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Abstract

The Szilard engine, which is evocative of Maxwell’s demon, offers an alluring method
of transforming information into energy while appearing to go against the second Law of
thermodynamics’s basic tenets. Originally designed as a conventional thought experiment,
Zurek later developed it and added a quantized treatment to the framework. This thesis
explores the quantum Szilard engine, an innovative and beautiful concept that replaces
the conventional rigid box (infinite potential well) with a harmonic potential. By using
this alternate strategy, the scope of this model is greatly widened, allowing for a thorough
analysis of its guiding principles and behaviors. The achievement of analytic calculations

of the quantum Szilard engine is a noteworthy aspect of this research.

vi



Contents

1 Introduction

1.1 Historical Review . . . . . . . . . . . .
1.2 Classical Szilard Engine . . . . . . ... ... oo
1.3 Arguments and Discussion . . . . . . .. ... oL
1.4  Quantum Szilard Engine . . . . . . ... ..o oL oo
1.5 Multiparticle Szilard Engine . . . . . . . .. ... .00

2 Fundamental Concepts

2.1 Density Operator . . . . . . . . .. .
2.1.1 Properties of Density Operator . . . . . . ... .. ... ... ...

2.2 Pure and Mixed States . . . . . . . ... L
221 PureStates . . . . .. ...
2.2.2 Mixed States . . . . . . ..

2.3 Expectation Value . . . .. .. ... ...
2.4 Time Evolution of Density Operator . . . . . . . . ... ... ... ....
2.5 Composite System . . . . . ..
2.6 Partial Trace . . . . . . . . . .
2.7 Measurements . . . . . ..o
2.7.1 Projective Measurement . . . . . . . .. ... ... ... ... ...

2.8 Partition Function . . . . . . . ... ...
2.9 Thermodynamical Quantities . . . . . . . . . ... ... L.
2.9.1 FreeEnergy . . . . . ..
2.9.2 Average Energy . . . . . ..o
2.93 Entropy . . . . .

3 Quantum Analysis of Harmonic Szilard Engine

3.1 Imitial state . . . . . . ..
3.1.1 Density Operator . . . . . . .. . . ... ...
3.1.2  Partition Function . . . . . . ... ... ... ... ... . ...
3.1.3 Thermodynamical Quantities . . . . . . .. ... ... ... ....
3.1.3.1 Helmholtz Free Energy . . . . . . ... ... .. ... ...

3.1.3.2 Average Energy . . . . . ...

vii

10
12
14
15
16
17
23
23
23
24
25



3.1.3.3 Entropy . . . ... 33

3.2 Barrier Insertion . . . . .. .o 35
3.2.1 Shape of Barrier . . . . .. ... ... 36
3.2.2 Effect of Barrier Insertion . . . . . . . ... ... 37
3.2.3 Eigenstates of Even Modes after the Barrier Insertion . . . . . . .. 40
3.2.4  Density Operator . . . . . . . . . . ... ... 49
3.2.5 Partition Function . . . . .. ... o000 49
3.2.6  Thermodynamical Quantities . . . . .. ... ... .. ... .... 51

3.2.6.1 Helmholtz Free Energy . . . . . . .. ... ... ... ... 51
3.2.6.2  Average Energy: . . .. ... 53
3.2.6.3 Entropy . . . .. ... 54

3.3 Quantum Measurement . . . . . . . ... o7
3.3.1 Density Operator . . . . . . . . . . ... ... 57
3.3.2 Projectors . . . . ... 58
3.3.3 Projective Measurements . . . . . . ... ..o oL o8
3.3.4 Partition Function . . . . ... .. ... oL 64
3.3.5  Thermodynamical Quantities . . . . .. .. ... ... ... .... 66

3.3.5.1 Helmholtz Free Energy . . . . . .. ... ... ... ... 66
3.3.5.2 Average Energy . . . . . ... 67
3.3.5.3 Entropy . . . ... 68
3.3.6  Comparison of Thermodynamical Quantities . . . . . . . . . .. .. 70
3.3.6.1 Average Energy . . . . ... ... L. 70
3.3.6.2 Helmholtz Free Energy . . . . . . ... ... ... ... 70
3.3.6.3 Entropy . . . .. ... 71

3.4 Quantum Isothermal Expansion . . . . . . ... .. .. ... ........ 71
3.4.1 Energy Eigenstates . . . . . .. . ... o0 oL 72
3.4.2 FEmergy Eigenvalues . . . . . . ... ... 0oL 73
3.4.3 Force Exerted on the Barrier . . . . . . . ... ... ... ... 75

Full Quantum Analysis 84

4.1 Ready State of Demon . . . . . .. .. ... 84

4.2 Initial Composite State of System . . . . . . . . . ... 85

4.3 Composite State of System after Barrier Insertion . . . . . . . . .. .. .. 85

4.4 Composite State of System After Measurements . . . . . . . . . . ... .. 86

4.5 Entropy . . ... 96
4.5.1 Entropy of Demon before Interaction . . . . . .. .. .. ... ... 96
4.5.2 Entropy of Demon after Interaction . . . . . . . .. ... ... ... 96
4.5.3 Entropy of Particle Before Interaction. . . . . . . .. .. ... ... 100
4.5.4  Entropy of Particle After Interaction . . . . . ... ... ... ... 100

4.6 Evolution as a Result of Expansion . . . . . . ... ... ... ... .... 101

viil



4.6.1 Total Hamiltonian for Evolution . . . . . . . . . . . . .. ... ... 101

4.6.2 Unitary Operator for Evolution . . . . . ... ... ... ... ... 102

4.6.3 Evolution during Expansion . . . . . .. .. ... .. ... ... .. 104

4.7 Resetting Demon’s State . . . . . . . ... ... L 106

5 Discussion and Conclusions 107

ix



List of Figures

1.1
1.2
1.3
1.4

3.1

3.2

3.3

5.1

Temperature Demon. . . . . . . . . . . .. ...
Classical Szilard Engine. . . . . . . . ... .. .. oL
Comparison of Quantum and Classical Szilard Engine. . . . . . . . .. ..

Multiparticle Szilard Engine . . . . . . . ... ..o

Graphical solution to the implicit equation (3.32) relating £ and «; energy
levels of the even modes are represent by the solid blue curves for a given
value of a. While the energy levels of the odd modes are represented by
solid blue lines(alternative lines). . . . . .. .. ... ... .. ... ...
Left: Energy levels of the simple harmonic oscillator potential. Center:
Energy levels of the simple harmonic oscillator potential plus the delta
function potential in the limit o — co. Double horizontal lines represent
the energy levels with twofold degeneracy. Right: The harmonic oscillator
plus delta function potential has energy levels similar to the harmonic os-
cillator with frequency 2w, with two-fold degeneracy at each energy level
and shifted up by an energy Aw/2.. . . . . ...
Graphical solution to the implicit equation (Eq. 3.74): Energy levels of
the right modes |R,) are represented by dashed blue curve for a given
value of ¢,. Energy levels of the harmonic oscillator without the barrier are

represented by solid blue lines. . . . . . . .. ... ... ... ...

Thermodynamic functions calculated at the end of each stage for a cycle.

. 107



Chapter 1

Introduction

1.1 Historical Review

The second law of thermodynamics is a fundamental law of physics as it provides insights
into the behavior of entropy and the irreversibility of spontaneous or natural processes.
For example flow of heat from a hot body to a cold body, mixing of gas, the dissipation
of energy, the burning of a piece of paper and the breaking of glass are all irreversible
processes. Before second law of thermodynamics, there were no explanation that why
these processes are irreversible as the law of conservation of energy holds for all these
processes in the reverse direction. Second law of thermodynamics states that:

“In any spontaneous or natural process, the total entropy of an isolated

system always increases or remains constant”
AS > 0.

Many challenges to the second law of thermodynamics involve a device widely known as
a Maxwell’s demon. Maxwell’s demon is a hypothetical intelligent being (or a functionally
equivalent device) capable of detecting and reacting to the motions of individual molecules.
It has been about 150 years since Maxwell introduced the idea of this demon. The original
concept of Maxwell’s demon was conceived by James Clark Maxwell in 1867 to show the
apparent violation of the second law of thermodynamics. In 1867 Maxwell wrote about
his thought experiment for the first time in a letter to Peter Guthrie Tait. Before it was
presented publicly, he wrote again a letter to John William in 1871 to discuss his idea.
Finally, In 1872 Maxwell published his idea of “violating the second law by introducing
the intelligent being in thermodynamical system” in his book[!] “Theory of Heat”.

Maxwell assumed a container containing gas at a certain temperature. Corresponding
to this temperature, average velocity of molecules has a particular value. Some of the
molecules are moving at velocity greater than average velocity and some are moving at
lower than average velocity. Then a partition is inserted in the middle of box, separating

the box into container A and container B. A small size window is then constructed that



could be closed or opened at will by a “being” to allow individual molecules of gas to
pass through. By passing only fast-moving molecules from container A to container B
and slow-moving molecules from B to A, the demon would bring about an effective flow
from A to B of molecular kinetic energy. Thus container B and A will become hot and
cold respectively. One can use this temperature difference to run an engine, when heat is
allowed to flow from hot container towards cold one.

Another possible scenario [2] is that, the demon opens the door only when molecules
are approaching the window from container B. In this way, all molecules will end up in
container A. Hence a pressure difference is produced without any expenditure of energy
or work. One can use this pressure difference to run an engine by hanging a load with a

piston and allows the gas to push the piston to obtain useful work.

Figure 1.1: Temperature Demon.

Notice that Maxwell did not use the term “demon” in his debate and writing. In 1874,
William Thomson (later Lord Kelvin) [3] gave this designation. This name “demon” has
been stuck with Maxwell’s imaginary character for about last 150 years. To be very
honest, Thomson called it “Maxwell’s intelligent demon”. The introduction to the idea of
Maxwell demon and all the above discussion happened at the end of 19th century, so there
was no plausible justification about this apparent violation of the second law. Secondly,
this experiment was beyond the ability of experiments at that time as there was no any

device that could make such crucial measurements on individual molecules



1.2 Classical Szilard Engine

In 1929 [1], Leo Szilard gave a strong response to this apparent paradox. He was the first
who related physical entropy and information. Basic motive of Szilard was to investigate
the conditions that apparently violate the second law of thermodynamics and permit a
perpetual motion machine. This was when concept of classical Szilard engine was given
formally. Classical Szilard engine is a single molecule engine which consists of a single
molecule trapped in a container of volume V' attached to a thermal bath at temperature
T. Molecule can move freely inside the container, partition is then inserted by the demon
and the container is divided into two halves. Classical particle is localized by inserting
the barrier. However, a measurement is performed to acquire the information whether
particle is in the left or right half. Once the particle is located, it pushes the barrier
towards the end of the container. Now if we connect a load with a wire and the other end
of wire is connected to the frictionless barrier then useful work can be obtained by lifting

the load when particle pushes the barrier.

Figure 1.2: Classical Szilard Engine.

Work done by Classical Szilard Engine:

V,
W = k;Blnvf,

>

Vp=VandVi=
W = kgTln2.

The ability to do work implies that entropy of system is decreasing.

Entropy Change:



ds = =%
S T
for isothermal process dQ) = —dW
aw
dS = ———
T 9
dS = —kgln2.

This decrease in entropy leads to the violation of second law of thermodynamics.

To rescue the second law, Leo Szilard concluded that in order to measure the speed
and position of molecule, demon needs to expend some energy. This simply means that
information is obtained at cost of energy. As a result of expenditure of energy, entropy
of demon will increase. Since demon is interacting with the gas, so the total entropy will

be considered as a combined entropy of gas and demon such that:

dStotal - dsdemon + ngas > 0.

Hence according to Leo Szilard, demon entropy increases in such a way that it com-
pensates the lowering of entropy of gas (entropic cost greater than thermodynamics profit)

and prevents the second law of thermodynamics from being violated.

1.3 Arguments and Discussion

In 1948, Claude Shannon [5] developed classical information theory which laid the foun-
dation for the study of information, data and communication. He introduced the concept
of Information entropy known as Shannon entropy H. This theory defines entropy as
the measure of randomness or uncertainty that can directly be related to the informa-
tion gain. Complete uncertainty means that we have no information about the system,

Shannon entropy will be zero in this case. Shannon entropy is defined as

Hy = —ZPiZOQPz‘a

where p; is the probability of an event 1.

Many physicists have conducted calculations to show that the second law of thermody-
namics remains intact when a complete analysis of the entire system including the demon
is considered. The fundamental aspect of this physical argument involves performing cal-
culations which establish that any such demon must inherently produce a greater amount
of entropy while segregating molecules than the entropy it could possibly eliminate using
the proposed method. In simpler terms, the energy expended in measuring the molecules
velocities and selectively permitting their passage between points A and B is greater than

the energy gained through the resulting temperature difference.



In 1961, Rolf Landauer [6] brought his deep insight to further resolve this paradox.
In order to operate the Szilard engine in a cyclic process, it is necessary to come back to
the initial state after each cycle. He realized that we need to erase information stored in
demon’s mind after each cycle to run the engine. When information is erased, Shannon
entropy decreases leading to an increase in thermodynamics entropy. Energy (heat) re-
quired to erase 1-bit of information is equal to kgln2. This is known as Landauer principle.
This minimum energy dissipated by erasing information was experimentally determined
by Eric Lutz et al. in 2012. Furthermore, Lutz et al confirmed that the system must
approach asymptotically zero processing speed in order to approach the Landauer’s limit.

In 1982, Charles Bennett [7] further extended the idea of Landauer and provided
further insight into the connection between information and thermodynamics. Actually
John Earman and John D. Norton raised objections to Landauer’s principle. In order to
clarify, Bennet discussed in detail in his paper titled” Thermodynamics of Computation—
a Review" that erasing information is associated with the dissipation of energy. Landauer
and Bennett had reached the same conclusion as Szilard’s 1929 paper, that the second
law cannot be violated by Maxwell demon because entropy would be created.

Thus, the Szilard engine converts information into useful mechanical work, which
shows that information can be used as a fuel. This prediction has been demonstrated by
various experiments, both in classical [8, 9, 10, 11, 12] and quantum [13, 14, 15] regimes.
Furthermore, a variety of molecular machines that act as Maxwell demons in living things

have identified by biophysicist. [10].

1.4 Quantum Szilard Engine

Classical Szilard engine is based on classical mechanics and classical information theory.
Barrier insertion localizes the particle, however measurement allows us to know where the
particle is located. Quantum version of Szilard engine is based on quantum mechanics
and quantum information theory. Quantum Szilard engine faces several challenges due to
principle of superposition and probabilistic nature of quantum mechanics.

As the particle is in a superposition state, so the barrier insertion alone cannot localize
the particle. To localize the particle, we need to perform quantum projective measure-
ments on the system. Once the particle is projected to one of the eigenstates, it becomes
localized and entropy reduces which leads to the apparent violation of second law. Quan-
tum version of Szilard engine was developed by Zurek [17] for a particle trapped in an
infinite potential well. His contribution to the understanding of the quantum Szilard en-
gine has had a significant impact on the fields of quantum information theory, quantum
thermodynamics, and quantum computation. A thorough investigation of the quantum

harmonic Szilard engine is the focus of this thesis and we will discuss it in the next chapter.



Figure 1.3: Comparison of Quantum and Classical Szilard Engine.

1.5 Multiparticle Szilard Engine

Multiparticle [32] Szilard engine shown in Figure 1.4 is a further generalization of Szilard
engine. Instead of single particle trapped in a container, more than one particle is involved.
We can allow the particles to interact making it more complex. At high temperature
we don’t need to take care whether the particles are bosons or fermions, however, at
low temperature(especially close to zero Kelvin) nature(bosonic or fermionic) of particle
affects the efficiency of engine. At low temperature quantum nature of particles becomes

more significant which treats bosons and fermions differently.



Figure 1.4: Multiparticle Szilard Engine

Bosonic Szilard engine is more efficient than fermionic Szilard engine. It is also found
that classical Szilard engine is more efficient than fermionic Szilard engine, while the case

is different for bosonic Szilard engine because bosons clump together at zero Kelvin[33].



Chapter 2

Fundamental Concepts

2.1 Density Operator

Density operator formalism is a mathematical framework which is used to describe the
state of a quantum system. It gives more general description of quantum system utilizing
the concept of mixed state. In quantum mechanics, state vectors are used to describe a
pure state. However, in many practical cases, quantum system is a statistical combination
of multiple pure states known as a mixed state. For mixed states, we use density operator
to represent the quantum system.

Density operator acts on the Hilbert space of the system and is represented by symbol

~

p as

p = pulton)(tnl, (2.1)

where [1,) is a basis vector in Hilbert space and p, is the probability of the system
being in the state |¢,) such that:

n=0

2.1.1 Properties of Density Operator

Density operators satisfy following properties:
Hermiticity
It is a Hermitian operator which means that it is equal to its Hermitian conjugate.

p=pl.

Normalization
It is normalized operator which means that trace of density operator is always equal
to 1.



Tr[p] = 1.
Positivity

It is positive semi definite operator which means that all of its eigenvalues are non-zero.

p = 0.

2.2 Pure and Mixed States

Density matrix can be used to represent both pure and mixed states. Pure and mixed

state differ from one another.

2.2.1 Pure States

A quantum state is said to be a pure state if it can be represented by a single ket in a

Hilbert space.

) = bl

Density operator for a pure state |¢)) can be written as

p =)l (2.2)

Here we can see that p = 1 which means that there is only one eigenvalue of density
operator if state is pure. Pure state has only quantum uncertainties.
Purity Test

Tr [pz] =1

This is because there is on only eigenstate state with probability p = 1.

2.2.2 Mixed States

State which represents the statistical mixture of pure states is known as mixed state. It
occurs when quantum system is in probabilistic or uncertain state. We cannot represent
the mixed state using a single ket vector, it is necessary to use the notion of density
operators to represent the mixed state. We can use the linear combination of pure states

to represent the mixed state.

~ E : ~pure
Pmiz = pnp;; s
n=0



where /a:fzwe = |¢n><wn|

Therefore

n=0

such that:

n=0

Purity Test

T?“[Q }<1.

Pmix

This is because there are more than one pure state with 0 < p,, < 1 that contribute
to form a mixed state.

2.3 Expectation Value

Average or expectation value of an operator Afor a given density operator can be written

as

(AY = Tr [pafq .
Proof:

From the elementary quantum mechanics

(A) = (vl Aly),

where
m=1
(@] = b (]
m=1
SO
(A) = b1 (un A b)),
n=1 m=1
n,m=1
Recall

10



bm = <um|¢>7

SO

n,m=1

where from Eq. (2.2)

SO

(A= (umlplun) (un| Alum),

n,m=1

(A) = (unlp (Z!un><un!> Afu),

m=1 n=1

using completeness relation i.e.

Z|un><un| =1,

(A) = (umlpAlum,)

=$(A)::Tr[ﬁﬁ] (2.4)

This relation is valid whether the state is mixed or pure, because the expectation value

of an operator A for mixed state can be written as well i.e.

<A>mw = an<¢n|A|¢n> (2.5)

Proof:

(A i = T [Pn;qu ;

(A) i = Tr

)

> Pulthn) (¥a| A
n=1

11



m

m.n=1

(A)miz = _pn(tnlA] (Z|m><m|> [¥n),

m=1

using completeness relation. i.e.

> lmy(m| =1,

<A>mmzzpn<wn‘4’wn>

Hence, Eq. (2.5) has proved. So we can write Eq. (2.4) for mixed states as

<A>mi:c =Tr [p,fmch .

2.4 Time Evolution of Density Operator

Using the Schrodinger wave equation, we can find time evolution of density operator is
given by von Neumann-Liouville equation.

Schrodinger wave equation is

0 3
i) = H1in), 2.6

and its complex conjugate is

0 A
i (] = (1 27)

Now let us differentiate Eq. (2.1) with respect to time

0 0 >
=P =7 pn|¢n><¢n|> )
a5 (2

0. & 0 - 0
17 =2 on (Gl ) k3 pubd (001)

from Eq. (2.6) and (2.7)

%ﬁ :i - (_Zﬁwn)) (1 |+ i Pnl¥n) (i(wnlﬁ) :

n=0 n=0

12



p=—i (H PR ACHICHED pn\wnan\ﬁ) ,
n=0 n=0

SIS

from Eq. (2.1)

i = (p— o)
%A - [ﬁ,ﬁ] . (2.8)

This is the equation of motion of density operator known as von Neumann equation.
It gives us the time evolve state at a later time t if density operator is known to us at
earlier time t,.

We can also evolve density operator over time by applying a unitary time-evolution
operator U (t — t,),

Ut —t,) = e H0to), (2.9)

where H is the time-independent Hamiltonian.

Ut (t —t,) = e Hlte)

Uut=1. (2.10)

Using this operator we can connect the density operator at time t to ¢,:

p)=U(t—t) [Pt U (t —to) . (2.11)

Trace is preserved during unitary evolution.

Tr (p(1) = Tr |0 (¢ = 1) [p (1)) U (¢t = 1)

using cyclic properties of trace & Eq. (2.10)

Tr (p(t) = Tr [U (= 15) UF (¢ = 1) 5 (1)]

Tr [p(t)] = Tr[p ()]

Purity is also preserved during unitary evolution.

Tr [ ()] = Tr [0t = o) jUT (t = 1) U (t = 1) o (£~ )]

using cyclic properties of trace & Eq. (2.10)

13



Tr [0 (8)] = Tr [pU1 (t = t6) U (¢ = 1) U (t = 1) U (¢~ 1,)] |
Tr [ (5] = Tr [50],
Tr [5? (t)] = Tr [5?].

2.5 Composite System

In elementary quantum mechanics, we usually deal with single particle in isolation. In
many cases, it becomes necessary to deal with multiparticle state or composite system
which can be define as:

If our system is made up of two or more individual systems, then the entire
system is known as a composite system.

In order to construct the state of composite system mathematically in quantum me-

chanics, first we need to develop the composite Hilbert Space H.

H="H ®H,,

‘H is the Hilbert space of composite system with N the dimensions of space such that

N:N1XN2

‘H1is the Hilbert space of subsystem-1 with N; dimensions of space.

‘H, is the Hilbert space of subsystem-2 with N, dimensions of space.

® represents the Kronecker product or tensor product.

Let |¢) belong to H; and |x) belong to Hs. We can construct |¢) that belongs to ‘H

using tensor product:

[¥) = 1) ® [x),
where [¢)) is a composite state.
Example:
Let
|9) = :
11
Then

14



~ N~ —T
— o

—_ o= =

= = e

SO O = =

S =
— = O O
— = O O

0

Here, we can see that if |¢) and |x) are 2 x 2 matrices then |¢) is a 4 x 4 matrix.
Properties of Tensor product:

o) @ (Ixa) + [x2)) = [9) @ [x1) +[9) @ [x2)

- (Ixa) + Ix2) ®19) = [x1) ® |9) + [x2) © |9)

- 9) ® (alx)) = al¢) @ [x)

4. |¢) ®0=0®|p) =0

5. (10) @ )" = [9)T ® [x)

Note: [¢) @ |x) = |9)[x) = |ox)

w N =

2.6 Partial Trace

Basic idea behind the partial trace is to obtain the density operator for one of the subsys-
tem alone. If our system is made up of two or more individual systems,then the complete
system is known as a composite system. Density operator plays a crucial role in the
characterization of such system.

The density operator is an excellent tool for describing and manipulating the states of
subsystems. Let us considered a composite system where Bob has one part of the system
and Alice has other part of the system and they move in opposite direction. The complete
state of the system carries information about both subsystems, but Alice who is very far
away form Bob, can’t know about Bob’s state unless they contact each other. Let p be
the density operator of composite system.

We need a way to take the density operator for the entire system and reduce it down
to a density operator that just carries information of Alice’s state. We can do this by
calculating the partial trace of entire density operator with respect to Bob, which will

give us Alice’s density operator called reduced density operator.

ﬁAlice = TrBob [,5] .

15



Similarly

ﬁBob = TrAlice [/3] .

Example:

Let us call Alice as Aand Bob as B for convenience.

510) = —= (04)108) = 14} 1)),

16 = ’610><610|7

p =5 (104)]05)(0al(05] = [04)[05)(1al{15] = [14)[15)(0a[ (05| + |La)|15) (Lal(15]) -

Now we are calculating partial trace with respect to Bob, this will give us the state of

Alice alone.

pa=Trp[p],
pa = (05|p|0s) + (15]p|15),

pa= 5 (104)1(0a] + 1) (1)

This p4 is the state of Alice alone, it carries information only about Alice.

Where

Tr[p4] = % <1

This shows that state of Alice is completely mixed state.

2.7 Measurements

In classical mechanics, we can consider ideal measurements that have no effect on sys-
tem. However, in quantum mechanics, generic measurements have a non trivial effect
on systems - destroying its state in an irreversible way. When we perform a quantum
measurement, the state of quantum system collapses. It tells us what is the probability
of finding any state and what will be the post measurement state of system. Consider a

two state quantum system represented by

[¥) = a|0) + B]1).
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Measurement will push the quantum system either into the state |0) with probability
|a|? or state |1) with probability |3|?. This shows that after the measurements, original
state of system becomes lost permanently. These are what is known as projective, Strong

or von Neumann measurements.

2.7.1 Projective Measurement

The basic idea behind the projective measurement is that the state of a quantum system
is the superposition of mutually exclusive events (events which do not occur at the same
time) or states. We can think of an atom, it may have ground state |g) or excited state
le) such that |g) and |e) are two mutually exclusive states. In this case, to know the state
of the system we can use projective measurements. For projective measurement, first we
need to construct operators called projectors.

We know, in quantum mechanics an observable is represented by Hermitian operator
and any Hermitian operator can be written as a sum of outer product of eigenstates
weighted with eigenvalues. This sum is known as spectral decomposition or eigenstate

decomposition of the operator. Let the observable be O:

0= NP,

i
where P, = |i)|(i| is the projector on ith state.
Properties of projectors:

Properties of projectors are as follows.

1. Projectors are Hermitian

Pr=P
2. Projectors are orthogonal
Az A] - 51]R
3. Projectors are idempotent
P2 P,

4. Projectors obey completeness relation

Sh=1

i

e Sum of two projectors is projector if they are mutually orthogonal.
p - Pl + PQ.
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P is projector if
p1p2:p2p120.
This condition ensures that P is idempotent.
e Product of two projectors is a projector if two projectors commute.
P=PPF.
P is projector, if
PP, — PP, = 0.
This condition ensures that P is Hermitian.
Case 1

When state of quantum system is represented by a ket [¢). Probability of finding any

state |m) will be

p(m) = (Y| Pulv),

p(m) = (|m)(m[y),

p(m) = [(m|y)[*.
Post measurement state will be
Pl
vy = Lzl)
p(m)

Post measurement state is always normalized.
Example 1
Let |¢) be the state of quantum system such that:

[¢) = a|0) + Bl1),

here Pl and ]52 are two projectors

18



Probability of finding a quantum system in state |0) can be calculated as

p(0) = (| Pyly) = |,
Post measurement state is

Bol)
p(0)

[¥) = = 10).

Example 2
Let us considered a composite system in state |S10)
1
V2

Here }A’({‘ and f’lA are two projectors to project the state of system A such that:

1B10) = —= (104)|0B) — [14)[15)) .

péq:pg@f,

Similarly Jf’f and ]513 are two projectors to project the state of system B such that:
PP _ieh,

PE=1® P,

The probability of finding system A in state |04) can be calculated as

p(oA) = <510“564|510>7

p(04) = (Brol Py ® ] % (104105} — [La)I15) |

1
04) = —104)|0B),

p(04) (510|\/§| A)[0B)

p(04) = -
Post measurement state is

P3| Bro)

Bro) = =2 = [04)[0

| 10> (OA) | A>| B>

Case 2



When state of quantum system is represented by density operator p. Probability of
finding any state |m) will be

p(m)="Tr [Pmﬁp:n] :

Using cyclic property of trace

p(m)="Tr []f’mﬁ} .

Post measurement state will be

., D.pP},
p=—Tr—m
Tr [Pmﬁ}

Post measurement state is always normalized.
Example 1
Let |¢) be the state of quantum system such that:

[¢) = a|0) + B]1).

Density operator p can be written as

p =)l

p = a?10)(0] + |o" BIL)0] + [a3"[|0) (L] + 81 [1){1],
Pl and f’g are two projectors

A

PO = |O><O|7

P = |1)(1].

Probability of finding state |0) will be

p(0) =Tr |Pop].

p(0) =T [[0){0] (|a[*]0){0] + [ BI1)(O] + 3" [|0) (1] + |BI*[1)(1])] .
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p(0) =T [|o*|0)(0] + |aB[|0)(1]] ,
P (0) = (0] [|af*[0)0] + |a3"[0) (L[] [0) + (L [Ja[*]0){O] + 37 [0)¢L] [1),

p(0) = |af?,
Post measurement state is give by
pA/ — POIéPJ
Tr [Pmﬁ}
Post measurement state will be

5 = 100 (121?10} (O] + Ja*BI[1)(0] + [aB[[0) (1] + |B[*[1)(1]) [0)(O|

B |af?

)

I

Example 2

Let us considered a composite system |(1q)

1
V2

Density operator p4p can be written as

610) = — (104)[08) — [14)[15)) -

pap = 5 (104)|05)(04[{0B] — [04)[05) (Lal(1s] = [14)[15)(04|{05| + [1a)[15)(14[{1B]) .

N | —

Here ]50A and 15{‘ are two projectors to project the state of system A such that:
péq = p() ® f,

Similarly ]5({5 and ]513 are two projectors to project the state of system B such that:

PP i b,
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PP iwh.

Probability of finding state [04) will be

p(04)=Tr [POA/@AB]

= p(0a) =T7r B (104)105)(04[(05] = 104)|05) (14| (15])

p (04) (0410051 | (104)105) (041005 — [04)105) (L4l (L)) | 102)105)
HOAI(L 5] | 10.0105) 01081 ~ 1040108 1al(151)| 101)/15)
HLa08] | 2 (1040105041001 — 104105 (141151 [14)105)
FOAI ]| (10010501081 ~ 104108 1al{151)] [L4)/15)
p(04) = %
Post measurement state will be
g _ Blpasky

because
5 At . N .
P :<P0®1) —Ploli=Rol,
AAA AAT 1
= PlpapP)" = §|0A>|OB><0A|<OB|,
SO

A~ o
Pap =

?

1
§|0A>|OB><0A|<OB\
1
2

Pap = 104)]05)(04[{05]

Other than projective/strong measurements, we can also perform weak measurements
[30]. Weak measurements give more general results than projective measurements. In

many practicals situations, state of quantum system may not be orthogonal. In such situ-
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ation, we can use another technique of measurements known as generalized measurements.

We will not discuss in detail these measurement techniques here.

2.8 Partition Function

The partition function, denoted by Z plays the role of generating function in statistical
mechanics that provides a way to calculate thermodynamic properties of a system from its
microscopic (particle-level) description. It is defined as the sum of the Boltzmann weights
of all possible microstates of the system at a given temperature, and provides a bridge
between the microscopic and macroscopic descriptions of the system. Mathematically,

the partition function is defined as

Z = Ze_ﬂE",
n

where 5 = 1/kpT, E, is the energy of the nth microstate, kp is the Boltzmann constant,
and T is the temperature. The sum is taken over all possible microstates of the system,
and the Boltzmann weight for each microstate is given by the exponential term. The
partition function is an important tool for calculating thermodynamic quantities such as
the free energy, average energy, entropy, and heat capacity.

Using the partition function, thermodynamic quantities can be calculated without
considering the details of each individual microstate. This is particularly useful in many-
particle systems where the number of possible microstates can be very large, making a

direct calculation of thermodynamic properties difficult.

2.9 Thermodynamical Quantities

2.9.1 Free Energy

Energy available in a system to perform some useful work is know as free energy. There
are two common forms of free energy, Helmholtz free energy A and Gibbs free energy G.

Helmholtz free energy is defined as

A=U—-TS,

where T' is temperature, S is entropy and U is internal energy.

In term of partition function

A= —kgTInZ. (2.12)

23



2.9.2 Average Energy
From Eq. (2.4), average energy can be calculated as

A

Eawg = (H),

Bavg = Tr [ﬁlﬂ .
If the system is in contact with a thermal bath,

p= 7 3Bl

n=0

therefore

Eppg =TT

1 & .
72.¢ ) mw] .
n=0

Taking trace over the energy eigenstates |¢,,)

oo

FEovg Z (V] (ZzeﬁEnlwn (%lH) V),

m=0

1 < .
Bug =7 3 ¢ " (nltn)WnlHldm)

m,n=0

since

Hlthm) = Epltm),
1 o0
= Bug =7 2 ¢ Wnlu) {0l Bl

1 e}
Baug = 7 D e ™5 W |tn) (nlifm),

using orthonormality condition,

Eavg = % i EneiﬁEn-

But we know

Z :i e PP
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%Z = — i:: E,e PEn,

So E,,g will be

= (InZ). (2.13)

2.9.3 Entropy

Entropy is directly related to the number of ways to arrange the gas atoms (microstate)

without changing the macrostate. If €2 are the number of microstates,

S =kglnQ,

If we assume that all states are equally probable. Let p; be the probability of an ith
state then p;

1
pl_Qa

1

2

So we can write the above equation as

This is the formula for Gibbs entropy. In quantum mechanics, the counter part of

Gibbs entropy is von Neumann entropy.

Let density operator p is diagonalized,

p = pulthn)(¥nl,
n=0

if p is diagonalized then In (p) can be calculated as

In(p) :Z Inpn|tn) (Pnl,
n=0

we can write
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,oln an|¢n 1/1n| Z lnpm|¢m <¢m|

pln Z pnlnpm|¢n><wn|¢m><¢m’

n,m=0

using orthonormality condition

pln Z pnlnpn|1/)n><¢n|

Taking trace over the energy eigenstates |¢,,),

TT Pln Z ¢m| (Z pnlnpn|¢n><¢n|> |¢m>a
m=0 n=0

m,n=0

using orthonormality condition again

Tr[pln (p Z Pulnp,.
Using above in Eq. (2.14)

S = —kgTr [plnp] (2.15)

This is von Neumann entropy. If \; are the eigenvalues of density operator p, then

von Neumann can be written as

S = —k:BZ/\iln/\i

If our system is in contact with a thermal bath, then

1 oo
p= E Z e_ﬂEn|¢n><¢n|a

n=0

=S =—kgTr

=Sl wlin (% > eﬁEm|wm><wm!>] ,
n=0 m=0

S = —]{/’BTT

%ZG_BE"Z’R ( Z 6Em) |¢n ¢n|¢m><wm|] ’

n=0 m=0

using orthonormality condition
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S = —kBTT

] — 1
7 > e Fin <§€6E") |wn><¢n|] ,
n=0

o0

Z P (Ine ) |¢n><¢n|—an|¢n><¢n|],

=0

= —kgTr

S = —]{IBTT

Ze ﬁEnlne ﬁEn’wn wn Ze ﬁE"anWnMwn\] s

o0

1 _8E,
Eze 7 (—=En) [%n) (¥nl

n

S = —Bk}BTT‘ —|—]€BT’/’

2> e—ﬂEnmzwmwnq ,

n

o0

Z% TOER) [ (W | + kBT

1 e
E Z GBE"Z"ZWnMT/Jn\] )
n=0

—msB ke,
S = Zaﬁ BE)+7Z FBning,

n=0

_ —Bkp 0 kp

S = 7 352 —ZlZ

0
= —BkB%an + kBlTLZ

1 )
[— InZ + kpinZ
T P8 Wy 2 T BN

T’k O
B ng+ kglnZ,

S= 7% ar

oT
Form Eq. (2.12)
A=—kgTinZ,
0A 0
T = —/{:BTa—Tan — kglnZ.
Therefore, S will become
0A
= ——. 2.1
S 5T (2.16)



Chapter 3

Quantum Analysis of Harmonic

Szilard Engine

The quantum Szilard engine is the extension of the classical version to quantum systems.
A quantum version of Szilard’s original atom-in-a-box model can be realized with 1-D
non-relativistic quantum particle of mass m confined by a symmetric potential V(q), g
being the position of particle , to a finite region of space. The quantum dynamics can be
describe by the Hamiltonian H
-2
H=2—+V(q),

where V(+o0) = oo.

Zurek studied quantum Szilard engine in detail for infinite square well potential [17].
By replacing the square well potential with harmonic oscillator potential, a more elegant
model can be obtained that captures the same physical processes. The particle is taken
to be in a thermal state bounded in the harmonic well. Then a thin barrier (modeled
by a time dependent potential) is inserted quasi-statically at the center of the well and
a strong projective measurement is performed on the particle to determine whether it is
located to the right or left side of the partition. Demon can extract work from the setup
with this information. We can consider the demon either as a quantum system itself with
internal states that couples to the atom or as an external “observer”. In both cases, the
measurement, collapses the wave function in a irreversible way.

For a particle having angular frequency w trapped in harmonic well, Hamiltonian can

be written as

H;, = — 4+ -mwq~, (3.1)
m

where V(q) = imw?¢®.
For the quantum harmonic Szilard engine, we can determined exactly the partition

function of the particle, and all the relevant thermodynamic quantities can be calculated
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analytically. In Section-3.1, an initial thermal state of particle is prepared bounded in a
harmonic well. In Section-3.2, a Dirac delta potential barrier is inserted quasi-statically
in the middle of the well, that modifies the quantum state of the particle. In Secton-3.3,
demon localizes the particle to either left or the right side of the barrier by performing
a quantum projective measurement [21] on the position of particle. In Secton-3.4, the
demon extracts useful work from the system, when one particle quantum gas expands
isothermally; second law of thermodynamics seems to violate. In chapter 4, we will
treat the demon itself as a part of the system and explain why this is, in fact, not the

case of the violation of the second law of thermodynamics.

3.1 Initial state

We have a particle of mass m bounded in a harmonic potential V' (g), hence the initial
Hamiltonian from Eq. (3.1) can be written as
3 p Lo 5.

H,, =—+ - .
2m+2qu

We want to calculate the energy eigenvalues and corresponding energy eigenstates of
the above Hamiltonian.

There are many standard books which present the diagonalization of the above Hamil-
tonian, given in Eq. (3.1), so we can use those results directly.

Energy eigenvalues are

E, = (n + %) hw. (3.2)

Corresponding energy eigenstates in position space are

q2

Un(q) = Hn(ag)e™ 2, (3.3)

where o = 4 /% and H,(aq) are Hermite polynomials.

3.1.1 Density Operator

As the initial state is mixed state (a thermal state) , the density operator for a mixed

state from Eq. (2.1) can be written as

n=0

As our system is coupled to a thermal bath, so our system is in a canonical ensemble.

The probability of nth state can be written as
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Zin ’
Initial State will be
A 1 - _BEn
Pin = 7 Ze |¢n><¢n|
m TLZO
From Eq. (3.2),
) 1 O b(nt Lo
pin = 5= > e PO ) (. (3.4)
n o

Here p, is the probability of nth pure state such that:

n=0

3.1.2 Partition Function

For a valid density operator, trace of density operator must be equal to one.

Tr [ﬁm] = ]_,

[ >°. —BEn
Tr |y rwn><wnr]:1,

Ln=0

> Wl (35 |wn><wn|> ) = 1,

m=0 n=0

SN e B ) (W) = 1,

m=0n=0

1
Zin

using orthonormality condition

1 )
—BEn _
e =

Zin ; ’

0o
Zin = Z e_BE".
n=0

From Eq. (3.2),
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o0
= Lin = Ze—ﬂ(n—i-%)hw.

We can see this is the geometric series , with initial term a; and common ratio r :

_Bhw _
ag=e 2 ,r=e "

Sum of geometric series can be written as

(1—r")
(1—=r)’

sum = ay
when |r| << 1 then sum reduces to

1
(=)

Now we can write the partition function utilizing sum of geometric series

sum = a

1 Shw
Zin = §cosech(7). (3.5)

This is the partition function of our system in the initial state. Partition function acts
as a generating function. All thermodynamical quantities can be determined using this

function.

3.1.3 Thermodynamical Quantities
3.1.3.1 Helmholtz Free Energy

Let us denote the initial Helmholtz free energy by A;,. From Eq. (2.12),

Ain = —kpTInZi,

using Eq. (3.5)

Ay = —kgTin Bcosech(@)} ;

A = kgTln {232’71]1(@)} ) (3.6)

3.1.3.2 Average Energy

Let us denote the initial average energy by E;,. From Eq. (2.13),
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0

Ein = —%anm,
using Eq. (3.5)
0 1 hw
E;, = %hw [coth (5%)} : (3.7)

Low temperature Limit:
When T'— 0 = 8 — o©
then

E,,, = lim Bhwcoth <@>} ,

T—o00 B—ro0 2

1
Em - —hw.

Tooo 2
From the above equation we can see that as temperature approaches zero Kelvin,
particle is in the ground state.
High Temperature Limit:
When T'— o0 = 5 — 0
then

E;, = lim%hw [coth (BTM)] ,

T—o0 B—0

hw
here we can use the Taylor expansion of coth (%)

phwy 2 Bhw
coth( 5 >_Bhw+ 5 + ...,

we will keep only the first term:

1 2
Eip = ~hw [ — 4+ ..,
1,2

Bhw

T—o0 2

Ey,, =kgT.

T—o0
From the above equation we can see that this is consistent with equipartition energy
theorem. This simply means that if we give energy to N numbers of gas particle, then

each degree of freedom appearing quadratically in total energy has an equal contribution
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in total energy i.e. average energy of single quadratic degrees of freedom for each particle
will be

1
—kpT.
5B

Here, we have a quantum system of a single particle in one dimension with two degrees

of freedom i.e. position ¢ and momentum p to describe the dynamics of the system. So,

1
En (Q7p) =2 (ékBT) = kBTu

hence in our case, when we have two degrees of freedom,
E;, = kgT.

3.1.3.3 Entropy

Since our system is in a mixed state, so we can represent it in terms of density operator

and the entropy of such a system can be written from Eq. (2.15) as

But from Eq. (2.16), above relation can also be written as

d
= e A
S’LTL dT m

We can calculate the entropy using the relation of initial Helmholtz free energy from

Eq. (3.6)
d [ Bhw\ |
Sin = T {kBTln -QSZTLh ( ) } ,

2
d [ ((Bhw
Sm = _d_T {ijTln _2$mh (T

d : Bhw
Sin = —k‘Bln 2$mh ( ) — k‘BTd—Tln {QSmh (T)} 7

2cosh (22
Sin = —kBln 23mh (ﬁ;m) — kgT C?S (%) (_577&))7

Sin = —kpln [QSmh (ﬁ;iw)] + kg [BThwcoth (ﬁThw)] ,

S b { P (Y s ()], ”
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High Temperature Limit:
T — o00=p—0,

Sin = limkp {B—hwcoth (ﬁ_hw) —In [QSinh <@>] } ,
T—oo  T—o0 2 2 2

h (8w
Sy = lim kg [m“ s (5 )] — lim kgln {zsmh (@)} ,

T—o0

T—o00

Sin = kg {1 — limln [23inh <@>] } ,
T—o00 T—o0 2
Sin ~ —kp { lim In {ZSmh (6_%)] } ,
T—00 T—00 2

hw
As /BT — 0 when T" — oo, we can use the Taylor expansion

Sin = —kglimln [2 <5Thw + )} ,

T—o00 T—o0

Sin = —kp lim [In (Bhw)],
T—o0 T—o0

Sin = kpli [ !
2o = P M\ B ) |

we can write the above expression for high temperature as

kT
S, = kpln (%) .

Low Temperature Limit:

T—0=p— oo,

Sin = limkp {Bhwcoth <ﬂhw> —In {2sinh (@)} } ,
T—0 T—0 2 2 2

Sin = limkp (ﬁ_hw) {coth (ﬂ_ﬁw)
T—0 T—0 2 ]

T—0 T—0

Since

h
limcoth(ﬁ—w) =1,
T—0 2
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_ - Bhw T Bhw\] . o
Sin = kg <l@m7 #ﬁ})coth — | — k:BszLr(L) [ln (e —e )] .

(3.9)



and

So,

ity —0 2
Sin = kglim @ - @ ,
T—0 T— 2 2

So, we can write the above expression in the low temperature limit as

Sin = 0. (3.10)

Eq. (3.10) is consistent with the third law of thermodynamics as expected. This
law states that “for an isolated system entropy is always zero at absolute zero temperature,

if there is a unique ground state”.

3.2 Barrier Insertion

An infinite but thin potential barrier at ¢ = 0 is inserted quasi-statically in order to localize
the particle to the right or left side of the harmonic potential. Hence, Hamiltonian will

change to H,

~2
~ D 1 9 A2 ~

H =2 4= V. (q). 3.11
1 2m+2qu+L(q) (3.11)
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3.2.1 Shape of Barrier

Now we have to determine V | (q) by keeping in mind that it is zero everywhere except at
¢ = 0. Also we must construct V| (g) in such a way that its strength increases with time.

We choose € to be a small number, and « is a parameter which may or may not be
time dependent in general. But we will take this as a time dependent parameter as we
need V| to be time dependent. Although V| is infinite at ¢ = 0 but its integral from

—00 to oo must be finite.

o0 —€ +e —00
/ V1 (q)dq = / Vo (@)dat | Vi (q)da+ / V. (q)da,
—00 —00 —€ +e

e} +e
N alt
/ Vi(q)dq = gdq,
[e'e) t) +e
~ o
/ Vi(q)dg = — dq| ,
gy N alt
Vi(q)dq = g [2¢]

By virtue of Dirac delta function , we can write V. as

Vi = 2a(t)d(q - 0),

at ¢ = 0, above equation becomes

/ Vi(q)dg = 2a(t).

We can ignore the factor of 2 as it has no physical significance, so we can take V.

finally in the form given below:

V. = a(t)d(qg—0).

Hence, the Hamiltonian after barrier insertion at ¢ = 0, we have called H, can be
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written as

. H2 1
i = Qp—m + 5me?i? + a(t)i(g - 0).

We want to prevent the particle to tunnel through the barrier at later times, hence

alt) =0 t— —o0
a(t) = oo t— 400

We want to insert the barrier adiabatically, the slowness condition can be imposed as
«
|_| << w,
«

!
where w is the frequency of particle’s oscillations in harmonic potential while|—| is the
o
rate at which barrier is inserted.
This condition allows us to evaluate the wave function adiabatically, ensuring that

system is consistently in thermal equilibrium with the bath at temperature T

3.2.2 Effect of Barrier Insertion

Let the eigenstates of H| be |1e), v in superscript represents that eigenstates are instanta-
neous. With the passage of time eignestates changes and their corresponding eigenvalues
E% also change. We are not interested in the instantaneous values, our main focus is when
the barrier is fully inserted i.e t — +o00

To compute the instantaneous eigenstates [1)%) and instantaneous eigenvalues EZ,

Schrodinger wave equation can be written as

H.i93(a) = Eqvi (),

n2

o+ %mwQ@Q +a(t)d(g — 0) | ¥3(q) = ESvi(q). (3.12)

Before the barrier insertion, some of the wave functions were odd and some were even.

Vo, Va2, P4, Vg, Vs... Were even eigenstates.

U1, V3,5, 07, 1g... were odd eigenstates.
Let us check whether the barrier insertion affects the wave functions or not. Later we

will do analytical calculation if it is required.

For odd wave functions

We will integrate Eq. (3.12) from -¢ to +¢ to check the behavior of odd wave functions
near the barrier.

Note that € is a small number such that e — 0
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+€ +e

Pl 5, X o
/ [—m + omw @ + a(t)d(q — 0)] Vont1(q)dq :/ Eg s 1 (q)dg,

—& —&

+e
h d® 1 . o
/ [_%d_qQ + §mw2q2 + a(t)d(q — O)} V5,11(q)dg :/ Eg 05 1 (g)dg.
We know that if 9, (q) is odd, then
+e
[ vt =0
and
+e 1
/gmw2q2 ont1(¢)dg =0,
+e
w2 2, X
~ 2m d_q2¢2"+1(q)dq—i_ / a(t)d(q — 0)¥5,41(q)dg = 0. (3.13)

Using the property of delta function

+e

[ att)sta = 0)5,..(0)da = a(®)05,.,(0)

—E&

So we can write Eq. (3.13) as

h2 te d2
“om d—q2w§‘n+1 (q)dq + O‘(t)wgnﬂ (0) =0,
h2 d +e
—%d—q¢gn+1(Q) _|‘s +a(t)¢§n+1(0) =0,
R [d d o
™ d—q¢2n+1(+5) - I]Qb (—€)| + at)¥5,,1(0) = 0. (3.14)

But we know from the property that derivative of odd function is even function i.e.

d [0 d [0
d—qwznﬂ(_&") = d_qw2n+l<+€)'

So Eq. (3.14) becomes

()i, 1(0) =0,
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= 15,.1(0) = 0. (3.15)

We can see that odd wave functions are not affected by barrier. They vanished before
barrier insertion and continue to do so after barrier insertion.
Even wave functions

Now we will do the same for even wave functions .

+e te
" 1 q o [s BN
/ {Qp_m + 5meq + a(t)d(g - Oﬂ Uon(q)dg = / Eg, 5, (a)da,

+e
2 d?
[ |- + g+ adta = 0)| oo = [ Egs (o)

+e +e +e +e
B2 g2 1
— / o P 5 (@) dg+ / §mw2q2¢§‘n(Q)dq+ / a(t)d(q — 0)¢s, (q)dg = / E3,v5,(q)dg.

(3.16)
One of the necessary condition for the wave function is that it must be continuous
everywhere. This means that if we approach the even wave function form left, it would

give the same result as if we approach it form right.

e—0

+e
lim / V5, (q)dg = 0,

+e
and lim [ ¢*¢%,(q)dg goes to zero as
E—
—&

+e +e
. 2 /.« N 2
lim [ ¢"¢3,(q)dg = limg
—&
+e
lim [ ¢*5,(q)dg = lim
e—0
—&
+e
. 2 .
=2
Lim [ q*5,(q)dg Limg

—&

Eq. (3.16) will become
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So,

_’i_zm[dq .0 | + () |] +alt))ug(0) = 0,

2me=0 +e +e

L. [2 () | ] +a(t))6,(0) = 0,

2m e—0 Te

= (@) | = Fa®us,0) (3.17)

q=0
This equation shows that, even function at ¢ = 0 is affected by the presence of barrier.

This equation will give the quantization condition later. Hence we have to calculate

only even wave functions.

3.2.3 Eigenstates of Even Modes after the Barrier Insertion

For the even wave function we will considered only the right side (¢ > 0) because of
symmetry. For (¢ > 0) delta function does not take part and Eq. (3.12) becomes Weber
differential equation.

Eq. (3.12) for ¢ > 0

9
p ]- A 6% [e}% (03
(% + gmquQ) U8,(q) = E5,0%,(q). (3.18)
h? d? o 1 2 2« & ah
_%d_qu%L(Q) + §mw g5, (q) = Eg,05,(q)

dividing both sides by Aw

h  d? 1 mw?q?

ES.
i V(@ + 5 g (0) = 3

7 Yan(a),

40



h d? 12qu2 _ B3,

—%d—cﬁl/)gn(Q) + 17 Von(q) = o Vo (q)-
Let
2mwq? 22 o
2_ 2 _ — _2n
zi= 3 = q 2mwandv hw,so
h d2 « 1 2, a «
_2mw ; h22 ¢2n(q> + ZZ ¢2n(Q) - _U¢2n(Q)7
2mw
d2 « 1 « (e
@ 2n(q) - 122¢2n(Q) - Uan(q)a
d2 « 1 2 «
This Eq. (3.19) is known as Weber [30] differential equation and its solutions are

vy = e (7))

Y

22 2,
sta) = 4 (T4 pe(77),
The second term diverges when z — +00 so we keep only the first term

z
T

U5, (q) = Aef( )

() = Ce T (3.20)

C' may have z dependence, so we can also write the above equation as

2

¥2.(q) = f(2)e 7. (3.21)

To determine f (z), we take the derivatives and substitute the result in Eq. (3.19):

d . . d 2
s = 5 (e ),

d 22 22
U0 = 1) T = e () T (3.22)
2 22 2 22 22 22
L@ = |1 — o ()T~ Lf ()T — o (e T 4 32 ()T
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P 2 2 £ 1, . 2
S0 = [T - e T - LT 2@ e T,
2o L2 1,2 1, 2
S0 = [T e T e T T )

[f” ()e T —2f () e T —

@ - 6 - 31+ 12 0 - (12 40) £ =0

@) - G- ) -l ()] =0,

" ! 1
{f (2) —zf"(2) — <v + 5) f (2)} = 0. (3.24)
Let us define a parameter a for convenience
1
a=— (v + 5) : (3.25)

Ea
where v = — =22,

As z = 0 is an ordinary point, so we can solve Eq. (3.24) by power series method.
Let the solution of Eq. (3.24) be

=3 e
f(z)’ —i ne, 21,
n=1

Then Eq. (3.24) will become

[in(n—l)cnz _Zzncnn1+ach ]: |
n=2
[i TL+2 n+ )Cn—i-QZ —chnz _|_a§: Zn] :0’

n n=0 n=0
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o0

D (n+2) (n+1) g — ney + ac,] 2" = 0.

n=0
Comparing the coefficients:
(n+2)(n+1)cyre — ne, + ac, =0,
we obtain

(n—a)
n+2)(n+1)"

Cny2 = (

Using the above recurrence relation, we can write the solution of Eq. (3.24) as

—a —a(2—a) —a(2—a)(4—a)
f(z) =c, [1 + TZQ + 1 2+ ol PAS
11— 1-— 3 — 11— 3 — 5 —
o1 Ut (o0 0 1060600, ] (oo
3! 5! 7!
a1l 2° a—1 3 22
N N - 2z
f(Z) Col( 2,2,2)+612 1( 2 7272)7
2
wherez? = 2m7;u a
1 ¢% (2 —-13 ¢* /2
and I} (—g, 3 % (%)) and I} (_a IREL % (%)) are confluent hyper-
geometric function [20] of the first kind. Hence Eq. (3.25) will become

_mw 1 ¢ (2mw 2mw _mw o a—1 3 ¢* [(2mw
o —c, o [ I B o an By — — = | — .
Van(a) = coe 1( 22 2( h >)+Cl n 1 T2 22 Un

Using boundary conditions i.e.

and

Hence
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etz _ 2
_Vm2 -y QquFl a 17§7q_ 2mw 7
r (=9 V "h 2 22\ h

2

normalized wave function can be written as

2mw
V5,.(q) = ND, (q 5 ) (3.27)
2mw . . . . .
where D, | ¢ T) [19, 18] is a parabolic cylinder function and N is the normal-
ization constant
! >
A 6 ()
4dmw ['(—a) ’
2mw 272 _mw al ¢ [2mw
= 2n 1 —— ==
Da(‘] h> o 1\° F1< 222 \"h )) (3.28)
I'i—-+z
2 2

@2 _ 2
2 _ B, QmwFl (_a 1 g %(Qmw>>7

r(-3)

['(z) is Gama function [22] and ¢(z) is Digamma function [23].

Recall Eq. (3.17):
d o «
V@) | = e®vs,0)

We substitute 19, (¢) from Eq. (3.27) to obtain

=0

d 2mw m
—ND — = —a(t)ND
% a<q ) )q| L a(t)ND, (0),

D <q 2%‘”) | = a(HDa(0),
D40/ 7 = Ta()Du(0),
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2h3
aD,(0) =/ ==D}(0),

m__ Dy(0)
N 2mw ~ D.(0) (3:29)

Let us calculate D/ (0) and D,(0) [21] using Eq. (3.28)

272 _mw a1l 0% (2mw

_—_ h - - -

D, (0) . a_i_l e 2n° Fy 533 - ’
2 2

(etDfe e _ 2
Y2 50 (0) QmwFl <_a 130 (27;w>>

a T 5 990 o
r(=9) h 2 722
2

Since ( we can check these values directly from the series expansion (Eq. (3.26))
a1 0% (2mw
(=22 2 ) o
1( 2'2 2 ( h )) ’
a—1 3 0% [2mw
e n e —1.
Fl( 2 22 ( h ))

Therefore

Daw)=-—4lizﬁ——

a 1)\
-2z
(5+3)

9 (2B, —hw) /Ahw
V2T . (3.30)
r [l _ 2E§‘n—hw:|

2 4hw

Using a from Eq. (3.25) we obtain

Dq(0) =

Now D’ (0) using Eq. (3.28)

2mw d 2mw
/ [ J—
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\/7_T2<a+1)/2
r(3)
2

1
2
T < ,%qz)) 2mwF ( a—1 3 ¢ <2mw))
2" 2

r(-3)
2
\/7_1.2<a+1)/2

Since (we can check these values directly from the series expansion (Eq. 3.26))

and
d a1l 0% /2mw
Sty N iiendl I
dql( 2’2’2( h)) ’
d a—1 3 0% [ 2mw
k= S (ZXE) ) =0
dq1< 2’2’2(h)>

2mw
Therefore at ¢ = 0, D/, (q 7 becomes

ﬁz(flJrl)/Q
D, (0) = W,
2

/2B ) /Al

D.(0) = — . (3.31)

2ES, —hw
r |:_ 4hw ]

Eq. (3.29) will become
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2(2E§‘n+ﬁw)/4ﬁw

B 2B —hw
m . r [_ ihw ]
a QR3w  9(ES,—hw)/dhw

1 2E§ —hw
r [5 4hw

m % 7im } 9(2ES, +hw) /4hw
N owe T [_gggn_m} X @RS, —hw)/Ahe

r [l _ 2E§‘n—f‘1/.u]
o m e 2 4h
2w T [_ 2E§‘n—ﬁw] ’
4h
1—‘ |:§ _ E2n:|
o }% =—2— (3.32)
w T [l ﬁ]
17 2w

This implicit equation cannot be solve analytically. However, we can solve this Eq.
(3.32) graphically (see Figure 3.1), noticing that « varies from 0 to co. When there is no
barrier v = 0, with increasing barrier strength « increases and at some later time when
the height of barrier becomes maximum then o — oo. Graph of this implicit equation is

shown in Figure 3.1.

Figure 3.1: Graphical solution to the implicit equation (3.32) relating E and «; energy
levels of the even modes are represent by the solid blue curves for a given value of a.
While the energy levels of the odd modes are represented by solid blue lines(alternative
lines).

For even eigenstates, we can see from Figure 3.1

Ata=0
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1
By, = <2n + 5) hw, (3.33)

where n =0,1,2,3... .
When « (strength of barrier) increases, Es,(energy eigenvalues of even modes) also
increase and shifted to the Es, 1 (energy eigenvalues of odd modes) when o — oo(barrier

is fully inserted).

At a = o©
1
3
or

1
Es, — [(Qn +1)+ 5@] ,

Esy, — Eopyi.

From Eq. (3.34) we notice that energy eigenvalues of even modes are as same as
energy eigenvalues of odd modes (odd modes have same energy eigenvalues before and
after barrier insertion). Hence each energy eigenstate is now degenerate. These states
produce the energy spectrum similar to the harmonic oscillator with energy gap 2hw, if

bottom of well is shifted upward by fiw/2 as shown in Figure 3.2.

Figure 3.2: Left: Energy levels of the simple harmonic oscillator potential. Center: Energy
levels of the simple harmonic oscillator potential plus the delta function potential in the
limit & — oo. Double horizontal lines represent the energy levels with twofold degeneracy.
Right: The harmonic oscillator plus delta function potential has energy levels similar to
the harmonic oscillator with frequency 2w, with two-fold degeneracy at each energy level
and shifted up by an energy fw/2.
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3.2.4 Density Operator

Now, we can construct p; which represents the state of system after complete barrier

insertion. From Eq. (2.1)

=Sl
n=0

Note that each eigenstate of harmonic oscillator is now degenerate (see Fig. 3.2) with

two-fold degeneracy, so we can write the density operator p, as

pr=D_ v (WS WS + W5 ) (W5 al) - (3.35)
n=0
As our system is coupled to a thermal bath, we can consider our whole system as a

canonical ensemble. The probability of nth state can be written as

e_BEn

1

Pn =

Energy eigenvalues of two consecutive even and odd modes are same (see Fig. 3.2),
such that:

3
E, = Fy, = Eypi1 = (2n + 5) hw,
where n =0,1,2,3,4...,

efﬁ(2n+%>hw

= Pn = ZL
Eq. (3.35) well become
T T
=D B2 (922 (2] + 952 ) (6204 ]) (3.36)

3.2.5 Partition Function

To find the partition function, we use the following condition on the density operator.

For a valid density operator, trace of density operator must be equal to one:

Tr [ﬁl_] = 17
1 = n w
Trlg-> ¢’ Crr ) (uge) (wgs] + ) W) | =
n=0
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1 n W
Z_Z S *2 )y (lebgn) (b + ’w2n+1><¢2n+1‘)] |[V2m)

[e.e]

+ 3 (Yo [ Z (ot h‘” (IS (wsnl + |¢2n+1><¢2n+1!)] [Yomi1) =1,
m=0

=0

7, ZZ et >m<¢2m’¢2n><¢2n|¢zm)

m=0n=0
1 n
+Z ZZ 2 + ¢2m|¢2n+1><¢2n+1|¢2m>
m=0n=0
1 —8(2n
+Z_J_ ZZ ﬁ 2 + ¢2m+1|w2n><w2n|w2m+1>
m=0n=0

ZZ _B 2n+ ¢2m+1|¢2n+1><¢2n+1|¢2m+1> 1

m=0n=0

using orthonormality condition

<w2n’w2m> = 5mn7 <w2n+1’w2m+l> = 5mn
(Vany1|om) =0, (Yan|thomi1) = 0.

So
Loy g Ly )y,
m=0n=0 m=0n=0
Form=n
1 - — n§1w 1 G - n§ )
Z;eﬁ(2+2)f +Z;€6(2+2)f 1

Therefore, we obtain

_ QZ 2n+

This is a geometric series , with the initial term a; and common ratio r:

3
a; =e —2fhw , T = e~ 2w,
26—%Bﬁw
= L= T e

20



A ———
1 = c Bhw _ 6_5EN )
()
e—%ﬁm
o=
7 sinh (Bhw)’
Z, = e 2" cosech (Bhw) . (3.37)

This is the partition function of our system when the barrier is fully inserted. Par-
tition function plays the role of generating function and it can be used to determine all

thermodynamical quantities.

3.2.6 Thermodynamical Quantities

3.2.6.1 Helmholtz Free Energy

Let us denote the Helmholtz free energy after the barrier insertion by A

AJ_ == _kBTanJ_

From Eq. (3.37)

Al = —kgTIn [e‘éﬁm"cosech (Bhw) |,
1 1
_ = —§Bhw .
A = ﬁln (e ) + In [sinh (Blw)],

A = lhw + lln [sinh (Bhw)],

2 B
1 , 1
Al = Bln [sinh (Bhw)] + §hw (3.38)

From Eq. (3.6) and (3.38), we can determine the difference in Helmholtz free energy

between the initial state and the state after barrier insertion:

AL = Ay, = 5 [sin (31)] + 31 = kTl [%mh(ﬁTh”)] |

Al — Ay, = %ln [2smh (5Thw) cosh (BTFM)} + %ﬁw — kgTln {QSinh(ﬂThw)} ,
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Al — Ay = %ln [QSinh (@)} + lln {cosh <@)} + %hw — lln l2smh(@)} )

2 B 2 B
Al — Ay = %ln [cosh (@)} + %hw (3.39)

High Temperature Limit:
T — oo = p—0,

lim (A} — Ay,) = lim {%ln {cosh (577%))} + %hw] :

T—0 T—o0

we can also write

. . 1 Bhw 1
4@2}) (AL — Ay) = éZLTé {Bln {cosh (T)} + éhw] ,
In [cosh (@)] ]
szLr[L) (AL — Ajp) = é@_r}ré 3 + §hw,

fon (),

since lim is — form , so we can apply L’Hopital’s rule
B0 B 0
hw 1 1
lim (A, — Ay) = lim ltcmh (ﬂ—) —hw] + —hw,
T—0 B—0 2 2 2
1
because lim |tanh 6_hw —hw| = 0,therefore
B—0 2 2
. 1

Low Temperature Limit:

T—0=p— oo,

lim (A; — Ay) = lim {%ln {cosh <@)} + %ﬁw} ,
hw

T—0 T—o0

Bhw N _Bhw ]
2 2
lim (A} — Ay,) = lim—=In | lim ¢ ¢ + —hw,
—0 T— T— 2
Bhw Bhw 5
2 T2 1 Bhw
since lime te = lim—e 2 , therefore
T—0 2 T—02
. o1 1, Bw
lim (A — Ay) = lim=lIn [—lzme 2 } + —hw,
T—0 T—00 270
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. . 1 1 Bhw 1
lim (AL — Ay) = lim {—ln (—e 2 )} + —Tw,

T—0 T—0 6 2 2
. , 1 ([ Bhw 1
%FZE”(L) (AL — Ayp) = ,{FZ_TZ% {B <T — ln2>} + 575/,0,
. , hw In2 1
fim (A = Ain) = Lim (7 - 7) gl

T—0 T—0

aw 1
lim (AL — Ay) = lim (7 — kBTln2> + §hw,

1 1

T—0

Hence from eq (3.40) and (3.41) we can write in general as

(AL — Ay ~ hw (3.42)

This implies that demon has to do work on the system during barrier insertion.

3.2.6.2 Average Energy:

Let us denote the average energy after the barrier insertion by £

0
EL = —%anl.

From Eq. (3.37)

EL — _iln [6_%6hw00560h (67’7/&})] )

p

1 0 1
E =—— — le 2cosech (Bhw)] ,
. e25mcosech(ﬁhw)aﬁ[ (8 )]

1
e~ 28 cosech (Bhw)

1 (ﬂhw)e;mw <—%hw) cosech (Bhw) ,

- 1
e~ 2P cosech

E, =- e 2hh [—cosech (Bhw) coth (Shw)] huw

e 2P coth(Bhw)cosech (Bhw)hw e~ 2% cosech (Bhw) o

E, = 1 + 1
* e~ 2P cosech (Bhw) 2e~ 2" cosech (Bhw)

Y

By = hw [coth (8hw)] + %m (3.43)
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From the classical analysis of Szilard engine [1], we can assume that barrier insertion
can be done at the cost of zero energy. However, quantum mechanically the situation is
not the same.

From Eq. (3.7) and (3.43), we can determine the difference in average energy between

the initial state and the state after barrier insertion:

1 1 [
E, — E;, = hw [coth (Bhw)] + §ﬁw - §hw coth (

1 1 [
E, — E;, = hw [coth (Bhw)] + Ehw — §hw coth (

:>EL—EZ'"?’0.

This implies that average energy of system increases after barrier insertion. Now the
question arises, from where does this energy come? The only source of energy increase is

the demon action (barrier insertion).

3.2.6.3 Entropy

When our quantum system is in a mixed state then it is represented in terms of a density

operator and the entropy of a such system can be written (from Eq. (2.15)) as

SL =-Tr [ﬁjnﬁﬂ .
But from Eq. (2.16), above relation can also be written as;

d
SJ_ = _ﬁAlu

from Eq. (3.38)

S, = _diT {%ln{smh (Bhw)} + %ha}] ,

d , hew 1
SL = _d_T {k}BTln |:S'th (ij_T):| + ihw} s

huw
= — ) — —_— —
S| kgln [smh <kBT)} kgl . ( ) e
sinh

kgT

S| = —kgpln [sinh (fhw)] + kg [coth (Bhw)] hw,
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S| = kg {Bhw [coth (Bhw)] — In [sinh (fhw)]} . (3.44)

High Temperature Limit:
T—o00o=p—0,

S, = lzm SL = kp {fhw [coth (Bhw)] — In [sinh (Bhw)]},

T—o0

S, = lzm k:B [Bhw.coth (Bhw)] — %Zn kgln [sinh (Bhw)] ,

T—o0

Si = kg [1] = Jim kgln [sinh (Bhw)]

T—o00

S. = {1 = im In [sinh (6] }

T—o0

S, ~ —kp {zéz_)rgoln [sinh (ﬁhw)]}

T—o00

As f — 0 when T' — o0, we can use the Taylor expansion

S, = —k:B lzm [In (Bhw + ...)],

T—o0

S, = —kB lzm In (Shw),

T—o00

1
Si =kpliml
THJ;O B zm n(ﬁhw)

We can write the above expression for 7" — ocoas

kpT
S| = kpln (%) . (3.45)
From Eq. (3.9)
S1 = Sin- (3.46)

In high temperature limit we can see that entropy of the system before (.S;,) and after
barrier insertion (S ) is same. Hence the effect of barrier insertion is considered negligible
in this limit.

Low Temperature Limit:

T—0=p— o0,

S, = lzka {Bhw [coth (Bhw)| — In [sinh (Bhw)]},

T—0
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T—0

. . eﬁhw o e—ﬂhw
S, = kg @ﬂ)ﬁhcu) [szlZ%coth (ﬁhw)} ~ kpln (#> :

S1 =k (fimBhw) |limeoth (8hw)| — kplim [in (™ — &) 4 kin2]

T—0

T—0
Since
szLr[L)coth(Bhw) =1,
and
limln (em’“ — e’ﬁh“) =In <limeﬁh‘” — lime’ﬁh"”> ,
T—0 T—0 T—0
limln (eﬁh“’ — e’ﬁh“) =In <limeﬁhw> ,
T—0 T—0
limin (eﬁﬁ‘” — e‘ﬁhw) = limlin (eﬁh“) .
T—0 T—0
So,

T—0

S1 =k (fimBhw) — kplim [In () + kpln2]

S, = kg (mpm) — kplim (Bhw) + kpin2,

T—0

S, = kg (gm)ﬁm) — kplim (Bhw) + kpin2,

T—0

T—0

SJ_ = kBlzm (O) + kBln2,
T—0 T—0

so we can write the above relation in low temperature limit as

T—0

Eq. (3.47) shows that particle occupies a doubly degenerate ground state at absolute
zero temperature.
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3.3 Quantum Measurement

In this section we are interested in projective(strong) measurements. We will use the
state of system that we have prepared in the previous section. Before the quantum
measurements on the system [25], we will define Left and Right eigenstates. We can write
the “Left” and “Right” eigenstates as linear combination of even (|¢)3%)) and odd (|93 ,))
eigenstates.

Left eigenstate can be written as

1
L) = 7 (W5 = [dgnsa)) - (3.48)
Right eigenstate can be written as
|R) = 7 (l5e) + [5ni1)) - (3.49)
Here we can see that
<LN|Ln> =5 <Rn|Rn> =5

3.3.1 Density Operator

Now let us try to write p,in term of |L,) and |R,)

pL = Z e~ (nts W%)W;ﬂ + |¢2n+1><¢2n+1‘)

As
‘Ln><Ln| = 7 (|1/’2n> |77Z}2n+1>) 7 ((77Z)2n| W’SZHD )
| Ln){Ln| = % (lbgs) (gl = [bgm e ) (W5n ] — [5) (W5 ia | + 15 ) (W55 ) -
Similarly
‘Rn><Rn| = 7 (|¢2n> + ’w2n+1>) 7 ((¢2n| + <¢2n+1\)
| B (Rn| = % (lebg) (gl =+ [gm ) (W50 ] A+ 105 (W5t |+ (150 41) (W3ma ) -

Then |L,)(Ly| + |Ryn)(R,| will be
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| L) (Ll + [Ru) (Rl == (1050 (W50] — [bge 1) (Wl — [5e) (W50 11| + [050 1 ) (Wgm 1)

+= ([go) (Wss] + [ge ) (Wos] + [5e) (W5 1] + [5e 1) (Vo 1)

N — DN —

(2les) (Wsal + 25, ) (Wl -

N | —

’Ln><Ln’ + ’Rn><Rn| =

|Ln><Ln| + ‘Rn><Rn‘ = W;Z)<¢gg, + ’wgfz+l><w§fb+l‘
Using this relation we can write p; as

o0

pr= 3 eI (L)Ll + |Ra) (Ral) (3.50)

Z
1 n=0

|L,): Describes the state of quantum particle when it is located on the left side of
partition.
|R,): Describes the state of quantum particle when it is located on the right side of

partition.

3.3.2 Projectors

By quantum measurements we can find whether the particle is located on the right or left
side of the barrier. Since we are doing projective measurements so we need to construct
the corresponding projection operators [17].

The associated projection operators are

Pr =Y |Ly){Ldl, (3.51)
Prp =Y |R.)(R.]. (3.52)

Let us define the left and right density operators.

pr - Left density operator represent the state of particle when it is located on the left
side of partition.

pr . Right density operator represent the state of particle when it is located on the

right side of partition.

3.3.3 Projective Measurements

When we do projective measurements, one of the eigenstate is projected with some prob-

ability. Let us first determined the left eigenstate associated with Py.
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For this we have to evaluate

. Pu(p) P
L= —F—""7-
Tr |:PL,5Li|
Consider Py, (p,) P}
D (A ® = 1 = —Bhw(2n
CUALE SIRUAT 'S o Cr IR TARESILN) Dol AL
k=0 n=0
5 P D 1 S & —Bhw(2n+3 -
Pr(p1) zzz— S L] [ D e DL (Ll | Y [ L) (L
L k=0 [ n=0 k' =0
1 oo [o.¢] B (2 3 o
o D (Ll | D0 e R R) (Rl | Y L) (L
L k=0 [ n=0 k'=0
Pr(p =" Zzze W@ | L) (L) (| L) (Ll ) | L) (L |

k=0k'=0n=0
0o 00 00

+ 350N e e D | L) (Ll (|Ra) (Rul) | L)L,

k=0k'=0n=0

[0 o0 oo

By (o) B} = SONTN T et L) (Ll L)) ((Ln| L)) <Lkl|]

| k=0k'=0n=0

[ 00 o0 o0

L OY ee D |L (Ll ) (RalLie)) <Lk/|] .

| k=0k'=0n=0

From the orthonormality condition of quantum states:

(L|Rn) =0,  (Ru|Li) =0,
<Lk|Ln> - 6k,nu <Ln|Lk’> - 5n,k’7

we obtain

[0 oo oo

B A ® 1 —phwlsn-r+5
o) L= |33 e Db
Lk=0k'=0n=0

g [y e L) <ka|] ,

Lk=0k'=0n=0
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forn =~k and n =k’

Pr,(p1) — 1> B_BM(2”+§)|Ln><Ln|] :

Z
L n=0

Now consider T'r [ﬁL 1) 4

70 [Bup] = Tr |3 114l Lk|—2e-ﬁ"w<2“+"’><|L MLl + [Ra) (B |

k=0

Tr [PLﬁL] Tr

7 LSS e (L) (L4 L) (Lol + LMl Ra) Rl

k=0n=0

Tr [pLﬁJ_] Tr

3D D (Ll + 1) 0) (R

k=0n=0

fork=n

N~
i

e Cm3) (|L) (L n\)] ,

T [Pupi] =5 3 (2l [Z e (1L, >><Ln|>] L)

Yo e ) (L) (L) | |Re),

Tr | Pups] = ZZ e MG (Ll (L) (L) | L)

=0n=0

ZZ e P Ry (| L) (Lal) | Re),

k=0n=0

Tr | P :ZL SN e (L1, L L)

k=0n=0

LSS e (R ) L ).

k=0n=0

using the orthonormality conditions
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k=0n=0

T [Pip) = 5 5 e Dg g - S el

k=0n=0

fork=n

. 1 & ,
Tr [PL,al] -3 B (2n+3)
L1 n=0

Since (from Eq. (3.37))
~%* cosech (Bhw) ,

ZLZQ

o0
3) . o
and 3 e P (n+3) i5 a geometric series:

n=0
o0 _ Bhw
Z —Bhw(ent) _ € 2 cosech (Bhw)
2
n=0
So,
Bhw
A 1 e~ 2 cosech (Bhw
T’I“ |:PLpJ_:| = Bha (ﬁ >7
e~z cosech (fhw) 2

which yields
1

Tr (prAJ_) = 5

pr, finally will become

1 i e—ﬁhw(2n+§)|Ln><Ln|]

~ Z1 n=0
pPL = - 1 )
2
9 [ oo
N Bﬁw 2n+
_ 2 e Ll .
A xq

Here we define % = 7, (we will calculate it later in a proper way)

1 o0
=2 ¢ DL L
L n=0

Similarly pr can be determined
P (py) Pf
Tr [pLﬁJ_:|

~

PR =

First we consider Pg (p,) P},
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(3.54)



e}

. 1 _ nt =
Pr(py) Ph=>" [Ri)(Ry 7 e P (2n43) (| L) (L + | Ra)(R > |Ri)(Ryl,
k=0 n=0 k'=0
- ~ > 1 = - —Bhw(2n+3 -
Patin) P~ Yo U (32 D10l ) 3 e
k=0 n=0 k'=0
1 [e.9] o0 3 [e.9]
o 2 1R (R (Z e—ﬁm(2"+z>|Rn><Rn|> > [Ri)(Ryl.
k=0 n=0 k'=0

oo o0 0

Pa(ps) Py =—- XY e PR (R (L) (Ln]) | Rie) (R

A
L k=0k=0n=0
o0 oo o0

+ 335 e CED R Ryl (IR (Ral) | Rio) (R,

k=0k'=0n=0

[ 00 o0 o0

Pr(p.) By = Y ¥ o> e PR ((RilLn)) ((Lal Rir)) (Rie|

| k=0k'=0n=0

[ 0 o0 o

+ [ SOS0N e et D R ((Ril Ra)) (Rl Rir)) (R

| k=0k'=0n=0

Y

from the orthonormality condition of quantum states, we obtain

[0 o0 oo

Pa(ps) Pl = | 003 e e D Ry (0) (Ru

Lk=0k’=0n=0
[0 o0 oo

*z% SOSTN e D) RSy i) (R

| k=0k'=0n=0

Y

for k=nand k =1’

~ A

Pr(pr) P = (3.55)

1 - n
7 3 et dip,) 7,
n=0

Now consider T'r [}53,5 l]

. o0 1 [e'e] B W .
Tr | Prps| =Tr D RN (Rel = 3 e M (L)L + [Ro) (Ra)
k=0 n=0
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Tr [PLm] Tr

7 LSS e D) (R (L)Ll + [RGB R B |

k=0n=0

for k = n , using orthonormality condition of quantum states:

Tr | Pap] = T1 LZ G (R} (Ral) |
T [P Z%;@k' 2 e D (|Ru){Ral) | |Le)
+Z%;O<R’“| D e T (R R | 1R

Tr | P | :ZL SN e ) (1) (R L)

k=0n=0

ZZ e B3 (Ry| (|Ru)(Ral) | Ra).

k=0n=0

using the orthonormality condition of quantum states:

. 1 &
Tr [PRPAL} = Z Z 6—6hw(2n+%)'
n=0

Since (from Eq. (3.37))

Z, = e "2 cosech (Bhw)

o0
3\ . . .
and > e @ (2n+3) is a geometric series:

n=0
i o—Bli(2n+3) _ e~ cosech (Bhw)
n=0 N 2 '
So,
_ Bhw
Ty [pR[)L} _ 1 e~z cosech (fhw)
e cosech (Bhw) 2 ’

which yields
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pr finally will become

z {io 65m(2n+3)|Rn><Rn!}

l 9
2
2 N shw(en
pr= > el )| R, ) (R (3.56)
L n=0
Here, we define % = Zr (we will calculate it later in a proper way)
. 1 _ n
n= [z e Ry (R, 357
n=0

From Eq. (3.54) and (3.57), complete density matrix after barrier insertion can be

written as

1
2

A~

p1L =5 (Pr+ Pr) (3.58)

3.3.4 Partition Function

Partition function plays the role of generating function in statistical mechanics. Here we
have two partition functions Z; and Zg.
Left Partition Function

Zy, is defined as partial trace over the Hilbert space spanned by the left eigenstates.
It can be obtained from

Tr [ﬁL] = 1.

From Eq. (3.54)

1
Tr| o 3 e@eeri)p — 1,
g (S )
1 oo
—Tr e P nta)| =1
TS i |]

Zy =S (L |30 e DL | L)
k=0 | n=0 i
[e'S) [e%S) - "
+ ) (Rl | Y e ML) (L] | | R,
k=0 L n=0 |
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Zp=3 ) ¢ MLy L) (Lol L)

k=0n=0

+ SN D (R L) (Lo | Ry),

k=0n=0
using the orthonormality conditions

o0

Zy =y e Phwlnts), (3.59)

n=0

o

3y . . .
> e~ Phw(2nt3) g a geometric series, we can evaluate the sum:
n=0

_Bhw
7, — e cosgch (Bhw) (3.60)

but Z, = e~ cosech (Bhw)

Z
= 7, = TL (3.61)

Right Partition Function
Zr is defined as partial trace over the Hilbert space spanned by the right eigenstates.

It can be obtained from

TWWﬁR]::L

From Eq. (3.57)

(Z s ><Rn\) 1,
=0
1 (o9}
—Tr o Cnt3) |R,) (R,
7T | IR R
Carrying out the trace:
Zp =Y (L | e IRV (R, | | L)

k=0 L n=0

+ (RS e D R (R | | R,
k=0 Ln=0
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Zn=3_3 " ¢ DL Ra) (Rul L)

k=0n=0

+ 308 e e (R R, ) (Ral Ry,

k=0n=0
using the orthonormality condition

o0
Zn :Z o~ Bhw(2n+3)

n=0

oo

3y, . .
> e~ Pho(2nt3)ig 4 geometric series, we can evaluate the sum:
n=0

e~ cosech (Bhw)

ZR = 2 )
but Z, = e~ 5" cosech (Bhw)
Z
Zp = TL

(3.62)

(3.63)

(3.64)

From Eq. (3.61) and (3.64), we can see that the partition function of complete system

can be obtained by adding left and right partition function.

Z, =Z,+ Zg

3.3.5 Thermodynamical Quantities

namical quantities using the partition functions.

3.3.5.1 Helmholtz Free Energy

when the particle is projected to right and left side of the barrier respectively.

Using Z;, Helmholtz free energy can be calculated as

1
AL = —BZTLZL.

From Eq. (3.60)

A ——lln 6_@00860]1(57%))
L — 6 9 )
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We have partition function for both left and right states so we can calculate thermody-

Let us denote the Helmholtz free energy after the projective measurement by Ar and Ay,



N L N
A = 5( 5 )—i—ﬂan Bln[cosech(ﬁm})],

Ap = % + %an + %ln [sinh (Bhw)] .

Similarly from Zz

1
AR = _BanR
From Eq. (3.63)

2

e~ %5 cosech (W’Lw)]

L oy 1, 1
Ap = 3 ( 5 > + Bln2 Bln [cosech (Bhw)],
AR = % + %ln2 + %ln [sinh (Bhw)] .
Here we found
fw 1 1 .
Ap = Ap = -+ Eln2 + Bln [sinh (Bhw)] . (3.65)

3.3.5.2 Average Energy

Let us denote the average energy after the projective measurement by Er and Ej when
the particle is projected to right and left side of the barrier respectively.
Using 7, average energy can be calculated as

1d
BT Zpap™"
From Eq. (3.60)
1 ad e~ %% cosech (Bhw)
Lz ap 2 ’

1 M w W

Ep = ~57 {—76_5200860h (Bhw) + e T [—cosech (Bhw)] coth (ﬁhw)} :
L
1 hw _phe

g L]
L= "9z, { ‘

5 "2 cosech (Shw) — e~ 2" huw [cosech (Bhw)] coth (ﬁhw)}
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. _Bhw :
Since Zj, = e~z cosech (fhw), we can write

1
B, = —— _@ZL — hw.coth (fhw) Z1,| ,
Zr 2

1
Ep = hw [coth (Bhw)] + §hw
Similarly from Zg

1 d
- ———7p
R ZRdB R

From Eq. (3.63)

1 d [eﬁgwcosech (ﬁhw)]

L= Zndp 2
1 hw _ he _Bhw
Er = ~57-1 3¢ ° cosech (Bhw) + e~ 2 hw [—cosech (Bhw)] coth (Bhw) ¢ ,
R
1 w w
Er = 57 {—%e‘ﬁécosech (Bhw) — e~ 2" lwcosech (Bhw) coth (Bhw)} :
R

: _Blw .
Since Zr = e~ 2 cosech (fhw), we can write

1 hw
ER:—— ——ZR—Mcoth(ﬁhw) ZR s
Zr 2

Eg = hw [coth (fhw)] + %hw,

Here we found
1

3.3.5.3 Entropy

Let us denote the entropy after the projective measurement by Sk and S; when the
particle is projected to right and left side of the barrier respectively.

If the particle is found on left side of the barrier, p;, is the state of particle. Using this
density operator, we can calculate Sy which is the entropy of particle if it is located on
the left side of barrier.

Sp = —kgT'r [pLinpL] .
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But we know from Eq. (2.16)

5 d 1 e~ %3 cosech (Bhw)
L= "ur _B 9 ’
S RE S —]

S, = _i {% + kgTIn2 + kgTin [sinh (ﬁhw)]} ’

St = —kpln2 — kpln [sinh (Bhw)] + kpcoth (Bhw) Bhw,
St = kp {Bhw [coth (Bhw)]| — In [sinh (fhw)]|} — kpln2.
Similarly, if particle is located on the right side, the entropy will be

SR = —kJBTT (ﬁRl’I’LﬁR) .

But we know from Eq. (2.16)

d 1
SR = _ﬁ <_BanR) s

e~ %" cosech (ﬁhw)] }

2

d { 1 (_ﬁ_hw) A %cosech (mw)] :

= 75\ T2 ) s
Sp = _% {% + kgTin2 + kgTin [sinh (Bhw)]} )

Sk = —kpln2 — kpln [sinh (Bhw)] + kgcoth (fhw) Shw,

Sk = kg {Bhw [coth (fhw)] — In [sinh (fhw)]} — kpln2.

Here we found

69



Sy = Sg = kg {Bhw [coth (Bhw)] — In [sinh (Shw)]} — kpln2. (3.67)

3.3.6 Comparison of Thermodynamical Quantities

From the above calculations, we can see that measurements alter many quantities such
as density operator, partition function and some thermodynamical quantities. In this
section we will do a comparison of some of the thermodynamical quantities.

3.3.6.1 Average Energy

From Eq. (3.66) and (3.43)

AF=FE,r—FE,

AE = {hw [coth (8hw)] + %m}} - {m (coth (Bhw)] + %m}} ,

AFE = 0. (3.68)
Here we found that measurements leave the average energy of quantum system un-
changed.
3.3.6.2 Helmholtz Free Energy

We have seen that measurements cast some effects on Helmholtz free energy. From Eq.

(3.38) Helmholtz free energy of the system before measurements is

A = %ln [sinh (Shw)] + %

As a results of quantum measurement the Helmholtz free energy becomes (from Eq.
(3.65))

Apgr = % + %an + %ln [sinh (Bhw)] .

Change in Helmholtz free energy can be calculate as

ANA=Arr— Ay,

hw 1 1 , 1 ) hw
NA = {7 + Eln2 + Bln [sinh (ﬁhw)]} - {Bln [sinh (Bhw)] + 7} ,



AA = kTIn2. (3.69)

This equation shows that free energy of the particle increases by an amount of kgTln2.

So we conclude that particle has some energy available to perform a useful work.

3.3.6.3 Entropy

From the above calculations we have seen that entropy also changes after the quantum
measurements. Here we will see it quantitatively. Entropy of the particle before the

quantum measurement is (from Eq. (3.44))

S| = kg {Bh]coth (Bhw)|} — In [sinh (BAw)] .

As a result of quantum measurements entropy of particle becomes (from Eq. (3.67))

Sr.r = kg {Bhw [coth (fhw)] — In [sinh (fhw)]} — kpln2.

Change can be calculated as

AS = SL,R - SLa

AS = —kgln2. (3.70)

This equation shows that entropy of particle decreases by an amount of —kgln2, which

leads to the apparent violation of the second law of thermodynamics.

3.4 Quantum Isothermal Expansion

Once the measurement is performed, the particle is projected onto one side of the partition
either left or right side. Let us say that particle is located on the right side of the barrier.
The density operator of the particle is pg (from Eq. (3.57)) and can be written as

J s s
hp — — E —Bhw(2n+3)
PR Zr 2 e [R,) (Ra | -

Once the particle location is ensured, it pushes the barrier towards left with some
force F. Initially when barrier is at origin, then the delta function is d (¢ —0). When
particle pushes the barrier towards left then delta function is displaced and it becomes
the function of ¢, (t) such that:

6(q) — 6 (q—q(t)),

where
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0 t—0
—00 t— 00
But during the expansion the barrier is moved slowly such that adiabatic condition

for expansion is satisfied i.e.

3.4.1 Energy Eigenstates

As the barrier is pushed towards left, instantaneous Hamiltonian will be

~2
H_(t) = QP—m + %mwQQQ +ad (G —qo(t)). (3.71)
Similarly if the particle is located on the left side of barrier, then it pushes the barrier
towards left with some force F'. Density matrix will be pp;
H._ (t) changes with the barrier position ¢,(t), so our wave function will also change

with changing g, (t).

He (1) (v*(q)) = B¢ (q),

e R A B

- - A~ 5 ~ t do — E(Io do . . 2

i LU e Ut )| ¥*(q) v (q) (3.72)
Recall a(t) = oo, therefore wave function 1% (q) exists on the right side of the barrier

only and it satisfies the boundary condition:

¥%(go) = 0. (3.73)

For the right side of barrier, Dirac delta function does not take part and Eq. (3.72)

will become

_h2 d2 1 212 qo qo ,/,90
%d—qQ‘i‘imw g | v*(q) = E*Y*(q.)

This equation is solved in the same way as we have solved Eq. (3.18) in the section

Barrier Insertion, from Eq. (3.27) the solution of the above equation can be written as

for varying q,

¥ (q) = ND, (q 2”%’) .

Where N is the normalization constant and can be found by orthonormality condition.
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3.4.2 Energy Eigenvalues

When particle becomes localized to the right side of barrier, its wave function vanishes

near the barrier. Using the boundary condition (Eq. (3.73))

Yo (QO) = 0.

This equation gives the energy eigenvalues for all values of ¢, : 0 = —o0

2mw
o () o

q 2mw> VovAame Qma)F ( a—13 ¢ 2mw>
_ Y (. Bt

reg)

2/ p el q2 2mw PR 2mw o (a—1 3 g 2mw 0
Ao 1y U F(_ﬁ)q" no\" 2 22 )
22 2
Rearranging
a Ja a—1 3 ¢*2mw mw
F(‘g) L 2’22 h h
= s 2. (3.74)
N b (a1 2w
2" 2 '\ 27272 &

This implicit equation cannot be solved analytically for each value of ¢. However, we
can solve this equation (Eq. (3.74)) graphically (see Figure 3.3), noticing that ¢, varies

from 0 to —o0.
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Figure 3.3: Graphical solution to the implicit equation (Eq. 3.74): Energy levels of the
right modes |R,,) are represented by dashed blue curve for a given value of ¢,. Energy
levels of the harmonic oscillator without the barrier are represented by solid blue lines.

From the Figure (3.3)
At g, = 0 (barrier is not displaced)

B, = <2n " g) . (3.75)

B, =3hw, By = Tho, By = W, By = Bh... |

This is the energy eigenvalue of particle when particle is on the right side and barrier
is fully inserted at ¢, = 0. Gap between two consecutive energy levels is 2hw. This is the
energy eigenvalue of particle when particle is on the right side and barrier is fully inserted
at g, = 0.

When barrier is displaced towards —oo, ¢, varies and FE,, is shifted to lower value.

At g, = 0

B, = <n + %) . (3.76)

These are the energy eigenvalues of particle when the particle is on the right side and
barrier is fully inserted at ¢ = oo, Infact this is the case of no barrier insertion.

Figure 3.3 also shows that when g, varies from 0 to —oo, the states |R,,) shift towards
the eigenstates [1,) of the simple harmonic oscillator. As a result in this isothermal

expansion, system finally returns back to its initial state p;,.

74



As system is returned to it initial state, let us check the net change in free energy in
a complete cycle. From Eq. (3.65) and (3.6)

Ap— A, = {% + %an + %ln [sinh (ﬁhw)]} - {kBTln [QSinh (BTFM)} } )

Ap — Ay = % + %ln? + %ln [QSinh (ﬁThw) cosh (BTFM)} — kgTlin {QSinh (BTM)} ;

Ar — Ay :% + kgTIn2 + kgTlin {QSmh (577%)] + kgTlIn {cosh (B%iw)}

—kgTIn [23inh (BTM)] )
fuw Fuw
Ar — Apy = 5 + kgTn [cosh (%)] + kgTln2. (3.77)

Eq. (3.77) above shows the amount of free energy available in a system to perform
useful mechanical work. The first two terms arise due to the work done by the demon
during barrier insertion (from Eq. (3.39) ). However, the last term quantifies the amount
of energy (this term is responsible for the violation of second law) that can be extracted

from thermal bath. This is the net available energy during each cycle[26] .

3.4.3 Force Exerted on the Barrier

Now, using semi-classical methods, the force applied to the barrier may be calculated from
the infinitesimal variation of the system’s free energy under an infinitesimal movement of
the barrier. The first law of thermodynamics states that the mechanical work performed

by the system must be opposite to the change in free energy for an isothermal process.

dA
dg,

As our particle is projected to the right side of the barrier so we will use Ar

F =

o _dAR’
dqo
where
1
AR = —BZTLZR.

This is the same result that we obtained in the quantum measurement section, however
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we are expressing Ag here in term of F),.The reason is that we want to see the change of

free energy with varying gq,.

SO

1 E
F=_—Y e~#En 4. (3.78)

dE,
Now, we have to calculate Jo

o
The force might theoretically be calculated at each point during the expansion, but
this would necessitate a more comprehensive numerical calculations. Let us calculate this
force analytically just at the beginning of expansion to see its behavior.

From Eq. (3.73)

P®(go) =0,

2
D, <qo %) —0.

We expand this function about g, = 0 by Taylor series (Taylor series for two dependent

variable)

2mw d 2mw
Da (CIO T) ’qo=0 +d_qODa (QO T) ’ro:O 5QO
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2mw d 2mw
Da <QO _) ’qo:O +@Da (QO T) |tIo=0 (Sqo (379)

h
d 2mw da
_Da o = = _50: . .
o (q - >|qo 0 3g.0 0 (3.80)
Term-1
From Eq. (3.73)
2mw
Da <QO T) |qo=0: 0.
Term-2
d 2mw d VT2 a 1 ¢&2mw
_Da o = 5 Fl T 5'A’ o
dqo h dq, ( a 1) 2272 h
r{-24:=
2 2
_d | mee QmwF a—13 ¢ 2mw
dq, p<_2>q° R\ T2 e )|
2
a/2 2
A p (o) o V2T d o a ] g2
dq, h a 1Y dg, 2°'2°2 h
r(-5+5

S g [q QmwF ( a—1 3 q; Qmw)]
T T/ aN 9, o 1\~ '8 o )

(g w1

a/2 2
iDa % Zmw ) VT2 d F _9’ 1’ 4o 2mw
o h r a 1 2°'2"2 h

dgo '
Eny
_ﬁ2(“+1)/2q meiF a—13 q_g2mw
e (5

2

NZoAanll 2mwF a—1 3 ¢*2mw
F(CL)Vhl 2 2’2 h )’

At ¢, =0



dg,
a—1 3 ¢*2mw
Fil - = 1
1 ( 9 727 9 A ) |qo—0 )
d a—1 3 ¢*2mw
nl—— == 0
dq, 1< 2 '2"2 h )l%4
Therefore
iD . 2mw oo _2(“+1)/2ﬁ 2mw
dqo a o A qo=0 F(_g) 2 .
2
Term-3

d 2mw d 272\ /1 a 1 ¢ 2mw
_Da o\l — % 0= — | —F——=F 5 a0
da (q h)‘qoo da a 1 1(22
r(-24:=
2 2
d |2/ [2mw a—1 3 ¢*2mw
_d_ a 4o A Fl T T 9o )
“1r(-3)

it (")
g T da 9 QmwFl ( a— 1 3 qo 2mw

ACIR R
2

2T [2mw d L a—13 g¢;2mw

F(_Q)qo h o da 1(_ 2’2’2 h )'

2
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At ¢, =0

a 1 ¢ 2mw
Fil——= =z —7—F— ] =1
1( 2°2 2 h) ’

3 <_a—1 3 q_zm_w) .y

2 22 h

fn(34m)-0

d a—1 3 ¢ 2mw
Sp (L2220 QoMW
1( 2 722 h) 0

2

3

()
"2

Y

DO Q
DN | —
m‘

Therefore

_1dF( a+1)
d 2 2721112 2da \ 22
L (/2 | e ZE2M2VE e ) 2 d
da h a 1 a
I|—=+= —
2 2 2

. _ —T(—=+=
d 2mw 2122/ 21 /| da ( 2 2)
(1B e

da h a 1 a 1 a 1 ’
r{=242) (=242 r(-%4:2
(-5+3) (5+3) | 7 (-5+3)

d r ( a N 1)
d /2 Lo/ da \ 2" 2
—Da qo —mw q —0= —\/7_1— ln2 + dCL 2 2
da h ’ I _9 + 1 I _2 + 1
2 2 2 2

We know the Digamma[23] function is

Therefore

2" part of Term-3

79



da _d (B, 1
dgy  dgo \hw 2
da_ 1 dE
dg,  hwdg,

Using all these terms in Eq. (3.79) we obtain

20V /r o [2mw 2P /¢ a 1\] 1 dE

- 0o + ———— |2+ U [ —— 4+ = )| ——-—0¢, =0,

oV TR T e 1 [”Jr ( 2+2)]hwdqoq
5 Flm3ts

20V /r o [2mw 2Pk, /x a 1\] 1 dE
— 24V —=4+=)| —-— 3¢ =0,
F<—9> h +F<2+1>[n i ( 2+2)1ﬁwdqo ¢

2 2 "9

2(a+1)/2ﬁ 2miw 2(0—2)/2ﬁ

n [12+m11( “+1)} L dE

n —_—— p— — — T
_a h a 1 2 2)| hwdg,
r(-3) r(-5+3)

=

0,

2 2 "9

2TV g (L0 )] LAE _ 2RYE fame
a 1 2 2)| hwdg, _a h’
I'(-z+= r
22 2

20V, /1 QmwF( a 1>hw

PIC AR

a 1

dQO 2((172)/2\/% |:ln2 + U (_5 + 5):|

(a+1)/2
2 C\L/% QmwF<_g+1>m}
(-2 h 272

dFE B 9
- - ,
dgo 202, /7 [ln? + U (—g + 5)}
dFE

) 22V/'muwshI (— >

dao 1 (—g) {ln2+\11 (—g + %)} |

N | —

+

VS

from Eq. (3.25)



B 2\hw 2) "2
dg, 1/E, 1 1 /E, 1 1N\’
r(p(ig) e (3 (2 -2) +2))
—2F,
3 n
dE AV F( Ahw >

dq, . (hw—2E, 3hw—2E, 1\
F<—4m )[mzw(—% _5)]

Now we replace (assuming particle to be on the right side of partition when barrier is

at g, = 0)
3
E, — <2n—|— 5) hw.

Then the denominator and numerator diverge in the above equation, so we have to
consider the limiting value.

E, — (2n+g>hw+a.

where 0 — 0, In this limit our desired equation reduces to

mw3h

iE (2n + 2)!
dg, 4! (n+1)!
Using this relation in Eq. (3.78)
5h
Lo MO (9n 4 2)1
F —_ _/BEn ™
Zr ;e 4rpl(n+ 1)1 7
mw3h =L (2n+2)!
F= e PEn,
Zo 4nnl (n 4 1)!
3
Atg=q,=0and E, = <2n + 5) hw, we obtain
Fe_ mw'h 1 i 2n+2)!  sens 3
T Zg = 4"l (n+1)! ’
F=— mw'h 1 i C) LR T
T Zp = 4"l (n+1)! ’
o mwh e 28 0 (20 + 2)! ( 2Bhw) (3.81)
T Zr A= 4"nl(n+1)!
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Here

[e.e]

4] (n + 1)! 42! 42 312

n=0

[e.e]

(2n+ 2)' —2Bhw\™ __ —2Bhw 15 —2BHw 2 105 —28hw 3
20—4”71!(71—1-1)!(6 ) —2+3€ —|—ﬁ(€ ) +r3!(6 )
— (2n+2)! | gn 3 s . 15 ognn2 , 105 g8
—90142 el Bhw _— 2Bh0)
; 1l (n + 1) (77) T g ) g ()
From binomial series
1-2)*? = 27 42 8310
for x = e26M
1 _ 3 oph 15 —2Bhw) 2
(1 — e-28m)3/2 b g )
so (3.82)
— (2n+2)! g 2
Z il (e ) = a3
n:04n.(n+1). (1 — e—28w)

Using this in Eq. (3.81)

P [mw3h e=28m 2
o T Zr (1-— 6—25hw)3/2’

oo
ZR:Z G_BE" s
n=0

where

from Eq. (3.75)

Zr —i e_’8<2n+%>hw.
n=0

o

n=0
we can evaluate the sum:

82

Z (2n +2)! (6725;,“)71_2_’_4_!672,8%_'_ 6! (6—2/3M)2+8_!(e*2ﬁhw)3...,

_ 3 3
e p (2n+2)is a geometric series with initial term a; = 3 and common ratio r = 2hw,



éﬁﬁw

e 2
Zr = 1 — e 2B’
Finally,
e Imw3h e~ 38w 2
o T o—3Bhw (1- e—2ﬂm)3/2’
1 — e—2bw

Fo o mw3h (1 B 6_2577“)71/2'
i

This is the force that pushes the barrier towards left when barrier is at ¢ = ¢, = 0.
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Chapter 4

Full Quantum Analysis

In the previous chapter , we have seen that Second law of thermodynamics is ap-
parently violated. Now we will see that in fact it is not violated when demon is treated

dynamically during the quantum analysis.

4.1 Ready State of Demon

Let us consider the demon to be a two state quantum pointer variable.

|Z;): This state corresponds to demon when he is present on the left side of the
partition.

|Zr): This state corresponds to demon when he is present on the right side of the
partition.

Neutral or Ready state of Demon(pointer variable) can be written as:

1
V2

Density operator of the ready state of demon will be

D) (120) + |Zr)) -
pAD - |@o><@0|a

1

A 1
pp = ﬁ(l%>+|%>)—(<%|+<@R!),

V2

pp = % (2L De| + | Dr) (D] + [ Zr)(De| + | DL)(DR]) - (4.1)

Here we can see that the initially state of the demon is a pure state:

Tr (pp) = 1. (4.2)
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4.2 Initial Composite State of System

At this stage, we can write the composite state [27] of demon and particle.

ﬁin,s = ﬁm ® /3D7 (43)

where p;, is calculated already given in Eq. (3.4).

4.3 Composite State of System after Barrier Inser-
tion

Now, if we insert the barrier quasi-statically at ¢ = ¢, neglecting the dynamical effects of

pointer variable i.e. the demon state, full Hamiltonian will be

H,s=H,® Ip.

a represents the strength or height of the barrier.

H,, represents the Hamiltonian acting on the particle after barrier insertion.

Ip represents the identity operator acting on the demon’s Hilbert space [28] after
barrier insertion.

Now, we will construct the time evolution unitary operator U for the above Hamilto-
nian ﬁa,s.

U — efilfla,sét

)

U _ —z‘(Ha®fD)6t

9]

)

A~ A

N R N N R 2
U= a®ID—z'<Ha®ID)5t—<Ha®[D> 512 4 ...
“ N 2 “ “
(o lp) = Aol

= U = (fa — iH, 0t — H251% + ) ® Ip,

U= e—zH,X(St ® ]D7

and

UT = eiﬁaét ® jD-
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Applying this unitary operator on the composite state given in Eq. (4.3)
ﬁL,s = 0 (ﬁzn & ﬁD) UT;
prs=e et g Ip (pin @ pp) et @ I,

N —iHa,6t ~  iH,St N
PLs=¢ Pin€ ® Ippplp,

A —iHo 0t n iHaSt o A
PLs =€ T pine T ® Pp.

From Eq. (2.11)

Therefore

Pls=pPL @ Pp. (4.4)

This is the composite state of system after the barrier insertion, where p, is already

calculated given in Eq (3.50).

4.4 Composite State of System After Measurements

For measurements, we need to introduce interaction between demon (Pointer variable)
and particle. We can now construct the interaction Hamiltonian.
Recall Eq. (3.51) and (3.52)

Pp =Y |Lu){(Lal,
n=0

Pr=> " |R)(R,|.
n=0

We define

ﬂ:pL_pRa

ﬂ :Z <|Ln><Ln| - |Rn><Rn|)

n=0

For the demon contribution
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| D) Dr| — | Dr)(ZL].

Note:
We can also choose (|Z.)(ZL] — |Zr)(Zr]), it will give the same results.

Finally, we can write the interaction Hamiltonian as

Hiy = iN1® (|Z0)(Dr] = |Zr)(Z1)) -

A represent the interaction strength between particle and demon. Interaction is intro-
duced for a very short interval of time dt. As the interaction Hamiltonian is independent

of time, so the evolution operator can simply be written as;

Uint = 6_2Hmt6ta

0, = o~ (AI8U2L)(Zrl—17r) (1)) )t

Y

o NI 20 PR|—| 2R (P56t
U =e (12L)(Zr|—1ZRr)( LI),

07Lnt :fp & jD + ﬂ X (‘-@LM-@PJ — ’.@RM@LD MOt
(71 (120)(Znl ~ 170 2)))

N . (At)?
(e (1209l — 170)(2u)
n 5 (AOt)” 4 ...,

where
Ip is the identity operator on particle Hilbert space.

Ip is the identity operator on demon Hilbert space.

Uint =lp@Ip+II® (1Z20)(Zr| — |Zr)(ZL]) Aot
+ﬂ2 ® (|20)(P5| — | 28){Z1])?

(Adt)®
2!
+H3®(|@L><@1§|! — |Zr){Z1]) (A3 + .
but
f[2 :Z (‘Ln><Ln‘ - ’Rn><RnD Z (le><Lm’ - ’Rm><RTnD’
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ﬂQ :ZZ (|Ln><Ln| - |Rn><Rn|) (|Lm><Lm| - |Rm><Rm|)a

n=0m=0

0

H2—|— ZZ ( YL | L) (L | — | Ry) (R | L Lo |

n=0m=0

0

+ZZ( R |R < |_’Ln><L m m| )

n=0m=0
form=n

(2 =37 (1) (Ll + Ra){Ral) =

:>ﬂ2:jp.

Furthermore,

(12l = | Zr)(Ze))* = (1D Dl = |Zr)(Ze]) 1Z0)( Dl = | ZR)(Z0l).

(120)(Zr| — 12r)(2L))? = (DL PRI DL)( DR — | Dr) (DL DL)(Dr)
+ (1D DL Dr)(DL| — |DL)(Pr|ZR)(ZL]) ,

(120)(Zx| — 128)(ZL))* = — (12L(D1] + | ZR)(Zx]) -

‘.@L<.@L| -+ |@R><@R| = fD.

Therefore

(120)(Zr| — |25)(Z))* = —Ip.

Hence

IP®ID

Uins =1p @ Ip + 1@ (|21)(Dr| — | Zr)(Pr|) ot —

_ﬂ ® (|20)(Zr| — |Pr)(ZL])
3!

(\Gt)?

(AGt)® +
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We know that projective measurement is a special case of generalized measurements.
For projective measurement, we can take
mh s

- Ip®1 2
= Ui =Ip © Ip +11® (12020l = |7e020) § = F572 (5)

4 2l 4
U ® (|ZL)(Dr| — |Pr){(Z1]) [T\
- 3 (3) +
. R - 1 /m\2 1 /m\4
Uit =Ip Q@ Ip [1—§<Z> +g<z> -i—]
. T 1 /m\3
HT® (172)(74] - |2 | T - 5 (5)+ -]
But we know
T 1 /m\2 1 /m\4 1
cos (1) =1-5(3) + 3 (5) =
) s T 1 /m\3 1 /m\° 1
Sm(z)—ra(z) +a(z) RS
So,
Ot = ——Ip @ Ip + T & (|Z.)(Zs] — |Z0)(D1))
int — 5 P D \/§ L R R Ll)»
~ 1 ~ ~ ~
Umt = E (IP X ID +II® <|-@L><-@R| - |-@R><~@L|)> ’ (4-5)

U= 5 [Ir @ 1o = 118 (20090l - 12011

Now, we can calculate the time evolve state peyoived,s 0f composite system using this

unitary operator. From Eq. (4.4) and (4.5), composite state of system after time evolution

can be obtained as

A

A P
Pevolved,s = intpL,sUinta

A

ﬁevolved,s - Uint (ﬁL X ﬁD) Uitua
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pevolvedSZT [ ®ID+H®<|‘@L><‘@R| "@R><‘@L|)i| léJ—
1

o s |Ip © Ip ~ 1@ (12,)(Za| ~ |Z8)(Z0))|

-
Pevolved,s =3 _IPPJ_[P ® [DpDID]
b5 1.0 © (120)(20] ~ 12 20) po ) (1.6
— 5 [1pp111® o (122) (7] — | 7))
3 [[011® (190} (Fl = 120) (21D 20 (122420l — |22

Now, we will solve each term of Eq. (4.6) separately,

Term-1
(jPﬁLfP ® fDﬁDfD) = pL ® pp,
IppiIp @ Ippplp = p1 @ pp. (4.7)
Using Eq. (4.1) and (3.58)

. R N N 1 1
IppiIp @ Ippplp = 3 (br + Pr) ® 3 (|Z2e)(ZL| + | Dr)(Dr| + |DL){(Dr| + |Zr)(ZL]) -

Term-2

M1 ip @ (170)(Zn] = |Z8)(Z1]) )
Considered f[[') lf P

e}

Mpdp = (L) (Lal = [Ra)(Ral) pr > (1Li) (Ll + | Ri)(Rel) -

n=0

Form Eq. (3.51) and (3.52)
ﬁ/ﬁfp = (pL - pR) pL (pL + pR) )

ﬂﬁLjP = (pL,aJ_pL — pR/aJ_pL + ]SLﬁJ_pR - FA’R,@LZSR) .
But from Eq. (3.53) and (3.56)
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pLﬁLPL: p7R7

~

PR,@LPR = pL-
Where as
PL[)LPR = 07
PrpLPr = 0.
Hence
1

pIp == (pr — pr).
Now we consider (|2.)(Zr| — |2\ 21|) pplp:

[\

(120)(Zx| — 128)(ZL)) ppIp :|@L><@R|% (2L ZL] + | Dr)(PR| + | DL)(PR| + | Zr){ZL])
—!@R><-@L\%(|-@L><@L! + | Zr)(Zr| + |ZL)(Zr| + |Zr)(ZL])

(120)(Zr| — 12r)(ZL)) pplp == (1D DR|Dr)(D1] + | D) (Dr|Dr)(Zr)

NSRS NGB

(|Zr(ZL| D) (D] + | Dr)(DL| D) (DRI)

(12:.)(Zr| = | Zr){(P1)) polp = % (2Dl = Dr) (Dl + | DL)(Dr| = | Dr)(ZL))

Term-2 becomes

(119.» ® (120){ 25| — |1 9(94)) bl =3 (1~ 52) @ 3(19) (2] + |91) (2l

(4.9)
—|Dr)N(DL| — |DRr)(Dr]).
Term-3

Ipp L@ Ippp (120)( x| = | ZR)(Z0)) -
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Consider [ PP L1 first
fPﬁiﬂ: (pL+PR>ﬁL (pL_pR>7
jP,aLﬂ = <pLﬁLpL - ]SR/@LPL - pLﬁLpR — PRPlE%) .

But from Eq. (3.53) and (3.56)

A~

PLp, Py = p—R,
2
pRﬁLPR = %
Where as
PppLPr =0,
Prp P = 0. (4.10)
Hence

A A 1 R R
Ipp 1l = = (pr — pr) -

N}

Now we consider Ippp (|2:)(Zr| — |Pr)(Z1)):
Ippp (120)(ZR| =1 Zr)( D)) =5 (DX e] + | D] + | Zr)(Ze] + | Zr)(ZR]) |Z0)(ZR|

(12 DL| + | D) Dr| + |Dr)(DL| + | Dr)(ZR]) | ZR) (DL,

N =N =

Ippp (|120)( DR — |1 Zr){(DL)) =5 (DL DLl DLY(DR| + | Zr) (DL DL)(ZR))

N — DN —

(|2 Dr|ZDL)(D1| + | Dr) (DRI ZR)(Z1])

Ippp (|20)(Zr| — | Zr){(ZL)) = % (2L Dr| + | Dr)(Dr| — | D) D] — |Zr)(ZL]) -

Term-3 becomes
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Ipp1® Ippp (1Z0)( Dl — | Zr)(Z1) (4.11)
1

= 3 (51— pr) © 5 (190} (Tl + | )\ Pl | 2)(P1] ~ | P} ().

[\

Term-4

5, 1 & (|20)(Pr| — | 2N D)) o (|2e)(Pr| — | 2N 1)) -

Consider 1, II first

Tpu 1= (L) (Lol = [Ron) (Ron]) i (1L (L] = [Ri) (Ril)

ﬂﬁJ_ﬁ = (PL,@LPL — pRﬁuf’L - PL,@LPR + PR,@J_PR> .

Using Eq. (4.10)

Up. I == (pr + pr) -

oo (|Z0)(Zr| — | Zr){(ZL]):

DN | —

Now we consider (|Z.)(Zr| — |Zr){(Z1|

~—

(|Z20)(Dr| — |Z2r)(ZL|) pp (|121)(Pr| — |Zr)(ZL])
= | DL Dr|pp| 20) (DR — | Dr)( DLl pp| D) (P
—|20)(Dr|pp| Zr)(DL| + | DRr)( DLl pD|DR) (ZL]-

| D) (DR|pp| D) (PR

1908l (5 (190 (2] + 93] + 191l +195){ 2 ) 192)

| D) DR pp| D) (DR| :%|@L><@R’@L><@L|@L><@RH‘%‘@L><@R|@R><@L’@L><@R‘

4 DT\ TN TRl P1) (Pl + 5P Pl P (Pl 21,

using orthonormality conditions
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190) (Pili0| P2 (Za| =35 D\ (PP I 20) (Pl + 3| D)\ P 22| 20) (2

L DALATT I Dl + 5190 (Dl DM 2l T D,

DN Trl0|90) (F] = 3| TN Pt TR k7T

R 1
= |DL)(Zr|pp|ZL)(DR| = §|@L)(@R|,

similarly
P P1100] 91} (F] = 5P,
1P0){Prlon] 1] = 5191} (P,
PR} P\l TP = 5|7
Hence

(120)(Zr| — |Zr)(ZL|) pp (|2L)(Pr| — |Zr){(ZL])
- %(‘@L><@R| —|Zr){(Zr| — |ZL){ZL| + |Zr){ZL])

Term-4 becomes

o 1@ (120 P8 — |Zr)(21)) pp (120)( D] — | D) (Z1))

2

Using Eq. (4.8), (4.9), (4.11), (4.12) in Eq. (4.6), we obtain

94

= 1(ﬁL + pr) ® % (|Z2L)(Dr| — |Dr)(DRr| — |ZL){DL| + |ZRr)(ZL])-
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ﬁevolved,s —% % (ﬁL + ﬁR) % (’@L><@L| + |-@L><‘@R| + |‘@R><‘@L’ + ’9R><@R|)
¥ |5 (P 8) © 3 (120)( 2] +122)( 2] - DN 1|~ | Zr) ()
T = ) © 2 (19.)(20) + 120 P1l — |91)(2] — |92 ()|
5 |5 (5r+ P0) @ 5 (1200Z5] ~ |28)( x| ~ 122) (2] +1 28020 |

for convenience, we will add Term-1 to Term-2 and Term-3 to Term-4

postocts = |5 (1 + ) @ % (1ZUNTL] + |90) (Pl + |0 T + |90l
_% % (hr+ pp) ® %<|@L><@R| — |Zr)(Znl — |20)( 0| + |@R><@L|>
™ % (b1~ 52) ® 5 (190) (1] +190)(s| — |2} (2] - 1P0)(Zl)
(R u = n) © 2 190 + 120} (n] ~ |90 n) - |Z)(u)].

poastveas = (P1+ 5r) @ (190 (P1] +171) (P
%(m_m) %(|@L><@L| Dr)(Z]) .
« 1. 5
Pevolved.s =7 PL @ D) DL + pr & | D) (D1
%,;L @ |Zr)(Zr] + pr @ | Zr)(Zxl
%,;L &\ DN DL] — pr @ |Z1) (P4
_%ﬁL ® |Zr)(Zr| + pr ® | ZR)(ZR]-

Above equation can be simplified as

R L. .
Pevotved,s = 5 (P ® | DL D L] + br @ |Tr)(TR]).- (4.13)

Here, we can see that particle and demon become correlated as a result of interaction.
If particle is located on the left side of partition then the state of demon is necessarily

|21) and if particle is located on the right side of partition then the state of demon is
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|Zr). This corresponds to exactly what we were expecting from strong or projective

measurements.

4.5 Entropy

Let us calculate the entropy of both the particle and the demon before and after mea-

surement. This, we can do with the help of partial trace.

4.5.1 Entropy of Demon before Interaction

From Eq. (4.1), density operator of demon before interaction can be written as

b = 5 (PPl + |0 Pnl + |7 Pu] +191) (P

From Eq. (4.13) we know this is a pure state having only one eigenvalue, so entropy

will be zero.
S(pp) =0. (4.14)

4.5.2 Entropy of Demon after Interaction

First we need to determine the density operator of demon after interaction. Taking partial
trace of Eq. (4.13) with respect to particle, we will get the reduce density operator of
demon.

PD.evolved 15 the state of demon after evolution which can be obtained as

PD,evolved = T'rp [pevolved,s] )

R L. R
PD,evolved = T'rp (§ (pL & ‘9L><@L‘ +Pr® |@R><@R|)) :

Carrying out the trace

) = L X
v = 3 (Ll (5 (50 @190} + & | Za) () ) |

m=0

+ 3 (Bl (5019 |20+ | 7)) ) 1)
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N | —
NE

(Ln|pr|Lm) @ |DL)(ZL] (4.15)

[)D,evolved —
m=0

=0

+

DN | —

(Ron|pL| Rin) @ | Z0)( 21|

+
N | —
NE

3
I
(=)

_|_
N | —
WE

(Rm|pr|Rim) ® |Zr)(Zr|.

3
]
o

Taking one term at time:

Term-1
o0 R [o¢] 1 [o¢] .
> (LlprlLm) =) (Lin| - D el | L) (La| L),
m=0 m=0 L n=0
o0 o0 o0 1
> LnlprlLm) =Y 0> —e (L L) (L | L)
m=0 m=0n=0 L
form=n
oo [ee] 1 5
~ _ —Bhw (2n+35
PIRIIAIES 7° (2n+3), (4.16)
m=0 n=0
Term-2
o0 . o0 1 oo B w .
> ALmlprlLm) =) (L] —~ D el 9| Ry) (R L)
m=0 m=0 n=0
00 A 00 00 1 ~ .
> (LmlprlLm) =) > P12 L | R) (R | L)
m=0 m=0n=0
form=n
> " (Lunlpr|Lm) = 0. (4.17)
m=0
Term-3
_— n L
3 (RolpalFin) @ 12020l =3 (Rl 3 DI} Ll ),

Z R |pL|R |9L -@L ZZ _Bm 2n+ <Rm|Ln><Ln|RM>a
m=0

m=0n=0

form=n
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[e.9]

> (RulprlBm) @ 20)(Z1] = 0. (4.18)
m=0
Term-4
> (Rulpnl ) =3 (Rl S DL (L] R,
m=0 m=0 n=0
> (Rl | Ron) ZZ e D) (R [ Ry ) (R | Ron).
m=0 m=0n=0
form=n

> (Bu |PRZ | Ry.) Z 7c Bl (2n+3) (4.19)
m=0 =

n=0

Using Eq. (4.16), (4.17), (4.18), (4.19) in Eq. (4.15)

[e.9]

) 1 1 o
P D ,evolved :é Z Z_Le ﬁhw(Q +g) ® |‘@L><‘@L|
n=0

1 = 1 5
g 2 7yt Y 017k 2
n=0

Form Eq. (3.59) and (3.62)

0
ZL :Z eiﬁh“”(%ﬂr%)
n=0

o
n=0

Therefore demon’s evolved state is

R 1
PD,evolved = 5 <|-@L><9L| + ’-@R><'@RD :

Now let us check pp cvorvea 15 @ mixed state or not;

(2Dl + | Zr)(ZR]),

o |

~2 -
pD,eUOlved -
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T (i) =22 (12001 + 122)(1) ) )

+(nl (31901 +120){21) ) 121,

Ll
47

o |

Tr [pAQD,evolved} -
1

Tr [ﬁQD,evolved} = 5 < 1.

Hence the state of demon is a maximally mixed state. Its entanglement entropy can

be calculated as

S (ﬁD,evolved) = _kBTT [(ﬁD,evolvedln,ﬁD,evolved)] .

For convenience, we can represent pp eypowed it matrix form using basis {|25), |Zr)},

matrix elements are

. 1 1
(DL|pD,cvolved |-@L>=<9L!§ (|Zc)( 21| + |.@3><-%:D\.@L>=§,

1
(DL|pD cvolved |-@R>=<-9L|§ (|Z2c)(ZL| + | Zr)(Zr|)|Zr)=0,
R 1 1
(DR|PD,ecvotved |9R>=<9L|§ (|1ZL)( D] + |93>(93|)|@R>=§,

N 1
(DR|PD evotved |-@L>=<-@L|§ (120)(DL| + | Zr){Dr|)|Zr)=0.

PD,evolved 1 Matrix form will become

. (Y0
PD,evolved = 0 1/2 .

/20 In /20

0 1 0 1 ’
(1/2 0 ) (zn(l/Q) 0 )]

0 12 0 In (1/2) ’

Ualn (1/2) 0 )

Therefore

S (ﬁD,evolved) = _kBTr

S (ﬁD,evolved) - _kBTT

S(p evolve = —kgT
Po.cvined) =~k T( 0 Yaln (1)
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N 1 1 1 1
S (pD,evolved) = _kB |:§ln <§> + §ln <§>:| ,

S (ﬁD,evolved) - kBan (420)

This is the maximum entropy of demon as it is a two state quantum pointer vari-
able. On the other hand, we can also calculate the entropy of particle before and after

interaction.

4.5.3 Entropy of Particle Before Interaction

From Eq. (3.50), we can write the density operator of particle before measurement as
o0

pL=— Z G_BM(%—F%) (|Ln><Ln| + |Rn><Rn|)7

Z
1 n=0

we can also calculate the above equation by taking the partial trace of Eq. (4.4) with

respect to demon i.e.

Trplprs) =Trp[pL ® pp] = pu.

From Eq. (3.44) (we have already calculated)
S (pL) = kp {Bhwln [coth (fhw)] — In [sinh (Bhw)]} .

4.5.4 Entropy of Particle After Interaction

We can write density operator of particle after interaction by taking the partial trace of
the evolved composite density operator peyowes (Eq. (4.13)) with respect to demon.
Pp.evolved 1S the state of particle after evolution which can be obtained from partial

trace:

Pp,evolved = TTD [pevolved] )

. L. R
Pevolved,p = TTD |:§ (PL & ‘9L><@L‘ + PR ® |@R><@R|):| )

1

ﬁevolved,p :<9L’ |:§ (ﬁL ® |-@L><-@L’ + ﬁR & ’@R><@RD:| |.@L>

+l |3 (1.8 \20)125] + o 122) 1) | 72),

100



. 1. 1.
Pevolved,p :§PL QDL D) (DL DL) + 5;03 R (DL|Dr)(Dr|ZL)

1 1
5L ® (DR|DL)(DL|ZR) + 5PR @ (DR|DR)(DR|ZR),

using orthonormality conditions

. L, L,
Pevolved,p = §PL ®1+ §PR X L
. L, R
Pevolved,p = 5 (PL + PR) )
using Eq. (3.58)

Pevolved,p = PL-

Now , entropy of particle after interaction will be

S(Pevolvedp) = S (p1L) = kp {Bhwln [coth (fhw)] — In [sinh (Shw)]} .

So, we can see that entanglement entropy of particle does not change as a result of

interaction.

4.6 Evolution as a Result of Expansion

As a result of interaction, the states of particle and demon become correlated. If demon
is in state |Zr) then particle is located on the left side of partition and if the demon is in
state |Zg) then the particle is located on the right side of partition. Once the particle is
projected onto one side of barrier then particle pushes the barrier either to left or right side
depending upon the location of particle. When particle pushes the barrier then system

evolves with time. For this evolution, we need a Hamiltonian.

4.6.1 Total Hamiltonian for Evolution

From Eq. (4.13) we can see that states of particle and demon are correlated. When
particle is located on the right side of partition, the state of demon must be |Zg)and
particle pushes the barrier towards left side. In this situation Hamiltonian can be written

as

H_ ®|Zr){(Zr|. (4.21)

A~

H_ represents the Hamiltonian for the barrier translated towards left side if the state

of demon is |25). Once the particle is projected onto the right side of barrier then H._
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acts on particle.
From Eq. (3.71)

n2

2 P 1 . .
H<—<t) - % + Emw2q2 +ad ((] - QO(t)) )

qo : 0 — —o0.

When particle is located on the left side of partition, state of demon must be |Z;)
and particle pushes the barrier towards right side. In this situation Hamiltonian can be

written as

H, ®|2.)(2Ll. (4.22)

H_, represents the Hamiltonian for the barrier translated towards right side if state of
demon is |Z;). Once particle is projected onto the left side of barrier then H_, acts on

particle.

52
: pro L, .
Ho(t) = o~ + EmWQQQ +ad (q — ¢o(1)),

Qo : 0 — o0.

From Eq. (4.22) and (4.21), we can construct the total Hamiltonian Hy.
Hr = H, ®|2.)(Z| + H_ ® |28)(Zx|. (4.23)

4.6.2 Unitary Operator for Evolution
Let us construct unitary operator Ur corresponding to Hamiltonian Hy

A~

_ —’iHT(St
UT =e )

Uy = e_i(ﬁﬁ®|@L><@L|+ﬁﬁ®|@R><@R|)at

)

Uy = e H-8I12L0 1|0t (—ifl - ®|PR) (7ot (4.24)

Let us consider each exponential separately:

e SISt @ [+ —iH_, ® | D) (Dot

+ (-i]:f—> ® |@L><-@L|5t>2 +
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Using

Ip = |20)(Zs| + | Zr)(Znl.

we obtain

e ST [ @ (|91)(91) + | Zr)(Znl) + (—iH) @ |20)(Zn ot

v (HiL) @ (122l (60 + .

e—iH_>®|@L><.@L|6t :jp ® |@L><@L| + jP ® |@R><@R| + (—iﬁﬁét) ® |@L><@L|
1 s 2
57 (iH-8t) ® 1200 ] + ..

i [ 17 g 2 2 7 1 A 2
e~ HBIZLILI _ [ | DV (D] + (Ip + (—iHH5t> +5 (—iHH6t> n ) ®| 71Dy,

since

. R . 1 " 2 N
e tH-0t _ Ip+ (—iH%(%) + 5 <—iH%5t) +..=U,

therefore
e8I TSt _ [ & \ DN Dr| + U, @ | D) D). (4.25)

U, only acts on the particle.

2nd

Similarly exponential can be written as

e H-@I7R IR _ [L@| 9, W (D |+ U ®| Dr)(Dr). (4.26)

Using Eq. (4.25) and (4.26) in Eq. (4.24)

Ur = (Ip @ 1Z0)( 75l + U~ @ 120071 ) x (I @ |Z0)(Z1] + U @|Z0)(Zn])

Ur =1plp ® |Zr)(ZDr| P20)( 1| + US1p © | 21)( D0 21) (21
+IpUr ® | DN Dr| D) (Dr| + ULUL ® | DL)(DL| Dr){( D),
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using orthonormality conditions

Ur =U., ® |20 P + Ul ®|2r) (P,

U = UL, @ |20)( 20| + UL ® | Zr)(Zx|. (4.27)

Now we can use the unitary operator Ur to determine the evolved state during expan-

sion.

4.6.3 Evolution during Expansion

Pevolved,s 1S the state of composite system after evolution (from Eq. (4.13) )

R L. R
Pevolved,s = 5 (PL ® |@L><@L| +Pr® |@R><@R|) :

Let us call the state during expansion p;,,j,cq.

lalevol'ued,s = ATﬁe’Uolved,sUij
) ~ (1. . ~
Hsvcss = Ur (5 2.8 \20)(90] + b 2 10) () ) O,
o 1~ S P 4
Pevotveds = Ut (pr @ |Z1)(P1]) Ur + SUr (pr @ | Zr)(ZR]) Ut (4.28)

Let us consider each term of the above equation separately:
Term-1
Ur (pr ® |20)(Z1)) US,

using Eq. (3.54) and (4.27)

A

Ur (pr ©120)(21]) = (U= ©120)(21] + U ® |20)(Zal ) 1 © | 20)( 20

A~

Ur (pr ® |Z0)(2L]) = (UHﬁL ® | DL Ze)| P1) (D) + U fpr ® \9R><9319L><9L|> ,

using orthonormality conditions

Ur (pr, ® |20)(P1)) = U pr, ® | 21)(Z0|.

Now applying U} from the left
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Ur (pr @ |20)(2)) Uy = Uy fpr, ® |20)(20|US,

Ur (pr @ |Z)(21]) UF = Uspr, ® 120)(21] (U1, @ | 20)( 2] + UL © |0}

A~

Ur (pr ® | 20)(Z0)) Uy =U-pr U, ® | 20)(D1| D1)(Z1 |
+ULpLUL ® | Z0)(D1|ZR) (PR,

using orthonormality conditions

Ur (pr ® | 2u)(P]) Uf = U= pr U, @ | 21) (P (4.29)
Similarly,
Term-2

Ur (pr © |Zr){(Zr|) U} = U prUL & | Zr){(Zal. (4.30)
Finally using Eq. (4.29) and (4.30) in Eq. (4.28)

) Lo o 1
p/evolved,s :§ <UﬁpLUL ® ’-@L><-@L’> + 5 <UHPRU:[_ & ’@R><-@R‘) .

Once the barrier is pushed all the way to infinity, we are back to the initial state:
U prUL, = pin,

UcprUL = pin,

1

N . 1.
= Pevolved.s = 5 (Pin ® |DL)(D1|) + 3 (Pin ® |Zr)(ZR])

N A~ 1
Pevolved,s — Pin Y § (|@L><@L| + |@R><@R|) : (431)

This is the state of system at the end of cycle. We can see that quantum particle
returns to its initial state but demon is in a mixed state at the end of cycle. However, it
was in a pure state initially. So in order to restart the cycle, it is necessary to reset the

demon to its initial or ready state |Z,).
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4.7 Resetting Demon’s State

This means that we need to reset the final state of demon to initial state pp .

\D1)(DL| + | DRr)(Zr| — pPD-

From Eq. (4.1)

(12 ZL] + | Dr)(ZR|) — % (2L DL] + | Dr)(Dr| + | ZR){DL| + | ZR){ZL]) -

N | —

We know that demon is a two state system {|ZL),|Dg)} having maximum entropy
k’BlTLQ
From Eq. (4.14) and (4.20)

1
" 3 (|2)(Z1| + |Zr){(Zr|) has entropy kgln2 which is the maximum value, so it has

no free energy available.

. % (120)( DL + |Pr)(ZL| + | ZRr)(ZL| + | Dr){(ZR|) has entropy 0, so it has kgin2 free

energy available.

So, if we want to go from final state of demon to initial state i.e. from mixed state to
pure state, we have to provide kgln2 energy during each cycle. By this transformation of
mixed state to pure state, entropy of demon becomes zero. This decrease in entropy of
demon balances the thermodynamical entropy of particle [29].

Hence for the complete (particle + demon) closed system

AS =0.

This result negates the apparent violation of 2" Law of thermodynamics
during the complete cycle of quantum Szilard engine. Hence, we can say that second law

of thermodynamics is valid for the quantum Szilard engine as expected.
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Chapter 5
Discussion and Conclusions

The detailed analysis of quantum harmonic Szilard engine shows that all thermodynamics
functions shown in Figure 5.1 can be calculated analytically at the end of each stage of

the cycle.

Figure 5.1: Thermodynamic functions calculated at the end of each stage for a cycle.

This analysis shows that average energy of system increases which implies that barrier
insertion cannot be done quantum mechanically at zero energy cost. The effects of barrier
insertion can be observed significantly at low temperature i.e. increase in entropy etc.,
however, entropy remains same before and after barrier insertion in the high temperature
limit. We then perform a projective measurement, assuming Maxwell’s demon operating
the engine is not treated dynamically that results in the localization of particle either on
the left or right side of harmonic well. The entropy of system decreases by an amount

kgln2; an amount of useful work kgTin2 can be extracted from the thermal bath that
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leads to the violation of second law of thermodynamics.

In full quantum analysis, demon is treated dynamically to show explicitly that he can-
not operate the engine for more than one cycle. During a cycle, the entropy(information
entropy) of demon increases by an amount kgin2 in obtaining the information whether
the particle is located on the left or right side of harmonic well. At the end of each cycle,
it can be seen from the quantum analysis that particle returns to its initial state, however
demon remains in a mixed state. For a cyclic process, initial and final state of system
must be same. So in order to continue the cycle, demon needs to reset its final state to
initial state which leads to lowering the entropy. To erase this 1-bit of information, at
least kpT'n2 amount of energy is required according to Landaure’s principle [6], which is
as same as obtained from single cycle of engine.

Thus, we conclude that the second law of thermodynamics is apparently violated
when demon is not treated dynamically. However, second law of thermodynamics is not
violated when a more complete analysis is carried out with the demon operating the engine
treated dynamically because decrease in the thermodynamics entropy is compensated by
increase in the information entropy of demon. Work extracted from thermal bath is used
to reset the state of demon in order to run the engine in a cyclic manner which negates
the extraction of net useful work. Hence, second law of thermodynamics remains intact

throughout.
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