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PREFACE

The process of peristaltic transport of fluid is very common in several
industrial and physiological applications. In physiology such process is
particularly involved in movement of chime in the intestine, swallowing
of food through esophagus, bile transport, urine transport from kidney to
bladder etc. roller and finger pumps aso operate under the principle of
peristalsis. This activity is involved in corrosive fluid transport. A large
number of theoretical investigations dealing with peristaltic flows of
viscous and non-Newtonian fluids have been analyzed since the early
attempts by Latham [1]. Some recent studies on the title may be seen in
the refs. [2-15]. In al these investigations, the flow analysis have been
conducted using one or more assumptions of long wavelength, small
wave number, low Reynolds number, small amplitude ratio etc. In [15]
the authors have developed a mathematical model for the influence of
wall properties on the peristaltic transport of viscous fluid in a channel.
The constructed model is realistic physiologically from neuron-muscular
properties of any smooth muscle. Motivated by such fact, the present
dissertation is arranged as follows.

Chapter one includes the basic definitions and laws relevant to the
analysis of chapters two and three. Chapter two describes the peristaltic
transport of viscous fluid in a channel with wall properties. Heat and
mass transfer are present. The first order chemical reaction effects are
considered. Chapter three extends the flow analysis in chapter two for
the partial slip effects. Partial slip effect is formulated in terms of shear
stress. Graphical results are displayed and discussed. |Important
conclusions have been pointed out.
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Chapter 1

Basic definitions and equations

This chapter includes fundamental definitions and equations for the better understanding of the flow

analysis in the subsequent chapters

1.1 Basics of peristaltic transport

1.1.1 Peristalsis

The term peristalsis is coined from the Greek word "peristaltikos", which means clasping and
compressing. Therefore it is defined as a wave of relaxation and contraction to the walls of a

flexible conduit, thereby pumping the enclosed content.

1.1.2 Peristaltic transport

It is a sort of material transport induced by a progressive wave of area expansion or contraction
along the length of a distensible tube containing some content. It is defined as successive waves
of involuntary contraction relaxation passing along the walls of hollow tubular structures and

pumping the enclosed content onward.

1.1.3 Pumping

One specific feature of peristaltic transport is pumping phenomenon. The operation of a pump

of moving liquids from lower pressure to higher pressure under certain conditions is called



pumping.

Positive and negative pumping

The pumping is termed as positive or negative depending on whether the mean flow rate 0 is
positive or negative.

Adverse and favorable pressure gradient

If the pressure rise per wavelength (APy) is negative then pressure gradient is called favorable
otherwise adverse.

Peristaltic pumping

In this case pressure rise is adverse (AP, > 0) and flow rate is positive (6 > 0).

Augmented pumping

Here pressure rise is favorable (AP, < 0) and flow rate is positive (6 > 0).

Retrograde pumping

In this case the pressure rise is adverse (APy > 0) and flow rate is negative (0 < 0).

Free pumping

Here the flow rate is positive (6 > 0) but pressure rise is neither adverse nor favorable. In other
words APy = 0.

Free pumping flux

The critical value of mean flow rate 6 corresponding to APy = 0 is called free pumping flux.

1.1.4 Bolus

Bolus is the volume of fluid confined in a closed streamline in the moving frame with the speed

of propagation i.e. wave frame.



1.1.5 Trapping

Generally the shape of streamlines is approximately similar to that of the boundary wall in the
wave frame. However, under certain circumstances some of the streamlines driven and enclose
a bolus which is pushed forward along with the peristaltic wave with the wave speed. This

phenomenon is known as trapping.

1.2 Some basic equations

In this dissertation the flow is governed by the following fundamental expressions:
e Equation of continuity
e Equation of motion
e Energy equation

e Concentration equation

1.2.1 Continuity equation

The continuity equation is derived from the law of conservation of mass which says that matter

cannot be created or destroyed. Mathematically it can be stated into the form

dp B
E—i—v.(pV) =0. (1.1)

Here p denotes the density of fluid, V the velocity field and ¢ the time. In the case of incom-
pressible fluid the Eq. (1.1) is reduced to

V.V =0. (1.2)
The above equation holds when the source/sink is absent in the control volume.

1.2.2 Equation of motion

This equation is the outcome of law of conservation of linear momentum which states that the

amount of momentum don’t alter inside a problem domain and can be changed only through



the action of forces described by laws of motion. Its mathematical expression is
av

where S is the Cauchy stress tensor and the second term on the R.H.S. is the body force. In

. ... d
general the material derivative ¥ can be expressed as

d 0
=5, tV.V. (1.4)

1.2.3 Energy equation

The main idea of this equation is that when the fluid element moves along with the fluid, its
temperature changes as a result of heat conduction and heat production because of viscous

heating. We can express mathematically it by

pCp (% + V.V) T =kV>T +S.L. (1.5)

In above expression p the density, C), the specific heat, x the thermal conductivity, L the rate
of strain tensor and 7" the temperature of fluid.
1.2.4 Concentration equation

Mass diffusion is due to the concentration gradient and change in mass concentration is due to

diffusivity of mass and chemical reaction. We can express it as follows

<% + V.V) C = DV?V +k (C —Cp), (1.6)

where C depicts the concentration, D the coefficient of mass diffusivity and k; the chemical

reaction parameter respectively.



1.3 Some dimensionless numbers

1.3.1 Reynolds number

The Reynolds number expresses the ratio of inertial forces to viscous forces (due to viscosity
of the fluid). The importance of Reynolds number is that it helps in determining whether the
flow is laminar or turbulent. Low Reynolds number gives laminar flow where prominent forces
are viscous and flow is characterized by smooth fluid motion while at high Reynolds number
where inertial forces are dominating turbulent flow occurs. For Re < 2300, the flow is laminar
and turbulent for Re > 4000. Flow is in transition when its value is between the mentioned

values. It is denoted by Re and can be expressed as

inertial forces cd
Re = — / = —, (1.7)
viscous forces v

where ¢ denotes the velocity, d the length scale and v the kinematic viscosity.

1.3.2 Grashof number

Grashof number, symbolized as Gr, is the ratio of the buoyancy forces (caused by the spatial
variation in fluid density due to temperature gradient) to viscous acting on the fluid. Free
convection is the tendency of a substance to migrate due to buoyant force. It commonly arises

in the study of situations involving natural convection. It can be written as

_ buoyant forces  gBr (Th —Tp) d?
 wiscous forces ve

Gr

, (1.8)

in which g denotes the gravitational acceleration, S thermal expansion coefficient and (77 —Tp)
is the temperature difference. Note that for Gr >> 1, turbulent flow occurs since the viscous

forces are negligible and buoyant forces become dominant.

1.3.3 Prandtl number

It is the ratio of momentum diffusivity (kinematic viscosity) to thermal diffusivity. Mathemat-

ically we have
_ momentum dif fusivity  pC)

Pr = = 1.
’ thermal dif fusivity Kk (19)

8



where 11 denotes the dynamic viscosity, C), the specific heat and « the thermal conductivity.

1.3.4 Eckert number

Eckert number is the ratio of kinetic energy to enthalpy of the flow. It can be written as

kinetic energy c?
Fe — - . 1.10
¢ enthalpy Cp(Th — Tp) (1.10)

1.3.5 Brinkman number

Brinkman number is a measure of the significance of the viscous heating (due to viscous dis-
sipation) comparative to the conductive heat transfer. It arises in circumstances where large

velocity changes occur over short distances such as lubricant flow. Mathematically we have

2

j2e
Br=FcxPr=———. 1.11
/Q(Tl —T[)) ( )

1.3.6 Amplitude ratio

It is the ratio of amplitude of peristaltic wave to the width of the channel.

€ =

bt (1.12)

1.3.7 Wave number

Wave number is the property of a wave and interpreted as the ratio of the width of the channel

to the wavelength. Its mathematical form is given by

d
=—. 1.1
5= (1.13)

1.4 Mechanisms of heat transfer

Heat transfer mechanism can be grouped into following categories:



1.4.1 Conduction

Regions with high molecular kinetic energy will pass their thermal energy through direct mole-

cular collisions. This process is known as conduction.

1.4.2 Convection

The process in which the bulk motion of the fluid increases the heat transfer between the
solid surface and the fluid. In case of free convection, when heat conducts into a fluid at rest
it leads to a volumetric expansion. This results in a gravity-induced pressure gradient. The
expanded fluid then becomes buoyant and moves, thereby transporting heat by fluid motion
(i.e. convection) in addition to conduction. It is also called natural convection. Rising of hot
air is natural convection. When the fluid is forced to flow over the surface by external means,

forced convection occurs.

1.4.3 Radiation

It is the simplest way of heat transfer by electromagnetic waves not by moving molecules
(as in conduction and convection). Radiation is the only way through which heat can be
moved through a vacuum. In liquids and gasses, convection and radiation play vital role when
heat transfer is under consideration but convection is absent in case of solids and radiation is

negligible.

1.5 Mass transfer

In mass transfer, energy (including thermal energy) is moved from one place to another by the
physical transfer of a hot or cold object.

1.6 No slip vs partial slip condition

No slip condition for fluid in contact with the solid boundary states that the velocity of the fluid
relative to the boundary is zero. This is due to the viscous property of the fluids. We can define

this phenomenon physically as the particles which are adjacent to the boundary do not move

10



along with the flow. This means that adhesion is stronger than cohesion. However there are
situations where this condition cannot be taken into account like fluid past a permeable wall,
rough and coated surfaces, emulsion, foam, slotted plates, polymer solutions, gas and liquid

flow in micro devices etc. In such cases slip is appropriate condition to be used.

11



Chapter 2

Peristaltic motion in a compliant
walls channel with heat transfer and

chemical reaction

2.1 Introduction

The peristaltic transport of viscous fluid in a vertical symmetric channel is discussed. the
channel walls are compliant. Mathematical analysis is presented in the presence of heat and
mass transfer. The first order chemical reaction is considered. Analysis has been carried out not
for only long wavelength but also for low Reynolds number assumptions. Solution expressions
are developed for small Grashof number. The graphs are sketched for different parameters
appearing in the solution expressions. The contents of this chapter are a detailed review of

paper by Hayat et al. [15].

2.2 Physical model

We consider the two dimensional flow of an incompressible viscous fluid in a symmetric vertical
channel of width 2d. Sinusoidal waves of small amplitude a and long wavelength A\ induces
flow in a channel. Moreover the channel walls are compliant in nature. We select rectangular

coordinates (x,y) with = — azis along the wave propagation and y — axis normal to it (see F'ig.

12



2.1.).

A wave speed ¢
. x flexible wall

__d — —

: sin ZT’(x —ct)

€ e o o e e e
P ...

Fig. 2.1. Schematic diagram of the problem.

The channel walls can be expressed as

2
y = n(z,t)=+ [d + asin 777 (x — ct)} at  right wall, (2.1)
. 2T
y = n(zt)=— [d + asin ~ (x — ct)} at left wall. (2.2)
Here 7 is the wall displacement, d the mean half width of the channel, a the amplitude, wave-
length and speed of the wave are denoted by A and c respectively. The velocity profile V for

two dimensional flow is

V = (u(z,y,t),0(x,y,t),0), (2.3)

where the velocity components in the fixed frame of reference in the longitudinal and transverse

directions are designated by w(z,y,t) and v(z,y,t) respectively.

13



2.3 Problem formulation

The fundamental equations for the incompressible fluid are

divv = 0, (2.4)
Y% -
— = dwvS+pgfr (T = To) + pgbe (€~ Co), (2.5)
pcp‘il—f = kV?T +S.L, (2.6)
% = DV2C -k (C - Cy), (2.7)

in which V is the velocity, p density of the fluid, S the Cauchy stress tensor, g the gravitational
acceleration, O the coefficient of thermal expansion, S~ the coefficient of concentration expan-
sion, C), the specific heat at constant volume, & the thermal conductivity, L the rate of strain
tensor, T, C' and k; denotes the temperature, concentration and chemical reaction parameter

d
and 7 the material time derivative given by

The expression of Cauchy stress tensor S in viscous incompressible fluid is
S = —pIl+ pAy, (2.9)

in which p is the pressure, I the identity tensor, u the dynamic viscosity and A; represents the

first Rivlin-Ericksen tensor given by
A =L+L* (2.10)

with
L = (grad V), (2.11)

14



where superscript * indicates the matrix transpose. By Eqs. (2.4) and (2.11) one has

Up Uy O Ug Uy 0
L= U Uy 0 , L* = Uy Uy 0 , (212)
0O 0 O 0O 0 O

where L is the velocity gradient and asterisk denotes transpose of matrix. Thus Eq. (2.10)

reduces to
Uy, Uy +vp 0

Ar=| v +u, 2v, 0. (2.13)
0 0 0
Using (2.13) in (2.9) we get
—p+2uuy  p(uy+vg) 0
S=| pluy+v) —p+2uv, 0 |- (2.14)
0 0 0
Further we define

Substituting Egs. (2.9)—(2.15), the continuity, momentum, energy and concentration equations

in the presence of body force become

ou Ov
Do (2.16)
0 0 o1  op u  O%u
p[a‘i‘U%‘i‘Ua—y}u——%‘FM[@‘i‘a_yg}+pgﬁT(T_TO)+pgﬁC(C_CO)> (2.17)
0 0 0 _ Op v 0%
p|:§+u%+va—y:|v——a—y+ﬂ|:@+a—y2:|7 (2'18)
C 2+ £+ i T = 82_T+82_T %+@ 2_|_2 % 2_|_2 @ ’
Pov o T % T ey | T T " a2 T B2 9r | dy oz ay) |
(2.19)
0 d 0 0’Cc  9%*C

15



The corresponding boundary conditions for the flow are given by
. 27
u=0, v==4n at yzinzi[d—i—a&nT(m—ct) (2.21)

1= {5} c={a} * =2,
d— at (y==4n), (2.23)

2 2
% _ [8 L ]+pgﬁT(T To)+p9fc (C = Co)=p

(2.22)

0
() ==L =
al =55 022 " O
where an operator L’ is used to represents the motion of compliant walls with viscous damping
forces as follows:
, 0? 0? 0
L = d — 2.24
T tgE gy (2.24)

In the above expression 7’ the longitudinal tension per unit width, m; the mass per unit area

and d’ is the wall damping coefficient. Eliminating p from Egs. (2.17) and (2.18) we get

dfn_ o) [0 (Pu gy 0 (0 )T 00
ay  or| oy \oz2 Tay) Bz \ 0y T By2 )| T PIPT gy TPIPCH, s 15
2.3.1 Non-dimensionalization
If ¥ (x,y,t) is the stream function then
ov ov (2.26)

u:a—y, U——ax.

We introduce the following non-dimensional

Now continuity equation is identically satisfied

variables and parameters as follows:

_ z _ oy = U _ d2p -
z = @ P e (2.27)
d? T — Ty C—-Cy n
= k —_— 0 = n — —.
fy 1'U’ Tl 7¢ 1 _007 ?7 d

Using the above transformations and dropping bars we get non-dimensional form of Eqs

(2.19) — (2.25)

dRe 4 [6°Wag + Wy = Uy + 202Uy + 6 Wogn + Gr [0, + N, | (2.28)

16



SPrRe G = 5+ 5yt B [45 (Wa)? + (Uyy — 02W,,) } , (2.29)

dp 1 [50%°¢ ¢

0 Re 7 Se [5 52 + 7 — P, (2.30)

1 1
\Ify:O,Gz{},ng:{}aty:in, (2.31)

0 0

03 03 0? B, BV av,
El% + E2—8x8t2 + Eg—awat} n = o7 +4 970y 5R67 +Gr[f+ N¢| at y =+n.
(2.32)
The dimensionless forms of 7 is

n(x) = (1 +esin2m (z —t)). (2.33)

Here § (= d/)) is the wave number, € (= a/d) the amplitude ratio, v (= k1d?/v) the chemical
reaction parameter (7 < 0 shows the generative chemical reaction and v > 0 for destruc-
tive chemical reaction), Re (= cd/v) the Reynolds number, Gr (= g8y (T1 — To) d*/vc) de-
picts the Grashof number, Br (= EcPr) shows the Brinkman number, Pr (= uCp/k) the
Prandtl number, N (= 8o (C1 — Co) /B (Th — Tp)) represents the buoyancy ratio parame-
ter, Ec (=c?/Cp (Tt — Tp)) the Eckert number, Sc (= p/pD) the Schmidt number and E;
(= —7d®/ )\3,uc), Ey (=mycd?/ )\3,u) and E3 (= d'd®/ )\Q,u) are the non-dimensional elasticity
parameters respectively.

Invoking long wavelength and low Reynolds number assumptions Egs. (2.28) — (2.32) ulti-

mately take the following forms

Wyyyy + Gr [0y + N¢y] =0, (2.34)
020 2
a—y2 + Br (\I]yy) = O, (235)
12 4y (2.36)
Sc Oy? 1e=5 ’
1 1 .
v, =0,0= {O}’ = {O} at y =4n==x(1+esin2r (z — 1)), (2.37)

17



3 33

0?2 oAV}

0
Ei—+ F
183:3+ 2

0z0t2 + B

gzt |~ ggr T OO NG| aty = (2.38)

2.4 Perturbation solution

We note that the resulting Eqgs. are non-linear. It seems difficult to obtain the general solution

in closed form for arbitrary values of all parameters arising in these equations. Here our interest

lies in seeking the perturbation solution. Therefore we expand the flow quantities as follows:

v

o+ Gr¥; + O (Gr?) + ...,

0o+ Groy + O (Gr?) + ..,

Zo+GrZi+ 0 (Gr?) + ...,

¢o + Grey + O (Gr?) + ... (2.39)

We seek the solution of the problem as a power series expansion in the small parameter Gr.

Using these expressions into Eqs. (2.34) —(2.38) and then comparing the coefficients one obtains

the following systems:

2.4.1 Zeroth order system

Yoyyyy =0, (2.40)
Boyy + Br (Yoy)* =0, (2.41)
1
o Poyy — 1P =0, (2.42)
1 1
Yoy =0, G = {0}7 o = {O}’ at y ==+, (2'43)
o? o? o2
Eiges T hrgon T Es Bxé)t] n=Voyyy aty=dtn. (2.44)

2.4.2 First order system

Uiyyyy = — [Boy + N%y] ) (2.45)

18



Glyy = —QBT\I’oyy\Iflyy,

1 8¢,
Sc 0y?

_f}/qs: 07
LIle = 07 61 = 07 ¢1 = 07
Uiy + 00+ Nyl =0 at y = +n.

2.4.3 Zeroth order solution

The solution of the problem is given by

1 Y BrlL? 4 4
o= [1+2 -
0 2{%% 3 [n* =y,

o= 1 cosh Ny i sinh N1y
07 2 |cosh Ny ' sinh Nin |’

where

E
Ny = \/vSec, L = 8en [2—3 sin 27 (x — ct) — (E1 + E2) cos 2w (x — ct)} .
7T

2.4.4 First order solution

The solution of the first order system is

y
Uy = Ly + Lo+ 1L — L -
LT ey T T gy T 2520 2

2 v oyt BrL?y” N [ sinh Ny

cosh N1n

3 4 5 2,8
Yy vy BrL%y
01 = Ai+ Asy— BrL |Lo> + Lyt — =—
! L+ Ay — BT [23+ 36 4o 1680}
2 cosh le) BrLN

Ny N3 sinh Nyn

<y sinh N1y —

¢1:O7

19

X
N3 cosh Nyn

X <y cosh N1y — —) , (2.53)

(2.46)

(2.47)

(2.48)

(2.49)

(2.50)

(2.51)

] . (252)

(2.54)



where

L = n N 7BrL*n° N ByBrL?p® N
4 180 6 2NZ’
1 n?
Ly = —%x|—+—
= w5
1 BrL*n*
Ly = —— |1
¥ 2< T )
Lsn*  BrL?np® 2BrLN . 2 cosh N1n
Ay = 2BrL — sinh Nypp — ————
! " [ 12 3360 | 2NP (cosh Nyp) oA N |
3 4 .
Ay — 2BrL | Lon SNl zBTLN « |1 cosh Ny — 2sinh N1 .
n 6 80 2n N7 (sinh Nyn) Ny
Heat transfer coefficients at the zeroth and first orders are given by
1 BrL?p
Zo = 6 = — — 2.
Z = 77x91y (77)7
2 3 3 2,7
n n n BrL*n N, BrLN
= Ay —2BrL< Lo— 4+ L3— — —
nl‘[ 2P { 2y T3 716 T a0 H—’_N%cosh]\fln
sinh Nin n,BrLN ) cosh Nin
h Nin — = hNyp— ———— 2.
X [77 cosh N1n N, ] N2 sinb Vo7 X [77 sinh Nn N, (2.56)
2.5 Discussion

Graphical results have been displayed in order to explore the quantitative effects of sundry

parameters which the expressions of stream function V¥, longitudinal velocity u = ¥o + Gr¥y,,

temperature 6, heat transfer coefficient Z and mass concentration ¢ includes. Particulary, the

role of compliant wall parameters, i.e. F; the elastic tension in the membrane, Fy the mass per

unit area, and Fj3 the coefficient of viscous damping are described.

2.5.1 Analysis of velocity profile

Effect of different parameters on velocity profile is displayed in the Figs.

2.2 — 2.6. Here the

velocity increases when we increase the values of Gr and Br (shown in Figs. 2.2 and 2.3) . Fig.

2.4 indicates the effect of Schmidt number on the velocity. Velocity decreases for increasing

values of Sc. For the description of the effects of wall parameters, Fig. 2.5
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that velocity increases as we increase elastic tension F7; and mass per unit area FEo whereas
it decreases as the viscous damping Fj3 increases. To observe the effect of chemical reaction

parameter v, F'ig. 2.6 is plotted. Obviously the velocity decrease when ~ is increased.

2.5.2 Analysis of temperature profile

Figs. 2.7—2.11 depict the effect of different parameters on the temperature. Fig. 2.7 shows that
for increasing values of Gr the temperature increases. Similar behavior is noticed for increasing
values of Br (Fig. 2.8) . Fiig. 2.9 studies the effect of Schmidt number on temperature. It shows
that temperature decreases with the increasing values of Sc. The effects of elastic tension Ej,
mass per unit area Fs and viscous damping F5 are explained in Fig. 2.10. The graph shows
that by increasing the value of E; the temperature rises. Similar behavior is shown by Fs.
It reduces for increasing value of Es. To investigate the behavior of temperature for different
values of chemical reaction parameter ~y, Fig. 2.11 is displayed. The temperature decreases for
increasing values of 7. From the comparison of the results we observe that parameters show

similar behavior for the velocity and temperature profiles.

2.5.3 Analysis of concentration distribution

The results in Fligs. 2.12 — 2.14 indicate the concentration distribution for the variations of Se,
~v and e. Fig 2.12 displays that concentration field decreases with an increase in Sec. Fig. 2.13
illustrates that by increasing value of chemical reaction parameter v, the concentration field
decreases. Effect of increasing value of € on the mass concentration is displayed in F'ig. 2.14.

It is observed that mass concentration decreases for large values of e.

2.5.4 Heat transfer coefficient

To study the role of different parameters on heat transfer coefficient we have plotted Fligs.
2.15 — 2.17. F'ig. 2.15 shows that value of heat transfer coefficient decreases with the increase
of Gr. Whereas it shows opposite behavior in the case of Br (Fig. 2.16) . Wall properties effect
on heat transfer coefficient is illustrated in F'ig. 2.17. For increasing values of E; the heat

transfer coefficient. Similar effect is shown by FEs. Whereas it decreases with the increase of
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Ej3. It is observed that effect of all parameters on heat transfer coefficient are similar to that of

temperature.

2.5.5 Trapping phenomenon

The formation of an internally circulating bolus of fluid by closed streamlines is shown in Figs
2.18-2.20. Fiig. 2.18 (a) and 2.18 (b) show that the behavior is increasing behavior for < 0.25
and it decreases for z > 0.25 when Gr increases. Figs 2.19 (a) and 2.19 (b) depict the effect
of Br on streamlines. We observed that effect is qualitatively similar to that of Gr. Fiig. 2.20
illustrates that size of trapped bolus increases for increasing value of Ejand Es.However such

size decreases for increasing value of Ej.
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Fig. 2.18. Streamlines for £y =1, E5 =0.2, E3=0.2, Br=2,S¢c=2, N =0.1,vy=2,t =0,
e=0.1, (a) Gr =0, (b) Gr =0.02.

Fig. 2.19. Streamlines for By = 1, Fy = 0.2, B3 = 0.2, Gr = 0.2, Sc =2, N = 0.1, 4 = 2,
t=0,e=0.1, (a) Br=0, (b) Br =0.2.
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Fig. 2.20. Streamlines for Gr = 0.02, Sc =2, Br=2, N=0.1,t=0,7=2, ¢ =0.1, (a)
Ei=1E=01,E;=01(b) By = 1.1, By = 0.1, B3 = 0.1
(C) El = 1, E2 = 0.2, E3 =0.1 (d) E1 = 1, E2 = 0.1, E3 =0.2.
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Chapter 3

Partial slip effect on the peristaltic
motion in a compliant wall channel
with heat transfer and chemical

reaction

3.1 Introduction

The purpose of this chapter is to address the influence of partial slip condition on peristaltic
transport of viscous fluid in a vertical channel. Resulting equations are solved using the pertur-
bation technique. Series expressions for velocity, temperature and heat transfer coefficient are
obtained. The effects of various embedded parameters on the velocity, temperature and heat
transfer coefficient have been pointed out. Streamlines are plotted and trapping phenomenon

is discussed.

3.2 Mathematical formulation

We investigate the two-dimensional flow of an incompressible viscous fluid in a vertical sym-

metric channel of width 2d. The waves are propagating on the channel walls with speed c¢. The
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wave shapes of the walls are expressed as

2
y = n(z,t)=+ [d + asin TW (x — ct)] at right wall, (3.1)

2
y = n(zt)=— [d + asin 777 (x — ct)] at  left wall, (3.2)

where a is the wave amplitudes, A is the wavelength and ¢ the time.

In the static frame of reference the slip conditions at the walls are defined as

Uy —u(z,m,t) = [1%Tay, at y=-+n,

u(a:, —Ti’t) — Uy = 51 * Tgy, at y=-—mn, (33)

where u (x,7,t) and u,, are defined as longitudinal velocity and wall velocity respectively. 7,
is the shear stress, 3; is the dimensional slip parameter. Since the waves are travelling along

the distensible walls of the channel therefore
Uy = 0,
and thus Egs. (3.3) become

u(xanvt)—i_ﬁl*TIy = 07 at y:+na

U (:Ea —77775) - Bl * Txy = 07 at y=-n. (34)

The thermal and concentration slip conditions can be defined as

or (T B

T+ By * o {To} at y = £, (3.5)
oc [y B

C =+ B4 % T {Co} at y==+n, (3.6)

where 35 and (33 are the dimensional thermal and concentration slip parameters and 77 and Tj

are the temperature and C; and Cj are the concentrations of the walls respectively.
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If W (z,y,t) is the stream function then

ov ov
u-a—y, ’U——%, (37)

Now we define the following non-dimensional variables and parameters

_ r oy - ¥ _ dp _ e _
T X’y_E’qI:a’p:w_xt:j’U:E,
2 2
By = %7 _%6:%’ —%,Gr:gﬁT(legTO)d,
Re = < Br— BexPr, Pr—uCp/n, N = %T((%_%))’S _p%’
Be = #Z_To) El:;‘%lj’ EQZW;ITCZZB', Egz‘i/Td:. (3.8)

Here 6 is the wave number, € is the amplitude ratio, « is the chemical reaction parameter , Gr
depicts the perturbation parameter, Pr the Prandtl number, Re the Reynolds number, Br shows
the Brinkman number, N represents the buoyancy ratio parameter, Fc is the Eckert number,
Sc is the Schmidt number and Fi, Es and E3 are the non-dimensional elasticity parameter.
B1 By and B4 are the non-dimensional velocity, thermal and concentration slip parameters

respectively.

Using non-dimensional variables, the governing mathematical problems are

5Re% [6°Wa0 + Wy | = Uy + 26°Vagyy + 6 Wagae + Gr [0, + N9, | , (3.9)
sPrre L — 5200 0% 829 + Br [45 (Way)? + (Tyy — 52%1)2] ; (3.10)
dt 02 T a2
et Llple 2o, o
w2 |5 -0 55| 0 oxnd {1 o - {11
Elaa_; + E289?—;t2 + F3 88;} ggyf 5282?;\(% 5Re% +Gr(@+N¢| at y = +n,

(3.12)
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where the dimensionless form of 7 is written as

n=(1+esin2n (z—1t)).

Using long wavelength and low Reynolds number approximations, Egs. (3.9) — (3.12) take the

forms
Wyyyy + Gr [0y + No, | =0, (3.13)
020

a7+ Br () =0, (3.14)
L2 6= (3.15)

Scayz 1?7 :

*v a0 1 O¢ 1
v, i518—y2 =0, Hiﬁga—y = {O}’ <z§:|:538—y = {0}7
83 33 82 33\11

El% + E28x8t2 + ES@:B@J n = 0 +Gr[0+ N¢| at y = +n. (3.16)

3.3 Solution procedure

We are interested to find the solutions of flow quantities in terms of small Grashof number Gr.

Hence it is reasonable to expand the quantities as follows:

¥ = o+ Griy + 0 (Gr?) + ...,
0 = 0o+ Gro,+0 (Gr?) + ..,
Z = Zy+GrZi+0(Gr®) + ..,

¢ = ¢o+Gro+0(Gr?) + ... (3.17)

Substituting above expressions into Egs. (3.13) — (3.16), we get two systems of equations for

GrY and Gr! as follows.
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3.3.1 Zeroth order system

The relevant problem at this order is

‘I'Oyyyy =0,

Ooyy + Br (Vo) =0,

1
§¢Oyy - ’Y¢0 = Ov

1 1
Yoy £ 81%oyy =0, o = Babloy = {0}, ¢o £ Bado, = {0}, at y =+,

o3 o? 0*

Eq

3.3.2 First order system

At this order of system the subjected problem can be expressed as

Viyyyy = — [909 + N ¢0y} )

Hlyy = —QBTwoyy\Iflyy,

1%,
Sc Oy?

\Ijly == /Bl\ljlyy = 0; 91 + BQQIy = 07 ¢1 + 63¢1y = O>

_7¢:07

Uiyyy + 00+ Nop) =0 at y = =£n.

3.3.3 Zeroth order solution

Here the solution expression are

Ly [y
Uy=—= | = — —L
0= [3 n B1yn,
1 y BrLl? , 51>
Op== |1+ + —y*] + B,BrL =,
0 2[ 1+ Bo 12 [77 y] Ba

37
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(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)



1 cosh N1y sinh N1y
d)[) = ( ’

= 3.28
2 | (cosh Nin + B3Ny sinh N1n) + (sinh Nyn + B5N; cosh Nin) (3:28)
E.
Ny = \/9Se, L = 8er® [2—3 sin 27 (z — ct) — (E1 + E2) cos 2w (xz — ct)} .
™

3.3.4 First order solution

Here the resulting expressions are

2 3 4 2,7
Yy y Yy BrL%y
Uy = L+ Lo= + LyZ —
! W e S T R+ 5, | 2520
N [ sinh N1y cosh N1y
(

_ 3.29
2N} % cosh N1n + 3N7 sinh Nin) + (sinh N1n + B3N cosh Nm)] » (329)

3 4 5 2,8

Y y Y BrL7y

0 = Ay+ Agy— BrL | Lyl + L2 -
! 1+ Aoy — BT [23+ 6 015, 1680]

. ZCoshN1y>
sinh Nyy — ———
(ysnny 2058

2 sinh Ny
Ny ’

n BrLN o
N3 (cosh N1n + B3Ny sinh Nyn)

N BrLN y LW N
cos —
N3 (sinh Nyn + 85Ny cosh Nyn) Y Y

(3.30)

¢1 =0, (3.31)
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Ly

Lo

Ay

Az

with

180 6 4 24 6

n N cosh N1n
2N; (cosh Nin + B3Ny sinh Nyn) Ny

UM U N

2 7BL26 BL25
L= | DaBrkm +2ﬁ1n(—+

+ 61 Sinh Nl?]j| s

60

1 7BrL2n4+B2BrL2n3> B, BrL*n®

inh V-
X [u + 54 costhn] ,
M

1 BrL*n* 28,BrL%n?
(1+ rL?* | 28,81 n>7

D) 6 3

Lan*  BrL?np® 2BrLN
— 2BrL n — :
12 3360 2N’ (cosh N1n + 53Ny sinh N1n)

_2B7"LL3773 _ Br2L%n7 N

1201+ B) 1+ Ba)  A(n+ By) (1 + Ba) 2Ny (57 + By) (sinh N1y + BNy cosh Ny7)

X [77 sinh Nyn —

N X (77 cosh N1n — —qsmkjlvjlvl )

2BrLN

2costh] 3 3 210 2NZ(cosh N17+B5N; sinh Ni7)
— | — P2

2BrL [Lgng n°
(n+ B2)
X [n cosh Nin —

QSinth] By
Ny (n+ Ba2)

BrLn* N 2BrLN

(n+Bs)  2NE(cosh Nin + B3Ny sinh Nyn)

X [—BTLLQUQ +3

The heat transfer coefficients at the walls are given by

1 B BT‘L27]3)

Zy = 773:609 (77) =Tz <2<77+/B2) 3

Zl = 77x61y (77) }

2 3 4 2,7
1 n 1 BrLn
= Ay —2BrL < Lo— + L3— —
”x[2 T{22+33 607+ 0y 420 H
BrLN inh V-
+— N2 2T - X 77coshN177_sm—177
N7 (cosh N1n + 3Ny sinh N1n) Ny
BrLN h V-
+—= Ul X 7ysimh]\7117—M .
N7 (sinh Nyn + B3N7 cosh N1n) Ny
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X <77 sinh Nyn —

cosh N1n

Ny

(3.32)

(3.33)
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3.4 Graphical results and discussion

This section is arrenged to scrutinize the quantitative effects of pertinent parameters which
include perturbation parameter Gr, Brinkman number Br, Schmidt number Sc, slip parameters
B1, By and B3, chemical reaction parameter v and occlusion parameter e respectively. In
particular the roles of wall parameters which are elastic tension in membrane Fq, mass per
unit area Fs and the coefficient of viscous damping Fj5 are explained. This section is further
divided into five subsections consisting of the results for velocity, temperature, concentration,

heat transfer coefficient and trapping phenomenon.

3.4.1 Analysis of velocity profile

The velocity profile for various parameters of interest are displayed in the Figs 3.1 — 3.8. It is
also interesting to note that the velocity profile is parabolic for fixed values of the parameters
and its magnitude is maximum near the centre of the channel. Fig 3.1 depicts the behavior
of velocity for different values of Gr where all other parameters are kept fixed. It is observed
that velocity increases for increasing value of Gr. The effect of Br on velocity is shown in Fig
3.2. Tt can be noticed that behavior is similar to Gr. Flig. 3.3 examines the effect of Sc on
velocity which shows decrease in velocity for increasing values of Sc. The variations of elastic
parameters F1, Es and E3 are shown in F'ig. 3.4. For increasing values of E; and F5 the velocity
increases and for increasing values of Fj, it decreases . Fig. 3.5 is plotted to see the effect of ~
on velocity profile. Decrease in velocity is observed for increasing values of v. Figs. 3.6 — 3.8
are prepared to see the effect of slip parameters on velocity. Similar behavior is shown by 3,
and [, i.e. an increase in velocity is noted for increasing values whereas opposite behavior is

shown by f3 for increasing values.

3.4.2 Analysis of temperature profile

For the examination of the influence of different parameters on the temperature, we plotted
the Figs. 3.9 — 3.16. Fig. 3.9 explains the effect of Gr on temperature. Rise in temperature is
noticed for increasing values of Gr. Similar effect is shown by Br in Fig. 3.10. To study the

influences of Sc and v on temperature, Figs. 3.11 and 3.12 are prepared. One can observe that
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temperature decreases for increasing values of Sc and ~. Fig. 3.13 explores the effect of wall
parameters on temperature. It is noticed that temperature increases for larger values of £ and
FE5 whereas it decreases by increasing Fs. Figs. 3.14 — 3.16 are sketched to observe the effects
of slip parameters. Graphs reveal that for increasing value of 3, the temperature increases in
left part of channel and it decreases in right part. It is noticed that temperature increases for

increasing values of 35 and decreases for increasing values of 5 respectively.

3.4.3 Analysis of concentration distribution

Figs. 3.17 — 3.20 discuss the effect of sundry parameters on concentration distribution. It is
noticed from Figs. 3.17 and 3.18 that the concentration decreases as we increase the values
of Sc and . Figs. 3.19 and 3.20 are drawn to observe the effects of variation in € and slip

parameters. It is seen that for large values of € and (3, the concentration field decreases.

3.4.4 Heat transfer coeflicient

In order to discuss the effects of different physical parameters on heat transfer coefficient Z,
Figs. 3.21 — 3.26 are sketched. Figs. 3.21 and 3.22 depict that absolute value of heat transfer
coeflicient decreases with an increase in Gr. However it increases with Br. It is seen that value
of heat transfer coefficient increases with the increase in the values of F7 and 5 whereas it
decreases by increasing Fs3 (see Fig. 3.23). Effects of slip parameters are displayed in Fligs.
3.24 — 3.26. Heat transfer coefficient increases with the increase in the values of 3; and f5

whereas it decreases by increasing (5.

3.4.5 Trapping phenomenon

Figs. 3.27 — 3.32 displays the effect of different physical parameters on the streamlines. Fig.
3.27 is drawn to study the effect of perturbation parameter. It is concluded that the size of
left trapped bolus increases with increase in Gr whereas size of right trapped bolus decreases.
Similar behavior is seen for Br (Fig. 3.28). The effect of elastic parameters on trapping can be
seen in Fig. 3.29. We notice increase in size of trapped bolus by increasing values of E; and
FE5 whereas trapping bolus decreases for increasing values of Fs3. Impact of slip parameters on

trapping is illustrated in the Figs. 3.30 — 3.32. It is shown in Fig. 3.30 that size and number
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of trapping bolus increase with increasing value of ;. Similar effect is seen for 5y (F'ig. 3.31).
Mixed behavior is observed for 5. i.e. size of left bolus increases and right bolus decreases with

the increase of [33.
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v=0.1, B, =0.01, B, = 0.01, B3 = 0.01, x = 0.2, t = 0.1, e = 0.2.
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Fig. 3.5. Effect of v on w when Fy = 0.3, F2 =0.2, F3=0.1, Br=1, Sc =1, N = 10,
Gr=0.5, 8, =0.01, B, =0.01, B3 =0.01, 2 =0.2,t =0.1, e = 0.2.
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Fig. 3.6. Effect of §; on w when Fy = 0.1, E; = 0.5, F3 =0.5, Br =1, Sc =2, N = 0.1,
Gr =0.01, vy =0.1, 85 = 0.01, B3 =0.01, z = 0.2, t = 0.1, ¢ = 0.2.
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Fig. 3.7. Effect of 55 on w when Br =2, Sc=1, E; =1, E3 =0.5, E3 = 0.5, N = 0.1,
Gr=0.1,v=0.1, 3 =001, 83 =0.01, 2 =0.2, t =0.1, e = 0.2.
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Fig. 3.8. Effect of 83 on w when Gr =0.1, vy =1, E; =0.03, E2 = 0.01, E3 = 0.01, Br =1,
Se=1,N =10, 55, =0.01, 83 =0.01, 2 =0.2, t = 0.1, e = 0.2.
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Fig. 3.9. Effect of Gr on # when Br =1, Sc=2, E1 =1, E2 =05, F3=0.1, N=1,v=1,
By =0.01, B, =0.01, B3 = 0.01, 2 = 0.2, t = 0.1, € = 0.2.
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Fig. 3.10. Effect of Br on § when E; =1, F» = 0.5, B3 =0.1, Gr =0.01, Sc=1, N = 0.5,
v=0.1, B; =0.01, B, = 0.01, B3 = 0.01, x = 0.2, t = 0.1, e = 0.2.
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Fig. 3.11. Effect of Sc on 6 when E; = 0.03, E» = 0.01, E5 = 0.01, Br =1, Gr = 0.2, N = 10,
v=1, 3, =0.01, B, =001, B3 = 0.01, 2 = 0.2, t = 0.1, e = 0.2.
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Fig. 3.12. Effect of v on § when Ey = 0.03, £ = 0.01, E3 = 0.01, Br =1, Sc =1, N = 10,
Gr=0.2, 8, =0.01, 8, =0.01, B3 =0.01, x = 0.2, t = 0.1, e = 0.2.
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Fig. 3.13. Effect of parameters of wall properties on § when Gr = 0.01, Br =1, Sc =1,
N =0.1,v=0.1, 8, =0.01, By = 0.01, B3 = 0.01, e = 0.2, z = 0.2, £ = 0.1.
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Fig. 3.14. Effect of 5, on § when F; = 0.04, F; = 0.01, E3 =0.02, Br =1, Sc =2, N = 10,
Gr=05,7v=1, 8,=0.01, 53 =0.01,2=0.2,t=0.1, e =0.2.
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Fig. 3.15. Effect of 8, on § when E; = 0.5, F2 = 0.1, E3 =0.2, Br =1, Sc =2, N = 10,
Gr=0.01,v=1, 5, =0.01, 83 =001, 2=0.2,t =0.1, e = 0.2.
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Fig. 3.16. Effect of 83 on § when Sc =3, N =10, E; =0.1, E; = 0.2, E3 = 0.2, Br = 2,
Gr=0.5,v7=0.1, 8, =0.01, B, =0.01, x = 0.2, t = 0.1, e = 0.2.
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Fig. 3.17. Effect of Sc on ¢ when © =0.2,¢t=0.1, e =0.2, v = 0.1, 53 = 0.01.
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Fig. 3.18. Effect of v on ¢ when Sc =1, € =10.2, 83 =0.01, z = 0.2, t =0.1.
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Fig. 3.19. Effect of € on ¢ when v =2, Sc =2, 83 =0.01, x = 0.2, t =0.1.
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Fig. 3.20. Effect of 83 on ¢ when v =1, Sc=3,2=0.2,t=0.1, e =0.2.
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Fig. 3.21. Effect of Gr on Z when Sc=1, N =1, E; =1, E, =0.5, B3 =0.1, Br =0.1,
v=1, 8, =0.01, By =0.01, B3 = 0.01, t = 0.1, e = 0.2.
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Fig. 3.22. Effect of Br on Z when E1 = 0.1, F» = 0.5, £F3 =0.1, Gr =0.01, Sc=1, N =1,
v=1, 5, =0.01, 55, =0.01, 53 =0.01, t=0.1, e = 0.2.
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Fig. 3.23. Effect of wall properties on Z when Br = 0.01, Gr =0.2, Sc=2, N =1,y =1,

B, =0.01, By = 0.01, B3 =0.01, t = 0.1, e = 0.2.
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Fig. 3.24. Effect of 5, on Z when E; = 0.02, F3 = 0.01, F3 =0.02, Br =3, Sc=1, N = 10,

v =0.1, Gr = 0.05, 85 = 0.1, B3 = 0.1, t = 0.1, € = 0.2.
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Fig. 3.25. Effect of 85 on Z when Ey = 0.01, E; = 0.07, E3 = 0.05, Br = 2, Gr = 0.03,
Sc=3, N=10,v=0.1,8, =01, 83=0.1, ¢t =0.1, e = 0.2.
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Fig. 3.26. Effect of 3 on Z when E; = 0.01, B = 0.02, E3 = 0.05, Br = 3, Gr = 0.03,
Sc=2,N=10,v=1,3,=0.1,5,=0.1,t=0.1, e =0.2.
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Fig. 3.27. Streamlines for £y =1, E5 =0.2, E3=0.2, Br=2, N =0.1,y=2, Sc =2,
B, =0.01, B3 =0.01, 53 =0.01,t =0, e =0.1, (a) Gr =0, (b) Gr = 0.02.

Fig. 3.28. Streamlines for By = 1, B> = 0.2, E3 = 0.2, Gr = 0.2, Sc=2, N = 0.1, v = 2,
B, = 0.01, By = 0.01, B3 = 0.01, t =0, e = 0.1, (a) Br =0, (b) Br = 0.2.

56



Fig. 3.29. Streamlines for Gr = 0.02, Sc =2, Br =2, N =0.1, vy =2, 8, = 0.01, 55 = 0.01,
B3=001,t=0,¢=0.1(a) BE1 =1, EF3=0.1, E3=0.1 (b) E; = 1.1, E3 = 0.1, E5 = 0.1 (¢)
Ei=1,FE,=02,FE3=0.1(d) E1 =1, E2=0.1, B3 =0.2.
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Fig. 3.30. Streamlines for £y =1, E5 = 0.2, E3=0.2, Gr =0.01, Sc =2, Br =2, N = 0.1,
v=2,t=0,e=0.1, 55 =0.01, 3 =0.01, (a) 5; =0, (b) 5; = 0.03.

Fig. 3.31. Streamlines for By = 1, Fy = 0.2, F3 = 0.2, Gr = 0.01, Sc =2, Br =2, N = 0.1,
v=2,t=0,e=0.1, 3 =0.01, B3 = 0.0, (a) By =0, (b) By = 0.03.
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Fig. 3.32. Streamlines for F1 =1, E5 = 0.2, E3=0.2, Gr =0.01, Sc =2, Br =2, N = 0.1,
vy=2,t=0,e=0.1, 5; =0.01, 5 =0.01, (a) B3 =0, (b) 53 = 0.03.

3.5 Conclusions

We have discussed the partial slip effects on peristaltic transport of viscous fluid in a verti-
cal symmetric channel. Effects of slip parameter on the longitudinal velocity, temperature,

concentration and trapping are investigated. The main points are listed below.

e The longitudinal velocity increases by increasing 8, and S3,.
e Behavior of 3 on longitudinal velocity is quite opposite to that of 5, and [,.

e Temperature increases in the left part and decreases in the right part of the channel for

increasing values of ;.
e Temperature increases for increasing values of 3, and decreases by increasing 5.
e Concentration field decreases when slip parameter 35 is increased.

e The size of trapped bolus increases by increasing £;and .
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e Trapped bolus shows mixed behavior for 85 i.e. it increases for x < 0.25 and decreases

for x > 0.25.
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