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Abstract

Shock waves in plasma are very important occurrence, consisting of number of differ-
ent modes. We have investigated such non-linear wave modes as affected by various
non-thermal distribution of electrons, magneto-rotating and relativistic effects. In
particular, we have looked into the non-linear ion acoustic shock waves on ion time
scale in the presence of collisional rotating magneto-plasma with non-Maxwellian
electrons and warm relativistic ions. For this a reductive perturbation method has
been employed to derive the respective Zakhrove-Kuznetsov-Burgers (ZKB) equa-
tion in the weak limit of non-linearity. We also present a comparison between (7, ¢)
and k distribution for electrons. For that first we review the derivation of ZKB equa-
tion by using kappa and Cairns distribution, and then extended for a two indices
(r, q) distribution for electrons. The study of above solutions reveal that due to
non-Maxwellian electrons, it causes the formation of different potential structures.
From the numerical analysis of ZKB equation, kappa distribution provides only
positive amplitude (compressive) shock potential. Unlike kappa, Cairns distribution
exhibits both positive and negative amplitudes (compressive and rarefactive), from
further analysis it is noted there is a discontinuity arises that fail our model. It has
been observed that linear phase speed depicts both fast and slow ion acoustic waves.
In the context of kappa and Cairns distributions it is seen that, the formation of
compressive and rarefactive nature in our system is mainly due to the non-linear
coefficient A, which changes their sign for the respective structure. The formation
of shock waves depend upon the magnitude of kappa and Cairns distribution index.
Such plasma system is also investigated by using (r, ¢) distribution function, which
exhibits both the compressive and rarefactive bahavior in shock potential. In the
proper limits, e.g. (r = 0 and ¢ = k — 1) we recover the results of kappa cases,
and for the case (r = 0 and q— o0) the finding of Maxwellian potential distribution
are recovered. The investigations that are discussed can be useful for plasmas that
are magnetized, rotating on the view of non-inertial frame of reference, for example
such plasma is observed in different region of space like magnetosphere, and pulsars

etc.



Chapter 1
Introduction

In this chapter we shall introduce some of the fundamentals and preliminaries that
would be used in the subsequent chapters of the dissertation in hand. For example
the plasma system of interest here, various phenomena in such plasmas like relativis-
tic and Coriolis effects, particle distribution functions and non-linear wave modes

that are considered here.

1.1 Plasma

Plasma is the four state of matter that is characterized by high energy, electrically
charged medium consisting of pasitively charged ions and negative electrons. It is
found naturally in different regions like stars, auroras, and sun. Plasmas can also
be formed artificially, e.g. in fluorescent bulb, and fusion reactors. Generally we say

that, an ionized gas can be a plasma if it satisty the following condition.

1. Quasi-neutrality

This creteria demands that the densities of ions and electrons of the system are
approximately equal, i.e. n; = n., = n. We can also explain quasi-neutrality by the
condition A\p < L, where Ap is the Debye length and L. denotes the characteristic
length of our system. Here Debye length is the spatial scale over which plasma par-
ticles can effectively shield the potential applied /induced in the plasma. The Debye

length for a simple system can be written as

1
kgT. \*?
Ap =
P (47m8062)




2. Collective behavior
For collective bahavior, we must have large number of particles in the Debye sphere
Np and statistical analysis is valid, i.e. Np > 1, where

4

Np = n-m\%,

3

3. Low collisionality with neutrals

It requires that, w7 >1, where w is the frequency of plasma oscillation and 7 is the
mean collision time with neutrals. This condition makes sure that the dynamics of
our system is governed by electromagnetic interaction among plasma particles and
not by ordinary collisions as in the usual hydrodynamics. The plasma frequency can

be estimated from the following expression

1
9N L
o — dmn;.e” \ 2
;=
P m;

1.2 Waves in plasma

A wave is characterized by some disturbance in a medium, and can carry energy and
momentum. The properties of waves depend upon medium in which they propagate.
Here we focus on various aspects of low frequency waves as supported by the plasma
medium, and the effects of various plasma parameters on the wave propagation.

Plasma is a medium, that depending upon various conditions, can support propa-
gation of different types of waves like, electron plasma waves in which we assume an
unmagnetized system, where ions are at rest and electrons oscillate. And if thermal
effects are included the oscillation couples and give rise to the so-called Langmuir
waves. Upon considering ion motion and magnetic field, we can find multiple types
of other modes, e.g. ion acoustic, Alfven and magnetosonic waves. In our discussion
we focus on non-linear ion acoustic waves in a medium composed of magnetized
and rotating plasma, furthermore the relativistic effects have also been taken into
account. Finally, the perturbed potential is investigated for non-thermal velocity

distributions, namely kappa, Cairns, and (r, ¢) profiles.

1.2.1 Ton acoustic waves

The ion acoustic waves (IAWs) are similar to sound waves, composed of large number
of compressions and rarefactions. It is a low frequency waves, due to the larger mass

of ions, and have constant frequency in the limit of small Debye length. The linearize



dispersion relation for IAWs is given as [1]

W (%kBTe + %‘k?BTz) :

= = (1.1)

where ~; and 7, are, respectively the ion and electron polytropic coefficients and M

denotes the mass of ion. In the limiting case, T, > T;, we find

w erkBTe %
W _ (Dekple 1.2
- ( & ) (1.2)

which shows that the dispersion relation depends on electron temperature and ionic

mass.

1.2.2 Non-linear waves

The plasma waves having smallar amplitudes can be analyzed by using the linear
analysis, in which second and higher order perturbation are ignored. It can be used
effectively to describe the propagation and instabilities (if any). However, if the
amplitude of the wave becomes larger, then the linear analysis is no longer valid and
one needs to employ methods of non-linear theory. The associated waves are termed
as the non-linear modes. The non-linear waves are the one whose interaction can
lead to wave steeping, wave breaking, and formation of coherent structures. These
are described by special equations, having non-linearity, dispersive, and dissipative
terms which make them non-linear and depict multiple structures. Here, we focus
on shock like potential structures, described by ZKB and KdVB equations, which
will be discussed in the subsequent section. Some of the well-known non-linear wave

modes are solitons, shocks and vortices.

1.2.3 Shock waves

In general, shock waves are important in the study of fluid theory, when the speed
of the particle in the fluid is greater or comparable with sound speed. The corre-
sponding behavior is sound like whose compression and rarefaction give different
non-linear effects. If the speed of fluid greater or less, we called it supersonic or
subsonic, respectively. The shock structures can be described by the Zakharov-

Kuznetsov-Burgers (ZKB) equation that is given as

of
ot

[P
+B—+Cax<

B O2f  O°f >f
+AfS 4 B 8y+azg) 55 =0, (1.3)



where f = f(x,t) is a function of space and time, the coefficients A, B and C

describe, respectively the non-linear, dispersive and dissipative coefficients.

1.2.4 Solitons

Solitons are formed when there is a balance between non-linearity and dispersion
effects in a medium. These waves can retain their shape over long range distance.
The Korteweg-de Vries (KdVB) equation gives solitary and shock waves, and is given
by [2, 3]

of of  Lof  O*f

1.3 Effect of Coriolis forces in plasma medium

In rotating plasma, as is the case for others systems, the Coriolis force become
effective. For example such bahavior is observed in magnetoshpere and pulsurs [4].

The Coriolis force is given as
F=2m(7 x Q), (1.5)

where ¥ is the velocity and () denotes the rotating frequency of the particle of mass
m. Furthermore, the Coriolis force also produce magnetic field when the plasma

fluid rotates, here in this study we consider a magneto-rotating plasmas [5].

1.4 Viscosity and dissipation effects

Viscosity is the measure of internal resistance between different layers in a fluids. It
is the internal friction when particles move at different speeds. This effect can cause
a transfer of irreversible momentum to those layers on which the speed is low. To
account for this effect, we add a term 1;V?v; in the force balance equation [6]. Here
n; is the ions kinematic viscosity, which cover the density properties and viscosity [7]
and p; is also viscosity coefficient known as Bulk viscosity, that appears when there
is variation in volume (density) in a fluid, causes losses in energy. Therefore, we also
included the term (u; +7;)V(V - v;) in momentum equation. In our plasma system
we take into account both of these two viscosities (kinematic and Bulk), which give
rise to the non-linear effects. In some cases the Bulk viscosity is ignored due to
incompressible fluid approximation, but in this dessertation we take into account,

a compressible plasma system. The formation of shock waves arises due to these



viscosities (non-linearity and dissipation) [8]. It is found in different sources that

the ion kinematic viscosity give rise to shock strucures [9, 10].

1.5 Relativistic effects in plasmas

When the speed of particles becomes extremely high (closer to speed of light) then
one has to take into account the relativistic corrections in fluid equations to describe
the plasma system. Such behavior is seen in earth magnetosphere [11], laser-plasma
interaction [12] and Van Allen radiation belts [13] by using double probe devices.
The relativistic plasmas can also be create artificially by using heating method or
strong laser beam. This effect is important when the speed of particle approaches
to light speed c. i.e.,

v<c¢
Let us introduce the Einstein relativistic factor

1

02

c2

’y:

which for weakly relativistic case can be expanded, via the binomial theorem, to
write )2 02
Y= 1 + @ + @
In our study we consider the weak effects, and upon ignoring the highly order terms
that yields
02

~1l+—
i 2¢2

1.6 Reductive perturbation method

There are several methods to solve non-linear partial differential equations (PDEs).
Here we use a reductive perturbative method, which is based on small perturbation
expansion. In this technique we expand the dependent variables in a small parameter
¢, whose power is obtained from the dispersion relation [14]. To demonstrate, lets
consider a simple system, where ion dynamics is considered. For which the model
equations in normalize form can be written as (more detail is provided in the next

chapter), 5 5

n; T;U;
ot | or
8vi a’UZ' %

ot TVor T o

=0, (1.6)

(1.7)
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0
922 = Ne — Ny, (1.8)
where every dependent variables is the sum of perturbed and equilibrium part which
can be written as n; = 1 4+, v; = 05, ¢ = ¢.
From equation (1.6) we have
0 0

5(1 + ;) + %(@‘ +niv;) = 0,

upon neglecting the higher order terms we neglect the higher order terms to write

2ﬁ-+£17-—0
ot ' ox '

Similarly equations (1.7) and (1.8 ) can be written as

ou; 0o
el - 1.
o Tor (1.9)
and orderly, -
P -
= T — b —n 1.1
0x? o= (1.10)

Next, we assume that all the perturbed quantities can be represented by the plane-
wave approximation, i.e. proportional to e!**=%Y to write above equations, respec-
tively in the form

—iwng + 1kv;g =0
— 1w + thkgg = 0
no(k* + 1)¢o
which are simplified to write the required dispersion relation.

2 kQ
W= (1.11)

In the limit of large wavelength (small k) limit, using the binomial expansion and
then subtracting (kz) on both side, we find
w=k(1+k)T

1
w=k— -k
2

1
wt = kt — k3t
2
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1
kx —wt =k(x —1t) + §k3t (1.12)

Following that, let us introduce the so - called stretched coordinates in space and
time as
€ =€z — \t), T=¢, (1.13)

where o and f = (a + 1) are the scaling index and 0 < € < 1 is a small parameter.
Thus, the power of € and expansion of the dependent variable could be chosen
from equation (1.14) [3, 4, 15, 16]. The non-linear PDEs, as introduced in the
above discussion, can be solved by using hyperbolic-tangent method, which actually
provides an approximate solution of the respective PDE, when there is high non-
linear effect as correspondence to dispersive counterpart [17]. In particular, we get a
travelling solutions which consist of coherent and localized parts |18, 19]. A detailed

derivation is provided in the next chapter.

1.7 Maxwell distribution function

All many body systems present a complicated problems in physics, and if there are
complicated interactions - as is the case in plasma charged particles - then the de-
tailed knowledge of each particle trajectory is almost impossible to describe. For
such systems laws of statistical mechanics are employed, where the identity of indi-
vidual particle is not important, and one looks at the average behavior of system.
Such theories are quite succesful in describe various observed phenomenon. As we
know, a plasma system consists of large numbers of charge species and neutrals par-
ticles. All these particles have different velocity that carry energy and momentum,
but overall when such plasma system is in thermal equilibrium then we use a called
Maxwell distribution function. It turns out - from Boltzman H-theorem - that such
distribution is the most probable for an equilibrium condition. The general form of

Maxwell distribution function is give as [20]

o) = 15— e (= ) (114)

(2m)2 vy,

where vy, is the thermal speed and n, is the equilibrium number density of system
particles (electron and ions). Figure (1.1), shows that the average particle velocity

is zero that means the system is in thermal equilibrium.

12
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Figure 1.1: Structure of non-thermal VDF for an equilibrium plasma system.

1.8 Non-Maxwellian distribution functions

Although, many plasma systems can be described by using the well-known Maxwellian
distribution over velocities. And the model works well for highly collisional plasmas,
where a thermal equilibrium is achieved and the system attains a Maxwellian pro-
file. However, from the data analysis of various space/astronomical plasmas with
the help of satellites it is found, there exist a large number of particle whose dis-
tribution functions is different from Maxwellian. Most of such systems consist of
highly non-thermal electrons corresponds to collisionless and inhomogenous plasma.
These high energy electrons spectra was studied within the plasma sheet and give an
empirical velocity distribution formula called kappa distribution function, |21, 22]

which is given as

2 _ 2ed\ —(1+k)
fu(v, @) = —eo IO A (1+“—W) , (1.15)

where « is the spectral index that measures the non-thermal effects and I denote
the gamma function. Such Lorentzian profile describe the high energy tails in the
distribution, and in the limit of very high  one retrieves the Maxwellian (bell like)
profile as depicted in the following figure.

In plasma physics and astrophysics, the kappa distribution in valuable for charac-
terizing the departures from thermal equilibrium that are commonly encountered in

these high- energy environments. It provides a more accurate description of parti-

13



cle velocity or energy distribution than the Maxwellian distribution, which assumes
thermal equilibrium. Researchers often fit experimental data to the kappa distribu-
tion or use it in simulations to better understand and model the behavior of particles

in plasmas and other non-equilibrium systems.

T T T
M 7 for k=2
[ £ for k=3
/ M ¢ for k=4

M 7y for koo —

=

0.100 |-

S~ 0.010F

0.001 =

Figure 1.2: Comparison of Kappa and Mazwellian distribution functions for dif-
ferent values of index (k).

In figure (1.1), we note that there is major deviation for small k, however as the
values of k increases, then the respective distribution approaches to Maxwell coun-
terpart, which corresponds to the dissipation of high energy electrons out from the
system. Such system, can be treated by using linear analysis. This means that when
there is non-linear effects exist in a system, for that we may use kappa distribution
function. [8, 23-26].

Twenty years ago, electrostatic solitary waves were explain by another non-Maxwellian
distribution on the ion time scale known as Cairns distribution, that was used to
model the data as observed by Freja satellite. This type of distribution denotes the
existance of rarefactive ion acoustic solitary wave [21, 27]. The Cairns distribution

function is given as

folv) = Heo (1 + j—f) exp ( _ U—Z) (1.16)

©(2m)3(1 + 3a)vg

where « corresponds to the non-thermal electrons papulation, and the distribution
approaches to Maxwellian, when o — 0. This scenario is observed in the figure (1.2),
means that as the value of non-thermal electron papulation («) goes to minimun

values, the given distribution function approaches to Maxwellian. Here we also note

14



that one may get the shoulders like distribution, although such distributions are
generally unstable. In systems undergoing phase transition (e.g., solid to liquid,
liquid to gas), you may observe shoulder profiles in energy or density distributions.
The shoulder corresponds to particles or molecules that are in a transitional state.
This shoulder represents a secondary state or condition in the system that is less
probable but still significant. The presence of a shoulder indicates that there is a

non-negligible population of particles deviating from the most probable state.

VRN
1.0} AN
M 7, for a»0
M 7, for a=0.3
M 7, for a=0.5
M 1, for a=0.7
0.8F \
T / /\ - \\\ S
>
/ AN
. | 7
~ 0.6 % \\
// h
\
/ \
// \\
0.4 / AN \
/ AN \
/ \\\
0.2} / \
/ AN

Figure 1.3: The Cairns VDF for different values of index («), we recover the
Mazwellian counterpart as o — 0.

There is another type of more general non-thermal electrons distribution known

as (r,q) distribution function [28] that can be written as

frav) = 3Ll)(q — )™ ]<1+ ! (UQ_i%f)M)_q, (1.17)

3 _ 2
amBrvl g — 73 T + 525 ¢—1\ Pup
where B
,_ 3la= )T = 5]
2I'[q — 2—527']P[2—52r]

In above equations vy, is the thermal speed of the electrons and r, ¢ are the spectral
indices. In the limiting case of small r and large ¢, we recover the Maxwellian dis-
tribution. Figure (1.3) is plotted for different value of ¢, upon which the ditribution

function shows deviation from Maxewell distribution.
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Figure 1.4: Behavior of normalized (r,q) distribution function against normalized
valocity, for r = 0.

M fq for q=3
[ fiq for q=7
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1073 |-

10-11 |-

10-15
10 5 0 5 10

Figure 1.5: Same as previous figure, but for r = 1.

Figure (1.4), once again plot for different values of ¢, and fix value of r unlike as
we do in above figure. In this figure we observe that, when the value of ¢ increases
the the (r, ¢) distribution deviate to Maxwellian counterpart.

The obvious advantage of using two indices distribution function is that once can
model huge variety of model data.

Here in this study, we have used a more general (in comparison with kappa and
Cairns) velocity distribution function to see the effects of flat-top as well as high

energy tails in the VDF. Which is supposed to give a better insight into the PES

16



systems. This type is present in many astrophysical environments, such as the early
universe, neutrons stars, active galactic nuclei, Earth’s ionosphere, chromosphere,
corona, solar winds, and pulsars. Moreover, the laboratory plasmas consisting of
pasitive and negative ions with equal masses have been investigated experimentally
by Oohara et al. [29-31]. Flate-top particles distributions are commonly observed
in space plasmas, e.g., in the downstream of Earth’s bow shock, and is caused by
various physical processes such as by the interaction of particle with electrostatic

potential generated by the bow shock |? |.
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Chapter 2

Shock structures in magneto-rotating
relativistic plasmas with

non-Maxwellian electrons

In this chapter we shall review the shock like distribution of the perturbed potential
in a magnetized non-thermal plasma. For that the corresponding ZKB equation is
derived by using a reductive perturbation method in the fluid description of plasmas.

Finally, the impact of various parameters on shock profiles are discussed.

2.1 Model equations

Here we consider a plasma system, which is magnetized, weakly relativistic, com-
posed of warm ions and non-Maxwellian electrons. We consider that the magnetic
field is along z-direction, i.e., B= By z, where By is the magnitude of the magnetic
field. In equilibrium the quasi-neutrality condition demands that n;y = n.y, where
nio and n.y are the unperturbed densities of ions and electrons. The corresponding
ion fluid equations, namely continuity, force balanced and Poisson’s equation, for

our system can be written as

- (nv;) =0, 2.1
e L) (2.1)

6 = b4 N — N — — N —

min;| — +0; - V |y0; = en;(E + v; X B) — Vp; + 2m;n;(0; x )+
ot (2.2)
min V20 + ming(n; + 111)6(6 - 15),
and, respectively

V- E = 4we(n; — ne). (2.3)
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The left hand side of equation (2.2) is the convective term and the right side contains
Lorentz force, pressure gradient, Coriolsis force and viscosity terms. The variables
U3, mi, m,; are velocity, density and mass of an ion, Orderly, the symbol 7; is the
ion kinematic viscosity and p; is the ion bulk viscosity. In our study we focus on

bulk viscosity because our plasma is compressible. The Einstein relativistic factor
—1

2\ 2
is defined as, v = ( — %) , and is considered to be weak for our plasma system,

2
hence the binomial expansion can be applied write, v =1 + %vcj

We take v; in along z-direction because in other two direction the relativistic effects

is weak. In equation (2.2), () is the frequency of the rotating plasma whose direction
is same as magnetic field, i.e., O = Q2.

The electron in our system are assumed to have non-Maxwellian distribution, in
particular we consider kappa (k) and Cairns () VDF.

The 3D kappa (k) distribution function is given by

 Nep (1 %F(H +1) v = 2e¢/me. —(k+1)
folv) = 33 (E) M=) (1 +— ) : (2.4)

where 6 is the modified thermal speed for electrons and  is the spectral index which

quantifies the deviation from the Maxwellian counterpart. For physically valid VDF
we must have which is kK > % Upon integrating the above distribution over velocity

space, the corresponding electron density takes the form [21]

)
&] (2.5)

(K - §)Te

ng = Neo [1 —
2

Similarly the Cairns («) distribution can be written as,

o 0 o (2
I = o) vamr <1 T ) P (%fh) | (26)

is the warm electrons thermal speed and « defines the population

Te

me

of non-thermal electrons. The respective electronic distribution can be written as

[35]
o= 5(22) 4 (22 oo (29) o

Here 8 = ﬁ, and in the limit when « (or ) approaches to zero, we recover the

Maxwellian counterpart, same is true for kappa distribution when x—oc.

where vy, =
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2.2 Normalizaton of model equations

In mathematical physics, its always easy to deal with dimensionless variables, fol-
lowing that we can write our system of equations in normalized form. For that

various normalization factors are defined as follow;

e The electron and ion densities, n, and n; are normalized by the equilibrium

values, i.e., n; = - and 7, =

i0 Neo

Ne

e Space variables (X, y, z) are normalized by electron Debye length which is

~ x 4

. - 7. \2 . _ 2z - Y =z
given by, A\p = <4m8062) e, T=5-0=5-2= 55

e The velocity of fluid and the light speed are normalized by ion acoustic speed
1

C,, where C, = <1>

mg

e The ions cyclotron frequency w. = ;—3‘; and the rotation frequency are nor-

[NIE

malized by ion plasma frequency w,, = (M>

m;

E

e Electric field is also normalized as, E = ST

e The time variable is normalized by the inverse of ion plasma frequency, i.e.,

Z? = twm-.

e The electrostatic potential is normalized as, ¢ = ;—d’

e The coefficients of ion fluid viscosity are normalized by w,;\,.

e Note that we can express ion acoustic speed as, Cs = Apwp;.

Upon introducing the diamensionless variables, the continuity equation can be writ-

ten as,
8t + %(nml) =0

O(niNeowpi) N 0

ot d(ZAp)
on; o ,__
neowpi)‘Da_? + %(nivmioC’s) =0
neoCs aﬁl 8 _ .
N af + 0T <anZCS) =0

As ¢ =1, hence the continuity equation becomes

on; 0,
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The equation of motion can also be written in normalized variables as follows,
0 . R L= 9 - - =
mit | o — 40V | v5; = eny(E+0; x B)—V pi+2mun; (0, x Q) +mingn: V20 +ming (ni+ )V (V-7

After using the equation of state p = n;T, we find

a T v 7 -~ A = = =
( +0;- V) NG = ——V s (Uz X Z) — 00, (Uz’ X Z) +n:;V20;+ (mﬂLi) \Y (V'Uz’)
at m; m; n;

T Vi
mi)\D% ﬁi
wpiCsﬁ¢§V2@ + wpi Cs (7 + DY (ﬁ ) @)%

D D
T, Vn

m;Ap 1

T _ _
)\e ng — wp,-C'ScJCZ- <Ui X 2) —+

miAp

— 2QpriC'S (Uz' X ?:‘) =

o
wpiCs (— 7(1} V))’yvl )\DV¢ Wi Cslei (vl X z) +

Wi Os1iV20; 4 wyi Cs(7 + 1)V (V : m-)

T. AV _
%gwa (vz 2) + ZMW% AL %%290 (vi X 2)

— QQprZ-CS (?71 X 2’) =

O o o g o T B
(3t+(z v)% T T il AT, i wals

%%nvznl i;/'/g;(m + mu,) \V4 (? . vi)

0 _ Vo _ v

(at +0;- V) Y0+ Vo—wy (Uz‘Xi’) +o Vnn =20 <U¢><5> +0i V20;+ (Uﬁﬂi) \Y (V'Uz‘)

0 _ _ - Vn O S AU = O e
8t+vZV Y0; = —Vo—o = +2Q0( 0 X2 | +Wei | UiX2 |+ V204 it |V Voo ),

(2.9)
%, represents the temperature ratio of ions to

where Q. = wy + 2€y and 0 =
electrons.

Poisson’s equation also transforms in the following manner,

V_zQETe ( ! ' )
5 =4dme| NepNe — NioNi
Ape

o= ()
V26 = n.n;
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The normalized version of kappa density distribution takes the form,

—(k—3)
o = Neo [1 - ﬁ] (2.10)
. g 1
s =1~ 7
o (b
ﬁe = |:1 - (R;f%} 5 (211)
2

where ¢ = e%. Likewise, for the Cairns VDF we find

st 5(52) + () o (%)

=[50+ 5] expl-o). (2.12)

From now on, for a mathematical ease we shall omit the overhead bar from our

normalized variables.

The continuity, force balanced and Poisson’s equations can be written in cartesian

0ni+ 8niA+8niA+6niA u n "
T Z ) | Vil V; Viz2
o \oz' oy’ a2 vy

form as

—nt + —n;V;z +

ot Oz

niviy +

9
dy

0 + iy + + | (Vie + viy ¥ + A)(8A+8A+6A) vy + v |+
Vinl + U; Vin 2 VigX + U; Viz2) (—T + — —2Z Vizl + U; VizZ
at vd vy ar . oy’ T oz vy

.0 . 0 . . ) . . o 0 0 0 B
(%ﬁm + a—y¢y + &qﬁz) — <(sz$ + Vi + Vi) X Z) - — (&r 8_ynz — &nz> =

2 9 9? 9? o2
<(6932 + — ay @)(Uwi' + 'Uiyg + 'Uzzé)) + (nz + ,uz) |:8 QUw:x + a QUzyy + 8 szzz+
9° 9° ° 9° o2 o2

920y T 9202t Gy oY T 58,0 T Gan vt T m”"yz}

The x, y and z-component of above equations, can be separated to write

0 0 0 o 0
E % avm + %¢ — Qc/Uiy +

0? 0? 0? 0? 0? 0?
i (@ + 8_y2 + @)UW + (77z + Mz) (axQUiac + arayvz‘y + mvzz>

Viz + Vig 5 Viz T Viy a—yvm + Vi
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gv +v; gv +v; gv- +v; gv + £¢+Q v; +£2n~ =
ot iy i O iy iy ay iy iz EP iy 83/ clVix n; ay i
2 92 o2 92 92 52 (2.15)
ni (@ + o2 + @) Viy + <77i + /lz‘) <8y2 Viy + amayvim + %Uzz>
LT DO SR SO DU N
at’y 1z Zxa$7 1z lyay’y 1z ’LZ@Z’Y (72 az nz az 7
o2 92 o2 o2 o2 o2 (2.16)
ni <@ + o2 + w)viz + (7% + Mz‘) (@Uiz + 9w + 82—83;1@)7
*¢ o 0*
= Te — Ty 2.17
0x? + oy? * g2 e " ( )
Inserting equation (2.11) into (2.17), and then expand it by using binomial expansion
yields
#o Po o (=D (=Bt}
-1 2 2 2 2 ;
T R Py L T pep R
Py P P 2
Oz? * dy? " 922 Lragtad —n,
where c15 for kappa VDF is given by
ool
p
2
Cl2 = (2.18)
/{7%/@+%
=

Now, using equation (2.5) into (2.17), and following the same steps to write

26 6 0%
oz "o T 92 (1 _5¢+6¢2> xp($) —m

a2¢ 82¢ 82¢_ ¢2
022 T dy? - 92 [1+(1_5>¢+?} — N

Here c15 coefficients of Cairns density function are given by

1-p
Clo2 = (2.19)

N |+
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2.3 The reductive perturbation method

We use a reductive perturbation method to derive ZKB equation. This schemes
are helpul in the study of waves which have small but measurable amplitudes. In
particular, here we consider small amplitude of ion acoustic shock waves. Now first
we transform the coordinates, also called stretching of coordinates, to define space

and time variables as following

NI

526 xz, = €2y,
1 e (2.20)
(=e€2(z— At), T=ce€2t

where 0 < € << 1, and g is the linear wave speed. The next step, in our scheme,

is to expand the dependent variables in the power series of epsilon as following

ni=1+eny + €ng + .......

Vip = e%ul + e2u2 + o

Viy = egvl + vy + oo (2.21)
Vi, = Vg + €wq + 62’LU2 + o

b =€py + Py + ...

We assume that the damping is flimsy such that different viscosities can be written

as )
= 657707
1
Hi = €2 [ho
where 7y and po have values of very small magnitude. The respective derivatives

are then transformed as

Of(Em.Cr) _0f 05 9fon  0foc  ofor

or  ocox " onoy Toco: Torar
of(&n¢7) _ 10f

o =€ 8§+0+0+0
0 1 0
I 2.22
or  © o¢ (2:22)

0 3 0 10

a—ﬁ E—)\oﬁ 8_< (223)
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0 _ 10 0 _ 40

ay  “op 0z T

8 o 8 o
3 %a 3393

wow (2.24)
9.2~ ‘a2 dwoy  ocoy
8? 8 8?

=€ = €

0x0z 0£0¢  0Oyoz 0Con
Next, we have to use all these transform derivatives in our model equations and then
campare coefficients of various powers of €. From Poisson’s equation the different

powers of € can be seperated as

(n1 = c1n)e + (n2 — 207 — e + H[€] + [C) + SN + (226102 + G5[C] + O]+
02[€))€* — e’ + O =0
(2.25)

Similarly, from continuity equation we have

vpl¢le2 — (oms [¢] + vom5 [] + navh[C] + wh [C])e? + (u [€] + vilm])e + (wa[¢Int [C] + mh [7] — Aomb[¢]
+ vomb[C] + uh[€] + malCJug[¢] + vhln] + mawh [¢] + wh[C))e? + (vind ] + wini [€] + maud[€] + navin)e®
+ (wan} [(] + vary [n] 4 uony [€] + wins[(] + no[7] + naus[€] + navs[n] + nawi[(] + niwsy[(])e
+ (v1nh[n] + unb[€] + noul [€] + novi[n])e* + (wans[C] + vany ] + uant (€] + noub[€] + navh[n)
+ ngwh[C])e? + Oz =0

(2.26)

From equation of motion the x-component provides the following relation among

various epsilon power terms

(—01Qe + o} [€] + ¢ [€])e? + (—vae + vouy[] — Aoty [C))€ + (wrus [¢] + 1 [7])€® + (wa [¢]
+ gt [€] + unih €] + vavh [n] + vivh[n) e + (—onind €] + onblE] + vous[C] — Aguh[¢] + paf€))e?
+ (—ongny €] — oninyle] + urul [€] + wiwh[C] + uz[r] + vivi[n])et — (onanh[E] + wyuh[C]
+ uguhl€] + vgvé[n])e% +0e% =0

(2.27)
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Likewise, the y and z-components yield, respectively

(w1 Qe + oni [n] + G [n)e> + (uaQe + 000 [C] — Aovt [ € + (wivf[C] + v [F])€® + (wavf [¢] + vov)[n]

+ usvl[€] + vrvh[n] + urvhl€))et + (—onnd[n] + onln] + vovh[C] — Aovhl¢] + daln])er + (—onan)[n]
— onunhln] + vivj 0] + urvi[€] + wivh[¢] + valr])e3

+ (—onanfn] + wavp[C] + oty ] + usvy[€]) e
+0c7 =0
(2.28)
and
2 / 2,/ /
OEO + 061 + 062 + (Ulwll [77] + 31}01;167;)1 [77] + ulwll [5] + 3u17;()cl201[£] )63 + (SUIUOQ:Qle[n]_F
3 / 3 2,/ 3 2,/ 3
ulvouglwl[f] +o wlg[n] + 1)11]01;}2[7]] + ulwlg[f] + UIUO?Q[g] )64 =+ (O_nll[C] + ,Uow/l [C] + U0w21 [C]
& 2c 2c 2c
3Aviw
aoug[c] - 20080 et 1 =0
(2.29)
Equating coefficients of € in equation (2.25) yields
nm —c¢pr =0
ny = C1¢1 (230)
Similarly, comparing €2 terms in equation (2.26) and (2.28) to write
anlvo . )\Oﬁnl + 8w1 —0
9¢ ¢ 9¢

VoM — /\0711 +wp = 0

n1(>\0 - Uo) = W1

w1
ng=-—= 2.31
1 ()\0 _ UO) ( )
and, orderly
In; Iy
Q. — =0 2.32
Udde + 0—— on + n ( )
Using equation (2.30) into equation (2.32) we find
Op1 | O
Q. — 4+ — =
ulld. +ocy n + on

up = —Q N1+ Jcl)%i;l (2.33)
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Coefficients of €2 in equation (2.27) give,

ony 5¢1

Qe+ o0—— + = =

96 o€

which, upon using equation (2.30) provides

Op1 | O
Q. —_—+ =
vidde +0¢q BTz + €
v = QN1+ Ucl)%?
Coefficient of €2 in equation (2.29) results in
ony Ow;  3v3 dwy Ow;  3vd Owy

7 T Taeac e T2

(UO_AOJrz_c? 207

3ug 3viXo

0
a—<[¢1—|—001¢1+<vo—)\0+2—c2—

31)8 3’0(2)/\0

|:¢1+0'C1(b1+ (U0—>\0+——

2c2 2c2

$1(L+ocr) +wi(vg — Ao + L.5vgyo — 1 - 5ypA) =0
¢1(1 -+ O'Cl) + (1 -+ 1.5/()0)(1}0 — )\0)1()1 =0

H1(1+0c1) = (Ao — vo)n1wn

where vy = ”;—§, v =1+ 1572 and

_ ¢1(1 + (701)
! ()\0 - Uo)%

Now comparing the coefficient of €* in equation (2.28) to write

0 0
UQQC + anlc:l - )\oaig1 =0
8?]1

31}8 31)3)\0 8w1 8¢1 .
o "¢ A T

By using values of n; the above equation can be written as,

)
)

¢1(1+ ocr) + wive(1 + 1.57) — (1.590 + Dwido =0

(2.34)

(2.35)

(2.36)

(2.37)

(2.38)



e = (Ao — UO)E)_C (2.39)
Similarly, from equation (2.27) we find
982, + UO%—UCI — )\oaa—ucl =0
(vo — Ao)%—ug — 150, =0
Qe = —(Ng — vo)%—ug (2.40)

And orderly, from equation (2.25) we find

¢, N *¢, N ¢

e2 o2 ac? - CQQﬁ = 102 — N2 (2.41)

Upon that solving equations (2.30), (2.31) and (2.38) to obtain phase speed Ay as

Cl¢1 - ()\0 . 'Uo)
gbl B 01()\0 - Uo)

(]. -+ O'Cl) wr
()\0 - Uo)’h Cl<)\0 - Uo)

(A5 +v5 — 2voho)ern = (L4 0cr)

)\361’)/1 + 0(2]01’)/1 - 2)\061’}/17)0 =1+ oCy

g — 1 —oc

1M1

)\(2) — 2)\01}0 + =0

)\301’)/1 — 201’)/1)\01}0 -+ Cl"}/ﬂ)g —1- ocy = 0

N

Ao = 2c1m1v9 £ ((201%1}0)2 —deyy(emvg — 1 — 001))

1
IV (4deyn + 4cimno) )\ 2
° ° 40%71
1
1 3
Ao = v+ (A +oe (2.42)
1M

This equation shows the phase speed for ion acoustic waves, where pasitive sign
shows the fast mode of ion acoustic waves and negative sign corresponds to the

slower counterpart.
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Coefficients of €2 in equation (2.26) yield

8711 877,1 8712 (9n2 0u2 61}2 8w1 (911)2 81}0

—No—=2 huhet e’ Z0
Wige T T M Tae Yoy TMae tae Tege =Y
8711 3712 8u2 81}2 8w2 8n1w1 8712'1}0 .
o ac tae ta, Tac Tac Tac 0
Ony Ony  Oug Ovy Owy  Onqw;
— A —_— — pu—
o =255 T Tag Tac T ae Y
8n1 8n1w1 8712 8u2 (%2 8w2
. = —(\o — vy)—= 2.4
Likewise, same comparison in equation (2.29) provides the followmg
ony Ongy Ow;  3vdw; Owy  3vdw; Ow;  3vghowy Owy  Owy  3vE dwy
Mo T T T e ac T e ac 2 o "or T2 or
v % i 3_’088102 B 8w2 31)0)\0 8w2 I 8qz52 _ 82’11]1 _ 8211 _ 8211}1 B 8221]1
ac T2 ac T ac T 22 ac T ac T Mgz T Mg T Mg T e T
(2.44)
First of all we solve wlawl term in above equation as
_ BupAgws wy _31)871)1 Ow;  3vdw, Ow, w %
c? ¢ 2¢2 0C 2 0C ¢
Multiplying and Dividing by 2v, to write
_3A\og Owi | Bupyg dwi w Ow; 33wy Ow
200 OC | 209 OC b ac 2 9
= -\ 02+v78w2+ w8w1
072 aC 072 ac 71w ac
ow? Ow
= (Ao +v0)V2e—- ac =+ iy agl (2.45)

3%
0,

Secondly, we try to solve 2% term in (2.44) as follows

where vy =

Ow;  3vaE Owy

or 2c2 Ot
3”}/0 8w1

1
{ ’ } o7
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o 811)1
- ’Yl 87_ )

next term in equation in (2.44) can be simplified as

3'00 3w2 811)2 _ 31)3/\0 8w2
T30 TN T 2

ow 3 3 ow

= 8_§2v0(1+ ’Yo) —)\0(14‘ ’Yo) 8(2
o 811)2
~(m 2

After plugging in all of the above three solvable steps in equation (2.44) and rear-

ranging the terms yields

821)2 8(/52 8%2 . 8101 8w1 8w1 8711 82101
( >\0+U0)’}/1 8C +8C +O'a< —()\ )’}/2 a( ’)/187_ Y1W1 ac +O'nla( +770(8€2+
8211}1 8 w1 82’11)1
G+ e+ (m o) g

(2.46)

2.4 Extraction of ZKB equation

From equation (2.41), we have

2{5’2% +32¢1 +32¢1] 8(b% _ dps  Ony
cLog " o " o -

o T T A
8¢2 . 10 82§Z51 82gb1 10 82¢1
74‘3@?(652)*@8(( )*Ea_c(a@)*

(&) -a(%)

(2.47)
Using equation (2.43) and rearrange it to write
Ows ony 0 Ous  Ovg ony
e g9 e B N VT e 2.4
¢ ot~ ac ) = 5e ~ gy T w) e (2.48)

Upon using equations (2.47) and (2.48) into equation (2.46), we find

0711 8 6uQ 81)2 8712 1 8 82§Z51 82¢1
~Ou= i = G = g = G = G D= e g ek G4 s
P

3n2 ony ony onq on,
8§2 - 2¢1] aC =2(Ao — ) Vel — - ac —71(Ao — UO)E + Unla—C — (Ao — )2n18_§+
2

62w1+82w1+82w1 —I—( i )+87’L1
pez " ap | acz | TP THIT 5
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(Ao — vo)’h% + (Ao — vo)m 87221)1 —(Xo— 00)27188—722 + (N0 — vo)fyl%—ug + (Ao — 00)71%_7;72 + Clla%
71 (Ao — vo)% + am%—ng — (o — vO)in%? + 1o [8;;‘;1 n 8;1;;1 n 8822‘1;1} (ot )+ 6322)21'
(o= “0”1% T Qo —w)n [nlaa% + waa%} — (M- 00)271%—7? + (- Uml%_l;a
2(Ao — 00)3’72711%—721 — (o — vo)%”; + am%? — (Mo —v0)°my %_T? . [8;;1 N a;;,;l N 6;2;1
(10 + M)a;zf;l‘
(2.49)
Using w; = n1(\ — v) in above equation, we find
o ”W% i [QWO B U0>2n1%—7ﬂ — (o - vo>2w%—’? + (o = vmf;—? + (Ao — m>w%—fj+

1 0 (0% 10 (0% 1 0 (0% 1 Ony co Oy Ons ,
<3€2>+010C(5n2)+616C(0C2)+61 ac 259 toag ~ e

8n1 (9711 8n1 8n1 82¢1 82¢1 82(b1
nla—c — ’)/1()\0 — UO)E + O'Tlla—c — ()\0 — U0>2n18—< + 01770()\0 — Uo) 662 -+ 87]2 + 6(2 +

(o + o) (o — ) 22
C1(To T Ho){Ao — Vo a2

(2.50)
Next, using equations (2.30), (2.39) and (2.40) in equation (2.50) yields
0 0 0

(Ao — Uo)ﬁ%% +2(Xo — UO)QC%%%% —7(Ao — 00)2% + (Ao —vo)m

Co=w) 0 On] o [-Oo-w) @ du] 10 10 P 10 P

0. oclac)| TRomwm| =5 (G| + o5 Taac e Taaclap )t
1 8%1 cy , Oy ny ojd) ojd) ojol)
e 0 20_1¢18_§ + "a_g — 27261 ( Ao — 110)3<J518—C +ei(Xo — UO)E +mnct(ho — U0)2¢1@—<—
01 Por | Po | Py D¢y

UC%Gﬁla—C — c1mo(Ao — o) { o¢ + a2 + aC2 +c1(no — po) (Mo — UO)a—CQ =0
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28712 n ()\0 - Uo)z’h 82Ul _ (>\0 - 710)271
a¢ o¢ Qe 9€0¢ Q.
0? 10 10 0 10 0% 108 0 0

Uy 1 $1 Lo P1 P1 _ 2 9251& g 2 272%(/\0 _ U0)3¢1

R N A R A R T ac oo
(929251 32¢1 82¢1

1 1 ol 01
—+7101()\0—U0)_7_+’710%< )¢1__ 1¢1 ¢ oE2 + on? + aC?

0
(>\0 - UO)le)/l% + 2()\0 ) C171¢1 91 - 71()\0 - Uo)

— c1mo0(Xo — o)

(2.51)

Which upon making use of equations (2.33) and (2.35) transforms to the following

form

0 P

20nz | Go—v) >8C< o

0 0
(Ao — 1)0)0171ﬂ +2(X — Uo)ZC?%clhﬂ — 71 (Ao — o) 5 T

or ¢ ¢ 02
(Ao — v0)?m 9 0% 10ny, 10 0% 10 ¢ 1 &°¢y ¢ 8¢1+
Ao~ %) n —226,57

o AFoelgeG )t Do o acae) T aac e T o e ¢
aag — 272¢} (X0 — vo) ¢1i +mc1(Ao _U0>8aqzi +mei(Xo — vo) 9251% —oc 1¢1

a¢ a¢
82¢1 82¢1 82¢1 aQ(bl

(Ao _UO)[852 T T 8@} — c1(no + o) (Ao — vo) =75 acz = 0

Il+o

aC — C17o

|:271C%(/\0 v, )} ﬂ + [27101(/\0 — U0)2¢1 — 209 — 292 (Ao — UO)?)C:{) + 11 (Ao — 120)20? 0'61:|

or

PBor el +oc) (X —v9)? D3¢y N 171 (14 aer) (Mo — v9)? By N Ons N _(%) L9
acs o 2CoE? o acon T ac Tac\ae) T ac
¢

(8772

¢1
1 8(

0
)+0018i§2

0 0? 0? 0?
— (Ao — 00)2% — &3no(Xo — o) { 82521 + a;;l + 8?21} — (o + o)

D¢ 32¢1
o T ap)
2¢1
o¢?

{27103()\0 - UO)} %(bl + {30\0 —v0)* iy — 2(Xo — v0)’ e — 205 — ac‘;’} qbl% + —(
¢ o¢
o
0P,

ek — ¢imo(Ao — o) [

P
a2

8712

a¢

{1 + Q%1 (Ao — v0)*(1 + 001)}

*¢: N ¢
on? aC?

+ |:1 +0'Cl —’7161()\0 — ’UQ) :| +

=0

} — (10 + 110) (Ao — o)
(2.52)

From equation (2.35) we have

()\0 — ’Uo)Z’}/lCl =1 +o0c (253)
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Now inserting equation (2.53) in (2.52) to cancel 8"2 term and yielding

99

0 o3 0?
{2%03()\0 v )] 9y {30\0 —vg)2cy1 — 2(Ao — v0) 12} — 265 — :|¢1 ;21 82“’1 + ac 8?21 +
_ Py Py | ¢ D¢
Q%ery1 (Ao — vo) (1 + 001)} — (Ao — o) 6521 37721 + (%21} — ¢ (no + o) (Mo — Uo)T; =0
(2.54)
Divide equation (2.54) by 2¢3v; (Ao — vg) to write
O n 3(Ao — vo)*cimi — 2(Xo — vo)*yact — 2¢5 — UC1¢ 3¢1 1 83¢1+
or 2¢i71 (Ao — o) ' ¢ 20%71()\0 — ) O¢3
1 + Qc_ ()\0 — Uo) ")/161(1 + O'Cl) 82¢1 82q§1 T 62¢1 4 82¢1 + 82¢1 B Tlo + MO) a2¢1 =0
2¢i71 (Mo — o) aclogz " o 271 ¢z on* - 0¢? 271 0¢?
ej) Opr 0P ¢ 0P o1 o FPor 0P
g0 9% B 9 ) _pZo
or TN TP 0% ae T ap gz T T Faa T
(2.55)
Which is the desired ZKB equation, where
2cy1 (Ao — o)
1
= 2.57
2¢t71 (Ao — o) (257)
1+ QiQ()\O — 00)2’7101(1 —+ O'Cl>
C = < 2.58
20%’71(/\0 - Uo) ( )
o
= = 2.59
2 (2.59)
Mo + fo)
F=—" 2.60
2m ( )

2.5 Solution of ZKB equation

First we transform the ZKB equation by defining the travelling coordinate as fol-
lowing

X = lmC + ly77 + lz( - UoT, (261)

where [, [, and [, are direction cosines which shows relation between propagating
vector k and &, n and ( axis, such that [2 + l; +12=1.
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The derivatives change accordingly, i.e.

9 _x9 9 _ g2
or 0T 0x’ or )%
o _x9 9 _, 9
a¢  9¢ox’ ¢ ox
o _xo 00
o9& 06 dx’ 9s  Tox
o o 0,0
an " ooy 9~ oy (2.62)
& p & _p
852 €z aXZ ’ 6772 Yy aXQ
P a0
oCz  Fox? o¢3  Fox?
L0 pp 9P, O
Tacoe T e acop o
Using equations (2.62) into (2.55) yields
3 2
_Uo%il + Alngl% + {Blﬁ +O12 + 15)} L. %j; - {ag +12)+ Elz} %f; =0
3 2
_UOC% LAl ¢1ﬂ + AL Cfl;il - Gcflj; —0 (2.63)

Here G = D+ EIZ and H = 2B+ (I3 +1)C. Equation (2.63) gives the shock waves
solution, because it contains both dispersive and dissipative terms. The amplitude
of this shock waves can be found by using tangent hyperbolic method. For this we

assume that our potential is bounded at y = £oo0. The complete solution is given
by,

3G? Gx of Gx

Which is the shock waves solution of ZKB equation. The value ¢,, = oG BHAL is the

25HA

amplitude and 157~ Hl is the width of the shock waves, x is the moving coordinate and
Uy is the normalized shock speed. The coefficients D, E denote the dissipative and
B, C represent dispersive terms. The pasitive and negative amplitude depends on
the sign of coefficient. There will be compression of amplitude when the coefficient

of non-linear term is pasitive and rarefaction of amplitude when that is negative.
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2.6 Graphical results and discussion

In this section, we present the numerical analysis to describe the shock parameters

as affected by different plasma variables like o, [, etc.
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0.003 L, . . . .
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spectral index kappa,

Figure 2.1: Variation of ¢, with the spectral index k.

Figure (2.1) indicates the potential amplitude decrease with x. That implies
that for higher values of x - that is for Maxwellian VDF - the potential amplitude
is smallar in comparison with the scenario when superthermal particle are more in

numbers (small value of k).
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Figure 2.2: Effect of Cairns parameter o on the ion acoustic shock amplitude ¢,,.

Figure (2.2) depicts the effect of Cairns VDF on ¢, of ion acoustic shock waves.
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Variation for cairns distribution can be seen by a parameter a (non-thermal electrons
population). We note that ¢,, changes with alpha variation. To evaluate the critical
value of a we have plotted the distribution of perturbed potential, as a function of
Cairns parameter in figure (2.2). Here we see that at o = 0.15 the shock amplitude
changes its sign and thus a transition between compressive and rarefactive shock

takes place.

In figure (2.3), we have plotted A and H against «, we observe that the compressive
and rarefactive nature of ion acoustic shock waves corresponds to pasitive and neg-
ative sign of non-linear coefficient in equation (2.55). This figure is consistant with

previous one.

pE
H A ’,/’ .
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4 W H ’,a’ i
L ”’
A ’,—’
L "’
"
2F ————“ 7
g 3 m———"
= K
0]
2} i
0.0 0.1 0.2 0.3 0.4

Cairns index, @

Figure 2.3: Variations in non-linear and dispersive coefficients with respect to
Cairns indezx o.

In figure (2.4), we see that as the value of kappa k increases the structure of

shock profile decreases. Its indicate that there is fewer of non-thermal electrons and

it is likely that shock profile have high degree of Maxwellian electrons.
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Figure 2.4: Structure of shock wave profiles for different values of k.

Figure (2.5) shows that as the value of a (Non-thermal electrons population)
increases the amplitude of shock profile decreases. This corresponds to rarefactive

nature of shock ionic waves.
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Figure 2.5: Structure of shock wave profiles for different values of .

Figure (2.6) shows that as we increase the values of viscosity index eta (n), i.e.
The dissipation in the system and it variate the shock potential for kappa electrons.
We see in this figure that as dissipative variable increases, the shock potential in-

crease in such manners that is is easily predicted.
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In figure (2.7), a similar trend is observed for Cairns VDF. However, the ampli-
tude ¢, in case of later is more than kappa VDF.
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Figure 2.6: Behavior of shock wave profile ¢, for different value of n (ion kinematic
viscosity).
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Figure 2.7: Same as the last figure but for kappa distributed electrons.

In figure (2.8), we see that ionic shock wave profile varies as we increase the
rotational frequency 2. The high amplitude of the potential corresponds to high

values of rotational frequency for kappa electrons.

In fig. (2.9), a similar trend is also observed for Cairns VDF but exhibiting a higher
strength

38



0.012

\
\ _
0.010 F \ W Q=03 -
——— \‘ M Q.=0.4 ]
0.008 \ i
\ ]

< 0.006

0.004

0.002

0.000

—-200 —100 0 100 200

Figure 2.8: Behavior of shock profile for different value of Q0 (rotaional frequency).
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Figure 2.9: Same as previous figure for Cairns distribution of electrons.

Figures (2.10) and (2.11) shows how the perturbed potential distribution for
both kappa and Cairns electronic distributions, as affected by direction cosine [,.
Here we note that as we enlarge the [, the obliqueness angle deminish which shows
that there is enlarged behavior of cyclotron character. Thus the magnitude of shock

potential is diminish as the [, gets larger values.
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Figure 2.10: The shock potential distribution as affected by direction cosine [, and
kappa spectral index.
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Cairns VDF.
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Behavior of shock potential ¢, with respect to direction cosine l, and

In figure (2.12), we extend our study to see bahavior of ¢; (perturbed potential)

for different values of ion to electron temperature ratio . When we increase o, the

shock profile diminish both for kappa and Cairns electron distributions.
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Figure 2.12: Structures of shock profile ¢, for different values of ion electron
temperature ratio o.
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Figure 2.13: Same as previous figure but for kappa distributed electrons.

But in figure (2.13), it is seen that as compared to kappa, shock profile have

enlarge amplitude for Cairns case.
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Chapter 3

IA shock-like potential with (r, q)

distributed electrons

3.1 Model equations

Again consider a plasma system, which is magnetized, composed of warm ions and
non-Maxwellian electrons. We also consider that magnetic field is along z-direction,
ie., B = Byz. The equilibrium quasi-neutrality condition demands that n;y = n.,
where n.y and n;y are, respectively the unperturbed densities of ions and electrons.
The corresponding ion fluid equations, namely continuity, force balanced, and Pois-

son’s equation, for our system can be written as

- (nv;) =0, 3.1
e L) (3.1)
a = = = — = — = N = 2 -
m;n; ! +0; -V )0; = en;(E + v; X B) — Vp; + 2m;n;(0; x Q) + mnn;V=0;,
(3.2)
and, respectively
V- E = 4me(n; — n.) (3.3)

Here all the symbols have their usual meaning, as defined in previous chapter. The

electrons (7, ¢) distribution function is given by [28]

fott) = — SLlalg = 7 ]<1+ 1 (“_m_(ﬁ)v (3.4

3 3 1 2
ArBiopllo— ZE I+ 5550\ 7N P

42



where

3(g — 1) T]g — 22 T[]
_ 3.5
Ty pp gy 49)

Here vy, is the thermal velocity, r and ¢ are the spectral indices. By choosing differ-
ent values of these indices, one can model huge number of non-Maxwellian plasmas.
Upon integrating the above distribution over velocity space, the corresponding elec-

tron density takes the form [36]

Ne = neo(l + Algb + A2¢2) (36)
with
— 1) Tg — ST
QBF[ 2r+2 ]F[q - 2,«4.2]
—(g—1 ﬁl" 4+ L r[—=L
Az _ (q 2) [q 2r+2]3 [2T+2] (38)
8f F[2T+2]F[q — 373l
In the limit when r = 0 and ¢ — oo, we recover the Maxwellian counterpart for
which A; = 1 and Ay = % For a limit when value of r = 0 and ¢ — k + 1 we
recover the kappa VDF whose coefficients are given as, A; = %, Ay = %

For physically acceptable results, values of r and q must satisfy the condition, ¢ > 1
and ¢(1+r) > 3.

3.2 Normalization of model equations

Here again we use the same normalized variable as discussed in the last chapter.

The continuity equation (2.8), in its normalized form, is given as

on; 0

=7 57 %) = 0, (3.9)

Likewise, the force balance expression takes the following form

—

Vn;

%

m;n; (%—Hf{ﬁ)ﬁ{ = —eni%—i—eni(v_{ X B) kgT; +2mml(vl X Q) +mn; V20,
x

Divide above equation with m;n;, and then by C,w,, gives,

(gﬁv’ 6)”7 “E0 | P By STV O Gy

W 2o
./ v;
mipg 825 1}1/ m; n; AT :
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(wpl (9_+ Cs _' v) C _ /{ZBT 8¢+6B0 (UiX,§> KBT an

203 ’LQ 7,>< 7 10 V 5
ot )\D mz)\D ozr m; mM;Ap 1 Wp 0(” Z)_'_wp n V;

s — _k T 0 ~ k E Y _z' _ N _ _
wm(iJr ¢ @-V)@Cs— B a¢+wac (5% 2)——2 vn 42w Cs Q0 (0 X 2)+wy Cs17 V20

Ot Apwp; m;Ap OT M;Ap N
o =\ _ 0o an
(& + v; - V)vi ="z " + Q. (7; x 2) + 7; V20, (3.10)

where €. = w. + 22y and o represents the temperature ratio of ion to electron.

Poisson’s equation in normalized form reads

—— =N — N;. 3.11

For a mathematical ease we shall omit the overhead bar from our normalized vari-
ables.
The continuity, forced balanced, and Poisson’s equations can be written in the carte-

sian coordinates oni 8 5 5
ni NiVig T Vgy NiViz
+ +

ot | Or Oy 9z O (3.12)
0 . A . g . 8 .0
5 VigT + ViyJ + 0322 | + | (0ia@ + 03y + v3:2) - (a T+ y 8 2) ) | Ve 4+ vy + 032 |+
.0, 0 . o 0 B
(%qu + a_ygby + &gbz) - <(Uzzx + Uzyy + Uzz ) - 7’L_ - &nz> —
0? 0? 0? . R R
i <(@ + 8_y2 + @)(szf + Viyy + UZZZ))
0 + + + (,A_‘_.A_‘_.A).(QA 8A QA) v+ v.2 | —
at Vigd + Uiy + ;22 Vigd T+ UiylY T VizZ 8.1’x Dy Y+ G Vigd + Uiyl + VizZ
00 o o (0 o\
(%¢$ -+ a—y(by + &¢Z) + Qc <(Uiyl' — Vizly + O)) — n—( — £n1> =
82 82 2 . . .
i ((@ + @ + pp 2)(%‘11' + vy + ’Uizz)>

Next the x, y, and z-component of the above equation can be seperated to write

0 ) 0 0 o 0
avix + Vig %Ui:p + Uz’ya_yvix + Vi &sz ¢ Q Uzy n; %nz =
82 82 82 (313)

771(@ + 8_3/2 + @)UZI

0 0 0 0 0 o 0

i + Viz 5 Viy + Uiya—yvz'y + Vie gy~ Vi + 8_y¢ + Qv + n_la_ynz =
0 ( 32 N 62 N 82 >U (3'14)
Noz2 " oyr 92"
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gv +v; gv +v; gv + v gv gd)—gan-
at (74 1x al_ (74 Y ay (74 1z az (74 az nl a (2
92 o2 o2 (3.15)
m(@ + o + 822) iz
and, respectively
*¢ o 0%
S 1
92 + 3y + 52 = Mle M (3.16)
Inserting equation (3.6) into (3.17) yields
o ¢ 0%
022 o2 92 T (14 A1gr + Astha) — (3.17)

3.3 Application of RPT

For the transformation of coordinates and expansion of dependent variables, we use
the same analysis as in chapter 2.

From Poisson’s equation the different powers of € can be seperated as

(n1 — Ar1dr)e + (ng — Ao} — Argo + ¢1[€] + @1 [C] + ¢ [n])€* + (—2A20102 + ¢5(C] + &5 [n]
+ dolé])e® — Asgie! + O =0
(3.18)

Similarly, from continuity equation we have

— (onh[¢] + wi[Cl)e? + (wl€] + vi[n)e® + (wn[CInd[c] + milr] — Aomb[C] + ul€]+

) + i [¢] 4+ wh[C])ez + (vin [n] + wn [€] + maud [€] + navin)e® + (wan [C] + v ]+
un [€] + winh[¢] + nh[7] + nausl€] + navh[n] + naw)[C] + maws[C])e? + (vinbln]+
uiny[€] + nou [€] + novi[n ]) + (wans (] + vanh[n] 4 uans €] 4+ naus €] 4+ navhn]+
nawh[C])e? + Oz =0

(3.19)

From equation of motion the x-component provides the relation among various pow-

ers of € as

— (1% + omi €] + 1 [€))e? + (—vaQe — Aot [C)) € + (wneth [¢] + uh 7] — mouf[€] — moud ]
— noui[C])e® + (wauy[C] + uay [€] + waun[€] + vari [n] + vy [n])et + (—onanf €] + onl¢]
— Noub[¢] + $a[€])e? + (—oman! [€] — ominbl€] + wne [€] + wiub (] + wb[7] + vrud [n] — moub[¢]

— nouy[n] — nouy[C])er — (onam €] + wauh[C] + vauhl€] + usth[€])e? + O =0
(3.20)
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Likewise, the y and z-components provide

(e + on ] + B [m])e? + (us — Mot! [C])€ + (wr0 (] + 7] — v [€] = mov! ] — mov [C])é?
+ (wat [¢] + vav) [] + uat) [€] 4+ vivh[n] + wvh[€])et + (—onin' ] + onanbn] — Aovh[C] + ¢a[n))ez
+ (—onan) [n] — onanl] + v ] + wv] [€] + wirh[¢] + vy[7] :

— Ny [€] — Mova[n] — novy [C])e
o (=nan ]+ warslC) + vavsli] + uat[E])e? + O =0

w

(3.21)

and, respectively

(vnf [uret [€)) € + (vnwhln] + wwh[€])e! + (oni [¢] = Aowi [¢] + d1[C))e? + (—ommi[(] + onb[(]
+ wywh [¢] + w[7] = Aow[C] + 5[¢] = mowt (€] — mowf ] — mowt [¢])e? + (—oman}[C] — ominb[(]

+ wywf[¢] + vawn [n] + upw €] + wiws[¢] + whlr] = mows (€] — mowsn] — now§[¢))e? + (—onanb((]
+ wawh[C] + vowb[etalusw[€])e? + 0eT =0

(3.22)
Equating coefficients of € in equation (3.18) yields
— A1 =0
ny = Algbl (323)
From equation (3.19), the coefficients of €2 can be written as
0 0
)\0 n1 w1 -0
o
wq
= — 3.24
n1 Ao (3.24)

Similarly, comparing the coefficients of es for x, y and z component in EOM results
in 9 5

n
—01Q, + 0—1 L9y

o5 9

which can be simplified as following

0 = (1+0A )8521 (3.25)

@Tbl 8@51 o
ulﬂ +08_77+ (97] =0
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991

and, orderly 5 5 56
ny wy 1
_ )\ pu—
ony — )\owl +¢1 =0
wy = 1T oA)H (3.27)
Ao

Upon that solving equations (3.23), (3.24) and (3.27) to obtain the phase speed (\o)
as

)\—O—Alcbl
wi _ (14+0A)
b1 Ao
Al)\gzl—f-O‘Al
1+O'Al
A=
0 Al
].—f—O'Al %
Ay = 2
0 ( 2 ) (3.28)

-1, — /\088—121 0
00, — /\088—12_1 (3.29)
1, AO%_?
Upl = )\0%—? (3.30)

and, orderly ,
82 2
P1 N X N 0”1
o262 o2z T g2¢2
Po Py Py

o2¢z T 922 - 82¢2 Ay = Arpy — ny (3.31)

= A2¢% + A1y — ny

From equations (3.19) and (3.22), the coefficients of €2 can be seperated to write

8n1+8n1_)\8n2+8u2+n%+%+%
e Tar T Mac Tae T™ac T an T ac
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_)\0% 8U2 4 81)2 8w2 8’”1 8n1w1

ac " oe Ty Tac T Tar T Ta¢ (332

(9711 8712 8w1 8w1 8w2 8@ (92101 62U11 82w1 .
Unl(?( +08C +w18C+87’ 08C+8C No 3£2+5"r]2+8g2 =0
(3.33)

3.4 Derivation of ZKB equation

Upon taking the derivative of equation (3.30), we obtain the following

0 82¢1 82(151 af aﬁbQ 8(;52 Ony

a?(@&? e *a_@> Arpr =Mac T e
o 10 o o) moG Lom
oc ~ A oc\ae Tap Tac ) A ac T A

Inserting equations (3.25), (3.26), (3.29), (3.30), (3.32) and (3.34) into equation
(3.33) yields

81,02 A 8712 811,2 (%2 8711 8n1w1
= 0 —

ac ac ot oy or  ac
S N O i W Y
M T ¢ oz oz T acz | T 7 ac
O n 190 ¢ N %P1 n %P1 Ay 3¢2 4L 1 Ony
ac Aoc\ae Tape Yo ) T A, ac T A ac T
871 821}1 8w1 8211)1 8211}1 821111 6712 8712 82 _9
_O'nlaC + wq 8C+ 7][652 + 87’]2 + 6<2:|+06C—A0[ Oa_C_<a§8C>\OQC
a¢1 0? o3} ony onyw, 10 82¢1 52¢1 32¢1
oA ) - (anagm R R AT ¢
AQ 0@5% 1 8n2 .
a0 T arac 7Y

Oy 8w1 awl Pwy  Pwy; Py ono Ong 2
_an1a—<+ 8C+ |:a€2 + 2 + 8C2]+ aC Aglea—C—Q )\0
(1 +O’A1> 0 82¢)1 — 0 2)\0(1 —|—O'A1) 0 82¢1 B 8711 an1w1:| La?)qbl 1 83¢1 1 9 angl

a¢ 9¢?

oo or  oc | Taac T a o T ac o
1 0 82¢1 2A2 8@51 1 8’[12

Faacee T4 Mo Tavac
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Using equations (3.23), (3.24) and (3.27) in above and multiplying with A, to write

Ony  \,0ny 0 Pd1 |\, 0 ¢ O 2 2, 09
08_{’ /\086 + A0 (1+oAl)aC a§2+)\Q (1+0 A1)8€82+A1A08 + 2\ A{ 1 —— o
33(;51 1 8 8%1 1 8 82¢1 2A2 8¢1 1 8n2 2 8@51 212 8gb1

— —_— — — Aj A
A ae T aacor T aac e T A Mac T A ac T T0pe TANge
I Py Py 82¢1
+ Al)\g a A1>\077() 652 + 6772 + 8C2 =0
Ong 23712 2 2¢1 2 0 @Zgbl 2 8¢1
./410'—8C Al)\o aC Al)\ Q (1 + O-Al)ag 852 Al)\ Q (1 +UA1)8C 8 3 + 1>\0_8T
olo] 33(251 82¢1 52¢1 01 Ony olo] 8¢1
2 43 v v . —A3 A3)2
FENANGC TG T acap Tacae PR g T Ao AN
Oy Py P Py
2 2 _
—|—A/\0a — A 0[6§2+8772+6C2 =0
8 Mo 82¢1 82¢1
2 2 2
(Ajo — AN+ 1)— ac (Al)\OQ ( + A1)> ac 852 (Al)\OQ (1+ oA )aC o

2 2 2
—|—2A2)\0$+ (2)\8143 2A2—A?U+A3>\0>¢1 le (_A%)\Oﬁ(]) |:a ¢1+a¢1 +a¢1:|

o o o tac
For 0P 0P
o¢ Tacoe Tacap

Now, using \2A; = 1 + 0A; to make the above equation in first order terms, and
then divide with (2XgA?) to write

+

(M M)an? <A1A2Q (14 A))aa2¢1 <A1A2Q 2(1 4 A)aé%)

¢ 0&? d¢ On?

961 ¢1 Po1 | Po | Py

3 2 2
1, 0 0y +ga¢120

¢ Tacoe Tacap

8¢1 + 3A?)\(2) — A?O’ — 2A2¢ 3¢1 1 33¢1 1 -+ Al)\(z)Qc_ (1 + Alo) 82¢1 8¢1
or 2A2), Yac 2A0A§ aC3 2X\o A2 ¢\ o¢e2
AP [9%¢y n R n ¢y
MAZ2 |02 o O
0p1 qul Poy 0 (0% Oy B o1 o1 Py B
= 5 A o ’”"8§3+O“’6<’ 8§2+ Dy, 8§2+6n2+6<’2 =0

(3.35)
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which is the desired ZKB equation, where non-linear, dispersive and dissipative

coefficients are given by

Ay = , 3.36
9 2A2 )\ ( )
By, = — (3.37)

" o0 AR '

1 + Al)\gQ_2<1 -+ Ala)
Cry = £ , 3.38
q 2)\OA% ( )
and, respectively

Dy = % (3.39)

For benchmarking our results with previous chapter, we apply the limits » = 0 and

q— k+1.

3.5 Numerical results and discussion

The transform form of ZKB equation can be written as

d d3 d?
—U0ﬂ+Arqu¢1ai H lﬂ D 1

1
rqlz — YrqT; 9 3.40
dx dx + g dx3 T dy? ( )

where H,q, = Cyg(I2 +12) 4 B,4l2 and the coefficients of dissipative, non-linear terms

remain the same. The complete solution of the above equation takes the form

3D; Digx Digx
=— " 12— 2tanh [ —2>— p? | /2 3.41
1) = A { an <10Hrqlz> e (101{,.(112)} (3.41)
where ¢, = % is the amplitude and 102% is the width of shock structure.

Here we use the following plasma parameters for our numerical analysis,
o = 0.01,

no = 0.1,
[,=0.9,
we = 0.3,
Qo = 0.01.
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3.6 Potential profiles for (r, q) VDF

Figure (3.1), displays the behavior of non-linear coefficient (A) for kappa and (r, ¢)
distributions. Here we have, for our comparison, r = 0, 1, 2 and ¢ = 3 to 12, for
which the value of k is choosen accordingly (k = ¢ — 1). We note that both VDFs
give the same value of non-linear coefficient only for r = 0 and ¢ — k+1 case, which

benchmark our finding for the non-linear coefficient.
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Figure 3.1: Comparison of the non-linear coefficient for kappa and (r,q) VDFs,
forr=20,2,3 in our discussion.

Figures (3.2) and (3.3) also shows non-linear behavior for kappa and (r,q) dis-

tributions. Here we use the same values as in the previous figure.

Figure 3.2: Behavior of the non-linear coefficients B for kappa and (r,q) VDFs,
by using r = 0,2, 3.
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Figure 3.3: Behavior of the non-linear coefficients C for kappa and (r,q) VDFs,
by using r = 0,2, 3.

Figure (3.4), shows the variation of dispersive coefficient H for kappa and (r,q)
distributions. Here we use the same limit and values of r, ¢ just as above. In this
figure, we observe that the dispersive coefficient H is mainly responsible for different

structures of shock potential.

Figure 3.4: Comparison of dispersive coefficient H for kappa and (r,q) VDFs.
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Figure 3.5: Variation of perturbed potential for different values of q and r=1.

Figure (3.5), shows the behavior of perturbed potential for different value of g.
As the value of ¢ increases, the shock potential strength decrease which correspond
to lower energy and high tail electrons. This means that as the values of ¢ decrease,
there is enlarging numbers non-thermal electrons which maximize amplitudes of

shock potential.
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Figure 3.6: Comparison of perturbed potential for (r,q) with kappa VDF.

Figure (3.6) displays that, in the limit of 7 and ¢ our perturbed potential behavior

goes to kappa distribution, which tells that as the value of x increase the strength

of shock potential decreases which corresponds to low energy electrons.
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Chapter 4
Summary and outlook

The study of ion acoustic shock waves in magneto-rotating plasmas, incorporated in
this study is not only a contribution for the understanding of fundamental plasma
physics, but it also help in studying non-linear waves generated due to various
process like dissipation and dispersion in the important space media like magneto-
sphere and pulsars. In this thesis, we have studied the ion acoustic shock waves in
a medium that is magneto-rotating and relativistic (chapter 2) plasma and well as
non relativistic (as studied in chapter 3) systems. For such systems we derived the
respective Zakharov Kuznetsov Burgers (ZKB) equation by using a reductive per-
turbation technique. Due to collisions the two viscosities - ion kinematic and bulk
have been included in the force balanced equation. The Coriolis term, accounting
for rotating effects also added because the system is viewed in a non-inertal frame
of reference.

For huge number of non-thermal electrons we have used kappa and Cairns distri-
butions and extended the study to a more generalized non-thermal profile called
(r, q) distribution. It is observed that after employing kappa and Cairns distribu-
tion, the former depicts only compressive shock profile while the later exhibits both
compressive and rarefactive perturbed potentials. However, in a specific limit our
model is no more applicable when there is a discontinuity. Moreover it is seen that
the non-linear term (coefficient A) is responsible for the formation of compressive
and rarefactive shock structures. Further we have plotted shock structure against
kappa and Cairns parameter that shows, the strength of ion acoustic shock waves is
greater for Cairns as compared to kappa distribution. After reviewing the one index
VDEFs we have extended our study to a more general non-Maxwellian distribution
function, namely the (r, ¢) profields. With the use of such VDF one can model a
huge number of observed data exhibiting both high energy particles as well flat-top

distributions. Thus, the study can be used to analyze the potential distribution for
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a large number of plasma systems. To benchmark our findings proper limits have
been applied to recover the kappa and Maxwellian potential distributions. For the
said VDF both compressive and rarefactive shock structures have been obtained.
The given work and models in this dissertation may also be applied in future stud-
ies for different types of complex medium, that arises enormous non-linear effects.
The results which were obtained in this thesis have some correspondence to the ro-
tating flows in magnetoplasmas that are infer to exist in planetary magnetosphere
of Saturn and Jupiter, and respectively in magnetosphere.

The work has also been extended for electron-positron-ion plasmas which is not

discuss here.
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