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Abstract

In this work, we contribute to the theory of Hardy-type operators in a number of ways
on both R™ and Q. Firstly, we characterize the central BMO spaces with variable expo-
nent via the boundedness of commutators of Hardy-type operators on variable exponent
Lebesgue and central Morrey spaces. Some boundedness results for the Hardy operator
and its adjoint operator are also demonstrated on variable exponent Lebesgue and cen-
tral Morrey spaces. Furthermore, we obtaine the boundedness of variable-order fractional
Hardy-type operators from grand Herz spaces to weighted spaces, subject to appropriate
weight conditions. Secondly, in the framework of variable exponent, we introduce some
new p-adic function spaces. The fractional p-adic Hardy-type operators on the p-adic
Lebesgue and central Morrey spaces with variable exponents are shown to be bounded.
We characterize some varaible p-adic function spaces by proving the boundedness of com-
mutators formed by p-adic Hardy-type integral operators and p-adic variable exponent
A-central BMO functions on the aforementioned spaces. Furthermore, the continuity of

theses operators on p-adic variable exponent Herz-type spaces is discussed as well.
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Preface

The aim of this thesis is to study Hardy-type integral operators on variable exponent
function spaces. Our main results include the characterization of some function spaces
via commutators of Hardy-type operators and the boundedness of these operators on
function spaces defined different underlying spaces.

In Chapter 1, we give some basic definitions along with some necessary lemmas
to be used in the subsequent chapters of this thesis. In addition, we define some
function spaces and give introduction to the Hardy-type operators with R" and Q
as underlying spaces.

In Chapter 2, we come up with the characterization of variable exponent central-
BMO spaces via commutators of Hardy-type operator on Lebesgue and central Morrey
spaces. The continuity of Hardy-type operators on aforementioned spaces is estab-
lished as well. The contents of this Chapter has been published in [50].

In Chapter 3, we investigate the boundedness of variable order Hardy-type oper-
ators on the variable exponent grand Herz-Morrey space. In this Chapter, we mainly
proved the Soboleve-type theorem for Hardy-type operators on the variable exponent
grand Herz-Morrey space. The contents of this Chapter has been published in [51].

In Chapter 4, we obtain the characterization of p-adic variable exponent central-
BMO space via commutators of p-adic Hardy-type operators on p-adic variable expo-
nent Lebesgue space. The boundedness of these operators is also made possible on
the other hand. The contents of this Chapter are ready to submit for publication in
well reputed journal of mathematics.

In Chapter 5, we consider continuity properties of Hardy-type operators defined
on p-adic field on p-adic variable exponent central Morrey spaces. We also define
and characterize the p-adic variable exponent A-central BMO space by showing the
boundedness of Hardy-type operator on these spaces. The contents of this Chapter
are ready to submit for publication in well reputed journal of mathematics.

Our study in Chapter 6 adds to and extends the results of Chapter 5 in two ways.

Firstly, we prove the boundedness of p-adic fractional Hardy-type operators on the

iii



iv Preface

p-adic variable Herz spaces. Secondly, the similar results are proved true on p-adic
variable exponent Herz-Morrey spaces. The contents of this Chapter are ready to

submit for publication in well reputed journal of mathematics.

Samia Bashir
Islamabad, Pakistan
February 27, 2024
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Chapter 1
Introduction to some Function Spaces

and Operators

1.1 Introduction

Averaging operators are considered well-known fascinating mathematical objects in
harmonic analysis due to their frequent appearance in both analysis and applications.
One of the most celebrated averaging operators is the Hardy-Littlewood maximal
operator. It, for example, controls the boundedness of a variety of integral operators
and has several implications in the theory of partial differential equations (PDEs).
Likewise, in analysis, theory and applications, the Hardy-type operators are popular
averaging operators extensively studied over the past hundred years and subjected to
many generalizations in various settings. There are many others, but we will limit
ourselves to these two, for these are the main focus of our objective.

On the other hand continuity of these averaging operators on various function
spaces is also a well-developed area in analysis and needs further attention concerning
new trends in generalizing function spaces. It needs results in developing new methods,
solving existing problems, and applications to the theory of PDEs. There is a need to
focus on the new trends in operator theory and the theory of function spaces, including
variable exponent spaces defined on different underlying spaces such as the Euclidean
space R" and the p-adic space Q). With recent advancements in PDE theory, their
modeling, and the emergence of new issues, the objective of boundedness of averaging
operators on function spaces becomes more effective and fascinating.

In recent years, there has been a growing interest in the study of function spaces
equipped with variable exponents, leading to the development of a new framework
known as variable exponent analysis. These spaces provide a powerful tool for an-

alyzing functions with variable growth or decay rates and have found applications

1



2 Introduction to some Operators and Function Spaces

in various areas of mathematics, including partial differential equations, harmonic
analysis, and image processing. One can better understand the heterogeneity and
complexity inherent in many real-world phenomena by taking into consideration the
theory of variable exponent function spaces. The introduction of variable exponents
extends the traditional framework of function spaces that opens up new avenues for
mathematical analysis, numerical methods, and applications in various scientific and
engineering fields [1, 2, 3]. These spaces offer a versatile framework for analyzing and
modeling phenomena with non-standard regularity, anisotropy, or localized features.
The ability to adapt the exponent to the local properties of the functions provides a
powerful tool for capturing the behavior of complex systems.

The purpose of this thesis is twofold. Firstly, we investigate the boundedness of
Hardy-type operators along with their commutators on function spaces with variable
exponents defined over R™. Also, in some cases, we provide necessary and sufficient
conditions for such boundedness results. Secondly, based on [4, 5], we define some
new function spaces with variable exponents on p-adic field with Q) as the underlying
space. We then discuss the continuity of p-adic Hardy-type operators along with their

commutators on these spaces.

1.2 Introduction to Variable Exponent Function Spaces

The concept of variable exponent function spaces was initially introduced by Orlicz [6]
in the 1930s, who developed the theory of Orlicz spaces based on the growth function
of the exponent. However, it was not until the 1990s that the general theory of vari-
able exponent function spaces began to be systematically studied. Function spaces
with variable exponent started significant progress when some of their essential fea-
tures were provided by Kovacik and Rékosnik [7]. The seminal works of Diening,
Harjulehto, Hasto, and Ruzicka [1, 8, 9, 10] have laid the foundation for this research
area, providing fundamental results, characterizations, and functional analytic tools
for studying variable exponent function spaces. For a detailed history and recent
developments in the theory of variable exponent function spaces, we refer the inter-
ested readers to the books [8, 9]. These spaces have a wide range of applications,
including electrorheological fluid modeling [1], image processing [2], and differential
equations with nonstandard growth [3]. Variable exponent A-central BMO spaces,
Morrey type spaces, and associated function spaces, on the other hand, have fascinat-
ing applications in analyzing the boundedness of integral operators; see, for instance,
[11, 12, 13, 14, 15, 16].
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All over remaining of this thesis, the constant C' > 0 may vary from step to
another and do not dependent on main parameters involved. The sign "~” between two

function f and ¢ implies that there exist constants ¢! and ¢? such that ¢! f < g < 2f.

1.2.1 Variable Exponent Function Spaces on R"

This section serves to define the variable exponent function spaces with R™ as un-
derlying space. For this section we refer the reader to some standard references
[7, 8, 17, 18, 19] from the literature.

Definition 1.2.1 Consider a measurable function q(-): D — [1,00) with D C R™.

(i) Denote by L) (D) the variable exponent Lebesque space:

q(2)
<|g(§z)|> dz < oo where £ is a constant} .

D

L1O(D) = {g measurable : /

in which we define the norm:

a(z)
9]/ Latr (py = inf {5 >0: /D (‘g(;”) dz < 1} .

(i3) The local version of L) (D) is given by

Lq() D) := {g . g € LO(F) for all compact subsets F C D} )

loc

This thesis use the following notation for remaining discussion:

(a) Let g € Li (D), then the Hardy-Littlewood maximal function M is defined as

t>0

Mg(z) :=supt™" / lg(z)|dx (2 € D),
(2,t)
where
B(z,t) :=={z€ D :|z—s| <t}
(b) We denote by (D) the set of all functions r(-) which are measurable and satisfy:

r_:=essinf r(¢{) > 1, ry :=esssup r(¢) < 0. (1.2.1)
¢eb ¢eD



4 Introduction to some Operators and Function Spaces

(c) We denote by 38 = Bl°g(D) the set of all functions r € (D) which are

measurable and satisfy (1.2.1) along with log condition given as below:

_, cr)
() = Q)] € =1

(d) If D is unbounded, then Bj (D) and P (D) become the subsets of P(D).
Functions belonging to Py (D) and Poo (D) satisty:

€~ (| < % £,¢ €D. (1.2.2)

C
1.2.
() = el € o (123)
where 7, € (1, 00).
r(d) — o] < |d] < 2 (1.2.)
" L= e = .

respectively.
(e) Finally, D,, = D(0,2™) ={y € R" : |y| < 2™}, Ay, = Dy, \ D1, for all m € Z,
and X, = XA, -

Definition 1.2.2 [12, 13] A function g € L'(R™), for u(-) € B(R™), is said to be in

loc

variable CBMO (central bounded mean oscillation) space if

1(9 — 9B0,m))XBO.) | Lut) &)

gl “O @) T SUD
CBMOuC)(R™) >0 ||XB(0,T)HL"<‘)(R”)

If u(x) = wu is a constant, then C BM OV (R™) equals C BMO*(R"). We write CU() =:
C BMO*)(R™) simply here and in the following.

Definition 1.2.3 [13] Let ;1 € R, and u(-) € PB(R™). The variable exponent central
Morrey space B**(R") is given by

B*OMR") = {g € Ly (R") ¢ |lgl] sy < 00},

loc

where
||gXB(O,r) || Lu('>(Rn)

sup .
r>0 [B(0, 7)[# X B(0.0) | 2w @y

||9H3u<<>,u(Rn) =

Definition 1.2.4 [13] Let u < 1/n and u(-) € P(R™), then the variable exponent pu-
central BMO space C BMO"O#(R™) is given by

CBMOM(')’“(R% ={g¢€ L”(')(R”) : HgHCBMO“(')M(R") < oo},

loc

where

1l = sup X2 = 9800200y
CBMOu() 1 (Rn) — .
R X B | Lue) @ny [ B(O, 7)]#
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Remark 1.2.5 An equivalent form of the definition given above can be written as:

19llommrontrmn, = sup inf 19~ X8l @
BMOu():p(Rn) — )
(R™) ~EZ ceC |B'7|“||XB«/||L“(‘)(R")

Note B*0#(R™) and CMO*")*(R™) inhomogeneous version of the variable exponent
central Morrey space and the p-central BMO space can be obtained respectively by
taking the supremum on R > 1 in Definitions 1.2.3 and 1.2.4 in place of R > 0 here.

The results of this thesis apply to an inhomogeneous version of p-central BMO

space and a central Morrey space with variable exponents.

Definition 1.2.6 Suppose 1 < wu,v < oo, ( € R, then the homogeneous and in-

homogeneous Herz spaces (classical version) are defined as:

1
11 gy = F o Do,y + {Z QECUHfXEHzU(R")} , (1.2.5)

leN

1
Hfukg’“(ugn) = {ZQKCUHJEXZH%v(Rn)} ) (1.2.6)

LeZ

respectively.

Definition 1.2.7 Let u € [1,00), v(-) € P(R™) and ¢ € R. KE(")(]R”) is the homoge-

nous version of Herz space and its norm is given as
K@) = {g € L ®\ {01 : lglxg ) < 0} (127)

where

1
{=00 u
||9||K5&"J)(Rn) = (Z ||2€<9X€||%v(~)> :

l=—00

Definition 1.2.8 For 1 < u < oo, v(-) € P(R") and ¢ € R. The inhomogenous Herz

U

space Kg(‘)(R”) is given by

K@) = {h e L@\ {0)) : hllpn ey < 00 (1.2

where

{=00 u
HhHKgg)(Rn) = HhHL”(')(D(O,l)) + ( Z HQKhXé‘ %vm) :
{=—0c0
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Definition 1.2.9 For a(-): R %R 0<u<oo,v() € PBR") and 0 < f < o00. A
variable Herz-Morrey spaces MK (R”) 15 defined by

MEL ) = {9 € LY@\ ol <
where

ko u
I9laricets ey = sup 2” ko < > 2O lgxellfa Rn)> :

l=—00

Next, we define variable exponent grand Herz spaces.

Definition 1.2.10 Let a(-) € L>®(R"), u € [1,00), v: R* — [1,00), # > 0. A grand
Herz spaces with variable exponent Ks(())u)e 18 defined by

a(+),u),0 n
Kv(()) ), {g € LloC (R \{0}) : HgHK;z((:;,u),Q < OO} ,

1
u(1+¢)
u(14+9)
Lv()

where

||9||Ka(>u>e = sup <¢922€a D gl

¢>0 ez

— sup ¢ lgll 20u1+9).
»>0

1.2.2 Variable Exponent Function Spaces on Q)

The p-adic analysis finds its applications in different areas of mathematical sciences
including mathematical physics, quantum mechanics, probability theory, and dynam-
ical systems [21, 22]. Function spaces with variable exponents defined on p-adic fields
with @} as underlying space are well known to pique interest not only in real and har-
monic analysis, but also in applied mathematics. Variable exponent function spaces
defined on Q) attract less attention in the past and need careful consideration in the
future. Unlike classical p-adic function spaces with fixed exponents, such as Lebesgue
or Sobolev spaces, p-adic variable exponent function spaces allow the exponent to
vary across the domain, providing a more flexible framework for studying functions
with diverse characteristics. In order to introduce these spaces, a brief introduction
of p-adic number is pre-requisite which is as below.

Let the field of rational numbers is denoted by Q. The absolute value |z| of z € Q
satisfies the below properties:
(i) |x| >0, |x| =0 iff z = 0,
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(2) |wy| = [=[ly],
(idi) |z +y| < 2] + |y.
Therefore, the function |- |: @Q — R is termed as norm. Alternatively, for a prime a

number p, the field of p-adic numbers Q, is defined as the completion of the rational

number field Q with respect to the p-adic norm | - |,, which is defined as

0, ifzx=0,
|z, =: ' (1.2.9)
p7, iz =pg,

where a and b are integers that are co-prime to p. The p-adic order of z is denoted by

the integer v =: ord(x) (ord(0) =: +00). We extend this norm to Q) as follows:

|z, =: 11211a<}§l|xi|p for x = (21,...,2,) € Qp, (1.2.10)

and satisfies the ‘strong triangular inequality’

[+ yllp, < max{ [z, [[yllp}, (1.2.11)
when |[|z||, # ||yll,, there is equality. If ord(z) =: 1r£11<n {ord(x;)}, then |[z|, =:

p~"4=)  The set (@Qy, [.lp) is a complete ultrametric space, and @Q, is homeomorphic
to a subset of the real line that is Cantor-like as a topological space. = # 0 is a p-adic

number having a one of a kind series expansion, precisely,
x = p” N ), (1.2.12)
1=0

where x; € {0,1,2,...,p — 1} and z¢ # 0 are used. We use y € Z to represent
By(a)={z e Qo —al, <p'}. (1.2.13)
the ball with a radius p” and a center at a = (ay, ..., a,) € Q} and by
Sy(a) = {z € Q2 : o — all, = p'} == By(a) \ By1(a). (1.2.14)
the sphere that corresponds to the ball B, (a). We use

B,(0) =: B,, S,(0)=:5,, (1.2.15)

and take note of the fact that

Q\ {0} = S, (1.2.16)

YEZ



8 Introduction to some Operators and Function Spaces

The one-dimensional ball is represented by B, (a;) =: {z € Q, : |z — a;|, < p'},
where B, (a) = B,(a1) ... x B,(ay,). With regard to addition, Q} is a locally compact
commutative group with the additive Haar measure d"x =: dz (by |F|, we designate
the Haar measure of the set F'). We get a unique measure by normalizing the measure
dx by f Bo dx = 1. From this point forward, we will use the normalized Haar measure;

as a result,
p"" =1|B,(a)], p"(1-p")=|5(a)l, (1.2.17)

for any a € Q).

A partition of Q) is made up of all disjoint balls with the same radius, v, because
inequality (1.2.11) states that, in QJ, if we have any two balls with same radius then
either one contains the other or they are disjoint.

For any = € Qj, the function A : Q) — C is referred to as a local constant if an

integer m(z) € Z exists in such a way that
W(z+2'") =h(z) for 2’ € Bu. (1.2.18)

If i Qp — C is locally constant with the compact support, then it is called a test
function (or a Schwartz-Bruhat function). Here, S(Qp) =: S denotes the C-vector
space of such test functions.

Let f : Q) — C be measurable, then it is a member of the Lebesgue space
L*(Qp), 1 < u < oo, when

1w = [ 1f@)l"ds < o (1.2.19)
where
/ |f(x)]"dx =: lim |f(z)["dz, (1.2.20)
Q3 7770 By (0)

if the limit exists.

This section introduces the idea of p-adic Lebesgue spaces with variable exponents
and lists some of their necessary features. The proofs are contained in citation [4].

If u: Q) — [1,00) is a measurable function. The set of all measurable functions
u(-) satisfying u~ > 1 and u™* < oo is denoted by R(Q}), where u™ =: €SSSUD,cqp u(x)
and u~ =: essinf,cqn u(x).

Let g : Q7 — R is measurable then L"()(Q7) denotes the space of all u € R(QP)
given by

: g
||9||Lu<»>(@;;) =: inf {0 >0 pu() <;> < 1} < 00, (1.2.21)

where pu()(g) =t [o, l9(y)["¥dy.
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For the Lebesgue space with a variable exponent, we now have

||g||L“(‘)(Qg) < puey(g) +1, (1.2.22)
ut
Pu()(9) < (1 + ||g||Lu(')(@;)> : (1.2.23)
lg LeO(Qn) = [llgl® ||Lu(>/ s@py S € (0,u”]. (1.2.24)
The Holder’s inequality holds true for variable exponent Lebesgue spaces i.e.
/ 191 < Cligll uer m 11l o gp): (1.2.25)

here, u and u' are conjugate exponents.

For u € R(Qy), we say that u € Wo(Qy), If

7 (u™(By() —u(B,(€))) < C, (1.2.26)
for any C'> 0, £ € Q) and all v € Z. Similarly, for C' > 0 and any §,n € Qp, we say
that u € W>(Qp) if

1
u(é) —un)| <C - ) 1.2.27
(0 == Chog G il TET,D) (1220

Class We(Qp) is described as Wi (Qy) =: W=(Qy) N Wy(Qy).

Definition 1.2.11 A function f € L;‘O(C') Q1) foru(-) € R(QY) is in p-adic CMO"O(QR)

with variable exponent if
Hf”CMOuH(Qg) = ilellz) ||XBWH;(-)(@;I)H(f - fBa,)HL“(')(Q;I) < o0,

where

1
[B,] /5,
If u(x) = u is a constant, then CMO“(')(@Z) equals CMO"(Qy). We write cu) =
CcM O“(')(QZ) simply here and in the following.

/B, = f(z)dz

Definition 1.2.12 Let u(-) € X(Q}) and 1/n > p. The p-adic p-central BMO space
with variable exponent C’BMO“(')’“(Q”) can be defined as

CBMO"O(Qp) = {g € L (@) : lgllerromorniay) < o,

where

HQH ) = sup H(g - ng)XBwHL“(‘>(@E)
C Oulr);p n) T
B @) =2 1By P xa, [ e )

Here and in what follows, we write C*0)# =: C’BMO“(’)’“(QZ) for simplicity.
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Remark 1.2.13 An equivalent form of the definition given above can be written as:

. H(g - C)XBWHLM')(@;L)

9llcparout)u@ny = sup in )
BM H(Qp) ~ez c€C ‘B'Yl‘LLHXB'yHL“(‘)(Qg)

Definition 1.2.14 Let u(-) € (Q}) and pp € R. The p-adic variable exponent central
Morrey space B“(')’”(Qg) can be defined as

BUO#(Q) = {g € L(@R) : 19l puonmy) < o).

where
HQXB7 HL“(')(Q;I)

gl e gy = sup |
BrO@) = 1B X, o)

Definition 1.2.15 Let 3 € R, 0 < m < oo, and u(-) € N(Qp). K1 (Qp) is the

homogeneous version of p-adic Herz space and its norm is given by
K@) = {9 € L0 @) lgllgsgap) < 0}

where

1
. — (76} m
”gHKf(’T)”(Q;) - (Z Ip gXe||Lu<<>(@g)> :

{=—o00

Definition 1.2.16 Suppose 3 € R, 0 < m < oo, A € [0,00) and u(-) € R(Q}).

MK?{);(.)(Q;L) 1s the homogeneous version of p-adic Herz-Morrey space and its norm

s given by
' ,)\ n ul - ny .
MER, (@) = {9 € L @) : lgllasn, gy <0}
where
ko m
, _ —ko\ ] m
otk opy = 222 ° (Z_Z I gmHLu(.)(Qg)) :

Having finishing the streak of definitions we are now going to introduce some

integral operators of our interest.

1.3 Introduction to Some Integral Operators

The Hardy operator, the fractional Hardy operator, the p-adic Hardy operator, and
the fractional p-adic Hardy operator are all integral operators of our interest in this
thesis. The following subsections provide a quick overview of the operators that were

defined on different underlying spaces.
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1.3.1 Hardy-type Operators on R"

The Hardy operator was firstly introduced by Hardy [23] in the early 20th century. The
Hardy operators and their associated Hardy inequalities are widely studied in a variety
of function spaces. Various stages of development of the classical Hardy inequality like
for example its extensions and early weighted generalization were studied by Kufner
[24]. They cover both the discrete and continuous forms of the Hardy inequality.
These operators find their applications in the theory of partial differential equations
[25, 26, 27] as well as in characterizing the function spaces [28, 29, 30].

The extension of Hardy operators was first introduced by Samko [31] in 1993 in his
work of fractional integration and differentiation. He defined the concept of fractional
integral operators with variable order and established their basic properties.

Hardy introduced the operator

1 z
hg(z) = ;/ g(m)dn, z>0, (1.3.1)
0
in [23] which satisfy:
u
1hgll Loy < mHgHLu(R-F), 1 <u< oo (1.3.2)

Additionally, it was demonstrated that the constant u/(u — 1) found in (1.3.2) is the
best one. In [32] Faris and in [33] Christ and his coauthor introduced an extension of
(1.3.1) and (1.3.2) to the high-dimensional Euclidian space R", the equivalent forms
of which are:

_ b ooy 9(n) "
Hyl6) = / o (e /| G om0 s

Additionally, in [33], the operator norms of H and H* were computed and matched
with those of the corresponding one-dimensional Hardy operators. Usefulness of Hardy
integral inequalities in analysis and their applications have garnered considerable at-
tention. With regards to their generalizations, variants, and applications there are
numerous papers out there, for instance see [28, 32, 34, 35| and the references cited
therein.

Now , we turn towards the definition of fractional Hardy operators [2§]

_ 1 ey 9(n) n
Hool(€) = 1erims /| g, Hig(©) = /| T €SB0}, (13

as well as their commutators

Hanf = Hof = Halbf), Hinf = VML —HL0S). (1.3.5)
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It is worth noting that if we take a = 0 in (1.3.4), we obtain (1.3.3). Also, if we select
a =0and n =1, (1.3.4) reduces to (1.3.1). The following definition serves to define

the variable-order fractional Hardy operator.

Definition 1.3.1 Let g € LL _(R"), and 0 < ((§) < n, then the variable order high-

loc

dimensional fractional Hardy-type operators are defined by
1 9(n)
Ho(©) = e | oldn, Wo© = [ Ian ¢erm0.
(€177 S =gl [0l
Since Hardy-type operators gain well deserved attention as compared to the variable-
order fractional Hardy-type operators. So, in third chapter, we decided to establish
the boundedness of variable-order Hardy-type operators in variable exponents grand

Herz-Morrey space.

1.3.2 Hardy-type Operators on Q)

The p-adic integral operators has a deep connections to p-adic Fourier analysis, p-adic
differential equations, and p-adic dynamical systems [21, 22, 36, 37, 38, 39, 40]. Also,
they have great importance in wavelet theory, pseudo-differential equations and har-
monic analysis, among other fields [41, 42, 43, 44, 45, 46]. In the book [22], published
in 1989, Vladimirov et al. introduced a formulation of p-adic quantum mechanics and
introduced p-adic pseudo-differential operators, p-adic stochastic processes, and p-adic
quantum theory. Most importantly, this book contains a thorough re-creation of the
acclaimed Schwartz theory of distributions over p-adic fields. Since the publication
of this monograph, many researchers took interest to study the harmonic analysis on
p-adic fields, resulting in numerious generalizations in operator theory and function
spaces.

The study of Hardy-type operators on p-adic field provide an insights into the
behavior of functions defined on p-adic field and associated function spaces. Fu et
al. introduced the p-adic Hardy-type operators HP and HP?* for the first time in
[47] and computed their sharp bounds on on Lebesgue space defined on Q. The
authors in [46] established the boundedness of p-adic Hardy operators along with
their commutators in central Morrey spaces. Optimal bounds for the p-adic Hardy
operator and associated adjoint operator on higher dimensional product spaces are
computed in [48]. Finally, the definitions and study of high-dimensional fractional

p-adic Hardy-type operators were given in [48] and are as below:

1 . g(n)
HPg(€) = ——— dn, HP - _gn, "\ {0},
916) = /| sl g /| et €€ \{(1}3 i
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where ¢ is a locally integrable function and « € [0, 00). The commutator operator of

p-adic Hardy-type operators are given by
HE g = bHEg — HE(bg), HELg = bHE g — HE™ (bg). (1.3.7)

Taking @ = 0, we get the commutator operators of p-adic Hardy-type operators. For

detailed information, see [49].

1.4 Owur Contribution

We contribute to the theory of Hardy-type operators in a number of ways on both
R"™ and Q. Firstly, we characterize the variable exponent central BMO spaces via
the boundedness of commutators of Hardy-type operators on variable Lebesgue and
central Morrey spaces. Some boundedness results for the Hardy operator and corre-
sponding adjoint operator are also demonstrated on variable exponent Lebesgue and
central Morrey spaces. These results have been published and are online [50]. Fur-
thermore, we also obtained the boundedness of variable-order fractional Hardy-type
operators from grand Herz spaces to weighted spaces, subject to appropriate weight
conditions. The results of this chapters have also been published in [51].

In the framework of variable exponent, we introduce some new p-adic function
spaces. The fractional p-adic Hardy-type operators on the p-adic Lebesgue and cen-
tral Morrey spaces with variable exponents are shown to be bounded. We characterize
some p-adic function spaces as well by proving the boundedness of commutators gen-
erated by p-adic Hardy-type operators and p-adic variable exponent A-central BMO
functions on the aforementioned spaces. Furthermore, the continuity of theses op-
erators on p-adic variable exponent Herz-type spaces is discussed as well. Future

submissions of these findings to appropriate scientific journal are planned.



Chapter 2

Characterization of Variable Exponent
Central BMO Space Via Commutators
of Fractional Hardy Operator

2.1 Introduction

Characterization of function spaces via commutators of integral operators is an in-
teresting issue in harmonic analysis mainly because of its numerous applications in
the theory of partial differential equations. Many authors worked on such problems
by defining commutators of these integral operators. Among many others, the high
dimensional fractional Hardy-type operators are also used in the characterization of
function spaces via their commutators. For example, in [28] Fu et al. gave the charac-
terization of central BMO space via commutators of Hardy operator on Herz spaces.
Later on, Zhao and Lu [29] characterized the A-central BMO space for A > 0 via the
commutators of the same operator. The difficulty caused by taking A < 0 for the same
characterization was tackled in [30]. Since the Hardy operator is center-symmetric,
using this property the authors characterized the central BMO space through the com-
mutators of rough fractional Hardy operator in [52]. A characterization of weighted
central Campanato spaces using the commutators of Hardy operator was given in [53].
Recently, in [54], Wei introduced the mixed central bounded mean oscillation space
and characterized it using the boundedness of the commutators of the high dimen-
sional Hardy operator on mixed Herz spaces. Finally, two new characterizations of
central BMO space via the commutators of the rough Hardy operator were reported
in the literature in [55].

Although the Hardy operator is a celebrated operator in analysis but there are

only few publication discussing this operator on variable exponent function spaces.

14
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To mention a few we cite here some references considering the continuity of Hardy-type
operators along with their commutators in variable exponents function spaces [56, 68,
57, 58, 59, 60]. In this paper, we characterize the variable exponent central BMO
space via the commutators of Hardy-type operators on variable exponent Lebesgue
and central Morrey spaces. In addition, we discuss the continuity of Hardy-type
operators on variable exponents Lebesgue and central Morrey spaces.

We divide this chapter into the following sections. Next Section gives some basic
propositions and lemmas regarding the function spaces with variable exponents. Sec-
tion 3 of this Chapter investigates the boundedness of the fractional Hardy operators
in the context of variable exponent Lebesgue space along with the characterization
of variable central BMO space via its commutators. Finally, similar boundedness of
Hardy operator and characterization of central BMO space via its commutators on

the variable exponent central Morrey space is done in the last Section.

2.2 Preliminaries
Ifu'(-) = u(-)/(u(-) —1) then we give the following inequality known as the generalized
Holder inequality:

Lemma 2.2.1 ([7]) Let u(-) € B(H), where H is an open subset of R". If g € L"0)(H)
and h € L¥()(H), then we have

/H lg(mh(m)ldn < rullgll e (1Pl L iy, (2.2.1)
1

- 1 1
where 7, =1 + — e

Lemma 2.2.2 ([61]) Suppose u(-) € B(R"). Then, for every ball B C R, there exists
a C' > 0 such that

1

Lemma 2.2.3 ([62]) If u(-) € B(R") then, for every ball B in R™ and all measurable
subsets S C B, there exists constants C' > 0 and 6,6, € (0,1) such that

5 e 51
sl 1Bl Xl @n SC(@) | sl o @y SC(@) ‘

IXsllzuo@ny = 1817 [IxBl Lue @n) | B] B ) ny |B|
(2.2.2)
Lemma 2.2.4 ([68]) Let u(-) € B(R"), 0 < o < 3= and define v(-) by
1 1 o
. (2.2.3)
o) u() m
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Then

Lemma 2.2.5 ([9]) Let u(-) € B(R") satisfying conditions (1.2.2) and (1.2.3) of Chap-
ter 1, then

QI7=, if |Q| < 2"and z € Q,
Xl ue @ny ~ .
if |Q] > 1,

for all @ C R™, where u(oo) = lim u(x).

T—00

Following propositions will be helpful in proving results on central Morrey spaces.

Proposition 2.2.6 ([12]) If u(-) € B(R"), then f € C*() if and only if there exists a

collection of numbers {cg}p in such a way that

|
9]l ey =2 sup
ok >0 ||XB(0,T)||L“(')(R”)

(9 — CB(o,r))XB(o,r) LuC)(R™)

Proposition 2.2.7 ([12]) If u(-) € B(R"), then f € C*0) if and only if

1]l guer = sup inf HXB(O,T)HZi(-)(Rn)H(f — O)XBO || Lut) @y < 00.

2.3 Characterization of Central BMO Via Commutators

on Lebesgue Space

2.3.1 Main Results

The first result of this section gives us the boundedness of the operator defined in

(1.3.4) on the variable exponent Lebesgue spaces.

Theorem 2.3.1 Let u(-) € B(R™) satisfying conditions (1.2.2) and (1.2.3) of Chapter
1. Also, let 0 < v < mm{ } and define v(-) by

1 1 a
then both H, and H* map L*C)(R") into L*)(R") and L¥)(R") into L* ) (R™).

If & = 0 in the above theorem then we have the following corollary:

Corollary 2.3.2 Let u(-) € B(R") satisfying conditions (1.2.2) and (1.2.3) of Chapter
1, then both H and H* map L*")(R") into L“C)(R") and L*)(R") into L*)(R™).
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The second result of this section gives the characterization of C*()(R™) via the

commutators operators defined in (1.3.5) on Variable Lebesgue space.

Theorem 2.3.3 Let u(-) € B(R") satisfying conditions (1.2.2) and (1.2.3) of Chapter
1. Also, let 0 < ov < min{*, >} and define v(-) by
+

1 1 o
= — — — 2.3.2
2, (232)

u() u()

then the following statements are equivalent:
(1) be C*On o,
(2) Both H, and H},, map L*O(R™) into L*O)(R™) and LY )(R") into L*)(R™).

If @« = 0 in the above Theorem we obtain the following corollary which is Theorem
4.1 in [12].

Corollary 2.3.4 Let u(-) € B(R") satisfying conditions (1.2.2) and (1.2.3) of Chap-
ter 1, then the following statements are equivalent:

(1) b e O A o),

(2) Both H, and H; are bounded on L*C)(R™) and L*)(R").

The next Lemma is an extension of Lemma 2.6 in [28] to the variable exponent

central BMO space.

Lemma 2.3.5 Let g € C*) and I,m € Z, then
9(z) = 95| < |9(z) — gB,,| + Clm = U][g]|cucr- (2.3.3)

Proof. Let i € Z, then using inequality (2.2.1) we have

1
|ng' - gBi+1| - _/ |g<y) - gBi+1|dy
|Bil /B,
1

<C
| Bjs1]

< Cllgllcuer,

|| (g - gBi+1)XBi+1 ”L"(‘) ||XBi+1 ||L“'(‘)

where in the last inequality, we made use of Lemma 2.2.2 to obtain the desired output.
Next, if [ < m, then

m—1

l9(x) = g5| < 19(x) = g5, |+ C D _ g5, — 95,11 ] < 19(x) = gB,.] + C(m = Dlgllcucr.

- (2.3.4)
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Similarly, if m < [, then

-1
9(2) = g5,| < l9(x) = 9. |+ C > lgs, — g5, < lg(x) = gs,.| + C(1 = m)||gllucr-

- (2.3.5)
The inequalities (2.3.4) and (2.3.5) yield the inequality (2.3.3).

2.3.2 Proof of the Main Results

The proof of theorem 2.3.1 is essentially same as that of the proof of Theorem 2.3.3

with proper adjustment of the function b. So, we only give the proof of Theorem 2.3.3.

Proof of Theorem 2.3.3. We give proof of this theorem in two steps:
(1) = (2) Let b € C*O N C*¥0) | then

[Heopfllpvor@ny = D Ix6Has ()l 1o gny

O;OO 1
g;onwaﬂﬂwmu><mQme
= Sl CINE Sl RUCICORION (2.3.6)
ko0 j=—oo L0 @)

Let us consider the inner integral first which can be decomposed as:
[ o) =vollswlar < [ ) = bulifOl+ [ n sl 237)
i i j

In view of the generalized Holders inequality (2.3.6), the fisrt component of the above

inequality (2.3.7) implies

/ (b5, = b(@)[[f(#)]dt < Clop, = b(@)[| Fill e ey 1B | Lo (- (2.3.8)

B
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The second component of the inequality (2.3.7), by virtue of Lemma 2.3.5 and the

Holder inequality, gives us:

/ F@)1bs, — b()|dt < / b, — b FE)dE + Ok — 7)Bllowes / F)lde
A A, A,

< C[(d = ba;)xB; | vy @y 1 5] Lwe emy

+ Clixs, | pwor @y 10l cwrr (B = ) il Lueo gy
< OxB; | pwer @y 101l gwror |51l o> mmy

+ Cllxs, [ pwor @ny (B = Db cwo [ 5]l Lo @ny

< Cllxs, I @y (B = Dbl cwrer 151 Lue @y
(2.3.9)

We infer from (2.3.6)-(2.3.9) that:
[ Hopf || 100 (mn)

<% [uorr 3 /|f )1b(e) — b(-)dt

k=—00

Lv()

<C > Z 2749\ (bg, — b)X Bl 10 @) X8, | oo gy I il s gy

k=—o00 j=—00

[e's) k
+C Y Y 27Ok — )bl o 1B ooy 1B, 1 0 ey L5 oo

00 k
<C Y 270 (k= )Xl oo @ X8, 1 o gy 1 5 e (-
k=—o00 j=—00

(2.3.10)

LU(')(R”)HXB]'||L“'(')(]R”)' A

Next, our objective is to sort out the product term ||xp, |
use of Lemma 2.2.2 and the Lemma 2.2.3 help us to write:

IXB oo @ 18, v @y < 2 X8 v oy X8 0

< C2knoli=k) "51||XBkHLU/() gy X8 Lo ey

Since u%() = v,l(.) — 2,50 by virtue of Lemma 2.2.4, we obtain

X8l o ey X8 Nl ey < 2072070001, (2.3.11)
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Hence, (2.3.10) and (2.3.11) together yield

sy <€ 3 35 (k=92 Ao
k_*OOJ—foo
S ¢ Z Hfj”Lu( ) (R™) Z(k—j)Q (k—j)nd1
Jj=—00 k:j

< Ol ]l put) (mn)-

In a similar fashion it is easy to prove that

I Hy b fll ooy @ny < CFI| ue) ey

A similar procedure as used in the (L*)(R"™), L*)(R")) boundedness of H,; and
H}, and the fact that () v%() — =, implies that both H,; and H; , map LV O (R™)
into L )(R™).

(2) = (1) Using the fact that both H, 4 and H},, map L' (R™) into L*C)(R™) and
LV (R™) into L*')(R™), we have to show that b € C*¢) 0 C*'()

For any ball B =: B(0,r) and x € B, we obtain

b(z) — b |—;| / (b(x) — b(t))d|.
R )
< | / |<|x|<"<9“"> e
b(t))xs(8)| B t]
+O‘A€>|x |t )

< C|B|™» |Hapxs(x)| + C|B| ™" |HE  fol2)]

where fo(x) = |z|"“xp(z). Hence

1(b—b5)x5

LsO@®n) S C|B’75 | Han(XB)

Lo @y + C1BI T HL 4 (fo)

(2.3.12)

In order to arrive at our claim, we split the problem into the following two cases:
Case 1: s(-) = v(-). In this case using the (L*")(R"), L**)(R")) boundedness of H,
and H?

b One has

16 = ba)xsll oo ny < CIBI™ " [|Hap(x8) | ooreny + CLBIHIH (o)l 1o amy

< CIBI™" X8 ety @ny + CIBI | foll Lo ey
< C|B|™#[Ix8l pue) @ny-
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Using Lemma 2.2.5 and the condition ﬁ = ﬁ — 2 we have

1 a
I8 ot @y = BT 2 (X8 oo ey | BI 7

Therefore

(b — bB)XBHL”<‘>(R") < CHXBHL“(')(R”)'
Case 2: s(-) = u/(-). In this case using the (L"0)(R"), L*')(R")) boundedness of H,,
and H,,, we have
16 = ba)xll s gy < CIBI™ | Hap(xs) | o ey + C1BI™ HH (fo) l o geny
< C|B|™[Ix8ll e gny + CI1BI | fol
< CIBI™ " Ix5] o ny-

Lv/(-)(Rn)

Using Lemma 2.2.5 and the condition ﬁ = ﬁ + %, we have

_1 a
IXB Lo @y = [BI@ = || x| pw e @y | B
Therefore
16 = bu)xBll Loy ey < Cllixsllwo -

We thus conclude from these cases that b € C*) 0 C* (). Thus the proof is com-
pleted.

2.4 Characterization of Central BMO Via Commutators

on Central Morrey Space

2.4.1 Main Results

The first result for this section gives the continuity properties of H, and H the

variable exponent on central Morrey space.

Theorem 2.4.1 Let u(-) € B(R") satisfying conditions (1.2.2) and (1.2.3) of Chapter
1. Also, let 0 < v < min{-, J+} and define v(-) by
+

1
v()  u()
then for v = 8 + & with v < 0, both H, and H} map MUOB(R™) into M7 (R™)
and MY 0P (R™) into M* )7 (R™).

: (2.4.1)

3Ie
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Remark 2.4.2 Theorem 2.4.1 improves and unifies Theorem 3.1 and Theorem 4.1 in
[60] by removing extra parameters involved in the stated conditions for these theorems.

Also, it uses a different methodology for its proof.

If @ =0 in Theorem 2.4.1 then it yields the following corollary:

Corollary 2.4.3 Let u(-) € B(R") satisfying conditions (1.2.2) and (1.2.3) of Chapter
1, then for § < 0, both H and H* map M“0)#(R") on M“()F(R™).

The next Theorem characterizes the variable central BMO space via the commu-

tators of Hardy operators on central Morrey space.

Theorem 2.4.4 Let u(-) € B(R") satisfying conditions (1.2.2) and (1.2.3) of Chapter
1. Also, let 0 < v < min{-%, %} and define v(-) by
+

noon
uy ? v

1
() u()

then for v = 8 + & with v < 0, the following statements are equivalent:

3L

(2.4.2)

Y

(1) be v A v,
(2) Both H, , and H}; ,, map MUOB(R™) into MUO(R™) and MY 08 (R™) into M® )7 (R™).

The last Theorem has the following corollary:

Corollary 2.4.5 Let u(-) € B(R") satisfying conditions (1.2.2) and (1.2.3) of Chapter

1, then for g < 0, the following statements are equivalent:

(1) be Cc*OnCvo,

(2) Both Hy and H; are bounded on M*C)#(R") and M¥)-#(R").
2.4.2 Proofs of Main Results

We first present the proof of Theorem 2.4.1.

Proof of Theorem 2.4.1. Without loss of generality we may assume By, = B(0, R)
with kg € Z for a fixed ball B(0,R) C R". Let f = fi + fo where fi = fy,, and
0

fo = fX(QBkO)C then

||(Haf>XBkO||Lv(')(R") < ||(Haf1)XBk0||LU<')(R") + ||(H(Xf2)XBkO||L“(')(R")
=: ]1 + ]2.
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In view of Theorem 2.3.1, we estimate I; as below:
Iy = ||(Haf1)XBkO||L”(‘)(]R")
< |[(Haf) X2Byy |l 200 @n)
< C|l fx2Bi, | Lwo @ny
< Ol yruer s X2y 1 oo (g 2B |
< Ol fllwrucrs M1 By | o> @y | Bro
Using Lemma 2.2.5 and the condition % = ﬁ — 2 we get
1 a
X B, | Lo @y 2 | Biol @ =2 ([ X By, | o) )| Brol ™ - (2.4.3)

Therefore, by virtue of v — 8 = 2, we get

Iy =2 Ol fllwguer s NIX B, | o ey | Bro ™

Now in order to estimate Iy, we proceed as below:

2o /| s

= 1
<CY s L 1wl

k=2ko

|Ha fa(2)] =

1

[e.e]
<C Z oz IXB o @ X8 e -
k=2ko | Bi[

Using Lemma 2.2.2, it is easy to see that

|Hofo(@)] < C 7 B = flljpucrn

k=2ko

<Ol flyreirs > 1B,

k=2ko

where we have used the condition v = % + 3. Since 8 < —%, so that we have

|Ha fa(2)] < C|f ]| ygucrs | Bro |-

Finally, we get

I =t [(Hafo)xBy, |0 @ny < ClFll preers X By oo ey Brol -
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Combining the estimates for I; and I, one has

[ Hof |5 @ny < ClUF lruc.s @ny-
Similarly, the following inequalities can be established as well:

HH;fHMU(')ﬁ(]R") < OHfHMu(»,B(Rn),

[ Hof | irwero@ny < Cllf iz ersmnys

[ f |y era@ny < ClF e @ny-

We thus finish the proof of Theorem 2.4.1.

Proof of Theorem 2.4.4. For (1) — (2), following the proof of Theorem 2.4.1, we

write

1 (Ha,bf)XBko HU’(')(R”) < (Ha,bfl)XBkO ”L”(‘)(]R”) + || (Ha,bfz)XBkO HL”(‘)(R")
= Jl + Jg.

Making use of the Theorem 2.3.3 for estimation of J;, we get
Jr=|( abfl)XBkOHL“()(R")
| (Hanf) X8y, | 2o @)
< C”fXQBkO ||Lu(»>(Rn)
< Ol fllyrucrs |1 x2Bi || oo ey [2 B |°
< Ol wrucrs M1X By | o> @y | B
The relation (2.4.3) and the condition v = 3 + <, help us to write
Ji =1 C|[f | ypecrslll X5y, |

Next, to estimate Jo we need to the decomposition:

IN

L6 &) | Brol -

1
b(z)—b 2(y)d
ey |<m< () ~ b)) o(w)y

<¢| S i [ 00 -1y

n
k=2ko

[ Hapfo(z)] =

<c| > i [ 0l -asta

n
k=2ko

Z 1_2/ (b(y) — ©).f (y)dy

k2k|k‘ Ch

= ng + <]22.
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Using the generalized Holder inequality, Jo; assumes the following form:

o0

Jy =C Z |Bk‘%7l(b(5’7) —c) - f(y)dy

k=2kg

<C OBl () = elll X8 ot o X8 o
k=2ko

which in view of Lemma 2.2.2 gives us:

Jor < Clo(x) — | > 1Bel > fllarucrs
k=2ko

< Olb(@) = elll fllyrucrs Y 1Bl
k=2kg

< Clb(z) = ell|.f | yguors | Brol

where series in the second last step converges due to the fact that v < 0.
Similarly, Lemma 2.2.1 and Proposition 2.2.7 are used, respectively, in establishing

the below inequality for Jos.

Jn=C| Y Bt / (b(y) — ) F(y)dy
k=2ko Cr
<O Bl T I X8 et @ 1) = ) xa, Nl e
k=2kgo
< Obl| gur Z | Bel M X B v @ X B Lo

k=2kg

which, by virtue of Lemma 2.2.2 and the condition v < 0, yields

Jo2 < Cll fllygecrs > |Bel” < Cllfllgucrol Bro|-

k=2ko

Hence, we have

J2 < C|(b(z) = )xy, oo [ f |irucrs | Brol* + ClUf N wrucr.s X Biy | 2o @ny | Brol

which on making use of Proposition 2.2.7 results in the following inequality:

J2 < O fl wrucre Ix By, | o0 @y | Bro |-

Combining the estimates J; and Jy, we get

[ Hap f | xroera@ny < Cll Il nrucrs @ny-
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Similarly, the following inequalities can be established as well:
IH e 5 f Ly @ny < CUF Nl yruer s @y
[Hop f ey @y < ClUF w5y
IH G o v vy < ClFllyrercos @ny-

Thus the proof of the case (1) — (2) is complete.

(2) = (1) Using the fact that both H,, and H, map M"“O-#(R") into M*}7(R")
and MY )P(R™) into M7 (R"), we have to show that b € C*0) 0 C'0).
For fo(z) = || *xp(x), here we rewrite (2.3.12):

LsO®n) T C\B!”HHZZ,b(fo)I

oo < OB | Hap(x5)|

I(b—b5)xs5|
Next, we split the problem into the following two cases:
Case 1: s(-) = v(-). In this case using the (M*0)# M*)7) boundedness of H,, and

*
H; ,, one has

Ls(-)(]Rn).

(b = b) x5l Lo @ny < CIBI" " | Hap(x5) | ypoer+ x5
+ C’BPilHHZ,b(fO)H]\'/[v(~MHXB”Lv(-)(R”)
<C|BP=
+CIB M foll yrucors X Lo ny
< Clixsllzvo @ny-

Lv() (Rn)

X8l yreerslXB HLU(')(RW)

Case 2: 5(-) = u/(-). In this case using the (MY )# M ):7) boundedness of H,; and
ops One has
10 = be)xBl ey @ny < CIBI™# [ Hap(xe) i ool XBl ) zny
+ OB H o (fo)l v era IX Bl e ey
< CIBI" % sl yporos X8l v ey
+CIB M foll yporcrs X8Il e ey
< C||XB||Lu’(-)(Rn)~

From these cases, we conclude that b € C*) 0 C*' (). We thus complete the proof.

2.5 Conclusion

In this Chapter we showed that the Hardy-type operators are bounded on variable

exponent Lebesgue and central Morrey spaces. In addition, we gave a characterization
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of central Bounded Mean Oscillation (BMO) space via the commutators of these

operators on variable exponents Lebesgue and central Morrey spaces.



Chapter 3
Continuity of Hardy Operators on
Grand Herz Spaces With Variable

Exponent

3.1 Introduction

The investigation of boundedness properties of operators in variable exponent spaces

is a challenging and active area of research, for reference see [58, 59, 60]. The behavior

of operators in these spaces often differs significantly from that in classical Lebesgue
or Sobolev spaces. Consequently, the study of boundedness properties of fractional
Hardy operators in variable exponent spaces requires new techniques and approaches.

The concept of Variable exponent grand Herz spaces was introduced in [63] and
opens new dimensions in the specified function spaces. Sultan et al. [64, 65] introduced
the idea of grand variable Herz-Morrey spaces and proved boundedness for Riesz
potential operator in these spaces. Grand weighted Herz spaces and grand weighted
Herz-Morrey spaces was introduced by Sultan et al. in [66, 67] respectively.

Inspired by above cited work, in this chapter, we consider the boundedness of
fractional Hardy-type operators of variable order from grand Herz spaces to weighted
space under some proper assumptions on weight functions.

In this chapter, the content has been divided into four main sections. In addition to
the introduction, the next Section is dedicated to exploring fundamental lemmas and
propositions. The third Section focuses on the Sobolev-type theorems for fractional
Hardy-type operators with variable orders in grand Herz spaces. The last Section

includes concluding remarks.

28
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3.2 Preliminaries

We are assuming that order of the fractional integral operator is:

h
IOn(g) = /R m_é%dn, 0<¢(&) <n. (3.2.1)

¢(§) is not continuous rather we are assuming that it is a measurable function in R"

satisfying:
(1) ¢ := essinfyern ((y) > 0,
(2) esssupyegn p(y)C(y) <,

(3) esssup,epn p(00)C(y) < n,

where p(co) = lim p(z).
|z| =00
The following proposition is one of the main requirement to prove our main results.
This proposition was proved in [20] and commonly known as Sobolev theorem for
Riesz potential operator in Lebesgue spaces under the some necessary assumptions

on exponent.
Proposition 3.2.1 Suppose that
p(-) € BE(R") N By (R") NB(R")

and assume
1 < p(oo) < p(z) < py < oo

Let ((x) satisfy the above conditions (1)-(3). Then, we have following weighted
Sobolev-type estimate for the fractional operator 1¢(3)

1L+ 12) P IO ()] o @y < Cll Il @),

where

is the Sobolev exponent.
=)\ _n
= — < p—
Az) =C((z) <1 )= 40,

with C' is being the Dini-Lipschitz constant from the inequality (1.2.3) in which a(-)
replaced by p(-).
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Lemma 3.2.2 If the indices appearing in the statement of Proposition 3.2.1 satisfy the

condition given at there then the following inequality holds:
L+ [20]) 2|2 CEY xp, () 29wy < Clixne | orgn)-

Proof: Differing slightly from the procedure given in [68], we have

1
— 29 |§(21)—”

IGD (xp, ) (21) = 19D (xp, ) (21).(xp, ) (21) :/D = dy.xp,(21)

2 C|21‘C(Z1).XDZ<21).
ultiplying both sides wit + |21])” V¥, the above inequality can be written as:
Multiplying both sid ith (1 M=) the ab i lity b i
(14 1)) 21 [ xp, (21) < O+ [z ) AT (0, ) (21).
Applying L4(R™) norm on both sides and using Proposition 3.2.1, we obtain
1L+ [0 )2 2] CEYxp, [l oy < CIL A [20]) AT () [ ey
< Clixp, |l r@n-
Thus we finish the proof of Lemma 3.2.2.

Remark 3.2.3 (i) If ((z) is satisfying the condition (1.2.3):

Cw

1¢(2) — Coo’_m

for x € R™. Then, (14 |z|)"*® is equivalent to the weight (1 + |z]) =

(i1) We can replace the variable order of Riesz potential operator ((x) by ((y) if
we consider potentials over bounded domain, these potentials vary unessentially if
the function ((x) is satisfying the logarithmic smoothness condition given in (1.2.2)

because:

Cilz — Z2|n—<:(zz)| < |z — Z2|n—<(21) < Cylzy — 22|n—<(22)'

Lemma 3.2.4 [19] Let 1 < A and p € P oo(R™). Then,

1 n_
t—rp(o) < HXB (0,Ar)\B(0,r) ”P( < tor ) (322)
0
for0<r <1 and
1 n
777 = IXsoansonllpe) < teor 7 (32.3)

forr > 1, where 1 <ty and 1 < t,, depend on A but not on r.
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Lemma 3.2.5 /8] Consider a measurable subset D such that D C R"™ and p_(D) > 1,
< p+(D) < oo. Then,

gl -y < gl ooy -]l Loy

holds, where g € LP)(D), h € L1")(D) and

for everyt € H.

3.3 Sobolev-type Theorem for Hardy-type Operators in
Grand Herz Spaces

The main results of our chapter along with their proofs are given below.

Theorem 3.3.1 Let 1 < u < o0,

1/611(21) - 1/Q2(Z1) = C(’)/n,

0<((-) <m and a,q € Po .o (R™), such that

" g < — < a(0) < —
— < Oy < ——, a
q1c0 qlloo QI(O)

where 100 = lim ¢i(x) and ¢}, = lim ¢;(z). Then,
T—00 T—00
(=1)7y
10+ 22D M gy < O lgrrnrs gy

Proof. Let f € K*O""(R") and

a2(:)
ZfZIX]Zl ijzl

j=—00 j=—00

we have

RG] < s [ 1f@)ld )

L
<027 Y fillao Ixillag -l 1 xa(z0)-

j=—o00
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Consequently, we have

Ixe(X + 1) VR laace
< C27 N fill a0 Il o 1L+ 22)72E 20 EDx (20) o

4
<027 Y il X lg ol (L + [2) 2 0 xp, (21) g0y

j=—oc

V4
<C27" > 1 filaoIxilagolxollae

j=—o00
l
<C Y 27" filaolxlagolxodao,
j=—o00

where we used Lemma 3.2.2 in the second last step of the above inequality.

Next by definition of Herz-Morrey spaces, we have

21)
1 + ‘Z )||K(L(())U) G(Rn)

v(1+¢)
a(-)v z (1
¢y 200N |y, (1 4 |z ) PEIH(S )||q2(+¢>

LeZ

¢>0 ez j=—00

¢ (1+9)\ »(+&)
<sup [ ¢’ Z gle(vi+e) (Z 2_Z”Hfqu1<-)HXqugc)HXDqul(-))

¢>0 {=—00 Jj=—00

v(14+¢)\ v(A+é)
< sup (¢922m Jo+e) (Z 2_Z"||fj||ql(~)||><j||q'1(-)||><De||ql(~)>
( 1

00 ¢ (1+8)\ 0+
+sup | g0 2t ( > 2_mHJ"}||ql<~)\|Xj||q’1(-)HXD/qulc))
=0

¢>0 j=—oc0
= E1 + EQ.

Now, we will find the estimate for ;. By the Lemma (3.2.4)

G=0On

27X llgs XD lany < C27 it gil® < C9 O (3.3.1)
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Applying above results to F; to get

¢ v(1+8)\ v(T+e)
By <sup | ¢ Z 2l 1+9) (Z Q_Zn”fj“cn(-)||Xj||q§(-)||XDz||q1(-))

¢>0 f=—00 Jj=—00

. £ Gom v(146)\ TTF9
< Csup | ¢ Y 20O+ ( S 2T | £ ) .

¢>0 {=—0c0 Jj=—00

Let b := q’L(m —a(0). Applying the fact 27°0+?) < 27v the Hoélder’s inequality and
1

Fubini’s theorem to get,

v(1+6)\ TTH
<o (8 3 (32 w0pl )

¢>0 {=—00 \j=—o00

-1 v(1+¢) v(1£r¢)
ccsp (oS (ZZ““’”HJ“Hq 2)

¢>0

{=—00 \j=—00
¢
a(0)v i v(1 w i
< Csup |4° Z Z 9a(0) (1+¢)J||fj”ql((3r¢)2b (1+0)(i—0)/2
¢>0 {=—0c0 \ j=—00
v(1+¢) 1
¢ wite)) | v(1+9)
« ( Z Qb(v(1+¢))’(j—f)/2> ]
j=—o00
—1 ¢ v(1+0)
a(0)v j v(1 " i
< Csup |’ Z Z 9a(0) (1+¢)]Hf]'Hq1((-J)r¢)2b (1+¢)(i—0)/2
¢>0 {=—00 j=—00
! st ! . e
< Cf;ulg [ﬁf)@ Z 9a(-)v 1+¢3Hf]|| ZQbu(l-Fd))(J—f)/?]
> . )
j=—00 =3

$>0

-1 v(1+¢)
< Csup [ ¢’ Z 9a(0)v(1+¢ J||fJHZI(1J)r¢ Z 2bu(1+¢)(]—€)/2>
t=j

( j=—00
e}
< Csup | ¢’ Z eI+ | £ +)
$>0 l=—00
1 e}
= C'sup | ¢ Y 20040 | o)
¢>0 JEZL
<CHfH (01000 ()

Now for F5, using Minkowski’s inequality we have
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00 ¢ (1+¢)\ v(1+9)
By < sup | ¢y 2000+ ( > et + lzll)A(Z”H(fj)Hmm)
/=0

$>0 Pt

) -1 v(1+4)\ v(@+e)
<sup [ ¢f ) 2000H) ( D b1+ |Zl|>_>\(Z1)H(fj>||q2(-)>
=0

$>0 Palt

. ‘ v(14+¢)\ v(1+¢)
+sup | ¢f Y 2lel)ee) <Z||><z1+lz *W%(fj)HqQ(.))
£=0

$>0 s

= Al + AQ.

We can easily find the approximation for A2 in a way similar to £;. We will replace

¢,(0) with ¢}, and by virtue of the fact b := 7~ — ax > 0 to get our desired results.

loco

For A;, we have

Iin _jn_ —ftn  _In
2 Ixolaolxslla < €27 20290 < C2me 280 (3:3.2)
AS Ao — =7
loo
_1 v(14+¢) v<1‘1+¢>
A< Csup | of 22““” e ( > e+ |zl|>A<Z1>H<fj>Hq2<->)
> j=—00
- RO E
. Jn v
< C’sup 0 Qéaoov(l—l-(b i Yree PAONTS ) }
| z ]Zoo 16l
Laco—1 v{1+4) ﬁ
(loo n 1+¢ v
S Osup QS@ 2 q1 2‘11(0) f :|
| Z ]z_:oo | J||q1(
1

1 N v(14+¢)\ v(1+9)
< Csup | ¢° < Z 24 Hfj”q1(~)>

$>0 Pl

_1 \ YA+ v+
< Csup ¢9<Z 203, ] 271 W) |

¢>0 Pl

Now, by using the condition that a(0) < and Holder’s inequality we have

41(0) (0)
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35

Ay < Csup
#>0

—1
a(0)jv v(14+¢
¢9( D gel0re)) g et >>

j=—o0

1 v(1+¢) ( 1 >
- in A )\ @wate) | o0+
y ( Z 2(@—a(0)a)(v(1+¢)) ) ]

j=—o0

1
v(1+9)
<C sup <¢6 ( Z 2a(0)jv(1+¢) ”fj HZSJ)W)) )

$>0 JET

< Ol f 1l a6 gy -
171 000
Combining these estimates we get

I+l oy < O ey
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Theorem 3.3.2 Let 1 < v < o0,

1/q1(z1) — 1/qa(21) = ¢(+)/n,

0< () <n, and a,qs € Po.oo(R™) such that

—n <" -n n
— < G , .
(2 N () 45(0)

Then,
(1 + |21|)_A(Zl)7'l*(f)||;‘<a<<>,v%9(Rn) < Ol o000 gmy-
a2(+) q1()

Proof . Let f € Ki\"*(R") and

2(+)
ZfZIX]Zl Zf]zl

j=—00 j=—00
We have
[(1+ |21]) AEIHA () (21) . xe(21))]

1
< ey | F(@)lda. (14 1)) y(21)
én\z |2 <) 1
<O Y illao I+ ) AE - [ g o xe(=1)-
j=t+1

It is known, see e.g. [56] that

I°O(xp,)(z1) = I°O(xp,) (1) (xp,) (21)

1
= dy.xp,(z
/D]. |21 — 2o¢z1)—n o;(2)

> C\zllg(zl) XD; (21)
> Oz %) x5 (1)

Consequently, we have
Ixe(1 + [20)EH () llgay

<O Y M lao @+ 1) 1E G Ixellaa
j=t+1

<C Y 2 fillao @+ 1D G g o lxelleo

j=t+1

< 027" > | fillpmo Ixilgo Ixellae-

j=t+1
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13+ D) EH P a0
a2(-)
e
a(-)v -z (1
= sup ¢ Y 2Oy (14 [z ) A ()4
$>0 tez
0o v(14+¢)\ v(1i+¢)
<sup | ¢ ) 2000+ ( > 2Janj”ql(')"Xj|‘qé(')’|XDe‘|q2(')>
¢>0 ez j=0+1
00 (1+¢)\ »(1+¢)
<sup | ¢’ Z glel)uli+e) <Z 2_]n||fj||q1(~)HXqulz(')||XD4||112(~)>
¢>0 =0 j=l+1
00 (14+¢)\ »(1+¢)
+ sup ¢022£“ o) (Z Q_Jn”fqul(-)||Xj||q§(~)||XDthI2(-)>
$>0 j=t+1
= E1 + EQ.
We will first estimate F5. For this we have
(L—=j)n
27 ello I gy < C2 7205 27 < 025" (3.3.3)
1
(1+¢)\ »(1+¢)
B < Comp 0320059 (3l ) )l
¢>0 (=0 j=t+1
s o v(1+¢)\ v(I+6)
<cap (33wl |
¢>0 (=0 \I=t+1
where
d= - + as > 0.
4200
Then, by virtue of the well known Holder’s theorem for series and 2-*0+9) < 2-v

yields
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Ey < Csup gbgz ( Z 9aecv(140)i | £ ||v(1+¢ odu(1+¢)(¢—j)/2 >
$>0 =0 \ j—t+1
v(1+¢) 1
e w(i+6)) | v0+0)
o ( 3 2d(v<1+¢)>’<4—j)/2) ]
j=t+1

00 0 1
. o] vaFE
< C'sup [d)e Z Z 9ot (14¢)j 1 £; ||;1(%.'|)'¢)2du(1+¢)(5—j)/2:|

P>0L =g j=et1

j—1 v(1+¢)
< cup (oSS Somoocn)
(=0

¢>0

j—1 v(1+4)
< C'sup <q§9 Z 9aocv(1+¢)j I £; qu%;ﬂlﬁ Z QdU(1+¢)(4J)/2)

¢>0 jez =
v mgE=y
—Csup ¢9 2a Yo(1+¢)j f v +

wp (000

< C||f||K;1<-(33fu>»e(Rn)-

For Ei, by using Minkowski’s inequality

1 oo (1+¢)\ v+
Ey <sup (¢ ) 200 (Z Hx@<1+|zlr>WI)H*(fj)HqQ(-))

¢>0 t=—0c0 j=t+1

1 (I+0)\ »(1+a)
< sup ¢9 Z 2&1 Jv(l+9¢) (Z ||Xf 1+ |Z1 H*(f])”qg()>

¢>0 f=—00 Jj=0+1

1 o (I+9)\ 1+
+sup | ¢ Y 200 (ZHX@ + 1) A(zl)%*‘(J%)\lqz(-))

¢>0

l=—00 7=0

= D1 + DQ.

The estimate of D; is attained in a way similar to Es by replacing gao, with ¢2(0) and

using the inequality

and

For D, we have

. . In
27" Xl X5 gy ) < €272 2
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Dy < C'sup
#>0

< C'sup
¢>0

< C'sup
#>0

< C'sup
¢>0

< C'sup
¢>0

< C'sup
¢>0

< C'sup
¢>0

y N (1+0)\ TFo
gf > gl <Z|!Xe (I+|z))” “)H*(fj)H@(-))
e_—oo J=0
N v(149)\ wTFa
o Z 9ta(0)v(1+¢) <Z2 ]"2q2(°)2q2°°||fy||q1 )
l=—o0 =0
B N (146)\ 7059
¢9 ola(0)v(1+¢) <Z 20 22w 1 fillgr )
Z_ioo —
| o(1+¢)\ v+
& Z 9(a(0)+n)/g2(0)v(1+¢) (Z 2‘”£Hfj”q1(-))
f=—00
N v(1+9)\ TFa
o (z zw‘||fj||q1<.>2j<”q2“*“°°)>
=0
. o(149) N % U(li—@
5 (Z 149 ||f]||“(”¢> (Z Qj(“”““w)v(H@)
=0 =0

v<11+¢)
a(-)jv (1
<¢0 (} o) £ 100 *‘”))
JEZ

< CllF N a0 ny-

The estimates for E; and Fs in combined form yields

L+ 20)) AR ()l o000 gy < ClLF Il o000 gy
a2(+) a1 (+)

3.4 Conclusions

Our primary goal of determining the sufficient conditions for ensuring the boundedness

of fractional Hardy operators in Grad Herz spaces with variable exponents has been

successfully accomplished. We investigated the interplay between the variable order

and exponent, exploring how different combinations of these parameters affect the

boundedness properties of the operators.




Chapter 4
p-adic Hardy-type Operator and
Commutators on Variable p-adic

Lebesgue space

4.1 Introduction

An essential component of harmonic analysis is to discuss the characterization of
function spaces and regularity theory of partial differential equations, both of which
make use of the boundedness properties of commutator operators. The definition and
discussion of the commutators of the p-adic Hardy-type operators H? and H? with
the locally integrable function b can be found in the citations [46, 47], and [69]. With
regard to the boundedness of H” and H? and their commutators on variable exponent
p-adic function spaces, there exists a clear gap in the literature which we want to fill
here in the remaining of this thesis.

In this Chapter, we investigate the boundedness of fractional p-adic Hardy opera-
tors and commutators on the variable exponent lebesgue spaces. For this purpose, we
use the concept of the Sobolev limitting exponent given in [4,5] to prove our bound-
edness results.

The next Section contains some fundamental lemmas to be used in this chapter

and subsequent chapters.

4.2 Preliminaries

Lemma 4.2.1 [5] Assume that u € R(Qy) is an L-Lipschitz function for a value of
L >0, then u € Wo(Qp).

40
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Lemma 4.2.2 [5] Suppose u € Wy(€2), where 7 € QF is a bounded set, then there

arise an extension function @ € Wg°(Qy) which is constant outside of some fized ball.
Lemma 4.2.3 [5] Let u(-) € Wg°(Qy). Then,
||XBk “L“(')(Q;L) < Cfpkn/u(ac,k)7

where
u(z), k<0,

e, k) = u(oo), k>0.

Lemma 2.2 in [48] is extended to the p-adic variable exponent central BMO space

in the following Lemma.

Lemma 4.2.4 Let g € C*0) and m,[ € Z, then

9(x) = g5,.| < l9(z) — gm,| + 1"l = ml[gllcuc- (4.2.1)

Proof. Let i € Z, then using inequality (1.2.25) we have

1
|gBi - gBi+1| < E/B |g<y> - gBi+1|dy
1 1

< pn_ H (g - gBi+1>XBi+l HL“(') HXBiJrl ”Lu'(‘)
| Bis1]

< p"|gll e

where in the last inequality, we made use of Lemma 4.2.3 to obtain the desired out-

come. Next, if m <[, then

-1
9(2) = 95,,1 < 19(x) = g5,| + D _ |95, = 951 | < l9() = g5,| + 0" (L = m)llgll -

(4.2.2)
Similarly, if [ < m, then

m—1
9(2) = g8, <19(®) = g5,| + D |95 — 981 | < l9(2) — g5, + p"(m = Dlgll -
i=l

(4.2.3)
The inequalities (4.2.2) and (4.2.3) yield the inequality (4.2.1).
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4.3 p-adic Hardy Operators on Variable Exponent p-adic

Lebesgue Spaces

Theorem 4.3.1 Let 0 < a < min{ﬁ, 2~ }. Suppose, moreover, that u € X(Q}), where
+
v 15 the Sobolev limiting exponent define as
1 1 o
= — — —. 4.3.1
Then, the operator H?, HP* : L*O(Qr) — L*O(Q") and LO(Q2) — L¥O(QR)

are bounded.

The following corollary results from the above theorem if o = 0:

Corollary 4.3.2 Let u € R(Q?), then both H? and HP* map L*0)(QF) into L*0)(QY)
and L (Q”) into L*¢ (Q”)

Proof of Theorem 4.3.1 Repeated use of Holder’s inequality gives

[e.9]

| HE f LvO@Qn) = Z IxxHE(f) LvO(Qn)s
k=—o00
= [ xx()
SN o= 3 IRTIOT |
k=—o0 p B(07HP) Lv()(@n)
SO0 | H" s / |f(t)]dt
k=—o00 J==o0 LO)(Qy)

Inequality (1.2.25) implies
[ 1S 10 gl gy
J

As a result of Lemma 4.2.3 and equality (4.3.1)
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[e'9) k
IHES | v @py S Z Z P_k(n_a)’|fj||Lu<~>(Qg)

k=—o00 j=—00

00 k
<Y D loe

k=—o00 j=—00

00 k

k=—o00 j=—00

5 Z Hfj”L“(')(QZ) Zp(j_k)”/u (')’
k=j

|Xj ”Lu’(->(@g) Xk ||L”(‘)(Qg)7

X8, | o g X B ||;i/<-)(<@g)’

j=—o0

S I lzeo @p-
Likewise, the following inequalities are obvious;
IHE" flleor @y S 11 v @)
IHEf | oromy S 1o @pys
12" Fllwoag) S 1oy

This conclusion completes Theorem 4.3.1.

4.4 Necessary and Sufficient condition for the Bounded-

ness of Commutator of /?

This section presents the boundedness analysis of operators defined in (1.3.6) and

(1.3.7) on p-adic variable Lebesgue spaces.

Theorem 4.4.1 Let 0 < a < min{ﬁ,vﬂ,}. Suppose, moreover, that u € R(Q}),
+
where v is the Sobolev limiting exponent (4.5.1). The following are equivalent state-

ments:

1) becvtncvo),
2) Hg,b and Hg’; from L“(')(QZ) to L”(')(@Z) and L”'(‘)(Qg) to L“'(')(QZ).

If & = 0 in the preceding theorem, then the following corollary holds:

Corollary 4.4.2 Let u € X(Q}), then the subsequent claims are equivalent:
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(1) beC*OnCvo),
(2) Both H} and H}"™ are bounded on L“")(Q") and L*0)(Q™).

Proof of Theorem 4.4.1.
1) = 2) We focus on the evidence of the boundedness of ngb, because the argu-

ments of H?} are comparable with the essential adjustments. We begin

o0

12, fll oy = 3 Il
k=—o00
- 1
-y <>< . (f(t)(b(-)—b(t)))dt)
ol 15~ I O
$ Y |wOp 2/|b ) — b{o)I1 (1)t
h=roo j==oo LrO(@p)

It is simple to see
[, 1) =0l @lar s [ ) b @i+ [ s, —polisol @
Inequality (1.2.25) implies
/Sj |b(z) = bp, || f ()|dt S [b(x) = b, [|Fill ooy @y 16 | v - (4.4.2)
By Lemma 4.2.4, we have

[ bl < [ 0 = b e+ O = Dl [ O

S = b5,)x; | Lo @ 1 i ll oo )

+ (= Dol cwo Xl o @p i ll oo @py
S bl cwo 16l v o @15l 2eo @py

+ (k= Dol cwo Xl pwro @p i ll ooy @py
S (k= )bl corer 1G] e gy 151 ey -
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Next, (4.4.1), (4.4.2) and (4.4.3) leads to

1
ey MR CCRL YOI

Nt

Xk (+)

Lv0)
SN0 = b)X Lo @ X 1w o 15l oo @)
+p MmO (e — )bl gy Il Loy @y 151 oo
X5l o (py
SOk = Db cotrnewo Ixse oo )

Ayl oo @y 1 pecr @y -

This clearly shows

00 k
1He o f | oo @py S 10l goerneno Z > =V O fill o

k=—00 j=—00
00

J=—00 k:J

S Mbllceorncwo I e )

where (4.3.1) and Lemma 4.2.3 are used in above case. Similarly, the following

can be easily achieved

|| szLv() @) ||b||0v<<>mcu’<‘) Hf”L"(‘)(Qg)
1Hg o f Loy @py S bl cvoncwoll fllvo @
1HZ Fll o gy S Ml cvirnewo [ Fll o gg)»

Which is the desired result.

2) = 1) Condition b € C*") N C*) turns out to be a prerequisite for the conclu-
sion, which is that both HY , and H%} are bounded from L"0/(QF) to L") (Q) and

(@) to LYO(Qp).
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For any ball B =: B,, we gain

o) bl =g [ 0 i)

1Bl =l / IR CRPCL

e

/ (b(z) = b(t)xs(t)| Bl [t~
Q\BO,Jaly)

|t|n—o¢

<C

+C dt

< C|BI  alp™(Hy x5 ()| + C 1Bt~ (Hpxs ()| -
It follows from the boundedness of H?, and H?, that

16— bo)xalloy < CIBITH (IHE(x8) o ag + IHES o)l oy ) -
In order to arrive at our estimations, we split the problem into two cases: s = v(:), s =
u'(+).
Case 1: s =v(-)
16 = b)xs g < CIBITE (12, 008) |0 gg + I (x) ooy

<C|B|™» <||XB||Lu('>(@$) + IIXBIILu<-><@$>>

< ClIxsllzroqp

where we used limiting exponent =: 2, which implies b € cvo),

U(w) ()

Case 2: s =u/()
We know that both Hf , and H}; map LYO(Qr) to L*O(Q2). Therefore, by utiliza-

tion of Sobolev limiting exponent

16— bs)xsl gy < CIBIS (IHE(xm)lvo gy + I 068 o o))

< CIBIF (Is i ) + ]

L“*/(')(QIT)L)>
< CHXBHLH’«)(Q;)-

Therefore, we obtain that b belongs to C**) 0 C*' ().
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4.5 Conclusion

The boundedness of commutators of fractional p-adic Hardy operators on variable
exponent p-adic Lebesgue spaces is used to characterise variable exponent p-adic cen-
tral BMO spaces in this chapter. On variable exponent p-adic Lebesgue spaces, the

boundedness of fractional p-adic Hardy operators is also obtained.



Chapter 5
p-adic Variable \-central BMO

Estimates for the Commutators of

p-adic Fractional Hardy-type Operators

5.1 Introduction

In continuation to the previous Chapter, we introduce p-adic variable exponent \-
central BMO spaces and investigate the boundedness of commutators of fractional
p-adic Hardy-type operators on central Morrey spaces. The boundedness of H? and
its dual on p-adic variable exponent central Morrey spaces are also established. To
be more specific, in this Chapter, we primarily focus on characterizing p-adic variable
exponent \-central BMO spaces via commutators of fractional Hardy-type operator
on central Morrey spaces.

To fulfill our assertion, we need following lemma:

Lemma 5.1.1 Assume that b € C’“(')’A(QZ) and 7,k € Z, \ > 0. Then,

(b5, = bp,| S 17 — KIC*OANQp) max{|B;[*, | By}

48
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Proof. We can make the assumption that £ > 7 without losing generality. Bear in

mind that b, = (1/|By]) [, b(x)dz. Holder’s inequality and Lemma 4.2.3 provide us

| ka| ~ |B | / |b bBi+1|dx

s [ 1bt) = b s
"L‘ B,‘_;'_l

H (b - bBiH )XBz‘+1 HL“(')(Qg) HXBiH HL”’<'>(Q;})

A
— 3| =

AN
HU.U

16l oo | Bia M 1X B e gy X B v
> 5]

| Bia M
Sf HbHC“('))‘(Qg) Z|B|
1

i

S pn”b”C“(')«\(Q;z)|Bi+1|)\.

Therefore,
k—1
|bB - ka| < Z Isz+1 - Bi
i=j
k—1
< Pl og 3 1Bis
=]

S (k= )bl cucrr g | Brl ™

5.2 Variable p-adic Centtral Morrey Space Estimates

Following Chapters 1 and 2, which covered the rudimentary theory of p-adic variable
exponent function spaces and special findings relating to the p-adic fractional Hardy

operators, we now present the following conclusion:

Theorem 5.2.1  Suppose that u € R(Q}), and v is defined by

1 1

: (5.2.1)

v(x)  u(x)
e ,} Let A = A\ + & with Ay > —1, then, the operators
H? HP> BGwul) (Q”) — BOWw( N(Q ) and B0 (Q”) — BOWO (Q”) are
bounded.

3Ie

where 0 < o < min{-*

Theorem 5.2.1 yields the following corollary if o = 0:
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Corollary 5.2.2 Letu € N(Qp), then for \y > —1, H? and H* both map B(’\l’“(‘))(@g)
on B(’\l’“('))((@;‘).

For convenience, we write > 72 f(2)x;(z) =372 fi(=).
Proof of Theorem 5.2.1. It is clear from the definition of the p-adic fractional Hardy
operator and (1.2.25), that

HD () xul()] < /B o k()

|5
k
Sp e < > / |f(t)|dt) Xk ()
j=—00" 5
k
—k(n—a)

Z |Bj|)\1||Xj||Lu(')(Qg)||Xj||Lu'(')(Qg)Xk($)'

j=—o0

< 111l gon s ag?

Using (5.2.1), Lemma 4.2.3 and applying the norm to both sides of the aforemen-

tioned inequality, we get

k
I 0ag) S Il soneonag 3o 211, o g s, o g
j=—o00
X HXB/c(')HL”(‘)(Qg)
k
S ||f||B(A1,u<~))(@g)|Bk|A||XBk||LU(.)(Q$) Z P FDE—k)
j=—o0

SNy BelM Ixa Lo @)

where we used the fact A\; + 1 > 0. Therefore, the desired boundedness of HE is

obtained.
Similarly, the boundedness of H?* and the following can be easily established.

HHg*fHB()\aU('))(Qg) S Hf”B(Myu(-))(Q;)
||Hgf||3<x,u/(,)>((@g) S ||f||}'3(k1,v’<<>>(@g)
IHE" ll ooy S 1l onwon gy

This concludes our results.
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5.3 p-adic Variable \-central BMO Estimates for A g’b

The current section illustrates the necessary and sufficient condition for the bound-

edness of commutators of p-adic Hardy operators when the symbol functions belongs
to CCOA) A CW A,

Theorem 5.3.1 Let 0 < a < mln{u o Z-}. Suppose, that u € N(Q}), where u is as
defined in (5.2.1). ]f)\ AL+ A+ 2 wzth()g/\l <1/n, =1 < Xy. Then

(Z)bEC’”( A1) N CW (M),

(i) HY, , and HY ) from B(’\” Q) to BOv() (Qp) and from BR2'() Q) to BOV( N(@).

The last Theorem has the following corollary:

Corollary 5.3.2 Let u € X(Qy), then for B = A\ + Xy < 0, the following statements
are equivalent:

(1) he C(u(.) A1) ﬁ C (w'(.),A1)

(2) H? and H”* from B ﬂ“( (Qp) to B D(Qp).

Proof of Theorem 5.3.1. It is not difficult to see that

H () xew)] < / o MO0 b))

|yl

< Mia £ (By) — b(E)|d.xi(v)

<y 3 / FOG) — ba)ldexa(y)

j_—OO

- Z / (b(t) — b, ) f(8)|dtxi(y)

]_—OO

=A; + As.

For A;, inequality (1.2.25) produces the following inequality;

A S 50 ) = by ele) 3 1@l

]_—OO

Sp O b(x) — b, k(2 Z 151 e @y Lo @y

j=—o00

S IF oo @pp™ " lb(@) = b, il Z B3 1 16 oy Il oo -

j=—00
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Using Lemma 4.2.3, inequality (5.2.1) and the norm on both sides, we get

Mooy S 11 oewo @™ N0 = be)xs, oo @p
k

x Z |Bj‘)\2||XBj||L“(-)(Qg)||XBjHL“'U(QI’;)

j=—o0

S 1l oaso gy Bllesox ™ =By Ixa, [l 20 @)

k
x Z ‘BJ‘AQHXB]'HL“(-)(QQ)HXBJ'”L“'(-)(QI’;)
j=—00
k
S 1 lgoa o Iolleron | Bel Ix oy D 90700+
j=—00

Sl oo @ IBllceorn | BelMIx s, | Lo @) -

The fact Ay +1 > 0 is used in above inequality. Now we will look at As’s estimate.
By Lemma 5.1.1, we have

Ay <yt 2/| ) — b, ) (1) dt

j=—00

+p Ty Z |bp, —ka|/ | f(t)|dt

j=—00

= Ay + Ags.

Where
Ao S p Z ||b ijHL”’(»)(Qg)||fjHL“(-)(Qg)
j—foo
5 HbHc'(u’(»,M)HfHB(szu(-))(Qg)Pik(nia)Xk(ai)

k
X | Bi M2 x| oo @y 18, oo oy -
P P

j=—00

As a result, the Ay norm implies

A1l oo @n) S HbHc<u’<.>,A1>Hf||B<A2,u<.))(<@;)p_k(n_a)HXkHLv<.>(@g)

k
x> B, oo I, Lo o)
j:—OO
k
S Bl owonn 1 ls0wmo g Bl Mxslogy D pro-Hee sy
‘77—00

S Ibllcwronn 1Nl zoamo qp  Bel X sl Lo @g)-
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Now the estimate Ay by Lemma 5.1.1, Lemma 4.2.3 is
k

Azz S bl e O B My (2) Z (k= DIFill oo o X6l oo

j==o0

S ||b||c<uf o I 1l 0a o g™ "~ | Bl xi ()

X Z = DB lxB, oo @ x5 2o )

]_—OO

and

A2zl o0 p) S HbHc(u'm A1)”fHB(&#(»))(Q;)pik(nia)’Bk’AlHXB,C||LU(4>(Q2)

x Z = Bl Ixs, o @p x5, | vo @

j=—00
k
S 1Bl 11l zoe o g 1 BelM s, oo gy Y pP0eD
j=—o00
S0l 11 0a w0 o | Brl X oo -
When we add all of the A;, As, Aoy, and Ay approximations together, we get
|, bf”BO\v())(Qn S 0l comranneaoan [ f] gz N(@p)-
Similarly, the following inequalities can be established as well:
‘|H5’,Zf||3<m<.))(<@g) N ||b“C(U(J,)\l)mc’(u/(%kl)||f||B()‘2~“(-))(Q$)

e/l seron e S Iblceoannceoan |l seom qp)

IHe Nl oo, ngg) S Ibloeornnew o Hf”B(v'c),Ag)(Qn)-

Conversely, assuming that HY, , and H}"; are bounded from B()‘Q’ (Q”) to BXw() Q)
and BA2V'O)(Qr) to BOON(QR), we will show that b € CC0AM) 0 CWOM) for any
ball B = B,,, we gain;

1
)l = | 7 [ 0600 = bt
1Bl /5
B alp
S|P [ 0 - sl
|13 B(O,Jaly)
_|_

|t’n—a

/ (bx) = Mo ()IBI
Qp\B(0,]z]p)

S BI ey~ (HE yxs (@) | + |1BI 7 el (Hypx s ()] -
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The norm of above inequality implies

|(b—bg)xB| L=O(Qp)
S 1B (12 4 (x8) e g + IS O00m) o )

< IBIH1BP s Loy (200 ooy + 12 08 oy ) -

To arrive at our estimates, we divided the problem into two cases: s = v(.),and
s = u/(.). Then by boundedness of H} , and HY;.
Case 1: If s = v(.),
(b — bB)XBHLv(-)(Q;;)
S |B /\_%”XBHL“(-)(Qg) (||H§,b(XB)||B<A,v<.>>(@g) + ||Hp*(XB)||B(A vl >>(@n)>
SIBP Ixslleo @) (HXBHBO%“(-))(Q?) + HXBHB(Az,u«»(@;;))
SIB 2 xall 0 @)

S |B|)\1HXB||LU(-)(Q;;)

where equation (5.2.1) and A = A; + Ay + & are used. We obtain that b belongs to
CwOM)

Case 2: If s = u/(.)
Since, both HY, and H}’, map BR2'() (Qp) to BOw( D(Q2) due to duality. As a
result, by employing equation (5.2.1) and A — Ay — 2 = )\,

16— bl oy

SIBP # Ixsl o <||H§,b(XB)||B(*»u'(-))(<@g) + ||H§:Z(XB)||B(NU’(-))(Q5))

< ]B\’\’EHXBHLH/(J(Q;L) <HXB”B(A2,U’(~))(Q;) + HXBHB(Az»U'(‘))(Qg))

S |B|>\_%_)\2||XB||LU'(-)(Q;1)

S |B|)\1||XB||LH/(~>(Q;)'

The proof is finished.



5.4 p-Adic Variable Central BMO FEstimates for Hg’b on Variable Central Morrey Spaced9

5.4 p-Adic Variable Central BMO Estimates for H g’b on
Variable Central Morrey Space

We introduce here certain findings concerning central Morrey spaces with p-adic vari-
ables. The subsequent theorem utilizes commutators of p-adic Hardy operators to
define and characterize the p-adic variable central BMO space within the context of

p-adic variable central Morrey spaces.

Theorem 5.4.1 Let u € X(Q}). Also, let 0 < o < min{*, %} and define u(-) by

1 1 o
m — m - (5.4.1)

then for A = 8 + & with A <0, the following claims are interchangeable:

(1) b e Co0 A v,

(2) Both HY , and H}', map B“(')’B(QZ) into B“(')’A(QZ) and B“'(')’B(Qg) into B“,(')”\(Q;).
The corollary following the aforementioned theorem is:

Corollary 5.4.2 Let u € R(Qp), then for 3 < 0, the following statements are inter-

changeable:

(1) b e C*O nCvO),
(2) Both HY and H}"* are bounded on Bu(~)ﬂ(@g> and B“/(')’ﬁ(@g).

Proof of Theorem 5.4.1. For (1) — (2), While maintaining generalization, we can
deduce that B, = B,(0) by selecting v € Z to define a fix ball B, contained within
Q- Following the proof of Theorem 5.3.1, we write

H(Hz’bf)XBWHL”(')(Qg) < ||(H£,bfl)XBw
= Jl + Jg.

LvO)(Qp) + || (Hz,be)XBv L*O)(Qp)

Making use of the Theorem 4.4.1 for estimation of J;, we get

o=t [|(HE pf)xs, | oo @)
< I(HE . f) x2m, | oo @p)
S X2, [ uo @p)
S 1l X2, e g 251

S I lzeos e, o qp 1Byl
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Using Lemma 4.2.3 and the condition % = % — 2, we get

1 a
x5, |0 @p) = (B = x5, | oo @) | By - (5.4.2)
The relation (5.4.2) and the condition A = 8+ ¢, help us to write
Jv = O il gucrs Nxa, e @p | Bl

Next, we need the decomposition of J; for its estimate:

1
‘x|n—a

S Z|Bk|1_ v b))y

n

Z ‘BHI_, | @) iy

n

[Hpfo(2)| =

/|t| <l (b(2) = b(y)) f2(y)dy

AN

. / b(y) — ) (y)dy

| n

= J21 + JQQ.
Using the Holder inequality, Jo; reduces to the following form:

J21:C

D IBE 0@ =) | )y

k=2~

< Z |Bk|%_1|b($) - C|||fXBk||Lu<->(@g)||XBk||Lu'<->
k=2v

S [b(z) — ¢ Z | By|» +B|’f”Bu()5

k=2~
< [o(@) = clllfll gucr.s | B I,

where series in the second last step converges due to the fact that A < 0.

Similarly, (1.2.25) is used, in establishing the below inequality for Jss.

=0 S B JRCOEEO
k=2~ Ck
< ST IBE I xm oo gl 6(@) = <)xs v
k=2vy

S bl Z |Bel I Xl o @p Ixse o,
k=2~
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the condition A < 0, yields

[e.9]

T2 S Ngucrs Y 1BRl* S I llgucos| By

k=2~

Hence, we have
T2 S (0@) = e)xa, oo Il guers Byl + 1 £l gucs X, oo ) 1 B5 1
S 11l sl o o 1B

Combining the estimates of J; and J,, we get

||H§,bf||3v('>v>\((@g) SJ ||f||Bu(')»ﬁ(Qg)'
Similarly, the following inequalities can be obtained as well:

el seoraag) S 1l saosap)

|| beBu’( r@p) N ||f||Bv ():8(Qn)

V23 L gneon @gy S 1 oo

Thus the proof of the case (1) — (2) is complete.

(2) = ( ) Using the fact that both H? , and H}; map B“(‘W(QZ) into B”(')’A(@Z)
and BV )2(Qp) into B¥( JA(Qp), we have to show that b € C*0) N ce),
For setting fo(z) = |B|™z|""“xg(z), the following result is obtained:

(b —bg)xB|

LsO@p) ~ |B|_E||Hab<XB)”L5()(Q” + [, b(f0)|

La( ) Qn

Next, we split the problem into the following two cases:
Case 1: s(-) = v(-). Here using the (B“0)# B*()*) boundedness of H?, and HYy, one
can have

16 = bs) x5l L) p)
SIBPTIHE () oo lIxsll o g + [BIMHZ(fo)ll oo a Xl o @g)

S |B|>\_%HXB”Bu('),BHXB”L“(‘)(Q;;) +|B]* ||f0||3u<->ﬂ||XB||LU<->(@;;)

N HXBHLv<->(Q;;)-
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Case 2: 5(-) = u/(+). In this case,using the (BY)-#, B¥():}) houndedness of H?, and

H?7. one can get

(b — bB)XBHLu'(')(Q;l)

S IBP I HE ,(0e) | gwoalixsl peo@y + IBMER ol gwoaxsl e
5 |B )\_%HXB

| e IxBllvo @ + 1B oll gros Ixsll vo @)

S HXBHL“/C)(Q;)'

From these cases, we conclude that b € C*) 0 C* (). We thus complete the proof.

5.5 Conclusion

The main finding of this Chapter for characterizing p-adic variable exponent \-central
BMO spaces and central BMO spaces is the boundedness of commutators generated
from p-adic fractional Hardy operators on p-adic variable exponent central Morrey
spaces. Such outcomes in p-adic Hardy-type operators have never been attained be-
fore. Our work will pave the way for even more remarkable findings in p-adic function

spaces. Also some estimates are accomplished for p-adic Hardy-type operators.



Chapter 6
Bounds for p-adic Hardy-type
Operators and Commutator On p-adic

Variable Herz-Morrey Spaces

6.1 Introduction

In this chapter, we use the definition of the p-adic variable Herz-type spaces and
then prove some new results regarding the continuity of fractional p-adic Hardy-
type operators along with their commutators on these spaces. The coming section
gives the bounds for p-adic Hardy-type operators on p-adic variable exponent Herz
space. Whereas the last section discusses the variable Herz-Morrey estimates for p-

adic Hardy-type operators and commutators.

6.2 Variable p-adic Herz Space Estimates for Hardy Op-

erators

The findings of this section present the continuity characteristics about HZ, HP*
Hp

ap and HE* which are all associated with the variable exponent p-adic Herz space.

Theorem 6.2.1 Let 0 < m; < my < 00, u(-) € R(Q}), 0 < a < min{~, 7+} and
+

u+711
_& < B < . Defined v(+) by

1 Q
L (6.2.1)
o) u() m
then both H? and HP* map KE(T)”(Q;L) into KS(T;I(Q;)
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From the above theorem, if a = 0, then the following result is true.

Corollary 6.2.2 Let 0 < m; < my < 00, u € X(Q}), and —ﬁ < B < 4. Then both
H? and HP* map KB 72(Qy) into Kﬁ(g”((@p).

Proof of Theorem 6.2.1. Let f; = f(x;) for any i € Z. Then f = > _ fi. So

we have

H2 ()] < xjH% / ()t

B(0,|z(p)

< xp @ Z/f

i=—00 J

S ' Z il eor @ Xl Lo oy (6.2.2)

1=—00

By taking the L*C (@”) -norm applying Lemma 4.2.3, we have

J
H(Hgf)XjHL”(‘)(Q;L) S P Z ||fi||Lu<~>(Q;;)||Xi||Lu'(->(@;;)||Xj||Lv<~>(Q;;)

J
o Al L O @)
<SP ) Iillo@plixill e oo a Tovos
i=—00 3 LY (Qp
Sre Z P2 fill puor ¢l e oo
i=—00
Z PO fill o - (6.2.3)
Let f € K 5 (”)“(Qg) Then by Jensen’s inequality, we have
my/mo
IHEF I (Z P () @n)>
J=—0C
Z plgml‘]H pr)X]HLU() Qn
j=—o00
%) mi
< Z PP <Z pli=imn/w'() il pacy Qn)>
j=—00 1=—00
oo mi
< 3 (3 g
j=—00 \i=—00

= J. (6.2.4)
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Note that § < n/u'(-). We are interested the the following two cases:
Case 1: If 1 < m; < oo, then Holder’s inequality implies

m

©0 my
JS Z <Z pzﬁml (n/u'(-)=B)(i—j )m1/2l|f|Lu()Qn) (Z pn/u() B)(i )m1/2>

j=—00 \t=—00 1=—00

[e'e) J
S0 pmpO=a6s ml/QHfZ”L“()Q”

J=—001=—00

S A Kf<7’;1(@g)' (6.2.5)
Case 2: If 0 < m; <1, then we obtain
TSI ST -t oo
j=—00 i=—00
Z pwm”fz Lu()(@ﬂ f:p(n/u’(-)—ﬁ)(i—j)ml
i=—00 J=i
S I R gy (6.2.6)

Then the required result for H? follows from (6.2.4)-(6.2.6). Similarly, it is simple to

demonstrate that
Dy* . < .
HHa fHKf(’?%@E) ~ Hf”Kf(vf’;l(@g)'

Consequently we have proved the Theorem 6.2.1.
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The next result gives the continuity of commutators of p-adic Hardy-type operators

on p-adic variables exponent Herz space.

Theorem 6.2.3 Let 0 < my < m2 <00, beC"ONCO, u() € WE(QR), 0 < a<
2} and — ~ < f < g Defined v(-) by

mln{u Vi

11

, (6.2.7)

v(-)  ul)
then both HY,, and H, map KﬁmQ( Qp) into Kf() (Qp).

3L

The following corollary holds if & = 0 in the preceding theorem.

Corollary 6.2.4 Let 0 < m; < my < 00, b€ C¥O N C0) o € N(Qy), and —ﬁ <
B < Z-. Then both HY and H"™" map K’H (37 (Qp) into Kﬁ OHQp).

Proof of Theorem 6.2.3. By definition

|HY o f ()] S o/ Z ; x) = b(t)) f()]dt.x;(z),
(o=n) Z x) — bg;) f(t)]dt.x;(x)
+ e Z 1) — b, ) f (1) dt.x; (=),

=U+U.

Inequality (1.2.25) yields the following inequality for U.

U S 9@ () — bg,|x;( Z A2l e @ [l oo -

l=—oc0

Using Lemma (4.2.3), and L*C (Q") norm of above inequality reduces to

J
U1l S PTG = ba)xs, 0@y Y il op Ixillvo gy,

l=—0

J
< POl cirap I ooy 3o Il Ill o g

l=—00

J
Slbllesoray D P ON fill puor - (6.2.8)

l=—00
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Next we estimate U’ with the help of Lemma (4.2.3) and inequality (1.2.25) as

(on) Z £) = b || £ (1) dt.x; () + Z\bB sz\/V lt-x;(=)

l=—o0 l=—oc0
J
Z [fill s @y (0 = b )X Bl o gy X (2)

J
+ e Z J = DI fillzeo @p 10l cwror @ X8 Lo @y - x5 (),

:m+%
Lemma (4.2.3) and norm of U] becomes

J
HU{HLW(@;) S HbHC“’('>(QQ) Z p](ain)”fl”L"H(Qg)HXBzHL“’(‘)(@;;)HXBJ'HL”(')(Qgp

l=—
< HbHCu’O(Qn Z P Hnfu( HleLu(J(Qg)- (6.2.9)
l=—0c0
Similarly, norm of U} gives
1021l v my S bllewor gy Z J = D fill s @ 1Bl v g 18, e
[=—00
S Hbch’() @p) Z j—1Up () HleLu()(Qn (6.2.10)
l=—00

Inequalities (6.2.8)-(6.2.10) imply that

i
ICHE WXl ag) S Mllevoneso D G =D Ol fill uogy) (6.2.11)

l=—00
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Let f € K 5(3“(@2), Jensen inequality then gives us

| abflle(Tg @) (6.2.12)
my /ma
— Bmaj
(Z p || bf)X]HLv()Qn) )
j=—00
5 Z pIBmUH bf)XJHLv( Qn)?
j=—00
J mi
< 3 7 (z (= i <->ufluw@g)) ,
j=—00 l=—00
0o J my
(n/u'(-)=B)(1—j
j=—00 —o0
= L. (6.2.13)

We look at two scenarios: 1 < m; < oo and 0 < my < 1.

If 1 < my < oo, then inequality (1) yields

0o J
1Bm1, (n/u'(-)— Yymi/2
j=—00

l=—00

my
/
7YL1

J
% (Z (j — 1)ymhpm/v' ()=o) >m1/2> 7

l=—0c0

Z,Bm (n/v' (-)=B)(1—7)m1/2

j=—o00l=—00

S I 110

For 0 < m; <1, we can use the Jensen inequality to get

L < ||b||Cu/( ACv() Z Z plﬁm1 (n/u/(- ])m1||f||Lu() @x)’
]—fool—foo
S Il neves Z plﬁmIHfHLm @n)z p/wO=A=im1
l=—o00

S lIbllE: /(mcv<)||f|KBm1(Qn)

We achieve the desired outcome by combining the estimates from both cases.
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Similar to the previous inequality, the following one can also be proven:

123 gy S Wllewioncror 1 gam o

The proof is now complete.

6.3 Variable Morrey-Herz Estimates for p-adic Hardy-

type Operators and Commutators

This section proves the boundedness of H?, H?* H? , and H?; on Morrey-Herz type

spaces. Here f; = f(x;) remains the same as used in previous section for any i € Z.

Theorem 6.3.1 Let 0 < my; < my < oo, u() € R(Q}), 0 < a < mln{u Vo 21 and
A== <B<g+A Defined v(-) by
1 1 o
- 2 6.3.1
o) W) 030

then both H? and HP* map ]\/[K;i’2 o()(@p) into MK (@)

my,u(-

If o = 0, then the following is true:

Corollary 6.3.2 Let 0 < m; < my < 00, u € X(Q}), and —ﬁ < B < 7. Then both
H? and H?* map MK"? -(@Q}) into MEKP> Q).

mgu mlu()

Proof of Theorem 6.3.1. Consider

1

”fl| L“(')(@g) = p_ZIB < ZBm1||fl| Lu() Qn)) m )
%
71 IBm
(S )
l=—00
< pm_ﬁ)||f||MKf’,;fu<,)(Q;})‘ (6.3.2)

By considering the inequalities (6.2.3), (6.3.2), and the Jensen inequality, we observe
that
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P

HH f‘ Ki;u )(QE)
mi/ma

— Supp—jo)mu ( Z pjﬂmzH pr)X]‘ Lo() Q”)) )

jOEZ j_foo
< sup p—jm\ml ( Z pjﬁmu (HP f)x; || " Qn)>

Jo€EZ j=—00

. J0 . J T "

< su%p_]o)\ml Z p76m1 ( Z p(z—J)n/u (')HfiHL“(')(Qg)> ,

Jo€ i =

J=—00 1=—00
mi

< sup p~ jodma Z pjﬁml Z p J)n/u’ (- Z(Afﬁ)HfHMkﬁ’/\ @) ,

JoEZ JI— oo my,u(-) VP

Jo 4 J i my
< HfHMKﬁA ()(Q") Supp —joAmi Z ﬂ/\ml (Z p(m+ - )(’LJ)> ’
j=—o00 1=—00
Jo

< —joAma jAmy

IV ™ 2
<

Hf’ Krﬁnf\u )(Qg)'

Likewise, it is straightforward to show that

Dy* . < -

Thus, we achieved the desired proofs.

Theorem 6.3.3 Let 0 < my < m2 < o0, beC¥NCO u() € N(@Q), 0 < a<
min{7*-, J } and A — = < < -+ A Defined v(-) by
1 1

v()  ul)
(@2 into MK (Qp).

my,u(-

3|0

: (6.3.3)

then both HY, and H"; map MK

ma,v(
The logical consequence of a = 0 is as follows:

Corollary 6.3.4 Let 0 < m; < my < 00, b € C¥0O N C"0), () € N(Qp), and
A=t < B < g+ Then both Hy and Hy™ map MKi’M (@") into M K5 (Qp).

ma,u’(+)
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Proof of Theorem 6.3.3. Considering (6.2.11), (6.3.2), and the Jensen inequality,
we find that

|| abflMKﬁ/\ )(Q;’})

o mi/mo
— Supp*JO)\ml ( Z p]ﬁmz”( bf)XJHL”() Qn ) )

Jo€EZ P E—
< sup p 7oA ( Z p]Bml I(H bf)X]”Lv() @n) >
JOEZ
j=—00
Jo mi
~ ”bHCu/()mcv() supp —JoAm Z pjﬂml ( Z p Hfz”Lu() Qn)) ,
j=—00 1=—00

Jo
< ol C“’()HC“() Supp —JjoAm Z p]ﬁrm

j=—00

my
1()\ .
(Z;}Op nylMKfif,u(A)(Q?)) )

< b —JjoAmy Z iAm1

J m
« (Z p(u/?ﬁr)\ﬁ)(ij)) :
Jo

< Hb‘ /()HC“()Hf”MKﬁ”\ @) supp —JjoAm1 Z pj)\m1’
my,u()

Jo€Z

j=—00

j=—o00

mi
< ||b||cu()ﬂCv()Hf|| KBA )(Qﬁ)

Noticing that —~ y + A — (> 0. Just like the above inequality, the next one can also

be shown:
||Hp7bf||MK3)‘ @) < ||f||MKﬁA iy (@)

This concludes the proof.

6.4 Conclusion

In this Chapter, as a first attempt, we proved the boundedness of p-adic Hardy-type
operators on p-adic Herz-type spaces with variable exponents. This work will open

ups new dimensions for research in this direction.
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