)
Ox oy 0z 022 p 0x022 023 19 % 68:5252 19 %_121; %
O'*Bg
+987(T — Ts) + 980 (C = Cso) — u, (5.2)
v ov ov v o O3v v %3—25 + %%215
U= V=t Wi = vt — |V twag — yoz z
Ox y 0z 0z p 0yoz 0z +9 % a{?gz +9 %_1; %
o* B}
_2 5, 5.3
p (5.3)
WL 40T WOL _ GO Dekn 8°C (5.4)
oz "oy Y0z "022 " C.C, 02 '
oC oC oC 0?C  Dckr 0°T 0
. . — =D, - —Uo) — 57 — Uxo))- .
U +wv 3y +w % 922 + T. 02 k1(C — Cx) 82(VT(C Cx)) (5.5)

In Egs. (5.1) — (5.5) the respective velocity components in the z—, y— and z—directions
are denoted by u, v and w, a7 the viscoelastic parameter, ¢* the electrical conductivity, By is
the magnitude of applied magnetic field, p the density of fluid, g the gravitational acceleration,
B the thermal expansion coefficient, 5~ the concentration expansion coefficient, T the fluid
temperature, o the thermal diffusivity of fluid, v the kinematic viscosity, p the dynamic viscosity
of fluid, C' the concentration field, D, the mass diffusivity, k7 the thermal diffusion ratio, ¢,
the specific heat, C4 the concentration susceptibility and Vp the thermophoretic velocity.

In Eq. (5.5) the thermophoretic term V7 can be defined as

Vi = —kym S (5.6)

where ks is the thermophoretic coefficient and T is the reference temperature. A thermophoretic
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parameter 7 is defined as

 ha(Ty — Too)
e = (5.7)

The boundary conditions appropriate to the flow under consideration are given by

T
U=1u=ax, v=by, w=0, — (?) =hTy—-T),C=Cy at z=0,
z
u—0,v—0,T— Ty, C— Cyxasz— o0, (5.8)

where k indicates the thermal conductivity of fluid, T’ is the hot fluid temperature, C the
ambient concentration and a and b have dimension inverse of time.

We now define

u = azf'(n), v=ayg(n), —Vav(f(n) +g(n)),
o) = g \[ ol C(’; e (59)

Now the use of above variables satisfy Eq. (5.1) automatically while Egs. (5.2)-(5.8) are reduced

as follows:
" (fA9f =P =K ((f+ "+ (=g =20 +9)f")
—M2f' + X0+ N¢p) =0, (5.10)
9"+ (f+99d —g*—K((f+99" +(f"—d"Ng" —2(f +d)g") — Mg =0, (5.11)
0" + Pr(f+g)0'+PrDs¢" =0, (5.12)

@" + Sc(f +g)¢' — Sck*¢ + ScSrd” — Ser(¢'0" — ¢p0”) =0
f=0, g=0, f'=1,9d=08,0=—y,(1-0(0)), ¢=1 at n=0, (5.13)
f—0,4g—0 6—-0,¢6—0 asn— oo, (5.14)

where K is the dimensionless viscoelastic parameter, M is the Hartman number, A is the

local buoyancy parameter, Gr, is the local Grashof number, N is the constant dimensionless
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concentration buoyancy parameter, Pr is the Prandtl number, Dy is the Dufour number, Sc
is the Schmidt number, Sr is the Soret number, k* is the chemical reaction parameter, 7 is
the thermophoretic parameter, g is ratio of rates parameters, v, is the Biot number and prime

shows the differentiation with respect to 7. These are given by

ara O‘*Bg Gr, 9B (Ty — Too)z? Beo(Cy — Coo)
R - e , = Pow = )
v p Re2’ v? Br(Tr — Two)
14 Dek?T (Cw — Coo) 14 DekZT (Tf — Too) % k‘l kQ(Tf — Too)
" o T .0, (T = T’ Se= o ST T G = O a’ T,
b h v
B = 2 TV o

Local Nusselt and Sherwood numbers in dimensionless forms are given by

Nu/Rel? = —0/'(0), (5.15)

Sh/Rel? = —¢/(0), (5.16)

in which Re; = uez/v is the local Reynolds number.

5.2 Construction of solutions

The initial approximations and auxiliary linear operators required for homotopy analysis solu-

tions are presented below i.e.

folm = (1= €77) . an(n) = 5 (1= e7). bun) = LD () —exp(-n) (517)
ﬁf _ f/// . f/, Eg _ g/// . g/7 Lo = 9" _ 9, £¢> _ ¢H — ¢, (5.18)

with the following properties of the defined operators in Eq. (5.18) i.e.

£f(Cl + Coel + 036777) = 0, ,Cg(C4 + Cs5e"+ Cge™) =0,
£9(07677 + Cge_") = 0, £¢(09677 + 0106_77) =0 (5.19)

where C; (i =1 — 10) indicate the arbitrary constants.
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The corresponding problems at the zeroth order are given in the following forms:

(L=p) Ly [Fn:p) = folm)| = phyNy | F i) i) (5.20)
(1=p) Ly [§(:7) = go(m)] = phyN; | F(m: ). 5(m: )| (5.21)
(1—p) Ly [9(77;19) - 90(77)} = phgNy [f(n;p%é(n;p), 9(7771?),(?5(77,1?)} ; (5.22)
(1—p) Ly [éﬁ(n;p) - ¢0(77)} = phyNg [f(n;p%é(n;p), 0(n,p), &(n,p)} : (5.23)

F(0;p) = 0, f/(0;p) =1, f'(c0;p) =0, §(0;p) =0, §(0;p) =B, §(c0;p) =0,

0'(0,p) = —y1[1—6(0,p)], B(co,p) =0, 3(0,p) =1, d(c0,p) =0 (5.24)
N R . 3 7 7 2 R 5 2
Nyld (n.p): 5(n.p), 0Cn,p), €. p)]- = : "Q%Z’p) - <8fgz7’p)> + (f(n,p) +§(n,p))a "g(:;p)

(F(.p) + (0. p)) 2422
K +(d2f(np) 82g(np))d2f(np)

on? on?
af(n p) Bg(n )\ 8% f(n.p)
—2( + o ) o7
9f(n,p
N P A a3 a A~ 82A 9
Nglg(n, ), f(n,p),0(n,p), 6(n,p)] = ( 61 p ) ,p) +9(n,p)) %(:Qp)
u<,>+gmp»8““”
a2 f 92
+K | 4( ( p) _ g;np)) 657771))
8f(np) 89(7719) 334(n,p)
( + on ) a3
_Mzagg;p)’ (5.26)
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0%0(n, p) ; 90(n, p)

Nol0(n,p), (n.p), f(n.p),3(n,p)] = gz F P p) + o) =5,
82o(n,
—I—Per%. (5.27)
A~ A A~ 2A ~ J
Naldn).80) S0 a0 0)) = 5 4 Sel ) + o) 2T

g 9%0(n, p) d(n,p) D0(n, p)

—Sck*p(n,p) + SCSTT]? — Ser( n on

. 920

e ) (5.29)

Here p is an embedding parameter, ht, Iy, hy and hy are the non-zero auxiliary parameters and

Ny, Ny, Ny and Ny indicate the nonlinear operators. When p =0 and p = 1 one has

Fm;0) = fo(n), 6(n,0) = 0o(n), d(n,0) = ¢y(n)

f1)y = f(m), 0(n,1) = 0(n), ¢(n,1) = ¢o(n) . (5.29)

Clearly when p is increased from 0 to 1 then f(n,p), g(n,p), 0(n,p) and ¢(n, p) vary from fo(n),
go(n), 0o(n) and ¢y(n) to f(n), g(n), O(n)and ¢(n). By Taylor’s expansion we have

1 0" f(n;p)

Fp) = folm) + 5 ™, fnln) = — SIHEE (530)
m=1 m: p p=0

9(n,p) = go(n) + ioi Im(MP™, gm(n) = i, —amag(:sz) : (5.31)
m=1 m. p p=0

0n.) = Ouln) 3 O™, Ol = - ZOED (5.32)
m=1 m: p p:O

601.0) = (1) 3 600", ) = 7 TLUD (5:3)
m=1 m. p p=0

where the convergence of above series strongly depends upon %y, hy hg and hy. Considering
that hy, hy, hg and hy are selected properly so that Eqgs. (5.30) — (5.33) converge at p = 1 then

we can write

£n) = foln) + i::l Fr(), (5.34)
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The resulting problems at mth order deformation can be constructed as follows:

9/

RT (n)

m

m—1 m—1
= S = X foa kSt X 1w fr + 9Im—1-1S%)
k=0 E—=0

o) = 90(m) + 3 (0.

o) = Bo(m) + 3= 6.

o) = do(n) + 5= G0,

L fm(n) = XmSm-1(n)] = By RF (),

m

Lggm(n) = Xmgm-1()] = hg Ry (1),

Lo[0m (1) = XmOm-1(n)] = heRy' (1),

fm(0) = f,(0)=

gm(0) = g5(0) = g, (00) =0,

(0) =710m(0) = Om(o0) = 0,9,,(0) = ¢;,(00) = 0.

ml " ol "
Z fm—l—kfk + Z gm—l—kfk
k=0 k=0

m=l 1/ 1" m-! ! 1
-K + 2 fokfE = 2 Ime1wti
k=0 k=0

_mel / "
Z fmflfk k
k=0

—M2fl 1+ X0+ ANg,

82

m—1 ,
-2 Z Im—1—k
k=0

"
k

(5.35)

(5.36)

(5.37)

(5.38)

(5.39)
(5.40)

(5.41)

(5.42)

(5.43)

(5.44)

(5.45)



m—1 m—1
Ry (M) = gm-1(n) — kE Grn—1-kk + kZ (fm—1-k9k + Gm—1-19k)
=0 =0
et n S 1
Z fmflfkgk + Z Im—1-kJL
k=0 k=0
- K et " " et " 1" _ M2 / 5.46
+ kZ_:O frn—1-19%k kZ_IO Im-1-k9k Im-1 (5.46)

—1 1
_QmZ f/ ///_sz ’ "
= m—1—kIk : Ogm—l—kgk

m—1 ”
Ry (n) =01+ Pr > (01,1 g fu+ 051 19r) + PrDséy, 4, (5.47)
m—1 "
Ry(m) = mo1+5¢ 3 (D1 pfr + Drp1_x9k) — Sck*¢ + ScSrb,, 4
m—1
—Ser ];0(%71%92 - ¢m717k0/k,)7 (5.48)
0, m<1,
Xm = (5.49)
1, m>1.

Solving the above mth order deformation problems we have

fm() = fr(n) + C1 + Cae” + Cze™, (5.50)
gm(n) = gp(n) + Ca + Cse” + Cee ™, (5.51)
Om(n) = 05, (n) + Cre" + Cse™, (5.52)
Om(n) = O () + Coe™ + Croe ", (5.53)

in which the f}, g* ., 6" and ¢, indicate the special solutions.

5.3 Analysis

Obviously the series solutions (5.34) — (5.37) contain the auxiliary parameters hy, iy hig and hg.

These parameters are very important in adjusting and controlling the convergence of homotopic

Oth

solutions. Hence the i—curves are plotted at 10"* order of approximations in order to find the
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suitable ranges of iy, Ay hg and hy. Fig. 5.1 indicate that the admissible values of Ag, hy,
hg and hy here are —1.5 < hy < —0.40, —1.4 < hy < —0.30, —1.40 < hy < —0.25 and
—1.40 < hy < —0.20. Table 5.1 presents the convergence of homotopic solutions. It is noted
that computations are sufficient for 45" order iterations of velocity and 35" order iterations of

the temperature and concentration profiles for the convergent series solutions.

K=7=02,A=N=k"=03, B=Sc=D;=05M=07,y, =06, Df =03, Sr =04, Pr = 1.0

— ")

P T

— — — — — — — — ——

f"(0),9"(0), 6'(0). ¢'(0)

-1 -05 0
hy, hg, ho, hy

Fig. 5.1: h—curves for the functions f, g, 6 and ¢.

Table 5.1: Convergence of series solutions for different order of approximations when
K=717=028=Dy=8c=05, Pr=10,5r =04 M =07, A=N=Fk" =03,v, =06
and ﬁf = ﬁg = h@ = h¢ = —-0.7.

order of approximations —f"(0) —g"(0)  —6'(0) —¢'(0)

1 1.31063 0.632417 0.284766 0.763750
) 1.47588 0.746614 0.230340 0.599613
10 1.49331 0.762859 0.221636 0.578386
15 1.49592 0.764867 0.220665 0.575416
20 1.49650 0.765053 0.220797 0.574753
25 1.49664 0.765041 0.220916 0.574545
30 1.49667 0.765030 0.220950 0.574483
35 1.49667 0.765027 0.220953 0.574471
40 1.49667 0.765027 0.220953 0.574471

Figs. 5.2 — 5.5 depict the behaviors of mixed convection parameter A and concentration
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buoyancy parameter N on f’(n) and ¢'(n). Figs. 5.2 and 5.3 are drawn to analyze the effects
of mixed convection parameter A\ on the velocity components f/(n) and ¢'(n). It is shown that
f(n) and ¢'(n) increase with an increase in A. Effect of concentration buoyancy parameter N on
the velocity components f'(n) and ¢’(n) are shown in the Figs. 5.4 and 5.5. It is examined that
the concentration buoyancy parameter N shows the similar effects on momentum boundary
layer thicknesses and velocity components f'(n) and ¢’(n) as we observed for mixed convection
parameter .

Figs. 5.6 — 5.9 examine the variation of Dufour number Dy and Soret number Sr on the
temperature 6(n) and concentration ¢(n). Variations of D on temperature (1) and concentra-
tion ¢(7) are analyzed in the Figs. 5.6 and 5.7. It is noted from these Figs. that D¢ has reverse
effects on temperature 6(n) and concentration ¢(n). Figs. 5.8 and 5.9 are displayed to see the
variation of Sr on the temperature 6(n) and concentration profiles ¢(n). We noticed that the
temperature 6(n) and thermal boundary layer are reduced for an increase in Sr. The concen-
tration profile ¢(n) increases when Sr is increased. To analyze the effect of thermophoretic
parameter 7 on the concentration ¢(n) profile we have sketched Fig. 5.10. It is found that an
increase in thermophoretic parameter 7 leads to a decrease in both concentration profile ¢(n)

and concentration boundary layer thickness.

K=M=Sr=05=N=Sc=03Dr=k"=03r=01,y=04,Pr=07
1

— 1=0.0
— — 1=05
---- 1=10

A=15

0.8

0.2

Fig. 5.2: Influence of X on f ().
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Fig. 5.3: Influence of A on g ().
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Fig. 5.4: Influence of N on f (7).
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Fig. 5.5: Influence of N on g (n).
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Fig. 5.6: Influence of Dy on 6(n).
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Fig. 5.7: Influence of Dy on ¢(n).
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Fig. 5.8: Influence of Sr on 6(n).
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Fig. 5.9: Influence of Sr on ¢(n).
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Fig. 5.10: Influence of 7 on ¢(n).

Table 5.2 is prepared to analyze numerical values of local Nusselt and Sherwood numbers.
The values of —6'(0) and —¢'(0) decrease by increasing Deborah number. Here —'(0) increases
by increasing Prandtl and Biot numbers while reverse is the case of —¢'(0). Table 5.3 shows
that local Nusselt —0’(0) and Sherwood numbers —¢’(0) decrease with the increase in Hartman
and Soret numbers. Values of local Nusselt —¢'(0) and Sherwood numbers —¢’(0) are opposite
for Schmidt, Dufour, thermophoretic and chemical reaction parameters.

Table 5.2: Values of local Nusselt —¢’(0) and Sherwood numbers —¢’(0) for different values
of the parameters K, 3, A, N, Pr, and v; when Sc = Dy = 0.5, Sr = 04, 7 = 0.2, k* = 0.3
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and M = 0.5.

K 8 X N Pr oy —00) —¢(0)
0.0 05 05 03 1.0 0.6 0.24700 0.61363
0.2 0.23486 0.59297
0.4 0.18422 0.51482
0.2 0.0 0.21393 0.55535
0.2 0.22444 0.57294
0.4 0.23200 0.58714
0.2 02 0.0 0.19606 0.54490
0.3 0.21647 0.56327
0.5 0.22444 0.57295
02 02 05 0.0 0.21880 0.56592
0.3 0.22446 0.57285
0.5 0.22772  0.57750
02 02 05 03 1.0 0.22443 0.57291

1.5 0.24490 0.56585

2.0 0.25725 0.56080

02 02 05 03 1.0 0.2 0.10779 0.58240

0.5 0.20254 0.57481

0.7 0.24341 0.57118

Table 5.3: Values of local Nusselt —6’(0) and Sherwood numbers —¢’'(0) for different values
of the parameters Sc, Sr, 7, Dy, k* and M when o = 3 = 0.2, A = 0.5, Ny = 0.3, Pr = 1 and
v = 0.6.
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Sc Sr Df v k* M -60(0) —¢'(0)

0.2 04 05 02 03 0.5 0.26950 0.32824
0.5 0.22446 0.57285
0.7 0.19729 0.71482

0.5 0.2 0.22285 0.58265

0.5 0.22530 0.56786

0.7 0.22690 0.55779

0.5 04 0.2 0.27834 0.52746

0.5 0.22695 0.55765

0.7 0.18905 0.57984

0.5 04 05 04 0.22160 0.58610

0.7 0.21705 0.60820

1.0 0.21164 0.63434
05 04 05 02 05 0.20529 0.67118
0.7 0.18854 0.75605

1.0 0.16638 0.86737
05 04 05 02 03 0.6 0.22122 0.56859
0.8 0.21345 0.55880

1.0 0.20402 0.54895

5.4 Conclusions

MHD three-dimensional flow of viscoelastic fluid over a stretching surface is analyzed in the
presence of thermophoresis and convective condition. Effects of chemical reaction and Soret

and Dufour are analyzed. The main observations are listed below.

e Effects of mixed convection parameter A and buoyancy concentration parameter N on the

velocity profiles and momentum boundary layer thickness are similar.
o Effects of St and Dy on 0(n) and ¢(n) are opposite.

e Thermal boundary layer thickness and temperature field increase when Dy increases.
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e Concentration ¢(n) and associated boundary layer thickness are decreasing functions of

thermophoretic parameter 7.

e There are opposite effects of local Nusselt number and local Sherwood number when ~4,

Pr, Sc, Df, k*, 7 and Sr increase.

e Qualitative effects of local Nusselt number and local Sherwood number are similar when

A, N, M and K increase.
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Chapter 6

Three-dimensional flow of Maxwell
fluid over a stretching surface with
heat source and convective

conditions

Heat and mass transfer effects in three-dimensional flow of Maxwell fluid over a stretching sur-
face are addressed in this chapter. Analysis has been performed in presence of internal heat
generation/absorption. Concentration and thermal buoyancy effects are accounted. Convec-
tive boundary conditions for heat and mass transfer analysis are explored. Series solutions
of the resulting problems are developed. Effects of mixed convection, internal heat genera-
tion/ absorption parameter and Biot numbers on the dimensionless velocity, temperature and
concentration distributions are illustrated graphically. Numerical values of local Nusselt and

Sherwood numbers are obtained and analyzed for all the physical parameters.

6.1 Governing problems

Here we consider the steady three-dimensional flow of an incompressible Maxwell fluid over a

stretching surface at z = 0. The flow takes place in the domain z > 0. Heat and mass transfer
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characteristics are taken into account in the presence of internal heat generation/absorption and
mixed convection. Convective heat and mass boundary conditions are considered. The ambient
fluid temperature and concentration are taken as T, and Cy while the surface temperature
and concentration are maintained by convective heat and mass transfer at certain value Ty and

Cy. The governing partial differential equations subject to boundary layer flow are

ou Ov Ow
%—Fa—yﬁ-a—o, (6.1)
28 U 28 u 28 u
u@+v@+w@ _ viﬁ—h u?sg +vi5g tw +2W’axay
O ay 0z 9z +2vw 8y82 + 2u waxaz
g (5T(T - Too) + 56’(0 - Coo)) ) (62)
2 2(9 vy 20% 28 v 9, +
u? + ’u? + w? - y% DV ow o gy , (6.3)
v 4 ¥ i QU'LU 8y82 + 2uw azaz
oT oT oT 0T
pcp(u% + va—y + wg) k—— 5.2 + QT — Tw), (6.4)
80 oC oC 92C
“or Ty TV = P (6.5)

In Egs. (6.1) — (6.5) the respective velocity components in the x—, y— and z—directions
are denoted by u, v and w, A1 shows the relaxation time, ¢* is the electrical conductivity,
p is the density of fluid, g is the gravitational acceleration, S and (B are the thermal and
concentration expansion coefficients respectively, T' is the fluid temperature, v = (u/p) is the
kinematic viscosity, x4 is the dynamic viscosity of fluid, ¢, is the specific heat, k is the thermal
conductivity, @ is the uniform volumetric heat generation/absorption, C' is the concentration
field and D is the mass diffusivity.

The subjected boundary conditions are given by

u=u,=azx, v="by, w=0, —k;aa—T:h(Tf— T), —D%—C:h*(Cf—C)atz:O, (6.6)
2 2

u—0,v—0 T — Ty, C— Cyx asz— o0, (6.7)
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where h is the heat transfer coefficient, h* is the concentration transfer coefficient and a and b
are constants and have dimension (time).

‘We now define

u = axf'(n), v=ayg (n), w=—Vav(f(n) +gn),

T—T a C—-Cyx
0(n) = W’”:Z e ¢(77):ﬁ- (6.8)

The above variables satisfy Eq. (6.1) automatically while Eqgs. (6.2)-(6.7) are converted to the

following forms:

"+ f = P82 +9)f f = (f+9°f"T+ MO+ N¢) =0, (6.9)
9"+ (f+9)9" —9*+B.2(f+9)d9" — (f+9)°d"] =0, (6.10)

0" + Pr(f+g)0' + 30 =0, (6.11)

¢" + Sc(f +g)¢' =0, (6.12)

f=0,9g=0, =1 g =p,0=—y(1-000)), ¢ =—75(1—9¢(0)), atn=0, (6.13)
f—0,4g—0 6—-0 ¢—0 asn— oo, (6.14)

where (§; is the dimensionless Deborah number, A is the local buoyancy parameter, Gr, is the
local Grashof number, N is the concentration buoyancy parameter, Pr is the Prandtl number,
B* is the heat generation/absorption parameter, Sc is the Schmidt number, S is ratio of rates
parameters, y; and 79 are the Biot numbers and prime shows the differentiation with respect

to n. These are given by

By = A, A_Gm Grm:gﬁT(Tf—Too)x?’ v — Be(Cu = Cx)

Rex 5T Tf - Too)

* Q v
P — g* = —=— —_ ;Y
" g ’ ;)ij SC _D7 2=

In dimensionless form the local Nusselt and local Sherwood numbers are given by

(6.15)

| <
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Nu/Rel? = —0/'(0), (6.16)
Sh/Rel? = —¢/(0), (6.17)

where Re, = ucx/v is the local Reynolds number.

6.2 Series solutions

The initial approximations and auxiliary linear operators are required to develop homotopic
solutions. We select the following initial guesses and linear operators for the present flow

analysis:

folm) = (1= 7). gnlo) = B (1= 7), dulo) = PED, gy = 22D (61

Ly=f"~f,Ly=9" g, Lo=0"-0, Ly=0¢"—0, (6.19)
with the following properties of the defined operators in Eq. (6.19) i.e.

Li(C1+ Cre"+Ce™) = 0, Ly(Cy+ Cse” + Cge™) =0,
59(07677 + Cgefn) = 0, £¢(C’ge” -+ 0106*77) =0, (6.20)

where C; (i =1 — 10) are the arbitrary constants.

The corresponding problems at the zeroth order deformations are given in the following

forms:
(1=p) L1 [ f0) = Jolm)| = phsNy [ F i), 403 p), 0n, ), 6(n, )| (6.21)
(1= 1) Ly [30759) = 90(n)] = phyNy | £ p), 3m:2),0(n. ), d(n.p) | (6.22)
(1= p) Lo [00159) = Oo(m)| = phaNy [f(n;p),é(n;p), 0(n,p), 6(n,p)| (6.23)
(=) Lo [$0:9) = 00| = PoNG | £ 9). 9(0ip), 0. p). S, p)| . (6:24)
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fo;p) = 0, f/(0;p) =1, f'(c0;p) =0,

9(0;p) = 0, §(0;p) = B, §(c0;p) = 0,8'(0,p) = —y,[1 — 6(0,p)],

9(00,]9) = 0,9 (0,]?) = _’72[1 - gb(O,p)], ¢(OO,p) =0 (625)

N

) ) g
Nilfnp), 51,9, 001, p), 6. )] = 632(772719) N <8f<<5’73;p)> + (Fnp) + inp) 2 J;Z’p)

A~

2(f(n,p) +3g(n,p))

+5, of gz,p) 82£ (n.)
g n R
~(f(n,p) + 3(n, p))* 552
+A[B(n,p) + N1o(n,p)], (6.26)
i ). O ). ¢ 4(n, 09(n,p)\* | ; 9P,
Nglg(n,p), f(n,p),0(n,p), d(n,p)] = %%p)—( gé?;p)) + (f(n,p) + 3(n,p)) ?9(7;77219)
2(f(n,p) + 4(n,p))
+54 94 (n.p) 929(n.p) 7 (6.27)

on on?
~ 3~
~(f(n,p) + 4(n, ) 2552
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Nolb(n,p), &(n,p), f(n,p), 4(n,p)] = 0 %S;é’p) +Pr(f(n,p)+§(n,p))%2’p) +5*0(n,p), (6.28)

~

Nylo(n,p),0(n,p), f(n,p), §(n,p)] = 62(2(7;72’]9) + Se(f(n,p) +§(n,p))%2’p). (6.29)

Here p is an embedding parameter, the non-zero auxiliary parameters are 7y, lig, hp and hy and

the nonlinear operators are Ny, Ny, Ny and Ny. When p =0 and p = 1 one has

Fm;0) = fo(n), §(n,0) = go(n), (n,0) = 0o(n), (n,0) = y(n),

A~ A~

F1)y = fm), 9, 1) = g(n), 0(n,1) = 0(n), ¢(n,1) = dy(n). (6.30)

Clearly when p is increased from 0 to 1 then f(n,p), g(n,p), 6(n,p) and ¢(n, p) vary from fo(n),
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go(n), Oo(n) and ¢y(n) to f(n), g(n), O(n)and ¢(n). By Taylor’s expansion we have

1 o™ f(mp)

F8) = folm) + 5 g™, finln) = = 5B (631)
m=1 m: D p=0

900.0) = go(m) + 3 g (mp™, ginn) = i, —amag (Z;p) ; (6.32)
m=1 m. p p=0

0n.) = B0(n) 35 Oy, () = — LB (6.33)
m=1 m: p p:0

5(0.0) = o) 3 b, Gyl = - LLED (6:39)
m=1 m. p p=0

where the convergence of above series strongly depends upon %y, hy hg and hy. Considering

that hy, hy, hg and hy are selected properly so that Eqgs. (6.31) — (6.34) converge at p = 1 then

we have
£ = o)+ 3 Fulo), (6:35)
o(n) = 0(n) + 3= g (). (6:36)
0n) = Boln) + 3 B (). (6:37)
6() = o) + 2 6(n). (6:35)

The general solutions can be expressed below:

fm(n) = fr(n) + C1 + Coe™ + Cze™, (6.39)
gm(n) = gp(n) + Ca + Cse” + Cee ™", (6.40)
Om(n) = 0, (n) + Cre + Cge™, (6.41)
G (1) = ¢ (n) + Coe + Croe ", (6.42)

in which the f}, g, 07, and ¢, indicate the special solutions.
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6.3 Convergence analysis and discussion

Clearly the homotopic series solutions (6.35) — (6.38) depend on the auxiliary parameters fif,
hy, hg and hy. These parameters have important role in the convergence of series solutions. For
this purpose, the A—curves are drawn at 15" order of approximations to determine the suitable
ranges of these auxiliary parameters. Fig. 6.1 shows that the acceptable values of hf, Ay, hy
and hy are —1.4 < hy < —0.20, —1.6 < hy < —0.40 and —1.50 < hg, hy < —0.30. Table 6.1
ensures the convergence of homotopic series solutions in the whole region of 7 when iy = hy =

hg = hy = —0.5.

F'(0)g0)6(0)¢'0)
Bl Bzpzpzy=y,=020=N=05Pr=S=07
| /9"(0) ¢'(0)
5 g(0)

10 /
/ 15 i

Fig. 6.1: h—curves for the functions f, g, 8 and ¢.

h.h,h.h,

I
-05 00

Table 6.1: Convergence of series solutions for different order of approximations when
B=p8 =B =02 v =A=N=03,v =05, Sc =10, Pr = 12 and hy = hy =
hg = hg = —0.5.

order of approximations —f"(0) —g"(0) —6(0) —¢ (0)

1 1.018 0.1497  0.3133 0.2228
5 1.029 0.06217 0.2782  0.2095
10 1.028 0.03940 0.2703 0.2067
15 1.029 0.03866 0.2702 0.2066
20 1.029 0.03982 0.2705 0.2066
25 1.029 0.03993 0.2705 0.2066
30 1.029 0.03993 0.2705 0.2066

Figs. 6.2-6.7 show the effects of Deborah number (;, mixed convection parameter A, con-
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centration buoyancy parameter N and internal heat source/sink parameter $* on the velocity
profiles f'(n) and ¢'(n). Figs. 6.2 and 6.3 are drawn to see the behavior of Deborah number
B on the velocity profiles f7(n) and g/(n). It is found that both the velocity profiles f'(n) and
g'(n) decrease with an enhancement in (3;. It is also examined from these Figs. that associ-
ated boundary layer thicknesses are decreasing functions of 3;. This is due to the fact that g
depends on relaxation time. Larger relaxation time offers more resistance to the flow due to
which the velocities are decreased. Figs. 6.4 and 6.5 are displayed to see the impact of mixed
convection parameter A on the velocity profiles f'(n) and ¢'(n). It is seen that both the velocity
profiles f'(n) and ¢'(n) increase with an enhancement in A. Also momentum boundary layer
thicknesses are increased with an increase in A. In fact an increase in A enhances the buoyancy
forces which are more dominant to viscous forces. Variations of concentration buoyancy para-
meter N on the velocity profiles f/(n) and ¢’(n) are displayed in the Figs. 6.6 and 6.7. Similar
behavior of N is noted on the velocity profiles f'(n) and ¢'(n).

Figs. 6.8 and 6.9 are plotted to see the variations of internal heat source/sink parameter 5*
and heat transfer Biot number 7; on the temperature 6(n). Fig. 6.8 depicts that the thermal
boundary layer thickness and temperature 6(n) are increasing functions of internal heat source
parameter 8* > 0 and decreasing functions of internal heat sink 5* < 0. With an increase in
heat transfer Biot number 7y, both the thermal boundary layer thickness and temperature 6(n)
are enhanced (see Fig. 6.9). The reason is that as ; depends on heat transfer coefficient h
which leads to an increase in temperature 6(n).

Figs. 6.10 is displayed to analyze the behavior of concentration ¢(n) for different values of
mass transfer Biot number 4. It is observed that as 7, increases the associated boundary layer
thickness and concentration profile ¢(n) grow. As mass transfer Biot number 75 depends on
mass transfer coefficient A* so with an enhancement in 5 the mass transfer coefficient increases
which leads to an increase in concentration profile ¢(n).

Impacts of mixed convection parameter A, concentration buoyancy parameter N, Deborah
number 3, and internal heat source/sink parameter 3* on the local Nusselt number (—6'(0)) are
displayed in the Figs. 6.11 and 6.12. It is found that local Nusselt number (—6'(0)) enhances
with an increase in A and N (see Fig.6.11). Local Nusselt number (—6'(0)) reduces with internal

heat source parameter §* > 0 while it increases with internal heat sink parameter 5* < 0 (see
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Fig. 6.12). It is also noticed from Fig. 6.12 that local Nusselt number (—6'(0)) decreases with
an increase in (3.

Figs. 6.13 and 6.14 are sketched to see the variations of mixed convection parameter A,
concentration buoyancy parameter N, Deborah number ; and internal heat source/sink pa-
rameter 3% on the Sherwood number (—¢'(0)). Fig. 6.13 shows that the Sherwood number
(—¢'(0)) increases with an increase in A and N. Fig. 6.14 indicates that the Sherwood number
(—¢'(0)) increases by increasing internal heat source 8* > 0 while reverse effect is examined

with an increase in Deborah number ;.

B=B =y1=y,=02 1=N=0.5,
Pr=Sc=0.7

08 i
0.6:
ol

[ B1=00,03,06,10

02

T R SRR B n .
0 1 2 3 4 5 677

Fig. 6.2: Variation of 8, on f/(n).

B=p =y1=7,=022=N =05,
Pr=Sc=0.7

010 -

B =00,0.3,06,1.0

005

‘1““2””3””4 5 GT]

Fig. 6.3: Variation of 5; on g/(n).
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04t A=00,051015
Fig. 6.4: Variation of A on f/(n).
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Bi=B=B =y1=9,=02 N=05,
Pr=Sc=07
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Fig. 6.5: Variation of A on g/(n).

N =00,15 30,45

I I I
1 2 3 4 5

Fig. 6.6: Variation of N on f/(n).
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Fig. 6.7: Variation of N on g/(n).

n)

B=pi=y1=y,=022=N=0.5
Pr=Sc=0.7

B*=-04,-0.2 00,02 0.4

1 2 3 4 5 N

Fig. 6.8: Variation of 5* on 6(n).

B=pi=B =y,=02,A=N =05,
Pr=Sc=0.7

0.20;
05 y1 =01, 0.2 03, 0.4
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Fig. 6.9: Variation of 7, on 6(n).
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Fig. 6.11: Variations of A and N on —6'(0).
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Fig. 6.12: Variations of * and 8; on —6'(0).
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Fig. 6.13: Variations of A and N on —¢'(0).
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Fig. 6.14: Variations of 8; and 5* on —6'(0).
6.3.1 Conclusions

Three-dimensional mixed convection flow of Maxwell fluid over a stretching sheet with internal
heat generation/absorption is analyzed. Convective boundary conditions for both heat and

mass transfer are considered. The main observations are mentioned below.

e Variations of mixed convection parameter A and concentration buoyancy parameter N

enhance the velocity profiles and associated boundary layer thicknesses.

e Velocity profiles and temperature increase in case of internal heat source 8* > 0 while

these reduce for heat sink 5* < 0.

e Heat transfer Biot number 7y, increases the thermal boundary layer thickness and tem-
perature. Also concentration and its associated boundary layer are enhanced with an

increase in mass transfer Biot number 7s.

e The local Nusselt and Sherwood numbers have quite similar behaviors for increasing values
of mixed convection parameter A, concentration buoyancy parameter N and Deborah

number ;.

e Larger values of heat sink parameter 3* < 0 give rise to the local Nusselt number (—6'(0)).

However Sherwood number (—¢'(0)) enhances with an increase in heat source 5* > 0.

105



Chapter 7

Soret and Dufour effects in
three-dimensional How of Maxwell
fluid with chemical reaction and

convective condition

This chapter addresses the heat and mass transfer effects in three-dimensional flow of Maxwell
fluid over a stretching surface with convective boundary conditions. Mass transfer is considered
in the presence of first order chemical reaction. Soret and Dufour effects in the conservation
law of energy and concentration are considered. Convergent series solutions to the resulting

nonlinear problems are developed. Plots of physical quantities of interest are analyzed.

7.1 Problems formulation

We consider the steady three-dimensional flow of an incompressible Maxwell fluid induced
by a stretching surface at z = 0. The flow takes place in the domain z > 0. The ambient
fluid temperature is taken as T, while the surface temperature is maintained by convective
heat transfer. Soret and Dufour effects in presence of mixed convection flow are taken into

account. In addition the effect of first order chemical reaction in mass transfer is taken under
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consideration. Flow diagram is as follows:

H

VL v vy

w—=02—=0 T—-00C—=0 as: =

Fig. 7.1: Geometry of the problem

The governing boundary layer equations for three-dimensional flow of Maxwell fluid can be

written as

ou OJv OJdw
gu v ow_ . 7.1
oz Toy Tz (7.1)

N L V@—)\l 2gxg+v283+w2223+2uvaxay
0 5} 0z 022
:c Y z z +21)w —l— 2u waxdz

1987 (T — Too) + gBc(C — Coo)7 (7.2)
I . O A ug + o gyg +utfE o+ 2“U8x8y+ (7.3)

Ox Oy 0z 072

QUU) dydz + 2’LL’UJ axdz

T 0T 0T T Dok °C o ((OuN* | (00)® (7.4)
Ox dy 0z 022 CsC, 022 pc 0z dz ’ '

oC | OC  9C _  9C | Dekr T
Yor T8y TV, T 92 T T, 822

k1 (C = Coo). (7.5)

In Egs. (7.1) — (7.5) the respective velocity components in the x—, y— and z—directions are
denoted by u, v and w, A1 shows the relaxation time, 1" the fluid temperature, ¢ the thermal

diffusivity of fluid, v = (u/p) the kinematic viscosity, 1 the dynamic viscosity of fluid, C' the
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concentration field, D, the mass diffusivity, kr the thermal diffusion ratio, C, the specific heat,
Cs the concentration susceptibility and p the density of fluid.

The boundary conditions appropriate to flow under consideration are given by

T
U =u =ax, v=by, w=0, —kzg—zzh(Tf—T),C:Cwatz:O, (7.6)
u—0,v—0,T—Ty, C— Cyx asz— o0, (7.7)

where k* indicates the thermal conductivity of fluid, T is the hot fluid temperature, C the
ambient concentration and a and b have dimension inverse of time.

‘We now define

u = azf'(n), v=ayg (n), w=—Vav(f(n)+gn)),

T-Ty

0 = T n=2y/. oln) =

7.8
e (78)

Now the use of above variables satisfy Eq. (7.1) automatically while Eqgs. (7.2)-(7.7) are reduced

as follows:

" (f 9" = 2+ B12(f + ) f f" = (f+9)* "]+ MO0+ Nog) =0, (7.9)

9"+ (f+9)9" =g+ B12(f +9)d'd" — (f +9)*d"] =0, (7.10)

0" + Pr(f 4+ ¢)0' + Pr Dy + Pr(Ey f? + Eag"?) = 0, (7.11)

" + Sc(f + g)¢ — Sck*¢ + ScSre" =0, (7.12)

f=0 g=0 f=1 ¢ =50 =-v1-00)), =1 at n=0, (7.13)
f'—0,9g—0 606—-0 ¢—0 asn— oo, (7.14)
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B _ Gry 9B (Ty — Too)a? _ Be(Cy — Cx) v
/81 - )\1017 >‘ - Rei’ GTLD - U2 ) N — BT(Tf — Too) 7PT - )
_ _ 2.2 2,2
D, - Dk (Cy C’oo)7 S — Dekr (Tf — Too) B, = a*x By = a*y ’
C.Cyp (Ty — Too)v T (Cu — Coo) Co(T; — Too) Co(T7 — Too)
v k1 b h v
frd _ * = — = — = — _-. '1
Sc De>k a>ﬁ a>'71 k’*\/; (7 5)

Here 3, is the Deborah number, A the mixed convection parameter, Gr, the local Grashof
number, N the concentration buoyancy parameter, Pr the Prandtl number, D; the Dufour
number, Sr the Soret number, F; and Fy the Eckert numbers along the x and y directions
respectively, Sc the Schmidt number, k* the chemical reaction parameter, 3 the ratio of rates
parameters and 7; the Biot number. All parameters are defined in a sequence in which they
are written and prime shows the differentiation with respect to 7.

Local Nusselt (dimensionless temperature gradient at the surface) and local Sherwood (di-
mensionless concentration gradient at the surface) numbers in dimensionless forms are given

by

Nu/Rel? = —0'(0), (7.16)
Sh/Rel? = —¢/(0), (7.17)

in which Re,; = uex/v is the local Reynolds number.

7.2 Homotopy analysis solutions

The initial approximations and auxiliary linear operators required for homotopy analysis solu-

tions are presented below i.e.

o) = (L= gnlon) = 5 (1 e 7). ol) = 2P g0 — oy (719
71

Ef — f/ll _ f/7 Eg — g/// _ g/7 £9 — 9// _ 97 Ed) — (b” _ (257 (719)
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with the following properties of the defined operators in Eq. (7.18) i.e.

£f(Cl + Che + 036777) = 0, ,Cg(C4 + Csel + 066771) =0,
£9(07677 + Cge_") = 0, £¢(09677 + 0106_77) =0 (7.20)

where C; (i =1 — 10) indicate the arbitrary constants.

The corresponding problems at the zeroth order are given in the following forms:

(L=p) L7 [Fn:p) = folm)| = phyNy | F i), i) (7.21)
(1=p) Ly [9(n;p) — go(n)] = PhgN, [f(n;p% Q(n;p)} ; (7.22)
(1—p) Ly [9(77;19) - 90(77)} = phoNp [f(n;p%é(n;p), 9(7771?),(?5(77,19)} : (7.23)
(1= 1) Lo |90 p) = d0(n)| = RN | (0 p), amp),00m,p), dm,p)|, (7:24)

fsp) = 0, f/(0;p) =1, f'(c0;p) =0, §(0;p) =0, §'(0;p) =B, §(c0;p) =0,

0(0,p) = —71[1—06(0,p)], 6(c0,p) =0, (0,p) =1, ¢(c0,p) =0 (7.25)
X 3 N 2 ) 9 7
Nilfonp). o) = SHE - (ng;m) = (F)+ 90000 LD
8, Q(f(nip) +§(n,p))%’;”z%
~(f(n,p) + (0, p))? 52
+A (9(77,1?) + N&(nm)) , (7.26)
X 3 N 2 9.
Nolg(n,p), f(n,p)] = 0 %g;g’p) - (agg;’p)> T+ (Fnp) + o p))2 ga(:z’p)

(7.27)

~

~ ~ 2 A
5 2(f(n,p) + 9(n, p)) e )
1 N 3 A )
—(f(n.p) + 3(n, p)) > 2552
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A~ ~ N 2A ~ 0
Nol0(n,p), o(n,p), f(n,p), 4(n,p)] = F6(n.p) +Pr(f(n,p) + Q(n,p))%é;p)

on?
9*¢(n, p)
On?

(e

+PrDy

on?

+ Pr N, 9
+B; (Z552)

(7.28)

A~

96(1, p)
on

Nylo(m.p).00m.p). Fnp)dmp)] = LOP) L sei . p) + d(n.p)

On?
0%0(n, p)

—Sck*p(n, p) + ScSr o

. (7.29)

Here p is an embedding parameter, iy, hiy, fig and hy are the non-zero auxiliary parameters and

Ny, Ny, Ny and N, indicate the nonlinear operators. When p = 0 and p = 1 one has

F;0) = fom), 0(n,0) = 0o(n), ¢(n,0) = ¢y(n)
fp1)y = f(m), 0(n,1) =0(n), ¢(n,1) = ¢o(n) . (7.30)

Clearly when p is increased from 0 to 1 then f(n,p), g(n,p), 6(n,p) and ¢(n, p) vary from fo(n),

go(n), 0o(n) and ¢g(n) to f(n), g(n), O(n)and ¢(n). By Taylor’s expansion we have

F0.0) = fol) + 5 fulnp™, fun) = 5 TLED) (7.31)
m=1 m: p p:O
901.0) = 90() + 35 (™, Gm() = o LIER) (7.52)
m=1 m p p=0
0(n,p) = Oo(n) io) O (m)p™, Om(n) = i, Lg(zfp) : (7.33)
m=1 m: p p=0
501.9) = bo() 3 Snmp™, bln) = 7 TLED) (7.34)

where the convergence of above series strongly depends upon %y, hy hyg and hg. Considering

that iy, iy, hg and hy are selected properly so that Eqgs. (7.31) — (7.34) converge at p = 1 then
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we can write

Fo) = o)+ 3 Fulo), (7.35)
o(n) = 0(n) + 3= g (). (7.36)
On) = Boln) + 3 O (). (7.37)
o) = do(n) + 3 6. (7.39)

The resulting problems at mth order deformation can be constructed as follows:

Ll fm() = XmSm-1(n)] = hyRF(n), (7.39)
Ly[gm(n) = Ximgm—1(n)] = IRy (1), (7.40)
Lo[0m(n) = Xmbm—-1(n)] = ReRy (n), (7.41)
L0 (1) = X ®m—1(0)] = heRE' (n)- (7.42)

fm(0) = f1(0) = fru(00) = 0, gm(0) = g, (0) = g,(00) =0, 8;,,(0) — 710 (0) = O (00) = 0,

m—1 m—1
RY(m) = fr_i(n) — kz_:o fo—1—kfe + kgo(fmfl—kfl/c, + 9m-1-kf7.)

m—1 k
+064 ];0 z;) (2(fm—-1-k + gm—1-k) i = (Fm—1—kfri + Gm—1-kGk—1 + 2fm-1-kgk-1) f{")
+A (9m71 + N¢mfl) ) (744)

m—1 m—1
Ry'(1M) = gm-1(n) — kE Gm—1-kG + kE (fm-1-k9k + gm—1-k9k)
=0 =0

m—1 k
+81 > S 2(fm—1—k + 9m—1-k)95_19]
}=0 1=0
~(fr—1—kSo—1 + Gm-1-kGk—1 + 2fm-1-k96—1)9] |, (7.45)
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m—1

Ry'(n) = Oy +Pr > (05, 1 g fu+ 05,1 19r) +Pr Df¢;;z—1

m=_1 1/ 1/ m=_1 " "
+Pr(Er Y foa-kfE T B2 20 Gm-1-k9% | (7.46)
k=0 k=0
m—1 "
RQ?(??) = @Z%A +Sc ) ((b;n—l—kfk + ¢;n_1—kgk) — Sck*¢ + SeSro,, 4, (7.47)
0, m<1,
Xom = (7.48)
1, m>1.

Solving the above mth order deformation problems we have

fm(n) = f(n) + C1 + Cae" + Cze™, (7.49)
gm(n) = g (n) + Ca + Cse” + Cee ™", (7.50)
Om(n) = 0,(n) + Cre + Cse™, (7.51)
O (1) = &) + Coe™ + Croe™, (7.52)

in which the f,, g%, 0, and ¢, indicate the special solutions.

7.3 Analysis and discussion

Obviously the homotopic solutions (7.35) — (7.38) involve the auxiliary parameters hs, iy hg
and hy. These parameters have pivotal role in adjusting and controlling the convergence of
homotopic solutions. Hence the i—curves are displayed at 18" order of approximations in order
to determine the suitable ranges of iy, hy hg and hyg. Fig. 7.2 witness that the admissible values
of Iy, hy hg and hy here are —1.25 < hy < —0.50, —1.25 < hy < —0.50, —1.40 < hy < —0.25
and —1.20 < hy < —0.75. Table 7.1 ensures that the developed series solutions converge in the
whole region of n when hy = hy = hg = hy = —1.

Table 7.1: Convergence of series solutions for different order of approximations when

By =02, 8=03, Pr=10,Sr=04, Dy = 0.5, Sc = 0.5, k* = 0.3, v, = 0.6 and iy = hy =
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ho = hy = —1.0.

order of approximations 1 5 10 15 20 25 30 35
—1"(0) 1.1215  1.1323  1.1323  1.1323 1.1323 1.1323 1.1323  1.1323
—g"(0) 0.25735 0.25958 0.25951 0.25951 0.25951 0.25951 0.25951 0.25951
—6'(0) 0.24141 0.22468 0.22127 0.22061 0.22045 0.22041 0.22040 0.22040
—¢'(0) 0.64583 0.56841 0.55948 0.55838 0.55820 0.55817 0.55816 0.55816

B1=04,1=N=01E =E =K =5=03=064=D; =05 Pr=105c=07

0.5

-05

— — — — — ——— — ——

f(0). 9"(0),6'(0), ¢'(0)

-15

-1
hr, hg, hhy

Fig.7.2: h—curves for the function f,g,6 and ¢.

Figs. 7.3 and 7.4 depict the behaviors of mixed convection parameter A and concentration
buoyancy parameter N on the velocity profile f/(n). Fig. 7.3 is drawn to see the effect of mixed
convection parameter \ on velocity profile f'(n). It is noticed that momentum boundary layer
thickness and velocity profile f/(n) increase with an increase in mixed convection parameter in
case of assisting flow (A > 0) while reverse effect is noted in case of opposing flow (A < 0). This
is due to the fact that buoyancy forces are more dominant to viscous forces in case of assisting
flow (A > 0) while buoyancy forces reduce for opposing flow (A < 0). Effect of concentration
buoyancy parameter N on the velocity profile f/(n) is analyzed in Fig. 7.4. It is seen that both

the momentum boundary layer thickness and velocity profile f’(n) are increasing functions of
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concentration buoyancy parameter N.

0.8

0.6

04 1=-03,00,03,06

0.2

S

Fig. 7.3: Influence of A on f/(n) when N = Ey = E3 = 0.3 and 3; = 0.5.
f(m)

1

08

06

N=00,05,10,15

0.4

0.2

Fig. 7.4: Influence of N on f7(n) when =\ = FE; = E; = 0.3 and 3, = 0.5.

Figs. 7.5—7.9 examine the variation of Dufour number Dy, Eckert numbers E; and Es,
mixed convection parameter A and concentration buoyancy parameter N on the temperature
(n). Effect of Dufour number D; on temperature profile 6(n) is presented in Fig. 7.5. As
Dufour effect pointed out the generation of energy flux by composition gradient, then the
thermal boundary layer thickness and temperature 6(7) increase with an increase in Dy. Figs.
7.6 and 7.7 illustrate the effect of Eckert numbers E; and E» on the temperature §(n) along the

x and y directions respectively. As the Eckert number expresses the relationship between the
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kinetic energy in the flow and the enthalpy. It embodies the conversion of kinetic energy into
internal energy by work done against the viscous fluid stresses. Greater viscous dissipative heat
causes a rise in the temperature and thermal boundary layer thickness. Fig. 7.8 is drawn to see
the influence of mixed convection parameter A on the temperature 6(n). Thermal boundary layer
thickness and temperature () decrease in case of assisting flow (A > 0) while increase in case of
opposing flow (A < 0). This is due to the fact that in case of assisting flow (A > 0) the buoyancy
forces are more dominant to viscous forces which causes a reduction in the temperature 6(n)
while in case of opposing flow (A < 0) the viscous forces are more dominant than buoyancy forces
which in results enhances the temperature 6(n). Influence of concentration buoyancy parameter
N on the temperature 6(n) is seen in Fig. 7.9. It is found that the associated boundary layer

and temperature 6(n) is decreasing function of N.

Fig. 7.5: Influence of Dy on 0(n) when $; = k* = 0.5, Pr = St =0.5

A=FE=F,=N=0=5c=0.3 and v; =04.
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Fig. 7.6: Influence of E; on 6(n) when $; = k* = 0.5, Pr = Sr = 0.5,

A=Dj =Fy=N=08=5c=0.3and v, = 0.4.

o)

0.4

03

02 E;=00,03,06,09

01

Fig. 7.7: Influence of F3 on 0(n) when 8, = k* =0.5, Pr=Sr=0.5

A=Dy =F1=N=p=95=03and v; = 0.4.
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0.25

0.2

1=-05,00,05,1.0
0.15

0.1

0.05

<<S

Fig. 7.8: Influence of A on 6(n) when 5, = k* = 0.5, Pr = Sr=20.5

Dy =FE1=FE,=N=§=5c=03and 7, = 0.4.

02}
N=0.0,03,0.6,09
0151

01¢

0.05

Fig.7.9: Influence of N on 0(n) when 8, = k* =0.5, Pr=Sr=0.5
Dy =F1=Fy=\A=p3=Sc=0.3and v, = 0.4.

Figs. 7.10-7.13 are sketched to see the effects of Soret number Sr, generative/destructive
chemical reaction k*, mixed convection parameter A\ and concentration buoyancy parameter N
on concentration profile ¢(n). Fig. 7.10 depicts the influence of Soret number Sr on concen-
tration profile ¢(n). As in Soret effect the temperature gradient causes the mass flux which in
turn enhances the concentration profile ¢(n) and associated boundary layer thickness. Effect

of destructive/generative chemical reaction k* on the concentration profile ¢(n) is analyzed in
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Fig. 11. Tt is found that in case of generative chemical reaction (k* < 0) the reduction in ¢(n)
is noted while reverse is in case of destructive chemical reaction (k* > 0). Figs. 7.12 and 7.13
are presented to see the effects of mixed convection parameter A and concentration buoyancy
parameter N on the concentration profile ¢(n). These Figs. show that ¢(n) reduces with the

increase in A and N. Also the associated boundary layer thickness are decreasing functions of

A and V.
()

1
08
06

04}

02l _ Sr=01,03,05,07

Fig. 7.10: Influence of Sr on ¢(n) when 5, = k* = 0.5,Pr = 0.5,7, = 0.4,

Dy =FE1=FE=XA=N=[§=_5c=0.3,

L)

Fig. 7.11: Influence of £* on ¢(n) when 8, = 0.5, Pr = Sr =0.5,

Dy =FE1=FE,=A=N=§=Sc=0.3and v, =0.4.
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¢(m)

0.8

0.6

0.4
1=-05,00,05,10

0.2

Fig. 7.12: Influence of A on ¢(n) when 5, = k* = 0.5, Pr = Sr = 0.5,

Dy =F1=FEy,=N =/=_5c=0.3and v, = 0.4.

()
1

08
06
04+

N=00,03,0.6,09

02+

Fig. 7.13: Influence of N on ¢(n) when 8; = k* = 0.5, Pr = Sr =0.5,
Dy =Fy=Fy=\A=p3=Sc=0.3and v, =0.4.

Table 7.1 presents the convergence of homotpic solutions. It is noted that computations
are sufficient for 15" order iterations of velocity and 35! order iterations of the temperature
and concentration profiles for convergent series solutions. Tables 7.2 and 7.3 are prepared to
analyze numerical values of local Nusselt and Sherwood numbers. The values of —6’(0) and
—¢'(0) decrease by increasing Deborah number, mixed convection parameter and concentration

buoyancy parameter. Here —@'(0) increases by increasing Prandtl number and Biot number
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while reverse is the case of —¢'(0). It is also found that —6'(0) decreases by increasing Eckert
numbers while opposite behavior of —¢'(0). Table 7.4 presents the comparison of —f”(0) and
—g"(0) for various values of § in the limiting sense with ref. [13]. Table 7.5 ensures the values
of local Nusselt number —¢’(0) are in good agreement with ref. [39] in a limiting sense.

Table 7.2: Values of local Nusselt —0’(0) and Sherwood numbers —¢’(0) for the different
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values of the parameters 3,, 3, Sc, Sr, Dy, k*, Pr and y; when A = N = E; = 5 = 0.3.

By B Pr oy Sc Sr Dy k* —0(0) —¢(0)
00 02 07 04 05 04 05 03 016023 056411
0.2 0.15399  0.55548
0.4 0.14858  0.54795
0.2 0.0 0.14266  0.53103
0.2 0.15399  0.55548
0.4 0.16269  0.57666
02 02 04 0.13249  0.55814
0.8 0.16009  0.55462

1.2 0.17597  0.55212

02 02 0.7 02 0.098922 0.56163
0.4 0.15319  0.55548

0.6 0.18962  0.55150

02 02 07 04 00 0.20797  0.11228
0.5 0.15399  0.55548

1.0 0.11405  0.85681

02 02 07 04 05 0.0 0.15406  0.56553
0.5 0.15457  0.55288

1.0 0.15565  0.53984

02 02 07 04 05 05 0.2 0.19480  0.54212
0.5 0.15469  0.55287

1.0 0.084902 0.57214

02 02 07 04 05 05 05 0.0 0.18113 0.35157

0.3 0.15469  0.55212

0.5 0.14153  0.65090

Table 7.3: Values of local Nusselt —6'(0) and Sherwood numbers —¢’(0) for the different
values of the parameters A, N, £y and Eo when 3, = 8 = 0.2, Sc = Dy = 0.5, Sr = v, = 0.4,
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Pr =0.7 and k* = 0.3.

AN N E By, 00  —¢(0)
0.3 03 03 03 00091701 0.71369
0.0 0.091253  0.73788
0.3 0.12419 0.75068
0.3 0.0 0.11837 0.74820
0.3 0.12444 0.75042

0.6 0.12978 0.75260

0.3 03 00 0.18952  0.73121
0.1 0.16745  0.73772

0.2 0.14557 0.74431

03 03 03 00 0.14414 0.74474

0.1 0.13777 0.74657

0.2 0.13110 0.74854

Table 7.4: Values of —f”(0) and —g”(0) with 5 when 5; = XA = N = 0 with HPM (Ariel [13])
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and exact solution (Ariel [13]).

B —f"0) —9"(0)
HAM  HPMJ[13] Exact[13] HAM  HPM[13] Exact[13]

0.0 1 1 1 0 0 0

0.1 1.020260 1.017027 1.020260 0.066847 0.073099 0.066847

0.2 1.039495 1.034587 1.039495 0.148737 0.158231 0.148737

0.3 1.057955 1.052470 1.057955 0.243360 0.254347 0.243360

0.4 1.075788 1.070529 1.075788  0.349208 0.360599 0.349209

0.5 1.093095 1.088662 1.093095 0.465205 0.476290 0.465205

0.6 1.109946 1.106797 1.109947  0.590528 0.600833 0.590529

0.7 1.126397 1.124882 1.126398 0.724532 0.733730 0.724532

0.8 1.142488 1.142879 1.142489 0.866682 0.874551 0.866683
0.9 1.158254 1.160762 1.158254 1.016539 1.022922 1.016539
1.0 1.173720 1.178511 1.173721 1.173720 1.178511 1.173721

Table 7.5: Values of local Nusselt number —¢'(0) for different values of 3*,3 and Pr in a
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limiting sense when A = N = F; = E3 = Dy = Sr = k* = 0.0 and v; = 0.6.

B; B  Pr Present Results Hayat et al [39]

—6'(0) —6'(0)

0.0 0.5 1.0 0.330404 0.33040
0.3 0.321661 0.32160
0.8 0.308651 0.30799
1.2 0.299526 0.29873
0.4 0.0 0.287813 0.28908
0.4 0.316638 0.31664
0.7 0.330168 0.33017

1.0 0.340702 0.34070

04 0.5 0.7 0.282787 0.28279
1.2 0.340424 0.34042

1.6 0.368405 0.36840

2.0 0.388869 0.38887

7.4 Conclusions

Three dimensional mixed convection flow of Maxwell fluid over a stretching surface with convec-
tive condition is investigated. Effects of chemical reaction and Soret and Dufour are analyzed.

The main observations are listed below.

e Momentum boundary layer thickness and velocity profile f/(n) increase with the increase

in A and V.

e Concentration profile ¢(n) is decreasing function of generative chemical reaction parame-
ter (k* > 0) while increasing function of destructive chemical reaction (k* < 0) and Soret

number Sr.
e Influences of A and N on 6(n) and ¢(n) are qualitatively similar.

e Thermal boundary layer thickness and temperature field increase when Dy increases.
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e There are opposite effects of local Nusselt number and local Sherwood number when Dy,

Sr, E1 and Es increase.
e Local Nusselt and Sherwood numbers increase when k*, Dy and Sc are enhanced.

e Effects of local Nusselt number and local Sherwood number for Pr, Sr, A and N are

similar.
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Chapter 8

Radiative mixed convection flow of
an Oldroyd-B fluid by an inclined

stretching surface

Mixed convection flow of an Oldroyd-B fluid in the presence of thermal radiation is investigated
in this chapter. Flow is induced by an inclined stretching surface. The boundary layer equations
of an Oldroyd-B fluid in the presence of heat transfer are used. Appropriate transformations
reduce the partial differential equations into the ordinary differential equations. Computational
analysis is performed for the convergent series solutions. The values of local Nusselt number are
numerically analyzed. Effects of various parameters involved in the velocity and temperature

are discussed.

8.1 Mathematical analysis

Consider the steady two-dimensional mixed convection flow of an incompressible Oldroyd-B
fluid by an inclined stretching surface. The heat transfer is considered in the presence of
thermal radiation using Rosseland approximation. Here x—axis is taken along the stretching
surface and y—axis normal to the r—axis. Conservation laws of mass, linear momentum and

energy in absence of viscous dissipation give
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ou Ov

4 = 1
9z Ty =0 (8.1)
@+% = V@—)\ 2@_’_ 2@_’_2 ﬂ
Yor U@y T L a2 ™Y Oy? uv@x@y
du Pu  ud*u  Oud*v
+V)\2 |:u8$—8y2 + ’Ua—y3 - %8—y2 - 8_y8—y2] + g,BT(T — Too) COoSs &, (82)

OF | O 2 2 (Lol y) OF (8.3)
Per \ oz U@y - Oy 3ke oy )’ ’

where © and v are the velocity components in the x— and y—directions, A\; and A2 are the
relaxation and retardation times, respectively, v = (u/p) is the kinematic viscosity, oy is the
Stefan-Boltzmann constant, T' is the fluid temperature, p is the fluid density, g is the gravita-
tional acceleration, (8 is thermal expansion coefficient of temperature, ¢, is the specific heat,
ke is the mean absorption coefficient and k is the thermal conductivity.

The appropriate boundary conditions are taken as follows:
u=cx,v=0T=T,at y=0, (8.4)

u—0, T — Ty asy — (8.5)

with the surface temperature T}, by
Tw(z,t) =T + bz, (8.6)

where b and c¢ are the positive constants. If ¢ is the stream function then defining

n= \/gy Y =z f(n), 0(n) = % (8.7)
_o % (8.8)

U= v=—
oy’ ox’
the incompressibility condition is clearly satisfied and the resulting problems for f and 6 satisfy

the following equations
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f/// + ff// _ f/2 + Bl(sz/f// _ f2f///) _ l82(f//2 _ ff////) + A0 cos o = 0, (8.9)

<1 + %R) 0" + Pr (f0' — £'6) =0, (8.10)

f(0)=0, f(0)=1, f(0)—0, 0(0)=1, 6(cc)— 0. (8.11)

In the above expressions 3, and (35 are the Deborah numbers, A is mixed convection parameter,
Gy is the local Grashof number, Re, is the Reynold number, Pr is the Prandtl number, R is

the radiation parameter and primes indicate the differentiation with respect to 7 i.e.

Gm Tw_Too 3 2,2
By = o 52:A2C,A:—r2,arx:95( )T Re, = M
Re v

xT

4o T3,
kek

Pr = ﬂR:(

2 ). (8.12)

Local Nusselt number Nu, in terms of heat transfer g, is

Nug = %, Qo = —Fk <g—§>y_0. (8.13)
Above equation in dimensionless variables becomes
Nu/Re}? = —(1 + gR) 0'(0). (8.14)
Considering the set of base functions
{nk exp(—nn)|k > 0,n > 0} (8.15)

one can express that

Fn(m) =YY" aly, n* exp(—nn), (8.16)

n=0 k=0
Om(n) =Y Y bk, an" exp(—nn), (8.17)
n=0 k=0

where a,,, and by, , are the coefficients.
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Initial guesses fo and 6y and auxiliary linear operators iy and hg are chosen as follows:

fo(n) =1 —exp(—n), Oo(n) = exp(—n), (8.18)
d3 d d?0
f:d_n'g_d_{?? ezd_nz_ea (819)
where
Ly [C1+ Cyexp(n) + Czexp(—n)] =0, Lo [Caexp(n) + Csexp(—n)] =0 (8.20)

in which C; (i = 1 — 5) are the arbitrary constants. Introducing p € [0, 1] as the embedding
parameter and Ay and fy the non-zero auxiliary parameters, the deformation problems at the

zeroth order are

(L =P)Ls[Fn.p) = Fo(m)] = phsNy [ £(1.p), 00.p)] (8:21)
(1= p)Lol0(n,p) = o(m)] = PhaNi | (1.2),0(n.p)] (8:22)

2o _ o Ofmp)| . 9fmp) _
frn)| =0 =5 Bt (8.23)
bmip)| =1, 9(?7;10)(77:C><> =0, (8.24)

. . 3 2 ; 2
Nilf(n,p),0(n,p)] = 0 ‘g(gfg’p) — f(n, )8 gﬁz@’p) - <8f§37’p)>
[ ; 27 ) 37
4y (270 LR ETID) (L) -’;EYZ’”]
5 — 82f(n,p)>2_f( )84f(n,p)]
2 on? P on’

+A0(1, p) cos a, (8.25)
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For p =0 and p = 1, we have

Fo00=fotm), Fml)=Ffmn), (8.27)

G(m;0)=00(n),  O(n;1)=0(n) (8.28)

and when p increases from 0 to 1 then f(n;p) and g(n;p) deform from fy (n) and 6y (n) to f (n)

and 6 (n) respectively. Further Taylor series expansion yields

Fp)=fom)+ > fm(m)p™, (8.29)
m=1
6 (m;p) = 0o (n) + Z Om (8.30)
19" f (n;p) 19" (n;p)
Jm (n) = o p:O, Om (1) = g . (8.31)

The auxiliary parameters hy and hg are selected such that the series (8.29) and (8.30) converge
at p = 1. Hence

F) = fom) + > fm(n), 0(n) = 0o(n) + D (). (8.32)
m=1 m=1

The corresponding problems at mth order are given by

Lt [fn ) = XS ()] = BgRE, (), Lo [0m (1) = XnOm—1 ()] = heRE, (), (8.33)
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m—1

RY®M) = fam)+ X [foorwfl = Fuoa it |

k=0

m—1 k
1Y fmerk > A2ficif = foetfl" = i ()
k=0 1=0

m—1 m—1
Bl Sk D fo— o1k D fi¥) + M cosa, (8.35)
k=0 k=0
0 4 " gl / /
R (n) = (1+ 3R ) 05y + Pr > (fm-1-10 = Fro1- i) (8.36)
k=0
0, m<l1
X = . (8.37)
1, m>1

The general solutions of Eq. (8.32) can be written as follows:

fm(n) = fr(n) + C1 + C2exp(n) + C3 exp(—n), (8.38)

O (n) = 05,(n) + Cyexp(n) + Cs exp(—n), (8.39)

where the special solutions are f;¥(n) and 6;,(n) and

Cy = (Cy4=0,
Afm(n)
Cl - _03 - f':m(o)a 03 = =0 )
om o
G5 = —0%(0). (8.40)

8.2 Convergence of the series solutions

Clearly the series solutions contain the non-zero auxiliary parameters hy and hy. Hence the
hy and hg curves are plotted for 20th—order of approximation in order to find the admissible
values of hy and hg. It is found that the admissible values of hy and hy are —1.4 < hy,
hg < —0.25 (Fig. 8.1). The series given by Eq. (8.36) converges in the whole region of n when
hy = hg = —0.6.
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1=05,p,=02,f,=03,a=7/4,R=03,Pr =07

— 'O

=

-15 -1.25 -1 -0.75 -05 -0.25 0
i, g

Fig.8.1: h—curves for the function f and 6.

8.3 Discussion

This section examines the influence of physical parameters on the velocity f/(n) and temperature
0(n). Figs. 8.2 — 8.9 depict the graphical effects of inclination a, Deborah numbers 3, and Sy
and mixed convection parameter A. Figs. 8.2 and 8.3 depict that fluid velocity decreases while
the fluid temperature increases with the increase of inclination parameter «. It is also observed
that momentum boundary layer thickness is a decreasing function of oo while thermal boundary
layer thickness is an increasing function of a. Figs. 8.4 and 8.5 are sketched to analyze the
effect of relaxation time parameter 3, on the velocity and temperature. As the relaxation time
parameter increases the velocity profile decreases while the temperature profile is quite opposite
to that of the velocity profile. Figs. 8.6 and 8.7 examine the influence of mixed convection
parameter A on the velocity and temperature. The fluid velocity and associated momentum
boundary layer thickness increase by increasing A. It is clear that the temperature has opposite
effect when compared with velocity. We also noticed that the fluid velocity increases rapidly
in comparison to the temperature with the increasing values of . Figs. 8.8 and 8.9 depict the
effect of retardation time /35 on the temperature and velocity fields. Here we observed that f3,

has quite opposite effect on the velocity and temperature. The fluid velocity increases with an
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increase in f3,.
B1=0.4,1=05,p, =03, R=03,Pr=07

1

@=0.0

0.8 — — a=n/6

---- a=n/4

06 a=n/3

5
0.4
0.2
0 .
0 2 4 6 8 10

Fig. 8.2: Influence of sheet inclination o on f/(n).

B1=04,1=10,8=02,R=05Pr=07

1
— =00
0.8 — — a=7/6
---- a=7/4
06 a=n/3
=
>
0.4
0.2
0
0 2 4 6 8 10

Fig. 8.3: Influence of sheet inclination o on 6(n).

a=n/4,1=10,8,=02 R=05,Pr=07

— A=00
— — =03
S p1=06

p1=09

Fig.8.4: Influence of Deborah number 3; on f/(n).
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@=1/4,1=10,8,=02,R=05Pr=07

0.8

0.6

6n)

0.4

0.2

Fig. 8.5: Influence of Deborah number 8, on 6(n).

@=n/4,R =05, p1=04, f =0.2,Pr =07

0.8

0.6

f'an

0.4

0.2

Fig. 8.6: Influence of mixed convection A on f/(n).

a=n/4, R=05, =04, =02 Pr=07

1
— 1=-05
08 — — 1=00
—--- 1=05
06 1=10
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<
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0
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Fig. 8.7: Influence of mixed convection A on 6(n).
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a=n/4,R=05Pr=078=0421=05

— f2=00
— = B2=03
- =06

B2=0.9

f'a)

Fig. 8.8:Influence of Deborah number 5 on f/(n).

a=n/4,R=05Pr=07,8=121=05

=00
— — B=03
=== =07
B=10

0.8

0.6

oa)

0.4

0.2

Fig. 8.9: Influence of Deborah number £, on 6(n).

Table 8.1 also shows that the series solutions converge for 20th-order of deformations for
both the velocity and temperature. Table 8.2 analyzes the numerical values of local Nusselt
number for different values of £, 85, A, Pr and R. We note that the numerical values of local
Nusselt number increase with the increase of 3, 35, Pr and such values decrease for A and R.

Table 8.1: Convergence of homotopy solutions for different order of approximations when
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a=7/4, 5, =02, A=0.5, f5 =0.3, Pr =0.7 and R = 0.3.

Order of approximation —f”(0) —6'(0)

1 0.69555 0.73000
05 0.75163 0.72503
10 0.75241 0.72457
15 0.75240 0.72457
20 0.75239 0.72456
25 0.75239 0.72456
30 0.75239 0.72456

Table 8.2: Local Nusselt number and skin friction coefficient Re; 1/2 Nu, for some values

of 81, A, Pr, B3 and R when a = 7/4.

Bi By A Pr R —(1+3%R)0(0)
0.1 02 05 0.7 0.3 0.73887

0.2 0.71284

0.3 0.70528

0.5 0.0 0.70729

0.2 0.71925

0.4 0.72951

0.2 0.0 0.66787

0.3 0.70324
0.5 0.71924
0.5 0.3 0.43757

0.5 0.58961

0.7 0.0 0.84020

0.2 0.75419

0.5 0.66085
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8.4 Concluding remarks

This chapter examines the effect of thermal radiation on the mixed convection flow of an
Oldroyd-B fluid over an inclined stretching sheet. The main observations of this study are as

follows.

e Effect of mixed convection parameter A on the velocity and temperature are quite opposite.

Momentum and thermal boundary layers for A have opposite effects.

e Decrease in temperature is more significant in comparison to velocity when Prandt]l num-

ber Pr increases.

Thermal boundary layer thickness is decreasing function of Prandtl number.

Deborah numbers 8; and 3, have quite opposite effects for the velocity and temperature.
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Chapter 9

Mixed convection flow of an
Oldroyd-B fluid with power law heat

flux and heat source

This chapter looks at the mixed convection flow of an Oldroyd-B fluid bounded by a porous
stretching surface. Mathematical formulation is developed in the presence of heat source and
power law heat flux. Velocity and temperature are computed. Plots for different parameters

are analyzed. Numerical values of local Nusselt number are examined.

9.1 Development of problems

We consider the two-dimensional flow of an incompressible Oldroyd-B fluid over a porous sur-
face. A Cartesian coordinate system is chosen in such a way that x—axis is taken along the

flow direction and the y—axis perpendicular to the xz—axis. The fluid fills the half space y > 0.
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Heat source is present and power law heat flux is imposed. Flow geometry is shown in Fig. 9.1.

> 5

=n

| >

‘Op— =a ‘xo

i
xg:—e
Ie

— — f— — - — —

(4

oo — A se O — Fr'g—mn

Fig. 9.1: Physical model of the problem

The present boundary layer flow is governed by the following expressions

ou Ov

9oy =" (9.1)
Ox oy Oy? ! Ox? Oy? 0x0y

Pu Pu  Oud*u  Oud*v
gU g gy Zue Y T-Ty), (9.2
v [u 5507 TUF Gl By 8y2} + 987 ), (92)

T ATk PT Q

In above equations v and v are the velocity components in the z— and y—directions, A\; and
A2 are the relaxation and retardation times respectively, g the gravitational acceleration, Sr
the thermal expansion coefficient, v = (11/p) the kinematic viscosity, 7" the fluid temperature, p
the density of fluid, £ the thermal conductivity of fluid, ¢, the specific heat at constant pressure

and () the heat source coefficient.
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The subjected boundary conditions are

T
u=cx, v=—ug, g—y = Az? aty =0, (9.4)
u=0, T="Ty asy— oo, (9.5)

where A is the temperature coefficient and Ty, is the ambient temperature.

The similarity transformations are given by

uw=cxf'(n), v=—vefn), T =Tw+ A\/gﬁ@(n), n= \/gy (9.6)

in which ¢ is a constant and prime denotes differentiation with respect to . Eq. (9.1) is

automatically satisfied and the Eqs. (9.2-9.5) are reduced as follows

" FF = P B REF = PP = Bo(f7 = 1)+ 20 =0, (9.7)
0" + Prfo —2Prf'0 + 30 = 0, (9.8)

f=S f'=1, =1 atn=0, (9.9)

f'=0, 6=0 asn— oo, (9.10)

in which 8; = Aic and 8y = Aac are the Deborah numbers, A = %é‘ﬁ the mixed convection
parameter with Gr, = gBT(TV;QT“Mthe local Grashof number and Re, = % the local Reynolds
number, S = ”—’—;C the suction/injection parameter, Pr = “—,?’ the Prandtl number and 8* = %
a heat generation/absorption parameter.

Expression of local Nusselt number Nu,, is

Nuy = ——20 g, = —k <8—T> . (9.11)
y=0

(9.12)
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9.2 Homotopy analysis solutions

Choosing the following set of base functions

{n* exp(—nn)k > 0,n > 0} (9.13)
we express f and 6 as follows
(n) = ago+ Y Y an " exp(—nn), (9.14)
n=0 k=0
Zzbm 11" exp(—nn), (9.15)
n=0 k=0

where af . and bk , are the coefficients. Initial approximations and auxiliary linear operators

are taken in the following forms

fo(n) =S +1—exp(—n), bo(n) = —exp(—n), (9.16)
Lp=f"~f, Ly=0"+9, (9.17)
Ef(C’l + Che + 036_77) =0, E@(C4 + 056_77) =0, (9.18)

where C; (i =1 —5) are the arbitrary constants.

The corresponding zeroth order deformation problems are developed in the following fash-

(L =p) L7 |[Fip) = fo(m)| = ph Ny [F(nip),O(n.p)] (9.19)
(1= p) L |0(n: ) = Bo(n)| = phoNy | £(n: ). 6(n.p)| (9.20)
fO:p) =S, f(05p) =1, f'(c0ip) =0, §(0,p) =1, B(c0,p) =0, (9-21)
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~ 37 R o7 N 2
Nilfnp) = SEEE ) L (a g;,m)

;. 0f(m,p) *fn.p)  ; &*f(n,p)
+81 |2f(n,p) on - (f(nvp))za—ng + (9.22)
2imm\. s o, 001,
B{({%ﬂ>mm>§?1+ngﬁ (9.2
A A 2/\ ~ 0 F ~ A
NolO0(n,p), f(n,p)] = %:f) + Prf(n,p) ae(ayz;p) - 2Praf(a7z7’p)0(7],p) + B*0(n,p), (9.24)

in which p is an embedding parameter, hy and hy the non-zero auxiliary parameters and Ny

and Ny the nonlinear operators. For p = 0 and p = 1 we have

F(n;0) = fo(n), 6(n,0) = 6o(n) and f(n; 1) = f(n), O(n,1) = 6(n), (9.25)

and when p increases from 0 to 1 then f(n,p) and 6(n,p) vary from fo(n),00(n) to f(n) and
0(n). Taylor’s series yields

F.0) = fom) + 3 Fulnp™ (9.26)
0(n,p) = bo(n) + il Om(n)p™, (9.27)
) =y B () = o ST (9.25)

where the convergence of above series strongly depends upon hy and hy. The auxiliary para-
meters hy and hy are selected in such a way that (9.26) and (9.27) converge at p = 1 and

hence

f(m) = fom)+ > fm(n), (9.29)

0(n) = 0o(n) + >_ Om(n)- (9.30)

The mth-order deformation problems are constructed by the following expressions

Ls[fm(n) = X Sm—1(m)] = hy R (n), (9.31)
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Lo[0m (1) = XmOm-1(n)] = heRy" (1), (9.32)

fm(0) = £1,(0) = £1,(00) = 0, 07,(0) = 10y (0) = O (o0) =0, (9-33)

m=1 7
RE®M) = fam)+ X [foorefl = it |
k=0

m—1 k
+B1 Y ok D _200ifl = fetfl = Mypoa(n)
k=0 =0

m—1 m—1
+B2{ 1 > fe = fm-1-k A A M, (9.34)
k=0 k=0
m o m1 , _ m=—1 , *
Ry'(n) = Oma(n) + Pr 32 0 1 g Sk — 2P 30 Om1wfi + B 0m-1(n), (9.35)
k=0 k=0
0, m<1,
Xm = (9.36)
1, m>1.

If f and 6, are the special solutions then the general solutions are
fm(n) = fr(n) + C1 + Coe™ + Cze™, (9.37)

Om(n) = 05, () + Ca + Cse™ . (9.38)

9.3 Convergence of the homotopy solutions

The auxiliary parameters /iy and fy have significant role in the convergence of developed series
solutions. Here the h—curves are portrayed for 18" order of approximations in order to find
the values of hy and fy ensuring convergence. Figs. 9.2 depict that the range of admissible
values of iy and fy are —0.8 < hiy < —0.2 and —0.75 < hy < —0.2. The series solution converge

in the whole region of n when Ay = —0.4 and fiy = —0.4. Table 9.1 depicts that 25t" order
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deformations are sufficient for both the velocity and temperature expressions.
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Fig.9.2: h—curves for the function f and 6.

Table 9.1. Convergence of homotopy solutions for different order of approximations when

B1 =02, By =" =03, Pr=5=05 \=0.1, iy = —0.4 and fiyg = —0.4.

Order of approximation —f”(0) —6"(0)

1 1.10000 1.22000
) 1.19801 1.34636
10 1.20255 1.35611
15 1.20268 1.35640
20 1.20271  1.35642
25 1.20272  1.35643
30 1.20272  1.35643

9.4 Graphical results and discussion

The purpose of this section is to highlight the variations of interesting parameters through Figs.
9.3—9.7 for velocity and temperature. Figs. 9.3 and 9.4 show the behaviors of suction/injection
parameter .S, Deborah number 3; and mixed convection parameter A on the velocity f /(77). Fig.
9.3 shows the effects of suction/injection parameter S on the velocity profile f (n). Here S > 0

corresponds to suction and S < 0 for injection case. We observed that the velocity f,(n) is
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lower for suction case in comparison to injection phenomenon. From physical point of view
suction is an agent that resists the fluid flow. Such resistance in fluid flow creates a reduction
in the velocity field and associated boundary layer thickness. Fig. 9.4 illustrates that both
the fluid velocity and boundary layer thickness decrease when mixed convection parameter is
increased. Note that the mixed convection parameter involves the buoyancy force. Buoyancy
force is stronger for the larger mixed convection parameter and weaker for the smaller mixed
convection parameter. This stronger buoyancy acts as an agent to creates a reduction in the

velocity profile and momentum boundary layer thickness.

Hr=04, f2=1=02, =03, Pr=05

S=Pr=056=04,5,=02,"=03

Fig. 9.4: Variation of A on f/(n).

Figs. 9.5—9.7 are displayed to examine the influence of arising parameters on dimensionless
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temperature profile 6(n). Fig. 9.5 presents the variations in temperature 6(n) for different values
of suction/injection parameter S. From this Fig. it is analyzed that the temperature is higher
for injection case when we compared it with suction case. The effects of suction parameter
S on 6(n) is qualitatively similar to that of the velocity. Both the temperature 6(n) and
thermal boundary layer thickness increase when mixed convection parameter A increases (see
Fig 9.6). Here buoyancy force is an agent that creates an enhancement in the temperature and
thermal boundary layer thickness. Influence of heat source 5* on 6(n) is presented in Fig. 9.7.
Physically * > 0 means that T, > Ty and in this case heat is supplied to the flow region
from the wall. The temperature boosts with heat source parameter 8* > 0 while reduction in
thermal boundary layer thickness and temperature is seen with heat sink parameter 5* < 0.

8(m)

DE-

1:-: f ;’: Pr=10.7, ﬂ] =04, 5= A=0.2,
:;'! f-"' g =03

/ L . L L ??
y ) 5 R

Fig. 9.5: Variation of S on 6(n).
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6(m)
00k

RkN

/ﬂ;
y 4 Pr=0.7,5,=04,5=0.2,

/’/ §="=05

A=-05,0.0,0.5,1.0

""" : =1

L L L
1 1 3 4

Fig. 9.7: Variation of 5* on 6(n).

Table 9.2 shows that the local Nusselt number has quite opposite behavior for 8, and [,.

The values of Nusselt number increases by increasing 8*, Pr and S. However it decreases by

increasing \. Table. 9.3 ensures the validity of present results for f”(0) in a limiting sense.

Table 9.2: Values of local Nusselt number Nu/ Rei;/ % for the parameters 3, B4, 8%, Pr, S
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when A = 0.1.

B4 B p* Pr S A
00 03 03 05 05 0.1
0.2
0.4
0.4
0.5
0.6
—0.1
-0.2
-0.3
0.6
0.9
1.2
0.8
1.0
1.5
0.2
0.4
0.6

Table 9.3: Comparison of f”(0) for different values of Maxwell parameter 3; when 3, = S =
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—Nu/Reg}/2

1.20133
1.17496
1.14936
1.18647
1.19622
1.20463
1.02500
1.09798
1.16099
1.27668
1.60523
1.91014
1.23081
1.30323
1.45103
1.15381
1.13613
1.11294



Abel et al. [38] Present results

pr —1"(0) —1"(0)
0.0 1.00000 1.00000
0.2 1051948 1.051889
0.4 1.101850 1.101903
0.6 1.150163 1.150137
0.8 1196692 1.196711
1.2 1.285257 1.285363
1.6 1.368641 1.368758
2.0 1447617 1.447651

9.5 Final remarks

This chapter deals with the mixed convection flow of Oldroyd-B fluid over a stretching sheet
with suction/injection, heat source/sink and power law heat flux. Effects of different involved
parameters such as mixed convection parameter A and heat source/sink S* on the flow field

and temperature are analyzed. The main observations are summarized as follows:

e Velocity profile and momentum boundary layer thickness reduce in case of suction S > 0

while these enhance in case of injection S < 0.

e Thermal boundary layer thickness is increasing function of heat source parameter 5* > 0

while it reduces with heat absorption parameter 5* < 0.

e Increase in mixed convection parameter A yields an enhancement in the temperature and

thermal boundary layer thickness while reduction in heat transfer rate at wall is noted.

e Behaviors of Deborah numbers 3, and 85 on the heat transfer rate at the wall are opposite.
Heat transfer rate at wall increases with the heat absorption 8* < 0 and suction parame-

ters S > 0.
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Chapter 10

Soret and Dufour effects in mixed
convection flow of an Oldroyd-B
fluid with convective boundary

conditions

This chapter investigates the effects of heat and mass transfer in the mixed convection flow of
an Oldroyd-B fluid over a stretching surface with convective boundary conditions. Emphasis
is given to the analysis of Soret and Dufour effects. Relevant problems are first formulated
and then computed by the homotopy analysis method (HAM). Velocity, temperature and con-
centration fields are computed and analyzed through plots. In addition, the local Nusselt and

Sherwood numbers are examined through the numerical values.

10.1 Mathematical model

We choose x—axis along the stretching surface in the flow direction and y-axis is taken perpen-
dicular to the surface. An incompressible Oldroyd-B fluid is considered. The surface satisfies the

convective boundary conditions. Further, the Soret and Dufour effects are taken into account.
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The resulting boundary layer equations for flow of an Oldroyd-B fluid are

ou Ov
9 "5y =" (10.1)

ou ou V@_
= o0

&%u d%u 9%
207U 207U
M {“ a2 TV T 2“”axay}
Pu Pu B ou 0%u B ou 8221]

Ay [“’axay? + Ua_yf" Ox 0y? Oy Oy?
+9[Br(T — Tso) + Bc(C — O], (10.2)

oT N oT 9T N D kr 0°C
ox oy oy?2  CsCp 0y?’

(10.3)

oC 00 BC D 0T
Ry U@y_ “0y? T 0y?’

(10.4)

where © and v denote the velocity components in the x— and y—directions respectively, A1
and Ao the relaxation and retardation times respectively, T' the fluid temperature, C the con-
centration field, v the kinematic viscosity, p the fluid density, D, the mass diffusivity, a,, the
thermal conductivity, k7 the thermal-diffusion ratio, C), the specific heat, Cs the concentration
susceptibility, 1}, the fluid mean temperature and o the fluid electrical conductivity.

The boundary conditions are expressed in the following forms

orT
u=uy(z) =cr, v=0, _ka_y =h(Ty—T), C=Cyaty=0, (10.5)
u—0,T—Ty, C—Cyxasy— oo (10.6)

in which 7'y denotes the convective fluid temperature, T, the ambient temperature and % the
thermal conductivity.

Setting the following transformations

v=u/S u= o), v =V, o) = 7=
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incompressibility condition (10.1) is automatically satisfied and the other equations give

F A LF = R B REF = PP = Bo(f7? = F™) + A+ AN =0, (10.8)
Pire” + [0 + Ds¢" =0, (10.9)

" + Scf¢' + Scd” =0, (10.10)

f(0)=0, f(0)=1, f'(c0) =0, (10.11)

0'(0) = —y,(1 — 0(0)), 6(cc) =0, (10.12)

$(0) =1, ¢(o0) = 0. (10.13)

In above expressions the prime indicates the differentiation with respect to n,8; = Aic and

5 = Agc are the Deborah numbers, A = %5‘6 the mixed convection parameter with Gr, =
x
987 (T—Too)x3 Uz
V2

as the Grashof number, Re, = =% the local Reynold number, Pr = v/ay, the
Prandtl number, v; = (h/k)\/v/c the Biot number, Sc = v/De the Schmidt number, D¢ the

v

Dufour number and S7 the Soret number. The definition of Dyand Sr are

) o DekT (Tw - Too)
= Sr= T (10.14)

DekT (Cw - C’oo
Dy = —

-~ CsCy (T

Local Nusselt and local Sherwood numbers in dimensionless coordinates are expressed as follows:

Nu(Re,) V% = —0/(0), (10.15)
Sh(Rey) Y% = —¢/(0). (10.16)

In the next section we will develop the homotopy solutions for the resulting problems.

10.2 Series solutions

The initial guesses and auxiliary linear operators are taken as

folm) = (1= cop(n). 60(n) = 2P, g00) = exp-n) + Fesp(n), (10.17)
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B df . % ¢

I=ad A H—d—ng—G, Cqé:d—nQ—(i% (10.18)
L [C1 + Caexp(n) + Czexp(—n)] = 0, (10.19)
Ly [Caexp(n) + C5exp(—n)] = 0, Ly [Cs exp(n) + C7 exp(—n)] = 0, (10.20)

in which C; (i = 1 — 7) denote the arbitrary constants.

10.2.1 Zeroth and mth order deformation problems

Having the non-linear operators Ny, Ny and Ny in the forms

. . 37 )
Nilf(n,p),0(n,p)] = %:z;p)—f(n,p)

on?

R ¢ 27 R 32
+54 2]”(77,19)6)fg777’p)(9 J;S;’p) _ (f(mp))za ];E;Z;p)]

r ~ 2 ~
5, (32f(n,p)> f(n’p)a‘*f(n,p)]

0*f(n.p) <8f(n,p)>2
on

on? ont
+A0(n,p) + AN (1, p), (10.21)
; , ; 1 9%0(n, . 00(n, p(n,
NolF0.0),001,),0001.9)] = 52+ Fnp) P+ D TR, (0.)
. . . &g . 0¢ 9%
Nolf (n,p),0(n,p), ¢(n,p)] = % + Sd(mp)% + STSC#, (10.23)

the corresponding problems at the zeroth and mth orders can be expressed as follows:

(1 —p)Ls[f(n.p) — fo(n)] = phyNF[f (0, p), 0(n, p), (0. D), (10.24)
(1 = p)Lo[0(n,p) — Oo(n)] = pheNylf(n. p),0(n.p), d(n,p)], (10.25)
(1 —p)Lolo(n,p) — do(0)] = PligNLf (1, ), 0(n,p), d(n,p)], (10.26)
. _ o 9| ., 9ftp) _
f(nvp))nzo =0 T |, L =% - 0, (10.27)
@/(n;p)’ == @(n;p))nzo], é(”;p))n:m =0, (10.28)
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o(mp)| =1, é(n;p) =0, (10.29)

n=0 n=00
L[ () = Xonfrn1(m)] = Ty RE, (), (10.30)
Lo[0m(0) = XonOm—1(0)] = heRE, (), (10.31)
Lo[bm(n) = X Gm_1(0)] = R, (), (10.32)

fm(0) = 0, fr,(0) =0, fr(00) =0, 0,,(0) =01 (0) = 0,
Om(c0) = 0,9,(0) =0, ¢,,(c0) =0, (10.33)

/l/

m—1
RYMm) = foam)+ X0 [fm—l—k:fllc/ - f?lnflfkfk:}

k=0
m—1 k
81 Y o1k D 2fi il = feif" = Ma ()
k=0 1=0
m—1 m—1 A
+BoA frn—1-k Z T — fm—1-k Z )+ A0, _1(n) + AN1¢.,_1(n), (10.34)
k=0 k=0
1 m—1
an(n) = ﬁefn—l(ﬁ) + Z Sm—1-k0% + Dsél,_1(n), (10.35)
k=0
m—1
RE(0) = Dpa (1) + 8¢ Y fn-1-xh, + S,y (), (10.36)
k=0
0, m<1
X = (10.37)
1, m>1,

where p € [0, 1] is an embedding parameter and fiy, hy and hy are the nonzero auxiliary para-

meters. Taylor’s series gives

A > oM f(n:

FOp) = o) + Y- S, i) = 2 T (1039
m=1 ) p=0

. © M0 (n:

00 5) = 00(0) + 3 O™ O) = - LD (109)
m=1 ’ p=0
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1 .9m¢(n;p)

o(mp) = do(n) + mi:l Omp" On(n) = = . (10.40)
and when p = 0 and p = 1 then
F(n;0) = fo(n), f(m;1) = f(m), (10.41)
0(1;0) = bo(n), O(n;1) = 6(n), (10.42)
¢(n;0) = do(n), $(m;1) = $(n). (10.43)

We choose the auxiliary parameters in such a way that the series solutions converge for p = 1

and so .
F) = fom) + > fm(n), (10.44)
m=1
0(n) = 0o(n) + D Om(n), (10.45)
m=1
o(n) = do(n) + Y dpm(n). (10.46)
m=1
The general solutions (fp,, Om, ¢,,) in terms of special solutions (f;,, 6;,, ;) can be written as
follows
fm(n) = fr(n) + C1 + Czexp(n) + Cs exp(—n), (10.47)
Om (1) = 05,(n) + Caexp(n) + Cs exp(—n), (10.48)
G (1) = O (1) + Co exp(n) + Cr exp(—n). (10.49)

10.3 Convergence of the homotopy solutions

The convergence analysis of the series solutions depends upon the auxiliary parameters fy,
hg and hg. Hence the hi—curves for the 17t order of approximations are plotted. It is found
that the admissible ranges of hf, hgp and hy are —1.7 < hy < —0.20, —1.5 < hy < —0.25
and —1.5 < hy < —0.40. The series (10.44 — 10.46) converge in the whole region of 1 when
hf = hg = hgy = —1.0 (see Fig. 10.1). Table 10.1 indicates that how much terms for each
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physical quantity are required for the convergent solution. It is noticed that less number of

terms are required in the convergent expression of velocity.

1=02,p,=02, g,=01,Pr=Sc=07,D=03,Sr =10,y =10, Pr=0.7,N=10
05 y y v T

-2 -15 -1 -05 0
by, g, hy

Fig.10.1 : A—curves for the function f, 6 and ¢.
Table 10.1: Convergence of homotopy solutions for different order of approximations when
By =02,y =01, Pr=Sc =07 v, =10, Dy =03, Sr =02, N = 1.0, hy = hy =
hy = —1.0.

Order of approximations —f”(0) —6'(0) —¢'(0)

1 0.82500 0.39104 0.43194
b} 0.79502 0.30304 0.45255
10 0.79137 0.29030 0.46033
15 0.79129 0.28971 0.46071
20 0.79132 0.28991 0.46044
25 0.79133 0.28993 0.46042
30 0.79133 0.28993 0.46043

10.4 Discussion

Interest in this section is to analyze the variations of different emerging parameters on the phys-
ical quantities like temperature, concentration field, local Nusselt and Sherwood numbers. Figs.
10.2 — 10.9 are displayed to see the variations of mixed convection parameter A, concentration

buoyancy parameter /N, Dufour number D; and Soret number S7 on the temperature of fluid
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0(n). Fig. 10.2 shows that the mixed convection parameter A decreases the temperature 0(n).
Also thermal boundary layer thickness reduces with an increase in mixed convection parameter
A. Fig. 10.3 illustrated that temperature and associated thermal boundary layer thickness are
decreasing functions of N .Fig. 10.4 shows that temperature 6(n) and thermal boundary layer
thickness increase with an increase in Dufour number Dy. With an increase in Soret number

Sr, temperature 6(n) and thermal boundary layer thickness decrease as seen in Fig. 10.5.

Br=y1=04,N=03D;=05Pr=Sc=07 f=5=02

Fig. 10.2: Influence of A on 0(n).

P1=y1=04,8,=1=03,Df =05,Pr=Sc=0.7,Sr=02

60

Fig. 10.3: Influence of N on 6(n).
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p1=04,8=N=03,y1= 1.0,A=06, Pr =Sc=0.7, Sr = 0.8

Fig. 10.4: Influence of Dy on (7).

p1=04,5=N=03,y1=10,1=06,Pr=Sc=0.7,D;=05

Fig. 10.5: Influence of Sr on 6(n).

Figs. 10.6 — 10.9 plot the effects of A, N, Dy and S7 on the concentration field ¢(n). From
Fig. 10.6 it is found that the concentration field and associated boundary layer thickness show
a decrease when mixed convection parameter A increases. Effects of concentration buoyancy
parameter parameter N on the concentration are qualitatively similar to that of temperature
(see Figs. 10.3 and 10.7). Figs. 10.4 and 10.8 show that the behaviors of the temperature and
concentration profiles are quite opposite in case of Dufour number. This shows that the Dufour

number corresponds to weaker concentration and stronger temperature. Fig. 10.9 pointed out
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that the larger Soret number has a strong concentration.

Br=y1=04,N=03,D; =05,Pr=Sc=07, f=5r=02

0.8

0.6

o)

0.4

0.2

Fig. 10.6: Influence of A on ¢(n).

Br=71=04, B, == 03,D; =05,Pr=Sc=07, =02

08

0.6

4l

04

0.2

Fig. 10.7: Influence of N on ¢(n).
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P1=04,6=N=03,791=10,1=06,Pr=5c=0.7,5r=08

08

0.2

Fig. 10.8: Influence of D¢ on ¢(n).

B1=04,B=N=03y1= 1.0,1=06 Pr=Sc=07,D;=05

1
— Sr=00
0.8 — — Sr=05
---- Sr=10
06 - Sr=15
=
<
04
0.2
0
0 2 4 6 8 10

Fig. 10.9: Influence of Sr on ¢(n).

Table 10.2: Values of local Nusselt number and Sherwood number for the parameters (31,
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By, Pr, Sr,Dy,v; and N when A = 0.1.

5y

B2

A

Pr

Sr

Dy

Sc

71

N —0'0)

—¢'(0)

0.0

0.2

0.1

0.7 05 08

1

1

1 0.29514

0.47225

0.2

0.28993

0.46033

0.4

0.28525

0.44998

0.2

0.0

0.28797

0.45592

0.2

0.29176

0.46462

0.4

0.29508

0.47226

0.2

0.2

0.0

0.27062

0.41866

0.2

0.29176

0.46463

0.4

0.30305

0.49095

0.2

0.2

0.2

0.8

0.30136

0.50625

0.9

0.30891

0.54602

1.0

0.31480

0.58434

0.7

0.0

0.28679

0.49981

0.2

0.29176

0.46462

0.4

0.29679

0.42800

0.2

0.0

0.33235

0.45353

0.2

0.30546

0.46096

0.4

0.27788

0.46830

0.2

1.0

0.30546

0.46094

1.2

0.30001

0.51681

1.4

0.29513

0.56908

1.0

1.0

0.30546

0.46094

1.2

0.32396

0.45920

14

0.33863

0.45781

1.0

1.0 0.30546

0.46094

1.2 0.30700

0.46444

1.4 0.30846

0.46779
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10.5 Conclusions

Mixed convection flow of an Oldroyd-B fluid is investigated in the presence of convective bound-

ary condition and Soret and Dufour effects. The main observations are pointed out below.

e Effects of A and N on temperature and concentration fields are similar.
e Effects of Soret number St on 6(n) and ¢(n) are reverse.
e Thermal boundary layer thickness and temperature field increase when D yincreases.

e There are opposite effects of local Nusselt number and Sherwood number when Dy, Sr

and vy, increase.
e local Nusselt and Sherwood numbers decrease when [3; increases.

e With an increase in A and N both local Nusselt and Sherwood numbers are enhanced.
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Chapter 11

Mixed convection Falkner-Skan
wedge flow of an Oldroyd-B fluid in

presence of thermal radiation

The present chapter examines the Falkner-Skan flow of rate type non-Newtonian fluid. Ex-
pressions of an Oldroyd-B fluid in the presence of mixed convection and thermal radiation are
used in the development of relevant equations. The resulting partial differential equations are
reduced into the ordinary differential equations employing appropriate transformations. Ex-
pressions of flow and heat transfer are constructed. Convergence of derived nonsimilar series
solutions is guaranteed. Impact of various parameters involved in the flow and heat transfer is

plotted and examined.

11.1 Problems development

Let us consider the two-dimensional Falkner-Skan flow of an Oldroyd-B fluid. We further
consider the heat transfer. Cartesian coordinates (x,y) are used in such a way that x-axis is
parallel to the wall and y-axis normal to it. An incompressible fluid occupies the region y > 0.

The equations governing the present flow situation are based on the conservation laws of mass,
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linear momentum and energy. Flow diagram of the problem is as follows:

Fig. 11.1: Physical Model

Taking into account the aforementioned assumptions, the resulting boundary layer equations

can be written as follows:

ou
ox Oy ’
u@ v@ = 1/@ -\ [UQ@ —1—1)2@ + 2uv Ou }
0 oy Oy? Ox? Oy? 0xdy
_|_V)\2 [u_agu + ’U@ _ @@ _ @&]
Oxdy? oy3  Ox 0y? Oy Oy?

+9B7(T — Too) Sin3,

P \ “ oz oy ) Oy 3ke oy )’

The appropriate boundary conditions are

vw = U, v=0 T=T,=Ts+ Az? at y =0,

u — 0, T—-Tyw asy—

(11.1)

(11.2)

(11.3)

(11.4)

where U (= azx™) is the free stream velocity, u is the dynamic viscosity, A; is the relaxation
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time, Ao is the retardation time, « is the wedge angle, k is the thermal conductivity, d is
the surface temperature exponent, 1" and T, are the temperatures of the fluid and ambient

respectively and T, is the wall temperature. We utilize

w = v@r oa= "N e [T,
s e e U 0| IO R S

where 7 is the similarity variable, 1 is the stream function, f is the dimensionless stream

function and 6 is the dimensionless temperature. Now the continuity equation (11.1) is identi-

cally satisfied and Eqs. (11.2) — (11.4) lead to the following expressions

f/// + ff// +51 <—27L (Z_:) f/S + (3n . 1) ff/f// _ (nTH> f2f/// + <nT_1> 77f,2f”>

#0 (B2 ) ) = (552 ) 287+ = p7) = B pt e Eaesing =0,

n+1 n+1 2
(11.6)
(1 - §R> 0" + Pr(f0' — n2—f1f/9) =0, (11.7)
f(0)=0, f(0)=1, 6(0) =1, f'(c00) =0, 8(00) =0. (11.8)

Here prime denotes the differentiation with respect to n, 8, and (5 are the dimensionless
material parameters, A is mixed convection parameter, Gr; is the local Grashof number, Pr is

the Prandtl number and R is the radiation parameter. The definitions of these parameters are

MU XU Gry HCp
frg E —— = — = —_— P - L
/81 T 9 /82 ” 9 RQ%? r k 9
4o T3 9B(Ty — Tro)®
= x = . 11.
R ( kek )7 Grm U2 ( 9)
Local Nusselt number (Nu,) along with heat transfer rate (g, ) are
TQu oT
Nuy = ——dw o = —k (—) 11.10
R Ty~ To) 5 ) o (11.10)
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which in dimensionless form gives
(Rez) Y2 Nu, = —6' (0). (11.11)

11.2 Series solutions

The initial guesses (fo,0o) and auxiliary linear operators (Ly, Lg) are taken as follows

fon)=1—¢€", Oo(n) =€ ", (11.12)
_dBfdf L
f(f)—d—ng—d—n, 9(6)—d—772—6, (11.13)
with
L [C1 4+ Cyrexp(n) + C3exp(—n)] =0, (11.14)
Ly [Caexp(n) + C5 exp(—n)] =0, (11.15)

where C; (i = 1 — 5) are the arbitrary constants. If p € [0, 1] is the embedding parameter and iy
and hy are the non-zero auxiliary parameters then the zeroth-order and mth order deformation

problems are stated as follows.

11.2.1 Zeroth order problem

(1—p) Ly [f(n;p) — fo (n)} = phyNy [f(n;p) ﬁ(n;p)} , (11.16)
(1= p) L |0 (nip) =00 (n)| = phaN |8 (:p) . F (mip)] (11.17)
F(0;p) =0, " (0:p) = 0, f (005p) = 1,0 (03 ¢) = 1,0 (003 q) = 0, (11.18)
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*f (msp)

2n

+ f(m;p)

=)

Ny |f (n,p) »g(n;p)} = o

n—1 <0f(77;p) ’
on

28f(77p)

n+1

) F(3n—1)f (gp)

<af (7; p) > ?
on

of (n;p) O*f (n;
on on?

on3

_ 82 .
() (25

-l <af<n;p>>2

2 on

& f (n;p)
on?

DY (12 i 25052 )

n
-8, (”‘; L )

0 ) o3 ; - e
+65 [ (n—1) fg; p) J;;Z p)) + ni 1)\(9(77,;0) sin - (11.19)
= R 2 N 0 (1-
No [9 (n;p)af(n;p)] = <1+ 3R> 0 96(772 2 +Prf(n;p)%77’p)
d -~ af (n;
—Pr ni -0(m:p) fg;’p). (11.20)
11.2.2 mth-order deformation problems
Ly [fm (1) = XS ()] = ByRE, () | (11.21)
Lo [0m (1) = XonBm—1 ()] = hgRY, (1) , (11.22)
fm (0) = [, (0) = fp, (00) = fr(c0) =0,
0(0) = Oy (00) =0, (11.23)

fm 1— kf” n+1f1,n 1— lcfk
k
3 ( Mt o1 e o Frfl A (B = 1) frn1k Yoo fr i fY
1
m—1 _n+1f Z f ///+n 1 f/ Z f
f _ g 5 fn—1-k 2o fo-if M1k 20 fei ]l
Rm (77) m 1(77)+ Z 3n—1 ” "
k=0 2 —kJk
+62 ”“fm Sy
+(n—=1) fr 1 kSt
2
+n+1)\9m_1 sin 5
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)_l

m—

2d
Rey (n) = Oy + Pr <m 1-&f e m—1— k9k> (11.25)
k=0

0, m<l1
X = . (11.26)

1, m>1

For p =0 and p = 1, we have

Fop0)=fo(m), Fm1)=[f(m), (11.27)
0(150) =00 (m), 0(m1)=0(n), (11.28)

and when p increases from 0 to 1 then f(n; p) and @(77; p) vary from the initial solutions fq (1)

and 6(n) to final solutions f (n) and 6(n) respectively. By Taylor’s expansion one has

—~ e OMF (1
Fmip)=fom)+ D fmm)p™,  fn(n) = %% 7 (11.29)
m=1 ' p=0
0 (mp) =00 () + Z Om Om (1) = %%(Z;p) : (11.30)
p=0

where the auxiliary parameters are so properly chosen that the series (11.29) and (11.31) con-

verge at p =1 i.e.

Fmy=fom+ > fm(m), (11.31)
m=1

6 (n) =00 (n)+ Y Om (). (11.32)
m=1

The general solutions of Eqs. (11.32) and (11.33) are

fm () = fo, (n) + C1 + Coe + Cze™, (11.33)

Om (1) = 07, (n) + Cae” + Cse™, (11.34)

in which f* and 0% are the special solutions.
m m
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11.3 Convergence

Note that the series solutions in Egs. (11.32) and (11.33) contain two auxiliary parameters hy
and hy. The convergence of series solutions depend upon these auxiliary parameters. For range
of values of these parameters, the i—curves at 15th-order of approximations have been plotted
in Fig. 11.2. It is found that the admissible values of hy and hg are —1.3 < hy < —0.25 and

—1.2 < hy < —0.5. Table 11.1 further guarantees that the series solutions are convergent up to

five decimal places when iy = hy = —0.5.

B1=03,4,=02,d=05,1=02,a=7/4,n=15R=03,Pr =12

-06

- -
- -

-0.7

-08

-0.9

-
-
———
————

f"(0), 6'(0)

1
1
]
]
]
]
[
]
]
]
]
]
]
[
1
]
]
[
]
]
]
]
]
]
[l

o

-15 -125 -1 -0.75 -05 -0.25
. g

Fig.11.2 : A—curves for the function f and 6.

11.4 Discussion

The aim of this subsection is to present the effects of pertinent parameters on the velocity, tem-
perature and surface heat transfer. Variation of parameter n on the velocity and temperature
are sketched in the Figs. 11.3 and 11.4. Clearly the effects of n on the velocity and temperature
profiles are quite reverse. Influence of mixed convection parameter A on both the velocity and
temperature profiles are given in the Figs. 11.5 and 11.6. It is observed that the velocity and
momentum boundary layer thickness increase with the increase of mixed convection parameter
A while the temperature and thermal boundary layer thickness decrease. Figs. 11.7 and 11.8
are drawn to see the variation of o on the velocity and temperature profiles. It is noticed that
the velocity and momentum boundary layer thickness increase when « increases. It is found

that the temperature and thermal boundary layer thickness are decreasing functions of «. Figs.
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11.9 and 11.10 are sketched to see the variation of surface temperature parameter d on the
velocity f/(n) and the temperature 6(n). Both f/'(n) and 6(n) decrease with the increase in d.
It is also observed that both the momentum and thermal boundary layer thicknesses decrease

when d increases.

p1=03,8,=02,1=d=05 a=n/4 R=03,Pr=07

1
— n=05
0.8 - =-n=20
--- =50
0.6 n=70
=
T 04
0.2
0
0 2 4 6 8
n

Fig. 11.3: Impact of n on f/(n).

p1=03,8=02,1=d=05a=n/4R=03,Pr=07

1

0.8

0.6

6(n)

0.4

0.2

Fig. 11.4: Impact of n on 0(n).
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f'(m)

6(n)

B1=04,5,=03,n=d=05 a=n/4R=03 Pr=07

1 .
- — =00
08 W\ - - 1=05
\" B
- - 1=10
0.6 \ N A=15
04
0.2
0
0 2 4 6 8

Fig. 11.5: Impact of A on f/(n).

p1=04,B8,=03,n=d=05a=n/4R=03 Pr=07

— 1=00
— — 1=05
---- 1=10

A=15

Fig. 11.6: Impact of A on 0(n).

B1=04,5=03n=1=d=05R=03,Pr=07

f'ap

1
— a=0.0
0.8 . — — a=n/6
3 ---- a=n/4
0.6 “ﬁ o a=n/3
0.4
0.2
0
0 2 4 6 8

Fig. 11.7: Impact of a on f/(n).
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p1=04,5=0321=10,n=d=05R=03,Pr=07

Fig. 11.8: Impact of o on 6(n).

B1=04,p,=03n=21= 05 a=n/4R=03Pr=07

— d=00
~ ~ d=50
- d=10

S d=15

Fig. 11.9: Impact of d on f'(n).

B1=04,,=03n=1=05a=nr/4R=03Pr=07

1
— d=0.0
0.8 \ — —d=5.0
| ---- d=10
06 "\ oo d=15
= p
<
0.4
0.2
0
0

Fig. 11.10: Impact of d on 6(n).
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Figs. 11.11 and 11.12 are drawn to see the influence of mixed convection parameter A\, wedge
angle «, surface temperature parameter d and velocity index n on the local Nusselt number
—6'(0). Fig. 11.11 depicts the effects of A and o on —€’(0). It is noticed that —6'(0) increases
through increase of mixed convection parameter A and wedge angle «. Fig. 11.12 depicts that
variations of n and d have opposite effects on —6'(0). A close look at Table 11.1 indicates that

25t_order approximation gives convergent series solutions.

N=05R=03,Pr=12 6 =02 6=03d=15

0.9
— a=00
08 — — a=7/6
' --- a=n/4
a=a3 | e Jpaigt
S eI T
= 0.7 ST — -
wEE = T
-
0.6
0 1 2 3 4

Fig. 11.11: Impacts of A and o on —6(0).

n=05R=03,a=n/4Pr=12p=028=03

2.5
— n=0.0
2 — —=n=05
----n=15 |
n=30 B B
_15 — —
e -
' ="
I T e
o e T
05
0 1 2 3 4

Fig. 11.12: Impacts of d and n on —6'(0).
Table 11.1 : Convergence of the homotopy solutions for different order of approximation

when Pr = 1.0, A = 03, n = 1.5, d = 05, R = 03, a = 7/4, 8; = 0.2, B, = 0.3 and
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Order of approximation

1

5

10
15
20
25
30

11.5 Conclusions

Mixed convection and thermal radiation effects in the Falkner-Skan wedge flow of an Oldroyd-B

—f"(0)
0.90330
0.86304
0.86077
0.86047
0.86045
0.86044
0.86044

—0'(0)

0.78889
0.64042
0.62757
0.62627
0.62616
0.62616
0.62616

fluid are investigated. The following points are worth mentioning:

e Table 11.1 shows that convergence of the functions f and # are obtained at 25%™-order

approximations up to five decimal places when h; = hy = —0.5.

e Influence of mixed convection parameter A increases the velocity and momentum boundary

layer thickness while it decreases the temperature and thermal boundary layer thickness.

e Influence of wedge angle o and radiation parameter R on both the temperature and

velocity profiles are quite similar.

e Thermal boundary layer and momentum boundary layer thicknesses are decreasing func-

tions of surface temperature exponent d.

e Surface heat transfer —6’(0) increases with an increase of wedge angle «, mixed convection

parameter A and surface temperature exponent d .
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paper text:

Preface

14The boundary layer flows over a moving surface have

vital importance due to their ever increasing usage in the industries. In such industrial processes, the
kinematics of stretching and heat transfer through rate of cooling have substantial impact in the
improvement of final product of better quality. No doubt, the thermal buoyancy force arising due to cooling
or heating of a moving surface may alter significantly the flow and thermal fields and thereby the heat
transfer behavior in the manufacturing process. In several practical applications, the order of magnitudes
of buoyancy and viscous forces are comparable for moderate flow velocities and large surface
temperature differences and convective heat transfer process is thus called as mixed convection. The
buoyancy forces due to temperature and concentration differences are significant in mixed convection
thermal and concentration diffusions. In fact the buoyancy forces causing a pressure gradient in the
boundary layer modify
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8 distributions consequently

heat and mass transfer between the surface and fluid. Specifically the mixed convection flows are
encountered in industrial processes like solar central receivers exposed to the wind currents, nuclear
reactors called during emergency shutdown, electronic devices cooled by fans and heat exchangers etc.
The mixed convection flows with heat and mass transfer are relevant to energy related engineering
problems that include both metal and polymer sheets. Mostly, the fluids in industrial processes are non-
Newtonian. Certain oils, paints, blood at low shear rate, shampoos, cosmetic products body fluids, pasta,
ice cream, ice, mud etc are few examples of non-Newtonian fluids. Keeping all the aforementioned facts in
mind, the present thesis is structured as follows. Chapter one covers literature survey and laws of
conservation of mass, linear momentum and energy. Boundary layer equations of second grade, Maxwell,
Oldroyd-B and thixotropic fluids are presented. Basic idea of homotopy analysis method is also given.
Chapter two deliberates the mixed convection

4boundary layer flow of thixotropic fluid with thermophoresis over a stretched

sheet. Fluid is electrically conducting in the

1Numerical values of local Nusselt and Sherwood numbers for different

values of emerging parameters

this problem are published in “Journal of Thermophysics and Heat Transfer 27 (2013) 733-740”. Three-
dimensional

. 2mixed convection flow of second grade fluid over an exponentially stretching _
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surface

are studied in chapter three. Convective boundary conditions are utilized for the heat transfer analysis.
Analysis is carried out in the presence of thermal radiation. The series solutions are established through a
newly developed method recognized as the homotopy analysis method. The convergent analysis of
velocity components and temperature are derived. Graphs are plotted and analyzed for interesting
physical parameters. A systematic study is performed to analyze the impacts of the significant

13parameters on the velocity and temperature, the skin friction coefficients and

the local Nusselt number.

The contents of this chapter are published in “Plos One 9 (2014) e90038”. Chapter four reports the

6heat and mass transfer effects in three-dimensional mixed convection flow

of viscoelastic fluid with internal heat source/sink and chemical reaction. An exponential stretching surface
is employed for flow generation. Magnetic field normal to the direction of flow is taken under consideration.
Convective conditions at boundary surface are also encountered. An analytical approach

7homotopy analysis method is used to develop the solution expressions of the

problem.

Impacts of different controlling parameters such as stretching ratio parameter, Hartman number, internal
heat source/sink, chemical reaction, mixed convection, concentration buoyancy parameter and Biot
numbers

190n the velocity, temperature and concentration profiles are analyzed

graphically. The local Nusselt number and Sherwood numbers

are sketched and examined. The results of present chapter are submitted for possible publication in
“Applied Mathematics and Computation”. Chapter 5 provides the three-dimensional mixed convection

3flow of viscoelastic fluid over a stretching surface in presence of

thermophoresis.

7Soret and Dufour effects are also
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taken into account. Series solutions are constructed.

15Dimensionless velocity, temperature and concentration distributions are

shown graphically

for different values of involved parameters.

26Numerical values of local Nusselt and Sherwood numbers are computed and

analyzed. The

contents of this chapter are submitted for possible publication in “Engineering Applications of
Computational Fluid Mechanics”.

2Three-dimensional flow of Maxwell fluid over a stretching surface is

addressed in chapter six. Analysis is prepared in presence of concentration and thermal buoyancy effects.
Convective boundary conditions for heat and mass transfer are explored. Series solutions of ii the resulting
problem are established. Results are displayed to examine the influence of physical

1parameters on the velocity, temperature and concentration fields. Main

observations of

this chapter are accepted for publication in “Journal of Central South University”. Chapter seven is
prepared to examine the

11heat and mass transfer effects in three-dimensional flow of Maxwell fluid over a

stretching

2surface with convective boundary conditions. Mass transfer is considered in
the

presence of first order chemical reaction. Conservation laws of energy and concentration are based upon
the Soret and Dufour effects. Convergent series solutions to the resulting nonlinear problems are
developed. The relevant results are accepted for publication in “International Journal of Numerical Method
for Heat and Fluid Flow”. Mixed convection

2flow by an inclined stretching surface with
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thermal radiation is investigated in chapter eight. The

2boundary layer equations of an Oldroyd-B fluid

1in the presence of heat transfer are

used. Suitable transformations reduce the

2partial differential equations into the ordinary differential equations.

Computational analysis is implemented for the convergent series solutions.

4The values of local Nusselt number are

numerically analyzed. Effects of various parameters involved in the velocity and temperature are
discussed. The contents of this chapter are accepted for publication in “Journal of Applied Mechanics and
Technical Physics”. Chapter nine provides

23the mixed convection flow of an Oldroyd-B fluid bounded by a stretching

surface with suction/injection. Mathematical formulation is developed

3in the presence of heat source and power law heat flux. VVelocity and

temperature are computed. Numerical

4values of local Nusselt number are

examined. Results are computed in a limiting sense with existing literature. The contents of this chapter are
published in “Journal of the Brazilian Society of Mechanical Sciences and Engineering DOI
10.1007/s40430-014- 0165-8”. Chapter ten investigates the effects of

6heat and mass transfer in the mixed convection

1flow of an Oldroyd-B fluid over a stretching surface with convective boundary

conditions.
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Stress is given to the analysis of Soret and Dufour effects. Related problems are first modeled and then
computed by homotopy analysis method (HAM).

examined through numerical values. These observations are submitted for publication in “Thermophysics
and Aeromechanics”. iii Falkner-Skan flow of rate type non-Newtonian fluid is analyzed in chapter eleven.
Expressions of an Oldroyd-B fluid are used in the development of relevant equations. Analysis has been

carried out in presence of mixed convection and thermal radiation. Expressions of flow and heat transfer

are assembled.
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in presence of thermal radiation 166 11.1 Problems development . . ........... . ... .. ... ...........
166 11.2 Series solutions . . ... ... .. .. . e 169 11.2.1 Zeroth order problem
............................. 169 11.2.2 ?th-order deformation problems . . . ..................
LAT70 113 CoNVEIgENCE . . oot e 172 11.4 Discussion . . ... ...

..... 177 Chapter 1 Literature survey and methodology 1.1 Introduction This chapter contains the
literature review related to the considered flow problems. Boundary layer equations of thixotropic, second
grade, Maxwell and Oldroyd-B fluids are presented. Brief idea of homotopy analysis method (HAM) are
also provided. 1.2 Background External flows around streamlined bodies have viscous (shear and no-slip)
effects confined close to the body surfaces and its wake but are nearly inviscid far from the body are
termed as bound- ary layer flows [1] which occur in aerodynamics (airplanes, rockets, projectiles),
hydrodynamics (ships, submarines, torpedoes), transportation (automobiles, trucks, cycles), wind
engineering (buildings, bridges, water towers) and ocean engineering (buoys, breakwaters, cables). The
boundary layer flow problem over stretching sheet have many industrial applications such as polymer
sheet or filament extrusion from a dye or long thread between feed roll or wind-up roll, glass fiber and
paper production, drawing of plastic films and liquid films in condensation process. Due to the high
applicability of this problem in such industrial phenomena, Sakiadis [2] initiated the work for flow by moving
surface. After the pioneering work of Sakiadis, researchers have studied the flow over stretching surfaces
under various aspects for viscous and nonlinear fluids. A similarity solution of viscous fluid

proportional to the distance from origin was presented by Crane [3]. Chakrabarti and Gupta [4] analyzed
the hydromagnetic

variable wall temperature. Ef- fects of suction and injection are present. They attained the solutions of the
problem in Kumar functions. Andersson et al. [7] found the solutions
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13over a stretching surface in presence of first order chemical

reactions. Similarity solutions of the boundary layer equations over stretch- ing wall was obtained by Banks
[8]. Closed form solution of magnetohydrodynamic (MHD) flow under slip condition

7over a permeable stretching surface was obtained by Fang et al. [9].

Mukhphadhyay et al. [10] obtained the solution of

MHD

16boundary layer flow over a heated stretching sheet with

variable viscosity. Wang [11] extended the boundary layer flow of Crane [3] for three-dimensional
stretching surface. Devi et al. [12] extended the flow of ref. [11] for

16unsteady stretching surface in presence of heat and mass transfer

effects. An approximate analytical solutions of the steady, laminar three

20-dimensional flow for an incompressible viscous fluid past a stretching sheet

were proposed by Ariel [13,14]. Hayat and Javed [15] analyzed the three

3-dimensional flow of an incompressible viscous fluid over a porous stretching

surface in presence of

magnetic field by employing homotopy analysis method. Kumari and Nath [16] discussed the unsteady
magnetohydrodynamic viscous fluid with heat transfer induced by a bilateral stretching surface. An
analysis for

14heat transfer over a non-linearly stretching surface for a viscous fluid

was provided by Vajravelu [17]. Cortell [18] extended the work of ref. [17] in presence of thermal radiation
and viscous dissipation over a non-linearly stretching surface. Two-dimensional magnetohydrodynamic

3stagnation point flow of an incompressible micropolar fluid over a non-linearly

stretching surface was explored by
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Hayat et al. [19]. The laminar boundary layer flow over an axisymmetric plane was provided by Afzal [20]. It
has been noted by Gupta and Gupta [21] that stretching mechanism in all realistic situation is not linear.
For instance the stretching is not linear in plastic and paper production industries. Besides these the

is considered. The solutions of laminar boundary layer equations describing heat and flow in a quiescent
fluid driven by an exponentially permeable stretching surface were numerically ana- lyzed by Elbashbashy
[23]. Al- Odat et al. [24] numerically discussed the thermal boundary layer flow with an exponential
temperature distribution. Here magnetohydrodynamic flow was addressed. Liu et al. [25] studied the three-
dimensional

13boundary layer flow of a viscous fluid over an exponentially stretching

surface by using the

for the last few years. In many fields such as food industry, drilling operations and bioengineering, the
fluids, either synthetic or natural, are mixtures of different stuffs such as water, particle, oils, red cells and
other long chain molecules. Such combination imparts strong rheological properties to the resulting liquids.
The dynamic viscosity in non-linear materials varies non-linearly with the shear rate. These fluids in terms
of their different rheological features cannot be described by a single constitutive relationship. Hence
several relationships for the non-linear fluids are proposed. In fact the additional parameters in such non-
linear fluids are the main culprit which makes the resulting systems more nonlinear, higher order and
complex than the Navier-Stokes equations. The rheological fluids in general have been classified into three
categories known as the differential, integral and rate types. Second grade fluid is a subclass of differential
type fluids which exhibits the normal stress effects. To predict these effects many researchers studied
second grade fluid under various aspects. Dandapat and Gupta [26] discussed the flow

surface under boundary layer assumptions. Chen et al. [27] delivered the temperature distribution in
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11viscoelastic fluid of Walters’ B Model over a horizontal stretching plate. The

velocity of the plate is proportional to the distance from the slit. Vajravelu and Rollins [28] carried out the
heat transfer effects in viscoelastic

8fluid over a stretching surface with frictional heating and internal heat

generation

or absorption.

2Hayat et al. [29] studied the three -dimensional flow

over stretching surface in a viscoelastic fluid by applying homotopy analysis method. Liu [30] presented

11analytical solutions for the flow and heat transfer in steady laminar
boundary flow of an electrically conducting fluid of second grade subject to
transverse uniform magnetic field past a semi-infinite stretching sheet with
power-law surface temperature or power-law surface heat flux. The effects of
viscous dissipation, internal heat generation or absorption, work done due to

deformation and Joule heating were also considered in the energy equation.

1Flow and heat transfer characteristics of viscoelastic fluid with porous medium

over a stretching surface with

viscous dissipation was governed by Nandeppanavar et al. [31] . Differential type models do not predict the
relaxation and retardation time effects while these effects can be anticipated by rate type fluids. Maxwell
fluid is a

7simplest subclass of rate type fluids.

Channel

1flow of an upper convected Maxwell fluid (UCM)

induced by suction was presented by Choi et al. [32]. Sadeghy [33] discussed the
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22flow of an upper-convected Maxwell (UCM) fluid above a rigid plate moving

steadily.

Pahlavan et al. [34] studied the

7MHD flows of UCM fluids above porous stretching sheets

using two-auxiliary-parameter homotopy analysis method. Maxwellian MHD flow induced by a linearly
stretched with thermal radiations was investigated by Aliakbar et al. [35].

3Unsteady flow of generalized Maxwell fluid with fractional derivative induced

by

an accelerating plate was provided by Fetecau et al. [36]. Kumari and Nath [37] analyzed the

22Maxwell fluid over stretching sheet in presence of mixed convection. Abel et

al. [38] proposed the

MHD

22flow and heat transfer for the upper-convected Maxwell fluid over a

stretching sheet. Hayat et al. [39] presented the three -dimensional

Maxwell fluid over stretching

2surface with convective boundary conditions. Bhatanagar et al.

[40] initiated to analyze the boundary layer flow of rate type fluids. They obtained the solutions of two-
dimensional flow over

8 variable velocity. Exact solutions

unidirectional

2flow of an Oldroyd-B fluid
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between two parallel plates was presented by Rajagopal [41]. Exact solutions for flows

the presence of a transverse magnetic field when the entire system rotates about an axis normal to the

8of an electrically conducting Oldroyd-B fluid over an infinite oscillatory plate in

plate was obtained by Hayat et al. [42]. The linear stability of the

2flow of an Oldroyd-B fluid through a

linear array of cylinders confined in a channel was analyzed by Smith et al. [43]. They computed solutions

for both the steady state and linear stability of these states by employing finite element analysis. Exact
solutions for the influence of Hall current and rotation in the oscillatory flows by an infinite plate were

obtained by Asghar et al. [44]. Fetecau and Fetecau [45] analyzed the unsteady flows of Oldroyd-B fluids

in a channel of rectangular cross-section. A linear stability analysis determining the onset of oscillatory

convection of an Oldroyd-B fluid in a two-dimensional rectangular porous medium generated by Newtonian
heating was presented by Niu et al. [46]. In nonlinear fluids sometimes

5nonlinearity introduced by their shear-dependent viscosity and/or elasticity

often gives rise to a formidable mathe matical task which cannot be solved.

50bviously, the situation becomes much more complicated when the viscosity
of the fluid is time- dependent. Time-dependent fluid systems are quite
frequent in industrial applications with the common effect being a drop in
viscosity by the progress of time. Complex fluid systems such as drilling
muds, foodstuff, paints, cosmetics, pharmaceuticals, suspensions, grease,
and the like belong to this class of fluids-the so-called thixotropic fluids.
Physiological fluids such as blood, synovial fluid, and mucus may also exhibit

thixotropic behavior depending on the time scale of the observation.

5A common effect among thixotropic fluids is that their viscosity is decreased

even when the shear rate is constant

[47,48]. Harris [49,50]

5tried to address boundary layer flows of thixotropic fluids.

Haris presented
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5a simple thixotropic fluid model (the so called Harris model) to investigate
the effects of a fluid’s thixotropic behavior on the characteristics of the

momentum boundary layer formed above a fixed plate

[50].

5Two-dimensional flow of an incompressible thixotropic fluid obeying Harris

rheological model over a fixed semi-infinite plate

was investigated by Sadeqi et al. [51]. Mixed convection flows or combined free and forced convection
flows occur in many techno- logical and industrial applications and in nature for example, in solar receivers
exposed to wind currents, electronic devices cooled by fans, nuclear reactors cooled during emergency
shutdown, heat exchanges placed in a low-velocity environment, flows in the ocean and in the atmosphere,
and many more. Finite element method was utilized for detailed analysis of mixed-convection flowin a
horizontal channel heated from the side walls were computed by Sillekens [52]. Heat transfer enhancement
by air injection in upward heated mixed-convection flow of water was studied by Celata et al. [53]. Barletta
[54] provided the analysis of the laminar and fully developed mixed convection flow in a vertical rectangular
duct with one or more isothermal walls. Magyari et al. [55] analyzed the

6boundary layer mixed convection flow over a

perme- able horizontal plate. The unsteady

20mixed convection boundary layer flow near the region of a stagnation point

on a vertical surface embedded in a Darcian fluid-saturated porous medium

was investigated by Nazar et al. [56]. They employed Keller—Box method to obtain the so- lutions. Laminar
two-dimensional unsteady mixed convection

20boundary-layer flow of viscous incompressible fluid past a sharp wedge

was developed by Hussain et al. [57]. Perturbation solutions were obtained for small and large
dimensionless time. Experimental investigation was presented on mixed (free and forced) convection to
study the local and average heat transfer for hydrodynamically and thermally developed laminar air flow in
a horizontal circular cylinder was analyzed by Mohammed and Salman [58]. Laminar mixed convection heat
transfer for as- sisted and opposed air flows in the entrance region of a vertical circular tube with wall heat
flux boundary condition had been experimentally investigated by Mohammed [59]. Kotouc et al. [60] also
provided the loss of axisymmetry in the mixed convection assisting flow past a heated sphere. A transient
laminar mixed convection flow of viscous incompressible fluid generated by thermal buoyancy force over a
horizontal porous sensor surface placed inside a squeezing channel was discussed by Mahmood et al.
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[61]. The implicit finite difference approximation together with Keller box method was employed for the
solution of small and large time regimes.

6Heat and mass transfer characteristics in mixed convection boundary layer
flow past a linearly stretching vertical surface in a porous medium filled with a

viscoelastic fluid

with Dufour and Soret effects was governed by Hayat et al. [62]. Radiative mixed convection has gained
much importance amongst the recent researchers due to number of applications in geophysical and
energy storage problems such as in furnaces, ovens and boilers and the interest in our environment and
in no conventional energy sources, such as the use of salt gradient solar ponds for energy collection and
storage. Similarity equations governing steady hydromagnetic boundary-layer flow over an accelerating
permeable surface

heat generation or absorption effects were obtained by Chamka [63]. Buoyancy force and thermal
radiation effects in MHD boundary layer viscoelastic fluid flow over continuously moving

21flow and heat transfer of a fluid with variable viscosity over a porous stretching

vertical surface in presence of

the

6effects of thermal radiation on unsteady boundary layer mixed convection
heat transfer problem from a vertical porous stretching surface embedded in

porous medium.

6transfer of an electrically conducting power-law fluid past a stretching surface

in the presence of heat generation/absorption and thermal
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radiation was studied by Chen [67]. Numerical solutions were generated by an implicit finite-difference
technique for the non-similar coupled flow. A

8 utilizing source or sink

has been a subject of interest of many researchers. This is because of its possible application to
geophysical sciences, astrophysical sci- ences, and in cosmic studies. Such flows arise either due to
unsteady motion of the boundary or the boundary temperature. The study of fluctuating flow is important in
the paper industry and many other technological fields. Many investigators stressed

sheet

variable wall temperature and heat source/sink was investigated by Vajravelu and Rollins [68]. Abel et al.
[69] presented

where the flow was generated due to a linear stretching of the sheet and influenced by uni- form magnetic
field applied vertically. Beg et al. [70] examined the magnetohydrodynamic free

6convection from a sphere embedded in an electrically-conducting fluid-
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saturated porous

regime with heat generation. The present trend in the field of chemical reaction analysis is to give a
mathematical model for the system to predict the reactor performance. A large amount of research work
has been reported in this field. In particular, the

with chemical reac- tion is of considerable importance in chemical and hydrometallurgical industries. MHD
flow with

6heat and mass transfer characteristics of an incompressible viscous electrically

conducting and Boussinesq fluid due to a vertical stretching

6Mansour et al. [72] studied the effects of chemical reaction, thermal
stratification, Soret and Dufour numbers on MHD free convective heat and
mass transfer of a viscous incompressible and electrically conducting fluid

over a vertical stretching surface embedded in a saturated porous medium.

The

6combined effect of mixed convection with thermal radiation and chemical
reaction on MHD flow of viscous and electrically conducting fluid past a

vertical permeable surface in presence of porous medium was analyzed

stretching sheet was investigated by Singh et al. [74]. 1.3 Fundamental laws 1.3.1 Law of conservation of
mass The equation of continuity (law of conservation of mass) can be represented by ?? ?? + V - (?V) =
0? (1.1) where ?

velocity. For an incompressible fluid Eq. (1.1) can be expressed as follows: V - V =07 (1.2) 1.3.2 Law of
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conservation of linear momentum Generalized equation of motion can be expressed as ? 2V ?? =V - 147
b? (1.3) For an incompressible flow 1= —pl + S (1.4) in which

1171 is the Cauchy stress tensor, ? is the pressure, | is the identity tensor, S is
the

extra stress tensor, b is the body force and ??7?? is the material time derivative. The Cauchy stress tensor
and the velocity field for three-dimensional flow can be described in the forms ??7? T=[] ? ?? ? ?? ??? ? ??

7?77

2?22?29 7 p?? +2?? 472727 9 1.3.3 Equation of heat transfer = = ? (???) ? (???) ?? + + 27?7 (1.10) ?? ?
(???) ? (?7?7?) 2?2 ++ 22?7 (1.11) ?? According to first law of thermodynamics the heat transfer equation
can be written as ? ?? ?? =??L-V-q1+???7? (1.12) where ? = ??? is the internal energy, ?? the specific
heat, ? the temperature, L = VV the velocity gradient, g1 = -?V? the heat flux, ? the thermal conductivity

=??VV+?V2?? (1.13) 1.3.4 Diffusion equation Mass transfer occurs whenever fluid flows that is some
mass is transferred from one place to another. According to Fick’s law ?? = ??V2? - ???7 (1.14) ?? where

reaction rate diffusing species. 1.4 Boundary layer equations of nonlinear fluids 1.4.1 Second grade fluid
Extra stress tensor S for a second grade fluid can be expressed as S = ?A1 + ?1A2 + ?2A21? where Al is
the first Rivilin-Erickson tensor can be defined by A1 = grad V + (grad V)??7?7?7?7?7?7?? ? For three-

stability the second grade model should obey the ineqaulity given below: ? 2 0? ?1 =20? ?1 + 7?2 =07
(1.19) From the boundary layer theory [1], the order of ?? ?? ? and ? are 1 while the order of ? and ? are
?? Three-dimensional boundary layer equations for second grade fluid can be written as ? ???? + ? ?7?77?7?

extra stress tensor S for Maxwell fluid can be expressed by the following relation ? ?S (1.22) uy1+ 7?1 ?? S
=S+ ?17??=7?A1? | in which ?1 is the relaxation time, ???? the covariant differentiation, ? denotes the
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kinematic viscosity and A1 the first Rivlin-Erickson tensor. For a tensor S of rank two, a vector b1 and a
scalar ?? we get ?S ?S ?????7?7?7?7? ?? ?? + (V?V)S - S(grad V) = - (grad V)S? (1.23) ??b?1 ??b?1 + (V?
V)b1 - (grad V)b17? = (1.24) ?? ?? 2?2 ?2? + (V?V)?? = (1.25) Implementation of 1 + ?1 ??? on Eq. (1.3),
we have the following relations in the absence of body force j ¢ ?1+?21?2?2V??2=-1+?21?2?2V?2+1+7?
12?2 (V?85)??7?(1.26) p?? 9 p g p Y By adopting the procedure ? (V?)=V???(1.27) ?? p ?? q Hence
the above relations in absence of pressure gradientis ? 1 + ?1 ?? ??2V? =7 (V?A1) ? ? (1.28) u | By
using the boundary layer theory [1], the order of ?? ?? ? and ? is 1 and order of ? and ? is ?? The ?
—momentum equation vanishes identically because it has order ?? Hence the boundary layer equations for
three-dimensional flow of Maxwell fluid are ? ?? ?? ?? ?2 ??27?7?2 + 72 7?2772 + ?2 72?7 772 72?7?77 +? ??

9 1.4.3 Oldroyd-B fluid The extra stress tensor for an Oldroyd-B fluid model can be expressed as 1 + ?1 ??
S=S+?21?7?=21+7227?7?7A1? 77?5 ? (1.32) p § p J where ?2 denotes the retardation time and law of
conservation of momentum in absence of pressure gradient and body force can be written as follows: ? 1 +
?21??27?7°=21+7227??(V?A1)? 2?2V ? u 1y The scalar forms of boundary layer equations in this case

2 001 [1 01 1(111.36) 1.4.4 Thixotropic fluid Stress tensor 71 for thixotropic fluid model ??? = 2?(?72%?
(?))??7?7? where the

5viscosity is allowed to be time-dependent through allowing the second

invariant of the deformation-rate tensor to be time-dependent, 7727 is

and 27?77 = (???7?7?7?7? + ????7?7??)? (1.37) In the simple Harris

2727 = (2222)2=4 722222122 222222 A+ u 22222 ++2220? (1.38) u T 7! For the
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flow.

(111.42) (7 1.5 Homotopy analysis method (HAM) In the absence of analytical solutions before the advent of
computers, the researchers mainly directed their efforts at obtaining some forms of approximate solutions.
One of the key issues of approximate solutions has always been the accuracy of the solutions. The
accuracy, gen- erally speaking, is measured in terms of the norm of the error in Banach space. The error
being the difference of the approximate solution from the exact solution. In the absence of an exact
solution (analytical or numerical) a heuristic approach consisting of the convergence of successive
approximations has been chosen to judge the merit of an approximate solution. With the advent of
computers the approximate solutions in fluid dynamics have lost some of their importance as more and
better numerical algorithms have been developed to solve the increasingly realistic, but more complicated
problems numerically. Nevertheless, approximate analytical solutions still have their relevance for the
following reasons: Firstly, they give the solutions for each point within the domain of interest unlike the
numerical solutions which are available for a particular run only for a set of discrete points in the domain.
Secondly, compared to a numerical solution a nicely produced approximate solution, requiring a minimal
effort and having a reasonable amount of accuracy is always handy for an engineer, scientist or an applied
mathematician, who can obtain a solution completely, thereby gaining a valuable insight into the essentials
of the problem. Thirdly, even with most of the scientific packages, some initial guess is required for the
solution, as the algorithms, in general are not globally convergent. In such situations, approximate
solutions can provide an excellent starting guess, which can be rapidly refined to the exact numerical
solution in a few iterations. Homotopy analysis method is proposed by Liao [75? 76] and is very useful to
obtain the series solutions of the nonlinear ordinary and partial differential equations [77-85]. According to
Liao [757 76], this method distinguishes itself from other analytical methods in the following five aspects 1.
HAM is not dependent on physical parameters. Therefore the technique can be used for both strong/weak
nonlinear problems. 2. It is valid for strongly nonlinear problems even if a given nonlinear problem does not
contain any small/large parameter. 3. It provides us with a convenient way to adjust

solution. 4. HAM provides freedom to chose base functions to approximate the solution of nonlinear
problem. 5. This method can be coupled with many other mathematical methods such as integral transform
methods, series expansion methods, numerical methods and so on. This technique is applicable in the
development of results to numerous problems [78 — 88]? Idea behind the HAM is as follows. Nonlinear
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differential equation can be written as follows: ?(?) + ?(?) = 0?7 (1.43) where ? is a nonlinear operator, ?(?)
is an unknown function to be determined and ?(?) is a known function. The homotopic equation is (1 — ?)L
[?7(??22)=20(?)] =2~ {?[? (???) = 2(?)]} ? (1.44) where ?0(?) is initial guess, L is auxiliary linear
operator, ~ is auxiliary parameter or con- vergence control parameter, ? € [0? 1] is an embedding
parameter and ? (?? ?) is an unknown function. By expanding Taylor’s series about ? one obtains ?" (??
?) =20(?) + 22(?)??? ?2(?) = 211 22?27 (???? ?) » ? (1.45) X?=1 ?=0 The convergence of above
series firmly depends upon ~? The value ~of ~ is chosen in such a  way that series solution is convergent
at ? = 1. Substituting ? = 1 one obtains The ?-th order deformation problems are « ?(?) = ?0(?) + ??(?)?
X?=1(1.46) L [??(?) — ???7?7-1(?)] = ~R?(?)? (1.47) where 0? ? 1?2?72 =11 (1.48) (11?2?2121 ??7-[11 =
R?(?)=—- 1)1 (??2?7-1 72 70(?) + X?=1 x" 2?7 (?)?? ? (1.49) (? #)?=0 Chapter 2

with thermophoresis, Joule heating and thermal radiation This chapter deals with the
magnetohydrodynamic (MHD) mixed convection

presence of thermophoresis, Joule heating and radiative effects. Dimensionless nonlinear problem is
computed by homotopy analy- sis method (HAM). The convergent solutions are plotted and examined for
various parameters of interest. Numerical values of wall shear stress and heat transfer rate are computed
and discussed. 2.1 Mathematical formulation We consider

3Cartesian coordinate system in such a way that ?-axis is along the stretching

surface and ?-axis is perpendicular to it. The

8 fluid ?+07? Further the species
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at the surface is taken uniform ?? = 0 while the ambient concentration is ?«? A constant magnetic field of
strength BO

Rosseland approximation for radiative heat flux, the mass, linear momentum, energy and concentration
equations are simplified to the following expressions: ?? ?? ?? 2?7 =07+ (21)???+ 7?2 ??7??2?7?7=?7727
2?7 -6721??227?2?2?%?027?2 22?2 -pu?2Mu 4?2?27 + 2?2 2?22?22 ???2?°? + 2 ??2?7?27? 1 + 2?77 23

?1 and ?2 are the constants, ? the dynamic viscosity of fluid, ? the density of fluid, ?* the electrical
conductivity, ? the gravitational acceleration, ?? and ?? the thermal and concentration expansion
coefficients respectively, ? the temperature, ?? the specific heat, ?? the Stefan-Boltzmann constant, ?? the
mean absorption coefficient, ? the diffusion coefficient and ?? the thermophoretic velocity. Fig. 2. 1:
Physical model Equations (2.1)-(2.4) are solved subject to the boundary conditions ? =?? =??? ? =07 ?
=?22(7)??2=2?2(?)at?=0?7?->0??? 50?7 ? > ?0x?? > ?x as ? - «? ?? The thermophoretic term ??
in Eq. (2.4) can be defined as ?? =-7?2?? ?? ? ?? ? (2.5) (2.6) Here 72 is the thermophoretic coefficient
and ?7? is the reference temperature. A thermophoretic parameter ? is defined by the following relation ? =

(2.8) where ?? ? and ? are the positive constants. Introducing ? = ???0(?)? 2 =-2???2(?)??=27?272(?)="?
- 2% 221?727 - 2 (2.9) incompressibility condition (2.1) is automatically satisfied and the Egs. (2.2)-
(2.5) become ? 000 +? ? 00 =7 02 +?1(?)? 0027 000 +?2(?) [1 =?2?0+?(?+??) =07 (2.10) 2070027000 +
?004 -77007?0002 - ??7002??? [1 [1 [11+4?2?200+7?7?2(??20-2?20)+7? 72?2?2002+ 17?1???2??2004 u 3
13 +22? ?2?2?2(? 0? 004 - ? ? 0037 000) + ? 2? ?2??? 02 =07 (2.11) 700 + ??(??0 — ??0) - ???(?070 - ??
00)=07(212)?=0?7?20=1?7?7=1??2=1at?=0??70—-0??00—->0??—>0?? >0as? —> «?(2.13)
where the non-Newtonian parameters are ?1(?) = -6??1?7?2372 and ?2(?) = 4?727?7?24727 ? = 7?02?77
the Hartman number, ? = ???7?727? the local buoyancy parameter, ??7? = ??7?(???2?7-?7?2?=?)2?73772 the
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the Eckert number and ?? = ?? the Schmidt number. It is further seen that both ?1 and ?2 are functions of
?7? Hence the fluid flow in present situation lacks a self-similar solution. This is striking difference when
compared present case with that of Blasius flow of viscous fluid i.e. in Blasius flow there is self-similar
solution. Here ?2 especially indicates the fluids’ thixotropic behavior. The

1skin friction coefficient, local Nusselt number and local Sherwood number

in non- dimensional form can be written as follows: 7?17?7277 = ?00(0) — ?1?6[?00(0)]3? ?????-?172 = =?
0(0) and ????7-?17?2 = -?0(0)? (2.14) Here we noticed

5that the wall shear stress at given ?-location is only affected by

?1 but only indirectly by ?2 (i.e. through ?00(0)) [51]. We have serious limitation in a simplified Harris
model for representing true thixotropic fluid. 2.2 Series solutions The homotopic solutions for ? and ? in a

4are the coefficients. The appropriate initial approximations and auxiliary linear

operators are

?20(?) =1 - exp(=?)? ?20(?) = exp(=?)? ?0(?) = exp(-?)? L? =?000 - 20?7 L? =200 - ??L?=7200-7
(2.19) (2.20) with L?(?1 + 22?7 + ?3?-?) =0, L?(?4?? + ?57-7?) = 0? L?(?67?7 + ?7?-?)? (2.21) in which
?? (? =1-7) denote

4the arbitrary constants and the zeroth order deformation problems

are (1 -72)L? 2°(?2; ?) - 20(?) = 2~? N?

372°(2; 2)? "2(2; 2)? 2°(2; ) ? (2. 22) (1 - ?) L? "2(?; ?) - 20(?)

= ?7~7?N?

1072(2: 2)2 2°(2: 2)2 "2(2:2) 2% 27 (2.23)2 3" (1- 2) L? 27(2; 2) = 20(?) = ?~?N?

“2A2;2)? 2°(2;?)? (%

https://mww.turnitin.com/newreport_printview.asp?eq=1&eb=1&esm=3&0id=437813038&sid=0&n=0&m=0&swr=9&r=97.82056855037808&lang=en_us 26/97


javascript:openDSC(105151, 14, '964');
javascript:openDSC(30332117, 37, '12305');
javascript:openDSC(48477903, 1353, '5600');
javascript:openDSC(105147, 14, '401');
javascript:openDSC(105147, 14, '404');
javascript:openDSC(39877931, 37, '11838');
javascript:openDSC(1188658936, 43, '44594');

7/3/2014 Turnitin Originality Report
?) 233 (2.24)

122°(0; ?) = 0?2 2°0(0; ?) = 12 2°0(x0; ?) = 02 2°00(=; ?) = 02 2°(0; ?) = 1, “?(x; ?) =

0? 2°(0; ?) = 1 and ?°(=; ?) = 0?

(2.25) where ? shows

3embedding parameter, ~? ? ~? and ~? the non-zero auxiliary parameters and

the nonlinear operators N? , N? and

N? are ?3

247°(22 2) + (22 2) 222°(22 2) 22°(22 2) 2 N? [27(22 2)? "2(2; 2)2 2°(2; ?)] = -

2?32?22 A2?212+21(?) A 22?7°(??

?) 23

1727(22 2) 2221 223 227(222) 2227(2272) 23 2°(227) 2 +22(2) |1 72 222°(227°) 272

293 + 72 227(22227) - 2°(22 2) 4 23 2°(222°) [1 222223 2 - 2°(22 ?)* 7227

177(22227) 2 24 22°2(2 427) (1 +2(°2(22 2) + 22°(2; ?) = 2213 22?2 ?) T O

???(2.26) N?[?°(?? ?)? 2°(?; ?)? ?2°(?;

N =4722°2(?22)222°(222)21+2 32722 +2 222 A2221 +2 2 Pr 22 22°(22 2) 2 1 222°(22 ?) 4 A 2?
1+212 2722 3A

97721-2 2°2(22 2) 227(22 ?) + 2 22°(22 ?) 2°2(22 ?) 22 22 277(2??) 72 2°(22?)

442272 227 11 [ =27(22 22)223 22°3(22327)22 222 227(22 222) 31 2 (2.27) 1 2 1

"(222) 222822 - 221 -2 22 A22°(22 ?) 22°(22 ?) - 2°(2?

?2)?2°?(?? ?) 1 ?(2.28) ?? ?? ??2 When ? =0 and ? = 1 then ?7°(?;0) = ?0(?) and ?7(?;1) = ?(?)? ?°(?;0) =
?0(?) and "?(?;1) = ?2(?)? ?7°(?;0) = ?0(?) and ?7(?;1) = ?(?)? (2.29) (2.30) (2.31) and when ? increases
from 0 to 1 then ?(?7?7?), ?2(??7?) and ?(?7?7?) vary from ?0(?) to ?(?), ?0(?) to ?(?) and ?0(?) to ?(?)?
Employing the Taylor’s series expansion we have ?(???)=?0(?)+?=12?2(?)??? ?2(?)= 21! 222?2?(??;?) ?=0
0 ?(2.32) ?2(???2)=20(?)+?=122(?)?2? ?2?2(?)= 21! 22222(??;?) ?=0 «?(2.33)P ?(??7?)=7?0(?) +?
P=122(?)?2? ?2?2(?) = 211 ?2?22?22(??;?) ?=0 = (2.34) ? Convergence of series (2.32-2.34) is Pclosely
associated with ~? ? ~? and ~? ? The values of ~? , ~? and ~? are chosen such that the series (2.32-
https://mww.turnitin.com/newreport_printview.asp?eq=1&eb=1&esm=38&0id=437813038&sid=0&n=0&m=0&sw=9&r=97.82056855037808&ang=en_us 27/97
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2.34) converge at ? = 1. Hence ?(?) = ?0(?) + ??(?)? « (2.35) ?=1 P ?(?) = ?0(?) + ??(?)? = (2.36) ?=1
Peo ?(?) =?0(?) + ??2(?)? (2.37) ?=1 If we denote the special solutions ??x (?), ?x? (?) and ?*? (?) then
the general solutions ?7? (?), P ?? (?) and ?? (?) are ??(?) = ??7%(?) + 21 + 72?7 + ?3?7-?? ?2?2(?) = ?%?(?)
+ 2477 + 25727 ?2(?) = ?k?(?) + 7677 + ?77-?7 (2.38) (2.39) (2.40) 2.3 Convergence analysis and
discussion We recall that the auxiliary parameters ~?? ~? and ~? are useful in controlling and adjusting the
convergence of the series solutions. We draw the ~—curves at 14?7 order of approximation in obtaining the
ranges for ~?? ~? and ~?? It is noticed from Fig. 2.2 that the admissible values of ~?? ~? and ~? are -0?77
< ~?<-07257 -0795 < ~? < -07?5 and -0795 < ~? < -0757? Further

3the series solutions converge in the whole region of ? when ~? = ~? = ~? = -0?
67 Table 2.1

and

temperature and concentration converge from 25th order of deformations. Hence 25th order deformations
are computed to find a convergent series solutions.
K1=0.1,K2=0.2,1=0.4,t=0.3,M=0.6,Sc=0.7,Ec=0.5,Pr=1.0,N=0.3,R=0.4 -0

-2 f'?0? -2.5 g'?0? q'?0? -1.2 -1 -0.8 -0.6 -0.4 -0.2 0 0.2 Nf, Nq,Nf Fig. 2. 2: ~—curves for the functions ??
? and ? Table 2.1:

?21=0?1?7722=072?7?=0?4?7=0?3?7?=076???=0?7???=07?5??7?=170??=07?3?? =074 and
~? =~7 =~? =-0767 Order of approximations —=? 00(0) —?0(0) —?0(0) 1 0.86800 0.63500 0.85000 5
0.82753 0.60365 0.71921 10 0.82461 0.60732 0.69473 20 0.82425 0.60872 0.68636 25 0.82425 0.60886
0.68578 30 0.82425 0.60886 0.68578 35 0.82425 0.60886 0.68578 Figs. 2.3- 2.7 are sketched to analyze
the variations of thixotropic parameters ?1 and ?2? local buoyancy parameter ?? Hartman number ? and
concentration buoyancy parameter ? on the fluid velocity ?0(?)? Figs. 2.3 and 2.4 depict

1that the fluid velocity and momentum boundary layer thickness are increasing

https://mww.turnitin.com/newreport_printview.asp?eq=1&eb=1&esm=3&0id=437813038&sid=0&n=0&m=0&swr=9&r=97.82056855037808&lang=en_us 28/97


javascript:openDSC(101753, 14, '2357');
javascript:openDSC(105151, 14, '1655');
javascript:openDSC(105147, 14, '614');
javascript:openDSC(105151, 14, '1400');
javascript:openDSC(105151, 14, '1637');
javascript:openDSC(105151, 14, '1435');

7/3/2014 Turnitin Originality Report

functions of

thixotropic parameters. By increasing thixotropic parameters, the values of material parameters ?1 and 72
increase. An increase in the material parameters give rise to the fluid velocity and momentum boundary
layer thickness. Fig. 2.5 shows that an increase in local buoyancy parameter gives rise to the fluid velocity
and its associated boundary layer thickness. Increase in buoyancy parameter corresponds to stronger
buoyancy force. Buoyancy force is an agent that causes

13an increase in the fluid flow and its related boundary layer thickness.

2An increase in Hartman number reduces the fluid velocity.

Hartman number involves the Lorentz force and

2an increase in Lorentz force reduces the fluid velocity and boundary layer

thickness

(see Fig. 2.6). The Lorentz force provides a resistance to flow. From Fig. 2.7 it is observed that
concentration buoyancy parameter enhances the velocity. To see the impacts of different parameters on
the temperature ?(?)? Figs. 2.8-2.15 are potrayed. From Figs. 2.8 and 2.9, we have seen that the
thixotropic parameters ?1 and ?2 are decreasing functions of

2temperature and thermal boundary layer thicknesses. Larger values of

?1 and ?2 correspond to stronger ?1 and ?2 showing a reduction in the temperature. We also noted that
the thixotropic parameters have quite opposite effects on the fluid velocity and temperature. Figs. 2.10 and
2.11 present the effects of local buoyancy parameter and concentration buoyancy parameter

4on the temperature. It is found that the temperature and thermal boundary

layer thickness

become smaller for larger values of local buoyancy parameter and concentration buoyancy parameter.
Physically, both ? and ? depend on the buoyancy force. Larger values of ? and ? lead to the stronger
buoyancy force. Such stronger buoyancy force reduced

13the temperature and thermal boundary layer thickness. Fig. 2.12 is

plotted to analyze the influence of Eckert number
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4on the temperature. Here it is revealed that the temperature and thermal

boundary layer thickness

are increased for larger Eckert number. This is because of the reason that

27heat energy is always stored in the liquid due to the frictional heating.

Such increase in Eckert number enhances the temperature at any point in the thermal boundary layer
region. From Fig. 2.13, one can see that temperature is an increasing function of Hartman number. Larger
values of Hartman number posses stronger Lorentz force. This stronger Lorentz force

13enhances the temperature and thermal boundary layer thickness.

Impact

2of Prandtl number ? ? on the temperature ?(?) is analyzed in Fig.

2.14.

2Thermal boundary layer thickness and temperature ?(?) are decreasing

functions of

? ?? This is due to the fact that with an enhancement in Prandtl number ? ?, thermal diffusivity decreases

2which leads to a reduction in temperature ?(?)? Fig.

2.15 shows that temperature ?(?) increases with an increase in radiation parameter ?. Also thermal
boundary layer thickness enhances with ? which is due to the fact that as thermal radiation parameter
increases, the mean absorption coefficient ?? decreases which in results give rise to the divergence of
radiative heat flux. Hence

16the rate of radiative heat transferred to the fluid

shoot up so that the fluid temperature increases. Figs. 2.16-2.22 are plotted to see the variations of 71?7 ?
2?2 ?? 7?7 ??, 7?7 and ? on the concentration ?(?)? Figs. 2.16 and 2.17 show the influence of thixotropic
parameters on the concentration. From these Figs. we observed that increase in thixotropic parameters
reduced the concentration and its related boundary layer thickness. We also analyzed that the effects of
thixotropic parameters
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26on the temperature and concentration are similar in a qualitative sense.

A comparison of Figs. 2.8, 2.9, 2.16 and 2.17 show that the variation in temperature are dominant in
comparison to variation in concentration due to thixotropic parameters. Local buoyancy parameter and
concentration buoyancy parameter are decreasing functions of con- centration (see Figs. 2.18 and 2.19).
Fig. 2.20 shows

4that an increase in Eckert number leads to a decrease in the concentration and

its related boundary layer thickness.

For higher Eckert number, concentration specie diffuses due to which the concentration field decreases.
Fig. 2.21 illustrates the variations of Hartman number on the fluid concentration. It is revealed that
concentration is a decreasing function of Hartman number. We conclude that the variations in temperature
are more dominant when compared with the variations in the concentration.

27From Fig. 2. 22 it is observed that the associated boundary layer thickness

and concentration profile decrease when thermophoretic parameter ? increases. K2 =0.2,1=0.4,t=0.3,
M=0.6,Sc=0.7,Ec=0.5Pr=10,N=0.3,R=0410.8K1=0.0K1=1.00.6 K1 =2.0K1 =3.0 f?h?
0.40.20012345hFig. 2.3: Influence of ?1 on ?0(?)
K1=0.1,1=0.4,t=0.3,M=0.6,Sc=0.7,Ec=0.5,Pr=1.0,N=0.3,R=0.4 1 K2=0.0K2=0.70.8 K2=14K2=2.0

4f?h?0.60.40.20012345h

Fig. 2.4: Influence of 72 on ?0(?) 11=-0.50.8

31=0.01=05061=1.0

f?h? 0.40.200 24 6 8 h Fig. 2.5: Influence of ? on ?0(?)
K1=0.1,K2=0.2,I1=0.4,t=0.3,Sc=0.7,Ec=0.5,Pr=1.0,N=0.3,R=0.4

41M=0.008M=05M=1.006M=15f'?h?0.40.20

024 6 8 h Fig. 2.6: Influence of ? on ?0(?) K1=0.1,K2=0.2,1=0.4,t=0.3,M=0.6,Sc=0.7,Ec=0.5,Pr=1.0,R=0.4
10.8

14N=0.0N=0.506N=10N=1.5
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f?h?0.40.20024 6 8 h Fig. 2.7: Influence of ? on ?0(?) 1 0.8 K1 =0.0 K1 =1.00.6 K1 =2.0 K1 =3.0

19?7h?0.40.2002468h

Fig. 2.8: Influence of ?1 on ?(?)K1=0.1,1=0.4,t=0.3,M=0.6,Sc=0.7,Ec=0.5,Pr=1.0,N=0.3, R =
04108K2=00K2=0.706K2=14K2=2.0

19?h?0.40.2002468h

Fig. 2.9: Influence of ?2 on ?(?) K1=0.1,K2=0.2,t=0.3,M=0.6,S¢=0.7,Ec=0.5,Pr=1.0,N=0.3,R=0.4 1 0.8 | =
-0.5

31=0.0061=051=1.0

19?h?0.40.2002468h

Fig. 2.10: Influence of 70on ?(?) 10.8 N=0.0N=1506 N=3.0N=4.5

19?7h?0.40.2002468h

Fig. 2.11: Influence of ? on ?(?) K1=0.1,K2=0.2,1=0.4,t=0.3,M=0.6,Sc=0.7,Pr=1.0,N=0.3,R=0.4 1 Ec=0.0 0.8

11Ec=0.5Ec=1.00.6 Ec=1.5

19?h?0.40.20024h 638

Fig. 2.12: Influence of ?? on ?(?) K1=0.1,K2=0.2,1=0.4,t=0.3,S¢=0.7,Ec=0.5,Pr=1.0,N=0.3,R=0.4 1 0.8

4M=0.0 M=0.50.6 M=1.0 M=1.59 ?h?0.40.20

0246 8hFig. 2.13: Influence of 2 on ?(?) 1 0.8 Pr=0.5Pr=1.006Pr=15Pr=2.0

19?h?0.40.2002468h

Fig. 2.14: Influence of Pron ?(?) K1 =0.1,K2=0.2,1=04,t=0.3,M=0.6,Sc=0.7,Ec=0.5,Pr=1.0, N
=03108R=00R=0406R=08R=1.2
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19?h?0.40.2002468h

Fig. 2.15: Influence of 7 on ?(?) K2=0.2,1=0.4,t=0.3,M=0.6,Sc=0.7, Ec=0.5,Pr=1.0,N=0.3, R =
04108K1=00K1=1.006K1=2.0K1=3.0f?7h?70.40.2001234567 h Fig. 2.16: Influence of ?1
on?(?)10.8K2=0.0K2=0.706K2=14K2=2.0f?h?0.402001234567 hFig. 2.17: Influence
of ?2 on ?(?) K1=0.1,K2=0.2,t=0.3,M=0.6,S¢=0.7,Ec=0.5,Pr=1.0,N=0.3,R=0.4 1 0.8 1 =-0.5

31=0.0061=051=1.0

f2h?0.40.200123456 7 h Fig. 2.18: Influence of ? on ?(?)
K1=0.1,K2=0.2,l1=0.4,t=0.3,M=0.6,Sc=0.7,Ec=0.5,Pr=1.0,R=0.4 1 0.8

14N =0.0N=0.506N=10N=1.5

f?h?0.40.20024 6 8 h Fig. 2.19: Influence of ? on ?(?) 1 Ec=0.0 0.8

11MEc=0.5Ec=1.00.6 Ec=1.5f?h? 0.

40.2002468h Fig. 2.20: Influence of ?? on ?(?) K1 =0.1,K2=0.2,1=0.4,t=0.3, Sc = 0.7, Ec = 0.5,
Pr=10,N=03,R=04

41M=0.008M=05M=1.006M=15f?h?0.40.20

0246 8hFig. 2.21: Influence of 7on ?(?) K1 =0.1,K2=0.2,1=0.4,M=0.6, Sc=0.7, Ec= 0.5, Pr =
1.0,N=03,R=041t=0.008t=0.7t=140.6t=2.0f?h?70.40.2001234567 h Fig. 2.22:
Influence of ? on ?(?) Table 2.2 is made to find

4the numerical values of skin-friction coefficient for various values of

?17? 227 ?? ? and ? when the other parameters are fixed. We noted that the values of skin-friction
coefficient are decreased by increasing ?1? ?2 and ?? However reverse situation is noted for ? and ??
Table 2. 3 analyzes the

1numerical values of local Nusselt number and local Sherwood number for

different values of emerging parameters

in viscous and non-Newtonian cases. We observed that the

https://mww.turnitin.com/newreport_printview.asp?eq=1&eb=1&esm=3&0id=437813038&sid=0&n=0&m=0&swr=9&r=97.82056855037808&lang=en_us 33/97


javascript:openDSC(105151, 14, '1523');
javascript:openDSC(101753, 14, '2386');
javascript:openDSC(1020967879, 1393, '30766');
javascript:openDSC(7387739, 37, '14087');
javascript:openDSC(105147, 14, '585');
javascript:openDSC(105147, 14, '626');
javascript:openDSC(105151, 14, '1577');

7/3/2014 Turnitin Originality Report

the case of non-Newtonian fluid when compared with the case of viscous fluid. Table 2.4 is computed for
the comparison of ?00(0) and ?0(0) through different values of Prandtl number and local buoyancy
parameter when all other parameters are zero. From this Table, it is analyzed that our series solutions
have a good agreement with the numerical solutions in a limiting case. Table 2.2:

?1? 7?27 ?? ?7and ? when ? =073, ? =074, ?? =170, ?? =0?5and ?? =077? 7?1 ?27? ? ? -7?177277 0.0
0.20.60.4 0.4 0.84799 0.3 0.79227 0.5 0.76088 0.2 0.0 0.6 0.4 0.4 0.84923 0.3 0.79373 0.5 0.76247 0.2
0.20.00.4 0.4 0.71906 0.5 0.80959 1.0 1.01672 0.2 0.2 0.5 0.0 0.4 0.95561 0.4 0.76145 0.8 0.56391 0.2
0.20.50.30.00.80923 1.0 0.81003 2.0 0.81106 Table 2.3:

1Numerical values of local Nusselt number and local Sherwood number for

different values of

0(0)?1=72=07?720.00.51.00.50.70.51.01.50.50.51.01.00.30.30.4 0.4 0.67883 0.58160 0.29936
0.58763 0.57572 0.57065 0.87335 0.86284 0.83862 0.62245 1.10358 1.45081 0.69254 0.60339 0.36075
0.60862 0.59829 0.59387 0.88088 0.86671 0.84058 0.68707 1.10750 1.45463 0.5 0.7 0.3 0.6 0.8 1.0 0.3
0.4 0.66211 0.54179 0.46338 0.84754 0.87021 0.88469 0.67841 0.56632 0.49302 0.85318 0.87341
0.88618 0.5 0.7 0.5 0.50.8 1.3 0.3 0.4 0.41490 0.52313 0.65577 0.88107 0.86855 0.85452 0.42578
0.54006 0.68482 0.88426 0.87243 0.85721 0.5 0.7 0.5 1.0 0.0 0.5 1.0 0.4 0.55688 0.59650 0.62949
0.85559 0.86737 0.87800 0.58355 0.61561 0.64317 0.85988 0.87109 0.88142 0.5 0.7 0.51.00.3 0.0 0.5
1.0 0.70547 0.55912 0.47505 0.84788 0.86538 0.87469 0.73986 0.57908 0.48877 0.85133 0.86942
0.87958 Table 2.4: Comparison of ? 00(0) and ?0(0) with Singh et al. [76] for different values of ? ? and
?? Singh et al. [76] Present solutions ?00(0) ?0(0) ?00(0) ?0(0) ? ? = 0?7 -1.00 -0.79366 -1.00000
-0.79373 7?7 =0?07? ? =077 -0.50751 -0.89613 -0.50767 -0.89614 ? = 1?0 ? ? = 0?7 2.57771 -1.17244
2.57789 -1.17287 ? =10?0? ? =10?0 -1.00 -3.72067 -1.00000 -3.72033 ? =070 ? ? = 1070 -0.82568
-3.74856 -0.82529 -3.74718 ? =170 ? ? = 1070 0.61966 -3.95235 0.61940 -3.95266 ? = 10?0 2.4 Closing
remarks Effects of Joule heating, thermophoresis and thermal radiation in MHD flow of thixotropic fluid are
analyzed. The main observations are listed below. « The non-Newtonian parameters ?1 and ?2 have
similar effects on the velocity in a qual- itative sense. * The effects of ? and ? on the velocity field are quite
opposite. * The variations of ?1 and ?2 on temperature and concentration are opposite in comparison to
velocity. ¢

concentration field. Chapter 3 Three-dimensional
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3mixed convection flow of viscoelastic fluid with thermal radiation and

convective conditions The objective of this chapter is to examine the thermal radiation effect in three-
dimensional

21mixed convection flow of viscoelastic fluid. The

resulting

14partial differential equations are re- duced into a system of nonlinear ordinary

differential equations

using appropriate transforma- tions. The series solutions are developed through a modern technique
known as the homotopy analysis method. The convergent expressions of the velocity components and
temperature are derived. The solutions obtained are dependent on seven sundry parameters including the
viscoelastic parameter, mixed convection parameter, ratio parameter, temperature exponent, Prandtl
number, Biot number and radiation parameter. Discussion to these parameters is made via plots. 3.1
Mathematical analysis Let us consider three-dimensional

23mixed convection flow of second grade fluid due to an expo- nentially

stretching surface. The

surface coincides with the plane ? = 0 and the flow is confined in the region ? ? 0? The surface also
possess the convective boundary condition. Influence of thermal radiation through Rosseland’s
approximation is taken into account. Flow configuration is given below. Fig. 3.1: Geometry of problem The
governing boundary layer equations for steady three-dimensional flow of viscoelastic fluid can be put into

1222?22?22 0 [0 00 =-(3.4) where ?? ?and ?

1are the velocity components in the ?-? ?- and ?-directions respectively, ?1
is the material fluid parameter, ? = (??7?) is the kinematic viscosity, ? is the dynamic

viscosity, ? is the

fluid density, ?

1is the fluid temperature, ? is the gravitational acceleration, ?? is thermal
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expansion coefficient of

temperature, ??

1is the specific heat, ? is the thermal conductivity and ?? the

radiative heat flux.

27 = -437777 272774 (3.5)

14where ?? is the Stefan- Boltzmann constant and ?? the mean absorption

coefficient.

Eq. (3.5) ?4 about ?e,

? 4 = 47237 - 3747 By using Egs. (3.5) and (3.6), Eq. (3.4) reduces to ? ?? ?? ?? ? ?2? 16?7?73 7?27

?=?7?7? ?7=07 -??7? =?(??-7), at?=0? ??? > 0?7 ? > 0? ? > ?x as ? — =7 (3.6) (3.7) (3.8) where
subscript ? corresponds to the wall condition, ?

3is the thermal conductivity, ?? is the hot fluid temperature, ? is the heat

transfer coefficient and ?« is the free stream temperature. The velocities and temperature are taken in the
following forms: ?? =207 ?4?? ? 2?7 =707 ?+?? ? ?? =77 = 7?2 + 20?7 ?(?2?+7) (3.9) in which ?0? ?0 are
the constants, ? is the reference length and ? is the temperature exponent. The

14mathe matical analysis of the problem is simplified by using the

transformations [25]: ? = 202 2+2? 2 0(?)? 2 = 20? 2422 20(?)? 2 = — 22220 1?22 2 22422 (2 + 22 0 + ? +

220)? u [ 2 = 20 + 2022(227+72) 2(?)? 2 = 222 222+22 22 2 0 122 (3.10) u { Incompressibility condition is
now clearly satisfied whereas Egs. (3?2) - (378) give ? 000 + (? + ?)? 00 — 2(? 0 + 20)? 0 + ? 67 000? 0 +
(3200 - 37 00 + 2?000)? 00 (1 +(4?20 + 2?200)?000 — (? + ? + 220)?20000 [ +2?? = 0? (3.11) [ [1 2000 +
(? +?)?00 - 2(? 0 + 20)?0 + ? 6200070 + (3? 00 — 3?00 + ?? 000)?00 (] +(4? 0 + 2?7 00)?000 - (? + ? +
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??0)?20000 11 =07 (3.12) (1 +42)?200+?22(?+?7)?20-Pr?2(?0+?0)?=0? 10 13(3.13)?7=0?77?7=0?7
0=1?7720=?,70=-?21(1-7?(0))at?=07? (3.14) 20 - 0?70 - 0? ? > 0 as ? — = (3.15) in which ? is
the viscoelastic parameter? ? is the ratio parameter, Pr

1is the Prandtl number, ??? is the local Grashof number, ? is the radiation

parameter, ? is the

19is the Biot number, ??? is the local Reynold number, ? is the mixed convection

parameter

and prime denotes the differentiation with respect to ?. These can be defined as ? = ??? = ?1?7? ?0 ???
27?2?7?77?77?7=70?Pr=47%?x3??27?7?=2?7?7??21=2r??7?2720? 2?2427 ??=7R?e2?? ? ?7?? =777
(?7?77-2 ?)?3 ? p g ? (3.16) The skin-friction coefficients in the ? and ? directions are given by ?? ? =277 ?
=???1727?7?°2 7?2 1722???2 7?7 ? 7?7 (3.17) (3.18) where ?2? ?? ?? ?7??|?=0= 0 ?2? + 20 ? ?? ? 2?72?77 +

???? 00 00 0 ?=0 010 By using Eq. (3.19) in Egs. (3.17) and (3.18), the non-dimensional forms of skin
friction coefficients are as follows: ??? = ?=0 ? (3.20) p Re =172 ?00 + ? —(? + ?)?000 + 5(?0 + ?0)?00 +
270700 + 2?0?0029 £ | ¢ ?2?? =Re -172 7200 + ? —(? + ?)?000 + 5(?0 + ?0)?00 + 2?0700 + 2?0?00 ? p
2 9 ?=0 £  ¢= Further the local Nusselt number has the form — 16?37?7773 + ? ?2??? ? ?? =3?(?7? — 7=)?
?=-7?Re 172 (1 +47?)?0(0)? u 2 | 3 3.2 Solutions development The initial guesses and auxiliary linear
operators in the desired HAM solutions are ?0(?) =1 -?-?22?720(?)=?1-?-2?2720?)=?1exp(-?)? ;i ¢
i¢1+?1L?=72000-"70?L?="7000-"7?0?L?="700-"7?7(3.21) (3.22) (3.23) (3.24) subject to the
properties L?(?1+?2??+?37-7) = 0? L?(?4+?5??+?67-7?)=0? L?(?7??+?87-?) = 0?7 (3.25) in which ?? (?
=1 - 8) are the arbitrary constants, L? ? L? and L? are the linear operators and ?0(?)? ?0(?) and ?0(?)

are the initial guesses. Following the idea in ref. [78] the zeroth order deformation problems are (1 — ?) L?
7(?;,?)=20(?) =22 N?2?2°(?2; )2 (7, ) ?hihi (1 =?)L? [?7°(?; ?) — ?20(?)] = ?2~?N?

?hihi

1227(0; ?) = 02 27°0(0; ?) = 12 2°0(=; ?) = 0? 2°(0; ?) = 0? 2°0(0; ?) = 2? 270(; ?) =

0? 2°0(0? ?) = —21[1 - 2(0? 2)]? ?(=? ?) = 0?

12727(2;0) = 20(?)? ?7(?;0) = 20(?)? “2(?20) = 20(?)? and 2°(?; 1) = 2(?)? 2(?; 1) =
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2(?)? "2(?2?

1) =?(?)? (3.26) (3.27) (3.28) (3.29) (3.30) (3.31) Note that when ? increases from 0 to 1 then ? (7?7 ?)? ?
(?? ?)and ?(?? ?) vary from ?0(?)? ?0(?) and ?0(?) to ? (?)? ?(?) and ?(?)? So as

the solutions ?7(?; ?)? ?7°(?; ?) and “?(?; ?) of the zeroth order deformation equations deform from the
initial guesses ?0(?)? ?0(?) and ?0(?) to the exact solutions ? (?)? ?(?) and ?(?) of the original nonlinear
differential equations. Such kind of continuous variation is called deformation in topology and that is why

34the embedding parameter ? < [0? 1] increases from 0 to 1,

the Egs. (3.26-3.28) are called the zeroth order deformation equations. The values of the nonlinear
operators are given below: N?[?7(?7??)?7?7(??7?)] = ?3??7°(?7?37?7)

6 ?2?7°2(???7?)? 3 ??°(?77? 377) + 3 22?7°?(??27?7)-3 ?2?7°(?? 277) +?723 ??°(??

327)3 42 1 22 22°(22 2272) + 4 327°2(2272?)

+27 ?27°(?777) 73

1077(?22?) 2222723 "0 0 - 2°(22 2)%+ 2°(22 2) + 2 22°2(2227)74 27°(272427) +2 2
222 2)7°% 7 11 (3.32) N 2[27(22 2)2 2°(22 2)] = 23 (22 ?) 227(222)- 2 22 ??
N227) 0 +22°2(2222) 1 22+ 2°(222) 22 2°(22 2) 223 0 +2°(22 ?) [ 2226 222

(222701)? 3 227(22 3272) + (1322 227(?2? 227) -3?002 ?27°(2?

277?) +??3007?7?7°(?77377) +7 11 22077(?7?277) + 43?7072(?7?777) + 27

97227°(2? 222) 232°2(223272) (1(?3.33) (1 - 2°(22 2)+ 27(22 ?) + 2 27°2(2227) ?
42°222427)° 0 1 1N ?2[?7(222)22°(222)22°(227)] = (14 42) 3 722 2°(22 ?) + Pr

(2°(22 2) + 2°(22 2))22°(22 2) 222 22 - Pr 2 A 22°(22 2) 22°(2? ?) ?°(??

?)? +(3.34) ?? ?? | Here ~? ? ~? and ~? are the

Taylor series expansion gives ?(???)=?0(?)+?=122(?)??? ??(?)= 21! ?22?22?(??;?) ?=0 « ? (3.35) ?

4non-zero auxiliary parameters and N? ? N? and N? the nonlinear operators.

(222)=20(2)+2=122(?)222 22(2)= 211 22222(22;?) 2=0 = _ 2 (3.36) P 2(?? ?) = 20(?) ?=P122(?)?2?
22(2)= 211 22222(22:?2) 2 =0 =~ ? (3.37)
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3where the convergence of above sePries strongly depends upon ~?? ~?

an d~?? Considering that ~? ? ~? and ~? are

chosen in such a manner that Eqs. (3?35) - (3?37) converge at ? = 1 then ?(?) = ?0(?) + ??(?)? « (3.38)
?2=1 P ?2(?) =720(?) + ?2?2(?)? » ?=1 P ?(?) = ?20(?) + ??(?)? ?=1 P The corresponding problems at mth
order deformations satisfy L?[??(?) — ????7-1(?)] = ~?R?7?(?)? L?[??(?) — ??2?7?7-1(?)] = ~?R??(?)? L?[??
(?7) = ???7?7-1(?)] = ~?R??(?)? (3.39) (3.40) (3.41) (3.42) (3.43) ??(0) = ??0(0) = ??0(~) = 0?7 ??(0) = ?07?
(0) = ?2?0() =07 ??0(0) = ?1??(0) = ??() =07 (3.44) R??(?) = ??000-1(?) - 2 ??70-1-???0 - 2 ??
0-1-7?7?7?0 + (??7-1-???00 + ??-1-?7?700) ?7-1 ?-1 ?-1 ?=0 ?=0 ?=0 6 ?-P1 ??0-1-??7000 + 3 ??
00-1-77?7?00 - 3 ??00-1-7?77?00 ?-P1 ?P-1 (1 ?-P1???000-1-???00 + 4 ?P-1 ??0-1-7?77000 + 2 ?P-1
??0?0-1-7???000 ?=0 ?=0 ?=0 [] +? + ?=0 ?=0 ?=0 - [] P?-1 ??7-1-???0000 ?P-1 ??-1-???0000 - - ?
=0 ?=0 ?-P1???0-1-? 2?0000 +2??(1? ?=0 PP P [1 [1 (3.45) R??(?) = ??000-1(?) - 2 ?0?7-1-??70 - 2
??0-1-?7?70 + ?-1 ?7-1 ?2-1 (??-1-???00 + ??-1-77?070) ?=0 ?=0 ?=0 6 ?-P1 ?0?7-1-7?7?7?000 + 3 ??
00-1-???00 - 3 ??00-1-??07?0 ?-P1 ?P-1 (1 ?=0 ?=0 [ + ?7-P1???000-1-777?00 + 4 ?P-1 ??70-1-??07?
00 + 2 ?P-1 ???00-1-???000 ?=0 +? ? (3.46) ?=0 ?=0 ?=0 - [ P?-1 ??-1-???0000 ?P-1 ??-1-?77?
0000 ?-P17???0-1-???0000 - - (1 ?=07?=07?=0 PP P (1 [1 R??(?) = (1 +437)?0?0-1 + Pr ?-1 ?=0 (?0?
=1=-??? +?207-1-???) ?-1 P = Pr ? (??0-1-??? + ??0-1-?7??)? (3.47) ?=0 P ?? =0??<1? [1 (3.48) 1?
? ? 1?7 The mth order deformation problems have the solutions [ ??(?) = ??%(?) + ?1 + 72?7 + ?737-77
(3.49) ?22(?) = ??7%(?) + 24 + 75?7 + ?67-?7 (3.50) ??(?) = ?x?(?) + ?7?? + ?8?7-?? (3.51) where the
special solutions are ??%? ??* and ?*?. 3.3 Convergence analysis We recall that the series (3?38) — (37
40) contain the auxiliary parameters ~? ? ~? and ~?. These parameters are useful to adjust and control
the convergence of homotopic solutions. Hence the ~—curves are sketched at 15?7 order of
approximations in order to determine the suitable ranges for ~? ? ~? and ~?. Fig. 3.2 denotes that the
ranges of admissible values of ~? ? ~? and ~? are —07?7 < ~? < -072? -0?7 < ~? < -0?1 and -0?78 < ~? <
-0727? Table 3.1 presents the numerical values of =? 00(0)? -?00(0) and -?0(0) for different order of
approximations when ~? = -0?5? ~? = -076 and ~? = -0?77 It is seen that the values of -?00(0) and -?
00(0) converge from 20th order of deformations whereas the values of —?0(0) converge from 25th order
approximations. Further, it is observed that we have to compute less deformations for the velocities in
comparison to temperature for convergent series solutions. f'?0?,9"?0?,9'?70? 0.5 b=1=g1=0.5, Pr =
1.2,R=0.3,K=A=0.2-1.0-0.8 -0.6 -0.4 -0.2 0.2 hf,hg,hq g'(0) g"(0) -05. f*(0) -10. -15. Fig. 3.2: ~
—curves for the functions ?? ? and ? Table 3

2.1: Convergence of series solutions for different order of approximations

when

?=0?2177=07?2? Pr=1?2? 7?1 =076? ? =0?2? ~? = -07?5? ~? = -076 and ~? = -0?77? order of
approximations 15 10 15 20 25 -? 00 (0) 1.06111 1.02482 1.02609 1.02623 1.02618 1.02618 -?00 (0)
0.544444 0.548057 0.548092 0.548043 0.548053 0.548053 -?0(0) 0.317778 0.305581 0.305729
0.305744 0.305738 0.305738 3.4 Discussion of results The effects of ratio parameter ?? viscoelastic
parameter ?? mixed convection parameter ?? Biot number ?1 and radiation parameter ? on the velocity
component ?0(?) are shown in the Figs. 3.3-3.5. It is observed from Fig. 3.3 that velocity component ?0(?)

2and thermal boundary layer thickness are decreasing functions of ratio
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parameter

?? This is due to the fact that with the increase of ratio parameter ?? the ?-component of velocity
coefficient decreases which

velocity component ?0(?)? Fig. 3.4 illustrates the influence of viscoelastic parameter ? on the velocity
component ?0(?)? It is clear that both the boundary layer and velocity component ?0(?) increase when the
viscoelastic parameter increases. Influence of mixed convection parameter ? on the velocity component ?
0(?) is analyzed in Fig. 3.5. Increase in mixed convection parameter ? shows an increase in velocity
component ?0(?). This is due to the fact that the buoyancy forces are much more effective rather than the
viscous forces. Figs. 3.6 and 3.7 illustrate the variations of ratio parameter ? and viscoelastic parameter ?
on the velocity component ?0(?)? Variation of ratio parameter ? is analyzed in Fig. 3.6. Through
comparative study with Fig. 3.3 it is noted that ?0(?) decreases while ?0(?) increases when ? increases.
Physically, when ? increases from zero, the lateral surface starts moving in ?—-direction and thus the
velocity component ?0(?) increases and the velocity component ?0(?) decreases. Fig. 3.7 is plotted to see
the variation of viscoelastic parameter ? on the velocity component ?0(?)?

11t is found that both the velocity component ?0(?) and momentum boundary layer

thicknesses are increasing functions of

? . ltis revealed from Figs. 3.4 and 3.7 that the effect of ? on both the velocities are qualitatively similar.
Figs. 3.8-3.14 are sketched to see the effects of ratio parameter ?? viscoelastic parameter ?, the
temperature exponent ?? Biot number ?1? mixed convection parameter ?? Radiation para- meter ? and
Prandtl number Pr on the temperature ?(?)? Fig. 3.8 is drawn to see the impact of ratio parameter ?

4on the temperature ?(?). It is noted that the temperature ?(?) and also the

thermal boundary layer thickness

decrease with increasing ?. Variation of the viscoelastic parameter ? on the temperature ?(?) is shown in
Fig. 379. Here both

2the temperature and thermal boundary layer thickness are decreasing

functions of

2temperature ?(?) and thermal boundary layer thickness are decreasing
functions of mixed convection parameter
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?? Fig. 3?11 presents the plots for the variation of Biot number ?1? Note that ?(?) increases when ?1 in-
creases. The

2thermal boundary layer thickness is also increasing function of

?1. It is also noted that the fluid temperature is zero when the Biot number vanishes. Influence of
temperature exponent ? is displayed in Fig. 3.12.

41t is found that both the temperature ?(?) and thermal boundary layer

thickness decrease when A is increased.

Also both the

13temperature ?(?) and thermal boundary layer thickness are increasing

functions of

thermal radiation parameter ? ( see Fig. 3.13). It is observed that an increase in ? has the ability to
increase the thermal boundary layer. It is due to the fact that when the thermal radiation parameter
increases, the mean absorption coefficient ?? will be decreased which in turn increases the

16divergence of the radiative heat flux.

Hence

16the rate of radiative heat transfer to the fluid is increased and consequently

the fluid temperature increases. Fig. 3?14 is

plotted to see the effects of Pr on ?(?).

41t is noticed that both the temperature profile and thermal boundary layer

thickness

are decreasing functions of Pr. In fact when Pr increases then thermal diffusivity decreases. This indicates
reduction in energy transfer ability and ultimate it results in the decrease of thermal boundary layer. f'?h?
1.00.8K=0.2,g1=A=04,1=0.5R=0.3,Pr=0.70604b=0.0,0.3,0.6,1.00.20123456 h Fig.
3.3: Influence of ? on the velocity ?0(?). f?h?1.0b=0.2,g1=A=04,1=0.5R=0.3,Pr=0.70.80.6 K
=0.0,0.2,0.4,0.60.40.20123456 hFig. 3.4: Influence of ? on the velocity ?0(?). f?h? 1.0 0.8 b =
0.2,g1=A=04,K=R=0.3,Pr=0.70.61=0.0,0.3,0.6,0.90.40.20123456 h Fig. 3.5: Influence of
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? on the velocity ?0(?). g'?h? 0.4 0.3 K=0.2,g1=A=04,1=0.5,R=0.3,Pr=0.70.2b=0.1, 0.2, 0.3,
0401123456hFig. 3

20b=0.2,g1=A=04,1=05R=0.3,Pr=0.70.150.10K=0.0,0.2,0.4,0.6 0.0512 3 4 56 h Fig.
3.7: Influence of ? on the velocity ?0(?). q?h? 0.350.30K=0.2,g1=A=04,1=0.5,R=0.3,Pr=0.7
0.250.200.15b=0.0,0.5,1.0,1.50.100.051 2 34 56 h Fig. 3.8: Influence of ? on the temperature ?
(?).9?h?0.350.30b=0.2,g1=A=04,1=05,R=0.3,Pr=0.70.250.20K=0.0, 0.5, 1.0, 1.5 0.15
0.100.051 234 56 h Fig. 3.9: Influence of ? on the temperature ?(?). q?h? 0.350.30 K=R =0.3, b =g1
=A=04,Pr=0.70.250.200.151=0.0,0.5,1.0,1.50.10 0.0512 34 5 6 h Fig. 3.10: Influence of ? on
the tenperature ?(?). q?h? 0.6 0.5 K=R =0.3,

39g1=0.1,04,0.7,1.00.20.112 34 56 h Fig. 3.11: Influence of ?1 on the temperature ?(?). q?h? 0.3
K=R=03,b=g1=04,1=0.5Pr=0.70.2A=0.0,0.3,0.6,0.90.112 3456 h Fig. 3.12: Influence of
? on the temperature ?(?). q?h? 04 K=0.3,b=0.2,A=9g1=04,1=05,Pr=0.70.3R=0.0, 0.3, 0.6,
1.00.20.1123 456 h Fig. 3.13: Influence of ? on the temperature ?(?). g?h? 0.4 K=R=0.3,b=0.2, A
=g1=04,1=050.30.2Pr=0.1,0.5,1.0,1.50.112 34 56 h Fig. 3.14: Influence of ? on the
temperature ?(?). Table 3.2 includes the values for comparison of existing solutions with the previous
available solutions in a limiting case when ? =? =71 =7 =0 and ? varies. This Table presents an excellent
agreement with the previous available solutions. Table 3.3 is computed to see the influences of
viscoelastic parameter ? and ratio parameter ? on skin friction coefficients in the ? and ? directions. It is
noted that ? has quite opposite effect on skin friction coefficients while quite similar effect is seen within the
increase of ratio parameter ?. Table 3.4 examines the impact of viscoelastic parameter ?, mixed convection
parameter ?, ratio parameter ?, Biot number ?1, radiation parameter ?, Prandtl number Pr and
temperature exponent ? on the

It is noted that the value of rate of heat transfer increases for larger viscoelastic parameter ?, mixed
convection parameter ?, ratio parameter ?, Biot number ?1, Prandtl number Pr and temperature exponent
? while it decreases through an increase in radiation parameter R. Table 3.2: Comparative values of —?
00(0)? —=?00(0) and ?(«) + ?() for different values ? when ? =7 =71 =? =07 Liu et al. [25] Present
results ? =? 00(0) =?00(0) ?(=) + ?(=) —=?00(0) =?00(0) ?(=) + ?(~) 0.0 1.28180856 0 0.50 1.56988846
0.78494423 1.00 1.81275105 1.81275105 0.90564383 1.10918263 1.28077378 1.28181 0 0.90564
1.56989 0.78494 1.10918 1.81275 1.81275 1.28077 Table 3.3:

?7=?1=075?7?=07?3?Pr=1?2and ?=072. 7?7 - R2e 172 ??? - R2e 172 7?77 0.0 0.5 4.9;528¢9
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4.3j736¢3 0.2 5.16586 3.97055 0.3 5.42622 3.96130 0.3 0.0 3.72170 1.65409 0.2 4.30247 2.34617 0.5
5.42622 3.96130 Table 3.4:

of the parameters ?, ?? ?? ????Prand ?1.?2???1? Pr? -(1 +437)?0(0)0.00.50.50.50.31.20.2
0.297492 0.3 0.308234 0.5 0.311853 0.2 0.0 0.303062 0.3 0.304775 0.5 0.305738 0.2 0.5 0.0 0.282007
0.3 0.297135 0.5 0.305738 0.1 0.0885730 0.3 0.216850 0.5 0.305738 0.2 0.5 0.5 0.5 0.0 0.329701 0.3
0.305738 0.5 0.292750 0.2 0.50.50.50.3 1.0 0.292152 1.2 0.305738 1.5 0.321826 0.2 0.50.50.5 0.3
1.2 0.0 0.288530 0.2 0.305738 0.5 0.325492 3.5 Conclusions Three-dimensional mixed convection

The

analysis is carried out in the presence of thermal radiation and convective boundary conditions. The main
observations can be summarized as follows. ¢ Influence of ratio parameter ? on the velocities ?0(?) and ?
0(?) is quite opposite. However the effect of viscoelastic parameter ? on the velocities ?0(?) and ?0(?) is
qualitatively similar. ¢

?is

large. Effect of ? on ?0(?) is opposite to that of ?0(?)? « Velocity component ?0(?) is increasing function of
mixed convection parameter ?? However ?(?)

Biot number ?1 and radiation parameter ? on ?0(?) and ?(?) are qualitatively similar. « Momentum
boundary layer is an increasing function of mixed convection parameter ? while thermal boundary layer is
decreasing function of mixed convection parameter ?? * Increase

4in Prandtl number decreases the temperature ?(?). « Thermal boundary layer

thickness

decreases when ratio parameter ?? viscoelastic para- meter ?, mixed convection parameter ?? Prandtl
number Pr and temperature exponent ? are increased. ¢ Influence of viscoelastic parameter ? on the ? and
? directions of skin friction coefficients is opposite. « Both components of skin friction coefficient increase
through an increase in ratio parame- ter ?? « Local Nusselt number is an increasing function of Prandtl
number Pr? ratio parameter ?? viscoelastic parameter ?, mixed convection parameter ?? Biot number ?1
and temperature exponent ? while it decreases for radiation parameter ?. Chapter 4 Convective
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6heat and mass transfer in three-dimensional mixed convection flow of

viscoelastic fluid with

chemical reaction and heat source/sink This chapter investigates the

6heat and mass transfer effects in three-dimensional mixed

con- vection flow of viscoelastic fluid with internal heat source/sink and chemical reaction. An exponential
stretching surface induces the flow. Magnetic field normal to the direction of flow is applied. Convective
conditions at boundary surface are also encountered. Appropriate sim- ilarity transformations are utilized
to reduce the boundary layer

2partial differential equations into ordinary differential equations. Analytical

solutions of the

resulting systems are obtained. Convergence of the obtained solutions is discussed explicitly. The

1local Nusselt and Sherwood numbers are sketched and

examined. 4.1 Mathematical modeling We consider the three-dimensional mixed convection

1boundary layer flow of viscoelastic fluid past an exponentially stretching

surface. Mathematical analysis has been carried out in

1presence of internal heat source/sink and

generative/destructive chemical reaction.

6Magnetic field is applied to the normal direction of flow. The

surface coincides

23with the plane at ? = 0 and the flow is confined in the region ? ? 0?

Convective boundary conditions for both
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23heat and mass transfer on the sheet

are taken into account. The governing equations for three-dimensional flow are expressed as follows: ??
2?22?2777 =07++(4.1)?2???7??7??27?7+ 22+ =272?2?772 + 1 11?2?3272+ 2?2232 7777

%202 7?7 [1 111 ?2(4.2) 22?27?22 727722?272?+222+72727=07222+ 72?1 [1 2?2?3222+ 7?77 722????72?? 7
3?72?7202 7?? 72?2 + 7?73 = [1 +2?2?2?277?77277°7° +2?7?7?7?7?7°2??2 (111 - ?%?027?? 1 1 1 ?(4.3)???7??7+7
P?+227?=002(?-20)22? 2?2+ (4.4)?2?7? 7?2?2222 +2 M+ =22 -M1("?-7
=)? (4.5) In the above equations, ?? ? and ?

7are the velocity components in the ?7-? ?- and ?-directions respectively, 71

the material fluid parameter, ?? the thermal expansion coefficient, ?? the

concentration expansion coefficient, ?* the electrical conductivity, 70 the magnitude of applied magnetic
field, ? the density of fluid, ? the gravitational acceleration, ? = (??7?) the kinematic viscosity, ? the dynamic
viscosity, ? the thermal diffusivity, ? the fluid temperature, ?? the specific heat of the fluid, ? the uniform
volumetric heat generation/absorption, ? the con- centration field, ? the mass diffusivity and prime denotes
the

«? (4.6) (4.7) where subscript ? corresponds to the wall condition, ? is the heat transfer coefficient, ?x is
the concentration transfer coefficient, ?7?

16 ambient and ?? ambient fluid At

wall

velocities, temperature and concentration distributions are defined as: ?+? ?+7? ?(?7+7?) ?(?+7) ?? =707 ? ?
?2?2=720?77272727=20+720?2?7?7??="7=+707?2?77? (4.8) where ?0? ?0? ?0 are the constants, ? is the
reference length, ?

15is the ambient temperature, ?«~ is the ambient concentration, ? is the

temperature exponent and ? is the

concentration exponent. By using similarity transformations [25]: ? = ?0? ?+?? ? 0(?)? ? =?0? ?24?? ?
0(?)??2==-2201222722+?2?2 (?+ 7?2?20+ 2+ 72?20)?2 u 2?2 2 2(?47?) 2(?+?) =20 + 20?7 2?2 2(?)? ? =20 + ?
0?2?272(?)??2=2?01?22?? 7 ?2+?? ?? (4.9) u Y equation (4.1) is identically satisfied and Egs. (4?2) -
(4?9) give: ? 000+(? +?)? 00-2(? 0+?0)? 0+? 6? 000? 0 + (3?00 — 3? 00 + ??7000)? 00 [] +((4?0 + 2?7
00)? 000 - (? +? +??0)? 0000 [ +2?(?+? ?)-??0=07 [ [J (4.10) 2000 + (? + ?)?00 - 2(? 0 + ?0)?0 +
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2 6200070 + (37 00 — 3?00 + ?? 000)?00 (1 +(4? 0 + 2?7 00)?000 — (? + ? + 2? 0)20000 [ - ? ?0 = 0?
(4.11) 200 + 2 2(? +?)20 = Pr 2(? 0 + 20)? + Pr 2%? = 0? 1 [] (4.12) 200 + ?2(? + 2)?0 — 222(?0 + ?0)?
—-22?7%2 =07 (4.13)?2=0?2=0?20=12 20 =2, 20 = =?1(1 - 2(0))? 20 = =22(1 - ?(0))? at ? = 0?
(4.14) 20 — 0? 20 - 0? ? — 0?2 ? — 0 as ? — =? (4.15) where ?

19is the Hartman number, ?? is the Prandtl number, ?x is the heat source/sink

parameter, ?x is the

?1 is the heat transfer Biot number and ?2 is the mass transfer Biot number. The definitions of these
variables are ?? =???%k =2 22?2 ??2%x =??210???2 =272 =27200??21=r???2=27?27°?%?2?2?7?2r? "7

Series solutions For homotopic solutions, the initial guesses and auxiliary linear operators are chosen as
follows: ?0(?)=1-?-?2¢ ?2?20(?)=?1-?=-?7?720(?) = ?211extp(?-17)? ?20(?) = ?21ex+p(?-2?)? jj ¢ L?
=7?000 - ?0? L? =?000 - ?20? L? =700 -7?? L? =700 - 7?7 (4.19) (4.20) The above operators satisfy the
following properties L?(?1 + 72?7 + ?37-?) = 0? L?(?4 + 75?7 + ?67-7?) = 0? L?(?7?7? + ?78?7-?) =0? L?(?
9?? + ?107-?) = 0? where ?? (? =1 - 10) are the

172°(?2; )2 2°(2;2)?2 22, 7)?22°(2;?2) 2 hi (1-?) L? "2(?; ?7) — ?20(?) = ?2~?N? ?2°(?;

2)? 2°(2; 2)? "2(?2; )2 "2(?;
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25hihihihi

1872°(0; ?) = 02 2°0(0; ?) = 12 2°0(; ?) = 02 2°(0; ?) = 02 2°0(0; ?) = 22 2°0(=; ?) =
07 "20(0? ?) = -21[1 - 2(0? 2)]? 2°(=? ?) = 02 “20(0? ?) = —72[1 2°(0? ?)]? “2(=?

?) = 0?

— (4.21) (4.22) (4.23) (4.24) (4.25) (4.26) (4.27) (4.28) N?

10[27(2; 2)? 2°(2;2)2 "2(2; 2)? 2°(2; 7)1 = 23 227(22 32 2) 227(22 ?) 22°(?2? ?) ??
(2272)2A22+ 22122+ 01 2°(222) 22 2°(22 2) + 22 "2(22 2) +2°(22 2) 1 = 2 22
N227)2220+227(2;2) 022 00 022 2(22?) 30 6 22°2(2222)? 3 22°(223272) +
292 1111 322 22°(22222) #2723 2°2(22 3272) (1 [1 +2 22 22°(22 22?) + (1 [] [1+24

2?7?2??777°2??7?2)??) 11 23 ?27°(??

37?) 2(4.29) - [

10?°(?0022)2+2°(22°2(22)2 2) 24 22°2(2422) 0 0 +2 22 0 0 0 0 0 0 N 2[27(2;
2?2 2°(2; ?)? 2(2; 2)? 2°(2; 7)) = 23°22(2232 7) 22°(222)-2 72 227(?? ?) +7?
N2230022) 0 0 +2 [+ 322 2°(222) 222 - [1 [ [ 322 227(22222)+22 3 22°(2?

3??) 00 0 022°2(?27) 27°(??27?7)0 0 0?2?22+ 4?2?23 ?77(?777)

9+227227°(22 222) 223 11 +2 2(20122)%2°(222) 24 2(22?) 1 - 1224 1 +2 27
2(2227?) =2 022°(22 7)1 1 222 (4.30) N2?[27(2; ?)? 2°(2;?)? 2°(2; ?)? 2°(%;
] = 22°2(22 2) 222 + Pr 11 (2°(22 ?) 2°2(22 2) + Pr 2% "2(22 ?) +2°(22 7) | 27 -
Pr? A22°(22012) 22°(22 201) 2°(22 2)? + (4.31) 22 22 | N 2[?7(2; 2)? 2°(2; 2)? 2
N2;2)2 (27 =22 2°(2;2) (22 7) 272+ 22 1 #2722 2) 11 22°(2;?) - 227% 2

N(2;7) 27 -2 22 A 22°(22 20)) 22°(22 ?) 2°(%;

2)? 0+

(4.32) 72 22 Here ?

3is an embedding parameter, the non-zero auxiliary parameters are ~?? ~? ~?

and ~? and the nonlinear operators
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are N?? N?, N? and N?. Taking ? =0 and ? = 1 we get

1227(7;0) = 20(?)? ?°(?;0) = 20(?)? “2(?7?0) = 20(?)? “?(?;0) = 20(?) and ?°(?; 1) =
2(2)? 2(231) = 2(2)? "2(22 1) = 2(2)? 7°(%;

1) =?(?)? (4.33) As ? enhances from 0 to 1 then ?(?7?7?)? ?(?7?7?), ?(??7?) and ?(??7?) differ from ?0(?)? ?
0(?)? ?0(?) and ?0(?) to ?(?)? ?(?), ?(?) and ?(?)? Applying Taylor's expansion we have ?(??7?)=?0(?7)+?
=122(?)?27? 22(?)= 211 22222(??;?) ?=0 » ? (4.34) ?(???)=20(?)+?=122(?)??? ?2?2(?)= 21! 222?72

(?2;?) ?=0=  ?(4.35) P ?(???)=20(?)+?P=12?2(?)??2? ?22(?)= 21! ?2?22?22(??;?) ?=0 = ?(4.36)P
o 2(??7?)=720(?) +(4.37) ?2=122(?)?2?? ?22(?) = 211 22?222(??;?) ?=07? The

3convergence of above series stroPngly depends upon ~?, ~?, ~? and ~?° ?

Considering that ~?,  ~?, ~? and ~? are selected properly so that

The general solution expressions can be written as ??(?) = ??7%(?) + 21 + 22?7 + ?37-?? ?7?2(?) = ?7?7%(?)
+ 24 + 2?5727 + 26777 ?22(?) = ?%k?(?) + 27?7 + 28?7?27 ??2(?) = 7% ?(?) + 79?7 + ?2107-?? where the
special solutions are ?7?x? ??7x, ?*? and ?x7?. (4.38) (4.39) (4.40) (4.41) (4.42) (4.43) (4.44) (4.45)4.3
Convergence analysis and discussion Homotopic solutions (4738) — (4741) obviously depend on the
auxiliary parameters ~?? ~?, ~? and ~?. In order to control the convergence of series solutions’ these
auxiliary parameters play a central role. To obtain the convergence region, the ~—curves have been
plotted at 14?? order of approximations in Fig. 4.1. This Fig. clearly shows that the acceptable values of
~?? ~?,~?and ~? are -1?0 < ~? < -074? -1?0 < ~? < -072, -1?2<~? < -0?1and -1?2 < ~? < -0?1?
Table 4.1 ensures that the

1series solutions converge in the whole region of ? when ~? = ~? =~? =~? =

-0? 57 202, g "20?,

2.1: Convergence of series solutions for different order of approximations
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?2=2=07M77=?2=?2%=7=072?7?=7=?%=0?73?71=7?2=0?5?Pr=0?7???=07?8 and ~? =~? =
~? =~? - 0767 order of approximations 1 510 15 20 25 30 35 -? 00 (0) 1.155 1.104 1.078 1.068 1.065
1.064 1.064 1.064 —-?00 (0) 0.2359 0.2395 0.2414 0.2420 0.2422 0.2422 0.2422 0.2422 -?0(0) 0.3084
0.2620 0.2437 0.2373 0.2349 0.2341 0.2340 0.2340 -70 (0) 0.3300 0.3318 0.3336 0.3340 0.3341 0.3341
0.3341 0.3341 Figs. 4.2 and 4.3 are plotted to see the effects of Hartman number ? on the velocity profile
?0(?) and ?0(?). The velocity profiles ?0(?) and ?0(?) are decreased when we increase the values of ?.
Also the

4.4 is drawn to see the influence of internal heat source/ sink parameter ?* on the velocity profile ?0(?)?
Clearly in case of heat sink parameter ?* ? 0 both momentum boundary layer thickness and ?0(?)
decrease while in case of heat source parameter ?* ? 0 kinetic energy of the fluid particles increases due
to which the velocity profile ?0(?) increases. Outcome of mixed convection parameter ? on the velocity
profile ?0(?) in both assisting and opposing flows is seen in Fig. 4.5. In case of assisting flow ? ? 0 both ?
0(?) and momentum boundary layer thickness are enhanced while reverse effect is observed for opposing
flow ? ? 0? Fig. 4.6 exhibits the variation of concentration buoyancy parameter ? on the velocity profile ?
0(?)? It is examined that an enhancement in ? gives rise to the velocity profile ?0(?). Fig. 4.7 depicts the
influence of internal heat source/sink parameter ?* on the temperature ?(?)? With an increase in internal
heat source ?* ? 0 both the thermal boundary layer thickness and ?(?) increase while in case of heat sink
parameter ?* ? 0 both the thermal boundary layer thickness and ?(?) decrease. Figs. 4.8-4.10 are
sketched to see the variations of chemical reaction parameter ?*, concen- tration exponent B and mass
transfer Biot number ?2 on the concentration profile ?(?)? Fig. 4.8 is presented to analyze the variation of
chemical reaction parameter ?* on the concentra- tion profile ?(?)? It is noted that the associated
boundary layer thickness and concentration profile ?(?) decrease for generative chemical reaction ?* ? 0
while reverse phenomena is noted for destructive chemical reaction ?x ? 0. With an enhancement in
concentration exponent ? both the concentration profile ?(?) and the boundary layer thickness decrease
(see Fig. 4.9). Variation of mass transfer Biot number ?2 on the concentration profile ?(?) is displayed in
Fig. 4.10. Here we examined that the effect of ?2 on the concentration profile ?(?) and associated
boundary layer thickness are increasing? Figs. 4.11-4.13 are displayed to see the impacts of mixed
convection parameter ?? concentra- tion buoyancy parameter ?, ratio parameter ?? Hartman number ?,
internal heat source/sink ?* and heat transfer
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2that the heat transfer rate at wall is

increasing function of concentration buoyancy parameter ?. Fig. 4.12 exhibited that the larger values of
ratio parameter ? corresponds to a higher heat transfer rate —70(0). Also it is to be noted that with an
increase in Hartman number heat transfer rate decreases. Fig. 4.13 depicts that

with internal heat source ?* ? 0 while increases with internal heat sink ?x ? 0? Variations of mixed
convection parameter ?? concentration buoyancy parameter ?, ratio parameter ?? Hartman number ?,
chemical reaction ?* and mass transfer Biot number ?2 on Sherwood number -?0(0) are plotted in the
Figs. 4.14-4.16. Fig. 4.14 is drawn to see the influences of mixed convection parameter ? and
concentration buoyancy parameter ? on the Sherwood number —?0(0)? It is seen that the Sherwood
number —=?0(0) is increasing function of ? and ? in case of assisting flow ? ? 0 while decreasing function for
opposing flow case. Fig. 4.15 depicts that the Sherwood number —?0(0) decreases with an enhancement
in Hartman number ? while it increases with an increase in ratio parameter ?? Fig. 4.16 exhibits that the
mass transfer at the wall —?0(0) enhances with generative chemical reaction ?* ? 0 while it reduces with
destructive chemical reaction ?x* ? 0. It is also observed that the mass transfer at the wall —=70(0) is an
increasing function of mass transfer Biot number ?2?Table 4.2 ensures the validity of present results with
Liu et al. [25] in the limiting sense. f?h? 1.00.8b=b*=k*=A=B=0.2,9g1=92=0.3,0.6 Pr=Sc=0.7,
K=1=N=0.50.40.2M=0.0,0.3,0.6,0.90123456 h Fig. 4.2: Influence of ? on velocity ?0(?). g'?h?
0.20b=k*=A=B=0.2,g1=92=0.3,Pr=Sc=0.7,b*=K=1=N=0.50.150.10 0.05 M= 0.0, 0.3, 0.6,
0.9123456 h Fig. 4.3: Influence of ? on velocity ?0(?). f'?h? 1.0b=k*=A=B=0.2,M=g1=9g2=
0.3,Pr=Sc=0.7,K=1=N=0.50.80.60.4b*=-3.0,0.0,0.3,700.20123456 h

"?h?1.0k*=A=B=0.2,g1=92=M=b=0.3,Pr=Sc=0.7,b*=K=N=0.50.80.60.41=-0.5, 0.0,
0.5,09020123456h

"?h?1.008k*=A=B=0.2,g1=9g2=M=b=0.3,Pr=Sc=0.7,b*=K=1=0.50.6 0.4 N=0.0, 1.5, 3.0,
4.50.20123456 hFig. 4.6: Influence of ? on velocity ?0(?). g?h? 0.300.25b=k*=A=B=0.2,91 =
g2=M=03,Pr=Sc=0.7,K=1=N=0.50.200.15b*=-0.3,0.0,0.3,0.60.100.051234 56 h Fig.
4.7: Influence of ?* on temperature ?(?). f?h? 0.250.20b=A=B=0.2,g1=9g2=M=0.3, Pr=Sc=0.7,
K=1=N=b*=0.50.150.10 0.05 k*=-0.2,0.0,0.2,0.4 12 34 56 h Fig. 4.8: Influence of ?* on ?(?). f?
h?0.250.20b=A=k*=0.2,g1=92=M=0.3,Pr=Sc=0.7, K=1=N=b*=0.50.150.10 0.05 B= 0.0,
0.2,0.4,0.6 123456 h Fig. 4.9: Influence of ? on concentration ?(?). f?h? 04 b=A=B=k*=0.2,g1 =
M=0.3,Pr=Sc=0.7,K=1=N=b*=050.30.292=0.1,0.3,0.5,0.70.11234 56 h Fig. 4.10:
Influence of ?2 on ?(?). -q'?0? A=B=b=b*=k*=0.2,M=0.1,0.276 K=g1=9g2=0.5,Pr=0.7, Sc =
0.81=-0.5,0.0,0.5,1.00.274 0.272 0.270 0.268 0.266 0.5 1.0 1.5 2.0 NFig. 4.11: Influence of ? and ?
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on —?0(0). -g'?70? 0.32 A=B=b*=k*=0.2,1=N=0.3,K=g1=9g2=0.5,Pr=0.7,Sc = 0.8 0.31 0.30
0.290.28M=0.0,0.5,1.0,1.50.270.51.0 1.5 2.0 b Fig. 4.11: Influence of ? and ? on —?0(0). -q'?0? A =
B=k*=b=0.2,1=N=0.3,04K=g2=05,Pr=0.7,M=0.1,Sc=0.80.30.2b*=-0.3, 0.0, 0.3, 0.6 0.1
0.20.40.60.8 1.0 g 1 Fig. 4.13: Influence of ?* and ?1 on —=?0(0). -f?70? 0.340 A=B=b =b*=k*=0.2,
M0.1,=K=g1=9g2=0.5,Pr=0.7,Sc=0.80.3350.3301=-0.5,0.0,0.5,1.00.51.0 1.5 2.0 NFig. 4.14:
Influence of ? and ? on —?0(0). -f?0? 0.336 A=B=b*=k*=0.2,1=N=0.3,K=g1=9g2=0.5Pr=0.7,
Sc=0.80.334 0.332 0.3300.328 M=0.0,0.5,1.0,1.50.326 0.2 0.4 0.6 0.8 1.0 b Fig. 4.15: Influence of ?
and ? on -?0(0). -f?0? 0.5 A=B=b=b*=02,M=0.1,1=N=0.3K=g1=0.5,Pr=0.7,Sc=0.80.4 0.3
*=-0.3,0.0,0.3,0.50.20.10.20.4 0.6 0.8 1.0 g2 Fig. 4.16: Influence of ?* and ?1 on —?0(0). Table
4.2: Comparative values of —=?00(0)? —=?00(0) and ?(«=) + ?(«) for different values of ? when ? =7 =7 =71
=7?2=7% =7% =07 Liu et al. [25] Present results ? —=? 00(0) —=?00(0) ?(x) + ?(=) =?00(0) —=?00(0) ?(x=) +
?() 0.0 1.28180856 0 0.50 1.56988846 0.78494423 1.00 1.81275105 1.81275105 0.90564383
1.10918263 1.28077378 1.28181 0 0.90564 1.56989 0.78494 1.10918 1.81275 1.81275 1.28077 4.4
Closing remarks The present chapter deals with the three-dimensional

genera- tive/destructive chemical reaction. The main outcomes are as follows. « Velocity profiles ?0(?) and
?0(?) reduce with an increase in Hartman number ?. « Momentum boundary layer thickness

2momentum boundary layer thicknesses are increasing functions of internal heat

source parameter

?% ? 07 assisting flow case ? ? 0 and concen- tration buoyancy parameter ? while decreasing functions of
internal heat sink parameter ?* ? 0 and opposing flow case ? ? 0? « Thermal boundary layer thickness
and temperature ?(?) decrease with an increase in internal heat sink ?* ? 0 while thermal boundary layer
thickness and temperature ?(?) increase with an increase in internal heat source ?* ? 0. « With an
enhancement in generative chemical reaction ?x ? 0, concentration exponent ? and Schmidt number ??
decreases the concentration profile ?(?)? The concentration boundary layer thickness increases for larger
mass transfer Biot number ?2 and destructive chemical reaction ?x* ? 0?  Heat transfer rate —?0(0) boosts
up in case of assisting flow ? ? 0?7 concentration buoyancy parameter ?, ratio parameter ?? heat transfer
Biot number ?1 and internal heat sink parameter ?x ? 0 while heat transfer rate —?0(0) reduces with
opposing flow ? ? 0? Hartman number ? and internal heat source ?x ? 0?7 « With an increase in assisting
flow ? ? 0? concentration buoyancy parameter ?, ratio parameter ?? mass transfer Biot number ?2 and
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generative chemical reaction parameter ?x* ? 0? the Sherwood number —?0(0) enhances while reverse
behavior is noted in case of opposing flow ? ? 0? Hartman number ? and destructive chemical reaction

parameter ?x ? 0? Chapter 5 Thermophoresis and MHD mixed convection flow

1with Soret and Dufour effects This chapter investigates the

4heat and mass transfer effects in three-dimensional

mixed convec- tion flow of viscoelastic fluid over a

4stretching surface with convective boundary conditions. The fluid is

electrically conducting in the presence of constant applied magnetic field.

Conservation laws of energy and concentration are based upon the Soret and Dufour effects. First order

chemical reaction effects are also taken into account.

15Dimensionless velocity, temperature and concentration distributions are

shown graphically

7for different values of involved parameters. Numerical

values of

1local Nusselt and Sherwood numbers are computed and analyzed. 5.1

Mathematical analysis We consider the steady

three-dimensional magnetohydrodynamic mixed convection

7flow of an incompressible viscoelastic fluid over a stretching surface at

? =07 The flow takes place in the domain ? ? 0? Heat and mass transfer characteristics are taken into

account

6in the presence of Soret and Dufour and thermophoresis effects. The

ambient fluid temperature is taken as ?« while the surface temperature is maintained by convective heat
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transfer at a certain value ?? . A constant

In addition the effects of first order chemical reaction in mass transfer are taken into account. The
governing boundary layer equations for the flow under consideration are ?? ?? ?? ?? ?? ?7? =07 + + (5.1)
P2 42??72?2?21 7?3?7032 70?222?2?? 020 =222°?2 2 +???3+?2-=-7?77?72+ 7?7

(?? (? = ?))? +?(5.5) In Egs. (671) — (575) the respective velocity components in the ?7-? ?—and ?
—directions are denoted by ?? ? and ?, ?1 the viscoelastic parameter, ?* the electrical conductivity, ?0 is
the magnitude of applied magnetic field, ? the density of fluid, ? the gravitational acceleration, ?? the

19thermal expansion coefficient, ?? the concentration expansion coefficient,

? the

fluid temperature, ? the thermal diffusivity of fluid, ? the kinematic viscosity, ? the dynamic viscosity of fluid,
? the concentration field, ?? the mass diffusivity, ?? the thermal diffusion ratio, ?? the specific heat, C? the
concentration susceptibility and ?? the thermophoretic velocity. In Eq. (5.5) the thermophoretic term ?? can
be defined as ? ?? ?? =-2?2 ?? ?? (5.6) where ?2 is the thermophoretic coefficient and ?? is the reference
temperature. A thermophoretic parameter ? is defined as ? = =?2(?? - ?«) ?? The boundary conditions
appropriate to the flow under consideration are given by ? =?? =7????=??7?7?2=0?-?7??=2(??-7),7?
=?7?at?=0?777?7—->0?7?7—>0?77 > 70?7 > 7?0 as? — »=?(5.7) (5.8) where ? indicates the thermal
conductivity of fluid, ?? is the hot fluid temperature, ?~ the ambient concentration and ? and ? have
dimension inverse of time. We now define ? = 2?2?0(?)? ?2=?220(?)? ?2=- ?22(?(?)+?(?))? ¥ 2(?) = 2?2 --??
000 ? 2 =7r??(7?)=???7--7700 ? 7?7 7?(5.9) Now the use of above variables satisfy Eq. (5.1) automatically
while Egs. (5.2)-(5.8) are reduced as follows: 7000 + (? + ?)?00 — ?02 - ? (? + ?)?0000 + (?00 - ?00)?00
- 2(?70 +70)?000 j ¢ =?2?0 + ?(? + ??) =07 ?000 + (? + ?)?00 — ?02 - ? (? + ?)?0000 + (?00 - ?00)?00
- 2(?70 +70)?000 - ?2?70=07 {200+ ??2(?+?7)?20+ Pr?? 200 =07 ¢ 700 + ?2?2(? + ?)?0 = ?2?7%? +
0?7?70—-0?7?—>0??—>0as?— «=?(5.10)(5.11) (5.12) (5.13) (5.14) where ? is the dimensionless
viscoelastic parameter? ?

19is the Hartman number, ? is the local buoyancy parameter, Gr? is the local

Grashof number,
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1is the Prandtl number, ?? is the Dufour number, ?? is the Schmidt number, ??

is the Soret number, ?:x is the chemical reaction parameter, ? is the

thermophoretic parameter, ? is ratio of rates parameters, ?1

2is the Biot number and prime shows the differentiation with respect to

2. These are given by ? = 2122 ?2=?%2027? ?=7R?€?2?7? 2227=222(?27-22%)?37 2=2222((?227--270))

?2?20=200 =200 (M - P0) 2?2 =007 =000 (7 = P00) ? Wk =107 = =02(?7?7 — V0)? 2?7?77
(7?7 = 20)?2 22?0 (7?7 =) ?2?2?77?2=7272?7?1=72777r7? Local Nusselt and Sherwood numbers in

linear operators required for homotopy analysis solu- tions are presented belowi.e. ?0(?)=1-7?-?7?7?
0(?)=?1-72=-?2?2720(?) = ?21ex+p(?-1?)? ?0(?) = exp(=?) (6.17) j ¢ i ¢ L? =?000 - ?0? L? = 7000 - ?
0? L? =700 - ?? L? = ?00 - ?? with the following properties of the defined operators in Eq. (5.18) i.e. L?(?
1+ 722?74+ 7237-?) =07 L?(?4 + 7577 + ?67-?) = 07 L?(?7?? + ?787-7) = 0? L?(?9?? + ?10?-?) =0
where ?? (? =1 - 10) indicate the arbitrary constants. (5.18) (5.19) The corresponding problems at the
zeroth order are given in the following forms: (1 — ?) L? ?°(?; ?) — ?0(?) = ?~? N? ?°(?; 7)? ?°(?; ?) ? (5.20)
hihi(1-=?)L?[?7°(?;7?)-20(?)] =7?~?N??°(?;2)? ?°(?;?)?(5.21) (1 = ?) L? "?(?; ?) — ?0(?) = ?7~?N?

29

(5.22) (1 - ?) L? 2°(2; ?) = 20(?) = 2~2N? 2°(?; 2)2 2°(2; 2)? "2(22 2)? 2°(?2 ?) ?

25hihi(5.23)hihi

127°(0; 2) = 02 2°0(0; ?) = 12 2°0(x; ?) = 02 27(0; ?) = 0? 2°0(0; ?) = ?? ?°0(=; ?) =
0? 2°0(0? ?) = —21[1 - 2(0? 2)]? *2(=? ?) = 02 2°(0? ?) = 1?2 2°(=»? 2) = 0

(5.24) 2 N?

10[?7(22 2)2 2°(22 )2 2°(22 2)?2 2°(22 )] =23 2°(22 2) 22°(22 ?) + (2°(22 ?) + ?
(22 2))72 2°(22 2) 223 - A 271222 (2°(22 2) + 2°(22 ?)) 74 227(22 422) =2 11 +( 22
227(22 222) - 22 227(22 22?) ) 22 227(2? 22?) [ -2( ?7°2(22272) + 22°2(2227) ) ?
327°(272 327) =2 [1227°(22 2) + 2°2(22 ?) + 22 "2(?? ?)0? 0 0 (5.25) 22 N ?2[?"(2?
2)? 2°(2? 2)? "2(22 ?)? 2°(22 2)] = 73 2°(222) 227(2272) 2 273 - +(?°(222)+?
N(222))2 2 2°(222)u 22 222 (2°(222)+2°(222))2 4 22°(22 422) +201 +(?22 22°(2?

277) - 22 27°(22 227))?72 227(22 227) 11 -2 (22°2(22272) + 22°2(2227))? 3 22°(??
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| 392) =202 227(222)0 11 2 11 (5.26) 22 N 2[2°(22 2)? 2°(22 )2 2°(22 2)2 2°(22 ?)]
= 22°22(2722 ?) + Pr (27(22 2) + 2°(22 2)) 2°2(2222 ) + Pr 22 222 22 2°(22 ?) ?
(527)N?[?7(22 ?)2 "2(22 2)2 2°(22 2)? 2°(22 ?)| = 22 2°2(22 22 7) + 22(?°(?2 ?)

2°2(?2 ?) 22 -77(??

?) 22°22(?222? ?) )? (5.28) Here ?

4is an embedding parameter, ~?? ~?, ~? and ~? are the non-zero auxiliary
parameters and N?? N?, N? and N? indicate the nonlinear operators. When ? =0

and ? = 1 one has

1227(2;0) = 20(?)? “2(??0) = 20(?)? 27(220) = 20(?) 2°(?; 1) = 2(?)? "2(?? 1) = ?

(?)? 2°(22 1) = 20(?)

? (5.29) Clearly when ? is increased from 0 to 1 then ?(?7?7?)? ?(??7?), ?(???) and ?(??7?) vary from ?0(?)?
?0(?)? ?0(?) and ?0(?) to ?(?)? ?(?)? ?(?)and ?(?)? By Taylor’'s expansion we have ?(???)=?0(?)+?=1?7?
(?)?27? 22(?)= 211 22222(?7?;?) ?=0 « ? (5.30) ?(???)=20(?)+?=122(?)?2? ?2?2(?)= 21! 222?22(??;?) ?=0
T w0 ?(5.31) P ?2(???) =20(?) ?2=P1?22(?)??? ?2?2(?)= 211 22?22?2(??;?) ? =0« ?(5.32)P?(??7?)="7
0(?) = ?22(?)??? 22(?) =211 22?222(??;?)  ?=0  ?(5.33) ?=1

3where the convergence of above sPeries strongly depends upon ~?? ~?
~ ?and  ~?? Considering that ~?? ~?? ~? and ~? are selected properly so
that

Egs. (56730)-(57?33) converge at ? = 1 then we can write ?(?) = ?0(?) + ??(?)? = (5.34) ?7=1 P ?(?) = ?0(?)
+?2?2(?)? 0 ?=12(?) = ?20(?) + P ?22(?)? ?=1 P ?(?) = ?0(?) + ??(?)? ?=1 P The resulting problems at
mth order deformation can be constructed as follows: L?[?7?(?) = ???7-1(?)] = ~?R??(?)? L?[??(?) — 7777
=1(?)] = ~?R?7?(?)? L?[??(?) — ???7-1(?)] = ~?R??(?)? L?[??(?) - ????7-1(?)] = ~?R??(?)? (5.35) (5.36)
(5.37) (5.38) (5.39) (5.40) (5.41) ??(0) = ??0(0) = ??0(=) = 0? (5.42) ??(0) = ?0?(0) = ?0?() = 0? (5.43)
??0(0) = ?21??(0) = ?2?() = 0? ??(0) = ??(~) = 0? (5.44) R??(?) = ??000-1(?) - ??0-1-??70 + (??
-1-??7?00 + ??-1-???00) ?-1 ?-1 ?=0 ?=0 ?-P1 ??-1-???0000 + ??7-1-???0000 ?P-1 ] ?=0 ?=0 + P?
-1 ??00-1-???00 - P?-1 [ =? ?0?0-1-???00 ?=0 ?=0 -2 ?P-1 ??0-1-? ??000 - 2P?-1 ??0-1-7? ??
000 ?=0 ?=0 -7 201?701 +P?? + ?? ?? 00 P 10 0 (5.45) R??(?) = ??000-1(?) — ?0?-1-??70 + (??7-1-?7?7?
00 + ??7-1-77?700) ?-1 ?-1 ?=0 ?=0 ?-P1 ??-1-77?70000 + ??-1-??07000 ?P-1 (0 ?=0 ?=0 P?-1 ??
00-1-?7070 -P?-1 ?0?0-1-??700 [1 =7 + (5.46) ?=0 ?=0 - ?2??0-1? [J -2 ?P-1 ??0-1-??7000 - 2P?
-1 ??0-1-7?7??000 0 ?=0 ?=0 P P 00 00 R??(?) =?0?0-1 + ? ? (?0?7-1-??7 + ?207-1-?7?7?) + Pr ?? ?0?
=777 (?0?7-1-??07? - ??7-1-?707?0)? 7-1 P (5.48)?=0P?? =07 ?<1? 0 1?7 ? ? 1?7 (5.49) Solving the
above mth order deformation problems we have [ ??(?) = ??x(?) + 21 + 22?7 + ?37-?7 (5.50) ??(?) = ?7?
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*(?7) + 24 + 7577 + ?767-?7 (5.51) ?2?2(?) = ?2k?(?) + 27?7 + ?787-?7 (5.52) ??(?) = ?x?(?) + 79?7 + 2107
=77 (5.53) in which the ??7x? ?7%, ?*%? and ?*? indicate the special solutions. 5.3 Analysis Obviously the
series solutions (5734)—(5737) contain the auxiliary parameters ~?? ~? ~? and ~?. These parameters are
very important in adjusting and controlling the convergence of homotopic solutions. Hence the

order to find the suitable ranges of ~?? ~? ~? and ~?. Fig. 5.1 indicate that the admissible values of ~??
~?? ~? and ~? here are —1?5 < ~? < -0?40? -1?4 < ~? < -0?30, -1?240 < ~? < -0?25 and -1?240 < ~? <
—-07207? Table 5.1 presents the convergence of homotopic solutions. It is noted that computations are
sufficient for 45?7 order iterations of velocity and 35?77 order iterations of the temperature and
concentration profiles for the convergent series solutions. 1 K=t=0.2,|=N=k*=0.3, b =Sc =Df =0.5,
M=0.7,g1=0.6,Df=0.3,Sr=0.4, Pr=1.0 f"?20? 0.5 g"?0?

?2=7=0?2?77?2=?7=77=0?577??7=120? 7?7 =07?4?7?=0?7?7?=?=?%x=07?73?"?1=076and ~? =~7? =
~? =~? =-07?77? order of approximations -=? 00 (0) -?00 (0) -?0 (0) =70 (0) 1 1.31063 0.632417
0.284766 0.763750 5 1.47588 0.746614 0.230340 0.599613 10 1.49331 0.762859 0.221636 0.578386 15
1.49592 0.764867 0.220665 0.575416 20 1.49650 0.765053 0.220797 0.574753 25 1.49664 0.765041
0.220916 0.574545 30 1.49667 0.765030 0.220950 0.574483 35 1.49667 0.765027 0.220953 0.574471
40 1.49667 0.765027 0.220953 0.574471 Figs. 5.2 — 575 depict the behaviors of mixed convection
parameter ? and concentration buoyancy parameter ? on ?0(?) and ?0(?)? Figs. 5.2 and 5.3 are drawn to
analyze the effects of mixed convection parameter ? on the velocity components ?0(?) and ?0(?)? It is
shown that ?0(?) and ?0(?) increase with an increase in ?. Effect of concentration buoyancy parameter ?
on the velocity components ?0(?) and ?0(?) are shown in the Figs. 5?4 and 5757 It is examined that the
concentration buoyancy parameter ? shows the similar effects on momentum boundary layer thicknesses
and velocity components ?0(?) and ?0(?) as we observed for mixed convection parameter ?? Figs. 576 -
579 examine the variation

7of Dufour number ?? and Soret number ?? on the temperature ?(?) and

concentration

?(?)? Variations of ?? on temperature ?(?) and concentra- tion ?(?) are analyzed in the Figs. 5.6 and 5.7.
It is noted from these Figs. that ?? has reverse effects on temperature ?(?) and concentration ?(?). Figs.
5.8 and 5.9 are displayed to see the variation of ?? on the temperature ?(?) and concentration profiles ?
(?)? We noticed
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~ 2that the temperature ?(?) and thermal boundary layer are reduced for an

increase in ??? The

concen- tration profile ?(?) increases when ?? is increased. To analyze the effect of thermophoretic
parameter ? on the concentration ?(?) profile we have sketched Fig. 5.10.

41t is found that an increase in thermophoretic parameter ? leads to a decrease in

both concentration profile ?(?) and concentration boundary layer thickness.

1K=M=8Sr=05b=N=Sc=0.3,Df=k*=0.3,t=0.1,g1=0.4,Pr=0.7

31=0.00.81=051=1.0061

=1.5f?h?0.40.20123456 hFig. 5.2: Influence of ? on ?0(?)? K=M=Sr=0.5,b=N=Sc=0.3, Df =
k*=0.3,t=0.1,91=04,Pr=0.70.30.250.2

31=0.01=051=1.01

=15¢g

4'?h?0.150.10.05001234 56 hFig. 5. 3: Influence of ? on

?20(?)?1K=M=Sr=1=0.5b=Sc=0.3,Df=k*=0.3,t=0.1,91=0.4,Pr=0.7N=0.008N=0.5N=
1.006N=1.5f"?h?0.4020123456 h Fig. 5.4: Influence of ? on ?0(?)? K=M=Sr=0.5,b=N=Sc
=0.3,Df=k*=0.3,t=0.1,91=0.4,Pr=0.7 0.3 0.25

14N=0.0N=0.502N=10N=1.5

4'?7h?0.150.10.05001 23456 hFig. 5. 5: Influence of ? on

?20(7)?K=M=1=N=Sr=05,b=N=Sc=0.3,k*=t=0.2,g1=0.4,Pr=0.7 0.5 Df = 0.1 Df = 0.4 0.4 Df
=0.7Df=1.0

49q?h?0.30.20.1002468h
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Fig. 5.6: Influence of ?? on ?(?)? K=M=1=N=S8Sr=05,b=N=Sc=0.3,k*=t=0.2,g1=04,Pr=0.7 1
0.8Df=0.1Df=0406Df=0.7Df=1.0f?h?70.40.20024 6 8 hFig. 5.7: Influence of ?? on ?(?)? K=
M=1=N=Df=05b=N=Sc=0.3,k*=t=0.2,g1=04,Pr=0.704Sr=0.1Sr=04Sr=0.70.3 Sr =
1.0

Fig. 5.8: Influence of 2?2 on ?(?)? K=M=1=N=Df=0.5,b=N=Sc=0.3,k*=t=0.2,9g1=04,Pr=0.7 1
0.8Sr=0.1Sr=0406Sr=0.7Sr=1.0f?2h?70.40.20024 6 8 h Fig. 5.9: Influence of ?? on ?(?)? K=
M=1=N=Df=05,b=N=Sc=0.3,k*=Sr=0.2,g1=04,Pr=0.7108t=01t=0406t=0.7t=1.0
f?h? 0.40.2002 4 6 8 h Fig. 5.10: Influence of ? on ?(?)? Table 5.2 is prepared to analyze

—=?0(0) and —-?0(0) decrease by increasing Deborah number. Here —?0(0) increases by increasing Prandtl
and Biot numbers while reverse is the case of —70(0). Table 5.3 shows that local Nusselt -70(0) and
Sherwood numbers —?0(0) decrease with the increase in Hartman and Soret numbers.

1Values of local Nusselt-?0(0) and Sherwood numbers-?0(0) for different

values of the parameters

-?70(0) -?0(0) 0.00.20.40.20.50.00.20.40.50.3 1.0 0.6 0.24700 0.23486 0.18422 0.21393 0.22444
0.23200 0.61363 0.59297 0.51482 0.55535 0.57294 0.58714 0.2 0.2 0.0 0.3 0.5 0.19606 0.21647
0.22444 0.54490 0.56327 0.57295 0.2 0.2 0.5 0.0 0.3 0.5 0.21880 0.22446 0.22772 0.56592 0.57285
0.57750 0.2 0.2 0.5 0.3 1.0 0.22443 0.57291 1.5 0.24490 0.56585 2.0 0.25725 0.56080 0.2 0.2 0.5 0.3
1.0 0.2 0.10779 0.58240 0.5 0.20254 0.57481 0.7 0.24341 0.57118 Table 5.3:

1Values of local Nusselt-?0(0) and Sherwood numbers-?0(0) for different

values of the parameters

2?7?2777 % and ?when ? =7 =072?7?=07?5771=07?3?7??=1and ?=0767? ?? ??????x ? -7
0(0) -70(0) 0.2 0.4 0.5 0.2 0.3 0.5 0.26950 0.32824 0.5 0.22446 0.57285 0.7 0.19729 0.71482 0.5 0.2
0.22285 0.58265 0.5 0.22530 0.56786 0.7 0.22690 0.55779 0.5 0.4 0.2 0.27834 0.52746 0.5 0.22695
0.55765 0.7 0.18905 0.57984 0.5 0.4 0.5 0.4 0.22160 0.58610 0.7 0.21705 0.60820 1.0 0.21164 0.63434
0.50.40.50.20.50.20529 0.67118 0.7 0.18854 0.75605 1.0 0.16638 0.86737 0.50.4 0.5 0.2 0.3 0.6

0.22122 0.56859 0.8 0.21345 0.55880 1.0 0.20402 0.54895 5.4 Conclusions
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2MHD three-dimensional flow of viscoelastic fluid over a stretching surface is

analyzed in the presence of thermophoresis and

convective condition.

6Effects of chemical reaction and Soret and Dufour

are analyzed. The main observations are listed below. « Effects of mixed convection parameter ? and
buoyancy concentration parameter ? on

1the velocity profiles and momentum boundary layer thickness are similar. ¢
Effects of

?? and ?? on ?(?) and ?(?) are opposite. * Thermal boundary layer thickness and temperature field

increase when ?? increases. * Concentration ?(?) and associated

2boundary layer thickness are decreasing functions of thermophoretic

parameter

? ? « There are opposite effects of

1local Nusselt number and local Sherwood number when ?1? ? ?, 2?2, ?2?? ?2%? ?

and

?? increase. ¢ Qualitative effects of

1local Nusselt number and local Sherwood number are similar when ?, ?? ? and

? increase. Chapter 6

4Three-dimensional flow of Maxwell fluid over a stretching surface with heat

source and

convective conditions

11Heat and mass transfer effects in three-dimensional flow of Maxwell fluid over a
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stretching

sur- face are addressed in this chapter. Analysis has been performed in presence of internal heat
generation/absorption. Concentration and thermal buoyancy effects are accounted. Convec- tive boundary
conditions for heat and mass transfer analysis are explored. Series solutions of the resulting problems are
developed. Effects of mixed convection, internal heat genera- tion/ absorption parameter and Biot numbers

150n the dimensionless velocity, temperature and concentration distributions

are illustrated graphically.

7Numerical values of local Nusselt and Sherwood numbers are obtained and

analyzed for

3Governing problems Here we consider the steady three -dimensional flow of

an incompressible Maxwell fluid over a stretching surface

at ? = 0? The flow takes place in the domain ? ? 0? Heat and mass transfer characteristics are taken into
account

mixed convection. Convective heat and mass boundary conditions are considered. The ambient fluid
temperature and concentration are taken as ?« and ?« while the surface temperature and concentration
are maintained by convective heat and mass transfer at certain value ?? and ??? The governing partial
differential equations subject to boundary layer flow are ?? ?? ?? ?? ?? 2?7 =07 + + (6.1) ? ?2? ?? ?? ?2? ?

(22242720 +727??)=2272+ 2?7 = 20)?222??7?7 02?0 +?2?77+727=77727(6.2) (6.3) (6.4)
(6.5) In Egs. (671) - (6?5) the respective velocity components in the ?7-? ?- and ?-directions are denoted
by ?? ? and ?, ?1 shows the relaxation time, ?* is the electrical conductivity, ? is the density of fluid, ? is
the gravitational acceleration, ?? and ?? are the thermal and concentration expansion coefficients
respectively, ? is the fluid temperature, ? = (??7?)

15is the kinematic viscosity, ? is the dynamic viscosity of fluid, ?? is the specific

heat, ? is the
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thermal conductivity, ? is the uniform volumetric heat generation/absorption, ? is the concentration field
and ? is the mass diffusivity. The subjected boundary conditions are given by ? =?? =7??? ?=7??7? 7 =07
=27 =2?7-7),-?272?7?=?7%??-?)at?=0?7(6.6)? >0?7? 50?7 > ?0?? > ?0as? > ©?
(6.7) where ? is the heat transfer coefficient, ? is the concentration transfer coefficient and ? and ? are
constants and have dimension (???2?)-1? We now define ? = 22?20(?)? ?2=2220(?)? ?=- 22(?(?)+?(?))?
27?) =277 —=??000 2?2 =7 ??(?) = ??7-—770 ? ? ? (6.8) The above variables satisfy Eq. (6.1)
automatically while Eqgs. (6.2)-(6.7) are converted to the following forms: ?000 + (? + ?)?00 - ?02 + ?1[2(?
+?)?0?00 - (? + ?)2?000] + ?(? + ??) = 0? 2000 + (? + ?)?00 — 202 + ?1[2(? + ?)?0?00 - (? + ?)2?000] =
0?2?00 +?2?2(? +?2)?20+?%?=0?7200+??2(?+?2)?20=0?77?=0?77=0?7?20=1?2720=7,?20=-21(1 -7
(0))? ?20=-?2(1 -?(0))?at?=0??0—->0?77?0>0?? >0?? >0as? — »?(6.9) (6.10) (6.11) (6.12)
(6.13) (6.14) where ?1

1is the dimensionless Deborah number? ? is the local buoyancy parameter, ??? is

the local Grashof number, ? is the

the

2 =-?0(0)? (6.16) ?????1??2 = =?0(0)? (6.17) where ??? = ????? is the local Reynolds number. 6.2
Series solutions The initial approximations and auxiliary linear operators are required to develop homotopic
solutions. We select the following initial guesses and linear operators for the present flow analysis: ?0(?) =
1-2=-272720(?)=?1-2-?272720(?) = 211ex+p(?-1?)? ?20(?) = ?21ex+p(?-2?)? i ¢ ¢ L? = 7000 - ?0?
L? =?000 - ?20? L? =700 - ?? L? = ?00 — ?? with the following properties of the defined operators in Eq.
(6.19) i.e. L?(?1 + 227?27 + ?237-?) =07 L?(?4 + 75?7 + 767-?) = 0? L?(?77?7? + ?8?7-?) = 0? L?(?9?7 +?
10?-?) =07 (6.18) (6.19) (6.20) where ?? (? =1 - 10) are the

2arbitrary constants. The corresponding problems at the zeroth order

deformations are
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given in the following forms: (1 = ?) L? ?7°(?; ?) — ?0(?) = ?7~? N? ?°(?; ?)?

10?°(?; 2)? 2°(??2 ?2)? 2°(??2?) 2 (6.21) (1-?2) L? [?7(?; ?) — ?20(7?)] = ?~?N? ?2°(?;

2)? 2°(2; 2)? 2°(22 2)? 2°(??

2)?2hihi(8.22) (1-?)L?"2(?; ?) - 20(?) = 2~?N?

17272, 2)? 2°(2; 2)? "2(22 2)2 2°(22 2) 2 h i (1- ?) L? “2(2; ?) - 20(?) = 2~2N? ?

N2;2)2 2°(2; )2 "2(22 2)? "2(??

25hihihihi

(6.23) (6.24)

182°(0; ?) = 07 2°0(0; ?) = 1? 2°0(=0; ?) = 02 27(0; ?) = 02 2°0(0; ?) = 22 2°0(; ?) =
07 *20(0? ?) = —21[1 - 2(0? ?)]? 2°(=? ?) = 02 2°0( 02 ?) = —22[1 - 2°(0? ?)]? ?"(?

2)=0

(6.25) N?

9[?7(22 2)? 2°(22 2)?2 2?22 2)2 2 (22 2)] = 23 2°(22 ?) 22°(22 ?) 2273 - A 77 | +
(2(22 2) + 2°(22 7)) 22 2°(22 2) 2222 (2°(22 2) + 2°(22 ?)) +21 [1 22°(222) 72 ?
N2272) 22272 0 =(27(22 2) + 2°(22 2))2 23 22°(22 2272) +2[201(22 ?) + 21 2°(2?
27 1 0 (6.26) N2[?7(22 2)? 2°(22 2)2 2°(22 2)2 2°(22 2)] = 23 27(22 ?) 773 -
22°(2272) 2+ (2°(222) + 2°(22 2))72 (22 ) 1 22 1222 2 (27(22 ?) + 2°(22 ?)) +7
10122°(2272) 22 2°(222) 22 222 1 2 (6.27) [ =(2°(22 ?) + 2°(22 2))2 23 227(??
227) 0 0 O N?2[?7(22 2)? 2°(22 2)2 2°(22 2)2 2°(22 7)) = 22°22(2222 ?) +Pr (27(2?
2)+2°(22 2))2°2(2222 2) +?2% 2°(22 )7 (6.28) N 2[27(22 2)2 "2(22 2)? 2°(22 ?)2 ?

22 2)] =22 2(22 ?) + 22(?2°(22 ) + 2°(22 ?))27°(2?

?) ? (6.29) 222 22 Here ?

3is an embedding parameter, the non-zero auxiliary parameters are ~?? ~?, ~?

and ~? and the nonlinear operators
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are N?? N?, N? and N?. When ? =0 and ? =1 one has

12727(2;0) = 20(?)? ?7(220) = 20(?)? “2(220) = 20(?)? ?°(??0) = 20(?)? 27(?; 1) = ?

()2 ?2(??21)=2(?)? 72?2 1) =2(?)? 7°(??7 1) = ?20(?)?

(6.30) Clearly when ? is increased from 0 to 1 then ?(??7?)? ?(??7?), ?(???) and ?(???) vary from ?0(?)? ?
0(?)? ?0(?) and ?0(?) to ?(?)? ?(?)? ?(?)and ?(?)? By Taylor’s expansion we have ?(??7?)=?0(?)+?=1?7?
(?)?222 22(?)= 211 22222(?7?;?) ?=0 » ? (6.31) ?2(???)=20(?)+?=122(?)?2? ?2?2(?)= 21! 222?22(??;?) ?=0
0 ?(6.32) P ?(??7?)=720(?) ?2=P1?2?2(?)??? ?22(?)= 21! ?222?2?2(??;?) ? =0=?(6.33)P ?(??7?)=
?20(?) © ? (6.34) ?=122(?)??? ?22(?) =211 22?222(??;?) ?=0

3where the convergence of above sPeries strongly depends upon ~? ? ~?
~ ?and  ~?? Considering that ~?? ~?? ~? and ~? are selected properly so
that

Egs. (6731)-(6734) converge at ? = 1 then we have ?(?) = ?20(?) + ??(?)? « ?=1 P= ?(?) =?20(?) + ??(?)?
?=1 P ?2(?) = ?0(?) + ??2(?)? ?7=1 P~ ?2(?) = ?0(?) + ??(?)? ?=1 The general solutions can be expressed
below: P ??(?) = ?2?x(?) + 21 + 22?27 + ?23?7-?? ??2(?) = ?7%(?) + ?4 + ?5?? + 267-?? ??(?) = ?%x?(?) + ?
7?77 +287-?7? ??2(?) = ?x?(?) + 79?7 + 210?77 in which the ??%? ??x, ?*%? and ?x? indicate the
special solutions. (6.35) (6.36) (6.37) (6.38) (6.39) (6.40) (6.41) (6.42) 6.3 Convergence analysis and
discussion Clearly the homotopic series solutions (6735) — (6?738) depend on the auxiliary parameters ~? ?
~? ? ~? and ~? ? These parameters have important role in the convergence of series solutions. For this
purpose, the ~—curves are drawn at 157?7? order of approximations to determine the suitable ranges of
these auxiliary parameters. Fig. 6.1 shows that the acceptable values of ~? ? ~? ? ~? and ~? are -1?4 <
~? £-07207 =176 < ~? £ -0?40 and -1?50 < ~? ? ~? < -0730. Table 6.1 ensures the convergence of
homotopic

1series solutions in the whole region of ? when ~? =~? =~? =~? ==0? 5?2 f"?

0?, g "?0?,

q'?0?,f?0? 0.5b1=b=b*=g1=92=0.2,1=N=0.5, Pr=Sc=0.7 g"(0) f(0) 0.0 -05. q'(0) f*(0) -10. -15.
-10. -0.5 0.0 hf,hg,hq,hf Fig. 6.1: ~—curves for the functions ?? ?, ? and ?? Table 6

2.1: Convergence of series solutions for different order of approximations

when

?2=M=?%=072?7?2=?=?=0?73?771=07?5?77??7=1?20?7?7?=1?2and ~? = ~? =~? =~? = -075?
order of approximations —?00(0) —?00(0) -?0(0) -?0(0) 1 1.018 0.1497 0.3133 0.2228 5 1.029 0.06217
0.2782 0.2095 10 1.028 0.03940 0.2703 0.2067 15 1.029 0.03866 0.2702 0.2066 20 1.029 0.03982

0.2705 0.2066 25 1.029 0.03993 0.2705 0.2066 30 1.029 0.03993 0.2705 0.2066 Figs. 6.2-6.7 show the
effects of Deborah number ?17? mixed convection parameter ?? con- centration buoyancy parameter ? and
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internal heat source/sink parameter ?* on the velocity profiles ?0(?) and ?0(?)? Figs. 6.2 and 6.3 are
drawn to see the behavior of Deborah number ?1 on the velocity profiles ?0(?) and ?0(?)? It is found that
both the velocity profiles ?0(?) and ?0(?) decrease with an enhancement in ?1? It is also examined from
these Figs. that associ- ated boundary layer thicknesses are decreasing functions of ?1? This is due to
the fact that 7?1 depends on relaxation time. Larger relaxation time offers more resistance to the flow due to
which the velocities are decreased. Figs. 6.4 and 6.5 are displayed to see the impact of mixed convection
parameter ? on the velocity profiles ?0(?) and ?0(?)? It is seen that both the velocity profiles ?0(?) and ?
0(?) increase with an enhancement in ?? Also momentum boundary layer thicknesses are increased with
an increase in ?? In fact an increase in ? enhances the buoyancy forces which are more dominant to
viscous forces. Variations of concentration buoyancy para- meter ? on the velocity profiles ?0(?) and ?0(?)
are displayed in the Figs. 6.6 and 6.7. Similar behavior of ? is noted on the velocity profiles ?0(?) and ?
0(?)? Figs. 6.8 and 6.9 are plotted to see the variations of internal heat source/sink parameter ?* and
heat transfer

13thermal boundary layer thickness and temperature ?(?) are increasing

functions of

internal heat source parameter ?* ? 0 and decreasing functions of internal heat sink ?* ? 0? With an
increase in heat transfer Biot number ?1? both the thermal boundary layer thickness and temperature ?(?)
are enhanced (see Fig. 6.9). The reason is that as ?1 depends on heat transfer coefficient ? which leads
to an increase in temperature ?(?)? Figs. 6.10 is displayed to analyze the behavior of concentration ?(?)
for different values of mass transfer Biot number ?2. It is observed that as ?2 increases the associated
boundary layer thickness and concentration profile ?(?) grow. As mass transfer Biot number ?2 depends
on mass transfer coefficient ?* so with an enhancement in ?2 the mass transfer coefficient increases
which leads to an increase in concentration profile ?(?)? Impacts of mixed convection parameter ??
concentration buoyancy parameter ?? Deborah number ?1 and internal heat source/sink parameter ?* on
the local Nusselt number (-?0(0)) are displayed in the Figs. 6.11 and 6.12. It is found that local Nusselt
number (-?0(0)) enhances with an increase in ? and ? (see Fig.6.11). Local Nusselt number (-?0(0))
reduces with internal heat source parameter ?* ? 0 while it increases with internal heat sink parameter ?x
? 0 (see Fig. 6.12). It is also noticed from Fig. 6.12 that local Nusselt number (-?0(0)) decreases with an
increase in ?17? Figs. 6.13 and 6.14 are sketched to see the variations of mixed convection parameter ??
concentration buoyancy parameter ?? Deborah number ?1 and internal heat source/sink pa- rameter ?
on the Sherwood number (-?0(0)). Fig. 6.13 shows that the Sherwood number (-?0(0)) increases with an
increase in ? and ?. Fig. 6.14 indicates that the Sherwood number (-?0(0)) increases by increasing
internal heat source ?x ? 0 while reverse effect is examined with an increase in Deborah number ?1? f?h?
1.008b=b*=9g1=92=0.2,I=N=0.5,Pr=Sc=0.70.60.4b1=0.0,0.3,06,10020123456h
Fig. 6.2: Variation of ?1 on ?0(?)? g'"?h? 0.20b=b*=g1=9g2=0.2,1=N=0.5,Pr=Sc=0.7 0.150.10 b1
=0.0,0.3,0.6,1.00.05123 456 h Fig. 6.3: Variation of 7?1 on ?0(?)? f'?h?1.00.8b1=b=b*=g1 =
9g2=0.2,N=05,Pr=Sc=0.706041=0.0,0.5,1.0,150.201234 56 h Fig. 6.4: Variation of ? on ?
0(?)? g'?h?0.20b1=b=b*=g1=92=0.2,N=0.5,Pr=Sc=0.70.150.101=0.0,0.5,1.0,1.50.05 1 2
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34 56 h Fig. 6.5: Variation of ? on ?0(?)? f'?h? 1.00.8b1=b=b*=g1=9g2=0.2,1=0.5,Pr=Sc=0.7
0.604N=0.0,15,3.0,450.20123456 hFig. 6.6: Variation of ? on ?0(?)? g'?h? 0.20b1 =b =b* =
g1=92=0.2,1=0.5,Pr=8Sc=0.70.15N=0.0,1.5,3.0,4.50.100.051 2 34 5 6 h Fig. 6.7: Variation of
?20n?0(?)?q?h?0.20b=b1=9g1=9g2=0.2,1=N=0.5,Pr=Sc=0.70.150.10 b*=-0.4, -0.2, 0.0, 0.2,
0.40.05123456 h Fig. 6.8: Variation of ?x on ?(?)? q?h? 0.350.30 b=b1=b*=9g2=0.2,1=N=0.5,
Pr=Sc=0.70.250.200.159g1=0.1,0.2,0.3,0.4 0.10 0.051 2 34 5 6 h Fig. 6.9: Variation of ?1 on ?
(”)?f?h?0.350.30b=b1=b*=g1=0.2,1=N=0.5,Pr=Sc=0.70.250.200.15g2=0.1,0.2,0.3,0.4
0.100.051 2 3 4 56 h Fig. 6.10: Variation of ?2 on ?(?)? -q'?0?7 0.330.32 b1 =b*=g1=0.2,92=0.3, Pr
=Sc=0.70.31N=0.0,0.5,1.0,1.50.300.290.281234 56 7| Fig. 6.11: Variations of ? and ? on -?
0(0)? -q'?0? 0.32 b*=0.2, 0.1,0.0,-0.1,-0.2 0.310.300.290.281=N=0.5,91=0.2,9g2=0.3, Pr=Sc =
0.7 12 3 4 b1 Fig. 6.12: Variations of ?* and ?1 on -?0(0)? -f?0? 0.295 b1 =b*=9g1=0.2,g2=0.3, Pr=
Sc=0.70.290 0.285 N=0.0,0.5,1.0,1.50.280 0.2751 23 4 56 7 | Fig. 6.13: Variations of ? and ? on -7
0(0)? ??'?0? 0.2748 1=N=0.5,9g1=0.2,92=0.3, Pr=Sc =0.7 0.2746 0.2744 0.2742 0.2740 0.2738 b1
=0.1,0.2,0.3,0.4 0.2736 *1 2 3 4 b Fig. 6.14: Variations of ?1 and ?* on -?0(0)? 6.3.1 Conclusions
Three-dimensional mixed

conditions for both heat and mass transfer are considered. The main observations are mentioned below. *

Variations of mixed convection parameter ? and concentration buoyancy parameter ? enhance the velocity
profiles and associated boundary layer thicknesses. * Velocity profiles and temperature increase in case of
internal heat source ?x ? 0 while these reduce for heat sink ?x ? 0? « Heat transfer Biot number ?1

tem- perature. Also concentration and its associated boundary layer are enhanced with an increase in
mass transfer Biot number ?2? « The

7local Nusselt and Sherwood numbers have quite similar behaviors for increasing

values of

mixed convection parameter ?? concentration buoyancy parameter ? and Deborah number ?1. « Larger
values of heat sink parameter ?* ? 0 give rise to the local Nusselt number (-?0(0))? However Sherwood
number (-?0(0)) enhances with an increase in heat source ?* ? 0? Chapter 7 Soret and Dufour effects in
three-dimensional

https://mww.turnitin.com/newreport_printview.asp?eq=1&eb=1&esm=3&0id=437813038&sid=0&n=0&m=0&swr=9&r=97.82056855037808&lang=en_us 65/97


javascript:openDSC(105151, 14, '1715');
javascript:openDSC(47692527, 37, '11241');
javascript:openDSC(74245266, 4, '21360');
javascript:openDSC(105153, 14, '4452');
javascript:openDSC(47692527, 37, '10762');

7/3/2014 Turnitin Originality Report

This chapter addresses the

11heat and mass transfer effects in three-dimensional flow of Maxwell fluid over a

stretching

the

energy and concentration are considered. Convergent series solutions to the resulting nonlinear problems
are developed. Plots of physical quantities of interest are analyzed. 7.1 Problems formulation

3We consider the steady three -dimensional flow of an incompressible Maxwell

fluid induced by a stretching surface

at ? = 0? The flow takes place in the domain ? ? 0? The ambient fluid temperature is taken as ?« while the
surface temperature is maintained by convective heat transfer. Soret and Dufour effects in presence of
mixed convection flow are taken into account. In addition the effect of first order chemical reaction in mass
transfer is taken under consideration. Flow diagram is as follows: Fig. 7.1: Geometry of the problem The
governing boundary layer equations for three-dimensional flow of Maxwell fluid can be written as ?? ?7? ??

P+ +2qu??q 1 ?22?22?272°202°20M 22?7+ 227+ 2 =022 ?2?7 7?72 - M(? - ?0)? +(7.2) (7.3)
(7.4) (7.5) In Egs. (7?1) — (7?5) the respective velocity components in the ?-? ?— and ?-directions are
denoted by ?? ? and ?, ?1 shows the relaxation time, ? the fluid temperature, ? the thermal diffusivity of
fluid, ? = (??7?) the kinematic viscosity, ? the dynamic viscosity of fluid, ? the concentration field, ?? the
mass diffusivity, ?? the thermal diffusion ratio, C? the specific heat, C? the concentration susceptibility and
? the density of fluid. The boundary conditions appropriate to flow under consideration are given by ? = ??
=???°=2??7?2=0?-?2?7?=2??-7),?=?at?=0?7??(76)? 50?7?5077 > ?x?? > ?0as?
— 7? (7.7) where ?* indicates the thermal conductivity of fluid, ?? is the hot fluid temperature, ?« the
ambient concentration and ? and ? have dimension inverse of time. We now define ? = ??70(?)? ?=7?77
0(?)? 2== 22(2(?)+2(?))? N 2(?) = 222 =220 2 2=22r 22 2(?) = ?2? - 2= ? — 2 ? (7.8) Now the use
of above variables satisfy Eq. (7.1) automatically while Eqs. (7.2)-(7.7) are reduced as follows: 7000 + (? +
?)?00 - ?02 + ?1[2(? + ?)?07?00 - (? + ?)2?000] + ?(? + ??) =07 ?000 + (? + ?)?00 — 202 + ?1[2(? + ?)7?
0?00 — (? + ?)2?000]1 = 0? 200 + ??(? + ?)?0 + Pr???00 + Pr(?1?002 + ?27002) = 0? ?00 + ??(? + ?)?0 -
???%?+?2?7?7?7?700=0?7?=0?77=0?77?20=1?7?0=?,?720=-21(1-7?(0))??=1at?=0?70 - 0? 70 —
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0?? —0??—0as? — «?(7.9) (7.10) (7.11) (7.12) (7.13) (7.14) 21 = 21?2 ?2=?R?e?2?? 227=727(???

(7.15) ?222?2?2227? ((???7-=-2200)?)? 2?2 = ?2?????7 ((????7——720))?2?1 = ?2?(??7?27-2?x)??2 = ?2?(??727
—-27«=) Here ?1 is the Deborah number, ? the mixed convection parameter, ??? the local Grashof number,
? the concentration buoyancy parameter, ? ? the Prandtl number, ?? the Dufour number, ?? the Soret
number, ?1 and ?2 the Eckert numbers along the ? and ? directions respectively, ?? the Schmidt number,
?* the chemical reaction parameter, ? the ratio of rates parameters and ?1 the Biot number. All
parameters are defined in a sequence in which they are written and prime shows the differentiation with

respect to ?. Local Nusselt (dimensionless temperature gradient at the surface) and local Sherwood (di-

7.2 Homotopy analysis solutions The initial approximations and auxiliary linear operators required for
homotopy analysis solu- tions are presented belowi.e. ?70(?)=1-7?-??7?0(?)=2?1-?-?22?20(?)="7
11ex+p(?-17?) ? ?20(?) = exp(-?) (7.18) j ¢ j ¢ L? = 72000 — ?0? L? = 2000 - ?0? L? =?00 - ?? L? =700 -
?? (7.19) with the following properties of the defined operators in Eq. (7.18) i.e. L?(?1 + 7277 + ?37-7) =
0? L?(?4 + 75?7 + ?267-7?) = 0? L?(?77?? + ?787-7?) = 0? L?(?9?? + ?10?-?) = 0 (7.20) where ?? (? =1 -
10) indicate the

given in the following forms: (1 —?) L? ?7(?; ?) —?20(?) = ?2~? N? ?2°(?; 7)? ?°(?; ?) ? (7.21) hihi(1 - ?) L?
[?°(?; 7) = ?20(?)] = ?2~?N? ?2°(?; 7)? 2°(?; ?) ? (7.22) (1 = ?) L? "2(?; ?) — ?0(?) = ?7~?N?

182°(0; ?) = 02 2°0(0; ?) = 12 2°0(; ?) = 02 27(0; ?) = 02 2°0(0; ?) = 22 2°0(=; ?) =
07 2°0(0? ?) = -21[1 - 2(0? 2)]? “2(=? ?) = 02 2°(0? ?) = 12 27(? ?) = 0 (7.25) N?

[2°(22 ?)? ?°(??

9?[27(22 ?)? 2°(22 2)] = ?2327(22 ) 22°(22 2) 2 223 - A 22 | + (27(22 ?) + ?°(??
?2)) 222°(22 2) 222 +2 1 1 2 (2°(22 ) + 2°(22 ?)) 22°2(2227) 72 227(22 22?) (2
(22 2)+ 2°(222))2 723 227(22277) 1 +2 (22 2) + 2 2°(222) 7 (1 (7.26) % 23°?
(222) 22722 2) 2+ (2°(22 2) + 2°(22 2))72 2°(22 ?) 223 - 22 222 +2 2 (2°(22 ?)
+ 2722 2))22°2(2222) 22 22°(22 222) p 10 =(2°(22 ?) + 2°(22 7))2 23 22°(2?
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279) 01?2 (7.27) 0 [

32N?[?7(?2 2)2 2°(22 2)2 2°(22 2)? 27 (22 )| =N ?[?7(22 2)? 2°(22 2)? (2?2 ?)?

(22 2)] = 22°2(22 2) + Pr (?°(?2 ?) + 2°(??

?))

172°2(22 ?) 222727 + Pr 22 22222 2°(22 ?) 2+ Pr = +22% 22 227°(22227) 2 2 71

22 22°(222272)0 12 1111 22°9(22 2) + 22(2°(22 ?) + 27(22 ?)) 227(22 ?) 2722

27 =222%72°(22 ?) + 2222 22°2(22 ?) ? 222 (7.28) (7.29) Here ?

4is an embedding parameter, ~?? ~?, ~? and ~? are the non-zero auxiliary
parameters and N?? N?, N? and N? indicate the nonlinear operators. When ? =0

and ? = 1 one has

1227(2;0) = 20(?)? “2(??0) = 20(?)? 27(220) = 20(?) 2°(?; 1) = 2(?)? "2(?? 1) = ?

(?)? 2°(22 1) = 20(?)

? (7.30) Clearly when ? is increased from 0 to 1 then ?(??7?)? ?(??7?), ?(??7?) and ?(??7?) vary from ?0(?)?
?0(?)? ?0(?) and ?0(?) to ?(?)? ?(?)? ?(?)and ?(?)? By Taylor’'s expansion we have ?(???)=?0(?)+?=1?7?
(?)?2272 22(?)= 211 22222(?7?;?) ?=0 » ? (7.31) ?2(???)=20(?)+?=122(?)?2? ?2?2(?)= 21! 22222(??;?) ?=0
T w0 ?(7.32) P ?=P122(?)?2? ?22(?)= 211 222?22(??,?) ? =0« ?(??7?)=7?0(?)? (7.33)P ?(??7?)=
?20(?) = ? (7.34) ?2=122(?)?2?? ?22(?) =211 22222(??;?)  ?=0

3where the convergence of above sPeries strongly depends upon ~? ? ~?
~ ?and  ~?? Considering that ~?? ~?? ~? and ~? are selected properly so
that

Eqgs. (7?731)-(7?34) converge at ? = 1 then we can write ?(?) = ?20(?) + ??(?)? « (7.35) ?7=1 ?(?) = ?0(?) +
P ?2?2(?)? (7.36) ?7=1 ?2(?) = ?0(?) + ??(?)? (7.37) P» ?=12(?) = ?0(?) + ??(?)? ?=1 (7.38) P~ P The
resulting problems at mth order deformation can be constructed as follows: L?[??(?) — ???7?-1(?)] = ~?R??
(?)? (7.39) L?[??(?) — ??2??-1(?)] = ~?R??(?)? (7.40) L?[??(?) — ????-1(?)] = ~?R??2(?)? (7.41) L?[??(?)
= ?2??7?7-1(?7)] = ~?R??(?)? (7.42) ??(0) = ??0(0) = ??0(~) = 0? ??(0) = ?0?(0) = ??0() = 0? ?0?(0) - ?
1??(0) = ??(») =0? ??(0) = ??() = 07? (7.43) ?-1 ?—-1 R??(?) = ?2?2000-1(?) — ??0-1-??7?0 + (??7-1-2?7
00 + ??7-1-??7?00) ?=0 ?=0 +?1 ?2-1 ? P 2(??7-1-? + ?7-1-?)??0-??700 — (??7-1-??7?-7 + ?2?7-1-???-? +
2??-1-?7?7-?)??000 P ?=0 ?=0 +? ?P?-1P+;? ??-1 ? (7.44¢) ; ¢ R??(?) = ??000-1(?) - ?0?-1-?70? +
(??7-1-7?720?0 + ??7-1-??070) ?-1 ?-1 ?=0 ?=0 +?1 ?-1 ? P [2(??-1-? + ?7-1-?)??0-??07?0 P ?=0 ?=0 -
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(2?P-1-P?2?-7? + 22-1-227-7 + 227-1-727-7)20?00]? (7.45) R??(?) = 20?0-1 + ? ? (20?-1-22? + ?20?
-1-???) + Pr?? ??-17?-100 ?=0 ?-1 + Pr ?1 ?7-P1 ??00-1-7??700 + 7?2 ??00-1-???00 ? y?=0?=0 P P

01?7 ? ? 1? Solving the above mth order deformation problems we have [1 ??(?) = ??7%(?) + 21 + ?2??7 +?
3?7?22 ?22(7) = ??7%(?) + 24 + ?257? + 26722 ?°(?) = ?x2(?) + 27?7 + 78?20 (?) = k(7)) + 79?77 + 2
10?-?7? in which the ??x? ??x, ?%x? and ?*? indicate the special solutions. (7.46) (7.47) (7.48) (7.49)
(7.50) (7.51) (7.52) 7.3 Analysis and discussion Obviously the homotopic solutions (7?35) - (7738) involve
the auxiliary parameters ~?? ~? ~? and ~?. These parameters have pivotal role in adjusting and controlling
the convergence of homotopic solutions. Hence the ~—curves are displayed at 18?77 order of
approximations in order to determine the suitable ranges of ~?? ~? ~? and ~?. Fig. 7.2 witness that the
admissible values of ~?? ~? ~? and ~? here are —1?25 < ~? £ -0750? -1?25 < ~? £ -0750, -1?740 < ~? <
-0725 and -1?20 < ~? < -07?757 Table 7.1 ensures that the developed

?21=072?77=073?7??=170? 7?7 =07?47 7?7 =0757? ??=07?5? ?x =07?3? ?1 =076 and ~? =~? = ~? = ~7?
= —1707? order of approximations 1 510 15 20 25 30 35 -7 00 (0) 1.1215 1.1323 1.1323 1.1323 1.1323
1.1323 1.1323 1.1323 -?00 (0) 0.25735 0.25958 0.25951 0.25951 0.25951 0.25951 0.25951 0.25951 -7
0(0) 0.24141 0.22468 0.22127 0.22061 0.22045 0.22041 0.22040 0.22040 -?0 (0) 0.64583 0.56841
0.55948 0.55838 0.55820 0.55817 0.55816 0.55816 b1 =0.4,1=N=0.1,E1 =E2=k*=Sr=0.3, g1 =0.6,
b=Df=0.5 Pr=1.0,Sc=0.70.50f'?0? g"?0? q'?70?

7.4 depict the behaviors of mixed convection parameter ? and concentration buoyancy parameter ? on the
velocity profile ?0(?)? Fig. 773 is drawn to see the effect of mixed convection parameter ? on velocity
profile ?0(?)? It is noticed that momentum boundary layer thickness and velocity profile ?0(?) increase with
an increase in mixed convection parameter in case of assisting flow (? ? 0) while reverse effect is noted in
case of opposing flow (? ? 0)? This is due to the fact that buoyancy forces are more dominant to viscous
forces in case of assisting flow (? ? 0) while buoyancy forces reduce for opposing flow (? ? 0). Effect of
concentration buoyancy parameter ? on the velocity profile ?0(?) is analyzed in Fig. 7?47 It is seen that
both the momentum boundary layer thickness and velocity profile ?0(?) are increasing functions of
concentration buoyancy parameter ? . f'?h? 1 0.8 0.6 0.41=-0.3,0.0,0.3,0.60.2123456 h Fig. 7.3:
Influence of ? on ?0(?) when ? =?1=7?2=07?3 and ?1 =0?5?f'?h? 10.80.6 0.4 N=0.0,0.5,1.0,1.50.2
123456 h Fig. 7.4: Influence of ? on ?0(?) when ? =7 =71 =72=073 and ?1 = 0757 Figs. 7.5-779
examine the variation of Dufour number ??, Eckert numbers E1 and E2? mixed convection parameter ?
and concentration buoyancy parameter ? on the temperature ?(?)? Effect of Dufour number ?? on
temperature profile ?(?) is presented in Fig. 7.5. As Dufour effect pointed out the generation of energy flux
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by composition gradient, then the thermal boundary layer thickness and temperature ?(?) increase with an
increase in ??. Figs. 7.6 and 7.7 illustrate the effect of Eckert numbers ?1 and ?2 on the temperature ?(?)
along the ? and ? directions respectively? As the Eckert number expresses the relationship between the
kinetic energy in the flow and the enthalpy. It embodies the conversion of kinetic energy into internal
energy by work done against the viscous fluid stresses. Greater viscous dissipative heat causes a rise

and temperature ?(?) decrease in case of assisting flow (? ? 0) while increase in case of opposing flow (?
? 0)? This is due to the fact that in case of assisting flow (? ? 0) the buoyancy forces are more dominant to
viscous forces which causes a reduction in the temperature ?(?) while in case of opposing flow (? ? 0) the
viscous forces are more dominant than buoyancy forces which in results enhances the temperature ?(?)?
Influence of concentration buoyancy parameter ? on the temperature ?(?) is seen in Fig. 7.9. It is found
that the associated boundary layer and temperature ?(?) is decreasing function of ?. q?h? 0.50.4 0.3 0.2
Df=0.1,0.3,0.7,1.00.1 1234 56 h Fig. 7.5: Influence of ?? on ?(?) when ?1 =?x =0?577?7? =77 =
0?56?=?1=72=72=7?2=7??7=0?73and 71 =07?47q?h?0.5040.30.2E1=0.0,0.3,0.6,090.11234
56 h Fig. 7.6: Influence of 71 on ?(?) when ?1 =?% =0?5?7?7?=72??=07?5,?7=??7=72=?=7?=7??7=073
and ?1=0747q?h? 0.4 0.30.2E2=0.0,0.3,0.6,0.90.1123456 hFig. 7.7: Influence of ?2 on ?(?)
when ?1=?%=0?5?7?7?2=??7=07?57?=??=?1=?7=7?=2??=07?3and ?1 =07?47 q?h? 0.350.3 0.250.2
0.151=-0.5,0.0,0.5,1.00.10.05123 4 56 h Fig. 7.8: Influence of ? on ?(?) when ?1 =?%x =0?5? 7?7 =
??=0?57?7=?1=72=7=?=??7=073and ?1 =0747 q?h? 0.350.30.250.20.15N=0.0,0.3, 0.6, 0.9
0.10.05123456 hFig.7.9: Influence of ? on ?(?) when 21 =?2x =0?5?7?7?=??=0?57??=71=7?2="7
=?=7?=073and ?1 =07?4? Figs. 7.10-7.13 are sketched to see the effects of Soret number ?7?
generative/destructive chemical reaction ?*? mixed convection parameter ? and concentration buoyancy
parameter ? on concentration profile ?(?)? Fig. 7.10 depicts the influence of Soret number ?? on concen-
tration profile ?(?)? As in Soret effect the temperature gradient causes the mass flux which in turn
enhances the concentration profile ?(?) and associated boundary layer thickness. Effect of
destructive/generative chemical reaction ?* on the concentration profile ?(?) is analyzed in Fig. 11. It is
found that in case of generative chemical reaction (?* ? 0) the reduction in ?(?) is noted while reverse is
in case of destructive chemical reaction (?x ? 0). Figs. 7.12 and 7.13 are presented to see the effects of
mixed convection parameter ? and concentration buoyancy parameter ? on the concentration profile ?(?)?
These Figs. show that ?(?) reduces with the increase in ? and ?. Also the associated boundary layer
thickness are decreasing functions of 7 and ? . f?h? 1 0.8 0.6 0.4 0.2 Sr=0.1,0.3,0.5,0.7123456 h
Fig. 7.10: Influence of ?? on ?(?) when 21 =?% =0?5? Pr=0?5??21=0?4???=?21=72=7?=?=2?=7?
=073?f?h?10.80.6 0.4 k*=-0.5,0.0,0.5,1.00.212 3456 h Fig. 7.11: Influence of ?* on ?(?) when ?
1=0?5?7?72=??=0?5?77?7=1=22=?=?=72=7??=0?3and ?1=074?f?h?10.80.60.41=-0.5,
0.0,0.5,1.00.2123456 h Fig. 7.12: Influence of ? on ?(?) when ?1 =?% =0?5???=??=075? 7?7 =
?271=722=?=?=7?7=073and ?1=0747?f?h?10.80.6 0.4N=0.0,0.3,0.6,0.90.2123456 h Fig.
7.13: Influence of 2 on ?2(?) when ?1 =?% =0?5???2=??2=07?5?7??=?1=72=7?=7?=7??7=073and 1
= 0747 Table 7.1 presents the convergence of homotpic solutions. It is noted that computations are
sufficient for 15?7 order iterations of velocity and 35?7 order iterations of the temperature and
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concentration profiles for convergent series solutions. Tables 7.2 and 7.3 are prepared to analyze

—-?0(0) and -?0(0) decrease by increasing Deborah number, mixed convection parameter and
concentration buoyancy parameter. Here —?0(0) increases by increasing Prandtl number and Biot number
while reverse is the case of —?0(0)? It is also found that —?0(0) decreases by increasing Eckert numbers
while opposite behavior of —=?0(0)? Table 7.4 presents the comparison of —?00(0) and —?00(0) for various
values of ? in the limiting sense with ref. [13]. Table 7.5 ensures

1Values of local Nusselt-?0(0) and Sherwood numbers-?0(0) for the different

values of the parameters

21?2?27 %2 ??and 21 when ?=7=7?1=72=073.717? 77?7?1727 7?77?77 ?7% =-?0(0) -?0(0)
0.00.20.70.40.50.40.50.30.16023 0.56411 0.2 0.15399 0.55548 0.4 0.14858 0.54795 0.2 0.0
0.14266 0.53103 0.2 0.15399 0.55548 0.4 0.16269 0.57666 0.2 0.2 0.4 0.13249 0.55814 0.8 0.16009
0.55462 1.2 0.17597 0.55212 0.2 0.2 0.7 0.2 0.098922 0.56163 0.4 0.15319 0.55548 0.6 0.18962
0.55150 0.2 0.2 0.7 0.4 0.0 0.20797 0.11228 0.5 0.15399 0.55548 1.0 0.11405 0.85681 0.2 0.2 0.7 0.4
0.50.00.15406 0.56553 0.5 0.15457 0.55288 1.0 0.15565 0.53984 0.2 0.2 0.7 0.4 0.5 0.5 0.2 0.19480
0.54212 0.5 0.15469 0.55287 1.0 0.084902 0.57214 0.2 0.2 0.7 0.4 0.5 0.50.50.0 0.18113 0.35157 0.3
0.15469 0.55212 0.5 0.14153 0.65090 Table 7.3:

1Values of local Nusselt-?0(0) and Sherwood numbers-?0(0) for the different

values of the parameters

?2?77???21and ?2when ?1=7?=072?7??=7?7=075,7??=?1=074??7=07?7 and ?* =073.7-0.3 0.0
0.30.370.30.00.30.6710.3720.3-7?0(0)0.0091701 0.091253 0.12419 0.11837 0.12444 0.12978 -7?
0(0) 0.71369 0.73788 0.75068 0.74820 0.75042 0.75260 0.3 0.3 0.0 0.1 0.2 0.18952 0.16745 0.14557
0.73121 0.73772 0.74431 0.3 0.3 0.3 0.0 0.1 0.2 0.14414 0.13777 0.13110 0.74474 0.74657 0.74854
Table 7.4: Values of —700(0) and —?00(0) with ? when ?1 =? =? = 0 with HPM (Ariel [13]) and exact
solution (Ariel [13]). ? —=700(0) —?00(0) HAM HPM[13] Exact[13] HAM HPM[13] Exact[13]0.011100 0 0.1
1.020260 1.017027 1.020260 0.066847 0.073099 0.066847 0.2 1.039495 1.034587 1.039495 0.148737
0.158231 0.148737 0.3 1.057955 1.052470 1.057955 0.243360 0.254347 0.243360 0.4 1.075788
1.070529 1.075788 0.349208 0.360599 0.349209 0.5 1.093095 1.088662 1.093095 0.465205 0.476290
0.465205 0.6 1.109946 1.106797 1.109947 0.590528 0.600833 0.590529 0.7 1.126397 1.124882
1.126398 0.724532 0.733730 0.724532 0.8 1.142488 1.142879 1.142489 0.866682 0.874551 0.866683
0.9 1.158254 1.160762 1.158254 1.016539 1.022922 1.016539 1.0 1.173720 1.178511 1.173721
1.173720 1.178511 1.173721 Table 7.5:
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3Values of local Nusselt number-70(0) for different values

of ?%x?? and Prin a limiting sense when ? =?=7?1=7°?2=??7=7??7=7?%=0?0and ?1 =0767 ?1 ? Pr
Present Results Hayat et al [39] —=70(0) —-?0(0) 0.0 0.5 1.0 0.330404 0.33040 0.3 0.321661 0.32160 0.8
0.308651 0.30799 1.2 0.299526 0.29873 0.4 0.0 0.287813 0.28908 0.4 0.316638 0.31664 0.7 0.330168
0.33017 1.0 0.340702 0.34070 0.4 0.5 0.7 0.282787 0.28279 1.2 0.340424 0.34042 1.6 0.368405
0.36840 2.0 0.388869 0.38887 7.4 Conclusions Three dimensional

2mixed convection flow of Maxwell fluid over a stretching surface with

convec- tive condition is investigated. Effects of chemical reaction and Soret and Dufour are analyzed. The
main observations are listed below. « Momentum boundary layer thickness and velocity profile ?0(?)
increase with the increase in ? and ?. « Concentration profile ?(?) is decreasing function of generative
chemical reaction parame- ter (?* ? 0) while increasing function of destructive chemical reaction (?* ? 0)
and Soret number ?7?. ¢ Influences of ? and ? on ?(?) and ?(?) are qualitatively similar. « Thermal boundary
layer thickness and temperature field increase when ?7? increases. * There are opposite effects of

1local Nusselt number and local Sherwood number when ??, ??? E1 and

E2 increase. ¢ Local Nusselt and Sherwood numbers increase when ?x, ?? and ?? are enhanced. * Effects

7of local Nusselt number and local Sherwood number for Pr, ??? ? and ? are

similar. Chapter 8 Radiative mixed convection

2flow of an Oldroyd-B fluid by an inclined stretching surface

Mixed convection

2flow of an Oldroyd-B fluid

in the presence of thermal radiation is investigated in this chapter. Flow is induced by an inclined
stretching surface. The

2boundary layer equations of an Oldroyd-B fluid

1in the presence of heat transfer are
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used. Appropriate transformations reduce the

2partial differential equations into the ordinary differential equations.

Computational analysis is performed for the convergent series solutions. The

4values of local Nusselt number are

numerically analyzed. Effects of various parameters involved in the velocity and temperature are
discussed. 8.1 Mathematical analysis Consider the steady two-dimensional mixed convection

2flow of an incompressible Oldroyd-B fluid by an inclined stretching surface. The

heat transfer is

considered

using Rosseland approximation. Here

3?-axis is taken along the stretching surface and ?-axis normal to the ?-axis.

2Conservation laws of mass, linear momentum and energy

in absence of viscous dissipation give ?? ?? ?? ?? =07 +(8.1) ? ?7??? +? ???? =2 772772 -1 7277

= ?0)cos ??(8.2)?——-,??? 2 =227 4777?77 ?? uyu16?3??7??3 +? 2?7?27 ? (8.3) u N I I where ?
and ?

1are the velocity components in the ?- and ?-directions,

?1 and ?2 are the relaxation and retardation times, respectively, ? = (??7?)

1is the kinematic viscosity, ?? is the Stefan-Boltzmann constant, ? is the fluid

temperature, ? is the fluid density, ? is the gravita- tional acceleration, ?? is

thermal expansion coefficient of temperature, ?? is the specific heat, ?? is the mean absorption coefficient
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and ? is the thermal conductivity. The appropriate boundary conditions are taken as follows: ? = ??? ? =
0?7?2=72?at?=0?7? - 0?? — ?x as ? — « with the surface temperature ?? by ??(?? ?) = 2~ + 7?7
where ? and ? are the positive constants. If ? is the stream function then defining 2 =2 Vr ? 2?2 2 = 22??
(7)?22(?)=??7-20?=-207272=7?,?7==-77777?77(8.4) (8.5) (8.6) (8.7) (8.8) the incompressibility
condition is clearly satisfied and the resulting problems for ? and ? satisfy the following equations ? 000 +
??200-7?02+7?1(2? 7?0?00 -7 27000)-?2(? 002 -??0000)+7??cos?=07(8.9)1+47 700 + Pr
??0-7?0?=0?7(8.10) u 39 ?(0) =0? ?20(0) =1? ?20(>) — 0? ?2(0) =1? ?(«) —» 0? j ¢ (8.11) In the above
expressions ?1 and ?2 are the Deborah numbers, ? is mixed convection parameter, ??? is the local
Grashof number, ??? is the Reynold number,

where ??77?7? and ???? are the coefficients. Initial guesses ?0 and ?0 and auxiliary linear operators ~? and
~? are chosen as follows: ?0(?) =1 — exp(=7)? ?0(?) = exp(=?)? (8.18) 73?7 ?? ?2? L? =7??23???2L? =77
2-7?7-(8.19) where L? [?1 + 72 exp(?) + ?3 exp(=?)] = 0? L? [?4 exp(?) + ?5 exp(—?)] = 0 (8.20) in which
?2?2(?=1-5)

7are the arbitrary constants. Introducing ? € [0? 1] as the embedding parameter
and ~? and ~? the non-zero auxiliary parameters, the deformation problems at
the

zeroth order are (1 - ?)L?[?7(?2 ?) = 20(?)] = 2~?2N? 2°(2? 2)? 2°(2? ?) ? (8.21) (1 = ?)L?["2(22 ?) - ?
0(?)] = 2~?2N? 2°(22 2)? "2(?2 ?) 2 h 1 (8.22) 22°(2; ?) h 22°(2; 2) i 2°(?; ?) = 02 22 = 12 22 = 0? (8.23) ?=0

220 7= 27(2;?) =12 "2(2;?)=02 " T T(8.24) ?=0 ?== 73
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?)cos ?? [1(8.25)N?4 -7 (?;?)??2(?;7?7)?(8.26) h ?2°(?; ?)? ?°(?; ?) =1+ 72 722"?2(??2? ?) +Pr ? (?; ?)
?2?22(??;?)iu3A??bbbb!For?=0and?=1,we have ? (?;0)=20(?)??(?;1)=2(?)?b? (?;
0)=20(?)7?7?(?;1)=7?(?)b (8.27) (8.28) and when ? increases from 0 tbo 1 then ? (?; ?) and ?b(?; ?)
deform from ?0 (?) and ?0 (?) to ? (?) and ? (?) respectively. Further Taylor series expansion yields b b «~
?2(?7,?7)=20(?)+??(?)??7?7(8.29) b ?X=1 0 ?(?;?) =70 (?) +??(?) ???7(8.30) b ?X=1 7?7 (?) =71 77?7
1222(2;2)?222(?)=212?2212?2?2(?;?)b ?2(8.31) " ?=0b ?=0The auxiliary parameters ~? and
~?

“at?=1.Hence » ?(?) =?0(?) + ?22(?)? ?X=1 = ?(?) = ?20(?) + ??(?)? (8.32) ?X=1 The corresponding
problems at ??? order are given by L? [?? (?) = ????7-1 (?)] =~? R?? (?) ? L? [?? (?) = ???7-1 (?)] = ~?
R?? (?) ? (8.33) ??(0) = 0?7 ??0(0) = 0?7 ??0() = 0? ??(0) = 0? ??(~) =07 ??(0) =07 ??(~) =07 (8.34)
R??(?) = ??000-1(?) + ?-1 ??-1-??7?00 — ??0-1-???0 00 ?=0 ?-1 P h ? i +?1 ??7-1-7? {2??0-?77?00 -
??-?77000 - ???0-1(?) X?=0 X?=0 ?-1 ?7-1 +?2{??0-1-? 270 — ??-1=-? ????) + ?? cos ?? (8.35) X?=0
X?=04?-1R?? (?)=1+3??20?0-1 + Pr ??-1-?707 - ??70-1-??? (8.36) u?X=0j ¢ ??=0??<17
(8.37) 1? ? ? 1 The general solutions of Eq. (8.32) can be ~written as follows: ??(?) = 2?%(?) + 21 + 22
exp(?) + 73 exp(—?)? (8.38) ??(?) = ?x?(?) + ?4 exp(?) + 7?5 exp(—?)? (8.39) where the special solutions
are ??x(?)and ?%?(?) and ?2 =274 =0? 21 =-?3 = ??%(0)? 23 =????%?(?) ? ?2=0 ?5 = -??%(0)?
(8.40) 8.2

~? and ~7?. It is found that the admissible values of ~? and ~? are -174 < ~?? ~? < -0725 (Fig. 8.1)? The
series given by Eq. (8736) converges in the whole region of ? when ~? =~? =-0?67? 01=0.5, b1 =0.2, b2
=0.3,a=p?4,R=0.3,Pr=0.7 -0.2 f'?0? -0.4 g'?0? '?07?, q'?0? -0.6 -0.8 -1 -1.2-1.4 -1.5-1.25 -1 -0.75
-0.5-0.25 0 Nf, Ng Fig.8.1: ~—curves for the function ? and ?? 8.3

4Discussion This section examines the influence of physical parameters on the
velocity ?0(?) and

temperature ?(?)? Figs. 8.2 — 879 depict the graphical effects of inclination ?? Deborah numbers ?1 and ?
2 and mixed convection parameter ?. Figs. 8.2 and 8.3 depict that fluid velocity decreases while the fluid
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temperature

?7? Figs. 8.4 and 8.5 are sketched to analyze the effect of relaxation time parameter ?1 on the velocity and
temperature. As the relaxation time parameter increases the velocity profile decreases while the
temperature profile is quite opposite to that of the velocity profile. Figs. 8.6 and 8.7 examine the influence
of mixed convection

fluid velocity and associated momentum boundary layer thickness increase by increasing ?? It is clear that
the temperature has opposite effect when compared with velocity. We also noticed that the fluid velocity
increases rapidly in comparison to the temperature with the increasing values of ?? Figs. 8.8 and 8.9
depict the effect of retardation time ?2 on the temperature and velocity fields. Here we observed that ?2
has quite opposite effect on the velocity and temperature. The fluid velocity increases with an increase in ?
2?7b1=04,1=05,b2=0.3,R=0.3,Pr=0.7108a=0.0a=p?60.6 a=p?4a=p?3f?h?040.200
2468 10 h Fig. 8.2: Influence of sheet inclination ? on ?0(?)? b1=0.4,1=1.0,b2=0.2,R=0.5,Pr=0.7 1 0.8 a =
0.0a=p?60.6a=p?4a=p?3

Fig. 8.3: Influence of sheet inclination ? on ?(?)? a=p?4,1=1.0,b2=0.2,R=0.5,Pr=0.710.8b1=0.0
b1=0.30.6b1=0.6b1=0.9f"?h?0.40.200246 810 h Fig.8.4: Influence of Deborah number ?1 on ?
0(?”)?a=p?4,1=1.0,b2=0.2,R=05,Pr=0.710.8b1=0.0b1=0.30.6b1=0.6b1=0.9

-0.5
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f'?h?0.40.2002468 10 h Fig. 8.6: Influence of mixed convection ? on ?0(?)? a=p?4,R=0.5,b1 =
04,b2=0.2,Pr=0.710.81=-0.5

Fig. 8.7: Influence of mixed convection ? on ?(?)? a=p?4,R=0.5,Pr=0.7,b1=0.4,1=0.510.8 b2 =
0.0b2=0.30.6b2=0.6b2=0.9f'?7h?0.40.200246 810 h Fig. 8.8:Influence of Deborah number ?2
on ?0(?)? a=p?4,R=0.5,Pr=0.7,b1=1.2,1=0.51 0.8 b2=0.0b2=0.30.6 b2=0.7b2=1.0

and

when

?=7?4?7?1=072??=075??2=07?3? Pr=07?7 and ? = 0?37? Order of approximation —?00(0) —?0(0) 1
0.69555 0.73000 05 0.75163 0.72503 10 0.75241 0.72457 15 0.75240 0.72457 20 0.75239 0.72456 25
0.75239 0.72456 30 0.75239 0.72456 Table 8.2: Local Nusselt number and skin friction coefficient ??7-?1?
2 ??7? for some values of ?1? ?? Pr? ?2 and ? when ? =??4? ?1 72?7?77 ? -(1+ 437) ?0(0) 0.0 0.2 0.5
0.7 0.30.73887 0.2 0.71284 0.4 0.72456 0.5 0.70528 0.2 0.0 0.70729 0.2 0.71925 0.4 0.72951 0.5
0.73413 0.2 0.0 0.66787 0.3 0.70324 0.5 0.71924 0.8 0.73869 0.5 0.3 0.43757 0.5 0.58961 0.7 0.71925
0.9 0.83472 0.7 0.0 0.84020 0.2 0.75419 0.5 0.66085 0.7 0.60959 8.4 Concluding remarks This chapter
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examines the effect of

1thermal radiation on the mixed convection flow of an Oldroyd-B fluid over an

inclined stretching sheet.

The main observations of this study are as follows. « Effect of mixed convection parameter ? on the velocity
and temperature are quite opposite. « Momentum and thermal boundary layers for ? have opposite effects.
* Decrease in temperature is more significant in comparison to velocity when Prandtl num- ber ? ?
increases? * Thermal

1boundary layer thickness is decreasing function of Prandtl number. - Deborah

numbers ?1 and ?2 have quite opposite effects for the velocity and temperature. Chapter 9 Mixed
convection flow of an Oldroyd-B

3fluid with power law heat flux and heat source

This chapter looks at the mixed convection

2flow of an Oldroyd-B fluid bounded by a porous

stretching surface. Mathematical formulation is developed

3in the presence of heat source and power law heat flux. VVelocity and

temperature are computed. Plots for different parameters are analyzed.

3Numerical values of local Nusselt number

are examined. 9.1 Development of

3problems We consider the two-dimensional flow of an incompressible

Oldroyd-B fluid over a porous

sur- face.

3A Cartesian coordinate system is chosen in such a way that ?—-axis is taken
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| along the flow direction and the ?-axis perpendicular to the ?-axis. The fluid fills

the half space

? ? 0. Heat source is present and power law heat flux is imposed. Flow geometry is shown in Fig. 9.1. Fig.
9.1: Physical model of the problem The present boundary layer flow is governed by the following
expressions ?? ?? 7?7?77 =07+ (9.1)? 2?2+ 22?27?27 =770272 - 21?2 ?772772 + ?2 772?772 + 277
2?7?2777 737 - 37 2?7?7727 40027772+ 23 M M2 72+ (? - ?0)?(9.2)?---,7
2?2?7472 27777 (? - ?0)???=7722? + 7 (9.3) In above equations ? and ?

gravitational acceleration, ?? the thermal expansion coefficient, ? = (???) the kinematic viscosity, ? the
fluid temperature, ? the

3density of fluid, ? the thermal conductivity of fluid, ?? the specific heat at
constant pressure and ? the heat source coefficient. The subjected boundary

conditions are

similarity transformations are given by (9.4) (9.5) ? = 2220(?)? 2 == 2?22(?)? 2 =2 + 2 22?2(?)? 2=V ??
?(9.6) r ?r ?in which ?

?. Eq. (971) is automatically satisfied and the Egs. (9.2-9.5) are reduced as follows ? 000 + ? 7 00 - ? 02 +
?1(2? 70?00 - ? 2?7 000) - ?2(? 002 —=? ?0000) +??=0??00+????20-2?7??20?+7?%x?=0?7?=77
?20=1?770=1at?=0?7?70=0?77?=0as? — «?(9.7) (9.8) (9.9) (9.10) in which ?1 =?1? and 7?2 = 727
are the Deborah numbers? ? = ?R?e?2? the mixed convection parameter with ??? = ??? (??7-27«)?3 the
local Grashof number and ??? = ??? the local Reynolds number, ? = V??0? the suction/injection
parameter, ? ? = ???? the Prandtl number and ?x = ??7??

3a heat generation/ absorption parameter. Expression of local Nusselt number
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??7?is

?2?? =2(?7-770) 2?2 = =2 2??? 97?=0? ? (9.11) p Dimensionless form of Eq. (9.11) is ? ????21??72=-7
(0) 1 ?(9.12) 9.2 Homotopy analysis solutions Choosing the following set of base functions {?? exp(-??)?

2coefficients. Initial approximations and auxiliary linear operators are taken in

the following forms

?20(?)=?+1-exp(-?)? ?0(?) = —exp(=?)? L? =7 000 - ?0? L? =700 + 7207 L? (?1 + 22?7 + ?737-7) =
0? L?(?4 + ?57-?) =07 (9.16) (9.17) (9.18) where ?? (? =1 — 5) are the arbitrary constants. The
corresponding zeroth order deformation problems are developed in the following fash- ions. (1 —=?) L? ?
(7N -20(?) =222 N2 (2, N?TN?? ) ?(919) (1 = ?)L? 727, ?) = ?0(?) = ?IN? (2 N2 NN ?
hihi(9.20)

122°(0; ?) = 22 2°0(0; ?) = 1? 2°0(w0; ?) = 02 “20(0? ?) = 12 "2(? ?) = 07

hihi(9.21) N?[?2°(?2272)] = 2322°(?23?7)

(2222 2) - (2°(22 ?))2 23 227(22 32 2) # + (9 .22)

?2

31227(272? ?) - 2°(22 ?) 2 2204 24 2°(22 ?) °2(??

2)1224 0 +2 2 (9.23) 22 0 1IN

242172(?? 2)? (7?7 ?)] = ?2°?2(??2? ?) + ? 2?77 (?? 7)?7°(???? ?) - 2?2 ? ??

2)? (9.24)

3in which ? is an embedding parameter, ?? and ?? the non-zero auxiliary
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parameters and N? and N? the nonlinear operators. For ? =0 and ? = 1 we have
?°(?;0)

=?0(?)? "?(?70) = ?0(?) and ?°(?;1) = 2(?)? "?(??1) = ?2(?)? (9.25) and when ? increases from 0 to 1 then
?(??7) and ?(??7?) vary from ?0(?)??0(?) to ?(?) and ?(?)? Taylor’s series yields ? (?? ?) =?0(?) + ??
(?)?27? © (9.26) ?=1 P 2(?? ?) = 20(?) + ?2?2(?)??7? (9.27) 2=1 1 2?22(?;?) P 1 222(2;?) ?22(?) =21 22?2 ?
=0 ? ??(?) =(9.28) ?! ?2?2? ?=07?

and ???

The auxiliary para- ~ meters ?? and ?? are selected in such a way that (9?26) and (9?27) converge at ?
=1 and hence ?(?) = ?20(?) + ??(?)? « ?=1 P~ ?(?) = ?0(?) + ??(?)? ?=1 P The ?th

L? [??2(?) = ???2?-1(?)] = ?? R??(?)? (9.29) (9.30) (9.31) L?[??(?) — ????-1(?)] = ?2?R?7?(?)? ??(0) = ?7?
0(0) = ?2?0() = 0? ?20?(0) — ???(0) = ??() =07 (9.32) (9.33) R??(?) = ??000-1(?) + ?—-1 ??-1-?7??00 -
??0-1-??7000 ?=0 ?-1 P h ?i +?1 ?2?-1-? {2??0-??7?00 - ??7-???000 - ???70-1(?) X?=0 X?=0 ?-1 ?-1
+22{??0-1-? 270 — ?2?2-1-? ?2?277) + ??7-1? (9.34) X?=0 ?X=0 ?-1 ?-1 R??(?) = ?0?0-1(?) + ? ? ?0?
-1=?2? =222 ?2?7-1-???0 + ?%??-1(?)? (9.35) ?=0?=0 PP ??=0??7<1? 1 (9.36) 1?7 ? ? 1? If ??* and
?%7? are the special solutions then the general solutions are 1 ??(?) = ??7%x(?) + 21 + 72?77 + ?37-7?7
(9.37) 22(?) = ?2%2(?) + ?4 + ?57-?? (9.38) 9.3

1Convergence of the homotopy solutions The auxiliary parameters }? and }?

have significant role in

the convergence of developed series solutions. Here the }-curves are portrayed for 1877 order of
approximations in order to find the values of }? and }? ensuring convergence. Figs. 9.2 depict

}? =-074 and }? = -0747? Table 9.1 depicts that 25?7 order deformations are sufficient for both the

velocity and temperature expressions. -11=0.1,S=0.5,b1=0.2,b2=0.3,b*=0.3, Pr=0.5-1.05-1.1

f'?0?,q'?0? -1.15-1.2-1.25-1.3 -1.35 '?0? q'?0? -1 -0.8 -0.6 -0.4 -0.2 0 hf, hq Fig.9.2: ~—curves for the

function ? and ?? Table 9
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when

?21=072?72=?%=073?7??7=7=075?7=07?1,}? =-074 and }? = -074? Order of approximation =7
00(0) 1 1.10000 5 1.19801 10 1.20255 15 1.20268 20 1.20271 25 1.20272 30 1.20272 9.4 Graphical
results and discussion —=?700(0) 1.22000 1.34636 1.35611 1.35640 1.35642 1.35643 1.35643 The

through Figs. 9.3-97?7 for velocity and temperature. Figs. 9.3 and 9?4 show the behaviors of
suction/injection parameter ?? Deborah number ?1 and mixed convection parameter ? on the velocity ?
0(?). Fig. 9.3 shows the effects of suction/injection parameter ? on the velocity profile ?0(?)? Here ? ? 0
corresponds to suction and ? ? 0 for injection case. We observed that the velocity ?0(?) is lower for
suction case in comparison to injection phenomenon. From physical point of view suction is an agent that
resists the fluid flow. Such resistance in fluid flow creates a reduction

decrease when mixed convection parameter is increased. Note that the mixed convection parameter
involves the buoyancy force. Buoyancy force is stronger for the larger mixed convection parameter and
weaker for the smaller mixed convection parameter. This stronger buoyancy acts as an agent to creates a
reduction in the velocity profile and momentum boundary layer thickness. f'?h? 1.0 0.8 0.6 b1 = 0.4, b2 = |
=0.2,b*=0.3,Pr=0.5040.25=-0.5,0.0,0.5,1001234 56 h Fig. 9.3: Variation of ? on ?0(?)? f'?
h? 1.0 0.8 S=Pr=0.5,b1=0.4,b2=0.2,b*=0.3 0.6 0.4 0.2 1=-0.5,0.0,0.5,1.00 12 3 4 5 6 h Fig. 9.4: Variation
of ? on ?0(?)? Figs. 9?5-977 are displayed to examine the influence of arising parameters on
dimensionless temperature profile ?(?)? Fig. 9.5 presents the variations in temperature ?(?) for different
values of suction/injection parameter ?. From this Fig. it is analyzed that the temperature is higher for
injection case when we compared it with suction case. The effects of suction parameter ? on ?(?) is
qualitatively similar to that of the velocity.

increase when mixed convection parameter ? increases (see Fig 976). Here buoyancy force is an agent
that creates an enhancement

13in the temperature and thermal boundary layer thickness.
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Influence of heat source ?* on ?(?) is presented in Fig. 9?7. Physically ?* ? 0 means that ?? ? 7« and in
this case heat is supplied to the flow region from the wall. The temperature boosts with heat source
parameter ?x ? 0 while reduction

temperature is seen with heat sink parameter ?* ? 0. q?h? 0.0 S=-0.5,0.0,0.5,1.0-0.5-1.0
Pr=0.7,b1=0.4,b2=1=0.2,b*=0.5 - 1.5 2 4 6 8 h Fig. 9.5: Variation of ? on ?(?)? q?h? 0.0-0.2-0.4

5-0.61=-0.5,0.0,0.5,1.0-0.8-1.0123 4 56 h Fig. 9.6: Variation of ? on ?(?)? q?h? 0.0-0.2S =Pr =
0.5,b1=0.4,b2=1=0.2-0.4b*=-0.2,0.0,0.2,0.3-0.6-0.8123456 h Fig. 9.7: Variation of ?* on ?
(?)? Table 9.2 shows that the local Nusselt number has quite opposite behavior for ?1 and ?2? The values
of Nusselt number increases by increasing ?*? ?? and ?? However it decreases by increasing ?? Table.
9.3 ensures the validity of present results for 700(0) in a limiting sense. Table 9.2: Values of local Nusselt

0.00.30.30.50.50.11.20133 0.2 1.17496 0.4 1.14936 0?74 1718647 0?5 1?19622 0?6 1720463 -07?1
1702500 -0?2 1709798 -0?3 1716099 076 1727668 079 1760523 1?72 1791014 07?8 1723081 1?70 1?
30323 1?5 1745103 0?72 1715381 0?74 1?13613 0?6 1711294 Table 9.3: Comparison of ?00(0) for
different values of Maxwell parameter ?1 when ?2 =? =7 = 07? Abel et al. [38] Present results ?1 -7 00(0)
-7 00(0) 0.0 1.00000 1.00000 0.2 1.051948 1.051889 0.4 1.101850 1.101903 0.6 1.150163 1.150137 0.8
1.196692 1.196711 1.2 1.285257 1.285363 1.6 1.368641 1.368758 2.0 1.447617 1.447651 9.5 Final
remarks This chapter deals with the

with suction/injection, heat source/sink and power law heat flux. Effects of different involved parameters
such as mixed convection parameter ?

2Thermal boundary layer thickness is increasing function of
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heat source parameter ?x ? 0 while it reduces with heat absorption parameter ?x ? 0? « Increase in mixed
convection parameter ? yields an enhancement

13in the temperature and thermal boundary layer thickness

while reduction in

2heat transfer rate at wall is

noted. * Behaviors of Deborah numbers ?1 and 7?2 on the

2heat transfer rate at the wall are opposite? Heat transfer rate at wall

increases with the heat absorption ?* ? 0 and suction parame- ters ? ? 0? Chapter 10

1Soret and Dufour effects in mixed convection flow of an Oldroyd-B fluid

4with convective boundary conditions This chapter investigates the effects of

6heat and mass transfer in the mixed convection

1flow of an Oldroyd-B fluid over a stretching surface with convective boundary

conditions.

Emphasis is given to the analysis of Soret and Dufour effects. Relevant problems are first formulated and
then computed by the homotopy analysis method (HAM). Velocity, temperature and con- centration fields
are computed and analyzed through plots. In addition, the local Nusselt and Sherwood numbers are
examined through the numerical values. 10.1 Mathematical model We choose ?-axis

14along the stretching surface in the flow direction and y-axis is taken perpen-

dicular to the

surface. An incompressible Oldroyd-B fluid is considered. The surface satisfies the convective boundary
conditions. Further, the Soret and Dufour effects are taken into account. The resulting boundary layer
equations for flow of an Oldroyd-B fluid are ?? ?? ?? ?? =0? + (10.1) 22?2+ 2?2?22 =2 2?2?22 2?2?72 -1 7
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2772772 + 72 772702 + 27?227 7?77?7737 - 3?2?77 727 400277772+ 7?03 M M2 77?727 -

relaxation and retardation times respectively, ? the fluid temperature, ? the con- centration field, ? the
kinematic viscosity, ? the fluid density, ?? the mass diffusivity, ?? the thermal conductivity, ?? the thermal-
diffusion ratio, ?? the specific heat, ?? the concentration susceptibility, ?? the fluid mean temperature and
? the fluid electrical conductivity. The boundary conditions are expressed in the following forms ? = ??(?) =
?7°=0?-2?7?=2??-?)?2?7=??at?=0?7??(10.5)? 5 0?? > ?0?? > ?x0as? — « (10.6) in
which ?? denotes the convective fluid temperature, ?~ the ambient temperature and ? the thermal
conductivity. Setting the following transformations ? =? ? ? ?2 =???20(?)? 2 == ???2(?)? ?2(?)=? — 2 ? ?(?)
=7 - 20?72 -2=?(10.7) r ? ?2? - ?= incompressibility condition (10?1) is automatically satisfied and the
other equations give ? 000 +? 7 00 —? 02 + ?1(2? ? 0? 00 — ? 2?7 000) - ?2(? 002 — ? ? 0000) + ?? + ??
?=07(10.8) 71?200+ 7?70+ ?? 200 =07 7?00 + ??? ?0 + ???00 =07 (10.9) (10.10) ? (0) =0? ? 0(0) =
1?7 2 0(~) =07 (10.11) ?20(0) = =?1(1 = ?(0))? ?(~) =07 (10.12) ?(0) = 1? ?(«) =07 (10.13) In above
expressions the prime indicates the differentiation with respect to ?? ?1 =?1? and ?2 = ?2? are the
Deborah numbers? ? = ?R?e?27? the mixed convection parameter with ??? = ???(??7-27«)?3 as the
Grashof number, ??? = ?7? the local Reynold number, ?? = ???? the ? Prandtl number, ?1 = (???) ??? the
Biot number, ?? = ??7?7? the

(10.14) Local Nusselt and local Sherwood numbers in dimensionless coordinates are expressed as follows:
??(?7?7?7)-1?2 = =-?0(0)? (10.15) ??(??7?)-1?2 = =?0(0)? (10.16) In the next section we will develop the
homotopy solutions for the resulting problems. 10.2 Series solutions The initial guesses and auxiliary linear
operators are taken as ?0(?) = (1 — ???(=7?))? ?0(?) = ?11ex+p(?-17?)? ?0(?) = exp(-?) + exp(-?)? ? 2
(10.17) 23?2 2?2?22 L? =273 72?2 L? =772 -??L? =772 - 7?7 - 7?27 (10.18) L? [?1 + ?2 exp(?) + 7?3
exp(=?)] =07 (10.19) L? [?4 exp(?) + ?5 exp(=?)] = 0?7 L? [?6 exp(?) + ?7 exp(—?)] = 0?7 (10.20) in which
?? (? =1 - 7) denote the arbitrary constants. 10.2.1 Zeroth and mth order deformation problems Having
the non-linear operators N? ? N? and N? in the forms N?

DA ?2?°(?2?2 2) = 27(?22 2) 22221 224 [ +?2°2(10?? ?) + 22 27°(?? ?)? [0 (10.21) N?[?°(?? ?)? "2(?? ?)? ?
(7 )] =21222722(?722 ) + (2?7 0) 7?7 )+ 2?2202 2277°(?7 ?) ? N?[?°(?? ?)? "(?7? ?)? "(?7?
?)] = ?2°72(?7?27? ?) + 2?2?2°(?7 )??°(??7? ?) ?272(?7? ?) + ??7?7? ? 772 (10.22) (10.23) the corresponding
problems at the zeroth and ?th orders can be expressed as follows: (1 — ?)L?[?7(?? ?) — ?0(?)] = ?}?N?[?
(2?7?77 N2 ?7(?? NN?(10.24) (1 = ?2)L?[T?2(?7? ?) = ?20(?)] = ?3?N?[?7(?7? ?7)? 2?7 ?)? "(?? M?

(10.25) (1 = 2)L?[*2(22 ?) = 20(?)] = 2)?2N?[?2°(?2 2)? “2(22 ?)? 2°(?2 2)]? (10.26) 2°(?; ?) =02 2 ?) = 12 ?
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?)=0?7?=07?? ?=07???=7?°0(?;?)=-?[1-"2(? ;?)1?°2(?;?) =0?  ?2=07?=0 ~ ?=«
T (10.27) (10.28) ?7(?; ?) =12 "?2(?; ?) ?=0 2= =0? L? [?2(? ) - ????-1(?)] = }? R??(?)? ~ L?[??
(?7) = ?2?2?2?7-1(?7)] = }?2R??2(?)? L?[??2(?) = ??2??7-1(?)] = }?R??(?)? (10.29) (10.30) (10.31) (10.32) ??(0) =
07?7 ??0(0) =07? ??0(~) =0? ?20?(0) = ???(0) =0? ??() =07 ??(0) = 0? ??(~) =07 (10.33) R??(?) = ?7?
000-1(?) + ?-1 ?=0 ??7-1-??7?00 — ??70-1-???000 ?-1 P h ? i +?1 ??7-1-? {2??0-7?7700 - ??-??7?000 -
???20-1(?) X?=0 ?-1 X?=0 ?7-1 +?22{??0-1=-? ?7?0 — ?2?7-1-? ?2?7?7) + ??207-1(?) + ??1707-1(?)? (10.34)
X?=0 X?=0 1 ?-1 R??(?)= ?7?7?70?70-1(?)+ ??7-1-??07+777070-1(?)? X?=0 ?-1 R??(?) = ?70?70-1(?) + ??
??7-1-?707 + ???0?70-1(?)? X?=0??=0?77<11???1?(10.35) (10.36) (10.37) where ? [0?1] is an
embedding parameter and }?? }? and }? are the nonzero auxiliary para- € meters. Taylor’s series gives ?
N(?2;?)=20(?) + ?22(?)?22?2 22(?) = 211 2222°2(27; ?) o 2 ?2X=1 ?=0  ?7(?;?) =?0(?) + ?22(?)??? ??
() =211 222°22(?2;?) = 27?X=1"7?=0" (10.38) (10.39) ?2°(?; ?) = 20(?) + ?2(?)??? ?2(?) = ?1!
?2???7°?(??;?) ©» ?(10.40) ?2X=1 ?=0 andwhen?=0and ?=1then ~ ?7(?;0) =?0(?)? ?°(?;1) =7
(?)? (10.41) ?7°(?;0) = ?20(?)? "2(?;1) = ?2(?)? (10.42) ?°(?;0) = ?0(?)? ?°(?;1) = ?(?)? (10.43) We choose
the auxiliary parameters in such a way that the series solutions converge for ? =1 and so « ?(?) = ?0(?) +
??(?)? (10.44) ?X=1 = ?2(?) = ?20(?) + ??(?)? (10.45) ?X=1 = ?(?) = ?0(?) + ??(?)? (10.46) ?X=1 The
general solutions (??? ??? ?7?) in terms of special solutions (??*? ?%?7? ?%?) can be written as follows ??
(?7)=72?2%(?)+ 21 + 22 exp(?) + 23 exp(=?)? (10.47) ??(?) = ?%x?2(?) + 24 exp(?) + 75 exp(=?7)? ?2?2(?) =7
*?(?) + 76 exp(?) + ?7 exp(-?)? 10.3 Convergence of the homotopy solutions (10.48) (10.49) The

convergence analysis of the series solutions depends upon the auxiliary parameters ~?, ~? and ~??

Hence the ~—curves for the 17?7 order of approximations are plotted. It is found that the admissible ranges
of ~?, ~? and ~? are -1?7 < ~? £ -0?20, -1?5 < ~? < -07?25 and -1?5 < ~? < -0?40. The series (10?44 -
10746) converge in the whole region of ? when ~? = ~? = ~? = -1?0 (see Fig. 10.1)? Table 10.1 indicates
that how much terms for each physical quantity are required for the convergent solution. It is noticed that
less number of terms are required in the convergent expression of velocity. | =0.2, b1 =0.2, b2 =0.1, Pr =
Sc=0.7,Df=0.3,Sr=1.0,g1=1.0,Pr=0.7,N=1.0 0.5 0.25 f*?0? g'?0? 0 f'?07?, q'?07?, f?0? 207
-0.25-0.5-0.75-1-1.25 -2 -1 -1.5 -0.5 0 hf,hqg,h« Fig?10?1 : ~—curves for the function ?, ? and ?? Table
10

2.1: Convergence of homotopy solutions for different order of approximations

when

?21=072?72=0?21?7??=2??=0?7?7?21=120? ?? =0?3?7?? =072, 7 =1?0? ~? =~? =~? =-1707?
Order of approximations =?00(0) -=?0(0) -=?0(0) 1 0.82500 0.39104 0.43194 5 0.79502 0.30304 0.45255
10 0.79137 0.29030 0.46033 15 0.79129 0.28971 0.46071 20 0.79132 0.28991 0.46044 25 0.79133
0.28993 0.46042 30 0.79133 0.28993 0.46043 10.4 Discussion Interest in this section is to analyze the
variations of different emerging parameters on the phys- ical quantities like temperature, concentration
field, local Nusselt and Sherwood numbers. Figs. 1072 — 1079 are displayed to see the variations of mixed
convection parameter ?? concentration buoyancy parameter ?, Dufour number ?? and Soret number ??
on the temperature of fluid ?(?)? Fig. 10?72 shows that the mixed convection parameter ? decreases

reduces with an increase in mixed convection parameter ?? Fig. 10?3 illustrated that temperature and
associated thermal
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2boundary layer thickness are decreasing functions of ? .Fig. 10?74 shows that

13an increase in Soret number ??? temperature ?(?) and thermal boundary

layer thickness

0.100246810h Fig. 10.2: Influence of ? on ?(?)? b1=9g1=0.4,b2=1=0.3, Df =0.5, Pr=Sc =0.7, Sr
=0.20.35N=0.00.3N=150.25N=3.0N=4.5q?h?70.20.150.10.0500246 8 10 h Fig. 10.3:
Influence of ? on ?(?)? b1 =0.4,b2=N=0.3,g1=1.0,1=0.6, Pr=Sc=0.7,Sr=0.80.6 Df =0.0 0.5 Df =
0.5Df=1.004Df=1.5

Fig. 10.4: Influence of ?? on ?(?)?b1=0.4,b2=N=0.3,g1=1.0,1=0.6,Pr=Sc=0.7,Df=0.50.6 Sr =
0.005Sr=05Sr=1.004Sr=15q9?h?0.30.20.100123456 hFig. 10.5: Influence of ?? on ?(?)?
Figs. 10?76 — 10?9 plot the effects of ?? ?? ?? and ?? on the concentration field ?(?)? From Fig. 10.6

4it is found that the concentration field and associated boundary layer thickness

show a decrease when

mixed convection parameter ? increases? Effects of concentration buoyancy parameter parameter ? on
the concentration are qualitatively similar to that of temperature (see Figs. 10?3 and 10?7). Figs. 10?4
and 1078 show that the behaviors of the temperature and concentration profiles are quite opposite in case
of Dufour number. This shows that the Dufour number corresponds to weaker concentration and stronger
temperature. Fig. 10?79 pointed out that the larger Soret number has a strong concentration. b1 =g1 =0.4,
N=0.3,Df=0.5,Pr=Sc=0.7,b2=Sr=0.21081=-101=0.00.61=1.01=2.0f?h?70.40.200246 8
10 h Fig. 10.6: Influence of ? on ?(?)? b1 =91=0.4,b2=1=0.3,Df=0.5,Pr=Sc=0.7,Sr=0.210.8 N
=0.0ON=1506N=3.0N=4.5f?h?0.40.200246810 h Fig. 10.7: Influence of ? on ?(?)? b1 =0.4,
b2=N=0.3,g1=1.0,1=0.6,Pr=Sc=0.7,Sr=0.810.8Df=0.0Df=1.00.6 Df =2.0 Df =3.0 f?h? 0.4
0.200246810h Fig. 10.8: Influence of ?? on ?(?)? b1 =0.4,b2=N=0.3,g1=1.0,1=0.6, Pr=Sc =
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0.7,Df=0510.8Sr=0.0Sr=050.6Sr=1.0Sr=1.5f?h?0.40.20024 6 8 10 h Fig. 10.9: Influence

of ?? on ?(?)? Table 10.2:

for the parameters ?17? 7?27 ??7? ??7?????1 and ? when ? =0?1? ?1 22?2 2?2 ?? ?? ?? ?1 ? -?0(0) —?0(0)
0.00.20.10.70.50.81110.29514 0.47225 0.2 0.28993 0.46033 0.4 0.28525 0.44998 0.2 0.0 0.28797
0.45592 0.2 0.29176 0.46462 0.4 0.29508 0.47226 0.2 0.2 0.0 0.27062 0.41866 0.2 0.29176 0.46463 0.4

0.30305 0.49095 0.2 0.2 0.2 0.8 0.30136 0.50625 0.9 0.30891 0.54602 1.0 0.31480 0.58434 0.7 0.0
0.28679 0.49981 0.2 0.29176 0.46462 0.4 0.29679 0.42800 0.2 0.0 0.33235 0.45353 0.2 0.30546

0.46096 0.4 0.27788 0.46830 0.2 1.0 0.30546 0.46094 1.2 0.30001 0.51681 1.4 0.29513 0.56908 1.0 1.0

0.30546 0.46094 1.2 0.32396 0.45920 1.4 0.33863 0.45781 1.0 1.0 0.30546 0.46094 1.2 0.30700

0.46444 1.4 0.30846 0.46779 10.5 Conclusions Mixed convection flow of an Oldroyd-B fluid is investigated
in the presence of convective bound- ary condition and Soret and Dufour effects. The main observations
are pointed out below. * Effects of ? and ? on temperature and concentration fields are similar. « Effects of
Soret number ?? on ?(?) and ?(?) are reverse. * Thermal boundary layer thickness and temperature field

increase when ??increases. * There are opposite effects of

and ?

in presence of thermal radiation The present chapter examines the Falkner-Skan flow of rate type non-
Newtonian fluid. Ex- pressions of an Oldroyd-B fluid in the presence of mixed convection and thermal
radiation are used in the development of relevant equations. The resulting

4partial differential equations are reduced into the ordinary differential
equations employing appropriate transformations. Ex- pressions of flow and heat

transfer are

constructed. Convergence of derived nonsimilar series solutions is guaranteed. Impact of various

parameters involved in the flow and heat transfer is plotted and examined. 11.1 Problems development Let

us
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3consider the two-dimensional Falkner-Skan flow of an Oldroyd-B fluid.

3in such a way that ?-axis is parallel to the wall and ?-axis normal to it. An

incompressible fluid occupies the

problem is as follows: Fig. 11.1: Physical Model Taking into account the aforementioned assumptions, the
resulting boundary layer equations can be written as follows: ?? ?? ?? ?? =07 + (11.1) 2 2?7?72 + 2?2 ???? =
?°2°2 -1 72772772 + 22?7?2772 727 + 2?7 77?7?2737 - 23?7 27?727, +?772 77772+ 7?73
?7?2(11.3) u N1 9 The appropriate boundary conditionsare ? =???=0?7?=??=2«x+???at?=0?7? —
0?7 ? —> ?xas? — = (11.4) where ? (= ???) is the free stream velocity, ? is the dynamic viscosity, ?1 is the
relaxation time, 72 is the retardation time, ? is the wedge angle, ? is the thermal conductivity, ? is the
surface temperature exponent, ? and ?«~ are the temperatures of the fluid and ambient respectively and ??
is the wall temperature. We utilize 2 =2 (?)?20,?2=2+12??22=2+

dimensionless temperature. Now the continuity equation (117?1) is identi- cally satisfied and Eqgs. (1172) -
(1174) lead to the following expressions ? 000 +? ? 00 + ?1 -2? ??7 -+11?03+(3?7-1)??0?00- 7 +
1?22?2000+?7-12?202200ppu29qu2M+?2pyp3?-1200?+17?7?0000+(?-1)7?07?000 27
?202+2--29Ti¢p29q?+1 1+4? ?200+Pr(??0- 27 ?20?)=0? 3 ?2+1p 2?7 +17??sin=077?2(11.6)
(11.7) ?(0)=07? ?0(0)=17? ?(0)=1? ?0(=)=0? ?(=)=0? (11.8) Here prime denotes the differentiation with
respect to ?, ?1 and ?2 are the dimensionless material parameters, ? is mixed convection parameter, ???
is the local Grashof number,

03 )? ?2?? =?2?2(?? — ?)?3 ?2 ? (11.9) Local Nusselt number (??7?) along with heat transfer rate (?7?) are ?
=272 (7?7 - ?0)??==-?72? u??97?=0 (11.10) which in dimensionless form gives (Re?)-1?2 ??? =
https://mww.turnitin.com/newreport_printview.asp?eq=1&eb=1&esm=3&0id=437813038&sid=0&n=0&m=0&swr=9&r=97.82056855037808&lang=en_us 89/97
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are taken as follows ?0 (?) =1 = ?-?? ?20(?) = ?-?? (11.12) 23?2 2?2 2 ?22? L? (?)=??3?? L? (?)=??2 -
2?2 - (11.13) with L? [?1 + ?2 exp(?) + ?3 exp(=?)] = 07 (11.14) L? [?4 exp(?) + ?5 exp(=?)] = 0? (11.15)
where ?? (? =1 - 5) are the arbitrary constants. If ? € [0? 1]

1is the embedding parameter and ~? and ~? are the non-zero auxiliary
parameters then the zeroth-order and ?th order deformation problems are

stated as follows. 11.2.1 Zeroth order problem

(1=-2)L?22(?;?2)=-20(?)=2?N??2(?;,?7)?2?2(?;,?7)?2(1-?)L??b(?;?) - 20 (?)=2~?N? ?b(?;?)? ?
b(?;?)hihi??(0;?)=0?7?0(b0;?)=0?7?0(=;?)=1?7?(0b;?)=1? ?b(~; ?)=0?hihibbbbb
(11.16) (11.17) (11A8) N? 2 (?? ?)? ?(?;?) =232 (?;?) 72?2 (?;?) 2?2 ?2? (?;?2)2h ??23+ 7?2 (?;?) 7?72 -7
+19bbi3u?2?2+21-222+12-122 (2, 2)A2?2+@B2-1)2(2;2)?22(2;?2) 222 (2; ) u 2?22?22 -1
2+127232(2;)?2-122(2,7)2722?2 (7, 7)A2(?(?2;?)?2?23+22u?2?29 272! +?223?2-1722?2(?;?)2
2+1-2(2;2)242 (2, D) Au2?222Muu22?24!1 +22(?2-1)2272?2(?;?)?32(?2;?)+2?2°?2(?? ?) sin ?
M2?23q?2+122(11A9)N??2(?;?2)?22(?;?2)=1+24722°2(???2)?2?2 (7, ?2)hp39??22+Pr?(?;?)?7?b
bi—-Pr?2+?17(?;,?)???(??;?)b? bbb 11.2.2 ?th-order deformation problems L? [?? (?) — 7?7771

()] =~?R??2(?)?2L?[?? (?)—???7-1 (?)] =~?R?? (?) ? (11.20) (11.21) (11.22) ?? (0) = ??0 (0) = ??0
(=) =??00() =07? ?2?(0) =?? («) =07 (11.23) ?2?7-1-?7?00 - ?2+?1??0-1-?7?7?0 1) =27 ??-+11 ??0-1-7?
?=0 ??0-???0 + (3?7 - 1) ? ? ?-1-? ?=0 ??0-??7?00 ? [0 ?-1 R?? (?) =??000-1 (?) + +?1 [] =?2+217?7
-1-? P??=0 ??-???000 + ?-21???0-1-? ??P=0 ??0-?7?700 (] X?=0 [1 P 37-1 ??00-1-??002? P [1 +?
200 =-2417??7-1-2727200002 0 201?200 0+ (?-1)?2?20-1-?2 7?2?2000 ?+1?2?2?2-1sin ] ] 0 1 +27?
(11.24) 1 R?? (?) =?07?0-1 + Pr ?2X?=-01 py?0?-1-??? - ?22+? 1??20-1-??? ? (11.25) 10? ?2?2 =[] [1 1?
For?=0and?=1,we have [1?(?;0)=?0(?)?7?<1?(11.26)??21 2 (?;1)=?(?)? (11.27)? (?;0) =70
(M?b?2(?;1)=7(?)?b (11.28) and when ? increases from 0 tob 1 then ? (?; ?) andb ? (?; ?) vary from
the initial solutions ?0 (?) and ?0(?) to final solutions ? (?) and ?(?) respectively. By Taylor’s expansion

(11?2 9)and (11?31) con- vergeat? =1i.e. 2 ? (?)=20(?)+?? (?)? ?2X=1 2?2 (?)=720(?)+??(?)
? ?X=1 The general solutions of Eqgs. (11732) and (11733) are ?? (?) =??7? (?) + ?1 + ?27?7 + 73?7-77? 77
(?)=727?7? (?) + ?247?7? + ?57-?7? in which ??? and ??? are the special solutions. (11.31) (11.32) (11.33)
(11.34) 11.3 Convergence Note that the series solutions in Egs. (11?32) and (11?33) contain two auxiliary
parameters ~? and ~?. The convergence of series solutions depend upon these auxiliary parameters. For
range of

1values of these parameters, the ~—curves at 15th-order of approximations
have been plotted in Fig. 11.2. It is found that the admissible values of ~? and ~?

are
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-17?3 < ~? <-0725 and —-1?2 < ~? < -075. Table 11.1 further guarantees that the series solutions are
convergent up to five decimal places when ~? = ~? = -07?5.-0.6 b1 =0.3,b2=0.2,d =0.5,1=0.2, a= p?4,
n=15 R=0.3,Pr=1.2-0.7 f'?20? -0.8 "?0?, q'?0? -0.9 q'?0? -1 -1.1 -1.5 -1.25 -1 -0.75 -0.5 -0.25 0 Kf,
Nq Fig?11?2 : ~—curves for the function ? and ?? 11.4 Discussion The aim of this subsection is to present

5the effects of pertinent parameters on the velocity, tem- perature and

surface heat transfer. Variation of parameter ? on the velocity and temperature are sketched in the Figs.
11?3 and 117?4. Clearly the effects of ? on the velocity and temperature profiles are quite reverse.
Influence of

21mixed convection parameter ? on both the velocity and

temperature profiles are given in the Figs. 11.5 and 11.6.

11t is observed that the velocity and momentum boundary layer thickness

increase

15with the increase of mixed convection parameter ? while the temperature and

thermal boundary layer thickness

decrease. Figs. 11?7 and 11?78 are drawn to see the variation of ?

150n the velocity and temperature profiles. It is

noticed that

13the velocity and momentum boundary layer thickness increase when ?

increases? It is

found

2that the temperature and thermal boundary layer thickness are decreasing

functions of

?7? Figs. 11.9 and 11.10 are sketched to see the variation of surface temperature parameter ? on the
velocity ?0(?) and the temperature ?(?). Both ?0(?) and ?(?) decrease with the increase in ?. It is also
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observed that both the momentum and thermal boundary layer thicknesses decrease when ? increases?
b1=0.3,b2=0.2,I=d=05,a=p?4,R=0.3,Pr=0.71n=0508n=20n=50n=7.0f"?h? 0.6 0.4
0.2002468hFig. 11.3: Impactof 2on ? 0(?)?b1=0.3,b2=0.2,1=d=0.5,a=p?4,R=0.3,Pr=0.7
1Tn=0508n=20n=5006n=7.0

=1.5f?h?0.40.200246 8h Fig. 11.5: Impact of ? on ?0(?)? b1=0.4,b2=0.3,n=d=0.5,a=p?
4,R=0.3,Pr=0.7 1 0.8

Fig. 11.6: Impact of 2 on ?(?)?b1=0.4,b2=0.3,n=1=d=0.5,R=0.3,Pr=0.71a=0.00.8a=p?6 a
=p?40.6a=p?3f'"?h?0.40.2002468hFig. 11.7: Impactof 2 on ? 0(?)? b1 =0.4,b2=0.3,1=1.0, n
=d=05,R=03,Pr=0.71a=0.00.8a=p?6a=p?406a=p?3

Fig. 11.8: Impact of 2 on ?(?)? b1 =0.4,b2=0.3,n=1=0.5,a=p?4,R=03,Pr=0.71d=0.00.8d =
50d=100.6d=15f'"?h?0.40.20024 6 8 h Fig. 11.9: Impact of ? on ?70(?)? b1=0.4,b2=03,n=1=
0.5,a=p?4,R=03,Pr=0.71d=0.008d=50d=100.6d=15

Fig. 11.10: Impact of ? on ?(?)? Figs. 11?11 and 11.12 are drawn to see the influence of mixed convection
parameter ?? wedge angle ?? surface temperature parameter ? and velocity index ? on the local Nusselt
number -?0(0)? Fig. 11?11 depicts the effects of ? and ? on —?0(0). It is noticed that —=?0(0) increases
through increase of mixed convection parameter ? and wedge angle ?. Fig. 11?12 depicts that variations
of ? and ? have opposite effects on —?0(0)? A close look at Table 11.1 indicates that 25th-order
approximation gives convergent series solutions. 0.9 n=0.5,R=0.3,Pr=1.2,b1=0.2,b2=0.3,d=15a
=0.008a=p?6a=p?4a=p?3-g?7070.70.6012341Fig. 11.11: Impacts of ? and ? on —=?0(0)? 2.5
n=0.5 R=0.3,a=p?4,Pr=12,b1=0.2,b2=0
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2.1 : Convergence of the homotopy solutions for different order of

approximation when

Pr=170,?7=073,?7=175,?7=07?57?7?=073,?=??47??1=072? ?2 =073 and ~? = ~? = -075. Order of
approximation 1 510 15 20 25 30 —? 000(0) 0.90330 0.86304 0.86077 0.86047 0.86045 0.86044 0.86044
—-?0(0) 0.78889 0.64042 0.62757 0.62627 0.62616 0.62616 0.62616 11.5 Conclusions Mixed convection
and thermal

1that convergence of the functions ? and ? are obtained at 25th-order

approximations

up to five decimal places when ~? = ~? = -0?57? « Influence of mixed convection parameter ? increases

7thermal boundary layer thickness. ¢ Influence of wedge angle ? and radiation

parameter

? on both the temperature and velocity profiles are quite similar. « Thermal boundary layer and momentum
boundary layer thicknesses are decreasing func- tions of surface temperature exponent ?. « Surface heat
transfer —?0(0) increases with an increase of wedge angle ?? mixed convection parameter ? and surface
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