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Abstract

The dynamics and rheology of complex fluid models have greatly motivated investigation in
fluid mechanics. This is due to the increasing importance of complicated fluids in industrial
applications. Although many substances in nature can flow but the traditional linearly viscous
fluid models are unable to adequately predict their flow characteristics. They are referred to as
non-Newtonian fluids. Two main phenomena, known as creep and relaxation are caused by
viscous and elastic components in the viscoelasticity of rate-type non-Newtonian fluids. The
majority of fluids found in nature are viscoelastic, including some biological fluids, paints, and
polymers. In many engineering applications, including the manufacture of polymer sheets and
plastic coatings, the flow of viscoelastic non-linear fluids with heat and mass transport is
important. The heat transport rate has a considerable impact on the quality of these products.
Therefore, the study of the rheological characteristics of viscoelastic fluids with thermal and
solutal energy transportation is an immediate attraction of the present era of investigation.

Many investigations have been devoted to scrutinizing the Oldroyd-B fluid flow and energy
transfer phenomenon induced by stretching surfaces. From this perspective, the current thesis is
designed. Here, the primary focus is on the mathematical modeling of an Oldroyd-B material and
analyzing its energy transport characteristics. The model under consideration predicts the
features of both the relaxation and retardation times effects. Through appropriate similarity
transformations, the governing partial differential equations for flow and energy transport are
converted into ordinary differential equations. It is extremely difficult to compute exact solutions
to the coupled system of modeled equations. Therefore, both semi-analytical and numerical
approaches are used to compute the results. The diverse physical constraints that may have a
significant impact on the flow and energy transport are taken into consideration. The results for
the flow field and energy transport phenomenon are exhibited both graphically and in tabular
form. The findings demonstrate that when the curvature parameter increases, the velocity,
temperature, and concentration distributions near the cylinder's surface are enhanced. Moreover,
for increasing values of Deborah numbers, the temperature and concentration distributions are
higher in terms of relaxation time while these are declined in terms of retardation time.

Additionally, the results demonstrate that the homogeneous response parameter exhibits



contradicting behavior on the concentration field while the thermal relaxation parameter lowers

the temperature field.
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Chapter 1

Introduction

The goal of the current theoretical investigation is outlined in this chapter along with a detailed
review of the literature. Additionally, some information and basic mathematical relations that
are useful in this study are provided. Moreover, the solution methods for the governing equations

are outlined. At the end, a brief description of thesis outline is highlighted.

1.1 Background and literature survey

Non-Newtonian fluids usually exhibit nonlinear deformation when a shear force is applied. In
industry, these fluids are plentiful in which adhesives, slurries, lubricating oils, mining tailing,
and suspensions, as well as biological fluids, polymer melts, and pharmaceutical items, are all
examples. Moreover, non-Newtonian fluids are used in a variety of applications, including petro-
leum drilling, biological fluid transport, crystal growth, and polymer extrusion. The features
of non-Newtonian fluids are not sufficiently accounted for in the conventional Navier-Stokes

equations. For non-Newtonian fluids, a variety of constitutive equations have been proposed.



It is not possible to describe the characteristics of all non-Newtonian fluids into one constitu-
tive relationship. Generally, there can be classified into: (i) differential type (ii) integral type,
and (i17) rate types. A Maxwell fluid model is a particularly basic rate-type fluid; it can only
identify the characteristics of relaxation time and cannot display those of retardation time.
The Oldroyd-B fluid model [1] is a modification of the Maxwell fluid model that effectively
explains the dynamics of both the relaxation and the retardation phenomena. Oldroyd [1] was
one of the first to create a strong constitutive relationship for a fluid, that is referred to as
the Oldroyd-B fluid model, and characterizes the manners of nonlinear flows of various types.
Several investigators have explored the flow and heat transport for an Oldroyd-B fluid under
various geometries. Oldroyd-B fluid flow generated by stretching sheet is visualized by Bhat-
nagar et al. [2]. The decaying of a possible whirl in an Oldroyd-B liquid flow is investigated by
Fetecau and Fetecau [3]. Further, the flow of an Oldroyd-B liquid towards a stretching surface
is described by Hayat et al. [4]. The outcomes of Brownian and thermophoresis motion on
the unsteady flow of Oldroyd-B fluid over a stretched surface were explored by Awad et al.
[5]. Additionally, Hafeez et al. [6] studied the non-Newtonian Oldroyd-B liquid flow with heat
transportation and solved the problem numerically. Very recently, the study of Oldroyd-B fluid
by a rotating geometry was discussed by Khan et al. [7].

In fluid dynamics, most of the recent investigations on non-Newtonian fluids flows caused
by a stretching sheet /surface have been made in the steady flows. The unsteady boundary layer
has a major role in engineering sectors, such as regular fluid movement and start-up procedures.
Due to unsteadiness, the boundary layer split and the pattern of fluid motion behave differently.
Moore [8] was the first who investigated the boundary layer flow over an insulated flat surface

moving with a time-dependent velocity. This analysis was extended by Chao and Jeng [9].



Yang [10] examined the time-dependent boundary layer flow around a stagnation region. Wang
[11] explored the concept of the flow of liquid film over a time-dependent stretching surface.
Khalili et al. [12] numerically examined the time-dependent nanofluid flow with a convective
transport. Raju and Sandeep [13] explored the consequence of solar radiation with catalysts
reaction in the unsteady flow of Carreau and Casson fluids across a stretched surface. Khan
and Azam [14] investigated the mechanisms of unsteady thermal and solutal transportation in
magneto-Carreau nanofluid flow via a hollow stretched surface. Li et al. [15] scrutinized the
simultaneous properties of Wu's slip in the unsteady bioconvective flow of a Maxwell nanofluid.
Additionally, the related publications can be encountered in Refs. [16 — 18].

Due to its significance, the energy transport phenomenon due to stretching surface enclose
existed studied comprehensively in recent years as a result of their broad scope of applications in
many methodologies such as thermal exchangers, the fiber industry, crystal growing, hot rolling,
etc. In the literature dealing with polymer processes, there have been several experimental and
theoretical studies done on convective transport phenomenon over cylindrical bodies. The flow
over a cylinder is usually considered to be two-dimensional because the cylinder radius is larger
than the thickness of the boundary layer. On the contrary, when the cylinder having radius
and boundary layer thickness are same then the flow is considered to be axisymmetric. In an
axisymmetric flow over stretchable cylinder, the governing equations depend upon the term
"transverse curvature" which induces the behavior of flow. In several applications, the effect of
transverse curvature plays a vital role. For example, in wire and fiber drawing where precise
prediction is needed and a thick boundary layer may exist on slender/near-slender surface.
Numerical solutions of a boundary layer flow on a stretched surface were studied by Sakiadis

[19]. Further, Crane [20] expanded this idea for the linear and exponentially stretching surface.



Patil et al. [21] explored the time-dependent mixed convective flow due to a vertical stretching
cylinder under the outcomes of thermal and solutal distribution in the existence of chemical
reactions. Butt et al. [22] examined the influences of magnetic fields on the production of
entropy in viscous flow over a stretching cylinder. Rajesh et al. [23] scrutinized the effectiveness
of chemical reactions on the free convection unsteady flow of a viscous fluid over an infinite
stretching cylinder. Hayat et al. [24] investigated the double stratification effects in a mixed
convective flow of Jeffrey fluid. Azam et al. [25] studied the thermal properties in flow of Cross
nanoliquid with heat source/sink due to stretchable cylinder.

The term "nanofluid" refers to nanomaterials suspended in conventional liquids to enhance
the process of coupled heat and mass transportation. In recent years, researchers have be-
come more aware of the importance of nanoparticles in domains such as biology and health,
electronics, biomaterials, food processing, and mechanical sciences. Furthermore, unique can-
cer therapy hypotheses, selective drug delivery, nanotechnologies, fermentation processes, and
medicine all have an impact on the mobility of the relevant nanomaterials in the described
structures. It is a well-known fact that fluids passing through microfluidic devices in refriger-
ators and thermal systems are entirely dependent on heat transport particles transported by
nanomaterials. Nanofluid dynamics is thus the key term to grasp in any field that deals with
non-particle suspensions in any form in order to achieve the best possible results. Nanofluid is a
type of liquid that contains nanoparticles (1—100nm). Choi [26] first proposed the idea of these
nanoparticles with enhanced thermophysical characteristics, which was later generalized by sev-
eral scientists. Buongiorno [27] discussed the seven sliding processes in nanoparticle motion,
which include thermophoresis and Brownian movement impacts. Alsabery et al. [28] studied

the transient flow of alumina/water-based nanofluid in a porous media. Kho et al. [29] used



numerical simulations to investigate the thermal and velocity slips of Williamson nanofluid flow
over a stretching sheet. Analysis of the radiative Maxwell material rendered by a rotating frame
was discussed by Alzahrani and Khan [30]. Chu et al. [31] studied the rotating flow of Maxwell
nano liquid by incorporating the gyrotactic microorganisms with irregular heat source-sink and
Newtonian heating. Rasool and Wakif [32] investigated the influence of second-grade nanofluid
over a convective surface towards a vertical Riga plate. Further attempts were made in this
direction by several authors [33 — 35].

The natural phenomenon of thermal and solutal transport has numerous applications. In
the food and chemical industries, heat exchanger efficiency is typically low when dealing with
non-Newtonian fluids. Since the apparent viscosities of these fluids are high, laminar flow
at high Prandtl numbers typically occurs. Additionally, the fouling issue in these thermal
exchangers significantly affects cleaning downtime as well as heat transfer efficiency. Llorens
et al. [36] conducted an experimental analysis of the thermal transfer approach to a non-
Newtonian pseudoplastic fluid. The mixed convection thermal transport of a viscoelastic liquid
under the Lorentz forces impact was explored by Mahabaleshwar et al. [37]. In the presence of
a first-order chemical reaction, heat transport with a dual sampling of stratification in a non-
Newtonian fluid flow towards inclined stretched surfaces was inspected by Rehman et al. [38].
Akhtar et al. [39] investigated the outcome of thermal and solutal transport on the Peristaltic
flow of Casson fluid. In heated fluids, high-temperature gradients are also typical, which lowers
the process quality and occasionally the fluid quality. Many studies have been conducted on
the flow pattern characteristics with heat exchangers, see Refs. [40 — 44].

Due to the complexity of all the reactions in a system, it is additionally suitable and sim-

plistic to restrict to binary kind only. The chemical reaction requires activation significance,



which must be unrestricted to start. The least amount of energy required to operate molecules
or atoms in a chemical system so that they can initiate a chemical reaction is referred to as
activation energy. The reaction activation energy can be calculated employing the Arrhenius
equation, which explains how the rate constant varies with temperature. A chemical change
occurs during chemical reaction, and one or more products are produced that differ in some way
from the reactants. Many industrial applications require some kind of chemical reaction as a
crucial stage in the manufacturing process. These kinds of reactions are typically conducted in
chemical reactors, and they are frequently constrained by the degree of mass transfer attained.
Instead of using an experimental approach, theoretical investigations into the impacts of acti-
vation energy on flow analysis are required. However, due to the complexity of the connection
between a chemical reaction and solutal transportation, theoretical explorations are done in
the existing study. The physical features of activation energy in chemical reactions are briefly
described in a few articles. The effects of chemical reactions on binary reaction models with Ar-
rhenius activation energy have been examined by Bestman [45]. Bestman [46] also investigated
the influence of activation significance in the flow of a combustible combination across a vertical
pipe with a radiation effect. Following that, the researchers continued their investigation on
Arrhenius activation energy consequences under many intriguing circumstances with different
flow configurations, as listed in Refs. [47 — 53].

The interaction of chemicals that produces chemical combinations is referred to as a chemical
reaction. Some of these reactions necessitate the use of heat as well as a catalyst. A homo-
geneous catalytic response materializes when the catalyst and reactants exist in the identical
phase, whereas a heterogeneous catalytic reaction happens when the catalyst and reactants ex-

ist not in the same phase. Homogeneous catalytic reactions are those that occur between gases

10



and liquids with oxygen as the catalyst, whereas heterogeneous catalytic reactions are those
that occur between gas and liquid, liquid and solid, or solid and gas. Firstly, chemical reactions
with the same diffusivities were presented by Chaudhary and Merkin [54]. In the following,
Merkin [55] examined the laminar flow of a viscous liquid through a flat surface with chemi-
cal reactions. For cubic autocatalysis, he reported both homogeneous and the heterogeneous
processes on the catalyst surface. This concept was later discussed by many researchers for
instance, Animasaun et al. [56] investigated the unequal diffusivity case of catalyst reactions
in a radiative viscoelastic fluid flow under the influence of Lorentz strength. Koriko et al. [57]
scrutinized the influences of quartic autocatalytic chemical reactions on the flow of radiative
Eyring-Powell alumina-water nanofluid. Kumar et al. [58] explored cubic auto-catalysis re-
actions in three-dimensional nanofluid flow with viscous and joule dissipations under thermal
jump. The physical characteristics of the chemically reactive flow of second-grade nanoma-
terial were studied by Alsaadi et al. [59]. The consequence of Cattaneo-Christov heat flux
and autocatalytic chemical processes on the dynamics of a micropolar fluid were examined by
Sarojamma et al. [60]. Meenakumari et al. [61] analyzed the significance of Lorentz forces on
Prandtl fluid flow subject to cubic autocatalysis type of chemical reaction.

The dynamics of heat transfer mechanism have become one of the most popular topics
in recent years, because of their numerous applications in various engineering and technical
processes, for instance, energy generators, nuclear reactors, electronic device cooling, biological
and medical appliances, heat pumps, etc. The traditional Fourier’s heat conduction law [62]
has been shown to be the considerable effective example for predicting heat transfer mecha-
nisms in a variety of systems. A thermal gradient is a material parameter that indicates the

acceleration and direction of the temperature differences that occur most quickly around a

11



specific region. When there is no macroscopic comparative movement between the two sides
exchanging heat, the heat flux is examined according to an experimental law. Such mecha-
nisms include the conduction of heat through solids and the convective heat transfer between
the fluid and the wall. In real-world engineering applications, it is typical for the comparable
motion to coincide with thermal transport in a moving fluid. Heat transport in a body proceeds
through a deformation motion even in solids. The possibility of such a relative motion affecting
the heat flux or transfer density is investigated. As a result, it became crucial to extend the
Fourier law to the point where thermal expansion and macroscopic proximate movement be-
tween the two sides of swapping heat occur. Cattaneo [63] proposed a successful modification
by introducing a key characteristic of thermal relaxation time into Fourier’s model. In order
to keep the material-invariant formulation, Christov [64] used convected derivative to present
frame-indifferent mathematical modeling and generalization of Cattaneo’s model. This model
is comprehended as the Cattaneo-Christov heat flux model in the literature. Alamri et al.
[65] scrutinized the influences of solutal transport rate over a stretching cylinder subject to
Cattaneo-Christov heat flux. Rasool and Zhang [66] investigated the characteristics of nanoflu-
idic flow manifested by the Cattaneo-Christov heat transport due to a nonlinearly stretching
sheet. This idea was expanded by many researchers and mathematicians to incorporate various

flow features, (see Refs. [67 — 69)]).

1.2 Fundamental laws and constitutive relations

The conservation laws, which are based on classical mechanics, are the fundamental axioms of

fluid dynamics. These laws can be stated in integral and or differential form, and are utilized

12



to solve the fluid dynamics problems and are stated below.

Mass conservation:

dp
— + V.- (pV)=0
5 TV (PV)=0,
Momentum conservation:
dVv .
M v AR b
P di T+ pb,
where 7 the Cauchy stress tensor is
T=—pI+8S,

for magnetohydrodynamic case, Eq. (1.2) is modified as

dVv

the current density J is defined as

J=0(V xB).

Energy conservation:

dT .
pep g =V 4,

the thermal flux q is described by Fourier’s law as

4=k VT,

13
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(1.2)

(1.4)

(1.5)

(1.7)



Concentration conservation:

dc

= - V-] 1.

=V, (18)
the solutal flux J is described by Fick’s law as

J=-DpvC, (1.9)

Energy and concentration conservation for nanofluids

The contribution of thermophoresis and the Brownian diffusion phenomena, in accordance with
Buongiorno [27], improves the convective energy transport in nanofluids. Thus, by combining

these two forces, the energy equations (1.6) and (1.8) are as:

dr 1 VT VT
S+ —V.§q=7|DpVC- VT + Dy~ 1.1
Gt e Y A= [DEVC VT 4 Dr=— | (1.10)
e - Dy
— J == -VT). 1.11
otV I =7 (V9T (1.11)

In the above equations, p, V, V, %, #, b, cp, q, J, T, C, p LS, D, ki, 0, B, Dp, 1,
Two are the fluid density, velocity field, vector differential operator, material derivative, body
force, temperature, concentration, fluid pressure, identity tensor, extra stress tensor, Brownian
diffusion coefficient, thermal conductivity, electrical conductivity, applied magnetic field, ther-
mophoresis coefficient, the ratio between nanoparticle heat capacity of base fluid, and ambient

temperature, respectively.
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Cattaneo-Christov theory

As previously stated, Fourier’s approach for heat conduction is unrealistic and contradicts the
principle of causality. Therefore, Cattaneo-Christov [63, 64] introduced the relaxation time with
upper convective derivative as follows to modify the mathematical relations given in Egs. (1.7)

and (1.9) as follows:

Dqg
q+ M— =—k1VT 1.12
q+ tDt 1V ) ( )
. DJ
F+ a2 = _ppve, 1.1
+ Dt sVC (1.13)

in which A; and A, represent the thermal and solutal relaxation times.

1.3 Homogeneous and heterogeneous reactions

Based on Chaudhary and Merkin [54], an isothermal catalyst particle should exhibit the fol-
lowing fundamental homogeneous-heterogeneous response when utilized in cubic autocatalytic

processes

A* +2B* — 3B*, rate = k.a*b*?, (1.14)

the temperature of the entire system stays stable during this type of reaction. On the reactant
surface, the isothermal reaction is represented by where A* and B* represent the autocatalysts
of chemical reactions, a* and b* indicate the chemical reaction concentrations, further k., ks

represent the constants involved in the reaction.
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1.4 Oldroyd-B fluid model

Generally, non-Newtonian fluids can be classified into (i) differential (ii) integral, and (ii7) rate
types. The simplest rate type non-Newtonian fluid is a Maxwell fluid model wherein only the
properties of relaxation time are defined by this model while the retardation time characteristics
cannot be presented by the Maxwell fluid model. An extension of the Maxwell fluid model that
adequately explains the behavior of both the relaxation phenomena and retardation phenomena
is one Oldroyd-B fluid which is named after Oldroyd [1].

The Oldroyd-B fluid’s Cauchy stress tensor is given by

D D
{1+)\1E}S—M{1+)\2E}A1, (1.15)

where u, %, and A; are the dynamic viscosity, upper convective derivative, and first Rivlin-
Ericksen tensor, respectively, A1 the relaxation time, and A2 the retardation time. This model re-
duces to Newtonian fluid model when (A = A2 = 0) and in Maxwell fluid model when (A2 = 0).
Furthermore, non-Newtonian fluid deformation is related to S, as described by the specific

mathematical relation for a particular non-Newtonian fluid model.

1.5 Methods of computation

Both semi-analytical and numerical approaches are used to compute the results of highly non-
linear ODEs that arise in the current theoretical analysis of Oldroyd-B material with energy
transportation phenomenon under the influence of different physical factors produced by stretch-

ing surfaces. These methods include the homotopy analysis method (HAM) and the BVP
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Midrich scheme. This section gives a brief overview of how these methods function.

1.5.1 Analytic solution scheme

The homotopy approach, first designed by Liao [70] in 1992, is a semi-analytical method for
finding the series solution of highly nonlinear differential equations. This technique is based
only on the topological notion of homotopy. It ensures that the approximation to the preferred
solution of the given problem is deformed indefinitely. The homotopy operation is defined as
F : U x [0,1]] — W such that F(u,0) = ¢,(u) and F(u,1) = ¢(u) with u € U where v (u)
and 1(u) two continuous deformable functions explained on topological space U and W. The
method is preferable over the other conventional analytical methods such as the perturbation
technique because this technique is unaffected by small or large physical restrictions. When
compared to other approaches, it has some advantages, it allows us a lot of freedom in terms
of selecting the base function and the linear operator. Moreover, it provides the assurance of
convergence for highly non-linear problems.

Assume the non-linear DE of the form

L1em) =0, (L.16)

where ¢ and £ denote the unknown function and non-linear operator, respectively.
Now, assume the auxiliary linear operator £, and ¢, (1) the initial approximation of ¢ (7).

By introducing the non-zero auxiliary linear parameter A the homotopy is constructed as the
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zeroth order deformation equation
(1 =€)L[l(n,€) — Lo (n)] = en L[l (n)], (1.17)

where e€ [0,1] is the embedding parameter.

When € =0 and € = 1 we get

£(n,0) = 4o (n) and £(n,1) = £(n), (1.18)

the variation of £ (n, €) from ¢, (n) to £ (n) as € varies from 0 to 1 is called continuous deformation.
This is the fundamental concept of HAM, and ¢(n,€) can be expressed as a Taylor series

expansion

£.6) = o)+ 32 Lulx™ b = 19"

= g (1.19)

The series in Eq. (1.20) is convergent at ¢ = 1. Thus, the m** order deformation problem is

Ll (n) = 2mlm—1 ()] = AR (ln—1), (1.20)

with

1 O™ (n, €
Rin(lm—1) = 1) &]m(l )Jezo , % =0, m<1and s, =0, m> 1. (1.21)

The preceding computation is carried out using the Mathematica software.
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1.5.2 BVP Midrich scheme

With extremely useful and effective techniques like Traprich, Trapdefer, Midrich, and Middefer,
the numerical solution can be computed on the Maple software. The techniques of Midrich and
Middefer are the midpoint approaches with identical enhancement strategies. The midpoint
approach is a highly stable computational procedure that, when combined with Richardson
extrapolation, yields highly accurate grid-independent solutions. By using domain truncation
methodology, the region of the semi-infinite domain [0, 00) is first turned into the region of the
finite domain [0, N]. The software algorithm adjusts the missing derivative until it achieves
the desired convergence. The symbolic, highly efficient software Maple is used to conduct the

numerical analyses. The general algorithm for the collocation method is as follows

£ (@) = F (2,8" (2)), & (o) = &5 (1.22)

The explicit midpoint method (Modified Euler method) has the following expression
* % h . h .

where x,, (= z, + nh).

The method for the implied midpoint strategy is expressed as

h 1
Eni1 =& +hF <xn +5 &+ 3 (5;,§;+1)) where n = 0,1, 2... (1.24)

The method for determining the midpoint has a local error of order O (h3) and a global error of

order O (h2) at separately step size. For better measurable intensive algorithms, the algorithm
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error decays faster as h — 0 and the solution becomes more stable.

1.6 Motivation and research objectives

A thorough review of the literature on non-Newtonian viscoelastic fluid flow with energy trans-
port phenomenon in the preceding section demonstrated that researchers have been becoming
more and more interested in the flow analysis of different non-Newtonian fluids with heat and
mass transport by taking into account various physical factors. The majority of the investiga-
tions have been devoted to investigating this field of study. Based on previous work described
in the literature, some gaps in the investigation of the flows of non-Newtonian viscoelastic
Oldroyd-B fluid with energy transport induced by stretching geometry have been found. Also,
this area of investigation is perhaps not concentrated on considerably and properly. The rhe-
ological attributes of the Oldroyd-B material induced by stretching surface are thus extremely
open to investigation. Therefore, the main motivational objective of this thesis is to examine the
analytical and numerical solutions to this highly non-linear model, so that we may accurately
anticipate the rheological properties of viscoelastic Oldroyd-B material with the transport of
thermal energy. The physical factors in this study apply to a variety of applications that in-
cludes, centrifugal pumps, plastic extrusion, polymers, gas turbine rotors, rotating machinery,
and many more. Accordingly, in this study, we focus on these topics and try to fill up various
gaps in the literature. Thus, the following are the main objectives of the current theoretical

investigation:

e The flow phenomenon of Oldroyd-B nanofluid caused by stretching boundary is modeled

in the form of PDEs, which are subsequently transformed into equivalent ODEs using the
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appropriate flow ansatz.

e The transport phenomenon of thermal and solutal energy are investigated using differ-
ent physical factors such as magnetic field, thermal radiation, Ohmic heating, chemical

reaction, and heat source/sink in the system.

e With the aid of analytical and numerical solutions to the obtained governing equations,
the flow structure of viscoelastic Oldroyd-B material with energy transport is evaluated,
and the findings are displayed graphically as well as in tabular structure. A complete
physical explanation of each outcome is provided. Furthermore, the results are validated

in good agreement with the existing literature.

1.7 Thesis overview

The goal of this study is to acquire a better understanding of the flow phenomenon along
with thermal and solutal transport of axisymmetric Oldroyd-B fluid flow induced by stretching
surface. The exploration of energy transport and fluid flow characteristics for the rheology of
Oldroyd-B material has been done in this dissertation using a comprehensive numerical and
analytical methodologies. This section describes all of the analyses obtained during this study.
Thus, the chapter format of the thesis is as obeys:

Chapter 1: A pertinent literature review to present work with motivation is provided in
this chapter. There exist vast number of studies on linear and non-linear flows under various
characteristics that are discussed. The thesis objectives are also given here. For the current
investigation, the conservation laws and some specific material related to continuum mechanics

are provided. Furthermore, the solution approaches used in the mathematical analysis are
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briefly explained.

Chapter 2: The mathematical modeling of time-dependent two-dimensional Oldroyd-B
fluid flow due to stretchable cylindrical surface is presented in this chapter. The energy trans-
port features of Oldroyd-B material are explored employing an performance of the notable
Buongiorno’s model, which distinguishes the attractive features of Brownian motion and ther-
mophoretic diffusion. The governing PDEs are converted into ODEs using appropriate similarity
ansatz. The resultant equations are then tackled regarding the velocity, thermal, and solutal
fields by operating the HAM. The study of this chapter is published in "Ain Shams Eng. J.,
14 (2023) 101825".

Chapter 3: A numerical analysis is presented in this chapter to examine the thermal and
solutal transport characteristics of Oldroyd-B nanofluid under the influence of source/sink phe-
nomenon and first-order reaction rate. In addition, the Rosseland approximation for radiative
heat transport is taken into account here. In Maple software, numerical integration in domain
[0,00) is performed for the flow model using the BVP Midrich scheme. For physical flow con-
straints, graphical results are prepared. This chapter findings were published in "Phys. Scr.,
96 (2021) 125266".

Chapter 4: This chapter is prepared to analyze the Arrhenius activation energy impact
on the non-linear radiative flow of magnetized Oldroyd-B fluid. An important characteris-
tic of this initiative is taking into consideration the irregular heat generation/absorption ef-
fects to maintain the temperature of the fluid. The PDEs are transformed into an ODEs
system using dimensionless quantities. Graphs are used to discuss and reveal the physical
effects of dimensionless constraints on nanofluid velocity, thermal, and solutal distributions.

The findings of this investigation are done in "Waves Random Complex Media, (2022)
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https://doi.org/10.1080/17455030.2022.2135791".

Chapter 5: The theoretical analysis in this chapter is designed to predict thermal energy
transportation in time-dependent axisymmetric flow formed by a stretchable cylinder with
thermophoretic particle deposition and Soret-Dufour effects. The nonlinear ordinary differential
equations for this flow dynamics are converted into time-dependent partial differential equations,
which are then analytically solved. The illustrated sketches are used to investigate the physical
conduct of significant parameters in depth. The developments of this chapter are done in "Int.
Commun. Heat Mass Transf., 141 (2023) 106577".

Chapter 6: This chapter examines the thermal features of the time-dependent stagnation
region of viscoelastic Oldroyd-B material with the influence of the magnetic field. The thermal
energy transport mechanism is studied using a non-Fourier approach rather than the conven-
tional Fourier’s law. The analysis of energy flow is also carried out for two different types of
surface heating mechanisms, namely the prescribed surface temperature and the constant wall
temperature. The acquired upshots are represented graphically. The results have been pub-
lished in "ZAMM (Z. fur Angew. Math. Mech.,) DOI: 10.1002/zamm.202100393
(2023) €202100393".

Chapter 7: This chapter contains an analysis of the heat transport characteristics of
Oldroyd-B fluid during time-dependent axisymmetric flow. The energy transport phenomena
are examined from the non-Fourier heat flux and homogeneous-heterogeneous reactions per-
spective, respectively. The Oldroyd-B fluid model’s rheological formulation is used to create
the governing flow field equations, which are then altered into a group of ODEs using the ap-
plicable similarity conversions. The graphical upshots for the velocity, thermal, and solutal

distributions are derived. The physical behaviors of relevant factors are thoroughly explored.
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The outcome raised in this chapter is reported in "Alex. Eng. J., 74 (2023) 665-674".

Chapter 8: The goal of this chapter is to use Buongiorno’s model and Cattaneo-Cristov’s
theory to explain the thermal and solutal diffusion phenomena of Oldroyd-B nanofluid flow.
The mathematical formulation section of this chapter describes the momentum, heat, and
mass distribution equations. The effect of physical constraints on the flow, temperature,
and concentration distributions of Oldroyd-B nanofluid are discussed through the HAM in
Wolfram Mathematica. The findings are displayed graphically and physically justified. The
consequences of this chapter are published in "Waves Random Complex Media, (2022)
https://doi.org/10.1080/17455030.2023.2172626".

Chapter 9: Finally, the last chapter concludes this thesis and provides a summary of the

work presented and suggests some recommendations for future work.
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Chapter 2

Modelling of Unsteady Oldroyd-B
Fluid Flow due to Stretchable

Cylindrical Surface

In this chapter, the time-dependent flow and thermal transportation analysis of an incompressible
Oldroyd-B nanofluid driven by a stretching cylinder are scrutinized with an analytical approach. The
governing PDEs are first established, and then these PDEs are transformed into ODEs using appropriate
similarity conversions. The acquired equations are then interpreted in the form of series solutions via the
homotopy analysis method (HAM) for the velocity, temperature, and concentration fields. Additionally,
the convergence analysis of the analytic series solutions is discussed. The aspects of thermophoresis and
Brownian motion characteristics due to nanoparticles are studied by employing Buongiorno’s model.
The findings demonstrate that when the curvature parameter increases, the velocity, temperature, and

concentration distributions near the cylinder’s surface are enhanced. Moreover, the velocity profile, for
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relaxation and the retardation times parameters, shows the opposite behavior. Also, the unsteadiness

parameter enhances the fluid velocity. A comparison of some current and old results is remarkable.

2.1 Development of governing equations

For an incompressible fluid flow, the mathematical expressions for conservations of mass and

momentum are, respectively

V-V =0, (2.1)
pjfa=—Vp+V:S§, (2.2)
where a signifies the material time derivative in term of velocity vector V and is defined as

A%
= =g tVOV. (2.3)

For unsteady two-dimensional flow, the velocity field is
V=[u(t,zr), 0, w(t,z0)], (2.4)

where, v and w denote the velocity components in the z— and r—directions, respectively.

The divergence of equation (1.15) gives

D D
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After the implementation of {1 + )\1%} on Eq. (2.2), and using Eq. (2.5), we have

D

The first Rivlin-Ericksen tensor and upper convective derivative are, respectively, expressed as

D D
{1+)\1 }Vp-f-,u{l-i—)\Q }V Ay (2.6)

A, =VVH (V)T (2.7)
DA 9A
27 =2 T (V- V)A-(VV)A. (2.8)

Thus, the system of modelled differential equations for the flow problem are given below, under

the assumptions mentioned above

0%u 20%u 20%u 92u,
+’LL +w +)\ (3 +u 0z2 +w ar2 + 2u dt@z + 2w 8tdr +2U’w8raz)
_ D\ 19p 10w 4 10u
(1+)\1Dt) pfaz+ ( dz2+r82+r87">
(
10%w 1.0%u
5oz + P + 25+ E o + Lo u il w4+ 2uly (2.9)
, .
u O u 0%u w 9w w %u
Uy 4O wh w4 2wt + LT L By
+vg
_wow _ OuPw _ oudPu _ goudPu _ 10udw _ 10udu _ 9dudPuw
r2 0z 0z Ordz 0z Or? 0z 022 r 0z Oz r Oz Or ar Or2
_Ou 9%u @8211;_2@8_11;_’_2&@
L ~ Or 9zor Ir 0z2 r Or Or r2 or

27




\
29 28 fo

w + 2u 8t8z + 2w 82587‘ + 2uw6r<’;1,]z)
(1+>\ )p or +v (

w 20w _ 2_w>
2 92w 2 Ow
8t87"8u + 8t6z2 + 28t6r2 T o

-I—u —|—w +)‘1(6t

8r6z

r Or r2
2o — o+ 2ug

81"8,22 + u8r8z2 + u 8z3

12U + 2558 + 205y

r2 0z

. (2.10)

9?2 0
or3 + w8z6r2 + w6r8z2 +20 57 -
+vA2

r Or? 77‘2w8r
dw 82w | dw d%u owdu | 1 (Ow\2 | 10wdu
+4 +828r82+828r2+2828z2+r(8) + r

+26_w82w+6w8u +6w6w 2(%17[,))272&8_10

ar Or2 Or Oroz or 0z2 + T

where v is the kinematic viscosity.

In view of the usual boundary layer approximations, we consider u, r, A1, A2, t, and p are

of order 1, while z, and w are of order 8, and v is of order 62 with § as the boundary layer

thickness. Therefore, Egs. (2.9) and (2.10) are reduced to

— D 19 02
_7(1+)\1§)pfdz+ <r8g+8712l>

o (2.11)
2 2
6t8r2+71"gt(91:"+ +u was

ol
8z8r2 r 020T +w 8r3 +5 T or? + T%B_g
+vA2
fﬂ@fl@@fgauaz Ou 8w _ 20udw
Oz Or? r 0z Or or or2 ~ Or 0z0r r Or O
D\ 1 0p
—14+XM= | ——=—=0. 2.12
< 1Dt> pyor 242

The momentum equation’s relevant boundary conditions are

u(t,z,r) = 1%, w(t,z,r)=0atr=R
, (2.13)
u — 0, Bu

8T—>Oasr—>oo

and the pressure gradient term can be calculated using the boundary layer approximations and
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the boundary condition at infinity as

19dp
p_fa =0. (2.14)

2.2 Model sketch

w0, 2y, Tl 6t
ar

Nanoparticles

Fig. 2.1: The problem geometry.

2.3 Statement of the problem

Here, we consider the two-dimensional unsteady flow of an upper-convected Oldroyd-B nanofluid
driven by a stretchable cylinder. The cylinder is stretched along the z—direction with velocity
Uy (= %) having radius R. The radius of the cylinder is the same as the order of the
thickness of the boundary layer. Hence, the flow is assumed to be axisymmetric. The stretching
cylinder velocity, which varies with time, introduces unsteadiness in the flow field. The flow
starts at t(=0) and it is steady when ¢ (< 0). Cylindrical coordinates (z,7) are chosen in
such a way that the z—axis is along the surface of the cylinder while the r—axis normal to

the surface. The surface of cylinder is kept with a constant temperature Ty, where (Ty, > Tt)
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corresponds to the heated surface while (T}, < Tw) is for the cooled surface. C,, and C, denote
the concentration at the surface and far away from the surface, respectively. Fig. 2.1 shows
the physical representation of the flow configuration.

Under the above-stated assumptions, the constitutive equations are given by

=0, (2.15)

\

2 2 2 2 2 2
G Bttt + {2 BE H B 2+ 2w+ 2w |

By 1 9%u By
+ 12 g 2
. 52 19 Otor? r Otor 9z0r
=V (-87,7; + ;—1;> + I/)\Q , , , ) (216)
u O%u d9°u w O%u w Ou
Trozor TWos T r gz Tz or

z
ou 9u 1 0u du u 2w du 0%u 2 Ju dw
*V/\2{——+?7E+25 o Eam*;ﬁﬁ}

—~

2
oL, 8Talﬁ{ﬁ_T}+T{DB@_T+&(8T) } 217

ot "oz " Yar T v or T or or or | T \or

0C  0C . 9C _Dyo [ 0C\ Drld [ o
at e TV T ar{rar} Toor(?r{ré?r}’ (2.18)
with corresponding BCs
U=Uy, w=0,T=1T, C=C,atr=R,
, (2.19)

u — 0, %HO, T —Tyw and C — Cy as 7 — 00

where oy (z ky ) is the thermal diffusivity, v (z Ji) the kinematic viscosity, 7 (z (pe), ) the
(pc) s Py (pc) s
heat capacity ratio, T,,, C,, denote temperature and the nanoparticle concentration nearby the

surface while T, Cs denote the same far from the surface.
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2.3.1 Similarity transformations

According to the flow ansatz [71], letting

_ _az g _ _R av _ T-T
U=1"n (17) y W= r 1—at (77) ) 0= Tw—'ﬁ:o’
)]
¢ _ C—Cx _ a r2—R2
T Cw—Cx’ n= U(l*at) 2R

which convert equations (2.16) to (2.19) into a system of ODEs as follow

(1‘|‘277k’)f”/‘|“2kf”+ff”*f,2*Sf,*%USf”*(1%2177]2).}02,}0”
2ff,f”*25fl2 *252f’*nSf/f”‘F?)Sff”*fom

‘|“775ffm _ %7752]0// _ iUQSZf/// ,

+D€1

(1+27]k’) {f"2+25f'"+%775fi”*ffw}+35kf"
+Desy =0

+?75/€f”/ _ 4l<5ffm

(14 2nk) 0" + 2k0' + Pr f0' — % PrnS¢’ + (1+ 2nk) Pr {Ny0'¢/ + Ny¢”} =0,
(1+2nk) ¢" + 2k¢' +PrLef¢’ — % Pr LenS¢' + % {(1+42nk) 0" + 20"} =0,
b

with corresponding BCs

f'(00) =0, f"(c0) =0, 0(c0)=0, ¢(c0)=0

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

where Dey is the fluid relaxation time, k£ the curvature parameter, Dey the retardation times,

S the unsteadiness parameter, N; the thermophoresis parameter, N, the Brownian motion

parameter, Pr the Prandtl number, and Le the Lewis number are the dimensionless quantities,

31



which are respectively defined as

(2.25)

2.4 Engineering interest quantities

The engineering interest quantities (physical quantities) are defined as follow

2.4.1 Nusselt number

The Nusselt number can be used to describe the transportation of heat from the surface to the

fluid. Mathematically,

24w

Nu, = m, (2.26)
where
quw = —k1 <g—f)T:R. (2.27)
In dimensionless form, we write
Nu: _ _g(0). (2.28)

2.4.2 Sherwood number

The Sherwood number is the rate of mass transport from the surface of the cylinder to the

fluid. Mathematically,
ZJw

Shz B DB (Ow - 000)7

(2.29)
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in which

oC
Jw=—Dp <—> : (2.30)
or )._r
Thus, we have
h
5 —¢'(0). (2.31)

vRe, -

where Re; (= %2£) denotes the Reynold number.

2.5 Analytical solution procedure

Here, the homotopic technique is used for convergent series solutions of non-linear ODEs (2.21)
to (2.23) along with BCs (2.24). For this, one requires the appropriate linear operators and

initial guesses which are defined as

fo(n) =1 —e™"), Op(n) =e™ " and ¢, (n) = e, (2.32)
o3 0 02 02
satisfying
L= [co +cre + cze_"] , Lo = [03677 + 046_77] and L4 = [65677 + cﬁe_"] , (2.34)

where ¢; (1 =0,1,2,..,6) are constants.
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2.5.1 Zeroth order formulation

One can write the problems corresponding to zeroth order as

(1-p)Ly {f(n; p) — fo (77)} = phy Ny {f(n; p)}
(1—p) Lo {9(77; p) — b, (n)} =pﬁe/\fe{ (m; p)} , (2.35)

(1—-p) Ly {&(77; p) — o, (77)} = pheNy {&(77; p)}

>

FQ0; p)=0, f/(0; p)=1, 0(0; p) =1, $(0; p) =1
, (2.36)

f' (003 p) =0, f"(00; p) =0, 6(00; p) =0, ¢(o0; p) =0
Nf {f(n;p)} _ (1+277k> f///+2/€f//+ff//—f/2 _SJE/_ %nsf//
(1+Ignk)f2f//_sz/f//+25«f/2+252f/+775«f/f//_szf//+f2f///

—D€1 5 (237)
+£n52f// _ nsff/// + %UQSQf///

+D€2{(1+277k’) {f”2+25f’”*ffi”+%775fi”}+3Skf”+775kf”’f4kff’”}

N {é (n; p)} = (14 20k) 0" + 2k6 + Pr f6 — 1 Pryse’ o)

+ (1 + 2nk) Pr {Nbé’g%’ + Ntélz}

N {Qb (n;p)} = (1+20k) ¢ +2kd + PrLefd — & PrSLend
(2.39)

- {(1 k)" + 2ké’}
Here p € [0,1] stands for embedding parameter, Ny, Ny, and N for the non-linear operators,

and Ay, hy and Ny for non zero auxiliary parameters.
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Setting p = 0, and p = 1 we obtain

F(0.0) = fo(n), f(n,1)= f(n)
9(77, O) = 90(77)7 é(na 1) = (77)

¢ (1,0) = ¢o(n), ¢ (n,1) = ¢(n)

(2.40)

when we change p from 0 to 1, then f(n;p), 9(77;]9) and (}(n;p) show the alteration from

primary approximation’s f,(n), 6,(n) and ¢,(n) to desired ultimate solutions f(n), 6(n) and

o(n).

By employing Taylor’s series

F(,0) = foln) + ey Fn(MP™s fin(n) = 7

0 (1,0) = 0o(n) + Yooy Om(MP™, Om(n) = 707

b(0.9) = 6o) + X051 S (D™ G (1) = 7y L)

™ f (;p)

op™

™ 0(n;p)

op™

\

-

‘p:O

‘p:O )

, (2.41)

the convergence regarding the equation (2.41) is based on the proper selections of iy, fy, and

g

Choosing suited values of hy, hg, and hy so that equation (2.41) converge at p = 1, then

fm) = fo(n) + > =1 fm(n)
0(n) = 0o(n) + X poy Om(n)

¢(1) = 6o(n) + Lm=1 Sm(1) |
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2.5.2 The m — th order deformation

The m — th order deformation problem is

.
Ly {fm() = X Fm-1(n)} = by RF(n)
Lo {0m(0) = XonOm-1(n)} = KeRE () (> (2.43)
Lo {Pm(n) = XinPm-1 (M)} = heRG () |
.
fm (0) = f1,(0) = f1, (00) = [, (00) =0
O (0) = O, (00) = 0 ) (2.44)
R () = (L+2nk) fil_y +2kf}, 1 — Sfrq — 505 f
DDl AR [ N ﬁzln’z S0 Fne1k Yo feif
230 fmlkZlOfkl — > fmlkZlofkl 1
=281 1w fe =S i Sh A+ 3S 1w Sy
+Der ¢ + 0 o LR ‘ . (2.45)
A0S frn—1-kf1
*%1772521%/71 - %77521%71 — 282 7In71 )
(L 20k) {0 [Fs il = Frn i) + S F_y + 2560 )
+Dey
—4k >0 fm 1=k Sy + 3Skf] _ +nSkf
Ry (n) = (1+ 20k) 0,y + 2k, +Pr 310" frno1- 40}, — 3 ProS6;, .16)
+ (1 + 2nk) Pr ) { Ny (07,11 0%) + Ni (07,1 -10%) }
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R () = (14 20k) ¢,y + 2k}, + PrLe Y700 frn1 1, o.am)

—31S PrLed), ; + it {(1 4 2nk) 07,1 + 2k0),_; }

with

0, when m < 1
Xom = (2.48)
1, whenm >1

The m — th order problem have the following solutions

fm(n) = fr(n) + ¢ + cie + cze™"

O (n) = 03,(n) + c3e" 4 che™" ; (2.49)

Om(n) = dp(n) + cie + cge™

where f(n), 05,(n), and ¢;,(n) represent the special solutions.

2.5.3 Convergence analysis

The HAM discussed in Sec. 2.5 includes auxiliary parameters hy, hg and hy whose suitable

values are required for the convergence of a series solution. For this, the least square error is

1 N m ) 2

In Table 2.1, we demonstrate the convergence region of analytic results for the non-dimension
profiles. It is investigated that 15" order of estimation is enough for velocity while 18" order

of estimation is enough for thermal and concentration distributions.
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Table 2.1: Convergence analysis of the homotopy solutions for the different order of ap-

proximation when £k =5 = 0.1, De; = Des = Ny = N, = 0.2, Pr = 6.2 and Le = 1.

Approximation order || f”(0) 0'(0) ¢'(0)
1 1.137843 || 0.555314 | 0.281154
3 1.141838 || 0.568626 || 0.293529
6 1.151842 || 0.569407 || 0.295454
9 1.155231 || 0.571771 || 0.296730
12 1.158632 || 0.572436 || 0.297342
15 1.158613 || 0.573134 || 0.298730
18 1.158613 || 0.573129 || 0.298543
21 1.158613 || 0.573129 || 0.298543
24 1.158613 || 0.573129 || 0.298543

2.6 Validation of results

In Table 2.2 present results are compared to check the exactness of the analytical outcomes
with Abel et al. [72] and Megahed et al. [73] for Deborah number De; for fixed values of all
other physical constraints. The current outcomes are found to be in excellent accord with their

outcomes, indicating that the current numerical method produces reliable results.
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Table 2.2: Obtained results of —f” (0) for De; when k = S = Deg = 0.

De; || Abel et al. [72] | Megahed et al. [73] || Present results
0.0 1.0000000 0.9999780 1.000000
0.2 1.0519480 1.0519450 1.051838
0.4 1.1018500 1.1018480 1.101842
0.6 1.1501630 1.1501600 1.150231
0.8 1.1966920 1.1966900 1.197532
1.2 1.2852570 1.2852530 1.285317

2.7 Results and discussion

In this section, an explanation of the series solution with the impact of involved physical pa-
rameters on f'(n), 6(n), and ¢ (n) are discussed in detail through graphs and tables. To
understand the physical behavior of these graphical outcomes, the computations are carried
out for 0.1 < Dej < 3.0, 0.1 < Dey < 3.0, 0.1 < k < 1.0, 0.1 < S < 1.0, 0.1 < N; < 1.5,
0.1 < Ny, <1.5,6.2<Pr<7.5,and 0.1 < Le < 3.0.

The consequence of the curvature parameter on dimensionless f’(n), 6 (), and ¢ (n) dis-
tributions are illustrated in Fig. 2.2(a) to (c), respectively. In Fig. 2.2(a), the increasing
values of the k£ radius of the cylinder decrease, therefore, fluid velocity enhance as a result of
less resistance provided to the fluid motion. Further, the impact of k on 6 () and ¢ (1) are cap-
tured in Fig. 2.2(b) and (c). It is evident from these formations that the thermal and solutal

distributions increase. Because, due to higher variation of curvature parameter the transfer
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rate of heat and mass increases from cylinder to the fluid as a result enhancement occurs in
temperature and concentration distributions.

Fig. 2.3(a) to (c) illustrate the variation in velocity, temperature, and concentration
for higher estimation of unsteadiness parameter (S). It is evident from Fig. 2.3(a) that an
improvement in unsteadiness parameter S increases the velocity. Physically, this implies that an
increasing trend of S enhances the fluid acceleration which help to improves the velocity field. In
Fig. 2.3(b) and (c) the unsteadiness parameter improve particle interactions, which indirectly
helped to improve thermal conductivity. That’s the reason of increasing in temperature, and
concentration fields.

The impact of Deborah numbers that are in terms of fluid relaxation time (De;) and re-
tardation time (Deg) are shown in Fig. 2.4(a) and (b), respectively. From these figures, we
noted that the profile f’ (1) shows opposing behaviors for both De; and Des. As we know that
De; and Deg are proportionate to the relaxation time and the retardation time, accordingly.
Therefore, an increase in relaxation time leads to stronger the elastic forces which controls
the motion of a fluid due to which the fluid becomes like a solid that’s why the fluid velocity
decreases. In Fig. 2.4(b), retardation time shows the opposite behavior on velocity profile
as compared to relaxation time. In fact, elastic forces decrease due to an enlargement in the
retardation phenomena, and hence, the velocity enhances. It is a well known that an increase in
the relaxation time parameters results in a decrease the velocity of the fluid, while fluid velocity
increases Dejp, while a growing pattern is noted when Desy increases.

The variation of (V) on 6 (n) and ¢ (n) are presented respectively in Fig. 2.5(a) and (b).
Here, the profiles and their related thickness layer are enhanced for increasing values of (V).

Physically, since the nanoparticles improve the fluid thermal conductivity and such thermal
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conductivity establishes an increase in thermal and solutal curves.

In Fig. 2.6(a) we note that augmenting values of the Brownian movement parameter (V)
enhances the thermal field. Because, due to higher values of Brownian motion parameter the
interaction of particles boost up which increases the temperature distribution. While solutal
distribution declines with the increase in (Np). Because in this case, the collision of particles
gives the disturbance for the mass transfer, that’s why the solutal distribution decreases as
portrayed in Fig. 2.6(b).

The higher values of (Pr) and (Le) cause a deduction in € (n) and nanoparticles solutal
distribution ¢ (1), as shown in Fig. 2.7(a) and (b) respectively. Here, as we increase the
Prandtl number, the temperature distribution 6 () and related boundary layer thickness are
decreased. Because Pr is the ratio between momentum diffusivity and thermal diffusivity. Thus
increasing (Pr) lower the thermal diffusivity, which causes a reduction in temperature profile
and the related boundary layer. Since the Lewis number depends upon the (Dpg). An increase
in (Le) leads to lower the (Dp). This lower coefficient of Brownian diffusion yields to lower the

concentration distribution of nanoparticles.
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2.8 Physical interpretation of engineering coefficient

The numerical results for —6’(0) and —¢'(0) for Dej, Dey, k, S, N; and N, are displayed in
Table 2.4. Here, the energy transfer rate declines for the progressive values of fluid relaxation
time De; and fluid retardation time Des, respectively. Since the increasing values of De; and
Des boost the relaxation and retardation phenomenon. Such increases conduct the depletion in
energy transport rate. The transport rate of heat and mass increases for the increasing values
of k. Because the resistance between the cylinder surface and the fluid falls as the radius of
the cylinder lowers, as k increases, the resistance between the surface and the fluid decreases.
Further, the unsteadiness parameter strengthened the particle interactions, which helps to
improve the thermal conductivity indirectly, due to which the numerical values of —6'(0) are
increases. Further, the numerical results reveal that the energy transport rate decreases as the
thermophoresis parameter and Brownian motion parameter values increase, whereas the mass

transfer rate shows a reverse pattern.
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Table 2.4: The calculated numerical values of —6’(0) and —¢'(0).

Dey | Des || k | S| M| M| —00 —¢/(0)
01 || 0.1 [0.1][01| 01101 06396972 | 1.3719886
02 || - | - - - Il - [ o.6316371 | 1.3268961
03 - | - - | - |l - [ o0.6239911 || 1.2843645
01 || 0.1 [ 0101|0101 06396972 || 1.3719886
Solo2 | - -l - |l - | 0.6497337 || 1.4224082
o3l - - |l - | - |l 06566886 || 1.4573653
01 || 0.1 [ 0101|0101 06396972 | 1.3719886
- - o3l - | - |l - [ 06716092 | 1.4990627
- - o5l - || - |l - [ 07005311 || 1.6328715
01 || 0.1 [ 0101|0101 0.6396972 || 1.3719886
- - fo2| - |l - | 07375931 || 1.3534494
- - - Jfo3 | - || - [ 08116354 || 1.3342672
01 || 01 [ 0101|0101 06396972 | 1.3719886
- - -l - o2 - [ 05908652 | 1.3786006
- -l - o3| - | 05467763 || 1.4152298
01 || 0.1 [0.1][01| 01101 06396972 | 1.3719886
- - - - |l 02 0.4704245 || 1.5106871
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Chapter 3

Convective Transport of Thermal

and Solutal Energy in Unsteady

MHD Oldroyd-B Nanofluid Flow

This chapter presents an analysis for the unsteady axisymmetric flow of an Oldroyd-B nanofluid gen-
erated by impermeable stretching cylinder with heat and mass transport under the influence of heat
generation/absorption, thermal radiation and first-order chemical reaction. Additionally, thermal and
solutal performances of nanofluid are studied using an interpretation of the well-known Buongiorno’s
model, which helps us to determine the attractive characteristics of Brownian motion and thermophoretic
diffusion. For the governing non-linear ordinary differential equations, numerical integration in domain
[0, 00) is carried out using the BVP Midrich scheme in Maple software. For the velocity, temperature
and concentration distributions, reliable results are prepared for different physical flow constraints. Ac-

cording to the results, for increasing values of Deborah numbers, the temperature and concentration
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distributions are higher in terms of relaxation time while these are declined in terms of retardation time.

Moreover, thermal radiation and heat generation/absorption increases the temperature distribution and

corresponding boundary layer thickness. With previously stated numerical values, the acquired solutions

have an excellent accuracy.

3.1 Mathematical formulation

The time-dependent axisymmetric flow of an Oldroyd-B nanomaterials due to a stretching

cylinder is considered here. The surface of cylinder is stretching with the velocity w (¢, 2) =

az/ (1 — at), in which a denotes the stretching rate and « is a positive constant which mea-

sures the unsteadiness. The heat generation/absorption and first-order chemical reaction along

with Brownian movement and thermophoresis effects are taken into consideration to study the

characteristic of heat and mass transportation. Moreover, the convective transport of energy is

assumed from surface of cylinder to fluid.

The model equations for the flow phenomena are Egs. (2.16) to (2.19), (cf. Chapter 2)

2 2 2 2 2 2
G tudt w4 (G + 5 + 0P G + 20l + 20 i + 2w i)

Pu 190% Pu wdu | u d%u Bu . w du
) ou A Otor? + r Otor + U529z + r Or? r 0z0r + Wars + r2 Or
= %5 (r5r) + vk

49

(3.1)



or or or _ 02T | 19T 1 (10
WJFUE*“JW—O‘I(W*FW)* (5

T—To
i (1 00) + Qo () (3.3)
o B2y? oC Dp (9T\?2
+ (pc), +7 {DBWB_?: + ﬁ (8_2’1) ]
oC oC oC 10 oC Dr1l /0T
A, a_ — =Dp—— a_ T | — hec w 00) 4
ot +u82 +w87“ By or <T8r>+Toor<T8r> ke (Cuw = Coo) (3:4)
and the corresponding BC’s are
\
U’(ta Z,T) = (1i2t)a w(t,z,r) = 0
k1%L = hy (T — Too), — Dp2E = 1y, (Cy — Coo) at T =R (- (3.5)
u — 0, %HO, T —Tswand C — Cy as r — 00

In case of thermal radiation, the Rosseland approximation is used [74] and the radiative heat

flux is defined as

—40* 9T*  —160*, 5 OT
"=k or T 3kt ®or (36)

Using Eq. (3.6) in Eq. (3.3), we get

aT oT aT 82T | 19T 16013 aT T-T,
W""UE"H”W:OQ(&?"’__)"' (—)+Qo<—°“>

3k* (Pc)f T (pc)f (3 7)
oB2y? 8C T | Dy (9T \2
toa, T7T [DBWW + 7= (%) ]

in which @, is the heat generation/absorption coefficient, k. the reaction rate, k* the mean

absorption coefficient, o* the Stefan-Boltzmann constant, h; and h,, represent the heat and

mass transfer coeflicients.
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With the use of Eq. (2.20) (cf. Chapter 2), the PDEs are transformed as

(1+277k) f///+2kf//+ff//_f/2 —Sf/ 77Sf// 1AJreé]_nkTde//

+De fo/f// _ f2f/// _ QSf/2 _ nSf/f// + 3Sff// + nSff/// _ %1772521]0///
1
_%,,75«2.]0// _ 252f/ s (38)

—|—D€2 [(1 —|—277]€> {f//2 _ ffw 4 %nsfw +25f///} —4]€ff///+35kf//+775kfm]

—M (' +B&nSf" + DeySf' — Der ff") =0

(1+3Rq) [(142nk) 0" + 2k0'] + Pr f6' — 3 PrnS0’ + (1 + 2nk) Pr N,0'¢/

. (3.9)
+ (14 2nk) Pr Ny0? + Pr6*0 + Pr MEcf? =0

7 / r 1 / N\ o N

(14 2nk) ¢" + 2k¢/ + Pr Lef¢/ — 3 Pr LenSd + (1 + 2nk) (N ) 0" + 2k (N ) 0 o)
—PrLeC,¢p =0
with BCs as

f0)=0, f(0)=1, 6'(0) = =7, (1=0(0)), ¢'(0) = =72 (1 —¢(0)),

(3.11)

' (0) =0, f"(c0) =0, 6(0) =0, ¢(c0)=0

2(1—
In the above equations, k <— %\/ ﬂ%l) is the curvature parameter, M (— M)

(Ipf
the magnetic parameter, De; (: 1—)‘_1;17) and Dey (: 1—@%) the Deborah numbers, S (: %) the

*3
unsteadiness parameter, Ry (: %&) the thermal radiation parameter, §* ( %) the

heat source/sink parameter, N, (: M) and NV; (: %i:m) are Brownian mo-

2
tion and thermophoresis parameters, respectively. Moreover, Fc (: o To=T) (f}w_T )> is the Eckert
p w (e o)

number, C, (z M) the chemical reaction parameter, Pr ( ) the Prandtl, Le <— g—>
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the Lewis number and v, (: %f M) and vy <: %‘;V@) are the Biot numbers.

3.2 Physical quantities
The physical quantities are

ZJw

DB (Cw - Coo)’

24w

Nu, = ——
“ kl(Tw*Too)

and Sh, = (3.12)

where ¢, and j, represent the heat and mass fluxes, respectively, and are defined as:

T 46*T3 (0T . aC
v () o we (a) e (5) L, e

The normalized expressions for heat and mass transport are expressed as

_1 _1
Nu,Re,? = — <1 - ng> 9'(0) and Sh. Re. 2> = —¢/(0). (3.14)

3.3 Maple solutions

The general algorithm is as follows:
£ (z) = " (2,67 (2)), € (z0) =& (3.15)
The following is the expression for the explicit midpoint approach (Modified Euler method)
Eni1 =& +hC $l+§7 &l +§C($l7fl) ) (3.16)
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in which A denote the step-size, and z; (= =, + lh).

The general procedure is written as

& =& +h¢ (:cl +5 & +3 (gl,glﬂ)) where [ =0,1,2... (3.17)

The method of determining the midpoint has a local error of order O (h3) and a global error of
order O (hz). The algorithm error decays more quickly, and the solution becomes more reliable

for more measurable intensive algorithms as A — 0 increases.

3.4 Presentation of results

This section’s goal is to investigate the effects of several non-dimensional flow parameters on
the velocity, temperature and the concentration fields. Here, it is noted that all the plots
asymptotically approaches the far field boundary conditions on fixed flow parameters M =
Dey =Deg =k=8=6"=FEc=C, =01, Ny =N, =02, Pr =62, Le = R; = 1 and
Y1 = 9 = 1 which are drawn in Fig. 3.1 to 3.6.

The consequence of parameter M on dimensionless profile f’(n) and distribution 6 (1) are
underlined in Fig. 3.1(a) and (b), subsequently. As with the enhancing strength of the
magnetic field, the flow velocity curves diminished. Because the Lorentz forces produced due to
the transverse magnetic field which delays down the fluid movement, that’s why fluid velocity
decreases. On contrary M = 0.1,0.3,0.6, 0.9, the temperature distribution is seen to be increases
because the existence of magnetic field enhances the conduction of heat transfer and hence the
corresponding thermal boundary-layer thickness is enlarged.

Due to the influence of Deborah number De; the dimensionless temperature and concen-
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tration distributions are enhanced which are expressed via Fig. 3.2(a) and (b), respectively.
Deborah number De; depends upon the relaxation time [75]. The higher values of Deborah
number increases the relaxation time. Its a well-known reality, those fluids which have higher
relaxation time possess higher thermal and solutal while for smaller relaxation time fluids hav-
ing lower thermal and solutal. In view of this discussion, the thermal and solutal profiles are
enhanced through the larger values of De;. The consequence of Des on profiles 6 () and ¢ ()
when Deg = 0.1, 0.4, 0.7, 1 while other parameters are constant is discussed in Fig. 3.3(a) and
(b). From Fig. 3.3(a) and (b), it can be clearly seen that Dey decreases the temperature and
concentration distributions. Deborah number Dey depends upon retardation time [76]. The
retardation time increases due to the higher values of Dey. Such increase in the retardation
time conducts the depletion in temperature and concentration distributions. Here, it’s worth
pointing out that when De; = Des = 0 the flow problem reduces to viscous fluid while when
Des = 0 it corresponds to Maxwell fluid. From an experimental point of view, the value of Dey
is not greater than the values of De;.

The analysis for various values of Biot numbers 7v; and 7, on temperature and concentration
profiles are sketched through Fig. 3.4(a) and (b), respectively. Both profiles have increasing
behavior for thermal and solutal Biot numbers. Physically, larger Biot numbers decreases the
resistance of energy transport at the surface because it involves energy transfer coefficients h;
and h,,, so with the increase of h; and h,, thermal and solutal energy transport enhance in
fluid flow.

A change in temperature field due to heat generation/absorption is illustrated in Fig.
3.5(a). For heat absorption case (6 = —0.2, — 0.1) and heat generation case (6* = 0.1, 0.2)

the temperature distribution is declined and enhanced, respectively. This is due to the fact
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that heat source/sink adds additional heat to the surface, the heat emitted inside the boundary
layer increases, resulting in higher temperature field. Additionally, the corresponding boundary
layer thickness is more heightened for heat generation in contrast to the heat absorption case.
The impact of Eckert number (Ec = 0.1,0.3,0.5,0.7) on the thermal field can be seen in Fig.
3.5(b). Because Eckert number physically correlates to the intensity of resistive heating, so
higher Eckert numbers produce more heat in the fluid, which increases the temperature field.
In Fig. 3.5(c), it is observed that the temperature distribution showing increasing trend for
thermal radiation parameter Ry. Physically, it is verified as in the working fluid the heat is
produced through radiation process so the temperature field enhances.

The change in generative/destructive chemical reaction (C;) effects the profile ¢ () which
is portrayed in Fig. 3.6. In case of generative chemical reaction (C, = —0.3, —0.1), the
concentration distribution increases slightly but it is falling for destructive chemical reaction
(Cr = 0.1, 0.3). Because the mass transfer rate decreases when C, < 0, which tends to enhance
the concentration profile ¢ (7). Meanwhile, destructive chemical reactions have the opposite
effect.

In Table 3.1, the values of —¢' (0) and —¢’ (0) are calculated numerically and analytically
against the different ranges of involved physical parameters M, N;, Ny, De; and Dey. The
calculated results expose that —@’ (0) diminishes for the increasing values of M, Dej, Des,
N; and N,. Also, the solutal transport rate —¢' (0) drops against N;, Dej, and Dey, and

contrasting trends are seen against the values of V.
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Fig. 3.1: The impact of Magnetic parameter (M) on (a): f'(n) and (b): 0 (n).
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Fig. 3.2: The impact of Deborah number (Dej) on (a): 0 (n) and (b): ¢ (n).
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Fig. 3.6: The impact of chemical reaction parameter (C;) on ¢ (7).
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Table 3.1: The calculated values of Nu, Regl/ % and Sh, ReZI/ % for M , Dey, Des, N¢, and

Nywhen k=S=Ryj=0=Fc=C, =0.1,Pr=6.2and Le=v; =, = 1.

M || Dey | Des || N, || N, Nu, Re; /2 Sh, Re; /2

Numerical || Analytical | Numerical |[ Analytical

0.1 0.1 0.1 || 0.2 ] 0.2 | 0.414912 0.414934 - -

0.2 - - - - 0.393993 0.393081 - -

0.3 - - - - 0.383227 || 0.3830267 - -

0.1] 0.1 0.1 || 0.2 0.2 0.364912 0.364586 2.714063 2.714964

- 0.3 - - - 0.354847 0.354751 2.635350 2.635165

- 0.5 - - - 0.344660 0.344036 2.574934 2.570243

0.1 0.1 0.1 || 0.2 ] 0.2 | 0.414904 0.414904 0.364912 0.364036

- - 0.3 - - 0.400126 0.400126 2.440287 2.440701

- - 0.5 - - 0.391341 0.391341 2.280542 2.280924

0.1 0.1 0.1 || 0.2 ] 0.2 | 1.564912 1.564782 1.894184 1.894634

- - - 04 - 1.350112 1.350062 1.430721 1.430920

- - - 06| - 1.195108 1.195005 1.180152 1.180843

0.1 0.1 || 0.1 || 0.2] 0.2] 0.964912 0.964042 2.398254 2.398636

- - - - |1 0.4 0.634697 0.634803 2.534971 2.534843

- - - - 0.6 || 0.314921 0.314231 2.694007 2.694194
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3.4.1 Analysis authentication

To check the accurateness of the results produced by Maple software (Midrich scheme), a

comparison of —@' (0) is made in Table 3.2, for the limiting case. These table shows a fair

correlation between current numerical findings and previous outcomes. Which ensures the

accuracy of our numerical reports.

Table. 3.2: Comparison results of —6'(0) for Prandtl number Pr.

Pr || Khan and Pop [77] | Ahmed et al. [78] || Present results
0.2 0.1691 - 0.169032
0.7 0.4539 0.453919 0.453753

1 - 0.581974 0.582132
1.5 - 0.760289 0.761456

2 0.9113 0.911156 0.911387
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Chapter 4

Radiative Flow of Oldroyd-B
Nanofluid subject to Arrhenius

Activation Energy

It is generally known that the inclusion of nanoparticles improves the thermal conductivity of base liquids.
Because of their improved thermophysical and rheological properties, these are appropriate for energy
transport. The objective of this chapter is to investigate the thermal transport analysis of unsteady
magnetohydrodynamic (MHD) Oldroyd-B nanofluid generated by an impermeable stretching cylinder.
An important aspect of this endeavor is to add the effects of Arrhenius activation energy for modified
Buongiorno’s model of nanofluid. In an axisymmetric flow situation, boundary layer approximations are
used to simulate the model equations of thermal energy, momentum, and, concentration for Oldroyd-B
nanofluid. To convert the leading PDEs into a nonlinear ODEs system, dimensionless quantities are

utilized. The physical consequences of the dimensionless constraints on nanofluid velocity, temperature,
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and concentration are discussed and revealed via graphs. It is worth noting that enhancing the estimation
of the activation energy parameter results in an increase in the nanoparticles concentration field. These
findings also provide the impression that as the reaction rate parameter is increased, the rate of heat
transfer over the surface of the cylinder drops. Additionally, with enhancing values of the temperature

difference parameter, the thickness of the nanoparticles concentration layer depreciates.

4.1 Mathematical analysis

This chapter examines the time-dependent axisymmetric flow of a non-Newtonian Oldroyd-B
fluid past a stretched cylinder with suspended nanoparticles. To study the flow analysis, we
have adopted the (z, r) structure frame, with the z—axis aligned with the stretched cylinder
and the r—axis constructed as normal to it. To properly represent heat transportation rate,
non-linear thermal radiation with Ohmic heating and non-uniform heat source/sink are taken
into account. The solutal transport in the system is calculated using a binary chemical reaction
with Arrhenius activation energy. The flow problem for time-dependent Oldroyd-B nanofluid

are (Egs. (2.16) to (2.19), cf. Chapter 2)

=0, (4.1)

2 2 2 2 2 2
Gt udt e+ A {5 PG F R 2uf 4 2w + 2uwi |
( )
Bu 1 9%u Bu w 9%u u 9%u
otor? + r Otor + U325, + r Or? + r 0201

2 1 P
—v(+1%) +on @ wou  oudPu  1oudu . (42

or3 r2 Or 9z Or2 r Oz Or

_ Ou d*u

_90udw
or Oroz

ar or?

2 0w Ju
L r Or Or

2
o e (5w B)
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or | 9T | 0T _ ki [o*T | 19T\ | (PO dC AT | Dr (T2
or TUgy TWar = {62+r8r}+ Dpgr g + 7= (57)

(pc)f T (ﬂc)f (4 3)
1 lg(r )+0B3u2+ 1 kluw[A*(T _T )f,—I—B*(T—T )]
(o), ror \T9r) T ey T Tpe), va 1w T oo 2 o0
oC oC oC _ Dp 0 oC Dr1 9 oT
Gr tugs twgr = 2E5 (rgr) v s () (4.4)

k27 (£)" (€ - Cw)
where A} and Bj signify the coefficients of space and, temperature-dependent heat source/sink,
respectively. It is important to keep in mind that the cases A} > 0, and B3 > 0 correspond
to internal heat generation, while A} < 0, and B3 < 0 correspond to internal heat absorption,
exp (%) (%)n (C — Cx) the Arrhenius function, k2 the chemical reaction rate constant, E,
the activation energy and n a constant exponent which lies in the range (—1 <n < 1). The

Rosseland approximation ¢, = _;;;‘Z* T3%—F£ is employed for the radiative heat.

The necessary boundary conditions are

U= Uy = 7%, w(t,z,r)=0,T=T,and C=Cy atr=R

—at’

(4.5)

u — 0, %HO, T —Tyw and C — Cy as 7 — 00

After applying the similarity conversion given in Eq. (2.20) on Eqs. (4.1) to (4.4), we have

(1 +277k) fm—f—?k’f” +ff” _ f/2 _ Sf/ _ %nsf” _ (1&62177kk)f2f”
2ff'f"*f2f"'*25f'2 *Usf,f”‘|“35ff”+775ffm* %177252fm

_%nSQf// 982§ ,  (4.6)

+Dey

—|—D€2 [(1 —|—27’]]€> {f//2 o ffw + %nsfw +25f///} —4]€ff///+35kf//+775kfm]

—M (f' + 8BS f" + DerSf' — Der ff") =0
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P i {(1 + 2nk) {1 + Ra (1+ (0w — 1) 9)3} 9’] + 0/ — 1nse

: (4.7)
+ (1 +20k) {N,0'¢ + Ny0'?} + MEcf™ + Aif' + B30 =0
(1+2nk) ¢" + 2k¢' + Scf¢) — §nSSed/ + Rt {(1+ 2nk) 0" + 2k0' } (s
—Sco (14 Ab)" exp (%) =0
with the boundary conditions as
f(0)=0, f(0)=1, 6(0) =1, $(0) =1,
(4.9)

f/(oo) =0, f//(oo) =0, 0(00) =0, ¢(oo) =0

In the above relation, the dimensionless parameters are: S the unsteadiness parameter, M
the magnetic field, De; the fluid relaxation phenomena, k the curvature parameter, Dey the
fluid retardation phenomena, R; the radiation parameter, N; the thermophoresis parameter,
Np the Brownian parameter, Fc the Eckert number, 8,, the temperature ratio parameter, Pr
the Prandtl number, Sc¢ the Schmidt number, o the chemical reaction rate constant, E the
activation energy, and A the temperature difference parameter, respectively, and are expressed

as

2
=& _ [eBj(l-at) _ \Na _ 1 [jv(l=at) _ ea
S ) M = ap; s Del = 1o k =% — D€2 — _2_17&257
4o*T3 TD7 (T —Too) 7DR(Cyw—Coo) w2 4.10
— 20 1 — o o . .
Rd - ki1k* > Nt — vToo 5 Nb = —y R Ec — (pc)p(waToo)7 ( )
— 1L A _ v _ kE2(1—at) _ E  T,-T
ew_ﬁjpr_al’sc_DB’J_ a ’E_F%;’A_Jﬁ& )
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4.2 Quantities of interest

To calculate the thermal and solutal transportation rates, the expressions for physical parame-

ters are
Z2qw ZJw
Nuy,=——+——— Sh,=————, 4.11
Y (T — Too) Dp(Cy — Coo) (4.1)
* 3 .
where Qw = —k1 (%)TZR o mgT*T (%_zj)r:R and Jw = _DB (%_(7‘:)7":}2'

By using the usual similarity transformations, the dimensionless layout of the above quan-
tities are expressed as
1 3
Nu;Re;? = —{1+ 3Rq(1+ (6, —1)6(0))°}6' (0)

(4.12)

Sh.Res ? = —¢/ (0)
4.3 Solution methodology

As mentioned before, Liao [70] first introduces the concept of the homotopy analysis approach,
which is employed in the current study to solve the highly nonlinear equations (4.6) to (4.8)
with boundary conditions given in (4.9). This technique is unaffected by small or large physical
restrictions. When compared to other approaches, it has some advantages. It allows us a lot of
freedom in terms of selecting the command function and the operator [79]. This adaptability
and independence help us to solve the highly nonlinear problems.

Letting

fo(n) =1- 67777 90(77> =e " and (/J)o (77> = 6*777 (413)

Lylfm]=f"—f, Lo[0(n)] =0"—0 and Ly [p(n)] = ¢" — ¢, (4.14)
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satisfying

Lf=co+cie"+ce", Lg=c3e"+ e and Ly = cse’ + cee™ ", (4.15)

where ¢; (1 = 0,1,2,..,6) are constants.

4.4 Analysis of outcomes

This section describes the analytic solution along with the outcomes of the diverse flow pa-
rameters on the dimensionless flow field, thermal, and solutal distributions. We assigned the
following fixed numerical values for the graphical results: M = De; = De; = k=5 = 0.1,

1=B5=02, Ny =Ec=Ny=FE=0=n=A=01Pr=62,0, =11, Sc = Rg = 1.0,
which are drawn via Fig. 4.1 to Fig. 4.8 and all the plots asymptotically approach the far-field
boundary conditions. In Fig. 4.1(a) and (b), the consequence of Deborah numbers is explained
in representation of fluid relaxation time De; and, retardation time Des, respectively. Based
on these figures, it is concluded that fluid velocity and the associated boundary layer thickness
behave in opposing ways for De; and Dey. Since Dej and Des are literally related to the relax-
ation and retardation phenomenon. Thus, an enlargement in relaxation time causes the elastic
strengths that control fluid motion to become stronger, causing the fluid to behave more like a
solid and therefore decreasing fluid velocity. In comparison to relaxation time, retardation time
exhibits the opposing trend on the velocity profile as seen through Fig. 4.1(b). In reality, as
the retardation time increases, the elastic forces diminish, and the velocity improves. It is gen-
erally known that increasing the relaxation time parameters causes the fluid velocity to drop,

but increasing De; causes the fluid velocity to increase, and increasing Des causes a growing
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pattern. In Fig. 4.2(a) and (b) an increasing tendency is scrutinized for thermal, and solutal
distribution for the higher assessment of unsteadiness parameter S. Because the unsteadiness
strengthen the particle’s interactions, which indirectly contributes to improving thermal con-
ductivity. This is the reason for an increase in thermal and solutal transport. Fig. 4.3(a) and
(b) show the effect of heat generation and absorption, respectively. From these formations, it is
observed that internal heat generation causes the temperature profile to rise, whereas internal
heat absorption generates the temperature to drop. The consequence of thermophoresis para-
meter on the temperature and concentration distributions are disclosed in Fig. 4.4(a) and (b),
respectively. Here, it is observed that higher values of N; show an increasing tendency in both
profiles. Physically, the presence of nanoparticles boosts the comparative thermal enhancement
of the fluid. And such higher thermal conductivity correlates to a stronger thermophoretic force.
Thus, the thermal and solutal curves improve as a result of the improved thermal conductivity.
Fig. 4.5(a) and (b) have schemed to predict the outcomes of Brownian movement parameters
on thermal and solutal transport. In Fig. 4.5(a), the temperature field increases due to a
rise in the thermal capacity of nanomaterials to the thermal capacity of the regular fluid, and
therefore the temperature field increases. Further, it is observed that the concentration field
diminishes for more heightened value of N,. From the physical aspect,, increasing the strength
of N, improves the Brownian motion of the nanoparticle’s friction, which provides resistance to
mass conduction in the fluid. To examine the nature of thermal transport for different values
of R; and 0,,, Fig. 4.6(a) and (b) are drawn. As the parameter R, is increased, it is clear
from Fig. 4.6(a) that the value of 0 (n) is growing. This is owing to the fact that as the
value of Ry boosts, the fluid absorbs more heat, causing 6 () to increase. Similarly, in Fig.

4.6(b) it is discovered that as 6,, increases, both the related thickness and fluid temperature
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0 (n) also improve. Fig. 4.7(a) and (b) portray the interpretation in solutal concentration
with the deviation in temperature difference parameter A and dimensionless activation energy
E. It has been found that the solute concentration decreases as d increases. This suggests that
the concentration boundary layer thickness grows as the temperature difference between the
wall and the ambient temperature increases. Further, it is observed that rising the activation
energy leads the concentration boundary layer to thicken. This is because lower temperature
and heightened activation energy result in a smaller reaction rate constant, which slows down
the chemical reaction. As a result, the solute concentration rises. In order to observe the effects
of reaction rate o and fitted rate constant n on solute concentration, respectively, Fig. 4.8(a)
and (b) has been constructed. It can be shown that enlargement in either o or n induces an
expansion in the aspect o (1 + Af)" ¢T7A7. This eventually favors the reaction rate that causes
concentration to increase. The decrease in ¢ (1) corresponds to a higher concentration gradient

at the wall.

69



0.8

0.6

£'(m)

0.4

0.2

Fig. 4.1: Graph of f’(n) versus (a): De; and (b): Des.
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Fig. 4.2: Graph of 0 (n) and ¢ (n) versus S.
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Fig. 4.3: Graph of 0 (n) versus (a): A} and (b):
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Fig. 4.4: Graph of 0 (n) and ¢ (n) versus N;.
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Fig. 4.5: Graph of 6 (n) and ¢ (1) versus Np.
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Fig. 4.7: Graph of ¢ (n) versus (a): A and (b): E.
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Fig. 4.8: Graph of ¢ (n) versus (a): o and (b): n.
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4.5 Numerical data of physical quantities

Tables 4.1 and 4.2 reveal the tendencies in thermal and solutal transport rates when the flow
parameters are varied. Table 4.1 exhibits that the heat transport grows as the radiation and
temperature ratio parameter increases while it diminishes as the thermophoresis parameter and
Brownian movement parameter boost. Also, via Table 4.2 the numerical outcomes indicated
that the solutal transport rate increases for the chemical reaction parameter, while the enhanc-
ing values of the thermophoresis, Brownian movement, and activation energy show a reverse

pattern.
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Table 4.1: The calculated values of ReZI/ N u, for Ry, 0w, N¢, and N,

Ryl 6u |l Mo | Ny || RexY? Nu,

0.5 1.1 0.1} 0.1] 0.5285861

1.0 - - - 0.7354302

1.5 - - - 0.9822415

0.5 1.1 || 0.1 ] 0.1] 0.5285861

- 1.2 - - 0.6724525

- 1.3 | - - 0.8125489

0.5 1.1 || 0.1 ] 0.1] 0.5285861

- - 02 - 0.4807541

- - 103 - 0.4356652

0.5 1.1 0.1} 0.1] 0.4174750

- - - 0.2 0.3603134

- - - | 0.3 ] 0.2300528
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Table 4.2: The calculated values of ReZI/ 2 Sh, for o, E, N¢, and Nj.

g FE Nt Nb R€;1/2 Shz

0.1 05| 011 0.1] 2.2608775

03] - - - 3.3716641

05| - - - 4.5112487

0.1 05| 01 0.1] 2.2608775

- (1.0} - - 2.0406554

- 1.5 - - 1.7725415

0.1 05| 01 0.1] 2.2608775

- - 102 - 2.2675015

- - 103 - 2.3041187

0.1 05| 01 0.1] 2.2608775

- - - |1 0.2 | 1.4005760

- - - | 0.3 ] 1.4515852
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Chapter 5

Thermophoretic Particle Deposition
with Soret-Dufour in a Flow of Fluid
exhibit Relaxation/Retardation

Times Effect

The goal of this chapter is to better understand how thermal energy is transported in time-dependent
axisymmetric flow that is created by a stretchable cylinder with thermophoretic particle deposition and
Soret-Dufour effects. Due to the thermal gradient the occurrence of diffusion of species and concentration
gradient cause of heat flux which is one of the most fundamental mechanism for transportation of
energy. In present study, the fluid flow reveals the relaxation and retardation phenomena. Moreover,
the thermophoretic particles deposition is also considered in thermal analysis. The time-dependent

partial differential equations for this flow dynamics are transformed into nonlinear ODEs and then solved
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analytically through homotopy approach. The physical behavior of important parameters is studied

in detail using graphical representations. The results show that as the values of the thermophoretic

coeflicient and thermophoretic parameter grow, the mass transfer rate declines. Further, the Soret and

Dufour numbers are found to improve concentration and temperature distributions in the flow.

5.1 Physical problem description

Consider a viscoelastic fluid which accelerates due to the time-dependent stretchable cylin-

der.

The well-known Oldroyd-B fluid model is used to study rheological features of relax-

ation/retardation phenomena. The cylinder orientation is taken as z—axis in axial direction and

its surface stretching velocity is u = u,,. The flow field is supposed as (u,w) along (z,r)—axes.

For the thermal analysis in the flow system we include the thermophoretic particles deposition

effect. Additionally, it is assumed the thermal gradient and solutal gradient in the flow system

produce the mass and heat flux, respectively.

For the time-dependent Oldroyd-B fluid, the governing equations of motion, thermal and

solutal transport as well as the ultimate flow describing system are given below (cf. Chapter 2)

2 2 2 2 2
D g ule w0 {280 R+ g+ i+

22 19
= (G5 o

.
Bu 1 82%u Bu u 0%u
ooz T roor T U5z T roz0r T Wors

w 0%u w du du O%u 1 Ou du
+uly L

r Or? r2 Or 0z Or?
_90udw _ Ju u _ 20udw
. ar or? Or 0z0r r Or Or
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Or | OT | OT 10 ( 0T\ Diykr10 (0C 59
at "oz T Ver T “rar or cscp T Or "or ) '
oC oC oc 10 oC Dy krl 0 oT 0
ot u5+wﬁ_ B or <T8T> T, ror <T8T)8T (RC), (5.4)
with the relevant BC’s are as follows
Uy = 7%, w=0,T=T,, C=Cy=0atr=R,
(5.5)

u — 0, %HO, T —Tywand C — Cy as r — 00

5.2 Thermophoretic particle deposition

The thermophoretic velocity associated with the boundary layer approximation was determined
by Talbot et al. [80]. The additional effects of thermophoretic particle deposition are repre-
sented by the last term on R.H.S. of Eq. (5.4). The thermophoretic velocity V; is defined

by

(5.6)

where k* is the thermophoretic coefficient, which varies between 0.2 and 1.2 according to Batch-
elor and Shen [81]. The term k*v denotes fluid thermophoretic diffusivity, and the term k* is

defined as [80]:
2cy (i—z + C’tKn) {1 +Kn <C1 + 026%&>}

K =
(1+ 3CnKn) (1 + 32+ 20tKn)

(5.7)

where the constants, ¢, = 1.147, C,, = 1.146, C; = 1.2, Cy = 0.41, C3 = 0.88, C; = 2.20, and

Ag and A, denote the heat conductivitie’s of fluid and diffused particles, respectively.
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5.3 The problem solution

In the modelling, the following similarity variables are used [71, 82]:

az av a 7’2— 2
u= (1—at)f/ (), w=—2/72%:f (), n= v(1—at) ( S )=

(5.8)
0(n) ==, ¢(n) =&
The equations (5.2) to (5.4) take the following form
(1 +277k‘) f/// + Qkf” + ff” _ f/2 _ Sf/ _ %nsf” _ (%ireénl%)fo//
2ff/f” _ f2f/// _ 25f12 _ nSf/f// + 3Sff” + USffm _ 11177252fm
+Dey
_%,,75«2.]0// _ 252f/ s (59)
(1 + 2’!7]€) {f//2 o ffw 4 %nsfiv + ZSf///}
+Des =0
—4kff" + 3Skf" +nSkf" )
(1+ 20k) 0" + 2k6' + Pr £ — % PrnSO + Pr Dy {(1+2nk) ¢" + 2k¢'} = 0, (5.10)
2 {(L+2nk) ¢" +2k¢'} + f¢' — 5nS¢ + S, {(1 + 2nk) 0" + 2k0'} G11)
) 5.11
N { 2R 00 4 (1+ 20k) 00 + ko' + (1+20k) 0'¢/ b = 0
with BCs as
f0)=0, f/(0)=1,0(0)=1, ¢(0)=0,
(5.12)

f(00) =0, f"(c0) =0, 6(c0) =0, ¢p(0) =1

The non-dimensional flow controlling parameters are: k <: 1—1%\/5%2) is the curvature pa-

rameter, De; (: 1—)‘_%> and Desg (: 1—)‘_2%) the Deborah numbers, S (: %) the unsteadiness

parameter, D (z DinkrCoo )7 S, (: D} kr(Tw—Tso)

crer(ToT) T O ) the Dufour and Soret numbers, respec-
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oo

tively, IV (: %_m) the thermophoretic parameter, Pr <: all) the Prandtl and Sc <: D—”B>

the Schmidt number.

5.3.1 Solution technique

The following are taken as initial approximations and auxiliary linear operators:

fon) =1 —e™), Oo(n) =" and ¢, (n) =", (5.13)
o3 0 H? 02
f—a—n:}—a—n, 0_8—172_9and£¢_8—172_¢)7 (514)
satisfying
Ly= [co +cre + 026777] , Lo = [03677 + 0467’7] and L4 = [05677 + c(je*”] , (5.15)

where ¢; (1 = 0,1,2,..,6) are constants.

5.3.2 Convergence of solution

The convergence region is modified using the auxiliary parameters iy, hg and hy. For this
purpose, we plotted and analyzed A curves for the velocity, temperature, and concentration
fields, as shown in Fig. 5.1. The range of adjusted values of hif, hg and Ay are —0.51 < hy <

—0.01, —0.49 < fig < —0.14, —1.21 < Ay < —0.14, respectively.
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Fig. 5.1: The & curves of f”(0), #' (0) and ¢'(0).

5.4 Physical parameters

The heat transfer rate from the surface to the fluid can be calculated as
Nu, = —3’"T)r—1; = —Rel/?0/(0), (5.16)

and the thermophoretic velocity at the cylinder’s surface is

_DB (%)T_R

d Coo (5.17)

The non-dimensional form can be written as
V 5.18
= (518)
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The non-dimensional Stanton number is

/
St Ret = 2 ng) (5.19)
with
Vi = —St, Re . (5.20)

5.5 Justification of graphical illustration

For the objective of this investigation, we considered the theoretical expression of the ther-
mophoretic coefficient given by Talbot et al. [80]. To obtain ODEs, the set of PDEs that
represents the defined stream pattern is converted using appropriate similarity transformations
and boundary constraints. The outcomes of present flow problem are acquired analytically and
presented in graphical attracts through Fig. 5.2 to 5.9, which show the motion of fluid, ther-
mal, and solutal transport mechanisms. It’s worth noting that each profile asymptotically meets
the far field boundary conditions. Here, in this section a comprehensive discussion of these re-
sults is provided with physical justification. The dimensionless physical parameters are fixed
in a range 0.0 < k£ < 1.0,0.0 <S5 <1.5,0.1 < Deg <3.0,0.1 <Dey <3.0,0.1 <Dy <0.7,
0.1<5, <1200l <N/ <06,1.0<Sc<14and 0.1 <k*<0.7.

The outcome of the curvature parameter is displayed in Fig. 5.2(a) to (c). The velocity
profile increases as the curvature parameter is increased, as shown in Fig. 5.2(a). Physically, in
comparison with a larger radius of cylinder, the fluid velocity across the cylinder with a smaller
radius is much faster. Fig. 5.2(b) illustrates the influence of the curvature parameter k on

the thermal gradient. Since the curvature parameter is the ratio of boundary-layer thickness
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to cylinder radius. The cylinder radius decreases dramatically as k increases. As a result of
less resistance to liquid motion, the area of the cylinder in contact with the liquid decreases,
resulting in an inclination of the thermal gradient. The variation of k& on solutal curves is shown
in Fig. 5.2(c). Higher curvature values increases the radial velocity of the flow, which increases
the concentration layer.

Fig. 5.3(a) to (c) shows the consequence of S on the flow field, fluid temperature, and
fluid concentration distributions. An increase in S enhances the fluid velocity as seen in Fig.
5.3(a). Physically, when the unsteadiness parameter is increased, the stretching rate decreases,
which improves the boundary layer. The temperature and concentration distributions in the
flow region are also improved, as noted in Fig. 5.3(b) and (c). This is because motion is
usually generated by stretching the surface, and the stretching surface velocity, temperature
and concentrations are higher than the free stream velocity, temperature and concentration.
It’s also worth noting that in the absence of the unsteadiness parameter (S = 0), these plots
increase smoothly, whereas they continuously accelerate as the unsteadiness parameter’s value
increases.

Fig. 5.4(a) and (b) portray the behavior of retardation time constant Des on fluid
velocity and thermal distributions. When compared to the effects of the constant Deq, the
constant Des has the opposite effect on the velocity field, as seen in Fig. 5.4(a). In reality, as
the magnitude of viscous forces decreases, the velocity profile rises. As the elasticity increases
for larger retardation time constants, the temperature profile shows a decreasing trend. This is
because the Deborah number Des is directly proportional to the retardation time.

In Fig. 5.5(a) and (b), it is noticed that the thermal distribution across the liquid layers

heightened due to an increment in Dy. The thermal state receives enhancement due to the heat
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generated by the temporary concentration gradient which is the constituent element of Dufour
effect. The interesting phenomenon occurred in Fig. 5.5(b), it shows the behavior of solutal
profile with respect to Soret number S,. An enlargement in Soret number S, increases the
concentration profiles. As a consequence, the solutal layer becomes thicker. The Soret effect is
the mass transfer caused by a temperature gradient. The improvement in concentration profiles
can be attributed to a higher Soret number.

Fig. 5.6(a) and (b) depict the influence of N and k* on the concentration gradient. In
Fig. 5.6(a), it is noticed that with the increase N*, the concentration gradient is reduced.
Further, Fig. 5.6(b) shows that increasing the thermophoretic coefficient values degrade the
concentration gradient. Particles discontinued in a fluid flow may move for a combination of
reasons. This movement could be generated by Brownian diffusion, inertia, viscous drag, or
different body forces. Suspended particles have a natural tendency to move from increased to
lower thermal regions.

Fig. 5.7 depicts the encouragement of Sc as a function of concentration gradient. Physi-
cally, stronger viscous diffusion is associated with higher Sc values, resulting in an inclination
of molecular motions.

Fig. 5.8 and 5.9 show the behavior of V; for various values of the thermophoretic co-
efficient k* and thermophoretic parameter N/, respectively. Fig. 5.8 depicts the influence
of k* on V; versus thermophoretic parameter N;. The plotted graph clearly shows that an
increase in thermophoretic coefficient Ny values degrades V. Since the Stanton number is
inversely proportionate to Sc, and the thermophoretic diffusion deposition velocity approaches
zero asymptotically for larger Schmidt numbers. In this case, V] is a decreasing function of

the thermophoretic coefficient. Fig. 5.9 depicts the variation in V] versus £* for various N/
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values. The rise in N values lowers the profile of V. In this case, V' acts as a decreasing
function of the thermophoretic coefficient.

Further, the values of —0'(0) for Dey, k and S are presented in Table 5.1. It is noted
thermal transport descents for the increasing significances of fluid retardation time Des. Be-
cause increasing Dey values increase retardation times. This increase causes a decrease in heat
transport rate. Further, for increasing k, the rate of heat transport rises. Additionally, the S
improved particle interactions, which improves thermal enhancement and led to rising numerical

values for —¢' (0). Table 5.2 is drawn to check the exactness of the analytical procedure.
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Table. 5.1: The numerical values of —6’(0) for distant values of Desy, k and S.

De; | k|| S| —00)

0.1 | 0.1 ] 0.1 0.6396972

0.2 - - || 0.6497337
0.3 - - || 0.6566886
0.4 - - | 0.6612412

0.1 | 0.1] 0.1 0.6396972

- 03| - || 0.6716092
- 0.5 | - | 0.7005311
- 0.7 - | 0.7300124

0.1 || 0.1 ] 0.1 || 0.6396972

- - || 0.2 | 0.7375931

- - || 0.3 | 0.8116354

- - || 0.4 | 0.9021548

Table. 5.2: The calculated numerical values of —6'(0).

Pr || Ref. [77] || Ref. [78] || Current results

0.7 ] 0.4539 | 0.453919 0.453753

2 0.9113 || 0.911156 0.911387
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Chapter 6

Dynamics of Heat Transport in Flow
of Non-linear Oldroyd-B Fluid

subject to non-Fourier’s Theory

The non-Fourier thermal transport in the stagnation point flow of a magnetized Oldroyd-B liquid due
to stretching cylinder with the Cattaneo-Christov heat flux model is studied in this chapter. Further,
as the controlling agents for thermal and solutal transport in the fluid flow, the heat/source phenom-
enon and chemical reaction are also considered. The formulations of a such physical phenomenon are
going to form the PDEs. Through appropriate similarity variables, these governing PDEs for flow and
energy transport are converted into the ODEs. The analytical series solutions are obtained through the
use of homotopic approach. The graphical upshots are conducted for velocity field, temperature, and
concentration distributions. In addition, energy transport analysis is performed for two kinds of surface

heating mechanisms, namely the prescribed surface temperature and constant wall temperature. The
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outcomes of the current investigation reveal that the thermal transportation rate is higher in the case of
CWT as compared to the case of PST. Moreover, the increasing values of thermal and solutal relaxation

time parameters reduce the heat and mass transport in the fluid flow, respectively.

6.1 Problem formulation

Let us assume the dynamics of Oldroyd-B material due to time-dependent cylindrical stretching
surface in the stagnation point region. The elastic cylinder having radius R is stretched with
velocity u = u,,. In a stretchable cylinder, the fluid flow is taken into account along the z—axis,
and fluid deformation is taken into account along the radial r—direction. To study the thermal
and solutal transport mechanisms in the flow of viscoelastic Oldroyd-B liquid, the Cattaneo-
Christov heat theory is utilized. Further, heat generation/absorption has been incorporated
for heat transport examination. And the mass balance equation illustrates the relationship
between the chemical product and the concentration of liquid molecules. The velocity and
magnetic fields are [u,0,w] and [0, 0, B,], respectively. The temperature of the fluid is studied
for prescribed surface temperature and constant wall temperature, whereas, the concentration
of the fluid is maintained at a constant wall, i.e., C = Cy,. In view of aforesaid assumptions,

the model equations are (Eqgs. (2.16 —2.17) cf. chapter 2)
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0%u 20%u 20%u O%u
o Hugt w4+ h (WJFU 58+ w Bt + 2l + 2wl +2U’w8raz)
1 9%u w 0%u u 0%u w Ou
v u 82581‘2 + T Otor +u 67"28,2 + r or2 + r 0z0r +w 8r3 + 2 or
=¥ (rgr) + vk
_Oudu _ 10udu _ Qu Bu _ 20wdu _ 90udw
2
0z Or? r 0z O or 0rdz r Or Or or or?
O'BO
o (u—l—)\l —I—war})

\

(6.2)

By keeping in mind the assumptions stated above, utilizing the conservation laws (1.6,1.12)

and (1.8,1.13), the energy and concentration equations are

G + 55 b + SO 2w
5 HuGE Hwg N +2uw s + WG +w?GE + ufe gt
| teSE uge tugsy
=2 (r5) + o (T = Too) + g M (57 +uBE +w)
G5+ R 2
R R I = At =
| temE RS e
=259 (rI0) [, (C — Cu) — kee (% + w8 +wi)

with the boundary condition for the system

Uw:%7 w =0,
T =T, (CWT), T = Te + 5% (PST), and C = Cy at r = R,
u%ue:ﬁ, %HO, T —Ts and C — Cx as 7 — 00
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Letting [83]:

u = (1gzo¢t)f/ (77)7 w = _g %f(n)a

T =To + (T — Too) 0 () (CWT), T = Too + %56 (n) (PST),

€= Coe+ (Cu— Co) 6 (0), 1=\ oy (2522

to transform the PDE’s into dimensionless form as

(1 + 277]4:) f/// + Qkf” + ff” _ f/2 _ Sf/ _ %nsf” _ (126217712) f2f//

2ff'f"*f2f"'*25f'2 *USf,f”‘|“3Sff”+775ffm*%177252fm

+Dey
—InS2f" —282f +2 (A28 + AS?)

—|—D€2 [(1 —|—27’]]€> {f//2 o ffw + %nsfw +25f///} —4]€ff///+35kf//+775kfm]

-M (f/ + %SDelf” — ASDey + De1Sf' — Dey ff" + A) + AS + A% = 0,

(14 2an)0” + 208’ + Pr (1 — B3,8) f0' — $ PrnS¢' (1 — B,8) + Pr o6

—Prg, (%7]529, — %Sf@l — %nSf’Q’ + in2529// _ nSf@H + f29// _ ff/el) —0 J

(1+2nk) 0" + 2k + Pr (1 — B,6%) f6' — L PrnSO’ (1 — B,6%)

—Pr(1— B,0%) f'0 — PrSO (1 — B,6*) + Pr&*0

—Pr B, (3nS°0' — 3S10' — §nSF0 + 10’ SP0" —nSfO" + f20" — ff0') =0 |

(1+ 20k)¢" + 2k¢' + Sc (1 - B.Cy) f¢' — 5nSSe¢’ (1 — B.Cr) — CrSegy

—ScB. (3nS*¢' — 35f¢' — gnSf'¢' + PSP —nSfe" + f2¢" — ff'd') =0
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the related BC’s are

F(0)=0, f/(0)=1, 6(0) =1, ¢(0) =1,

(6.11)
fH(00) = A, f"(00) =0, 0(c0) =0, ¢(c0) =0
According to the equations above, the dimensionless parameters are
Aa Aoa oB2(1—at 1 v(l—at v
Dey = 2%, Dey = 28, M = [750=00 = /20200 pr= 2,
) (6.12)

_a §x_ Qo(l1—at) _ v _ _Ma _ kc(1—at) _ A
S_a’(s_a<p> ’SC_DB’Bt_lfat’ Cr = a ’Bc_lfat
p
f

and these relations are, respectively, termed as the fluid relaxation time, fluid retardation time,
magnetic field parameter, curvature parameter, Prandtl number, unsteadiness parameter, heat
generation/absorption parameter, Schmidt number, thermal relaxation time, chemical reaction

parameter, solutal relaxation time. (cf. chapter 3).

6.2 Solutions expressions

To obtain the most accurate approximations of our problem, we can choose the base functions
and linear operators with great freedom using the homotopy analysis approach. With this
flexibility, we are able to solve the problem that is extremely nonlinear and get results that
are satisfactory. The linear operators for the homotopy analysis procedure are selected from
the differential equation’s linear section. The options for auxiliary linear operators and initial

approximations are as follows:

fo(n) = (1 =€), 0,(n) = ™" and ¢, (n) =", (6.13)
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0° 0 0? 0?

satisfying
Ly= [co +cre + 026777] , Lo = [03677 + 0467’7] and L4 = [05677 + 0667’7] , (6.15)

where ¢; (1 = 0,1,2,..,6) are arbitrary constants.

The general solutions can be expressed as

fm () = f, (n) +co+cre” + cpe™

Om (1) = 05, (1) + c3e + cae™" ; (6.16)

Gy () = D1y (1) + c5€" + o€

where f (n), 05, (n) and ¢}, (n) indicate the special solutions.

6.3 Convergence analysis

It’s interesting to note that the analytic series solutions for velocity, temperature, and con-
centration distributions contain convergence control parameters 7z, fig, and fy giving us the
freedom to regulate both the convergence region and rate. Table 6.1 is delivered to guarantee

the convergence of the outcomes.
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Table. 6.1: The convergence of the outcomes when £k =S =M =0.1, 5, = ., = 0"

C,=0.1, Dey = Des = 0.5, Pr = 6.2 and Sc = 1.

Approximation order || —f(0) —6'(0) —¢'(0)
1 1.024354 || 0.735323 || 0.336524
) 1.052654 || 0.754376 || 0.345253
10 1.192456 || 0.765243 || 0.348427
15 1.216354 || 0.779355 || 0.349231
20 1.226364 || 0.780253 || 0.354322
25 1.226543 || 0.781743 || 0.352354
30 1.226543 || 0.781751 || 0.352354
35 1.226543 || 0.781751 || 0.352354
40 1.226543 || 0.781751 || 0.352354

6.4 Discussion of results

For the velocity, thermal, and solutal fields of unsteady Oldroyd-B fluid flow, the graphical

results are displayed in this section. The temperature distribution is plotted for both CWT

and PST wall heating agents. In the comparison of CWT and PST, it is noted that CWT has

a higher rate of heat transfer in the fluid flow. To compute an infinite series solution, a semi-

analytical scheme, i.e. the HAM in Mathematica, is used. In the computation methodology

of the results, the values of pertinent parameters are fixed as: the curvature k(0.0 < k£ < 0.7),

velocity ratio parameter A (0.0 < A < 0.5), fluid retardation time Deg (0.0 < Deg < 0.5), mag-
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netic field M (0.1 < M < 1.5), thermal relaxation time £, (0.1 < 5, < 0.5), heat source/sink
0% (—0.1 < 6™ <0.3), solutal relaxation time g, (0.1 < 3. <0.7), and chemical reaction para-
meter C, (0.1 < C, <0.7).

Fig. 6.1(a) displays how the curvature parameter affects the fluid velocity. From here,
it is concluded that a higher value of the curvature parameter raises the fluid velocity away
from a cylinder’s surface. Physically, for the increasing values of k, the radius of the cylinder
lowers; as a result, the consistency of the momentum boundary layer decreases because the
influence of the boundary on the fluid flow is reduced, which increases the fluid flow velocity.
The consequences of retardation time effects on dimensionless fluid velocity is displayed in Fig.
6.1(b). As we know Dey is directly proportional to the retardation time. Thus, an increase
in Deg enhances the fluid velocity. In fact, elastic forces decline due to addition in retardation
time and therefore, the velocity profile improves. On the other hand, boosting Des lowers the
temperature and concentration. Because the elasticity increases with increasing retardation
time Desy, therefore, the temperature and concentration profiles for Dey decrease.

Fig. 6.2(a) and (b) shows that increasing velocity ratio parameter A, causes the veloc-
ity field to increase, while decreasing the temperature of the fluid. As A(< 1) means that
the stretching surface velocity is greater than the free stream velocity, the converse is true for
A (> 1). Therefore, for the case where A (< 1), the fluid velocity raises as A boostsup because
the higher stretching velocity increases the fluid motion. In contrast, as A increases, the tem-
perature distribution decreases. Physically, the forced convection phenomenon is the primary
mechanism for the transfer of thermal energy in fluid. As a result, the forced convection is
reduced for higher values of A. Therefore, in this case, the temperature field falls.

Fig. 6.3(a) and (b) depict that as the magnetic parameter M increases, the velocity of the
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fluid decreases, and the temperature field increases. Physically, the Lorentz force produced by
the normally applied magnetic field to the fluid flow velocity causes resistance to the fluid motion
in the boundary layer, which causes the velocity field to decelerate. Additionally, the Lorentz
force, which improves the interaction of the fluid particles, increases the fluid’s conduction in
the case of the transportation of thermal energy.

To depict the outcome of dimensionless relaxation time parameter 3, on the temperature
field Fig. 6.4(a) is delineated. It is observed that the fluid temperature declines with boosting
values of ;. Physically, in the non-heat Fourier’s flux model the dimensionless relaxation time
parameter, 3, is the controlling constraint for the propagation of thermal waves in the fluid.
Thus, an increment in 3, reduces the thermal transportation in the fluid. Fig. 6.4(b) shows
how the temperature profile is affected by the internal heat generation/absorption parameter
0. It is observed that the presence of a heat source in the system causes the temperature
distribution to rise, whereas the presence of a heat sink causes the temperature distribution to
diminish. From the physical sense of view, we can deduce that the fact of a heat source/sink
in the system recreates a necessary role in terms of maintaining the temperature of the fluid.

The effect of the solutal relaxation time 5. on the concentration field is depicted in Fig.
6.5(a). A larger 3, indicates that the liquid concentration profile decays while the thickness of
the solutal layer increases. This is because of the direct relationship between [, and A., which
causes the thickness of the solutal layer to increase as (.. increases. The implications of reaction
rate on the concentration field are represented through Fig. 6.5(b). It is observed that, when
C, increases, the thickness of the solutal layer increases while the concentration field decreases.
This is due to the fact that chemical reaction variables are directly related to reaction rates.

The comparative analysis of the results with previously published literature is presented in
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Table 6.2. In a limiting case, it should be noted that the current results are in good agreement

with the results that have been published.
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Table. 6.2: Comparison of f”(0) for Dea when k =S = M = 0 when De; = 0.4.

Dey || Abbasi et al. [84] || Current results
0.2 1.00498 1.004324
0.4 0.92986 0.925478
0.6 0.86942 0.868511
0.8 0.81943 0.819214
1.0 0.77718 0.778112
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Chapter 7

Axisymmetric of Oldroyd-B Material
with Homogeneous-Heterogeneous
Reactions subject to

Cattaneo-Christov Heat Transfer

The aim of current chapter is to investigate the characteristics of homogeneous-heterogeneous reactions in
the axisymmetric flow of Oldroyd-B material using heat conduction analysis. The heat transfer phenom-
enon is examined from the non-Fourier heat flux model perspective. The governing flow field equations
are developed using the rheological formulation of the Oldroyd-B fluid model, which turned into a set of
ODEs by utilizing the proper similarity conversions. The upshots for the velocity, thermal, and solutal
distributions are derived. The physical behaviors of relevant parameters are discussed in detail. The

findings reveal that for the curvature parameter, the fluid velocity improves nearby the cylinder surface
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and no motion occurs away from the surface, while this predicts the dual behavior on temperature and
concentration distributions. Further, fluid relaxation and retardation time exhibit opposite behaviors
on fluid velocity. Additionally, the results demonstrate that the homogeneous response parameter ex-
hibits contradicting behavior on the concentration field while the thermal relaxation parameter lowers

the temperature field.

7.1 Mathematical formulation

A horizontal stretched cylinder having radius R is taken into account for the unsteady flow of an
Oldroyd-B fluid. The cylinder surface is physically stretched with a velocity u = u,,. Further,
the heat transfer rate is investigated employing the Cattaneo-Christov theory, which describes
the property of thermal relaxation. Furthermore, the consequences of the catalyst’s reactions
are also taken into consideration. The controlling flow equations under these presumptions are

as follow, (cf. Chapter 6 and Eq. (1.14))

~0, (7.1)

o%u 20%u 20%u 5%u 0%u
at+“az+war+)‘1{a_+“ oF TWigE + 2ugn; + 2w 8t8r+2uw88}

1 8 U 3u
8t8r2 + 10+ use

u 9%u 3u w J2%u w Ju
trozor TWo3 T g2 T 2o
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du O%u 1 Ju du ou 0w ou 2u 2 Ju dw
—vA {&W troor 2652 T ordzor T ?W_}
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o "oz T ar B <T(9r+67r2)+ “v
with BC’s
u:uwzlgzoltaw:07T:Tw7
atr =R
D%~ = kya*, D% = —ksa*

u — 0, %—%), T— Ty, a* > a,, b* > 0asr — 00

where a is the stretching rate and a, the positive constant.

Letting [85]:

which convert the PDEs as

(L4 2nk) " + 2kf" + £5" = f2 = Sf' = InSf" — B 2"

2 1"~ 251" —252f —nSff" +3SFS" — f2f"
+Deq

‘|“775ffm _ %nSZf// _ in252f///
(1 +277k) {f//2 +25f///+ %nsfiv o ffw} +3Skf”
+Des
—|—’I75]€fm _4kff///
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(14 2nk)0” + 20’ + Pr f0' — 3 PrnSe’

;o (79
—Prp, (3nS%0' — 350 — 3nSf0 + In2S%0" —nSfo" + f20" + ff0') =0

1 1
o [(1+2nk) g" + 2kg'] + fg' — 5nsg’ — Kgh?> =0, (7.10)

* 1
% [(1+2nk)h" + 2K + fH' — 5nSh’ + Kgh* =0, (7.11)

with BC’s as

f(0)=0, f(0)=1,6(0) =1, ¢'(0) = Ksg(0), A"h'(0) = —K,g(0), (7.12)

f/(OO)ZO, f”(OO)ZO, 9(00)207 g(oo)zl, h(OO):()

In which & (: }% w> is the curvature parameter, De; (: 1—{%) and Dey <: 1—@%) are

the Deborah numbers, S (: %) the unsteadiness parameter, Pr (: a%) the Prandtl number and

Se (: e ) the Schmidt number, 3, (: lﬁtg t) the thermal relaxation parameter, \* (: g—i:>

the ratio of the diffusion coefficient, K <— ks fr(i—at)

- DA* a

) the strength of heterogeneous reac-

—at)a ,
tion, K (z kc(%ﬁm") the strength of homogeneous reaction.

Here, assumed that the Dy~ and Dp+ are comparable, that is A* (= 1) and so
m(n) +h(n) =1. (7.13)
Thus Egs. (7.10) — (7.11) and their respective BC’s take the form

1 1
(1 +2nk) g" + 2kg'] + fg' — 57759’ —~Kg(1—g)*=0, (7.14)

g (0) = Ksg(0),9(n) — 1 as n— oo. (7.15)
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7.2 Homotopic solution

Employing the homotopy analysis procedure, we have significant freedom in selecting the com-
mand functions and linear operators to get considerable proper approximations of our problem.
This adaptability allows us to successfully tackle a highly nonlinear problem and obtain satis-

factory outcomes.

Considering
folm) =1, 6,(n) =™ and go () = 1 - 5™, (7.16)
?f of 0%0 0?g
ﬁf()—a—ng—a—na o (1) W—efmdﬁg()—a—nz—ga (7.17)
satisfying
Lslco+cre” +ce ™ =0
Lolcse™ +c4e™ =0 ) (7.18)

Lglese +cge™ =0

where ¢; (1 = 0,1, ..,6) are the constants.

7.2.1 Convergence region

The convergence of the HAM solution is presented in this section. The HAM has the ability to
govern and regulate the problem convergence. The A—curves for velocity, thermal, and solutal
fields are sketched in Fig. 7.1 at the 17** order of approximation. According to Liao [70], all
of the curves in this figure have a horizontal line segment that defines the valid zone of f. For

instance, when k = S = De; = Dey = 0.1, 5, = 0.1, Pr =6.5, K = 0.1, K; = 1.1, and Sc =1
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the convergence intervals for f, 6 and g are respectively —1.78 < iy < 0.03, —1.36 < iy < 0.21

and —1.33 < fiy < 0.21.

[$]
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_> g'(0)

! £"'(0)

(=}
T

£(0), 6'(0), g'(0)

-2.0 -1.5 -1.0 -0.5 0.0
Tir, ho, g

Fig. 7.1: The A curves for f, # and g.

7.3 Analysis and discussion of results

This section provides the analysis and discussion of the findings from the governing Eqgs. (7.8)
to (7.12) that describe the flow behavior, and thermal and solutal transport of unsteady ax-

isymmetric Oldroyd-B material due to stretching cylinder.

7.3.1 Analysis of results

This section encloses a detailed conversation of the series solution with the impacts of the di-
verse material parameters on different distributions. To comprehend the physical behavior of
these findings, simulations for various values: De;j (0.1 < Dey < 1.0), Deg (0.1 < Dey < 1.0),

k(0.1<k<0.7), 5(0.1<5<04), 5 (0.1 <p,<0.4), Pr(65<Pr<8), K(0.1<K<0.7)
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and Ks (1.1 < Kz < 1.4) are performed. The characteristics of Deborah numbers for fluid re-
laxation and retardation times, the curvature parameter, and the unsteadiness parameter on
a dimensionless velocity profile are discussed in Fig. 7.2 to Fig. 7.5. It is reported that the
fluid velocity displays the opposite behavior for fluid relaxation and retardation times while
it enhances as the curvature and unsteadiness parameter increases. The graphic illustrations
for thermal relaxation time, fluid relaxation time, fluid retardation time, curvature parameter,
Prandtl number, and unsteadiness parameter are displayed in Fig. 7.6 to Fig. 7.11. The
temperature of the fluid boostup for fluid the relaxation time, curvature, and unsteadiness pa-
rameter while it drops down for the thermal relaxation time, fluid retardation time and Prandtl
number. The graphic illustrations for the homogeneous reaction parameter, heterogeneous re-
action parameter, unsteadiness parameter, and curvature parameter are shown through Fig.
7.8 to Fig. 7.15. The solutal transport rate declines for the homogeneous and heterogeneous
strength while it grows for unsteadiness and curvature parameters. Further, a comparison with
earlier publicized upshots proposed in Refs [86,87] is done to provide the exactness of the cur-
rent analytical data, as listed in Table 7.1. This table delivers a satisfactory match between

current results and earlier results. This certifies the exactness of our analytical study.

7.3.2 Discussion of results

To comprehend the impact of physical constraints on the dimensionless fluid velocity, thermal,
and solutal distributions various graphs have been drawn in this section. These graphs confirm
the significant contributions of changing physical parameters. For fluid relaxation and retarda-
tion phenomenon, the fluid velocity exhibit opposing behavior, as seen in Fig. 7.2 and Fig.

7.3. This is because Des and Dey are, respectively, directly proportional to retardation and
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relaxation times. As a result, an augmentation in relaxation time generates the flexible forces
that maintain liquid movement to become more robust, generating the liquid to conduct more
like a solid, and consequently declining fluid velocity. In contrast to the relaxation time, the
retardation time demonstrates the opposite behavior on the velocity profile. In reality, when
the retardation time improves, flexible forces reduce, and the velocity profile enhances. Further-
more, as k increases, the radius of the cylinder reduces, and therefore fluid velocity increases
as a result of less resistance to fluid motion, as seen in Fig. 7.4. Also, it is noted that there
is no motion far from the surface. Fig. 7.5 clearly shows that the velocity increases as the
unsteadiness parameter S is improved. Physically, an increase in unsteadiness improves the
liquid acceleration, which contributes to enhancing the velocity field.

The fluid temperature drops as 3, increase, as shown in Fig. 7.6. Physically, (3, is the
governing parameter for the propagation of heat waves in the fluid in the Fourier heat flux
model. As a result, increasing (3, lowers the heat transfer in the fluid. The temperature
distribution improves under the influence of De; while showing a reverse trend for Des, as
shown in Fig. 7.7 and Fig. 7.8. The relaxation time increases as Deborah number value
rise. It is a well-known fact that fluid having higher relaxation times have higher thermal
properties, whereas fluids with smaller relaxation time have lower thermal properties. In light
of this debate, higher De; improves the thermal distribution. Further, the retardation time
rises as Degy values boostup. Such an upsurge in the retardation time causes the temperature
distribution to deplete. According to Fig. 7.9, the thermal field responds to the curvature
parameter k in a dual manner. For the smaller significances of 7 it declines far from the surface
whereas, near the surface of a cylinder, it boosts. This is due to the fact that the resistance

between the fluid and the cylinder surface reduces as the cylinder’s radius increases with a
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gradual increase in k. It is clear from Fig. 7.10 that, when Pr (= 6.5) compared to Pr (= 8.0),
the penetration-depth of a curve 6 (n) is significantly higher. Physically, the thermal diffusivity
determines the Prandtl number, and the higher values of Pr result in weaker thermal diffusivity,
which translates into a lower temperature field and thins the thermal layer. The unsteadiness
parameter discussed in Fig. 7.11 strengthened particles interactions, which indirectly improves
the thermal conductivity. That is why thermal distribution rises for the increasing unsteadiness
parameter.

The solutal distribution and associated thickness of the boundary layer are seen to decrease
for K, as depicted in Fig. 7.12. Physically, reaction rates influence diffusion coefficients.
Additionally, comparable outcomes for rising values of K, are drawn in Fig. 7.13 since the
diffusion rate decreases as the reaction rate increases. The concentration distribution exhibits
increasing behavior for the increasing values of the unsteadiness parameter S, as seen in Fig.
7.14. Since the particles interactions are enhanced by the unsteadiness parameter, the thermal
conductivity is also indirectly enhanced, causing concentration fields to expand. Fig. 7.15
portrays the curvature parameter outcome on the solutal distribution. According to these
findings, it is observed that the concentration distribution decreases nearer the cylinder’s surface

while increases far away from the surface.
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Table. 7.1: Comparison of f” (0) for unsteadiness parameter when k = De; = Dey = 0.

S || Sharidan et al. [86] || Chamkha et al. [87] || Present results

0.8 -1.261042 -1.261512 -1.261517
1.2 -1.377722 -1.378052 -1.377892
2.0 -1.587362 - -1.587141
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Chapter 8

Flow of Oldroyd-B Nanofluid in
Non-Inertial Frame Inspired by

Cattaneo-Christov Theory

In this chapter, the rotating flow of an Oldroyd-B nanofluid fluid bounded by a stretching surface is
examined using the Cattaneo-Christov theory. A significant perspective of this endeavor is to include the
consequences of Buongiorno’s model of nanofluids because of their improved heat transport. The order
analysis approach is adopted to present mathematical modeling of momentum and energy laws. Using
flow similarities, the PDEs are transformed into ODEs. A well-known semi-analytical method called the
homotopic technique is used to construct the series solution of produced ordinary differential equations.
To explore how different physical flow factors, affects the fluid velocity, temperature, and concentration,
the graphical results are sketched. Our findings show that thermal and solutal relaxation factors have

a diminishing effect on the temperature and concentration distributions. Also, due to the incorporation
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of elastic effects, we have discovered that the hydrodynamic boundary layer grows thinner. Further, the

rotation parameter also reduces the thickness of the boundary layer.

8.1 Physical model and mathematical formulation

The motion of an incompressible three-dimensional Oldroyd-B nanofluid flow bounded by the
stretching surface is considered in the current chapter. The surface associated in the xy—plane
and fluid is assumed in the region z > 0. The surface stretching velocity is u,, = ax, which
induces the flow in the surrounding layers of fluid. The fluid is rotated uniformly around the
z—axis with a constant angular velocity 2. The temperature and concentration conservation
equations are modified to account for the thermal and solutal relaxation effects by using the
Cattaneo-Christov theory with Brownian motion and thermophoresis phenomenon. The as-
sumed surface is isothermal, that is, the constant temperature and concentration are denoted
by T, and C,,, while outside the thermal and solutal boundary layer are denoted by T, and

Coo.

| Boundary layers

k_"-
zZ,w :;’_V‘_
Q C\ T
/ .‘
T g X
. . . L2 TS - '.“
. o] e e . ‘—»‘
i . 0

Fig. 8.1: The problem’s geometry and coordinate system.

123



In the context of the overhead assumptions, the governing equations are [88]
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(8.1)

(8.2)

(8.3)

In addition, using Egs. (1.10 to 1.13), the following PDEs are produced for the phenomena of

thermal and solutal energy transport in an Oldroyd-B fluid (cf. Chapter 1)

uax +v +w {DB(%(%—Z) }
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with corresponding BC’s
U=Uy, V=0, w=0,T=T,and C=C, at z=0
(8.6)
u—0, v—=0 T—>T,and C — Cyx as z — o0
Letting the similarity transformations
u=axf (n), v=axg(n), w=—avf(n), n= \/%z,
(8.7)
_ T-T _ Cc-C
=715 ¢=C,0x

The overhead similarity transformations satisfy the continuity equation (8.1) and transform the

above motion equations into ODEs as follows

f”/+ff”*f/2+2)\ (ngelfg') +D61 (fo/f”*f2f”/) +D62 (f”Q*ffiv) :0’ (8.8)

9"+ 19 = f'g=2X{f'+ Dexr (f* = f1"+g°) } + Dex (2f f'9' = f?9") 59

+Des (f/g// _ fg/// _gf/// +g/f”) -0
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0" +Pr(f+g)0 +Pr{N,0'¢' + N0}
“PrB{(f+9) (f 490+ (F+9)°} 0 . (810

—PrB Ny {(f+9)0"¢ + (f+9) 00"} —2PrB,N; (f +9) 00" =0

#'+Prie(f +9) ¢ + Prieftt’ ~Prief {(f+9)(f' +¢) 0+ ( +9)° 0"} (8.11)
—PrLegt (f+9)0" =0

with the corresponding BC’s as
(8.12)

The physical parameters are expressed as: Dej(= Aja) is the fluid relaxation time para-
meter, Des(= Aga) the fluid retardation time parameter, A (: %) the rotation parameter,

B.(= Ma) the thermal relaxation time parameter, 5.(= Aca) the solutal relaxation time para-

meter, Ny (: MC;”_AZ) the Brownian diffusion coefficient, Ny <: M) the ther-

V1o

mophoresis parameter, Pr (: a%) the Prandtl number, and Le (: %;) the Lewis number.

8.2 Solution procedure

For the convergent series solution of ODEs, the homotopic method is employed. To accomplish

this, one needed the proper linear operators and initial hypotheses as stated below:

fo(n) =1l-e", 90(77) =0, 60(77) =e " and b0 (77) =e ", (813)

o*f _of &g 50 ¢
=P o g—a—%*g,ﬁe—a—ﬁ—eandﬁ(b_a—?ﬁ—gb, (8.14)
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satisfying

Lr=[co+cie+coe™|, Lg=[c3e" + cse™]

) (8.15)
Lo = [c5€™ 4+ cee™], Ly = [cre" + cge™]
where ¢; (1 = 0,1,2,..,8) are the constants.
The general solutions can be expressed as
.
fm () = fr, (n) +co+ cre + cae™"
gm (1) = g () + c3e + cae™
, (8.16)

Om (1) =67 () + cse + cge™"

G (1) = & (1) + 7€ + cge™

where £ (n), g5, (n), 05, (n) and ¢, (n) indicate the special solutions.

8.3 Convergence analysis

The convergence control variables hy¢, hy, hg and hg are employed in the homotopy analy-
sis approach to producing the series solution. The series solution convergence region can be
adjusted and controlled by these convergence control variables. Therefore, Fig. 8.2 por-
trays the h—curves. It can be seen that the satisfactory values of hy, hy, hg and hy are

—145 < hy < -0.34, -1.13 < hy < -0.34, —1.13 < hy < —-0.34, —1.13 < hy < —0.33.

127



F"0)

: % g'(0)
I ‘\_‘
= \ o

-2t .% g'(0)

£'(0), £(0),8'(0),4'(0)

| @' (0)

—_— -| \
—1.5 —1.0 —0.5 0.0 0.5
ﬁ_f. ﬁg. fig. fig

Fig. 8.2: The combined h—curves.
Further, in Table 8.1, the convergence of velocities, temperatures, and concentration is
examined. The suggested values analyzed that the 16"* order of approximations are adequate

for f(0) and ¢’ (0) the 16" and 20" are satisfactory for & (0), and ¢’ (0).
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Table. 8.1: The convergence analysis for A = 0.1, De; = Dey = 0.2, Ny = N = 0.2,

B; =pB.=0.1, Le = 2.0, and Pr = 6.2.

Approximation order || —f”(0) || —¢'(0) || —6(0) || —¢'(0)
1 1.16446 || 0.29512 || 0.64611 || 0.93613
) 1.22545 || 0.26895 || 0.53596 || 0.93341
8 1.23179 || 0.26364 || 0.53484 || 0.91738
12 1.23214 || 0.26299 || 0.53423 || 0.88818
16 1.23217 || 0.26293 || 0.53419 || 0.89586
20 1.23217 || 0.26293 || 0.53419 || 0.89447
25 1.23217 || 0.26193 || 0.53419 || 0.89447
30 1.23217 || 0.26193 || 0.53419 || 0.89447
35 1.23217 || 0.26193 || 0.53419 || 0.89447

8.4 Interpretation of graphical results

The thermal and solutal transport phenomena are investigated using the Cattaneo-Christov
theory. The primary goal of this section is to present and explore the consequences of physical
parameters on solutions. With the help of following numerical values, 0.0 < A < 0.6, 0.2 <
De; <18,02<Dex <1.1,02< N, <14,02<N;<14,01<8,<11,01<p.<11
and 6.2 < Pr < 7.3, the graphical analysis of non-dimensional parameters are sketched.

Fig. 8.3(a) and (b) characterize the influence of rotation parameter A on the velocities

in the = and y—directions. The velocity around the z—axis seems to decrease as the velocity
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in the x and y—directions increases. Further, a thinner boundary layer is seen as A increases,
since the rotation rate to stretching rate ratio improves. Physically, the larger rotational effects
provide resistance to fluid motion in the z—direction, causing the boundary layer to thin.

The thermal and solutal fields are plotted in Fig. 8.4(a) and (b) for diverse values of
rotation parameter A. In Fig. 8.4(a) as the \ increases, the temperature rises, and the thermal
boundary layer thickens. Physically, this is due to the fact that a larger rotation parameter
gives the fluid more kinetic energy, which raises its temperature. And when the angular velocity
is increased, the thickness of the concentration boundary layer grows as seen in Fig. 8.4(b).

In Fig. 8.5(a) and (b) the thermal and solutal curves exhibit an increasing trend as the
values of local Deborah number De; increase, while in Fig. 8.6(a) and (b) these curves shows
the opposite behavior for the increasing values of Dey. When these two figures are compared,
it is evident that De;, and Des have completely different effects on the fluid temperature
and concentration. Since De; is associated with relaxation time, while Des is affected by the
retardation time. A higher relaxation time causes to rise the thermal and solutal transport
rate, while higher retardation time causes heat and mass transport to fall.

The variations of the thermophoresis parameter IV; on temperature and concentration pro-
files are depicted through Fig. 8.7(a) and (b), respectively. When we increase the ther-
mophoresis parameter, we see that the fluid temperature and concentration and associated
thermal and solutal boundary layer thickness are increased. In fact, the presence of nanoparti-
cles increases the fluid’s thermal conductivity. Stronger thermal conductivity can be seen as the
thermophoresis parameter rises. The temperature and concentration and thickness of the ther-
mal and solutal boundary layer are increased as a result of the increased thermal conductivity.

This increased thermal conductivity raises the temperature and concentration and increases the
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thickness of the boundary layers.

Fig. 8.8(a) and (b) depict the behavior of IV, as a function of thermal and solutal field.
Increasing the values of IV, resulting in an increase in the temperature profile. Physically as the
values of Ny are maximized, the random movement of fluid particles is also increased, resulting
in the generation of heat, which raises the temperature of nanoparticles. But the Brownian
motion parameter exhibits the opposite behavior.

Fig. 8.9(a) depicts the decreasing behavior of thermal relaxation time (3, as a function
of temperature distribution. It is obvious that the temperature profile 6 (n) is inversely pro-
portional to thermal relaxation time. It means that the inclusion of thermal relaxation time
reduces the temperature penetration depth. The effect of 3, on solutal distribution is revealed
in Fig. 8.9(b). The solutal distribution and the thickness of the boundary layer decrease as
8. increases. When we increase [3., molecules require more time to transfer mass particles to
neighboring particles, resulting in a weaker nanoparticle volume fraction.

Fig. 8.10 depicts the result of Pr on the thermal transport of an Oldroyd-B nanofluid.
When the values of Pr are enhanced, the heat transportation rate slow down. Physically,
increasing the Pr reduces the thermal conductivity of the liquid, which reduces conduction.

This reduces the thickness of the thermal layer as well as the fluid temperature.
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8.5 Results Authentication

A comparison with previously published results is suggested Abbasi et al. [84], which are pre-
sented in Table 8.2, is done to ensure the accuracy of the current numerical results. This table
shows a valid relationship between existing findings and previous outcomes. This guarantees

the accuracy of our study.

Table. 8.2: Comparison of f”(0) for Des when De; = 0.4 and A = 0.

Desy || Abbasi et al. [84] || Present results
0.0 1.101900 1.101651
0.2 1.004980 1.002254
0.4 0.929860 0.929245
0.6 0.869420 0.865375
0.8 0.819430 0.818217
1.0 0.777180 0.779144
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Chapter 9

Concluding Remarks and Future

Directions

Analysis of the rheological characteristics of a viscoelastic Oldroyd-B fluid flow caused by
stretching surface was the primary objective of the current theoretical work. Further, this
investigation also included the general prediction of the thermal and solutal energy transport
mechanisms in such flows. For this purpose, the flow phenomenon in the form of the partial
differential equations is developed, and then these PDEs were converted into highly nonlinear
ordinary differential equations using appropriate similarity transformations. To analyze the
flow and energy transport features of an Oldroyd-B material, the solution of governing equa-
tions was computed by employing both the analytical and numerical methods. When examining
this phenomena, the numerous physical impacts were taken into consideration. This conclusive
chapter outlines the important findings of this thesis and suggests recommendations for further

research.
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9.1 Summary of results
The key outcomes of this research work are precised as follows:

e The increasing values of the relaxation time parameter increase the stress relaxation
phenomenon which resulted in a reduction in the flow characteristics of the nanofluid,

while retardation time parameter showed opposite behavior.

e The unsteadiness parameter tends to enhanced the velocity, temperature and concentra-

tion profiles.

e The velocity, temperature, and concentration distributions at the surface of the cylinder

improved as the curvature parameter was increased.

e An increase in Brownian motion of nanoparticles converts kinetic energy to heat energy,

which raised the temperature.

e An increase in the thermophoresis parameter resulted in a rise in the temperature gradient,

which leaded to an increase in the temperature of the nanoparticles.

e When the thermophoresis parameter was increased, the temperature difference between
the wall and the free surface increases as well, and resulted in an increase in nanofluid

concentration.

e The increase in Prandtl and Lewis numbers, respectively, decreased the temperature and

concentration distributions.

e The magnetic field parameter increased the fluid velocity while it decreased the temper-

ature field.
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Larger values of thermal and solutal Biot numbers enhanced the temperature and con-

centration distributions.

Heat generation/absorption, Eckert number and solar radiation significantly boosted up

the temperature field.

It was noted that the temperature ratio parameter improved the heat transport rate.

The increasing the activation energy parameter values expanded the nanoparticles con-

centration field.

The addition of thermophoretic particles to the liquid stream reduced mass transfer.

Additionally, as the value of N} increases, mass transfer was decreased.

The temperature and concentration fields were declined by the thermal and solutal relax-

ation parameters, 3, and f3,, respectively.

The effect of the rotation parameter reduced the velocity field, whereas increasing the
rotation parameter revealed an increase in the fluid temperature and concentration dis-

tributions.

Future recommendations

In this thesis, an investigation of the rheological characteristics of the Oldroyd-B fluid flow

induced by stretching surface with thermal and solutal energy transport has received more focus.

However, the outcomes of our both the numerical and analytical computations still leave space

for additional developments and extensions in this work. So, there are a few recommendations

that can be looked at in the upcoming research, and they are as follows:
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The mathematical modeling for unsteady Oldroyd-B fluid flow due to stretchable cylin-
drical stretching surface was presented in this work. However, it could be attractive to

produce mathematical modeling for a rotating spherical surface.

The energy transport phenomenon for an Oldroyd-B material generated by a rotating

cone has not been studied yet. Therefore, thorough theoretical investigations can fill this

gap.

Future research may focus on the time-dependent three-dimensional flow of an Oldroyd-B

fluid induced by a stretchable rotating cylinder under diverse physical effects.

For the computation of these types of highly non-linear flow phenomena, innovative nu-
merical techniques such as the finite volume approach and finite element method can be

used to tackled the problems of diverse physical geometries.
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