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Abstract

The decays governed by the flavor-changing-neutral-current-transitions (FCNC), such as
b — slT1~, provide an important tool to test the physics in and beyond the Standard Model
(SM). In this dissertation, we study the B — SI*I~ , where S = a°; f° represent the scalar
mesons. Being an exclusive process, the matrix elements of inital and final state meson in-
volve the form factors (a non-perturbtive quantity). Using the Light-cone-sum-rules (LCSRs)
approach, we calculate the corresponding form factors (FFs). In comparison to other models,
i.e., Light cone quark model and Shifman-Vainshtein-Zakharov (SVZ) sum rules approach,
the calculated value of FFs is approximately twice in the magnitude to that of the corre-
sponding B meson decaying to pseudoscalar. Using these FF's, we calculate the Branching
ratios, lepton’s forward-backward asymmetry and the various lepton polarization asymme-
tries in the SM. Recently, a Bayesian analysis of the lepton-flavor universalities Rx and Rg+
is done in a model independent approach and it puts several constraints on the different Wil-
son coefficients. Using these constraints, we explore their imprints on the above mentioned

observables and see if they show any deviations from the corresponding SM predictions.

x1



Chapter 1

Introduction

There are five fundamental forces of nature; electric, magnetic, weak nuclear, strong
nuclear, and gravitational. Among these, the gravitational force is the weakest one. It
was Scottish Physicist James Clark Maxwell and Dutch Physicist Lorentz who proposed the
concept of unification of forces and light is the result of this marvelous idea. So after the
unification of the two forces, the number of forces was reduced to four. If a comparison is
made between them, then gravitational force is the weakest one and its range is infinite. The
range of the weak force is 107 m which is about 0.1% of the diameter of the proton. Force
carrier particles of the electromagnetic, weak and strong forces are the bosons with (S = 1)
and the mediator of the gravitational force that is a graviton (S = 2), is not yet found but

exists hypothetically.

1.1 Standard Model

Interaction of fundamental particles is governed by the gauge theory which is known as
the Standard Model (SM). It has enough strength to predict the new particles that are not

even found. Based on the spin, particles can be classified into two classes:
® Bosons, which are integer spin particles (S = 0,+1,42,...).
® Fermions, which carry half integer spins (S =41 43 ) .

In SM, the classification of the particles is as follows:

1
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® There are total six quarks and six anti-quarks and each quark can carry only one
of three colors red, green and blue. They are grouped in three generations. In first
generation up and down quarks are placed, charm and strange are placed in the second
generation and top and bottom are placed in third generation. Each quark carries a
fractional electric and a color charge. Up, charm and top quarks carries +2e/3, whereas
down, strange and bottom quarks carries —e/3 electric charge. Under SU (2) gauge

symmetry, they are left-handed (L) doublet and right-handed (R) singlet, i.e.,

, : , (1.1.1)

L L L

UR,dRr,Cr, SR, tr,bR.

® There are total six leptons; electron, muon and tau with their related neutrinos. Just
like quarks, leptons also have three generations. Neutrinos are charge-less and massless
in the SM. Again, under SU (2), they are classified as left-handed doublets and right-

handed singlets, i.e.,

e 1 T
, , , (1.1.2)
v v v
¢/ L SV "/ L
R, LR, TR,

where right-handed neutrinos are forbidden in the SM.

e Each force carrier is a boson. Photon is the mediator of the electromagnetic force and

carries spin S = 1.

® Strong force is mediated by the eight gluons that have non-zero color charge and zero

electric charge.

e Weak force carries three mediators W+, Z. W and W~ were discovered at the CERN
in 1983 and their mass is 80.379 & 0.012 GeV/c? and Z-boson was discovered in the
same year with a mass 91.1876 + 0.0021 GeV /.
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e As Higgs mechanism is well known because each particle acquire mass by this mech-
anism. After the discovery of Higgs boson in 2012 at the LHC, with mass 125.18 +
0.16 GeV/c? | the SM is complete.

Free quarks cannot exist in nature due to “Quark confinement” so they can only exist
in bound states called Hadrons. Based on the spin configurations, there are two classes of
hadrons; mesons and baryons. Quark and anti-quark constitutes mesons whereas baryons
are constituted by only three quarks or three anti-quarks. Due to color confinement, hadrons
exist only in colorless forms. Short range of strong force is the consequence of the quark
confinement. Dissimilar to photons, gluons can interact with each other as they carry color
charge that results into the “asymptotic freedom”. Transparency of leptons to strong

nuclear force is due to colorless nature. The Gauge symmetry of the Standard model is
SUB)e x SU(2)L x U(1)y,

where SU(3)¢ represents the three color group of QCD whereas SU(2), x U(1)y represents
the weak isospin and weak hypercharge groups of the electroweak theory. Symmetry breaking
gives:

In SU(2)y, representation, the Dirac fields is given in Eq. (1.1.1). In the same representation,
the Higgs doublet is

+ 0
¢ — , (1.1.3)
¢° W +h)

where ¢ = v is the vacuum expectation value. It has total four degrees of freedom and three

<
Il

of them are responsible for the masses of W= and Z bosons and forth one is responsible for
the physical Higgs boson. Electroweak force is the unification of electromagnetic and the

weak forces.
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1.1.1 SM Lagrangian

In SM, Lagrangian equations are used to describe the fundamental interactions. This
Lagrangian has local gauge invariance, and contains all the information of the theory and it

is function of fields and their derivatives. The SM Lagrangian is

Lsy = Locp + Lew, (1.1.4)
where
Lacp = £o&p + Lgen + L5, (1.1.5)
LheH =>4 (1y"0, — mgy, (1.1.6)
f=q
int — u/\a a
Loép =Y 95057 5 UG (1.1.7)
f=q
auge 1 v
‘C%CQD = _ZGg Gauuv (118)
with
Gy = 0"G,, — 0"Gly — gs fae Gy GY, (1.1.9)
G, = 0.Gy, — 9,G. (1.1.10)

The electroweak part of the Lagrangian is

Lpw = LI+ LB+ L9989 + Lo, + Lok, (1.1.11)
whereas,
LE =" LigL + bpiir + Py, (1.1.12)
7

oty = =3 IVD Vi Wi+ LG At VI W+ e ($74Qu + P Q) At
—\2 NG Z g
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aw — 1 — 1 / ’
e [ () s e (4 =) o]

where V' = Vg is for the quarks and it is one for leptons.

auge 1 a v 1 v
‘CgEWg = _ZFMVF(QL - ZBMVBM ’

Loy = (D) D — (12670 + M019)?) , (1 < 0,1 > 0)

U " h NYNR; h
Lo =) —msdy <1 + ;) + Y —mpy <1 + ;) :
! s
with D = 9, + 195G 5 .

1.1.2 Strength of the Gauge theory

(1.1.13)

(1.1.14)
(1.1.15)

(1.1.16)

The SM has successfully predicted the masses of W=, Z bosons and they were found to

be in the same mass range. Also, the top quark mass was found to be m; = 178 £8%37 GeV/e2,

Systematic related to the mass of Higgs was the main uncertainty [1] gives

my = 1729+ 0.6 £0.9 GeV.

This proved to be a marvelous success. Theory of Standard model is renormalized which

implies that calculations can be performed at any scale. Top quark is the only quark which

decays before the process of “Hadronization”. There are total 19 free parameters in Stan-

dard model that are worth mentioning here
® Six masses of quarks
® Three masses of charged leptons
® Three coupling constants gw, g, gs
® Weak mixing angle Oy,

® Higgs potential parameters \,u
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e Four independent Vi), elements (three angles and a phase).

Due to neutrinos, there are three masses and four parameters of Vpyys leading the total

number of free parameters to 26.

1.1.3 Problems in Gauge theory

Any dynamical mechanism does not lead to the Higgs potential. Vacuum potential energy

density due to Higgs potential is

(0%) E ]:A(%2%2+”Z4>, (1.1.17)

V2
4 2.2
- —AVZ —mg” , (1.1.18)

as my = 126 GeV and v= 246 GeV so py ~ —1.2 x 108 GeV*. In general relativity, Vacuum

energy density couples to gravity. pgy relation with cosmological constant is

87TGN

—— ~ 1.86 x 10" *"emgr™ !, (1.1.19)
C

Ay = kpyg, with k =

G'n being the Gravitational constant. In unit of grem™3

—1.2 x 103GeV*

(1.97 x 10 GeViem)® L7827 x 107 = =52 x 10 %em ™.
h ~~ ~ grGeV —1

pA

Ay = (1.86 X 10_27cmg7”_1)

Whereas, the measured value of the cosmological constant is

Ameas = ffpcriticathoh (1120)
= (1.86 x 10> cmgr™") (1.88 x 107 x 0.673*gem™?) x 1,

=1.6 x 107%em 2. (1.1.21)

So this value exceeds the measured value by the order of 54 in magnitude. That is a very
challenging problem in theory. There are some other problems too due to which Physicists

are not satisfied with the theory as “why the electric charges are quantized?” Why quarks
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and leptons are spin half particles?. Why the neutrinos have very small mass? Why top

quark is so heavy compared to other family members?.

1.1.4 Tests of the Electroweak theory

Electroweak model has been tested numerously and there are (almost) no significant
deviations found between experimental and theoretical results. Using Z° production, very
large precisions has been achieved. In order to measure Z°—line shape, data were taken

around Z° peak. At LEP collider, following cross-section is obtained as in Fig. 1.1.1

Figure 1.1.1: At various colliders, Hadronic cross-section’s measurements [2].

Resonance Z° is clearly visible at 91 GeV. Constraints on number of light neutrinos are
the consequence of the Z° line shape and this number is N, = 2.9840 + 0.0082. This is
represented in the Fig. 1.1.3. Invisible partial decay width is used to find this number. It

can be measured by subtracting several quantities

Linv = Ttotal — Fee — Fuu — I — Fhad; (1122)
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as, it is assumed that only number of neutrinos contribute so

I'; I';
Ny _ ~inv v
Fw/ I‘ll (

Fll
Fl/l/

)su, (1.1.23)

Figure 1.1.2: Around Z%mass, Hadronic cross-section measurement [2].

Figure 1.1.3: Constraints on number of light neutrinos [2].
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by assuming Lepton universality, FF_ZU is taken and <%)5M is taken from the predictive
power of SM.
As it is well known that
Z—? =1 —4sin® 0| Q. (1.1.24)
A

Several channels f = yu, 7, c, b give estimation of sin? fy,. As masses of virtual particles start

to contribute so indirect sensitivity to Higgs mass is shown in following Fig. 1.1.4.

Figure 1.1.4: Indirect sensitivity to Higgs mass and estimation of sin® 8y, [2].

1.2 B-meson Physics

In the last generation of quarks, bottom quark is the lighter one and top-quark, its
doublet partner is the heaviest one. In 1973, Kobayashi and Maskawa proposed top and
bottom quark [3] and their existence was proved in 1977 [4]. Through generation changing
process, light particles can decay and same applies for bottom quark. CKM matrix (explained

below) govern flavor changing decays and shows some important characteristics such as loop
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and box Feynman diagrams, CP asymmetries and flavor oscillations. Bound states in which
b quark participate are bu called B*, bd called B°, bs called BY, bc called Bf. Among
previously described bound states, B is the heaviest one. It was first time produced by
CDF collaboration in 1998 and its mass was discovered in 2007 from the decay Bf — J/
Y7t [5, 6]. LHCb made the accurate determination of mass of BJ by using the following
decay Bf — J/¢ DK™ and its mass came to be mpg; = 6274.28 £1.40 4 0.32 MeV/c*. Top
quarks before “Hadronization” decays so b— baryons are the only heaviest bound observed
states. The Tevatron accelerator has measured a cross-section of 30 pb for the process where
protons collide to produce particles containing bottom quarks (pp — bX) in the collision
energy regime of /s = 1.96 TeV, limited to particles with pseudo-rapidity values less than
1. On the other hand, the LHCb experiment at the Large Hadron Collider has observed a
cross-section of approximately 72 pb in the collision energy regime of 7 TeV and around 144
pb at 13 TeV for the same process, but restricted to particles with pseudo-rapidity values
between 2 and 5.

To measure CKM matrix element, both inclusive and exclusive processes can be used
but in both processes, uncertainties have to be faced. From the experimental perspective,
Exclusive processes are simpler because Branching fractions can be used to calculate CKM
matrix element whereas the form factors calculations can be done by Lattice QCD or QCDSR
(QCD sum rules). The averages for inclusive and exclusive B-decays branching fractions are
provided by Semi-leptonic B-decays subgroup (subgroup of Heavy Flavor Averaging Group
(HFAG)) and so, the methods to calculate the |Vy| and |Vi|.

In T (45) decays , there is pair of two least massive lightest B-mesons. Branching fractions

are the following:

fi =T(TES)=B*B7)/r, (1), (1.2.1)
fa= F(T(4S)%B+B_)/Ftot("f)> (1.2.2)
fO0 = 0(TUS)=BY ) [y, (1), (1.2.3)

Their ratio measured in most experimental analysis is
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g _ fi _T(C(48) = B*B)
% T(Y(4S) — B°BY)’

g0 f2_ T(Y(4S) = BYB")

= = — 1.24
79 = T (T (45) = B'BY) (1.24)
and their experimental measurements by various groups are given in Table 1.1.
Table 1.2.1: B™/B%production ratios in Y (45).
| Exp. | Decay modes | Published value of R%*% | Assumed value ofr* /70 |
CLEO-Collab.[7] J/pK* 1.04 £0.07 £ 0.04 1.066 £+ 0.024
BABAR-Collab.[8] (@K 1.10 = 0.06 £ 0.05 1.062 £ 0.029
CLEO-Collab.[9] D*lv 1.058 £0.084 £ 0.136 1.074 + 0.028
Belle-Collab.[10] | dilepton events 1.01 £ 0.03 £ 0.09 1.083 £ 0.017
BABAR-Collab.[11] J/VK 1.006 £ 0.036 £ 0.031 1.083 + 0.017
BABAR-Collab.[12] (O K* 1.06 = 0.02 £ 0.03 1.086 & 0.017
Exp. Ave. 1.059 + 0.027(tot) 1.076 £ 0.004
From this we can extract
2 0 _—
Vil B 2 o) o (1.2.5)

H/cb|2 B (A = Afp—1,)
where Rppr can be calculated by using sum rules in the light-front framework. Using Rpp
= 0.68 4+ 0.07 the above ratio results to be 0.083 + 0.004 & 0.004. Radiative b — s decay
mode have photon that is highly polarized in SM. To maximum polarization, small mass of
s quark produces small corrections, but there would be clues pointing towards New Physics

if there is induced CP violation.

1.3 B-factories

The Standard Model describes fermions in three distinct generations, and the investiga-
tion of interactions that differentiate between these generations is referred as flavor physics.
Fermions can undergo two types of interactions: coupling with a scalar particle results in
Yukawa interaction, while coupling with a gauge boson results in gauge interaction. Gauge

couplings are determined by a single coupling constant, and there is no gauge coupling be-
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tween interaction eigenstates of different generations. Flavor physics is of crucial importance
because it can predict New Physics. In recent years, several of its predictions were true

such as

Ratio of decay width of K, — putu~ to Kt — ptv predicted charm quark.

In neutral kaon mixing, third generation of SM was predicted.

Mass of the charm quark was predicted by the Amg = mg, — mg, and mass of the

heaviest quark, top quark was predicted by Amp.

Masses of the neutrinos.

These processes occur very rarely in nature and do not occur at tree level. The principle
behind these rare processes is GIM mechanism [13].

The small branching ratio of K° — u*pu~ caused perplexion in the physics community in
1970. This decay is represented by the box diagram in the following Figure 1.5.2. At that
time, only two families were known, Glashow, Maiani and Iliopoulos gave a postulate about
the existence of charm quark so instead of u quark in the box diagram, another diagram with

¢ quark can be considered too. Therefore, to define s’ state

— o : (1.3.1)
S —Sg. Co S

c

¢ —s" and u — d' quarks are coupled by W boson.

Figure 1.3.1: K° — p™u~ box diagram.
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s d’
So the c—quark participation is shown in Fig. 1.5.3. In first diagram, the amplitude is
proportional to g} cos § sin § and in the second diagram to —g? cos f sin §. These two diagrams
can be canceled out if both quarks had the same mass, but m. >> m, so the second diagram
is strongly suppressed and this is called GIM (Glashow, Iliopoulos and Maiani) mechanism.
After four years, c—quark was discovered in the state J/v in 1974. Mass of the charm quark
is 1.3 GeV.

Figure 1.3.2: New box diagram for K — pu*pu~.

The CKM matrix is further responsible for the suppression of these processes. This is an

extended form of the GIM matrix to the three generations, i.e.,

d/ Vud Vus Vub d
s = V;d ‘/cs ‘/cb S| (1 3. 2)
v Viae Vis Vi b

where d’, s', b’ corresponds to the weak eigenstates and d, s, b represent the mass eigenstates.

Following relations hold for CKM matrix

oIVl =>Val =1,
k i
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Zvik j’; = ZVMVIS} =00 # J),
k k

with three families, charge rising current is

d

. w o o o, 1

Jeer = g—ﬁ(UaC, 75)’7”5(1 —5)Verm | s | - (1.3.3)
b

U
. . t Juw /5 _ 7 1
jgcf = (]gc+) = ﬁ(dv 575)7M§(1 - 75)VCT’KM C 5 (134)
t
where
wi Vea Vi
View=| Vi Vi v |- (1.3.5)

w Ve Vi
How many free parameters are there in CKM matrix? Decomposition of unitary matrix can
be made as product of three rotations plus one parameter that is complex can be termed as

phase ¢. Therefore,

1 0 0 C(13) 0 8(13)6’“s cazy saz 0
Vekm = | 0 cpos Ses 0 1 0 —sa2) cazy 0 |, (1.3.6)
0 —s@3) Ce3) —8(13)6L6 0 C(13) 0 0 1
C(12)C(13) $(12)C(13) 8(13)6_”5
Verm = | =sazces) — cazsensane’  cazces) — Sansensane’  Seacas) |
5(12)C(23) — C12)CE3) 513 —Ca2)Ce3) — S12)C23)S13)e”  C@3)Ca3)

(1.3.7)

where c(;;) represents cos 0;;) and s(;;) represents sin 6;;). Angle 0;;) depend on the mixing

of the quarks as 6(12) would be exactly . if there is no mixing between the third and the first
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generation of quarks. Vg, matrix can be computed only experimentally by constraining
and using the Unitarity principle [Vy,|* + Vi |* + [Vip|* = 1. The current measurements stand

at
0.97428(15) 0.2253(7) 3.47(16) x 1073

Verkml = 0.2252(7) 0.97345(16)  41(1) x 1073 |- (1.3.8)
8.62(26) x 1072 40.3(1.1) x 1073 0.999152(45)

For the decays within the family, u <> d,c <> s,t <+ b, matrix becomes diagonal. Helicity
suppression is large for dielectron and dimuon pairs as they have small masses. Due to their
suppression in the SM, weak and Higgs-mediated processes are unlikely to exhibit flavor-
changing-neutral-current (FCNC) processes. However, since FCNC can occur at higher levels
only in Electroweak interactions, these interactions are promising candidates in the search of
New Physics.

Experimentally, CLEO in 1994 took the initiative and studied the rare radioactive decay
b — s7v [14]. In subsequent years, BaBar and Belle were able to significantly increase their
dataset of ByB, pairs by collecting an impressive 467 million and 772 million pairs in 2008
and 2010, respectively. When these data sets were combined, they produced an astounding
integrated luminosity of 1lab~! operating at I'(4S5), providing an unprecedented amount of
data for further analysis and investigation. bb cross section measured at the most efficient
B- factory, large Hadron collider is 300ub at the center of mass energy /s= 7 TeV [15]. At
V/s= 14 TeV, the corresponding cross-section is 500ub. About 10! hadrons are provided
that are produced in a dataset of 1fb~!. ATLAS, CMS and LHCb are the major experiments
of the LHC. Among these, LHCb is specifically focused on the study of production and
decay of ¢— and b—hadrons, while all three experiments contribute to the investigation
of rare b—Hadron decays. While the CMS and ATLAS experiments can generate a final
state containing a dimuon pair, the LHCb experiment is capable of producing final states
consisting of a photon, a dielectron pair, or only hadrons. In Semi-leptonic decays, B-factories
average over neutral and charged B-mesons. CDF and LHCb observed many b—Hadron
decays such as B — K*I"l",B — KITI7,A) = Aptp,A) - pK~p"p~ and B — ¢puto™
[16, 17, 18, 19, 20].
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Branching fractions of some familiar B—meson decays are

B(B— KI*l") =(5540.7) x 107",
B(B— Kptp™) = (443+£0.24) x 1077,
B(B® = K*(892)I"17) = (1.0370:1%) x 1079,
B(B® — K*u~p*) = (1.03 £0.06) x 10~°,
B(BY — ¢ptp~) = (8.3+1.2) x 1077,

B(A) = Aptp~) = (1.08 £0.28) x 107°. (1.3.9)

The operators of Semi-leptonic decays are more sensitive towards New Physics as compared
to Radiative decays. In the case of Semi-leptonic decays, Hadronic uncertainties tend to be
larger. This is because the lepton partners in the end state can sometimes originate from a
photon that is produced at a flavor-conserving QED vertex.

With this elaborated introduction, the remaining dissertation is organized as follows. In
second chapter, we present the Light Cone Sum Rules and their importance in flavor physics.
The technique is used to calculate the form factor for the Semi-leptonic B — K decay.
Using the recent constrains on various new physics (NP) Wilson coefficients, we compare the

results of SM in Chapter 3. Finally, in Chapter 4, we present our conclusions.



Chapter 2

Basic Concepts

This chapter will provide the introduction of the prime concerned terms that are essential for
the understanding of the partial leptonic decays of B-mesons into scalar mesons by using the
Light front QCD sum Rule approach. Different terms that are involved here are QCD sum
rules, Light front sum rules, light cone singularity, light cone limit, the underlying theory of
light cone, correlation function, dispersion relation, Operator product expansion, and general
technique involved to calculate Wilson coefficients, form factors would be introduced with

great and useful details.

2.1 QCD sum rules approach

2.1.1 Introduction

It was first developed in 1970s and is based on the intuition of relating properties of the
quark content to the properties of hadrons comprised of the respective quarks and gluons by
taking into account correlation functions of the currents in the Euclidean space (i.e., at space-
like distances). To extract the properties of hadrons, i.e., mass calculations and resonance
couplings, immense work has been done. Basic factors that provide the grounds for this

approach are [21]
® Spontaneous symmetry breaking,
® Quark-Hadron duality,

17
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e Asymptotic freedom.

Formalism of QCD approach can be used to calculate masses of light quarks too and the
method has been described by Gasser and Leutwyler [22]. Underlying idea of this approach
is to tackle the bound state problem by utilizing the property of asymptotic freedom. In
more clear words, at first solving by considering short distance and then moved to larger
distances where the effects of confinement become considerably important and asymptotic
freedom no more exists. The resonances appear implying that gluons and quarks comprise
hadrons and are not free at this scale. So, here actually an idea of separation between
long distance and short distance physics is introduced. This separation allows us to use
perturbative QCD for short distance physics and the properties of hadrons such as mass and
decay constants are parameterized in terms of non-perturbative long distance physics. Idea
of asymptotic freedom’s breakdown appears due to emergence of non-zero expectation values
of condensates i.e., quark and gluon condensate operators such as (0|gq|0) and (0|GY., G, [0),
where ¢ (x) is representing quark field and G, s representing gluon field tensor. These
condensates disappear when studied in basic perturbation theory. Hypothesis behind QCD
sum rules approach is the existence of gluon and quarks in vacuum field. Valence quarks and
gluons injected by external current sources has to develop in vacuum medium rather than

empty space.

2.1.1.1 Spontaneous Symmetry breaking

Spontaneous symmetry breaking occurs when there is symmetry in the dynamics of the
system that is not manifested in its ground state or equilibrium state. It occurs when the
Lagrangian of the system has certain symmetries but the ground state does not preserve it.
Spontaneous breaking of a continuous symmetry leads to the appearance of massless scalar
(spin-0) bosons. Goldstone model is the best model for it. In mass generating mechanism, a
new complex scalar field @ is introduced. Specifically, it is characterized by the Lagrangian
density L.

L=D:¢*"Duop— iF“”FW -V(9), (2.1.1)

where
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D,p = 0,0 +ieA,d,

and F},, is defined as

F,=90,A,-0,A,,

and V is some potential in Goldstone model. We can define a new field after transformation

as

1
B,=A,+—0
M 17 + 67’] H,wQ’
as Fy,, = 0,B,—0,B, and expansion in ¢ field is taken in as \/Li (7] + 1 + 9252). From the cur-
vature of potential ¢; mode takes the mass as it is the Higgs boson and we find
1 “w 1 % 1 212 1 2,2 o : :
L= 3 910 (bl_ZF F;w_§>‘77 qb1—|—§e n° B, B" +cubic terms and quartic terms. (2.1.2)

So, miraculously we are left with heavy scalar (Higgs boson) and heavy gauge vector boson.

2.1.1.2 Asymptotic freedom

Coupling constant g characterizes the strength of interaction between quarks and gluons.
g is characterized by a scale p based on a normalization condition. One can define g(u)
as a y,—terms of the quark gluon vertex function that is defined as I',(q, p1,p2), which is
manifested by the normalization group equations. Most vital application of RG equation is

the dependence of the g on u scale. In QCD, it can be described by the following equation

dG N
o7 =B(G) == _hG", (2.1.3)
k=0
where G = —£ L =In (,u)z,% = ,u2$. Integrating above equation one obtains

(1)

G dr
/c( 5 % = 2(G(p) — 2(G(W)). (2.1.4)
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Note that
2
In (M—) +®(G(1')) = (G (1)) does not depend on 4’ so,

M o(G()) = m(ij) (2.1.5)

where the A corresponds to the mass dimension.

2

G(p) =& 'In (KQ) , (2.1.6)

however, ® — @4+ 2¢ and A - Ay = Ae=?. Under this transformation G(u) becomes as

G(n) = <I>;/1 (ln (/’3—;)) . (2.1.7)

Let’s consider for ¢/ = ¢, G(1) has the following form

1
G(p) = —F—, (2.1.8)
boln | 45
(%)
If ¢’ is chosen as ¢’ = ¢ + d¢’ then G(u) would be written as
0o 5 / n
G(n) = 1+ Z ‘b . (2.1.9)
boln X— 2
¢
As beta function has been calculated up to 4 terms so
2
b= 11— 3Ny, (2.1.10)
38
by =102 — ng, (2.1.11)
and
2857 5033 325
by = =5 — g Ny + =V, (2.1.12)

2 18

where Ny is number of quark flavors. The value of b, is known only in the MS-bar scheme.
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In lowest approximation we get

g° AT

M@= =@ = @)

(2.1.13)

Equation (2.1.13) states that coupling constant disappears, i.e., ¢ — 0 when Q? — oo and
this is the property of QCD asymptotic freedom that is the cornerstone of all the perturbative
QCD theories.

2.1.1.3 Quark-Hadron duality approximation

Quark-Hadron duality occurs in those processes where one can consider two stage processes
that could occur at two distinct scales. These two stage processes are interaction between
quarks at short distances as well as at the long distances. The scale for the short distance
interaction of quarks is of the order of é and for long distance interaction is of the order of
%. The reason behind long distance interaction of quarks is the “passage of time”. Quark

Hadron duality violations are due to the following reasons
1. Quark transitions instead of shorter distances occur at longer distances.

2. Quarks produced at shorter distances but residual interactions are occurring at longer

distances.

In the first point, singularities are developed by the point functions at finite value of 22 and

in the second point 22 — oo.

2.1.2 History of QCD sum rules approach

Purpose of introducing the history is to mention about the historic time when theory of
hadrons was about to be introduced. It would be fair enough to say that QCD was introduced
after the talk of Gell-mann and Fritszch as the color octet gluons are introduced. Asymptotic
freedom was discovered in 1973 and that time, hard processes were the epicenter of everyone’s
attention in which short distance physics contribution plays vital role. In the very end
of 1960s, the very non-serious attitude of physicists towards field theory made M.Shifman
sick, Founder of this approach, M.Shifman was not able to publish his work due to long
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procedure of publishing according to GLAVILT. Upto 1974, Shifman got the intuition that
due to Landau work on zero charge property in QED, everyone has a deep rooted non-serious
attitude towards field theory so he started working on himself to solve the problem involving
short and long distance physics.

He started working on his idea as to begin from short distance physics where dynamics
of quarks and gluons is perturbative and then by considering some approximations, results
would be extrapolated to long distance physics to take into account non perturbative effects.
M. Shifman says it spectacular effort when he combined his work with V. Novikov, L. Okun
and M. Voloshin. It was the result of great amount of hardwork that in 1977, it turned
out that all parameters that can give all the information about hadrons can be obtained by
sum rules. The gluon condensate was introduced in 1977 and the underlying idea was that
“ vacuum is considered as a gluon medium and basic properties of the particles
come due to interaction of quarks with this medium so it can be parameterized
by condensates”. Shifman and his team were done with this work in 1978 with accurate
results[23]. QCD sum rules approach has been very vital for determination of parameters
of low-lying Hadronic states. For the problems associated with phenomenology of hadrons,

Shifman proposed method of QCD sum rules became a vital tool.

2.2 Operator product expansion (OPE)

2.2.1 Introduction

In this section, we discuss the general procedure involved to calculate all the Hadronic pa-
rameters by using sum rules. Correlation functions, dispersion relations and spectral density
would be introduced. Correlation function and its relation with all parameters of Hadron
would be discussed. Borel transform’s role is also explained to take into account the dom-
inance of low lying resonance states. In order to calculate expansion coefficients several

techniques developed but most convenient techniques are:
® Formalism utilizing abstract operators.

® A formalism build on the Fock-Schwinger gauge for the gluon field in the absence of
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particles.

2.2.1.1 Correlation function

Correlation functions are actually n—point functions that describe the correlation between

colorless external quark currents injected by electromagnetic sources. Correlation functions

a 1
Ky g2

are calculable by the simplest expansion (Gf,,-z), where G, is the gluon field strength tensor
whereas every current has specific quantum numbers i.e., J, P and C numbers. Here, Gf,, is
treated as an external field. Coefficients in front of these field strength operators are calcu-
lated by several techniques involving Feynman diagrams but soon it was realized that methods
were inconvenient in order to get non invariant gauge results. QCD sum rules approach en-
sures gauge invariant gluon field operators appearing in the expansions. The n—point Green
functions are determined by the asymptotic freedom formula. Power corrections are mani-
fested by the non-perturbative vacuum fluctuations. In vacuum fields everything is fixed by
a

the vacuum condensates. Vacuum condensates are (0[¢¢]0) and (0|G%,G4%,|0). Some basic

steps are following:

® Some colorless currents are given.

® n—point Green functions are written in terms of these currents expressing the corre-
lations between different currents in vacuum fields where vacuum fields are actually

external fields induced by external quarks and gluons.

® Field considered in this procedure is weak. The weak field means average intensity of

field is weaker than the value of momentum.

Consider vector current of quark ¢ (z). Then the ordered product of two currents is

I, (q) = L/equd‘lx(T{jﬂ(:c)j,,(O)}), (2.2.1)
where j, (:c) is defined as
ju(2) = @4,

this vector current is written for a single massless quark. For large momenta, the time

ordered (T-ordered) product of current can be written in the form of expansion of the type



CHAPTER 2. BASIC CONCEPTS 24

(xQ)k In(2?) so the 2-point function takes the following form
Hul/ (Q) = (Q,LLQI/ - QQQW) Z C, <Q2) <On>, (222)

where Q? = —¢? and q is the large exchange momenta. (O,,) are the condensates and are local
gauge invariant operators. C’s are the Wilson parameters. Local gauge invariant operators
can be written as 1,91, G%,G%,, ... . The vacuum matrix elements (O,) are of the order of
the magnitude of u, where d,, corresponds the dimensions and n denotes normal. p is of
the order of MeV as it relates to the Hadronic mass scale. For Q? >> pu?, only first few

terms can be kept. Wilson coefficient expansion is proven in perturbation theory and beyond

perturbative regime effects can be included in it by extending it.

2.2.1.2 Status of OPE in QCD

Infrared renormalon problem arises due to the logarithmic growth of coupling constant oy (R)
at larger distances. These renormalons appear as singularities and these singularities are
responsible for the failure of an attempt to sum up series of perturbation theory expansion
(PTE). In the last decade, non-perturbative effects were considered crucial at larger distances.
NP effects are actually non-vanishing vacuum expectation values and these NP fields are
very large in vacuum ie., (G*G®) ~ (600MeV)* >> Afyp. When larger distances are
approached or in other words when asymptotic region is ended then NP effects that are
coded as power corrections in OPE causes the major changing in the behavior of OPE
series. A new method has been introduced to solve these ambiguities in which gluon field is
splitted into the background field and perturbative gluon field. Background field is denoted
by B, and the perturbative gluon field is denoted by a, and now the perturbative theory
expansion occurs in powers of ga,. Propagators are Green functions denoted as G, in the
background field B,,. Based on the Feynman Schwinger representation, new closed form
of G, is introduced. Explicit dependence on B, results through the parallel transporters
Pexp (Lg ff B#dzu) . Now each term in perturbative expansion series contain dependence
on B, through the Wilson loops W(C, B) . Over largest values of N¢, the averaging over
background fields are represented by the products of averaged Wilson loops (W (C, B)). This
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product obeys the area law at larger distances and hence it results in calculations of NP-
dynamical parameters [24].
2.2.1.3 Calculation of (', by using Operator Schwinger method

In external non-abelian gauge field Aj, the eigenvalue product of the Dirac operator is defined
as Det [¢D,y, —m|. This determinant in the vacuum to vacuum transition enters as a pre-

exponential factor. This |0) to |0) transition can be represented as
- 1 _
(0[0") = /DAMDwa exp {L {d%(TquGZV + 0 (Yuou — m)w) H , (2.2.3)

with ¢ = iD,,. To incorporate all fermions degree of freedom, treating the Af(x) as given

external field. Then

/ —1 a a
(0|0 = /DAMDet 1Y,.0, — M| exp {T / d4xGWGW} ) (2.2.4)
—1
= /dAM exp {T / d'z [GZVGZV — tInDet |g— m] } , (2.2.5)
where
a a C
(z] abB)’y> = (Yu)as {“5 bax# + g(tc)abAM(x):| (5(10 - y)’ (2.2.6)

and (t.)q stands for the generation of color group. A divergence is associated with the

determinant of free Dirac operator. To get rid of these divergences, one must take the ratio

Det |g—ml|,
Det g —ml|4_q

In order to regularize this ratio, an auxiliary fermions Pauli Villars field is introduced. So,

final expression is written as

(e - m)A (g - mR)A—
Dre ularized — Det =0 . 2.2.7
qulartzed ) (¢ —m)azo (¢—mr)a ( )

where mpg is called regulator mass. After integration over fermions field, a spare term has to

be added in the action of vector field. So
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Seff = Scl + AS?

AS = —1In Dy eguiarizea = —tIr1n (g—m)a (= mnr)azo , (2.2.8)
(f —m)a=o (g — mg)a

here a well known relation is used In Det |A| = Trin|A|.

Expanding AS in powers of (%)n assuming field strength tensor G, is less than m?2,
where m is the mass of quark. As fermions loop for large masses can be found by short
distances O (m™!), so the effective action can be written in the form of series of local operators

2 3
AS = / d*e {0192 (m %) G G+ O Gl Gl G, + ] . (2.2.9)

2

The fundamental role of the gluon field A}, and the In (Z—%) has identical structure, so the

sum of these two terms would result in the following form
2 2
g a a 1 mg
_ZGHUGP‘V |:E - 401 In W] .

From the theory of renormalization, we know that the term in the bracket corresponds to

the renormalized charge -———, so the value of C| is fixed by renormalization. Writing
renormalized

1 1 1 11 2 2
= (—NC -~z f) In B (2.2.10)

9rpny 9% 1672 \ 3 3 m?

1

Cy=— . 2.2.11
P 96m? (2.2.11)

Here, Ny represents the number of flavors, which is equal to one in our case. Upto the fourth
order, the expansion parameters can be determined [25], and the effective action takes the

following form[26]

1 2 m%s 2 1 g 2
A'Syeffective = _W /d4ITTC {§g2G;2w In FI; - EZQSG#VGVWG%H + E (GW/GMV)

m2
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7 29 8 1
_E {GHOH GO&V}i + _% {G,uou Gau]Q_ + % [G;w; Ga6]2_ } . (2212)

m*
Here
G = G, 1%,
1
Tr (t"t") = 55“’).

The subscripts —/+ are marked to avoid the confusion between commutators and anticom-

mutators. T'rc is representing that the results are valid for any gauge group.

2.2.1.4 Two-point function for massive quarks

When the mass of quark is large, then the quark condensate does not correspond to an
independent parameter and problem is restricted to the motion in external field. The 2-point

function of vector current is written as

M (g) = ¢ / dhz exp (1gz) (T [, () , 7, (0)]), (2.2.13)

where

Ju () = Q () 7@ (2),

1, (q) = L/d4l' exp (iqx) Tr{v,S (z,0) 7,5 (0,2)}. (2.2.14)

Fourier transform of S (x,0) and S (0, ) is defined as

S(p) = /S (z,0) exp (ipx) d*x,

S(p) = /S (0, 2) exp (—ipz) d*z,

so the above polarization operator takes the following form in momentum space

d*p

(2m)"

M, (q) = L/Tr {%5 (») %S (p — q)} (2.2.15)
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Fourier transform of the vacuum field is written as

A, (k)= /Au (2) exp (tkz) d*z,

—1(2m)* 0

:T_G/mm)a—kp

(=0)* (2m)* o

(4)
6 (k> + 3 (DaGP# (O)) akpaka

oW (k) + ...,

(2.2.16)

where G? correction in 2-point function can be written for only those terms in which the exter-
nal field appeared twice. Therefore, writing the expansion for external field and considering

only those terms that contribute in G? correction, gives

2! 0
Aq (kr) = —5 Gra (0) %5 (K1),
v (2m)? 0
Ag (ko) = ——5 Gos (0) 8720.6(4) (k2) -
As we know that
a 1 a C g,C
<G;w (0) Ggﬁ (O>> = %5 b (guaguﬂ - guﬂgua) <Gngp ’ >, (2.2.17)

therefore, taking the color trace we get the following form

1 . dp 0 0
HV :__6ab 2 a  Hva o0of — o /
[ u (q)]a oG (g Guv G >(gp Jas — 9p89 ) X (27?)4 Ok, Oksg

1 1 1 1

T . X | =0=ks s 2.2.18
T’L{'Yup_m’)/ p—}a{—nﬂ p’+%2—m75p’—m}k 0=k ( )
1 ey d4p 3 (9
I1 v = — 2Ga/ ,Guu,a ocYaf oo
ML (9)], 48 {9 u'v ) (Gp0Gas = 9psgoa) X / (27T)4 Ok, Okay
1 1 1 1
Tr . % » . 2.2.19
L{%p—m7 p—d—m " Pk —m’ p,_m}k1=0=k2 ( )

The 2-point function is transverse due to current conservation. So

L. (9) = (40 — ) I (¢%) - (2.2.20)
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The indices can be contracted that results into the following form

2 2 d'p pp’
= — G L.
M ()], (4°G?) / G e ) (2.2.21)
A2 d'p pp — 2p?
1., (q)], = —t4m*(g°G >/ ) = (=) (2.2.22)

by using Standard methods, the above integrals are calculated, and we get

3(a+1)(a—1)7% 1 L Va+1 3a®> — 2a + 3

< SG2>Q4 { a? 2\/_ \/5—1 a?
(2.2.23)

1

5 g = (Guav — a°9) 4

where a = 1 —|— Q2 . This is the G? correction in case of vector current.

Figure 2.2.1: G? correction in case of vector current [27].

Now, the G? correction in the case of two point function for pseudo-current can be written

as

I ’o_

9 _ 2 2
1,0,G% 1 ><{3(3a+1)(a )" 1 Vatl 9a +4a+3}.<2.2.24)

48< 7T >4m2Q a? 2\/_ \/5—1 a?

Similarly, the two point function for light quarks can be derived. For light quarks, the form

of 2-point function is

— 3 2 2 1 1 22
L(g) - = 50 Q" — 75— p (4°G?). (2.2.25)
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The correlation function for gluon current has the form

L/exp (tqz) d*x(T {js () j5 (0)}) = —8a§%<GzyGﬁﬁG%uf“bc) + other operators. (2.2.26)
q

2.2.2 Dispersion relation

It is well known that the correlation function has a dual nature. It represents short dis-
tance quark-antiquark fluctuations at large negative ¢®> and can be solved in the standard
perturbation theory, while at large positive ¢?, the correlation function represents the long
distance effects that are represented in the non-perturbation theory and are known as non-
perturbative effects. Unitarity relation lets to insert the Hadronic intermediate states in the

I1,.,(¢%), and it results in the following expression

2Imll,,, (q) = Y (vaclju|b) (bljuvac)dv, (2m)* 6@ (¢ - pn), (2.2.27)
where ) means sum over all the possible Hadronic states and dv,, denotes that the whole
phase space region is taken into the account. Above Eq. (2.2.27) is called Hadronic sum. In

the Hadronic sum Eq. (2.2.27), vector meson contribution can be taken as

1
—TmIT, (¢°) = (9400 — @*9) 70 (¢ = m7) (2.2.28)

where the decay constant fy, can be defined as

(V (q) [5l0) = fymye", (2.2.29)

e/‘f stands for the Helicity of vector mesons. m,, corresponds to the sum of Hadronic masses.
At ¢*> > m2, each states contribution is represented by the continuous imaginary part. How-
ever, the Hadronic matrix elements corresponding to (n|j|0) depends on ¢*. Just for the
sake of convenience, we separate the ground state vector participation on the right side of

Hadronic sum, and a condensed notation is introduced for rest of the excited vector mesons.
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The continuum states represented as

II’HH <q2) =T (f12/ect0r5 (q2 - m%/ector) + p’gonti. ((]2> econti. (q2 - S’(jonti.)) ) (2230)

h

ot Tepresents the threshold of the lowest continuum state. In the case of least

where s
massive quark interactions, this threshold is lower than my . For analytic function, Cauchy

formula is implied and the polarization operator takes the form

II(¢°) = L %dzM, (2.2.31)

2 z—q?
c
1 I1(z) 1 (7 T0(2+we) —TI(z — te)
= — d — d . 2.2.32
2L z—q2+2m/0 : z—q? ( )
|z|=R

Figure 2.2.2: Contour is shown in complex plane where complex variable is ¢> = z. ¢*> < 0 is
shown by open points and crosses show the Hadronic thresholds [27].

Here we have used the fact that II (¢%) is real valued at ¢* < t,,;, = min {m}, s} . Now,

invoking Schwartz reflection principle II (¢ + t€) — IT (¢2 — t€) = 2ImII (¢) at ¢% > tyin, the
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dispersion relation takes the following form

II(¢*) = l/:O ds L) (2.2.33)

T 5 —q? — e’

ImlII (s) does not disappear at s — o0, so the dispersion integral does not converge. This
problem can be cured by the Taylor expansion of II at ¢> = 0 and then subtracting it from

IT(s) . Mathematical form of this is

I (q)* =TI (¢g)> —T1(0). (2.2.34)

I (g)° = q—2/00 g5 L) (2.2.35)

from Eq. (2.2.30), we get

2 12 00 h
q fVector 2 Pconti (S>
M (q)? = +q/ dsLeonti 7)1 TT () . 2.2.36
( ) m%/ector ( %/ector - q2) sh S (8 - q2) ( ) ( )

conti

As electromagnetic interactions used to be gauge invariant, so I1(0) = 0. Such relation es-
tablishes the sum rules, i.e., significant limitations on the total values of various Hadronic
parameters. This suggests that there are specific conditions or restrictions on how the pa-
rameters related to the behavior of subatomic particles called hadrons can be combined or

added together.

2.2.3 Borel Transformation

Dispersion relations connect physically observed quantities with n—point functions. After
applying the Borel transformation, expression converts into the sum rule with a weight func-
tion that corresponds to the low lying Hadronic states. Borel transformation of an arbitrary

function f(z) is written as

Fo) = 2%” /_;OO exp (g) f(z)zd (i) , (2.2.37)
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whereas the inverse transformation can be defined as
R A
f(x)= / f(\) exp (——) d\/z, (2.2.38)
0 x
For analytic functions, the Borel transformation has the following form

~ o . 1
BIL(Q) = Jim (n—1)

(@)" (——)n 1 (Q%, (2.2.39)

where IT (Q?) is the two point function. Two essential instances are

B ()" =0, (2.2.40)

2
1 1 e (-53)
M? .
’ <<m2—q2>‘“>‘<k—1>! apiny vhere k> 0. (2241)

Borel transformation factorially suppresses the participation of excited resonances and con-
tinuum configuration. In case of heavy currents, following form is more convenient to apply

rather than applying Borel transformation

1 a 3 A C)
M, (@) = =2 T () |oor = — IV / ds—P %) 2.2.42
(QO) n' dq2n (q ) ’q2—qg (m%/ . q(Q))n—‘rl + 0 S(S - q(Q))'rL—l-l ( )

2.2.4 Scale invariance applied to OPE

For an ordinary product of two operators M (z1) and N (x3), there exists an expansion in
which the four-vector x; approaches z5. This expansion has a specific form that can be

described mathematically
M (21) N (22) = > Zn (21 — 22) Op (1) , (2.2.43)

Zn (x1) involves powers of the (x; — z3) rather than being a delta function. Z, can have
singularities of the following type [(ml — 29)° — 1€ (x10 — 13270)} " VpeR. Above expansion is
valid for any two points much close to each other, i.e., on the light cone. Intermediate states

have much higher energy, even larger than the energy regime of starting and ending state
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and to damp this energy, imaginary part is assigned to the temporal part of four vectors.

Two local fields, say ¢ (x1) and & (z5), has the following representation when z; is near to z;
(6 (1) € (22)] = Y Ey (w1 — 22) Oy (1), (2.2.44)

where E,— (1 — x2) has the following form
Ey(2)=F [(—22 +1ez9) T — (—2° — Lezo)fp] : (2.2.45)

The nature of singularities in C,, (2) is determined by using different types of theories having
different symmetries. If masses are non-zero then free scalar and spinor field theories are non-
invariant. Behavior of singular functions are governed by the scale invariance. Performing a

scale transformation on Eq. (2.2.43), we will get
stotdeg (sx1) € (sm9) = Z Zy (21 — ) s7™O,, (sz1) . (2.2.46)
Considering the left hand side and expanding it gives
gdotde Z Zp (811 — 879) Oy, (871) = Z Z (21 — 22) s*™O,, (sz1), (2.2.47)
where the local fields are linearly independent so
Zy (511 — s529) = s~ Wt 7 (1) — 1) (2.2.48)

If Z, (x1 — x5) is a scalar then behavior of Z, (x; — z3) can be determined by the Lorentz
transformation. Dimension dy + d¢ — d (n) determines the light cone singularity’s strength.

If ¢ (z1) is a free scalar field then by invoking Wicks theorem O,, (z1), we can write

Y (1), Vo,V Vo (1), 0 ¢ (21) 5, Vo,V 0 (21)) VY (21) , ...ete.

This ordering is very crucial while arranging fields because with the increase in dimensions,

the singularity of the coefficient decreases. V, 1 (1) and : ¢? (z1) : carries 2 dimensions.
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For zero dimension of the free fields, the corresponding coefficient would be least singular.
Lets consider a product of two fields ¢ (z1) and ¢ (z5). By using Wicks theorem, we get the

following result

2 (21) = Y? (22) = 2[D (21 — $2)]2I +4D (21— w2) = P (w1) Y (w2) + + 2 47 (21) 7 (22) 1,
(2.2.49)
where D is denoting free field singular functions. The normal ordered field : ¢ (x1) ¢ (22) :

can be expanded using Wick’s product expansion as

D (1) Y (22) =% (11) 1 + (29 — 21), 2 (1) Vb (1) @+ (2.2.50)

Similarly, the other products can be expanded too. Pure symmetry considerations help to
calculate the singularities in Z,, (x; — x5). If the fields ¢ (z1) and £ (z3) are of high dimensions,
their commutator may contain singular functions. These singular functions can arise due to
the fact that the fields are defined at the same point in space-time, which leads to a divergence
when calculating the commutator. In particular, if the commutator is evaluated at equal
times (xo = yo) , then the commutator may contain many derivatives of Delta functions
and many divergent constants. This is because the equal-time commutator involves the
difference of two operators evaluated at the same point in space and time, which can lead to
singularities. These singularities can be difficult to handle and require careful regularization
and renormalization techniques in order to make sense of the commutator. In particular, one
may need to introduce a regulator to remove the singularities and then take the regulator to
infinity to obtain a well-defined result. For a generator @, there would be a field say ( (),

which satisfies

[ (z).Q] = qC(z), (2.2.51)

where ¢ is some scalar. Above equation would be invariant only if
Ut (s) QU (s) = Q.

For the current Jy (x)
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Ut (5) Jo (2) U (s) = 5Ty (sz) (2.2.52)

and for x near y

(), Jo ()] = D K (& < y) On (2), (2.2.53)

at equal times one has
€ (@), Jo ()] =D knd® (@ < y) O (z) + ST,
where, ST means Schwinger term that involves derivatives of the Delta functions. So
q¢ (x) =Y knOy (x) . (2.2.54)

This implies that O,, (x) has the same dimensions as the ¢ (z).

2.3 Effective field theory:

2.3.1 Introduction

Effective theories allow to perform the calculations even when the exact details of the theory
is unknown or not fully understood. Effective field theories (EFTs) can be seen as approx-
imations of more fundamental theories, which themselves may also be EFTs. EFTs are
useful because they enable calculations of experimentally observable quantities with a lim-
ited amount of error. They rely on a small expansion parameter o, which determines the
order of the expansion to a given degree of precision. The precision of the calculation is
directly related to the order of the expansion, with the error scaling as § to the power of
n+ 1. A Power counting formula is used to determine the order of the expansion for
each diagram. EFTs are characterized by a systematic expansion approach, which permits
a well-defined methodology to determine higher order corrections in expansion parameter.
This means that it is possible to perform calculations to an arbitrary level of precision by

choosing the appropriate order of expansion. As a result, the theoretical error can be made
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arbitrarily small by selecting a sufficiently large value of n in the power counting formula.
The EFTs are not limited to perturbative dynamics and can be applied even in cases where
the dynamics are not perturbative. One well-known example of this is chiral perturbation
theory (xPT') , which uses an expansion in the ratio p/Ax , where Ay is the scale at which
symmetry corresponding to chirality breaks and is roughly equal to 1 GeV. Despite its non-
perturbative nature, systematic computations using this expansion in powers of p/Ay have
shown excellent agreement with experimental results.

Locality is a fundamental principle in the formulation of effective field theories (EFTs),
which permits the separation of scales into short- and beyond short-distance contributions.
This separation leads to a division of the field theory amplitudes into beyond long-distance
Lagrangian parameters and long-distance transition probabilities. The short-distance factors
are universal, meaning that they do not depend on the specific long-distance interaction
strengths being computed. Experimentally measurable quantities, denoted as O; , are then
expressed as the product of these short-distance coefficients, denoted as C, and the long-
distance matrix elements.

In many cases, there are multiple Lagrangian coefficients and transition amplitudes in-
volved in the computation of experimentally measurable quantities, resulting in a expression
of the form O; =}, ; CijM;. In certain situations, such as in deep-inelastic scattering, the
coefficients C' and matrix elements M can depend on a parameter y instead of an index j ,

which leads to the use of convolution instead of a simple sum in the expression

1 dy

O = —C(y) M (y) . (2.3.1)
o Y

In the case of deep-inelastic scattering, the short-distance coefficient C' (y) is referred to as

the large momentum transfer scattering cross section and can be calculated using perturba-

tion theory in Quantum Chromodynamics (QCD). The long-distance transition probabilities

are known as parton distribution functions, and are found from experimental data. While

the large momenta exchange-scattering cross-section is universal, the parton distribution

functions are specific to the particular Hadronic target being studied.
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2.3.2 Building EFTs: A Step-by-Step Guide

® Identify the relevant degrees of freedom:

To study the low energy properties, we only consider those parameters that are relevant
for the problem available right now. This means that we neglect the heavy particles
and only focus on the lighter ones. The heavy and light particles have distinct degrees
of freedom, but we only keep the relevant degrees of freedom that are necessary for
describing the low energy physics of the system. We integrate out the irrelevant degrees
of freedom, which allows us to simplify the equations and make the problem more
manageable. The goal is to build an effective field theory that captures the essential
features of the low energy physics, while neglecting the details that are not important
for the problem being studied. In particle physics, the relevant degrees of freedom
might include quarks, gluons, and other elementary particles. The goal is to find the
degrees of freedom that are important for describing the physics at the energy scale of

interest.

® Imposing Symmetries:

Symmetries are an essential aspect of field theory, which can simplify the equations
and help to identify the relevant degrees of freedom. In this step, we identify the
symmetries of the system being studied, such as translational invariance, rotational
invariance, gauge invariance, and so on. These symmetries can then be used to constrain
the possible forms of the EFT and can also help to identify the relevant degrees of
freedom. Symmetries are a fundamental aspect of constructing an EFT. By imposing
symmetries on the Lagrangian of the underlying problem, we can make predictions
about the behavior of the system, without having to solve the underlying equations
of motion. This is what makes EFT a powerful tool for studying complex physical
systems. There are different types of symmetries, such as continuous, discrete, and
global symmetries. In some cases, a problem may not have an inherent or apparent
symmetry, but by expanding the problem, we may discover an emerging symmetry. This
new symmetry can then be used to simplify the problem and make it more tractable.

It is worth noting that an EFT often has more symmetry than the original underlying
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theory. This is because the EFT is designed to describe the low energy behavior of
the system, which is typically more symmetric than the high energy behavior. By
neglecting the high energy modes and focusing on the low energy modes, we effectively
"integrate out" the complexity of the high energy physics, resulting in a simpler, more

symmetric description of the system.

® Perform power counting:

Power counting is a systematic way to organize the terms in the EFT, based on their
scaling behavior at different energy scales. In this step, we assign a power to each
coupling constant in the theory based on its dimension. This allows us to determine
which terms are relevant or irrelevant for a particular process, based on their scaling
behavior at different energy scales. The goal is to identify the terms that are most
important for describing the physics at the energy scale of interest and to neglect the
terms that are less important. In EFT, power counting is a helping tool for determining
the relative importance of different terms in the effective Lagrangian. This allows us
to identify the terms that are most relevant to the low energy regime physics of the
system and neglect the terms that have less impact. The power of a term in the effective
Lagrangian is determined by the number of fields and derivatives that it contains.
Terms with a higher power are considered to be more important, as they are expected
to have a greater influence on the behavior of the system. Conversely, terms with a
lower power are typically less important, and they can be neglected in calculations. By
performing power counting, we can systematically organize the different terms in the

effective Lagrangian and determine which terms should be included in our calculations.

These three steps are crucial for developing an effective field theory that accurately describes
the system being studied. By identifying the relevant degrees of freedom, imposing symme-
tries, and performing power counting, we can construct an EFT that captures the essential

features of the system at the energy scale of interest [28].

2.3.3 Examples of EFT

Followings are the some examples of Effective field theory
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® The theory of Weak Interactions: Insights from Fermi’s Model
® Heavy quark effective theory (HQET)

® Chiral perturbation theory

® Soft collinear effective field theory (SCET)

2.3.3.1 The Theory of Weak Interactions: Insights from Fermi’s Model

The Fermi theory of weak interactions, as described in [28], is an EFT that pertains to weak
interactions taking place at energies lower than the masses of the W and Z particles. It is
essentially a low-energy regime EFT that has been constructed based on the Standard Model
“SM”. The power counting parameter in EFT is § = ﬁ’ where p represents the momenta of
the particles involved in weak decay and is typically of the same size as the mass of the muon
in u decay, or of the hadron or quark masses, or of size of the scale of QCD in Hadronic weak
decays. Additionally, the theory also has the customary perturbative expansions in ay/(4m)
and a./(4m). Historically, Fermi’s theory has been used to calculate weak decay even when

the values of masses of weak bosons were not yet known [29].

2.3.3.2 Heavy Quark Effective Theory /Non-relativistic QCD

Heavy quark effective theory (HQET) and non-relativistic QCD (NRQCD) illustrates the
behavior of hadrons in low energy regime that contain a heavy quark, such as those with
bottom and charm quarks. In HQET, the expansion variables is A(gcp)/mq, where mg = my,
m, represents the mass of the massive quark. Additionally, the theory has a power expansion
in strong coupling constant. The matching process from QCD to HQET can be carried out in
perturbation theory, since range of strong interaction is small, with values such as a; (my) ~
0.22 and ag (myp) ~ 0.22 x (47). HQET calculations involve non-perturbative corrections,
which can be systematically incorporated into an expansion in Agcpy/mg. NRQCD, on the
other hand, is same as HQET but is applied to QQ bound states such as the T meson. The
heavy quarks move at very low speed in this case, and the expansion parameter is the velocity

v of the heavy quarks, which is typically of the order of the strong coupling constant.
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2.3.3.3 Chiral Lagrangian Approach

Chiral (y) Lagrangian approach is an EFT used to illustrate the interactions between pions
and nucleons at low momentum exchanged regime. It was formed in the 1960s, and the most
modern method for calculating it was formed by Weinberg. The theory illustrates dynamics
of QCD in low energy domain, where the full theory is well-formed, but the matching onto the
EFT cannot be analytically computed due to its non-perturbative nature. However, latest
efforts are still in progress to compute the numerical data.

It should be noted that QCD and y Lagrangian approach are not expressed in terms of
the identical fields. The QCD Lagrangian contains quark and gluon fields, while yPT has
meson and baryon fields. The factors of the YPT are typically fitted to experimental data.

Interestingly, investigations in x Lagrangian theory, such as Weinberg’s calculation of
pion-pion scattering, were carried out using x symmetry restoration theory before QCD was
even given the ground. This demonstrates that it is possible to perform computations in
an EFT without knowledge of its UV origin. The expansion parameter of xPT is p/A(,
where A,y 1GeV is the scale of chiral symmetry violation. Even though masses of baryons
are comparable to scale of chirality ()\(X)), xPT can still be applied to baryons because
baryon number is conserved. This allows baryons to be treated as massive particles, similar
to massive quarks in HQET, as long as the exchanged momentum is smaller than A(,,.
Additionally, there is an intriguing association between the large- N, expansion of QCD and

baryon chiral dynamics [30].

2.3.3.4 Soft Collinear Effective Field Theory

Soft-collinear effective theory is an EFT that describes QCD processes lying in the domain of
high energy. In close association with the collision energy regime, the final states have small
invariant mass, such as when two highly energetic protons collide, then jets are produced.
SCET is built upon the underlying theory of QCD. The expansion parameters related to the
scale of SCET are

® {1 (Q) xQ=Aqep),

® & (Q) xQ= My,
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® o, (Q) =& (Q) x (4m),

where () is the center-of-mass energy of the process representing to high momentum exchange,
and M is the invariant mass of the jet. Fundamentally developed for the decay of B mesons
to least massive particles, for instance B — Xsv , SCET provides a powerful tool for un-
derstanding and calculating a wide range of high-energy domain’s QCD phenomena.(SCET
(31, 32, 33, 34])

2.3.3.5 Standard Model Effective Field Theory (SMEFT)

ESM, which stands for effective Standard model, is an EFT that utilizes SM fields to study
potential deviations from the SM and explore Beyond the Standard Model (BSM) physics.
The higher dimensional operators in SMEFT are produced at an unknown new physics scale,

A. Despite the lack of knowledge about A, systematic computations can still be carried out

within SMEFT.

2.3.4 Effective Hamiltonian for heavy meson decays

Three energy scales can be used to characterize weak decays of heavy mesons and that are
® Agcp, scale of QCD strong interactions.
® My, gives the scale of weak interactions.

® Characteristic energy of the process that is most commonly found by quark mass my, .

These scales have the following magnitudes: O (Agep) =~ 0.2GeV, O (mg) = 5GeV, O (M) <90
GeV, whereas Agep << mg << My so in order to study B-meson decay, effective theory

is considered rather than full theory that permits to calculate all physical phenomenon.

2.3.4.1 Effective Field Theory Approach to Weak Interactions in the Standard
Model

Weak meson decays occur only at short distances of the order of O (ﬁ) because of the
massive weak bosons. For the given decay to define weak effective Hamiltonian, the dy-

namical degree of freedom that mediate interactions are removed out of the Standard model
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Lagrangian. Formally this leads to operator product expansion

Heopr = \/_Zc (2.3.2)

Where 1 denotes renormalization scale and C; are the Wilson coefficient functions. Amplitude

for any transition (X; — X3) can be written as

A(Xy = Xo) = (Xy [Heps| X1) = ZC ) (X5 |On ()| X1) = Zc ).
(2.3.3)
The contributions from the physical scales that are higher than the renormalization scale are
contained in Wilson coefficients. Fluctuations that are integrated out are found in Wilson
coefficient C,,. Any heavy degrees of freedom would be integrated out. These C, depends
on my, my, myg and these dependencies can be calculated by taking into account box and
penguin diagrams where heavy mediators are taking part.
Any scale lower than p will be dealt by the matrix elements (O,, (1)) since these matrix
elements involve long distances so they can not be treated in perturbation theory, therefore
we have to consider non-perturbative effects.

Examples of non-perturbative tools are

® Lattice gauge theory
® Light cone sum rules
® (QCD sum rules

® Chiral perturbation theory

Counstruction of effective Hamiltonian involves calculation of Wilson coeflicients and local
operators. So the advantage of this process is the calculation of two parts separately (1)

Short distance part (2) Long distance part.

2.3.4.2 Effective Hamiltonian beyond Particle Physics Framework

In the effective Hamiltonian, the new physics operators are added that causes shifting in the

values of the Wilson coefficients from the SM values. It is essential since it is possible to
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determine numerical values for the coefficients associated with the Wilson operators from the
experiments and presence of NP can be tested. Infinite set of operators is present in this
effective Hamiltonian Y.

Relevant SM fields are the constructing elements of the operators required for the con-
struction of the Effective Hamiltonian in New Physics. These all operators are invariant
under SU(3)¢ x SU(2)r, x U(1)y . As there are infinite orders so to drop these operators,
high dimensional operators can be dropped. To the NP effective Hamiltonian, a suppression
factor Aﬁ;ﬁ is added so when dimension gets larger, coupling constant becomes smaller %

so this suppression factor provide a constraint. So the most suitable form of the effective

Hamiltonian can be casted as

c[D
HYE = Z Z Aﬁp (2.3.4)

D=7 1

Still the large number of operators are involved here.

2.4 Light Cone Sum Rules: Introduction

The formalism of light-front sum rules (LCSR) is a powerful tool in QCD that combines
the Operator product expansion (OPE) with the theory of hard exclusive processes. The
fundamental idea behind LCSR is to calculate the correlation functions of hadrons using a
series expansion of currents near the light-cone.

The LCSR method is based on the operator product expansion (OPE), which allows us to
write down a series expansion of local operators in terms of their vacuum expectation values
and their derivatives. This expansion is valid in the limit of large spacetime separations, where
the participation of higher-dimensional operators become increasingly suppressed. However,
in the case of three-point sum rules, there are certain irregularities in the truncated OPE,
which can lead to uncertainties in the predictions.

To avoid these irregularities, the LCSR method expands the currents near the light-
cone, where the participation of higher-dimensional operators are more strongly suppressed.

This expansion involves a partial resummation of local operators, which allows us to include
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higher-order contributions that are not captured by the truncated OPE.

By combining the light-cone expansion with the OPE, the LCSR method provides a
systematic way to calculate Hadronic parameters such as decay widths, form factors, and
momentum distributions of partons. These calculations are particularly useful in studying
the properties of massive mesons and baryons, where the traditional methods of lattice QCD
are not yet fully developed [35, 36, 37]. By using these sum rules, one can calculate hard
scatterings and soft contributions.

Vacuum to vacuum correlation functions are employed in SVZ sum rules while starting
point of light cone sum rules is different. Here, correlation function is defined as a T-product
of currents wrapped between vacuum and on-shell state.

Here we take an example of the following interaction to understand the formalism of light
cone sum rules to calculate the required observable

+

ete™ — nle™

-

The polarization operator for this would be written as

W (p1,9) = L/d4$ exp (—uq.x) (mo (p1) |T {55 () 3§ () }] 0), (2.4.1)
= €uwasP§ W (Q2 (1 — 0)°) (2.4.2)
where p represents the momentum of pion and ¢ represents exchanged momenta, Q% = —¢?.

J" (x) denotes the electromagnetic current and the dynamics of the process is corresponded
by W (QQ, (p1 — q)2) [38]. Graphically Eq. (2.4.1) can be represented by the following Figure
(2.4.1).

By putting the complete set of Hadronic states we get the following expression

W,uz/ (pb Q) =2

(mo (p1) [55™] 68 (p1 — @))(p° (p1 — @) |i§™] O) +l/oo LW (@ 5) (2.4.3)

2 2 d 2
m2 — (p1 — q) TJsn s—(p—q)
whereas

-em f *
(" (01— q) g1 0) = 7%%6&”) -
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Figure 2.4.1: Expansion of the Correlation function in the light cone limit where p; = p is
taken here [38].

The contribution of excited and continuum states is included by dispersion integral for
the limit s > sh . By applying SVZ technique and Borel transformation one can calculate

the amplitude in QCD.

2.4.1 Light cone variables

Before going into the detail of light cone expansion, we have to be convenient with the
statement that dominant part of the integral in Equation (2.4.3) originates from the light
cone expansion near 22 = 0. Therefore, defining a variable v = |g.p1] = (¢* — (p1 — q)Q) z,

that would be large enough
[v] ~ |(P - Q)Q‘ ~ @ >> AQQCD (2.4.4)

defining a ratio

(2.4.5)
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considering a reference frame where momentum of pion is small and finite that is |?| ~ L,
Ipo| ~ p, pu? << Q% v . Whereas in this frame, gy ~ a—jf + O (u) and exponential function’s

argument can be expanded as

2 4¢2 2
0.2 = qotp — Gs3 ~ oy — ( e Q2> g~ Ci_f (0 — 75) — T3 (9.46)

4p 162 £
moreover, in order to avoid strong oscillations (zg — x3) ~ % and at the same time, x3 ~ %
These two conditions give the following expression
%) = go(f)
2 3 2
g~ |20+ =) 23+ —=+0| = (2.4.7)
’ ( Q% e Q!

and that is why, 2% ~ é — 0 in region Eq. (2.4.4).

2.4.2 Light Cone OPE

Considering only u quark part of the current as in Eq. (2.4.3). Propagator of free massless

quark is defined as

iSo (,0) = (O[T {u (y) @ (0)} |0) = —2— (2.4.8)

and after taking the transformation v,v.v, — —t€uapY’ V5 + ..., we get the following ex-

pression

W (P1,49) = —t€pawp / d4ywip2—(y_;m<7ro (p1) |@ (y) vPvsu (0) |0). (2.4.9)

To check out the non locality of quark-antiquark operator, expand it around y = 0. This
gives

7 () 7750.(0) = 3 7 (0) (D) 72 (0), (2.4.10)

HU
k

and the general splitting of the matrix elements of such operators is

(1o (p1) ]ﬂ§a1§a2...gak7pfy5u\0> = (—L)kpapoQ...pakppMk + (—I,)k ga1a2pa3...pakppM,; + ...
(2.4.11)
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Using Eq. (2.4.5)and Eq. (2.4.11), we get the following expression

e k—2
Q* x W (Q%, (pr — q)° ngMk é > P 3 M+ ... (2.4.12)
=2

Upon closer examination, it becomes apparent that the discrepancy between the regional
agents involved in the initial and subsequent phrases of Equation (2.4.12) lies in their level
of twist. The concept of "twist" pertains to the contrast between the dimension and spin of
a graceless and totally symmetric local operator. In the case of the operators that enter into
Eq. (2.4.11), their lowest level of twist is two. This is due to the fact that the operator devoid
of derivatives has a dimension of 3 and a Lorentz spin of 1. Additionally, once the matrix
elements are considered, the components with a twist of 2 for the operators only play a role
in the initial, symmetrical, and traceless term of Eq. (2.4.11), which includes the variable
M.

In the leading order the matrix element of Eq. (2.4.9) has the following parametric form

(mo (p1) | () Y51 (0) 0)|y2=0 = —Lpﬂ%/o duexp (vup.y) ox (u, 1), (2.4.13)

where @, (u, ;1) represents the distribution amplitude of pion of twist 2 and it is normalized,
fol ¢ (u, ) du = 1. After the expansion of Eq. (2.4.13) and comparing with Eq. (2.4.8) and
Eq. (2.4.9), we get relationship of moment of ¢, (u) with the distribution amplitude of twist
2

= —L—/ duu® o (u, 1) . (2.4.14)

The behavior of the pion at large distances is encoded in the function ¢ (u, 1) multiplied by

fr. Same procedure goes for d—quark part. Therefore

W2 Q2 (- 9)?)) =

\/§fﬂ/1 dup (w,p) (2.4.15)

3 @2Q? —u(p — q)°

where ¢ = 1 — w. In the convolution form

\/_ffr

WD (Q* (p1 - @)°) = / dup (u, 1)) W (Q, (p1 — ¢)° , o)« (2.4.16)

0
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whereas at zeroth order in ay

1
WO(Q* (p —q)* u) = TR —— (2.4.17)

by utilizing the dispersion relation (2.4.1) and equating it with the outcome of the light-cone

expansion, we can derive a summation principle. This involves defining the matrix element

(mo (p1) |jﬁm|PO (pr—q)) =W*" (Q2) mp’leagu,,e(p)yqo‘pf, (2.4.18)
V2L, Q) [ dImW(Q%s) V2 [ dup, (u)
ds* = . A
m?)—(pl_Q)Jr/sS 88—(p1—q)2 3 /o uQ2 — u (p1 — q)? (24.19)

Eq. (2.4.16) can be represented as

1 00 I W(tw2) 2
W @) - [
T Jo s —(p1—q)
where ImW (2 (Q?, s) is defined as
2f= '
Im 1y (w2) (Q*5) = \/;f / dupy (u) 0 (0@ — us) . (2.4.21)
0
By invoking duality approximation
0o 17 197 27 0o I 2 2 uf
/ dSTI' m (Q 82) :/ dS mW (Q 78)2 — \/_fﬂ/ - du’(pﬂ (u) 5 (2422)
5 s—(1—q) 5 s—(m—q 3 Jo uQ?—u(p—q)
with uff = ( p(ﬁ?z)- Performing the Borel transformation we get the form factor
o
f /1 du aQ® | my
W (Q*) =25 | —x - — . 2.4.2
(Q%) 37, ). —en (u,p)exp | —— 5 + % (2.4.23)
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2.4.3 Light Front QCD Sum Rules: An Overview

The goal of this section is to determine form factors for the Radiative B—meson transitions

B — V'v, where V' denotes the vector meson. The correlation function is

L / dx exp (LQ-x) < |T {5 quq ( )6(0) Y58 (0)} |UCLC> = Le,w/pJE*(a)qupUT (p + 9)2 .
(2.4.24)
By expressing the relation in (p + q)2, it is possible to isolate the impact of the B—meson,

which manifests as the singularity contribution within the invariant function V' ((p + q)2)7

ie.,
m? 2F1 (0
V((p+a)) = 20 — O (2.4.25)
My +mgmp — (p+q)
B—meson decay constant can be defined as
(vacl&y,7s01 B (p)) = tpufs, (2.4.26)

where mpg, my, m, represents the mass of B—meson, light meson and quark mass. After the

perturbative expansion of propagator

dk Qv '
/dx exp (qu)/ 2y exp (—ikx) —]€2<V p, ) [T {&(x) o (muy + K) 1958 ( )}(\;ZC;,?)

the light cone meson wave function is defined by the above matrix element as

1
(vacl|€ (0) 0wl (2) |V (p,a)) =1 (el(f‘)py — e(ya)pu) f&/o exp (—wupx) ¢ (u, ,uQ) . (2.4.28)

Similarly

ey

(0[€ (0) 7€ () [V (p, ) = Puy Ty /O duexp (—wupz) ¢y (u, p1*) +

o(@) !
( (@) —p, x) fvmv/ du exp (—wupz) g, (u, 1% , (2.4.29)
(px) 0
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_ 1
<0‘€(O> 755 (Z') ’V/ (pa Oé)) = T].E,uupoe(a)yppxaf\/mv/o du exp (—Lupx) g(t) (u7 /j,2> /

(2.4.30)

The dominant contributions to the fraction of overall momentum carried by quarks in mesons
with transverse and longitudinal polarization are described by the leading-twist distribu-
tions represented by the functions ¢, (u, u?) and o) (u, 1?), respectively. By combining Eq.
(2.4.26) and Eq. (2.4.29), we get

V(lp+q)?) = / dum2 R — 5 {mbfﬁfbl (u) 4 umg freg? (u) +
0 b Kk—ul+q)
1 o 1t m? — u*m? a
ZmeKgi)} + 1/ Ay fiegt (). (24.31)
0 (mj+aumi —u(p+q))

After applying the Borel transformation, we get

2 m2,—m?2 1 = 2 2
oo (oy)e T / e [% (% + miﬂ ’ [50 - “m%] {m"
0

mp + My U
v m? — u?m? + ut
fred (u,u2 = t) + umeKgi) (u,/ﬂ = t) 4+ b 4utK
mic ficg™” (u,1* = 1) } (2.4.32)

where the vector meson wave functions play a crucial role in this sum rule as they provide
important information about the dynamics at large distances. These wave functions contain

complex information about how the vector mesons behave over long distances [39].

2.4.4 Difference between QCD sum rules and LC sum rules

QCD sum rules and LC sum rules are two different approaches to analyze the properties of
hadrons in QCD, which is known as the “theory of strong interactions”. QCD sum rules are a
non-perturbative method for studying hadron properties, such as masses and decay constants,
based on the Operator product expansion (OPE) and the assumption of quark-hadron duality.
QCD sum rules use correlation functions of Hadronic currents, which can be related to

perturbative and non-perturbative contributions. The OPE is used to separate perturbative
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contributions from non-perturbative ones, which are then modeled using Hadronic spectral
functions. This allows for the extraction of hadron properties from the spectral functions
using sum rules.

LC sum rules, on the other hand, are based on the light-cone quantization of QCD. They
use a different framework to study hadron properties, specifically those related to the hadrons
light-cone wave function. LC sum rules are based on the Operator product expansion in the
light-cone limit, where one of the light-cone coordinates becomes large. This expansion is
used to separate the perturbative and non-perturbative contributions to the hadrons light-
cone wave function.

In summary, QCD sum rules and LC sum rules are different methods for studying hadron
properties in QCD. QCD sum rules are based on the OPE and the assumption of quark-
hadron duality, while LC sum rules use light-cone quantization of QCD. Both methods have
their advantages and limitations, and can provide complementary insights into the non-

perturbative structure of hadrons.

2.5 Form Factors

Matrix elements for the operator (’)gg can be described in terms of the form factors in
B — SITl™ interaction whereas these form factors are the function of the squared exchange
momentum ¢2. Here we discuss them in the context of the scalar meson which is the topic

of this dissertation.

2.5.1 Calculation of form factors by using LCSR approach

Form factors are the Hadronic entities that gives us information about the internal structure

of partons. Hadronic matrix elements are defined in terms of form factors as

(S (p1) |qruvsb| B (01 + @) = =i [f+ (%) pp + f- (0)* qu] . (2.5.1)
1

p——— [(2291 +a), 4" — qu (M — mi)} fr(¢?) .

(2.5.2)

(S (1) |qo759"0| B (p1 + q)) = —
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Distribution amplitudes that are the crucial for the derivation of form factors for the B—meson

transition are:

(S (00) s (2) 01010) = 7 [ expli (v + 120 (259

<o+ (05 ) = ot E )|

bs (y, 1) = fs (1) 6y (1 — [ Z o (0) GE2 (2y — 1)] (2.5.4)
Gm=1
5 (y, 1) = L+ Y agm (1) Gép 2y —1) (25.5)
Gm=1

o7 (y, 1) = fs () 6y (1 —y

Gm=1

L+ Y bem (1) Gip (2y —1)] (2.5.6)

where ¢ (y, i) is a function of twist 2, ¢ (y, u) and ¢7 (y, u) are functions of twist 3. Due
to conservation of G-parity in SU(3) limit ¢ (y, u) and ¢° (y, p), ¢7 (y, 1) are symmetric
and anti-symmetric that can be tested by replacing u — 1 — u. Normalization of these

distribution amplitudes can be written as

Adwwmzﬁ, (25.7)

1 1 _
/dwy%mzfdwy%mzﬁ, (2.5.8)
0 0

where fg denotes vector current decay constant and fg denotes scalar density decay constant.

In terms of Hadronic matrix elements they can be defined as

(S (1) |@27.010) = p,,fs, (2.5.9)

(S (1) |22010) = ms fs, (2.5.10)

both densities can be related to each other through equation of motion

fs = nsfs, (2.5.11)
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B () =yt = , (2.5.12)

where Eq. (2.5.12) has been solved by using normalization conditions given in Eq. (2.5.7) and
2.5.8. In Eq. (2.5.3, 2.5.4, 2.5.5, 2.5.6) where gg,, denotes Gegenbauer moments and G?é/;
denotes the Gegenbauer polynomials. As gy term is either zero or small of order of difference
of down and up quark masses or difference of strange and down quark masses or mass of up
quark, so are other even Gegenbaur moments. As we know that ug >> 1, and Gegenbauer
coefficients are suppressed, so that odd Gegenabuer moments results in the domination of
LCDA of scalar mesons. Whereas, for the m and p mesons the odd Gegenbauer moments
disappear [40, 41].

When the three-particle participation are avoided, with the help of equation of motion

twist 3 two particle distribution amplitudes can be determined, that leads to

(92 ()) |

(1=2y) o5 (y) = ~—¢ (2.5.13)

Asymptotic form of distribution amplitudes is
0% (y) = s, (2.5.14)
0% (y) = fs6y (1 —y). (2.5.15)

The pseudo-scalar meson’s distribution amplitudes also have the same asymptotic form.
Therefore, to derive form factors, we first of all define a correlation function as the cur-
rents sandwiched between a vacuum and final scalar meson state. This can be expressed

mathematically as

Table 2.5.1: At the scale of p = 1 GeV twist-2 distribution amplitude’s decay constant and
Gegenbauer moments.

| State | f(MeV) | a1 \ g3 |
ao[1450] | 460+50 | —0.58 £0.12 | —0.49 £ 0.15
K}[1430] | 445 +£50 | —0.57 £0.13 | —0.42 £ 0.22
fo[1500] | 490 £50 | —0.48 £0.11 | —0.37 +0.20
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Table 2.5.2: At the scale of yu =1 GeV twist-3 distribution amplitude’s decay constant and
Gegenbauer moments.

’ State \ ar(x107%) \ as \ ay \ bi1(x107%) \ b \ by ‘
ag 0 —0.33 ~ —0.18 | —0.11 ~ 0.39 0 0 ~ 0.058 0.070 ~ 0.20
K 1.8 ~4.2 | —0.33 ~ —0.025 — 3.7~15.5 0~ 0.15 —
fo 0 —0.33 ~ —0.18 0.28 ~ 0.79 0 —0.15 ~ —0.088 | 0.044 ~ 0.16

I, (p1,q) = —/d4yeXp (¢qy) (S (1) IT {2 () , 51 (0)} |0), (2.5.16)

I, (p1,q) = —/d4yexp (iq.y) (S (p1) [T { % (y) vu5b (v) ,0(0) ivsq1 (0)} 0),  (2.5.17)

where the currents ji, (y) and j; (0) are defined as @ (v) V.50 (v),01 (0) ty5¢1 (0) . o (v)
represents weak transition of b to go and j; (0) represents B,, channel. For interpolating

current, vacuum to meson matrix element has the following form

/B

B bivsql0) = m%—r2— .
(B (p1 + q) |bivsq|0) mme+mq

(2.5.18)

By using Unitarity relation or in easy words, inserting all intermediate and continuum states

we get

I, (p1,q) = — / d'yexp (iq.y) Y / (Zﬂi4iexlg[:i;2;€z'y] (S (p) @2 (0) 7150 (0) | A)

(A[b(0) 51 (0) ]0), (2.5.19)
= e[ ’j S IS 00 02 (0,050 (0) ) AT (0) 2501 (0) )
- f o ’“ P15 91) I (0) 3350 ) WD 0) 7501 0)0),

- (S (p1) |32 (0) 7,750 (0) | B (p1 + @) (B (p1 + q) [b(0) i51 (0) |0)
(pl + Q> —my

S (p1) 1@ (0) 7,50 (0) |1 (p1 + q))(h (1 + q) 1b(0) i5q1 (0) |0)
i Z m3 — (p1 + q)° ‘

(2.5.20)
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Now, using definitions of the matrix elements given in Eq. (2.5.1) and Eq. (2.5.2), we have

I, (p1,9) = — (;1 +q)2m7:lif;q (=) [f+ (&) + = (%) @) + -, (2.5.21)
M (py.q) — m% 5 DNl (2 * pi (@) pl + - (¢%) U g,
N(paQ) (mb+mq)(m23—(p—|—q)2) [f+(q)pu+f (Q)C]u}‘l'/sg S_(p1+q)2 S
(2.5.22)

The Correlation function can also be calculated if we insert a free quark propagator. Now
calculating to the primary order of strong coupling constant «y, the correlation function by

inserting free quark propagator and contracting b field

I, (p1,q) = — / d*yexp (iq.y) (S (p1)

T{G (y) vu¥5iSe (y) ivsq (0)}‘0). (2.5.23)

By transforming the above expression into k—space and inserting the value of free quark

propagator, we get the following expression

o= fonf &2

O)M,
—/d4y/ (;l:; expi{(q—k).y} ﬁ [mb<5(p1)

i O]

~ [ty [ e (a0} o S o

— k9, (S (p1)|@2 (¥) @1 (0) [0) + ik"my(S (p1)

G (Y) Vuvs (K4 mp) s

e 0. exp (<ik) s |l ()

(2.5.24)

32(¥)7uq1(0)[0) — E”(S(p1)|22(y)

@ () 7 (0)|0)

5 ) O]
== [ty [ S e tia- 0 s sl [ avespitunin) o, ) = b

! 1
/ duexp (tupy.y) 5 (u) — ik"ms (p“XV pVXM)/ du exp (itup1.y) ¢7 (u) 6}’
0 0

1 1

1 1
1 S
= —myp du ¢su+ms/ du (q + up o; (u
b ﬂ/o mQ— <q+up1)2 ( ) 0 ( 1)u mg_ (q+up1)2 ( )
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0 ) ! (q+up)”  ¢7 (u)
+m, | ph=—— — 3—) / du s/ 2.5.25
(p“ dq” b 9" ) Jo  mE—(q+ up1)2 6 ( )

Solving the last term of the above expression we get

0 o) ! oo Lo 4
my <pla_y _pi_) / dU 2<q + Upl) . ¢s (U) — mspl:b/ du¢s (U’) |: 5 2+
Jq 99" ) Jo  mi—(qg+up)” 6 0 6 [mg —(g+up)

2 (q + upr)” } —mspi/l du¢g (u)
0

(m} = (p1+q)°) 0
( 9 2(q +upr),, (g +up1)”
mi—(a+ )’ [mi— (g4 up)’]’

1
= msp,, / dug? (u) (g 1 an) {24—
b

mp — u?pt + qi] N /1 W (u)
2 _ 6
my — (q + up) 0

! [1_ my — uw'pi + ¢°

m? — (q+ up1)2 m? — (q+ up1)2
(2.5.26)

So by putting Eq. (2.5.26) in Eq. (2.5.25), we get

mi — u*p? + ¢*

)

1 ! 1 s 1 o
Ry i () s (u) + Tmad] (u) |2+
b

Q+Up1)2 6

1 2 _ 2.9 2
1 ms? (u my, —upy +
+qu/ du—; 5 % msl (u) + o (u) 1- =2 h q2
o mi—(q+up) 6u m; — (¢ + upr)

3

(2.5.27)

the imaginary part of the correlation function has the following form

! 1 ! ds
duP (u = duP (u) | ———=6 (m? — upr)* P1+q)2
[ ) = [P ) [ k(0w v

q+ up: P +q)
(2.5.28)

! ds
= duP u)/—5 mi — us + uip? — uq”) ,
/0 ( 5 — (p1 + q)2 ( b 1 )

m2 — (¢ + up1)2

}
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! 1 ! 1
/0 P (1) g = /u duP (u) —— (2.5.29)

Where the positive solution of the equation

my —usg +u (1 —u)p® —ug* = 0, (2.5.30)

mz—u(so—pQ—qQ)—u2p2—q2=0,

1
- (30 —p* - CIQ) + \/(50 —pi—¢%) +4p* (mj — 92)2—132 = Up-
1
my +uipi — ugt (2.5.31)

u

Now solving another term

' 1 ! 1 ds 1
duP (u) — = [ duP(u) - plm— —
0 [mg — (¢ + up1) ] 0 T) s—(pm+q) (mj — us + uupi — ug?)
(2.5.32)

! 1 d 1d 1
:/ duP(u)—/—SQ——Im i S
0 T) s—(p+q)uds (mj — us + uupi — ug?)

! 1 d d
:/ duP(u)—/—S—5 (m — us + uap? — uq’),

0 u 3_(p1+Q)2dS
/ld P()l 1 5( 2 + — 2 72)|s:50_’_
= uP (u) ———————0 (m; — us + uup; — uq
0 us—(p+q)P 1
ds 2 9 92
226(mb us + ulp; — uq°)
—(p +9)°]

gyl : g
_P(O)UQSO—(p1+Q)230_(1_2u)p%_q2+/“0 [s—((pl-FQ)Q}

1 1 o 1 1 P
= P (up) — 2.9 U22 2+/ du—2 ) 2727
UOSO—(p1+Q) mb+u0p1_q uo U [S—(pl—i-Q) }

1 1 | P
= P(Uo) 3 3 3 9 B +/ dU—2 (U) 92 (2533)
so — (p1 +¢q)" My +ugpt — ¢ wp U [5—(p1—|—q) ]

27

S
le —_

Finally, we get
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2 2 1
my fefi (q) / 1 1 { 1
= du————— | mpos (1) + mg § uds (u) + =¢7 (u)
(my+mg) [mh = (i + )] Ju ws—(m+0q) 3
b 1 1
+ / du— 5—ms¢? (u) (mp — u’p} + ¢°)
wo W s~ (p+q)°]"6
ms 97 (uo)  mp — ugpt +¢°
4t (u0) - (2.5.34)
6 so— (p1+q)" My +ugpbt — ¢
1 1 1 o
meBf (q) _ / du= S |:¢:: (u> + ¢s (u):| . %
(mp +mg) [mE — (21 + )] Juy  us—(p1+0) 6u Guo
7 (u L 1 o
% — du_Q 2 26m5¢s (U)
so— (1 +q) w s —(p1+q)°]
(mj; — u’pt + ¢°) (2.5.35)
Now applying the Borel transformation
fild?) = ( o [ mn (sg?) "o =% 4y, (2.536)
i = (mp+my,) —F——5— mll; 5,q°) exp | —2— | ds, 5.
q v M) e, S ) exp | —

and putting i = +, fp, = fs, fi(¢®) = f+ (¢°) and exp <r]\’2—2€> is taken on other side of the

equation, we get

ey (3] = [t (PR (oot o
+ %qbg (u) + - 7 (u ) (m — u*p} + °) }+%¢? (uo)

, 2.5.37
o (M) m? +u3p% pE (2.5.37)

1ms

1
Here i exp{ (s —(p1+9) } Similarly for other factor (f_), we can check

mfsmyf- (¢*) exp (—mQB> _ / Cank exp <—m§ + uup] — ﬁqz) {m o () + & (u)
Uo u 6u

(my + my) M? uM?

1 m, R .
_ u2 M2 ngs (U) (mb +upy —¢q ) - ?st (U) exp 7z )
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Same method will be used to derive fr (¢?)

I, (p1,q) = —i/d4y<5 (p) 1T {@ () 054°b (1) .0 (0) ivsq1 (0) } |0). (2.5.39)

Again by using Unitarity relation in above expression, we get

)= =i [ e lian) 3 [ S e i) 0 (5 ) 1 0)
7505 (0) [A)(A[b (0) #7541 (0) [0),
= 12 (S (1) 122 (0) 0,u75¢"b (0) | B (p1 + q)) (B (p1 + ) [b(0) i1 (0) [0) +
(p1+¢q)° —mp

(2.5.40)

Just using the definitions of Hadronic matrix elements written in Eq. (2.5.1) and Eq. (2.5.2),

implies
2
I, (p1.q) = ! 5 5 IB [(2])1 +9q), 4" — qu (sz — mg)] fT((q2)—|—...,
—(pr+q)" M + Mg mp + My g ( |
2.5.41
2
my B 1 [ 2 2 2 } 2
= 2 — — 2.5.42
my + mgmp + ms (P10, 9 (mp =) | fr () + ( )

Correlation function can also be derived by inserting free quark propagator in the Eq. (2.5.34)

I, (p1,q) = —i / d*yexp (iq.y) / (;lﬂl;z; exp (—ik.y) ﬁ(S (p1) 1@ (y) 059" (K + my)

501 (0) 10), (2.5.43)

= —4 / d*yexp {i(q — k) .y} ﬁ [mb<s (p1) |3 (¥) o q”q1 (0) [0)
= K0S (1) 12 0) 2 (0)0)
= —i / d*yexp {i (¢ — k) .y} ﬁ [q”mb<5 (P1) %2 (y) 0,0¢1 (0) [0) — K q"igu,{S (p1) |

@ (y) 701 (0) [0) + £7q"ig,,(S (p1) 1@ (¥) 7@ (0) [0) — kPq” €pr (S (p1) 1@ (¥) ¥-q1 (0) [0) |-
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In deriving Eq. (2.5.35) following relation is used

Y = 1 (Gup Vi = Gup V) + €uvpry Vs (2.5.44)
with €g123 = 1. Now
1
w(p1,q) = —Z/d4 / 7 O {ila=k) v} ——3 {q my, (—ms) (PpXv — PoXy) /O du
(exp (iup.y)) %‘T() —i(k.q) pi/o duexp (iupy.y) ¢ () + ik,q"p, /01 du
exp (tup1.y) s (u), (2.5.45)

1 1 1
= /0 dum2 P up1)2 b5 (u) [(Pl-Q) (upy + Q)u — (up1 +q) qpu] +

0 0 /1 1 ¢7 (v)

v 1 1 s
mymsq” | p — du ,
' ( " 0q” ) o mi—(q+up)’ 6

[\

G
0 0 ! 1 97 (y)
G = mymsq” | p 1—) du s J2 2.5.46
b q <puaql, 0 mg _ (q + up1)2 6 ( )
= mbmsq”pi/ du¢séy) 4+ up), 52— MW (q.pl)/ du—(bSG(y)
0 [mg — (q 4 up1)”] 0
2(q +up1),
[ ((q + upy)]
2q (q + L —2(p. +
— mbms/ du¢ ) 24(a+ up)) Cal q>2<z upl)”,
o6 [m — (g + up1)’]
1
G mbms/ du¢ (S(y) -~ [2q2pi — 2p1.qq,) - (2.5.47)
0 [m? — (¢ +up1)’]

Finally combining all terms, we get

fﬂﬂ:mlﬁﬁﬁ f 2{¢@w T ()

— (g +up1)’]

q* 1du 1 N -
| A A o ey LG
MM o (., p1-q

3 [m — (¢ +upr)’]’
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! 1 mym
_(_ 1 2 _ TTeplies
= (—p,-q +qup1-q)/0 du ErEp— {¢s (u) - ——

_-d - ! 1
-5 [ o= =] [
oy, 1
my fefr(q°) -1 ld 1 s,
(my, +my) (mQB — (1 + Q)2) (mp +my) -2 /0 ! [mg — (g + upl)Q} 9 (1) 3 ° (u)
1
[m2 — (q+ up1)’] } (2548)
w3, fofr () L 1 Ly
(my + my) (mQB — (i —l—q)2) (mp + ms) = /uo uu (s ~ +q)2)¢s (u) +mbm56 /uo u
: 7 () + g () ———
oo ar) e ) )
1
(mf + ugpt — ¢%) 2549
Now applying the Borel transformation, we get
m% fefr (¢%) -m%\ -1 (' 1 —m? + uup? — uq?
(my + mg) (mp +my) ¥ ( M ) 2 / i P ( uM? >
[ (1) = S50 ()| + 5267 (o) exp (=75
. (2.5.50)

(mp +ugpi — %)

Finally, the relation between f, and fr can be obtained by comparing Eq. (2.5.34) and Eq.
(2.5.50), i.e.,

2m fi fr (%) exp (“mb/m2) _ mfy (¢2) fzexp (-mh/ae)
(mp +mg) (mp +my) (s & my) : (2.5.51)
2l (@) _ ¢ ). 0552

(mp + my)
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Similarly comparing Eq. (2.5.35) and Eq. (2.5.50), we get f_ (¢*) = 0. So sum rules for the
form factors f; (¢%), f- (¢*) and fr (¢*) have been achieved.



Chapter 3

Introduction

In this chapter, we will derive the amplitude and calculate the numerical value by using QCD
light cone sum rules for the B-meson decays involving both leptons and hadrons. B —
Sit1~, where [ denotes lepton (I = e, u,7) and S denotes scalar mesons, respectively. We
define the approximate range of squared momentum transfer, ¢, within which the Operator
product expansion (OPE) for correlators remains valid. Within the effective range, we analyze
the behaviors of form factors and differential decay widths. Due to the increasing number
of experimentally discovered scalar meson states, significant efforts have been dedicated to
investigate their inner structures and classification. Regarding the classification of scalar
meson states, there are two well defined scenarios presented from the experimental data.
In scenario 1, two scalar nonets are formed by two-quark bound states. One contains the
lowest lying scalar states, such as the isoscalars, isodoublets and isovector. The other nonet
comprises the corresponding first excited states, such as the isoscalars, isodoublets , and
isovector. In scenario 2, the scalar states below 1 GeV are considered members of a four-quark
nonet, whereas f(1370), fo(1500), ap(1450), and K;(1430) are considered the lowest lying two-
quark resonances, and are arranged into another nonet with their corresponding first excited
states between 2.0 and 2.3 GeV. These two scenarios are intriguing because they provide us
grounds for the study of scalar meson decays [42]. Impact of NP on observables would be
discussed in this chapter. We will derive the precise mathematical formulas for the amplitudes
using the Wilson coefficients and Hadronic form factors obtained through the application

of the LCSR formalism and they are in good match with other models. Configuration of

64
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kinematic variables and the adopted convention for polarization for B—decay channel would
be highlighted. Numerical analysis would be presented with taking into account effects of

New Physics.

3.1 Effective Hamiltonian

The generic structure of weak effective Hamiltonian is

Moy = % > VeruC (1) O (), (3.1.1)

where G represents the Fermi coupling constant, O;(u) represents to 4 quark propagator
and C;(u) are the Wilson coefficients. Amplitudes are written for an interaction of X; and

X5 as following [43]

M(X1 = Xy) = (X1 Hepr| Xa),

Gr n i
=5 > VitieanCn (1) (X1]0° (1) | Xa).
The explicit form of operators can be written as

O = (EubV)V—A (EVCN)V*A’
0? = (@)y_4 (5¢)y 4,

O = (Eb)va Z @q)VfA )
qa=f
O' = (5b)y 4 Y @)y 4
q=f
O = ((50))v—a Y _((70)v+a,
q=f

O° = ((5,b,))v_a Z((@/qu))wrm

q=f
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3 _
O® = 2 (sub'/)V—A Z ((]qu)V-s-A?
=f
3 _
0" = 2 (5b)v_a Z A
q=f
3
o ESbVAzeq a9)y_a>
q=f
3
0" = 2(5u V- AZ D)y 4
q=f

€ = «
0" = g2 Sk A (1+79°) buFpu,
g = « a
0% = @mbsua d (1 + )T b,Gop,
O = (3b),,_, (11),,,0" = (3b),,_, (1),
O = (8b)y_, (v7)y_y, O = (30),,_, (1), (3.1.2)

We can also include the chirality flipped and the scalar type new operators as

O = émb (5005 PRb) I*P, 07 = g%mb (503 PLb) I,

0® = émb (50051 Prb) G*P* O = gmb (5005T"PLb) G*P2,

O = 5 (P (11 O = 5 (52, Pib) (i)

O = 2—2 (59, Prb) (" ysp) , O' = ;—Z (579, Prb) (i7" ys11) ,

0% = lg;mb (5Pgb) () , 0% = 1672erb (8Pb) (1p) 4

0" =~y (sPab) (15) . O =~y (sPL) ) (1.3

where Pp p = 13”5 and my,, represents running mass in M S scheme.
As we are dealing with the b — s meson decays with hadrons in the final state, so our
required operators are O™, 0% O and the last two mentioned in Eq. (3.1.2). For b — u

the effective Hamiltonian has following form

G _
Hegs = 75 Vol (L= 3) b7 (1 = 75)
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Semi-leptonic decays B — SIT1~ in the Standard Model are induced by the following effective

Hamiltonian
G OZV*VS . 2m Oeff m
Hepr = % Cs 5y, (1 — 75) byl + Crod,, (1 — 75) by sl — b;—g(b)

510,,q" (14 75) bl_’y“l] , (3.1.4)

where Cabibbo-Kobayashi-Maskawa matrix element is represented by V;;, and Cf 11 rep-
resents the Wilson coefficients. C%¢/f and C7¢// are represented by

CTe () = CT () + C*7*7 () (3.1.5)

(3.1.6)

CQ,eff:09< )_'_Ypert( )+YLD( )’

where C*7*7 (u) results from the following interaction b — sc¢ — sy. Y?P! (s') and YL (&)

represents the short and long distance contributions due to four quark propagators [44]

(1,8) C — gh (', 5/) Cy — gh(z’,s/) s — %h (+/,/) Cy — %h(o, §) Cy—

YPrt(s'y = h(Z,s) — =h
(3.1.7)

2 2 2 2
h (0, S/) 04 + 503 + §C4 + 505 + 5067

_4z

moreover, for y =

4 V 1
h(z’,s'):—glnz +%—|—9y—§(2+y)| |/2{1 |\/_jL | — LW}, (3.1.8)
andfory—4z >1
4 N 1
h(z/,s’):—Slnz+2§7+9y—§(2+y)|1 y|? {Qarctan y—l}’ (3.1.9)
8§ 8 4 4
h(0,s") = 2—7—§1n%—§1n3 —|—§L7T (3.1.10)

I = q—22 Wilson coefficients values in Standard model are written in the
b
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Table 3.1. The long-distance part is given as

T(V; = 1Tl
YEP (2 8) = 3—7TC’(0) Z oy Ve (V: = ) (3.1.11)

2 2 )
m4 — s'ms — imy Ly,
Vicw, Wi b vilvi

=

Table 3.1.1: Wilson Coefficients values in SN

101\02\03 04‘05‘06‘07 09\010‘

| 1.119 | —0.270 | 0.013 | —0.027 | 0.009 | —0.033 | —0.322 | 4.344 | —4.669 |

Moreover,
2
CO7%7 (1) = 1, 577“/23 (G () — 0.1687) — 0.03C (1) | (3.1.12)
2 2112

y(y”—5dy —2 3y“In"y
Gi(y) = ( 3 ) I (3.1.13)

8(y—1) 4(y—1)

O():3(Cl+03+05)+1(02+04+06),
where 1 = a;(”(l;;’), = m—j Short distance physics is encoded in Wilson coefficients and
s mW

any new physics effects would be included in these coefficients. In the definition of operators

O;>7, a factor

1672
92

is taken that allows a plain organization of expansion of the corresponding

Wilson coeflicients in the perturbation theory. As C7g9 always appear in the form of other

Wilson coefficients so it would be more convenient to define effective Wilsonian coefficients

as [45]

. 4T 1 4 20 80

C7ff = a—807 — 503 - §C4 - 305 - 3067 (3114)
4 1 1

Cgff = —ﬂ-Cg —|— Cg - _C4 + 2005 - _0077 (3115)
Qs 6 3
4

celt = a_ﬂcg +Y (4%, (3.1.16)
4

celt = _WClO’ (3.1.17)
«

s

e 47
0;,8{5{10 = a_C§,8,9,10> (3.1.18)

s
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3.2 Kinematics

Decay B — SiTl can be prescribed the name as quasi-two body decay with B — SJ.yy,
whereas J.r¢ denotes the di-leptons. Now defining the momenta of each particle in rest frame

of B—meson that is parent particle

P1 = P2t P3+ Pa, (3.2.1)

where p; denotes the 4-momentum of B—meson, whereas ps, p3, p4 denotes the corresponding

momentum of final state scalar meson, electron and positron. Writing

P1— P2 =p3+Pa, (3.2.2)

where
p1 = (mp,0,0,0), (3.2.3)
Pr—D2=ps+pa=¢q =5, (3.2.4)

with ¢ defining the exchanged momenta or the momenta of di-leptons, and mpg is the mass

of B—mesons. By definition of Mandelstam variable

t=(ps+p1)°, (3.2.5)

= p3 + pi + 2p3.pa

t =m?2+m? + 2ps.p4, (3.2.6)
t — 2m?
Papr=—pg— (3.2.7)
Similarly
(p1 = p2)* = (ps + pa)* =, (3.2.8)

t = pi+ ps — 2p1.pa,

my+mE—t
prps=—2—— 5 5. (3.2.9)
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Defining s—Mandelstam variable

or

b1 — q = P2,

squaring both sides

ps = pi+q* —2pi.q,

m?g = mQB + s — 2p1.q,

2 2
mip+s—m
p1-q:BfS,

while s/2 = p3.q and p4.q = P+/s . Now defining last Mandelstam variable u as

U= (p2 +p3)27

= p5 + 3 + 2pa.p3,

u = m% + mg + 2ps.p3,

2 2
U —mg—m

P2.p3 = 5 <

The different scalar products can be found as

P2-ps = D2. (D1 — D2 — D3)

=Dp1-p2 — P% — D2.P3,

_ omp+mg —t y  U—

my+mi—t—u
5 :

D2.Pg =

p.g = (p1+p2) (p1 — p2),

70

(3.2.10)

(3.2.11)

(3.2.12)

(3.2.13)

(3.2.14)

(3.2.15)
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= p; — ps,

p.q=my —ms. (3.2.16)

So any combination of momentum can be evaluated with the help of Mandelstam variables,

ie.,

2

t=(ps+pa)”, (3.2.17)
s=(p1— p2)2 ’ (3.2.18)
u=(py+p3)°, (3.2.19)
s+t4u=m?+mi+mi+mi (3.2.20)

Following visual is the rest frame of di-leptons where [T can be seen making an angle 0

withz—axis.

Figure 3.2.1: Kinematics of B-decay channel [46].
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3.3 Amplitude calculation within Standard model

Effective Hamiltonian responsible for b — s transition has the following structure

G B
—FVubﬁ%(l — v5)blv* (1 — v5)vy + h.c., (3.3.1)

Hepr = NG

where [ stands for electron, muon, and tau. V,,;, stands for the CKM matrix element. Similarly

for FCNC transition b — s, Hamiltonian has the following representation

Hepr = igv;bvg; Ce (1) (57, (1 = 45) b) (I9*1) + Cio (57, (1 = 75))b) (Il —
ma O B
%2('“) (50, ((1 4+ 5))q"b) (lv“l) +h.c., (3.3.2)
VunViis

as |724| < 0.02 so the term proportional to V,,V;: is neglected. Wilson coefficients expres-

Vin Vi

sions are given in the Appendix. As it is well known that

M(b — SZZ) = <S"Heff’B>,

<SI\/—thVtZ C (1) 37 (1 = 75) b (1) + Cro37 (1 = 75) b (I35l —
2m O () _ vy (7
TSUW (1 —75)¢"b (l'y“l) |B), (3.3.3)
G . _ - _ -
fvtbvt:{wwcgff (1) 57, Lb] [I9#1] + Cho [5, L] [Iy"ysl] — (3.3.4)
2mbC;ff (,U,) = v 7,
— 7 Sto,,q" R] [In*1] |B) ¢, (3.3.5)

where Cg,and Cg, are zero in the expression of effective Hamiltonian. Now

s 3.3.6

S mQB , S q, ( )

07— Gy — o= o (3.3.7)
I KT(V; — It )my,

il _ ¢ v R ST i \Vi 3.3.8

Y 9 (M) + (U, S) + o2 (M) Z m%/l — §m23 — LmViFViv ( )

Vimth(Ls)...t)(65)
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where the long distance effects due to cc resonance are encoded in C;f 7 and short distance
contributions too. While intermediate states are represented by the last term in above
expression of ng 7. One loop contribution of 4-quark operators represented by the Y (u, §)
and its explicit expression can be found in [47]. By using following definitions of Hadronic

transition probabilities, amplitude can be found in terms of Hadronic entities that are form

factors so

(S (p) 157,750 B (p+ @) = —¢ [f+ (6%) pu + f- (%) 4], (3.3.9)
(S (p) 130,w75q"b| B (p + q)) = p—— [(Qp +4q), ¢ — qu (m} — m%)] fr(¢?). (3.3.10)

These can also be written as
(S (p) 187, LbIB (p+ q)) = [+ (%) pu + f- (%) qs (3.3.11)
(S (p) 150w Lg"b|B (p+ q)) = ¢ {pua® — qu (Mm% — M%) } %, (3.3.12)

m2 — m2

(S (p)|5b1B (p+q)) = HfT (¢%) - (3.3.13)

By using these definitions, we get the following form of amplitude

. _q _ _ _
M(B — SIl) = Tg:wbv;; (T} [yd]] + T2 [Prsl] + T2 1]} (3.3.14)

where T}, T7 and T* are the auxiliary functions defined as

4emy,

Th = o (G5 = O F () pu+ —— o (57 = ) 3.3.15
p =t Cg 9 f+(q)p“+m3+ms 7 7 ; ( )
L

T2 = 1(Cro— Cho) {f+ (*) pu + f- () @} — (Co, —Ch,)  (3.3.16)

{f+ (&) pa+ - () ¢} qu,
T = 1 (Cou — Cly) —— (F+ () pa+ £ (%) 7). (33.17)

my + My

2my (my + my)

whereas C! = 0 and T° = 0 because f_ (¢?) doesn’t contribute at large recoils. Now taking

complex conjugate of Eq. (3.3.14)
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T
M(B — Sil) = {Q%O‘mbv;; {T) [Inl] +T7 [lvurst]) + 17 (1] }} : (3.3.18)
M = ‘G;j_V:”S {22 [l) + 72 [Tyel] + 7 1]} (3.3.19)

Now to calculate the mod square of amplitude

e

-G _ _ _
IM?| = ‘{ Fo‘vtbv;; [T [vul] + T2 [lyunst] + 17 [zz]]} X {

—GraVyVis

T (3.3.20)

2V/2m
(11 72 ] 7 1)}

B <—GF0ZV V*) (—GFOéVtZVts)
2/ 2 07t 2V/2r

78 (1] % 7% (1) + T [Ful] x T2 [Tysl] + T2 [Fyd] x T[]+ T2 [Tyd] x T

T [Iyd] % T2 [Pd]" + T2 [Tysl] x T2 [Pnsl]|

[Fyul] T2 [Fynsl] < 7% [0+ 73 [10] s T [Iyl] T+ T [11] % T2 [Fyl] *] ,
(3.3.21)

giving each term a name and solving one by one by using Casimir trick here for leptonic part

‘MQ‘ _ (—GFOé *—GFOC‘/;ZV;S

T T T T T
S Vv e )[MlMl+M2M2+M3M3+M1M2+M1M3+...],

(3.3.22)

MM =T [17d] x T [l (3.3.23)
=T, x T,"{Tr [(ps + ma) v (pa — ma) ¥"'1},

MoM = [l%%l} X T [lv,ﬁg)lr, (3.3.24)

=T < T {Tr [(ps + ms3) v"v5 (pa — ma) ¥75]}
MM =0, (3.3.25)
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Now solving for cross terms

MM =T [17,d] x T [Iyunsl] (3.3.26)
=T, x T {Tr [(ps +ms) v (pa — ma) 775},

MM =0, (3.3.27)

MM = T2 [Iy,50] x T [Iy0]" (3.3.28)

= T7? x T, {Tr [(ps + ms3) ¥"v5 (pa — ma) ¥},
MoMi = 0. (3.3.29)

Now summing up all the terms, we get the total amplitude square as

2 2
Gro

8

M?| = Vs Vis|* | Tt x T {Tr [(p5 + ms) v (pa — ma) "]} + T x

Ti* {Tr [(ps + ms) "5 (Pa — ma) V' 75]} + T;} X Ti* {Tr[(ps + ms) y* (Pa — ma) ¥"'75]}

F T2 T AT (s + ms) 795 (pa = ma) 11} |, (3:3.30)

3.4 Numerical analysis of form factors

Form factors are usually parameterized in single pole or double pole forms

fi(@®) = %, (3.4.1)
i (0
fi (q2) - 1-— a-q{/n;) + bigt (3'4'2>

where the kinematic region is defined as 0 < ¢ < (mBq1 — ms)Q. Here, a; and b; correspond
to intrinsic properties beyond perturbation and can be designed by changing the values of

momentum transfer that would change the values of form factors.
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Table 3.4.1: Numerical values of f;(0),a; and b; involved in calculations of B decay
channels[48].

Ll L0 | e | b ]
fH] 0977050 10.86701%
0.52 1.36 0.86
0.62+0.16 | 0.81 —0.21

f- 0.073%8;15;3 2.50i§;§ 1.827050

ST 060555 | 0.697057 -
0.34 1.64 1.72

0.26 + 0.07 0.41 —0.32

Here, the coefficients a; and b; can be calculated by the first and second derivative of

F(¢?) at ¢* = 0.

3.5 Decay rate

In the rest frame of the parent particle i.e., B—meson, the differential decay width for the

semi leptonic B — S transition can be written as

dU(B —s SI) 1 1 fumes
= d 3.5.1

where u = (ps + pl)2 and ¢* = (p3 +p4)2. The limits of integration are

2
tmae = (E% + EF)? — <\/ES2 —mZ— B - mf) , (3.5.2)

2
Unmin = (E% + Ef)? — (\/ES2 —m + \/E;*2 — m%) : (3.5.3)

where EY and E} are the energies of the scalar particle (S) and the lepton (), respectively,

in the rest frame of leptons [49]. These can be calculated as

2 2 2
o (3.5.4)

2V/¢?

Ve
B =Y. (3.5.5)
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Assembling everything, in Eq. (3.5.1), the final result will read as

AD(B — Sl) G2 |ViVis|* miya? ar )\ 1, 2r,
dq2 = ]_53671-5 1— ? QOS 1 + ? ag + 7’155 s (356)

where

s = qQ/m2B, r = mIQ/m%, rs = m%‘/mQB

@S:(l—r5)2—23(1+r5)—|—52

e @) (1 (@) - 2]

2 1+ /rs 2
I+ (QQ)

2

e (‘ cor e (P Culr(@)a o T )

65 = 6]C1o)? {[2{1 +rg} — s

)

The numerical values of various input parameters are given in Table 3.3. Using these values,

|2 (qz) I+ (q2)

+s 5

the decay rate becomes

Table 3.5.1: Numerical inputs

| Gp [ 1166 x 1072GeV > | [Vy| | 0.9991 |
my | (4.68 £0.03)GeV | ms(1GeV) 142MeV
mp, 5.279GeV mp, 142MeV
fs, | (0.19£0.02)GeV fB. (0.23 £0.02)GeV
Qem % my 174GeV
mywy 80.42GeV AQCD 225MeV
['(B — SIl) = 4.00573 x 10" "GeV. (3.5.7)

This value is well in the range of some ongoing and future B—factories. Graphically, the

profile of the decay rate with square of momentum transfer ¢? is shown in Fig. 3.5.1.
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Figure 3.5.1: Branching ratio calculated within SM

3.6 New Physics imprints in the semi leptonic B — S
decays

The exclusive processes involving quark level transitions b — sll have been measured by
several experiments, showing deviations from the SM in the branching ratios of B — K*pu™* ™
[50, 51, 52], Bs — ¢utp~ [53] and in the optimized observables of B — K*u*u~ [54, 55].
the measurements of the Lepton Flavor Universality (LFU) Rx and Rg~, which is the ratio
of the B — K®pu*u~ to B — K®ete™, in different bins of dilepton invariant mass (¢?)
provide the signatures of the NP[56, 57, 58].

To accommodate the various discrepancies, let us consider the following weak effective

Hamiltonian [59]

4 6 8
Hepr = %V}Wt’; N o+ > (o + o+ Y (G iy o+ apro) |
i=1 1=7 1=9,10
(3.6.1)
= _f/gF VaVii | (€507 + G 0L) + (Co + CYT) Oy + CP 04 + (Cio + CHiF) Oro

(3.6.2)
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+CNPO, (3.6.3)

where the different operators are defined as

e o, , e . )
Or = G2 (50,,q" Prb) F*, O} = To™ (50, PLb) F*,
gs <, a va _ gs _ a va
Og = 6.2 (50, 1" Prb) G* ,Oé = Te3"m (50, T*PLb) G,
6 7 —
Oy = T2 (57, Prb) (I4"1) , Oy = 16 — (S%pr) (I#1)
6 7 —
O = 1672 (57.PLb) (I y5l) , O = 16 — (57, Prb) (Iv"351) - (3.6.4)

Here, g, stands for the strong coupling constant and m,; represents the running mass of
b-quark in the MS technique. By using the same definitions of the matrix elements as

mentioned above we get the following expression

M = (S (p) [Hess| B (p +q)), (3.6.5)
4G le / e
— (S (p)| fF ViVt (C;’f 105+ Cle! 07) + <09f I+ cgyp) Oy + CINPOL+

(Cro+ C1y) O10 + CL7 O | 1B (p + ),

_ —Gr
2mV2

(C’gff + C’é\lfp) (57, PLb) (l’y l) + C'NP (57, Prb) (l_y“l) + (010 + C’f\([)lp) (57, PLb) (1_7“750

1] - 17 -
th‘@{(S( ekl {—L§aﬂymbPRb;} (Iy"1) + CF! {—LEUWQ”Png} (") +

+ O30 (57, Prb) (I sl)) }

= QG\P;_thVtZ{ (Céff + CéV) (S (p) |57 (1= 35) b (IV"1) |B (p + q)) + C9" (S () |570

(L+75)b (I0"1) IB(p+q)) — % SIS () |5L0,ma” (1+75) BB (p + q)) (I7"1) +
(Cro+ CR0) (S (p) 157 (1 = 5) b (Iv*450) | B (p + @) + C1o5 (S (p) |57, (1 4 75) b (Iv*51)

1B (p+ q))}- (3.6.6)
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By using the Hadronic matrix elements definitions in terms of form factors as mentioned in

previous Eq. (3.3.9) and Eq. (3.3.10)

(S (p) 157,750 B (p+ a)) = =t [f+ (&) pu + [- () 4] » (3.6.7)

and contracting above equation with g, gives

4. (S (p) 157750 B (p + 0)) = =t [f+ (¢*) puan + - () ¢*] - (3.6.8)

At large recoil, there is no contribution of f_(¢?) term so above expression reduces into the

following form

(S () 157u750| B (p + ) = —¢ [f+ (¢%) Pud] (3.6.9)

(S () 1579501 B (p+ @) = —1f+ (4%) Dus (3.6.10)

(5 (p) 507501 B (p + ) = - == [(2p +q), 4" — qu (mp — mg)] fr(¢?), (3.6.11)
giving

¢"(S (p) 50,5754"| B (p + q)) = mB_thnS [(2p +q), 4" — qu (my — mg)} fr (4, (3.6.12)

¢"(S (p) [50,u,75¢"b|B (p + q)) = [2p.a+ @) & — ¢ (mB —m3)] fr(d)-

mp+mg

This could be further reduced to

¢"(S (p) 150,,75¢"b|B (p + q)) = SZp.qu (¢%) . (3.6.13)

mp-+m

and by equation of motion

fr(d*) = —%ﬂ (), (3.6.14)
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we get
puf—‘r ( )

mp+mg

(S (p) |30,w754"0| B (p + q)) = (3.6.15)

By putting all these equations in Eq. (3.6.6), we get the following form of amplitude

G e 4 e e 7
M=~ Ffvtbv;:{ { (G5 + a7 = CF ) (@) i+ e (05 = ) pu} (i) +
(C’lo + CRE — 10%) (f+ ( )pu + fo (q2) qu) [Z_y“%l] }, (3.6.16)
G - .
= g VaVi {1V [ + T2 (1) } (3.6.17)
2 G%Oé 1 1% m . i 2/
IM|” = Vi Vi T, < T, {Tr (ps +mz) " (ps — ma) Y} + T}, ¥

Til* {Tr (ps + ms) v'v5 (Pa — ma) V751 + T,}/ X Til* {Tr (ps 4+ ma) ¥ (Pa — ma) ¥"'v5}

+ T2 ) Ty {Tr (ps +msg) Y55 (pa — ma) 7“'}] , (3.6.18)
where
/ . dvm . .
T, =t {(Cgff +Cq " — Cy ) fo (&%) pu + mBT:nS <C7ff - waf) Pu} , (3619
T,%/ = [(Clo + ClOl -C 0/5) (f (CI2) Pu + J- (qz) qu)} ) (3-6-20)

, 4 "
Tj =y [(Cgff +C§F - Cy, ) f+ (q2) Put — S (C;ff - C?/”) pu] ,  (3.6.21)

mpg -+ mg

Til* —[(Cro+C = Coh) (F4 () pu+ f- (@) au)] ™ (3.6.22)

This equation is quite involved and to solve it we used the Mathematica 12.1. In order to see

if everything is correct, by considering all the NP Wilson coefficients to be zero, the result is

[' = 4.00573 x 107 "GeV. (3.6.23)
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i.e., reproducing correctly the SM result. The Plot for above result is represented in the
Figure 3.6.1. To fit the data of different B mesons decays, the LHCb collaboration released
an unprecedented accuracy of the Branching ratios using the whole Run 1 and 2 dataset. After
performing a global Bayesian analysis of New Physics in Semi-leptonic B decays the highest
probability density intervals [HPDI] are used to calculate the values of Wilson coefficients
of weak Hamiltonian at low energies that are in great fit to the observed dataset [60] and
these are summarized in Table 3.4. By taking different values of Wilson coefficients from
the HPDI, decay widths are calculated and graphs are plotted as shown in Figure 3.6.2 and

Figure 3.6.3. While to compare results, combine plots are shown in Figure 3.6.4.

N
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li 4.x1078t AN
+
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% 2108 N
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0 2 4 6 8 10 12 14

(GeVY)

Figure 3.6.1: Branching ratio of B — SIT]~ when all WC’s are taken zero
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Table 3.6.1: Highest probability density intervals [HPDI] used to calculate the values of
Wilson coefficients of weak Hamiltonian at low energies that are in great fit to the observed

dataset [60].
| \ 95%HDPI | AIC |
cr [—1.10,1.05][-1.25, —0.72] —1.1,65
{Cor.chl {{—0.88,1.14],[—0.08,0.44]} 0.3,59
{[—1.24,-0.74],[-0.32,0.03]}
{cor. cit {[—1.22,1.41],[—2.77,1.46]}, —2.3,64
{[—1.34,—0.80], [0.04, 0.82]}
{CNF OV {[-1.12,1.34],[—0.28,0.22], —2.2,62

[—1.38, —0.79][—0.36, 0.06] }

9.p

NP ~NP (NP
1C5 5 Cio Co s

Cuory,

{[=1.10,1.40], [—0.18,0.60], [-2.66, 1.32], | —1.5, 62

[—0.40,0.05], [~0.51,0.77], [-0.43,0.19]},

[—0.33,0.47]}, {[~1.39, —0.81],

Using these constraints, the values of the decay rate is given in Table 3.5. We can see

that the results are close to the SM values leaving very small space for the NP.

Table 3.6.2: New Wilson coefficient values.

TONT [ CSPTCNP O | T(GeV)

|

0 0 0 0 4.00573x10~7
1.40 | 1.32 | 0.60 | 0.47 |3.93788x10°7
1.32 | 1.32 | 047 | 0.47 |4.00573x10°7
—1.10 | =1.10 | 0.47 | 0.46 | 4.00573x10~"7
—1.10 | —0.18 | —2.66 | —0.33 | 5.47519x10~"
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Figure 3.6.2: Differential Branching ratio calculated by taking WC values C’gf =
1.40,Cf5, = 0.60, G = 1.32, Cfif, = 0.47 .
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Figure 3.6.4: Combine graphs are plotted to compare SM and New Physics results.

3.7 Polarization Asymmetry

Another interesting parity violating observable that can be used to find the short distance
contributions dominated by top quark loops is the lepton polarization asymmetry. In recent
times, there has been a notable emphasis by Hewet about the importance of these asym-
metries [61]. In finding the expression of the lepton polarization asymmetry, we choose the
center of mass of dileptons as our reference frame. After taking into account the polarization

of the lepton, the amplitude becomes

M(B — Sll) = %thm;eﬁea {T [Ivul] + T2 [lysl] + T2 [1] (3.7.1)

G202
e VipVis|?

8

2| _ I+ 754
|M‘_ 9

Tr (s + m3) Y (Pa — ma) 'y’”} + Tlf X Tﬁ*

1 1%
TH X Tu {

L+ 758
2

1
{ +2’Y5y5{ Tr(p3+m3)7“

ﬂWﬁwmw%%—me%+UXﬁ{

1
(P4 — ma) 7“’75}+T5 xT," {%ﬁlﬂ" (P3 + m3) Y5 (Pa — ma) 7’”}] : (3.7.2)
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where T = 0. Polarization asymmetry is a very interesting observable, because it helps to
calculate the momentum, spin and other factors of the colliding particle. In the rest frame

of a lepton, the four spin vector can be defined as

CONE (0,§> - (3.7.3)

Along the longitudinal direction of polarization of lepton, the unit vector is defined as

e = % (3.7.4)

and the remaining two components that are normal and traverse to the plane are

by = D 2P (3.7.5)
|ps X pl|
éT = éN X éL. (376)

In this case, the two Mandelstam variables of the interest are s and wu, i.e.,

s=(ps +p4)27 (3.7.7)

u=(p1—pa)?— (1 —pa)°, [4m} < s < (my —my)*, —u(s) <u<u(s), (3.7.8)

w(s) = /s — (my £ m,)"]. (3.7.9)

In the dilepton frame, the variable u is related to the angle between momentum of B—meson
and [, ie.,

2 =c0s0 = u/tmay- (3.7.10)

We can calculate all the three polarization components - but here the emphasis is on longi-
tudinal polarization asymmetry, which is defined as
L (e =1) - & (enf = 1)

Pr(s) = x (éLé - 1) L (éLé — _1> : (3.7.11)
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where 5 41 denotes the right or left handed lepton in the end state and , means differ-
ential decay rate of B—meson. In SM, these symmetries arises due to interference of vector
or magnetic moment and axial vector operators. The expression of the longitudinal lepton

polarization asymmetry (Pp) is found to be

2 (1 — 4"

I o002 (49)].
i (3.7.12)

PL (8/) =

2
As the kinematic variable has the form s = (1 - ﬂ) and Umez = VB

2
¢ where \
mp t

is called Kallen function:

Ap = mpy +me + 2 — 2mErm% — 2mit — 2mit, (3.7.13)

and tee = (%)2 and t,,;, = 4m?. Writing

U = Umaz?, (3.7.14)

du = Upazdz,

Finally
dl(B — SlI) 1 1 Umaz
= d 3.7.15
dq2 (271')3 32mB /umm |M’ Uu, ( )
S /+1 IM|*d (3.7.16)
= Umaz 2, 7.
(27r)3 32mp J 4

by using the Mathematica version 12.1, we plot the Pr(s") that is given in Eq. (3.7.12) and
the plot is shown in Fig. 3.7.1. This result is calculated in SM, where Pp(s’) of dileptons is
around —0.92 for 2 < ¢? < 14. Even if m; = 0, then still we get non-zero value of polarization

mgs

2
asymmetry at § = < - m—B> . Away from the end points, we till have Pp(s") = —0.92. Now

taking into account new Wilson coefficient values we get

Gr

M _
22

Y Vienes {T1 BRI RS w}} (3.7.17)
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G2a? L1+
|M2‘ = gﬂ' |‘/tb‘/ts|2 Tl} X Tl} {%TT (p;g + m3> ’)/M (p4 — m4) "}//'L/} +
L1t )1+
Ti X Ti { 275$T7’ (pg + m3) ’7“’)’5 (]ﬂ4 — m4) ’}/“/”}/5} + Tj X Ti { 2’75)8{

1+ ¢
2

Tr (p3 +m3) ¥ (pa — ma) 7“175}+T3 X T/}* { Tr (p3 + ms3) ¥ 75 (Pa — ma) 7‘”}] .

(3.7.18)

By putting above amplitude into Eq. (3.7.16) and doing the standard way of calculation

we have
dU (B — Sll) G2 |[VyVis|* m3a? ar )\, 2,
where

7093} \ E
o | B

-0.95r

1
o
[{e]
[s>)
T
—
1

Py (Bo—K*0(1430)+ ™ +17)
-

-0.97 N /

-0.98 .

¢(GeV?)

Figure 3.7.1: Longitudinal Polarization asymmetry in Standard Model
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2 C 2\ |2 2
s = Qs (CS”+C§’P+C’]\/P> f+£q ) _9 17_{T\£(7Ja_; 1 ‘(Cm +Oif\6/]3+0{\(f)P) f+éq ) 7
(3.7.20)
2\ |2
55 =6 ‘ (Clo + C:{\élp + C%P) |2 {(2 {1 + 7’5} - S)} w + (1 - 7’5) Re f+ (q2) f_ (q2)

_ [+ (¢*)
2

I+ (612)
2

Ts ’ f (%) -

}. (3.7.21)

Using Eq. (3.7.11) to calculate the polarization asymmetry, we have

2(1 - 4"

s/

1+ %) ag + 1dg

Re| s (05 + €7 + €37 4 1. ()

N | —

PL(S/) = (

Cr fr (2 Y
_ 2—17@(3_5)) (o + O3 + ) L8 )) } | (3.7.22)

Using the value of the Wilson coefficients corresponding to NP, i.e., C&F = 1.40,CJ¥ =
1.32, C{{F = 0.60, C75F = 0.47, the result of the Py is displayed in Figure 3.7.2.

Figure 3.7.2: Longitudinal Polarization asymmetry by taking new values of WC as C7 =
1.40, CY'P = 1.32,CRF = 0.60, CYF = 0.47

Here, Pp(s") for dileptons is still—0.92 for 2 GeV? < ¢* < 14 GeV?, and hence the NP

does not give any encouraging results.
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In Fig. 3.7.3, we plotted the P, to compare the difference between the SM and NP results.
We can see that the current parametric space does not give any marked deviations from the
SM predictions.

Same lines go for the normal and transverse components. Normal component, however,
carries a novelty that it is T'—odd observable because of the non-hermiticity of effective
Hamiltonian. Effective Hamiltonian is non-hermition due to intermediate c¢ states. For nor-
mal polarization asymmetry, results in SM and then results by taking into account non-zero
new Wilson coefficient values are plotted. Now by taking C{'* = 1.40, CY¥ = 1.32,CHF =
0.60, C{{F = 0.47 , values we plot the graph and acquire value of Normal polarization asym-
metry which is 0.30. Different plots are representing the behavior of Polarization asymmetry
with respect to Wilsonian values. Its clear from the graphs that no new physics has been
observed here if Wilson values are taken from the highest probability density intervals. Out-
side of these Intervals, we can’t be sure about the results until observed. Wilson coefficients
calculated at low energy effective Hamiltonian makes all observables in great match with the

results of observables of Standard model “SM”.
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Figure 3.7.3: Combine plot of SM and NP longitudinal asymmetry.
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Figure 3.7.4: Normal Polarization in SM.

Figure 3.7.5: Normal Polarization by taking values C* = 1.40,C)7 = 1.32,C{" =
0.60, CF = 0.47.

Now plotting all graphs combined to see if there is any NP.
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Figure 3.7.6: Combine plots of SM and NP are plotted to compare results for Normal polar-
ization.

These all plots are drawn by taking values of new Wilson coefficients from the Table 3.4.
Transverse polarization asymmetry does not contribute here. Average value of Longitudinal
polarization asymmetry is —0.92 and of the Normal polarization asymmetry is 0.30, for

almost all the values of the WCs.



Chapter 4

Summary and Conclusion

Several results from the last few decades have some (1 — 3) o disagreement with the Stan-
dard Model results and the FCNC decays involving b — s transitions are the pertinent
ones. As for the decay By — KTl decay, there were discrepancies in different physics ob-
servables, where the lepton flavor universality Ry = (B — Kutu~) /(B — Kete™) is very
important. For SM predictions of different physical observables, the form factors, which are
non-perturbative quantity and the main source of uncertainties, are the model dependent
quantity. In this dissertation, first we reviewed the results of the form factors presented in
[49]. Using the framework of light-cone sum rules (LCSR), we calculated the form factors
for By — K (1430) 11~ decay using the leading Fock states up-to twist 3. Interesting, the
form factors associated with the scalar currents in B — S transitions are twice as large as
that for the B to pseudo-scalar (P) case. The form factors fi 7 (¢> =) we calculated
here satisfy the heavy quark symmetry relations. Using these form factors, we verified that
the corresponding Branching ratio for By — K1~ is of the order of 1077 and the average
lepton polarization asymmetry is approximately 1 in the SM.

It is already mentioned that the SM predicts the lepton universality violation ratio to be
1 - but according to LHCb measured data in the bin ¢? ranged from 1 < ¢? ( GeV'?) < 6 , this
ratio was about 0.745%3%, that is 2.60 deviating from the SM results. It was speculated that
NP- amplitudes must have destructive interference with the SM amplitude, that is why this
ratio is less than 1. Several research teams have conducted multiple analyses, yielding various

solutions to identify the Lorentz structure of the New Physics operators and their relevant

93
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Wilson coefficients that can be used to explore New Physics effects [60]. Here, LUV NP is
not found because of no contribution of Wilsonian coefficients C'y. However, the NP can be
found if charm loop effects are taken into account. If long distance effects are considered too,
may be there would be physics beyond the SM as Cy would be giving information about NP.

In the last part of the dissertation, we studied the By — K{I*I~ decay using the model-
independent approach using the NP WCs calculated in [60]. The impact of these WCs
on the branching ratio, forward-backward asymmetry and the different lepton polarization
asymmetries is calculated. It was found that the results of these observables are consistent
with their corresponding Standard Model predictions [49], leaving very small space for the

NP in these decays.
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