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Abstract

The objective of the work is to investigate the behavior of the angular
Goos–Hanchen (GH) effect for a planar graphene-vanadium dioxide geom-
etry, taking into account the temperature and wavelength dependency. A
monochromatic Gaussian beam of light is used as a source of excitation.
Experimental results from a published work have been used to incorporate
the temperature dependency of vanadium dioxide. In addition, wavelength-
dependent experimental results of permittivity at a particular value of tem-
perature for vanadium dioxide are used. Mathematical expressions for the
angular GH effect are derived. The behavior of angular and modified an-
gular GH effects and their difference are studied in detail. The modified
GH effect is obtained by passing reflected waves through a polarizer. It is
established that vanadium dioxide has special characteristics depending on
temperature; it behaves as a metal at high temperatures and dielectric at
low temperatures. Additionally, it possesses a hysteresis state describing
a metal-dielectric transformation by heating or cooling the substrate, which
provides an excellent opportunity to adjust and control the angular GH effect
according to application requirements.
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Chapter 1

Introduction

The Goos-Hänchen shift (GHS) is a spatial/angular displacement covered by
a beam of light across the interface between two different media. The GHS
occurs when a beam of light incident from an optically denser to a rarer
medium which leads the light to briefly penetrate into the second medium
and then laterally displaces at reflection. This lateral displacement may be
forward (positive GHS) or backward (negative GHS) mainly depending upon
the characteristics of the considered interface. Issac Newton speculated about
the lateral shift in his book “Newton Optics” [1] and later on in 1947, Goos
and Hänchen [2] experimented to prove Newton’s conjecture. They found
lateral shift was most prominent near critical and brewster angles where
total internal reflection and minimum reflection occur respectively.

After a year of this genius experiment, Artman [3] presented a theoret-
ical formula known as the stationary-phase method to evaluate GHS which
is based on a mathematical argument about the frequency and wavenumber
spectrum. Renard [4] established a theoretical approach called the conven-
tional energy-flux method to confirm the consistency of the predictions by
the stationary-phase method. The conventional energy-flux method reported
a major flaw which was later updated by Yasumoto and Oishi [5] from the
point of view of the conservation of energy. A beam reflected off an interface
experiences spatial and angular shifts depending on the polarization and the
beam profile. Spatial displacement is the well-known GHS in the plane of
incidence exclusively depending on the polarization while angular shifts that
depend on the beam profile were recently demonstrated by Merano et al. [6].
Although the GHS has been known for a long time, it has recently come to the
scientific community’s attention due to its major contribution to the advance-
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ment of technology and has been widely investigated in non-linear optics [7],
plasma physics [8], surface physics [9], and quantum mechanics [10]. The
breakthrough in manipulating GHS dispensed a variety of applications like
bar code encryption [11], optical switches [12], and optical heterodyne sen-
sors [13]. In addition, there has been growing interest in the medical field such
as cancer detection by GHS-based sensors which is addressed in [14]. The
design process of GHS-based optical devices demands strong control and ad-
justment of this optical phenomenon and also in some applications GHS needs
to be significantly enhanced. To obtain the aforementioned characteristics,
researchers have been investigating GHS across different optical structures
including left-handed materials [15], topological insulators [16], epsilon-near-
zero metamaterials [17], [18], [19], magneto-optical materials [20], general
medium [21], and dispersive media [22].

Graphene is a recently discovered two-dimensional material made up of a
single layer of carbon atoms forming a hexagonal pattern [23] with distinct
electrical, mechanical, and chemical properties [24]. Having remarkable elec-
tronic characteristics, graphene’s optical response can be precisely controlled
by external forces like chemical doping or electrical gating [25]. The en-
ergy band structure of the electrons in carbon atoms determines graphene’s
conductivity [26].

Pure graphene can be regarded as a metal with an empty valance band
and as a zero-gap semiconductor because of its energy band structures. This
duality picture makes graphene particularly interesting for applications in
many photonic devices that require conducting but transparent thin films.
With great potential, graphane has been widely explored in the last few years
even though it was only isolated for the first time in 2004 [24]. Following the
discovery, several theoretical studies are reported such as Neto et al.’s review
of electronic properties [27], and more focused on electronic transport prop-
erties [28]. To explore graphene’s characteristics more deeply, experimental
activities are performed including Raman characterization methods [29], a
detailed discussion of synthesis [30], and transport mechanisms [31], [32].
The exploration of graphene at an extensive level led to applications of
optoelectronic technologies [33], transistors, and related bandgap engineer-
ing [34]. Logic transistor technology has greatly revolutionized by incorporat-
ing graphene in the channel region of transistors which due to its monoatomic
thickness reduces parasitic effects including punch-through effects, velocity
saturation effects, and hot electron effects [34]. Modern graphene-based
field-effect transistors have short channel lengths that result in high elec-
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trical fields of around ≈100kV/cm which excite the optical phonon mode of
graphene to enhance device performance [31]. In addition to transistor tech-
nologies, considerable research has also been done on graphene sensors. The
graphene-based nanomaterials exhibit extraordinary sensitivity to adsorbed
materials [35] which has benefited to developed electrochemical sensors [36]
and biosensors [37]. Graphene has shown improved optical response and GHS
with its less complexity has resulted in scrutiny of this optical phenomenon
across numerous graphene-based structures [19], [38], [39], [40].

In the field of material sciences and liquid-state physics, vanadium dioxide
(V O2) is an interesting substance that has garnered a lot of attention because
of its exceptional and remarkable properties. It is a chemical combination
of the elements vanadium and oxygen. V O2 is a material of interest among
a number of researchers because of its ability to switch between monoclinic
(dielectric) and tetragonal (metal) substances by cooling the substrate at
T < 58oC [41] and heating at T > 72oC [42] respectively. When the temper-
ature values between 58oC and 72oC, the purely monoclinic to purely tetrag-
onal transition happens which is a reversible but hysteretic process, though
its reliance on the warming rate has not been yet completely perceived [43].
Generally, the thermal-hysteresis regime 58oC≤T≤72oC is avoided during
the study on devices containing V O2. Electromagnetically, V O2 is a function
of wavelength such as it transforms from a dissipative dielectric to another
dissipative dielectric if the free-space wavelength is λ0 < 1100 nm while it
transforms from a dissipative dielectric to a plasmonic metal (or vice versa)
if λ0 > 1100 nm [44]. In addition, the important feature of V O2 is that
the complex permittivities of its two crystallographic phases close to the in-
frared range are remarkably different [45] which change with the decrease of
wavelength from 800 nm to 1550 nm at the particular range of temperature.
These properties make it a promising material for a wide range of practical
applications. The oxides of vanadium such as V O2, V2O3 and V2O5 are low
cost with unique lamellar or layered structures have been used in supercapac-
itors and batteries [46]. V O2 contains multivalent stable oxidation resulting
in the formation of several compositions with tremendous properties such
as optical, magnetic, and structural transformation [47]. With high specific
capacities/energies, V O2 has been utilized in energy storage devices [48].
Moreover, V O2 possesses rapid metal-insulator transition characteristics at
specific temperature values which change its electronic properties yielding
intelligent window coatings, memristors, and switching applications [49]. It
is possible to create terahertz devices with adjustable characteristics using
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V O2-graphene hybrids. V O2 could be used in some interesting ways when
paired with graphene to control and adjust GHS which may be applicable
for photonic switching and modulation.

To report this research, we explore the angular GHS for a planar inter-
face involving graphene and V O2 substrate by taking into consideration the
influence of temperature and wavelength. A monochromatic Gaussian light
beam is used as a source of excitation. Existing experimental data from lit-
erature has been utilized to incorporate the temperature sensitivity of V O2.
Furthermore, experimental permittivity values specific to a particular tem-
perature of V O2 are incorporated, considering their dependence on wave-
length. Mathematical expressions for angular GHS, modified angular GHS,
and their difference are derived and thoroughly analyzed for different param-
eters related to the considered framework. The modified GHS is achieved by
directing reflected waves through a polarizer. It’s noteworthy that vanadium
dioxide exhibits a hysteresis state, indicating a metal-dielectric transition due
to heating or cooling. This property offers a valuable opportunity to tailor
and regulate the angular GHS as per specific application needs.

1.1 Proposed Work

In graphene, we are going to observe the angular GH shifts and their relation
with incident angle. Furthermore, the connection between the magnitude
of the Brewster angle and external conditions of the magnetic field will be
discussed. As vanadium dioxide is a temperature-dependent substrate, we
will check the behavior of angular GHS and modified angular GHS and the
difference between them at different temperatures and wavelengths.
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Chapter 2

Model and Formulation

Figure 1 illustrates a schematic diagram of wave reflection at graphene-based
V O2 planar substrate placed in air. The monochromatic Gaussian light beam
impinges with an incident angle θi from air to the interface (y=0), which
separates air in the region (y>0) from V O2 planar substrate covered with a
graphene sheet. The applied beam contains a static magnetic field along the
y direction that is normal to the interface. The incident and reflected beam’s
electromagnetic field components are denoted by (xi, yi, zi) and (xr, yr, zr)

Figure 2.1: The Schematic Diagram of Wave Reflection at Graphene-
Vanadium Dioxide Interface.
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respectively. The amplitude of the electric field associated with the beam
can be written as follows [50],

Ẽi ∝ exp

[
ikyi −

k

2

x2
i + z2i

ZR + iyi

]
× (x̂ifp + ẑifs). (2.1)

where ZR = πw2
o/λ is the Rayleigh range while k, λ and wo represent

wavenumber, incident wavelength, and beam width, respectively. The po-
larization of the beam is determined by the unit vector f̂ = (x̂ifp + ẑifs)/√

|fp|2 + |fs|2 where fs = as and fp = ap representing amplitudes of perpen-
dicular and parallel polarization, respectively.

The reflection coefficients can be expanded as a polynomial of kix using
the Taylor series expansion based on the arbitrary angular spectrum com-
ponent. The Fourier transformations can then be used to solve the reflected
field and can be expressed as,

Er ∝ exp

(
ikyr −

k

2

x2
r + z2r

ZR + iyr

)
×

{[
fprpp

(
1− ixr

ZR + iyr
× ∂lnrpp

∂θi

)

+ fsrps

(
1− ixr

ZR + iyr
× ∂lnrps

∂θi

)]
x̂r

+

[
fsrss

(
1− ixr

ZR + iyr
× ∂lnrss

∂θi

)

+ fprsp

(
1− ixr

ZR + iyr
× ∂lnrps

∂θi

)]
ẑr

}
.

(2.2)

where rsp and rps denote cross-polarization reflection coefficients while rss
and rpp represent reflection coefficients for perpendicular and parallel polar-
ization, respectively.

The reflected electric field angular spectrum is connected to the boundary
distribution [51] as, [

Ẽp
r

Ẽs
r

]
=

[
rpp rps
rsp rss

]
·

[
Ẽp

i

Ẽs
i

]
(2.3)
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The Fresnel reflection coefficients of graphene-based V O2 system are ob-
tained by applying boundary conditions as,

rpp =
(kty + kiy + ωµaσT )(kiyϵb − ktyϵa) + µakiyktyσ

2
H

(kty + kiy + ωµaσT )(kiyϵb + ktyϵa) + µakiyktyσ2
H

,

rss = −(kty − kiy + ωµaσT )(kiyϵb + ktyϵa) + µakiyktyσ
2
H

(kty + kiy + ωµaσT )(kiyϵb + ktyϵa) + µakiyktyσ2
H

,

rps = rsp = −2

√
µa

ϵa
×

kiyktyσH

(kty + kiy + ωµaσT )(kiyϵb + ktyϵa) + µakiyktyσ2
H

.

(2.4)

where kiy = ki cos θi and kty = kt cos θt, while θt is the refraction angle. The
permeability of both media is µa meanwhile ϵa/ϵb denotes the permittivity
of air/graphene-based V O2 system. Moreover, σT/σH is the transverse/Hall
conductivity while Hall conductivity of graphene can be represented in the
form of the external magnetic field as,

σH = (4nc + 2)sgn[B]
e2

2πℏ
. (2.5)

here, ℏ in the above equation is Planck’s constant while nc is used to represent
the quantized energy levels for electrons in magnetic fields and plays an
important role in σH of graphene.

nc = Int

[
µ2
f

ev2f |B|2ℏ

]
. (2.6)

whereas vf and µf is the Fermi velocity and energy, respectively. The lon-
gitudinal displacement of the field centroid at a given plane can be written
as [52],

dGH =

∫ ∫
(xrI(xr, yr, zr)dxrdzr)∫ ∫
(I(xr, yr, zr)dxrdzr)

. (2.7)

The flux of the time-averaged Poynting vector S is closely linked to the
beam intensity spatial profile as follows,

I(xr, yr, zr) ∝ S.ŷr (2.8)
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The expressions of GHS for both polarizations can be obtained from Eq.
(7), the details given in [52] are omitted in order to simplify the calculations
as,

dGH =
2(R2

pp/ssφpp/ss +R2
ps/spφps/sp)ZR

2k(R2
ps/sp +R2

pp/ss)ZR + χpp/ss + χps/sp

−yr
2(R2

pp/ssρpp/ss +R2
ps/spρps/sp)

2k(R2
ps/sp +R2

pp/ss)ZR + χpp/ss + χps/sp

. (2.9)

whereas, rm = Rm exp (iϕm), Rm = |rm|, ϕm = arg(rm), χm = R2
m (φ2

m + ρ2m),
ρm = Re(∂lnrm

∂θi
), φm = Im(∂lnrm

∂θi
), m ∈ {ss, pp, sp, ps}. The first term in Eq.

(9), is the spatial GHS while the second term gives the important expression
for angular GHS as,

ΘGH = −
2(R2

pp/ssρpp/ss +R2
ps/spρps/sp)

2k(R2
ps/sp +R2

pp/ss)ZR + χpp/ss + χps/sp

. (2.10)

The modified angular GHS can be obtained by eliminating cross-polarization
components in the above expression as,

Θ
′

GH = −
2(R2

pp/ssρpp/ss)

2k(R2
pp/ss)ZR + χpp/ss

. (2.11)
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Chapter 3

Results And Discussion

In this section, the main focus is to numerically analyze how incident an-
gle/wavelength/beamwidth, temperature, external magnetic field, and Fermi
energy work as effective tuning agents to modulate angular/modified angular
GHSs (collectively called angular shifts). The analysis encompasses three dif-
ferent scenarios where V O2 beneath the graphene sheet behaves differently,
as shown in Table 1.

It is more important to briefly study the behavior of reflectance before ex-
amining angular shifts. The numerical results are only analyzed for horizontal
polarization to make the discussion more manageable. Figure 2 displays the
impact of incident wavelength on reflectance as a function of incident angle
and external magnetic field for Case 1, as mentioned in Table 1. From the
figure, it appears that the reflectance behavior is most sensitive between 85
and 95 degrees of the incident angle when the incident wavelength is changed.
Moreover, a pseudo-Brewster angle is also being observed in this range. Ad-
ditionally, the change in amplitude of reflectance of the electromagnetic wave
is responsible for angular GHS since in the above range (i.e., between 85 and
95), remarkable angular shifts would be generated.

Figure 3 corresponds to Case 1 and depicts the impact of incident wave-
length on angular shifts. The above-mentioned incident angle regime is quite
important, where the positive and negative angular shifts are noticed that
tend to increase as the incident wavelength increases. Moreover, a nega-
tive peak is observed in the behavior of modified angular GHS near the
pseudo-Brewster angle. In addition, modified angular GHS enhanced along
with a narrow-width negative peak when the incident wavelength increases.
This phenomenon represents angular shifts are strongly sensitive to incident

9



Case Temperature
(T)

Behaviour Incidence
Wave-
length (λ)

Permittivity (ϵb)

1. T > 72◦C Metal 800nm
1550nm

-32.8+0.46ι
-140.4+3.56ι

2. T < 58◦C Dielectric 800nm
1550nm

32.8+0.46ι
140.4+3.56ι

3. (i) 50◦C≤T≤80◦C Thermal-
Hysteresis

800nm at low T:
6.60+1.83ι
at middle T:
5.60+2.13ι
4.4+2.18ι
at high T:
3.2+2.13ι

3. (ii) 50◦C≤T≤80◦C Thermal-
Hysteresis

1550nm at low T:
8.10+1.60ι
at middle T:
-0.5+9.10ι
7.8+3.5ι at high
T: -2.2+9.3ι

Table 3.1: Brief Description of the Behavior of Temperature-Dependent
Vanadium Dioxide.
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Figure 3.1: Case 1(T > 72◦C); The Effect of Incident Wavelength on Re-
flectance as a Function of Incident Angle, θ and Magnetic Field, B. At
λ =800nm the Value of ϵb=-32.8+0.46ι in (a), at λ =1550nm the Value
of ϵb=-140.4+3.56ι in (b), and the Value of Fermi Energy µF =450meV is
Taken.

wavelength in a specific incident angle regime that agrees with the above
statement in the previous figure.

Figure 4 is related to Case 2 and deals with the angular shifts by consider-
ing the same values of all parameters as in the previous one. In subfigure 4(a),
the positive and negative angular shifts are observed at two different incident
angles - one lying between 85 and 95 degrees and the other at a higher value
beyond this range. Furthermore, in subfigure 4(b), when the incident wave-
length increases, positive and negative GHS values around a higher angle are
shifted towards that specific incident angle range. It is interesting to notice
that modified angular GHS exhibits similar characteristics but with a greater
amplitude as compared to Case 1. The difference between angular and mod-
ified angular shifts is sensitive to temperature and incident wavelength. This
sensitivity cannot be ignored, as it provides significant positive and negative
values that can be modulated both in and beyond the specific incident angle
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ranges.
The angular shift is not only influenced by temperature and incident

wavelength, it is also related to incident beamwidth. In Figure 5, the impact
of beamwidth on angular shifts is examined for both cases 1 and 2, only
for one wavelength value λ =800nm. The beamwidth is taken in microm-
eters produces shifts in kilo radians which is too large as compared to the
above two figures where beamwidth is in millimeters. For angular GHS in
both cases, positive and negative peaks approximately with the same widths
are noticed which become narrow and disappear as the incident beamwidth
increases. If modified angular GHS is analyzed only a negative peak is ob-
served for Case 1 meanwhile, a positive peak with a narrow width and a
negative peak with a widened width is noticed for Case 2. The positive peak
becomes narrow whereas the negative peak becomes wider when the incident
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Figure 3.2: Case 1(T > 72◦C); The Role of Incident Wavelength in Angular
GHS, ΘGHS (a), (d), Modified Angular GHS, Θ

′
GHS (b), (e), and Their Dif-

ference, Θ
′
GHS-ΘGHS, (c), (f) as Function of Incident Angle in Degrees. The

Value of ϵb=-32.8+0.46ι at λ =800nm in (a)-(c), Meanwhile at λ =1550nm
the Value of ϵb=-140.4+3.56ι in (d)-(f), and the Value of Magnetic Field
B =15T, Fermi Energy µF =450meV, and Beamwidth w =1mm is Taken.
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Figure 3.3: Case 2(T < 58◦C)); The Role of Incident Wavelength in Angular
GHS, ΘGHS (a), (d), Modified Angular GHS, Θ

′
GHS (b), (e), and their Dif-

ference, Θ
′
GHS-ΘGHS, (c), (f) as Function of Incident Angle in Degrees. The

Value of ϵb=32.8+0.46ι at λ =800nm in (a)-(c), Meanwhile at λ =1550nm the
value of ϵb=140.4+3.56ι in (d)-(f), and the Value of Magnetic Field B =15T,
Fermi energy µF =450meV, and Beamwidth w =1mm is Taken.

beamwidth increases. The narrow and widened width of angular shifts char-
acterize strong and less sensitivity respectively, since it can be concluded that
the incident beamwidth is very helpful in modulating angular shift according
to application requirements.

The quantized Hall conductivity related to the graphene sheet strongly
modulates the angular shift. The Landau levels are proportional to Fermi
energy squared, but they are inversely proportional to the magnetic field
plays a key role in the Hall conductivity and also affects GHS. From Figure 6,
it can be seen that the Plataulike angular GHS increases as the Fermi energy
decreases or the magnetic field increases. In subfigures 6(a) and (b), the
difference of angular deviation is examined for incidence angle near and far
away from the pseudo-Brewster angle respectively. Remarkably, the angular
GHS for the incident angle near the pseudo-Brewster angle is greater at the
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Figure 3.4: The Role of Incident Beamwidth and Wavelength in Angular
GHS, ΘGHS (a), (c), and Modified Angular GHS, Θ

′
GHS (b), (d) as Function

of Incident Angle in Degrees. The Red Solid Line, Blue Dotted Line, and
Green Dashed Line Correspond to Incident Beamwidth w =1µm, 2µm, and
5µm Respectively. At λ =800nm the Value of ϵb=-32.8+0.46ι Case 1(T >
72◦C) in (a), (b), Meanwhile, ϵb=32.8+0.46ι Case 2(T < 58◦C) in (c), (d),
and the Value of Magnetic Field B =15T, and Fermi Energy µF =450meV
is Taken.

same Fermi energy and magnetic field.
Finally, Case 3 is also studied to reveal the influence of Fermi energy and

incident wavelength on angular shifts against the external magnetic field.
From Figure 7, the quantized steps can be seen at smaller values of the
magnetic field that exhibit strong sensitivity to change in Fermi energy. Fur-
thermore, it may be noticed the quantized steps become narrow with rapid
change as the Fermi energy increases which also agrees with the characteris-
tics of shifts in the previous figure. Furthermore, positive angular GHS and
negatively modified angular shift are obtained which can also be modulated
by changing the incident wavelength.
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Figure 3.5: The Effect of Incident Angle θ = 71◦ in (a), Meanwhile, θ =30◦ in
(b) on Angular GHS, ΘGHS as a Function of Fermi Energy, µF and Magnetic
Field, B. At λ =800nm the Value of ϵb=32.8+0.46ι Case 2(T < 58◦C) and
the Value of Beamwidth w = 1µm is Taken.
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Figure 3.6: Case 3(50◦C≤T≤80◦C); The Role of Incident Wavelength and
Fermi Energy in Angular GHS, ΘGHS (a), (c), Modified Angular GHS,
Θ

′
GHS (b), (d) as Function of Magnetic Field. The Value of ϵb=6.6+1.83ι at

λ =800nm in (a), (b), Meanwhile, at λ =1550nm the Value of ϵb=-0.5+9.1ι
in (c), (d) and the Value of Incident Angle θ =71◦ (near Pseudo-Brewster
Angle), and Beamwidth w = 1µm is Taken.
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Chapter 4

Conclusion

The monochromatic Gaussian beam of light is excited on the graphene-
vanadium dioxide interface, taking into account the temperature, wavelength,
and dependency of graphene parameters, and reveals a quantized angular GH
shift. For incident angles, the quantized steps of the angular GH effect have
been greatly enhanced near the Brewster angle. The peaks of angular shifts
become sharp as wavelength decreases. It has also been noted that incidence
angle and beamwidth have an impact on the numbers mentioned previously,
in addition to temperature and incident wavelength. It has been demon-
strated that the cross-polarization component can not be ignored in the case
of narrow quantized steps or for the incidence angle near the Brewster angle.
Furthermore, by adjusting the Fermi energy and external magnetic field,
the magneto-optical phenomena caused by Hall conductivity based on the
graphene surface are also examined.
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