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Abstract

This work is based on the investigation of nonlinearly charged and power-Yang-Mills
black holes. In this setup, first we use the limiting curvature conjecture and derive
spherically symmetric nonsingular black hole solutions in the framework of nonlinear
electrodynamics. The metric describing asymptotic Hayward or sandwich black hole
with magnetic charge is worked out in terms of the parameter of nonlinear electrody-
namics. When this parameter vanishes our solution reduces to the Hayward metric.
After this we study circularly symmetric (2 + 1)-dimensional black holes of Einstein’s
theory coupled with Born-Infeld type electrodynamic theories. In the first case we use
exponential electrodynamics and find magnetically charged (2 + 1)-dimensional black
hole solution in terms of magnetic charge ¢ and nonlinearity parameter 8. In the second
case, we use arcsin electrodynamics and derive the associated (2 + 1)-dimensional black
hole solution in terms of electric charge ) and the parameter 5. After discussing the
black holes of Einstein’s theory, we study the power-Yang-Mills black holes surrounded
by Chaplygin-like dark fluid in Lovelock gravity. In this context, we derive the polyno-
mial equation generating Lovelock black hole solutions sourced by Chaplygin-like dark
fluid and power-Yang-Mills field. In particular, we work out the metric functions in
both d-dimensional Einstein and Gauss-Bonnet gravities as well. In addition to this, we
also discuss the magnetized black holes of dimensionally continued gravity in the frame-
work of exponential electrodynamics and power-Yang-Mills theory. These dimensionally
continued black hole solutions are then further extended to the case of Lovelock-scalar
gravity within the framework of these two matter sources. Recently the quartic quasi-
topological black holes have also attracted much attention. Therefore, we also discuss
the power-Yang-Mills black holes in the framework of this higher curvature gravity. Fur-
thermore, the black holes of pure quasi-topological gravity with power-Yang-Mills source
and rotating black branes are also studied. Recently a new model of nonlinear Maxwell
electrodynamics known as the ModMAx model has been formulated. This formulation
preserves both conformal and SO(2) duality-rotational invariance in four dimensions.
We consider this model as a matter source and investigate black holes of the novel

four-dimensional Einstein-Gauss-Bonnet gravity.

The study of thermodynamic properties is also one of the important issues in the area
of black hole physics. Like Maxwellian charged black holes, thermodynamics of black
holes has gained much interest in the context of nonlinear matter sources as well. Hence,
we also discuss thermodynamic properties associated with the solutions obtained in this
work under the effects of different matter sources, for example, nonlinear electromagnetic

and power-Yang-Mills fields.
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Preface

Finstein’s theory can be considered as the most successful model in four-dimensional
spacetimes. The recent detection of gravitational waves is actually the experimental
verification of this theory. However, one cannot take it as a complete model if the effects
of higher energies comparable to the Planck scale are taken into account. Therefore,
it is important to consider the modifications of Einstein’s theory. Recently, modified
theories containing higher curvature terms, particularly Lovelock and quasi-topological
gravities, have received much attention. The main reason behind this is the AdS/CFT
correspondence where the higher curvature terms are needed on the gravity side for the
investigation of conformal field theories (CFTs) associated with different central charges.
Lovelock gravity forms a natural generalization of Einstein’s theory where higher cur-
vature terms retain the second order differential equations of motion. However, the
presence of arbitrary coupling parameters in the action of Lovelock gravity produce dif-
ficulties for the construction of physically meaningful solutions. Recently, an interesting
proposal has been made which reduces these parameters to two, i.e. the cosmological
and Newtonian constants. On the basis of this specific choice, the Lovelock action gener-
ates the new theory called dimensionally continued gravity. Note that the dimensionally
continued gravity reduces to the Born-Infeld theory in even dimensions, and to Euler-
Chern-Simons theory in odd dimensions. Hence, one can say that this particular type
of Lovelock gravity can be further classified into two other branches according to odd

and even critical dimensions.

Quasi-topological gravity is also an interesting modified theory which contains higher
curvature terms in its associated action. In the context of AdS/CFT correspondence,
this higher curvature gravity generates a one-to-one duality between the central charges
of CFT and the parameters describing the strength of gravitational field. The terms
associated with quasi-topological gravity in the action are not truly topological, thus
they can contribute to the gravitational dynamics in lesser dimensions. This is the
advantage of this modified gravity on the other theories, for instance Lovelock. The
linearized equations of quasi-topological theory assure that it is a physical and ghost-
free theory. Thus it provides the simplest toy model for the holographic analysis of four-
and higher- dimensional CFTs.



Recently, the novel four-dimensional Gauss-Bonnet gravity has been developed on the
basis of dimensional regularization of the Gauss-Bonnet equations. This new formulation
of modified gravity avoids the Lovelock theorem and Ostrogradsky instability. The
field equations are still second order and the action function is also the diffeomorphism
invariant. In this setup, the d-dimensional action contains the usual Einstein-Hilbert
term and cosmological constant, however, the Gauss-Bonnet term appears with a scalar
multiple 1/(d — 4). The model has been developed in d > 4 and field equations are
derived. Finally, the modified gravity in four dimensions is demonstrated as the four-
dimensional limit of the associated higher dimensional model after the suitable rescaling

of Gauss-Bonnet coupling parameter.

Nonlinear electrodynamics is highly inspirational theory as it introduces new ways for
the solution of some physical problems. First, it has been put forth for doing the task to
alleviate the divergences of electric field and potential at the central location. Second,
many physical phenomena in nature can be modeled through nonlinear field equations,
for example, the systems related to gravitational fields are highly nonlinear. Third,
in the context of AdS/CFT correspondence, the effects of nonlinear electrodynamics
when coupled with strongly dual theory are unavoidable. Another development in this
direction came when the Einsteinian black holes were studied in the presence of nonlin-
ear electrodynamic sources. Like nonlinear electrodynamics, Yang-Mills theory which
belongs to the class of non-abelian gauge theories comes from the low energy limit of
string theory. One expects that non-abelian Yang-Mills fields when coupled to gravity
may be helpful in the investigation of the consequences produced by super-string models.
Hence, these facts motivates us to investigate physical properties of the black holes with

nonlinear electrodynamic and power-Yang-Mills sources.

The outline of this thesis is as follows. In Chapter 1, we review the historical background
of Einstein’s theory of gravity. Then we briefly describe the higher curvature gravities
such as Lovelock, quartic quasi-topological and four-dimensional Einstein-Gauss-Bonnet
theories. In addition to this, we also introduce the background of nonlinear electrody-
namic and Yang-Mills theories and their importance in the study of black holes. Finally,
we briefly study the aspects of non-singular black holes and Markov’s limiting curvature

principle.

In Chapter 2, we start with a derivation of new magnetically charged nonsingular black
hole solutions of some modified theory of gravity in the framework of exponential elec-
trodynamics. We also examine the thermodynamic properties and quantum radiation of
this gravitating object. In Chapter 3, we investigate a new family of (24 1)-dimensional
black holes of Einstein’s theory in the framework of Born-Infeld type theories. In this
chapter, we first used the exponential electromagnetic field as a matter source and de-

rived a magnetically charged (2 + 1)-dimensional black hole solution. In the second case
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we used the model of arcsin electrodynamics and worked out the associated (2 + 1)-
dimensional black hole solution dependent on the parameters of electric charge and

arcsin electrodynamics.

Chapter 4 is devoted to the study of Lovelock black holes sourced by dark fluid and
power-Yang-Mills field. In this chapter, we construct a new family of magnetized black
hole solutions of the associated field equations. In particular, we work out the Lovelock
polynomial and derive metric functions in both d—dimensional Einstein and Gauss-
Bonnet gravities as well. Furthermore, thermodynamic stability of these black holes is
also discussed. In Chapter 5, we couple exponential electrodynamics and power-Yang-
Mills field with Lovelock gravity and derive new solutions describing the dimensionally
continued black holes. Further, black hole solutions of dimensionally continued gravity

with these two matter sources and a conformal scalar field are also derived.

Chapter 6 deals with the higher dimensional power-Yang-Mills black holes in the frame-
work of quartic quasi-topological gravity. We derive new solutions representing black
holes in both quartic and pure quasi-topological theories. The thermodynamic quanti-
ties for these black holes are computed and local stability in both canonical and grand
canonical ensembles is checked. Additionally, we also discuss the thermodynamics of
horizon flat power-Yang-Mills rotating black branes and analyze their thermodynamic

and conserved quantities by using the counter-term method.

In Chapter 7, we consider the ModMax model of nonlinear electrodynamics containing
SO(2) duality-rotational and conformal symmetries as a source of gravitational field
and study black holes of novel four-dimensional Einstein-Gauss-Bonnet gravity. In this
setup we work out the metric function that describes a black hole which generalizes
the Maxwellian charged black hole of four-dimensional Einstein-Gauss-Bonnet gravity.

Thermodynamics associated with the resulting black hole solution is also discussed.

Finally, Chapter 8 is devoted to the concluding remarks and a summary of this thesis.

Askar Ali

Islamabad
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Chapter 1

Introduction

1.1 Historical background of Einstein’s theory of gravity

Gravity is one of the fundamental interactions of nature, others being the electromag-
netic, strong and weak nuclear forces. Each of these interactions possess its own peculiar
nature. On the basis of their comparison of strength, it is shown that gravity is the weak-
est among them (nearly 10%° times weaker than the weak force, 103¢ times weaker than
the electromagnetic force and 10%® times weaker than the strong force). Despite the
weakness of gravity, it has certain properties that make it different from the other ones.
It is a long range interaction and has attractive nature. In contrast to strong and weak
fields, there does not exist a length scale which can fix its range. The absence of neg-
ative gravitational charges makes this interaction to be unscreened. Furthermore, the
effects related to this fundamental interaction can also be felt in everyday life. Gravity
has gone through experimental observations also. At the end of the sixteenth century,
it was Galileo Galilei who first developed pendulums and inclined planes for the in-
vestigation of gravity. It was widely believed that the experiments of Galileo greatly
affected the modern thinking of physics. Nonetheless, the concept of gravitation was
very complicated until 1665, when Issac Newton gave the celebrated “inverse square law
of gravitation”. Newton’s theory depends on two concepts. First, space is absolute and
should be considered as an unaffected structure with physical phenomena occurring in a
rigid arena. Second, the gravitational and inertial masses are the same things. At first,
Newton’s theory was considered as a very helpful theory for the description of gravity.
However, soon it was realized that it could be applicable only for the description of

limited portions of the physical world.

In the 19*" century, there were many observational results which could not support

Newton’s theory of gravity. They include the Verrier’s observation in 1855 of a 35
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arc-second per century excess precession of Mercury’s orbit and later on, Newcomb’s
more precise result of 43 arc-seconds. Also, the principle stated by Ernst Mach in 1893
was taken as the first constructive attack on Newton’s theory. In the form of Mach’s
principle, the formulations were blurred but then Einstein made the things clearer in a
well-designed way. According to him, “inertia appears due to the interaction between
two bodies”. This picture completely opposes Newton’s view who thought that inertia
was a property of the fixed space. In addition to this, Dicke said that the gravitational
constant is dependent on the mass distribution while according to Newton, it should
be taken as a universal constant. Because of these contradictory facts and attacks on
Newton’s theory, physicists started to study the phenomena of gravity in a more standard

way.

In order to explain the non-gravitational phenomena in a better way, Einstein in 1905
postulated his special theory of relativity. It was then realized that this new way of
thinking about relative motion totally contradicted the concepts of Galilean and Newto-
nian physics. After this, it was observed that this special theory can be generalized if one
takes the non-inertial frames of reference in the background. In 1907, the gravitational
redshift was predicted by Einstein from his equivalence principle of gravity and inertia.
Then in 1915, he formulated his general relativity which gives narrative of gravitation
in a modern way. The experimental observations, i.e., the results about the precision of
Mercury’s orbit and deflection of light from the sun, were also checked in the context of
this theory. In each case, the observations were in excellent agreement with Einstein’s
predictions. Although the formulation of Einstein defines a well-established and success-
ful theory for gravity, however, one cannot fully discard Newton’s theory as well. This
is because Newtonian physics is still valid in restricted cases and could be implemented
in many practical problems. Moreover, it should be noted that it can be recovered from
Einstein’s theory if one imposes certain limits on field strengths and velocities. In other
words, one can say that Einstein reconsidered Newton’s ideas in a more appropriate way,

for instance, his equivalence principle.

Nowadays, Einstein’s theory is also facing some objections. Among these objections,
one is the issue of being ineffective at giving explanation to specific observations. Also,
the issues regarding its compatibility with launched theories and lack of uniqueness have

been reported.

1.2 Current challenges of general relativity

The groundwork of modern Physics is based on the two famous discoveries of the 20"

century: Einstein’s theory of gravity and quantum theory. Both of these theories were

2



formulated to cover the major drawbacks of Newtonian physics. In fact, due to the
discovery of these celebrated theories, our perception of observing physical phenomena
is now radically changed. General relativity is completely dependent on classical view-
point which provides a narrative for gravitational fields and non-inertial frames. This
theory is very helpful in many areas related to astrophysics and cosmology. On the other
side, quantum theory determines the nature of mysterious high energies on the atomic
and subatomic scales where the classical viewpoint fails. Quantum field theory provides
the unification of quantum mechanics and special relativity and is therefore considered
as a major intellectual achievement of the 20" century. In quantum field theory, the
spacetime is assumed as flat whereas one can also make the generalization to a curved
spacetime, however, quantum fields play in a rigid arena. On the other side, general
relativity does not deal with the quantum nature of matter. In other words, the be-
haviour of gravitational phenomena at the small scales itself is unclear. Although these
two revolutionary theories are almost correct as both of them are consistent with the
experimental results. However, an interesting question still remains, i.e., how can gen-
eral relativity be compatible with the laws of quantum theory and how can one develop

the complete and self-consistent theory of quantum gravity.

The main difficulty is that no one has any idea about the nature of gravitational field at
atomic and subatomic scales. This is because gravity is the weakest among all the forces
and the characteristic scale on which one can encounter its significant non-classical effects
is very small. This scale is known as the Planck scale and is of the order of 10733 cm.
There exists several reasons why the compatibility of general relativity with quantum
theory becomes so important [1]. Curiosity is the main motivation for cutting edge
scientific triumphs. In the present scenario, curiosity is the basis of modifications of
general relativity which may be helpful in the approaches towards a theory of quantum

gravity.

Some of the gravity theories which generalize general relativity are discussed in this
thesis. In particular, those theories which are developed on the basis of adding higher

curvature terms to the Einstein-Hilbert action are probed.

1.3 Higher curvature gravities

The well-known Einstein-Hilbert action specifies the dynamics of gravitational field in
Einstein’s theory of gravity. It is a diffeomorphism invariant action which contains all
the important required properties. For instance, the equations of motion associated to it

are of order two. This shows that the governing theory is ghost-free and hence physical.



Although general relativity becomes a widely accepted gravity theory due to its experi-
mental verifications so far [2-4], however, it has still some shortcomings. For example,
it is a non-renormalizable gravity theory. To avoid this inadequacy, loop quantum cor-
rections were proposed [5]. This can be done by considering counter-terms in the action
function. Note that, these counter terms are of higher order in curvature invariants.
Moreover, the Einstein-Hilbert action can be reproduced from the o’ expansion in string
theory, where v/o' stands for the string length. By taking higher derivative terms in
this expansion, higher curvature corrections are produced. String theory also gives other
strong predictions which support the assumption of higher curvature corrections in the

action function of Einstein’s gravity [6].

The existence of super-symmetry and higher dimensions predicted by string theory have
also gained a lot of attention. For the existence of super-symmetry, one requirement is
that the spacetime dimensions should be 10. With these motivations one considers mod-
ifications of Einstein’s theory in higher dimensional spacetimes and tackle the problems

of quantum gravity.

Einstein’s theory of gravity works appropriately only in four spacetime dimensions. If
the dimensions are greater than four, the Einstein field equations are not well suited
to satisfy Einstein’s assumptions. The idea of higher dimensions as suggested by string
theory too plays a role in the AdS/CFT correspondence which explores a connection
of the (n — 1)-dimensional conformal field theories with the n-dimensional AdS black
holes [7]. Hence, it is quite interesting to extend the study towards higher curvature
gravities and investigate black hole solutions in these theories. A part of this thesis is
devoted to the black holes of modified gravities in which the higher curvature corrections
have been made. These additional terms also need to be physical and invariant under

diffeomorphism so that the theory remains free of ghosts at least at a linear level.

1.4 f(R) gravities

The simplest possible way to modify Einstein’s gravity is to add the square of the Ricci

scalar with the Einstein-Hilbert term in the action, i.e.,

/(R+dR2). (1.1)

This is called the Starobinsky mode [8] and is also invariant under diffeomorphism.
It is a specific case of a more general family of Lagrangians, which are simply the
polynomials of the Ricci scalar. The theories whose Lagrangians belong to this general

family are known as f(R) gravity theories. The laws of black hole thermodynamics
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can be successfully tested within the framework of these gravity theories. These f(R)
gravities when minimally coupled with scalar fields become equivalent to Einstein’s
theory. Because of this property, these theories are called the scalar-tensor theories.
The natural constraint on a scalar field is that it would be proportional to the first
derivative of the function. This guarantees the ghost-free nature of these theories. Note
that the equations of motion in general f(R) gravities are of order four and the ghosts
will be propagating. However, if we run into scalar-tensor theories then the ghosts will

be absent.

1.5 Lovelock theory of gravity

It is acknowledged that string theory can be declared as a theory of everything that works
only in higher dimensions. One of the main issues, besides unification of all forces, is
that it works as theory of quantum gravity. Thus, the exploration of gravitational fields
in higher dimensions is quite interesting and important. The most natural modification
of Einstein’s theory in diverse dimensions is the Lovelock theory of gravity [9,10]. In this
theory of gravity, the differential equations of motion in arbitrary spacetime dimensions
are still second order. It is worth noting that it recovers Einstein’s theory in four dimen-
sions whereas in dimensions greater than four it behaves differently. Thus, Einstein’s
theory could be considered as a special case of Lovelock gravity. This is because the
Einstein-Hilbert term is among the different terms that comprise the action function for
Lovelock gravity. There also exist several other theories which are specific cases and
can be recovered from Lovelock gravity, for instance, the Chern-Simons gravity. These
theories are also free from ghosts [6,11]. The action function describing these theories
is topologically invariant in even dimensions [12]. In general, the Lagrangian describing

the Lovelock theory can be expressed as

N
£= \/—gZap,Sp, (1.2)

p=0
where N is the maximum integer defined as N = [(d — 1)/2] in which the bracket
represents the integer part and g denotes the determinant of the metric tensor g,,. On
the other hand «,,’s are arbitrary parameters which describe the couplings and £, is

specified as
1 _

£, = 2?55;#;,,,,’;3;”1%;11;22...RZ@;_%@, (1.3)

in which Rﬁf labels the Riemann tensor and 55;%;;? denotes the generalized Kronecker

delta with order 2p. The first term, i.e., the one corresponding to N = 1 is the well-

known Einstein-Hilbert term. Similarly, the second order term corresponding to N = 2

5



is called the Gauss-Bonnet term whose Lagrangian can be defined as
Lop = R? — 4R, R™ + Ry pe R (1.4)

The above Gauss-Bonnet Lagrangian is topological in four dimensional spacetime so it is
non-dynamical. In other words, it will not effect the equations of motion in four dimen-
sions. Hence, it behaves like a total derivative in four dimensions. In case of dimensions
lower than or equal to four, one can show that the Gauss-Bonnet term vanishes. While
in spacetime dimensions higher than four, it has contributions in the equations of motion
which makes it dynamical. Hence, the equations of motion corresponding to this theory
will be identically zero in dimensions lower than four. This is because the Bach-Lanczos
identity [13]

1
C,ucrpl-icgp’i - Zg,uucaﬁapcaﬁgp = 07 (1'5)

associated with the Gauss-Bonnet Lagrangian holds in these dimensions. Note that,
Clopr refers to the Weyl tensor. It is important to note that among others, the Gauss-
Bonnet term could also arise in the low energy limit of heterotic string theory [14—
16]. This is perhaps the indication to us that Lovelock gravity may arise as the high
energy limit of the classical theory of gravity. The inclusion of high energy effects in the
framework of classical gravity needs higher order Riemannian curvature terms and if one
demands to retain second order equations of motion then the consideration of Lovelock
gravity and higher dimensions is more helpful [17]. Thus, it may work as an in-between

state between classical and quantum frameworks.

Although the Lovelock gravity possesses similarity in content and structure with Ein-
stein’s gravity but still it has many redundant features. First, when d > 5, the time
evolution of the fields comes out to be non-unique: For a given initial time instant ¢ = %,
the fields at a later time ¢ cannot be explicitly determined from the field equations. It is
due to the participation of nonlinear velocity terms in the action [18,19]. Second, along
with cosmological and Newtonian constants, the Lovelock action have N = [(d + 1)/2]
additional coupling parameters as well. The arbitrariness of these coupling coefficients
causes difficulties in the investigation regarding the behaviour and characteristics of so-
lutions, for example, properties of black holes. Solutions of Lovelock gravity under the
assumption of spherical symmetry were derived in literature [20-23]. In these references,
the arbitrariness in the coefficients causes troubles in obtaining physical information from
the metric function. The reason behind this difficulty is the roots of (N — 1)-th degree
polynomial equation which cannot yield the explicit solution. Apart from this issue,
some physical consequences due to the generic choice for the coupling coefficients also
arise: (i) There should be at most [(d — 1)/2] various solutions, (ii) these may possess

horizons for both signs of energy, and (iii) the entropy does not increases and hence the



second law of thermodynamics does not satisfy. These remarks suggest that the special
choice for the coupling parameters should be made. Therefore, the authors of Ref. [24]
introduced a suitable choice for these coefficients which gives a unique solution with a
dressed singularity only for positive masses. Moreover, this choice makes the entropy
monotonically increasing function as well. Based upon this specific choice, a new grav-
ity theory known as dimensionally continued gravity (DCG) has been introduced. It is
also important to note that for even and odd critical dimensions DCG reduces to the
Born-Infeld theory and Euler-Chern-Simons theory, respectively [24,25]. We will use

this concept in our thesis for the possibility of new black hole solutions.

Although significant attention has been devoted to Lovelock and f(R) theories for the
extension of Einstein’s theory, however, there also exists a family of theories, known
as f(Lovelock) gravities, which contains both of them as particular cases. The general

form of the action necessary for the description of these theories can be written as

1
If(Lovelock) - @ /ddx \% |g’f(£07£1a£27 -"7'2d/2)7 (16)

where f is a function that depends upon dimensionally continued Euler densities defined
in Eq. (1.2) and is differentiable. It should be noted that £; denotes the Einstein-
Hilbert term while £5 refers to the Gauss-Bonnet term. We will choose the form of £3
and £4 in later sections. It is also worth noting that £, should be equal to zero when
p exceeds the value d/2. The usual Lovelock and f(R) gravities can also be recovered
from the general f(Lovelock) theory if one considers f as a linear combination of Euler
densities and arbitrary functions of Ricci scalar, respectively. As we mentioned earlier
that Lovelock gravity forms the most natural generalization of Einstein’s theory where
the differential equations of motion are of order two, however, the f(Lovelock) theory
yields fourth order equations. If one confines the spacetime to four dimensions, then
only the Ricci scalar and Gauss-Bonnet term would only contribute in the action and

hence the new theories known as f(R,G) gravities arise.

1.6 Quartic quasi-topological gravity

Quasi-topological gravity theory also belongs to the class of extended theories which can
be used for the description of gravitational phenomena in higher dimensions. This theory
is very significant in spherically symmetric conditions like Lovelock gravity. Under these
conditions, the associated differential equations describing dynamical contribution are
of order two and one can compute the exact solutions for the field equations. However,
difficulties appear when one removes the condition of spherical symmetry because the

order of equations of motion rises to four. Although Lovelock and quasi-topological
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gravities are equivalent in the background of spherical symmetry but quasi-topological
gravity appears to be more significant as it encounters the gravitational effects in lesser
dimensions than Lovelock theory. For instance, if one assumes third order curvature
terms, Lovelock gravity generates gravitational effects in spacetime dimensions seven
and higher while quasi-topological gravity produces these effects in dimensions higher
than four. In more mathematical language, we can say that Lovelock gravity with
curvature terms of order p possesses a constraint on spacetime dimensions, i.e., higher
curvature terms contribute only when p < [d/2] while in quasi-topological gravity no such
restriction is applied [26]. In addition to this, the linearized quasi-topological equations
are almost the same as that of Einstein’s gravity up to an overall factor for the case of
maximally symmetric spacetimes. This correspondence of linearized equations assures
that the gravity theory is physical, ghost-free and contains no extra degrees of freedom.
This linearity has a great importance, i.e, one can find a stable vacua in the ghost-
free theory with no violation of unitarity principle [27]. Furthermore, the matching
of linearized equations with Einstein’s theory implies that the quasi-topological gravity
provides a simplest toy model for the holographic analysis of four and higher dimensional
conformal field theories [28,29].

The quasi-topological gravities of various orders have been studied so far. The second
order quasi-topological gravity coincides with the Gauss-Bonnet gravity and has been
investigated by several authors [30-32]. Cubic quasi-topological gravity with third order
curvature terms is investigated in Refs. [33-35]. Similarly, investigations related to
quartic quasi-topological gravity have been done in Refs. [26,36-41]. In this thesis, we
have also focused on the study of quartic quasi-topological gravity in higher spacetime
dimensions. The d-dimensional gravitational action which includes higher curvature

terms of fourth order can be expressed as

1

Ig=—
¢ 167

ddw\/jg [R — 2N + 1980 + 13L3 + 14 Ly |, (1.7)

where A denotes the cosmological constant, R refers to the Ricci scalar and jio, fis
and f[ig are the coupling parameters of this gravity theory. Furthermore, £9, £3 and
£4 denote the Lagrangians for Gauss-Bonnet, the cubic and quartic quasi-topological

theories, respectively and are expressed as [42]
€9 = Ry R*" P — AR, R + R?, (1.8)

1
b1 Rypo R¥P7 R + by Ry REVP R
a3y 1) " e 19)

+ b3 Ry R* R" + by R RORE + bs Rl RUR + bs R?),

£ = RERGZREG + -



£4 = 1 Rupo RPPRILR + 3 Ryupe R R + c3 R, R'PRY
+ 4 (Ryuwpo B)? + ¢5 Ry R Ry R + 6 RRyyypy R R
+ €1 Ryuvpo R R" RS, + ¢ Rypo R***P RY RG + o Ryuypo R*P Rag RV *° (1.10)
+ c10R* + 11 R2Ryype R™P + c13R*Rap R + c13 Ry pe R P RY, 5 BT
+ €14 Ry R*PP Ry g R™7,

where the coefficients b;’s and ¢;’s have been determined as

by = 9d; — 15,
by = —24dy,
by = 24d,

(1.11)
by = 48ds,
bs = —12(3d; — 1),
bs = 3d,

c1 = —dy(d] — 3dS — 29d5 + 170d] — 349d3 + 34843 — 180d; + 36),

ey = —4dy(2dS — 20d5 + 65dt — 81d3 + 13d? + 45d; — 18),

c3 = —64dy(3d? — 8dy + 3)(d? — 3dy + 3),

ey = —(dS — 6d] +12d5 — 22d5 + 114d] — 345d3 + 468d3 — 270d; + 54),

c5 = 16d2(10d] — 51d} + 93d7 — 72d; + 18), (1.12)
ce = —32d5d3(3d? — 8n + 3),

c7 = 64dzds(4d3 — 18d2 + 27dy — 9),

cg = —96dads(2d} — 7d3 + 4d? + 6dy — 3),

co = 16d35(2d} — 26d5 + 93d% — 117d; + 36),

c10 = df — 31d} + 168d3 — 360d? + 330d; — 90,

c11 = 12d8 — 134d5 + 622d] — 1484d3 + 1872d7 — 1152d; + 252,

c12 = 8(7d} — 47d} 4+ 121d3 — 141d? + 63d; — 9), (1.13)
c13 = 16d1dodsds(3d3 — 8dy + 3),

c14 = 8dy(d} — 4dS — 15d5 + 122d] — 287d3 + 297d% — 126d; + 18).

Note that, for adopting the simplicity we have choose d; = d — i in above definitions.



1.7 Four-dimensional Einstein-Gauss-Bonnet gravity

The well-known Lovelock theorem [9,10] says that Einstein’s gravity along with cosmo-
logical constant forms a unique theory when one considers: (i) the spacetime dimensions
are equal to four, (ii) the gravitational action is diffecomorphism invariant, (iii) metricity
and (iv) differential equations of motion are of order two. Recently, a new way has been
introduced which bypasses the Lovelock theorem and provides a model satisfying all the

axioms (i)-(iv), but nonetheless displaying modified dynamics [43].

It is illustrious that the most general model in four-dimensional curved spacetimes con-

tains the Einstein-Hilbert action with a cosmological constant A, i.e.,

Tru(gas) = /d4x\/jg[M§2)R —A], (1.14)

where Mp represents the reduced Planck mass describing the strength of gravity cou-
pling while A gives the description of vacuum energy. Moreover, for the gravitational
phenomena in higher dimensions, the higher order curvature terms, for instance, Love-
lock invariants satisfying the assumptions (ii)-(iv) should be taken into account. The

first such term involved in five spacetime dimensions is given by
TeBlgas] = / da/—gas [Rnggg — 4R§RS + R?|, (1.15)

where o denotes the dimensionless coupling parameter. In the spacetime dimensions
equal to four, the Gauss-Bonnet invariant becomes the total derivative and hence is not

dynamical. This can be revealed by its contribution to the field equation

98p 0Igp o pPPK oo o RO Q
Jhe_ = 2R R +4R5°RP + 4R°R% — 2RR
— pr Y30 Bp o o'B B
V=g 5gap (1.16)

1
+ 505 (RELRIL — ARUR) + RY).

ok lur

The above equation vanishes in four spacetime dimensions, however, it is nonzero for

d > 5. This can be demonstrated from the trace of Eq. (1.16),

9po 5IGB
Vo) 5gp0

a
=(d=4) x5 [RUY RO — ARMRY + R?], (1.17)
which is directly related to a vanishing factor (d — 4) in four dimensions. The ques-
tion arises that whether this property is particularly related to the trace equation or
it is generally present in the field equations. This question was discussed previously in
Refs. [44,45]. It has been observed that the Gauss-Bonnet invariant contributes to all

the components of field equations with a proportionality factor (d — 4), in spite of the
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spacetime symmetries. The proportionality of this factor has also been examined in the
ADM decomposition analysis for graviton [45]. In order to obtain the nonzero contribu-
tions of Gauss-Bonnet term for d = 4, the idea of rescaling the coupling parameter as
ay — aa/(d — 4) has been recently introduced [43]. This is related to the technique in
which finite terms are produced from dimensional regularization, when the counter-terms
absorb all the divergences. It is also equivalent of the method where conformal anomaly
arises due to quantum effects in curved spacetimes [46]. Nevertheless, in contrast to
the dimensional regularization, in this case there do not exist any divergences that want
to be removed, but instead, the singular coefficient should be taken into account which
can extract finite contribution from Gauss-Bonnet invariant. Therefore, this treatment
has been used for undertaking dynamical contributions of Gauss-Bonnet term in four

spacetime dimensions [43].

Additionally, the interesting property which makes this rescaling procedure differ from
conformal anomaly is that the number of degrees of freedom does not change in any
dimensions as a9 tends to zero. Due to this, it can be smoothly connected to Einstein’s
theory and hence it is free from the Ostrogradsky instability [47]. This fact is not valid
for the conformal anomaly where the presence of higher order derivative terms increases

the degrees of freedom.

To analyze the consequences of rescaling procedure in four dimensions, let us suppose
the action function Z = Zgy + Zgp, which is a combination of Einstein-Hilbert and

Gauss-Bonnet terms, describing a pure gravity theory in the form

Tlg] = / dx/—g [ PR A+m(Rg;Rgg ARIR! + R?)|. (1.18)

In the case of maximally symmetric spacetime, the Riemann curvature tensor can be
given as MpRpd = (6560 — 026} )Aeyr/(d — 1), in which A.ss refers to the effective cos-
mological constant. One can easily compute the contribution of Gauss-Bonnet invariant
as

2 «
Gy 0lep _ @ " (d—2)(d—3)(d —4)AZ,; v (1.19)

V=9 09ap d—4 2(d —1)M2

It can be clearly seen that the divergent factor 1/(d — 4), as a result of the rescaling of
coupling parameter ag, cancels out the vanishing factor (d — 4) from the variation of
Sap. This property can also be revealed from all the equations of motion. Hence, using
the limit d — 4 in the above expression one can obtain the non-vanishing Gauss-Bonnet

contribution as aAgffég‘/SMﬁ.
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The spherically symmetric vacuum black hole solutions of this theory obtained in Ref.
[43] possess many interesting properties, for example, the gravitational force has a re-
pulsive nature at short distances and therefore an incoming particle will never reach the
origin. This means that this theory does not contain the problem of central singular-
ity. This contrasts with Einstein’s theory of gravity, where an incoming particle will

ultimately hit the singularity at which the effective theory fails.

Although the four-dimensional Einstein-Gauss-Bonnet gravity opens new doors for study-
ing physical and thermodynamic properties of black holes in four-dimensional space-
times, however, some objections on this theory have also been reported [48-54]. For
instance, it has been proven [51,52] that the solutions in this gravity theory are dif-
ferent from Einsteinian black hole solutions when they were coupled to strong scalar
field. It is worth mentioning that the authors of Refs. [55-57] determine spherically
symmetric solutions in the consistent theory of four-dimensional Einstein-Gauss-Bonnet
gravity (EGB gravity). These solutions of the consistent theory could also be found in

the framework of rescaling procedure of Refs. [43,58].

1.8 Black hole solutions

The most interesting predictions of Einstein’s theory of gravity are black holes. We can
define a black hole as a place in spacetime where gravity pulls so much that no matter
or radiation can escape from it. Here the gravitational field is very strong because
matter has been squeezed into a tiny space. After the formulations of Einstein’s theory,
research for the physical properties of black holes attained a lot of attention. Significant
development has been accomplished in the study of these gravitating objects, e.g., their
astrophysical aspects and details of the different physical phenomena. The physical
properties and the causal structure of black holes exhibit a profound connection with

other theories such as thermodynamics, quantum theory and information theory.

Higher curvature theories exhibit new families of black hole solutions which generalize
the fundamental solutions of Einstein’s theory. Maximally symmetric vacuum solutions
of higher curvature theory contain, for example, anti-de Sitter (AdS) vacua and also
flat space [59]. Among these solutions, some are not physically meaningful as they are
singular with respect to the coefficients of higher order interactions. To handle these
difficulties, systematic techniques for the determination of analytic solutions have been
proposed [60]. Since the domain for the validity of equations of motion associated with
the effective field theory is likely to be restricted, therefore, it is useful to use the per-
turbative approach for the consideration of higher curvature terms. This approach has

been implemented to carry out the modifications of the Schwarzschild solution in the
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background of renormalized Einstein’s theory [61]. It is believed that the inclusion of sec-
ond order curvature terms could not generate any modifications to Einstein’s equations.
Therefore, the effects as a result of third order curvature terms have been examined.
The results obtained from this process [61] describe that the mass and associated ther-
modynamic quantities of the black hole should be modified. For instance, the entropy
will be no more proportional to the surface area of the event horizon which contradicts

the basic definition of entropy in Einstein’s theory.

Furthermore, perturbative approaches were also used for studying black holes in string
theory [62-64]. The authors of these references have studied spherically symmetric
black holes under the effects of second order curvature terms in arbitrary spacetime
dimensions. In addition to this, axially symmetric and charged black holes in four
spacetime dimensions have also been investigated through this approach [64]. Apart
from the modifications in thermodynamic quantities, these curvature terms also produce
different scalar fields “hair” on the black holes. However, these scalar hairs are not
primary because they can be entirely determined, e.g., mass and charge. Hence, the
famous “no hair theorems” are satisfied for these solutions. Indeed, new hairs come up

due to the scalar field being non-minimally coupled to higher curvature terms.

It is well-known that string theory and brane cosmology strongly support the impor-
tance of higher dimensions. Thus, it is highly motivating to focus on the study of higher
dimensional black holes of Lovelock gravity. In this context, the metric describing spher-
ically symmetric black holes were derived in second order Lovelock gravity [59,65]. The
black holes of Lovelock gravity with arbitrary order were studied in Refs. [24,65,66]. The
explicit formulas for mass and free energy of these black holes were found in Ref. [67,68].
Similarly, the charged Gauss-Bonnet black holes with Maxwell source were studied in
Ref. [69]. It should be noted that these black holes reveal some strange properties such
as multiple horizons and unusual thermodynamical aspects. For instance, the Hawking
temperature vanishes for some of these black holes [70]. The effects of higher curvature
terms on the objects like black strings and branes were also analyzed in Ref. [71]. Re-
cently, solutions representing dimensionally continued black holes have also been worked
out [72-75]. The thermodynamic and physical properties associated with these objects
were studied in Refs. [72-79]. In addition to the black holes of Lovelock gravities, the
quasi-topological black holes have also been discussed [26, 33,34, 80,81]. Two families
of solutions for the neutral and Maxwellian charged quasi-topological black holes were
derived in Refs. [33,36]. The solutions describing Lifshitz quartic quasi-topological black

holes were also derived in Ref. [38].

Recently, black hole solutions in four-dimensional Einstein-Gauss-Bonnet gravity at-

tracted much attention [43,55-57]. These black hole solutions in the presence of Maxwell
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source were found in Refs. [82,83]. A study related to a cloud of strings has been done in
this theory as well [84]. Black hole solutions generated from Vaidya metric [85] were also
derived in Ref. [86]. Regular black holes [87,88] and black holes with angular momen-
tum by employing Newman-Janis algorithm [89,90] were also analyzed in this context.
Similarly, a rotating black hole solution that worked as a particle accelerator [91] was
also constructed. Furthermore, thermodynamic quantities of AdS black holes and their
stability [92], phase transitions in de Sitter black holes [93] and quasi-normal modes
(QNMs), thermodynamic stability and black hole shadows [94] have also been discussed.
Gravitational lensing [95] and strong gravitational lensing in homogeneous plasma [96]
were investigated. QNMs, strong cosmic censorship [97], stability of Einstein’s static
universe [98] have also been studied in Einstein-Gauss-Bonnet theory in four dimen-
sions. In addition to this, wormholes in this new theory [99], thin shell wormholes [100]
and relativistic stars [101] were also taken into account. The black hole as a heat en-
gine [102] and the innermost stable circular orbits and shadow were also discussed [103].
Greybody factor [104] and power spectra associated to thermal radiation for de-Sitter
black holes were also considered [106]. Super-radiance, thermodynamic stability and
weak cosmic censorship conjecture for the charged black holes [107,108] and modified
thermodynamics and micro-structures in AdS space [109] were studied as well. Spinning
test particle [110], perturbative and non-perturbative QNMs [111] were also investi-
gated. Thermodynamic and physical properties of black holes of novel four-dimensional
Einstein-Gauss-Bonnet theory in the scalar-tensor formulations have also been worked
out [112]. Studies related to regularized Lovelock gravity [113], thin accretion disks [114]

and other interesting aspects have also been undertaken recently [115-119].

1.9 Thermodynamics of black holes

Black hole thermodynamics deals with the study of reassembling the usual laws of ther-
modynamics with the existence of black hole horizons. The properties of black holes
are almost independent of the features of collapsing matter, so this independence is
eventually related to the fact that these gravitating objects could provide the thermo-
dynamic limit of underlying quantum gravitational degrees of freedom. Hence, it can
be imagined that the classical and semi-classical aspects of black holes could provide
some insights into the development of quantum gravity. The momentous barrier for
the construction of quantum gravity is the absence of its observational or experimental
verifications. The only “test” that one can expect is the approach of theoretical and
mathematical consistency. For determining consistent formulations, the consideration of
the fundamental laws of black hole thermodynamics could be an important constraint on

quantum gravity. Originally, the subject of black hole thermodynamics was build up in
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the background of Einstein’s theory. Subsequently, it was straightforward to check this
aspect in modified gravities. It was the work of Stephan Hawking who first introduced
that, black holes could emit thermal radiation with a characteristic temperature called

Hawking temperature which is related with surface gravity x through [120)]

kpTy — 1 (1.20)

2me’

where kg, h and ¢ stand for the Boltzmann constant, reduced Planck’s constant and
speed of light, respectively. It is obvious from the presence of Planck’s constant that the
understanding of this result requires the formulation of quantum gravity. Infact, one
can claim it as the leading order result of quantum gravity. From the Euclidean path
integral approach [121], one can define the first law of black hole thermodynamics as
e

0S = 25M — Q6 1.21
e S=c J, (1.21)

in which M is the mass of the gravitating object, J denotes the angular momentum
and () refers to the angular velocity evaluated at the horizon. It should be noted that
the first law can be generalized in different ways. For example, in the presence of
matter such as electromagnetic field, the additional work terms should also be taken
into account. However, a very interesting generalization would be made for the higher
curvature gravities. Once the Hawking temperature and surface gravity corresponding
to the black hole are obtained, the expression for entropy can be computed as well.
In the background of Einstein’s theory, the celebrated Bekenstein-Hawking entropy is
defined through the relation [122,123]

K3cAp

m, (1.22)

S =

where A denotes the horizon area. In other words, this relation shows that the horizon’s
area can be interpreted as the thermodynamic entropy. Although this relation is valid
in Einstein’s theory but in higher curvature gravities it fails generally [124-128] where
the entropy is proportional to a different local geometric quantity on the event horizon.
In reality, the entropy in any diffeomorphism invariant gravity theory comes out to be
the Noether charge associated with the Killing horizon [127,128].

1.9.1 Wald entropy

The direct relation between the Hawking temperature and surface gravity not only holds
in Einstein’s gravity but in higher curvature theories as well. However, the entropy and

horizon area are no more directly proportional to one another. It was Wald [127,128]
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who found the generalized formula of entropy which is valid in the context of higher
curvature gravities. To visualize this definition of entropy, consider the Lagrangian in

the form L(gap, Raped). Then the Wald entropy can be defined as

0L

S=-2 _—
" 8Rabcd

€abed; (1.23)

in which e.q = kclg — l.kq denotes the binormal to bifurcate the Killing horizon. In

particular, for the case of Einstein’s theory one can get

)%

ac bd ad bc
= — . 1.24
R 39009 —9"g") (1.24)

b

Using this formula and the fact €€ = —2, one can easily recover the Bekenstein-

Hawking entropy Spy = An /4 (in gravitational units).

1.10 Nonlinear electrodynamic and Yang-Mills theories

In order to use the electromagnetic field as a source of gravity for the construction of
charged solutions in Einstein’s theory, one usually considers the standard Maxwell’s
theory of U(1) gauge field. However, the linear Maxwell’s theory becomes problematic
and remains unsuitable when the field is strong. Thus, the nonlinearities of electro-
magnetic field should be taken into account to construct the nonlinear generalization
of Maxwell’s theory. The most general Lorentz-invariant action for the description of

nonlinear electrodynamics (NED) in four dimensions is given by
INED = /d4$SNED(F,P). (1.25)

Here, F = —iF w ' and P = —iF WF ¥ are the two independent Lorentz-invariants.
It should be noted that both of these invariants are quadratic in the Maxwell tensor
F,, = 0,A, — 0,A,, A, being the electromagnetic potential. Typically, one should
choose the Lagrangian density Lygp(F, P) regular at f = P = 0 and in weak field
limit one should recover the classical Maxwell’s theory from it. However, recently several
interesting models, for instance the ModMax model, have also been developed which
violate these assumptions. Other constraints on the generic model of NED were imposed

by the satisfaction of causality and unitarity principles [129-131].

There are several NED models in the literature. However, the first relativistic and gauge
invariant model was the Born-Infeld NED. It was formulated in 1934 by Max Born and
Leopold Infeld [132-134] and was constructed as a modified form of Maxwell electro-

dynamics such that the electromagnetic self energy of a point charge remains finite at
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the central position of the charged particle. The vacuum polarization phenomenon in
quantum electrodynamics has been observed experimentally since 1940s. This obser-
vation shows that vacuum polarization of the virtual electron-positron pairs gives an
indication of the nonlinear interactions of electromagnetic field, for example, in the
case of photon-photon scattering. This scattering process could be examined carefully
with the use of Heisenburg-Euler electrodynamics [135]. Recently, many other NED
models have also been proposed, for example, the logarithmic NED [136], the power-
Maxwell theory [137-140], the rational [141, 142], exponential [143-145], arcsin [146]
and double-logarithmic NED [147] models. Other formulations, that were recently in-
troduced from a particular form of Born-Infeld model, are the Dirac-Born-Infeld infla-
tion theory and Eddington-inspired Born-Infeld theory [148,149]. These theories are
useful in the study of dark energy, holographic entanglement entropy and holographic
superconductors [150-152]. It was Hoffmann who found the first solution of Einstein’s
theory in the frame work of Born-Infeld electrodynamics [153]. Subsequently, different
solutions asymptotic to the Reissner-Nordstrom metric were derived with the help of
other NED models [154,155]. For example, exponential electrodynamics [145] has been
used to derive the asymptotic Reissner-Nordstrom black hole solution with a magnetic
charge. Furthermore, black holes of higher curvature gravities have also been investi-
gated, for example, the solution of Lovelock gravity with Born-Infeld source is derived in
Ref. [74]. Similarly, nonlinearly charged black holes of quartic quasi-topological gravity
were probed in Refs. [157,158]. Recently, black holes of four-dimensional Gauss-Bonnet
gravity were also studied within the framework of various NED models [159,160]. It is
worth-noting that classical electrodynamics has been recovered from all these NED mod-
els except power-Maxwell theory in the weak field limit. However, it is also worthwhile
to mention that there exist NED models from which Maxwell electrodynamics cannot
be recovered in this limit. Such type of models can be considered as matter sources for

the derivation of a regular electrically charged black holes [161,162].

It is well-known that a generic NED model may not contain the familiar symmetries
of Maxwell electrodynamics, for instance, symmetries of conformal and SO(2) duality-
rotational invariance. Recently, a model of NED known as ModMax model is proposed
which satisfies these symmetries [163]. In this very interesting model, a positive pa-
rameter ~v describing the strength of nonlinear electromagnetic field is taken into ac-
count [163,164]. In order to satisfy causality and unitarity principles, an estimate for
the upper bound of this parameter has been found and a black hole solution in Einstein’s
theory has been derived [165]. Recently, a new class of chiral 2-form electrodynamics in
six spacetime dimensions have also been developed [166]. This model gives a nonlinear
generalization of electromagnetic fields which possess both the symmetries of duality

rotation and conformal transformations. It is also shown that in the weak field limit, it
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can be related to the ModMax model by dimensional reduction. The charged black holes
of Einstein’s theory and exact gravitational waves in the framework of ModMax model
have also been studied [167]. Furthermore, the novel charged Taub-NUT solutions in the
presence of ModMax source were determined in Ref. [168]. The generalized ModMax
model having four parameters has also been formulated [169]. This generalized model

of NED contain both Born-Infeld type and ModMax formulations as its specific cases.

Historically, starting with the familiar Reissner-Nordstrom solution, its higher dimen-
sional version known as the Einstein-Maxwell black hole solution is well-known by now.
Similarly, the higher dimensional Einstein-Yang-Mills black holes have also acquired
a lot of attention in recent works [170-172]. From physical standpoint, the effects of
electromagnetic field can be observed outside the nuclei of natural matter. However,
Yang-Mills field produces effects inside the nuclei, but since our universe contains the
exotic and highly dense matter so the Yang-Mills field needs to be explored in a broader
sense. The d-dimensional action describing the Yang-Mills field can be written as

Tya = _1/ dlzy/=gTr(F) F@f), (1.26)
2 Jm

(d-1)(d~2)/2

a=1

where Tr(.) = > (.) and FC(;;) = 8QA(;) — QgAgl) + %C’((g))(c)A(o? )Ag) defines
the Yang-Mills field. Here, C’((g))(c) refer to the structure constants of (d — 1)(d — 2)/2-
parameter Lie group, o is the coupling parameter and A(ﬂa) denotes the Yang-Mills
potential. It is worth noting that the indices {a,b,c,...} produce no effect whether they
are placed at contravariant or covariant position. Through variation of the action with

respect to A(;)

, the equations of motion corresponding to the Yang-Mills field can be
obtained as

1
V F@8 4 Z0(@  A(0) pe)as _
oF 7+ G Al = 0. (1.27)

Similarly, the stress-energy tensor corresponding to the above action can be found as
_ (@ _ 1 1@ pp

Tag = Tr|2FPFL) — §Fp§ F@rrg ol (1.28)
The relaxed condition for the validity of no-hair theorem in asymptotic AdS spacetimes
also encourages us to take Yang-Mills field as a matter source and check the existence
of new black hole solutions. However, the equations of motion corresponding to Yang-
Mills source are so ambiguous that earlier efforts for the derivation of new black hole
solutions were only presented numerically. The first analytic solution describing Yang-
Mills black hole was derived with the help of Wu-Yang ansatz [173]. The existence
of higher dimensional Yang-Mills black holes in the framework of modified gravities has

also been checked in Refs. [174,175]. Recently, regular non-minimal Yang-Mills solutions
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have also been determined [176]. Similarly, black holes of Einstein’s gravity minimally

coupled with both Yang-Mills and Born-Infeld theories have also been studied [177].

Analogous to the black holes with nonlinear electromagnetic sources, it is also inspiring to
study black holes within the framework of nonlinear Yang-Mills theory. In this context,
the existence of black holes with a power of Yang-Mills source is investigated in Ref.
[178]. In other words, the matter source has been chosen as (F/S?F(“)p)‘)q in which
q is a real number such that the value ¢ = 1 corresponds to the case of Yang-Mills
theory. This assumption on the Yang-Mills invariant makes the metric function and the
associated thermodynamic quantities dependent on the parameter ¢, which results in
extra r-dependence. In this thesis, we study new spherically symmetric black holes of
higher curvature gravities coupled to power-Yang-Mills theory. It will be shown that
the power-Yang-Mills field affect the thermodynamic stability of these black holes. It is
also worth noting that like the nonlinear electrodynamics, the fulfillment of conformal
invariance needs further constraints on the parameter ¢ and the spacetime dimensions

come out to be a multiple of four.

1.11 Non-singular black holes and the limiting curvature

principle

It is well-known that, in both classical and quantum realms, Einstein’s theory of gravity
is ultraviolet-incomplete (UV-incomplete). The existence of singularities is the main
problem in this theory, e.g. solutions of Einstein’s equations such as Schwarzschild,
Reissner-Nordstrom and Kerr metric, have curvature singularities at the origin. So,
in general, one expects that the modification of this theory is possible in those regions
where the curvature is very high. Many proposals have been put forward to achieve such
modifications. For example, it was also proposed that if higher order terms are included
in curvature and those terms which contain higher order derivatives, then the theory of
gravity can be made UV-complete [179]. However these theories contain non-physical
degrees of freedom, the so-called ghosts. Recently a new UV-complete modification of
the theory of gravity has been put forward in which this problem does not occur. This
theory is called a ghost-free gravity theory [180-184]. This ghost-free theory is also
applicable in the problem of singularities in black holes and cosmology [185-189]. If
the unfailing fundamental theory is not known then the more naive, phenomenological
approach for the description of physics in the regime of high curvature can also be useful.
In this approach one can consider that the gravity is still described by a classical metric
in this regime where the curvature is high. In view of describing gravity there exists

a parameter p for fundamental energy scale which is related to the fundamental scale
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length by I = p~!. The classical Einstein’s equations will be modified if the curvature
is comparable with [~2. Instead of correcting the field equations, we would impose
a number of restrictions on the line element. More precisely we consider: (i) the field
equations in the modified theory are approximately similar to Einstein’s equations in the
domain where the curvature is small i.e. R < [~2; (ii) the metric functions are regular;
(iii) the curvature invariants satisfy the limiting curvature condition, which means that
their value is uniformly constrained by some fundamental value, |R| < ki~2. Here R
denotes any type of invariants which can be constructed from curvature tensor and its
covariant derivatives and k is the dimensionless constant. This is called the limiting
curvature principle which was first given by Markov [190,191]. Those black hole metrics
which satisfy the above conditions are called non-singular black holes. A large number
of non-singular black hole models were proposed in Ref. [192]. For spherically symmetric
objects, this principle says that the apparent horizon can never cross the origin r = 0.
In simple words, other then the outer part of the inner horizon there also exists an
inner part, separated from r = 0. Hence, after the complete evaporation of black hole
the event horizon does not exist and the apparent one is closed. Such a model was
formulated in Ref. [193], and later was thoroughly studied in Refs. [194-196]. In this
thesis, we study physical and thermodynamic properties of these gravitating objects in

the presence of nonlinear electrodynamics.
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Chapter 2

Non-singular black holes and

exponential electrodynamics

Some very interesting solutions of the field equations of Einstein’s general theory of
relativity have been constructed in the framework of nonlinear electrodynamics. In
particular, magnetically charged black hole solutions in the framework of exponential
nonlinear electrodynamics have been obtained in general relativity in Kruglov (2017)
[145]. Using this approach a magnetically charged non-singular black hole spacetime
in the framework of exponential electrodynamics in some modified theory of gravity
has been constructed in this chapter. The metric describing asymptotic non-singular
magnetized black hole is worked out in terms of the parameter of our model. When this
parameter vanishes our solution reduces to the above mentioned black hole solution.
Thermodynamics of the resulting solution is also discussed by calculating the Hawking
temperature and heat capacity when the magnetic charge is constant. We also find
out the point where the first order phase transition induced by temperature changes
takes place. The quantum radiations from this black hole are also discussed and the

mathematical expression for the rate of energy flux of these radiations has been obtained.

2.1 Asymptotic magnetically charged non-singular black

hole solution

The solutions describing black holes in general relativity within the framework of nonlin-
ear electrodynamics have been studied [153-155]. These solutions describe electrically
charged black holes which asymptotically approach Reissner-Nordstrom solution at ra-

dial infinity. In order to describe magnetically charged black hole solutions we consider
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exponential nonlinear electrodynamics [145] for which the Lagrangian density is given
by
Leap = —F exp(—=pF), (2.1)

where f = (1/4) F,, F" = (B> — E?) /2, F' = 9A” — 9" A", Here F* is the elec-
tromagnetic field tensor, A* is the four-potential, B is the magnetic field, E is the
electric field, and 3 is the parameter which has dimensions of (length)* and its up-
per bound (B <1x 10_23T_2) which was found from PVLAS experiment. Now, the

Euler-Lagrange equations are

8£e:r:p agexp . o
Oy (8(8HAU)> Y 0, where u,v=0,1,2,3.

Thus the field equations become
Ou[V=9(BF —1)exp (—BF)F"] =0. (2.2)
The stress-energy tensor is given by
TH = HAFY — " Loy, (2.3)

where ¢"" is the reciprocal metric tensor and the quantity H** is given by

o 82@9010

HH =
OF .

= — (1 BrF)exp(=fF) F*\. (2.4)
Thus we can find the stress-energy tensor from the Lagrangian density (2.1) as
TH =exp (—BF) |(BF — 1) FFFY + g"F |, (2.5)
from which its trace can be calculated as
T =4BF exp (—fF). (2.6)

For weak fields, or when § — 0, we get the results of classical electrodynamics, i.e.,
Lezp — —F and the trace of the stress-energy tensor becomes zero. In general, 8 # 0,
and the non-zero trace of the stress-energy tensor means that the scale invariance is vio-
lated in the theory. So, any variants of nonlinear electrodynamics with the dimensional
parameter give the breaking of scale invariance and so the divergence of dilation current

does not vanish, i.e., 9,D" =T where DV = 27T

If the general principles of causality and unitarity hold here then the theory is workable.
According to this principle the group velocity of excitations over the background does not

exceed the speed of light. This gives the requirement [145,154,155] that 0Lc.p/0F < 0.
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So, from Eq. (2.1) we get to the point that when SF < 1 the causality principle holds.
For the case of pure magnetic field we have the condition B < \/% The unitarity
principle holds when 0Lcp/0F + 2F 0?Lezp/OF? < 0 and 9%L.,,/0F % > 0, and thus
with the help of Eq. (2.1) we get SF < 0.219 which is the restriction for unitarity
principle [145]. So, causality and unitarity both take place when SF < 0.219 and for
purely magnetic field this yields the requirement

5—+17  0.66
B< 5~ U5

Now, we derive the metric which represents the static magnetic non-singular black hole.

The invariant F for pure magnetic field in spherical spacetime is given by
F=——. (2.7)

The most general spherically symmetric spacetime is defined by

dS? = o%ds?,

where

ds® = —a?fdv® + 2advdr + r? (d9? + sin® 0d¢?) . (2.8)

Here o is the conformal factor and a and f are functions of radial coordinate r. If we

put
2Mr?

=1 O
a=1 f r3 4+ 2012’

(2.9)

then Eq. (2.8) represents the Hayward metric [197] which describes uncharged static
non-singular black hole and is the solution of some modified theory of gravity. Here, [ is
an extra parameter which describes the scale where modification of the solution of the
Einstein’s theory becomes important. The non-singular black hole defined by this line
element is also called a sandwich black hole. In the assumption that the mass M of this

black hole varies with r, we can write

M(r) = /OT p(r)r?dr = m — /OO p(r)r?dr. (2.10)

In the above equation m = fooo p(r)r2dr represents the black hole’s magnetic mass. The

energy density, in the case of zero electric field, can be written from Eq. (5.61)

2 a2
p:2q46Xp( Bq). (2.11)

r 2rd
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Thus the mass function becomes

_ q2 r —BqQ dr
M(r) = 2/0 exp( 5,4 ) or (2.12)

Or, using the incomplete gamma function

oo
I(s,x) = / t5 e tdt, (2.13)
€T
this takes the form 5 )
q2T (i, %)
M(’I“) — R (2.14&)
271 B4

3 3
,1—1 l . 2

m = M(oc) = Lo (‘{) . 054z (2.15)
2762 ﬂZ

Thus the metric function becomes

.
L

3 2\ =7 -
r2iT (4, 55) 2% 8

3,27 =1 (1 B2\
r3+l2q22454F(1,234>

fr)y=1- (2.16)

@

If we put [ = 0, we obtain the metric function for Einstein’s theory [145]. Using the above
results we can write the asymptotic value of the metric function in the neighbourhood

of radial infinity. For this we use the series expansion

z 22
[(s,z) =T(s) —2° [i P + 2051 2) +0 (23)] , z—0. (2.17a)

Thus the metric function f (r) at » — oo takes the following form

2 4
r? [2m -+ 2%35 + O(rfg)}

r3 4 ]2 [Qm — § + % + O(rig)]

flr)=1- (2.18)

In the numerator and denominator if we choose 5 = 0 i.e. by neglecting the nonlinear

effects of magnetic field we get

(2m7‘ — q2) r2
rt 4+ 12 (2mr — ¢2)’

fr)=1 (2.19)

which corresponds to the metric of non-singular charged black hole [197]. In the limit

I — 0, a metric similar to the Reissner-Nordstrom solution is obtained. Further, from
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(2.18) we see that

2m  ¢*>  AmPl? 40¢%1% + Bq*
f(T‘)%l—T‘f'ﬁ‘}_ 7‘4 _( 7"5 ) (220)

By making corrections to the fourth order terms, a solution similar to the Reissner-

Nordstrom metric is obtained. The limit r — oo, gives Minkowski spacetime.

We can also write the asymptotic values of the metric function at » — 0. For doing this
we will use the series expansion
1 s—1 s*—3s+2

I'(s, z) = exp(—z)z° L + o + 3 + 0(2_4)] , 2 — 00, (2.21)

and obtain the expression

(2.22)

—Bq¢* ;12 B ﬁ n 3124 n 376
2rd 26 28 4PB%¢%  4p%¢?

f<r>~1+exp(

The above result shows that the metric function is finite at the origin. Let us define

here a new variable z as a function of the radial coordinate r, by

(5 )‘1‘ (2.93)
r=(—) r .
Bq?

so that (2.19) becomes

r(L, 1)ga?p2

— — . (2.24)
22238 + V212T(§, 4)

fa) =1

FIGURE 2.1: Three plots of function f(z) for fixed values of @ =1 and [ = 0.01, with
different values of 3 for each curve.
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FIGURE 2.2: Three plots of function f(x) for fixed values of 8 = 1x 10723 and [ = 0.01,
with different values of @ for each curve.

FIGURE 2.3: Three plots of function f(z) for fixed values of 3 = 1x10725 and Q = 0.01,
with different values of [ for each curve.

Clearly it can be seen that apparent horizons can be found by solving equation f(z) = 0.
The function given by Eq. (2.24) is plotted in Figs. 2.1-2.3 for different values of f3,

l and Q = ¢/+/2. The points where these curves intersect horizontal axes indicate the

position of the apparent horizon.

Now, we want to confirm that our metric is asymptotically flat and regular at r = 0,

i.e., we have indeed a non-singular object under discussion. For this purpose the Ricci

scalar is given by
d’f 4df f—1
=L 4+ 27 9 ) 2.2
h dr? + rdr r2 (2.25)

From the quadratic invariant C' = C,wagC"“’aﬁ , where Cpap is the Weyl tensor, we

obtain

L [df 2df ol 1) (2.26)

V3 [dr?  rdr r?
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Differentiating (2.24) we obtain

g —a[rsten (<) + 2081ET (4, 4)° - 20088r (1. )]

d 232682 + VAT (4, 1)7 + 23128297 (1, 1)

(2.27)

Differentiating again gives

_ [BHG@ N (@)
dx2 B \/7 (x) ’ (2:28)

where H, L, N, S and W are given by

2
H (z) = 165%2°T (i ;) 128ﬁ3x86xp< 1) 4812 8%45T (jl w14> . (2.29)

1 1\* p) 11 1 1 1)\2
L(z) =2°T < x4> —641* Bz exp <—x4>r <4 )—1—64[4695 exp <—x>r (4,904) :

(2.30)
N (z) = 64125225 exp (—é) r le ) 12812 8%2% exp ( 5 ) —241*B23T <1 ;) )
(2.31)
S (z) = 168*2'2 +I°T <1 1) + 241 3%z 6r<1 1) (2.32)
4’ x4 4’24 ) 7 )
W (z) = 3202832°T (i 9514) + 815623T <i ;4) . (2.33)

Using the expansion

r(i,{i):r(i)-i[zi %Jro( )], T — 00, (2.34)

in the expression of Ricci scalar we note that

rli>rgo R(r) =0. (2.35)
Similarly

Tlggo C(r)=0. (2.36)
By using the series expansion

I <4,x4> = exp <—x4> [m -7 +0 (z'")|, =z—0, (2.37)

we conclude that

lim R(r) =0, (2.38)

r—0
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and
lim C(r) = 0. (2.39)

r—0
This clearly shows that the scalar curvature has no singularities. The spacetime becomes
Minkowski at r — oo, while at the origin r = 0, finite curvature suggests that the black
hole under consideration is regular. The curvature invariants are regular at r = 0, which
indicates that our solution of some modified theory of gravity describes a non-singular
black hole with exponential pure magnetic source. This is in contrast to Einstein’s
theory in the framework of exponential electrodynamics [145] where the Kretschmann
scalar is singular at » = 0. It is worth mentioning that as the charged generalization of
the Hayward metric in Maxwell’s electrodynamics is non-singular [197], our solution in
nonlinear electrodynamics also describes a non-singular black hole, where the curvature

of the spacetime is finite everywhere [198].

2.2 Thermodynamics of magnetically charged non-singular
black hole

Here we will investigate the thermal stability of magnetized non-singular black hole by
working out the Hawking temperature and its heat capacity. The black hole is unstable
where the temperature becomes negative. The Hawking temperature is described by the

relation [199-201]
K

Ty = —, (2.40)
2
where k defines the surface gravity which is given by
14
K= Ldf . (2.41)
2dr |y

Thus if r1 and ro are the inner and outer apparent horizons, respectively, then for the

inner horizon the surface gravity is

1df 1 df dx
_ Lldfy _ 1dfdx) 9.42
T 9 , 2 dx dr ( )
1 xr1
By using the relation (2.27) in the above we get
2
4 11 3 —1 op (1 1

\/aﬁi [leﬁf (1, E) — 8xyB exp (E) — 2x11°T (Z’ E) ]

K1 = . (243)

5 2
2 12882 + 007 (3, )+ 428080 (4, k)
1
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Similarly, for the outer horizon the surface gravity is given by

2
1 1 =1 1 1
_ VB [%W (3.75) - sdsem () - 2087 (3. 3) ]

K2 2§ L 3 L s (244)
6 3
i 42832 + 14T (17 ;%> + 4128237 (@ ?g)
so that the expression of Hawking temperature yields the result
2
Jaot [0 (5:3) - e () —oar (1.3) |
Ty = . (2.45)

5 2
2im 12§82 + 007 (3, 1)+ 42080 (4, 1)
2 2

FIGURE 2.4: The curve of Hawking temperature for fixed 3 = 1 x 10726 and [ = 0.02.

This reduces to the result for the black hole solution of Einstein’s theory with exponential
magnetic source [145], if we put = 0. From Fig. 2.4 it is clear that the first order phase
transition of black hole occurs at +5 x 10%? because the Hawking temperature is zero
there. Hawking temperature gives the maximum value as o — 0. The entropy of the
black hole is described by Hawking area law i.e. S = A} /4 = 7r2. Then heat capacity

is defined for constant charge as

oS

- 35/87"2 o 27TT‘2TH
~ T OTy ors — 0Ty ory (246)

q

Thus with the help of Eq. (2.45) we get the formula for heat capacity in the form

B S8mraq/B [A (z2) + B (z2) + Bx3 exp (;7;) c (1‘2)}
= 2D () (B (22) + 64822 exp (54) F (2)]

Ch : (2.47)
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where the functions A, B, C, D, E and F are given by

11 11 1 1\?° 11
A = 162848 (=, =) 0= =) -2 632,71 ( =, — r(-,—)-1
(.%'2) 6l B To 47'%.421 47'%.421 + 8l /3 Ty 473742; 3 47$%

1 1\* 11
8n,..4
r'f-,— I'i-,—)]—1 2.4
e (3g) [ (32g) 1) 24
10 11 ¢ 5,.16 4n3,.10 11 2 11

4,12 8 1 1\* 1o 6 (1 1Y? 03 gn (1 1
C(x9) = 64B%3* +4I°T Y + 96148280 (£, = ) + 1281283250 | —, —

2 4 Ty 4 Ty
+32B1%23T 11y (2.50)
2 4’:1,"21 ’ .
D (z2) = 4258* +1'T L 2+4l25x3f‘ L (2.51)
2 4’ w% 2 4 LU% 5 .
1 1\* 11 5 o . 1 1\?
E(z9) =20T (=, — ) +168%00 ( —, — | —481°%af — 24p1"230 ( -, — | , (2.52)
4 Lo 4 Ty 4 T3
27 2aap (1 1 24 3 -1 4 1 1\?
F(z) = =25+ Bzl (=, — | —20Basexp ( — | — el (=, —
4 Ty Ty 4 Ty
—1 11
4
6.x10-28
4 x10-28
2 x10-28 |

xqp-28[
_310-29'_

%1028

FIGURE 2.5: The graph representing heat capacity for fixed values of 5 and .

For fixed values of 3 =1 x 10726 and I = 0.02, the graph in Fig. 2.5 of 2%CH/87rq\/B
vs x9 shows that heat capacity is singular in the interval (0,0.05969), which says that
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second order phase transition occurs in this interval. Those values of x2 at which the
temperature and heat capacity are negative indicate the black hole is unstable. Fig. 5

shows that heat capacity diverges as Ty increases.

2.3 Quantum radiations from magnetically charged non-

singular black hole

When a black hole is formed, it emits quantum radiation. An observer outside the
black hole can register outgoing Hawking radiation from the black hole, due to which its
mass decreases and it shrinks in size. One possibility is that the black hole disappears
completely as a result of evaporation. For a spherically symmetric spacetime of non-
singular black hole, this implies that the apparent horizon is closed, and there is no event
horizon. Thus, according to the usual definition this object, in fact, is not a black hole,
but its long-time analogue. However, we are using the same term black hole for these
objects too. The most important property of such type of non-singular black holes is
that not only Hawking radiation is emitted but in addition to that quantum radiation
also comes from the interior spacetime [197]. We should expect that after the complete
evaporation of this object, the total energy loss by it will be equal to its initial mass.
Since, in this letter we coupled the non-singular black hole solution with the model of

exponential nonlinear electrodynamics, so we consider the model
ds® = — fdv® + 2dvdr + r*dw?, (2.54)

where the function f (r) is given by

(2.55)

This function depends on r for some real interval 0 < v < p, while the function is equal
to unity outside this interval i.e. the spacetime becomes flat. Here also our assumption
is that this black hole is formed as a result of collapse of the spherical null shell which
has mass M [197]. This black hole exists for some time AV, and after that it completely
disappears due to the collapse of some other shell which has mass —M. It is possible to
find the gain function for such type of black hole whose interior spacetime is static. Let
us assume that an incoming radial photon whose initial energy is FE1p, reaches the first
shell at distance r—. It moves through the interior spacetime between the shells and
after crossing the second shell at distance 7, leaves the black hole with energy E5. We

call such a photon of radial type I, and r_, r, are the points of entrance and exit of
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photon. Then the gain function is given by

f—  dr_
X=%=—-—, (2.56)
fr dry
where fi are the quantity f evaluated at r1. For the photons which propagate along

the horizon r; = r_, one gets f_ = f1 = 0. Therefore

XH = exp (—kup). (2.57)

Now, consider type II, a beam of incoming radial photons having energy F;. The radial
type II photons cross the first shell in the interval (r_,r_ + Ar_), and then the second
shell between the interval (r4,ry + Ary) having energy Es. Then

EfAT'f = E,dT’;A’IﬁF = E,f;A’I"+ = E+AT+. (258)
dry. f+

The rate of energy flux is then given by

EL
i 2.
x Ay (2.59)
so that we get
€4 =\ (2.60)

Since the radial type IT photon starts motion in the interval (0, p), the gain function can

be obtained as

pg? <8x363exp(—x14)+2$5§l2r(zluxl4)2_Qx%gr(i?x{l))] i

X =6Xp |51 5 29 io 1l 1.2 5 on a1l 1
2131 222962 + V24T (5, 1) +221282%T (, )

where we use (2.23). For the double shell model, having a constant metric in the interior,

the gain function is given by
1

ﬁa
and f (r) is given by Eq. (2.55). For type III null rays, that is, those rays which are

y = (2.62)

outside the interval (0, p) the gain function is equal to 1.

The quantum radiation from magnetized non-singular black hole can be estimated with
the help of a result from Ref. [202], where conformal anomaly is used to work out two-
dimensional quantum average of the stress-energy tensor. Now, massless particles are
created from the initial vacuum state. So for type I rays, the rate of energy flux of these

massless particles is given by the following expression

i (dF )2
—2—— +
dr? dry

32

1

$= Toan

, (2.63)




where f = 1In|x|. Using (2.56) this takes the form

1 G(r)-G(ry)

= J— — 2. 4
§ 1927 f2 (T’_;,_) , T r (T-‘r) ’ ( 6 )
where the function G is introduced as
G()——Qf()—de—F 7df i (2.65)
r) = T 7 o) .

Again using Eq. (2.23) we get the result

1
2\ 2 1 d2f dr \? d2f df \?
() e [‘2f g (@) ez -(an) |
(2.66)
Here f (z) and its first and second order derivatives are given by Egs. (2.24), (2.27) and

2.28), respectively. The values x_ and xy are related to r— and r1 where the photon
y + +

crosses the first and second shells.

For type II rays, i.e., when 0 < v < p, the corresponding outgoing null ray intersects the
second shell only, with negative mass, and one has f (r_) = 1, so that the expression for

the energy flux becomes

3

1 B e df\?
1 <2>22f(+)da:+ (d:}c+)' (2.67)

~ 1927 \ Bg?

For type 111 rays we get £ = 0, because in that region there are no quantum radiations.
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Chapter 3

(2 4+ 1)-dimensional black holes of
Einstein’s theory with
Born-Infeld type electrodynamic

sources

A new family of (2 + 1)-dimensional black holes are investigated in the background of
Born-Infeld type theories coupled to Riemannian curved spacetime. We know that both
the scale and dual invariances are violated for these nonlinear electromagnetic theories.
In this chapter, first we consider a pure magnetic source in a model of exponential
electrodynamics and find a magnetically charged (24 1)-dimensional black hole solution
in terms of magnetic charge ¢ and nonlinearity parameter 8. In the second case we
consider a pure electric source of gravity in the framework of arcsin electrodynamics and
derive the associated (2 + 1)-dimensional black hole solution in terms of electric charge
(@ and the parameter 5. The asymptotic behaviour of the solutions at infinity as well as
at r — 0 in both the frameworks is discussed. The asymptotic expressions of curvature
invariants in the case of exponential electrodynamics shows that there exists a finite value
of curvature at the origin, while in arcsin electrodynamics, the corresponding asymptotic
behaviour shows that there is a true curvature singularity at the centre of the charged
object. Furthermore, thermodynamics of the resulting charged black holes within the
context of both the models is studied. It is shown that the thermodynamic quantities

corresponding to these objects satisfy the first law of black hole thermodynamics.

34



3.1 (2+ 1)-dimensional black holes in exponential electro-

dynamics

The action function describing (2 + 1)-dimensional Einstein’s gravity in the presence of
NED is given by [203]

I= /di”x\/fg[;ﬂ (R— §A> +£NED]. (3.1)

where the Lagrangian density of NED is taken as Eq. (2.1). Variation of action (3.1)
with respect to the four potential A, gives the equations of motion corresponding to
NED as

0| v=ar (1.~ 1) exp (-51)| 0. (32)

Similarly, by varying (3.1) with respect to the metric tensor g,,, we can obtain gravita-
tional field equations as
1 1
R, - §6ZR + §A5Z =T, (3.3)

where R, is the Ricci tensor, R is the Ricci scalar, A is the cosmological constant and

TVH represents the matter tensor of NED given by
T = exp (<BF) | (BF = DF™FY + 1 g™ |. (34
The trace of the above matter tensor is
T = —4Br exp (- BF), (3:5)

which clearly shows the breaking of conformal invariance in this theory. However, by
applying the limit S — 0, this trace vanishes which implies that Maxwell’s theory can

be recovered in this limit.

In order to derive the circularly symmetric magnetically charged (2 + 1)-black hole
solution, first we choose the pure magnetic field such that E = 0. This implies that
Maxwell’s invariant would be equal to f = B?/2 = ¢?/2r* [145], where ¢ represents the
magnetic charge. Now, the line element ansatz in (2 + 1)-dimensional spacetime can be

taken as
dr?

P(r)

ds® = —(r)dt* + + r2dh*. (3.6)
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Using the Lagrangian density of exponential NED, the components of matter tensor

(3.4) can be calculated as follows:

2 2
0:2q4€XP<—§34>, (3.7)

1 _ 72 _ 5612 q2 q2ﬂ q2
=7 =ew (= 31 ) [y (50 1) * 3] 35

From the line element (3.6), the 00-component of Einstein’s equations (3.3) gives

2 2
;?ﬁ—i—gzgilexp(—gi). (3.9)
Solving the above differential equation yields
w(r):D+ﬁ— ar E(WB> (3.10)
312 \/BQ% Vor2)’ .
where we choose A = —1/I?, | being a real parameter and E(x) is the error function.

The constant D can be related to mass of the gravitating object at infinity by using the
Brown-York formalism [145,204,205]. With the use of quasilocal mass formulation, a

static circularly symmetric (2 + 1)-dimensional line element takes the form [205]

dr?
ds® = —f(r)2dt* + —— + r?dp>. 3.11
) g(r)? (3:11)
This yields the quasilocal mass Mgy, in the form
Mqr = lim 2f(ry)lg:(rs) = g(rs)]- (3.12)

In the above expression, g.(rp) stands for a non-negative arbitrary reference function
which allows the zeros of the energy in the spacetime. The value r, denotes the radius of
some spacelike hypersurface. From the form of our line element (3.6), it can be clearly

seen that

- _ o g2 /B _
fry=g(r) = D+3l2 \/32§E<\/§r2>’ (3.13)

and

2 gmr /B
gr(r) = ?’ZQ—\/BﬁE(\/w). (3.14)
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Thus, by substituting the above Eqgs. (3.13)-(3.14) in Eq. (3.12) the metric function
(3.10) for choosing M > 0 becomes [206]

B o g qv/B
W) = =M+ \/322E<¢§r2)' (3.15)

The asymptotic expression of the above metric function in the vicinity of infinity can be

obtained as

2 4
r mq mBq -10
- —M _ 0] . 3.16
¥(r) t3E T2 T g TOUTT) (3.16)
This shows that at infinity the spacetime is not Minkowskian and the solution (3.15)
reduces to that of Einstein-Maxwell theory when S — 0. Similarly the asymptotic value

of the metric function when r — 0 is calculated as
72 qﬂ% B\ [mr? 7rd
- M4+ — — e N | o(rt|. 3.17

Note that in calculating the above expansion we used the relation

1
E(z) =1- —=I'(1/2,2?%), 3.18
(z) NG (1/2,27) (3.18)
where I'(s,x) refers to the incomplete Gamma function. The asymptotic expansion
(3.17) shows that the metric function is finite at the centre » = 0. This behaviour of
metric functions is a consequence of the nonlinear electromagnetic nature of Lagrangian
density (2.1). It is worth-noting that the limit 5 — 0 cannot be taken for (3.17) and

hence the apparent singularity in this case is fake.

The weak energy condition (WEC) would be satisfied if and only if the energy density
p = 760 and principle pressures p,, = —7,7" (there is no summation in the index m)
satisfy

p>0, p+pm >0 m=12. (3.19)

The satisfaction of WEC ensures that any local observer will measure the non-negative
energy density. It is also worthwhile to note that the above WEC is equivalent to the
T CHCY for any timelike vector ¢# [145,155,207]. Thus, from Egs.(3.8) and (3.19), one
can easily verify that WEC holds for any value of magnetic field B such that SB? < 2.
Validity of the dominant energy condition (DEC) [145, 155, 207] is governed by the
conditions

p>0, p+pm >0 p—pn >0 m=1,2. (3.20)

Again from Eq. (3.8) one can prove that DEC also holds if SF <1 for the Lagrangian
density (2.1). This shows that speed of sound would be always less than the speed of
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light. Similarly, validity of the strong energy condition (SEC) [145,155,207] is given by
p+p1+p22>0. (3.21)

Using the stress-energy tensor components one can conclude that SEC holds for this

model of electrodynamics if the exponential magnetic field satisfies the inequality

(3.22)

The satisfaction of SEC implies that there is no acceleration of the universe in this model

of nonlinear electromagnetic field coupled to the gravitational field [145,155].

Now, we discuss the nature of singularity of our resulting solution described by Egs.
(3.6) and (3.15), for which we will calculate the curvature invariants. It is possible to
find out the Ricci scalar from Einstein’s equations describing gravitational field i.e. Eq.
(3.3) so that

R:

2, 21t exp ( N 5q2> (3.23)

2 rt 274
This expression of the Ricci scalar implies that it is defined and finite at » = 0. The
finiteness of Ricci scalar shows that at any point say ro for which R(rg) = 0, one can
find the change in curvature around such a point. So one may encounter a transition
from negative curvature to positive. One can also find the Kretschmann scalar K for

the metric (3.6) in the form

2 (dy\? [ d*\?
_2 ' 3.24
K r2 ( dr > + (dr2 (3:24)
Now from Eq. (3.16) we have
dy 2r  ¢*w Bq®
ar 3B rsexp(‘w ’ (3.25)

and

>y 2 3¢’ Be*\  2¢"Br s (3.26)
—_— = — exp| —— | — exp| — — ). .
dr?  3I? r4 2r4 r8 P 2r4
Hence, the asymptotic expansion of Kretschmann scalar at » — oo is given by
2 2 472 4

34 3724 1298

The expression of the Ricci scalar (3.23) and the above expansion of Kretschmann scalar

show that the spacetime is not asymptotically flat since lim, ,o, K(r) = 4/3(*. The
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asymptotic expression of Kretschmann scalar in the vicinity of » = 0 is given by

K= 4 exp (—qQB) (47”]2 n 8mhq* n O(r”))

2rd 312r4 3128

_ 2 4282 1226 1124
—I—exp( QB><Wqﬁ + 7rq5+ T a +O(r3)>,

ré rl6 P12 r8

(3.28)

which is regular at the origin. Thus our resulting (2+ 1)-dimensional black hole solutions
within exponential electrodynamics, i.e., Eq. (3.15) describe a family of regular black

holes.

The event horizons can be obtained from the condition ¢ (r) = 0, which implies that

1 g av/B
M= 2\/ﬁE<\/§rﬁ)' (3.29)

FIGURE 3.1: Plot of function M from Eq. (3.29) for fixed value of [ = 0.5 and different
values of ¢ and S.

Fig. 3.1 shows clearly that there exists a critical value r. below which no event horizon
corresponding to the value of M can exist as mass becomes negative. However, for all
values of 1}, greater than the critical value, there exist event horizons associated with the
positive value of mass M. Fig. 3.2 shows the plot of metric function (3.15) for different
values of mass, magnetic charge and nonlinearity parameter. It can be clearly seen that
the magnetic charge and parameter (3 affect the horizon structure of (24 1)-dimensional
black hole.
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FIGURE 3.2: Plot of function ¢(r) from Eq. (3.15) for fixed values of [ = 0.5 and three
different values of M, ¢ and .

3.2 Thermodynamics of magnetically charged black holes

Here we study thermodynamics of the black hole solutions described by Eq. (3.15). For
doing this we use an alternative method to determine the local Hawking temperature
with the help of the Unruh effect in curved spacetime [199,208,209]. A similar anal-
ysis was also introduced in Ref. [210] for d-dimensional black holes in the framework
of Einstein-power-Maxwell theory. In the Unruh effect the observer in the spacetime

exterior to the black hole observes a thermal state with local temperature given by

2 di(ry)
T = 3.30
() = X%, dra (3:30)
which on using Eq. (3.15) becomes
2 2, @Pw Bq>
Ty(r) = ——|Zh L 27 ~ L .
(") T/ Y(r) [312 * r% exp( 27";‘; (3.31)

Here X“ represents a Killing vector field that generates the outer horizon r,. This
expression of local Hawking temperature implies that at » — ry, Ty (r) is undefined
and at r — o0, it is zero. This behaviour of temperature is expected since our resulting
black hole solution (3.15) is not asymptotically flat, thus the local Hawking temperature
vanishes at infinity. By using the method described in Refs. [203,209], the re-energized

temperature can be obtained as
272 2 2
Too = [thrq;rexp < ﬁq)} (3.32)
r
h

| 312 27‘%
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By using the Brown-York quasilocal energy formalism [204, 205], we can express the

internal energy of this system on a constant ¢t hypersurface as

b
7 (3.33)

where r = 7, is a finite boundary of the black hole spacetime. By varying the internal

[11

= —=2(\/(re) —

energy =(7p) with respect to r, and ¢, one can easily arrive at the first law

dE(Tb) = TH(Tb)dS + \Il(rb)dq, (3.34)
where
TH(ry) = e [6:;2 + qi% exp ( 2%)]7 (3.35)

is the Hawking temperature evaluated at 7, and S = 4nry, in Eq. (3.34) is the entropy
of the (2 4 1)-dimensional black hole. The function

U(ry) = 1/}1(%) [;% exp ( - ) + ﬂ (3*;2)] (3.36)

is the magnetic potential difference between the boundary of the black hole and at in-

finity. Similarly, the difference between the potential at the event horizon and boundary

oo sl (- 20)+ oo(30)
oo~ 20)- (3]

Now, we compute the expression of heat capacity at a constant magnetic charge g of

rp can also be calculated as

(3.37)

our magnetically charged black holes which are considered inside a box and bounded by

r = rp. The heat capacity is defined by

oS

Cy=T 3.38
n=Tugr lg- (3.38)
Therefore, by using Eq. (3.35) in this we get

7ro [ 8rd + 120242 _be

ol 8ry g exp 20
Cr = . (3.39)

27" + 6mqtBI2 exp ( Bq? > — 97rq2l2rﬁ exp < — grqj)
h

This represents the general expression for black hole’s heat capacity for any value of

nonlinear electrodynamics parameter 5. Fig. 3.3 shows the plot of heat capacity for
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FIGURE 3.3: Plot of function Cy from Eq. (3.39) for fixed value of | = 0.5 and different
values of ¢ and S.

different values of NED parameter S and magnetic charge q. One can see that both
the parameter 5 and magnetic charge ¢ have effects on the local thermal stability of
black holes. The value of rj, at which the heat capacity is positive implies the black hole
of that horizon radius is stable and physical. Thus, we conclude that the mentioned

(2+1)-dimensional black holes are enjoying thermal stability.

3.3 (2+1)-dimensional black holes in arcsin electrodynam-

ics

The action function for the model of nonlinear electrodynamics coupled with general rel-
ativity in three dimensions is written in the form (3.1). Here we will take the Lagrangian

density £xygp(F) of the form
1 .
Enep(F) = 3 arcsin (BF). (3.40)

The nonlinear electromagnetic field equations can be obtained from variation of Eq.

(3.1) with respect to A, as

/=g FH

d, <9F> = 0. (3.41)
1—(BF)?
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The gravitational field equations will have the same form as (3.3), however, the stress-

energy tensor in this case will be written as

v FV)\FM)\ v
TS T e (3.42)

The trace of the above stress-energy tensor can be worked out as

4F

VG

Hence, like the exponential electrodynamics, the scale invariance is violated in arcsin

T = 2 arcsin (SF ). (3.43)

electrodynamics too due to the above non-zero trace of the matter tensor. It should be
noted that the trace (3.43) also vanishes in the limit 5 — 0 which implies that the arcsin
electrodynamics reduces to the Maxwell theory in the weak field limit. As we want to
study electrically charged black hole solution, therefore, we should assume magnetic
field B = 0 which makes Maxwell’s invariant equal to f = —(E(r))?/2. Thus from Egs.
(3.41) on using the (2 4 1)-dimensional line element (3.6), it is easy to obtain the value

of electric field as

E(r) = 22/2\/\/ rt+ B2Q4 — 12, (3.44)

where the constant of integration () represents the electric charge. The asymptotic

p 4 1] g 10

FIGURE 3.4: Plot of E(r) from Eq. (3.44) for fixed values of @ and 3.

expansion of electric field at  — oo is given by

By =9 _ @5

e + 0. (3.45)

43



Similarly, the asymptotic expansion of electric field at » = 0 becomes

B =Y2_ T "o (3.46)
VB V2Q287  4v2Q48% ' '

The electric potential A(r) can be easily obtained through integration of Eq. (3.44) as

A = s | VAV Q- QP log (VT Q1 - 1)
Q28108 [Q2B(Q?8 + Vary/ /T + F2Q7 — 2)]

One can also find the asymptotic value of electric potential at r — oo as

(3.47)

Afr]

100 -

2o

m Q=13 p5=33
m Q=2, p=4
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FIGURE 3.5: Plot of function A(r) from Eq. (3.47) for fixed values of 5 and Q.

QB2
32r4

A(r) = Qlog (1) + +0(r~%). (3.48)

Similarly, the asymptotic value at » — 0 becomes

Vi

< - +
VB 3v2Q%8:

2

A(r) = Zlog (BQ?) + O(r?). (3.49)
Egs. (3.46) and (3.49) show that the potential and electric field are both finite at the
origin » = 0 unlike in Maxwell’s theory where both of these quantities diverge at the
origin. This non-Maxwellian behaviour of electric potential and electric field is due to the

nonlinear electromagnetic nature of Lagrangian density (3.40). Using this Lagrangian
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density, the components of matter tensor (3.42) can be calculated as

252 _ arcsin (BE?/2)
V4 - pE g | (3.50)

T = —; arcsin (BE?/2).

=T} -

Hence, by choosing the value of electric field as Eq. (3.44) in the above components
we can show that WEC, SEC and DEC are valid for this model in (2 4 1)-dimensional
geometry. Substitution of the metric ansatz (3.6) and the matter tensor components
(3.50) into field equations (3.3) yields

1dy A 252 arcsin (BE?/2)

Upon solving the above differential equation, we can get the metric function as

Y(r) = D+3;+ ;2;;—2 Vit 4+ B2Q4 — 12 + 52 arcsin <T2_\/’;;‘W>

- <T\@\/ /4 +ﬂ2Q4 —r2 Qgﬂ_l \/Q4/32 4 27”2(7“2 — \/rd +52Q4)
+mtanh™ 3 > + 0g< ),
08 2 QB +rv2\ i+ QT -2
(3.52)
where D is the integration constant and A = —1/I2. Now again with the help of

quasilocal mass formalism, a static circularly symmetric three-dimensional line element

yields a quasilocal mass Mgy, in the form (3.12). And so, from line element (3.6) we

obtain
Ty =gty D+722+ Q2;—2 \/\/TW—TQ 2arcs1n <T2_\/W)
3l BQ 5 0
+7tanh ™! (r\/ﬁ\/m B 7,2) 4 Q*m log (\/Q452 + 2r2(r? — \/W))
023 2 Q28 + V2 i+ B2 - 12 :
(3.53)
and

2 ” ,
o0 = 14 LD g T i (VTP

rﬂ¢¢ﬂh%y—ﬂ> <¢@m+maﬂ ¢ﬂﬂ%y»
O .
Qo 2N Q@ vy VT Q-

(3.54)

+rtanh™! (
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Thus, by using the above Eqgs. (3.54) and (3.55) in Eq. (3.12), the metric function (3.52)
becomes [206]

¥(r) Z—M+3;+ 22:2 Vit + B2Q — 2 52 arcsin <T2_W>

V2V BT - ) L@, <\/Q4ﬁ2 222 - JW))
og .
@8 2 Q2B+ + QT -2

(3.55)

+mtanh™! (

The asymptotic expansion for the above metric function when r — oo can be computed

as

U(r ):-M++f7r< +Qi+Q—21 g<Q2>> — 7Q?log(r)

312 22 4
#Qh (@ " (3:50)
Tert <6 +3 - \/Q(Q2 + 2)> + O(T_5).

The above expression shows that the black hole is not asymptotically flat at infinity.
Similarly, the asymptotic behaviour in the vicinity of r = 0 is given by the series expan-

sion

This shows that the metric function remains finite and regular at the origin » = 0. It is

possible to find out the Ricci scalar from Eq. (3.3) as

/A 132 _ .2
4 A4 (T QA2 — P 4 47r< ri+ Q0 r)
R = —nT——5 = — arcsin - )
32 B Q%3 312 2
3 Q452—< /r4+Q462—r2>
(3.58)
The asymptotic value of Ricci scalar at radial infinity is given by
R= _ 4 +O(r™). (3.59)
TR '

This clearly indicates that at r — oo the Ricci scalar is non-zero which means that the
spacetime is not asymptotically flat. Similarly, the asymptotic value of Ricci scalar at

r — 0 is calculated as

2v/2 4 272 2 3
V2Qm 4 2m 3vamr o Bmr s (3.60)

R=—
VB 326 Qe 6v2Q%83
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This expansion shows that the Ricci scalar possesses singularity at » = 0. Thus, our
resulting (2+1)-dimensional black hole solution given by Eq. (3.55) has a true curvature

singularity at r = 0.

3.4 Thermodynamics of electrically charged black holes

In order to study thermodynamics corresponding to (2 + 1)-dimensional electrically
charged black hole (3.55), we will calculate important thermodynamic quantities. Fol-

lowing the same technique as before we can obtain the local Hawking temperature in

9 |:2 o < 27’h(\/m_ri)

/() | 312

/(1) \/BQQ\/Q‘%?’ — (\/m— 5’ (3.61)
'h arcsi \/W_T%

)|

Q*B

this case as

Ty(r) =

Here also X is a Killing vector field which generates the event horizon r,. The event

horizon equation ¥ (r) = 0 implies that

2 2y r3 —/ri+ B2Q4
M:r—h—i—m‘hQ \/\/h+ﬂ2Q4 rh+arcsm< h )

312 BQ? BQ?
<rh\/§\/\/r,§ +B2Q* —r,%> L@ <\/Q B2+ 202 — \ [k +B2Q4)>
5 .

@ i Q25+Thf\/\/r +52Q" -

(3.62)

+rtanh ™!

Fig. 3.6 shows the behaviour of M in terms of horizon radius. Those values of r;, which
corresponds to the positive values of M describes the horizons of black hole. Similarly,
by choosing different values of mass M, electric charge Q and nonlinearity parameter
B, we have plotted the metric function (3.55) in Fig. 3.7. Those values of r for which
the curve intersects the r-axis indicate the location of horizons. The expression of local
Hawking temperature (3.61) indicates that at r — 7, it is undefined and at r — oo it
is zero. This behaviour is expected because the black hole solution defined by (3.55) is

not asymptotically flat, hence the temperature vanishes at infinity. By using the same
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FIGURE 3.6: Plot of mass M from Eq. (3.62) for specific value of I = 0.5 and different
values of @ and .

FIGURE 3.7: Plot of metric function ¢(r) from Eq. (3.55) for specific value of [ =1
and different values of M, @ and §.

method as described in Refs. [203,209], the re-energized temperature is defined by

Too = i[?; + 27T< Zrh(\/m_ W)
@R - (T e
f%arcsin <\/m_r}%>>:|

Q*B

Now, from the expression of internal energy (3.33) on a constant ¢ hypersurface, it is easy

to obtain the first law of thermodynamics by varying the internal energy with respect

48



to 7, and @), so that
d=(ry) = Ty (rp)dS + ¥(ry)dQ, (3.64)

where

[rd 4+ 8204 — y2
Ty (ry) = ! [T arcsin( i rh) T

h
V() 128 BQ? S o6ml2
4 + /32Q4 _ 2 (3-65)
Th(\/rh rh) ] N : i/gl’
\/BQQ\/ Q82— (\fri+82Q =3 "

denotes the Hawking temperature evaluated at the boundary » = r, and S = 47r, in

Eq. (3.64) is the entropy. Furthermore, the function

mryHy (Q7 ’f’b)

o = 2 /0(r) Ha(Q. 1)

(3.66)

where
Hi(Q,m) = 2+ VDQUQ? 28 + 4(1 — Qi (/'8 + 1 — D)3+
SOQ2E (/@2 + 1 — 1) — 41 + \/5)52Q4rb\/\/m —ri— (3.67)
25Qhr [\ /@ 4 - Tg(g; V@ e -t —1- va)

and

@) = B PQ+ iy [\ @5 v~ <Q2/3 V@ - rﬁ)
\/Q4B2 + 2rf — 212,/ B2Q* + r§>
Q2+ ﬂrb\/\/cz%? +rd 12

+ 2Qlog(

(3.68)

is the electric potential difference between the boundary r, and infinity. Similarly, the

electric potential difference between horizon r;, and boundary 7, can be expressed as

= — o H (@) 1 [ \/ 432 4,2 M2
O(ry) = 2\/@}[2(@7”}) + 22 \[27“;1 \/m r2 QB
o (V@ 7t —12) + @1ox [@26( @+ vany @@ ot 12|

(3.69)
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Finally, the heat capacity in this case takes the form

4m [rhTo - 6::22}
CH == )
|:T0 + 17 + QT%TQ — 67}l2:|

where

(3.70)

1 <\/Q4ﬂ2+rﬁ—r%> \J@UB2+ =1

To(rp) = 35 arcsin 0%

Ti(rp) =

(@ i) (2]
2 )
oo - (@)

VBQ?* B

and

3
<\ [QB% + 1 — r,%)

To(rp) = 3"

2 2
@iy (@ - (@i i -17) )

_ §
QWW @i - (\fair it - 1)

(3.71)

(3.72)

(3.73)

Eq. (3.70) is the general expression for black hole’s heat capacity for any value of

nonlinear electrodynamics parameter 8. The behaviour of heat capacity for different

FIGURE 3.8: Plot of function Cy from Eq. (3.70) for fixed value of | = 0.5 and different

values of () and S.

values of charge @) and NED parameter 8 is shown in Fig. 3.8. The region where this
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quantity is positive guarantees local thermal stability. It can also be seen that both the
charge (Q and parameter 8 can affect the local thermodynamic stability and are giving

us stable solutions.
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Chapter 4

Magnetized black holes
surrounded by dark fluid in
Lovelock-power-Yang-Mills
gravity

We consider a model where static spherically symmetric black hole, in the presence
of power-Yang-Mills source, is surrounded by a dark fluid with a non-linear equation of
state. In this set up we construct a new class of magnetized Lovelock black hole solutions
of the gravitational field equations. In particular, we work out the metric functions in
both d-dimensional Einstein and Gauss-Bonnet gravities. We study thermodynamics of
these black holes also and show that the mass and associated thermodynamic quantities
like Hawking temperature and heat capacity depend on parameters of the dark fluid and
the power-Yang-Mills magnetic source. We note that the entropy does not satisfy the
area law in Gauss-Bonnet and higher order Lovelock black holes. Furthermore, phase

transitions of black holes in each case are also discussed.

4.1 Lovelock black holes, dark fluid and power-Yang-Mills
theory

The action function for Lovelock gravity with matter sources in diverse dimensions can
be written in the form

IT=TIr+ Ty, (41)

52



where Z); corresponds to the action function of matter contents in the spacetime i.e. the
power-Yang-Mills field and dark fluid. In this chapter we want to obtain the Lovelock
black hole solution of massive power-Yang-Mills gravity surrounded by dark fluid. The

Lovelock action Zj, is given by

1 Y -
n=y [ ey g[z o O R RIS | (42
p=0
where the number s can be defined as s = (d—1)/2 in odd dimensions, and s = (d/2)—1
in even dimensions. The coefficients «;, in (4.1) are arbitrary constants in which o =

—2A means that it is related to the cosmological constant.
If we take the variation of action (4.1) relative to the metric tensor, g,,, we obtain the
equations of the gravitational field as

S

«Q Al A _
P VA1 2p P1P2 P2p—1P2p __ v
Z op+1 5‘“”1“"’2? R)\IAQ'“R)\prl)\Zp - 7; ) (4'3)

p=0
where 7 represents the stress-energy tensor given by

_ 2 0Ly
V=g ogH’

Now, the general spherically symmetric static line element in d-dimensions can be ex-

7711/ = (4'4)

pressed as

2 2 dr? 2 i3
ds® = —f(r)dt + o) + r*(hidx'dx’), (4.5)

where hijd:vid:cj is the metric of d — 2 dimensional hypersurface having constant scalar
curvature k such that the values kK = 1,0, —1, represent spherical, flat and hyperbolic

spaces, respectively.

Now the Lagrangian density corresponding to power-Yang-Mills field is given by
Lpym = —(1)4, (4.6)

where T denotes the Yang-Mills invariant given by
(d—2)(d—-1)/2
T= ) <F§UF(“)A"), (4.7)

a=1

q is a positive real parameter and the Yang-Mills field is defined by

1
(a) _ (a) L ~(a) (b) (c)
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where, C((g))(c) are the structure constants of (d — 2)(d — 1)/2 -parameter Lie group G,
n represents the coupling constant and A(®) are Yang-Mills potentials of the SO(d — 1)
gauge group. These structure constants have been calculated in Ref. [211]. It should be
noted that it does not matter whether we write the internal indices [a, b, ...] in covariant
or contravariant form. Thus, using the Lagrangian density (4.6), the stress-energy tensor

of power-Yang-Mills field is given by

1 (d—2)(d-1)/2
7;<a>vz_2[5zrq—4q > <F,EK)F(“)”)T‘”] (4.9)

a=1
We obtain the equations of Yang-Mills field by varying the action (4.1) with respect to
the gauge potentials A(®)
1
*xla)yg—1y | L (@) Ang—1 g(b) A% ple) _
d(*F'YY )+770(”)(C)T AV NP =0, (4.10)
where % is used to denote the duality of a field. If we take the static metric given in (4.5)
and using the Wu-Yang ansatz in Einstein-Yang-Mills theory of gravity [173], then the
power-Yang-Mills equations [177,178,211] are satisfied if the one-forms of the Yang-Mills
magnetic gauge potential in this ansatz are described by
Q o d—1
(@ _ W@ 15 .2 2
AV = TzC(l)(j)a: da’?,r* = ;xl, (4.11)
where the constant () is associated with the Yang-Mills magnetic charge and 2 < j+1 <
[ < d— 1. Therefore, the symmetric stress-energy tensor (4.9), with

n(n—1)Q* _ (d—2)(d-3)Q?

T = = 4.12
o T (4.12)
becomes
Tlay — flfrqdmg[l 1,6 ¢, ¢c=(1- 4q (4.13)
'LL 2 ) ) ) L) ) (d _ 2) * *
Now we consider the dark fluid with non-linear equation of state pyy = —B/pqr, where B

is a constant. For spherically symmetric d-dimensional spacetime geometry, the stress-

energy tensor corresponding to the dark fluid can be defined as

. ) J )
T = 1), T = 0, T = A() s+ 6(r)a]. (4.14)
If we consider isotropic average over the angles
, rpr™?
[rir’]a = ——" (4.15)
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we can get

wy (AW G oy B »
T = (5 + 000 )l = py )8! = ——-2. (1.16)
Using the condition of staticity and spherical symmetry, ﬁ(df - ﬁ(df = —paf(r), in

Eq. (4.16) we have the following expressions

TI(r) = —pas (1),
(d—Dpy | (d=1)B

(d=2) " (d—2)py’ (4.17)
Pdf (d-—1)B

)= " U2y

Ar) = —

So, the other angular components of the stress-energy tensor are calculated as

02 - 0q—2

o _ Hdbe __ df)pae _ Pag(r)  (d—1)B
T =T - Td-2 (@20 19

Let us introduce the metric function f(r) in line element (4.5) as
fr)=k—=rV(r), (4.19)

where the function V(r) is related to the polynomial
S
PV (r)] =Y a@V?(r), (4.20)
p=0

whose coefficients @, are defined as

= ——20  _H =1
0 (d-l)(d-?), 1 ;

12_])[ (4.21)
ap = | |(d—1i)ay.

1=3

The general expression for @, in (4.21) holds only for p > 1. By using the above
components of the stress-energy tensor, 7, = T,L(,(f ) +7L(5f ), in the Lovelock field equations

(4.3) we obtain the differential equation for energy density of the dark fluid in the form

dpg | (d=1) _ B(d-1)

4.22
dr T a T Pdf ( )

which can be solved to give

S2
par(r) =\ B+ 555, (4.23)

where, S > 0 is the constant of integration. It is clearly seen that this is valid in

any particular Lovelock gravity theory and the energy density of the dark fluid will
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still satisfy the same differential equation (4.22). Furthermore, we can see from Eq.
(4.23) that in the limit r — oo, B approaches the value v/B, which implies that at large
distances from the gravitating object the dark fluid behaves like a cosmological constant.
Similarly, when we use the above information of matter sources and the line element
(4.5) in gravitational field equations (4.3) we can obtain the polynomial equation for the

magnetized black hole as [212]

_ oM (d—2)7"(d - 3)1Q
P[V(T)] = (d— 2>2d727'd_1 + (d —4q — 1)7’4q (4 24)
2rl—d d—1 52 - 5 |
+<d_2><d_1>[’" de_z_sarcsm(W)},

which is satisfied by function V' (r) and hence by the metric function f(r) as well. Note

that M is an integration constant associated with the black hole mass and

(d—1)
2 2

is the volume of d —2-dimensional hypersurface. Next we will discuss thermodynamics of

Sg_s = (4.25)

Lovelock black holes generated by polynomial equation (4.24). For this we will calculate
different thermodynamic quantities as a function of the event horizon r; which satisfies

the equation f(ry) = 0. So, using Eq. (4.19) we can write

k
2
ry = . 4.26
V() (4.26)
Thus, the total mass in terms of horizon’s radius r4 is given by

_ S @ kP(d — 2 — 29 (d — 3)1024

W o D Z%k(d ) (d=2)9(d—-3)1Q* 2
2 —~ TJ—r(d—Qp—l) (d—4q — 1)riq_d+1 d—1
P~ (4.27)

d—1 52 : S
x| 7y B—l—TE_dﬁ—Sarcsm W )
+

The Hawking temperature of Lovelock black holes governed by the polynomial equation
(4.24) in terms of surface gravity k is given by Ty = /2. Thus, we use the surface

gravity to obtain the Hawking temperature

i 1 [Z apkP(d—2p—1) (d—2)171(d - 3)1Q%

AW (ry) =0 Ty N Ty

2+l Ig+1
2 52
2 Ipx_ 2
(d—2)rs " Tid_Z] ’

(4.28)
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where W (ry) is defined by
Z b O‘pkp_ . (4.29)

The entropy of the black hole is given by

:/C; / —ldM (4.30)

Now, differentiating the mass (4.27) with respect to r4 we obtain

dM _ Bq [i apkP(d —2p —1)(d —2) (d—2)9(d — 3)1Q*

dre 9 —(d—2p—2) B 4g—d+2

[ g2
d—2
—2ry B—l—er 2}
+

So, using the above value of Hawking temperature (4.28) and Eq. (4.31) we can obtain

(4.31)

the entropy in the form as follows

ap kP—1
S=2n(d—2)Se QZ 72 = (4.32)

This form of entropy shows that in Lovelock gravity, magnetically charged black hole
in the presence of dark fluid does not obey the Hawking area theorem. This behaviour
is very similar to the electrically charged black holes obtained recently in Lovelock

gravity [213].

The heat capacity of the black hole can defined by the relation

Ch =

M dM <dTH)_ (433)

dTH - dT+ dT+

So, by using Eq. (4.31) and Hawking temperature we get the heat capacity in the form

27T2d_27"fl~_711[)1 (ry)

Cn = (4g+1)(d—2)7-1 (d—3)1Q24 ’ (4.34)
W(T—i—) T4+q+2 + wg (T+) + 21/)2 (T+)
where
kP (d—2p—1)(d—2) (d—2)I(d—3)1Q%
Pi(ry) = 2T - AT
i - " (4.35)
2 S2
S, B + ,
ry id—Z
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s — 91p-1 -1 2 2
Gk [ (-2 -t 2 s
wQ(T‘_A,_) = Z P 2p+1 |:_ 4q+1 N (d — 2)7" B+ r2d-2
p=0 T+ "+ " "
: ( | (4.36)
apkP(d—2p—1
+ Z L 2p+1 :| ’
p=0 "+
9 82 2(d—1)8? s2 \ 7
- * _IB B+ 5is
valre) = 5= 2z |7 p2=2 (g — 2)r2 ( " ri“)
(4.37)
°\ @pkP(d —2p —1)(2p + 1)
- Z 2p+2 )
p=0 "

Note that the heat capacity is significant in the sense that thermal stability of black holes
is dependent on the sign of heat capacity. The region where this quantity is positive
indicates that the black hole is stable whereas negativity of heat capacity corresponds
to the unstable thermodynamic system. The point at which Hawking temperature and
heat capacity change signs indicates the first order phase transition while the point at
which heat capacity is not convergent corresponds to the second order phase transition
of black hole.

4.2 Magnetized Einsteinian black holes surrounded by dark
fluid

Here we determine the metric function corresponding to magnetized Einsteinian black
holes in diverse dimensions where the higher curvature terms are neglected by considering
the coefficients a;, = 0 for p > 2 in the action function (4.1). Note that, these black holes
are also surrounded by dark fluid and the source of gravity is again the power-Yang-Mills
field. Therefore, using this assumption we obtain the metric function for £ = 1 from the

polynomial equation (4.24) as

_ 60 (-2 2
f(r)_l_(d—2)zd727“d_3_ (d_4q—1)7“4q_2 +(d—2)(d—1)

. 5 d—1 52 agr®
X(Sm%m<vgﬁl>‘”’ ¢;+rw2>+(d—nw—2V

where we have used the value M = 87M. Choosing d = 4 and ¢ = 1, the above metric

(4.38)

function becomes




which is now the metric function for an anti-de Sitter black hole of Einstein-Yang-
Mills gravity surrounded by dark fluid which satisfies a non-linear equation of state.
If we choose B = S = ap = 0, then the metric function obtained corresponds to
the familiar Reissner-Nordstrom like black hole with Yang-Mills magnetic charge. Eq.
(4.38) shows that the resulting solution has the behaviour of a non-asymptotically flat
spacetime, however, by choosing oy = 2v/B, the solution represents an asymptotically

flat spacetime.

In general, the Ricci scalar and Kretschmann scalar for the line element (4.5) are given

R(r) = [(d —2)(d—3) <> — 2 dr]’ (4.40)

and

K(r) = [Q(d —9)(d—3) (l‘“m)z - @j{)z L 2Ad=2) (jﬁﬂ . (4.41)

r2 r2

So, by using the metric function (4.38), one can clearly see that both Ricci and Kretschmann
scalars diverge at r = 0, which confirms that the resulting gravitating object is basically

a black hole. In d dimensions the mass of the black hole as a function of the event
horizon r4 is given by

Taa [00rt (d - 2)1(d — 3)1Q%

+(d —2)rd3 —
2 (-1 T g e

(4.42)

2

S S
e d—1 e . e
l 1<7a B+ /,12d 2 Sarcsm(\ﬁrd 1>>:|

The plots of mass as a function of horizon radius ry in different dimensions are shown in
Fig. 4.1 which shows that for large values of 7 it is increasing and for very small values
it becomes undefined. Fig. 4.2 shows the plot of the metric function for different values
of d. The point where the curve touches the horizontal axis indicates position of the
black hole’s horizon. Using Eq. (4.39), we obtain the Hawking temperature Ty = x/2m

in this case also in the following form

ri [ ag (d—3) (d—2)71(d-3)1Q%* 2 S2
Ty =— - — —— 1. (44
T~ 4 (d—2) * r Tiq—Q (d—2) + rid—Q (4.43)
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FIGURE 4.1: Plot of function M (Eq. (4.42)) vs r for fixed values of @ = 100, B = 0.1,
Yq4_2=50,5=0.5 ay=1and g=0.2.
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FIGURE 4.2: Plot of function f(r) (Eq. (4.38)) for fixed values of M = 10, $4_» = 50,
ag=1,Q =100, B=0.1, S =0.5 and ¢ = 0.1.

Fig. 4.3 shows the behaviour of Hawking temperature of Einsteinian black holes for
different values of d in the indicated domain of r;.. The point at which the curve inter-
sects r1-axis indicates the first order phase transition of black hole and the region where
temperature is negative shows that the black hole is unstable. Now, by differentiating

Eq. (4.42) with respect to r we have

dM  X4_9 _ _ 52 _
dr_2|:a0'rfl|_2—27"12 B+m+(d_2)<d—3)7q_d|_4
* Voo (4.44)

O R Lal)

4q—d+2
T+
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FIGURE 4.3: Plot of temperature Ty (Eq. (4.43)) vs 4 in small domain of r for fixed
values of g =1, @ =100, B=0.1, S = 0.5, X432 =50 and ¢ = 0.1.

So, by using Eq. (4.44) and the expression of Hawking temperature (4.43) we get the

entropy in the form
S = 2184 _ord72, (4.45)

which clearly indicates that unlike the case of Lovelock black holes, here entropy satisfies

the area law. Differentiation of Hawking temperature yields

dT'y

1
d7"+ |:(d 2 + rid 2

(4.46)

2 4q

3—d+ (4q — 1)(d —2)471(d — 3)qQ2q]
Ty L

The heat capacity can be obtained from the general formula (4.33), by using Eqgs. (4.43)-
(4.46), in the following form

2m(d — 2)r? 2
Cy = r(d—2)ry [agri_Q - 27’1_2 B+ 26;_2 + (d—3)(d—2)ry
‘1/(7”+) Ty
(4.47)

(d—2)1(d— 3)‘1@21
o 4q—D+2 ’
Ty

S2 252 4 2d
U(ry) = ap(d—2)(3 —d)yri —2r3, B+ 2d2
B+ 2d 2

4q — 1)(d d— 2
+(q 1)( 4+3)2( 3)1Q™

where

(4.48)
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FIGURE 4.4: Plot of function Cy (Eq. (4.47)) vs 4 for fixed values of ap = 1, @ = 100,
B=0.1,5=0.5and ¢ =0.1.

The graph of heat capacity is plotted in Fig. 4.4. Note that the black hole is stable in the
region where both Hawking temperature and heat capacity are positive. The points at
which heat capacity gives indefinite values and diverges implies the second order phase

transition of black holes.

4.3 Magnetized Gauss-Bonnet black holes surrounded by
dark fluid

In this section we will work out magnetized black hole solutions of Gauss-Bonnet massive
gravity. For this we consider o to be non-zero and o, = 0 for p > 3 in the action function
(4.1) and choose k = 1 in the polynomial equation (4.24) to obtain the expression for

the metric function in two branches as

2
Fo(r) =1+ 2% (1 + \/H(r)>, (4.49)
2
where H(r) is given by
B dapain 8o M 42 (d — 2)971(d — 3)1
Hr)=1- (d—1)(d—2) + Yg_o(d —2)rd-1 (d—4q —1)r4a (4.50)

8&2 d—1 S2 . S
+ (d—2)(d— D)rd T (7‘ \/| B+ o7 S arcsin JBra1))

The asymptotic value of fi(r) in the limit 7 — oo is given by

- 2 45 (g — 2v/B)
fi(r)—1+m2(1i\/1— (d2_;))(d_2) ) (4.51)
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This expression shows that for any positive value of @y the function fy(r) represents
anti-de Sitter spacetime for oy > 2v/B and de Sitter for oy < 2v/B. For negative values
of the coefficient @s, this positive branch represents de Sitter spacetime for ay < 2v/B,
and for the range ag > 2v/B it yields anti-de Sitter spacetime. Similarly for positive
values of @y, the negative branch f_(r)represents de Sitter for ag > 2v/B and we get
anti-de Sitter for ag < 2v/B. However, for negative values of @y, the negative branch
yields anti-de Sitter for ag > 2v/B and de Sitter for oy < 2v/B. We choose the physically
meaningful metric which approaches to the well known Schwarzschild metric of Einstein’s
theory when the effects of the cosmological constant and other gravitational sources are
absent and there is only a central mass, then the positive branch fi(r) is not workable.
Because the metric solution needs to be real-valued, we must take those values of r for
which the function H(r) in Eq. (51) is non-negative. Now it is possible to find the root
rp of equation H(r) = 0 for given values of M, @ and B. This root r = ry is called a
branch singularity [214,215] which makes the metric function f_(r) well defined in the
interval [r,00) because H(r+) = (1 + 2a3/r3)%. This leads us to the observation that
there exists branch singularity 7, for the metric function f_(r) having inner horizon r_

and outer horizon r, for which the inequality r, < r— < 7 is satisfied.

Like the previous case of Einsteinian black holes, here also one can easily verify that
both the curvature invariants have singularity at » = 0. This can be done by using
the metric function (4.49) in Eqgs. (4.40)-(4.41). Thus, we conclude that our resulting
solution (4.49) of Gauss-Bonnet massive gravity also describes black hole. The mass of

this type of black hole in terms of horizon radius is given by

M

5 +(d—2)rd=? —

Zeafmi) ot (@ = 2(d 3™
rod (d—1) (d—4q— 1)7’iq_d+1

4.52
2 /. 2 , s (452
_ﬁ T_,’_ B-{-@—Sarcsm W .

Fig. 4.5 shows the graphs of the mass function as a function of the horizon radius in
different dimensions. Each of the plots indicates that there exist possible negative values
in the range of M associated with different values of r, which do not corresponds to the
horizons of the black hole. However, there also exists an upper bound on mass below
which the associated value of r represents the black hole event horizon. The metric
function f(r) is plotted in Fig. 4.6 for fixed values of parameters in different dimensions;
the point at which the indicated curve intersects the horizontal axis gives location of the
event horizon dependent on the given fixed values of parameters in the metric function.

Similarly, the Hawking temperature of the obtained Gauss-Bonnet black hole is given
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FIGURE 4.5: Plot of function M(ry) (Eq. (4.52)) for fixed values of @ = 10, B = 0.1,
Y4-2="50,5=0.5 ay=1,a, =2and ¢ =0.1.
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FIGURE 4.6: Plot of function f(r) (Eq. (4.49)) for fixed values of M = 100, @ = 0.10,
B=01,%5=50,8=05 ay=0.1,a, =2 and ¢ = 5.

The behaviour of Hawking temperature of Gauss-Bonnet black holes for different values

of d is shown in Fig. 4.7. This graph shows that for the chosen values of parameters it

is possible to obtain these types of black holes that are thermodynamically stable. Note

that, for any fixed values of the parameters of matter sources in their respective ranges,

the temperature as a function of ;. can be plotted. The region where the temperature
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FIGURE 4.7: Plot of function Ty(r4) (Eq. (4.53)) for fixed values of @ = 0.10,
B =10.1, £4_2 =50, S =05, ap = —5, @z = 2 (Solid line), @z = 6 (Dotted line),
@y = 12 (Dashed line) and ¢ = 5.

is positive for some values of these parameters the black hole is stable otherwise it is
unstable. Further, it is clearly seen that stability increases with the dimensionality of

spacetimes.

Now, differentiating Eq. (4.52) with respect to r; we have

dM 4 2 ik
A Zd2 [az(d =2)(d=5)r{C + (d=2)(d = 3)r" — 55| B+ 555
. 5 g Ty
(4.54)
Q% (d —2)7(d — :ﬂ
- 4g+2—d ’
Ty

So, by using Eqgs. (4.53) and (4.54) in Eq. (4.30) we get entropy for the Gauss-Bonnet

black hole as
n 209
d—4)’

which clearly shows that in this case also the area law is not satisfied (as is the case in

(4.55)

2
d— r
S =2(d —2)7¥g_ore 4<d_+2

any other Lovelock black holes). Differentiation of Eq. (3.54) gives

dTy ri dx1 rexi(ry) 1 azx1(ry)

d - - d - 2 _ 27 .
Ty 47r<1+%2‘2> T 27r<1+%2‘2> drrd 7r7‘+(1—|-m2> (4.56)
T+ Ty r_2‘_

where
ag(d — 1) d—1 [} 2 S2
pu— - B a1 o
x(r+) e + r? (d—=2)ry (d—1ry T rid_Q (4.57)
(d— 2)91(d — 3)9Q% '
- LAgt J
+
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dyi _ 5ap(1—d) N 2(1—d) @ Q%1 (4g + 1)(d —2)71(d — 3)¢

4q
dr+ 7"+

7 gAY
L2 B . *+ 062 (4.58)
d—1 2 2d—2 :
( )T+ T+ T?i»d B + r??iZ

Finally, using the quantities calculated above, the heat capacity of our Gauss-Bonnet

black hole can be expressed in the following form

u 2
2Sard (142 ) [xalr) + (@ = 2)(d = 3 afd = 2)d =5yt

Chg = 5 , (4.59)
[ri (1 + 27”02;2> 3%1 + 2r3 x1(r4) (1 + 2;5) + <1 + 2;5) + 4a27“+x1(r+)]
where
52 (d —2)9(d — 3)1Q*
x2(ry) = ~aa B+ e T . (4.60)
+ + T+

The graph of heat capacity is given in Fig. 4.8. The phase transition points are clearly
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FIGURE 4.8: Plot of function Cy (Eq. (4.59)) vs 4 for fixed values of @ = 0.10,
B =10.1, Z4_2 =50, S =05, ap = —5, @z = 2 (Solid line), @z = 6 (Dotted line),
@y = 12 (Dashed line) and ¢ = 5.

visible in each case, i.e., the points at which heat capacity changes sign represent the
first order phase transition of the black hole and the point at which it diverges represents

the second order phase transition.
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Chapter 5

Magnetized topological black
holes of dimensionally continued

gravity

In this chapter, a large family of topological black hole solutions of dimensionally con-
tinued gravity are derived. The action of Lovelock gravity is coupled to the exponential
electrodynamics and the equations of motion are solved in the presence of a pure mag-
netic source. We work out the metric functions in terms of the parameter 8 of expo-
nential electrodynamics, and magnetic charge. Further, we couple Lovelock gravity to
power-Yang-Mills theory and construct black holes, in diverse dimensions, having Yang-
Mills magnetic charge. We also discuss the asymptotic bahaviour of metric functions
and curvature invariants at the origin for both the models. The thermodynamics of re-
sulting magnetized black hole solutions in the framework of two different models is also
studied. The thermodynamic quantities like Hawking temperature, entropy and specific
heat capacity at constant charge are found and we show that the resulting quantities
satisfy the first law of black hole thermodynamics. We also study the magnetized hairy

black holes of dimensionally continued gravity.
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5.1 Topological black holes of DCG coupled to exponential

electrodynamics

5.1.1 Magnetized black hole solution

The action function for Lovelock gravity with exponential electromagnetic source [145,

198,216] in diverse dimensions is written in the form

n—1

1 « Vop— 1V
1= T6rc / dv/=g [Z o Ot ay BN Ry i, + Leap(F) |, (B.1)
p=0

where £¢,,(F ) is given by Eq. (2.1), G is the Newtonian constant while d = n + 2 such
that n is a natural number. The coefficients «;, in (5.1) represent arbitrary constants,

however, in the particular case of DCG, they are chosen in the form

d—2p—1)!
Oép:Cn_l ( p )

P(d— 2D (5:2)

where [ is related to the cosmological constant. It is important to note that DCG becomes
Born-Infeld theory in even dimensions and Chern-Simons theory in odd dimensions [24,
25]. Varying (5.1) with respect to the electromagnetic potential A, yields the equations

of motion of nonlinear electromagnetic field

0, [\/TgFW (1 - 5F> exp (—BF)] = 0. (5.3)

After taking the variation of the action (5.1) with respect to the metric tensor, g, , one
can arrive at the equations of gravitational field

n—1

o AL _
p VAL 2p PP1P2 P2p—1P2p __ v
Z op+1 6“"1"‘”2? R)\l)\2“.R)\2p71)\2p - 7; ’ (5'4)

p=0
where T takes the form similar as Eq. (2.3).

According to the causality principle [145,198,216] the group velocity of excitations in
the background should not exceed the speed of light or we can say that tachyons will
not appear. This principle will hold if 0L/9F < 0. Now from (2.1) we have

0Lexp
or

= (BF — 1) exp (=BF), (5.5)

68



which shows that causality is satisfied for our model if (3F — 1) < 0. This gives us the

requirement for the case of pure magnetic field in d-dimensional spacetime

r< (BZQQ) o (5.6)

According to the unitarity principle the norm of every elementary vacuum excitation will
be positive definite, which means (9€ezp/0F + 2F 0?Leqp/0F %) < 0 and 9*L/OF? > 0
[145]. Thus, this principle holds if and only if

0.44\ 221

The WEC is fulfilled if and only if the relations p > 0 and (p + P,) > 0, where
m=1,2,3...,d — 1 are satisfied. Note that, p represents the energy density and F,, are
the principle pressures for each m. Thus, using stress-energy tensor (2.3) it can easily
be verified that WEC is satisfied if and only if (5.6) holds. From Eq. (2.3) it is also easy
to verify that the DEC and SEC are also satisfied for our model if and only if

7,,2d—4 S ‘

2
— . 5.8
50? | (5.8)
Note that, DEC guarantees that the speed of sound does not exceed the speed of light,

while SEC says that there cannot be acceleration of the universe in the framework of

exponential electrodynamics coupled with DCG.

As the action of Lovelock gravity (4.2) is the sum of the dimensionally extended Euler
densities, it is shown that the equations of motion do not contain more than second order
derivatives with respect to the metric tensor. Moreover, the Lovelock gravity has been
shown to be a ghost-free theory when expanding on a flat space, avoiding any problems
with unitarity [217]. Here, note that although the Lagrangian density corresponding
to Lovelock gravity contains some curvature terms with higher order derivatives, in
essence it is not a higher derivative gravity theory because its equations of motion do
not involve terms higher than second derivatives of the metric. From this it becomes
clear that the Lovelock gravity is a ghost-free theory [218]. The action function (4.2)
looks very complicated due to the presence of so many terms. However, spherically
symmetric static black hole solutions can be found [219] with the help of a real root of
the corresponding polynomial equation. As the gravity (5.1) contains many arbitrary
coefficients «, it is not trivial to obtain physical information from the solution. Some
authors [72-74] choose a special set of coefficients (5.2) which make the metric function
simpler. These solutions could be described as spherically symmetric solutions. Further,

the black hole solutions having nontrivial horizon topology in this theory with the special
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choice of coefficients have been studied [75,220].

Here we determine the magnetically charged static black hole solution of DCG. For this
we assume a pure magnetic field such that E = 0, which yields from Maxwell’s invariant,
the form f = (B(r))2/2 = Q?/2r?**, where Q represents the magnetic charge. Now,

the general static and spherically symmetric line element [221] can be considered as

dr? S
ds® = —f(r)dt2 + —— + r2(h;;dzida?), (5.9)
f(r)
where hijdxidxj is the metric of n-dimensional hypersurface having constant curvature.
Now using the above line element and substituting (2.3) in Eq. (5.4), the equation of
motion becomes [219,222]

d[&= ! (k= f(r)\ —BQ*\( BQ' @
dr [Z 2 Zp 2 — 1) ! <7~2(T)> ] = 32mGexp (2r2d4> <27~4d8 N 2r2d4>’
" (5.10)

where k = 0,1, —1 associated to the codimensions-2 hypersurface with planar, spherical

and hyperbolic topology respectively. If we chose o, from Eq. (5.2), that is, for the case
of DCG, the above equation becomes [219,222]

df g1 k—f et —BQ? BQR* Q?
ar [Td 1(12 + 742(r)> } = 64mGexp <2r24—4> <2T4d—8 - 2r2d—4>' (5.11)

Integration of the above equation with respect to r yields

r2 167Gm b4 rGQT3 Bt 2d—5 pBQ?
= r
f(r) 12 + T I:T’d_lde + Td_l (d 2)2 éd lgdrd 1 < <2d o 47 2T2d_4>

1
4d -9  BQ? =3
r 5.12
(2d 4’ 2p2d—4 ’ ( )
where m is a constant of integration which is associated to the Arnowitt Deser Misner
(ADM) mass of black hole, ¥.;_5 represents the volume of n-dimensional hypersurface.
The reason for the appearance of additional constant d4 in Eq. (5.12) is that one can

expect the horizon of the black hole to shrink to a single point when m — 0 and the

function I'(s,x) is the incomplete gamma function.

It is worth mentioning here that black strings and black branes can be thought of gener-
alizations of black holes and they play a significant role in the AdS/CFT correspondence.
It has been rightly pointed out [77] that while it is easy to construct black brane and
black string solutions in the vacuum Einstein gravity by adding Ricci flat directions to
Schwarzschild and Kerr solutions, it is nontrivial to obtain such solutions in Lovelock

gravity, and numerical and other techniques have been used to construct such solutions.
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Now we discuss the asymptotic behaviour of the metric function at r = 0. We take k =1
here (the cases k = 0, —1 can be studied in a similar manner). Thus for even-dimensional

spacetime, the asymptotic value of the metric function becomes

7-2 1 5d 2 ™G _ﬁQ2
=1 s 35—3 2k—5 i 2s5s—5
Jr) =145 —m [T Tes—3)"  Tmes—3)2s—2) P\
1 20s—21 5—4s 14s5—15
32r71(3 —25) QT22 a1 Basar®sTs Q2o +O(r105-12)
B(2s —2) 4s — 4 r2s ’
d=2ss=1,2,3.... (5.13)
Similarly, for odd-dimensional spacetime we have
r’ 1 0d,25+1 G —-5Q*
=1 L 555 | .25—4 25+ 2s—4
fr) =147 —m [r Toms—10 Tam—nes—1 P e
1 20s—11 3-4s 1458
647’25—3(1 — 3) Q28—32 4s—2 /843—2 r6s—5 Q22 25—1 " O(r108—7)
B(2s —1) 4s — 2 r2stl ’
d=2s+1,s=1,2,3.... (5.14)

From the above asymptotic expressions, it is clearly seen that for the case of even-
dimensions, metric function f(r) is finite as r — 0 for all values of s > 3. For the case
of odd-dimensions, f(r) yields finite value for all s > 2 at the origin, while at s = 1 the
function is infinite. The event horizons can be found by solving the equation f(r;) = 0.

From Eq. (5.12), we can write the ADM mass of the black hole in the form as

m = @ l + ﬁ 3 o 5d
- 16nG \2 167G
1 5-2d
_ Qd722d_252d74 r 2d — 5 5@2 or 4d — 9 LQZ
(d— 2)2% 2d — 47 op2d—4 2d — 47 2,24 ) |

(5.15)

From Fig. (5.1) it is clear that there exists a minimum value mey of m which cor-
responds to an extremal black hole. Extremal black holes are the black holes whose
horizons coincide, which can be obtained by solving f(r) = 0 and df /dr = 0 simultane-
ously. For ry = 0, m takes a finite value mg for d > 3. If mey < m < my, there are
two horizons, if m > my, there is a single horizon and if m < me,, there is no event
horizon. In Fig. (5.2), the point where curve touches the horizontal axis indicates the

position of the event horizon.

In general, the Ricci and Kretschmann scalars for the line element (5.9) are given by
Egs. (4.40)-(4.41), respectively. For arbitrary value of d the metric function (5.12) gives
very lengthy and complicated expression for the Ricci scalar which we cannot write here.

Avoiding these lengthy calculations we discuss the asymptotic behaviour of curvature

71



FIGURE 5.1: Plot of function m [Eq. (5.15)] vs 4 for fixed values of @ = 0.01, 8 = 0.01

and [ = 1.
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FIGURE 5.2: Plot of function f(r) [Eq. (5.12)] vs r for fixed values of m = 10, @ = 0.01,
B=0.01and [ = 1.

invariants for d = 5. Differentiating (5.12) for the 5-dimensional case we can write

gzg_ﬂf[ad,ﬁlmw(r(g,gfj) —2F<2,€?§)>]3
r3

4 55 —BQ2 5\\ ' Q2B /. /11\\ "
st (SE)(()) 52 (0(5)) )

5 20 1 5 BQ? 5 BQ?
— (3845 + 48mm)Bor® — 20 7 Q351 <F<6’ 2r6> - 2F(6’2r6)>]

. 5 BO? 5 8Q2\\] "
0 (0(252) - (22" e

=g

x [(35d,5 + 48mm) 35 + 2
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Similarly, the second derivative of the metric function is

2f 2 2 1 327Q2B5I0 3202 35500
*d,ig:ﬁ— il + QB =+ s+ —, (5.17)
3373 rs 115 357“51_15’ I}

where

29 1 —5 2
I, = 36,5 + d8mr + 25 Q5 3% (r(é 52@6 > 2r<2 B;?) (5.18)

)
e (G (0 () () () o
() o 580 22) (3 2))

6’ 2r6
(5.20)

84mQ? 1IN\ '/ /5\\ -BQ
st S () 0 ) e (29

x [Q25F<Z) —rﬁr(lgﬂ 125 7Q387T [r(é 52%2) 2F<2 fiQQﬂ (5.21)

2 2
T5 = 36,5 + 48mm + 25 1Q3 8% [F<2 ﬁﬁ) QF(Z, g%)] , (5.22)
2
H6:967TQzexp< f? M L¢P ] — 12645
() ()
—192mm — 25 7Q3 8% <F <2 i?j) - 2F<Z, i?:)) (5.23)

Using the above values in Eq. (4.40), we conclude that R(r) — oo as r tends to zero.
This shows that our resulting solution has a true curvature singularity at the origin

= 0, which indicates that our solution represents a black hole. Furthermore, the
metric function f(r) given by (5.12) becomes infinite as r — oo, which means that it

represents non-asymptotically flat spacetime [216].

5.1.2 Thermodynamics of black holes of DCG with exponential mag-

netic source

The Hawking temperature of the black hole is given by

Th(rs) = 55 = SEIGE]TS = ZEIGE W), (5.24)
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where

1 5-2d
167rGm dd 7GQd—2 B2d-1
G(T-i-) = d—1 + d—1 + 21—10d H(T+)7 (5'25)
Yd—ory s (d—2)22d-1 Td+ !

167Gm(1 —d)  (1—d)sy 7GQT2(1 — d)B31H(ry)
d + d + 21-10d
a2 e (d—2)272a-1 pd

2 2 3d—7 9-4d
Lo LG < - 25224> <(2d — 4t (4 2d)ﬁ2d2ﬁ(§-26)

— €
(d —2)ry"™" ¥

and

2d-5 pQ >—2F<4d_9 pQ” > (5.27)

H(ry) =T 2272 P
(T+) <2d_ 4’ 27%:[_4 2d — 4 QTid_4

To obtain the expression for heat capacity, we first find the black hole’s entropy. A
consistent approach which is very fruitful in getting conserved charges of a black hole
was put forward by Wald [127,128]. Black hole thermodynamics can be developed by
using the derived conserved quantities. This Wald’s formalism is applicable in general
diffeomorphism-invariant theories and even in those types of theories where higher order
derivatives are found. Wald’s formalism has been helpful in studying thermodynamics of
black holes in different theories, for example, Einstein-scalar theory [223,224], Einstein-
Proca theory [225], Einstein-Yang-Mills theory [226], gravity with quadratic curvature
invariants [227], Lifschitz gravity [228] etc. In our work too i.e. the case of DCG we use
the general formalism of Wald for obtaining the black hole’s entropy. Hence the Wald
entropy for our solution (5.12) is defined by

S = —27rfd"a:\/ﬁa£6,wep)\
0 NN
d—3)Sg ort [k 1\*3 d 8—d —r?
= ()—d27”+ -+ = 1=, ——, "+ ’ (5.28)
4kG(6 —d) \ri 12 27 2 kl?

where €, is the normal bivector of the ¢t = const and r = r, hypersurface such that
ep)\ep)‘ = —2, I} is the Gaussian hypergeometric function. The magnetic potential

conjugate to the magnetic charge @ is given by

)

L om Sa Xp( 8Q? ){ 20 zﬁQB]zd_gQi"%ﬁmH(m (5.20)

= — = e —
"oQ  (d-2) 2rid*4 ridig‘ ridfg (d— 2)22%
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Using the thermodynamic quantities obtained above, we can now easily confirm that

the first law of thermodynamics
dm = TydS + ©,,dQ), (5.30)

is satisfied. Now the specific heat capacity at a constant charge () is given by

oS

Cyg=Tyg—1/o- 5.31
n=Tugr-lo (5.31)
Differentiating (5.24) we get
Ty 1 G(ro)Ts ry dG ()
ory 27l? 27 o(d — 3)G(r+)% dr
= d—2)r? d
- <T+G(T+)d_§ + ( )r_'_ 2d—5 G(T+)>W(T+)
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471'(3 — d)G(T’+) d-3 +
5 a—2
r4G(ry) a3 dW(ry)
— 5.32
41 dT+ ’ ( )
where
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d = d d + sigog | (L —)H(r4) + 74 d T )
Ty Yg_ar rey (d— 2)7"12 2d—4 r+
(5.34)
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Putting Egs. (5.24), (5.28) and (5.32) in the general expression of heat capacity (5.31)

we obtain

d

O = (5~ 617 - il w)

U

<d—@2wwizwm(1 1>di

omi2  2m 4 AG6—d)X(ry) \r2 2
(5.36)
where
d 8—d —r2](d (d—3)r2? 2r.d d+2 10—d —r?
Z(T+)—F1 180 o 2+ — ( 2 )JQF D) + 12, ) ) 2+ )
27 2 l Ty i +1 12(8 —d) 2 2 l
(5.37)
and
1
1 G(ry)d—s T dG(r r d—2
X(ry) = 5oy - L ; dztf”—(;emws
m m 2m(d — 3)G(ry)d3 4+ m
d—2
(d—2)r? dG(r r2G(ry)d=s dW(r
+ - 2d—5 d( +) W(ry) — + 4+ d( +). (5.38)
Am(3 — d)G(ry) ¢-3 T+ ™ T+

The above Eq. (5.36) represents the general expression for black hole’s heat capacity
for any value of nonlinear electrodynamical parameter 5. The black hole is stable if the
Hawking temperature and heat capacity are positive. The black hole becomes unstable
in the region where Hawking temperature or heat capacity become negative. The point
at which the sign of Hawking temperature changes corresponds to the first order phase
transition of black hole. The maximum of Hawking temperature identifies the second

order phase transition since the heat capacity at that point is singular.

5.1.3 Hairy black holes of DCG with exponential magnetic source

The action describing Lovelock-scalar gravity with nonlinear exponential electrodynam-

ics source [216] is defined by

n—1
1 « e l2p b vy 103y
B 167G /ddx\/jg[z 2755511...522;7 <aPRu11u22"'Ru22plm22p
p=0
i 16”Gbp¢d4pSZiZZ~-SV2p_W2p> + ARG (F )]7 (5.39)

where £c,,(F ) corresponds to the Lagrangian density describing the exponential elec-

tromagnetic field [145,198]. The second term in the integrand which contains ¢¢—*?
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denotes the Lagrangian density of the scalar field, where [229]

S0 = GPRLE — 20057106056 — 46620,10°00 + 4850,00%9.  (5.40)

Note that, by putting the scalar function ¢ equal to zero we get the action function

defined in (5.1). The matter tensor corresponding to the scalar field is given by

bp
opt1

d—4p VA1 A2 A2p qp1p2 P2p—1P2p
(b 5#P102---P2p S)\l)\g"'S)\gpflkgp' (541)

Thus the equation of motion for the scalar field becomes

d—

w

bp(d —2p) g ap 1 Mra A _
Tl S S e = 0. (5.42)

i
o

Taking variation of (5.39) with respect to the metric tensor, the field equations are
obtained in the form [219,222]

n—1

> %5;2;;;;2551%;’1’;22 R = 167 G[TY M 4 167G [TV, (5.43)

p=0

where [E”](M ) corresponds to the stress-energy tensor of exponential electromagnetic
field and «; corresponds to the value defined as in Eq. (5.2) so that the Lovelock
gravity becomes DCG. If we take the scalar configuration as [230]

==, (5.44)

the equation describing the scalar field becomes

d—3 o 2 2
> N = 745)

Using the assumption of pure magnetic field and substituting Egs. (5.41) and (5.42) in
Eq. (5.43) we get the metric function in the form

2
fr) = k+T—T2|: 16mGm 327TY+ dd

12 Ed,QTd_l Td 7,d—l
rGQT2R [ (2d— 5 BQ? 4d—9 BQ? =
r —or( —=, 2 5.46
+ (d_2)22§;191d < <2d—4’ 2r2d_4) <2d—4’ 2r2d_4>)} { )
where we have \
.\ (d—2)! 4
Y = prmz\r P, (5.47)
p=0
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Now we investigate the asymptotic behaviour of metric function (5.46). In what follows,
we take k = 1 and the cases £ = 0, —1 can be studied in similar manners. Thus, for the

odd-dimensional spacetimes we obtain

3—4s 2s2—s-—2

72 1 327TYT1%3 5d,25+17"z%§ WGQ2317—1ﬁ437—27- s—1
’ 1+ 2 -1 9 1 21—205—10
m(s—1) = 2m(s—1) (45 92)(s — 1)m2" a2

2 s 4 OTims p3—4s
X exp —o¢ 2% 218 53 P —
2r4s72 )\ gz @zt 4s — 2 52;45 Q%fo 7

d=2s+1,5=1,2,3.... (5.48)

Similarly, for even-dimensional spacetime we have

5-4s  4s2—6s—2

9 2 25—5 1 4

327Y r3-2s ) 25—3 G(2s—3 B4(—1) 25—3

f(T) =1+ - mQSl_S |:1 T + d,2s7 + meQ b z 21—10s
25 —3 m(2s — 3) 2(s — 1)(2s — 3)m226-0

12
1 1
N 26D (ies  As—5) 2G0T
p 9pA(s—1) 11 ds — a4 )" T p0m _sas |
r /84(5*1)@2(571) S /643—4@23—2

d=2s,5s=1,2,3.... (5.49)

The above asymptotic expressions of metric functions show that in the case of both
odd and even dimensions, metric functions are regular and finite at » = 0 for all values
of s > 1. This finiteness of metric functions is due to the non-Maxwell behaviour of
Lagrangian density (2.1) corresponding to exponential electrodynamics. Furthermore,
at r — oo the metric functions become infinite and hence this shows that the spacetime

is nonasymptotically flat.
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FIGURE 5.3: Plot of function f(r) [Eq. (5.46)] vs r for fixed values of m = 10, d = 6,
Q =10.0, 8 = 10.0 and [ = 0.001.
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Fig. (5.3) shows the graph of function f(r) vs r, for fixed values of 3, m, @ and d. Note
that the values of all other parameters are taken as unity. The point at which the curve

touches the horizontal axis indicates the position of event horizon.

Furthermore, by using (5.46) with Eqs. (4.40) and (4.41), one can easily check that both
the Ricci scalar and Kretschmann scalar give infinite values at r = 0 for any value of d.
This shows that the metric function possesses true curvature singularity at the origin.
Hence, the line element (5.9) with metric function given by (5.46) describes a hairy black
hole solution of DCG sourced by exponential electrodynamics. For the four-dimensional
case, it is seen from Eq. (5.45) that all the coefficients b, vanish, thus in the case of
d = 4, hairy black holes do not exist. It is easy to see that, by taking Y = 0, this black

hole solution reduces to the black hole solution with no scalar hair, i.e. Eq. 5.12.

5.2 Topological black holes of DCG coupled to power-Yang-
Mills theory

5.2.1 Black hole solution with power-Yang-Mills source

The action function describing the Lovelock-power-Yang-Mills theory is given by

n—1
7= ﬁ / d'z\/—g [2‘6 %55‘;;;;52?1%;1@...R”?p—l”?p + (1), (5.50)

p—
where T is the Yang-Mills invariant defined by Eq. (4.7). Taking variation of the action
defined in (5.50) with respect to the metric tensor gives the Lovelock field equations
(5.4) with stress-energy tensor of power-Yang-Mills field given by (4.9). Similarly, the
equations of Yang-Mills field (4.10) can be obtained if we vary the action with respect

to gauge potentials A(®),

By taking the static metric in the form (5.9), it can easily be checked that power-
Yang-Mills equations are satisfied for the choice of Yang-Mills gauge potential one-forms
(4.11). Thus the symmetric stress-energy tensor (4.9) in d-dimensional spacetime can

be computed in the form (4.13).

The causality principle is satisfied for power-Yang-Mills model if (0€pyn/0T) < 0
and unitarity principle is satisfied when (0Lpy /0T + 2Y0%Lpyps/0Y?) < 0 and
0?Lpyr/0Y% > 0. One can show that the causality does not hold in this model for all
values of positive integer d > 3. However, for d < 3 this principle holds. By using the
Lagrangian density of power-Yang-Mills theory it is shown that the unitarity principle
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holds for all values of d > 3 and ¢ < (1/2). When d < 3, this principle is satisfied for all
values of ¢ > 3 for power-Yang-Mills magnetic field.

The SEC in DCG coupled to power-Yang-Mills field holds for all values of ¢ > (d—1)/4.
This energy condition tells us that the universe did not experience any acceleration in
this model. However WEC and DEC do not hold for all values of d > 3, in contrast
to the exponential model coupled to DCG. Therefore, WEC and DEC hold only for
(2+1)-dimensional black holes of DCG with power-Yang-Mills source. Now by using
Egs. (5.2), (5.9) and (4.13) in the field equations (5.4), we get

4 [rd—l (1 n ’f—f(r))d_g} _ Z32mGQYM[(d — 2)(d = 3)]7 (5.51)

dr 12 r2 r4q

Direct integration with respect to r yields the metric function

2 [327TGQ2" [(d—2)(d—3)[7  167Gm 0| (5.52)

ka2
f(T) =k + 12 r (4q _ 1)7a4q+d—2 Ed—QTd_l + ,,ad—l

Now we discuss the asymptotic behaviour of our solution at » = 0. For this we will work

out for k =1 as follows:

r? 2505 327GQ%1(25 — 2)9(25 — 3)97! as—s_sgs+12g

=14+ — Mrz-3 — T 2s-3

f(’l”) + l2 r (4(] — 1) T
51272G2 Q% (25 — 2)%4(2s — 3)2‘1_274657112781_6;#24(1 Lol 85 15—24g0-+36¢ ’
M(4q — 1)2
d=2s,s=1,2,3..., (5.53)

r? soa 32mGQ(2s — 1)9(25 — 2)T7! 4s—6-sgstsg

=1 — — Myps—1 — 25—2

512772G2Q4q(28 _ 1)2(1(23 _ 2)2q_2”n657872;67¢125+16q n O<T8571527527435+24q )7
M(4q —1)?

d=2s+1,s=1,23.... (5.54)

These two expressions indicate that both for even and odd-dimensional spacetimes the
metric function (5.52) is regular and finite for all values of s > 1. Note that in the
)1/d73 —

above we assumed (m + 4252541 M. Furthermore, at r — oo the metric goes

to infinity which shows that the spacetime is nonasymptotically flat.

Fig. (5.4) shows the graph of f(r) vs r for fixed values of the parameters involved in
metric function (5.52). The curve touching the horizontal axis indicates the position of
the event horizon. We get extremal black holes when horizons coincide, and they are

obtained by solving f(r) = 0 and df /dr = 0 simultaneously. This set of simultaneous
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FIGURE 5.4: Plot of function f(r) [Eq. (5.52)] vs r for fixed values of m = 10, d = 5,
Q =0.01, ¢ = 0.001 and I = 0.01.

equations for metric function (5.52), without cosmological constant i.e. for [ — oo, yields

1
L _9Ya(J — 3)a()2a,. 1744
o k;dj 327G (d — 2)7(d — 3)7Q e ’ (5.55)
M pad—d’—1 4q—1

(d _ 3)1—(1(1 o 4q)kg%§rgs—9d2+23d+4q—10
167G (d — 2)9(dg + 1)

Qe =
(5.56)

d+4q 2(1 4q) ( d)]{)d 5
327rG(d 2)1(d — 3)4(4g + 1) \  pd->=2 )’
where M, = 167Gme/Yq_2 + 4, related to the extremal mass me, 7. is the extremal

radius and @, is the extremal charge.

Now, we confirm that our resulting solution possesses a central essential singularity.
For this, we discuss the asymptotic behaviour of curvature scalars at r = 0 as follows.

Differentiating (5.52) we obtain

df _2r , 167Gm 8d N 32rGQ?(d — 2)1 T3
dr 12 Yg_grd—1 = pd-1 (4g — 1 7“4‘1+d 2
02 [ 167Gm | 5y 327GQ(d—2)9(d — 3)7) 5
d—3|Xg_grd-1 = pd-l (4qg — 1)rtatd—2
y 167Gm(1 — d) N (1- d)éd 321GQ?*(d — 2)9(d — 3)9(2 — d — 4q) (5.57)
Yg_ord rd (4q — 1)rtatd-1 '
Differentiating again we get
Ef 2 4rPT5 AP 2PT5 2P r2(4—d)PT5 (dP)? (5.58)
dr? 2 d—3 dr  (d—3) dr? (d— 3)? dr )’
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where

167Gm Sa  327GQ%(d — 2)9(d — 3)1

P(r) = 5.59
(r) Sy grd1 " pd-1 (4q — 1)rlatd—2 (5.59)
dP  167Gm(l —d 1—d)d; 321GQ%*(d—2)1(d—3)1(2—d—4
- = d m( - ) + ( d) d + us Q ( ) ( 1 C)l_(l Q)’ (560)
dr Yg_or r (4q — 1)riat
and

d*P  167Gmd(d — 1) N d(d—1)64 = 32rGQ%*(d —2)%(d — 3)9(2 —d — 4q)(1 — d — 4q)
dr2 XY g_ordtl rd+1 (4qg — 1)riatd '
(5.61)

We can work out the Ricci scalar for any value of d and, therefore, with the help of
Eq. (4.40) and the above equations of metric function and its derivatives, we find that
R — oo as r — 0. Similarly, Kretschmann scalar (4.41) also possess singularity at r = 0.
Thus the line element (5.9) with the metric function (5.52) represents higher dimensional
magnetized black hole solution of DCG for any value of the parameter q. However, it
indicates that ¢ = 1 will give the solution of DCG coupled to the standard Yang-Mills
theory and for ¢ = 1/4 the solution does not exist. By substituting the Yang-Mills

magnetic charge ) = 0, we get the neutral solution in DCG.

5.2.2 Thermodynamics of black holes of DCG with power-Yang-Mills

magnetic source

It is observed from the metric function (5.52) that the physical properties of such type of
black holes depend on the parameter q. The black hole horizons are given by f(r+) =0,

where 7 represents the location of horizon. Thus

d—3
v, oopd=1 L,k
d 2r+ (lQ + T?F B 2d726d B 2Q2q2d72[(d _ 2)(d _ 3)](1

16mG 167G (4q — ]_)rj_q_l

(5.62)

m =

Equation (5.62) gives the ADM mass of the black hole in terms of the horizon radius and
Yang-Mills magnetic charge (). The black hole’s Hawking temperature can be computed
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as

Tn = 4171' ZJ;‘T "+
re 1y [320GQ%(d — 2)%(d — 3)9 167er 5q 173
T oomi2 277[ (4q — 1)plrtd? * Sg_ordt ol 1]
o2 [SQWGQQ‘I(d 2)(d—3)1 167G 3 ]3‘5
47r(d — 3) (4g — 1)r dg+d—2 Ed_gr ’I“i !
—d— 2q(4 — —3)¢ _ _
0= 1 i 0=

The entropy of the black hole in this case using Wald’s method [127,128] becomes

(d—3)Sgorl [k 1\*® d 8—d —r?
_ ko1 _ 5.64
S="Mha6-d \2 T2) by e (5:64)

The Yang-Mills magnetic potential conjugate to Yang-Mills magnetic charge @ is given
by

—647Gq(d — 2)9(d — 3)1Q%* 1

>, =

Thus, using the above thermodynamic quantities, it can be seen that the first law of
black hole thermodynamics given by (5.30) is satisfied. The free energy density of the

resulting black hole can also be calculated as

2 =m— Ty, (5.66)

where m, Ty and S are the ADM mass, Hawking temperature and entropy of the black
hole given by Egs. (5.62), (5.63) and (5.64), respectively. Similarly, the heat capacity

at constant charge is written as

73 d-3
pdtl P+l d=3 Fa+2
[2212 e e s (d—3)2d—2ﬂ2(r+)(7§++}2>
dm(d—3)H™
= e = e (567
Ay H g riH e | rhA-OHT (an
4kG[27rl2 B 127r - (d 3) dr+1 o (cl1 3) dr? L4l 47r(d—31)2 <dm:) :|
where
32rGQ*[(d — 2)(d — 3) 167er 84
H(ry) = ‘ ! — (5.68)

(49— 1) qurd 2 Ng_ordt ot
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dH(ry) 32rGQ* (2 — 4q — d)[(d — 2)(d — 3)]¢ N 167G(1 —d)m (1 —d)ég

d7“+ (4q _ l)riq+d—1 Ed—27"fli_ ’f'fii_ )
(5.69)
PHi(ry)  327GQ¥(2—4q — d)(1 — 4q — d)[(d — 2)(d — 3))
dr} (4g — 1)riot
167Gd(d — 1 d(d —1)6,
- ( d+1 >m ( d+1) da (5.70)
Ed727a+ Ty
and
Hy(ry) = | & rilfd=3)] . (, d 8—d —r} 2rpd [, d+2 10—d —r}
S T4+ kl2+7’_2._ W22 g2 kl2(d — 2) N® "9 7 2 )

(5.71)

5.2.3 Hairy black holes of DCG with power-Yang-Mills magnetic source

The action function for Lovelock-scalar gravity with power-Yang-Mills source [178,216]
is defined by

-1
1 — -
T o [ dovma| X ety (iR

p=0
+ 1677Gbp¢d4?5;;;@...5,53@122;) + 4wG(T)q} : (5.72)

where T corresponds to the power-Yang-Mills invariant defined by (4.7) and (4.8) and
we have used the Lagrangian density of the scalar field given by
n—1 b
g =Y ot ralt s LSt (5.73)
p=0
where S/, is given by Eq. (5.40). Note that, by putting scalar function ¢ equal to zero,

the above action function reduces to the case of DCG coupled to power-Yang-Mills field,
ie., (5.50).

Taking variation of (5.72) with respect to the metric tensor, we obtain the field equations

as

n—1

« A1 A _
> QTflazp;,,p;;R’;yg R =167 GITY M) + 167 GITV), (5.74)
p=0

where [E”](M ) corresponds to the matter tensor of power-Yang-Mills field. while ap
corresponds to the value defined as in Eq. (5.2) so that the Lovelock gravity becomes

DCG. The stress-energy tensor corresponding to the scalar field is given by (5.41) and
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the equation of motion of scalar field is given by (5.42). Choosing the scalar configuration
(5.44) and using Egs. (5.41) and (5.42) in Eq. (5.74), we get the metric function in the

form

2 1 oY 2 GO2(d — 2)4(d — 3)1] 73
Fr) =k + % 2 6rGm 3 7; jil 32rGQ(d — 2) (il 3) 3’
! r (4q — 1)ria+d=2

(5.75)

Ed_QTdfl r

where Y is given by (5.47).

Now, we discuss the asymptotic behaviour of metric function (5.75) at » = 0. So,

assuming M = 16rGm /¥4 o and p = 64 + M we can write the asymptotic expressions

as follows:
r2 1 25—6 ,urgz:g
=14+ — —(327Y)%=5 |p2s—3 4+ ——
Jr) =14 g = B2y s s 4 o 35— 3)
GQ2q<23 — 2)‘1(23 — 3)(1*1 6s—12—8¢s+12¢g 6s—12
25—3 O 25—3 d = 2 = 1 2 3
Y (4g—1) ' AR
(5.76)
r? 1 2s—5 Iu,r;l:::;
=14+ — —(327Y)%-3 |pos—2 4+ —
Fr) =1 g = B2y )2 e & o 5e —9)

GQQQ(QS — 1)‘1(25 — 2)‘1_1 6s—9—8gs+8q 65—9
25—2 O(rzs—2)|,d =2 1,s=1,2,3....
Y(4q — 1) r + (T ) ) s+ ) S ) 4y

(5.77)

The above asymptotic expansions show that for the even-dimensional spacetime, the
metric function is finite and regular for all values of s at the origin. However, for the
case of odd dimensions, the metric function is regular and finite at the origin when
s > 1. Note that this finiteness is due to the nonlinear behaviour of Lagrangian density
corresponding to power-Yang-Mills theory. Furthermore, the solution given by (5.75) is

nonasymptotically flat as it grows infinitely for large values of r.

Fig. 5.5 shows the graph of f(r) vs r, for fixed values of parameters involved in metric
function (5.75). The event horizon is the value of r at which the curve intersects the
horizontal axis. Extremal quantities corresponding to the extremal black hole solution
can be obtained by solving f(r) = 0 and df /dr = 0 simultaneously. This set of simul-

taneous equations for our metric function (5.75), without cosmological constant i.e. for
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FIGURE 5.5: Plot of function f(r) [Eq. (5.75)] vs r for fixed values of m = 100, d = 5,
Q= 0107q—0001 and [ = 0.01.

Il — o0, is given by

3 —9\a(d — 3)9()2q,-1 44
k 327TY_327TG(d 2)4(d — 3)1Q"r,

M. = phd—d?—1 T dg—1 , (5.78)
(d—3)-9(1 — 4q)k§—:§rg3—9d2+23d+4q—10
Qe = 167G(d — 2)4(4q + 1)
reH 731 - 4q) (1-dks 3277 (5.79)
327rG(d 2)4(d — 3)(4qg + 1) \| pBd—d*—2 rd )’ .

where M, = 167Gm./Xq_o + 04, related to the extremal mass me, r. is the extremal

radius and Q. is the extremal charge.

Now we confirm that our resulting solution represents a black hole. This can be done
by studying the asymptotic behaviour of curvature invariants at the origin. For this we
differentiate Eq. (5.75) and obtain

df  2r 167Gm  327Y &g . 327GQ?*(d — 2)¢
dr 12 T[Edgrd_l rd rd—1 (49 —1 r4‘1+d 2 ]
P2 [ 160Gm  327Y 8y 320GQ(d— 2)9(d — 3)7] 5
S d-3 |:Ed_27“d_1 rd rd—1 (4q — 1)rdatd=2 }
y (167er(1 —d)  32mdY | (1-d)dg 32rGQ%(d — 2)4(d — 3)1(2 — d — 4q))
Ed_Q?”d rd+1 rd (4(] _ 1)r4q+d—1 :

(5.80)
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Similarly, by differentiating again we get

A2 4rPT5 AP 2PT5 2P r2(4—d)P'T5 (dP)? (5.81)
dr? — [2 d—3 dr (d—3) dr? (d— 3)? dr )’
where
167Gm  327Y 65  327GQ?*(d—2)%(d — 3)4
P(r) = 5.82
(r) S g1 + d -1 (4q — 1)ria+d—2 ; (5.82)

dP _ 167Gm(1 —d) 32rdY  (1—d)dq N 32rGQ*(d — 2)9(d — 3)4(2 — d — 4q)

dr Yg_ard o pdtl rd (4q — 1)rtatd-1 ’
(5.83)
and
d*P  167Gmd(d—1)  32rd(d+1)Y  d(d—1)dg
d?“2 - Ed_QrdJrl rd+2 TdJrl
2 20(d —2)9(d —3)9(2—-d—4q)(1 —d —4
n 32rGQR(d —2)?(d —3)1(2—d —4q)(1 — d q)' (5.84)

(4q — 1)ria+d

Thus using Egs. (5.75), (5.80) and (5.81) and the general expression of Ricci scalar
(4.40), one can easily confirm that in the limit » — 0 Ricci scalar becomes infinite. Thus,
we conclude that metric function (5.75) represents an object which has true curvature
singularity at » = 0. Therefore, line element (5.9) with metric function given by Eq.
(5.75) represents a hairy black hole solution of DCG in the background of power-Yang-
Mills field. Hence, we derive a large family of black hole solutions for any value of real
parameter g except for the case ¢ = 1/4. It is easy to see that, by taking Y = 0, this
black hole solution reduces to the black hole with no scalar hair, i.e. to Eq. (5.52).

5.3 Black holes of DCG and Yang-Mills hierarchies

Here we study the possible black holes of DCG whose gravitational field is sourced by the
superposition of different power-Yang-Mills field. The Yang-Mills hierarchies in diverse
dimensions have been discussed in the literature [231]. Here we begin with an action
defined as

n—1

1 @ I40% 1%
- m /ddx\/jg[z péﬁll IZQIJPR/—"IlHQQ 210 11/321;) + Z C] :| 9 (585)

p=0

where T represents the Yang-Mills invariant defined in (4.7), ¢j,5 > 1 is a coupling

constant. The variation of the above action with respect to the metric tensor gives (4.4)
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with the stress-energy tensor given by

1 L v 14

T = QZC <5 Y/ — 45Tr(F U)). (5.86)
Jj=

The Yang-Mills equations are determined by varying (5.85) with respect to the gauge

potential A(@

q
; I (a i
S g [d(*F(a)Tj_l) + O T AW A F(c)] —0. (5.87)
j=0 7

Our d = n + 2-dimensional line element ansatz is given by (5.9) and the power-Yang-
Mills field ansatz would be chosen as before such that the stess-energy tensor takes the

form

q
Z T diagl1,1,&,€, ..., €], (5.88)
=0

where £ =1 — (d‘i—jz). Thus using Egs. (5.2), (5.9) and (5.88) in Eq. (5.4) we get the

metric function

1

i(d-3YQ%  16mmG 8q ]33
Fr)=k+- 72 —r [3%(}2 4] Ty Ty, et T at| (5.89)

The above equation indicates that for j = 0 the neutral black hole solution is obtained,
for 7 = 4 the solution is undefined and for taking a unique value of j = ¢ we get the

solution given by Eq. (5.52). The finite mass in terms of the event horizon radius r is

d—3
d—1 k
P-2ry <12 * +> | Baady =208y s((d — 2)(d - 3)

4j—-1
167G 16nG (4 — 1)r¥™

m =

(5.90)

When superposition of different power-Yang-Mills sources are taken into account, the

metric function corresponding to the hairy black hole solution of DCG takes the form

1
i(d—3)YQ¥% 167mG dd 327y | d=3
f()_k—i_i_r [32 GZ ]—1r4]+d2 +Ed—27“d_1+rd—1+ rd ’

(5.91)

where Y is given by (5.47). The asymptotic behaviour of these solutions is similar to
those obtained earlier in the case of DCG coupled to power-Yang-Mills source. Also,
one can easily check that for metric functions (5.89) and (5.91), the curvature invariants
possess an essential singularity at the origin » = 0 which is the mathematical aspect of
the black hole.
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Chapter 6

Power-Yang-Mills black holes and
black branes in quartic

quasi-topological gravity

We study higher dimensional quartic quasi-topological black holes in the framework
of non-abelian power-Yang-Mills theory. It is shown that real solutions of the gravita-
tional field equations exist only for positive values of quartic quasi-topological coefficient.
Depending on the values of the mass parameter and Yang-Mills charge, they can be in-
terpreted as black holes with one horizon, two horizons and naked singularity. It is also
shown that the solution associated with these black holes has an essential curvature sin-
gularity at the centre r = 0. Thermodynamic and conserved quantities for these black
holes are computed and we show that the first law has been verified. We also check
thermodynamic stability in both canonical and grand canonical ensembles. In addition
to this, we also formulate new power-Yang-Mills black hole solutions in pure quasi-
topological gravity. The physical and thermodynamic properties of these black holes are
discussed as well. It is concluded that unlike Yang-Mills black holes there exist stability
regions for smaller power-Yang-Mills black holes in grand canonical ensemble. Finally,
we discuss the thermodynamics of horizon flat power-Yang-Mills rotating black branes
and analyze their thermodynamic and conserved quantities by using the counter-term

method inspired by AdS/CFT correspondence.
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6.1 Quartic quasi-topological black holes with power-Yang-

Mills source

The action describing the quartic quasi-topological gravity coupled to Yang-Mills theory
is given in Ref. [42]. Here, we use the power-Yang-Mills field as a source and work for
new quartic quasi-topological solutions. In this setup, we consider the N-parameters

(k)

gauge group & whose structure constants C'(Z.) (j) are defined as

L)

where, 7.7,k run from 1 to N, Iy = C((S)(Z)C((;))(k) and I' is its determinant. Thus,
the action for the quartic quasi-topological gravity coupled with the power-Yang-Mills

theory in higher spacetime dimensions is given by

Louik = 67 ddﬂ?\/ |: — 20N + 1989 + 1383 + fia Ly — Y9, (6.2)

where Y is the Yang-Mills invariant (4.7) such that
T = LY FOF, (6.3)

Also, fio, i3 and fiq are the coefficients of quasi-topological gravity. Furthermore, the
Lagrangian densities £, £3 and £4 are defined in Egs. (1.8)-(1.10). Similarly, the
coefficients b;’s and ¢;’s are given in Egs. (1.11)-(1.12). We take the metric ansatz in

d-dimensional spacetime as

2 2 dr? 2 102
ds” = —f(T)dt +m+7ﬂ ko, (64)

where

o} + IO TTZ) sin?0,d62, k=1,
% = 4 d6? + sinh? 0,03 + sinh? 0y Y03 [/, sin® 0,d6?, k= -1, (6.5)
> 2d¢>§, k=0,

stands for the metric of a (d — 2)-dimensional hyper-surface of constant curvature (d —
2)(d — 3)k and volume V;_5. Now, using the line element (6.4) and the Lagrangian
density of power-Yang-Mills model i.e. £pypr = —T9, it is possible to write the stress-
energy tensor associated with power-Yang-Mills field in the form as Eq. (4.9). The
variation of action (6.2) with respect to the gauge potentials A gives the equations of
motion (4.10). Now, using the line element (6.4) and the Wu-Yang ansatz introduced in
Refs. [173,178,212,216], these equations will be satisfied provided the gauge potential
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one-forms satisfy Eq. (4.11). For simplicity it is convenient to use d; = d—1i and redefine

the quasi-topological coefficients as

p2 = d3dyfiz,
o d3d6(3d% —9dy + 4) .
/1/3 - 8(2d o 3) )u37
pa = dydodydgd3(d} — 15d} + 17d3 — 156d3 4 150d; — 42) ji4.

The equations of motion describing gravitational field can be obtained if we vary the
action (6.2) with respect to metric tensor g,,,. Thus, using Egs. (4.10), (4.11) and (6.6)

in Eq. (6.2) one can get the following fourth-order equation
pa®* + 3P + (o ®? +d + X =0, (6.7)

where ® = (k — f(r))/r? and

20 om _ d3diTIQ% £ 4
X — dids rd1 (d1—4q)rte> q 4 (6 8)
_2A _ m _ QNds =d '
dido rd1 rd1 ? q 4

The constant of integration m in the above equation refers to the mass of gravitating
object with power-Yang-Mills magnetic charge. The power-Yang-Mills quasi-topological

solution can be explicitly expressed from the polynomial equation (6.7) as

_&_l(Hl_ %—2@—3141), pa >0

dpg 2
fry=k—r?x (6.9)
_ﬁ+%(Hl_\/_%_2g_3Al)7 ,U4<0,
where
1
Hl = (Al +2Z/)2,
A = b2 3
4 8t
Hy = _Al A2 A
108 3 8’
A, — M3 psh2 1
3 2 ’
8y 2uy 4 (6.10)

Bus | pep3  ps | X

256p;  16p3  Apg o opa

-3

1
[ Hy  [H} P°\?
W_<2i4+w>’
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and

AW W0

1 (6.11)

It can be easily understood from Eq. (6.9) that the metric function describes solutions
of the gravitational field equations of two types for g > 0 and puyg < 0. Similar to the
case of Yang-Mills black holes [42] in this theory, in this situation too, the parameter X
obtained in Eq. (6.8) becomes highly negative for small values of the coordinate r. This
makes the fourth term in parameter Z as well as the parameter P of Eq. (6.10), very
large. In case uy < 0, this gives negatively large value for P which yields an imaginary
solution for W for small values of r. Hence, we would not consider p4 < 0. In order to
get the metric function (6.9) in simpler form, we assume the special case fiy = fi5 = 0.

Thus, the power-Yang-Mills quasi-topological solution for ps # 0 becomes

2 _1
f(r):k—r[¢ TN —2Aéi2(2Aé+ 2%1> . 2361],
2 3y AT fh4 3us A3 3y AT
(6.12)
where
1 1 x3
- (6.13)

T 162 T\ 2560 T 278

It should be noted that the upper sign in Eq. (6.12) corresponds to the case pg > 0
while the lower sign is for py < 0. In the limit py — 0, we can write the series expansion

of metric function (6.12) as
Fr) =k + X 4+ paXr? + 42572 + 0((1a)®73), (6.14)

where X is given in Eq. (6.8). The above expansion implies the Einstein-power-Yang-
Mills solutions with some corrections in uy4. The Ricci and Kretschmann invariants for
the metric ansatz (6.4) respectively take the forms as Eqs. (4.40) and (4.41). So, by
using the metric function obtained for the case p4 > 0, it can easily be shown that both
the scalars diverge at the center »r = 0. Hence, there is a true curvature singularity
at r = 0 for our power-Yang-Mills solutions. The horizons of the black hole can be
described from the condition f(r;) = 0. Fig. 6.1 shows the plot of the metric function
for different values of the mass parameter m. The values of r for which the curve
touches the horizontal axis correspond to the horizon’s location. It may be noted that
the metric function (6.9) can be interpreted as power-Yang-Mills quasi-topological black
hole with two horizons when m > m,,; extremal black hole when m = m.,; and naked
singularities otherwise. Fig. 6.2 describes the behaviour of solution (6.9) for various

values of 4. It can be observed that for the fixed values of parameters d, m, A, k,
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@, and g, the values of horizons are affected by the parameter py. However, at infinity
the behaviour of the metric function does not depend on parameter uy. Furthermore,
the dependence of the solution on the Yang-Mills charge @ is presented in Fig. 6.3. It
is easily seen that for the chosen fixed values of other parameters, the outer horizon
is independent of the charge parameter () whereas the inner one increases with the
increases of (). Similarly, the behaviour of the resulting metric function associated
with dS black holes for different values of Yang-Mills charge () in spacetime dimensions
such that ¢ = d;/4 is shown in Fig. 6.4. Also, the behaviour of the metric function
corresponding to asymptotically flat black holes i.e. with A = 0 for different values of
@ is shown in Fig. 6.5. It is also worthwhile to note that, for ¢ = 1, the solution (6.9)
reduces to the metric function of Yang-Mills quasi-topological black hole [42].

fir)
I

10
1 L | 1 1 r
1
—-10¢ Solid, m=1
! Drotted, m=5
=20 [ Dhashad. m=10

FIGURE 6.1: Dependence of function f(r) (Eq. (6.9)) on the mass for fixed values of
d=7,Q=2¢g=2 k=1, us = —0.09, 3 = —0.006, y14 = 0.0004 and A = —1.

6.2 Thermodynamics of quartic quasi-topological power-

Yang-Mills black holes

Now, we study thermodynamic properties of the black holes described by equations
(6.7)-(6.11). We can compute the ADM mass density with the help of subtraction
method [232] as follows

M=, (6.15)
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Solid, iy = 0.01
=10}  Dotted, uy =0.02
F Dashed, 1y =0.03

|
[
Lh
T

FIGURE 6.2: Dependence of function f(r) (Eq. (6.9)) on the parameter u4 for fixed
valuesd=7,m=1,Q=2,q=2, k=1, us = —0.09, pz3 = —0.006 and A = —1.

FIGURE 6.3: Dependence of function f(r) (Eq. (6.9)) on the Yang-Mills charge @ for
fixed values of d=7, m=1q¢=2, k=1, uo = —0.09, uz = —0.006, ps = 0.0004 and
A=-1.

where the parameter m is given in Eq. (6.8). Hence, we can write the value of M in

terms of the outer horizon radius as

d d d d dy 20D agTlagQrer d
T6r <N4k47"+9 + kT + pak®r + b — b — S »4F T
M - d
2Ar %1
—1%2” <,u4k47"ig + u3k3ri7 + mk%ﬁlf + krﬁlf — dlzg —QN/2dsnr, |, q= %.
(6.16)
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FIGURE 6.4: Dependence of function f(r) (Eq. (6.9)) on the Yang-Mills charge @ for
fixed values of g = dy/4, m=1,q¢=2, k=1, ug = —0.06, 3 = —0.1, pg = 0.03 and
A=1

FIGURE 6.5: Dependence of function f(r) (Eq. (6.9)) on the Yang-Mills charge @ for
fixed values of d =9, ¢ =5, m =10, k = 1, us = —0.06, pu3 = —0.1, ug = 0.03 and
A=0.

The Yang-Mills charge corresponding to this black hole can be computed through the

Gauss law as

d2d1/2

- 1 3 Q
_ Jd-2 F(a)F(a)u,\> = X 6.17
Q An /7d2d3 / r Z ( uA 47 ( )

a=1
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Using the condition f(r4) = 0 and differentiating the polynomial equation (6.7) yields

the Hawking temperature as

dWw, oA dyTldiQe 2% d;
/ 7‘9 d27«+_ pratl _7«+7 Q% 4
+
Ty(ry) = . (6.18)
4 r§ d1W1 2N dzQU/2\ ok _d
Wa dary rd rv 4= 1>

where

W, = 4]€ + /Lgkg + MQkQ + krS ,
* (6.19)

Wa = dpugk® + 3usk®r? + 2kuort + 8.

Fig. 6.6 describes the behaviour of temperature for several values of charge ) when

FIGURE 6.6: Dependence of temperature T (r) (Eq. (6.18)) on the charge parameter
Q for fixed values of d = 7, ¢g = 2, k =1, pus = —0.06, uz3 = —0.1, gy = 0.03 and
A=-1

A = —1. The positivity of temperature indicates that the black hole solution is physical.
Similarly, the behaviour of Hawking temperature for the case ¢ = d;/4 and A = 1 can
be observed from Fig. 6.7. It can be easily seen from these graphs that the solutions for
which A is negative may have a larger range of parameters with positive temperature as

compared to the ones with positive A. Following Ref. [127,128], we compute the entropy

density as
© dokpor 3dok?psr®  dokPpar®
S — Ty 2R 2T I 2R7 3T I 2R [aT ‘ (620)
4 2dy 4dg 4dsg

Consideration of mass M as a function of entropy S and charge Q enables us to construct

the first law as
dM = TydS + UdQ, (6.21)
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FIGURE 6.7: Dependence of temperature Ty (r) (Eq. (6.18)) on the charge parameter
Q for fixed values of d =9, ¢ = ‘i—l =2, k=1, us = —0.06, uz3 = —0.1, ug = 0.03 and
A=1.

where Ty = <%AS4> and U = (aag ) . The calculations show that the same form of
) S
temperature i.e. Eq. (6.18) can be obtained from this relation. Moreover, the power-

Yang-Mills potential can be obtained as follows:

qdd(4r Q)21 dy—4q d
u-(25) -3 w7 E (6:22)
- A - d1dods(47Q)43/2 ’
aQ S — a2 5:(;277:_@) ’ lnTJr’ q = ({Tl’

The charge Q should be fixed in the canonical ensemble and the thermodynamic stability
can be examined by assuming small variations of the entropy. Hence, thermodynamic
stability would be guaranteed if the specific heat is positive. The specific heat capacity
at a constant Yang-Mills charge Q can be computed from Cy = TH(%)Q. So, from
Eqs. (6.18)-(6.20), we can work out the heat capacity in the form

WaWs (d1 da2Wh TiquAriq*'S — (47TC~2)2‘1dgdgr‘8+ 72kd2W2riq)

dy
O — 4darT, (riq_GWQQG(T+)+((4q77)W2+TW§(r+))(47r6~2)2‘1dg_1dg) ’ 97T (6.23)
H W (drdoWird 278 — dady (47Q) 41 /2 —2kWadard Y '
adorS (rTTWEG(rs ) +(r Wh+dsWa)ds (4 @)1 /2) 47
where

Wi (ry) = 2usk®ry + dpok®r? + 6kr?,
Wi(ry) = 6usk®ry + 8kpuors + 6175, (6.24)
Ws(ry) = dg?{iﬁ + 2d2ku2ri5 + 3d2k2,u3ri7 + d2k3u47‘_d'_9
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and

/ 14Ar8 / 2Ar7
) = g (005 AR 2 (0 ML) )

W2 T4+ T-2i- dQ 1"3_ W22 T4+ d2

The behaviour of heat capacity depending on outer horizon r for various values of

FIGURE 6.8: Dependence of heat capacity Cy (Eq. (6.23)) on the Yang-Mills charge
Q = Q/4r for fixed values of d =7, g =2, k = 1, uo = —0.06, uz = —0.1, ug = 0.03
and A = —1.

FIGURE 6.9: Dependence of heat capacity Cy (Eq. (6.23)) on the parameter g for
fixed values of d =7, Q = 1.5, k =1, pp = —0.06, uz = —0.1, pg = 0.03 and A = —1.

charge Q = Q@ /4w is given in Fig. 6.8. The region where this quantity is positive
implies black hole stability in this ensemble. It can also be observed that as charge Q)
increases, the outer horizon for stable black hole increases. Similarly, Fig. 6.9 shows the
corresponding plot for different values of parameter q. The case ¢ = 1 corresponds to the

heat capacity for Yang-Mills black hole in this gravity theory. It can be observed that this
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FIGURE 6.10: Dependence of heat capacity Cy (Eq. (6. 3)) n the Yang-Mills charge
Q = Q/4r for fixed values of d = 9, ¢ = d1/4 =2, k = 1, po = —0.06, ug = —0.1,
g =0.03 and A =

parameter of nonlinear Yang-Mills field affects the thermodynamic local stability of black
holes. The plot of heat capacity for different values of charge () with positive cosmological
constant and spacetime dimensions satisfying ¢ = d; /4 is shown in Fig. 6.10. The region
of local stability and instability can easily be seen from it. It is also worthwhile to note
that the points at which this quantity vanishes indicate the possibility of first order phase
transitions. However, those values for which it is infinite correspond to the possibility of
second order phase transitions. When it comes to the grand canonical ensemble, both
the charge @ and entropy S should be treated as variables. In addition to specific heat
and Hawking temperature, the local thermodynamic stability can be guaranteed from
the positivity of 9>M/0Q? and the determinant of the Hessian matrix [233,234]. The

determinant of the Hessian matrix is given by

2M\ [ 9*M 02M \?
gert - () (220) _(Fary? (620

If we compute <‘?;QA§ > for our resulting solution, we have
_ 92— 1)dqdq(4ﬂ)2q(Q)2q 2 d 4q d
(82M> _ L) Gy e s (6.27)
= - d d d2 4 3/2 5/2 .
002 1d2d3( W6)47r (@)% Inry, q= %

This equation shows that the parameter <?;QM ) is negative for dy > 4q when 2¢ > 1

2

and so the black hole would be unstable in this ensemble. However, for the spacetime
dimensions satisfying d; < 4q it is positive and so thermal stability will be determined

from the behaviour of the Hessian matrix. It should be noted that, when the spacetime
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dimensions satisfy ¢ = d; /4, then the black hole is unstable in grand canonical ensemble.
Furthermore, the case ¢ = 1 in Eq. (6.27) corresponds to the instability of Yang-Mills

quasi-topological black hole [42]. One can compute the Hessian matrix determinant as

(47)%9(2q) (2q—1)dgd§ Q%121 T Ay (ry)  4q?(4m)29d29- 2429 Qa2 g> 4
- - 8q—14
detH _ (dzrid +2d2ku2’r‘i5 +3d2/~’43k27'i7+d2kdﬂ47'19) W22r+q ~ ’ 4
didads (4m)?1/2Q%/2 In 7y Ag(r4.) _ did3(dm) Qs q= dy
327 (dz’r‘ig +2d2k’p21”15 +3d2ugk2ri7+d2k3u4rig) 47‘id8 W22 ’ 4”
(6.28)
where
W%G(m)r4+q76+(4w)2ngfldg(§2q ((4q—7)W2(r+)+r+Wé(T+)) q> dy
Aglrs) = Rt | (629
g\T+) = 2 dz d1/2,7. Ady /2 / .
W3G(ry)r " +(4m)1/2d3Q Wy (ry)+)+dsWa(r4) ¢ = d
_ , =4

d
87Tr+7 W2(ry)

Figs. 6.11-6.12 describe the plots of detH in terms of the outer horizon when ¢ > d; /4.

det( H)
1.0x 10%% ¢ Solid, G=1.5
- Dotted, Q=2.0
5.0 x 1014 | Das]:ac;:%:li
ity r
2.-"773 4 5 7

—5.0x10MF

—1.0x 10|

~1.5x 10

FIGURE 6.11: Plot of detH (Eq. (6.28)) for different values of Yang-Mills charge
Q = Q/4r for fixed values of d =11, ¢ =3, k =1, us = —0.06, puz = —0.1, py = 0.03
and A = —1.

These plots indicate that the power-Yang-Mills black holes of smaller outer horizons can
be thermodynamically stable in the grand canonical ensemble because the associated
determinant of the Hessian matrix could be positive when ¢ > d;/4. However, as 74
increases this quantity is negative and so we have instability of black holes. Fig. 6.13
shows the plot of this quantity as a function of the nonlinearity parameter ¢. It may
be noted that the parameter ¢ has a great influence on the stability of smaller black
holes. One can also confirm from this plot that the Yang-Mills black holes [42] (i.e. the
case corresponding to ¢ = 1 in power-Yang-Mills black hole solution (6.9)) are thermally

unstable in this ensemble.
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FIGURE 6.12: Dependence of detH (Eq. (6.28)) on the parameter ¢ for fixed values of
d=11,Q =3,k =1, g = —0.06, y13 = —0.1, s = 0.03 and A = —1.

det( H)
5x 1021 | :
4w 1031 - Solid, §=3 E
Dottad, 0=3.5 .
2% 1041 | :
1x 102}
1 2 4 1

FIGURE 6.13: Dependence of detH (Eq. (6.28)) on the Yang-Mills charge Q for fixed
values of d =11, ry = 0.5, k =1, ua = —0.06, 3 = —0.1, g = 0.03 and A = —1.

6.3 Pure quasi-topological black holes with power-Yang-

Mills source

Now, we want to determine a new class of power-Yang-Mills black hole solutions in pure
quasi-topological gravity. In order to do this, we set R = £9 = £3 = 0, so that the

action becomes
1
Touik = E dd.l‘\/ —g |: —2A + 4y — T , (630)

while, the field equation (6.7) reduces to
1a®* 4+ X =0, (6.31)
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where ® = (k — f(r))/r? and X was defined in (6.8). Hence, the solution in this case

can be obtained as

3 1 1
5 2A 2 dqdq Q2q 1 d
_ ) RF R EEE i aSe)] . oA 6.32
fp(r) N L r% 3(2Ar2 m Q4 /2d3Inr i _ ( ' )
T (g o+ S )] a=9

For obtaining real solutions, we take A > 0 and 4 > 0. Since the spacetime dimension
d = 9 produces negative value for p4 while other choices of d lead to positive values, so
it is convenient to ignore the case of d = 9. Our numerical calculations show that for
the determination of black hole solution, one needs to take d > 9. In the limit » — oo,

the metric function corresponding to pure quasi-topological-power-Yang-Mills solution

tends to )
2A 1

r)=kF 2, 6.33

) =47 () (6.3

Note that, the minus and plus signs are defined respectively for k = 1 and k = —1,

whereas the other cases lead to naked singularity. Thus, the choice A > 0 in this metric
function may describe asymptotically AdS and dS pure quasi-topological black holes with
k = —1 and k = 1, respectively. These power-Yang-Mills black holes possess horizons, if
the metric function satisfies the condition fy,(r4) = 0. Hence, on the basis of appropriate
choices for the parameters d, m, @), A and u4, the pure quasi-topological solution can
describe a black hole having horizons. In this regard, we plot metric function (6.32) as a
function of » with A =1 in Figs. 6.14-6.17. Those points for which the curve intersects
the horizontal axis correspond to the location of horizons. It may be noted that for
k = —1 and d > 9, the solution (6.32) describes AdS black hole having two horizons,
an extreme dS black hole and a naked singularity. It is also shown that the Yang-Mills
charge () and nonlinearity parameter ¢ affect the horizon structure of the black hole. The
case ¢ = 1 in Fig. 6.16 corresponds to the behaviour of the black hole solution of quasi-
topological gravity with Yang-Mills source. Fig. 6.17 shows the behaviour of metric
function (6.32) in those spacetime dimensions which satisfy the condition ¢ = d;/4.
It can also be verified that for a positive value of quasi-topological parameter py, the
Kretschmann scalar (4.41) associated with pure quasi-topological solution in the vicinity

of » = 0 takes the form as
K & (E)l/%«—(dl)/?
Hq

which diverges at » = 0. Therefore, the pure quasi-topological power-Yang-Mills black

, (6.34)

hole has an essential central singularity.
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FIGURE 6.14: Dependence of f, (Eq. (6.32)) on the mass when d =11, ¢ =2, k =1,
Q=05,p4=10""and A = 1.

FIGURE 6.15: Dependence of f, (Eq. (6.32)) on the Yang-Mills charge parameter Q
whend=11,¢=2,k=—-1,m =3, uy = 0.004 and A = 1.

6.4 Thermodynamics of pure quasi-topological power-Yang-

Mills black holes

In order to study thermodynamic properties of pure quasi-topological black holes de-
scribed by metric function (6.32) we will work out various thermodynamic quantities.

In this case too, the mass density follows from Eq. (6.15) and, as a function of outer
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FIGURE 6.16: Dependence of f, (Eq. (6.32)) on the parameter ¢ when d = 11, Q = 2,
k=-1,m=1, uy =0.004 and A = 1.

FIGURE 6.17: Dependence of f, (Eq. (6.32)) on the Yang-Mills charge parameter @
whend=13,¢g=d;/4=3,k=—-1,m=1, uyy =0.004 and A = 1.

horizon, it can be obtained as

dy q 19—1 ~2q,.41—4q
do 4,dg _ 20T dydy Qry d1
167 <,U,4k T+ dida d1—4q ’ q 7é 4
M= " (6.35)
dy 4,.dg _ AATL d1/2 _di
67 <N4k‘ Y = g, — QM Iy ), g =
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Using the condition fj,(r) = 0 and the polynomial equation (6.31), it is straightforward

to obtain Hawking temperature as

2| (paktdy  2n  d3d5TTQ%T o £ 4
4r | 4pak? 9 dart SAaT1 T 97 4>

Ty — i (6.36)

1| paktdi oA dsQW/?\ 2k _d

4 |:4,u,4k:3 ( 7‘3 dory ri ) T+:|’ 9= 4

T
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40000F - "
30000f| - ,
20000 ’ e
10000F \_ e

. r.

1 2
FIGURE 6.18: Plot of temperature Ty (Eq. (6.36)) for different values of the Yang-Mills
charge @ and fixed values of d =11, ¢ =2, k = —1, uy = 0.004 and A = 1.

FIGURE 6.19: Dependence of temperature Ty (Eq. (6.36)) on the parameter ¢ for
fixed values of d =11, @ =2, k = —1, gy = 0.004 and A = 1.

Fig. 6.18 describes the behaviour of Hawking temperature as a function of the outer
horizon for some values of (). It can be clearly seen that for smaller black holes when

Yang-Mills charge increases, the temperature also increases while for the larger ones the
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for different values of the Yang-

FIGURE 6.20: Plot of temperature Ty (Eq. (6.36))
,q=di/4 =3, k= -1, ug = 0.004 and

Mills charge @ and fixed values of d = 13, ¢ = d
A=1.

Hawking temperature does not change with this increase in ). The choice ¢ = 1 in
Fig. 6.19 shows the temperature of Yang-Mills quasi-topological black holes. It can also
be observed that for smaller black holes the nonlinearity parameter g possesses greater
influence on the temperature. However, for larger black holes, the effect of parameter
q is negligible. Similarly, Fig. 6.20 shows the plot of Hawking temperature when the
spacetime dimensions satisfy the case ¢ = d;/4. For this choice too, the Yang-Mills
charge affects the temperature of quasi-topological black holes for small values of 7
while for large horizon radii, the temperature although increases but the effect of Q is

negligible.

Again, using the same technique as in Ref. [127,128], the entropy density of pure quasi-

topological black hole can be calculated as

dok3puy

S = a

. (6.37)

Our calculations show that the temperature (6.36) is equal to <%\g>. Thus, the power-
Yang-Mills black holes in pure quasi-topological gravity also satisfy the first law of
thermodynamics (6.21) if the power-Yang-Mills potential associated with solution (6.32)

is given by
qdquQ2q717.d1_4q
U_87M — - 3827r(d1—4q+) ) q#%’ 6.38
- 0S didods yds /2 d (6.38)
— a2 Q Inry, q= 7.
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The heat capacity can be obtained as

dok3 par(® (dok padort ™5 —2Ar 17 —dldlQ27) ¢# G

O T oS B ((4g—7)d2d3Q2a—14Ar 11—kt dadri?—®) 47
=21\ ar T dekPuar® (paktdader® —2Ar —dydsQ1/2) (6:39)

H/) o 2k par ®  pak®dador ” —2Ar " —dadsQ q_@

9 - 4

(Q41/2dadsds—14Ar ! kA padador )

Note that, the parameter @ is related to Yang-Mills charge Q through Eq. (6.17).

FIGURE 6.21: Dependence of heat capacity Cy (Eq. (6.39)) on the parameter Q=
Q/4r for fixed values of d =11, g =2, k = —1, puy = 0.004 and A =1

FIGURE 6.22: Dependence of heat capacity Cy (Eq. (6.39)) on the nonlinearity pa-
rameter ¢ for fixed values of d =11, Q@ =2, k= -1, uy = 0.004 and A =1

The above expression reduces to the heat capacity of Yang-Mills black holes in pure

quasi-topological gravity [42] when ¢ = 1. One can also observe that for positive values
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FIGURE 6.23: Dependence of heat capacity Cy (Eq. (6.39)) on the parameter Q =
Q/4r for fixed values of d =13, g=dy/4 =3, k= —1, py = 0.004 and A =1

of ugy and A, the above heat capacity is negative when ¢ = 1. Hence, it follows that
the Yang-Mills black holes are thermodynamically unstable in the canonical ensemble.
However, the local stability of power-Yang-Mills black holes (i.e. when ¢ # 1) can be
described from the plot of heat capacity as a function of r4.. Fig. 6.21 shows the plot
of heat capacity for different values of () and fixed values of other parameters involved
in (6.39). The region in which this thermodynamic quantity is positive corresponds
to local stability while its negativity implies local instability of pure quasi-topological
black holes. Fig. 6.22 depicts the behaviour of this quantity for different values of the
parameter q. One can clearly see that the Yang-Mills black hole (i.e. when ¢ = 1) is
unstable in the canonical ensemble. However, for ¢ # 1, there exist regions of local
stability in this ensemble. Hence, the nonlinearity of Yang-Mills field induces certain
affects on the local thermodynamic stability of black holes. Finally, the local stability
of pure quasi-topological black holes in spacetime dimensions satisfying ¢ = d;/4 can
be examined from Fig. 6.23. One can also analyze the possibility of first and second
order transitions from these plots of heat capacity. The points at which heat capacity
vanishes correspond to first order transitions of black hole. The points which make this

quantity divergent imply the possibility of second order phase transitions.

In the grand canonical ensemble, the entropy S and charge Q should be considered as
variables. In this ensemble, the local thermodynamic stability can be determined from

the positivity of both (82M / 8@2) and the determinant of the Hessian matrix. Using
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the above value of mass in Eq. (6.35) we can compute

q(2¢—1)d%d%(4m)29Q%92 4, —4q d
<82M> ) - Sr(d—1q) iy /”1 a7 (6.40)
5 2 2 2 :
0Q? ~BBGEO0 e, g =4

The above quantity is negative when ¢ = 1 and ¢ < d; /4. Thus, for these two choices
the black hole is unstable in this ensemble. However, for ¢ > d;/4, the above quantity
is positive and so we need to check the behaviour of the Hessian matrix determinant for
the investigation of thermal stability. The determinant of Hessian matrix in terms of

the outer horizon can be computed as

qu_l)dgd%(477)2‘16?2‘1727"117@A 4q2d39d37 2 (4m)29Qta 2 di
JetH 327 2da a3 (d1 —4q) p(T4) — rrmr s R S
€ = B )
d1d2d§(4w)d1/2Qd1/21nr+A (ry) — &2 (am)1/2Q3d3 4
256m2dapak’ P 162%2“%6&(18 ) q 1
(6.41)
where
kdy 7A (Tq—4)d2dd ™" (4m)29 Q%1 >
A(ry) = 4 W5 2umadak?rlo gk DT . (6.42)
pa kdg TA o d3d8(47r)d1/2Qd1/2 ¢ = di .
7"17 2u4d2k3ril5 4,u4k3rid8 ) 1

The plot of detH for various values of charge Q = Q /47 is shown in Fig. 6.24. One can

det( H)
Ix1010} |-
II! M 1 |- r+
S T0 15 20 25
-1x1010f .
[ Solid, Q=15
[ Dotted, Q=2.5 i
-2 x 101 - Dashed, Q=3.5

FIGURE 6.24: Dependence of the determinant detH (Eq. (6.41)) on the parameter Q
for fixed values of d =11, g = 3, k = —1, pus = —0.06, us = —0.1, py = 0.03 and A = 1.

see that there exists a value rg such that detH is positive when r, < rg. This indicates
the region of black hole’s stability. However, as r; increases its value from rg, this

determinant becomes negative and we have thermodynamic instability. Similarly, the
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FIGURE 6.25: Plot of the determinant detH (Eq. (6.41)) for different values of the
parameter ¢ and fixed values of d = 11, @ = 3, k = —1, puo = —0.06, uz = —0.1,
e =0.03 and A = 1.

behaviour of this determinant for different values of nonlinearity parameter ¢ is given in
Fig. 6.25. One can observe that as the parameter ¢ increases, the horizon radius of stable
black hole also increases. Hence, we conclude that unlike Yang-Mills black holes [42] of
pure quasi-topological gravity, the power-Yang-Mills black holes in this theory could be

thermodynamically stable in the grand canonical ensemble.

6.5 Thermodynamics of quartic quasi-topological rotating

black branes with power-Yang-Mills source

In this section we will implement solution (6.9) for £ = 0 with a global rotation. This

can be done, if we use the transformation describing the rotation boost in the t — ¢;

planes, i.e.,
p
t— =t — Z a; i,
i=1 (6.43)
—_ a;
bi — Sy l—;t.

The SO(d;) rotation group in d-dimensions contains the maximum number of rotational
parameters. Hence, the independent parameters of rotation are of number [d; /2], where

[...] stands for the integer part. Thus, the line element for the rotating spacetime with
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flat horizon and p < [d; /2] rotation parameters can be given as

P dr? 9 P
ds® = — f(r)(Edt = 3" aide)” + % + % 3 (aidt — E2de;)°
i=1 i=1

2 R (6.44)
— 75 > (aide; —ajdei)” + r? Y da?,
i<j i=1

where E = (/1 + Y, a?/12, | is a scale factor related to cosmological constant and a;’s

are the p parameters of rotation. It should be noted that static line element (6.4) and
rotating metric (6.44) can be mapped locally onto each other, not globally. In order to
investigate the physical properties of the solutions obtained for £ = 0 in quartic quasi-
topological gravity coupled to power-Yang-Mills theory, we plot the metric function f(r)
for suitable values of parameters involved in it. In Figs. 6.26-6.29, it is clear that the
metric function possesses divergences at the central position » = 0. One can also verify
that the Kretschmann scalar diverges at this point. However, as » becomes larger and
larger, the behaviour of f(r) is dependent on the value of the cosmological constant
A. Hence, we observe from these graphs that the metric function approaches towards
+00 when A < 0 while it tends to —oo when A > 0. Moreover, Fig. 6.26 shows the
behaviour of the metric function for different values of parameter ) in AdS spacetime.
It may be noted from here, that for fixed values of other parameters there exists a
value Q.+ which gives us an extreme black brane, while for the case Q < Qeut, there
may be black brane having two horizons and for @ > Q..+ we will arrive at a naked
singularity. The dependence of nonlinearity parameter ¢ on the metric function with
negative cosmological constant can be visualized from Fig. 6.27. One can see that this
parameter is also affecting the values of the horizons. The solution in dS spacetimes has
also been plotted in Fig. 6.28 for different values of Yang-Mils charge ). Similarly, the
behaviour of f(r) for all the three cases of the cosmological constant has been compared
in Fig. 6.29, when the spacetime dimensions satisfy ¢ = d1/4. Now, the Killing vector

associated with the rotating black brane metric can be defined as
P
X =0+ Q0 (6.45)
j=1

where €; refers to the angular velocity and is given by

Gt a;
Q.:_< 5 > _ 4 (6.46)
’ 9o, 2

The expression for Hawking temperature associated with this rotating black brane takes

the form ) )
r T
To(re) = 208 = T3 2, (6.47)
4= 4dTE
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FIGURE 6.26: Dependence of the solution f(r) (Eq. (6.9)) on the parameter @ for
fixed values of d = 11, m = 1, ¢ = 7, k = 0, ps = —0.06, pu3 = —0.1, pg = 2'° and
A=-1

FIGURE 6.27: Plot of the solution f(r) (Eq. (6.9)) for different values of the parameter
g and fixed values of d =11, m =1, Q =3, k=0, us = —0.06, pg = —0.1, py = 21°
and A = —1.

During the computation of thermodynamic quantities from the variation of action (6.2)
with respect to metric tensor, one gets a total derivative surface term containing the
derivatives of dg,, normal to the boundary. Since these derivative terms do not cancel
with each other, so, the variation of the action is not well-defined. To handle this
issue, it is convenient to add the Gibbons-Hawking surface term 7, with the bulk action

(6.2). Thus, the variational principle would be well-defined if this boundary term can
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FIGURE 6.28: Dependence of the solution f(r) (Eq. (6.9)) on the parameter @) for
fixed values of d = 11, m =1, ¢ =7, k =0, po = —0.06, pu3 = —0.1, py = 2'° and
A=1
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FIGURE 6.29: Plot of the solution f(r) (Eq. (6.9)) for different values of the cosmo-
logical constant and fixed values of d = 13, ¢ = d1/4 =3, Q =4, k =0, puz = —0.06,
ps = —0.1 and py = 219

be included in the following form
7, =" + 7D 4 7D 4 7V, (6.48)

where Iél), IIEH), IIEHI) and Iélv) respectively, stand for the surface terms corresponding

to Einstein [121], second order Lovelock (Gauss-Bonnet) [235], cubic quasi-topological
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[81] and quartic quasi-topological [236] gravities. These terms are obtained as

- L / dh /=K, (6.49)
oM

8
7= L / 00y 2L (10— 2K, KK — ) (6.50)
b T B Jon 3dsd ’

o ! d 3/1314 5 3 ad ab dyec
L =5 A%y =y | g | diK” =2 4d
b 8w /aM :”ﬁ[wld%dgdﬁ 1K = 2K K™ + 4doKap KT K eak K

— (5d1 — 6)Kqap (d1 KK g — dglC“CIdeICCd)ﬂ ,

(6.51)
and
vy _ 1 / d 2ﬂ4l6 31ab cd
I, = | dMmy— KA g KpaK
’ 87 Jom v [7d1d2d3ds(d% —3d; + 3) o bd
+ K2Ry KK e + 3 K2 K e Kopg KOS 652)

+ KKK KU Ko + as KKK KWK e s

+ a6 K e Kpa KTy + a7/cab/cgicbc/cdeicdf/ceg/cfg>} :

where 4 refers to the induced metric tensor on the boundary 9 M while K stands for the
trace of the extrinsic curvature K® of this boundary. It is worthwhile to note that the
value of the total action Zy, + Zp is infinite on the solutions. However, this divergence
can be removed with the help of the counter-term method [237-241]. The counter-term

action needed for the removal of this divergence can be written as

1 do
Icoun = —5_ ddl \Va y 6.53
' 87 Joma V) <Leff > (6.53)

where Ly; describes the effective scale length factor related to [ and parameters fio, fi3
and fi4. Note that, L.ys reduces to [ when the coupling constants i.e. fi2, i3 and fig
approach zero. Using the counter-term method, the overall action Zpyr + Zp + Zeount

becomes finite and can be used to compute the conserved and thermodynamic quantities.

The conserved quantities related to the timelike J; and rotational d,, Killing vector

fields can be computed as
(d1Z? — 1)m

M = T londyl: (6.54)
dlEaim
LT 16ndald2 (6.55)

One can clearly see that by choosing the rotation parameter a; equal to zero or = =1,

the angular momentum J vanishes and (6.54) then describes the mass of the static black
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hole. The Yang-Mills charge per unit volume Vg, in this case can be obtained as

Q= =9 (6.56)

4qlda’

It is well-known that entropy is the quarter of horizon area [127,128]. Using this, the
entropy density for the power-Yang-Mills black brane can be obtained as

=42
_Erf

5=

(6.57)

In order to check the validity of the first law, it is more convenient to calculate the mass
in terms of extensive variables S, Q and J. Therefore, by taking Z = 22 and using Eqs.

(6.54)-(6.55), we construct the Smarr-type formula as

- (dZ-1)J

M(S,0,J) = =T

It should be noted that the parameter Z should be dependent on the extensive param-

eters. Using Eqs. (6.56)-(6.57) and the condition for event horizon i.e. f(ry) =0, it is

(6.58)

=2
=

possible to obtain an equation £(S,Q,.J) = 0 [67], whose positive real root is Z

and
~ _ (d1+2qdy)/dg

L6midsdy g2t /202 | oAlh1dalda(q)yir/dz (nQ)Padg ™" dg (41%4) #

£(S,Q,J) di/2(2-1) dydp S/ %2 (di—dqzdaa/BsGa-ar o+ 4

) ) = ~\d1/d2

16m193do JZ91/2d2 | 2A19194/d2 (4)d1/d2 (4ld47rQ) ds I [ 44s _

diN/Z(Z1) dydaS—d1/d2 dy 29177 z1/2 |> q
(6.59)

Now, it is straightforward to write the mass M (S, Q,J ) in terms of the extensive pa-

rameters and compute the intensive parameters conjugate to them as follows

oM
T = <‘9S> J,Q7

6.60
k= a7 )
while, the power-Yang-Mills potential is given by
aM 2q.J(d3 Z24+1)d3 " di(r Q)2 (4144)(2qd4+1)/d23fd1—4q>/d2 L4
u—(24 _ 201U —1q) 2B (Z(z- )P2Y(S.G) 0 1T (5.61)
0Q /) s.g d3(d3Z+1) (4m) "1 /9219144742 JQ1/ 2 (4szd4) _d
22 ZN /A (Z(Z-1))3729(S,0.7) vz I 9T 1
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in which

- (dq+2qdy)/d
q(rQ)2adidldy (arda) "t

S(d1—4q)/dy 8143 J(d3 Z+1)Z91/2d2 75 a

- _ (dy —4q) Z1+daa/dz d1(Z2(2-1))3/2 ) q 1
2)(8762“])_ d dy/2d ~\dy /g jdydy/d .

B3 J(d3 Z+1) 29 /202 | dy(4mQ) /D21 /2 ([ an(431 4) 4

di(Z(2-1))3/2 2dy Z1+(d1/4) 2 VZ ) q 1

Our calculations showed that the angular velocity and Hawking temperature in (6.60)

are same as (6.46) and (6.47), respectively. Thus, our power-Yang-Mills rotating black

brane satisfy the first law as

p
dM = TgdS + ) QdJ; + UdQ. (6.63)

=1
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Chapter 7

Charged black holes in 4D
Einstein-Gauss-Bonnet gravity
coupled to nonlinear
electrodynamics with maximum

allowable symmetries

Recently a new model of nonlinear Maxwell electrodynamics which preserves both con-
formal and SO(2) duality-rotational invariance has been proposed. In this chapter, we
consider this model as a source of gravitational field and study black holes of novel four-
dimensional Einstein-Gauss-Bonnet gravity. In this framework we solve the gravitational
field equations and work out the metric function that describe a black hole which gen-
eralizes the Maxwellian charged black hole of four-dimensional Einstein-Gauss-Bonnet
gravity. Some basic thermodynamic quantities corresponding to the new black hole so-
lution are computed and thermodynamic stability as well as thermal phase transitions

are investigated.

7.1 Black holes of novel four-dimensional EGB gravity

The action function corresponding to a d-dimensional EGB gravity minimally coupled

with NED is given by

1
I = 1677-‘- dde\/ —g |:R - 2A + ﬁ <R2 - 4RMVR'L“/ + R,uypo-R'L“/pU> + SNED(F, P):| B (71)
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where £ypp(F, P) is the nonlinear Maxwell’s Lagrangian proposed as [163]

1
Enep(F,P) = —3 (F cosh~y — \/msinhfy) (7.2)

Note that we are using the units in which Newton’s constant G is equal to unity. In
the above action, A is the cosmological constant given by A = —(d — 1)(d — 2)/21?,
F = %FWF/“’ and P = %FWFW and £}, is the Maxwell tensor while FH s its dual.
It is also to be noted that parameter ~ is positive and possesses an upper bound from

the causality and unitarity conditions satisfied by NED model [163-165].

The equations of motion corresponding to the gravitational field in the presence of NED

source can be obtained by variation of the action with respect to the metric field g, as

1
Ry = 59 R+ Agus + ﬁ [QRRW + 2R R, por — AR R)
X (7.3)
—4R" Ry pve — iglw (R2 _ 4RagRaﬁ + RagpoRaﬂpo>} = Tow:

where 7, is the stress-energy tensor corresponding to the nonlinear electromagnetic
field defined as

B 1 OLNED )\a):NED
77“,— 2[<2NED—P 2P >guy—2FM>\Fy oF ] (7.4)

Similarly, by varying the action with respect to the electromagnetic four-potential A,

we get the nonlinear-Maxwell equations as

0LNED & = OLNED
d F F)|= .
< oF + oP ) 0, (7.5)

where the electromagnetic 2-form is given by

d—2i—1
F = Edt Adr + Bri=) " T] sinb;df; A db;, (7.6)
i=2 j=1
in which F and B are the radial components of static electric and magnetic fields re-
spectively. Similarly we can get the dual form F as
d—2i—1

F = —Bdt Adr+ Er'=2Y " [ sin6;do; A db;. (7.7)
i=2 j=1

118



Note that, the d-dimensional static line element ansatz is chosen for the above electro-

magnetic 2-form in the following form

d 2
ds®> = —a(r) exp [-2b[r]]dt* + % + r2dQ2 ,, (7.8)
a(r
where dQ% , denotes as usual the line element corresponding to (d — 2)-dimensional
sphere. Having the above expressions of F and F, it can easily be shown that f = B?—E?

and P = 2EB. These values of f and P simplify Eq. (7.5) into

oL 0L
and
oL AL\ 4 o d—2i-1 » -
d[(EaF + Ba,r>r ;2 ]Hl sinf;df; A d;| = 0. (7.10)

Now, the Bianchi identity dF = 0 implies that

d—2i—1
d[(Edt Adr+ Bri=? Y "] sin6;do; A dQZ} =0, (7.11)
i=2 j=1

from which one can find that the radial electric and magnetic fields as well as the
invariants f and P depend only on coordinate r, and thus Eq. (7.9) is trivially satisfied
and (7.10) yields

0LNED OLNED \ 42
FE B = 12
( SED 4 B ) ri=2 (7.12)

where C' is the integration constant. We also have the Bianchi identity which implies

that

dm
B(r) = (7.13)
where ¢, is the magnetic charge. By redefining £xpp(F,P) = —Fy(z) such that

z = P/F and
1
y(z) = 3 (cosh7 — v/ 1+ 22sinh 7) , (7.14)
we can get from Eqgs. (7.13) and (7.12)

(7.15)
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where ¢, is the electric charge satisfying

QQEQm > dmQe Sinh'y de ( . (qgn + qg))
Gm — — — | cosh~y —sinhy—+——=<£ | = C. (7.16)
< "k —q2) (B +d) 2 (¢2, — ¢?)

Similarly, z = P/F = 2qeqm/q2, — ¢ while the invariants / and P in terms of ¢,, and g,
take the forms f = ¢2, — ¢?/r*** and P = 2¢,;,q. /7?4, respectively. Using the above
values of electric and magnetic fields, one can find the stress-energy tensor associated to
NED as

T _ w?(q2, + ¢2)

I 2p2d—4 diag(_]'?_1717'"71)7 (717)

where

o coshy  (¢& —¢) .
_ _ h~. 7.18
v 2 202 +q2) (7.18)

One can easily verify that the energy conditions are satisfied here and w? is also positive
definite because of causality and unitarity conditions which are satisfied when g, < gm,.
The trace of the stress-energy tensor is given by

T = w2(q72n —+ qg)(d — 4)

PR , (7.19)

which implies that in higher d—dimensional spacetimes, conformal invariance has been
broken down. However, for d = 4 conformal symmetry is preserved because the trace is
zero in four dimensions. Instead of solving the gravitational field equations with NED
source given by Lagrangian density (7.2) directly [83,242,243], one can also consider the

following reduced form of action [82,244] for the solution

= _ |2 (a1 _
7 (g, — @) coshy (g7, + ¢2) sinhy
2(d —2) r2d—4 r2d—4 )

(7.20)

where for simplicity we have chosen 9 (r) = (1 —a(r))/r?. By taking the variation of the

reduced action with respect to a(r) and b(r) one can easily obtain the solution as

b(r) =0, (7.21)

r? 2M 1 w?(q2, — q?)
a(r) =1+ 5ad3) {1 + \/1+4a(d—3)<rd_1 i (Qd_4)(d_3)r2d_4>}, (7.22)
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where M is the constant of integration. Since we are interested in the four-dimensional

solution of EGB gravity, thus for the case d = 4 we have the solution [245]

b(r) =0, E(r) = £, B(r) = ‘% (7.23)

and

e [ )] (720

Q r3 12 44

It should be noted that the constant of integration M in Eq. (7.24) corresponds to

FIGURE 7.1: Plots of metric function a(r) (Eq. (7.24)) vs r for fixed values of [ = 0.1,
M =10, ¢ =1, ¢, = 10.

the mass of black hole and is chosen such that the proper asymptotic limit can be
recovered from the solution. One can checked that the Weyl tensor for the spatial
part of the general spherically symmetric metric (7.8) vanishes. Hence, our obtained
metric function (7.24) determined in the framework of [43] is also the new solution
for consistent theory [55-57]. Fig. 7.1 shows the plot of metric function (7.24), and
the values of coordinate r for which the corresponding curves touch the horizontal axis
indicate the location of horizons. It should be emphasized that the resulting metric
function gives Maxwellian charged AdS black hole solution for w = 1 and v = 0 in
the novel four-dimensional EGB [82]. Furthermore, the Schwarzschild-AdS like black
hole solutions of novel four-dimensional EGB gravity [43] can also be recovered from
the resulting metric function by closing the charges contribution in solution (7.24). By

considering large distances from the black hole, the obtained metric function takes the
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following asymptotic form

a(r) =1+ ﬁ (1 +4/1— 404) + 2Mr — (g — 4c) +0(r ). (7.25)

2
2a l 2 /1_%

This behaviour is in complete aggrement with the four dimensional EGB solution ob-
tained in Ref. [244]. Moreover, for the determination of real valued metric function at
large distance limit, it is obvious that one needs to consider 0 < a < I?/4 or o < 0.
Note that, for small values of «, the solution associated with the plus sign is asymptotic
to Reissner-Nordstrom- AdS like solution with negative gravitational mass, an imag-
inary magnetic charge and real electric charge. However, the solution corresponding
to the minus sign is asymptotic to proper Reissner-Nordstrom solution with negative
cosmological constant
2M g @ 1?

a(r)=1-==— "8+ 5+ 5 +0(a), (7.26)

which for ¢, = 0 and A = 0, gives the familiar Reissner-Nordstrom solution of Einstein
gravity. In general, the Ricci and Kretschmann scalars for the ansatz (7.8) can be

determined for d = 4 and b(r) = 0 as

R(r) = [2<W> - Zi‘; — ffli], (7.27)

and

- () (@A)

So, by using the metric function (7.24), one can easily verify that both the Ricci and
Kretschmann scalars have a singularity at » = 0, which confirms that the resulting

gravitating object is a black hole.

7.2 Thermodynamics of novel four-dimensional EGB black

holes

In this section we explore some basic thermodynamics corresponding to the nonlinearly
charged black hole solution obtained in the last section. In order to do this, we compute
basic thermodynamic quantities in terms of the horizon radius ro. Thus, by using the

condition a(r4) = 0, the mass of the charged black hole can be calculated as

2 2(.,2 2
T (6% T w —
M:+(2+1+;+(szqe)>. (7.29)
2 \re l 4rs
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FIGURE 7.2: Plots of mass M (Eq. (7.29)) vs ry for fixed values of oo = 10, and
w = 0.05.

The behaviour of mass in terms of horizon radius is plotted in Fig. 7.2. It is shown that
for the types of black hole solutions given by (7.24), there exist one or more horizons.
Those values of r4 for which this mass gives positive values in its range correspond to
horizon of the black hole. But the values of r; which assign negative values of M do not
correspond to the horizon radius. It is seen that the number of horizons depend on the
parameter [, electric charge g. and magnetic charge g,,. Similarly, one can also find the
critical horizon radius for the extremal black hole from the condition a(re;) = 0 and

%|r=rm = 0. Hence, the extremal mass can be obtained as

9 2/ 2 2
Megt = Teat <1 + 2(1) + = (L]m qE)a (730)
3 Tt 67 et

where the extremal horizon is given by the equation

612
2T§wt — 20 ept + l;xt = w2(q72n - qg)' (731)

The Hawking temperature [120,121] is defined in terms of surface gravity s as Ty =

ks/2m, where the surface gravity is given by ks = —%Bgﬁt lr=r,. Thus, for the solution

obtained in this chapter, we can write Hawking temperature in the form

1 2 r2 3 3a 3 wiE - )

TH:M[_M+ <r+l2+r5+r3_£~56 '

(1+72§> + T+ +
+

(7.32)
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FIGURE 7.3: Plots of temperature Ty (Eq. (7.32)) vs ry for fixed values of [ = 0.01,
qm = 1 and ¢, = 20.
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FIGURE 7.4: Plots of temperature Ty (Eq. (7.32)) vs r for fixed values of o« = 10
and w = 10.

The plots of Hawking temperature for different values of parameters [, ¢, g, w and «
are shown in Figs. 7.3 and 7.4. The value of r; for which Hawking temperature touches
the horizontal axis implies the first order phase transition of the black hole. One can also
easily check that for the extremal black hole, the expression of Hawking temperature
(7.32) vanishes. The entropy corresponding to the black hole solution defined by Egs.
(7.23) and (7.24) can be computed with the help of the method similar to the one
discussed in Ref. [75]. According to this approach, we have

A A
S =mri 4+ 2raln (r}) + Sy = TH + 27aln (A—H), (7.33)
0
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in which Ay is the black hole’s horizon area and A is the constant having dimension
of area, which cannot be computed from the first principle [246]. However, by assuming
that the entropy of black hole, in general, is independent of the charges and cosmolog-
ical constant involved in the associated metric function, one can simply fix [247] the
undetermined constant as Ay = 47|a|. It is to be noted that the associated logarithmic
term with Gauss-Bonnet coupling parameter o appears as a subleading correction to
the Bekenstein-Hawking area formula. This subleading correction is universal in some
quantum gravity theories [248]. Although, novel EGB gravity theory is considered as

classical [43] but still the logarithmic correction arises at classical level in this theory.

The heat capacity at constant electric and magnetic charges is defined by the relation

oM
Cg=|(=— . 7.34
" ( 8TH > Ge;qm ( )

Differentiation of Hawking temperature with respect to r implies

Ty 1 [ 2 dard < 3 N 3 N 3 w3, — q?))
ory  Am[rl 0 (2 4+22)2\rpl2 % 2 473 (7.35)
(3 _%a 3 3wlen—@)
ri4+2a\12 i 2 4rd '
Similarly, differentiation of Eq. (7.29) gives
oM 1 3r3 2(g2, — ¢?
oM _1()_a 3 wlim —4)) (7.36)
ory 2 i 12 4r3

Hence, by using Eqgs. (7.35) and (7.36) in the general expression of heat capacity (7.34),

we will obtain

m(142a/r3)? (45 — 4o+ 1208072 — w?(qh, — ¢2))

Cy = 7.37
" 8(1 + 2ar/r2)2 + 16ary A (ry) 4+ 4r2 (1 4 2a/r2 ) Ag(ry)’ (7.37)
where
3 3a 3 w i, - ¢
A — 2 im e/ 7.38
1) ryl? + . + r3 43 ( )
and
39 3 3w?(¢? —¢?
)= G- 20 3y W) ma

2 1
l ryoore 4ry

Heat capacity is very significant because it plays a crucial role in local thermodynamic

stability or instability of black holes. Fig. 7.5 shows the associated plot of heat capacity
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FIGURE 7.5: Plots of temperature Cy (Eq. (7.37)) vs ry for fixed values of o = 10
and w = 10.

FIGURE 7.6: Plots of dTy/dry (Eq. (7.35)) vs r4 for fixed values of a = 10 and
w = 10.

Cpg in terms of ry, the event horizon. The region in which heat capacity is positive
indicates that the black hole is locally stable and the region where it is negative implies
instability. The first order phase transitions are determined from those values of r1 at
which heat capacity Cp changes its sign, however, those values for which it is divergent
correspond to the second order phase transitions of the gravitating object. It is worth-
while to say that the second order phase transitions of black holes can be described
from Fig. 7.6 as well, since the roots of dTy/dry = 0, give the singularities of heat
capacity. So, those values of r; at which the curve of dT/dry touches the horizontal

axis correspond to the second order thermal phase transition points.
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In order to explore global stability, we calculate Gibb’s free energy for the black hole

solution which can be defined in a canonical ensemble as
F=M-TygS. (7.40)

So, by using the expressions corresponding to mass, Hawking temperature and entropy

we get

2 2,2 2 2
F:”(C;+1+r§+w(q"12%)> - <ri+2alnr+)
2 \r] l 4rs e
y [_1 rd <3 3a | 3 wz(qfn—qg)ﬂ

_'_ — - -
27y 4(7“%r +2a) \ 12 ri 7’_%_ 4Ti

(7.41)

The behaviour of free energy is illustrated in Fig. 7.7 in terms of the event horizon and
for several choices of parameters involved in its expression. Those values of horizon r
for which Gibb’s energy is negative implies that the black holes having such horizons are

globally stable while black holes having positive Gibb’s energy are globally unstable.

FIGURE 7.7: Plots of F' (Eq. (7.41)) vs r for fixed values of I = 0.01, ¢, = 1 and
qe = 20.
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Chapter 8

Summary and Conclusion

For almost 90 years the phenomenon of NED has been widely studied. It is believed that
this theory can provide new ways for tackling different problems appearing in cosmology,
for example, the big bang singularity and inflation can be properly investigated through
it. NED models are illustrated by classical theory and therefore may be coupled with
Einstein as well as extended gravity theories. All (or most of) the formulations of
NED are viewed as effective field theories. However, associated with a few models,
for example, the Born-Infeld and Euler-Heisenberg formulations, the effective theories
such as the string theory and quantum electrodynamics are known. Many NED models
can be recovered in the low energy limit of string theory through the Kaluza-Klein
dimensional reduction. Born-Infeld NED possesses several desirable characteristics, for
instance, the electric field and potential yield finite values at the centre r = 0. On the
other hand the values of electric field and potential in Maxwell’s theory are singular at
this position. For finiteness of electric field Born and Infeld chose a particular nonlinear
action having maximum field strength; the field equations thus obtained were coupled
with the gravitational field equations and then the equations were solved to determine
the solution corresponding to a point charge which was static and spherically symmetric.
Thus we have used different models of NED in the framework of gravity theories and

explored new nonlinearly charged black hole solutions.

After introducing the main ideas of the thesis in the first chapter, in Chapter 2, we
used a model of exponential electrodynamics which is reducible to the Maxwell elec-
trodynamics in the weak field limit. In this model birefriengence phenomenon holds
and also weak energy condition is satisfied, and similarly, unitarity and causality prin-
ciples are also satisfied. A regular black hole solution has been obtained in exponential
nonlinear electrodynamics in the framework of Einstein’s general relativity [145]. Using

this method we coupled an exponential electrodynamics with a UV regulating modified
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theory of gravity to obtain an asymptotic magnetically charged non-singular black hole
metric. The resulting metric is regular at the origin as the curvature invariants are finite
there. Moreover, the asymptotic values of the metric functions at r — 0 and r — oo
have been worked out. This metric is similar to the electrically charged non-singular
metric [192]. Further, we calculated the exact expressions of its temperature and spe-
cific heat. We note that the first order phase transition occurs at the outer horizon
o = :|:2_1/451/4\/§(5 X 1029), as Hawking temperature is zero at these values, for par-
ticular values of §,q and [. Here ro < —0.050194\/§ﬂ1/ 4. the heat capacity comes out
to be negative so the black hole is unstable. The heat capacity diverges as the Hawk-
ing temperature increases, so the second order phase transition occurs in the interval
x9 € (—0.05969,0.05969). Note that x2 is associated with the horizon radius 7o through
Eq. (2.23). Furthermore, quantum radiations from this non-singular black hole have
also been discussed. Here we found the expression for the quantum energy flux of the

massless particles emitted from the interior of such a non-singular black hole.

In the limit 8 — 0, our results correspond to the case of magnetically charged non-
singular black holes where Maxwell’s electrodynamics is coupled with the modified grav-
ity [197]. For [ = 0, these results coincide with the case of black hole solutions of Ein-
stein’s gravity in the presence of exponential electromagnetic field [145]. When both the
parameters 8 and [ vanish, our results reduce to those for the Reissner-Nordstrém black
hole of Einstein’s theory. Similarly, neutral black hole solutions are obtained if we put

g =0 and [ = 0 in the formulae derived in this chapter.

In Chapter 3, we have investigated (2 + 1)-dimensional black holes in the framework of
two different NED models. In the background of these NED models, the scale invari-
ance has been violated because the associated stress-energy tensor possesses non-zero
trace. First, we derived magnetically charged (2 + 1)-dimensional black hole solution in
Einstein’s theory coupled to exponential electrodynamics. It is shown that the considera-
tion of exponential electromagnetic field as a source of gravity makes the metric function
(3.15) regular and finite at the origin » = 0. It is also shown that in the limit » — oo or
B — 0, the obtained metric function (3.15) describes (24 1)-dimensional black hole with
a Maxwellian magnetic charge. The convergence of curvature invariants associated to
(3.15) shows that the black hole is regular and there is no true curvature singularity at
r = 0. In the second case, we derived electrically charged (2 + 1)-dimensional black hole
solution in Einstein’s theory coupled to arcsin electrodynamics. In this case too, the
equations of motion are solved and the metric function (3.55) is derived. The asymp-
totic behaviour of the resulting metric function at both radial infinity and at r = 0 are
also discussed. Like the case of exponential electrodynamics, the arcsin electromagnetic
source on the right hand side of gravitational field equations makes the metric function

finite at the origin, which can be seen from the asymptotic value (3.57). Moreover, the
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asymptotic expression of the metric function at infinity shows that for large values of
r, the contributions of NED could be negligible and the resulting solution reduces to
Maxwellian electrically charged (24 1)-dimensional black hole. The curvature invariant,
i.e., the Ricci scalar was also calculated for the electrically charged black hole. The
series expansions of these curvature invariants about r — oo shows that the object is
not asymptotically flat while the corresponding series expansion about » — 0 indicates

that there exists an essential curvature singularity at the central position.

The thermodynamic properties associated with the black hole solutions derived within
the backgrounds of exponential and arcsin models of NED are also analyzed. For doing
this, we have computed entropy, temperature and heat capacity for both the black holes.

It is shown that these quantities satisfy the first law.

Higher dimensional gravities sometimes give rise to more interesting possibilities than
the four-dimensional theories. This major leap can help solve the problem of “hierarchy
of scales”. Many higher dimensional models have been formulated in recent years. The
well-known generalization of Finstein’s gravity in higher dimensions is the Lovelock
gravity. The equations of motion obtained in this theory are still second order. Besides,
it is ghost-free, which implies that the principle of unitarity is not violated. In Chapter
4 of this thesis, we studied spherically symmetric Lovelock black holes in the presence
of power-Yang-Mills field and Chaplygin-like dark fluid. We obtained a polynomial
equation (4.24) which generates the metric function for the Lovelock-power-Yang-Mills
black holes surrounded by dark fluid. We considered only the solutions with Yang-Mills
magnetic charges because the problem with the electric solutions is that T¢ may not be
real for any ¢, which is not the case with pure magnetic type Yang-Mills field. We note
that this is true for the power-Maxwell case as well. We then studied thermodynamics
of these objects and worked out different thermodynamic quantities associated with the
polynomial equation in terms of the event horizon. After this we discussed two special
cases of Eq. (4.24) and derived metric functions in terms of parameters ¢, B and S for
magnetized Einsteinian and Gauss-Bonnet black holes. It is shown that the resulting
black holes are nonasymptotically flat and the associated spacetime geometries have true
curvature singularities at » = 0. In both the cases, thermodynamic properties are studied
and quantities such as mass, Hawking temperature and heat capacity are worked out
and plotted for fixed values of different parameters arising in the corresponding metric
functions. We discussed the behaviour of these quantities and pointed out regions of
thermodynamic stability. Furthermore, it is also shown that phase transitions are also
possible for the black hole solutions that we have obtained. The existence of the first
order phase transition is associated with the value of r1 at which either the temperature
or heat capacity or both change signs, while the second order phase transitions of black

holes are related to the points at which the heat capacity diverges.
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It should be noted that when one puts ¢ = 1 in Eq. (4.24), the corresponding metric
functions for black holes surrounded by dark fluid with the standard Yang-Mills source
can be obtained, but for d = 4¢ + 1 the solutions do not exist. For B = S = 0 we
get the solutions corresponding to Lovelock, Einsteinian and Gauss-Bonnet black holes,
where only the power-Yang-Mills field is the gravitational source. By choosing ) = 0 the
corresponding neutral black holes in such gravities are obtained. It should also be noted
that the Einsteinian black hole solutions obtained are valid even for ¢ = d/4 unlike the
black holes of Einstein gravity in the presence of only Yang-Mills or power-Yang-Mills
sources. This behaviour is due to the presence of dark fluid as a source of gravity which
does not make the scalar curvature zero even when the trace of the stress-energy tensor
is zero at ¢ = d/4. It is also important to note that our Gauss-Bonnet and Lovelock
black hole solutions are valid only for d > 5 provided that d # 4q + 1. However, the

Einsteinian black hole solution is valid in any dimensions such that d # 4q + 1.

Although the natural generalization of Einstein’s theory is the Lovelock gravity where the
problems related to appearance of ghosts and unitarity are not present. However, beyond
the perturbation theory, the presence of higher curvature terms make it totally different
from Einstein’s theory. If the Lovelock coupling parameters are selected arbitrarily, the
Lovelock theory has some limitations. For example, the time evolution of the fields
comes out to be non-unique and the Hamiltonian is not well-defined [249]. Additionally,
the negative energy solutions with event horizons or positive energy solutions with naked
singularities appeared [20]. To overcome these deficiencies, an appropriate choice has
been made for the coupling parameters and the dimensionally continued gravity has
been formulated. Thus, in Chapter 5 we investigate magnetized black holes of DCG in
the framework of both exponential electrodynamics and power-Yang-Mills theory. First,
we derived both topological black hole solutions and hairy black hole solutions of DCG
with pure exponential magnetic source. These solutions depend on the parameter 3 of
exponential electrodynamics. For the model of exponential electrodynamics, there is
no need to impose the condition on the stress-energy tensor for making it traceless, so
we conclude that the scale and dual invariances are completely violated here. Further,
the components of the stress-energy tensor obtained from the Lagrangian density of
this model satisfy all the energy conditions along with causality and unitarity principles
in some specified region of the radial coordinate. For any value of parameter 3, it is
possible to obtain a solution which is regular at the origin. Moreover, these solutions are
nonasymptotically flat for nonzero values of constant [ while in the limit [ approaching
to infinity one can get asymptotically flat solutions. It is shown that the metric functions
are finite at the origin; this finiteness property of metric functions is due to the nonlinear
behaviour of electromagnetic field characterized by the Lagrangian density of exponential

NED. Second, we use a model of power-Yang-Mills theory and derive a large family of
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topological black hole solutions in DCG. These solutions depend on the parameter ¢
and are also nonasymptotically flat for any nonzero values of [. The case ¢ = 1 gives
the solutions of black holes with the standard Yang-Mills source and for ¢ = 1/4 the
solution does not exist. The hairy black hole solutions are also derived in the framework
of power-Yang-Mills theory which are reducible to black holes with no scalar hair for
Y = 0 and to neutral black holes for () = 0.

The thermodynamics of topological black holes is also studied within both the expo-
nential electrodynamics and power-Yang-Mills theory. Thermodynamic quantities such
as entropy, Hawking temperature and specific heat capacity at constant charge of the
resulting magnetized higher dimensional black holes of DCG have been worked out. The
first law of black hole thermodynamics has also been shown to hold for these black hole
solutions. Recently, we have also followed this method and studied the hairy black holes

surrounded by cloud of strings and quintessence in Lovelock-scalar gravity [250].

Quasi-topological gravity also belongs to the class of extended gravity theories which may
be fruitful for the investigation of gravitational fields in higher dimensional spherically
symmetric geometries. Although Lovelock and quasi-topological gravities are equivalent
under the assumption of spherical symmetry, however, quasi-topological gravity is way
more significant because it encounters the gravitational effects in lesser dimensions than
the Lovelock theory. For example, if the third order curvature terms are included in the
action, Lovelock gravity generates gravitational effects in spacetime dimensions d > 7
while quasi-topological gravity produces these effects in dimensions higher than four.
Therefore, it is highly motivating to study physical properties of black holes in the frame-
work of quasi-topological gravity. Hence, in Chapter 6 of this thesis, we mainly focused
on the physical and thermodynamic properties of quartic quasi-topological black holes
with power-Yang-Mills source. First, we considered the fourth order quasi-topological
gravity and coupled it with the power-Yang-Mills theory. From the Wu-Yang ansatz,
the gauge potentials are defined and the gravitational field equations are solved. In this
context, two analytic power-Yang-Mills black hole solutions are derived for pus > 0 and
4 < 0 in this theory. It is shown that real solutions exist only when py > 0. We have
also written the two expressions separately for the metric function valid in spacetime
dimensions when ¢ # d;/4 and ¢ = d; /4. We also studied physical properties of these
black holes and plotted the associated solution f(r) given in Eq. (6.9) for various values
of the parameters m, ¢, Q, A and pu;’s. Depending on the suitable choices for these
parameters, either the solution describes a black hole which can possesses one or more
horizons or it can describe a naked singularity. It is shown that variations in quasi-
topological parameter py4 affect the position of the horizon. Similarly, it can also be
concluded that the value of the outer horizon is not affected by the charge parameter @,

however, the inner horizon increases with the increase of Yang-Mills magnetic charge. It
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should be noted that for ¢ = 1, the solution (6.9) yields the metric function of Yang-Mills
black hole [42] in this theory. In addition to this, we have also studied thermodynamics
of these power-Yang-Mills black holes. In this study, we worked out different thermody-
namic quantities and plotted them as well. The region where positive temperature arises
implies that the black hole is physical. It is also shown that the AdS power-Yang-Mills
black holes may have larger range of parameters with positive temperature than the dS
black holes. In the canonical ensemble, the positivity of specific heat capacity implies
local thermodynamic stability. Hence, from the plots of heat capacity we have concluded
that the outer horizon of stable power-Yang-Mills black holes increases with the increase
in charge . The effects of nonlinearity parameter ¢ on the stability of black holes in this
ensemble have also been shown. One can also observe that the stable power-Yang-Mills
black holes have larger outer horizons than the Yang-Mills black holes. Thermodynamic
stability in grand canonical ensemble have also been investigated. It is shown that the
black holes with ¢ < d;/4 are unstable in this ensemble. However, for ¢ > d;/4 there
exist stability regions for black holes. From the plots of the Hessian matrix, we have
concluded that the smaller black holes could be stable in this ensemble. However, when
the outer horizon 7, increases then detH is negative and so we have thermodynamic
instability of the black holes. Thus, it can be concluded that the power-Yang-Mills field
produces the possibility for local stability in the grand canonical ensemble. This be-
haviour is in contrast to the Yang-Mills theory [42], where quasi-topological black holes

are locally unstable in this ensemble.

The physics of black holes in pure Lovelock gravity has attracted much attention from
theoretical physicists. Recently, black holes of this theory with different matter sources
have been studied in the literature [42,77,251]. In Chapter 6, we also derived a new
family of black hole solutions in pure quasi-topological theory within the framework
of power-Yang-Mills sources. The associated plots of pure quasi-topological black hole
solution (6.32) for suitable values of parameters show that for k = —1 and d > 9, this
solution describes AdS black hole with two horizons, an extreme dS black hole and
a naked singularity. It is shown that by choosing A > 0, the asymptotic expression
of metric function (6.33) describes the asymptotically AdS and dS power-Yang-Mills
black holes for k = —1 and k = 1, respectively. The effects of Yang-Mills charge and
parameter g on the horizon structure of black holes can also be observed from these
plots. Note that, the case ¢ = 1 in solution (6.32) gives the black hole solution of pure
quasi-topological gravity with Yang-Mills source. The local thermodynamic stability in
both canonical and grand canonical ensembles have also been probed. Our results show
that there exist regions of local stability for the power-Yang-Mills black holes in the
canonical ensemble. This can be seen from the corresponding plots of heat capacity and

Hawking temperature. Moreover, from the plots of the determinant of Hessian matrix,
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one can identify the regions of local stability for these black holes in the grand canonical
ensemble. It should be noted that it is the nonlinearity of Yang-Mills field that plays the
main role in the stability of black holes. For ¢ = 1, our results correspond to those of
the Yang-Mills black holes in pure quasi-topological gravity which are unstable in both

canonical and grand canonical ensembles.

In the last part of Chapter 6, we have assumed a general rotating line element with p <
[(d—1)/2] rotational parameters and studied the rotating black branes of quartic quasi-
topological gravity coupled to power-Yang-Mills theory. The plots of metric function
(6.9) with & = 0 show that for fixed values of parameters d, q, m, p2, pg and puy,
it can describe the power-Yang-Mills black brane with inner and outer horizons for
Q < Qeat, extremal black brane for QQ = Qez+ and naked singularity for Q > Qezt. These
plots of the metric function show the effects of Yang-Mills charge () and nonlinearity
parameter ¢ in all the three cases for cosmological constant A. Here, we included the
generalized Gibbons-Hawking surface terms for the quasi-topological gravity which made
the action well-defined. We calculated the Hawking temperature and angular velocities
by taking analytic continuation of the metric. In order to derive the finite action and
conserved quantities, we have used the counter-term method. It is shown that the
conserved quantities of these power-Yang-Mills black branes are independent of the
coupling coefficients i.e. po, p3 and py for fixed values of mass, Yang-Mills charge and
rotation parameters a;. However, one can notice that the thermodynamic quantities
depend indirectly on these coupling coefficients through the value of the outer horizon
r+. Furthermore, we have also derived the Smarr-type formula which describes the
mass density in terms of entropy, Yang-Mills magnetic charge and angular momenta.
We showed that the first law is satisfied for the power-Yang-Mills black branes obtained
in this chapter. It is worthwhile to note that for ¢ = 1, these results correspond to the

Yang-Mills black branes of quartic quasi-topological gravity.

We know that Lovelock introduced [9] a natural modification of Einstein’s gravity in
higher dimensions where higher curvature terms are added to the usual Einstein-Hilbert
Lagrangian. Besides the Einstein-Hilbert and cosmological constant terms, there also
exists a Gauss-Bonnet term involved in Lovelock’s action. Note that, Gauss-Bonnet
term is quadratic in curvature and it contributes to ultraviolet corrections of Einstein’s
theory. On the other hand we know that since it is a total derivative in four dimensions,
it has no contribution for gravitational dynamics. In order to encounter the dynam-
ical contribution in four dimensions, a new theory known as four-dimensional novel
Einstein-Gauss-Bonnet gravity has been introduced [43]. This theory has very interest-
ing properties, for example, it avoids Ostrogradsky instability and completely dodged
the Lovelock theorem. Chapter 7 of this thesis contain the investigation of charged black
holes in the framework of this theory coupled to the ModMax model of NED. It should
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be noted that this model of NED satisfies the two fundamental duality rotational and
conformal symmetries. In this setup, the metric function given by Eq. (7.24) describing
nonlinearly charged static and spherically symmetric black hole is worked out. It is
shown that the solution obtained in the novel four-dimensional gravity reduces to the
generalized AdS Schwarzschild solution of EGB if we put electromagnetic charges equal
to zero, while for small values of GB parameter «, the AdS Reissner-Nordstréom solution
can be obtained. It is known from the literature that the charged solution in the presence
of a Maxwell source is real only when a < 0, however, in our case the solution can be real
for both positive and negative values. This behaviour of our solution is similar to the
one obtained in Ref. [165]. It is also shown that the black hole obtained may have zero,
one or more horizons depending on the parameters involved in the metric function. In
addition to this, thermodynamic properties associated with the resulting black hole so-
lution have been explored and thermodynamic quantities such as Hawking temperature,
heat capacity and Gibb’s free energy have been calculated. Thermodynamic stability
and thermal phase transitions have been studied and the results are illustrated in the

corresponding graphs of these thermodynamic quantities.

It would be very interesting to study Hawking radiation, thermal fluctuations and grey-
body factors for the black holes we have obtained. Further, it is expected that investi-
gation of the causal structure and causality conditions will give useful insights into the
black hole solutions obtained in this thesis. Similarly one can also investigate the prop-
erties of nonlinearly charged Lovelock and quasi-topological black holes in the presence
of quintessence and cloud of strings. In addition to this, the study of higher dimensional
solutions in the context of Lovelock gravities sourced by differential three-form fields

could also be interesting.
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