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Abstract

The gist of this thesis is that, by employing the pure mathematical machinery of functional
analytical methods, harmonic analysis, measure theory, distribution theory, and energy
methods, we analyze the regularity of generalized solutions of weakly formulated PDEs
and present improved regularity criteria that will ensure the smoothness of their weak
solutions. Different kinds of regularity criteria involving pressure, vorticity, velocity,
logarithmic, component reduction, one-directional derivatives, etc. are proved in Besov,
critical Besov, and anisotropic Lorentz spaces for various fluid dynamical systems. One of
Clay’s millennium problems, the smoothness of the Navier-Stokes equation, is intimately
related to all the systems that we are going to analyze in this thesis and is a fundamental
open problem of well-posedness and regularity that arises from the turbulent behavior of
flows over a period of time. Our goal is to obtain the regularity in more general critical
function spaces that will ensure the regularity of the systems in that particular time
interval. In this research work, we deal with the unsteady fluid problems on the entire

three-dimensional spatial domain and in the finite-time interval.
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Chapter 1

Introduction to the regularity of PDEs

and harmonic analysis methods
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1.1 Introduction

Nearly all the physical phenomena in the universe have been modeled by well-posed
partial differential equations (PDEs), which have three key characteristics. First and
foremost, the PDE problem must have a solution, i.e., a solution exists; secondly, it must
be unique; and thirdly, it must be regular or continuously dependent on the data given
in the problem. Previously, in the nineteenth century, PDE’s solution problem was in-
vestigated by finding it in the form of explicit formulas or exact solutions. This method
generated substantial challenges, considering that there is a fairly small group of PDEs
with exact solutions. In the earlier nineteenth century, with the introduction of Sobolev
spaces, weak solutions, and other harmonic analysis tools, the mathematical theory of
PDEs advanced effectively. Although the understanding of the differentiability properties
of solutions has improved, the problem of the regularity of weak solutions, whose existence
is only known, remains open and is considered one of the millennium problems [1]. Serrin
[3] pioneered to show the regularity of such Leray-Hopf [2, 4| weak solutions in terms of
velocity and proved the result for the Navier-Stokes equations (NSE). For the NSE the
problem of finding unique solution for each smooth initial condition for arbitrarily large
times is still open in higher dimensions. The same problem appears to be true for more

general dynamical systems.

The rigorous harmonic analysis tools of decompositions, Fourier analysis methods,
Besov spaces, Lorentz spaces, functional inequalities, and energy methods together with
a priort estimates, will help us proving our mains results also the embedding properties
of function spaces will be useful in establishing inequalities. This approach encouraged
new problems in the mathematical theory of turbulence, the global-in-time regularity
problem, the boundary value problem for steady state, the Liouville problem of steady

state with finite energy, and the boundary layer description at the zero viscosity limit.

1.2 Function spaces

We recall definitions of several function spaces that helped us support our findings.



Definition 1.2.1 For a measurable subset f of R” and 1 < p < oo, the norm of

LP(X, 1) space of a p-integrable functions is

I = ([ W) <

whereas, for p = 2, L? is called Hilbert space. The norm of its weak form L is given as

| |z := ess sup |f].

Definition 1.2.2 Let f € LP(R?) with 1 < p < oo. The space W consists of all those
functions whose first weak derivatives exists and are in LP(R?). Whereas, the norm is

given as § 1
e = [0+ [ i)

For 1 > 2, the Sobolev norm is defined as

”f”zé[/ﬁ,p = Z ||6&f||22p

l&]<n

Throughout the thesis we often use L?-based Sobolev spaces with norm defined as

5 =Y NlO° I,

0<|af<n

whereas, H" = W2,

Definition 1.2.3 A function f € BMO, if ||f||pymo < oo, where
f su f(x fgldx
BMO p m(B) B|aT,

1
and fp = —/ f(x)dx with B a ball over R".
7 m(B) Jg )
Now, we define the homogeneous Besov space.

Definition 1.2.4 Let 6 € R, 1 < [,71 < oo, the homogeneous Besov space Bl?fh(R?’) is

defined by the full dyadic decomposition such as
BY ., ={f € Z(®;|fllg < oo},

where

1A lge = 127 0AG Al

2



The details on dyadic decomposition can be found in [33].
Definition 1.2.5 Let [ = (il, l},l},) and m = (my, mg, m3) with 0 < I, < 00,
0<m; <oo. Ifl; =00 then m; = oo for every ¢ = 1,2,3. An anisotropic Lorentz space

Livmy(R, ; Ll2m2(R,,; L'=m3((R,,))) is the set of functions defined as

o0, oo o L L L o oy dE\ T g et dEs g
= </ (/ </ [tilt;tégf*l’*z’*s(tl,tz,tg)]ml Al) 1 A2> 2 A3) 3
0 0 0 t1 to t3

< 00.

i1

iy,m P
L 1,Mm1 12 ;Mo .
] Lz2 L233,m3

Definition 1.2.6 For complete Banach space X, and 1 < p < co. The space of all

strongly measurable functions denoted by LP(0,7; X)) and has norm

| fllzeo,rx) = </0THf(S)H§(dS>; < 00

is called Bochner space. For the weak form L>°(0,7"; X) the norm

[f 1z 0.1:) := ess supiego ry (1)l x
is finite.
Definition 1.2.7 For the Banach space X, let f € L'(0,T; X) has a weak time
derivative 0, f € L'(0,T; X) if
T T
/ f(5)0:®(s)ds = —/ O f(s)P(s)
0 0

Ve Cx0,7).
To prove our results we use the following inequalities given in [90-03], for 1 < r < 0o

and § > 0 we have that

1£1Z2r < Clf el flaro (1.1)

1fllzvo < C(1+I1f N g, TogZ (1 + | fllus—)) (1.2)
IV - V)V < ClIWVI VYV Bro (1.3)
VUL < ClAU| 2| VUl 52 (1.4)

The following proposition will be effective in proving results for the last chapter:



Proposition 1.2.8 [38] Let (h, D, B) is weak solution of the system (7.1). Then
Vtel0,T]

T
HH§WH%2+HHgWHifrHHgWHiﬁ/ (T || 7o+ [T 2o+ [TV |72) dE < C.
0
(1.5)

1.3 Main results

We now present a brief synopsis of the few key results reported in this thesis. All the
results are proved for the 3D incompressible fluid models on the whole space R?® and in
the smooth finite time interval subject to the various conditions.

The first regularity criteria was proved for the NSE via velocity. But the system of
three equations that is the NSE is governed by the time evolution of three components
of velocity (U, Us,Us3) and by the scalar pressure. Therefore, the question of finding
regularity conditions for these components is natural. This brought about the work on
the regularity via reduced components, one component, and pressure. Similarly, the
work on the more geometrically complex systems, in which the NSE is just a subpart,
initiated. Our first conditional regularity result is proved for the 3D magnetic Bénard
system. The result given in terms of pressure "U” that guarantee the conditional

smoothness in the interval [0, 7] is given as

T
/ ’ dt < o0,
0 <1+ln <€—|— H\DHBO—0100>

and is followed by the gradient pressure result

2
T VP2,
/ 2% sdt < oo.
0 (1+1n(e+ ||V\If||Bgooo))2

Previously, these results were also given for the NSE. The detailed analysis of these
conditions and background of the problem has been done in the upcoming chapters.
As the mathematical theory of PDEs advanced, more improved and new criteria were

presented. In this regard, we proved a new component reduction one directional



derivative result in terms of velocity and magnetic field given as

"
=)

‘(agu, 8312)‘ < o0, (1.6)

1,00
L,

m,00
L

L
Result (1.6) is proved for the 3D magneto-micropolar system.
Employing the techniques of the component reduction regularity. It has been further

improved and demonstrated for the Navier-Stokes-Nernst-Planck system via velocity i.e.,

2
I—(7+m+a)
dt < 0.

@1 N Lgy™

oo
The harmonic analysis tools including the dyadic decomposition and Besov spaces
enabled us to discuss different kinds of regularity results for each and every component

of the system. Following this line, one of the last results we presented is for the
fractional magneto-micropolar system. Due to its generality, we explored it for the
Beale-Kato-Majda type result provided via vorticity i.e., =V x U. The proved

conditions that controls to blow-up of weak solution until 7" is given as

1920150,

/ \/ 1+ log(e + ||| go, )

dt < oo.

1.4 Overview of the thesis

This thesis aims to presents the results on the geometric constraints of various fluid
systems, including the Cauchy problems of the 3D magnetic Bénard system, the 3D
Boussinesq equations, the magneto-micropolar system, the
Navier-Stokes-Poisson-Nernst-Planck system, and the fractional or generalized

magneto-micropolar system in the more regular function spaces.

In Chapter 2, we discuss the regularity of the weak solutions to the Cauchy problem
of the 3D magnetic Bénard system. These results are given for the pressure term, i.e.,
for "U" in the critical Besov space Bo_ofoo and for "VWU" in the homogenous Besov space
Bgom. Thus improving numerous previously established regularity results for this

system. The contents of this Chapter have been published in [35].

In Chapter 3, we explore a new kind of result presented on the one directional

derivative of velocity for the Cauchy problem of 3D Boussinesq equations in the



negative index Besov spaces. The contents of this Chapter have been submitted for

publication [5].

In Chapter 4, we present the blow-up criteria that deals with the component
reduction improvement of the regularity for the 3D incompressible magneto-micropolar
and Navier—Stokes-Poisson—Nernst—Planck systems. These results are evaluated
employing energy methods in the anisotropic Lorentz spaces. The contents of this

Chapter are published in [0].

In Chapter 5, we again use energy inequality to prove the finite-time regularity via of
pressure. The pressure and gradient pressure results are proved in the anisotropic

Lorentz spaces. The contents of this Chapter have been submitted for publication [3].

In Chapter 6, the focus is on the scale-invariant critical Besov spaces. The
double-logarithmic result for various fluid systems is proved in such function spaces.
The contents of this Chapter have been submitted for publication [7] and available
online on researchgate with DOI: 10.13140/RG.2.2.18887.37284.

In Chapter 7, for the fractional magneto-micropolar system, the first result is
demonstrated for the system’s voricity ||| 50 _.» and the second result is demonstrated
for the system’s velocity HVE)H%;OO. The contents of this Chapter have been submitted

for publication [9].

1.4.1 References of Contribution

The contribution is cited in the reference list which include [5-9, 35].

1.5 General notation

For notational convenience, throughout the thesis, ¢/ and V are taken as a velocity
and magnetic fields, ¥ as pressure, and W as a micro-rotational velocity. fR3 and fOT
are spatial and time integrals. All through the thesis, "C" is a generic constant that
could vary from line to line.

The 6 in chapter 2 is different from 6 used in chapter 4. The J in chapter 2 is not

same as ¢ in chapter 4. For non-verbose notations, systems (4.1) and (4.2) in chapter 6

6



are rewritten with new symbols. For fractional system in chapter 7, we use new
notations to analyze system (7.1).
The terms smoothness and regularity are interchangeable. Similarly, the terms weak

solutions, generalized solutions, and Leray-Hopf weak solutions mean the same.



Chapter 2

An improved regularity criterion for
the 3D magnetic Bénard system in

Besov spaces



2.1 Introduction

This chapter notably targets the more general (extended) function spaces by
investigating the regularity of the weak solutions or turbulent solutions to the Cauchy
problem of the 3D magnetic Bénard system by converting it into mathematical
symmetric form, in the absence of thermal diffusion, in terms of pressure. In that
regard, we successfully improved the results by obtaining sufficient integrable regularity
conditions for the pressure and gradient pressure in the homogeneous Besov spaces. We

analyse the following 3D magnetic Bénard system in R? x R_:

;

U LY -VU— BAU+VE =V VY —fes =0,

L tU-VV =BV -V -VU=0,

D 1Y V0 By —U - ez =0, (2.1)
divid =0, divY =0,

(U7 V7 é)‘t:[) = (Z/{o, VO) éO)?

~

where U(z,t), V(x,t), 6(z,t) are the velocity field vector, magnetic field vector and
scalar temperature field, respectively, while W(x,t) is the scalar pressure. §; and [y are
the viscosity and diffusivity with S5 as the thermal diffusion, e; = (0,0,1) and fes
reports the acting buoyancy force on the fluid motion, U - e imitates the
Rayleigh-Bénard convection in a heated inviscid fluid. Equation (2.1)4 describes the
divergence free velocity and magnetic fields with (2.1)s5 tells about the prescribed initial

conditions Uy, Vy and Op.

As described by Mulone and Rionero [10] and Nakamura |1 1], the 3D magnetic
Bénard system models the heat convection phenomenon influenced by velocity, magnetic
field and temperature. The magnetic Bénard problem has sparked interest due to the
thermal instability caused by the magnetic field. Although in 2D, the well-posedness
problem has been resolved but the 3D case is still an unresolved issue in the whole
space R3. When we ignore 6 system (2.1) is simplified to MHD system. System (2.1) is
reduced to Boussinesq equations if V is neglected and to Navier-Stokes equations (NSE)

by taking V = 0 and @ = 0. System (2.1) also studies chemotaxis model, an important



biological model, which has been extensively studied by [12—14] in the bounded domains.

In 1934, Leray |2] founded the concept of weak solutions (turbulent solutions), i.e.,
the solutions with finite kinetic energy belongs to a class L>(0,T; L*) N L*(0,T; H') |
for the proper definition of weak solution and its properties see |15, 16], and the first
finite time regularity criteria were given by Serrin [3]| for the incompressible NSE, i.e., U
becomes Leray-Hopf weak solution, if

2
Uec L™0,T; L'(R?)), E+%:1’ 3<l<oo, 1<m<oo,

then smoothness of solution remains in the interval (0, 7. Later on, the regularity
problem has been extensively explored by establishing various geometrically important

constraints on the velocity, vorticity, pressure, strain tensor, etc.

In this chapter, our interest is to explore the regularity in pressure terms for the
system (2.1) because pressure controls the solutions of the whole system (2.1) by taking
the divergence by test function, we can decouple velocity, magnetic field, and
temperature from pressure. Therefore, it plays a significant role in understanding fluid
flows. The NSE’s regularity criteria for pressure and its gradient were demonstrated by

Chae and Lee [17], Berselli and Galdi [15], and Zhou [19-21], given as
U e L71(0,T,L7) with 0<1<1,

and
VU e L51(0,T, LT) with 0 << 1.

Duan [22] has obtained similar conditions for the MHD system.

For system (2.1), the global existence problem was addressed by Ma in [23], and the
blow-up and regularity problem in terms of & and VU in [24] for the multiplier space.
The Serrin-type criteria \I/%(O.T ; L%) with 0 < [ <1, for the pressure, was given by Liu
[25] in Lebesgue space. Recently, Chen et al. [20] established numerous important
regularity results for the system (2.1), without thermal diffusion, based on pressure and

its gradient in various function spaces, i.e., in Lebesgue spaces
U e L*0,T;LT) with 0<1<1,

10



9-21
21

VU e L= (0,T;L7) with 0<[<1.

In Morrey-Companato and Multiplier spaces
L - . 3
Y e La-s (O,T, Ml,m) with 5 << 0,

U e L20,7; X7 with 0<1<1.
In BMO and Besov spaces
VU € L*(0,T; BMO), (2.2)
U e L*(0,T; B). (2.3)
Motivated by the above discussions and results, we will present improved integrable

regularity conditions for the following 3D magnetic Bénard system with zero thermal

diffusion:

;

UL Y- VU~ BAU+TVY —V VY —fe3 =0, in RxRy,

WU VY- BAV -V -VU=0, in R*xR,,

W1y Vh=0, in R*xR,, (2:4)
divid =0, divV =0, in R3 xRy,

UV, 0)|i—0 = (Uop, Vo,00) in R

We will convert system (2.4) into mathematical symmetric form by putting QT =U +V
and Q- =U — V, as it will be useful in calculations and to apply certain inequalities

such as (2.6) for the prove of our desired regularity conditions.

The very first log improvement in U for the 3D NSE system was given by
Montgomery-Smith [27]

/T (] dt < oo gjti—l 2<l<o0, and 3<m<oo. (2.5)
o 1+In(e+|U|m) "l m ’ - - '
Later on, such types of criteria were enhanced by (see, [28-30]) and also established for
other fluid models (see [31, 32| and references therein).

Similar to the log-criterion for weak solutions, we established improved logarithmic

regularity condition for the system (2.4) based on pressure and its gradient. Our results

11



naturally generalise the result (2.5). Throughout the calculations, the non-negative
parameters (31, B2, and (3 are taken 1.

The well-known pressure-velocity relations by the Calderon-Zygmund are given as:

(

][ e < [Jed]] 2,
VU] pe < (U - VU L,
1] ze < CNQT |2 | Q7 ]| 2, (2.6)

VU | e <CNQT - VO |0,

19915 < C1Q~ - VQ* 5o

2.2 Main result and proof I

This section presents result (2.7) and its proof by using well-known energy methods.

Theorem 2.2.1 Assume that (U, Vo, 0p) € H'(R?) with V-Uy =0, V- Vy = 0 in the
sense of distributions. Let T'> 0 and (i, V), 0) is a weak solution of system (2.1) in the

interval (0, 7. If pressure U satisfies

S 170
/ ’ dt < oo, (2.7)
0 <1—i—ln <€—|— ||\I’”B(;oloo>

then (U, V, é) remains its smoothness on R? x (0,7}, and there are no moving singular

points or blow-ups in the area under consideration, i.e, the interval (0,T].

Proof. Firstly, we will convert the system (2.4) into a symmetric form:

991 1 Q= VQ* — AQ* + VU — fey =0,
%+Q+.vg——AQ_+V\II—6A63:O,

210+ Q) Vi =0, 2
divQ*t =0, divQ™ =0,

\(QJ“, Q,0)|i—0 = (QF, Qq . bp).

Now, testing (2.8); with QT|QT[2, (2.8), with Q~|Q~|? and (2.8); with |02,

integrating over R?, adding all the equations, we finally get an L*—estimates for O,

12



Q™ and for é, given as

1d i ) , )
1 U1 197 I+ 161e) + 5 (IVIQP I + IVIQ7 Pl )+
(e IV QI + 11 17O ]3:)
- _ V@(Q+\Q+\2+Q’Q’2)dm+/ é€3Q+‘Q+|2d9&+/ fes Q| Q| da
R3 o 9

For I and I3, we derive that
Iy < O6l|34 + 1 Q|17

I < Cl0l 34 + 1Q7 |12
I, is estimated as in (5.2) by Chen et al. [20].
Putting all the estimates in (2.9), using [|Q"||7. + |Q |7« = |U||74 + [|V||74, we get

1d 4 4 1 2012 2|12 1 2
1o (Ul + VI + 1) + 7 (IVIP I + IV IVEIZ) + S0 - VUl
V- VU + U TV + V-T2

< CIwIo+ DUl + VUL +1) (2.10)
Il
1+ In(e+ ”\PHB&},OO

<cfi+ ) (e + 1200 ) (Il + VI +1).

Using inequality (2.6);, we deduce
L
1+1In(e+ [|¥]p )

<c(1 ) e+ 36) (1l + VI +1)).
177

1+1In(e+ (V] g )

< C<1+ )(1+1n(e+Z(t))<||u||i4+ |]V\|i4+1).

Vi€ [T.,T], define Z(t) := supr, <o, |A*U|13, + [ AV]32 + [[A%0]3.
Applying Gronwall’s lemma on the interval [T}, t], we have

t 1%

4 4 1>< ( /(1 Beoio
(el + Wi +1) < oo (€ (1 ey

>ds(1 +In(e + Z(t))),

where Gy = (U, )5 + V(- T + 1))
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(Huu‘; VL + 1) < Cyexp(2Celn(e + Z(t))) < Cyle + Z(t))*°e. (2.11)

If there were a sufficiently small constant € > 0, 3 T, < T, such that

[ M,
- < €.
T 1+ In(e + [[¥][ gz )

Now, we get bounds for Z(t).

Multiply A3 = (—A)% with (2.8); and taking the inner product with A3Q", Multiply A3
with (2.8), and taking the inner product with A>Q~, Multiply A% with (2.8)3 and taking

the inner product with A3é, and using (2.4)4, adding all the equations. We finally obtain

| =

(IA°QF 172 + IA*Q7II72 + A%8]172) + IA*QFI[Z2 + A* Q7|17

NO| —
QL

t

:7/3(1\3(9’ ~VQ+)A3Q+))dx7/ (A*(QF-VQO)A*Q ))dz + [ A*(Ge3)A*QTdx

R3 R3

+/ A?’(éeg)A?’Q_da:—/ A((QF + Q) - VO)A*hda.
R3 R3
:P1+P2+P3+P4+P5, (212)

where we used integration by parts, A* = (—A)2 for s € R, and property of

differentiating distributions. Now, we get estimate for P; + P;
P3 + P4 = / AS(éeg)ASZ/{dZE
R3

< C(||A3é||%2 + ||A3LI||%2) < C(e + ||A3é||%2 + [|A°U||72 + +||A3V||%2) < Cile+ Z(1))?,
where (' is a positive constant.

Similarly,
Py = / AU - VO)A0dz
R3

< C(IINUN3: + [A]32) + Cule + Z(t) T2,

here we use QT + 9~ =U.
For P, and P, Due to Kato and Ponce [31], we shall utilize the commutator estimate

that follows:

IV (fg) = fVll < CUA gllm IV Al + 1A fllpellglzme), (2.13)

14



fora>1and%:ll+izl+i.
1 mi
|P, 4+ Py| < \/ (A*(Q-VQH) — Q- VA’QM))A*Qtda
R3
+/ (A*(QT-VQ)—-Q9f. VA3Q_))A3Q_dx’.
R3
Using (2.13) with these inequalities
3 1 1 5
IVU|[zs < CIVUILIVAUI L, VAU s < ClIVU|LIIAU] R,
we deduce the final estimate that is given as
|PL+ Po| < C(IVQT e IAQT (176 + IV QT 112 A° Q1 1 sl A Q7 | )

FO(IVQ s 1N Q717 + IVQT |18 |A°QF | s |A* Q7 ]| s)
13 9 9 13
<CO(IVOrla + IVOHIIVO |z +IIVQF IV lz: + VLTI %)

(IA°Q7N1E + 1A°Q7 %) + 5 (INVQTIIE: + 1AV QTI72)

1

1 _ _ L s
< S(IMQFIIL: + IA*Q7[172) + C(IVQT Iz + IV Q7 N1Z2) * 22 (1),
Now, testing (2.8); with —AQ" and (2.8)y with —AQ~, the weak form is derived as
1d +112 -2 +112 -2
S (IVQ I + IVQ ) + 1A 3. + A3

=7/ (Q*-VQU»AQW:H/

R3 R3

éeg'AQ+dxf/ (Q*-VQ*)-AQ*d;H/ fes - AQ ™ d.
R3 R3

_ 1 _ _
<NAQTIIE: + 1AQ7IIZ: + S (IAQT 17 + 1AQ7N172) + C1Q Il + 1Q7M1%s), (2.14)

where we employed the following maximum principle frequently used and presented

in [20] for system (2.8)
10| < 100]l < 1, where 1<1< oo. (2.15)
Integrating (2.14) in [T}, t], we deduce that

4Ce
3

(IVQHIL+IIVQTL:) < COU+Z(1) = (t=T)+IVQ (T)I[L+IVQ (T Z2- (2.16)

15



Putting all the estimates into (2.12), absorbing dissipative terms together with (2.16)
we have final H3-bounds by applying Gronwall’s inequality providing that e must be
sufficiently small. We get

[ASQT(12. + |A2Q7 |2 + || A%0]|2. < C. (2.17)
Bounds (2.17) and (2.16) together with (2.11) implies that
(i3 + VI3 +1) < €.

Thus, by providing sufficient estimates that ensure smoothness up to time T, Theorem

2.2.1 has been proved.

Corollary 2.2.2 One of the foremost outcomes of above theorem is the result (2.3).

2.3 Main result and proof II

Theorem 2.3.1 Suppose that (U, Vo, 6y) € H3(R3) with V-Uy =0, V-V, =0 in
distributional sense. For T > 0, (U, V,0) is a weak solution of system (2.1). If pressure

U satisfies an integrable regularity condition

T INA41
/ 22,00 sdt < 00, (2.18)
0 (1+1In(e+ HV\IJHB&M)V

then (U, V,0) shows its smoothness in the interval R3 x (0, 7], and there are no moving

singular points or blow-ups in the area under consideration, i.e, the interval (0,T].

Proof. To prove this theorem we established a priori estimate for the weakly

formulated equation (2.9).

For I
. 1. .
Iy <[00l 1 Q741 Q71170 < S (NONZ41QT I24) + CNQ 17

14 1, 4

2I6l%s + CUQTN2e + CIQ M7 < 711002e + CIQ 13- (2.19)
Similarly,

L A _
I < 71614 + ClQ 4 (2.20)
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I = */Rg Ve (QHQt) + Q710 *)dx = */Rg VU (Q*QY*)dx — /R V¥ (QT(Q7|*)dx
=P + P, (2.21)
1 1
Pl <| - /R VU - QY QF Pdr| < [V pal| Q7|74 < CIVE| 21V B0l QT 174
Similarly,
1 1
P < | — /R VU - Q7 |Q Pdr| < VU pal| Q7 [I74 < CIVE 21V Baroll Q7 174

Putting estimates (2.19), (2.20) and (2.21) into (2.9), and using
1Q 12 + Q7 N1Zs = Ulzs +[[VI[Ls, we are down to
1d

1 1
+ 4 4 - 212 2112 =+ . 2 . 2
1o (Ul + VI + 1) + (IVREIE + IV VR ) + 50U - VUl + V- VUl

e - VY7 + V- VV72)
< Ul (1 - VU2 V2] Bro) + VIS (U - VUl 2 IV Baro) + (115 + VI + 10112)
< SIRAITUIIZ: + CITO ol + SRV + IV o VI
(AN + VI + 110174)
< O+ VI + 101 (1 199 fygo)-
Using (2.6) for VW, we get that

< O+ IVl + 161) L+ IV RIS, (1 + [V 92)

2
IVl
(1+In(1+|V¥)g )3

< ()7 + VI + 11011 74) (1 + ) In(1+ [|A°U]|12)). (2.22)

For 6 we use (2.15), which implies that
2
VW5
(1+In(1+|V¥)g )3

< (Il + VI +1) (1 + ) In(1+ k(1)).

Because of (2.18), 3 T, < T', such that

2
T VW%,
/ 7 <€
. 1+1In(1+ HV\IJHB&’OOF
We set
k(1) == (AU 2 + |APV 12 + [|A%0]] 2).

k(t) is bounded by the same process as Z(t).
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Due to the application of Gronwall’s Lemma to (2.22), we obtain
sup ([U]|zs + [VIIzs +1) < Cule + k()
T <t<T

This proves Theorem 2.3.1.

Corollary 2.3.2 The continuous embedding BMO — Bgoyoo results in very important

consequence of Theorem 2.3.1 that is the condition
VU e Li(0,T; B, ),

which improves the criteria (2.2) by taking it from BMO (Bounded mean oscillations)
space to larger Besov space Bgom.

The other very important aspect of the non-linear differential system (2.1), i.e., the 3D
magnetic Bénard system, is the occurrence of movable singularities, i.e., starting from
smooth initial data, the solution becomes infinite in finite time due to the cumulative
effect of the nonlinearities. Such types of singularity formations in non-linear differential
systems are also known as blow-ups. In the framework of the regularity theory of weak
solutions, the blow-up or singularity occurs if the solution becomes infinite at some (or
many) points as t approaches a certain finite time T. The singularity or blow-up
problem states that the solution with some smooth initial data is well-defined in some
function space for some time 0 < ¢t < T. Such type of singularities explicitly depend
upon the type of function space and time. The alternative interpretation of conditions
(2.7) and (2.18) is let T =T < 0o is the maximal time for the existence of a smooth
solutions, then the solution blows up (also called the first time blow up) to create finite

time singularity, and condition (2.7) takes the form shown as

T (g1
/ B, dt = o0,
o (1w (et wlls )

similarly, the condition (2.18) becomes

2
r v,
/ CE
0 (14 In(e + [V 5 )?

Therefore, the blow-up is exactly the inability to continue the weak solution up to or

past a given time.

18



2.4 Conclusions

The mathematical significance of our results lies in wider spaces, i.e., Besov spaces of a
negative index. Such spaces are important due to their criticality defined by their scale
invariance because the local regularity results by using scale invariance pro- perty could

be taken to global regularity results. The criteria (2.18) replace BM O space with larger

0

00,00

space, i.e., B consequently, improving the regularity of solutions. Our results that
are proved in the finite-time interval C*=°(R? x (0, T) constitute vital work on the
millennium clay mathematical problem [!] which requires the solutions to be regular in
C>(R3 x (0,00)) i.e., for all time. We use pressure, which has remarkable properties, to

control the solutions of the system (2.4) by imposing sufficient integrable regularity

conditions that improve numerous previously established results.
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Chapter 3

One directional derivative regularity
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3.1 Introduction

In this chapter, we present two new regularity criterion for the 3D Boussinesq equations
in terms of one directional derivative of velocity. These criterion are established within
the framework of negative index Besov spaces that is if weak solution satisfies the

conditions
T
| ot _de < oo,

and

T 2
/||aguuw it < oo,
0

BX o
where —1 < r < 1, then it remains regular in the interval (0,T].
We investigate the following Cauchy problem of 3D Boussinesq equations:

(

U L U- VWU~ 1 AU + VT = e,

~

ol 3
9 4 (Y- V) — xo A = 0,
ot ( ) X2 (31)

V-U=0,V -9=0,

~

(U(2,0) = Up(x), I(z,0)=do(x),

~

where U(z,t), ¥(z,t) and ¥(x,t) are unknown velocity vector, temperature function
and pressure having domain in R? x (0,7) and e5 = (0,0,1)7. The initial data U, 9o
satisfies V- Uy = 0 and V - Jy = 0 in the distributional sense. With no loss of generality,

we fix parameters x; = x2 = 1, see [30].

Before stating the main theorems, we now give a brief background on the problem. The
Boussinesq equations arise as a result of Boussinesq approximations from the
incompressible Navier-Stokes equations (NSE) an models oceanic and atmospheric
motions [36]. To analyse the weak solutions of a system (3.1), we have in hand two
strategies: analysing the partial regularity of appropriate weak solutions is the first and
second is to propose different improved criteria; thus, the weak solutions’ regularity will
be ensured. This research pursuit relies on improving regularity criteria concerned with
the second approach. Our results improve numerous previously established results on
this problem in the one-directional derivative of velocity. The contextual analysis is

given as follow:
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Cao and wu [37] presented the following result for the 3D MHD equations
T
| o < . (3.2
0

where [ > 3, and % + % < 1, in the time domain (0, 7.
Later on, the refined form of (3.2) for NSE in Morrey—Campanato space was given by
Liu [38], that is

T 2
/0 H83Z/{H]1\.4*ljgdt < 00, (3.3)
where 0 < r < 1, 2§l§§.

The above result (3.3) was improved for NSE by Gala [39] in bounded mean oscillation

space to obtain the condition

T
0

Although, not much has been done to obtain results in terms of one-directional
derivatives. Recently, for the initial smooth data in H'(IR?) for the system (3.1), Wu
[10] improved the result (3.4) in Besov spaces of index zero, namely, Bgo,oo. It satisfies

the condition
T
/0 Haguuggmdt < 00. (3.5)

For the system (3.1), Zhang [!1] proved the result
T
/O (VU + V930 )dt < oo,

and its improved form was presented by Barbagallo et al. in [12]
T

VU1 dt < oo. (3.6)
0 00,00

Inspired by the above results, we improve conditions (3.5) and (3.6) via one directional

. . . . a -1 : —r
derivative in the function spaces By, and B .

3.2 Energy estimates for ||0sU H%,l criteria

Theorem 3.2.1. For (Uy,Jy) € H'(R?) with V - Uy = 0 in distributional form. Let
(U, D) be the weak solution to (3.1) in (R3 x (0,T]) and satisfy strong energy inequality
together with

T
/ "831/{"2350100dt < 00, (37)
0 ;
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then the weak solution is regular on (0,T].

Proof. Multiply ¢ and 9 to the equations (3.1); and (3.1)9 respectively and integrating
them by parts in R®. The Holder’s and Young’s inequalities helps us to write:

1d

§$(HUH%2+H@Hia)Jr(HVUH%z+HV@H%2)—/RS desddr < [19]7lU]* < [[9]1* + |ed].

Gronwall’s Lemma results in
A T A
sup (U7 + 191172) + 2/ V9|2 + (| VU||7-dt < C.
0<t<T 0

Now, differentiating (3.1); with respect to space variable z3, then multiplying with 05U/,
we have that
1d

5 g |02 + VOl = —/ O3(U - VU -05U dz+ | D59 Ould da = I, + L. (3.8)
RS

R3
Again differentiating (3.1)s with respect to x3 and multiplying with 0su, we derive that

1d

527 195912 + 1V Os9][2) = —/ O3(U - V) - 050 da: = I, (3.9)
R3

Now, we focus on estimating I; and [ by using techniques from harmonic analysis
specifically energy methods, functional analysis, and inequalities from the theory of
function spaces, the corresponding estimates are given by employing Holder’s, Young’s,

Geometric mean inequalities and by definition of Besov spaces.

In case of I
I = — 9 (U -V)U - 05U dx
L] < C|OsU || g4 [[VU|| 2| 05U || 4
< C|OsU|[7a ]| VU 2
By [Ifllze < CIA /1 s

< CllosU| pr NIVUI 2 [V U -

By Young’s inequality
L] < CllosUlpa _IVUL2 + IVOsU| 7. (3.10)
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In case of I,
L] < (105072 + [105U][72). (3.11)

By (3.10) and (3.11), we obtain

]+ 18] < CIOUIE VU + VU3 + CCUODIE: + 10 3).  (312)
Similarly, for I3
15| < C|0sU || 24 ]| V0| 2| 059 o
< CIVOUIIENOU 5 19912905050l
< |VosU||z: + V0|5 + CllosUIGs VIl + VOl 10:0 015 - (3.13)

Now, combining (3.12) and (3.13) into the addition of (3.8) and (3.9), we have that

1d - .
NI + IO + 3 sl + VO3

< CllosUl5s _[IVUIIZ: + V05U 72 + C (105072 + 05U 72)
IVOsU|[ + V59152 + CllosU G VOl + [V OIIZ2 1059111
< CloUlF + 10501132 )NV U D) 72) + CUIOINZ2 + [105U72).

Employing the fact that Vo > 0, we have z < x + 1,

CO+0UlIEo + 1059132 YA+ VU D7) 10591172 + 10514]72).  (3-14)

Integrating (3.14) and by energy inequality, we derive that

sw et D+ [ I D) <

0<t<T

By the definition of Lebesgue space and weak Lebesuge space the Gronwalls’s inequality
results in Bochner space. Therefore, by energy argument for the weak solutions and by

Sobolev embedding theorem our proof has been completed.
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’17”

3.3 Energy estimates for ||0s;U] criteria

Theorem 3.3.1. Suppose (Uy,Jy) € H'(R?) with V - Uy = 0 in distributional form. Let
(U, D) be the weak solution to equation (3.1) in (R? x (0,7]) and satisfy strong energy
inequality together with

/Haguu < oo, (3.15)

where —1 < r < 1,then the weak solution is regular on (0,T].

Proof. To prove this theorem, multiply (3.1); with ¢, then integrating by parts, using

Holder’s and Young’s inequality, we derive that

atu-u+/ U-VU-U - AL{ U+ | VI-U= 19632/{
R3 R3

R3
ld 2 3 2177112 3112 2
57 1Uz=) + (IVU|[22) = R319€3Ud$ < ([l < o0 + [l (3.16)
Similarly, multiply (3.1), with J, we get
at@.m/(u.vw.@_ Ad -9 =0
R3 R3

1d )
2dt(Hl9HLz) +([IV9]72) = 0. (3.17)

combining (3.16) and (3.17), we have

1d

57 lz) + + (191172) + (IVUI[Z2) + (IV9]172) < I9IPIAZ < 11917 + ).

By Gronwalls’s lemma
~ T ~
—  sup ([9IBs + JUI2) +2/ IVO2 + IVU|adt < C. (3.18)
0<t<T 0

Differentiating (3.1); in the direction x3, multiplying with ds3u and integrating over R3,

we obtain

1d

5 10U+ VOUI) = / s(U-U)- O dut | Os9-05U dic = [y+T. (3.19)
R3 R3

Now, we get the following estimates
L] < / Os(U - VU) - OgU dx < [|OsU | || OsU]| 1 [[ VU| 2.
R3
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< llosUlzaIVU|l 2
< 105U | gy o1 08U | 11, [[VU| 2

< 105Ul pr o 105U 132" IV OSU |2 [V U 2

1 -r —r/2—r —-r -r)/s—T
< JIVOUE. + ClAIBUI ) > IVU) > s~
1 —r
1] < ZIVosU|lz + C(1 + losd|[72) (IO 1727 + VU e). (3.20)
Similarly, for I, we use Poincare inequality and achieve
1] < (105U 7210501172 < I VOsU( 72 + (1097 (3.21)

Now, combining (3.20) and (3.21) into (3.19) together with (3.18), which by employing
Gronwall’s Lemma results in final inequality that ensure the required bounds, i.e.,

T
= sup ([0:U][7>) +2/ |V osU||2.dt < C.
0

0<t<T

Which completes the proof of Theorem 3.3.1.

3.4 Conclusions

The well-posedness problems in higher dimensions i.e., for n > 3 remained partially
solved. Among them the regularity in one-directional derivative is rarely tackled by the
researchers. Recently, Wu presented the one-directional derivative result (3.5) in Besov
spaces. We have improved it by presenting the new result (3.7), result (3.15) improves
(3.6). This work, for sure, will open new dimensions for researchers as the

one-directional results are not yet tackled in Besov space with a negative index.
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Chapter 4

Blow-up criteria for different fluid

models in anisotropic Lorentz spaces
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4.1 Introduction

This chapter establishes new blow-up criteria, in anisotropic Lorentz spaces, via
one-directional derivatives of the velocity and magnetic fields for the Cauchy problem to
the 3D magneto-micropolar model and via one-directional derivative of velocity for the
Cauchy problem to the 3D nonlinear dissipative system. The first model consists of five

equations governing the unsteady, viscous, incompressible magneto-micropolar flow:

LrU-VU—- AU+ +V) -V X W=V -VV =0,
W AW +U-VW =V xU+2W — Vdiv W = 0,
D _AVHU-VV-V-VU =0, (4.1)

V-U=0, V-V=0,

L (Z/{, W7 V)|t=0 = (Z/lo, W07 VO)

In the system (4.1), U(z,t) and V(z,t) are the velocity and magnetic fields. The
micro-rotational velocity and hydrostatic pressure are given the notations W(x,t),
U(z,t), while Uy, Vo and W are the given initial velocity, magnetic field and
micro-rotation velocity with V -Uy =0 and V-V, =0 in the distributional sense.
Galdi and Rionero [13] were the first who suggested the model (4.1). Rojas-Medar and
Boldrini [44] established the existence of global weak solutions to the system (4.1).
Later on, the authors in [15] and [16], respectively, considered the problem of the
existence of local and global strong solutions to the same system for small initial data.
However, concerning the weak solutions to the system (4.1), there arises a question of
the regularity of these solutions. In this regard, several publications discussing the
regularity of weak solutions of system (4.1) have appeared in the literature, see for
instance [17-53] and references therein. In this article, we also choose to discuss the
blow-up criteria for the system (4.1) that guarantees the regularity of local smooth
solutions for all time (0, co]. In view of the physical importance of system (4.1), it
models the flow of microelements under the influence of a magnetic field. These
micropolar fluids have a diluted suspension of tiny, stiff, cylindrical macromolecules that
move independently and are affected by spin inertia. Such types of flows are significant

in analysing animal and human blood, polymer fluids, liquid crystals, etc. Recently,
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enormous studies have been conducted on studying such fluids on different surfaces,

including bounded and unbounded domains.

The second system we consider here for analysis is the

Navier—Stokes-Poisson-Nernst-Planck system:

;

ML Y- VU — AU+ VT — APV =0,
V-U=0,

B+ U-VO—V-(VO+0VY)=0,,

%W Y-V -V - (VI —IVY) =0,

AYp=0—19, in R xR,,

(Z/{, 97 ﬁ)‘t:o = (z/{07 907 190)

In the system (4.2), U(z,t) and ¥(x,t) are the velocity and pressure, 0(z,t) and 9J(x,t)
are the densities of binary diffusive negative and positive charges, v is the electric
potential, respectively. Rubinstein |54] proposed system (4.2), which can describe the
drift, diffusion, and convection process for the charged ions in incompressible viscous
fluids (see [55-58], and the references cited therein). The well-posedness problem of the
system (4.2) has been tackled by Jerome [59] based on Kato’s semigroup framework.
The global existence of strong solutions for small initial data and the local existence of
strong solutions for arbitary initial data has been established by Zhao et al. [60-62] in
various function spaces. However, for arbitary initial data, the all time existence of local
smooth solutions is one of the key open problem that we will investigate and present
new blow-up conditions in anisotropic Lorentz space. Similar to system (4.1) the electro
diffusion model covers various fluid models and could be considered as general
formulation to Navier-Stokes, Micropolar, MHD, and Boussinesq systems. The
momentum and mass conservation equations for the flow are (4.2); and (4.2)s,
respectively, while the balance between diffusion and convective transport of charges by
the flow and electric fields is modelled by (4.2)3; and (4.2)4, respectively, and the Poisson
equation for the electrostatic potential is (4.2)5. Keep in mind that the Lorentz force
produced by the charges is represented in (4.2);. To learn more about the physical

backdrop of this issue, we direct the reader to [63-66] and the references therein.
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In that regard, for the system (4.1), Yuan |
(4.4), Lorenz et al.|

regularity criteria (4.7)

For the system (4.2), Zhao and Bai |

| presented conditions (4.5), (4.6) and Wang |

| presented the regularity critreia (4.3),
| established the

2
U € L™(0,T: L{(R?)), where %+ 21 3<i<oo (4.3)
m
" . 3 2 3
VU e L™(0,T; L'(R?)), Wherei—l—E:Z, §<l§oo, (4.4)
Vs, ViV, VW € L7 (0,T; LA(R?)), (4.5)
OslUs, D3V, sW € L=(0,T; L*(R?)), (4.6)
2
OsU € L™(0,T; L'(R?)) where ?—F p— <1, 3<l< o0, (4.7)
where V = (01,02, 03) and Vj, = (01, ).
| proved the regularity criteria (4.8), (4.9)
" . 3 2 3
UeL™0,T;L(R?)), Wherej—l—ggl §<l§oo, (4.8)
m /3 3 2
VU € L™(0,T; LY(R?)), where -+ — <3, 1<1<o0. (4.9)

Remark 4.1.1 The embedding relation LP < LP* ensures that the anisotropic

Lorentz space is larger than the anisotropic Lebesgue space and classical(simple)

Lebesgue space. Furthermore, dropping oo and setting [ = m = n in the anisotropic

Lorentz space we get anisotorpic Lebesgue space and simple Lebesgue space. This

important observation is very useful because the results in anisotropic Lorentz sapces

hold and improve numerous previous results in smaller spaces.

2
1—(7+m+2)
Remark 4.1.2 Throughout the paper the notation H( f, g)’ l is
L‘ioo m,00 oo
1 Lgy Ly}

2 2

—(3+5+) —(3+4+D)
expanded as Hf‘ l + Hg‘ .

2 2 Lm‘3

As the blow-up of solution of the system (4.1) is controlled by four unknowns that is i,

YV, W, ¥. The important question regarding the regularity of weak solutions arises here.

Can we propose a blow-up criteria for the system (4.1) only by controlling velocity and
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magnetic fields. In this paper, we give positive answer. Motivated by the above
discussion, Remark 4.1.1 and conditions (4.5), (4.6) and (4.7), we present the following

blow-up criteria in anisotropic Lorentz space for the system (4.1).

4.2 Controlling regularity via velocity and magnetic

field

In this section, we state the condition that controls the blow-up of the system (4.1) via
velocity and magnetic field.

Theorem 4.2.1. Assume that (Uy, Vo, Wy) € H*(R?) with V- Uy = V -V, = 0 in the
sense of distributions. The Leray-Hopf weak solution (U, V, W) of the system (4.1) is
smooth on the interval (0,T], if

i

where 2 < I,m,n < oo and 1 — (} + = + ) > 0. Otherwise, if T = T* < oo is the

-2
()

HH(agu,a;),V)‘ < 0, (4.10)

1,00

r1

m,o0

maximal time for the existence of smooth solution then the solution blows up in finite

time i.e.

2
()
= Q.

1,00

r1

/T*
0

4.2.1 A priori estimates for velocity and magnetic field

H H@gu, aSV)]

m,o0
Lz2 erléoo

Proof of Theorem 4.2.1 In order to get the fundamental energy estimates of the
system (4.1), taking inner product of (4.1), (4.1)2, (4.1)3 over R?® with U, W, V,
respectively, then adding the resulting equations and integrating in time, we get

t

t
1@ W, V)L +2/0 (IVUlZ + VWL + !\VV!\%2)dT+2/O (IV - WLz + IWII22)dr

< ||, Wo, Vo)l (4.11)

In order to find L2-estimates for one-directional derivative of the velocity, take

derivative of (4.1); with respect to x3, then multiply resulting equation with 031 in
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L?(R3) inner product and integrating, we get the resulting equation as

R3
R3 R3

Similarly, multiplying (4.1)s with 93W and (4.1)3 with 03V, integrating by parts, we get

/ |63W|2da:+/ |V83W|2d:z:+/ |V - OsW| da:+2/ |0sW|?d

2dt
- /R W 0U - VWda + /R WV x OUd. (4.13)

2dt/ ENY d:c+/ VO,V |2dx — [V Voude =~ | 00U - TV
RARARCTE (4.14)

Adding (4.12), (4.13) and (4.14), we obtain

Q.l&

- (1952172 + 105WIIZ2 + 1195V [172) + (VU 72 + VoW + VOV 2:)

N | —

R3 R3 R3
03W -V x OsUdx — 03V - 0sU - VVdx + a3V - YV - VUdx
R3 R3 R3

=P+ P+ P+ P+ P+ B (4.15)

Now, we will find estimates for every term of (4.15), one by one, taking C as a generic

constant.

yply:‘ABagu-agu-Vde‘.

Using Holder’s inequality, we obtain

H‘ 0
14141

1—
H03UHL2 e H3133UHL2|!5253UHL2H3333UHL2HVUHL2

Pl<C VUl
22
3

20 2

o,

—2 2m_ o
Lm,oo x m—=2"
T9 Lo 1
r3

T L;n,oo
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<C

Applying Young’s inequality

<c(Jlowd

Adjusting above inequality’s exponents to apply again Young’s inequality

agu]

1—(lyl.1 1,141
. sl VDU U e
zy || L5 n,00

—T A 1—(
= tmtn)

) 2
2111 S IL I
o] 2~ )HVUH;”+”+“)<+HV8ﬂHﬁa

1,00
Ly,

m,00
Ly

L™

2 =Gty I S
=t 2=(f+m+z) = (T L)
Lz’l L;HQ’OO oo
@3

-2
=Gt

([

Finally, we get an estimate for P, as

1,00
Lz,

m,00
Lyo

los|IZ> + ||VU||iz> +[[VosU||7:.

2z
1—(3+L+D)

|ﬂ|scu+w%uﬁ»<wm@u

+ ||VZ/{||%2) + | VOsU||72. (4.16)

Lgc’loo Lg’;,oo Lo
Similarly, we get bound for Py as
2
) I—(F+m+5) ) )
Py| < C(L+ [|8sVI32) ‘M%VMW°L VUL | + IVOsVIZ. (4.17)
1 ;n,oo n,00

In case of Py, using Holder’s and Young’s inequalities

1
|Py| < ZHV@;;LIHQLQ + C|os W] |32 (4.18)

Estimating P, P3 and Ps

Pl <o, (22 P I X
Lay | e L L&, L2 Lg%gﬁ
=G+ f . :
<cl|losv].... |0 1 1,054 | 2| 0205 72 | 50U | 2 |V V.
T LZ;’OO LZSOO
(i, 1,1 1,1,1
<c||lo] - otz H R [va v
Lil L;r;,oo ;L,OO
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Following on the same steps as for (4.16)

<

Pl < C(1L+ 1\83U||22>< |ow

-2
=Gt

1,00
Lz,

los|IZ + ||VV||2L2) + [V osU|[7..

flo>
Ly

n,00
Lz}

2
1—(7+m+%)

Lo + HVVH%z) + IVOsU|[32. (4.19)
1 LZ;'OO L;Léoo

2
=t +m+m)

Py < c<1+||agwn%2>< | +HVWH%2> VoW (4.20)

Ll,oo m,o0
Tl Lz, n,00
2 Lz}
-2
1 1 1
I=(7+m+7)

Bl <C(+ Hagvr\ig)( e + HWHi2> + IVasVI[E2. (4:21)

Ll,oo m,oo
1 Ly, n,00
2 Lz}

Now we will find L2-estimates for the gradient of velocity, magnetic field and
micro-rotational velocity. In order to get required estimates, multiply (4.1)q, (4.1)a,
(4.1)3 with —AU, —AW, —AV, respectively, then integrating over R3, adding the

resulting three equations, we obtain
%%(HVUH# VWL + IVVIE) + (AU + [AW]Z: + [|AV]]:)
+|[VdioW||72 + 2| VW7
< (AU, U -VU) — (AU, V - VV) + (AV,V - VV) — (AV,V - VU)
+AW,W - VW) = 2(AW,V x U)
= B1+ Bo+ B3 + Bu+ Bs + fe. (4.22)

The terms in (4.22) are bounded by Tang et al. [73] in inequality (33). For detailed

prove see [73].

= VUL + VW[ + [VVI[Z < oo (4.23)
This implies the fact
U, v, W) e L*(0, T, H'(R*)) N L*(0, T, H*(R?)).
Putting all estimates in (4.15), after simplifications, it yields
%(!\330{\!%2 +[10sWIZ2 + [105VI172) + 2(IV st |IZ + [V Os W12 + IV 05 VI[72)
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-2
(7 +m+w)

1,00
1

<1+ 10l + [osVIE: + o (H |loe.0m)

m,o0
Ly,

LZ§”
VU2 + 9V + ||VW||%2).

Invoking Gronwall’s inequality with (4.23), we get

t
OiltlfT ([losU]172 + [|0sW| 72 + (|05 V|| 72) + 2/0 (IVosU]|72 + [[VOsW|172 + VsV |72) dr

t t
+2/ | div 83W||2der+2/ |0 W||3 2d7
0 0

S
=t t)

1,00
1

< 1+ 10l + 10wl + [l ) (H |loae.0m)

m,00
Ly, Lo
3

VU + [V + ||VW||22)
t
sup (|0 + [0+ [0VI3:) +2 [ (IVOIE: + VO + [ VoVI:)ar

t t
0 0

Which completes the desired proof.

As the structure of the systems (4.1) and (4.2) suggests that the velocity plays more
dominant role in the regularity of weak solutions than other unknowns. In view of these
observations, we pose another problem. Can we prove a blow-up criterion that is only
controlled by the one-directional derivative of velocity "0sU"?. Thanks to the
distributional methods, we give positive answer to this question and prove this criteria
for the system (4.2). Because system (4.2) is also important for the theoretical and
mathematical purposes having wide range of applications in electro-chemical and

fluid-mechanical transport.
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4.3 An improved regularity result via velocity

Now, we present an improvement of our previous result.
Theorem 4.3.1 Assume that (Uy, 6y, Vo) € H*(R?) with V - Uy = 0 in the sense of
distributions. The Leray-Hopf weak solution (U, 6,v) to system (4.2) is regular on the

interval (0,T], if
T
ml

where 2 < [, m,n < oo and 1—(%—1—%—#%) > 0. Otherwise, if T'=T* < oo is the

2
L=t

dt < oo, (4.24)

agu]

l,00
LI1 L;r;,oo

maximal time for the existence of smooth solution then the solution blows up to create

finite time singularity that is

-2
()
= Q.

/T*
0

Result (4.24) is refinement of the result (4.10).

[l

1,00
Lzl L;n,oo n,00

Result (4.24) is also true for the system (4.1) and refines the result (4.10).

4.3.1 Establishing estimates in anisotropic Lorentz space

The proof of Theorems 4.3.1 is based on distributional methods and setting up of a
priori estimates under the blow-up condition (4.24).

Proof of Theorem 4.3.1 As a first step we will find L?-estimates for U, 6, ¥ and V.
Multiplying (4.2)3 with @ and (4.2), with ¥, integrating over R?, using divergence free
condition (4.2)s and (4.2)5, we obtain

d
(1012 + [191172) + (IVOI22 + [V9IIZ2) + /R (0+9)(0 —¥)*dv=0.  (4.25)

3

N | —

As masses of 6 and ¥ are conserved, 6 and ) are non-negative, we infer from (4.25) that

forall0 <t <T

t
(10122 + 191172) + 2/0 (IV0l7= + [IV9I72)dr < (|60l + [[9o]|72 (4.26)
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Now, multiplying (4.2); with U, (4.2)3, (4.2)4 with ¢, integrating over R?, and using
(4.2)5, it gives

1d
Sl + IVUl: = [ (6o Vs o (1.27)
/ [%w £V (B9 — A+ U - V)| de =0, (4.28)
R3
/ [g—fw £V OV — AdY + U - )9y dz = 0. (4.29)
R3

Subtracting (4.29) from (4.28), using integration by parts and Ay = 6 — o, we get

1d
——kuiz+/ (9+19)|V¢\2dx+/ \A¢\2dx+/ (0 — U - Vibdr = 0. (4.30)
th RS RB RB

Adding (4.27) and (4.30), it follows that

d
5 Uz + [VelZe) + VU + [AGIZ: + 43(9 +9)|Vy[*dz = 0. (4.31)

Because of the non-negativity of 6 and 19, we obtained the final bound

t
4172 + IV l|7 + 2/0 VUL + | A 72dr < C. (4.32)

Now, we will find H'-estimates for U, 6 and ). For required bounds multiply —AU with
(4.2)1, integrating over R?, we get

1d

57 ||VU||%2+ ||AUH%2 :/ (U-V)U-Ade—/ AYVY - AUdx
t R3 R3

= @1+ Q2. (4.33)

For (), using Holder’s and Young’s inequalities, using Ay = 6 — 9, interpolation

1 1
inequality |V f|la < ||fl|2.]|A S5+, and combining (4.26), (4.32), we obtain

| Q2| < [|AQ[| 4] Ve[| s [ AU 2
1
< JlaUlzz + CIVYILll 6, D)l
1
< 71Uz + CIVY L]0, 9) 122 + Cl VO, VI [221(0, 9) 72

< —|lAU|Z, + C(IVO|2: + || VO|% + 1). (4.34)

A~ =

For ),
Q1] < / VUVUV Uz
R3
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< CIVU||3s < C||VU||%3 ||VZ/{||%6 (Interpolation inequality)
< O VU2 VO 2 IV UL | VOU 2, (Lemma 2.5., for ay = 2)
< VU EIIV°Ul 2] Vo
< JIAUIG + CIVUILITOU 2. (Youngs inequality) (435)

Putting (4.34) and (4.35) into (4.33), and employing Gronwall’s inequality, it yields

t t
s (VU2 [ AUIdr < (19l +e)exo(C | (IV0IE:-+ VUl + 961

+IVI||72 + 1)dT). (4.36)
= U € L™(0,T, H'(R*)) N L*(0,T, H*(R?)).

To get similar results for § and 9. Multiply —Af with (4.2)3 and —Av with (4.2),, we
achieve

t
sup ([VOIIZ> + [[VO]72) + 2/0 (1A0]1Z2 + | AY|[Z)dr < C. (4.37)

0<t<T

For our desired results, differentiate (4.2); with respect to x3, then multiply by 054/ and
integrating by parts to get

1d

R3 R3

Estimating Dy as (4.34), we obtain

IDs] < /R 0PV )0

< ZIVosu[z: + Cll 0, D) 7= 1(VO, VI)I[72 + Cll O, )72 Ve Iz

>~ =

1
< 7IVosulze + CUIVOIL: + VOl +1). (4.39)
Similar to (4.16), D; is estimated as

-2z
- (t+m+s)

il < OO+ ) (HHHagu

e +||vu||12> + || VOsU||75. (4.40)
@1 N Lzy™

putting (4.39), (4.40) into (4.38)

1d
SY7iCRs 10sU|I7) + |V Ot 72
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-2
—(I+L5+5D)

l,00
L,

<01+ o) (HHHa?,u]

+ [[(VU, VO, VI)||2. + 1).
L;’;’oo L>®

Applying Gronwall’s inequality together with (4.36) and (4.37) yields

-2
()

T T
(HMWQH/HWWWMgQM@Mmm4?/(me
0 0

Ll,oo m,o0
1 Lz2’ n,00
x

(VU V6, 9| + 1) "

T
wpu+w@umg+2/HV@ummfgc. (4.41)
0

0<t<T

The bound (4.41) ensures the smoothness of weak solutions of system (4.2) on the

interval (0, 7. Hence proved.
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Chapter 5

Regularity in anisotropic Lorentz

spaces
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5.1 Introduction

This chapter focuses on two new regularity criterion based on pressure and its gradient
to the Cauchy problem of the 3D magneto-micropolar system i.e., for the system (4.1)
in anisotropic Lorentz spaces.

Before presenting our main findings, first, we will go over the problem’s history.
Ignoring the micro-rotational effects in (4.1) models the magnetohydrodynamics flows.

The finite-time singularity problem for MHD flows has been extensively tackled by

different authors (see [71-30]) but it is still an important open problem. For the
magneto-hydrodynamics system Zhou [31] obtained the conditions
Vel Vel or | o3, [[Vlpes, (5.1)
3
where - + — < 2, §<m§oo,
m 2
and
VU e LM Ve L33 or [V pses, [|VV|pees, (5.2)

2 3
where — 4+ — <3, 1 <m < 0.
[ m

This important result in Lorentz space for micropolar fluid system was presented by

Yuan [32] as

2 3
vweLwaﬂUm)wmp—+7ga 1 <1< 0. (5.3)
m

Feng-Ping and Guang-Xia [$3] presented the following criteria

2 3
VWGLWQﬂUm)WMp—+7§& m>2, 1>1, (5.4)
m
VU € Li(0,T, BMO). (5.5)
Recently, Li and Niu [34] presented the regularity criteria in Lorentz spaces
v e L™>(0,T, L" )w1th—+7:2, m > 2, §<l§oo. (5.6)
m

Motivated by the above results specifically in Lebesgue and Lorentz spaces we establish

new conditions in generalize Lorentz spaces that is in anisotropic Lorentz spaces.
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5.2 Pressure regularity of weak solutions

Theorem 5.2.1. Suppose (U, Vo, Wp) € H'(R?) with V - Uy = V -V = 0. Suppose
that (U, V, W) is the weak solution of the system (4.1). If

I8

then the solution remains its smoothness upto T. Where 2 < [,m,n < oo and

2
2=t ta)

dt < oo, (5.7)

L || mico
1 LIQ

(1 +++1)>0
Proof. For finding L*-estimates, take inner product of (4.1); with [U|*U, (4.1)y with
IWPPW, and (4.1)3 with |V|*V. After adding all the equations, we finally get that

i%(HUH‘b + WIza + [IVIIzs) + IIVUlIU] 72 + %IIVIUIQH%z
HIIVWIWI17: + %IIVIWIZII%z + || div W72 + 2[ W] + [VVIVII[7
+2[[VIV[|V]||72
< 2/RS V||| VU |dx + 3/RS WU VU |dx + 3/}1@ U|IW? VW dx
- [ MV uevide + [ pIvQvEY)
=L+ Ly+ L3+ Ly + Ls. (5.8)
Now we estimate L

1
2/ | U2 VU |dz < Z|yV|u|2|yiQ +C/ V||V |[U|2de = P, + Ps.
]R3 R3

For P,, we obtain

Pzzc/ V||l de < C HH‘I’ . 'qu‘ aall
R3 Lil L;nz,oo n,oo Lwl L;’;727 L%Q
3 3
1-(lplg1 1 1 1
sc\Mﬂlm s U I XY A AT 2] X
Lz’l L;né’ Lo
z3
1_(l+i+l) 1,141
<c||lel... o D e,
Tl L'rxnz,oo L
1,11 (24242
<l [0zl P 7] P
LlZ’(lX) L;n,oo n,00
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2
2-(F+5+38)

1
P < gllul +| o] . .
@1 N Lzy™
The final estimates for L; are
1 2112 1 2 m 4
Ly < JIVIP R + g luvule +c ||| |, Ul (5:9)
4 4 L] Loe
Assessing L*-estimates for L, and Ls
1
Ly < SIAIVUIIE: + C ([l + W )- (5.10)
1
Ly < SIWIVWIIE: + O (Il + W) (5.11)

Now, assessing L2-estimates for L, and Ls
1
Ly < CIVPUI VU2 < CUVPIAIE: + ZIVIAPIZ:

< CIVP RN + IV < CUTIVRI IVl 22 + 19 RAPIE:
< CIVIVIVII: + IR (5.12)
Ls < CIVAUIIE: + S IVIVE]
< CIVIV VIR (5.13)

Putting all the estimates in (5.8) results as

1d 1
1 Wz + IV + V20 + VU + 51V

1 .
HIVWIWIIZ: + SIVIVE: + lidiv WIE: + 25 + [IVVIIVIZ

+2[VIVIIVIIIZ2

R R
2=t

1 1
< IVILPIE + v + | o e+ SRl v

| =

l
Lg” Lo

1 1
+5 IIWIVWIIZ: + C(\IUH“M + HWH‘i4> +CIVIVIVIIZ: + I VIUPIIZ2
+C|IVIVIVI[3. (5.14)

Simplification yields

1d

1
1 e+ IV + V20 + VU + 51V
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1 .
HIVWIWIIZ: + SIVIVELL: + div Wi + 20V + [IVVIVIZ:

+2[VIVIIVIIIZ2

Ay R
<c(1+ V(W IL+VIE) . (5.15)

[l

Gronwall’s Lemma results in

l,00
Lgc1 L;r;,oo

sup (Ul HIWIE VI
0<t<T
2
¢ - I+ L+ D)
<cew [ (1], )3 (Il Il Vol
0 z L;”Z"X’
— sup (JUllLHIWI L4V < oo (5.16)
0<t<T

Which proves Theorem 5.2.1. as desired.

5.3 Gradient pressure regularity of weak solutions

Theorem 5.3.1 Let (Uy, Vo, Wy) € HY(R?) with V-Uy = V-V, = 0 in the
distributional sense. Suppose (U, V, W) be the weak solution to system (4.1). If

r

then the solution remains its smoothness upto T. Where 1 < [, m,n < oo and

2
3=t +w)

dt < oo, (5.17)

[Iv+]

LE || moco
1 1 Ly,

1-(5:+5-+5-) > 0.
Proof. We will prove Theorem 5.3.1 by finding a priori estimates, in that regards, we
continue our calculations from equation (5.8), and obtain new bounds for gradient

pressure.

Estimating L; by employing Holder’s and Young’s inequality.

L :2/ U (|U 2| VU |de < c/ VU |[U|Pde < 0/ V|2 |V 0|2 [U)2 U d
R3 R3 R3

<C

21
45,2
L -1
1

4] s
2

2m
mel 2
z2

L4

HH\W\%

H\W]%
L3

o

21,00

2

Ly Lo n—1°
z3
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1
2

5+ i 3—(3+1+32)
24 2175725 | et [ o et
o0

r1

m,00
Lz,

clliws), | | T g+ SOV + V2 22). 519
L g | e
For L,
Dy < SIVel2 + O ([l + IWILL). (5.19)
For Lj
Iy < SIWIDWEIE: +C (Il + WL, (5.20)

I'y and I'y are estimated same as L, and Ls.
Putting all the estimates in (5.8) results in

1d

17 e+ IV + V20 + VUl + —IIV\UI I7:

HIVWIWIIZ: + §IIV|WIQIIiz + |ldiv WL + 2[WIILs + IIIVVIIVII1Z2

+2[VIVIIVIIIZ,

H‘ 1

1 1
+5 IIWIVWIZ: + C(IIUII“M + IIWII‘i4) +CIVIVIVIIL: + ZIVIUPIE

2
3-(F+&+2)

—_

1
< ZIVIUPIIZ: + —HIUIVUIILz +C ez + S lIledl[Ved] 172

W

m,00
L:c g LTo®

+C|IVIVIV]|Ze- (5.21)

Simplification yields

1d

1
(U + WL + VI + VU + 5 11423

1 .
HIVWIWIIZ: + SIVIVE: + lldiv WIZ: + 2[5 + [IVVIVIE

|

By Gronwall’s inequality

+2[VIVIIVIIIZ2

2
R Sw—s

<c(is V(I VIR) (522)

Lis™ L

2
3—(F+m+3)
>dT}

Lo

T
sup (Ul I ) <o ([ 014
0<t<T 0

H‘ Lay

m,00
Ly,

(5.23)
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sup (||| +IWILa+[VI[74) < oo (5.24)
0<t<T

Hence proved.

5.4 Logarithmic improvement

Theorem 5.4.1 Considering same assumptions as for Theorem 5.2.1 and Theorem
5.3.1 The sufficient conditions

2
2—(F+45+7)

Lhye L

- dt < oo, 5.25
/ SR TN (5:25)

and ,

SRLED
9.,

T LCL’IOO L;n,oo Lo
- dt < o, 5.26
/ SR TN (5:26)

are the logarithmic imporvements of the conditions (5.7) and (5.17).
Proof. we can prove above condition by Continuing from inequality (5.15)
As 14+ In(1+|¥]32) < 1+ In(T1(¢))

Where I1(t) = e+||U|| 7+ W74+ V]| 14

2
2=(rtmtw)

l,00
d Lzl L;’LZ’OO n,oo
L1108 < 75 4 4 4) (141 |2,
10 < (—— e )(||U||L4+HW||L4+||V||L4)< Hn(et )
H‘ + + = )
d C 1 Lmoo noo
) < T1(¢))(1 + In(IL(¢
) < ( R ) ()0 )
2— (l+m+n)
i
Ll,oo m,00
Lo mmi) <o © e N (1 + InTI(t))
— dt( o - 14 In(1+]|@|2,) ! '
Gronwall’s Lemma results in
2— ( +m+n)
1 Lmoo ,00
sup InII(¢) < (1 +1InlI(0))exp{C dr 5.27
(2, IHE) < (1 0] exp ( e
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= swp (JUlLHWILHVIEL) <. (5.25)

S
0<t<
which proves our theorem on interval (0, 7.

Following on the same steps as for (5.25), condition (5.26) can be proved. These bounds

ensure the regularity of weak solutions on the interval (0, 7.
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Chapter 6

Double logarithmic pressure regularity
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6.1 Introduction

We propose and prove two-logarithmic regularity conditions for a variety of fluid
dynamics models on an unbounded Euclidean 3D domain. These integrable constraints
guarantee the smoothness of weak solutions. We specifically obtain new double-log
regularity results for the pressure terms of the magneto-micropolar system and the
Navier-Stokes-Nernst-Planck system in the time interval of regular points [0, 7.

To avoid notational verbosity, we rewrite systems (4.1) and (4.2) in the new symbols
that also match our online published copy on ResearchGate with DOI:
10.13140/RG.2.2.18887.37284.

We prove a new result for the following magneto-micropolar system

.

¥ty Vv—Lv+ VU -V xm—p3-V3=0,
%—T—Am—i—V'Vm—VXV—i—Qm—dem:O,
VL NB+v-VB—B-Viv=0, (6.1)

V-v=0, V-g=0,

\(l/,m,ﬂ)\tzo = (10, Mo, Bo),

where v(z,t), f(x,t), m(z,t) and V(x,t) represent the velocity field, magnetic field,
micro-rotational velocity, and pressure, in that order, for the system (6.1).

The second system we analyze is the following Navier-Stokes-Nernst-Planck system

9P +9- VI =AY+ VU — AV =0,

V-9 =0,

Y- 9. Vgt — V- (Vg +q"Ve) =0, (6.2)
% +9.Vq —V- (Vg —q Vi) =0,

Ap=q —q¢", in R*xRy,

(ﬁaq+7q7)|t10 = (1907(_13,(](]_)7

\
where 9(x,t) is a velocity field vector, ¥(z,t), and 1 are scalars describing pressure and
electrostatic potential of the flow with ¢~ (x,t) and ¢*(z,t) are the densities of the

negative and positive charged particles.
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Our problem to refine regularity of weak solutions immensely effect physicality of

solutions. Similar to other sub-tri-dimensional fluid models, the regularity problem in

terms of pressure is being studied by Hua and Bao-quan [35] for (6.1) and presented
criteria:
g 2 3 3
/ |W||7.dt < oo, with —+ 7 < 2, 5 < [ < o0. (6.3)
0 n

Above criteria was improved by Li and Chen [33] given as:

T
/ 105 _dt < oc. (6.4)
; ,

Recently Tang et al. [73] proved an improved regularity criteria given as:

/T MWl (6.5)
’ < Q. .
o L+Mn(e+[|¥]zz)

Our new regularity criteria for (6.1)) in the critical Besov space is better and improve
the results (6.3), (6.4) and (6.5) in terms of pressure as proved in Theorem 6.2.1.

For the system (6.2), Zhao [30] presented the regularity criteria in terms of Q =V x U

given as:

2

1201 =

—
Boo,oo

T

dt < oo, with 0 <k < 2.

Recently, Zhao [37] proved an improved regularity conditions for (6.2) in terms of

pressure given as:

/T 19s dt < oo, (6.6)
o L+In(e+|¥|s)

195,

/T
dt
0 \/1+ln(e+ 1@l )

< 00, (6.7)

/T Pl dt (6.8)
. < o0, .
o L+n(e+[¥p )

T IV,
/ : 5dt < o0.
o (1+1In(e+ “v\PHB&,w))g

The above analysis clear motivates us to present Theorem 6.3.1 for (6.2).
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6.2 Regularity criteria for the magneto-micropolar
system

In this section, by employing energy methods we will proof our main result.

Theorem 6.2.1. Let (v, mg, By) € H'(R3) with V- 1y = V- 8y = 0 in the sense of
distribution. Let 7" > 0 and (v, m, /) is a weak solution of system (6.1) on the interval

(0,T]. If the pressure ¥ satisfies the following condition
LI

/T
0 G+MG+WWm@ﬁnG+m@+WW@;»

then (v, m, B) is a regular solution in R3 x (0, T].

dt < oo, (6.9)

Proof. In order to find L* estimates, multiply (6.1); with |v|?v, integrating by parts,

using divergence free condition and its relations for such evaluations

1
4
4dt/ 4 das+/ \Vv|?|v|?de 4 = / IV |v|?|Pda

< / V|| Vlde + / jm| V2|V olde — / BV (v 2) 1Bl (6.10)
R3 R3 R3

Similarly, evaluating L* estimates for (6.1),

1
/ \m[4daj—l—/ IVm|*m|*dx + = / ]V|m|2|2dx+/ \div m|?
4dt 3 R3

+2 [ |m|*
RS

gs/jpwmﬂvmum (6.11)
R3

In case of (6.1)3

4dt / 18]*dx + / VAP 8| + 2 / V|8]18]2dx

< [ 1819 qPB) vl (612)

Adding (6.10), (6.11) and (6.12) implies

1d 1
1 e+ llmlze + 18120 + NIVV Iz + SVl
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1 .
HITmllmlEs + SI9mPIs + ldiv mils + 2L + 1195118112
VI
SZ/ |\I/||1/|2|Vy|dx+/ |m||l/|2|V1/|dx+/ lv||m[*|Vm|dx
R3 R3 R3
—/|mwwwwwwx+/|mvwwmex
R3 R3
= N1+ Ny + N3+ Ny + Ns. (6.13)

Estimating N; by Holder’s and Young’s inequality
1
Ny < IVl +C [ 9P,
R3

By Calderon Zygmund inequality
C/Rg (VP [vPde < Cllv||Zal¥]7s < CIVE| 2|9 s llvlI7
< OVl 12l g Iv]zs.

By Young’s inequality

1

< SNV + CIelE vl < IIVellL: + CllelGn VI

DO |

Finally, getting estimate
Ny < Wl Voll72 + CO+ (1[5 ) wll7a + llmll7a + [18]174)-
1> L2 Biteo 4 4 L4
Now estimating Na, N,
1
Ny < §|||VV||V|II%2 + O ([ls + Iml7a + [18l74)-

1
Ny < SlIVmlimllz: + C(lvlize + lImllzs + 181172)-

Estimating N, and N; by applying Young’s inequaltiy, Sobolev embedding theorem and
Gagliardo-Nirenberg inequality

1
Nu < CIWIBP =V I Plle < ClIIBPIE: + SV IVl
1 1
< CIBPNZsIlllzs + IV Pz < CHVBPIZ NIV V e + 1V
1
< CllIBIVIBIIE: + Z VIl
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1
Ns < CllIvIBPNZ: + §||V|6|2||L2 < CllIBIVIBIIIZz-
Adding all estimates and putting in (6.13), by Gronwalls’s inequality
t
V]2 + [lmlzs + 18] 7s < exp (C/ (1+ ||W||%;1w)dt>(||Vol|i4 + [Imollzs + [1Boll74)-
0 :

Proceeding by multiplying (6.1); with (—Av), (6.1)s with (—Am) and (6.1)3 with
(—ApB) in L*(R?). Adding all the resulting equations, using integration by parts and

Gagliardo-Nirenberg inequalities
1 4 2 3
VUl < CllvlizallAv]lz. and [[Vi][ps < CllvlzallAvz..

We get

| =

1
57 (19213 + 1Vmle + 1VBIZ: ) + 1 AvIE: + [ AmiE: + A5

QU

t

+[|Vdiv m||72 + 2[|Vm||3-

:/RS(V.V)V.Ayd;p_|_/RS(y~V)m-Amdas+/

RS

(B-V)B - Avdx — / (V x m)Avdz

o
—/ (V x v)Amdzx +/ (v-VB)ApBdx —/ (8- Vv)Apdx

R3 R3 R3

< IV ol Avl iz + [Vl V| Amll gz + 190 1V 813 + [1Vm]] 2] Av 12
IVl Aml e + (V0] VBIEs + 19wl V8120

< OISl AV + Il 2 Aml 2 vz + V] allml| | Aml .+
I AV 2 Am] e + 3l Am] 2815 IABIE,
< I + Clmle + CAWIE + ImlIR) + S(1AvIZ + [ Amla) + Ol
+C(WIE + 18I52) + CUIAVIZ: + | ABI3.)
< O(14 B+ 181 + Il 2) + 5 (IAv]Ze + 18813 + [Ami:)

d .
7 (HVVHinr HVmHiﬁl\VﬁHiz) HAv|| L+ [[Am L+ AN L2+ Vdiv m | L. +2] Vi 72

< IOwl3e + 9813 + IVml3e + C(1+ WIEE + 18133 + Iml33 )
t
(V222 +HITm3a+IV I )+ / (AvIZa I Aml3a+IABIZ+ [ Vdiv mi3a 42| Vm]3: ) dt
t
< IVs0ll3z + VB0 l32 + [ Vmoll3s + C / (14 IV + IBIEE + imllf3 ) dt.
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By H'(R?) ¢ L5(R?), we achieve
e+ [[U( )l < e+ Clvlis < e+ CUIVYIL: + IVBIL + IVmlL2)

S€+C(HVVOHizﬂlvﬁol\%frHVmoHiz)+C/0 A+l COIEHIBC O G+ Im (- ) 2) dt

< O(etlIVuolla+ IV Boll a1 Vimollza) (e) sup (v C, DIEHIBC DI+ Im(, 1173

t
< Cole+ 1) exp (c/ (40P, ).
0 00,00

Where Cj represents constants, Now using L3(R?®) C Byl (R%)

t
e+ Wl < Cler tyexp (Cf (14 W1, )ar).

Now, applying In on both sides

In (6+H‘I’HBO—O{OO) gln(C(e+t))+<C/t(1+H\IJH ) ) (6.14)

Now, we let

A(t) = In(e + [[¥][ ).

O(t) = n(Cle+1) + (C fy(1+ ]2 )dt).

Inequality (6.14) implies
0< A(t) < O(1).

Now we get

(e + A(t)) In(e + A(t) < (e + O(t) In(e + O(1)).



Now, we have

d 1 1 )
e+ e0) = g (g rea+vra))

L, I
€2 e+ O(t)

e dr =N In(e + O(t))
Ce2 e+ 0O(t)In(e +O(t))
1 1+ (1%
=—=+4+C —= In(e + O(1)).

e? (e + A(t)) In(e + A())
Applying Gronwall’s inequality
L
e+ A(t)) In(e + A(t))

In(e + O(t)) < In(e + O(0)) exp (6—7; + C/OT ( dt). (6.15)

Resulting as
(T - w2y )
ex S+C — g
(e+0(t) < (e+06(0)) Pt wrammeram .

These bounds proof our criteria. [

6.3 Regularity criteria for the
Navier-Stokes-Nernst-Planck system

Theorem 6.3.1 Suppose that (Jo,q,,q5) € H'(R?) N H*(R3) with V -5 = 0. Let
T >0 and (v,q,q"), a weak solution to system (6.2) satisfies the condition (6.9) then

it is a regular in R® x (0, 7T7.

Proof. To find L* estimates, multiply (6.2); with |[|?¢, integrating by parts, using
divergence free condition and its relations for such evaluations

1d 4 2 2 1/ 212
4dt/ngm dx+/R3\V19\ R Y MG

< —/ VAV 19\19|2dx+/ AUV - 9|9 dx
R3 R3
= M + M. (6.16)
Now, we will estimate M,

M, < c/ T2 - |Vo|dz
R3
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My < CI| pal [0 o [ 191V ] 2
1
My < Z[I191VOl72 + CIIZ: 9]
1
My < 29IVl + CIVE 2P s, 1]

< ZPNVIIIL: + ClIE gz (2NVIINL: + (Y™, V)2 19 Ls

B |

< IV, + OO+ 1930+ (Ve Ve 3)(1 + [9]50)
Now, estimating M, we will get
M, < / (0= q" )V 00l
< e ) IV 91912 2
< Ol )2 (Ve Vg |29
< OV, Vg |29 L V9P
< LIVIPI: + CIVa, Vel

< ZIVIPIL: + CA+ (V™ Va)llz) (L + 19]]1s).

R

Now, combining both estimates and putting in (6.16), we are down to
d -
0l < CO+ (Ve Va)llze + 1150 )0+ [19]20)-

Proceeding by multiplying (6.2); with (=A%) in L?(R?). Adding all the resulting
equations, we are down to

1d
-4 9|2d AY[2d
th/RgW' x+/Rg| "

:/ (19-V)19-A—/ AUVY - A
R3 R3

=01 + Os. (6.17)

Now, estimating O

01| < ||9| || VO L2 ]| AD| 2
6 9
< Cl9[| .l AY] 2
< CHQ?H1L24 + EHAﬁH%Q.
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For O,
yogg/ ATVE - A,
R?’

Using Holder’s, Young’s and interpolation inequality
< C(1+ (Vg™ Vah)lIz2) + el Ad|[7.
Adding both estimates and putting in (6.17), and applying Gronwall’s inequality

T T
V9|2 + / JAD|2 < [[Vo]2 + C / (9112 + 11(Va™, Va*) |2 + 1)dt.

Which implies
e+ (. t)]ls < e+ C|7s < e+ OV 72

t
< e CIValia+C [ (1912 +11(Ta, ValRs + s
0
t
< e CIVlE: + et 0 sup 015+ [ 1va 9l + 1at)
0<t<t 0

t
<Cofe+ e (C [ W+, + (Ve Ta) ) dr
0 00,00

Where Cj represents constants, Now using L*(R3) C B;{OO(R:)’)
¢
- 1Wlger < e 1900l < Clet e ([ Q4RI+ I%0, Ve )lE)a).
s 0 00,00
Now, applying In on both sides

t
In (e+ [ ¥]zz_) <(Cle+)+(C / U+ 915+ 11T, Vgh)3:)dt ).

Let

A(t) = In(e + [|[¥]| -1 ). Following on the same steps as for (6.15), we get the final

estimate

A e (N CR Lanll
exp (5*0 Jo (et A () (e TAH) dt)
(e+0(1) < (e +6(0))
Now to bound |[(Vq~, Vg")||2. < co. Multiply third equation with Ag~ and fourth

equation with A¢™ for L? norm bounds

1d

——/ Vg™ |*dx +/ |Aq™ Pdx = / (W0-V)g -Aqgde— [ V-(¢ -VV)Aq dz
2dt Jgs R3 R3 R3
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1d
——/ Vg |*dx +/ |Aqt|Pde = / (- V)q" - Agtdx — / V- (q¢"-VVU)Agtd.
Zdt R3 R3 R3 R3

Adding both equations for L? estimates

1d

S IV IR+ 197 [B) + (1Ag™ 3 + |1 Ag* 32)

:/ (ﬁ-V)q_-Aq_dx—i—/ (V)" -Aqtde— | V-(¢-VU)Aq dz— | V-(¢"VI)Aqdx
R3 R3

R3 R3
=X+ X+ X3+ X4 (6.18)

Now, we will bound X;
X0 <@ Vg (e[| AG (|22 < CII(0 - V)g (72 + el AgT[7.
By Holder’s and Young’s inequality, we get

< CIVINLIVa 1721Ve s + el Aq™ (1721207172 < ClIVaII7> + 26 Ag™ 7.

Similarly
[ Xa| < OV |72 + 2¢| Agt][7
| X3 < — /RS_ VUV - Aq dx — /R3 g AV - Aq dx
< C(IVe 17V eIZe + (a7 a™)lIze) + el Ag |7
< e[| (Ag™, AgN)||7: + C(L+ [[(Va™, V™) |z2).
Similarly

|Xa] < 3ell(Ag™, A2 + CA+ (Ve VaT)lIZ:).

Placing all the estimates in (6.18), and Gronwall’s lemma yields
T
Vg I1Z2 + 11Va ™1z +/O (1Aq7 1172 + 1A I[72)dt < C(1+ [[Vay [l + IVag [172) < oo

Hence, our result has been proved and improves the conditions (6.6), (6.7) and (6.8).
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Chapter 7

(Geometric constraints for the fractional
system on the entire three-dimensional

domain
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7.1 Introduction

This chapter establishes two new geometric constraints, one on the vorticity for the
Beale-Kato-Majda type result and the other on the gradient velocity, vital for
controlling the blow-up of weak solutions to the 3D incompressible fractional
magneto-micropolar system for a finite time.

We study the following Cauchy problem of a generalised 3D incompressible
magneto-micropolar system in the whole spatial domain, i.e., R?, and in the finite time

domain, i.e., [0,T]:

B+ b Vh+ (—A)9h + VI — B - VB — 2(V x D) =0,

Di+b-VD + (—A)"D — VdivD + 4D — 2(V x h) =0,

B, +hH-VB—B-Vh+ (—A)BB =0, (7.1)
V-h=0, V-B=0,

L (b7 @7 %)|t:0 = (h07 ©07 %O)a

where b, ©, 8 are the velocity field, micro-rotational velocity, and magnetic field,
respectively, while U(z,t) is the scalar pressure. Throughout the paper, 2 =V x b
denotes the vorticity and parameters ay, as, as > 0. The divergence free conditions are
satisfied by velocity and magnetic field with initial conditions by, ®¢, and B, given for
velocity, micro-rotation and magnetic field. The Zygmund operator II = (—A)% is
defined in terms of Fourier transform

—
—

Ef(€) = [¢ff(€), ¥ i>0.

As system (7.1) is coupled with the Navier-Stokes equations with fractional
micro-rotation and magnetic diffusion that allows us to deal with more complex
problems of the movement of liquid crystals, ferromagnetic particles, animal blood flow,
diluted aqueous polymer solutions, etc. Recently, Deng and Shang [35] showed the
global existence of system (7.1) using Lebesgue and Sobolev spaces. Fan and Zhong [39]
showed the local existence and uniqueness of the system (7.1) and also proved the

following geometric constraints for the velocity and gradient velocity that keep the
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solutions of the given system from blowing up in the given time interval

h € L%<Oa Ta Xr,é—l)a

Vh e L (0, T; X,),

Vh € L7 (0,T; X,.5),
Vb e L'(0,T;BY, ),

for0<r<g§<3,

VM

Although numerous well-posedness and regularity results are proven for other
systems, the detailed study of the local and global regularity of the system (7.1) clearly
lacks. We try to fill this void by proving more rigorous geometric constraints for
vorticity and gradient velocity because the geometric constraints are used to control
blow-up of any three-dimensional system in given time interval. These results are new
and improved, proven in more general and regular Besov function spaces.

Remark 7.1.1 When B = 0 system (7.1) becomes fractional micropolar system and
for ® =0 and B = 0, system (7.1) reduces to fractional NSE.

7.2 Beale-Kato-Majda type criteria

In this section, we establish geometric constraints of the Belae-Kato-Majda type by
using weak formulations and divergence free properties.

Theorem 7.2.1 Let (ho, Do, Bo) € H*(R®) withn > 2 and V-hy =0, V- By =01in
distributional sense. If a weak solution (h,®,*B) of system (7.1) satisfies the following

constraint for vorticity
1201,

/ \/ 1+ log(e + ||Q||Bo )

dt < oo, (7.2)

then it remains its smoothness in (0, 7], until its blow-up at 7" = T™*.
Proof. Testing (7.1); with Ah and using the divergence-free properties of velocity and

magnetic field, we have that

ht-Abder/ h-Vb-Ahdm+/(—A)dlh-Abdx+ VU - Ab de
R3 R3 R3 R3
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- %-V‘B-Ahdm—/?(Vx@)-Abdx:O
R3

R3
1d

2dt|yvh\|22+unl+dlh|@2:/ B.-VB-Ahde— [ bh-Vh-Abde.
R3

R3

= X1+ Xo. (7.3)

Similarly, testing (7.1)y with AD, we get that

D, - AD dx + b-VQ-Ade+/(—A)%~A©da:— Vdivd - AD da

R3 R3 R3 R3

+/ 4®~A®d:z:—/ 2(V x ) - AD dz = 0
R3 R3

1d : .
éd—tuv:onig + [T 2D, + 4| VD2 + || VdivD |2, = —/3 h-VD-AD dx
R

+/ 2(V x b)) AD dx
R3
= X5+ Xy (7.4)

Finally, testing (7.1); with A®B, we have

%t-A%dx+/ h- VB AB dr — iB-Vh-A%dx+/(—A)d3‘B-A%dx:0

R3 R3 R3 R3

Ld

5 7| VBIlL + T8, = —/ h-VB-ABdr+ [ B Vh AB dx
R3

R3
— X, + Xg. (7.5)

Now, adding (7.3), (7.4), and (7.5) to have

| =

(IVBIIZ2 + IVDIIZ2 + [IVBI72) + (T blIZ + [[TTFD|7 + [T B]7.)

N —
QL

t
6
+H VD[ + [ VdivD| 7. = Y X, (7.6)
i=1
Furthermore, we get an estimates for X;'s in (7.6).For X5, we derive
Xl < [ VO < CIVOli2 V.
Here, employing (1.1), we get that

< C|IVblsaol VHII7:-
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Using
IVOligg, . < ClIQlsy .

and (1.2) yields

192 5,
\/1 +log(e + (|| g0

%] < CIIVb3: (1+

o)

log(e + [b]
>> i

925,
S Togle + %15, _

where A(t) := supp, <, |[TI*H |3, + [[TI*D]|3. + [|[II*V[|3.. For the detailed reasoning and

< C|vol(1+

)) log(e + A(t)), (7.7)

proven bounds on s = 3, see [35].

Next, we get bounds for X;

X< [ 1987V d.
RB

5

Now, using Holder’s inequality with % + 13

+ 1—12 = 1, with Sobolev inequalities given
< OV L2 I VB| 2 | VB 22
[ X1| < Ol Vh|Z2 + CIB|[7. + CI%B[7: [ Vh7. + CITF4B|7. + C. (78)
Following on the same steps as for X, the estimates for X5, X, and X3, are given as
| Xs5| = | Xo| < ClIVh]Z2 + O B3 + T B 2. V|72 + CIITT B2, + C (7.9)

|Xs] < CIIVBIZ: + CIT*D| L2 + CIID |3 Vh]L2 + CIT DL, + €. (7.10)

Lastly, for X4, we obtain
[ Xa| < OVl 2| AD|[ 2

< C(IVBII3: + VI + D3, ). (7.11)

Putting (7.7),(7.8),(7.9), (7.10), and (7.11) in (7.6), after arranging and conserving

norms we have that

| =

1 : : :
577 (IVOllZ2 + [IVDIZe + [VBI72) + (T BIIZe + [T D7z + [T B[72)

U

t

+H4||IVD 32 + [|[VdivD |7,
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9015,
1+ Tole + 1915, )

+C|T B 221 Vh| 72 + CITI™ B[ + C + CIPD||Z + CID[7:][Vh]|Z + C.

< O V|3 (1+ )log(e + A1) + C(IVb]2: + VD)

Continuing by the same methodology as above, by applying Gronwall’s inequality, We
achieved that

T
IVBIIZ: + VDL + [VBI[Z +/ T 6] 72 + [TTD|| 72 + 1% B[Z + [T b7
0

H[IT D[, + [T B 7, dt

r 192
< Cyexp (C/T (1+ e HQHng))dtu+1n(e+A(t))>
< Cole+ A(1)°°, (7.12)

Where C) = <\|Vh(~,T*)H%2 VDL T2 + VB, T2 + 1) and for

infinitesimally small constant ¢ > 0, 3 T}, < T', such that

T 12]]
/ (1 + Booeo >dt < €.
A \/1+10g(e—|— ||Q||Bgom)

The bounds for A(t), and for

(I b2 + D2, + I8 2, + 42, + 4D 2, + [4B 2, ) are
elaborately proved in [35].

For the L? bounds, taking inner product of h with (1);, ® with (1), and B with (1)s,

estimating all the terms and adding, it is easy to see we get that
T ~ ~ ~
IBI1Z> + 1D + 18172 +/0 (ITI4p |72 + [[TID |72 + [[TI™B7.)dt < C. (7.13)
Hence, (7.12) together with (1.5) and (7.13) proves our result
IV (5,9, %)= < C.

By controlling one of the geometric constraints of vorticity in regular homogeneous
Besov spaces we proved our solutions will keep their blow-up until reaching singular

time.
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7.3 Gradient velocity criteria

This section is concerned with demonstrating gradient velocity regularity in the critical
Besov spaces.

Theorem 7.3.1 Suppose (ho, Do, Bo) € H"(R?) with n > g and V-hp=0,V-By=0
in distributional sense. If a weak solution (h,®,B) of system (7.1) satisfies the
following condition for gradient velocity

/T Wollor. (7.14)
- < 00, .
) T+ Toa(e + [Vollp)

then it remains its regularity in the interval R? x [0, 7.
Proof. To prove result (7.2) , we continue from equation (7.6).

Now, we get new estimates for X,
[ Xa| < C|IVb] [ VH] s

< ClIVHIL VOl + 12D,

All the other estimates X;’s are evaluated same as for the previous result. Putting all

the new estimates in (7.6) and following on the same steps as for (7.12), we have that
T
IVBIZe + IVDIL2 + VBT +/0 B[22 + [T 72 + B 72 + [T b7

H[ITH D[, + [T B 7, dt

: IVol2.
< Cyexp (C/T (1+ oot HV{)Hngth(l+ln(e+)\(t))>
< Cexp(Coeln(e + A(t))) < Cole + A(t))". (7.15)

Whereas, for e > 0, 4T, < T, such that

. < €.
T 1+log(e+ |Vhlz )

Now, (7.15) together with (7.2) proves that for the finite time the solution remains

regular. [
Corollary 7.3.2 The fact V|31~ ||| z0 _ implies the new improved result for
(7.1) via velocity constraint

/T 19l dt (7.16)
’ < 0. .
s T+ Tog(e+ blg )
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7.4 Conclusions

This work employs the functional theoretical approach to the system (7.1) to prove two
new geometric constraints. Considering its structural properties, these constraints are
vital for analyzing the turbulence in a finite time interval for a possible blow-up. The
results (7.2), (7.14), and (7.16) are proved in Besov spaces that are important due to
their complexity and scale-invariant properties. Although NSE have been analyzed
extensively for the finite time regularity or partial regularity (the regularity of the
singular sets), the detailed regularity and partial regularity analyses of the
well-posedness of system (7.1) is missing from the literature. The better results should

be presented on this system.
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