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Chapter 0

Introduction

The non-Newtonian fluids flow has earned significant grandness due to its applications in indus-
try like polymers, plastic, petroleum, printing materials, soap, pharmaceuticals and rubber [1].
The flow behavior of non-Newtonian fluid in microchannels is of mellow interest in pragmatic
applications such as sample collection, detection, reaction, dispensing, mixing, and separation
of various chemical and biological species in microchips incorporated with fluidic pumps, sen-
sors, and valves, as well as in capillary viscometer to evaluate the non-Newtonian viscosity of
biological and chemical polymeric solutions [2]. In hydraulic fracturing, fluids are used that
consist of chemical additives exhibiting properties of non-Newtonian fluids that might drasti-
cally influence hydraulic behavior of these fluids. Equally forceful alteration in injection rate,
wellhead pressure and hydraulic horse power requirement might result from these fluid proper-
ties [3]. The flow of non-Newtonian fluids through inflatable as well as collapsible tubes plays a
vital role in biofluid mechanics. Esophagus may be regarded as a tube connecting the stomach
and throat. The movement of liquids or food through human throat may be considered as
an example of non-Newtonian fluid flow through a tube. The knowledge of the mechanisms
like esophageal and pharyngeal makes us able to the better treatment of such systems with
malfunctioning. Biological science of these systems is very complicated. The food and liquids
could have viscous non-Newtonian or viscous Newtonian or viscous and elastic non-Newtonian
flow behavior; the latter possibly due to the presence of viscoelastic biopolymers [4]. Damir
Dominko and Matija Culo are of the view that one application of non-Newtonian fluid could be

a flexible military suit (Wikipedia). Inside the suit there would be some kind of non-Newtonian



fluid which would remain in liquid state while the soldier stands still, moves or runs, but would
immediately go into the solid state when the bullet hits, acting as a sort of flexible bulletproof
armor. Non-Newtonian fluids could also be used in shoe manufacturing. The inside layer of the
shoes would be filled with a non-Newtonian fluid. During standing, walking, or easy running,
when pressures which act on the shoe are weak, the non-Newtonian fluid would remain in a
liquid state and therefore the shoe interior would adapt the position and shape of the foot. This
would make non-Newtonian fluid sport shoes very comfortable. During fast running or other
activities which apply strong pressures on the foot, the non-Newtonian fluid would solidify at
places and prevent possible injuries. Again, the main hurdle in making such a shoe is finding
a non-Newtonian fluid whose viscosity vs. stress dependence satisfies the above requirements.
In four-wheel drive vehicles the driving and non-driving shafts are connected by a mechanical
device called viscous coupling. The device consists of many circular plates with perforations.
Those plates are placed in a drum and fitted very close to each other. Inside the drum there
is a non-Newtonian fluid whose viscosity increases with shear stress. Plates are alternately
connected to the driving shaft at one end and non-driving shaft at the other. When a vehicle
moves without skidding, both shafts together with their connected plates rotate with the same
rotational speed. The non-Newtonian fluid remains in liquid state due to the absence of shear
between adjacent plates. But, in a situation in which the vehicle is skidding the difference in
rotational speed of adjacent plates produces shear stress: the fluid abruptly increases its vis-
cosity (it responds much like a solid) and therefore transfers motion between plates. The end
effect is a transfer of torque from driving to the non-driving shaft in other words, we switch
from a two-wheel to a four-wheel drive.

The flow of non-Newtonian fluids in open channels is of great importance to the mining
industry. Fixed-shape open channels can transport ore slurries and tailings streams as a more
economic alternative to pumping, when the terrain allows. Currently the design of these flumes
is often done using crude estimates based on the conditions established for water with a limited
set of field observations. In the context of a tailings storage facility, self-formed channels at
sufficient gradient or slope will generate enough turbulence to maintain particles in suspension.
Also, a shallower gradient will reduce the turbulence intensity, which allows more solids to settle

in the channel bed. The study of non-Newtonian suspensions in open channels will provide the



fundamental information about the design and operation of industrial channels for the transport
of mineral suspensions.

Due to extensive use of non-Newtonian fluid flows in several technical and industrial processes,
scientists paid their attention towards different non-Newtonian fluid model flows through dif-
ferent geometries. As for as literature survey is concerned, Rajagopal and Gupta [5] studied
an exact solution for the flow of a non-Newtonian fluid past an infinite plate. Rajagopal et
al. [6] discussed an existence theorem for the flow of a non-Newtonian fluid past an infinite
porous plate. Fetecau et al. [7] considered unsteady flow of a second grade fluid between two
side walls perpendicular to a plate. Vieru et al. [8] found exact solutions corresponding to the
first problem of Stokes for Oldroyd-B fluids. The first problem of Stokes for Burgers’ fluids
was discussed by Vieru et al. [9]. Tan and Masuoka [10] examined Stokes first problem for an
Oldroyd-B fluid in a porous half space. Chen et al. [11] analyzed unsteady unidirectional flow
of an Oldroyd-B fluid in a circular duct with different given volume flow rate conditions. Ariel
et al. [12] probed flow of a third grade fluid through a porous flat channel. Siddiqui et al. [13]
talked about some unsteady unidirectional flows of a non-Newtonian fluid. Moving boundary
in a non-Newtonian fluid was viewed by Asghar et al. [14]. Hayat et al. [15] dissected an
oscillating hydromagnetic non-Newtonian flow in a rotating system. Hayat et al. [16] studied
into Hall effects on unsteady duct flow of a non-Newtonian fluid in a porous medium. Nadeem
et al. [17] obtained numerical solutions of peristaltic flow of a Jeffrey-six constant fluid with
variable MHD.

Viscosity is another physical property of fluids. "Viscosity is a measure of the resistance of
a fluid which is being deformed by either shear or tensile stress. In everyday terms (and for
fluids only), viscosity is thickness or internal friction" (Wikipedia). A large number of papers
have been discussed in which fluid viscosity is considered to be constant. In certain situations,
it is not necessary that the fluid viscosity is constant it may vary with distance, temperature
or pressure. For example in coal slurries the viscosity of the fluid vary with temperature.
In general the coefficient of viscosity for real fluids are functions of temperature. In many
thermal transport processes, the temperature distribution with in the flow field is not uniform,
i.e., the fluid viscosity may be changed noticeably if a large temperature difference exists in

the system. Therefore, it is highly desirable to take into account the temperature dependent



viscosity in momentum as well as in energy equation. Literature survey indicates that very
less attention has been given to the flow of non-Newtonian fluids with variable viscosity. The
works of Massoudi and Christie [18], Pakdermirli and Yilbas [19]and Pantokratoras [20] may
be mentioned in this direction. One of non-Newtonian fluids models is Jeffery-six constant
fluid. Aristov and Skul’skii [21], discussed this model of fluid in a plane channel. Nadeem et
al. [ 22] discussed effects of partial slip on a fourth grade fluid with variable viscosity. Further,
Akbar et al. [ 23] discussed simulation of heat transfer on the peristaltic flow of a Jeffrey-six
constant fluid in a diverging tube. Oldroyd 8-constant model is an important non-Newtonian
fluid model. Baris et al. [24] considered an Oldroyd 8-constant model to discuss the steady flow
in a convergent channel. The couette, poiseuile and generalized couette flows of an Oldroyd
8-constant magnetohydrodynamic fluid are discussed by Hayat et al. [25]. The problem dealing
with the steady flow of an Oldroyd 8-constant fluid over a suddenly moved plate is considered
by Ellahi et al. [26]. In continuation, Ellahi et al. [27] discussed Oldroyd 8-constant fluid with
non-linear slip condition. A complex mathematical model known as Eyring-Powell fluid model
was developed by Powell and Eyring in 1944. Powell and Eyring [28] studied mechanism for the
relaxation theory of viscosity. This model is another addition to the regime of non-Newtonian
fluids.

Stretching is another important phenomena which plays a vital role in our daily life. The
flow of a stretching plate is observed in a large number of industrial processes. Examples of
fabrication of adhesive tapes, the extrusion of plastic sheets and application of coating layers
onto rigid substrates may be mentioned in this regard. Polymer sheets are manufactured by
continuous extrusion of the polymer from a die to a windup roller [29]. A continuously moving
surface with a non-uniform velocity through the ambient fluid is constituted by the thin polymer
sheet. Flows caused by a continuously moving surface are encountered in many processes of
thermal and moisture treatment of materials, predominantly in processes involving continuous
pulling of a sheet through a reaction zone; as in crystalline materials, paper industries, in
textiles, in the manufacture of glass sheets and metallurgy. It is worth mentioning that many
metallurgical processes involve the cooling of continuous stripes or filaments by drawing them
through a quiescent fluid, and in the process of drawing, these strips are stretched [30-34]. In

view of these applications, stretching flows with various geometries for both Newtonian and non-



Newtonian fluids have been discussed analytically, numerically and experimentally by number
of researchers.

The flow of a Newtonian fluid over a linear stretching surface was first studied by Crane [35].
Subsequently, various aspects of the flow and/or heat transfer problems for stretching surfaces
moving in the infinite fluid medium have been explored in many investigations [36-44]. In the
manufacture of metal and polymer solid cylinders, the material is usually in a molten phase
when thrust through an extrusion die and then cools and solidifies some distance away from
the die. Experiments by Vleggaar [45] show that the velocity of the material is approximately
proportional to the distance, so these systems are often modeled as linearly stretching rods or
cylinders. Wang [46] has studied the steady flow of a viscous and incompressible fluid outside of
a stretching hollow cylinder in an ambient fluid at rest. However, very less attention has been
given to the flows of a non-Newtonian fluid due to a stretching cylinder with variable viscosity.
The fluids are necessary for heat transfer in engineering equipment.

Low thermal conductivity of conventional heat transfer fluids like water, oil, and ethylene
glycol mixture is a limitation in enhancing the performance and compactness of such engineer-
ing equipment. To overcome this difficulty, there is need to find advanced heat transfer fluids
with higher conductivity. Recent simulations of the cooling system of a large truck engine pre-
dicts that replacement of the conventional engine coolant (ethylene glycol-water mixture) by a
nanofluid would provide remarkable advantages by removing more heat from the engine. Hence,
there is strong motivation in the use of nanofluids for any process that uses process heat that
needs cooling, i.e., engines, heat treating, rubber manufacturing, etc. Processing time could be
minimized using nanoparticles in water compared to using water to cool from processing tem-
peratures. Recently, a special attention has been given to the nanofluids. The term nanofluid
was introduced by Choi 1995; means a liquid containing a suspension of submicron solid parti-
cles (nano particles). The major advantage of nanofluids is thermal conductivity enhancement
(see Masuda et. al 1993;). The major use of nanofluids technology is in advance nuclear sys-
tems. A comprehensive study about natural convection of nanofluids have been examined by
Putra et. al [47]. They [47] experimentally discussed the natural convection of nanofluids inside
horizontal cylinder heated from one end and cooled from the other end. Kuznetsov and Nield

[48] have examined the natural convective boundary layer flow of a nanofluid past a vertical



plate. In another study, Kuznetsorv and Nield [49] have reported the thermal instability in a
porous medium layer saturated by a nanofluid. A numerical study about boundary layer flow
of a nanofluid past a stretching sheet have been presented by Khan and Pop [50]. However,
non-Newtonian nanofluid flows with variable viscosity are very rare. Keeping in mind the above
highlights the purpose of present thesis is to discuss the effects of variable viscosity for different
non-Newtonian fluid models in different physical geometries. Motivated from the above impor-
tant studies the present thesis is arranged as follow: In chapter zero brief literature survey is
highlighted.

In chapter one, we discuss the flow of a Jeffrey-six constant incompressible fluid between
two infinite coaxial cylinders in the presence of heat transfer analysis. The governing equa-
tions of Jeffrey-six constant fluid along with energy equation have been derived in cylindrical
coordinates. The highly nonlinear equations are simplified with the help of nondimensional
parameters and then solved analytically with the help of homotopy analysis method (HAM)[51]
for two fundamental flows namely Couette and Generalized Couette flow. The content of this
chapter is published in Communications in Theoretical Physics. 56(2011)345 — 351.

Chapter two is devoted to the study of flow of an Oldroyd 8-constant fluid with variable
temperature dependent viscosity between coaxial cylinders. The analytic solutions are obtained
by using homotopy analysis method (HAM). The content of this chapter is published in
Communications in Theoretical Physics 56(2011)933 — 938..

The flow of a third grade fluid between two coaxial cylinders with temperature dependent
viscosity has been examined in chapter three. The medium is considered to be porous. Two
types of geometrical problems with Reynolds’ and Vogel’s viscosity models are taken into ac-
count. In first case the motion of the fluid is due to a constant pressure gradient and a movement
of inner cylinder while the outer cylinder is kept fixed. In second case we considered that the
inner cylinder is fixed while the disturbance in the fluid comes due to the constant pressure
gradient and the movement of outer cylinder. Analytical solutions have been calculated us-
ing homotopy analysis method (HAM) for temperature and velocity equations. The numerical
solution of the problem has also been computed by shooting method.

In chapter 4, we have focused our attention to highlight the study of non-Newtonian

nanofluid between coaxial cylinders with variable viscosity. Analytical solutions are com-



puted with the help of HAM technique. The content of this chapter is published in ZINA.
67a(2011)255 — 261.

In chapter 5, an analytical treatment of a steady boundary layer flow of an Eyring-Powell
model fluid due to a stretching cylinder with temperature dependent variable viscosity is dis-
cussed. This work is accepted in Scientia Iranica.

Chapter 6 is devoted to describe the study of boundary layer flow of a Walter’s B fluid
due to a stretching cylinder with temperature dependent variable viscosity. The content of this
chapter is submitted for publication in communication in mathematical physics.

Chapter 7 is developed to study the flow of a hyperbolic tangent fluid due to a stretching
cylinder with temperature dependent variable viscosity. This work is submitted for possible

publication in computer physics communication.
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Nomenclature

\% Velocity

S Extra stress tensor

T Cauchy stress tensor

P Density of the fluid

7 Viscosity

T Transpose

a Radius of tube

c A constant with positive value

Ay b, Cmy

Material constants of Jeffrey-six constant fluid

C3,Cy Oldroyd 8-constant parameters

Ce Jeffrey fluid parameter

Re Reynold number

Dy Thermophoretic diffusion coefficient

K Thermal conductivity

Ny Brownian motion parameter

Ny Thermophoresis parameter

B1,c1 Material constant of Eyring Powell fluid
Dp Brownian diffusion coefficient

E,F,G,J | Material constant of Jeffrey six-constant fluid model
G, Grashof number

Cp Specific heat

w Velocity component in z-direction

Ey, Es Eyring Powell fluid parameters

E. Eckert number

Ao The delay time

w,n Viscosities

A Vogel’s model parameter

Py Density of particle
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1 The identity tensor

A, The first Rivlin-Ericksen tensor

% The contravarient convected derivative

I} Volumetric expansion coefficient of the fluid
B3 Dimensional third grade parameter

A The dimensionless non-Newtonian parameter
A1 The ratio of relaxation to retardation times
A The retardation time

Ry Inward cylinder radius

Ry Outward cylinder radius

A11 Relaxation time

t Time

P Pressure

Cs Walters’ B fluid parameter

Vg Constant velocity of the inner cylinder

q Embedding parameter

Pr Prandtl number

M Reynolds’ model viscosity parameter

C,C*, B | Constants of Vogel’s model

b A constant

o Temperature in dimensional form

P Porous medium parameter

g Gravitational force

Qs Thermal diffusivity

1 Porosity

w Antisymmetric part of velocity gradient

10} Nanoparticle fraction

(pc)p The heat capacity of the nanoparticle material
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Chapter 1

Flow of a Jeffery-six constant fluid

in cylinders

1.1 Introduction

The current chapter handles flow of a Jeffery-six constant fluid through annulus region of two
concentric cylinders in the presence of heat transfer analysis. The arising non linear partial dif-
ferential equations are simplified by using nondimensional parameters. Two fundamental flows
namely Couette and Generalized Couette flow are studied. The effects of emerging parameters

are discussed through graphs. To see the series solution’s convergence we portrait h-curves.

1.2 Mathematical model

We consider flow of a Jeffrey-six constant fluid through annulus region of two concentric cylin-

ders. The equations which govern the problem are given by

V.V =0, (1.1)
dV

13



dT
pCp——

p o =T L+ EVT, (1.3)

where p is density, V is velocity vector, C}, denotes specific heat, T" is temperature and 7 is the
Cauchy stress tensor, which is different for different fluid models.

The stress tensor for Jeffrey-six constant fluid is defined as [21]

T+ M1 FyprprerT = ,LL(D + )\QFa*b*C*D), (1.4)

or is written in an expanded from as

d
T+ All[df; — W+t W+ad(r.D+D.7)+ bt : DI+ D trr] =2u[D
dD
+o(—- ~W.D+D.W +2°'D.D+ "D : DI)). (1.5)

In the above equation, VV = D + W is the velocity gradient, D = (VVY + VV)/2 is
the symmetric part of velocity gradient, W = (VVY — VV)/2 is the antisymmetric part of
velocity gradient.

For the problem under consideration we take the velocity and temperature distribution of

the form

V=0, 0, v(r)], T =T(r). (1.6)

In the light of Egs. (1.5) and (1.6), continuity equation (1.1) is identically satisfied, mo-

mentum and energy equations become

d
“d 5+ ( ) +(QHA;+ A5+ A E (;) (2H A + A% + A3)
,u dv v (dv? W dv
- — (2HAZ +3A5+3A)) p— | — ——
+(HA r (d ) + ol 4)“dr2 <d7“ T
dp d*v du dv
—A%? A p—— + (HAP + AY) p——) =0, (L.
38< > ( >< 5 +5 Mdr2+( 3"+ 1)#drdr 0, (1.7)

14



v 2 « (dv\4
Ll <dv>2+ﬂ[(1—H) () +4i(g)]  1dT dQT] —0, (1.8)

dr 1+ A3 (%)2 K[T dr + dr?
where
A A
H = 22 A4=22@+b0 —1)(1+a" + ) (A — An),
A1 2
A
A5 = (-t - @) (D)~ e~ A (1+at + ) (@ + - 1))
1
A; = 5()\11 — )\2) {)\1 (1 —a* — C*> (1 +a* + b*) — b*C*)\n — A2 (1 +a* + C*) (a* + b — 1)},
A* = AMidg o * * * * * * * K
1 = 1 (a +b—1)(1+a +c)()\2—)\11)()\11(1—a —C)(l-i—d +b)—bc/\11
X2 (1 +a*+¢") (" +b* —1)). (1.9)

Moreover, a*, b* and ¢* are constants.

1.3 Couette flow

Consider the flow which is bounded by two infinite cylinders. Only the inner cylinder’s motion
is responsible for the flow. The walls of both the cylinders are heated with temperatures T,
and 77 respectively.

The associated boundary conditions are

v (Ro) = o, T(Ro) = To, (% (Rl) = 0, T(Rl) = T1 (1.10)

where Ry is the radius of the inner cylinder, R is the radius of outer cylinder and vg is the
constant velocity of inner cylinder.

Introducing the following nondimensional variables

r Atpd Asv2 T-T Ry dp A2
F=—, F="10 =220 ¢g— ,b=—",C=—, F=2320 1.11
"T Ry R} R2 T,-Ty Ry ' 07 g 4
C 2 2 _ _ A* 2
C: 1RO’ — IU’*VO ,’U — 1,/.11: ﬂ,b]: 412)0’ (112)
[ V0 w(T, —T1) Vo P R

15



Fig. 1la: Geometry of the problem.

Substituting Eq. (1.11) into Egs. (1.7), (1.8) and boundary conditions (1.10), we obtain the

following equations after dropping bars,

2
Pgva+2em) 4 u@r+3a+28m)) (D
T dr dr
v p, dv\® 9 v (do\* pdv
+'udr2+r(EH+F)<dr> +M(EH+5F)dr2<dr> +;5_07 (1.12)
dv\? do\* 1d0 d20 (E _d*0\ [dv)?

ul’ (dr> +”(J+EH)F<dr> ot <T+Ed2r> <d1~) =0, (1.13)
v(1) = 0(1) = 1. (1.14)
u(b) = 6(b) = 0. (1.15)
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1.4 Solution of the problem

The solution of above boundary value problem have been computed analytically adopting ho-

motopy analysis method. For series solution we take the initial estimate

_(b—1)
vo (1) = 6=1)’ (1.16)
(b—r)
0 = . 1.17
The auxiliary linear operators are defined as
Lyer (v) =", (1.18)
Liemp (0) = 0", (1.19)
possessing
Lyei(A11 + Byr) =0, (1.20)
Etemp(AlQ + B2T) =0, (121)

where A11, A1z , By and By are constants and £, and Liem, stands for linear operators for
velocity and temperature.
If ¢ € [0,1] is an embedding parameter then the problems at the zero and mth order are

respectively given by

(1 = @) Loa[0(r, ) — vo(r)] = ¢hNy[0(r, ), 0(r, )], (1.22)
(1 = q)Ltempl0(r, q) — Oo(r)] = ¢hNp[v(r, ), 0(r, q)], (1.23)
Loetlvm(r) = XmVm-1(r)] = hRy(r), (1.24)
Liemp0m(r) — Xmbm—1(r)] = RRg(r), (1.25)
9(1,9) = 0(1,q) = 1, (1.26)

o(b,q) = 0(b,q) = 0. (1.27)

17



Uy (b, q) = O (b, q) = 0, (1.29)
where
No(r,q)] = 9% 4 8 (J4+G+2EH) (%)’ + £ (E2H + F) (&)°
d?v d“v [ dv
E’H +5F — 3J +3G +2EH) (1.30
s+ <( + )d2<dr> + (37 +3G + ) : )
_ ) oy 4
Nolo(r,q),0(r,q)] = ul(3)" +nu(J+EH)T (3)
1d0  d*0 E (dv\®> _d*0 (dv\?
_—Z 2228 e (£ 1.31
rdr dr?2 r (dr) dr? (dr) ’ (1.31)
R, = %uv, +%(J+G+2EH) Z va KU1V
k=0 1=0
" m—1 k
T (E*H + F) Zzzzvm |k VU] sVs_ V5
k=0 1=0 s=0 5=0
m—1 k l s //
+ (E2H—|—5F) Z Vpn—1—kVk—1V]—sVs—;Vj
k=0 1=0 s=0 j=0
mil k " "
(3J+3G+2EH) > Y v 1 4V 0 + g, 1, (1.32)
k=0 1=0
m=1 , m—1 k 1 , ,
Ro = pl' 0 vp, 4 kvk+M(J+EH)FkZ IZ Zovm 1k Uk—1V1—5Vs
- =0 [=0s=
1 iy Em—l m—1 k
—;Qm—l 1 — . Z U1V — E vaflfkkalgl (1.33)
k=0 k=0 1=0
The solution of Egs.(1.32) and (1.33) using Mathematica are obtained in the form
m+1 m+2
m (1.34)

= g amnr", 0
n=0
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1.5 Generalized Couette flow

Let us consider the flow of a Jeffrey-six constant fluid with constant viscosity bounded by two
infinite coaxial cylinders. The movement of inner cylinder and constant pressure gradient are
responsible for the occurrence of disturbance in the fluid. The nondimensional momentum and

energy equations in the presence of pressure are defined as

RERS

(J+G+28H) (% Yy (E2H+5F)d2—v+M(E2H+F) @\ (d)*
dr a dr? dr dr

-

d*>v  pdv d*v o [ dv 2 dv\?
— + — 3J+3G+2EH)— —CE“ | —| =2C||— ) =0. 1.35
+'udr2 + rdr + (M( ot ) dr? (dr) <d7‘> (135)

dv\ 2 dv\* 140 d%0 1 d?0\ [dv\?
(= EHT (== e e+ ) (=) =o. 1.
H <dr> +tu(/+ ) <d7“) +rdr+d7“2 <T+d7“2> <d1“) 0 (1.36)

The corresponding boundary conditions are defined in Eqgs. (1.14) and (1.15). Initial guesses
and auxiliary linear operators are defined in Egs. (1.16) to (1.19) for HAM solution.
If ¢ € [0,1] is an embedding parameter and 7 is auxiliary parameter then the problems at

the zero and mth order are respectively given by

(1 = @) Lya[0(r, q) — vo(r)] = ghNue[0(r,9),0(r,q)], (1.37)
(1 = @) Liemp[0(r, @) = O0(r)] = ahNiemp[0(r, @), 0(r, @), (1.38)
Loet[vm(r) = XmVm-1(r)] = liRye(r), (1.39)
Ltemp[0m () = Ximbm-1(r)] = "Btemp (1), (1.40)
9(1,q) =0(1,9) = 1, (1.41)

(b, q) = 0(b,q) = 0, (1.42)

Um(1l,q) = Om(1,q) =0, (1.43)

Um(b,q) = Om(b,q) =0, (1.44)
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where

Nya[0(r,q)] = (% (J+G+2EH) % + 11 (3] + 3G + 2EH) %) (d)?
dv v (dv dv\?
CE? 2C — 1 (E?H + 5F — | -C

( <dr) 20— (B2H +5F) g <dr> ) (dr)

LA +5 (EZH R (% v (1.45)
Harz dr ) dr’ ‘
_ - ) 2 o4
Ntemp[v(ry q),@(?”, Q)] = pl (37) +M(J+EH)F(%) - %%
20 (FE d20\ [ dv\>
—— —(Z+E=—2) (= 1.46
dr? (r + dr2) (dr) ’ ( )
, m—1 k
[ m—1 k l s m—1
T (E*H + F) Z Z U1k Vg1V sVs— V5 — 2C Z Um—1-kVk
k=0 =0 s=0 j=0 k=0
m—1 k . m—1 k l
1% (3J + 3G + QEH) Z Z 'Um_l_k.’Uk_l’Ul — CE2 Z 'Um_l_k.’Uk_l’Ul_s’Us
k=0 =0 k=0 =0 s=0
m—1 k ! s " "

Hu (BPH+5F) Y 03 0 > 1 ViV sVs V) + WU, (1.47)

m—1 m—1 k l
Ry = (“F_*) D Vg gV T (J+HEH)T Y0 370 3 v, U U Vs
k=0 k=0 (=0 s=0
1 m—1 k
O =0 - E > U1Vt (1.48)
k=0 =0

By Mathematica the solutions of Eqgs. (1.47) and (1.48) can be written as

2m+1 2m+1
= Z Uy 75 O (1) = Z dyy ™, M >0, (1.49)
n=0 n=0
where ay,,, and dy, , are constants to be determined by substituting (1.49) into (1.37)
~(1.38).
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1.6 Graphical results and discussion

To report the convergence of the obtained series solutions and the effects of sundry parameters
in the present investigation, we have plotted Figs. 1.1 to 1.10. Figs. 1.1 to 1.3 are prepared
to see the convergence region. Figs. 1.1 and 1.2 correspond to Couette flow, where as Fig. 1.3
relates to Generalized Couette flow. Fig. 1.4 depicts the temperature profile for Generalized
Couette flow for different values of J. The increment in J means increasment in velocity of
inner cylinder. Since inner cylinder is moving in the direction parallel to motion of the fluid.
The velocity of fluid particles increases. The kinetic energy depends upon the velocity. The
rise in velocity would rise the average kinetic energy of the system. As temperature depends
upon kinetic energy i.e. temperature is directly proportional to kinetic energy. Consequently,
temperature of the fluid rises up. This is what we are observing in Fig. 1.4.

Fig. 1.5 shows influence of variation of E on temperature distribution for Generalized
Couette flow. Since FE is directly proportional to square of velocity of inner cylinder. When E
is increasing, it indicates that velocity of inner cylinder enhancing the velocity of fluid particles.
The kinetic energy of system is directly proportional to the square of average velocity of fluid
particles. Thus, we come across the conclusion that kinetic energy of the system as a whole is
increasing. This enhancement in kinetic energy influences temperature in such a way that it
rises up. Fig. 1.6 is plotted in order to see the velocity variation for Generalized Couette flow
for C'. It is depicted that velocity field decreases as C increases. Since pressure is in a direction
opposite to the flow. So as the pressure opposes the motion. The fluid velocity decreases due
to rise in pressure.

Fig. 1.7 shows velocity field for Generalized Couette flow for F'. It is seen that velocity
decreases as F' increases. Fig. 1.8 shows the velocity variation for Couette flow for J. It is
depicted that velocity increases as J increases. When J is increasing , it is evident that it
is because of enhancement in velocity of inner cylinder i.e. the average velocity of the fluid
particles increases. As a result, velocity of the fluid rises. Fig. 1.9 is prepared to observe the
velocity variation for Generalized Couette flow for different values of J. Observation reveals
that velocity increases as J increases. Increase in J means, inner cylinder is moving with greater
speed i.e. disturbance in the fluid is increased. Since the motion of the fluid and movement

of the cylinder are along the same direction. So as a result velocity of fluid increases. This is
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what we are observing in Fig. 1.9. Fig. 1.10 is plotted to see velocity distribution for various

values of G.

1.7 Conclusions

In this chapter, we have investigated analytically the flow of a Jeffrey-six constant incom-
pressible fluid between two infinite coaxial cylinders. The highly non-linear problem is solved
analytically by powerful technique homotopy analysis method. Effects of emerging parameters
on the flow and temperature profiles are examined. The following conclusions are drawn.
1. Temperature profiles increase with the increase of J and F for Generalized Couette flow.
2. Velocity increases with the increase of J for Generalized Couette flow.
3. An increment in parameters C, F' and G reduces velocity for Generalized Couette flow.
4. The increase of parameter J leads to the decrease of temperature profile for Couette flow.

5. Velocity increases with the increase of J for Couette flow.

J:'LF:O.‘I,r:‘IJE:U_'IJH:‘IJG:‘IJ#:G_‘I
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h

Fig. 1.1. h-curve for velocity for Couette flow.
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Fig. 1.2. h-curve for temperature for Couette flow.
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Fig. 1.3. h-curve for temperature for Generalized Couette flow.
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Fig. 1.4. Temperature distribution for Generalized Couette flow for J.
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Fig. 1.5. Temperature distribution for Generalized Couette flow for E.
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Fig. 1.6. Velocity distribution for Generalized Couette flow for C.
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Fig. 1.7. Velocity distribution for Generalized Couette flow for F'.
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Fig. 1.9. Velocity distribution for Generalized Couette flow for J.
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Chapter 2

Analytical treatment of (Generalized
Couette flow of an Oldroyd
8-constant fluid bounded by two
concentric cylinders with variable

viscosity

2.1 Introduction

The present chapter investigates the study of the steady flow of an Oldroyd 8-constant fluid
model with temperature dependent viscosity lying between concentric cylinders. The movement
of inner cylinder is prescribed in the axial direction and pressure gradient cause the fluid flow
where as the outward cylinder remains at rest. Besides this, the heat transfer effects are also
taken into account. Two models of temperature dependent viscosity are studied in order
to comprehend variable viscosity effects. The governing equations are simplified by a suitable
similarity transformation. An analytical solution of non linear problem is obtained by using

HAM. Graphical results for various parameters are presented and discussed.
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2.2 Mathematical equations

The constitutive equation for Oldroyd 8-constant fluid is given by
T=S-pl, (2.1)

in which p is pressure, I is identity tensor and extra stress tensor S is stated as

DS A3 A A DA A
S+ 22 (SAL+A1S)+ 22 (trS) A+ 28 [(8rS)AL]T = 11 | Aq + Aot + MA2 + ZX[(trA2) AT,
Dt 2 2 2 Dt 2
(2.2)
where
A =L +LT L=gradV, (2.3)

in which A is first Rivlin-Ericksen tensor and A; (i = 1 — 7) are material parameters of fluid
which are assumed to be constant. The contravarient convected derivative D / Dt for steady

flow is defined as
DS

— — — T
Dy (V.V)S—LS—-SL". (2.4)
We take the velocity and stress as
0 Srr 51»9 Srz
Vir)=1 0 [,S0)=1 Sor See So- |- (2.5)
v Szr Sz@ Szz

In the light of Eq.(2.5), the equation of continuity is satisfied identically and Eqgs. (2.1 to 2.5)

take following form

op 1d Soe
or = rar "5 T 20
10p 1d
v o6 = gy (5w) 27
dp 1d
92 = rar 75 28)
dv dv 4
rr rz ;. — 7 ) 2.
Spr 4+ (A3 + A6)S I (Mg + /\7)(dr) (2.9)
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A3 dv

—S,9— =0, 2.10
Sro + 5 S gdr 0 ( )
(A3 + As) dv X5, dv dv dv
5 \Prr rr 5 — M5 2.11
Srz + 5 (Spr + Sz )d + S@ed - M8, e Md?” ( )
dv dv
590 + )\657",2 M)\7( ) ) (212)
dr dr
()\3 — 2)\1) dv
2 8p— =0, 2.1
So, + 5 So I 0 (2.13)
dv dv
S., + ()\3 + A5 — 2)\1)Srz ()\4 + A7 — 2)\2)( ) . (214)
ar dr
Egs. (2.9) — (2.14) yield
S0 = Sp, = 0, (2.15)
4
o A== 20) ()7 A0 G = O+ 20) G () (2.16)
rr — o 2 N 2 y .
1+ ¢ () 1+¢ (49)
3
5, = MT 1 (dg) (217)
1+ ()
2 oy 4
(= 26) (8)7 = (MG — XeCr) (42)
Spy = 3 , (2.18)
1+G (F)
in which
A5 A7
Cl :)\1(/\4+)\7)—()\3+)\5)()\4+)\7—)\2)— 5
A5 6
CZ :)\1(>\3+)\6) — ()\3"‘)\5)()\3"‘)\6_)\1)_?

2.3 Physical model

Considering the same geometry (see Fig. 1 (a) ), the steady flow of an Oldroyd 8-constant fluid
with variable temperature dependent viscosity is focused. From Egs. (2.5) to (2.7) and (2.15),

imply
ap 1 d Sy
— - — 2.1
or  rdr (rSr.) ’ (2.19)
10p
;% -_— ) (2.20)
op 1d



The z differential of pressure is constant since the flow is due to a constant pressure gradient
and the motion of the inward cylinder. From Eq. (2.21), the velocity field is determined. The

pressure field is determined from Eq. (2.19). The momentum and energy equations are given

by ,
1d |1 (pg+uc(F) )| _op (2.22)
rdr |r 1+C2( )2 0z’ )
dv)2 dv\4
) +n6 (G) R4l P (2.22a)
1+ Gy (%)2 rdr  dr?
The corresponding boundary conditions are
v(Ro) = wo, T (Ro) = To,
’U(Rl) = 0, T (Rl) = Tl. (2.23)
Using dimensionless parameters
* v * :E * T * z * Cl C2
v =—, = —, r = =t z = -, 5 —_— 5. 224
w T Ry o' 1T (Rofwo)? = (Ro/vo)” (224

Eqgs. (2.22) to (2.24), after dropping asterisks, take the form

d d? dv\? d dv\?
o (3u<<3 )T - 20<4> (d”> +7(Ca+C3) <§f + djf) (“) ~Cr
0

U U 4 U

((5#(3(4 dr? CC4) + T:U’dﬁ + C3C4( du) Zr’) (%) + TZI; gr = ’ (2'25)
dv\ 2 dv do d20 dv d20
I'|(— T = 2.2
T <d7“> +ru C3< ) +d7’< +C4d>+rd2 <4d d2 07 ( 6)
v(1) = 6(1) = 1, o(b) = 6(5) =0, (2.27)
in which

2 2 2

(3= €195 Cy= (v C = RyCh h— Ry Cy = @’ = O« (2.28)

Ry R3T T ww T Ry 0z (T = To)
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2.4 Series Solutions for Reynolds’ model

In this case, temperature dependent viscosity is given as[18]

po=e M0 (2.28a)
Using Maclaurin’s series Eq. (2.28a) takes the form
p=1— M0+ O(6?). (2.28b)
Invoking Eq. (2.28b) into Egs. (2.25) to (2.27), one has
o () -2 () e (5) -

dv d?v dv d?v  1dv
—2CC4< ) - C+ — —|—5C3C4< r> W—l-*f

dr? rdr

C3C4 MOC3Cy > d?v do dv
@y Y vl 22
r dr T dr 9d7'2 dr dr

_Mdv g (0T d8 ()T MO (dv’
r dr 4\ ar Yar \dr T dr

v\ d d?
+<d:f> <(<3+<4) +C4€;—3M9(<3+c4>d7§>
0
Me® (2) s (&) 2o
—3M0 (G (2)° 25+ G (2)°58) = 0, (2.29)

dv dv dv dv
(i) - () v () e ()
do Cqdv d*0 dv
— (1 — | =0. 2.
T < T d7’>+dr2 +C4dr 0 (2:30)
For HAM solution, we choose the following initial guesses

(2.31)

32



0o (1) = . (2.32)

The auxiliary linear operators are in the form

Lyer (v) =", (2.33)
Liemp (0) = 0", (2.34)
which satisfy
Loye1(As1 + Bsar) = 0, (2.35)
Liemp(Aszg + Bsar) =0, (2.36)

where As1, Aso, B33, B34 are the constants.

The zeroth and mth order deformation equations for the present flow problem are stated as

(1= q)Loal 9(r,q) = o (r)] = ¢hNoal © (r,q),0(r, q)], (2.37)
(1 = @) Liemp[ 0(r,q) = 0o ()] = ¢hNiemp[ v (7,9),0(r,q)], (2.38)
Loet[vm(r) = XinVm-1(r)] = iRy (1), (2.39)
Liemp[0m(r) = Xonbm—1(r)] = hRiemp(r), (2.40)

o(1,9) = 0(1,q) = 1, (2.41)

(b, q) = 0(b,q) = 0, (2.42)

Um(1,q) = 0 (1,q) =0, (2.43)

Ui (b, q) = O (b, q) =0, (2.44)
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where

Nofo(r. )00 0)] = (% (4)" — MG 8% — O (8) +3(Ca + o) 58) (32)°
dv\? [ MOC3dv  (ydv d% 4344 dv\?® L MOCsG (df 3
_<d7"> ( rdr T dr +20<4+M€ (dr) T <dr>
dv\? @ do d
<5C3C4< v) dTU Cad f—3M9 (C5+Cq) ) ( C3C4d )

do\*d®v  MOC, [dv\® ldv d?v dodv M6 dv
—5M0 — - — ) - M———"2"_ (24
g <3C4< r> dr? r <dr> C+rdr+dr2 dr dr r dr’ (2.45)

_ - o) 2 o\ 2 oy 4
Niemp| 7 (r,0),0(r,q)] = T ()" = TM (§)"+T¢; (%)
dv 1do  (,dOdv  d%0 dv d?0
—MT =—— 2.4
<3< ) var T drdr T T tar ar (246)
By Mathematica the solutions of Eqgs. (2.45) and (2.46) can be written as
3m 3m+1
U (1) =Y €mnt™s m >0, 0 (1) = > Tpr™, m > 0. (2.47)
n=0 n=0
2.5 Series solutions for Vogel’s model
The non-dimensional form of viscosity is given by[18]
A
_ _ 2.4
u=cexp | 5t n) (2.48)
which by Maclaurin’s series reduces to
C Ab
== 5, (2.49)
where C* ¢ ¢ =exp(n) (2.50)
=, = T, .
exp [5 — Ti] 1
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With the help of Eq. (2.48), Egs. (2.25) and (2.27) become

B2 W*@@E+5ﬁjw%* T B A

LOGG (o) ACGGH (dv)®  ACCdo (dv)®  AC dfdv
rC* \dr rB2C* \dr) — B2C*dr dr B2C* dr dr

(L (1) SO () 4O (' €
C* \dr /) dr? C* \dr /) dr? rB2C* dr ) dr?2 rC*dr
L AC(, 3 3A¢,CH d2v .y dv ACC3Cy dO (dv\®
rB2C* (dr> T Beo (dr) dr? C‘*( ) B2C* dr(dr)

C 2 AC 0 C 3
(R GGG - e -G+ ) () = o (251)

3A(3(}0< >2d2u ACO dv  C d®v  ACC,H ( )3 ACO d2v
dr dr

CT (dv\® ACT (dv 2+CFC3 dv :;Q
C* \dr B2C* \ dr C* dr rdr

ACFC d 3 C do d 0 .
- ( o () — ;‘dr) +LE(1+¢%) = o (2.52)

By adopting the similar procedure as discussed earlier the solution of this case is straightforward

written as.
3m
vo= Z@m (r) = e;n,nr”, m >0,
n=0
3m+1
0 = Zﬁm (r)= Z T m >0, (2.53)
n=0

!’
’
where €, ,, and o, ,are constants.

2.6 Graphical results and discussion

We plotted Figs. 2.1 to 2.11 to check the convergence and influence of various parameters
The convergence regions of these series are strongly dependent upon the non-zero auxiliary
parameters i which can be adjusted and controlled by means of a proper value of k. To see
the range of admissible value of i, h—curves are plotted. Fig. 2.1 corresponds to Reynolds’
model where as Fig. 2.2 relates to Vogel’s model. Fig. 2.3 depicts the velocity variation for

Reynolds’ model for M. It is noted that velocity increases as M increases. The relation (2.28b)

35



explains that by increasing M, viscosity of fluid decreases i.e. opposing forces are reduced. As
a consequence, the fluid moves with greater velocity. That is what we are observing in Fig. 2.3.

Fig. 2.4 shows the temperature variation for (4 for Reynolds’ model. It can be seen that
temperature increases as (4 increases. Since (4 depends upon speed of cylinder. When (, is
increased, it means that cylinder is moving fast. Since the movement of the cylinder is along
the motion of the fluid. So velocity of fluid particles increases. As a result the kinetic energy
of the fluid rises. Hence as a consequence, temperature of the fluid increases. This is the case,
we are observing in Fig. 2.4.

Fig. 2.5 is plotted in order to see the velocity variation for Reynolds’ model for (g, it is
observed that velocity decreases as (, increases. Figs. 2.6 to 2.11 correspond to Vogel’s model.
Fig. 2.6 studies the velocity variation for Vogel’s model for C. It is seen that velocity decreases
as C increases. Fig. 2.7 reveals the temperature variation for Vogel’s model for C'. It is studied
that temperature increases as C' increases. Since the pressure gradient is taken negative here,
it means it opposes the motion of the fluid particles. The motion of the fluid experiences
opposition. As a result the kinetic energy of the system decrease with rise of C. Fig. 2.8 is
prepared to observe the velocity variation for Vogel’s model for B. It is obvious from relation
(2.49) that viscosity increases with rise of B i.e. the viscous forces become stronger. The fluid
particles experience more opposing forces. The velocity of fluid reduces.

Fig. 2.9 is plotted to see the temperature variation for Vogel’s model for B. The relation
for velocity given by Vogel’s model shows that viscosity increases as B increases. The viscous
forces slow down the motion of the fluid particles i.e. the average speed of fluid particles reduces.
This factor is responsible for reduction of the velocity of fluid. As kinetic energy of a system
is directly proportional to the square of velocity. The average kinetic energy of the system
decreases. Since temperature of the system is dependent upon kinetic energy. Consequently,
temperature of the system reduces. Fig. 2.10 presents the velocity variation for Vogel’s model

for A. Fig. 2.11 gives the temperature variation for Vogel’s model for A.
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2.7 Conclusions

This chapter investigates analytically the flow of an Oldroyd 8-constant fluid with variable
temperature dependent viscosity between coaxial cylinders. The highly non-linear problem is
solved analytically by powerful technique homotopy analysis method. Effects of the various
emerging parameters on velocity and temperature distribution are examined. The following
conclusions are drawn.

1. Temperature distribution increases with the increase of (, for Reynolds’ model.

2. Velocity increases with the increase of viscosity parameter M for Reynolds’ model for an
Oldroyd 8-constant fluid.

3. Velocity field decreases with rise of viscosity parameter C and B for Vogel’s model and
increases with the increase of A.

4. Increase of viscosity parameter A and C' leads to the increase of temperature profile for
Vogel’s model and the profile decreases with rise of viscosity parameter B.

5. Velocity decreases with the increase of , for Reynolds’ model.
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Fig. 2.1. h-curve for Reynolds’ model for temperature distribution.
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Chapter 3

Analytical and numerical treatments
of Generalized Couette flow through
cylinders with variable viscous

properties

3.1 Introduction

In this chapter, we have presented the flow with temperature dependent viscosity. The medium
is assumed to be porous. Two types of geometrical problems with Reynolds’ and Vogel’s
viscosity models are taken into account. In first case the motion of the fluid is because of a
constant pressure gradient and a movement of inward cylinder while the outward cylinder is in
the state of rest. In second problem we considered that the inward cylinder is fixed while the
disturbance in the fluid comes because of the constant pressure gradient and the movement of
outward cylinder. The governing equations are first simplified and then solved numerically and
analytically. The numerical treatments are found by adopting shooting technique and analytical
solutions are calculated by adopting homotopy analysis method. The comparison of both
solutions are also presented. It is concluded that by taking 4 = 1 and p = r, the results

for the constant as well as space viscosity may be achieved. By assuming ® = 0 or kK — o0
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results for non porous medium may be attained. Results obtained by shooting method and

homotopy analysis method are in good agreement.

3.2 Modeling of the problem

We consider an incompressible flow of a third grade fluid between two coaxial cylinders. The
fluid saturates the porous medium. The viscosity of the fluid is considered to be temperature
dependent. The equations which govern the flow of the fluid in the presence of Darcy resistance

along with heat transfer take the form

dVv

P = divrt + R, (3.1)
dTl
pCp—rr =7 L+ EV2T, (3.2)

where p is the specific heat. The Cauchy stress tensor T for third grade fluid is defined as
T = —pil+pAs+an Az o AT+ Az (A1As + A2 Ay )+53;(trAT) Ay, (3.3)

where p is dynamic viscosity, au1, aa2, 51, B9 and B3 are constants. It is to be noted that the

coefficients p, a1, a2, 51, By and (5 satisty the following conditions

>0, car >0, Jour + cua| < \/24pps, B1 =Py =0, B3 >0. (3.4)

The Rivilin -Ericksen tensors A1, As and Ag are obtained through following expressions

A= (V)T +VV, (3.5)

dA,
Ap=—2+ AL+ LYA, 1, n>1, (3.6)
L=VV =grad V. (3.7)
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The Darcy resistance for third grade fluid model is stated as [10]

R, — —f; (u +A @2)2) V. (3.8)

Making use of velocity field defined in chapter one, the required equations of motion and energy

are defined as

1d [ dv\ 28s5d [ dvg\ & daw\*\  op
dv\? dv\* 1d [ dT
(&)« () o () - 1

. dv\?
p=pi-o| o) - (3.11)

where

We have considered two types of flow problems between coaxial cylinders.

3.2.1 Case 1: Motion of an inner cylinder

In this case, the motion of the fluid is because of a constant pressure gradient and movement

of inward cylinder while the outward cylinder is at rest, the boundary conditions are

’U(Ro) = o, T (Ro) =T (312)

’U(Rl) = 0, T (Rl) :Tl.
3.2.2 Case 2: Movement of outer cylinder

Here, we consider that the inner cylinder is fixed while the disturbance in the fluid comes
because of the constant pressure gradient and the movement of outward cylinder. The boundary

conditions for this case are defined as

U(Ro) = O,T (Ro) :To, (3.13)

U(Rl) = o, T (R1> =T1,
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The dimensionless forms of equations describing motion and energy are

d,u dv dv d*v dv . 9, dv d*v dv

U mm —i—u(df—i- o 2)+A(dr) (d—+3rd 5) — rP[u—i—A(%f]v:rC,
2 v v
Pt (Rt AR =0
(case 1)
v(1)=6(1) =1, v(b) =6(b) =0,
(case 2)

The nondimensional quantities used in the above equations are defined as

P L T= oM 0= =1 &, A= 2”2353,
R() (Tg — Tl)/-i (Tl T ) Ro Ro,u()
C, = %7]3: 921 ,C:%,vzi,uzﬁ.
0z Rik2 LoV0 Vo Lo

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

Here g, Th, vo, B3 and A are reference viscosity, a reference temperature (the bulk mean fluid

temperature), reference velocity, dimensional third grade parameter and the dimensionless non-

Newtonian parameter. P is porous medium parameter, ¢ is porosity and k9 is the permeability

[52].

3.3 Solution of the problem

Reynolds and Vogel’s models of viscosity are considered for the current analysis, both the

models are defined in previous chapter, therefore to avoid repetition the governing equations

for third grade fluid for both the viscosity models are directly written as

(For Reynolds model)

ldv rd?>v MOdv Mrdoddv MrOd*>v A dv g

catcar Ca& Cada C a2'oa
@@(@)2 n MrPvg rPv rPA(@)Q
C dr? dr C C C “dr

v =T,
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rd*9  1do dv dv 4
fﬁ—kfd <1_M€+A(dr) )(dr) = 0. (3.20)
(For Vogel’s model)
dv d?v dv  3rB2C*A d%v dv
B2 . p2, _ppdY | OoTBTE A dTU AU
dr + dr? edr + C dr2(dr)
do dv d2v ATB2C* dv
—Ar—-— — Arf— + —— (=)} —yB%P
dr dr dr 2t Cr (dr) " v
B2PC*A
+ArPvf — %(%)% — rBXC* =, (3.21)
d?0 do dv dv dv 4
2 vx 2 vk Y 2 2UVN2 2 vk
rBC = —— +B°C = +rB Cr(dr) ArCFG(d ) +rB°C Ar(dr) = 0. (3.22)

The solution of above coupled equations have been found analytically by homotopy analysis
method. For HAM solution we require the following initial guesses for both the problems

(for casel)

vo (r) =00 (r) = A=0)’ (3.23)
(for case 2)
(1) =60 (1) = =) (3.24)

The auxiliary linear operators are
£vel (U) = UH’ £temp (0) = 9//7 (325)
which satisfy
Loel(Agr + Bur) =0, Liemp(Asz + Baar) =0, (3.26)

and A4y, Ao, By1, Byo are the constants.
Adopting the technique as discussed earlier, the HAM solution is directly defined as
(For Reynolds’ model)

4m+1

U ( Z§mn7° m >0, 0, Z%mnr m > 0, (3.27)
n=0
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(For Vogel’s model)

4m—+1 am
U (1) = Z ST M >0, Oy (1) = Z ST, M >0, (3.28)
n=0 n=0

where Sy #mmn, S, and 3, are constants and the numerical data of these expression are
) 2

shown through graphs in the discussion section.

3.4 Numerical solution

In the absence of dissipation, Eq. (3.19) reduces to
1 dv r dv r—1Y\ dv r—1 dQU—i—P r—1
Mdr b—1dr \b—1)dr " \bo—1)a2 " " "\b-1

r d%v A dv rPA dv B rPv  3rAd?v  dv B g

rev A dvg V2 STA ATV AUy TC
tvuart s " wr ST ar Tar e T

(3.29)

Second order differential Eq. (3.29) subject to the boundary conditions (3.16) is solved numer-
ically by adopting shooting technique. The results are computed in a form of numerical data

which is presented and compared with the analytical solution in Table 3.1.

3.5 Graphical results and discussion

The convergence of the achieved series solutions and the influence of pertinent parameters in
the present investigation are reported through Figs. 3.1 to 3.14. The convergence regions in the
HAM solutions are strongly dependent upon the non-zero auxiliary parameters i which can be
adjusted and controlled by means of a proper value of h. The convergence region for velocity
distribution for Reynold’s model is depicted in Fig. 3.1. One has the liberty to choose any
value of 7 in the region between —0.4 and —0.9. Convergence region is sufficient and meets the
required criteria for a suitable choice of value of A.

Fig. 3.2 exhibits temperature distribution for the Reynolds’ model. Increase in values of A
means particles get momentum. The viscous forces become weak as compared to momentum
forces. The velocity and hence average kinetic energy of the fluid is enlarged. The system

gains temperature. Fig. 3.3 shows comparison of models for C' = —1 for velocity profile. It is
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evident that graph obtained for Reynolds’ model is almost a straight line where as in the case
of Vogel’s’ model, it is a curve.

Fig. 3.4 depicts velocity distribution. The velocity graph for C' = —1 is almost a straight

line where as graphs for C' = —1.5 and C = —2.5 are parabolic curves. We see that velocity
decreases form 1 to 0 for pressure gradient C' = —1 and this graph has 1 as maximum value at
r = 1. Where as for pressure gradient C' = —2.5 graph has 1.15 as maximum value at r = 1.2.
The linear behavior shifts to non-linear for C' = —1.5 and C = —2.5. We observe, reduction in

the pressure enhances the motion and causes non-linear behavior. That is what we see in the
daily life as well. Fig. 3.5 gives comparison of velocity profile as obtained by shooting method
and homotopy analysis method for b = 2, M =1, P = 1, A = 1. Solutions are in excellent
agreement.

Fig. 3.6 reveals temperature distribution. Linear behavior is observed for small values of
I" but graphs become more non-linear for I' = 3 and I' = 5. Large I',enlarges velocity of the
fluid particles which in return enhances their kinetic energy. Thus, as a consequence the system
gains temperature. Comparison of models for I' = 3 for temperature distribution is mentioned
in Fig. 3.7. Temperature distribution gets maximum value 1 at » = 1 as observed in the case
of Reynolds’ model. Where as in Vogel’s model of viscosity the temperature distribution gets
maximum value 1.18 at » = 1.35. Reynolds’ model shows that temperature varies directly with
the radius of the pipe. However, this is not the case as Vogel’s model predicts. Vogel’s model
gives non-linear behavior between temperature and the radius of the pipe.

Fig. 3.8 is plotted to have a look of velocity distribution for pressure gradient C' in the case of
Vogel’s model. Velocity profile decreases as pressure gradient C' increases. We can conclude that
for C' < 0, velocity profile decreases as pressure gradient C' increases. Temperature distribution
for I' for Vogel’s model is given in Fig. 3.9. For I' = 3 temperature is maximum at r = 1.35 and
minimum at r = 2 where as for I' = 1 temperature is maximum at » = 1 and minimum at r = 2.
The graphs for I' = 2 and I' = 3 show that temperature variation is non-linear. Temperature
variation due to I', near the inner cylinder is more sensitive. The temperature of the fluid near
the outer cylinder is less non-linear because temperature as well as velocity of the cylinder is
zero. Fig. 3.10 is displayed for velocity field for the case Vogel’s model. Fig. 3.11 presents
velocity distribution for B for the Vogel’s model. Fig. 3.12 shows temperature profile for B for
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the Vogel’s model. Fig. 3.13 is plotted to study velocity profile for P for the Vogel’s model.

Fig. 3.14 is prepared to see temperature profile for P for the Vogel’s model.

Table 3.1: Comparison of solutions for velocity using HAM and Shooting method
whenb=2, M =1,P=1,A=1

r(radius) | v(velocity)(HAM ) | v(velocity) (Shooting method ) | Difference

1 1.000000 1.000000 0.000000000
1.05 0.950000 0.957560512 0.007560512
1.10 0.900000 0.909963285 0.009963285
1.15 0.850000 0.859595377 0.009595377
1.20 0.800000 0.807452390 0.007452390
1.25 0.750000 0.754144495 0.004144495
1.30 0.7000000 0.700103718 0.000103718
1.35 0.650000 0.645663061 0.004336939
1.40 0.600000 0.591094980 0.00890502
1.45 0.550000 0.536633036 0.013366964
1.50 0.500000 0.482485455 0.017514545
1.55 0.450000 0.428844374 0.021155626
1.60 0.400000 0.375892692 0.024107308
1.65 0.350000 0.323809570 0.02619043
1.70 0.300000 0.272775248 0.027224752
1.75 0.250000 0.222975646 0.027024354
1.80 0.200000 0.174607142 0.025392858
1.85 0.150000 0.127881943 0.022118057
1.90 0.100000 0.083034529 0.016965471
1.95 0.050000 0.040329801 0.009670199
2.00 0.000000 0.000073869 0.000073869

3.6 Conclusions

In this chapter, we have investigated numerically and analytically the flow of fluid between

coaxial cylinders with temperature dependent viscosity through porous medium. The highly
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non-linear problem is solved numerically with the help of shooting method and analytically
by powerful technique homotopy analysis method. Effects of the various parameters such as
Prandtl number I', viscosity parameter M, the dimensionless non-Newtonian parameter A and
porous medium parameter P on the flow and temperature profiles are examined. From the
present analysis, it is noted that:

1. From the present study it is found that by assuming ¢ = 1 and p = r, the results for the
case of constant as well as space viscosity can be attained.

2. The results for non-porous medium can be achieved by letting ® = 0 or Kk — .

3. Results obtained by shooting method and homotopy analysis method are in good agree-
ment.

4. Temperature profiles increase with the increase of I' and A for Reynolds’ model.

5. Velocity increases with the increase of B and P for Vogel’s model.

6. Velocity decreases with the increase of C' and Brinkman number for Vogel’s model.

7. The increase of Brinkman number and P leads to the increase of temperature for Vogel’s

model and the profile decreases with rise of viscosity parameter B.
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Fig. 3.1: h-curve for velocity distribution for Reynolds’ model.
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Chapter 4

An analytical treatment of
Generalized Couette non-Newtonian

nanofluid flow with variable viscosity

4.1 Introduction

In the present chapter, we have focused our attention to highlight the study of non-Newtonian
nanofluid between coaxial cylinders with variable viscosity. The governing equations of non-
Newtonian fluid with variable viscosity along with energy and nanoparticles are given. The
coupled nonlinear equations have been solved analytically adopting homotopy analysis method.
The expressions of velocity, temperature and nanoparticles functions are discussed graphically

for emerging physical parameters.

4.2 Problem statement

Considering the same geometry as discussed in chapter 2. The flow is induced by a constant
pressure gradient and motion of an inner cylinder. The outer cylinder is kept fixed. The heat

transfer analysis is also taken into account. The governing equations for the conservation of
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total mass, momentum, thermal energy and nanoparticles respectively are defined as

V.V =0, (4.1)

Py = —Vp+ Vx4 6, + (1 - 0){ps(1 — AT ~ T)}o. (4.2)
(pc) f(%f + V.VT) =kV2T+(pc)p|Dpy¢.VT+(Dr/T1)VT.VT), (4.3)
%‘f + V.V¢=DpV?¢+(Dr/T1)V>T, (4.4)

where p is the density of the base fluid, p,, is the density of the particles, 3 is volumetric volume
expansion coeflicient of the nanofluid, V is the velocity vector, p is the mechanical pressure, ¢
is the nanoparticle fraction,T" is the temperature and 7 is the Cauchy stress tensor for third
grade fluid defined in previous chapter, (pc)y is heat capacity of fluid, (pc)p is heat capacity of
the nanoparticle material and « is thermal conductivity.

We choose

V=10, 0, v(r)], T=T(r), ¢ =o(r). (4.5)

With the help of Egs. (4.5) equation of continuity (4.1) is identically satisfied, momentum,

energy and nanoparticles equations take the form

op

20 0, (4.6)
10 ov.,, 10 v o Op
;5(27"041(5) + ;5(7’02(5) ) = e (4.7)

raar(r”(ar)? + iaar(r%:;(g:)?’) +1(pp = 1)@ = o) + (1 = d1)pp BT —Th)lg = 5=, (4.8)

T k0T 99 OT

(K + (Pc)p(DT/Tl))W tog T (PC)pDBEE =0, (4.9)
0%¢  10¢ o*T 10T
Dol + 55 + Dr/TiGm +55,) =0 (410)
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Using the following nondimensional quantities in the above equations

_ T (T - 1) _ (¢ — 1) R, 28303
T R 0_7’ _771)_77 = ) 5
R (To —T1) (60 — ¢1) Ry R2p
C: = @’ Br — (pp_pfl)R2(¢O_¢1)g’ 0201R2’
0z Hovo L0
v w 1— Ty — T
o= Ui g U -T)g
vo IU’O ,Uzo'UO
c), Dp (To — T D _
Nt - pc), Dr (T 1)’ Nb— (pc), D (g qzﬁl)' @1
(pc)y aTp (pc); «

Making use of Eq. (4.11), Egs. (4.6) to (4.10) take the following form

L (j +f2> + o5 <j>2 (j+3f2> + I T =0, (12)
jjf (ra+ra1Ny) + <a + ijf) o =0, (4.13)

The corresponding boundary conditions are
v(l) =¢(1) =6(1) =1, (4.15)
v(b) = ¢(b) = 6(b) = 0. (4.16)

4.3 Solution of the problem

The governing equations for both the viscosity models (discussed in previous chapter) are

(For Reynolds model)

1 M do\ dv  d?v A dv d?v\ dv
<r — 70 Mdr) = +W(1_M9)+ <7’dr 3Adr2> (d ) + G0+ B¢ =C, (4.17)
d?6 do
(ra+ra;Ny — rag MONy) — 72 ((rNb +rOMND) dfé ) i 0, (4.18)
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¢ d%6 Nb  NbM6\ do NtMO Nt\ db
(Nb+NbM9)dr2+(Nt—NtM0)dTQ+< . >dr—< . —r)dr_o.
(4.19)
(For Vogel’s model)
O _ AC db  ACH\dv (C  ACH . dv,\d A dv\?
rC* B2C*dr B2C*) dr C* B2C* dr dr?2  r \dr
+G.0 + B¢ = C, (4.20)
raiN,C' rai ACNO\ d?0 rNbC dp\ do =~ ACNbOdO dp
(“” o BiC- ) w2\ a ) o T e arar - 42
CNb N ACNY\ d*¢ CNb1 N ACNbBO do N NtC 1df
Cx B2C* ) dr? C* r  B2rC* ) dr S rdr
_ACNthde  (NtC  ACNtO\ d*0 (4.22)
rB2C* dr S B2C* ) dr? ’

The solution of above equations have been found analytically by homotopy analysis method.

For HAM solution we require the following initial guesses

vo (1) = 6=1) (4.23)
b—r
0o (r) = Eb — 13, (4.24)
b—r
o (1) = Eb — 1; (4.25)
The auxiliary linear operators are
£vel (’U) = ’U”, £temp (0) = 0/1’ £<I>r (9) - ¢H7 (426)
which satisfy
Ly (As1 + Bsir) =0, (4.27)
Lyr(As2 + Bsar) = 0, (4.28)

here As1, Aso, Asz, Bs1, Bso, Bss are the constants.
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Adopting the similar procedure as discussed earlier, the HAM solution is straightforward
written as

(For Reynolds model)

3m—+1

v o= va (r) = Z amnr", m >0,
3TTLrL:+01 3m

0 = ZGm (r)= Z A", ¢ = qum (r)= Z emnr’,m > 0. (4.29)
n=0 n=0

(For Vogel’s model)

3Im+1

v o= va (T) = Z a;n,nrnv m > 0,
37rlnz+01 3Im

0 = Z Om (1) = Z Ay 7™, & = Z O (1) = Z €t m >0 (4.30)
n=0 n=0

i / i
where am n, dmn, €mn, @ dm’nand €. are constants.

m,n

4.4 Graphical results and discussion

The convergence of achieved series solutions and influence of pertinent parameters in the present
investigation are reported through Figs. 4.1 to 4.13. The effects of Nt, Nb, A and B on velocity,
temperature and nanoparticles concentration profiles are observed. Figs. 4.1 to 4.3 have been
plotted for Reynolds’” model. Fig. 4.1 is prepared to see the convergence region for velocity
profile. Fig. 4.2 is prepared to highlight the convergence region for temperature profile. Fig.
4.3 presents the convergence region for the nanoparticles concentration profile. Figs. 4.4 to 4.6
are prepared to check the convergence region for the nanoparticles concentration, temperature
and velocity profiles for the Vogel’s model.

Fig. 4.7 has been plotted for Reynolds’ model. Fig. 4.7 is displayed for the nanoparticles
concentration distribution when different values of Nt are used. It can be seen that with an
increase in Nt the nanoparticles concentration profile decreases. Figs. 4.8 to 4.13 have been

plotted for Vogels’ model. Fig. 4.8 is plotted for the temperature for A. The relation (2.49)
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explains the fact that viscosity decreases with rise of A. When we increase A, viscous forces
become weaker. The fluid particles face less opposition. Ultimately, the velocity of fluid particles
increases. This increase in the velocity is responsible for enhancement in average kinetic energy
of the particles. As temperature measures the kinetic energy of the system. Consequently,
temperature of fluid rises up.

Fig. 4.9 is prepared in order to observe the behavior of the nanoparticles concentration
distribution for A. It is noted that nanoparticles concentration distribution decreases with
increase in A. As discussed above, when we increase A, viscous forces become weaker. The
mutual distance between the particles increases. Mass per unit volume reduces. That is why
nanoparticles concentration distribution decreases with increase in A. Fig. 4.10 predicts the
nanoparticles concentration profile for B. The nanoparticles concentration profiles increases
with rise in B. The relation (2.49) describes the fact that viscosity increases with rise of B.
When we increase B, viscous forces become stronger. The fluid particles face more opposition.
The mutual distance between the particles decreases. Mass per unit volume increases. That is
why nanoparticles concentration distribution increases with increase in B.

Fig. 4.11 predicts temperature distribution for B. It is observed that temperature decreases
with rise in B. As explained earlier, the relation (2.49) describes the fact that viscosity increases
with rise of B. When we increase B, viscous forces become stronger. The fluid particles face
more opposition. The velocity of fluid reduces. Since kinetic energy and velocity are directly
proportional. The average kinetic energy of the system reduces. As temperature and kinetic
energy of a system are strongly linked i.e. temperature is a measure of average kinetic energy of
a system. Consequently, the temperature of the fluid decreases with rise in B. The velocity field
is presented in Fig. 4.12 for B. Fig. 4.13 reveals the nanoparticles concentration distribution

for Nt.

4.5 Conclusions

In this chapter, we have studied non-Newtonian nanofluid between coaxial cylinders with vari-
able viscosity. The governing equations of non-Newtonian fluid with variable viscosity along

with energy and nanoparticles are presented. The coupled nonlinear equations have been solved
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analytically with the help of HAM. Effects of the various parameters on the flow and tempera-
ture profiles are examined. The following conclusions are drawn.

1. The nanoparticles concentration leads to decrease by increasing thermophorsis parameter
for Reynolds model.

2. Temperature field decreases by the increase of viscosity parameter B for Vogel’s model.

3. The increase of B and thermophorsis parameter lead to the increase of nanoparticles
concentration profile for Vogel’s model and the profile decreases with rise of viscosity parameter
A.

4. Temperature increases with the increase of A for Vogel’s model.

5. The nanoparticles concentration profile decreases with rise of viscosity parameter A for

the case of Vogel’s model.

M=01N=01Nb="1a=1a;=1Gr=01 h;=-075 hy=-0.70 Br=01,C=-0.1

-1 -0.8 -0.6 -0.4 -0.2 0 0.2
h

Fig. 4.1: h-curve for velocity distribution for the Reynolds’ model.
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M=01 Nt=01Nb=1,Gr=01h,=-075h,=-0.60Br=01C=-01

-2 -1.5 -1 -0.5 0
h

Fig. 4.2: h-curve for temperature distribution for the Reynolds’ model.

M=01,a=10a;,=1 Nt=01 Nb=1 Gr=01, h,=-0.60 hy=-070 Br=01,C=-01.

-1.25 -1 -0.75 -0.5 -0.25 0
h

Fig. 4.3: h-curve for the nanoparticles concentration distribution for the

Reynolds’ model.
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C=3A=3B=1a=1a,=1C=-1,Gr=01,h, =—008 h,=3 Br=01, Nt=02 Nb=0.1

0 2 4 6 8
h

Fig. 4.4: h-curve for the nanoparticles concentration distribution for the

Vogel’s model.

C=3A=3B=1ae=10;,=1C=-1,Gr=01,h,=-008 hy=3 Br=0.1,Nt=0.2 Nb=0.1

-0.1 -0.08 -0.06 -0.04 -0.02 0 0.02
hy

Fig. 4.5: h-curve for temperature distribution for the Vogel’s model.
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Fig. 4.6: h-curve for velocity distribution for the Vogel’s model.
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Fig. 4.7. The nanoparticles concentration distribution for Nt for Reynolds’

model.
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Fig. 4.8. Temperature variation along radial distance for various values of

A for Vogel’s Model.
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Fig. 4.9. The nanoparticles concentration distribution for A for Vogel’s

Model.
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Fig. 4.10. The nanoparticles concentration distribution for B for Vogel’s

Model.
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Fig. 4.11. Temperature distribution for B for Vogel’s Model.
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Fig. 4.12. Velocity distribution for B for Vogel’s model.
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Fig. 4.13. The nanoparticles concentration distribution for Nt for Vogel’s

Model.
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Order of approximation | |v"(1) ‘ 0" (1) ‘ )qb” (1) ‘
5) 1.52960 | 1.42838 | 0.005
10 1.53939 | 1.44088 | 0.006
15 1.53917 | 1.44093 | 0.006
20 1.53917 | 1.44093 | 0.006
25 1.53917 | 1.44093 | 0.006
30 1.53917 | 1.44093 | 0.006
35 1.53917 | 1.44093 | 0.006

Table : 4.1. Convergence table for Reynolds’ model for M = 0.1, A =0.001, Gr =0.1, a =1,
a; =1, Br=0.1,hg = —0.70,hy = —0.75, h,, = —0.65, Nt = 0.1,C = —0.1.
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Chapter 5

Boundary layer flow of an
Eyring-Powell model fluid due to a
stretching cylinder with variable

viscosity

5.1 Introduction

The present investigation consists of an analytical treatment of a steady boundary layer flow of
an Eyring-Powell model fluid due to a stretching cylinder with temperature dependent variable
viscosity. The governing two dimensional nonlinear partial differential equations of momentum
and energy are simplified using usual similarity transformations and are solved by a powerful
technique homotopy analysis method. The physical features of various parameters intrinsic to

the problem are discussed through graphs.

5.2 Description of the problem

Consider flow of an incompressible Eyring-Powell model fluid through a tube of radius a. The
flow is due to stretching of the tube in axial direction. The axis of tube is taken along z-axis.

The ambient fluid temperature is 77 and T, is temperature at tube surface. The equations
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which govern the problem are
d(rw)  O(ru) (5.1)

9%u 2 9%u 2 9%u(d o) 4 (0uN20%u | 2
2'“87 360 r4 + ,801 or2 383 671;;(87“ + 871:) B3 ( 1;) or? + Mu
1 Ou,0u Ow. 2udu

plugy +w%ﬁ)

1 ou  Ow) ,0u
ARy G+ (Qar ; a) G+ Gor - Bdar'o: T ar
(82u+82w)+ 2u 4 Biu(@+87w)(82u+82 )+ 67/1@4_ 2 @
ordz  Or? Beir?  3BctOr 0z Or Ordz - Or? or Or  rfey Or
2 2
O‘w 0u  Ow. 4 1 0%u,0u  Ow. o (5.2)

ow du Ow., 0*u n &%w (2 )
360{’ o2 oz | or’’

+4%(&+E)(87‘82 87‘2)—’_287“82(%4_5)

) (G +29)

0 0 _ 1 9 02 2 02
p(uaflﬁ"i'wa%)) - (M—{_E) (argszarl?U)‘l'Ea;?U*‘( +,8rcl

dusy , G Dwy | Gudu | Du ) e Dw i

67“2563{<( y (8z+6r) +4828r+4(82)>(62 ar)}+8r or
0*w 1 ou  Ow\ Oud*u ou 0?u 0*w Ow 0%u Ou
9, LY U uaY | (Thyzy 4 y o uot
Ham " s o <8z+8r>8r(‘9r2 &) Uge: T T e as
0*w ou 0*w du  Ou 0w 8710)

ow 0%w ow ou Ow 9%u

R— PR JR— R— 2 [— PR JR— JR— JR—
0z Ordz Or + 3(82 + 37“) (87“82 + or? ) + 4(8r Oordz 0z + Or Or0z Or

+887w82w@+ Gwau(82 ) 4@@@+4@@ 0%u +4(8w) 9%u
0z Ordz 0z Oz Or " Or? 0z Or? Or 0z Or Ordz 0z’ Ordz
ow 5w 1 Pu Ou  Ow., Pw,0u, 0w, _Oudw

$ 00y T By (G g OO

022
ou 0*u Pw\ ,0u  Ow ow ,0u  Ow., 0*u 9w
+<4 >( o) 85 T e Gras T e

MG 52 5aa azar a: T o

ar Ordz + or? ) "0z
ow 5 0*w
12 .
H12(SRS ) (53)
or T o*T 19T
— — = —+—-——. 4
Yor Tz a3<8r2+r87’> (54)
The corresponding boundary conditions are defined as
(5.5)

u = 0, T=T,, w=wy, atr=a

w — 0, T—Tyw, asr — 00,
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Fig. 5a: Geometry of the problem.

where w is the velocity component along radial direction and w is velocity along axial directions.
Here wy, = 2c¢z in which c is a constant. Further as, v, p, T and p are thermal diffusivity, the
kinematic viscosity, fluid density, fluid temperature and viscosity of the fluid. Introducing the

following similarity transformations

ZS W)y = geay (), 0= e

Vi T, T >0

3

I
~—
Q=
~—

[N}
S
I

Using the boundary layer approach and nondimensional parameters defined in last chapter, we

arrive at

A+ B)n*f" = 16An°f ()" + 1?fGAnff'f”’ - %An?ff’f” —1640>f (f")*
+§An2 (ff'f"' - (f’)Q) +A(u+ BN — %Aqﬁff’f” - %Ang’f'(f”)z

_1_%14772]@//(]@/)2 + 64A17f(f”)2 + 32A77 (f)2 f// _ 32A773 (f/)2 f/// + 32A773f/f”

+16AnSf'f" + pRen? (ff" — ) + 80 gh f" = §AS2f" = 0, (5.7)
n0" + (1 +RePr f)6 =0, (5.8)
where
2 1 3
Re= S Pr—=— E=—— Ep= — (5.9)
2v a3 pafier pab3 (e1)



The boundary conditions in dimensionless form are

F) =0, f()=101)=1, f'(c0) — 0, 6(c0) — 0.

5.3 Series Solutions for Reynolds model

Invoking Eq. (2.28b) into Egs. (5.7) to (5.8), one has

(1= MOYRen? (41"~ £2) +4((1— MO) + B ' — 5 Baf* "
P M)+ B~ S B - 222 B ()
+16(Eanf f'f" +2 Ean () £ + Lgl Exip? f'(f')? + 2 Ean*f' "))
4 O (Baf 5" — o (F)) = 6 o (£)° 5+ Eanf £17")
16£bn2f(f3216A4n332f”464£bnfpﬂ@2zzm

nd" + (1 +RePr f)0 =0.

(5.10)

(5.11)

(5.12)

Since Egs. (5.11) and (5.12) are highly nonlinear ordinary differential equations, their exact

solutions are impossible therefore we are interested to compute their analytical solutions with

the help of powerful technique homotopy analysis method.

For HAM solution, we choose the following initial estimate
fo=1—¢'"

1—
00 =€ 77,

and the linear operators are chosen as

L) =f"+f",

LO)=0"+6

76

(5.13)
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Zeroth order deformation problem is defined as

(1= ) Ls[f(n,q) — fo()] = N [f(n,9),0(n, q)],

(1= q)Lol0(n,q) — 0o(n)] = ghNo[f (1, 4),0(n, q)],

fn,q) =0, 8(n,q) =1, f(n,q) =1, n=1,

df(n,q)
on

:Oa g(naQ):Oa 7 = 00,

Nilf(n.q), O(n, @) = =32 Exi® (f')* " + 40" B + § B’ f /"
8 8 3
—Re 772f/2 -3 E2f2f// + 4773f”/ + §(2E2772 (f/)2 . 5772!101/]\49 _ E2f2f”)

352 16
— == B (") + - Eanff f” —Ren*ff"Exf0 — 16 Eonf (f”)2

3 3
_ 2 12 20y, 176 210 eN2 3d0 ., 2 1
Re(n”f“E0 +n°f f") + Ean~f"(f")" —16Mn dnf + 4n* f"E;

3
FR(EP S [+ B (1) S+ Baf 1)~ o5

+47]2f”,

E2772fflf” _ 4773me9

No[f(n,q), 0(n,q)] =n0" + (1 +RePr f)¢".

The mth order deformation equations are defined as

L fm(M) = Xy fm—1(n)] = ARy (n),

Lo[0m (1) — XmbOm-1(n)] = RRs(n),

0, m<1,
Xm: )
1, m>1.

where

7

(5.17)

(5.18)
(5.19)

(5.20)

(5.21)

(5.22)

(5.23)

(5.24)

(5.25)



m—1 m—1 m—1 k
Rp(n) = 32Ean® Y fua-rfr —AM0* > fr i 40k —8E2 > Y fma wfe i + 4B £
k=0 k=0 k=0 1=0
m—1 m—1 m—1
MY N O+ A+ B f o =AM 0k = > friifr)
k=0 =0 k=0 k=0
16 m—1 k 304 m—1 k m—1
t B Q0D i fifl = 5 B Y0 Y fmrkficifl = D Fneakfi)
k=0 =0 k=0 =0 k=0
S E m—1 k m—1 k m—1
2 7
WP S 20 kS ) A Ren® D 1k fy
k=0 1=0 k=0 1=0 k=0
11 m—1 k m—1 k
+16E2772(§ S F 2D ek St f]) — 16M7p° Z s
k=0 =0 k=0 =0 k=0
m—1 k m—1 k
HAP I =MD k016 Ban > > fmoa—nfl (Afi o — nfi + Afi )
k=0 1=0 k=0 1=0
m—1 k
=32 Em® > > fua i Lif 1 (5.26)
k=0 =0
m—1
Ry(n) =nbly,_1 + 0,1 +RePr > frn1_40}. (5.27)
k=0
It is found that f,,(n) and 6,,(n) can be written as
uli) = 353ttt
n=0 1=0
m m
Om(n) = ZZchnngnemH"n, m > 0. (5.28)
n=11=0
The solution thus can be defined as
Q m m
f(n) = th !Z (ZZb%7nn3ne(2z+1)—(3n+1)n>] ’ (5.29)
—00
m=0 \n=0[=0

(ii%,nn?’”é”?’”")]- (5.30)



5.4 Series solutions for Vogel’s model

Invoking Eq. (2.49), Egs. (5.7) and (5.8) become

S B ESF — (1)) 4 Bma(AF "~ 3n (F1) + 60 )
(402G 0= 50+ B +32 Ba (0F) 17 =32 B (1)
P P (U 20) 4 B 5 B (7 + 64 Egn (")
BeC o2 = 20 (117 = 12) = 2% pagpy 'y 452 Bang "
5 Bt = e = 2 BT (R =0, (531)
nd”" + (1 + RePr f) 60 = 0. (5.32)
The solution of this case is straightforward written as.
fuln) = i i b;;17nn3ne(21+1)—(3n+1)777 (5.33)
n=0 =0
) = D0 eI mz )

3
Il
—
Il
=)

1" "
where b, , and c,, ,, are constants.

5.5 Graphical results and discussion

In order to report the effects of sundry parameters in the present investigation we plotted Figs.
5.3 to 5.11. Fig. 5.1 is prepared to see the convergence region for velocity for Reynolds’ model.
Fig. 5.2 is prepared to highlight the convergence region for temperature for Reynolds’ model.
Fig. 5.3 exhibits velocity profile for Re for Reynolds’ model. It can be seen that velocity
decreases as Re increases. Fig. 5.4 gives temperature profile for Pr for Reynolds’ model.
The temperature profiles for air (Pr = 0.7) and for water (Pr = 7) can be observed here. The
temperature profile decreases from 1 to zero as 7 increases from 1 to co. The fluid temperature
depends upon the distance from surface of the tube. The fluid temperature attains maximum

value at the surface of the tube. It is to note that temperature profile decreases with increase
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in Pr. In Fig. 5.5 temperature profile for Re for Reynolds’ model can be seen.

Fig. 5.6 presents velocity profile for C' for Vogel’s model. With the increase of pressure
gradient the fluid particles are accelerated in axial direction. Since particles are forced in the
same direction as that of motion of fluid and movement of inner cylinder, ultimately the velocity
of the fluid rises. That is what we are observing in Fig. 5.6. Effects of Re on velocity profile for
Vogel’s model are displayed in Fig. 5.7. The velocity decreases as we increase the values of Re.

Fig. 5.8 reveals velocity profile for F4 for Vogel’s model. The velocity field decreases as we
increase the values of Fy. Temperature distribution for Fs is displayed in Fig. 5.9. It is noted
that temperature decreases with increase in Es. The temperature decreases from 1 to zero as
the fluid gets away from outer surface of cylinder. Maximum temperature is attained at the
surface of the tube. Temperature distribution for Pr is shown in Fig. 5.10. It is observed that
the temperature decreases with increase in Pr. As we have seen in case of Fs, temperature
decreases from 1 to zero as the fluid gets away from outer surface of cylinder. Maximum
temperature is attained at the surface of the tube. Fig. 5.11 gives temperature profile for Re

for Vogel’s model. It can be seen that temperature decreases with increase in Re.

5.6 Conclusions

In this chapter, we have investigated analytically the heat transfer flow of an Eyring-Powell
model fluid due to a stretching cylinder. Effects of the various parameters such as Re, Fa, M,
C, A, E1 and Pr are examined. It is concluded that:

1. The velocity decreases from 1 to zero as 7 increases from 1 to oo.

2. Temperature decreases from 1 to zero as 7 increases from 1 to co.

3. The similarity profile f(n) increases from zero.

4. The similarity profile f'(n) decreases from unity.

5. The thermal boundary layer decreases with increased Prandtl number and Reynolds

number.
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Fig. 5.1: h-curve for velocity for Reynolds’ model.
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Fig. 5.2: h-curve for temperature for Reynolds’ model.
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Chapter 6

Boundary layer flow of a Walter’s B
fluid due to a stretching cylinder
with temperature dependent

viscosity

6.1 Introduction

This chapter presents study of boundary layer flow of a Walter’s B fluid due to a stretching
cylinder with temperature dependent variable viscosity. The effects of heat transfer are also
discussed. The governing equations have been transformed into non-linear ordinary differential
equations with the help of a suitable similarity transformation and then the reduced nonlin-
ear boundary value problem is solved analytically by a powerful technique homotopy analysis
method. T'wo models are considered to analyze effects of variable viscosity on two dimensional
steady boundary layer flow. For the validity of homotopy analysis method solution h-curves are
plotted. The graphical results are obtained to gauge the effects of various parameters intrinsic

to the problem.
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6.2 Description of the problem

The governing equations are

_0 6.1
0z + or ’ o1
u U ’
p(u% + wgz) = 27@37 - &( (kodraz + k() ) ’wko( z2 + gzdr))
9 o 2u o%u u2 0w 2kg Ou
2 — 2k — 2k —2ko3
+a ( 7706 Oua 2 Owazaf]’-) ~ gy 020r 7"2 Bz
2wk:0 0% 0?u  2kg O%u U

gu_ o, O o L 2
r 0z0r n0822 r u8r2 o7z (6.2)

p(u%—f—i—w%‘g) = - r (887"28z + 8r ) ngi—i_Ongg;'
0 0%u 9w 9% 9w 9%u

_koar( (0r82 + W) (w 922 tw 8 ar)) +n08r82
n (i—i- 82w)+ Ow? Y 8( 0w 82710)

Va2 T gar T T M0, e, T Va2

Mo Ou aﬂ
+—= (az + ar)’ (6.3)

6T or 0*T 10T

+w (6.4)

“or 9z 3(87“2 +r87")
The boundary conditions are defined through Eq. 5.5.Introducing the following similarity trans-

formations

r\ 2 —ca T_Too
1= () e =R s 0 0= (o0

The dimensionless problem which can describe the boundary flow is given by

noRen? (ff" = f7) +2ngn (f" + ") +4Csnf f" + 2snf" /"

_2<5nf f/l 4 877 fl/ + 2C5(f//) + 4C5U2ff”” _ Csnff// — 07 (65)
nd”" + (1+ RePr f)6 =0, (6.6)
where
ca? v koc 222
= — Pr= — — Ec =
Re y ) r 043’ <5 6 ’ c Cp (Tw Too) (6 7)
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The boundary conditions in dimensionless form are
f)y=0, f(1)=1,0(1)=1, f'(00) — 0, 6(c0)— 0. (6.8)

6.3 Solution of the problem

Reynolds and Vogel’s models of viscosity are considered for the current analysis, both the
models are defined in previous chapters, therefore to avoid repetition the governing equations
for Walter’s B fluid for both the viscosity models are directly written as

(For Reynolds model)

do
~Conf "+ 2nf" 2 f" - 2anf 5 AC I AG "~ SyM

+R,e772ff” +Ren2f/2 o Ren2M0ff” o RenQMHfIQ + 2A(f”)2 _ 2M077f”

=20 f'f" —2Mbnf" = 0, (6.9)

nd" + (1+RePrf)0 =0, (6.10)
(For Vogel’s model)

2nC 2nC 27]AC’9 Re 7] e 2nACH

" " " " " "
e A e L O U N
AC’ Ren?%0 Ren C 8AnC db
_ 1 el 1"oennr 2 2 Yo
20 f "+ 2 f "~ S e P g
+4C5772ff”” A%E{Eg Off// + 2C5(f”) + 4<577ffm = 0, (6.11)

Using the initial guesses and linear operators defined in Egs. (5.13) to (5.16), HAM solution

for both models can be written as

2m m
Fm(m) = D b mte T,
n=0 1=0
m m
Om(n) = D> P Vel Cribn >, (6.12)
n=11=0
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2m m
" l_n
fm(n) = me,nn e ",
n=0 [=0
m m
" _ _
Om(n) = Z Zcmmn?(" Del=@ntln >, (6.13)
n=11=0
mn "
where by ., by, 1C , @0d €y, are constants.

6.4 Graphical results and discussion

In order to report the convergence of the obtained series solutions and the effects of sundry
parameters in the present investigation we plotted Figs. 6.1 to 6.16. Figs. 6.1 to 6.2 are prepared
to see the convergence region. Fig. 6.1 is plotted to see the convergence region for velocity for
Reynolds’ model. Fig. 6.2 is prepared to highlight the convergence region for temperature for
Reynolds’ model. Fig. 6.3 shows the velocity variation for Ec for Reynolds’ model. It can be
seen that velocity increases as Fc increases. Fig. 6.4 is displayed to see the velocity variation
for Reynolds’ model for M, it is depicted that velocity decreases as M increases. Fig. 6.5
presents velocity distribution for Pr for Reynolds’ model. The velocity increases with increase
in Pr.

Fig. 6.6 reveals velocity profile for Re for Vogel’s model. The velocity decreases with
increase in Re. Fig. 6.7 shows the temperature variation for (5 for Reynolds’ model. It can
be seen that velocity decreases as (5 increases. Fig. 6.8 gives the temperature variation for M
for Reynolds’ model. It can be seen that temperature decreases as M increases. Fig. 6.9 is
displayed to see the velocity variation for Vogel’s model for Fec. It can be seen that velocity
decreases with increase in Ec. Fig. 6.10 exhibits the velocity variation for Vogel’s model for Pr.
It is observed that velocity decreases with increase in Pr. Fig. 6.11 depicts velocity profile for
Re for Vogel’s model. It is noted that velocity increases with increase in Re.

Fig. 6.12 presents temperature profile for (5 for Vogel’s model. The temperature decreases
with increase in (5. Fig. 6.13 reveals temperature profile for Fc for Vogel’s model. It is depicted
that temperature decreases as Ec increases. Fig. 6.14 is plotted to see the temperature profile
variation for C for Vogel’s model. Fig. 6.15 reveals temperature profile for A for Vogel’s model.

It is seen that temperature increases as A increases. The relation (2.49) explains the fact that
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viscosity decreases with rise of A. When we increase A, viscous forces become weaker. The
fluid particles face less opposition. Ultimately, the velocity of fluid particles increases. This
increase in the velocity is responsible for enhancement in average kinetic energy of the particles.
As temperature measures the kinetic energy of the system. Consequently, temperature of fluid
rises up.

Fig. 6.16 reveals temperature profile for Pr for Vogel’s model. It is seen that temperature
decreases as Pr increases. The temperature decreases from 1 to zero as the fluid gets away from

outer surface of cylinder. Maximum temperature is attained at the surface of the tube.

6.5 Conclusions

In this chapter, we have investigated analytically the heat transfer low of a Walter’s B fluid due
to a stretching cylinder. The highly non-linear problem is then solved by homotopy analysis
method. Effects of the various parameters are examined. It is concluded :

1. The velocity profile decreases with increase in Re, (5 and M in case of Reynolds’ model
and it decreases with increase in E'c and Pr.

2. In Reynolds’ model the temperature profile decreases with increase in (5 and M.

3. Reynold number Re, (5 and A lead to increase the velocity profile in Vogel’s model
where as this profile decreases with increase in E¢ and Pr. It means effects of Fc and prandtl
number on velocity are almost similar in both viscosity models.

4. The temperature profile increases with increase in A. This profile decreases with rise in

Eec, (5 and prandtl number in Vogel’s model.
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Fig. 6.1: h-curve for velocity profile for Reynolds’ model.
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Fig. 6.2: h-curve for temperature profile for Reynolds’ model.
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Chapter 7

Boundary layer flow of a hyperbolic
tangent fluid due to a stretching
cylinder with temperature

dependent viscosity

7.1 Introduction

The objective of this chapter is to present investigation consisting of an analytical solution of
a steady boundary layer flow of a hyperbolic tangent fluid due to a stretching cylinder with
temperature dependent variable viscosity. The two dimensional boundary layer equations of
hyperbolic tangent fluid are modelled in cylindrical coordinates. The governing partial differ-
ential equations have been transformed into non-linear ordinary differential equations with help
of usual similarity transformations. Non-linear ordinary differential equations attained in this
way are then solved by a powerful technique homotopy analysis method. To highlight effects
of variable viscous properties on boundary layer flow two models of variable viscosity, namely,
Reynolds’ and Vogel’s model are taken into account. The h-curves are drawn in order to check
convergence. The effects of emerging parameters intrinsic to the problem are studied by plotting

graphs.
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7.2 Description of the problem

The governing equations are

o= T or 0 (7.1)
pudt 4wty = “ZOuly (5 —1)] - 2928 [1 4 ny(TF — 1)]
Pw  Pu 2u

+—), (7.2)

—o [1 ol — 1)] (82(97" + 822 ' r

-~ 1 ou., u? ow., ou  Ow\?
where Y= \/i\/Q ((87“) + 7’7 + (g) ) + <az + ar> (7.3)
oT oT 0*Tr 10T
“or TV =l GE T 74)

The boundary conditions are defined through Eq. 5.5. Introducing the following similarity

transformations

_ T - T
n= ([>2,U= cc\z}n(n)’ w=2czf (n), 0= T T (7.4a)

The dimensionless problem which can describe the boundary flow is given by

277,“/ (1 o n2) (nf,” + f/l) + R,eT] (ffll _ f/2) + 4\/§TL2W6,U,77f” (2flll + fll) — 07 (75)
nd" + (1 +RePrf)0 =0, (7.6)
where
2
We:E, Re = & , Pr=— (7.7)
a 2v a3

The boundary conditions in dimensionless form are

’

f()y=0, f(1)=1,0(1)=1, f'(c0) — 0, 6(c0)— 0. (7.8)
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7.3 Solution of the problem

The governing equations for hyperbolic tangent fluid for Reynolds’ and Vogel’s models of

viscosity are directly written as

(For Reynolds” model)

21 (1 —n2) (nf" + f") — 2MOn (1 —na) (nf" + f") + Ren (ff" — 1)
+4v2nanWef” (2" + f") — 4V2nonWeMO (2" f” + (f")?) =0, (7.9)

(For Vogel’s model)

_ A _
2C (10* ng)n (77f”/ + f//) 2 903(210* ng)n (77f”/ 4 f//) + Ren (ff” _ f/2)
+4\/§né77*CW€ f// (2f/// + f//) - 4\/§Agé7é€9W€ (2f”/f” + (f//)Z) =0, (7‘10)
nd”" + (1+ RePr f)¢ =0, (7.11)

Using the initial guesses and linear operators defined in Eqgs. 5.13 to 5.16, HAM solution for

above mentioned models can be written as

Zm:%mm (211 ~(3nt 1)

T
3
Ms

i
)
Il
=)

St e2 73 m > 0. (7.12)
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3
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o~
Il
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Qe m >0, (7.13)
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where v, 1y Omon, Iy, and €, are constants.
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7.4 Graphical results and discussion

To report the convergence of the obtained series solutions and the effects of sundry parameters
in the present investigation we plotted Figs. 7.1 to 7.10. The convergence regions in the
HAM solutions are strongly dependent upon the non-zero auxiliary parameters i which can be
adjusted and controlled by means of a proper value of h. To see the range of admissible value of
h, h—curves are displayed in Figs. 7.1 to 7.3. Figs. 7.1 and 7.2 correspond to Reynolds’ model.
The horizontal line in Fig. 7.1 shows the convergence region for velocity and Fig. 7.2 depicts
the convergence region for temperature. Fig. 7.3 is prepared for h-curve for temperature profile
for Vogel’s model.

Fig. 7.4 predicts velocity profile for Re for Reynolds’ model. It is observed that velocity
decreases as Re increases. Fig. 7.5 presents temperature profile for Pr for Reynolds’ model. It
is noted that temperature decreases as Pr increases. The temperature profile decreases from
1 to zero as 1 increases from 1 to co. The fluid temperature depends upon the distance from
surface of the tube. The fluid temperature attains maximum value at the surface of the tube.

Fig. 7.6 shows temperature profile for Re. As we have seen in case of Pr, the temperature
profile decreases from 1 to zero as 7 increases from 1 to co. The fluid temperature depends
upon the distance from surface of the tube. The fluid temperature attains maximum value
at the surface of the tube. Fig. 7.7 is displayed to examine velocity profile for C' for Vogel’s
model. In this case velocity decreases with increase in C. Fig. 7.8 gives velocity profile for
Re for Vogel’s model. Velocity profile decreases as Re increases. The velocity profile decreases
from 1 to zero as n increases from 1 to co. The fluid velocity depends upon the distance from
surface of the tube. The fluid velocity attains maximum value at the surface of the tube.

Fig. 7.9 studies temperature profile for Pr for Vogel’s model. It is noted that temperature
decreases as Pr increases. Fig. 7.10 exhibits temperature profile for Re for Vogel’s model. It

is seen that temperature decreases as Re increases.

7.5 Conclusions

In this chapter, we have investigated analytically the heat transfer flow of a hyperbolic tangent

fluid due to a stretching cylinder with variable viscosity. The governing equations have been
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transformed into non-linear ordinary differential equations using similarity transformations.
The homotopy analysis method is employed to get the series solution of thus obtained highly
non-linear problem. Effects of the involved parameters are examined with the help of graphs.
It is concluded that:

1. The velocity and f(n) profiles decrease with increase in Re and We.

2. Temperature profile increases with rise in B, C* and We.

ng=1,M=0.1, We =001, Pr =50, Re = (.1

0.5 f

f"

-05f

Fig. 7.1: h-curve for velocity profile for Reynolds’ model.
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Fig. 7.2: h-curve for temperature profile for Reynolds’ model.
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Fig. 7.3: h-curve for temperature profile for Vogel’s model.
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Fig. 7.5: Temperature profile for Pr for Reynolds’ model.
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Fig. 7.9: Temperature profile for Pr for Vogel’s model.
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Chapter 8

Conclusions

The main points of this thesis can be summarized as follows:

1. Results obtained by shooting method and homotopy analysis method are in good agree-
ment.

2. Velocity field increases with rise of pressure gradient for Generalized Couette flow for
Jeffery-six constant fluid.

3. Velocity field decreases with rise of viscosity parameter for Vogel’s model for an Oldroyd
8-constant fluid.

4. Temperature profile decreases with rise of viscosity parameter for Vogel’s model for an
Oldroyd 8-constant fluid.

5. It is found that by assuming = 1 and g = 7, the results for the case of constant as well
as space viscosity can be attained for third grade fluid flow with variable viscous properties.

6. Velocity increases with the increase of porous medium parameter for Vogel’s model for
third grade fluid.

7. Velocity increases with the increase of Brinkman number for Vogel’s model for third
grade fluid.

8. Temperature increases with the increase of Brinkman number for Vogel’s model for third
grade fluid.

9. Velocity increases with the increase of viscosity parameter for Reynolds’ model for an
Oldroyd 8-constant fluid.

10. Temperature increases with the increase of Brinkman number for Reynolds’ model for
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third grade fluid.

11. Temperature increases with the increase of porous medium parameter for Vogel’s model
for third grade fluid.

12. It is obsreved that velocity increases with the increase of brownian motion parameter

for Reynolds’ model for non-Newtonian nano fluid flow.

13. Nanoparticle concentration profile increases with the increase of thermophoresis para-

meter for Vogel’s model for non-Newtonian nano fluid flow.

14. Nanoparticle concentration profile increases with the increase of brownian motion pa-

rameter for Reynolds’ model for non-Newtonian nano fluid flow.

15. Nanoparticle concentration profile decreases with the increase of thermophoresis para-

meter for Reynolds’ model for non-Newtonian nano fluid flow.

16. The thermal boundary layer decreases with increased Prandtl number and Reynolds
number in case of Eyring-Powell model fluid flow due to stretching cylinder.

17. Effects of prandtl number and Reynolds number on velocity profile are opposite in case
of Reynolds’ model for Walter’s B fluid flow.

18. Effects of viscosity parameter on velocity and temperature profiles are similar in case

of Reynolds’ model for Walter’s B fluid flow.
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