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Abstract

Science and technology advancements have transformed a wide range of working contexts,
including manufacturing and healthcare. For processes to be accurate in relation to the
specifications, an assignable cause must be quickly and precisely found. The aim of the
study is to compare the EWMA control charts. Traditionallyy, EWMA charting method-
ology has been used to track processes with moderate to large shifts. We have modified
the EWMA methodology to develop the memory-type rate based EWMA control chart for
simultaneous monitoring of time and magnitude of an event. Specifically, the exponential
distribution is considered combining with the gamma distribution to develop the suggested
chart. In this comparison study, we have used existing Max-EWMA control chart with the
suggested chart to claim best performer in the charting scenario. Numerous Monte Carlo
simulations are used to access the performance of these charts utilising the ARL crite-
rion. In addition, the charting methodologies are scrutinised on real data sets. The results
show that the Max-EWMA control charts is more efficient in detecting simultaneous small
to medium-sized shifts with smaller smoothing parameter than the EWMA-Rate control
chart. However, the EWMA-Rate chart can detect larger shifts with larger smoothing

parameter more quickly. The real data sets have shown the fact precisely.
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Chapter 1
Introduction

The degree to which a set of characteristics satisfies standards is a way to define quality.
The nine fundamental quality attributes of statistical output that the European statistical
systems utilizes are: rationality and comparability, receptiveness and clarity, punctuality
and timeliness, relevance, correctness and reliability.

Statistical quality control (SQC) is a method for evaluating and maintaing the quality
of the goods in a wide range of manufacturing sectors, including food and pharmaceutical
industries. Generally, there are three foundations for SQC: descriptive statistics, accep-
tance sampling, and the statistical process control (SPC). The SPC can be used in almost
any process, despite the fact that it is typically associated with industrial applications.
Any action taken at work is a part of a process, that needs to be scrutinised. Instead cor-
recting issues after they have already happened places an emphasis on problem prevention
and early detection. Walter A. Shewhart is the father of statistical process control. She-
whart reached to the conclusion that while all processes exhibit some degree of variation,
some processes exhibit variations that are common to all processes known as “common”
variability and referred these processes as under control. Other processes show variations
that Shewhart referred to as not in-control and that may not present in the system known
as the “special” variability.

Three basic stages of activity are involved in the application of SPC: being aware of the
specification constraints and the process, removing certain (assignable) sources of variance
to ensure process stability. Control charts are used to monitor the ongoing manufacturing
process and help finding significant means as well as variation changes. There are several
quality control tools to be implemented and one of them is control charts, that are used to
track the information from measurements of variations at specific locations on the process
modeling.

The need to build a charting technique accounting for rates or proportional data derives
from the fact that many real-life and economics contexts involve such data. This thesis
intends to offer a method for monitoring time and magnitude. To achieve this, the proposed
charts are created using a modified version of the exponentially weighted moving average

(EWMA) methodology. The speed at which the out-of-control signal is measured, and



different shifts are introduced. This speed is known as the average run length (ARL),
which is most popular and commonly used metric for assessing the effectiveness of a control

chart.

1.1 Background

Traditional attribute control charts cannot be used in processes where the defect rate is
exceptionally low. The term “high quality process” refers to a procedure with an ex-
ceedingly low defect rate, such as when hazardous chemicals in a pharmaceutical that can
focus on saving your life are being closely examined. A time-between-events (TBE) control
chart is typically created to monitor the time interval in order to detect the presence of
an assignable reason in high quality processes. The frequency of events is crucial when
working with a production process. The magnitude of those occurrences also significantly
contributes to sustaining a stability of the process. Magnitude and frequency work together
to describe the quality of an event in a comprehensive way. There are numerous control
charts, such as cumulative sums (CUSUM), EWMA or Shewhart charts (such as X, T, R,
X&T) which can be used to track the amplitude of an event individually. A memory-type
control that considers the process history and is used to identify tiny shifts is the EWMA
control chart. The Max-EWMA control chart is modification of the EWMA chart that
are described in the literature. This chart is especially helpful for keeping track of two
different statistical information concurrently.

Wu et al. (2009b) demonstrated the rate chart which is the ratio of X and T, where
X (magnitude) follows gamma distribution having limits 0 to oo and T (time) follows
exponential distribution, having rate pararmeter A > 0. They used average time to signal
(ATS) to analyse the quality of a control chart which is equals to ARLy/Ag. Thus, it gives

quick alert when we have out-of-control process with large shifts.

1.2 Objectives of the Study

The major goal of the thesis is to provide a comprehensive study of monitoring the pro-

cesses. Specifically,

e To propose memory-type rate based (EWMA) control chart using gamma distribu-

tion and exponential distributions.
e To compare rate based EWMA and Max-EWMA control chart.

e To access the performance of control charts by using run length profiles including
average run length (ARL), standard deviation run length (SDRL) and quantiles (Q1,

@2, @3).



The remaining thesis is arranged in the following manner: Literature review is dis-
cussed in Chapter 2. The EWMA chart for time and magnitude using exponential and
gamma, distributions is disussed in Chapter 3. Chapter 4 contains conclusion and future

recommendations.



Chapter 2
Literature Review

SQC which uses statistical techniques to monitor a product’s or service’s quality. To
decide whether to accept or reject a set of parts or products depending on the quality of
a sample, one technique, called the acceptance sampling is utilised. To decide whether
a process should be continued or changed in order to attain the target quality, a second
approach known as the statistical process control (SPC) makes use of visual displays called
control charts.

The term SPC refers to the application of statistical methods to regulate a process or
manufacturing method. You may praeposter the process behavior, identify the problems
with internal structures, and resolve the problems associated to productions with the use
of SPC tools and methods. The control charts, established by Shewhart (1931), are widely
used in industries. A control chart makes it easier to keep track of data and identifies
when an unusual occurrence, such as a very high or low observation compared to standard
process performance, has occurred.

Control charts make an effort to discern between two categories of process variation.
A common cause variation is a part of any process and will always exist. The process is
out of statistical control when there is special cause variation (Montgomery, 2020), which
results from outside influences. The presence of an out-of-control event can be detected
using a variety of techniques. But when more tests are used, the likelihood of a false alert
also arises.

There are two types of control charts. The memory-type control charts and memory-
less control charts. The two memory-type control charts that most frequently employed in
the literature are, EWMA control charts which indigenously presented by Roberts (1959)
and CUSUM control charts which is initiated by Page (1954). To quickly alert the user if
the process is even slightly off-target, these control methods not only use the most recent
observation but also gather data from the past. Due to this hallmark, these charts are able
to identify subtle and moderate shifts. Concurrently, they are used to invigilate the process
mean and standard deviation. Discoursing the control charts, the CUSUM chart, which
is used to track the process location, is available in two versions: Tabular CUSUM and
V-Mask CUSUM proposed by Barnard (1959) and further modification done on respective



chart by Edwards (1980). Appraise for both procedures are, piling up the deviations up
and down from target value and normalization of deviations from the mean, respectively.
To further improve the effectiveness of these charts, numerous adjustments have been pro-
posed. While EWMA uses both the past and present information, similar to the CUSUM
system, the weights assigned to the data decrease exponentially as observations become
older.

The Shewhart-type control charts mainly are memory-less control charts, are mostly
used to spot significant alterations. A Shewhart control chart has the drawback of basing
its conclusion solely on the current sample, which ignores the past data and leads to a poor
performance for minor process perturbations. Shewhart control charts includes mean (X)
for location process, standard deviation (S) and variance (S?) for disperse process, range
(R), T chart, X chart , Rate (X/T') chart and so on.

The run rules schemes are utilised to improve the performance of Shewhart control
charts in terms of ARL, (in-control) and ARL; (out-of-control). However, Steiner (1999)
apportioned a comprehensive study on the performance of the ARL of the EWMA control
chart with such time-varyig limits applied to mean. Later on, the author noticed that
when weights are very small in EWMA, then it would be more sensitive for early shifts
of mean. Then, an fast initial response (FIR) methodology has been introduced which
narrowed the control chart for first twenty observations by fixing standard deviation, the
parameter of normal distribution, to get better detection of shift for location parameter.
Many scholars have experimented with the notion of combining various sensitising rules
and runs rules systems with the Shewhart-type control charts to improve the executiom of
control charts, e.g, Klein (2000), Khoo (2003), Koutras et al. (2007), and Antzoulakos and
Rakitzis (2008). For Shewhart-type control charts, the authors proposed various run-rules
schemes: including r out of m and modified r out of m. These running rules schemes
perform better than the typical Shewhart-type control charts. These techniques had been
done due to insensitivity of Shewhart control charts for pointing small average process
shifts.

Abbas et al. (2013b) proposed a mixed EWMA-CUSUM control chart to assess the
ARL and detect a shift in the process mean, its coequal named CS-EWMA by Abbas
et al. (2013a), due to the fact that its plotting statistic is based on an accumulation of
the EWMA. The proposed control chart was compared to a few representative control
charts, such as the weighted CUSUM designated by Yashchin (1989), the runs rules-based
CUSUM and EWMA by Khoo (2003), the fast initial response CUSUM given by Lucas and
Crosier (2000), the fast initial response EWMA by Steiner (1999), the adaptive CUSUM
with EWMA-based shift estimator recently proposed by Jiang et al. (2008) claimed that
ACUSUM could offer a satisfactory detection throughout a multitude of mean shift sizes.
The proposed method’s effectiveness is evaluated in comparison to other control charts of
the CUSUM- and EWMA-type, which are designed to monitor slight and moderate process

changes. In contrast to the other schemes, comparisons showed that the proposed system



is quite effective at identifying the small variations in the process.

Xie (1999) proposed several interesting single EWMA control chats. The Max-EWMA
control chart is the phenomenal contribution which plays enormous role for monitoring
the changes in mean and dispersion process. As a rule, Chen et al. (2001) recommended
combining the plotting data from the two EWMA control charts—one to identify changes
in the process mean and the other to respond to changes in the process dispersion to
create Max-EWMA control chart. Sanusi et al. (2020) studied Max-EWMA chart using the
maximum of the absolute values of two EWMA statistics - one for controlling the magnitude
and the other for the frequency of an event. In addition, the magnitude is assumed to follow
a gamma distribution while the frequency is assumed to follow an exponential distribution.
The Max-EWMA statistic is initially a non-negative quantity hence it requires only upper
control limit (UCL). Sheu et al. (2012) proposed an extended maximum generally weighted
moving average (Max-GWMA) control chart to detect both increases and decreases in the
process mean and/or variability of a process. There are numerous instances in the field
where data are provided on various correlating auxiliary criteria in addition to the quality
feature itself. For better understanding of several techniques, see Santos-Ferndndez (2012).

All the performances of proposed tecchniques based on run-lenth-profile (RLP) beacuse
it provides a straight way for comparison. A control chart’s performance is typically as-
sessed in terms of its run length characteristics, specifically its ARL and standard deviation
run length (SDRL). The in-control ARL ought to be substantial when the process is in
an in-control state to prevent numerous false alarms. When the process is out-of-control,
it must be small enough to quickly identify any changes to the process mean and/or pro-
cess dispersion. Additionally, a control chart will perform better with smaller SDRL. Haq
(2017) studied the AIB-Max-EWMA chart, a new Max-EWMA chart that uses auxiliary
data on a single correlated auxiliary variable to simultaneously monitor both the mean
and dispersion of a normally distributed process. The RLP of the proposed control chart,
including the ARL and SDRL are calculated using Monte Carlo simulations. The author
demonstrated that the existing Max-EWMA chart is covered by the AIB-Max-EWMA
chart. Additionally, it turns out that the AIB-Max-EWMA chart is efficient as the Max-
EWMA chart.

Chen et al. (2008) revealed that SPC technique used in many areas. The collected data
from an events (positive and negative) can be continually monitored by a SPC system,
which can then determine if the situation is under or out-of-control and whether any urgent
and strengthened action needs to be taken. These monitoring events may involves time
interval T" between two consecutive occurances and the magnitude X of each occurance.

In high-quality processes with a low incidence rate, control charts based on the TBE
are widely employed. The TBE control charts, use the inter-arrival times between the
occurrences of events, which follow exponentially distributed (Gan, 1998), as opposed to
traditional Shewhart control charts for attributes namely; ¢ chart, v chart, p chart and np

chart which are used to monitor the number or proportion of nonconformities or defective



products.

The research of TBE control charts has drawn the attention of numerous academi-
cians. The observations distributed exponentially for CUSUM control charts, are easy to
implement and compare (Lucas, 1985). Gan (1998) suggested the EWMA control chart for
exponential data and estimated its ARL using differential equations and discovered that
it was marginally less sensitive than the exponential CUSUM chart. Borror et al. (2003)
investigated the exponential CUSUM chart’s resilience under the assumption that the TBE
observations following a Weibull or just a lognormal distribution, and they demonstrated
that it is extremely robust for both moderate and large shifts of parameters.

Aslam et al. (2017) proposed an efficient alternative control charting method using
the double moving average and EWMA statistic for the monitoring of exponentially dis-
tributed quality characteristics. Various combinations of the shift factors, the EWMA
smoothing values, the moving-average-spans, and the desired in-control average run du-
rations are investigated to see how efficiently the suggested control chart performs. The
authors claimed that, the proposed chart is more effective than the existing control chart.
Zhang et al. (2007) suggested a gamma distribution-based TBE control chart utilising the
“random-shifted” model as opposed to the more conventional “fixed-shift model”.

Wu et al. (2009a), Liu et al. (2009) and Qu et al. (2014) introduced different charts to
jointly monitor time and magnitude. Talib et al. (2022a) suggested a new Max-EWMA
chart for time and magnitude monitoring where these are assumed to follow an exponen-
tially modified Gaussian (EMG) distribution to handle the schedule time, positive and
negative magnitude shifts. The ARL, SDRL, and quantiles of the run length distribution
are used to assess the effectiveness of the chart. The proposed chart is best to monitor the
scale parameter of the EMG.

Ali et al. (2022) proposed a Max-EWMA control chart in order to monitor unit interval
time and magnitude together using simplex distribution for magnitude while beta distri-
bution for time. The same criteria utilized for checking up the perfomance by adopting
different shift sizes and smoothing parameters of the chart as by evaluating run-lenth-
profile. The Max-EWMA chart is effective in spotting small to moderate shifts.

By assuming a Weibull distribution, Talib et al. (2022b) proposed a new Max-EWMA
control chart which is efficient at identifying various sizes of small shifts. Using beta
and unit gamma distribution Akram et al. (2022) suggested Max-EWMA control chart
which can monitor an event’s time and amplitude simultaneously. They discovered that
the suggested chart is more effective at detecting small to medium-sized shifts and as
compared to a pure shift, simultaneous shifts can be detected rapidly.

Wu et al. (2009b) used the average time to signal, or steady-state ATS, to assess
how well a control chart function. When the shift happens at a random time point, the
process enters the steady-state mode and reaches its stationary distribution. Additionally,
it is believed that the magnitude X and the time period T are unrelated to one another.

Performance evaluations reveal that when compared to an isolated T and X chart, this



T&X chart is significantly more efficient and acts more consistently in a wide shift domain
(Wu et al., 2009a). Different parallel changes had been observed for X and 7" and this
proposed approach used a single rate chart to track a single statistic, R, which is the ratio
of X to T. Joint X&T chart could not instantly give indication about the changes in the
chart signals. Due to this drawback, a new Rate (X/T) chart has been used, which is one
of a Shewhart control chart based by utilizing ATS which is mainly equals to ARLg/\o.

This gives a quick alert when we have out-of-control process and large shift.



Chapter 3

Time and Magnitude Chart Using
Exponential and Gamma

Distributions

3.1 Introduction

In terms of statistics, the desired quality of a product is achieved by SQC. The SQC refers
to the use of currently available statistical techniques and methodologies to monitor the
degree of quality of a good or service. The control chart is a primary tool utilized in
SQC. A control chart is a graphical tool shows how the process is performing in relation
to the pre-defined specification. Additionally, the SQC can be divided into three different
categories: descriptives (data distribution and its features, such as mean, standard devia-
tion, range, etc.), acceptance sampling (method of accepting a substantial amount based
on the results of random sampling), and SPC. The SPC makes assumptions about the
regular functionality of process using the control chart methodology. The process is said
to be in-control (IC) if it works as expected or according to the pre-defined specifications,
otherwise it is out-of-control (OOC).

The Shewhart approach is the basic tool developed in SPC for process monitoring, in
which we maintain process monitoring decisions on the value of a statistic taken from the
most recent sample. This method works well with processes that have large shifts because
it disregards historical knowledge about the process. The main drawback of this scheme
is its lack of memory-based functionality when handling small shifts. The adoption of
memory-type control charts addresses this weakness. Among the most common examples
of these are CUSUM chart and EWMA chart.

High-quality processes, often known as processes with exceptionally low defect rates,
cannot be observed using traditional attribute control charts. A chart based on inter-
arrival time or TBE control chart is used for high-quality processes, like monitoring the

necessary amount of chemicals in a life saving treatment. The frequency of an event



and its long term effect on the process performance are both taken into account while
monitoring a manufacturing process. Therefore, it is necessary to simultaneously monitor
two parameters (magnitude and frequency). In addition to making the monitoring process
simpler, this will also increase its effectiveness and uniqueness.

The remaining chapter is structured as follows: Section 2 presents the basic concept of
the proposed (rate based) EWMA control chart as well as its charting process. Section
3 contains overview of Max-EWMA control chart. Out-of-control features are detailed in
Section 4 along with the ARL, SDRL and quantiles. Section 5 provides a real-life data set

application on charts and Section 6 provide conclusions.

3.2 Memory-type Rate Based EWMA Control Chart

In this research, we have modified a rate chart to propose an EWMA control chart (Roberts,
1959; Wu et al., 2009b). The plotting statsistic is made up of single EWMA statistic with

an event ratio R for simultaneous moitoring of magnitude (X) and frequency (T).

3.2.1 Design of a Chart using Gamma and Exponential Distri-

bution

e A random variable X follows gamma distribution with the shape parameter a>0 and

scale parameter b>0, i.e., X ~ Gamma(a,b) with the probability density function
(pdf)

1
f(x;a,b) = T )x(a_l)e(_x/b) , x>0, a,b>0 (3.1)
@ 1(a

where I'(a)=(a-1)! is called the gamma function.

The mean and variance of X are:

E(X)=ab and Var(X)=ab’ (3.2)

e A random variable T follows exponential distribution with rate parameter \>0, i.e.,
T ~ Exp(A) with pdf

fEA) =X >0, A>0 (3.3)

where the mean and variance of T are:

e The event ratio R:



e The EWMA statistic based on R is defined as:

Z; =0R; + (1 - Q)Z(i_l) (36)

where 0<f6< 1 is one of the two components of the EWMA control chart, and it is
known as the smoothing constant. The other one is the L, which is the constant
multiplier. The initial value of EWMA statistic is Zp=po=E(R). A small value of is
typically seen to be ideal for detecting small shifts, while a large number is assumed
to be suitable to detect significant shifts. Moreover, the proposed chart is considered
the upper control limit (UCL) due to the fact that the plotting statistic is to detect
the upward (UW) shifts. The UCL is determined by:

0
where the pg and o are the mean and variance of the event ratio R and the constant
multiplier L regulates the control limit’s width for IC process. If yy and o are not
known, we can substitute the sample mean and variance of R, which can be computed
from historical IC data. The transformed EWMA chart can detect the upward (UW)

shift in the X and/or T (and downward (DW) shift as well for a case).

3.2.2 Charting Procedure of a Chart

The construction of EWMA control chart for simultaneous monitoring of an event’s mag-

nitude and frequency is stated as:

e Generated 100000 R values and compute mean and variance of R, pp=mean(R) and
o=sd(R) and calculate UCL.

e Set Zy=po as the initial value, then select the appropriate ARLy value. To get
the required ARLg, choose an appropriate value for the smoothing parameter 6 as
well as the constant multiplier L. The value of the constant multiplier required to
generate the 370 and 500 values of standard ARLq. The performance also includes
the standard deviation of average run length along with different quantiles to access
the skewness of the run length (RL) distribution.

e Start monitoring the process by plotting the Z; assigning to the counter number 7.
The process referred to be IC if Z;<UCL, otherwise the process is notified as the
00C.

e Investigate the underlying reason(s) for each of the out-of-control points. If Z; goes
above UCL, the process will said to be OOC due to increase in event ratio R. We
will label the OOC point by “R*™ or in the context of time and magnitude of an

event we can label it “X7T7.
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3.3 Overview of Max-EWMA Control Chart

The research adopted the taditional Max-EWMA charting method (Xie, 1999; Chen et al.,
2001) for a comparative study of proposed chart. The maximum value of two independent
absolute EWMA statistics for simultaneous monitoring made the plotting statistic of the
Max-EWMA control chart. Plotting the maximum absolute values of TBE and magni-
tude enables joint monitoring of the event’s TBE (T) and magnitude (X). The chart can
determine whether a shift has taken place in T, X or X&T when an out-of-control (OOC)
signal is detected.

For TBE, it is assumed to follow exponential distribution with Ag as rate parameter,
T ~ Exp(Ag) and magnitude of an event follows gamma distribution where a is shape
and b is scale parameter, X ~ Gamma(a,b). Additionally, it is believed that both the
magnitude and the interval in time between two consecutive disruptions are independent.

The max-EWMA chart is created by defining two independent statistics

Xi — (ab)
U =2
vab?

Based on Uj; and V;, the EWMA statistics are expressed as
Yi=(1-w)Ysp+wl;, 0w<1,i=12,..

Zi=(1—w)Zs 1 +wVi, 0<w<l,i=12_.

Assuming the process begins at Yo=E(U;)=0 and Zo=E(V;)=0 with smoothing con-
stant w € (0,1] for quick detection of (large and small) shifts (Lucas and Saccucci, 1990)
and in-control process parameters are (ag,bg) and (Ag).

The maximum absolute of Y; and Z; values constitute the monitoring statistic for the
Max-EWMA control chart.

M; = maz{[Yil, |Zs[}

As the plotting statistic is a real and non-negative value. The Max-EWMA chart only has
the upper control limit (UCL). The UCL can be computed as

UCL = E(My) + Ly/V (M)

Here, the IC values for the mean and variance of the plotting statistic are E(IM;) and V(M;).
The constant multiplier M; and L regulates the width of the control limit. When E(M;)
and Var(M;) are not known, sample means and variance of M; derived from previous 1C
data might be used in their place. The Max-EWMA chart can detect UW and DW shifts

in magnitude and time simultaneously.
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3.3.1 Shifts in Parameters for both Charts

The shifts in the parameters of T and X are regarded as
A= 0, Ao and a=d,a¢ where J,, and 9, indicated that the shifts in parameter of T and
X, respectively. Regarding the occurrence of shifts, we have also taken into account two

cases.

3.3.2 Cases

e In the first case, we have considered shifts in the rate parameter of exponential
distribution (T ~ Exp(0.01)) along with the shift in first shape parameter of gamma
distribution (X ~ Gamma(4,1)).

e In the second case, we have considered shifts in the rate parameter of exponential
distribution (T ~ Exp(0.01)) along with the shift in first shape parameter of gamma
distribution (X ~ Gamma(7.5,1)).

e In the third case, we have considered shifts in the rate parameter of exponential
distribution (T ~ Exp(0.01)) along with the shift in second scale parameter of gamma
distribution (X ~ Gamma(1,1)).

e In the final case, we have considered shifts in all parameters, the rate parameter
(Ag) of exponential distribution (T ~ Exp(0.01)) along with the shifts in first shape

parameter (a) and scale parameter (b) of gamma distribution (X ~ Gamma(4,1)).

The process is in-control (IC) when d,, and J, are equal to one.

3.4 Out-of-Control Characteristics of the Chart

The most used criterion for assessing a control chart’s performance is the ARL. It is
measured as the average number of subgroups (samples) shown up until an OOC signal is
observed. The IC ARL (ARL,) and the OOC ARL (ARL;) are the two varieties of ARL
that are described in the literature. ARLj should ideally be as large as feasible to prevent
unwanted delays in the production line. On the other side, the control chart performs better
when the value of ARL; is lowest. In reality, comparison research shows that the chart with
a lower value of ARL; beat its rival. We must examine SDRL and run length quantiles.
As a result, a complete study of simultaneous monitoring of frequency and magnitude, the
ARL together with its SDRL and various quantiles of run length distribution are provided
in Tables 3.1 to Table 3.10 of case 1, Tables 3.11 to 3.20 corresponded to case 2, Tables
3.21 to 3.30 of case 3 and Tables 3.31 to 3.35 belongs to the final case 4. For example, for
case 1, simultaneous shifts in the shape parameter of the gamma distribution and the rate
parameter of the exponential distribution for both charts. For case 2, we considered the

same criterion as case 1 but changed the shape parameter of the gamma distribution. In
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case 3, we introduced shifting process in scale parameter of gamma distribution and rate
parameter of exponentail distribution and finally for case 4 the simulation study has done
by applying shifts in all three parameters. Furthermore, we assumed different shift sizes for
parameters 8, € (1.00,1.05,1.10,1.16,1.21,1.26), 6xz € (3.00,2.60,2.20,1.80,1.40,1.00) and 5,
€ (1.000,1.063,1.125,1.188,1.250,1.313). The shifts are considered in terms of percentage,
where the value 6=1.16 means there is 16% increase in the parameter value. §=2.20
means the parameter value is increased by 120%. The value =1 conforms no shift in the
parameter. However, the ARL value is fixed at approximately 370 and 500. The results
are accomplished using R software, (R version 4.2.0, 2022-04-22).
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3.4.1 Results and Discussion

Tables 3.1 to 3.20 illustrate the Max-EWMA and EWMA-Rate charts with smoothing
parameters w € (0.05,0.10,0.15,0.20,0.25) and 6 € (0.05,0.10,0.15,0.20,0.25) by taking the
various levels of shifts for shape parameter of magnitude (a) and rate parameter of time
(Ag). The parameters of in-control chart presumes for case 1, X ~ Gamma(4,1) and
T ~ Exp(0.01) for ARLy=370 and ARL(y=500. Several levels of upward and down-
ward shifts are taken for a and Ag, e.g., d, € (1.00,1.05,1.10,1.16,1.21,1.26) and d g €
(3.00,2.60,2.20,1.80,1.40,1.00). Additionally, §,=1.00 and J,,=1.00 presents no shift in
shape parameter of magnitude and rate parameter of time, whereas 6=1.16 indicates 16%
increase in the parameter value and 6=2.60 indicates 160% increase in the parameter value
and so on.

To ascertain various run length characteristic features, we do Monte Carlo simulations.
Given that the increasing UW and DW shifts result in a comparable degenerating pattern
of ARL, simultaneous shifts in the two parameters of X and T are encountered. For ex-
ample, in Table 3.1, we have simultaneous set of shifts for case 1, (0,0, )=(1.26,3.00) and
(1.05,1.00) for the EWMA-Rate and Max-EWMA chart, ARLy=370 and smoothing param-
eter 0.05 for both charts, the ARL (SDRL) reduced by 68.38% (67.70%) (for the EWMA-
Rate) and 94.78% (98.54%) (for the Max-EWMA) when 26% increase in shape parameter
of X and 200% increase in rate parameter of T and ARL (SDRL) increased by 11.16%
(5.47%) (for the EWMA-Rate) and reduced by 41.74% (45.52%) (for the Max-EWMA)
when 5% increase in shape parameter of X and no change in rate parameter of T, respec-
tively. In Table 3.2, we again have simultaneous set of shifts for case 1, (4,0, ,)=(1.26,3.00)
and (1.05,1.00) for the EWMA-Rate and Max-EWMA chart, ARLy=500 and alike smooth-
ing parameter 0.05, the ARL (SDRL) reduced by 76.40% (75.91%) (for the EWMA-Rate)
and 95.76% (98.80%) (for the Max-EWMA) when 26% increase in shape parameter of X
and 200% increase in rate parameter of T and ARL (SDRL) increased by 5.12% (4.15%)
(for the EWMA-Rate) and decreased by 45.03% (48.00%) (for the Max-EWMA) when 5%
increase in the shape parameter of X and no change in the rate parameter of T, respec-
tively. The results of case 1 with smoothing parameter 0.05 shows that the performance
of Max-EWMA chart is better than the EWMA-Rate because the shifts in the parameters
are detected more quickly. Table 3.3 under case 1, (d4,0x,)=(1.26,3.00) and (1.05,1.00) for
the EWMA-Rate and Max-EWMA chart, ARLy=370 and smoothing parameter 0.10 for
both charts, the ARL (SDRL) reduced by 79.80% (79.55%) (for the EWMA-Rate) and
91.98% (95.32%) (for the Max-EWMA) when 26% increase in the shape parameter of X
and 200% increase in rate parameter of T and ARL (SDRL) decreased by 5.14% (3.89%)
(for the EWMA-Rate) and 42.05% (36.55%) (for the Max-EWMA) when 5% increase in
shape parameter of X and no change in rate parameter of T, respectively. In Table 3.4, we
again have simultaneous set of shifts for case 1, (0,4,0x,)=(1.26,3.00) and (1.05,1.00) for the
EWMA-Rate and Max-EWMA chart, ARLy=500 and alike smoothing parameter 0.10, the
ARL (SDRL) reduced by 78.69% (78.53%) (for the EWMA-Rate) and 92.40% (94.83%)
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(for the Max-EWMA) when 26% increase in shape parameter of X and 200% increase in
rate parameter of T and ARL (SDRL) decreased by 5.00% (4.23%) (for the EWMA-Rate)
and decreased by 35.53% (37.17%) (for the Max-EWMA) when 5% increase in the shape
parameter of X and no change in the rate parameter of T, respectively. The results of
case 1 with smoothing parameter 0.10 shows that the performance of Max-EWMA chart
is better than the EWMA-Rate because the shifts in the parameters are detected more
quickly. Tables 3.5 and 3.6 for case 1, when w and € is equal to 0.15 noted for ARL for
both 370 and 500 nominals values, respectively. Same standards for evaluating shifts have
used, the reduction in ARL (SDRL) by 77.62% (77.62%), 76.88% (76.81%) and 86.47%
(88.28%), 87.82% (89.28%) for both EWMA-Rate and Max-EWMA charts for ARLy=370
and 500 respectively, for 26% and 200% UW shifts; and by 4.94% (4.39%), 4.97% (4.49%)
and 27.80% (28.73%), 27.59% (28.65%) for DW shifts. Tables 3.7 and 3.8 under case 1,
when w,0=0.20 and ARLy=370 taken into account, additional similar degenerating pattern
of ARL is observed for increasing UW and DW shifts, (6,,0,)= (1.00,3.00), (1.26,3.00)
and (1.05,1.00) for both charts. The ARL (SDRL) decreased by 68.89% (68.85%) when no
change in shape parameter of X and 200% increase in rate parameter of T for EWMA-Rate
chart, for Max-EWMA chart ARL strongly raised by 265.89% (264.41%); the reduction
in ARL (SDRL) by 76.42% (76.40%), 81.71% (83.21%) for 26% and 200% UW shifts and
4.78% (4.44%), 22.48% (23.2%) for DW shifts, respectively. The behavior of ARL can also
be viewed in the same way for case 1 of ARLy=500. Tables 3.9 and 3.10 can be interpreted
in similar manner.

It is worth noting that, when we have larger smoothing parameter with large shifts the
simulated results of Max-EWMA gives substantial results. But if the simultaneous shift is
larger, the EWMA-Rate will detect the shift sooner than the Max-EWMA chart.

From Tables 3.1 to 3.10, the quantiles inspection shows that in the most cases, the
ARL is greater than the median (@) but less than ()3 meaning that the run length (RL)
distribution is positively skewed. For example, when (6,,0),)=(1.26,3.00) and ARLq = 370
in case 1 of Table 3.1, the ARL for the EWMA-Rate chart is 116.99, the median is 80
and @3 is 162. Interestingly, in few cases the ARL is less (slightly) than the median
which means that the distribution is negatively skewed (slightly), for example, in Table
3.1 for ARLy=370, when (04,0»,)=(1.26,3.00) the ARL for Max-EWMA chart is 19.29,
the median or ()9=20 and ()3=23. Traditionally, the high reduction indicates the best
performance. The behavior of quantiles shows that in the most cases RL distribution tends
to be positively skewed otherwise slightly negatively skewed. Although the behavior of the
ARL does not always follow the conventional rule that smaller values of the smoothing
parameter are appropriate for smaller shifts and bigger values are appropriate for larger
shifts, for the majority of cases it does.

Tables 3.11 to 3.20 shows the analysis for case 2, The parameters of in-control chart pre-
sumes for case 2, X ~ Gamma(7.5,1) and T ~ Exp(0.01) for ARLy=370 and ARLy=500.
Table 3.11 showing the results for Max-EWMA and EWMA-Rate chart for ARLy=370.
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The simultaneous set of shifts for case 2, (64,05,)=(1.26,3.00) and (1.05,1.00) for the
EWMA-Rate and Max-EWMA chart, ARLy=370 and smoothing parameters 0.05, the
ARL (SDRL) reduced by 64.79% (63.98%) and 95.52% (98.54%) when 26% increase in
shape parameter of X and 200% increase in rate parameter of T and 12.89% (6.04%) and
52.62% (56.53%) when 5% increase in shape parameter of X and no change in rate param-
eter of T, respectively. Similarly, in Table 3.12 the ARLy=500, (d4,0x,)=(1.26,3.00) and
(1.05,1.00) the EWMA-Rate and Max-EWMA chart results reduced in 73.74% (73.16%)
and 96.41% (98.81%) when 26% increase in shape parameter of X and 200% increase in
rate parameter of T and 7.79% (5.66%) and 56.03% (59.34%) when 5% increase in shape
parameter of X and no change in rate parameter of T, respectively.

Table 3.13 shows the results for Max-EWMA and EWMA-Rate chart for ARLy=370.
The simultaneous set of shifts for case 2, (4,05,)=(1.26,3.00) and (1.05,1.00) for the
EWMA-Rate and Max-EWMA chart, ARLy=370 and smoothing parameters 0.10, the
ARL (SDRL) reduced by 79.47% (79.10%) and 94.60% (97.01%) when 26% increase in
shape parameter of X and 200% increase in rate parameter of T and 4.32% (3.27%) and
43.68% (45.71%)when 5% increase in shape parameter of X and no change in rate param-
eter of T, respectively. Table 3.14 for ARLy=500 can be elucidated in a same way. Table
3.15 shows the results for Max-EWMA and EWMA-Rate chart for ARLy=370. The simul-
taneous set of shifts for case 2, (0,4,0,,)=(1.26,3.00) and (1.05,1.00) for the EWMA-Rate
and Max-EWMA chart, ARLy=370 and smoothing parameters 0.15, the ARL (SDRL) re-
duced by 77.64% (77.49%) and 92.85% (94.61%) when 26% increase in shape parameter of
X and 200% increase in rate parameter of T and 5.01% (3.94%) and 34.90% (36.29% )when
5% increase in shape parameter of X and no change in rate parameter of T, respectively.
Table 3.16 for ARLy=500 can be expounded in a same way. Tables 3.17 to 3.20 illustrate
the ARL performance of EWMA-Rate and Max-EWMA using smoothing constant 0.20
and 0.25 for ARLy=370 and 500. When we have the simultaneous UW shifts in the param-
eter of time and no shift in magnitude in Max-EWMA chart, it is interesting to see that
the excessive increase in ARL (SDRL) for (d,,0,,)=(1.00,3.00) is by 379.45% (376.12%)
and 457.56% (456.71%) but at the same time when we have simultaneous increasing shifts
da,0x;)=(1.26,3.00) the ARL (SDRL) is reduced by 96.61% (92.07%) and 91.46% (92.63%).
Which indicates the Max-EWMA performs better as it gives smallest ARL value. Mean-
while, the EWMA-Rate chart performs standard in that particular scenario.

Tables 3.21 to 3.30 shows analysis for case 3 for EWMA-Rates and Max-EWMA, X
~ Gamma(1,1) and T ~ Exp(0.01) for ARLy=370 and 500. For this case, upward and
downward shifts are taken for b and A\g, e.g &, € (1.000,1.063,1.125,1.188,1.250,1.313) and
e € (3.00,2.60,2.40,2.20,1.80,1.40,1.00). The simultaneous shifts taken for both charts
for ARLy=370, (6, drp)=(1.250,1.40) and (1.125,1.00) for smoothing parameter 0.05, the
ARL (SDRL) reduced by 5.06% (4.34%) and 55.99% (65.83%) when 25% increase in scale
parameter of X and 40% increase in rate parameter of T and ARL (SDRL) reduced by
5.00% (4.39%) and increased by 44.46% (41.68%) when 12.5% increase in the scale pa-
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rameter of X and no change in the rate parameter of T, respectively. similarly for other
smoothing parameters. The simultaneous shifts in the parameters with small smoothing
constant are detected more quickly in the case of the Max-EWMA control chart. How-
ever, the EWMA-Rate control chart performs efficiently with large shifts and smoothing
parameters. It is absorbing to kmow that when we have large smoothing constants the
Max-EWMA and EWMA-Rate (> 0.15) gives beyond satisfying results which are repre-
sented with the **.

Tables 3.31 to 3.35 represents the case 4 for EWMA-Rate and Max-EWMA, X ~
Gamma(4,1) and T ~ Exp(0.01) for ARLy=370 and 500. For this case, upward and down-
ward shifts are taken for all three parameters a, b and Ag, e.g d, € (1.00,1.05,1.10,1.16,1.21,1.26),
8 € (1.000,1.063,1.125,1.188,1.250,1.313) and &yz € (3.00,2.60,2.40,2.20,1.80,1.40,1.00).
The simultaneous shifts taken for both charts for ARLy=370 with smoothing parameter
0.05, (0q, d, oxg)= (1.21, 1.250, 2.60) the ARL (SDRL) is reduced by 44.30% (43.10%) and
167.87% (63.93%) when 21% increase in shape parameter of X, 25% increase in scale param-
eter of X and 60% increase in rate parameter of T, respectively. Similarly for ARLy=500.
The simultaneous shifts taken for both charts for ARLy=370 with smoothing parameter
0.05, (a, 0, Oxg)= (1.21, 1.250, 2.60) the ARL (SDRL) is reduced by 62.95% (62.85%)
and highly increased by 2004.90% (1992.2%) (in the case of Max-EWMA control chart)
when 21% increase in shape parameter of X, 25% increase in scale parameter of X and 60%
increase in rate parameter of T, respectively. Similarly for ARLy=500 and other smoothing
parameters. In the case of applying shifts in all parameters with large smoothing constants
the EWMA-Rate control chart is highly preferred.
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3.5 Real Data Application

The suggested methodology is used on two real data set in this section. An electronic
corporation intends to track the sales of one of its key products, a silicon chip is taken from
Wu et al. (2009b). A customer’s purchase order is referred to as the positive occurrence
in this scenario. Here, X is the number of lots in an order, and T is the amount of
time (in working hours) among each two orders. The business possesses the t; and z;
for 50 orders, that were placed during a period when the product was ordinarily sold.
While T is fitted to the exponential distribution, the variable X is adapted to the gamma
distribution. R software is used to determine the parameters of both data sets using the
maximum likelihood criterion. A t; value of zero in the data set indicates that two orders

arrive almost simultaneously.

Table 3.36: Parametric estimates and goodness-of-fit statistics for sales and time between
successive orders

Distribution ML Estimates AIC BIC

Gamma shape | 3.134814 (0.596617) 159.6724 163.4962
scale | 0.296307 (0.283774)

Exponential rate 0.057142 (0.008078) 388.2201 390.1321

For the implementation of the both charting methodologies, following parameters were
considered:

w=0.05, UCL=12.39738, L=1.13 and ARLy=50 (for the Max-EWMA chart (a))

6=0.05, UCL=12.13593, L=0.03 and ARLy=50 (for the EWMA-Rate chart (b))

w=0.20, UCL=22.39483, L=1.13 and ARL;=50 (for the Max-EWMA chart (c))

6=0.20, UCL=12.00432, L=0.03 and ARLy=50 (for the EWMA-Rate chart (d))

Figure 3.1 is the representation of the combined Phase I and Phase II data, for the
Max-EWMA control chart and EWMA-Rate chart. Since there is no OOC signal in Phase
I data, Phase II data analysis reveals that the chart initiates the first OOC signal for
Max-EWMA chart at sample 28" and for EWMA-Rate chart at sample 29", This signal
is caused by a simultaneous change in the parameters. Furthermore, in (¢) we can see that
the OOC signal is triggered at sample point 27" with the larger smoothing constant and
shift and (d) triggered OOC point in Phase I. When a drop in sales like this one is seen, the
business could use its advertising strategy to boost interest in its goods. The management
team can also make timely decisions to bring innovation into the product so they can gain
an advantage over their rivals.

The labeling process of the charts followed the criteria in which the Max-EWMA the
out-of-control point arise when |Uj| exceeds UCL, |V;| exceeds UCL and iff both exceeds
UCL we labeled it by X, T and XT, respectively. In the above figure the OOC points in
Max-EWMA chart are because |Uj| exceeds UCL, so consider the label point X. In the
case of EWMA-Rate, the OOC point shall be due to simultaneous increase in X and T so
that we labeled it by R+.
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Rahali et al. (2021) noted the data set of a company for monitoring the bottleneck
machine from 08/01/12 to 27/12/18 (formated DD/MM/YY). All the breakdown dates (in
days) and the expected costs (X, in euros), which comprise all the expenses of repair and
restart (manpower, spare components), as well as the price of manufacturing disruption. It
is simple to determine the intervals between two successive breakdowns using these dates
(T; in days). The machine started working on August 1, 2012, and experienced its first
failure on October 3, 2012, or T} = 62 days later. Its anticipated cost to repair and restart
the unit is X; = 4890 euros. The authors mentioned that the data have a minor correlation
between TBE and X.

Table 3.37: Parametric estimates and goodness-of-fit statistics for cost and time between
two consecutive breakdowns

Distribution ML Estimates AIC BIC
Gamma shape | 18.685066 (1.7173829) 750.8357 754.4041

scale | 276.43027 (0.00030847)
Exponential rate 0.017288 (0.00259763) 447.0773 488.8615

For the implementation of the both charting methodologies, following parameters were
considered:

w=0.05, UCL=0.301284, L=1.13 and ARLy=50 (for the Max-EWMA chart (a))

0=0.05, UCL=92.188, L=0.03 and ARLy=50 (for the EWMA-Rate chart (b))

w=0.20, UCL=0.787847, L=1.13 and ARLy=50 (for the Max-EWMA chart (c))

0=0.20, UCL=93.13087, L=0.03 and ARLy=50 (for the EWMA-Rate chart (d))

Figure 3.2 is the representation of the combined Phase I and Phase II data, for the
Max-EWMA control chart and EWMA-Rate chart. Since there is no OOC signal in any
of the Phase I data, Phase II data analysis reveals that the chart initiates the first OOC
signal for Max-EWMA chart at sample 25" and for EWMA-Rate chart at sample 25",
This signal is caused by a simultaneous change in the parameters. Furthermore, in (c)
we can see that the OOC poin triggered at sample point 38" with the larger smoothing
constant and shift and (d) triggered OOC point in Phase II at sample 24" the grounds
of this action is special cause of variation that could be happened in any electronic or
sensitive production or manufacturing manners. The early detection can be helpful while
competiting with the other industries to perform better in a way and take necessary actions
on time for lessen waste.

These graphs show that the simultaneous shift is picked up faster than the pure shift.
For the real data sets the Max-EWMA chart shows its best performance as the OOC points
triggered frequently. Also the figures show that in the case of the EWMA-Rate for both
data sets it triggered the OOC point at first with carrying larger smoothing constant and
shift, respectively. So, we can easily conclude that in the sensitive industrial or corporated

scenarios Max-EWMA chart performs better, as it gives OOC point utimely.
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Figure 3.1: Max-EWMA and EWMA-Rate control charts for monitoring the electronic products
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Figure 3.2: Max-EWMA and EWMA-Rate control charts for monitoring the bottleneck machine



3.6 ARL Graphical Comparison

The graphical representation of whole simulation study is provided to observe the void be-
havior of both charts and their comparison. Figure 3.3 shows that the individual graphical
comparison of ARL which is done by the simulation method. In part a of Max-EWMA
control chart the shifts are introduced in shape parameter of magnitude distribution show-
ing smooth exponentially decreasing behavior whereas part b of EWMA-Rate exhibits the
less exponentially decreasing behavior. Furthermore part ¢ and d menifests the shifting
process in scale parameter of magnitude distribution, unexponentially decreasing behav-
ior has arisen because of small to moderate to large shifting scheme and the smoothing
parameters. Charting procedure can easily be observed to conclude that the larger the
smoothing constants the larger the unexponentially decreasing bahavior gotten in the case
of EWMA-rate chart. Similarly the part e and f. With small smoothing parameter Max-
EWMA control chart behaves efficiently on the other hand EWMA-Rate control chart
competence the large shifts with smoothing constants.

Figure 3.4 illustrates the combine structure of ARL for both charts. Pure shifts in shape
and scale parameter of gamma distribution and rate parameter of exponential distribution
with smoothing constant 0.20 and 0.10, respectively. When we have shifts in shape pa-
rameter with different smoothing constants Max-EWMA acquits effectively. However, the
EWMA-Rate charts acts the trend analysis, as it gives sustained behavior after a short

period of time.
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Figure 3.3: Distinctive graphical comparison of ARL of both charts using different smoothing
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3.7 Conclusion

Many industries, such as the business or industrial sectors, have been transformed by ma-
chines as a result of advances in science and technology. It is crucial to keep track of
how well these machines are performing. Several methods for monitoring processes have
already been discussed. These methods require diverse distributional forms, assumptions,
and ranges of data. Therefore, we have constructed a EWMA chart for simultaneous
monitoring the magnitude and TBE of an event under the assumption that TBE follows
exponential distribution and magnitude of the event follows gamma distribution. The
most widely used criterion, the ARL criterion, has been applied in order to access and
analyze the performance of charts. The outcomes show that the suggested chart performs
significantly well overall for small to medium-sized (and large) shifts (simultaneous) with
larger smoothing parameters (> 0.20). Importantly, the Max-EWMA control chart per-
forms better for small to medium-sized shifts. Finally the charting methodology is applied

to real data set.
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Chapter 4
Conclusion and Recommendations

The charting structures have been successfully applied in several real-world situations. We
always want to make sure that system performance is proceeding as planned from the
outcomes. Numerous control charts utilizing various distributions, but little attention is
devoted for monitoring rates and proportional data. To address this void, we designed a
memory-type control chart to track the timing and size of the events while taking distri-
butions with support ranging from 0 to co into account.

In order to simultaneously monitor TBE and magnitude, we compared a rate based EWMA
control chart with the Max-EWMA control chart. The effectiveness of the suggested chart
is assessed in terms of the ARL criterion based on the gamma and exponential distribu-
tions. Various quantiles are also produced to examine the skewness of RL distribution. To
understand the behaviour of the control charts, we considered various shift sizes (including
upward and downward shifts) and smoothing parameters. The Max-EWMA control chart
is capable of accurately detecting small to moderate both upward downward shifts.

Real data sets used for analysing the performances of the charts. Which shows when
data has minor correlation between TBE and X it slightly perform better. The performace
of suggested rate based EWMA control chart is best performer only when we have larger
smoothing parameter and shifts than the Max-EWMA control chart in the real data cases.
The Max-EWMA control chart brings out the best results in all the manners. Due to its
precisely and anticipatively detecting the OOC points with small to moderate shift sizes
and smoothing parameter.

According to the simulation results and the fact that the ARL values fall between the
median and 3"¢ quantile, the run length distribution is positively skewed. This suggests
that the majority of the ARL values are clustered on the lower side of the distribution of
the run lengths.

In addition to being effective at detecting an OOC signal, the Max-EWMA chart is also
easier to use. There are a lot of open sides for enhancing the resreach, other distributions
can be applied to the different charts and examinig the comparative performances. Rate

based CUSUM chart with the excel combination of distributions can be done subsequently.
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