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Introduction

The idea of investigation of n-ary algebraic structures, that is, sets with one n-ary operation
dated back to Kasner's lectures [23] at the 53rd annual meeting of the American Association of the
Advancement of Science in 1904. But the first paper concerning the theory of n-ary groups was written
by Dornte in 1928 (see [11]). Since then numerous papers concerning various n-ary algebras have
appeared in the literature (for example see [12]). Sets with one n-ary operation having different
properties were investigated by many authors. Such systems have many applications in different
branches. For example, in the theory of authomata [14] n-ary systems satisfying some associative law
are used, some other n-ary systems are applied in the theory of quantum groups [39] and
combinatorics [62, 63].

Ternary and n-ary generalizations of algebraic structures are the most natural ways for further
development and deeper understanding of their fundamental properties. Firstly, ternary algebraic
operations were already introduced in the nineteenth century by A. Cayley. As the development of
Cayley's ideas it were considered n-ary generalization of matrices and their determinants [22, 61] and
general theory of n-ary algebras [8, 31, 40], n-group rings [69-71] and ternary rings [2, 33]. The
notion of ternay semigroups was also known to Banach (cf. [34]) who is credited with an example of a
ternary semigroup which does not reduce to a semigroup. Sioson studied ternary semigroups with a
special reference to ideals and radicals. He also introduced the notion of regular ternary semigroups
and characterized them by using the notion of quasi-ideals [60].

The fundamental concept of fuzzy set, introduced by Zadeh in his seminal paper [68] of 1965,
provides a natural framework for generalizing several basic notions of algebra. Many papers on fuzzy
sets appeared showing the importance of the concept and its application to logic, set theory, ring
theory, group theory, semigroup theory, topology etc. Rosenfeld in [53] inspired the fuzzification of
algebraic structures and introduced the notion of fuzzy subgroup. Kuroki initiated the theory of fuzzy
semigroups (see [26-30]). A systematic exposition of fuzzy semigroups by Mordeson et al. appeared in
[37], where one can find theoretical results on fuzzy semigroups and their use in fuzzy coding, fuzzy

finite state machines and fuzzy languages. Bhakat and Das (see [3-7]) gave the concept of («, f3) -

fuzzy subgroups of a group using the concept of “belongs to' and "quasi-coincident with' between a

fuzzy point and a fuzzy set which is mentioned in [41]. They studied (&,e vQ) -fuzzy subgroup of a
group. In fact (&, € vQ) -fuzzy subgroup is an important and useful generalization of Rosenfeld's fuzzy
subgroup. Shabir et al. in [56] characterized regular semigroups by the properties of (g,e vq) -fuzzy

ideals. Dudek et al. in [13] and Ma and Zhan in [35] defined («, ) -fuzzy ideals in hemirings, and



investigated some related properties of hemirings. In [16], Jun and Song initiated the study of («, ) -

fuzzy interior ideals of a semigroup. Kazanci and Yamak in [24], studied (&, € vQ) -fuzzy bi-ideals of

a semigroup. In [72], Zhan and Jun studied (E,éva)—fuzzy interior ideals of semigroups.

Generalizing the concept of quasi-coincidence of a fuzzy point with a fuzzy set Jun in [16] defined
(€,€ vq, ) -fuzzy subalgebras in BCK/BCl-algebras. In [18] Jun et al. discussed (e, e vq, ) -fuzzy h-
ideals and (g,e vq,)-fuzzy K-ideals of a hemiring. More detailed results on (e, vq, ) -type fuzzy

ideals in hemirings can be seen in [1]. Shabir et al. in [57] characterized different classes of semigroups

by (g,€vq,)-fuzzy ideals and (€, vq, ) -fuzzy bi-ideals. Ma et al. in [36], introduced the concept
of (ey,ey v(,) -fuzzy ideals of BCl-algebras. Recently, Shabir and Ali characterized semigroups by

the properties of their (€, €, vq,) -fuzzy ideals [54].
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Chapter-wise study

This thesis consists of seven chapters. Througout the thesis, S denotes a ternary semigroup, unless
otherwise specified.

Chapter one, which is of introductory nature, provides basic definitions and results, which are
needed for the subsequent chapters.

In chapter two, using the combined notions of “belongs to' and “quasi-coincidence' we

introduce and classify (a, £ )-type fuzzy ternary subsemigroups (left ideals, right ideals, bi-ideals) in

ternary semigroups, where «,f are any of €,0,€ VQ or € AQ with @ #< AQ. Special
attention is paid to (&, e vq) -type fuzzy ternary subsemigroups (left ideals, right ideals, quasi-ideals,
prime ideals, bi-ideals). We give numerouse examples to illustrate the concepts.

In chapter three, we study (e€,€vq,)-type fuzzy ternary subsemigroups (left ideals, right
ideals, quasi-ideals, bi-ideals, generalized bi-ideals) in ternary semigroups. The classes of regular
ternary semigroups and weakly regular ternary semigroups are characterized in terms of (€,evq, )-

fuzzy left ideals (right ideals, quasi-ideals, bi-ideals, generalized bi-ideals).

Chapter four is devoted to the study of (5, ﬁ )-type fuzzy ternary subsemigroups (left ideals,

right ideals, bi-ideals) in ternary semigroups. We mainly focused on (é,éva)—type fuzzy ternary

subsemigroups (left ideals, right ideals, lateral ideals, quasi-ideals, prime ideals, bi-ideals). We
conclude this chapter by characterizing reguar ternary semigroups and weakly regular ternary

semigroups in terms of these notions.

In chapter five, we focused our attention to highlight the study of (é,évq_k)—type fuzzy

ternary subsemigroups (left ideals, right ideals, lateral ideals, quasi-ideals, bi-ideals, generalized bi-
ideals) in ternary semigroups and investigate some related properties. Regular ternary semigroups and

right weakly regular ternary semigroups are characterized in terms of these fuzzy substructures.
Chapter six presents the study of (€,,€, v(,)-type fuzzy ternary subsemigroups (left ideals,

right ideals, bi-ideals, generalized bi-ideals) in ternary semigroups. Several characterizations of regular

ternary semigroups and right weakly regular ternary semigroups in terms of (€,,€, v0,)-type fuzzy

substructures are established.
The goal of chapter seven is to study the implication-based fuzzy ternary subsemigroups in
ternary semigroups. Using the four implication operators, that is, Gaines-Rescher implication operator,

Godel implication operator, the contraposition of Gddel implication operator and the Luckasiewicz



viii

implication operator, the implication-based fuzzy ternary subsemigroups are considered. Relations

between fuzzy (resp. (€,e vQq)-fuzzy) ternary subsemigroups are discussed. Conditions for a fuzzy

ternary subsemigroup with thresholds 0 and 0.5 to be an implication-based fuzzy ternary

subsemigroups under the Luckasiewicz implication operator are provided.



Chapter 1
Preliminary Notions

This chapter aims to recall basic concepts of ternary semigroups and fuzzy set theory
including fuzzy substructures of ternary semigroups which will serve as the base of

remaining chapters in the thesis.

1.1 Ternary Semigroups; Basic Definitions and Examples

Definition 1 A ternary semigroup is an algebraic structure (S, f) such that S is a
nonempty set and f : S3 — S is a ternary operation, satisfying the following associative

law:
f(f(a,b,c),d,e) = f(a,[f(becd),e)=f(ab,[(cde)) (1.1)
for all a,b,c,d,e € S.

This notation is rather cumbersome and we shall follow the usual algebraic practice
of writing the ternary operation as multiplication. Thus f (a,b,c) becomes a -b- ¢ or
(more usually) abc and the above associative law takes the simple form ((abc) de) =
(a(bed) e) = (ab(cde)) .

1.1.1 Examples

1. Let S = Z~ be the set of all negative integers. Then Z~ is a ternary semigroup
with respect to ternary multiplication of numbers.
2. The set of all odd permutations under composition.
3. Any semigroup S can be made into a ternary semigroup by defining the ternary
product to be f (a,b,c) = abc, for all a,b,c € S.
4. Let Q™ be the set of all negative rational numbers and S = {r\@ T E Q*}.

Then under usual ternary multiplication, S forms a ternary semigroup.
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5. Let R be the set of all real numbers and S = {m’ reR, i= \/—71} . Then with
the usual ternary multiplication, S forms a ternary semigroup.

6. Let S be the set of all n x n square matrices over Z~. Then with ternary
multiplication of matrices, S forms a ternary semigroup.

7. Let S = N. Then S is a ternary semigroup with respect to each of the following

operations:

(abc) = ged (a,b,c) for all a,b,c € S,
S(abc) = lem (a,b,c) for all a,b,c € S,
(abc)
(abc)

abc) = max (a,b,c) forall a,b,c€ S,

abc) = min (a,b,c) forall a,b,ceS.

Definition 2 If A, B and C are nonempty subsets of a ternary semigroup S. Then

we write
ABC ={abc:a€ A,be B,ce C}.

Definition 3 A ternary semigroup S is said to be a left zero ternary semigroup if
abc = a for all a,b,c € S.

Right zero ternary semigroup can be defined analogously.

1.2 Ternary Subsemigroups and Ideals

In this section we define ternary subsemigroup and left (right, lateral) ideals of a
ternary semigroup. We will also give some basic properties of these substructures.

A nonempty subset A of a ternary semigroup S is called a ternary subsemigroup
of S if AAA C A, that is, abc € A for all a,b,c € A.

A nonempty subset A of a ternary semigroup S is called a left (resp. right, lateral)
ideal of S if SSA C A (resp. ASS C A, SAS C A). If a nonempty subset of a ternary
semigroup S is a left and right ideal of S, then it is called a two sided ideal of S.

If a nonempty subset of a ternary semigroup S is a left ideal, right ideal and lateral
ideal of S, then it is called an ideal of S.

A nonempty subset @) of a ternary semigroup S is called a quasi-ideal of S if

(1) (QSS)N(SQS)N(55Q) € Q.

(2) (RSS)N(SSQSS)N(SSQ) C Q.

Every left, right and lateral ideal in a ternary semigroup is a quasi-ideal. But the

converse is not true in general.
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A ternary subsemigroup B of a ternary semigroup S is called a bi-ideal of S if
BSBSB C B. A nonempty subset B of a ternary semigroup S is called a generalized
bi-ideal of S if BSBSB C B.

A proper ideal P of S is called a prime ideal if ABC C P implies A C P, BC P
or C' C P for all ideals A, B, C of S.

The intersection of any number of ternary subsemigroups of a ternary semigroup

S is either empty or a ternary subsemigroup of S.

Proposition 4 Let R be a right ideal, M a lateral ideal and L a left ideal of a ternary

semigroup S. Then
RMLCRNMnNL.

1.3 Regular Ternary Semigroups

An element ¢ in a ternary semigroup S is called regular if there exists an element x in
S such that aza = a, that is, a € aSa. A ternary semigroup S is called regular if its

all elements are regular.

Theorem 5 [60] A ternary semigroup S is reqular if and only if RNM NL = RML
for every right ideal R, lateral ideal M and a left ideal L of S.

Theorem 6 [55] The following conditions on a ternary semigroup S are equivalent:
(1) S is regular;
(2) RN L = RSL for every right ideal R and every left ideal L of S.

Theorem 7 [55] The following assertions on a ternary semigroup S are equivalent:
(1) S is regular ;

(2) B = BSB for every bi-ideal B of S;

(3) Q@ = QSQ for every quasi-ideal Q of S,

(4) B = BSBSB for every bi-ideal B of S;

(5) Q@ = QSQSQ for every quasi-ideal Q of S.

Definition 8 [55] A ternary semigroup S is said to be right (resp. left) weakly regular,

ifx e (x59)° (resp. x € (SSx)B) forall x € S. A ternary semigroup S is right weakly

reqular if every right ideal R of S is idempotent, that is, R® = R.

Lemma 9 [55] A ternary semigroup S is right weakly regular if and only if RN I =
RII, for every right ideal R and every two sided ideal I of S.
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1.4 Fuzzy sets

Let X be a nonempty set. For A C X, the characteristic function x4 : X — {0, 1}

of A is defined by
1 ifxecA
xale)= { 0 ifa¢ A
A fuzzy set p of a universe X is a function from X into the unit closed interval
[0,1], that is, p : X — [0,1]. A fuzzy set p in X of the form

) te(0,1] ify==x
u@%—{ 0 iy £

is said to be a fuzzy point with support x and value ¢t and is denoted by z;. For a
fuzzy point x; and fuzzy set p in a set X, Pu and Liu [41] gave meaning to the symbol
xiop, where a € {€,q, € Vg, € Aq}. A fuzzy point x; is said to belongs to (resp. be
quasi-coincident with ) a fuzzy set p written z; € p (resp. wqp) if p(x) > t (resp.
p(x) +t>1) and in this case, z; € Vqu (resp. zy € Aqu) means that xy € i or zqu
(resp. z; € p and xpqu). To say that z;ap means that z,ap does not hold.

If 4 and X are two fuzzy sets in X then A < p means that A\ (x) < p(z) for all
x € X. The fuzzy sets pN A and pU A of X are called intersection and union of p and

A, respectively and are defined as follows:

N (@) = min{u(@),A(@)} = pl2) AA ()
= max{p(2), A (2)} = 51 (2) V A (a)

—
-
&

for all z € S. Similarly, for any family of fuzzy sets {11}, of S we define ( N ui> (x) =
€A

N\ u; () and <U Mz‘) () =V pi(x) forall z € S.

1€EA 1EA 1€EA
Definition 10 Let pu, A and v be three fuzzy sets in a ternary semigroup S. The
product o Xo v is defined by:

if there exist ©,y,z € S

V A{u@) AX(y) Av(2)}

(LoXov)(a) =X a=wy- such that a = xyz

0 otherwise.

Definition 11 A fuzzy set p in a ternary semigroup S is said to be a fuzzy ternary

subsemigroup of S if it satisfies the following conditions:

p(zyz) = min{u (x), p(y), p(z)} (1.2)

for all x,y,z € S.
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Definition 12 A fuzzy set p in a ternary semigroup S is called a fuzzy left (resp.
right and lateral) ideal of S (see [20]) if it satisfies:

p(zyz) > p(2) (resp. p(z) and p(y)) (1.3)
forall x,y,z € S.

Definition 13 [21] A fuzzy ternary subsemigroup p in a ternary semigroup S is said

to be a fuzzy bi-ideal of S if it satisfies the following condition:
i (zuyvz) = min {n (@), py), 1)} (1.4)
for all x,u,y,v,z € S.

Definition 14 [21] A fuzzy set p in a ternary semigroup S is a fuzzy quasi-ideal of
S if

() p(x) > min{(oSo8)(x),(Souos)(x),(SoSou(a)},
(i) p(2) > min{(poSoS)(x),(SoSouoSoS)(x),(SoSom (@)},

V

for all x € S, where § is the fuzzy set in S mapping every element of S on 1.

Obviously, every one sided fuzzy ideal of a ternary semigroup S is a fuzzy quasi-
ideal, every fuzzy quasi-ideal is fuzzy bi-ideal and every fuzzy bi-ideal is fuzzy gener-
alized bi-ideal of S.



Chapter 2

Classifications and properties of
(ar, B)-fuzzy ternary
subsemigroups and ideals in

ternary semigroups

In this chapter we classify (a, §)-fuzzy ternary subsemigroups, ideals and bi-ideals in
ternary semigroups and investigate the related properties. Different classes of ternary
semigroups are characterized in terms of (€, € Vq)-fuzzy left (right, lateral) ideals,

(€, € Vq)-fuzzy quasi-ideals, (€, € Vq)-fuzzy bi (generalized bi) ideals.

2.1 Classifications and properties of («, 5)-fuzzy ternary

subsemigroups

In what follows, let S denote a ternary semigroup and «, 5 € {€,q, € Vg, € Aq} unless

otherwise specified.

Definition 15 A fuzzy set p in S is said to be an (o, B)-fuzzy ternary subsemigroup
of S, where o # €A\ q, if it satisfies the following condition:

Tty fi, Y, po and 2eg o imply (TY2)mingey ta,65) B 1 (2.1)
for all x,y,z € S and t1,ts,t3 € (0,1].

The case @ =€ Agq in Definition 15 is omitted, because for a fuzzy set p in S if
p(z) < 0.5 for all z € S, then for the case z; € Agqu, t € (0,1] we have p (z) > t and
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p(zr)+t>1. Thus 1 < p(z) +t < p(x) + p(x) = 2u(x), which implies p (z) > 0.5.
This means that {z; | z; € Aqu} = 0.

Example 16 Consider S = {—i,0,i}, where S is a ternary semigroup under the usual

multiplication of complex numbers. Define a fuzzy set p in S as follows:

0.5 if z=0,
w:S — 0,1,z —<¢ 0.7 if x =1,
0.6 if x = —1.

Then simple calculations show that p is an (€, € Vq)-fuzzy ternary subsemigroup of S.

Theorem 17 A fuzzy set p in S is a fuzzy ternary subsemigroup of S if and only if
W is an (€, €)-fuzzy ternary subsemigroup of S.

Proof. Suppose p is a fuzzy ternary subsemigroup of S. Let z,y,z € S and
t1,ta,t3 € (0,1] be such that x;, € p, Y, € p and 2z, € p. Then p(z) > t1, p(y) = t2
and p(z) > t3. Since p is a fuzzy ternary subsemigroup of S, it follows that

p(zyz) 2 min{u(x), p(y), p(z)} = min{tyts, ts} .

Hence (xyz)min{tl,m’tg} € i
Conversely, assume that p is an (€, €)-fuzzy ternary subsemigroup of S. If there

exist z,y, z € S such that
plzyz) < p(x) Ap(y) Ap(z),
then we can choose t € (0,1] such that
p(zyz) <t <p(@)Ap(y) Ap(z).

Then z; € p, y» € p and 2z € p but (zyz), €p, which is a contradiction. Hence
w(xyz) = p(x) Ap(y) A p(z). This completes the proof. m

Theorem 18 FEvery (€, €)-fuzzy ternary subsemigroup is an (€, €V q)-fuzzy ternary

subsemigroup.
Proof. Straightforward. m

Remark 19 The converse of Theorem 18 is not true in general. In fact, the (€,
€V q)-fuzzy ternary subsemigroup p of S in Example 16 is not an (€, €)-fuzzy ternary
subsemigroup of S since ig7 € p but (14i), ; Ep.
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Proposition 20 In a left zero ternary semigroup, every fuzzy set is an (€, €V q )-fuzzy

ternary subsemigroup.

Proof. Straightforward. m

For a fuzzy set p in S, we denote Sy := {z € S| u(x) > 0}.

Theorem 21 If i is one of the following:
(i) an (€, € Vq)-fuzzy ternary subsemigroup of S,
(ii) an (€, €)-fuzzy ternary subsemigroup of S,
(iii) an (€, q)-fuzzy ternary subsemigroup of S,
(v) a (q, €)-fuzzy ternary subsemigroup of S,
(v) a (q,q)-fuzzy ternary subsemigroup of S,
(vi) an (€, € Nq)-fuzzy ternary subsemigroup of S,
(vii) an (€ Vq, q)-fuzzy ternary subsemigroup of S,
(viii) an (€ Vq, €)-fuzzy ternary subsemigroup of S,
(ix) an (€ Vq, € Nq)-fuzzy ternary subsemigroup of S,
(z) a (q, € Nq)-fuzzy ternary subsemigroup of S,
(i) a (q, € Vq)-fuzzy ternary subsemigroup of S,

then the set Sgy is a ternary subsemigroup of S.

Proof. (i) Let =, y, z € Sp. Then p(z) > 0, (y) > 0, (z) > 0. Assume that
xyz ¢ So. Then
p(zyz) =0 <min{p (z),p(y),n(z)}.

If we take t = min {p (x),p (y), 1 (2)}, then t € (0,1], 2t € pu, y+ € p and z; € p. Since
p(xyz) =0 < tand p(xyz)+t =1t < 1, we have (zyz), € Vqu. This is a contradiction.
Hence zyz € Sy. Consequently Sy is a ternary subsemigroup of S.

(ii) It is a corollary of (i).

(iii) Let x,y, z € So. Then p(x) > 0, (y) > 0, (z) > 0. If p(zyz) = 0, then

p(zyz) +min{p(x), pn(y), p(z)} = min{p (@), p(y),n(z)} <1

Hence (zyz) )3 @i, which is contradiction. Thus p(zyz) > 0, and so

min{z(z),pu(y),n(z
xyz € Sg. Therefore Sy is a ternary subsemigroup of S.

(iv) Let x,y, z € So. Then p(x) > 0, (y) > 0 and p(z) > 0. Thus p(z) +1 > 0,
u(y)+1>0and p(z)+1> 0, which imply that z1qu, y1qu and z1qu. If p(zyz) =0,
then pu (2yz) <1 =min{1,1,1}. Therefore (2y2) 411,13 €4, Which is a contradiction.

It follows that u (xyz) > 0, so zyz € Sp. This completes the proof.
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(v) Let z,y, z € Sp. Then p(z) > 0,u(y) > 0 and p(z) > 0. Thus p(z) +1 > 1,
p(y)+1>1and p(z)+1 > 1, and therefore x1qu, yigu and ziqu. If p(zyz) = 0,
then i (zyz) + min{1,1,1} =0+ 1 =1, and so (2Y2) i1 1,13 G- This is impossible,
hence p (zyz) > 0, that is, zyz € Sp. This completes the proof.

The proofs of the remaining parts are similar. m

Theorem 22 Let A be a non-empty subset of S and o € {€,q,€ Vq}. Then A is a
ternary subsemigroup of S if and only if the fuzzy set p in S defined by:

>0.5 forallze A,
() =
0 forallze S\ A,

is an («, € Vq)-fuzzy ternary subsemigroup of S.

Proof. Suppose A is a ternary subsemigroup of S.

(a) In this part we show that u is an (€, € Vq)-fuzzy ternary subsemigroup of S.
Let z,y, z € S and t,r, s € (0,1] be such that zy, y,, 25 € pu. Then p(x) > ¢, p(y) >,
p(z) > s. Thus z,y,z € A, so zyz € A. Thus u (zyz) > 0.5. If min {¢,r, s} < 0.5, then
p(zyz) > 0.5 > min{t,r,s} implies (myz)min{tm} € p. If min{¢,r, s} > 0.5, then
p(zyz) +min{t,r, s} > 0.54+0.5 = 1, 80 (2Y2) mingt rsp 8- ThUS (2Y2) i ge 1 51 € VAR
Hence p is an (€, € Vq)-fuzzy ternary subsemigroup of S.

(b) In this part we show that p is a (g, € Vq)-fuzzy ternary subsemigroup of S.
Let z, y, z € S and t,r,s € (0,1] be such that z;, y,, zsqu. Then p(x) +t > 1,
w(y)+r>1 pu(z)+s > 1 Thus z,y,z € A, so zyz € A. Thus p(zxyz) > 0.5. If
min {t,r,s} < 0.5, then p(2yz) > 0.5 > min{¢,7, s}. Hence (2y2)yingrrsp € #- If
min {t,r,s} > 0.5, then p(2zyz) + min{t,r,s} > 0.5+ 0.5 = 1, 50 (2Y2)pingt s} -
Thus (zyz)

(¢) In this part we show that p is an (€ Vg, € Vq)-fuzzy ternary subsemigroup of
S. Let z,y,z € S and t,r,s € (0,1] be such that =, y,, zs € Vqu. Then x; € p or

y € Vau. Hence p is a (q, € Vq)-fuzzy ternary subsemigroup of S.

min{t,r,s

Tiqlh, Yr € W OT Ypqll, Zs € [ O zgqu. This implies that p(x) > t or p(z) +t > 1,
p(y) >rorpu(y)+r>1,pu(z)>sor pu(z)+s>1.

Now there are eight possible cases, each case implies that x,y,z € A so xyz € A.
Analogous to (a) and (b) we obtain (2y2),ingt s € VaL-

Hence p is an (€ Vg, € Vq)-fuzzy ternary subsemigroup of S.

Conversely, assume that p is an («, € Vq)-fuzzy ternary subsemigroup of S. Then
A = 5). Just like Theorem 21 we can prove that in any case A is a ternary subsemigroup

of S. Hence by Theorem 21, A is a ternary subsemigroup of S. m
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Example 23 Consider the ternary semigroup S of Example 16. Define a fuzzy set p

i S as follows:

0.50 if z =0,
p:S—10,1],z - < 0.72 if x =1,
0.61 if x = —i.

Then 1 is an (€, € Vq)-fuzzy ternary subsemigroup of S. But
(1) w is not an (€, €)-fuzzy ternary subsemigroup of S, since ig71 € p but

(440) min{0.71,0.71,071y = —00.71 € -
2 is not an (€, q)-fuzzy ternary subsemigroup of S, since ig1 € p but
i
(10) minf0.1,0.1,0.1} = —10.1q f-
(3) p is not a (q,q)-fuzzy ternary subsemigroup of S, since ip.3q p but
(471) min{0.3,0.3,0.3) = —10.3 1-
4 is not a (q, €)-fuzzy ternary subsemigroup of S, since ig.gsqu but
1
(%%) min{0.68,0.68,0.68) = —0.68 € L1-
5 is not an (€, € Aq)-fuzzy ternary subsemigroup of S, since igo7 € u but
1
(11) 97 G ¢ and so (140) g 97 € Agp.
(6) w is not a (q, € Nq)-fuzzy ternary subsemigroup of S, since ig.29qu but
(0) min{0.29,0.20,0.20) = —0.20 G 1 and 50 (iii)g 99 € Agpe.
(7) w is not an (€ Vq, €)-fuzzy ternary subsemigroup of S, since igg5 € Vqu but
(iii)min{0.65,0.65,0‘65} = —10.65E/-

(8) w is not an (€ Vq, q)-fuzzy ternary subsemigroup of S, since ig.31 € Vqu,io.38 € Vqu
and 1932 € Vqu but
(iii)min{0.31,o.3s,0.32} = —i0.31q4-

(9) p is not an (€ Vq, € Aq)-fuzzy ternary subsemigroup of S, since ig34 € Vqu but
(122)g,34 Gp and so (iit)g 34 € Aqp.

Theorem 24 FEvery (€V q, €V q)-fuzzy ternary subsemigroup of a ternary semigroup
S is an (€,€V q)-fuzzy ternary subsemigroup of S.
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Proof. Straightforward. m

Remark 25 In general, it is not true that (€,€V q)-type implies (€V q, €V q)-type

as seen in the following example.

Example 26 Let S = {a,b,c,d} be a left zero ternary semigroup, that is, ryz = x
for all x,y,z € S. Define a fuzzy set p in S as follows:

0.31 if z =a,
0.61 ifz=0b
p:S—10,1, =z~ BE=D
0.78 if z =,
0.88 if x =d.

Then p is an (€, €V q)-fuzzy ternary subsemigroup of S by Proposition 20. But it is
not an (€V q, €V q)-fuzzy ternary subsemigroup of S since ag7 €V qu, co5 €V q i
and do.4 €V q p, but (acd)min{0.7,0.5,0.4) €V q fi-

Now, we investigate relations between (€, €V ¢ )-fuzzy ternary subsemigroups and

(g, €V q)-fuzzy ternary subsemigroups.

Theorem 27 Every (q, €V q)-fuzzy ternary subsemigroup of a ternary semigroup S

is an (€, €V q)-fuzzy ternary subsemigroup of S.

Proof. Let u be a (¢, € V q)-fuzzy ternary subsemigroup of S, x,y,z € S and
t1,ta,ts3 € (0,1] be such that xy, € u,y, € p and 2y, € p. Then p(x) > t1, pu(y) > to

and p (z) > t3. Suppose (zyz) ta,ts} € Vap- Then

min{t1,
w(zyz) < min {t1,te,t3},
and

p(zyz) + min {t1,te, t3} < 1.

It follows that
w(zyz) < 0.5.

Thus we have

p(zyz) < min {t1,t2,t3,0.5}
and so
1—p(zryz) > 1—min{ty,ta,t3,0.5}
== max{l - tl, 1-— tQ, 1-— t3,0.5}
max {1 —p(z),1—pn(y),1—p(z),05}.

v
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Hence there exists ¢ € (0, 1] such that

1—p(ryz) >0 >max{l —p(x),1—pn(y),1 —p(2),0.5}. (2.2)

From the right inequality in (2.2) we have p(x) +d > 1, u(y) +0 > 1, and
w(z) +3d > 1, that is, zsqu, ysqu and zsqu. Since u is a (q, € V q)-fuzzy ternary
subsemigroup of S, it follows that (zyz)s € Vgu. But from the left inequality in (2.2)
we have p (zyz)+6 < 1, that is, (xyz);qu and p (zyz) < 1-6 < 1-0.5 = 0.5 < §, that
is, (xyz)s €Ep. Thus (xyz)s € Vqpu, a contradiction. Hence, (myz)min{thm?tﬁ € Vqu, and
therefore p is an (€, €V ¢ )-fuzzy ternary subsemigroup of S. m

In general, an (€, €V q )-fuzzy ternary subsemigroup may not be a (¢, €V q )-fuzzy

ternary subsemigroup as seen in the following example.

Example 28 Consider the (€,€ V q)-fuzzy ternary subsemigroup p of Example 26.
We know that ag.7qp, cos5qp and do.aqp, but (acd)mingo.7,0.5,04} €V q p. Hence p is
not a (q, €V q)-fuzzy ternary subsemigroup of S.

Based on above discussion, we now classify («a, §)-fuzzy ternary subsemigroups in
a ternary semigroup S.

In considering (o, )-fuzzy ternary subsemigroups in a ternary semigroup S, we
have twelve different types of such structures, that is, («, ) is any one of (€, €),
(€.9), (€, €Nng), (€, €Vaq), (¢,€), (¢,9), (¢,€Nq), (¢,€Vq), (EVq,€), (EVg,q),
(EVg,eENq), and (€Vq,€Vq). Clearly, we have relations among these types which

are described in the following theorems.

Theorem 29 We have the following relations:

S =
= Q:\“\w::«,,h /:::%.
S e
=N ==
(e,evq)
(evg,evq)
__%::f'? =
- —
4;:/ S

(2.3)

and

(2.4)
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Theorem 30 If u(x) > 0.5 for all x € S, then we have the following relation:

(€,eVq)

Combining Theorem 27 and (2.4) in Theorem 29, we have

Theorem 31 We have the following relations.

e, ev
(€, 1) (2.6)
The following theorem is a characterization of (€, € Vq)-fuzzy ternary subsemi-

group of S.

Theorem 32 A fuzzy set u in S is an (€,€V q)-fuzzy ternary subsemigroup of S if
and only if u satisfies:

u(wyz) = min{p(z), u(y), u(2),0.5} (2.7)

forall x,y,z € S.

Proof. Let p be an (€, € Vq)-fuzzy ternary subsemigroup of S. Let z,y,z €
S be such that p(zyz) < min{p(z),n(y),n(z),0.5}. First we consider the case
when min {x (z),p(y),n(2)} < 0.5. Then p(zyz) < min{u(z),pu(y),n(z),0.5} =
min {p (x), 1 (y),un(2)}. Chooset € (0, 1] such that pu (zyz) <t < min{u(z),p(y),pn(z)}.
Then x¢,ys, 2¢ € p but (xyz), €Ep. Also p(xyz) +t < 1. This implies (xyz), gu. Thus
(zyz), € A qu, which is a contradiction.
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Now we consider the second case when min {p () , 1 (y), 1 (2)} > 0.5. Then p (zyz) <
min {p (z), 1 (y), 1 (2),0.5} = 0.5. Thus zo5, yos5, 205 € o but (xyz), 5 € A G, which
is a contradiction. Hence p (zyz) > min{p (x), p(y),pn(2),0.5}.

Conversely, assume that p (zyz) > min{u (z), 1 (y),u(2),0.5}. Let x¢, y,, 25 € p.
Then pu(2) > t,u(y) = r,p(2) = s. Now, p(zyz) > min{u(z),p(y),pn(z),0.5} >
min {t,r,s,0.5}. If min {¢,r, s} < 0.5, then pu (zyz) > min {¢,r, s}. Thus (2y2) g5 €
p. If min{¢,r, s} > 0.5, then u(zyz) > 0.5. This implies p (zyz) + min{¢,r, s} >
0.5+ 0.5 = 1. Thus (:Uyz)min{tm} qu. Hence (:Uyz)min{tms} € Vqu. Therefore y is an
(€, € Vq)-fuzzy ternary subsemigroup of S. m

Theorem 33 Let p be a fuzzy set in S. Then p is an (€,€ V q)-fuzzy ternary sub-
semigroup of S if and only if the nonempty level set

Upst) :={z € § | p(x) =t}
is a ternary subsemigroup of S for all t € (0,0.5].

Proof. Suppose 1 is an (€, € Vq)-fuzzy ternary subsemigroup of S and U (u;t) # ()
for t € (0,0.5]. Let z,y, z € U (p;t). Then p(z) > t,u(y) > t,u(z) > t. Since
p(zyz) > min{p(x),pw(y), 1 (2),0.5} > min{t,0.5} = ¢. Thus p(zyz) > ¢, so
xyz € U (u;t). Hence U (p;t) is a ternary subsemigroup of S.

Conversely, assume that U (u;t) (# 0) is a ternary subsemigroup of S for all ¢ €
(0,0.5]. Suppose there exist z,y, z € S such that p (xyz) < min {p (z), p(y),p(z),0.5}.
Choose t € (0,0.5] such that p (zyz) <t <min{u(x),u(y),pu(2),0.5}. Then z,y, 2z €
U (u;t) but xyz ¢ U (u;t), which is a contradiction. Thus

p(wyz) > min{p (), pu(y),pn(z),0.5}.

Hence p is an (€, € Vq)-fuzzy ternary subsemigroup of S. m

Corollary 34 Let u be an («, B)-fuzzy ternary subsemigroup of S where (a, 3) is any
one of (€,€), (€,q), (€,€Nq), (eVq,€),(€EVq,q), (EVqg,ENg), and (EVq, EV Q).
Then the set

Upst) :={z € S| p(zx) >t}

is a ternary subsemigroup of S for all t € (0,0.5].

Corollary 35 For any subset A of S, the characteristic function x 4 of A is an (€, € Vq)-

fuzzy ternary subsemigroup of S if and only if A is a ternary subsemigroup of S.

In the following theorem we provide condition for (€, € V ¢ )-fuzzy ternary subsemi-

group to be an (€, €)-fuzzy ternary subsemigroup.
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Theorem 36 If i is an (€,€V q)-fuzzy ternary subsemigroup of S such that p(x) <
0.5 for all x € S, then u is an (€, €)-fuzzy ternary subsemigroup of S.

Proof. Let x,y,z € S and t,7,s € (0,1] be such that ; € p, y» € p and z5 € p.
Then p(x) > t, u(y) > r and p(z) > s. Since 0.5 > p(a) for all a € S, we have
t,r,s € (0,0.5]. Since

p(zyz) > min{p (z), p(y), 1 (2),0.5} > min{t,7,s,0.5} = min {t,r, s}
we have (myz)min{tms} € p. Hence p is an (€, €)-fuzzy ternary subsemigroup of S. m

Theorem 37 Let {u; |i € A} be a family of (€,€ V q)-fuzzy ternary subsemigroups

of S. Then = () p; is an (€, €V q)-fuzzy ternary subsemigroup of S.
1EA

Proof. Let {p; | i € A} be a family of (€, €V ¢ )-fuzzy ternary subsemigroups of a
ternary semigroup S. Let x,y,2z € S. Then

nteve) = () ) (o) = A o)

LIS €A

Since each p; is an (€, €V q )-fuzzy ternary subsemigroup of S. It follows that

p(ryz) = }é\A p; (xyz) = ,é\A{m (@) A i (y) A g (2) A 0.5}
= win{ A @) Am@). Al 05}
€A 1€EA €A

- wu{(ge)o- () ()

= min{p(z), n(y), p(z), 0.5}.

Hence p:= ) p; is an (€, €V q )-fuzzy ternary subsemigroup of S. m
€A
For a fuzzy set pin S and t € (0, 1], consider the g-set and €V g-set with respect

to t (briefly, t-g-set and t-€V q-set, respectively) as follows:
S; ={x e X |z qu}and Stevq ={x e X |z €Vaqpu}.

Note that, for any ¢,r € (0,1], if ¢ > r then every r-g-set is contained in the ¢-g-set,
that is, Sj C S§. Obviously, S&,, = U(u;t) U SL.

Theorem 38 If v is an (€, €)-fuzzy ternary subsemigroup of S, then the t-q-set S;

is a ternary subsemigroup of S for allt € (0,1] whenever it is nonempty.
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Proof. Let z,y, z € S}. Then z4qu, yrqu and zequ, that is, p (x)+t > 1, pu (y)+t > 1
and p (z) +t > 1. It follows that

p(zyz) +t = min{u(z),p(y), p(z)}+1
= min{p (@) +t,pu(y) +t,p(z)+1}>1

and so (xyz), qu. Hence zyz € Sfl, and therefore S}; is a ternary subsemigroup of S. m

Definition 39 A fuzzy set p in S is said to be an (€, q)™*-fuzzy ternary subsemigroup

of S if u satisfies the following condition:
Tty € s Yty € M, Zts S 2 = (xyz)max{tl,tg,tg}q/’[/ (28)
for all x,y,z € S and t1,ta,t3 € (0,1].

Obviously, every (€, q)-fuzzy ternary subsemigroup is an (€, q)™**-fuzzy ternary

subsemigroup.

Theorem 40 For a fuzzy set v in S, if the t-q-set Sé is a ternary subsemigroup of S
for allt € (0.5,1], then u is an (€,q)™**-fuzzy ternary subsemigroup of S.

Proof. Let z,y,z € S and t1, ta,t3 € (0.5,1] be such that x, €p, y, € and 2y, €.
Then p(x) >ty > 1 —t1, p(y) > ta > 1 —ty, p(z) > t3 > 1 — t3, that is € S},

y € Si? and z € Si3. Tt follows that z,y, z € Sglax{tl’tz’tz‘} and max {t1,t2,t3} € (0.5,1].
By hypothesis, we have zyz € Sglax{tl’t2’t3} and 50 (TY2) yax(ty 12,15} A4~ Therefore p is

an (€, q)™**-fuzzy ternary subsemigroup of S. m

Definition 41 A fuzzy set p in S is said to be a (g, €)™ -fuzzy ternary subsemigroup
of S if it satisfies the following condition:

Tty Qs Yt Q1 2t A1 = (TYZ)max{iy tarts} € M (2.9)
for all x,y,z € S and t1,ta,t3 € (0,1].

Obviously, every (g, €)™*-fuzzy ternary subsemigroup is a (g, €)-fuzzy ternary

subsemigroup.

Theorem 42 For a fuzzy set i in S, if the t-q-set Sé is a ternary subsemigroup of S
for all t € (0,0.5], then p is a (g, €)™ -fuzzy ternary subsemigroup of S.

Proof. Let z,y,z € S and t1,te,t3 € (0,0.5] be such that zy qu, y,qu and
ztzqp- Then z € Sit, y € S and z € S, It follows that z,y,z € S;nax{tl’m’t?’} and
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max{tl R ,t3}

max {t1,t2,t3} € (0,0.5]. Hence zyz € Sy , which implies that p(zyz) +
max {t1,t2,t3} > 1. Thus

w(xyz) > 1 —max {t1,to, t3} > max {t1,ts,t3},

and so (zyz)
S . m

max{t1 to,ts} € H- Therefore i is a (g, €)™**-fuzzy ternary subsemigroup of

Theorem 43 If p is a (q, €V q)-fuzzy ternary subsemigroup of S, then the t-q-set Sé

is a ternary subsemigroup of S for all t € (0.5, 1] whenever it is nonempty.

Proof. Let z,y,z € Sf]. Then xiqu, yrqu and ziqu. Since p is (q, € V q )-fuzzy
ternary subsemigroup of S, we have (zyz), € Vqpu, that is, (zyz), € p or (xyz), qu. If
(zyz), qu, then zyz € St If (zyz), € p, then p(xyz) >t > 1 —t, since t > 0.5. Hence

(xyz), qu and so zyz € Sé. Therefore Sé is a ternary subsemigroup of S. m

Corollary 44 If u is an (o, B)-fuzzy ternary subsemigroup of S where (a, 3) is one
of (¢,€), (¢,q) and (q,€ \q), then the t-q-set S} is a ternary subsemigroup of S for
all t € (0.5,1] whenever it is nonempty.

Using Theorems 22 and 43, we have the following result.

Theorem 45 For a ternary subsemigroup A of S, if i is a fuzzy set in S such that

> 0.5 forallxe A,
() =
0 forallze S\ A,

then the nonempty t-q-set S; is a ternary subsemigroup of S for all t € (0.5,1].

Definition 46 A fuzzy set p in S is said to be a (q, €V q )™ -fuzzy ternary subsemi-
group of S, if it satisfies the following condition:

Tty G Ly Yo G s 25 Q10 = (TYZ)max{ty ta,ts} €V 1 (2.10)

for all x,y,z € S and t1,t2,t3 € (0, 1].

Theorem 47 For a fuzzy set p in S, if the nonempty t-€ V q -set Stevq s a ternary
subsemigroup of S for all t € (0,1], then u is a (q, € V q )™**-fuzzy ternary subsemi-
group of S.

Proof. Let z,y,z € S and t1,t2,t3 € (0,1] be such that x¢, qu, yr,qu and 2z, qu.

Then z € 5’51 C Stelvq, Yy € 5’32 C Ste%/q and z € Sf["’ C S’g’,q. It follows that z,y,z €

max{t1,t2,t3}
SEVq max{tl,tg,tg} S

V qu. Therefore p is a (q, €V q )™**-fuzzy ternary subsemigroup of S over (0,1]. m

max{t1,t2,

and so from the hypothesis zyz € Sg,, 3} Hence (xyz)
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Theorem 48 If i is an (€, €V q )-fuzzy ternary subsemigroup of S, then the nonempty
t-q-set Sé is a ternary subsemigroup of S for all t € (0.5,1].

Proof. Assume that 5’2 # (O forallt € (0.5,1]. Let z,y, 2 € S};. Then xqu, yequ, zeqp,
that is, p(z) +t > 1, pu(y) +t > 1, (2) + ¢ > 1. It follows from Theorem 32 that

p(zyz) +t = min{p(x),pu(y),p(z),05)+1¢
= min{p(x)+t,u(y)+t,u(z)+1t05+t}
> 1.

So (zyz), qu. Hence zyz € S;, and therefore Sé is a ternary subsemigroup of S. m

Corollary 49 If u is an (o, B)-fuzzy ternary subsemigroup of S where («, ) is any
one of (€,€), (€,9), (€§,€Nq), (EVq,€), (EVq,q), (EVg, ENq), (EVg, EVq),
(¢,€), (¢,9), (g€ Vq), and (q,€ Nq), then the nonempty t-q-set S} is a ternary
subsemigroup of S for all t € (0.5,1].

Theorem 50 Let p be a fuzzy set in S. Then p is an (€, €V q )-fuzzy ternary subsemi-
group of S, if and only if the nonempty t-€V q -set Ste/q s a ternary subsemigroup of
S for all t € (0,1].

Proof. Let u be a fuzzy set in S and ¢t € (0,1] be such that S§,, is a ternary
subsemigroup of S. If possible, let

p(zyz) <t <min{p(z),p(y),pu(z),0.5}

for some ¢t € (0,0.5) and z,y,z € S. Then z,y,z € U (u;t) C Stevq, which implies that
zyz € SL, . Hence p(zyz) >t or p(xyz) +t > 1, a contradiction. Therefore

p(zyz) > min{p (z), pu(y),p(z),0.5}

for all z,y,z € S. It follows from Theorem 32 that u is an (€, € V q)-fuzzy ternary
subsemigroup of S.

Conversely, suppose that p is an (€, € V ¢ )-fuzzy ternary subsemigroup of S. Let
T,Y,2 € Ste/q. Then x; € Vqu, y: € Vqu, and z; € Vqu, that is,

(i) (@) >t or (@) +1> 1,

(1) p(y) > tor pu(y) +1t>1,

(i73) p(z) > tor p(z)+t> 1.

Since p is an (€, €V q )-fuzzy ternary subsemigroup of S, we have

p(zyz) 2 min{p (z), p(y),p(z),0.5}.



2. Classifications and properties of («, 5)-fuzzy ternary subsemigroups and
ideals in ternary semigroups 19

We consider four cases.

Case 1. p(z) >t, p(y) >t and p(z) > t.

Case 2. Any two of p(x), p(y) and p(z) are greater than or equal to ¢, and the
remaining is greater than 1 — ¢.

Case 3. Any two of i (x), p(y) and p (z) are greater than 1 —¢, and the remaining
is greater than or equal to t.

Case 4. p(x)+t>1, p(y)+t>1and pu(z) +¢t> 1.

For the first case, if ¢ > 0.5, then

p(zyz) = min{u (z), p(y),p(z),0.5} = 0.5,

and so (zyz), qu. If t < 0.5, then

p(zyz) > min{p (z), p(y),p(z),0.5} > ¢,

and thus (zyz), € p. Therefore (zyz), € Vqu.
For the Case 2, it is sufficient to consider the case: p(z) > ¢, p(y) > t and
p(z)+t>1.1ft > 0.5, then 1 —¢ < 0.5 < ¢, and so

p(zyz) = min{u(z),pw(y),p(z),0.5}
> min{t,u(2),0.5}
_ { w(z) if p(z) <0.5
0.5 ifp(z)>0.5
> 11—t

which implies (zyz), gu. If t < 0.5, then

w(zyz) > min{p(z),p(y),pn(z),0.5} > min{t, 1 —¢,0.5} =t.

Thus (zyz), € p. Hence (zyz), € Vqu.
For the Case 3, it is sufficient to consider the case: p(z) >t > 1, u(y)+t > 1 and
p(z)+t>1.1ft > 0.5, then 1 —¢ < 0.5 < ¢t and we have the following cases:

i) pu(y) > p(2) > 0.5,
i) p(2) > p(y) > 0.5,
i) p(y) =2 0.5 = p(z)
w) p(z) 205> p(y),
v) 0.5 > p(y) > p(z
vi) 0.5 > p(2) > p(y).

~—

)

(
(
(
(
(
(
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It follows that

p(ryz) > min{p(z),pm(y),pn(2),0.5}

= min{u(y),p(z),0.5}
0.5  for the cases (i) and (i),
= p(y) for the cases (iv) and (vi),
w(z) for the cases (iii) and (v),
> 1t

and thus (zyz), qu. If t < 0.5, then

w(zyz) > min{p (z),p(y),pn(z),0.5} > min{t,1 —¢,0.5} =0.5 =1,

and so (zyz), € p. Hence (zyz), € Vqpu.
For the case 4, if £ > 0.5, then

p(zyz) = min{u(z),pu(y),n(z),0.5}
> min{l —t,05}=1—t

and thus (zyz), qu. If t < 0.5, then

p(zyz) = min{u(z),p(y),pn(z),0.5}
> min{l —¢05}=05>¢,

and so (zyz), € p. Hence (zyz), € Vqu. Therefore Stevq is a ternary subsemigroup of
S. m

Corollary 51 If p is an («, B)-fuzzy ternary subsemigroup of S where (a, ) is any
one of (€,€), (€,q), (€,€Nq), (eVg,€),(€Vq,q), (EVg,ENg),and (EVq, EVq),
then the nonempty t-€V q -set Stevq is a ternary subsemigroup of S for all t € (0,1].

2.2 Classifications and properties of («, §)-fuzzy ideals

We start this section with the following definition.

Definition 52 A fuzzy set p in S is called an («, B)-fuzzy left (resp. right, lateral)
ideal of S if it satisfies:

zeap implies (xyz), Bp (resp. (2xy), Bu, (x2y), Bp) (2.11)

for all x,y,z € S and t € (0,1].

A fuzzy set pin S is called an (o, B)-fuzzy two sided ideal if it is both («, 8)-fuzzy
left ideal and («, 8)-fuzzy right ideal of S and is called an («, 3)-fuzzy ideal if it is
(a, B)-fuzzy left ideal, (o, B)-fuzzy lateral ideal and (o, B)-fuzzy right ideal of S.
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Example 53 Let S = {a,b,c,d,e} and zyz = (x x y)*xz = xx(y * 2) for all z,y,z € S,
where * is defined by the following table:

*xla b ¢ d e
ala d a d d
bla b a d d
cla d ¢ d e
dla d a d d
ela d ¢ d e

Then S is a ternary semigroup. Define a fuzzy set p in S as follows:

([ 0.50 if z=a,

0.70 if =z =b,

w:S—1[0,1], z— < 020 if z=c,
0.55 if =z =d,

0.60 if z =e.

Then simple calculations show that p is an (€, € Vq)-fuzzy left ideal of S, but neither
an (€, € Vq)-fuzzy right ideal, nor an (€, € Vq)-fuzzy lateral ideal of S, since ey 3 € i,
but

(ecc)o 5 € Vap.

and
(cec)y5 € Vi

Moreover we see that:

(i) p is not an (€, €)-fuzzy left ideal of S, since by es € p but

(dcb)g g5 EL-

(i) p is not an (€, q)-fuzzy left ideal of S, since bys € p, but
(ddb)y 5 qp-

(iii) v is not a (q,q)-fuzzy left ideal of S, since by 32qu, but
(ddb) g 35 Gh-

(iv) p is not a (q, €)-fuzzy left ideal of S, since byesqpu, but
(bad)y 65 € -

(v) w1 is not an (€, € Aq)-fuzzy left ideal of S, since by 31 € u, but

(ddb) 51 G and so (ddb), 51 € Aqu.
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(vi) p is not a (q, € Aq)-fuzzy left ideal of S, since by s3qu, but
(ddb)g 35 G1 and so (ddb), 55 € Aqfe.
(vii) w is not an (€ Vq, €)-fuzzy left ideal of S, since by gs € Vqu, but
(bad) g4 €pt-
(viii) u is not an (€ Vq, q)-fuzzy left ideal of S, since byar € Vqu, but
(ddb)g o7 G1-
(iz) p is not an (€ Vq, € N\q)-fuzzy left ideal of S, since bysg € Vqu, but
(adb)y 35 1t and so (adb), 55 € Aqp.

Example 54 Let S ={0,a,b,c,1} and zyz = (x x y)*z = xx(y * 2) for allz,y,z € S,
where x is defined by the following table:

oS O O O OO
S o O O

o Qe OO0
= 0O o9 O

— 0 o Q Of %
Q@ O O O OoOfe

Cc

Then S is a ternary semigroup. Define a fuzzy set A in S as follows:

(0.8 if =0,

0.2 if x =a,

A:S— 0,1, z+— < 0.5 if 2z =0,
0.7 if z=c¢,

[ 0.2 if z=1.

Then simple calculations show that X is an (€, € Vq)-fuzzy right ideal of S, but neither
an (€, € Vq)-fuzzy left ideal nor an (€, € Vq)-fuzzy lateral ideal of S, since coq1 € A,
but

(lac)g, € VgA

and
(acl)yq € VgA.

Moreover we see that:
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(i) A is not an (€, €)-fuzzy right ideal of S, since cog € \ but
(c1b)g g EA
(ii) X\ is not an (€, q)-fuzzy right ideal of S, since co.3 € A, but
(c1b)g.3 A
(iii) X\ is not a (q, q)-fuzzy right ideal of S, since co319A, but
(cbb)g 51 G-
(iv) X is not a (q, €)-fuzzy right ideal of S, since aggg), but
(a00)y g EA.
(v) X is not an (€, € Nq)-fuzzy right ideal of S, since co51 € A, but
(c1b)g 51 €A and so (bca)y 51 € AgA.
(vi) X is not a (q, € Nq)-fuzzy right ideal of S, since co 359X, but
(cbb)g 35 G and so (cbb), 55 € AgA.
(vii) A is not an (€ Vq, €)-fuzzy right ideal of S, since cos9 € Vg, but
(c1b)g 59 €A
(viii) A is not an (€ Vq, q)-fuzzy right ideal of S, since co34 € Vg, but
(abb)g 34 A
(iz) X\ is not an (€ Vq, € Aq)-fuzzy right ideal of S, since cy39 € VgA, but
(cbb)g 39 GA and so (cbb), 59 € AgA.

Remark 55 In a ternary semigroup S, every (€, €V q)-fuzzy left (right, lateral) ideal
of S is an (€,€ V q)-fuzzy ternary subsemigroup of S, but the converse is not true
in general. In fact, the (€,€V q)-fuzzy ternary subsemigroup of S given in Example
23 is neither an (€, €V q)-fuzzy left ideal nor an (€, €V q)-fuzzy lateral ideal nor an
(€, €V q)-fuzzy right ideal of S.

Theorem 56 A fuzzy set p in S is a fuzzy left (resp. right, lateral) ideal of S if and
only if u is an (€, €)-fuzzy left (resp. right, lateral) ideal of S.
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Proof. The proof is similar to the proof of Theorem 17. =
Theorem 57 Every (€, €)-fuzzy ideal of S is an (€, €V q)-fuzzy ideal of S.
Proof. Straightforward. m

Remark 58 The converse of Theorem 57 is not true in general as seen in the following

examples:

Example 59 Let S = Z~ be the set of all negative integers, where Z~ is a ternary
semigroup with respect to ternary multiplication of numbers. Let A be the subset of S
such that A ={-2,—4,—6,...}. Define a fuzzy set p in S as follows:

0.5 if a = —2x for some positive integer x,
p:S—1[0,1, z—< 06 if a# —2x anda # —1,
0.7 if a=-1.

Clearly 1 is an (€, € Vq)-fuzzy ideal of S but not an (€, €)- fuzzy ideal of S.

Example 60 Consider the left zero ternary semigroup S = {a,b,c,d}. Define a fuzzy

set pin S as follows:

0.5 if x =a,
06 ifz=0
w:S—1[0,1], =z~ SEEY
0.8 if x =c¢,
09 if z=d.

Then simple calculations show that p is an (€, € Vq)-fuzzy ideal of S but not a fuzzy
ideal of S because p (acd) # p(c).

Theorem 61 Let u be a fuzzy set in S. Then p is an (€, € Vq)-fuzzy left (resp. right,
lateral) ideal of S if and only if

p(zyz) 2 min{p (2),0.5}
(resp. p(xyz) > min{p(x),0.5}, p(ryz) > min{u(y),0.5}).

Proof. Let p be an (€, € Vq)-fuzzy left ideal of S. Suppose there exist z,y,z € S
such that p(zyz) < min{u(2),0.5}. Choose ¢t € (0,1] such that p(zyz) < t <
min {4 (2),0.5}. Then z € p but (xyz), € Vgu, which is a contradiction. Hence
p(zyz) > min{p(z),0.5}.

Conversely, assume that p(xyz) > min{u(2),0.5}. Let z; € p. Then p(z) > t.
Now, p(zyz) > min{u(z),0.5} > min{¢,0.5}. If ¢ < 0.5, then u(xyz) > t so
(zyz), € p. If t > 0.5, then p (xyz) > 0.5. This implies that p (vyz)+¢ > 0.54+0.5 = 1.
Thus (zyz), gu. Hence (zyz), € Vqp.

Similarly we can prove the other cases. m
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Corollary 62 Let u be a fuzzy set in S. Then p is an (€, € Vq)-fuzzy two sided ideal
of S if and only if p(xyz) > min{p(z),0.5} and p(ryz) > min{pu(x),0.5}.

Theorem 63 A fuzzy set  in S is an (€, €V q)-fuzzy left (resp. right, lateral) ideal
of S if and only if the nonempty level set U(u;t) is a left (resp. right, lateral) ideal of
S for all t € (0,0.5].

Proof. The proof is similar to the proo of Theorem 33. m

Corollary 64 Let pi be an («, 3)-fuzzy left (resp. right, lateral) ideal of S where (a, 3)
is any one of (€,€), (€,q), (€,€Nq), (€Vg,€), (€ Vq,q), (EVq,ENg), and (€ Vq,
€V q). Then the set U(u;t) is a left (resp. right, lateral) ideal of S for all t € (0,0.5].

Corollary 65 Let u be a nonzero (€, € Vq)-fuzzy left (resp. right, lateral) ideal of S.
Then the set Sy is a left (resp. right, lateral) ideal of S.

Theorem 66 Let L be a nonempty subset of S and o € {€,q,€ Vq}. Then L is a left
(resp. right, lateral) ideal of S if and only if the fuzzy set p in S defined by:

> 0.5 forallx €L,
plx) =
0 forallzeS\L,

is an (o, € Vq)-fuzzy left (resp. right, lateral) ideal of S.
Proof. The proof is similar to the proof of Theorem 22. m

Corollary 67 The nonempty subset A of S is a right (resp. left, lateral ) ideal of S
if and only if the characteristic function x4 of A is an («, € V q)-fuzzy right (resp.
left, lateral ) ideal of S.

Proposition 68 In a left (resp. right) zero ternary semigroup, every fuzzy set is an
(€,€V q)-fuzzy right (resp. left) ideal.

Proof. Straightforward. m

Remark 69 In a left zero ternary semigroup S, there exists a fuzzy set which is
neither an (€, €V q)-fuzzy left ideal nor an (€,€V q)-fuzzy lateral ideal of S as seen

in the following example.

Example 70 Let S = {a,b,c,d} be the left zero ternary semigroup. Define a fuzzy

set pin S as follows:

0.32 if z =a,
0.63 if x=0>
p:S—10,1, =~ BE=
0.79 if z=c¢,

0.87 if x =d.
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Then p is neither an (€, €V q)-fuzzy left ideal nor an (€, €V q)-fuzzy lateral ideal of
S, since
p(acd) # min{p(d),0.5}

and

p(acd) # min{pu(c),0.5}.

Now, we investigate relations between (€, € V ¢ )-fuzzy left (resp. right, lateral)
ideals and (g, €V q )-fuzzy left (resp. right, lateral) ideals.

Theorem 71 Every (q, €V q)-fuzzy left (resp. right, lateral) ideal of S is an (€, €
V q)-fuzzy left (resp. right, lateral) ideal of S.

Proof. The proof is similar to the proof of Theorem 27. m
In the following theorem we provide condition for an (€, € Vq)-fuzzy left (resp.
right, lateral) ideal of S to be an (&, €)-fuzzy left (resp. right, lateral) ideal of S.

Theorem 72 Let pi be an (€, € Vq)-fuzzy left (resp. right, lateral) ideal of S such that
w(z) < 0.5 for all x € S. Then p is an (€, €)-fuzzy left (resp. right, lateral) ideal of
S.

Proof. It is straightforward. =

The proofs of the following theorems are straightforward and we omit the details.

Theorem 73 Let {u; | i € A} be a family of (€, €V q)-fuzzy left (resp. right, lateral)
ideals of S. Then p:= () u; is an (€, €V q)-fuzzy left (resp. right, lateral) ideal of S.
1€EA

Theorem 74 Let {u; | i € A} be a family of (€, €V q)-fuzzy left (resp. right, lateral)
ideals of S. Then p = UA w; 18 an (€, €V q)-fuzzy left (resp. right, lateral) ideal of S.
i€

Based on above discussion, we now classify («, 5)-fuzzy left (right, lateral) ideals
in a ternary semigroup S.

In considering («, 8)-fuzzy left (right, lateral) ideals in a ternary semigroup S,
we have twelve different types of such structures, that is, (o, ) is any one of (€, €),
(€,9), (€, €Aq), (€, €Va), (¢,€), (¢,9), (¢,€Nq), (¢,€Vq), (€Va,€), (€EVq,q),
(EVg,eENg), and (€Vq,€Vq). Clearly, we have relations among these types which
are described in Theorems 29, 30 and 31.

The proofs of the following theorems are similar to the corresponding theorems

proved in Section 2.1, so we omit the detail.
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Theorem 75 If i is an (€, €)-fuzzy left (resp. right, lateral) ideal of S, then the
t-g-set S}; is a left (resp. right, lateral) ideal of S for all t € (0,1], whenever it is

nonempty.

Theorem 76 For a fuzzy set p in S, if the t-q-set Sé is a left (resp. right, lateral)
ideal of S for all t € (0.5,1], then p is an (€, q)-fuzzy left (resp. right, lateral) ideal of
S.

Theorem 77 For a fuzzy set p in S, if the t-q-set S}; is a left (resp. right, lateral)
ideal of S for all t € (0,0.5], then p is a (q, €)-fuzzy left (resp. right, lateral) ideal of
S.

Theorem 78 If i is a (g, €V q)-fuzzy left (resp. right, lateral) ideal of S, then the
t-q-set Sg is a left (resp. right, lateral) ideal of S for all t € (0.5,1], whenever it is

nonempty.

Corollary 79 If i is an («, B)-fuzzy left (resp. right, lateral) ideal of S where (c, 3)
is one of (¢, €), (¢,q) and (q,€ ANq), then the t-q-set Sé is a left (resp. right, lateral)
ideal of S for all t € (0.5,1] whenever it is nonempty.

Using Theorems 66 and 78, we have the following result.

Theorem 80 For a left (resp. right, lateral) ideal A of S, if 1 is a fuzzy set in S such

that
(z) = >0.5 forallze A,
o= 0 forallze S\ A,

then the monempty t-q-set S’é is a left (resp. right, lateral) ideal of S for all t €
(0.5,1].

Theorem 81 For a fuzzy set pu in S, if the nonempty t-€V q -set Stevq is a left (resp.
right, lateral) ideal of S for all t € (0,1], then p is a (q, €V q)-fuzzy left (resp. right,
lateral) ideal of S.

One naturally asks the following interesting question:

Question: If y is an (€, € Vq)-fuzzy fuzzy left (resp. right, lateral) ideal of S,
then is the t-g-set S; a left (resp. right, lateral) ideal of S?

The answer to the above question is negative (for t < 0.5) as seen in the following

example:
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Example 82 Consider the ternary semigroup S of Example 53. Define a fuzzy set p

i S as follows:
(0.87 if 2 =a,

0.74 if = b,
p:S—1[0,1, z—< 025 ifz=c,
0.62 if = = d,

[ 041 if z=e.

Then simple calculations show that p is an (€, € Vq)-fuzzy left ideal of S, but the set
0.27 _
S;°" ={a,b}
is not a left ideal of S because aab = d ¢ 53'27.
But the following theorem answers the above question affirmatively:

Theorem 83 If  is an (€, €V q)-fuzzy left (resp. right, lateral) ideal of S, then the
nonempty t-q-set Sé is a left (resp. right, lateral) ideal of S for all t € (0.5,1].

Corollary 84 If i is an («, B)-fuzzy left (resp. right, lateral) ideal of S where (c, 3)
is any one of (€,€), (€,q), (€,€ ANq), (€Vq,€), (EVq,q), (EVg, ENq), (EVq,
eVvyq), (g,€), (4,9), (¢,€Vq), and (q,€ Aq), then the nonempty t-q-set Sé is a left
(resp. right, lateral) ideal of S for all t € (0.5,1].

Theorem 85 Let u be a fuzzy set in S. Then p is an (€, €V q )-fuzzy left (resp. right,
lateral) ideal of S, if and only if the nonempty t-€V q -set Sévq is a left (resp. right,
lateral) ideal of S for all t € (0, 1].

Corollary 86 If  is an («, 8)-fuzzy left (resp. right, lateral) ideal of S where (c, 3)
is any one of (€,€), (€,q), (€,€Nq), (€Vg,€), (EVq,q), (EVq, €Ng), (EVg,
eEVyq), (¢,€), (¢,9), (¢,€Vq), and (g, € Nq), then the nonempty t-€ V q -set S’é\/q is
a left (resp. right, lateral) ideal of S for all t € (0,0.1].

2.3 Properties of fuzzy prime ideals of type (€, € Vq)

Definition 87 An (€, € Vq)-fuzzy ideal p of S is called an (€, € Vq)-fuzzy prime ideal
if it satisfies:

(xyz), € p implies x¢ € Vqu, yi € Vqu or z; € Vqpu (2.12)

for all x,y,z € S and t € (0,1].
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Example 88 Let S = Zg, where Zg is the set of all negative integers with zero. Then
S is a ternary semigroup under the ternary multiplication of numbers. Define a fuzzy

set pin S as follows:

0.9 if z=0,

0.8 if z e {9k |keZ},
p:S—10,1], z—<¢ 0.7 ifxe{6k|kecZ},
0.6 if xe{3k|keZ},

0.2 otherwise.

Then simple calculations show that p is an (€, € Vq)-fuzzy prime ideal of S.

Theorem 89 Let u be an (€, € Vq)-fuzzy ideal of S. Then u is an (€, € Vq)-fuzzy
prime ideal of S if and only if it satisfies the following condition:

max {4 (), (y), p(2)} = min {p (zyz),0.5}

forall x,y,z € S.

Proof. Let u be an (€, € Vq)-fuzzy prime ideal of S and z,y,z € S. Then clearly
max {p (x), p (y) , p (2)} > min {p (zyz),0.5} . For if

max {1 (), 1 (y), p(2)} < min{p (zyz),0.5}

for some z,y,z € S, then we can choose t € (0,0.5] such that

max {x (), 1 (y) , p(2)} <t < min{u(zyz),0.5}.

Then (zyz), € p, but p(z) <t, p(y) <tand p(z) <t Alsop(z)+t<054+05=
1, that is, xyqu. Similarly y:qu and z;qu, that is, z:€ Vqu, 1€ Vqu and z:€ Vqu, a
contradiction. Hence max {u (z), p(y),p(z)} > min{pu (zyz),0.5}.

Conversely, assume that max {p (z), p (y), p(2)} > min{u (zyz),0.5} forallx,y, z €
S. Let (zyz), € p. Then p(xyz) >t and so

v

min {x (zyz),0.5}
min {¢,0.5}.

max {p (2), p(y), 1 (2)}

V

If t < 0.5, then max{p (z),un(y),n(z)} >t and so x; € p, y¢ € p or z; € p, that is,
Tt € Vau, yr € Vqu or zz € Vgu. If t > 0.5, then max{p (z),n(y),pn(z)} > 0.5. If
w(x) =max{u(z),u(y),n(z)}, then u(x)+t > 0.54+0.5 = 1, that is xyqu. Similarly
Yrqpi OF ziqu, that is xy € Vau, y¢ € Vqu or z; € Vqu. Therefore p is an (€, € Vq)-fuzzy

prime ideal of S. m



2. Classifications and properties of («, 5)-fuzzy ternary subsemigroups and
ideals in ternary semigroups 30

Lemma 90 A nonempty subset A of S is a prime ideal of S if and only if the char-
acteristic function x 4 of A is an (€, € Vq)-fuzzy prime ideal of S.

Proof. Straightforward. m

Theorem 91 A fuzzy set p is S is an (€, € Vq)-fuzzy prime ideal of S if and only if
the set U (p;t) is a prime ideal of S for all t € (0,0.5].

Proof. Let p be an (€, € Vq)-fuzzy prime ideal of S and ¢ € (0,0.5]. Then by
Theorem 63, U (p;t) is an ideal of S. Let xyz € U (u;t) . Then by Theorem 89

Y

min {p (zyz),0.5}
min {¢,0.5} = ¢,

max {p (x), 1 (y), p(2)}

V

and so p(x) > 0.5, p(y) > 0.5 or u(z) > 0.5. Then = € U (u;t), y € U (pu;t) or
z € U (p;t). Hence U (p;t) is prime.

Conversely assume that U (u;t) is a prime ideal of S. Then by Theorem 63, p is an
(€, € Vq)-fuzzy ideal of S. Let (zyz), € p. Then xyz € U (p;t) . Since U (u;t) is prime,
sox € U(u;t),y € U(u;t) or z € U(p;t). Thus xy € Vau, yi € Vau or z; € Vqpu.
Hence p is an (€, € Vq)-fuzzy prime ideal of S. m

Theorem 92 If i is an (€, € Vq)-fuzzy prime ideal of S, then pA0.5 is an (€, € Vq)-
fuzzy prime ideal of S, where (u A 0.5) () = p(x) A0.5 for all z € S.

Proof. Straightforward. m

Theorem 93 Let u be a fuzzy set in S. Then p is an (€, €V q)-fuzzy prime ideal of
S if and only if the nonempty t-€V q -set Sévq is a prime ideal of S for all t € (0,1].

Proof. Assume that p is an (€, €V q )-fuzzy prime ideal of S. Then by Theorem 85,
we have Stevq is an ideal of S for all ¢ € (0, 1]. To prove Stevq is prime, let zyz € Stevq.
Since SL,, = S, UU (u;t), we have zyz € S}, or xyz € U (u;t) .

Case 1. xyz € S, — U (u;t). Then p(xyz) +t > 1 and p(zyz) < t.

(a) If p(zyz) < 0.5, then max {p (), 1 (y),pn(2)} +¢t > min{p(ryz),0.5} +t =
p (zyz) +t > 1, which implies that p (z) +¢ > 1, (y) +¢ > 1 or p(z) +t > 1, that is,
reS sk, yeS cSL, orzeS CSE,,.

(b) If p(xyz) > 0.5, then 0.5 < p(xyz) < t. Thus, max{p (), pw(y),w(2)}+t >
min {y (zyz),0.5} + ¢t = 0.5+t > 1. Hence z € S, C SL,,, y € S, € Sg,, or
z € S; C Sévq.

Case 2. zyz € U (u;t) . Then p(zyz) > t.
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(a) If t < 0.5, then max {u (z),pn(y),p(z)} > min{p(xyz),0.5} > ¢, which im-
plies that, x € U (u;t) € S&,,, y € U (u5t) € SL,, or z € U (u;t) C SE, .-

(b) If t > 0.5, then max {p(x),p(y),pn(2)} > min{¢,0.5} = 0.5, which implies
that, max {u (z),u(y),p(2)} +t > 1. Hence z € S} C S,,, y € S, € S&,, or
z € S}; C Stevq. Therefore Ste\/qis prime ideal of S.

Conversely assume that the nonempty ¢-€V g-set S&, ¢ 18 a prime ideal of S for all
t € (0,1]. Then by Theorem 85, 11 is an (€, €V q )-fuzzy ideal of S. Let (zyz), € pu. Then
xyz € U (ust) C S’tevq. Since Stevq is prime, we have x € Stevq, y € Sévq or z € Stevq.
This implies that x; € V qu, yi €V qu or z; €V qu. Therefore p is an (€, € V g )-fuzzy

prime ideal of S. m

2.4 Properties of fuzzy quasi-ideals of type (€, € Vq)

Definition 94 A fuzzy set p in S is said to be an (€, € Vq)-fuzzy quasi-ideal of S if

it satisfies the following conditions:

() u(2) > min{(uoSo8)(x),(Souos)(z),(SoSon)(a),05},
(i) p(2) > min{(poSoS)(¥),(SoSouoSoS)(x),(SoS0m(x),05},

for all x € S, where S is the fuzzy set in S mapping every element of S on 1.

0 0 10 01 0 0
Example 95 Let(0 = , 0= ,b= ,C= ,d=
00 0 0 00 10

0 0
0 . Then S ={0,a,b,c,d} is a ternary semigroup under matriz multiplication.
Define fuzzy sets i and A in S as follows:
(0.9 if 2=0,
0.6 if x=a,
w:S —[0,1], z+—< 04 if x=0b,
0.2 if x =g,
0.2 if x =d.
and
(0.7 if =0,
0.5 if x =a,
A:S—10,1], z— ¢ 0.3 if =0,
0.2 if z =,
L 0.1 ifz=d.

Then simple calculations show that p and X are (€, € Vq)-fuzzy quasi-ideals of S.
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Theorem 96 If i is an (€, € Vq)-fuzzy quasi-ideal of S, then the set Sy is a quasi-ideal
of S.

Proof. We show that S557N5575MN53SS C Sg and SIS SpNSSSHSSNSHSS C Sp.

Let a € SSSy N SSpS N SpSS. Then a € §55p, a € S5S and a € SpSS. This
implies that there exist x,y,z € Sy and s1, s9, s3,t1,%t9,t3 € S such that a = s1t1x,
a = soyla, a = zssts. Since p is an (€, € Vq)-fuzzy quasi-ideal, it follows that

p(a) >min{(poSo8)(a),(SopoS)(a),(SoSou)(a),0.5}.

Consider

(SoSopu)(a) = a:\I/)qT{S(p)AS(Q)/\M(T)}
> S(s1)AS () Ap(z)
= IANIAp(z)=p(x).

Similarly (SopuoS)(a) > p(y) and (poSoS)(a) > p(z). It follows that

v

min{(goSo8)(a),(SopoS)(a),(SoSou)(a),0.5}

min {x (2), p(y) . p (), 0.5}
> 0 (since p(x) >0, p(y) >0, u(z)>0).

p(a)

v

So a € Sp. Thus SSSyNSpySN SpSS C Sp. Next suppose that a € SSSyNSSSHSSN
S505S. Then a € §55p, a € S55p55 and a € 595S. Therefore a = s1t1x, a = zsgts3,
a = Satoysyty for some x, y, z € Sy and s1, S9, S3, S4, t1,t2,t3,t4 € S. For a = s1tyx,
a = zssts discussed above.
Now, p(a) > min{(poSoS8)(a),(SoSouoSoS8)(a),(SoSopu)(a),0.5} and
by above arguments (SouoS8)(a) > pu(y), (noSoS)(a) > p(z) and
(SoSopoSoS)(a) = V {(SoSou)(r)AS(s)AS(t)}

a=rst

=V {{ V (S(j)AS(l)/\u(m))}/\S(S)AS(t)}

a=rst r=jlm
— (Y | {SHASU)Ap(m)AS(s) AS(t)}
a=(glm)st

> 8(82)/\S(tg)/\u(y)/\S(S4)/\S(t4)
= IA1TAp(YANLIAL=pn(y).

We have

Y

min{(goSo08)(a),(SoSouoSoS8)(a),(SoSopu)(a),0.5}

> {n(2),p(y),p(2),0.5}
0 (since p(z) >0, p(y) >0, u(z) > 0).

(@)

V

\%
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Thus, a € Sy and hence S55y N §55,55 N 5555 C Sy. Therefore Sy is a quasi-ideal
of S. m

Now we shall prove

Lemma 97 A nonempty subset @ of S is a quasi-ideal of S if and only if the char-
acteristic function xg of @ is an (€, € Vq)-fuzzy quasi-ideal of S.

Proof. Assume that @ is a quasi-ideal of S, x the characteristic function of Q
and z € S. If x ¢ @, then © ¢ SSQ, z ¢ QSS or x ¢ SQS. If x ¢ SSQ, then
(S0 Soxg) (x) = 0. It follows that

min { (8 o Soxq) (), (Soxg 0 S) (z), (xgoS©S) (x),0.5} =0 = xq () = 0.

Similarly for other cases. If z € @, then

X (z) =1 > min {(S 0 Soxg) (z), (Soxg o S) (z), (xgoS o S) (x),0.5}.

Similar arguments leads to

Xg (z) > min { (S 0 Soxg) (z), (S0 Soxg oS oS) (z), (xgoSoS) (x),0.5}.

Hence X, is an (€, € Vq)-fuzzy quasi-ideal of S.

Conversely, assume that x, is an (€, € Vq)-fuzzy quasi-ideal of S. Let a € SSQ N
SQSNQESS. Then a € S5Q, a € SQS and a € QSS. This implies that there exist
x,y,z € Q and s1, So, S3,t1, 2,13 € S such that a = si1t1z and a = s9yte and a = zssts.
We have

(XQOS o S) (a) = az\éqr {XQ P)ANS(@ NS (r)}
> Xo()AS(s3)AS(ts) =1A1IAT=1

So (xgoSoS) (a) = 1. Similarly (SoS8oxg) (a) = 1 and (SoxgoS) (a) = 1. It
follows that

Xg (@) > min { (S 0 Soxg) (a), (Soxg © 8) (a), (xgoS o S) (a),0.5} = 0.5.

This implies that x (a) = 1. Hence a € @ so SSQ N SQSNQSS C Q.

Next suppose a € SSQ N SSQSSNQSS. Then a € SSQ and a € SSQSS and
a € QSS. This implies that there exist s1, s, S3, 84, t1,t2,t3,t4 € 5, y € @ such that
a = s1t1x, a = zsstz and a = saotoysaty. For a = s1t1x and a = zssts discussed above.
Consider

(S080CgoSo0S)(a) = V {S)AS(@ANCo(r)ANS(s) NS (1)}

a=pqrst

> S(s2) AS(t2) ANCq (y) AS (s4) NS (t)
= 1IAIAIANIAL =1
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It follows that
Cg (a) > min {(S 0 SoCyg) (a),(So0SoCgoSoS)(a),(CgoSoS)(a),0.5} =0.5.

This implies that Cg (a) = 1. Hence a € @ so SSQ N SSQRSSNQSS C Q. Therefore
Q is a quasi-ideal of S. m

Proposition 98 FEvery (€, € Vq)-fuzzy left (right, lateral) ideal of S is an (€,€ Vq)-
fuzzy quasi-ideal of S.

Proof. Let p be an (€, € Vq)-fuzzy left ideal of S and a € S. Then

(SoSop) (@)= V {S@ASWAE}= V n().

a=xyz a=xyz

This implies that

(SoSo,u)(a)/\O.Bz( \Y4 ,u(z))/\().5§ V w(zyz)=p(a).

a=xyz a=xyz

It follows that

w(a) > (SoSou)(a)N0.5
> min {(S 0 Sop) (a), (Sopt 0 ) (a), (4oS o ) (), 0.5} .
Hence
p(a) > min {(S o Sopu) (a), (SopuoS) (a), (uoS o 8) (a),0.5}.
Again
wla) > (SoSou)(a)N0.5
> min{(SoSou)(a),(SoSouoSoS8)(a), (oS oS)(a),0.5}.
Hence

pt(a) = min {(S o Sop) (a), (S o SopoSoS8)(a),(uoS 0 S) (a),0.5}.
Therefore p is an (€, € Vq)-fuzzy quasi-ideal of S. m

Remark 99 The converse of Proposition 98 is not true in general, as shown in the

following example.
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Example 100 Consider the ternary semigroup S of FExample 95. Define a fuzzy set

win S as follows:

0.5 if z =0,
0.3 if x = a,
w:S —[0,1], z+— < 08 if x=hb,
0.3 ifx=c,
0.1 if z=d.

Then simple calculations show that 1 is an (€, € Vq)-fuzzy quasi-ideal of S, which is
neither an (€, € Vq)-fuzzy left ideal, nor an (€, € Vq)-fuzzy right ideal nor an (€, € Vq)-
fuzzy lateral ideal of S.

2.5 Classifications and properties of («, 3)-fuzzy bi-ideals

This section is devoted to the study of (a, §)-fuzzy bi-ideals. We begin with

Definition 101 A fuzzy set p in S is said to be an («, 3)-fuzzy bi-deal of S, where
o # €Ng, if it satisfies the following conditions:
Ty aft, Yo ot and zeg pt TMPLY (TYZ)mingiy 1153 B (2.13)
and
T, Oufl, Y Ot and zeg et imply (muyvz)min{%t&te}ﬁu, (2.14)
for all u,v,x,y,z € S and t1,t2,t3,t4,t5,t6 € (0,1].

A fuzzy set p in S satisfying condition (2.14) is called (a, 8)-fuzzy generalized
bi-deal of S.

Example 102 Let S = {0,1,2,3,4,5} and zyz = (xxy) xz = x x (y*z) for all
x,y,z €S, where x is defined by the following table:

T = W N = O %
S O O O O OO
== = = = O =
= oS =) N R O
= Ot = W = OW
N L e = N
UL = W = = O ot

Then S is a ternary semigroup with bi-ideals: {0}, {0,1}, {0, 1,2}, {0,1,3},{0,1,4, },
{0,1,5},{0,1,2,4},{0,1,3,5},{0,1,2,3},{0,1,4,5} and S (see [55]). Define a fuzzy
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set w in S as follows:

0.5 if x=0,
0.6 ifx=1,
BiS—[01] 3 0.7 ?fx:Q,
0.8 if x =3,
0.3 if x =4,
0.3 if x =5.

Then simple calculations show that p is an (€, € Vq)-fuzzy bi-ideal of S. But
(i) p is not an (€, €)-fuzzy bi-ideal of S, since 207 € p but

(20202),,., = 007 € p.
(i) p is not an (€, q)-fuzzy bi-ideal of S, since 1o3 € pu but
(13101), 5 = 093 -
(iii) 1 is not a (q, q)-fuzzy bi-ideal of S, since 2035 q pu but
(23202)0.35 = 00.35 G i
(iv) p is not a (q, €)-fuzzy bi-ideal of S, since 3p.gqu but
(333)y 5 = Lo.s € .
(v) p is not an (€, € Nq)-fuzzy bi-ideal of S, since 1941 € p but
(14101)¢ 41 = 00.41€ p and so 0g.41€ Aqp.
(vi) p is not a (q, € Aq)-fuzzy bi-ideal of S, since 3p.28qu but
(31313) 95 = lo.28 Gt and so 1g.28€ Aqpu.
(vii) p is not an (€ Vq, €)-fuzzy bi-ideal of S, since 3068 € Vqu but
(333)0.68 = Lo.6sEp-
(viii) pu is not an (€ Vq, q)-fuzzy bi-ideal of S, since 3924 € Vqu but
(35343) 94 = lo.24qp-
(iz) p is not an (€ Vq, € Nq)-fuzzy bi-ideal of S, since 2932 € Vqu but

(21212) 35 = 1gp and so 1g.32€ Aqp.
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Theorem 103 A fuzzy set v in S is a fuzzy bi-ideal of S if and only if it satisfies:

Tty € Wy Yty € 1 and 2z, € pimply (myz)min{tht%t?)} € u, (2.15)

and
Tty € Wy Yts € 1 and zg5 € 1 imply (TUYVZ) 0y, 10 161 € Ko (2.16)

for all u,v,x,y,z € S and t1,ta,t3,t4,t5,t6 € (0,1].
Proof. The proof is similar to the proof of Theorem 17. m

Remark 104 Theorem 103 shows that every (€, €)-fuzzy bi-ideal is precisely a fuzzy

bi-ideal and vice versa.
Theorem 105 Every (€, €)-fuzzy bi-ideal is an (€, €V q )-fuzzy bi-ideal.
Proof. Straightforward. m

Remark 106 The converse of Theorem 105 is not true in general, as seen in Example
102 (7).

Theorem 107 Let B be a nonempty subset of S and o € {€,q,€ Vq}. Then B is a
bi-ideal (resp. gemeralized bi-ideal) of S if and only if the fuzzy set u in S defined by:

>0.5 forallx € B,
() =
0 forallze S\ B,

is an (o, € Vq)-fuzzy bi-ideal (resp. generalized bi-ideal) of S.
Proof. The proof is similar to the proof of Theorem 22. m

Proposition 108 In a left (right) zero ternary semigroup, every fuzzy set is an (€, € Vq)-
fuzzy bi-ideal.

Proof. Straightforward. m

Remark 109 For a ternary semigroup S, every (€,€ V q)-fuzzy left (or right) ideal
is an (€,€V q)-fuzzy bi-ideal of S.

The converse of Remark 109 may not be true as seen in the following examples:
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Example 110 Let S = {a,b,c,d, e} be a left zero ternary semigroup. Define a fuzzy

set win S as follows:

(0.39 if z =a,
0.52 if x =b,
p:S—1[0,1, z—< 065 ifz=c,
0.77 if z =d,
[ 083 ifz=e.

Clearly p is an (€, € Vq)-fuzzy bi-ideal of S. But p is not an (€,€V q )-fuzzy left ideal
of S, since do.5 € p but (acd), 5 € Vqpu.

Example 111 Let S = {a,b,c,d, e} be a right zero ternary semigroup. Define a fuzzy

set w in S as follows:

0.38 if z =a,

0.62 if z =b,

pw:S —1[0,1], z+— < 055 if x=c,
0.67 if x =d,

L 093 ifz=c.

Clearly 1 is an (€, € Vq)-fuzzy bi-ideal of S. But 11 is not an (€, €V q )-fuzzy right ideal
of S since do.4s € p but (dca), 45 € Vap.

As a special case we have:

Proposition 112 (1) In a left zero ternary semigroup the concepts of (€, €V q )-fuzzy
bi-ideal and (€, €V q)-fuzzy right ideal coincide.

(2) In a right zero ternary semigroup the concepts of (€,€V q)-fuzzy bi-ideal and
(€, €V q)-fuzzy left ideal coincide.

Theorem 113 Every (€ Vq, € V q)-fuzzy bi-ideal is an (€, €V q )-fuzzy bi-ideal.

Proof. The proof is similar to the proof of Theorem 24. m
In general, it is not true that (€, €V ¢ )-type implies (€ Vg, € V g )-type as seen in

the following example.

Example 114 Consider the ternary semigroup S and (€, € V q)-fuzzy bi-ideal u of
S as given in Example 110. Then p is not an (€ Vq, € V q)-fuzzy bi-ideal of S, since

a0.79 € Vqu, co.42 € Vqu and egs € Vqu but (ace)min{0.79’0.4270‘5} € Vq.

Now, we investigate relations between (€, € V ¢ )-fuzzy bi-ideal and (g, € V ¢ )-fuzzy
bi-ideal.
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Theorem 115 Every (q, €V q)-fuzzy bi-ideal of S is an (€, €V q)-fuzzy bi-ideal of S.
Proof. The proof is similar to the proof of Theorem 27. m

Remark 116 In general, an (€,€ V q)-fuzzy bi-ideal may not be a (q, € V q)-fuzzy

bi-ideal as seen in the following example.

Example 117 Consider the (€,€V q)-fuzzy bi-ideal as given in Example 110. Then
W is not a (q, €V q)-fuzzy bi-ideal of S since aggqu, co.43qu and egsqp but

(aec)min{0.8,0.5,0.43} € Vqpu.

In considering (a, B)-fuzzy bi-ideals in a ternary semigroup S, we have twelve dif-
ferent types of such structures, that is, («, 3) is any one of (€, €), (€,q), (€, €Aq),

(€, €Vaq), (¢:€), (¢:9), (¢:€Nq), (¢,€Vq), (EVq,€), (EVq,q), (EVg,ENg), and
(e Vg,€ Vq). Clearly, we have relations among these types which are described in
Theorems 29, 30 and 31.

The following theorem is a characterization of (€, €V q)-fuzzy bi-ideal.

Theorem 118 A fuzzy set p in S is an (€, € Vq)-fuzzy bi-ideal of S if and only if it

satisfies the following conditions:

p(wyz) > min{p (), pu(y),pn(z),0.5}, (2.17)

and
p (zuyvz) = min{p (2), 1 (y), p(2),0.5}, (2.18)

for all u,v,z,y,z € S.
Proof. The proof is similar to the proof of Theorem 32. =

Corollary 119 A fuzzy set p in S is an (€, € Vq)-fuzzy generalized bi-ideal of S if
and only if condition (2.18) is valid.

Lemma 120 A nonempty subset B of S is a bi-ideal (resp. generalized bi-ideal) of S
if and only if the characteristic function xg of B is an (€, €V q)-fuzzy bi-ideal (resp.
generalized bi-ideal) of S.

Proof. It is straightforward. =

Theorem 121 A fuzzy set p in S is an (€,€ V q)-fuzzy bi-ideal (resp. generalized
bi-ideal) of S if and only if the set U(p;t) is a bi-ideal (resp. generalized bi-ideal) of
S for all t € (0,0.5].
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Proof. The proof is similar to the proof of Theorem 33. =

Corollary 122 Let ju be an (o, 8)-fuzzy bi-ideal (resp. generalized bi-ideal) of S. Then
the set U(u;t) is a bi-ideal (resp. generalized bi-ideal) of S for all t € (0,0.5].

Theorem 123 If p is an (€, €)-fuzzy bi-ideal (resp. generalized bi-ideal) of S, then
the t-q-set Sfl is a bi-ideal (resp. gemeralized bi-ideal) of S for all t € (0,1] whenever

it 1s nonempty.
Proof. The proof is similar to the proof of Theorem 38. =

Theorem 124 If i is a (q, €V q )-fuzzy bi-ideal (resp. generalized bi-ideal) of S, then
the t-q-set Sfl is a bi-ideal (resp. generalized bi-ideal) of S for all t € (0.5,1] whenever

1t 1s nonempty.

Proof. The proof is similar to the proof of Theorem 43. =
Using Theorems 107 and 124, we have the following result.

Theorem 125 For a bi-ideal B of S, if i is a fuzzy set in S such that

> 0.5 forallx € B,
(@) =
0 forallze S\ B,

then the nonempty t-q-set Sfl is a bi-ideal of S for allt € (0.5, 1].

One naturally asks the following interesting question:

Question: If y is an (€, € Vq)-fuzzy bi-ideal of S, then is the t-g-set Sé a bi-ideal
of §7

The answer to the above question is negative (for ¢ < 0.5) as seen in the following

example:

Example 126 Consider the (€, € Vq)-fuzzy bi-ideal of S as given in Example 102.
Then the set

0.31
S, =12,3}
is not a bi-ideal of S because 333 =1 ¢ 53'31.

But the following theorem answers the above question affirmatively:

Theorem 127 If ju is an (€, €V q)-fuzzy bi-ideal of S, then the nonempty t-q-set S}
is a bi-ideal of S for all t € (0.5,1].

Proof. The proof is similar to the proof of Theorem 48. m
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Corollary 128 If u is an («, §)-fuzzy bi-ideal of S, then the nonempty t-q-set Sf] s a
bi-ideal of S for allt € (0.5,1].

Theorem 129 Let pu be a fuzzy set in S. Then u is an (€, €V q)-fuzzy bi-ideal of S
if and only if the nonempty t-€V q -set St@/q is a bi-ideal of S for all t € (0,1].

Proof. The proof is similar to the proof of Theorem 50. =

Corollary 130 If p is an (o, B)-fuzzy bi-ideal of S, then the nonempty t-€ V q -set
St, . is a bi-ideal of S for all t € (0,1].

Proposition 131 Let {u,; | i € A} be a family of (€, €V q)-fuzzy bi-ideals of S. Then

= ) 1 is an (€, €V q)-fuzzy bi-ideal of S.
€A

Proof. It is straightforward. m

Remark 132 The union of (€, €V q)-fuzzy bi-ideals of S may not be an (€,€V q)-

fuzzy bi-ideal of S, as seen in the following example.

Example 133 Consider the ternary semigroup S of Example 102. Define fuzzy sets
wand A in S as follows:

(0.90 if z =0,

0.89 if z =1,
0.61 ifx=2
p:S—101], z— Le=s
0.51 if z =3,
0.31 if z =4,

| 0.32 if x=5.

0.81 if z =0,
0.71 if z =1,
NS [0,1], @ 0.70 ?fx:Q,
0.41 if x =3,
0.50 if z =4,
0.40 if z=05.

Then simple calculations show that p and X are (€,€V q)-fuzzy bi-ideal of S. If t €
(0.4,0.5], then U (LU X;t) = {0,1,2,3,4}, which is not a bi-ideal of S. It follows from
Theorem 121 that p U X is not an (€,€V q )-fuzzy bi-ideal of S.

Theorem 134 If i is a nonzero (o, B)-fuzzy generalized bi-ideal of S, then the set Sy

s a generalized bi-ideal of S.
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Proof. Let z, y, 2 € Sy and u, v € S. Then p(z) > 0, u(y) > 0, u(z) > 0.
Let p(zuyvz) = 0. If o € {€, € Vq}, then z,yau, v, 2,z but p(ruyvz) =
0 < min{p(z),p(y),n(z)} and p(zuyvz) + min{p (@), p(y),p(z) <0+1 =1
This implies that (xuyvz)min{u(@,M(y)vu(z)} Bu for every 8 € {€,q, € Vq, € N\q}, which
is a contradiction. Hence p (zuyvz) > 0, that is, zuyvz € Sy. Also x1qu, y1qu and
z1qu. But (zuyvz), Bp for every B € {€,q, € Vg, € Aq}. Hence p (zuyvz) > 0, that is,
zuyvz € So. Therefore Sy is a generalized bi-ideal of S. =

Similarly we can prove that:

Theorem 135 If 1 is a nonzero (o, 8)-fuzzy bi-ideal of S, then the set Sy is a bi-ideal
of S.

Theorem 136 Every (€, € Vq)-fuzzy quasi-ideal of S is an (€, € Vq)-fuzzy bi-ideal of
S.

Proof. Assume that p is an (€, € Vq)-fuzzy quasi-ideal of S. Then
w(ryz) > (oS oS8) (xyz) A (SopoS) (xyz) A (S o Sou) (zyz) A0.5

- { \ {,u(a)/\S(b)/\S(C)}}A{ V {S(p)Au(q)AS(T)}}

ryz=abc TYz=pqr

/\{ V {S(u)/\S(v)/\,u(fw)}}/\O.E)

TYZ=UVW

{p(2) NS (y) AS (2)} A {S () A (y) A S (2)}

NS () AS (y) A (2)} A0S

= {p@)ANIALFPA{IAp@ ALFA{IATAL(2)} A0S
= p(@)Ap(y) Ap(z) A0S

v

Thus p(zyz) > min{u (x), 1 (y), 1 (2),0.5}. Also

o (wuyvz) > { (108 0 S) (zuyvz) A (SoSopoSo8) (zuyvz) } AOB

A (S o Sop) (zuyvz)

{ Vo {u(@ASOB)AS (C)}}

ruyvz=abc

=< A V (SOSOM)(T)/\S(S)/\S@)} N 0.5

TUYvZ="r5st

A{ Vo A{S()AS (m) /\u(n)}}

zuyvz=Ilmn
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{ Vo {u(@ASOB)AS (0)}}

zuyvz=abc

- /\{ v {\/S(i)/\S(j)/\u(k)}/\S(s)/\S(t)} A 0.5

ruyvz=rst | r=ijk

A Vo ASOAS(m) Ap(n)}

zuyvz=Ilmn

(1 () A S (o) AS (2))
> A(S@)AS (u) Ap(y) AS(W)AS (2)) ¢ A0S
A (S (zuy) AS (v) A p(2))
={{p@)ALIALPA{IALTApYALTALFA{IATA(2)}} A0S

Thus p (zuyvz) > min{p (x),u(y),n(z),0.5}. Hence p is an (€, € Vq)-fuzzy bi-
ideal of S. m

2.6 Lower parts of (€, € Vq)-fuzzy ideals

Let i be a fuzzy set in S. Define the fuzzy set = in S as follows:
uw (z) = p(x) AN0.5 for all x € S.

Lemma 137 Let p, A and v be fuzzy sets in S. Then the following hold:
(1) (eAX)” = (= AX7)
(2) (kv A = (5= VA7)
(3) (woAov)” = (4~ oA~ o).

Proof. The proofs of (1) and (2) are straightforward.
(3) Let a € S. If a is not expressible as a = bed for some b,c,d € S, then
(Lo AXov)(a) =0. It follows that

(oXov) (@) = (noXov)(a)A05
= 0A0.5=0.

Since a is not expressible as a = bed so (u‘ oA o y‘) (a) = 0. Thus, in this case
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(poXov) = (,u_ oA o 1/_) . If a is expressible as a = zyz, then
(woXow) (a) = (woAow)(a)A0S
= { V {u(w)/\u(y)/\u(Z)}} N 0.5

a=xyz

=V A @) A05) A ((y) A0.5) A (u(2) A0.5)}

a=xyz

= V {w @Arrx @Av (9)}

a=xyz

= (W oA ov7)(a).
Hence (poXov)  =(u oA ov™). m

Definition 138 Let A be a nonempty subset of S. Then x , is defined as follows:

~(a) 05 iface A
a) =
Xa 0 ifad A

Lemma 139 Let A, B and C be nonempty subsets of S. Then the following hold:
(1) (XaAXB)™ = Xanp
(2) (xaVXB)” =Xaun
(3) (xaexpoXe) =Xape-

Lemma 140 The lower part of the characteristic function, that is, x; is an (€, € Vq)-
fuzzy left (resp. right, lateral) ideal of S if and only if L is a left (resp. right, lateral)
ideal of S.

Proof. We prove only for left ideal. The cases of right ideal and lateral ideal can
be dealt with similarly. Let L be the left ideal of S. Then by Theorem 66, x; is an
(€, € Vq)-fuzzy left ideal of S.

Conversely assume that x; is an (€, € Vq)-fuzzy left ideal of S. Let z € L. Then
X7 (2) = 0.5 and so zp5 € x . Since x; is an (€, € Vq)-fuzzy left ideal of S, so
(xyz)y 5 € Vax - This implies that (xyz), 5 € xJ or (vyz)y5ax; - Thus x; (zyz) > 0.5
or X7 (zyz) +0.5 > 1. If x7 (zyz) +0.5 > 1 which (by definition of x7 ) is impossible.
Thus x; (zyz) > 0.5 which implies that x; (zyz) = 0.5. Thus 2yz € L. Hence L is a
left ideal of S. m

Similarly we can prove that

Lemma 141 Let QQ be a non-empty subset of S. Then Q is a quasi-ideal of S if and
only if the lower part of the characteristic function, that is, Xg U an (€, € Vq)-fuzzy
quasi-ideal of S.
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Proposition 142 Let p be an (€, € Vq)-fuzzy left (resp. right, lateral, bi-, generalized
bi-) ideal of S. Then u~ is a fuzzy left (resp. right, lateral, bi-, generalized bi-) ideal
of S.

Proof. We prove only for left ideal. Others follows in an analogus way. Let u be
an (€, € Vq)-fuzzy left ideal of S. Then for all z,y, z € S, we have p (zyz) > u(2)A0.5.
Thus p (zyz) A 0.5 > (pu(z) A0.5) A 0.5. Hence p~ (abc) > p~ (¢) . Therefore p~ is a
fuzzy left ideal of S. m

2.7 Regular ternary semigroups

In this section we characterize regular ternary semigroups in terms of lower parts of
(€, € Vq)-fuzzy left (right and lateral) ideals, (€, € Vq)-fuzzy quasi-ideals, (€, € Vq)-
fuzzy bi- (generalized bi-) ideals.

Theorem 143 For a ternary semigroup S the following conditions are equivalent:

(1) S is regular;

(2) (WAAXAV)” =(poXow)™ forevery (€, € Vq)-fuzzy right ideal i, every (€, € Vq)-
fuzzy lateral ideal A and every (€, € Vq)-fuzzy left ideal v of S.

Proof. (1) = (2) : Let pu be an (€, € Vg)-fuzzy right ideal, A an (€, € Vq)-fuzzy
lateral ideal and v an (€, € Vq)-fuzzy left ideal of S and a € S. Then

(oXov) (@) = (uoXov)(a)A05

= { \% {M(QC)A/\(Z/)AV(Z)}}/\O-5

a=xyz

<V {p(zyz) AX(zyz) Av(zyz)} A0S

a=zyz

= {p(a)AAX(a)Av(a)} NO.5

= (UAAXAD)(a)ANOB=(LAXAY) .
Thus (poAov)” < (WAXAV) .

Since S is regular, so for any a € S there exists x € S such that a = aza = a (zax) a.

It follows that

(podov) (a) = (uoXov)(a)AN0.5

{ V (e(p) AA(Q)/\V(T))} AO.5

{p(a) ANX(zazx) Av(a)} A0S

{p(a)AX(a) Av(a)} NO.5
= (WAXAV)(a)ANODS=(uAAXAY) (a).

Y

v
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Thus (moAov)” > (uAAXNAV)” . Hence (podov) = (uAXNAY) .

(2) = (1) : Let R, M and L be the right, lateral and left ideals of S, respectively.
Then by Lemma 140, the lower part of the characteristic functions, that is, xz, Xy,
and x are (€, € Vq)-fuzzy right ideal, (€, € Vq)-fuzzy lateral ideal and (€, € Vq)-fuzzy
left ideal of .S, respectively. Thus by hypothesis

XeANxmAXxL)” = (Xpoxmoxn)
XraMnL = XRML:

Hence RN M N L = RML. Therefore by Theorem 5, S is regular. m

Theorem 144 For a ternary semigroup S the following conditions are equivalent:

(1) S is regular;

(2) (AN =(uoSoN) forevery (€, € Vq)-fuzzy right ideal pu and every (€, € Vq)-
fuzzy left ideal \ of S.

Proof. (1) = (2) : Let p be an (€, € Vq)-fuzzy right ideal and X an (€, € Vq)-fuzzy
left ideal of S. As S is an (€, € Vq)-fuzzy lateral ideal of S, we have from Theorem
143,

(LoSoX) =(LASAN) =(uAN)".

(2) = (1) : Let R and L be the right and left ideals of S, respectively. Then by
Lemma 140, the lower part of the characteristic functions, that is, x5, and x; are
(€, € Vq)-fuzzy right ideal and (€, € Vq)-fuzzy left ideal of S, respectively. Thus by
hypothesis

(xeAxz)” = (xgoSoxp)”

Xpnr = (Xmsp) -

Thus RN L = RSL. Hence by Theorem 6, S is regular. m

Theorem 145 For a ternary semigroup S, the following conditions are equivalent:
(1) S is regular;
(2) w~
(3) p= = (npoSopoSou)~ for every (€, € Vq)-fuzzy bi-ideal p of S;
(4) p~

= (o Sopo Sou)~ for every (€, € Vq)-fuzzy generalized bi-ideal p of S;

uw~ = (o SopoSou)” for every (€, € Vq)-fuzzy quasi-ideal p of S.
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Proof. (1) = (2) : Let u be an (€, € Vq)-fuzzy generalized bi-ideal of S and a € S.

Since S is regular so there exists = € S such that a = ara = axazxa. It follows that
(o SopoSou)” (a) = (poSopuoSou)(a)0.5

- { v {(uoSou)(p)AS(q)Au(r)}}Ao.s

a=pqr

=z {(noSopu)(a) NS (x)Ap(a)} A0O.5

- {{ V‘ku(i)/\S(j)Au(’f)}Au(a)}A0.5
a=1ij
> {ju(a) AS (@) A (a) A (a)} A 05

w(a) N0.5=pu" (a).

Thus (o0 Sop o Sop)™ > ™.
Since p is an (€, € Vq)-fuzzy generalized bi-ideal of S, so

(LoSopuoSou) (a) = (pwoSouoSou)(a)AN0.5

V (uoSou)(p)AS(v)Au(Z)}A0-5

) {V {p\g{uy“(m) A S (w) Au<y>} AS () AM(Z)} E:

V {M(x)AS(U)AM(y)AS(U)AM(Z)}}A0‘5

7V {w (@) A p(y) Au(z)}} A0.5

< V  p(zuyvz) A0S =p(a) A0S =pu" (a).

a=xruYyvz

Thus (@ o SopoSou)” < p~. Hence p~ = (o Sopo Sou)™ .

(2) = (3) = (4) are straightforward.

(4) = (1) : Let @ be a quasi-ideal of S. Then by Lemma 97, the characteristic
function x of Q is an (&, € Vq)-fuzzy quasi-ideal of S. Thus by hypothesis

Xq = (xgoSoxqgoSexq)
XqQ = X@sqQsq -

Thus Q = QSQSQ. Hence it follows from Theorem 7, that S is regular. m

Theorem 146 For a ternary semigroup S, the following assertions are equivalent:

(1) S is regular;
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(2) (WAXN)” < (uoSoN) forevery (€, € Vq)-fuzzy quasi-ideal 1 and every (€, € Vq)-
fuzzy left ideal X of S,

(3) (WAXN)” < (uoSo) forevery (€, € Vq)-fuzzy bi-ideal ;v and every (€, € Vq)-
fuzzy left ideal X of S,

(4) (uAAXN)” < (moSo )™ for every (€,€ Vq)-fuzzy generalized bi-ideal p and
every (€, € Vq)-fuzzy left ideal X of S.

Proof. (1) = (4) : Let p be an (€, € Vq)-fuzzy generalized bi-ideal and A an
(€, € Vq)-fuzzy left ideal of S. Since S is regular so for all a € S there exists z € §
such that a = axa. It follows that

(hoSoA) (a) = (uoSoA)(a)A0S5

= { V {u(p)M5(Q)/\/\(7“)}}/\0-5

a=pqr
> {p(a)ANS(x)AAX(a)} A0S
= {p@A1AX(a)} ANO5
= {pu(a)AX(a)} NO.5
= (WAXN)(a)AN0D5= (AN (a).
Thus (poSoN)” > (LAN) .
(4) = (3) = (2) : Straightforward.
(2) = (1) : Let u be an (€, € Vq)-fuzzy right ideal and A an (€, € Vq)-fuzzy left
ideal of S. Since every (€, € Vq)-fuzzy right ideal of S is an (€, € Vq)-fuzzy quasi-ideal
of S;80 (AN < (poSoX) . It follows that

(poSoN) (a) = (poSoM)(a)A0.5

= { V {M(I)/\S(y)A)\(«Z)}}AO-5

a=xyz

= { V M{(I)/\A(fé)}}AO-5

a=xyz

< { % {M(:JCyZ)AA(ﬂcyZ)}}AO-5

a=xyz
= {pu(a)AA(a)} ANO.5
= (AN (a)AN0B5= (AN (a).
Thus (L AX)” > (poSoX) . Hence (W AX)” = (uoS o) . Therefore by Theorem
144, S is regular. =m

Theorem 147 For a ternary semigroup S, the following conditions are equivalent:
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(1) S is regular;

(2) (WA X)) < (AoSou)™ for every (€, € Vq)-fuzzy quasi-ideal i and every (€, € Vq)-
fuzzy right ideal A of S;

(3) (LAXN)” < (AoSou)™ for every (€, € Vq)-fuzzy bi-ideal i and every (€, € Vq)-
fuzzy right ideal A of S.

(4) (uAAX)” < (AoSou)™ forevery (€, € Vq)-fuzzy generalized bi-ideal p and every
(€, € Vq)-fuzzy right ideal \ of S.

Proof. This is the dual of Theorem 146. m

Theorem 148 For a ternary semigroup S, the following statements are equivalent:

(1) S is regular;

(2) (AN =(poXop)” forevery (€, € Vq)-fuzzy bi-ideal p1 and every (€, € Vq)-
fuzzy lateral ideal A of S,

(B) (WAN) = (noXou)” forevery (€, € Vq)-fuzzy quasi-ideal jv and every (€, € Vq)-
fuzzy lateral ideal A of S.

Proof. (1) = (2) : Let p be an (€, € Vg)-fuzzy bi-ideal, X an (€, € Vq)-fuzzy
lateral ideal of S and a € S. Since S is regular so there exists x € S such that

a = aza = a(zax)a. It follows that
(moXop) (a) = (noAon)(a)AN0.5

{ V A{n(p) /\)\(Q)/\M(T)}} A 0.5

{p(a) ANX(zaz) Ap(a)} AO.5

{1(a) A X (a) A g (@)} A 05
{p(a) AX(a)} NO.5
(LAX) (@) NO0B5=(uAN) (a).

I AV

Thus (poXopu)” > (LA .
On the other hand (po Ao )™ < (pAX)™ always hold. Hence (u AX)” = (poXopu)™ .
(2) = (3) : Straightforward.
(3) = (1) Let @ be a quasi-ideal of S. Then by Lemma 97, the characteristic
function x of Q is an (€, € Vq)-fuzzy quasi-ideal of S. Thus by hypothesis

Xg = (xgoSoxg)
Xq = Xq@sq-

Thus @ = QSQ. Hence it follows from Theorem 7, that S is regular. =
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2.8 Weakly regular ternary semigroups

In this section we characterize right weakly regular ternary semigroups in terms of
(€,€ Vq)-fuzzy right ideals, (€,€ Vq)-fuzzy two sided ideals and (€,€ Vq)-fuzzy

generalized bi-ideals.

Theorem 149 For a ternary semigroup S, the following assertions are equivalent:

(1) S is right weakly regular;

(2) (wAv)” = (povov)” for every (€, € Vq)-fuzzy right ideal p and every (€, €
Vq)-fuzzy two sided ideal v of S;

(3) (uAv)” = (uovov) for every (€,€ Vq)-fuzzy right ideal p and every (€, €
Vq)-fuzzy ideal v of S.

Proof. (1) = (2) : Let p be an (€, € Vg)-fuzzy right ideal and v an (€, € Vq)-fuzzy
two sided ideal of S. Now for any a € S, there exist s1, so, S3,t1,%2,t3 € S such that
a = (asity) (asat2) (assts). It follows that

(povov) (a) = (povov)(a)A0.5
= {G\Z{qr{u(p)AV(Q)AV(T)}}A0-5
< {\/ {u(pqr)/\0.5}/\V(q)/\{u(pqr)/\0.5}}/\0.5
< {V {u(pqr)AV(pqr)}}AO-f)
< {n(@Av@FA0S= (A ()

Thus (povov) < (uAv) .
On the other hand

(LAv) (a) = (uAv)(a)AO.5
{p(a)Av(a)Av(a)} NO.5

{p (asit1) A v (asata) A v (assts)} A 0.5

{ V (ﬂ(x)M(y)/\v(z))} A0.5

a=zyz

IN

IN

= (povov)(a)N05=(uovor) (a).

Thus (pAv)” < (povov) . Consequently (uAv)” = (povov) .
(2) = (3) : This is obvious, because every (€, € Vq)-fuzzy ideal is an (€, € Vq)-
fuzzy two sided ideal of S.
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(3) = (1) : Let R be a right ideal and I an ideal of S. Then by Corollary 67, xp
and y; are (€, € Vq)-fuzzy right ideal and (€, € Vq)-fuzzy ideal of S, respectively. By
hypothesis it follows that

(XeAx1)~ = (xgoxroxy)~

Xrnr = (g™ -

Thus RN I = RII. Hence by Lemma 9, S is right weakly regular. m

Corollary 150 If (uAv)” = (uovov)  for every («,f)-fuzzy right ideal p and
every (o, 8)-fuzzy two sided ideal v of S, where (o, 8) is any one of (€,€), (€,q), (€,
ENg), (EVq,€), (EVa,q), (EVqg,ENq), and (EV q,EV q) then S is a right weakly

reqular ternary semigroup.

Theorem 151 For a ternary semigroup S, the following assertions are equivalent:
(1) S is right weakly regular;
(2) Each (€, € Vq)-fuzzy right ideal p of S is idempotent.

Proof. (1) = (2) : Let p be an (€, € Vq)-fuzzy right ideal of S. Now for any a € S,
there exist s1, sa, s3,t1,t2,t3 € S such that a = (asit1) (asat2) (assts). It follows that

(mopop) (a) = (popop)(a)N0.5

= { V {M(p)Au(q)Au(T)}}/\0-5

a=pqr

< { V {{M(pqr)/\o-5}/\M(Q)/\M(T)}}/\0-5

a=pqr

< V wplpgr)no.b
a=pqr

< p(a)N05=pu (a).

Thus (popopu)” < p.
On the other hand

po(a) = p(a)N0.5
= {u(a)Ap(a) Ap(a)} A0S

{ {14 (as1t1) A 0.5} A s (asata) A 0.5} } 05
A {u (assts) A 0.5} |

< { V {u(p)Au(q)Au(T)}}AO-f)

a=pqr

= (popop)(a)AN0.5=(nopou) (a).
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Thus p~ < (popopu)” . Hence p~ = (popop) .
(2) = (1) : Let A be a ight ideal and let x4 be the characteristic function of A.
Then by Lemma 186, x4 is an (€, € Vq)-fuzzy right ideal of S. Thus by hypothesis

Xa = (xaoxaoxa)
= Xy

This implies that A = A3. Hence S is right weakly regular. m

Corollary 152 If every («a,3)-fuzzy right ideal p of S is idempotent, where (c, 3)
is any one of (€,€), (€,q), (€, € Nq), (€ Vq,€), (€ Vq,q), (€ Vg,€ Nq), and
(eVg,eVq), then S is a right weakly regular ternary semigroup.

Theorem 153 For a ternary semigroup S, the following assertions are equivalent:

(1) S is right weakly regular;

(2) (WAVAXN)" = (novoX)” for every (€,€ Vq)-fuzzy bi-ideal p, every (€, €
Vq)-fuzzy two sided ideal v and every (€, € Vq)-fuzzy right ideal A of S,

(B) (WAVAXN)T =(novol) forevery (€, € Vq)-fuzzy quasi-ideal 1, every (€, €
Vq)-fuzzy two sided ideal v and every (€, € Vq)-fuzzy right ideal X of S.

Proof. (1) = (2) : Let p be an (€, € Vg)-fuzzy bi-ideal, v an (€, € Vq)-fuzzy
two sided ideal and X\ an (€, € Vq)-fuzzy right ideal of S. Now for a € S, there exist
S1, 82,83, t1,t2,t3 € S such that a = (asit1) (asate) (assts) = a(sitiasats) (assts). It
follows that

(LAVANT (a) (uAvAX)(a) NO.5
{p(a)Av(a) ANX(a)} NO.5

< {{p(a) Av(sitiasata) N0.5} A {A (assts) A0.5}} A0.5

= { V {M(p)/\V(Q)A)\(T)}}/\O-5

a=pqr

= (Moyo)\)(a)/\()ﬁ:(/LOVO/\)_(a>-

Thus (pAVAX)” < (ppovol) .

(2) = (3) : This is obvious, because every (€, € Vq)-fuzzy quasi-ideal is an (€, €
Vq)-fuzzy bi-ideal of S.

(3) = (1) : Let o be an (€, € Vq)-fuzzy right ideal and v an (€, € Vq)-fuzzy two
sided ideal of S. Take A = w. Since every (€,€ Vq)-fuzzy right ideal is an (€, €
Vq)-fuzzy quasi-ideal so by hypothesis (uAv Av)” < (povov) . Thus (uAv) <
(povov) .But(povowv) < (uAwv) alwaysholds. Hence (uAv)” = (povov) .
Therefore by Theorem 149, S is right weakly regular. m
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Corollary 154 If (uAv AN~ = (povol) for every (a,f)-fuzzy bi-ideal (quasi-
ideal) p, every (a, B)-fuzzy two sided ideal v and every (o, 3)-fuzzy right ideal A of S,
where (o, B) is any one of (€,€), (€,q), (€, €Nq), (EVq,€),(EVq,q), (EVq,ENg),
and (EVq,€EVq), then S is a right weakly regqular ternary semigroup.

Theorem 155 For a ternary semigroup S, the following assertions are equivalent:

(1) S is right weakly regular;

(2) (uAv)” < (uovow)  forevery (€, € Vq)-fuzzy bi-ideal o and every (€, € Vq)-
fuzzy two sided ideal v of S}

(3) (uAv)” <(novowv) for every (€, € Vq)-fuzzy quasi-ideal p and every (€, €
Vq)-fuzzy two sided ideal v of S.

Proof. (1) = (2) : Let o be an (€, € Vg)-fuzzy bi-ideal and v an (€, € Vq)-fuzzy
two sided ideal of S. Now for any a € S, there exist s1, so, s3,t1,1t2,t3 € S such that
a = (asity) (asate) (assts) = a (sitrasats) (assts) . It follows that

(mAv) (a) = (nAv)(a) A0S
= {p(a)Av(a)Av(a)} NO.5
< {{u(a) Av(sitiasata) N 0.5} A{v (assts) AN0.5}} A 0.5

_ { V {,u(l)/\l/(m)/\y(n)}}/\o.f)

a=lmn

= (povov)(a)N05=(uovor) (a).

Thus (uAv)” < (uovorv) .

(2) = (3) : This is obvious, because every (€, € Vq)-fuzzy quasi-ideal is an (€, €
Vq)-fuzzy bi-ideal of S.

(3) = (1) : Let p be an (€, € Vq)-fuzzy right ideal and v an (€, € Vq)-fuzzy two
sided ideal of S. Since every (€, € Vq)-fuzzy right ideal is an (€, € Vq)-fuzzy quasi-ideal
of S. Thus by hypothesis (uAv)” < (povowv) . Also

(povov) (a) = (povov)(a)AN0.5
(m)/\u(n)}} A 0.5

L
LY

{p (lmn) AN0.5} Av(m) A {v (Imn) /\0.5}} N 0.5

a=lmn

< 'V wp(mn)Av(lmn)A0.5

a=Ilmn

= (uAv) (a).

Thus (povov)” < (uAv) . Hence (uAv)” = (povov) . Therefore by Theorem
149, S is right weakly regular. m



2. Classifications and properties of («, 5)-fuzzy ternary subsemigroups and
ideals in ternary semigroups 54

Corollary 156 If (uAv)” < (uovowv)  for every («a,3)-fuzzy bi-ideal (quasi-ideal)
p and every («, B)-fuzzy two sided ideal v of S, where (a, 3) is any one of (€, €), (€&, q),
(e, €Ng), (eVg,€), (€Vaq,q), (EVg,eENg), and (EVq,EVQq), then S is a right
weakly regular ternary semigroup.



Chapter 3

(€, € Vqi.)-fuzzy ternary
subsemigroups and ideals in

ternary semigroups

In this chapter we study (€, € Vqi)-fuzzy ternary subsemigroup and ideals in ternary
semigroups which is the generalizations of (€, € Vq)-fuzzy ternary subsemigroup and
ideals in ternary semigroups. The classes of regular ternary semigroups and right
weakly regular ternary semigroups are characterized in terms of (€, € Vqy)-fuzzy left
(right and lateral) ideals, (€, € Vqi)-fuzzy quasi-ideals and (€, € Vg )-fuzzy bi- (gen-

eralized bi-) ideals.

3.1 (€,€ Vq)-fuzzy ternary subsemigroups

In what follows, let S denote a ternary semigroup and k an arbitrary element of [0, 1)

unless otherwise specified. Jun initiated the concept of (€, € Vq)-fuzzy subalgebras

in BCK/BClI-algebras in [17]. For a fuzzy point x; and a fuzzy set p in S, we say that
(1) xeqepif p(z)+t+k> 1.

(ii) ¢ € Vi p if & € p or x4 g .
(iii) x¢ € Aqg p if 24 € p and zy gk p-
(iv) ziap if zrap does not hold for o € {qx, € Var,€ A } .

Definition 157 Leta € {€, q,€ Vq}. A fuzzy set uin S is said to be an (o, € Vqy)-

fuzzy ternary subsemigroup of S, if it satisfies the following condition:
Ty by, Yoo and zso pn imply (a:yz)min{t_’ vy €V, (3.1)

forall x,y,z € S and t,r,s € (0,1].

95
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Example 158 Consider the ternary semigroup S = {—i,0,i} of Example 16. Define

a fuzzy set p in S as follows:

0.80 if z =0,
p:8—1[0,1, z—< 070 if z =1,
0.35 if z = —i.

Then simple calculations show that v is an (€, € Vqi)-fuzzy ternary subsemigroup of
S for k=0.3. But

(1) p is not an (€, €)-fuzzy ternary subsemigroup of S, since io.63 € 1, but (i14) 55 €.

(2) @ is not an (€, € Vq)-fuzzy ternary subsemigroup of S, since ig7 € p, but
(iid)o.7 € A qp.

(8) p is not an (€, € Vqo.1)-fuzzy ternary subsemigroup of S, since igq4 € p, but
()04 € Va0 11

Example 159 Consider the ternary semigroup S of Example 5. Define a fuzzy set

win S as follows:
(0.40 if 2 =0,

0.50 if z = a,
p:S—1[0,1, z—< 0.60 ifz="h,
0.20 if x =c,

[ 030 ifz=1.

Then simple calculations show that p is an (€, €V qo.2 )-fuzzy ternary subsemigroup of

S.

Theorem 160 Every (€, qx)-fuzzy ternary subsemigroup of S is an (€, €V g )-fuzzy

ternary subsemigroup of S.

Proof. Straightforward m
Taking k£ = 0 in Theorem 160 we have the following corollary.

Corollary 161 FEvery (€,q)-fuzzy ternary subsemigroup of S is an (€,€ V q)-fuzzy

ternary subsemigroup of S.

Theorem 162 If 0 < k < r < 1, then every (€, €V qi )-fuzzy ternary subsemigroup
of S is an (€, €V q, )-fuzzy ternary subsemigroup of S.

Proof. Straightforward. m
The following example shows that if 0 < k < r < 1, then an (€, € V¢, )-fuzzy
ternary subsemigroup of S may not be an (€, € V gi )-fuzzy ternary subsemigroup of

S.
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Example 163 Consider the (€,€V qo.2 )-fuzzy ternary subsemigroup p of S given in
Ezample 159. Then p is not an (€,€V qo.1 )-fuzzy ternary subsemigroup of S, because
ag.42 € @, but (aaa)y 49 € Vqo.1 /4

Theorem 164 Every (€, €)-fuzzy ternary subsemigroup of S is an (€,€V qx )-fuzzy

ternary subsemigroup of S.

Remark 165 The converse of Theorem 164 is not true in general as seen in FExamples
158 and 159.

Theorem 166 Every (€,€ V q)-fuzzy ternary subsemigroup of S is an (€,€ V qx )-
fuzzy ternary subsemigroup of S for every k € (0, 1].

Proof. Straightforward. m

Theorem 167 Let A be a ternary subsemigroup of S and o € {€,q,€ Vq}. Then the
fuzzy set p in S defined by:

(z) 2% forallx € A,
xTr) =
: 0 forallze S\ A,

is an (a, € Vqi)-fuzzy ternary subsemigroup of S.

Proof. Let A be a ternary subsemigroup of S.

(a) In this part we show that p is an (€, € Vqg)-fuzzy ternary subsemigroup of S.
Let z, y, z € S and ¢, r, s € (0,1] be such that x; € p, y» € p and z; € p. Then
p(x) >t >0, pu(y) >7r>0and p(z) > s > 0, implies u(z) > 55, u(y) > 5%,
w(z) > 1;2’“ Thus z, y, z € A, so xyz € A. Thus u(xyz) > % If min {¢,r, s} < %,
then p (vyz) > 5% > min {t,r,s}. Hence (@Y2)minft,rsy € #- 1 min{t,r, s} > 1k
then p(vyz) + min{t,r,s} +k > 55 + 58 4k > 1) 50 (TY2) mint,r,s} Pett- Thus
(myz)min{nns} € Vqru. Hence p is an (€, € Vi )-fuzzy ternary subsemigroup of S.

(b) In this part we show that p is a (q, € Vg )-fuzzy ternary subsemigroup of S. Let
x,y,z € S and t,r,s € (0,1] be such that z;qu, yrqu, and zsqu. Then p(x) +t > 1,
w(y)+r>1land p(z)+s > 1. Thus z, y, z € A, so zyz € A. Thus u(zyz) > %
If min {t,7, s} < 5%, then p(vyz) > 5% > min {t,r,s}. Hence (TY2)minft,rs) € M-
If min {¢,7, s} > 5%, then u(zyz) + min {t,7, s} + k > 1, so (TY2) min{trs} Dett- Thus
(9cyz)min{t’r75} € Vqru. Hence p is an (g, € Vqi)-fuzzy ternary subsemigroup of S.

(¢) In this part we show that p is an (€ Vg, € Vqy)-fuzzy ternary subsemigroup of
S. Let z,y,z € S and t,r,s € (0,1] be such that x; € Vqu, y, € Vqu, zs € Vqu. Then
Ty € [ O Tyqu, Yr € b OT Yprqlt, 2s € W OF zgqu. Now there are eight possible cases,
each case implies that z,y,z € A, so xzyz € A. Hence u (xyz) > % Analogous to (a)
and (b) we obtain (xyz)min{tms} € Vqiu. Therefore p is an (€ Vg, € Vi )-fuzzy ternary

subsemigroup of S. m
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Corollary 168 Let A be a ternary subsemigroup of S and o € {€,q, € Vq}. Then the
fuzzy set p in S defined by:

> 0.5 forallxe A,
() =
0 forallze S\ A,

is an (a, € Vq)-fuzzy ternary subsemigroup of S.

Characterization of (€, € Vq)-fuzzy ternary subsemigroup is given in the following

theorem.

Theorem 169 Let i1 be a fuzzy set in S. Then p is an (€, € Vqi)-fuzzy ternary sub-
semigroup of S if and only if p satisfies the following condition:

utev) 2 min (o) o) o (20,25 | (3.2)

forall x,y,z € S.

Proof. Let p be an (€, € Vqy)-fuzzy ternary subsemigroup of S. If there exist
x,y,z € S such that p(zyz) < min{,u(:n) Ju(y),p(2), %}, then we can choose
€ (0, 1] such that

1-k

ey <t < min{ (o)) (20,75 |

and so x4 € p, yr € pand 2z € p. But p(zyz) <t = (xyz), €p and p(zyz) +t+k <
Lk Lk 4k = 1. Tt follows that (ZY2)minfee,0y € Vi = (2Yz), € Vqpp, which is a
contradiction. Hence p (zyz) > min {p (z), 1 (y), p (2 1_1"}

Conversely, assume that p (zyz) > min {p (z), 1 (y) ,Tk} Let z; € p, y, €
W, zs € p for t,r;s € (0,1]. Then p(z) > ¢, p(y) >r, ,u( ) s. It follows that
1—-k 1—-k
p (ryz) > min {u(fﬂ) e (y) s p(2), 2} > min {t,r,s, 2} :

If min {¢,r, S} < 5% then p(wyz) > min{t,r, 5} and 50 (TY2)ying sy € K- I
min {t,r, s} > 15E then pu (zyz)+min {t,r, s}+k > 1 +12k+k =1,s0 (azyz)mm{trs} Qi J4-
Hence (myz)min (trs) € VAkH- Therefore p is an (€, € \/qk) fuzzy ternary subsemigroup

of S. m

Taking £ = 0 in Theorem 169 we have the following corollary.

Corollary 170 Let p be a fuzzy set in S. Then u is an (€, € Vq)-fuzzy ternary sub-
semigroup of S if and only if p satisfies the following condition:

p(wyz) > min{p (), pu(y),pn(z),0.5}, (3.3)

for all x,y,z € S.
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Lemma 171 A nonempty subset A of S is a ternary subsemigroup of S if and only if
the characteristic function x 4 of A is an (€, €V qx )-fuzzy ternary subsemigroup of S.

Proof. Let A be a ternary subsemigroup of S and z,y,z € A. Then x4 (z) =
X4 (W) = xa(2) = 1. Since A is a ternary subsemigroup of S, so zyz € A and
X4 (zyz) = 1. It follows that

X4 (zyz) > min {XA (), xa (¥) x4 (2), 1;]{;} :

If one of z,y,z is not in A, then min {x4 (z),x4 (¥). x4 (2), 555} =0 < x4 (zy2).
Hence by Theorem 169, x 4 is an (€, €V g )-fuzzy ternary subsemigroup of S.

Conversely, assume that x4 is an (€, € V ¢ )-fuzzy ternary subsemigroup of S. Let
x,y,z € A. Then

o)z min {xa (@) v o ()15 =150

Since k € [0,1), so x4 (zyz) =1 and zyz € A. Hence A is a ternary subsemigroup of
S. m

Theorem 172 A fuzzy set pu in S is an (€, € Vqg)-fuzzy ternary subsemigroup of S if
and only if the the nonempty level set U (u;t) is a ternary subsemigroup of S, for all
t € (0,152].

Proof. Let p be an (€, € Vqi)-fuzzy ternary subsemigroup of S and x,y,z €
U (u;t) for some ¢ € (0,15%]. Then p(2) > ¢, pu(y) > ¢, u(2) > t. By Theorem 169 it
follows that

 (oy2) > min{m),u(y),u(z),l;k} > min{t,lgk} 1,

so p (zyz) > t. This implies that zyz € U (p;t). Hence U (u;t) is a ternary subsemi-
group of S.

Conversely, assume that U (u;t) is a ternary subsemigroup of S for all ¢ € (0, 15£].
If there exist z,y,z € S such that p(zyz) < min{u(z),p(y),px(z), %}, then
plryz) <t < min{,u(x),,u,(y),,u,(z),%} for some t € (0, 15—’“], and so z,y,z €
U (u;t) but xyz ¢ U (p;t) . This is a contradiction. Hence

1-k

utey) 2 min (o) o) (20,75 |

It follows from Theorem 169 that p is an (€, € Vg )-fuzzy ternary subsemigroup of S.
|
Taking £ = 0 in Theorem 172, we have the following corollary.



3. (€, € Vq)-fuzzy ternary subsemigroups and ideals in ternary semigrou@g

Corollary 173 A fuzzy set p in S is an (€, € Vq)-fuzzy ternary subsemigroup of S if
and only if the the nonempty level set U (u;t) is a ternary subsemigroup of S, for all
t € (0,0.5].

In the following theorem we provide condition for an (€, € V gi )-fuzzy ternary

subsemigroup to be an (€, €)-fuzzy ternary subsemigroup.

Theorem 174 Let p be an (€,€ V qx )-fuzzy ternary subsemigroup of S such that
p(z) < % for allx € S. Then u is an (€, €)-fuzzy ternary subsemigroup of S.

Proof. Straightforward. m
If we take k = 0 in Theorem 174, then we have the following corollary.

Corollary 175 Let p be an (€,€ Vq)-fuzzy ternary subsemigroup of S such that
w(z) < 0.5 for all x € S. Then u is an (€, €)-fuzzy ternary subsemigroup of S.

Theorem 176 Let {p; | i € A} be a family of (€, €V g )-fuzzy ternary subsemigroups
of S. Then p:= () p; is an (€, €V q )-fuzzy ternary subsemigroup of S.
LISN
Proof. Straightforward. m
For a fuzzy set p in S and t € (0, 1], consider the t-gx-set S};k and €V g -set SL, 0
with respect to t (briefly, t-qx-set and t-€V g -set, respectively) as follows:

S};k ={zr e X |zq;pn} and Stev(]k ={reX |z eVaqpl}
Note that, for any ¢,r € (0,1], if ¢ > r then every r-gg-set is contained in the
t-g-set, that is, S C S , and U(u;t)U Sy C U(u;r) U SE . Obviously, S&,, =
U(pt) U S,

Theorem 177 If ju is an (€, €)-fuzzy ternary subsemigroup of S, then the t-qx-set S;k

is a ternary subsemigroup of S for all t € (0,1], whenever it is nonempty.

Proof. Assume that S; # 0 for t € (0,1]. Let z,y, z € S. . Then ziqru, yrqru,
Zeqeph, that is, p(x) +t+k > 1, p(y) +t+k > 1, p(z) +t+k > 1. It follows that

plzyz) +t+k > min{u(z), py), p2)}t+t+k
= min{p(z) +t+k p(y) +t+k p(z)+t+k}>1

and so (zyz), qip. Hence zyz € S},

The following theorem characterizes the ternary subsemigroup of ternary semi-

therefore Sék is a ternary subsemigroup of S. m

group in terms of (€, €V g )-fuzzy ternary subsemigroup.
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Theorem 178 Let p be a fuzzy set in S. Then p is an (€,€ V qi )-fuzzy ternary
subsemigroup of S if and only if S&, o 18 a ternary subsemigroup of S for allt € (0,1].

Proof. Assume that p is an (€, €V gi )-fuzzy ternary subsemigroup of S and let
T,Y,z € Sévqk for t € (0,1]. Then x;y € Varpu, yr € Vqrp and z; € V g i, that is,
pw(x) >tor ple)+t>1—k, puly) >tor uly)+¢t >1—k, and p(z) > t or
v (z) +t>1— k. Using Theorem 169, p (zyz) > min {p (z), p(y), 1 (2), %} ,

Case 1. pu(x) >t, u(y) > t, and p(z) > t. If t > 5% then

u(myz)me{u(x),u(y),u(z),l;’“}= )

Hence p (zyz) +t > % + % =1—k, and so (zyz), qi 4.
Ift < 1;2’“, then

M@wﬁzmm{u@%u@%u@%lgk}Zt

and thus (zyz), € p. Therefore (zyz), € Vqi p, that is, zyz € S&,,, .
Case 2. p(x) >t,u(y) >t,and p(z)+t>1—k. If t > %, then

Woys) > min{m),u(y),u(z),l“k} —pn 2k

2 2
1—k

and so (zyz), g . If t < 155, then

ley) 2 min {0 ) o) 25 b 2 min {een -k AR

Hence (zyz), € p and thus (zyz), € Vi p, that is, zyz € S&,,, .
Case 3. p(x) >t,u(y)+t>1—k,and p(z)+t>1—k. If t > 1;2k’ then

) 1—k 1—-k
p(zyz) > mm{u@%u@%u&%2}=u@WWM@A2
1-k
> (L—k=OAQ-k=)A—==1-k-t,
and so (zyz), s . If t < 155, then
- 1—k . 1—k
plryz) zmingp(z),py),p(z), —5—p2mingtl—k—t,1 k-1, —— =t

Hence (zyz), € p and thus (zyz), € Vay , that is, zyz € S, .
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Case 4. () +t>1—k, p(y)+t>1—k, and p(2) +t>1—k. If t > 155 then

1 (zy7) zmm{u(x),u(y),u(z),l;‘“} >(1-k-tA =1kt

Thus (vyz), qi p- If t < 5%, then

1-k 1-k 1-k

u(scyz)me{u(a:),u(y),u(z),2} >-k-natE o E sy

and so (zyz), € p. Hence (zyz), € Vi s, that is, zyz € SL, . Consequently, S&, . is
a ternary subsemigroup of S.
Conversely assume that p is a fuzzy set in S and t € (0,1] be such that S&,, is a

ternary subsemigroup of S. If possible, let

1—-k

ey <t < min{ (o)) 0 (2,75 |

for some t € (0, %] Then z,y,z € U(u;t) C Séqu , which implies that zyz € Sévqk .
Hence p(zyz) > t or p(zyz) +t+ k > 1, a contradiction. Therefore p(xyz) >
min {1 (), p (y) ,,u(z),%} for all z,y,z € S. Therefore p is an (€, € V g )-fuzzy

ternary subsemigroup of S. m

3.2 (g€,€ Vq)-fuzzy ideals
We begin this section with the following definition.

Definition 179 Leta € {€, q,€ Vq}. A fuzzy set p in S is said to be an («a, € Vqy)-
fuzzy left (resp. right, lateral) ideal of S, if it satisfies the following condition:

zeaepn implies (xyz)y €V g p (resp. (zzy)e € V @ pb, x2Y)r € V Qg 1b) (3.4)

forall z,y,z€ S and t € (0,1].

Moreover a fuzzy set p in S is called an («a, € Vgi)-fuzzy two sided ideal of S if
it is both («, € Vqi)-fuzzy left ideal and («, € Vg )-fuzzy right ideal of S. A fuzzy set
pin S is called an (o, € Vgi)-fuzzy ideal of S if it is an («a, € Vqi)-fuzzy left ideal,
(a, € Vqg)-fuzzy right ideal and (o, € Vg )-fuzzy lateral ideal of S.

Example 180 Consider the ternary semigroup S = {a,b,c,d} , with the ternary op-

eration [xyz] = x for all x,y,z € S. Define a fuzzy set p in S as follows:

0.70 if z = a,
0.60 if x =0
p:S—10,1, =z~ BE=D
0.80 if z =c¢,

0.55 if x =d.
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Then simple calculations show that p is an (€, € Vqi)-fuzzy left ideal of S for k = 0.2.
But 11 is not an (€, €)-fuzzy left ideal of S since ape € p, but (dba)y g = do.6Ep.

Example 181 Consider the ternary semigroup S of Example 54.
(1) Let p be a fuzzy set in S defined by:

0.30 if x =0,
0.35 if z =a,
w:S—1[0,1], x— ¢ 041 if x =0,
0.62 if x=c¢,
0.75 if x =1.

Then simple calculations show that p is an (€, €V qo.3 )-fuzzy left ideal of S. But u is
neither an (€, €V qo.3 )-fuzzy right ideal of S, nor an (€, €V qo.3 )-fuzzy lateral ideal of
S. Since cg.35 € 1, but

(cab)y 35 = 00.35€ Vqo.3/4,

and
(baa)0'35 = 00.35€ Vqo.34t-

Moreover, we see that:
(i) p is not an (€, €)-fuzzy left ideal of S, since co33 € i, but (abc) 553 = 00.33EL.
(1) p is not an (€,€ Vq)-fuzzy left ideal of S, since co37 € p, but (cab)ys; =
00.37€ Vqp.
(2) Let X be a fuzzy set in S defined by:

0.30 if x =0,

0.19 if z =a,

A:S—0,1], z—< 052 if z=0,
0.71 if x =g¢,

[ 0.20 if z =1.

Then simple calculations show that A is an (€, €V qo.4 )-fuzzy right ideal of S. But A
is neither an (€, €V qo.4 )-fuzzy left ideal of S, nor an (€,€V qo.4 )-fuzzy lateral ideal
of S. Since bp.4 € 1, but

(aab)y 4 = 00.4€ Vqo.aA,

and
(cba)0'4 = 00.4€ Vqo.4A.

Moreover, we see that:
(i) A is not an (€, €)-fuzzy right ideal of S, since co.36 € p, but (cab)y 55 = 00.36EL.
(it) A is not an (€, € Vq)-fuzzy right ideal of S, since coz9 € A, but (cab)ys9 =
00.39€ V@A.
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Theorem 182 Assume that u is a fuzzy set in S. Then

(1) If w is an (€, €)-fuzzy left (resp. right, lateral) ideal of S, then p is an (€, €
V q )-fuzzy left (resp. right, lateral) ideal of S.

(2) If p is an (€, € Vq)-fuzzy left (resp. right, lateral) ideal of S, then u is an
(€, € Vai)-fuzzy left (resp. right, lateral) ideal of S.

Proof. Straightforward. m

Remark 183 The converse of Theorem 182 is not true in general as seen in Fxample
181.

Theorem 184 A fuzzy set p in S is an (€, € Vqi)-fuzzy left (resp. right, lateral) ideal
of S if and only if it satisfies:

p(zyz) > min {M(Z) 7 ]L;k}

(resp o) 2 min {00, 255 | and ) = min {0, 254 )

forall x,y,z € S.

Proof. Let p be an (€, € Vgi)-fuzzy left ideal of S. If there exist z,y,z € S such
that p (zyz) < min {p(2), 5%}, then we can choose t € (0,1] such that p (zyz) <t <
min {y (z),245%}. Then z € p but (zyz), €p and p (vyz) +t+k < S+ 54 b =1.
This implies that (zyz), € Vgru, a contradiction. Hence p (zyz) > min {pu (), %} .

Conversely, assume that p (zyz) > min {p(2), %} . Let z,y,2 € Sand t € (0,1]
be such that z; € p. Then i (z) > ¢, which implies that p (zyz) > min {(2), %} >
min {¢, %} It > 1;2’“, then u (zyz) > % and so u (zyz)+t+k > %—i—%—i—k =1.
This implies that (zyz), gep. If t < 5%, then p(wyz) > t. Thus (zyz), € p. Hence
(zyz), € Vap. Therefore p is an (€, € Vqy)-fuzzy left ideal of S. m

If we take k = 0 in Theorem 184, we obtain the following corollary.

Corollary 185 A fuzzy set p in S is an (€, € Vq)-fuzzy left (resp. right, lateral)
ideal of S if and only if p(zyz) > min{u(2),0.5} (resp. p(zyz) > min{u(x),0.5},
p (zyz) = min{p (y),0.5}).

Lemma 186 A nonempty subset A of S is a right (resp. left, lateral) ideal of S if
and only if the characteristic function x4 of A is an (€, € V qx)-fuzzy right (resp. left,
lateral) ideal of S.
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Proof. Let A be a right ideal of S, x 4 the characteristic function of A and z € S.
If # ¢ A, then x4 (v) = 0 and so x4 (zy2) > min{x, (z),5E}. If 2 € A, then
X4 (x) = 1. Since A is a right ideal of S, so zyz € A and x4 (zyz) = 1. It follows that

e = o 55

Thus x4 is an (€, € V qi)-fuzzy right ideal of S.

Conversely assume that the characteristic function y 4 of A is an (€, € V q)-fuzzy
right ideal of S. Let x € ASS. Then & = auv for some u,v € S and a € A. Therefore
X 4 (a) = 1. It follows that

1-k

x4 (#) = X (auv) > min {XA (a). 2} |

Thus x4 (z) = 1. Hence x € A. Therefore A is a right ideal of S. m

Theorem 187 Let p be a fuzzy set in S. Then p is an (€, € Vqx)-fuzzy left (resp.
right, lateral) ideal of S if and only if U (u;t) is a left (resp. right, lateral) ideal of S

for all t € (0, %], whenever it 1s nonempty.

Proof. The proof is similar to the proof of Theorem 172. m

Theorem 188 If u is an (€,€ Vqi)- fuzzy left ideal, X\ an (€, € Vqx)-fuzzy lateral
ideal and v an (€, € Vqi)-fuzzy right ideal of S, then po Xov is an (€, € Vqi)-fuzzy
two sided ideal of S.

Proof. The proof is straightforward. m

Lemma 189 Let {p,; | i € A} be a family of (€, € Vaqi)-fuzzy left (resp. right, lateral)
ideals of S. Then

(i) () wi s an (€, € Vai)-fuzzy left (resp. right, lateral) ideal of S.
€A

(13) U p; is an (€, € Vag)-fuzzy left (resp. right, lateral) ideal of S.
LIS

Proof. Straightforward. m

Theorem 190 If p is an (€, €)-fuzzy left (resp. right, lateral) ideal of S, then the
t-qp-set S};k is a left (resp. right, lateral) ideal of S for all t € (0,1], whenever it is

nonempty.

Proof. The proof is similar to the proof of Theorem 177. =
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Theorem 191 For a fuzzy set p in S, if the t-qi-set Sék is a left (resp. right, lateral)
ideal of S for all t € (%, 1], then u is an (€, qx)-fuzzy left (resp. right, lateral) ideal
of S.

Proof. Let x,y,z € Sand t € (Tk, ] 1] be such that z; € p. Then p(z) >t > 5k
It follows that p(2) +t > 55 4+ 15£ — k, that is, zqrpu and so z € S, . B
hypothesis we have zyz € S}, and so (a:yz)t gt Therefore p is an (€, gx)-fuzzy left
ideal of S.

Similarly we can prove the cases of right ideal and lateral ideal of S. m

Theorem 192 For a fuzzy set pin S, if the t-qi-set S};k is a left (resp. right, lateral)
ideal of S for all t € (0, ] then w is a (q, €)-fuzzy left (resp. right, lateral) ideal of
S.

Proof. Let z,y,z € S and t € (0, %] be such that z,qu. Then z € S}, . B
hypothesis we have zyz € S}, and so (zyz), qpp. It follows that u(zyz) +t + &k > 1,
that is, p(xyz) > 1 —t —k > t, and so pu(xyz) > t. Hence (zyz), € p. Therefore p is
a (q, €)-fuzzy left ideal of S.

The cases of right ideal and lateral ideal of S may be dealt with similarly. m

Similarly we can prove that:

Theorem 193 For a fuzzy set u in S, if the t-qy-set St is a left (resp. right, lateral)
ideal of S for all t € (0,1 ] then u is a (q, € Vqi) fuzzy left (resp. right, lateral)
ideal of S.

Theorem 194 For a fuzzy set p in S, if the nonempty t-€ V gy -set S&, g 15 a left
(resp. right, lateral) ideal of S for allt € (0,1], then p is a (¢, €V qx )-fuzzy left (resp.
right, lateral) ideal of S.

Proof. We prove only for left ideal. Let z,y,z € S and t € (0, 1] be such that z;qpu.
Then z € S}, C S&,,, - By hypothesis it follows that zyz € S&, ,, . Hence (zyz), € V qx .
Therefore p is a (g, €V g )-fuzzy left ideal of S. m

One naturally asks the following interesting question:

Question: If u is an (€, € Vgi)-fuzzy left (resp. right, lateral) ideal of S, then is
the t-qi-set Sf]k a left (resp. right, lateral) ideal of S7

The answer to the above question is negative (for ¢ < %) as seen in the following

example:
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Example 195 Consider the ternary semigroup S of Fxample 54. Define a fuzzy set

win S as follows:
(0.40 if z =0,

0.62 if z =a,
p:S—1[0,1, z—< 071 if z=0,
0.82 if x =c,

( 030 ifz=1
Then

S if ¢ € (0,0.30],
{0,a,b,c} if ¢t € (0.30,0.40],
{a,b,c} if ¢t € (0.40,0.62]
{b, ¢} if ¢ € (0.62,0.71],
{c} if ¢t € (0.71,0.82],

0 if ¢t € (0.82,1].

Then by Theorem 187, w is an (€, € Vqo.2)-fuzzy left ideal of S, but the set

50.30 _ {CL, b, C} ,

q0.2

is not a left ideal of S, because Oab = 0 ¢ S9-30.

q0.2

But the following theorem answers the above question affirmatively:

Theorem 196 If 1 is an (€,€ V qx )-fuzzy left (resp. right, lateral) ideal of S, then
the nonempty t-qy-set S};k is a left (resp. right, lateral) ideal of S for all t € (1;2’“, 1].

Proof. Assume that Sék # () for t € (%, 1]. Let z,y,z € S and z € Sék. Then
Ziqr i, that is, p(2) +t + k > 1. By Theorem 184 it follows that

k
plxryz) +t+k > min{u(z),2}+t+k

1—-k
= min{u(z)+t+k,2+t+k} > 1.

So (xyz), qrpu. Hence xyz € Sf, . Therefore S! is a left ideal of S.

The same argument leads to the proof of the cases of right and lateral ideal. m

Theorem 197 A fuzzy set p in S is an (€,€ V q )-fuzzy left (resp. right, lateral)
ideal of S, if and only if the nonempty t-€V g, -set S&, g 15 aleft (resp. right, lateral)
ideal of S for all t € (0, 1].

Proof. The proof is similar to the proof of Theorem 178. m
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3.2.1 (€, € Vgy)-fuzzy quasi-ideals

Definition 198 A fuzzy set puin S is an (€, € Vqi)-fuzzy quasi-ideal of S if it satisfies:

1—k
(Du@ﬂZmm{moSoSH@7@°ﬂoSﬂ@7woS°uM@,2}
1—k

(2),u(x)2min{(,uoSoS)(m),(SoSo,uoSoS)(:L‘),(SoSo,u)(x),2},

where S is the fuzzy set in S mapping every element of S on 1.

Theorem 199 If i is an (€, € Vqi)-fuzzy quasi ideal of S, then Sy is a quasi-ideal of
S.

Proof. Let a € 557N 55)5 N S5pSS. Then a € S55y, a € S5yS and a € Sy58.
Thus there exist x,y, z € Sy and s1, s9, s3,1t1,t2,t3 € S such that a = xsit1, a = sayto,
a = s3tzz. It follows that

(SoSop)(a) = V {SOIANS(QAR(r)}

a=pqr

> S(sa) AS(ta) Apu(2) = p(2).

Similarly we can show that (SopoS8)(a) > p(y) and (poSoS8)(a) > p(x). It
follows that

pla) = min{(#oSoS)(a),(SouoS)(a),(SoSoM)(a),1;’“}

> min {00 ) u (), 5 ) >0

This implies that a € Sy. Hence 5559 N SSyS N SpSS C 5.
Again suppose a € §559N555755M5,5S. Then a € S55y, a € $55,5S and a €
S5055. Thus a = xs1t1, a = sataysaty, a = sstzz for some x, v, z, s1, S2, 83, S4,t1, to, t3,t4 €

S. For a = s3t3z and a = xs1t1, discussed above. We have

Iu(a)2min{(,uoSoS)(a),(SoSo,uoSoS)(a)a<SoSoM)(a)a1;k}7

and by the above arguments (SoSou)(a) > p(z), (noSoS)(a) > u(zx). It follows
that

(SoSopoSoS)(a) = V (SoSopu)(p)AS(g)AS(r))

a=pqr

) { —pqr{p V., )AS(U)AM(?U)}/\S(Q)/\S(T)}

_ { W) A S (0) A ()AS«»ASW%
(uvw)qr

> S(s2) ANS(t2) ANp(y) NS (s4) NS (ta) = p(y) -
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Now
. 1-k
p@ = min{(u0508) (@) (SoS 00508 (@), (SoSon @), 15" |
. 1-k
> mln{u(w),u(y),u(Z),z}
1-k
> 0 V@), p(y),p(z) >0, —5—>0.
Thus a € Sy. Hence S559 N S55755 N 5yS5S5 C Sy. Therefore Sy is a quasi-ideal of S.

Lemma 200 A nonempty subset Q of S is a quasi-ideal of S if and only if the char-
acteristic function x¢ of Q is an (€, € Vqy)-fuzzy quasi-ideal of S.

Proof. The proof is straightforward. m

Theorem 201 Every (€, € Vqi)-fuzzy left (right, lateral) ideal of S is an (€, € Vqi)-
fuzzy quasi-ideal of S.

Proof. Straightforward. m

Remark 202 The converse of the Theorem 201 may not be true in general as seen

in the following example.
Example 203 Let
) Go) o) () G}
0 0 0 0 0 0 10 0 1
be a ternary semigroup under ternary matrixz multiplication. Then
00 0 1
=10 0) (00}

is the quasi-ideal of S which is neither left, nor right, nor a lateral ideal of S (see [10]).
Define a fuzzy set p in S as follows:

0 0
0.70 iz = ,
/ 00
: S 0,1], 0 1
piS =00 e =935 if o= ,
0 0
0.35 otherwise.

Then simple calculations show that p is an (€, € Vqi)-fuzzy quasi-ideal of S for k €
[0,1), which is neither (€, € Vqi)-fuzzy left, nor (€, € Vqi)-fuzzy right, nor (€, € Vqyi)-
fuzzy lateral ideal of S.
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3.3 (€, € Vq)-fuzzy bi-ideals

Definition 204 A fuzzy set u in S is said to be an (€, € Vqi)-fuzzy bi-ideal of S, if

it satisfies the following conditions:

Tty € [y Ytn € p and zeg € 1 AMPLY (TYZ)minty ta,t5) €V Tk M (3.5)
and
Tey € Wy Yts € pand zig € p IMPlY (TUYVZ ) min{ta ts,ts} €V U My (3.6)

for all x,u,y,v,z € S and ty,ta,t3,t4,t5,t6 € (0, 1].
A fuzzy set p in S satisfying condition (3.6) is called an (€, € Vqyi)-fuzzy generalized
bi-ideal of S.

An (€, €V qi )-fuzzy bi-ideal of S with k = 0 is an (€, € V ¢)-fuzzy bi-ideal of S.

Example 205 Consider the ternary semigroup S as given in Example 102. Define a
fuzzy set o in S as follows:

(0.4 if z =0,

0.6 ifx=1,

B S (01] 3 0.7 fo:2,
0.8 if x =3,

0.3 if x =4,

| 0.3 if z=5.

Then simple calculations show that p is an (€, € Vqo.2)-fuzzy bi-ideal of S. But
(1) p is not an (€, €)-fuzzy bi-ideal of S, because 29,6 € p but (20202), 3 = Oo.6E /-
(it) p is not an (€, € Vq)-fuzzy bi-ideal of S, because 205 € p but (20202),, =
00.5€ Vap.

Theorem 206 Let B be a bi-ideal (resp. generalized bi-ideal) of S and a € {€,q, € Vq} .
Then the fuzzy set p in S defined by:

> 0.5 forallz € B,
p(w) =
0 forallze S\ B,

is an (o, € Vqi)-fuzzy bi-ideal (resp. generalized bi-ideal) of S.
Proof. The proof is similar to the proof of Theorem 167. m

Corollary 207 A nonempty subset B of S is a bi-ideal of S if and only if the char-
acteristic function xg of B is an (€, €V qi )-fuzzy bi-ideal of S.
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Theorem 208 Let p be a fuzzy set in S. Then p is an (€, €V q )-fuzzy bi-ideal of S
if and only if it satisfies:

1-k

4 (2y2) > min {wc) ) (2), 2} (3.7)

) = min {n(2) w0 2) -5 ) (3.5)

for all x,y, z,u,v € S.

Proof. The proof is similar to the proof of Theorem 169. m

If we take k = 0 in Theorem 208, then we have the following corollary.

Corollary 209 Let p be a fuzzy set in S. Then p is an (€, €V q)-fuzzy bi-ideal of S
if and only if it satisfies:

p(zyz) = min{p (), p(y), pn(2),0.5}

and
p (zuyvz) > min {p (z), p(y) . p(2), 0.5}

for all x,y, z,u,v € S.

Theorem 210 Let p be a fuzzy set in S. Then p is an (€, €V qi )-fuzzy bi-ideal (resp.
generalized bi-ideal) of S if and only if U (u;t) is a bi-ideal (resp. generalized bi-ideal)
of S for all t € (0, %}, whenever it is nonempty.

Proof. The proof is similar to the proof of Theorem 172. m

Theorem 211 Let {u; | i € A} be a family of (€, €V qx )-fuzzy bi-ideals (resp. gener-
alized bi-ideals) of S. Then p:= () p; is an (€, €V qi )-fuzzy bi-ideal (resp. generalized

(IS
bi-ideal) of S.

Proof. Let z,u,y,v,z € S. Then

plows) = () Gwuyos) = A g oo

[ om0 15
1EA
= A ni0: pn A5

- mf(am) e (ge)or (gu)o )

= win (o), w0, S50
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Similarly we have p (zyz) > min {p(z), p(y), p(2), %} . Therefore p := () p; is
1EA
an (€, €V g )-fuzzy bi-ideal of S. m
Using Theorem 208, we provide a condition for an (€, € V ¢, )-fuzzy bi-ideal to be

an (€, €)-fuzzy bi-ideal.

Theorem 212 Let p be an (€,€ V qi )-fuzzy bi-ideal of S such that u(x) < % for
all z € S. Then p is an (€, €)-fuzzy bi-ideal of S.

Proof. Straightforward by using Theorem 208. m

Theorem 213 If 0 < k < r < 1, then every (€,€ V qi )-fuzzy bi-ideal of S is an
(€,€V qr )-fuzzy bi-ideal of S.

Proof. Straightforward. m

Remark 214 If 0 < k < r < 1, then an (€,€ Vq,)-fuzzy bi-ideal of S may not
be an (€,€ V qi )-fuzzy bi-ideal of S. In fact, the (€,€ Vqo2)-fuzzy bi-ideal p of S
given in Example 102 is not an (€, € Vqo.1)-fuzzy bi-ideal of S, since 2942 € p, but
(20202) 4o = 00.42€ Vg1 4-

Theorem 215 Every (€, € Vqy)-fuzzy quasi-ideal of S is an (€, € Vqy)-fuzzy bi-ideal
of S.

Proof. Let p be an (€, € Vqi)-fuzzy quasi-ideal of S and w, v, x,y,z € S. Then

p(ryz) > (,uoSoS)(xyz)/\(SouoS)(xyz)/\(SoSou)(acyz)/\#

= { \/b{ﬂ(a)AS(b)AS(C)}}A{ V {S(p)/\u(q)AS(r)}}
Tyz=abc TYZ=pqr

1—-k

/\{ V {S(l)AS(m)Au(n)}}A2

zyz=Ilmn
{p @) ASY) NS ()} A{S (@) Ap(y) NS (2)}
AMS (@) NS () Au()} A

v

e u@anm anentSE
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Hence p (zyz) > min {p (z), 1 (y), p(2), %} . Also

p(zuyvz) > (poSoS8) (zuyvz) AN(SoSopuoSoS) (zuyvz)
A (S oS8 ou)(zuyvz) A #

:{ V {u(a)AS(b)AS(C)}}

zuyvz=abc

: {muyv\z/:rst {rs\/s s 5 (Sl) NS (82) A (83)} NS (S) NS (t)}}

A{ Y {S<Z>As<m>w<n>}}A1;’“

zuyvz=Ilmn

v

{1 (@) AS (uyo) NS (2)} AS (@) AS (u) Ap(y) NS (V) AS (2)}

/\{S(m)/\S(uyv)Au(z)}/\%
= p@) Apl) Ap() A TS

Hence p (zuyvz) > min {p (2), p(y), p(2), %} . Therefore p is an (€, € Vqi)-fuzzy
bi-ideal of S. m

Theorem 216 If p is an (€, €)-fuzzy bi-ideal of S, then the t-qx-set S};k s a bi-ideal
of S for all t € (0,1], whenever it is nonempty.

Proof. It is similar to the proof of Theorem 177. m
The following theorem characterizes the bi-ideal of ternary semigroup in terms of
(€, €V g )-fuzzy bi-ideal.

Theorem 217 Let p be a fuzzy set in S. Then p is an (€, €V qi )-fuzzy bi-ideal of S
if and only if StEqu is a bi-ideal of S for allt € (0, 1].

Proof. It is similar to the proof of Theorem 178. =

3.4 Regular Ternary Semigroups

In this section we characterize regular ternary semigroups in terms of (€, € Vg )-fuzzy

ideals , (€, € Vqi)-fuzzy quasi-ideals, (€, € Vqy)-fuzzy bi-ideals.

Definition 218 Let p, A and v be fuzzy sets in S. Define the fuzzy sets pp, p Ak A,
wVe XA and pog Nog v in S as follows:
(1) g (@) = () A FE;
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(2) (u A N) (@) = (u AN (2) A

(3) (Vi A) (2) = (uV A) () A AE

(4) (wok Aogv) (z) = (poAow) (z) A 1E;
for all x € S.

Lemma 219 Let pu, A and v be fuzzy sets in S. Then the following hold:
(1) p Al A= g A A3
(2) VA = g V Ak
(3) pop Aok v = p 0 A\ © Vg.

Proof. Straightforward. m

Theorem 220 Let p be a fuzzy set in S. If

(1) p is an (€, € Vqi)-fuzzy ternary subsemigroup of S, then w;, is an (€, € Vqy)-
fuzzy ternary subsemigroup of S.

(ii) 1 is an (€, € Vqr)-fuzzy left (resp. right, lateral) ideal of S, then py, is an
(€, € Vai)-fuzzy left (resp. right, lateral) ideal of S.

(iii) p is an (€, € Vqi)-fuzzy quasi-ideal of S, then py, is an (€, € Vqi)-fuzzy quasi-
ideal of S.

(iv) p is an (€, € Vai)-fuzzy bi-ideal of S, then py, is an (€, € Vq)-fuzzy bi-ideal
of S.

Proof. We prove only (i). Assume that p is an (€, € Vg )-fuzzy ternary subsemi-
group of S and z,y,z € S. Then

) a2) = ) A 250 fain {0 )l S5 A RS

2
1—-k 1—-k 1-k 1—k}

= min{u(:c)/\z,u(y)/\2,u(z)A2,2

. 1—k
= min {#k (@), b () b (2) 2} :
Hence py, is an (€, € Vg )-fuzzy ternary subsemigroup of S. m

Lemma 221 Let A, B and C be nonempty subsets of S. Then the following hold:
(1) (xa Me xB) = (XanB)k
(2) (xa Vi CB) = (XauB)k;

(3) (xa %k XB %k Xc) = (XaBC)k s
where x 4 is the characteristic function of A.

Proof. Straightforward. m
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Lemma 222 A nonempty subset A of S is a left (resp. right, lateral) ideal of S if
and only if (x4); is an (€, € Vqy)-fuzzy left (resp. right, lateral) ideal of S.

Proof. Let A be a left ideal of S. Then by Theorem 167 it follows that, (x4), is
an (€, € Vqi)-fuzzy left ideal of S.

Conversely assume that (x ), is an (€, € Vqy)-fuzzy left ideal of S and z € A.
Then (x ), (2) = 15%, which implies that Zik € (Xa) - Since (x4);, is an (€, € Vag)-
fuzzy left ideal of S, so, (a:yz)% € V@ (X a)s - This implies that (.ryz)% € (xa)g or
(2y2) 1k g (Xa)g - Thus (xa)y, (2y2) = 358 or (xa)y (2y2) + 155 + k> 1.

If (x4)g (zy2) + 355 + & > 1, then (x4), (zyz) > 155 Thus (x4), (zy2) > 5,
s0 (X)), (vyz) = 155, Hence zyz € A. Therefore A is a left ideal of S. m

Definition 223 An (€, € Vqi)-fuzzy ideal pu of S is called idempotent if p oy p oy =
M-

Lemma 224 A nonempty subset QQ of S is a quasi-ideal of S if and only if (XQ)k s
an (€, € Vqx)-fuzzy quasi-ideal of S.

Proof. The proof is similar to the proof of Lemma 222. m
Next we show that if 4 is an (€, € Vi )-fuzzy left (resp. right) ideal of S, then py
is a fuzzy left (resp. right) ideal of S.

Proposition 225 Let pu be an (€, € Vqi)-fuzzy left (resp. right) ideal of S. Then wy
is a fuzzy left (resp. right) ideal of S.

Proof. Let i be an (€, € Vqi)-fuzzy left ideal of S and z,y, z € S. Then p (zyz) >
w(z) A % It follows that u(xyz) A % > u(z) A % A %, which implies that
pi (xyz) > py (2) . Hence py, is a fuzzy left ideal of S.

Case of right ideal may be dealt with similarly. m

The following example shows that there exists a fuzzy left ideal of S which is not

of the form y,, for some (€, € Vqi)-fuzzy left ideal p of S.

Example 226 Let S = {a,b,c,d} and define the ternary operation on S as [xyz] = a
forallx,y,z € S. Then S is a ternary semigroup. Define a fuzzy set p in S by:

wla)=1,p(b),pn(c),pu(d) > % Then p is a fuzzy left ideal of S, for all k € [0, 1),
but this is not of the form g, for some (€, € Vg )-fuzzy left ideal p of S.

Lemma 227 Let p be an (€, € Vqi)-fuzzy right ideal and X an (€, € Vqy)-fuzzy left
ideal of S. Then pop S o A < i Ag A.
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Proof. Let p be an (€, € Vi )-fuzzy right ideal and A an (€, € Vqy)-fuzzy left ideal
of S and a € S. Then

(wopSopA)(a) = (poSoA)(a) N ——

LY, KO RSmAAm g
~{ vV sommfatt
< {a:\l/mn,u(lmn) A A (lmn)} A % = (p Ak A)(a).

Hence ppop Sop A< A A m

Theorem 228 For a ternary semigroup S, the following assertions are equivalent:
(1) S is regular;
(2) uAR ANV = pop Aok for every (€, € Vqy)-fuzzy right ideal i, every (€, € Vqi)-
fuzzy lateral ideal A and every (€, € Vqy)-fuzzy left ideal v of S.

Proof. (1) = (2) : Let p be an (€, € Vqy)-fuzzy right ideal, A an (€, € Vqy)-fuzzy
lateral ideal, v an (€, € Vg )-fuzzy left ideal of S and a € S. Then

1—-k

(worAopv)(a) = (nodov)(a) N ——

<V () AN par) Av e} A1

1-k

= p(a)ANA(a)Av(a)A 5

= (AR AN V) (a).

Hence pog Ao v < A A A v. Now since S is regular, so for any a € .S there exists

x € S such that a = axa = a (xaz) a. It follows that

(wox Aowv)(a) = (woXov)(a)n st
- {az\éqrmp)wq)w(r)}ﬁ;’“
1—-k%

> {p(a) ANX(zax) Av(a)} N ——
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_ {M(a)/\{)\(xax)/\lgk}/\u(a)}/\lgk

> {u(a)/\)\(a)/\y(a)}/\#Z(M/\k/\/\k’/)<a)-

Thus prog Ao v > A AN v. Hence u Ag A A v = pop Aoy v.

(2) = (1) : Let R, M and L be the right ideal, lateral ideal and left ideal of S
respectively. Then by Lemma 186, xp, xps and x, are (€, € Vgi)-fuzzy right ideal,
(€, € Vqi)-fuzzy lateral ideal and (€, € Vgi)-fuzzy left ideal of S, respectively. Thus
by hypothesis

Xr Nk Xor MeXe = (Xr Ok Xar Ok XL)

(XRﬁMﬁL)k = (XRML)k :

Hence RN M N L= RML. Therefore by Theorem 5, S is regular. m

Theorem 229 The following assertions are equivalent for a ternary semigroup S :
(1) S is regular;
(2) uAgA = porSop A for every (€, € Vqy)-fuzzy right ideal p and every (€, € Vqy)-
fuzzy left ideal X of S.

Proof. The proof follows from Theorem 6 and Theorem 228. =

Theorem 230 For a ternary semigroup S, the following conditions are equivalent:
(1) S is regular;
(2) pp = pog Sop porS ok for every (€, € Vai)-fuzzy generalized bi-ideal p of S;
(3) py = p ok S op oy S og u for every (€, € Vqi)-fuzzy bi-ideal u of S;
(4) g, = p o Sog poy S op p for every (€, € Vqi)-fuzzy quasi-ideal v of S.

Proof. (1) = (2) : Let u be an (€, € Vqi)-fuzzy generalized bi-ideal of S and
a € S. Since S is regular, so there exists x € S such that o = axa = azazxa. It follows
that
1—k

(wopSoppopSopp)(a) = (noSopuoSopu)(a) A ——

— { V wesemmas@anmatyt

> {(uoSou)(a) AS (@) Apla)} Aot

1—-k
- {{ Vv sorsmarmrs@an@fat;
> {u(@) AS @) Apla) AS (@) Apla)}a =t

1—-k

= pla)A—5—=mu(a).
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Thus p oy S o o Sop > py.
Since p is an (€, € Vqy)-fuzzy generalized bi-ideal of S, it follows that

1—-k

080080 (a) A —

(1o SogpogSopp)(a) =

1—-k

(moSop)(p)AS(v) A (Z)}A2

(@) 1S () A <m} Lok

(n
— { a=pvz | p= muy 9
AS (v) A p(2)

< £ AS () A <>Asww\<@}A1;k
a= xuyvz

= A (y) A p (Z)} A %
a= a:uyvz

< a_gxyvzu (zuyvz) A %k = p(a) A % = g (@) .

Thus p oy S o o S o b < . Hence py, = prop S og o S o .

(2) = (3) = (4) : Straightforward, because every (€, € Vqi)-fuzzy quasi-ideal is
an (€, € Vqi)-fuzzy bi-ideal and every (€, € Vqy)-fuzzy bi-ideal is an (€, € Vg)-fuzzy
generalized bi-ideal of S.

(4) = (1) : Let @ be any quasi-ideal of S. Then by Lemma 200, x, is an (€, € Vqy)-
fuzzy quasi-ideal of S. Thus by hypothesis

(XQ)k = (XQ Ok XS °k XQ ©k X5 Ok XQ) .

This implies that (XQ)k = (XQSQSQ)k' Thus Q = QSQSQ. Hence by Theorem 7, S

is regular. m

Theorem 231 The following conditions are equivalent for a ternary semigroup S :

(1) S is regular;

(2) pAg A < (o SopA) A (Aog Sog i) for every (€, € Vqi)-fuzzy generalized
bi-ideals p and \ of S}

(3) AR A < (og SopAN)A(Xog Sog ) for every (€, € Vaqr)-fuzzy bi-ideals p and
A of S;

(4) p A A < (og Sop A) A (Aog S ok ) for every (€, € Vqr)-fuzzy bi-ideal v and
every (€, € Vqi)-fuzzy quasi-ideal A of S;

(5) AR A< (og Sor A) A (Nog Sop ) for every (€, € Vai)-fuzzy bi-ideal p and
every (€, € Vqi)-fuzzy left ideal A of S,
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(6) p A A< (mog Sor A\) A (Nog Sog ) for every (€, € Vqi)-fuzzy quasi-ideal
and every (€, € Vqi)-fuzzy left ideal A of S;

(7) pAg A < (mog Sor A) A (Nog Sog ) for every (€, € Vax)-fuzzy right ideal p
and every (€, € Vqi)-fuzzy left ideal X of S.

Proof. (1) = (2) : Let p and X be (€, € Vqy)-fuzzy generalized bi-ideals of S and
a € S. Since S is regular, so there exists z € S such that a = aza. It follows that

(Lor SorpA)(a) = (uoSoA)(a)/\¥
k

> {u(a) AS @) AN(@)} AT

= (MM)(a)A%z(uAM)(a)-

Thus p A A < pog S op A. On the other hand
1-k

(AopSopu)(a) = (AoSop)(a)A——

- { v <A<Z>As<m>m<n>}A1;’“

a=Ilmn

@) A8 () A (@)} AT = (e ) (a).

Thus p A A < Ao Sop . Hence pp A A < (pog Sop A) A(Aog Sop ).

It is clear that (2) = (3) = (4) = (5) = (6) = (7).

(7) = (1) : Let p Ag A < (wog Sox A) A (Ao Sop ) for every (€, € Vi )-fuzzy
right ideal p and every (€, € Vqy)-fuzzy left ideal A of S. Now, (7) implies p Ax A <
(og Sog A)AN(Aog Sop ) < (pworSorA)and by Lemma 227, (o S o A) < g .
Consequently, pu A A = (@ ok S o A) . Therefore by Theorem 229, S is regular. =

v

Theorem 232 The following assertions are equivalent for a ternary semigroup S :

(1) S is regular;

(2) uARA < (pog S og A) for every (€, € Vqi)-fuzzy generalized bi-ideal v and every
(€, € Vai)-fuzzy left ideal X of S,

(3) pARA < (o S ox A) for every (€, € Vai)-fuzzy bi-ideal p and every (€, € Vq)-
fuzzy left ideal X of S,

(4) pAgA < (pog S ox A) for every (€, € Vqi)-fuzzy quasi-ideal v and every (€, € Vqy)-
fuzzy left ideal A of S;

(5) uARA < (o S ox A) for every (€, € Vay)-fuzzy right ideal v and every (€, € Vqy)-
fuzzy bi-ideal \ of S

(6) pAA < (pog S og A) for every (€, € Vai)-fuzzy right ideal pu and every (€, € Vqy)-
fuzzy quasi-ideal A of S.
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Proof. (1) = (2) : Assume that p is an (€, € Vgy)-fuzzy generalized bi-ideal and
A an (€, € Vqi)-fuzzy left ideal of S. Since S is regular, so for any a € S there exists
x € S such that a = axa. It follows that

(woxSox M) (@) = (noSoN) (@At
- { v u(p)AS(q)Aw}Al;’“

> {u(a)AS(w)M(@}A%
- (MM)(a)A%z(uAM)(a)-

Hence pu Ap A < prog S o A.

It is clear that (2) = (3) = (4).

(4) = (1) : Suppose that uAgA < popSox\ for every (€, € Vi )-fuzzy quasi-ideal p
and every (€, € Vqi)-fuzzy left ideal X of S. Let v be any (€, € Vg )-fuzzy right ideal of
S. Take 1 = v, then by (4), v Ag A < vopSop A and by Lemma 227, vopSop A < v AR A.
Thus v Ay A = v o, S o A. Hence by Theorem 229, S' is regular.

(1) = (5) : Let u be an (€, € Vqi)-fuzzy right ideal and A an (€, € Vqyi)-fuzzy
bi-ideal of S. Since S is regular, so for any a € S there exists © € S such that a = azxa.
It follows that

1—-k 1—-k
(nopSopA)(a) = (noSoN()A——=1 V p)AS@AA(r)p A——
a=pqr
1—k 1—-k
2 pla) AS @) AXa) A —5— = (pla) AA(a) A ——
= (AN ().

Thus p A A < pog S o A

It is clear that (5) = (6).

(6) = (1) : Suppose that u Ax A < pog S o A for every (€, € Vgi)-fuzzy right
ideal p and every (€, € Vqi)-fuzzy quasi-ideal A of S. Let v be any (€, € Vg)-fuzzy
left ideal of S. Take v = A, then by (6), u Ax v < p o S op v and by Lemma 227,
popSopv < uApv. Hence pp A v = pog S o v. Therefore by Theorem 229, S is

regular. m

3.5 Weakly regular ternary semigroups

In this section we characterize right weakly regular ternary semigroups in terms of
(€, € Vai)-fuzzy right ideals, (€, € Vqi)-fuzzy two sided ideals and (€, € Vgi)-fuzzy

generalized bi-ideals.
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Recall that a ternary semigroup S is said to be right (resp. left) weakly regular, if
z e (z8S) (resp. x € (SS:L‘)3> for all x € S.

Example 233 Let X be a countably infinite set and S be the set of one-one maps
a: X — X with the property that X —a (X)) is infinite. Then S is a ternary semigroup
with respect to the composition of functions, that is, for o, 5,7 € S, [afvy] = aofor.

This ternary semigroup is right weakly regular but not regular.

Theorem 234 For a ternary semigroup S, the following assertions are equivalent:
(1) S is right weakly regular;
(2) uARA = pog Aok A for every (€, € Vaq)-fuzzy right ideal p and every (€, € Vqy)-
fuzzy two sided ideal A of S.

Proof. (1) = (2) : Let p be an (€, € Vg)-fuzzy right ideal, A an (€, € Vqy)-fuzzy
two sided ideal of S and a € S. Then

(wox Aok X) (a) = (noroN) (@At ”
= {a;éqru(p)wqu)}ﬂ;k
SV {nlar) AN @) AN ar)} AL
k

<V o) ANk A

< (u(@) AN(@) A = (A ) (o)

Thus pog Ao A < p A A. Now we show p A A < pog Aog A. Let a € S. Then there
exist $1, 82, 83,11, t2,t3 € S such that a = (as1t1) (asata) (assts) . It follows that

(1 Ak A) (@) = (NAA)(“)A%
= (u/\)\/\)\)(a)/\%
< plasity) AA(asats) A A (assts) A %

IN

{ v u(xw(mwz)}AH

a=xyz 2

= (Mo)\o)\)(a)A%:(Mok)\ok)‘)(a)'

Thus p A A < pop Aog A. Hence g Ap A= pop Aok A
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(2) = (1) : Let R be a right ideal and I a two sided ideal of S. Then by Lemma
186, xp and x; are (€, € Vqy)-fuzzy right ideal and (€, € Vqy)-fuzzy two sided ideal
of S, respectively. Thus by hypothesis

Xr Nk XT = XR %k XrI %k X1
(XROI)k = (XRH)k .

Hence RN I = RII. Therefore by Lemma 9, S is right weakly regular. m

Theorem 235 For a ternary semigroup S, the following assertions are equivalent:
(1) S is right weakly regular;
(2) Each (€, € Vqi)-fuzzy right ideal p of S is idempotent.

Proof. Straightforward. m

Theorem 236 For a ternary semigroup S, the following assertions are equivalent:

(1) S is right weakly regular;

(2) p AL ANV = pog Ao v for every (€, € Vqi)-fuzzy bi-ideal i, every (€, € Vqi)-
fuzzy two sided ideal X and every (€, € Vqi)-fuzzy right ideal v of S;

(3) pARANLY = pog Ao for every (€, € Vqi)-fuzzy quasi-ideal p, every (€, € Vy)-
fuzzy two sided ideal A and every (€, € Vqi)-fuzzy right ideal v of S.

Proof. (1) = (2) : Assume that p is an (€, € Vg )-fuzzy bi-ideal, X an (€, € Vgy)-
fuzzy two sided ideal and v an (€, € Vq)-fuzzy right ideal of S. Since S is right
weakly regular, so for each a € S there exist si, $9, s3,%1,t2,t3 € S such that a =
(asit1) (asata) (assts) = a (s1tiasata) (assts) . It follows that

(4 A AND) (@) = (ANAD) (@) A

2
= (@ AN@ AV @) AT
1—k

< Ap(a) A X(sitiasate) A v (assts)} A —5

- { v <u<p>M<q>Au<r>>}A1;k

a=pqr

= (Iuo/\oy)(a)/\¥:(,U«OkAOkV)(a)'

Thus A AN v < ppog Aoy .

(2) = (3) : Straightforward, because every (€, € Vqi)-fuzzy quasi-ideal is an
(€, € Vqi)-fuzzy bi-ideal of S.

(3) = (1) : Let pu be an (€, € Vqi)-fuzzy right ideal and A an (€, € Vqyi)-fuzzy
two sided ideal of S. Take v = A. Since every (€, € Vgi)-fuzzy right ideal is also an
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(€, € Vqr)-fuzzy quasi-ideal. Thus by hypothesis uAx AAp A < prog Aog A. This implies
that p Ag A < pog Aop A and pop Aog A < p Ag A is straightforward. Hence p A A =
1t ok A op A. Therefore by Theorem 234, S is right weakly regular. m

Theorem 237 For a ternary semigroup S, the following assertions are equivalent:

(1) S is right weakly regular;

(2) pAR A< popAop N for every (€, € Vai)-fuzzy generalized bi-ideal 1 and every
(€, € Vai)-fuzzy two sided ideal X of S;

(3) p AR A < popNog X for every (€, € Vqi)-fuzzy bi-ideal p and every (€, € Vqy)-
fuzzy two sided ideal A of S,

(4) uNgA < pogAog A for every (€, € Vqi)-fuzzy quasi-ideal p and every (€, € Vqy)-
fuzzy two sided ideal X of S.

Proof. (1) = (2) : Assume that p is an (€, € Vqi)-fuzzy generalized bi-ideal and
A an (€, € Vqg)-fuzzy two sided ideal of S. Since S is right weakly regular, so for
each a € S, there exist s, s9,s3,t1,t2,t3 € S such that a = (as1t1) (asata) (assts) =
a (s1tyasats) (assts) . It follows that
1-k 1-k
(uAeA) (@) = (kAN (@) A === (u(a) NA (@) A A (@) A —5—
1—k
< (p(a) A X(sitiasate) A X (assts)) A —5

1—k
_ {a\/mnW(““(mW("))}Az
1—-k

— (MO)\O)\)(G)/\T:(Nok)‘ok‘)‘)(a)‘

Thus p A A < pog Aoy A.

(2) = (3) = (4) : Straightforward because every (€, € Vq)-fuzzy quasi-ideal is
an (€, € Vqi)-fuzzy bi-ideal and every (€, € Vg)-fuzzy bi-ideal is an (€, € Vg )-fuzzy
generalized bi-ideal of S.

(4) = (1) : Let p be an (€, € Vgg)-fuzzy right ideal and A an (€, € Vg )-fuzzy
two sided ideal of S. Since every (€, € Vgi)-fuzzy right ideal is an (€, € Vg )-fuzzy
quasi-ideal of S. Thus by hypothesis u Ap A < pog Ao A and pog Aog A < A A
is straightforward. Hence p Ap A = p o A og A. Therefore by Theorem 234, S is right

weakly regular. m



Chapter 4

(&, B)-fuzzy ideals in ternary

semigroups

In this chapter we study (5, B)—fuzzy ternary subsemigroup, (a, B)—fuzzy left (right
and lateral) ideals in ternary semigroups. Special attention is paid to (€,€V q)-
type fuzzy ternary subsemigroups and ideals. Some classes of ternary semigroups
are characterized in terms of (a, B)—fuzzy left (right and lateral) ideals, (6, B)—fuzzy
quasi-ideals and (a, B)—fuzzy bi- (generalized bi-) ideals. Throughout this chapter S
will denote a ternary semigroup and @,/ are any two of €,q,€ V @, € A g unless

otherwise mentioned.

4.1 (@, B)-fuzzy ternary subsemigroups
We start this section with the following definition.

Definition 238 A fuzzy set y in S is said to be an (a, B) -fuzzy ternary subsemigroup
of S, where &@ # € N q, if it satisfies the following condition:

(acyz)min{tms} ayp implies xi B, yrBu or zsPu (4.1)
forall z,y,z € S and t,r,s € (0,1].

Let u be a fuzzy set in S such that p(xz) > 0.5 for all x € S. Let z € S and
t € (0,1] be such that ;€ A qu. Then p(z) < t and p(x) +t < 1. It follows that
2u () = p(z) + p(x) < p(z)+ ¢t < 1. This implies that p (z) < 0.5. This means that
{z¢ : € Aqu} = (. Therefore, the case @ = € A in the above definition is omitted.

84
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Example 239 Consider the ternary semigroup S = {—i,0,i} of Example 16. Define

a fuzzy set p in S as follows:

0.6 if z=0,
pw:S —1[0,1],z - < 0.3 if x =1,
04 if x = —i.

Then simple calculations show that p is an (€, € V q)-fuzzy ternary subsemigroup of

S.

Theorem 240 A fuzzy set p in S is a fuzzy ternary subsemigroup of S if and only if
W is an (€, €)-fuzzy ternary subsemigroup of S.

Proof. Let u be a fuzzy ternary subsemigroup of S. Let x,y,z € S and t,r,s €
(0,1] be such that (zyz)

ternary subsemigroup of S, it follows that

€p. Then p(xyz) < min{t,r,s}. Since p is a fuzzy

min{t,r,s}

min {¢,r, s} > 1 (ay2) > min {u () , 1 (y) 1 (2)}

This implies that ¢ > p (z), 7 > u(y) or s > u(z), that is, x4€u, y,Ep or z;€u. Hence
w is an (€, €)-fuzzy ternary subsemigroup of S.
Conversely, assume that p is an (€, €)-fuzzy ternary subsemigroup of S. If there

exist x, y, z € S such that
p(wyz) <min{p (), pn(y), m(2)},
then we can choose t € (0,1] such that
p(zyz) <t <min{p(z),pw(y),m(z)}.

Thus (zyz), €p but x; € p, y € p and 2z € p, which is a contradiction. Hence
p(ryz) = min{p (), p(y),p(z)}. =

Theorem 241 Every (€, €)-fuzzy ternary subsemigroup is an (€, € V q)-fuzzy ternary

subsemigroup.
Proof. Obvious. =

Remark 242 The converse of Theorem 241 may not be true. In fact, the (€,€V q)-
fuzzy ternary subsemigroup u in Example 239 is not an (€, €)-fuzzy ternary subsemi-

group.

Recall that for a fuzzy set p in S, we denote Sp :={z € S : u(x) > 0}.
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Theorem 243 If i1 is one of the following:
(i) an (€, €)-fuzzy ternary subsemigroup of S;
(ii) an (€,Q)-fuzzy ternary subsemigroup of S;
(i1i) a (q, €)-fuzzy ternary subsemigroup of S,
(v) a (q,q)-fuzzy ternary subsemigroup of S,
(v) an (€, € Aq)-fuzzy ternary subsemigroup of S;
(vi) an (€, € V q)-fuzzy ternary subsemigroup of S;
(vii) an (€ V q, q)-fuzzy ternary subsemigroup of S
(viii) an (€ V q, €)-fuzzy ternary subsemigroup of S;
(ix) an (€ V q, € N\ q)-fuzzy ternary subsemigroup of S,
(x) a (q, € NQ)-fuzzy ternary subsemigroup of S;
(xi) a (q, €V q)-fuzzy ternary subsemigroup of S,

then the set Sp is a ternary subsemigroup of S.

Proof. (i) Straightforward.

(i) Let z, y, z € Sp. Then p(z) > 0, p(y) > 0, p(z) > 0. If p(zyz) = 0, then
(xyz)min{myl} € but x1qu, y1qp and z1qu, which is a contradiction. Thus p (zyz) > 0,
and so xyz € Sy. Therefore Sy is a ternary subsemigroup of S.

(iii) Let =, y, z € Sp. Then p(x) > 0, pu(y) > 0, p(z) > 0. If p(zyz) = 0,

then (zyz) yap but z,iy € 1, Yu) € poand z,;) € p, which is a

min{z(z),u(y),p(2)
contradiction. It follows that p (zyz) > 0 so that xyz € Sp. Therefore Sy is a ternary
subsemigroup of S. This completes the proof.

(iv) Let z, y, z € Sp. Then p(z) > 0, u(y) > 0, u(z) > 0. Suppose that zyz ¢ Sp.
Then p(zyz) = 0. Note that (myz)mm{lyl’l}@u but zi1qu, yiqu and z1qu, because
p(x)+1>1, p(y)+1 > 1and p(z) +1 > 1. This is a contradiction, and thus
i (zyz) > 0, which shows that zyz € Sy. Consequently Sy is a ternary subsemigroup
of S.

Similarly we can prove the remaining parts. m

Theorem 244 FEvery (€EV q, € V §)-fuzzy ternary subsemigroup is an (€, €V q)-fuzzy

ternary subsemigroup.

Proof. Straightforward. m

The following is a characterization of (€, € V q)-fuzzy ternary subsemigroup.

Theorem 245 A fuzzy set p in S is an (€, €V q)-fuzzy ternary subsemigroup of S if
and only if
max {p (zyz), 0.5} > min{u(z), p(y), p(2)} (4.2)

for all x,y,z € S.
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Proof. Suppose pu is an (€, € V §)-fuzzy ternary subsemigroup of S. Let z,y,z € S
be such that max {u (zyz), 0.5} < min{u(z),u(y),p(z)}. Choose t € (0.5,1] such
that

max {p (zyz), 0.5} <t=min{p(x),u(y),n(z)}.

Then (zyz), €p, but z; € Aqu, y¢ € Aqu and z; € Aqpu, which is a contradiction. Hence
max {p (zyz) , 0.5} > min{p (z),pu(y),p(2)}-

Conversely, assume that z,y,z € S, and t,r, s € (0, 1] are such that (asyz)min{t rs} Epn.
Then p (xyz) < min{t,r, s}. If max {u (zyz), 0.5} = p(zyz), then

min {y (), p(y), 4 (2)} < p(2yz) < minft, r, s}.

This implies that min {u (x), 1 (y),p(2)} < min{t,r, s} and consequently, u () < t,
w(y) <roru(z) <s. It follows that z,€u, y.€p and zs€p. Thus € V qu, Y€ V gu
or zs€ V qu. If max {u (zyz), 0.5} = 0.5, then min {p (), (y), 1 (2)} < 0.5. Suppose
Xt € py Yp € iy and zg € p. Then ¢t < p(x) < 0.5, 7 < p(y) <0.50r s < pu(z) <0.5. It
follows that z:qgu, y-qu or zsqu. Hence x+€ V qu, yE V G Or 2s€ V Gu. W

Corollary 246 A nonempty subset A of S is a ternary subsemigroup of S if and only
if the characteristic function x4 of A is an (€, € V q)-fuzzy ternary subsemigroup of
S.

Theorem 247 A fuzzy set v in S is an (€, € V q)-fuzzy ternary subsemigroup of S if
and only if U (u;t) is a ternary subsemigroup of S for all t € (0.5, 1], whenever it is

nonempty.

Proof. Let u be an (€, € V g)-fuzzy ternary subsemigroup of S and let z,y,z €
U (u;t) for some t € (0.5,1]. Then u(z) > ¢, pu(y) >t and p(z) > t. It follows that

0.5 <t <min{p(z),un(y),n(z)} <max{u(zyz), 0.5}.

Thus p (zyz) > t, and so zyz € U (u;t) . Hence U (u;t) is a ternary subsemigroup of
S.

Conversely, assume that U (u;t) (# 0) is a ternary subsemigroup of S for all t €
(0.5, 1]. Suppose there exist x,y, z € S such that

max {p (zyz), 0.5} <min{u(z),pn(y), p(z)} =t

Then ¢t € (0.5,1], z,y,z2 € U (u;t) but zyz ¢ U (u;t). This is a contradiction.
Hence max {u (zyz), 0.5} > min{u(x),ux(y),un(2)}. Therefore p is an (€,€ V q)-

fuzzy ternary subsemigroup of S. m
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Theorem 248 Let {u; | i € A} be a family of (€, €V q)-fuzzy ternary subsemigroups

of S. Then = () p; is an (€, € V q)-fuzzy ternary subsemigroup of S.
1EA

Proof. Straightforward. m

Theorem 249 If p is an (€,€V q)-fuzzy ternary subsemigroup of S, then the non-
empty t-q-set Sg is a ternary subsemigroup of S for all t € (0,0.5].

Proof. Let ¢t € (0,0.5] and z,y,z € Si. Then x;qu, ysqp and zqpu, that is, p(z) +
t>1,pu(y)+¢t>1and pu(z)+t> 1. It follows from Theorem 245 that

max {y (zyz), 0.5} +t > min{p(x),u(y),pn(z)} +1
= min{u(x) +1,p(y) + 1, p(2) +t}
> 1.

So (zyz), qu. Hence zyz € Sé, and therefore Sé is a ternary subsemigroup of S. m

4.2  (a@,p)-fuzzy ideals

Definition 250 A fuzzy set p in S is said to be an (E,B) -fuzzy left (resp. right,
lateral) ideal of S, where @ # € NG, if it satisfies:

(zyz), ap implies zBu (resp. x B, ytﬁy) (4.3)

forall x,y,z € S and t € (0,1].

Moreover a fuzzy set p in S is said to be an (a, B)—fuzzy two sided ideal of S
if it is an (a, B)—fuzzy left ideal and an (a, B)—fuzzy right ideal of S. u is called an
(a, B)—fuzzy ideal of S if it is an (a, B)—fuzzy left ideal, (a, B)—fuzzy right ideal and
(a, B)—fuzzy lateral ideal of S.

Example 251 Consider the ternary semigroup S of Example 53. Define fuzzy sets
1 and py in S as follows:

0.7 if x =a,
0.3 if z =0,
w2 S —100,1, z—< 0.2 if z=c,
0.7 if z=d,
0.7 if z=e.
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0.7 if x =a,
0.5 if z =0,
po S —[0,1], z—< 0.6 if z=c,
0.9 if z =d,
0.3 if x=e.

By routine calculations, we know that py and py are (€, € V q)-fuzzy left ideals of S.
Moreover, u, is neither an (€, € V q)-fuzzy right ideal, nor an (€, € V q)-fuzzy lateral
ideal of S, since (ecc)y 5 €y, but eg.5 € Aquy and (cec) go €1, but €62 € NGy

Example 252 Consider the ternary semigroup S as given in Example 54. Define

fuzzy sets A1 and Ao in S as follows:

0.9 if x =0,
0.8 if x =a,
AM:S—=[0,1], z— < 0.7 if x=0,
0.6 if x =c,
L 0.2 if x=1.
(0.9 if z=0,
0.4 if x = a,
Ao S —[0,1], z+— < 0.8 if x=0b,
0.7 if z=c,
0.3 ifx=1

By routine calculations, we know that A\ and Ay are (€, €V q)-fuzzy right ideals of S.
Moreover, Ao is neither an (€,€ V q)-fuzzy left ideal, nor an (€,€ V q)-fuzzy lateral
ideal of S, since (lac)y 35 €A2, but co.35 € AgA2 and (acl)y gy €fty, but coe2 € NGA2.

Theorem 253 A fuzzy set p in S is a fuzzy left (resp. right, lateral) ideal of S if and
only if it is an (€, €)-fuzzy left (resp. right, lateral) ideal of S.

Proof. The proof is similar to the proof of Theorem 240. m

Theorem 254 Let p be a fuzzy set in S. If u is one of the following:
(i) an (€, €)-fuzzy left (resp. right, lateral) ideal of S;
(ii) an (€,Q)-fuzzy left (resp. right, lateral) ideal of S
(iii) a (q, €)-fuzzy left (resp. right, lateral) ideal of S;
(v) a (q,q)-fuzzy left (resp. right, lateral) ideal of S;
(v) an (€, € N q)-fuzzy left (resp. right, lateral) ideal of S;
(vi) an (€, €V q)-fuzzy left (resp. right, lateral) ideal of S,
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(vii) an (€ V q, q)-fuzzy left (resp. right, lateral) ideal of S
(viii) an (€ V q, €)-fuzzy left (resp. right, lateral) ideal of S;
(iz) an (€ V q, € ANq)-fuzzy left (resp. right, lateral) ideal of S;
(x) a (q, € Nq)-fuzzy left (resp. right, lateral) ideal of S

(xi) a (q, €V q)-fuzzy left (resp. right, lateral) ideal of S;

then the set Sy is a left (resp. right, lateral) ideal of S.

Proof. The proof is similar to the proof of Theorem 243. =

The following theorem is a characterization of left (right, lateral) ideal of S.

Theorem 255 Let p be a fuzzy set in S. Then p is an (€, €Vq)-fuzzy left (resp. right,
lateral) ideal of S if and only if

max {p (zyz), 0.5} > p(z) (4.4)

(resp. max{u(zyz), 0.5} > p(y), max{u(zyz), 0.5} > p(z))

for all x,y,z € S.
Proof. The proof is similar to the proof of Theorem 245. m

Theorem 256 Let A be a nonempty subset of S. Then A is a left (resp. right, lateral)
ideal of S if and only if the fuzzy set u in S defined by:

<0.5 forall S\ A,
px) =
1 forallz € A,

is an (@, € V q)-fuzzy left (resp. right, lateral) ideal of S, where @ € {€,q, €V q} .

Proof. Let A be a left ideal of S.

(a) In this part we show that p is an (€, € V g)-fuzzy left ideal of S. Let z,y,z € S
and t € (0,1] be such that (zyz), €p. Then p(zyz) < t, so zyz ¢ A. Thus z ¢ A.
If t > 0.5, then p(z) < 0.5 < t, implies, u(z) < t. Hence z€p. If t < 0.5, then
p(z)+t<054+0.5 =1, so zgu. Thus z€ V gu. Hence p is an (€, € V q)-fuzzy left
ideal of S.

(b) In this part we show that p is a (g, € V q)-fuzzy left ideal of S. Let x,y, z € S and
t € (0,1] be such that (zyz),gu. Then p(xyz) +t <1, so xyz ¢ A. Therefore z ¢ A.
If ¢ > 0.5, then p(2) < 0.5 < t. Hence z€p. If t < 0.5, then p(z) +t <054+ 0.5 =1,
so zigp. Thus z,€ V gu. Hence p is a (g, € V q)-fuzzy left ideal of S.

(¢) In this part we show that p is an (€ V @, € V q)-fuzzy left ideal of S. Let z,y, z €
S and t € (0,1] be such that (zyz), € V qu. Then (zyz), € or (zyz), gu. The rest of

the proof is a consequence of (a) and (b).
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Conversely assume that u is an (@, € V §)-fuzzy left ideal of S. Suppose @ = €. Let
z € A. Then u (z) = 1. Since p is an (€, € V q)-fuzzy left ideal of S, so p (xyz) V0.5 >
i (z) = 1. This implies that p (zyz) = 1. Hence zyz € A. Similarly we can prove for

a =g and @ = € V q. Therefore A is a left ideal of S. m

Corollary 257 A nonempty subset A of S is a left (resp. right, lateral) ideal of S if
and only if the characteristic function x 4 of A is an (€,€ V q)-fuzzy left (resp. right,
lateral) ideal of S.

Using level set, we can characterize the (€, €V q)-fuzzy left (right and lateral) ideal

as follows:

Theorem 258 Let p be a fuzzy set in S. Then p is an (€, €Vq)-fuzzy left (resp. right,
lateral) ideal of S if and only if U (u;t) is a left (resp. right, lateral) ideal of S for all

t € (0.5, 1] whenever it is nonempty.
Proof. The proof is similar to the proof of Theorem 247. m

Theorem 259 Let {u; | © € A} be a family of (€, € V q)-fuzzy left (resp. right, lateral)
ideals of S. Then p:= [\ p; is an (€, € V q)-fuzzy left (resp. right, lateral) ideal of S.
1EA

Proof. Straightforward. m

Theorem 260 Let {u; | i € A} be a family of (€, €V q)-fuzzy left (resp. right, lateral)
ideals of S. Then p:= |J p; is an (€, € V q)-fuzzy left (resp. right, lateral) ideal of S.
i€EA

Proof. Straightforward. m

Theorem 261 If p is an (€,€ V q)-fuzzy left ideal of S, A a fuzzy set in S and v is
an (€, € V q)-fuzzy right ideal of S, then o Aov is an (€, € V q)-fuzzy two sided ideal
of S.

Proof. Let z,y,z € S. Then (poXov)(z) = V {u@ AX(@Av(r)}. If
z=pqr
z = pqr, then zyz = (xyp)qr. Since u is an (€, € V q)-fuzzy left ideal of S, so by

Theorem 255, p (zyp) V 0.5 > 1 (p) . It follows that

(hoXov)(z) = Z:\/T{u(p) AX(g) A (r)}
< Z:&pm {w(zyp) V0.5 A X (q) Av(r)}
< xyz\iabc {(u(a) v0.5) AX(D) Av(c)}
- myz!abc{” (@) AXD) Av ()} V0.5

= (LAXAV) (zyz) V0.5
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This implies that (o Xov)(z) < (o Aowv) (zyz) V0.5. It follows from Theorem 255
that poXow is an (€, € V q)-fuzzy left ideal of S. Similarly we can prove that poAowv
is an (€, € V q)-fuzzy right ideal of S. Hence ppo Ao v is an (€, € V §)-fuzzy two sided
ideal of S. m

4.3 Fuzzy quasi-ideals of type (€,€ V q)

Definition 262 A fuzzy set p in S is said to be an (€,€ V q)-fuzzy quasi-ideal of S
if it satisfies:

€ implies i€V G((poSoS)A(SouoS)A(SoSop)), (4.5)

€ implies i€V G((poSoS)AN(SoSopoSoS)A(SoSou)), (4.6)

for all x € S, where S is the fuzzy set in S mapping every element of S on 1.

Example 263 Consider the ternary semigroup S of Example 95. Define a fuzzy set

win S as follows:

(0.9 if 2 =0,
0.3 if z = a,
w:S —[0,1], z+— < 0.7 if x=0b,
0.3 if x =g,
0.3 if z =d.

By routine calculations, we know that p is an (€, € V q)-fuzzy quasi-ideal of S.

Theorem 264 For a fuzzy set u in S, the conditions (4.5) and (4.6) are equivalent

to the conditions:
(1) max {p (z), 0.5} >min{(poSoS)(x),(SouoS)(x),(SoSou)(x)},

(i) max {p (x), 0.5} >min{(poSo8)(z),(SoSouoSo8)(z),(SoSou)(x)},

respectively.
Proof. Assume that (4.5) holds. Suppose there exists x € S such that
max {p (x), 0.5} <min{(poSoS8)(x),(SouoS)(x),(SoSopu)(x)}.
Then we can choose ¢ € (0, 1] such that

max {p (), 0.5} <t=min{(poSoS)(z),(SopoS)(z),(SoSopu)(x)}.
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Then z;€p but
2 € Ng((noSoS) N (SopoS) N (SoSon)),
which is a contradiction. Hence
max {p(x), 0.5} >min{(poSoS)(x),(SopoS)(z),(SoSou)(x)}.

Conversely suppose that (i) is valid. Let z;€p for t € (0, 1]. If max {u (z), 0.5} =
w(z), then

t>p(r) = (noSoS)A(SopoS) N (SoSon))(x),

which implies that z:€ (1o SoS)A(SouoS)A(SoSopu)).
If max {p(x), 0.5} = 0.5, then

(poSoS)AN(SopuoS)A(SoSou))(z)+t<05+05=1.

Hence g ((toSoS)A(SopuoS)A(SoSopu)) and so
2E€VI((poSoS)A(SopuoS)A(SoSopn)).
Similarly we can show that (4.6) < (7). m

Lemma 265 A nonempty subset Q of S is a quasi-ideal of S if and only if the char-
acteristic function xq of Q is an (€, €V q)-fuzzy quasi-ideal of S.

Proof. Let () be a quasi-ideal of S and X the characteristic function of Q.
Let z € S. If x ¢ Q, then z ¢ SSQ, x ¢ QSS or x ¢ SQS. If x ¢ SSQ, then
(S08o0xg) (x) =0. It follows that

min {(SoSoxg) (z),(SoxgeS) (@), (xgoSeS) (x)} =0< xg(z) V0.5

If z € Q, then

Xo @) V05=1>min{(SoSoxg)(x),(SoxgoS)(x),(xgoScoS8) (z)}.

Similarly we can prove that
Xo () V0.5 > min{(SoSoxg) (z),(SoSoxgoSoS)(z),(xgoSeS) (z)}.

Hence it follows by Theorem 264 that x, is an (€, € V g)-fuzzy quasi-ideal of S.
Conversely assume that x, is an (€, € V q)-fuzzy quasi-ideal of S. Let a € SSQ N
SQSNQSS. Thena € SSQ, a € SQS and a € QSS. This implies there exist z,y, z € @

and s, S92, 83, t1,1t2,t3 € S such that a = s1t1z, a = sayts, a = zssts. It follows that

(xgoSo8)(a) = az\gqr{XQ(p)/\S@)/\S(T)}
> Xo()AS(s3) NS (t3) = xg (2) = 1.
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This implies that (xg o S o S) (a) = 1. Similar arguments lead to (S o So xg) (a) =1
and (S o xgoS) (a) = 1. Now since
Xg (@) V0.5 >min{(SoSoxg)(a),(SoxgoS8)(a),(xgeSeS)(a)} =1.

This implies that xg (a) V 0.5 = 1, and so xg (a) = 1. This implies that a € Q.
Hence SSQNSQSNQSS C Q. Next let a € SSQNSSQSSNQSS. Then a € S5Q,
a € SSQSS and a € QSS. This implies there exist s1, s9, 83, 84, t1,t9,t3,t4 € S and
y € Q such that a = sit1x, a = zs3ts and a = satoysysty. For a = s1t1x and a = zssts

discussed above. Now

(SoSoXQoSoS)(a) =V {(SOSOXQ)(P)/\S(‘])AS(T)}

Vv s0rs0rew) e ns@ase]
> (S(s2) AS(t2) Axg (W) NS (sa) NS (L)) = 1.

This implies that (SoSoxgo808)(a) =1. Since

Xg (a) V0.5 >min{(SoSoxg)(a),(SoSoxgoSoS)(a),(xgoSoS)(a)} =1.

Thus xg (a) V 0.5 = 1. This implies that x (a) = 1, a € Q. Hence SSQ N SSQSS N
QSS C Q. Therefore @ is a quasi-ideal of S. m

Theorem 266 Every (€,€V q)-fuzzy left (right, lateral) ideal of S is an (€,€V q)-
fuzzy quasi-ideal of S.

Proof. Let p be an (€, € V q)-fuzzy left ideal of S and a € S. It follows that

(SoSop)(a) = V {S@) NSy Ap(2)}

a=zyz

= V wpik <V plryz)v0s=p(a) V0.5,

a=wyz a=wyz
and so (SoSopu)(a) < p(a)VO0.5. Hence
p(a)vosb > (SoSou)(a) >min{(SoSopu)(a),(SopoS)(a),(poSoS)(a)}.
It follows that
p(a)V0.5>min{(SoSopu)(a),(SoSouoSoS)(a),(poSoS8)(a)}.
Hence 4 is an (€, € V q)-fuzzy quasi-ideal of S. m

Remark 267 The converse of Theorem 266 may not be true. In fact, the (€,€ V q)-
fuzzy quasi-ideal of S given in Example 263 is neither an (€, €V q)-fuzzy left ideal,
nor an (€, € V q)-fuzzy right ideal, nor an (€, € V q)-fuzzy lateral ideal of S.
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Theorem 268 Let {u; | i € A} be a family of (€, € V q)-fuzzy quasi-ideals of S. Then

= ) 1 is an (€, €V q)-fuzzy quasi-ideal of S.
€A

Proof. Straightforward. m

4.4 Fuzzy bi-ideals of type (€,€V q)

Definition 269 An (&, B) -fuzzy ternary subsemigroup p of S is called an (a, B) -fuzzy
bi-ideal of S, where &@ # € NG, if it satisfies the following condition:

(muyvz)min{n&t} ayp implies B, ysBu or 2B (4.7)
for all u,v,z,y,z € S and r,s,t € (0,1].

Example 270 Consider the ternary semigroup S of Fxample 102. Define a fuzzy set
win S as follows:

(0.9 ifz=0,
0.8 ifx=1,
1S [0,1], @ 0.1 ?fac:2,
0.7 if x =3,
0.1 if z =4,
0.5 if x =05.

By routine calculations, we know that u is an (€,€ V §)-fuzzy bi-ideal of S.

Lemma 271 A fuzzy set p in S is a fuzzy bi-ideal of S if and only if u is an (€, €)-
fuzzy bi-ideal of S.

Proof. The proof is similar to the proof of Theorem 240. m

Definition 272 A fuzzy set p in S is called an (&, B) -fuzzy generalized bi-ideal of S
if it satisfies (4.7) .

Theorem 273 If i1 is a nonzero (a, B) -fuzzy generalized bi-ideal (bi-ideal) of S, then
the set Sp is a generalized bi-ideal (bi-ideal) of S.

Proof. The proof is similar to the proof of Theorem 243. m

Similarly we can prove that

Theorem 274 Let G be a nonempty subset of S. Then G is a bi-ideal (resp. general-
ized bi-ideal) of S if and only if the fuzzy set p in S defined by:

<05 forall S\ G,
() =
1 foralx e G

is an (@, € V q)-fuzzy bi-ideal (resp. generalized bi-ideal) of S, where @ € {€,q, € V G} .
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Proof. The proof is similar to the proof of Theorem 256. m

Corollary 275 A nonempty subset A of S is a bi-ideal (resp. generalized bi-ideal)
of S if and only if the characteristic function x4 of A is an (€,€ V q)-fuzzy bi-ideal
(resp. generalized bi-ideal) of S.

Lemma 276 Every (€, €V q)-fuzzy quasi-ideal of S is an (€, € V q)-fuzzy bi-ideal of
S.

Proof. Let p be an (€, € V §)-fuzzy quasi-ideal of S and w,v,z,y,z € S. Then
p(zyz) V0.5 > {(SoSopu)(zyz) AN(SopuoS)(zyz) A(poSoS) (zyz)}

— { \/ {S(a)/\S(b)/\u(C)}}/\{ V S(p)Au(q)AS(r)}

ryz=abc TYZ=pqr

A{ V M(Z)AS(m)AS(n)}

zyz=Ilmn

> (S@ASHApE)A(S@)ApY)AS(2) A(p () AS(y) AS(2))
p(@) Ap(y) Ap(z).

Thus p (zyz) v 0.5 = min{p (), p(y), 1 (2)}-
Also

i (zuyvz) V0.5 > {(MOSoS)(a:uyvz)/\(SoSo,uoSoS) (zuyvz) }

A (S oS8 o) (zuyvz)

:{ V {M(a)AS(b)AS(C)}}

zuyvz=abc

A{ V (503OM)(1?)/\5(Q)A5(7“)}

TUYVZ=PqQT

A{ V {S(Z)AS(m)/\M(n)}}

zuyvz=Ilmn

zuyvz=abc

:{ V {M(G)AS(b)AS(C)}}

A{ V {V (S(U)/\S(U)/\M(w))}/\S(Q)/\S(T)}

Tuyvz=pqr | p=uvw

A{ V {S(Z)AS(m)/\M(n)}}

zuyvz=Ilmn
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:{ \% {M(G)AS(b)AS(C)}}

zuyvz=abc

A{ V (S(U)AS(v)Au(w))AS(Q)/\S(T)}

ruyvz=(uvw)qr

A{ V {S(Z)AS(m)Au(n)}}

zuyvz=Ilmn

A\

{n (@) NS (uyv) NS (2)} A{S (@) AS (u) Ap(y) AS (v) AS (2)}
NS (wuy) NS (v) A p(2)}
= p(@)Apy) Ap(z).
Hence p (zuyvz) V 0.5 > min{u (x),pu(y),pu(2)}. Therefore p is an (€, € V q)-fuzzy
bi-ideal of S. m

Lemma 277 If p, A\ and v are (€,€V q)-fuzzy bi-ideals of S, then o Xowv is an
(€, €V q)-fuzzy bi-ideal of S.

Proof. The proof is similar to the proof of Theorem 261. =

Corollary 278 If i, A and v are (€,€ V q)-fuzzy quasi-ideals of S, then o Xowv is
an (€,€ V q)-fuzzy bi-ideal of S.

Theorem 279 A fuzzy set u in S is an (€, € V q)-fuzzy bi-ideal (resp. generalized
bi-ideal) of S if and only if U (u;t) is a bi-ideal (resp. generalized bi-ideal) of S for all

t € (0.5,1] whenever it is nonempty.
Proof. The proof is similar to the proof of Theorem 258. =

Theorem 280 Let {u; | i € A} be a family of (€,€V q)-fuzzy bi-ideals of S. Then

= ) 1 is an (€, €V q)-fuzzy bi-ideal of S.
€A

Proof. Straightforward. m
The following example shows that the union of (€, € V g)-fuzzy bi-ideals of S may
not be an (€, € V §)-fuzzy bi-ideal of S.

Example 281 Consider the ternary semigroup S of Exvample 102. Define fuzzy sets
ty and fy in S as follows:

0.9 if =0,

0.7 ifz=1,

0.2 if 2 =2

) 0,1, x+— ’
pr S = (01] 0.5 if z—3,
0.2 if 2 =4,

0.2 if z=5.
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(0.8 if 2 =0,

0.8 ifx=1,

04 ifz=2

085 —[0,1], =+~ ’
= 0. 1) 0.6 if z=3,
0.6 if x =4,

| 04 if z=5.

By routine calculations, we know that py and py are (€,€ V q)-fuzzy bi-ideals of S.
Now p := pq U py is given by:

0.9 if x=0,

0.8 ifx=1,

1S [0,1], @ 0.4 ?fx:2,
0.6 if x =3,

0.6 if x =4,

[ 0.4 if z=05.

But = p; U py is not an (€,€ V q)-fuzzy bi-ideal of S. If t € (0.5,0.6], then
U(ug Upgst) = {0,1,3,4}, which is not a bi-ideal of S. It follows from Theorem
279 that py U py is not an (€, € V q)-fuzzy bi-ideal of S.

4.5 Upper parts of (€, € V §)-fuzzy ideals

Definition 282 Let p be a fuzzy set in S. Define the upper part u of p as follows:
pt(z) =p(z) V0.5 forallz € S.

Lemma 283 Let pu, A and v be fuzzy sets in S. Then the following hold:

(1) (AN = (AN

(2) (nv )T = (uh v AT)

(3) (po)\oy)+ > (,u"'o)("oy"’)

If every element x € S is expressible as x = abc for some a,b,c € S, then
(poXov)™ = (u+o)\+oy+).

Proof. The proofs of (1) and (2) are straightforward.
(3) Let a € S. If a is not expressible as a = bed for some b,c,d € S, then
(poXov)=0.TIt follows that

(poXowv)T(a) = (npoXorv)(a)V0.5
= 0Vv0.5=0.5,

and (uF oAt ovT) =0.S0 (noXov)™ > (utoATovt).



4. (a, B)-fuzzy ideals in ternary semigroups 99

If a is expressible as a = bed, then
(modov)T(a) = (woXov)(a)VO0.5

= { \% {M(Sﬂ)A>\(?J)N/(2)}}\/0-5

a=xyz

=V {(u(@)VO0.5)A(A(y) V0.5 A (v (2) V0.5)}

a=xyz

= V {u"@ArXxT At (2)}

a=xyz

= (/L+o/\+ov+) (a).
Hence (poXov)t = (;ﬁ'o){"oy*’). |

Definition 284 Let A be a nonempty subset of S. Then XX is defined as follows:

1 ifacA
+ =
xa {05 if a ¢ A

Lemma 285 Let A, B and C be nonempty subsets of S. Then
(1) (xa Axg)" =xhns
(2) (xaVxp)" =xiup
(3) (xaoxpoxe)" =Xiso
where x 4 is the characteristic function of A.

Proof. The proofs of (1) and (2) are straightforward.
(3) Suppose a € ABC. Then a = zyz for some z € A, y € B and z € C. It follows
that

(xaeoxpoxe) (@) = (xaoxgoxc)(a)V0s

- { v {xA<u>AxB<v>AxC<w>}}v0.5

a=uvw

> {xa(@) Axg @) Axe(2)}V0.5=1.

Hence (x40 x5 Xxc)t (a) = 1. Since a € ABC, so x50 (a) = 1. In the case when
a ¢ ABC, we have a # zyz for all z € A, y € B, z € C. If a = wvw for some
u,v,w € S, then

(xaeoxpoxe) (@) = (xaoxgoxe)(a)Vos
- { Y {xA<u>AxB<v>AxC<w>}}vo.5

a=uvw

= 0V05=05=x}pc(a).

If a # wow for all u,v,w € S, then (x4 0x5oxc)™ (@) = 0.5 = x}pe (a). Thus in

any case (x40 Xp© XC)Jr = XXBC' u
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Proposition 286 Let p be an (€, €V q)-fuzzy left (resp. right, lateral, bi-ideal, gen-
eralized bi-ideal) ideal of S. Then p* is an (€,€V q)-fuzzy left (resp. right, lateral,
bi-ideal, generalized bi-ideal) ideal of S.

Proof. Assume that p is an (€, € V q)-fuzzy left ideal of S and z,y, z € S. Then
max {p" (zyz),0.5} = max{max (u(zyz),0.5),0.5}
= max {u(zyz),0.5} > p(2).
Thus max {u" (zyz),0.5} > p(2). Also max {u* (zyz),0.5} > 0.5. Hence
max {p* (zyz),0.5} > p(2) V0.5 =pt (2).

Therefore pT is an (€, € V q)-fuzzy left ideal of S.

The remaining cases can be dealt similarly. m

Lemma 287 (i) A nonempty subset A of S is a left (resp. right, lateral) ideal of S if
and only if the upper part of the characteristic function XJAf is an (€, €V q)-fuzzy left
(resp. right, lateral) ideal of S.

(ii) A nonempty subset Q of S is a quasi-ideal (resp. bi-ideal, generalized bi-ideal)
of S if and only if the upper part ng of the characteristic function xg is an (€, € V q)-
fuzzy quasi-ideal (resp. bi-ideal, generalized bi-ideal) of S.

Proof. (i) Suppose A is a left ideal of S. Then by Corollary 257 and Proposition
286, Xj is an (€, € V q)-fuzzy left ideal of S.

Conversely, assume that ng is an (€,€ V q)-fuzzy left ideal of S. Let z € A,
z,y € S. Then y,(z) = 1. Since x} is an (€,€V q)-fuzzy left ideal of S, so
max {x} (zyz),0.5} > x} (2) = 1. Thus x} (zyz) = 1 and hence zyz € A. Therefore
A is a left ideal of S.

Similarly we can prove (ii). =

Lemma 288 Ifu, A and v are (€, € V q)-fuzzy right ideal, (€, € V q)-fuzzy lateral ideal
and (€,€ V q)-fuzzy left ideal of S, respectively, then (poXov)™ < (uAXAV)T.

Proof. Let p be an (€, € V g)-fuzzy right ideal, A an (€, € V §)-fuzzy lateral ideal,
v an (€, €V q)-fuzzy left ideal of S, respectively and a € S. Then

(morov)t (@) = (noXov)(a)V0.5

= { V {M(w)AA(y)AV(Z)}}V0-5

a=zyz

< { V A{(u(zyz) v0.5) A (A(zyz) V0.5) A (v (zyz) V 0.5)}} V0.5

a=zyz

= {u(@)AXa)Av(a)}V05=(uAXAY) (a).
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This implies that (zoXov)™ < (uAXAV)T.

If a is not expressible as a = xyz, then

(modov)T(a) = (wodov)(a)VO0.5
= 0V05=05<(uAXAVY)(a)VO05=(uAXAV)T (a).

Hence (poXov)T < (uAAAY)T. =

Corollary 289 If p and A are (€,€V q)-fuzzy left ideal and (€, €V q)-fuzzy right
ideal of S, respectively, then (Ao Sop)t < (uANT.

4.6 Regular ternary semigroups

In this section we characterize regular ternary semigroups in terms of (€, € V g)-fuzzy
left (right, lateral) ideals, (€, € V q)-fuzzy quasi-ideals, (€, € V §)-fuzzy bi- (generalized
bi-) ideals.

Theorem 290 The following assertions are equivalent for a ternary semigroup S :

(1) S is regular;

(2) (W AXAV)T = (o Xov)T for every (€, € V q)-fuzzy right ideal i, every (€, €V q)-
fuzzy lateral ideal X and every (€, € V q)-fuzzy left ideal v of S.

Proof. (1) = (2) : Let 1 be an (€, € V q)-fuzzy right ideal of S, A an (€,€ V q)-
fuzzy lateral ideal of S and v an (€, € V q)-fuzzy left ideal of S. Then by Lemma 288,
we have

(Mo)\oy)+ < (/L/\)\/\V)+.

On the other hand, since S is regular, so for any a € S there exists x € S such

that a = axa = a (zaz) a. It follows that
(hoXow) (@) = (woXow)(a) V05

{a_\ﬁw {n (@) A X () A (T)}} V0.5

> {p(a) AN (A(zaz)V0.5) Av(a)} V0.5

> {u(a)AX(a)Av(a)} V0.5

= (WAXAV)(@)VO5=(uAXAD)T (a).

Thus (poXov)t > (WAXAV)T. Hence (noXov)t = (uAXAV)T.
(2) = (1) : Let L, M and R be the left ideal, lateral ideal and right ideal of S,
respectively. Then by Lemma 257, x, xp; and xp, are (€, €V q)-fuzzy left ideal,
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(€, € V q)-fuzzy lateral ideal and (€, € V q)-fuzzy right ideal of S, respectively. Thus
by hypothesis
(xr Axm Axp)T = (xgoxmoxs)”
+ _ o
XRnMnL = XRML:

Hence RN M N L = RML. Therefore by Theorem 5, S is regular. m

Theorem 291 For a ternary semigroup S, the following assertions are equivalent:

(1) S is regular;

(2) (L AN = (oS o) for every (€, V q)-fuzzy left ideal X and every (€,€ V §)-
fuzzy right ideal v of S.

Proof. It is similar to the proof of Theorem 290. m

Theorem 292 The following assertions are equivalent for a ternary semigroup S :
(1) S is regular;
(2) pt = (o Sop o Sou)™ for every (€,€V §)-fuzzy generalized bi-ideal 1 of S;
(3) wt = (o SopoSop)t for every (€,€V q)-fuzzy bi-ideal p of S;
(4) u* €EVy

4) pt = (o Sopo Sop)t for every (€, )-fuzzy quasi-ideal p of S.

Proof. (1) = (2) : Let pu be an (€, € V q)-fuzzy generalized bi-ideal of S and a € S.

Since S is regular so there exists € S such that a = aza = axazxa. It follows that

(1o Sopo Sop)t (a) = (1o SopuoSop) V0.5

= { V (uoSou)(p)AS(Q)Au(T‘)}V0-5

= {(noSou)(a) NS (x) Ap(a)} V0.5

= [{a:\l{ku (u) AS (v) A (w)} AL (a)} V0.5
> {u(a) AS (2) A (@) A (@)} V0.5
pu(a)Vvo.5=pu"(a).

Thus (0 Sopo Sou)™ > pt. Now, since p is an (€, € V §)-fuzzy generalized bi-ideal

of S, we have

(woSopoSop)™(a) = (uoSopoSopu)(a)V0.5

= { V (uoSou)(ﬂf)AS(y)Aﬂ(Z)}V0-5

a=xyz

- { v {v <u<u>As<vw<w>>}AS(y)Au<z>}vo.5

a=xYyz T=Uvw

IN

V  p(uvwyz) V0.5 = pu(a) V0.5 =put(a).

a=(uvw)yz
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Thus (o0 Sopo Sop)™ < put. Hence pt = (o Sop o Sop)™t

(2) = (3) = (4) : Straightforward, because every (€, € V g)-fuzzy quasi-ideal of
S is an (€, €V q)-fuzzy bi-ideal of S and every (€, € V q)-fuzzy bi-ideal of S is an
(€, €V q)-fuzzy generalized bi-ideal of S.

(4) = (1) : Let @ be a quasi-ideal of S. Then by Lemma 265, x, is an (€, €V q)-
fuzzy quasi-ideal of S. Thus by hypothesis

XG

+
(xgq © Soxg © Soxg)
_ +
= XQsQsq-

Thus Q = QSQSQ. Hence by Theorem 7, S is regular. m

Theorem 293 For a ternary semigroup S, the following assertions are equivalent:

(1) S is regular;

(2) (UANT < (poSoN)T for every (€,€V q)-fuzzy generalized bi-ideal p and
every (€, €V q)-fuzzy left ideal X of S,

(3) (uANT < (noSo N for every (€, €V §)-fuzzy bi-ideal p and every (€, €V q)-
fuzzy left ideal X of S,

(4) (uANT < (oSoNT for every (€,€Vq)-fuzzy quasi-ideal p and every
(€, €V Q)-fuzzy left ideal \ of S;

(5) (AN < (poSoNT for every (€,€V q)-fuzzy right ideal i and every
V q)-fuzzy bi-ideal A of S,
6) (uANT < (moSoN)T for every (€,€V q)-fuzzy right ideal p and every
V

ﬂ
m\’\ M|

q)-fuzzy quasi-ideal \ of S.

Proof. (1) = (2) : Assume that p is an (€, € V q)-fuzzy generalized bi-ideal and
A an (€, €V q)-fuzzy left ideal of S. Since S is regular, so for any a € S there exists
x € S such that a = axa. It follows that

(1oSoNT(a) = (noSo)(a) Vs
= { V u(l)/\S(m)/\)\(n)}\/Oﬁ

a=Ilmn
> {pu(a)AS(z)AAX(a)} V0.5
= (AN (@)V05=(uANT (a).

Hence (uAX)T < (moSoN)™ .

(2) = (3) = (4) : Straightforward, because every (€, € V q)-fuzzy quasi-ideal of
S is an (€, €V q)-fuzzy bi-ideal of S and every (€, € V q)-fuzzy bi-ideal of S is an
(€, € V q)-fuzzy generalized bi-ideal of S.
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(4) = (1) : Let (u AN < (noSoN)T for every (€,€ V q)-fuzzy quasi-ideal 4 and
every (€, €V q)-fuzzy left ideal A of S. Let v be any (€, € V q)-fuzzy right ideal of S.
Take = v, then by (3), W AN < (roSoN)'.But (voSoN)" < (vANT always
holds. Hence (v AXN)" = (voSoA)T. Therefore by Theorem 291, S is regular.

(1) = (5) : Suppose p is an (€, € V q)-fuzzy right ideal and A an (€, € V §)-fuzzy
bi-ideal of S. Since S is regular so for any a € S there exists z € S such that a = aza.
It follows that

(noSoNt(a) = (MoSo)\)(a)\/O.E):{ V u(p)/\S(q)/\)\(r)}\/Ob

a=pqr

> p(a)ANS(@)AAX(a) V05 ={u(a)ANA(a)} V0.5
= (AN ().

Hence (u AN < (noSoN)T.

(5) = (6) : Straightforward.

(6) = (1) : Suppose that (u AN < (LoSoA)T for every (€, €V q)-fuzzy right
ideal p and every (€, € V q)-fuzzy quasi-ideal A of S. Let v be any (€, € V q)-fuzzy left
ideal of S. Take v = A, then by (5), (uAv)T < (noSowv)". But by Lemma 289,
(poSov)™ < (uAv)T. Hence (uAv)" = (oS owv)t. Therefore by Theorem 291,
S is regular. m

The dual of Theorem 293 is:

Theorem 294 The following assertions are equivalent for a ternary semigroup S :

(1) S is regular;

(2) (AN < (LoSoN)T for every (€,€V q)-fuzzy generalized bi-ideal y and
every (€, € V q)-fuzzy right ideal \ of S,

(3) (uANT < (noSoN)T for every (€,€ V §)-fuzzy bi-ideal p and every (€,€ V q)-
fuzzy right ideal A of S

4) (AN < (uoSoN)T for every (€,€Vq)-fuzzy quasi-ideal p and every
(€, €V Q)-fuzzy right ideal X of S;

(5) (L AN < (oS o) for every (€,€ V q)-fuzzy left ideal p and every (€,€ V q)-
fuzzy bi-ideal X of S;

(6) (LANT < (noSoN)T for every (€, €V §)-fuzzy left ideal i and every (€, € V q)-
fuzzy quasi-ideal \ of S.

Theorem 295 The following assertions are equivalent for a ternary semigroup S :
(1) S is regular;
(2) (LANT < (oSoN)TANoSou)™ for all (€, €V q)-fuzzy generalized bi-
ideals p and A of S,
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(3) (WANT < (moSoN)TANoSou)t for all (€,€V q)-fuzzy bi-ideals 1 and
<(uoSo )\)+ AN(AoSo ,u)+ for every (€, € V q)-fuzzy bi-ideal p and
,EVQ)-fu
pANT < (noSo )\) A(AoSo ,u)+ for every (€, €V q)-fuzzy bi-ideal u and
,EVQ)-fu

pANT < (moSoNTA(No S ou)t for every (€,€V q)-fuzzy quasi-ideal p
and every (€, €V q)-fuzzy left ideal \ of S

(7) (u A )\)+ (noSoXN)T ANoSou)T for every (€,€V q)-fuzzy right ideal p
V q)-fuzzy left ideal A of S.

Proof. (1) = (2) : Assume that p and X are (€, € V q)-fuzzy generalized bi-ideals
of S and a € S. Since S is regular so there exists x € S such that a = axa. It follows
that

(HoSoN'(a) = (noSoN)(a)V05

= { V u(p)A«’S(Q)/\A(?")}\/0-5

> {p(a)ANS(x)AAX(a)} V0.5
= (LAN(@)V05= (AN (a).

Thus (A XN)T < (oS oA)T. On the other hand
AoSowt(a) = (ANoSop)(a)Vv0.5
= { V ()\(l)/\S(m)/\u(n)}\/O.S

a=Ilmn

> A@AS@) Ap@}V05=(1AN* ().

Thus (uAXN)T < (AoSopu)™. Hence (uAXN)T < (poSoNTA(NoSopu)™

It is clear that (2) = (3) = (4) = (5) = (6) = (7).

(7) = (1) : Let (uANT < (poSoX)TA(NoSou)" for every (€,€V q)-fuzzy
right ideal p and every (€,€ V )-fuzzy left ideal X of S. This implies that (u A X)T
(noSoNtTAMNoSou)™ < (noSoN)" and by Lemma 289, (noSo Xt < (uAN).
Consequently (1A AT = (oS o). Therefore by Theorem 291, S is regular. m

4.7 Weakly regular ternary semigroups

In this section we characterize right weakly regular ternary semigroups in terms of
(€,€ Vv q)-fuzzy left (right and lateral) ideals, (€, € V q)-fuzzy quasi-ideals, (€, € V q)-
fuzzy bi- (generalized bi-) ideals.
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Theorem 296 For a ternary semigroup S, the following assertions are equivalent:
(1) S is right weakly regular;
2) (uANT = (moXo N for every (€,€Vq)-fuzzy right ideal p and every
(€, €V Q)-fuzzy two sided ideal \ of S.

Proof. (1) = (2) : Let u be an (€, € V q)-fuzzy right ideal and A an (€,€ V q)-
fuzzy two sided ideal of S and a € S. It follows that

(moXoX)T(a) = (norod)(a)V0.5

= { V M(p)AA(Q)AA(T)}V0-5

a=pqr

< { V' (w(pgr) V0.5) AX(q) A (A(pgr) v 0-5)} V0.5

a=pqr

< :\/ (1 (pgr) A A(pgr)) v 0.5

< (@) AN (@) V05 = (kAN (a).
Thus (oXoX)T < (nAN)T
Now we show that (A X' < (noXoX)T. Since S is right weakly regular so for

any a € S there exist s1, Sa, 83,t1,%2,t3 € S such that a = (asit1) (asata) (assts) . It
follows that

(uANT (@) = (AN (a) V05
= (u(a) AX(a) AA(a) V0.5
< (p(asity) A A(asata) A A(assts)) V0.5
<l <u<:c>m<y>m<z>>}vo.5

a=xyz
= (poXoN)(a)V0.5=(uoXoNT (a).
Thus (L AN < (moXoA)T. Hence (uAXN)T = (oo™
(2) = (1) : Let R be a right ideal and I two sided ideal of S. Then by Corollary

257, xp and x; are (€, € V q)-fuzzy right ideal and (€, € V q)-fuzzy two sided ideal of
S, respectively. Thus by hypothesis

(xrAXxDT = (xpoxroxn)”
X;%m = (XRH)+
Thus RN I = RII. Hence by Lemma 9, S is right weakly regular. m
Theorem 297 For a ternary semigroup S, the following assertions are equivalent:

(1) S is right weakly regular;
(2) Each (€,€ V q)-fuzzy right ideal p of S is idempotent.
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Proof. (1) = (2) : Let p be an (€,€ Vq)-fuzzy right ideal of S. We prove
(MO#OM)+ =u". Let a € S. Then

(nopop)(a) = (popon)(a)Vv0s

= { V (u(p)Au(Q)Au(r))}\/Oﬁ

a=pqr

< { V' (u(pgr) v 0.5) A p(g) A (W’)} V0.5

a=pqr

<V p(pgr) AVO.5
a=pqr

< p(a) V05 =pt(a).

Thus (zo pop)™ < pt. On the other hand since S is right weakly regular so for any
a € S, there exist s1, s, 83, t1, t2,t3 € S such that a = (asit1) (asate) (assts) . It follows
that

W (@) = ) A (@) V0.5
a) Ap(a)Ap(a)) V0.5
0

B) A (u(asata) V 0.5) A (p (assts) V0.5)} v 0.5

IN
>
=

(1 () A (q) A p (r))} V0.5

a=pqr

= (popop)(a)V05=(uopop)"(a).

Thus pt < (,uouo,u)"'. Hence pt = (popop)™.
(2) = (1) : Let A be a right ideal of S. Then x4 is the characteristic function of
A. Now by Corollary 257, x 4 is an (€, € V q)-fuzzy right ideal of S. Thus by (2)

Xiﬂ = (Xa°Xx4a°Xa

— +
= Ok

)—l—

This implies that A = A3. Hence S is right weakly regular. m

Theorem 298 For a ternary semigroup S, the following assertions are equivalent:

(1) S is right weakly regular;

(2) (WAXAY)T = (o Xov)T for every (€, € V §)-fuzzy bi-ideal 1, every (€, €V q)-
fuzzy two sided ideal A and every (€, € V q)-fuzzy right ideal v of S;

(3) (AXAV)T = (moXow)? for every (€, € V q)-fuzzy quasi-ideal 1, every (€, € V q)-
fuzzy two sided ideal X and every (€, € V q)-fuzzy right ideal v of S.

Proof. (1) = (2) : Let u be an (€, € V q)-fuzzy bi-ideal, A an (€, € V §)-fuzzy two
sided ideal and v an (€, € V q)-fuzzy right ideal of S. Since S is right weakly regular so
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for each a € S there exist s1, $2, $3,t1, t2, t3 € S such that a = (as1t1) (asata) (assts) =
a (sitiasats) (assts) . It follows that

(wAXAV) (@) = (WAXAY)(a) V0.5
{p(a)AX(a)Av(a)} V0.5
< {{p(a) A X(sitiasate) V 0.5} A {v (assts) V0.5}} vV 0.5

= { \% (u(p)A/\(Q)AV(T))}VO-5

— (luo)\oy)(a)\/().f):(,LLO)\OV)+((1)-

Thus (uAXAV)T < (noXow).

(2) = (3) : Straightforward, because every (€, € V q)-fuzzy quasi-ideal is an (€, € V q)-
fuzzy bi-ideal of S.

(3) = (1) : Let u be an (€, € V q)-fuzzy right ideal and X an (€, € V q)-fuzzy two
sided ideal of S. Take v = A. Since every (€, € V q)-fuzzy right ideal is an (€,€ V q)-
fuzzy quasi-ideal of S, so by hypothesis (L AXAN)T < (poXoX)T. This implies
that (uAXN)T < (noXoA)™. But (noXoA)T < (uAN)T is straightforward. Hence
(A /\)+ =(uoAo )\)+ . Therefore by Theorem 296, S is right weakly regular. m

Theorem 299 For a ternary semigroup S, the following assertions are equivalent:

(1) S is right weakly regular;

(2) (pANT < (oXoN)T for every (€, € V q)-fuzzy bi-ideal u and every (€,€ V q)-
fuzzy two sided ideal X of S

(3) (uANT < (oot for every (€,€Vq)-fuzzy quasi-ideal p and every
(€, €V Q)-fuzzy two sided ideal A of S.

Proof. (1) = (2) : Let u be an (€, € V q)-fuzzy bi-ideal, A an (€, € V q)-fuzzy two
sided ideal of S and a € S. Since S is right weakly regular so a = (asit1) (asate) (assts) =
a (s1t1asats) (assts) for some si, s9, 83,11, ta,t3 € S. It follows that

(AN (@) = (LAN) (@) V0.5
(w(a) AX(a) AX(a)) V0.5
{{p (a) A X (s1t1asata) V 0.5} A {A (asst3) V0.5}} V0.5

= { V (,u(l)/\/\(m)/\)\(n))}\/O.S

a=lmn

IN

= (poroN)(a)V05=(uoroN" (a).

Thus (uAXN)T < (moXoN)T.
(2) = (3) : Straightforward, because every (€, € V §)-fuzzy quasi-ideal is an (€, € V q)-
fuzzy bi-ideal of S.
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(3) = (1) : Let u be an (€, € V q)-fuzzy right ideal and A\ an (€, € V §)-fuzzy two
sided ideal of S. Since every (€, € V q)-fuzzy right ideal is an (€, € V g)-fuzzy quasi-
ideal of S. Thus by hypothesis (A X' < (uo Ao ). Now we have

(hoxo Nt (@) = (noAo)(@)V05
A(m )/\)\(n)}\/O.5

LY,
LY

w(Imn) vV 0.5) AX(m) A ()\(lmn)\/O.S)}VO.E)

a= lmn

< 'V wp(mn)AX({mn)VO0.5

a=lmn

— (AN (a).

Thus (roXoA)™ < (uAX)T. Hence (uAXN)' = (o Ao A" . Therefore by Theorem
296, S is right weakly regular. m



Chapter 5

(€, € V qi)-fuzzy ideals in ternary

semigroups

This chapter deals with the study of (€, € V gx)-fuzzy ternary subsemigroup and
(€, €V qg)-fuzzy left (right, lateral) ideals, (€,€ V gg)-fuzzy quasi (bi-, generalized
bi-) ideals in ternary semigroups. The classes of regular ternary semigroups and right
weakly regular ternary semigroups are characterized in terms of (€, € V g )-fuzzy left
(right, lateral) ideals, (€, € V @i )-fuzzy bi- (generalized bi-) ideals. Throughout this

chapter S will denote a ternary semigroup and k € [0, 1) unless stated otherwise.

5.1 (€,€V q;)-fuzzy ternary subsemigroups

Definition 300 A fuzzy set u in S is said to be an (€, € V q)-fuzzy ternary subsemi-
group of S, if it satisfies the following condition:

(TY2)min{t,r,s} EH implies TL€ V Grpt, Yr€ V Gept 0T 2s€ V G, (5.1)
forall x,y,z € S and t,r,s € (0,1].

Example 301 Consider the ternary semigroup S = {0,a,b,c,1} of Example 5. De-

fine a fuzzy set p in S as follows:

(0.20 if z =0,

0.20 if z = a,

w:S — 10,1, z+— < 035 if x=>b,
0.40 if x =c,

0.80 if x=1.

Then simple calculations show that p is an (€, € V qo.3)-fuzzy ternary subsemigroup of

S.

110
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Theorem 302 A fuzzy set u in S is an (€, €V Gx)-fuzzy ternary subsemigroup of S
if and only if it satisfies the following condition:

max{u(eyz), 50} > mingu(e), uly). p(:)), (5.2)

forallz,y,z € S and t,r,s € (0,1].

Proof. Assume that u is an (€, € V @)-fuzzy ternary subsemigroup of S. If there
exist z,y,z € S such that max{u(zyz), 55} < min{u(z), u(y), u(z)}, then we can
choose ¢ € (15%,1] such that max{u(zyz), 55} < ¢ = min{u(z), u(y), u(z)}. Then
(xyz)i€p but zp € Aqrp, yr € Aqrp and z¢ € Aggp, which is a contradiction. Hence
max{p(zyz), 155} > min{u(@), u(y), n(2)}-

Conversely, suppose that condition (5.2) is valid. Let (2y2)min{¢rs} €4 Then
p(zyz) < min{t, 7, s}. If max{p(ryz), 55} = p(zyz), then min{u(z), u(y), p(2)} <
p(xyz) < min{t,r, s}, which implies that u(z) < ¢, u(y) < r or u(z) < s. Thus z;€p,
yrEp or 25€p. On the other hand if max{u(vyz), 55} = 155, then min{u(z), u(y),
u(z)} < % Suppose z; € p, yr € ppand zs € p. Thent < p(z) < 1;2%3’ r < p(y) < %
ors < pu(z) < % This implies that x:Ggu, y-Gepe or zsGep. Hence €V G, yrE V Qi b
or 2s€ V Q. M

In the next theorem we describe the relationship among (€, € V g )-fuzzy ternary

subsemigroup and the crisp ternary subsemigroup of S.

Theorem 303 A fuzzy set p in S is an (€, € V Gx)-fuzzy ternary subsemigroup of S
if and only if the nonempty level set U(u;t) is a ternary subsemigroup of S for all
te (55, 1]

Proof. Assume that p is an (€, € V gg)-fuzzy ternary subsemigroup of S. Let
te (i—k, 1] and z,y,z € U(p;t). Then p(z) > t, u(y) >t and p(z) > t. It follows from
(5.2) that

1—-k . 1-k
LR b < minu(e). plo). nl2)} < maxc{p(ayz), L),
Thus u(xyz) >t and so xyz € U(w;t). Hence U(u;t) is a ternary subsemigroup of S.

Conversely, suppose that U(u;t)(# ) is a ternary subsemigroup of S for all ¢ €

(%, 1]. If there exist x,y, z € S such that

1-k )
max{p(zyz), —5—} < min{pu(@), u(y), p(2)},
then we can choose t € (%, 1] such that max{u(zyz), %} <t <min{u(z), u(y), u(z)}.

Thus z,y,z € U(u;t), but zyz ¢ U(u;t), which is a contradiction. Hence

max{u(zy2), 50} > mingu(e), nly), p(z)}

Therefore p is an (€, € V gx)-fuzzy ternary subsemigroup of S. m
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Theorem 304 Let A be a nonempty subset of S. Then A is a ternary subsemigroup
of S if and only if the fuzzy set u in S defined by:

<E forallze S\ A,
() =
1 forallz € A,

is an (€, €V qx)-fuzzy ternary subsemigroup of S.

Proof. Assume that A is a ternary subsemigroup of S and z,y,z € S. If x,y, z € A,
then p(x) = u(y) = u(z) = 1. Since A is a ternary subsemigroup of S, so zyz € A
and p (xyz) = 1. Hence

e L), 25 | = 1= i ) ) 1 2.

Ifx¢ A y¢ Aorz ¢ A, then p(z) < £ pu(y) < 5E or )S% It follows that
. 1- k:
min {p (z), 1 (y), 1 (2)} < —— < max { p(zyz) :
Hence in any case max {y (zyz) k} > min{u(x),p1(y),pw(2)}. Consequently p is

an (€, € Vq,)-fuzzy ternary subsemlgroup of S.

Conversely, suppose that u is an (€, € V @i )-fuzzy ternary subsemigroup of S and
z,y,2 € A. Then p(z) = p(y) = p(z) = 1. It follows that max {u (zyz) k}
min{p (), u(y),n(z)} = 1. Hence u(zyz) = 1, that is, zyz € A. Therefore Ais a

ternary subsemigroup of S. m

Corollary 305 A nonempty subset A of S is a ternary subsemigroup of S if and only
if the characteristic function x 5 of A, is an (€, € V q,)-fuzzy ternary subsemigroup of
S.

Theorem 306 Let {p,; | i € A} be a family of (€, €V qx)-fuzzy ternary subsemigroups

of S. Then p = () p; is an (€, €V q,)-fuzzy ternary subsemigroup of S.
€A

Proof. It is straightforward. m
The following example shows that the union of (€, € V g)-fuzzy ternary subsemi-

groups of S may not be an (€, € V gi)-fuzzy ternary subsemigroups of S.

Example 307 Consider the ternary semigroup S and the (€,€ V Qo3)-fuzzy ternary
subsemigroup p of S given in Example 301. Define a fuzzy set X in S as follows:

0.30 if x =0,
0.70 if z =a,
A:S— 10,1, z— ¢ 0.30 if z=0>,
0.20 if x =g¢,
0.10 if z =1.
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By routine calculations, we know that A is an (€, € V Qo 3)-fuzzy ternary subsemigroup
of S. Note that v := U X is given by

(0.30 if z =0,

0.70 if z =a,

v:S—[0,1], z—< 035 if x =0,
0.40 if x =c,

0.80 if x=1.

But v := pU\ is not an (€, € V qu.3)-fuzzy ternary subsemigroup of S. Ift € (0.35,0.40],
then U (pU X\;t) = {a,c, 1}, which is not a ternary subsemigroup of S. It follows from
Theorem 303, that v := U X is not an (€, € V qo.3)-fuzzy ternary subsemigroup of S.

5.2 (€,€V qy)-fuzzy ideals
We begin this section with

Definition 308 A fuzzy set p in S is said to be an (€,€ V @ )-fuzzy left (resp. right,
lateral) ideal of S if it satisfies the following condition:

(xyz)i€p implies z € NV Qe (resp. T € V Qrpty, Y€ V Grit) (5.3)
forallx,y,z €S and t € (0,1].

A fuzzy set p in S is said to be an (€, € V gi)-fuzzy two sided ideal of S if it is
both an (€, € V gi)-fuzzy left ideal and (€, € V g )-fuzzy right ideal of S. A fuzzy set p
in S is said to be an (€, € V gg)-fuzzy ideal of S if it is an (€, € V gg)-fuzzy left ideal,
(€, € V @ )-fuzzy lateral ideal and an (€, € V g )-fuzzy right ideal of S.

Example 309 Consider the ternary semigroup S = {a,b,c,d,e} of Example 53. De-

fine a fuzzy set p in S as follows:

0.9 if r=a,
0.7 if z =0,
w:S—1[0,1, z— ¢ 03 ifz=c,
0.8 if x =d,
0.3 if z=e.

neither an (€,€ V q,,)-fuzzy right ideal, nor an

Routine calculations show that p is an (€,€V qoa)-fuzzy left ideal of S. But p is
(€, € V qua)-fuzzy lateral ideal of S.

Since (ecc)y 4 Ep, but eg.a € Nqy 1. Also, (cec)y g €, but €939 € NGy, pt-
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Example 310 Consider the ternary semigroup S of FExample 54. Define a fuzzy set

win S as follows:

0.9 if z=0,
0.4 if x =a,
w:S —[0,1], z+— < 08 if x=hb,
0.5 if z=c,
0.3 if x=1.

Routine calculations show that u is an (€, € V Go2)-fuzzy right ideal of S. But p is
neither an (€,€ V Qo2)-fuzzy left ideal, nor an (€,€ V Qoa)-fuzzy lateral ideal of S.
Since (lac)y 45 €, but coas € Ny Also, (acl) 44 €, but co.aa € NGy o[-

Theorem 311 Let p be a fuzzy set in S and z,y,z € S, t € (0,1]. Then

(1) (zyz)t€p implies z€ V Qps;
(2) (zyz)e€p implies 1€ V G u;
(3) (zyz)e€p implies Y€V Tep;

are respectively equivalent to:
, 1-k
(') max{u(eyz), -} > pe)
1-k
(2) max{p(zyz),——} = pla);

(¥) max{u(ayz), )

Y%
=
Y

for all x,y,z € S.
Proof. The proof is similar to the proof of Theorem 302. =

Corollary 312 A fuzzy set p in S is an (€,€ V qi)-fuzzy left (resp. right, lateral)
ideal of S if it satisfies condition (1") (resp. (2'), (3'))

Corollary 313 A fuzzy set p in S is an (€,€ V Gx)-fuzzy ideal of S if it satisfies
conditions (1'), (2") and (3').

In the next theorem we describe the relationship among (€, € V g )-fuzzy left (resp.
right, lateral) ideal and the crisp left (resp. right, lateral) ideal of S.

Theorem 314 A fuzzy set p in S is an (€, EVqx)-fuzzy left (resp. right, lateral) ideal
of S if and only if the level set U(u;t) is a left (resp. right, lateral) ideal of S for all

t e (%, 1], whenever it is nonempty.
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Proof. The proof is similar to the proof of Theorem 303. m

Corollary 315 A fuzzy set p in S is an (€,€ V Gx)-fuzzy ideal of S if and only if
U(p; t)(# 0) is an ideal of S for all t € (15%,1].

Theorem 316 Let A be a nonempty subset of S. Then A is a left (resp. right, lateral)
ideal of S if and only if the fuzzy set u in S defined by:

() <Lk forallaz € S\ A,
xr) =
a 1 forallxz € A,

is an (€,€ V qx)-fuzzy left (resp. right, lateral) ideal of S.
Proof. The proof is similar to the proof of Theorem 304. m

Corollary 317 A nonempty subset A of S is a left (resp. right, lateral) ideal of S if
and only if the characteristic function x 4 of A is an (€, €V Gk )-fuzzy left (resp. right,
lateral) ideal of S.

Theorem 318 If u is an (€, €V qy)-fuzzy left ideal, \ a fuzzy set and v an (€, EVq)-
fuzzy right ideal of S, then wo Aov is an (€,€ V Gx)-fuzzy two sided ideal of S.

Proof. Assume that u is an (€, € V g )-fuzzy left ideal, A a fuzzy set in S and v
an (€, €V qy)-fuzzy right ideal of S, x,y, 2z € S. Then
(moXov)(z) = V {u(u)AX(v) Av(w)}.
(If z = wvw, then xyz = zy(vvw) = (zyu)vw. Since p is an (€, € V qx)-fuzzy left ideal
of S, so pu(zyu) Vv 1;21‘“ > u(u)). It follows that
(modov)(z) =V {p(u)AX(v) Av(w)}

Z=uvw

< v A{{uemv IS e avw)

Z=Uuvw

V A{w@naonverv 5

ryz=abc

IN

- { v {u(a)M(b)Au(c)}}vIQ’“

ryz=abc

1—-k
= (,u,o)\oy)(xyz)\/T.

Thus (o Aov) (zyz) Vi5E > (noXov)(2).

If (uoXov)(z) =0, then (nodXov)(z) =0 < (podov)(zyz)V % Hence
poXovisan (€,€Vgy)-fuzzy left ideal of S.

Similarly we can show that poXov is an (€, €V gg)-fuzzy right ideal of S. Therefore
poXovisan (€, €V qy)-fuzzy two sided ideal of S. m
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Lemma 319 Let {u; | i € A} be a family of (€, €V G)-fuzzy left (resp. right, lateral)
ideals of S. Then
(1) () w; is an (€, €V qx)-fuzzy left (resp. right, lateral) ideal of S.
€A
(i) U p; is an (€, €V Qx)-fuzzy left (resp. right, lateral) ideal of S.
€A

Proof. It is straightforward. m

5.3 Fuzzy quasi-ideals of type (€,€ V q)

Definition 320 A fuzzy set p in S is said to be an (€,€ V Gx)-fuzzy quasi-ideal of S
if it satisfies:

(1) max{u(x), #} > min{ (0 S 0 8)(z), (S o uo8S)(x),(SoSou)(zx)} and

(2) max{u(e), "} > min{(10.8 0 8)(x), (S 0§ 0 po8 0 8)(), (S 0 S 0 1)(x)}
for all x € S.

Theorem 321 A fuzzy set p in S is an (€, €V qx)-fuzzy quasi-ideal of S if and only if
the level set U(p;t) is a quasi-ideal of S for allt € (%, 1], whenever it is nonempty.

Proof. Assume that p is an (€, € Vqi)-fuzzy quasi-ideal of S. Let = € SSU (p;¢) N
SU(u;t)S N U (u;t)SS. Then there exist t1,t9,t3,t4,t5,t6 € S and s1, 82,53 € U(u;t)
such that © = t1tes1, x = t3soty and x = s3istg. It follows that

(noSo8)(x) =V {up)AS(g)AS(r)}

> (s3)S(ts) A S(te)) = ulss) > 1.

Also,
(SoSop)z) =V {SwASE)Apw)}
> St)AS(t) Ap(s) =p(s1) >,
and
(SopeS)(z) = V ASHAp(m)ASm)}

= S(ts) Ap(s2) NS (ta) = p(s2) = 1.

Thus by hypothesis
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max{a(e), ~ L} > min{(poSoS)(x), (S 0 poS) (), (S0 S o u)(x)}

2
1-k

> > —.
- 2

Thus p(x) > t, that isx € U(p;t), which implies SSU (u; t)NSU (u; 8) SNU (5 1)SS C
U(p;t). Similarly SSU (u;t) N SSU (p;8)SS N U (w;t)SS C U(p;t). Hence U(u;t) is a
quasi-ideal of S.

Conversely, suppose that U(u;t) is a quasi-ideal of S for all ¢ € (%, 1] and z € S.
If possible, let

max{u(z), %} < min{(p0 S0 8)(z),(S o uoS)(x),(SoSou)(z)}.

Choose t € (15%,1] such that

max{p(x), %} <t <minf{(u o S0 8)(x), (S o poS)(x), (S0 Sou)(z)},

which implies that p(z) < t and (uoS o S)(z) > t,(SouoS)(z) >t and (SoSou)(z) >
t. If (woSoS)(x) >t, then

(noSoS)(x)= V {uu)AS@)AS(w)} = V plu) =t

T=Uuvw T=Uuvw

Thus there exists z € U(p;t) such that & = abz for some a,b € S. Similarly (S o
poS)(z) > t implies m € U(p;t) such that © = Imn for some [,n € S, and (S o
Sop)(x) > t implies r € U(u;t) such that x = pgr for some p,q € S. Hence x €
SSU (u;t) N SU(p;t)S N U (w;t)SS C U(pst). This implies that p(z) > ¢, which is a

contradiction, because p(z) < t. Therefore

max{u(x), %} > min{ (108 0 8)(x), (S 0 40S)(z), (S 0 S o u)(x)}.

1-k

Similarly, max{u(x), 5%} > min{(p oS0 S)(x),(SoSouoSoS)(x),(SoSou)(x)}.
€, €

—k
2
Consequently pu is an ( V @k )-fuzzy quasi-ideal of S. m

Theorem 322 Let A be a nonempty subset of S. Then A is a quasi-ideal of S if and
only if the fuzzy set p in S defined by:

() §1;2k forallz e S\ A,
€Tr) =
H 1 forallz € A,

is an (€,€ V qx)-fuzzy quasi-ideal of S.
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Proof. Assume that A is a quasi-ideal of S and x € S. If z € A, then u(x) = 1,
which implies that

max{pu(z), #} =12>min{(poSoS)(z),(SouoS)(x),(SoSou)(x)}.
Ifz ¢ A thenx ¢ SSANSASNASS and z ¢ SSANSSASSNASS and so u(z) < 5.
Since z ¢ SSANSASNASS, so min{(pnoS o 8)(z),(SopuoS)(x),(SoSopu)(x)} # 1.
It follows that

min{ (g oS o8)(x), (S o uoS)(z),(SoSou)(z)} < % = max{u(z), %}

Similarly, since z ¢ SSANSSASSNASS, so min{(poS o S)(x), (SoSouoS o S)(x), (So
Sopu)(x)} # 1. Hence in any case

max{u(x), 15} > min{(08 0 8)(z). (S 0 po8)(2), (§ 0 S 0 1))},
and
max{u(z), 50} > min{(10.8 0 8)(z), (S 0 § 0 poS 0.8)(a), (S 05 o))}

Consequently 4 is an (€, € V G )-fuzzy quasi-ideal of S.

Conversely, suppose that p is an (€, € V gi)-fuzzy quasi-ideal of S. Let z € SSAN
SASNASS. Then there exist a,b,c € A and tq,t9, t3,t4,t5,tg € S such that x = atqto,
x = tgbty, and x = tstge. It follows that

(noSoS)(z) =V {ulp) AS(g)AS(r)}

z=pqr
> u(a) AS (tl) /\S(tg) = 1.

This implies that (uoS o S)(x) = 1. Similarly (SouoS)(x) =1 and (SoSopu)(z) = 1.
Thus by hypothesis

max{(a), ~5 ) 2 min{(s0 8 0 8)(z), (S 0 po8)(@), (§ 0 S 0 p)(2)} = 1

This implies that u(x) = 1, that is, x € A. This shows that SSANSASNASS C A.
Similarly, SSANSSASS N ASS C A. Hence A is a quasi-ideal of S. m

Corollary 323 A nonempty subset A of S is a quasi-ideal of S if and only if the
characteristic function x 4 of A is an (€, € V qx)-fuzzy quasi-ideal of S.

Lemma 324 Let {y; | i € A} be a family of (€, €V qx)-fuzzy quasi-ideals of S. Then

= ) w; is an (€, €V @x)-fuzzy quasi-ideal of S.
€A
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Proof. The proof is straightforward. m

Theorem 325 Every (€, €V qx)-fuzzy left (right, lateral) ideal of S is an (€,€V Gk)-
fuzzy quasi-ideal of S.

Proof. Assume that p is an (€, € V gi)-fuzzy left ideal of S and = € S. Then

(SoSopu)(z) = :\/b {S(a) AS(b) Ap(e)} = :\/b p(c) < :\/b p(abe) v %
1—-k
= p(z)V 5

and so (SoSop)(z) < u(z) Vv 5E. Hence max{u(z), 355} > min{(po S o S)(z), (So
poS)(z), (S oS o p)(x). Similarly

max{u(z), %} > min{(poSo08)(z),(SoSouoSo8)(x),(SoSopu)(x)}.

Hence p is an (€, € V @)-fuzzy quasi-ideal of S. m

The converse of the above theorem is not true in general.

0 0 10 0 1 00 0 0
Example 326 Let S = , , , ,

00 00 00 10 0 1

. . . 00 0 1

be the ternary semigroup under matriz multiplication. Then Q) = 00l Voo
1s the quasi-ideal of S, which is neither a left ideal, nor a right ideal, nor a lateral ideal
of S. Then by Corollary 323, the characteristic function xq of Q is an (€,€ V G)-
fuzzy quasi-ideal of S, but neither (€, €V qx)-fuzzy left ideal, nor (€ V qx)-fuzzy right
ideal, nor (€,€ V qx)-fuzzy lateral ideal of S.

5.4 Fuzzy bi-ideals of type (€,€V ;)

Definition 327 An (€,€ V @;)-fuzzy ternary subsemigroup p of S is said to be an
(€, €V Qk)-fuzzy bi-ideal of S if it satisfies the following condition:

(TUYVZ) min{t,r,s} EB implies TL€ NV qept, Yr€ V qrpth 0T 25€ V Grf, (5.4)

for all x,y,z,u,v € S and t,r,s € (0,1].

A fuzzy set pin S is said to be an (€, € V qx)-fuzzy generalized bi-ideal of S if it
satisfies condition (5.4).

Obviously every (€, € V Gx)-fuzzy bi-ideal of S is an (€,€ V @)-fuzzy generalized

bi-ideal of S but the converse may not be true.

The following theorem is a characterization of (€, € V g)-fuzzy bi-ideal.
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Theorem 328 Let p be a fuzzy set in S. Then p is an (€, € V Gx)-fuzzy generalized
bi-ideal of S if and only if it satisfies:

1—k ,
max{p(zuyvz), ——} 2 min{u(z), u(y), w=)}, (5.5)
for all x,y,z,u,v € S and t,r,s € (0,1].
Proof. The proof is similar to the proof of Theorem 302. m

Theorem 329 Let p be a fuzzy set in S. Then p is an (€, €V Qx)-fuzzy bi-ideal (resp.
generalized bi-ideal) of S if and only if the nonempty level set U(u;t) is a bi-ideal
(resp. gemeralized bi-ideal) of S for all t € (%, 1].

Proof. The proof is similar to the proof of Theorem 303. m

Theorem 330 Let A be a nonempty subset of S. Then A is a bi-ideal (resp. general-
ized bi-ideal) of S if and only if the fuzzy set p in S defined by:

M(w)_{ <E forallze S\ A,

1 forallz € A,
is an (€, €V qx)-fuzzy bi-ideal (resp. generalized bi-ideal) of S.
Proof. The proof is similar to the proof of Theorem 304. m

Corollary 331 A nonempty subset A of S is a bi-ideal (resp. generalized bi-ideal)
of S if and only if the characteristic function x4 of A is an (€,€ V qQx)-fuzzy bi-ideal
(resp. gemeralized bi-ideal) of S.

Lemma 332 Let {p; | i € A} be a family of (€,€ V @x)-fuzzy bi-ideals of S. Then
wi= () u; is an (€,€ V qx)-fuzzy bi-ideal of S.
€A
Proof. The proof is similar to the proof of Lemma 319. m

Lemma 333 Let u, A and v be (€,€ V Gx)-fuzzy bi-ideals of S. Then po Xov is an
(€, €V Qr)-fuzzy bi-ideal of S.

Proof. The proof is straightforward. m
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5.5 Regular ternary semigroups

In this section we characterize regular ternary semigroups in terms of (€, € V gx )-fuzzy
left (right) ideals, (€, € V @)-fuzzy quasi-ideals and (€, € V gi)-fuzzy bi-(generalized
bi-) ideals.

Definition 334 Let u, A and v be fuzzy sets in S. Define fuzzy sets pF, p AF X, VFE A
and po* Xo¥ v in S as follows:
(1) 1 (@) = i (2) v 155
(2) (1 AF ) (@) = (AN (@) v 155
(3) (nVFA) (2) = (pV ) (2) v 155
(4) (1o Aok ) (&) = (o Aow) (2) v L5k,
for all x € S.

Lemma 335 Let pu, A\ and v be fuzzy sets in S. Then the following hold:
(1) AR X = P ANE
(2) pVEX = pF v AR
(3) pokF Xo¥ v > b ok ok,
k

and if © is expressible as x = abc for all x € S, then pof X oF v = pF o NF o V¥,
Proof. The proof is straightforward. m

Lemma 336 Let A, B and C be nonempty subsets of S. Then the following hold:
(1) xa A* x5 = Xinpi
(2) xa V¥ xp = Xhup
(3) x4 " xp oF Xe = X];lBC;
where x 4 is the characteristic function of A.

Proof. The proof is straightforward. m

Proposition 337 If p is an (€,€ V Gx)-fuzzy left (resp. right, lateral, Quasi-, bi-,
generalized bi-) ideal of S, then u* is an (€,€ V @g)-fuzzy left (resp. right, lateral,
Quasi-, bi-, generalized bi-) ideal of S.

Proof. Assume that p is an (€, € V @i )-fuzzy left ideal of S and z,y, z € S. Then

max{luk(xyz), ﬂ} = max{max(u(wyz), ﬂ)’ %}

2
> max{u(=), ) = u(2).

Thus 4* is an (€, € V g )-fuzzy left ideal of S. m
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Proposition 338 A nonempty subset A of S is a quasi-ideal (resp. bi-ideal, general-
ized bi-ideal) of S if and only if X% is an (€,€ V Gx)-fuzzy quasi-ideal (resp. bi-ideal,
generalized bi-ideal) of S.

Proof. Straightforward. m

Proposition 339 Let p be an (€, EVqy)-fuzzy right ideal, A an (€, EVqy)-fuzzy lateral
ideal and v an (€,€ V Gx)-fuzzy left ideal of S. Then p ok XoF v < AF X AF .

Proof. Assume that p is an (€, € V @)-fuzzy right ideal, A an (€, € V g)-fuzzy
lateral ideal and v an (€, € V @ )-fuzzy left ideal of S and a € S. Then

1—-k

(peF Aok v) (@) = (orow)(a)v -

IN
\<
—
=
=
K
2
<
‘»—A
v
o
S—
>
—

a=pqr A (l/ (pqv") V %
k 1—-k
= S(p(a)AX(a)Av(a))V 5 }\/ 5
= (u/\)\/\u)(a)\/T:(,u/\ AN y) (a).
If a is not expressible as a = pqr, then
1—k
(uok)\okl/>(a) = (uo)\oy)(a)\/?
1-k 1-k
— O\/T_i
1—k
< (M/\)\/\V)(CL)\/T.

Hence pof NoF v < uAFAAF v, m

Corollary 340 Let pu be an (€, €V qx)-fuzzy right ideal and X an (€, €V qx)-fuzzy left
ideal of S. Then poF S oF X < AF .

Next we characterize regular ternary semigroups in terms of (€, € V gi)-fuzzy left
(right, lateral) ideals, (€, € V @)-fuzzy quasi-ideals, (€, € V qi)-fuzzy bi-(generalized
bi-) ideals.

Theorem 341 The following assertions are equivalent for a ternary semigroup S :
(1) S is regular;
(2) pAEAAFY = ok Xok v for every (€, €V qy)-fuzzy right ideal p, every (€, EVx)-
fuzzy lateral ideal A and every (€,€ V qx)-fuzzy left ideal v of S.
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Proof. (1) = (2) : Let p be an (€,€ V @)-fuzzy right ideal, A\ an (€,€ V g)-
fuzzy lateral ideal and v an (€, € V g )-fuzzy left ideal of S. Then by Proposition 339,
pof XokF v < AF AAF . Since S is regular, so for any s € S there exists x € S such
that s = sxs = szsxs. It follows that

(o Ak D) () = (woron)(s)v ™

2
= V@A Ay
{M(s)/\)\(xsx)Au(s)}v%
> {u@) A Av (vt
_ (MAMV)(S)v¥=(uAkAAkv)(s>-

v

Thus p AF AANF v = pof XoF v,

(2) = (1) : Let R, M and L be the right ideal, lateral ideal and left ideal of S,
respectively. Then by Corollary 317, xp, x5 and xj, are (€, € V i )-fuzzy right ideal,
(€, € V qi)-fuzzy lateral ideal and (€, € V @i )-fuzzy left ideal of S, respectively. Thus
by hypothesis

k k k k
XRN XM /N" XL = XrRO Xm© XL
k k
XRnMNnL — XRML-

Thus RN M N L= RML. Hence by Theorem 5, S is regular. m

Theorem 342 The following assertions are equivalent for a ternary semigroup S :
(1) S is regular;
(2) pAFX = po* Sok X for every (€,€ V Gx)-fuzzy left ideal X and every (€, € V Gx)-
fuzzy right ideal p of S.

Proof. (1) = (2) : Suppose p is an (€,€V @g)-fuzzy right ideal and A an
(€, € V @)-fuzzy left ideal of S. Then by Corollary 340, p o* S oF X\ < AF \. Since S
is regular, so for any element s € S there exists z € S such that s = sxs = s (zsz) s.
It follows that

1-k

(IuokSok)\> (s) = (MOSO)\)(S)\/T

- {S\I{W(u(pms<qw<r>>}v1;’“
> (u(s) A S (sz) A (s)) V=

= AN Y T = (A 2) (9).
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Thus (,u oF S of )\) (u NE )\) Hence (,u NF )\) = (,u oF S oF )\) .

(2) = (1) : Let L and R be left ideal and right ideal of S, respectively. Then by
Corollary 317, x;, and xp are (€, € V qi)-fuzzy left ideal and (€, € V gi)-fuzzy right
ideal of S, respectively. Thus by hypothesis

(XR ¥ XL) = (XR of § o XL)
lemL = XIESL-
Hence RN L = RSL. Therefore by Theorem 6, S is regular. m

Theorem 343 The following assertions are equivalent for a ternary semigroup S':

(1) S is regular;

(2) M = p ok SoF ok Sok M for every (€, €V qg)-fuzzy generalized bi-ideal pv of S;
(3) uF = po* S ok ok S ok p for every (€,€ V Gr)-fuzzy bi-ideal p of S;
(4) p¥ = p % S oF % S oF i for every (€,€ V Gr)-fuzzy quasi-ideal p of S.

Proof. (1) = (2) : Let p be an (€, € V gi)-fuzzy generalized bi-ideal of S and
s € S. Since S is regular, so there exists x € S such that s = szs. It follows that
1—-k

(ot St pehSok ) (s) = (woSomoSom(s)v—r

= { V (uoSou)(p)AS(q)AM(T)}VIQ

S=pqr

> {(poSomu)(s)AS (@) Apls)}V

_ {{S:\I{qr(u(p)AS(Q)/\u(r))} /\M(S)} v%

> {p() NS @) Ap(s)) Ap(s)}V ——

= )Vt = ().
Thus o SoF 1ok SoF > pP. Now, since p is an (€, € V g )-fuzzy generalized bi-ideal
of S, it follows that
(MokSokMokSok,u> (s) = (MoSouoSou)(s)\/#

s=xYz

- { Y <uo5ou><m>As<y>Au<z>}v12’“

v { v (M(U)AS(UMM(w))} i

== s::ﬂyz Ir=uvw -
AS (y) A (2) ’
<V plmwy) v = (v T =k s).

s=(uvw)yz
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Thus (,u,okSokuokSoku) < pF. Hence p* = 1 oF S oF jo# S oF p.

(2) = (3) = (4) : Straightforward, because every (€, € V gi)-fuzzy quasi-ideal of
S is an (€, € V qi)-fuzzy bi-ideal of S and every (€, € V gi)-fuzzy bi-ideal of S is an
(€, €V qx)-fuzzy generalized bi-ideal of S.

(4) = (1) : Let Q be any quasi-ideal of S. Then by Corollary 323, x( is an

(€, €V qx)-fuzzy quasi-ideal of S. Thus by hypothesis
XIEQ = <XQ of S oF XQ of S oF XQ)
= XGsose:

This implies that Q = QSQSQ. Hence by Theorem 7, S is regular. m

Theorem 344 The following assertions are equivalent for a ternary semigroup S :

(1) S is regular;

(2) pAFX < (p ok S oF N)A(X P S oF ) for all (€, €Vay)-fuzzy generalized bi-ideals
1 oand A of S,

(3) pAF A< (1 oF S ok A) A (A ok S ok ) for every (€, €V qy)-fuzzy bi-ideal p and
every (€, €V qQx)-fuzzy generalized bi-ideal X of S;

(4) pAF A< (,u oF S oF )\) A ()\ ok S oF u) for all (€, €V @g)-fuzzy bi-ideals v and A
of S

(5) pAF A< (M oF § oF )\) A ()\ oF S oF ,u) for every (€, €V qx)-fuzzy bi-ideal p and
every (€, €V qx)-fuzzy quasi-ideal X of S,

(6) pAF A< ( ok Sk X) A (Aok S ok 1) for every (€,€V qx)-fuzzy bi-ideal pu and
every (€, €V qx)-fuzzy left ideal X of S;

(7) pAFX < (PSP N) A (AP SoF ) for every (€,€ V qx)-fuzzy quasi-ideal p
and every (€, € V q)-fuzzy left ideal A of S,

(8) wAF X< (1 oF S oF M)A (A oF § oF 1) for every (€,€ V qy)-fuzzy right ideal pu
and every (€, € V qx)-fuzzy left ideal A of S.

Proof. (1) = (2) : Let p and X be (€,€ V @)-fuzzy generalized bi-ideals of S.
Since S is regular, so for any s € S there exists z € S such that s = sxs. It follows
that

1-k

(nehSoEA)(s) = (oSoN(s)V—F

_ { v u(aMS(b)M(C)}Vl;k

s=abc
> {u() AS @ ANV

= (M/\)\)(s)\/#:Oi/\k/\) (s)
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Thus pu AF A < pof S oF . Also,

1-k

(AF St ) (s) = (AoSon)(s)v—F

— { vV aonsmaunmpvizt

s=lmn

> {A(S)AS(:C)AM(S)}v%: (1A% 2) (9).

Thus p A¥ A < X oF SoF . Hence u AF X < (,uokSok )\) A ()\okSok,u).

(2)=3)=(4) = (5) = (6) = (7) = (8) : are straightforward.

(8) = (1) : Let p AP X < (0¥ SoF A) A (AoF SoP ) for every (€,€ V gi)-fuzzy
right ideal p and every (€,€ V gg)-fuzzy left ideal X of S. This implies that pu A*¥ X <
(uokSok )x) A ()\okSoku) < p ok S oF X and by Corollary 340, poF S oF X < AR .
Hence, i AF X\ = j1 o S oF \. Therefore by Theorem 342, S is regular. m

Theorem 345 The following assertions are equivalent for a ternary semigroup S :

(1) S is regular;

(2) AP X < ok Sok X for every (€, €V Gg)-fuzzy generalized bi-ideal i and every
(€, €V q)-fuzzy left ideal \ of S;

(3) uAFX < ok Sk X for every (€, EVar)-fuzzy bi-ideal i and every (€, EVqy)-fuzzy
left ideal A of S,

(4) pAFX < po?Sok X for every (€, €V qy)-fuzzy quasi-ideal i and every (€, EVay)-
fuzzy left ideal A of S,

(5) pAFX < ok Sok X for every (€, EVay)-fuzzy right ideal p and every (€, EV{y)-
fuzzy bi-ideal \ of S

(6) pAFX < pokSok X for every (€, EVar)-fuzzy right ideal p and every (€, €V {x)-
fuzzy quasi-ideal A of S}

(7) pAEX < ok Sok X for every (€, EVaE)-fuzzy right ideal p and every (€, EVgy)-
fuzzy quasi-ideal \ of S}

(8) uAF X < ok Sok X for every (€, EVay)-fuzzy right ideal p and every (€, EVy)-
fuzzy quasi-ideal A of S,

(9) pAFX < pokSok X for every (€, EVax)-fuzzy right ideal p and every (€, €V y)-
fuzzy generalized-ideal A of S.

Proof. The proof is similar to the proof of Theorem 344. m

5.6 Weakly regular ternary semigroups

This section is devoted to the study of weakly regular ternary semigroups.
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Theorem 346 The following assertions are equivalent for a ternary semigroup S :
(1) S is right weakly regular;
(2) pAFX = pof NoF X for every (€, €V qg)-fuzzy right ideal 1 and every (€, EVy)-
fuzzy two sided ideal X of S.

Proof. (1) = (2) : Let u be an (€, € V i )-fuzzy right ideal, \ an (€, € V g)-fuzzy
two sided ideal of S and s € S. Then

1-k

(,uok/\ok/\) (s) = (Mo/\o)\)(s)\/T

- { v u(pw(qmw}vl;’“

sS=pgqr

< { V {u(pqr)vl;g}/\A(Q)A{A(W)v1216}}\/12k

sS=pgqr
-k

<V {nlan) A e} v

1—-k
< () ANV == = (uAFN) (3),
Thus p oF X o X < A¥ X. On the other hand, since S is right weakly regular, so for

any s € S, there exist x1,z2,3,y1,%2,y3 € S such that s = (sz1y1) (sx2y2) (sT3y3) -
It follows that

(1A X)) = (AN (vt

2
= {M(s)/\)\(s)/\)\(s)}\/¥
< A{p(sm1iyr) A A (sz2y2) A A (sz3ys)t V %
< { V (M(w)AA(y)AA(z))}vlgk

s=xYz

k

— (Mo)\o)\)(s)\/l%=<,u0k)\ok/\> (s).

Thus p AP X < po® X oF X. Hence pu AF X = poF X oF A\

(2) = (1) : Let R be a right ideal and I a two sided ideal of S. Then by Corollary
317, xp and x; are (€, € V qi)-fuzzy right ideal and (€, € V @)-fuzzy two sided ideal
of S, respectively. Thus by hypothesis

(XR AF X[) = (XR of xp o XI)
leznl = X%H‘

Thus RN I = RII. Hence by Lemma 9, S is right weakly regular. m
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Theorem 347 For a ternary semigroup S, the following assertions are equivalent:
(1) S is right weakly regular;
(2) (,u AR AR V) < (,u oF )\ oF 1/) for every (€, EVqy)-fuzzy bi-ideal u, every (€, €V
Qk)-fuzzy two sided ideal N\ and every (€, € V qx)-fuzzy right ideal v of S
AFAXNP ) < o" Xo%v) for every (€,€ V Qx)-fuzzy quasi-ideal u, ever
(3) (uAPANF V) < (nok XoFv) f y ( )-fuzzy deal p, every
€, €V qg)-fuzzy two sided ideal A and every (€, € V qx)-fuzzy right ideal v of S.
ded ideal A and ht ideal S

Proof. (1) = (2) : Let p be an (€,€ V gi)-fuzzy bi-ideal, A\ an (€,€ V qy)-
fuzzy two sided ideal and v an (€, € V @j)-fuzzy right ideal of S. Since S is right
weakly regular, so for any s € S, there exist z1,x2,x3,y1,y2,y3 € S such that s =
(sz1y1) (sz2y2) (sx3ys) = s (x1y1522y2) (sx3ys) . It follows that

(,u/\k)\/\ky) (s) = (u/\)\/\u)(s)\/¥

1-k

= (A ) Av(s)hV —;
< {,u(s)/\{)\(xlylsxgyg)\/H}A{V(smgyg)vH}}

9 2
1—k
Yo
- {S:\gqr(,u,(p)/\/\(q)/\z/(r))}\/1;]{:
— (Mo)\oy)(s)\/¥: (,uok)\oky> (s)

Thus p AP ANy < ok Ao .

(2) = (3) : Straightforward, because every (€, € Vq)-fuzzy quasi-ideal is an (€, €V
Q. )-fuzzy bi-ideal of S.

(3) = (1) : Let u be an (€, € V i)-fuzzy right ideal and A an (€, € V g )-fuzzy two
sided ideal of S. Take v = A. Since every (€, € V g)-fuzzy right ideal is an (€, € V qx)-
fuzzy quasi-ideal. Thus by hypothesis u A¥ X AF X < po® X\ oF \. This implies that
UAFX < ok Xok X, But pof Aok X < Ak ) is straightforward. Hence pARX = pof Mo\
Therefore by Theorem 346, S is right weakly regular. m



Chapter 6

(E% Eny \/qd)-fuzzy ternary
subsemigroups and ideals in

ternary semigroups

The aim of this chapter is to study (€., €, Vgs)-fuzzy ternary subsemigroups, (€, €, Vgs)-
fuzzy left (right, lateral) ideals, (€4, €, Vgs)-fuzzy quasi-ideals and (€, €, Vgs)-fuzzy
bi- (generalized bi-) ideals of ternary semigroups. The characterizations of regular
and right weakly regular ternary semigroups in terms of (€., € Vgs)-fuzzy left (right,
lateral) ideal, (€, €, Vgs)-fuzzy quais-ideals and (€., €y Vgs)-fuzzy bi- (generalized

bi-) ideals are also established.

6.1 (&, &, Vq,)-fuzzy ternary subsemigroups

Let v, 6 € [0,1] be such that v < §, and o/, B’ € {€,,¢s, €y Vg5, €4 Ags} With o/ #€,
Ags. For a fuzzy point x; and a fuzzy set ;1 in S, we say that:

(1) ar €y pif p(z) 21>y

(2) meqspe if p(x) +t > 25

(3) z¢ € Vasp if T €4 por Teqsp

(4) x4 €4 Agsp if 4 €, p and z4qsp
(5)

5) xyapu means that zau does not hold.

Definition 348 A fuzzy set i in S is said to be an (o/, ﬁ’) -fuzzy ternary subsemigroup
of S, where o/ #€, Nqs, if i satisfies the following condition:

xd i, Yo poand zso poimply (xyz)min{tms} B (6.1)
forall x,y,z € S and t,r,s € (0,1].

129
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The case o =€, Ag; is omitted because for a fuzzy set p in S such that p(z) <0
for any « € S, in this case x; €, Agsp, implies p(z) > ¢t > v and p(z) +t >
2. Thus p(z) + p(z) > p(z) +¢ > 26, which implies p(z) > §. This means that
{x s 2 €4 Ngsp} = 0.

Example 349 Consider the ternary semigroup S of Fxample 16. Define a fuzzy set

win S as follows:

043 if = = —i,
w:S—[0,1], z+— < 060 if x=0,
0.35 if x =1.

Then routine calculations show that pu is an (€95, €05 Vqo.7)-fuzzy ternary subsemi-

group of S.

Theorem 350 Every (€, €)-fuzzy ternary subsemigroup of S is an (€, €y Vqs)-fuzzy

ternary subsemigroup of S.
Proof. Straightforward. m

Remark 351 The converse of Theorem 350 may not be true in general. In fact,
the (€0.5, 0.5 Vqo.7)-fuzzy ternary subsemigroup of S given in Example 349 is not an
(€, €)-fuzzy ternary subsemigroup of S, since (—i)y 4 € p, but

((=9) (=) (=) g.4 = G0.4€p

Theorem 352 Let 20 =1+ v and p be an (O/,B') -fuzzy ternary subsemigroup of S.
Then the set

Sy ={zreS:ux) >},

is a ternary subsemigroup of S.

Proof. Suppose z,y,z € S,. Then p(x) > v, p(y) > vand p(z) > . Assume that
p(zyz) <v. If o € {€,, €y Vgs}, then x,)0 1, Yy, 1, and z,;ya’p but p (zyz) <
v <min{p(z),p(y),p(2)} and p(zyz) +min{u(z), p(y), p(2)} < y+1=26. This
implies that (myz)min{#(m)#(ym(z)} B’ for every 8 € {€+, 45, €+ Vas, €4 Ngs}, which
is a contradiction. Hence p (xyz) > v, that is, zyz € Sy. Also p(x) +1 > v+ 1 =24,
uwy)+1>~v4+1=20 and p(z)+1 > v+ 1 =26. This implies that z1qsu, y1gsp and
z1g5p, but 1 (zyz) < v so (zyz), €y and p (zyz)+1 < y+1 =26, so (zyz), gsp. This
is a contradiction. Hence p(zyz) > v, that is, xyz € S,. Therefore S, is a ternary

subsemigroup of S. ®
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Theorem 353 Let 20 = 1+ and A be a nonempty subset of S. Then A is a ternary
subsemigroup of S if and only if the fuzzy set p in S defined by:

(2) <~ forallze S\ A,
xr) =
>¢§ forallze A,

is an (o, €y Vqs)-fuzzy ternary subsemigroup of S, where o € {€,,qs5,€4 Vas} .

Proof. Assume that A is a ternary subsemigroup of S.

(a) In this part we show that u is an (€., €y Vgs)-fuzzy ternary subsemigroup of
S. Let z,y,z € S and t,r,s € (v,1] be such that x; €, p, y, €, p and zs €y p. Then
p(x) >t >~ u(ly) >r>vand p(z) > s > ~. Thus z,y,z € A, and so zyz € A,
that is, u(xyz) > 6. If min{t,r, s} <4, then p(zyz) > 6 > min {¢,r, s} > v, implies
that (2y2)minge,rsp €y #- I min{t, r, s} > 6, then p (zyz) + min{t,r,s} >+ 0 = 20,
SO (wyz)min{tms} gsit- Thus (myz)min{tyr,s} €, Vgsp. Hence g is an (€4, €, Vgs)-fuzzy
ternary subsemigroup of S.

(b) In this part we show that x is a (gs, €y Vgs)-fuzzy ternary subsemigroup of
S. Let z,y,z € S and t,7,s € (v,1] be such that xiqsu, yrgsp and zsgsp. Then
p(x)+t>20, u(y)+r > 20 and p(z) + s > 26. This implies that p(z) > 20 —t >
20 —1 =~,alsopu(y) >20—r >20—1=~and p(z) >20—s >20—1=1+.
Thus z,y,z € A and so zyz € A. This implies that p(zyz) > §. If min {¢,r, s} < 4,
then p(zyz) > 6 > min{t,r,s} > 7. Thus (2Y2) g, s €y #- I min{t, 7, s} > 0,
then p (zyz) + min{t,r, s} > 6 + 6 = 26, and so that (zy2) s ,,s) 954 Hence pis a
(g5, €4 Vq5)-fuzzy ternary subsemigroup of S.

(¢) In this part we show that p is an (€4 Vg5, €y Vg5)-fuzzy ternary subsemigroup
of S. Let z,y,z € S and t,r,s € (v,1] be such that x; €, Vgsp, yr» €4 Vgsp and
2s €4 Vgsp. Then xy €4 p or z4qspt, yr €4 p O Yrqsp and zg €, p or zgqsp. There
are eight possible cases, each case implies that x,y,z € A and so xyz € A. Analogous
to (a) and (b) we obtain (2Y2) g sy €y Vasp. Hence puis an (€4 Vas, €4 Vgs)-fuzzy
ternary subsemigroup of S.

Conversely, suppose that p is an (o/, €y Vgs)-fuzzy ternary subsemigroup of S,
for o/ € {€,,¢5,€, Vgs}. Then A = S,. Hence by Theorem 352, A is a ternary

subsemigroup of S. ®

Corollary 354 Let 20 = 1+ and o/ € {€,,q5,€+ Vqs}. Then a nonempty subset A
of S is a ternary subsemigroup of S if and only if the characteristic function x4 of A

is an (o/, €y Vgs)-fuzzy ternary subsemigroup of S.

Theorem 355 Every (qs, €y Vqs)-fuzzy ternary subsemigroup of S is an (€, €, Vgs)-

fuzzy ternary subsemigroup of S.
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Proof. Assume that p is a (gs, €y Vgs)-fuzzy ternary subsemigroup of S. Let
z,y,z € S and t,7,s € (vy,1] be such that z; €y p, y» €y p and 2z, €, p. Then
w(x) >t>~, pu(y) >r>vyand u(z) > s >~. If possible, let (a?yz)min{t,r’s} €5 Vs,
then p (xyz) < min {¢,r, s} and p (xyz)+min {¢,r, s} < 26. This implies that p (ryz)+
p(zyz) < p(xyz)4+min{t,r, s} < 24. Thus p (zyz) < 6. It follows that max {u (zyz) ,v} <
min {p (z), 1 (y),p(z),0}. Choose t1 € (v,1] such that 26 — max {u (zyz),v} > t; >
20 —min{u (z),p(y),n(z),d}, which implies

20 —max{p(zyz),7y} = min{20 — p(xyz),26 — v} >t
> max {20 — p(x),20 — pu(y),20 —p(z),d}.

It follows that ¢; > 20 — p(z), t1 > 20 — pu(y), t1 > 20 — p(z). Thus p(z) + t1 > 20,
p(y)+t1 > 28, p(z)+t1 > 26 and 26 — pu (zyz) > t1. This implies that p (xyz)+t1 < 20
and p (zyz) <6 < t1. Thus x4, qsp, Yt qsp and zt, gsp but (zyz), €, Vgsp, which is a

contradiction. Hence p is an (€., €y Vgs)-fuzzy ternary subsemigroup of S. m

Theorem 356 Every (€, Vas, €y Vqs)-fuzzy ternary subsemigroup of S is an (€~, €y Vqs)-

fuzzy ternary subsemigroup of S.
Proof. The proof follows from the fact that if z; €, u, then ; €, Vgspu. m

Theorem 357 Every (€4, €,)-fuzzy ternary subsemigroup of S is an (€5, €, Vgs)-

fuzzy ternary subsemigroup of S.
Proof. Starightforward. m

Theorem 358 Let 1 be a fuzzy set in S. Then p is an (€, €y Vqs)-fuzzy ternary
subsemigroup of S if and only if

max {p (zyz), v} = minf{u (), p(y), n(z), 6} (6.2)

forall x,y,z € S.

Proof. Assume that ;1 is an (€4, €, Vgs)-fuzzy ternary subsemigroup of S. If there
exist x,y,z € S such that

max {p (zyz), v} <min{u (), pn(y),n(z),6},

then we can choose t € (7, 1] such that max {u (zyz) ,v} <t <min{u(z),pu(y),pn(z),d}.
This implies that z; €4 p, y¢ €4 p and 2z €4 p, but (xyz), Eyp and p(zyz) +t <
0+ 6 = 20. Thus (zyz), €y Vgsp, which is a contradiction. Hence max {yu (zyz),v} >

min {u (z),p(y),pn(2),6}.



6. (€,,€4 Vg,)-fuzzy ternary subsemigroups and ideals in ternary
semigroups 133

Conversely, suppose that max {u (zyz),v} > min{p (z),pn(y),n(2),0}. Let 2, €,
p, Yr €4 pand zg €4 p. Then p(z) >t > v, 1 (y) > 7 >~y and p(z) > s > . It follows
that

max {4 (zyz),v} = min{u(z), pn(y), p(z), 6}
min {¢,r, s, 6} = min{min {¢,r,s}, 0}.

V

If min{t,r, s} < 0, then max{u (xyz),v} > min{t,r, s}. But min{t,r, s} > ~, so
p(zyz) = min{t,r,s} > . Thus (2Y2)ying,rsy €y - I min{t,r,s} > 6, then
max {p (zyz),v} > 0. But v < 4, so pu(zyz) > 6. Thus p(zyz) + min{t,r, s} >
0 + 0 = 2. Hence (:Eyz)min{tms} gst- Therefore p is an (€., €y Vgs)-fuzzy ternary
subsemigroup of S. ®

Taking v = 0 and § = 0.5 in Theorem 358, we get the following corollary.
Corollary 359 A fuzzy set p in S is an (€, € Vq)-fuzzy ternary subsemigroup of S if
and only if p(xyz) > min{p (), u(y),n(z),0.5}, for all z,y,z € S.

The next theorem provides the relationship between (€., €, Vgs)-fuzzy ternary

subsemigroup and the crisp ternary subsemigroup of S.

Theorem 360 Let i be a fuzzy set in S. Then p is an (€, €y Vqs)-fuzzy ternary sub-
semigroup of S if and only if the nonempty level set U (u;t) is a ternary subsemigroup

of S for allt € (v,4].

Proof. Assume that u is an (€, €, Vgs)-fuzzy ternary subsemigroup of S and
x,y,z € U (u;t) for some t € (,6]. Then p(x) >t >~, u(y) >t >~ and p(z) >t >
~. By hypothesis it follows that

max {x (zyz), v} = min{u(z), p(y), p(z), 0} >min{t, o} =t.

This implies that max {u (zyz),v} > t. But t > v, so p(xyz) >t and zyz € U (u;t) .
Hence U (p;t) is a ternary subsemigroup of S.

Conversely, suppose that U (u;t) is a ternary subsemigroup of S for all ¢ € (v, d].
Suppose there exist z,y, z € S such that

max {u (zyz), v} <min{p (), p(y), p(z), o}.

Then we can choose t € (v, §] such that

max {p (zyz), v} <t <min{p(z), p(y), p(z), d}.

Thus x,y,z € U (u;t) but, xyz ¢ U (u;t), which is a contradiction. Hence

max {u (vyz), v} > min{pu(z), p(y), p(z), o}.

Therefore p is an (€., €y Vgs)-fuzzy ternary subsemigroup of S. m
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Theorem 361 Let {y; |i € A} be a family of (€, €y Vas)-fuzzy ternary subsemi-
groups of S. Then p:= () p; is an (€, €y Vas)-fuzzy ternary subsemigroup of S.
€A
Proof. Suppose that {y; | i € A} is a family of (€., € Vgs)-fuzzy ternary sub-
semigroups of S and z, y, z € S. Then

plzyz)Vy = <ﬂ m) (zyz) V

LIS

= A wi(zyz) vy
€A

= A (i (xyz) V).
€A
Since each p; is an (€., €y Vgs)-fuzzy ternary subsemigroups of S. It follows that

plzyz)Vy = é\A{ui (@) A i (y) A g (2) A6}

_ mm{/\ p; () ié\AMi (), ié\Aui(z),a}

€A

- wnf(gr)er (e (000

= min{pu(z), u(y), u(z),d}.

Hence p:= () p; is an (€, €y Vqs)-fuzzy ternary subsemigroup of S. m
€A

Remark 362 For any (€, €y Vqs)-fuzzy ternary subsemigroups p of S, we can con-
clude that:

(7) if y =0 and § = 1, then u is an (€, €)-fuzzy ternary subsemigroup of S,

(13) if v =0 and 6 = 0.5, then u is an (€, € Vq)-fuzzy ternary subsemigroup of S,
which is discussed in Chapter 2.

(13i) if y =0 and § = %, then p is an (€, € Vqi)-fuzzy ternary subsemigroup of
S, which is discussed in Chapter 3.

() if v =0.5 and § = 1, then u is an (€, € V q)-fuzzy ternary subsemigroup of S,
which is discussed in Chapter 4.

(v) if v = % and § = 1, then u is an (€, €V qx)-fuzzy ternary subsemigroup of
S, which is discussed in Chapter 5.

For a fuzzy set p in S, and ~, 0 € [0,1] with v < §, consider the gs-set and
€, Vgs-set with respect to ¢ (briefly, t-gs-set and t-€, Vgs-set, respectively) as follows:

Sfm :={x € S:x4qspu} and S,tngqa ={zreS: x4 €y Vgsu},

for t € (v, 1]. Clearly, Stequ(S = SteA/ USE,.
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Theorem 363 Let 20 =1+ and p be a fuzzy set in S. Then p is an (€, €y Vgs)-
fuzzy ternary subsemigroup of S if and only if Séé s a ternary subsemigroup of S for

all t € (8,1], whenever it is nonempty.

Proof. Assume that u is an (€, €, Vgs)-fuzzy ternary subsemigroup of S and
x,y,z € S.. Then xyqsp, yeqsp, zeqsp- This implies that p (z) +1 > 26, u(y) +t > 20,
p(z)+t > 26. This implies that pu () > 20—t > 26 —1 =~ and so u (x) > ~. Similarly,
w(y) >~ and p(z) > . By hypothesis it follows that

max {p (zyz),v} > min{p(z), p(y), p(z), 6} >min{26 —t,6} =26 —t,

which implies that p (zyz) +t > 24. Thus zyz € Sé6. Hence 535 is a ternary subsemi-
group of S.

Conversely, suppose that Sgé is a ternary subsemigroup of S for all ¢ € (4,1].
Let z,y,z € S be such that max {p (zyz),v} < min{u(z), p(y), ©(2), 0}. Then
20 —min{p(x), p(y), p(z), 6} <25 —max{p(ryz),v}, which implies

max {26 — () ,26 — p(y),20 — p(2),0} <min{20 — p (zyz),20 — ~}.
Taking 7 € (9, 1] such that
max {25 — p(z),20 — p(y),20 — pu(z),0} <r <min{26 — p(xyz),26 —v}.

Then 26 — p(z) < 7,20 — p(y) < r, 20 — u(z) < r, and r < 20 — p(zyz). This
implies that pu(x) +7r > 28, u(y) +r > 20, u(2) +r > 20 and p (zyz) + r < 2. This
implies that z,qsu, yrqsp and zr.gsp but (zyz), gsp, which is a contradiction. Thus

max {p (zyz),v} > min{p(x), p(y), n(z), 6}. Hence p is an (€4, €, Vgs)-fuzzy
ternary subsemigroup of S. m

Theorem 364 Let 20 =1+ and p be a fuzzy set in S. Then p is an (€, €y Vgs)-
fuzzy ternary subsemigroup of S if and only if Séqué s a ternary subsemigroup of S

for all t € (v, 1], whenever it is nonempty.

Proof. Assume that p is an (€4, €, Vgs)-fuzzy ternary subsemigroup of S and
T,Y,2 € Sévv@;- Then z; €, Vagsp, y+ €y Vgsp and 2z €, Vgsp. This implies that
p(x) >t>vyorp(x)+t>20, p(y) >t >~orpu(y)+t>2,and pu(z) >t >~ or
p(z)+t > 260. Thus p(z) >t > yorp(x) > 26—t >26—1 = ~. Similarly, p(y) >t >
or pu(y) >20—t>2—1=~vand pu(z) >t >vyor pu(z) >20—t>20—1=n~.1If
t € (v,0], then 20 — t > ¢ > t. By hypothesis it follows that

max {u (zyz),v} = min{p(z), p(y), p(z), 6} >min{t, ot =t.
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This implies that p (zyz) >t > . Thus (zyz), €, p. Hence zyz € Séqua. Ift € (6,1],
then 20 —t < § < t and so u(x) > 20 —t, p(y) > 20 —t and p(z) > 26 —t. By
hypothesis max {u (zyz) ,v} > min{u (x), u(y), p(z), 0}. It follows that

w(zyz) > min{u(x), p(y), p(z), 0} >min{2d —¢, 6} =26 —t.

Thus p(2zyz) +t > 20 and so (zyz), gsp. Hence xyz € Séqua' Therefore Sléquls is a
ternary subsemigroup of S.

Conversely, suppose that Séqu s 18 a ternary subsemigroup of S for all t € (v, 1]. Let
x,y,z € S be such that max {u (zyz),v} < min{p(z), pu(y), u(z), 6}. Then we can
choose t € (v,1] such that max {p (zyz),v} <t <min{p(z), p(y), u(z), 0}. This
implies that z; €, p, ¥+ €4 pand 2z €4 p, but (zyz), €, Vgsu, which is a contradiction.
Hence p is an (€, €4 Vgs)-fuzzy ternary subsemigroup of S. m

As a direct consequence of Theorems 363 and 364 we have the following result.

Corollary 365 Let v,',d,8 € [0,1] be such that v < 6,y < &, v <+ and &' < é.
Then every (€, €~ Vqs)-fuzzy ternary subsemigroup of S is an (sz, € \/q(;/)—fuzzy

ternary subsemigroup of S.
6.2 (€,,€, Vg)-fuzzy ideals

We start this section with the following definition.

Definition 366 A fuzzy set p in S is said to be an (a’,ﬁ') -fuzzy left (resp. right,
lateral) ideal of S, where o #€+ Nqgs, if pu satisfies the following condition:

za o implies (wyz), B'p (resp. (zxy), B'p, (xzy), 1), (6.3)
forallz,y,z € S and t € (v,1].

Example 367 Consider the ternary semigroup S of Example 53. Define a fuzzy set

win S as follows:

(0.8 if z=a,
0.1 if z=0b,
pw:S—10,1, z—< 02 if z=c,
0.7 if z =d,
0.5 if x=e.

Routine calculations show that p is an (€03, €0.3 Vqo.s)-fuzzy left ideal of S. But p
is neither an (€¢.3, 0.3 Vqo.s)-fuzzy right ideal, nor an (€03, €03 Vqo.s)-fuzzy lateral
ideal of S. Since eg31 €o.3 1, but

(ecc)g 31 €0.3 Vaost,
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and

(660)0,31 €0.3 Vqo.glt-

Example 368 Consider the ternary semigroup S = {0,a,b,c,1} of Ezample 5. De-

fine a fuzzy set p in S as follows:

0.7 if z =0,
0.2 if x =a,
w:S —[0,1], z+— < 0.6 if x=0b,
0.4 if z=c,
0.3 ifx=1.

Routine calculations show that p is an (€o.3, €0.3 Vqo.7)-fuzzy right ideal of S. But p is
neither an (€03, €0.3 Vqo.7)-fuzzy left ideal, nor an (€03, 0.3 Vqo.7)-fuzzy lateral ideal
of S. Since co32 €03 1, but,

(lac)g 39 €0.3 Vao.7H,

and

(ad)o.gz €0.3 Vqo.7/h-

Theorem 369 FLvery (€, €)-fuzzy left (resp. right, lateral) ideal of S is an (€, €y Vgs)-
fuzzy left (resp. right, lateral) ideal of S,

Proof. Straightforward. =

Theorem 370 Let 26 = 1+~ and p be an (O/,B’) -fuzzy left (resp. right, lateral) ideal
of S. Then the set S, is a left (resp. right, lateral) ideal of S.

Proof. The proof is similar to the proof of Theorem 352. m

Theorem 371 Let 20 = 1+ v and A be a nonempty subset of S. Then A is a left
(resp. right, lateral) ideal of S if and only if the fuzzy set p in S defined by:

(@) <7 forallze S\ A,
xr) =
> forallz e A,

is an (o, €y Vqs)-fuzzy left (resp. right, lateral) ideal of S, where o/ € {€,,q5,€, Vgs5} -
Proof. The proof is similar to the proof of Theorem 353. m

Corollary 372 Let 20 =1+ and o/ € {€,,q5,€y Vgs}. Then a nonempty subset A
of S is a left (resp. right, lateral) ideal of S if and only if the characteristic function
xa of Ais an (&, €y Vgs)-fuzzy left (resp. right, lateral) ideal of S.
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Corollary 373 A nonempty subset L of S is a left (resp. right, lateral) ideal of S
if and only if the characteristic function x; of L is an (€, €y Vqs)-fuzzy left (resp.
right, lateral) ideal of S.

Theorem 374 FEvery (qs, €y Vqs)-fuzzy left (resp. right, lateral) ideal of S is an
(€, €4 Vas)-fuzzy left (resp. right, lateral) ideal of S.

Proof. The proof is similar to the proof of Theorem 355. m

Theorem 375 Every (€4 Vas, €4 Vqs)-fuzzy left (resp. right, lateral) ideal S is an
(€4, €y Vas)-fuzzy left (resp. right, lateral) ideal of S.

Proof. The proof follows from the fact that if z; €, u, then x; €, Vgsu. =

Theorem 376 Let i be a a fuzzy in S. Then p is an (€, €y Vqs)-fuzzy left (resp.
right, lateral) ideal of S if and only if

max {p (zy2) , 7} > min{u(2), 5} (6.4)

(resp. max{p(zyz), v} > min{p(z), 0}, max{pu(zyz), v} > min{u(y), 0})

forall x,y,z € S.

Proof. The proof is similar to the proof of Theorem 358. =
If we put v =0 and § = 0.5 in Theorem 376 we get the following corollary.

Corollary 377 A fuzzy set u in S is an (€, € Vq)-fuzzy left (resp. right, lateral) ideal
of S if and only if

p(zyz) > p(2) N0.5 (resp. p(zyz) > p(z) A0S, p(zyz) > p(y) A0.5)
for all x,y,z € S.

Theorem 378 Let j1 be a fuzzy set in S. Then p is an (€, €y Vas)-fuzzy left (resp.
right, lateral) ideal of S if and only if the nonempty level set U (u;t) is a left (resp.
right, lateral) ideal of S for all t € (v, J].

Proof. The proof is similar to the proof of Theorem 360. m

Remark 379 Every (€., €y Vqs)-fuzzy ideal of S is an (€, € Vqs5)-fuzzy ternary
subsemigroup of S but the converse is not true in general as seen in the following

example.
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Example 380 Consider the ternary semigroup S of Fxample 16. Define a fuzzy set
win S as follows:

0.60 if x = —i,
w:S—1[0,1], z— < 040 if z=0,
0.87 if x =i.

It is now routine to verify that u is an (€048, €0.48 Vqo.59)-fuzzy ternary subsemigroup
but not an (€g.4s, €0.48 Vqo.59)-fuzzy ideal of S.

Theorem 381 Let {u; | i € A} be a family of (€, €y Vas)-fuzzy left (resp. right,
lateral) ideals of S. Then
(i) p:= ﬂ L s an (€, €4 Vqs)-fuzzy left (resp. right, lateral) ideal of S.

(1) p = U ;i an (€, €4 Vas)-fuzzy left (resp. right, lateral) ideal of S.

Proof. We prove only (i). The other part follows in an analogus way. Suppose
that {y; | i € A} is a family of (€., € Vgs)-fuzzy left ideals of S and z, y, z € S. Then

plzyz)Vy = <ﬂ m) (zyz) V

€A
= Awilzyz)Vy
€A
= N (ui(zy2) V).
€A
Since each p; is an (€., €y Vgs)-fuzzy left ideal of S. It follows that

plzyz) Vy > 'é\A{m (z) N6}

- wu{(e)o)

= min{u(z),0}.

Hence p:= () p; is an (€, €y Vgs)-fuzzy left ideal of S. m
€A

Theorem 382 Let 20 =1+ and p be a fuzzy set in S. Then p is an (€, €y Vgs)-
fuzzy left (resp. right, lateral) ideal of S if and only if St is a left (resp. right, lateral)
ideal of S for all t € (9,1], whenever it is nonempty.

Proof. The proof is similar to the proof of Theorem 363. m
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Theorem 383 Let 20 =1+ and p be a fuzzy set in S. Then p is an (€, €y Vgs)-
fuzzy left (resp. right, lateral) ideal of S if and only if Séqué is a left (resp. right,
lateral) ideal of S for all t € (v,1], whenever it is nonempty.

Proof. The proof is similar to the proof of Theorem 364. m

As a direct consequence of Theorems 382 and 383 we have the following result.

Corollary 384 Let v,7',8,8 € [0,1] be such that v < 6,y < &, v <+ and & < é.
Then every (€, €y Vqs)-fuzzy left (resp. right, lateral) ideal of S is an (67/, €y Vq5/)-
fuzzy left (resp. right, lateral) ideal of S.

Remark 385 For any (€., €~ Vqs)-fuzzy left (resp. right, lateral) ideal p of S, we
can conclude that:

(1) if vy =0 and 6 = 1, then p is an (€, €)-fuzzy left (resp. right, lateral) ideal of
S,

(13) if vy =0 and § = 0.5, then u is an (€,€ Vq)-fuzzy left (resp. right, lateral)
ideal of S, which is discussed in Chapter 2.

(131) if y =0 and 6 = 1;2]“, then p is an (€, € Vqi)-fuzzy left (resp. right, lateral)
ideal of S, which is discussed in Chapter 3.

() if v = 0.5 and § = 1, then u is an (€, €V q)-fuzzy left (resp. right, lateral)
ideal of S, which is discussed in Chapter J.

(v) if v = % and § = 1, then p is an (€, € V q)-fuzzy left (resp. right, lateral)
ideal of S, which is discussed in Chapter 5.

6.3 Fuzzy quasi-ideals of type (€., €, Vgs)

Definition 386 A fuzzy set pu in S is said to be an (€, €y Vqs)-fuzzy quasi-ideal of
S if it satisfies the following conditions:

(i) max {11 () ,7} > min {(1105 0 8) (z), (S0 1 0.S) (1), (S 0 S o 1) (x) 6}
(i) max {11 () , 7} > min {(110 5 0.8) (z), (S0 S 0 p 0 S 0.8) (1), (S0 S o 1) (), 6}
for all x € S.

Lemma 387 A nonempty subset Q of S is a quasi-ideal of S if and only if the char-
acteristic function xg of @ is an (€, €y Vqs)-fuzzy quasi-ideal of S.

Proof. Assume that @ is a quasi-ideal of S, x the characteristic function of Q
andz € S.Ifx ¢ Q, thenz ¢ SSQ, 2 ¢ SQSorxz ¢ QSS andso (SoSoCyp) (x) =0,
(SoCgoS8)(x)=0o0r (CogoSoS)(z)=0. It follows that

min {(SoSoxg) (z),(SeoxgeS) (@), (xgoSeS) (z),6} =0<max{xq (z),7}.
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If z € @, then

maX{XQ(m),y}zlzmin{(SoSoXQ) (x),(SonOS) (:E),(XQOSOS) (x),&}.

Similarly,

max {xg (z),7} = 1

min{ (SoSoxg)(2),(SeSoxgoSes)(x), }
(xgoSoS8)(z),s

v

Hence x is an (€, € Vgs)-fuzzy quasi-ideal of S.

Conversely, suppose that x is an (€, €, Vgs)-fuzzy quasi-ideal of S. Let a €
SSQNSRSNESS. Then a € S5Q, a € SQS and a € QSS. This implies that there
exist x,y,2 € Q and s1,52,83t1,%2,t3 € S such that a = s1t1z and a = saytz and
a = zssts. It follows that

(xgoSo8)(a) = V {Cqp)AS(q)AS(r)}

> xo(2) A S (s3) A S (S9)
= Xg(@)ANIALT=xg(2) =1

So (xgoSoS8)(a) = 1. Similarly (SoSoxg)(a) =1 and (SoxgoS)(a) = 1. It
follows that

maX{XQ(a),’y} > min{(SoSon)(a),(SOSoXQOSOS)(a),(XQOSOS)(a),é}
= 4.

Thus x (a) = 1. Hence a € @ and so SSQNSQSNQSS C Q. Similarly we can show
that SSQ NSSQSSNQSS C Q. Hence @ is a quasi-ideal of S. m

Theorem 388 FEvery (€4, €, Vqs)-fuzzy right (left, lateral) ideal of S is an (€., €y Vgs)-
fuzzy quasi-ideal of S.

Proof. Assume that p is an (€., €, Vgs)-fuzzy right ideal of S and = € S. Then

(roSoS) (@)= V (@AS@AS@)= V p(w.
It follows that
(1oSo08) (@) AS = { v M(U)}M: V. (uu)Ad)

T=Uvw T=Uuvw

IN

Vo p(uwow) Vy=p(@)Vy.

T=uvw
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Thus 4 (z) Vy > (oS o08) () A8, which implies
max {4 (z),7} 2 min{(poSo8)(x),(Sopues)(z),(SoSou)(z), o}.
Similarly,
max {p (z),7} > min{(zoSo08) (z),(SoSouoSoS)(x),(SoSou)(z), §}.

Hence p is an (€, € Vgs)-fuzzy quasi-ideal of S. m

The converse of Theorem 388 may not be true in general, as seen in the following

example.
00 -1 0 0 —1 0 0
Example 389 Leta = , b= ,C= ,d= ,
0 0 0 0 0 0 -1 0
0 0 . . .
e= 0 e Then S = {a,b,c,d, e} is a ternary semigroup under ternary matriz

multiplication. Define a fuzzy set p in S as follows:

(0.7 if 2 =a,

04 if x =0,

w:S—1[0,1, z— < 05 if z=c,
0.3 if zr=d,

0.2 ifz=e.

Then
S if t € (0,0.2],

(
{a,b,c,d} if ¢ € (0.2,0.3],
{a,b,c}  if t € (0.3,0.4],
{a,c} if ¢t € (0.4,0.5],
{a} if ¢ € (0.5,0.7],
0 if ¢t € (0.7,1].

Clearly, 1 is an (€9.4, €0.4 Vqo.7)-fuzzy quasi-ideal of S which is neither (€o.4, €04 Vqo.7)-
fuzzy left ideal nor (€04, €0.4 Vqo.7)-fuzzy right ideal nor (€04, €0.4 Vqo.7)-fuzzy lateral
ideal of S.

6.4 (€,,€, Vg)-fuzzy bi-ideals

Definition 390 An (o/, B’) -fuzzy ternary subsemigroup p of S is said to be an (o/, ,B’) -
fuzzy bi-ideal of S, where o #€ Ags, if 1 satisfies the following condition:

i, Yo poand zga poimply (TUYVZ) pingt s} B (6.5)
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for all u,v,z,y,z € S and t € (v, 1].
A fuzzy set p in S is called an (o/, 6') -fuzzy generalized bi-ideal of S, if it satisfies
condition (6.5).

Theorem 391 Let 26 = 1+~ and p be an (0/,5’) -fuzzy bi-ideal (resp. generalized
bi-ideal) of S. Then the set Sy is a bi-ideal (resp. generalized bi-ideal) of S.

Proof. The proof is similar to the proof of Theorem 352. m

Theorem 392 Let 20 = 1+ and A be a nonempty subset of S. Then A is a bi-ideal
(resp. gemeralized bi-ideal) of S if and only if the fuzzy set p in S defined by:

<~ forallz e S\ A,
pu(w) =
>0 forallxze A,

is an (o, €4 Vqs)-fuzzy bi-ideal (resp. generalized bi-ideal) of S, where o’ € {€,,qs5,€ Vgs} .
Proof. The proof is similar to the proof of Theorem 353. m

Corollary 393 Let 26 = 1+~ and o/ € {€4,q5, € Vgs}. Then a nonempty subset
A of S is a bi-ideal (resp. generalized bi-ideal) of S if and only if the characteristic
Junction x4 of A is an (0!, €y Vgs)-fuzzy bi-ideal (resp. generalized bi-ideal) ideal of
S.

Theorem 394 Every (g5, €, Vqs)-fuzzy bi-ideal (resp. generalized bi-ideal) of S is an
(€4, €y Vas)-fuzzy bi-ideal (resp. generalized bi-ideal) of S.

Proof. The proof is similar to the proof of Theorem 355. m

Theorem 395 FEvery (€ Vqs, €y Vqs)-fuzzy bi-ideal (resp. generalized bi-ideal) of S
is an (€, €y Vqs)-fuzzy bi-ideal (resp. generalized bi-ideal) of S.

Proof. The proof follows from the fact that if z; €, p, then x; €, Vgsp. =

Theorem 396 Let 20 =1+ and p be a fuzzy set in S. Then p is an (€, €y Vgs)-
fuzzy bi-ideal (resp. generalized bi-ideal) of S if and only if S};é is a bi-ideal (resp.
generalized bi-ideal) of S for all t € (0, 1], whenever it is nonempty.

Proof. The proof is similar to the proof of Theorem 363. =

Theorem 397 Let 20 =1+ and p be a fuzzy set in S. Then p is an (€, €y Vgs)-
fuzzy bi-ideal (resp. generalized bi-ideal) of S if and only if Séqus is a bi-ideal (resp.
generalized bi-ideal) of S for all t € (v, 1], whenever it is nonempty.
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Proof. The proof is similar to the proof of Theorem 364. m

As a direct consequence of Theorems 396 and 397 we have the following result.

Corollary 398 Let v,7,6,0' € [0,1] be such that v < 6,v < &, v < v and
8" < 8. Then every (€, €y Vas)-fuzzy bi-ideal (resp. generalized bi-ideal) of S is an
(67/, €y \/q(;/)—fuzzy bi-ideal (resp. generalized bi-ideal) of S.

Theorem 399 FEvery (€., € Vas)-fuzzy quasi-ideal of S is an (€, €y Vqs)-fuzzy bi-
ideal of S.

Proof. Assume that ;1 is an (€., €, Vgs)-fuzzy quasi-ideal of S and u, v, z,y,z € S.
Then

max {(xyz) .7} > min{(noSoS8)(ayz),(SopuoS) (wyz),(SoSopu)(ayz),d}
— (108 08) (xyz) A(SopoS) (zy=) A(S oS o p) (ayz) A S

:{ \/ {u(u)AS(v)AS(w)}}

TYZ=UVW

/\{ V {S(p)/\u(q)AS(r)}}

TYz=pqr

/\{ v {S(a)/\S(b)/\p(c)}}/\é

ryz=abc

{n(@)AS(y) AS(2)}
MS @) A NS ()} A{S (@) NS () A (2)} NS

= p@)Apy) Ap(z)Ad.

AV

Thus max {u (zyz) ,v} > min{p (z),p(y),p(z),d}. Also,
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(poSo8) (zuyvz),(SoSouoSoS) (zruyvz), }

o
max {p (zuyvz),v} > min { (SoSopu) (zuyvz), 6

max {p (zuyvz),v} > (poSoS) (zuyvz) AN(SoSopuoSoS) (ruyvz)
A(SoSopu)(zuyvz) Ad

:{ V {M(sl)/\S(S2)/\S(33)}}

TUYVZ=S15253

A{ Vo {(SeSop) (34)/\8(35)/\8(36)}}

TUYVZ=S455S6

A{ V {3(7”1)/\3(7“2)AM(7“3)}}/\5

TUYVZ=T1T2T3

TUYVZ=S15253

:{ v {M(sl)AS(SQ)AS(S?))}}

A{ V {\/(S(a)AS(b)AM(C))AS(Ss)/\S(S(s)}}

TUYVZ=548556 Ssa=abc

/\{ V {S(rl)/\S(rg)/\,u(rg)}}/\é

TUYVZ=T1T2T3

- { \/ {u(51)/\3(52)/\8(33)}}

TUYVZ=S182S3

A{ V (S(a)/\S(b)Au(C))/\S(Ss)AS(%)}

zuyvz=(abc)ss se

A{ \% {S(Tl)/\S(Tz)AM(Ts)}}/\5

TUYVZ=T1T2T3

{n (@) NS (uyv) NS (2)} A{S (@) AS (u) Ap(y) AS (v) AS (2)}
NS () NS (uyv) A (z)} A6

= p(@)Ap(y) Ap(z) Ao

v

This implies that max {u (zuyvz),v} > min{u (z),pu(y),pn(z),d}. Hence p is an
(€4, €4 Vqs)-fuzzy bi-ideal of S. m

Definition 400 Let u, A and v be fuzzy sets in S. Define the fuzzy sets (u)i , /\g A,
I \/i Aand p ofsy A o‘fy vin S as follows:
1) <u>i<x>=<ﬂ< ) V) AS:
(2) (1A A) (@) = (@) A A () V) A D
(3) (V3 A) () = (1 () V A (2) V) A 6
(4) (Mo‘s)\o I/) x)=((poXov)(z)Vy)AS
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for all x € S.

Lemma 401 Let p, A and v be fuzzy sets in S. Then the following hold:
(1) (19 3) = (3 A O}
D (V3N =y
(3) pof Aod v =(u); 0 (N, o(V).

Proof. The proofs of (1) and (2) are obvious.
(3) Let z € S. Then

(b5 A v) (@) = ((worov)(@) V) As

Lemma 402 Let j1 be an (€, €, Vqs)-fuzzy right ideal, X an (€, €, Vqs)-fuzzy lateral
ideal and v an (€, €, Vqs)-fuzzy left ideal of S. Then oﬁ;y A ofsy v<pu /\fsy A /\isy V.

Proof. Assume that p is an (€4, €, Vgs)-fuzzy right ideal, A an (€., €, Vgs)-fuzzy
lateral ideal and v an (€., €y Vgs)-fuzzy left ideal of S and = € S. Then

(Monggy) () = {(uorov)@)VA}AS

{ Vo (e (uow) V) A A (uow) V) A (V(uvw)\/'y)} \/’y} Ad

{ V ,u(uvw)/\)\(uvw)Az/(uvw)}\/’y}/\é
{(n(@) AX(2) A (X)) VAt AS
= <u/\§)\/\§u)(:v).

Henceﬂog)\ogygu/\g)\/\gy. ]
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Lemma 403 Let pn be an (€., €y Vqs)-fuzzy right ideal and X an (€, €, Vqs)-fuzzy
left ideal of S. Then 0% 8 o) X < A A,

Proof. Assume that p is an (€4, €, Vgs)-fuzzy right ideal and A an (€, €, Vgs)-
fuzzy left ideal of S and € S. Then

(Mogsogx) (r) = {(HoSoN)VAIAS

- {xYUw (e () AS () AX (w)) Vv} NG
R

< {{ V (u(uvw)/\é)/\()\(uvw)/\é)}\/’y}/\(5

I=uvw

= {(r@ AA@) VI AS = (1A A) ().

Hence/,bof/Sof/)\gu/\‘i)\. ]

The proof of the following theorem is straightforward and we omitt the detail.

Theorem 404 A nonempty subset A of S is a left (resp. right, lateral) ideal of S if
and only if (XA)(E, is an (€, €y Vqs)-fuzzy left (resp. right, lateral) ideal of S, where

X4 s the characteristic function of A.

6.5 Regular ternary semigroups

In this section we characterize regular ternary semigroups in terms of (€5, €, Vgs)-
fuzzy left (right) ideals, (€4, €, Vgs)-fuzzy quasi-ideals, (€., €+ Vgs)-fuzzy bi-ideals
(generalized bi-ideals).

Theorem 405 The following assertions are equivalent for a ternary semigroup S :
(1) S is regular;
(2) p /\fsy A /\i v=p ofsy A og v for every (€, €~ Vqs)-fuzzy right ideal p, every
(€4, €y Vas)-fuzzy lateral ideal X\ and every (€., €y Vqs)-fuzzy left ideal v of S.

Proof. (1) = (2) : Assume that p is an (€., €, Vgs)-fuzzy right ideal, A an
(€, €y Vgs)-fuzzy lateral ideal and v an (€, €, Vgs)-fuzzy left ideal of S. Then by
Lemma 402, u oisy A on v<pu /\g A /\:5/ v. Now, since S is regular, so for any x € S there
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exists a € S such that x = xzaz. It follows that
) 4 _
(hodachv) (@) = {(morov) (@) Vatns

- {{ v worrmavmy}vagas

a=lmn
{(1(2) A (aza) A v (2)) V 7} A
{(u(2) A (Aaza) V) Av (@) VA AS
{(n @) AX (@) A (2)) VAt AD
<u /\fsy A /\i V) (z).

Y

Y

ThuS/j,OstAOf‘yl/Zlu,/\fsy)\/\gV. Henceu/\‘fy)\/\‘fyuzluog/\ofyy.

(2) = (1) : Let R, M and L be the right ideal, lateral ideal and left ideal of S,
respectively. Then xg, x; and x;, are (€4, €, Vgs)-fuzzy right ideal, (€4, €, Vgs)-
fuzzy lateral ideal and (€., €, Vgs)-fuzzy left ideal of S, respectively. By hypothesis,
it follows that

5 5 5 5
XRANy XM ANy XL = XROy XM %y XL
5 5
(XRﬁMﬂL)fy = (XRML)fy .

Thus RN M N L= RML. Hence by Theorem 5, S is regular. m

Theorem 406 The following assertions are equivalent for a ternary semigroup S :
(1) S is regular;
(2) p /\ér A= pu o‘s7 S og A for every (€., €~ Vqs)-fuzzy right ideal p and every
(€, €4 Vas)-fuzzy left ideal X of S.

Proof. (1) = (2) : Assume that p is an (€., €, Vgs)-fuzzy right ideal, A an
(€4, €y Vags)-fuzzy left ideal of S and « € S. Then by Lemma 403 p og S og A< /\fsy A

Now, since S is regular, so for any x € S, there exists a € S such that x = zax =
z (azxa) z. It follows that

(uoiSoiA)(x) = {(noSoN) (z)VAIAS

- {{wensmion}o)

> {(1 (@) A S (aa) A X (@) VA AS
= {(r@) AA@) VA AS = (A5 2) ().

Thus,uoflSof/)\Zu/\i)\. Henceu/\iAzyoiSoiA.
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(2) = (1) : Let R and L be right and left ideals of S, respectively. Then xp and x,
are (€, €, Vgs)-fuzzy right ideal and (€., €, Vgs)-fuzzy left ideal of S, respectively.
By hypothesis, it follows that

XR /\i XL = Xr 057 S Oi XL
5 5
(Xrnr)y = (Xrsz)y-

Thus RN L = RSL. Hence by Theorem 6, S is regular. m

Theorem 407 The following assertions are equivalent for a ternary semigroup S :
(1) S is regular;
(2) (,u)g = U og S og I og S og p for every (€, €y Vqs)-fuzzy generalized bi-ideal
of S;
(3) (u)i =pu Ofsy S Ofsy 1 057 S og p for every (€., €y Vqs)-fuzzy bi-ideal ji of S;
(4) (u)i =pu og S og L O§/ S og p for every (€, €y Vqs)-fuzzy quasi-ideal pv of S.

Proof. (1) = (2) : Assume that p is an (&€, €y Vgs)-fuzzy generalized bi-ideal of
S. Since S is regular, so for any z € S there exists a € S such that z = zaz. It follows
that

(o8 oS el St ) (a) = {gﬁ\q{vw(uogsogﬂ)@)AS@)AMM)}W}M
[(neh 5o n) @ AS@Au))})
{m\/ M(P)/\S(Q)/\M(T)}/\u(w)}\/’y}/\é

> {u@)AS(a) Ap(@) Ap(@)} vVt Ad
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Thus (,u)i <pu og S of, 1 oi S oi p. Now, since p is an (€4, €, Vgs)-fuzzy generalized
bi-ideal of S, it follows that

e, Soyuo S 03 1) (x)

Mo Sod M) (l)/\S(m)/\u(n)}\/’y}/\é

z=Ilmn l—pqr )
Vo

{{ \ {l (u(p)Au(r)Au(n)M)}}}\/v}/\5
{ l {_V M(pqrmn)\/v}} }M

= (u(@)Vy)AS = (1)) (x).
Thus (u)i > uog Sog ,uoiS/So‘fY . Hence (u)i = uog SO§ ,uoiS/So‘fY L.
(2) = (3) = (4) : are obvious.
(4) = (1) : Let Q be a quasi-ideal of S. Then by Lemma 387, x) is an (€., €, Vqs)-
fuzzy quasi-ideal of S. By hypothesis, it follows that

(s
{
{
{
{

(xo)! = (XQ o) § 0% xq 0 8 XQ)
(xgV) NS = {(xgoSoxgoSoxg)VA}AS
= {(xosesq) Vi A
Thus Q = QSQSQ. Hence by Theorem 7, S is regular. m

Theorem 408 The following assertions are equivalent for a ternary semigroup S :
(1) S is regular;
2) pAS X < ol SN for every (€., €, Vqs)-fuzzy generalized bi-ideal pu and
v 7 %y v =
every (€, €y Vqs)-fuzzy left ideal X of S;
(3) ,u/\fsy)\ < uogSo(Sv)\ for every (€4, €y Vqs)-fuzzy bi-ideal 1 and every (€., €4 Vgs)-
fuzzy left ideal X of S,
(4) u /\fsy A< pu ofy S o‘fy A for every (€., €y Vas)-fuzzy quasi-ideal p and every
(€4, €4 Vas)-fuzzy left ideal X of S.
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Proof. (1) = (2) : Assume that p is an (€4, €, Vgs)-fuzzy generalized bi-ideal
and A an (€., €y Vqs)-fuzzy left ideal of S. Since S is regular, so for any x € S, there

exists a € S such that £ = zaz. It follows that

(yoiSoiA) () = {(uoSoX)(z)VAy}Ad

= {{m:\l{ku(u)/\S(v)/\)\(w)} \/7} Ad
> {(p@)AS(a) NX(z)) VAt AD

= (BAN @V AT= (pA) ) (@)

1 ) )
Thus p AS A < ol §of A
(2) = (3) = (4) : are obvious.
(4) = (1) : Let p be an (€, €y Vgs)-fuzzy right ideal and A an (€., € Vags)-
fuzzy left ideal of S. Since every (€, €, Vgs)-fuzzy right ideal is an (€, €, Vgs)-fuzzy
quasi-ideal of S, so /\fsy A< o‘fy S o‘fy . It follows that

Q“gsogA)@g = {(uoSoA) (z)VAIAS

= {{ /\S()/\)\(r)}\/’y}/\d

p)AS) A (AU)A&}Vw}Aé

w—pqr

< {_ 1 (pgr) V ) A (A(pqv")vv)}vv}/w

w(pgr) A X (pgr)) v }M

- m )<>.

Thus p /\i A> ofsy S o‘fy A. Hence p /\i A= ofsy S ofsy A. Therefore by Theorem 406, S
is regular. m

In a similar manner we can prove the following theorem.

Theorem 409 The following assertions are equivalent for a ternary semigroup S :

(1) S is regular;

(2) A /\i w < A oi S oi p for every (€~, €y Vqs)-fuzzy right ideal X\ and every
(€, €y Vas)-fuzzy generalized bi-ideal j1 of S;

(3) A /\g w < A Ofsy S Ofsy p for every (€, €, Vqs)-fuzzy right ideal X\ and every
(€, €4 Vas)-fuzzy bi-ideal p of S;

(4) A /\g w< A oﬁ‘Y S oﬁ‘Y p for every (€, €, Vqs)-fuzzy right ideal X and every
(E€+, €4 V@5)-fuzzy quasi-ideal pu of S.
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Theorem 410 The following assertions are equivalent for a ternary semigroup S :

(1) S is regular;

(2) u /\‘fy A< (,u ofy S og )\) A (/\ o‘fy S 057 ,u) for all (€4, €y Vgs)-fuzzy generalized
bi-ideals p and X of S}

(3) p /\‘fy A< (p oi S oi M)A (A oi S o‘fy 1) for all (€, € Vas)-fuzzy bi-ideals p and
Aof S;

(4) p /\§Y A< (p og S ofsy A) A (A ofsy S ofsy ) for every (€, €~ Vqs)-fuzzy bi-ideal p
and every (€, €y Vgs)-fuzzy quasi-ideal X of S,

(5) w /\S‘7 A< (p o‘fy S o‘fy M)A (A og S oj‘Y 1) for every (€, €~ Vas)-fuzzy bi-ideal 1
and every (€, €y Vqs)-fuzzy left ideal X of S;

(6) p /\g A< (,u ofl S ofr )\) A ()\ og S og ,u) for every (€, €y Vgs)-fuzzy quasi-ideal
pand every (€, €y Vqs)-fuzzy left ideal X of S;

(7) w /\‘57 A< (p og S o‘s7 A)A (A ofsy S ofsy 1) for every (€, €y Vas)-fuzzy right ideal
pand every (€, €y Vqs)-fuzzy left ideal X of S.

Proof. (1) = (2) : Assume that p and X are (€., € Vgs)-fuzzy generalized bi-
ideals of S. Since S is regular, so for any x € S, there exists a € S such that x = xax.
It follows that

(nof S 03 ()

{(noSoX)(z) VAt A

- {{gg\l{ku(u)/\S(v)/\/\(w)} \/’y} A6

> {(n(@) AS (@) AA@) VAEAS
= {(r@ AA@) VA= (8A)A) (@)

Thus ,u/\g)\ < Mo‘iSoi A. Also we have
(Aogsogu) () = {(AoSou)(z)VA}As

= { V ()\(p)/\S(Q)/\N(T’))V’Y}/\5

Tr=pqr
> {(A(@)AS(a) Ap(x)) VAt Ad
= {A@)Ap(@)vyrno
- (M A A) ().
This implies that /L/\‘;/\ < AoiSogu. Therefore, u/\i)\ < (,u o‘fy S o‘fy )\) A (/\ o‘fy S ofy ,u) )
(2) = (3)=(4) = (5) = (6) = (7) : are obvious.
(7) = (1) : Suppose p /\57 A< (p og S oi A) A (A ofr S o‘s7 1) for every (€4, €4 Vgs)-
fuzzy right ideal p and every (€., €, Vgs)-fuzzy left ideal A of S. Now by hypoth-
esis p /\fsy A< (u ofsy S oﬁsy )\) A ()\ ofsy S ofsy ,u,) < (u of;y S oﬁsy /\) and by Lemma 403,
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(u og S og )\) < pu /\g A. Hence p /\i A= (,u og S O§/ )\) . Therefore, by Theorem 406, S

is regular. =

6.6 Weakly regular ternary semigroups

In the present section we characterize weakly regular ternary semigroups in terms of

(€4, €4 Vags)-fuzzy right (quasi-, bi-, generalized bi-, two sided) ideals.

Theorem 411 The following assertions are equivalent for a ternary semigroup S :
(1) S is right weakly regular;
(2) u /\g A= pu o‘fy A o‘fy X for every (€., €~ Vgs)-fuzzy right ideal p1 and every
(€4, €4 V@5)-fuzzy two sided ideal A of S.

Proof. (1) = (2) : Let u be an (€., €, Vgs)-fuzzy right ideal and A an (€, €4 Vgs)-
fuzzy two sided ideal of S and x € S. It follows that

(,uofsy)\ofsy)\> (x) = {(noAXoX)(z)V~A}AS

V {u(p ()AA(T)}VV}M

r=pqr

PYAS) AN () A uooAavy}Aa

IN

p(par) V) A (g) A (A(pqr)vv)\/v}Aé

r=pgqr

{
v,
L%
L%

1 (pgr) A A(pgr)) v }A5

r=pqr

< @A@YV AS= (uA] ) ().

Thus p ofsy A ofsy A< u /\S‘y A. Now, since S is right weakly regular, so for any x € S, there
exist $1, $9, 83,11, t2,t3 € S such that x = (zs1t1) (zsate) (zssts) . It follows that

(£A52) (@) = {(BAXAN) (@) VA}AS
= {(u@)AX@) AN () VYEAS
{(p (xzs1ty) A X (zsata) A A(zssts)) VY AS

{ Y {(M(U)AA(U)M(w))vv}}/\a

T=Uvw

{(poAoX)(z) VA= (uog)\oi)\) (x).

IN

IA

Thus,u/\g)\gpo‘i)\og)\. Hence,u/\i)\:,uois/)\og)\.
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(2) = (1) : Let R be aright ideal and I a two sided ideal of S. Then x  and x; are
(€4, €y Vgs)-fuzzy right ideal and (€, €, Vgs)-fuzzy two sided ideal of S, respectively.
By hypothesis, it follows that

XR /\i X1 = Xr 0§ X1 Oi X1
s s
(XRQI)W = (XRII)y .

Thus RN I = RII. Hence by Lemma 9, S is right weakly regular. m

Theorem 412 The following assertions are equivalent for a ternary semigroup S :
(1) S is right weakly regular;
(2) Each (€, €y Vas)-fuzzy right ideal p of S is idempotent.

Proof. (1) = (2) : Assume that p is an (€, €, Vgs)-fuzzy right ideal. We prove
pod ol = (p). Let x € S. Then

(holmod ) (@) = {(mopom) (@) Va}nes
= {x\z/)qr{u(p)Au() (7")}\/7}/\5
= {x\éqr{(u(p)M)Aﬂ() ()}vv}M
< {x\éqr{(u(pqr)vv)Au(Q) ()}\/’Y}/\5
= {x\/r{H(qu)/\M(Q) (T)}V'Y}M
< _\/pq{(u(pqr))vv}MS{u(w)vv}M

Thus p og I oﬂsf w < (,u)f/ Now since S is right weakly regular, so for any = € S, there
exist s1, Sa, S3,t1,t2,t3 € S such that © = (xs1t1) (vsate) (zssts) . It follows that

(1 (@) = {(r@) Ap@) Ap@)VItAS
= [{((u(x) A o) A () A o)A ( (5'3)/\5))V7}]/\5
{(p(xs151) V) A (p(xs252) AO) A (p(283S3) AO) VA AS

{ w(q) V'y}/\é

\/’Y}/\5 pod ol u)( )-

IA

= pq’f
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1) 1)
Thus (p)5 < o pof p. Hence () = 04 1109 p.
(2) = (1) Let A be the right ideal of S. Then by Theorem 404, (XA)fSY is an
(€4, €y Vgs)-fuzzy right ideal of S. Thus by hypothesis

4 1 é
(X4)5 = Xa0°5Xa°5Xa
= {(xaoxaoxa)VY}IAS
1
= (XAS)’y'

This implies that A = A3. Hence S is right weakly regular. m

Theorem 413 The following assertions are equivalent for a ternary semigroup S :

(1) S is right weakly regular;

(2) ,u/\fsy)\/\fsyy < ,uofsy)\ogy for every (€, €y Vqs)-fuzzy bi-ideal 1, every (€, €y Vgs)-
fuzzy two sided ideal N and every (€, €y Vqs)-fuzzy right ideal v of S;

(3) w /\S‘7 A /\fsy v < pu o‘fy A oj‘Y v for every (€, €y Vqs)-fuzzy quasi-ideal p, every
(€, €4 Vas)-fuzzy two sided ideal X and every (€., €y Vqs)-fuzzy right ideal v of S.

Proof. (1) = (2) : Assume that pis an (€4, €, Vgs)-fuzzy bi-ideal, A an (€., €4 Vgs)-
fuzzy two sided ideal and v an (€, €, Vgs)-fuzzy right ideal of S. Since S is right
weakly regular so for each z € S there exist ay,as,as,b1,b2,b3 € S such that x =
(xaibr) (zagbs) (xagbs) = z (a1bixagbs) (ragbs) . It follows that

(MAngy)(x) = {(WAMAD) (Z)VAYAS
) AXN(Z)Av () VAL AS
)AA

(arbizagbe) A v (zagbs))V Yy} A

A d
=pqr

(2) = (3) : Straightforward, because every (€., €, Vgs)-fuzzy quasi-ideal of S is
an (€5, €y Vqs)-fuzzy bi-ideal of S.
(3) = (1) : Let p be an (€, €y Vgs)-fuzzy right ideal and A an (€4, € Vgs)-

IN
—~—

I
8
<
—~—
=
S
>
>~
S
>
<
©
——
<
2

1) 6 1) 6
Hence p AS AN v < pof Aof v

fuzzy two sided ideal of S. Put v = A. Since every (€., €, Vgs)-fuzzy right ideal is an
(€4, €y Vgs)-fuzzy quasi-ideal, so by hypothesis p /\2 A /\i A< pu og A og . It follows
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that

(Iuofsy)\ofsy)\) () = {(uoXoA)(z)V~A}AS

PYAS) AN () A (A@)A&)Vv}Aé

—pq T

IN

< {_ 1 (par) V) A (g) A (A(pqv")M)}\/v}M

V- (u(pgr) A A (pgr)) v }/\5
< {( A@) VAt Ad={(uAN)(z) VvVt AL

Thus p og A og A<y /\isf A. Hence p /\g A=p og A og A. Therefore by Theorem 411, S
is right weakly regular. m

Theorem 414 The following assertions are equivalent for a ternary semigroup S :

(1) S is right weakly regular;

(2) u/\g)\ < ,uoj‘y)\ofsy)\ for every (€, €, Vgs)-fuzzy generalized bi-ideal p1 and every
(€4, €4 V@5)-fuzzy two sided ideal X of S;

(3) ,u/\g)\ < ,uog)\og)\ for every (€4, €, Vqs)-fuzzy bi-ideal p and every (€, €, Vgs)-
fuzzy two sided ideal A of S,

(4) p /\§Y A< u oi A og A for every (€,,€~ Vqs)-fuzzy quasi-ideal 1 and every
(€4, €y Vas)-fuzzy two sided ideal X of S.

Proof. (1) = (2) : Assume that p is an (€., €, Vgs)-fuzzy generalized bi-ideal
and A an (€., €, Vgs)-fuzzy two sided ideal of S. Since S is right weakly regular, so for
any x € S. there exist ai,as,as, b1, be,bs € S such that z = (xa1b1) (xasbe) (zasbs) =
x (arbizazbe) (zagbs) . It follows that

(£ASA) (@) = AN @) VAEAS
(1 (z) AN () AX(2) VAL A S
(1 () (a1bizagzbe) A X (xzasbs)) vV} A O

V@@ ANE) AAw) V) As

MoiAoiA) (x).

Il
—

A A
A A

IN
—~—

B

VW

I
N —N—

6 0 é
Thus p AS A < ppof Aof A
(2) = (3) = (4) : are obvious.
(4) = (1) : Let p be an (&4, €y Vgs)-fuzzy right ideal and X an (€, €, Vgs)-fuzzy
two sided ideal of S. Since every (€., €y Vqs)-fuzzy right ideal is an (€4, €, Vgs)-fuzzy
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quasi-ideal of S. Then by hypothesis u /\f, A< u 057 A og A. On the other hand by
Theorem 413, 1 /\i A> ofsy A oi A. Hence p /\fsy A=p o‘fy A ofsy A. Therefore by Theorem
411, S is right weakly regular. m



Chapter 7

Implication-based fuzzy ternary

subsemigroups

In this last chapter by using four implication operators, that is, Gaines-Rescher im-
plication operator, Godel implication operator, the contraposition of Godel implica-
tion operator and the Luckasiewicz implication operator, the implication-based fuzzy
ternary subsemigroups are considered. Relations between fuzzy (resp. (€, € Vq)-fuzzy)
ternary subsemigroups are discussed. Conditions for a fuzzy ternary subsemigroup
with thresholds 0 and 0.5 to be an implication-based fuzzy ternary subsemigroups

under the Luckasiewicz implication operator are provided.

7.1 Implication-based fuzzy ternary subsemigroups

Fuzzy logic is an extension of set theoretic multivalued logic in which the truth values
are linguistic variables or terms of the linguistic variable truth. Some operators, for
example A,V, -, — in fuzzy logic are also defined by using truth tables and the
extension principle can be applied to derive definitions of the operators. In fuzzy
logic, the truth value of fuzzy proposition ® is denoted by [®]. For a universe of
discourse U, we display the fuzzy logical and corresponding set-theoretical notations

used in this thesis

[z € p] =p(2), (7.1)

[® A U] = min {[®], [¥]}, (7.2)

[@ — U] = min {1, 1 — [®] + [¥]}, (7.3)
[V @ (2)] = inf [® (2)], (7.4)

158
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= @ if and only if [®] =1 for all valuations. (7.5)

The truth valuation rules given in (7.3) are those in the Luckasiewicz system of
continuous-valued logic. Of course, various implication operators have been defined.
We show only a section of them in the following

(a) Gaines-Rescher implication operator (Igr):

1 ifa<b,

Igr(a,b) =
ar (a,b) {O otherwise

(b) Gédel implication operator (I):

1 ifa<b,

b otherwise

Ig (a,b) = {

(c) The contraposition of Gédel implication operator (1.g):

1 if a <b,

1 —a otherwise

ICG (CL, b) = {

(d) The Luckasiewicz implication operator (I1r):

1 if a <b,

1—a+b otherwise

IL] (a,b) = {

for all a,b € [0,1]. Ying [65] introduced the concept of fuzzifying topology. We can
expand his/her idea to ternary semigroups, and we define fuzzifying ternary subsemi-

group as follows:

Definition 415 A fuzzy set p in S is called a fuzzifying ternary subsemigroup of S if

it satisfies the following condition:

Flreunlyep Az ep]— [zyz € (7.6)
forall xz,y,z € S.

Obviously, condition (7.6) is equivalent to (11). Therefore a fuzzifying ternary
subsemigroup is an ordinary fuzzy ternary subsemigroup. In [66] the concept of t-

tautology is introduced, that is,

=+ @ if and only if [®] > ¢ for all valuations.

Now we extend the concept of implication-based fuzzy ternary subsemigroups in the

following way:
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Definition 416 Let p be a fuzzy set in S and t € (0,1]. Then p is called a t-

implication-based fuzzy ternary subsemigroup of S if and only if it satisfies
Feleep] Ay e pl Az e p] — [zyz € 4 (7.7)
forall x,y,z € S.

Let I be an implication operator. Clearly, i is a t-implication-based fuzzy ternary

subsemigroup of S if and only if it satisfies

I (min{p(x), p(y), p2)},p(ryz)) >t

for all x,y,z € S.

Example 417 Consider the ternary semigroup S of Example 16 Define a fuzzy set p

m S as follows:

0.6 if z=—1
pw:S—100,1,z—4 02 if =0
0.7 if z=1.

Then p is a t-implication-based fuzzy ternary subsemigroup of S for all t € (0,0.6]
under the Gédel implication operator Ig. Also u is a 0.3-implication-based fuzzy ternary
subsemigroup of S under the contraposition of Gdodel implication operator I.q. We also
see that p is a t-implication-based fuzzy ternary subsemigroup of S for all t € (0,0.9]

under the Luckasiewicz implication operator I .

Example 418 Consider the ternary semigroup S of Example 16. Define a fuzzy set
win S as follows:

0.9 if z=—1
pw:S—10,1,z—4 03 if =0
0.7 if z=1.

By routine calculations, we know that p is a t-implication-based fuzzy ternary sub-
semigroup of S for all t € (0,0.7] under the Gddel implication operator Ig. Also
is a 0.1-implication-based fuzzy ternary subsemigroup of S under the contraposition
of Gddel implication operator I.q. We also see that i is a t-implication-based fuzzy
ternary subsemigroup of S for all t € (0,0.8] under the Luckasiewicz implication op-

erator Irr.

Note that if ¢1,t2 € (0,1] with ¢; > to, then every ¢i-implication-based fuzzy
ternary subsemigroup of S is a ta-implication-based fuzzy ternary subsemigroup of

S. But the converse is false. In fact, in Example 418, the t-implication-based fuzzy
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ternary subsemigroup of S for all ¢ € (0,0.7] under the Gédel implication operator I
is not a t-implication-based fuzzy ternary subsemigroup of S for all ¢ € (0.7, 1] under

the Godel implication operator I since

I (min {p (=), pu(=1), (=)}, (=) (=0) (=0))) = I (0.9,0.7) = 0.7 £ ¢

for t € (0.7,1].
We recall

Lemma 419 A fuzzy set p in S is an (€, € Vq)-fuzzy ternary subsemigroup of S if
and only if it satisfies:

(Vo,y,2z € S) (u(zyz) 2 min{p(x), n(y), p(z), 0.5}). (7.8)

Theorem 420 For any fuzzy set p in S, if I = Ig and p is an (€, € Vq)-fuzzy ternary
subsemigroup of S, then p is a t-implication-based fuzzy ternary subsemigroup of S for
all t € (0,0.5].

Proof. Let ¢t € (0,0.5] and assume that x is an (€, € Vg)-fuzzy ternary subsemi-
group of S. Then

p(wyz) = min{p (z), p(y), p(z), 0.5}
for all x,y,z € S. U min{u(x), p(y), p(2)} <0.5, then
p(wyz) = min{p (z), p(y), w(z)}

and so

Ig (min{p(z), n(y), p(2)},p(zyz) =1>t
Now suppose that min{u(x), u(y), p(z)} > 0.5. Then p(xyz) > 0.5, and either
p(zyz) > min{p(z), p(y), p(z)}orp(zyz) <min{u(z), p(y), p(2)}. fu(zy) >
min {p (z), p(y), p(2)}, then

Ig (min{p(z), pn(y), p(2)},n(zyz) =1=>t
If p(zyz) <min{p(x), p(y), p(2)}, then
I (min{p (z), p(y), p(x)},p(2yz)) = p(zyz) = 0.5 >t

Therefore p is a t-implication-based fuzzy ternary subsemigroup of S for all ¢ € (0,0.5].
[ ]
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Corollary 421 For any fuzzy set p in S if the level set
Upst) :={z eS| p(x) >t}

s a ternary subsemigroup of S, then u is a t-implication-based fuzzy ternary subsemi-

group of S for all t € (0,0.5] under the Gdédel implication operator.

Proof. Straightforward. m

In the following example we show that there exists a fuzzy set p in S which is a
t-implication-based fuzzy ternary subsemigroup of S for ¢t € (0,0.4] under the Godel
implication operator Ig. But p is not an (€, € Vq)-fuzzy ternary subsemigroup of S.

This shows that the partial converse of Theorem 420 is not true.

Example 422 Consider the ternary semigroup S of Example 54. Define a fuzzy set
win S as follows:

(0.4 if 2 =0,

0.9 if x=a,

w:S—1[0,1], z— < 06 if =0,
0.7 if z=c,

[ 0.2 if z =1.

Routine calculations show that p is a t-implication-based fuzzy ternary subsemigroup
of S for allt € (0,0.4] under the Godel implication operator, but p is not an (€, € Vq)-

fuzzy ternary subsemigroup of S.

Theorem 423 For any fuzzy set v in S and I = I, if there exists t € [0.5,1] such that
W is a t-implication-based fuzzy ternary subsemigroup of S, then p is an (€, € Vq)-fuzzy

ternary subsemigroup of S.

Proof. Let t € [0.5,1] be such that p is a t-implication-based fuzzy ternary
subsemigroup of S. Then

Ig (min{p (), p(y), p(2)},pn(zyz) =t
for all z,y,z € S, and so either I (min {u (z), p(y), p(2)},n(zyz)) = 1, that is,
p(zyz) = minf{p(x), p(y), w(z)}
or I (min{p(z), p(y), n(2)},p(zyz)) = p(zyz) >t > 0.5. Hence

p(zyz) > min{u(z), p(y), p(z),0.5}.

Using Lemma 419, we know that u is an (€, € Vg)-fuzzy ternary subsemigroup of S.
[



7. Implication-based fuzzy ternary subsemigroups 163

Corollary 424 For any t € [0.5,1], if p is a t-implication-based fuzzy ternary sub-
semigroup of S under the Godel implication operator Ig, then p is a fuzzy ternary
subsemigroup of S with thresholds v =0 and 6 € (0,0.5].

Proof. Straightforward. m

Corollary 425 For any t € [0.5,1], if p is a t-implication-based fuzzy ternary sub-

semigroup of S under the Gédel implication operator Ig, then the level set
U(psk) ={z €S |u(z)=>k}
is a ternary subsemigroup of S for all k € (0,0.5].

Proof. Straightforward. m
If t € (0.5,1], then the converse of Theorem 423 may not be true in general as seen

in the following example.

Example 426 Consider the ternary semigroup S of Example 417. Define a fuzzy set

win S as follows:

0.8 if x = —1
p:S—[0,1],z— ¢ 03 if 2=0
0.5 if x =1

Routine calculations show that u is an (€, € Vq)-fuzzy ternary subsemigroup of S. But
W is not a t-implication-based fuzzy ternary subsemigroup of S for any t € (0.5,1]

under the Gdadel implication operator Ig, since

Ig (min{p(=i), p(=0), p(=0)}, p((=9) (=) (=2))) = I(0:8,0.5)
= 05%¢

for any t € (0.5,1].
Combining Theorems 420 and 423 we have the following corollary.

Corollary 427 For any fuzzy set p in S, if [ = Ig, then p is a 0.5-implication-based
fuzzy ternary subsemigroup of S if and only if p is a fuzzy ternary subsemigroup of S
with thresholds v = 0 and § = 0.5, that is, p is an (€, € Vq)-fuzzy ternary subsemigroup
of S.

Theorem 428 Consider I = I. and lett € [0.5,1]. If p is a t-implication-based fuzzy
ternary subsemigroup of S, then u is a fuzzy ternary subsemigroup with thresholds v =t

and &, where § = sup__ ().



7. Implication-based fuzzy ternary subsemigroups 164

Proof. Let t € [0.5,1] and assume that p is a t-implication-based fuzzy ternary

subsemigroup of S. Then

L (min{p (2), p(y), p(2)},p(zyz)) >t

for all z,y,z € S, and so either I (min {u (z), pu(y), p(2)},n(zyz)) =1, that is,
min {p (), p(y), p(2)} < p(ryz)

or 1 —min{p(2), p(y), p(z)} = Lo (min{p(2), p(y), p(z)},p(zyz)) > ¢, that

: min{u (), p(y), p(z)} <1-t<t

since t € [0.5, 1] . It follows that

max {u (zyz),t} > min{p(z), p(y), p(2)} =min{u(z), p(y), u(z), 6}.

Therefore p is a fuzzy ternary subsemigroup of S with thresholds v = t and 6 =
sup_ _ (). =
If t € (0.5, 1], then the converse of Theorem 428 may not be true in general as seen

in the following example.

Example 429 Consider the ternary semigroup S as given in Fxample 16. Define a

fuzzy set u in S as follows:

0.4 if z=—1
pw:S—100,1,z—4 06 if =0
0.3 if z=1.

Routine calculations show that p is a fuzzy ternary subsemigroup of S with thresholds
y=tandd=sup__ pu(z), forallt € (0.5, 1]. But pu is not a t-implication-based fuzzy
ternary subsemigroup of S fort € (0.6,1]. Since

Lo (min{p (=2), p (=), p(=0)},n((=1)z(=1)y (=) = Il (0.4,0.3)
= 06 %t

for all t € (0.6, 1].
Now we prove:

Theorem 430 Consider I = I.¢ and let u be a fuzzy set in S. For every t € (0,0.5],
if p is a t-implication-based fuzzy ternary subsemigroup of S, then u is a fuzzy ternary

subsemigroup with thresholds v =1 —1% and 6 = sup__  p (x).
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Proof. Assume that p is a t-implication-based fuzzy ternary subsemigroup of S
for ¢ € (0,0.5]. Then

Ieg (min{p (), p(y), p(z)}t, p(zyz)) 2t

for all z,y, z € S, which implies that either min {y (x), u(y), p(2)} < p(xyz) or

1L —min{p(z), p(y), p2)}=lgmin{p (@), py), p(z)},pn(wyz)) =t

and so min{p (z), u(y), u(z)} <1—t. It follows that

max {u (zyz),1 —t} > min{u(z), p(y), p(z)} =min{u(z), p(y), u(z), d}.

Therefore 1 is a fuzzy ternary subsemigroup of S with thresholds v = 1 — ¢ and
d=sup__ p(z). =

Corollary 431 For every t € (0,0.5], if u is a t-implication-based fuzzy ternary sub-
semigroup of S under the contraposition of Godel implication operator I.q, then i is

a fuzzy ternary subsemigroup with thresholds v =1—1t and § = 1.
For the converse of Theorem 428, we have the following theorem.

Theorem 432 Consider I = I.¢ and let p be a fuzzy set in S. For every t € (0,0.5],
if s a fuzzy ternary subsemigroup of S with thresholds v =1t and 6 = sup _ ji (z),

then u is a t-implication-based fuzzy ternary subsemigroup of S.

Proof. Let t € (0,0.5] and assume that p is a fuzzy ternary subsemigroup of S
with thresholds v =t and § = sup___ pu(z). Then, for all z,y,z € S, we have

max {p (zyz),t} = min{u(z), p(y), p(2),0} =min{p(z), py), p(z)}
If u(zyz) > t, then p(xyz) > min{u(z), u(y), p(z)} and so
Lg (min{p(z), p(y), p(z)}t p(zyz)) =1>t

If u (zyz) < t,thenmin{p (), p(y), p(2)} <t.Henceifmin{u(z), p(y), n(z)} <
i (zyz), then

Leg (min{p(z), p(y), n(z)}t p(zyz)) =1>¢
If min {p (z), p(y), p(2)} > p(zyz), then
Ieg (min{p(z), p(y), p(z)} p(zyz)) =1-min{p(z), p(y), p)}=1-t=>t

Consequently p is a t-implication-based fuzzy ternary subsemigroup of S for every
te€(0,0.5]. m
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Corollary 433 For every t € (0,0.5], if p is a fuzzy ternary subsemigroup of S with
thresholds v =t and 0 = 1, then p is a t-implication-based fuzzy ternary subsemigroup

of S under the contraposition of Godel implication operator I.q.
Combining Corollaries 431 and 433, we have the following corollary.

Corollary 434 For any fuzzy set p in S, if I = I.q, then u is a 0.5-implication-based
fuzzy ternary subsemigroup of S if and only if p is a fuzzy ternary subsemigroup of S
with thresholds v =t and § = 1.

If t € (0,0.5), then the converse of Theorem 432 may not be true in general as

seen in the following example.

Example 435 Consider the ternary semigroup S as given in Example 16. Define a

fuzzy set o in S as follows:

0.3 if z=—1
pw:S—10,1,z—4¢ 05 if =0
0.4 if z=1.

Routine calculations show that p is a t-implication-based fuzzy ternary subsemigroup
of S fort e (0,0.5). But ift € (0,0.4), then

max {4 (#3) , ¢t} 7 min {p (i), p (3) , (i)} .

Theorem 436 Consider I = Igr and let t € (0,1]. If p is a t-implication-based fuzzy

ternary subsemigroup of S, then u is a fuzzy ternary subsemigroup of S.

Proof. Let t € (0,1] be such that p is a t-implication-based fuzzy ternary sub-

semigroup of .S under the Gaines-Rescher implication operator Igr. Then

Igr (min{u (z), p(y), p(2)},p(zyz)) >t

Since t # (0, 1], it follows that Igr (min{u (z), p(y), p(2)},pu(zryz)) = 1 and so that
w(zyz) > min{p(z), u(y), pn(z)}. Therefore p is a fuzzy teranry subsemigroup of
S m

Corollary 437 For anyt € (0,1], if p is a t-implication-based fuzzy ternary subsemi-

group of S under the Gaines-Rescher implication operator Igr, then the set
Upst) :={z €S |p(x) >t}

s a ternary subsemigroup of S.



7. Implication-based fuzzy ternary subsemigroups 167

Proof. Straightforward. m

Theorem 438 FEvery fuzzy ternary subsemigroup of S is a t-implication-based fuzzy
ternary subsemigroup for all t € (0,1] under the Gaines-Rescher implication operator

Igg.

Proof. Straightforward. m
The following corollary is by Theorems 436 and 438.

Corollary 439 A fuzzy set in S is a 0.5-implication-based fuzzy ternary subsemigroup
of S under the Gaines-Rescher implication operator Iggr if and only if it is a fuzzy

ternary subsemigroup of S.

Theorem 440 Fvery fuzzy ternary subsemigroup of S is a t-implication-based fuzzy
ternary subsemigroup for all t € (0,1] under the Luckasiewicz implication operator

Proof. Straightforward. m

The following example shows that for a fuzzy set p in S there exists ¢ € (0, 1] such
that

(1) p is an (€, € Vq)-fuzzy ternary subsemigroup of S.

(2) p is not a t-implication-based fuzzy ternary subsemigroup of S under the Luck-

asiewicz implication operator Iy .

Example 441 Consider the ternary semigroup S of Example 5. Define a fuzzy set
win S as follows:

(0.6 if 2 =0,

0.9 if x=a,

w:S—1[0,1], z— < 08 if z=0>b,
0.7 if z =¢,

[ 0.3 if x=1.

Routine calculations show that p is an (€, € Vq)-fuzzy ternary subsemigroup of S. But
is not a 0.91-implication-based fuzzy ternary subsemigroup of S under the Luckasiewicz

implication operator Iy since

Inp (min{p(a), p(b), p(c)},mlabe)) = 1I17(0.7,0.6)
— 1-07406
= 0.9 %091
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We provide consitions for an (€, € Vq)-fuzzy ternary subsemigroup of S to be a t-
implication-based fuzzy ternary subsemigroup of S under the Luckasiewicz implication

operator Ir;.

Theorem 442 Let p be an (€, € Vq)-fuzzy ternary subsemigroup of S. If there exist
x,y,z € S such that min{p (), u(y), p(z)} > p(ryz), and let

w=1—min{u(z), p(y), w(z)}+un(xyz). Then u is a t-implication-based fuzzy
ternary subsemigroup of S for all t € (0,w].

Proof. Assume that p is an (€, € Vq)-fuzzy ternary subsemigroup of S. Then

p(zyz) > min{p (), p(y), p(z), 0.5; = min{min{n(z), p(y), n(z)}, 0.5},

for all z,y,z € S. Suppose that min{u(x), u(y), p(z)} < 0.5. Then p(zyz) >
min {x (z), p(y), p(2)} and so

for all ¢ € (0,w]. Assume that min {u (), p(y), p(2)} > 0.5 for all z,y,z € S. Then
p (zyz) > 0.5. Thus we have two cases:
(1) p(zyz) = minf{p(x), py), w(z)},

(2) p(zyz) <min{p(z), p(y), p(z)}.
First case implies that

for all ¢t € (0,w]. The second case induces

Iy (min{p (), p(y), p(2)},pn(ryz)) = 1-—min{u(z), p(y), pz)}+p(zyz)
= w>t

for all t € (0,w]. Therefore p is a t-implication-based fuzzy ternary subsemigroup of S

for all ¢t € (0,w] under the Luckasiewicz implication operator Ir;. ®
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