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Abstract 

Research in the thermo-fluid mechanics is crucial as it covers wide range of fundamental applied 

research areas. More specifically, it is a key to the understanding and development of a variety of 

engineering systems. Accordingly, this thesis develops a more intuitive understanding of heat , 

transfer mechanism for the boundary layer flows involving non-Newtonian fluids. Therefore, this 

thesis is predominantly focused on the theoretical analysis of the heat transfer phenomenon in the 

Sisko fluid flow while convective boundary..conditions are considered. It is noteworthy, that the 

Sisko fluid is one of the Generalized Newtonian Fluids (GNF) or a purely viscous fluid which 

exhibits the properties of shear thinning and shear thickening fluids for the power law and upper 

Newtonian regions. This study is concerned with analyzing the steady boundary layer flows and 

heat transfer characteristics to the Sisko fluid over moving surfaces and considers a variety of 

problems of practical interest. The problems include, the forced and mixed convective heat 

transfer over planer and radially stretching sheet, the forced convective heat transfer over a 

cylinder assuming different situations e.g., stagnation-point flow, nanofluid, homogeneous and 

heterogeneous reactions. The modeled governing partial differential equations are transformed 

into the ordinary differential by using appropriate transformations. Due to evolution of the 

efficient computing, it is somewhat possible to calculate numerical and analytical solutions of the 

problems under consideration. In this work, a comprehensive study has been done and the 

shooting technique is used along with the Runge-Kutta method to conduct numerical simulations 

whereas, the homotopy analysis method is employed to obtain the analytical results. In some 

special cases, the exact solutions are also fabricated and compared with the obtained approximate 

solutions to affirm their validity. Additionally, for some considered problems, a ,cpmparison of 

present results with the results already available in the literature is made. T 

(, ,' 
xv 



analytical solutions have been generated for the velocity, temperature and concentration profiles. 

Important relevant physical parameters are presented graphically in order to explore their 

influence for both integer and non-integer values of the power-law index. Additionally, the local 

skin friction coefficient and local Nusselt number are presented in tabular fonn for a set of values 

of the non-dimensional parameters. Akin to previous studies, it is found that the momentum 

boundary layer thickness is larger for the shear thinning fluid when compared to the shear 

thickening fluid. Results further show that the magnitude of temperature is also larger for the 

shear thinning fluid as compared to the shear thickening fluid. One key observation of this 

discussion corresponds to that the thennal boundary layer thickness is larger in case of flow over 

cylinder when compared to the flow over flat plate. 
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Chapter 1 

Introduction 

1.1 Introduction 

This chapter presents the literature survey for the Newtonian fluids, non-Newtonian 

fluids, forced convection, mixed convection, viscous dissipation, linear and non-linear 

thermal radiation, stagnation point flow, nanofluid and homogeneous-heterogeneous 

reactions. Also, a brief description of all chapters of this thesis is included in this 

chapter. 

1.1.1 The Background and Objectives of the Research 

In 1687, the research of famous British scientist Sir Isaac Newton was published 

usually termed as II Newton's law of viscosity ". The viscous fluids follow the Newton's 

law of viscosity which is a direct relationship between the shear stress and the shear 

strain rate. Over a century later, N avier and Stokes established a consistent three 

dimensional theory for fluids obeying Newton's law of viscosity (viscous fluid) and 

so-called Navier-Stokes equations form the basis of Newtonian fluid mechanics. 

It became abundantly clear from 19th century onwards that many fluids like 

materials having non-linear relationship between the shear stress and rate of strain 
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that cannot be characterized as Newtonian fluids, hence, an upsurge of interest in the 

field of non-Newtonian fluids was developed. Indeed, there would be no exaggeration 

in saying that non-Ne'wtonian fluid behavior is so widespread in nature that the 

Newtonian fluid behavior feels as an exception rather than rule. Many examples of 

such fluids include foams, slurries, dispersions and suspensions, emulsions, certain 

oils, mud, paints, blood at low shear rate, clay coatings, polymer melts, greases and 

so forth. 

The non-Newtonian fluids are more extensive class of fluids which cmmot be 

depicted by a solitary model because the ability of each model for portraying the 

fluid properties is limited. Several models have been proposed in the literature to 

characterize different non-Newtonian fluids. A class of non-Newtonian fluids model, 

characterized by having viscosity depending on shear rate gained much importance 

due to describing most commonly existing nature of fluids, i.e., shear thilming and 

shear thickening, named as Generalized Newtonian Fluids (GNF) or purely viscous 

fluids. This class of non-Newtonian fluids does not depict elastic behavior of fluids. 

The most common and simplest fluid model in GNF is the power-law fluid model 

but this fluid model cannot predict the flow properties in upper or lower Ne'wtonian 

regions. The Sisko fluid [1] model is GNF which overcomes this limitation of the 

power-law fluid and portrays the flow in the power-law and upper Newtonian regions. 

Aforementioned model is most appropriate to describe the flow behavior of fluids in 

high shear rate regions. Initially, this model was introduced to describe the flow of 

greases, as greases have high viscosities at low shear rates and low viscosities at high 

shear rates; but, it was found later that it also describes the flow behavior of cement 

pastes etc. Its industrial applications incorporate drilling fluids, cement slurries and 
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waterborne coatings etc. 

Within a material the association of temperature is due to the motion of molecules 

which is directly related to the kinetic energy of molecules. The energy transferred 

between two points having different temperatures is referred as heat and the transfer 

of heat is governed by the laws of thermodynamics. More precisely, due to the spatial 

temperature difference the transition of thermal energy is called heat transfer. 

Heat transfer theory can be utilized to determine temperature fields, heating/cooling 

times in the problems involving heat transfer, heat fluxes and so forth. In most typ

ical thermal applications like heating and/or cooling heat transfer problems may 

arise e.g., because of the thermal insulation of the ice layer the defrosting problem 

in air conditioning and refrigeration admits several solutions which are dealt by heat 

transfer. Also, cooling rubbing parts in mechanical transmission. If overheated the 

oil loses its lubricating capacity; in a hydraulic converter, under the pressure cre

ated the fluid leaks. The overheating in an electric motor causes deterioration of 

the insulation. In an overheated internal-combustion engine the pistons may seize 

in the cylinders. Moreover, in engineering industries energy conversion devices (e.g., 

solar collectors, combustors, nuclear reactors etc.) , materials processing (e.g., cast

ing, welding, hot shaping, crystal growth etc.) and so forth are controlled by heat 

transfer analysis. Further, not only engineering materials, food processing, cooking, 

cloth washing, dish washing, ironing and drying and many other house-hold tasks 

are controlled by heat transfer. 

Due to vast applications in a variety of engineering operations the analysis of heat 

transfer over a stretching surface (e.g., flat plate, cylinder etc.) has gained much im

portance. A few applications in the field of chemical engineering and metallurgy 

3 



include extrusion of polymers, production of paper and so forth. The final product's 

quality massively depends on heat transfer rate between the fluid and stretching 

surface during the operation of heating and/or cooling. Consequently, most suit

able heating and/or cooling fluid must be chosen as it has immense influence on the 

heat transfer rate. The physical importance of heat transfer over a moving surface 

has compelled many researchers to report their findings on this topic. Heat trans

fer analysis is discussed by several researchers including Hassanien et al. [2] who 

analyzed the numerical solution of the similar equations governing the momentum 

and heat transfer from the power-law fluid induced by the stretching sheet while 

including the effects of variable wall temperature. Chen [3] obtained the numerical 

results for the heat transfer problem in a thin liquid film of the power-law fluid over 

an unsteady stretching sheet and discuss the impact of very small and large values 

of the Prandtl number. The Keller-Box method is employed by the Prasad et al. [4] 

to solve the problem of heat transfer of the power-law fluid where the non-linearly 

stretching sheet and a lUliform transverse magnetic field are responsible for the flow. 

Lin et al. [5] assumed the modified Fourier's law by considering the temperature and 

velocity fields of the similar form and obtained numerical solution for the thin film 

flow and heat transfer of the power-law fluid. 

In processes where high temperature is evoked the convective heat transfer is 

of incredible importance, for instance, nuclear plants, gas turbines and storage of 

thermal energy and so forth. To define the linear convective heat exchange condition 

for algebraic entities, the convective boundary conditions are considered. It is agTeed 

that the convective boundary conditions are more practical in various industrial and 

engineering processes, for instance, transpiration cooling process, material drying 
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etc. The practical importance of the convective boundary conditions has compelled 

many researchers to investigate and report their findings on this topic. The three

dimensional flow of Jeffrey fluid over a stretching surface with convective boundary 

conditions has been examined by Shahzad et al. [6]. In another paper, the flow 

and heat transfer in an upper-convected Maxwell fluid over a moving surface in 

the presence of free stream velocity with convective boundary conditions is studied 

by Hayat et al. [7] . The steady flow and heat transfer in an Eyring Powell fluid 

over a plate moving continuously concerning convective boundary conditions is also 

examined by Hayat et al. [8]. Srinivasacharya and Bindu [9] considered the flow of 

micropolar fluid through inclined channel to investigate the characteristics of the slip , 

entropy generation and convective boundary conditions. Rundora and Makinde [10] 

explored the flow of third-grade fluid through a porous medium along with the Navier 

slip , reactive variable viscosity and asymmetric convective boundary conditions. 

A mixed convection flow is the process of heat transfer occurred as a consequence 

of the combined effects of free convection (caused by the temperature difference of the 

fluid at different locations) and forced convection (caused due to the some external 

applied forces) flows. Recently, the study of mixed convection boundary layer flow 

past a moving surface has gained remarkable attention as it assumes a pivotal part in 

diverse applications, such as flows in the ocean and in the atmosphere, solar receivers 

. laid open to wind currents, nuclear reactors cooled amid emergency shutdown, elec

tronic gadgets cooled by fans, heat exchangers put in a low-velocity environment and 

so forth. For the case of horizontal flows over the heated surfaces the buoyancy force 

can be ignored. However, a strong influence can be exerted by the buoyancy force 

for the vertical or inclined surfaces. Extensive investigations have been attempted 
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by considering the boundary layer approximation on the mixed convection flow over 

isothermal and non-isothermal surfaces. Recently, many researchers focused on the 

mixed convection by taking various aspects and geometries. By only assuming the 

buoyancy aiding configuration, Srinivas et al. [11] studied the mixed convective heat 

transfer from a heated cylinder immersed in the power-law fluid. Shahzad and Ali 

[12] explored the characteristics of mixed convective heat transfer from an electri

cally conducting power-law fluid in the presence of a uniform magnetic field over a 

linearly vertically stretching sheet. Employing the modified Fourier's law, Sui et al. 

[13] scrutinized the effects of mixed convective heat transfer to the power-law fluid 

over a moving conveyor along the inclined plate. Naseer et al. [14] considered the 

power-law fluid over a vertical stretching cylinder and investigated the characteristics 

of mixed convective heat transfer numerically by employing the Fehlberg method. 

Energy is required for the deformation and flow of materials. This mechanical 

energy is dissipated i.e., during the flow it is transformed into the material's internal 

energy. An increase of internal energy is then expressed as a rise in temperature. 

For the case of viscous fluids the viscous dissipation is always positive whereas for 

the elastic fluids it I....>Sllmes positive or negative values. The effects of viscous dissi

pation being negligibly small were disregarded before Gebhart [15]. He showed that 

in natural convection critical viscous dissipation may happen in different gadgets 

which are liable to substantial deceleration or work at high rotation speeds. Further, 

he affirmed that paramount viscous dissipation impacts might likewise be available 

in processes in which the scale of the process is large, e.g., on larger planets, in 

huge masses of gas in space and in powerful gravitational fields. After that ground

breaking work viscous dissipation is investigated intensively by many researchers. 
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Chamkha et al. [16] presented numerical solution for the mixed convective heat and 

mass transfer from the power-law fluid saturated into a non-Darcian porous medium. 

Moreover, the chemical reaction effects and viscous dissipation are considered. Nu

merical solution by utilizing the Keller-Box method for the unsteady flow and heat 

transfer over a permeable stretching surface in a thin liquid film of the power-law 

fluid is studied by Vajravelu et al. [17]. The influence of non-uniform heat source for 

the upper convected Maxwell fluid over a stretching sheet with viscous dissipation 

is examined by Abel et al. [18]. The influence of non-linear velocity, temperature 

and magnetic field applied perpendicular to the plate is scrutinized numerically by 

Kishan and Kavitha [19] on the flow and heat transfer to the power-law fluid past 

a stretching plate when the viscous dissipation is taken into account. The bound

ary layer flow and heat transfer in third grade fluid over an tillsteady permeable 

stretching sheet is addressed by Hayat et al. [20]. 

A stagnation flow means the fluid motion near the stagnation region exists on a 

solid body where the fluid moves towards it. The stagnation region encounters the 

highest pressure, the highest heat transfer and the highest rate of mass deposition. 

The investigation of the stagnation-point flow followed to Hiemenz [21] in 1911. 

He investigated the stagnation-point flow over a plate and exact solution of the 

Navier Stokes was determined by him. After that the combine effects of stretching 

and stagnation-point were studied by Chaim [22] by taking stretching and straining 

velocities equal. His findings indicated that no botmdary layer exists close to the 

sheet. Afterwards by taking different stretching and straining velocities the Chaim's 

work was re-investigated by Mahapatra and Gupta [23] and their findings were quite 

interesting. They found two types of boundary layer structure close to the sheet 
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depending on the rat io of stretching and straining velocity rates. The pioneering 

work of above mentioned researchers was extended by many researchers [24 - 27] . 

The thermal radiation effects are of more importance when the temperature differ

ence between the surface and the ambient fluid is larger. Also, the thermal boundary 

layer structure and hence the rate of heat transfer alter in the presence of thermal 

radiation at high operating temperature. Many investigations have been carried 

out in the recent past regarding thermal effects by applying the linearized form of 

Rosseland approximation considering non-Newtonian fluids, which is obtained by as

suming sufficiently small temperature differences within the flow, including, Prasad 

and Vajravelu [28] , Khan et al. [29], Samad and Saha [30], Kishan and Kavitha 

[31], Mathur et al. [32], Saritha et al. [33] and so forth . The non-linear Rosseland 

diffusion approximation is valid for small as well as large temperature difference of 

surface and ambient fluid, unlike the linearized Rosseland approximation which is 

valid only for sufficiently small temperature difference. Recently, the Rosseland dif

fusion approximation is adopted by various researchers while studying the non-linear 

radiative heat transfer to various non-Newtonian fluids including Hayat et al. [34], 

Ananth et al. [35], Sulochana et al. [36] and so forth. 

Due to the growing demands of new technologies such as, microelectronics, chemi

cal production and power station, there is a necessity to develop novel types of fluids 

which transfer heat more effectively. Heat transfer efficiency of working fluid can 

likewise be enhanced by increasing the thermal conductivity. In general commonly 

used heat transfer fluids (e.g. water, ethylene glycol, and engine oil) possess low 

thermal conductivities when contrasted with the thermal conductivity of solids. The 

addition of small particles of solids possessing high thermal conductivities to fluids 
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can enhance the thermal conductivity of the fluid. The practicality of the usage of 

such suspensions of solid particles was investigated by several researchers and huge 

points of interest were observed [37J. Researchers are permitted because of the recent 

advances in nanotechnology to study the next generation heat transfer nanofluids, 

a term first introduced by Choi [38J. Numerous sorts of liquids, such as water, eth

ylene glycol, engine oil, pump oil and glycerol have been used as host liquids in 

nanofluids. Whereas, nanoparticles used in nanofluids are of different materials hav

ing better thermal conductivity than base fluids. Owing to this, many researchers 

are persuaded and revolutionary work has been done by them. Khan and Goda [39J 

determined the numerical solutions by employing the finite difference method for the 

flow and convective heat transfer to the power-law nanofluid in the presence of con

vective boundary conditions. Mat et al. [40J investigated theoretically the influence 

of thermal radiation on the mixed convective heat transfer in the power-law nanofluid 

past a vertical plate. Ibrahim and Makinde [41J considered the power-law nanofluid 

over a stretching sheet and studied the combined effects of MHD stagnation point 

flow and convective heating. Khan and Khan [42J considered the power-law nanofluid 

and investigated the heat and mass transfer while taking into account the new mass 

flux conditions. Mixed convective flow and heat transfer of the power-law nanofluid 

with convective surface/boundary conditions is explored by Hayat et al. [43J. 

There is an extensive variety of chemical reactions, a lot of which have important 

practical applications, which proceed only very slowly, or not at all, with the excep

tion of in the vicinity of a catalyst. Some chemical reacting systems involve both 

homogeneous and heterogeneous reactions, with examples occurring in combustion, 

catalysis and biochemical systems. The interaction between the homogeneous reac-' 
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t ions in t he bulk of fluid and the heterogeneous reactions occurring on some catalytic 

surface is generally extremely intricate, involving the production and consumption of 

reactant species at different rates both within t he fluid and on the catalytic surface 

as well as the feedback on these reaction rates through temperature variations within 

t he reacting fluid , which in turn modify the fluid motion. Chaudhary and Merkin 

[44] have proposed a straightforward model of t he homogeneous-heterogeneous reac

tions for the forced convection bOlmdary layer flow near the two-dimensional forward 

st agnation-point on a non-permeable infinite wall within which an isothermal cubic 

autocat alytic reaction t akes place. They gave the formulation of homogeneous (bulle) 

reaction by isothermal cubic kinetics and the het erogeneous (surface) reaction by con

sidering the first-order kinetics. Later , Chaudhary and Merkin [45] cont inued their 

previous work and included the effect of loss of autocat alyst. Recently, the effect of 

homogeneous- heterogeneous reactions on stagnation-point flow of a non-Newtonian 

fluid over a permeable stretching/shrinking sheet is studied by Sheikh and Abbas 

[46]. Raju et al. [47] studied theoretically the combined effect s of induced mag

netic field, non-uniform heat source/sink and homogeneous-heterogeneous reactions 

on the st agnation point flow of Casson fluid past a st retching sheet. IvIalik et al. 

[48] obtained the numerical solutions for the problem of homogeneous-het erogeneous 

reaction on Williamson fluid model past a linearly stretching cylinder in its axial 

direction. Hayat et al. [49] analytically studied t he homogeneous-heterogeneous re

actions on the flow of an Oldroyd-B fluid along with Cattaneo-Christov heat flux 

model. The impact of homogeneous-heterogeneous reactions on a stagnation point 

flow of viscoelastic fluid is discussed at length by Animasaun et al. [50] when t he 

diffusion coefficients of chemical species are assumed to be unequal unlike the afore-
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mentioned investigations. 

T he intension of t his t hesis is to improve upon the current tmderstanding of t he 

boundary layer flow and heat transfer characteristics of t he Generalized Ne"wtonian 

Fluid model. Within this t hesis we will consider t he Sisko fluid model. The focus of 

the present study is t o investigate the heat transfer characteristics of the Sisko fluid 

flow past different moving surfaces in t he presence of convective boundary conditions 

munerically as well as analytically for the integer and non-integer values of the power

law index. 

1.1.2 The Structure of the Thesis 

The present thesis possesses nine chapters investigating t he heat transfer charac

teristics to the Sisko fluid over moving surfaces in the presence of the convective 

boundary conditions. Here, the moving surfaces are mainly considered of two types 

i.e., a stretching flat plate (Chapters 2 - 4) and a horizontal stretching cylinder 

(Chapters 5 - 8). The thesis is composed according to the plan as det ailed below. 

Chapter 1 comprises the historical background of the problems considered and 

the structure of the thesis. 

vVe analyzed in chapter 2 t he flow and forced convective heat t ransfer to the 

Sisko fluid over a flat plate in the presence of convective boundary condit ions . The 

flow is induced by the stretching plate with power-law velocity and a uniform trans

verse magnetic field. The arising governing equations are appeared to be partial 

differential equations. Instead of solving them directly, we have applied local-similar 

t ransformations on these equations and converted them into ordinary differential 

equations which are solved then mm1erically (Le., by the shooting t echnique) and 
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analytically (i.e., by the homotopy analysis method). The exact solutions of these 

ordinary differential equations are also determined for some special cases. The impact 

of pertinent parameters involving in the problem is discussed on the velocity profile, 

temperature profile, local skin friction and local Nusselt number at length. The ve-

locityand temperature fields are plotted for the integer as well as non-integer values 

of the power-law index n. At the end, a comparison between analytical, numerical 

and exact solutions is made to affirm the validity of the obtained analytical results. 

This investigation has been published in "PLoS ONE (2014) 9(10): e107989. 

doi: 10. 1371/journal.pone.0107989" . 

Devotion of chapter 3 is to scrutinize the influence of non-linearly radially 

stretching flat plate on MHD axisymmetric flow and convective heat transfer in 

Sisko fluid, when taking into account the convective boundary conditions as well. 

The problem under consideration is appeared to be governed by very complicated 

partial differential equations which are simplified by the application of usual bound-

ary layer approximations. Implementation of the local-similarity transformations 

reduced the independent variables by one and hence the governing equations take 

the form of ordinary differential equations. The non-linear coupled set of ordinary 

differential equations is solved analytically to obtain series solution by the homotopy 

analysis method for the integer values of the power-law index and numerically by 

shooting technique for non-integer values of the power-law index. For some spe-

cial cases the exact solutions are also obtained. In the graphical and tabular form 

the behavior of velocity, temperature, local skin friction and local nusselt number 

is presented. Moreover, the analytical, numerical and exact solutions are com~l:\:r:ed 
,/.~. -l_f. 

graphically to ensure authenticity of analytical results. Also, in tabular '~ rh the 
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analytical and exact solutions are matched very well. The work of this chapter has 

been published in "Journal of the Brazilian Society of Mechanical Sciences 

and Engineering (2016) 38:1279-1289, doi: 10.1007/s40430-015-0437-y". 

Chapter 4 is actually an extension of the chapter 3 by considering instead of 

forced convection, the mixed convective heat transfer over an impermeable radially 

stretching sheet along with the convective boundary conditions. Also, the viscous 

dissipation and the thermal radiation effects are taken into account. The local

similarity transformations are employed to transform the governing partial differen

tial equations into non-linear coupled ordinary differential equations. The analytical 

and numerical results obtained by solving the governing equations, the velocity, tem

perature, local skin friction and local Nusselt munber are presented in graphical and 

tabular form. The velocity and temperature profiles are discussed at length for assist

ing and opposing flows for various values of the parameters involved in the problem. 

The obtained analytical results are proved valid by giving a graphical comparison 

between them and numerical results as well as comparing them with the previously 

reported results in the literature. The results of the present work are published in 

"AlP Advances 5, 087178 (2015 ); doi: 10.1063/1.4929832". 

The numerical analysis of heat transfer in an electrically conducting Sisko fluid 

past a moving surface is carried out when taking into account the effects of a trans

verse magnetic field, viscous dissipation and convective boundary conditions and 

presented in chapter 5. The moving surface is specifically assumed to be a horizon

tal linearly stretching cylinder in its axial direction. The results of tillS underlying 

non-linear problem is mainly developed by the shooting technique for the non-integer 

values of the power-law index n. Also, the analytic results for the same problem are 
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computed by using the homotopy analysis method for comparison which leads to the 

authenticity of the obtained numerical results. For the shear thinning fluid (i.e., n = 

0.5) and shear thickening fluid (i.e., n = 1.5) the velocity, temperature, local skin fric

tion and local Nusselt number are discussed in detail. The aforementioned work has 

been published in "AlP Advances 5, 127202 (2015); doi: 10.1063/1.4937346" . 

Chapter 6 focused on the radiative heat transfer towards the stagnation-point 

flow of Sisko fluid past an impermeable stretching cylinder. The convective boundary 

conditions are taken into account as well. By utilizing the non-linear Rosseland 

approximation a term representing the radiative heat flux was introduced in the 

energy equation. The numerical solution of the locally similar coupled non-linear 

differential equations is determined by utilizing the shooting method. The results are 

compared for the flow over a flat plate and the flow over a cylinder for shear thinning 

and thickening fluids for various values of emerging parameters. The validation of 

the present work is affirmed by comparing these results with the analytic results 

obtained by the homotopy analysis method. This piece of work is recently published 

in "AlP Advances 6, 055315 (2016); doi: 10.1063/1.4950946". 

Chapter 7 deals with the combined effects of variable thermal conductivity and 

convective boundary conditions on the flow and heat transfer past a stretching cylin

der immersed in the Sisko nanofluid. Here, the nanoparticle concentration is charac

terized by the new mass flux conditions which physically describes that nanoparticle 

flux at the boundary is zero. Also, due to these conditions the effect of the Brownian 

motion at the temperature is negligible. The obtained numerical solutions by the 

shooting method are plotted for several parameters corresponding to flow over a flat 

plate and a cylinder. The behavior of the shear thinning and shear thickening fluids 
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is compared. The validation of numerical results is ensured by comparing them with 

the analytic results . Here, the Sherwood number is identically zero whereas, the 

Nusselt number is given in tabular form. These observations have been published in 

"Journal of Molecular Liquids 218 (2016) 1-7" . 

Chapter 8 concentrates on the homogeneous-heterogeneous reactions on the 

stagnation-point flow of Sisko fluid past a non-linearly stretching cylinder along with 

convective boundary conditions. Here, the diffusion coefficients of species of kinds A 

and B are assumed to be of comparable size and the released heat amid the process 

is considered negligible. The governing partial differential equations are transformed 

into a set of non-linear ordinary differential equations by using appropriate local

similarity transformations. These coupled set of equations are solved numerically 

by employing the shooting technique. These results for the velocity, temperature 

and concentration profiles are plotted graphically and the local skin friction and 

Nusselt number are presented in tabular form. At the end, the numerical results are 

compared with the analytical results and found in good agreement. The contents of 

this chapter are submitted for publication in " Scientific Reports" . 

Ultimately, the aim of chapter 9 is to conclude the major findings and contribu

tions of the research of the entire thesis. Possible future directions to continue this 

work are also briefly highlighted. 
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Chapter 2 

Flow and Heat Transfer in Sisko 
Fluid with Convective Boundary 
Conditions 

In this chapter, we have scrutinized the steady boundary layer flow and heat 

transfer in Sisko fluid with convective boundary conditions over a non-isothermal 

stretching sheet. The flow is induced by non-linearly stretching sheet in the presence 

of a uniform transverse magnetic field. The partial differential equations governing 

the problem have been reduced by suitable transformations into the ordinary differ-

ential equations. The transformed partially coupled non-linear ordinary differential 

equations are then solved analytically by using the homotopy analysis method (HAM) 

and numerically by the shooting technique along with the Rlmge-Kutta method. In 

addition, exact analytical solutions are presented in some possible limiting cases . Ef-

fects of different parameters like power-law index n, magnetic parameter D, stretch-

ing parameter s, generalized Prandtl number Pr and generalized Biot number , are 

presented graphically. It is found that the temperature profile increases with in-

creasing value of D and, whereas it decreases for Pr. Numerical values of the local 

skin-friction coefficient and local Nusselt number are tabulated at various physical 

situations. Additionally, a comparison of the obtained numerical results with the 
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HAM and exact solutions is made. An excellent agreement between these results 

enhances our confidence in the HAM solutions. 

2.1 Mathematical Formulation 

.Y T y 

11 •. = 0 

Figure 2. 1: Schematic diagram of the problem. 

2.1.1 Governing Equations 

It is appropriate to adopt the physical laws of conservation for real flow situations. 

The application of these laws of conservation of mass, linear momentum and en-

ergy give rise to the basic equations describing an incompressible flow, namely, the 

continuity, momentmll and energy equations, which are defined as follows: 

V · V = o, (2 .1) 

p [ 88~ + (V· \7) V] = \7. T+pB , (2.2) 

pCp [~~ + (V . \7) T] = T . L - V . q - V . qr, (2.3) 
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where V is the velocity field, p the density of the fluid, T the Cauchy stress tensor, 

B the body force per unit mass, cp the specific heat at constant pressure, T the fluid 

temperature, q = -kVT the thermal heat flux with k as the thermal conductivity, 

qr the radiative heat flux and L the velocity gradient. 

For the Sisko fluid which is a combination of the Newtonian fluid and power-law 

fluids the Cauchy stress tensor T is defined as follows: 

T = -Vp+S, (2.4) 

(2.5) 

with Al = L + L T the first Rivilin-Ericksen tensor, p the pressure and S the extra 

stress tensor. Further, in the above expressions, a, band n (;:::: 0) are the material 

constants of the Sisko fluid representing the viscosity at high shear rate, consistency 

index and power-law index, respectively. 

For the steady, two-directional and incompressible flow we assume the velocity, 

temperature and stress fields of the following forms 

V = [u(x, y), v(x, y), 0], T = T(x, y), S = S(x, y). (2 .6) 

By using Eq. (2.6), the equation of continuity, momentum and energy in the 

absence of the viscous dissipation and radiative heat flux are given by 

(2.7) 
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(
aU au ) ap aSxx aSxy p u-+v- =--+--+--ax ay ax ax ay , (2.8) 

p (u av + v av ) = _ ap + a Syx + a Syy , 
ax ay ay ax ay (2.9) 

(2.10) 

where (x, y) denotes the Cartesian coordinates, u and v are the velocity components 

along x- and y- directions, respectively. Also, the components of extra stress tensor 

S defined by Eq. (2.5) can be expressed as 

(2.11) 

[ ( au )2 ( aV )2 ( au aV )2 n~ l l ( au av ) Sxy = SyX = a + b 2 ax + 2 ay + ay + ax ay + ax ' 
(2.12) 

S" ~ [a + b 2 (~~) 2 + 2 (~~ ) 2 + (~~ + ~~ ) 2 ";' 1 ( 2 ~~) , (2 .13) 

with Sxz = Szx = Syz = Szy = Szz = o. 

Upon using the usual boundary layer approximations after the substitution of 

expressions defined by Eqs. (2.11) - (2.13), Eqs. (2.8) - (2.10) take the form 

'Lt au + v au = _ ~ ap + 9:.. a2u + ~~ ( au lou In-I) 
aX ay p ax p ay2 p ay ay ay , 

0= _ ap 
ay ' 
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2.1.2 Flow Equations 

Let us consider the steady, laminar and incompressible flow of Sisko fluid over an 

isothermal flat sheet. The sheet is stretching with non-linear velocity U(x) = cx8
, 

where c and s are non-negative real numbers. A uniform transverse m.agnetic field 

B = [0, Bo, 0] is applied under the assllllption of very small magnetic Reynolds 

number. Under these assumptions the governing momentum equation for two-

dimensional boundary layer flow of Sisko fluid can be expressed as (see ref. [51] 

for details) 

u au + v au = ~ a2
u _ ~!!..- (_ au ) n _ aB5 u 

ax ay p ay2 p By By p ' 
(2.17) 

where a, band n (~ 0) are the material constants, (J the electrical conductivity of 

the fluid, p t he fluid density and Bo the magnitude of applied magnetic field. 

The flow is subject to the following boundary conditions 

u(x,y)=U=cx8
, v(x,y ) =0 at y = 0, (2.18) 

u-to as y -t 00. (2.19) 

Introducing the transformations [51] as 

1 

1j; = UxRe~n+ l 1(7]) , (2.20) 

with 

u (x , y) = U l' (77) , (2.21) 
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__ 1_ 1 
v (x , y) = -UReb n+! -- [{ s (2n - 1) + I} f(TJ) + {s (2 - n) - I} TJf' (TJ)] , 

n+l 

(2.22) 

where 'lj; is the Stokes stream function. 

After simplification we reach at the following problem 

Aflll + n (-f"t- I fill + s (2n
n 
~ Ii + 1 f f" - S (f,)2 - D2 f' = 0, (2.23) 

f (0) = 0, f' (0) = 1, f' (00) = 0, (2.24) 

where 

2 

D
2 _ oB5 Re n + ! pxU pxn u2-n 

- pU x, A = R:a ' Rea = -a- and Reb = b' (2 .25) 

are the non-dimensional quantities. 

The significant quantity of interest from engineering point of view is the local 

skin-friction coefficient Gfx defined by [52] 

c _ Txyiy=o 
fx - 1 U2 ' 

"2P 

where T xy the wall shear stress is given as 

( I 
au In-I) au 

T x y = a + b ay ay . 

(2.26) 

(2.27) 

Upon substitution of Eq. (2.27) into Eq. (2.26) along with Eq. (2.20) the 
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dimensionless form of the local skin friction coefficient appears as follows: 

~ Reb~l Gfx = AI" (0) - [-I" (O)t· (2.28) 

2.1.3 Heat Transfer Analysis 

The thermal energy equation after the application of usual boundary layer approx-

imations in the absence of heat source and dissipation with convective boundary 

conditions at the wall is given as 

(2.29) 

k aT(x, 0) = -h [T - T( 0)] ay f f x, , (2.30) 

T->Too as y->oo, (2.31) 

where T = T(x, y) is the temperature field, k the thermal conductivity, a = p~ the 

thermal difIusivity, Tf the temperature of the hot fluid below the sheet, h f the heat 

transfer parameter and Too the ambient temperature of the fluid. 

We introduce the non-dimensional scaled temperature () as 

(2.32) 

In view of Eqs. (2.20) and (2.32), Eq. (2.29) takes the form 

()" + s (2n - 1) + 1 PI' f ()' = 0 
n+1 ' 

(2.33) 
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and transformed boundary conditions are 

e'(O) = - , [1 - e (0)] , e('Tl) - 0 as 'Tl - 00 , (2 .34) 

where prime denotes differentiation with respect to independent variable 'Tl , PI' the 

generalized Prandtl number and , the generalized Biot number and are given by 

xU __ 2_ 

PI' = - Reb n + l , 
(.\' 

(2.35) 

The local Nusselt number Nux may be found in terms of the dimensionless tem-

perature at the wall surface, e' (0) , that is 

1 

Re -n+l Nu = -e' (0) b x , (2.36) 

with Nux = ( xqW 
) and qw as the surface heat flux. 

I< Tf -T"", 

2.2 Solution Methodologies 

2.2.1 The Homotopy Analytic Solution 

The homotopy analysis method (HAM) is employed to solve non-linear governing 

Eqs. (2.23) and (2.33) subject to the boundary conditions (2.24) and (2.34). The 

analytic solutions are obtained for the velocity and temperature fields by considering 

the initial guesses and linear operators of the forms defined as follows: 

(2.37) 
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(2.38) 

The convergence of these series solutions is highly dependent on the value of the 

auxiliary parameter n. To determine the range of acceptable values of the auxiliary 

parameter n the idea of n-curve was introduced. Recently, the concept of minimized 

squared residual error [53] was introduced which provides only most suitable value 

of the aluciliary parameter n instead of picking any random value from the range of 

values obtained by n-curve. The formula for squared residual error is given by 

(2.39) 

Table 2.1 elucidates the convergence of the series solution. It shows that the 

convergence is achieved at 25th approximation in the mentioned case. Further, the 

same criteria is adopted to achieve the convergence in other cases. 

Table 2.1: The convergence of the homotopy solutions when n = D = A = 'Y = 

Pr = 1 and s = 0.5 are fixed. 

Order of approximation -1"(0) -e' (0) 

1 0.863726 0.463171 

5 0.871058 0.448468 

10 0.871684 0.451261 

15 0.871686 0.450955 

21 0.871686 0.450998 

25 0.871686 0.450995 

30 0.871686 0.450995 
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2.2.2 The Numerical Solution 

Finding the exact analytical solutions corresponding to the set of highly non-linear 

coupled differential Eqs. (2.23) and (2.33) with conditions (2.24) and (2.34), consti-

tuting a two-point boundary value problem, is really a very difficult and sometimes 

nearly impossible task. So, to overcome this problem a numerical solution is obtained 

by using the shooting technique combined with Runge-Kutta forth order method. For 

this purpose the two-point boundary value problem is converted into a set of first 

order ordinary differential equations by introducing new variables Y1, Y2, Y3, Y4 , Y5 

as follows: 

, , , -1 
Y1 = Y2, Y2 = Y3, Y3 = A ( )n-1 +n -Y3 [

5 (2n - 1) + 1 2 2 ] 
n + 1 Y1Y3 - 5 (Y2) - D Y2 , 

(2.40) 

, , _ 5 (2n - 1) + 1 p. 
Y4 = Y5 , Y5 - - n + 1 1 Y1Y5 , (2.41) 

with initial conditions 

f (0) = 0, f' (0) = 1, j" (0) = 51, e (0) = 52, e'(o) = - "I [1 - e (0)] , (2 .42) 

where 51 and 52 are determined using the shooting technique. The set of initial value 

problem is then solved by using Runge-Kutta forth order method. 

2.2.3 The Exact Solution for Particular Cases 

In tllls section, we endeavor to present the exact analytical solutions for the velocity 

and temperature fields in some possible linliting cases. These novel solutions are 

much valuable since they represented a rare class of exact solutions to the boundary 
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layer equations for the considered flow configuration. 

Case (i) : As a special case of the problem for n = 0 and s = 0.5, Eqs. (2.23) 

and (2.33) reduce to 

and 

2Aflll + f 1" - (J,) 2 - 2D2 l' = 0, 

e" + Pr f e' = O. 
2 

(2.43) 

(2.44) 

The exact solutions of the above equations satisfying the boundary conditions 

(2.24) and (2 .34) are 

f(TJ) = ~ (1 - e-f3 '1 ) , (2.45) 

2!f,: effo ~ [r (pr 0) _ r (pr Pr e-f317 )] 
I 2jj2 , 2jj2' 2jj2 

e(TJ) = Pr P P , (2.46) 

(3 (p) ~ +22ix e2ix r [r(~ , 0) - r(~ , frfo- )] 

where (3 = J 1+22f2 and r(-) the incomplete Gamma function. 

Case (ii): Now for n = 1 and s = 1, Eqs. (2 .23) and (2.33) become 

(1 + A) 1'" + f 1" - (J,) 2 - D2 l' = 0, (2.47) 

and 

e" + Pr f e' = 0, (2.48) 

which possess the exact analytical solutions of the form 

(2.49) 
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e~'Y[r(~,o) -r(~,~e-{31J)] 
e( fJ) = Pr P , 

/3(~)~ +e#'Y[r(~,o) -r(~,~)] 
(2.50) 

when satisfying the boundary conditions (2.24) and (2 .34) with /3 = .j\~2 . 

2.3 Numerical Results and Discussion 

In order to get definite perception of the physical problem, velocity profile f' (fJ) and 

temperature profile e (fJ) are displayed graphically for different values of the power-

law index n, magnetic parameter D, stretching parameter s, generalized Prandtl 

number Pr and generalized Biot number 'Y appearing in the problem. The coupled 

set of Eqs. (2.23) and (2.33) with the boundary conditions (2.24) and (2.34) are 

solved analytically by means of the HAM and numerical solutions are obtained using 

the shooting technique along with forth-order Runge-Kutta method. The results 

of the numerical solutions for non-integer power-law index n are shown in figures 

1 and 3 whereas the rest of the figures present the HAM results. Further, it is 

possible in some special cases to compare the results obtained by the HAM with exact 

solutions. Moreover, representative results for the local skin-friction coefficient and 

local Nusselt number illustrating the influence of various physical parameters of the 

flow are recorded through tables. In this entire chapter we considered s = Pr = 0.5, 

A = 'Y = 1 and D = 1 as common except the variations in the corresponding graphs 

and tables. 

Figures 2.2 (a, b) delineate the influence of the power-law index n on velocity 

profile f' (fJ). From these figures, it is observed that an increase in the values of n 
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decreases the velocity profile and hence the corresponding boundary layer thickness 

for power index n ~ 1 (i.e., for shear thickening and Newtonian fluids) whereas for 

n < 1 (i .e., shear thinning fluid) we notice two different behaviors, i.e., close to the 

sheet the velocity profile increases while it decreases away from the sheet with the 

increase of the power-law index n. 

In order to illustrate the influence of the magnetic parameter D on velocity profile 

f'(TJ) we have plotted figures 2.3 (a-d) for the power-law index n = 0,1,2 and 3. It 

appears from these figures that an increase in value of the magnetic parameter D 

decreases the velocity profile due to resistance force generated by the magnetic field. 

Also, we can notice that effect of the magnetic parameter D becomes less dominating 

as we increase value of the power-law index n and the corresponding boundary layer 

thickness decreases with the increase of D too. F\rrther, these figures portray that 

the momentum boundary layer thickness becomes thin as we decrease the power-law 

index n. Moreover, these figures provide a comparison that the magnitude of velocity 

is larger for hydrodynamic case (D = 0) when compared with hydromagnetic case 

(D i= 0). 

Figures 2.4 (a-d) portray the effects of the magnetic parameter D on temperature 

profile e (TJ). It is clear from these figures that the temperature profile increases with 

an increase of D. However, we can observe that the temperature profile is not very 

much sensitive to the magnetic parameter D. 

Figures 2.5 (a-d) present the temperature profile e (TJ) for different values of the 

stretching parameter s. We can notice from these figures that the stretching parame

ter has quite opposite effect on the temperature profile for n = 0 and n = 1, 2, 3. We 

can see that with an increase in the stretching parameter s the temperature profile 

28 



increases for n = 0, while for n = 1,2, 3 it decreases. FUrther, with the increase in s 

the thermal bOlmdary layer thickness increases for n = 0 and decreases for n = 1,2,3. 

The variation of the generalized Prandtl number Pr on the temperature profile 

e (ry) is shown in figures 2.6 (a-d). It is worth noting that with the increase of Pr the 

temperature profile decreases. That is, an increase in generalized Prandtl number 

Pr represents a decrease in the thermal conductivity which as a result reduces the 

thermal boundary layer thickness. Additionally, it can be observed that the power

law index n plays a significant role. An increase in the power-law index n results in 

thinning of the thermal boundary layer. 

The effect of the generalized Biot number 'Y on the temperature profile e (ry) is 

shown by figures 2.7 (a-d). These figures put in evidence that the effect of increas

ing the generalized Biot number 'Y is to enlarge both the temperature and thermal 

boundary layer thickness significantly, since increasing values of 'Y shows the de

creasing thermal resistance of the wall and hence convective heat transfer to the 

fluid increases. 

Figures 2.8 (a, b) correspond to the power-law index n < 1 and n ~ I , respec

tively. From these figures, it is obvious that the temperature profile decreases with 

increase in t he power-law index n. FUrther, these figures indicate that for a given 

location ry, e (ry) decreases as the power-law index n increases, resulting in a decrease 

of the thermal boundary layer thickness. We can also observe that more significant 

effects can be seen for values of the power-law index n < I, while it has small effects 

for the power-law index n ~ 1. 

Figures 2.9 (a, b) and 2.10 (a, b) present a comparison between the exact, nunler

ical and HAM solutions. These figures show that an excellent agreement between the 
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results exists. This leads a confidence in the HAM results reported in this section. 

1 

The numerical values of the local skin friction coefficient ! Reb+! C f and the local 

1 

Nusselt number Re~ n+ l N 'ux for different values of A, D, s, Pr and 'Yare listed in 

tables 2.2 and 2.3. Table 2.2 shows that magnitude of the local skin friction coefficient 

increases for larger values of A, D and s. Table 2.3 depicts that the local Nusselt 

number increases for larger values of A , Pr, 'Y while it has opposite behavior for D 

for different values of the power-law index n. By increasing the stretching parameter 

s we observe that for n = 0, the local Nusselt number decreases while for n = 1,2 

and 3 it increases. 
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Figure 2.2: The velocity profiles 1'('T}) for different values of the power-law index n. 
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! 

Table 2.2: Numerical values of the local skin friction coefficient ~ Rei'+! G/x for 

different values of physical parameters. 

I 

A D s _1 Re n +! G 
2 b / x 

n=O n=l n=2 n=3 

0.0 1.0 0.5 1.000000 1.259683 1.168175 1.121380 

1.0 2.224745 1.781461 1.631523 1.558845 

2.0 2.732051 2.181835 2.024553 1.954535 

3.0 3.121320 2.519366 2.366378 2.304718 

1.0 0.0 0.5 1.707107 1.089465 0.962186 0.908237 

0.5 1.866025 1.296307 1.153318 1.090619 

1.0 2.224745 1.781461 1.631523 1.558845 

2.0 3.121320 3.028033 2.999168 2.981083 

1.0 1.0 0.5 2.224745 1.781461 1.631523 1.558845 

1.0 2.290994 2.00000 1.914495 1.875081 

2.0 2.431934 2.376857 2.412204 2.446648 

3.0 2.573536 2.701216 2.851608 2.965925 
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1 

Table 2.3: Numerical values ofthe local Nusselt number Re~ n+l Nux for differ-

ent values of physical parameters. 

1 

A D Pr 'Y s - Re -n+ l Nu 
b x 

n=O n=l n=2 n=3 

1.0 1.0 1.0 1.0 0.5 0.240458 0.331260 0.340045 0.342428 

2.0 0.275129 0.346666 0.357093 0.360945 

3.0 0.291544 0.355742 0.367068 0.371748 

1.0 0.0 1.0 1.0 0.5 0.291544 0.362207 0.367377 0.368707 

0.5 0.275129 0.353119 0.359256 0.360679 

1.0 0.240458 0.331260 0.340045 0.342428 

0.5 1.0 0.7 1.0 0.5 0.191051 0.277793 0.284027 0.285370 

1.0 0.240458 0.353119 0.340045 0.342428 

2.0 0.349286 0.438483 0.450994 0.455287 

1.0 1.0 1.0 0.1 0.5 0.075993 0.083203 0.083747 0.083891 

0.5 0.193846 0.248832 0.253757 0.255081 

1.0 0.240458 0.331260 0.340045 0.342428 

1.0 1.0 1.0 1.0 0.5 0.240458 0.331260 0.340045 0.342428 

0.7 0.173867 0.347092 0.370199 0.378838 

1.0 0.024606 0.367879 0.406270 0.420928 
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Chapter 3 

MHD Flow and Heat Transfer of 
Sisko Fluid over a Radially 
Stretching Sheet 

The present chapter analyzes magnetohydrodynamics (MHD) au'{}symmetric flow 

of an electrically conducting incompressible Sisko fluid over a radially stretching sur-

face. The analysis includes forced convective heat transfer by considering convective 

boundary conditions. The local-similar transformations are adopted to transform 

the nonlinear governing partial differential equations into ordinary differential equa-

tions. These equations are then solved analytically as well as numerically by utiliz-

ing the homotopy analysis method (HAM) and fourth order Runge-Kutta method 

with shooting technique, respectively, for both integer and non-integer values of the 

power-law index. As a result of the analysis, some exact solutions for the velocity 

and temperature distributions are obtained and a comparison of exact solutions and 

numerical solutions is made with the HAM solutions with an excellent agreement. 

To investigate the influence of various pertinent parameters, graphical results for the 

velocity and temperature fields are presented for different values of the governing 

parameters. It is found that inside the boundary layer the value of the power-law 

index affects significantly the velocity field but marginally the temperature field. 
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FUrther, our results show that the effects of the magnetic parameter on the velocity 

and temperature fields are quite opposite. 

3.1 Formulation of the Problem 

3.1.1 Geometry of the Problem 

z 

T ---t T~ 

'U -t 0 

Bo 

w 

o~--------------~~--~r 

'U ('/', 0) U(r) = C1'·
9 

aT(r- 0) 
k az' = -hf [~r - T(F, 0) ] 

Figure 3.1: Physical model and coordinate system. 

3.1.2 Flow and Heat Transfer Analysis 

Consider the steady, two-dimensional convective boundary layer flow of an electrically 

conducting incompressible Sisko fluid over a nonlinear radially stretching sheet placed 

at z = O. The flow is induced by stretching of the flat sheet with velocity U = C1'
s

, 

where C and s are non-negative real numbers. A uniform magnetic field B = [0, 0, Bo] 

perpendicular to the plane of sheet is applied under the assumption of very small 

magnetic Reynolds number. It is assumed that the bottom surface of the sheet 

is heated by convection from a hot fluid with temperature Tf which provides a 
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heat transfer coefficient h f. Further, the uniform ambient fluid temperature is Too . 

Here, for mathematical modelling we have considered cylindrical polar coordinates 

(r, 0, z). For axisymmetric flow the corresponding velocity, temperature and extra 

stress tensor are defined as follows: 

V(r, z) = [u(r, z ), 0, w(r, z)], T = T(r, z ), S = S(r, z), (3.1) 

where u and v are the components of velocity in the radial and axial directions, 

respectively. 

Under these considerations, the flow is governed by Eqs. (2.1) to (2.5). More 

exactly, in view of Eq. (3 .1) , the governing equations (2 .1) to (2.3) for the problem 

under consideration reduce to 

au u aw 
-+-+-= 0 
ar r az ' 

(
au au) ap asn · asrz Srr - Soo (JB5 P u-+w- =--+--+--+ ---u, 
ar a z ar ar a z r p 

( 
aw aw) ap asrz aszz Srz p u-+w- =--+--+--+-, 
ar az az ar az r 

(3.2) 

(3.3) 

(3.4) 

(3.5) 

In view of Eq. (3.1), the momentum and thermal energy Eqs . (3.3) - (3 .5) after 

application of the usual boundary layer approximations in the presence of a constant 

magnetic field take the form 

u au + w au = f!:. a
2
u _ ~ i. (_ au ) 11 _ (J B5 u 

ar az p az2 paz az p' 
(3.6) 
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(3 .7) 

The above equations are subjected to the following boundary conditions 

u (r, z) = U = cr S
, w(r, z) = 0, k aT~~ z) = - hf [Tf - T(r, z)] at z = 0, (3.8) 

U ---4 0, T ---4 Too as z ---4 00. (3.9) 

The governing equations (3.6) and (3 .7) subject to the boundary conditions (3.8) 

and (3.9) can be expressed in simpler form by introducing the following local simi-

larity transformations 

(3.10) 

where T} is the independent variable and 7./J the Stokes stream hmction such that 

'I./' = _1 a..p and v = 1 a..p . 
r az r ar 

By employing the transformations (3.10), the above governing problem reduces 

to 

Aflll + n (-1"t-1 fill + (s (2n ~ ~ ~ n + 2) f 1" - S (J,)2 - D2 l' = 0, (3.11) 

()" + (s (2n ~ 11 ~ n + 2) Pr f ()' = 0, (3.12) 

f (0) = 0, l' (0) = 1, ()'(O) = -, [1 - () (0)] , (3.13) 

l' (T}) ---40, ()(T}) ---40 as T} ---4 00. (3.14) 
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In the above equations, primes denote differentiation with respect to the inde-

pendent variable "7. F\lTther, A is the material parameter of the Sisko fluid, D the 

magnetic parameter, Rea and Reb the local Reynolds numbers, Pr the generalized 

Prandtl number and 'Y the generalized Biot number, which are defined as 

2 

rrB2 prU prn U2-n Reb
n

+1 hf - n+ll 
D2 - _v_o R - -- R A R 

- pU r, ea - a' eb = b ' = Rea ' 'Y = T r eb 

rU __ 2_ 

Pr = -Reb n+1 
a 

(3.15) 

The physical quantities of pivotal interest are the local skin-friction coefficient 

Cfr and the local Nusselt number NUr which are defined in dimensionless form by 

~ Reb~l Cfr = AI" (0) - [-1" (O)t, (3.16) 

1 

Re~ n+l NU r = -Of (0) . (3.17) 

3.2 Solution Methodologies 

3.2.1 The HAM Solution 

The analytic series solutions for the velocity and temperature fields are obtained 

for the nonlinear equations (3.11) and (3 .12) together with the boundary conditions 

(3.13) and (3.14) by utilizing the homotopy analysis method. The initial guesses and 

linear operators corresponding to the flow and heat transfer analysis are chosen as 

follows: 

(3.18) 

(3.19) 
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The convergence of these series solutions is highly dependent upon the selection 

of the auxiliary parameters n f and no and these are calculated by using the squared 

residual error defined through Eq. (2.39). 

Table 3.1 depicts the convergence of the series solution for a specific case. Con

sidering the most suitable value of nf and no the convergence is achieved at 13th and 

16th order of approximations for flow and heat transfer analysis, respectively. 

Table 3.1: The convergence of the series solution when s = D = A = I = Pr = 

1, nf = -0.474652, no = -0.685443 and n = 2 are fixed. 

Order of approximation - f"(0) -e' (0) 

1 1.026370 0.480960 

5 1.038526 0.489321 

11 1.038566 0.489558 

13 1.038567 0.489572 

16 1.038567 0.489573 

18 1.038567 0.489573 

20 1.038567 0.489573 

25 1.038567 0.489573 

3.2.2 The Numerical Solution 

The nonlinear equations (3.11) and (3.12) governing the problem along with the 

boundary conditions (3.13) and (3.14) form a set of boundary value problems (BVPs). 

These BVPs are first converted into a set of initial value problems (IVPs) and then 

solved numerically by utilizing the shooting method. vVe have converted Eqs. (3.11) 
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and (3.12) into system of first order equations as follows: 

, " 1 [( S(2n-1)+n+2 ) 2 2] 
Yl = Y2, Y2 = Y3, Y3 = - A + n( -Y3)n-l n + 1 Y1Y3 - S (Y2) - D Y2 , 

(3.20) 

, , (S(2n-1)+n+2) 
Y4 = Y5, Y5 = - n + 1 Pr Y1Y5, (3.21) 

with boundary conditions 

(3.22) 

To solve Eqs. (3.20) and (3.21) as initial value problems we need values for 1"(0) 

and &'(0) which are not defined. Thus we choose values for 1"(0) and &'(0) and obtain 

the solution by using fourth-order Rtmge-Kutta method. The obtained values of 

f'('T/) and &(TJ) as TJ ~ 00, say TJ oo , are compared with the given bOlmdary conditions 

f'('T/oo) = 0 and &(TJoo) = o. Then to get better approximation for our solution 1"(0) 

and &'(0) are adjusted using the Newton method. Here we have considered step 

size h = 0.01. Until we approach the desired accuracy of our results the process is 

repeated. 

3.2.3 The Exact Solution 

The set of Eqs. (3.11) and (3.12) subject to the boundary conditions (3.13) and 

(3.14) is highly nonlinear. In addition, the power-law index n is a non-negative real 

number and hence finding the exact solution of the system in general is a far from 

any routine exercise. However, exact solutions of the system are calculated for some 
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special cases given below. 

Case (i): For n = 0 and s = I , Eqs. (3.11) and (3 .12) reduce to 

Aflll + f 1" - (1,)2 - D2 l' = 0, (3.23) 

e" + Pr f e' = O. (3.24) 

The exact solutions of Eqs. (3.23) and (3.24) satisfying the boundary conditions 

(3.13) and (3.14) are 

where f3 = J1+)(2 and f( ·) is the incomplete Gamma function. 

Case (ii): Next for n = 1 and s = 3, Eqs. (3 .11) and (3 .12) take the form 

(1 + A) 1'" + 3f 1" - 3 (1,)2 - D2 l' = 0, (3.27) 

e" + 3 Pr f e' = O. (3.28) 

The exact analytical solutions to Eqs. (3 .27) and (3 .28) together with the bound-

ary conditions (3.13) and (13.14) are in the form 

(3.29) 

47 



(3.30) 

. h f3 - J3+D 2 WIt - l+A' 

3.3 Results and Discussion 

The non-dimensional equations of convective MHD boundary layer flow correspond-

ing to the Sisko fluid over a radially stretching sheet are studied. The system of 

coupled ordinary differential equations (3 .11) and (3 .12) subject to the boundary 

conditions (3.13) and (3.14) is solved analytically using the HAM and numerically 

using the shooting technique with forth-order Runge-Kutta method. In addition, 

exact solutions for particular cases, where possible, are constructed . Further, the 

numerical values of the local skin-friction coefficient and local Nusselt number with 

varying physical parameters are recorded through tables. It is worth pointing out 

that the parameter which controls the power-law behavior of the fluid , called the 

power-law index n, appears in the equations and is a non-negative real number. The 

HAM results are only for integer values of the power-law index n whereas the results 

for non-integer values of the power-law index n are obtained numerically. In this 

chapter, for the entire graphical analysis the non-dimensional parameters appearing 

in the problem are given fixed values i.e., D = Pr = A = I = 1 and s = 0.5 except 

when a variation for a parameter is given or specified otherwise. 

Figures 3.2 and 3.3 show the influence of the power-law index n on the velocity 

and temperature profiles, respectively. It can be seen in these figures that inside the 
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boundary layer the value of n effects significantly the velocity field but marginally 

the temperature field. It is observed from velocity profiles presented that for n < 1 

(pseudoplastic or shear thinning fluids), as n increases the velocity profile increases 

near the surface but it decreases far away from the surface. For n > 1 (dilatant or 

shear thickening fluids) as n increases the velocity profile decreases throughout the 

domain. This results in a decrease in the boundary layer thickness for both shear

thinning and shear-thickening fluids. However, the apparent viscosity increases for 

n < 1 and decreases for n > 1 and as a consequence the viscous effects are transmitted 

up to a greater distance from the sheet and the boundary layer thickness is thicker 

for n < 1 as compared to n > 1. From the temperature profile presented, it is 

noticed that for both n < 1 and n > 1, the temperature as well as the corresponding 

thermal boundary layer thickness reduce with an increase in n. In addition, a more 

noteworthy influence might be seen for n < 1 when compared with n > l. 

In order to visualize the development of the momentum and thermal boundary 

layers for Sisko fluid, the velocity and temperature profiles for different values of the 

magnetic parameter D are plotted in figures 3.4 and 3.5, respectively. Figure 3.4 

tracks the evolution of the velocity profile for varying values of the power-law index 

n. It can be observed from this figure that an increment in value of the magnetic 

parameter D resulted in reduction of the velocity as well as the boundary layer 

thickness. This is because of the resistance of the drag force produced by the magnetic 

field. Besides, these figures reveal a correlation that the magnitude of the velocity 

is larger for hydrodynamic case (D = 0) when contrasted with hydromagnetic case 

(D i= 0) . Figure 3.5 tracks the evolution of the temperature profile for different 

values of the magnetic parameter D. It is quite clear from these figures that the 
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effects of the magnetic parameter D on the temperature field and thermal boundary 

layer are quite opposite to those for velocity. These figures, apart from demonstrating 

the effects of the magnetic parameter, also show that the influence of the magnetic 

parameter D gets less overwhelming as we go on increasing value of the power-law 

index n. 

The effects of the generalized Prandtl number Pr on the temperature profile 

are shown in figure 3.6. It can be seen that as the generalized Prandtl number 

increases the temperature profile decreases. This is because of the fact that the 

fluids with higher Prandtl number possess low thermal conductivity which reduces 

the conduction and hence the thermal boundary layer thickness. 

Figure 3.7 shows the influence of the generalized Biot number 'Y on the temper

ature profile. For 'Y = 0, the bottom side of the sheet with the hot fluid is totally 

insulated and as a result no convective heat transfer to the cold fluid above the sheet 

takes place. It is observed from the profiles presented in these figures that as the 

generalized Biot number 'Y increases, the temperature profile increases significantly. 

This further results in an increase in the thermal boundary layer thickness. This is 

because of the fact that the increase in the Biot number resulting in an increase in 

convection which reduces the sheet thermal resistance. 

The effect of the material parameter A on the temperature field is shown in figure 

3.8. These figures also provide a comparison of the temperature profiles of the Sisko 

fluid (A =I 0) with those of the power-law fluid (A = 0, n =I 1) and the Newtonian 

fluid (A = 0, n = 1). It is seen that as A increases, the temperature profile and 

corresponding thermal boundary layer thickness decrease for n = 0, I , 2 and 3. 

Hence, we conclude from these figures that the temperature of Ne"wtonian fluid is 
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higher than that of the Sisko fluid. Further, the temperature for the power-law fluid 

is also higher than that of the Sisko fluid. 

Figures 3.9 and 3.10 as well as tables 3.2 and 3.3 show the comparison oftempera-

1 

ture field, the local skin-friction coefficient! Reb+! Cfr and the local Nusselt munber 

1 

Re~n+ 1 NUr amongst the exact, HAM and numerical results. Here, it is seen that the 

comparison is in very good agreement and thus gives us confidence to the accuracy of 

the HAM results. Further, the variation of the local skin-friction coefficient and the 

local Nusselt number is shown in tables 3.4 and 3.5, respectively. These tables show 

that the magnitude of the local skin-friction coefficient and local Nusselt number is 

larger for Sisko fluid when compared to the power-law fluid as well as Newtonian 

fluid. Additionally, by comparing the hydrodynamic case with hydromagnetic case, 

we can see that the magnitude of the local skin-friction coefficient is larger in the 

later case whereas for the local Nusselt number results are opposite qualitatively. 

Also, it is seen that the local skin-friction coefficient is an increasing function of A, 

D and s while it decreases with the increasing values of the power-law index n. Ad-

ditionally, the local Nusselt munber shows an increasing behavior for A, Pr, 'Y and s 

and decreasing behavior for D. 

' . . 
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Table 3.2: A comparison between the HAM and exact solutions for the skin 

friction coefficient. 

1 

D A _1 Re n +1 C 
2 b IT 

n = 0, S = 1.0 n = I, s = 3.0 

Exact solution HAM solution Exact solution HAM solution 

1.0 0.0 1.000000 1.000000 2.000000 2.000000 

1.0 0.5 2.000000 2.000000 2.449489 2.449489 

1.0 1.0 2.414213 2.414213 2.828427 2.828427 

1.0 1.5 2.732050 2.732050 3.162277 3.162277 

1.0 2.0 3.000000 3.000000 3.464101 3.464101 

2.0 0.0 1.000000 1.000000 2.645751 2.645751 

2.0 0.5 2.581138 2.581138 3.240370 3.240370 

2.0 1.0 3.236067 3.236067 3.741657 3.741657 

2.0 1.5 3.738612 3.738612 4.183300 4.183300 

2.0 2.0 4.162277 4.162277 4.582575 4.582575 
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Table 3.3: A comparison between the HAM and exact solutions for the local 

Nusselt number. 

1 

A D Pr 'Y - Re -n+ l Nu 
b r 

n = 0, s = 1.0 n = 1.0, s = 3.0 

Exact solution HAM solution Exact solution HAM solution 

1.0 1.0 1.0 0.1 0.083367 0.083367 0.091490 0.091490 

1.0 1.0 1.0 0.2 0.142959 0.142959 0.168632 0.168632 

1.0 1.0 1.0 0.5 0.250312 0.250312 0.341291 0.341291 

1.0 1.0 1.0 1.0 0.333888 0.333888 0.518121 0.518121 

1.0 1.0 2.0 0.1 0.089166 0.089166 0.094278 0.094278 

1.0 1.0 2.0 0.2 0.160900 0.160900 0.178353 0.178353 

1.0 1.0 2.0 0.5 0.311041 0.311041 0.383607 0.383607 

1.0 1.0 2.0 1.0 0.451465 0.451465 0.622343 0.622343 
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1 

Table 3.4: Numerical values of t he skin friction coefficient ~ Reb'+l Cfr for dif-

ferent values of physical parameters. 

1 

A D s _1. Re n +1 C 
2 b fr 

n=O n = 1.0 n= 2.0 n = 3.0 

0.0 1.0 0.5 1.000000 1.395883 1.369854 1.357321 

1.0 2.362506 1.974077 1.852944 1.790524 

2.0 2.926875 2.417741 2.273963 2.203414 

1.0 0.0 0.5 1.939180 1.399534 1.280257 1.220124 

1.0 2.362506 1.974077 1.852944 1.790524 

2.0 3.200468 3.139790 3.145211 3.149431 

1.0 1.0 0.5 2.362506 1.974077 1.852944 1.790524 

1.0 2.414214 2.171823 2.117189 2.092716 

2.0 2.527525 2.521496 2.590447 2.645556 
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1 

Table 3.5: Numerical values of the local Nusselt number Re~ n+ 1 N U r for different 

values of physical parameters. 

1 
A D Pr 'Y s - Re -,,+1 Nu 

b r 

n=O n = 1.0 n = 2.0 n = 3.0 

0.0 1.0 1.0 1.0 0.5 0.252262 0.422551 0.428277 0.429523 

1.0 0.399606 0.452675 0.456642 0.457250 

2.0 0.430592 0.465420 0.469661 0.470823 

1.0 0.0 1.0 1.0 0.5 0.427702 0.470063 0.471092 0.470521 

0.5 0.419895 0.465321 0.467117 0.466791 

1.0 0.399606 0.452675 0.456642 0.457250 

1.0 1.0 0.7 1.0 0.5 0.338044 0.395301 0.397475 0.397133 

1.0 0.399606 0.452675 0.456642 0.457250 

2.0 0.516778 0.559069 0.564852 0.566769 

1.0 1.0 1.0 0.1 0.5 0.086938 0.089213 0.089366 0.089390 

0.5 0.285513 0.311615 0.313489 0.313776 

1.0 0.399606 0.452675 0.456642 0.457250 

1.0 1.0 1.0 1.0 0.5 0.399606 0.452675 0.456642 0.457250 

1.0 0.333889 0.468686 0.489573 0.498138 

2.0 0.028896 0.495793 0.537845 0.554844 

62 



Chapter 4 

Mixed Convective Heat Transfer 
to Sisko Fluid over a Radially 
Stretching Sheet 

In this chapter, the mixed convective heat transfer to Sisko fluid over a radially 

stretching surface in the presence of convective boundary conditions is investigated. 

The viscous dissipation and thermal radiation effects are also t aken into account . The 

suitable local-similarity transformations are applied to convert the governing partial 

differential equations into a set of coupled nonlinear ordinary differential equations. 

The analytical solution of the governing problem is obtained by using the homotopy 

analysis method (HAM). Additionally, these analytical results are compared with the 

numerical results obtained by the shooting technique. The obtained results for the 

velocity and temperature are analyzed graphically for several physical parameters for 

the assisting and opposing flows . It is found that the effect of the buoyancy parameter 

is more prominent in case of the assisting flow as compared to the opposing flow. 

Additionally, a careful observation reveals that the temperature profile is larger in 

case of opposing flow as compared to assisting flow. Consequently, the thermal 

bOlUldary layer thickness is larger in case of assisting flow when comparing with 

the opposing flow. Further, in tabular form the numerical values are given for the 
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local skin friction coefficient and local Nusselt number. A remarkable agreement is 

noticed by comparing the present results with the results reported in the literature 

as a special case. 

4.1 Problem Formulation 

4.1.1 Geometry of the Problem 
r 

H--------z 
T - T-= 

11, - 0 

Figure 4.1 : Physical model and coordinate system. 

Consider the steady, two-dimensional mixed convective flow of Sisko fluid induced 

by a radially stretching sheet situated at plane z = 0 with power-law velocity. The 

viscous dissipation and thermal radiation effects are also considered. The choice of 

coordinate system is made such that r measures the distance along the sheet and the 

distance perpendicular to the sheet is measured by z . A heated fluid under the sheet 

with temperature Tf is used to change the temperature of the sheet by convective 

64 



heat transfer mode, which provides us the heat transfer coefficient hf . Under these 

assumptions along with the Boussinesq and boundary layer approximations the sys-

tem of equations which governs the mixed convection boundary layer flow, given by 

Eqs. (2.1) - (2 .3) , takes form 

OU u ow 
-+-+-=0 
or r oz ' 

OU ou a02u b 0 ( Ou)n 
u- + w- = -- - -- -- ± g(3 (T - Too ), 

01' oz P oz2 P oz oz 

UoT +wOT =a02T +_1 [a (OU) 2+ b ( _ou ) n+l] __ 1 Oqr. 
or oz oz2 pCp OZ oz pCp oz 

(4.1) 

(4.2) 

(4.3) 

The appropriate boundary conditions for the velocity and temperature fields in 

the present problem are as follows: 

oT(r, z) 
'l.L (r, z ) = U = cr8

, w(r, z) = 0, k oz = -hf [Tf - T(r, z )] at Z = 0, (4.4) 

U ---t 0, T ---t Too as z ---t 00 . (4.5) 

Here U and w denote the components of velocity parallel and perpendicular to 

the sheet, respectively, (3 and 9 represent the volumetric thermal expansion coeffi-

cient and gravitational acceleration, respectively. The sign ± of the buoyancy term 

represents the upward and downward flow of free stream, respectively. 

By using the Rosseland approximation for radiation [54], the radiative heat flux 

q,. is simplified as 

4(T* OT4 
qr = - 3k* oz ' (4.6) 

where (T* and k* are the Stefan-Boltzmann constant and mean absorption coefficient, 
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respectively. By expressing the term T4 as a linear function of the temperature using 

the Taylor's series expansion about Too and neglecting higher-order terms, one has 

16()*T3 aT 
00 (4.7) 

In view of Eqs. (4 .6) and (4.7), the energy equation (4.3) becomes 

(4.8) 

Introducing stream function 'ljJ , variable TJ and dimensionless temperature 8 as 

(4.9) 

In perspective of Eq. (4.9), Eqs. (4.2), (4.4), (4.5) and (4.8) are reduced to the 

following two-point boundary value problem: 

Aflll + n (-1"t-1 1''' + (s (2n ~ ~ ~ n + 2) f 1" - S (1,)2 + >"8 = 0, (4.10) 

f (0) = 0, l' (0) = I , 8'(0) = - "( [1 - 8 (0)] , (4.1 2) 

l' (00) ~ 0, 8 (00) ~ O. (4.13) 

In the above, primes denote the differentiation with respect to TJ and >" represents 

the mixed convection parameter. Other non-dimensional parameters appearing in 

the above equations are Rd and Ec and they denote the thermal radiation parameter 
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and Eckert number, respectively. These parameters are defined mathematically as 

(4.14) 

It is pertinent to mention that the uniform surface t emperature boundary condi-

tion is recovered for a very large generalized Biot number (i.e., 'Y ---t (0). 

The skin friction coefficient CfT and the local Nusselt number NUT characterize 

the surface drag and heat transfer rate, respectively, and are defined as 

C T" zlz=o 
fT = 1 U2 ' 

'2P 
(4.15) 

where T TZ and qw are the shear stress and heat flux at the sheet (z = 0), respectively, 

and are defined as 

( 
1

8 In-I) 8 
T T Z = a + b 8~ 8~ , (4.16) 

The dimensionless surface drag and transfer rate are thus given by 

~ Reb~l CfT = AI" (0) - [-I" (0)]" , 
1 

Re~n+ l NUT = -Of (0) . (4.17) 

4.2 Solution Methodologies 

In this section we briefly state the solution methodologies. 
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4.2.1 The HAM Solution 

The transformed governing momentum and thermal boundary layer equations (4 .10) 

and (4.11) with the boundary conditions (4.12) and (4.13) are solved analytically by 

using the homotopy analysis method (HAM). For such analytic solution correspond-

ing to the flow and heat transfer the appropriate initial guesses and linear operators 

are chosen as follows: 

(4.18) 

(4.19) 

The obtained analytic solution of the velocity and temperature fields are highly 

dependent on the auxiliary parameters nf and no. The propitious values of these 

auxiliary parameters are calculated by minimizing squared residual error defined by 

Eq. (2.39). Figures 4.1 (a, b) represent the range of values of nf and no. From these 

ranges we have further selected the most propitious value of nf = no = -0.659219 by 

minimizing the squared residual error for this specific case. Table 4. 1 indicates that 

the series solution converges at 17th order of approximation for heat transfer analysis 

while at 20th order of approximation for flow analysis for some specific values of the 

pertinent parameters. 

4.2.2 The Numerical Solution 

The governing two-point boundary value problem is also solved by using the Runge-

Kutta fourth order technique along with shooting method. First of all, higher order 
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non-linear governing differential equations are converted into simultaneous linear 

differential equations of first order as 

[(
8(2n- 1)+ n+2 ) ( )2 A ] 

n + 1 Y1 Y3 - 8 Y2 + Y4 , 

(4.20) 

, , -Pr [( 8(2n-1)+n+2) E {A( )2 ( )n+1}] 
Y4 = Y5, Y5 = (1 + R

d
) n + 1 Y1Y5 + C Y3 + -Y3 , 

with initial conditions 

Y5(0) 
Y1 (0) = 0, Y2 (0) = I, Y3 (0) = 81, Y4 (0) = -- + I , Y5 (0) = 82, 

"I 

(4.21) 

(4.22) 

where 81 and 82 are determined by applying the shooting technique. Then the set 

of initial value problem is solved using the Runge-Kutta fourth order method. The 

more pertinent values of the initially predicted 1"(0) and e'(O), which satisfy the 

conditions at infinity are determined by the secant method. The iterative process 

continue until the desired accuracy with the tolerance less than 10-5 is achieved. 

4.3 Graphical Results and Discussion 

Extensive analytical computations have been performed to analyze the influence of 

the thermophysical parameters namely mixed convection parameter A, generalized 

Prandtl number Pr, thermal radiation parameter Rd , generalized Biot number "I, 

Eckert number Ec, material parameter of the Sisko fluid A and stretching paramet er 

8 and depicted graphically through figures (4.3) to (4.10). Table 4.2 reports a com-

parison between present results and previously reported results and authenticate the 
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validity of the present solutions. Moreover, the dimensionless surface drag Cfr and 

heat transfer rate N U r are reported through table 4.3. In this section, for graphical 

representation we have restricted default values for the pertinent parameters such 

as s = A = Rd = 0.5, 'Y = 0.1, Ec = 0.2 and Pr = 2.0 except for the variations or 

specified otherwise. 

The impact of the mixed convection buoyancy parameter A on the velocity l' ('f}) 

and temperature e( 'f}) distributions, respectively, is depicted through figures 4.3 (a, 

b) for the assisting and opposing flows, respectively, with two different values of the 

power-law index. It should be noticed that A > 0 relates to assisting flow (heated 

fluid or cooled surface), A < 0 relates to opposing flow (cooled fluid or heated sur

face) and A = 0 relates to the forced convection flow. It is anticipated by these 

figures that the velocity distribution increases and temperature distribution dimin

ishes as A increases for the assisting flow. Physically, for the assisting flow, when 

A (> 0) increases the temperature difference and impact of convective cooling in

creases . Consequently, the fluid flow is accelerated and the temperature diminishes. 

Whereas, for the opposing flow when A < 0, an increase in A is in negative direction 

corresponds to the decreasing velocity and increasing temperature profiles due to re

tarding influence of downward buoyancy-induced flow to that of the upward external 

forced flow. Further, we can notice that the effect of mixed convection parameter is 

more prominent in the case of assisting flow as compared to the opposing flow. 

Figures 4.4 (a, b) reveal the effect of the stretching parameter s on velocity 1'('f}) 

and temperature e('f}) distributions corresponding to the assisting and opposing flows. 

These figures show a diminishing behavior of the velocity and temperature for larger 

stretching parameter for both the cases . Whereas, we can observe that the thermal 
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boundary layer thickness is larger in case of assisting flow when comparing with the 

opposing flow. 

Figures 4.5 (a, b) are depicted for the variation of material parameter of the Sisko 

fluid A to velocity f'('T]) and temperature B('T]) distributions for the power-law index 

n = 1,2 corresponding to assisting ('x > 0) and opposing (,x < 0) flows. Apparently, 

the velocity and temperature profiles increase with the increasing values of A for 

both the cases. Also, a comparison of both assisting and opposing flows reveals that 

the temperature profile is larger in the case of opposing flow as compared to the 

assisting flow. 

Figures 4.6 (a, b) show the velocity and temperature distributions variation for 

different power-law index n (for shear thinning and shear thickening fluids) corre

sponding to the assisting and opposing flows. These figures reveal that the velocity 

profile decreases for larger values of the power-law index n for both cases (Le., shear 

thinning and shear thickening fluids) when taking into account the assisting flow. 

In case of opposing flow velocity profile decreases for shear thickening fluid, but for 

shear thinning fluid near the sheet the velocity profile increases while it decreases far 

away from the sheet. For both the assisting and opposing flows for shear thinning 

and shear thickening fluids temperature is a decreasing function of the power-law in

dex; however, the effect is more prominent in case of shear thinning fluid. Also, the 

temperature profile is larger in case of opposing flow when compared to the assisting 

flow. 

The variation in non-dimensional temperature distribution with the increment for 

a few sets of values of the thermal radiation parameter Rd is illustrated in F~gures 4: 7 

(a, b) for the power-law index n = 1,2 corresponding to the assisting j 
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flows, respectively. It is straightforwardly appeared from these figures that the fluid 

temperature builds up for stronger thermal radiation. This happens because of the 

way that the surface heat flux increases under the influence of thermal radiation 

which results in increasing temperature profile inside the boundary layer region. 

It is also observed that thermal boundary layer thickness increases with increasing 

values of Rd. 

The case when Ec > 0 (Tf > Too ) is discussed in figures 4.8 (a, b) for assisting 

and opposing flows. These figures reveal that the temperature distribution enhances 

for larger values of viscous dissipation parameter (Ec). This behavior is physically 

justifiable and occurs as heat energy is stored in the fluid due to frictional heating. 

On the other hand a decrease in the temperature distribution is revealed through 

figures 4.9 (a, b) for increasing values of generalized Prandtl number Pr in both the 

cases (assisting and resisting flows) for the power-law index n = 1, 2. Physically, an 

increase in value of the Prandtl number represents the slow rate of thermal diffusion 

which as a result reduces the thermal boundary layer thickness. Also, we can compare 

these figures to affirm that the temperature is larger in case of the opposing flow as 

compared to the assisting flow. 

For larger values of the generalized Biot number 'Y the process of convective 

heating increases which is delineated by figures 4.10 (a, b). Physically, a larger Biot 

number simulates a strong surface convection which as a result provides more heat to 

the surface of the sheet. Further, a careful observation reveals that the temperature 

profile is larger in case of opposing flow compared to the assisting flow which is 

justifiable physically. Additionally, in these figures we have compared the analytical 

(HAM solution) and numerical solutions and this comparison leads us to affirmation 
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of the validity of the HAM results. 

In table 4.2 we have presented a comparison of the present results and previously 

reported results for the rate of heat transfer while considering the Newtonian fluid. 

An observation of this table leads us to the affirmation of the present results. Table 

4.3 shows the numerical values of the skin friction coefficient and Nusselt number for 

the power-law index n = 1 and 2. It can be seen straightforwardly from table 4.3 

that the magnitude of the skin friction coefficient increases with increasing values of 

the material parameter of Sisko fluid A , stretching parameter s and the generalized 

Prandtl number PI and reverse effects can be observed for the buoyancy parameter 

A, thermal radiation parameter Rd , Eckert number Ec and generalized Biot number 

'Y . Further, the magnitude of Nusselt number is an increasing function of A, s, Pr 

and 'Y whereas it decreases for A, Rd and Ec. 
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Figure 4.2: The nf and no-curves for the residual error Ef and Eo. 

73 



11 11 
6 5 4 3 2 0 6 5 4 3 2 0 

0.25 0 0.25 0 

(a) +ve t.. 0 .1 
(b) -ve Ie 

0 .1 

0.2 
l - n = 11 

0 .2 0 .2 0.2 

---- n =2 0.3 0.3 

0 .15 0 .4 0 .15 0 .4 

'i? t.. = 0.0, 1.0, 2 .0 'i? 'i? 'i? 
CD 0 .5 ::- CD 0.5 ::-.... -0 .1 0 .6 0 .1 0 .6 

0 .7 0 .7 

0.05 0.8 0.05 0 .8 

0.9 0 .9 

0 1 1 
0 2 3 4 5 6 4 5 6 

11 

Figure 4.3: The velocity and temperature profiles for various values of A. 
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Figure 4.4: The velocity and temperature profiles for various values of s. 
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Figure 4.5: The velocity and t emperature profiles for various values of A. 
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Figure 4 .6: The velocity and t emperature profiles for various values of n . 
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Figure 4.7: The temperature profile for various values of Rd. 
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F igure 4.8: The temperature profile for various values of Ec. 
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Figure 4 .10: The temperature profile for various values of "f. 
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Table 4.1: The convergence of the homotopy solutions when n = I, s = A = 

Rd = 0.5 , 'Y = Ec = A = 0.1 and PI' = 1 are fixed. 

Order of approximation - 1"(0) -8'(0) 

1 0.7885170 0.0849594 

5 0.8005151 0.0820715 

10 0.7999408 0.0820775 

12 0.7999499 0.0820763 

15 0.7999398 0.0820766 

17 0.7999420 0.0820765 

20 0.7999416 0.0820765 

22 0.7999416 0.0820765 

Table 4.2: A comparison of the present results for local Nusselt number -8'(0) 

for the case of Newtonian fluid (A = A = Rd = Ec = 0, n = s = I, 'Y ~ (0). 

Pr Present results Khan and Pop [55] Wang [56] Gorla and Sidawi [57] 

0.70 0.45392 0.4539 0.4539 0.5349 

2.00 0.91135 0.9113 0.9114 0.9114 

7.00 1.89543 1.8954 1.8954 1.8905 

20.0 3.35395 3.3539 3.3539 3.3539 
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1 1 

Table 4.3: The numerical values of ~ Reb'+l Cf r and Re~ n+ l NUr for different 

values of physical parameters. 

1 1 

A s A Pr Rd E c 'Y _2 Re"+I C 
2 b f r - Re~ n+ l NUr 

n=l n=2 n=l n=2 

0.0 0.5 0.1 1.0 0.5 0.1 0.1 0.977414 0.952207 0.081673 0.081445 

0.5 1.199913 1.092754 0.082077 0.082189 

1.0 1.387224 1.267128 0.082201 0.082481 

0.5 0.5 0.1 1.0 0.5 0.1 0.1 1.199913 1.092754 0.082077 0.082189 

1.0 1.426709 1.390425 0.082188 0.083108 

2.0 1.801633 1.896802 0.082494 0.084401 

0.5 0.5 0.0 1.0 0.5 0.1 0.1 1.212032 1.106874 0.081987 0.082075 

0.1 1.199913 1.092754 0.082077 0.082189 

0.5 1.153258 1.039462 0.082405 0.082597 

0.5 0.5 0.1 0.7 0.5 0.1 0.1 1.195907 1.086913 0.079603 0.079407 

1.0 1.199913 1.092754 0.082077 0.082189 

2.0 1.204231 1.098648 0.085198 0.085709 

0.5 0.5 0.1 1.0 0.0 0.1 0.1 1.202838 1.096813 0.084137 0.084514 

0.5 1.199913 1.092754 0.082077 0.082189 

1.0 1.196818 1.088257 0.080135 0.080003 
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0.5 0.5 0.1 1.0 0.5 0.0 0.1 1.203932 1.097130 0.086888 0.086682 

0.1 1.199913 1.092754 0.082077 0.082189 

0.5 1.184217 1.075842 0.063247 0.0646987 

0.5 0.5 0.1 1.0 0.5 0.1 0.1 1.199913 1.092754 0.082077 0.082189 

0.5 1.182718 1.072341 0.269933 0.269067 

1.0 1.172903 1.060844 0.378441 0.376320 
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Chapter 5 

Forced Convective Heat Transfer 
to Sisko Fluid Flow past a 
Stretching Cylinder 

In this chapter, the numerical solutions are endeavored to establish for the forced 

convective heat transfer resulting from MHD flow of an electrically conducting Sisko 

fluid over an impermeable continuously stretching cylinder in its axial direction. The 

convective boundary conditions along with the viscous dissipation are considered. 

The governing equations are transformed using the local-similarity transforms and 

then solved numerically by using shooting technique. The results pertaining to the 

present study reveal that all the parameters affect the flow field and heat transfer 

significantly. Particularly, it is found from the analysis that the temperature is 

smaller in case of flow over a flat plate than that of cylinder. Further, influence 

of the pertinent parameters is more prominent for the shear thinning fluid when 

compared to the shear thickening fluid. The validation of these numerical results 

is affirmed by presenting a comparison with the series solutions obtained by the 

homotopy analysis method. 
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5.1 Mathematical Description of the Problem 

5.1.1 Boundary Layer Equations 

The mathematical modeling of governing equations for the steady axisymmetric flow 

of an incompressible Sisko fluid in cylindrical coordinates is discussed in this section 

in detail. For this purpose, we have employed the law of conservation of mass and 

linear momentum defined by Eqs. (2 .1) and (2 .2), respectively, along with the extra 

stress tensor for an incompressible Sisko fluid which is defined through Eq. (2.5) . 

For an axisymmetric flow, the velocity and stress fields have the form 

v = [v (r, x) ,0, u (r, x)] , S = S (r, x ) , (5.1) 

where (r , x) denotes the cylindrical coordinate, u and v are the velocity components 

along x- and r- directions, respectively. 

In view of Eqs. (2.1), (2.2) and (5.1) , in the absence of the body forces, one has 

a (ru) a (rv) 
-a-+-a-=O' x r 

p (v au + u au) = _ ap + ~ a (rSrx) + asxx , 
ar ax ax r ar ax 

( 
av av) ap aSrr asrx Srr - Soo 

P v-+u- =--+--+--+ . 
ar ax ar ax ax r 

(5.2) 

(5.3) 

(5.4) 

Also, the components of extra stress tensor S defined by Eq. (5.1) can be ex-

pressed as 
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S,' ~ [{ a + b 2 (~~) 2 + 2 (: ) 2 + ( ~~ + ~~ ) 2 ";' } (2 ~~ ) ] , (5.6) 

S" ~ [{a + b 2 (~~)' + 2 ( ~~ ) '+ (~> ~~r;' } (2~)] , (5.7) 

S., ~ S" ~ [{ a + b 2 ( ~~ ) 2 + 2 ( ~~) 2 + ( ~~ + ~~) 2 ";' } ( ~~ + ~~) ] , 
(5.8) 

with SrO = SOr = Sox = Sxo = O. 

Equations (5.3) and (5.4) , after the substitution of expressions defined through 

Eqs. (5 .5) - (5.8), take the form 

( av av ) p v- +u-ar ax --+a -+-+- - +2b--J ap (a2v a2v a (V)) a (av ) 
or ar2 ax2 ar r ar ar 

+b- -+- J +2bJ- - , a {( av au )} a (V) ax ax ar ar l' 
(5.9) 

( au au ) p v- +u-ar ax 
_ ap + a (a2u + a2u + ~ au ) + 2b~ {au J} ax ar2 ax2 r ar ax ax 
+b~ {( av + au ) J} + ~ ( av + au ) J, ar ax ar r ax ar (5 .10) 

where 

J = (av )2 2 (au )2 ( av au )2 n~ l 
2 ar + ax + ax + ar (5.11) 

The implementation of the usual boundary layer approximations to Eqs. (5.9) 

and (5.10) leads us to the following equations 

(5.12) 
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0 = _ op 
or· 

5 .1.2 Geometry of the Problem 

F igure 5.1: Physical model and coordinate system. 

5.1.3 Governing Equations 

(5.13) 

Consider the steady axisymmetric flow of an incompressible non-Newtonian Sisko 

fluid along a horizontal impermeable stretching cylinder of radius d* in the presence of 

uniform magnetic field. The x and r are the cylindrical polar coordinates measuring 

the distance in axial and radial directions, respectively. It is assumed that a uniform 

magnetic field of intensity Eo acts in the radial direction. The magnetic Reynolds 

number is assumed to be small so that the induced magnetic field is negligible in 

comparison with the applied magnetic field. The above assumptions along with the 

usual boundary layer approach lead us to the continuity, momentum and energy 

equations (2.1) to (2.5) (in the presence of viscous dissipation) of the form of Eq. 
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(5.2) and the equations given as follows: 

(5 .15) 

Here the last two terms on the right side of Eq. (5.15) are appearing due to 

viscous dissipation, i.e., the rate at which mechanical energy of the flow is converted 

to heat. 

5.1.4 Boundary Conditions 

The appropriate boundary conditions for the velocity and temperature fields in the 

present problem are 

aT(r, x) 
1t (r, x) = U = ex, v(r, x) = 0, k or = -hf [Tf - T(r , x)] at r = d*, (5.16) 

1t -+ 0, T -+ Too as r -+ 00, (5.17) 

where e is a positive real munber and d* the radius of the cylinder. 

5.1.5 Transformed Problem 

The incompressibility condition (5.2) is automatically satisfied by the stream function 

. 1. such that 1t = 1 a1j; v = -lft!l!.a . Introducing the local-similarity transforms as 'f/ ,. ar ' ,. x 
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follows: 

./, Ud* R -n~1 f( ) e() T-Too 
'P = - x eb T/, 'r/ = T

f 
- Too . (5.18) 

Upon the substitution of the local-similarity transformations (5.18), the above 

governing equations (5.14) - (5.15) along with the boundary conditions (5.16) and 

(5.17) reduce to 

(1 + 2'r/M)Aj'" + 2M AI" - M(1 + n)(1 + 2T/M) "2
1 
(- j"t + ~ f 1" - (1,)2 

n+l 

+n(1 + 2'r/M)~ (- j"t-1 fill - D2 l' = 0, (5.19) 

(1 + 2'r/M)e" + 2Me' + (1 + 2'r/M)AEc Pr (-1")2 + (1 + 2T/M) ~ Ec Pr (- j"t+1 
. 

2n +-- Pr f e' = 0, 
n+l 

f (0) = 0, l' (0) = 1, e'(O) = -"( [1 - e (0)] , 

(5.20) 

(5.21) 

(5.22) 

In the above transformed equations, differentiation with respect to 'r/ is repre-

sented by primes. Further, for Sisko fluid, the material parameter A, the magnetic 

parameter D, the curvature parameter M, Rea and Reb the local Reynolds numbers 

corresponding to Newtonian and power-law fluids, the generalized Prandtl number 

Pr and the generalized Biot number "( appearing in above equations are defined as 
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follows: 

M (5.23) 

5. 1.6 Physical Quantities 

The surface drag and rate of heat transfer characterized by the skin friction coefficient 

Gjx and the local Nusselt number Nux are defined as 

G Trx lr=d' 
jx = I U2 ' 

'2P 

where T rx and qw are defined as 

( I au In-I) aU (aT) 
T rx = a + b ar ar ' qw = - k ar ' 

(5.24) 

(5.25) 

where a and b are the material constants of Sisko fluid representing the viscosity at 

high shear rate and consistency index, respectively. 

The dimensionless form of the local skin friction and heat transfer rate are given 

as 

~ Reb~ l Gjx = AI" (0) - [-I" (O)t , 
1 

Re~n+l Nux = _()f (0) . (5.26) 
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5.2 Solution Methodologies 

5.2.1 The Numerical Solution 

The local-similar non-linear coupled ordinary differential equations (5.19) and (5.20) 

subject to boundary conditions (5.21) and (5.22) are solved by utilizing the shooting 

technique, by transforming the boundary value problem (BVP) into set of initial 

value problems (IVPs). We have introduced the new set of dependent variables Yl, 

Y2, Y3, Y4, Y5 and set the following system of five first order ordinary differential 

equations 

, _ 1 ,_ l ' _ _ [2M AY3 - M(1 + 11.)(1 + 2'T}M)~ (-Y3t + ~YIY3 - (Y2)2 - D
2
Y2] 

Yl - Y2, Y2 - Y3, Y3 - (1 + 2'T}M)A + 11.(1 + 2'T}M) n~1 (-Y3t- 1 ' 

(5 .27) 

, 1 [ 2 n + 1 n+l 
y~ Y5, Y5 = - ( ) (1 + 2'T}M)AEc Pr (-Y3) + (1 + 2'T}M)-2 EcPr (-Y3) 

1 + 2'T}M 

,211. 'J ( ) +2MY4 + -- PrYIY4 , 5.28 
11.+1 

with boundary conditions 

(5.29) 

To solve Eqs. (5.27) and (5.28) subject to conditions (5.29) as an IVP we need 

values for Y3(O) and Y5(O) but these value are not defined in the problem under 

consideration. The initial guesses for Y3(O) and Y5(O) are chosen and then the solution 

is obtained by applying the Runge-Kutta method. The better approximation for 

solution is obtained by adjusting the initial guesses using the Newton's method. 
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5.2.2 The Homotopic Solution 

The homotopy analysis method proposed by Liao [58] is based on the fundamen-

tal concept of topology called homotopy. When a function/equation can be de-

formed into another function/equation continuously then these functions/equations 

are called homotopic. Nowadays, this method is widely used to solve highly non-

linear problems. This method gives us huge freedom to choose initial guesses and 

linear operators as follows: 

(5.30) 

(5.31) 

which satisfy the conditions 

(5.32) 

(5.33) 

To ensure the convergence of these series solutions the idea of diagramming 

!i-curves was introduced, which provides an acceptable range of values of auxiliary 

parameter. However, instead of choosing a random value from this whole range the 

idea of minimized squared residual error (ch. Chapter 2, Eq. (2.39)) was introduced 

which provides only one most appropriate value of the auxiliary parameter. 
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5.3 Results and Discussion 

The numerical computation has been carried out for different values of the magnetic 

parameter D , the curvature parameter M , the generalized Prandtl number Pr , the 

generalized Biot number 'Y and the Eckert number Ec. In order to get a clear 

insight into the physical problem, the velocity and temperature profiles for both 

shear thinning (n < 1) and thickening (n > 1) cases are discussed when considering 

the flow past the cylinder as well as flat plate. The numerical results are shown 

graphically through figures 5.2 to 5.7. The influence of the pertinent parameters 

on the skin friction, i.e., drag experienced by the surface and the wall temperature 

gTadient, i.e., the rate of heat transfer from surface to fluid for shear thinning and 

thickening cases are tabulated in tables 5.1 and 5.2. 

The impact of the power-law index n on the velocity profile is depicted through 

figures 5.2 (a, b) corresponding to shear thinning (n < 1) and shear thickening 

(n > 1) fluids, respectively. Also, a comparison between flow past a flat plate 

(M = 0) and a cylinder (M = 0.5) is performed. The observation of these figures 

leads us to the fact that velocity profile decreases with increasing values of the power

law index n. Further, the momentum boundary layer thickness is larger in case of 

shear thimling fluid as compared to the shear thickening fluid. 

Figures 5.3 (a, b) exhibit the temperature distribution corresponding to the 

power-law index n < 1 and n > 1 for both the cases of flat plate (M = 0) and 

cylinder (M = 0.5), respectively. A careful observation reveals that the tempera

ture decreases with increasing values of the power-law index n. Additionally, the 

magnitude of temperature is larger in case of the shear thinning fluid than the shear 
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thickening fluid. Also, the thermal boundary layer is larger in the case of cylinder 

when compared to flat plate. 

In figures 5.4 (a, b) the influence of viscous dissipation parameter i.e., Eckert 

number Ec, on the temperature profile is exhibited for shear thinning and shear 

thickening fluids, respectively. The Eckert number represents the relationship be

tween the enthalpy and the kinetic energy in the flow. It expresses the transforma

tion of kinetic energy into internal energy due to work done against the viscous fluid 

stresses . It can be seen from these figures that the effect of viscous dissipation leads 

to an increase in the temperature profiles in case of shear thinning as well as shear 

thickening fluids. Moreover, it is noticed that the thermal boundary layer thickness 

is larger for the shear thinning fluid as compared to the shear thickening fluid. Fur

ther, t he influence of Ec is more prominent for the cylinder when compared to the 

flat plate. 

The variation of temperature B(TJ) with TJ for different values of the generalized 

Biot number 'Y is presented through figures 5.5 (a, b) corresponding to shear thinning 

and shear thickening fluids. An observation reveals that the temperature field in

creases rapidly near the boundary for larger Biot number. Physically, an increasing 'Y 

represents the hot fluid convection resistance decreases and consequently the surface 

temperature along with the thermal boundary layer thickness increases. Also, we can 

observe that the temperature profile is smaller in case of flat plate when compared 

to the stretching cylinder case. 

It is observed that with increasing generalized Prandtl number Pr the tempera

ture diminishes (figures 5.6 (a, b)). An increment in the value of the Prandtl number 

reduces the thermal boundary layer thickness. The physical reason behind temper-
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ature diminishing with increasing Pr is that the higher Prandtl number fluids have 

lower thermal conductivity (or a higher viscosity) which results in thinning the ther

mal boundary layer and consequently, higher heat transfer rate at the surface. It 

is likewise observed that more prominent effects of Pr can be seen for stretching 

cylinder when compared to flat plate. The Prandtl number signifies the ratio of the 

momentum diffusivity to thermal diffusivity. Fluids having lower Prandtl number 

will possess higher thermal conductivities and hence thicker thermal boundary layer 

structures so that heat can diffuse from the wall faster than for the fluids with higher 

Pr. Thus, Prandtl number can be utilized to control the rate of cooling in conducting 

flows. 

The impact of the curvature parameter M on the temperature distribution is 

elucidated through figure 5.7 (a) for both the cases, i.e., shear thinning and shear 

thickening fluids. The transverse curvature parameter represents the geometrical 

property of a cylinder. An increase in the transverse curvature parameter Nf shows 

that the cylinder radius is decreasing i.e., cylinder is getting slender. It is clear from 

this figure that increasing curvature parameter increases the temperature profile 

which is justifiable physically. Further, the magnitude of temperature is larger for 

the shear thinning fluid when compared to the shear thickening fluid. The obtained 

numerical results are compared graphically with the HAM results through figure 5.7 

(b) by which the validity of numerical results is affirmed. 

Tables 5.1 and 5.2 are numeric representation of the skin friction and heat transfer 

coefficients, respectively. It appears from table 5.1 that magnitude of the skin friction 

increases with increasing values of the material parameter A of Sisko fluid, curvature 

parameter M and magnetic parameter D for shear thinning (n = 0.5) and shear 
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thickening (n = 1.5) fluids, respectively. From table 5.2 an assisting behavior is 

observed for the rate of heat transfer with the increasing values of A, M, PI' and 

,. The reverse behavior can be seen for the parameters D and Ec for both the 

shear thinning and thickening fluids. Further, it can be noticed that the rate of heat 

transfer is larger in shear thickening fluid as compared to the shear thinning fluid. 
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Figure 5.2: The velocity profiles l' ('T}) for different values of the power-law index n. 
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1 

Table 5.1: Numerical values of the skin friction coefficient ~ Reb'+l Gf x for dif-

ferent values of physical parameters. 

1 

A M D _1 Re,,+l C 
2 b f x 

n = 0.5 n = 1.5 

0.0 0.5 0.5 1.383363 1.266408 

0.2 1.573023 1.395741 

0.5 1.814601 1.582075 

0.5 0.0 0.5 1.468768 1.322765 

0.5 1.814601 1.582075 

1.0 2.112396 1.827893 

0.5 0.5 0.0 1.680884 1.415256 

0.5 1.814601 1.582075 

1.0 2.131422 1.998189 
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! 

Table 5.2: Numerical values of t he local Nusselt number Re~ n + ! Nux for differ-

ent values of physical parameters. 

1 

A !vI D I Pr Ec - Re~n+l Nux 

n = 0.5 n = 1.5 

0.0 0.5 0.5 1.0 2.0 0.1 0.354105 0.483021 

0.2 0.358524 0.484596 

0.5 0.361048 0.484924 

0.5 0.0 0.5 1.0 2.0 0.1 0.354322 0.457980 

0.5 0.361048 0.484924 

1.0 0.382701 0.509606 

0.5 0.5 0.0 1.0 2.0 0.1 0.380822 0.498058 

0.5 0.361048 0.484924 

1.0 0.313702 0.451704 

0.5 0.5 1.0 0.1 2.0 0.1 0.070281 0.082577 

0.5 0.247346 0.314604 

1.0 0.361048 0.484924 

0.5 0.5 1.0 1.0 0.7 0.1 0.305194 0.375966 

1.0 0.320799 0.410927 

2.0 0.361048 0.484924 

0.5 0.5 0.5 1.0 2.0 0.0 0.459688 0.541380 

0.2 0.262408 0.428467 

0.4 0.065130 0.315556 
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Chapter 6 

Nonlinear Radiative Heat Transfer 
to Stagnation-Point Flow of Sisko 
Fluid past a Stretching Cylinder 

In the present chapter, we endeavor to perform a numerical analysis in connec-

tion with the non-linear radiative stagnation-point flow and heat transfer to Sisko 

fluid past a stretching cylinder in the presence of convective boundary conditions. 

In energy equation the radiative heat flux term was introduced by using the non-

linear Rosseland approximation. This gives rise to an additional parameter known 

as the temperature ratio parameter by which the temperature and heat transfer 

characteristics are highly affected. The numerical solutions of transformed governing 

equations are calculated through the fourth order Runge-Kutta method using shoot-

ing technique. With the help of graphs and tables, the influence of non-dimensional 

parameters on the velocity and temperature along with the local skin friction and 

Nusselt number is discussed. The results reveal that the temperature and corre-

sponding thermal boundary layer increase; however, heat transfer from the surface 

of cylinder decreases with increasing values of the thermal radiation and temperature 

ratio parameters. Moreover, the authenticity of numerical solutions is validated by 

finding their good agTeement with the HAM solutions. 
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6.1 Problem Formulation 

6.1.1 Physical Model 

F igure 6.1: Sketch of t he physical model and coordinate system. 

6.1.2 Governing Equations 

Let us assume the steady two-dimensional stagnation-point flow of an incompressible 

Sisko fluid past a horizontal cylinder of radius d* stretching with linear velocity 

along the axis of the cylinder (see figure 6.1). The x and r measure the distance 

along axial and radial directions, respectively. Let the surface of cylinder is being 

heated by the hot fluid having temperature Tf which provides heat transfer coefficient 

hf' Implementing the boundary layer approach along with the above mentioned 

assumptions the continuity, momentmn and energy equations (2.1) to (2.3) along 

with Eqs. (2 .4) and (2.5) in the absence of viscous dissipation take the form: 

a (rv) a (ru) 
--!:;)+ -!:;)-=O, 

ur u X 
(6.1) 
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au au 
u-+v-

ax aT 
_~ ap +.!!...~ ( 1'

au
) + sgn [~-1] ~ { sgn [~-1] a,u}n 

p ax p1' a1' a1' c p1' c ay 

bn { [d ] au }n-l a2u +- sgn --1 - - , 
p c a1' a1'2 (6.2) 

(6.3) 

Here sgn[·J represents the sign function and qr the non-linear radiative heat flux. 

The non-linear radiative heat flux qr via Rosseland's approximation is given as 

(6.4) 

where the u* and k* are the Stefan-Boltzmann constant and the mean absorption 

coefficient, respectively. In view of Eq. (6 .4), Eq. (6.3) after simplification takes the 

form 

u
aT +vaT =a ( a

2
T +~aT)+ 16u* (T3

a2T 
+3T2 ( aT ) 2) . (6.5) 

ax a1' a1'2 l' aT 3k* pCp a1'2 a1' 

6.1.3 Boundary Conditions 

The associated boundary conditions for the velocity and temperature fields for the 

problem under consideration are 

aT(1', x) 
u(1',x)=Uw=cx, v (1' ,x)=O,k a1' =-hf [Tf -T(1',x)J atT=d*, (6.6) 

1£ = Ue = dx, T ~ Too as l' ~ 00. (6.7) 

Here c and d are posit ive real mmlbers, Ue and Uw represent the free stream 
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velocity and velocity of fluid at the boundary, respectively. 

6.1.4 Local-Similarity Transformations 

The local-similarity transformations are given as follows: 

r2 - d*2 _I _ _ 1 T T. 
'f/ = 2d*x R eb'+I, 'I/J = -Uwd*x Reb n+1 f('f/) , B('f/) = - 00. (6.8) 

Tf - Too 

The substitution of introduced local-similarity transformations (6.8) into Eqs. 

(6 .1), (6.2) and (6 .5) leads to the governing ordinary differential equations as given 

below: 

(1 + 2'f/M)A f'" + 2M AI" + sgn [~ - 1] M(1 + n)(1 + 2TJM) n~ 1 (sgn [~ _ 1] 1") n 

+~ f 1" - (J') 2 + n(1 + 2'f/M) ntl 
( sgn [~ - 1] 1") n-1 1'" + d: = 0, (6 .9) 

n+ 1 e e 

I 2n 
[{1 + Rd (1 + (Btu - 1) B)3} (1 + 2TJM)e'] + n + 1 Pr f B' = 0, (6.10) 

along with the associated boundary conditions 

f (0) = 0, l' (0) = 1, B'(O) = -"( [1 - B (0)] , (6.11) 

l' ('f/) = die , B(TJ) - 0 as TJ - 00. (6.12) 

( 
T ) ( 1617*T

3
) Here Bw = T~ > 1 represents the temperature ratio parameter and Rd = ~ 

the thermal radiation parameter. 
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6.1.5 Physical Quantities 

The physical quantities of interest which need to be investigated are the local skin 

friction coefficient Gj x (i.e., surface drag) and the local Nusselt number Nux (Le., 

rate of heat transfer). They may be obtained in the dimensionless form as 

~ Reb~l Gj x = Ai" (0) + { sgn [ ~ - 1] i" (0) } n , (6.13) 

1 

Re~n+ l Nux = - (1 + Rda~) a' (0). (6.14) 

6.2 Solution Methodology 

It can be seen that Eqs. (6 .9) and (6.10) representing the governing equations of 

the concerned problem are highly non-linear. Oftenly, exact solutions to such type 

of equations cannot be obtained. So, to tackle these kind of problems we can utilize 

some numerical techniques to obtain approximate solutions. Here, we have used the 

shooting technique to obtain the numerical solutions. For this purpose, firstly the 

third order equation in 1(-,,) and second order equation in 8("1) are converted into set 

of five initial value problems by introducing the new set of dependent variables Yl, 

1 

1 [2M AY3 + ~YIY3 [(1 + 2"1M)A + n(l + 2"1M) n~l (sgn [ ~ - 1] Y3)"-1] n + 1 

-y~ + sgn [~-1] M(l + n)(l + 2"1M)"~1 ( sgn [~-1] Y3) n + d2
/C

2JG .15) 
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e 

I 

Y5 

with boundary conditions 

(6.17) 

which are then solved by using shooting technique. 

6.3 The Homotopy Solution and Validity 

The local-similar governing ordinary differential equations (6.9) and (6.10) along with 

associated boundary conditions (6.11) and (6.12) are appeared to be highly non-linear 

and solutions are obtained numerically. To prove the authenticity of these numerical 

results obtained by the shooting technique, same problem is solved by the homotopy 

analysis method (HAM) to obtain analytic series solutions. The convergence of these 

series solutions is very sensitive to the choice of auxiliary parameter. For this purpose 

the minimized squared residual error (ch. Chapter 2, Eq. (2.39)) is utilized to obtain 

the most appropriate value of the auxiliary parameter. F\rrther, it is feasible in some 

cases to compare the outcomes of the Runge-Kutta shooting technique with those 

of the HAM solutions. A remarkable agreement between these results presented in 

figure 6.2 proves the authenticity of the present results and accuracy of the numerical 

technique. 
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6.4 Results and Discussion 

In this section, numerically calculated results for the velocity and temperature pro

files have been displayed graphically for several set of values of the physical parame

ters like the power-law index n, curvature parameter ]1/[, generalized Prandtl number 

Pr, generalized Biot number I, temperature ratio parameter Ow and thermal radi

ation parameter Rd. The fourth order Runge-Kutta method along with shooting 

technique is utilized to obtain the numerical solution of the partially coupled set of 

Eqs. (6.9) and (6.10) along with the boundary conditions (6 .11) and (6.12) . In all 

these figures a comparison is made between the flow over a cylinder when M = 0.5 

and the flow over a flat plate when M = O. Additionally, illustrative outcomes for 

the skin-friction coefficient and the local Nusselt number outlining the impact of 

different physical parameters of the flow are recorded through tables. 

Figures 6.3 and 6.4 are plotted for shear thinning (n < 1) and shear thickening 

(n > 1) fluids. These figures also delineate the influence of the power-law index n 

on the velocity profile l' Cry) for the velocity ratio die < 1 and die> 1, respectively. 

From these figures, it is visible that the velocity profile decreases by enlarging the 

power-law index and thereby reduces the boundary layer thickness for both n < 1 

(shear thimling fluid) and n > 1 (shear thickening fluid). The effect of the power-law 

index on the temperature profile 0 (TJ) are shown graphically in figures 6.5 and 6.6. 

These figures highlight the fact that the temperature also diminishes for increasing 

the power-law index. Qualitatively, same trends are visualized in both the cases 

i.e., die < 1 and die> 1, whereas quantitatively, the boundary layer thickness is 

larger in case of die < 1 as compared to die > 1. Moreover, the boundary layer 

105 



thickness is much larger for the shear thinning fluid than that of shear thickening 

fluid. Additionally, thickness shrinks for the flow over a flat plate (M = 0) when 

compared to the flow over a cylinder (M = 0.5). 

Figure 6.7 represents the variation of the temperature profile 0 (ry) in response 

to change in the values of the generalized Prandtl number Pr for the velocity ratio 

d/ e < 1 (which results from the fact that the stretching velocity ex of the plate 

exceeds the free stream velocity dx). It is worth noting that at a fixed value of ry the 

temperatme profile decreases for increasing values of the generalized Prandtl number. 

This is due to the fact that the fluids with higher Prandtl number have low thermal 

conductivity which reduces the conduction and hence the thermal boundary layer 

thickness. Also, it might be seen that the power-law index n assumes a significant 

part. An increment in value of the power-law index brings about diminishing of 

the thermal boundary layer. Additionally, a comparison shows that the thermal 

boundary layer is larger in case of the flow over a cylinder (M = 0.5) when compared 

to the flow over a flat plate (M = 0). The influence of the generalized Biot number 1 

on the temperature profile 0 (ry) for the flow over cylinder as well as flat plate can be 

found from figure 6.8. This figure put in confirmation that the effect of increasing the 

generalized Biot number is to enlarge the temperature profile and hence the thermal 

boundary layer thickness significantly. This is because of small diffusion resistance 

relative to the convection resistance. 

Figures 6.9 and 6.10 illustrate the nature of the temperatme distribution with 

the temperature ratio parameter Ow and the radiation parameter R d , respectively for 

both the shear thinning and shear thickening fluids. The increasing values of Ow (> 1) 

indicates that the fluid temperature T f is much higher than the ambient temperature 
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Too which increases the thermal state of the fluid and results in an increase in the 

temperatme profile. It is noteworthy here that the temperature profile close to the 

linear radiative heat flux is represented when Bw ~ 1. Figure 6.9 illustrates the 

temperature response to the change in the radiation parameter Rd. From this figure, 

it is noted that an increase in Rd enhances the heat flux from the surface which give 

rise to the fluid temperature. This also results in an enhancement in the thermal 

boundary layer thickness. Additionally, a careful observation leads to t he fact that 

the magnitude of temperature is larger in the case of a shear thinning fluid (n < 1) 

as compared to a shear thickening fluid (n > 1). 

The cm vatm e parameter M significantly affects the temperature profile which is 

evident from figme 6.11 . It is clear from this figure that with increasing values of 

the cmvature parameter the t emperature profile decreases in the immediate neigh-

borhood of surface of the cylinder and rises dramatically afterwards. This behavior 

come into view due to the fact t hat as a result of decrease in the radius of cylinder, 

the surface area which is in contact with the fluid also shrinks down. This is because 

of the fact that the heat transfer by conduction at the surface and convection in 

the region 77 > O. Thus, less heat energy is transferred by conduction as the surface 

area of the cylinder reduces which results in a slight fall in the temperatme near the 

surface whereas due to enhanced convection process more heat transfers within the 

fluid which as a result increases the temperature. 

Tables 6.1 and 6.2 are recorded to display the influence of non-dimensional gov-

1 

erning parameters on the local friction factor ~ Rei'+l Gjx and local Nusselt number 

1 

Re~ n+ l Nux for fixed values of the Sisko fluid parameter A. It appears from table 6.1 

that magnitude of the friction factor rises with curvature parameter for velocity ratio 
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parameter die < 1 as well as die > 1 for shear thinning and shear thickening fluids. 

Further, a rise in values of the curvature parameter M, generalized Biot number " 

generalized Prandtl number Pr, thermal radiation parameter Rd and temperature 

ratio parameter fJ w enhances the magnitude of heat transfer rate. Also, a keen obser-

vation leads to the fact that more heat transfer takes place in case of shear thickening 

fluid as compared to shear thinning fluid. 

0.8r-----------------------------~ 

--+--+- HAM Solution 
0 .7 (a) __ Numerical Solution 

0 .6 dIe = 0 .5, A = 0 .5 , Pr = 2, 
Y = 1, Sw = 1.5, Rd = 1, n = 1 

0.5 

£0.4 M = 0.0, 0.5,1.0 
CD 

0 .3 

0 .2 

0.1 

O~~~~~==~~~~S8~d 
o 2 3 4 5 6 7 8 9 10 

'1 

0.8 r-------------------------------, 

0 .7 

0 .6 

0.5 

i='0.4 
CD 

0 .3 

0 .2 

0.1 

--+--+- HAM Solution 
(b) __ Numerical Solution 

dIe = 1.5, A = 0.5, Pr = 2, 
Y = 1, Sw = 1.5, Rd = 1, n = 1 

M = 0.0, 0 .5, 1.0 

O~~~~~~~~~~~~~ 
o 2 3 4 5 6 7 8 9 10 

11 

Figure 6.2: A comparison of temperature profiles fJ ("7) between numerical and HAM 

solutions for different values of the curvature parameter Nf when dl e < 1 and die > 1. 
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Figure 6.3: The velocity profiles I' ('Tl) for different values of the power-law index n 

when die < 1. 
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Figure 6.4: The velocity profiles l' ('Tl) for different values of the power-law index n 

when die> 1. 
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Figure 6.5: The temperature profiles f) (7]) for different values of the power-law index 

n when die < 1. 

0.8 ,.-----------------, 

0.7 

0.6 

0.5 

::g:0 .4 
CD 

0.3 

0.2 

0.1 

(a) n < 1 
---- Plate I 
- - - - Cylinder 

d/e = 1 .5 , A = 0 .5, Pr = 2, 
y = 1, Sw = 1.5, Rd = 1 

n = 0.5, 0.7, 0 .9 

3 4 5 6 7 8 9 10 
11 

0.8 .....-------------------, 

0.7 

0.6 

0.5 

~0 .4 
a5" 

0 .3 

0.2 

0.1 

(b) n > 1 
--- Plate I 
- - - - Cylinder 

d/e = 1.5, A = 0.5, Pr = 2, 
y = 1, Sw = 1 .5, Rd = 1 

n = 1.2 , 1.5,1.7 

3 4 5 6 7 8 9 10 
11 

Figure 6.6: The temperature profiles f) (7]) for different values of t he power-law index 

n when die> 1. 
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Figure 6.9: The temperature profiles e (7]) for different values of the temperature 

ratio parameter ew when d/ c < 1. 
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Figure 6.10: The temperature profiles e (7]) for different values of t he thermal radia-

tion parameter Rd when d/ c < 1. 
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Figure 6.11: The temperature profiles e (T/) for different values of the curvature 

parameter M when d/ c < 1 and d/ c > 1. 
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1 

Table 6.1: Numerical values of the skin friction coefficient ~ Reb'+l G/x for dif-

ferent values of physical parameters when A = 2 is kept fixed . 

1 

die M ! Re n +1 C 
2 b / x 

n= 0.5 n = 1.5 

0.5 0.0 -0.118643 -0.560765 

0.5 0.5 -0.311415 -0.650731 

0.5 1.0 -0.498294 -0.723726 

1.5 0.0 1.735727 1.501382 

1.5 0.5 2.156033 1.814598 

1.5 1.0 2.519295 2.099006 
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1 

Table 6.2: Numerical values of the local Nusselt number Re~ n+ l Nux for differ-

ent values of physical parameters when A = 0.5 is kept fixed. 

M I, Pr I Rd 
1 

Bw Re~n+l Nux 

die = 0.5 die = 1.5 

n = 0.5 n = 1.5 n = 0.5 n = 1.5 

0.0 1.0 2.0 1.0 1.5 1.271146 1.579377 1.537390 1.866250 

0.5 1.281567 1.588947 1.595448 1.912811 

1.0 1.372046 1.637115 1.659789 1.962965 

0.5 0.0 2.0 1.0 1.5 0.000000 0.000000 0.000000 0.000000 

0.5 1.042397 1.220478 1.219366 1.378584 

1.0 1.281567 1.588947 1.595448 1.912811 

0.5 1.0 2.0 1.0 1.5 1.281567 1.588947 1.595448 1.912811 

3.0 1.493616 1.845874 1.811187 2.139855 

5.0 1.805237 2.185677 2.096465 2.428697 

0.5 1.0 2.0 0.0 1.5 0.502580 0.5677559 0.551235 0.608100 

0.5 0.983804 1.186581 1.166589 1.355853 

1.0 1.281567 1.588947 1.595448 1.912811 

0.5 1.0 2.0 1.0 1.1 0.845331 1.005706 0.997784 1.153383 

1.5 1.281567 1.588947 1.595448 1.912811 

2.0 2.026871 2.586664 2.66986 3.326263 
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Chapter 7 

Forced Convective Heat 'Iransfer 
to Sisko Nanofluid past a 
Stretching Cylinder in the 
Presence of Variable Thermal 
Conductivity 

This chapter investigates the influence of variable thermal conductivity on the 

heat transfer to Sisko nanofluid past a horizontally stretching cylinder affected by 

the thermophoresis and Brownian motion in the presence of convective boundary and 

nanoparticles flux conditions. The local-similarity transformation is used to transfer 

the governing partial differential equations into the ordinary differential equations. 

Further, these higher order differential equations are converted into seven first order 

differential equations which are then solved numerically by employing the shooting 

technique. Graphical and tabular modes of presentation of the computed results 

illustrated the details of the heat and mass transfer characteristics and their de-

pendence on some physical parameters appearing in the problem. Interestingly, the 

analysis reveals that the temperature and concentration profiles are larger in case of 

flow past a cylinder as compared to the flat plate. Also, with the increasing Brown-

ian motion parameter the concentration profile decreases but the temperature p 0 
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remains unaffected. To prove the authenticity of the obtained numerical results a 

comparison is made with the HAM results. 

7.1 Problem Formulation 

7.1.1 Governing Equations 

Consider a steady and axisymmetric boundary layer flow of an incompressible Sisko 

nanofluid along a continuously stretching horizontal cylinder of radius d* with veloc-

ity U = cx. The cylinder is being stretched and nanofluid is being moved along the 

axial direction x. The radial coordinate r is measured perpendicular to the cylinder 

axis. An assumption is made that the cylinder is in contact with a hot fluid at 

temperature Tf which provides a heat transfer coefficient h f. The field equations for 

total mass and momentum are given by Eqs. (2.1) and (2 .2), respectively. Whereas, 

for thermal energy and nanoparticles field equations are given as follows 

aT 1 [ D ] -a +(V· '7) T = - ['7 . (K(T)'7T)]+T* DB ('7. C) ('7. T) + ~ ('7 . T) (\7. T) , 
t pCp Too 

(7.1) 

(7.2) 

where C represents the concentration of the species. We have denoted the ratio of 

effective heat capacity of the nanoparticle material to the heat capacity of the fluid 

by T*, the Brownian diffusion coefficient by DB, thermophoresis diffusion coefficient 

by Dr, and the thermal conductivity of the fluid by K(T). 

Here, the concentration of nanoparticles on the boundary is controlled by new 

condition DB ~~ + ~ a;:; = 0 which shows zero nanoparticles concentration at the 
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bow1dary. At free stream nanoparticle concentration is taken to be constant, i.e., 

Coo . Under these assumptions along with the usual boundary layer approximations, 

the governing partial differential equations of t he problem under consideration are 

as follows: 

o (rv) 0 (ru) 
--!;l + -!;l- = 0, 

uT u X 
(7.3) 

(7.4) 

oT oT 110 [ OT ] *[ oCoT DT(OT)2] u-+v-=--- K(T)r- +T DB--+- - , 
ox or pCp l' or 01' 01' OT Too or 

(7.5) 

u-+ v-=DB -- 1'- + --- 1'- . 
oC oC 1 0 [ OC] DT 1 0 [ OT ] 
ox or l' or or Too l' 01' or 

(7.6) 

Here the thermal conductivity of t he fluid K(T) is assumed to vary linearly with 

t emperature in the form 

(7.7) 

where koo represents the thermal conductivity of the fluid far away from the cylinder 

surface, b.T = T f - Too and c a small parameter Imown as thermal conductivity 

parameter. 

7.1.2 Boundary Conditions 

The associated boundary conditions are given as 

oT OC DToT * 
u = U = cx, v = 0, k~ = -hf [Tf - T] , D B - + -- = ° at l' = d (7.8) 

uT 01' Too 01' ' 
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u ~ 0, T ~ Too, C ~ Coo as r ~ 00. (7.9) 

Here the new condition for concentration field describes zero nanoparticle flux at 

the boundary. In many physical situations, due to rapid movement of nanoparticles 

from high to low concentration and from hot to cold surface, it is not so realistic 

to consider constant nanoparticles concentration at the boundary. Thus, the new 

condition is more realistic and powerful. 

7.1.3 Local-Similarity 'fransformations 

The local-similarity transforms are introduced as follows 

nl. Ud* R -n~lf() 8() T-Too "'= C-Coo . 
'f/ = - x eb 7] , 7] = T

f 
:-. Too' 'f/ Coo 

(7.10) 

The incompressibility condition (7.3) upon substitution of the local-similarity 

transformations (7.10) is identically satisfied by the stream function V; such that 

'1.£ = ~~, V = -~~~ and governing equations (7.4) - (7.6) along with the bOlmdary 

conditions (7.8) and (7.9) take the form 

n - l 2n 2 
(1 + 27]M)Aflll + 2MAf" - M(l + n) [1 + 27]Mj-2 (-f"t + -ff" - (1') 

n+1 

+n [1 + 27]Mj~ (-f"t-1 f'" = 0 , (7.11) 

(1 + c8)(1 + 27]M)e" + 2M(1 + c8)8' + c(l + 27]M) (8,)2 + ~ PI' f 8' 
n+1 

(7.12) 

119 



(1 + 27]M)¢" + 2M ¢' + PI' Le (~) J¢' + Nt (1 + 27]M)e" + 2 Nt Me' = 0, (7.13) 
n + 1 Nb Nb 

J (0) = 0, f' (0) = I , e'(O) = - '"'( [1 - e (0)] , Nb¢'(O) + Nte'(O) = 0, (7.14) 

(7.15) 

where in the above equations, c denotes the variable thermal conductivity parameter, 

Nt ( = r ' DT~~[a:-Too ) ) and Nb (= r ' D:;Coo ) the thermophoresis and Brownian motion 

parameters, respectively, and Le (= ;8) the Lewis number. 

7.1.4 Physical Quantities 

From physical point of view, the important characteristics of flow are the skin friction 

coefficient G/x, the local Nusselt number Nux and the local Sherwood number Shx 

which are defined as 

G Trxlr=d* 
I x = 1 U2 ' 

'iP 

where T rx is the shear stress, qw the wall heat flux and qm the wall mass flux. 

(7.16) 

Upon substitution of dimensionless variables (7 .10) , Eq. (7.16) takes the form 

~ Reb~l G/x = AI" (0) - [- I" (O)t , (7.17) 

I 

Re~ n+ l Nux = -e' (0) , (7.18) 

I 

Re~ n+ l Shx = O. (7.19) 

Here the Sherwood number becomes identically zero due to the revised boundary 
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condition (7.8) , Le., nanoparticle concentration flux is zero at the surface. 

7.2 Solution Methodology 

The locally-similar coupled ordinary differential Eqs. (7.11), (7.12) and (7.13) are of 

third order in f("1) and second order in e('ry) and cP ("1) which have been reduced to a 

system of seven simultaneous equations of first-order as follows: 

e 

f I I I 1 
Yl'Yl = Y2 ,Y2 = Y3 , Y3 = [ ] 

(1 + 2"1M)A + n(l + 2"1M) nil (- Y3r-1 

X [2M AY3 - M(l + n)(l + 2"1M) "~l (-Y3r + ~YIY3 - (Y2) 2] ,(7.20) 
n+1 

(7.22) 

In order to solve the above system of equations (7.20) - (7.22) with bowldary 

conditions (7.23) numerically by using the shooting technique seven initial conditions 

are required but one initial condition each on f, e and cP are missing. However, the 

values of f, e and cP are known at infinity. Thus, these three end conditions are 
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utilized to produce three unknown initial conditions at 'r/ = O. The resulting initial 

value problem is solved using the fourth order Runge-Kutta method. The Newton

Raphson method is also implemented to correct the guessed values of 1"(0), 8'(0) 

and ¢'(O) . 

7.3 Validity of Numerical Results 

To prove the authenticity of the numerical results, an analytical approach named 

the homotopy analysis method is utilized to solve the same problem. Figure 7.8 (b) 

represents a comparison between the solutions obtained by the homotopy analysis 

method (HAM) and shooting technique. This figure affirms the agreement between 

these results and hence proves the authenticity of numerical results obtained by the 

shooting technique. 

7.4 Results and Discussion 

The numerical computations are performed for different values of the parameters 

appearing in the problem namely the power law index n, the curvature parameter 

M, the generalized Biot number I , the thermal conductivity parameter c, the ther

mophoresis parameter Nt and the Brownian motion parameter N b• To get a definite 

perception of the problem, the temperature and concentration profiles are presented 

graphically for the flow above a flat plate and cylinder, for both the shear thinning 

(n < 1) and shear thickening (n < 1) fluids through figures (7.1 - 7.9) . Additionally, 

table presents the influence of the emerging parameters on rate of heat transfer at 

the surface. 
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The variation ofthe temperature B(Tl) and concentration ¢(Tl) profiles is presented 

through figures 7.1 (a, b) and figures 7.2 (a, b) for different values of the power-law 

index n corresponding to shear thinning (n < 1) and shear thickening (n > 1) fluids, 

respectively, for both the flow over a flat plate and cylinder. An observation of these 

figures makes it clear that the temperature and concentration profiles are decreasing 

functions of the power-law index n . Further, these effects are more prominent in 

case of the shear thinning fluid when compared to the shear thickening fluid. Also, 

from these figures we can observe that the thermal and concentration boundary layer 

thicknesses are smaller for the flow over a flat plate (M = 0) when compared to the 

flow over a cylinder (M = 0.5). 

In figures 7.3 (a, b) the variation of the temperature profiles within the boundary 

layer for various values of the thermal conductivity parameter c is presented for 

the shear thinning (n < 1) and shear thickening (n > 1) fluids, respectively. It is 

revealed through these figures that as expected, the non-dimensional temperature 

profile increases with the increase of the thermal conductivity parameter. The value 

c = 0 corresponds to the constant conductivity of the fluid. Thus, it is found that the 

surface temperature is low for constant thermal conductivity when compared to the 

variable thermal conductivity. It is due to the fact that when c increases i .e. thermal 

conductivity of the fluid increases the value of the Prandtl number decreases which 

as a result increases the temperature of the fluid. Also, these figures reveal that the 

thermal boundary layer thickness is larger in case of flow over a cylinder (M = 0.5) 

when compared to the flow over a flat plate (M = 0). 

The influence of the generalized Biot number 'Y on the temperature distribution 

is elucidated through figures 7.4 (a, b) for both the cases, i.e., shear thinning (n < 1) 
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and shear thickening (n > 1) fluid. The generalized Biot number , represents the 

ratio of internal thermal resistance of a solid to boundary layer thermal resistance. 

When , = 0 the surface of cylinder is totally insulated, i.e., internal thermal resis

tance of the surface of cylinder is extremely high and no convective heat transfer 

takes place from the surface of cylinder to the cold fluid far away from cylinder. FUr

ther, these figures exhibit that the temperature is larger in case of the shear thinning 

fluid when compared to the shear thickening fluid . 

The thermophoresis parameter Nt is an important parameter for investigating 

the temperature distributions and nanoparticles volume fraction in nanofluid flow. 

The impact of thermophoresis parameter Nt on the temperature and nanoparticle 

volume fraction is elucidated through figures 7.5 (a, b) and 7.6 (a, b) for both the 

shear thinning and shear thickening cases. It turns out from these figures that with 

the increase of Nt, the temperature as well as nanoparticle volume fraction of the 

fluid increases. Physically, the thermophoresis force increments with the increase in 

Nt which tends to move nanoparticles from hot to cold areas and hence increases the 

magnitude of temperature and nanoparticle volume fraction profiles. Ultimately, the 

concentration boundary layer thickness turns out to be significantly larger for slightly 

increased value of thermophoresis parameter. Additionally, these results are more 

prominent in case of the shear thinning fluid as compared to the shear thickening 

fluid. 

It is noticed that with increasing values of the Brownian motion parameter Nb 

concentration profile diminishes (figures 7.7 (a, b)) for both the shear thinning and 

shear thickening fluids. Physically, the higher values of Nb stifle the diffusion of 

nanoparticles into the fluid regime away from the surface which as a result decreases 
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the nanoparticle concentration in the boundary layer. Also, the thermal boundary 

layer remains unaffected by the variation of Nb which is justifiable when we utilize 

the more realistic boundary condit ions proposed by Kuznetsov and Nield [59 , 60] 

given by Eq. (7.8). 

In figures 7.8 (a) and 7.9 (a, b) the influence ofthe curvature parameter M on the 

temperature and concentration profiles is exhibited for the shear thinning (n < 1) 

and shear thickening (n > 1) fluids, respectively. These figures make it clear that the 

temperature profiles diminish with increasing values of the curvature parameter close 

to the surface, however, ascent significantly afterwards and the thermal boundary 

layer thickness increases. This behavior of the temperature profile occurs due to the 

fact that the surface area in contact with the fluid decreases as the radius of cylinder 

shrinks down. Here, it is essential to specify that the heat is transferred to the fluid 

in two modes: conduction at the surface and convection in the fluid for region 'Tl > O. 

Thus, as the surface area of cylinder reduces, the temperature profile falls slightly 

near the surface of the cylinder, in light of the fact that through conduction less heat 

energy is transferred from the surface to the fluid. On the other hand, in light of 

the fact that heat transfer in the fluid due to enhanced convection process around 

the cylinder the thermal boundary layer increases. For the dynamic region (near the 

surface), the increase of M leads to a decrease in the concentration boundary layers 

slightly because of the little enhancement of surface mass flux. 

The rate of heat transfer at the boundary of the stretching cylinder is presented 

by table 7.1. Straightforwardly, it appears from table 7.1 that the magnitude of the 

temperature increases with increasing values of the curvature parameter M, general

ized Biot number 'Y and power-law index n , whereas, it decreases for larger values of 
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the thermal conductivity parameter c and thermophoresis parameter. Interestingly, 

table 7.1 shows that the variation in the values of Brownian motion parameter plays 

no role in the heat transfer process at the boundary which is justifiable when using 

conditions (7.8). 
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Figure 7.1: The temperature profiles e ('T}) for different values of the power-law index 

n. 
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Figure 7.3: The temperature profiles e (7]) for different values of the thermal conduc-

tivity parameter to . 
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F igure 7.6: The concentration profiles ¢ (rJ) for different values of the t hermophoresis 

parameter Nt. 
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F igure 7.7: The concentration profiles ¢ (rJ) for different values of the Brownian 

motion parameter Nb . 
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Figure 7.8: The temperature profiles e (T/) for different values of the curvature para-

meter M. 
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Figure 7.9: The concentration profiles ¢ (T/) for different values of the curvature 
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1 

Table 7.1: Numerical values of the local N usselt number Re~ n+l Nux for various 

values of physical parameters Nf, 1::, ,,/, Pr, Nb and Nt when A = 0.5 and Le = 2 are 

fixed. 
1 

Ivf I:: "/ Pr Nb Nt - Re~n+ l Nux 

n = 0.5 n = 1.5 

0.0 0.2 1.0 2.0 0.2 0.2 0.408470 0.488324 

0.5 0.446334 0.527672 

1.0 0.484478 0.560735 

0.5 0.0 1.0 2.0 0.2 0.2 0.464272 0.543205 

0.2 0.446334 0.527672 

0.5 0.421611 0.505432 

0.5 0.2 0.0 2.0 0.2 0.2 0.000000 0.000000 

0.5 0.311804 0.348210 

1.0 0.446334 0.527672 

0.5 0.2 1.0 0.7 0.2 0.2 0.334384 0.388298 

1.0 0.365526 0.432345 

2.0 0.446334 0.527672 

0.5 0.2 1.0 2.0 0.1 0.2 0.446334 0.527672 

0.2 0.446334 0.527672 

0.5 0.446334 0.527672 

0.5 0.2 1.0 2.0 0.2 0.1 0.448391 0.529447 

0.2 0.446334 0.527672 

0.5 0.440027 0.522215 
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Chapter 8 

Homogeneous-Heterogeneous 
Reactions in Stagnation-Point 
Flow of Sisko Fluid past a 
Stretching Cylinder 

The motivation behind the present chapter is to focus on the effects of stagnation-

point flow and heat transfer to the Sisko fluid past an impermeable non-linearly 

stretching cylinder in the axial direction involving convective boundary conditions 

with homogeneous-heterogeneous reactions. Diffusion coefficients of species A and 

B are assumed to be of the same size. Also, it is asslUlled that heat released during 

chemical reaction is negligible. A system of governing ordinary differential equations 

is obtained by using suitable transformations which are then solved numerically by 

means of the shooting method combined with Runge-Kutta integration technique. 

The significance of dimensionless parameters involved in the problem has been con-

templated for the velocity, temperature and concentration profiles and are discussed 

at length. The results obtained reveal that the concentration profile decreases with 

increasing the homogeneous and heterogeneous reaction parameters. Moreover, to 

prove the authenticity of obtained numerical results a comparison is performed with 

the analytic results and a good agreement is found between these results . 
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8.1 Formulation of the Problem 

8.1.1 Governing Equations 

We consider a steady convective heat transfer near the stagnation-point of a non

Newtonian Sisko fluid by an impermeable horizontal and non-linearly stretching 

cylinder of radius d*. The cylindrical coordinates are chosen in a way that x-axis is 

along the axial direction of cylinder while T-axis is perpendicular to it. By keeping 

the origin fixed the two equal and opposite forces are applied so that the cylinder 

surface is stretched in the x-direction with non-linear surface velocity Uw = CX
S and 

the velocity outside the boundary layer is Ue = dx s , where d > 0 is the strength of 

stagnation flow. Here, a hot fluid with temperature Tf is assumed to be responsible 

for heating up the surface of the cylinder by which the heat transfer coefficient h f is 

provided. 

Here, we assume a simple model in a boundary layer flow reported by Chaudhary 

and Merkin [61 , 62] for the interaction between the homogeneous and heterogeneous 

reactions which involve two chemical species A and B given as follows: 

(8.1) 

A ~ B rate = ksa*, (8.2) 

where a* and b* represent the concentrations of the chemical species A and B, while 

kc and ks are the rate constants. It is also assumed that a uniform concentration ao 

of reactant A and no auto catalyst B exist far away from the sheet at ambient fluid. 

Further, it is considered that the heat released by the reaction is negligible. Along 
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all the above assumptions and in view of the boundary layer approach the governing 

equations (2.1) - (2.5) in the current problem take the form as follows: 

a (1"v ) a (1"u) _ 0 a:;:- + ------a;- - , (8.3) 

au au 
u-+v-

ax a1" 
aUe a a ( au ) [d ] b { [d ] au } n Ue - + -- 1"- + sgn - - 1 - sgn - - 1 -
ax p1" a1" a1" e pr e ay 

bn { [d ] au } n-l a2u d
2 

+- sgn - - 1 - -- + -, 
pear a1"2 e2 

(8.4) 

(8.5) 

(8.6) 

(8.7) 

where D A and DB represent the diffusion species coefficients of A and B . 

8.1.2 B oundary Conditions 

The subjected boundary conditions for the velocity, temperature and concentrations 

of the chemical species A and B are given as 

u(1",x) 

aa* 
D A -

a1" 

s () aT( 1", x) [ ()] Uw = ex , v 1", X = 0, k a1" = - hf Tf - T 1", X , 

ab* 
ksa*, DB a1" = -ksa* at 1" = d*, (8.8) 

u = Ue = dx s
, T ---+ Too , a* - ao, b* - 0 as 1" ---+ 00, (8.9) 
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where e and d are positive real numbers, s, d* and k represent the stretching para-

meter, radius of the cylinder and thermal conductivity of the fluid, respectively. 

8.1.3 Local-Similarity Transformations 

The suitable local transformations are defined as follows: 

I 

1/J = -Ud*x Re~"+ 1 f(ry), 

(8.10) 

The incompressibility condition (8.3) is satisfied automatically and Eqs. (8 .4) -

(8 .7) reduced to the following forms 

[d ] n - l ( [d ] ') n (1 + 2ryM)A1'" + sgn -; - 1 M(l + n)(l + 2ryM)-2 sgn -; - 1 l' 

+ (1 + ;~: ~ 1) s ) f 1" + n(l + 2ryM) n~ 1 ( sgn [~ _ 1] 1") n - 1 1'" 

+2MA1" + s ( ~: - (f')2) = 0, (8.11) 

[(1 + 2ryJvI)8" + 2M8'] + (1 + (2n - 1) s ) Pr f 8' = 0, (8.12) 
n+1 

;e [(1 + 2ryM)m" + 2Mm'] + f m' - Kmh2 = 0, (8.13) 

J 
Se [(1 + 2ryM)h" + 2Mh'] + f h' + Kmh2 = O. (8.14) 

The botmdary conditions (7.8) and (7.9) then take the form 

f (0) = 0, l' (0) = 1, 8'(0) = - "( [1 - 8 (0)] , m'(O) = J(sm(O) , Jh'(O) = -J(sm(O) , 

(8.15) 
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(8.16) 

In the above dimensionless expressions Se, 6, 1( and 1(8 denote the generalized 

Schmidt number, ratio of mass diffusion coefficients, strength of homogeneous re-

action parameter and strength of heterogeneous reaction parameter, respectively. 

These quantities are defined as 

(8.17) 

Here an assumption is made that the diffusion coefficients of chemical species A 

and B are of comparable size. This argument leads us to make further assumption, 

i.e., the diffusion coefficients DA and DB are equal, i.e., 6 = 1 and thus 

(8.18) 

Now in view of Eq. (8.18) , Eqs. (8.13) and (8 .14) are reduced to 

1 2 
Se [(1 + 2TJM)m" + 2Mm'] + f m' - Km (1 - m) = 0, (8.19) 

along with the botmdary conditions 

m '(O) = Ksm(O) , m(TJ) ~ 1 as TJ ~ <Xl . (8.20) 
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8.1.4 Physical Quantities 

The physical quantities of interest, i.e., the local skin friction coefficient G/x (sur-

face drag) and the local Nusselt number Nux (rate of heat transfer) are defined in 

dimensionless form as follow: 

~ Reb~l G/x = Ai" (0) + { sgn [~ - 1] i" (0) } n , (8.21) 

1 

Re~ n+ l Nux = -B' (0). (8.22) 

8.2 Solution Methodologies 

8.2.1 The Numerical Solution 

The system of highly non-linear governing ordinary differential Eqs. (8.11) , (8 .12) 

and (8.13) along with bOlmdary conditions (8.15), (8.16) and (8.20) have been solved 

numerically by using the Runge-Kutta method in combination with the shooting 

technique. In this t echnique, a set of coupled Eqs. (8 .11), (8.12) and (8.13) are 

reduced to a system of first order differential equations and converted into set of 

initial value problem as: 

f 

-1 [(1 +(2n-1)s) 

[ 

n + l n-l] + 1 YIY3 (1 + 2T]M)A + n(l + 2T]M)-2 (sgn [~ - 1] Y3) n 

+sgn [~-1] M(l + n)(l + 2T]Mf~1 ( sgn [~-1] Y3 ) n 

+2M AY3 + s (~: - (Y2)2) ] , (8.23) 
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() 

I 

Ys (8.24) 

(8.25) 

with 

Yl (0) 

Ys(O) (8 .26) 

The above initial value problems are then solved by setting some initial guesses 

for three unknown initial conditions Y3(0) = S1, Ys(O) = S2 and Y7(0) = S3. vVe have 

chosen appropriate value of domain length "1 ~ 00 namely "1 = "100 = 10 for the 

present problem. 

8.2.2 Validity of Solutions 

The analytic series solutions are obtained for the governing equations (8 .11), (8.12) 

and (8.13) along with boundary conditions (8.15), (8.16) and (8.20) by employing the 

homotopy analysis method (HAM). This method works remarkably for the non-linear 

equations and also provides freedom to choose initial guesses and linear operators. 

The results obtained by this method are in the form of series whose convergence can 

be questioned. For the convergence of these results the auxiliary parameter fi plays 
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a very important role. The auxiliary parameter can have value between - 2 < n < 0 

and in the present analysis the most suitable value from this range is obtained by 

minimizing the squared residual error (ch . Chapter 2, Eq. (2 .39)) . Further, the 

accuracy of our numerical results is affirmed by comparing them with results obtained 

by the HAM results for particular cases (see figure 8.8(b)) . A comparison given in 

this figure shows an excellent agreement between these results and gives us confidence 

in our numerical computations. 

8.3 Results and Discussion 

In this study, munerical calculations are accomplished for the analysis of homogeneous

heterogeneous reactions on the stagnation-point flow of Sisko fluid over a non-linearly 

stretching cylinder in the presence of convective boundary conditions. The Runge

Kutta method in combination with shooting technique is employed to solve govern

ing Eqs. (8.11), (8. 12) and (8 .19) along with boundary conditions (8.15), (8.16) and 

(8.20). A detailed discussion is provided in this section about the physical signif

icance of dimensionless parameters on the velocity, temperature and concentration 

profiles. Figures 8. 1 - 8.8 are plotted for the shear thinning (n = 0.2) and shear 

thickening (n = 1.5) fluids and these figures reveal that the boundary layer thickness 

is larger for t he shear thinning fluid as compared to the shear thickening fluid . For 

munerical calculations, we considered I = 1, Pr = 2, s = 0.5 , A = 1, M = 0.5, 

die = 0.5 , Ks = 0.2, K = 1 and Se = 1. 5. In t his entire study we considered these 

values as common except the variations in t he corresponding graphs and tables. 

Figures 8. 1 and 8.2 illustrate the nature of the velocity, temperature and concen-
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tration distributions with the curvature parameter M. These figures reveal that the 

velocity and temperature profiles decrease near the surface of the cylinder while these 

increase gradually away from the surface with increasing values of the curvature pa

rameter and an opposite behavior can be seen in the concentration profile. Actually, 

for higher values of the curvature parameter, the radius of cylinder decreases which 

reduces area of contact of the cylinder with fluid. Therefore the velocity and tem

perature profiles increase. It is noteworthy here that for M = 0 the problem reduces 

to the flow over a flat plate for which the momentum and thermal boundary layers 

are smaller when compared to the case of flow over a stretching cylinder (NI i= 0) 

whereas, the concentration boundary layer is larger for the case of flow over a flat 

plate. 

The stretching parameter s significantly affects the velocity, temperature and 

concentration profiles which is clear from figures 8.3 and 8.4. It appears from these 

figures that the velocity and temperature profiles decrease while the concentration 

profile increases with enlarging values of the stretching parameter. Figure 8.5 repre

sents the temperature response to the change in the generalized Biot number I for 

small and large values of the generalized Prandtl number Pr (i.e., Pr = 2,20) . For 

decreasing diffusion resistance compared to the convection resistance i.e., for increas

ing values of I the temperature profile increases which is evident from this figure. 

Moreover, this figure shows that the thermal boundary layer is larger for smaller 

value of Pr (= 2) relative to larger value of Pr (= 20). 

The influence of the homogeneous reaction parameter K on the concentration 

profile is illustrated through figure 8.6. Since during the homogeneous reactions re

actants are consumed so as a result the concentration depreciates which is evident 

140 



from this figure. Further, the influence of strength of heterogeneous reaction para

meter Ks on the concentration profile is quite similar to that of the homogeneous 

reaction parameter which is shown through figure 8.7. The concentration boundary 

layer thickness increases with enlarging K s which agrees with the general physical 

behavior of the homogeneous and heterogeneous reaction parameters. 

In figure 8.8(a) the concentration profile against various values of the generalized 

Schmidt number Se is displayed. For enlarge values of Se the concentration profile is 

noted to be increasing. In fact the Schmidt number is the ratio of momentum diffu

sivity to mass diffusivity. Therefore, higher values of the Schmidt number correspond 

to small mass diffusivity. In order to prove the accuracy of the obtained numerical 

results a comparison between the numerical results and the analytical results com

puted by means of the homotopy analysis method is performed through figure 8.8(b). 

This comparison leads to an excellent agreement of the analytical solutions with the 

numerical results. 

Tables 8.1 and 8.2 illustrate the influence of various dimensionless parameters on 

the local skin friction coefficient and local Nusselt number. It appears from these 

tables that the magnitude of the local skin friction coefficient diminishes with A and 

M for the shear thinning fluid while it increases for shear thickening fluid. Further, 

magnitude of the rate of heat transfer increases with A, M, Pr and 'Y for both the 

shear thinning and shear thickening fluids. 
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1 

Table 8.1: Numerical values of the local skin friction coefficient ~ Re
b
,,+l GIx for 

different values of A and !VI when s = 0.5 and die = 0.5 are kept fixed. 

1 

A !VI 1. Re n +1 C 
2 b I x 

n= 0.2 n = 1.5 

0.5 0.5 0.5417954 0.1191422 

1.0 0.2470970 -0.1477414 

1.5 0.0179531 -0.3644116 

1.0 0.0 0.4574655 -0.1463242 

0.2 0.3719450 -0.1478883 

0.5 0.2470970 -0.1477414 
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1 

Table 8.2: Numerical values of the local Nusselt number Re~ ,:,+1 Nux for differ-

ent values of lvI) A) Pr and 'Y when s = 0.5 and dj c = 0.5 are kept fixed . 

1 
M 'Y Pr A Re~ n+ 1 Nux 

n = 0.2 n = 1.5 

0.0 1.0 2.0 0.5 0.4439990 0.4825066 

0.2 0.4618786 0.5021327 

0.5 0.4880411 0.5282420 

0.5 0.1 2.0 0.5 0.0905059 0.0918015 

0.5 0.3279756 0.3456534 

1.0 0.4880411 0.5282420 

0.5 1.0 2.0 0.5 0.4880411 0.5282420 

3.0 0.5330922 0.5737181 

5.0 0.5908293 0.6303546 

0.5 1.0 2.0 0.5 0.4840073 0.5258823 

1.0 0.4880411 0.5282420 

1.5 0.4906021 0.5298594 
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Chapter 9 

Conclusions and Future Work 

9.1 Conclusions 

The purpose of the present thesis was to investigate theoretically the characteristics 

of convective heat transfer to the Sisko fluid flowing over moving surfaces in the pres

ence of convective boundary conditions. Here, mainly two type of moving surfaces 

were considered i.e., the planer/radially stretching flat plate and the stretching cylin

der in its axial direction. F\rrther, the local-similar transformed governing equations 

were solved numerically by using the shooting technique along with the Runge-Kutta 

method and analytically by the homotopy analysis method. In the case of flow over 

a flat plate, the exact analytic solutions were also calculated for some special cases. 

The flow and thermal characteristics were scrutinized over a range of values of the 

non-dimensional parameters such as the power-law index (integer and non-integer), 

generalized Prandtl number, generalized Biot number, curvature parameter, mixed 

convection buoyancy parameter, Eckert number, thermal radiation parameter, tem

perature ratio parameter, thermal conductivity parameter, the thermophoresis and 

Brownian motion parameters, the strength of homogeneous and heterogeneous reac

tion parameters etc. In general, it was observed that the boundary layer thickness 
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was larger when considering the shear thinning fluid as compared to the shear thick

ening fluid. Also, for the flow over a stretching flat plate the thermal boundary layer 

thickness was smaller as compared to the flow over a stretching cylinder. The main 

findings of the thesis could be summarized as follows: 

• In general, impact of the power-law index on the temperature was to diminish 

it as well as the thermal boundary layer thickness. The effects seemed more 

significant for the shear thinning fluid as compared to the shear thickening fluid 

which was marginally influenced. The magnitude of the local skin friction was 

smaller in case of the shear thickening fluid as compared to the shear thinning 

fluid whereas more heat transferred for the shear thickening fluid than the shear 

thinning fluid. 

• The generalized Prandtl number highly influenced the temperature profile. 

With the increasing values of the generalized Prandtl number the tempera

ture profile was decreased and thereby reduced the thermal boundary layer 

thickness . Further, It was observed that more heat transferred for the larger 

generalized Prandtl number. 

• Due to the hot fluid's reduced convection resistance with the larger values of 

the generalized Biot number, temperature profile was increased and a rise in 

the thermal boundary layer was observed. Also, magnitude of rate of heat 

transfer was increased with the generalized Biot number. 

• The mixed convection buoyancy parameter significantly affected the velocity 

and temperature profiles. For the assisting flow the velocity profile was increas

ing whereas the temperature profile was decreasing and an opposite behavior 

149 



appeared for the opposing flow. Additionally, magnitude of the local skin fric-

tion and local Nusselt number had opposite behaviors . 

• Inside the thermal boundary layer, the temperature profile was increasing with 

the stronger thermal radiation and hence a rise in the thermal boundary layer 

thickness was witnessed whereas, magnitude of both the local skin friction and 

the local Nusselt number was decreasing. 

• The temperature profile showed two different behaviors for the increasing values 

of the curvature parameter i.e., decreasing near the surface and increasing 

dramatically far away from the surface which resulted from reduced conduction 

and increased convection in the fluid, respectively. Also, the boundary layer 

thickness was larger in the case of flow over a cylinder when compared to the 

flow over a flat plate. Also, the magnitude of local skin friction and the rate of 

heat transfer is larger when we considered the stretching cylinder as compared 

to the stretching flat plate. 

• The Eckert number which representing a relation between enthalpy and kinetic 

energy in a flow was responsible for rising the temperature with its increasing 

values. When comparing the influence of Eckert number on a stretching plate 

and stretching cylinder it was abundantly clear that more significant results 

were achieved for the stretching cylinder rather than stretching plate. Further, 

more heat was transferred with the increasing values of the Eckert number. 

• The temperature ratio parameter which was assumed to be greater than one 

represented that fluid temperature was dominant over the ambient tempera-

, 
ture. The increasing values of temperature ratio parameter indicated' a ;,'f-ise in 
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the temperature and the rate of heat transfer. 

• The thermal conductivity parameter represents the constant conductivity of 

the fluid for zero value and variable conductivity for the positive values. An 

increase in the thermal conductivity parameter corresponded an increase in the 

temperature profile. Also, temperature profile was larger in case of variable 

thermal conductivity as compared to the constant thermal conductivity of the 

fluid, however, rate of heat transfer appeared as diminishing with the thermal 

conductivity parameter. 

• The Brownian motion parameter did not effect the temperature and rate of 

heat transfer due to utilization of new mass flux conditions. Whereas, in the 

boundary layer the concentration profile decreased with a rise in the Brownian 

motion parameter. 

• The temperature and nanoparticle volume fraction profiles tended to increase 

with the increasing values of the thermophoresis parameter which resulted from 

an increase in the thermophoresis force and moved the particles from hot to 

cold regions. 

• For the homogeneous and heterogeneous reactions parameters the concentra

tion boundary layer thickness was increased. 

• Ultimately, to verify the obtained results a comparison between analytical and 

numerical results was provided in graphical and/or tabular form which con

firmed the validity of our results. 
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9.2 Future Work 

In the present thesis we have studied the steady convective heat transfer to the 

boundary layer flows of Sisko fluid in the presence of the convective boundary con

ditions. It will be valuable to study the boundary layer flow of the Sisko fluid over a 

planner as well as curved stretching surfaces in the presence of melting heat transfer 

effects. Also, the study of lmsteady bOlmdary layer flow of t he Sisko fluid over rotat

ing surfaces/geometries which have direct relevance to the industrial applications will 

be the focus of our research in the next step. Also, we considered only impermeable 

stretching flat plate and cylinder in the previous investigations and in the future, we 

can consider different permeable geometries. 
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