
Study of Optical Properties of

Noninteger Dimensional Nonlinear

Medium

Adil Qayyum Bhatti

Department of Electronics

Quaid-i-Azam University, Islamabad, Pakistan.

A Thesis Submitted in Partial Fulfillment of the Requirements

for the Degree of

Doctor of Philosophy

in

Electronics

Feb. 2023

ThesisFigs//QauLogo.eps
mailto:adilqayyum@yahoo.com
http://http://www.qau.edu.pk/betaqau/ele/index.php
http://www.qau.edu.pk


QUAIO-I-AZAM UNIVERSITY 
Department of Electronics 

Author's Declaration 

I, Mr. Adil Qayvum Bhatti hereby state that my PhD thesis ti tled 

"Study of Optical Properties of Nonintcger Dimensional Nonlinear 

Medium" is my own work and has not been submitted previously 

by me for taking degree from Department of Electronics, Quaid

i-Azam University Or anywhere else in the country/world . 

At any time jf my statement is found to be incorrect even after my 

graduation, the university has the right to withdraw my PhD 

degree. 



QUAIO-I-AZAM UNIVERSITY 
Department of Electronics 

Plagiarism Undertaking 

I solemnly declare that research work presented in the thesis titled, "Study of Optical 

Properties of Noninteger Dimensional Nonlinea r Medium" is so lely my research 

work with no significant contribution from any other person. Small 

contribution/help wherever taken has been duly acknowledged and that complete 

thesis has been written by me. 

I understand the zero-tolerance policy of the HEC and Quaid-i-Azam University 

towards plagiarism. Therefore, I as an Author of the above titled thesis, declare that 

no portion of my thesis has been plagiarized and any material used as reference is 

properly referred/cited. 

I undertake that if I am found guilty of any formal plagiarism in the above titled 

thesis even after award of PhD degree, the University reserves the rights to 

withdraw/revoke my PhD degree and that HEC and the University has the right to 

publish my name on the HEC/University Website on which names of students are 

placed who submitted plagiarized thesis. 

Student/Author S ignature~ 
Name: Adit Qavvum B atti 



Certificate 

T his is to cCl'tify that Mr. Adil OllYVUm Bhatti, ])h.D. schohu' h:ls incorpol'utcd all 

tyllogrUI)hical cOfl'cctions and suggest ions as required by externals in the thesis. 

The title of the thesis is as under: -

"Studv of Ol)tica) Properties of Nonintcgcr Dimensional Non linear Medium" 

r 
~f\ev"~3U-----

Prof. Dr. Manzoor Ikram 

(External Examiner-I) 

Director 

Na tional Institut e of Lasers and Olltronics (N I LO I') 

Nilon, 45650, Islamabad. 

Dr. MU~ Abbas 

(Supervisor) 

Controller of Examination 

(Extcrlml EX:lmiucr-2) 

Director CU I, COMSATS University 

Attock. 

Prof. Dr. aisa~a vi 

( ulirm311) 



QUAID-I-AZAM UNIVERSITY 
Department of Electronics 

Certificate of Approval 

This is \0 cCliify that the research work presented in this thes is, entit led "Stud y of 

Optica l Properties of Nonilltcgcr Dimcnsiomll Nonlinea r M edium" was cond ucted 

by Mr. Adil Qayyum Bhatti lmder the supervision of Dr. Mus~lrat Abb:ts. No part of 

th is thesis has been subm itted anywhere e lse for any other degree. This thes is is 

submitted to the DCpllrtrncnt of Electronics, Q uaid- i-Az:ml Uuivcrs itv in partial 

fu lfilment of the requirements fo r the degree of Doctor of Philosophy in Field of 

Elect" onics, Department of Electronics, Quaid- i-Azam University. ~ 

Student Name: MI', Adil Oavvum Bh :ltti Signature: ':;~f4~qH-

EXllminatioll Committee: 

A. Prof. Dr. Manzoor Ikram 
Director 
National lnslitute of Lasers and Optronics (NILOP) 
Nilo re, 45650, Islamabad. 

B. Prof. Dr. Muhammad Junaid Mughal 

Director CU I, COMSATS Uni versity 

Attock. 

C. Dr. Musarat Abbas 

Assoc iate Professor 

Department of Electronics 

Q uaid-i -Azam Un iversity, Islamabad 

D. Prof. Dr. Qaisar A. Naqvi 

Chairman 

Department of Electronics 

Quaid-i-Azam University, Islamabad 

Supervisor Name: DI'. Musnnlt Abbas 

Name ofChainnan: Prof. Dr. Oaisar A. Naqvi 

(' 
,< A ""'0<.1,...-

Signature: _-,-,"W"',,-_ . "'d--!'--

S i gnature~ 
~ 

Signature: __ ~-+;-/-/'-_ 

Signature: - --f/-!-;H'7'/--

Signature: --V..J~I'---- _ 

Signature: ---fH-I'1=-



Quaid-I-Azam University 
Department of Electronics 

Na me of Ca ndida Ie : Mr. Adi l Qayyum Bhatti 

Title of Thesis: "Study of Optica l P.-opcl'tics of Non intcgcr Dim ens ional 

Nonlinear Medium" 

N3 n1C of Superv iso r: Dr. Mu sa ral Abbas 

D:ll c of Via -voce Exa min :ltion: October 20, 2023 

The candidate has successfull y defended his/her thesis. The can didate is recommended fOl' the 
award of Ph.D. Degree. 

External Exam iners 

1. Prof. Dr. Manzoo r Ikram 

Director 

National Institute of Lasers and Optronics (N ILOP) 

Nilore, 45650, Is lamabad 

2. Prof. Dr. Muhammad Junaid Mughal 

Oi rector CU I, 
COMSATS University 

Attock. 

Su pcrvisor 

3. Dr. M usarat Abbas 

Assoc iate Professor 
Department of Electronics 

Quaid-i-Azam University, Islamabad 

Controller of EXllln ination 

r: 
~U...-

S i gnat u rc: _-'----------'cj'----'--_+--+ 

~ 
Signatu re~ 

Signature: _~--,~,,-V_· __ 

(Prof. . Qaisar A. Naqvi) 
C haimlllll 



Verily, in the creation of the heavens and the earth, and in

the alternation of the night and the day, and in the ships

(and vessels) which sail through the ocean carrying cargo

profitable for the people, and in the (rain) water which

Allah pours down from the sky, reviving therewith the

earth to life after its death, and (the earth) in which He has

scattered animals of all kinds, and in the changing wind

directions, and in the clouds (that trail) between the sky

and the earth, duty-bound certainly, (in these) are (many)

signs for those who put their reason to work.

(Al-Baqarah : 164)
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Abstract

Study of the optical characteristics of materials, objects and geome-

tries has wider role and applications in science and engineering.

Reflection and transmission coefficients are used to study the opti-

cal properties of planar geometries and usually S and P-polarized

electromagnetic waves are used. Primary aim of the presented work

is to study the reflection and transmission of second harmonic gen-

eration in non-integer dimensional environment. Three types of

planar interface geometries are considered one by one in order of

increasing complexity. First is nonlinear dielectric magnetic–linear

dielectric magnetic noninteger dimensional (NID) planar interface.

The second one, linear dielectric magnetic–nonlinear dielectric mag-

netic NID planar interface and the last is linear dielectric magnetic

NID–nonlinear dielectric magnetic NID planar interface. Special

cases are also produced taking negative values of the permittivity

and/or permeability. Nonlinear materials considered in the study

are of second harmonic generation type, hence only second order

reflection and transmission characteristics are noted and analyzed.

Slowly varying amplitude approximation is used to obtain the so-

lution of the nonlinear wave equation. Furthermore, all the NID

materials taken in this study have noninteger dimension in only

one direction which is normal to the planar interface.

Impact of the presence and absence of non-linearity and/or NID

on the behavior of the coefficients is noted. It is noticed that im-

pact of non-linearity on the coefficients is dependent on how the

NID environment is used in a particular geometry. For instance,

in case of a linear ordinary–nonlinear NID interface, S-polarized

coefficients increases with increase of the non-linearity. Whereas,



anti-reflection property is achieved for S-polarization excitation for

linear NID–nonlinear NID medium interface. On the other hand,

for linear ordinary–nonlinear NID interface, amplitude of the P-

polarized transmission (reflection) coefficient increases (decreases)

as the value of nonlinear permittivity increases. For both excita-

tion polarizations, amplitude of the coefficients increases by taking

smaller values of the noninteger dimension in all cases. It is also

studied that dimension of the NID medium, nonlinear permittivity

and nonlinear permeability are used to control the behavior of the

coefficients.
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Chapter 1

Introduction

1.1 Linear optics

Primary aim of the presented thesis is to investigate the impact of the non-

linearity and noninteger dimensions on the behavior of the second order re-

flection and transmission for a dielectric magnetic–dielectric magnetic (DM–

DM) interface. Non-linearity and noninterger dimensions are considered in

one and/or both half spaces in this regard. To develop the foundation for the

nonlinear optics, initially wave equation and the poynting vector for a linear

medium are discussed. This initial discussion helps the reader to understand

the linkage between the linear and nonlinear optics. Moreover, the poynting

vector discussion also elaborate how the electromagnetic energy is related in

linear and nonlinear materials.

The Maxwell’s equation to derive the solutions of the wave equation for a lin-

ear medium are,

∇ · D = ρ (1.1a)

∇ · B = 0 (1.1b)

∇× E = −∂B

∂t
(1.1c)

∇× H = J +
∂D

∂t
(1.1d)
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In the above equations, the four vector quantities which are also known as

electromagnetic fields, are: the electric flux density D (C/m2); the electric field

strength E (V/m); the magnetic flux density B (Wb/m2) and the magnetic field

strength H (A/m). Where, J (A/m2) and ρ (C/m3) are the current density

and the electric charge density, respectively. Both these quantities represent

the sources of the electromagnetic fields. The Maxwell’s equation Eq.(1.1a)

corresponds to the differential Gauss’s law. Integral of this equation,

∮

s
D.dS =

∮

v
ρ.dV,

states that the net electric flux over a volume V bounded by a surface S is equal

to the total charges enclosed by that surface. The Eq.(1.1b), is the magnetic

analogue of Eq.(1.1a). Integral of this equation,

∮

S
B.dS = 0,

states that magnetic monopoles do not exist.

The Eq.(1.1c), is “Faraday’s law of induction”. Integral of this equation,

∫

s
(∇× E).dS =

∮

C
E.dl = −

∫

S

∂B

∂t
.dS,

states that the electromotive force (
∮

C E.dl) induced in a loop is equal to the

time rate of change of the magnetic flux passing through the area of the loop.

The negative sign on the right hand side is due to the Lenz’s law which stats

that the induced emf always opposes the magnetic field’s variation.

Eq.(1.1d), is the Ampere’s law. Integral of this equation,

∮

c
H.dl =

∫

S

∂D

∂t
.dS +

∫

S
J.dS, (1.2)

states that the line integral of the magnetic field around a closed loop is equal

to the net current passing through the surface of the loop.

Constitutive relations of a material define how the flux and fields are related

to each other. For an isotropic and homogeneous medium, the constitutive
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relations are defined as,

D = ǫE + Po (1.3a)

B = µH, (1.3b)

where ǫ, µ and Po are the relative permittivity, permeability and polarization

of the medium, respectively. Permittivity (also known as dielectric constant)

determines the ability of a medium to store the electric energy. Similarly, per-

meability defines the formation of the magnetic field lines (magnetization) in

a material. Materials permittivity is related to capacitance while permeability

relates to the inductance. It is important to note that mathematical modeling

discussed in later chapters, contain two parts of the permittivity: linear and

nonlinear. Linear part corresponds to the permittivity observed at fundamen-

tal frequency whereas, nonlinear part corresponds to the permittivity observed

at second harmonic frequency. Hence, all the wave vectors related to the inci-

dent electromagnetic waves contain the linear part whereas, the wave vectors

of the second harmonic reflected and transmitted fields contain nonlinear part

of the permittivity.

Polarization of the medium determine its optical properties. Generally, polar-

ization is expressed in the form of power series,

Po = P(1) + P(2) + P(3) . . . (1.4)

This series is expressed for time harmonic polarization of the form e−jωt, which

is suppressed throughout this thesis for simplicity. In Eq.(1.4), superscripts (.)

represent the order of the polarization, written below as [1],

P(1)(t) = ǫoχ(1)E(t)

P(i)(t) = ǫoχ(i)Ei(t), i = 2, 3, · · · (1.5)

It is worth mentioning that first order susceptibility (χ(1)) is related to the lin-

ear optics whereas the higher order susceptibilities are related to the NL optical

effects. First order susceptibility is also known as linear susceptibility, which
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is of the order of unity. In the presented study NL mediums with only second

order susceptibility (χ(2)), are taken into account. Therefor in mathematical

modeling, only second order polarization (P(2)) is used and is written as ‘P’

for simplicity. It is important to note that if transmitted wave is propagating

in a nonlinear medium then P(2) = ǫoχ(2)T2E2
o , where, Eo and is the amplitude

of the excitation electromagnetic wave and T is used to represent the transmis-

sion coefficient. This expression shows that induced nonlinear polarization

will behave as a source for electromagnetic waves.

1.1.1 Linear wave equation

This section is devoted for the general solution of the wave equation for the

linear medium. Curl of Eq.(1.1c) is given as,

∇×∇× E = −∇× ∂B

∂t
= −µ

∂

∂t
(∇× H) (1.6)

Using Eq.(1.1d) and applying the vector identity,

∇×∇× A = ∇(∇.A)−∇2A, (1.7)

Eq.(1.6) becomes,

∇2E = −µǫ
∂2E

∂t2
(1.8)

Eq.(1.8), is the general wave equation of electric field for linear medium. Simi-

larly wave equation for the magnetic field is,

∇2H = µǫ
∂2H

∂t2
(1.9)

1.1.2 Poynting’s theorem

It is well established that electromagnetic wave propagation is transverse in

nature, i.e; electric and magnetic both fields are transverse to the direction of

propagation. To calculate the net power, the general form of the electric and
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the magnetic fields associated with a wave propagating in the z direction is,

E = Ex + Ey + Ez

H = Hz + Hz + Hz

Substituting above equations in Eq.(1.1a), and using the definitions of the con-

stitutive relations for a linear source free medium (J = ρ = 0), one can find

that, Ez = Hz = 0, i.e; there is no component of electric and the magnetic field

parallel to the direction of propagation. Moreover, it is interesting to note that

E × H has a units of W/m2, i.e; power per unit area. This product is known as

poynting vector. The average incident (Si), reflected (Sr) and transmitted (St)

powers for an electromagnetic wave propagating in the z-direction, derived by

Balanis [2] are written below as,

Si =
âz|Eo|2

2η1
(1.11a)

Sr = −âz|R|2Si (1.11b)

St =
âz|T|2E2

o

2η2
(1.11c)

Fluck and Günter [3] originally developed the theory of nonlinear cascade

crystals. This theory is applicable under the assumption that fundamental

beam’s depletion is negligible. This means that the phase and magnitude of

the fundamental beam do not change due to the nonlinear interactions. It is

also established that the power of the second harmonic wave (Pωs) is related

to the power of the fundamental wave (Pωi
) by the following relation [4],

Pωs = Pωi
tan h2

√

ςPωi
, (1.12)

It is important to note that this relation is not valid for strictly focused beams.

Moreover, this relation does not take into account the thermal effects. The
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expression of nonlinear conversion efficiency ‘(ς)’ has been derived in [5],

ς =
Pωs

Pωi

∝ ωs
i d2L2 sin2(△kL

2 )

(△kL
2 )2

Pωi

Eo

Above expression is derived for a nonlinear crystal having length “L”, nonlin-

ear coefficient “d”, and the amplitude of the incident electromagnetic field is

Eo. Moreover, it has also been established that the nonlinear conversion effi-

ciency is << 1 [4].

Results presented in this study converges to the simpler cases ([1, 6]) by taking

integer dimension and positive values of the permittivity and permeability.

Moreover, in the next chapters, sum of the reflected and transmitted powers

(Pr + Pt) are plotted by using, Eq.(1.11) and Eq.(1.12) for the verification of the

analytical results. It is important to note the only powers carried by the second

harmonic reflected and transmitted waves are plotted.

1.2 Nonlinear optics

1.2.1 Second harmonic generation

Optical frequency conversion (also known as harmonic generation) is an im-

portant topic in nonlinear (NL) optics, since past decade. This field describes

how the light–matter interaction changes, when the material’s polarization

(Eq.(1.4)), responds non-linearly to the excitation laser beam. Nonlinear optical

(NLO) theory remained unexplored until Frank et al. [7] reported an experi-

mental study in 1961. A red light ruby laser beam (694.2 nm) and a quartz crys-

tal, was used in this experiment to generate an UV wavelength signal (347.1

nm) [8]. This discovery was given the name “second harmonic generation”

(SHG), because a twice frequency signal was generated corresponding to a

fundamental frequency. After the discover of SHG, Bass et al. [9] discovered

the optical rectification in 1962, by using an induced quasi static polarization.

The discovery of SHG also paved the way for the discoveries of the higher

harmonics, for example; in 1967, New and Ward reported the observation of
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the third harmonic generation in gases [10] and in 1976, Reintjes et al. experi-

mentally demonstrated the fifth harmonic generation [11]. After the Franken’s

discovery, NL materials has been studied and prepared widely due to their

frequency and phase shifting properties [12, 13], as well. Among these ma-

terials organic materials were especially synthesized for different applications

including: optical switching, information storage, telecommunication, signal

processing and photonics [14–20], due to their fast response timing, structural

flexibility and ease of manufacturing.

Now a days, there are two primary aims of the SHG generation, one is the effi-

cient conversion of a fundamental frequency (ωi) signal to twice harmonic (ωs)

frequency. Whereas, the other is related to the production of such wavelength

sources which are difficult to achieve by using ordinary lasers [21]. However

some physical constraints were reported in the experimental studies. First is

related to the operating wavelength and the second is to achieving perfect

phase matching across the interface. Phase matching condition is required

to constructively accumulate the NL energy at the microscopic region. Tra-

ditionally, this was achieved by enhancing the source intensity and the device

size. Hence different devices and theoretical approaches have been reported

to achieve the target, and still the researchers are trying to overcome the phase

matching requirement and improvement in the device size [22–26].

Initially, metallic meta-surface devices (having second-order non-linearity), were

reported to study the SH waves behavior [27], but the higher losses of metallic

structure, limited the use of such devices. This causes the emergence of III–V

semiconductor materials, possessing second order non-linearity and the crys-

tals are also of noncentrosymmetric nature, for example; GaAs, AlGaAs and

GaP [28–31]. Researchers also used Mie resonance theory to study the SH ef-

fects of the above mentioned semicondusctor materials, but the narrow bnad

gap of these materials limit the SH spectral range [32]. Because of these all

issues, fabrication of a new NL device for SHG application is still an impor-

tant topic. The study of SHG is also important in numerous other fields: bio-

photonics, optical sources, quantum information, hybrid plasmonic waveg-

uide [33–39], and also in epsilon near zero meta-surfaces, electromagnetics, an-

gular and quasi phase matching [40–46], and many other fields as well [1, 47–
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49].

1.2.2 Nonlinear wave equation

In nonlinear optics, coupled nonlinear wave equation is derived under the

following assumptions [5],

∗ The nonlinear coefficient is nonzero, this implies that medium has certain

symmetry.

∗ Conductivity of the medium is negligible.

∗ A fraction of the incident power is converted to new frequency (ωs).

Nonlinear wave equation is derived by using Eq.(1.1), Eq.(1.3) and Eq.(1.4),

written as

∇×∇× E(ωs) +
1

c2

∂2E(ωs)

∂t2
= − 1

ǫoc2

∂2P

∂t2
, (1.13)

where c, ǫo and µo are the physical constants which defines the speed of light,

permittivity and permeability of free space, respectively. It is interesting to

note that the presence of last term, Eq.(1.13), shows an inhomogeneous solu-

tions, whereas in the absence of this term, Eq.(1.13) admits the linear solutions

(homogeneous). It is important to note that in linear optics ∇.E = 0, but, in

NL optics, usually the term ∇.E is not small to be ignored [50]. To eliminate

this term usually different approximations has been used. A commonly used

approximation is slowly varying amplitude approximation [6] as discussed in

Sec.1.2.3. Under this approximation there is no contribution of ∇.E term, so

the vector identity Eq.(1.7) is applied. By applying the vector identity under

the SVA approximation, Eq.(1.13) reduces to

∇2E(ωs)−
1

c2

∂2E(ωs)

∂t2
=

1

ǫoc2

∂2P

∂t2
(1.14)

This equation is a general form of the nonlinear wave equation.
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1.2.3 Slowly varying amplitude (SVA) approximation

It is experimentally demonstrated that phase matching condition across the

interface is necessary to achieve high frequency conversion efficiency [51]. In

phase mismatching condition, poynting vector of the inhomogeneous wave

do not move parallel to the propagation vector, and the wave walk-off ear-

lier which imposes limitations on the NL frequency conversion and ultimately

overall efficiency. This is also termed as angle tuning [52]. Phase matching

conditions are often difficult to achieve because of the dispersive nature of ma-

terial’s permittivity which becomes negative for some NLO materials, for ex-

ample, Al:ZnO and Sn:InO [53]. Hence, the waves propagating through such

materials has purely imaginary wave vectors. This sign specification corre-

sponds to the NL polarization, that results in real to complex valued wave

vectors in NL medium. Paul Kinsler [54] supports the idea of positive and

negative wave vectors. Nonlinear responses of KDP and DKDP, is studied ex-

perimentally by Duanliang et al [55]. Furthermore, it is also reported that the

refractive index of a NL material is also dependent on crystal direction [56].

Strong practical and theoretical evidences show that the phase velocity in a

NL material can be real or complex or just purely imaginary.

Phase mismatching discussed above is expressed as △k = ks − 2ki, where

ks and ki are the wave vectors of the inhomogeneous and homogenous solu-

tions of Eq.(1.14). Hence, perfect phase matching (△k → 0) is achieved when

ks=2ki. Varying techniques and geometries has been reported by researchers

to achieve the perfect phase matching condition: e.g; epsilon near zero inter-

faces [40, 41], angular and quasi phase matching techniques [37, 42]. In the pre-

sented work slowly varying amplitude (SVA) approximation is used to achieve

quasi-phase matching condition [1, 6, 57, 58]. This approximation requires that

the fractional change in amplitude (ζ) over a distance of an optical wavelength

should be very small [59, 60], as written below

∣

∣

∣

∣

∣

d2ζ

dz2

∣

∣

∣

∣

∣

<<

∣

∣

∣

∣

∣

k
dζ

dz

∣

∣

∣

∣

∣

;

∣

∣

∣

∣

∣
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dt2

∣

∣

∣

∣

∣
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∣

∣

∣
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∣

ω
dζ

dt

∣

∣
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∣
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By using this approximation, higher order derivatives of the NL wave equa-

tion is neglected. The SVA approximation, can be also observed in III-V semi-

conductors [61]. This approximation also has importance in short-wavelength

generation and parametric oscillation [62, 63]. In [64, 65] authors also used

this approximation to study the electromagnetic response due to second order

non-linearity.

1.3 Fractal materials

Generally, the space time dimensions are taken to be integer dimensions. Which

are commonly known as Euclidean space and is used to explain the Cartesian

geometries. But, some naturally occurring situations, like coastlines and crys-

tals, are not regular/Euclidean geometries. Such geometries are treated as frac-

tal materials/structures. Fractal structures are mathematically treated by using

the non-differential Fractional calculus, which is also used for the description

of the complex phenomena because classical euclidean theory become invalid

[66], e.g, in classical mechanics, diffusion of water molecules were treated as

continuous Brownian motion but, experimental studies revel that it follows the

flick law [67] which is a fractal phenomena.

Mandelbrot initially coined the term fractal in his book [68]. He divided the

materials into two broader categories, fractals and non-fractals. Fractal mate-

rials are self similar structures in miniature [69], whereas the parameter which

defines the structural details of a fractal material is known as dimension (D)

of the fractal material [70] which is usually in whole number powers, for ex-

ample; for soil particles D ranges between 2 and 3, for Von Koch snowflake

(Sierpinski triangle) scale is D = 1.585 (D = 1.262), whereas a surface and an

uneven line has D = 2.2 and D = 1.3, respectively [71–73]. Menger sponge is

also an example of fractal structures [74], which is a three dimensional cantor

bar fractal [75]. Study of fractal materials has also been reported in soil erodi-

bility, quantum mechanical oscillator system, antenna radiation problems, mi-

crowave, THZ resonators, high gain antennas and lasers [76–82]. In [83–85]

authors studied the electromagnetic response of a fractal material, whereas,

researchers also report the importance of fractal materials in optical scattering,
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multilayer analysis of optical structures, transmission lines and wave scatter-

ing from rough surfaces [86–89].

1.3.1 NID space and fractal materials

It was reported that fractal materials are NID metric sets (as can be seen from

above examples, fractal materials has non-integer dimensionality), which can

be managed in continuous model with the help of NID space [90], fractal ma-

terials are also reported as NID materials in the literature [91], because NID

space is the main characteristics of the fractal material [92]. In [93] definition of

the NID Laplacian operator has been proposed which was used by Palmer and

Stavrinou [94] to study the equation of motion. The NID half-space geometry

were also treated to study the electromagnetic scattering [95], charges distribu-

tion and material’s optical properties [96, 97]. In [98] derivation of the solutions

of the NID Helmholtz’s equation are given. Abbas et al. [99] discussed the

NID half-space geometry by using the two dimensional Green’s function [100]

and Jaggard et al [101] reported the NID material wave interaction, whereas

side-lobe-ratio in antenna array were studied in [102–104] and multiband NID

array is reported in [105]. It was also reported that NID integrals and deriva-

tives played an important role in many applications of physics [106]. Some

other important applications of NID are found in statistical mechanics [107],

electromagnetic theory [108, 109], kinetic theories [110] and dynamics in com-

plex media [111].

The proposed definition of the NID Laplacian operator is written as [112],

∇2
D =

∂2

∂x2
+

β1 − 1

x

∂

∂x
+

∂2

∂y2
+

β2 − 1

y

∂

∂y
+

∂2

∂z2
+

β3 − 1

z

∂

∂z
,

where

βu = 0 < βu ≤ 1 : u = {1, 2, 3},

define the coordinate (x, y, z) measurement and is also used to define the geo-

metric dimensionality: D = β1 + β2 + β3. Similarly the curl operator for NID
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space is defined as [97, 112],

∇D × F =

[(

∂Fz

∂y
+

1

2

(β2 − 1)Fz

y

)

−
(

∂Fy

∂z
+

1

2

(β3 − 1)Fy

z

)]

x̂

[(

∂Fx

∂z
+

1

2

(β3 − 1)Fx

z

)

−
(

∂Fz

∂x
+

1

2

(β1 − 1)Fz

x

)]

ŷ

[(

∂Fy

∂x
+

1

2

(β1 − 1)Fy

x

)

−
(

∂Fx

∂y
+

1

2

(β2 − 1)Fx

y

)]

ẑ

Following the procedure of MSV in NID space as outlined in [97, 100, 112], elec-

tric field associated with the incident electromagnetic wave in NID medium is

expressed as,

E(ω) = Eoe−jkxx
(

kzz
)o1

H
(2)
o1

(

kzz
)

(1.15)

In Eq.(1.15), Eo and k depict the electric field’s amplitude and the wave number

of the NID medium, respectively. and H
(2)
o1

is the hankel function of second

kind with order ‘o1’. Moreover, it is also important to note that to derive the

above it has been assumed that medium has noninteger dimension in only

z-axis.

1.4 Motivation and objective

As discussed in previous chapter, perfect phase matching conditions are nec-

essary to obtain maximum frequency conversion efficiency. For this purpose

NL materials specifically having uni-axial or bi-axial properties has been pro-

posed. Later, the advancement in optical materials provided the ease of NL fre-

quency conversion without requiring strict phase matching conditions [113].

For example, meta-surfaces and nano-particles were used to study SHG phe-

nomena [114–119] because these new proposed devices provide better power

conversion efficiencies without requiring the strict phase matching conditions

[120, 121], whereas dielectric and semiconductor materials has also been used

to obtain higher NLO efficiencies due to their negligible intrinsic losses [122–



13 Introduction

124]. Due to these advantages, dielectric and semiconductor materials trig-

gered the interest of many researchers for technological applications of har-

monic generation [125–128]. Various applications like beam steering, zero-

index directional emission, Huygens’ metasurfaces, ultrathin waveplates, and

polarization insensitive holograms has been reported in the literature [129–

136] due to the advancement in nonlinear semiconductor technology. How-

ever, due to the infancy of this field, two targets must be fulfilled in this re-

gard. First: achieving conversion efficiencies at higher frequencies, e.g, very

small efficiencies of the order of 10−2–10−3 are used for fluorescent markers in

bio sensing. In [137] SHG efficiency of the order of 10−3 is predicted by using a

nano-structure composed of AlGaAs. Secondly, the second harmonic genera-

tion pattern. This target helps to properly direct the radiations into the desired

direction. For example, in [137] it is reported that despite of strong SHG effi-

ciency, no SH signal was detected in either forward or backward directions.

As mentioned in above paragraph, maximum frequency conversion efficiency

can be achieved by using, dielectric materials with second order susceptibil-

ity (χ(2)) and the crystals are also of non-centrosymmetric nature. This help to

achieve conversion efficiencies at higher frequencies (first target) but to achieve

the target of radiation pattern, it was proposed that NL materials should be

embedded or used in combination with other materials [138]. To achieve these

targets, I used planar interface geometries containing linear–nonlinear materi-

als: for example; second order NL dielectric magnetic medium and linear di-

electric magnetic NID material. Hence this study not only improve the under-

standing of NLO process and SH field enhancement, rather also highlight the

opportunities of NL frequency conversion without requiring the strict phase

matching conditions. Further, presented study can also be used for the study

of the higher harmonics and can also be extended for complex layered geo-

metrical device. Although presented study is largely focused on the naturally

occurring nonlinear crystals, but this can also be extended for the NL meta-

surfaces in future. Some other potential medical applications of the presented

work are also given at the end of this thesis.
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1.5 Thesis outline

The primary aim of presented work is to study the optical characteristics of

a dielectric magnetic–dielectric magnetic (DM–DM) interface geometry, in the

presence of non-linearity and/or noninteger dimensions, for both S and P-

polarized excitations. Three different scenarios are considered in this regard.

In the first case, contributions of the non-linearity and noninteger dimensions

are added to different half spaces, i.e; nonlinear DM–linear DM noninteger di-

mensional interface (Ia). The derivation and results of this study are presented

in chapter 3. In the second considered case non-linearity and noninteger di-

mensions are incorporated in the same half space, i.e; linear DM–nonlinear

DM noninteger dimensional interface (Ib). The derivation and results of this

study are presented in chapter 4. In the last considered scenario, optical charac-

terisctisc are studeid when non-linearity and noninteger dimension are added

simultaneously in both half spaces, i.e; linear DM noninteger dimensional–

nonlinear DM noninteger dimensional interface (Ic). Derivation and discus-

sion of this case are given in chapter 5. All planar interface geometries are

defined in such a way that first part of the planar interface geometry corre-

sponds to the excitation side. Moreover, first part of every chapter is devoted

to the S-polarized excitation results and the second part is devoted to the P-

polarized excitation results. Diagrammatic description of the considered cases

is given in Fig.1.1 and a tabular outline of the research work presented in this

thesis is given in Table.1.1.

For simplicity, all the physical constants considered in chapter 3 (related to Ia),

chapter 4 (related to Ib) and chapter 5 (related to Ic) are represented by using

a superscript ‘a’, ‘b’ and ‘c’, respectively. Hence, ǫa
i , ǫb

i and ǫc
i are linear permit-

tivities taken in respective chapters. Similarly, µa
r , µb

r and µc
r represent the re-

spective nonlinear permeabilities, and µa
t , µb

t and µc
t are the respective perme-

abilities of the half spaces in which transmitted wave propagates. Plots given

in this thesis are obtained by taking fundamental frequency (= ωi) = 1 × 1016

rad/s, nonlinear condensed material with χ(2)(2ωi) ≃ 6.94 × 10−12 and ǫs is

taken ǫo(1 + χ(2)) [1].



Chapter Excitation Electromagnetic Planar Interface Special Cases Unknown Coefficients Symbols

No. Wave Taken Geometry

S-Polarization P-Polarization Left Half Space Right Half Space Left Half Space S-Polarized Coefficients;

Medium Medium P-Polarized Coefficients

3 ✓ ✓ Nonlinear Dielectric Linear Dielectric Nonlinear Epsilon Negative, AR
⊥, AT

⊥;

Magnetic Magnetic NID Nonlinear Mu Negative AR
‖ , AT

‖

4 ✓ ✓ Linear Dielectric Nonlinear Dielectric Linear Epsilon Negative, BR
⊥, BT

⊥;

Magnetic Magnetic NID Linear Mu Negative BR
‖ , BT

‖

5 ✓ ✓ Linear Dielectric Nonlinear Dielectric Linear Epsilon Negative NID, CR
⊥, CT

⊥;

Magnetic NID Magnetic NID Linear Mu Negative NID CR
‖ , CT

‖

Table 1.1: An outline of the thesis
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Figure 1.1: Diagrammatic representation of the work carried out in this thesis.

Introduction/IntroductionFigs//Untitled.eps


Chapter 2

Nonlinear dielectric magnetic and

linear dielectric magnetic NID

planar interface

This chapter is dedicated to the derivation and discussion of the reflection and

transmission coefficients from a planar interface of second order nonlinear

dielectric magnetic–linear dielectric magnetic NID medium. Nonlinear half

space is represented as ‘m1’ whereas linear half space is symbolized by ‘m2’,

for simplicity. Initially the unknown coefficients for S-polarization are calcu-

lated and discussed and in the second part derivation and discussion of the

P-polarized coefficients are given. Solution of the nonlinear wave equation is

obtained by using the SVA approximation, and the wave propagation in NID

medium is modeled by using the MSV in NID space (discussed chapter 1).

Changes in the behavior of the coefficients are also reported when NL dielec-

tric magnetic medium is replaced with NL epsilon negative and mu negative

mediums. Variations in the behavior of the coefficients are also studied when

linear dielectric magnetic NID medium is replaced with the linear epsilon neg-

ative NID medium.
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Figure 2.1: Second order NL dielectric magnetic and linear dielectric magnetic
NID planar interface excited by S-polarized electromagnetic wave.

2.1 S-polarization excitation

2.1.1 Description of the geometry and mathematical formula-

tion

Consider a planar interface placed at z = q, making two half space geometry as

depicted in Fig.2.1. The Half space, z < q, contains second order NL dielectric

magnetic medium which is represented by ‘m1’. Wave number of m1 half space

is ka
i =

√

ǫa
i (ωi)ωi/c. The other half space, z > q, is filled with linear dielectric

magnetic NID medium, which is symbolized by ‘m2’. The wave number of

medium m2 is ka
t =

√

ǫa
t (ωs)ωs/c. In the expressions of the wave numbers,

ǫa
i (ωi) and ǫa

t (ωs) represent the fundamental permittivity and the permittivity

of the medium m2 at second harmonic, which are hereafter written as ǫa
i and ǫa

t ,

for simplicity. Furthermore, D1 (1 < D1 ≤ 2), is used to define the dimension

of the dielectric magnetic NID medium.

S-polarized plane wave (Eq.(2.1)) making an angle θi with the normal to the

interface is used to excite the planar interface. Electric field associated with the

Chapter2/Chapter2Figs//dia11.eps
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incident electromagnetic wave is,

Ei(ωi) = ŷEo(ωi)e
jka

i (ωi)(x sin θi+z cos θi) (2.1)

Solution of the nonlinear wave equation is obtained by using the SVA approx-

imation as discussed in chapter 1. This solution provides the second harmonic

reflected field as written below,

Er(ωs) = ŷ

[

AR
⊥ejka

r (x sin θr−z cos θr) +
Pω2

s µo

(k2
s − ka

r
2)

ejks(x sin θs−z cos θs)

]

(2.2)

It is noted that this equation is a combination of homogeneous and inhomoge-

neous waves. The wave vector of the inhomogeneous wave is represented by

ks=
√

ǫs(ωs)ωs/c. Transmitted field propagating in medium m2, is obtained

by using the MSV in NID space, is written as,

Et(ωs) = ŷAT
⊥ejka

t x sin θt

(

ka
t cos θtz

)o1
H

(2)
o1 (ka

t cos θtz) (2.3)

Corresponding magnetic fields associated with the reflected and transmitted

waves are,

Hr(ωs) =
(

x̂ cos θr + ẑ sin θr

)

[

AR
⊥

ηa
r

ejka
r (x sin θr−z cos θr)

+
Pω2

s µo

ηs(k2
s − ka

r
2)

ejks(x sin θs−z cos θs)

]

(2.4a)

Ht(ωs) =
(

ẑ sin θt − x̂ cos θt

)AT
⊥

ηa
t

ejka
t sin θtx

(

ka
t cos θtz

)oh
H

(2)
oh

(ka
t cos θtz) (2.4b)

In above equations, H2
o1

and H2
oh

are the hankel functions of second kind with

order o1 = | 3−D1
2 | and oh = |D1−1

2 |, respectively, where D1 is the dimension of

the NID medium. Continuity of the tangential components of the fields across
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the interface is expressed as,

AR
⊥e−jka

r q cos θr +
Pω2

s µo

k2
s − ka

r
2

e−jka
s q cos θs = AT

⊥A (2.5a)

AR
⊥ cos θrλ1

ηa
r

+
P cos θsω

2
s µoλ2

ηs(k2
s − ka

r
2)

= −AT
⊥ cos θtB

ηa
t

(2.5b)

Analytical solution of Eq.(2.5) provides the unknown reflection and transmis-

sion coefficients,

AR
⊥ =

ηs(ka
r

2 − k2
s)(Aδtr + Bδrt)e−ιd(ka

r cos θr−ks cos θs)

δr
cc(Aδts + Bδst)

(2.6a)

AT
⊥ =

ηsηt(ka
r

2 − k2
s)(−δsr + δrs)(Aδtr + Bδrt)e−ιd(2ka

r cos θr−ks cos θs)

ηrδr
cc(Aδts + Bδst)2

(2.6b)

In above equations, AR
⊥ and AT

⊥ are the unknown reflection and transmission

coefficients, respectively and subscripts are used to indicate the polarization

of the incident electromagnetic wave. All definitions used to write Eq.(2.6) in

compact form are given in appendix. Moreover, the unknown angles θr, θs and

θt, are obtained by using the NLO generalization of Snell’s law that is,

√
ǫi(ωi) sin θi =

√
ǫr(ωs) sin θr =

√
ǫt(ωs) sin θt =

√
ǫs(ωs) sin θs (2.7)

It is important to note that ǫi is the permittivity of the material observed at

fundamental frequency, whereas ǫt, ǫr, ǫs are the permittivities observed at

second harmonic frequency.

2.1.2 Results and discussions

The unknown reflection and transmission coefficients which are derived in

previous section are discussed here as a function of ǫa
i , ǫa

t , µa
r (nonlinear per-

meability) and θi. Changes in the behavior of the unknown coefficients are

studied when nonlinear epsilon negative (NL–EN) and nonlinear mu negative

(NL–MN) mediums are taken as mediums of reflection and epsilon negative

noninteger dimensional (EN–NID) medium is taken as medium of transmis-
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sion. In all these cases impact of the non-linearity and the noninteger dimen-

sion are studied separately.

In the first part of analysis, to note the impact of non-linearity on the coef-

ficients coefficients are studied for ordinary medium of transmission i.e; for

D1 = 2, (Fig.2.2–Fig.2.4). In Fig.2.2, behavior of the coefficients is studied as a

function of ǫa
i for specific values of ǫa

t (Fig.2.2a), µa
r (Fig.2.2b) and θi (Fig.2.2c).

In Fig.2.2a, it is observed that amplitude of the transmission coefficient de-

creases by increasing the value of ǫa
t , whereas amplitude of the reflection coef-

ficient decreases for −3 < ǫa
i < 0.4 and ǫa

i (> 2) and increases for 0.4 < ǫa
i < 2.

In Fig.2.2b, it is noted that amplitude of the reflection coefficient increases by

increasing µa
r . On the other hand, amplitude of the transmission coefficient

increases for specific ranges of ǫa
i , i.e; −3 < ǫa

i < −0.4 and 0.4 < ǫa
i < 3 and

decreases for −0.4 < ǫa
i < 0.4. In Fig.2.2c, it is studied that both coefficient’s

curves shift towards left by increasing the value of θi for only dielectric mag-

netic medium. Results also depict that maximum amplitude of the coefficients

can be achieved by taking ǫa
i = −3, ǫa

t = 1.9, µa
r = 0.09 and θi = 45◦ for

epsilon negative (EN) medium, whereas for NL dielectric magnetic medium,

maximum amplitude of the coefficients can be achieved for ǫa
i = 0.8, ǫa

t = 2.4,

µa
r = 0.01 and θi = 60◦.

In Fig.2.3, behavior of the coefficients is given as a function of ǫa
t . It can be

noted that amplitude of the coefficients decreases by increasing ǫa
i for EN–

NID, and increases for dielectric magnetic NID medium (except at ǫa
i = 1.8).

Furthermore, peaks of the coefficients also shift towards right by increasing ǫa
i

(Fig.2.3a). In Fig.2.3b, it is noted that amplitude of the coefficients for EN–NID

(dielectric magnetic NID) medium can be decreased (increased) by increasing

µa
r . Results also depict that amplitude of the transmission coefficient is almost

negligible for any positive value (s) of ǫa
t compared to negative value (-s) of

ǫa
t , for example; |AT

⊥| = 1.5 and 0.2, for ǫa
t = −3 and ǫa

t = 3, respectively. In

Fig.2.3c, it can be noted that by taking higher values of θi amplitude of the coef-

ficients decreases (increases) for EN–NID (dielectric magnetic NID) medium.

Comparing the results depicted Fig.2.3, it is observed that maximum ampli-

tude of the coefficients can be achieved by taking (i) ǫa
i = 0.8 or 2.3, ǫa

t = 0.8–

1.2 or (ii) ǫa
t = −3, ǫa

i = 0.8 for µa
r = 0.01, θi = 45◦.
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In Fig.2.4, coefficients are studied as a function of µa
r for specific values of ǫa

i

(Fig.2.4a), ǫa
t (Fig.2.4b) and θi (Fig.2.4c). Results depict that amplitude of the

reflection coefficient increases by increasing either ǫa
i , ǫa

t and θi. It is also noted

that amplitude of both coefficients is greater for mu near zero medium. Com-

paring all the results depicted in Fig.2.4, it is studied that higher amplitude of

the reflection coefficient is achieved for denser NL dielectric magnetic medium

with θi = 60◦. From the comparison of all subplots given in Fig.2.2–Fig.2.4, it is

noted that higher transmission can be achieved by using mu near zero (MNZ)

material, whereas for other positive or negative values of µa
r , transmission co-

efficient remain negligible.

Now the aim is to study the impact of the noninteger dimension on the behav-

ior of the reflection and transmission coefficients. Plots given in Fig.2.5–Fig.2.6

are obtained for D1 6= 2. Coefficient are studied as a function of ǫa
i , ǫa

t and µa
t in

Fig.2.5, by taking specific values of D1. It is interesting to note that amplitude

of the reflection coefficient decreases by increasing D1 for −3 < ǫa
i < −1.4

and ǫa
i > 0.4 and increases for −1.4 < ǫa

i < 0.4 (Fig.2.5a). Results also depict

that for a NL–EN (NL dielectric magnetic) medium, amplitude of the trans-

mission coefficient increases (decreases) by taking higher dimensions. It can

be noted that for NL–EN (NL dielectric magnetic) medium amplitude of the

reflection coefficients increases (decreases) by increasing the dimension pa-

rameter. Moreover, higher amplitude of the reflection coefficient is noted for

epsilon near zero medium (Fig.2.5b), whereas maximum amplitude of both the

coefficients is noted for mu near zero medium (Fig.2.5c). It is also noted that

amplitude of the reflection coefficient increases by increasing the noninteger

dimension for −3 < ǫa
t < −0.2 whereas, decreases for ǫa

t > 0.4. In Fig.2.5c, it

is noted that amplitude of the coefficients increases by increasing the dimen-

sion of NL–MN and NL dielectric magnetic noninteger dimensional mediums.

In Fig.2.6, coefficients are studied as a function of the dimension parameter by

taking fixed values of the other parameters (ǫa
i , ǫa

t and µa
r ). It can be noted that

amplitude of the coefficients decrease as D1 → 2 except at θi = 30◦. From the

comparison of all plots given in Fig.2.5–Fig.2.6, it is also noted that amplitude

of the coefficients can be enhanced by using NL mu near zero medium and an

epsilon near zero NID medium having dimension 1 < D1 < 1.2 for smaller
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value of the incident angle.
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Figure 2.2: Behavior of |AR
⊥| and |AT

⊥| with respect to ǫa
i for D1 = 2.
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Figure 2.3: Behavior of |AR
⊥| and |AT

⊥| with respect to ǫa
t for D1 = 2.
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Figure 2.4: Behavior of |AR
⊥| and |AT

⊥| with respect to µa
r for D1 = 2.
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Figure 2.5: Behavior of |AR
⊥| and |AT

⊥| with respect to (a) ǫa
i (b) ǫa

t and (c) µa
r for

the variations of the dimension parameter.
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Figure 2.6: (cont.)
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Figure 2.6: Behavior of |AR
⊥| and |AT

⊥| with respect to dimension parameter.
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Figure 2.7: Sum of S-polarized reflected and transmitted powers for Ia .

2.1.3 Conclusions

This section is dedicated to study the S-polarized reflection and transmission

characteristics of a DM–DM planar geometry, when non-linearity and non-

integer dimension are considered in opposite half spaces, i.e; NL dielectric

magnetic–linear dielectric magnetic NID planar interface. It is noted that con-

siderable enhancement in the amplitude of the coefficients is achieved by using

epsilon near zero NID and NL mu near zero mediums as left half spaces. Re-

sults depict that amplitude of the reflection coefficient increases by increasing

the nonlinear permeability. On the other hand, amplitude of the transmission
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coefficient increases for only −3 < ǫa
i < −0.4 and 0.4 < ǫa

i < 3 range, whereas,

for −0.4 < ǫa
i < 0.4, amplitude of the transmission coefficient decreases by

increasing the nonlinear permeability. It is also noticed that maximum ampli-

tude of the coefficients is achieved by taking ǫa
i = −3, ǫa

t = 1.9, µa
r = 0.09 and

θi = 45◦ for NL epsilon negative medium, whereas for NL dielectric magnetic

medium, higher amplitude of the coefficients is observed by taking ǫa
i = 0.8,

ǫa
t = 2.4, µa

r = 0.01 and θi = 60◦. It is also noted that impact of the non-linearity

on the amplitude of the coefficients is of considerable importance for all con-

sidered materials, for example; NL epsilon negative, NL mu negative and NL

dielectric magnetic mediums. Among these all mediums, strongest contribu-

tion of the non-linearity is noted for NL mu near zero material. Results also

depict that amplitude of the coefficients is controlled by using the noninteger

dimension of the material. Furthermore, it is also noted that amplitude of the

reflection coefficient increases (decreases) by increasing the noninteger dimen-

sion of EN–NID (dielectric magnetic NID) medium.

2.2 P-polarization excitation

2.2.1 Description of the geometry and mathematical formula-

tion

Consider a planar interface placed at z = q and excited by a P-polarized elec-

tromagnetic wave, as depicted in Fig.2.8. Description of the geometry is given

in Sec.2.1. Electric and magnetic fields associated with the incident plane wave

are Ei = (Eix, 0, Eiz)
T and Hi = (0, Hiy, 0)T, respectively. Furthermore induced

NL polarization is P, where p̂ depicts a unit vector in the plane of Fig.2.8.

Reflected field propagating in medium m1, is the solution of the nonlinear

wave equation,

Er(ωs) = (Êrx + Êrz)AR
‖ ejka

r (x sin θr−z cos θr) + p̂
ω2

s µoP

(k2
s − ka

r
2)

ejks(x sin θs−z cos θs) (2.8)



30 Ia interface

 
 

z

x

Second order nonlinear 

dielectric magnetic

Linear dielectric 

magnetic NID 

  

Ei

Er

Et

θί

θr θs

z=q

(ωs)

(ωs)

(ωi)

P (ωs)

H
i(ωi)

(ωs)H
t

θt

Figure 2.8: Second order NL dielectric magnetic and linear dielectric magnetic
NID planar interface excited by P-polarized plan wave.

This solution is obtained by using SVA approximation (discussed in chapter

1). Following the procedure of MSV in NID space (Sec.1.3.1), transmitted field

propagating in medium m2 is obtained as written below,

Et(ωs) = (Êtx + Êtz)AT
‖ e−jka

t sin θtx
(

ka
t cos θtq

)o1

H
(2)
o1

(

ka
t cos θtq

)

(2.9)

It is worth-mentioning that medium m2 has noninteger dimension in only z-

axis direction i.e; following definition of the Laplacian operator (∇2
D) has been

used [100]

∇2
D =

∂2

∂x2
+

∂2

∂z2
+

D − 2

z

∂

∂z
′

Equating the tangential components of the fields across the interface, following

equations are obtained,

AT
‖ cos θt A = AR

‖ cos θr +
Pω2

s µo sin α cos θs

k2
s − ka

r
2

+
Pω2

s µo cos α sin θs

ka
r

2
(2.10a)

−
AT
‖ B

ηa
t

=
AR
‖

ηa
r

e−jkrq cos θr +
ω2

s µoP sin α

ηs(k2
s − ka

t
2)

e−jka
r q cos θr (2.10b)
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In above equations, AR
‖ and AT

‖ are the unknown coefficients, where super-

scripts (R, T) are used to differentiate between reflection and transmission co-

efficients and the subscript is used to indicate the polarization of the incident

wave. In Eq.(2.10), α is representing the angle formed between P and ka
t , as

depicted in Fig.2.8. Analytical solution of Eq.(2.10), is written below as,

AR
‖ =

τ1

τ2
(2.11a)

AT
‖ =

τ3

τ4
, (2.11b)

where,

τ1 = ka
r

2ηs

(

ka
r

2 − k2
s

)(

Bδrr + Aδttλ1

)

τ2 = δr
cc

[

ka
r

2
(

Bδss + Aηa
t γ2λ2

)

+ Bηsγ1(k
2
s − ka

r
2)
]

τ3 = ka
r

2ηsη
a
t

(

ka
r

2 − k2
s

)(

Bδrr + Aδttλ1

)[

ka
r

2
(

δrrλ2

− δssλ1

)

sin α + λ1

(

ka
r

2 − k2
s

)

ηsγ1

]

τ4 = δr
ccηa

r

[

ka
r

2
(

B sin αδss + Aλ2ηa
t γ2

)

+ B
(

k2
s − ka

r
2
)

ηsγ1

]2
.

Different definitions used to write the above equations in compact form are

given in appendix.

2.2.2 Results and discussion

P-polarized reflection and transmission coefficients, derived in previous sec-

tion are discussed in this section as a function of ǫa
i , ǫa

t and µa
r . Analysis is

also conducted by taking nonlinear epsilon negative and nonlinear mu neg-

ative mediums as medium m1 and epsilon negative noninteger dimensional

medium as medium m2.

Initially, analysis is conducted for ordinary dimension of medium m2 (D1 = 2),
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to note the nonlinear contributions, Fig.2.9–Fig.2.11 depict these results. In

Fig.2.9, coefficients are studied as a function of ǫa
i by taking specific values of

ǫa
t (Fig.2.9a), µa

r (Fig.2.9b) and θi (Fig.2.9c). It is also noted that amplitude of

the coefficients, decreases by increasing ǫa
t . It can be noted that for a NL–EN

medium amplitude of the coefficients can be increased by increasing ǫa
i for any

particular value of ǫa
t (Fig.2.9a). On the other hand, amplitude of the coeffi-

cients increases by increasing µa
r for both NL–EN and NL dielectric magnetic

mediums (Fig.2.9b). It is interesting to note that amplitude of the coefficients

for NL–EN medium decreases by increasing θi and increases for NL dielectric

magnetic medium. Moreover, peaks shifting towards left is also observed by

increasing θi for only NL dielectric magnetic medium (Fig.2.9c). It is also noted

that behavior of the coefficients changes as ǫa
i → 0. Furthermore, the observed

amplitude of the reflection coefficient for NL dielectric magnetic medium is

smaller compared to amplitude observed for NL–EN medium. Comparing all

the results given in Fig.2.9, it is noted that higher amplitude of the coefficients

is achieved by taking ǫa
t = 1.9 and µa

r = 0.09.

In Fig.2.10, behavior of the coefficients are given as a function of ǫa
t for specific

values of ǫa
i (Fig.2.10a), µa

r (Fig.2.10b) and θi (Fig.2.10c). Results depict that

amplitude of the reflection coefficient increase by increasing ǫa
i , for −3 < ǫa

t <

−1.7, and decreases for −1.7 < ǫa
t < −1 and −0.3 < ǫa

t < −0.01. On the other

hand, for dielectric magnetic NID medium amplitude of the reflection coeffi-

cient increases by increasing ǫa
i (Fig.2.10a). It is noted that amplitude of the

reflection coefficient decreases by increasing µa
r for −3 < ǫa

t < −1.3, whereas

increases for ǫa
t > −1.3 (Fig.2.10b). Whereas, for higher values of the incident

angle amplitude of the reflection coefficient decreases for −3 < ǫa
t < −0.3

(Fig.2.10c). Results also depict that, maximum amplitude of the coefficients can

be achieved by taking ǫa
i = 0.8 and µa

r = 0.09, for epsilon near zero medium

(Fig.2.10).

In Fig.2.11, behavior of the coefficients are depicted as a function of µa
r . It is

noted that amplitude of the coefficients increases by increasing ǫa
i (Fig.2.11a)

and ǫa
t (Fig.2.11b). In Fig.2.11c, it is noted that maximum amplitude of the re-

flection and transmission coefficient can be achieved for θi = 60◦ and θi = 30◦,

respectively. Comparing all the results given in Fig.2.11, it is noted that behav-
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ior of the coefficients changes when µa
r → 0. Results also depict that for mu

near zero medium, maximum amplitude of the reflection (transmission) coef-

ficient is achieved by taking ǫa
i = 2.3 (θi = 30◦).

Plots given in Fig.2.12–Fig.2.14, depict the impact of the noninteger dimension

on the behavior of the P-polarized coefficients. Behavior of the coefficients as a

function of ǫa
i are given in Fig.2.12. It is noted that amplitude of the coefficients

decreases by taking higher noninteger dimensions for 1 < ǫa
i < 2 and increases

for ǫa
i > 2. For NL–EN medium, amplitude of the coefficients decreases by in-

creasing the dimension parameter (Fig.2.12b) . In Fig.2.13 and Fig.2.14, it is

noted that amplitude of the coefficients decreases by increasing the noninteger

dimension for all taken cases. Results also depict that amplitude of the coeffi-

cients are controlled by using the noninteger dimension.
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Figure 2.9: Behavior of |AR
‖ | and |AT

‖ | with respect to ǫa
i for D1 = 2.
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Figure 2.10: Behavior of |AR
‖ | and |AT

‖ | with respect to ǫa
t for D1 = 2.
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Figure 2.11: Behavior of |AR
‖ | and |AT

‖ | with respect to µa
r for D1 = 2.
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Figure 2.12: Behavior of |AR
‖ | and |AT

‖ | with respect to ǫa
i for the variations of

the dimension parameter.
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2.2.3 Conclusion

The derivation and discussion of the P-polarized reflection and transmission

characteristics is given in this section for a DM–DM interface when non-linearity

and noninteger dimension are considered in opposite half spaces, i.e; NL di-

electric magnetic–linear dielectric magnetic NID planar interface. Results de-

pict that amplitude of the coefficients increases by increasing ǫa
i for nonlinear

epsilon negative medium. Similarly, for nonlinear dielectric magnetic medium,

amplitude of the coefficients increases by increasing nonlinear permeability. It

is observed that amplitude of the coefficients decreases by increasing θi when

nonlinear epsilon negative medium is taken as reflected half space. On the

other hand, higher amplitude of the reflection coefficient is noticed when non-

linear dielectric magnetic medium is used as reflected half space. Results also
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Figure 2.13: Behavior of |AR
‖ | and |AT

‖ | with respect to ǫa
t for the variations of

the dimension parameter.
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Figure 2.14: Behavior of |AR
‖ | and |AT

‖ | with respect to µa
r for the variations of

the dimension parameter.
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depict that maximum amplitude of both the coefficients are achieved by tak-

ing ǫa
t = 1.9 and µa

r = 0.09 for specific values of linear permittivity. Whereas,

by taking ǫa
i = 0.8 and µa

r = 0.09 for specific values of ǫa
t only maximum

amplitude of the reflection coefficient is achieved. It is also observed that for

1 < ǫa
i < 2 (ǫa

i > 2) amplitude of the coefficients decreases (increases) by in-

creasing the noninteger dimension. For nonlinear epsilon negative medium

(reflected half space), amplitude of the coefficients decreases by increasing the

noninteger dimension of NID medium used as transmitted half space. Results

also depict that dimension parameter can be used to control the amplitude of

the coefficients by keeping the same shape.



Chapter 3

Linear dielectric magnetic and

nonlinear dielectric magnetic NID

planar interface

This chapter is devoted to the derivation and study of the behavior of reflection

and transmission coefficients from a linear dielectric magnetic–second order

NL dielectric magnetic NID planar interface for both S and P-polarization exci-

tation. Changes in the behavior of the coefficients are also reported when linear

dielectric magnetic half space is replaced with linear epsilon negative and lin-

ear mu negative mediums. In all these cases, contributions of the non-linearity

and the noninteger dimension are studied separately. From the comparison

of special cases with the results of the original geometry, it is studied that for

S-polarization excitation, amplitude of the reflection coefficient increases by

taking higher noninteger dimensions. Oppositely, for P-polarized excitation,

amplitude of the coefficients increases by taking smaller values of the noninte-

ger dimensions.
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3.1 S-polarization excitation

3.1.1 Description of the geometry and mathematical formula-

tion

Consider a planar interface located at z = q and excited by a S-polarized plane

wave as depicted in Fig.3.1. Left half space is filled with linear dielectric mag-

netic medium and the right half space is composed of second order nonlinear

dielectric magnetic NID medium. Electric field associated with the incident

electromagnetic wave is expressed as,

Ei(ωi) = ŷEo(ωi)e
jkb

i (x sin θi+z cos θi) (3.1)

In the following discussion, left half space is symbolized as ‘m
′
’. Wave number

of this medium is kb
i = ωi

√

ǫb
i (ωi)/c, where ǫb

i (ωi) (hereafter it is written as

ǫb
i for simplicity) is the linear permittivity, whereas, right half space is termed

as medium ‘m
′′
’ which is characterized by the wave number kb

t =ωs

√

ǫb
t (ωs)/c,

where ǫb
t (ωs) (hereafter written as ǫb

t for simplicity) is the m
′′

medium permit-

tivity for second harmonic frequency To obtain the transmitted electric field

propagating in nonlinear dielectric magnetic NID medium, SVA approxima-

tion is used on the solution of the electric field obtained by applying the MSV

in NID space,

Et(ωs) = ŷ

[

BT
⊥ejkb

t x sin θr(kb
t z cos θr)

o1H
(2)
o1 (kb

t z cos θr)

+
Pω2

s µo

(k2
s − kb

t
2
)

ejksx sin θs(ksz cos θs)
o H

(2)
o1

(ksz cos θs)

] (3.2)

Similarly, magnetic field expressions are evaluated as discussed in chapter.2.

Equating the tangential components of the fields across the planar interface,
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Figure 3.1: Linear dielectric magnetic and second order nonlinear dielectric
magnetic NID planar interface excited by S-polarized plane wave.

following boundary conditions are obtained,

BR
⊥e−jkb

r q cos θr = BT
⊥A1 +

Pω2
s µo A2

k2
s − kb

t
2

(3.3a)

BR
⊥ cos θre−jkb

r q cos θr

ηb
r

= −BT
⊥B1 cos θt

ηb
t

− cos θsPω2
s µoB2

ηb
s (k

2
s − kb

t
2
)

, (3.3b)

where BR
⊥ and BT

⊥ are the unknown reflection and transmission coefficients,

respectively and the subscript is used to indicate the polarization of the inci-

dent electromagnetic wave. Analytical solution of Eq.(3.3) yields the following

Chapter3/Chapter3Figs//dia--s--eigh.eps
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unknown coefficients for S-polarization incidence

BR
⊥ = −

(

k2
s − kb

t
2
)(

A1δtr + B1δrt

)(

A1B2δts − A2B1δrt

)

e−jkb
r q cos θr δt

ccηb
t

(

A2 cos θr + B2 cos θs

)2
(3.4a)

BT
⊥ = −

(

k2
s − kb

t
2
)(

A1δtr + B1δrt

)

δt
cc

(

A2 cos θr + B2 cos θs

) , (3.4b)

Different notations used to write Eq.(3.4) in compact form are given in ap-

pendix.

3.1.2 Results and discussion

The S-polarized unknown coefficients derived in previous section are discussed

in this section. Behavior of the unknown coefficients are also studied when

left half space is filled with linear epsilon negative (EN) or linear mu negative

(MN) medium instead of linear dielectric magnetic medium. In all these cases,

impact of the non-linearity and noninteger dimensions on the unknown coef-

ficients are studied separately.

Initially, study of the behavior of the coefficients is reported by taking ordi-

nary m
′′

medium, i.e; D2 = 2. Plots given in Fig.3.2–Fig.3.4 depict these all

results. In Fig.3.2, behavior of the coefficients are given as a function of ǫb
i for

specific values of ǫb
r (Fig.3.2a), µb

r (Fig.3.2b) and θi (Fig.3.2c). In Fig.3.2a, it is

studied that amplitude of the reflection coefficient increases by increasing ǫb
r

for −3 < ǫb
i < 0.4, and ǫb

i > 2.3. Whereas, amplitude of the coefficients de-

creases for 0.4 < ǫb
i < 2.3. It can be noted that amplitude of the transmission

coefficient decrease by increasing ǫb
r . It is also noted that amplitude of the re-

flection coefficient is smaller for positive values of the permittivity compared

to the negative values of the permittivity. In Fig.3.2b, results depict that for lin-

ear EN medium, amplitude of the reflection coefficient increases by increasing

µb
r . It is also noted that amplitude of the reflection (transmission) coefficient

decreases (increases) by increasing incident angle for linear EN medium and

vice-versa for linear dielectric magnetic medium (Fig.3.2c). Moreover, it is also
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studied that curves of the coefficients shift towards left by increasing the in-

cident angle. Results depict that higher amplitude of the reflection (transmis-

sion) coefficient is obtained by taking µb
r = 0.01, θi = 30◦ and 1.7 < ǫb

i < 2.4

(ǫb
i > 2.4).

In Fig.3.3, coefficients are studied as a function of ǫb
r by taking specific values

of ǫb
i (Fig.3.3a), µb

r (Fig.3.3b) and θi (Fig.3.3c). In Fig.3.3a, it is noted that ampli-

tude of the coefficients decrease (increases) by increasing ǫb
i for linear EN (DM)

medium, whereas peaks of the curves also shift towards right by increasing

the value of the linear permittivity. In Fig.3.3b, it is noted that amplitude of the

coefficients decreases (increases) by taking the higher values of µb
r for linear

EN (DM) medium. It is also observed that amplitude of the coefficients de-

creases by increasing the value of the incident angle (Fig.3.3c). Results depict

that higher amplitude of both the coefficients is achieved by taking µb
r = 0.01,

ǫb
r = 0.4 and θi = 45◦.

In Fig.3.4, coefficients are studied as a function of µb
r for specific values of ǫb

i

(Fig.3.4a), ǫb
r (Fig.3.4b) and θi (Fig.3.4c). In Fig.3.4, it is noted that amplitude

of the coefficients increases by increasing the value of either permittivities (ǫb
i

and ǫb
r ) and incident angle (θi) for both linear MN and linear DM mediums.

Whereas, for mu near zero medium, higher amplitude of the coefficients is

noted for θi = 30◦. It is also noted that coefficients curves shift towards right

by increasing the values of the permittivities. From the comparison of all plots

given in Fig.3.2–Fig.3.4, it is noted that higher amplitude of the coefficients is

achieved for epsilon near zero mediums.
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Figure 3.2: Behavior of |BR
⊥| and |BT

⊥| with respect to ǫb
i for D2 = 2.
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Figure 3.3: Behavior of |BR
⊥| and |BT

⊥| with respect to ǫb
r for D2 = 2.
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Figure 3.4: Behavior of |BR
⊥| and |BT

⊥| with respect to µb
r for D2 = 2.
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Figure 3.5: Behavior of |BR
⊥| and |BT

⊥| with respect to (a) ǫb
i (b) ǫb

r and (c) µb
r for

the variations of the dimension parameter.
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Figure 3.6: (cont.)
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Figure 3.6: Behavior of |BR
⊥| and |BT

⊥| with respect to dimension parameter.
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Figure 3.7: Sum of S-polarized reflected and transmitted powers for Ib .

Impact of the noninteger dimension of medium m
′′

is given in Fig.3.5–

Fig.3.6. In Fig.3.5, behavior of the reflection and transmission coefficients is

given as a function of ǫb
i (Fig.3.5a), ǫb

r (Fig.3.5b) and µb
r (Fig.3.5c) by taking

specific values of the noninteger dimension parameter. Results depict that

amplitude of the reflection coefficient decreases by taking higher values of

the noninteger dimension for −3 < ǫb
i < −0.4 and 2.4 < ǫb

i < 3, but in-

creases for −0.4 < ǫb
i < 0.4 and 2 < ǫb

i < 2.4. On the other hand, am-

plitude of the transmission coefficient, decreases by increasing the values of

D2 for the complete taken range of ǫb
i i.e; −3 < ǫb

i < 3. In Fig.3.5b, it is

studied that amplitude of the reflection coefficient decreases by taking higher

values of noninteger dimension for −3 < ǫb
r < −0.01 and ǫb

r > 1.4 but, in-

creases for −0.01 < ǫb
r < 1.4. Whereas, amplitude of the transmission coef-
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ficient decreases for −3 < ǫb
r < −0.01 and 0.4 < ǫb

r < 3 and increases for

−0.01 < ǫb
i < 0.4. In Fig.3.5c, it is noted that amplitude of the reflection coeffi-

cient decreases by increasing the value of D2 for −1 < µb
r < −0.1 and µb

r > 0.5

but, increases for 0.1 < µb
r < 0.5. In Fig.3.6, it is noted that amplitude of the

coefficients decreases as D2 → 2 when coefficients are studied for fixed value

of µb
r and varying values of the permittivities (Fig.3.6a–Fig.3.6b), and increases

by taking smaller value of µb
r (= 0.01) as depicted in Fig.3.6c.

3.1.3 Conclusion

Derivation and study of the behavior of the second order S-polarized reflec-

tion and transmission coefficients is given in this section for linear dielec-

tric magnetic–second order nonlinear dielectric magnetic NID planar interface.

Smaller amplitude of the reflection coefficient is observed for positive values

of permittivity (linear dielectric magnetic medium) compared to the negative

values (linear epsilon negative medium). It is also noted that amplitude of the

reflection coefficient increases (decreases) by taking higher values of the non-

linear permeability when linear epsilon negative (dielectric magnetic) medium

is taken as m
′

medium. Results also depict that amplitude of the reflection

(transmission) coefficient decreases (increases) as incident angle increases for

linear epsilon negative medium. Moreover, amplitude of both the coefficients

decrease (increases) by increasing ǫb
i for linear epsilon negative (dielectric mag-

netic) medium and the peaks of the coefficients also shift towards right by in-

creasing the value of ǫb
i . On the other hand, it is also noted that amplitude of

the coefficients increases by increasing both the permittivities (ǫb
i and ǫb

r ) and

incident angle for linear dielectric magnetic medium. On the other hand, for

mu near zero medium (as m
′
), higher amplitude of the coefficients is noted

when θi → 30◦. Results also depict that amplitude of the coefficients is en-

hanced by taking for epsilon near zero medium.

Studying the impact of the noninteger dimension on the coefficients, it is noted

that amplitude of the reflection coefficient decreases by increasing the nonin-

teger dimension for −3 < ǫb
i < −0.4 and 2.4 < ǫb

i < 3, but, increases for

−0.4 < ǫb
i < 0.4 and 2 < ǫb

i < 2.4. On the other hand, amplitude of the
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transmission coefficient decreases by increasing the value of the noninteger

dimension parameter for −3 < ǫb
i < 3. Results also depict that amplitude

of the reflection coefficient decreases by increasing the noninteger dimension

for −3 < ǫb
r < −0.01 and ǫb

r > 1.4 and increases for −0.01 < ǫb
r < 1.4.

It is also noted that amplitude of the transmission coefficient decreases for

−3 < ǫb
r < −0.01 and 0.4 < ǫb

r < 3 whereas, increases for −0.01 < ǫb
i < 0.4.

Furthermore, it is studied that amplitude of the reflection coefficient decreases

by increasing the value of the noninteger dimension for −1 < µb
r < −0.1 and

µb
r > 0.5 but, increases for 0.1 < µb

r < 0.5.

3.2 P-polarization excitation

3.2.1 Description of the geometry and mathematical formula-

tion
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Figure 3.8: Linear dielectric magnetic and second order nonlinear dielectric
magnetic NID planar interface excited by P-polarized plane wave.

Consider a planar interface placed at z = q and excited by a P-polarized

plan wave as depicted in Fig.3.8. Description of the geometry is given in

Sec.3.1.2. Electric and magnetic fields associated with the incident plane wave
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are Ei = (Eix, 0, Eiz)
T and Hi = (0, Hiy, 0)T, respectively. Furthermore induced

NL polarization is P, where in the following discussion p̂ is used to repre-

sent a unit vector in the plane of Fig.3.8 and α is used to represent the angle

formed between induced NL polarization and the wave vector: i.e: P and kb
t ,

as depicted in Fig.3.8. Reflected and transmitted fields are obtained by using

the similar procedure as discussed in Sec.3.1.2. Equating the tangential com-

ponents of the fields across the interface, following boundary conditions are

achieved,

BR
‖ cos θr = BT

‖ cos θt A1 +

(

Pω2
s µo sin α cos θs

k2
s − kb

t
2

+
Pω2

s µo cos α sin θs

kb
t

2

)

A2

−
BR
‖ e−jkb

r q cos θr

ηb
r

=
BT
‖ B1

ηb
t

+

(

Pω2
s µo sin α cos θs

k2
s − kb

t
2

+
Pω2

s µo cos α sin θs

kb
t

2

)(

B2

ηs

)

(3.5)

Analytical solution of Eq.(3.5), provides the P-polarized unknown coefficients

written below as,

BR
‖ =

kb
t

2
ηb

r ηs

(

k2
s − kb

t
2

)(

A2B1ηs − A1B2δtt

)(

B1δrr + A1δe
t

)

δt
ccηb

t

(

A2ηe
s + B2δrr

)2(

kb
t

2
sin(α − θs) + k2

s cos α sin θs

)

BT
‖ =

kb
t

2
ηs

(

kb
t

2 − k2
s

)(

B1δrr + A1δe
t

)

δt
cc

(

A2ηe
s + B2δrr

)(

kb
t

2
sin(α − θs) + k2

s cos α sin θs

)

(3.6)

In Eq.(3.5)–Eq.(3.6), BR
‖ and BT

‖ are the unknown reflection and transmission

coefficient, respectively. Furthermore, notations used to write these equations

in compact form are given in appendix.
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3.2.2 Results and discussion

Unknown P-polarized reflection and transmission coefficients derived in the

previous section are discussed here as a function of different parameters. In

Fig.3.9–Fig.3.11, impact of the non-linearity on the behavior of the coefficients

is given. In Fig.3.9, coefficients are studied as a function of ǫb
i by taking specific

values of ǫb
r (Fig.3.9), µc

r (Fig.3.9b), θi (Fig.3.9c) and α (Fig.3.9d). In Fig.3.9a, it

is noted that amplitude of the reflection (transmission) coefficient decreases

(increases) by increasing the value of ǫb
r . Furthermore, it is also noted that am-

plitude of the coefficients is greater for EN medium compared to the dielectric

magnetic medium. On the other hand, it is also noted that behavior of the

reflection (transmission) coefficient changes at ǫb
i = 0.2(0.4). In Fig.3.9b, it is

noted that amplitude of the coefficients decreases by increasing the value of

µb
r . It is also noted that amplitude of the reflection coefficient increases for EN

and dielectric magnetic both mediums by increasing the incident angle. On

the other hand, amplitude of the transmission coefficient decreases by taking

higher values of the incident angle for −1.7 < ǫb
i < 0.3 (Fig.3.9c). In Fig.3.9b,

it is studied that amplitude of both the coefficients increases as α → 90◦. Re-

sults depict that higher amplitude of the coefficients is achieved by using EN

medium compared to dielectric magnetic medium. From the comparison of

all subplots given in Fig.3.9, it is noted that higher amplitude of the reflection

coefficient is achieved by using ǫb
i = −3, ǫb

r = 1.9, µb
r = 0.05 and α = θi = 60◦.

In Fig.3.10, behavior of the coefficients is given as a function of ǫb
r for spe-

cific values of ǫb
i (Fig.3.10a), µb

r (Fig.3.10b), θi (Fig.3.10c) and α (Fig.3.10d). In

Fig.3.10a, it is noted that amplitude of the coefficients increases by increasing ǫb
i

for both EN and dielectric magnetic mediums. It is also noted that peaks of the

reflection coefficient shift towards right by taking higher values of ǫb
i for dielec-

tric magnetic medium. Whereas, amplitude of the coefficients decreases by in-

creasing the value of µb
r , and no peaks shifting is noted (Fig.3.10b). In Fig.3.10c,

it is noted that amplitude of the reflection (transmission) coefficient increases

(decreases) by increasing the value of the incident angle for EN medium. It is

interesting to note that higher amplitude of the transmission coefficient can be

achieved by taking epsilon near zero medium for smaller value of θi(= 30◦).
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In Fig.3.10d, it is noted that amplitude of the coefficients increases as α is in-

creased. It is also noted that for fixed value of α, amplitude of the reflection

(transmission) coefficient decreases (increases) and 1 < ǫb
r < 3. Results also

depict that higher amplitude of the coefficients is achieved for ǫb
r → 0 by tak-

ing ǫb
i = 0.8, µb

r = 0.01 and α = 60◦.

In Fig.3.11, coefficients are plotted as a function of α by taking specific values

of ǫb
i (Fig.3.11a), ǫb

r (Fig.3.11b), µb
r (Fig.3.11c) and θi (Fig.3.11d). In Fig.3.11a,

it is noted that amplitude of the coefficients increases by increasing the value

of ǫb
i . It is noted that amplitude of the coefficients decreases by increasing the

value of ǫb
r and µb

r (Fig.3.11b–Fig.3.11c), whereas increases by increasing the

value of the incident angle (Fig.3.11d). Results also depict that for fixed value

of ǫb
i , ǫb

r , µb
r or θi, amplitude of the coefficients increases as α → 90◦.

Now, impact of the noninteger dimension of the medium m
′′
, on the reflection

and transmission coefficients is given in Fig.3.12–Fig.3.13. In Fig.3.12, coeffi-

cients are studied as a function of ǫb
i (Fig.3.12a), ǫb

r (Fig.3.12b) and α (Fig.3.12),

for D2 6= 2. In all these subplots it is noted that amplitude of the coefficients de-

crease by increasing D2. On the other hand, in Fig.3.13, coefficients are plotted

as a function of dimension parameter by taking specific values of ǫb
i Fig.3.13a,

ǫb
r (Fig.3.13b) and α (Fig.3.13c). Results also depict that amplitude of the coef-

ficients, decreases as D2 → 2, for fixed values of the constitutive parameters.
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Figure 3.9: (cont.)
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Figure 3.9: Behavior of |BR
‖ | and |BT

‖ | with respect ǫb
i for D2 = 2.
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Figure 3.10: (cont.)
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Figure 3.10: Behavior of |BR
‖ | and |BT

‖ | with respect ǫb
r for D2 = 2.
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Figure 3.11: (cont.)
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Figure 3.11: Behavior of |BR
‖ | and |BT

‖ | with respect α for D2 = 2.
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Figure 3.12: (cont.)
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Figure 3.12: Behavior of |BR
‖ | and |BT

‖ | with respect (a) ǫb
i (b) ǫb

r and (c) α for the

variations of the dimension parameter.
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Figure 3.13: (cont.)
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Figure 3.13: Behavior of |BR
‖ | and |BT

‖ | with respect to dimension parameter.

---- Calculated by using 

Eq.1.11

___ Calculated by using 

Eq.1.12
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Figure 3.14: Sum of P-polarized reflected and transmitted powers for Ib .

3.2.3 Conclusion

Derivation and discussion of the second order P-polarized coefficients is given

in this section for linear dielectric magnetic–second order nonlinear dielectric

magnetic NID planar interface. Results depict that amplitude of the reflec-

tion (transmission) coefficient decreases (increases) by increasing the value of

ǫb
r . Moreover, amplitude of both the coefficients decreases by increasing the

value of nonlinear permeability. On the other hand, amplitude of the trans-

mission coefficient decreases by taking higher values of θi for −1.7 < ǫb
i < 0.3.

It is also noted that amplitude of both the coefficients increases as α → 90◦.

Furthermore, higher amplitude of both the coefficients is noticed for epsilon
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negative medium compared to the dielectric magnetic medium. Results also

depict that higher amplitude of the reflection coefficient is achieved by using

ǫb
i = −3, ǫb

r = 1.9, µb
r = 0.05 and α = θi = 60◦. Studying the impact of the

noninteger dimension on the behavior of the coefficients, it is noted that ampli-

tude of the coefficients decreases as D2 → 2 for fixed values of the constitutive

parameters.



Chapter 4

Linear dielectric magnetic NID and

nonlinear dielectric magnetic NID

planar interface

In this chapter derivation and the discussion of the reflection and transmis-

sion coefficients is given when a S-polarized and P-polarized electromagnetic

wave is used to excite the linear dielectric magnetic NID–second order non-

linear dielectric magnetic NID planar interface. Changes in the behavior of

the coefficients is also reported when an epsilon negative or mu negative NID

medium is taken instead of linear dielectric magnetic NID medium. In all these

cases, contribution of the non-linearity and noninteger dimensions are studied

separately. Moreover, specific ranges of the permittivities and permeability are

also discussed for which higher amplitude of the coefficients can be observed.

Results depict that higher amplitude of the reflection coefficient is achieved by

using dielectric magnetic NID left half space compared to EN–NID medium.

Results depict that dimensions of the NID mediums can be used to control the

amplitude of the coefficients.
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Figure 4.1: Linear dielectric magnetic NID and second order NL dielectric
magnetic NID planar interface excited by S-polarized plane wave.

4.1 S-polarization excitation

4.1.1 Description of the geometry and mathematical formula-

tion

Consider a planar interface placed at z = q and is excited by a S-polarized

wave of fundamental frequency ωi, making an angle θi with the normal to

the interface, as depicted in Fig.4.1. Left half plan which is symbolized as

medium m⊖ is filled with linear dielectric magnetic NID medium and is char-

acterized by the wave number kc
i = ωi

c

√

ǫc
i (ωi), where, ǫc

i (ωi), (hereafter it is

written as ‘ǫc
i ’ for simplicity) is the fundamental permittivity of this medium.

Right half space, contains second order NL dielectric magnetic NID medium

(medium m⊕), which is characterized by the wave number kc
t = ωs

c

√

ǫc
t (ωs)

where, ǫc
t (ωs) (hereafter written as ǫc

t for simplicity) is the permittivity of m⊕
at second harmonic frrquency.

Following the procedure of MSV in NID space, incident wave for NID medium

Chapter4/Chapter4Figs//diagram1--ten.eps
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is expressed as,

Ei(ωi) = ŷΠi(ωi)exp
(

ikix sin θi

)(

kiz cos θi

)o1

H
(2)
o1

(

kiz cos θi

)

, (4.1)

In above equation, order of medium m⊖ and m⊕ are o1 = | 3−D1
2 | and o2 =

| 3−D2
2 |, respectively, whereas D1 and D2 are the respective dimensions of left

and right half space mediums.

To obtain the transmitted wave, solution of the NL wave equation is obtained

by using SVA approximation and MSV in NID space. Equating the tangential

components of the waves across the interface, following boundary condition

equations are obtained,

CR
⊥Ar = CT

⊥At +
PAsω

2
s µo

k2
s − kc

t
2

CR
⊥Br cos θr

ηc
r

= −CT
⊥Bt cos θt

ηc
t

− PBs cos θsω
2
s µo

ηs(k2
s − kc

t
2)

(4.2)

Analytical solution of Eq.(4.2) yields the following unknown coefficients,

CR
⊥ = −

ηc
r ηs

(

k2
s − kc

t
2
)

ξ

ηc
t ̟ϑ2

(4.3)

CT
⊥ = −

ηs

(

k2
s − kc

t
2
)(

AtBrηc
t cos θr + ArBtη

c
r cos θt

)

̟ϑ
, (4.4)

where CR
⊥ and CT

⊥ are the known reflection and transmission coefficients and

the subscript is used to indicate the polarization of the incident electromag-

netic wave, and

ξ =
(

AtBrηc
t cos θr + ArBtη

c
r cos θt

)(

−AtBsη
c
t cos θs + AsBtηs cos θt

)

Different notations used to write the unknown coefficients in compact form

are given in appendix.
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4.1.2 Results and discussion

The S-polarized unknown coefficients which are derived in previous section

are discussed here, as a function of ǫc
i , ǫc

r and µc
r. Analysis is also conducted by

taking special cases of the original geometry: epsilon negative NID (EN–NID)

or mu negative NID (MN–NID) as m⊖ mediums are considered in this regard.

In the first part, analysis is conducted to study the impact of the non-linearity

on the unknown coefficients by taking ordinary mediums, i.e; D1=D2=2 (Fig.4.2–

Fig.4.4). Behavior of the unknown coefficients as a function of ǫc
i by taking spe-

cific values of ǫc
r (Fig.4.2a), µc

r (Fig.4.2b) and θi (Fig.4.2c) are given in Fig.4.2. It

is noted that amplitude of the coefficients increases by increasing the values

of the ǫc
r . Moreover, it is also noted that for specific value of ǫc

r , amplitude of

both the coefficients increases for ǫc
i < 2 and decreases for ǫc

i > 2. It is also

noted that amplitude of the coefficients increases by taking smaller values of

µc
r and higher amplitude of both the coefficients are achieved by taking µc

r=0.01

and 1.7 < ǫc
i < 2.4 (Fig.4.2b). In Fig.4.2c, peaks of the coefficients are observed

which shift towards right by increasing the value of the incident angle. It is also

observed that amplitude of the reflection (transmission) coefficient decreases

(increases) by increasing the incident angle. From the comparison of all sub-

plots given in Fig.4.2, it is noted that amplitude of the coefficients for EN–NID

m⊖ medium are negligible compared to dielectric magnetic NID m⊖ medium.

Fig.4.3, depict the behavior of the reflection and transmission coefficients as

a function of ǫc
r . It is observed that amplitude of the coefficients increases by

increasing the value of ǫc
i (Fig.4.3a), except at ǫc

i =1.8, which provides higher

amplitude of the reflection coefficient for −2.3 < ǫc
r < 0.65 and ǫc

r > 1.15. On

the other hand, higher amplitude of the transmission coefficient is observed

for −3 < ǫc
r < 0.85 and ǫc

r > 1. It is also noted that higher amplitude of the re-

flection coefficient can be achieved by taking negative values of ǫc
r compared to

positive values. Results also depict that amplitude of the coefficients increases

by taking smaller values of µc
r (Fig.4.3b) and higher values of the incident an-

gle (Fig.4.3c). From the comparison of all these subplots, it is noted that higher

amplitude of the reflection coefficient can be achieved by taking ǫc
r=−3, ǫc

i =2.3,

µc
r=0.01 and θi=60◦. On the other hand, higher amplitude of the transmission
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coefficient can be achieved by taking ǫc
i =1.8, µc

r=0.01, θi=60◦ and by taking neg-

ative of ǫr.

In Fig.4.4, coefficients are plotted as a function of µc
r. It is noted that ampli-

tude of the coefficients increases by increasing ǫc
i . It is noted that both co-

efficients behave differently at ǫc
i = 1.8(≈ ǫc

r). It is also noted that ampli-

tude of the reflection coefficient decreases by increasing the value of ǫc
r for

−1 < µc
r < −0.45 and increases for µc

r > 0.45 (Fig.4.4b). It is noted that ampli-

tude of the coefficients increases by increasing the value of the incident angle

except at −0.1 < µc
r < 0.5. From the comparison of all these subplots it is

noted that higher amplitude of the coefficients can be achieved for mu near

zero medium.

---- Calculated by using Eq.1.11

___ Calculated by using Eq.1.12
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Figure 4.9: Sum of S-polarized reflected and transmitted powers for Ic .

Fig.4.5 and Fig.4.8, depict the contribution of the noninteger dimension of

M⊖ and M⊕. Behavior of the coefficients are studied as a function of ǫc
i , ǫc

r and

µc
r. It is noted that amplitude of the reflection coefficient increases by increas-

ing D1 for −3 < ǫc
i < 1.5 whereas, decreases for ǫc

i > 1.5 (Fig.4.5a). On the

other hand, amplitude of the reflection coefficient also increases by increasing

D1 for −3 < ǫc
r < 0.25 and ǫc

r > 1.2. Whereas, amplitude of the transmission

coefficient increases by increasing D1 for −3 < ǫc
r < 0.1 and ǫc

r > 1.8 and de-

creases for 0.1 < ǫc
r < 1.8 (Fig.4.5b). It is also noted that amplitude of the reflec-

tion coefficient decreases by increasing D1 for −1 < µc
r < −0.03 and µc

r > 0.1

but, increases for −0.03 < µc
r < 0.1 (Fig.4.5c). From the comparison of all these

subplots, it is noted that higher amplitude of the coefficients are achieved by
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Figure 4.2: Behavior of |CR
⊥| and |CT

⊥| with respect to ǫc
i for D1 = D2 = 2.
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Figure 4.3: Behavior of |CR
⊥| and |CT

⊥| with respect to ǫc
r for D1 = D2 = 2.
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Figure 4.4: Behavior of |CR
⊥| and |CT

⊥| with respect to µc
r for D1 = D2 = 2.
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Figure 4.5: Behavior of |CR
⊥| and |CT

⊥| with respect to (a) ǫc
i (b) ǫc

r (c) µc
r for

D2 = 2, D1 6= 2.
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Figure 4.6: Behavior of |CR
⊥| and |CT

⊥| with respect to (a) ǫc
i (b) ǫc

r (c) µc
r for

D1 = 2, D2 6= 2.
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Figure 4.7: Contour plots of |CR
⊥| and |CT

⊥| with respect to D1 and D2 for ǫc
i =

0.8, ǫc
r = 1.9, µc

r = 0.01, µc
t = 0.02 and θi = 45◦.

taking higher values of the noninteger dimensions and 1.7 < ǫc
i < 2.4, ǫc

r = −3

and mu near zero materials. Fig.4.6a, depict that amplitude of the coefficients

increases by increasing the value of D2. It is also noted that amplitude of the re-

flection coefficient increases by taking higher values of D2. Whereas, transmis-

sion coefficient decreases by taking higher values of D2 for −0.7 < ǫc
r < −0.05

and 0.4 < ǫc
r < 1 (Fig.4.6b). On the other hand, Fig.4.6c, depict that amplitude

of the reflection coefficient decreases (increases) by increasing the value of D2

for µc
r < 0 (µc

r > 0). Fig.4.7, depict the contour plots of reflection and trans-

mission coefficients by taking ǫc
i > 0, ǫc

t > 0 and µc
r > 0. In Fig.4.8, contour

plots of the coefficients are give for ǫc
i = −0.8 (Fig.4.8a), ǫc

r = −1.9 (Fig.4.8b)

and µc
r = −0.01 (Fig.4.8c). From the comparison of Fig.4.2–Fig.4.4 and Fig.4.5–

Fig.4.8, it is noted that dimension of both the mediums are used as controlling

factors for the amplitude of the coefficients by keeping the same shape.

4.1.3 Conclusion

Derivation and discussion of the S-polarized reflection and transmission coeffi-

cients are given in this section for linear dielectric magnetic NID–second order

nonlinear dielectric magnetic NID planar interface. It is noted that amplitude

of the coefficients increases (decreases) by increasing the values of ǫc
r (µc

r). Fur-
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Figure 4.8: (cont.)
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Figure 4.8: Contour plots of |CR
⊥| and |CT

⊥| with respect to D1 and D2 by taking
µc

t = 0.02 and θi = 45◦ for (a) ǫc
r = 1.9, µc

r = 0.01 and ǫc
i = −0.8 (b) ǫc

i = 0.8,
µc

r = 0.01 and ǫc
r = −1.9 and (c) ǫc

i = 0.8, ǫc
r = 1.9 and µc

r = −0.01.

thermore, peaks of the coefficients are also observed at specific values of linear

permittivity, which shift towards right by increasing the incident angle. Re-

sults also depict that higher amplitude of both the coefficients are achieved by

taking dielectric magnetic NID medium as left half space medium. It is studied

that amplitude of the reflection coefficient increases by taking negative values

of the ǫr. Moreover, amplitude of both the coefficients can be increased by

using a material exhibiting ǫc
i ≈ ǫc

r for manufacturing a devices which is oper-

ating on a specific value of µc
r. In all cases: (a) D1 = D2 = 2, D1 6= 2 (b) D2 = 2,

D2 6= 2 (c) D1 = 2, dimension of both the mediums are used as a controlling

factor for the behavior of the coefficients by keeping the same shape.

4.2 P-polarization excitation

4.2.1 Description of the geometry and mathematical formula-

tion

Consider a planar interface located at z = q and excited by a P-polarized elec-

tromagnetic wave as depicted in Fig.4.10. Description of the geometry is given
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Figure 4.10: Linear NID magnetic and second order NL dielectric magnetic
NID planar interface excited by P-polarized plane wave.

in Sec.4.1.1.

Using the procedure of MSV in NID space and SVA approximation for the

solution of the NL wave equation (as discussed in Sec.4.1.1), P-polarized re-

flected and transmitted fields are obtained. Equating the tangential compo-

nents of the fields across the interface following boundary condition are achieved,

CR
‖ Ar cos θr = CT

‖ At cos θt +
Pω2

s µo As cos θs sin α

k2
s − kc

t
2

+
Pω2

s µo As sin θs cos α

kc
t
2

−
CR
‖ Br

ηc
r

=
CT
‖ Bt

ηc
t

+
Pω2

s µoBs sin α

ηs(k2
s − kc

t
2)

,

(4.5)

CR
‖ and CT

‖ are the unknown reflection and transmission coefficients, respec-

tively and the subscripts are used to indicate the polarization of the incident

electromagnetic wave. Analytical solution of Eq.(4.5), yields the unknown co-
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efficients which are written below as,

CR
‖ =

kc
t
2ηc

r ηs

(

k2
s − kc

t
2
)(

ψ1 + ψ2

)

[

kc
t
2 sin α

(

ψ3 − ψ4

)

+ ψ5

(

k2
s − kc

t
2
)

]

δt
ccηc

t

[

kc
t
2ψ6 + AsBrηs

(

kc
t
2 sin(α − θs) + k2

s cos α sin θs

)

]2

CT
‖ =

kc
t
2ηs

(

kc
t
2 − k2

s

)(

ψ1 + ψ2

)

δt
cc

[

kc
t
2ψ6 + AsBrηs

(

kc
t
2 sin(α − θs) + k2

s cos α sin θs

)

]

(4.6)

All definitions used to write the above equations in compact form are given in

appendix.

4.2.2 Results and discussion

This section is devoted to the study of the behavior of the P-polarized reflec-

tion and transmission coefficients as a function of ǫc
i , ǫc

r , µc
r, θi and α. As stated

in previous chapters, α is the angle formed between induced NL polarization

and the wave vector, hence α = 0◦ and α = 90◦ depict that P||kc
t and P ⊥ kc

t .

Analysis presented in this section is divided into two parts. In the first part,

behavior of the coefficients is studied by taking both ordinary half spaces, i.e;

D1 = D2 = 2, to notice the impact of the non-linearity on the reflection and

transmission coefficients. Plots given in Fig.4.11–Fig.4.13 depict this study. To

study the impact of the noninteger dimensions on the reflection and transmis-

sion coefficients, second part of the analysis is further divided into two parts,

i.e; (i) D1 = 2 and D2 6= 2 (Fig.4.14) (ii) D2 = 2 and D1 6= 2 (Fig.4.15).

In Fig.4.11, reflection and transmission coefficients are plotted as a function of

ǫc
i by taking specific values of ǫc

r (Fig.4.11a), µc
r (Fig.4.11b), α (Fig.4.11c) and θi

(Fig.4.11d). All these plots are obtained for epsilon negative–NID (EN–NID)

and dielectric magnetic NID mediums. It is noted that amplitude of the re-

flection coefficient is greater for dielectric magnetic NID medium compared to

EN–NID medium (Fig.4.11a). Furthermore, amplitude of the reflection coeffi-

cient decreases by increasing the value of ǫc
r for both mediums. On the other
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hand, it is also noted that for epsilon near zero medium, reflection coefficient

reaches to zero, i.e considered geometry composed of discussed material, be-

have as an absorber geometry. Similar behavior is observed when coefficients

are studied for fixed value of ǫc
i and by taking specific values of µc

r (Fig.4.11b).

It is noted that amplitude of both the coefficients increases by increasing the

value of µc
r. In Fig.4.11c, coefficients are plotted by taking specific values of

α. Significant changes are observed by changing values of alpha for dielectric

magnetic NID medium and it is also noted that amplitude of the coefficients

increases by taking higher values of α. Only amplitude of the transmission co-

efficient increases by decreasing α for epsilon near zero medium. On the other

hand, in Fig.4.11d, coefficients are plotted by taking specific values of the inci-

dent angle. It is obvious to note that amplitude of the reflection (transmission)

coefficient increases (decreases) by increasing the values of the incident angle.

Furthermore it is also noted that for dielectric magnetic NID medium curves of

the coefficients shift towards left by increasing the values of the incident angle.

In Fig.4.12, coefficients are plotted as a function of µc
r for mu negative–NID

(MN–NID) and dielectric magnetic NID mediums. In Fig.4.12a (Fig.4.12b), it

is noted that amplitude of the coefficients increasing (decreases) by increasing

the values of ǫc
i (ǫc

r). On the other hand, it is also noted that amplitude of the

reflection coefficient increases by decreasing the values of α for dielectric mag-

netic NID medium (Fig.4.12c). Whereas, amplitude of the coefficients increases

by increasing the value of the incident angle for both MN–NID and dielectric

magnetic NID mediums. Furthermore, in all these subplots it is also noted that

amplitude of both the coefficients are negligible for mu near zero medium.

In Fig.4.13 coefficients are plotted as a function of α. Results presented in

Fig.4.13a (Fig.4.13b), depict that amplitude of the coefficients increases (de-

creases) by increasing the values of ǫc
i (ǫ

c
r). It is also noted that amplitude of the

coefficients increases by increasing the values of the incident angle (Fig.4.13d).

Whereas, only amplitude of the reflection coefficient increases by increasing

the value of µc
r. Moreover, amplitude of the transmission coefficient increases

(decreases) by taking higher values of µc
r for α < 60◦ (α > 60◦): Fig.4.13c. Fur-

thermore, in all these subplots it is also noted that amplitude of the coefficients
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Figure 4.11: (cont.)
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Figure 4.11: Behavior of |CR
‖ | and |CT

‖ | with respect to ǫc
i for D1 = D2 = 2.

increases as α → 90◦, for fixed value of µc
r and θi and higher (smaller) values

of ǫc
i (ǫ

c
t ).

Now, impact of the noninteger dimensions of both half spaces is reported

(Fig.4.14–Fig.4.19). Plots given in Fig.4.14 are obtained to study the impact of

the noninteger dimension of medium M⊖. It is noted that amplitude of the co-

efficients increases by taking higher dimension of medium M⊖, when plotted

as a function of α and µc
r (Fig.4.14a, Fig.4.14d). On the other hand, amplitude

of both the coefficients decreases by taking higher values of the noninterger

dimensions of medium M⊖ when plotted as a function of ǫc
i and ǫc

r (Fig.4.14b,

Fig.4.14c). Furthermore, it is also noted that behavior of both the coefficients

changes for both epsilon and mu near zero mediums (Fig.4.14b–Fig.4.14d). In

Fig.4.15, behavior of the coefficients are given which depict the impact of the

noninteger dimension of medium M⊕, i.e; D1 = 2 and D2 6= 2. From the

comparison of all subplots in Fig.4.14–Fig.4.15 it is noted that dimensions of

both the mediums play an important role in controlling the amplitude of the

coefficients by keeping the same shape.
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Figure 4.12: (cont.)
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Figure 4.12: Behavior of |CR
‖ | and |CT

‖ | with respect to µc
r for D1 = D2 = 2.
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Figure 4.20: Sum of P-polarized reflected and transmitted powers for Ic .

4.2.3 Conclusion

Derivation and behavior of the second order P-polarized reflection and trans-

mission coefficients is given in this section for linear dielectric magnetic NID–

second order nonlinear dielectric magnetic NID planar interface. Higher am-

plitude of the reflection coefficient is noted for dielectric magnetic NID medium

compared to epsilon negative medium. It is also noted that amplitude of the

transmission coefficient increases by taking smaller value of α for epsilon or

mu near zero mediums. Results also depict that amplitude of the reflection

coefficient increases by increasing the nonlinear permeability for all values of
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Figure 4.13: (cont.)
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Figure 4.13: Behavior of |CR
‖ | and |CT

‖ | with respect to α for D1 = D2 = 2.

α. Whereas, amplitude of the transmission coefficient increases (decreases) for

α < 60◦ (α > 60◦) by increasing µc
r. It is studied that amplitude of the co-

efficients increases (decreases) by taking higher dimension of NID mediums,

when plotted as a function of α,µc
r (ǫc

i ).
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Figure 4.14: (cont.)
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Figure 4.14: Behavior of |CR
‖ | and |CT

‖ | with respect to (a) α (b) ǫc
i (c) ǫc

r (d) µc
r

for D2 = 2 and D1 6= 2.
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Figure 4.15: (cont.)
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Figure 4.15: Behavior of |CR
‖ | and |CT

‖ | with respect to (a) α (b) ǫc
i (c) ǫc

r (d) µc
r

for D1 = 2 and D2 6= 2.
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Figure 4.16: Contour plots of |CR
‖ | and |CT

‖ | with respect to D1 and D2 for (a)

α = 0◦ and (b) α = 90◦ by taking µt = 0.02, θi = 45◦, ǫr = 1.9, µr = 0.01 and
ǫi = 0.8.
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Figure 4.17: Contour plots of |CR
‖ | and |CT

‖ | with respect to D1 and D2 for (a)

α = 0◦ and (b) α = 90◦ by taking µt = 0.02, θi = 45◦, ǫr = 1.9, µr = 0.01 and
ǫi = −0.8.
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Figure 4.18: Contour plots of |CR
‖ | and |CT

‖ | with respect to D1 and D2 for (a)

α = 0◦ and (b) α = 90◦ by taking µt = 0.02, θi = 45◦, µr = 0.01, ǫi = 0.8 and
ǫr = −1.9.
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Figure 4.19: Contour plots of |CR
‖ | and |CT

‖ | with respect to D1 and D2 for (a)

α = 0◦ and (b) α = 90◦ by taking µt = 0.02, θi = 45◦, ǫr = 1.9, ǫi = −0.8 and
µr = −0.01.
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Chapter 5

Conclusions and proposed
applications

Detailed conclusions of the study presented in all the chapters are listed below,

∗ In this thesis, a study to note the impact of the presence of non-linearity

and/or noninteger dimensions, on the reflection and transmission of a

dielectric magnetic–dielectric magnetic (DM–DM) planar interface ge-

ometry is presented. Both S and P-polarization excitations are considered

in this regard. All the nonlinear materials considered in this study are of

second harmonic generation type, that is, mathematically permittivity of

the nonlinear medium contains two terms, linear and nonlinear. Due to

this reflected and transmitted coefficients has two terms first order and

second order. It is important to note that nonlinear coefficients vanishes

if nonlinear part of the permittivity is removed. Only behavior of the sec-

ond order reflection and transmission characteristics is presented in this

thesis. Moreover, nonlinear permeability (permeability observed at sec-

ond harmonic frequency) is used throughout the analysis. By taking dif-

ferent noninteger values of the dimension of the noninteger dimensional

(NID) medium, reflected and transmitted powers changes independently

but the sum of both the powers remain the same. All planar geometries

are named in such a way that first part of each name represents the ex-

citation side. Behavior of the second order coefficients are presented as

a function of permittivities, permeability and noninteger dimension pa-
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rameter.

∗ First, the impact of presence of NID and non-linearity is noted by incor-

porating them into two different half spaces, i.e; nonlinear DM–linear

DM noninteger dimensional interface. It is noticed that due to the pres-

ence of NID environment, the reflected power, compared to the trans-

mitted power, can be significantly enhanced, for specific values of linear

permittivity and positive values of nonlinear permeability.

∗ In the second consideration, contributions of the non-linearity and non-

integer dimensions are incorporated into one half space, i.e; linear DM–

nonlinear DM noninteger dimensional interface. In this scenario, re-

markable enhancement in the transmitted power are observed (compared

to reflected power), for specific values of the linear permittivity. More-

over, the values of linear permittivity are adjusted by tuning the incident

angle and nonlinear permeability. Peaks of both the coefficients are also

observed for only specific values of linear permittivity

∗ In the last consideration, impact of the presence of non-linearity and

noninteger dimensions are noted by incorporating them simultaneously

in both half spaces, i.e; linear DM noninteger dimensional–nonlinear

DM noninteger dimensional interface. Significant enhancement in the S-

polarized coefficients is noticed as linear permittivity approaches nonlin-

ear permittivity. On the other hand, higher amplitude of the P-polarized

reflection coefficient is noticed for DM noninteger dimensional medium

compared to epsilon negative noninteger dimensional medium.

∗ It is concluded from the observations drawn from studying these scenar-

ios that tuning of both noninteger dimension/dimensions and the non-

linearity can be used for controlling the behavior of the coefficients.

5.1 Proposed applications

Some potential medical applications of the presented work are discussed now.

In vertebrate tissues, collagen fiber protects the tendon from deformation [139]
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and also stores the energy for the muscles. Among this fiber category, collagen-

I (C-I), is the main component fond in bone structure, ovary, breast stoma,

kidney, liver and lungs. Hence, abnormality in C-I fiber causes mid to sever is-

sues related to these organs, like cancer [140–142]. Similarly, some pathogenic

disorders like: sjorgren’s syndrome, osteogenesis imperfecta and rheumatoid

arthritis occur due to the abnormality in fibrillar collagen fiber. Experimental

studies revel that SHG imaging/SHG microscopy for clinical applications is

more powerful tool compared to classical histological methods [143] due to its

sub-micron resolution capability on optical wavelengths. Further, SHG is also

capable of providing 3-dimensional imaging of tissues, which provide more

information compared to standard procedures [144–148]. Presented work can

be used for the SHG imaging of the C-I and fibrillar collagen fiber. Further,

presented work can also be used to study the cellular membrane interactions,

e.g; protein, DNA, RNA etc [149]. Moreover, a layered interface can also be

fabricated to enhance the sub-micron imaging for clinical applications.

Study of the NLO properties, especially SHG, is a difficult task for the no-

ble metals (silver and gold) due to their higher extinction losses in the optical

spectrum [150]. The metallic nano-structures also has thermal instabilities due

to the conduction losses. This problem is resolved by using the nitride-based

and conductive oxides materials, for example, Indium Tin Oxide (ITO), hav-

ing higher melting point compared to the noble metals and chemical stability

[151–153]. Moreover, ITO also has compatibility of fabrication standards to the

silicon industry. The ENZ metallic/dielectric fractal metasurfaces deposited

on ITO thin film sample, can be used to study the reported results.
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There surely came over man a period of time when he

was a thing not worth mentioning.

(Al-Insan : 1)
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