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Preface

It is commonly accepted now that peristaltic flows are caused by the propagation of waves along
the flexible boundaries of channel or tube. Such flows in physiology are represented by food
movement in the digestive tract, urine transport from kidney to bladder, semen movement in vas
deferens, movement of lymphatic fluids in lymph vessels, bile flow from the gall bladder into the
duodenum, vasomotion of blood cells, movement of ovum in the female fallopian tube, transport
of spermatozoa in the ductus efferents etc. Peristaltic motion in the industrial applications are
employed in the transport of corrosive and noxious fluids, roller and finger pumps, hose pumps,
tube pumps, dialysis machines and heart-lung machines. The concept of heat transfer has key
role in the analysis of tissues, hemodialysis and oxygenation. The recent progress in the
application of heat (hyperthermia), radiation (laser therapy) and coldness (cryosurgery), as
means to destroy undesirable tissues including cancer have stimulated much interest in
mathematical modeling for properties of tissue. Moreover, radiofrequency therapy has
significance in the treatment of diseases like tissue coagulation, the liver cancer, the lung cancer
and reflux of stomach acid. Moreover the energy flux is not only induced due to temperature
gradient but by compositions gradient as well. Phenomena of heat and mass transfer taking place
simultaneously can perturb each other’s efficiency by producing the Soret and Dufour effects.
Such effects are especially significant in chemical engineering and geosciences. Specifically the
Soret effect is useful for isotope separation and in mixtures between gases having light and
medium molecular weights, the Dufour effect is very significant. The concept of variable
viscosity of fluid is now very well recognized. Some of the processes in which viscosity of the
fluids depends on temperature include nuclear power plants, pumps operated at high

temperatures, in turbines, rockets, missile technologies and space vehicles. Even in blood, the



living ingredient for animals is very sensitive to temperature changes and slight change in
temperature may cause irreversible damage during dialysis or in heart lung machines.
Magnetohydrodynamic (MHD) flow in channels/tubes has wide applications in purification of
crude oil, petroleum industry, fluid droplets sprays, electrostatic precipitation, designing cooling
systems, magnetic resonance imaging (MRI), blood pumps etc. Inability of the Newtonian fluid
model to predict the viscoelastic behavior of several fluids in industry and physiology lead to the
development of several non-Newtonian models. Third order fluid model is one of such models
which can easily describe both the shear thickening and shear thinning properties even in the
steady flows. The present thesis in view of afore mentioned facts is arranged as follows:

Review of available literature on peristalsis under various flow configurations is included in
Chapter one. The fundamental equations are also presented here. The MHD mixed convection
peristaltic flow with variable viscosity and thermal conductivity is analyzed in chapter two. Joule
heating effect here is also taken into account. Viscosity and thermal conductivity of fluid vary
linearly with temperature. Resulting nonlinear system is solved numerically. Velocity, pressure
gradient, temperature and streamlines are examined through graphs. Numerical values of heat
transfer rate at the wall are computed and analyzed for variation in certain embedded parameters.
The main observations of this chapter are summarized at the end of chapter. Material of this
chapter is accepted for publication in “Sains Malasiayana”.

Hydromagnetic peristaltic transport of fluid with variable viscosity is studied in chapter three.
Here fluid fills the porous space in a channel. Heat transfer analysis is carried out in the presence
of viscous dissipation and Joule heating. Viscosity of the fluid is taken temperature dependent.
Both channel and magnetic field have the inclined considerations. The resulting problems are

solved numerically. A parametric study is performed to predict the impact of embedded



variables. Results of this chapter are compiled in the Key findings of this chapter. The main
observations of this chapter have been submitted for publication in Journal of Mechanical
Engineering Science.

Impact of convective boundary conditions on the peristaltic transport in an asymmetric channel
is examined in chapter four. Joule heating effect is included in the analysis of heat transfer. Cases
of hydrodynamic and magnetohydrodynamic (MHD) fluids are considered separately. Analytic
solutions for stream function and temperature are constructed. Numerical integration is carried
out for pressure rise per wavelength. Effects of influential flow parameters are pointed out
through graphs. Findings of this study are accepted for publication in Journal of Central South
University, 21 (2014) 1411-1416™.

Simultaneous effects of heat and mass transfer on the peristaltic transport of viscous fluid are
examined in chapter five. The channel is assumed to be axially symmetric. Soret and Dufour
effects along with Ohmic heating are considered. Closed form solutions for temperature and
concentration are analyzed by plots for variation of embedded parameters. Numerical values of
heat and mass transfer rates at the wall are also tabulated. Material of this study is published in
Magnetohydrodynamics, 47 (2011) 295-302.

Effects of heat and mass transfer on the peristaltic transport of variable viscosity fluid are studied
in chapter six. The fluid viscosity is considered space dependent. Thermo-diffusion and
diffusion-thermo effects are taken into account. Series solutions for the nonlinear equations are
obtained using the perturbation technique. Results for the stream function, temperature and
concentration are constructed. The variations of sundry parameters are analyzed. Results of this

chapter are published in Applied Mathematics and Information Sciences, 8 (2014) 211-219.



Influences of velocity, thermal and concentration slips on the peristaltic transport in an
asymmetric channel are analyzed in chapter seven. Fluid is electrically conducting under the
effect of a constant applied magnetic field. Soret, Dufour and Joule heating effects are taken into
account. Close form solutions for stream function, temperature, concentration and heat transfer
coefficient are obtained. Plots of physical quantities of interest are given and explored. Research
presented in this chapter is accepted for publication in Arabian Journal for Science and
Engineering, 39 (2014) 4341-4349.

MHD mixed convective peristaltic transport in a vertical channel is studied in chapter eight.
Simultaneous effects of heat and mass transfer for peristaltic transport of viscous fluid are
addressed in presence of Joule heating and Soret and Dufour effects. Perturbation solution is
prepared for small Brinkman number. Flow quantities of interest are plotted and analyzed.
Material of this chapter is accepted for publication in Applied Mechanics and Technical
Physics.

Mixed convective heat and mass transfer analysis for peristaltic transport in an asymmetric
channel has been carried out in chapter nine. Mathematical modeling and analysis is presented in
presence of Soret and Dufour effects. The convective conditions for both temperature and
concentration are used in the analysis of heat and mass transfer. Resulting problems are solved
for the series solutions. Numerical values of heat and mass transfer rates are displayed and
studied. Main observations of this chapter are accepted for publication in Journal of Central
South University.

The effect of variable viscosity on the peristaltic motion of MHD third order fluid in a channel is
studied in chapter ten. Mathematical formulation includes the concept of slip condition. Both the

governing equations and boundary conditions are nonlinear even after long wavelength and low



Reynolds number assumptions. The series solutions of stream function, longitudinal velocity and
pressure gradient are first derived and then discussed in detail. The pressure rise and frictional
forces are monitored through numerical integration. This material is published in International
Journal for Numerical Methods in Fluids, 67 (2011) 1500-1515.

Heat transfer analysis for the peristaltic transport of third order fluid is carried out in chapter
eleven. Viscosity of third order fluid is considered space dependent. The fluid is electrically
conducting in the presence of uniform applied magnetic field. Analysis is performed when no-
slip condition at the boundaries does not hold. The velocity and thermal slip effects are thus
taken into account. Perturbation solution is discussed and a comparative study between the cases
of constant and variable viscosities is presented and analyzed. The observations of this study are
published in Chinese Physics Letters, 28 (2011) 044701.

Soret and Dufour effects on peristaltic transport of third order fluid in a symmetric channel are
reported in chapter twelve. Joule heating effect is also taken in to account. The governing
nonlinear problem is solved using perturbation approach. Graphical results are reported and
discussed for various parameters of interest entering into the problem. Findings of this chapter

are accepted for publication in Heat Transfer Research, 45 (2014) 589-603.
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Chapter 1

Introduction

The aim of this chapter is to provide a material for the better understanding of the subse-
quent chapters. Here the literature review about peristaltic flows, and some definitions and

fundamental equations are presented.

1.1 Peristaltic transport

The peristaltic transport of fluid is caused by a progressive wave of area contraction/expansion
travelling along the length of a distensible tube. Such wave in turn propels the fluid in the
direction of propagation of wave. This type of transport mechanism finds its application in the
physiological and industrial processes. These include the locomotion of worms, urine passage
from kidney to bladder, food swallowing by the esophagus, vasomotion of small blood vessels,
sanitary and corrosive fluids transport, movement of bio fluids (chyme in gastrointestinal tract,
bile in the bile duct, ovum in the fallopian tube and spermatozoa in cervical canal), in heart

lung machine and roller and finger pumps.

1.2 Literature review

Despite of the fact that the mechanism of peristalsis was known to the physiologist since long,
mechanical analysis of peristalsis begin in later half of the twentieth century. Initial investiga-

tion of peristaltic pumping was inspired by its application in human ureter system. Studies of



Kiil [1] and Boyarsky [2] are fundamentals in this direction. Latham [3] in his MS thesis carried
out the experimental investigation of peristaltic pump. Shapiro [4] discussed the inertia free
two-dimensional peristaltic transport when the wavelength of peristaltic wave is large compared
to the half channel width. Under these assumptions there is a steady flow in a wave frame.
Later on these two considerations (the long wavelength and low Reynolds number approxima-
tion) were widely utilized by the researchers in the analysis of peristaltic flows. The theoretical
investigation of Shapiro [4] was found in good agreement with the experimental work of Latham
[3]. These pioneering studies of Latham [3] and Shapiro [4] were first precise efforts to mechan-
ically investigate peristaltic flows and triggered extensive interest in peristaltic flows. Later on
several investigations were made to study peristaltic flows under different flow configurations.
More realistic models for the ureteral waves were proposed by Lykoudis [5] and Weinberg et
al. [6]. Time elapsed during the chyme motion through small intestine was calculated by Bar-
ton and Raynor [7] using the concept of peristaltic motion. Inertia free peristaltic flow in a
roller pump was studied by Maginniss [8]. Shapiro et al. [9] examined the peristaltic flow of
Newtonian fluid in a planner channel and circular tube. Long wavelength and low Reynolds
number approximations were used in this investigation. In continuation Jaffrin [10] studied
the effects of inertia and streamline curvature on peristaltic pumping. Yin and Fung [11] and
Fung and Yih [12] studied the peristaltic flow for arbitrary Reynolds and wave numbers in
axisymmetric tube and planar channel respectively. In these studies the authors performed the
analysis for small amplitude ratio. Jaffrin and Shapiro [13] made review for studies available on
peristaltic pumping. Mittra and Prasad [14] studied the interaction of peristalsis with poiseuille
flow. Wilson and Perel [15] analyzed the interaction of peristalsis with pulsatile flow. Brown
and Hung [16] compiled the computational and experimental investigations on two-dimensional
peristaltic flows up to 1977. Srivastava and Srivastava [17] discussed the interaction of peri-
stalsis with pulsatile flow in a cylindrical tube by assuming that the flow is generated by an
arbitrary pressure gradient and peristaltic waves. Peristaltic transport of blood was seen by
Srivastava and Srivastava [18]. In this study they used the Casson fluid model to describe the
non-Newtonian properties of blood. Numerical solutions of two-dimensional peristaltic flow
problem were obtained by Takabatake and Ayukawa [19]. Takabatake et al. [20] studied the

peristaltic pumping in circular cylindrical tubes. They obtained the numerical solutions of the



problem and discussed the efficiency of such flow. Fluid mechanics of gastrointestinal tract was
studied by Mishra and Rao [21]. They considered the peristaltic transport in a channel with
porous peripheral layer analogous to the flow in gastrointestinal tract.

The magnetohydrodynamic character of fluid has a pivotal role in solidification processes
of metals and metal alloys, study of nuclear fuel debris, control of underground spreading of
chemical wastes and pollution control, design of MHD power generators, blood pump machines,
diagnose and treatment of cancer tumors. Interaction of peristaltic flow with pulsatile magneto-
fluid through a porous medium was analyzed by Afifi and Gad [22]. Elshehawey et al. [23]
examined the effects of inclined magnetic field on magneto fluid flow between two inclined wavy
plates. In this study they further assumed the boundaries to be porous. Peristaltic flow of blood
through a non-uniform channel was inspected by Mekheimer [24]. Blood was assumed to flow
under the influence of a uniform applied magnetic field. Mekheimer [25] carried out the study of
magnetohydrodynamic nonlinear peristaltic transport in an inclined planar channel. Magnetic
fluid model induced by peristaltic waves was proposed by Siddiqui et al. [26]. Hayat and Ali
[27] investigated the peristaltically induced motion of MHD third grade fluid in a deformable
tube. Abd El Naby et al. [28] analyzed the effects of magnetic field on trapping while studying
peristaltic motion of a generalized Newtonian fluid. Nonlinear peristaltic transport in a planar
channel under the influence of applied magnetic field was studied by Hayat et al. [29]. Hayat
and Ali [30] provided the mathematical description of peristaltic hydromagnetic flow in a tube.
Effect of applied magnetic field on the peristaltic transport of micropolar fluid was discussed by
Wang et al. [31]. Hayat et al. [32] studied the influence of inclined magnetic field on peristaltic
transport of fourth grade fluid in an inclined asymmetric channel.

In several physical situations, the no-slip condition between the fluid and solid boundary
is not valid. Such situation arises in fluid mechanics within the body of living beings where
the internal linings of the tubular organs are coated with mucus/secretions. Also in the case
of artificial heart the no-slip condition is no longer effective. In such situations one may take
into account the slip effects while analyzing the flow phenomena. Mandiviwalla and Archer
[33] inspected the effects of velocity slip on the peristaltic pumping in a rectangular channel.
Hayat et al. [34] studied the peristaltic transport through a porous medium under the influence

of partial slip. Hayat et al. [35] studied the peristaltic transport with simultaneous effects of



heat transfer and velocity slip. Effects of partial slip and heat transfer on the peristaltic flow
of MHD Newtonian fluid in an asymmetric channel were examined by Yildirim and Sezer [36].
Kumari and Radhakrishnamachrya [37] studied the effects of slip on heat transfer for peristaltic
transport in the presence of magnetic field.

Processes that take place at high temperature e.g. in nuclear reactors, turbines, rockets,
missile technologies, pumps operated at high temperatures and space vehicles may face variation
in fluid viscosity with temperature. Moreover the dependence of fluid viscosity is justified
physiologically because normal person or animal of similar size takes 1-2L of the fluid every
day. Also 6-7TL of the fluid is received by the small intestine as secretions from salivary glands,
stomach, pancreas, liver and small intestine itself. Ali et al. [38] carried out the study to
examine the influence of velocity slip on the peristaltic transport in a planar channel. Fluid
viscosity was assumed to be space dependent and a uniform magnetic field was also taken
into account. El Naby et al. [39] studied the effects of an endoscope and variable viscosity
on peristaltic motion. Elshehawey and Gharsseldien [40] examined the peristaltic transport of
three-layered flow with variable viscosity. Hayat and Ali [41] examined the effect of variable
viscosity on the peristaltic transport of Newtonian fluid in an asymmetric channel. Ebaid [42]
computed numerical solution for the MHD peristaltic flow of bio-fluid with variable viscosity
in a circular cylindrical tube via Adomian decomposition method. Effects of heat transfer
on the MHD peristaltic transport of a variable viscosity fluid were studied by Nadeem and
Akbar [43]. The fluid viscosity in this study was considered to vary linearly with temperature
and Adomian decomposition Method (ADM) was used to obtain the solution of the coupled
equations. Nadeem et al. [44] discussed the influence of heat transfer on the peristaltic transport
of fluid with variable viscosity. Nadeem and Akbar [45] presented the study for the effects
of temperature dependent viscosity on peristaltic flow of Jeffrey-six constant fluid in a non-
uniform vertical tube. Nadeem and Akbar [46] examined the influence of temperature dependent
viscosity on peristaltic transport of a Newtonian fluid.

The concept of heat transfer has a key role in the analysis of tissues, hemodialysis and oxy-
genation. Radhakrishnamachrya and Murty [47] studied influence of heat transfer on peristaltic
transport in a non-uniform channel. Vajravelu et al [48] performed the heat transfer analysis of

the peristaltic transport in a vertical porous annulus under the long wavelength consideration.



Simultaneous effects of heat transfer and applied magnetic field on the peristaltic transport in
a vertical annulus were studied by Mekheimer and Elmaboud [49]. Srinivas and Kothandapani
[50] examined the peristaltic transport in an asymmetric channel with heat transfer. Hayat et al.
[51] performed the heat transfer analysis for the peristaltic transport of an electrically conduct-
ing fluid in porous space. Srinivas and Kothandapani [52] studied the impact of heat and mass
transfer on the MHD peristaltic motion with complaint walls. Hayat and Hina [53] investigated
the heat and mass transfer effects on the peristaltic motion of Maxwell fluid. Mekheimer et al.
[54] analyzed the peristaltic transport under the influence of heat transfer and space porosity.
Nadeem and Akbar [55] analyzed the effect of radially varying MHD on the peristaltic flow
in an annulus with heat and mass transfer. Ali et al. [56] studied the heat transfer effect
on peristaltic transport in a curved channel. Hayat and Noreen [57] examined the peristaltic
transport of fourth grade fluid with heat transfer and induced magnetic field. Effects of thermal
radiation and space porosity on MHD mixed convection flow in a vertical channel were analyzed
by Srinivas and Muthuraj [58]. Vajravelu et al. [59] discussed the influence of heat transfer
on peristaltic transport of Jeffrey fluid in a vertical porous stratum. Hayat et al. [60] ana-
lyzed the heat transfer effects on the peristaltic transport in a curved channel with complaint
walls. Mixed convection heat and mass transfer in an asymmetric channel with peristalsis was
discussed by Srinivas et al. [61]. Effects of heat and mass transfer on the peristaltic flow of
Johnson Segalman fluid in a vertical asymmetric channel with induced MHD was examined by
Nadeem and Akbar [62]. Tripathi [63] proposed a mathematical model for swallowing of food
bolus through the oesophagus under the influence of heat transfer. Akbar et al. [64] computed
the effects of heat and mass transfer on the peristaltic transport of hyperbolic tangent fluid.
Akbar and Nadeem [65] investigated the heat and mass transfer effects in the peristaltic trans-
port of Johnson-Segalman fluid. Effects of induced magnetic field were also taken into account
in this study. Effects of induced magnetic field and heat transfer on peristaltic transport were
also discussed by Hayat et al. [66]. This study was performed for the Carreau fluid model.
Peristaltic transport of third order fluid under the effect of applied magnetic field was studied
by Hayat et al. [67]. Hayat et al. [68] also analyzed the peristaltic flow of a third order fluid
in an asymmetric channel with slip effects. Heat and mass transfer analysis for the peristaltic

transport of third order fluid in a diverging tube was carried out by Nadeem et al. [69]. Akbar



et al. [70] studied the effects of slip and heat transfer on the peristaltic flow of third order fluid

in an inclined asymmetric channel.

1.3 Fundamental laws

1.3.1 Law of conservation of mass

Mathematical form of law of conservation of mass is known as continuity equation which for

unsteady flow is given by

p

o7 TV (pV) =0, (1.1)

in which p denotes the density of the fluid and V the velocity. Eq. (1.1) for an incompressible
fluid is

V.V=0 (1.2)

1.3.2 Law of conservation of linear momentum

Newton’s second law of motion states that time rate of change of linear momentum is equal to
the total force acting on the fluid element. Mathematically it is expressed as
av

P = V - 7+pb, (1.3)

for an incompressible flow. Here 7 is the Cauchy stress tensor which is different for different
fluids, V.7 the surface force and pb the body force. The body force pb is different for different
flow situations. For instance the expression of body force pb for the flow of an electrically

conducting fluid in the presence of magnetic field and buoyancy effects is
pb =pg [Br (I' = To) + B.(C — Co)| +J x B (1.4)

where g is the gravitational acceleration, T" and Tj the temperatures of fluid and boundary

respectively, C' and Cj the concentrations of fluid and boundary respectively, S and [, the



volumetric expansion coefficients, J the current density and B the applied magnetic field.
Furthermore first two terms on the right hand side of Eq. (1.4) represent the body force
due to density differences caused by temperature difference and composition difference. The
last term of Eq. (1.4) is the Lorentz force.

The Cauchy stress tensor 7 is expressed as

Ozzx Tazy Taz Orr Trog  Trz
T= | Tyz Oyy Ty | O'T = | Tor 000 Toz | (1.5)
Tzx Tzy Ozz Tzr T2 Ozz

where 04, (0rr) , 0yy (0gp) and o, are the normal stresses while all others are shear stresses.

In cartesian coordinates (x,y, z) Eq. (1.3) can be written as

@ @ @ @ i 0 (Umx) 0 (Txy) 0 (TIZ)
p<at +uz- vy (%) 5%t oy g, + b (1.6)
ov ov ov ov 0(1yz)  O(oyy)  0(7y2)
- - i - = 1
p(at U Ty waz> Oz oy a. TP (L.7)
ow ow ow ow 0(722) | O(72y) | 0(0:2)
p<at+“ax+”ay+waz> R gy . TP (18)

1.3.3 First law of thermodynamics

The law of conservation of energy is also known as first law of thermodynamics and can be

expressed as

d(CpT)
dt

1
p =7-VV -V (-KVT)+~J-J. (1.9)

Here C), is the internal energy, 7 - V'V the viscous dissipation, K'VT' the heat flux, T" the
temperature field, C), the specific heat, o the electrical conductivity of fluid, K the thermal
conductivity, D the diffusion coefficient and the last term on RHS of Eq. (1.9) is due to the
Joule heating.
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1.3.4 Advection diffusion equation

The diffusion of chemically reacting species is governed by Fick’s second law. It is given by

% = DV?C - K,(C — Cy)", (1.10)

where C is the concentration field of the diffusing species, n the order of chemical reaction, D

the diffusion coefficient and K,, the reaction rate.

1.3.5 Dufour and Soret effects

It has been experimentally verified that the diffusion of energy can be caused by a composition
gradient. This fact is known as Dufour effect or diffusion-thermo effect. The diffusion of
diffusing species by temperature gradient is termed as Soret effect or thermal diffusion effect.
In most of the studies dealing with the transfer of heat and mass, Dufour and Soret effects
are neglected under the assumptions that these effects have smaller order of magnitude when
compared to the effects described by Fourier’s and Fick’s laws. However recent developments
show that these effects are significant when transfer of heat and mass occur in the flow of
mixture of gases with very light molecular weight (Hs, He) and gases with medium molecular
weight (Ng, air). Egs. (1.9) and (1.10) can be modified to make them capable of describing

Dufour and Soret effects as follows:

dT — DKp 1
— = K.V’T+7.L 204233 1.11
e, +7.L+ C. VeC + o ) (1.11)
— = DV?C T 1.12
dt tT =V (1.12)

where 7.L is the viscous dissipation term, 7 the stress tensor, L the velocity gradient, C the

concentration susceptibility, K the thermal-diffusion ratio and 7;,, the mean fluid temperature.

1.3.6 Maxwell’s equations

Equations which mathematically state a set of laws namely Gauss’ law of electricity, Gauss’ law

of magnetism, Faraday’s law and Ampere-Maxwell law are known as Maxwell equations after
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the name of James Clerk Maxwell. These equations are

V-E = 5—;, (Gauss’ law for electricity) ,
V-B = 0, (Gauss’ law for magnetism),
VXE = —aa—]?, (Faraday’s law) ,
VxB = pugJ+ MeEO%_?’ (Ampere-Maxwell law) .

(1.13)
(1.14)

(1.15)

(1.16)

Here p, indicates the charge density, €9 the permittivity of free space, B the magnetic field, E

the electric field, J the current density and p, the electric constant.

1.4 Constitutive equations of a third order fluid

The Cauchy stress tensor 7 in an incompressible homogeneous third order fluid is [67-70]:

— —2 — —2 — _ =
T = —pl+ <M + ﬁgtTA1> Al +a1Ag + oA + 1Az + B, (A1A2 + A2A1) )

(1.17)

in which g, a; (i =1,2) and 5, (i = 1,2.3) are the material constants. The Rivlin-Ericksen

tensors can be represented as follows

A, = L+L,
— dA, — — ——
A = — "+ AL+ L'A, n=1,2

12
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Chapter 2

MHD mixed convection peristaltic
flow with variable viscosity and

thermal conductivity

This chapter concerns with mixed convection peristaltic low of an electrically conducting fluid
in an inclined channel. Analysis has been carried out in the presence of Joule heating. The
fluid viscosity and thermal conductivity are assumed to vary with respect to temperature. A
nonlinear coupled governing system is computed. Numerical results are presented for the veloc-
ity, pressure gradient, temperature and streamlines. Heat transfer rate at the wall is computed

and analyzed. Graphs reflecting the contributions of embedded parameters are discussed.

2.1 Mathematical formulation

We examine the peristaltic transport of viscous fluid in an inclined asymmetric channel of width
(d1 + dz) . The channel is inclined at an angle a;. The X —axis is chosen along the length of
the channel and Y —axis is taken normal to the X —axis. A uniform magnetic field of strength
By acts parallel to the Y —axis. Effects of induced magnetic and electric fields are ignored. The
viscosity and thermal conductivity are temperature dependent. The following forms of waves

propagate along the channel walls

13



& = ajcos <277r(7 - cf)) ,
& = bicos (2;(7 —ct) +’y> ,

in which % is time, H; and Hs represent the upper and lower walls of channel, a; and b; are the
amplitude of the waves at respective walls, v the phase difference of two waves and ¢ and A are
the speed and wavelength of the waves respectively. Appropriate velocity field for this problem

isV = [U(Y, Y,1),V(X,Y,1), 0] . Laws of conservation of mass and linear momentum give

ou oV
ox oy 1)
0 =0 =0 \= oP 0 oU 0 oV oU
p<8t+ ax aY) ox ax(“()ax>+ay[“()<ax+w>]
—0B2U + pga* (T — Tp,) sinay + pgsinay, (2.2)
0 —0 =0 \= oP 0 ov 0 ov. U
p<8t+ ax ay> v ay<“()ay>+ax[“()<ax+aYﬂ
—pga” (T —T,,) cosa — pgcosaj. (2.3)

In above equations p is the density of fluid, o the electric conductivity, @ (7') the temperature
dependent dynamic viscosity, g the acceleration due to gravity, 7;, the mean value of temper-
ature of both the channel walls and o* the thermal expansion coefficient. We consider (@, )
and P as the velocity components and pressure in the wave frame (Z,7). The transformations

between laboratory and wave frames are

T=X—ct, =Y, u=U—c, v=V, p@,7) = P(X,Y,?), (2.4)



where (U, V) and P are the velocity components and pressure in the laboratory frame. The

conservation laws of mass and momentum in wave frame can be expressed as

S{E
_|_
SIS

p(@+0)Z+78) @+ =—E+22 @AM E) +% 7T (E+F)]

—oB2 (U+c) + pga* (T — Tp) sinay + pgsinaz, (2.6)

p(@+o)2+78) @ =-Z+28 (B0 E) + & [0 (E+E)]

—pga* (T —T,,) cos g — pg cos ay. (2.7)

Defining the dimensionless quantities

T 7 U T dy H, Hy ds d3p
z N\ Yy d17 u c’ v S’ N\ 1 di 2 d17 d17 C)\//LO,
— 2 * 2
0 aT) o (‘7) 2 12 ct pge (Ty — Tp) di T—Tnm
vo= —, 0) = , M= — Bid , L= —, G = s 0= )
M= po) O A oC T — Ty
pcdy c?

Re = — Fr=— u=1%,,v=—19, 2.8
Ho dy Yy ¥ (2:8)

and adopting long wavelength and low Reynolds number approach we have in terms of stream

function v the following equations

0 02 5 [ OY
- Blngs] w2

Re Sinay

G0 Si
+Gy 1nay + Fr )

(2.9)

py =0, (2.10)

and the continuity equation is identically satisfied. Here, hj 2 are the dimensionless wall shapes,
M the Hartman number, G; the Grashoff number, Re the Reynolds number, Fr the Froud

number and v the stream function. Equation (2.10) indicates that p # p(y) and compatibility
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equation from Egs. (2.9) and (2.10) has the form

9?2 0% 9 0% a0 .
The volume flow rate in fixed frame is defined as
H _
Q= | UX,)Y,t)dy (2.12)
Ho
and in wave frame we have
h1
— [t (2.13)
ha

in which h; 9 are functions of = alone. From Egs. (2.12), (2.13) and (2.8) one has
Q = q+ chi(x) — cha(x).

The time averaged flow over a period T is

— 1 [Ty
a-5 | Qa,

which implies that

Q = q+cdy + cdo.

Defining n and F' as the dimensionless mean flows in laboratory and wave frames by

Q q
= — F = —
" Cdl’ Cdl
one can write
n=F+1+d, (2.14)
where
h1 aw
F= —dy = ¢¥(h1) — P (ha). (2.15)
he OY
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Dimensionless boundary conditions in terms of stream function are

b

77[} = 57 wy:_l aty:hlv
F
v = —5 Y, = —1aty = hy. (2.16)

2.2 Heat transfer analysis

We have assumed that the walls at h; and he have temperature Ty and 77 respectively. Energy

equation in presence of viscous dissipation and Joule heating effects in laboratory frame is

() ()} (R )

+UB§U2. (2.17)

pCy (T + Ul +VTy) = V.[R(T)(VT)] +7(T)

In wave frame above equation takes the form

pCp (T+ ) T5+7T,) = V.[K(T)(VD)] +7r(T)

{(7) (@) ) (75)]

+0B2 (T +c)?, (2.18)

in which T is the fluid temperature, C), the specific heat, K (T') the dimensional tempera-
ture dependent thermal conductivity and 7 (T') is the temperature dependent viscosity. The

dimensionless energy equation in view of afore mentioned approximations becomes

2
a% {K(0)0,} + Bru(9) (¢,,)" + BrM? (% + 1) =0, (2.19)

where Br is the Brinkman number, K (6) the dimensionless temperature dependent thermal
conductivity, # the dimensionless temperature, Pr the Prandtle number and E the Eckert num-

ber. These involved quantities are defined as follows:

T —Tn _K(T) 2

1oCp ¢
- Tl - TO’ (9) - KO

, Br=PrE, Pr="02 p—__°
Ko C, (T, — Tp)

0 (2.20)
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Dimensionless boundary conditions for the temperature are given by
1 1
9:—§aty:h1and9:§aty:h2. (2.21)
Temperature dependent viscosity and thermal conductivity are taken in the form
uwl)=1—ab, KO)=1+€b, (o, ¢) < 1. (2.22)

Note that iy and Ky are the viscosity and thermal conductivity of the fluid when the temper-
ature of the fluid approaches the mean temperature. Also the cases of constant viscosity and
thermal conductivity can be recovered by choosing « and € equal to zero. The values of h; and
ho are

hi(x) =14 acos(2mx), ha(x) = —d — beos(2mx + 7). (2.23)

We note that Eq. (2.19) is nonlinear in the present analysis. Hence in this study we have
nonlinear coupled system. Analytic solution of the resulting nonlinear coupled system seems
difficult. Hence the numerical solution through Mathematica is preferred here. The step sizes

for x and y are chosen 0.01. The flow quantities of interest will be analyzed in the next section.

2.3 Graphical analysis

This section aims to analyze the numerical results for influential parameters. Plots of pressure
gradient, axial velocity, temperature and stream function are obtained and examined. Numer-
ical values of the heat transfer rate are given in Table 2.1.

It is obvious from Figs. 2.1 that pressure gradient for constant viscosity fluid is less when
compared with variable viscosity fluid. Temperature dependent thermal conductivity also in-
creases the value of pressure gradient. Such results are obvious from the Figs. 2.la-b. An
increase in « and € also increases the pressure gradient. Pressure gradient decreases by increas-
ing Hartman and Froud numbers. However this change in pressure gradient due to M and Fr
is sufficiently large when compared with that of o and € (see Figs. 2.1d and f). As the value
of ay is varied from 0 to 7/2 the pressure gradient tends to attain significantly large value

which highlights the fact that pressure gradient is higher in a vertical channel when compared
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to horizontal channel (Fig. 2.1 ¢). For assisting flow (4ve value of acceleration due to gravity
g) pressure gradient is large than that of opposing flow (see Fig. 2.1e).

Plots of axial velocity are given in Figs. 2.2 a-d. These Figs. showed that velocity tends to
follow parabolic path with maximum value occurring near the center of the channel. Fig. 2.1a
shows that when the viscosity parameter « is taken zero i.e. the velocity for constant viscosity
fluid is seen to have maximum value near the center of the channel whereas it tends to shift
towards the lower wall for non zero values of the viscosity parameter. Moreover a slight increase
in the maximum value of velocity is observed when « increases. Channel inclination angle oy is
seen to have almost similar effect on the velocity as that of v (see Fig. 2.2b). Maximum value of
velocity in inclined channel is shifted towards the lower wall. Increase in the strength of applied
magnetic field decreases the velocity. This change in velocity is maximum when the Hartman
number is taken between 1 and 2 (see Fig. 2.2c). Change in the value of Grashoff number
varies the symmetry of the velocity profile relative to the channel i.e. velocity has maximum
value near the center for opposing flow and this change occurs when G; has +ve value. Effect of
Grashoff number on the velocity also depends on the channel inclination which is well justified
physically (see Fig. 2.2d). It is further noted that e has no effect on the axial velocity.

Behavior of the dimensionless temperature through «, ¢, M, a3, G; and Br are examined
in the Figs. 2.3 a-f. Fig. 2.3a depicts that an increase in the viscosity parameter decreases the
temperature. This decrease in temperature subject to decrease in « is uniform throughout the
channel. Fig. 2.3 b analyzes the impact of variable thermal conductivity parameter ¢ on the
temperature. Effect of € on the temperature is noteworthy in the sense that it is not uniform
throughout the channel. It means that near the lower wall (hg) an increase in the value of €
decreases the value of temperature of the fluid whereas near the upper wall (h;) it increases the
value of . Since € yields the perturbation in the thermal conductivity of the fluid so increase in
this parameter gives rise to increase in the ability of the fluid to dissipate or absorb heat. Hence
when temperature of the fluid is higher than the temperature of the boundary then increase in
€ results in reduction of the temperature of fluid and vice versa.

Increase in the Hartman number increases the value of #. This fact is primarily due to
consideration of Joule heating (see Fig. 2.3c). Channel inclination also has non-uniform effect

on the temperature. Increase in a; near the lower wall increases the temperature but such
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increase although is not very significant. Similarly the Grashoff number also has very less and
non-uniform effect on the temperature (see Figs. 2.3d and e). Fig. 2.3 f shows that an increase
in Br increases the temperature € significantly. Also when Br is increased then the temperature
plots become non-linear. Streamlines for o and e are plotted in the Figs. 2.4 and 2.5. It is
seen that the size of trapped bolus decreases with an increase in «. However € has no significant
effect on the size of the bolus.

Table 2.1 gives the numerical values of heat transfer rate at the wall ¢'(hy) for different
values of the embedded parameters. Results showed that an increase in the value of viscosity
parameter o reduces the transfer rate but heat transfer rate increases through increase in €. The
transfer rate decreases via inclined nature of channel. Further an increase in Hartman number

increases the transfer rate.

2.4 Main points

Effects of variable viscosity and thermal conductivity on the MHD peristaltic transport of fluid
in an inclined asymmetric channel are analyzed. Mixed convection and Joule heating effects

are present. Main results are reported below.

e Variable viscosity and thermal conductivity tend to increase the pressure gradient.

e Viscosity parameter, Grashoff number and inclination angle have similar effects on the
velocity. However velocity is unperturbed due to change in thermal conductivity parame-

ter.
e Variable thermal conductivity has no significant change on the bolus size.
e Variable viscosity tends to reduce the temperature of fluid.

e Viscosity parameter and inclination angle have similar effects on heat transfer rate at the

wall.

The following values are used in the plots
Figs. 2.1 (a-g), « = 0.1, a1 = 7/6, ¢ = 0.1, Re =3, Fr =2, Br =02, M = 0.5, G; = 2,
Pr=05,a=04,b=03,v=7/4,d=0.7 and n = 0.7.
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Figs. 2.2 (a-d), « = 0.1, a1 = /6, e = 0.1, 2 =0, Re = 3, Fr =2, Br = 0.4, M = 0.5,
Gy=2,Pr=05,a=04,b6=0.3,y=7/4,d=0.7 and n = 0.9.

Figs. 2.3 (a-f), «a = 0.1, a1 = 7/6, e = 0.1, 2 =0, Re =5, Fr =2, Br =05, M =1,
Gy=1,Pr=05,a=04,b6=03,y=7/4,d=0.7 and n = 1.5.

Figs. 2.4 and 2.5, « = 0.1, ; =7/6,€e =0.1, Re =3, Fr =2, Br =0.2, M = 0.5, G; = 2,
Pr=05,a=04,b=03,v=7/4,d=0.7 and n = 1.2.
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Figs. 2.1 a-f. Development of pressure gradient in the axial direction.
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Fig. 2.2 a-d Axial velocity for different parameters.
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Figs. 2.3 a-f. Dimensionless temperature for various parameters.
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a € ap M —0(h)
0.0 0.1 «/6 0.5 1.0603
0.4 1.0257
0.6 1.0051
0.1 0.0 0.9893
0.1 1.0524

0.2 1.1258

0.1 O 1.1278

/4 1.0247

/2 0.9892

w/6 0.0 0.9857

0.4 1.0284

0.8 1.1567

Table 2.1. Numerical values of heat transfer rate at the wall (h;) when Re = 3, Fr = 2,
Br=02,2=0, Gi=2,Pr=05,a=04,06=0.3,vy=7/4,d=0.7T and n = 1.2.
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Chapter 3

Hydromagnetic peristaltic transport
of variable viscosity fluid with heat

transfer and porous medium

This chapter examines the peristaltic transport of variable viscosity fluid in a planar channel
with heat transfer. The fluid viscosity is taken temperature dependent. The fluid is electrically
conducting in the presence of a constant applied magnetic field. Both channel and magnetic
field are considered inclined. An incompressible fluid saturates the porous space. Heat transfer
analysis is carried out in the presence of viscous dissipation and Joule heating. The resulting
problems are solved numerically. A parametric study is performed to predict the impact of

embedded parameters. Important results have been pointed out in the key findings.

3.1 Mathematical analysis

Let us examine the peristaltic transport of an incompressible viscous fluid in a symmetric
channel. The channel is taken inclined at an angle a; to the vertical. The fluid is electrically
conducting in the presence of an inclined magnetic field with constant strength Bg. The flow
generated is due to peristaltic waves travelling along the channel walls. The wall geometry is

chosen in the form
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F(Y>E) = dl + 57

where dy is the half channel width and £ is the disturbance produced due to propagation of

peristaltic waves at the walls. This disturbance can be written in the form
2T — -
& = ajcos <TW(X — ct)) ,

in which ¢ is time, a; is the amplitude of the peristaltic wave, ¢ and )\ are the speed and
wavelength of the waves respectively. Appropriate velocity field for this problem is V =
[U(X,Y,t),V(X,Y,?),0] . Laws of conservation of mass, momentum and energy can be repre-
sented as follows:

ou oV

0X oY (3-1)

p(G+ Uk +Vat)U=-F + 2k GO F) + 5 O (F+ 7))

—oB2Cosp (ﬁC’osﬁ —VSi nﬁ) + pga* (T — Ty) Sinay + pg Sinag — E(Z)U, (3.2)

(3 +T%+72)V=-Z 122 (a0 ) + & [r@) (Z+Z)]

—oBZSing (UCosp — V SinB) — pga* (T — Ty) Cosay — pgCosay — H(T)V, (3.3)

pCyp (G+UTs+VTy) = K [Tsx+Tyv] +0(T)

+oBZ (UCosp — V Sing)’

Here U, V and P are the velocity components and pressure in the laboratory frame (X,Y,7), p
the density of fluid, 4 the dynamic viscosity, ¢ the acceleration due to gravity, k& permeability of
the porous medium parameter, 5 the inclination of applied magnetic field and o* the thermal
expansion coefficient. We also denote C), as the specific heat, K the thermal conductivity and

T the temperature of fluid. We further adopt (u,7) and P as the velocity components and

30




pressure in the wave frame (7,7). The transformations between laboratory and wave frames

are

T=X—ct, =Y, u=

S|
|
v("3
S]]
<
’;Cil
Al
Sl
I
~
>
~
N
=
&

The governing equations in the wave frame are given by

S{E
+
S

p(@+0)Z+78) @+ =—F+22 @AM E) +% 7T (E+E)]

—0B2CosB ((u+ c) CosfB —vSing) + pga* (T — Ty) Sinay + pg Sina; — %, (3.7)

p(E+o) & +74) @ =-E+25 (RO E)+&[F0) (E+5)]
*( T

T —Ty) Cosay — pgCosay — K k)( v) (3.8)

(T (T 2
+0Bj ((w+ c¢) Cospp —vSing) (T) (g+ ) , (3.9)
Defining the dimensionless quantities
z y U v Cl1 ﬁ al d%p o
x )\7 Y d17 U C, v 657 )\7 dl’ a d17 C)\,U/()’ p7
BT 2 d 7 T-T, *Tod?
wu(d) = ( ),M2:<i> Bgd%,R :&7 20_79_ 07Gt_pga 01’
Fo o 0 A Ty oC
2 k c? :U’OC
Fr = —, k=—, Br=PrE, E= Pr = Py = — 1
r o ol r rE, Ty r P Py, v (3 (3.10)
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and adopting long wavelength and low Reynolds number approach, the equations in terms of

stream function 1 are

0 0?1 0 oY
P gy 0 ] - e B (5 41) +

. Re Si
G0 Sina; + %:0‘1 (3.11)
Py =0, (3.12)
)] (8 2
0y, + Bru () (wyy)2 + Br [M2Cos2ﬁ + #} (8—15 + 1) =0, (3.13)

Note that the incompressibility condition is automatically satisfied and Eq. (3.11) witnesses

that p # p(y). From Egs. (3.10) and (3.11) we have

2 2 2

Here v denotes the kinematic viscosity, Re the Reynolds number, Br the Brinkman number,
FE the Eckret number, Pr the Prandtl number, § the wave number, Gr the Grashoff number,
Fr the Froud number, k& the dimensionless permeability parameter and 6 the dimensionless
temperature.

We consider the temperature dependent viscosity in the form
() = e

which gives

w@)=1—ab, fora<l1.

where « is the viscosity parameter. Note that for &« = 0 our problem reduces to the constant
viscosity case.

The dimensionless volume flow rate in laboratory frame is defined by

Q= /_7? dY (3.15)
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and in wave frame we have

h
q=/0 u(x,y)dy

in which h is function of  alone. From Egs. (3.14), (3.15) and (3.6) one has

Q = q+ch(x).

The time averaged flow over a period T is

which implies that

n= Q, r=2
ca ca
one can write
n=F+1,
where
h o
F= —¢dy.
0o Oy

The corresponding boundary conditions for the present flow configuration are

= 07 wyy = 07 91/ = 07 y = 07

= F7 wy:_]-vgzov y:h7

with
h(z) =1+ acos(2mx).
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3.2 Solution and analysis

Numerical solutions of the derived problems are obtained. For that we have taken 0.01 as the
step size for the variations of x and y. The obtained results are analyzed graphically in this
section.

The graphs of pressure gradient, stream function, velocity and temperature are examined.
Moreover, the numerical values of heat transfer rate at the wall are computed and analyzed
through Table 3.1. Hence Figs. 3.1(a-h) are plotted to analyze the pressure gradient variation
with respect to different embedded parameters. Figs. 3.2-3.8 depict the behavior of streamlines,
Figs. 3.9(a-f) for velocity and Figs. 3.10(a-f) for the temperature profile.

It is seen that the pressure gradient varies and has maximum value at the wider part of
the channel. Minimum value of the pressure gradient is found near the more occlude part of
the channel. It is observed that value of the pressure gradient increases with an increase in
the variable viscosity parameter i.e. the pressure gradient has a higher value for the variable
viscosity fluid than that of the fluid with constant viscosity (see Fig. 3.1a). Presence of porous
medium decreases the value of pressure gradient (see Fig. 3.1b). Pressure gradient is larger
when we move from the horizontal to the vertical channel. Increase in the Hartman number and
decrease in the magnetic field inclination tend to decrease the pressure gradient (Figs. 3.1d and
f). An increase in Froud number decreases the pressure gradient while the Brinkman number
increases its value (Figs. 3.1e and h). Corresponding value of the pressure gradient is higher in
the case of resisting (or opposing) flow when compared to that of the assisting flow (Fig. 3.1g).

The volume of the fluid trapped within a streamline is usually termed as bolus. This study
showed that the size of the trapped bolus decreases with an increase in the magnetic field
parameter M (see Fig. 3.2). Bolus size is smaller in the case of fluid with constant viscosity
(see Fig. 3.3). Size of the trapped bolus increases with an increase in the value of the porosity
parameter k. It means that the bolus size gets reduced in case of flow through porous medium
(Fig. 3.4). From Fig. 3.5 it is observed that the impact of channel inclination on the size of the
trapped bolus is not very significant. However an increase in channel inclination enhances the
bolus size by a very small amount. An increase in both magnetic field inclination and Brinkman
number give rise to an increase in the size of the trapped bolus (see Figs. 3.6 and 3.7). Bolus

is found to have a comparatively larger size in the case of assisting flow (+ value of g) (see Fig.
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3.8).

Velocity profile is seen to follow a parabolic trajectory with maximum value near the center
of the channel. Such value of the velocity increases when we move from constant viscosity fluid
to the fluid with temperature dependent viscosity. It is seen from Fig. 3.9b that the velocity
decreases in the case of porous medium. Increase in the Hartrman number decreases the velocity
near the center line whereas the case is opposite for an increase in Brinkman number (see Figs.
3.9d and f). Inclination of the channel results in the increase of the velocity for both assisting
and resisting flows (see Fig. 3.9c). Fig. 3.9e revealed that the velocity has a higher value for
assisting flow.

Dimensionless temperature is analyzed in the Figs. 3.10(a-f). Fig. 3.10a showed that the
temperature is higher for the case of constant viscosity fluid when compared with the fluid of
variable viscosity. Fig. 3.10b depicts that an increase in the value of permeability parameter
decreases the value of the dimensionless temperature. Dimensionless temperature increases
with an increase in the value of the Hartman number (Fig. 3.10 c¢). Similarly temperature is
higher for the case of assisting flow (see Fig. 3.10 d). Increase in inclination of channel gives
higher value of the temperature whereas the case is opposite for the inclination of magnetic
field (see Figs. 3.10 e and f).

Numerical values of the heat transfer rate at the wall for different parameters are plotted in
Table 3.1. It is noted that the heat transfer rate decreases by increasing the viscosity parameter
«, permeability parameter k, Grashoff number G; and channel and magnetic field inclinations
(a1 and B respectively). However it increases due to increase in Hartman number (M) and

Brinkman number Br.

3.3 Key findings

Numerical solution for the peristaltic transport of the variable viscosity fluid with porous
medium and heat transfer in an inclined channel is obtained and analyzed. The main points of

present attempt are listed below.

e Pressure gradient has a higher value for variable viscosity fluid than constant viscosity

fluid.
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e There is a decrease of pressure gradient in presence of porous medium.
e Pressure gradient has higher value when channel is vertical and there is resisting flow.

e Size of the trapped bolus increases with an increase in viscosity and permeability para-

meters.
e Trapped bolus has a larger size for assisting flow case.
e Fluid velocity with constant viscosity is less when compared to that of variable viscosity.
e Effects of porous medium on pressure gradient and velocity are qualitatively similar.
e Unlike the velocity, the temperature of the fluid is higher for constant viscosity case.
e Temperature is higher for the case of assisting flow.

e Heat transfer rate at the wall decreases with the increase in channel and magnetic field

inclinations.

The used values of the parameters here are « = 0.2,k = 1.0,aq,8 = 7/4,Re = 5, Fr =
2,Br =0.5,M =0.5,G; = 0.5,a = 0.3 and 7 = 0.3 (unless stated otherwise).
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Fig. 3.5 Streamlines for variation of channel inclination.
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Fig. 3.7 Streamlines for different Brinkman
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o Ek M G o S Br o' (h)
0.0 1.0 1.0 2 w/4 w/4 0.5 2.32081
0.3 1.76871
0.6 1.44276
0.2 0.5 2.24094
2.0 1.71568
10.0 1.52373
1.0 0.0 1.61917

1.0 1.91839

2.0 2.8159

1.0 -2.0 1.95425

0.0 1.93242

2.0 1.91839

1.0 0.0 1.93242

/4 1.92427

/2 1.92153

w/4 0.0 2.22499

w/4 1.92427

/2 1.62345

w/4 0.1 0.401872

0.2 0.795321

0.3 1.18027

Table 3.1. Numerical values of heat transfer rate at the wall for different parameters.
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Chapter 4

Peristaltic low in an asymmetric
channel with convective boundary

conditions and Joule heating

This chapter concentrates on the peristaltic transport of viscous fluid in an asymmetric channel.
The channel walls exhibit convective type boundary conditions. Both cases of hydrodynamic
and magnetohydrodynamic (MHD) fluids are considered. Analytic solutions for stream function
and temperature are constructed. Numerical integration is carried out for pressure rise per

wavelength. Effects of influential flow parameters are pointed out through graphs.

4.1 Mathematical analysis

Consider the peristaltic transport of an incompressible MHD viscous fluid in an asymmetric
channel of width di 4+ do. The X-axis is taken along the length of the channel whereas the
Y-axis is taken normal to the X-axis. The flow is due to the waves travelling on the walls of
channel. A constant magnetic field By is applied in the Y- direction. The fluid is electrically
conducting while the channel walls are non-conducting. The upper H; and lower Hy walls are
maintained at the temperature Ty and 77 respectively. The geometry of the walls is given as

follows
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H1(X,T) =dy +aycos (2;(7 — cf)) :

Hy(X,T) = —dy — bycos <277T(Y —ct) + 'y> , (4.1)

where a; and b; are the amplitudes of the waves travelling on the upper and lower walls, A is
the wavelength, c is the wave speed, 7 is the phase difference and ¢ is the time. The laws of

mass, momentum and energy yield

ou oV
ox oy (4.2)
0 —0 —0\= opP U 07U _
= p— e = e o - o - B2 4.
p(at+Ua +Vay>U 8X+M[872+8?2] oByU, (4.3)
0 —0 —0\—= 0P 0V 9’V
p(8t+ ox aY) 8Y+M[072+a?2] (44

_\2 _\2 _ _\2 —
v 2((B) +(B)) + (B +&)| +omv” (45)

where (U,V) are the velocity components in (X,Y) directions respectively, P the pressure,
1 the dynamic viscosity, p the density of fluid, o the electrical conductivity, K the thermal
conductivity and C), the specific heat. We have an interest to transform our problem from the

fixed frame (X,Y) to the moving/wave frame (%, 7). For that we define

T=X—ct, =Y, u=U—c¢, v=V, p@7) = P(X,Y,?). (4.6)

3l
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On setting

T oy @ v o4 T
- )\7 y_d17 _C7 067 _)\7 1 d17
hQ:E b _a o b dip g
dl ) dlv d17 dl’ CA,U,7 p7
pcdy ct o\ /2 T — Ty
Re 1L ) )\ (M) 0¢1, Tl_TO’ r PI'E,
c? uC o oLV,
E = —— pr=55/-P =2 p=-——= 4.
C,(h—Tp) | K """’ on (4.7)
dimensionless form of Eqgs. (4.2 — 4.5) take the following form
ou Ov
i 4.
oz * dy 0 (48)
ou ou op 5 0%u 0% 9
R DNe—=+v— | =—5 V= +-5|—-M 1 4.
e<(u+ )8x+”ay> 8$+( 8x2+8y2 (u+1), (4.9)
ov ov Op v v
&R o= +v | ===+ 0% (o5 + 75 4.1
e<(u+ )a$+vay) ay+5 <6 a362+8y2 , (4.10)
2
6PrRe ((u+1)32 +v3%) = 5254 + 5
2 2
+Br [252 ((g_y) + (%)2> + (0282 + %) } + BrM2(u+ 1)2. (4.11)

Here v denotes the kinematic viscosity, M the Hartman number, Re the Reynolds number, Br
the Brinkman number, E the Eckret number, Pr the Prandtl number, § the wave number and
0 the dimensionless temperature. Making use of the long wavelength and low Reynolds number

approximation we have

dp _ 33711 9 (O
i~ O M ay +1], (4.12)
op
8_y =0, (4.13)
520 2¢\° o (O 2
0= 8_y2 + Br <8_y2> + BrM (a—y + 1) 5 (414)

where Eq. (4.12) indicates that p # p (y).
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Defining n and F as the dimensionless mean flows in laboratory and wave frames by

nzc%, cm%ll, (4.15)
which after using @ = q + ¢ (d; + da) give
n=F+1+d, (4.16)
where ,
F= h: g—;fdy. (4.17)

The convective boundary condition for the temperature can be expressed as follows

or

in which K is the thermal conductivity, [ the wall heat transfer coefficient and T, the tempera-
ture of the wall. Physically this condition states that the rate of heat transfer from the wall to
the fluid (or vice versa) is proportional to the difference of their temperature. Having in mind
the asymmetric nature of considered channel, we choose [; and [y the respective heat transfer

coefficients of upper and lower walls. Hence the dimensionless boundary conditions are

F o 00 ‘
¢ = 5, a—y——l, a_y+B219—0, at y—Hl,
F o 06 .
¢ 9 ay ) ay Z2< ) 0, at 'y 2 ( 8)
hi(x) = 14 acos(2mx), he(x) = —d— beos(2mx + ¢) , (4.19)
. lid . ld
Bi; = %, Biy = %, (4.20)

where Bi; o are the Biot-numbers for the upper and lower walls. Pressure rise per wavelength
is given by

1 dp
Apy = —dz. 4.21
Px /0 7.4 (4.21)
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4.2 Solution expressions

The solutions of Egs. (4.12) and (4.14) subject to the conditions (4.18) are

—e—My

Y= oL, (Lg — L3),

1 (—Ls . L7>
0=— (=24 (1+Bith) Le + —L | .
< ( 1) Ly (A1)

For M = 0 one has

(h1 + ha — 2y) (=2 (h1 — h2) (h1 —y) (ha —y) + FLg)
2 (hy — hy)®

w:_

)

6Br (F +hy —hy)*>  3BiyBr (F+hi —hy)? O

0 = _
Bis (h1 — hs)? 4Biy (hy — hy)? BiyCy
3Br (F + hy — h2)2 (hl + hy — 2y)4 Csy
- 6 + ==,
4 (hy — hy) Cy

and L;s, A;s and C;s are given as follows:
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Cy
Co
C3
Ly
Lo

L3

Ls

Lg

Lg

Ay

Ag
A7

Ag

+ + + + 1+ Bishs),
2 J—
hi — h2) ) (
?) + 6BiyBr (F
h1 — hg) )
3 4+ 6Br(F
h1 hg)
Biq (B’LQ

2
. ; h2), - h2) >
By )
- o Br (F
( Big + BigBirh, — h2)2) ) 6323
) + hy — |
ha)® (Bix o o
(hl hl h2) + . (2 ) th
( Biy <Bl2 M — hQM) +e ) ))
hi ooy -
(eth —24 9e(+ha)M _ o, L
(F+hy — >( ( i p
- . Aq).
ho s Birha, o
hi + o |
) N BisBi1hy A
Bi1 + Big + )M2 o
o+ B
— Bis +
Br(1

i - A9>
BrBiosM " Ag)
— A7) + <7
2 (_A2
x (BrM

(A1)
By —

1
& i %) 2
— Any N M)) ’
2 (Aqp ha)y B |
BrM? ( h2+2(hy + h2M (9 4y M o R
1 — 4dhihy + h3 haM) +e it o o
(hl - 2) o haM 2+ h M)>
eMM (2 ¢ 2 (1+M o s
4( M(F+h1—h2 M( o )+6h2M(2
: s ho M
- o <e M (_2 4+ hyM — hy ur h2M)2>7
M e |
_8€h1 < hg) M (6 1 o (2 -
86h2M(F+h1 - 2 (1+ M2) )
! — h2) ho M)
hl € M F+ hl th )
—4 gz)MAl?w 2) t e2heM ( o
e M(F + h1 — hy) ( MM (2 4 M (hﬁhz)MAB) 7
: | 2 _ 2
e - )
ha - | M))
. M + .
—8e™ ( _ h2) ) 2h1 M (2 —h " o
heM (P 4 by haM)? + ¢ e
+8e haM (9 4 b M — N
2hs e
2 (, 6
2132 ( - (
geMM (F 4y
+4hg A2,

) 14,
h?) (

2) 2 2h2M( hl

1 M

h?) (

hl

2h1M(

e
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Ag = 8eM(F 4 hy — hy) (e’“M (=2 + hiM — hoM) + €™ (2 4 hy M — h2M)> + 2h2 A1,
A = EMMThmv) (B g by — hy)? (14 M?) + 2eM (F + hy — ha)? (1 + M?)
+8eMtha=y) (F 4 by — hy) Ay,
A = 8™ (F 4 hy—hy) M (eth (=2 + by M — hoM) + "M (2 + hy M — th)) 245,
Ay = e22M (24 by M — hoM)? + @M (2 — by M + hoM)? — 2e(Fh2)M 4 o
A1z = 4+hiM* —2hihoM* + B3M* + 2F (hy — hg) M? (1 + M?) + F* (M* + M*),

Ay = MM (F 4 hy— hy) (e’“M (=2 +h M — hoM) + M (2 4 by M — th)) .

4.3 Graphical analysis

This section is concerned with the discussion of streamlines, pressure gradient and pressure rise
per wavelength. This objective is achieved through Figs. 4.1-4.4. Dimensionless temperature
profile is observed in the Figs. 4.5-4.7 for various parameters. In addition the heat transfer rate
at the upper wall is numerically tabulated. Such numerical values are presented in Table 4.1.

Figs. 4.1 (a and b) examine the streamlines plotted against rate of volume flow 1 when
M = 0. It is observed that there is a lower limit of flow rate below which no trapping occurs.
This shows that without sufficient volume of the fluid flowing per unit time through the channel,
trapping is unlikely to occur. The "threshold" or critical value of flow rate in present problem
is observed which approximately is equal to 1.6. It is noticed that when the value of flow rate
is increased from the critical value then the size of the trapped bolus not only increases but
also it gets elongated (see Figs. 4.la & 1b). Figs. 4.2 showed that the size of the trapped
bolus decreases for a given value of flow rate and eventually vanishes when Hartman number
increases.

Fig. 4.3 plots the pressure gradient. It is seen that the pressure gradient is maximum at the
center of the channel i.e. in the wider part of the channel. Moreover the corresponding value
of the pressure gradient is decreased when M has higher values. Pressure rise per wavelength
decreases with an increase in flow rate and for a fixed value of flow rate the pressure rise also
decreases by increasing the value of M.

Figs. 4.5a and 4.5b examine the temperature profile. Fig 4.5a includes the Joule heating
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effect whereas Fig. 4.5b is without such effect. It is shown that there is no significant effect
of M on the temperature profile when there is no Joule heating. However the temperature in
presence of Joule heating effect increases significantly for an increase in M.

Figs. 4.6 (a and b) analyze the effects of Bi; and Bigy separately on the temperature. It is
found that variation of Bi; has significant effect near the upper wall and hardly has any effect
near the lower wall. Similarly the variation of Bigy is significant near the lower wall. Further
the temperature decreases by increasing Bi1 2. Fig. 4.7 is for the case when both the walls have
same heat transfer coefficient i.e. Biy = Biy = Bi. Here the temperature also decreases with
an increase in Bi. However such decrease is initially large.

Numerical values of heat transfer rate at the upper wall is given in Table 4.1. Here 6'(h;)
is the heat transfer rate for 6 given in (4.21) and (6*)(h1) is one when we neglect the Joule
heating effect. It is seen that the transfer rate increases when M and Bi’s are increased. This
increase in heat transfer differs a lot in the two cases when Joule heating is considered and
neglected. It is seen that Bi for one wall has very little or no effect (for large value of Bi) on

transfer rate at the other wall.

4.4 Concluding remarks

Effects of convective boundary conditions and Joule heating on the peristaltic transport of MHD

viscous fluid are examined. The key findings of the presented analysis are mentioned below.

There is a critical value of the flow rate below which trapping is not likely to occur.

The applied magnetic field tends to decrease the size of trapped bolus.

Magnetic field decreases the magnitude of pressure gradient and pressure rise.

Temperature rises in presence of Joule heating.

Biot number decreases the dimensionless temperature.

Effects of Hartman and Biot numbers on the heat transfer rate at the wall are opposite.
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(=) M= 0.0{?7: 1'.|5 i . () M= 0.0,|?7= 1'.7

Fig. 4.1 Streamlines for M = 0.

(2) M= 0.5, n = 1.|5 i . .(b) M = 1.0,| 7 = 1.|5

Fig. 4.2 Streamlines for M # 0.
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Fig. 4.4 Pressure rise Apy for different values of M.
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Fig. 4.5 (a)

Fig. 4.5 Dimensionless temperature with variation in M.

Fig. 4.6 (a)

Fig. 4.6 Dimensionless temperature with variation in Biq 2.
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Fig. 4.7 Dimensionless temperature with Biy; = Biy = Bi.
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M Bil Big Br —0’(h1) —(0*)/(h1)
0.5 1.0 20 20 121396 10.1291

1.0 18.1183  10.1291
1.5 27.9366  10.1291
2.0 41.4483  10.1291

0.5 10.5343  2.70455
1.0 20.839 5.17941
1.5 31.1436  7.65427
2.0 41.4483 10.1291

0.5 0.5 46.7126  11.3298
1.0 1.0 46.7727  11.3899
1.5 1.5 46.8055  11.4227
20 20 46.8262  11.4434

Table: 4.1. Effect of various parameters on heat transfer rate at the upper wall.
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Chapter 5

Peristaltic motion with Soret and

Dufour effects

This chapter examines the magnetohydrodynamic (MHD) peristaltic flow in a symmetric chan-
nel in the presence of Ohmic heating. Effects of Soret and Dufour are retained. Long wavelength
and low Reynolds number assumptions are employed. Attention is mainly focused to analyze

the flow quantities for various parameters of interest.

5.1 Mathematical analysis

We consider the flow of an incompressible MHD fluid in a channel of width 2d;. The X — axis
is chosen along the walls of channel and Y — axis is selected normal to it. A uniform magnetic
field By is applied in the Y direction and induced magnetic field is neglected. The channel walls

are represented by

H(X,?) = d1 + aicos (2;(7 — cf)) : (5.1)

where a; is the wave amplitude, ) is the wavelength, c is the wave velocity and £ is the time.

The equations governing the two-dimensional flow are

ou oV
0X * oy (5:2)
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d —0 —0\=— or 02U 9?0 —
p(aﬁ ox aY) IX “[ayﬁa??] . >3
d —8 —0\— oP 2V 9%V
p(at ox © 8Y> oY “[ay2+a?2] >4
Il 77 0 70\ _ 9T A>T
oGy (5 +T5% + Vi) T =K | 2L+ 2] +
__\ 2 —\ 2 _ _\ 2 —9 — _
() + (B)) + (B )] oo s 22 [2525] o9
[a +Ui+vi]U—D [826 825} DKr [027 aQT} (5.6)
ot ~ox avy| T lox® oy’ Twm |lox° oYl '

where (U, V) are velocity components in the laboratory frame (X,Y), P is pressure, C the
concentration field, T' the temperature field, D mass diffusivity, K7 thermal diffusion ratio,
C), specific heat, Cs concentration susceptibility, Cy concentration at boundary, 7}, and T the
fluid mean temperature and temperature at boundary respectively.

If (w,v) are the velocity components in the wave frame (Z,7) then introducing
T=X—ct, y=Y, u=U—-¢c, =V, pE,7) =PX,Y,I) (5.7)

equations (5.2)-(5.6) in wave frame are reduced as follows:

Ju Ov
_ ou _ou op 0’u  0%u _
P((u—i—c)%—H}Fy) = —%-FM [ﬁ"‘@] — 0B (u + o), (5.9)
_, \0v  _ov\  0Op 0 0%
(@ r0+o5) -~ 3 o) .

2 2 - C e
o2(7+ (8)) + (F+8) ] +ombme o+ 2 (R4 45] o

_ 0 _0]1= 0*C 9*C|  DKrp [0°T 0°T
[(u—%c)—f%—v—}C—D[ + ]+ T [%Q%-ayg]- (5.12)



Defining

LT ¥ u v d H o a D
- )\7 y_d17 _C’ _667 _)\7 _d17 _dla p_C)\M’
_ _ 1/2
g - T-To , C-Co (z) Body, v = . Re = P4
To Co I p I
ct DCoKr pDK1Ty
t = —, Br=PrE, Du=—— = —
N BrePrE, Du= e = g
2
_ Mt g _ MG, __ %
Sc D’ E = CoTy Pr = 0 U= Jy and v = 9 (5.13)
the equations (5.8) — (5.12) in dimensionless form are stated as follows:
ou  Ov
22— 14
ou ou\  Op ,0%u 0% 9
5Re<(u+1)%+va—y>— %—F(é @_Fa_f — M*(u+1), (5.15)
ov ov dp v 0%
& D tv— | =——+6 (5 + = 1
Re <(u+ )8x+vay> ay+ < 8x2+8y2>, (5.16)
90 a0 020 9%0 w\?  [ou)’ A
5P D= +v—]) = = ++5+DBr |28 (= — 8=+ —
rRe<(u+ )8a:+v8y> a$2+8y2+ r <<8y> +<&E> +< 8x+ay>
0?¢  0%¢
2 2 20°¢ 079
+BrM*(u+ 1)+ DuPr (5 52 + 8y2>‘ (5.17)
0¢ 0¢ 1 [ ,0% 0% ,0%0 020
)22 40 ) = — (222 + 22 S22 ). 1
5<(u+ )am +vay> o <5 52 + 952 +Sr(d 52 + 0 (5.18)
Making use of the long wavelength and low Reynolds number approximations we obtain
dp 83w 2 8¢
R SN V/ N sy | 1
de  Oy3 dy HRE (5.19)
9 2 O
v M 7 0, (5.20)
Op
= = .21
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520 9\ 2 , (O 2 92
1 0% 020
_ 1 2
S 02 + SrayQ, (5.23)

in which p # p (y) , v denotes the kinematic viscosity, M the Hartman number, Re the Reynolds
number, Br the Brinkman number, Du the Dufour number, Sr the Soret number, Sc the
Schmidt number, E the Eckret number, Pr the Prandtl number, 6 the wave number and the
dimensionless temperature and concentration are 6 and ¢ respectively. The boundary conditions

are

Pu_ 00, 99

= 0 =0, — = — =0 t y=0
w ) 8y2 Y ay Y ay ) a y )
o
Y = F, —=-1,0=0, ¢=0, at y=h, (5.24)
dy
h 87)[}
h(z) =1+ acos(2rx), F = —dy. (5.25)
o Oy
Pressure rise per wavelength Apy at this stage is
18
14
Apy = | =—dx. 5.26
p = [oeis (5.26)

0

Heat transfer coefficient Z for this problem is defined as

7 = h,0,.

5.2 Solutions expressions

Solving the above equations subject to the corresponding boundary conditions one finds that

_ FMycosh (hM) + ysinh (hM) — (F' + h)sinh (My)

4 hM cosh (hM) — sinh (hM) ’

(5.27)

dp (F + h) M3 cosh (hM)
dr ~ hM cosh (hM) — sinh (hM)’

(5.28)
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0 BrM? (2A; — Agcosh[(hM) + Az + Ay) (5.29)
8 (—1 + Pr SeSrDu) (—hM cosh (hM) + sinh (hM))? '

6= BrM?2ScSr (B + By cosh[(2hM) — Bs + By) (5.30)
8 (—1 + Pr SeSrDu) (—hM cosh (hM) + sinh (hM))* '

where

Ar=h(4+h+hmM*) — (1+r*M*) g2+ F2M? (1 + M?) (h—y) (h+y) + 2F
(2+hM? (14 M?) (h—y) (h+y)),As = F> (1 + M?) + 2F (4 + h+ hM?) — 2y
+h(8+h (3+ M2 (1+2h%—2y?%))), A3 = (F + h)* (1 + M?) cosh[2My] + 4hM
(2F + h (2 + h) — y?) sinh[2hM] — 16h (F + h) M cosh[hM] (M (h — y) + sinh[My])
Ay = 16 (F 4 h) sinh[hM] (M (h — y) + sinh[My])

— —8F — 2h (4+ h) — 2Fh? (F 4 2h) M? — 2h? (F + h)* M

( +F(F+2h) M+ (F+ h)P M) g2, By = F2 (14 M?) +
2F (4+h+hM?) =22 + h (84 h (34 M? (14 2h% — 2y%))),
By = (F + h)* (1 + M?) cosh[2My] — 4hM (2F + h (2 + h) — y?) sinh[2hM],
By = 16h (F + h) M cosh[hM] (M (h —y) + sinh[My]) — 16 (F' + h)
sinh[AM] (M (h — y) + sinh[My]) .

5.3 Discussion

Here Figs. 5.1(a-e) are drawn for the temperature, Figs. 5.2(a-e) for concentration and Figs.
5.3(a-e) for the heat transfer coefficient. Tables 5.1 and 5.2 describe the temperature and
concentration gradients. It is observed that with an increase in M the temperature increases.
An increase in temperature becomes more apparent with an increase in M (see Fig. 5.1a).
This fact agrees well to the expected results of Ohmic heating i.e. the temperature increases
with an increase in the magnetic field strength. This fact is quite opposite to the observed
results of behavior of M on temperature in the previous attempts by several other authors
who considered the magnetic field but ignored the effects of Ohmic heating which in turn gives
the lesser accurate prediction about the behavior of temperature for different values of M.
From Figs. 5.1(b-d), the temperature increases with an increase in Schmidt, Dufour and Soret
numbers but contrary to the previous case this increase is not much. Fig. 5.1(e) shows that

there is rapid increase in temperature with an increase in the Brinkman number. From Figs.
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5.2(a~e), we can clearly see that there is decrease in the concentration with an increase in M,
Sr, Sc and Br. This decrease is more in case of Hartman number M and Brinkman number Br
when compared with the other parameters. The result that concentration decreases effectively
with an increase in M is of considerable importance. This means that we can use the heating
effect of applied magnetic field to develop small thermal gradients which in turn can be used to
control the concentration of any particular substance in the fluid. This result has wide range of
applications especially for cure of several diseases, for instance clearing several type of blockages
in many arteries that exhibit peristaltic mechanism. The thermal gradients can be used more
efficiently in place of radiations with lesser side effects. These thermal gradients can also be
used for the transport of several minerals and medicine within the human body on the desired
location.

Heat transfer coefficient has its own physical significance in problems related to heat transfer.
It is always helpful to examine the behavior of heat transfer coefficient (Z in this case) for a
given problem. Keeping this in mind the Figs. 5.3(a-e) are explicitly plotted to examine how
Z develops throughout the flow field. In all the Figs. 5.3(a-e), Z has oscillatory behavior which
is due to peristalsis. In all these Figs. the absolute value of heat transfer coefficient is positive.
Fig. 5.3(a) shows a rapid fluctuation in Z for changing values of M. From Figs. 5.3(b-d), it
is quite obvious that the Du, Sc and Sr effect the heat transfer coefficient but this effect is
relatively smaller when compared with the effects of other parameters like Br, M and d. Since
Soret and Dufour effects have gained reasonable interest in convective heat and mass transfer.
One cannot neglect such effects when there is appreciable density difference in the flow regime.
The concentration gradient in fact yields the thermal energy flux (referred as Dufour effect)
whereas the temperature gradients contribute to the mass fluxes (referred as Soret effect). One
can neglect Soret and Dufour effects in heat and mass transfer mechanism when such effects
are small in comparison to the effects by Fourier’s or Fick’s laws. Motivated by this fact we
computed the temperature and concentration gradients at y = h in the Tables 5.1 and 5.2. It
is noticed from Table 1 that magnitude of temperature gradient increases when M, Du and
Br are increased. However the situation is reverse when there is an increase in a. Table 5.2
depicts that concentration gradient is an increasing function of M, Du, Br and Sr. Further the

concentration gradient is decreasing function of a.
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Fig. 5.3(a-e) Variation of Z when a = 0.3, n = 1.4, and = = 0.
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0.5
1.0
1.5
2.0

Du Br
1.0 0.5 0.3 —2.8569

0.0
0.5
1.0
1.5

0.0
0.5
1.0
1.5

a o' (h)

—3.6054
—5.0997
—7.7157
—2.7040
—3.0903
—3.6054
—4.3265
0.0
—3.0903
—6.1807
—9.2711
0.2 —3.3563
0.4 —2.5868
0.6 —2.11325
0.8 —1.81531

Table 5.1: Variation of g—zy_h via different parameters.
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0.5
1.0
1.5
2.0

Table 5.2: Variation of gl;

Du Br
1.0 0.5 0.3 0.5 0.71424

0.0
0.5
1.0
1.5

0.0
0.5
1.0
1.5

a

0.2
0.4
0.6
0.8
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Sr

0.2
0.4
0.6
0.8

via different parameters.

¢'(h)

0.90136
1.2749
1.9289
0.6760
0.7725
0.9013
1.0816

0.0
0.7725
1.5452
2.3178
0.8390
0.6467
0.5283
0.4538
0.2787
0.5753
0.8914
1.2291



Chapter 6

Soret and Dufour effects on
peristaltic transport of MHD fluid

with variable viscosity

This chapter looks at the Soret and Dufour effects on the magnetohydrodynamic (MHD) peri-
staltic flow of variable viscosity fluid in a symmetric channel. Modeling is presented in the
presence of Ohmic heating. Mathematical analysis is carried out through large wavelength and
small Reynolds number. Results for the stream function, temperature and concentration are
developed. The variations of sundry parameters on the flow quantities of interest are sketched

and examined.

6.1 Mathematical analysis

Let us investigate the magnetohydrodynamic flow of an incompressible viscous fluid in a channel
with width 2d;. The X — axis is chosen along the walls of channel and Y — axis is taken normal
to the X— axis. A constant magnetic field of strength By is exerted in the Y — direction.
Induced magnetic field is not accounted. Sinusoidal wave propagates along the channel walls

with constant wave speed c¢ represented by

H(X,t) = di + ajcos (?(X — ct)> . (6.1)
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If (U, V) and (@, ) are the velocity components in the laboratory (X,Y) and wave (7, %) frames

then transformations between laboratory and wave frames are

T=X-—ct, y=Y, u=U—-c, v=V, pE,7) = P(X,Y,%). (6.2)

Sl

Y

In above expressions a1 is the wave amplitude, X is the wavelength, £ is the time and P and p

are the pressures in the laboratory and wave frames respectively. Introducing the variables in

the forms
r = z _Y u—g U_z 5—d1 h—g a—ﬂ _d%p
- )\7 y_dl’ - C’ _667 - )\7 a? dl’ p_CA/j,O,
T-T, - 1/2 d
0 = 07 ¢:C CO? M = <£> B0d17 U:@,Re:&’
To Co Ho Fo
CE 81/1 81,[) DC’()KT pDKTT()
t = —u=—v=——— Br=PrE, Du= =
P oy’ or’ T, L CsCppgTo’ poTmCo’
2 _ =
o c #Cyp 1(9)
Sc = —, E= , Pr=—2= and = —=, 6.3
b B 22 and uy) = £ (6.3

the governing equations after adopting long wavelength and low Reynolds number approxima-

tion become

% _ a% <#(y)2271§> P <g—1§ + 1) , (6.4)

88—;2 (u(@%) - MQg—g =0, (6.5)

0= giyz + Bru(y) <g271§>2 + BrM? (g—zj + 1)2 +Pr Dugiy(f, (6.6)
-2 20l (6.7

where p is the pressure, C the concentration field, T the temperature field, D mass diffusivity,
K7 the thermal diffusion ratio, C), the specific heat, Cs the concentration susceptibility, x(y) the
variable viscosity, T}, the fluid mean temperature, v the kinematic viscosity, M the Hartman
number, Re the Reynolds number, Br the Brinkman number, Du the Dufour parameter, St the

Soret parameter, Sc the Schmidt number, E the Eckret number, Pr the Prandtl number, ¢ the
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wave number, ¥ the stream function, 6 the dimensionless temperature and ¢ the concentration.

The boundary conditions are

0% 00 0o
e _— = —_— = _— = t =
w 07 8y2 Y ay 07 ay 07 a y 07
oY
v = F, —=-1, 0=0, ¢=0, at y=h, (6.8)
Ay
h a¢
h(z)=1+ acos(2mx), F = —dy, (6.9)
o 9y
Pressure rise per wavelength Apy is
; d
p
= —_ . .1
dpy = [P (6.10)
0

The dimensionless expression of space dependent viscosity is

wy)=e ¥ =1-ay a <1,

where "a" is the viscosity parameter.

We look for solutions in the series form represented below

w = 'l/}()‘i‘awl‘i‘
F

= Fy+afFi+...

p = potap;+...

Employing the procedure of perturbation method and retaining the results up to order o(«) we

have
F+h)aA
)= A+ (F 1 1) ads - (6.11)
8 (—hM cosh (hM) + sinh (hM))
2
0 = — BrM” 5y (6.12)

8 (=1 + Pr ScSrDu) (hM cosh (hM) — sinh (RM))?
BrMo By 4+ B3 + By — Bs + Bg — By + Bg)|
32 (=14 PrScSrDu) (hM cosh (hM) — sinh (hM))*’
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¢ _ BrM?2ScSr[Cy—Cs2+Cs]
T 8(=14PrScSrDu)(hM cosh(hM)—sinh(hM))?
+BTMScSra[C4+C5+2(CG+C7+%M(Cg+Cg—Clo)—Cll—6’12+Cl3)]
64(—1+Pr ScSrDu)(hM cosh(hM)—sinh(hM))3

(6.13)

Heat transfer coefficient is defined as follows:

7 = hy0,.

The involved A;(i = 1,2), B;(j =1 —8) and Ci(k =1 — 13) are
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Ay — EALA S O, 1y — 4+ (1M cosh (1) + (12017 )
sinh (hM))? sinh (My) , A3 = —1 + 2h?2M? + cosh (2hM) + 2My cosh (My) (—hM

cosh (RM) + sinh (hM)) — 2hM sinh (2hM) , By = —8F — 2h (4 + h) — 2F + h% (F + 2h)
M? =202 (F + h)> M* +2(1 + F (F + 2h) M? + (F + h)> M*)y? + (F? (1 + M?)

+2F (44 h+hM?) = 2y% + h (8 + h (3 + M? (1 + 22 — 2y?)))) cosh (2hM) — (F + h)®
(1 + M?) cosh (2My) — 4hM (2F + h (2 + h) — y?) sinh (2hM) + 16k (F + h) M

cosh (hM) (M (h — y) + sinh (My)) — 16 (F' + h) sinh (hM) (M (h — y) + sinh (My)),

By = —8h3 (F + h) (h — y) sinh (2hM) M* — 1 (F + h) By cosh (hM) — 16h* (F + h)
M*cosh (hM)® + 8h3 (F + h) M* (h — y) cosh (2hM) , By = 3 (F +h) (3(F + h) + 3

(F + h — 8h*) M? + 8h*M*) cosh (3hM) + 16h? (F + h) M*y? cosh (hM)? cosh (My)

—2h (F + h)* M? (1 + M?) ycosh (hM) cosh (2My) , By = (F + h) M Bygsinh (hM)

Bs = 64F1h?M? cosh (hM)? sinh (hM) + 23 (F + h)* M3 (1 + M?) cosh (2My)

sinh (hM) + 2 (F + h)> M (1 + M?) y cosh (2My) sinh (hM) + 16 (F + h) M?y? cosh (My)
sinh (RM)? — 8h* (F + h) M® (h — y) sinh (2hM) , Bs = hM By cosh (hM) sinh (2hM) ,

Br = hM(—4F + F? — 4h + 2Fh + h% + (F + h)* (1 + h?) M? + h? (F + h)*> M*)

sinh (3hM) — 16h2 (F + k) M3y cosh (hM)? sinh (My) + 16h3 (F + h) M? sinh (hM)?

sinh (My) — 16 (F + h) Mysinh (hM)?sinh (My) — 8h* (F + k) M*sinh (2k.M) sinh (My)
Bs = 16h (F + h) M?ysinh (2hM) sinh (My) + (F + h)* (1 + M?) (=3 + 2M?y?)

sinh (hM) sinh (2My) — h (F + h) M cosh (hM) Bya, By = F (14 M?) (3 + 4hM?(—3h
+2h3M? + 2y — 2M?y?)) + h(3 + M?(3 + 4h(h (=3 + M? (=3 + 2h (1 + h + hM?)))
+2(=3+y) +2M3y — 2M? (1 + M?) y?))), Bio = —3h (4 + F + h) + h(F (=3 + 5h?)

+h (=34 h (16 + 5h))) M2 + k3 (F + h) (5 + 4h?) M* + 4h° (F + h) M® + 4 (F + h)

(1+ M2?)y — 4h3 (F + h) M* (1 + M?) y? — 4(F + h) M? (1 + M?) y*, By; = =3 (F + h)®
+ (=3F% —6Fh +32f1h + (=3 + 2F (8 + F)) h? + 4 (4 + F) h® + 2h*) M? + 212 (F + h)?
M*, B1a = 16M%y?sinh (M (h — y)) + (F + k) (1 + M?) (=3 + 2M?y?) sinh (2My) + 16
M?y?sinh (M (h +y)),Cy = 2C14 — 16h (F + h) M? (h — y) cosh (hM) — (F? (1 + M?)
+2F (4 + h+ hM?) — 2y + h (8 4+ h (3 + M? (1 4 2h% — 2y?)))) cosh (2hM) ,C = 8F
cosh (M (h —y)) — 8hcosh (M (h — y)) + F? cosh (2My) + 2Fh cosh (2My) + h?

cosh (2My) + F?M? cosh (2My) + 2FhM? cosh (2My) + h2M? cosh (2My) + 8 (F + h)
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cosh (M (h +y)) + 16 FhM sinh (hM) + 16h?M sinh (hM) — 16 F My sinh (hM) — 16hMy
sinh (hM) ,C3 = 8FhM sinh (2hM) + 8h? M sinh (2h.M) + 4h3 M sinh (2R.M) — 4hMy?

sinh (2hM) + 8FhM sinh (M (h — y)) + 8h?>M sinh (M (h — y)) — 8h (F + h) M
sinh (M (h+y)),Cq = (3(F +h)* + (3F2 +6F (1 — 4h) h + h (64f1 + 3 (1 — 8h) h))

M?) cosh (3hM) , C5 = 2M cosh (hM)? Ci5,Cs = —8h3 (F + h) M* (h —y) + 2 (F + h)?

M (14 M?) (R*M? + y) cosh(My), C7 = 2Mysinh (hM) + 16 (F + h) M?y? cosh (My)
sinh (RM)? , Cg = 64F1hM cosh (hM) + 32h3 (F + h) M3 (h — y) cosh (2h.M) — 64F1h

M cosh (3hM) ,Cg = Cygsinh (M), Cyo = 32h* (F + h) M* (h — y) sinh (2hM) + (=h
(F+h) (—8+5F +5h+ (5F + (5 — 16h) h) M?) + 8F1 (4+ F + h+ (F + h — 4h?) M?))
sinh (3hM) , Cyy = 4AMF1 (4 — 4h2M?2) + 4M (F + h) (=3y + h2M2 (3h +y)) + 4M(F1

(4 — 4n*M?) +4M (F + h) (y + h*M? (=h +y))) cosh (2h M) + 4M2h (F + k) M (h3M?
—2y) sinh (2R M) sinh (My) + 4M (F + h)? (1 + M?) (=3 + 2M?y?) sinh (hM) sinh (2M7y) ,
Ciz = cosh (hM) (F + h) (F (1 4+ M?) (34 4hM? (—3h + 2h3M? + 2y — 2M?y?))

+ cosh (RM) h(3 + M?(3 + 4h*(—3 + M? (=3 + 2h (4 4+ h+ hM?)) + 2 cosh (hM) (=3 + y)
+2M?y — 2M? (1 4+ M?) y?))), C13 = 64F1hM? cosh (2hM) + 4h (F + h)* M? (1 + M?)

y cosh (2My) + 2hM (—32F1hM?sinh (2hM) + (F + h) C18) ,C1a = h (4 + h + h3M*)

— (L4+hr2M*) y? + F2M? (14 M?) (h—y) (h+y) + 2F (2 + hM? (1 4+ M?) (h—y) (h+y)),
Ci5 = 16h? (F + h) M3y? cosh (My) — (h (F + h) (=8 + 5F 4+ 5h + (5F + (5 — 16h) h) M?)
+8F1 (4+ F 4+ h+ (F + h+4h?) M?))sinh (hM) — 8((4f1 (=1 + h*M?) + (F + h) (y + h?
M?(=h+y))))sinh (My),Ci =8F1 (4 + F + h+ (F + h — 4h*) M?) + (F + h) Ci7,

Cir = h(=56 + F (14 M?) (=13 4 24h®M?* 4+ 16h*M*) + h(—13 + M?*(—=13 4+ 8h(10 + h
(14 M?) (34 2h2M?))))) + 16 (F + h) (1 + M?) y — 16h3 (F + h) M* (1 + M?) y* — 16

(F + h) M? (14 M?) y?, Cig = 16M?y*sinh (M (h — y)) + (F + h) (1 + M?) (=3 + 2M?y?)
sinh (2My) 4+ 16 M2y sinh (M (h + 1))

6.2 Discussion

This section describes the impacts of pertinent parameters on the temperature and concentra-
tion. We recall that theme of this study is to point out the influences of Soret and Dufour.
Therefore, the results of various parameters associated with velocity are not included. In order

to achieve the desired objective, we present the plots in such a way that the left panels are for

7



constant viscosity (i.e. for @ = 0) and the right ones are for variable viscosity ( o = 0.4). It is
observed in all the graphs related to temperature that the rise in temperature for variable vis-
cosity fluid is relatively slower when compared with fluid having constant viscosity. Here Figs.
6.1-6.5 are drawn for temperature whereas the Figs. 6.6-6.10 show variation of concentration.
Temperature increases with an increase in M (Fig. 6.1). Further an increase in temperature is
abrupt in view of Ohmic heating. The variations of Du, Sr, Sc and Br on the temperature are
displayed in the Figs. 6.2-6.5. These Figs. indicate that there is an increase in temperature by
increasing Du, Sr, Sc and Br. It is also found that an increase in temperature is more for Br
when compared with the other parameters.

Figs. 6.6-6.10 are presented to examine the behavior of embedded parameters on the con-
centration. Increase in concentration is observed when M and Du are increased (see Figs. 6.6
& 6.7). Concentration also increases when Sr, Sc and Br are increased (Figs. 6.8-6.10).

Behavior of heat transfer coefficient Z for various parameters is shown in the Figs. 6.11-6.15.
As expected Z shows an oscillatory behavior which is because of peristalsis. It is also noted
that there is no variation in Z for amplitude ratio (d) between 0 and 0.3. It is observed from
Fig. 6.11 that Z increases when M is increased. The absolute values of Z in variable viscosity
fluid are more than the constant viscosity fluid. Figs 6.12-6.15 show that Z increases with the

increase in Du, Sr, Sc and Br. Effects of Du, Sr, Sc and Br on Z are opposite to that of M.
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Fig. 6.1 Effect of M on 8 when Du = 0.5, St = 0.5, Sc=0.5,a=0.3, =14, Br =0.5 and
z =0.

S

Fig. 6.2 Effect of Du on 8 when M = 0.5, Sr = 0.5, S¢c=0.5,a=0.3, =14, Br =0.5 and
z =0.
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Fig. 6.3 Effect of Sr on # when Du = 0.5, M =0.5, Sc=0.5,a=0.3,n=14, Br =0.5 and
z =0.
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Fig. 6.4 Effect of Sc on 6 when Du = 0.5, St =05, M =0.5,a=0.3,n=14, Br =0.5 and
z = 0.
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Fig. 6.5 Effect of Br on 8 when Du = 0.5, Sr =0.5, M =0.5,a=0.3,n =14, Sc=0.5 and
z = 0.

Fig. 6.6 Effect of M on ¢ when Du = 0.5, St =0.5, Sc=0.5,d=03,n=14, Br =0.5 and
z = 0.
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Fig. 6.7 Effect of Du on ¢ when M = 0.5, St =0.5, Sc=0.5,a=0.3,n=14, Br =0.5 and

xz = 0.
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Fig. 6.8 Effect of Sr on ¢ when Du =0.5, M =0.5, Sc=0.5,a=0.3,n=14, Br =0.5 and

xz = 0.
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Fig. 6.9 Effect of Sc on ¢ when Du = 0.5, St =0.5, M = 0.5, a =0.3, n =14, Br = 0.5 and

xz = 0.

Fig. 6.10 Effect of Br on ¢ when Du = 0.5, Sr =05, M =0.5,a=0.3,n=14, Sc=0.5 and

xz = 0.
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Fig. 6.11 Effect of M on Z when Du = 0.5, Sr =0.5, M =0.5,a=0.3, =14 and Br=0.5

and z = 0.

Du 15

L0

Fig. 6.12 Effect of Du on Z when Sc = 0.5, Sr =0.5, M =0.5, a =0.3, n = 1.4 and Br = 0.5.
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Fig. 6.13 Effect of Sr on Z when Sc¢=0.5, Du=0.5, M =0.5,a =0.3, =14 and Br =0.5.
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Fig. 6.14 Effect of Sc on Z when Du = 0.5, Sr =0.5, M = 0.5, a = 0.3, n = 1.4 and Br = 0.5.
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Fig. 6.15 Effect of Br on Z when Sc = 0.5, St =0.5, M = 0.5, a = 0.3, n = 1.4 and Du = 0.5.
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Chapter 7

Soret and Dufour effects on
peristaltic flow in an asymmetric

channel

This chapter studies the combined effects of heat and mass transfer on the peristaltic flow
of magnetohydrodynamic (MHD) fluid in an asymmetric channel. Asymmetry in channel is
induced because of the wave amplitude and phases. Analysis has been performed in the presence
of slip conditions. Attention has been given to the Soret and Dufour effects. The obtained

results are plotted and discussed.

7.1 Mathematical analysis

We consider MHD flow of incompressible fluid in an asymmetric channel. The X-axis is selected
along the channel walls and Y —axis perpendicular to the X-axis. The flow is due to the
sinusoidal wave trains travelling on the walls of the channel with speed c. The geometry of the

waves is given below

H(X,t) = di+ajcos (2%(7— ct)> , (7.1)

Hy(X,t) = —dy— bycos <277T(7 —ct) + 7) , (7.2)
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in which a; and b; are the amplitudes of the waves travelling on the upper and lower walls
respectively, v is the phase difference of two waves and d; 4 ds is the width of the channel. The
phase difference v ranges 0 < v < 7. Here v = 0 corresponds to the symmetric channel with
waves out of phase and for v = m the waves are in phase. Moreover dy, ds, a1, by and ~y satisfy
the condition

a2 + b2 + 2a1by cos (v) < (di + da)?.

A uniform magnetic field Bg is applied in the transverse direction to the flow. Effects of induced
magnetic field are not considered by choosing low magnetic Reynolds number. However, Joule
heating and Soret and Dufour effects are taken into account. The equations of mass, momentum,

energy and concentration in the laboratory frame (X,Y) are

ou LoV _ 0, (7.3)

0 =0 =0)\= oP 0 oU 0 oV oU —

ot 0X oY 0X 0X 0X oY 0X oY
9 _9 _oN— 9P o[ (oV oU\| o [ OV
p<8t+ ox * a) 8Y+8X[M<8X+8Y>}+0Y(M8Y> (7:5)

oy (§+ T +74p) 7= e [ 25 + 23]

P X oY ox v’
N —\ 2 =\ 2 — :
w2 (B) + ()} + (F+ F) | +onsT + b= (254 28], (o)
2 2 2 2
[Q_ +ﬁi_ +Vi_] C=D [8_(’; a_(’;} DKy [8_7; + a_z;} , (7.7)
ot X 3} X~ 9y Tm loX~ 0Y

where U, V are the velocity components in the X and Y directions respectively, P the pressure,
T the temperature, C the concentration, p the density of fluid, ;1 the dynamic viscosity, C),
the specific heat, K thermal conductivity, T}, fluid mean temperature, D the mass diffusivity,
Cs the concentration susceptibility and K7 the thermal diffusion ratio. Using the following

transformations in order to transform our problem in to wave frame (Z,7)

T:Y_Cv y:77 H:ﬁ_cv i:va (T@):?(Y,?,Z) (78)

3l
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We define the following dimensionless quantities

x = ?, y:dzl, uzg, v:f—é, 5:%, hl:ZI_ll’ hQZI;_f’ d:;l—?, p:%,
0 = ;1__11190;¢:gl__%;,M=<%>1/230d1,U:%,R€:%d1, a:%, =%,
o S Breren, Dus G s L

Sc = pLD’ E—Cp<+2_%), Pr—%cp,u—g—jandv——g—z, (7.9)

in which ¢ is the wave number, 6 the non-dimensional temperature, ¢ the dimensionless con-
centration, M the Hartman number, Re the Reynolds number, Br the Brinkman number, Ty
and Cy the temperature and concentration at upper wall, 77 and C; the temperature and con-
centration at lower wall, Pr the Prandtl number, F the Eckert number, Sr the Soret number
and Sc the Schmidt number. We find that p does not depend upon y i.e. dp/dy = 0 and
x—component of momentum equation reads to

where (u,v) are the velocity components in the wave frame, p the pressure in wave frame and
1) the stream function.

Now the compatibility, energy and concentration equations are given by

'y L0
a—y4—M Fw =0, (7.11)
520 A , (O 2 92d
0= 8_y2 + Br (8_y2> + BrM (a—y + 1) + Pr Dua—y2, (7.12)
1 0% 0%

= ga—f—kSra—gﬂ (713)
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The non-dimensional boundary conditions in terms of slip are

F 0 0? 0P
Vo= 3 BB GE oL 04 =0 6+BTI =0 at y=h,
_ _F 5¢ 32¢_ _ _ _
vo= -3, En — b1 a_yg__la 9—528—y—1, d)_ﬁ?’@_y_l’ at y = hy(7.14)

in which 3y, 85 and (33 are the dimensionless velocity, temperature and concentration slip

parameters respectively. These are defined as

pB1

b=l 5, =22 5, = 0

>ﬁ3

where 37, £5 and (5 are the dimensional velocity, temperature and concentration slip parameters
respectively.

Now the dimensionless expressions of wave shapes are

hi(z)=1+ acos(2mx),  ho(x)=—d — bcos(2mx + 7). (7.15)

Flow rate and pressure rise per wavelength Apy are defined as follows:

h1 aw
F 7.16
hz 8y (7.16)
Apy = / 9P 4o (7.17)

Heat transfer coefficient Z; at the upper wall is defined by

71 = hiat,.

The solution of the involved problems through Mathematica are analyzed in the next section.

7.2 Discussion

This section is especially prepared to examine the effects of pertinent parameters. Here we

arrange the variations of such parameters in the Figs. 7.1-7.4. These Figs. depict the plots of
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stream lines, temperature, concentration and heat transfer coefficient at the upper wall. Figs.
7.1(a~d) illustrate the streamlines for an increase in velocity slip parameter /3;. The volume of
fluid trapped within a streamline is termed as bolus. It is observed that the trapped bolus gets
elongated and its size increases when the slip parameter increases.

Figs. 7.2(a-i) exhibit the temperature variation. It is seen that the temperature increases
due to increase in M, 5, Du, Sr, Sc, Pr and . However it is found that the temperature
decreases when d and 3, are increased. Increase in 6 is rapid and much in cases of M and Pr
(see Figs. 7.2a and 7.2f) but slower and small for 35, Du, Sr and Sc (see Figs. 7.2b, 2¢,2d and
2e).

Figs. 7.3(a-h) demonstrate how concentration field develops when certain parameters of
interest are varied. Key observations from these Figs. are that concentration decreases with
the increase in M, 3, Du, Sr, Sc and Pr whereas it increases by increasing (3; and ~y. Here
decrease in ¢ is much for M, B3, Sr, Sc, Pr and small for Du. Moreover the concentration
remains invariant for thermal slip parameter 3.

Figs. 7.4(a-e) are plotted to see the behavior of heat transfer coefficient Z; at the upper
wall. Because of peristalsis it is found that, Z; has an oscillatory behavior. Moreover Z; has
maximum value near the upper wall. It increases with the increase in M and . Further 7
decreases with increase in d and ;. An interesting and noteworthy fact is that the thermal slip

parameter 55 has no meaningful variation on Z;.

7.3 Main points

Simultaneous effects of heat and mass transfer on the peristaltic transport of viscous fluid in
an asymmetric channel with slip effects are analyzed. They main observations are summarized

as follows:

e The trapped bolus gets elongated as the value of viscosity parameter is increased.

e Effects of Hartman number M, Dufour number Du and temperature slip parameter 35 on

the temperature are opposite to that of velocity slip parameter 3.

e Increase in temperature subject to an increase in Hartman number M is rapid when
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compared to that of other parameters.
e Increase in applied magnetic field results in decrease of concentration.
e Thermal slip parameter has no effect on the fluid concentration.

e Absolute value of the heat transfer coefficient increases with increase in the Hartman

number M.
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(2y /51 = 0.01 (by /21 = 0.02

Fig. 7.1. Effect of velocity slip parameter 5, on stream lines.

93



A

2201,02,03,04

94




Y S e U SO P S SUUSUTRPRE SUPRE
o S e e TNl
e f : T

: Bi=01,02 0304
OF U SR SR F
1 :
15 ~10 05 00 05 10 15
y

Fig. 7.21

Figs. 7.2(a-i). Effects of various parameters on temperature 6.
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Figs. 7.3(a-h). Effects of various parameters on concentration.
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Figs. 7.4(a-e). Behavior of Z; for different parameters.
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Chapter 8

Peristaltic transport in a vertical
channel subject to Soret and Dufour

effects

This chapter looks at the simultaneous effects of heat and mass transfer in peristaltic transport
of viscous fluid. Mathematical modelling is provided in the presence of Joule heating and
Soret and Dufour effects. Perturbation solution is prepared for small Brinkman number. Flow

quantities of interest are plotted and analyzed.

8.1 Mathematical formulation

Here our aim is to develop a model for the peristaltic transport of viscous fluid in a vertical
channel. An incompressible fluid is considered in a vertical channel. Magnetohydrodynamic
(MHD) character of fluid is accounted. The flow is generated by sinusoidal waves having con-
stant speed c. The channel width is taken as 2d;. An incompressible and magnetohydrodynamic
(MHD) fluid fills the region in the channel. The fluid is conducting through uniform applied

magnetic field Bg. Induced magnetic field is not taken into account. Electric field is absent.
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Geometry of flow problem is given below

The wall shape is taken as

H(X,T) = di + arcos (27”(7 _ cz)> , (8.1)

where a; is the wave amplitude, \ the wavelength and ¢ the time. The velocity field in two-

dimensional flow is given by

Conservation laws of mass, momentum and energy in the present flow consideration are reduced

in the following expressions . .

ou oV
3_7+8_? =0, (8.2)
0 =0 —=0\= opP o’U  0%U —
] ] - i —— — - B2 * T—T
p<8t+UaX+VaY>U e M[872+872] o ByU + pga’™ ( 0)
(8.3)

+pga™ (C = Cy),

0 —0 =20 )— oP [827 @2V]
p o ~ | V="t =+ =/ 8.4
( x> 9y &4
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9

__ —\ 2

90 . 2772 | DKr | 82C | 82C *
(——+a——””BOU R e 69

2 2 2 2
0 0 0°C  0°C DKT[ﬁT 8T} (8.6)

— — 0

[E Ukt Va_Y] “= [372 " 372} T o o
In above expressions (U, V) are the velocity components in the laboratory frame (X,Y), P
the pressure, g the acceleration due to gravity, a* the coefficient of thermal expansion, o** the
coeflicient of expansion due to concentration, K the thermal conductivity, C' the concentration
field, T" the temperature field, D the mass diffusivity, K7 the thermal diffusion ratio, ®* the
constant heat addition/absorption, C, the specific heat, C the concentration susceptibility, Cy
the concentration at boundary, T}, and Ty the fluid mean temperature and temperature at the
boundary respectively.

If (@, ) are the velocity components in the wave frame (T, 7) then using the transformations

E:Y—Ca ?:7, ﬂ:U—c, E:V, ﬁ(f,y):?(y’?’f) (87)
and taking
p o= Iy B T T i H a P
= )\’ y_d1> _07 57 )\7 d17 d17 C)\,U,7
T—To C—Co <‘7> 2 12 1% pedy
0 = ) = 7M — - Bd,’U_ ’R = —,
T[) ¢ CO L 0%l 0
CE DCOKT pDKTT() 7]
t = = Br=PrE, Du-= Go o b
)\7 T Tr ) CSCp/,LT()’ /,LTmC(), pr
2 *T 2 *ok 2
CpTO K Juc e
2(1)* o 9
® = o7 u o (8.8)

KT —To) " oy " or

incompressibility condition (8.2) is clearly satisfied while Eqs. (8.3)-(8.6) through standard

definition of stream function v can be written as

dp _ 9% 2 (OY
& o M 3y +1 |+ G+ G.o, (8.9)
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oMY o O Bl 0o

8—y4—M a—y2+Gta—y+Gca—y =0, (8.10)
g_g =0, (8.11)

o:giyzﬂar (%)Z&MQ <g—1§+1>2+PrDugiy(§+¢, (8.12)
= égiyf +S7’giy§. (8.13)

From Eq (8.11) p # p (y) . Here v denotes the kinematic viscosity, M the Hartman number, Re
the Reynolds number, G; the local temperature Grashoff number, G. the local concentration
Grashoff number, ® the dimensionless heat source/sink parameter, Br the Brinkman number,
Du the Dufour number, St the Soret number, Sc the Schmidt number, F the Eckret number, Pr
the Prandtl number, § the wave number and the dimensionless temperature and concentration

are denoted by 6 and ¢ respectively. The boundary conditions are prescribed in the following

forms
0% 00 1))
v = 0, a_y2_7a_y_07 8_y_0’ at y =0,
N
v = F, —=-1,0=0, ¢=0, at y=h, (8.14)
dy
h 81/1
h(z)=1+ acos(2mz), F = G_ydy’ (8.15)
0

where h is the dimensionless form of the wall shape. The dimensionless mean flow rates in

laboratory (1) and wave (F') frames are related by

n=F+1.

Pressure rise per wavelength Apy can be put into the following relation

Apy = [ —dz. (8.16)
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8.2 Series expressions

We are interested to develop the series solutions of the resulting problems. For that we expand

the stream function in terms of small Brinkman number and write

Y =Yg+ Briy; + ...

Similarly the other physical quantities like 8, ¢, F' and P are also expanded. It is worth men-
tioning to point out that the condition Br < 1 is not an unrealistic condition. For example,
the most common Newtonian fluid i.e. water, at 25° (298 Kelvin ~ room temperature) has
dynamic viscosity u = 0.89 cP (centi poise) and thermal conductivity 0.58 W/mK (watt per
meter Kelvin). If we consider the characteristic speed 1m/s (meter per second) and wall tem-
perature to be 310 Kelvin (= equal to body temperature), then the Brinkman number comes
out to be 1.2787 x 10~* < 1. This provides us a confidence regarding the selection of Brinkman

number Br as a small quantity. Resulting zeroth and first order systems are given by

3
o _ 900 2 <%+1> + G + Geghy,

dx oy? oy
1 82¢0 8200
~ Se 9y? T oy?’
82¢0 890 8¢0
T;ZJO - Oa 82/2 _Oaa—y_oa 8—y_05 aty—O,
Yy = Fo, 88—1202—1, 0p=0, ¢po=0, at y=h.
First order system
dpr 8%, 90y
E = 8y3 -M 8y +Gt91 +Gc¢17
020, ¢, [%h\° 5 (O 2
=———+PrD M —=—=+1
0 8y2+ru8y2+<5y2>+ <8y+>’
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1 0%¢, 026,
=3 9y° + Sr a2
82¢1 891 8¢1
¢1 07 8y2 9 a_y ) a_y - 07 at y= 07
vy = I, 88—121—0, 0, =0, ¢ =0, at y=~h

The solutions of above systems yield the following expressions

e~ My M(h+2y)

b= e (1 A A () + 2 Ly (649))

eSMh+(y)

—————A4(y) + L2

+ Br
L1y

Y

(=r*+H) B _ Brlg
2(-1+A)  360L%’

Lg B?“Ll()
= 3+ 2
360 (—1+ A) L§

¢
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Where

(3(=1+4 A) (F +h) M? A, (y)) M 0F20),

(—1+ A) M? (1 +RM + e2hM (1 4 hM)) ,

16e 2My+3Mht) (1 4 n2M?) (Gy — GSeSr) @2,

As (y) + A7 (y) (=1 + A) (F + ) + As (y) + Ao (y)

(=1 + A)® M1 (1 FRM + XM (—1 4 hM)) ,

(-1 + A)° (1 + hM 4 e2MM (1 + hM)) :

720 (—1+ A)? MDFMER) (y) 4 By (y) + B (y) + Ba(y) + Bs (y),
ScSr (180 (—1+ A2 (h—y) (h+y) <I>) :

(360 (—1+ A)3) (1 + RM + M (1 + hM)) ,

Ci(y) +C2(y) + C3(y) + Ca(y) + C5 (y)

(1 4 RM + e2hM (1 4 hM)) ,

L
L3 {eM(h+2y)L4} + Ay (y),

A

A = PrScSrDu, and A;s, B;s and C;s are given below
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A — F My cosh(hM)+y sinh(hM)—(F+h) sinh(My)
1= (hM cosh(hM)—sinh(hM))2 J

Ay = Ay (y* Az + Ge(hMy cosh (hM) + (h3M? — y)) cosh (hM))? cosh (My)

+sinh (hM)) — 2h.M sinh (2hM)

Az = (F+h)* (1+h2) M2+ b2 (F +h)> M*) + G2 (F +h)* M (1+ M?) y

cosh (2My) sinh (RM) + 16 (F + h) M?y? cosh (My)),

Ay = (F + h — 8h%) M? + 8h*M*) cosh (3hM) + 16h* (F + h) M*y? cosh (hM)? cosh (My)
Gy(sinh (My) — 16 (F + h) Mysinh (hM)? sinh (My)),

As = 2F (44 h+ hM?) = 2y? + Ge(h (8 4 h (3 + M? (1 + 2h* — 2y?))))) cosh (2hM) ,

As = 2 (h +y)(2F (4+ h + hM?) — G2y> + h (8 + h (3+ M? (1 + 2h% — 2?)))),

A7 = (y + 2h3) M? cosh (2My) + 2FhM? cosh (2My) + h2M? cosh (2My) + 8 (F + h),

Ag = eV0¥+t2G (16 (F 4 h) sinh (hM) (M (h — y) + sinh (My))),

Ag = 16M?y?sinh (M (h — y)) + (F + h) (1 + M?) (=3 + 2M>y?) sinh (2My) + 16G.
+M?y?sinh (M (h +y)),

Ao = (1+M?) y —4R* (F + h) M* (1 + M?) y* — 4 (F + h) M? (1 4+ M?) 3>,

By = Ay (—8F% —2h (4 + h + 3y) — 2Fy + h2 (F + 2h) M? — 2h2 (F + h)* M%)

+2(1+ F(F +2h) M? + (F + h)®> M*)y? + (F? (1 + M?) + 2F (4 + h + hM?)

—2y2 + h (8 + h (3 + M2 (1 + 2h% — 2y?)))) cosh (2hM) — (F + h)* (1 + M?) cosh (2M7y).
By = 16h (F + h) MG.y?(h + M?y) cosh (hM) (M (h — y) + sinh (My)) — 16 (F + h)
hsinh (hM) (M (h — y) 4+ ysinh (My)),

B3 = 3 (F + h) By cosh (hM) — 16h* (F + h) A3 + 8h3 (F + h) M* (h — y) cosh (2hM)

By = 128F1h*M* cosh (hM)? sinh (hM) + 23 (F + h)*> M? (1 + M?) cosh (2My) + 8h®
(F + h) M4 (h — y) As,

Bs = h*My(—4Fy + F? — 4h + 2y Fh + h? + (F + h)* (1 + h?) M? + h? (F + h)* M%),
C1 = 16k (F + h) M? (h — y) cosh (hM) yG. — (F? (1 + M?) + 2F (4 + h+ hM?)

—2y% + h (8 + h (3+ M? (14 2% — 2y?)))) cosh (2rM)

Co = F2M? cosh (2My) + 2FhM? cosh (2My) + h?M? cosh (2My) + 8 (F + h) F?

cosh (2My) + 2Fhcosh (2My) ,

C3 = 32y? (F + h) M3y? cosh (My) Bo — (b (F 4+ h) (=8 + 5F 4+ 5h + (5F + (5 — 16h) h) M?)
Cy =8F (4+ F + h+ (F + h+ 4h*) M?))sinh (hM) — 8((4y (=1 + h®M?) + (F + h),

Cs = h(—64+ Fy (1 + M?) Ag (—13 + 24h2j\1/[026+ 16h* M*) 4+ hB3(—13 + M?(—13 + 8h(10 + h))).



8.3 Graphical results and analysis

This section emphasizes the impact of embedding flow parameters in the solution expressions.
Here plots are prepared in the two and three dimensions. Arrangement of the graphs is made
in such a way that Figs. 8.1 (a-d) show the pressure gradient, Figs. 8.2 (a-d) the pressure rise
per wavelength, Figs. 8.3 (a-d) the 3-D plots for velocity profile, Figs. 8.4-8.9 the stream lines
and Figs. 8.10 and 8.11 the 3D plots for temperature and concentration fields respectively.

Figs. 8.1 (a~d) reveal that pressure gradient decreases by increasing M and Sr. However,
the pressure gradient increases with an increase in ® and Du. It is further noticed that the
change in dp/dx is larger in the cases of ® and M when compared with Du and Sr.

Pressure rise per wavelength via mean flow rate 7 is displayed in the Figs. 8.2 (a-d). These
Figs. show that the pressure rise decreases when flow rate increases. For a given constant value
of the mean flow rate, the pressure rise increases with an increase in ® and G} but it decreases
with increase in G (see Figs. 8.2 a,c and d). Behavior of pressure rise for M is however different.
The pressure rise increases for negative value of mean flow rate when M increases. However,
the behavior is opposite for positive values of mean flow rate (Fig. 8.2b).

We displayed the 3D plots for velocity, temperature and concentration. Here it is observed
from Fig. 8.3 that the velocity decreases when M is increased. Such decrease largely depends
upon the values of M. Physically the decrease in velocity is due to the reason that the Lorentz
force has a role of retarding force. Consequently it increases the friction resistance which
opposes the motion of fluid.

Figs. 8.3 (b-d) depict that the velocity is increasing function of ® and G;. However reverse
situation is observed for G, i.e. the velocity decreases when G, increases.

Trapping is considered interesting feature of the peristaltic transport. The volume of fluid
that gets trapped in a stream line during peristaltic motion is known as bolus. Figs. 8.4-8.9
depict that the size of trapped bolus decreases when M, G. and Sr are larger. It is also found
that the results are opposite for the cases of Gy, ® and Du.

The variations of temperature and concentration fields can be seen through Figs. 8.10 and
8.11. These Figs show that the temperature increases when M, G;, ® and Du are increased.
Clearly the rise in temperature with an increase in M and Du is more than ® and Gy. Effects

of G. on the temperature are not significant.
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Figs. 8.11 plot the influences of M, ®, Du, G; and G. on the concentration field. Here
concentration field decreases when there is an increase in M, ® and Du. Further, the variations
of concentration field for G; and G, are insignificant. It is also concluded that temperature

increases and concentration decreases when M increases.
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Figs. 8.1 (a-d) Behavior of pressure gradient for variations in M, ®, Du and Sr.
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Fig. 8.2 (a-d) Pressure rise per wavelength.
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Fig. 3 a

Fig. 83 ¢

Fig. 8.3(a-d) Velocity profile with variations of M, ®, G, and G;.
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Fig. 8.4 Effect of Hartman number (M) on stream lines when &

Br=0.25 G.=2and G; = 1.
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Fig. 8.5 Effect of Gy on stream lines for & = 1, Sr = 0.5, Sc¢ = 0.5, Br = 0.25, G. = 2 and

M=1.
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(b)) 6. = 20.0
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Fig. 8.6 Effect of G, on stream lines when ® = 1, Sr = 0.5, Sc¢ = 0.5, Br = 0.25, G; = 2 and

M=1.
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Fig. 8.7 Effect of ® on stream lines when G, = 2, Sr = 0.5, Sc¢ = 0.5, Br = 0.25, G; = 2 and
M =1.
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Fig. 8.8 Effect of Du on stream lines for ® =1, G. = 2, Sr = 0.5, Sc = 0.5, Br = 0.25, Gy = 2
and M = 1.

(2) Sr=035 ) _sr=3.0

Fig. 8.9 Effect of Sr on stream lines when ® = 1, G, = 2, Du = 0.5, Sc = 0.5, Br = 0.25,
Gy=2and M =1.
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Figs. 8.10 (a-e) Variations of M, Gy ,G¢, ® and Du on temperature.
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Figs. 8.11 (a-e) Diagrams analyzing the development of concentration field when M, G; ,G.,
®, and Du are varied.
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Chapter 9

Mixed convective heat and mass
transfer for peristaltic transport in
an asymmetric channel with Soret

and Dufour effects

The aim of present chapter is to address the simultaneous effects of heat and mass transfer in
the mixed convection peristaltic flow of viscous fluid in an asymmetric channel. The channel
walls exhibit the convective boundary conditions. In addition the effects due to Soret and
Dufour are taken in to consideration. Resulting problems are solved for the series solutions.

Numerical values of heat and mass transfer rates are displayed and studied.

9.1 Mathematical analysis

We consider an asymmetric channel of width d; + do with flexible walls. An incompressible
viscous fluid is considered. Cartesian coordinate system is adopted such that the X-axis is
along the length of the channel and the Y-axis is normal to the X-axis. The flow is generated
due to peristaltic waves propagating on the channel walls with speed c. Moreover, the channel

walls possess the characteristics of convective type boundary condition. We intend to study
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the flow in the presence of Soret and Dufour effects. The channel walls are described by the

following expressions
Hi(X,T) =dy +&;, left wall and Ho(X,%) = — (dg +&,), right wall

where £, and &, are the disturbances produced due to propagation of peristaltic waves at the

left and right walls respectively. The values of £; and £, can be written in the forms

2T

& = ajcos <T(7—cf)>,

& = bicos (2;(7 —ct) +’y> .

in which % is time, ~ is the phase difference and a1, by are the amplitudes of the waves travelling
on the left and right walls with speed c respectively. Temperature and concentration at the
walls are assumed to be T; and C; (i = 0 for left wall and ¢ = 1 for right one ) respectively.
Velocity field for this problem is V = [U(X,Y,?),V(X,Y,1),0] .

Fundamental equations governing the flow of an incompressible viscous fluid are

V.V =0, (9.1)

A /A— =2—
P = —VP+p <V V) + pga* (T — Tp) + pga™ (C — Cp) , (9.2)
in which p is the density of fluid, P is the pressure, x is the dynamic viscosity, ¢ is the acceler-
ation due to gravity and o* and o™ are the thermal and concentration expansion coefficients

respectively. The energy and concentration equations can be expressed as

Cp% =& [Tﬂ+TW] +

P

v[2 (T + V%) + Oy + Vx)’] + 252 [Cx x + Cr 7). 83)
dC DK
o ~Plexx+Cryl+ 5 e+ Tyl O4)

Here C,, is the specific heat, K is the thermal conductivity, D is the mass diffusivity, K7 is the

thermal diffusion ratio, C; is the concentration susceptibility, T}, is the mean temperature, T
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and C are respectively the temperature and concentration of the fluid.
We consider (w,7) and p as the velocity components and pressure in the wave frame (7, 7).

The transformations between laboratory and wave frames are

T=X—ct, =Y, u=U—c¢, v=V, p@7) = P(X,Y,?). (9.5)

3l

where (U, V) and P are the velocity components and pressure in the laboratory frame. The

fundamental equations in wave frame are reduced as follows:

gu, T _y, (9.6)
T Jy
(ﬂ+0)2+63 (TW+c) = 9 @—F@ + pga™ (T — Top)
P oz | oy - oz Mo T e T 0
+pga™™ (C = Co) (9.7)
(ﬂJrc)ﬁJrﬁ3 6——@+ @—F@ (9.8)
P oz ‘og)" " oy U|oR T o2| '
2
v [2 ((ﬂ+ c)§+6§) + ((a+ c)g—l-ﬁy) } + DEL (O + O (9.9)
DK
(ﬂ + C) Csz —i—@Cg =D [Cﬁ + C@] + T—T [Tﬁ + Tw] . (910)
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Letting

x = z _J u—E v—ﬁ 5—ﬂ h—E
- )\7 y_d17 _C’ 657 _)\7 1_d17
Hy da a1 b1 d3p I
hy = _7d: ’ =55 V=75 = »Vv=—
di di d; dy CAL P
pCd1 T—To C—C[) D(Cl —C(]) KT
Re = - 9:77 :77D = )
1% T1 — To Cl — Oo b CSCpu (Tl — To)
(32 pDKT (Tl —To) Cf
Br = PrE,E=——7+— Sr= y V=7
Cp (Tl —To) wTn, (C1 — Cy) A
Se = M g, = P9 (71 - To)di L Co)d%7
pD ue ue
C
Pr = ,U_Kp’ U=y, v=—1,, (9.11)

and adopting long wavelength and low Reynolds number approach we have in terms of stream

function v the following equations

Pa = Vyyy + G0 + G, (9.12)

Py =0, (9.13)

Oyy + Br (1) + Pr Du(g,,) = 0, (9.14)
é% + 570y, = 0. (9.15)

Here v denotes the kinematic viscosity, Re the Reynolds number, Br is the Brinkman number,
FE is the Eckret number, Pr is the Prandtl number, ¢ is the wave number, G} is the temperature
Grashoff number, G, is the concentration Grashoff number, ¢ is dimensionless concentration, 6
is the dimensionless temperature and incompressibility condition is automatically satisfied.

Defining n and F as the dimensionless mean flows in laboratory and wave frames we have

n=F+1+d (9.16)
where
h1 aw
F = —dy. 9.17
. 3y (9.17)
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The convective boundary conditions for the temperature and concentration are given by

oT

Koy = UT —Tw),
oC

Dz = K(C — Cy).

The dimensionless boundary conditions for our problem can be imposed as follows:

b = g by =1, 6, +Bi(0)=0, ¢,+Mi(¢)=0, y=h,
v = —g, b= 1, 6, ~ Bi(0—1)=0, ¢, — Mi(6—1)=0,y=hy,  (9.18)
where
hi(z) = 14acos(2mx), he(z) =—d—bcos(2mz + ) , (9.19)
Bi = %,Mi:%. (9.20)

In above expressions [ and k are dimensionless transfer coefficients, Bi is heat transfer Biot-

number and M7 is mass transfer Biot-number.

9.2 Solution of the problem

The problems consisting of Egs. (9.12)-(9.15) have been solved for both the perturbation and
numerical solutions. Perturbation solution is obtained for small Brinkman number. Numerical
solution is presented using Mathematica. For perturbation solutions we have the following

zeroth and first order systems:

Doyyyy + Giboy + Gegoy = 0, (9.21)
90yy + Pr Du((bOyy) =0, (922)
Poyy + ScSTboyy = 0, (9.23)
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F ‘ ‘
g = 70, o, = —1, oy + Bi (60) =0, ¢, + Mi(¢g) =0, y=h, (9.24)

F ) .
wO = _707 wa = _17 90y - Bl(eo - 1) - O, ¢0y - M’L(d)o — 1) = 07 Yy = h27
and
D1yyyy + Giby + Gegyy = 0, (9.25)
O1yy + (¢0yy)2 + Pr Du(éy,,) =0, (9.26)
Pryy +5¢ST (O1yy) = 0, (9.27)
Fy . .
Ui = S iy = 0,04+ Bi(0) =0, 6y, + Mi(6)) =0, y=hu,

F . .

djl = _715 wly = 05 91y - B'L(el) - 0, ¢ly — MZ(¢1) = 0, Yy = h2. (928)

The perturbation solutions of above problem are given

F (h1 + hy — 2y) (h% — 4hiho + h% +2 (hl + hg) Yy — 2y2)

v o= —
2 (hy — ha)?
24 (2 + Bi (h1 — h2)) (h1 — h2)? (2 + hiM — haM)
BrL
i 6’ (9.29)
241920 (hy — hs)
1+ Bihy — Biy Br
= L '
'=57 Bihi — Bhy ' 1440 (-1 + A) ), (9.30)
_ 1+ Mihy — Muy BrScSr
= 2% Mihy — Mihy T 1400 (—1+ A) 2 W (9.31)

where L;s are given below
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Ly = e T+ (F 4 ) GF (14 1}) M2
+h2 (F + h1)? Mi*) + G(2 (F + h2)® Mi (1 + M?) y cosh (2y) sinh (he)

+16 (F + ha) Mi%y? cosh (y)) + 62G.Bi (F + h1 — 8h3) Mi® + 8h4Bi*)

cosh (3hgMi) + 16 Bih? (F 4 hy) M*y? cosh (hy Mi)* cosh (y) Gy (sinh (y)

—16Mi (F + hy) Biysinh (hy)?sinh (y)) — 2F (4 + ha + haBi?) — 2y°

+2y3Ge(ha (8 + BiMihy (3 + M? (14 2h% —2y?))))) cosh (2h2)

Lo = 2y*BiGy(hy + ha + y*) (2F (4 + hy + 8hMi?) — G2y? + ha(8 + h1(3

+Bi% (14 2h% — 242)))) + Mi®Bi3G.(y + h1 + 2h3)G? cosh (2y)

+2FhBi? cosh (2y) + h?Bi? cosh (2y) + 8 (F + hy) + eW2h2+h) G, (16(F

“+ho + 4hy) sinh (M) (M (h — y) + sinh (My))) + (F + ha + 4h1) (1 + Bi?)

(=3 + 2M4?y?) sinh (2My) + 16G. + (h1 + 4hg)*y?* sinh ((h2 + y)),

Ly = (14 Mi?) y — 4h3 (F + h1) Mi* (1 + Bi?) y* — 4(F + hg) Bi* (1 + Mi?) 3
(hy — ho)(—8F2 — 2hy (4 + hy + 3y) — 2Fy + h2 (F + 2hy) Mi2 — 2h2 (F + hy)?
BiMi*) +2(1 + F (F + 2h1) Mi2 + (F + ha + 4h1)* Mi*)y? + (F? (1 + 13) .

9.3 Graphical analysis

In order to provide a comparative study of the results by the two methods, we have plotted
graphs for both solutions. Left panel depicts the perturbation solution whereas right panel for
the numerical solution. Graphical analysis is carried out for the dimensionless temperature,
concentration and velocity fields. Numerical values for the rates of heat and mass transfer at
the left wall are given in the Tables 9.1 and 9.2 respectively.

The values of different parameters in all the graphs are taken as follows:

n = lLy=7/4,a=05b=0.7,d=0.8,2=0,G; =1,G. =2,Bi = 0.5,

Mi = 0.5,Du=1,Br=0.255c=0.55r=0.7.

The graphs of temperature profile showed that the temperature decreases with an increase
in the values of Bi and it increases by increasing Mi. The decrease in the temperature with

increase in the heat transfer Biot-number is very rapid for Bi < 1. It is noted that for Bi > 1
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corresponding decrease in temperature becomes very slow (see Fig. 9.1). This fact is totally
opposite to the case of increase in Mi in which temperature not only increases by increasing
M3 but also such increase is constant and very slow (Fig. 9.2).

Fig. 9.3 showed that the temperature increases when G, is increased. Increase in the tem-
perature is smaller for small values of G; but this increase becomes much for higher values
of G;. However this increase in temperature is observed throughout the channel. Unlike the
case of G, small increase in temperature is observed when G, increases but this increase is not
uniform throughout the channel. Near the right wall the temperature tends to decrease very
slowly by increasing G, (see Fig. 9.4).

Figs. 9.5-9.7 are plotted to analyze the concentration profile in detail. It is found that the
concentration increases when M7 is increased. This increase is large for M4 < 1 and very slow
for large values of Mi (see Fig. 9.5). It is noticed from Figs. 9.6 and 9.7 that the concentration
generally decreases with an increase in Gy and G.. This decrease is much and constant for G;
and G, respectively. However concentration profile showed different behavior near the right
wall. The concentration here increases which is quite different for its behavior at all other parts
of the channel. Figs. 9.8 and 9.9 depict that the value of velocity increases by increasing G; but
it remains constant with variation in G,.. The velocity in both cases is increased for increasing
G} and G, in the region where "y" is negative and decreased for positive y.

Tables 9.1 and 9.2 are plotted for the numerical values of rates of heat and mass transfer. It
is seen that solution up to first order perturbation gives an agreement with the numerical results
up to second decimal place. Table 9.1 shows that heat transfer rate is increasing function of
Biot-number. However the Grashoff numbers and mass transfer Biot number reduce the heat
transfer rate (see Table 9.1). Table 9.2 illustrates that the mass transfer rate at the wall tends

to decrease when Bi, Mi, G. and G; are increased.
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Fig. 9.1 Effect of Bi on the temperature profile.
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Fig. 9.2 Effect of M+i on the temperature profile.
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Fig. 9.3 Effect of G; on the temperature profile.
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Fig. 9.4 Effect of G. on the temperature profile.
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Fig. 9.6 Effect of G on the concentration profile.
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Fig. 9.7 Effect of G. on the concentration profile.
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Fig. 9.8 Effect of G on the velocity profile.
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Fig. 9.9 Effect of G. on the Velocity profile.
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Bi Gy G. Mi —0'(h) —(0)" (h)
0.5 1.0 20 0.5 1.1935 1.1927

1.0 1.2343 1.2343
1.5 1.2550 1.2560
2.0 1.2674 1.2693
0.0 1.2988 1.3018

1.0 1.2674 1.2693

2.0 1.2411 1.2402

3.0 1.2197 1.2176

0.0 1.2439 1.2349

1.0 1.2310 1.2254

2.0 1.2197 1.2176

3.0 1.2100 1.2110

0.5 1.2100 1.2110
1.0 1.1999 1.2006
1.5 1.1955 1.1967
2.0 1.1930 1.1951

Table 9.1. Numerical values of heat transfer rate at hq.
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0.5
1.0
1.5
2.0

Table 9.2. Numerical values of mass transfer rate at hj.

Gy

0.0
1.0
2.0
3.0

G. Mi ¢'(h)
1.0 2.0 0.5 0.2190

0.0
1.0
2.0
3.0

0.2179
0.2174
0.2171
0.2219
0.2171
0.2139
0.2125
0.2142
0.2131
0.2125
0.2125
0.5 0.2125
1.0 0.1346
1.5 0.0903
2.0 0.0618
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(¢')" (h)
0.2187
0.2179
0.2176
0.2173
0.2225
0.2173
0.2141
0.2139
0.2146
0.2141
0.2139
0.2140
0.2140
0.1360
0.0914
0.0625



Chapter 10

Variable viscosity effects on the

peristaltic motion of a third-order

fluid

The effect of variable viscosity on the peristaltic motion of MHD non-Newtonian fluid in a
channel is studied. Constitutive relations of third order fluid are employed in the development
of flow. Mathematical analysis is presented when no-slip condition is no longer valid. The series
solutions for stream function, longitudinal velocity and pressure gradient are first derived and
then discussed in detail. The pressure rise and frictional forces are monitored through numerical

integration. Physical interpretation is also made.

10.1 Governing problem

We consider an incompressible magnetohydrodynamic (MHD) third order fluid with variable
viscosity in a uniform channel of width 2d;. A uniform magnetic field By is applied in the
y—direction. The induced magnetic and electric fields are not considered. Wave shapes are

written as

H(X,T) =d; + ajcos [2%(7 — cf)] , (10.1)
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where c is the velocity of propagation of the wave, a; is the wave amplitude, A is the wavelength,
t is the time, X is the direction of wave propagation and Y is transverse to X.

The constitutive equations for the third order fluid are given through Egs. (1.17-1.19).
Hence we directly write the following governing equations for two dimensional flow of MHD

third order fluid as

U LV _y, (10.2)
ax oy
9 — 9 —_9\— P 0%~ OS _
”<at+ ax ay> ax ax oy 770 (10:3)
9 — 89 —9\— 0P 0% 05—
L= 7L\ V= XY Xy 10.4
”(aﬁ ax ay> v ax | oy (10.4)

Sgx = p2Ug)+a1(2Ug;+2005x +2VUgy +40% + 2V Uy +2VE) + ao
(40% 4+ U2 + VE + 203 Vx) + B, (20 + 2005 ¢ + 40T g ¢ + 2V;
Usy +4VUgpr+ 1205 Uss + 4V Ups + 140U U 5 + 10VU Uy —
6VVgUxx +60Vg Vi + 6Vi Vi +6UViUgy + 4VViUypy + 8U%
+8U Vg Uy + 20y Vi + 20%Us 5 + AUV U 5y + 2005 Vg g + 2
ViUgyy) + By(8UxUgs +8UUxUx x +8VUxUgy + 16U% + 8U
VsUy + AU VZ + 203 Uypg + 203 Vg + 2003 Vg 5 — 2VU3Ug ¢ +
20Uy Ugy + 2VUyUpy + AU UE + 2V Ui + 2V Vi + 20V Vi ¢
— WV Usgx + 20V Usgy + 2VVsOyy) + B (1603 + 4U5 T2 +

4UXV)%- + SU)*(UYvX),
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v = wUp+Vz)+a1(Ups+UUsy +VUpp + Viz + UV — VUgx + 20Uy — 2V Uxg)
+61 Uy + UlUsy + Vilyy + Vg + UiV s + Vil g + 20 Vs 57 + 4Ug Ugy +
U Usy; — 22U Vi — AV Uss + UPUsg gy + UV Usy — UU Vg + UV gz
S0V Uy g + 40Ty U + VOgOpy + V20ggy + VOy Vs + 370 Us x
Vg es — AV VU sy + 20V gpy + 20V 055 + 2V0ger+ 200 cps + 3005 Uy
VU Uy — 20U g + 4020y + AV U2 + AUy V2 + 4V U2)
+8,(8U% Uy + 6U2 Vg +2U2 + 8V U2 + 6Uy VE + 2V2)

Bs(8ULUy + 8U%Vy +2U2 + 6Uy VE + 6U2Vy +2V3),

Syy = p(—2Ug) +a1(—2Ug; —20Ug g — 2VUgy +4U% + 2V Uy + 2U32)
+ap(4U% + U + VE + 20y Vy)
+61(—2Ux — 2UiUg x — 4UUg 57 — 2ViUxy — 4VUxy;
+12U Uy + 2V Ugs + 4Us Vs + 605 Usy + 100U U ¢ — 20%U s ¢ 5
ATV Uy + AUOy Vi + 6005 Uy — 670y U + 1470 Usy — 2720y
+2V Vi Uyy + 6VUpUpy — 80U Vi Uy — 8U%)
+B85(2Uy Ugs + 2Ugp Vs + 20Uy Vi ¢ — 2VUpUg g + 20Uy Ugy + 2V Uy Upy
—4U2Ux — 8UxVyUy + 2VxUss + 2V Vi + 20V Vi g — 2VVs Uz 5 +
TV Usy + 27V Uyy — AVEO g + 8T Us; + 800Uy 5 + 870Uy — 160%

+53(—16U§—( — 4(7)20}2, — 4[7)‘(‘7)2{ — SUX{j?VX),

where (U, V) and P are the velocity components and pressure in the fixed frame (X,Y) and
the subscripts denote the partial derivatives

If (u,7) and P indicate the velocity components and pressure in the wave frame then defining

T=X—ct, y=Y, u=U—-c, v=V, pE,7) =PX,Y,?) (10.5)
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and using

p o= oy T g, @ _ a’p
D S P S W A A S Y

dy — 1/2 d

s = L5@), <y>—”<y),M=<i> Body, vo = 10, pe = 201,
HoC Ho K p’ Ho
ct oY oY Byc? B3c?

p = &2, P 28C 10.6
)\7u ayav 8x7'72 Hod%vf}/?) H()d%’ ( )

we obtain under the long wavelength and low Reynolds number approximation the following

expressions
op 0 0% > b B
242 Lo (58) |- (3+1) o, (107
__9p
0= 3y (10.8)

in which I'(= v, + 73) is the Deborah number, 1 is the stream function, vg is the constant
kinematic viscosity, M is the Hartman number, Re is the Reynolds number, p is the fluid
density, o is the electrical conductivity, 7(y) is the viscosity function, ¢ is the wave number,
is the constant viscosity and continuity equation is automatically satisfied. Further Eq. (10.8)

indicates that p # p(y). From Egs. (10.7) and (10.8) we have

A 82¢ 5% 2%

The subjected boundary conditions in dimensionless form become

2
Y = 0, 8—Z[}:O, at y =0,
dy?
Y = F, 8¢+51 Sey=—1, at y=h, (10.10)
Jy
aw

h(z)=1+acos(2rx), F = (10.11)

08y

In above equations p(y) = e * or u(y) =1 —ay for (o < 1), a is the viscosity parameter, 3,
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is the non-dimensional velocity slip parameter and

LT A

Pressure rise per wavelength Ap) and frictional force F (at the wall) are defined by the following

expression
1
dp
Apy = [ —dz. 10.1
= [Rdo (10.13)
0
i d
/4
P, = —— . 10.14
) /h< dw) do (10.14)
0

In the next section the problem consisting of Egs. (10.9) and (10.10) will be solved for small

Deborah number I' and small viscosity parameter c.

10.2 Series expressions

Letting
= F+TF+..
p = po+Ip+...
and

Yo = oo+ g + ...

Y1 = Yot a+ ...

Fy = Fyo+ aFpr + ...

Fy = Fig+afi+ ...
Po = poo+ apor + ...
p1 = pio+apir+ ...
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we arrive at the following systems:

System for 1)
dpoo | by M2(3¢00

_W + 8y3 ay + 1) =0, (10.15)
Migg 2 0%o
M —
oyt oy? 0
8*1go

Yoo = 0= .2 at y =0,

oY 0%
Yoo = Foo 850 + 6, aygo =1 at y = h.

System for ¢,

Opor B3y, 200y 0 [ 9Py
“or Oy - M oy Oy Y o2 )’ (10-16)
Moy M262¢01 _ 0* [ Py
oyt oy oy? oy? )’
L 0Py _
¢01 = 0= ay2> aty—0>
0y %1y, oo
Yoo = For, By + 54 By =By a2 at y = h.
System for 1y,
Opro PPy 2091 1oy 2837#00 _
"oz T oy3 - M Jy 0 y? oy3 =0 (10.17)

MYy 2 0%y 0 Yo 283%0 _
ot Mo 10y (81/2) o | =7

32
Y9 = 0= 815210’ at y =0,
0y %Py g\’
wlo = ,Fvl()7 8y + Bl 8:1/2 + 251 —8:1/2 =0 at Yy = h.
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The solutions of above systems finally give

_ FMycosh [hM] +y (1 + FM?3,) sinh [AM] — (F + h) sinh [My]

4 hM cosh [hM] + (=1 + hM33}) M3, sinh [hM]

+ amy + I'my, (10.18)

u = ! T X (10.19)
32 (hMCosh[hM] + (—1 + hMB3) M3, sinh [ M])

72 (F + h)® MSyT cosh [ My] (hM cosh [hM] + (—1 + hM?B;) sinh [AM])

+6U1—U2+U3+U4—U5+%u6

dp  (F+h) M3 (cosh[hM] 4 M, sinh [hM])
dx — hM cosh [hM] + (=1 + hMB?) M, sinh [hM]

+ any + I'ng, (10.20)
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with

(F + h) (mg + 2sinh[AM] (my4) + 2R M cosh[hM] (ms))

"7 "8M(hM cosh [hM] + (—1 + hMB?) MB, sinh [hM])2
my — (e=3Mye=3My (F 1 b)Y M*)myg
32(hM cosh [hM] + (=1 + hMB3) M B, sinh [hM])*’
mg = —AMy (h+ B, +hM?B;) + 2My (28, + h (=1 + 2M?B,)) cosh[2hM]

+M (—2h% 4y + h (4 + M? ((—4 + k) h — y?)) B) sinh[My],

ma = 3y (—1+hM?B;) cosh[My] + M(—2h? + y* + h(—4 + M*((—4 + h)
h —y%))B1) sinh[My],

ms = 3ycosh[My] + M (—y* + h (h + f1)) sinh[My],

me = —3hM cosh[3hM]|+ 12M (y + hM (h + 25, — MypB,)) sinh[hM]
+ (1 — 9hM?B,) sinh[3hM],

my = 3hM cosh[3hM] — 12M (—y + hM (h + 25, + MypB,)) sinh[hM]
+ (=1 + 9hM?B,) sinh[3hM],

mg = 12My (h+ 1) — 16 My, cosh[2hM] + 4My3, cosh[4hM]
—8ysinh[2hM] + ysinh[4hM] + h cosh[hM](12M (—y cosh[M Y]
+hM 3, sinh[My] + sinh[3My])) + sinh[3My],

myg = (1 —hM?B;)sinh[AM] + €Y (mg) + MY (m7) + 2e*MY M (ms) .

141



u1:u7+u8,
ug =6(F+h
U3:2(F—|—h

SMOYT (ug)

SMP(1+3My)T (u1o),

ug = 2(F 4 h)3MOT (uy1) Sinh[My],

us = 6(F + h)3MOT(Sinh[3hM] + 3hM (u12))Sinh[My),

ug = 4(F + h)a (hMCosh[hM] + (—1 + hM?28) Sinh[hM])” (w13 + 25ink[hM] (u14)),
ur = (F + h)® MyT cosh [3My] (hM cosh [hM] + (—1 + hM?3;) sinh [hM])

+32(hM cosh [hM] + (—1 + hM?B) sinh [RM])3((—(F + k)M Cosh[My]

+Sinh[hM] + FM (Cosh[hM] + M3, Sinh[hM)))),

ug = 2(F + h)*M°T'Cosh[My](12hM (-1 — 3My + hM?B;) Cosh[hM]
—3hMCosh[3hM]) + 12 (1 + M (3y + hM (h + B, — 3Myf3;))) sinh [AM]

+ (1 — 9hM?,) sinh [3RM]

ug = 12M (h + f3;) + 4M3(—4Cosh[2hM] + Cosh[4hM)) — 8Sinh[2hM) + Sinh[4hM],
uyo = 12M (h + B,) + 4M B, (—=4Cosh[2hM] + Cosh[4hM]) — 8Sinh[2hM]
+Sinh[4hM],uy; = Sinh[3hM] + M (4hM(—y + 3hM B,)Cosh[hM] — 3hCosh[3hM]
+4(y + hM(3h + 63, — Myf3,))Sinh[hM] — 9hM B, Sinh[3hM],

ury = ((—Cosh[3hM] 4+ M (4hMB,Cosh[hM] + 4(h + 26,)Sinh[hM] — 33, Sinh[3hM]))),
ury = —4M (h + By + hB M?) + 2M (281 + h (—1 4+ 2M?2B,)) Cosh[2hM]
+3Sinh[2hM] — 4hM?B, Sinh[2hM] + 2hM Cosh[hM)((3 + M2 (—y® + h(h + B,)))
Cosh[My] + MySinh[My]),

urg = (=3 + M? (=20% + y*> + h (=14 M? ((—4+ h)h — y?)) B;)) Cosh[My]

+My (=14 hM?B;) Sinh[My].

~— — ~— —

ny — (F+h)Mns
L= 8(hM cosh[hM]+(—1+hM?23, ) sinh[hM])>’
3as7
g = (F+h)3M7ny

16(hM cosh[AM]+(—1+hMB?) MB, sinh[hM])"’

n3 =4M (h+ By + hM?B;) 4+ 2M (h — 2 (1 + hM?) B;) cosh [2hM] + (=3 4 4hM?,)
sinh 2R M],

ng = 12M (h + 1) + 4M 3, (—4 cosh [2hM] + cosh [4hM]) — 8 sinh [2hM] + sinh [4hM] .
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10.3 Results and discussion

In this section the main objective is to study the influence of various parameters of interest
on the flow quantities. In particular the variations of Hartman number (M), Deborah number
(T"), amplitude ratio (a), slip parameter (3;) and viscosity parameter («) on the longitudinal
velocity, pressure gradient, pressure rise (Ap)) and frictional force (F)) per wavelength have
been examined.

Figs.10.1-10.3 show the effects of M, 5, and I' on the longitudinal velocity u. The plots show
that velocity at the center of the channel and near the walls has opposite behavior. Further the
velocity at the center of the channel decreases with an increase in M and $; but it increases
by increasing I'.

The variation of pressure gradient for certain values of M, 3, and I' are depicted in the
Figs 10.4-10.6 It is anticipated that the absolute value of pressure gradient increases with an
increase in M and (3, but it decreases when I' is increased.

The pressure rise and frictional force per wavelength have been computed numerically. The
pressure rise verses flow rate has been plotted in the Figs 10.7-10.11. It is noticed from Fig. 10.7
that the pressure rise decreases with an increase in ;. It is found that magnitude of pressure
rise per wavelength increases by increasing M (see Fig. 10.8). Fig. 10.9 depicts an important
phenomenon that is the graph for pressure rise for I' = 0 is linear whereas in the case of non
zero I' it is non linear. Fig 10.11 shows that the pressure rise increases with an increase in the
amplitude ratio a. The free pumping flux increases by increasing o (see Fig.10.10).

Figs. 10.12-10.16 monitor the features of frictional force (Fy). It is clear that there exists
a critical value of n below which F) resists the flow and above which it assists the flow. This
critical value of 1 decreases by increasing 3, and M (see Figs. 10.12 and 10.13). Contrary to
this the critical value of 7 increases with an increase in a and « (see Figs 10.14 and 10.15). It is
revealed from Fig. 16 that the effect of ' on frictional force is quiet opposite to that of pressure
rise.

Another important fact of interest here is a comparison between the viscous and non-
Newtonian fluids (see Figs. 10.3, 10.6, 10.9 and 10.14). In all these Figs. the case of viscous
fluid is given by putting I' = 0. Fig. 10.3 shows that velocity at the center of the channel in

non-Newtonian fluid is larger when compared with a viscous fluid. Fig. 10.6 shows that the
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non-Newtonian fluid exhibits larger pressure gradient than the viscous fluid.

Figs. 10.17-10.20 examine the trapping phenomenon. It is observed that the size of the
trapped bolus decreases with an increase in 3; and M. The size of trapped bolus also increases by
increasing the viscosity parameter « (see Figs. 10.17 and 10.18). It is noted that by increasing

the Deborah number I', the size of the bolus decreases whereas it increases by increasing a.
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Fig. 10.1. Effect of M on velocity v when 8; = 0.2,I' =0.04,2z = 1,7 = 1.3 and a = 0.3. Left

panel is for a = 0 and right panel is for a = 0.4.
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Fig. 10.2. Effect of 8; on velocity w when M = 1,T

panel is for @ = 0 and right panel is for a = 0.4.
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Fig. 10.3. Effect of I" on velocity v when M =1, 8, =0.04, x =1, n= 1.3 and a = 0.3.
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Fig. 10.4. Effect of M on pressure gradient when g; = 0.2, I' = 0.001, n = 0.1 and a = 0.3.
Left panel is for @ = 0 and right panel is for a = 0.4.
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Fig. 10.5. Effect of 8; on pressure gradient when M =1, I' = 0.001, n = 0.1 and a = 0.3. Left

panel is for a = 0 and right panel is for a = 0.4.
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Fig. 10.6. Effect of I' on pressure gradient when M = 1, 3,

= 0.2, 7= 0.1 and a = 0.3. Left
panel is for @ = 0 and right panel is for a = 0.4.
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Fig. 10.8. Variation of M on Apy when I' = 0.01, 8; = 0.02, a = 0.3 and o = 0.2.
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Fig. 10.10. Variation of o on Apy when 8; =0.02, M = 1.5, a = 0.3 and I' = 0.01.
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Fig. 10.11. Variation of a on Apy when g; = 0.02, M = 1.5, « = 0.2 and I' = 0.01.
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Fig. 10.12. Variation of 8 on F)\ when a = 0.3, M = 1.5, « = 0.2 and I' = 0.01.
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Fig. 10.14. Variation of I' on Fy when a = 0.3, M = 1.5, « = 0.2 and 8; = 0.02.
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Fig. 10.16. Variation of a on F when o = 0.2, M = 1.5, I' = 0.01 and 8; = 0.02.
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Fig. 10.17. Effect of M on stream lines when I' = 0.04,¢ = 0.3, = 1.1, and 8 = 0.2 Left

panels are for a = 0, and right panels are for a = 0.4.

153



/81 - 01

[N

/81 - 05

Fig. 10.18. Effect of 8; on stream lines when I' = 0.04,a = 0.3,7 = 1.1 and M = 0.5. Left

panels are for & = 0 and right panels are for o = 0.4.
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Fig. 10.19. Effect of I' on stream lines when 8; = 0.2,¢ = 0.3,7 = 1.1 and M = 0.5. Left

panels are for & = 0 and right panels are for a = 0.4.
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Fig. 10.20. Effect of a on stream lines when 8; = 0.2, = 1,I' = 0.04,7 = 1.1 and M = 0.5.

Left panels are for a = 0 and right panels are for a = 0.4.
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Chapter 11

Heat transfer analysis for peristaltic

mechanism in variable viscosity fluid

This chapter extends the analysis of previous chapter in the presence of heat transfer. Thermal
slip is also considered. Viscous dissipation is present. Perturbation solution is constructed and
a comparative study between the cases of constant and variable viscosities is presented and

analyzed.

11.1 Statement of the problem

Here we study an incompressible magnetohydrodynamic (MHD) third order fluid with variable
viscosity in a uniform channel of width 2d;. The X — axis is selected along the centerline of
the channel whereas Y is perpendicular to the X — axis. The fluid is electrically conducting
under an applied magnetic field By in the Y — direction. The electric and induced magnetic
field effects are neglected. Sinusoidal waves propagating on the channel induce the flow. Such

waves are described by the following equations

H(X,?) = d1 + aicos (2%(7 - cf)) . (11.1)

In above expression c is the speed of propagation of the wave, a; the wave amplitude, A the

wavelength and ¢ the time. Further the channel walls have a constant temperature Ty. The
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governing equations are

S_% g—; =0, (11.2)

p<%+ﬁai_ +V%>U— —§—§+ ag? + a:;';y oB3U, (11.3)
p (% +Ua% +Va%> V= —g—g 85? + ag?, (11.4)

pC <a%‘ + Ua%, + V%) T = kV?T + @, (11.5)

where ® is the dimensional viscous dissipation term. In light of the following dimensionless

quantities
xr = T, Y u:E v:z 5:ﬂh Ea:ﬂ dip
Y di’ ¢’ cd’ A7 a’ dy’ Ay’
— (= 1/2
S = ﬂg(_)aﬂ()—MJ\/f:(i) Bydy, Uo—@,R —pCd17
Ho€ Ho Ko Ho
t = C—E u—a—w _a_w _6262 _BCZQ_T_TO
= )\7 —aya axv 2 Nod%’fm Nod%’ TO 5
_ 1oCp . e _ ,uoc2
Pr - K 9 - CpTO, C* a2 C (116)
equations (11.2)-(11.5) give
oY o OY o N p 082z OSuy 5, 0P
OR. [(89 5% B 8y)8y] =5t t oy M (ay +1), (11.7)
oY o o 9 oY Op 08, oS,
_53 v _v= _ 2YPzy vy
O°Re Kay or Ox 8y)8w] 8y u ox +0 oy’ (11.8)
oY oo ool 2829 %0
5Re[<8y 9 D 8y)] Ed + = (5 02 "o 5); (11.9)

where C), is the specific heat, K the thermal conductivity, I'(= 7y, + v3) the Deborah number,
1 the stream function, vg the constant kinematic viscosity, M the Hartman number, Re the
Reynolds number, p the fluid density, o the electrical conductivity, 7(7) the viscosity function,
d the wave number, p, the constant viscosity, Br(= Pr E) the Brinkman number, ® the di-

mensionless viscous dissipation term, Pr the Prandtl number and F the Eckert number. The
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governing problems subject to long wavelength and low Reynolds number are

dp 0 o OV _ _ Op
5e 5 =M <ay +1> =0, 0=—5- (11.10)
020
— =—-B 11.11
8y2 r<7 ( )
02y 2\ ° 2V RV,
Szy = H(y)a—yz + 2T <8—y2> , = :U’(y)(a—yg) + 2F(8—y2) ; (11.12)
Y = 0 82—1’Z) _o, O =0 at y=0
- ) 8:{/2 - Y ay - y - Y
B oY B 00 B
b= B Gt BiSe =1 085, =0 at y=h, (11.13)
1 8w
h(z)=1+ ¢ cos(2mx), F—/ —dy, (11.14)
0 9y
where (35 is the dimensionless thermal slip parameter, pu(y) = e or pu(y) = 1 — ay for

(o < 1); a the viscosity parameter, $; the dimensionless velocity slip parameter, 1) the stream
function, € the temperature and F' the dimensionless flow rate in wave frame. Further Eq.

(11.10) indicates that p # p(y) and finally we write

0 9% AN 2 0%
— — 4+ 2I' [ — - M— =0. 11.1

Pressure rise per wavelength Apy and frictional force F) (at the wall) are

1 1
Ap)\ = /%dw, F)\ = /h (—%) dx. (11.16)
0 0

11.2 Solution expressions
The solutions for small I' and « are

_ FMycosh [hM] +y (1+ FM?,) sinh [AM] — (F + h) sinh [My]

v hM cosh [hM] + (=1 + hMB}) M3, sinh [hM]

+ amy + 'mgy, (11.17)
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dp  (F+h) M3 (cosh[hM] 4 Mp; sinh [hM])
dx — hM cosh[hM] + (=1 + hMpB3) M, sinh [hM]

+ ang + I'ng, (11.18)

Br(F + h)2M?* (—Cosh[2hM] + Cosh[2My] + 2M (M (h? — y? — 2hy) + B5Sinh[2hM]))
8 (hMCosh[hM] + (—1 + hM?23,) Sinh[hM])?

N Br(F +h)* Ma y

192 (hMCosh[hM] + (1 + hM?23,) Sinh[hM])?>
(@1 +M(q2—q3—q4+g5))

Br (F + h)* M°T

+ X

512 (hMCosh[hM] + (—1 + hM?23;) Sinh[hM])°
(Ll +4(L2+M(L3+L4+L5+L6))) (11.19)

0 =

where the involved m; (1 =1—-8),n;(j =1,2), ¢ ({ =1—6) and Lj (k =1 — 8) are given as

follows:
my — (F+h)(ms3+2sinh[hM](m4)+2hM cosh[h M](ms))
L™ "8M (M cosh[hM]+(—1+hMB%) MBsinh[hM])?
m e~ 3Mue=3My(p4p)® M4 (((1—hM?B) sinh[RM]+e5MY (mg)+e2MY (m7)+2e3MY M (msg)))
2 pr—

32(hM cosh[hM]+(—1+hMp3?) M3 sinh[hM])* ’
m3 = —4My (h+ B+ hM?B) +2My (28 + h (=1 + 2M?B)) cosh[2hM]

+y (3 — 4hM?B) sinh[2hM], my = 3y (=1 + hM?B) cosh[My] + M (—2h?

+y% + h (—4+ M? (4 +h) h = y?)) B) sinh[My],

ma = 3y (=1 + hM?B) cosh[My] + M (—2h? + y? + h(—4 + M%((—=4 + h)h — y?))B)
sinh[My],

mgs = 3y cosh[My] + M (—y® + h (h+ 3)) sinh[My],

me = —3hM cosh[3hM] + 12M (y + hM (h + 23 — Myf3)) sinh[hM]

+ (1 = 9hM?B) sinh[3hM],

my = 3hM cosh[3hM] — 12M (—y + hM (h+ 28 + My[3)) sinh[hM]

+ (=14 9hM?3) sinh[3hM],

mg = 12My (h + ) — 16 My cosh[2h M| + 4My3 cosh[4hM] — 8y sinh[2h M ]
+ysinh[4hM] + hcosh[AM](12M (—y cosh[MY] + hM B sinh[My] + sinh[3My])
+ sinh[3My]).
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(F+h)Mn3
(hM cosh[hM]+(—1+hM?23) sinh[hM])*’
(F+h)2M7ny
16(hM cosh[AM]+(—1+hMp?) MB sinh[hM])*’

ng =4M (h+ B+ hM?B) +2M (h — 2 (1 4+ hM?) ) cosh [2hM] + (=3 + 4hM?3) sinh [2R.M]
ng = 12M (h + 5) + 4M 3 (—4 cosh [2hM] + cosh [AhM]) — 8 sinh [2h M| + sinh [4hM] .

n1:8

Nng =

@1 = (3+hM?(=38+4M?(2y® + h(h (—2h — 38+ 6M2(h — y)(h + y)B) — 3 (—1 + 4h>M?)
B7))))Cosh[hM] — 3 (1 + hM? (= + 4h (1 + vM?B))) Cosh[3hM] + 6Sinh[hM]Sinh[2My],
g2 =3M (2(h —y)y + h (1 +2M? (h? + y?)) B) Cosh[M (h — 2y)] + 3M (2y(h + y) + h (gs) B)
Cosh[M(h + 2y)],

q3 = 3hSinh[hM] + 20h3 M2 Sinh[hM] + 24h°> M*Sinh[hM] — 24h3 M*y? Sinh[hM]
—8M?y3Sinh[hM],

qa = 32hA M*BSinh[hM] + 24h% M*y?BSinh[hM] + 8hM*y?BSinh[hM] — 36h> M2 Sinh[hM]
—48h* My Sinh[h M| + 96h3 M* By Sinh[h M| + 9hSinh[3hM] + 12h2 M3~y Sinh[3hM]
+3hSinh[M (h — 2y)] + 6h3M2Sinh[M (h — 2y)] — 6ySinh[M (h — 2y)],

qs = 6hM?y2Sinh[M (h — 2y)] — 6R2M2BSinh[M (h — 2y)] + 6hM?yBSinh[M (h — 2y)]
+3(=2y +h (=1 +2M%*(h —y)(h+y — B))) Sinh[M(h + 2y)],

g6 = —1+2M>*(h — y)(h +y).
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Ly =16M (=67 + h (54 2M? (L7))) Cosh[hM] + 3M (36 + h (Lg)) Cosh[3hM] + 16Sinh[hM]
—258inh[3hM] + Sinh[5hM] — 5Sinh[M (h — 4y)],

Ly = 5Sinh[M (h — 2y)] + Sinh[M (3h — 2y)] + 5Sinh[M (h + 2y)] + Sinh[M (3h + 2y)])
—58inh[M (h + 4y)],

Ls = (7Th — 4 (3 4 13hM?B) v) Cosh[5hM] + 5hCosh[M (h — 4y)] — 20hCosh[M (h — 2y)]
—48yCosh[M (h — 2y)] + 48h2M?23Cosh[M (h — 2y)],

Ly = 48hM?yBCosh[M (h — 2y)] — 12hCosh[M (3h — 2y)] — 20hCosh[M (h + 2y)]
+48yCosh[M (h 4 2y)] + 48h2M?BCosh[M (h + 2y)] — 48hM?*yBCosh[M (h + 2y)]
—12hCosh[M (3h + 2y)] + 5hCosh[M (h + 4y)] + 288h>M Sinh[hM],

Ls = 192h* M3 Sinh[h M| — 192My?Sinh[hM] — 192h% M3y Sinh[hM] + 112hM BSinh[hM)]
+192h3M3BSinh[hM] — 192hM3y2BSinh[h M| — 544hM~Sinh[hM] — 384h3 M3~ Sinh[hM]
—192h2 M3 B~ Sinh[hM] + 16h2M M Sinh[3hM] — 16 My?Sinh[3hM] — T1hM BSinh[3hM]
—144h3 M3BSinh[3hM] + 144hM3y?3Sinh[3h M) — AhM~Sinh[3hM],

Le = 288h2M3B~Sinh[3hM] + 31hM BSinh[5hM| — 4hM~Sinh[5h M) + 5hM 3

Sinh[M(h — 4y)] + 48h> M Sinh[M (h — 2y)] + 48hMySinh[M (h — 2y)] + 76h
MBSinh[M(h — 2y)] — 36hM BSinh[M (3h — 2y)] + 48h2M Sinh[M (h + 2y)]
—48hMySinh|[M (h 4 2y)] + T6hMBSinh[M (h 4 2y)] — 36L.M BSinh[M (3h + 2y)]

+5hM BSinh[M (h + 4y)],

L7 = 6y? 4+ 3h (—2h + (-1 4+ 2M%*(h —y)(h +y)) B) — (B + 6h (=1 + 2nM?B)) v,

Lg = —11 + 4M? (—4h? + 4y* 4+ 8hy + 757) .

The heat transfer coefficient is

Z = hyb,. (11.20)

11.3 Graphical analysis and key points

This section provides a comparative study of temperature for the effects of various parameters
in the constant (o = 0 left panels) and variable (o = 0.2 right panels) fluid viscosities in the
presence of heat transfer.

It is observed in Figs. 11.1 (a-d) that 6 decreases when M and (3; are increased. Further

temperature in variable viscosity fluid is less when compared with constant viscosity fluid. From
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Figs. 11.2 (a~d), an increase in 6 is observed when Br increases whereas 6 decreases when f3,
increases. Although the plots for heat transfer coefficient Z are not included to save space for
variation of M and I'. It is also seen that impact of M on Z is quite opposite to that of ;.
Z is an increasing function of M. Figs. 11.3 (a-d) show that Z decreases when (; increases
whereas it increases by increasing Br.

The main points of present chapter can be summarized as follows.

i) Temperature in constant viscosity fluid is greater than variable viscosity situation.

ii) Temperature is decreasing function of thermal slip parameter [3.

iii) The qualitative effects of Br and ; on the temperature are opposite.

iv) Behavior of 3; on the heat transfer coefficient is opposite to that of Br.

163



0.15

0.10

= 0.05

0.00

-0.05

$1=00,0.1,02,03

0.0, H H H N . 1
0.0 0.2 0.4 0.6 0.8 1.0 1.2

y
(¢c) M =0.2

0.15}"

0.10

0.05

0.00

0.10

0.05

0.00t,
0.0

" $1=00,0.1,0.2 03

0.2

04 06

y
(d) M = 0.2

Fig. 11.1 (a-d): Variation of n for T' = 0.04, ¢ = 0.3, n = 1.1, v = 0.1 and Br= 0.5.
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Fig. 11.2 (a-d): Variation of np for M =1, T =0.04, ¢ = 0.3, n = 1.1, and 8 = 0.2.
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Fig. 11.3 (a-d): Variation of Z when I' = 0.04, ¢ = 0.3, n = 1.1, and M = 1.
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Chapter 12

Soret and Dufour effects on

peristaltic transport of a third order

fluid

Soret and Dufour effects on peristaltic transport of third order fluid in a symmetric channel have
been reported in this chapter. Joule heating effect is also taken in to account. The governing
nonlinear problem is solved using perturbation approach. Graphical results are reported and

discussed for various parameters of interest entering into the problem

12.1 Mathematical formulation

We consider the magnetohydrodynamic (MHD) flow of third order fluid in a channel of width
2d;. The X — axis is chosen along the walls of channel and Y — axis is taken normal to the
X — axis. A constant magnetic field of strength By is applied in the Y — direction. Induced
magnetic field is not accounted. Sinusoidal wave propagating on channel walls with constant

wave speed c is represented by

H(X,?) = d1 + aicos (2%(7 — cf)) : (12.1)
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where a1 is the wave amplitude, X is the wavelength and ¢ is the time . The continuity,
momentum, energy and concentration equations of the problem may be written as follows:
ou oV

0X * oYy (12.2)

=+ __+ — 0BT, (12.3)

)V:——:+ Sxv , %57y (12.4)

Cy (% +Ui_ +Vi_>T: - (02_1; +62T)

0X Y’
ol + 2 Q + DKT (S;C + 820)7 (12.5)
(ngUa +V8)C_D<82C+82(J>+DKT(82T+82T> (12.6)
ot oax 9y ) \ogx? oy’ Tn \ox> ov° /) '

In the above equations, U and V are the velocity components along X and Y directions re-
spectively in fixed (laboratory frame), p is the density, P is the pressure, v is the kinematic
viscosity, o is the electrical conductivity, K is the thermal conductivity, By is the applied mag-
netic field, 7" is the temperature field, C), is the specific heat, v( is the viscous dissipation, D is
mass diffusivity, Kt is the thermal diffusion ratio, Cs is the concentration susceptibility, C is
the concentration field and T, is the mean temperature.

Extra stress tensor S in third order fluid is
S = (M + 53757”Kf> Al +a1As + OQK? + B1A5 + B, (X1K2 +X2K1) ,

in which g, a; (i =1,2) and §; (i = 1,2.3) are the material constants. The Rivlin-Ericksen

tensors can be represented as follows

t

A, = L+L,
— dA, — — ——
A1 = —"+ AL+ L'A, n=1,2,

where L = grad V and t indicates the matrix transpose.

168



If (U,V) and (, ) are the velocity components in the laboratory (X,Y) and wave (%,7%)

frames respectively then defining

Z=X—ct, =Y, u=U—c¢, v=V, @7 = P(X,Y,?), (12.7)

and introducing the following dimensionless variables

L_ T g .m T o d o H o _a P
)\7 y*dla 767 *057 - )\7 d17 d17 pfc)\yf
T —1Ty C - Cy (0)1/2 pedy
0 = ¢ = M= (2) Bydi,v=" Re=""1
To ¢ Co o 0
ct o o DCyKr pD KTy
t = “u=—w=—=—, Br=PrE, Du=—oL gpr=£""170
N UT aytT ey BrEPrE Du= e ST G
2 2 2
L c pnCy di= Bac Bac
Se pDv CpTO’ r K’ S ,LLCS(:L.)’ Y2 HGQ ’ 13 Ma2 ( 8)
we have
Op 0 5 OV Op
-+ =S, M =L+1)=0, = —— 12.
8w+8ysy <8y+ 0, 0 2y (12.9)
920 o, 2 9%
—~—4+B BrM? | == +1 Pr Du— 12.1
0 o2 " r¢ + Br <8y+ > +PrDuzs, (12.10)
1 0% 020
_19% o 12.11
ScﬁyQﬁL T8y2’ ( )
0% A .y o Oy
oy = (i , - T , 12.12
Sy =G+ 20 (55) + €= (P + 2 (12.12)

where p is the pressure, ¢ the stream function, I'(= v, + v3) the Deborah number, M the
Hartman number, Re the Reynolds number, Br the Brinkman number, Du the Dufour para-
meter, ST the Soret parameter, Sc the Schmidt number, F the Eckret number, Pr the Prandtl
number, § the wave number, Ty temperature at the wall, Cy concentration at the wall, 6 the

dimensionless temperature and ¢ the concentration. The boundary conditions are

824 a0 96
@Z) - Oa a_yg_oa 8_y_07 8_y_07 at y_oa
o
Y,Z) = F, a—y:—l, 020, QZ/):O, at y:h, (1213)
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h a,(b
h(z)=1+ acos(2mz), F = —dy, (12.14)
o Oy
where F' is the dimensionless volume flow rate and & is the dimensionless wave shape. Pressure

rise per wavelength Ap) is

1
dp
Apy = | —dx. 12.1
p = [ s (12.15)
0

We look for solutions in the series form and thus we expand the quantities in terms of small

Deborah number as follows:

Y o= Yo+ +...
0 = 00+F91+....
F = FkK+TF +..

p = po+Ip+...

The resulting zeroth order system is given by

%_MQ%:

o 57~ (12.16)
0o P\ 2 (0o, \? 9y
0 = 8_3/2 + BT < 8y2 ) + BTM (8_3/ + 1) + PI‘Dua—yz, (12.17)
o 1 82¢0 6290
0=5a ~ g (12.18)
82¢0 890 8¢0
T;ZJO - Oa 82/2 _Oa 8—y_07 8—y_05 aty—O,
_ Oy _ _ _ _
¢0 - F07 8—3/ - _17 90 - Oa ¢O - 05 at Y= h’7 (1219)

and first order system becomes

841/11+232 <8_w%>3_sz9_¢%
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, ) 5 ) 4N 2 2
0290 B (28 w08¢1+(8 %) ) +BrM2( %<%+1>)+PrDua o1

dy? dy? Oy? dy? dy \ Oy oy?’
(12.21)
1 82¢1 8201
0= 57 * g2 (12.22)
o 32¢1 o 891 o 8(]51 . .
¢1 - Oa (9y2 _Oaa_y_oa a_y_ov at@/— )
oy

wl = Fl, 6_y = 0, 91 = 0, ¢1 = 0, at Yy = h, (1223)

The heat transfer coefficient at the wall can be computed by

7 = hy0,.

12.2 Solution expressions

Solving the resulting systems at zeroth and first orders we can write

Iy
(—hM cosh[hM] + sinh[hM])*
e 3MY (F 4+ ) MAT (Iy — I3 + 1y)
32 (—hM cosh[hM] + sinh[hM])*

11}:_

BrM? (A; + 4F Ay — Agcosh[2hM] + Ay — Aj)
(8 (—=1+ A) (—hM cosh[hM] + sinh[hM])2>

0 =

—Br (F + h)®> MST
(512 (—1 + A) (hM cosh[hM] — sinh[hM])5>
x (Ag — 16hM A7 cosh[h M| 4+ Ag + Ag — Ao + A11 — A12),

+
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BrM?2ScSr (B + By cosh[2hM] — Bz)
(8(=1+ 4) (~hM cosh[nd] + sinh[h1])?)
Br (F + h)® M®S¢SrT
(512 (=1 + A) (hM cosh[hM] — sinh[hM])5>
X (—=By — 16h M (Bs) cosh[hM| 4+ Bg — By + Bg — Bg — Big) ,

with [;s, A;s and B;s are given as follows:

i = (hM cosh[hM] — sinh[hM])? (—y (FM cosh[h.M] + sinh[hM]) + (F + h)
sinh[My]),

la = 243MYRM2y — hM (1- My 1 12e2MY N1y + 1264MyMy) cosh[hM],

I3 = 3e*™Y (=14 *Y) hM cosh[3hM] + sinh[AM] — €Y sinh[hM]
—12e2MYp2 M2 sinh [ M],

Iy = 12¢*MYR2 M2 sinh[hM] + 12e2MY My sinh[hM] + 12¢*MY My sinh[hM ]
—16e>MY My

sinh[2AM] — e2MY sinh[3hM] + e*M¥ sinh[3hM] + 2¢3MY My sinh[4hM],
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A = PrDuxScSr,
Ay = 2h(4+h+BPM*Y) —2(1+h2M*Y) y? +2F2M? (1+ M?) (h—y) (h+y),

Ay = 24+ hM*(14+M?) (h—y)(h+y),

As = F>(1+M?) +2F (4+h+hM?) — 2% +h (8 +h (3+ M? (1 +2h% - 24%))),
Ay = (F+h)*(1+ M?) cosh[2My] + 4hM (2F + h (2 + h) — y?) sinh[2AM],

As = 16h (F + h) M cosh[hM] (M (h —y) + sinh[My]) + 16 (F' + h) sinh[pM](M (h — y)

+ sinh[My)),
Ag = —288hM — 96R3 M3 + 288 My + 96h> M3y,
A7 = —16+48h°M? + 12h° (M? + 2M*) + F(—5 + 3M? (=3 + 4h* — 4y°) + 24M*

(R —9?)) — b (5 + 24M*y* + 3M2 (3 + 497))
Ag = 256M (1+ 3h*M?) (h — y) cosh[2hM] — 288hM cosh[3hM] — 33FhM cosh[3hM]
—33h%M cosh[3hM] + 27FhM?3 cosh[3hM],
Ag = 27h*>M3 cosh[3hM] — 48Fh3 M3 cosh[3hM| — 48h* M3 cosh[3hM] — 48 Fh3 M®
cosh[3hM],
Ay = 48h*MP cosh[3hM] + 48 FhM3y? cosh[3hM] 4 48h? M3y? cosh[3hM] + 48 FhMPy?
cosh[3hM] + 48h>M®y? cosh[3hM] + 32h.M cosh[4hM] + 96h3 M3 cosh[4hM]
—32My cosh[4hM] — 96h? M3y cosh[4hM] + 32My cosh[5h.M] + TEhM cosh[5hM],
Ay = Th?M cosh[5hM] 4+ 3FhM?3 cosh[5hM] + 3h*> M3 cosh[5hM] + 5EhM
cosh[M (h — 4y)] + 5h®M cosh[M (h — 4y)] + 9FhM? cosh[M (h — 4y)] + 9> M3
cosh[M (h — 4y)] — 32hM cosh[M (2h — 3y)] — 20FhM cosh[M (h — 2y)] — 20h>M
cosh[M (h — 2y)],
Ayp = 84FhM? cosh[M (h — 2y)] — 84h>M?3 cosh[M (h — 2y)] — 48 My cosh[M (h — 2y)]
(F + h) — 48M3y cosh[M (h — 2y)] (F + h) — 12hM cosh[M (3h — 2y)] (F + h + M?)

—32hM cosh[M (2h — y)] + 192M cosh[M (2h — y)] (W*M? +y + B2 M?y)
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B

B3

By

Bg

—8F — 2h (4+ h) — 2Fh? (F + 2h) M? — 212 (F + h)* M* + 2B/,

F? (14 M?) +2F (4+h+hM?) = 2y> + h (8 + hBi2)

(F + h?) (1+ M?) cosh[2My] — 4hM (2F + h (2 + h) — y?) sinh[2M] +

16h (F + h) M cosh[hM] (M (h — y) + sinh[My]) — 16 (F' + h) sinh [hM]

(M (h —y) + sinh[My]),

288hM — 96h3 M3 + 288 My + 96h> M3y

—16 + 48h°M? + 12h% (M? + 2M*) + FB1s — h (5 + 24M*y* + 3M* (3 + 4y?)) ,
256M (1 + 3h*M?) (h — y) cosh[2hM] — 288h.M cosh[3hM] — 33hM cosh[3h]M ]
(F + h) + 27hM cosh[3hM] (FM? + hM?)

48hM cosh[3hM] By + 32M cosh[4hM] (h — ) + 96h?M? cosh[4hM] (hM — My),
hM cosh[5hM] (32 + TF + Th + 3F M? + 3hM?) + hM cosh[M (h — 4y))]

(5F + 5h + 9F M? + 9hM?) — 32hM cosh[M (2h — 3y)),

hM cosh[M (h — 2y)]|Bis,

hM cosh[M (3h — 2y)] (12F + 12h + 12FM? + 12hM?) — hM cosh[M (2h — y)]
(32 — 192h2M? — 192 (y/h) — 192hM?y)

1+ F(F +2h) M? + (F + h)> M*, Biz =3+ M?(1+2(h* —y?)),
—543M?* (=3 +4h* — 4y°) + 24M* (B* — ),

Fh2M? + h3M? + FREM* + B3M* — FM?y? — hM?y? — FM*y? — hM*y?,

20F + 20h + 84F M? + 84hM? + 48Fy + 48hy + 48F M?y + 48hM?y.

12.3 Discussion

The objective of this section is to analyze the plots for temperature, concentration and heat

transfer coefficient. Hence Figs. 12.1-12.3 are given in order to achieve such objective. Here

Figs. 12.1(a~g) are drawn for temperature 6, Figs. 12.2(a-g) for concentration profile and Figs.

12.3(a-f) for the heat transfer coefficient Z. Explicitly 3-D graphs are plotted to analyze the

behavior fully in the domain of interest.

Figs. 12.1 demonstrate that the dimensionless temperature increases with an increase in
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M, Br, Du, Sr, Sc, Pr and I'. It is also noted from Fig. 12.1a that increase in temperature
with respect to M is not much for small M. However the temperature increases abruptly when
M increases. Also with the increase in magnitude of applied magnetic field, the temperature
increases more due to Joule heating. In Fig. 12.1b it can be seen that there is a linear
relationship between Br and 6. Similar observation holds for I" (see Fig. 12.1g). This depicts
that rise in temperature is lesser for Newtonian fluid when compared with non-Newtonian fluid.

In Figs. 12.2 (a-g) it is observed that the dimensionless concentration decreases by decreas-
ing M, Br, Du, Sr, Sc, Pr and I'. It is found that decrease in temperature is not linear for M,
linear and large for Br and I' and smaller bit small for Du, Sr, Sc, Pr.

Figs. 12.3(a-f) explicitly see the behavior of heat transfer coefficient Z when values of
different embedded parameters are altered. It is seen in all these Figs. that Z has an oscillatory
behavior. It is physically acceptable in view of peristalsis. The magnitude of oscillations in Z

increase most rapidly in case of I' when compared with the other cases.
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Fig. 12.1 ¢ Fig. 12.1d
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Fig. 12.1 g

Figs 12.1(a~g). Behavior of the temperature with change in values of different parameters.
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Figs. 12.2(a~g). Development of concentration field with increase in values of parameters.
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Figs. 12.3(a-f). Behavior of heat transfer coefficient Z.
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1001 Introduction The aim of this chapter is to provide a mterial for the better

understanding of the

subse- quent chapters. Here the literature review about peristaltic flows, and some definitions and
fundamental equations are presented. 1.1 Peristaltic transport The peristaltic transport of fluid is caused

21by a progressive wave of area contraction/expansion along the length of a

distensible tube.

Such wave inturn propells the fluid

151in the direction of propagation of wave. This type of

transport mechanism finds its application in the physiological and industrial processes. These include the
locomotion of worms, urine passage from kidney to bladder, food swallowing by the esophagus,
vasomotion of small blood vessels, sanitary and corrosive fluids transport, movement of bio fluids (chyme
in gastrointestinal tract, bile in the bile duct, ovum in the fallopian tube and spermatozoa in cervical canal)
and in heart lung machine and roller and finger pumps. 1.2 Literature review Despite of the fact that the
mechanism of peristalsis was known to the physiologist since long, mechanical analysis of peristalsis begin
in later half of the twentieth century. Initial investiga- tion of peristaltic pumping was inspired by its
application in human ureter system. Studies of Kiil [1] and Boyarsky [2] are fundamentals in this direction.
Latham [3] in his MS thesis carried out the experimental investigation of peristaltic pump. Shapiro [4]
discussed the inertia free two-dimensional peristaltic transport when

137the wavelength of peristaltic wave is large compared to the

half channel width. Under these assumptions there is a steady flow in a wave frame. Later on these two
considerations (the long wavelength and low Reynolds number approxima- tion) were widely utilized by the
researchers in the analysis of peristaltic flows. The theoretical investigation of Shapiro [4] was found in
good agreement with the experimental work of Latham [3]. These pioneering studies of Latham [3] and
Shapiro [4] were first precise efforts to mechan- ically investigate peristaltic flows and triggered extensive
interest in peristaltic flows. Later on several investigations were made to study peristaltic flows under
different flow configurations. More realistic models for the ureteral waves were proposed by Lykoudis [5]
and Weinberg et al. [6]. Time elapsed during the chyme motion through small intestine was calculated by
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Bar- ton and Raynor [7] using the concept of peristaltic motion. Inertia free peristaltic flow in a roller pump
was studied by Maginniss [8]. Shapiro et al. [9] examined

4the peristaltic flow of Newtonian fluid in a planner channel

and circular

80tube. Long wavelength and low Reynolds number approximations were used

in

this investigation. In continuation Jaffrin [10]

26studied the effects of inertia and streamline curvature on peristaltic

pumping. Yin and Fung [11] and Fung and Yih [12] studied the peristaltic flow for arbitrary Reynolds and
wave numbers in axisymmetric tube and planar channel respectively. In these studies the authors
performed the analysis for small amplitude ratio. Jaffrin and Shapiro [13] made review for studies available
on peristaltic pumping. Mittra and Prasad [14] studied the interaction of peristalsis with poiseuille flow.
Wilson and Perel [15] analyzed the interaction of peristalsis with pulsatile flow. Brown and Hung [16]
compiled the

15computational and experimental investigations on two-dimensional

peristaltic flows

up to 1977. Srivastava and Srivastava [17] discussed the interaction of peri- stalsis with pulsatile flow in a
cylindrical tube by assuming that the flow is generated by an arbitrary pressure gradient and peristaltic
waves. Peristaltic transport of blood was seen by Srivastava and Srivastava [18]. In this study they used
the Casson fluid model to describe the non-Newtonian properties of blood. Numerical solutions of two-
dimensional peristaltic flow problem were obtained by Takabatake and Ayukawa [19]. Takabatake et al.
[20] studied the

66peristaltic pumping in circular cylindrical tubes. They obtained the numerical

solutions of the problem and

discussed the efficiency of such flow. Fluid mechanics of gastrointestinal tract was studied by Mishra and
Rao [21]. They considered the

52peristaltic transport in a channel with porous peripheral layer analogous to

the flow in gastrointestinal tract. The magnetohydrodynamic character of

fluid has a pivotal role in solidification processes of metals and metal alloys, study of nuclear fuel debris,
control of underground spreading of chemical wastes and pollution control, design of MHD power
generators, blood pump machines, diagnose and treatment of cancer tumors.

15Interaction of peristaltic flow with pulsatile magneto- fluid through a porous

medium

was analyzed by Afifi and Gad [22]. Elshehawey et al. [23] examined the

5effects of inclined magnetic field on magneto fluid flow

between two inclined wavy plates. In this study they further assumed the boundaries to be porous.
Peristaltic flow of blood through a non-uniform channel was inspected by Mekheimer [24]. Blood was
assumed to flow

81under the influence of a uniform applied magnetic field.

Mekheimer [25] carried out the study of magnetohydrodynamic

143nonlinear peristaltic transport in an inclined planar channel. Magnetic fluid

model
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induced by peristaltic waves was proposed by Siddiqui et al. [26]. Hayat and Ali [27] investigated the

13peristaltically induced motion of MHD third grade fluid in a deformable tube.

Abd EI Naby et al. [28] analyzed the

31effects of magnetic field on trapping while studying peristaltic motion of a

generalized Newtonian fluid. Nonlinear peristaltic transport in a planar channel

15under the influence of applied magnetic field was studied by Hayat et al.

[29]. Hayat and Ali [30] provided the

13mathematical description of peristaltic hydromagnetic flow in a tube. Effect of

applied

44magnetic field on the peristaltic transport of micropolar fluid

was discussed by Wang et al. [31]. Hayat et al. [32] studied the

13influence of inclined magnetic field on peristaltic transport of fourth grade

fluid in an inclined asymmetric channel.

In several physical situations, the no-slip condition between the fluid and solid boundary is not valid. Such
situation arises in fluid mechanics within the body of living beings where the internal linings of the tubular
organs are coated with mucus/secretions. Also in the case of artificial heart the no-slip condition is no
longer effective. In such situations one may take into account the slip effects while analyzing the flow
phenomena. Mandiviwalla and Archer [33] inspected the

6effects of velocity slip on the

peristaltic pumping in a rectangular

10channel. Hayat et al. [34] studied the peristaltic transport through a

porous medium

29 partial slip. Hayat [35]

with simultaneous effects

heat transfer and velocity slip.

30Effects of partial slip and heat transfer on the peristaltic flow of MHD

Newtonian fluid in an asymmetric channel were examined by

Yildirim and Sezer [36]. Kumari and Radhakrishnamachrya [37] studied the effects

990f slip on heat transfer for peristaltic transport in the presence of magnetic
field.

Processes that take place at high temperature e.g. in nuclear reactors, turbines, rockets, missile
technologies, pumps operated at high temperatures and space vehicles may face variation in fluid viscosity
with temperature. Moreover the dependence of fluid viscosity is justified physiologically because normal
person or animal of similar size takes 1-2L of the fluid every day. Also 6-7L of the fluid is received by the
small intestine as secretions from salivary glands, stomach, pancreas, liver and small intestine itself. Ali et
al. [38] carried out the study to examine the

1influence of velocity slip on the peristaltic transport in a
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planar channel. Fluid viscosity was assumed to be space dependent and a uniform magnetic field was also

taken into account. El Naby et al. [39] studied the

3effects of an endoscope and variable viscosity on peristaltic motion.

Elshehawey and

Gharss

eldien [40] examined the

52peristaltic transport of three-layered flow with variable viscosity. Hayat and

Ali [41]

examined the

45effect of variable viscosity on the peristaltic transport of Newtonian fluid in

an asymmetric channel.

Ebaid [42] computed

55numerical solution for the MHD peristaltic flow of bio-fluid with variable

viscosity in a circular cylindrical tube via Adomian decomposition method.

4Effects of heat transfer on the MHD peristaltic transport of a variable viscosity
fluid

were studied by Nadeem and Akbar [43]. The fluid viscosity in this study was considered to vary linearly

with temperature and Adomian decomposition Method (ADM) was used

88to obtain the solution of the coupled equations.

Nadeem et al. [44] discussed the influence

4of heat transfer on the peristaltic transport of fluid with variable viscosity.

Nadeem and Akbar [45] presented the study for the

4effects of temperature dependent viscosity on peristaltic flow of Jeffrey-six

constant fluid in a non- uniform vertical tube.

Nadeem and Akbar [46] examined the

4influence of temperature dependent viscosity on peristaltic transport of a

Newtonian fluid. The concept of

heat transfer has a key role in the analysis of tissues, hemodialysis and oxy- genation.
Radhakrishnamachrya and Murty [47] studied influence of

25heat transfer on peristaltic transport in a non-uniform channel.

Vajravelu et al [48] performed the

3heat transfer analysis of the peristaltic transport in a

vertical

porous annulus under the long wavelength consideration. Simultaneous effects

1050f heat transfer and applied magnetic field on the peristaltic transport in a

vertical annulus

were studied by Mekheimer and elmaboud [49]. Srinivas and Kothandapani [50] examined the
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10peristaltic transport in an asymmetric channel with heat transfer. Hayat et al.

[51] performed the

heat transfer

123analysis for the peristaltic transport of an electrically conduct- ing fluid in

porous

space.

26Srinivas and Kothandapani [52] studied the impact of heat and mass transfer

on the MHD peristaltic

motion

with complaint walls. Hayat and Hina [53] investigated the

3heat and mass transfer effects on the peristaltic motion of Maxwell fluid.

Mekheimer

3et al. [54] analyzed the peristaltic transport under the influence of

heat transfer and space porosity. Nadeem and Akbar [55] analyzed the effect

Ali

curved

83of radially varying MHD on the peristaltic flow in an annulus with heat and

mass transfer.

64et al. [56] studied the heat transfer effect on peristaltic transport in a

channel.

79Hayat and Noreen [57] examined the peristaltic transport of fourth grade fluid

with heat transfer and induced magnetic field.

20Effects of thermal radiation and space porosity on MHD mixed convection

flow in a vertical channel

were analyzed by Srinivas and Muthuraj [58].

25Vajravelu et al. [59] discussed the influence of heat transfer on peristaltic

transport of Jeffrey fluid in a vertical porous stratum.

Hayat et al. [60] ana- lyzed the

compla

4heat transfer effects on the peristaltic transport in a curved channel with

int walls. Mixed convection

2heat and mass transfer in an asymmetric channel with peristalsis

was discussed by Srinivas et al. [61]. Effects

20of heat and mass transfer on the peristaltic flow of Johnson Segalman fluid

in a vertical asymmetric channel with induced MHD

was examined by Nadeem and Akbar [62]. Tripathi [63] proposed
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29
Akbar [64] computed effects

2heat and mass transfer on the peristaltic transport of hyperbolic tangent fluid.

Akbar and Nadeem [65] investigated the

3heat and mass transfer effects in the peristaltic trans- port of Johnson-

Segalman fluid.

Effects of

12induced magnetic field were also taken into account

in this study.

2Effects of induced magnetic field and heat transfer on peristaltic transport

were also discussed by Hayat et al. [66]. This study was performed for the Carreau fluid model.

16Peristaltic transport of third order fluid under the effect of applied magnetic

field was studied by Hayat et al.

[67]. Hayat et al. [68]also analyzed

4the peristaltic flow of a third order fluid in an asymmetric channel with slip

effects. Heat and mass transfer

analysis for

26the peristaltic transport of third order fluid in a diverging tube

was carried out by Nadeem et al. [69]. Akbar et al. [70] studied the

4effects of slip and heat transfer on the peristaltic flow of third order fluid in

an inclined asymmetric channel.

1.3 Fundamental laws 1.3.1 Law of conservation of mass Mathematical form of law of conservation of mass
is known as continuity equation which for unsteady flow is given by ?? ?? + V - (?V) = 0? (1.1) in which ?
denotes the density of the fluid and V the velocity. Eq. (1?1) for an incompressible fluid is V - V = 0? (1.2)
1.3.2 Law of conservation of linear momentum

38Newton’s second law of motion states that time rate of change of linear

momentum is equal to the total force acting on the

fluid element. Mathematically it is expressed as ? 7V ?? = V - 1+?b? (1.3) for an incompressible flow. Here
Tis the Cauchy stress tensor which is different for different fluids, V?1is the surface force, ?b is the body
force. The body force ?b is different for different flow situations. For instance the expression of body force
?b for

113 an the

and buoyancy effects

?b =79 [?? (? - ?0) + ?? (? - ?0)] + J x B (1.4) where g is the gravitational accelration, ? and ?0 the
temperatures of fluid and boundary respectively, ? and ?0 the concentations of fluid and boundary
respectively, ?? and ?? the volumetric expansion coefficients, J the current density and B the applied
magnetic field. Furthermore first two terms
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1390n the right hand side of Eq. (1 ?4) represent the

body force due to density differences caused by temperature difference and composition difference. The
last term of Eq. (1?4) is the Lorentz force. The Cauchy stress tensor Tis expressed as ??? ? ?? ? 2?2 22?2 ?
P22 T=02227222222 00rT=0027227222°2°2200,(1.5) 11222222022 122220222 000 1)
[ [ where ??7? (??7?) ? 2?7 (???) and ??7? are the normal stresses while all others are shear stresses. In
catesian coordinates (?? ?? ?) Eq. (1?3) can be written as ? ?? 2?7 2?2 2?2 =y 2?2 +?2??2 +?2??2 +??2 2 2?2 ??
M= 2242242242222 222 ?[=p 20+ 2224227+ 2 27 9 1.3.3 First law of

known as first law of thermodynamics and can be expressed as ? ?(??? )=1- VV -V - (=2 V? )+ J- J?1
?? ? (1.9) Here ?7? is the internal energy, 7+ VV the viscous dissipation, ?V? the heat flux, ? the
temperature field, ?? the specific heat, ? the electrical conductivity of fluid, ? the thermal conductivity, ? the
diffusion coefficient and the last term on RHS of Eq. (1.9) is due to the Joule heating. 1.3.4 Advection
diffusion equation The diffusion of chemically reacting species is governed by Fick’s second law. It is given
by ???? =?V2? - ??(? - ?0)?? (1.10) where ? is the concentration field of the diffusing species, ? the
oreder of chemical reaction, ? the diffusion coefficient and ?7? the reaction rate. 1.3.5 Dufour and Soret
effects It has been experimentally verified that the diffusion of energy can be

14caused by a composition gradient. This fact is known as Dufour effect or

diffusion-thermo effect. The

diffusion of diffusing species by temperature gradient is termed as Soret effect

14or thermal diffusion effect. In most of the

studies dealing with the transfer of heat and mass,

11Dufour and Soret effects are neglected under the assumptions that these

effects are

11smaller order of magnitude as described by Fourier’s and Fick’s laws.

However recent developments show that these effects are significant when transfer of heat and mass
occurs in the flow of mixture of

32gases with very light molecular weight (72, ??) and gases with medium

molecular weight (?2? air)

? Egs. (1.9) and (1.10) can be modified to make them capable of describing Dufour and Soret effects as
?? where ? ?? is the viscous dissipation term, ? the stress tensor, ? the velocity gradient, ?? the
concentration susceptibility, ?? the thermal-diffusion ratio and ?? the mean fluid temperature. 1.3.6
Maxwell’s equations Equations which mathematically state a set of laws namely

110Gauss’ law of electricity, Gauss’ law of magnetism, Faraday’s law and

Ampere-Maxwell law

are known as Maxwell equations after the name of James Clerk Maxwell. These equations are V - E=7?7? ?
(Gauss’ law for electricity) ? (1.13) ?0 V - B =07? (Gauss’ law for magnetism) ? (1.14) 2BV xE=-27??
(Faraday’s law) ? (1.15) V x B =?0J + ???0 ?? ? (Amapere-Maxwell law) ? ?E (1.16) Here ?? indicates the
charge density, 70 the permittivity of free space, B the magnetic

141field, E the electric field, J the current density and ?? the electric

constant. 1.4

7Constitutive equations of a third order fluid The

Cuachy stress tensor 1in an incompressible homogeneous third order fluid is [67-70]: T = =?I+ ? + ?3??
A21 A1+ ?21A2 + ?2A21 + ?1A3 + ?2 A1A2 + A2A1 ? (1.17) 3 " j ¢ in which ?? ?? (? =1? 2) and ?? (? =17
2
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7?3) are the material constants. The Rivlin-Ericksen tensors can be

represented as follows A1 = L+L?7? (1.18) A?+

23?2A???7 + A?L+ L? A??2=1?27 (1.

19) Chapter 2 MHD mixed convection peristaltic flow with variable viscosity and thermal conductivity This
chapter concerns with mixed convection peristaltic flow of an electrically conducting

1fluid in an inclined channel. Analysis has been carried out in the presence of

Joule heating. The

127fluid viscosity and thermal conductivity are assumed to vary

with respect to temperature. A nonlinear coupled governing system is computed. Numerical results are
presented for the veloc- ity, pressure gradient, temperature and streamlines. Heat transfer rate at the wall
is computed and analyzed. Graphs reflecting the contributions of embedded parameters are discussed.
2.1

6Mathematical formulation We examine the peristaltic transport of viscous fluid

in an inclined asymmetric channel of width

(?1 + ?2) ? The channel is inclined at an angle ?1. The ?-axis is chosen along the length of the channel
and ?

20-axis is taken normal to the ?-axis. A uniform magnetic field of strength 20

acts parallel to the ? -axis. Effects of

induced magnetic field are neglected under low magnetic Reynolds number approximation. Electric field
effects are also negligible. The viscosity and thermal conductivity are temperature dependent. The
following forms of waves propagate along the channel walls ?1(?? ?) =?1 + ?1, ?2(?? ?) = -?2 - ?2,

877122=212222 (2-22) 2p 22 22= 21222 (2 - 22)+ 22

? 9 in which ? is time, ?1 and ?2 represent

171the upper and lower walls of channel,

?1 and ?1 are the amplitude of the waves at respective walls, ? the phase difference of two waves and ?
and ? are the speed and wavelength of the waves respectively. Appropriate velocity field for this problem is
?2=2??7?7?7?)?7?(???7?7?)?0 ? Laws of conservation of mass and linear momentum give £ 1 ?? ?? ??
?2?7=02+(21)?22+2422272==2222(2)?2?2+22(?2)?2?2+2+ 2?2?2229 2?2 2?-2202? + ?2??% (?
=??)sin?1+7??sin 21?2 p 2?2 2?2 ?? - 27027 -

160 22 229, (22) 2 2424222222222+ 222222 (?)p 22 22 22 1= -2?

12?22 2(?)?2?2 u 2?2 -?22% (? - ??) cos ?1-?? cos 21?7 - u ?2? 2?9, + (2.

3) In above equations ?

122is the density of fluid, ? is the electric conductivity, ? (? ) is the

temperature dependent dynamic viscosity, ? is the acceleration due to gravity, ?? is the mean value of the
temperature of both the channel walls and ? is the thermal expansion coefficient. We consider (?? ?) and
? as the

7velocity components and pressure in the wave frame (?? ?). The
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7transformations between laboratory and wave frames are

?7=7-??7?72=2722=7-7?7=222??7?)=?(???27?7)?(2.4)where (? ??)and ?

10are the velocity components and pressure in the

laboratory frame. The

95conservation laws of mass and momentum in wave frame can be

expressed as 2? 22 22 22 =02 + (2.5) 2 (2 +?) 222 + 2 222 (2 + ) = = 2222 + 2 222 2 (2 ) 2222 + 722 2
(2) 2222 + 2222 3 =2220°(2 + 2) + 222 (2 - 22]) sin 21 +¢ 22 sinh?12 3 | (2.6) 2 (2 + 2) 222 + 2 222 ()
= - 27229 +22922(2) 2222+ 222 2 (2) 2222 + 2222 3 —222% (2 - 22) c0s°?1 - 22 c'0s 212 h 2 i (2.7)

12272=2?217272=2722?20,?217??272=20?72(?)=2(?)?7?22=2-??22?20p?097°02?12??2=2227?? =
7% (?710-?20)?21?27?7?7?2=21-2077??=?2??01? ?? =???221? ? =772,?=-?7 (2.8) and
adopting long wavelength and low Reynolds number approach we have in terms of stream function ? the
following equations ?? =? ? (?) ?2? = ?2 ?? +1 ?? +??? Si 2?1 + Re S?i???1 - 2?2 , u?2? ? (2.9) ?? =
07 (2.10) and the continuity equation is identically satisfied. Here, 71?2 are the dimensionless wall shapes,

1M is the Hartman number, G? is the Grashoff number, Re is the Reynolds

number, Fr is the Froud number and ? is the

stream function. Equation (2.10) indicates that ? 6= ?(?) and compatibility equation from Egs. (2.9) and

frame is defined as ?1 2 =7 (? ? ? ? ?)? ? Z?2 and in wave frame we have ?1 ? = ?(?? ?)??? Z?2 in which
?172 are functions of ? alone. From Egs. (2.12), (2.13) and (2.5) one has ? = ? + ??1(?) - ??2(?)? The

1 + 7?7?27 Defining ? and ? as the dimensionless mean flows in laboratory and wave frames by ? =,? =27
??1 ??1 one can write ? = ? +1+?7? (2.14) where ?=Z?2 ?? ?? = ?(?1) - ?(?2)? ?1 ?? (2.15)
Dimensionless boundary conditions in terms of stream functionare ?=?2,??=-1at?=2?1,?2=-,??=
-1 at?="72.72(2.16) 2.2 Heat transfer analysis We have assumed that the walls at ?1 and ?2 have
temperature ?0 and ?1 respectively. Energy equation in presence of viscous dissipation and Joule heating

+i¢E£Enmpuy#+??20272? (2.17) In wave frame above equation takes the form ??7? ((? +?) ?? +?2??) =
V22?2 )(V?2)+2(?)"2(u??27??22?22+22?222 )+ u??2p?2?2 2?2+ #+7£220 (? +?)2 70 (2.18) in
which ? is the fluid temperature, ?? is the specific heat, ? is the dimensional tempera- ture dependent
thermal conductivity and ? (? ) is the temperature dependent viscosity. The dimensionless energy equation
in view of afore mentioned approximations becomes ? {?(?)??}+???(?) 2?7 2+???2?? 2+ 1 =07 (2.19)
?? ?? i ¢ p Y where ?? is the Brinkman number, ?(?) the dimensionless temperature dependent thermal
conductivity, ? the dimensionless temperature, Pr the Prandtle number and E the Eckert num- ber. These
involved quantities are defined as follows: ? = ??1--???0? ?(?) = ??(?0)? ?? = Pr?? ?? =??0?0?? ? =72
? (2.20) ?? (?1 - ?0) Dimensionless boundary conditions for the temperature are given by ? =-at? = ?1
and ? =at? =727 1122 (2.21) Temperature dependent viscosity and thermal conductivity are taken in
the form ?(?)=1-2???2(?) =1+ 2?7 (?, ?) ¢ 1?7 (2.22) Note that ?0 and ?0 are the viscosity and thermal
conductivity of the fluid when the temper- ature of the fluid approaches the mean temperature. Also the
cases of constant viscosity and thermal conductivity can be recovered by choosing ? and ? equal to zero.
The values of ?1 and ?2 are ?1(?) =1 + ? cos(2?7?), ?2(?) = -? = ? cos(2?? + ?)? (2.23) We note that Eq.
(2.19) is nonlinear in the present analysis. Hence in this study we have nonlinear coupled system. Analytic
solution of the resulting nonlinear coupled system seems difficult. Hence the numerical solution through
Mathematica is prefered here. The step sizes for xand y are chosen 0.01. The flow quantities of interest
will be analyzed in the next section. 2.3 Graphical analysis This section aims to analyze the numerical
results for influential parameters. Plots of pressure gradient, axial velocity, temperature and stream
function are obtained and examined. Numer- ical values of the heat transfer rate are given in Table 2.1. It
is obvious from Figs. 2.1 that pressure gradient for constant viscosity fluid is less when compared with
variable viscosity fluid. Temperature dependent thermal conductivity also in- creases the value of pressure
gradient. Such results are obvious from the Figs. 2.1 a-b. An increase in ? and ? also increases the
pressure gradient. Pressure gradient decreases by increas- ing Hartman and Froud numbers. However
this change in pressure gradient due to M and Fr is sufficiently large when compared with that of ? and ?
(see Figs. 2.1 d and f). As the value of ?1 is varied from 0 to ??2 the pressure gradient tends to attain
significantly large value which highlights the fact that pressure gradient is higher in a vertical channel when
compared to horizontal channel (Fig. 2.1 c). For assisting flow (+ve value of acceleration due to gravity g)
pressure gradient is large than that of opposing flow (see Fig. 2.1 e). Plots of axial velocity are given in
Figs. 2.2 a-d. These Figs. showed that velocity tends to follow parabolic path with maximum value
occurring near the centre of the channel. Fig. 2.1a shows that when the viscosity parameter ? is taken zero
i.e. the velocity for constant viscosity fluid is seen to have maximum value near the centre of the channel
whereas it tends to shift towards the lower wall for non zero values of the viscosity parameter. Moreover a
slight increase in the maximum value of velocity is observed when ? increases. Channel inclination angle ?
1 is seen to have almost similar effect on the velocity as that of ? (see Fig. 2.2 b). Maximum value of
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velocity in inclined channel is shifted towards the lower wall. Increase in the strength of applied magnetic
field decreases the velocity. This change in velocity is maximum when the Hartman number is taken
between 1 and 2 (see Fig. 2.2 c). Change in the value of Grashoff number varies the symmetry of the
velocity profile relative to the channel i.e. velocity has maximum value near the centre for opposing flow
and this change occurs when G? has +ve value. Effect of Grashoff number on the velocity also depends
on the channel inclination which is well justified physically (see Fig. 2.2 d). It is further noted that ? has no
effect on the axial velocity. Behavior of the dimensionless temperature through ?? ?? ?, ?1? G? and Br are
examined in the Figs. 2.3 a-f. Fig. 2.3a depicts that an increase in the viscosity parameter decreases the
temperature. This decrease in temperature subject to decrease in ? is uniform throughout the channel.
Fig. 2.3 b analyzes the impact of variable thermal conductivity parameter ? on the temperature. Effect of ?
on the temperature is noteworthy in the sense that it is not uniform throughout the channel. It means that
near the lower wall (?2) an increase in the value of ? decreases the value of temperature of the fluid
whereas near the upper wall (?1) it increases the value of ?? Since ? yields the perturbation in the thermal
conductivity of the fluid so increase in this parameter gives rise to increase in the ability of the fluid to
dissipate or absorb heat. Hence when temperature of the fluid is higher than the temperature of the
boundary then increase in ? results in reduction of the temperature of fluid and vice versa. Increase in the
Hartman number increases the value of ?? This fact is primarily due to consideration of Joule heating (see
Fig. 2.3c). Channel inclination also has non-uniform effect on the temperature. Increase in ?1 near the
lower wall increases the temperature but such increase although is not very significant. Similarly the
Grashoff number also has very less and non-uniform effect on the temperature (see Figs. 2.3 d and e).
Fig. 2.3 f shows that an increase in Br increases the temperature ? significantly. Also when Br is increased
then the temperature plots become non-linear. Streamlines for ? and ? are plotted in the Figs. 2.4 and 2.5.
It is seen that the size of trapped bolus decreases with an increase in ?? However ? has no significant
effect on the size of the bolus. Table 2.1 gives the numerical values of heat transfer rate at the wall ?0(?1)
for different values of the embedded parameters. Results showed that an increase in the value of viscosity
parameter ? reduces the transfer rate but heat transfer rate increases through increase in ?? The transfer
rate decreases via inclined nature of channel. Further an increase in Hartman number increases the
transfer rate. 2.4 Main points Effects of variable viscosity and thermal conductivity on the MHD peristaltic
transport of fluid in an inclined asymmetric channel are analyzed. Mixed convection and Joule heating
effects are present. Main results are reported below. * Variable viscosity and thermal conductivity tend to
increase the pressure gradient. * Viscosity parameter, Grashoff number and inclination angle have similar
effects on the velocity. However velocity is unperturbed due to change in thermal conductivity parame- ter.
« Variable thermal conductivity has no significant change on the bolus size.  Variable viscosity tends to
reduce the temperature of fluid. « Viscosity parameter and inclination angle have similar effects on heat
transfer rate at the wall. The following values are used in the plots Figs. 2.1 (a-g), ? =0?1? ?1 =??6? ? =
0?71?7??=3272?2=2727?=072?7=075777?=2772?=0757?7=074??=0?3??72=2?74?7?=0?7and ? =
0?77? Figs. 2.2 (a-d), 7 =0?1? 21 =226??=0?1??2=0???=3? 72?7 =272 7?72 =07?4? ?=0?5? ?2? =27 ??
=07577?=074??=073??="7??4?? =077 and ? =079? Figs. 2.3 (a-f), 2 =071? 21 =276? ?=0?1?? =
0?7??=577?=2?7??=0?5?7?=1?272?=1?2727=07?5??=074?7=07?3??=7??4?7?=07?7 and ? = 1757
Figs.2.4and 2.5,? =0?1? 2?1 =?76? ?=0?1???=3? 2?2 =272 7?7 =072? ?=0?5? ?? =22 ??=07?5? ?
=0?4?7?=073?7?=7??4?7?=0?7and ? =172? 0.20.20.0 0.0-0.2 -0.2 dp?dxdp?dxe = 0.0, 0.1, 0.25
-0.4a=0.0,0.2,0.4-04-0.6-0.6-0.8-0.8-1.0-1.0-0.4-0.20.00.20.4x-0.4-0.20.00.20.4Fig.2.1a
Fig.2.1bx1.00.00.5M=0.0a1=p/2-0.50.0 M=1.0 a1 =p/4 -1.0 dp?dx-0.5 dp?dx-1.5-1.0-2.0 a1 =
0-1.5-25M=2.0-0.4-0.20.00.20.4-3.0-0.4-0.20.00.2 0.4 Fig. 2.1 c xFig. 2.1 d x0.22.5 0.0 -0.2
dp?dx-0.4-0.6-0.8-1.0Gt=-2,0,2dp?dx2.0Fr=05151.00.5Fr=1.00.0Fr=1.5-0.5-0.4-0.20.0
0.20.4x-0.4-0.20.00.2 0.4 Fig. 2.1 e Fig. 2.1 f xFigs. 2.1 a-f. Development of pressure gradient in the
axial direction. 0.0 0.0 -0.2 -0.2a=0.6, 0.4, 0.0 a1 =p/2, p/4,0-0.4-0.4 UU-0.6-0.6-0.8-0.8-1.0-1.0
-0.50.00.51.0y-0.50.00.51.0 Fig. 2.2 a Fig.2.2by0.00.0-0.2-0.2M=0.0,0.8, 1.6 Gt=2,0,-2-0.4
-0.4UU-0.6-0.6-0.8-0.8-1.0-1.0-0.50.00.51.0-0.50.00.51.0Fig. 2.2 cyy Fig.2.2d Fig. 2.2 a-d
Axial velocity for different parameters. 0.8 0.8 0.6 0.6 e =0.0,0.1,0.20.404a=0.0,04,0.890.2q0.2
0.00.0-0.2-0.2-0.4-04-0.50.00.51.0Fig.2.3ay0.0-0.5Fig.23by0.51.090.80.60.40.20.0M=
0.0,0.5,1.0q0.6 a1 =0, p/4,p/20.40.20.0-0.2-0.2-0.4-04-050.00.51.00.00.51.0yFig. 2.3 cy
-0.5Fig.2.3d0.6Gt=-2,0,20.4Br=0.1,0.2,0.30.40.20.2q0.00.0q-0.2-0.2-0.4-0.4-0.50.0 0.5
1.00.00.51.0y-0.5 Fig. 2.3 e Fig. 2.3 f y Figs. 2.3 a-f. Dimensionless temperature for various
parameters. Fig. 2.4 Streamlines for viscosity parameter ?. Fig. 2.5 Streamlines for thermal conductivity
parameter ?.? ? 71 ? 0?0 0?1 7?76 0?5 0?74 076 0?1 070 0?1 0?2 0?1 0 ??4 ??2 2?6 070 074 0?8 -? 0(?
1) 1?0603 1?0257 1?0051 079893 1?0524 171258 1?1278 170247 0?9892 0?9857 170284 1?1567
Table 2.1. Numerical values of heat transfer rate at the wall (?1) when ?? =37 ? 2 =2??? =072? ?=0?
??=2?77=075?7=074??=073?7?=7?4?? =077 and ? = 1?2? Chapter 3 Hydromagnetic peristaltic
transport of variable viscosity fluid with heat transfer and porous medium This chapter examines the
peristaltic transport of variable viscosity fluid in a planar channel with heat transfer. The fluid viscosity is
taken temperature dependent. The fluid is electrically conducting in the presence of a constant applied
magnetic field. Both channel and magnetic field are considered inclined. An incompressible fluid saturates
the porous space. Heat transfer analysis is carried out in the presence of viscous dissipation and Joule
heating. The resulting problems are solved numerically. A parametric study is performed to predict the
impact of embedded variables. Important results have been pointed out in the key findings. 3.1
Mathematical analysis Let us examine the peristaltic transport of an incompressible viscous fluid in a
symmetric channel. The channel is taken inclined at an angle ?1 to the vertical. The fluid is electrically
conducting in the presence of an inclined magnetic field with constant strength BO. The flow generated is
due to peristaltic waves travelling along the channel walls. The wall geometry is chosen in the form ?(?? ?)
=71+ ?, where ?1 is the half channel width and ? is the disturbance produced due to propagation of
peristaltic waves at the walls. This disturbance can be written in the form 2? ? =?1??? (? -??)?pu?{in
which ? is time, ?1 is the amplitude of the peristaltic wave, ? and ? are the speed and wavelength of the
waves respectively. Appropriate velocity field for this problemis ? = ?(????7?)??(?????)?0 ?
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Lawsofconservationofmass,momentumandenergycanberepre- s£ented as follows: & ?? ?? ?? 2?7 =07 +

10are the velocity components and pressure in the

laboratory frame (?? ? ? ?), ? the density of fluid, ? is the dynamic viscosity, ? is the acceleration due to
gravity, ? is permeability of the porous medium parameter, ?

148is the inclination of applied magnetic field and ?x is the

thermal expansion coefficient. We also denote ?? as the specific heat, ? the thermal conductivity and ? the
temperature of fluid. We further adopt (?? ?) and ? as the

7velocity components and pressure in the wave frame (?? ?). The

7transformations between laboratory and wave frames are

?=7-2722=222=2-222=222(222)=2(222272)?(3.5) The

10governing equations in the wave frame are given by

22222222=02+(3.6)2 (2 +2) 222+ 2222 (2+2) == 2222 + 22222 (7) 2222 + 222 2 (2 ) 7272 +
2297 =223022227 ((? + ?) 22°27 = 2 Si 22) + 222 (2] - 20) Sig?21 +h?? Si 2221 - 2(2)(2i+?)? (3.7) 2 ?
(2+72) 22242222 (2) = - 2222 + 2222 2 (2 ) 2222 + 222 2 (2 ) 2227 + 2222 =220235i 27 (2 + ?) 222°?

=212272272=2122=221122=22221220,2=20222(?)?222=22720? u 20 § 2022217 ?? =
2222012 2 = 222 2 = 2 =2020? 22 = 2222%072202212 2 2222122 =221222=Pr?,?2=2272202 2 ? =
2072 222 =22, 2 = =222 (3.10) and adopting

16long wavelength and low Reynolds number approach, the equations in terms

of

stream function ? are ?? =?? 2(?) 7?2?72 - 72?7?22 +??(?)?? -, V% ?+1 + 2?2 % u??? Si??1 + Re
Si 2?12 (3.11) 2?2 2?2 = 07 (3.12) ?2?2+7272(?) 227 2+?7 227772?2+2(?) 7?2?2?+1=0?27 (3.13) ¢ - , u

3Note that the incompressibility condition is automatically satisfied and

Eq. (3.11) witnesses j that ? =6 ?(?)? From Egs. (3.10) and (3.11) we have 0= 22?22 2(?)??2272 - 22277
27+7(?) 22227, % 2 222+ 22 22 Si 2212 (3.14) % u | Here ? denotes

47the kinematic viscosity, Re the Reynolds number, ?? the Brinkman number, ?

the Eckret number, ? ? the Prandtl number, ? the

wave number, ?? the Grashoff number, ? ? the Froud number, ? the dimensionless permeability parameter
and ? the dimensionless temperature? We consider the temperature dependent viscosity in the form ?(?) =
?-?? which gives ?(?) =1 - ??? for ? ; 1? where ? is the viscosity parameter. Note that for ? = 0 our
problem reduces to the constant viscosity case.

16The dimensionless volume flow rate in laboratory frame is defined by

??=2(??7?7?7?)??(3.15) Z0 and in wave frame we have ? ? = ?(?? ?)?? (3.16) Z0 in which ? is function
of ? alone. From Egs. (3.14), (3.15) and (3.6) one has ? = ? + ??(?)? The time averaged flow over a
period ??is ?? ? =1 ? Z0 ??? which implies that ? = ? + ??? Defining ? and F as the dimensionless mean
flows in the laboratory and wave frames by ? =, ? =? ? (3.17) ?? ?? one can write ? = ? + 1? (3.18) where

=0,???7=0,??7=0??=0,?=7,??=-1,?7=0,?=7,(3.20) with ?(?) =1 + ? cos(2?7). (3.21) 3.2
Solution and analysis Numerical solutions of the derived problems are obtained. For that we have taken
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0.01 as the step size for the variations of ? and ?. The obtained results are analyzed graphically in this
section. The graphs of pressure gradient,

30stream function, velocity and temperature are examined. Moreover, the

numerical values of

heat transfer rate at the wall are computed and analyzed through Table 3.1. Hence Figs. 3.1(a-h) are
plotted to analyze the pressure gradient variation with respect to different embedded parameters. Figs.
3.2-3.8 depict the behavior of streamlines, Figs. 3.9(a-f) for velocity and Figs. 3.10(a-f) for the temperature
profile. It is

35seen that the pressure gradient varies and has maximum value at the wider

part of the channel.

178Minimum value of the pressure gradient is

found near the more occuled part of the channel.

27It is observed that value of the pressure gradient increases with an increase in
the

variable viscosity parameter i.e. the pressure gradient has a higher value for the variable viscosity fluid
than that of the fluid with constant viscosity (see Fig. 3.1a). Presence of porous medium decreases the
value of pressure gradient (see Fig. 3.1b). Pressure gradient is larger when we move from the horizontal to
the vertical channel. Increase in the Hartman number and decrease in the magnetic field inclination tend to
decrease the pressure gradient (Figs. 3.1d and f). An increase in Froud number decreases the pressure
gradient while the Brinkman number increases its value (Figs. 3.1e and h). Corresponding value of the
pressure gradient is higher in the case of resisting (or opposing) flow when compared to that of the
assisting flow (Fig. 3.1g). The volume of the fluid trapped within a streamline is usually termed as bolus.
This study showed

1that the size of the trapped bolus decreases with an increase in the magnetic

field parameter

M (see Fig. 3.2). Bolus size is

14smaller in the case of fluid with

constant viscosity (see Fig. 3.3).

5Size of the trapped bolus increases with an increase in the value of the

porosity parameter k. It means that the bolus size gets reduced in case of flow through porous medium
(Fig. 3.4).

64From Fig. 3. 5 it is observed that the

impact of channel inclination on the size of the trapped bolus is not very significant. However an increase in
channel inclination enhances the bolus size by a very small amount. An increase in both magnetic field
inclination and Brinkman number give rise to

5an increase in the size of the trapped bolus

(see Figs. 3.6 and 3.7). Bolus is found to have a comparatively larger size in the case of assisting flow (+
value of g) (see Fig. 31 3.8). Velocity profile is seen to follow a parabolic trajectory with maximum value
near the centre of the channel. Such value of the velocity increases when we move from constant viscosity
fluid to the fluid with temperature dependent viscosity. It is seen from Fig. 3.9b that the velocity decreases
in the case of porous medium. Increase in the Hartrman number decreases the velocity near the centre
line whereas the case is opposite for an increase in Brinkman number (see Figs. 3.9d and f). Inclination of
the channel results in the increase of the velocity for both assisting and resisting flows (see Fig. 3.9¢). Fig.
3.9e revealed that the velocity has a higher value for assisting flow. Dimensionless temperature is
analyzed in the Figs. 3.10(a-f). Fig. 3.10 a showed that the temperature is higher for the case of constant
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viscosity

3fluid when compared with the fluid of variable viscosity.

Fig. 3.10b

3depicts that an increase in the value of permeability parameter decreases the

value of the dimensionless temperature. Dimensionless temperature increases with

81an increase in the value of the Hartman number (Fig. 3.10

c). Similarly temperature is higher for the case of assisting flow (see Fig. 3.10 d). Increase in inclination of
channel gives higher value of the temperature whereas the case is opposite for the inclination of magnetic
field (see Figs. 3.10 e and f). Numerical values of the heat transfer rate at the wall for different parameters
are plotted in Table 3.1.

151t is noted that the heat transfer rate decreases by increasing

the viscosity parameter ?? permeability parameter k, Grashoff number G? and channel and magnetic field
inclinations (?1 and ? respectively). However it increases due to increase in Hartman number (M) and
Brinkman number Br. 3.3 Key findings Numerical solution for the

3peristaltic transport of the variable viscosity fluid with porous medium and heat

transfer

in an inclined channel is obtained and analyzed. The main points of present attempt are listed below. ¢
Pressure gradient has a higher value for variable viscosity fluid than constant viscosity fluid. « There is a
decrease of pressure gradient in presence of porous medium. « Pressure gradient has higher value when
channel is vertical and there is resisting flow. ¢

1Size of the trapped bolus increases with an increase in viscosity

and permeability para- meters. ¢ Trapped bolus has a larger size for assisting flow case. « Fluid velocity
with constant viscosity is less when compared to that of variable viscosity. « Effects of porous medium on
pressure gradient and velocity are qualitatively similar. « Unlike the velocity, the temperature of the fluid is
higher for constant viscosity case. « Temperature is higher for the case of assisting flow. *

1Heat transfer rate at the wall decreases with the increase in

channel and magnetic field inclinations. The used values of the parameters here are ? = 0?2? ? = 1?0? ?
1?2?2=2?4?7Re=5?7?7?=2?7?7=0?5?7?=07?5???=07?5? ? =073 and ? = 073 (unless stated
otherwise). 1.6 1.4 1.5 dp?dx1.21.00.8 0

172.60.4a=0,0.3,0.

6 dp?dx1.00.50.0k=5.0k=1.5

85k=0.5-0.4-0.20.00.20.4-0.4-0.20.00.20.

4 Fig. 3.1axFig.3.1bx2 1.6 dp?dx10-1al1=p/2al=p/4a1=0-04-0.20.0Fig.3.1cx0.2041.4
dp?dx1.21.00.80.6 0.4-0.4b =0, p/4, p/6-0.20.00.2 Fig. 3.1dx0476Fr=0.51551.0dp?dx4 3
0.5M=0.0dp?dxFr=1.021

159Fr=0.5-0.4-0.20.00.2

Fig. 3.1 ex1.5dp?dx1.0Gt=-2,0,20.5-0.4-0.20.00.2Fig. 3.1g

117x0.0-0.50.4-0.41.81.61 .4

dp?dx1.21.00.80.60.40.4-04M=1.0
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76M =2.0-0.2 0.0 0.2

0.4 Fig. 3.1 fx

22Br=0,0.5,1.0-0.20.00.20.

4 Fig. 3.1 h xFigs. 3.1 (a-h) Pressure gradient for the various parameters. Fig. 3.2 Streamlines for
variation of Hartman number. Fig. 3.3 Streamlines for variation of viscosity parameter. Fig. 3.4 Streamlines
for variation of porosity parameter. Fig. 3.5 Streamlines for variation of channel inclination. Fig. 3.6
Streamlines for different inclinations of magnetic field. Fig. 3.7 Streamlines for different Brinkman number.
Fig. 3.8 Streamlines for different Grashoff number. 0.5 0.5

34a=0.0,0.3,06k=0.4,1,100.00.0

36UU-0.5-0.5-1.0-1.0-1.0-0.50.0

y Fig. 3.9

60a0.51.0-1.0-0.50.0

Fig. 3.9 b

180y 0.5 1.0 0.

5a1=0,p/4,p/20.5M=0,2,40

92 5-0.5-1 -1.0-0.5

1851.0y-1.0-0.50.0 0.5 1.0

Fig. 3.9 cFig. 3.9dy 0.5 Gt =-2,0,2 0.5

22Br=0,0.5,1.00.00.0

33UU-0.5-0.5-1.0-1.0-1.0-0.50.00.51.0-1.0-0.50.00.51.0

Fig. 3.9 e y y Fig. 3.9 f Figs. 3.9 (a-f) Velocity profile for different parameter. 1.4 1.2

175a=0.01.2k=0.51.0

1.0k=2.0a=030

23.80.8qa=0.6q0.60.6

54k=100.40.40.20.20.0-1.0-0.

50.0 0.5 1.0 y Fig. 3.10

114a0.00.51.0-1.0-0.50.0

Fig.3.10byM=2.01.0Gt=-2,0,21.508M=1.0q

221.00.6qM=0.00.40.50.20.00.0-1.0-0.50.00.51.0-1.0-0.50.00.

51.0 Fig. 3.10 cy Fig. 3.10d y 1.4 1.0 a1 = 0, p/4, p/2b=0 1.2 0.8 b = p/4 1.0 q 0
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181.60.40.8 q 0.6 0.

48p/20.20.20.0-1.0-0.50.00.51.00.01.0-0.50.

5Fig. 3.10 e y -1.0 Fig. 3.10 f y 0.0 Figs. 3.10 (a-f) Temperature profile for different parameters. . ? 0?70
0?3076 072 ? 1?70 0?5270 10?0 1?0 ? 1?0 070 1?0 270 ?? 2?1 ? ?? ?0(?) ??4 ??4 0?5 2732081 1?
76871 1744276 2724094 1771568 1752373 1761917 1791839 2?8159 1?0 -270 070 2?70 1?0 0?0 ??4
2?2 2?74 07?0 7?74 ?72 1795425 1793242 1791839 1793242 1792427 1792153 2722499 1792427 1?
62345 774 0?1 07401872 0?2 07795321 073 1718027 Table 3.1. Numerical values of heat transfer rate
at the wall for different parameters. Chapter 4

102Peristaltic flow in an asymmetric channel

with convective boundary conditions and Joule heating This chapter concentrates

63on the peristaltic transport of viscous fluid in an asymmetric channel. The

channel

walls exhibit convective type boundary conditions. Both cases of hydrodynamic and magnetohydrodynamic
(MHD) fluids are considered. Analytic solutions

70for stream function and temperature are constructed. Numerical integration is

carried out for pressure rise

per wavelength. Effects of influential flow parameters are pointed out through graphs. 4.1 Mathematical
analysis

5Consider the peristaltic transport of an incompressible MHD viscous fluid in

an asymmetric channel of width

?1+7?2.The

567?-axis is taken along the length of the channel whereas the ? -axis is taken

normal to the ?-axis.. The

flow is due to the waves travelling on the walls of channel. A constant

32magnetic field 70 is applied in the ? - direction. The

17fluid is electrically conducting while the channel walls are non-conducting.

The upper ?1 and lower ?2 walls are maintained at the

temperature ?0 and ?1 respectively. The geometry of the walls is given as follows 2? ?1(?? ?)=?1+7?
1222 (2-72), 02972222 ?)=-22-21?2722? 2 (? - ??) + ? ? (4.1) p T where ?1 and ?1 are the
amplitudes of the waves travelling

350n the upper and lower walls,

97is the wavelength, ? is the wave speed, ? is the phase difference and ? is the
time. The

laws of mass, momentum and energy yield ?? ?? ?? 2?2 =07 + (4.2)???2=—+?2 4227277+ 72 +

4222 22 22122 - 22222 2 222222, - 22022 22 2 2 = 42 +2 2 2 27 +2 227 222
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22?2?20 ??:?72202 4222?20+ 2002422202 =2 2272?02 + 7772 ?2

(4.3) (4.4) 42237222+ 2?2?27+ 2?22 + 2272 + 22027272 " 2i?? (4.5) - p* "2 "3, where (???)

6are the velocity components in (?? ? ) directions respectively, ? is the

pressure,

21is the dynamic viscosity, ? is the density of fluid, ? is the electrical conductivity,

? is the thermal conductivity and

?7? is the specific heat. We have an interest to transform our problem from the fixed frame (?? ? ) to the
moving/wave frame (?? ?). For that we define ? =2 -???2?=2272=2-??2=222(???)=2(???7?

Egs. (472 - 475) take the following form 27 22 22 22 = 07 + 7Re (?+1)27 +222 22 22 == 27 + 22727 727
—22(2+1)? + p 7 22

2+?2uuN?Pr

27?2?2?2+42??? +2272(?+ 1 )27 2227 2

SpET g N, (A7) (4.8) (4.9) (4.10) (4.11) Here ? denotes the kinematic viscosity, ? the Hartman

2number, Re the Reynolds number, ?? the Brinkman number, ? the Eckret

number, ? ? the Prandtl number, ? the wave number and ? the

dimensionless temperature. Making use of the

12long wavelength and low Reynolds number approximation we

have ?? 23?2?2273 ==-22??7+172(4.12) p?? 2?2?22 =07 (4.13) 0 = 2?2?72 + ??2 272?722 + 7772
????2 p+17?(4.14) T u 1 where Eq. (4.12) indicates that ? 6= ? (?). Defining ? and F as the
dimensionless mean flows in laboratory and wave frames by ? =? ? =? ? ? (4.15) 7?1 ??1 which after

boundary condition for the temperature can be expressed as follows =? ?? = ?(? — ??)? ?? in which ?

5is the thermal conductivity, ? is the wall heat transfer coefficient and ?? is the

temperature of the

wall. Physically this condition states that the

157rate of heat transfer from the wall to the

fluid (or vice versa) is proportional to the difference of their temperature. Having in mind the asymmetric
nature of considered channel, we choose ?1 and ?2 the respective heat transfer coefficients of upper and
lower walls. Hence the dimensionless boundary conditions are ?=7? ?? 2?2 ,??=-1,?2?2+??1?7=0? ?? ?
=?21,7==22,7??7??77=-1,2?2-2?2(?-1)=0,???2=72,(4.18) ?1(?) =1 + ? cos(2??), ?2(?) =-? -7
cos(2?? +7?)?(4.19) ??21 =171, 7?72 =22?1 7 ? ? (4.20) where ??1?2 are the Biot-numbers for the

expressions The solutions of Egs. (4.11) and (4.13) subject to the conditions (4.17) are ? = 2?1 (?2 - ?3)
?-7-?27?=1-25+(1+?221?21) 26+ (?1) 1?7?24 pu??1For?=00nehas?=-(?1+72-27?) (-2 (?
21 (=?17-2)?(?2)13-?) (?2 - ?) + ? 78) ? (4.22) (4.23) (4.24) ? =1 + 6?2?222(2?(?+1 ?-1 ?-2)?32)2 3?7
242?2°22((?21+=2122-)222)2 + =21 2?22?22 = 3?2? (2 + 21 = 22)2 (21 + 22 -27)4 23?2 4 (?1 - ?2)6 + 72 ?
(4.25) and L?s, A?s and C?s are given as follows: ?1 = ??1 2?2 (?1 - ?2)3 + 6?7 (? + ?1 - 72)2 + 67727?7?
(?+21=22)2 (=1 +727222) ? 22 = (3?21 =322)3 (?21 + 222 + 27227272121 = ?222??1°?2) ? “ 23 = =221 772
(?1-72)3+67?2(?2+721-22)2+672?2?2 (?+?21-22)27221=22212 (3>-2+ 21?7 - ?2?) + ?72? (2 + ?1?
=122?)?°?2=(37+ 21 -22)2?2(?1+72)? = 2?2?22 " ?3 =222 (21 +72-327) 72?72 (-2+? 7 )-717? N
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(2+272)?224=221+222+ 27222121 - 2722217273 " 26=22 (1 =272+ 22)?2 (? 7?2+ 2?3 - 724 - 271
(?5+76)) 7?26 =272-(?21) x 22?2 (=22 - ?7) + ?2(???212)?2 x 28 = 79?1?27 =???227?210 - {21172 ? ¢
Y ?8=721-4i21?2+722+2¢ (?1+722)?272?2-221=j42?21? (-2 + 217 - 227 ) + 2727 (2¢+ ?1?
=22?) 7?22 =-3222?212(?+?1-22)2 1+22 +2?2?2?2(?+?21-"22)2 1472 -8?2?212(?+?1-22) ?{?21?(-2¢+?1?
=?2?7)+??2?(2j+?17-¢?27) ? 7?3 = 87727(?+?1-72)7% ??21?(-2+?17-22?)+?72?(2+?1?-727") -4?1 7?2727
(2+217-23722?)2+ 22?217 (2+ 21?7 = 727) ? " 24 =22(?1+372)??213? 25 =2221? (? + 21 - ?2)2 1+ 72 +
2?2727 (?+?21-22)21+722-8?2?212 (2 + 21 = 22)j 2212 (¢-2 + 21?7 = 22?) + ?272?{(2 + ?1?¢ - 727)
+8272? (27 + 21 -722) 72726 =272172?2? (2+ 217 =727 )2+ ?2?1? (2 - 21?7 + 227 )2 - 2?2(?1+?2)? ?
13227 =877232 (?+21-22) 22212 (-2 + 21?7 = 222 ) + 27272 (2 + 21?7 = 227 )" +472?127 3 " ?8 =727
12 (?7+721-22)21+22+2?272? (?+?21-722)21+7?2+8?14? ¢ | ¢ 79?210 =8772? (? +?1 - ?2) ??
1?2 (2 + 217 = 22?) + 2727 (2 + 217 = ?27) + 27227127 = ?22(?1+22-7) (? + ?1 = ?2)2 1 + ?2 + 27277
(?7+21-722)21+7237+8?2(?1+722-2) (? + 21 - ?2){?714? ¢ ¢ 211 212213 214 =8??? (? + 21 -72) ?
21?2 (-2+ 21?7 =222 )+ ?2?2? (2 + 217 =722 ) + 221272 = 72727 (2 + 21?7 - ?2?7%)2 + ?72?1? (2 - 21?2+ ?
2?)2 = 2?2(?1422)?2?213? "=4 + 22124 - 2?21?2724 + 2222 4 +2? (?1-72)?221+?2+227?22+?4 7=
1?2 (?2+21-22) 2212 (-2 + 21?2 - 227 ) + ?{?2? (2 +¢?1? —j 72?7 ) ? ¢ * * 4.3 Graphical analysis This
section is concerned with the discussion of streamlines, pressure gradient and pressure rise per
wavelength. This objective is achieved through Figs. 4.1-4.4. Dimensionless temperature profile is
observed in the Figs. 4.5-4.7 for various parameters. In addition

1the heat transfer rate at the upper wall is

numerically tabulated. Such numerical values

152are presented in Table 4.1. Figs. 4.1

(a and b) examine the streamlines plotted against rate of volume flow ? when ? = 0. It is observed that
there is a lower limit of flow rate below which no trapping occurs. This shows that without sufficient volume
of the fluid flowing per unit time through the channel, trapping is unlikely to occur. The "threshold" or
critical value of flow rate in present problem is observed which approximately is equal to 1.6. It is noticed
that when the value of flow rate is increased from the critical value then the

17size of the trapped bolus not only increases

but also it gets elongated (see Figs. 4.1a & 1b). Figs. 4.2 showed

17that the size of the trapped bolus decreases for

a given value of flow rate and eventually vanishes when Hartman number increases. Fig. 4.3 plots the
pressure gradient. It is

35seen that the pressure gradient is maximum at the centre of the channel i.e.

in the wider part

of the channel. Moreover the corresponding value of the pressure gradient is decreased when ? has
higher values. Pressure rise per wavelength

27decreases with an increase in flow rate and

for a fixed value of

27flow rate the pressure rise also decreases by increasing the

value of ?. Figs. 4.5a and 4.5b examine the temperature profile. Fig 4.5a includes the Joule heating effect
whereas Fig. 4.5b is without such effect. It is shown that there is no significant effect of ? on the
temperature profile when there is no Joule heating. However the temperature in presence of Joule heating
effect. Figs. 4.6

160(a and b) analyze the effects of ??1 and ??72

separately on the temperature. It is found that variation of ??1 has significant effect near the upper wall
and hardly has any effect near the lower wall. Similarly the variation of ??2 is significant near the lower
wall. Further the temperature decreases by increasing ??1?2? Fig. 4.7 is for the case when both the walls
have same heat transfer coefficient i.e. ??1 =??2 = ??. Here
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14the temperature also decreases with an increase

in ??. However such decrease is initially large. Numerical values

140f heat transfer rate at the upper wall is given

in Table 4.1. Here ?0(?1) is the heat transfer rate for ? given in (4.21) and (?%)0(?1) is one when we
neglect the Joule heating effect. It is seen that the transfer rate increases when M and ??’s are increased.
This increase in heat transfer differs a lot in the two cases when Joule heating is considered and
neglected. It is seen that ?? for one wall has very little or no effect (for large value of Bi) on transfer rate at
the other wall. 4.4 Concluding remarks Effects of convective boundary conditions and Joule heating

120n the peristaltic transport of MHD viscous fluid are examined. The

key findings of the presented analysis are mentioned below. ¢ There is a critical value of the flow rate
below which trapping is not likely to occur. « The applied magnetic field tends to decrease the size of
trapped bolus. « Magnetic field decreases the magnitude of pressure gradient and pressure rise. ¢
Temperature rises in presence of Joule heating. « Biot number decreases the dimensionless temperature. «

Effects of Hartman and Biot numbers

140n the heat transfer rate at the wall are opposite. Fig. 4.

1 Streamlines for M = 0. Fig. 4.2 Streamlines for M 6= 0. 0 M=0 -20 M=1 dp?dx

136-40 M=2 -60 M=3 -80 M=4

115.6-0.4-0.2x0.00.20.4

34M=0,1,2,3,4-0.4-0.20.0

h 0.2 0.4 Fig. 4.4 Pressure rise A?? for different values of M.

170Fig. 4.5 (a) Fig. 4.5 (b) Fig. 4.5

Dimensionless temperature with variation in M.

164Fig. 4.6 (a) Fig. 4.6 (b)

Fig. 4.6 Dimensionless temperature with variation in ??1?2. Fig. 4.7 Dimensionless temperature with ??1 =
??2=727?727271 7222727 -20(?1) —(?%)0(?1) 0?5 1?0 2?0 2?0 12?1396 10?1291 1?0 18?1183 10?1291
1?5 2779366 10?1291 2?0 41?4483 10?1291 0?5 10?5343 2770455 1?0 20?839 5717941 1?5 31?1436
7765427 270 4174483 10?1291 07?5 07?5 46?7126 11?3298 1?0 1?70 46?7727 11?3899 1?5 1?5 4678055
11?4227 270 270 46?8262 11?4434 Table: 4.1. Effect of various parameters on heat transfer rate at the
upper wall. Chapter 5 Peristaltic motion with Soret and Dufour effects This chapter examines the

magnetohydrodynamic (MHD) peristaltic flow in a symmetric chan- nel

11in the presence of Ohmic heating. Effects of Soret and Dufour

are retained.

30Long wavelength and low Reynolds number assumptions are

employed. Attention is mainly focused to analyze the flow quantities for various parameters of interest. 5.1

Mathematical analysis

3We consider the flow of an incompressible MHD fluid in a channel of
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width 2?1. The ?- axis is chosen along the walls of channel and ? - axis is selected normal to it.

9A uniform magnetic field BO is applied in the ? direction and induced

magnetic field is neglected. The

channel walls are represented by 2? ?(?? ?) =21+ 21?2?22 (? - ?7?), (5.1) p { where ?1

21is the wave amplitude, ? is the wavelength, c is the wave velocity and ? is the

time. The equations governing the

two-dimensional floware ?? ?? ?? 2?2 =0? +(5.2) ? 24?2 +? 2?2 + (5.3) p ?2? 2?2 2?2 | ? =-777? +2:?777272

182h i 7272 + 72?2

(55)- 2222 3 Q3"

B

50hi?+?2+2 272+ + 22?7?27 -2?272?7??2,2=72-2?272?2772?7?2 ,???? 2?72

??2

, +?(5.6) where (??7?) are velocity components in the laboratory frame (??7?), ? is pressure, ? the
concentration field, ? the temperature field, ? mass diffusivity, ?? thermal diffusion ratio, ?? specific heat,
?? concentration susceptibility, 70 concentration at boundary, ?? and ?0 the fluid mean temperature and
temperature at boundary respectively. If (??7?)

24are the velocity components in the wave frame

(??7?) then introducing ? =7 -????=2272?=2-??272=222(??7?)=?(?????) (5.7) equations (5.2)-
(5.6) in wave frame are reduced as follows: ?? ?? ?? 2?2 =0? +(5.8) ? (? +1)??+?2?2?2=-22 7?7

65u § 22272 + 2 222272 272 222- 2202(2 + 1)? + (5.9) -, 22 22 22 222 222 2 (2 +

1)22 4222 = =22 + 2 222 222

+7(5.10)

131 Y-, 2?22 (2+1) 222+ 2222 2=27272?72+ 272?722+ 2?27?7722+ 7?7?22

(5.13) the equations (5?7) - (5?11) in dimensionless form are stated as follows: ?? ?? ?? ?? =07? + (5.14)

112?7Re (?41)?2? 222 22 22 = = 2222 + 22 2?2?72 2?72?72

—22(2+1)2+(515) pu Y23

2+2(5.16) puy?Pr
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T'Au?22++2222+222u U220 u2?2 22 #+2222(? + 1)2 + 22 Pr 22 22?2 + 22?2 ? (5.17) u 2?2 ??
2972 (?+1)22 42222222 =172272?2 227 42?2 22?27 72?2 + + 2 (5 A8) p 2?2 p 2?2272 7?2?2729
Making use of the long wavelength and low Reynolds number approximations we obtain ?? ?3? ?? 7?73 = -
22722 +412u??90??4?2?24 -22727?722 =07 ?? ?? =07 (5.19) (5.20) (5.21) 0 = 7?2?2272 + ?? 272?722 +
???272(5.22)p 72?22 u??+1+Pr?2?22?220="2?72?2+7?? 72?21?27 ?2? ? (5.23) in which ? 6=?
(?) ? u denotes the kinematic viscosity, ? the Hartman number, Re the Reynolds number, ?? the Brinkman
number, ?? the Dufour number, ?? the Soret number, ?? the Schmidt number, ? the Eckret number, ? ?
the Prandtl number, ? the wave number and the dimensionless temperature and concentration are ? and ?
respectively. The boundary conditions are ? =0, ?2? ?? ?? ??2=0,??=0?7??=0???7=0,?7=72,7??

boundary conditions one finds that ? =? ? ? cosh (?? ) + ? sinh (?? ) = (? + ?) sinh (? ?) ?? cosh (?? ) -
sinh (?? ) ? (5.27) ?? (? + ?) ? 3 cosh (?? ) ?? == ?? cosh (?? ) —sinh (?? ) ? (5.28) ? =8 (-1 +??P?r?2?
(?2??2?217-) ?(-2?c?o0shc[o(?sh?(?)?+ )?+3 +sin?h4()?? ))2 ? ? = 8 (=?12+?P2r?2?2??2222(??721)+(-?72?
coscho[s(h2?(??7?))-+?s3in+h (??47) ))2 ? where ?1=? 4+?+?3?4 — 14?274 ?22+7272 1+72 (?7-7?)(?+?)+2?
24222 14722 (2¢=27)(?2+7?) ?¢?2=72 1+{?2 +2¢? 4+2+?72 =272 +{? 8+?{3+272¢1+2722-272 ¢ ??3=(?{+7?)2
1¢+?2jcosh[2??]+¢47?7? 2?{+?(2{+7?)-?i2 sinh[2??]-¢¢1¢6?(?+?)?cosh{[??](?¢(?—?)+sinh[?7?])? ?{4=16(?
+?)sinh[¢??](?(?-?)+sinh[?7?]) ?1=-87-2?(4+7)-2772(?+27?)?2-272(?+?7)2?4 +2 1+?(?+27)?2+(?+7?)2?4 ?
2772=72 1472+ 2?34 + 2+ 772 -272+7?8+ 7?3+ 721 +272-272¢ 7?73 = (?+7?)21¢+? 2
coshj[2? ?] |- 4?7 2j? + ? (2 + ?) ¢—¢¢?2 sinh[2?7 ]? 24 = 167 (? +{?) ? cos¢h[?? ] (? (? — ?) +jsinh[? ?])
=16 (? +¢7?) sinh[?? ] (? (? - ?) + sinh[? ?]) ? (5.29) (5.30) 5.3 Discussion Here Figs. 5.1(a-e) are drawn
for the temperature, Figs. 5.2(a-e) for concentration and Figs. 5.3(a-e) for the heat transfer coefficient.
Tables 5.1 and 5.2 describe the temperature and concentration gradients. It is observed that with an
increase in M the temperature increases. An increase in temperature becomes more apparent with an
increase in M (see Fig. 5.1a). This fact agrees well to the expected results of Ohmic heating i.e. the
temperature increases with an increase in the magnetic field strength. This fact is quite opposite to the
observed results of behavior of M on temperature in the previous attempts by several other authors who
considered the magnetic field but ignored the effects of Ohmic heating which in turn gives the lesser
accurate prediction about the behavior of temperature for different values of M. From Figs. 5.1(b-d), the
temperature increases with an increase in Schmidt, Dufour and Soret numbers but contrary to the previous
case this increase is not much. Fig. 5.1(e) shows that there is rapid increase in temperature with an
increase in the Brinkman number. From Figs. 5.2(a-e), we can clearly see that there is decrease in the
concentration with an increase in M, Sr, Sc and Br. This decrease is more in case of Hartman number M
and Brinkman number Br when compared with the other parameters. The result that concentration
decreases effectively with an increase in ? is of considerable importance. This means that we can use the
heating effect of applied magnetic field to develop small thermal gradients which in turn can be used to
control the concentration of any particular substance in the fluid. This result has wide range of applications
especially for cure of several diseases, for instance clearing several type of blockages in many arteries
that exhibit peristaltic mechanism. The thermal gradients can be used more efficiently in place of radiations
with lesser side effects. These thermal gradients can also be used for the transport of several minerals
and medicine within the human body on the desired location. Heat transfer coefficient has its own physical
significance in problems related to heat transfer. It is always helpful to examine the behavior of heat
transfer coefficient (? in this case) for a given problem. Keeping this in mind the Figs. 5.3(a-e) are explicitly
plotted to examine how ? develops throughout the flow field. In all the Figs. 5.3(a-e), Z has oscillatory
behavior which is due to peristalsis. In all these Figs. the absolute value of heat transfer coefficient is
positive. Fig. 5.3(a) shows a rapid fluctuation in Z for changing values of M. From Figs. 5.3(b-d), it is quite
obvious that the Du, Sc and Sr effect the heat transfer coefficient but this effect is relatively smaller when
compared with the effects of other parameters like Br, M and d. Since Soret and Dufour effects have
gained reasonable interest in convective heat and mass transfer. One cannot neglect such effects when
there is appreciable density difference in the flow regime. The concentration gradient in fact yields the
thermal energy flux (referred as Dufour effect) whereas the temperature gradients contribute to the mass
fluxes (referred as Soret effect). One can neglect Soret and Dufour effects in heat and mass transfer
mechanism when such effects are small in comparison to the effects by Fourier’s or Fick’s laws. Motivated
by this fact we computed the temperature and concentration gradients at ? = ? in the Tables 5.1 and 5.2. It
is noticed from Table 1 that magnitude of temperature gradient increases when ?? Du amd Br are
increased. However the situation is reverse when there is an increase in a. Table 5.2 depicts that
concentration gradient is an increasing function of M, Du, Br and Sr. Further the concentration gradient is
decreasing function of a. ?a? Du=0.5,Sc=0.5,Sr=0.5,Br=0.5 ?b? M=1,Sc=0.5,Sr=0.5,Br=0.5 1 1.5 M= 0.5
M=1.0Du=0.2M=15Du=04Du=06125M=2008Du=0.8106qq0.750.4050.250.2000
0.204060811.2y00.20.40.60.811.2y?c?Du=0.5,Sc=0.5M=1,Br=0.518Sr=0.2Sr=0.40.8Sr=
0.6Sr=0.80690.40.2000.20.40.6y0.811.2?d? Du=0.5,5r=0.5,M=1,Br=0.5 ?e?
Du=0.5,5¢=0.5,M=1,Sr=0.51 Sc =0.2 Sc =0.4 1.4 Br=0.2 Br = 0.4 0.8 SScc == 00..68 1.2 Br = 0.6 Br =
0.810.608qq04060.204020000.204060811200.20.40.60.811.2yyFig.5.1(a-e)
Variation of temperature when ? =0?3? ? = 1?47 and ? = 0? ?a? Du=0.5,Sc=0.5,5r=0.5,Br=0.5 ?b?
M=1,Sc¢=0.5,Sr=0.5,Br=0.500-0.1 -0.1f-0.2f-0.2-0.3-0.3M=0.5M=1.0Du=02M=15Du=04M
=2.0Du=06-04Du=08-0400204060.8112002040608112yy?c?
M=1,S¢=0.5,Du=0.5,Br=0.5 0 -0.25 -0.5f-0.75-1-1.25Sr=0.2Sr=04 Sr=0.6 -1.5Sr=0.800.2 0.4
0.6 0.8 1 1.2y 0 ?d? M=1,Sr=0.5,Du=0.5,Br=0.5 0 ?e? M=1,Sr=0.5,Du=0.5,S¢=0.5 -0.05 -0.1 -0.1 f-0.2
-0.150.3-0.2-0.3-0.4Sc=0.2Sc=0.4Sc=0.6Sc=0.800.2040.60.811.2y-0.25-0.3-0.3500.2
0.40.6y0.81Br=0.2Br=0.4Br=0.6 Br=0.8 1.2 Fig. 5.2(a-e) Variation of concentration when ? = 0?
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3??=1747? and ? = 0? ?a? Br=0.5,Sr=0.5,Du=0.5,Sc=0.5 ?b? Br=0.5,5r=0.5,M=1,S¢=0.520 M= 0.5 1.0
10M=15=20105Du=0.2Du=04Du=0.6Du=0820Z0-10-5-20-1000.20.40.6 0.8 1x0
0.20.40.6 0.8 1 x?c? Br=0.5,Du=0.5,M=1,Sc=0.5 10 Sr=0.2Sr=0.4Sr=0.6 Sr=0.85Z20-5-1000.2
0.4 0.6 0.8 1 x ?d? Br=0.5,Du=0.5,M=1,Sr=0.5 ?e? Sc=0.5,Du=0.5,M=1,Sr=0.5 40 10 Br = 0.2 Br = 0.4 Br =
0.6520Br=0.8Sc=0.2Sc=0.4Sc=06Sc=082020-5-20-10-4000.20.40.60.8100.20.4
0.6 0.8 1 xx Fig. 5.3(a-e) Variation of Zwhen ? =0?3? ? =1?4? and ? =0? ? ?? ?? ? 0?5 170 0?5 0?3 1?
01?5270 070 0?5 1?0 1?5 ?0(?) —2?8569 -3?76054 -5?0997 7?7157 -2?7040 -370903 -3?76054 -47?
3265 070 0?5 1?0 1?5 072 0?0 -3?0903 -671807 972711 -3?3563 0?4 —2?5868 076 -2711325 078
-1? 81531 Table 5.1: Variation of ???? ?=? via different parameters. ? ?? ?? ? ?? ?0(?) 0?5 1?0 0?5 073
0750771424 1?0 0790136 1?5 1?2749 270 179289 0?0 0?6760 0?5 0?7725 1?0 0?9013 1?5 1?0816 0?
0070 075 0?7725 1?70 1?5452 1?5 2?3178 0?2 0?8390 0?4 076467 076 075283 078 074538 072 0?
2787 0?4 0?5753 076 0?8914 07?8 172291 Table 5.2: Variation of ???? ?=? via different parameters.
Chapter 6 Soret and Dufour effects on peristaltic transport of MHD fluid with variable viscosity This chapter
looks at the Soret and Dufour effects on the magnetohydrodynamic (MHD) peri- staltic flow of variable
viscosity fluid in a symmetric channel. Modeling is presented in the presence of Ohmic heating.
Mathematical analysis is carried out through large wavelength and small Reynolds number. Results for the
stream function, temperature and concentration are developed. The variations of sundry parameters on
the flow quantities of interest are sketched and examined. 6.1 Mathematical analysis Let us investigate the
magnetohydrodynamic flow of an incompressible viscous fluid in a channel with width 2?1. The ?- axis is
chosen along the walls of channel and ? - axis is taken normal to the ?- axis. A constant magnetic field of
strength BO is exerted in the ? - direction. Induced magnetic field is not accounted. Sinusoidal wave
propagates along the channel walls with constant wave speed ? represented by ?(?? ?) =21 + 21?2?72 2? ?
(?7-72?).(6.1)pI(??7?)and (?? ?) are the velocity components in the laboratory (?? ? ) and wave (??
?) frames then transformations between laboratory and wave framesare ? =? - ????=272??2=2-??7?=
?222??7?)=?(??77?7)?(6.2) In above expressions ?1 is the wave amplitude, ? is the wavelength, ? is
the time and ? and ? are the pressures in the laboratory and wave frames respectively. Introducing the

number approxima- tion become ???? ?? ?(?)??2?72-?2=2u?2? +1?2qu?? [ ??72?2(?)??2 -2 7?2?27
272?72=0?u7?2?20=272?22 + ?222(?) 272?722 + 2?2?22 ??22 2 u 2?2 +1 (u ?2?  + Pr?? 27221 22? ?2?
0=7?7?72+ 7?7?7727 (6.4) (6.5) (6.6) (6.7) where ? is the pressure, ? the concentration field, ? the
temperature field, ? mass diffusivity, ?? the thermal diffusion ratio, ?? the specific heat, ?? the
concentration susceptibility, ?(?) the variable viscosity, ?? the fluid mean temperature, u the kinematic
viscosity, ? the Hartman number, Re the Reynolds number, ?? the Brinkman number, ?? the Dufour
parameter, ?? the Soret parameter, ?? the Schmidt number, ? the Eckret number, ? ? the Prandtl number,
? the wave number, ? the stream function, ? the dimensionless temperature and ? the concentration. The
boundary conditions are ? =0, ?2? ?? ?? ??2=0,??=0?7??=0?77??7?=0,?=7,????=-1,7=0,7=

? ¢ 1?7 where "?" is the viscosity parameter. We look for solutions in the series form represented below ? =
2042?21+ 72?22?2 2 =20+ 7271+ 7272?? 2 =70+ ??1 + ???? Employing the procedure of perturbation
method and retaining the results up to order ?(?) we have ? = ?1 + 8(=?7? co(s?h(+??7?))?+?s2inh(?7?))2 ?

11)-)3212+213)]? (6.13) where the involved A?(? =12 2)? B?(? =1 -8)and C?(? =1 - 13) are 21 =2 ?
2 cosh(?22? )c+os?hs(i2n?h(?)=?si)n-h((??22+7?)) sinh(? ?) ? 22 = 223 + (22 ? cosh (?? ) + 232 2 - ? sinh
(22 ))2 sinh (2 ?) 2 23 = =1 + 2222 2 + cosh (222 ) + 22 ? cosh (2 ?) (i-?? ¢ cosh (2?2 ) + sinh (22 )) - 222
Sinh (222)221=-82-272 (4 +72) =22 +22(2+22)22-222 (2 + )2 24 +2(1+2(2+22) 22+ (2 +
2724)22+(221+224224+2+222-292+28+23+7221+222-272)cosh (2j2? ) - (¢? + ?)2
1+ 2 2 cosh (22¢?) - 427 27 + 2}(2 + ?) —j 72 sinh (222¢)¢¢+ 162 (2 +?) ? cjosh (22¢) (? (2 = ?) + sinh
(i? 7)) = 16 (? + ?) signh (22 ) (? (? = ?) + sinh (? 2))? 22 = =823 (2 + ?) (? - ?) sinh (222 )24 - 12 (? +
)29 cosh (22 ) - 1624 (? +?) ? 4 cosh (22 )3 + 823 (? +?) 2 4 (? - ?) cosh (222 ) 2 23 =12 (? + ?) (3 (?
+72)+372+7?-82272+8747 4) cosh (3?7 ) + 1672 (? + ?) ? 422 cosh (2? )2 cosh (? ?) =i2? (? + ?7)2¢?
21+7227?cosh (22 ) cosh (22 ?) 2 24 = (? + ?) 2 210 sinh (?? ) ? ?5 = 647 1222 3 cjosh (?2¢)2 sinh (??
)+223(2+72)2231+722

9cosh (2? ?) sinh (??)+2(? +?)2?1+? 2 ? cosh (2? ?) sinh

(??) + 16 (?¢ + ?) ? 2?2 cosh (? ?) sinh (?? )2 - 8?4 (? +?) ?;{ 5 (? — ?¢) sinh (2?7 ) ? 76 = ?? 211 cosh
(??)sinh (22?2 )227 =22 (4?2 +22-42+2?22+72+(?7+72)21+722?22+722(?+7?)27?4)sinh (3??)
-16?2 (? +?) ? 3? cosh (?? )2 sinh (?j ?) + 1¢6?3 (? + ?) ? 3 sinh (?? )2 sinh (? ?) - 16 (? + ?) ? ? sinh
(?? )2 sinh (? ?) - 8?4 (? +?) ? 4 sinh (2?7 ) sinh (? ?) ? 28 =167 (? + ?) ? 27 sinh (2?7 ) sinh (? ?) + (?
+7?)21+7?2-3+2?2?2sinh (??)sinh (2? ?)-? (? +?) ? cosh (?? ) ?12? 79 =] 2 1 +¢?; 2 (3 +47??
¢2(-3? +27372+2?-27273))+?2(3+?72(3+4?2(?-3+7?72-i3+2?7¢1+?2+??72+42(-3+?)+2?727?
=2?21+722723))?2?210j=-32 (4 +] 2 +7?) +j ?2(? -3 +5¢?2¢2¢ +? (-3 +? (16 + 57)))? 2 +{?3 (? +¢?) 5 +
422?74 +475(?2+?)?76+4j(?+?7)¢1+222-4232+7)?41+22712-4(?2¢+?)?221+227?3?
M1 =-3(?+7?)2+]-3?72¢-6?7?+32? 1?2+ (-j3+2?(¢8+7))?72+4(4+7?])?3+2¢?47?22+2?72(? +
?)2?j4? 712=16?272sinh (? (? - 7))+ (? +?)1+?2 -3 +2?2?2¢ sinh (2? ?) + 16 ? 2?2 sinh (? (? +
M) ??21=2?214-162 (? +?j) 7?2 (?¢-j?)cosh (?? )¢—(?21+22+2?74+?2+7??22-272+7?8+7?3 +
?21+2?2-272)cosh (2?7 ) ?i?2 =8?¢ cosh (j? (? — ?)) - ¢8? cosh (? (j? - ?)j) + ? 2 cojsh (2?7 ?) +
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22¢2¢¢cosh (22 ?) + 22 cosh (22 ?) +? 2?7 2

9cosh (2? ?) + 2? ?? 2 cosh (2? ?) + ?2? 2 cosh (2? ?) + 8 (? + ?) cosh

(? (2 + 7)) + 162 22 sinh (22 ) + 16?272 sinh (22 ) - 162 2 2 sinh (22 ) - 1622 ? sinh (27 ) ? 23 = 8? 72
sinh (227 ) + 8722

9sinh (227 ) + 42 37 sinh (2272 ) - 427 72 sinh (2?2 ) + 82 272 sinh

(?2(2-7))+8222sinh (2 (2 -2))-82 (2 +?) ?sinh (2 (2 +72)) 224 =(3 (2 + )2 +322+62 (1 -42) 2 +
2 (647 1+3 (1 -8?)7?)?2)cosh (322 ) ? 25 = 22 cosh (22 )i2 2152 26 = =823 (2 +2) 24 (2 - 2) +2 (2 +
¢7)271+72272322+7cosh(? ?)? 27 =22 2 sinh (2?2 ) + 16 (? + ?) 2 222 cosh (? ?) sinhj (?? )2 ¢22i8 =
647 12¢? cosh (22 ) + 3223 (2 + ?) 2 3 (? - ?) cosh (2?2 ) - 642 12 2 cosh (322 ) ? 29 = 216 sinh (22 ) ?
210=3224 (2 +?) 24 (? - ?)sinh (222 ) + (<2 (2 +?) -8 + 52 + 52 + (52 + (5-162) 2) 22+ 8214 + 2 +
2472+72-47222)sinh (322] )2 211 =42 21 4 — 4222 2 + 42 (2¢+ ?) —32 + 222 2 (32) + ?) + 42¢(? 1
¢4-472272+

43472 (? + ?j) 2 + ?22? 2¢(—=? + ?) ) coshj(2?? ) + 47 2? (? + ¢?) ? (?3? 2 ={2?)

sinh (22¢? ) sinh (? ?) +] 42 (? + 2)2 1 + 2¢ 2 -3 + 22 222 sinh (22 ) sinh (22 ?) ? 212 = cosh (22 ) (? + ?)
(2 1+223+422 2 ~¢3{? + 2937 2 +¢2? - 272 223 + cosh (22 ) 2(3 + ? 2(3 + 4{?2(-3 +¢?] 2 -3 + 22 4 +
2+ 22 2 + 2 cosh (22¢¢) (-3 + ?) +2? 22 =22 2 1 + 2 2 23)))? 213 = 642{12? 2 cos

119ih (222 ) + 42¢(¢? + )22 21 + 2 22 cosh (22 ?) + [222-3 ¢2? 12? 2 sinh (22?2

YH(?+?) 2182214 =24+2+] 7324 ¢ -1+7224722+72i2?221+22(?7-2)(?+?)+2? (2+¢??21
+?22(?2-7)(?¢+7?)), 21i5=16?2 (?¢ +?) ? 3?2 cjosh (? 2¢) = (? (? +?) -8 + 52 + 5? +{(5? + (5¢ —
16?)?) 2248214 +2+2+2+2+4?227?22)sinh (??]) - 8((4?21-1+7222+(?+?)(?+¢?72?22 (-7 +
?))) sinhj(? 2) 2 216 =¢82 1 ¢4 + 2+ 2+ 2+ 2 —j 47222 +¢(? +?) 2172 217 =2(-56 +? 1+ 22 -13 +
247i27 2 + 16747 4 + ?2(-13 ¢+ ? 2¢(-13+8?2(10+ 21+ 223 +272j?2))))¢+j 16 (? +?)1+227? -
16623 (7 +7?)241+22722-16(j? +?) ?¢j21+ 7?2 7?¢3? 218 =167 2?2 sjinh (? (¢? = ?)) + (2 +?) 1 +{
?2-¢3+2?2?2sinh (2? ?) +j 16? 2?¢2 sinh (? (? +?)) ? | ¢ | ¢ Heat transfer coefficient is defined as

temperature and concentration. We recall that theme of this study is to point out the influences of Soret
and Dufour. Therefore, the results of various parameters associated with velocity are not included. In order
to achieve the desired objective, we present the plots in such a way that the left panels are for constant
viscosity (i.e. for ? = 0) and the right ones are for variable viscosity ( ? = 074). It is observed in all the
graphs related to temperature that the rise in temperature for variable viscosity fluid is relatively slower
when compared with fluid having constant viscosity. Here Figs. 6.1-6.5 are drawn for temperature whereas
the Figs. 6.6-6.10 show variation of concentration. Temperature increases with an increase in M (Fig. 6.1).
Further an increase in temperature is abrupt in view of Ohmic heating. The variations of Du, Sr, Sc and Br
on the temperature are displayed in the Figs. 6.2-6.5. These Figs. indicate that there is an increase in
temperature by increasing Du, Sr, Sc and Br. It is also found that an increase in temperature is more for Br
when compared with the other parameters. Figs. 6.6-6.10 are presented to examine the behavior of
embedded parameters on the con- centration. Increase in concentration is observed when M and Du are
increased (see Figs. 6.6 & 6.7). Concentration also increases when Sr, Sc and Br are increased (Figs. 6.8-
6.10). Behavior of heat transfer coefficient Z for various parameters is shown in the Figs. 6.11-6.15. As
expected Z shows an oscillatory behavior which is because of peristalsis. It is also noted that there is no
variation in Z for amplitude ratio (?) between 0 and 0.3. It is observed from Fig. 6.11 that Z increases when
Mis increased. The absolute values of Z in variable viscosity fluid are more than the constant viscosity
fluid. Figs 6.12-6.15 show that Z increases with the increase in Du, Sr, Sc and Br. Effects of Du, Sr, Sc and
Br on Z are opposite to that of M. Fig. 6.1 Effect of Mon ? when ?? = 0?5? ?? = 0?57 ?? =075? ? =0737?
?=1?4,??=075and ? = 0? Fig. 6.2 Effect of Du on ? when ? =0?5? ?? =07?5? ?? =0?5? ?=0?3? ? =
1?4 ,?? =075 and ? = 0? Fig. 6.3 Effect of Sr on ? when ?? =0?5? ? =0?5? ?? =0?5? ?=0?3? ? =174
,??=07?5and ? =07 Fig. 6.4 Effect of Sc on ? when ?? =0?5? ?? =0?5? ? =07?5? ?=07?3? ? =174, ??
=075 and ? = 0? Fig. 6.5 Effect of Br on ? when ?? =07?5? ?? =0?5? ? =075? ?=07?3??=1?4,?? =07
5and ? =07 Fig. 6.6 Effect of M on ? when Du=0.5, Sr=0.5, Sc=0.5, ? = 0?3? ? = 1?4, Br=0.5 and x=0.
Fig. 6.7 Effect of Du on ? when ? =0?5? ?? =0?5? ?? =0?5? ? =0?3? ?=1?4,?? =0?5 and ? = 0? Fig.
6.8 Effect of Sr on ? when ?? =07?5? ? =0?5? ?? =0?5? ? =0?3? ? = 1?4, ?? = 0?5 and x=0. Fig. 6.9
Effect of Sc on ? when ?? =0?5? ?? =0?5? ? =07?5? ? =0?3? ? =1?4? ?? = 0?5 and ? = 0? Fig. 6.10
Effect of Br on ? when ?? =0?5? ?? =07?5? ?=0?5? ?2=07?3?? =174 ,??=0?5and ? =07? Fig. 6.11
Effect of Mon ? when ?? =0?5? ?? =0?5? ? =0?5? ?=0?3? ? =1?4 and ?? = 0?5 and ? = 07? Fig. 6.12
Effect of Du on ? when ?? =0?5? ?? =0?5? ? =0?5? ? =0?3? ? = 1?4 and ?? = 0757 Fig. 6.13 Effect of
Sron ? when ?? =07?5? ?? =0?5? ? =0?5? ? =073? ? = 1?4 and ?? = 0?57 Fig. 6.14 Effect of Sc on ?
when ?? = 0?5? ?? =0?5? ? =0?5? ? =0?3? ? = 1?4 and ?? = 0?5? Fig. 6.15 Effect of Br on ? when ?? =
0?57 ?? =075? ? =075? ?=073? ? =174 and ?? = 0?5? Chapter 7 Soret and Dufour effects

1020n peristaltic flow in an asymmetric channel
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This chapter studies the combined

2effects of heat and mass transfer on the peristaltic flow of
magnetohydrodynamic (MHD) fluid in an asymmetric channel. Asymmetry in channel

is induced because of

the wave amplitude and phases. Analysis

Attention has been given to the Soret and Dufour effects. The obtained results are plotted and discussed.

1has been performed in the presence of slip condition.

7.1 Mathematical analysis We consider MHD

?-axis is selected along the channel walls and ? —axis perpendicular to the ?-axis. The flow is due to the

63flow of incompressible fluid in an asymmetric channel. The

sinusoidal wave trains travelling

6on the walls of the channel with speed

?? The geometry of the waves is given below

1(7.1)

8722 21(22?) =21+ Mcos (2 - 22) ,p 2 22(22 ?) = =22 - M cos 22 2 (? - 22) +

774

(7.2) in which a1 and b1 are the amplitudes of the waves travelling

153on the upper and lower walls respectively, ? is the

phase difference of two waves and ?1 + ?2 is the

176width of the channel. The phase difference

?ranges0<?<??Here ?=0

37corresponds to the symmetric channel with waves out of phase and for ? = ?

the waves are in phase. Moreover ?1? ?2? a1? b1 and ? satisfy the

condition 212 + 221 + 22121 cos (?) < (?1 + 22)2 2

16A uniform magnetic field B0 is applied in the transverse direction to the

flow. Effects of induced magnetic

field are not considered by choosing low magnetic Reynolds number. However, Joule heating and

104Soret and Dufour effects are taken into account. The

equations

laboratory frame (?? ? ) are ?? ?2? 2?2 2?2 =07 + (7.3) 2+ 2?2+ 2?22+ 27?222=-227222??22°2 22?77+ 7
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1092+ 22?22?2222 (7.6)?2+2+27272722?2 22?22?2722 22?2 ?=2+++7?-2?

????,:7?727??22,?77?2:2727??2

, (7.7) where ?? ? are

24the velocity components in the ? and ? directions respectively, ? the

pressure, ? the temperature, ? the

concentration, ? the density of fluid, ? the dynamic viscosity, ?? the specific heat, ? thermal conductivity,
?7? fluid mean temperature, ? the mass diffusivity, ?? the concentration susceptibility and ?? the thermal
diffusion ratio. Using the following transformations in order to transform our problem in to wave frame (??7?)
?2=2-27?72=2272=2-?272=2722??7)=7(?7?7?7?7)?(7.8) We define the following dimensionless
quantities ?=???=22=272=2727221272?2?22?2=21221=22112722=2?21227?=2?212 2 =272
21?7?227?7?2=72-207-20?21?22272?221?2121?21-20?27?2=21-20?2=uq?22021?2u=22?2?2=22727?
=?272=2212172=22727272?=Pr?? 22=2?2(???17-(??10-)?207), ??= 2?27 (?1 - ?0) 2?27 (?1 - ?20) ? ??
=27272=227??7??(?1-20)?2?2?2=2?2?27272=2???2and ? =-???? ? ? (7.9) in which ? is the wave number,
? the non-dimensional temperature, ? the dimensionless con- centration, ? the

1Hartman number, Re the Reynolds number, ?? the Brinkman number,

?0 and ?0 the temperature and concentration at upper wall, ?1 and ?1 the temperature and con-
centration at lower wall,

2Pr the Prandtl number, ? the Eckert number, ?? the Soret number and

?? the Schmidt number. We find that ? does not depend upon ? i.e. ????? = 0 and ?-component of
momentum equation reads to ?? 7?37 ?? ??3=-227??+17? (7.10) y ?? || where (?? ?)

31are the velocity components in the wave frame, ? the pressure in wave frame

and ? the

stream function. Now the compatibility, energy and concentration equations are given by ??4??4 - ? 2
7?7?22 =070=727?272+ 7?2 272?72+ 27722 u?? 220 +1 2 (u?? [+ Pr?? 272172272 ?2?0="7?7
2?2+ 7?72?27 (7.11) (7.12) (7.13) The non-dimensional boundary conditions in terms of slip are ?=? 2,
2722077 +217272=-1,2+722?27=0?2+7?372?2=0?7??272=21,22??=-,227?2??-?217??72=-1,7
-?2??=1,2-237??=1,7??7?=722,(7.14) ?2? ?? ?® in which ?1? ?2 and ?3 are the dimensionless
velocity, temperature and concentration slip parameters respectively. These are defined as ?1 = ???1x1 ?
?2=7??%217 7?3 =2?7%31 ? where ?%1? ?*2 and ?*3

1are the dimensional velocity, temperature and concentration slip parameters

respectively. Now the dimensionless expressions of

wave shapes are ?1(?)=1 + ? cos(2?7?), ?2(?)= - ? - ? cos(2?? + ?)? (7.15) Flow rate and pressure rise

15Heat transfer coefficient ?1 at the upper wall is defined by

?1 = 7?1?7227 The solution of the involved problems through Mathematica are analyzed in the next section.
7.2 Discussion This section is especially prepared to examine the effects of pertinent parameters. Here we
arrange the variations of such parameters in the Figs. 7.1-7.4. These Figs. depict the plots of stream lines,

14temperature, concentration and heat transfer coefficient at the

upper wall. Figs. 7.1(a-d) illustrate the streamlines for an increase in velocity slip parameter ?1? The
volume of fluid trapped within a streamline is termed as bolus. It is observed that the trapped bolus gets
elongated and its size increases when the slip parameter increases. Figs. 7.2(a-i) exhibit the temperature
variation. It is seen that the temperature increases due to increase in M, ?2? Du, Sr, Sc, Pr and ?. However
it is found that the temperature decreases when d and ?1 are increased? Increase in ? is rapid and much
in cases of M and Pr (see Figs. 7.2a and 7.2f) but slower and small for ?2? Du, Sr and Sc (see Figs. 7.2b,
2c¢,2d and 2e). Figs. 7.3(a-h) demonstrate how concentration field develops when certain parameters of
interest are varied. Key observations from these Figs. are

26that concentration decreases with the increase in M, ?3? Du, Sr,
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Sc and Pr whereas it increases by increasing ?1 and ?? Here decrease in ? is much for M, ?3? Sr, Sc, Pr
and small for Du. Moreover the concentration remains invariant for thermal slip parameter ?2? Figs. 7.4(a-
e) are plotted to see

1the behavior of heat transfer coefficient Z1 at the upper wall?

Because of peristalsis it is found that, Z1 has an oscillatory behavior. Moreover Z1 has maximum value
near the upper wall. It increases with the increase in M and ?? Further Z1 decreases with increase in d and
?1? An interesting and noteworthy fact is that the thermal slip parameter ?2 has no meaningful variation on
Z17? 7.3 Main points Simultaneous

2effects of heat and mass transfer on the peristaltic transport of viscous fluid in

an asymmetric channel with slip effects are

analyzed. They main observations are summarized as follows: * The trapped bolus gets elongated as the
value of viscosity parameter is increased. «

17Effects of Hartman number M, Dufour number Du and

temperature slip parameter ?2 on the temperature are opposite to that of velocity slip parameter ?1. «
Increase in temperature subject to an increase in Hartman number M is rapid when compared to that of
other parameters. « Increase in applied magnetic field results in decrease of concentration. « Thermal slip
parameter has no effect on the fluid concentration. «

29 the

the Hartman number M. Fig. 7.1. Effect of velocity slip parameter ?1 on stream lines. 5 20

77b2=10.1,0.2,0.3, 0.4

15

19M = 0.5, 1.0, 1.5, 2.0

144010 q-55-100-1.5-1.0

-0.5y 0.0 Fig. 7.2

34a0.51.01.5-2-101

2Fig.7.2by4.0Du=0.5,1.0,15,204.0Sr=0.5,1.0,1.5,2.035353.03.0252.5

499q2.02.0151.51.01.00.50.5-1.5

-1.0-0.50.0051.0-1.5-1.00.51.0-0.50.0 Fig. 7.2cyFig. 7.2dy4.040 Pr=2.0Sc=0.5,1.0, 1.5, 2.0
35Pr=153.030q25q20Pr=102015Pr=05101.005-1.5-1.0-0.50.00

93.51.00y-1.5-1.0-0.50.00.51.0

Fig.7.2eFig. 72fy44g=

86p/6, p/4, p/3, p/2

69d =0.3,0.6,0.9,1.2

33q
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48922110-0.50.00.51.0

-1.0-0.50.00.51.0 Fig. 7.2gyyFig. 7.2h 32q 1

8b1=0.1,0.2,0.3,040-1-1.5-1.0-0.50.00.

51.0 1.5y Fig. 7.2 i Figs. 7.2(a-i). Effects of various parameters on temperature ?? 1.51.0 1.0 0.8 f 0.5

0.0-0.5

49M =2.0,1.5,1.0,0.5f0.6 0.4 0.

8b1=10.1,0.2,0.3,0.4-1.00.0-1.5-0.2

-1.5-1.0-050.00.51.0-1.5-1.0yFig. 7.3a-0.50.0 Fig. 7.3 b

18y0.51.01.51.00.81.00.

12560.40.20.0b2=0.1,0.2,0.3,0.

28f0.50.003=0.4,0.3,0.2,0.

1-1.5-1.0-050.0Fig. 7.3 ¢

18y 0.51.0 -1.5-1.0 -0.5 0.0 0.5

y Fig. 7.3

135d1.01.51.01.0

f0.80.604Du=2.0,15,1.0,0505f0.0Sr=2.0,1.5,1.0,050.2-050.0-1.0-0.2-1.5-1.0-0.50.0

Fig. 7.3 e

84y0.51.0-1.5-1.5-1.0-0.50.00.51.0

Fig. 7.3fy 1

162.0 1.0 Pr = 2.0, 1.5,

1.0,05050.5S8¢c=2.0,15,1.0,05f0.0

90f0.0-0.5-0.5-1.0-1.0-1.5-1.5-1.0-0.50.0 0.

51.0-1.5

98y -1.5-1.0-0.5 0.0 0.5 1.0

Fig. 7.3 g Fig. 7.3 h y Figs. 7.3(a-h). Effects of various parameters on concentration. 20 15 1510 10 Z1 5

Z1

19M = 2.0,1.5,1.0,0.55 0
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69d=0.3,0.6,09,1.20-5

-5-10-3-2-10

1111233y-3-2-1012Fig. 7.4 aFig. 7.4 b

y15861021420-2g=

86p/6, p/4, p/3, p/2

Z150

149b1 =0.1, 0.2, 0.3, 0.

4-4-5-6-3-2-10yFig.7.4

150¢123-32-10y

Fig.74d1238642120-2b2=0.4,0.3,0.2,0.1-4-3-2-101 23y Fig. 7.4 e Figs. 7.4(a-e).
Behavior of ?1 for different parameters. Chapter 8 Peristaltic transport in a vertical channel subject to
Soret and Dufour effects This chapter looks at the simultaneous

2effects of heat and mass transfer in peristaltic transport of viscous fluid.

Mathematical modelling is provided

32in the presence of Joule heating and Soret and Dufour effects.

Perturbation solution is prepared for small Brinkman number. Flow quantities of interest are plotted and
analyzed. 8.1 Mathematical formulation Here our aim

3is to develop a model for the peristaltic transport of viscous fluid in a vertical
channel.

156An incompressible fluid is considered in a vertical channel.

Magnetohydrodunamic (MHD) character of

fluid is accounted. The flow is generated by sinusoidal waves having con- stant speed ?. The channel
width is taken as 2?1. An incompressible and magnetohydrodynamic (MHD) fluid fills the region in the
channel. The fluid is conducting through uniform applied magnetic field BO? Induced magnetic field is not
taken into account. Electric field is absent. Geometry of flow problem is given below The wall shape is
taken as ?2(?? ?) =21+ 21?2?2222 u? (? - ?7?), (8.1)  where ?1 is the wave amplitude, ? the wavelength
and ? the time. The velocity field in two- dimensional flowis given by ? =2 (? 2?2 ??)??2(?????)?07?£
o

95Conservation laws of mass, momentum and energy

in the present flow consideration are reduced in the following expressions ?? ?? ?? ?? =0? +(8.2) ? ? =—

+®%2%272h2i(85) - 3 3"

50hi?+7?+727272722 722 222222722 2 =2+ ++ 72 (8.6) - 22 22 77 272222,

?2?:2727?7?2
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, In above expressions (? ? ?)

80are the velocity components in the laboratory frame (? ? ?), ? the

pressure, ? the

56acceleration due to gravity, 7 the coefficient of thermal expansion, ?x x

the coefficient of

expansion due to concentration, ? the thermal conductivity, ? the concentration field, ? the temperature
field, ? the mass diffusivity, ?? the thermal diffusion ratio, ®* the constant heat addition/absorption, ?? the
specific heat, ?? the concentration susceptibility, ?0 the concentration at boundary, ?? and ?0 the fluid
mean temperature and temperature at the boundary respectively. If (?? ?)

24are the velocity components in the wave frame (?? ?) then using the

*??0721 2?2 220 ?? 2?2 ?(? - ?0)? ? =727, ? =-?? ?(8.8) definition of stream function ? can be
written as incompressibility condition (8.2) is clearly satisfied while Egs. (8.3)-(8.6) through standard ?? ?
3727227273 ==-22?22+1+222+ 22?22 (89) 2?29 274724 - 2272?27?22 7?2 7?2+ 2?72+ 2?2?22 =07
(8.10) 2?7 2?2 =07 (8.11) 0 = 27?2?22 + 22 222?72 + 22?2 22?2?22 + 1 + Pr 22 2?2?72 + ®? 22 (8.12) yu
11722?2722?20=72?7??2+ 72?72?27 (8.13) FromEq (8.11) ? 6= ? (?) ? Here u denotes the kinematic
viscosity, ? the

1Hartman number, Re the Reynolds nhumber, ?? the local temperature Grashoff

number,

?? the local concentration Grashoff number, ® the dimensionless heat source/sink parameter, ?? the
Brinkman number, ?? the Dufour number, ?? the Soret number, ?? the Schmidt number, ? the Eckret
number, ? ? the Prandtl number, ? the wave number and the dimensionless temperature and
concentration are denoted by ? and ? respectively. The boundary conditions are prescribed in the
following forms ? =0, ?2? ?? ?? ??2=0,??=0?7??=0?7??7?=0,?=7,??7??=-1,2=0,7=0,??7?=

shape. The dimensionless mean flow rates in laboratory (?) and wave (? ) frames are related by ? =? + 1?
Pressure rise per wavelength A?? can be put into the following relation 1 A?? = ?? ??? ?? (8.16) Z0 8.2
Series expressions We are interested to develop the series solutions of the resulting problems. For that

70we expand the stream function in terms of small Brinkman number and

write ? = ?0 + ???1 + ???7? Similarly the other physical quantities like ?? ?? ? and ? are also expanded. It
is worth men- tioning to point out that the condition ?? ¢, 1 is not an unrealistic condition. For example, the
most common Newtonian fluid i.e. water, at 25?7 (298 Kelvin = room temperature) has dynamic viscosity ?
= 07?89 cP (centi poise) and thermal conductivity 0.58 W/mK (watt per meter Kelvin). If we consider the
characteristic speed 1m/s (meter per second) and wall tem- perature to be 310 Kelvin (= equal to body
temperature), then the Brinkman number comes out to be 1?2787 x 10-4 ; 1? This provides us a
confidence regarding the selection of Brinkman number ?? as a small quantity. Resulting zeroth and first
order systems are given by 2?0 23?0 - ?2 2?0 =?? ??3 p+ 1+ 22?0 + ?2??0? ?? § 0 = 2?2?7720 + Pr ??
0=70,?7???0=-1,?0=0,?0 =0, ?? ? = ?. First order system ??1 23?1 -2 2?2 2232?72?71 + 2?2?21 +
7?12 =0=7272??21 + Pr?? 222?721 + 7?2?20+ 2?27?20+ 122?722 pu??2 90 =212 2?22?2721 + ??
2727721771 =0,72?1=0,??1=0?7??1=0?7??7=0,??27??7?2??21=21,????1=0,?1=0,?1=0, ??
? =7?. The solutions of above systems yield the following expressions + ?5? ?+(?)® * ?= ?-??6??72(?+27)
=6 (=1 +7?)?21(?)+22??2 212 (6?3) 2?2 =211 24 (?) + 2122 " # =22+ 22?2 2?2?27 ? = j2 (-1 + ?¢) 3607
26 -7?7?=78+727?210 360 (-1 + ?)3 729 ? where ?1 = 3(=1+7?)(? +?)?272(?) ??2(?+2?)??22=j(-1+?)? 2
(1i+?2) (?2+2¢)+28(?)+?29(?)?2?25=(-1+?)32101+2?2+722??2 (-1 +?2?2)??6=(-1+72)31+?7+
22?2 (-1 +72?)? 7?27 =720 (-1 + 222 ?2?2(?7-?)?2?2?1 (?) + 22 (?) + 23 (?) + 24 (?) +?5(?) ? ~ 78 =7?7?
180 (-1 +?)2(?-?)(?+?2)D??29=360 (3>-1+7?)31+2?2+722??2 (-1'+?2?2)?2210=731(?) +?2(?)
(N4 () +B5(?)? M =1 +22+7222? (-1+722)? 212 =25 (?) + 22355 ??(?+2?)?4 + 210
(?)?3 " no?=772???2??7? and 77?7 ??? and ??? are given below ?1 = ? ?? cosh((????c)o+s?h(s?in?
h()?=?sin)—-h((???+7?)))2sinh(??) ? ?2 = ?21(?2?3 + ??(?? ? cosh (?? ) + ?3? 2 = ? ) cosh (?? ))2 cosh (?
?)? +sinh (??))—2??sinh (2??)? (¢ ?23=(?7+7?)21+7227?22+7?2(?+7?)2?24)+?2?2(2(?+?)2?21+7?
2 ? cosh (2?7 ?) sinhj (?? ) +¢ 16 (? +?)? 2?2 cosh (? ?))? ¢ ?4=7+7? - 872 7?2 + 8?47 4) cosh (3?7

https://mww.turnitin.com/newreport_printview.asp?eq=1&eb=1&esm=23&oid=385877909&sid=0&n=0&m=0&swr=8&r=36.164116649888456&ang=en_us 38/58


javascript:openDSC(69938982, 4, '11821');
javascript:openDSC(3656944917, 1392, '90328');
javascript:openDSC(2522967539, 304, '38597');
javascript:openDSC(2576036439, 1390, '42085');
javascript:openDSC(3365073231, 1392, '90008');

12/24/13 Turnitin Originality Report
+1672 (? +?) ? 422 cosh (?? )2 cosh (? ?) ?2(sinjh (? ?) - 16 (¢? + ?) ? ? sinh (2? )2 sinh (? ?))? 75 =
224+7+722-272+22(28+23+7221+222-272)) cosh (22?2 ) ? 76 = 222{(? + ?)(2? 4 ¢+ 2 + ??
2-7(7272+] 28+ 2] 3+ 7221 +¢2¢2¢2 - 222 )? 27 = (? + 223)? 2 cojsh (2? ?) + 22¢ ?? 2 cosh (2?j ?)
+7{27? 2 cosjh (22 ?) + 8 (?¢¢+¢ ?) ? 28 = 2()?2+2222(16 (? + ?) sinh (22 ) (? (? = ?) + sinh (? ?)))? 29 =
162 2?2 sinh (? (2 = 2)) + (2 +?) 1+ 2 2 =3 + 2?2 222 sinh (27 ?) + 16?7 +2 222 sinh (? (2 +?)) ? i ¢ i ¢ ?
10=1+7222-423(?+7)?241+72272-4(?+72)?221+2273??21=2{1(-872¢-2? (4+?+37) -
2i?227+72¢(2+22)22-222{(2+?)2¢24) +2(1 + 2 (2+22) 22+ (2 +2)224)22+ (22 1+ 22 +224 +
?2+222-272+728+23+221+272-2722)coshj(22? ) —¢ (? +{?)2 1 + ? 2 cgosh (27 ?) ? 72 = 167
i(? +2}) 2 2223(j2 + ? 2?) cosh¢¢(?¢? ) (? (2 = ?) + sinh (2j?)) - 16¢(? + ?) 2 sinh (22 ) (2 (? = 2) + ?
sinh (? ?))? 23 =12 (? + ?) ?9 cosh (?? ) = 1674 (? +?) 23 + 823 (? + ?) ? 4 (? = ?) cosh (227 ) ? ?4 =
1287 1232 4 cosh (?? )2 sinh (?? ) + 2?3 (? + )2 2 3 1 + ? 2 cosh (272 ?) + 873 (? +2)?4(?-?)?5? | ¢ 75 =
422472 +22-42+2722 2+ 22+ (2+ )21+ 7222+ 72(2+7)2724)221=162(?+7)22(? - ?)
cosh (?2) 7?22 -(221+2]2+2¢?4+2+7222-2?2+28+23+7221+2?2-222)cosh (2i??)? ¢
¢72=227{2

9coshij(2? ?) +j2? ?? 2 cosh (¢2¢?¢ ?) + 72?7 2 cosh (2? ?) + 8 (? + ?) ? 2 cosh (2?

?)+2? ?cosh (27 ?)??3=3272(?+7?)?3?2cosh (??)?2-(?(?+7?)-8+5?+5?+(5?+(5-167)
?)? 27 ?4=87 4+747+ ?+7+472 72 )sinh(??{)-8((4? 147272 +(?+?)? ¢ ?5=?(-j64 +?? 1 +{?2 76
—13¢+ 24¢?2? 2 + 16?74? 4 + {??3(-13 + ?¢ 2(-13 + 8?(10 + ?)))? j ¢ | ¢ 8.3 Graphical results and
analysis This section emphasizes the impact of embedding flow parameters in the solution expressions.
Here plots are prepared in the two and three dimensions. Arrangement of the graphs is made in such a
way that Figs. 8.1 (a-d) show the pressure gradient, Figs. 8.2 (a-d) the pressure rise per wavelength, Figs.
8.3 (a-d) the 3-D plots for velocity profile, Figs. 8.4-8.9 the stream lines and Figs. 8.10 and 8.11 the 3D
plots for temperature and concentration fields respectively. Figs. 8.1 (a-d) reveal that pressure gradient
decreases by increasing ? and ??? However, the

26pressure gradient increases with an increase in® and Du. It is further noticed
that

the change in dp/dx is larger in the cases of ® and M when compared with Du and Sr. Pressure rise per
wavelength via mean flow rate ? is displayed in the Figs. 8.2 (a-d). These Figs. show that the pressure rise
decreases when flow rate increases. For a given constant value of the mean flow rate, the

5pressure rise increases with an increase in® and ?? but it

decreases with increase in ?? (see Figs. 8.2 a,c and d). Behavior of pressure rise for M is however
different. The pressure rise increases for negative value of mean flow rate when ? increases. However, the
behavior is opposite for positive values of mean flow rate (Fig. 8.2b). We displayed the 3D plots for
velocity, temperature and concentration. Here

5it is observed from Fig. 8.3 that the velocity decreases

when ? is increased. Such decrease largely depends upon the values of ?? Physically the decrease in
velocity is due to the reason that the Lorentz force has a role of retarding force. Consequently it increases
the friction resistance which opposes the motion of fluid. Figs. 8.3 (b-d) depict

31that the velocity is increasing function of

@ and ??? However reverse situation is observed for ?7? i.e. the velocity decreases when ?? increases.
Trapping is considered interesting feature of the peristaltic transport. The volume of fluid that gets trapped
in a stream line during peristaltic motion is known as bolus. Figs. 8.4-8.9 depict

5that the size of trapped bolus decreases when ?, ?? and

?7? are larger. It is also found that the results are opposite for the cases of ??? ® and ??. The variations of
temperature and concentration fields

3can be seen through Figs. 8.10 and 8.

11. These Figs show that the temperature increases when ?, ??, ® and Du are increased. Clearly the rise
in temperature with an increase in M and Du is more than ® and ??. Effects of ?? on the temperature are
not significant. 99 Figs. 8.11 plot the influences of ?? ®? ??, ?? and ?? on the concentration field. Here
concentration field decreases when there is an increase in ?, ® and ??. Further, the variations of
concentration field for ?? and ?7? are insignificant. It is also concluded that temperature increases and
concentration decreases when ? increases. 0 0 M=1.0 -1
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129F=2.0-5F=1.0M=2.0-2-10-3F=0.

0 dp?dxM=3.0 dp?dx-4-15-5F =-2.0-20 M=4.0-6 -7 -0.4 -0.2 Fig.

508.1a 4-0.2

71 b

-20Du=6.0Sr=0.0Sr=1.0-1Du=4.0-3Sr=2.0Du=-2-4Du=0.0 Sr=3.0dp?dx-3 dp?dx-5 -4 -6
-5-6 -7 -7 -0.4 -0.2 Fig.

508.1¢ 4-0.2

71 d

Figs. 8.1 (a-d) Behavior of pressure gradient for variations in M, ®? Du and Sr. 30 20 10 0 Dpl M =

1011.0-10 M =2.0 M = 3.0 -20 M = 4.0 -30

-10123Fig.8.2aFig.82bh1010550Gt=1.0Dpl-5Gt=2.0Gt=3.0-10Gt=4.0-150Gc =1.0
Dpl-5Gc=2.0Gc=3.0-10Gc=4.0-15-20-20-25-10123-10h 123 h Fig. 8.2 c Fig. 8.2 d Fig. 8.2
(a-d) Pressure rise per wavelength. Fig. 3 a Fig. 8.3 ¢ Fig. 8.3 d Fig. 8.3(a-d) Velocity profile with
variations of ?, ®? ?? and ??. Fig. 8.4 Effect of Hartman number (?) on stream lines when ® = 1? ?? = 0?
5,??=07?5? ?? =0725? ?? =2 and ?? = 1? Fig. 8.5 Effect of ?? on stream lines for ® = 1? ?? = 0?5, ?? =
075? ?? =0725? ?? =2 and ? = 1? Fig. 8.6 Effect of ?? on stream lines when ® = 1? ?? =075, ?? = 0?5?
??=0725? ?? =2 and ? = 1? Fig. 8.7 Effect of ® on stream lines when ?? =27 ?? =075, ?? =0?5? ?? =
07257 ?? =2 and ? = 1? Fig. 8.8 Effect of ?? on stream lines for ® = 1? ?? =2? ?? =075, ?? =0?5? ?? =
07257 ?? =2 and ? = 1? Fig. 8.9 Effect of ?? on stream lines when ® = 1? ?? =27 ?? =075, ?? = 0?5? ??
=0725???=2and?=1?

75Fig. 8.10 aFig.8.10 b

75Fig. 8. 10 c Fig. 8. 10 d

Fig. 8.10 e Figs. 8.10 (a-e) Variation of ?, ?? ,??? ® and ?? on temperature.

166Fig. 8.1 a Fig. 8.11 b

75Fig. 8. 11 c Fig.8.11d

Fig. 8.11 e Figs. 8.11 (a-e) Diagrams analyzing the development of concentration field when ?, ?? ,?2?? ®?
and ?? are varied. Chapter 9

2Mixed convective heat and mass transfer for peristaltic transport in an

asymmetric channel with

32Soret and Dufour effects The aim of

present chapter is to address the

12simultaneous effects of heat and mass transfer in the mixed convection

peristaltic flow of viscous fluid in an asymmetric channel. The

channel walls exhibit the convective boundary conditions. In addition the effects due to Soret and Dufour
are taken in to consideration. Resulting problems are solved for the series solutions. Numerical values of
heat and mass transfer rates are displayed and studied. 9.1 Mathematical analysis We consider an

https://mww.turnitin.com/newreport_printview.asp?eq=1&eb=1&esm=23&oid=385877909&sid=0&n=0&m=0&swr=8&r=36.164116649888456&ang=en_us

40/58


javascript:openDSC(132876972, 1390, '52635');
javascript:openDSC(282006082, 943, '85127');
javascript:openDSC(1043888310, 1274, '32089');
javascript:openDSC(282006082, 943, '85133');
javascript:openDSC(1043888310, 1274, '32094');
javascript:openDSC(4059318452, 1179, '95931');
javascript:openDSC(42465784, 1353, '19107');
javascript:openDSC(42465784, 1353, '19115');
javascript:openDSC(42488847, 1353, '19213');
javascript:openDSC(42465784, 1353, '19119');
javascript:openDSC(490417337, 1392, '53892');
javascript:openDSC(76886069, 4, '15163');
javascript:openDSC(34583912, 37, '1544');

12/24/13 Turnitin Originality Report

asymmetric channel of width ?1 + ?2 with flexible walls. An incompressible viscous fluid is considered.
Cartesian coordinate system is adopted such

9that the ?-axis is along the length of the channel and the ? -axis is normal to

the ?-axis. The flowis

generated due to peristaltic

1waves propagating on the channel walls with speed c.

Moreover, the channel walls posses the characteristics of convective type boundary condition. We intend
to study the flow

32in the presence of Soret and Dufour effects. The

channel walls are described by the following expressions ?1(?? ?) = ?1 + ?1, left wall and ?2(?? ?) = - (72
+ ?2) ? right wall where ?1 and ?2 are the disturbances produced

2due to propagation of peristaltic waves at the left and right walls respectively.
The

values of 21 and ?2 can be written in the forms 2? 21 =21?22?22 (? = ??2)?2p2?2?22=21?222 (? - ??) +?
? p ? 7 in which ? is time, ? is the phase difference and ?1? ?1 are the amplitudes of the waves travelling
on the left and right walls with speed c respectively. Temperature and concentration at the walls are
assumed to be ?? and ?? (? = 0 for left wall and ? = 1 for right one ) respectively. Velocity field for this
problemis ? =?(???2??)??2(???2?27)?07

10Fundamental equations governing £the flow of an incompresszible viscous
fluid

are V22 =07 (9.1) 2 22 = —V2 + 2 V22 + 2275 (2 — 20) + 2225 (? - 20) ? (9.2) 22 3 " in which ?

66is the density of fluid, ? is the pressure, ? is the dynamic viscosity, ? is the

acceler- ation due to gravity and ?* and ?** are the thermal and concentration expansion coefficients

272247272+ 22 +4£2+ 72772702222+ °22°222°272(9.3)h3 7 ¢iL£n???2?2=2222+22°2 72?22?7272 +
?? 7 +7?7(9.4) Here ?7? is the specific heat, ? is the

6thermal conductivity, ? is the mass diffusivity, ?? is the £ & £ & thermal

diffusion ratio, ?? is the concentration susceptibility, ?? is the

mean temperature, ? and ? are respectively the

14temperature and concentration of the fluid.

We consider (?? ?) and ? as the

7velocity components and pressure in the wave frame (?? ?). The

7transformations between laboratory and wave frames are

2=72-9722=222=2-222=2227222)=2(222272)?(9

24.5) where (? ? ? ) and ? are the velocity components and pressure in the

laboratory frame.

The fundamental
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37equations in wave frame are reduced as follows: ?? ?? ?? ?? =0?

+(9.6)722272222(242) 22+ 222 (2+2) = =22+ 2222 + Y - 222222 + 227 (2 — 20) +2225 % (2 -
20)?,(9.7)2(2+2)22+2222=-22 422222222222 222 222 + 2 (9.8) p Y -, 22 (2 + 2) 22 + 22?)

?20)?? 2?2 (?1-720)?2??2(?71-20)??2=222?2=22222?2=22?% (?1-"20) 721 2 2?2 =227%% (?1 - ?0)
2122?22?27 7?2?? 2?2 =77?7?=??,7=-??? (9.11) and adopting long wavelength and low Reynolds number

47kinematic viscosity, Re the Reynolds number, ?? is the Brinkman number,

1is the Eckret number, ? ? is the Prandtl number, ? is the wave number, ?? is
the temperature Grashoff number, ?? is the concentration Grashoff number, ? is

dimensionless concentration, ? is the

dimensionless temperature and incompressibility condition is automatically satisfied. Defining ? and F as
the dimensionless mean flows in laboratory and wave frames we have ? =? +1+? (9.16) where ?1 ?? ?=

=???=72(?-7?7)???-??? =?(?-?7?)? ?? The dimensionless boundary conditions for our problem can be
imposed

88as follows: ? = 7 2, 22=—1, 22+22(?)=0? 2?+22(2)=0? ?=21, 2 = — , 27=-1, 2?

-22(?2-1)=0, 22-22(?-1)=0,2=72,

?2(9.18) where ?1(?) =1 + ? cos(2?7?), ?2(?) =-? = ? cos(2?? +?) ? (9.19) ?? =272 21,22 =2?1? 7
(9.20) In above expressions ? and ? are dimensionless transfer coefficients, ?? is heat transfer Biot-
number and ?? is mass transfer Biot-number. 9.2 Solution of the problem The problems consisting of Egs.
(9.12)-(9.15) have been solved for both the perturbation and numerical solutions. Perturbation solution is
obtained for small Brinkman number. Numerical solution is presented using Mathematica. For perturbation
solutions we have the following zeroth and first order systems: 20?7?77 +

(9.21) (9.22) (9.23) ?0 = 220, ?0? = -1, 20?7 + ?? (?0) =0? 20?7 + ?? (?0) = 0? ? =?1, 20 =-7?0, ?0? =
-1,?0? -??2(?0-1)=0,?0?-??2(?0-1)=0,?=72,2and ?21??2?? + 22?217 + ?2?21? = 0? ?1?? + 20?7
2+

74Pr 22(2122) =07 2122 + 2222 (2122) =07 j ¢ 21=21, 212 =0, 212 + 22 (?1)
0?2212+ 722(?1)=022=21,221=-221, 212 =0, 212 - 22(21) =0, 212 = 2?

(?1)

=0, ? =?2. The perturbation solutions of above problem are given ? = - ? (?1 + ?2 - 2?) ?21 -24(??11?
=2472?7)223 +2 (21 +22)? =272 (20 (?) ¢ +24 (2+ 2?2 (?1 = 22)) (71 =22)2 (2 + 21?7 = 22?) + 2?2?21 (?)

(9.29) (9.30) (9.31) ?1 = ??? cosh((??c10)s+h?(?si1n)h—(s?in2

108)h=(?(?2)+)27?) sinh(?) + (? + 21)2 22?2 1 + 221 2?22 +22 (? + 21 )2 ??4) + ?2(2

(2+722)222 1+ 72

2 cojsh (2?) s¢inh (?2) +16 (? + 22) 22222 cosh (?)) + 62?222 ?j + 21 ~¢8?221 222 + 8242224) cosh (3?
277) + 162222 (? + 22) 2422 cjosh (?22?)2 cogsh (?) 22(sinh (?) =1622 (? + 21) 222 sinh (?2)2 sinh (?))

43cosh (27¢2) ? 72 = 22222{22(2 1 + 22 +{22)(

2?2 4; + 21+ 87?772¢¢¢— 77272 + ?2(8 + ?21(3 +7?2 1 + 2721 - 272)))) + 2?2?;?73?2(? + ?1 + 2?¢32)?2?
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cosh (27?) +2??{?72 cosh (2?) +¢?2??2 cosh (2?) + 8 (? + ?2) + 2(?+2?2+?1)??(16(? +?2 + 4?1) sinh (??)
(?(? - 7?) +sinh (??))) + (2 + 22 +421) 1 + 222 -3 + 2? ?2?2 sinh (2? ?) + 16?7 + (?1 + 4?2)27?2 sinh ((?
2+7)i?¢?2i3=1+272¢ ?2-4?32 (2 +21) 2?24 1+ 2?2722 -4 (2 +?2) 2?21 + 2?2 ?3 (?1 =j?2)(-8? 2¢
=272 (4 +7?1+37) —j2?2? + ?2¢22 (? + 2?1) 7?2 - 2?j21 (? + ?2¢)2 ????4) + 2(1 + 2 (? + 2?1) 7?72+ (? +
72 +471)2 ?774)?2 + (?2 1 + 7?21 ? 9.3 Graphical analysis j ¢ In order to provide a comparative study of
the results by the two methods, we have plotted graphs for both solutions. Left panel depicts the
perturbation solution whereas right panel for the numerical solution. Graphical analysis is carried out for
the dimensionless temperature, concentration and velocity fields. Numerical values for the rates of

20heat and mass transfer at the left wall are given in the Tables

9.1 and 9.2 respectively. The values of different parameters in all the graphs are taken as follows: ? = 1??
=??47? =075?? =0?7?? =078?7? =07?? = 1??2? =2??? =075? ?? = 0?57?77 = 1??? = 0725?77 = 0?
57?7 = 0?7? The graphs of temperature profile showed

15that the temperature decreases with an increase in the values of

Bi and it increases by increasing Mi. The decrease in the temperature with increase in the heat transfer
Biot-number is very rapid for ?? < 1? It is noted that for ?? = 1 corresponding decrease in temperature
becomes very slow (see Fig. 9.1). This fact is totally opposite to the case of increase in Mi in which
temperature not only increases by increasing ?? but also such increase is constant and very slow (Fig.
9.2). Fig. 9.3 showed that the temperature increases when ?? is increased? Increase in the tem- perature
is smaller for small values of G? but this increase becomes much for higher values of G?. However this
increase in temperature is observed throughout the channel. Unlike the case of ??? small increase in
temperature is observed when G? increases but this increase is not uniform throughout the channel. Near
the right wall the temperature tends to decrease very slowly by increasing ?? (see Fig. 9.4)? Figs. 9.5-9.7
are plotted to analyze the concentration profile in detail. It is found that the concentration increases when
?? is increased? This increase is large for ?? < 1 and very slow for large values of Mi (see Fig. 9.5). Itis
noticed from Figs. 9.6 and 9.7

5that the concentration generally decreases with an increase in ?? and ??. This

decrease is

much and constant for ?? and ?? respectively. However concentration profile showed different behavior
near the right wall. The concentration here increases which is quite different for its behavior at all other
parts of the channel. Figs. 9.8 and 9.9 depict that the value of velocity increases by increasing ?? but it
remains constant with variation in ??? The velocity in both cases is increased for increasing ?? and ?? in
the region where "y" is negative and decreased for positive y. Tables 9.1 and 9.2 are plotted for the
numerical values of rates of heat and mass transfer. It is seen that solution up to first order perturbation
gives an agreement with the numerical results up to second decimal place. Table 9.1 shows that heat
transfer rate is increasing function of Biot-number. However the Grashoff numbers and mass transfer Biot
number reduce the heat transfer rate (see Table 9.1). Table 9.2 illustrates that the mass transfer rate at
the wall tends to decrease when ??, ??, ?? and ?7? are increased. 3.0 3.0Bi=0.5Bi=0.525252.0q
20qBi=1.015Bi=15151.01.0Bi=2.0Bi=1.0Bi=1.5Bi=2.0-1.0-0.50.00.51.01.50.5-1.0
-0.50.0 0.5 1.0 y y Fig. 9.1 Effect of ?? on the temperature profile. 3.2 Mi= 0.5, 1.0, 1.5, 2.0 3.2
Mi=05.,1.0,1.5,2.03.03.09 2.8

400 2.82.62.62.42.

4-10-050.0051.01.5-1.0-0.50.00.51.0yy Fig. 9.2 Effect of ? ? on the temperature profile. 3.2 Gt
=0.0,1.0,2.0,3.03.2

57Gt=0.0,1.0,2.0,3.03.03.0

q2.8

400 2.82.62.62.42.

N

4-1.0-050.00.51.01.5-1.0-0.50.0 0.5 1.0 y y Fig. 9.3 Effect of ?? on the temperature profile. 3.

46G¢=0.0,2.0,4.0,6.0

3.2

46Gc = 0.0, 2.0, 4.0, 6.0
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3.03.0

q

4002.82.82.62.62.424

-1.0 -0.

50.0051.0151.0-1.0-050.005y

173y 0.6 0.6 0.4 Mi = 2.

00
155.40.210.0 -0.2
Mi=2.0
82Mi=1.50.2Mi=1.5A0.0
82Mi=1.0Mi=1.0-0.2 Mi=0.5-0.
4
120Mi=0.5-1.0-0.50.00.51.0 1.5-0.
4y-1.0-0
118.50.0y0.51.01.5
Fig. 9.5
11Effect of ? ? on the concentration profile. 0. 0 -0. 1 -0. 1 -0.
2
133-0.2f-0.3f-0.3-0.4 Gt=0.
0,1.0,2.0,3.0-04
57Gt=0.0,1.0,2.0,3.0-1.0-0.50.00.51.01.5-0.
5y-1.0-0
128.5 0.0 y 0.5 1.0 Fig.

9.6
11Effect of ?? on the concentration profile. 0. 0 -0. 1 -0. 1 -0.
762-0.2fA-0.3-0.3-0.4Gc=0.0,

2.0,4.0,-04
46G¢=0.0,2.0,4.0,6.0

-0.5-1.0-0.50.00.51.01.5-0.5

39y-1.0-0.50.00.51.0y
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Fig. 9.7

11Effect of ?? on the concentration profile. 1.0 1 .0

0505

28U 0.0U0.0Gt=0.0,2.0,4.0,6.0Gt=0.0,2.0,4.0,6.0-0.5 -0.

5-1.0-1.0-1.0-050.00

36.51.01.5y-1.0-0.50.00.51.0y1.01.00.50.50.0 Gc=0.0,2.0,4 .0,

6.0

121U 0.0U Gc=0.0,2.0,4.0,6 .0 -0. 5 -0.

5-1.0-1.0-1.0-050.00

18.51.01.5y-1.0-0.50.00.51.0

y Fig. 9.9 Effect of 22 on the Velocity profile. 2?2 22 2?2 22 =20(?1) = 20 % (?1) 0?5 120 220 0?5 121935
11214927 120 122343 122343 125 122550 122560 270 122674 122693 0?0 172988 123018 1?20 172674
122693 270 122411 122402 3?20 122197 122176 020 122439 172349 120 122310 122254 220 122197
122176 3?0 122100 122110 0?5 122100 122110 120 121999 122006 125 121955 121967 220 121930

171951 Table 9.1. Numerical values of heat transfer rate

161at 21. 22 22 22 22 20(21) 20 * (1) 075 1 20 22 0 0?

5072190 | 07¢2187 170 0?2179 072179 1?5 0?2174 0?2176 2?0 0?2171 0?2173 070 072219 072225
1?0 0?2171 072173 270 072139 072141 370 072125 0?2139 0?0 0?2142 072146 1?0 072131 072141
270072125 072139 3?70 0?2125 072140 0?5 072125 072140 1?0 0?1346 0?1360 1?5 070903 070914

270 0?0618 070625 Table 9.2. Numerical values of mass transfer rate at ?1. Chapter 10

4Variable viscosity effects on the peristaltic motion of a third-order fluid

The

fluid in a channel

45effect of variable viscosity on the peristaltic motion of MHD non -Newtonian

is studied. Constitutive relations of third order fluid are employed in the development of flow. Mathematical

analysis is presented when no-slip condition is no longer valid. The

17series solutions for stream function, longitudinal velocity and pressure

gradient are

first derived and then discussed in detail. The

6pressure rise and frictional forces are monitored through numerical

integration.

Physical interpretation is also made. 10.1 Governing problem We

12consider an incompressible magnetohydrodynamic (MHD) third order fluid

with variable viscosity in a uniform channel of

width 2?1.
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16 BO induced

and electric fields are not considered. Wave shapes are written as ?(?? ?) =?1 + 21?2?22 2?2 ? (? - ?7?),
(10.1) -, where

6c is the velocity of propagation of the

wave, ?1

9is the wave amplitude, ? is the wavelength, ? is the time, ? is the direction of

wave

propagation and ? is transverse to ?? The constitutive equations for the third order fluid are given through
Eqs (1.17-1. 19) Hence we directly write the following governing equations for two dimensional flow of MHD

+2?2 2 2+ 27 V44?2 422 2 2?2 42?2 7 2)+')2(4’? 227 477227 +2

T2 42277 Y )+ M(277 7 2 7+

27 277 44T 27 27 7 427777 127 707 244277277 24147277 2

T H0?7 2?2777 —6?7 227 77 46?7 2077 77 46?2 227 2467 222 77 447?72

T 482 73 482 2 2 Y 4272 7 0 2420 22 7Y 44V YN 422 7 ?

2727 Y Y Y )H2(87 2 Y Y T 487 7 Y Y 2 Y 487 7 7 2 77 4167 23 4877 27 72

HAY T YR 420 Y Y 427 P Y Y 2427 2 Y Y Y Y =20 Y 2 Y Y Y 422 7 Y 422

D Y Y Y T A Y Y 2 42 Y Y Y 427 2 420 Y Y T =2 Y Y Y Y YT 4297 772

T 429 Y Y Y Y )23(167 23 447 2 Y 22 447 7 7 22 482 Y )27 T AP
A A T L T R R B B B B B B IR B B R B B B B B B B R ¥ B B A R Y A B B I T

+?1(7_?_’7’7_+’2_7’7_’)_’)_ 27 2277 47 MY Y 4 20 4277?47 ?

T YT 2+ 20 Y Y Y 7-27 2 Y Y Y =47 P Y 47 27 7 Y 4 7 7YY =7 7?7

I X B B B R R R B RV R R B B B R R B B R B0 W Lo B B R B0 B R B R R R Y

A R R R U e Sy S ST e R R B R R U R N R R RN U B R B R S L e R R R W 1)

T YT 437 2 Y Y 2 Y 457 7 2 2 Y Y =27 2 Y Y 2447 22 7 447 7 222 +47 7 2 72

+4277T7T227) +22(87 22777 467 2277 7 427773 48772 7 227 467 7 7 727 +27 ?37)2?3(82 2

2T T 48?22 427 23 467 2 7 22 46772277 2 422 237)2 7 27 = 2(=277 7 )+21(=277?
T2 Y Y T 20 Y Y Y 447227 4227 Y7 4277727 +22(477 227 #7722 47227 +27_7_7_7_)

77+497779+5777? 7+10977'>97-2?27977-49777?9 +497777

B B B B B B R R B B B S VT e B B B R B VB B B B R b R Y R

T —87 7 7Y 7Y —87 23 ) +72(27 7 77 27 7 7 7 24272 27 997 -22 77 7 2

T 427 Y Y Y Y Y 420 Y Y Y Y Y =47 22 7 Y =87 7 2 Y Y Y 427 2 7 2427 7 77 2

I X B e B R TR L e B e B R L R e B N T R U R B R R R S ¥ R M T BN O e R )

+827 Y Y Y Y 482 Y Y Y 77 —167 23 +23(-167 73 -47 2 7 92 4799227 -87 77 7?
~?7)? where (???) and ?

3are the velocity components and pressure in the fixed frame (???) and the

subscripts denote the partial derivatives If (?? ?) and ? indicate the

17velocity components and pressure in the wave frame then defining

P=P-77272=77272=2-722=22222?)=2(?2227?)(105)and using ?=?=?=2222=272=7
[¢]

2217 (1 0.6) we obtain

3under the long wavelength and low Reynolds number approximation the

following expressions — ???? ?? ?(?)??2?72 +2I 272?722 3#-?27????+?2"+1=02 ppu0=-227??7
(10.7) (10.8) in which (= ?2 + ?3) is the Deborah number, ?

1is the stream function, ?0 is the constant kinematic viscosity, ? is the Hartman
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number, Re is the Reynolds number, ? is the

124fluid density, ? is the electrical conductivity, ?(?) is the viscosity function, ? is
the

wave number, ?0 is the constant viscosity and continuity equation is automatically satisfied. Further Eq.
(10.8) indicates that ? =6 ?(?)? From Eqgs. (10.7) and (10.8) we have ?2 ?2? ?2? 3 ??2 ?(?) ??2 + 2 7?72
A-7272?=07u 9! ??2 The subjected boundary conditions in dimensionless form become ? = 0, ?2?
(10.10) (10.11) In above equations ?(?) = ?=?? or ?(?) =1 - ?? for (? ¢ 1), ? is the viscosity parameter, ?
1 is the non-dimensional velocity slip parameter and ?2? ?2? 3 ??? =2(?) ??2+2I ?7?2? (10.12) pu |

3Pressure rise per wavelength A?? and frictional force ?? (at the wall) are
defined by

section the problem consisting of Egs. (10.9) and (10.10) will be solved for small Deborah number I and
small viscosity parameter ?? 10.2 Series expressions Letting ? = ?0 +

??2?? 20 =700 + 2?01 + ?2??? 21 =210 + 2?11 + 22?7 we arrive at the following systems: System for 700
- 1?7?00 ?? + 2?3?7300 - ?2(????00 + 1) =07 (10.15) 2?4?7400 - ? 2 2?2?7200 = 0? ?00 72?00 =0 = ??
27?77 =07?7200 =700 ????00 + ?1 2?2?7200 = -1 ?? ? = ?? System for 701 - 2?01 + ?3?01 -?2?701 =
? 22?00 ?? ? 2 (10.16) 2?3 ?2? ?? p 2?2 [ 24701 —2272701 =72 2?2?00 ? ??24 2?22?2722 p??29?01=0
=17?727?201 ? at ? =0? 200 = ?01? ????01 + ?1 2?2?7201 = ?? 22?00 at ? = ?? ??2 System for 210 - ??
10 ?? + 7?3710 - ?2 2?10 + 6 72?00 2 7?3?00 = 0?7 (10.17) 2?3 ?? p 2?2 7?3 7?4?10 -?272?10 +6 72700
?272?2427222?2 Ap??292723200=0? ??3!?210=0=72?10? at? =0? 2?2 3 210 = 2107 22?2?10 + 21
2?27?7210 + 2?1 2?2?7200 =0 at ? = ?? p I The solutions of above systems finally give ? = ???
cosh[??]+? 1+??2?1 sinh[??]—(? +?)sinh[??] ??cosh[??{]+ —1+?¢??21 ??1sinh[??] + 2?1 + [?27? (10.18) |
¢?=1327222??2?2[??2]+-1+227221?221sinh [??2]14 x (10.19) 11 +6?1 - 2j2+?3+?24 -?5+?176 ¢ ¢
[1?7j2(? +?)3767 cjosh[??] ??¢cosh[??]+ —¢1+??2?1 sinh[??] L1 [1 ?? ?? = - ??(?co+sh?[)???3] (+cos
~h1[?+??]?+?22 ??1s?in1hsi[n?h?[?])? ] + 2?1 + [?2? (10.20) | ¢

168with ?21?2?3?24?25?767?7

?879=(?+7)(?3+2sinh[??](?4) +2?? cosh[?? ] (?5)) 8? (?? cosh [?? ] + -1 + ?? ?21 ? ?1 sinh [??
12 ? (?-3?7?7-32i? (? + ?)3 7¢4)?9 =32(?? cosh [?? ]+ -1+ 2?72?21 ??21sinh [??])4 ?2=-4727?+ 21 +
??i2?21 +2?27?¢ 2?21 + ? =1 + 272?1 cosh[2?7?] +? =j2?2 + 72 + ? —4¢+ ? 2 (-j4 + ?) ?j— ?2 ? 1 sin¢h¢[?
?]? =37 -j1+?? 2?1 cos

142 +2¢(¢—4 +¢ ?

sinh[?¢ ?]? = 32 cosh[? ?] + ? =22 + ? (? + 21) sinh[? ?]? = =327 cosh[3?? ]j+ 127 (? + 22 (¢? + 221 = ?
221)) sinh[?? ] + 1 - 927 221 sinh[327? |? = 32{? cosh[3?? J¢— 127 (=2 + 22 (? + 221 + 2 221)) sinh[?? ] +
-1 4977221 sinh[3?2 17 = 12j2 ? (? + ?1) - ¢16? 221 cosh[2?? ] + 4? 221 cosh[4?? | -8? sinh[22? | + ?
sinh[42? ] + ? cosh[?? J(12? (=2 cosh[? ? ] +2? 21 sinh[? 2] + sinh[3? ?])) + sinh[3? ?]? = 1 - 27 221
SiNh[?? ] + 7627 (26) + 2277 (27) + 223227 (?8) 2 | ¢ 21 = 27 + 282 22 = 6(? + 2)3? 62 (?9) ? 23 = 2(? +
)32 5(1 + 37 2)I (210) ? 24 = 2(? + ?)3? 5[ (211) 2222[2 2]? 25 = 6(? + 2)3? 5[(2222[372 | + 3?2 (?

)3 2i57T cosh [3? ?] (?i?

165cosh [2? J¢+ —1 + 22¢ 221 sinh [2? ]) +32(?? cosh [2? ] + =1 + 22 22 1 sinh

20(1272 =1 - 32 2 + 22 221 2222[?2 | =322 2222[322 ]) + 12 (1 + ? (32 +{2? (? + 21 - 32 221¢))) sinh [??
1+1-922 221 sinh [322 ] 2 29i= 127 (2 + 2¢1) + 42 2(—42222[227 | + 2222427 ) - 82222[222 ] + 2227
[422 12 210 = 1272 (2 + 21) + 42 21(=42222[222 | + 222?[42? ]) - 82222227 | +2222[427 12 211 = 2227
[322 ]+ 7 (422 (=2 + 322 21)2227[22 | - 3222272[322 | +4(? + 22 (32 + 621 = 2 221))2222[22 ] - 972 2

12222322 12 212 = ((=2222[322 | + ? (422 212222[22 | + 4(2 + 221)2222[22 | - 3212222[322 ])))? 213 =

[22 D3((-(2 + 2)2 2¢222[2 2] +2222[22 1+ 2 2 (2222[22 ] + 2¢212222[22 1)))? 28 = 2(2 + 2)32 5[2227[?

—42 2421+ 2912 2422 221 + 2 =1 + 22 221 2222222 ] +32222[227] | - 422 2212222¢[22? | +{ 222 2?
(22022 1(3 + ¢2¢ 2 =22 + 2(2 + 21) 2222[22] + 222222[2?])? | | ¢¢ 214 = 3 + 22 292 + 22+ 2 -1 + 22

(=4 +2)2 = 22 21 2222[22] +22 |=1+222{21 2222[221? | i ¢¢ ¢¢ 21 = 8(?2cosh[22](+2(+=21)+2222327?

1)sinh[?22])2? | ¢ 22 = 16(2? cosh[?? [+(=1+2? 2 )? 21 sinh[?? ]) (2+2)3?7724 42 23 = 42 7 + 21 + 22221
+222-21+22221cosh[2??] + -3 + 422221 sinh [222{] 2 ¢ [ i ¢ ¢ | ¢ 24 = 122 (2 + 21) + 42 21 (-4
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cosh [22? ] + cosh [4?7 ]) - 8 sinh [2?? ] + sinh [4?? ] 2 10

163.3 Results and discussion In this section the

main objective is

24to study the influence of various parameters of interest on the

flow quantities. In particular the variations of Hartman number (?)? Deborah number (I")? amplitude ratio
(?)? slip parameter (?1) and viscosity parameter (?)

210on the longitudinal velocity, pressure gradient, pressure rise (A??) and

frictional

force (??) per wavelength have been examined. Figs.10.1-10.3 show the effects of ?, ?1 and I" on the
longitudinal velocity ?? The plots show that velocity at the center of the channel and near the walls has
opposite behavior. Further the velocity at the center of the channel decreases with an increase in ? and ?1
but it increases by increasing '?

10The variation of pressure gradient for certain values of ?, 21 and I

are depicted in the Figs 10.4-10.6

2lt is anticipated that the absolute value of pressure gradient increases with an

increase in ? and ?1 but it

decreases when I is increased. The

6pressure rise and frictional force per wavelength have been computed

numerically. The

pressure rise verses flow rate has been plotted in the Figs 10.7-10.11.

5lt is noticed from Fig. 10.7 that the pressure rise decreases with an increase in

212 1tis

found that magnitude of pressure rise per wavelength increases by increasing ? (see Fig. 10.8). Fig. 10.9
depicits an important phenomenon that is the graph for pressure rise for I' = 0 is linear whereas in the
case of non zero it is non linear. Fig 10.11 shows

10that the pressure rise increases with an increase in the amplitude ratio

?.The

3free pumping flux increases by increasing

? (see Fig?10?10)? Figs. 10.12-10.16 monitor the features of frictional force (??)?

3lt is clear that there exists a critical value

of ? below which ?? resists the flow and above which it assists the flow. This critical value of ? decreases
by increasing ?1 and ? (see Figs. 10.12 and 10.13). Contrary to this the critical value of ? increases with
an increase in ? and ? (see Figs 10.14 and 10.15). It is revealed from Fig. 16 that the effect of ' on
frictional force is quiet opposite to that of pressure rise. Another important fact of interest here is a
comparison between the viscous and non- Newtonian fluids (see Figs. 10.3, 10.6, 10.9 and 10.14). In all
these Figs. the case of viscous fluid is given by putting ' = 0? Fig. 10.3 shows that velocity at the centre of
the channel in non-Newtonian fluid is larger when compared with a viscous fluid. Fig. 10.6 shows that the
132 non-Newtonian fluid exhibits larger pressure gradient than the viscous fluid. Figs. 10.17-10.20
examine the trapping phenomenon.

271t is observed that the size of the trapped bolus decreases with an increase
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in ?1 and ?? The size of trapped bolus also increases by increasing the viscosity

parameter

? (see Figs. 10.17 and 10.18). It is noted

167that by increas- ing the Deborah numberr? the size of the

bolus decreases whereas it increases by increasing ?? 0.6 0.6

19M = 0.5, 1.0, 1.5, 2.

1160 M = 0.5, 1.0, 1.5, 2.0

0404

33UU0.20.20.00.0-1.0-0.50.00.51.0-1.0-0.50.00.51.0

y y Fig. 10.1. Effect of ? on velocity ? when ?1 =0?2? ' =0704? ? =1?? =1

87?3 and ? = 0737 Left panel is for

? =0 and right panel is

8for 2=07470.80.6 0.

504b1=0.0,0.2,0

130.4,0.6 Ub1=0.0,0.2,0.4,0.

61U0.20.00.0-0.2-0.5-0.4-1.0-0.50.00.51.0y-1.0-0.50.00.51.0

y Fig. 10.2. Effect of ?1 on velocity ? when ? =1? ' =0?04? ? =1? ? = 1?3 and ? = 0?37 Left panel is for
? =0 and right panel is for ? =074 0.6

134G = 0.08, 0.06, 0.04, 0.0 0.

28U0.20.0-1.0-0.50.0y0.51.0

Fig. 10.3. Effect of ' on velocity ? when ? =1? 2?1 =0?04? ?=1? ?=1?3and ?=0?3?3322 1 1 dp?dx

19M = 2.5,2.0,1.5,1.00

dp?dx

91MM =2.5,2.0,1.5,100-1-1-2-20.00.20.4 0.6 0.

398 1.0x 0.0 0.2 0.4 0.6 0.8 1.0 x Fig.

10.4. Effect of ? on pressure gradient when ?1 =0?2? ' =0?001? ? = 0?1 and ? = 0?3? Left panel is for ?
=0 and right panel is for ? =074 2.0 1.5 1.0 dp?dx 0.5 0.0 2.0 1.5

67b1=10.0,0.1,0.2,0.3
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dp?dx 1.0 0.5 0.0

8 1.0 xx Fig. 10.5. Effect of 71 on pressure gradient when ? =1? ' =0?001? ? =0?1 and ? = 0737 Left
panel is for ? = 0 and right panel is for ? =0?4? 1.51.5 1.0 1.0 dp?dx 0.5

132G = 0.03, 0.02, 0.01, 0.0

dp?dx 0.5

53G =0.03,0.02,0.01,0.00.00.0-0.5-0.50.00.20.40.60.81.00.00.20.

4 0.6 0.8 1.0 xx Fig. 10.6. Effect of I on pressure gradient when ? =1? ?1 =07?2? ? =0?1 and ? = 0?3?
Left panel is for ? = 0 and right panel is for ? =0?4? 10 5 Dpl 0 -5

41b1=0.3,0.2,0.1,0.0-10-1.0-0.50.0

0.5 1.0 1.5 h Fig. 10.7. Variation of ?1 on A?? when ' =0701? ? =1?5? ? =0?3 and ? =07?2? 10 5 Dpl 0
-5

89M =0.5,1.0,1.5,2.0-10-15-1.0-0.50.00.51.01.5

h 20 10 Dpl 0 -10

28G =0.00, 0. 01, 0.02,0.03-20-1.0-0.50.00.

51.0 1.5 h Fig. 10.9. Variation of I on A?? when ?1 =0?02? ? =1?5? ?=0?3 and ? =072?6 4 2Dpl-20
-4 -6

96a=0.0,0.3,0.6,0.9-1.0-0.50.00.51.0

1.5h5Dpl0-5

54a=0.2,0.3,0.4,0.5-1.0-0.50.00. 5 1.

0 1.5 h Fig. 10.11. Variation of ? on A?? when ?1 =0702? ? =1?5? ?=0?2and I =0?01? 105 b1 =0.3,
02,0

78.1,0.0 F10-5 -1.0 -0.

50.0051.01.5h10

19M = 0.5, 1.0, 1.5, 2.0

5FI0-5-10-1.0-0.50.0 0.5 1.0 1.5 h Fig. 10.13Variation of ? on ?? when ? = 073? ?1 = 0702 ? =072
and ' =0701? 20 15 10

154G =0.0,0.1,0.2,0.35FI0

-5-10-15-1.0-0.50.0051.01.5h6

34a=0.0,0.3,0.6,0.942

FI0-2-4-1.0-0.50.00.51.0 1.5 h Fig. 10.15. Variation of ? on ?? when ? =0?3? ? =1?5? ' = 0701 and
?1=0702764

23a=0.504,03,022F0-2-4-1.0-050.00.51.0
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58 21.2 80.87=0750.60.60.4040.20.2 4-0.2 204

20020412121108087?=1?5060.604040.20200-04-0200.204-04-0200.2041.2
1.2110.80.87?=2?50.606040.4020200-04-0.200.20.4-0.4-0.200.20.4 Fig. 10.17. Effect
of ? on stream lines when ' =07?04? ? =0?3? ? =1?1?and ? =072 Left 1.21.2110.80.8 71 =07?10.6
0.60.404020200-04-0200.204-04-02002041.212110.80.8?1=07?30.60.60.404
0.20200-04-0200.204-04-02002041212110.80.8?1=0?50.60.60.4040.20200
-0.4-0.200.20.4-0.4-0.200.2 0.4 Fig. 10.18. Effect of ?1 on stream lines when ' = 0?04? ? =0?3? ? =
1?1and ? =0?5? Left 1.21.2110.80.8

23r=0?10.60.60.40.40.

20200-04-0200.204-04-020021.21.2110.80.8

23r=0720.60.60.40.40.

20-04-0200.2040.20-04-020021.21.2110.80.8

23r=0?30.60.60.40.40.

20.200-04-0.200.20.4-0.4-0.200.2 Fig. 10.19. Effect of I' on stream lines when ?1 =0?2? ? =0?
3??=1?1and ? =0?5? Left1.21.2110.80.8?=07?20.60.6040.40.20.200-04-0200.204-04
-0.200.2121.2110.80.8?=074060.60.4040.20200-04-0200.204-04-0200.21.21.2
11080.87=0760.60.40.60.4020200-0.4-0.200.20.4-0.4-0.200.2 Fig. 10.20. Effect of ? on
stream lines when ?1 =072? ?=1? T =0?04? ? =1?1 and ? = 0?57 Chapter 11

13Heat transfer analysis for peristaltic mechanism in variable viscosity fluid

This chapter extends the analysis of previous chapter in the presence of heat transfer. Thermal slip is also
considered. Viscous dissipation is present. Perturbation solution is discussed and a comparative study
between the cases of constant and variable viscosities is presented and analyzed. 11.1 Statement of the
problem Here we study

30an incompressible magnetohydrodynamic (MHD) third order fluid with

variable viscosity in a uniform channel

of width 2?1. The ? — ???7? is selected along the centerline of the channel whereas ? is perpendicular to
the ? = ????. The

138fluid is electrically conducting under an applied magnetic field BO in the ? -

direction.

The electric and induced magnetic field effects are neglected. Sinusoidal waves propagating on the
channel induce the flow. Such waves are described by the following equations ?(?? ?) =21+ 21?72?22 u?
(? =??).(11.1) 1 In above expression ? is the speed of propagation of the wave, ?1 the wave amplitude, ?
the wavelength and ? the time. Further the channel walls have a constant temperature ?0. The governing

+242222==222222222 24+ 222222922 °22222°7 + 7?7 47 2?7 ?2=?V22+D ?°?
??2p9(11.2) (11.3) (11.4) (11.5) where @ is the dimensional viscous dissipation term. In light of the

the specific heat, ? the thermal conductivity, I'(= ?2 + ?3) the Deborah number, ? the stream function, ?0
the constant

47kinematic viscosity, ? the Hartman number, Re the Reynolds number, ? the

fluid density, ? the electrical conductivity, ?(?) the viscosity function, ? the wave number, ?0 the constant
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viscosity, ??(= Pr ?) the Brinkman number, ® the di- mensionless viscous dissipation term, Pr the Prandtl
number and ? the Eckert number. The governing problems subject to long wavelength and low Reynolds
2?22?3772 =2(?) 2?22+ 2r p 2229?27 =2(?)(??22?W2)2 + 2I(?72?W2)4? (11.12) 2 =0, 727 2?2 2?72 =
0,?7?=07?72=0,?2=7,2?22?2?2+21?2?272=-1,2-22??2=07??7="7,(11.13) 2(?)=1 + ? cos(2?7?), ? = 1

for (? ¢ 1) ; ? the viscosity parameter, ?1 the dimensionless velocity slip parameter, ? the stream function,
? the temperature and ? the dimensionless flow rate in wave frame. Further Eq. (11.10) indicates that ? =6
?(?) and finally we write 22 ?2? 22?2 3 222 2(?) ??2 + 2l 222 A- 227222 =0? (11.15) p | ! 272

3Pressure rise per wavelength A?? and frictional force ?? (at the wall) are

small T and ? are 2= ? ? ? cosh??[??2co]s+h[?2?2]1]++? 2-12+212¢2sin?h21[?22?]1-si(n?h+[???)]sinh
[22]+ 221 + 222 (11.17) | ¢ 22 = =22 cosh [?? ] + =1 + 22 221 2 21 sinh [2? ] + 221 + [?22 22 (2 + ) ?
3(cosh [?7]1+72 21 sinh [22]) (11.18) j ¢ ? = 22(7 + 2)222 =2227[227] + 2222[227] + 22 2 72 = 72 - 2272
+7222222[227] 1 8 (22 2222[22 | + (=1 + 22i221)2222[22 1)2 ¢ ¢¢ + 22 (2 + 2)2 2 2 192 (22 2222[?2 ] +
(-1 +22221)2222[22 )3 x (21 + 2 (22 = 23 = 24 + ?5)) + 22 (2 + 2)4 ? 6 512 (2?2 2227[?2 ] + (-1 + 22
271) 2222[22 1)5 x (21 + 4 (22 + 2 (23 + 24 + 75 + 26))) (11.19) where the involved ?? (? = 1 - 8) ? 22 (?
=122)? 722 (2=1-6) and ?? (? = 1 - 8) are given as follows: 21 = (?8?2+2(?)(??c30+s2h[s?in?h[]?+2(-]
(17+472)2+2222?)2c0?shsi[n?h?[?]2(?]5)2)) ? 22 = 2-3222-322(?2+?)3322(42(?((1c-0s?h?[?222?)]+si(n
—h1[?2+222]+22622)22(2256in)+h[22222]2)(427)+223222(?8))) 2 23 = =42 2 2+ 2 + 22 22 422 2 22 + 2

-1 427 27 cosh[22? | +? 3 - 422{27? sinh[27? ]2 ¢?4 = 37 |1 + 22} 2?

43coSh[?¢2¢] + ? (222 +22j+ 2 -4 + 2¢ 2 (4 +2) ? - 72

i?) sinh[? ?]2¢ 24 = 32 —1 + 2222 cosh[? ?] + 2¢¢(-272 + 22 +

432(=4+? 2((- 4 + ?)? - 22))?) sinh[? ?];? ¢ ?5 = 3? cosh[? ?] + ? —22

+7 (2 +?) sinh[? ?2]? 26 = =322 cosh[3?? ]j+ 122 (? + 22 ¢(? + 22 = 2 22)) sinh[?? ] + 1 — 922 22 sinh[3??
12 27) = 322 cosh¢[327 ] - 122 (=2 + 22 (2 + 22 + ? 22)) sinh[?? ] + =1 + 9?2 2? sinh[3?? ]? 28] = 122 ?
(? +¢7?) — 162 22 cosh[2?? ] + 42 27 cosh[4?? | - 87 sinh[227 ] +? sinh[4?? ] + ? cosh[?? ](12? (-2 cosh[?
21+ 22 2 sinh[? 2] + sinh[3? ?]) + sinh[3? ?])? 21 = 8(2? cosh[?? |(+?(+=?1)+22223 27?) sinh[?? ])2 ? 72 =
(2+7)327242 16(2? cosh[?? [+(=1+22 2 )2 2 sinh[2? ]) 42 23 =42 2+ 2 + 2222 +22 2 -2 1 + 22 2 ? cosh
[227 ]+ -3 + 427 22 sinh [222 ] ? 24 = 122{(? + ?) + 42 2¢(~4 cosjh [277{] + cosh [¢4??¢ ]) - 8 sinh [22i?
1+sinh [422¢ 1221 = (3+ 22 2(-32 + 472 2(2?3 + 2(? =22 = 32 + 62 2(? = ?)(? + ?)? = 3 =1 + 4227 2
27))))2222[22 1 - 31+ 22 2 =2 + 4j2 1+ 22 22 2222[32? | + 62¢2272[?? |2227[2? 2¢]? 72 = 37 2(? - ?)?
H 21 422] 292+ 2122 2222¢[¢2¢ (2 - 22)] + 37 (22(2 + ?) + 2 (26) ?) 2222[2(i? + 22)]7 i ¢¢ ¢ 23 =
322227[27] + 2023222227[27] + 2425242222[27] - 247324222222[27] —822232222[27]? 24 = 32747
479222[27] + 2472242222227[27] + 822423222272[2?] — 36722222222[27] —482424722222[27] + 96237
4272227[27] + 922222[327] + 12222222222[3272] +322222[2(? - 22)] + 623222222[2(2 — 22)] - 6222222
(? - 22)]? 75 = 62222222772[2(2 - 2?)] - 6222222222[2(? - 22)] + 6272222222[2(? - 27)] +3 =22 + 7 -1 +
272(2 - ?2)(2 + 7 - ?) 2222[2(2 + 22)]? 26 =} —1 +22j2(? = ?)(? + ?)? ¢¢ 21 = 162 =62 + 2 5 + 2?2 2 (?7)

42)]7 22 = 522972 (2 — 22)] + 2227[2 (37 - 22)] + 522272[2 (2 + 22)] + 2222[2 (37 + 27)]) ~522272[? (? +

42)]? 23 =77 — 4 3 + 1327 22 2 2227[522 | + 522227[2 (2 — 472)] - 20222272[2 (? - 2?)] -4822{2272[?i(? -

27)] + 48¢22¢7 2222272 (7 - 22)]? 24 = 4827 22222272 (? — 272)] - 12222272[? (37 - 22)] - 20?22?72

(? +27?)] +48?27227720? (? + 27)] + 48727 2?7??7[? (? + 27)] — 48?7 227227777 (? + 2?)] -12??2?7?7[? (37 +

27)] + 5???2727[? (? + 47)] + 288727 ??7??[?7? ]? 75 = 192?47 3?777?[?? | - 1927 ?2?77?7?[?? ] - 192?27 3?

2?27?2077 1+ 11222 22222[?7 ] +19273? 3?7?22?27[?? ] — 19277 372?2?277?7[?7 ] — 544772 ?2?2?277?[??7 ] - 3847

272)] + 767 2 222222 (? - 27)] - 3622 22222[2 (37 - 22)] + 48222 22222 (? + 22)] 4822 22222[2 (2 +
27)] + 7622 22222[2 (? + 22)] - 3622 22222[2 (32 + 22)] +522 222222 (? + 42)]? 77 = 622 + 3?7 22 + —1
+222(2-)(2+2)2- 2467 -1+22222 2228 =11 +42{2 -472{ + 422 + 822 + 722 2 ¢ ¢ i | ¢¢ The

comparative study of temperature for the effects of various parameters in the constant (? = 0 left pannels)
and variable (? = 0?2 right pannels) fluid viscosities in the presence of heat transfer. It is observed in Figs.
11.1 (a-d) that ? decreases when ? and ?1 are increased. Further temperature in variable viscosity fluid is
less when compared with constant viscosity fluid. From Figs. 11.2 (a-d), an increase in ? is observed when
Br increases whereas ? decreases when ?2 increases. Although the plots for heat transfer coefficient ?
are not included to save space for variation of ? and I'"? It is also seen that impact of ? on ? is quite
opposite to that of ?1? ? is an increasing function function of ?? Figs. 11.3 (a-d) show that ? decreases
when ?1 increases whereas it increases by increasing ??? 11.4 Key findings The main points of

174present chapter can be summarized as follows.
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i) Temperature in constant viscosity fluid is greater than variable viscosity situation. ii) Temperature is
decreasing function of thermal slip parameter ?2. iii) The qualitative effects of ?? and ?1 on the
temperature are opposite. iv) Behavior of ?1

1030n the heat transfer coefficient is

opposite to that of ??? 0.150.150.10 0.10 g 0.05 q

19M = 0.5, 1.0, 1.5, 2.0

0.05 0.00

106M = 0.5,1.0,1.5,2.0-0.050.000.00.20.4 0.6 0.

81.01200020406081.01.2yy

60(a) ?=072(b) ?=07?20.350.40.300.30.250.

20q0.2q0.150.1

67b1=10.0, 0.1, 0.2, 0.3 0.

10

8b1=0.0,0.1,0.2,0.30.050.00.000.00.20.40.60.81.01.20.00.20.40.
60.

81.01.2yy(c)?=072(d)? =072 Fig. 11.1 (a-d): Variation of ? for [ = 0?04? ? = 0?3? ? =1?1? ? =0?
1 and Br=075. 0.250.25 0.20 0.20 0.15q 0.10 0.15q 0

158.100.050.05Br=0.8,0.6, 0.4, 0.
2
22Br=10.8,0.6,0.4,0.20.000.000.00.20.40.60.
7381.01.2y0.00.20.40.60.81.0 1.2y (a) ?2
=072
107(b) ?22=0?20.20.20.10.10.00.0
qq-0.1

77b2=10.1,0.2, 0.3, 0.

414b2=10.1,0.2,0.3,0.4-0.1-0.2-0.2-0.3-0.30.00.20.4 0.6 0.

81.01.21.40.00.20.40.60.81.01.21.4yy (c) 22 = 0?5 (d) ?? = 0?5 Fig. 11.2 (a-d): Variation of ? for
2 =121 =0704? 2 =0?3? ? = 1212 and ? = 072? 150 150 100 100 50 50

126Z0Z0-50b1=0.0,0.1,0.15,0.

8b1=0.0,0.1,0.15,0.
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2-100-100-1500.00.20.40.6 0

72.81.0-150x0.00.20.4 0.6 0.8 1.0 (a) ?? =0? 5 (b) ?? = 0?

5x404020202020Br=2.0,1.5,1.0,0.5Br=2.0, 1.5, 1.0, 0.5 -20 -20 -40 -40 0.0 0.2 0.4 0.6 0.8 1.0
0.00.20.40.60.81.0(c)?1=07?2x(d) ?1 =072 xFig. 11.3 (a-d): Variation of Zwhen I' = 07047 ? = 0?

3?7 ?=1?1? and ? = 1? Chapter 12 Soret and Dufour

4effects on peristaltic transport of a third order fluid

Soret a

nd Dufour effects

440n peristaltic transport of third order fluid in a symmetric channel have been

reported in

this chapter. Joule heating effect is also taken in to account. The

37governing nonlinear problem is solved using perturbation

approach. Graphical

177results are reported and discussed for various parameters of

interest entering into the problem 12.1

6Mathematical formulation We consider the magnetohydrodynamic (MHD) flow of

third order fluid in a channel of width

2711?27

he ?- axis is chosen along the walls of channel and ? -

20axis is taken normal to the ?- axis. A constant magnetic field of strength BO is

applied in the

? —direction. Induced magnetic field is not accounted. Sinusoidal wave propagating on channel walls with
constant wave speed ? is represented by 2? ?(?? ?) =?1 + 21?2?22 2 (? - ??), (12.1) y | where ?1

time . The continuity, momentum, energy and concentration equations of the problem may be written as

2?2 +++7?(12.6) p?? 2?2 ? ? p??2?? 29 In the above equations, ? and ? are the velocity components

44is the wave amplitude, ? is the wavelength and ? is the

145225+ 22722 2 "2 (12.5)7 " 2+ 222 + 222 2 = 2 u?22 22 2 722 222 222 72?

along ? and ? directions re- spectively

therma

?isma

5in fixed (laboratory frame), ? is the density, ? is the pressure, ? is the

kinematic viscosity, ? is the electrical conductivity, ? is the

| conductivity, ?0 is the applied mag- netic field, ? is the temperature field, ??

7is the specific heat, ?? is the viscous dissipation,

ss diffusivity, ??

11is the thermal diffusion ratio, ?? is the concentration susceptibility, ? is the
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concentration field and ?? is the mean temperature.

147Extra stress tensor S in third order fluid is

S=7+72377A21 A1 + 21A2 + 22A21 + 21A3 + 22 A1A2 + A2A1 23 " | ¢ in which 22 ?? (? = 12 2) and 2?2
(?=12223)

7are the material constants. The Rivlin-Ericksen tensors can be represented as
follows A1 = L+L?2? A?+

1=2A777 +

179A?L + L? A? 2 =127 2? where L

=grad V and ? indicates the matrix transpose. If (??7?) and (???)

31are the velocity components in the laboratory (???) and wave (???) frames

respectively

then defining ? =2 -????=2272=2-??22=222(??7?)=?(???7?7?)?(12.7) and introducing the
following dimensionless variables ?=? ? ? ?2? ??2?=22?=272=222=?212?72=22=212?72=2°?27?7?"7
122222121 72=2-20?272=2-20?72=212220?712u=22?2=2?2212220720p[???2?2=2227?? =
??2=22177(?)??2="772??22 7?3 =77?37722 ? (12.8) we have — ?? ?? ?? + ? ???-72 ?? +1 =07 0=—
??27?2(129) u?? 2?2 0=22722?22+ 72?7 + 22?22?22 22? 7 (12.10) u ?? +1 +Pr???2?22 1 22?2 222 0 = ??
??2+ 72727727 (12.11) 222 = 2722722 + 2 2227722 2 = (772?72 )2 + 2[( 772?72 )4? 3 (12.12) p |
where ? is the pressure, ? the stream function, ['(= ?2 + ?3) the Deborah number, ?

1the Hartman number, Re the Reynolds number, ?? the Brinkman number, ?? the

Dufour para- meter, ?? the Soret parameter, ?? the Schmidt number, ? the Eckret number, ? ? the Prandtl
number, ? the wave number, ?0 temperature at the wall, ?0 concentration at the wall, ? the dimensionless
temperature and ? the concentration. The boundary conditions are ?=0, ?=?, ?2? ?? ?? ??2 =0, ?? =07?
(12.14) where ? is the dimensionless volume flow rate and ? is the dimensionless wave shape. Pressure
rise per wavelength A?? is 1 A?? = 2?7 ??? ?? (12.15) Z0 We look for solutions in the series form and thus

2we expand the quantities in terms of small Deborah number as

follows: ? =70 +

20+ 21

+ ???7? The resulting zeroth order system is given by ??4?740 - ? 2 7?2?7220 = 0?7 (12.16) 0 = 2?2?7720 +
??2?22?720+ 7?72 7??2?20+ 122+ Pr?2? 7220 2 uTp 9?72 (12.17) 0 = 21?7 2?2?2720 + ?? 272?720 ?
(12.18) ?0=0,?2?0=0,??0=0? ??0=0? ?? ? =0, ??2?? ?? 20 =70, ????0=-1,70=0,?0=0, ?? ?
=7, (12.19) and first order system becomes 7?4?7741 + 2 2?7?22 7?7?7220 - ? 2?7?7221 =07 3 (12.20) u
910 = 2222721 + 2?2 22222220 2727221 + 2722220 + 2772 22?21 22220+ 142 A1 2+ Pr?2?2 2221 2 p |
P 2?2299 (12.21) 0 =217 222?721 + 2?2 2?27?21 7 (12.22) 71 =0, ??2??21=0,??1=0? 2?1 =0? ?2? ?
=0,?7?77??2?21=?1,?2???1=0,71=0,?1=0,?7??="7,(12.23) The

103heat transfer coefficient at the wall can be computed by

? =77?7?7?? 12.2 Solution expressions

12Solving the resulting systems at zeroth and first orders

we can write ? = — (=27 cosh[?? | + sinh[?? ])4 2 1 + 2-322 (2 + ?)3 ? 4T (22 - 23 + 74) 32 (=27 cosh[?? |
+sinh[?2? )4 2 =222 2 (21 + 42 22 - 23 cosh[22? | + 74 — ?5) 8 (=1 + ?) (=22 cosh[?? | + sinh[?? ])2° " +
-27(? +?2)3 2 6 512 (=1 + ?) (22 cosh[?? | - sinh[?? ])5 x 3(26 — 1622 ?7 cosh[?? | + 78 + 29 — 210 "+ ?
11 = 212) 2 2= 22222227 (21 + 22 cosh[227] - 23) 8(=1 + ?)(=2? cosh[??] + sinh[2?])2 + 3 22 (2 + 2)3 ?

622227 * 512 (=1 + ?) (22 cosh[??] - sinh[??])5 x (=24 - 1627 (?5) cosh[?? ] + 26 - 27 + '8 - 79 - 210)
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? with ???, ??? and ??? agiven as follows: ?1 = (?? cosh[?? ] — sinh[?? )3 (=7 (? ? cosh[?? ] + sinh[??]) +
(?+7?)sinh[? ?])? 2?2?23 =24?3?272727272-2?21-26?72+12?2? 2?2 ?+12?4? ? ? ? cosh[?? ]? = 3?2?
? -1+ 7?2? ? ?j? cosh[3?? ] + sinh[?? | - 767 ? sinh¢[?? ] —12727] ? ?2 ? 2 sinh¢[?? ]? ?4 = 1274?7727
2 sinh[?? ] +1272? ? ? ? sinh[?? ] + 12?4? ? ? ? sinh[?? ] 167?37 ? ? ? sinh[2?? ] — ?2? ? sinh[3?? ]+ ?
4?7 ? sinh[3?? ] +2?3? ? ? ?sinh[4?7]? 2 = Pr 2?7 x 2?27?27 21 = 27 4+?+73?4 -2 142274 ?72+2727?2 1+72
(7=7)(?247)? 2 2 = 24?72 1+22¢(?—i?)(?+?)¢? i ¢ ? 3 =72 1+7j2 +27¢ 4+2+772 27247 8+7 3+72 14272
2?2 - -7 7?4 =(?j+?)2 1¢+?2 jcosh[2??]+4¢?? 2?+{?(2+?{)-?2 sjinh[2?7?]? ¢¢¢ ? 5 = 16?(?+{?)?cos
¢h[?2?](?(?-?)+isinh[??])+16(?+¢?)sinh[??](?(?-7?) + sinh[? ?])? ?6 = —-288?77-967373+28877+9672?3?77
?7 = -16+4872?2+1273 ?72+2?74 +?(-5+372 —3+472-472 +2474 ?2-72 )-? 5+24?{472+3?2¢3+4727? | ¢ ?
8 = (2567 1¢+372{?2 (? ?)cosh[2?7?]] 288¢?¢?cosh[3?7] 33???cosh[3?7?] — — — =3372{? cosh[3??¢] + 277
?? 3 cosh[3?7]? 7?9 = 277?27 3 cosh[3?? ] — 487 ?3? 3 cosh[3?? ] — 48747 3 cosh[3?7 ] - 48?7 73?5
cosh[3??]? 710 = 48747 5 cosh[3?7 ] + 487 ?? 3?2 cosh[3?7 ] + 48?27 3?72 cosh[377? ] + 487 ?? 572
cosh[3?7? ] + 48?27 572 cosh[3?? ] + 32?7 cosh[4?7? ] + 96?37 3 cosh[4?7? ] -32? ? cosh[4?? | — 96727 37
cosh[4?7? ] + 32?7 ? cosh[5?? ] + 7? ?? cosh[5?? ]? ?11 = 7?27 cosh[5?7 ] + 3? ?? 3 cosh[577 ] + 3727 3
cosh[5?7? ] + 5?7 ?? cosh[? (? — 47?)] + 5727 cosh[? (? — 4?)] + 9? ?? 3 cosh[? (? - 4?)] + 9?27 3 cosh[? (?
- 47?)] - 32?7 cosh[? (2? — 3?)] - 20? ?? cosh[? (? — 2?)] - 20?27 cosh[? (? — 27)]? 712 =847 ?? 3
cosh[? (? - 2?)] — 84?27 3 cosh[? (? — 2?)] - 487 ? cosh[? (? - 27?)] (? + ?) — 487 3? cosh[? (? - 2?)] (? +
?) = 12?? cosh[? (3?7 —=2?)] ? + ? + ? 2 =3277? cosh[? (2?7 — ?)] + 1927 cosh[? (2?7 = ?)] 737 2 + ? + 7?27
2i?7?¢i¢?21=-82-22(4+?)-2?27?2(?+2?7)?22-2?2(?+72)2?24+2?211?22?7?2=221+22+274
+?+7?22-272+7?2(8+7??12)?2?23=7(+?21¢+? 2 jcosh[2? ?] - 4¢??2? +? (2+7?) - ?2sinh[2?? ] +
1i6? (? +¢ j?) ? cos¢h[?? ] (? (? ?) +isinh[? ?]) 16 (? +¢?) sinh [?? ] - = (? (? = ?) +sinh[? ?]) ? ?4 =
28877 - 96737 3 + 2887 7 + 96727 3?77 75 =-16 +4872? 2 +12?372+2?74+??213-25+247472 +
3?723+4727?76=25671+372?2(? - ?) cosh[2??¢ ] - 28877 cjosh[3?? ] — 33?7 cojsh[3??¢]¢ (? +?
i) +27?? co¢sh[3??]? 2?22+ 727272727 =48?7 cosh[3?? ]?14 + 32? cosh[4?? ] (?¢— ?) + 96727 2
cosh[4??](??-?7?)??8="2?cosh[5??]32+7?+7?+3??72+3??2+7??cosh[? (? -47)] 57 +57 +
9?7 ?j 2 +9?? 2 - 32?7 cosh[? (2¢? — 3?)]? ? 9 = {?? cosh[? (? — 27)]?15? ¢ ?10 = ?? cosh[? (3?7 - 27)]
12?7 + 12?7 + 12?7 22 + 12?7 2 = ?? cosh[? (2? - ?)] 32-1927272 192(j???) 192?27?2? ? - — ¢ 211 = {1+?(?
+27?)72+(?7+7?)2747? ?12¢=3+72 142 ?2-?2 ? 713 = -5+372 -3+472-472 +24?2 ?2-?2 7 | j ¢¢ ?14 = 2727
2+7i372+772?4¢+7374-27272¢-?7272-7?472 774727 - 715 =207 + 207 + 847 72 + 84?72 + 487 ? +
4877 + 48?7 ? 27 + 48?7 27?7 12.3

1Discussion The objective of this section is to analyze the plots for temperature,

concentration and heat transfer coefficient.

Hence Figs. 12.1-12.3 are given in order to achieve such objective. Here Figs. 12.1(a-g) are drawn for
temperature ?? Figs. 12.2(a-g) for concentration profile and Figs. 12.3(a-f) for the heat transfer coefficient
Z. Explicitly 3-D graphs are plotted to analyze the behavior fully in the domain of interest. Figs. 12.1
demonstrate

25that the dimensionless temperature increases with an increase in M, Br,

Du, Sr, Sc,

2Pr andr? It is also noted from Fig. 12.1a that

increase in temperature with respect to M is not much for small M. However the temperature increases
abruptly when M increases. Also with the increase in magnitude of applied magnetic field, the temperature
increases more due to Joule heating. In Fig. 12.1b it can be seen that

6there is a linear relationship between Br and ?? Similar observation holds for I

(see Fig. 12.1g). This depicts that rise in temperature is lesser for Newtonian fluid when compared with
non-Newtonian fluid. In Figs. 12.2 (a-g) it is observed that the dimensionless concentration decreases by
decreas- ing M, Br, Du, Sr, Sc, Pr and I'? It is found that decrease in temperature is not linear for M, linear
and large for Br and I' and smaller bit small for Du, Sr, Sc, Pr. Figs. 12.3(a-f) explicitly see the behavior of
heat transfer coefficient Z when values of different embedded parameters are altered. It is seen in all these
Figs. that Z has an oscillatory behavior. It is physically acceptable in view of peristalsis. The magnitude of
oscillations in Z increase most rapidly in case of I when compared with the other cases. Fig. 12.1 a Fig.
12.1 b Fig. 12.1 c Fig. 12.1 d Fig. 12.1 e Fig. 12.1 f Fig. 12.1 g Figs 12.1(a-g). Behavior of the
temperature with change in values of different parameters

94Fig. 12.2 a Fig. 12. 2 b Fig. 12.

94Fig. 12.2 e Fig. 12. 2 d Fig. 12.
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2 f Fig. 12.2 g Figs. 12.2(a-g). Development of concentration field with increase in values of parameters.
Fig. 12.3 a Fig. 12.3 b Fig. 12.3 c Fig. 12.3 d Fig. 12.3 e Fig. 12.3 f Figs. 12.3(a-f). Behavior of heat
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