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Abstract:

To solve complicated problems in economics, engineering and environment sciences, the classical

methods cannot be successfully used due to various uncertainties for those problems. There are
theories viz, theory of probability, theory of fuzzy sets, theory of intuitionistic fuzzy sets , theory of
vague sets, theory of interval mathematics and theory of rough sets which can be considered as
mathematical tools for dealing with uncertainties but all these theories have their inherent difficulties.
Molodtsov [10] initiated the concept of soft set as mathematical tool for dealing with uncertainties
which is free from above difficulties. Maji et al. [16] defined some operations on soft sets. Ali et
al.introduced several new operations of soft sets. The theory has also seen a wide-ranging applications
in the mean of algebraic structures such as groups, semirings, rings, BCK/BCl-algebras , nearrings and
soft substructures and union soft substructures.

The fundamental concept of fuzzy set was introduced by Zadeh [27] in 1965. Rosenfeld inspired the
fuzzification of algebraic structures and introduced the notions of fuzzy subgroups. Das [7] characterized
fuzzy subgroups by their level subgroups. W. Liu [8] studied fuzzy ideals of rings.Abou-Zaid introduced
the notion of a fuzzy subnearring and studied fuzzy ideals of a nearring.The concept of fuzzy subnearring
and fuzzy ideal was discussed further by many researchers. Davvaz for a complete lattice L, introduced
interval-valued L-fuzzy ideal (prime ideal) of a nearring which is an extended notion of a fuzzy ideal
(prime ideal) of a nearring.

This dissertation is devoted to the discussion of algebraic structures of L-fuzzy soft sets and basic
concepts of lattices and L-fuzzy sets. This dissertation consists of three chapters. Chapter one consists of
some basic definitions and examples of Nearrings and basic concept of soft sets, fuzzy sets and L-fuzzy
soft sets. In Chapter two, We initiated the study of L-fuzzy soft ideals along with L-fuzzy soft nearrings.
In Chapter three, We introduced L-fuzzy soft prime and semiprime ideals . Moreover, We have done the
characterization of nearrings by the properties of their L-fuzzy soft ideals. We have characterized those
nearrings for which each L-fuzzy soft ideal is Prime and also those nearrings for which each L-fuzzy soft
ideal is idempotent.
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Chapter 1

Fundamental Concepts

The aim of this chapter is to present a brief summary of basic definitions and preliminary results
which will be of value for later pursuits. First we start with the basic definitions and examples

of nearrings. For terms and notations which are not defined here, we refer to [13].

1.1 Nearrings: Basic Definitions and Examples

Definition 1 A nearring is a non-empty set N together with two binary operations “+7 and
“7 such that

(1) (N,+) is a group (not necessarily abelian).

(i) (N,-) is a semigroup.

(ii1)  For all ny,ng,ng € N : ny (ng + ng) = ning + ning (left distributive law).

Remark 2 In view of (iii), one speaks more precisely of a “left nearring”, postulating (zm)l
for all ny,n2,m3 € N : (n1 + na) ng = ning + nans instead of (iii), one gets “ right nearring ”.
The theory runs completely parallel in both cases. In this dissertation we will use left nearring.

By N we shall mean a left nearring unless explicitly mentioned.

Example 3 Let (G,+) be a group (not necessarily abelian). Then the set M(G) ={f | f: G — G}
= G of all mappings (functions) from G into G is a right nearring under pointwise addition
and composition of functions if we write image of x € G under f € M (G) as f (z) and is a left

nearring if we write image of x € G under f € M (G) as (x) f.



Example 4 Let D (R) be the set of all differentiable functions on R (the set of real numbers).
Define (f +g) (x) = f(x) + g () and (f o g) (x) = f (g (x)). Then

(7) (D(R),+) is an abelian group.

(ii) (D (R),0) is a semigroup.

(i) ho(f+g)#hof+hogbut (f+g)oh=foh+goh.

Thus (D (R),+,0) is a right nearring but not a left nearring and hence not a ring.

Example 5 Let (G,+) be a group (not necessarily abelian). Then
(1) (G, +,-) with g1 - g2 =0 for all g1, g2 € G is both a left and a right nearring.
(1) (G, +,®) with g1eg2 = g1 for all g1,92 € G is a right nearring but not a left nearring.

Note that n0 = 0 and n (—n/) = —nn/ but in general On # 0 and n (—n/) = —nn/ for
n,n/ € N.

Example 6 FEvery ring is a nearring.

Definition 7 N, = {n € N : On = 0} is called the Zero Symmetric part of N.
N.={n € N :0n =n} is called the constant part of N.

N, and N, both are nearrings.

Definition 8 A nearring N is called Zero Symmetric (Constant) nearring if

N =N, (N =N,).

Definition 9 An element d € N s called distributive if for all ni,ny € N, d(n;+mng) =
dni + dno.

Definition 10 Let Ny = {d € N : d is distributive}. A nearring N is called distributively gen-
erated (d.g.) if there is a semigroup D of (Ng,-) which generates (N,+).

Definition 11 Let N be a nearring. If (N,+) is an abelian group, we call N an abelian

nearring.

Definition 12 If (N,-) is commutative, we call N a commutative nearring. If N = Ny, N is

said to be distributive.



Definition 13 If all non-zero elements of N are left ( right) cancellable, we say that N fulfills
the left (right) cancellation laws. N s integral if N has no non-zero divisors of zero. If

N* = N\ {0} is a group, N is called a near-field.

1.2 Ideals in Nearrings

Definition 14 Let N be a nearring. A subgroup (M,+) of (N,+) is called a subnearring of N

ifmlmQ eM fO’I“ all my,mo € M.

Definition 15 Let N be a nearring. A normal subgroup I of (N,+) is called an ideal of N if
(i) NI C 1, thatisni € I for alli € I andn € N.
(i) For alln,ny € N andi € I : (ny +1)ng —ning € I.
Normal subgroup I of (N,+) with (i) is called left ideal of N while normal subgroup I of
(N, +) with (it) is called right ideal of N.

Proposition 16 The intersection of any family of (left, right) ideals of a nearring N is a (left,
right) ideal of N.

Theorem 17 Let {I;} be a family of ideals of a mearring N. Then the following sets are
equivalent:

(i) The set of all finite sums of elements of I,.s;

i1) The set of all finite sums of elements of different I,;s;
ii1) The sum of normal subgroups (I, +);

(

(

(tv) The subgroup of (N,+) generated by kéJKIk;

(v) The normal subgroup of (N,+) generated by kéJKIk;
(

vi) The ideal of (N,+) generated by k;gKIk'

Definition 18 The set (i) — (vi) above is called the sum of the ideals I(k € K) and is denoted

by > 1.
keK
The sum of ideals of N is again an ideal of N.



1.3 Prime and Semiprime Ideals

If A and B are non-empty subsets of a nearring N, then the product of A and B, AB is defined
by AB={ab:a € A and b € B}.

Clearly, If A, B,C are non-empty subsets of a nearring N then A(BC) = (AB)C. Note
that AB has no particular structure in general. Even if A, B are ideals then AB is not even
subsemigroup of (N, +). If A is a non-empty subset of a nearring N then the smallest ideal of
N containing A is denoted by < A > and is called the ideal generated by A. If A = {n}, then

the ideal generated by A is denoted by < n > instead of < {n} >.

Definition 19 An ideal P of a nearring N is called Prime if for all ideals I,J of N: IJ C P
implies that either I C P or J C P.

Proposition 20 Let P be an ideal of a nearring N. Then the following are equivalent:
(a) P is a prime ideal.
(b) For all ideals I,J of N: <1J>C P=—1CP orJCP.
(¢) Foralli,jin N,i¢ Pandj¢ P— <i><j>Z P.
(d) For all ideals I,J of N such that I > P and J D> P = IJ ¢ P.
(e) For all ideals I,J of N such that I ¢ P and J ¢ P = 1J ¢ P.

Proposition 21 Let {P,} be a family of prime ideals of a nearring N, totally ordered by

inclusion. Then NP, = P is a prime ideal of N.

Definition 22 An ideal S of a nearring N is called semiprime if for all ideals I of N, I? C

S=—I1CS.
FEach prime ideal of a nearring N is a Semiprime ideal of N.

Proposition 23 For an ideal S of a nearring N, the following conditions are equivalent:
a) S is Semiprime.

b) For all ideals I of N, <I?>CS=—1TJCS.
)

d) For all ideals I of N, I > S = 1*>>S.

(

(

(c Forallne N, <n>*CS=mneSs.

(

(e) For all ideals I of N, I¢ S=1>¢ S.

5



Definition 24 An ideal I of a nearring N is called Completely Prime if ab € [ = a € I or
bel.

Definition 25 An ideal J of a nearring N is called irreducible (resp. strongly irreducible) if
ANB=J = A=J orB=J (resp. ANBCJ = ACJ or BCJ) for all ideals A, B of
N.

Definition 26 If A and B are ideals of a nearring N then generally AB ¢ AN B. However if
N is Zero Symmetric, then AB C AN B.

Proposition 27 For a zero symmetric nearring N, every prime ideal is strongly irreducible.
Proof. Let P be a prime ideal of N and AN B C P for ideals A and B of N. As N is
zerosymmetric, we have AB C ANB C P. Since P is a prime ideal, so either A C P or B C P.

Thus P 1is strongly irreducible. m

Proposition 28 Fvery strongly irreducible ideal is irreducible.

1.4 Fully Idempotent Nearrings

A ring N is fully idempotent if each ideal I of N is idempotent, that is if I = I? [1]. J. Ahsan
and G. Mason examined the nearring analogue of fully idempotent rings. In this section, N

denotes the zerosymmeric nearring. All the results given in this section are from [1].

Definition 29 A nearring N is fully idempotent if each ideal I of N is the ideal generated by
I? that is if I =< I? >.

Proposition 30 The follwing assertions for a nearring N are equivalent:

(1) N is fully idempotent.

(2) For each pair of ideals I,J of N, INJ =< 1J >.

(3) The set of ideals Ly of N (ordered by inclusion) forms a lattice (Ly,V,\) with IV J =
I+ J and I NJ =< 1J > for each pair of ideals I,J of N.

Proof. (1) = (2)



For each pair of ideals I, J of N, we always have IJ C INJ. Hence < IJ >C INJ. For
the reverse inclusion, let @ € I'NJ and let < a > be the (two-sided) ideal of N generated by a.
Then a €< a>=<<a><a>>C<IJ > ThusINJ C<IJ>. Hence INJ =< 1J >.

(2) = (3)

The set of ideals of a nearring N ordered by inclusion forms a lattice under the sum and
intersection of ideals [13]. Thus for each pair of ideals I, J of N, IV.J = I+.J and by assumption,
INT=INJ=<1J>.

3)=(2)

For each pair of ideals I, J of N, INJ =< 1J >.

(2) = (1)

Taking I = J in the hypothesis, we have I =< I? > for each ideal I of N. Hence N is fully

idempotent. m

Lemma 31 If I is an ideal of a nearring N and a ¢ I, then there exists an irreducible ideal K

of N such that I C K and a ¢ K.

Proof. Let A={L: Lisanideal of N, I C L and a ¢ L}. Then A is non-empty because
I € A. Ais a partially ordered set by inclusion. If {L,} is a chain in A, then UL, is an ideal
of N containing I but not containing a. Hence by Zorn’s Lemma, A has a maximal element.
Let K be such one. Let K = BNC, where B and C' are ideals of N. If both B and C properly
contain I, then by maximality of K they both contain a. But a € BN C = K, a contradiction.

Hence K is an irreducible ideal. m

Corollary 32 FEwvery proper ideal of a nearring N is contained in a proper irreducible ideal of

N.

Proposition 33 Let N be a fully idempotent nearring and let P be an ideal of N. Then the
following assertions are equivalent:

(1) P is irreducible.

(2) P is strongly irreducible.

(3) P is prime.



Proof. (3) = (2) = (1) is clear. It suffices to show that (1) = (3). Suppose IJ C P
for ideals I, J of N. Since N is fully idempotent, I NJ =< IJ >. On the other hand, IJ C P,
implies that (INJ)+P = P. Since N is fully idempotent, so the ideal lattice of N is distributive.
Hence P = (INJ)+ P = (I +P)n(J+ P). Since P is irreducible, we have I + P = P or
J + P = P. This implies that I C P or J C P. Hence P is a prime ideal. m

Theorem 34 The following are equivalent for a nearring N :
(1) N is fully idempotent.

(2) Every proper ideal of N is the intersection of all prime ideals of N containing it.

Proof. (1) = (2)

First note that if N is fully idempotent then every ideal is contained in some prime ideal.
Let {P,} be the family of prime ideals of N containing I, so I C NF,. For reverse inclusion
let @ ¢ I. Then there exists a prime ideal P with I C P and a ¢ P. Hence NP, C I. Thus
I =nNPF,.

(2) = (1)

Let I be an ideal of N. If < I? >= N. Then < I? >=I. If < I? ># N, then 1?2 C< I? >=

Na Py C P, s0 1 C P, for all a. Thus I C NP, =< I? >. Since < I? >C I, we are done. m

Corollary 35 N is fully idempotent if and only if each ideal of N is semiprime [13].

1.5 Soft Sets

Definition 36 [4, ?] A soft set fa of a set N over U is a function defined by fa : N — P(U)
such that fa(x) =0 if x ¢ A, where A C N. The set of all soft sets of a set N over U is
denoted by S(U).

Definition 37 [4] Let fa,fg € S(U). Then fa is called a soft subset of fg, denoted by
faC [, if fa(x) C fp(x) for allz € N.

Definition 38 [4] Let fa, fg € S(U). Then the union of fa and fp, denoted by fa U fB, is
defined as fa U fB = faun, where (faU fB) (x) = fa(z)U fp(x) for allz € N.



Definition 39 [4] Let fa, fp € S(U). Then the intersection of fa and fg, denoted by fAerfB,
is defined as faN fz = fang, where (fan fB) (x) = fa(z)N fp(x) for allz € N.

Definition 40 [4] Let fa, fg € S(U). Then faAfp, is defined as farp (x, y) = fa (x)AfB (y)
for all (x,y) € N x N.

1.6 Fuzzy set

Let X be a non-empty set. By a fuzzy subset f of X, we mean a membership function f: X —
[0, 1] which associates with each element in X a real number from the unit closed interval [0, 1],
the value f (x) represents the “grade of membership” of z in f.

A fuzzy subset f : X — [0, 1] is called non-empty if f is not a constant map which assumes
the value 0. For any fuzzy subsets f, g of X, f < g means that for all z € X, f(z) < g(x).

The fuzzy subsets f Agand fVg will mean the following fuzzy subsets of X:

(fAg)(x)=f(z)Ng(x)

(fvyg)(z)=f(z)Vyg(z)

for all z € X.
More generally, if {(f), :i € I} is a family of fuzzy subsets of X, then ./\] fi and V f; are
1€ il
defined by

<ié\1fi) (@) = A (fi (@)
(v1)@= v
respectively.

1.7 Fuzzy ldeals of Nearrings

Let f and g be two fuzzy subsets of a nearring V.
Then the product fog is defined by



V (f(y) ANg(z)) if  is expressible as © = yz
(fog) (x) = § “=¥

0 otherwise

A fuzzy subset f of a nearring N is called a fuzzy subnearring of N if

D) flz—y) = f@)Af)

(2) flay) = f(x) A f(y), forall z,y € N.

A fuzzy subset f of a nearring N is called a fuzzy ideal of N if f is a subnearrng of N and

B) f(z)=f(y+z—y)

(4) f (zy) = f ()

(5) f((z+1i)y —zy) > f (i), for any z,y,i € N,

[ is a fuzzy left ideal of N if it satisfies (1), (3) and (4); f is a fuzzy right ideal of N if
it satisfies (1), (2), (3) and (5).

Example 41 Let N ={a, b, ¢, d} be a nearring with the following two binary operations:

+ a b c d ela b ¢ d
a|la b ¢ d ala a a a
b |b a d c bla a a a
clc d b a cla a a b
d|d ¢ a b dla a a b

Define a fuzzy subset f : N — [0,1] by f(c) = f(d) < f(b) < f(a). Then f is a fuzzy
ideal of N.

1.8 L-fuzzy set

A partially ordered set (poset) (L, <) is called
1) a lattice, if aVb € L, a Ab € L for any a,b € L.
2) a complete lattice, if VN € L, AN € L for any N C L.
3) a lattice is called distributive, if aV (bAc) = (aVb)A(aVe);aA(bVe) = (aAb)V(aAc)

for any a,b,c € L.

Definition 42 Let L be a lattice with top element 15, and bottom element Or, and let a,b € L.

10



Then b is called a complement of a, if aVb=1p and a Nb=0r. Ifa € L has a complement,

then it is unique. It is denoted by a'.

Definition 43 A lattice L is called a Boolean lattice, if
(i) L is distributive,
(i) L has Of, and 1p,

(iii) each a € L has the complement o’ € L.

Definition 44 [7] Let U be a set and L be a complete distributive lattice with 11, and Or,. An L-
fuzzy set A in U is a map A : U — L. We denote the family of all L-fuzzy sets in U by LY. For
A BeLX, ACBif A(x) < B(x) for everyx € U. For L-fuzzy sets A and B, new L-fuzzy
sets can be constructed as follows: (AN B) (x) = A(x)NB(z); (AUB) (z) = A(x)UB (z) for
allz e U.

11



Chapter 2

L-fuzzy Soft Ideals

In this chapter we define L-fuzzy soft subnearring, L-fuzzy soft left (right) ideal, L-fuzzy soft

N-subgroup over a universe U. We study some of their properties.

2.1 L-fuzzy Soft sets

In this section we define sum and product of L-fuzzy soft subsets of a nearring over a universe
U and study some properties of these operations.

An L- fuzzy set A in a nonempty set X is a function A : X — L, where L is a complete
distributive lattice with 1 and 0. We denote by L~ the set of all L-fuzzy sets in X.

Let A, B € LX. Then their union and intersection are L-fuzzy sets in X, defined as

(AUB)(x) = A(z) V B(z) and (AN B)(z) = A(xz) A B(x) for all z € X.

A C Bif and only if A(z) < B(z) for all z € X.

The L-fuzzy sets 0 and 1 of X are defined as 0(z) = 0 and 1 (z) = 1 for all z € X. Obviously
0CACTforall Ae L.

Definition 45 [12] A pair (F,E) is called a soft set (over U) if F is a mapping of E into
the power set of U, that is

F:E — P(U). In other words, the soft set is a parametrized family of subsets of the set
U.

Definition 46 [8] Let E be a set of parameters, U be an initial universe, L be a complete

12



dstributive bounded lattice and A C E. An L-fuzzy soft set fa over U is a mapping defined by
fa:E— L(U), such that fa(x)=0 if z¢ A.

The following operations on L-fuzzy soft sets are defined as

1) Let fa and gp be two L-fuzzy soft sets over U. Then f4 is contained in gp denoted by
fa Cgp if fa(e) Cgple) forall ee E, thatis (fa(e))(u) < (gp(e))(u) for all u € U.

Two L-fuzzy soft sets f4 and g over U are said to be equal, denoted by fa4 =gp if fa C
gs and gp C fa.

2) Let f4 and gg be two L-fuzzy soft sets over U. Then their union f4Ugp=hayup, where
h,,z(€) = fale)Ugp(e) for all e € E.

3) Let fa and gg be two L-fuzzy soft sets over U. Then their intersection faNgp=hans,

where hanp(e) = fa(e) Ngp(e) for all e € E.

Proposition 47 Let A,B,C C E and fa,9B,hc be three L-fuzzy soft sets over U. Then
(1) faOfa=fa
(2) faUgp=gpUfa
(3) (f4UgB) Uhc=f4U (98Uhc).

Proposition 48 Let A, B,C C E and let fa,gp,hc be three L-fuzzy soft sets over X. Then
(1) fanfa=fa
(2) fangp=gpNfa
(3) (faNgs) Nhe=faN (g8Nhc).

In the next definition £ = N, a nearring. We call an L-fuzzy soft set over U as an L-fuzzy

soft set of NV over U.

Definition 49 Let f4 and g be two L-fuzzy soft sets of a nearring N over the common

universe U. Then the soft product fao ® gp 1is an L-fuzzy soft set of N over U defined by

U faly)Ngs(z) if 3 y,z € N such that x = yz
T=yz

(fa©gB)(z) = Vz € N.

0 otherwise

We next show that if fa,gp are L-fuzzy soft sets of N over U, then f4 ® g # g5 © fa.

13



Example 50 Let N = {0,z,y,z} be a nearring with the binary operations as defined below:

+10 = y =z e | 0 =z y =z
0|0 =z y =z 0j{0 0 O O
z |z 0 2z y z|0 =z 0 =z
yly z 0 = y|0 0 0 0
z |z y x 0 z|0 z 0 =z

Consider a complete bounded distributive lattice L = {1,a,b,c,d,0}. Let U = {p,q} and
A=B={z,y,z}.

Let f4 and gp be two L-fuzzy soft sets of N over U as follows:

p p q
fa(z) d 95 (z) 0
fay) |a c gey) |1 ¢
fa(z) |a b gp(z) |0 b

14



Now, for x € N,

(fa©gp) (@) = U {faly)Ngs ()}
= Y fa@)Ngp (@), fa(z) Ngp ()} ={(bd)N (1 0)}U{(bd)N(00)}
— bOUOd) =(bd).

And,

(920 f4) @) = U gs()Nfal2)
= U {95 (@) N fa ()98 (@) N fa (20} = {1 0) N (B D} U{(10) N (a )

= (b0)U(a0)=(a0).

Hence,

fa®© g # 9B O fa.

Proposition 51 Let fa,95,hc € S(U), where S(U) is the collection of all L-fuzzy soft sets
of a nearring N over U. Then
(1) (fa®gB) © hc=fa © (98 © he).
(i1) faCgp = (fa © he) (98 © ho) and (ho © fa) € (he © gB)-
(i1i) fa ® (9Uhc) = (fa © gB) U(fa © he) and (fa U gB) ® he=(fa ® hc)U(gB © he).
(iv) fa® (gnhc) C(fa ® g8)N(fa ®he) and (falgs) © heC (fa @ he) N (98 © he)).

Proof. (i) Let z € N. Then

(fa©gp)©he) (@) = U {(fa®gs)(y) Vhe (2)}
= U{Ugs)Nfa®)nhc(z)}t= U U {(g8(s)Nfa(t))Nhc(2)}

r=yz y=st r=yz y=st

= x:gt)z{(fA (s) Ngp (1)) Nhe (2)}

= U (N0 Nhe (@) € U (£4()N (95 © he) 0)

z=s(tz

= U {(fa® (g8 ©ho)) (@),
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This implies .
(fa®gB) ©hcCfa® (98 @ he)

Similarly, we can show that

fa® (g ®he) C(fa©gB) ® he.

Hence ,

(fa®gB) ®hc = fa® (9B ® hc)
(7i) As
faCgs = fa(y) Cyp (v)

for all y € N.
Let x € N. If x # yz for all y,z € N then

(fa©heo) (x) =0=(98© hco) (z).

Otherwise

(fa©gp) (@)= U {faly)Nhc(2)} € U 198 y) Nhe(2)} = (98 © ho) (2).

Hence,

faCgp = (fa®he) Clgp © he).

(7i7) Let x € N. If x is not expressible as x = yz for all y, z € N, then

(fa® (g80he) (x) =0 = (fa ® gB) (x) U (fa @ he) (z).
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Otherwise

(fa® (98Uhc) (z) = xgyz{fA (y) N (g8Uke) (2)
= Y a@nlgs () Vhe ()} = U {(fa(y) N (95 (2)) U (fa(y) N (ke (2)

= {,U. Fal)nlgs () U{ Y (faly) N (ke ()}
= (fa®©gp) (@)U (fa®hc)(2).

This implies that

fa® (98 Uhe) =(fa®gp)U(fa®he).

Hence,

fa® (gUhc) = (fa®gB)U(fa® he).

(iv) Let x € N. If x is not expressible as © = yz for all y,z € N, then

(fa® (g8Nhe) (z) = 0= (fa © gB) (x) N (fa @ he) (z) .

Otherwise
(fa®(gs0he) (@) = U {fay) N (950he) (2)
= U W) N (s nhe ()} = U {(a()N (98 () 0 (fa )N (ke (2)}

C {xgyz (fa(y) N (g (2)}N {gyz (fa(y) N (he (2))}
= (fa©gp)(@)N(fa®hc)(x).

This implies that

fa @ (g80he) C(fa©g)N(fa® he)

Similarly, we can prove that

(fafgs) ® he € (fa® he) D (9B © he)
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Equality does not hold in (iv) which is shown in the following example.

Example 52 Let N = {0,z,y,z} be the nearring with binary operations as defined below:

+10 =z y =z |0 =z y =z
010 =z vy =z 0|0 0 0 O
z |z 0 z y z|0 =z 0 =z
yly 2 0 =z /10 0 0 O
z |z y x 0 z|0 z 0 =z

Consider a complete bounded distributive lattice L = {1,a,b,¢,d,0} and U = {p,q}, A =
B=C={zy, 2z}

Define fa, gp and ho be the L-fuzzy soft sets of N over U as follows:

p q p q p q
fa(z)|a d 9B () 0 he(z) [0 1
faly) [a b ge(y) |1 b he(y) |1 0
fa(z) | ¢ a ge(z) | c b he(z) |0 d
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Now

(fa® (9500 (3) = U {fa(2)N (g50h) (0) = U {fa (@) N (95 () N he ()}
= U {4 (2) 0 (g8 (@) Nho (@), £4 (2) 0 (98 (2) N he ()
= ((c )N ((b0)N (0 1)U ((ca)n((cb)n(0d))
= ()N (00)U((ca)n(0d)=(00)U(0d)=(0d)

And

(fa©gB) (2)N(fa© ho)(2) = ((fa(2)Ngr () U (fa(2)Ngr(2)) N ((fa(2) Nho (2)) U (fa(z) Nhe (2)
= (((ca)nb0)U((ca)n(cb)))n(((ca)n(01)U((ca)n(0d))
= ((00)U(Eb))N((0a)U(0d)=(cb)n(0a)=(0D).

Hence .

fa® (gNhe) C(fa ® gB) N (fa ® he)

Definition 53 Let f4 and gp be soft sets of a nearring N over the common universe U. Then
the soft sum fa @ gp s defined by

(fadgp) (@)= U fa(y)Ngp(z) VxeN.
r=y—+z
Next we show that fa @ gp # g @ fa for L-fuzzy soft sets fa, gp of a nearring N over U.

Example 54 Consider S3 = {1,a,b,a?, ab,a®b} with the binary operations addition and mul-

tiplication as defined below:

@ 1 a a® b ab  a?b ® 1 a a®> b ab a%b
1 |1 a a* b ab @ 1 |1 11 1 1 1
a |a @ 1 ab a’b b a |1 1 1 1 1 1
a®> (a2 1 a a*h b ab a®> |1 1 1 1 1 1
b |b  a® ab 1 a® a b |11 1 1 1 1
ab |ab b a’b a 1  a? ab |1 1 1 1 1 1
a’h |a*b ab b a® a 1 a’b (1 1 1 1 1 1
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Then (S3,®,®) is a left nearring. Consider the complete bounded distributive lattice L =
{1,a,b,¢,d,0} and U = {p,q}, A= B =S

Define two L-fuzzy soft sets fa and gg of N over U as follows:

p q p q
fa(1) 1 b 9B (1) 1 a
fa(a) |c d gp(a) |b 0
fa(a®) |a 1 g (a?) |d b
fa®) |d c gp(b) |0 ¢
falab) | b 1 g (ab) |c d
fa(a®) |0 a g5 (a2) | a 1
Then
(fa®gp)(a) = U {fal@)Ngs(y)
= U{fa()Ngp(a),fa(a)Ngr (1), fa(a®) Ngp (a®),
fa(b) N gp (a®b), fa(ab) Ngp (b), fa (a®b) Ngp (ab)}
) U{ (15N (b 0),(cdn(la),(al)n(db), }
(de)n(al),(b1)N(0c),(0a)n (cd)
= {(b0O)U(cd)U(db)u(dc)u(0c)U(0d)}=(al)
Similarly,
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(gp®fa)(a) = U 1g95(z)Nfay)}

= U{gr (1) N fa(a), g8 (a) N fa(1),g5 (a®) N fa (a®), g5 (b) N fa (a®b), g5 (ab) N fa (b), g5

= U{(la)n(cd),d0)N(1bd),(cd)nN(bl),(db)n(0a),0c)n(al),(al)n(dc)}
= {(cd)UBO)U(dAUObUOCc)U(dc)}=(aa).

Hence,

fa®gs # 9D fa

because (a 1) # (a a).

Proposition 55 Let fa,98, hc € S(U). Then
(1) (fa® gp) © hce= fa @ (9 @ ho).
(i5) faC gp = (fa® ho) C (g @ ho).
(i11) fa @ (980hc) = (fa® gB)U(fa @ he) and (faUgs) ® he = (fa® he) U (g @ he).
(iv) fa® (980he) C (fa ® gB) N (fa @ he) and (falgs) ® haC (fa ® he) N (95 ® he)).

Proof. (i) Let z € N. Then

(fa®gp)®hco) (x) = oy A(fa®gp) (y) Nhe (2)}

= {{ U (g8(s)Nfalt))}Nhe(2)}

r= y+z y=s+t

= U (98 (s) N fa(t))} Nhe (2)}

T=y+z y= +t

- U {(fa(s)Ngs @) Nhe(2)}

r=(s+t)+z

)

C U {fA(S) (98 (t) N he (2))}
)
(z

r=s+(t+z)
C $+{fA() (9B ® he) (p)}

Tr=

= Y {(fA@(gB@hc)) )}

This implies
(fa®gp) ®hcCfa® (98 ® ho) .
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Similarly, we can show that

fa® (g5 @ he) C(fa® gB) @ he.

Hence

(fa®gB) ®hc=fa® (g ® he).

(7i) As fAé 9B = fa(y) C gB (y) for all y € N.
Let x € N. Then

(fa®gp) (@)= U {faly)nhc()} S U Ags(y)Nhe(2)} = (95 & ho) (@).

Hence,

faCgp = (fa®he) C (9B ® ho).

(13i) Let « € N. Then

(fa® (gsUhe) (@) = U {fa(y) N (95Uhc) (2)
= Y fan(gs(2) Vhe (2)}
(fa(y) N (gs (2)) U (fa(y) N (ho (2)}
(Y (fal)N(gs (2D} U{ YU (faly) N (he (2))}

= (fa®gp) () U(fa® hc) ().

x:LyJ—i-z{

This implies that
fa® (g Uhe)=(fa®gp)U(fa®he).

Similarly, we can show that

(faUgp)®hc = (fa®hc)U(9 ® he).

(iv) Let & € N. Then
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(fa® (ggNhe) (z) = xgyz{fA (y) N (gsNhe) (2)

= U {fa(y)N(gs(2) Nho(2)}

T=Yz

= wgyz{(fA (y) N (g5 (2)) N (fa(y) N (he (2)}
C {xgyz (fay)n(gs(2)}N {xgyz (fa(y) N (he (2))}
= (fa®gp)(@)N(fa®hc) (x).

This implies that .

fa® (g8 0 he) C(fa®gp) 0 (fa® he).

Similarly, we can show that

(fa 0 gg) ®heC (fa®he)N (98 ® he).

Next we show that equality does not hold in (iv).

Example 56 Let N = {0,xz,y,z} be the nearring with the binary operations as defined below:

+10 =z y =z o | 0 z y =z
010 =z vy =z 0j0 0 0 O
z |z 0 z y z|0 =z 0 =z
yly z 0 = y|[0 0 0 O
z |z y x 0 z|0 2z 0 =z

Consider a complete bounded distributive lattice L = {1,a,b,c,d,0}, U = {p,q} and A =
B=C={0,z,y,z}.
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Define fa, gp and ho the L-fuzzy soft sets of N over U as follows:

Now

(fa® (gshc) (2)

q P q P q
1 ge(0) |1 0 he(0) | a 1
d gp(z) | b 1 ho(x) |0 1
b gp(y) [0 b he(y) [ b 0
a gp(2) |0 b he(2) |0 d

Y, fa@) 0 (gshhe) (v) = U {fa (@) N (95 (y) Nhe (v)}

.9, a0 N ((gs (@) N he (2)), fa (@) N ({95 (0) Vhe (0)),

fa) 0 (g8 (2) he (), fa (2) N (98 (y) N ho (1))}
L D@ HAOD), 040 0)n(al),
(a )N ((0 )N (0 d)), (c a) N ((0b)N (b 0))
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Now,

{(fa@ ) Afa®he)} () = (Fa®gs)(2) 0 (f4© ho) (2)
= LY, ((Fa®)N (g5 (D}, (Fa )0 (e ()}
= { U (4 (0)0 (g5 (@)). (Fa () 1 (95 0)). (£a () O (95 (2)). (Fa (2) 1 (g5 (s

Z=x+Yy

N{ Ul (fa(0) N (he (2)), (fa(z) N (ko (0)), (fa(y) O (ke (2)), (fa (2) N (F

z=x+y

o {(( It >><< 4N (1), }}
). ((ca)n (0 b))

((
o)
ca)n(b0))
U ( Ob)}m{(o1)U(bd)U(Od)U(00)}
= b)NBH=(01).

Hence,

fa® (98 N he) C(fa®gp)N(fa®he).

2.2 L-fuzzy Soft Sub-nearring and L-fuzzy soft Ideals

In this section we define L-fuzzy soft sub-nearring and L-fuzzy soft ideal of a nearring N over

U and prove some related results.

Definition 57 An L-fuzzy soft subset fa of a mearring N over U is called an L-fuzzy soft
subnearring of N if

(1) fa(z —y) 2 fa(z)N fa(y)
(2) fa(zy) 2 fa(z) N fa(y), for all z,y € N, where AC N.

Definition 58 An L-fuzzy soft subset fa of a nearring N over U is called an L- fuzzy soft ideal
of N if fa is an L-fuzzy subnearring of N and

(3) fa(x)=faly+x—y)
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(4) fa(zy) 2 fa(y)

(5) fa((z+i)y—=zy) D fa(i), for any x,y,i € N, where A C N.

fa is an L- fuzzy soft left ideal of N if it satisfies (1),(3) and (4); fa is an L- fuzzy soft
right ideal of N if it satisfies (1),(2),(3) and (5).

Example 59 Let N = {0,z,y,z} be the nearring with binary operations as defined below:

+10 =z y =z e |0 z y =z
010 =z y =z 0j0 0 0 O
z |z 0 z y z|0 =z 0 =z
y |y 2z 0 =z y10 0 0 O
z |z y x 0 z|0 =z 0 =z

Consider the complete bounded distributive lattice L = {0,a,b,¢c,d,e, f,1} and U = {j,k},
A=N.

a

o c
a

=] o L
]

Define an L-fuzzy soft set fa of N over U as follows:

7k
fa0) |1 a
fa(x) |b f
fa(y) | e
fa(z) |a e
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Simple calculations show that fa is an L-fuzzy soft subnearring of N over U but fa (zz) #

fa(z) because (b f) # (a e) and fa((x+ z)x —xx) D fa(2) because (b f) # (a €). Thus it is
neither an L-fuzzy soft left ideal nor an L-fuzzy soft right ideal of N and hence not an L-fuzzy

soft ideal of N.

Example 60 Let N = {0,z,y,z} be the nearring with binary operations as defined below:

+10 =z y =z e |0 z y =z
010 =z y =z 0j0 0 0 O
z |z 0 z y z|0 =z 0 =z
y |y 2z 0 =z y10 0 0 O
z |z y x 0 z|0 =z 0 =z

Consider the complete Boolean lattice L = {0,a,b,c,d,e, f,1} and U = {j,k}, A= N.

1

b c
a

= d T
r

Define an L-fuzzy soft set fa of N over U as follows:

j k
fa0) |1 f
fa(z) |a 0
fa(y) a 0
faz) |1 f

Simple calculations show that fa is an L-fuzzy soft subnearring of N over U and an L-fuzzy
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soft left ideal but fa ((x + 2)x — xx) D fa(2) because (a 0) # (1 f). Thus it is not an L-fuzzy
soft right ideal and hence not an L-fuzzy soft ideal of N.

Example 61 Let N ={0,z,y,z} be the nearring with binary operations as defined below:

+10 =z y =z |0 =z y =z
010 =z y =z 0j0 0 0 O
z |z 0 2z y z|0 0 0 O
vy |ly z = 0 yl0 0 0 O
z |z y 0 =z z|0 0 z =z

Consider the complete Boolean lattice L = {0,a,b,c,d,e, f,1} and U = {j,k}, A= N.

1
o] C
<>
= 1
o

Define an L-fuzzy soft set fa of N over U as follows:

)
)
y) |a e
)|la e

Simple calculations show that fa is an L-fuzzy soft subnearring of N over U, an L-fuzzy

soft left ideal, an L-fuzzy soft right ideal and hence an L-fuzzy soft ideal of N.

Example 62 Let N = {0,xz,y,z} be the nearring with binary operations as defined below:
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+10 =z y =z e |0 =z y =z
010 =z y =z 0j0 0 0 O
z |z 0 2z gy z|0 0 0 O
Yy ly 2z «x yl0 0 0 O
z |z y 0 =z z|0 0 z =z

Consider the complete Boolean lattice L = {0,a,b,c,d,e, f,1} and U = {j,k}, A= N.

1
e} '
’
= 'l
o

Define an L-fuzzy soft set gg of N over U as follows:

7k
gp(0) | 1 1
g (x) | e d
gp(y) e O
g(z) | e 0

Simple calculations show that gp is an L-fuzzy soft subnearring of N over U, an L-fuzzy

soft left ideal, an L-fuzzy soft right ideal and hence an L-fuzzy soft ideal of N.

Lemma 63 The intersection of two L-fuzzy soft (left, right) ideals of a nearring N over U is
again an L-fuzzy soft (left, right) ideal of N over U.

Proof. Let fi and gp be two L-fuzzy soft ideals of a nearring N over U and z,y € N.
Then
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(faNgp) (x —y) = fa(z —y)Ngp (z —y)
2 {fa(@)nfaly)}n{gs (=) Ngs(y)}
= {fa(@)ngs (@)} n{faly)Nygs (y)}
{(fangs) (2)} N {(falgs) (v)}-

Hence,

(falgs) (z —y) 2 {(fahgs) (2)} N {(faNgs) (v)}-

(falgs) (xy) = fa (zy) N g5 (zy)
2 {fa(x)nfay)}nigs (z) Ngs(y)}
= {fa(@)ngp @)} N{fa(y) g5 (y)}
= {(faNgs) (x)} N{(faNgs) (y)}-

Hence,

(faNgn) (zy) 2 {(faNgn) (2)} N {(faNgn) ()}

(falgs) W+z—y)=faly+z—y)Ngsly+z—y)

2 fa(z)Ngp(x) = (faNgs) (z).

Hence,

(faNgs) (y +z —y) 2 (faNgs) ().

(faNgs) (zy) = fa(zy) Ngp (zy) 2 fa(z) Ngs (y) = (fahgB) (y).
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Hence,

(faNgs) (zy) 2 (faNgs) (y) -

(fangs) (z + i)y —zy) = fa((z + i)y — zy) Ngp (x + 1) y — zy)

D fa(i)Ngp (i) = (faNgp) (i) .

Hence,

(faNgB) ((x + i)y —zy) 2 (faNgs) ().

for all z,y,7 € N.
Consequently, (faNgg) is an L-fuzzy soft ideal of N. m
Next we show that the union of two L-fuzzy soft ideals of a nearring N is not necessarily

an L-fuzzy soft ideal of N.

Example 64 Let N = {0,xz,y,z} be the nearring with binary operations as defined below:

+10 =z y =z e |0 =z y =z
0|10 =z y =z 0j0 0 0 O
z |z 0 z y z|0 0 0 O
yly z =z yl0 0 0 O
z |z y 0 =z z|0 0 z =z

Consider the complete Boolean lattice L = {0,a,b,c,d,e, f,1} and U = {j,k}, A= B = N.

1

o] c
a

= o i
o
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Let fa and gp be two L-fuzzy soft ideals (left, right ) of a nearring N over U.

ik ik
fa(0) |1 1 gp(0) |1 1
fa(z) |a b g (@) | e d
fa(y) |a e g(y) e O
fa(z) |a e gp(z) e O

Simple calculations show that fo and gp are L-fuzzy soft ideals of N over U. Now

(faUgB) (y —x) = (a €)
and
(faUgg) (y) N (faUgp) (x) = (a e )N (a b) = (a b)

and e 2 b. Hence,
(faUgg) (y — x) 2 (faUgs) (y) N (faUyg) (z).

Hence, f4Ugp is not an L-fuzzy ideal of N over U.

Definition 65 Let f4 be an L- fuzzy soft subset of a nearring N over U. For o € LY, the set
fi={z e N: fa(z) D a} is called a level subset of fa.

Theorem 66 Let N be a nearring and fa be an L- fuzzy soft subset of N over U. Then fa
is an L- fuzzy soft subnearing (ideal) of N over U if and only if the level subset f§ # 0 is a

subnearring (ideal) of N for all o € LY.

Proof. Let f4 be an L-fuzzy soft left ideal of N. Let z,y € f¢. Then fq(z) 2 o and

fa(y) 2 a. Now, as
fa@—y) 2 fa(x)Nfaly) 2ana=a= fa(z—y)2a=z—yc fj.
Now, let z € f§ and y € N. Then f4 (z) 2 a. As

fa(@)=faly+r—y)2a=y+z—-yec fi
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Finally let y € f§ and 2 € N. Then f4 (y) 2 a. As

fa(zy) 2 faly) 2 a=wy € f3.

Hence, f§ is a left ideal of V.
Conversely, suppose that f¢ is a left ideal of N. Let x,y € N be such that fi4(z —y) C
fa(x) N fa(y). Then there exists an o € LY such that

fa@=—y)CaC fa@)Nfaly)= fa(x)Nfaly) 2a= fa(z) 2 a
and fa (y) 2a =z € f§and y € f§ but z —y ¢ f9, which is a contradiction. Hence,
fa(x—y) 2 fa(z)N faly)

for all z,y € N.

Again assume that there exist x,y € N such that
faly+z—y) C fa(o),
so there exists o € LY such that
faly+z—y)CaC fa(z)= falr) 2a=zec fi,
but y +z —y ¢ f4, which is a contradiction. Hence,
faly+z—y) 2 fa(z).

Finally suppose that there exist 2,y € N such that fa (zy) C fa (y), so there exists a € LY
such that

fa(wy) CaC fa(y) = faly) 2 a=yE f3,
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but xy ¢ f4, which is a contradiction. Hence,

fa(zy) 2 fa(y)

. Hence, f4 an L-fuzzy soft left ideal of N. m

Lemma 67 If an L-fuzzy soft set fa of a nearring N over U satisfies the property fa(z —y) 2
fa(@)N fa(y) for all x,y € N, then

(1) fa(On) 2 fa(x)

(13) fa(—z) = fa(z) for all z,y € N.

Proof. (i) For any z € N,
fa(On) = fa(z —2) 2 fa(x) N fa(z) = fa(z).

Hence, f4 (0n) 2 fa (z).
(73) For all z € N,

fa(=z) = fa(On —2) 2 fa(On) N fa(x) = fa(x).

Since z is arbitrary, we conclude that

fa(=z)=fa(z).

Proposition 68 Let fa be an L-fuzzy soft ideal of of a nearring N over U. If fa(x —y) =
fa(ON), then fa(z) = fa(y) for all z,y € N.

Proof. Assume that
fa(z—y) = fa(On)

for all z,y € N. Then

fa@)=fa(x—y+y) 2 falx—y)Nfa(y) = fa(On) N fa(y) = fa(y)
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Similarly, using

faly—2)=fa(z—y) = fa(On)

we have

fa(y) 2 fa(z).
Hence,

fa(z) = fa(y).
n

Theorem 69 Let I be a left (right) ideal of a nearring N. Then for any o € L(U), there exists
an L-fuzzy soft left (right) ideal fa of N such that f§ = 1.

Proof. Let f4 : N — L(U) be an L- fuzzy soft set of N over U defined by fa(z) =
o iteel
0 if v¢1
where 0 is the zero L-fuzzy set and « is a fixed L-fuzzy set in L(U ). Then clearly f§ = 1.
By Theorem 79 f4 is an L-fuzzy soft ideal of N over U. =

Definition 70 Let I be a non-empty subset of a nearring N. Define an L-fuzzy soft subset x;

of N over U as following:
1 if xel

0 if x¢ 1
This is called an L-fuzzy soft characteristic function of 1.

X (z) =

Theorem 71 The characteristic function x; of I is an L-fuzzy soft left (right) ideal of N over
U if and only if I is a left (right) ideal of N.

Proof. Assume that x; is an L-fuzzy soft ideal of N. Let 2,y € I. Then x; (z) = 1 and

XI (y) :I NOW7
xr(@—y)2x; (x)Nxr (y) =1N1=1,

SO

x; (x—y) 21
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This means that x —y € I. Also

Xr(@y) 2xr (@) Nxr(y) =1n1=1,

SO

U
—_

xr (zy)

This means that

xy € 1.
Now, let x € N and y € I. Then
xr (zy) 2 x7 () =T=x; (y) 21,

that is

x; (zy)=1=azyel

Also,
Xiy+tz—y) 2x;(@)=1=x; y+z-y) =l=y+z-yel

And finally, assume that x,y € N and i € I, then

x; ((z+i)y—=2y) 2 x;(6) =1,

implies (z + i)y — zy € I. Hence [ is an ideal of N.
Conversely, suppose that [ is an ideal of N. Let z,y € I. Then

r—yel.

Thus

xr(x)=1=xr (y) =xr(x—y).

Hence,

xr (x—y)=x5 (@) x; (y)
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If one of z,y is not in [ then

xr () Nxr (y) =0.

So

xr (@ —y) 2 x;(x) N xr(y)

Let z,y € I. Then

xy € 1.

Thus x (x) = 1= xr (y) = xr (xy). Hence,

xr (zy) = x; (x) N x; (v)

If one of =,y is not in I then

xr (@) Nxr (y) =0

So

xr (zy) 2 xr (@) Nxy ()

Now, let x € I and y € N. Then

y+rx—yel
Thus
xr (y+z—y)=1=x(2).
If © ¢ I then
xr(z) =0
So

Finally, if ¢ € I then

(x+i)y—zy el

Thus

x; (x+i)y—ay)=1=x; (i).
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Now, if i ¢ I. Then

xs (z) = 0.

Thus

x: (x+19)y —xy) 2 x; (i)

. Hence, the characteristic function of [ is an L-fuzzy soft ideal of N. This completes the

proof. m
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Chapter 3

Prime and Semiprime ideals

In this chapter we define L-fuzzy prime and semiprime soft ideals of a nearring. We also

characterize those nearrings for which each L-fuzzy soft ideal is prime.

3.1 Product of L-fuzzy soft sets

Definition 72 Let f4 and gp be two L-fuzzy soft sets of a nearring N over the common

universe U. Then the soft product fa ® gp is an L-fuzzy soft set of N over U defined by

U fa(y)Ngs(z) if Jy,z € N such that © = yz
(fa®gp)(x) =4 *=v*

0 otherwise

forallx € N.
Proposition 73 Let A, B be non-empty subsets of a nearring N. Then x4 ® Xp = XaB-

Proof. Let x € N. If x € AB then there exist a € A and b € B such that x = ab. In this

case

(xa©xp) () = U xay)Nxp(2)

U
=
&
D)
=
sl
=
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Hence (x4 ® xg) (#) = 1 = x45 (2). If 2 ¢ AB then there do not exist a € A and b € B

such that x = ab. Hence

Xap(z) = 0

This shows that x4 © xp = Xap- ®

Definition 74 An L-fuzzy soft ideal fa of a nearring N over U is called prime if f4 is not a

constant function and for any L-fuzzy soft ideals g, hc of N over U,

98 @ hcCfa = gpCfa or hoCfa.

Theorem 75 An ideal P of a nearring N is prime if and only if xp is an L-fuzzy prime soft
ideal of N over U.

Proof. Suppose that the characteristic function xp of P is an L-fuzzy prime soft ideal of
N over U. Then P is an ideal of N. Let A, B be any ideals of N such that AB C P. Then x4
and xp are L-fuzzy soft ideals of N and XAXBE X p- Since x p is prime, so XAEXP or XBEXP-
This implies A C P or B C P.

Conversely, assume that P is a prime ideal of N. Then by Theorem 74, x p is an L-fuzzy soft
ideal of N overU. Let gg, he be L-fuzzy soft ideals of N such that gg ®he C Xp- Suppose gg €
xp and he € xp. Then there exist z,y € N and u € U such that (gp (z)) (u) 2 (xp (z)) (u)
and (ho (1) (1) 2 (xp (1) (). Now (xp (2)) (1) N (xp (1) (@) < (95 (2)) () O (ke () (),
this implies xp (zy) 2 gp (x) N he (y), which is a contradiction. Hence gg C xp or he C xp.

Definition 76 An L-fuzzy soft ideal fo of a nearring N over U is called semiprime if fa is

not a constant function and for any L-fuzzy soft ideal gg of N, g5 ® ggCfa implies ggC fa .

Theorem 77 An ideal P of a nearring N is semiprime if and only if xp is an L-fuzzy soft

semiprime ideal of N over U.
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Proof. Suppose that the characteristic function xp of P is an L-fuzzy soft semiprime ideal
of N over U. Then P is an ideal of N. Let A be any ideals of N such that AA C P. Then
by Theorem 74, x 4 is an L-fuzzy soft ideals of N and x4 Aix p. Since xp is semiprime, so
X4Cxp- This implies A C P.

Conversely, assume that P is a semiprime ideal of N. Then xp is an L-fuzzy soft ideal of

N over U. Let gp be an L-fuzzy soft ideal of N such that

gB®gB§XP~

Suppose gp € xp. Then there exist z € N and u € U such that

(98 (%)) (u) = (xp () (u).
Now
(xp (#)) (u) = (xp (2)) (u) N (xp (¥) (v) € (95 (z)) (v) N (95 (2)) (v),

this implies

xp (x) 2 g5 (x) Ngp (z),

which is a contradiction. Hence

QB§XP-

3.2 Characterization of nearrings by the properties of their L-

fuzzy soft ideals

In this section, we characterize those nearrings for which each L-fuzzy soft ideal is prime and

also those nearrings for which each L-fuzzy soft ideal is idempotent.

Definition 78 Let fa and gp be two L-fuzzy soft sets of a mearring N over the common

universe U. The L-fuzzy soft subset fo @ gp of N is defined as
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(fa®@gp)(x) = Sup {fa(y) Ngp(z)} wherey,z € N such that x =y + z.
T=y+z

Proposition 79 Let f4 and gg be two L-fuzzy soft ideals of a nearring N. Then fa ® gp is
the smallest L-fuzzy soft ideal of N containing both fa and gp.

Proof. For any z,y € N,

(a0 @0 (a0 W) = |, U fa@nowol|n| U @0

— x:%er[[fA (@) Ngp (b)] N[fa(c)Ngr(d)]]
y=c+d

— x:%—&-b[[fA (a) N fa(e)lNigs (b) Ngr(d)]]
y=c+d

Sincex —y=a+b—(c+d)=a+b—d—c=a—c+(c+b—c)+(c—d—c)
and gp(c+b—c) = gp(b),
gp(c—d—c) = gp(—d) = gp(d) we have

= U @ N fa(@)Nlgp e+ b ) Ngn(e—d )
y=c+d

C U [fale)ngs(f)=(fa®gp)(z—y).
r—y=e+f
Thus, (fa®gB) (x—y) 2 (fa®g) () N (fa ®gB) (y).

Now,

(fa®9s)) = U [fa(a) g5 (D)

C y:LaJer[fA (za) N gp (xb)

C U [fa(e)ngs(d) = (fa®gp) (zy).
ry=c+d

Thus, (fa @ gB) (zy) 2 (fa ® gB) (¥).
Hence, (fa ® gB) (zy) 2 (fa® gB) () N (fa ® gB) (v)-

42



Now,

(fa®gB)(x) = x:Ljer[fA(a)ﬁgB(b)]

- x:%—&-b[fA (y+a—y)Ngp(y+b—y)

= @) N d
U @0 s )
Because for each z =a+b, wehavey+z —y=y+a—-y+y+b—y=(y+a—y)+y+b—y)
and foreachy+z —y=c+d, wehavex = —y+c+d+y=(—y+c+y)+(-y+d+y).

=(fa®gn)y+z—y).

Hence, (fa © g5) () = (fa© gB) (y + 2 —y).

Leti=a+b. Theni=a+b=b—b+a+band gg(—b+ a+b) = gp(a). Hence whenever
fa(a) Ngp (b) is present,

then fa (b) Ngp (a) is also present. Now

(z+i)y—zy=(z+(a+b)y—zy=(r+(a+b)y—(z+a)y+(z+a)y—zy.

Thus f4 () € fa (@ +a)y +b) — (z + a)y).

Now,

(fa®gp) (i) = Z.:ngb[fA(a)ﬁgB(b)

— i:ngb[fA ()N gp (a)
Z.:E'LJer[fA (x+(a+b)y— (z+a)y)Ngs ((z+ a)y — zy)
iy et A () 1195 (D)

= (fa®gp)(z+i)y—zy).

N

N

Hence, fa ® gp is an L-fuzzy soft ideal of V.
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Now, (74©95) (z) = U_[f4 (@) Ngp (0]

Asz=x+0and z =0+, 50 (fa ®gp) () 2 fa(r) and also (fa @ gB) (v) 2 gp (v). If
he is an L-fuzzy soft ideal of N such that ho (z) 2 gp (x) and he (z) 2 fa (z) for all z € N,
then

(fa®gp) (@) = U [fala)Ngs0)]
c Y lhcla)nhc(®)
= Y [hc(a)nhe (=)
c Y holatb)=he(z).

Thus, fa® ggClhc. ®

Proposition 80 Let N be a zero-symmetric nearring and fa and g be L-fuzzy soft ideals

of N over U. Then fa® ggCfangg.

Proof. Let f4 and gp be L-fuzzy soft ideals of N and z € N. Then

U fa(y)Ngs(z) if 3y,2z € N such that z = yz
(fa®©gp)(z) =q =7

0 otherwise

As fa is an L-fuzzy soft ideal, so fa(z) C fa(yz) = fa(z). As N is a zerosymmetric

nearring, so yz = (0 +y) z — 0z. Hence, gp (z) = g5 (yz) = g5 (0 +y) 2 — 02) 2 gp (y). Thus,

U fal(yz)Ngs(yz) if 3y,2z € N such that x = yz
(fa©gp) () = ¢ "%

0 otherwise

C (fangs)(z).

Let N be a nearring. Let F'(N) denote the set of all L-fuzzy soft subsets of N over U. Let
F*(N) be the set of all L-fuzzy soft ideals of N. Let fa € F(N). Then the L-fuzzy soft ideal

generated by fa, denoted by < fa >, is the intersection of all L-fuzzy soft ideals of N which
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contain f4. Now, onwards N will denote a zerosymmetric left nearring.

Definition 81 A nearring N is called fully L-fuzzy soft idempotent if for each L-fuzzy soft
ideal fa of N, fa= < f3 >.

Proposition 82 The following assertions for a nearring N are equivalent:

(1) N s fully L-fuzzy soft idempotent.

(i) For each pair of L-fuzzy soft ideals fa,gp of N, faNgp= < fa ® g >.

(1it) The set of L-fuzzy soft ideals of N form a lattice (F*(N),U,N) with faUgp=fa® gB
and faNgp= < fa ® g > for each pair of L-fuzzy soft ideals fa, gg of N.

Proof. (i) = (ii) For each pair of L-fuzzy soft ideals fa, g of N

fa®geCfangs,
thus
< fa®gp>Cfangs.

For reverse inclusion, as f4Ngp is an L-fuzzy soft ideal and

faNgeCfa

and

fafgsCgp, we have (faNgg)?Cfa © gB,

This implies

falgs= < (faNgp)*> > C < fa® gp > .

Thus,

faNgs= < fa® gp > .

(i) = (vi1) The set of all L-fuzzy soft ideals of a nearring N ordered by inclusion forms a
lattice under the sum and intersection of L-fuzzy soft ideals. Thus for each pair of L-fuzzy soft
ideals fa,gp of N,

fa0gp=fa ® g5
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and

faNgp=< fa® gp > .

(#4i) = (7) By assumption

faNgp=< fa®gp > .

Now taking f4=¢p, we have

fAS < fa® fa>=<(fa)?>.
Hence, N is fully L-fuzzy soft idempotent. m

Theorem 83 The set of all L-fuzzy soft ideals of a zerosymmetric fully L-fuzzy soft idempotent

nearring N (ordered by inclusion) forms a distributive lattice under the sum and intersection

of ideals.

Proof. Straight forward. m

3.3 Fully L-fuzzy soft Prime nearrings

Definition 84 An L-fuzzy soft ideal fa of a nearring N is an L-fuzzy soft irreducible (resp.
L-fuzzy soft strongly irreducible) ideal if for any L-fuzzy soft ideals g, hc of N, if ggNhc=fa

implies gg=fa or ho=f4.(resp. gBﬁhcéfA implies gBEfA or hcifA).

Proposition 85 An L-fuzzy soft prime ideal of a zerosymmetric nearring N is L-fuzzy soft

semiprime and strongly irreducible.

Proof. Let f4 be an L-fuzzy soft prime ideal of N and gp, ho be any L-fuzzy soft ideals of
N. Clearly, fa is an L-fuzzy soft semiprime ideal of N. Let ggNhcCfa. As gg ® heCgpNhe,

we have gp ® hoéfA. As f4 is an L-fuzzy soft prime ideal so either gBEfA or haCfy. ™

Lemma 86 ?7 If fa is an L-fuzzy soft ideal of a nearring N and fa (a) =« where a is any
element of N and o € L(U). Then there exists an L-fuzzy soft irreducible ideal he of N such
that faChe and he (a) = a.
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Proof. Let x = {gB : gp is an L-fuzzy soft ideal of N, gp (a) = o and fAigB}. Then

X # @ because fa € x.
Let £ be a totally ordered subset of x, say £ = {(fa); : ¢ € I'}. We will show that 'UI (fa);
1€

is an L-fuzzy soft ideal of N. Let xz,y € N. Then

And,

(5,00 @) = Y

Now,

And,

(50n) o) = LU0
> U((fa)) = (.0 ( m) (@)

el el
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Also,

(360 (@ ray—m) = L2+ ay =)
> @ = (5a),) @

el

for any z,y,a € N.
Hence, 'UI (fa); is an L-fuzzy soft ideal of N. As each (fa); satisfies (fa), (a) = «, so we
1€

have

(5,02.) @ = L. @) = Ya=a.

el

Also, as faC (fa), for each i, so faC iLng (fa);- Hence, & is bounded above. Thus, by Zorn’s
lemma, there exists an L-fuzzy soft ideal h¢o of N which is maximal in xy. We now show that
hc is an L-fuzzy irreducible ideal of .

Let (h¢); and (h¢), be two L-fuzzy soft ideals of N such that he=(h¢); N (hc)y. This
implies that hcC (he); and heC (he)y. We claim that either ho= (he), or he= (hc)y. Sup-
pose on contrary that ho # (hc); and he # (hc),. Since he is maximal with respect to the
property that he (a) = a and hci (hc); and hci (hc)q, it follows that (hc), (a) # « and
(he)y (@) # .

Hence, a = he (a) = ((he), N (he)y) (a) = (he)y (a) N (he)y (a) # a which is impossible.

Hence, either hc= (hc); or hc= (hc)y. Thus, he is an irreducible L-fuzzy soft ideal of N. m

Proposition 87 FEvery proper L-fuzzy soft ideal of N is the intersection of all those L-fuzzy

soft irreducible ideals of N which contain it.

Proof. Let fa be an L-fuzzy soft proper ideal of N and let A = {(fa),: o€ Q} be a
family of L-fuzzy soft irreducible ideals of N which contains f4. where A is a non-empty set.
Obviously f4C ﬂQ (fa),- We now show that ﬂﬂ (fa), C fa. Let a be an element of N. Then

aE ac
there exists an L-fuzzy soft irreducible ideal (fa), of N such that (fa)s(a) = fa(a) and fa C
: : N C . C =
(fa)- Thus, (fa)s € A. Hence, A (fa)o © (fa)- So O (fa), (a) € (fa)g(a) = fa(a) =

a@Q (fa)o Cfa. Hence, a@Q (fa)g=fa. =
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Proposition 88 Let N be a fully idempotent zerosymmetric nearring and fa be an L-fuzzy
soft ideal of N. Then the following assertions are equivalent:

(1) fa is L-fuzzy soft prime.

(i) fa is L-fuzzy soft strongly irreducible.

(13t) fa is L-fuzzy soft irreducible.

Proof. (i) = (ii) Suppose f4 is an L-fuzzy soft prime ideal of N and gp, h¢ are L-fuzzy
soft ideals of NV such that gBﬁhcifA. As

95 © haeCgpNheC fa,

and f4 is an L-fuzzy soft prime ideal, so ggC fa or haC fa. Thus, f4 is an L-fuzzy soft strongly
irreducible ideal.

(73) = (i19) Suppose f4 is an L-fuzzy soft strongly irreducible ideal and gp, h¢ are L-fuzzy
soft ideals of N such that ggNhc=fa. Then as fa is an L-fuzzy soft strongly irreducible, so
gCfaor haCfa. But faCgp and f4Che so either fa=gp or fa=hc that is fa4 is an L-fuzzy
soft irreducible ideal of N.

(741) = (i) Suppose fa is an L-fuzzy soft irreducible ideal of N and gp, h¢ are L-fuzzy soft
ideals of N such that

98 © hcCfa =< gp @ ho > Cfa = gphcCfa.

Since the set of all L-fuzzy soft ideals of N forms a distributive lattice under the sum and

intersection of L-fuzzy soft ideals, we have

(gp N he) ® fa=fa = (9B D fa) N (he & fa) =fa.

Since fa is an L-fuzzy soft irreducible so gg @ fa=fa or hc ® fa=fa = ggTfa or hcCfa.

Hence, f4 is an L-fuzzy soft prime. m

Theorem 89 Let N be a zerosymmetric nearring. Then the following assertions are equivalent:

(1) N s fully L-fuzzy soft idempotent nearring.
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(ii) Each L-fuzzy soft ideal of N is the intersection of those L-fuzzy soft prime ideals of N
which contain it.

(7i1) Each L-fuzzy soft ideal of N is L-fuzzy soft semiprime.

Proof. (i) = (ii)The concept of irreducibility and primeness for L-fuzzy soft ideals coincide
in a fully L-fuzzy soft idempotent nearring. By Proposition 87, every proper L-fuzzy soft ideal
of N is the intersection of all those L-fuzzy soft irreducible ideals of N which contain it. Hence
every ideal is the intersection of L-fuzzy soft prime ideals of N which contain it.

(19) = (413) Since the intersection of L-fuzzy soft prime ideals of N is an L-fuzzy soft
semiprime ideal, so each L-fuzzy soft ideal of N is an L-fuzzy soft semiprime ideal.

(i7i) = (i) Let f4 be an L-fuzzy soft ideal of N. As (f4)? C < (fa)? >. By (iii), < (fa)* >

is semiprime so f4C < (fA)2 >. But < (fA)2 > C fa always. Hence, (fa)=< (fA)2 >. m

Theorem 90 Let N be a zerosymmetric nearring. Then the following assertions are equivalent:
(1) N is fully L-fuzzy soft idempotent and the set of all L-fuzzy soft ideals of N is totally
ordered.

(i) N is fully L-fuzzy soft prime that is every L-fuzzy soft ideal of N is prime.

Proof. (i) = (ii) Let fa,gp, hc be L-fuzzy soft ideals of N such that

fa®gpChe =< fa® g > Che. Since N is fully L-fuzzy soft idempotent, so
faNgp= < fa®gp > Chc.

Since the set of L-fuzzy soft ideals of N is totally ordered, so either faCgp or ggCfa that is
either fa=faNgp or gg=faNgs.

Thus, either f4Che or ggChe.

(73) = (i) Suppose each L-fuzzy soft ideal of N is prime. Let f4 be an L-fuzzy soft ideal of
N. As (f4)*>C < (fa)* > this implies that f4C < (fa)? >, but < (f4)* > Cfa always. Hence,
fa=<( fA)2 > that is each L-fuzzy soft ideal is idempotent.

Let gp,hc be L-fuzzy soft ideals of N. As gp N h¢ is an L-fuzzy soft ideal of N and
g © hcigBﬁhc. Thus , either gBEgBﬁhc or hcéggﬁhc = gBihc or hcigB. Hence, the

set of L-fuzzy soft ideals of N is totally ordered. m
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