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Abstract

In this dissertation, we theoretically investigate the dynamics of a Nano Electro

Opto-Mechanical System (NEOMS) in the presence of a strong pump �eld and a weak

probe �eld. A Fabry-Perot cavity, with a �xed and partially transparent mirror at one

end and a completely re�ecting movable mirror MR1 at the other end makes up the

system. The Opto-mechanical coupling connects MR1 to the intra-cavity �eld. The

cavity also has a second moveable micro-resonator, MR2, which is electro-statically

connected to MR1 via Coulomb coupling. To selectively pump the mechanical res-

onators (MRs), mechanical driving �elds ε1 and ε2 are used.

In NEOMS, a non-linear phenomena known as Four-Wave Mixing (FWM) is exam-

ined in the probe transmission �eld. This non-linearity is generated by the radiation

pressure force of the intra-cavity �eld, produces the FWM which is analogous to the

non-linear Kerr e�ect in optical �bers, which creates non-linear susceptibility in the

medium. This non-linear e�ect is known as the E�ective Kerr E�ect, and is responsible

for Four-Wave Mixing.

FWM is reported in the probe transmission �eld by selectively driving the me-

chanical resonators MR1 and MR2, which provides additional control of FWM. When

the amplitudes and phases of the external driving �elds are changed, the FWM shows

consistent variations. The results reveal that changing the amplitudes and phases of

external driving �elds can yield signi�cant suppression and ampli�cation in the FWM

peaks.
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In the presence of Bose-Einstein Condensate (BEC) trapped inside the cavity, the

FWM phenomena is also enhanced. We show that in the presence of atomic medium

(BEC) in the optical cavity, the FWM intensity is signi�cantly suppressed and am-

pli�ed. By varying of atom-�eld coupling strength, the intensities of FWM peaks

�uctuate coherently. Furthermore, we show that selected mechanical drivings �elds of

MRs e�ectively modulate the medium-mediated FWM signal.

Furthermore, we explore another non-linear e�ect in an nano-transducer theoreti-

cally which is bi-stability. The opto-mechanical coupling that causes the non-linearity

in NOEMS, also produces bi-stable behaviour in the mean intra-cavity photon number.

We investigate the optical as well as mirror bi-stability for the NEOMS in the pres-

ence of external driving �elds on the micro-resonators MR1 and MR2. The external

driving �elds can be used to control the bi-stability. We present a powerful scheme

to experimentally realize an optical switch primarily based on optical bi-stability in a

NEOMS. We report an optical and a mirror bi-stability as a function of input laser

power, coupling frequencies and external mechanical pump �elds on MR1 and MR2.

Here, the coupling frequencies and the switchable driving �elds allow a threshold value

of cavity �eld detuning and of laser power which can be utilized in developing tunable

optical switches and optical transistors.
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Chapter 1

Introduction

Light has been a contentious topic of debate throughout human development. Today

we understand the classical and quantum e�ects of light. In Quantum Electronics, we

study light (photons) and its interactions with matter at the microscopic and macro-

scopic level [1]. The Quantum mechanical systems at microscopic level includes the

interaction of light with particles such as photons, atoms, and electrons,whereas at

macroscopic scale it includes the dynamics of macroscopic systems with focus on nano-

and micro-electronic devices.

1.1 Literature Review

The exchange of momentum between an object and the electromagnetic �eld produces

a pressure force known as radiation pressure force. This includes the momentum of

any wavelength of light or electromagnetic radiation absorbed, re�ected, or otherwise

emitted by materials on any scale. James Clark Maxwell devised a quantitative analysis

1
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for the radiation pressure force, which was later detected in a laboratory in 1901 by

Nichols and Hull in Dartmouth. Since that day, the radiation pressure force has been

studied and used in a variety of applications, including the in�uencing the motion of

cold atoms and subatomic particles. As only the �xed forces are provided by the light,

so, the back-action of mechanical motion onto the electromagnetic �eld is absent in such

scenarios. However, this type of two-way interaction is present in an opto-mechanical

system [2].

The resonance that is the mechanical motion of the moving end mirror modi�es

the geometry of the optical cavity in opto-electronics. The impact of Opto-Mechanical

e�ect is determined by the geometry of the cavity and the amplitude of mechanical

motion. The incoming laser intensity is resonantly ampli�ed when a powerful pump

�eld is inserted into the cavity. The incoming laser �eld is multiplied by the cavity's

optical �neness which is already in the millionth of order. This raises the radiation

force by the same amount. Simultaneously, slight changes in the boundary of the cavity

produce a shift in the optical resonance frequency, resulting in a swift decrease in light

intensity, which reduces the radiation force. As a result, the ensuing motion interacts

back on the light �eld and alters the radiation pressure force.

Radiation pressure is applied to particles such as electrons, atoms and molecules,

and systems with very small dimensions, such as micro-resonators, and micro mirrors.

In these systems an optical �eld interacts resulting in extremely intriguing non-linear

quantum e�ects that are evaluated using well-developed quantum optics methods [2, 3].

These systems are widely employed in a variety of advancements, including integrated

circuit sensors and actuators, as well as optical systems [4, 5]. By examining the optical
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�eld that interacts with the mechanical system, the altered and changed dynamics of

the mechanical system may be examined. The e�ciency of these systems is determined

by how they interact with their thermal environment.

1.2 Cavity �elds

A powerful laser �eld drives the cavity in a conventional opto-mechanical system. The

radiation pressure force is created by this intense �eld. The photons of this strong laser

pump �eld consistently strike the mirror and export their momentum to it, exciting

the moveable mirror at a resonance frequency by the continuous action of radiation

pressure force. To analyze the system's dynamics and internal changes, the powerful

laser beam is supplemented with a weak probe �eld.

1.3 The Opto-Mechanical Cavity

As demonstrated in Figure 1.1, the basic Opto-Mechanical Cavity with a high �neness

and single mode optical cavity is shown. The vibrating end mirror (MR1) is displaced

from its mean location by the intra-cavity �eld's radiation pressure force, which alters

the radiation pressure force.

A high Q Fabry-Perot cavity with a �xed mirror at one end and a moveable mirror

(mechanical resonatorMR1) at the other end is considered. The cavity �eld is coupled

to the mechanical resonator MR1 through opto-mechanical coupling strength g0.

3
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MR1 is coupled to the cavity �eld through opto-mechanical interaction g0. A strong

input laser pump �eld of amplitude εl and a weak probe �eld of amplitude εp are

inserted into the cavity through the �xed mirror. The length of cavity is L.

Through the �xed mirror, a strong input laser �eld of amplitude εl and a weak probe

�eld of amplitude εp are pumped into the cavity. The mechanical resonator MR1 is

displaced from its mean position by the radiation pressure force, changing the cavity

length. The moveable mirror compensates for this shift by exerting a back-action force

on the cavity �eld, lowering the radiation pressure and vice versa.

1.4 Hybrid Electro-Opto-Mechanical Cavity

Hybrid quantum systems [6, 7] combine cavity-based Opto-mechanical systems with

other systems such as qubits [8], mechanical membranes [9, 10], and Bose-Einstein
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condensate [11]. The Quantum Electro-Opto-Mechanical System (QEMS) [12, 13] is an

example of a hybrid system in which mechanical and electronic parametric parameters

are extremely important. Electrostatic Coulomb interaction gives an additional degree

of freedom in such systems, allowing for the resolution of side-band regimes [14, 15].

When this sort of electro-mechanical system is paired with a quantum opto-mechanical

system, a novel hybrid system called as the Nano Electro Opto-Mechanical System

(NEOMS) is created .

In both the classical and quantum realms, Nano Electro Opto-Mechanical Systems

(NEOMS) have the potential to be e�ective low-noise Nano-transducers between mi-

crowave and optical signals. These type of systems provide the acuracy at nano-scale

for measuring the mechanical motion of micro-resonators (MR1,2). The mechanical

vibrations of the moveable mirrors (mechanical-resonators) have a signi�cant impact

on the probe �eld's output signal.

This hybrid system is coupled by three di�erent types of degrees of freedom, which

are optical, electrical and mechanical. A particular Nano-Electro-Opto-Mechanical

Cavity is depicted in Figure 1.2. The system contains a �xed mirror and two mov-

able mirrors (micro-resonators) MR1 and MR2. The cavity composed by the MR1

contains the optical signal i.e, cavity �eld and is coupled through opto-mechanical cou-

pling strength go. TheMR1 is further connected to another mechanical resonatorMR2

through an electrostatic Coulomb interaction gc. These Nano-Electro-Opto-Mechanical

Systems (NEOMS) have a signi�cant advantage over Quantum Opto-Mechanical Sys-

tems (QOMS) in the way that they o�er dynamic control of the �ow of light in nano-

photonic structures at faster speeds and with lower power consumption.
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ity: Here, MR1 is coupled to the cavity �eld through opto-mechanical coupling g0 and

to the second mechanical resonator MR2 through the coulomb coupling strength gc.

The length of the cavity is L while r0 is the equilibrium distance between the two

micro-resonators.

1.5 The Hybrid Electro-Opto-Mechanical Cavity with

the External Driving Fields

The probe transmission �eld of NEOMS is further controlled by selective external

driving �elds of mechanical resonators MR1 and MR2. Selective acoustic control is

used to generate symmetric and asymmetric ampli�cations and suppression of the

output signal. The controllable motion of mechanical resonatorsMR1 andMR2 allows

the switchable signal ampli�cation and light communications. The driving �elds of

amplitude |ε1| and |ε2| at frequencies ω1 and ω2 are shined on the mechanical resonators
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MR1 and MR2, respectively, for this purpose, as illustrated in Figure 1.3.

Figure 1.3: The Schematic representation of the Nano-Electro-Opto-Mechanical Cav-

ity with external driving �elds: Here, MR1 is coupled with the cavity �eld through

opto-mechanical coupling g0 and to the second mechanical resonatorMR2 through the

Coulomb coupling strength gc. A strong pump �eld εl and a weak probe �eld εp is fed

to the cavity. The MR1 is charged by biased voltage +V1 and the MR2 is charged by

−V2. The r0 is the equilibrium distance between MR1 and MR2 which are selectively

driven by the arbitrary driving �elds ε1 and ε2.

1.6 Non-linearity in Cavity-based Systems

The relative variations in photon number get lower as the input laser power increases.

Another e�ect, namely the back-action of the vibrating end mirror onto the cavity �eld,

which alters the radiation pressure force, kicks in at a certain point for higher laser
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powers. The laser beam's inevitable photon shot noise �uctuations apply a random

force on the end mirrors, imprinting some additional motion that masks the signal. The

non-linearity is introduced into the cavity in this way. The e�ective Kerr E�ect [16, 17],

which derives from the radiation pressure force [6, 12], is one of these non-linearities.

Because the length of the optical cavity is determined by the radiation pressure force,

the conception of e�ective Kerr medium was developed. The opto-mechanical coupling

strength go changes due to the intensity dependent length of the cavity. When the

radiation pressure force is reduced, the mirrors' displacement increases, which causes

the cavity length to increase as well, and the cycle continues.

The non-linearities are introduced into the system in this manner, which are investi-

gated using well-developed quantum optics approaches. Four-Wave Mixing (FWM) [13,

18] electromagnetically induced transparency (EIT) [19, 20, 21, 22], opto-mechanically

induced transparency (OMIT) [23, 24], optical bi-stability [25, 26], and multi-stability

[27, 28] are useful tools for studying the non-linear characteristics of hybrid opto-

mechanical systems.

1.7 Layout

The dynamics of a cavity-based hybrid Electro Opto-Mechanical system in the presence

of a powerful pump laser are discussed in detail in this dissertation. A weak probe �eld

is injected into the cavity in addition to the powerful pump �eld to scan the non-

linear optical properties of the output light signal. We discuss a basic Cavity-based

Opto-Mechanical System (COMS) in which a cavity �eld is connected to a moving-end
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mirror through an opto-mechanical coupling. The partly re�ecting �xed mirror injects

the powerful pump laser and weak probe �elds into the cavity. The outgoing intra-

cavity �eld is used to investigate the system's dynamics. The outgoing cavity �eld's

sudden variations in phase and amplitude provide all of the statistical information

about the system's dynamics.

In the second chapter, the Hamiltonian of the Cavity-based System is discussed.

The Hamiltonian of the Opto-Mechanical Cavity is derived. We also discussed the

Hamiltonian of the hybrid Nano-Electro-Opto-Mechanical System in detail. Further

the e�ect of external driving �elds on the micro-resonators (MRs) is considered. Then

the Hamiltonian for this system is thoroughly discussed.

The third chapter is about the Four-Wave Mixing (FWM) which is a non-linear

phenomenon. The probe transmission �eld of the system is used to study the inter-

modulation phenomena in non-linear quantum optics known as Four-Wave Mixing

(FWM). The FWM is a non-linear phenomenon generated by the e�ective Kerr e�ect

of radiation pressure force. The interference of re�ected and transmitted light signals

to the opto-mechanical coupling �eld produces Four-Wave Mixing in such a system.

The non-linear behaviour of Cavity-based Opto-Mechanical Systems (COMS) may be

understood using FWM. In the quantum optical region, the FWM has interesting

applications for creating single photons, compressed light, and entangled photons. We

explore the behaviour of FWM intensity in this dissertation by externally manipulating

the mechanical resonator MR1. The switchable mechanical driving �eld ε1 is applied

to MR1, providing further control of FWM signal.

We also look at the characteristics of Four-Wave Mixing light signals in a Nano
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Electro Opto-Mechanical system, which is a hybrid Electro-Opto-Mechanical System

(NEOMS). A second moving-end mirror MR2 is added to the cavity in this system,

which is electrostatically connected to MR1 via Coulomb contact. By selectively con-

trolling the two mechanical resonators MR1 and MR2, the behaviour of Four-Wave

Mixing (FWM) intensity is investigated. Switchable mechanical drivings of MRs o�er

a �exible way to implement switchable signal ampli�cation in optical systems.

Furthermore in fourth chapter, we investigate the non-linear FWM phenomena

in a Nano transducer (NEOMS) in the presence of Bose-Einstein condensate (BEC)

trapped inside the Fabry-Perot cavity. BEC is particularly essential in exploring and

analysing the underlying mysteries in several �elds of experimental physics. Bose-

Einstein condensate (BEC) has been discovered to be employed as "Quantum Simu-

lators" to excite condensed matter systems [29, 30]. The Bose-Einstein condensation

(BEC) has been proposed as a method for observing quantum mass acquisition [30].

We show that with the presence of atomic medium, such as Bose-Einstein conden-

sate (BEC), in the optical cavity, FWM intensity increases. By selectively activating

the mechanical resonators MR1 and MR2, we show that the medium-mediated FWM

signal is considerably suppressed and ampli�ed.

In the �fth chapter, another non-linear phenomenon has been discussed for the

NEOMS with the external driving �elds known as bi-stability. The optical bi-stability

and mirror bi-stability has been discussed in detail. We see several tune-able parameters

for controlling the bi-stability for the cavity-based system. The system maintains the

bi-stable behaviour for the mean intra-cavity photon numbers with and without the

external driving �elds upon the micro-resonators. This bi-stable behaviour is also
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observed for the position of micro-resonators. Further, the condition of optical as well

as mirror bi-stability has discussed in the chapter.

The research work is concluded in the sixth chapter. Both of the non-linear phe-

nomena (FWM and Bi-stability) can be controlled with di�erent tune-able parameters

for the cavity based system.
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Chapter 2

The System Model and its

Hamiltonian

In this chapter, we develop the theoretical model of Electro-Opto-Mechanical System

under study. Let us consider an Opto-Mechanical Cavity having a �xed mirror at one

end and a moveable mirror MR1 at the other end. It is further extended with another

moveable mirrorMR2 next to theMR1. These two mirrorsMR1 andMR2 are charged

by the opposite biased voltages+V1 and−V2 respectively, are coupled through Coulomb

interaction gc. External driving forces are applied to these two micro-resonators.

2.1 The Opto-Mechanical System (OMS)

As illustrated in Figure 2.1, a simple Cavity-based Opto-Mechanical System (COMS)

with high �neness and a single mode optical cavity is shown. The vibrating end mirror

(MR1) is displaced from its mean position by the intra-cavity �eld's radiation pressure
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force, which alters the radiation pressure force.

A high Q Fabry-Perot cavity with a �xed mirror at one end and a moveable mir-

ror (mechanical resonator MR1) at the other end is considered. The cavity �eld is

connected to the mechanical resonator MR1 through opto-mechanical coupling g0.

Figure 2.1: The Schematic representation of a simple Opto-Mechanical System: Here,

MR1 is coupled with the cavity �eld through opto-mechanical coupling g0. A strong

input laser �eld with amplitude εl and a weak probe �eld with amplitude εp are pumped

to the cavity through the �xed mirror. The length of cavity is L.

Through the �xed mirror, a strong input laser �eld of amplitude εl and a weak

probe �eld of amplitude εp are inserted into the cavity. The mechanical resonator

MR1 is displaced from its mean position by the radiation pressure force, changing the

cavity length L. The moveable mirror MR1 compensates for this shift by exerting a

back-action force on the cavity �eld, lowering the radiation pressure and vice versa.
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2.1.1 Hamiltonian of the OMS

Due to the radiation pressure force, the MR1 acts as a micro-resonator and displaced

from its mean position. So, we consider single mechanical mode for vibrating end mirror

MR1, modeled as harmonic oscillator with frequency ω1, therefore the Hamiltonian of

the MR1 is given by

ĤMR1 = ℏω1b̂1
†
b̂1, (2.1)

where ω1 is the frequency and b̂1
†
and b̂1 are creation and annihilation operators of

MR1 and MR2 respectively with [b̂1, b̂1
†
] = 1.

The cavity is driven by a strong pump �eld εl =
√

2Plκ
ℏωl

. A weak probe �eld

εp =
√

2Ppκ

ℏωp
is pumped into the cavity to scan the outgoing optical signal. Here, κ is

the decay rate of cavity, whereas Pl and Pp are the strong laser and weak probe �eld

powers, respectively. The κ is same for both the frequencies i.e. ωl and ωp.

The Hamiltonian for the cavity has frequency ωc. The photon creation(annihilation)

operator ĉ†(ĉ) is coupled with the Hamiltonian of weak probe �eld and strong pump

�eld. So, the total Hamiltonian of the �eld is

Ĥfield = ℏωcĉ
†ĉ− iℏ(ĉεpeiωpt − ĉ†ε⋆pe

−iωpt) + iℏεl(ĉeiωlt − ĉ†e−iωlt). (2.2)

The εl is the strong laser power induced in the cavity with 9mW strength. So

it is considered as a real value in above equation. While εp is a very weak probe

�eld used to test the non-linearity inside the cavity, is considered as a complex valued

quantity whose real and imaginary parts examine the damping and oscillation of the

�eld respectively. The range of εp is about 10% of the εl.
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The interaction between cavity �eld and MR1 has photon-phonon coupling, so the

interaction Hamiltonian is given as

Ĥint = −ℏg0ĉ†ĉ(b̂†1 + b̂1), (2.3)

where, g0 is opto-mechanical coupling strength which is dependent upon the length of

cavity L and is given by g0 = (ωc

L
)
√

ℏ
2m1ω1

. Here, m1 is the mass of MR1.

The total Hamiltonian of this Cavity-based Opto-Mechanical System is described

in a rotating frame at the frequency of strong laser �eld ωl by

(for ℏ = 1)

Ĥ = Ĥ0 + Ĥint + Ĥfields, (2.4)

where,

Ĥ0 = ∆cĉ
†ĉ,

Ĥint = −g0ĉ†ĉ(b̂†1 + b̂1),

Ĥfields = i(|ε1|b̂†1e−iδt + εlĉ
† + ε⋆pĉ

†e−iδt −H.c),

where, ∆c = ωc − ωl, with the assumption that the frequencies of the driving �elds

satisfy the resonance condition δ = ωp − ωl = ω1.

2.1.2 System Model of NEOMS with External Driving Fields

Figure 2.2 depicts the basic Nano Electro Opto-Mechanical System (NEOMS), which

has a �xed mirror and a moving end mirror MR1 which combine to form an opto-

mechanical system. The mechanical resonator MR1 interacts to the cavity �eld via
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radiation pressure force. A second mirror (mechanical resonator MR2) is introduced

into the cavity which interacts with the mechanical resonator MR1 through phonon-

phonon coupling.

Figure 2.2: The Schematic representation of the Nano Electro Opto-Mechanical Sys-

tem (NEOMS): Here, MR1 is coupled with the cavity �eld through opto-mechanical

coupling g0 and to the second mechanical resonator MR2 through the Coulomb cou-

pling strength gc. A strong pump �eld εl and a weak probe �eld εp are pumped into

the cavity. The MR1 is charged by biased voltage +V1 and MR2 is charged by −V2.

The r0 is the equilibrium distance betweenMR1 andMR2 which are selectively driven

by the arbitrary driving �elds ε1 and ε2.

The second mirror MR2 allows more control over the cavity �eld and gives a

lot of options for learning about non-linear processes in Cavity-based Electro-Opto-

Mechanical Systems.
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2.1.3 Hamiltonian of the NEOMS

We consider single mechanical mode for vibrating end mirrors, modeled as harmonic

oscillatorsMR1 andMR2 with frequencies ω1 and ω2 respectively, therefore the Hamil-

tonian of the mechanical oscillators is

ĤMRs = ℏω1b̂
†
1b̂1 + ℏω2b̂

†
2b̂2, (2.5)

where, ω1 and ω2 are oscillating frequencies and (b̂†1) b̂1 and (b̂†2) b̂2 are (creation)annihilation

operators of MR1 and MR2 respectively with [b̂i, b̂
†
i ] = 1.

The Hamiltonian for the cavity with frequency ωc and bosonic creation(annihilation)

operator ĉ†(ĉ) together with the coupled Hamiltonian of weak probe �eld and strong

pump �elds, is given by total Hamiltonian of the �eld as

Ĥfield = ℏωcĉ
†ĉ− iℏ(ĉεpeiωpt − ĉ†ε⋆pe

−iωpt) + iℏεl(ĉeiωlt − ĉ†e−iωlt). (2.6)

The total interaction Hamiltonian of the system is provided as the sum of the Hamil-

tonian for opto-mechanical coupling between cavity �eld and MR1 and the Coulomb

coupling between MR1 and MR2 as

Ĥint = −ℏg0ĉ†ĉ(b̂†1 + b̂1) + ℏgc(b̂†1b̂2 + b̂1b̂
†
2), (2.7)

where, g0 is opto-mechanical coupling strength and is given by

g0 = (ωc

L
)
√

ℏ
2m1ω1

.

The gc is coulomb coupling strength and is given by

gc = keq1q2
r03

√
ℏ

2m1m2ω1ω2
[31, 32]. Here, ke is the electrostatic constant. The q1 and q2

are the charges on MR1 and MR2 respectively.

17



DRSML Q
AU

The Hamiltonian for the two external driving �elds with amplitudes ε1 and ε2 are

given as

Ĥdr = iℏ(ε1b̂†1e−iω1t − ε1b̂1e
iω1t) + iℏ(ε2b̂†2e−iω2t − ε2b̂2e

iω2t). (2.8)

The e�ective Hamiltonian describing this Nano-Electro-Opto-Mechanical system is

yielded in a rotating frame at the frequency of strong pump laser �eld ωl by (for

ℏ = 1)

Ĥ = Ĥ0 + Ĥcoup + Ĥfields, (2.9)

where,

Ĥ0 = ∆cĉ
†ĉ,

Ĥcoup = −g0ĉ†ĉ(b̂†1 + b̂1) + gc(b̂
†
1b̂2 + b̂1b̂

†
2),

Ĥfields = i(
2∑

j=1

εj b̂
†
je

−iδt + εlĉ
† + ε⋆pĉ

†e−iδt −H.c),

where, ∆c = ωc − ωl with the assumption that the frequencies of the driving �elds

satisfy the condition δ = ωp − ωl = ω1 = ω2.

2.2 NEOMS as a Transducer

The transducers are basically quantum mechanical sensors. The NEOMS is a hybrid

system consist of an opto-mechanical system and electro-mechanical system with two

nano-scale movable mirrors, whereas the distance between the two is around 25 cm.

This hybrid system couples the optical, electrical and mechanical degrees of freedom in

a single nano-scale device that is nano-transducer. The quantum nano-transducer can
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transfer the quantum information between optical and microwave modes at nano-scale.

Here opto-mechanical cavity has information of cavity photons and photon-phonon

interaction. While the electro-mechanical cavity has the information of Coulomb cou-

pling, phonon-phonon interaction and nano-scale mirrors.

The moveable mirrors are called as micro-resonators because the radiation pressure

force displaces them from their mean position in micro scale, but their weight is in

nano-kilogram. So, we see that this hybrid system has quantum information in dif-

ferent modes i.e. photonic, micro-scale, and nano-scale. So the device transfers the

information from one mode to another eventually working at di�erent scales.

The non-linear e�ects in NEOMS are induced when the laser power is pumped into

the cavity. In NEOMS,there is no medium inside the cavity but the non-linearities

analogous to Kerr e�ect [16, 17] are present. Such non-linear e�ects are due to radia-

tion pressure force. As the radiation pressure force is changed with the oscillation of

micro resonators, the non-linearity in the medium also is also changed with it. Due

to non-linearity, the optical response of the opto-mechanical system is altered because

of the mechanical interaction, and di�erent phenomena like OMIT [23, 24], and slow

light e�ect [11] come into account. These e�ects are undesirable , depending on their

technological application. But fortunately, the non-linearity e�ects are controllable

inside the cavity by tuning di�erent parameters. In our work, we see that FWM is

controllable in NEOMS which is a non-linear phenomenon.
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Chapter 3

The Controlled Four-Wave Mixing

(FWM)

In this chapter, the dynamics of controlled Four-Wave Mixing (FWM) in NEOMS is

discussed in detail. The FWM has been seen in the probe transmission �eld when two

external driving �elds are present on moving mirrors. By adjusting the amplitudes and

phases of the external driving �elds, we show that Four-Wave Mixing has controllable

dynamics.

3.1 Four-Wave Mixing (FWM)

When a high-energy optical �eld is applied to a cavity-based system, non-linearities

occur. Non-linearity exists in cavity opto-mechanical systems, just as they do in non-

linear media, although the causes of these non-linearities are di�erent in both situations.

There is no medium inside the cavity in basic cavity opto-mechanical systems, although
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non-linearities similar to the Kerr e�ect [8] are present.The radiation pressure force is

the cause of such non-linear e�ects. With the oscillation of mechanical resonators, the

radiation pressure force changes, and the non-linearity in the medium changes as well.

Because of the mechanical interaction, non-linearity alters the optical response of the

opto-mechanical system, resulting in phenomena such as OMIT [9, 10, 11] and slow

light e�ect [11].

According to Huang and Agarwal [33], Four-Wave Mixing (FWM) is another non-

linear phenomena that has been studied. In nonlinear quantum optics, a phenomenon

known as Four-Wave Mixing (FWM) occurs when interaction between two or three

wavelengths results in the creation of one or two new wavelengths. The FWM a

non-linear optical phenomenon based on quantum interference and coherence that has

been studied extensively since the birth of non-linear optics, is one of the most well-

known non-linear optical phenomena. This has a wide range of applications, including

frequency conversion [12], quantum entanglement [6], halted light [18], and fast light

[34]. However, the loss of linear absorption in typical materials can only account for

a tiny portion of the non-linear co-e�cient. To overcome this barrier, Harris [12]

demonstrated that in a three-level system, third-order susceptibility can be resonantly

enhanced using electromagnetically induced transparency (EIT), implying that a highly

e�cient Four-Wave Mixing process based on EIT can be achieved by reducing linear

absorption. Li and Xiao [13] reported an experimental �nding of the ampli�cation of

non-degenerate Four-Wave Mixing based on EIT in a lambda-type three-level system of

Rubidium atoms. For a �ve-level atomic system, Wu et al. [35] shown that suppressing

photon absorption from EIT can enhance FWM. For a four-level system, Deng et al.
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[26] suggested a strategy for opening Four-Wave Mixing (FWM) optical channels.

3.2 Controlled FWM in OMS

The model showed in Figure 2.1 of chapter two is an Opto-Mechanical System (OMS).

The total Hamiltonian of OMS is also de�ned in equation (2.5).

For observing the non-linearity in this system, a strong laser �eld with frequency

ωl and a weak probe �eld with frequency ωp are pumped into the optical cavity. In

addition, a switchable mechanical driving �eld of amplitudes |ε1| is applied to the

mechanical resonators MR1 as shown in Figure 3.1.

Figure 3.1: The Schematic representation of a basic Opto-Mechanical Cavity): Here,

MR1 is coupled to the cavity �eld through opto-mechanical interaction g0. A strong

input laser pump �eld of amplitude εl and a weak probe �eld of amplitude εp are

inserted into the cavity through the �xed mirror. The length of cavity is L. The MR1

is selectively driven by arbitrary driving �eld ε1.
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The Hamiltonian for the external mechanical driving �eld of MR1, with amplitude

|ε1| is given as

Ĥdr = iℏ|ε1|(b̂†1e−iω1t − b̂1e
iω1t). (3.1)

The total Hamiltonian of this system is described as

Ĥ = Ĥ0 + Ĥint + Ĥfields + Ĥdr. (3.2)

The cavity �eld switches from excited to ground state and vice versa by using

creation and annihilation operators ĉ† and ĉ. So the cavity has some decay rate which

is denoted by κ. The MR1 also oscillates around its mean position. The creation and

annihilation operators for the position of MR1 are b
†
1 and b1 receptively.

So, the Heisenberg-Langevin Equations of Motion for the system can be calculated

by using the standard relation

dÔ

dt
= − i

ℏ
[Ĥ, Ô] +

1

2
{Γ̂, Ô}+ N̂s. (3.3)

Here, Ô is any operator of the system. The �rst term expresses the commutation

relationship between the system's total Hamiltonian and its operator. The second term

accounts for the decays associated with the operator Ô, while the third term, the noise

operator, accounts for the noise in the system. We substitute equation (3.2) in equation

(3.3) to build the equation of motion as

˙̂c = −(i∆c +
κ

2
)ĉ+ ig0(b̂

†
1 + b̂1)ĉ+ εl + εpe

−iδt +
√
2κĉin(t),

˙̂
b1 = −(iω1 +

γ1
2
)b̂1 + ig0ĉ

†ĉ+ |ε1|e−iδt +
√

2γ1ζ̂1(t), (3.4)

where ∆c = ωc − ωl, κ and γ1 are the decay rates related to the cavity and mechanical

resonator MR1 respectively. Here, ĉin(t) is the input vacuum noise with zero expected

23



DRSML Q
AU

value, ζ̂1(t) and ζ̂2(t) are the Brownian noise operators associated with the damping of

the two mechanical resonators MR1 and MR2. By using Markov approximation, the

correlation functions of these input noise operators are given by [36]

⟨ĉin(t)ĉ†in(t′)⟩ = δ(t− t′),

⟨ζ̂i(t)ζ̂i(t′)⟩ = (nth + 1)δ(t− t′),

with i = 1, 2.

Here, nth = (e
ℏω

kBT −1)−1 and kB is the Boltzmann constant, T is the temperature of

the reservoir of the mechanical resonator and ω is the frequency of thermal vibration

and ℏω is the energy of the reservoir. Here, we use the mean-�eld approximation

⟨c†c⟩ ≈ ⟨c†⟩⟨c⟩ as a mathematical tool to decouple the coupled operators. The equations

of motion can be written as

⟨ ˙̂c⟩ = −(i∆c +
κ

2
)⟨ĉ⟩+ ig0(⟨b̂1⟩

†
+ ⟨b̂1⟩)⟨ĉ⟩+ εl + εpe

−iδt +
√
2κ⟨ĉin(t)⟩,

⟨ ˙̂b1⟩ = −(iω1 +
γ1
2
)⟨b̂1⟩+ ig0⟨ĉ†⟩⟨ĉ⟩+ |ε1|e−iδt +

√
2γ1⟨ζ̂1(t)⟩. (3.5)

We calculate the Nano-Electro-Opto-Mechanical System's linear response to the

weak probe �eld. The noise terms connected with the system average out. We linearize

the dynamical equations of the system by performing calculations in the neighbourhood

of steady state values, such as ĉ = cs + δĉ and b̂1 = b1s + δb̂1, in the case the amplitude

of the pump �eld ε1, is large compared to the amplitude of probe �eld εp and driving

�eld ε1 i.e., εp, |ε1| << εl.

By setting the time derivatives of the operators in equation (3.5) to zero, we get
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the system's steady state values as

cs =
εl

i∆c − ig0(b1s
⋆ + b1s) +

κ
2

,

b1s =
ig0|cs|2

iω1 +
γ1
2

. (3.6)

Where, cs and b1s are the steady state values of the cavity �eld photon numbers and

the phonon number of mechanical resonator MR1, respectively.

The �uctuation terms of the equations of motion can be simpli�ed to

δ ˙̂c = −(i∆+
κ

2
)δĉ+ ig0cs(δb̂

†
1 + δb̂1) + εpe

−iδt,

δ
˙̂
b1 = −(iω1 +

γ1
2
)δb̂1 + ig0csδĉ

† + ig0cs
∗δĉ+ |ε1|e−iδt, (3.7)

where, ∆ = ∆c − g0(b1s
∗ + b1s) denotes the e�ective detuning.

The amplitudes of the �rst-order side-band modes in the system, are calculated as

we consider the �uctuation terms such that,

δĉ = A1
−e−iδt + A1

+eiδt,

δb̂1 = B1
−e−iδt +B1

+eiδt. (3.8)

Substituting equation (3.7) into the set of equation (3.8), for �rst order side-band, we

25



DRSML Q
AU

get the following set of eight linear equations:

h1
+A1

+ = iGB1
+ + iGB1

−∗ + εp,

h1
−A1

− = iGB1
− + iGB1

+∗,

h2
−B1

+ = iGA1
−∗ + iG∗A1

+ + ε1,

h2
+B1

− = iGA1
+∗ + iG∗A1

−,

h1
+A1

−∗ = −iGB1
−∗ − iGB1

+,

h1
−A1

+∗ = −iGB1
+∗ − iGB1

− + εp,

h2
+B1

+∗ = −iGA1
−∗ − iG∗A1

+,

h2
−B1

−∗ = −iGA1
+∗ − iG∗A1

− + ε1, (3.9)

where, we labeled G = g0cs, h1
± = ±i∆+ κ/2− iδ and h2

± = ±iω1 + γ1/2− iδ.

In the above set of equations, the phase term φ1 is introduced as ε1 = |ε1|e−iφ1 .

Equation (3.9) shows that A1
+ is a function of weak probe �eld frequency δ. So, for

external driving �eld ε1 on MR1, we solve the set of equation (3.9) for the value of

A1
+, we get A1

+ as

A1
+ =

−2|G|2(2Gε1e−iφ1 − ih2
−εp)h1

+

h1
+(2i|G|2h2−h1+ − h1

−(−2i|G|2 + h2
−h1

+)h2
+)

+
(G2h1

−εp − (2iGh1
−ε1e

−iφ1 + (G2 + h1
−h2

−)εp)h1
+)h2

+

h1
+(2i|G|2h2−h1+ − h1

−(−2i|G|2 + h2
−h1

+)h2
+)

. (3.10)
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3.2.1 Calculation of FWM

By using the standard input-output relation ⟨ĉout(t)⟩ = ⟨ĉin(t)⟩−
√
2κĉ for the system,

we consider ĉ− = A1
− and ĉ+ = A1

+, we �nd:

⟨ĉout(t)⟩ = (εl −
√
2κcs)e

−iωlt + (εp −
√
2κĉ−)e

−iωpt −
√
2κĉ+e

−i(2ωl−ωp)t.

There are three frequency components ωl, ωp and 2ωl − ωp . The third component

2ωl − ωp is a new generated frequency which corresponds to the Four-Wave Mixing

(FWM) phenomenon. It is generated when two laser �eld photons combine with a

probe �eld photon in the presence of opto-mechanical coupling go. If there is no opto-

mechanical coupling go, there will be no FWM. The transmission of the probe �eld is

de�ned by the ratio of output and input �eld amplitudes at the probe frequency. So,

by considering only the 3rd term in output �eld, the intensity of the Four-Wave Mixing

(FWM) is calculated as

FWM =

∣∣∣∣∣−
√
2κA1

+

εp

∣∣∣∣∣
2

. (3.11)

It is the mean-square value of the FWM signal.

For simulation purpose, we use the experimental parameters for Opto-Mechanical

System (OMS) presented in [37, 38]. The length of cavity is taken L = 25cm and

mass of the micro-resonator MR1 is taken as m1 = 145ng. The opto-mechanical

coupling strength is g0 = 2π× 4kHz, and other parameters are ω1 = 2π× 947kHz and

γ1 = 2π × 140kHz

As in reference [38] the cavity decay rate is κ = 2π × 215kHz. The cavity �eld

frequency ωc is calculated by the relation ωc = 2πc/λc, where c is speed of light and
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λc is the wavelength of laser �eld. So, the value of ωc is calculated as 1.77 × 1015Hz.

We select cavity detuning ∆c = ω1 and ωl = ωc−ω1, and the power of the strong laser

�eld is taken as 9mW . We choose the value of e�ective detuning as ∆ = ω1.

As we can see that the value of mechanical resonator frequency is greater than

cavity decay rate i.e., ω1�κ, hence the system remains in the resolved side-band regime

[16, 39].

3.2.2 Coupling Controlled FWM
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Figure 3.2: A 2-D plot for FWM Intesity (arbitrary units) vs normalized detuning

δ/ω1, for di�erent values of opto-mechanical coupling strength g0. The Coulomb cou-

pling parameter is neglected, i.e gc = 0. ε1 = 0.

When the mechanical driving �eld is not applied to the micro-resonator (MR1),

i.e, ε1 = 0, for lower opto-mechanical coupling levels, the FWM spectra have a single
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peak., as shown in Figure 3.2.

Peaks can be seen in the Stokes (δ < ω1) and Anti-Stokes (δ > ω1) side-band

regimes. There is no FWM signal in the output probe �eld when the opto-mechanical

coupling is absent (see black dashed line in Figure 3.2).

When the opto-mechanical coupling go is introduced into the system, the FWM

signal appears in the probe transmission �eld (blue dashed line in Figure 3.2) and

the intensity of FWM signal is ampli�ed, when the strength opto-mechanical coupling

(go) is increased (black dot-dashed curve in Figure 3.2). For lower value of opto-

mechanical coupling strengths go, the FWM curve has a single peak with center at

δ = ω1 (see blue dashed and red dotted curves). This feature also accounts for single

photon resonance process [39]. For stronger opto-mechanical coupling strength go,

the spectrum of the FWM intensity curve becomes broadened and splits into two

asymmetric peaks (see black dot-dashed line), so, producing two-photons resonance

process. The reason behind this phenomenon is that when opto-mechanical coupling

go is increased, the cavity-mirror interaction becomes more stronger, which allows more

photons to enter into the cavity in FWM which accounts for a stronger spectrum of

the output signal.

3.2.3 Phase Controlled FWM

Here, we see the behavior of FWM intensity signal by keeping the opto-mechanical

coupling strength constant (go = 2π × 4kHz) and varying the amplitude and phase of

external driving �eld ε1.

In the presence of external driving �eld ε1 on micro-resonator MR1 , the peak of
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FWM signal can be suppressed and ampli�ed at Stokes side-band and at Anti-Stokes

side-band regimes, respectively. The intensity of the peak of FWM signal at Anti-

Stokes side-band is smaller than the intensity of the peak at Stokes side-band (see

Figure 3.3a).

By increasing the phase φ1 of the driving �eld on MR1 from 0 to π/4, at Anti-

Stokes side-band, the FWM spectrum greatly increases for the peak, but at the Stokes

side-band, the signal is suppressed. This behavior is shown in Figure 3.3b. The reason

behind this behaviour is that the e�ect of the opto-mechanical coupling strength go is

enhanced by pumping the MR1 with the external driving �eld ε1.
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Figure 3.3: The FWM Intensity as a function of normalized detuning δ/ω1. Only

opto-mechanical coupling is present,and is kept constant,i.e, g0/2π = 4kHz. The

Coulomb coupling parameter is kept zero, i.e gc = 0. ε1/εp = 0.45. The value of phase

is (a) φ1 = 0, and (b) φ1 = π/4.

In Figure 3.4a, for ε1/εp = 0.45, the intensity of the peak the FWM signal at Stokes

side-band increases while decreases at the Anti-Stokes side-band by setting the phase
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φ1 = π. When the phase angle is increased to φ1 = 3π/2, the FWM intensity signals

has the single peak at the resonance point. (see Figure 3.4b).
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Figure 3.4: The FWM Intensity signal as a function of normalized detuning δ/ω1.

Other parameters are ε1/εp = 0.45 and phase value for (a) is φ1 = π and (b) is

φ1 = 3π/2.

As the phase angle is further increased, relative suppression and ampli�cation of

the FWM signal is appeared in the observed FWM spectrum. This behaviour is due to

the fact that the e�ective opto-mechanical coupling coe�cient go is modi�ed for every

phase value. The periodic behavior is further con�rmed by plotting the FWM across

the scaled detuning δ/ω1 and the phase φ1 in the Figure 3.5.

The FWM signal is strong at Stokes line but the signal is very weak at Anti-Stokes

line in the range of phase φ1 = π to 2π, which can be clearly seen in Figure 3.5. These

periodic ampli�cation and suppression are observed in the intensity spots shown in

Figure 3.5.
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detuning δ/ω1 displays a periodicity as a function of phase φ1,. Here, ε1/εp = 0.45.

3.2.4 Amplitude controlled FWM

The FWM signal is ampli�ed by varying the amplitude ε1 of the mechanical driving

�eld at MR1.

The value of the phase is kept constant while investigating the e�ect of varying

amplitude of mechanical driving �eld on the FWM signal. From Figure 3.6, it is

clearly seen that the intensity of FWM spectrum increases prominently for both peaks

and the intensity of FWM signal near the resonance point becomes more stronger.

While in the absence of mechanical driving �eld, there was no FWM signal at the

resonance point (see, Figure 3.2). Due to the signi�cant enhancement in the e�ective

opto-mechanical coupling g0, these features observed.

In the generation of the FWM signal, the opto-mechanical coupling strength g0 plays

a central role. The external mechanical driving �eld enhances the opto-mechanical
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coupling strength, which accounts for a stronger FWM intensity in the output signal.
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Figure 3.6: FWM Intensity as a function of normalized detuning δ/ω1, for di�erent

values of ε1/εp. The value of the φ1 = 0

The intensity of both of the peaks of FWM signal increases with increase in the

amplitude ε1 of external driving �eld of MR1. For the amplitude ε1/εp = 0.25, the

FWM signal is absent at the o�-resonance δ/ω1 = 1 (see blue dashed curve in Figure

3.6). When the amplitude of driving �eld at MR1 is increased, the FWM signal in

the o�-resonance regime prominently increases (see blue line and dot-dashed curves in

Figure 3.6).

3.3 Controlled FWM in NEOMS

A strong pump �eld of frequency ωl and a weak probe �eld of frequency ωp are applied

to the optical cavity, in the presence of two external driving �elds ε1 and ε2 applied to
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the mechanical resonators MR1 and MR2, respectively. Due to these external driving

�elds, the micro-resonators oscillate around their mean position. The creation and

annihilation operators for the position of MR1 are b̂
†
1 and b̂1 and for MR2 are b̂

†
2 and

b̂2 receptively. The symbol κ describes the cavity decay rate, while γ1 and γ2 are the

decay rates associated to MR1 and MR2, respectively.

Figure 3.7: The Schematic representation of a basic Opto-Mechanical Cavity): Here,

MR1 is coupled to the cavity �eld through opto-mechanical interaction g0. A strong

input laser pump �eld of amplitude εl and a weak probe �eld of amplitude εp are

inserted into the cavity through the �xed mirror. The L is the length of cavity. The

MR1 andMR2 are selectively driven by ε1 and ε2 respectively. The κ is the cavity decay

rate while γ1 and γ2) are the decay rates associated to MR1 and MR2 respectively.

The total Hamiltonian describing the Nano-Electro-Opto-Mechanical system, in a
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rotating frame at the frequency of strong pump laser �eld ωl, is

Ĥ = Ĥ0 + Ĥcoup + Ĥfields, (3.12)

where, for ℏ = 1,

H0 = ∆cc
†c,

Hcoup = −g0c†c(b1† + b1) + gc(b1
†b2 + b1b2

†),

Hfields = i(
2∑

j=1

εjbj
†e−iδt + εlc

† + ε⋆pc
†e−iδt −H.c).

Where, ∆c = ωc − ωl with the assumption that the frequencies of the driving �elds

satisfy the resonance condition δ = ωp − ωl = ω1 = ω2.

The Heisenberg-Langevin Equation of motion for the system is

dÔ

dt
= − i

ℏ
[Ĥ, Ô] +

1

2
{Γ̂, Ô}+ N̂s. (3.13)

Here, Ô is an arbitrary operator of the system. The �rst term expresses the commu-

tation relationship between the total Hamiltonian and operator Ô. The second term

accounts for the decays associated with the operator Ô, while the third term is the

noise operator, accounts for the noise in the system. We now use equation (3.12) in

equation (3.13) to build the equation of motion that is

˙̂c = −(i∆c +
κ

2
)ĉ+ ig0(b̂

†
1 + b̂1)ĉ+ εl + εpe

−iδt +
√
2κĉin(t),

˙̂
b1 = −(iω1 +

γ1
2
)b̂1 + ig0ĉ

†ĉ− igcb̂2 + ε1e
−iδt +

√
2γ1ζ̂1(t),

˙̂
b2 = −(iω2 +

γ2
2
)b̂2 − igcb̂1 + ε2e

−iδt +
√

2γ2ζ̂2(t). (3.14)

Where, ∆c = ωc−ωl. The symbols κ and γi(i = 1, 2) are decay terms related to cavity

and mechanical resonators respectivelyMR1 andMR2. The ĉin(t) is the input vacuum
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noise with zero expected value. The ζ̂1(t) and ζ̂2(t) are the Brownian noise operators

associated with the damping of the two mechanical resonators MR1 and MR2. By

using Markov approximation, the correlation functions of these input noise operators

are given by [36]

⟨ĉin(t)ĉ†in(t′)⟩ = δ(t− t′),

⟨ζ̂i(t)ζ̂i(t′)⟩ = (nth + 1)δ(t− t′),

with i = 1, 2.

Here nth = (e
ℏω

kBT −1)−1. The kB is the Boltzmann constant, T is the temperature of the

reservoir of the mechanical resonator, ω is the frequency of thermal vibration and ℏω is

the energy of the reservoir. Here, we use the mean-�eld approximation ⟨ĉ†ĉ⟩ ≈ ⟨ĉ†⟩⟨ĉ⟩

as a mathematical tool to decouple the coupled operators. The equations of motion

can be written as

⟨ ˙̂c⟩ = −(i∆c +
κ

2
)⟨ĉ⟩+ ig0(⟨b̂1⟩

†
+ ⟨b̂1⟩)⟨ĉ⟩+ εl + εpe

−iδt +
√
2κ⟨ĉin(t)⟩,

⟨ ˙̂b1⟩ = −(iω1 +
γ1
2
)⟨b̂1⟩+ ig0⟨ĉ†⟩⟨ĉ⟩ − igc⟨b̂2⟩+ ε1e

−iδt +
√

2γ1⟨ζ̂1(t)⟩,

⟨ ˙̂b2⟩ = −(iω2 +
γ2
2
)⟨b̂2⟩ − igc⟨b̂1⟩+ ε2e

−iδt +
√

2γ2⟨ζ̂2(t)⟩. (3.15)

We are simply interested in the Nano-Electro-Opto-Mechanical System's linear re-

sponse to the weak probe �eld. The noise terms connected with the system are averaged

to zero. The dynamical equations of the system can be linearized by adding small per-

turbations such as ĉ = cs + δĉ and b̂ = bis + δb̂i (i = 1, 2). The amplitudes of probe

�eld εp and that of external driving �elds ε1 and ε2 on MR1 and MR2 respectively,

are very very small as compared to the amplitude of laser �eld εl i.e., εp, ε1,2 << εl.
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By setting the time derivatives of the operators in equation (3.15) to zero yields the

system's steady state values as

cs =
εl

i∆c − ig0(b1s
⋆ + b1s) +

κ
2

,

b1s =
ig0|cs|2 − igcb2s

iω1 +
γ1
2

,

b2s =
−igcb1s
iω2 +

γ2
2

, (3.16)

where cs and bis(i = 1, 2) are steady-state values of cavity �eld and mechanical res-

onators, respectively.

The �uctuation terms of the equations of motion can be simpli�ed to:

δċ = −(i∆+
κ

2
)δc+ ig0cs(δb1

† + δb1) + εpe
−iδt,

δḃ1 = −(iω1 +
γ1
2
)δb1 + ig0csδc

† + ig0cs
∗δc− igcδb2 + ε1e

−iδt,

δḃ2 = −(iω2 +
γ2
2
)δb2 − igcδb1 + ε2e

−iδt, (3.17)

where, ∆ = ∆c − g0(b1s
∗ + b1s) is the e�ective detuning.

Following �uctuation terms are considered for determining the amplitudes of �rst

order side-bands in the system:

δc = A1
−e−iδt + A1

+eiδt,

δb1 = B1
−e−iδt +B1

+eiδt,

δb2 = B2
−e−iδt +B2

+eiδt. (3.18)

37



DRSML Q
AU

Substituting equation (3.18) into the set of equations equation (3.17), we get the fol-

lowing set of eight linear equations for �rst order side-bands as:

h1
+A1

+ = iGB1
+ + iGB1

−∗ + εp,

h1
−A1

− = iGB1
− + iGB1

+∗,

k+B1
+ = iGA1

−∗ + iG∗A1
+ + ε1 − fε2,

k−B1
− = iGA1

+∗ + iG∗A1
−,

h1
+A1

−∗ = −iGB1
−∗ − iGB1

+,

h1
−A1

+∗ = −iGB1
+∗ − iGB1

− + εp,

h2
+B1

+∗ = −iGA1
−∗ − iG∗A1

+ + sB1
+ + fε2,

h2
−B1

−∗ = −iGA1
+∗ − iG∗A1

− + tB1
− + ε1. (3.19)

Where the terms are labeled as: G = g0cs, h1
± = ±i∆+κ/2−iδ, h2± = ±iω1+γ1/2−iδ,

h3
± = ±iω2+γ2/2−iδ, k± = h2

±+gc
2/h3

±, s = gc
2/h3

+, t = gc
2/h3

− and f = igc/h3
+.

By introducing the phase terms in the above set of equations as ε1 = ε1e
−iφ1 and

ε2 = ε2e
−iφ2 for external driving �elds ε1 and ε2 on micro-resonators MR1 ans MR2

respectively, we solve the above set of equations (equation (3.19)) for �nding the value

of A1
+ as

A1
+ =

[2i|G|2(sk− − st+ h2
−h2

+ + k+h2
+)− k−h1

−h2
+(h2

− + k+)]G

4i|G|4(t− k−)(s− k+) + h2
−h2

+(2|G|2 + ik−h1
−)(k+h1

+ − 2i|G|2)
ε1

+
[2if |G|2(st− sk− − tk+ + k−k+ − h2

−h2
+) + fk−h1

−h2
−h2

+]G

4i|G|4(t− k−)(s− k+) + h2
−h2

+(2|G|2 + ik−h1
−)(k+h1

+ − 2i|G|2)
ε2

+
[2|G|2(st− sk− − tk+ + k−k+ − h2

−h2
+)]G2

4i|G|4(t− k−)(s− k+) + h2
−h2

+(2|G|2 + ik−h1
−)(k+h1

+ − 2i|G|2)
εp

+
ik+h2

+(k− − t)G2 + h2
−h2

+(2|G|2k+ + ik−h1
−k+ − iG2k−h1

−)

4i|G|4(t− k−)(s− k+) + h2
−h2

+(2|G|2 + ik−h1
−)(k+h1

+ − 2i|G|2)
εp.
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Here, A1
+ is the amplitude of the FWM signal. Since G = g0cs, so we can say that

the FWM phenomenon in the output signal depends on opto-mechanical coupling go.

If opto-mechanical coupling is neglected i.e. go = 0, the value of A1
+ becomes zero.

3.3.1 Calculation of FWM

We choose the experimental parameters for a Nano Electro Opto-Mechanical system

presented in [37, 38] and numerically study the periodic suppression and ampli�cation

in FWM signal. The length of cavity is taken L = 25cm and other parameters are

g0 = 2π × 4kHz, gc = 0.2MHz, ω1,2 = 2π × 947kHz, γ1,2 = 2π × 140kHz and masses

of the micro-resonatorMR1 andMR2 are taken as m1 = m2 = 145ng. As presented in

[38] , the cavity decay rate is κ = 2π×215kHz. The cavity �eld frequency is calculated

by the relation ωc = 2πc/λc, where c is speed of light, and the value of frequency ωc is

calculated as 1.77 × 1015Hz. We choose ∆c = ω1 and ωl = ωc − ω1, and the power of

the laser �eld is taken as 9mW . The value of e�ective detuning is chosen to be δ = ω1.

The system stays in the resolved side-band regime [15] because the values of me-

chanical resonator frequencies are greater than cavity decay rate,i.e ω1,2�κ.

The FWM signal in the output �eld is calculated as using the relation from equation

(3.11) , which follows as:

FWM =

∣∣∣∣∣−
√
2κA1

+

εp

∣∣∣∣∣
2

.
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3.3.2 Coulomb-coupling controlled FWM

As the switchable mechanical driving �elds at MR1 and MR2 are absent, the FWM

intensity is observed to show the consistent ampli�cations and modi�cations in the

output signal. By keeping the opto-mechanical coupling coe�cient constant, i.e g0 =

Figure 3.8: A 2-D plot for FWM Intesity signal (arbitrary units) vs normalized

detuning δ/ω1, for di�erent values of gc. Other parameters are g0/2π = 4kHz, and

ε1 = ε2 = 0.

2π×4kHz, the FWM spectrum is shown in Figure 3.8 for di�erent values of electrostatic

Coulomb coupling strength gc. The FWM spectrum has two mode-splitting peaks. The

intensity of peaks is almost same for lower values of Coulomb coupling (gc) (see the

dashed and the dot-dashed black curves in Figure 3.8), but the FWM intensity is

di�erent the higher values of gc (see the black solid curve in Figure 3.8). The frequency

shift between the two peaks is observed by the additional control of second mirror
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(MR2). As the value of gc increase, this frequency shift also increases. The line

width of both FWM peaks (at Stokes and Anti-Stokes lines) decreases as the Coulomb

coupling is increased.

This behaviour is more clearly shown in a 3-D representation in Figure 3.9, as we plot

FWM signal as a functionn of detuning δ/ω1 and Coulomb coupling gc.

Figure 3.9: A 3-D plot for FWM Intesity (arbitrary units) as a function of normalized

detuning δ/ω1 and Coulomb coupling gc. Other parameters are g0/2π = 4kHz, and

ε1 = ε2 = 0.

In Figure 3.9, two intensity streams, separated by the frequency shift are clearly

seen. The resonance, which is responsible for the FWM signal, appears in the regions

of these bright bands. The FWM signal is absent in between (o�-resonant points) these

intensity streams.

41



DRSML Q
AU

3.3.3 Phase Controlled FWM

The versatile phase control gives intuitive understanding of the non-linearity in cavity

opto-mechanical systems. The extra control provided by the second mirror (MR2) is

appraised by varying the phases of the selective mechanical driving �elds of MR1 and

MR2.
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Figure 3.10: A 2-D plot for FWM Intesity (arbitrary units) as a function of normalized

detuning δ/ω1, for di�erent values of φ2. Other parameters are g0/2π = 4kHz, gc =

0.4MHz, ε1 = 0, and ε2/εp = 0.45.

By driving the second micro-resonator (MR2) only, i.e ε1/εp = 0 and ε2/εp =

0.45, two mode-splitting peaks are resulted in the FWM spectrum, which is shown

in Figure 3.10. In both peaks, an asymmetrically ampli�ed FWM signal is achieved

(see, blue-dashed and black solid curves in Figure 3.10). The FWM signal is suppressed

(φ2 = π/4) and ampli�ed (φ2 = π) at Anti-Stokes line while the light signal is ampli�ed
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(φ2 = π/4) and suppressed (φ2 = π) at Stokes line. The science behind this asymmetric

ampli�cation and suppression is that by driving the mechanical resonator MR2, only

e�ective Coulomb coupling can be enhanced. That is why asymmetric ampli�cation

and suppression of the FWM signal can be achieved by selective mechanical driving of

MR2.

A 3-D representation of the phase controlled intensity of FWM signal is shown in

Figure 3.11.

Figure 3.11: A 3-D plot for FWM Intesity (arbitrary units) as a function of normalized

detuning δ/ω1 and phase φ2. Other parameters are g0/2π = 4kHz, gc = 0.4MHz,

ε1 = 0, and ε2/εp = 0.45.

The ampli�cation of FWM signal changes periodically with the phase φ1 (see Figure

3.11) by driving the mechanical resonator MR2 only. This asymmetric ampli�cation
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of the light signal is due to enhancement in the e�ective Coulomb coupling gc. The

FWM signal is absent in the o� resonant region.

The selective mechanical driving of both mirrorsMR1 andMR2, imparts the ability

to completely block or amplify the FWM signal. To understand the FWM spectrum

in the presence of mechanical driving �elds on both mirrors MR1 and MR2, the am-

plitudes of both mechanical driving �elds are set to ε1/εp = ε2/εp = 0.45.
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Figure 3.12: A 2-D plot for FWM Intesity (arbitrary units) as a function of normalized

detuning δ/ω1, for di�erent values of φ2. Other parameters are g0/2π = 4kHz, gc =

0.4MHz, ε1/εp = ε2/εp = 0.45.

Asymmetric ampli�cations in the FWM light signal is achieved for the phase values

φ2 = 0 and π, which is shown in Figure 3.12. The mechanical driving of both MR1

and MR2 is advantageous at some extent because symmetric ampli�cation can also be

observed in the FWM signal (see blue-dashed curve in Figure 3.12). A jitter variation

(notch) in the FWM signal is found at the resonance point δ = ω1. This behaviour
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is due to the fact that both e�ective opto-mechanical coupling and Coulomb coupling

strengths are enhanced by driving both MR1 and MR2 at the same time.

Figure 3.13: A 3-D plot for FWM Intesity (arbitrary units) as a function of normalized

detuning δ/ω1 and phase φ2. Other parameters are g0/2π = 4kHz, gc = 0.4MHz,

ε1 = 0, and ε2/εp = 0.45.

In the o� resonant region (δ = ω1), the FWM signal is not zero but has a weak

signal in this area, as shown in Figure 3.13.

3.3.4 Amplitude Controlled FWM

In Figure 3.14 the FWM intensity is shown against the normalized detuning for vary-

ing amplitude of mechanical driving on MR2. Again asymmetric ampli�cations and
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suppressions are seen in the FWM signal around the resonance point. The FWM signal

is almost blocked at the o� resonant region δ = ω1.

This ability of selective switching and amplifying the input probe signal is highly

desirable in practical optical communications [40, 41, 42, 43, 44, 45, 46, 47].
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Figure 3.14: A 2-D plot for FWM Intesity (arbitrary units) as a function of normalized

detuning δ/ω1, for di�erent values of ε2/εp. Other parameters are g0/2π = 4kHz,

gc = 0.4MHz, ε1 = 0, and ε2/εp = 0.45.
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Chapter 4

Controlling FWM in NEOMS via BEC

The Bose-Einstein condensation (BEC) is a macroscopic occupation of atoms in a sin-

gle quantum state. In 1924, Satyendra Nath Bose and Albert Einstein explained the

condensation phenomenon. The BEC of material particles is formed when the bosons

are trapped at near to absolute zero temperatures by di�erent cooling techniques, such

as laser cooling [48], evaporative cooling [49] and Sisyphus cooling [50]. The �rst Bose-

Einstein condensate (BEC) was observed experimentally in Rubidium (Rb87) by Eric

Cornell, Carl Weiman [51] and co-workers in June 1995, using a combination of laser

cooling and magnetic-evaporative cooling [52, 53]. Later, Wolfgang Ketterle [54] in-

dependently condensed Sodium (Na23) in MIT. In the same year, at Rice University,

BEC was observed in Lithium atoms by Randal Hulet [55]. Many other groups have

observed Bose-Einstein condensation by using optical traps [56]. The non-linear phe-

nomena of Electromagnetic Induced Transparency (EIT) [57, 58], Slow light [59] and

fast light [60] have been experimentally observed in Bose-Einstein condensate (BEC).

Bose-Einstein condensate is an ideal test bed for EIT sub and super luminal e�ects
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which are vital in developing applications in and Optical Information Processing and

Quantum Computation.

4.1 Interatomic interaction in BEC

As a result of atomic interactions, several properties of BEC enter the picture. The

BEC is formed, when the de-Broglie wavelength of the atoms in the condensate is

almost equal to the average inter-particle spacing. As a result, understanding the

characterization of the scattering process by a single parameter, known as scattering

length a. The interatomic potential is the interaction of an atom with a group of

atoms in condensed phase. This potential has both an attractive as well as a repulsive

component if binding is to be occur. The chemical potential is normally e�ective across

a distance of around 1nm, and the de-Broglie wavelength is very enormous, as much

as 1000 times the distance. This indicates that collisions should be interpreted as

di�racting waves from minor obstructions. As a result, the scattered �eld should be

made up of a spherical wave de�ned just by its amplitude. This amplitude is actually

the scattering length a.

With total number of trapped-atoms N , the condition for BEC to occur is

N(
ℏω
kBT

)3 = 1.2021.

We notice that the condensate exists at temperature 700nK , with approximately 107

atoms in the optical trap [56].
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4.2 Nature of atom-atom interaction

The inter-atomic interaction between two atoms with cross wave-functions alters the

atomic pair's energy. When two atoms are close to each other, a large quantity of

interaction energy occurs. The size of the energy shift is determined by the scattering

length a. If an atomic pair has an unperturbed energy of E and is trapped in a

volume of l3, the energy of the condensate is E ≈ ℏ2/ml2. If the number of atoms

in the condensate changes, the energy of the system will be changed. Therefore, the

perturbed energy ∆E will be,

∆E

E
≈ N0

a

l
, (4.1)

where N0 is the number of atoms in the condensate and m is the mass of atom. The

dilute-gas condition, is written as N0
1/3a/l << 1.

It is possible for the scattering length a to be negative or positive. The nega-

tive sign implies that the condensate atom display an attractive inter-atomic connec-

tion, whereas the positive sign suggests that the inter-atomic interaction is repulsive.

Lithium has attractive interaction while Rubidium condensate has repulsive interac-

tion. Increasing N causes the condensate to loose energy by reducing l, which causes

the density to rise, causing the condensate to no longer be a dilute gas. Instead of

BEC, another form of phase transition (liquid/solid) happens. As a result, the number

of atoms in a condensate exhibiting attractive interactions is limited to total number

of trapped-atoms N .

49



DRSML Q
AU

4.3 System Model

Let us discuss the enhanced FWM signal in the presence of an atomic medium, i.e

Bose-Einstein condensate (BEC). In the presence of switchable mechanical driving

�elds on mechanical resonators MR1 and MR2, we investigate the adaptability of

a trapped Bose-Einstein condensate (BEC) in a Nano Electro opto-mechanical sys-

tem. The e�ects of atomic medium (BEC) on the strength of the FWM signal will

be explored numerically using appropriate experimental parameters. A Nano Electro

Opto-Mechanical System (NEOMS) with a Bose-Einstein condensate trapped inside

the optical cavity accompanied by the additional control of mechanical driving �elds

ε1 and ε2, is shown in Figure 4.1.

4.4 Mathematical Treatment

We assume that the atomic density is so high that two-body atom-atom interactions

are impossible to ignore, and that on-site kinetic energy and atom hopping are signi�-

cant. To completely characterise the dynamics of Bose-Einstein condensate in NEOMS,

we will employ the Bose-Hubbard Model (BHM) [61]. From the microscopic second-

quantized Hamiltonian,

Ĥ =

∫
dxψ̂†(x)[− ℏ2

2m
∇2 + V (x)]ψ̂(x)

+
λ

2

∫
d3xψ̂†(x)ψ̂†(x)ψ̂(x)ψ̂(x), (4.2)

where, λ = 4πascℏ2/2m with as as s-wave scattering length and m is the mass of the

condensate, and V̂ (x) = U0ĉ
†ĉ cos2(kx) (here k is the wave number) with U0 = ga

2/∆a
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tical cavity: Here, MR1 is coupled with the cavity through opto-mechanical coupling

and optical �eld is coupled with two level N-atoms of BEC with atomic coupling streg-

nth ga , and mechanical resonators MR1 and MR2 are coupled through the coulomb

coupling strength gc. The ε1 and ε2 are external driving �elds on MR1 and MR2

respectively. The L is the length of the cavity while r0 is the equilibrium distance

between two micro-resonators.

(here ga is atomic coupling strength and ∆a is the atomic detuning).

Now, expanding the �eld operator ψ̂(x) in terms of Wannier functions, i.e

ψ̂(x) =
∑
i,n

ωn(x− xi)b̂i,

we can write the opto-mechanical Bose-Hubbard Hamiltonian (OMBH) for the system

51



DRSML Q
AU

presented in the work by assuming nearest neighbor approximation [62].

ĤBH =
U

2

∑
j

(b̂†j b̂
†
j b̂j b̂j) +

∑
j

b̂†j b̂j(E0 + ℏU0(Vcl + ĉ†ĉ)J0)

+
∑
j

(b̂†j+1b̂j + b̂j+1b̂
†
j)(E + ℏU0(Vcl + ĉ†ĉ)J). (4.3)

The �rst term of equation (4.3) represents the atom-atom interaction, second term

is the Hamiltonian of on-site kinetic energy and tunneling energy and the third term

represents kinetic energy and the tunneling (hopping) energy of atoms from one lattice

site to another neighbouring sites. The U is two-body atom-atom interaction energy, b̂†j

and b̂j are bosonic creation and annihilation operators at the jth site, E0 is the on-site

kinetic energy. Moreover, U0 is the height of the optical lattice potential per photon,

Vcl is the classical potential added to the system and J0 is the tunneling energy. The

relations for these terms are given as

U =
4πascℏ2

2m

∫
d3x|ω(x− xj)|4,

E0 =

∫
d3xω(x− xj)(−

ℏ2∆2

2m
)ω(x− xj),

J0 =

∫
d3xω(x− xj) cos

2(kx)ω(x− xj),

U0 =
ga

2

∆a

. (4.4)

We use nearest neighbour approximation, so that we can neglect the third term of

equation4.2, and only considering the �rst two terms, the total Hamiltonian of the

system in a rotating frame with laser frequency ωl in the presence of input pump �eld

εl, weak probe �eld εp and selective mechanical drivings of mechanical resonatorsMR1
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and MR2, can be written as

ĤT =
U

2

∑
j

(b̂†j b̂
†
j b̂j b̂j) +

∑
j

b̂†j b̂j(E0 + ℏU0(Vcl + ĉ†ĉ)J0)

+∆cĉ
†ĉ− g0ĉ

†ĉ(b̂†1 + b̂1) + gc(b̂
†
1b̂2 + b̂1b̂

†
2)

+i(
2∑

k=1

εkb̂
†
ke

−iδt + εlĉ
† + ε⋆pĉ

†e−iδt −H.c). (4.5)

For a detailed investigation of dynamics of the system, photon losses are included

along with the decay rate connected to the condensate, κ and γb respectively. So, the

dynamics of the system is described by solving the Heisenberg-Langevin equations of

motion, we get

˙̂c = −(i∆c +
κ

2
)ĉ+ ig0(b̂

†
1 + b̂1)ĉ− iU0J0ĉ

∑
j

b̂†j b̂j + εl + εpe
−iδt +

√
2κĉIN ,

˙̂
bj = −E0

ℏ
b̂j − iJ0[

Vcl
ℏ

+ U0ĉ
†ĉ]b̂j − i

U

ℏ
b̂†j b̂j b̂j − γbb̂j +

√
2γbb̂IN ,

where, ĉIN and b̂IN are noise operators connected to the cavity-�eld and BEC, respec-

tively. Using the ansatz ĉ = cs + δĉ and b̂ = bs + δb̂, we can linearize the equations of

motion. In case of negligible tunneling, we remove the site index j from the bosonic

operators [63, 64]. Moreover, we explicate the quadrature of mechanical mode of BEC

by assuming Hermitian operators,that is, δq̂ = (δb̂+ δb̂†)/
√
2 and δp̂ = (δb̂− δb̂†)/i

√
2.

By excluding the quantum �uctuation terms averaged to zero [65, 66, 67], the linearized

set of Heisenberg-Langevin Equations of motion for condensate position operator, cav-

ity �eld operator and mirror position operators along with equations for mechanical
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resonators , is

δ ¨̂q + γbδ ˙̂q + ωb
2δq̂ = −gF (δĉ+ δĉ†),

δ ˙̂c = −(
κ

2
+ i∆)δĉ− igq̂ + ig0cs(δb̂1

†
+ δb̂1) + εl + εpe

−iδt,

δ
˙̂
b1 = −(iω1 +

γ1
2
)δb̂1 + ig0csδĉ

† + ig0cs
∗δĉ− igcδb̂2 + ε1e

−iδt,

δ
˙̂
b2 = −(iω2 +

γ2
2
)δb̂2 − igcδb̂1 + ε2e

−iδt, (4.6)

where, ∆ = ∆c−U0NJ0−g0(b1s⋆+b1s)+gqs is the e�ective detuning, g = 2U0J0
√
N |cs|2

is atom �eld coupling, F = Ueff + v, ωb =
√

(F )(v + 3Ueff ), Ueff = UN
ℏM and v =

U0J0|cs|2 + VclJ0
ℏ + E0

ℏ are parameters for controlling atom-atom coupling, (here N

represents number of atoms in M lattice sites). To calculate the �rst order sidebands,

we use the ansatz [68, 69]

δĉ = A1
−e−iδt + A1

+eiδt,

δb̂1 = B1
−e−iδt +B1

+eiδt,

δb̂2 = B2
−e−iδt +B2

+eiδt,

δq̂ = E−e−iδt + E+eiδt.

Using above ansatz in the set of equation (4.6), we get a system of twelve linear
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equations as

−gFA1
+ − gFA1

−∗ − r1
−E+ = 0,

−gFA1
− − gFA1

+∗ − r1
−E− = 0,

h1
+A1

+ − iGB1
+ − iGB1

−∗ + igE+ = 0,

h1
−A1

+ − iGB1
− − iGB1

+∗ + igE− = εp,

h1
+A1

+∗ + iGB1
− + iGB1

+∗ − igE− = 0,

h1
−A1

−∗ + iGB1
+ + iGB1

−∗ − igE+ = εp,

−iG∗A1
+ − iGA1

−∗ + k1
+B1

+ + igcB2
+ = 0,

−iG∗A1
+∗ − iG∗A1

− + k1
−B1

− + igcB2
− = ε1,

iGA1
+∗ + iG∗A1

− − igcB2
− + k1

+B1
+∗ = 0,

iG∗A1
+ + iGA1

−∗ − igcB2
+ + k1

−B1
−∗ = 0,

k2
+B2

+ + igcB1
+ = 0,

k2
−B2

− + igcB1
− = ε2. (4.7)

Here,

G = g0cs ; h1
± = κ/2 + i(∆± δ),

k1
± = γ1/2 + i(ω1 ± δ) ; k2

± = γ2/2 + i(ω2 ± δ),

G∗ = g0cs
∗ ; r1

± = ωb
2 − δ2 ± iδγb.

For understanding the complete dynamics of medium (BEC) mediated FWM signal,

phases for mechanical drivings ε1 and ε2 are introduced as,

ε1 = ϵ1e
−iφ1 ; ε2 = ϵ2e

−iφ2 .
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Solving the set of linear equations in equation (4.7) for the �rst order side-band mode

A1
+, we get

A1
+ =

H1

C1 + C2 + C3

ε1 +
H2

C1 + C2 + C3

ε2 +
H3

C1 + C2 + C3

εp, (4.8)

where,

H1 = G(gc
2 + k1

+k1
−)(−2ig2F + h1

−r1
−),

H2 = −Ggc(k1+ − k1
−)(2g2F + ih1

−r1
−),

H3 = −(g2Fk1
+(gc

2 + k1
−k2

−)− iG(k1
+ − k1

−)k2
−r1

−G∗),

C1 = g2F (gc
2(h1

+ + h1
−)k1

+ − 2G2k2
−((k1

+ − k1
−) + (h1

+ − h1
−)k1

+k1
−)),

C2 = ih1
−(gc

2h1
+k1

+ + h1
+k1

+k1
−k2

− +G2(k1
− − k1

+)k2
−)r1

−,

C3 = G(k1
+ − k1

−)k2
−(2g2F + ih1

+r1
−)G∗.

4.5 Numerical Results

We examine a repulsive Bose-Einstein condensate of N Rb87 two level atoms and take

data from real experiments [70, 71]. We use experimental parameters to study en-

hancement in FWM signal in a Nano Electro Opto-Mechanical System (NEOMS) in

the presence of Bose-Einstein condensate (BEC) trapped inside the optical cavity. The

experimental parameters for the Rb87 condensate [71] is given in the Table 4.1. Other

parameters related to cavity �eld, coupling strengths and mechanical resonators are

same as in Section 3.2.1.

The FWM intensity is calculated using the relation,

FWM =

∣∣∣∣∣−
√
2κ

εp
A1

+

∣∣∣∣∣
2

.
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Experimental parameters

Parameters Values

mbec 1.45× 10−25kg

asc 109a0

ω 38.628kHz

N 105atoms

Table 4.1: In the table, a0 = 0.529× 10−10m is the Bohr radius.

4.5.1 FWM signal for varying atom-�eld coupling

In the presence of an atomic medium, i.e, Bose Einstein Condensate (BEC), a third

peak appears at the resonance point (δ/ω1) in the FWM intensity curve, as shown in

Figure 4.2. When the atom-�eld coupling is increased, three prominent changes occur

in the FWM intensity; The FWM intensity decreases for the peaks right and left to

the resonance point, the intensity of the new peak at the resonance point increases

and the line-width of the peak at resonance point also increases (see blue-dotdashed

and red-dotted curves in 4.2). These changes occur due to the following reason; When

the atom-�eld coupling is increased, the non-linearity in the cavity is enhanced, which

signi�cantly alters the output signal.
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Figure 4.2: A 2-D plot for FWM Intesity (arbitrary units) as a function of normalized

detuning δ/ω1. Other parameters are ωb = ω1, Ueff = v = ωb, γb = 0.01γ1, ∆a = ω1

and ∆ = ω1.

4.5.2 FWM signal in the presence of BEC

Figure 4.3 shows that the FWM signal confronts to various modi�cations, when the

mechanical resonatorMR1 is driven. As the phase angle φ1 is increased, the intensities

of FWM peaks on both sides of the resonance point (δ/ω1) increase. The FWM signal

strength at the resonance point is independent of the phase value, as shown in Figure

4.3. For lower phase values, the FWM signal right to the resonance point is suppressed

(see black-dotted and blue-dashed curves in Figure 4.3).

When MR1 is driven, the opto-mechanical coupling strength is enhanced, due to

which consistent modi�cations occur in the output �eld. Because of this reason, asym-

metric suppression and ampli�cations are observed in the FWM signal. When the

58



DRSML Q
AU

φ1 π /4

φ1=π /2

φ1=π

0.6 0.8 1.0 1.2 1.4

0.00

0.05

0.10

0.15

δ ω1

F
W
M
In
te
n
s
it
y

Figure 4.3: A 2-D plot for FWM Intesity (arbitrary units) as a function of normalized

detuning δ/ω1, for di�erent values of phase angle φ1. Other parameters are g/2π =

30kHz, ε1/εp = 0.45, ε2/εp = 0, ωb = ω1, Ueff = v = ωb, γb = 0.01γ1, ∆a = ω1 and

∆ = ω1.

mechanical resonator MR2 is driven instead of MR1, anomalous changes occur in the

FWM signal. At the phase angle φ2 = π/4, the amplitude of the FWM peak left to

the resonance point δ/ω1 is greater than that of the peak right to the resonance point

(see black-line curve in Figure 4.4). For the phase value φ2 = π/2, almost symmetric

FWM peaks are observed around the resonance point δ/ω1 (see blue-dashed curve in

Figure 4.4). At higher phase values, i.e φ2 = π, the FWM intensity of the peak right

to the resonance point is greatly ampli�ed while the FWM signal is almost absent at

the left side of the resonance point (see black-dotdashed curve in Figure 4.4).
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Figure 4.4: A 2-D plot for FWM Intesity (arbitrary units) as a function of normalized

detuning δ/ω1, for di�erent values of phase angle φ2. Other parameters are g/2π =

30kHz, ε1/εp = 0, ε2/εp = 0.45, ωb = ω1, Ueff = v = ωb, γb = 0.01γ1, ∆a = ω1 and

∆ = ω1.
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Chapter 5

Controlled Bi-stability in NEOMS

In this chapter, we explore another the non-linear e�ect in an nano-transducer theo-

retically which is bi-stability. The Nano-Opto-Electro-Mechanical System (NOEMS)

comprises of a cavity with a �xed mirror that is connected to a vibrating end mirror

through an opto-mechanical coupling, while the Coulomb interaction links the mov-

ing mirror to the other moving mirror. The opto-mechanical coupling that causes the

non-linearity in NOEMS, also produces bi-stable behaviour in the mean intra-cavity

photon number. We show that external driving �elds on moveable mirrors can be

used to control the optical bi-stability. Using the hybrid NOEMS, we show how to

implement a system that o�ers an adjustable switch for regulating bi-stability under

various experimental conditions. We also derive the generic bi-stability conditions in

Nano-Opto-Electro-Mechanical systems.
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5.1 Introduction to Bi-stability

Bi-stability in a dynamical system refers to the existence of two stable equilibrium

states. When something is bi-stable, it might be in one of two states. A light switch

is an example of a bi-stable mechanical device. The switch lever is intended to rest

in either the "on" or "o�" position, not in the middle. The electronic circuits, me-

chanical systems, chemical processes, non-linear optical systems, and biological and

physiological systems can all exhibit the bi-stable behaviour.

When one of the mirrors in an optical cavity is moveable, the �eld exerts radiation

pressure, which depends upon the coupling between the cavity �eld and the mirror.

This radiation pressure alters the position of the moveable mirror, causing the opti-

cal path to shift, resulting in non-linearity in the system. Non-classical features and

optical bi-stability [72, 73, 74, 75] emerges from this non-linear phenomenon, which is

comparable to Kerr-medium [76, 77, 78] non-linearity.

In a pioneering work, Braginsky and his co-workers [79], hypothesised that the

imposed radiation pressure by con�ned optical �eld can couple the optical and me-

chanical modes of a cavity resonator. There has been a steady increase in interest

in opto-mechanical systems in recent years, particularly in relation to entanglement

of optical and mechanical modes [80, 81, 82], opto-mechanically induced transparency

[82, 83, 84, 85], and four wave mixing [74]. Hybrid quantum systems [86, 87, 88]

have been developed by combining opto-mechanical resonators with other systems

such as mechanical membranes [89, 90, 91, 92, 93], Bose Einstein Condensate/Fermions

[93, 94, 95] and single multi-level atoms [96, 97, 98, 99, 100]. Quantum electromechan-
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ical systems (QEMS) [101, 102, 103] are one type of hybrid quantum system. QEMS is

a device[101, 102, 103, 104, 105] in which the quantum characteristics of the mechan-

ical or electronic degrees of freedom becomes signi�cant in the observable behaviour.

Wineland et al. [106, 107] were the �rst to recognise this system, followed by Zoller

and Tian [102] and Milburn and co-workers [103].

The nonlinear characteristics of the optical cavity �eld gives rise to optical bi-

stability in the system which exhibits the phenomenon of hysteresis [106]. The opti-

cal bi-stability with Kerr e�ect has been studied in a basic opto-mechanical system

[107, 108] as well as in hybrid opto-mechanical systems composed of trapped cold

atoms [109, 110, 111, 112] and two-level atoms [113]. Besides, it has also been in-

vestigated in a hybrid electro-opto-mechanical system with coupled nano-mechanical

resonators [95]. Optical bi-stability has potential applications in non-linear quantum

optics, such as optical signal processing [114], optical switches [115] and optical commu-

nication devices [116]. In this work, a nano-electro-opto-mechanical system (NEOMS)

[101, 114, 115, 116, 117, 118, 119, 120] made up as nano-transducer, is presented for

the detail analysis of optical and mirror bi-stability. A method like this is useful

for comprehending various electromagnetically-introduced transparency (EIT) window

pro�les [121, 122, 123], superluminal and subluminal light [93, 94], Fano resonances

[121, 124, 125, 126], and Four-Wave Mixing [100, 101]. The proposed nano-electro-

opto-mechanical system (NEOMS) is made from two charged mechanical resonators

MR1 and MR2. The optical cavity �eld is coupled to MR1 via opto-mechanical coupling

that causes optical bi-stability in the system. Two external biased voltages V1(-V2)

are applied to the mechanical resonators MR1(MR2) which results in Coulomb cou-
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pling between MR1 and MR2. In the present work, we mainly focus on the role of

external driving �elds in bi-stability with the coupled mechanical resonators (MRs).

In experiments, this kind of cavity opto-mechanical system has been realized with

a double-microdisk resonator, a nanobeam photonic crystal, or a microwave device

with two micro-mechanical beams [125]. Strong mechanical driving has been utilized

to make hybrid quantum spin-phonon devices [127] and ultra-strong exciton-phonon

coupling [128].

5.2 Hamiltonian of the System

Figure 5.1 depicts the basic Nano Electro Opto-Mechanical System (NEOMS), which

has a �xed mirror and a moving end mirror MR1 which combine to form an opto-

mechanical system. The mechanical resonator MR1 interacts to the cavity �eld via

radiation pressure force. A second mirror (mechanical resonator MR2) is introduced

into the cavity which interacts with the mechanical resonator MR1 through phonon-

phonon coupling.

The second mirror MR2 allows more control over the cavity �eld and gives a

lot of options for learning about non-linear processes in Cavity-based Electro-Opto-

Mechanical Systems.

The total Hamiltonian of the system, under the rotating reference frame at the

frequency ωl, is

Ĥ = Ĥmc + Ĥdr + Ĥint. (5.1)
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Figure 5.1: The Schematic representation of the Nano Electro Opto-Mechanical Sys-

tem (NEOMS):MR1 is coupled with the cavity �eld through opto-mechanical coupling

g0 and to the second mechanical resonatorMR2 through the Coulomb coupling strength

gc. A strong pump �eld εl and a weak probe �eld εp are pumped into the cavity. MR1

is charged by biased voltage +V1 and MR2 is charged by −V2, r0 is the equilibrium

distance between MR1 and MR2 which are selectively driven by ε1 and ε2.

Where Ĥmc is mirror �led Hamiltonian de�ned as:

Ĥmc = ℏ∆cĉ
†ĉ+

[
p̂1

2

2m1

+
1

2
m1ω

2
1 q̂

2
1

]
+

[
p̂2

2

2m2

+
1

2
m2ω

2
2 q̂

2
2

]
(5.2)

,

where, ∆c = ωc − ωl is detuning of the cavity �eld frequency. The �rst term

represents the Single-mode of cavity �eld with frequency ωc and annihilation (creation)

operator ĉ (ĉ†). The second and third term represent the free Hamiltonian of moving
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mirrors (MR1 and MR2), where operators, q̂i, p̂i, ωi and mi represent its position,

momentum, resonance frequency and e�ective mass respectively.

While, Ĥdr is the combined Hamiltonian of the strong laser �eld of amplitude εl and

weak probe �eld of amplitude εp along with the external driving �elds with amplitudes

ε1 and ε2 is expressed as:

Ĥdr = iℏεl(ĉ† − ĉ) + iℏ
(
εpe

−iδtĉ† − ε∗pe
iδtĉ
)
+ iℏ

[
2∑

j=1

(
εj q̂je

−iδt+iφj − εj q̂
†
je

−iδt−iφj

)]
.(5.3)

Where, δc = ωp − ωl is the detuning of probe �eld frequency where ωl is pump �eld

frequency.

The Classical light �elds (pump and probe �elds) with frequencies ωl and ωp are

represent in �rst two terms. The strong laser power εl induced in the cavity with 9mW

strength. So it is considered as a real value in above equation. While εp is a very weak

probe �eld used to test the non-linearity inside the cavity, is considered as a complex

valued quantity whose real and imaginary parts examine the damping and oscillation

of the �eld respectively. Here, the strength of laser power is related to εl and εp by

εl =
√

2κ℘l/ℏωl and εp =
√

2κ℘p/ℏωp. The last term represents the Hamiltonian

of external modulating �elds on MR1 and MR2, here εj (j = 1, 2) is the amplitude

and φj is the corresponding phase. The terms bj and bj
† are annihilation and creation

operators for the positions of MR1 and MR2 respectively. The small oscillations of the

MRs from their mean positions can be represented as qj =
√

ℏ
2mjωj

(bj + bj
†) (j = 1, 2).

Similarly, using the relation q̇j = pj/mj , the oscillations in the momenta of the mirrors

can be represented as pj =
√

ℏmj

2ωj
(ḃj + ḃj

†
), here, q̇j =

d
dt
(qj). We will take expectation

values of all the operators as we deal with the mean response of the coupled system to

the probe �eld.
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Furthermore, Ĥint is the interaction Hamiltonian for opto-mechanical coupling be-

tween the cavity �eld and MR1 and the Coulomb interaction between MR1 and MR2

is de�ned as:

Ĥint = −ℏgoĉ†ĉq̂1 + ℏgcq̂1q̂2. (5.4)

Here, �srt term represents opto-mechanical coupling betweenMR1 and the Cavity �eld

and second term represents the coulomb coupling between the mechanical resonators.

Where, g0 is opto-mechanical coupling strength and is given by g0 = (ωc

L
)
√

ℏ
2m1ω1

and gc

is Coulomb coupling strength and is given by gc =
keq1q2
r03

√
ℏ

2m1m2ω1ω2
. The equilibrium

spacing between two resonators is r0 = 2mm. In terms of mirror annihilation(creation)

operator bj(bj
†), equation (5.2) and equation (5.4) can be written as

Hmc = ℏ∆cc
†c+ ℏω1b1

†b1 + ℏω2b2
†b2,

Hint = −ℏG0c
†c(b1 + b1

†) + ℏGc(b1
†b2 + b1b2

†)

(5.5)

Here, G0 = g0

√
ℏ

2m1ω1
and Gc = gc

√
1

2m1m2ω1ω2
.

5.3 Mathematical Treatment

A strong laser �eld of frequency ωl and a weak probe �eld of frequency ωp are applied to

the optical cavity, and two external driving �elds ε1 and ε2 are applied to the mechanical

resonatorsMR1 andMR2, respectively. the Heisenberg�Langevin Equations of motion
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in terms of c(c†), b1(b1
†) and b2(b2

†) are written as

ċ = −(i∆c +
κ

2
)c+ iG0(b1

† + b1)c+ εl + εpe
−iδt +

√
2κcin(t),

ḃ1 = −(iω1 +
γ1
2
)b1 + iG0c

†c− iGcb2 + ε1e
−iδt−iφ1 +

√
2γ1ξ1(t),

ḃ2 = −(iω2 +
γ2
2
)b2 − iGcb1 + ε2e

−iδt−iφ2 +
√

2γ2ξ2(t)

(5.6)

Here, ĉin(t) represents the input vacuum noise with zero mean value associated with

cavity �eld, while terms ξ̂1(t) and ξ̂1(t) are Brownian noise operators associated with

the damping of theMR1 andMR2 respectively. The symbols κ and γi (i = 1, 2) denote

the decays terms associated with the cavity and the MRi (i = 1, 2) respectively. Using

mean �eld approximation [121] the mean values of the noise terms are averaged to zero,

considering only the dissipation and �uctuation terms, we arrive at the equations,

⟨ċ⟩ = −(i∆c +
κ

2
)⟨c⟩+ iG0(⟨b1†⟩+ ⟨b1⟩)⟨c⟩+ εl + εpe

−iδt,

⟨ḃ1⟩ = −(iω1 +
γ1
2
)⟨b1⟩+ iG0⟨c†⟩⟨c⟩ − iGc⟨b2⟩+ ε1e

−iδt−iφ1 ,

⟨ḃ2⟩ = −(iω2 +
γ2
2
)⟨b2⟩ − iGc⟨b1⟩+ ε2e

−iδt−iφ2 .

(5.7)

Here, we use the assumption [121, 125]: ⟨h⟩ = hs+h−e
−iδt+h+e

iδt , where, hs denotes

any of the steady-state solutions cs, qis and pis, in order to acquire the steady-state

solutions of the above equations. Here, h+ and h− are of the same order as εp. If

we have the case of hs ≫ h±, then we can treat h± as perturbations for the solution

of equation (5.7). Now by substituting the ansatz into equation (5.7), we obtain the
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following (steady-state) solutions:

cs =
εl + εp
i∆+ κ

2

b1s =
iG0|cs|2 − iGcb2s + ε1e

−iϕ1

iω1 +
γ1
2

b2s =
−iGcb1s + ε2e

−iϕ2

iω2 +
γ2
2

.

(5.8)

Here, ∆ = ∆c−G0q1s is the e�ective detuning. Also, ℘p ≪ ℘l, hence, for the simulation

only strong laser power is considered.

5.4 Occurrence of Optical Bi-stability

Optical bi-stability is experimentally observed in micro-cavities [129]. Here in our

scheme bi-stable behavior is due to the non-linearity which emerges from opto-mechanical

coupling strength G0 as well as Coulomb coupling strength Gc. By solving the steady

state values of cavity �eld photon number in equation (5.8) we have,

|εl + εp|2 = |cs|2
[
κ2

4
+ (∆c −G0(b

∗
1s + b1s))

2

]
, (5.9)

where |cs|2 = csc
∗
s. This equation indicates the occurrence of bi-stable behavior.

It is clear from equation (5.9) that bi-stability in photon number vanishes if we

have G = 0. By rearranging the equation (5.9), we obtain a third order polynomial of

the steady-state intra-cavity photon numbers as follow:

a1x
3 + a2x

2 + a3x+ a4 = 0, (5.10)
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where,

x = |cs|2,

a1 = G0
2α1

2,

a2 = 2α1(Γ + ∆cG0),

a3 =

(
κ2

4
+ ∆c

2 +G0Γ(G0Γ + 2∆c)

)
,

a4 = −|εl + εp|2.

Here, α1 = β1 + β∗
1 , Γ = α2ε2 + α3ε1, α2 = β2e

−iϕ2 + β∗
2e

iϕ2 , α3 = β3e
−iϕ1 +

β∗
3e

iϕ1 , where , β1 = i(iω2+γ2/2)G0

(iω1+γ1/2)(iω2+γ2/2)+Gc
2 , β2 = −Gc

G0

β1

(iω2+γ2/2)
and β3 = −iβ1

G0
. This

equation has three roots, two of which are for stable regimes and the third one is for

the unstable regime of the steady-state photon number. The respective branches of

the bi-stable curve have been found by using the solutions of the cubic polynomial

equation ay3 + by2 + cy+ d = 0 with in�ection and critical points, i.e., yc =
−b±

√
b2−3ac
3a

and yinf = −b/3a. Using the solutions for yc and yinf , we can write the critical and

in�ection points of the equation (5.10) as,

xc± =
−a2/a1 ±

√
(a2/a1)2 − 3a3/a1
3

, xinf = −a2/3a1, (5.11)

where xc−(xc+) and xinf are the critical points of lower(upper) stable and unstable

branches of the bi-stable curve. The range of bi-stability window is determined by these

critical points and at these points the driving laser �eld power ℘l has a corresponding

window also. We assume that our proposed NOEMS works in resolved-sideband regime,

i.e., κ ≪ ω1. The strength of the laser �eld directly a�ects the resolved sideband
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regime, therefore the photon number increases by increasing the strength of the laser

�eld. So, for a speci�c range of values of the strong laser power, the steady-state

photon number displays the phenomenon of bi-stability. When the strength of the

driving �eld is increased, the cavity �eld detuning reaches to a certain value, called

the critical detuning. At this critical value, the outset of the bi-stable behavior in the

system can be seen. The critical value of the cavity detuning can be found by using

equation (5.10) as,

∆c =
√
3κ. (5.12)

This is the threshold value of the cavity detuning ∆c. The value of ∆c should always

be greater than threshold value. To investigate the control of optical and mirror bi-

stability in NOEMS, we choose the parametric values from the recent experiments

[96, 130, 131]. The length of the cavity of proposed Nano-electro-opto-mechanical

system (NEOMS) is taken as L = 25cm. For simplicity, we choose identical mechanical

resonators (MRs) with masses m1(m2)= 145ng, oscillation frequencies ω1(ω2)= 2π ×

947kHz and decay rates γ1(γ2)= 2π × 140kHz. The cavity decay rate is considered as

κ = 2π × 215kHz. The cavity �eld frequency is calculated by the relation ωc = 2πc/λl

,where c is speed of light, and λl = 1064 nm is the wavelength of the driving �eld. We

choose ∆c = 3κ and ωl = ωc − ω1, and the power of the pump �eld is taken as 9mW.

As we can see that the value of mechanical resonator frequency is greater than cavity

decay rate, hence the system stays in the resolved sideband regime.

The bifurcation diagram for the steady-state solution of equation (5.9) is illustrated

in Figure 5.2 where the steady-state photon number is plotted as a function of the

input laser power by taking the value of cavity �eld detuning ∆c >
√
3κ. The critical
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points xc− and xc+ indicate the corresponding lower and upper stable branches and

the in�ection points P and Q indicate the corresponding unstable branch of the curve.

When we start scanning the system with a low value of the laser �eld, and gradually

increase the laser power ℘l, the photon intensity of intra-cavity �eld initially follows the

lower stable branch S1 of the curve which further extends to the �rst critical point xc−.

If we further increase the strength of driving laser power to a value of 7.6mW , the value

of steady-state photon number jumps to the upper stable branch S2, which extends

from the second critical point xc+ to in�nity. The central branch represented by the

blue-dashed line is unstable and stretches from the in�ection point P to the another

in�ection point Q. The slope of unstable branch is negative, therefore it cannot be

observed experimentally.

On the other hand, if we start scanning with a higher value of the driving �eld,

and gradually decrease the laser power ℘l, the intra-cavity photon number will start

decreasing by following the upper stable branch initially, however, when it reaches to

the in�ection point P, it will jump to the lower stable branch at second critical point

xc− and continue to decrease further.

Now, we present a detailed analysis of controllable bi-stability that primarily de-

pends on the system parameters including, coupling frequencies and strength of exter-

nal driving �elds. Figure 5.3 shows the variations in the S-shaped bi-stability curve

of the intra-cavity photon numbers |cs|2 against the laser power ℘l for di�erent values

of opto-mechanical coupling strength G0. We can notice that the bifurcation curves

overlap for di�erent values of opto-mechanical coupling frequency. As we increase the

opto-mechanical coupling strength, the mechanical back-action of MR1 raises the ra-
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Figure 5.2: Plot of mean intra-cavity photon number |cs|2 as a function of the driving

laser power |℘l|. Other system parameters used for this particular case are m1 = m2

= 145 ng, ω1 = ω2 = 2π × 947 kHz, ε1 = ε2 = 0, G0 = 2π × 5 kHz, ∆c = 3.6κ and

κ = 2π × 215 kHz.

73



DRSML Q
AU

diation pressure force, which causes scattering of photons in the cavity. In the lower

coupling regime i.e., G0/2π = 6 kHz (black solid line), the bifurcation curve follows

the upper stable branch. When the frequency of opto-mechanical coupling is further

increased i.e., G0/2π = 7 kHz (black dashed curve), the lower stable path is followed

by the upper stable path. In addition to the variation of photon numbers, the width

of bi-stable curve also decreases at the same time by increasing the opto-mechanical

coupling frequency.

Further increasing the frequency of opto-mechanical coupling strength G0, the sec-

ond lower stable path follows the third lower stable path and vice versa. We observe

that the bi-stability curve continuously varies as well as the photon number decreases

with the variation of opto-mechanical coupling G0. This variation of photon number

is also known as �ip-�op phenomenon [132]. This kind of process provides an ele-

gant technique to control the intensity of intra-cavity photons. Hence, this control

parameter provides an experimental realization of controllable optical switch.

Now, we explore the e�ect of Coulomb coupling strength Gc on optical bi-stability.

For this reason, we plot the bifurcation curve of the intra-cavity photon number |cs|2

as a function of input laser power ℘l for di�erent values of Coulomb coupling strength

Gc, in Figure 5.4. The bias gates +V1 and -V2 are used to tailor the system for varied

Coulomb coupling Gc values. The Coulomb coupling strength i.e., Gc = 0.2 MHz

(see black solid curve) is not strong enough to change the radiation pressure inside

the cavity when the bias gate across each mirror is low. As a result, we have the

maximum amount of photons and the system remains in upper stable branch. When

the charges on the resonators are increased by increasing the bias gates +V1 and -
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laser power |℘l| for di�erent values of opto-mechanical coupling strength G0. Other

system parameters are the same as used in Figure 5.2

.

V2 across the resonators MR1 and MR2 respectively, the Coulomb coupling strength

is enhanced which, in turn, increases the radiation pressure force inside the optical

cavity. Therefore, the non-linearity in the system is boosted up and as a result the

intra-cavity photon number |cs|2 is suppressed inside the optical cavity. This behavior

of the system is depicted in Figure 5.4 for Gc = 0.4 MHz (see red dashed curve) and

Gc = 0.6 MHz (see blue long-dashed curve). This study reveals that Coulomb coupling

Gc has a considerable impact on the bistable behaviour of the steady-state photon

number, and that parametric modulation of Coulomb coupling can be used to create

a tunable optical switch.

Now, we probe the behavior of bi-stable curve of intra-cavity photon number |cs|2

as a function of input laser power ℘l for di�erent values of cavity detuning ∆c. For
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power |℘l| is plotted for di�erent values of Coulomb coupling strength Gc. Other system

parameters are same as used in Figure 5.2.

this purpose, we illustrate the e�ect of the variations in cavity �eld detuning on the

intra-cavity photon number |cs|2, in Figure 5.5. The stable and unstable points are

shifted at di�erent values of photon number by increasing the cavity �eld detuning

frequency. Another prominent e�ect occurs by increasing ∆c i.e., the width of bi-

stable curve increases. For lower values of cavity �eld detuning, i.e, ∆c = 1.8κ, the

bi-stable behavior almost vanishes (see red solid curve). This is due to the fact that

the threshold bi-stability occurs in the system at the critical detuning ∆c =
√
3κ. It

can be observed that the upper stable path of the bifurcation curve jumps to the next

upper stable branch for higher values of cavity �eld detuning (see blue dashed and black

dot-dashed curves). A similar transition takes place from the upper stable path to the

lower one with the decreasing strength of input laser �eld. These features reveal that
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a function of input laser power |℘l| for di�erent values of cavity detuning ∆c. The

remaining parameters are the same as used in Figure 5.2.

the origin of the bi-stability is the characteristic non-linearities of cavity �eld detuning

and the laser power. This indicates that we can develop a controllable optical switch

based on cavity �eld detuning and the input laser power.

5.4.1 E�ect of External Driving Fields on Optical Bi-stability

In the previous numerical simulations, we studied the behavior of bi-stable (bifurcation)

curve of the steady-state photon number in the absence of external mechanical driving

�elds, i.e., ε1 and ε2. Now, we introduce external mechanical pumps to drive the

micro-resonators MR1 and MR2 and check for the abrupt changes in the bi-stability

of the system. So, we drive the mechanical resonators MRs with a mechanical pump

(acoustic molecule) εj = ϵje
−iϕ1 (j = 1, 2) and explore its e�ect on the intra-cavity

77



DRSML Q
AU

photon number |cs|2.

When a mechanical pump �eld is applied to MR1 only, by keeping the amplitude ϵ1

constant and varying the phase angle ϕ1, it leads to phase-sensitive optical behaviors

of the NEOMS. This behavior is shown in Figure 5.6(a). When we increase the phase

angle ϕ1 from π/4 to π, the steady-state intra-cavity photon intensity is ampli�ed (see

purple, purple dashed and red dot-dashed curves). The width of bi-stable (bifurcation)

curve also increases by increasing the phase angle ϕ1 of mechanical pump ε1 on MR1.

An additional e�ect is also seen in the plot of bi-stability i.e., the curves overlap and the

intersection point of the three di�erent curves are same (see Figure 5.6(a)). Moreover,

the �rst upper stable branches follow the next upper stable path and vice versa. A

similar transition occurs in the lower stable branches. Now, if we drive the second

mechanical resonator MR2 only, i.e., ε2 ̸= 0 and ε1 = 0, keeping the amplitude ϵ2

constant and varying the phase angle ϕ2, the bi-stable behavior of the system confronts

with some minor changes in the upper stable branch of the curve, as shown in Figure

5.6(b). The �rst upper stable path follows the second upper stable path and vice versa,

as we increase the phase angle ϕ2 from π/4 to π (see blue solid, blue dashed and black

long-dashed curves). In this case, the intra-cavity photon intensity is suppressed by

increasing the phase angle ϕ2. Moreover, the same transition does not occur in the

lower stable branches. The external driving �eld on MR2 only e�ects the Coulomb

coupling strength gc between the mirrors. The Coulomb coupling strength gc has no

direct e�ect on the radiation pressure force inside the cavity. Therefor, the lower stable

path for intra-cavity photon intensity is independent of the phase angle ϕ2. Similar

behaviors of the bi-stable curve can be seen in Figure 5.6(c) and Figure 5.6(d) by
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(a) For di�erent values of ϕ1 (b) For di�erent values of ϕ2

(c) For di�erent values of ε1 (d) For di�erent values of ε2

Figure 5.6: Plots of mean intra-cavity photon number |cs|2 versus the driving laser

power |℘l|. Controlled bi-stable behavior for di�erent values of amplitudes and phase

angles of driving �elds of MR1 and MR2. Other system parameters are same as used

in Figure 5.2 and Figure 5.3.

selectively driving the mechanical resonators MR1 and MR2, keeping the phase angle

ϕ1(ϕ2) constant and varying the amplitude |ε1|(|ε2|) of MRs.
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5.5 Occurance of Mirror Bi-stability

In order to determine the bistable behavior of steady-state position q1s as a function

of input laser power ℘l, we use the relation (b∗1s + b1s) =
√

2m1ω1

ℏ q1s and rewrite the

equation (5.8) in terms of q1s as follows:

|εl + εp|2 = |cs|2
κ2

4
+

(
∆c −

√
2m1ω1

ℏ
G0q1s

)2
 . (5.13)

Figure 5.7: Plot of steady state displacement q1s versus the driving laser �eld power

|℘l| by varying the optomechanical coupling strength G0. Other system parameters

used are m1 = m2 = 145 ng, ω1 = ω2 = 2π × 947 kHz, ε1 = ε2 = 0, Gc = 0, ∆c = 3.6κ

and κ = 2π × 215 kHz.

The bi-stable behavior of steady-state position q1s as a function of input laser power

℘l is depicted in Figure 5.7 for di�erent values of opto-mechanical coupling strength

G0. In a weak coupling regime i.e., G0/2π = 4 kHz (blue solid curve), the bi-stability in

the system appears at a higher value of input laser power ℘l = 2.4 mW. However, when
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the system is driven in a strong opto-mechanical coupling regime i.e., G0/2π = 6, 8 kHz

(see blue dashed and black dot-dashed curves), the bi-stability occurs at lower values

of input laser power and the lower stable branch jumps to the upper stable path and

continues to follow it, as the input laser power is increased. Moreover, the bi-stability

curves overlap for higher values of laser power. This feature gives a control over the

mechanical motion of micro-resonator MR1 for di�erent values of input laser power.

Now, we investigate the e�ect of Coulomb coupling strength Gc and external me-

chanical pump �eld ε1 on the steady-state position q1s. For this reason, we plot the

steady-state displacement q1s as a function of input laser power ℘l for several values

of Coulomb coupling strength Gc in Figure 5.8(a). The steady-state solution shows a

bistable (bifurcation) curve at a higher value of laser power for Gc = 0.2 MHz (see

magenta solid curve). As we increase the bias gate V1 on the mirror MR1, the curve

shifts to the left and the bistability occurs at lower values of laser power (see red

dashed and red solid curves). Furthermore, no overlapping occurs and the �rst lower

stable path follows the second stable branch and vice versa. Similar transitions can

be seen in the upper stable branches. When an external modulating �eld ε1 is ap-

plied on the mirror MR1 only by keeping the phase angle ϕ1 = 0 and varying the

amplitude ϵ1/ω1 = 2, 3.4, 4.8, the �rst lower stable path follows the second stable path

and it continues to follow the third stable branch and so on (see black solid, dashed

and dot-dashed curves in Figure 5.8(b). The upper stable branches do not exhibit

any changes by varying the amplitude of external mechanical pump �eld on MR1. To

study the e�ects of Coulomb force and mechanical pump on MR2, we solved 5.8 for the

steady-state displacement q2s. The plot of steady-state solution for q2s shows a bistable
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pling Gc

(b) For varying amplitude of driving �eld

ε1

(c) For varying frequency of Coulomb cou-

pling Gc

(d) For varying amplitude of driving �eld

ε2

Figure 5.8: Plots of steady state displacement q1s versus the driving laser power |℘l|

by varying the Coulomb coupling strength Gc and amplitude ϵ1(ϵ2) of driving �eld

ε1(ε2) on MR1(MR2). Other system parameters are same as used Figure 5.7.
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behavior which is depicted in Figure 5.8(c) and 5.8(d). The upper stable branch of the

red solid curve (Gc = 0.2 MHz jumps down to the upper stable path of red dashed

curve (Gc = 0.4 MHz) and vice versa. In this case the bistability curve produces a

reverse e�ect of Figure 5.8(a). When an external mechanical driving �eld ε2 is applied

on MR2 only, the system shows slight changes in the stable points of the bifurcation

curve by increasing the amplitude of driving �eld ϵ2/ω2 = 2.4, 3.0, 3.8 and keeping

the phase angle ϕ2 = 0 (see Figure 5.8(d)). Furthermore, amplitude of steady-state

displacement q2s decreases for the lower stable branch as we increase the amplitude of

external modulating �eld ε2 on MR2. From the above discussions, it is cleared that a

controllable bistable optical switching of steady-state photon intensity and mechanical

displacements can be achieved by adjusting the coupling frequencies and selectively

driving the mechanical resonators MR1 and MR2.
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Chapter 6

Conclusion

In the �rst part of the dissertation, we investigate the phenomenon of Four-Wave Mix-

ing in an opto-mechanical system in the presence of a switchable mechanical driving

�eld on the moving-end mirror (MR1). Asymmetric ampli�cations and suppressions

have been observed in the output light signal (FWM).In addition, it has been shown

that the FWM signal can be controlled by varying the amplitude and phase of me-

chanical driving on MR1.

The Four-Wave Mixing phenomenon has been studied in a typical Nano Electro

Opto-Mechanical System (NEOMS), in the second part of the thesis. We show that

the second mechanical resonator (MR2) provides an extra control over the FWM signal.

It has been seen that the selective mechanical drivings of both MRs have a signi�cant

e�ect on the FWM spectra. These switchable mechanical drivings impart a tunable

FWM signal at the output. Moreover, it has been observed that the intensities of

FWM peaks can be ampli�ed and suppressed by varying the amplitude and phase of

mechanical drivings of MRs.
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The third part of the dissertation discusses e�ect of atomic medium on the FWM

signal. For this purpose a trapped Bose-Einstein condensate (BEC) in a Nano-Electro-

Opto-Mechanical System (NEOMS) has been studied by selectively driving the me-

chanical resonators MR1 and MR2. The medium-enhanced FWM signal has been

observed to show inconsistent modi�cations by varying the phase angle of mechanical

driving �elds of MRs. Moreover, it has been observed that the FWM signal can be

greatly enhanced by driving the mechanical resonator (MR2) only.

In the fourth part, we present a powerful scheme to experimentally realize an op-

tical switch primarily based on optical bi-stability in a Nano-Electro-Opto-Mechanical

System (NEOMS). We report an optical and a mirror bi-stability as a function of input

laser power, coupling frequencies and external mechanical pump �elds on MRs. In the

examined system, the coupling frequencies and the switchable mechanical driving �elds

allow a threshold value of cavity �eld detuning and laser power which can be utilized

in developing tunable optical switches and all-optical transistors.

So, we theoretically studied di�erent parameters to control the light which con-

tributes in the development of optical transmitter, optical switches and all optical

transistors.
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