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CIIA¥TEH I 

)NIG • P ', ( ' ION RELATION. 

Section I: Introduction: 

Stationary co lision th ory, de 1. -ith ele e ts 

of the scattering ' nd transi ion atrices for p rticular v lu s of 

n,rgy. U cful gener 1 r suIts Can be obt - in d fro the assu ed 

sy etry nd unitarity of the .Matrix. General r su It s of a 

diff rent "ind nr~ obt in· if the S nd T trices . re con id r d 

to be functions of co pIe .. ', in tend of real hy ic n l para et rs 

li~e en rgy, cattering ngle, ongul r • In other 'or th 

conv ntional Sand T atric 5 re nalyticnl1Y continu d into the 

c pI x pl.n • Tb region ... o£ r gulat-ity, location of singulariti s, 

th ir atur and charact re tiCS, i£ no , are determine , th n, 

c uchy th 'Y b us_u to expr in a co pact for the n lytic 

prop rtie of the continu s - otrix. Thi athe atic~l expr sion 

is then call d a Di p raion Relation. 

Thus a (ispersion relation Can b derived only 

ft r th nalytic b wviour of the S 01' T atrix el ent has b n 

ot blished or conj ctlred, so that loc tiona of pol nd branch 

cuts a d the asy ptotic d p ndence ar believed to be knom. 

Ori inally as derived by Kronig and Kra ers in optics, the a alytic 

behaviour underlying the disper ion r 1 tion \0 inferred fro 



2. 

Cl\U8111ity, which is the statement that n light sing*a l has l i.iting 

speed c, so that the scntt.red •• m. radia.tion cannot outrun the 

incident U8ve. Causa lity connects events that occur at dif'f'erent tiaea 

and hence relateR Fourier comps of the e • .,. :field that correspond 

to different f'requellcies. Out in nonrelativistic quant.uJII lhech"nic8 

thet"e i s no li.iting speed and hence no causality of this kind, s o 

that it might first be thought that there are no dispersion relations. 

llowever , so lutions of the schroedinger equat ion that. correspond to 

diCCerent values of' the energy . or the angular DlOlDentua aro in f act 

connected by the assumption that tho potential energy i 8 independent 

of these parameters ( or in more complicated situations has a 

specif'ied dependence on theln ). 

The full scope of' the cau5~1i ty req,tirement in 

establ.ishing dispersion re l a ti onH becomes evident Duly in quantum 

field theory or more genernlly in the relativistic theory of the 

elementary particles. 

Section II The Kralller's-Kronig dispersion relat i on. 

The Il.ame "dispersion rel.ation" is hist"rically derivf'1d 

£rom the long-known relation between the real part (index of ref'ruction 

and the imaginary part ( absorption co-efficient) of' the "compl ex index 

of' ref'raction" in op tics. The complex index 01' retroction i s dl!fined P8 

... ....... 
where 

nr = \!Sual inl1ex of ret'raction at the angular 1'req. \of of the 



incident light, while n i is )roporti nal to the cb rptio coeff 

~ of the ediu 

n.hd = 
1. 

. . . . . . . . . . . . . . . . . . . . 
Classicu e.m. theory r lates nand c((Vo))by the imple formula 

r 

1+ c P 
1\ 

dw' ••••••••••••••• (,3) 

h r P denote the Cauchy principal vclue. new) is defilned only 

for positive freque ci s, but it is p erfectly in order a d v ry 

cony nient to for ally define (for proof See .g. uirhe ds p'lr t i-

cle physics, page 418. ) 

n ( -w) = n· ( w) • • • • • • • • • • • • • • • • • • • • • • • • • • • . •• ( q ) 

The dbove L knO\~n as crossi ng relation. It linlts the physical 

nnd unphysical region Eq.(3 ) can be llritt . s; 

+00 

Tht 5 ( w) i 

..... 

\ 1 ~ ( W' ) dW' 
-::; ,2 2 

!oJ w -w 

-00 
or 

h(w')-~ dw' .••..•.•••••• (5) 
w' -w 

R (nbor) - 1} = 

Becau e: o{( 'r) :: 2w 
c 

(-w)= -n.(-w) 2w 
:1. c 

~ ( -w):: ni ( " ) 2w = ( w ) 
c 

n v n f • Con qu tlyyq ( w, ) dw' can be replnc ed by 
2 2 

lye -w 

n "-,) -1 p 

o 

= C P w'~(w, )/2w' 
rr w' - W 

-{P 



or ~f 
-Cf) 

is the re p l purt f th e uation n ( . ) -1 -

li1 ( w' ) -lJ dw' 
w' - w 00 

,1 prdW ' ~L=Jl 
(.'TT J4 wt_ w 

This 

- 00 

or as the Ii it as €~ +O of' 

co 
n (w ) -1 = 1 kw' n ( w' ) -1 • • • • • • • • • •• ( 6 ) 

27ti-J l~'-(w+i€) 

B cau s : P~ ( x ) d~CO= .1 Lt [ F ( X ) dx 
j~-xo 2 €~+oj~-x - i f: 

- 00 _~ 0 

4. 

where F ( x)is a fn. which cnn be ana lytically c ont i nue into th u pp r 

half-plan t is verYl~here reg1llar and vani. hes asy ptotically f r z\ Cf:J 

lhe e . ( 6) is fl r ela-

ti n which may b consid re d as d irect cons ql enc of th ana lytic 

behaviour of new) where new ) is an lytical l y con t ilued t co pI x 

value f w;n(w) i regular in the upper half-plane and n ( w) -1 tends 

t o z ro as \wl co . Thel t king t!l c o tour int r I of 

nCw' )-1 
w' - w 

I n __ th re I a"is closed by an infinite se icirc le in th upper-half 

l ane , C uchy's 'ntezr I for ula 

1 ads iru edialely to quntion (6). 

The q e tion is whether ~uch an an@lyti c behaviour o f 

new) Can be po tlliat d or inferr d on phy ical grounds. ctunlly, 



s. 

Kr rt s h 5 shown tl at the nt_Cas5ary Ul l yt ic behaviour is physica lly 

equiv al nt to \~av e propa _ at ion through a at ria l e diu so th t no 

gign Is a r e tr ns . tt d uith a v e locity greater th n t h t of ligh t in 

VaCuu • In fact it cnn be shown th t 
eo 

n (w)- 1 = \p (t)eiwt dt 

-OJ 

where (t ) i s th e polarization of th ediu at a ti e t if the light 

~i II I reach d th odium at t-O now c ausality d e ands that p (t) - 0 

for t< 0 ar.:d then by i tchrnars ' s th or th des i red a a l yti c b havi -

our of n( )~1 follow in1 diat ly. Titch~ r sh ___ ~. If' f'n .Fh ) 

h s any ne of the foll owing properti s . 

(1) satisfie~ Hilbert Transforms (disp rsi n rels.) 

( 2 ) ha a Fourier Tr sforWl 

( 3) is ana l ytic in the upper halt: p [t e~ auto tically h s th other 

t wo propertie • 

The bove argu ent can be r vers d. t fting wi th the 

"v- usn1ity condition" and the v ery general structure of' light propaga-

tion eq. (6) Can be deri ve d and hence the d i sper s ion r ol tions (3) or 

( 5) which relates t,~o such di ffer nt ob ervable as the index of refr-

action and t he a b orption coeffieient . No detailed knowledge of t h 

el ctr agn tic s c tt ri ng th ory is r.quired to s toblisll this r 1a-

tion. 

According to the classical 1ight-d sper ion t ory of 
JI. 

I,or tz. \Jor proof' ee Goldbergers revicu- article on di crsi on r e lat-

ion in "Ele e_tary particle" and dispersion relations:0 



n ( ) = 1 + 2it c 2 N f ( w I ° ) . . . . . . . . . . . .. (7 ) 
2 

W' 

N~ n u ber of s c at t ering c ~ rs per cm3 

6. 

f (-w', )= forw rd s ca ttering mpli t ud c of light at frequency w 

E .(7 ) show t ha t I f (w, O) is odd. 

Hence eq. ( 5 ) c n be wri tten as! 

Vflm~( "O ) dw' e 2w2 

Bec f 'll e 

J~' (w'-w ) Ti 
- ct) 

2 , 
( n hr) -l ) ::: mTcN Ref( w, O) 

;;z-

and from ( 5), 

P~ f ( w' ,0) dw ' 
2 2 

li' ( W' - ) 

o 

Hef (w,O) ::: 2 I m:f'(w ' ,01 dw' 

( w' - w ) 

fro wlich (8) follows. 

The opt i o al theorem relates the total scattering c.s. and forward 

a plitu e 

6 (w) = 4~c I f (w,O) 
w 

Henc e (8 ) gives 

T us t 

P~(w' ) 
2 2 

w' -w 
o 

dw' . . . . . . . . . . . . . . . . . . . . . 

knoH'ledge of the total scattering crOBS section a t al l fr -

quencies allows us to calculate th f orward s catt ring ampli tude at 



t ony ~r qUCICY . 

By sting v-O, ~ich is t 

tru for free 1 ctron , S DC. t.l Y Can r on to z ro frequency . 

Thu q. (9) lo1d. only for the e a e \~hen the bou d e 1 ectron c. u e 

t s e a ttering. Th the oticn-I r 'on Cor this discrepancy is that 

for fre electron t , u ed b ~ viour n(w) -1~O f r 

q .(7) :r( - , 0) cann t t d to z ro 

<{ ~n \ I ~CO d !"(OO , 0) i . lfiuit • wh n \w\ --orOO and 

oth .i e. of .' ) eco infOnite. 7hi cii fi c Ity of insufficient 

Y! 1 otic b o1aviour of th_ plitu i typic 1 di:f:ficulty freq-

uent1y cncoultrod in ·is or ion rel.tiols . 

Th aituation c n b re edied by ans of t ho foll ow-

i g ubtr c tion proc dure . 'fake Lt a~ I~OO of eq(9) to bt ain 

whero i 

Ref{<b, O) = --l..--pfo< w') d·................ (10 ) 

"Tl
2 

'" c 

2 eq (9 ) w' is n g1 ct cl 

o 

o 

o par d t 

q.(9) obt ining 
CO 

d\ '+ 1 

2rre 
J(w'l dw' 

o 

2 2 
w' -

d .,.' . . . . . . . . . . . . . . . . . . . . ( 11) 



This I"ubtractcd diaperston rell\tion i s strict l y valid for all volues 

of w, even for freo electrou::J . 1: c:O, O) is convenient wherena t(O,O) 

8. 

in e~uotiou (11 ) to obtain 

This is the kra ... ra-Kronig desper.ioll relation . 

RIlMAJU<S . 

The Kraruer8-~roD.i8 relation is unsa t isfactory in at 

leaat two respcctH first , the Kra.ers Krong approach was baaed on 

cla8sical electrodyna..ica itnd u .ad qui to a cireui toua procedure to 

introduc e the scattering amplitude Through eq . (7) • It would be 

p r ef'ernble to diHCUf:lS llircctl.y and quantuEl,.cthcoret1clllly the whole 

<.'l.ementat"y scattering proceus . Secondly, the quan tu •• ecbanicltl nppro-

aches to ~ucb a direct study ot 8c.tt.rin~ wcre co.fined to treat ments 

o f problems wi t h u finite rc<.n&f1 enterl'lction , cnd t his interactio n rcd-

UH played u vital role. The first atteqpt at a c omplete for.ulation of 

the causality condition oud f)f dispersion re1ntl. ona ui.thin the {'1111".-
~ 

work o C Qu un tum fi.e l d theory wnS _ado in 1954. hy Ge l l - Mann , Go1dbe r-

ger , an.d Thirri n g . The statetaent of' catuulilty u sed in thiH work i.. as 

:follows , t he mOal'iuremeu t of' two observable quanti ties should not int er-

rereiC the points of .oasurement have Q apace- l i ke separation. In 

¥ /,L G....tLOrr\CMln , N · I-- cr-U;l~) ~ W. ~"t I Q'51-; 

P~flw-. %,16 1:;0 



t r s of th Hees nber fi Id op r tors d 

\ d 1 nd th t th c . ,utator ( or an~1co 

of t 0 s Hch opera.tors t"ken at sp c -IiI-

cribing the partiel s. 

utator for F r i p a rtiel s) 

po'nt'" valli . h. 



CHAPTER II. ONE On.ENSIONAL 

REPRESENTATION. 

etian I : The analytic properties of the scattering amplitude. 

Schroedinger equation for s c attering is 

Id the exact scattering amplitude can bo written as 

1'( k • 0) ~ 
, 

-ikr 
= -4~ e -

........................ .... ...... ( 1 ) 

lere Y'+ is the outgoing solution of the scattering problem. 

• • 
k = final momentum vector \~\ =k 

k o = incident Qo~entum vector \~\ = k 

~:rine 

)mentum transfe r vector b = k - k .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .... ( 2-a) 
-0 

t>= ~ - ~= 2k Sin e/2 •••••••.•••• (2-b) 

11US f' may be considered a. fn. of' the r.Jagni tudes of tho momentum and 

omentum transfervoctor. f = f' (k , A ) 

To study analytic bchaveour of' f(k,A) it is convenient 

+ o express \f in (1) as 

=e i~ 

10. 



11. 

~re G(£ ,r',k) is the full green's function satisfying 

~ivalently, G is the solution of the i ntegral equation 

+ G ( r r' Id + ( r r" k ) U ( r " ) G ( r" r' k) -p + f+ d~ II 

o -" 0 -'- , _ '-' -

. .•.. ......••••..........•• (3-c) 

ere 

G+o ( r r " k ) = 1 -'- , exp (ik lr.:. £ 'P 

\£ - £'\ 

•••.........••••.••.•... ( 3-d) 

t he out g o "ng unperturbed Green function. 

'om r' ) it follows that 

( It-a ) 

+ 1 exp ( illi,\ \11 - £' 1 
~~- -----

\£ - £' \ 

) it follows that 

ake cOl1ple conyu,ute of () -c ) 

hus G* (£,£'-k) satisfied the same relation a", Q,.t!,!,k).~"'tht. bOLL(: 

.o.t Ll(1') iJ, a. ~ pot f\l at v.. ~J 



, 

lee , G(r ,r' ,k).-G(r ' ,r, k) ; Thus , -- -

.......................... .... .... ................ .. 

't 
3stitute Cor lYk+ its source rcprc8cn tntion(~~a) 

to (1) to ge t 

fine aU8ci1iary vector q a~ 

_BO, q 

-q = n q =1 (~ + k ) 
2 -0 

2 1 
q !I .q "2(j;. + k )1 

-0 -Z 

,. " 2 2 (k +k n )=2 (k~+k +2k Co. e) 
- - 4 

=~( k2+k2+2k2( 1 _ 281n
2 
§) 

" 2 

............. .... ........ .............. .. ........ .. .... .. .... ........ ...... 

- k ) o 

12 . 

(7-a) 



1J. 

, 
q.b=O ........................... ..... ....... (7-b) 

, - A 

=1.1' r+ L~.·£'- ,k !. +1 ( k+k ) (!. - £,t) 
:l. 'l. i--o 2 - --0 

, A • -=lk.r+ i!!.· !. ' - lk r ' - k r+ I k.r - L ~·!:.'+ ~~ r - ~~ !.' 
2 2--0 --0 2-- l 

, 
=k .. !: - ~ .. !:..' 

nee 

" , 
k .. .!:. - ~.!:.I = t A .. (!:.. + £') + CJ.!!. (!:. - !:..') 

1.-
.. .... ........ (7-c) 

.( 6) becomes; 

f'(k , A) =-1 jexp 
1j11 

-1 ftxp \:-1/2 4ir!f 
(!:. +£') 

k , ~)= f'B ( c.) -~~~exp [-i/2~ (!:+!.')] exp G-( k2 - tb2)Y.- .!!(!:' -r ») 

" V(r)G.(!.,.!:.' , k )U( r ' )d J.!:. d J.!:.' ••• •••••••• ( 8) 

lere tn 1. the first Dorn approximation 



ich depends only on the ma~nitude of in case of a central poten tia l. 

. ( 8) repre s ents the physical sca t tering amplitude for positive real 

~om.u t:n, ~ 
'~xtension of f (k! ~ ) to arbi trar~mplexvalues of k ( kcel?ing , 

fixed ) 

Consider f i rst, the extension to negative real k-v, lues • 

Us i n!!' ... ( ' k ) G ,E.,,E. ! = 

is s e en from equation ( 8 ) that 

( k, A. ) = f f ( -k ,6.) ....... ~ ............... . ............. ; ...... .. . ( 9 ) 

But thi s i s only a formal relation. For "physical angl es " 

Ico s QI ~ 1 ! the moment um k for any specified 

k ~ 1. A. 
2 

is restricted t o 

T extend f (k!~) to the portion of real k-axis where 

\kl ~ 1.b. ! it must be ensure d tha t the integral definingn' f exists. 
2 



k = l.A 
2 

Contrary to appearances, there are no brancR pts at 

Be cause 

'TT~\exp -i/2 t. . (~+!. , Bexp ~ ( k
2 

_ , * 2 )16 ;.. (!.' -r ~ 

U(r)G(r r' k )U(r') d 3r d 3r' -'- , 

+f:Jb.) - ~exp [i/2 (- A). (!. +!.' Mexp[ -Hk 2 ,,; 'i 2) v.. it . (!. ' -r)] 

U(r)G ' (r,r',-k ) U(r') d3~ d3~'} . 

::. 

BecauBe Cos ( •••• ) i s even consequently there ~~ill be no 

:-anch pt n t \.\ = 1. 1'::.; 
4: 

2 2 1h 
and -(k - t:::. ) • But Cos (-8)=Cos 6; Or, 

1; 
no branch pt . 



For k' 1 ~ , the inte~ral (8) will exist if the potential 
~ 2 

put under the restriction as 

(l) 

( ~ J \U(r)\ re dr exists 

o 
j further 

- 1 ore defines the "ranre" of the force. 

fine , 

1G. 

ere z=k+i~ is the complex mo.entum.As upper half complex plane is under 

nsi eration , Imz=~ >0 is considered . Thus 

, that 

f'(k,A)=Lt f ( z , A) 

~.-'I)+O 

lere f (k. A) is the limit as approache from abovc s o f f nction of cornp-

IX ar~ument . The analytic behaviour of T is deter~in~d by t hat of 

G(r ,r', z) can be r present e ' by the bi l inear formula over all 



17. 

~enfunc tions. 

+ 

re ~represents discrete bound-stat eigenfunctions belonging to the 

2 envalue zb and 4k' is in the continu~m. The discrete eigcn values Eb • 

ich corre~pond to b ound states are n ,utive, so that the complex pts.of 

n~ularity in t he upper hnl~ of tho z-pl ne are iven by 

e a11 Poles lie on tle 1 aginary axis. Thus G{L.r',z) is analytic in the 

per half complex k plane except for discrete polos a t the po. ition of 

un states The c t p~ a1 1 to and just below th real axis, extending 

om inus infinity to p us infin "ty, corresponding to the positive energy 

'ntinuum i excluded, becau e e T'"e considel in Imz > 0 • 

The -alid apnl ic tion of the Caucl y' s t leorem demnnds that 

Lere be only C\ Lin it u ber 0 poles. It has been O"\Vl'l (v . ORr gmann , 

'oce d in ~s of' the Nat io ~ c demy of Science.U . ~ .38 ,961 (1952Uthat for 

class of otentials. 

exist 

lore can be only a finite number of poles. 



18. 

Consider the integral 

I = 1-~z 'T ( z' , A ) 
2n ,2 2 

C z - z 

~ere the c losed conto~ consists part of the real axis and a semicer-

Ie in the upper half plane such that it encompasses all poles. 

I = 2'T'1'i [sum of Res i dues a t poles enclosed by C).Poles of I 

,nclosed by C are all bound state poles lying on the positive imaginary 

lxis and a pole at z' = Z land not zt = -z ] 

~ 
tesidue at bound state poles = L l"b ( ~b ) Lt 

b= 1, . z '~Z' 
b 

,here Ib (~) = esidue of tT(z' ,/:::") ,at Zb 

{esidue at z' = z is 

.lence 

Lt ( z t - z) 

= zT (z,6) = 
2z 

-1_ i z t T ( z' ,f). ) 
2~i ,2 2 

z - z 
C 

z' T(zt,6) 

(z'+z )( z'-z) 

1. T(z,.t:.) 
2 

= 1 T( z,A )+ 
2 

z' « 

2 2 z, - z 

. . . . . . . . . 

The contribution to T( z' , A) from the continuum vanishes because we are 

considering Imz> 'O Residue of T(z',6) at z'=z is 
b 



.en 

r 

T b ( zb ) = (Lt. ( z t - Zb) T ( z t , b. ) 

z4z' 
b 

= say. 

1 T ( z,~ ) 
2 

zi_ F ( z' ) 
D b b 

( 
_ 2 

z -b 

= _1_) z t T ( z' , 6. ) dz 
2~i , 2 2 

z - Z 
C 

19. 

T ( z, b. ) = + 1 }ztT ( Zl, 

l'7T 2 2 

) dz' • • • • • • • • • • • • • • • • • ( 1 J ) 

zt _ z 

C. 

Inte~rating t h i s with respect to rand r ' and substituting 

dJr' z' T( z',~ ) 
z,2_ z2 

dz. 



It ting 

] ~ 2 2 12. ~ (r + r') exp i(Zb - £:.: ) n(r'-r) - - '" - --

Ilus 

t can be shown tha t Rb is r ea l a n d it is f in! te as long as A < 2 II 

rovided 

a) DU(r)' 
o 

'" re a .. exist 

b) [ r\u(r)\dr oxist 
o 

are valid . 

Two assertions are aS6umed here • 

20. 

( 15) 

• asertion I . The contour .ntegration in eq (15) may be interchanged with t 

:he t~o space integration s. 

\ssertion II. I f the contour recedes to in~inity , the contrihution ~rom 

the semicircle vanishes, s o that i n (1 5 ) th e contour integration may be 

taken a long the real axis . 



21. 

The ~irst assertion can be proved by showing that 

r conver s unifor lyon the semicircle with re pect to z. 

a.second sertion demands st y o~ the asymptotic h h vio~ of G 

th respect to z. To r tain continuity, t he proof of the hove two 

sertions will be postponed till the 1'0110 in section. A s ein , the 

o assertions #0 have from equ tion (15) 

dz' 

- 1 lZ ' dz,t ( z't - jJf ',2 2 t 
z -z 
e. 

Since for th· contour receaing to 1n1'in1 ty, tl e contrib-

ion from the semicircle vonishes so that we can inte~ratc along the 

al L xis. 

:ncs, 

1. dz' 
{ 

= 

= dk' 

k , 2 2 - z 

k' dk' 

k
,2 2 -z 



e . 

Ince , 

= 

o 
= J k ' £<k ' t» 

k , 2 2 
- z 

-00 

L r k ' 

:l.1f J 
- 00 

f ( k ' A ) 

k , 2 2 
- z 

T(z·. ~ } d Z' 
z . 2 _ z 2 

dk ' + dk ' 

00 

= _~ ( - k ' )C (-k ' D. ) ( - dk ' ) 

2 2 

+ ft< ' C(k' , b. ) 

~ 2 2 
o ( - k ') - z o k ' - z 

(k ' l),. ) - C ( - k ' A )] 

k , 2 _ z 2 

dk' 

22 . 

dk ' 



Gnce 

rf' (k'~ ) - 1: (le 'A ») 
k . 2_ z2 

dk ' 

Im f' ( lt '~) dk' 

k , 2 2 
- z 

N +2. 
b=l 

Rb ( zb) 
p= 

2 2 
z - Zh 

Im:f( k t t b.) 
k ,2 2 

- Z 

f' z i s taken renl (z:::k ) then uS Z= +i~ L. f{, 

+ 2 Lt 

( ) 

ff~ 
. . . . . . . . . . . . . . . . . . (18) 

Ins tead o:f mo.lentum 9 as the disper ed v riable , at times, 

t is more c nvenient to introd c~ 

2 
Z '" 5 

~ ~2 so tha t if i t i s reul, s =]r ; i. apa ~ t :from a actor ::!k , s represents 
2m 

,le ener y. 

I t i~ 1" - ---.sto ~ to introduc e , inste d of ~, a n.w 

raria Ie e defined us t 1 S. 0 the 0 lCl1.tum transfer 



2 I . 2 _ . 2 e l. 
== ':tZ ;:,~n 2 = 

is considered a fn. o£ S an 

f(s,t)= fn (t) + ) ~ 

b=l 

To allo - f'or rea l 

N 

25 (l-C 

t Eq .(17) 

e) - t 

becomes. 

Ir:lf (B ' ! t ) 
S' - 5 

2 2 
where ImstO ( z =s; s'=k ) 

values of s, 

CO 

2 • 

ds' 

f ( s , t) = fB{t) + L Rb (i .\ E.o\t t) + 1. Lt ) Im£(s·.t ) ds '---< 19) 
". ~ ~O S t - -il'\, 

b=1 s + \~ b\ 6 

This is v lid for all values of s , on the entire :first Aheet 

. the co pIe s-pla e . HO'tlev r, this is valid only ClS lonr. as tJ e limit-

,g c on iticn on the n omentula t ansfar is satisfiod i.e t < 4-,c where 

·1 1s th.e n 

p 

t he :force , ince , in the YI .. boli c operator i'o rm 

1 
x-xo 

+ i1\ b(x- xo) = 1 
x-xo-i '" 

ich must be appJ.ie onto a fn. rerular in t'le nei hborhood of the real 

{is. 

L "''1> (i \ *b\ , t) + 1. P ill£' (s t , t) ds' 
b= l 

s + \E 1 

Z 
b = l 

+i ::f J;mf( 
o 

~ (i \Ebl ,t) 

s + \E~ 

+ 1 

11' o S t - S 

f Irnf ( s • , t ) J s · - s 
o 

ds ' 



,ere f ore , since f'B(t) 8.: Rb is real 

t 
b=1 

ld , Imf = 1mf 

:tAL 

+ 1. l-'lImf (S' ,t) 
{\ J 5' - S 

o 

ds' 

relation 

)r f(s,t) - fS(t) t nds to zero when'I\l,-:o.Q>. This sho",-s tbat for the 

La s of potentials consi<ercd the first Dorn pproximation becomes 

_liable for 1 i~h en or ies ev n if the '~lol Born s ries expnlsion 

~uld not converge. 

etion II. ~onvergence of the Born's series for the green's 

[lction and all ied to ic • In this nec vion it wil h shm;T]'l that {'or a - ---------~~~ 

noral e~ass of potenti Is, the Sorn series for the green's function 

ways converg s :Lor C"uff'ici n I: 1 igh en r,ies, atld in the high oner y 

mit, the geries i pproxi at d by it., 1.f'"J.din ~ term. And, the same is 

e c e 'for ","'c; ve 'fun ti D. nnu the sc tt ring amplitudes. 

In the inte!"r"1 formul tion of the scattering -oblo .,. a 

'ave f netion 'P (!:.) is so '(!ht hicb satisfies 



f 

• • • • • • • • • ( 1 ) 

• • • • • • • •• ( 2 ) 

re he (out oino w va) green ' s function G(r,r 4 ) obeys 

''f 

• • • • • • • • •• ( 3 ) 

The free partiel i'unc-tion nre given. by 

G ( r r') = - 1 exp rik _r - _T ,] o - - 4r; __ L: __ _ 

l!:.- !:.' l 

where sq. of WDve 

For ~ =1. 1(: r pres 

From (1) ,,\"e get 

= \ 'Va +Go V\.f'. +GoVGo V '+'o+Go;G VGo"'¥ 
00 

= 
"t'\ ~O 

·2 2m E/ no. k = 
~').o 

nts particle, momentum 

hen'" n +lr ) = S Go (!:. ,_ )V (.2.?t'n (~) ds •• •••••• •••• ' (4) 

o . GoVGo'GoVGo + GoVGoVGoVGoVGo~ 

(i ov eV (;oV GHN~ • 

26. 



•••••••.••••• (4-a~ 

en 

It is useful to intro ce an associated set of functions: 

go (r ,r') = 1 

1 place of (4-a) consider tIe series 

= Go + G1 + G2 - =-
Ge G Go G 

0 0 

00 

g{ l!:.\ , \.!. 't ) = 
n=o 

't\ (l.!:.t ,r 'l ) 

li th the no t a tion 

D ,(s ) = 1 
r,r lIn- t!:. - !:." 

I r-sU!:.' -~ I 

= 1 
4ff 

exp [";iy Ir-~11 exp [ik 't.J. 
\r-s \ 

= Go (£,8)60 (£' t ~) 

Go(r r ') 

illr-r'\ 
,r-r '\ 

-1 



om ( 5 ) we ge t 

=(§n(r ,s ) V(S}Gm( s ,r') d~ 
]'GO(r,r l ) 

% (r,r') =(Gn (!:.,.!..) Go (!:. t.!. ) G.O (!:.' ,,!.) 

,n+
m+1 

JGO(r,r l ) Go (!:,!.)Go (!:.' I!!.~ 

Go (!:ol!!.) Go ( !:. t t 8 ) 

Go (!:., !:. t ) 

Gm ( s, r t ) ds 

GnJ ( s ,r l ) 

GO (s,r l
) 

d. 

norm" may be ass i gned t o th e g functions as f'o11olYs~ 

28. 

•••••••• • •••• • •• (7-b:). 

e tho norm n gill i s t h e rnll.nimum numerical value attained by 81 ( r~!:.' ) 

: !:. and !:,' vary_ The norm is we~l defined f'or any f'n . of b ,'o variabl es 

ld t.s either a non-negative rcnl nur.:lbcr or i nfinity. 

A corresponding numerical measure of' the po ten tia l may be 

'pressed in terms of' a dimensionl ess quan tity Iv( r ) 

I ( r ) =JV(8) 
v _ I.!:-.!!.I 

ds 

Where cor1cs}londing to (7) we def'ine the "strength" V ot: 

~e po tential V as 

IIvlI= 1 max I v (r) 
211 r 

Simple Potentials. Consider firet the Born Series for simple potentiD,ls. 

po t ential V(s) will be tormed "simple" if" b oth V and its gradient exist 



r all 8 t are bounded in magnitude , and vanish when 1(~)l oxceeds some 

'lite magnitude S. The strcmgth~V\\ ot: eo simple potential is certainly 

nite and one may distinguish between weak and strong potentials ftccor ~ 

og to whetherll VII(1 or \lvll ~1. 

It Can be shown that 

L t IlgII = 0 

k-."" 
•• ~ ....... ( 8 ) 

LYage 1085 , Nuovo Ci mento, Vo1.10 t No. 6 , 1958J 

IUS :f'rom ( 6 ) 

I 
- 1 -1 -1 -1 

D , (s)It.1 \s-r' I +1 Ir-sl= 1 I!:' -.!.\+L\!:-.!. \ 
rr - 7iii 1ifi 7i"iT 4 n 

By (7- a) and (7 - b) 

I ~n-+m+ l ll=max Ign+~'j: lr ' ~.max 1 ' lr s)D (.)V(s) g (s r') ds \ 
r tr ', ' r , r 1jcn _t_ rr ' m -'- -

~ ~~~ fi~,,(!: ·.!.)IIDrr ' s )1 1 v-{s) 11 '~",.(s/) \ d.§.. 

~ :~~S\g,,(r , s)\ h~-.!. I-!k-.!.')m( •• ;'I\V"~s 

=tsnllllgmil max ~{t· -_I - \'!:'-.!.ljIV(s)1 d. 

= \lgnllIlgmll max1 (jV(.!.)\ds+max1 (Iv(s)1 ds 

r ' ''jlr '-sl r 'nJ /r-sl 



But 

lience 

=--1- maxS1v(.!.)1 ds = IIvll 
2 n r' I' I -r -s - -

................... (10) 

\1s,,+m+111~1~\lIl&..\I [II ~" + I I~\I j = Ilg~" II!!>,.!I I\vll 

\1s" +lB+ 111 ~ I~\ IIg~\\ IIv II 

The equation g (rr')= ~ gn (rr ') may now be treated by 
n-o 

npariaon with a geometric series; Because from (10) 

"1',,11 " IlSn_111Ilg.III\V\I = 1Js,,_1!1liVn{.IFn_211 \\l!JI \I vII \I V I\: 1lg,,-21\ l\v IF 

nee, 

nee t 

n 
IIvll 
GO 

~s,. 
n =o 

_1 
!1-lIvl\l 

n 
= \lvll 

\t,'hic h :forms a convergent series for IIVU ( l Hcnce , U gil 

)0. 

,I/tT,_ \.lTlI.y..o-,,,I_ "..1 .. h \~o\t.la ,"'t'\ v,.,! \.f Il v!! <1 . 1". ob oh .• 1"e. 0." ... U,...,i.(01YV'1 

nvergence of G= ~Gn is also implied for all rca l valuos of k,oxcept 
.... :. 

a spatiol neighborhood of the singulnr point s ~ = £'. 

) shows 

Potentials of arbitrary streng_b. Now even if V*t equation 

Using equa tion (10) we have 

IIgx \l = II gx-2+1-111 {, Ilgx -211 ng1\\ \lvll 

~ U gx_411 \lg1 \1
2 

II V 112 

(x-2)/2 (x-2)/2 

~ IISx_ (x-2 )\I\'g1" 11 V II 

\1 g211\'; 1 1\ ( 2n-2) /2 (2n-2) /2 1\ \I II 



lUS 

\\ 2n \\ 

Ug2n +1U =\\gy ll where y is odd. 

U gyU { l1gy -d\ l\ 1n I\V l1 
2 2 

~ "by-it" It g1\\ \ V\\ 
)!-I 

< Hgy -{y-1)\l Ugttt --' - 'IlVI{;l 
2n+1-1 

I\V\\ 2 
'f\ 

, g 2n + 111 ~ (u ~ t \ \\ l) n ,\\ •.... 0 • • • • • • • • • • • • • • • • • •• • • (13 ) 

)1. 

Thus from 12 and (13) it is con clu ed th t for sufficiently 

nr e k,~~f V ~1) , the orn series 
00 

g2n (!:.,!:. t) + g2n+1 (!:.,r t
) •••• (l)-a : 

n=o n=o 

Converges unii'or ly and absolutely n el that 

Fro (1)-) Tt i s obvious that 

G{r,r t ) ~ G err') for larrre k become 
o 

\ax 'gn (r.r' t ) \ =0 for n ~ 1 
Irr' 

Conver~once of the '\"ave fn. and the scatt ,ring ar.tplitude: 

(~or real positive values of k ) 

W 'l (r) = SG (r,s) V (s) (s) ds ••••••••••••••••••.• (lit-A) 
\ n...... - n - - 0 - -

= -' n(exp i k'!:.-~' Gn(!:.t~) V{~) o{~) ds 

] t!:. - !!. t Go (!:..~) 



"f n+1 (~)k.! S'-::=-1=-:-1 gn (.r.. B)I\V( '!!')lI '1'o (,!!.)! 
.... <,1T 1.r.-'!!'1 

dB 

~ max Lf 1 \g (r,B)l l v( '!!') \ d. 
-= r,s "fi ,!:..-.!.t n . 

= \\g 1\ max L( 1 IV(,!!.) \ ds 
n r . B 411 J 1 ~-:' \ 

=2- II s: n .,ax 1\ V II 2" n s 

=2- 1\ g 1\ IIvl\ 
21'1 " 

l '+'n+1(.r.~,U\ gnIl IlV\\ <11~", \\ Il v ll 
1", 2" , 

CO 

Thus 't' = r 'Yncon ver g e s whenever ~~n 
n=o 

also , 

Lt \1<;1,,11 00 ~or n.~ 1. 
k-'>«> 

converges. 

TI1US for sufficiently high energy '4' ~ "Va 

Becl!-use of ( 14_A ) the convergent Born aeries satisfies the 

tegral equation 

ld :for 

Lere 

.th 

+G V 
o 

l arger , 

'Y ( r)=~(r )+ exp(ikr) ~ ( e.~) 0 .. r 
...... .. ....... .... ... 

f: ( 8,~)= ~ f: (&,,¢> •••.•.•• . . . ...•..•...• • ••. • •••• • 
r,;;on f 

f ( e.¢) • Lt r eXI'[-ikr] Go (.r..,!!.) V( s )'o/,,('!!' ) d,!!. r-..,. 
.r.-!!.\= r- sCos.-:; i\k·l\.r.-!!.I= ikr -i~· ,!!.wherelk· \ :k 

Go ( r.s )= - (4n !r-sf) -1exp ( ikl.r.-'!!'\ );:::-(4nrl- 1exp(ikr ) exp(-ik' .,!!.) 

f n (8. 9! ) = reX&PC_ikr1 (-~1Tf.~ exp( ikr).xp (- i~·.,!!.) V(s)\f'n(s ) d,!!. 

= - 1 exp(-il, ·. s) V(. lli (e) ds •••••••••••••••••• • .••• (17) TifT - - -'Tn - -

• 



so 

9, and ~ are polar angl es of k' with respect to k 

Cn C8.¢) = rexpC-!kr) GnCr.~) v(~) oC~) d~ 

C~(e.¢) = rexpC-ikr) -t (exp(ikl£-~tGnC£.~)V (~~6 C~) d. 

r9 t!:=.!!...\ G.o (!:..!!.) 

Cn(e.;,)~( .2:- \%;n{F ")I\vC~)ld~ (max (r \~n (r"f\vCs)\ ds 
"J\r-s\ " r.' Jlr-sl 

Cn ( e.¢)~/Ii~ntl max( r I V(s)\ d~ J r, j\r-s! 
CO 

Thus r(9,f} = ~ r (e,~) converges, because for suffic i e­
n~ 'T'I 

;ly large 8 the integral is both fini t e and bounded Ihms 

Lt CC8.¢) = coCe.¢ ) 
k .. "" 

Ll results so far derived are VAlid f or finite potentials on\(to 

'neral potentials. 

lppoae 

ltisries 

bence, 

for all r ........................................... 
is continuous in r ................................... 

as r +oo ........ .. ...... ................ 

tlvU <oo 

(A) 

(D) 

(e) 

nd I\Vtlcnn be approximated by a simpl e potenti al in the sense that 

ivan f(o , a s imp le potential U can be constructed 

2.2J 
S IV(.!!.) - UC!.)! ds 

\£-.!.\ 
[E.C. Titchmarch = Theory of functions, Chapter X section 

32. 



33. 

mctions for V and U respectively i.e by ( 7-a ) 

ld 

I,us, 

enee, 

heref'ore , 

gl (rr') =Sgo(r,s) Drrt(s ) V(s ) go(.,r l
) ds 

gt(rr ') {Drr l (8) V(s) ds. 

gl(r , r')=fDrr'(S)U ( s ) ds 

gl (rr') -gl (rr' ). r Drr , (s)~(a) -u(a)l d.!!. 

/ gl(rr') _gl(rr')I~~Drr '( 8) 11 (V(s) - U(8)1 da 

/D (a)l<:'l r 1 + 1 ) 
rr t -.;;; 1i'rt l r-s r t_8 

\g1(rr')-ii1(rr'~~t-J[!._.!!.,-1+1!.' _.!!."j1]IV(a) - U(8) \ d.!!. 

181 (r,r'l-"ll (r,r'lt~ 1 [("'(8) -U(s)\ d!.+ (Iv(s) - U(8)1 
.... lil'\ J' Ir-al ) I r' - al 

/ 1 (E+('-)= E, 
~!iit 2ri 

E: 
2TT 

Lt " g l (r,r' )-"i1 (r.r' )\\i8 less than any positive number and k...,,,, 
ust be zero. 

Lt. II g l(r,r')-gl( r , r')\1 =0 

"' ...... I t is thus concluded that (A), ( D) and (e) may be offcred 

S 8uf'i'icient conde. On. any potenti.al to ensure that the non- relativistic 

lorn series converges at high energies . "'oroover , in the high energy limit 

,nly tbe leadin g term 01' each scrie. contributes. 
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~tension to complex energy_ 

The conver gence of the Born series is uniform also in the 

'per half z - plane wi th z=k+i ~: f3> 0 

Dz(r,r '\s) = ~n 1£-£'1 exPt(k+i~>(lr-.1 +Ir '-sl-lr-r'l)] 
Ir-sllr' _.I 

Dz<r,r'\ s) = t~ \~~~I~\_.\'ex{~(\!:-.!!l +\£'-!!.\ -k-£'\~I 

"t, 

cnce 

valUes. 

= lDk(r,r'\ 0)1 oxp [-~Q£'-!l +t£'-!!.\ -11 -£' OJ 

\ £-!!.I + I £'-d~ I£-!!. - r'+sl = Ir-r'\ 

IDz(r,r' ·)I~ IOk(r,r '! s)11 expl-~(\r-r'I-\r-r'!D I 
.\ok(r,r'18)1 

IDz(r,r'I .~ 10k (r,r' 8)1 
.Thus the Born series will converge uniformly for complex 

The preceding results may be stated as 

Lt rna?} I g1 (r,r' ,z) \ 
Z+OO TT 
ta ~c> 

=0 

It has b e en sho wn that for I z \ > R, ~ ~O the Darn series for 

,(r,r' ,z) an d consequently G(r,r' ,z) convarge s uniformly in z. Ultimately 

he series the represented by its lea ding term with a rbitra ry precision 

.e 

-~I£-£'I 
2> (z) e •••••••••••• • ( 23 ) 

Ir-r'l 
'here b ( z ) ~ 0 uniformly as\zt~oo in any Dammer for f!J ~ O. 

For the validity of the above statements 

1 :. S Iv! ..),"' r ' 
V \'f-T' ! 



I (r) (oo 
v 

f'or a ll r 

I (r) is continuous in r 
v - -

....... .... .... .. ................ 

.................................. 

.................................. 

(A) 

(B) 

(C) 

, ) is equivalent to 

max L (jV (!:.) I dJr ~ M ~ 00 ••••••••••••••• ( D) 

r' 2"J ',£ _ !:.'\ 
B) is equivalent to 

D) and 

max 
r' 

1 (."r 
4~ 

V(!:.) d3r~ Lo( < 00 • • • It ';>0- • •.••.•. IE ) 

..,-1 ' L = range of the pot . 

( E ) implies 

hi (.r:.: \v(!:.) 1 

n J \!:._!:.', 
.. .. .. .. .. .. .. .. .. .. .. .. .. .. .... (F) 

35. 



~ction III: Th convergenc of the partial ";f"ilve a plitude. 

'l'he dispersion relation is 
rJ 

{"(S,t ) = f'B(t) +1: ~ (i jEbl tt l 

, 0=1 s+ Eb 

+ 1 Lt 

rr~ s' -s-i"1. 
o 

36. 

ds' 

ich is valid f all valu s of s on the ent ire complex s-plane subject 

o the condition 

t <4. 

For nonforward sc·tterin t~o the cvalu tion of the integ-

1 demands the no led e of f(s',t) dOWl to s' =0 ~hich is practica-

ly i pos ible bec use experi ents cnn i ellS V,Lues of Imf(s' ,t) for 

'} 1 t ras 4 sin20/, ::t, and for physical anglos \c:<in e.~' ." 1i L.: r 
• In ot :l r 

ords, the disper i 1 integral i~ extended not only over t he plys ica~ 

egion but 1 0 covers t e unphysic 1 region 

O~s'~lt 
"Ii 

Therefore, some e iso for co putin tIe contr ibutions 

rom the unphysical re~ion is r_quired, i.e -e need t e analytic conti-

uation o f Imf(s'.t) into the unphysical region. Consider the partinl 

ave expansion 

or s re 1. 6t,(s ) is the (real) pbase shift ind c d by the potential. 

Th ~ na1ytic c ontinuo. tion of' e o . (22) ,d th re p ct to s for 

. fixed UO\ffl to =0 ' 11 now be justifi d to hold f'or t <. 4, 2. In oth r 

~rds , it ill be slam that for z=Co 9 r stricted to real ~lues (not 

.ecessarily \Zl < t) the i aginary part of (2'» conver c uniformly with 

ospecf to s a long s 
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\z\ <.1 + (2f) .............. 0 .................. (24) 

~ potenti Is satisfying 

/mj ~)O 

s tb integral itlvolve Imi(,gtt) it is suf'f'ici nt t 

,nsi er only 

£l(S,t) = i( ttl - £ (becBU e :lB is real ) 

wh..tvtA.., £ 1 (k, 6) = -lr(~\ exp (-; i A • (r+r.\lexpri(k2_16)~ 
- - - ~ t: '* 

I' 
Introduce the angle ( lJ, ¢ ), ()) 9> ) define by t e 

::tu~tions . 

• !:. = r os V, {;:. r' = r t Cos»' 

!!._!:. = r sin)) Cost(> n. r' = r' sin y' Cos ' 

ubstitutin in (25) we ~et 

~cxp 

Tpus eq (06) ~i l repres nt n n analytic function o f ~,for 

~ixed k" for t 1050 vI' f' b :for ~ lich . 

or because of' the condition 



38. 

t re max( edns mtximum witl re pect to the ariation 0'£]) and q> . 

lere is exactly siroi· Lr c ondition or tho r' integr tion involving 

say, ••.•••..•.•.•••• (2B) 

'le maximum value of (27) is obtained if W. substitute ( 28 ) ' in ( 27 ) . 

-7 ) can be ~Titten s 

2 Cos e c ))= 1+ 2 

0 2 

r Sln2.lJ = U2 

A2+02 

hus (27) becomes 

fA'l.(A) + ~(D·) 
\.. 2+B2 . A2+B2 

(A2 ... B2~} ~( < 
(A2 + 0 2 ) 

(A2 + B2f2. < 

= 

• > 

A2+B2 

0 2 

also Sin 2» = 2 tal1V= 2 U/A 

~ - 2 1+ta 1 ..... 2 +1.> , 

A" 
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~Im ;~t + 
t

L 
:2. }k 

\ 
2 211'''' ').. 1m (k - ) --r; <- It. ••••••••••••• (29) 

get an i ea of' (29) continue the eq. ~= 2k Sin 9/2 into the complex 

lne . 

A= 2kSinP/2 

ere 

tf> = 9 + i~ 

.quality (29) becomes * 
[~m S=in~~ 2 + lIm COS~!2 \ 1 < f ......... (30) 

sin /2 = Sin 1.(e+i~) = sin e/2 Cos i !fJ + Cos!. Sin i'fJ 
2 2 2 2 

sin :: sin e/{J. Cosh ~ + i Cos Q/.., Sinh.!ll •••••• (30-a) 
2 2 ... 2 

Cos 1.ql = Cos 1. eCosh.!", i S in e~ Sinh.! l.\J •••••••••• (30-b) 
2 2· 2 2 

~s (30) become 

2 
9/2 Sinh 'L\ + 

2 

sinh .!4l' 
2 < k 

I -Sin 0!2 Sinh ~ j .z k 

Sinh2t ~ j *.c( k 

. . . . . . . . . . . . . . . . . . . . . . . . . . . (31) 

The signif'icnnce of (31) can be s by expanding 

a power series 

s ••••••••....••••••••• (31-a) 
p=o 

ere only even powers occur. From (30-a) with Sin.!~ =z =X +iY, we have 
2 
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x = sin!. e Cosh!. 4J 
2 2 

.................. (,32) 
y = Cos!. e Sinh!. Y; 

2 2 

or cons t ~ & 0 0 411 t we have from (30) 

2 
= Cos 2 1 e +Sin2 1 e =1 

2 2 Cosh2 1 -2 

.e (32) is an e quatibn of an ellipse, in the Z plane, with focus + 1, 

emima r axis Cosh !.lV semiminor axis 
2 

Sinch 1 
2' 

According to \sinh!. ~ \ <. .!i. 
2 k 

OC) 

he series F 1 (k,Z)= 2. A . (k) 'Z2p converges ,,,ithin a circle of radius 
p=o p k 

angent along the y-axis to a maximum ellipse defined by \s inh !. ~ <. _ 
2 k 

The equation of this circle is 

Z = ( 
CJ:) k 

nd F
1

(k,Z) = L A (k) Z2p 
p=o p 

exp(!. ia) 
2 

converges for \Z\ < ~ • For the physical 
k 

egion Z=Sin e/2 ~ctually Z=Sin!. (e+iqJ>j F 1 (k,Z) represents a series 
2 

4.l 
hich nbsolutily and uniformly convergent in sin 1 e for sin 1 e < 

2 2 k 

The follm"ing additional consequences can also be drawn 

rom the above considerations.(1) For fixed 0, there is some k=k 
m 

hich is the maximum allowable. For k<k the convergence of (31-a) is 
m 

niform w.r. to ko This can be sho,,"'1'l by straight fonvard applicat ion of 

he ratio and comparesion tests. 



lynornials 

(2) If we rcexpress (31-a ) as a series of Legendre 

2 £' Z ), the resulting series will converge inside the 

lipse detirmined by eq.(31). Thi is b c use f a theor m which 

tes: 

If a fn. of e is ~ nalytic in the complex cos e plane , ,'Ii th-

an ellipse with focus nt +1,-1, then function can be expressed in a 

gendre series over t he entire inside of that ellipse". 

P t ~ = 2 Zk. 

The Sries F1 ( , ~) = E . .. .........•• (33) 
p=o 

tonverges within a circle of r dus ~< 2 uniformly in k • 

. experiments are analyzed by the series (33 ) then t e continuation of 

lch a series would form a satisfactory basis for continu tion of 
1 

Lto the un ysical region . But. th. above is compl tely equiivalent to 

1e artial ave expansion. 

Introduce the variable 

z = Cos fl' = 1-2 Z2 

it Z= x+iy, ~rom (30-a) & (30- ) 

e ct, 

x= cose Coshtp 

y= win9 Sinhl/J 

ich gain repr sent t:or consta!lt y; a family of ellipses in the z-plane, 

ith focus at +1,-1, semim jor axis Cosb~,s . xis sinh • T e 

onver,enc condition (31) becomes . ~ 

lsinh~ ..:::- 21 ~inh.!.~Cosh .!.'fJ 1 -5:. 2 ll+ K,2J l 
2 2 k k" 

oShlfJ ~ 1 + fk2} 



42. 

A power cries expansion in z will ther fore converge 

thin a circle 

(~)] 
ereas t Ie partial ,~ave expansion in 1 (z) \4"i11 conver within the 

tire ell ips o se imajor xis ( 1 + 2 ~ \. Returning to real values 
k2J 

z, we obtain the condition 

In articular as k~O. the partial wave expansion convor-

• for 11 real z if >0 . If = 0 the region of' convergence shrinks 

real values of cos e. 

It is to b noted t.hat the region of conver~ence of' the 

::ire a pli tude f(k,A )are obtained from the above by the replacement 

1. l{. . This shrinl<: age is entirely due to the propm ties o:f the 
2 

on approximation, i.e. the potential. 

;tion IV: Completion of the proof of the dispersion relations 

1'\\'"0 assertions lere made ill section II. These two assertions 

.1 be proved here. 

To justify the interchangel\the orders of inte,ration it lUst 

that f(z., A ) defined by equation ( ) section II converges 

.f'ormly with respect to z f'or z on the semicircle. Since it has been 

;en s grc ntcd t41e behaviour on the real part of the semicircle, it is 

.y necessary to ~stablish uni orm co~very-ence Ior \z r=R , 1m z , for 

lufficiently lar~e. ssertion II is t en permitted as soon as it can 



demonstr ted that 
lim 
z~~~O 

~re it should be noticed that the real ~xis is ' ncluded n the 

sertion. If it can be est blished that the limit in ( 23-A) is attained 

iformly with respect to arg z, then by a standard test for uniform 

~vergence of integrals both ssertions can be justified. Towards this 

i a detailed knowledge of the behaviour of G(r,r';z) for lar e z is 

=luired as studied in r~oUI!d"" ... I • 

ere, 

ere, 

To prove ( 23-A) consider, 

f 1 ( z, A ) = f ( z, A ) -fB ( A ) +5S T (z, A ) d 3r d 3r'; 
I 

T(z, ~ )= (1 ) expl ... (i/2 ) .(r+r') expli(z2_1E >'-2. 
7;j( - - 7i 

!!.. (E,'-E,» U( r ) G(.!:,r' ;z)U (r') 

In accordance with (23 ) s pl it G as 

with corresponding decomposition 

f 1 = f" + f\2 

* eX}j l- (i/ ) A. (E,+'!: I) exp[ i (z2.. - ( 1/4 )A~~ ( :t' -.!:) JU (~ 

GoU(r') dJr d 3r t ••••••••••• (24) 
. ~ 

_, (E.+E. q] exp li (z - (1/4: )A2) !!..... (I" -E,)}r <r) 

\!.. ~E.I~ U( r ) 

• • • • • • • • (25) 

~ sufficiently large z 

I I?-( lJUtfl' =Im[ -4- (ftJ4Z
2») *1=I{Z[1 -tfJ8z2 - d'J 64Z 4 ••••••• J 1 
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=Im(k+i )(1- (k2_~2_2i~K)~ ) 

8 \ 1i 

TlercCore , Ior suf iciontly lar e \z l 
2 ~ I 2 

I (z2_ (1/4 = 1m z \!- (b/8z2 (r; [1+ ( /8 z 2)J •••..••...• (26) 

11, * 
so, ox -Im 7,2- (1/4lL1' '":. (r.'!".l -~ IE.' -!".} =e.'P{ Im [z2 - (1/,. lA2] 

!L- (£.-£.t) xp l- tr' -rU 

=cXP{ z'L _ ( l/q.~VG:._£. 'I COSol} e. p [-~ I!:' -.!: \) 
t \.!:-£.'\Cos <,\!:-.!:" & '1 + ,r\; a ,\!:.'-£.' ~ \1"\ - \rl 

1;., 

nee, eXP{_Im[z2_<1/4)L\2 ~!!._(.!:.'-£.) -~r£.·-£.~ OX?{ (3[1+ <'&/Sz2) (\_" \ I) 

, _ , • _~(I_ 't -1_' J 
=exp 2 tr' +( 4' BI'2f) ( l~ '\ + £., >J 

,er :Core, CXP[-I (Z~-(Ql*~ a.i_ (,t'-.;:)- '£"-!:.~ ex (~tt/8 z 2) (\£." + I£.I)} 

= oxp[ (\!:.'I + I£.l _............. ( 26-A) 

lUS (25) becooes t If' 121" ( 1/41'0 (z) ~xp ( :..-) I U(r) \ d JrJ •• --' 

.in (E) and (F) 

• discuss fl1 consider two cases: 

L) z = ko +i , ko fixed, f:3 CO ; Z=k+i~ • 

(a). Let y=(r-r' ) ; ~or 
th --

large from eq.(26) 

exp J 

, eq. (24) 

2 2 '''' r 1 
z - '4 c: exn L !!.. YJ e .--: y.n] 

G zf -
= exp ( !!.. yJ exp ~!!.- I J 

Let .!!._ r=YCos~; 

1 2 2 * 1 exPlII:l [z - Ii J ~.!j <...exp exp U yeos ) 



Y.z 

11 = - 4~ fj expl .t/ 2 ~. (!:+!:'>] expl i(z2_ 6
2
) i· (!:' -!:B 

K U(r){-L) expli(I-+i~) \ r'-r~U(rt)d3r d 3r t 

41T \r' -r\ 

11 (k 0 +i~. A ) \ MXP ll<¥l exp [~y COS '*J exp [ -@LJ 
y 

lU(r ') I Iu (Iy+r' \)\ dJy dJrl 

11(ko +i • .6.) j(-.L. \exp (y)cxp-- (i - COE )y]IU(rt)l lu<rx+!:"> d 3y d J r t (30 

16T12~ 
T c above int gra conver es b cue: 

Divide the 3-dim y space into 3 re, ions yt(a; y ~ at i th 0( £ci.. 

nd t H~ remaining region. Decause of the convergence of (30 ~a and 01.. Q 

Y be chosen to be inde p endent of ~ nd rA and S s "11 that the total 

ontiribution from the first t,.,o re, ions is <.1.6.. TIle remaining contribu-
2 

ion is then leas than exp [- (i- Cos 0) a}tirees a con,rer en inte r 1. 

herefore, by choosing lnr,!l:c enough , anCi co pletily cOTlsistcnt ith 

revious condit ions on ~, this contribution also becomes houn ed by 2~ 
2 

ad 

) 

) 

The. above r sul.ts maY be unmarjzed as 

\f'11 (z , 6 )'~€ 

If 12 ( z , A )l <. ~ for IZ\ > R 

. . . . . . . . . . . . . . . . . . . 

. . . . . . . . . . . . . . . . . . . 
z = k+i~o ' ~o fixed , k-+~ 

It shall be s own th~ t for k >R 
re, o ~ '-n . 1m , 

t ~) = o 

:for 
2 2 ~~ 

z>R~(R +J:. t ••• ••••• •••• 
re 1m 2 

b.. (!:. t +!:>j expt i (k+i 0)-

l} , 
I-I. tf ~\U i~) l_ !.. _ \ - \It ;J 

(33) 

o 

- C ) 
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cause of (26) and (26_A), (34 ) is agl\in an absol utely convergent 

tegrft! for k 8uff"icieni:ly large . The identity , Imz2=Imlz 2 _ ~/4 ) +-(~/~j) 
° / , lives Imz2. IrlCz2- (d/4)]~ =2Re[(z 2 _ (c,.2/ ,.)16]Im{[z2_(d/

4
)l'J 

= Re{ lz2_ (d/4 )]16}Im{ [z"- (~\)J16J 

I in the previous CBse, the y -region is subdivided into thr ee parts by 

choice of a and o<'a • The only modification of' the proof' cOMpared to that 

lse is that for the third region , the Rieman - Lebaaque lemma is appl ied to 

18 radial y integration since there 18 an oe cillatory factor , 

+exp [ ikY _ i Re ~2_ (8/4)] 16 Y COB ... } 

lieh contains 0.11 the k dependence t which moreover cannot vanish in t h is 

3gion. Thus by a suitable choice of R the inequality (J J -A) will be r, 

l.i:form in ~ f or O~~ '= Rim 8S long Oh t-\\I >~ 
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;ection- I Introduction: 

:' (.. - D;MZl,.;:HLdAL 
I;':', R~v.i!. .Tit'rIChj 

I n the pr ev i ous chapter it was seen 

;hat the sCAtte»ing ampl i tude satisfies for a l arge clJ6s of potentials , 

i dispersion re l ~t i cn of t he ferm gi ven by equbtion ~q) sec t ion~)~.~ 
2 

Jrovided 1 momentum t r ans f er i s restricted by the condi tion t<4~. It i s 

3a tural t o que~tion t he possibi l i ty of extendi ' g t he abov~ mentioned 

i ispersi on r elat ion t o l ar ger values of t. This needs t he s tudy of t he 

a n a lytic pro"'lerties of f(s ,t ) witt , respect t o t he momentum tra ns fer 

variable t, which s~a ll be done i n t he s ubsequent nect i on . The ana l ytic 

pro perties of f(s , t) , consider'3d 8S 8 func t :on of tHO complex variabl es , 

will t ben b e es t bcl isbed in the t opol ogi cal pr oduct of t he s ~d t 

olanes. These 81alytic pr operties wi l l the n be e xhi b ited t y a d i snersioa 

r e l a ti 0H i n two vari'_lbles . ~his relation i s cal led t he Mandels t am re~~­

Qu.t a tion for notent i al scatteril1g . In the fi nal section t he d i sper's i eD 

r e l a tion f or the parti a l wave 8.CJpl i t~de,:j .. >iill be studied. 

03ection- Il Res trictions on t t e potent i a l s : The pot ential of the for 'll 

(the sinr le y u ka wa potential) 

""V(r). >. e xp (-r>r)/r . ... . . • ..•..•••.••.• . .•.. . (1) 

wi l l b e d e a lt "'l ith exclus ive ly. !.x tens ion to a suit f:. ble lin e 5r combi oa-

tion of t he t ype (1 ) i.e. 00 

lIV(r) :~dplr;.u) eXp ( -pr) .. . ..........•.... • (2) 

c on ea se l y be effe cted . I n f act ( 1) is a s pecia l f , rill of (2 ) when6-~) 

,I).;' ~ ~) . 

The c onditions on r Ver) which per mi t s the repr esentation (2) 

::J.re , (ass uminF' r1\jJ-) t o be bou nded almost e verywbe r e exc ep t for 8 - f'unctio 

s i oF'1J l D.r i t i es ) • 

( i) r /( r ) has deri vut ives of a ll orders O<:r <oo 
(ii ) ld' ( r V) / d r KI« c onst ) 1: I/zS" for "' . O.1. 2 . . .• • (O(r(oo ) 



48. 

lso , the tJrcnli.(Jus restric t ions on tl1e potentia~~ee cb.'"'pte - II ,) i.e. 

VC r)\ < j"1 / r 2 

(OOr2dr lV(r)\ < Q:) J
M

, ( 

"frdl' \.(r; l<.oo ; f1 , .i ' , 'ill o.'e p sitive num ers 

i ply t at , ~ ()J-) / .:.0 as 0 

ar ~ and , 6 ( ) ~ 0 as)J ~ CO 

The analytic properti~s o f "thd "'chtterinr ampli ud _ i n 

the .o.entu transf_r v~ri Ie t . Unit in wbicll h2 /2 =1 , ~ner y=k2 ~ s 

shall J. used . 

}he i to reI re rcsentatlcn of the ex ct sca~terin~ 

a- l i~ude is 

f(S ,ti=fv(t, - ~~ :~( -ik:£' ) (r' )G r ;r, s)V r)"AP(i~.r).3r' d3r •••••• ( 3) 

he~e , f (t) =- ~ Sex" ti(E' - k; . r . (r ' )dt ' 

~" -~{ \r ' os 

uttin 

-JAr '-i~r ' dr ' 

~lso, 



Elementary integration over tIle an l es . ive ( as shown 

eviously ) 

5 exp ~ ( k ' - q 'l .!:' V (r! l d J r ' 

'nee, 

~nSt +(~, _q'l~l G(q' 

The full gr en's functi on 

Luation 

,s) . t.r2+ ( k-q l ~!Jq'dJq 
satisfies the ( sy bolic ) 

•••• (6) 

inte gral 

G=G +G VG = G +GVG 
o 0 ° 0 

• •••••• •••••••• •••••• • ••• (7) 

_so, the free particle green 's function i s ~iven by 

Go(.!:.',.!:.;k) = - eXP[ikl.!:.'-.!:.\ /4rr':t- -.!:.\J 

Eq .( 6) lill be used to show t hat f or real (s, f ( st ) -fo(t) 

s analytic for \ tl« ~ and t hat the first singularity actua lly ' accur 

t. t= 4)A2. For t his , the possible zeros o f afactor such as }A2+(.s.-q ) 2 

s studied. 

Choose C(J-ord sys tem in wh ich 

k = ~ (Cos 1 a , - s in! S, 0) 
2 2 

here a i s the s cattering n gle. 

h erefore, 
2 ( 2 2 2 t') r, . ..I ] 
l + k-q ) =p +k +q':.f.. ~LoS ; 9S1n SinrjJ-. in ; e CoS·Y sin 4> 

=,M2+k 2+q2+ 2kq[sin tf ) Cos t 6Sin"f -Sin ;e-cos 1] 
=)A2+k2 +q2+2kq sincp sin(0/2- ) 

,uch no so t exists for rea l a,pu t ~=~1 +i&2 and hence the c ondition for 

:he zeros of 2 +( k_q)2 is 
" -

2 +k2+q2_2kq Sin~Sin~ - ;(01 +i02 l] = 0 



-cos«-t e1 ) $in i&2 

2 

50 . 

= 0 

+k2+q2_2kCi Sin~ sin« ( -.1 el)cosh~+i 2kq sin~Cos( f -.1 a 1 ) S:i h82 =0 
2 2 2 2 

.d C h 

.50, 

s, Cos 

e h ve 

E atin real and i inary parts , e qet , 

2kq sint:PCos«( -.!. 1) Sinh e 2 = 0 
2 

2 
Co (-( -.1 "1) =0 . . . . . . . . . . . . . . . . (8 ) 

2 

e
2
/2 222 Sin~ ({ -.1 6 1 ) = ()A +k +q ) /2ttq in 

2 
sine sin ( -1/2 1) = 1, \C have 

osh 2 2 2 
~ = (~ +k +q )/2Kn in • • • • • • • • • • • • • • • • • • • • • • •• ( 9) 
2 

2k S in 1 ~ 
I)" in '" (~ 

2 2 
1 

=2k'[S i n &1Cos 

2 

=21' [Oin 21 C 

i 2) 

i6
2 

+Cos 

2 

h ~2 ~ i 

2 

@1 
2 

({, -.1 9 1 ) =0, t" ql= q 
2 

Sin { Sincp, q = 

Co f -os 1. 1= -Sin { in 
2 

1 e 
- 1 2 . 

2Cos ~ 8 1= -ql sin ; 1 

+Sin i 2 21 

1 
2 

inh 

CcsY Sin 

k Si.n ; & = ('1
2
Si,, 2 4»' tq2 (l+k

2
+q2) . L· 2 k 2 2)2 9'k 2 2~1' n2.l}~~ ( 10) +1ql~r + +q -~ ~ ~ j 

l t I 

1= 12 t 
=- 12k Bin .! 6\2 

ir .. 1 ")..1- ( q~sin2", ) --~2 ~ (r 2 +1.. 2 +<12 ) 

2 L 
2ft 2 2 21. 22. 

+ql ~~ +k +q) -4k q S1n 

2 
:3 q :: 

\t I = 

2 2 2 2 2 q 2Sin2 n ql +q2 +q , Co. ~ or 2·- - qi 

( 2 i 2A-.) -
2 II . 2 2 ) 2 (.., 2 2 ) 2 U ,2 2S' 2 ' J q s n ~ ~q ~n -ql +~1 ~ +k +q --ql~ q ~n 

tl = (Q
2
Sin

2 4- i [( 2+k2 +q2) - 4'112k2J ...................... . (11) 
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This express ion and (10 ) must be v aried with r espect to qt' 

and ain to f ind that sol.ution with the Dl i niruum value of It1 • 

The solu t i on i. obviously Bin = 1 . By strni,ht forward 

f· Q2' 
2 2 2 This yield .. Crom ( 11) and ( 10) 0 , ql • k +1" • 

It I 2 1/2 
(minimum) = 4/" ' t = .!. 2\-, 

Thus ft8 long 88 It\ ~4~ t the integral (3) as w~11 as it~ der­

,tive w. r. to tare rauranteed to exist. 

It will now be ~hown how thp. argument may be extended to yield 

~e complete inCormation on the annlytic properties of r(s,t ) in t. 

t 

lore 

EQ (3) may 

c • cl o) _ 

= 1: (0)_ 

be symbolically 

>?VGV 

written as 

>-2 V ( G + '>' G VG)V 
o 

~VGoV ->?VGoV(Go+~GVGo)V 
>.2VG V _~.?(VG )2V - X'VG V(G +>-.G VG ) VG. V 

• C(o) _ 

= c(o) _ 
(0) 

= 1: 

2 0 J 0 2 0 3° S 0 0 

_ A VG V _>- (VG ) V _,4 (VG )V-)i. VG VG V ( G + ;>'GVG ) 
o 0" 0 0 0 0 0 

c = 

(1) 
c = 

1: = 2n+l 

+ R2n +l 

1+1 i 
- ( >.) (VG)V 

it. C(i) 

VG V 
o 

3 4 6 
,4(VG )V_ ,,5 (VG )V_ '- (VG )2VGV ( G V 
"0"'0"00 

2n+ 2 n n 
• - (" I (VG) VGV(GoV) 

o 

Consider VG V 
o 



By def:1nition, 

Go V e Sexp ti~' o!:.' ~ V (r' 1) Go (!:.' 1 '!:.' 2' s ) exp ~q' 2 o!:.' ~ V(r' 2) d 3ri d
3

r ~ 
ut Go (E.' 1 '!:.' 2' s) = ( 2 ) -\xp [iq' 1 o!:.' ~ exp [-iq ' 1°!:.' 21 dd' 

erefore, 

o 

-3 
v = (2 n) 

J . 2 
s+i q' 

_1 

mi l ar to eq ( 5 ) J exp [ ilk' -q' 1 ) -E.U V(r' ) d 3r' =q RP+(~,-q, ) 2 J-1 

nally, 

-3 
X (2ITI 

s+if:.-(q'2)2 

-3 
(2 ) 

2 

2 q' 
1 

G(q',q;s ) •••••• ~:--1 __ _ 
2 2 r + ( qn' -q' ) 

. . . . 

1 

1 
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3 d.. 'll'l. •• •••..••.•.•••••••.•••• (14.) 

I t shall now be prov ed tha t R2n+
1

( s,t) is, for real s, analytic 

t f t \ / ( )22 l or t ......... 2n+2 ]I, whereas, 
(i) 

f {s,t), i 0 is analyti c f or al l t 

rcep t f or a cut frpm t= _ ( i+l ) 2,2 to -00 

Consider the ngulnr inte gra tion s 

( 1 d Q 1 ' 1 d }( 
2 2 2 2 

P. +(~ - qt) + (qt-q 2 ) 
-~ 

1 d 1 
",.+ ( ~_1-~)2 

n I") 

)2 )A ~ + (~-q 

• • • • • • • •• (15) 
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This can be solved by the successive applic ation of the 

+1 

___ 1"---__ = _41Tj dy ..... (16) 
A ~ , n 

a 2- !!.2"!!. (l_y2.) ( a12-ril.~2) 
-\ 

Irmula 

1 

lere 

2 = 11_y2)1 [; ~a I (l+y) + a%.( -.., ,),'1.._ ( -\- y} ... .................... (17 ) 

Insider the last integration of eq.(15) integrated over the directmon 

• 
1 d 1 

r2+ (qn_1- qn)2 

)mpar ing with (16 ) 

n 

222 
a 2 = (p +q +~ )/2qqn 

a 
12 

enee, pu t 

r 

Choose a co-or inate system in 11hieh 

~-1 = ~-1 (Cos ~ at - Sin ~ 9, 0) 
2 2 

q = q(sin1Sin~,Cos"fSin ,Cos ¢ ) 

'" A Consid e r the zero s of a 12- !!.1. n 2 

Sin4>\_ Co s ; e Sin; - Sin ; acos r] 
s in~ s i n ( 'f -.! e) = 0 

2 

solution does n ot .xist for real 9. 

9- = e.1 +i8
2 

=0 

a 12 -sin</> S in~ - ; ( !l-1 + i6 2j= 0 

a 12 -sin~ tin ( i -~ @l ) Cos(-i 9 2 )-Cos( 'f -1. 8 1 ) Sin ( -i i'2)} 
. 2 2 2 2.J 

Eouating real and ima g inary parts, 

=0 



-sintp Cos ( '1 - 1 1 ) sinh 
2 

Hence Cos (i -1. 9'1 ) = 0 
2 

nd S in ( Y -1. 8 1 ) = 1 
2 

also, 

e ) - 0 2 --2 

. . . . . . . . . . . . . . . . . . . . . . . 

. . . . . . . . . . . . . . . . . . . . . . . 
(l8-a) 

( l8-b) 

sincp sin ( { -1. 6 1 ) Cosh 8
2 

2 2 
= a 12 •••••••• ( 18-c) 

Sin 1 9 -2 
= Sin 1. 91 Cos i 9 2 + Sin i 6 2 Cos e l 

2 2 2 2 

= Cosh 9 2 Sin 8
1 

+i sinh 9 2 Cos 6
1 

• • • • • • •• ( 1 9 ) -2 2 2 2 

!cause Cos (1 -1 9
1

) = 0 or Cos -(Cos 8
1 

2 

= - Sin -{ Sin 9 1 
2 2 

2 
ld Sin ( 1 -1. 1 )=1 or sin{cos 1. 6 1 - Cos 1'sin (61/2 ) = 1 

2 2 

Cosl [(1+cos~Sin(e1/2~ = - Sin1 Sin ( 9 1 /2) 

Sin '( 

or Cosi + sin(el/2) [cos
2 

+Sin
2 '1'J = 0 

Sin1 
2 

sin 6 1 = - Cos 'f 

and Cos(61/2)= Sin f 

Putting in (19) one obtains 

= -Cos lCosh 1. 8 2 +i in 
2 

".. 
(Cosh tt2 -1) 

2 
Lso, wi t h sin~ = 1, (18-c) gives 

-t 

Cosh ; 9 2= TI l-y 2 ) [~ t al ( l+y) +a 2 (1-y ) }2 

= El12/q 

Equction (20 ) means 

It' = 4k2 Cosh
2 1. O2 - Sin2~J 

2 

• • • • • • • • • • • • •• ( 20 ) 

• • • . . . . . • . . . . . .. ( 2 2 ) 

54. 

Equat ion (22) will now be mi n i mized for this, the minimisa tion 

f a 1 is required with respect to all vaniable., excep t ~ and k, i.e. witl 
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~sp ct to the ones. On which it alone dep nds. Assume t h at t h is mini-

J.m is ,iven by (it shall be proved imminently) 

= ( n }l)2 + '"L, ty2kQn •••••••••••••.••••••••• 

inimize -ith r espect to qn and y, in t h at order, f or fixed q .This 

"elds s trai ehtfor a rdly 

a 12 = rn +1 ) 2J12+q2+k~ /2kq 

--
. . . . . . . . . . . . . . . . . . . . . . 

~d i n cid en t a ly p rove s ( 2 3) i f one ivcs a lit t le thought to the structure 

f at. Thi s sequence of minimisations has n ow reduced (22) to t he form 

I =q-2~~n+l ) 2p2+k2+q2}2_4k2q2sin2{] •••••••• • • • ( 25 ) 

But, thi i s of exactly the Same structure as e quation ( 11) 

ith f replaced by (n+1~. It has thus been proved t h t t h e minimus value 

R may possibly have a singul.ari ty is (2n+2) 2u2 
0 

f t for which (2n+l) I 

It is new easily seen tha t the above reasoning hAs also es tab~ 

ished t h e analyti pro e r ties i n t of f(n), t he (n+l)s t term i n t he Born 

eries. Eor, its dependen ce on t is given essentially by an inte~ral of 

he form ( 15) wi th q replace d by k'. In t h e integral (lG), then, if this 

5 again the result of t h e last angular inte r at ion, ri .~ =Cos&. Since 

12 i s no real pos itive quanti ty , it is deduced tlat f en) is an 

nalytic function .of CosO except for a cut along; t h e positive re " l axis 

trtin a t the minimum v a lue of a 12 • According to ( 25 ) wi th ~ ::. I KI :. k 

Fi c.ut ,..t s t 

r t = - (n+l» )u2 as a. serted previa s ly. On combinin thi s r esul t with 

he p revious one f or R(2n+l)' it may be concluded t h at f ( s,t) i s for 

eal s analyti c in t except along the indi c ted cuts. 
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From the above discussion it is see 

c in t plane l1t from t= _4f!t2to t= - 00 • Consider the i.spersion 

I tion given by equ~tion ( ) section Ii Chapter II. The first Born 

proximation f'B(t) is real. There ore, Imf(s,t) is analytic in the 

t t-plane. Also, if there are a ' finite number of bound states, Rb 

a finite polynomial in t, and hence it is certainly regul r for 

1 finite t-values. Since, Imf(s,t) is an lytic in the cut t-plane 

'or s' ~ 0) and Iso n alytic in the cut s-plane, it is obvious that 

56. 

'(s,t) - f'B(t) can be ~nalytically extended into the entire s,t plane, 

rith the exception of' bOiliu stat poles). The analytic fUnction obtain-

l by extending the right hand side of equntion ( ) will be identical 

_th the act-al analytic Lunction f - fB because of' the common region 
2 

:- analyticily, O<t <11K.. , arbitrary s. Anclytic extension o f the "ight ' -\ 

n - ld f e eq(lq) i.e. of th integral term itl eq <1<1 ) can be 

Jprese~t d usin cauchy's t~eorew. Imf(s',t ) is analytic in the cut 

-plane (s ' 0) , the cut extending fr om t= -4 2 to t=,:;.OO. Assume that, 

Imf ( s,t ) o for . . . . . . . . . . . 
s ing Cauchy's theorem, forny complex t, n o t on the cut, around tl e 

ontour 

Ine obtains, 
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dt' = Imf(s' ,i-:) 

-4K! 
Imf(a'.t}= 1i.m 1 krmf'\st .tt) dt' + lim 1 \ Imf'(s ',t'+1.)_Imf ( a't·'i, 

t~2"1J<!. t,'-t "'~O 2,.,.1 "\ t '-t 
-(I:) 

Kine, U ( Sit t I ) = (1/2~) lim [ ImC (",t '+1 E.) -IruC(s',t'-1<>L! 
_,,~ '" ""0 cP 

Imf( s',tt} =..!- \ U\ S ',t') dt'= -IT' u(s'rt')(-dt') 

IT 1 t '- t J -t'-t 
~ 4F,.2 

Imf" ( s' ,t') = 1 r p ( s ' t t ' )dt t 

fl ., t I +t 

"II." 
ere Q(s ',t1) = - (s '.,...t1); ( s 'tt l are rea l and p08 itive }.~ ( st ttt) i s the 

~e discontinuity "cross the cut. It should be noted that by intro duc-

g for conveniehce , the notation Q ( S , t ) instead 01' -u(s,-t ) th e .:lrgument 

of Q is the ne gat ive of' the act.ua l (physical or un phyeical) va1.ues of t. 

no bound etat.e s are present and no 8ubtrbctions are necessary, then, 
rJjCP 

+ 1 

112 
lim \ (,«.- , t o) dt 'dv' 

'\-+0J J ( O'-S-i'1.) (t'+t) 

o 41C" 

••••••• •••••••••• ( 2) 

sumption (1) actually does no t hol d. If' (n+l) sub~ractions are necessary, 

cd suhtract i ons are marie " t t:O, then, CO 

t • n+l n+l~ lml.'(45 , ,t) =- tt g j (s ') + (-1~ t Q( s ',t) dt' •••••• 
j=-o jl ~ ( ~'+tlt_n+l • 

4~ 

Here g . (s ') is the jth derivati.ve of: Imf(,at It) taken at t=O 
J 

( 3) 

l orde r to r epresent f(s,t) in the entire ( 8 t t) c omplex domain, Bubstitut( 

1.(3) in 

:s,t) =f'B(t) 

)taining . 

+ 1 
1I 

0:> 

Ii }
ImC(sf.t)dS' In , . 

->toO 8 -s- ~'l 
'\ 0 



+ 

~(s I ,t' ) dt' ds ' 
-,>0 \Ji 

(t'+t)t,n+l(s'_s_in) 
t;' . \. 

1 
;=r 

.!:...2- 1im 
o 

1 im }g . ( s ') ds' 
n . 0 -+J ---:--
T\. S '-s-i1'\. 

o 

58 • 

• • • • • • •• (4: ) 

lis "double dispersion relation" is valid fo r every sand t \~hich do 

.t lie on the resp ective cuts • 

• ~nents : The Mnndelstam fepresentatio~ t apart from possible unknown 

lbstr ct: on constants g ., determines the scat tering amplitude completely 
J 

lst by its singularties i.e. the locations and strengths (resi ua) o f 

:s po l es and the discontin'ity across the ranch cut. In analogy with 

.assic 1 potential theory, one may consider tne poles as "point charges" 

Ld 'the cut as a "line ch rge t l~hich then fully de termine the funct ion 

ofB • If ~l Mandetslam rep. is cons i d ered ~s a g i ven statement nbout 

le ful l analyti c properties of the ampli'lude , one can go backward and 

~duce the one variable dispersion rels. 

l lculat' on of weight fun ction q (5, t) 

The Unit rity I elation is 

Imf(k,e)= ~~ f* (k,S') f (k, ) d~ 

:lere d n.' = SinS' de ' d q> , 

® = a ngle between (e,c) and ( e',~t) d vection, that is, 

CosS = CoseCose '+SineSine'Cos~t 
n terms of (s,t)this becom 5, 

Imf (s . t)= ~ ~ f' (s. it) 1: ( 5. t 2 i d .n.! . . . . . . . . . . . . . . . . . . . . . . (5) 

ere ,.. 2 2 ,.., 2 
t 1= (k-k ) , t 2 = (~-~) t= (~-~) - -

here k 2 "2 2 cr n.' sin6'd8' = k = k =s; = 0 



e. d Sl' is the surface element of the unit sphere described by k/k 

there are no bound states and assuminrr that n o subtractions are 

cessary, t hen from () and (5) 

* Imf ( s , t) = ( s) ( d f f B ( t 1) + 1 q ( S t t t ' ) d t ' ds • 
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) ~ (s t -s +i ) (t' +t 1 

x tB(t2 ) + 1 I!(s",t ") dt"ds" ................... (6 ) 

11' 2 ( s ,,_ s - i1'\.) ( t 'I + t 2 ) 

+ 1 

W 

•••••••• (7) 

r convenience cons ' der a s ill.g1e Yuka'i"a potential. 

For a Yuka .... ra putCh tial 

t 

l ' ). worki.ng out ( 6) the foll owing angular integr tions are encountered. 

11= Jd I 1 
'") 2 , I) 

(t l+ " ) (t " + ) 

12 =f , 
1 1:4 , 2 

(t 1 +t )(t 2+~) 

rhey are all t l: e ty e 

I = n rr' 1 J 
(t 1 + o( ) ( t2+~) 

Ibstituting in (8) 

1: = 1+ 
\ 25 

, 't = 1+ 
28 

1 

( t 1 +~ 2 ) ( t 2 +t U ) 

1 

• • • • • • • • • • • • • • • • • • • • • • •• ( 8 ) 



e obt a ins 

I 
n 

60. 

This integral can be solved by Fcynman ' metltod.(s for 

:ample, }.L Goldberger's article in Rela tions de dispersion it p rtic-

.as lementuEres . p.63) 

lere 

a = n 

here b = n 

cause 'lY 

The result is 

I = 41'1' J 1 
n 

4s2 " 2 ( -k.k / k ) 
- -0 

~ )2 _ 2 2 
A ( ) = ( 

1 - 1 ) ( 2 -1) n 

,T1 + 
~ * 2 1) 

'Yol 
{'r1 - 1) ( 2-

Introducin a new variable by setting 

= (1+ tY) 
28 

nc notin t.hat 

k.k 1 t - -0 = -
k

2 25 

One 

I = 1 
n (J+t ) s 

01'\ 

2S{r\ -1 + ( ) ( 

= 2s ( -1) 

d 
A (1+ /2s) 

n 

- 1)J 
}i! 

V-! 

or b = 2s (a -1)=2S[tT: -1+ I ) (1::" , 
n n 

d 

, 

)] ~ . 

Inste,,,-d of' b the lcwer limit can be taken as zero by 
n~ 



serting in the arguments the factor ) , where, 

@(U'-b ) 
n 

= )1 if 

La if 

the "step f u nct iw-" . 

In = IT \ (g (')!r' -bn ) 

h~ J (1Y +t ) 

.f ( s. t) 

+ 1 

.nally, 

If ( s , t ) = 

+ 

o 

> b n 
1)"< b n 

C? (s " , til) d t II ds " 

61 . 

The A fns. depend, besid_s on ,on t',t" or on both through 
n 

:leir respec ti ve '"t ' s ( except A1 l~hich depends on ly on 1\.2 ) . The same is 

aue for the b ,s. Fron the above equation , t h e discontinuity across the 
n 

~t ~ ( ~.t ) , c n be caleulated with t he help of 

n.d 

~ ( s',tt)= 1 Lt lImf ( st,~t'-i~) - Imf ( st,-t'+i~ ~ 
2i f:- ~o 

Lt ....!L- ='iT5(x) 

'\.~O x 2 +11.2 

sing 



+ 

222 s t t) = A K ( s , t ; ~ t I'( ) 

- 2AI J r ( ,t.;t.' ,Jt
2

) C( (s' ,t'ldt.'ds' 
1"\2J J ' ~ s' - s 

62. 

<S) ff 0 41\; 1 /, 

1 Lim ) lv) 1 _ K s, t. ; t. ' , t ,,) • • • .. .. • • • • • • • • • •• (10 ) 
'(14 'yt-=70d\I'\.'\io4..e ( 5' -s+i1\) (s "-s-i1'\.) 

X ~(st ,t' )Q(s",t") t'ds"dttds' 

Hen ce, 

e\ t-a-b- ~ -
2 '- 2.J!, 2s 

. ~} 
[16s '2-+4s t (a+b) +ab ] 

~ } 

_11, 2 1-

( ~-1b ) -tab •••••• (11) x {s l t - ( ;,fa + 1b) 2 Jf!-
a.b: t',t ll ,K3 

l (1 1) put a=b= K3' obtainin 1~ ~~\ 
K ( s,t;ft2.~ ) : 1I..@{t-~-~- ~2~2 _(lC.2~2)7 (j6s'l-+4B(}e+~)+rc2~1 J 

..., . 

K ( s,t;It ~ ,F\: "' ) 

2 2 K(s,t;1't ,I~) 

2 2'& 2s -1/.! 
x {s l t- ( J(,+'C)2] It-(lt-E(,) 2 -t~) . -~-2 
= 1L@(t-4~2-l&.-4) x (s(t-4~ ) t_tlt4 ] 

2 s 
£ails to vanish only if (because of the ~ f unction) 

t > 41'\.2 + lC.-': • • • • • • • • • . • • • • • • • • • • • • • • • • • •• (12) 
s 

i.e the re ion in the st-p l ane ~.,l re th ~ir s t t rm of 

J (10) is iff erent Irom zero is bounded Irom belo, by the Cl~ve 

st - 4 2
8 -ll =0 . . . . . . . . . . . . . . . . . . . . . . . . . 

tlis curv is denoted in the fe e below by CoS." 

- - - ---------

----- -- - -- ----

4 

--+----------------------------------~ 
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In the general case 

G)~-a-b -~ - fclb l16s
2

+4s ( a+b ) +ab ] 
25 2s 

*] 
will becomes for s mall 5 

I' e ~ -~ - ab (ab)'1f2.] 
25 25 

Hence for s r.lall s, 

K(s,t;a,b ) is different fr om zero only in a re gion bounded 

from below b y the c urve t .z ~ 
5 

For l a r ge St 

@St -a-b­
l 2s 

ab -

Therefore, for large 5 K( s,t,ab ) is different f rom zero in a 

r egion which is bounded f rom below by the horizontal straight line t 
2 

( {i+1b) 

Consider t he second term of e qua tion (10 ) . The lower limi t 

of t' is 4~2. This term w'ill c ontribute t o \? (s, t) only in the region 

2 2 ' 2 2 where K(s,t, 41(; , J.(; )=ro . Frim (11) K(s,t; 4x:; ,Ki )=r=g:.l 
if G)t:-4K2 -x,2 -4.K?lCa ( 4.~&2 ) 165 2 

+4 s (4 Ki2 +1t? ) +4~2lC2} =F 0 
2s 25 

Or second term of (10) will not v anish in the region which 

is bounded from below by the curve C
2
giv e n by 

. . . . . . . . . . . . . . . . . . . . . . . . . 
11 lor 1_ ito _ t ; ,, " i "; ~ K. 2 

Ie c t L ttL c d t ~ il l co }.tribute to Q( ,t) i 1. the rt.o iou ~her 

T ~s , t; '1- ~ , -1= o. I. ili .1.U i:l (11) 

Jill iv t ne curve C -' ,micn i' the :'0 :er bo nd. of the regio 

i~ .hich the ttlird tel' co tribut do 

s t - 1 b ':L) - 16 ~ =0 ••••••••••• • ••• . •••••••.••••• ( 1 6 ) 

ThUJ the r egion ,here t e ~(s , t) ~il~:o vanLsh i s bou d d f ro ' 

~lo b cu_ve c
1

" Thi re...:ion i:) ntirely out.::> i ue t.lle Jhy~ ic 1 



rt, ::; i o • 

.in a s r i e., 0 1 i fll'Ll t e.y many t .E ~ ef.ine l s s . ~ l rs t of a ll 

i l. tl e r .g i.on between t he .. urv es ;1an .-' v 2 ~ (s , ~ ) id C m le ely 

, t e r u Fr o:J(11) 

2 
Q (s , t ) - /\11 . ~_-:....1 ~~_ 

2~lt-( + )2J (t )-t } 

2 
Q( 0 , t ) = A TI 1 1Y 

2 s(t -4~ ) t-t · : ~ ~ 
'-' 

.. 1 1. ::3 cn b sub it u'teJ. int t . second term of eq • C 10 ) a nd i nt eur-

t d over tILt rCo£,->ion f r whic ... Q(s ; t ' ) is aIr ady kno ,m . The i n t e -

g r .... n con't ... 1.n8 li(s ,t;t~ 2 ) a 1 t o ev luatc tde i n teg.c" l upto .-, 

c ertain t Lc ep.ing s = So fixe ), i L i 3 .1Ot ... e".det. 0 i rltegr a t e 

u t o t ~val es bigger than certain I i it, beca se _ do c" n ot v a -
IJV~ 

n i sh 0 .11 I ti1c e nvi u. d t > 1trtt(t' ) . 't hus 0 e can gvulJto a t such 

t 1(1 t t ~ a ."6t ( t ' ) . r 0 (1 ) s i nce a = t ~ 0 -
2 

t crjt( t , = t ' + 2 f- C t' t!. /2 so) +~ , 'rt2~ 2 s 0] [ 1 ~ sot 4 S 0 ( t ' + 

If Q i known i n tlj. f i r ... 1: r egion tnen for a f i xed 8 0 , ? upto u t' 

~ 
i s As uc h a::3 i ven by ne iJt~r8ectio~ tnet ert ical l i ne 8 = 8 0 with 

the curv C2 • rhi , i t eroect ion i s giv en by t l.cequation , 

lut i on by t;C s ) , tne s c t r or any fixe j 

= So cu... b~ co PQ~ d ptv 

t t; (.., ) ~ 2:t f t ' ( 2) I 

t ·s 0!1t,. eX._icitl" , 

fir t re io. (i . e . bet .• E.e t c rves n ee to co :)ute 



le ;;l~COlld t t.r in e<l . (10) not o.ly in th>.-: entin, region ebve f n 

d er~ t e t,ird ter_ does not yet cotribute) but a so 

sl~ htl over tire ion, upto SO'!le curve D sho,' in the preced ine 

figure. hu Q i deter ined for the r noe be ee C1 nd c.. ,usino ~ -4 
nly the first toter ~.Beyond this re ion tnet~er also star s 

co trlo~tin an thi region can b penetrat_d aB di~cuo ed earlier 

by utilisino t e KIlO 'ledge of Q i tue 10, er regi TIS . 'ventu311y the 

entir dt -~lane i cover ed. 

Tn s 
e 

rJce ure ena les one to r epresent 1y 0 L ! 1 i 1 

ta tr ng ~ p ra eter 01 the uotential, valid for any finite rp~ion 

I) .... tne region oet eeL C1 a.n 6 2 , the fUf"lctionQ c t ':1ins 

oillJ A 2 • I L bDl '1::> il." v ,-urve J J' tnerc ,. re t rrnu in )..2, n /\? . In 

th ne~t stLu(uein the t~ird ter in ~ 

is ' dlied and so on. In al' finite re i ')n of the t- . lane,«"lill be 

~t1.Y US' c::\. P01YL10 ial 01 finite rder in/\..I!l€ farther tfle ret;;ion 

tn~ is considere , the h' her tue or er.Lhus @cdn be effect i vely 

appro i n.ated by polyno~i' 1 'nl the region h ce t , i . pproxim t-

tion is v lid 1., ~dso no .n . 

)nce Q is OJt ined i suchwJ../, it can ';0 back into 

the .andelstaul lli'pcr!ion re I tio ( )in the f 110 lng munner: 

T e i. persion reation over a previ s_: d fined region is computed 

, . 
.. > t).J..Jno ':'al of Ai obtninedL Lar er n r r g-

1 n re corer d i o tlli~ ~ay,int r ti . a va D ov~r r oioa~ ihpre 



Qis k nown. thus the sctt ering ampltu -e f(s,t) can be r e pre ~nted 

by a sequence of po l ynomials which is certa in to converge. In other 

words, one can dev elopfro the !~landmlst i1 representation an 'ppro­

Kimatioll" method~ the us a lJLpower s ey-ies expan uim • 

The determinat ion of Q ( s, t ) for n o boun.d st ut es and 0 

s ubtr~ction have been di s cusse d ~b ove. If subtractIons are nece-
~. 

ss ary, the same I!let llod can s t lll 1ie,,1 D':vcver , in tha t case the un-

ctions g . must als o be determined .For this it i s more cony nient 
J 

-to~ 
a partia ili vave decomposit i on . 



Section IV.Dispersion relatione for partia l wave amplitudes. 

The partial :avef d e composit iom of ~he scatter ing amplitude is, 
f(at ) - 11=b21 + 1) exp(1 tJ.,)a,n!i.PL (1 -!:) ... .. . . .. . ..... .. . . (1) 

Ji 28 
Introducln&, 

fl(a ) = v'~exp( i bl( s )sint,,(8 ) ........................ ( 1-a) 

&e the partia l-wave amplitude , equation (1) can be writt e n as, 

f ( Bt) = 

writing , x = 1 - t 
dB 

f(~,,,) = 1 ( 2l + 1)ft,(s)"1(1x) •• •••••.• •• ••. • .••••.• • • ( 2 ) 
1=0 

The Le gendre formula states : 

If, F(x) = ~ cr\' (X ) 
t hen, c =21+1 ("F(x)P,- ( x) dx --z- J_1 

Multiplying both sides of (2) by PL (x) and integrating from -1 to +1 
one obtains, 

f t (e) = 1 rrls)x)P1 (x)dx -- - - - -
~L 

(3) 

The ana l ytic properties of f l ( as shall be seen) do not depe nd 

on the number of Bubtractions in the full represent a tion.Therefore 

t o be specific, it c an be assumed t hat there i s only one S-wave bound 

s t at e and"subtract ion is nec essary. I n this ca e the ldande.lstam rep-

r esentat ionwill be , 

r( 8 ,t) = fElt) _t:..:,f(' ~;t') ' t'n' ...- ~ ,,lj.'l tt'+ t)t"(~ - S"-i'\.) »-1-,10' + 1 r g ( a') ds' ----l4 
n-t, (,a '- a - i1j) 

Olj~ 
Here - I£j i s the bound etat e enrgy , R i s a constant (independ ent) 

of t) and 

g(s) = 1m. f(ap) 

The Born term i a given explicit l y by 



f (t) » ( for the single l ukawa potenti 1 ) 
t 

SuoBti~ute (4) in+the equation (3) 
+1 ,. 

ftC ) = J .~(x) dx + 1 RI~~x 
1 ~ + 2s( 1 -x) 2 ' (s + lEt) 

)

0 -

X . \ Q( s; t # ) p~ (x) t' dsax 

t' + ~s( 1 -x) ~' (s' - S - h j) 
04~ i l 

+1 

28(1 - x ) 

\ 
P _ .......... ---....- ds'dx .•.................... (5) 

-8 -

H ne there are integr Is of t e type 

P~x) 
----=- --~dx •••••••••.........•.••••..••• ( 6 ) 

28(1 - x ) 

here a = '\, t: .. u .... h inte ral have solutions, 

(+1 

1 ! ' ;£ ~ x~x = Q (y) ............................... ( 7) 
- 1 ' 

where is a Legendr polynomial of the secon kina. 

By th J. odri~es formul 

1 ( x ) = 1 d ()'.:2_ 1 

2nn!dxn 
+1 

(y ) = 1 
2. 
-1 

----d 

110 (y + 1) 

;Z (1 - 1) 
•• " " •• " " •••• " ••••• " •• " '!t " " " " " " • " (8- ) 

• I 
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+1 ... H 

i.l 1(y ) 41 r x dx -~ ( - 1) dx+ 4: f __ L-dx = = y-x y-x 
2 - l -1 . 1 L+ 1 = - 2(2 ) + -ylog -r-2 y-

1+ 1 (~ + 1) - 1+ yQo(Y) ••••• ( 8 ':"'b) = - - ylcgr --- ) = 2 y - 1 

Be cause of recursion relation 

or, 
(2n + 1)xPn(x) = (n + 1)P ex ) + nP ( x ) 't"I*' n-I 

~q. (7 ) becomes , 

Here, 

-( ~n -
2n 

I 

1) f+'p (.Jt. ) dx + 
n-I 

-t 

J P n-\ ,, ) ~; o. b c us e 
- 1 

Therefore , 
Qn(Y) = ~~~-=-l ) Yn-~Y ) - ~~-=-11gn-~Y ) 

n n 

( 

Or, 
( l +1) Q l ( y ) - (21 -I 1)yQt( Y) - I Q.t_,(y) •••••..... ( 8-c) 

All Q;s can be e~pressed as combiwlations of Qtand Qo where 

Iol o( y ) = 110 (y + t)/( y - 1) 
2 

Hence, the s ingularit ' es are determined by lloe( y + 1)/(y - 1) 
2 

For IY/>1, (y+ 1) /(y 1) i s positve, 10 (y + 1)/( y - 1) i s r ,al 

.l! or tY1(1 , (y + 1)/Cr - 1) is negative ; consequently Ql is complex 

T refore by 'c artz~s refl cti principle 



It 
= Q,.(z) .................. . ....... (a-d) 

Al so , be ca use of log( y + ·1) I ( y - 1), y=1 , y=- 1, are brancli po inte 

and branch cut may conveniently be taken along t he real axis to 

connect these point s. 

The di scontinuity a l ong the cut is given by, 

Dl(y) = 1lilO rQ1 ( y + irtl - Q,(y - i'\l 
2i.'l 'f\.~o L 

By equation (7) +' 

ThuB, 

Ql ( y + i'1.) = 1 ( PI, (x)dx; 
2" ) y + i'1- X 

1 lim Qt ( y + 
2 1 "1.+ 0 

-. .. 
- i"\i = 1 (Pdx)dx . 

2"JY-iyt- x +. 

-. ~ i '\2 - Q,(y - i1)) = 1 lim 1 -2i P ( x ldx 

But, lim 11. ¥ =n ~(x-y) 
'1. .. 0 (y-x) 'l?- +. 

2i ,,'0 2" (y-xF-yt 
- I 

Hence, DL (y) = - ¥ J b (x-y )Pe (x )dx = foy \y\" 1. 

Because of ( 8-d ) 

or, 

= 1 lim /Q( y + i 1)) -
21 l'\"'<C~ 

DL ( y ) = I m.Qt(Y) = - TlPI (y) for \y\ < 1 
2. 

Eq. (6 ) IOay be writt en as, 
+1 .. I 

I t = 1J P (x )dx = 1 lJPIVl dx 
2_ ( a +ls (1-x ) 2S2_. ( a 2s)+ 1-x .. 

It = 1J 1 P, h )dx = 1 .CJf:y) 
2s 2 y X 2s 

-I 

where y= (a/2 s ) + 1 

( I .. 



• •••••••••••••••••••••••••• ( 10) 

(a/2s)) ~ co pI ~ for 11 + (a/2d)\< 

Since I a"> 0 this eans th t 0) ~ ) -2 
26 

Or, I i 
t co pl . for 6 > -a/4 

0 i 11arly, Ilis r al for 8< -a/4 

1 0, "* * 
II s) = 1 ~(1 + ( .. /23)) = 1 (1 + a ) 

23~ 2s~ 2s~ 

Hence, I ( 1 1 

for s coplex 

It has brancn poi t s at s = -a/4 and =00 and a:.Jsocited cut 

'lonu th ne tive real axis and a i~continuit y 

J!'urth r, 
1m • 12 ( ) ;:-J. it p Go ( 1 + a ) 

~e 2 is' 

for r al s < -a/4. ot that for s) -a/4 th jump and I~ are zero. 

~ or l =0, quation (~» may b • ritten oS 

-+1 

iR.J ~!ldx 
2 ., + I I 

-I 

ls~~')dt'ds'+ 
fs -s -i1)} 



;,r , 
f ( ) = - AQ (1 + - ) + R I ( B ... 1.:.' ) 
o is- 0 20 

He!l.c , f ( I o S 

f(6) 
o 

= 

00 

1 I; - t'~(( (~ ~t' )dt(ts ' 
2f1l-[ 2- :JJ.r(S-S-i~ + 

o 4K.,1. 

I "-

+ 1-) -281 dtds' 
28 VJ 

Fort? 1, ( f ... om ) 2 ) 
co 00 

it ( s ) .- - >.. ) ( 1 to _'L-) 
r .1f~ C? 9;,,' ).1 l ( 1 tt')dt'd j ' ... ... ( 4 ) 

- " ). , -
~S ~.., 

.., n S -8 -iTL 2s -'.0 

°4~1. 

=l2,{~1 +1 )J IIe.c _ u·se has b n mace o j' fact th t P.t. ( x )dJC 0 

Equations (1 . ) nd ( 1 ) are th an'ielat m r prs ntations 

for th p rtial v ampli tudes. 

J!o Q. ¢ 0 , l.t i s :3een t hat < ., olution of the int egral equation 

i a not requir d, becullse, in principle t Ie "t, the w 1 'l.t function 



i ~ already Anown and f (8) can be determined by quadrature .,.. 
Pori =0, & di fficult nonlinear integral ' is involved. Co nsider the 

'l-
when s > 0: Qo( 1 + \(/20) anti .... (1 + t' /2s) are real,because Q.(1 +1.12.; 

i s real for s ) -a/4 . Taking imauinary part of (13) one obtain., 

+ t' !.2sl dt ' d. ' is :P-J 

•••••••• • •••••..•• • • •. ( 1 5 ) 

t:-Js i nl the i dentity, 

1 = , 
s • -i YL 

lImS:OO(~( a; ,, ' , 
n~ )~ 8 -i 

o 4"' ... 

P 1 
--~ s - s 

00 

+ in ~ (s ' - .) 

r t; _ 1-s1 dt ' dB ' 
2s J t1 .. 

= If'?t s ,t ' ).1(Qo(1 
IT 2. 
4 1(.~ 

.nu f l Im.S - ,,( . , d. ' 
n 5 '-5 -i'l 

o 

= gee) 

Hence , Eq . (1 5) becomes 

"" 

+ t')_ '~l1t' 
2a l'} 

= 1m.fo{s) -lS~(a,t"1[Qo(1 
n 28 
4~ 

g ( e? + t') - 2sldt ' 
To tj 

Sabst it uteng thi s in equation (13) one o bt ~ins 

(lS-A 

.•••••••..••••• ( 1 6) 

o 

which is an ~ntegral equation for fo(s). Itl s nonl 1ear because : 

! ;n . f t ( .. ) =,Jr;SinS!(. )L~XPi~(SJ -eAP-i!\(S )] /2i 

=,,"5i n2 (a) 

Also, from (1-a) 

. ......... .. ..... (16)- A 



· , 

Therefor<...: , -. an.ce the unonlln~ar i ategralf. l s sol ved I eq . ( 15 ) - a , 6ive:; 

l'he ·~a!ld elstJ. ,:l re;>!'csentatlon eq . ( 1) and (14) also exhibits 

tile analyt ic properties of the part i al'll ve a:npl1tudes:rhe p:lrt1al 

wave amplitude f1(9 ) (l"or allt) have ac n e ,,1 11. the real 9-.<.X i s 

il'O~ ;:i == D to l:"l = l] , ani cOlZles fr ow t he de:lo .ln3.toE S ' - 5. It is 

sLu.ilar to til t of ttll full amplitude . In addition , there i .:l180 

4 ~ 
a cut alon:; the negative s - ax i s . The first Born terms -()../2s ... I..( 1-dV2s 

hav~ a cut fre>m 5 = - 1\/4 to 8 = - -:'I) c:s.U .. the dOCl ble integral 

,« ",2 ter:na a hove .... cJ.t fro.!.! :3 :: - 4-,\..:4=- .,-10 :: - 00 . Th, cuts are 

r presen t ...:d bol o:. 

i ll a Born t ype aer i es , 

2 2 
... her (>vani s. es unless t '.)( n 4- 1) '-l . (seesect 1 0 :,.!II). "·ience for 

t t~e ata term th~ elrec~lve lo~er li~it of the t ~ i t gration 

i (n + 1) \2 I and therefor , branch points occu.r at: 



" = -1\:. 
... ;z. 

-1K... . -~ . .. .. . 
4 4 

Thb c orre~ponaln~ cuts overla~ s o htat the n~5ative cut in ( e) 

>­
at.arts at B :::: 4\j4. Di scoQnt i ng t he f irst Born .. 
t erm t ne cut starts at s = -~ . of t he full ampl itude 

"'"' The d i spers i on relat ions (1 , ) and (1~) may for~ulated to 

e.,h~bit explici1; ly the anal ytic prope ties of ~ ( s) . Thi s i s d one 

Nith the help 01 Cuachy's t heoren. Por this t he knowledge 0 1 the 

brhaviour of f~ ( s) as s~ ro i s necesaarJ. 

from (16-a) • 
¥.(, (a) \ ~ 1.49 80 that f.('<s)-'>O • f or a-7<.O . Ie 

can be sho~n that t hi s hold. true in any direction. Usi~ t he 
notation, • 

ftB ( s) = - (~2s )~a + 1~/28)ror a l l L . or from (10) 

• 

Cuacby' e for i.D.ula f or ~ - t'~B=ctsay) , can be sopl ied ar­

ound the co ntour shown in flg.-2; because , c has a cut f r Oll B= _ l~ 
to 5 :::: - aflnd from 8 :::: 0 to s :: +- cP, .-deo 

(lor L;>1) 

~ 0 ) -"0 for 84CO"thue 

i 'or 6~CO 

c ( e) 
l 
=l~d.' 
2i~ 

(, 

= l~' s'ds ' + 1 lim r..,. ,+ u) - c 6 s'-i1)d ' 
2i n - 8 2T rrJl-~,» F 8' - S S 

e p> 0 

+ 1 lim I~i 8 ' + i~) - c J. a ' - i~}da' 
- CO -"OJ 
21 1\ 0 8 '- 8 

wher e the f irst intengral is zero. 

t o take ~~he caee when e i e r al it i8 customary to write 



'Z. 

-"-
.( (5) - 1. B(') r A, (5 ' ) d. ' b- ll (5:1.-2.3 ' ...... . ... ( 17) 
.t J s ' ::;' lrL s ' ::;' iT). fod_~ 1 o _ 

Nhe+e.i, dJ ~ (S)[-has a pole at s ~j&l .Thua , 

f (ol) - f B(a ) A.(s'd6 ' _I B (a ' j '!,~ ' /+I EI .......... . . . (18 ) 
o 0 s ' s irL J s ' 6 B _[ 

-00 

The we i gh. function t and l are real( for a11.(, ), b. ca ua e : 

,. 
= 1 m.\!s') for s 'real a nd s.I:'-1(/4 

,'or "'-:7 -< /4 , 1m. I
t 

( s ') = J .Tal<tng Imag in l r y part of ( 17) and (1 8 ) 

one a btaioa lor all dL, 

Ue inJ" 

1m.\(8) - ]n\~ a) = li"{ sl + 0 for 5 > 0 

Im[f (a) - f (sJ .ri\( a ) 
~ 

= 0 for s L... - 'I\.: 

But f or .> 0, ft-B(s) 1" r t:'al,He ncc, 

c omplex 

Therefore t 

1m.ft.( s) ~ 

1.il. f.e (a ) - I m':!i.G( s) 

He nc e c~uation (17) and 

il h·l't.D(s) = 

s > a 

0; and fo.!~ 

(1 8

r
) can be wr1tte~~< , 

+ R +.1 1m .f(.'da '+ .1 ~ 1m[fb(,-,s:';;')_-::-'if1~"~(s'~ d s ' 
'..--+lEI n a' - 8 i'lL 11 s' - s T1. 

() - CXl 1'1- a 



f (. 1 ~ f n(s ) + 1 1~.& (~)d.' + i( 1m.£!4~.L=-c..lL.~ll.d.:: .. (t r 
-"!(.~ 

e. L 1T s - e ~Yl. Ii ) B - S - If[ - ( IQ-b) 

-GO 
Nueret p 1. 1~ i. knoNn the integrals over tbe part of the negative 

r eal axis i s kn of.'n . Take t be i x,-.sinary part of (15) wben s< ;("i. e . 

!:n(f (e) -f (e~ ~ 1 1mrf---.i. ;t' ) -it.,,( 1 + t' ) - 4] dt' ds '+~' 
• 09 n" Jjs-s - l<t 28" 2. t 

' 1 0r!.l-~ ;(3 ' ) " ......... . .. . . .... . . (20) 
IT ~ (s y- . 'is) 

Ln tile double i ntegr"l Q( 1 + t'/2.) i s complex if s < -t' /4 or as 
• 

the lower limit of 1: ' 13 ~2 , "'11: 0 (1 + t' / 2s) i scomp_ex if 3( ~2, 

llence, 72f 
.!. 111\ .., (. ; t ') . . l "b1 + t ' 12u, (- 2a\ dt' do ' 
rT~ J s - 8 - ~Tt. de \ vJ 

o 11~ cPu> 

~ l~~S)Q(e:t ' } '\l~dt ' ds ' 

n:·./·- ,rf:~"l ,:.H" · ";,,' ." 
<1d O, b r_ 6(" ' ,Ld~~':"'1T;:s~-s" ) e ( :~ )ds' =O for .L-\\.2 

1.&'- .<\'-~ "2. .J; 
[Ising , Im~\ (e) = (2s) -'(11'/2 ) Pt( '1 + t' /26) for s..(-t'/4 

~ 0 for "7 -t' 14 

or, equivalently , lm.l,t. ( e) ~ (2 s ) - 1(11/2).P~( 1 + t' /2 .)e(- s - t' 14) 

Eq. (20) becomes , 

~ p\F_(s ' t " . P
o

( 1 + 1 ' )6(- a-
4jf~~ 2s 

04"; 

t'}dt'ds' .... (2 1) 
4 

};CJ.uat ion (21) i s also v a lid for "ui. a can be seen bJ u. i ng e'1. (1 4: 

instead 0 1 ( 1;) . ThuR, 

l m.l!o(s) - foe(SlJ~ p~r' S 't" . b(1 + t')e( - a -1')dt'd.' ... . . (2 1 , 
'HIe ~ 28 4 

~~ 
i . valid for all t snd .... - ro<.s<. - .3 . Wben considering e'l , (19-a, b) 



equation (21) should be taken under the integral (tne last one). For 

,. 
s 0 , Qt( 1 r Ita is real .. 'Eakins i maginary part of (14) one obtains 

Im.1:. (.) = lIlIlf { . ;t' ). 1QL(1 + t'Odt'ds ' 
~ n~> d ~ s - ITf's ~s 

= 1 TW(a,t ' ) .1~(1 + t' /2e)dt' 
i1 2a 

4v... F 
= i/t\ Q(.,t') ,(. ( 1 + t ' /2.)dt ; L ~ 1; 0< .<:.W 

2 '1;~ 
Hence tnu disperaio. relation 19-b, for.L~l are not integral equatio, 

but are juetquadratures. 'Eh ie i s true for e~uation (14).?orL =0,008 

obtains a nonlinear inte~ral equati on because with the subst itut ion 

1m.f. (e) = \;r;\u: eJ 2equ"Uon 19-8 becolll88 , ). 'f -~ 
fo(e)=i oB(.' • P 1-..1..\ '(9'f,,(stdS ' . r1r( h.C! \6') - f~)1dS' 

e+IE1 TT t) 6 - a - i'l -1x, g - ~.7.~ ... .. (2 2 

This nonlinear e~uati oQ can be solved by a method known as the 

1I /D .. ethod. 

Aseume that fo(a) = H(s)/P(s) ......................... (22-a 

whert:' , 
for s" 0, ( a ) N is refll nnd has a b anch cut aldnJ the neg-

'). 

ative r ea! ax is from. s - -~to !I = - <Xl 

( b) II i s real for 8<0 and has aou r. a~ong the posit ive real 

ax i s from s =0 to a =-090therRiSC, both N and ~ are regular.It ia 

alsv asaumea that 

(c) D( a) --" l .. hen s _0:> . ~ inc f o(.)- "' , for .~a:l,> 

thersfore K( .l~O , when s~oo. 

B.cause of the asstwled properties of .1 , I( ' ) Ita' - a) 



~ 
i "etSratc "tne cont-our 

I 
i 
I 

'- t-

I 
I 

/ 

or v~CO, ; ~ ;.t1enc, -tCItt 

~- ( s) = "1 r ~ ... 1 "' li 0 f:;.;...:> (~s~' ..;...;1-1.:::;.;;' J3~)_~~-..:~ 
2~ r_S ) .. ' 0 2ni ' -~Jr s'- 8 

C -(]:) 
or b'complex . He nce, 

..••..•••...•.....•....... _ .. (23 ) 

s imilarl.,r , r t a~ ...J ( 30-.)1 for 3~C), ne obt- ins on 

i tq~rd.tln..; ar U Id a contoQ't' 

D( s ) =1 1 
1\ 

I 

......................... ( 24 ) 

dince N ~) i s re'l for s ~O, e uation (22-) i es 

1m. D( ) = (8)1 (1/f()( })f L' 8>0 . 

Usiuo I . . fe(s)-IS (8)\ ~ on obtains 



ImL'o(§~- l = rm 2~ = - 1 lm£ = 
E -0) \1\_0 

If o\ a 

so tnat 
~ 

ImD(s) = - (a) N(a) (for A >0 ) and eq. (24) may be wri-

t ten a.s 
•...•..•.•••......•....• ( 25 ) 

.. 
Al so, D(e ) i s real when - m <. s<.. 1\t4 
Thus , 

AS, 

"'rom 

Hehce, 

ImN(e ) = D(s ) Imj'o(s) 

= - (A/2s)~.t.~ 1 

• 
for a<- t\. / 4 

applies i n the regi on 

1", .1;, =_).IT + • ?'r~ ( s;tl9 ( "'$ -tldt'ds' 
4. 41\:i1 J" - • "4 

0,<1(-

I DI . N(s ) = ~( s;K( s) , 
, 

2. 
0<-1\: / 4 

Subot1tut1n5 in (2 3) -'njJ.i 

= 1 r Q..0; ") il(B ") d " 
l'T j B '-s -1,\ S 

-Cf) 

N(s) / 

=OI.(s) say , 

• •.•• • ..•• • ..• ( 26_ 

wherea( 18'/'1 a known functi on. Eq""t.L on (25) a nd ( 26) f orm a coupled 



'h nce, 
D( s ) 

or, 

-tL/~ 

= 1 - 1 r ( s " ) D;)6") d " 
r." .. /" 6 ,\ 'y -s + s 

-(;J.l 

D( s ) = 1 + ir\~~~,"l~;S") dS" ......................... ( 26 ) 

~~P-t 
2-

Subsitut lng , S" = 1 , 

~~ 
f or "=~ /4, ' x = 2 /~ 
f or S

It 
= 00 , x = 0 ; ds" 

cncc, 
")(s) -

-)I,., 
Put (s)= r 

Thus, 

Solutio 

(-y) 
I~ 

= 1 + ~ r 1. ( -1/ 2 )D( _ ) dx 
rr J "1,.). 1 ' xis 

o 
f 'tij.e D-e ~ ution ( 26 ) i s equi valent t oc o · putinC t h (;W L' 

bindin ener y; because: the zeroes o · D gi ves the poles of fo -

an sinc_ t e poles Ol fo, by t e di pe~tio relat lo lS , ure given 

by t he boun ... B = - E , tnerefore tne s ol uti on of D 

is equivalent en r - . "he r sid' e ... i s given by 

R = Ii (~+JBt )~~ 
S~-\£I ~ 

_n approLimatc e'thod 0 solving tbe D-eq. s uggest ed 

Chew a nd . a nde l s t ·m, is t approximate the left hand cut bJ pole 

lJ t t tl '?:(;ut, rep aci .::> th be l" ca t ed at .=-s o( so) O) 

and l e t it s s trengt~ be cb~'cter'5ed by a re~1 para eter J. Thus 

uw Lt i u , S 
Imf o( ~ ) - ~F (8 + 6 0 ) for s< ->0 / 4 

2-
But, for 6(-"\1 , I l~ = D I"!lfo ; 'e ilC_ fro (2)) one obtai ns, 

- /4 -'\?"/t-t 

.0) =.1 J D( '1 fo(s')ds'= 1 ~- Ds ).8(s' + So ) ds ' 
IT s'- 3 - ffL -CO s'- 6 - i"1 

= .. (BE-sof,.!so+ L> ) •••••• •• •••• ( 27 ) 



S ub Btitutin~ in quati o ( 25 ) one obt a i ns, 

DCs ) == 1 - :B' \ \ ~ 'r~ D.( -S daS~ 1- FD(- s o) •......... ( 28 ) 
1\ j ( s-s - 1f1. ) ( s o+s j lSo+ if-s 

o 

put t ino s = - s o ' ne 0 t a in s , 

( '2.7) :...nd ( 28 ) c a n be r it to. as 

.............. .. ......... ( 2 8-a ) 

here , 

F - ?/s o( s:)+ s ) 

D(s) = 1- 21J So ............ . . . .... ( 28-b) 
(.p +~/s o) (Js o-f../=s ) 

f o( u) = ~ = 2 14' / 8 00 (";s n+ ~=s ) 
1) ( d ) ( s + s ~ ~ 'b' + 4{rr" -;J (I..fi 0 +:.F-"S r-"2 ~Vs 0 

• • •••.. , '?9 ) 

The effectiv e r ~J.ng c ori.i1Ula i ' , 

r f 

~~ cot = - 1 + 1 .retfS . . . . . . .. . ............. ( 301 
<:( ~ 

e fe e t· e r allg J , 

= SCc t ~.Ie r in l eng t h def ined bY' q; - I i ~ 
k 6 k

O 

13 (; U · se 0 

O i' , 

Th e r e 

R·' (8)= 

I . .l. (:3 ) 

io( s) == 2~Fo )' (rs o I-

( s o+ s ) - (-

- ~ J I , ::8 ( f' 1- 2y'G 0) - yo a ( ~- pI D 
)( .l! r 21 0 'f -{so ( 2·rs 0 - i ) 2 J 



bound s tate . I:'o.e ~ .. Il egative , no bound etattJ can ex i st. 'the reaeoo. 

for t h i s i t; t h.a t So ;nue t be sO!lluwhere"Sn th e edt': L e . - S<- t\../4 
..[cJJ. 

\'i hereas the bound", i f any , mua t be to the right of the cut, 

t nat i s , -8'>-;\"/4 . Bllt 11 r' <v , the cond ition.,.'-".>6Cfi r d t ti he e t) 

cannot be satisfie d unle ds .v-s>Jdo Laply ing that -8< - ,-t/4 

Thu s ir r e upe:.::t i vc of t i le i.1 ,lgnitud e of F and thr: v a. lue of so ' 

t he r e cann o t b e a b uu ntl sta te if ~~<.O. Therefore . 1" /,0 corres po na s 

t o an attra ct i ve poten U al and ,. <0 t o a r epll! s ive po t e nt i al 

and rao char acteri ses it s r a nge . 

If a bou.nd s tate oc c urs , the bind i ne; e n e r g:; i o g iv e n by 

IF -260),6 1;,;1 ~ \P-;:'2Ts,; 0 

'the accura cy 01- t h i ~ a ppr .;x i m<lt iofl llI. ~ tho li c an be i mproved by 

a ppro xi :nating the negative cut by seve r al po l e s . Thi s will br i ng 

in new· parame teTS . 

If i n s te .ld of one S-bou nn s t a t e and one ;.- ubtract ion , there 

u r e severa l b()uud s t a te s severa. l s ubtra ct i.~ ns a r t.' n ~ c e s sary i:1 thi: 

full :'~.a ndel ..i taw r e pr es (' nta ti on . then , cons i der ine; (n t- 1) subt r a c ti ( 

I(s , t ) ~ 



o as \S\- li) ,t ,~at i;-.;. ,there ·.il1 be t 
"' 0 t 

subtr c t ions .needed f or ,. ' cll ft . . ~t u cth · rmore t al l part l a l ave ... 

i th ) ~ n . 1 , i 1 be de termined by quadrat ~res ver the ~ c ibht ~ct . 
J.c 

Q, whi cn i s k o· n in rinclple. lowever, or2,.{... 1-1, , nonli eLr J-

1;ion -. ill h''iv<-= to b<; ;3 01ved. An :~ / j) ethod fo e ' ch I ay bp U f 

i.e. r : r / D and non-sin~ular ~redh o rn-t y e c~u tion f or th 

fUlct i o'd ure obt a ined . l h kerne l o ' the i ntegral c ~unt ions 1 

b g iven i n te ~ of the vo i ght fu~ction Q ,but 0 s u bt r ctea . 
\./ (J ) . 

' i s '''rs i on may b t nee e f or the ~ -e ua tion • The < u t raction 

constants remE i n undetermi ned . 

Iti ~ P ss i ble th t 1e Schrbcd i ~er equation " Y be 

r e pl' ced by t11 Iande l ''' t am r epresent ':l.tion and u it rity , t hus 

tt ' l ~ )rJ 10m rn ' t n. bo nd Rt a e . ~h i ater ct' ~n i 
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