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Abstract

The motive of this thesis is to review generalization of characteristic of lipschitz function over
metric measure spaces. We also review the results in the class of metric-measure spaces which
satisfy version(strong) of doubling condition(Bishop-Gromov regularity)[10].In fact, we set up
a necessary and sufficient condition in the direction that any measurable function that assure
integrability condition is to be essentially Lipschitzian. As well as we review the generalized
version of differentiability property (having derivative zero) of functions [14] and [13], after

that we review about the characterization of constant function [1]
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Chapter 1
PREPARATORY INFORMATION

This chapter is based on some basic definitions,which terms are used in the lemmas and

theorem of chapter 2 and chapter 3.

1.1 Prerequisite

Definition 1.1.1. [6/Metric space
A metric space is a pair (), D) , where Y is a set and D is a metric on Y or distance function
on Y,a function defined on 'Y x Y such that for all a,b,c € Y we have

i. D is real-valued, finite and nonnegative.
it. D (e,f)= 0 if and only if  e=f.
iii. Dle, ) = D(fe) (symmetry).
iv. D(e, f) = D(e,c)+D(c, f) (Triangle inequality).

Example 1.1.2. [6/Real line R
The set of all real numbers, taken with the usual metric defined by

D(e, f) = le = fl.

Example 1.1.3. [6/Euclidean plane R*
Let e,f € R? such that e=(ey, e3) and f=(f1, f2), then the Euclidean metric is defined by

Dle, ) = /(e1 — f1)2 + (ea — fo)2.



Example 1.1.4. [6/Function space C[u,v]
Let Y be a set with the real valued function e,f,.... which are defined and continuous on closed
interval I=[u,v], then we choose the metric on C[u,v] defined by

D(e, f) = max|e(t) — f(t)],

tel
where a and b are the functions of independent variable t.

Definition 1.1.5. [7/Open ball
Let (¥, D) is metric space and ag € Y and r > 0, then the open ball is defined as

B(eg,7) ={e€) | d(ee) <r}.

Definition 1.1.6. [7/Closed ball
Let (¥, D) is metric space and eg € Y and r > 0, then the closed ball is defined as

B(eg,r) ={ec ) | d(e,en) <r}.

Definition 1.1.7. [7/Sphere
Let (Y, D) is metric space and eg € Y and r > 0, then the sphere is defined as

B(eg,r) ={ec) | d(e,ey) =1},

here in metric space (), D), we designate an open ball with a radius of r > 0 and a centre
at y as B(y,r).

Definition 1.1.8. [16/Algebra
Let Y be a set and A C P(Y). Then A is called algebra if

i. A€ A for A€ A
1. U?:l Az e A fO’I" Al,AQ...An e A.
Definition 1.1.9. [16/0-Algebra
Let Y be a set and A C P(Y). Then A is called o- algebra if

i. A€ A for A€ A
i. Uy Ai € A for Ay, As.... € A, that is closed under countable union.

Note: Every algebra is o-algebra but converse is not true.
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Definition 1.1.10. [16/Borel o-Algebra
consider (Y,%) be a topological space and D is the collection of all open sets that is T = D
then the smallest o- algebra is called Borel o-algebra on Y, we can denote it by B(Y) or By.

Definition 1.1.11. [16/Borel set
Let B(Y) is Borel o- algebra then the members or elements of B()) are called Borel sets.

Definition 1.1.12. [16/Measure
consider Y is non empty set and A is the o-algebra on Y. Then the set function

n: A= [0,00],
is said to be measure if
i. n(p)=0,
ii. If {A1,As,....} is a disjoint sequence in A, then

U(QAi) = Zf;n(fli),

that is n 1s countably additive.

Example 1.1.13. [2/Measure on R
Consider R be the set of real numbers and Bgr s the Borel o-algebra on R, then set function
n: BR — [07 00]7

define the measure by

n(A) = |A| = number of elements in A.

Definition 1.1.14. [2/Finite Measure
Let Y be the non empty set and A is o-algebra on Y. A measure
n: A= 0,00,

is said to be finite measure if
n(Y) < .

Definition 1.1.15. [2/o-Finite Measure
Let Y be the non empty set and A is o-algebra on Y. A measure

n:A—[0,00],



is said to be o-Finite measure if 3 a sequence {A1,As,....} in A such that

Y= UAi and n(A;) < oo.

=1

Definition 1.1.16. [2/Measrable space
Let Y be non empty set and o-algebra on Y is A and n:A — [0,00] is measure on A. Then
(V,A) is called measurable space.

Definition 1.1.17. [2/Measure space
Let Y be non empty set and o-algebra on Y is A and n:A — [0,00] is measure on A. Then
the triplet (Y, A,n) is called measure space.

Definition 1.1.18. [//Metric measure space
The triple (Y, D,n) is claimed to be metric measure space, if (¥, D) is a metric space and n
is (Borel)measure on ).

Definition 1.1.19. [2/Finite Measure space
The triplet (¥,A,n) be the measure space, it is called Finite measure space if
n:A—[0,00],

is the finite measure that is n(Y) < oo.

Definition 1.1.20. [16/o-Finite measure space
A triplet (¥, An) be the measure space, it is called p-Finite measure space if
n:A—1[0,00],

is the o-finite measure that is 3 a sequence {A1,As,....} in A such that
Y= UAZ' with  n(A;) < co.
i=1

Definition 1.1.21. [16/A-Measurable set
Consider the measurable space (Y,A) then the members of A are called A-Measurable set.

Definition 1.1.22. [16/o-Finite set

Consider the measure space (Y, An), a set A € A is said to be o-Finite set if 3 a sequence
{A1,A,,....} in A such that

A=|J A, with n(A,)<oo, V neN

n=1



Definition 1.1.23. [16/Null set
Consider the triplet (Y, A,n) be the measure space , The subset A of Y is called null set if

n(A)=0.
Example 1.1.24. As n(¢)=0 so ¢ is null set.

Note: In every measure space ¢ is null set but a null set need not to be ¢. There may be

any other set whose measure is zero.

Definition 1.1.25. [16/Complete o-algebra
Consider the triplet (Y, A,n) be the measure space. The o-algebra which is denoted by A is said
to be complete o-algebra if each subset of null set is the member of A.

Definition 1.1.26. [16/Complete Measure space
Consider the triplet (Y, A,n) be the measure space. It is complete measure space if o-algebra
A is complete.

Definition 1.1.27. [16/Set of Extended real numbers
If we add the symbols —oo and oo in the set of real numbers R so we call this set of extended
real numbers that is

R = {-00} URU {c0}.

Definition 1.1.28. [16/Outer measure
Consider that Y is non empty, a set function

n*:P(Y)— [0,00],

1s said to be outer measure it satisfies these three axioms

i (¢)=0.

i. If  Y1,Ys, € P(Y)  suchthat YY) CY,
= 0" Y1) <n (Ya2),

that is Property of monotonicity satisfied.

iii. For sequence {Y1,Ys,...} in P(Y) such that
n(JY) <D on (),
i=1 i

That is n* has countably sub additive property.



Definition 1.1.29. [16/Measureable set
Consider (Y, A) be the measurable space ,G € A. A function

g:G =R,

is called A-measurable function on G, if

lveG | gly) <B}eA,

for every 3, where B is real number
Correspondingly if

{yeG | gly) €[-00,8)} €A,
OR
g9 ' ([—o0, B)B) € A.
Lemma 1.1.30. Assume measurable space be (Y, A),and function
g:G =R,
defined on G € A . Then given conditions are alike

a. {yeG | gly)<B}=g '([-x.B8])c A V BeA

[
b. {yeG | gly)>B=g ' ((B,x]) e A, V BedA,
c. {ye@ | gly)=pt=g"([B,x])eA V BeA,
d {yeG | gly)<Bt=g'([0,8) €A V geA

Definition 1.1.31. Characteristic function
Let Y # ¢, and H C Y then the function

XH - y — {07 1}7
defined as

_JO 5 if e¢ H,
XH(G)_{l ;o if e€ H.

Definition 1.1.32. Almost every where Property
Consider the measure space (Y, An). P property holds almost everywhere in Y
iff 3 set L € A such that n(L)=0 and P satisfies¥ y € Y \ L.

Definition 1.1.33. [12/Doubling Measure
Consider the Borel reqular measure 1 on metric space (), D) , if each ball in Y possess finite
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and positive measure and 3 C7 > 1 such that

n(B(e,2R)) < Cin(B(e, R)),

holds for each e € Y and r > 0, then it is named as doubling measure. Where C is doubling
constant.

Definition 1.1.34. [12/Locally doubling space
The triplet (¥, D,n) be the metric-measure space, if for each r> 03 C, > 1, and

n(B(e,2R)) < C,n(B(e, R)),

holds for e € Y and R < r, then we call this space as locally doubling. Where C.. is locally
doubling constant of Y.

Definition 1.1.35. [12/Doubling space
Assume Y is locally doubling space, if there is Cy > 1 so that C, < Cy, ¥V r > 0, then we call
this space is doubling space.

Definition 1.1.36. [12/Locally Bishop-Gromov regular
We call Y is Locally Bishop-Gromouv reqular space of dimension m,where m > 0 ,
iof for each r> 03U, > 1 s.t

nBe, S1)) _ UTH(B(f, Rl)))
VO0< R <S8 <randefe), and also for D(e, f) < 5.

Definition 1.1.37. [12/Bishop-Gromov regular

Let Y 1s Locally Bishop-Gromov reqular space, if 3 U > 1 so that
U.<U,

YV r> 0, then we say this space is Bishop-Gromouv reqular space.

Lemma 1.1.38. If ) is Bishop-Gromov reqular space whose dimension is m, then we call Y
be Bishop-Gromov reqular space whose dimension is n, in any case n > m.

Simalarly

If YV is Locally Bishop-Gromouv reqular space whose dimension is m, then we call Y is Locally
Bishop-Gromov reqular space whose dimension be n, in any case n > m.

Note:If ) be the doubling metric space having constant C7, then we call ) is Bishop-

Gromov regular space having dimension

m = log, C1.
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Similarly
If Y be the locally doubling metric space having constant C7, then we call ) is Locally Bishop-

Gromov regular space having dimension,

m = log, C}.

Definition 1.1.39. [7/Compact set
Let E be the set of real numbers, we say this set is compact, if {y,} is sequence in E. And
{Ynr} 1s subsequence in {y,} such that

limp_oo{ynr} =y € E.

Corospondingly,
E is compact iff it is closed and bounded.

Theorem 1.1.40. [7/Heine-Borel Theorem
Consider E be the set of real numbers it is compact iff each open cover D of E has finite
subcover.

Definition 1.1.41. [7/Locally compact
consider ) be the topological space, if every point has compact neighborhood then we say ) is
locally compact.

Definition 1.1.42. Radon measure
Consider ) be the metric space and n is the Borel-reqular measure, we say this measure s
redon measure if

n(W) < oo for each compact set W CY,

and if

n(V)=inf{n(U): V CU UCY open},
holds and also

n(U) =sup{n(W): W CcU,W C)Y Compact},
for each open set U C Y.

Definition 1.1.43. Geodesic space
Assume metric space is (Y,D), if for each e,f € Y, 3 a geodesic

Ye.r +[0,1] = Y,



(having D(e, f) be velocity) from e to f, i.e

D(Ve,1(5); Vet (t)) = |s — £[D(e, [).
Also,

Ve,f(o) =e and ’Ye,f(l) - f7

then we say this space is geodesic space.

Definition 1.1.44. [//Lipschitz function
Assume the function

g: Yy — X,
if 3 constant Cy such that,

lg9(e) = g(f)| < Cile — fl,

for each e,f € Y and Cy is not depending on e and f,
then we call that function is lipschitz function.

Definition 1.1.45. [//L-Lipschitz function
Take the function,

g:Yy =X,

where Y and X are metric spaces, if 3 constant L > 0 so that

Dx(g(e), 9(f)) < LDy (e, f),

for every e,f € Y, ten we call this function is L-Lipschitz function.

Note:If the function is L-Lipschitz then we say that it is also Lipschitz function.

Definition 1.1.46. [}/Bilipschitz function
Consider the map,

g: Yy — X,
we call the map is bilipschitz and Y and X be bilipschitz equivalent if g~ is Lipschitz .

Definition 1.1.47. [//L-bilipschitz function
Consider the map,

g: Yy =X,

1

we call the map is L-bilipschitz and Y and X be L-bilipschitz equivalent if g=* is L-Lipschitz.

9



Definition 1.1.48. [//Locally Lipschitz function
Consider the function,

G:Y— &,

it is called locally Lipschitz if for each point if X 3 a neighborhood V. such that
restriction of G to V. is Lipschitz, we denote it by G

V.-

10



Chapter 2

An integral type charcterization of
constant function

In this chapter we review the generalized version of differentiability property (having derivative
zero) of functions [14] and [13], after that we review about the characterization of constant

function [1]

Definition 2.0.1. Let (¥,D,n) be a metric-measure space. Let Y be a geodesic space.
Take ¥:Y x Y x [0,1] — y is Borel measurable function such that

¢(€, .fa 8) = ¢(f, ¢, 1 - S) = 7€7f(8)
Ule,vle, fi1),s) = vle, f, st) = Yes(st)

Vefel and st € [0,1], where 7. s is a geodesic from e to f.We may denote (e, f,s) by
vs(e, f).

Now, we provide the definition of strongly Bishop-Gromov regular space.

Definition 2.0.2. Strongly Bishop-Gromov regular metric-measure space
Let Y and 1 be same as definition 2.0.1. If for every r > 0 there is x, such that for almost
everywhere e € Y and any Borel measure(open) subset P C B(e,r), we have

T,
n(c € Ble,r) : (e, c) € P) < t—mn(P),
V 0<t< 1. Then we call Y is Locally Bishop-Gromouv regular space of dimension m, for some
positive constant m.

11



A locally strongly Bishop-Gromov reqular space Y is named to be strongly Bishop-Gromov
reqular space, if 3 © > 0 such that x, < z, ¥V r > 0.

If Y is (locally) strongly Bishop-Gromov regular space of dimension m, then Y is (locally)
strongly Bishop-Gromouv regular space of dimension n, in any case of n > m, in addition.

Definition 2.0.3. ) is said to be locally strongly doubling, if the inequality

n(c € Ble,r) : Yy(e,c) € P) < f—nzn(P),

holdV 1/2 < t < 1.

Every (locally) strongly Bishop-Gromov regular space is (locally) strongly doubling space as
well.

Moreover,if Y is (locally) strongly doubling space, then its also (locally) Bishop-Gromov reg-
ular space of dimension m, for some positive number m.

Definition 2.0.4. Mean value integral
Consider F be measurable set in Y and we have measurable function G : Y — R, here we can
write the mean-value integral of G

1

/ i) =~ /f G(F)dn(f),

with n(F) is non zero and G is integrable.

Definition 2.0.5. Point of density one for F
Consider F be measurable set in Y and we have measurable function G : Y — R, we can say
that a € F be the point of density one for F, if

n(B(e, Ry)) N F

lim =1,

rRi—0+t  n(B(e, Ry))

in'Y (Doubling space).

Definition 2.0.6. Lebesgue point
For doubling space Y ,For each integrable function G : Y — R, then

lim G(f)dn(f) = G(e),

R1—0* B(e,R1)

for almost everywhere e € Y, then we can say that Lebesgue point of G and L(G) is e.

12



Lemma 2.0.7. Assume triplet (¥, D,n) is metric-measure space and q > 1. Also Y be the
Bishop-Gromouv reqular space whose dimension is m, consider the measurable function

G:Y—R,

foree Y ,r> 0, assume

/ G(f) —G(e))
B(e

dn(f) < oo,
,T) Dm+ﬂq(f’ 6) 77( )
then

1 G = G@N o 9() = G(e)l*
J:zlggl+ 77(-7:) /B(e,R) Rpa dﬁ(f) a

d —
A Joery D) I =0
here

G(f) = G(e))
Dta( [, ¢) =0 for f=e.

(2.0.1)
Proof. Assume the decreasing sequence {uy,us,....} of positive number such that
lim{u;} =0,
as it is decreasing sequence so we have
B(e,uy) D B(e,uz) D, ...
And
m B<€7 uj) = {6}7
j=1
thus we’ve,
: G(f) —G(e)) / G(f) —G(e)|
1 d = d = 2.0.2
B oty Do) D J (g D=0 (202

13



because we have given in 2.0.1, now for any ¢ € ) assume B(c,r) then,

lim + d
Jim - B n(f)

o1 1G(f) —G(e)|?
th{)l* n(F) /B(e,R) RFa dn(f)

U N G(f) — G(e)]s
= (U(B(C, T))Rm) R1~>0+ /B(e,R) RB4 dn(f)

= ﬂ im 1G(f) —G(e)|?

a (U(B(C, 7”))) Rl—>0+ /B(e,R) Rm+B8q dn(f)
; G(f) —G(e)|
lim d

= /B(G’R) n(f)

~ R0+ Dm+ba(f,e)
= 0. by using equation 2.0.2
So we have proved the required condition. [

Lemma 2.0.8. Assume the triplet (¥,D,n) is the metric-measure space and q > 1. Assume
Y be the Bishop Grom regular space whose dimension is m, consider the measurable function

G:Y—=R,
and B > 0. here we have U, V,r are positive numbers and ¢ € Y, also here we have the set F as
G(f) = G(e)|*
=L(G)N B(c,U) : dn(b) < V1 2.0.3
Fec@n{eesen): [ GIEEEmm <) 2
here we have
G(f) —G(e)? _
e 0TI

then,

i. G|F=p-Holder continuous function.
ii. Glr=06-Holder continuous function and its domain is whole Y.

ii. For e positive, 3 G. : Y — R is f-Holder continuous function, and F. be the subset
which is contained in B(c,U) such that

g:ga on faa 77(]:/]:6)7

14



also,
. G-(f) — G:(e)]
S TN

for almost everywhere, e belongs to F. and here X be the constant also here we denote
G|F is restriction of G to F .

Proof. i. consider here.

P = [ gyt

here 7 € Y with R positive.
Assume that R;= r/27 where j > 0, Let e € Y,s0 we have

Pay(€) = Payua(e)]
<cf o { o, 906 = Gin(CIn(r)

- f . { o190 = 90) 560~ G n(In(7)
<o f o { won, 96 =GN+ 19 = GONan(Ian(r)

< 20, / N CCREGIE
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1/q
G(c) - gmw) dn(e)

77 B(a R;)

1/q
FRaa / LR gmrq) an(e)

G(c) = G(r)I
n(B( Z r)R; " / Be.ry) W)Cin(c)

vV j > 0 C depending upon U, and m,
then Vk >j >0,

k—1 . 1/q k—1
Pa(©) — P (O] < L 1Pe) — Poss(e) < € () SRS

ase € L (G) so

Let us consider,for e,f € F and j, > O(integer) with

Rj0+1 < D(ev f) < R;

J0 s

then we have,

16
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|PR PR | < Cl/ e?R / e?RO) |d7]( ) ( )
_a/gwmj"d%) 7) + G(e) — G(e)|dn(c)dn(r)

<qf f ()] + 6() — G(e)ldn(c)dn(r)
B(e2Rj,) J B(e2R;,)
<w¢;m)<> G()\di(c)

1/q
gw1/ |w»gm@ dn(c)
Be, QRJO)
e R

( _
<20 (5 o, 6 g it
<265
<6
(

Rjo

1/q
_ q
ST e, 196~ 9CI)

2
1/q
gc—grq> dn(c
ndrmWM&WH)M n(c)

G(c) - Q(T)|q>
——— |d
n(B QRJO /B(e or,) D™1eP(c.e) (e)
1/q
(2R;,)",
(n ) )
S0,
rm 1/q 8
Py €)= Py (] < oV (o) (2" 20.6)
finally, by using (2.0.5) and (2.0.6),we get
5 rm 1/q o0 5
Gle)—G(f) <2 (JV( ) RP 2.0.7
90 -9 <20 (g ) 2 (207
as,
r r
2j0+1 = Rj0+1 S D(e7 f) S R]O = 2?7 (208>

3 constant Kz with

17



ii.

iii.

rm

1/q
G(e) = G(f)] < Kgclv(m) D (e, f), (2.0.9)
Ve,f € F when D(e, f) < r/2, hence (i) is proved.

Its the result of the McShane/s Theorem, as in the above part we have proved whose
domain is F so it is also hold for the whole domain Y.

As we see in the Lemma (2.0.7) that,

| G —G@l .
1m14@m dn(f) = 0,

R—0+ DmtBa(f e)

YV e € F,here we may consider 0 < ¢ V.4 0 < Ry < r such that

n(F\F:) < ¢,
here we define F. by

Fec@n{eenr): [ ENZEO ) <),

using (2.0.9), we get V € F.

| G(e) — G(f)] R
Jmeup = bae, f) Sm“@w@m)g’ (2.010)

with part (ii), 3 S-Holder continuous function G, and its domain is ) so that G|z =G.,
we have to show that for the point of density one for F. such that,

L 1Ge(e) ~ Ge())] o\
s =55t ) SKﬁ(mmdm) - (201

assume that p is positive and too small,as a is point of density one for F. here we have
0 < 01 < Ry depends upon p,so that

n(Ble, R) N Fe)
nBe )

V 0 < R < 4y, as we have given that ) be the Bishop-Gromov regular whose dimension
ism, so 3 U, > 1, we got,

18



ETE A T
5 2)21 <ur(5)
i (5) = Saeny

V0<R<randcr €)Y when D(e,7) <.
Now we define &, and ¢ for 0 < p < (4U,)~! and 0 < §; < Ry such that,

6y = (U,p)/™8, and 6 = &) — 6,
then we will show for f € B(e, d),

on contrary we assume thatB(f,d2) N F. = ¢, then

n(B(e,01) N F¢)
n(B(e, 61))

n(B(e, )

— n(B(e; )

_ -1 (Urp)l/m "
(e

so it contradict to our assumptions.
So for each f € Y, 3 ¢ € B(f,d2) N F. so Equation (2.0.12) holds, so we have

p >

1G=(f) = Ge(e)] < 1G:(f) = G=(e)] + 1Ge(c) = Ge(e)]
< LiD%(f,¢) +1G(c) = G(e)|
< Lidy +1G(c) = G(e)],

here L; is f-Holder constant, now take p — 0 (2.0.10) implies

19



; G (e) — G.(f)] rm 1/q
s 5 < w0 () -

V e € F. whenever e be the point of density one for F.,as ) be the doubling space hence
we have proved the required result.

]

Here we provide basic definition which terms are used in next theorems.

Definition 2.0.9. Lebesgue Space
Consider Y denote the open set in R and Consider the lebesgue meaurable function,

h:Y — C.
Then we named L7 is Lebesque space
L1={he LYY): / |h|? < 400}
Y

Definition 2.0.10. Connected set
Consider the set F C R, it is said to be a connected set if P two disjoint open set such that

]—“QCU’H and CNH=®>.

Definition 2.0.11. Convex set
Assume that Y be the convex subset, the function,

h:Y —R,
It is said to be convex function if V s € [0,1] it satisfies

h(syr + (1 = s)y2) < sh(yr) + (1 = s)h(y2), Jor yr,y2 €Y.

Theorem 2.0.12. Let we take function

h:0 — R,

which is (Lebesque) measurable and defined on connected open subset G from R™ such that

|h(f) = h(e)]
/M ded(e) < 00.

Then the function h will be constant almost everywhere.
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Here we will prove the generalization of Theorem 2.0.12
Theorem 2.0.13. Assume that the (Lebesgue) measurable function is

h:0 — R,

which 1s defined on connected open subset U in R"
and we have the convex function
¢ : [0, 00[— [0, 00,

such that

o(s) =0 if and only if s=0,

/U . Q(Ih(llvz - Z|(a)|) jzb(bzd;? .

then h is constant function almost everywhere.

also assume that

Proof. We consider without loss of generality that U be the open ball.Here we consider the
function

g :]0, 00[— R,

and it is defined as,

,_ h(f) = h(e)]\ d(f)d(e)
9(w) “/Mu)g( f—e )|f—e|”’

here we consider as

p=—7 and U?*(u) ={(e,f) €Ox U : |f—e|l<u},

thus we’ve
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I

Q

l\.’)

I )d(e)
!f—@l ) \f—eln

Eh |f—e\ —h(p)|>d(f)d(e)
o

|f —el?
| (f p)l +1h(p) - h(e)\)d(f)d(e)
If — ¢ |f —el”

S )|fid£ﬁ?+1/62<u>@(2""‘ﬁ’5f>ie’?<e)')‘M?
<2|h 2p—e) — > d(f)d(e) +1/ Q<2Ih() h(@)l) d(e)d(f)
52 (u)

|2p—e—e| |20 — e —e|™ 20—e—e| )[2p—e—e|"

2[2h(p) — h(e) — h(p)|\ d(f)d(e) 1 2h(p) — he)|\ d(f)d(e)
/UQUQ( 200 — o) > /M)@( 2(p—e)| )|2<p—e>|n’

2(p—e)|" 2
now we use convexity which is h(2p — e) < 2h(p) — h(e),then we have

1 2h(p) — h(e) — (I d(Hd(e) 1 Ih(p) — b\ d(F)d(e)
“J(“)Sz/az@@( =) )|2<p—e>rn+2/uz<u>9< =0 >|2<p—e>|n
-/ Q(m(p)—h(en) a(f)d(e)
02 (u) [(p— )| 2(p — €)™’

V positive u.
Here we have changed the variables as

IN

0 - Triangular inequality,

©
&

%\3

0

%\

(NSRS l\DI»— [\Dli—

(e, f) = (e,p),

then we have

{(e,f)EUXU:|2p—e—e|<u}:{(e7f)€U><U:|p—e|<g}:Uz(u/2),

S0,

[1(p) = M)\ _d(f)d(e)
RS N G i s R
which implies that g(u)< g(u/2).Similarly in this way we get g(u) < g(u/2’), now if j— oo V

u > 0, then g(u)=0
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:/ﬁz (] If—e\ )|fzdf§r?:0

h(f) — h(e) =
h(f) = h(e).

Which implies that h is constant function almost everywhere.
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Chapter 3

An integral type characterization of
Lipschitz functions

In this part we will review about generalised change of variables formula for functions over(locally)
strongly doubling metric-measure spaces, actually we will review that how we extend the char-
acterization of Lipschitz function to general abstract metric-measure space,i.e (), D) be the
matric space with 7 measure ([2], [5]).At the end we will review results in the class of metric

measure space such that it satisfies the condition of Strongly Bishop-Gromov regularity.

3.1 (Generalised change of variables

Definition 3.1.1. FEssentially Lipschitzian
Take a measurable function,

C:[0,1] = R,
It is essentially Lipschitzian iff 3 L1 > 0 with

Ltk =¢e), 1
/o/oeXp[ L= D)) < co.

(&

Theorem 3.1.2. Generalised change of variables: Assume that (Y, D,n) be a locally
strongly Bishop-Gromouv Regular Space with dimension m. Let 1) be a Borel measurable func-
tion as in the definition 2.0.1 and

f:YxY—=[0,00],
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be a measurable function. Then

/B( )2 f(¢5<€’ f)’ Q’Dt(e’ f))dn<f)d77(€) <

< [ s,

’S - t| B(y,r)?
where N is constant depending on x, and D(y,r)*=B(y,r)x D (y,r),for almost everywhere
s,t € [0,1].

Proof. Without sacrificing generality, We may consider that ¢, : Y x Y — Y, is measurable
function ¥ t € [0,1]. We will prove that for every r > 0, there is #, > 0 such that for almost
everywhere y € ). And any Borel measurable subset Q C D(y,7)? , we have

Ly
|s —t[™

nxn({(e, f) € Bly,r)*: (Us(e, ). tule, f)) € Q}) <

n x1(Q), (3.1.1)

V s,t € [0,1]. We may consider the product measure n x n on Y x ) and the metric is

D((e1, f1), (€2, f2)) := max{D(ey, e2), D(f1, f2)},

It is, in fact, both compulsory and sufficient to demonstrate that the 3.1.1 exist for subset
Q =38 x T. Here § and T are Borel measurable subset within B(y,r).

Firstly, consider s = 0, namely, 14(e, f) = e, so we get that

nx n({(e, f) € By,r)? : (e.tule, f) € S x T})
- / n({f € Ble.r) : (e f) € T})

< /577({]” € B(e,2r) :iy(e, f) €T}) - Ble,r) C Ble,2r)

< / x%n(T Ydn(e) *.» ) is locally Bishop-Gromov
S




thus

For s = 0 and Q = S x T the inequality (3.1.1) holds ,And It is applicable to any Borel
measurable subset Q in B(e, )%

Now, For the general case we will prove the inequality (3.1.1).

We may assume Without sacrificing generality that 0 < s <t < 1.

Define
Al = (eth(ea f))
A2 = (ws/t(ea f)a f) = (wl—s/t(fa 6), f)a
as
AQOAI = (¢5(67 f)v 1/}15(67 f))a
Since

AsoNy = Ay (A (e, f))
= Az(e, thi(e, f))
= (¢s/t(€ %( f)) ¢t(€:f))
= (Wsele,vle, f,1)),vile, f))
(d}(@ﬂ/}( L fot),s/t),0le, f))
(w(e,f, t),vile, f))
= (

¥s(e, f) (e, f)).
Now we prove following containment,

{(a,0) € B(y,r)* : AsoMi(a,b) € Q} € {(a,b) € B(y,7)* : Ai(a,b) € A;H(Q)},
let

€ B(y,r)*: AyoAi(a,b) € Q}

2 such that As0Ai(a,b) € Q
y,7)* such that Ay(Aj(ay, b)) € Q
y,7)> such that Aj(ay,b;) € A;(Q).

So the containment holds in any case of Borel measurable subset Q in B(y,r)?. Similarly by
using the above computations, we obtain
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n % n({(a,b) € B(y,r)* : AyoAi(a,b) € Q})
< 77 X n({(a b) € B(y,r)? : Ai(a,b) € A1 (Q)})

t (A;1(Q) N B(y,r)?) By using Definition (2.0.2)
< i 3r/t) n % n(Q)
A A ( )(x3r) 77(@))

|t —s|™

in any case of Borel measurable subset Q in B(y, ) x B(y,r). Which completes the proof for
inequality (3.1.1). O

Corollary 3.1.3. Assume that assumptions and notation are same as in Theorem (3.1.2).
Then we have the following inequality

/ g(aler ), tule, F)dn(Fdn(e) < — / 9(c, v)dn(v)dn(c).
B(y.r)? |s =™ Jwr2nv..

where,

Vit ={(c,v) € Y x Y :D(c,v) < |t —s|}.

3.2 Results

Theorem 3.2.1. Let (¥,D,n) be the locally strongly BGRS of dimension m, for some positive
number m.Also assume that

g: Y —R,

s a measurable function so that

l9(f) —g(e)] .
/yxyexp (Wﬂ I D"(f, e>|)dn<f>dn<e> < 00

Then g is essentially 1-Lipschitz, that is |g(f) — g(e)| < D(f,e), for almost everywhere e,f €
V.

Proof. consider B(y,r) in Y also ¢ > 1, we define the function

¢ :]0, 00[—]0, oo,
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= [ o (UH N Dm0 Jantanc)
where

E,=A{(e, f) € Bly,r) x B(y,r) : |9(f) —g(e)| = ID(f,¢), & D(f,e) <u}.

Without loss of generality, now we may assume that

¢t:y><y_>ya

is measurable, for all t € [0,1]. consider positive integer n and e,f € ),
set

€ ‘= ¢(€7 f7 Z/p);

we have

0= [ e (LN mpnr.e) ot pynce)

= [ o (D2 Dm0 =g 4 ™ Jan( e

~ [ o (02N 2L g Jan( ) e/ f) = nfe) = ()
~ [ o (DI PL Dy Yyt

_ /E exp<‘g Q 7 z)(e |\ln(D(£ ) ym, lnpm)dn(f)dn(e) 0 is too large
Lo )
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since

eis€it1) = D(Ve,;(1/P), Ye.r ((i +1)/p))

then

ei)|dn(f)dn(e),

)l | In Dm(eiﬂ,
€i

lg(eir1) — gle;

>

p—1
((u) < p‘”“g/E exp ( A

now by using the following inequality

then we have

18-
—md
P>

)')‘ 0 D™ (i1, )ldn(f)dn(e),

IR
~| O
| -
—
1
—~| O
.xl_v(
i
~—
3 =
ISH
3
=

C(u) <p
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< i Z / i) =9y ey, ) dn( o)

61-1—17 ez)

As we know that

€; = w(ea f? Z/p) = 2ﬂi/P(e? f)?

So the above exponential function is the function of variable v;,(e, f) , so by the Lemma
(3.1.2)

Here

So for u € 0,1], we get

_mﬂ 1 exp<|g<ei+l)_g(ei)| In D™ Cit1, € >d e; d e;
Zv“ o e (I D" s, )] (e inte)

|

Y

e (=2 pneo) ) anterant)

_ -mo-1-m exn (1909 =9 e, (v

oo [ e (MG Z 8 o) Jantcranto)
|

<N [ o (G2 I e ) acrinw)

For r € ]0,1], and constant N be depends upon z,.
Taking p — oo then we have

C(u) <0 for ¥ >1,

Which implies that h(u) = 0 while u belongs ]0,1] which gives that g is essentially -
Lipschitz,while taking ¢ > 1 and ) is also geodesic space, so at last if ¥ — 17 then function
g is essentially 1-Lipschitz. O

Corollary 3.2.2. Assume triplet (Y,D,n) is locally strongly doubling space,also assume the
function

g: Y —R,

1s measurable and L is greater than zero such that,
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9(/) — gle)|
/yxy‘”‘p (W“ D(f, N) n(f)dn(e) < oo,

then we say g be the essentially lipschitzian.

Proposition 3.2.3. Assume the triplet (¥, D,n) is metric-measure space, and take n > 0, r
> (,also assume

n(B(e,R)) < D, R", (3.2.1)
VO< R<randee), Where D, > 0.

Assume that,

g: Y —R,
be 1-Lipschitz, then

19) = 9@ 1o e
/B<yr>xzs<yr>eXp< D(fe) [ InDA(f, >V)d77(f)dn( ) < o0,

VOo<p<nandye).

Proof. Without loss of generality , suppose that r < 1, let R, = r/2! .

Vae€ ) then
/(er eXp( D(f,e) [ InD?(f, N)dn(f)
/B exp ( Z; |InDP(f, 6)‘)d77(f) (since g is 1-Lipschitz)
,€)

/Bw) o (Brg (sl )

/ exp(|nDY(f, €))dn(f)
S/B D~ f,e)dn(b)
g / B(e,R;)\B( eRz+1 (f e)dn<f)

< / (/)
(e,R1)\B(e,R;+1) ]
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> 1
< / dn(f) v Ry 2 Rig
Z Ble,Ri)\B(

q
e,Ri11) Rl+1

=3 nBle, R)\B(e, Rust))

R = 7"/2j

< e Z DpRro(+ba By using Equation

< pd Z Dr (;) 9(+1)q

=0

= 24" 4Dp Z olla—n),
j=0

Since for n > q the series

l(g—n) _
lg 2 =1+ o + 2203 + ...
=0

is geometric series which converges, hence

209"~ Dp Z ola=n) « oo,
=0

finally

19() =9\ s e .
/B(eﬂ,)eXp< D(f, e) | nD(f, )|)d77(f)< ;

so it is the required result.
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