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Chapter 0

Introduction

The study of �uid �ow associated with the di¤erent physical situations has been a �eld of

interest from the last �ve decades due to its extensive common applications in di¤erent daily

life situations. Recently, �uid �ows of viscous and non-Newtonian �uids are investigated in many

important areas, like subsonic, transonic, supersonic and hypersonic �ows in aerodynamics [1],

food �ow through human throat [2], microchannel �ows [3] associated with some chemical and

biological species in di¤erent microchips, hydraulic fracturing containing chemical additives [4],

peristaltic �ows due to contraction and expansion of arteries [5, 6], blood circulation [7] and the

study of blood as a mixture of constituent components that causes cardiovascular diseases [8],

�uid �ow through annular regions [9], �uid �ow through parallel disks [10], �uid �ow through

in�atable or collapsible tubes [11], �uid �ow along wavy surfaces [12] and the dilatant �ows [13,

14].

Stagnation points are the points where the �uid is brought to rest by the surface of the

object. The concept of two dimensional �uid �ow near the stagnation point was �rst initiated

by Hiemenz [15], while the three dimensional axisymmetric stagnation �ow was primarily de-

liberated by Homann [16]. After the initiation of [15, 16], extensive research has been carried

out by various researchers because of its tremendous technological and industrial applications.

Stagnation point �ows are investigated for viscous or inviscid �uids [17, 18], steady or unsteady

�ows [19, 20], two dimensional and three dimensional geometries [21, 22], normal and oblique

[23, 24] and forward or reverse [25, 26] �ows. The notion is also debated for �nite and in�nite

domain problems [27, 28]. In some cases, �uid �ow is assumed to be stagnationed by a solid
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wall, while in other a free stagnation point or line exist interior to the �uid domain [29].

Stagnation-point �ows have numerous engineering applications. Crane et al. [26] have de-

veloped stagnation-point reverse �ow (SPRF) combustors that in case of burning liquid fuels

(with low emissions in gas turbines) which can be used in aircraft engines, land based power

generation and marines. Craft et al. [30] have developed a new wall function that is applicable

for complex turbulence �ows (channel �ow, axisymmetric impinging jet �ow) using both linear

and nonlinear turbulence models. Wang [31] have investigated the problem of axisymmetric

stagnation point �ow impinging on a plate that is moving in its own plane with partial slip

condition on the solid boundary. Such �ows are important in convective cooling processes.

Renardy [32] has debated the problem of viscoelastic (Oldroyd B) �uid �owing away from a

wall for both the axisymmetric and the planer cases. Weidman and Ali [33] have discussed the

problem of laminar radial stagnation point �ow impinging on a stretching/shrinking cylinder

when the strain rates of the stagnation �ow and that of the stretching cylinder are arbitrary

constants. Such �ows are relevant in manufacturing processes of the metallic or polymer solid

cylinders. Hong and Wang [34] have presented the solutions for the problem of annular axisym-

metric stagnation point �ow when the inner cylindrical rod is rotating about and translating

along the axial axis with constant angular and linear velocities, respectively. The �uid was

also assumed to be injected with a constant velocity from the �xed outer cylinder towards the

inner cylindrical rod. Such annular geometry �ows are pertinent to the study of externally

pressure lubricated journal bearings. They [34] have discussed the problem asymptotically for

small Reynolds numbers Re, solutions for large Reynolds numbers Re, perturbation solutions

for small radial gap width from the outer to the inner cylinder and the numerical solutions are

also presented. They [34] also found that the injection e¤ects were more dominant in case of

the large Reynolds numbers Re and that the drag coe¢ cient, the moment at the surface of the

inner cylinder increases with the increase in the Reynolds numbers Re, while increase in the

gap width decreases the drag coe¢ cient and the moment at the surface of the inner cylinder.

Ishak et al. [35] have investigated the suction/injection e¤ects over the steady, incompressible

mixed convection boundary layer �ow over a vertical slender cylinder having mainstream veloc-

ity/surface wall temperature proportional to the axial distance from the stagnation point along

the surface of the cylinder and concluded that the boundary layer separation was delayed by the
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suction or curvature parameters, while injection enhances the boundary layer separation. Wang

[36] has also studied the axisymmetric stagnation point �ow that impinges on a moving plate

with anisotropic slip condition. Such �ows are relevant with the �ow over super hydrophobic

strips. Loc et al. [37] have observed the unsteady mixed convection boundary layer �ow of a

non-Newtonian micropolar �uid near the region of the stagnation point on a vertical �at plate

where the time dependence is due to the impulsive motion of the free stream velocity and due

to a sudden change in the surface temperature from the uniform ambient temperature. Nadeem

and Rehman [38] and Nadeem et al. [39] have extended the work of [34] for viscous nano�uids

and the non-Newtonian micropolar �uids, respectively. Martin and Boyd [40] have studied the

Falkner-Skan boundary layer wedge �ow with slip boundary condition when a modi�ed bound-

ary layer Knudsen number is used. Zhu et al. [41] have analyzed the hydromagnetic plane and

axisymmetric stagnation point �ow with velocity slip towards a stretching sheet and showed

that the �ow and skinfriction coe¢ cient depend upon the velocity slip condition. Nadeem et

al [42] and Rehman and Nadeem [43] have also discussed the boundary layer �ow and heat

transfer of viscous based nano�uids and the non-Newtonian microplar �uids �owing over a ver-

tical slender cylinder and had shown that as a special case their results are consistent with the

results obtained by Ishak et al. [35]. In another study, Nadeem et al. [44] have also presented

the solutions of the problem for the boundary layer �ow of a non-Newtonian second grade �uid

�owing over a horizontal cylinder and have observed that the curvature parameter decreases

the velocity �ow rate near the surface of the cylinder.

Fluid �ow over a stretching surface was initiated by Crane [45], since then the concept is

studied vigorously by di¤erent researchers for stretching sheet [46, 47] and stretching cylinder

[48, 49] problems due to its wide range of engineering applications. Such applications include

glass blowing, paper production, metal spinning, and manufacturing of polymeric sheets [50,

51]. In many cases, the surface of the object is assumed to be stretched linearly with a velocity

proportional to the distance from the stagnation point [52, 53], while in some cases nonlin-

ear (polynomial, exponential) surface stretching velocity is also studied [54, 55]. Wong et al.

[56] have analyzed the problem of boundary layer stagnation point �ow over an exponentially

stretching sheet. Bhallacharyya and Vajrauelu [57] have studied heat transfer analysis over the

boundary layer stagnation point �ow of a viscous �uid �owing over an exponentially stretching
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surface. Further, Nadeem and Lee [58] have presented the nanoparticles e¤ect over the �ow of

a viscous �uid �owing over a stretching surface. The work [56] was extended by Rehman et al.

[59] for the case of couple stress nano�uid �owing over an exponentially stretching sheet. Jat

and Chand [60] have investigated the viscous dissipation and radiation e¤ects over the �ow and

heat transfer of a viscous �uid �owing over an exponentially stretching sheet that is assumed to

be experiencing a uniform transverse magnetic �eld. Elbashbeshy et al. [61] have evaluated the

suction and internal heat generation or absorption e¤ects over the �ow of an unsteady mixed

convection boundary layer �ow and heat transfer of a viscous �uid �owing over an exponentially

stretching surface in presence of thermal radiation and magnetic �eld. Ishak [62] has presented

the magnetohydrodynamic e¤ects over the boundary layer �ow due to an exponentially stretch-

ing sheet under the in�uence of thermal radiation. Pramanik [63] has examined the thermal

radiation e¤ects over the �ow and heat transfer of a Casson �uid �owing over a porous surface

that is stretched exponentially. Bhattacharyya [64] has obtained the solutions for the problem

of boundary layer �ow, heat transfer and reactive mass transfer over an exponentially stretch-

ing surface moving in an exponential free stream. In another e¤ort, Bhattacharyya [65] has

measured the problem of boundary layer �ow and heat transfer over an exponentially shrinking

sheet.

The notion of nano�uids was introduced by Choi [66, 67], since then the theory of nano�uids

has gained much importance due to the enhanced heat transfer rate ability of these nano�uids

[68]. Nanoparticle suspensions are used as coolants, lubricants and microchannel heat sinks.

One of the very common model for nano�uids used also in this dissertation is the Buongiorno

model that exhibits slip mechanism of the nanoparticles and the base �uid The study of non-

Newtonian �uids is important and has many applications. There is no single model which

exhibits all the properties of non-Newtonian �uids, therefor many models are reported and

discussed by di¤erent researchers. Micropolar �uid model was proposed by Eringen [69, 70]

and is capable of describing the microstructure of �uids [71, 72]. The Williamson �uid model

is a pseudoplastic �uid model that has important role in the �eld of polymer solution and

powder suspensions over a wide range of shear stresses and shear rates [73, 74]. A Casson �uid

model represents shear thinning �uids that has an in�nite viscosity at zero shear rate and a

zero viscosity at an in�nite shear rate [75-77]. Couple stress �uid model has a competency
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of describing some important features of �uid such as the presence of couple stresses, body

couples and a non-symmetric stress tensor that enables to study the particle size e¤ects [78,

79]. Second grade �uid model is a simple non-Newtonian viscoelastic �uid model that can

predict the in�uence of normal stress di¤erence [80-82]. A third grade �uid model is also a

viscoelastic �uid model that can be used to observe the e¤ects of shear thinning/thickening

[83-85].

Motivated from the above studies the purpose of the present thesis is to discuss the stag-

nation point �ow of Newtonian and di¤erent non-Newtonian �uids �owing through annular

cylindrical regions, or towards cylinder and stretching sheets and cylinders. The problems are

modeled according to the physical geometries and then solved analytically and numerically.

The analytical solutions are obtained through the homotopy analysis method [86-93], while

the numerical solutions are obtained with the aid of the Keller-box scheme [94-96], the Runge-

Kutta Fehlberg and the Shooting methods [97-100]. The chapter wise breakdown of this thesis

is presented as follow:

Chapter 1 concerns with the study of axisymmetric stagnation point �ow of a viscous based

nano�uid �owing through the annular region between the concentric cylinders. The inner

cylinder is assumed to be translating along and rotating about the axial axis with constant linear

and angular velocities. The solutions of the nondimensional problem are acquired through the

homotopy analysis method. A brief discussion about the e¤ects of the skinfriction coe¢ cient,

the Nusselt numbers and the Sherwood number is also presented. Contents of the chapter are

published in Computational Mathematics and Modeling 24(2) (2013) 293-306.

Chapter 2 contains an analysis for the problem of boundary layer stagnation point �ow and

heat transfer of a nano�uid �owing over a vertical slender cylinder. The problem of highly

nonlinear partial di¤erential equations is converted into a system of ordinary di¤erential equa-

tions with the aid of similarity transformation. The resulting system is then solved the help

of homotopy analysis method. The behavior of important parameters such as the curvature

parameter and the natural convection parameter is debated through sketches. Contents of the

chapter are published in the Journal of Nanoengineerings and Nanosystems 226(4)

(2012) 165-173.

Chapter 3 covers an investigation for the problem of boundary layer stagnation point �ow
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of a viscous �uid �owing over a stretching cylinder. The surface stretching velocity of the

cylinder and the �uid velocity at in�nity are assumed to be exponentially proportional to the

distance from the stagnation point. The outcomes of the problem are obtained by converting

the partial di¤erential equations into a system of �rst order ordinary di¤erential equations and

�nally solved by using the block elimination procedure of the Keller-box scheme. The work

is equipped with the impact of dissipation over the heat transfer and Nusselt numbers. The

content of this chapter are submitted for publication in International Journal of Heat and

Mass Transfer.

Chapter 4 provides an analysis for the problem of axisymmetric stagnation point �ow of

a Casson �uid �owing through porous media in a moving cylinder. Fluid is assumed to be

injected with a constant injection velocity from the �xed outer cylinder towards the rotating

and translating inner cylinder. The conclusions of the problem are obtained by means of

the Runge-Kutta Fehlberg method. The porosity e¤ects over the �ow and heat transfer are

analyzed. The work is submitted for publication in journal of Transport in porous media.

Chapter 5 is relevant to the study of nanoparticles e¤ect over the micropolar �uid �ow

through the annular region formed between two concentric cylinders, where the outer cylinder

is kept �xed while the inner cylinder is rotating about and translating along the axial axis with

some constant velocities. The solutions of the problem are obtained with the aid of Runge-

Kutta Shooting method. A comparison of the problem as a special case with the available

literature is also presented Contents of the chapter are published inMathematical Problems

in Engineering (2012) doi:10.1155/2012/378259.

Chapter 6 is concerned with the problem of natural convection boundary layer stagnation

point �ow and heat transfer of a micropolar �uid containing nanoparticles and �owing over

a vertical slender cylinder. The results of the problem are obtained through the homotopy

analysis method. A detailed discussion about the behavior of di¤erent parameters over the

velocity, microrotation, heat transfer and the nanoparticle concentration pro�les is presented.

Contents of the chapter are published in Chines Physics Letters 29(12) (2012) 124701-5.

Chapter 7 o¤ers an investigation for the problem of boundary layer stagnation point �ow

of a nan-Newtonian Couple stress �uid �owing over an exponentially stretching sheet through

porous media. The couple stress parameter and porosity e¤ects are observed over the �uid and
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heat transfer. The solutions of the problem are obtained using both the homotopy analysis

method and the Runge-Kutta Fehlberg algorithm. Both the homotopy and numerical solutions

are compared in tabular form. Contents of the chapter are published in the Journal of Power

Technologies 93 (2) (2013) 1�11.

Chapter 8 contains an analysis for the problem of boundary layer stagnation point �ow of

a Williamson �uid �owing over an exponentially stretching cylinder. The problem of partial

di¤erential equations associated with the Williamson �uids along with the boundary conditions

are simpli�ed with the help of similarity transformations and the resulting system is then solved

with the help of Runge-Kutta Fehlberg method. The chapter contains a detailed analysis for the

important physical features such as the skinfriction coe¢ cient and the local Nusselt numbers.

The work is currently submitted for publication in the journal of Computers and Fluids.

Chapter 9 describes the study of boundary layer stagnation point �ow and heat transfer

of a second grade �uid �owing over a horizontal cylinder. The results of the problem are

obtained through the homotopy analysis method. A brief account of the dissipation e¤ects over

the �ow and heat transfer and the physical quantities like the skinfriction coe¢ cient and the

local Nusselt numbers is presented. Contents of the chapter are published in Mathematical

Problems in Engineering (2012) doi:10.1155/2012/640289.

Chapter 10 concerns with the study of boundary layer stagnation point �ow of a third grade

�uid �owing over a stretching sheet. The surface stretching velocity of the sheet is assumed

to be an exponential function of the distance from the stagnation point. The solutions of the

problem are acquired through the Keller-box scheme and the homotopy analysis method. A

comparison of both the solutions is counted in. Contents of the chapter are published in the

Brazilian Journal of Chemical Engineering 30(3) (2013) 611-618.
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Chapter 1

Axisymmetric stagnation �ow of a

nano�uid in a moving cylinder

1.1 Introduction

This chapter contains analysis for the steady, incompressible axisymmetric stagnation �ow of

viscous �uid containing nanosized particles and �owing over a moving cylinder. The �uid is

assumed to be �owing through the annular region between the two concentric cylinders such

that the in�nite inner cylinder is translating along and rotating about the axial direction. The

governing equations of conservation of mass, momentum, energy and nanoparticle concentration

associated with this �nite radial domain stagnation point �ow problem are simpli�ed with the

aid of suitable similarity transformations. The resulting system of �ve dimensionless coupled

ordinary di¤erential equations is then solved analytically using the homotopy analysis method

(HAM). The convergence of HAM solutions are examined through the } curves. A comparison

of a special case of present results with the existing work is also presented. The physical features

of pertinent parameters have been studied and discussed through graphs.

1.2 Formulation

Consider the stagnation point �ow of viscous based nano�uid �owing through the annular

region between two concentric cylinders. The outer cylinder is assumed �xed while the inner

11



cylinder is translating along and rotating about z axis with constant velocities. The velocity,

temperature and concentration functions are of the form

V (r; z) = (Vr (r; z) ; V� (r; z) ; Vz (r; z)) ; (1.1)

T = T (r; z) ; (1.2)

� = � (r; z) ; (1.3)

where (Vr; V�; Vz) are the velocity components along the (r; �; z) axes.

Fig:(1:1): Flow geometry

The inner cylinder is rotating with angular velocity 
 and translating axially with velocity W:

The outer cylinder is �xed with �uid injected from the top surface of the outer cylinder towards

the inner cylinder.

The inner cylinder of radius R is assumed to be translating along the axial direction with a

constant velocityW and rotating about the z�axis with a constant angular velocity 
; while the

constant �uid injunction velocity from the outer towards the inner cylinder is U: The associated
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boundary conditions are

V (R; z) = (0; l0
;W ) ; V (b0R; z)= (�U; 0; 0) ; (1.4)

T (R; z) = Tin; T (b0R; z) = Tout (1.5)

� (r; z) = �in; � (b0R; z) = �out; (1.6)

where Tin and Tout are the surface temperatures, while �in and �out are the surface concentra-

tions at the inner and outer cylinders, respectively, b0 is the scaling parameter and l0 is the

reference length.

The governing equations of conservation of mass, momentum, energy and nanoparticle con-

centration are

divV = 0; (1.7)

�
dV

dt
= divS; (1.8)

�cp
dT

dt
= �divq+��c�p

�
DBr� �rT +

DT

Tin
rT �rT

�
; (1.9)

d�

dt
= DBr2�+

DT

Tin
r2T; (1.10)

where V is the velocity pro�le, � is the density, S is the Cauchy stress tensor, cp is the spe-

ci�c heat at constant pressure, T is the temperature, q is the heat �ux, �� is the nanoparticle

mass density, c�p is the e¤ective heat of the nanoparticle material, � is the nanoparticle vol-

ume fraction, DB is the Brownian di¤usion coe¢ cient and DT is the thermophretic di¤usion

coe¢ cient. The Cauchy stress tensor for viscous �uid is

S = �pI+�A1; (1.11)

where p is pressure, I is the unit tensor, � is the coe¢ cient of viscosity and A1 is the �rst Rivlin

Ericksen tensor and is de�ned as

A1 =rV + (rV)T1 ; (1.12)
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in which T1 represent the transpose.

Invoking Eqs: (1:1) ; (1:2) ; (1:9) and (1:10) ; in Eqs: (1:5) to (1:8) and neglecting the dissi-

pation e¤ects we get

r
@Vz
@z

+
@(rVr)

@r
= 0; (1.13)

Vr
@Vr
@r

+ Vz
@Vr
@z

� V�
2

r
= �1

�

@p

@r
+ �(

@2Vr
@r2

+
1

r

@Vr
@r

+
@2Vr
@z2

� Vr
r2
); (1.14)

Vr
@V�
@r

+ Vz
@V�
@z

+
VrV�
r

= �(
@2V�
@r2

+
1

r

@V�
@r

+
@2V�
@z2

� V�
r2
); (1.15)

Vr
@Vz
@r

+ Vz
@Vz
@z

= �1
�

@p

@z
+ �(

@2Vz
@r2

+
1

r

@Vz
@r

+
@2Vz
@z2

); (1.16)

Vr
@T

@r
+ Vz

@T

@z
= �(

@2T

@r2
+
1

r

@T

@r
+
@2T

@z2
) +

��c�p
�cp

[DB

�
@�

@r

@T

@r
+
@�

@z

@T

@z

�
+
DT

Tin

�
(
@T

@r
)2 + (

@T

@z
)2
�
]; (1.17)

Vr
@�

@r
+ Vz

@�

@z
= DB

�
@2�

@r2
+
1

r

@�

@r
+
@2�

@z2

�
+
DT

Tin
(
@2T

@r2
+
1

r

@T

@r
+
@2T

@z2
);

(1.18)

where � is the kinematic viscosity and � is the thermal conductivity.

To simplify the set of above equations the following similarity transformations [34] are

introduced

Vr = �Uf(�)p
�

; V� = 
l0h (�) ; (1.19)

Vz = 2Uf 0 (�) � +Wg (�) ; (1.20)

� =
T � Tin
Tout � Tin

; � =
r2

R2
; � =

z

R
; (1.21)

	 =
�� �in
�out � �in

: (1.22)

With the help of transformations de�ned in Eqs: (1:19) to (1:22), Eq: (1:13) is identically sat-

is�ed while Eqs: (1:14) to (1:18) take the following form

�f (IV ) + 2f 000 +Re(ff 000 � f 0f 00) = 0; (1.23)

�g00 + g0 +Re
�
fg0 � f 0g

�
= 0; (1.24)
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4�h00 + 4h0 � h

�
+Re

�
4fh0 +

2fh

�

�
= 0; (1.25)

��00 + �0 + PrRe f�0 +Nb��0	0 +Nt��02 = 0; (1.26)

�	00 +	0 + LePrRe f	0 +
Nt

Nb

�
��00 + �0

�
= 0; (1.27)

in which Re = UR=2� is the cross-�ow Reynolds number, Pr = v=� is the Prandtl number,

Le = �=DB is the Lewis number, Nb = ��c�pDB (�out � �in) =�cp� is the Brownian motion para-

meter and Nt = ��c�pDT (Tout � Tin) =�cp�Tin is the thermophoresis parameter. The boundary

conditions in nondimensional form are

f (1) = 0; f 0 (1) = 0; f (b0) =
p
b0; f 0 (b0) = 0; (1.28)

g (1) = 1; g (b0) = 0; h (1) = 1; h (b0) = 0; (1.29)

� (1) = 0; � (b0) = 1; (1.30)

	(1) = 0; 	(b0) = 1: (1.31)

1.3 Solution of the problem

The solutions of the above boundary value problem presented in Eqs: (1:23) to (1:31) are ob-

tained with the help of HAM. For HAM solution we choose the initial guesses as [86, 87]

f0 (�) =

p
b0

b0 � 1
((3b0 � 1)� 6b0� + 3 (b0 + 1) �2 � 2�3; (1.32)

g0 (�) =
b0 � �
b0 � 1

; h0 (�) =
b0 � �
b0 � 1

; (1.33)

�0 (�) =
� � 1
b0 � 1

; 	0 (�) =
� � 1
b0 � 1

: (1.34)

The corresponding auxiliary linear operators are

Lf =
d4

d�4
; Lg =

d2

d�2
; Lh =

d2

d�2
; (1.35)

L� =
d2

d�2
; L	 =

d2

d�2
; (1.36)
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satisfying

Lf [c1 + c2� + c3�
2 + c4�

3] = 0; (1.37)

Lg[c5 + c6�] = 0; Lh[c7 + c8�]; (1.38)

L�[c9 + c10�] = 0; L	[c11 + c12�] = 0; (1.39)

where ci (i = 1; :::; 12) are arbitrary constants. The zeroth order deformation equations are

(1� q)Lf [f̂ (�; q)� f0 (�)] = q}1Nf [f̂ (�; q)]; (1.40)

(1� q)Lg[ĝ (�; q)� g0 (�)] = q}2Ng[ĝ (�; q)]; (1.41)

(1� q)Lh[ĥ (�; q)� h0 (�)] = q}3Nh[ĥ (�; q)]; (1.42)

(1� q)L�[�̂ (�; q)� �0 (�)] = q}4N�[�̂ (�; q)]; (1.43)

(1� q)L	[	̂ (�; q)�	0 (�)] = q}5N	[	̂ (�; q)]; (1.44)

in which

Nf [f̂ (�; q)] = �f̂ iv + 2f̂ 000 +Re(f̂ f̂ 000 � f̂ 0f̂ 00); (1.45)

Ng[ĝ (�; q)] = �ĝ00 + ĝ0 +Re(f̂ ĝ0 � f̂ 0ĝ); (1.46)

Nh[ĥ (�; q)] = 4�2ĥ00 + 4�ĥ0 � ĥ+Re(4�f̂ ĥ0 + 2f̂ ĥ); (1.47)

N�[�̂ (�; q)] = ��̂
00
+ �̂

0
+ PrRe f̂ �̂

0
+Nb��̂

0
	̂0 +Nt��02; (1.48)

N	[	̂ (�; q)] = �	̂00 + 	̂0 + LePrRe f̂	̂0 +
Nt

Nb

�
��̂
00
+ �̂

0�
: (1.49)

The boundary conditions for the zeroth order system are

f̂ (1; q) = 0; f̂ 0(1; q) = 0; f̂ (b0; q) =
p
b0; f̂ 0 (b0; q) = 0; (1.50)

ĝ (1; q) = 1; ĝ (b0; q) = 0; ĥ (1; q) = 1; ĥ (b0; q) = 0; (1.51)

�̂ (1; q) = 0; �̂ (b0; q) = 1; 	̂ (1; q) = 0; 	̂ (b0; q) = 1: (1.52)

The mth order deformation equations can be obtained by di¤erentiating the zeroth-order defor-

mation equations (1:40) to (1:44) and the boundary conditions (1:50) to (1:52), m-times with
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respect to q; then dividing by m!; and �nally setting q = 0; we get

Lf [fm (�)� �mfm�1 (�)] = }1Rmf (�) ; (1.53)

Lg[gm (�)� �mgm�1 (�)] = }2Rmg (�) ; (1.54)

Lh[hm (�)� �mhm�1 (�)] = }3Rmh (�) ; (1.55)

L�[�m (�)� �m�m�1 (�)] = }4Rm� (�) ; (1.56)

L	[	m (�)� �m	m�1 (�)] = }5Rm	 (�) ; (1.57)

fm (1) = 0; f 0m (1) = 0; fm (b0) = 0; f 0m (b0) = 0; (1.58)

gm (1) = 0; gm (b0) = 0; hm (1) = 0; hm (b0) = 0; (1.59)

�m (1) = 0; �m (b0) = 0; 	m (1) = 0; 	m (b0) = 0; (1.60)

where

Rmf (�) = �2f
0000
m�1 + 2f

000
m�1 +Re

m
�
j=0
(fjf

000
m�1�j � f

0
jf

00
m�1�j); (1.61)

Rmg (�) = �g
00
m�1 + g

0
m�1 +Re

m
�
j=0
(fjg

0
m�1�j � f

0
jgm�1�j); (1.62)

Rmh (�) = 4�2h
00
m�1 + 4�h

0
m�1 � hm�1 +Re

m
�
j=0
(4�fjh

0
m�1�j + 2fjhm�1�j); (1.63)

Rm� (�) = ��
00
m�1 + �

0
m�1 + PrRe

m
�
j=0

fj�
0
m�1�j +Nb�

m
�
j=0

�0j	
0
m�1�j

+Nt�
m
�
j=0

�0j�
0
m�1�j ; (1.64)

Rm	 (�) = �	
00
m�1 +	

0
m�1 + LePrRe

m
�
j=0

fj	
0
m�1�j +

Nt

Nb

�
��

00
m�1 + �

0
m�1

�
; (1.65)

�m =

8<: 0 m � 1

1 m > 1:
(1.66)
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With the help of MATHEMATICA, the solutions of Eqs: (1:23) to (1:27) subject to the bound-

ary conditions (1:28) to (1:31) can be written as

f (�) = lim
Q!1

[
Q

�
m=1

fm (�)]; g (�) = lim
Q!1

[
Q

�
m=1

gm (�)]; (1.67)

h (�) = lim
Q!1

[
Q

�
m=1

hm (�)]; � (�) = lim
Q!1

[
Q

�
m=1

�m (�)]; (1.68)

	(�) = lim
Q!1

[
Q

�
m=1

	m (�)]; (1.69)

where

fm (�) = f�m (�) + C1 + C2� + C3�
2 + C4�

3; (1.70)

gm (�) = g�m (�) + C5 + C6�; hm (�) = h�m (�) + C7 + C8�; (1.71)

�m (�) = ��m (�) + C9 + C10�; 	m (�) = 	
�
m (�) + C11 + C12�: (1.72)

In which f�m (�) ; g
�
m (�) ; h

�
m (�) ; �

�
m (�) and 	

�
m (�) ; are the special solutions, and can be stated

as

fm (�) =

1X
n=1

amn�
4n+3 ; gm (�) =

1X
n=1

bmn�
4n+1 ; (1.73)

hm (�) =
1X
n=1

cmn�
4n+1 ; (1.74)

�m (�) =
1X
n=1

dmn�
4n+1 ; 	m (�) =

1X
n=1

emn�
4n+1 ; (1.75)

where, amn; bmn; cmn; dmn; emn are the arbitrary constants.

1.4 Results and discussion

The solutions of the problem of nano�uid �ow through the annular region between the two con-

centric cylinders are obtained through the homotopy analysis method (HAM). The convergence

of the solutions associated with the non-dimensional velocities, temperature and nanoparticle

concentration functions are examined through the convergence curves in Figs: (1:2) to (1:6) :
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Fig: (1:2) shows the convergence region for the non-dimensional radial velocity pro�le f plot-

ted for di¤erent values of the Reynolds number Re : From the �gure, increase in Reynolds

number Re decreases the convergence region for f: The acceptable convergence region when

Reynolds number Re = 2 is �0:6 � }1 � �0:2: F igs: (1:3) and (1:4) contain the } curves for

non-dimensional velocity pro�les g and h graphed for di¤erent values of the Reynolds number

Re : From Fig: (1:3) acceptable convergence region for velocity pro�le g when Reynolds number

Re = 3 is �0:8 � }2 � �0:2: F ig: (1:5) is plotted to observe the convergence regions associated

with the non-dimensional temperature pro�le � for di¤erent values of the Prandtl number Pr at

the 15th order of approximation. From Fig: (1:5) with Prandtl number Pr = 1; the acceptable

convergence region is �0:9 � }4 � �0:3:

The behavior of non-dimensional velocities, temperature and nanoparticle concentration

pro�les f; g; h; � and  are graphed in Figs: (1:6) to (1:17) for di¤erent values of the Reynolds

number Re; the Prandtl number Pr; the Brownian motion parameter Nb; the thermophoresis

parameterNt and the Lewis number Le: F ig: (1:6) displays the in�uence of radial velocity pro�le

f and the velocity gradient f 0 graphed for di¤erent values of the Reynolds number Re : From

the �gure it is observed that increase in the Reynolds number Re increases the velocity pro�le

f: This increase in the radial velocity pro�le f reveals the fact that higher Reynolds number Re

corresponds to higher radial injection �uid velocity from outer towards the inner cylinder that

bring increase in the �uid radial velocity. Fig: (1:7) gives the impact of axial velocity pro�le g

for di¤erent values of the Reynolds number Re : From the sketch it is noted that increase in the

Reynolds number Re increases the velocity pro�le g: The behavior of Reynolds number Re over

the velocity pro�le h is presented in Fig: (1:8) : From the plot it is observed that increase in

the Reynolds number Re decreases the velocity pro�le h: The impact of Reynolds number Re

over the temperature �ow function � is sketched in Fig: (1:9) : From the �gure it is noticed that

increase in the Reynolds number Re increases the temperature pro�le �: F ig: (1:10) gives the

impact of Prandtl number Pr over the temperature pro�le �: From the graph, increase in the

Prandtl number Pr increases the temperature �ow rate �: F ig: (1:11) provides the in�uence of

Brownian motion parameter Nb over the temperature pro�le �: From the �gure it is observed

that increase in the Brownian motion parameter Nb increases the temperature function �:

F ig: (1:12) shows the impact of thermophoresis parameter Nt over the temperature pro�le
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�: From the sketch it is noted that increase in the thermophoresis parameter Nt increases

the temperature �ow � because of the fact that increase in the thermophoresis parameter

Nt tends to warm the boundary layer �uid near the surface of the cylinder that enhances

the temperature di¤erence and hence increase the temperature �ow rate �: The in�uence of

Reynolds number Re over the nanoparticle concentration pro�le  is graphed in Fig: (1:13) :

The observed behavior of  is increasing with increase in Re : F ig: (1:14) gives the impact of

Prandtl number Pr over the nanoparticle concentration function  : The observed behavior in

Fig: (1:14) is increasing with increase in the Prandtl number Pr : The in�uence of Lewis number

Le over the nanoparticle concentration function  is shown in Fig: (1:15) : From the graph it is

observed that increase in the Lewis number Le increases the nanoparticle concentration function

 : The impact of Brownian motion parameter Nb over the nanoparticle concentration pro�le

 is presented in Fig: (1:16) : From the plot it is noted that increase in the Brownian motion

parameterNb increases nanoparticle concentration function  : F ig: (1:17) shows the behavior of

thermophoresis parameter Nt over the nanoparticle concentration function  : From the �gure,

increase in the thermophoresis parameter Nt decreases the nanoparticle concentration function

 :

Table: (1:1) shows a comparison of the behavior of boundary derivatives for velocity pro�les

with the available work of Wang [34] for di¤erent values of the Reynolds number Re : Entries

in Table: (1:1) also gives an insight for the behavior of shear stress at the surface corresponding

to the skinfriction coe¢ cient for di¤erent values of the Reynolds number Re : From the table

it is noted that both the results are in good agreement. It is also observed that increase in

the Reynolds number Re increases the skinfriction coe¢ cient. Table: (1:2) shows the boundary

derivatives for temperature pro�le � at the surface of the inner cylinder for di¤erent values of

the Prandtl number Pr and the Brownian motion parameter Nb also corresponding to the heat

�ux at the surface and the Nusselt numbers. From the table it is observed that increase in both

the Prandtl number Pr and the Brownian motion parameter Nb increases the Nusselt numbers.

Table: (1:3) gives the entries for the boundary derivatives of the nanoparticle concentration

pro�le at the surface of the inner cylinder that corresponds to the Sherwood numbers tabulated

for di¤erent values of the Lewis number Le and the thermophoresis parameter Nt: From the

table, increase in the thermophoresis parameter Nt decreases the Sherwood number.
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Fig:(1:2): }-curves for the velocity pro�le f for di¤erent values of the

Reynolds number Re

Fig:(1:3): }-curves for the velocity pro�le g for di¤erent values of the

Reynolds number Re
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Fig:(1:4): }-curves for the velocity pro�le h for di¤erent values of the

Reynolds number Re

Fig:(1:5): }-curves for the temperature pro�le � for di¤erent values of the

Prandtl number Pr
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Fig:(1:6): In�uence of the Reynolds number Re over the velocity pro�lef

and the velocity gradient f 0

Fig:(1:7): In�uence of the Reynolds number Re over the velocity pro�le g
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Fig:(1:8): In�uence of the Reynolds number Re over the velocity pro�le h

Fig:(1:9): In�uence of the Reynolds number Re over the temperature pro�le

�
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Fig:(1:10): In�uence of the Prandtl number Pr over the temperature pro�le

�

F ig:(1:11): In�uence of the Brownian motion parameter Nb over the

temperature pro�le �
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Fig:(1:12): In�uence of the thermophoresis parameter Nt over the

temperature pro�le �

F ig:(1:13): In�uence of the Reynolds number Re over the nanoparticle

concentration pro�le  
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Fig:(1:14): In�uence of the Prandtl number Pr over the nanoparticle

concentration  

Fig:(1:15): In�uence of the Lewis number Le over the nanoparticle

concentration pro�le  
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Fig:(1:16): In�uence of the Brownian motion parameter Nb over the

nanoparticle concentration pro�le  

Fig:(1:17): In�uence of the thermophoresis parameter Nt over the

nanoparticle concentration pro�le  
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Table:(1:1): Behavior of Reynolds number Re over velocity pro�les and

comparison with wang [34] when b0 = 2

Table:(1:2): Behavior of Prandtl number Pr and Brownian

motion parameter Nb over the temperature pro�le � when

Re = 5; Nt = 0:5; Le = 0:5 and b0 = 2

Table:(1:3): Behavior of Lewis number Le and

thermophoresis parameter Nt over the temperature pro�le  

when Re = 5; Pr = 3; Nb = 1 and b0 = 2
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1.5 Conclusion

The main conclusions obtained from the above study are

� With increase in the Reynolds number Re; the velocity pro�le f increases.

� With increase in the Reynolds number Re; the velocity pro�le g decreases.

� With increase in the Reynolds number Re; the velocity pro�le h decreases.

� The nondimensional temperature pro�le � increases with the increase in the Reynolds

number Re; the Prandtl number Pr, the Brownian motion parameter Nb and the ther-

mophoresis parameter Nt:

� The nondimensional nanoparticle concentration pro�le  increases with the increase in

the Reynolds number Re; the Prandtl number Pr, the Lewis number Le and the Brownian

motion parameter Nb:

� The nanoparticle concentration pro�le  decreases with the increase in the thermophoresis

parameter Nt:

� The shear stress at the surface of the inner cylinder increases with increase in the Reynolds

number Re :

� The heat �ux at the surface of the inner cylinder increases with increase in the Prandtl

number Pr :

� The Sherwood number at the surface of the inner cylinder increases with increase in the

Lewis number Le:
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Chapter 2

Boundary layer stagnation �ow and

heat transfer of a nano�uid over a

vertical slender cylinder

2.1 Introduction

In this chapter a study of the boundary layer stagnation �ow and heat transfer of a nano�uid

over a vertical slender cylinder is presented. The governing equations of motion, energy and

nanoparticles are simpli�ed by applying appropriate boundary layer approximations and then

the system is converted to a nondimensional one by using suitable similarity transformations.

The resulting system of three nondimensional coupled ordinary di¤erential equations is solved

by using the homotopy analysis method (HAM). At the end the physical behavior of di¤erent

parameters involved in the system are discussed.

2.2 Formulation

Consider an incompressible �ow of a nano�uid along a vertical permeable slender cylinder of

radius r0 having uniform ambient temperature T1: The coordinates (x; r) are used such that x

is along the surface of the cylinder while r is in the radial direction. The velocity, temperature
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and the nanoparticle concentration pro�les are of the form

V (x; r) = (w (x; r) ; 0; u (x; r)) ; T = T (x; r) ; (2.1)

� = � (x; r) ; (2.2)

where (w; u) are the velocity components along the (r; x) axes. The related boundary conditions

are

at r = r0; u = 0; for r !1; u = U1 (x=l) ; (2.3)

at r = r0; T = Tw(x); for r !1; T ! T1; (2.4)

at r = r0; � = �w(x); for r !1; �! �1; (2.5)

where U1 (x=l) is the mainstream velocity, Tw and T1 are the surface temperatures and the

�uid temperature at in�nity, while �w and �1 are the nanoparticle concentration at the sur-

face of the cylinder and the nanoparticle concentration of the �uid at in�nity, respectively.

The characteristic temperature �T and the characteristic nanoparticle concentration �� are

calculated from the relations Tw � T1 = (x=l)�T and �w � �1 = (x=l)��; where l is the

reference length.

The governing equations of conservation of mass, momentum, energy and nanoparticle con-

centration are

divV = 0; (2.6)

�
dV

dt
= divS+�~g; (2.7)

�cp
dT

dt
= �divq+��c�p

�
DBr� �rT +

DT

T1
rT �rT

�
; (2.8)

d�

dt
= DBr2�+

DT

T1
r2T; (2.9)

where ~g is the body force, cp is the speci�c heat at constant pressure, T is the temperature, q

is the heat �ux, �� is the nanoparticle mass density, c�p is the e¤ective heat of the nanoparticle

material, � is the nanoparticle volume fraction, DB is the Brownian di¤usion coe¢ cient and

DT is the thermophretic di¤usion coe¢ cient, while the Cauchy stress tensor S is de�ned in
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Eq: (1:11).

The boundary layer equations of conservation of mass, momentum, heat transfer and the

nanoparticle concentration pro�les are

(rw)r + rux = 0; (2.10)

uux + wur = �1
�

@p

@x
+ �(urr +

1

r
ur) + [

(�� � �) (�� �1)
�

+ (1� �1) (T � T1)�th]ggr;

(2.11)

wTr + uTx = �(Trr +
1

r
Tr) +

��c�p
�cp

[DB�rTr +
DT

T1
T 2r ]; (2.12)

w�r + u�x = DB(�rr +
1

r
�r) +

DT

T1
(Trr +

1

r
Tr); (2.13)

where p is the pressure, � is the kinematic viscosity, �th is the coe¢ cient of thermal expansion,

ggr is the gravitational acceleration and � is the thermal di¤usivity. De�ning the following

similarity transformations and nondimensional variables [42]

u = U1 (x=l)F
0(�); w = �r0

r
(
�U1
l
)1=2F (�) ; (2.14)

� =
T � T1
Tw � T1

; � =
r2 � r20
2r0

(
U1
�l
)1=2; (2.15)

	 =
�� �1
�w � �1

: (2.16)

With the help of above transformations, Eq: (2:10) is identically satis�ed and Eqs: (2:11) to

(2:13) take the following form

(1 + 2
c�)F
000 + 2
cF

00 + 1 + FF 00 � F 02 + �N (1� �1) (� +Nr	) = 0; (2.17)

(1 + 2
c�) �
00 + 2
c�

0 + Pr(F�0 � F 0�) + (1 + 2
c�)
�
BP �

0	0 + TP �
02� = 0; (2.18)

(1 + 2
c�)	
00 + 2
c	

0 + LePr
�
F	0 � F 0	

�
+
TP
BP

�
(1 + 2
c�) �

00 + 2
c�
0� = 0; (2.19)

in which Pr = �=� is the Prandtl number, 
c =
�
�l=U1a2

�1=2 is the curvature parameter, �N =
ggr�thl�T=U

2
1 is the natural convection parameter, Nr = (�

� � �) (�w � �1) =��th (Tw � T1) (1� �1)

is the buoyancy ratio, BP = ��c�pDB (�w � �1) =�cp� is the Brownian motion parameter,
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TP = ��c�pDT (Tw � T1) =�cp�T1 is the thermophoresis parameter and Le = �=DB is the

Lewis number.

The boundary conditions in nondimensional form are

F (0) = c0; F 0 (0) = 0; F 0 �! 1; as � �!1; (2.20)

� (0) = 1; 	(0) = 1; � �! 0; 	 �! 0; as � �!1; (2.21)

where c0 is any constant. The skinfriction coe¢ cient and the Nusselt number are

1

2
cf Re

1=2 = F 00 (0) ; Nu=Re1=2 = ��0 (0) : (2.22)

where Re = r0U1=2� is the Reynolds number.

2.3 Solution of the problem

The solutions of Eqs: (2:17) to (2:19) subject to the boundary conditions (2:20) and (2:21) are

obtained with the help of the homotopy analysis method (HAM). For HAM solutions, we choose

the initial guesses as

F0 (�) = c0 � 1 + � + e��; (2.23)

�0 (�) = e��; 	0 (�) = e��: (2.24)

The corresponding auxiliary linear operators are

LF =
d3

d�3
+

d2

d�2
; L� =

d2

d�2
+

d

d�
; L	 =

d2

d�2
+

d

d�
: (2.25)

The zeroth-order deformation equations are

(1� q)Lf [f̂ (�; q)� f0 (�)] = qHF}1Nf [f̂ (�; q)]; (2.26)

(1� q)L�[�̂ (�; q)� �0 (�)] = qH�}2N�[�̂ (�; q)]; (2.27)

(1� q)L	[	̂ (�; q)�	0 (�)] = qH	}3N	[	̂ (�; q)]; (2.28)
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where Hf = e��; H� = e��; and H	 = e�� are the auxiliary functions and

Nf [F̂ (�; q)] = (1 + 2
c�) F̂
000 + 2
00c F̂ + 1 + F̂ F̂

00 � F̂ 02 + �N (1� �1) (�̂ +Nr	̂); (2.29)

N�[�̂ (�; q)] = (1 + 2
c�) �̂
00
+ 2
c�̂

0
+ Pr(F̂ �̂

0 � F̂ 0�̂) + (1 + 2
c�)
�
BP �̂

0
	̂0 + TP �̂

02�
;

(2.30)

N	[	̂ (�; q)] = �	̂00 + 	̂0 + LePr
�
F̂ 	̂0 � F̂ 0	̂

�
+
TP
BP

h
(1 + 2
c�) �̂

00
+ 2
c�̂

0i
: (2.31)

The boundary conditions for the zeroth order system are

F̂ (0; q) = c0; F̂ 0(0; q) = 0; F̂ 0 (�; q) �! 1; as � �!1; (2.32)

�̂ (0; q) = 1; 	̂ (0; q) = 1; �̂ (�; q) �! 0; 	̂ (�; q) �! 0 as � �!1: (2.33)

The solutions are obtained with the help of MATHEMATICA and are discussed in the next

section

2.4 Results and discussion

The solutions of the problem of nano�uid �ow through a vertical slender cylinder are obtained

through the homotopy analysis method. Due to the high dependence of the HAM solutions

over the auxiliary parameters ~0s the convergence region for the nondimensional velocity, tem-

perature and nanoparticle concentration pro�les F 0; � and  are graphed in Figs: (2:1) to (2:3) :

F ig:(2:1) shows the convergence curves for the nondimensional velocity pro�le F 0 plotted at

the 0:05% level of nanoparticle concentration, when the curvature parameter 
c = 0:5: From

Fig: (2:1) the acceptable convergence region for the auxiliary parameter ~1 is �1:2 � ~1 � �0:5:

F ig: (2:2) displays the ~ curve for the auxiliary parameter ~2 associated with the nondimensional

temperature pro�le �: From the graph it is observed that the acceptable convergence region for

the auxiliary parameter ~2 is �1:5 � ~2 � �0:5: F ig: (2:3) presents the convergence region for

the auxiliary parameter ~3 related with the nanoparticle concentration pro�le  sketched for

the Lewis number Le = 0:2:
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The behavior of nondimensional velocity temperature and nanoparticle concentration pro-

�les for di¤erent parameters is presented through Figs: (2:4) to (2:19) : F ig: (2:4) shows the

behavior of nondimensional velocity pro�le F 0 for di¤erent values of the Prandtl numbers Pr :

From the plot it is clear that with increase in the Prandtl number Pr the nondimensional veloc-

ity pro�le F 0 decreases. Fig: (2:5) indicates the behavior of the nondimensional velocity pro�le

F 0 for di¤erent values of the curvature parameter 
c: From the plot it is obtained that with

the increase in the curvature parameter 
c the nondimensional velocity pro�le F
0 decreases.

Fig: (2:6) is included to analyze the in�uence of the natural convection parameter �N over the

nondimensional velocity pro�le F 0: From the sketch it is evident that with the increase in the

natural convection parameter �N the nondimensional velocity pro�le F 0 increases. Fig: (2:7)

provides the impact of the buoyancy ratio Nr over the nondimensional velocity pro�le F 0: From

the graph it is noted that with the increase in the buoyancy ratio Nr the velocity pro�le F 0

increases. Fig: (2:8) shows the in�uence of the thermophoresis parameter TP over the nondimen-

sional velocity pro�le F 0: From the �gure it is clear that with the increase in the thermophoresis

parameter TP the nondimensional velocity pro�le F 0 decreases. Fig: (2:9) inculcates the pat-

tern adopted by the nondimensional temperature pro�le � with respect to the di¤erent values

of the Prandtl number Pr : From the plot it is obvious that with the increase in the Prandtl

number Pr the nondimensional temperature pro�le � and the thermal boundary layer thickness

decreases. Fig: (2:10) is schemed to observe the impact of the curvature parameter 
c over

the nondimensional temperature pro�le �: From the graph it is noted that with the increase

in the curvature parameter 
c the nondimensional temperature pro�le � increases. Fig: (2:11)

displays the impact of the natural convection parameter �N over the temperature function �:

From the graph it is observed that with the increase in the natural convection parameter �N the

temperature �ow rate � decreases. Fig: (2:12) indicates the impact of the buoyancy ratio Nr

over the temperature pro�le �: From the sketch it is evident that with increase in the buoyancy

ratio Nr the nondimensional temperature pro�le � decreases. Fig: (2:13) provides an insight in

the behavior of the temperature pro�le � with respect to the Brownian motion parameter BP :

From Fig: (2:13) it is revealed that with an increase in the Brownian motion parameter BP

the nondimensional temperature pro�le � increases. Fig: (2:14) displays the in�uence of the

thermophoresis parameter TP over the nondimensional temperature pro�le �: From the plot it is

36



noted that with increase in the thermophoresis parameter TP the nondimensional temperature

�ow rate � increases. The in�uence of the Prandtl number Pr over the nanoparticle concentra-

tion pro�le  is presented in Fig: (2:15) : From the graph it is observed that the nanoparticle

concentration pro�le  decreases with increase in the Prandtl number Pr : F ig:(2:16) gives the

behavior of buoyancy ratio Nr over the nanoparticle concentration function  : From Fig: (2:16)

it is observed that with increase in the buoyancy ratio Nr the nanoparticle concentration pro-

�le  decreases. The variation of the nanoparticle concentration function  with respect to

the Brownian motion parameter BP is sketched in Fig: (2:17) : It is noted from the plot that

with an increase in the Brownian motion parameter BP the nanoparicle concentration pro�le

 decreases. Fig: (2:18) provides an insight in the behavior of the nanoparticle concentration

pro�le  for di¤erent values of the thermophoresis parameter TP : From the graph it is observed

that by increasing the thermophoresis parameter TP the nanoparticle concentration pro�le  

also enhances. Fig: (2:19) is schemed to observe the impact of the Lewis number Le over the

nanoparticle concentration pro�le  : From the graph it is noted that with an increase in the

Lewis number Le the nanoparticle concentration pro�le decreases.

The associated important physical quantities, the shear stress, the skinfriction coe¢ cient,

the heat �ux and the local Nusselt numbers are analyzed through tables. Table: (2:1) contains

the boundary derivatives for the nondimensional velocity pro�le computed at the surface of the

cylinder that also corresponds to the shear stress at the surface and the skinfriction coe¢ cient.

Entries in Table: (2:1) are tabulated for di¤erent values of the curvature parameter 
c and the

natural convection parameter �N : From Table: (2:1) it is noted that with an increase in both

the curvature parameter 
c and the natural convection parameter �N the shear stress at the

surface of the cylinder increases. Table: (2:2) gives the in�uence of heat �ux at the surface

of the cylinder calculated for di¤erent values of the curvature parameter 
c and the natural

convection parameter �N : From data in Table: (2:2) it is noted that with an increase in both

the curvature parameter 
c and the natural convection parameter �N ; heat �ux at the surface

of the cylinder and the corresponding local Nusselt numbers increases.
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Fig:(2:1): }-curve for velocity pro�le F 0

Fig:(2:2): }-curve for temperature function �
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Fig:(2:3): }-curve for nanoparticle concentration pro�le  

Fig:(2:4): In�uence of the Prandtl number Pr over the velocity

pro�le F 0
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Fig:(2:5): In�uence of the curvature parameter 
c over the velocity

pro�le F 0

Fig:(2:6): In�uence of the natural convction parameter �N over the

velocity pro�le F 0
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Fig:(2:7): In�uence of the buoyancy ratio Nr over the velocity

pro�le F 0

Fig:(2:8): In�uence of the thermophoresis parameter Nt over the

velocity pro�le F 0
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Fig:(2:9): In�uence of the Prandtl number Pr over the temperature

pro�le �

F ig:(2:10): In�uence of the curvature parameter 
c over the

temperature pro�le �
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Fig:(2:11): In�uence of the natural convection parameter �N over

the temperature pro�le �

F ig:(2:12): In�uence of the buoyancy ratio Nr over the temperature

pro�le �
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Fig:(2:13): In�uence of the Brownian motion parameter BP over the

temperature pro�le �

F ig:(2:14): In�uence of the thermophoresis parameter TP over the

temperature pro�le �
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Fig:(2:15): In�uence of the Prandtl number Pr over the

nanoparticle concentration pro�le  

Fig:(2:16): In�uence of the buoyancy ratio Nr over the nanoparticle

concentration pro�le  
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Fig:(2:17): In�uence of the Brownian motion parameter BP over the

nanoparticle concentration pro�le  

Fig:(2:18): In�uence of the thermophoresis parameter TP over the

nanoparticle concentration pro�le  
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Fig:(2:19): In�uence of the Lewis number Le over the nanoparticle

concentration pro�le  

Table:(2:1): Variation of boundary derivative for velocity

pro�le F 0 for di¤erent values of the natural convection

parameter �N and the vurvature parameter 
c when

Pr = 0:72; and �1 = 0:05
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Table:(2:2): Variation of boundary derivatives for

temperature pro�le � for di¤erent values of the natural

convection parameter �N and the curvature parameter 
c

when Pr = 0:72; and �1 = 0:05

2.5 Conclusion

The main �nding of this chapter are summarized as

� The nondimensional velocity pro�le F 0 decreases with the increase in the Prandtl number

Pr; the curvature parameter 
c and the thermophoresis parameter Tp:

� The nondimensional velocity pro�le F 0 increases with increase in the natural convection

parameter �N and the buoyancy ratio Nr

� The nondimensional temperature pro�le � decreases with the increase in the Prandtl

number Pr, the natural convection parameter �N ; the buoyancy ratioNr and the Brownian

motion parameter Bp:

� The nondimensional temperature pro�le � increases with the increase in the curvature

parameter 
c and the thermophoresis parameter Tp:
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� The nondimensional nanoparticle concentration pro�le  decreases with the increase in the

Prandtl number Pr, the buoyancy parameter Nr; the Lewis number Le and the Brownian

motion parameter Bp:

� The nanoparticle concentration pro�le  increases with the increase in the thermophoresis

parameter Tp:

� The shear stress at the surface of the cylinder increases with increase in the curvature

parameter 
c and the natural convection parameter �N :

� The heat �ux at the surface of the cylinder increases with increase in the curvature

parameter 
c and the natural convection parameter �N :
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Chapter 3

Boundary layer stagnation �ow over

an exponentially stretching cylinder

3.1 Introduction

The present chapter o¤ers an analysis for the problem of steady, incompressible stagnation point

boundary layer �ow and heat transfer of a viscous �uid �owing through a vertical cylinder that

is stretched exponentially along its surface. The governing partial di¤erential equations of con-

servation of mass, momentum and energy along with the boundary conditions of exponentially

stretching cylinder are reduced to a system of nonlinear ordinary di¤erential equations by using

the boundary layer approach and a suitable similarity transformation. The resulting coupled

system of di¤erential equations along with the appropriate boundary conditions is solved with

the help of numerical technique, the Keller-box method. The e¤ects of the involved parame-

ters such as Reynolds numbers, Prandtl numbers and the natural convection parameter are

presented through sketches. The associated physical properties on �ow and heat transfer char-

acteristics that are the skinfriction coe¢ cient and Nusselt numbers are presented for di¤erent

parameters.
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3.2 Formulation

Consider the boundary layer stagnation �ow of viscous �uid �owing over a vertical exponentially

stretched circular cylinder. The cylinder of radius a is assumed to be stretched exponentially

along its axial direction with a surface stretching velocity Vw = 2ak�ez=b: The surface temper-

ature Tw and the ambient temperature T1 are such that for assisting �ows Tw � T1 > 0 while

for opposing �ows Tw � T1 < 0. The velocity �eld and temperature pro�le are

V (r; z)= (u (r; z) ; 0; w (r; z)) ; T = T (r; z) ; (3.1)

where (u;w) are the velocity components along the (r; z) axes. The related boundary conditions

are

at r = a; u = 0; w = Vw; for r !1; w = V1; (3.2)

at r = a; T = Tw; for r !1; T ! T1: (3.3)

where V1 = 2bk�ez=b:

F ig:3:1: Fluid is �owing over a vertical cylinder of radius a that is stretched axially with an

exponential surface stretching velocity Vw:
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The governing equations of conservation of mass and momentum are stated in Eqs: (2:6)

and (2:7) ; while the energy equation for the present problem is of the form

�cp
dT

dt
= S �rV � divq; (3.4)

For the velocity �eld Eq: (3:1) the concerned boundary layer equations of motion and heat

transfer in presence of heat dissipation are

ur +
u

r
+ wz = 0; (3.5)

uwr + wwz = V1
dV1
dz

+ �(wrr +
1

r
wr) + ggr�th(T � T1); (3.6)

uTr + wTx = �(Trr +
1

r
Tr) +

�

cp
w2r ; (3.7)

where � is the kinematic viscosity, ggr is the gravitational acceleration, �th is the coe¢ cient of

thermal expansion and � is the thermal di¤usivity.

3.3 Solution of the problem

The system of partial di¤erential equations along with the boundary conditions is simpli�ed

with the aid of following similarity transformations:

u = �1
2
V1

G(�)
p
�
; w = V1G

0 (�) ; (3.8)

� =
(T � T1)
(Tw � T1)

; � =
r2

b2
; (3.9)

where Tw�T1 = cez=b:With the help of the above transformations, Eqs: (3:5) to (3:7) become

�f 000 + f 00 +Re(ff 00 � f 02 + 1) + Re�� = 0; (3.10)

��00 + �0 +RePr(f�0 � f 0�) + PrEc�f 002 = 0; (3.11)

in which Rez = aV1=4� is the Reynolds number, � = ggr�tha(Tw � T1)=V 21 is the natural

convection parameter, Pr = v=� is the Prandtl number and Ec = V 21=cp (Tw � T1) is the
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Eckert number. The associated boundary conditions now take the form

G (1) = 0; G0 (1) = "; G0 �! 1; as � �!1; (3.12)

� (1) = 1; � �! 0; as � �!1; (3.13)

where " = a=b. The skinfriction coe¢ cient cf and the local Nusselt number Nu are

cf Re
1=2
z =

1
1
2�V

2
1
� rzjr!a; Nu=Re1=2z = ��0 (1) : (3.14)

3.4 Numerical Scheme

The solution of the present problem is obtained using the Keller-box method. To develop

the technique the system of di¤erential equations (3:10) and (3:11) along with the boundary

conditions (3:12) and (3:13) are converted into a �rst order di¤erential system. The resulting

system is then solved using the block elimination method. To develop a �rst order di¤erential

system, we consider

G1 = G0; G2 = G01; G3 = �0: (3.15)

Then the resulting system is

�G02 +G2 +Rez(GG2 �G21 + 1) + Rez �� = 0; (3.16)

�G03 +G3 +Rez Pr(GG3 �G1�) + PrEc�G22 = 0; (3.17)

with the boundary conditions

G (1) = 0; G1 (1) = "; G1 �! 1; as � �!1; (3.18)

� (1) = 1; � �! 0; as � �!1: (3.19)

The �rst order derivatives are approximated about �j�(1=2) using the central di¤erence, that

yield

G
(i)
j �G(i)j�1 = hj(G1)

(i)
j�(1=2); (3.20)
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(G1)
(i)
j � (G1)(i)j�1 = hj(G2)

(i)
j�(1=2); (3.21)

�
(i)
j � �(i)j�1 = hj(G3)

(i)
j�(1=2); (3.22)

�j�(1=2)((G2)
(i)
j � (G2)(i)j�1) + hj(G2)

(i)
j�(1=2) + hj Rez ��

(i)
j�(1=2)

+hj Rez(G
(i)
j�(1=2)(G2)

(i)
j�(1=2) � ((G1)

(i)
j�(1=2))

2 + 1) = (Rf )
(i�1)
j�(1=2); (3.23)

�j�(1=2)((G3)
(i)
j � (G3)(i)j�1) + hj(G3)

(i)
j�(1=2) + hj PrEc�(G2)

(i)
j�(1=2))

2

+hj Rez Pr(G
(i)
j�(1=2)(G3)

(i)
j�(1=2) � (G1)

(i)
j�(1=2)�

(i)
j�(1=2)) = (R�)

(i�1)
j�(1=2); (3.24)

where, hj = �j � �j�1; and

(Rf )
(i�1)
j�(1=2) = �j�(1=2)((G2)

(i�1)
j�1 � (G2)(i�1)j ) + hj(G2)

(i�1)
j�(1=2)

+hj Rez(G
(i�1)
j�(1=2)(G2)

(i�1)
j�(1=2) � ((G1)

(i�1)
j�(1=2))

2) + hj Rez ��
(i�1)
j�(1=2); (3.25)

(R�)
(i�1)
j�(1=2) = �j�(1=2)((G3)

(i�1)
j�1 � (G3)(i�1)j ) + hj(G3)

(i�1)
j�(1=2)

+hj Rez Pr(G
(i�1)
j�(1=2)(G3)

(i�1)
j�(1=2) � (G1)

(i�1)
j�(1=2)�

(i�1)
j�(1=2)) + hj PrEc�(G2)

(i�1)
j�(1=2))

2:(3.26)

Further, these di¤erence equations are linearized by Newton�s method. The resulting tridiagonal

system is then solved using block-elimination technique. Further details of the procedure can

be found in [94].

3.5 Results and discussion

The present investigation is carried for the problem of natural convection boundary layer stag-

nation point �ow of a viscous �uid that is �owing over a vertical cylinder. The cylinder is

assumed to be stretching exponentially along its axial direction with a surface stretching veloc-

ity Vw = 2ak�ez=b while the free stream velocity is V1 = 2bk�ez=b: The solutions of the problem

are computed using the numerical scheme, the Keller-box technique. The impact of the in-

volved parameters Reynolds number Rez; the natural convection parameter �; the stretching

ratio "; the Prandtl number Pr and the Eckert number Ec over the non-dimensional velocity

and temperature pro�les G0 and � are presented graphically in Figs:(3:1) � (3:10): F ig:1 dis-
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plays the in�uence of Reynolds number Rez over the velocity pro�le G0 for di¤erent values of

the stretching ratio ": From Fig:(3:1) it is observed that for " < 1; increase in Reynolds number

Rez increases the velocity pro�le G0; while for " > 1; increase in the Reynolds number Rez

decreases the velocity pro�le G0: F ig:(3:2) shows the behavior of velocity function G0 computed

for di¤erent values of the natural convection parameter � and the stretching ratio ": From the

sketch it is noted that for both " = 0:5 and 1:5; increase in the natural convection parameter

� increases the velocity pro�le G0 because higher natural convection parameter � is associated

with the higher density di¤erence in the �uid which produces increase in the velocity pro�le

G0: F ig:(3:3) indicates the convergence pattern for the velocity pro�le G0 for di¤erent values of

the stretching ratio ": The in�uence of Prandtl numbers Pr over the non-dimensional velocity

pro�le G0 for di¤erent values of the stretching ratio " is sketched in Fig:(3:4) when Rez = 5;

� = 0:5 and Ec = 0:5: From the graph it is observed that increase in the Prandtl numbers Pr

reduces the velocity pro�le G0 for any choice of ": F ig:(3:5) gives the impact of Eckert numbers

Ec over the velocity pro�le G0 for " = 0 and 2: From the �gure it is evident that increase in

the Eckert numbers Ec enhances the velocity pro�le G0: F ig:(3:6) inculcates the in�uence of

Prandtl numbers Pr over the temperature function �: From Fig:(3:6) it is observed that increase

in the Prandtl number Pr decreases the temperature pro�le �: This observation is consistent

with the fact that increase in the Prandtl numbers Pr reduces the thermal di¤usion rate and

hence decreases the temperature function �: F ig:(3:7) shows the behavior of temperature pro�le

� for di¤erent values of the Reynolds numbers Rez that depicts that increase in the Reynolds

numbers Rez decreases the temperature �ow. This observation corresponds to the fact that

high Reynolds numbers Rez are associated with more dense �uids that tend to reduce the tem-

perature �ow rate �: F ig:(3:8) gives the in�uence of Eckert numbers Ec over the temperature

function � that indicates that with increase in the Eckert numbers Ec increases the tempera-

ture pro�le �: This observation reveals the fact that higher Eckert numbers Ec corresponds to

the excess in thermal energy due to frictional heating stored in the �uid. Fig:(3:9) indicates

the behavior of temperature pro�le � computed for di¤erent values of the natural convection

parameter �: From the observed sketch it is clear that with the increase in natural convection

parameter �; the temperature pro�le � decreases. Fig:(3:10) depicts the impact of Reynolds

numbers Re computed for the case of shrinking cylinder with " = �0:5 and �1:5: From the plot

55



it is noticed that with the increase in Reynolds numbers Rez the velocity function increases.

Table:(3:1) contains values for the boundary derivatives for velocity pro�le G0 corresponding

to the skinfriction coe¢ cient calculated for di¤erent choices of Reynolds numbers Rez and the

natural convection parameter �: From the table it is noticeable that the skinfriction coe¢ cient

increases with increase in both the Reynolds number Rez and the natural convection parame-

ter �: Table:(3:2) shows the behavior of boundary derivatives for the temperature function �

corresponding to the local Nusselt numbers computed for di¤erent values of Prandl numbers

Pr and Reynolds numbers Rez : From Table:(3:2) it is observed that the local Nusselt numbers

increases with increase in both the Prandtl numbers Pr and Reynolds numbers Rez :

F ig:(3:2): Behavior of the velocity pro�le G0 for di¤erent values of the

stretching ratio " and the Reynolds number Rez
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Fig:(3:3): Behavior of the velocity pro�le G0 for di¤erent values of the

stretching ratio " and the natural convection parameter �

Fig:(3:4): Behavior of the velocity pro�le G0 for di¤erent values of the

stretching ratio "
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Fig:(3:5): Behavior of the velocity pro�le G0 for di¤erent choices of the

stretching ratio " and the Prandtl number Pr

Fig:(3:6): Behavior of the velocity pro�le G0 for di¤erent values of the

stretching ratio " and the Eckert number Ec
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Fig:(3:7): Behavior of the temperature pro�le � for di¤erent choices of the

Prandtl number Pr

Fig:(3:8): Behavior of the temperature pro�le � for di¤erent values of the

Reynolds number Rez
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Fig:(3:9): Behavior of the temperature pro�le � for di¤erent values of the

Eckert number Ec

Fig:(3:10): Behavior of the temperature pro�le � for di¤erent choices of the

natural convection parameter �
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Fig:(3:11): Behavior of the velocity pro�le G0 for di¤erent values of the

Reynolds number Rez in case of the shrinking cylinder when " = �0:5; �1:5

Table:(3:1): Behavior of the shear stress at the surface of the cylinder for

di¤erent values of the involved parameters
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Table:(3:2): Behavior of the heat �ux at the surface of the cylinder

for di¤erent values of the involved parameters

3.6 Conclusion

Noticeable conclusions obtained from the above study are

� The nondimensional velocity pro�leG0 decreases with the increase in the Reynolds number

Rez; when the stretching ratio " > 1:

� The nondimensional velocity pro�le G0 increaeses with the increase in the Reynolds num-

ber Rez; when the stretching ratio " < 1:

� The velocity pro�le G0 increases with increase in the natural convection parameter �:

� The nondimensional temperature pro�le � decreases with the increase in the Prandtl

number Pr, the Reynolds number Rez and the natural convection parameter �:

� The temperature pro�le � increases with increase in the Eckert number Ec:

� The shear stress at the surface increases with increase in the Reynolds number Rez :

� The heat �ux at the surface increases with increase in the Prandtl number Pr :

� The skinfriction coe¢ cient cf increases with increase in the natural convection parameter

�:

� The local Nusselt number Nu increases with increase in the Reynolds number Rez :
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Chapter 4

Annular axisymmetric stagnation

�ow of a Casson �uid through

porous media in a moving cylinder

4.1 Introduction

The present chapter provides an investigation for the �ow of a non-Newtonian Casson �uid

�owing through porous medium. The �uid is assumed to be �owing through the annular

region between the two concentric cylinders. The in�nite inner cylinder is rotating as well as

translating along the axial direction while the �nite outer cylinder is kept �xed. For solution of

the problem, the governing equations are nondimensionalized using a similarity transformation;

the obtained system of ordinary di¤erential equations is then solved numerically using the

5thorder Runge-Kutta Fehlberg method. The behavior of velocity and temperature pro�les is

discussed in detail for the parameters involved.

4.2 Formulation

Consider an incompressible �ow of a Casson �uid between two cylinders �owing through porous

medium. The �ow is assumed to be axisymmetric about z-axis. The inner cylinder is of radius

R rotating with an angular velocity 
 and moving with velocityW in the axial z-direction. The

63



inner cylinder is enclosed by an outer cylinder of radius b0R. The �uid is injected radially with

velocity U from the outer cylinder towards the inner cylinder. The geometry of the problem is

shown in Fig: (1:1) ; whereas the velocity and temperature pro�les are stated in Eqs: (1:1) and

(1:2). The governing equations of conservation of mass, momentum, and energy are

divV = 0; (4.1)

�
dV

dt
= divS�

��p
k0
V; (4.2)

�cp
dT

dt
= �divq; (4.3)

where � is the kinematic viscosity, �p is porosity of porous space and k0 is permeability of

porous space. The Cauchy stress tensor S for Casson �uid in simpli�ed form can be de�ned as

S = �pI+�(1 + 1=�c)A1; (4.4)

where �c is the Casson �uid parameter. The governing boundary layer equations of motion and

heat transfer are

r
@Vz
@z

+
@(rVr)

@r
= 0; (4.5)

Vr
@Vr
@r

+ Vz
@Vr
@z

� V�
2

r
= �1

�

@p

@r
+ �(1 +

1

�c
)(
@2Vr
@r2

+
1

r

@Vr
@r

+
@2Vr
@z2

� Vr
r2
)�

��p
k0

Vr;

(4.6)

Vr
@V�
@r

+ Vz
@V�
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+
VrV�
r

= �(1 +
1

�c
)(
@2V�
@r2

+
1

r

@V�
@r

+
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@z2

� V�
r2
)�

��p
k0

V�; (4.7)

Vr
@Vz
@r

+ Vz
@Vz
@z

= �1
�

@p

@z
+ �(1 +

1

�c
)(
@2Vz
@r2

+
1

r

@Vz
@r

+
@2Vz
@z2

)�
��p
k0

Vz; (4.8)

Vr
@T

@r
+ Vz

@T

@z
= �(

@2T

@r2
+
1

r

@T

@r
+
@2T

@z2
); (4.9)

where (Vr; V�; Vz) are the velocity components along (r; �; z) axes and � is the thermal di¤usivity.

The corresponding boundary conditions are

Vr(R; z) = 0; V�(R; z) = 
l0; Vz(R; z) =W; T (R; z) = Tin; (4.10)

Vr(b0R; z) = �U; V�(b0R; z) = 0; Vz(b0R; z) = 0; T (b0R; z) = Tout; (4.11)
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where Tin is the �uid temperature at the surface of the inner cylinder, Tout is the �uid temper-

ature at the surface of the outer cylinder and l0 is the reference length.

4.3 Solution of the problem

The system of nonlinear partial di¤erential equations (4:5) to (4:9) subject to the boundary

conditions (4:10) and (4:11) are simpli�ed by invoking the similarity transformations de�ned in

Eqs: (1:19) to (1:21) : The resulting system of ordinary di¤erential equations is of the form

(1 + 1=�c)(�f
(IV ) + 2f 000) + Re(ff 000 � f 0f 00)� kpf 00 = 0; (4.12)

(1 + 1=�c)(�g
00 + g0) + Re

�
fg0 � f 0g

�
� kpg = 0; (4.13)

(1 + 1=�c)(�h
00 + h0 � h

4�
) + Re

�
2fh0 +

fh

�

�
� kph = 0; (4.14)

��00 + �0 + PrRe f�0 = 0; (4.15)

in which Re = UR=2� is the Reynolds number, kp = R2�p=4k0 is the porosity parameter

and Pr = �=� is the Prandtl number. The nondimensional boundary conditions are stated in

Eqs: (1:28) to (1:30) : For numerical solution of the problem, we consider

F1 = f 0; F2 = F 01; F3 = F 02; F4 = g0; F5 = h0 and F6 = �0 (4.16)

then the resulting system is

(1 + 1=�c)(�F
0
3 + 2F3) + Re(fF3 � F1F2)� kpF2 = 0; (4.17)

(1 + 1=�c)(�F
0
4 + F4) + Re (fF4 � F1g)� kpg = 0; (4.18)

(1 + 1=�c)(�F
0
5 + F5 �

h

4�
) + Re

�
2fF5 +

fh

�

�
� kph = 0; (4.19)

�F 06 + F6 + PrRe fF6 = 0; (4.20)

with the boundary conditions

f (1) = 0; F1 (1) = 0; g (1) = 1; h (1) = 1; � (1) = 0; (4.21)

f (b0) =
p
b0; F1 (b0) = 0; g (b0) = 0; h (b0) = 0; � (b0) = 1: (4.22)
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The above system of �rst order ordinary di¤erential equations is solved numerically with the

help of 5thorder Runge-Kutta Fehlberg method and the obtained results are discussed in the

next section.

4.4 Results and discussion

The numerical solutions of the problem of steady, incompressible, non-Newtonian Casson �uid

�owing through the annular region between the concentric cylinders are obtained through the

5th order Runge-Kutta Fehlberg method. The outer cylinder is assumed to be �xed while the

inner cylinder is translating with a constant axial velocity and is also rotating axisymmetrically

about the axial direction through some porous medium. The behavior of non-dimensional

velocity pro�les for the involved parameters is plotted in Figs:(4:1) to (4:12) when b0 = 2. In

these �gures f is associated with the �uid �ow in radial direction, g is concerned with the �uid

�ow in axial direction while h represents the rotation e¤ects in the �uid �ow caused due to

the rotation of the inner cylinder. Figs:(4:1) to (4:3) show the behavior of radial velocity with

respect to the Reynolds numbers Re; Casson �uid parameter �c and the porosity parameter

kp respectively. From Fig:(4:1) it is noted that with the increase in the Reynolds numbers

Re the non-dimensional radial velocity increases. This happen because higher radial velocity is

concerned with a higher injunction velocity (also a higher Reynolds number) from outer cylinder

towards the inner cylinder. Fig:(4:2) shows that with increase in the Casson �uid parameter

�c increases the radial velocity f: F ig:(4:3) indicates that by increasing the porosity parameter

kp the radial velocity decreases because higher kp corresponds to porous medium with lesser

permeability and thus �uid �ow encounters more resistance. The in�uence of Reynolds number

Re over the velocity gradient f 0 is sketched in Fig:(4:4) that indicates that near the surface of

inner cylinder, velocity gradient increases with the increase in the Reynolds number Re while

near the surface of the outer cylinder, increase in Re decreases the velocity gradient. Figs:(4:5)

and (4:6) give the impact of Casson �uid parameter �c and the porosity parameter kp over the

velocity gradient f 0: From these graphs it is observed that near the surface of inner cylinder

increase in the Casson �uid parameter �c increases the velocity gradient f
0 while increase

in the porosity parameter kp decreases the velocity gradient f 0; whereas near the surface of
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outer cylinder, increase in the Casson �uid parameter �c decreases the velocity gradient f
0

while increase in the porosity parameter kp increases the velocity gradient f 0: F igs:(4:7) to

(4:9) show the behavior of axial velocity pro�le g for the Reynolds number Re; the Casson

�uid parameter �c and the porosity parameter kp: From these plots it is noticed that the axial

velocity g decreases with increase in all the parameters the Reynolds numer Re; the Casson �uid

parameter �c and the porosity paramter kp: F igs:(4:10) to (4:12) show the pattern adopted by

the non-dimensional rotation velocity h for the involved parameters the Reynolds number Re;

the Casson �uid parameter �c and the porosity parameter kp respectively. From these �gures

it is evident that with the increase in all the three parameters the angular velocity pro�le h

decreases. The variation in temperature �ow � for di¤erent values of the Prandtl number Pr

and the Reynolds number Re is presented in Figs:(4:13) and (4:14): From these sketches it is

noted that with the increase in both the Prandtl number Pr and the Reynolds number Re the

non-dimensional temperature pro�le increases.

To validate the accuracy of the current numerical results the present Fehlberg solutions are

compared as a special case with the existing work of Hong and Wang [34] in Table:(4:1): The

boundary derivatives obtained for the velocity pro�les are in excellent agreement. Table:(4:2)

predicts the behavior of boundary derivatives for the velocity pro�les f and g computed at

the surface of the inner cylinder that proportional to the skinfriction at the surface of the

inner cylinder computed for di¤erent values of the Casson �uid parameter �c and the porosity

parameter kp: From Table:(4:2) it is evident that increasing the Casson �uid parameter �c

and the porosity parameter kp also increases the skinfriction coe¢ cient. Table:(4:3) contains

the values for the boundary derivative of the angular velocity pro�le that are computed for

di¤erent Reynolds number Re and Prandtl number Pr and that corresponds to the azimuthal

shear stress at the surface of the inner cylinder. From Table:(4:3) it is observed that increase

in both the Reynolds number Re and the Prandtl number Pr increases the azimuthal shear

stress. Table:(4:4) shows the numerical values of the boundary derivative of the temperature

�ow function � that predicts the behavior of Nusselt numbers Nu against Prandtl number Pr

and Reynolds number Re : From Table:(4:4) it is observed that the Nusselt numbers increases

with the increase in both the Prandtl number Pr and the Reynolds number Re :
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Fig:(4:1): In�uence of the Reynolds number Re over the velocity pro�le f

F ig:(4:2): In�uence of the Casson �uid parameter �c over the velocity

pro�le f
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Fig:(4:3): In�uence of the porosity parameter kp over the velocity pro�le f

F ig:(4:4): In�uence of the Reynolds number Re over the velocity pro�le f 0
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Fig:(4:5): In�uence of the Casson �uid parameter �c over the velocity

gradient f 0

Fig:(4:6): In�uence of the porosity parameter kp over the velocity gradient

f 0
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Fig:(4:7): In�uence of the Reynolds number Re over the velocity pro�le g

F ig:(4:8): In�uence of the Casson �uid parameter �c over the velocity

pro�le g
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Fig:(4:9): In�uence of the porosity parameter kp over the velocity pro�le g

F ig:(4:10): In�uence of the Reynolds number Re over the velocity pro�le h
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Fig:(4:11): In�uence of the Casson �uid parameter �c over the velocity

pro�le h

Fig:(4:12): In�uence of the porosity parameter kp over the velocity pro�le h
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Fig:(4:13): In�uence of the Prandtl number Pr over the temperature pro�le

�

F ig:(4:14): In�uence of the Reynolds number Re over the temperature

pro�le �
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Table:(4:1): Comparison of the boundary derivatives of the

present results with the work [34] when �c = 20000 and

kp = 0

Table:(4:2): Behavior of boundary derivatives for

velocity pro�les computed for di¤erent �c and kp

when Re = 10

Table:(4:3): Behavior of boundary derivatives for

angular velocity pro�les computed for di¤erent Pr

and Re when �c = 5
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Table:(4:4): Behavior of boundary derivatives for

temperature pro�le computed for di¤erent Pr and Re

when �c = 5; kp = 2

4.5 Conclusion

Brief conclusions obtained from the above study are stated as

� With increase in the Reynolds number Re and the Casson �uid parameter �; the velocity

pro�le f increases.

� With increase in the porosity parameter kp the velocity pro�le f decreases.

� With increase in the Reynolds number Re and the Casson �uid parameter �; the velocity

pro�le g decreases.

� With increase in the Reynolds number Re and the Casson �uid parameter �; the velocity

pro�le h decreases.

� With increase in the porosity parameter kp the nondimensional velocity pro�les g and h

decreases.

� The nondimensional temperature pro�le � increases with the increase in the Reynolds

number Re; the Prandtl number Pr :

� The shear stress at the surface of the inner cylinder increases with increase in the Casson

�uid parameter �c:

� The heat �ux at the surface of the inner cylinder increases with increase in the Prandtl

number Pr :
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Chapter 5

Axisymetric stagnation �ow of a

micropolar nano�uid in a moving

cylinder

5.1 Introduction

In this chapter, an analysis is carried out for the axisymmetric stagnation �ow of a micropolar

�uid containing nanoparticles in a moving cylinder. The coupled nonlinear partial di¤erential

equations of the problem are simpli�ed with the help of similarity transformations and the

resulting coupled nonlinear di¤erential equations are solved numerically by means of the 5th

order Runge-Kutta Shooting method. The features of the �ow phenomena, inertia, heat transfer

and nanoparticles are analyzed and discussed.

5.2 Formulation

Let us consider an incompressible �ow of a micropolar nano�uid between two cylinders such

that the �ow is axisymmetric about z-axis. The inner cylinder is of radius R rotating with

angular velocity 
 and moving with velocity W in the axial z-direction. The inner cylinder

is enclosed by an outer cylinder of radius b0R. Further, the �uid is injected radially with

velocity U from the outer cylinder towards the inner cylinder. The geometry of the problem is
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shown in Fig:(1:1). The governing equations of conservation of mass, energy and nanoparticle

concentration are staded in Eqs: (1:7) ; (1:9) and (1:10) respectively, while the linear and angular

momentum equations are

�
dV

dt
= �rp+ kr�W+(�+ k)r2V; (5.1)

�j
dW

dt
= �2kW + kr�V � 
m (r�r�W) + (�m + �m + 
m)r (r�W) ; (5.2)

where � is the dynamic viscosity, k is the vertex viscosity, j is the microrotation density,W (r; z)

is the angular microrotation momentum and �m; �m; 
m are the micropolar constants.

For the velocity �eld V (r; z) = (Vr (r; z) ; V� (r; z) ; Vz (r; z)), angular velocity W (r; z) =

(0; N� (r; z) ; 0) ; heat transfer pro�le T = T (r; z) and the nanoparticle concentration function

� = � (r; z) the equations of conservation of mass, momentum, angular momentum, heat transfer

and the nanoparticle concentration can be expressed as

r
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where Eq:(5:3) is the continuity equation, Eqs:(5:4) to (5:6) are the r; � and z components of

momentum equation, Eqs:(5:7) to (5:9) are the angular momentum, temperature and nanopar-

ticle concentration equations, respectively.
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5.3 Solution of the problem

To simplify the above system of nonlinear coupled partial di¤erential equations the similarity

transformations de�ned in Eqs: (1:19) to (1:22) are used along with the following relation for

the angular momentum velocity pro�le N�

N� = 2
U

R
M (�) � +

W

R
P (�): (5.10)

With the help of these transformations, Eq: (5:3) is identically satis�ed and Eqs: (5:4) to (5:9)

take the following forms

�f (IV ) + 2f 000 +
Re

(1 +K)
(ff 000 � f 0f 00) + K

8 (1 +K)
p
�

�
4�M 00 + 4M 0 � M

�

�
= 0; (5.11)

�g00 + g0 +
Re

(1 +K)

�
fg0 � f 0g

�
+

K

(1 +K)

p
�

�
4P 0 +

2P

�

�
= 0; (5.12)

4�h00 + 4h0 � h

�
+

Re

(1 +K)

�
4fh0 +

2fh

�

�
= 0; (5.13)

4�M 00 + 4M 0 � M

�
� 4Re

�
(fM 0 + f 0M)� 2K�

�

�
M +

p
�f 00

�
= 0; (5.14)

4�P 00 + 4P 0 � P

�
� 2K�

�

�
P +

p
�g0
�
� 4Re

�

�
fP 0 +Mg

�
= 0; (5.15)

��00 + �0 + PrRe f�0 +Nb��0	0 +Nt��02 = 0; (5.16)

�	00 +	0 + LePrRe f	0 +
Nt

Nb

�
��00 + �0

�
= 0; (5.17)

where Re = UR=2� is the cross-�ow Reynolds number, Pr = v=� is the Prandtl number,

� = 
m=�j is the micropolar coe¢ cient, � = R2=j and K = k=� are the micropolar parameters,

Le = �=DB is the Lewis number, Nb = ��c�pDB (�out � �in) =�cp� is the Brownian motion para-

meter and Nt = ��c�pDT (Tout � Tin) =�cp�Tin is the thermophoresis parameter. The boundary

conditions in nondimensional form the linear velocities, temperature are nanoparticle concen-

tration pro�les are listed in Eqs: (1:28) to (1:31) while the boundary conditions associated with

the nondimensional angular momentum pro�le are of the form

M (1) = �2nf 00 (1) ; M (b0) = 0; P (1) = �2ng0 (1) ; P (b0) = 0: (5.18)
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The solution of the above boundary value problem is obtained with the help of the 5th order

shooting method and is discussed in the next section.

5.4 Results and discussion

The governing nonlinear partial di¤erential equations of the axisymmetric stagnation �ow of

micropolar nano�uid in a moving cylinder are simpli�ed by using similarity transformation and

then the reduced highly nonlinear coupled di¤erential equations are solved numerically with

the help of 5th order shooting method. The velocity �eld for di¤erent values of the Reynolds

number Re and the micropolar parameter K are plotted in Figs: (5:1) to (5:7): F ig: (5:1) shows

the behavior of Reynolds number Re over the radial velocity pro�le f(�): From the �gure it

is observed that with the increase in the Reynolds number Re; the radial velocity pro�le f(�)

increases. Fig: (5:2) provides the impact of micropolar parameter K over the radial velocity

pro�le f(�): From Fig: (5:2) it is noted that with the increase in the micropolar parameter K;

the velocity pro�le f(�) decreases. Figs: (5:3) and (5:4) are plotted to observe the in�uence of

Reynolds number Re and the micropolar parameter K over the velocity gradient f 0(�): From

these graphs it is noted that with increase in the Reynolds number Re and the micropolar pa-

rameter K; the velocity gradient f 0(�) has a dual behavior. That is with the increase/decrease

in the Reynolds number Re =micropolar parameter K; the velocity gradient f 0(�) increases near

the surface of the inner cylinder, while the velocity gradient f 0(�) decreases near the surface of

the outer cylinder. Fig: (5:5) predicts the in�uence of Reynolds number Re over the velocity

pro�le g(�): From the sketch it is observed that with the increase in the Reynolds number Re;

the velocity pro�le g(�) decreases. The impact of micropolar parameter K over the velocity

pro�le g(�) is sketched in Fig: (5:6). It is observed that the nondimensional velocity pro�le

g(�) increases with the increase in the micropolar parameter K: The nondimensional angular

velocity pro�le h(�) for di¤erent values of the Reynolds number Re is plotted in Fig: (5:7) :

From the �gure it is depicted that the angular velocity �eld h(�) decreases with the increase in

Reynolds number Re. The variation of microrotation functions M and P for di¤erent values

of the involved parameters are plotted in Figs: (5:8) to (5:12) : F ig: (5:8) shows the in�uence

of micropolar parameter K over the microrotation velocity pro�le M(�): From the plot it is
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noticed that with the increase in the micropolar parameter K; the microrotation velocity pro�le

M(�) has a dual behavior. That is near the surface of the inner cylinder, increase in the microp-

olar parameter K decreases the microrotation pro�le M(�); while near the surface of the outer

cylinder, increase in the micropolar parameter K increases the microrotation velocity pro�le

M(�): F ig: (5:9) gives the impact of the Reynolds number Re over the microrotation velocity

pro�le M(�): F ig: (5:10) inculcates the in�uence of micropolar parameter � over the microro-

tation parameter M(�): From the sketch it is noted that with the increase in the micropolar

parameter �; the microrotation velocity pro�le M(�) decreases. Figs: (5:11) and (5:12) show

the impact of micropolar parameter K and the Reynolds number Re over the microrotation

velocity pro�le P (�): From these graphs it is seen that with the increase in both the micropolar

parameter K and the Reynolds number Re; the microrotation velocity pro�le P (�) increases.

The variation of temperature function � (�) is presented in Figs: (5:13) to (5:16) for di¤erent in-

volved parameters. Figs: (5:13) and (5:14) show the in�uence of the Prandtl number Pr and the

Reynolds number Re over the temperature pro�le � (�) : From these �gures it is observed that

with the increase in both the Prandtl number Pr and the Reynolds number Re; the temperature

�ow rate � (�) increases. Figs: (5:15) and (5:16) display the impact of the Brownian motion

parameter Nb and the thermophoresis parameter Nt over the temperature function � (�) : From

these plots it is noted that with the increase in both the Brownian motion parameter Nb and

the thermophoresis parameter Nt; the temperature pro�le � (�) increases. The variation of the

nanoparticle concentration function  (�) for di¤erent parameters is plotted in Figs: (5:17) to

(5:20) : F igs: (5:17) ; (5:18) and (5:19) are graphed to observe the impact of the Lewis number

Le; the Prandtl number Pr and the Reynolds number Re over the nanoparticle concentration

pro�le  (�); respectively. From these plots it is noted that with the increase in Lewis number

Le; Prandtl number Pr and the Reynolds number Re; the nanoparticle concentration function

 (�) also increases. Fig: (5:20) gives the behavior of the thermophoresis parameter Nt over

the nanopaticle concentration pro�le  (�): From the plot it is observed that with the increase

in the thermophoresis parameter Nt; the nanoparticle concentration pro�le  (�) decreases.

Table: (5:1) shows the behavior of boundary derivatives of the radial velocity pro�le f(�)

computed at the surface of the inner cylinder for di¤erent values of the Reynolds number Re

and the microplar parameterK: From the table it is observed that with increase in the Reynolds
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number Re the boundary derivative of the velocity pro�le and the associated skinfriction co-

e¢ cient at the surface of the inner cylinder increases, while with increase in the micropolar

parameter K the boundary derivative and the skinfriction coe¢ cient at the surface of the inner

cylinder decreases. Table: (5:2) is tabulated to observe the behavior of the boundary deriva-

tives of the velocity pro�le g(�) computed for di¤erent pairs of the Reynolds number Re and

the micropolar parameter K: From the table it is noted that with increase in the Reynolds

number Re the boundary derivatives show an oscillatory behavior. Table: (5:3) provides the

behavior of the boundary derivative of the velocity pro�le h(�) calculated for di¤erent values of

the Reynolds number Re and the micropolar parameter K at the surface of the inner cylinder.

From Table:(5:3) it is observed that with increase in the Reynolds number Re; the boundary

derivative and the associated azimuthal shear stress at the surface of the inner cylinder in-

creases, while with increase in the micropolar parameter K the boundary derivative and the

azimuthal shear stress decreases. Table: (5:4) shows the boundary derivatives for the micro-

rotation pro�le M(�) tabulated for di¤erent values of the micropolar parameters K and �:

From the data in Table: (5:4) it is noticed that with increase in the micropolar parameter �=K

the boundary derivatives of the microrotation pro�le decreases/decreases. Table: (5:5) shows

the comparison of the microrotation pro�le P (�) for di¤erent combinations of the micropolar

parameters K and �: From entries in Table: (5:5) it is observed that with increase in the mi-

cropolar parameter � the microrotation pro�le decreases. Table: (5:6) shows the behavior of

the boundary derivatives of the temperature pro�le �(�) corresponding to the Nusselt number

Nu at the surface of the inner cylinder calculated for di¤erent values of the Prandtl number Pr

and the Reynolds number Re : From Table: (5:6) it is noted that with increase in both Prandtl

number Pr and the Reynolds number Re; the boundary derivative at the surface of the inner

cylinder and the Nusselt numbers increase. Table: (5:7) predicts the in�uence of the Lewis num-

ber Le and the thermophoresis parameter Nt over the boundary derivatives of the nanoparticle

concentration pro�le  (�) corresponding to the sherwood number at the surface of the inner

cylinder. From the table it is observed that with increase in the Lewis number Le increases

the sherwood number, while increase in the thermophoresis parameter Nt the boundary deriv-

atives of the nanoparticle concentration pro�le and the associated sherwood number decreases.

Tables: (5:8) and (5:9) give a comparison of a special case of the present results to that obtained
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in Ch:4 and Ch:1; respectively. Results in Ch:1 were computed through the homotopy analysis

method, while solutions in Ch:4 were calculated through the Runge-Kutta Fehlberg method.

From these tables it is observed that the obtained solutions are in excellent agreement.

Fig:(5:1): In�uence of the Reynolds numbe Re over the radial velocity

pro�le f(�)

Fig:(5:2): In�uence of the micropolar parameter K over the radial velocity

pro�le f(�)
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Fig:(5:3): In�uence of the Reynolds number Re over the radial velocity

gradient f 0(�)

Fig:(5:4): In�uence of the micropolar parameter K over the radial velocity

gradient f 0(�)
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Fig:(5:5): In�uence of the Reynolds number Re over the velocity pro�le g(�)

Fig:(5:6): In�uence of the micropolar parameter K over the velocity pro�le

g(�)
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Fig:(5:7): In�uence of the Reynolds number Re over the angular velocity

pro�le h(�)

Fig:(5:8): In�uence of the micropolar parameter K over the microrotation

velocity pro�le M(�) when n = 0
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Fig:(5:9): In�uence of the Reynolds number Re over the microrotation

velocity pro�le M(�) when n = 0

Fig:(5:10): In�uence of the micropolar parameter � over the microrotation

velocity pro�le M(�) when n = 0:5
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Fig:(5:11): In�uence of the micropolar parameter K over the microrotation

velocity pro�le P (�) when n = 0

Fig:(5:12): In�uence of the Reynolds number Re over the microrotation

velocity pro�le P (�) when n = 0
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Fig:(5:13): In�uence of the Prandtl number Pr over the temperature pro�le

�(�)

Fig:(5:14): In�uence of the Reynolds number Re over the temperature

pro�le �(�)
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Fig:(5:15): In�uence of the Brownian motion parameter Nb over the

temperature pro�le �(�)

Fig:(5:16): In�uence of the thermophorises parameter Nt over the

temperature pro�le �(�)

90



Fig:(5:17): In�uence of the Lewis number Le over the nanoparticle

concentration pro�le  (�)

Fig:(5:18): In�uence of the Prandtl number Pr over the nanoparticle

concentration pro�le  (�)

91



Fig:(5:19): In�uence of the Reynolds number Re over the nanoparticle

concentration pro�le  (�)

Fig:(5:20): In�uence of the thermophorises parameter Nt over the

nanoparticle concentration pro�le  (�)
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Table:(5:1): Behavior of the boundary derivatives of the radial velocity pro�le f(�)

at the surface of the inner cylinder, computed for di¤erent values of the Reynolds

number Re and the micropolar parameter K; when � = 0:5; � = 1 and n = 0:5

Table:(5:2): Behavior of the boundary derivatives of the velocity pro�le g(�) at the

surface of the inner cylinder, computed for di¤erent values of the Reynolds number

Re and the micropolar parameter K; when � = 0:5; � = 1 and n = 0:5
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Table:(5:3): Behavior of the boundary derivatives of the angular velocity pro�le

h(�) at the surface of the inner cylinder, computed for di¤erent values of the

Reynolds number Re and the micropolar parameter K; when � = 0:5; � = 1 and

n = 0:5

Table:(5:4): Behavior of the boundary derivatives of the microrotation velocity

pro�le M(�) at the surface of the inner cylinder, computed for di¤erent values of

the Reynolds number Re and the micropolar parameter � when K = 2; � = 1 and

n = 0:5
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Table:(5:5): Behavior of the boundary derivatives of the microrotation

velocity pro�le P (�) at the surface of the inner cylinder, computed for

di¤erent values of the micropolar parameters K and � when Re = 3; � = 1

and n = 0:5

Table:(5:6): Behavior of the boundary derivatives of the temperature pro�le

�(�) at the surface of the inner cylinder, computed for di¤erent values of the

Prandtl number Pr and the Reynolds number Re when K = 0:1; � = 0:5;

� = 1; Nb = 1; Nt = 0:5; Le = 1 and n = 0
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Table:(5:7): Behavior of the boundary derivatives of the nanoparticle

concentration pro�le  (�) at the surface of the inner cylinder, computed for

di¤erent values of the Lewis number Le and the thermophoresis parameter

Nt when Re = 3; K = 0:1; � = 0:5; � = 1; Pr = 7; Nb = 1 and n = 0

Table:(5:8): Comperison of a special case of the present

results with the results obtained in Ch:4 for K = 0; kp = 0

and � = 20000
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Table:(5:9): Comperison of a special case of the present results with the results

obtained in Ch:1 for K = 0

5.5 Conclusion

The above discussion is summarized as

� With the increase in the Reynolds number Re and the micropolar parameter K; the

velocity pro�le f increases.

� With the increase in the Reynolds number Re; the velocity pro�le g decrease.

� With the increase in the Reynolds number Re; the velocity pro�le h decrease.

� With the increase in the Reynolds number Re and the micropolar parameter K; the

microrotation velocity pro�le M increases.
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� With the increase in the Reynolds number Re and the micropolar parameter K; the

microrotation velocity pro�le N increases.

� The nondimensional temperature pro�le � increases with the increase in the Reynolds

number Re; the micropolar parameter K; the Prandtl number Pr, the Brownian motion

parameter Nb and the thermophoresis parameter Nt:

� The nondimensional nanoparticle concentration pro�le  increases with the increase in

the Reynolds number Re; the micropolar parameter K; the Prandtl number Pr, the Lewis

number Le and the Brownian motion parameter Nb:

� The nanoparticle concentration pro�le  decreases with the increase in the thermophoresis

parameter Nt:

� The shear stress at the surface of the inner cylinder increases with increase in the Reyniolds

number Re :

� The heat �ux at the surface of the inner cylinder increases with increase in the Prandtl

number Pr :

� The Sherwood number at the surface of the inner cylinder decreases with increase in the

thermophoresis parameter Nt:
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Chapter 6

Natural convection heat transfer in

micropolar nano�uid over a vertical

slender cylinder

6.1 Introduction

In this chapter, we have studied the boundary layer �ow and heat transfer of a micropolar

�uid containing nanoparticles and is �owing over a vertical cylinder. The governing partial

di¤erential equations of momentum, angular momentum, energy and nanoparticle concentration

are reduced to nonlinear coupled ordinary di¤erential equations by applying the boundary

layer approximation and a suitable similarity transformation. The obtained nonlinear coupled

ordinary di¤erential equations along with the appropriate boundary conditions are solved by

5th order shooting method. The e¤ects of the physical parameters on the �ow and heat transfer

characteristics of the model are presented through graphs and the salient features are discussed.

6.2 Formulation

Consider an incompressible �ow of a non-Newtonian micropolar nano�uid along a vertical per-

meable slender cylinder of radius r0 having uniform ambient temperature T1: The coordinates

(x; r) are used such that x is along the surface of the cylinder while r is in the radial direction.
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The governing equations of conservation of mass heat transfer and nanoparticle concentration

pro�les are listed in Eqs: (2:6) ; (2:8) and (2:9) ; while the angular momentum equation is stated

in Eq: (5:2) ; whereas the linear momentum equation associated with the problem is

�
dV

dt
= �rp+ kr�W+(�+ k)r2V+�~g: (6.1)

For the velocity �eldV (x; r) = (w (x; r) ; 0; u (x; r)), angular velocityW (r; z) = (0; � (x; r) ; 0) ;

heat transfer pro�le T = T (x; r) and the nanoparticle concentration function � = � (x; r) ; the

boundary layer equations of conservation of mass, momentum, angular momentum, heat trans-

fer and the nanoparticle concentration are

(rw)r + rux = 0; (6.2)

uux + wur = U
dU

dx
+
�+K

�
(urr +

1

r
ur) +

K

�

�
�r +

�

r

�
+[
(�� � �) (�� �1)

�
+ (1� �1) (T � T1)�th]ggr; (6.3)

w�r + u�x =

�

�j

�
�rr +

�r
r
� �

r2

�
� K

�cp
(ur + 2�) ; (6.4)

wTr + uTx = �(Trr +
1

r
Tr) +

��c�p
�cp

�
DB�rTr +

DT

T1
T 2r

�
; (6.5)

w�r + u�x = DB

�
�rr +

1

r
�r

�
+
DT

T1
(Trr +

1

r
Tr); (6.6)

where � is the angular microrotation momentum and U1 (x=l) is the mainstream velocity.

The corresponding boundary conditions for the problem are

u(x; r0) = 0; u(x; r) �! U1 (x=l) as r �!1; (6.7)

� (x; r0) = �n
�
U1
�l

� 1
2 U1x

l
F 00 (0) ; �! 0; as r �!1; (6.8)

T (x; r0) = Tw (x) ; T (x; r) �! T1 as r �!1; (6.9)

�(x; r0) = �w; �(x; r) �! �1; as r �!1: (6.10)
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6.3 Solution of the problem

We make use of the following similarity transformations:

u = U1 (x=l)F
0(�); w = �r0

r

�
�U1
l

� 1
2

F (�) ; (6.11)

� =
xU1
r0l

J (�) ; � =
T � T1
Tw � T1

; (6.12)

	 =
�� �1
�w � �1

; � =
r2 � r20
2r0

�
U1
�l

� 1
2

; (6.13)

in which the characteristic temperature and concentration friction �T and �� respectively are

calculated from the relations Tw � T1 = (x=l)�T and �w � �1 = (x=l)��. With the help of

above transformations the governing equations can be written as

(1 + 2
c�)F
000 + 2
cF

00 +
1

1 +K
(1 + FF 00 � F 02) + �N

1 +K
(1� �1) (� +Nr	) +

K
c
1 +K

J 0 = 0;

(6.14)

(1 + 2
c�) J
00 � 4
2c

1 + 2
c�
J +

1

�

�
FJ 0 � F 0J

�
� 
c
�
FJ � Ka0
c

�

�
(1 + 2
c�)F

00 � 2
cJ
�
= 0;

(6.15)

(1 + 2
c�) �
00 + 2
c�

0 + Pr(F�0 � F 0�) + (1 + 2
c�)
�
BP �

0	0 + TP �
02� = 0; (6.16)

(1 + 2
c�)	
00 + 2
c	

0 + LePr
�
F	0 � F 0	

�
+
TP
BP

�
(1 + 2
c�) �

00 + 2
c�
0� = 0; (6.17)

in which a0 = l=r0; K = k=� is the micropolar parameter, �N = ggr�thl�T=U
2
1 is the

natural convection parameter, � = 
�=�j is the micropolar coe¢ cient, Le = �=DB is the

Lewis number, Nr = (�
� � �) (�w � �1) =��th (Tw � T1) (1� �1) is the buoyancy ratio, BP =

��c�pDB (�w � �1) =�cp� is the Brownian motion parameter and TP = ��c�pDT (Tw � T1) =�cp�T1
is the thermophoresis parameter.

101



The boundary conditions in nondimensional form are

F (0) = c0; F 0 (0) = 0; F 0 �! 1; as � �!1; (6.18)

J (0) = � n


c
F 00 (0) ; � (0) = 1; 	(0) = 1; (6.19)

J �! 0, � �! 0; 	 �! 0; as � �!1; (6.20)

where c0 is any constant.

The skinfriction coe¢ cient and the Nusselt number in dimensionless form are

1

2
Cf Re

1=2 = (1 + (1� n)K)f 00 (0) ; Nu=Re1=2 = ��0 (0) : (6.21)

where Re = r0U1=2� is the Reynolds number.

The solutions of Eqs: (6:14) to (6:17) subject to the boundary conditions (6:18) to (6:20)

have been computed numerically with the help of 5th order Runge-Kutta shooting method and

the results are discussed in the next section.

6.4 Results and discussion

The problem of stagnation point boundary layer �ow of a non-Newtonian micropolar �uid con-

taining nanoparticles and �owing over a vertical cylinder is studied in the present chapter.

The governing set of nonlinear partial di¤erential equations is �rst simpli�ed with the help

of boundary layer approximations. The simpli�ed version is then converted into a system of

ordinary di¤erential equations by applying a suitable similarity transformation. The resulting

system of ordinary di¤erential equations is then solved numerically with the help of 5th order

Runge-Kutta shooting technique. The impact of pertinent parameters over the nondimensional

velocity, microrotation, heat transfer and nanoparticle concentration pro�les F 0; J; � and  is

presented in the Figs: (6:1) to (6:20) : F ig: (6:1) shows the in�uence of the curvature parameter


c over the nondimensional velocity pro�le F
0: From the graph it is observed that with an in-

crease in the curvature parameter 
c the nondimensional velocity pro�le F
0 decreases. Fig: (6:2)

provides the impact of the micropolar parameter K over the velocity pro�le F 0 computed for

0:05% level of the nanoparticles concentration when the natural convection parameter �N = 1:
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From the sketch it is noted that with an increase in the micropolar parameter K the veloc-

ity function F 0 decreases. The behavior of the nondimensional velocity pro�le F 0 for di¤erent

values of the natural convection parameter �N is presented in Fig: (6:3) : From the plot it is

evident that with an increase in the natural convection parameter �N the velocity pro�le F 0

increases. This increase is consistent with the fact that by increasing the natural convection

parameter �N the �uid density di¤erence increases that in return enhances the �uid �ow rate

F 0: F ig: (6:4) represents the velocity curves for di¤erent values of the buoyancy ratio Nr: From

the graph it is depicted that by increasing the buoyancy ratio Nr the nondimensional velocity

pro�le F 0 also increases. Fig: (6:5) shows the in�uence of the curvature parameter 
c over

the nondimensional microrotation pro�le J for the case when n = 0:5: It is observed from

Fig: (6:5) that with an increase in the curvature parameter 
c the microrotation pro�le J also

increases. Fig: (6:6) displays the impact of the micropolar parameter K over the nondimen-

sional microrotation pro�le J for the situation when n = 0: From the sketch it is noted that

with an increase in the micropolar parameter K the nondimensional microrotation pro�le J

decreases. Fig: (6:7) is plotted to observe the behavior of microrotation velocity function J

for di¤erent values of the micropolar parameter � graphed at the 0:05% level of nanoparticle

concentration. From the sketch it is depicted that with an increase in the micropolar parameter

� the nondimensional microrotation pro�le J has a dual behavior. That is near the surface

of the stretching cylinder, increase in the micropolar parameter � increases the microrotation

velocity pro�le J; while in the far �eld region, increase in the micropolar parameter � decreases

the microrotation velocity pro�le J: F ig: (6:8) shows the in�uence of the curvature parameter


c over the nondimensional microrotation pro�le J: From the plot it is observed that with an

increase in the curvature parameter 
c the microrotation function J also increases. Fig: (6:9)

indicates towards the behavior of the Prandtl number Pr over the nondimensional temperature

pro�le � when the curvature parameter 
c = 1 and the thermophoresis parameter TP = 0:5:

From Fig: (6:9) it is noted that with an increase in the Prandtl number Pr the temperature

�ow rate � and the thermal boundary layer thickness both decreases. The in�uence of the

Brownian motion parameter BP over the nondimensional temperature pro�le � is portrayed in

Fig: (6:10) : From the sketch it is observed that with an increase in the Brownian motion para-

meter BP the nondimensional temperature pro�le � increases. Fig: (6:11) displays the impact
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of the thermophoresis parameter TP over the nondimensional temperature pro�le �: From the

plot it is evident that with an increase in the thermophoresis parameter TP the temperature

function � increases. Fig: (6:12) indicates the in�uence of the curvature parameter 
c over the

nanoparticle concentration pro�le  : From the sketch it is noted that with an increase in the

curvature parameter 
c the nanoparticle concentration function  increases. Fig: (6:13) dis-

plays the in�uence of the Prandtl number Pr over the nanoparticle concentration function  :

From the graph it is observed that with an increase in the Prandtl number Pr the nanoparticle

concentration pro�le  decreases. Fig: (6:14) is included to examine the pattern adopted by

the nanoparticle concentration pro�le  for di¤erent values of the thermophoresis parameter

TP : From the graph it is noted that the nanoparticle concentration pro�le  increases with

an increase in the thermophoresis parameter TP : Some Fig: (6:15) predicts the impact of the

Brownian motion parameter BP over the nanoparticle concentration pro�le  : From the sketch

it is observed that with an increase in the Brownian motion parameter BP the nanoparticle

concentration pro�le  decreases.

Some important physical quantities associated with the problem such as the shear stress,

skinfriction coe¢ cient, heat �ux, local Nusselt numbers and the sherwood numbers are pre-

sented through tables. Table: (6:1) shows the behavior of the boundary derivatives for the

nondimensional velocity pro�le that corresponds to the shear stress at the surface and the

skinfriction coe¢ cient computed at the surface of the cylinder, computed for di¤erent pairs of

the micropolar parameter K and the curvature parameter 
c: From the table it is observed

that the shear stress at the surface of the cylinder increases with an increase in the curvature

parameter 
c; while the shear stress at the surface of the cylinder decreases with an increase

in the micropolar parameter K: Table: (6:2) displays the entries for the boundary derivatives

of the microrotation pro�le J computed at the surface of the vertical cylinder for di¤erent

combinations of the natural convection parameter �N and the micropolar parameter K: The

observed behavior in Table: (6:2) is increasing/decreasing for increase in the natural convection

parameter �N= micropolar parameter K: Table: (6:3) shows the boundary derivatives for the

nondimensional temperature pro�le � that corresponds to the heat �ux at the surface of the

cylinder and the local Nusselt numbers Nu tabulated for di¤erent pairs of the Prandtl numbers

Pr and the micropolar parameter K: From Table: (6:3) it is noted that the heat �ux at the
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surface of the cylinder increases with an increase in the Prandtl number Pr; while with an

increase in the micropolar parameter K the heat �ux at the surface of the vertical cylinder

and the corresponding Nusselt numbers decrease. Table: (6:4) provides values for the boundary

derivatives of the nanoparticle concentration pro�le corresponding to the sherwood numbers,

calculated for di¤erent choices of the Lewis numbers Le and the Prandtl numbers Pr : From

Table: (6:4) it is evident that with an increase in the Lewis number Le; the sherwood numbers

increase, whereas with respect to the Prandtl numbers Pr the sherwood numbers show a dual

behavior, that is for low Lewis numbers (Le = 0:2) increase in the Prandtl numbers Pr decreases

the sherwood numbers while for Lewis numbers Le � 0:4; increase in the Prandtl number Pr

also increases the sherwood numbers. To examine the accuracy of the present solutions a com-

parison of the present results with the available works in [42] and [44] are also presented a

special case. Table: (6:5) shows a comparison of the present solutions or the special case when

K = 0 with the work in [42], while Table: (6:6) gives a comparison of the present solutions for

the special case when and with the work in [44]. From these tables it is clear that the results

are in good agreement.

Fig:(6:1): In�uence of the curvature parameter 
c over the velocity pro�le

F 0
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Fig:(6:2): In�uence of the micropolar parameter K over the velocity pro�le

F 0

Fig:(6:3): In�uence of the natural convection parameter �N over the

velocity pro�le F 0
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Fig:(6:4): In�uence of the buoyancy ratio Nr over the velocity pro�le F 0

Fig:(6:5): In�uence of the curvature parameter 
c over the microrotation

pro�le J
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Fig:(6:6): In�uence of micropolar parameter K over the microrotation

pro�le J

Fig:(6:7): In�uence of the micropolar parameter � over the microrotation

pro�le J
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Fig:(6:8): In�uence of curvature parameter 
c over the tenperature pro�le �

F ig:(6:9): In�uence of the Prandtl number Pr over the temperature pro�le �
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Fig:(6:10): In�uence of the Brownian motion parameter BP over the

temperature pro�le �

F ig:(6:11): In�uence of the thermophoresis parameter TP over the

nanoparticle concentration pro�le  
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Fig:(6:12): In�uence of curvature parameter 
c over the nanoparticle

concentration pro�le  

Fig:(6:13): In�uence of the Prandtl number Pr over the nanoparticle

concentration pro�le  
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Fig:(6:14): In�uence of the thermophoresis parameter TP over the

nanoparticle concentration pro�le  

Fig:(6:15): In�uence of the Brownian motion parameter BP over the

nanoparticle concentration pro�le  
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Table:(6:1): Behavior of the boundary derivatives of the velocity

pro�le F 00 (0) when �N = 1; Nr = 0:5; � = 0:5; a0 = 1; Pr = 3;

BP = 1; TP = 0:5; Le = 1; �1 = 0:05; c0 = 1; n = 1=2

Table:(6:2): Behavior of the boundary derivatives of the

microrotation pro�le J 0 (0) when 
c = 0:1; Nr = 0:5; � = 0:5; a0 = 1;

Pr = 3; BP = 1; TP = 0:5; Le = 1; �1 = 0:05; c0 = 1; n = 1=2
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Table:(6:3): Behavior of the boundary derivatives for the

temperature pro�le �0 (0) when �N = 0:5; 
c = 0:1; Nr = 0:5;

� = 0:5; a0 = 1; BP = 1; TP = 0:5; Le = 1; �1 = 0:05; c0 = 1; n = 0

Table:(6:4): Behavior of the boundary derivatives for the

nanoparticle concentration pro�le  0 (0) when �N = 0:5; 
c = 0:1;

Nr = 0:5; � = 0:5; a0 = 1; K = 0:5; BP = 1; TP = 0:5; �1 = 0:05;

c0 = 1; n = 0
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Table:(6:5): Comparison of present results for

F 00 (0) with [42] for K = 0

Table:(6:6): Comparison of present results for

F 00 (0) with [44] for the special case when

K = 0; �N = 0

6.5 Conclusion

The main �ndings of the above discussion are

� The nondimensional velocity pro�le F 0 decreases with increase in the curvature parameter


c and the micropolar parameter K:

� The nondimensional velocity pro�le F 0 increases with increase in the natural convection

parameter �N and the buoyancy ratio Nr:

� The nondimensional microrotation pro�le J increases with increase in the curvature pa-

rameter 
c for the case when n = 1=2:

� The nondimensional microrotation pro�le J decreases with increase in the micropolar

115



parameter K for the case when n = 0:

� The nondimensional temperature pro�le � decreases with increase in the Prandtl number

Pr :

� The nondimensional temperature �ow rate � increases with increase in the curvature

parameter 
c; the Brownian motion parameter BP and the thermophoresis parameter

TP :

� The nanoparticle concentration pro�le  decreases with increase in the curvature para-

meter 
c; the Prandtl number Pr and the Brownian motion parameter Bp:

� The nanoparticle concentration pro�le  increases with increase in the thermophoresis

parameter Tp:

� The shear stress at the surface of the cylinder decreases with increase in the microplar

parameter K:

� The heat �ux at the surface of the cylinder decreases with increase in the microplar

parameter K:

� The sherwood number increases with increase in the Lewis number Le:
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Chapter 7

Stagnation �ow of couple stress

nano�uid over an exponentially

stretching sheet through a porous

medium

7.1 Introduction

In this chapter an investigation is carried out for the problem of boundary layer stagnation

point �ow and heat transfer of a couple stress �uid containing nanoparticles and �owing over

an exponentially stretching surface in a porous medium. The governing equations of couple

stress �uid model for velocity, temperature and nanoparticle pro�les are given under boundary

layer approach. The nonlinear partial di¤erential equations are simpli�ed by using similar

transformations. The analytical solutions of simpli�ed equations are found with the help of

homotopy analysis method. The convergence of the HAM solutions has been discussed by

plotting ~-curves and also through homotopy pade approximation. The physical features of

pertinent parameters have been discussed through graphs.
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7.2 Formulation

Let us consider the boundary layer stagnation point �ow of a steady incompressible couple

stress �uid over an exponentially stretching sheet through a porous medium. The Cartesian

coordinates (x; y) are used such that x is along the surface of the sheet, while y is taken normal

to it. The governing equations of conservation of mass momentum, energy and the nanoparticle

concentration are

divV = 0; (7.1)

�
dV

dt
= divS��0r4V�

��p
k0
V; (7.2)

�cp
dT

dt
= �divq+ ��c�p

�
DBr� �rT +

DT

T1
rT �rT

�
; (7.3)

d�

dt
= DBr2�+

DT

T1
r2T; (7.4)

where �0 is the material constant for the couple stress �uid, �p is the porosity of porous space,

k0 is the permeability of porous space and T1 is the �uid temperature lying far away from the

sheet. The boundary layer equations of conservation of mass, momentum, heat transfer and

nanoparticle concentration are

@vx
@x

+
@vy
@y

= 0; (7.5)

vx
@vx
@x

+ vy
@vx
@y

= W1
dW1
dx

+ �
@2vx
@y2

� �0
�

@4vx
@y4

�
��p
k0

vx; (7.6)

vx
@T

@x
+ vy

@T

@y
= �

@2T

@y2
+
��c�p
�cp

 
DB

@T

@y

@�

@y
+
DT

T1

�
@T

@y

�2!
; (7.7)

vx
@�

@x
+ vy

@�

@y
= DB

@2�

@y2
+
DT

T1

@2T

@y2
; (7.8)

here (vx; vy) are the velocity components along the (x; y) axes, � is the kinematic viscosity,

W1 is the free-stream velocity and � is the thermal di¤usivity. The corresponding boundary

conditions for the problem are
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vx = Wsv; vy = 0; at y = 0; vy �!W1; as y �!1; (7.9)

@2vx
@y2

= 0; at y = 0; and
@vx
@y

; as y !1; (7.10)

T = Tw; � = �w at y = 0; and T ! T1; �! �1; as y !1; (7.11)

where the free-stream velocity W1, the stretching velocity Wsv and the surface temperature

Tw are de�ned as

W1 = Aex=L; Wsv = Bex=L; Tw = T1 + ce
x=L; (7.12)

where A; B and c are constants with appropriate dimensions while L is the reference length.

7.3 Solution of the problem

For solution of the problem we take the following similar similarity transformations [56]

vx = Aex=LH 0(�); vy = �(
�A

2L
)1=2ex=L(H (�) + �H 0(�)); (7.13)

� =
T � T1
Tw � T1

; (7.14)

 =
�� �1
�w � �1

; (7.15)

� =

�
A

2�L

�1=2
ex=2Ly: (7.16)

With the help of transformations in Eqs: (7:13) to (7:16), Eq: (7:5) is identically satis�ed while

Eqs: (7:6) to (7:8) take the form

�cH
(5) �H 000 �HH 00 + 2H 02 � 2 + k�pH 0 = 0; (7.17)

�00 + Pr(H�0 � 2H 0�) +BP �
0 0 + TP �

02 = 0; (7.18)

 00 + PrLe
�
H 0 � 2H 0 

�
+
TP
BP

�00 = 0; (7.19)
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where �c = �0W1=2��L is the couple stress �uid parameter, k�p = 2�L�p=W1k0 is the porosity

parameter, Pr = �=� is the Prandtl number, BP = (�w � �1)DB�
�c�p=��cp is the Brownian

motion parameter, TP = (Tw � T1)DT�
�c�p=��cpT1 is the thermophoresis parameter and Le =

�=DB is the Lewis number. The boundary conditions in nondimensional form are

H (0) = 0; H 0 (0) = �; H 000(0) = 0; (7.20)

H 0 �! 1; H 00 �! 0; as � �!1; (7.21)

�(0) = 1;  (0) = 1; � ! 0;  ! 0 as � !1; (7.22)

where � = B=A is the stretching ratio. To solve the problem with the help of homotopy analysis

method (HAM), the initial guess chosen and the corresponding auxiliary linear operators are

[86]

f0 = (�� 1) + (�� 1) (�
2

2
� 1)e�� + �; �0 = e��;  0 = e��; (7.23)

Lf =
d5

d�5
+ 3

d4

d�4
+ 3

d3

d�3
+

d2

d�2
; (7.24)

L� =
d2

d�2
+

d

d�
; L =

d2

d�2
+

d

d�
: (7.25)

Further details of the HAM solution are presented in the next section. The important physical

quantities heat �ux at the surface of the sheet qw; the local Nusselt numbers Nu and the

Sherwood number Sh associated with the present problem are

qw = �k
@T

@y
jy=0; Nux = �

p
Rex�

0 (0) ; Sh = �
p
Rex 

0 (0) ; (7.26)

where Rex =W1x2=2�L.

7.4 Results and discussion

The problem of boundary layer stagnation �ow and heat transfer of a couple stress nano�uid

�owing over an exponentially stretching sheet through a porous medium is solved analytically

with the help of homotopy analysis method (HAM). The reliability and convergence of HAM
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solutions are examined by computing ~-curves for nondimensional velocity, temperature and

nanoparticle concentration pro�les H 0; � and  . Further, the homotopy pade approximation

is also applied to con�rm the convergence of the solutions, while for another check, the sys-

tem of di¤erential equations is also solved numerically with the help of Runge-Kutta Fehlberg

method and a comparison of both the solutions is presented through tables. Figs:(7:1) to

(7:3) are planted to observe the convergence regions of the auxiliary parameters ~1; ~2 and ~3

for nondimensional velocity, temperature and nanoparticle concentration pro�les for di¤erent

combinations of the involved parameters. Fig:(7:1) is sketched for the convergence regions of

the velocity pro�le H 0 for di¤erent combinations of the couple stress �uid parameter �c and

the porosity parameter k�p when the stretching parameter � = 0:25: It is noticed that increase

in both the couple stress �uid parameter �c and the porosity parameter k�p; decreases the ac-

ceptable convergence region for the auxiliary parameter ~1. From Fig:(7:1) the convergence

region for velocity pro�le H 0 when the couple stress �uid parameter �c = 1:5 and the porosity

parameter k�p = 0:5 is �1:1 � }1 � �0:3. Fig:(7:2) contains the ~-curves plotted against

temperature gradient for di¤erent choices of the Prandtl number Pr and the Brownian motion

parameter BP ; while Fig:(7:3) gives the ~-curves for nanoparticle concentration pro�le  for

di¤erent values of the Prandtl number Pr and the Lewis number Le: From Figs:(7:2) and (7:3)

increase in the Prandtl number Pr; the Brownian motion parameter BP and the Lewis number

Le; decreases the convergence region. From Fig:(7:3) when the Lewis number Le = 0:5 and

the Prandtl number Pr = 5; the acceptable convergence region for the auxiliary parameter ~3

is �1:2 � ~3 � �0:2: Tables:(7:1) to (7:3) are presented to cement the convergence of the

obtained solutions. Table:(7:1) contains the homotopy pade approximation values for velocity,

temperature and nanoparticle concentration pro�les for certain values of the involved parame-

ters. The pade approximates are calculated up to [30=30] approximates and the obtained values

guarantees the convergence of HAM solutions. In Table:(7:1) pade approximations for velocity

pro�le calculated are for stretching ratio � = 0:5; while pade accelerators for temperature and

nanoparticle concentration pro�les are computed for stretching ratio � = 1: It is also noticed

that convergence for velocity and temperature pro�les are achieved much before then the con-

vergence for nanoparticle concentration pro�le. Tables:(7:2) and (7:3) provide a comparison of

both the HAM and numerical solutions of the velocity, temperature and nanoparticle concen-
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tration pro�les for di¤erent values of the associated parameters. From these tables it is obvious

that the obtained values are in good agreement.

The behavior of velocity, temperature and nanoparticle concentration pro�les for di¤erent

values of the involved parameters are presented in Figs:(7:4) to (7:13): F ig:(7:4) refers to

the in�uence of couple stress �uid parameter �c over velocity pro�le H 0 for di¤erent values

of porosity parameter k�p; when the stretching ratio � = 2: From Fig:(7:4) it is clear that

velocity pro�le has a dual behavior with respect to couple stress �uid parameter �c; that is,

near the surface of the sheet the velocity pro�le increases with increase in the couple stress

�uid parameter �c; while the velocity pro�le H 0 changes its behavior after a certain interval

and then becomes decreasing with increase in the couple stress �uid parameter �c: In Fig:(7:4)

the behavior of velocity pro�le is sketched when the �uid is �owing without porous medium

(kp
� = 0) and �uid through porous medium with porosity parameter k�p = 1: It is also noted

from Fig:(7:4) that the turning points for velocity pro�le for di¤erent values of the porosity

parameter k�p lies almost at the same �; while the convergence rate for velocity pro�le is much

quicker for smaller porosity parameter k�p: F ig:(7:5) re�ects the in�uence of porosity parameter

k�p plotted for di¤erent values of stretching ratio �; when couple stress �uid parameter �c = 1:

From Fig:(7:5) it is noted that the velocity pro�le H 0 near the sheet surface decreases with

increase in the porosity parameter k�p; while in the far �eld region the velocity pro�le changes its

behavior and becomes increasing with increase in the porosity parameter kp: The convergence

rate for velocity pro�le with the stretching ratio � = 0:5; 1:5 is almost the same. Figs:(7:6)

and (7:7) give the pattern followed by the velocity gradient for di¤erent combinations of the

involved parameters that guarantees the satisfaction of the boundary conditions for the velocity

gradient H 00 associated with the couple stress �uid model. Fig:(7:6) gives the behavior of

velocity gradient H 00 for di¤erent values of couple stress �uid parameter �c for �uid �owing

through porous medium with porosity parameter k�p = 0; 1: It is observed from Fig:(7:6) that

near the boundary of the sheet velocity gradient H 00 decreases with increase in the couple stress

�uid parameter �c while in the far �eld region, increase in the couple stress �uid parameter �c

increases the velocity gradient. It is also evident from Fig:(7:6) that increase in the porosity

parameter k�p increases the deviation of velocity gradient from the mean position. Fig:(7:7) is

plotted to observe the behavior of the porosity parameter k�p for couple stress �uids with �c = 1;
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computed for the �at plate case (� = 0) ; and the stretching sheet problem with stretching ratio

� = 2: The dual behavior is evident in the sketch. From Fig:(7:7) it is predicted that near

the boundary of the sheet the velocity gradient is decreasing with increase in the porosity

parameter k�p; while in the far �eld area the velocity gradient becomes increasing with increase

in the porosity parameter k�p: F ig:(7:8) inculcates the in�uence of porosity parameter k
�
p over the

temperature pro�le � for di¤erent values of the Prandtl number Pr and for speci�ed values of the

other parameters. From Fig:(7:8) it is depicted that the in�uence of porosity parameter k�p over

� is opposite to that of the Prandtl number Pr that is with increase in the Prandtl number Pr the

temperature pro�le � and the thermal boundary layer thickness decreases, whereas with increase

in porosity parameter k�p the temperature pro�le � increases. Fig:(7:9) describes the in�uence

of Brownian motion parameter Bp over temperature pro�le � computed for di¤erent values

of the thermophoresis parameter Tp: From Fig:(7:9) it is observed that increase in both the

Brownian motion parameter Bp and the thermophoresis parameter Tp, the temperature pro�le

� increases. This observation is consistent with the fact that nanoparticles have high thermal

conductivity and so has higher heat transfer rate. Fig:(7:10) shows the in�uence of couple stress

�uid parameter �c over temperature pro�le � for shrinking sheet with � = �0:25 and stretching

sheet with � = 0:25; 1:5 for speci�ed values of the other involved parameters. From Fig:(7:10) it

is clear that increase in the stretching ratio � decreases the temperature pro�le � and the thermal

boundary layer thickness, while increase in the couple stress �uid parameter �c increases the

temperature pro�le �: F ig:(7:11) indicates the behavior of nanoparticle concentration pro�le

 for di¤erent values of the Lewis number Le computed for di¤erent choices of the Prandtl

number Pr : From Fig:(7:11) it is predictable that with increase in both the Lewis number Le

and the Prandtl numbet Pr the nanoparticle concentration pro�le  and the nano boundary

layer thickness decreases. Fig:(7:12) gives the in�uence of the porosity parameter k�p over the

nanoparticle concentration pro�le  calculated for di¤erent values of the Prandtl number Pr :

From Fig:(7:12) it is clear that increase in the porosity parameter k�p increases the nanoparticle

concentration pro�le  : F ig:(7:13) is prepared to analyze the behavior of the thermophoresis

parameter Tp over the nanoparticle concentration pro�le  for di¤erent values of the Brownian

motion parameter Bp: The sketch indicates that increase in the thermophoresis parameter Tp;

increases the nanoparticle concentration pro�le  :
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Table:(7:4) contains values for boundary derivatives for nondimensional temperature pro�le

� at the surface of the sheet which corresponds to the in�uence of heat �ux at the surface of

the sheet for di¤erent values of the porosity parameter k�p; the Prandtl number Pr and the

Brownian motion parameter Bp: From Table:(7:4) it is noted that with increase in the Prandtl

number Pr, heat �ux at the surface increases, whereas with increase in the porosity parameter

k�p and the Brownian motion parameter Bp; heat �ux at the surface of the stretching sheet

decreases. Table:(7:5) refers to the behavior of Sherwood number Sh for di¤erent combinations

of the porosity parameter k�p, the Prandtl number Pr and the Lewis number Le that correspond

to the mass transfer rate at the surface of the sheet: From Table:(7:5) it is noticed that with

increase in both the Prandtl number Pr and the Lewis number Le; the Sherwood numbers

increase.

Fig:(7:1): }-curve for H 0 for di¤erent values of �c and k�p plotted at 15
th

order of approximation, when � = 0:25
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Fig:(7:2): }-curve for temperature pro�le � for di¤erent values of Bp and

Pr, plotted at 15th-Order of approximation, when � = 0:5

Fig:(7:3): }-curve for concentration pro�le  for di¤erent values of Le and

Pr, plotted at 15th-Order of approximation, when � = 0:5
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Fig:(7:4): In�uence of �c over H 0 for di¤erent k�p; when � = 2

Fig:(7:5): In�uence of k�p over H
0 for di¤erent �
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Fig:(7:6): In�uence of �c over H 00 for di¤erent k�p; when � = 2

Fig:(7:7): In�uence of k�p over H
00 for di¤erent �
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Fig:(7:8): In�uence of k�p over � for di¤erent Pr; when � = 1

Fig:(7:9): In�uence of Bp over � for di¤erent Tp; when � = 2
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Fig:(7:10): In�uence of �c over � for di¤erent �

F ig:(7:11): In�uence of Le over � for di¤erent Pr; when � = 2
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Fig:(7:12): In�uence of Pr over  for di¤erent k�p; when � = 2

Fig:(7:13): In�uence of Bp over  for di¤erent Tp; when � = 2
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Table:(7:1): Pade table showing the convergence of velocity, temperature

and nanoparticle pro�les for ~1 = ~2 = ~3 = �1; Pr = 0:72; �c = 1; k�p = 0;

Bp = 1; Tp = 1; Le = 1

Table:(7:2): Comparison of Fehlberg and HAM solutions for velocity pro�le

Table:(7:3): Comparison of Fehlberg and HAM solutions for temperature

and nanoparticle concentration pro�les
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Table:(7:4): Behavior of heat �ux at the surface of the sheet when �c = 1;

" = 0:5; k�p = 0:5; Tp = 0:5; Le = 1

Table:(7:5): Behavior of sherwood number when �c = 1; " = 0:5; k�p = 0:5;

Bp = 0:5; Tp = 1

7.5 Conclusion

Noticeable conclusions obtained from the above study are

� Near the surface of the sheet the nondimensional velocity pro�le H 0 decreases with the

increase in the porosity parameter k�p:

� Near the surface of the sheet the velocity pro�le H 0 increases with increase in the couple
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stress �uid parameter �c:

� The nondimensional temperature pro�le � decreases with the increase in the Prandtl

number Pr :

� The temperature function � increases with increase in the porosity parameter k�p:

� The nanoparticle concentration pro�le  decreases with the increase in the Lewis number

Le and the Prandtl number Pr :

� The skinfriction coe¢ cient decreases with increase in the couple stress �uid parameter �c:

� The local Nusselt number increases with increase in the Prandtl number Pr :

� The sherwood number increases with increase in the Lewis number Le:
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Chapter 8

Stagnation-point boundary layer

�ow of a Williamson �uid over an

exponentially stretching cylinder

8.1 Introduction

The current chapter concerns with the problem of steady, incompressible boundary layer stagna-

tion point �ow and heat transfer of a non-Newtonian Williamson �uid �owing through a vertical

exponentially stretched cylinder. The governing boundary layer partial di¤erential equations

along with the boundary conditions are reduced into a system of ordinary di¤erential equations

by using suitable similarity transformations. The nonlinear system is then solved with the aid

of 5th order Runge-Kutta Fehlberg method. The in�uence of involved parameters is shown

through graphs. The associated physical properties, skinfriction coe¢ cient and local Nusselt

number are also presented for di¤erent parameters.

8.2 Formulation

The boundary layer stagnation-point �ow of a non-Newtonian Williamson �uid that �ows over

a vertical cylinder is considered for the case when the circular cylinder of radius a stretched

exponentially along its axial direction with a surface stretching velocity Vw = 2ak�ez=b: The
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equations of conservation of mass, momentum and heat transfer are

divV = 0; (8.1)

�
dV

dt
= divS+�~g; (8.2)

�cp
dT

dt
= �divq; (8.3)

where S is the Cauchy stress tensor for Williamson �uid and is de�ned as

S = �pI+ � ; (8.4)

� = �
h
�1 + (�0 + �1)

�
1� t0

:


��1i

A1; (8.5)

where �pI is the spherical part of the stress due to constraint of incompressibility in which � is

the extra stress tensor for Williamson �uid, �0 is the zero shear rate viscosity, �1 is the in�nite

shear rate viscosity, t0 is the time constant and
:

 =

p
�=2; where � = �

i
�
j

:

ij

:

ji is the second

invariant strain tensor.

At present we consider the case when �1 = 0; and t0
:

 << 1: The component of extra stress

tensor becomes

� =��0
�
1 + �t

:


�
A1: (8.6)

With the help of Eqs: (8:4) and (8:6) the boundary layer equations of motion and heat transfer

obtained are

ur +
u

r
+ wz = 0; (8.7)

uwr + wwz = �1
�

@p

@z
+ �(1 + 2�twr)(wrr +

1

r
wr) + ggr�th(T � T1); (8.8)

uTr + wTx = �(Trr +
1

r
Tr); (8.9)

where �th is the coe¢ cient of thermal expansion. The corresponding boundary conditions for

the problem are

u(a; z) = 0; w(a; z) = Vw w(r; z) �! V1 as r �!1; (8.10)

T (a; z) = Tw (z) ; T (r; z) �! T1 as r �!1; (8.11)
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where V1 = 2bk�ez=b:

8.3 Solution of the problem

To simplify the partial di¤erential equations (8:7) to (8:9) the similarity transfermations de�ned

in (3:8) and (3:9) are used. The resulting system is then of the form

�G000 +G00 +Re(GG00 �G02 + 1) +Ws
p
�G00

�
�G000 +G00

�
+Re�� = 0; (8.12)

��00 + �0 +RePr(G�0 �G0�) = 0; (8.13)

in which Rez = aV1=4� is the Reynolds number, Ws = 4t0V1=b is the Williamson parameter,

� = ggr�tha(Tw � T1)=V 21 is the natural convection parameter and Pr = v=� is the Prandtl

number. The associated nondimensional boundary conditions are de�ned in Eqs: (3:12) and

(3:13).

The skinfriction coe¢ cient cf and the local Nusselt number Nu are

cf Re
1=2
z =

1
1
2�V

2
1
� rzjr!a; Nu=Re1=2z = ��0 (1) : (8.14)

The system of ordinary di¤erential equations (8:12) and (8:13) subject to the boundary con-

ditions (3:12) and (3:13) is �rst reduced to a system of �rst order equations using appropriate

substitutions, then the resulting system is solved numerically with the help of 5th order Runge-

Kutta Felhberg method. Further discussion about the obtained numerical solutions is presented

in the next section.

8.4 Results and discussion

The problem of natural convection boundary layer stagnation-point �ow of a non-Newtonian

Williamson �uid �owing through a vertical stretching cylinder that is stretched along its axial

direction with an exponential surface stretching velocity Vw = 2ak�ez=b and a free-stream

velocity V1 = 2bk�ez=b is studied in the present chapter. The solution of the problem is

obtained with the help of 5th order numerical scheme, the Runge-Kutta Felhberg technique.
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The in�uence of important parameters, Reynolds number Rez; Williamson parameter Ws; the

natural convection parameter � and the Prandtl number Pr over the non-dimensional velocity

and temperature pro�les G0 and � are presented in Figs: (8:1) to (8:8) : The convergence pattern

of non-dimensional velocity pro�le G0 is presented in Fig:(8:1): From the sketch, it is observed

that the di¤erent velocity curves achieved in�nity condition almost simultaneously about � ! 3:

The impact of Reynolds number Re over the velocity function G0 for di¤erent values of " is

presented in Fig: (8:2) : From the �gure it is noticed that for stretching sheet problem with

" = 0:5 and the shrinking sheet problem with " = �0:5; increase in Reynolds number Re; the

velocity pro�le G0 increases, whereas for " > 1; increase in Reynolds number Rez decreases the

velocity pro�le G0: F ig:(8:3) displays the impact of Williamson parameter Ws over the velocity

pro�le G0 for di¤erent values of the stretching ratio ": From Fig:(8:3) it is observed that for any

choice of stretching ratio "; increase in Williamson parameter Ws decreases the velocity pro�le

G0: The impact of natural convection parameter � over the velocity function G0 is presented in

Fig:(8:4) when " = 2: From this plot, it is noted that with increase in the natural convection

parameter �; the velocity pro�le G0 increases because higher natural convection parameter � is

associated with greater density di¤erence in �uids that causes the increase in the �uid velocity.

The e¤ect of Prandtl number Pr over the non-dimensional velocity pro�le G0 is portrayed in

Fig:(8:5): From the graph it is perceived that increase in the Prandtl number Pr the velocity

function G0 decreases. The in�uence of stretching ratio " over the thermal �ow � is graphed in

Fig:(8:6): From the �gure, it is observed that increase in the stretching ratio " decreases the

temperature �ow �: F ig:(8:7) telecasts the in�uence of Prandtl number Pr over the temperature

pro�le �: It is noted that an increase in the Prandtl number Pr decreases the temperature pro�le

�: This behavior of the temperature pro�le � is consistent with the observation that increase in

the Prandtl number Pr; decreases the thermal di¤usion rate and so the temperature function

� decreases. Fig:(8:8) indicates the e¤ects of Reynolds number Rez over the temperature

pro�le �: From Fig:(8:8); it is noticed that with the increase in the Reynolds number Rez the

temperature function decreases. This observation is consistent with the fact that high Reynolds

number Rez associates with more dense �uids which correspond to reduced temperature �ow

rate in the �uid and hence have low �uid temperature.

The behavior of skinfriction coe¢ cient cf and the local Nusselt number Nu are tabulated
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in Tables:(8:1) and (8:2) for di¤erent values of the involved parameters. Table: (8:1) shows the

values for boundary derivatives for velocity pro�le at the surface of the cylinder that corresponds

to the skinfriction coe¢ cient tabulated for di¤erent values of Reynolds number Rez and the

Williamson parameter Ws: From Table: (8:1) it is depicted that with the increase in Reynolds

number Rez skinfriction coe¢ cient cf increases, whereas with the increase in the Williamson

parameter Ws; skinfriction coe¢ cient decreases. Table: (8:2) shows the values for boundary

derivatives of the temperature pro�le �; corresponding to the local Nusselt numberNu presented

for di¤erent values of the Prandtl number Pr and the Williamson parameter Ws: From entries

in Table: (8:2) it is depicted that increase in the Prandtl number Pr increases local Nusselt

number Nu; whereas increase in the Williamson parameterWs produces slight decrease in local

Nusselt numbers.

Fig:(8:1): Behavior of velocity pro�le G0 for " = 0:5; 0:25; 0;�0:25
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Fig:(8:2): In�uence of Reynolds numbers Rez over velocity pro�le G0 for

di¤erent "

F ig:(8:3): In�uence of Williamson parameter Ws over velocity pro�le G0 for

" = 0:8 and 1:2

139



Fig:(8:4): In�uence of natural convection parameter � over velocity pro�le

G0 for � = 0; 1; 2 and 3

Fig:(8:5): In�uence of Prandtl number Pr over velocity pro�le G0 for

Pr = 0:71; 3; 7 and 70
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Fig:(8:6): In�uence of stretching ratio " over temperature pro�le � for

" = 1:5; 1; 0:5; 0:25; 0;�0:25

Fig:(8:7): In�uence of Prandtl number Pr over temperature pro�le � for

Pr = 150; 70; 7; 3; 0:71
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Fig:(8:8): In�uence of Reynolds number Rez over temperature pro�le � for

Rez = 100; 50; 10; 5; 1

Table:(8:1): Behavior of shear stress at the surface of the cylinder for

di¤erent values of the involved parameters, when � = 0:5; " = 0:5;Pr = 7
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Table:(8:2): Behavior of heat �ux at the surface of the cylinder for di¤erent

values of the involved parameters, when � = 0:5; " = 1;Rez = 5

8.5 Conclusion

The main points of results and discussion are summarized as

� The nondimensional velocity pro�leG0 decreases with the increase in the Reynolds number

Rez and the Williamson parameter Ws; when " > 1:

� The velocity pro�le G0 increases with increase in the natural convection parameter �:

� The nondimensional temperature pro�le � decreases with the increase in the Prandtl

number Pr and the Reynolds number Rez and the natural convection parameter �:

� Skinfriction coe¢ cient at the surface of the cylinder increases with increase in the Reynolds

number Rez :

� The local Nusselt number at the surface of the cylinder increases with increase in the

Prandtl number Pr :

143



Chapter 9

Boundary layer �ow of second grade

�uid in a cylinder with heat transfer

9.1 Introduction

In this chapter an analysis is carried to obtain the solution of the steady boundary layer �ow and

heat transfer of a second grade �uid �owing through a horizontal cylinder. The governing partial

di¤erential equations along with the boundary conditions are reduced to dimensionless form by

using the boundary layer approximation and applying suitable similarity transformation. The

resulting nonlinear coupled system of ordinary di¤erential equations subject to the appropriate

boundary conditions is solved by homotopy analysis method (HAM). The e¤ects of the physical

parameters on the �ow and heat transfer characteristics of the model are presented. The

behavior of skinfriction coe¢ cient and Nusselt numbers are studied for di¤erent parameters.

9.2 Formulation

Let us consider the problem of natural convection boundary layer �ow of a second grade �uid

�owing along a horizontal circular cylinder having radius r0. The temperature at the surface of

the cylinder is assumed to be Tw and the uniform ambient temperature is taken to be T1 such

that the quantity Tw � T1 > 0 in case of the assisting �ow, while Tw � T1 < 0 in case of the

opposing �ows, respectively. The allied velocity �eld, temperature pro�le and the boundary
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conditions are listed in Eqs: (2:1) ; (2:3) and (2:4) :

The governing equations of conservation of mass, momentum and energy are

divV = 0; (9.1)

�
dV

dt
= divS; (9.2)

�cp
dT

dt
= S �rV � divq; (9.3)

where the Cauchy stress tensor S for second grade �uid is de�ned as [82]

S = �pI+ � ; (9.4)

� = �A1 + �1A2 + �2A
2
1; (9.5)

where I is the unit tensor, � is the extra stress tensor for second grade �uid, �1 and �2 are the

normal stress moduli, while A1 and A2 are the �rst and second Rivlin-Ericksen tensors and are

de�ned as

A1 = (gradV) + (gradV)T1 ; (9.6)

A2 =
dA1
dt

+ (gradV) �A1 +A1 � (gradV)T1 : (9.7)

For thermodynamic stability the following restrictions are imposed over the system [80]

� � 0; and �1 + �2 = 0; and �1 > 0; (9.8)

Using these equations, the following boundary layer equations of motion and heat transfer are

obtainedwhere the velocity components

(rw)r + rux = 0; (9.9)

uux + wur = ��@p
@x
+ �(urr +

1

r
ur) +

�1
�1
[wurrr + uurrx + uxurr � urwrr

+
1

r
(wurr + uurx + urux � urwr)] (9.10)

wTr + uTx = �(Trr +
1

r
Tr) +

�

cp
u2r +

�1
cp�1

(wururr + uururx) ; (9.11)
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9.3 Solution of the problem

Introduce the following similarity transformations

u =
xU1
l

F 0(�); w = �r0
r

�
�U1
l

� 1
2

F (�) ; (9.12)

� =
T � T1
Tw � T1

; � =
r2 � r20
2r0

�
U1
�l

� 1
2

; (9.13)

where the characteristic temperature �T is calculated from the relations Tw�T1 = (x=l)2�T:

With the help of transformations (9:12) and (9:13), Eqs: (9:9) to (9:11) take the form

(1 + 2
c�)F
000 + 2
cF

00 + 1 + FF 00 � F 02 + 4
c�
�
F 0F 00 � FF 000

�
+� (1 + 2
c�)

�
F 002 + 2F 0F 000 � FF iv

�
= 0; (9.14)

(1 + 2
c�) �
00 + 2
c�

0 + Pr(F�0 � F 0�)� PrEc�
cFF 002

+PrEc (1 + 2
c�)
�
F 002 � �FF 00F 000 + �F 0F 002

�
= 0; (9.15)

in which 
c =
�
�l=U1r20

�1=2 is the curvature parameter, � = �1U1=��l is the dimensionless

viscoelastic (second grade �uid) parameter, Pr = v=� is the Prandtl number, Ec = U21=cp�T

is the Eckert number.

The boundary conditions in nondimensional form are de�ned as

F (0) = c0; F 0 (0) = 0; F 0 �! 1; as � �!1; (9.16)

� (0) = 1; � �! 0; as � �!1; (9.17)

where c0 is any constant. The coe¢ cient of skinfriction and the Nusselt number are de�ned as

1

2
cf Re

1=2
x =

1

�W 2
1
�rx jr!0; Nu=Re1=2x = ��0 (0) ;

where Rex = U1x=� is the local Reynolds number:

The solution of the above system is obtained by using the analytical technique homotopy
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analysis method (HAM). In the present case we seek the initial guesses to be

F0 (�) = c0 � 1 + � + e��; �0 (�) = e��: (9.19)

The corresponding auxiliary linear operators are

Lf =
d3

d�3
+

d2

d�2
; L� =

d2

d�2
+

d

d�
; (9.20)

satisfying

Lf [c1 + c2� + c3e
��] = 0; L�[c4 + c5e

��] = 0; (9.21)

where ci (i = 1; :::; 5) are arbitrary constants. Further details of the HAM solutions can be

found in chapter 1.

9.4 Results and discussion

The solutions of the problem of stagnation point boundary layer �ow and heat transfer of

a non-Newtonian second grade �uid �owing through a horizontal cylinder of radius r0 are

obtained through the homotopy analysis method. The convergence of the obtained solutions

are examined through the ~0 curves, while the behavior of the di¤erent important parameters,

the curvature parameter 
c; the second grade �uid parameter �; the Prandtl number Pr and

the Eckert numbers Ec are studied through graphs, whereas the physical quantities like the

shear stress at the surface and the skinfriction coe¢ cient are analyzed through table. Fig: (9:1)

shows the convergence region of the nondimensional velocity pro�le F 0 plotted at the 20th order

of iteration, while Fig: (9:2) displays the convergence region of the nondimensional temperature

pro�le � for speci�ed values of the involved parameters. From Fig: (9:2) it is noted that the

acceptable convergence region for the auxiliary parameter ~2 is �1:8 � ~2 � �0:5:

The in�uence of the curvature parameter 
c over the nondimensional velocity pro�le F
0 is

plotted in Fig: (9:3) : From the sketch it is observed that with an increase in the curvature

parameter 
c; the nondimensional velocity pro�le F
0 decreases. Fig: (9:4) depicts the impact of

the second grade �uid parameter � over the velocity pro�le F 0: From Fig: (9:4) it is observed

that with an increase in the second grade �uid parameter � the nondimensional velocity pro�le
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increases. Fig: (9:5) provides the behavior of the velocity pro�le F 0 for di¤erent values of the

boundary condition c0 that also shows the suction behavior of the �uid at the surface of the

cylinder. From Fig: (9:5) it is revealed that by increasing the boundary condition c0 the velocity

pro�le F 0 also increases. The in�uence of the curvature parameter 
c over the nondimensional

temperature �ow rate � is graphed in Fig: (9:6) : From the �gure it is evident that with an

increase in the curvature parameter 
c the nondimensional temperature pro�le � increases.

Fig: (9:7) displays the impact of the second grade �uid parameter � over the temperature �ow

rate �: From Fig: (9:7) it is noted that with an increase in the second grade �uid parameter �

the nondimensional temperature �ow rate � increases. The impact of the Prandtl number Pr

over the temperature pro�le � is portrayed in Fig: (9:8) : From the sketch it is observed that

with an increase in the Prandtl number Pr the temperature pro�le � decreases. The behavior

of temperature function � for di¤erent values of the Eckert number Ec is sketched in Fig: (9:9) :

From the �gure it is observed that with an increase in the Eckert number Ec the temperature

pro�le � increases. Fig: (9:10) displays the behavior of the boundary condition c0 over the

temperature function �: From the sketch it is noted that by increasing the boundary condition

c0 the temperature function � decreases.

The important physical parameters like the shear stress and the skinfriction coe¢ cient are

analyzed through table Table: (9:1) for di¤erent values of the associated parameters. Table: (9:1)

shows the behavior of boundary derivatives for the velocity pro�le tabulated for di¤erent values

of the curvature parameter 
c; the second grade parameter � and the boundary condition c0:

Entries in Table: (9:1) corresponds to the shear stress at the surface of the cylinder and the

skinfriction coe¢ cient. From Table: (9:1) it is observed that with an increase in the curvature

parameter 
c; the shear stress at the surface of the cylinder increases, whereas the shear stress

at the surface of the cylinder decreases with an increase in the second grade �uid parameter �:

148



Fig:(9:1): }1-curve for the velocity pro�le F 0

Fig:(9:2): }2-curve for the temperature pro�le �
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Fig:(9:3): In�uence of the curvature parameter 
c over the velocity pro�le

F 0

Fig:(9:4): In�uence of the second grade parameter � over the velocity

pro�le F 0
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Fig:(9:5): In�uence of the boundary condition c0 over the velocity pro�le F 0

Fig:(9:6): In�uence of the curvature parameter 
c over the temperature

pro�le �

151



Fig:(9:7): In�uence of the second grade parameter � over the temperature

pro�le �

F ig:(9:8): In�uence of the Prandtl number Pr over the temperature pro�le �
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Fig:(9:9): In�uence of the Eckert number Ec over the temperature pro�le �

F ig:(9:10): In�uence of the boundary condition c0 over the temperature

pro�le �
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Table:(9:1): Behavior of shear stress at the surface for di¤erent values of the

involved parameters

9.5 Conclusion

Important observations obtained from the above are

� The nondimensional velocity pro�le F 0 increases with the increase in the second grade

�uid parameter � and the curvature parameter 
c:

� The nondimensional temperature pro�le � decreases with the increase in the Prandtl

number Pr :

� The temperature �ow rate � increases with the increase in the curvature parameter 
c

and the second grade parameter �:

� The shear stress at the surface of the cylinder decreases with increase in the second grade

�uid parameter �:
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Chapter 10

Boundary layer stagnation-point

�ow of third grade �uid over an

exponentially stretching sheet

10.1 Introduction

This chapter deals with the natural convection steady boundary layer stagnation point �ow and

heat transfer of a third grade �uid over an exponentially stretching sheet. Both the analytical

and numerical solutions are obtained. The analytical solutions are obtained through homotopy

analysis method (HAM) while the numerical solutions are computed by using the Keller box

technique. Comparison of solutions obtained through the HAM and Keller-box methods are

also given. At the end the e¤ects of important physical parameters are presented through

graphs and the salient features are discussed.

10.2 Formulation

Consider the stagnation point �ow of a steady incompressible third grade �uid over an expo-

nentially stretching sheet. The Cartesian coordinates (x; y) are used such that x is along the

surface of the sheet while y is taken as normal to it. The allied velocity pro�le and the boundary
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conditions are

V = (vx (x; y) ; vy (x; y) ; 0) ; (10.1)

vx = Wsv; vy = 0; T = Tw (x) ; for y = 0; (10.2)

vx ! W1; T ! T1; as y !1: (10.3)

where Wsv is the surface stretching velocity of the sheet, W1 is the free-stream velocity, while

Tw and T1 are the surface temperature and the �uid temperature at in�nity, where

W1 = Aex=L; Wsv = Bex=L; Tw = T1 + ce
x=L; (10.4)

where A and B are constant velocities, c is constant temperature and L is the reference length.

The governing equations of conservation of mass, momentum and energy are

divV = 0; (10.5)

�
dV

dt
= divS; (10.6)

�cp
dT

dt
= S �rV � divq; (10.7)

where S is the Cauchy stress tensor and for third grade �uid S is de�ned as [84]

S = �pI+ � ; (10.8)

� = �A1 + �1A2 + �2A
2
1 + �1A3 + �2 (A1A2 +A2A1) + �3

�
traceA21

�
A1; (10.9)

where � is the extra stress tensor for third grade �uid, �1 and �2 are the normal stress moduli

and �1; �2 and �3 are the material constants. while A1 A2 are the �rst and second Rivlin-

Ericksen tensors stated in Eqs: (9:6) and (9:7) ; while A3 is the third Rivlin-Ericksen tensors

and is de�ned as

A3 =
dA2
dt

+ (gradV)A2 +A2(gradV)
T1 ; (10.10)
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For thermodynamic stability the following restrictions are imposed over the system [85]

� � 0; �1 � 0; j �1 + �2 j� (24��3)1=2 ; (10.11)

�1 = 0; �2 = 0; and �3 > 0; (10.12)

The related boundary layer equations of motion and heat transfer are

@vx
@x

+
@vy
@y

= 0; (10.13)

vx
@vx
@x + vy

@vx
@y = W1

dW1
dx + � @

2vx
@y2

+ �1
� [vx

@3vx
@x@y2

+ @vx
@y

@2vx
@x@y + vy

@3vx
@y3

+ @vx
@x

@2vx
@y2

]

+
2�3
�
[4

�
@vx
@x

�2 @2vx
@y2

� @2vx
@x2

�
@vx
@y

�2
+ 12

@vx
@x

@vx
@y

@2vx
@x@y

+ 6
@vy
@x

@vx
@y

@2vx
@y2

]; (10.14)

vx
@T

@x
+ vy

@T

@y
= �

@2T

@y2
: (10.15)

10.3 Solution of the problem

To simplify the above system we make use of the similarity transformations de�ned in Eqs: (7:13) ;

(7:14) and (7:16) : The reduced system is then of the form

H 000 +HH 00 � 2H 02 + 2 +We
�
2�H 00H 000 + 5H 0H 000 + 3H 002 �HH iv

�
+ �(68H 0H 002

+31�H 003 + 22�H 0H 00H 000 + 21�2H 002H 000 � 6HH 00H 000 + 16H 02H 000) = 0; (10.16)

�00 + Pr(H�0 � 2H 0�) = 0; (10.17)

in which We = �1W1=2�L is the weissenberg number, � = �3W
2
1=2��L

2 is the third grade

�uid parameter and Pr = v=� is the Prandtl number.

The boundary conditions in nondimensional form are

H (0) = 0; H 0 (0) = �; H 0 �! 1; as � �!1; (10.18)

� (0) = 1; � �! 0; as � �!1; (10.19)
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where � = B=A:

The local Nusselt numbers are obtained in dimensionless form as

Nu=Re1=2x = ��0 (0) : (10.20)

where Re =W1L=2� and Rex = x2W1=2�L are the Reynolds number and the local Reynolds

number, respectively.

The numerical solution of equations (10:16) and (10:17) subject to the boundary conditions

(10:18) and (10:19) is obtained through Keller-box scheme. For this scheme we �rst reduce

these equations into a �rst order system, the obtained system is then approximated by central

di¤erences. Further, these di¤erence equations are linearized by Newton�s method. The result-

ing tridiagonal system is then solved using block-elimination technique. Results obtained from

Keller-box are discussed and compare with HAM in the next section.

10.4 Results and discussion

The current discussion is based upon the problem of boundary layer stagnation point �ow

of a non-Newtonian third grade �uid �owing over a stretching surface. The surface stretching

velocity of the sheet is assumed to be an exponential function of the distance from the stagnation

point. The solutions of the problem are obtained using the Keller box scheme and the homotopy

analysis method. The convergence of the HAM solutions are presented through the ~0 curves,

while a comparison of both the numerical and HAM solutions is also included. Fig: (10:1)

shows the convergence region for the auxiliary parameter ~1 associated with the nondimensional

velocity pro�le H 0 plotted for di¤erent values of the stretching ratio �: F ig: (10:2) shows the

convergence region for the auxiliary parameter ~2 allied with the nondimensional temperature

function � plotted for di¤erent values of the Prandtl number Pr when the stretching ratio

� = 0:5: From Fig: (10:2) the acceptable convergence region when Prandtl number Pr = 3 is

�0:9 � ~2 � �0:3:

F igs: (10:3) to (10:7) show graphical comparison of both the Keller box and HAM solutions

for nondimensional velocity and temperature pro�les H 0 and � graphed for di¤erent involved

parameters. Fig: (10:3) to (10:5) display comparison of both the solutions for the velocity pro�le
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H 0 sketched for di¤erent values of the stretching ratio �; the Weissenberg number We and the

third grade �uid parameter � respectively. while Fig: (10:6) and (10:7) include the comparison

of both the solutions for nondimensional temperature function � portrayed for di¤erent values

of the Prandtl number Pr and the stretching ratio �: From these �gures it is observed that the

Keller box and the HAM solutions are in agreement.

The impact of the stretching ratio �; the Weissenberg number We; the third grade �uid

parameter � and the Prandtl number Pr over the velocity and temperature pro�les H 0 and �

are presented in Figs: (10:8) to (10:12) : F ig: (10:8) displays the convergence pattern adopted by

the nondimensional velocity pro�le H 0 for di¤erent values of the stretching ratio �: F ig: (10:9)

depicts the in�uence of the Weissenberg number We over the nondimensional velocity pro�le

H 0 for di¤erent values of the stretching ratio �: It is observed from Fig: (10:9) that the velocity

pro�le H 0 exhibits dual behavior for di¤erent values of the Weissenberg number We against

di¤erent choices of the stretching ratio �: That is when the stretching ratio � < 1; increase

in the Weissenberg number We decreases the velocity pro�le H 0; while in the interval when

the stretching ratio � > 1; increase in the Weissenberg number We also increases the velocity

pro�le H 0: F ig: (10:10) shows the behavior of the nondimensional velocity pro�le H 0 plotted for

di¤erent values of the third grade �uid parameter � for the choices when the stretching ratio

� = 0:5; 1:5: From the graph it is evident that the velocity pro�le H 0 has a dual behavior against

the third grade �uid parameter � for di¤erent values of the stretching ratio �: That is for the

stretching ratio � < 1; increase in the third grade �uid parameter � decreases the velocity pro�le

H 0; while in the interval when the stretching ratio � > 1; the velocity pro�le h0 increases wit an

increase in the third grade �uid parameter �: F ig: (10:11) inculcates the impact of the Prandtl

number Pr over the nondimensional temperature pro�le � for the case when the stretching ratio

� = 0:5: From the sketch it is observed that with an increase in the Prandtl number Pr the

temperature pro�le � and the thermal boundary layer thickness both decreases. Fig: (10:12)

provides an insight in the impact of the stretching ratio � over the temperature �ow rate �:

From the plot it is observed that with an increase in the stretching ratio � the temperature

pro�le � decreases.

The important physical quantities such as the shear stress, the skinfriction coe¢ cient, heat

�ux and the local Nusselt numbers associated with the problem are examined through tables
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for di¤erent choices of the allied parameters. Table: (10:1) contains the boundary derivatives

showing a comparison of both the Keller box and HAM solutions for di¤erent pairs of the

stretching ratio �; the Weissenberg number We and the third grade �uid parameter �: From

Table: (10:1) it is noted that both the solutions are in good agreement. Entries in Table: (10:1)

also corresponds to the shear stress at the surface of the stretching sheet and the skinfriction

coe¢ cient. From Table: (10:1) it is indicated that with an increase in the Weissenberg number

We the shear stress at the surface of the sheet decreases., whereas with an increase in the third

grade �uid parameter �; shear stress at the surface of the exponentially stretching sheet also

increases. Table: (10:2) provides a comparison of the numerical and homotopy analysis method

solutions associated with the thermal boundary derivatives tabulated for di¤erent choices of

the stretching ratio �; the Prandtl number Pr and the third grade �uid parameter �: From

entries in Table: (10:2) it is observed that both the solutions are in agreement. Table: (10:2)

also indicate the behavior of heat �ux at the surface and the local Nusselt numbers. From

entries in Table: (10:2) it is noticed that with an increase in the Prandtl number Pr the heat

�ux at the surface of the sheet also increases, whereas with an increase in the third grade �uid

parameter � heat �ux has a dual behavior, that is in case of Weissenberg number We = 0;

increase in the third grade �uid parameter � decreases the heat �ux at the surface and the

corresponding local Nusselt numbers, while for the other values of the Weissenberg number

We; increase in the third grade �uid parameter � also increases the heat �ux at the surface.
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Fig: (10:1) : }-curves for velocity pro�le H 0 for di¤erent values of the

stretching ratio �

F ig: (10:2) : }-curves for temperature pro�le � for di¤erent values of the

Prandtl number Pr
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Fig: (10:3) : Comparison of numerical and HAM results for di¤erent values

of the stretching ratio � over the velocity pro�le H 0

Fig: (10:4) : Comparison of numerical and HAM results for di¤erent values

of the Weissenberg number We over the velocity pro�le H 0
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Fig: (10:5) : Comparison of numerical and HAM results for di¤erent values

of the third grade �uid parameter � over the velocity pro�le H 0

Fig: (10:6) : Comparison of numerical and HAM results for di¤erent values

of the Prandtl number Pr over the temperature pro�le �
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Fig: (10:7) : Comparison of numerical and HAM results for di¤erent values

of the stretching ratio � over the temperature pro�le �

F ig: (10:8) : In�uence of the stretching ratio � over the velocity pro�le H 0
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Fig: (10:9) : In�uence of the Weissenberg number We over the velocity

pro�le H 0 for di¤erent values of the stretching ratio �

F ig: (10:10) : In�uence of the third grade �uid parameter � over the velocity

pro�le H 0 for di¤erent values of the stretching ratio �
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Fig: (10:11) : In�uence of the Prandtl number Pr over the temperature

pro�le �

F ig: (10:12) : In�uence of the stretching ratio � over the temperature pro�le

�
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Table: 1: Comparison of behaviour of skin friction coe¢ cient against di¤erent

parameters

Table: 2: comparison of behaviour of Nusselt number against di¤erent parameters
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10.5 Conclusion

Some important conclusions obtained from the above e¤ort are

� The nondimensional velocity pro�le H 0 decreases with the increase in the Weissenberg

number We:

� The nondimensional velocity pro�le H 0 decreases with the increase in the third grade �uid

parameter �:

� The nondimensional temperature pro�le � decreases with the increase in the Prandtl

number Pr.

� The temperature �ow rate � decreases with the increase in the third grade parameter �

when " < 1:

� Both the numerical and HAM solutions are in agreement for the velocity and temperature

pro�les.

� The skinfriction coe¢ cient decreases with incease in the Weissenberg number We:

� The skinfriction coe¢ cient increases with incease in the third grade �uid parameter �:

� The local Nusselt number decreases with increase in the Prandtl number Pr; the Weis-

senberg number We and the third grade �uid parameter �:
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Chapter 11

Future work

The work presented in this dissertation is focused around the study of stagnation point �ows

of Newtonian and non-Newtonian �uids �owing through the annular region between two con-

centric cylinders and �uid �ow over exponentially stretching sheets and cylinders. Di¤erent

techniques are used to obtain results compatible with the available work. Our future interest

is to use numerical techniques for solving the problem of �uid �ow through the annular region

between the concentric cylinders in the limiting case when the radial gap width between the two

cylinders approaches to zero. Such minute radial region �ow experiencing convective heat trans-

fer would be interesting of engineers in the �eld of pressure lubricated bearings. Our attention

is also towards the study of nanoparticles e¤ect over the boundary layer stagnation point �ow

of Newtonian and non-Newtonian base �uids �owing over exponentially stretching/shrinking

surfaces. More over all the work presented in this thesis is still unexplored for the base �uid

model. If we �nd the properties of di¤erent non-Newtonian base �uids then this work will be

very useful in many technological applications.
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