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Abstract 

We investigate the thermal entanglement for the Heisenberg XXX model in 

an external inhomogeneous magnetic field by using negativity. We further 

exploit a measure called quantum mixedness to study t he interaction of our 

system of spins with the heat bath. We study the properties of thermal 

entanglement by parametrically controlling the inhomogeneous magnetic field 

on an individual spin. It is noted that the variation in entanglement is 

symmetric around the applied magnetic field. In the ferromagnetic case, 

introducing even a small amount of inhomogeneities in the magnetic field 

can lead to the production of significant thermal entanglement which shows 

that t he thermal entanglement is highly unstable in a given case. 
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Chapter 1 

Int roduct ion 

Entanglement is among t he most exciting features in quantum mechanics, 

which plays a significant role in quantum information science. In recent 

decades , a considerable amount of intensive research has been done on quan

t ifying t he entanglement in condensed matter systems, both quant itatively 

and quali tatively, with the goal of exploiting them in quantum information 

and communication t ask. In solid stat e structures like spin chains, quan

tum entanglement is an emerging field of research nowadays [1]. In contrast 

with other quantum systems, spin chains are the most logical candidates 

for realizing entanglement. The Heisenberg chain has been utilized to build 

quantum dots and quant um computers [2]. Entanglement is a very fragile 

and delegat ed phenomenon that generally doesn 't show robustness when the 

given system is in thermal contact with its environment such as a thermal 

bath . Therefore, the investigation of thermal properties of entanglements is 

inevitable t o be researched . 

Therefore, in order to study the thermal entanglement in a Heisenberg 
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model , WC' arc C'Onsicicri ng the ferromagnetic ann the nnt,ifen omagnC'tiC' case 

in which spills ure aligned parallel alld alit iparallcl n.'spectivc1y, below n cer

tain lClIl perfllul'c known flS CtII'ie and :'\eel temperattll'e respectively in the 

presence of the ex ternal magnetic field . Along with the exchange interaction 

of the spins which is responsible for the specific alignment , temperature a lso 

plays an important role in the alignment of t he spins and henee on the corre

lat ion (EntnnglcIllCll t) of thc system, in the presence of t,he externAl magnetic 

field. 

There has been a lot of int riguing work bcing done on the entanglement 

of the Heisenberg spin model [3J. However, only the uniform field case IS 

thoroughly investigated, but the case of the non-uniform magnetic field is 

rarely considered. In any solid state system, the possibility of inhomoge

lltXIHS ZCl'lIHlII coupl ing exists [4], du ri ug the general,ioll of qubil.s. Then.'

fore, it is cl'ucialto discuss the thermal entanglement in the presence of the 

inhOillogclleous magnetic field. 'Ve are discussillg the lhcnnal entanglement. 

in ferromagnetic and ftntiferromagnet ic cases in the prcsence of the inhomo

geneous field for differellt values of the temperature while using negativity as 

tiLe entanglcment quanti fier. We also use quantum mixedncss to st.udy t he 

crfect of iuteract iOll wi th the cxternal systcm. 
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1.1 Spin Hamiltonian 

1.1.1 Quantum Spin 

Before discussing the Heisenberg model , we have to understand the quantum 

spin . The electl'On has an intrinsic angular momentum in addition to its 

orbital angular momentum known as spin , which has nothing to do with 

the spatial degrees of freedom. The int rinsic degree of freedom or spin is a 

completely quantum mechanical notion that has no classical realization . A 

magnetic dipole moment , ~tL of orbit having an area A, in which a charged 

particle is in motion which constitutes current I is defined as, 

PL = l A, (1.1 ) 

t he loop current associated wit h orbiting electl'Ons having constant speed v 

is given by 

I = ~ 
T ' 

(1.2) 

where T is the time period of the revolut ion given as T = ~ , and w is the 

related to the velocity of an electron as w = ~, and area of the circular loop 

for electron orbiting around the nucleus is 7rr2. 

Using these values in equation (1.2) , we get, 

I = ew = ev 
27r 27rr' 

(1.3) 
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so, cq\lation (1.1) can be written as 

ev 
/1L = (2,)("")' 

evr 
11L = 2' 

where orbi tal angular lIIomelltum l~ of the electron is defilled as L = meVT'o 

So, the orbital magnetic moment of negatively charged electrons can be writ-

ten as; 

(1.4) 

Here, the negative sign shows that the direction of the magnetic dipole mo-

ment of the electron is opposite to that of the orbital angular momentum. 

Similarly, magnetic moment due to intrinsic spin , which is twice that of the 

orbital lungnetic 1ll0l1lcnt of electrons due to relativistic cffect is givcn as 

(1.5) 

where S represents a vector operator of spin angular momentum which gives 

magnit.lIde as well as direction. S ha.':i t.hree components Bx, By, Sz which 

can be expressed in term of the Pauli matrix given as; 

(1.6) 
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where, ax = (0 1), ay = (0 -L) , a z = ( 1 0) are t he Pauli matri-
1 0 L 0 0 -1 

ces. 

When an electron is placed in an inhomogeneous magnetic field , a force is 

exerted on the electron's spin dipole moment , the direction and strength of 

the force are determined by the relative alignment of the field and the dipole. 

This force has a tendency to align J-Ls along t he magnetic field , causing /-Ls 

to execute the precessional motion. If /-Ls is in the direction of the applied 

field , t he electron will proceed in the direction of the increasing field, but if 

J-Ls is in the direction opposite to the applied field , the electron will move in 

the direction of decreasing magnetic field . As a result , the atomic beam will 

deflect in accordance with the spin orientation of the electron. 

1.1.2 H amiltonian 

The Hamiltonian is generally stated 111 t he form of the sum of operators 

relating to a system's kinetic and potential energies. 

H=J( +V, (1. 7) 

Let us consider a special case in which uniform magnetic field B is applied 

to a system having magnetic moment /-L related to both orbital motion and 

intrinsic spin of t he electrons, the potenti al is given as, 

v = -J-L.B , (1.8) 
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where, I-L = I-L L + I-Ls· 

The major source of ferromagnetism in atoms is t he spin of electrons, while 

the orbital angular momentum of the electron around the nucleus also plays 

a role, but very small so, we can ignore t he orbital magnetic moment of the 

electron for our special case of ferromagnetism . As we are not considering 

the orbital motion of electrons so, the Hamilt onian of such a system is given 

as 

(1.9) 

for our special case of ferromagnetism which has spontaneous magnetization 

in which spins of electrons are oriented in a specific direction because of 

the interaction between the spins of electrons with each other and with t he 

environment given below. 

1.1.3 Magnetic spin exchange interaction 

P auli 's exclusion principle essent ially causes exchange interaction. This in

t eraction determines the orientation of spins, especially in ferromagnetic ma

t erials, i. e., whether spins are parallel (ferromagnetism) or antiparallel (an

t iferromagnetism). The repulsive force between parallel spins is caused by 

the exchange interaction . On the other hand, it produces an attractive force 

between ant iparallel spins. In a ferromagnetic material, t he overall resul

t ant force can be represented as the vector sum of the Coulomb forces and 

exchange forces which is quantum mechanical phenomenon with no classi

cal counterpart . The first is caused by the classical distribution of charge, 

whereas t he second is caused by the quant um distribut ion of spins. Ferro-
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magnetic materials balance these two forces to get the minimumenergy (there 

might be other interactions t hat could affect t he total magnetic moment of 

electrons are discussed below). Ferromagnetic materials , achieve their lowest 

energy by generating magnetic domains of different sizes. Each domain has 

saturation magnetization, which means that all of the spins in that domain 

point in the same direction. The addition of all the Coulomb and exchange 

forces using addition results in a minimal force, indicating the material 's 

stability. Anti parallel spins are also present in the domains of an anti

ferromagnetic substance with attractive exchange force and Coulomb force. 

Again, the vector sum of the forces across all domains gives the material 

minimal energy. 

1.1.4 Types of interaction 

The spin Hamiltonian is a useful way of classifying the coupling mechanism 

of an electron spin with other magnetic moments in quantum mechanics. 

This Hamiltonian includes all of the magnetic couplings that will afl'ect the 

energy of the system. Coupling of an electron's spin vector S with any other 

type of magnetic moments is often of a mathematical form as described in 

the following subsections: 

1.1.5 Spin-orbit coupling 

Spin-orbit coupling is due to magnetic interaction between the electron's spin 

and their orbital motion. This coupling is based on the orbital featuring the 

unpaired spin overlapping with other orbitals. The spin-orbit coupling is a 
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type of internal coupling that contributes to the spin Hamiltonian as, 

(1.10) 

where, f3 is t he spin-orbit field while, L is the orbital moment of electron 

interacting with the spin of electrons. 

1.1.6 Antisymmetric interaction 

The Antisymmetric exchange is also known as (DM) interaction is the inter

action between two close spins 8 i and Sj. The contribution of such interaction 

to Hamiltonian is given as, 

(1.11) 

Where f3 is the spin-orbit field dimensionless parameter and tells about how 

strong the coupling is between the spins. In order to minimize this effect, 

it can be seen through the above equation if f3 is pointing in the direction 

opposite to the (Si x Sj). There is some kind of perturbations like spin

orbit coupling which breaks the symmetry and leads to the antisymmetric 

interaction or DM interactions. DM interactions are responsible for the fer

romagnetic character in antiferromagnetism. 

1.1. 7 Zeeman coupling 

A coupling of the electron 's spin with the externally applied field is known as 

the Zeeman effect . Due to the Zeeman effect, splitting of the spectral lines 

14 



occurs. lts contribu t.ion to spi n Hamiltonian is; 

(1.12) 

Where Ilo is thc strength of the applied magnetic field , Itc rcpresent the 

magllet ic moment and S~ is the value of the spin vector directed along the 

applied magneL ic field . 

1.1.8 T h e electron exchange interaction 

Excl18ugc int.cl' tlct.ioll is a purely quantum mechanical phcnolllcnon t.hat oc

curs among identical part.icles which do not possess any classical analog. This 

effect is due to the wave function of indistinguishable part icles like the elec

tron being subjected to the c-'{change symmetry. In other words , this kind of 

interaction occurs when t, .... o indist inguishable part icles exchange t.heir spatial 

parts. COl\sider two (\.tom~ with an electron in thcir outcrmost shell having 

t.he sanl(.) Spill cither tip or down. \Vhcll t.wo atOllls mc at. a distance with t.wo 

different cnergy states, then, it is possible for electrons can have the same 

spin, but when two atoms come close to each other, such that thei r orbits 

are overlapping and two electrons of interacting atoms are sharing the same 

quantum state, then the Pauli e."elusion principle does not allow electrons to 

have t.he same spins rather hnv(" opposite spins. Thc gcneral Hnmii tonian of 

snch n syst.em is given as; 

H = Iio+ J/~. ( 1.13) 
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WI1('rc 110 is usually coulomb interact.ion part of Hamiltonian whi rh has 

not hillg t.o do with such kind of CXChfUlgC int.eraction , only 1Iu; plays the role 

which is spin dependent given by Heisenberg as, 

(1.14) 

E± = C± J. (1.15) 

vV lll!rc, C rcpresents cllcrgy corrcspolluing to Coulomb illteraclioll ami J 

represents energy corresponding to e.xchange interaction. Value of J decides 

in which state system wi ll tend to move either E+ 0 1' E_. 

In the case, J is positive (J > 0) then, E_ (ground st.ate) IS a marc 

favorable energy eigenstale which corresponds to the !Inti syuunct ric linear 

combination of t.he two dcct.roll spat.ial wave fllllct io ll ti and a symmct.ric lin

ear combination of the spin wave fUllCl,ioll gives rise to paraliel spins resul t ill 

ferromagnetism. \Nhile for the case, J is negative (J < 0) then E+ (grolUld 

state) is a more favorable energy eigen state that corrcsponds to the symmet

ric linear combination of the two electron spat ial wavc functions and an anti 

symmetric linear combinat.ion of the spin Wa\'C function gi"e rise to nnti par

nllei spins reslliting ill fl nt.i rerromagnetislII . (Note, for Olu' (,OllVI!Il icILCC, wc 

nrc nsing positive Hamiltonian (Jif!X) ' then (J > OJ is for antifen omagnctism, 

and the case (J < 0) is for ferromagnetism). 
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1.1.9 Complete Hamiltonian 

In the light of the above types of interaction , a complete Hamiltonian in the 

anisotropic llIediu\Il uuder t he influence of the IIlngnd.ic field HUci c1ut! 10 the 

perl.urbations like spin-orbit. coupling and Zeeman effect is given as [?] 

II = J5, .5, + (3.(5, x 8,) + 7(3.(35,.5, + 1(5" + 5,,). (1.16) 

Where, I is the degree of anisotropy, which gives informnt ion ahout t.he 

interactions in different directions. Equat ion (1.12) is the complete form of 

the spin Hamiltonian in which the first term is due to Heisenberg exchange 

interaction, t.he second, and the third term is due to the spin-orbit coupling 

type perturbations, and the fomth term is due to the Zeeman effect which is 

of our interest to study lhe entanglement in the inhomogeneous field . 

Althollgh theoret-ienliy, illvcstigat.iolls of eutauglclHctl t. for vmious forllls 

of 8uisoLropic interact. ions are interesting, Lhey may 01' may noL have consid

erable prAct ical application in the physica l reali zat,ion of qubi ts. We neglect 

anisotropic perturbations in our thesis due to their small effects and t he fact 

that ways to cancel such an isotropies lu\ye been developed [1]. The inhomo

geneous Zeeman coupling is always possible ill solid st ate qubi t construction 

so, we arc ollly cOllsidcring lhe Hamil tonian of the type including spins ex

change interacLions nnd Zeeman effect given as, 

H = J5 ,.5, +"((5,, + 5,,). ( 1.17) 
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1.2 The H eisenberg Model 

,,verner Heisenberg inl.roduccd the Heisenberg model in 192G. T llis model 

is IIsr.d to describe the interacting ::ipin systems and also includes the st.lldy 

of magnetic systems. The model contains discrete variables known as spins, 

which fl re flIHlIlgccl parallel or anti parallel manners at low temperatures in n 

lattice. This model is used to find out the Hamil tonian for the spin system 

including lnagnetism. The Hamiltonian for the nearest neighbor interaction 

in the Heisenberg model [5J is given as, 

N 

H = L(J:i:S~S~+ 1 + JyS~S~+ 1 + J~S~S~+ I )' (118) 
n=1 

The S~, Sf,. S~ a re the local spin operatol"!) for the nth sile, and the / s;. ,J", 

J" arc CQupliug constnnts. \Vhen the two spins a re aligned pa rAllel to each 

other then, the product of spins will be + 1 and if the spins are nntia ligned 

then products will be -1. When the value of the coupling constant is grea ter 

than 7.0 1'0, t,hcn t here is an tifen omagnetic in teraction, and when il's va lue 

is less t han zcro, therc will bc R. fcrromagnet.ic intcrnc-tion . There arc t hrce 

components of spins (x, y ,':), while interactions may have only one (Ising 

model), two (X X, VY model ), or three (XXX , XY Z, XX Z) components. 

1.2.1 T he Is ing Model 

The Ising model is t he most primitive tht."'Oretical explanation of ferromag-

Ilctism. Wilhelm Lenz invented this model in 1920 and solved it by his 

student, Ernst Ising [61. In the Ising model, the iuteraction between the 
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spins is more effective in one direction (i .e. Jz), which is a special case of 

the Heisenberg model, then the other directions like (Jx, Jy ) , can be written 

as Jz > Jx and Jz > Jy. Let 's consider an external magnetic field having 

strength B is applied to N identical atoms forming a spin ~ system. From 

equation (1.14), Hamiltonian of such a system is given by, 

N N 

H = J L SiSi+l + B LSi. (1.19) 
i= l i=l 

'Where Si is the ith atomic spin with a component in the z-direction and J 

represents the spin-spin interaction. 

There is an energy difference between the two cases, i. e. when two neigh-

boring atoms spins are aligned parallel to each other as in the ferromagnetic 

case and the anti parallel alignment of spins in the case of the antiferromag-

netic. The Pauli exclusion principle is largely responsible for this effect. 

Due to the P auli exclusion principle electrons can 't share the same quantum 

state. This implies that two electrons with parallel aligned spins on neigh-

boring atoms can't come close to each other, but for the antiferromagnetic 

case , where the spins of electrons are aligned in antiparallel order, the Pauli 

exclusion principle allows them to share the same quantum state and occupy 

the proximity. Therefore, the exchange energy term J is different for the two 

cases due to their different spatial separation. 

1.2.2 XXX Model 

If Jx= Jy= Jz, t his implies that the coupling constant has the same value along 

with all three directions , then the interaction will be kind of XXX model of 
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Heisenberg . Hamiltonian for this case is given as, 

N 

H = J 2)S~S~+1 + SKS~+1 + S~S~+l)· (1.20) 
n=l 

J > 0 for the antiferromagnetic and J < 0 for the ferromagnetic case (as 

explained above). If Jx =/: Jy =/: Jz then, t he Heisenberg model is known as 

t he XYZ model shows that the coupling constant has not the same value 

along with all three directions. 

1.2.3 H eisenberg XY Model 

The Hamiltonian for the nearest neighbor interaction is for the 1D anisotropic 

XY model is [7] , 

N 

Hxy = L[(l + ,) S~S~+1 + (1 - ,)SKS~+1] . (1. 21) 
n =l 

Where, , is the degree of anisotropy given as, , =Jx - Jy and Jx + Jy =1. 

The XY model is soluble for each value of" as gamma approaches to 1, XY 

model tends to the Ising model a.nd for ,=0, it tends to XX model [8] 

1.2.4 Heisenberg XXZ model 

The Hamiltonian for the nearest neighbor interaction of the Heisenberg XXZ 

model is giVf~n as 

N 

Hxxz = J L(S~S~+1 + SKS~+1 + 6.S~S~+1) ' (1.22) 
n= l 
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where, 6 is the anisotropy parameter along the z-axis. For 6=1 , XXZ model 

Jx = Jy = Jz turns into a XXX model having t he Hamiltonian, 

N 

Hxxx = J L)S~S~+l + S~S~+l + S~S~+l)' (1.23) 
n=l 

and for 6=0, XXZ model changes to the XX model given as, 

N 

Hxx = J2)s~S~+l + s~s~+l)' (1.24) 
n =l 

Type of Maenetism SusceptibUitv Atomic Maenetic Behavior Example SusceptibiUty 
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Figure 1.1: Properties of materials 
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1.3 Postulates of Quantum Mechanics 

1.3.1 Density matrix 

'liVe can comprehend the universe of subatomic particles, atoms, and molecules 

because of quantum mechanics theory. Two types of methods can be used 

to extract information from the physical quantum mechanical system. The 

state vector approach comes first, followed by the density matrix approach. 

State vector algebra is computed by solving the Schrodinger equation and is 

used for the particles in their pure state, but the density matrix technique 

is used when dealing with an ensemble of particles. Both procedures are 

comparable, but solving the Schrodinger equation becomes impossible when 

dealing with multipar tite systems. As a result, the density mat rix technique 

is preferred. 

Pure quantum states and mixed quantum states are the two types of 

quantum states. A pure state is a quantum system in which the quantum 

state is known, whereas mixed states are quantum mechanical systems in 

which t he complete information is unknown . Because it is impossible to con

struct a state vector for a mixed state, t he density operator is used instead. 

The density operator is a general concept that can be used to describe both 

t he pure and mixed states of any quantum system. 

We suppose a quantum mechanical system exists in quantum state I'lj;j) 

with associated probabilit ies Pj, forming a statistical ensemble [pj , I'I/)j ) 1 of 

states to construct a density matrix theoretically. The density matrix is the 
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weighted average of t he operators 14'j)(4)j l, given as ; 

P = LPjl'l/lj )('l/I jl. 
j 

(1.25) 

The quantum mechanical universe exists in an infinite-dimensional Hilbert 

space, which is a complex linear vector space with t he property of commu-

tativity and the density matrix is also known as the density operator since 

matrix in Hilbert space algebra correlates to operators in quantum mechan-

ics. As a result , the two terms are interchangeable. 

When there is only one known state, the equation (1.21) reduces to p = 

I'l/I > < 'l/I I, which is a pure st ate. For the det ermination of the state p whether 

it is pure or mixed , we have the following method , for the pure state, 

(1. 26) 

whereas for mixed state, 

(1.27) 

So, in general, P = T r (p2) is known as purity of the state. If purity is one, 

the state will be pure and will be mixed for the rest of t he case. 

1.3.2 Properties of density matrix 

Proper ties of density matrix p related to an ensem.ble [pj , I'l/Ij)] are given as, 

1. 1) The condition Tr(p2) = 1 is basically trace preservation condit ion. 
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wiL",.e, (T1'(p) = 1"). 

P = L Pjl";j)(,p;1, 
; 

p' = L1)jT"(I,p;)(,p; I), 
; 

p' = L < ,pj(l.pj)(,pjl)l,pj >, 
; 

(1.28) 

1. 2) The fact that is a positi ve operator p means that its eigenvalues or 

pl'Ohauiiit,iC::l arc pos iLivc, imply ing that it. fulfills Ute pos itivity crih .. '-

rion . To clar ify the trace properLy, Assume that 111 > is a ll arbi trary 

Hilbert space state vector. Then, 

< 1}lplq > = L Pjl < 1}1(I.pj)(-.p; ll lr} >, 
; 

= LPjl < 111 1,p; > 122 O. 
; 

hence, positivity condition is fulfilled. 

1. 3) A verage value of an observer 0 is given as 

(0) = L Pj < 0 >j, 
; 

= L PjT"IOpj!, 
; 

= TrW L 1';l'j!, 
; 

TriA LPjpjl =< 0 > . 
; 
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1.3.3 Density matrix based postulates of quantum me-

chanics 

T he l;t.o ndard fonnulal.ion of quantum mechanics in terms of Lhe ljl.ate vect.or 

is well known. However, taking the density matrix approach to quantum 

mechanics as opposed to the state vector approach is particula rly productive 

ill tenus of solving multipartite problems. The next sections show how to 

reformul at.e quantum mechanics postulates in terms of density matrices. 

1.3.4 Postulate 1 

There is an operator p called density operator associated with any ensemble 

(1); , hbj) that is a posi tive defillite (hermitian) wit.h trace OIlC working: ou the 

Hilbert space of /lny isolated physical sys tem in complex linear vect.or space 

(LVS) or Hilbert space where the inner product is specified. The density 

operator of the system is if the system is in some state j with matching 

probability Pj is given as, 

1.3.5 Postulate 2 

p = L 7'iI1/1i)(1/1il· 
i 

The time dynamics in closed systems arc uni tary and £Ire described by Uni

tary Transronnnt.ion. That is the quantum state p at time 1\ and p' a state 

a latcl' time 12 are related by a IInit.firy opemtor 1 whi('h only depends on the 
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limitiol of time. 

1.3.6 Postulate 3 

p' = :LUl'jIV',)(v';IUt , 
j 

(1.31 ) 

( 1.32) 

In quantum pi lysics, measurements are characteri zed matilcmatically by a sel 

of measurement operators called M nI' which acts on the dcnsity matrix of the 

qUfllltUl 1l system being measured. T he measurcmcnt resul t. of the experiment 

is represented by the indc..,,< m. The completeness connection applies to these 

measuring operators. 

( l.:J3) 

'" 
1f the system is init.ially in the 1vJj) state, the possibil ity of att.ai ni ng outcome 

"m." is 

(1.34) 

the prouability of geLt.ing n..':mlts "m" is based 0 11 Baye's law of (lrubability. 

p(m) = :L P(mlJ)P; , 
j 
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the post measurement state can be defined as, 

(1.36) 

we have a post-measurement ensemble of stat e \1/;j) that produces an out

come "m " with probability p(i \m). The post-measurement density operator 

Pm is now defined as; 

Pm = L P(j\m)Mm\1/;j ) (1/;j\) , 
j 

(1.37) 

from elementary probability theory 

P( .\ ) = P(m,j) = P(m\j) 
J m P(m) P(m) , 

using relation in above equation 

(1.38) 

gives the post measurement quantum state of t he system. 

1.3.7 Postulate 4 

The tensor product of t he I-Iilbert spaces of different parts of the physical 

system equals the Hilbert space of the composite system . If we have a mult i-

partite system wit h a number ranging from 1 to n and st at es n, the system 's 
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composite quantum state is; 

P = PI 0 P2 0 P3· (1.39) 

1.4 The red ueed density matrix 

In quant um physics, we are sometimes more interested in parts of a com

posite system than the total physical syst em when dealing with multipartite 

syst ems. For example, if we have a two-particle system with density matrix 

PAB and we want to discover its parts PA and PB, we can use t he partial 

trace operation on PAB. The partial trace procedure eliminat es the informa

t ion from one portion of the subsystem while keeping the information from 

t he other part of the subsystem untouched in AB. To locate PA from PAB, 

for example, we must conduct a part ial trace concerning subsystem B to find 

then , 

(1.40) 

In the same manner, for system PB , parti al tracing across subsystem A is 

used. 

(1.41) 
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Also, for 2 state vectors 4h and 't/J2 in subsystem A and (PI and ¢2 vectors in 

subsystem B t hen , partial t race over B and A becomes 

PA = T rn(l7/;l) (7/;2 1 0 1¢1)(¢2 1) , 

17/;1) (7/;2 ITr B 1¢1) (¢2 1, 

17/;1)( 7/;2 1Tr B (¢11¢2), 

PB = TrA(I't/J1)('t/J210 1¢1)(¢21)I , 

(1.42) 

(1.43) 

vVe exploited the fact that the trace of any operator 0 , which is effectively an 

outer product, turns into an inner product T r(la)(pl) = (alp) in equations, 

(1. 23) and (l.24). 

1.5 The classical information entropy 

In information theory, our primary goal is t o send a message from the trans

mitter to the receiver over a channel. To do t his, t he t ransmitter delivers 

a succession of part ial messages or a single message t o the receiver , which 

are combined to generate the original message. The content of one of these 

incomplete messages is used to determine how much uncert ainty is removed 

from the receiver 's interpret er. The predicted content of the information 

provided by a stochast ic or random data source is known as the information 

entropy. Assume, we have a stochastic data source represented by a random 

variable X, which has a fini te number of outcomes, also knmvn as events. 
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Let's say, wc take a Illcasurcmeut of X and get a value. T he1l entropy is de-

sc ribed as the qUllntity of the knowledge gained after measuring X or os the 

I.UlIUl!ll t uf ulI(.:cr taility pn:sellt before measuring X. Both sta temeuts are mu-

t.u nlly exclusive. Ent ropy is a measure of the various possible values of event 

or oHtcome probabilities of random variable X. AS~\lln(' t.hat the variable's 

sample space is 

(1.44) 

The Shannon ent ropy of ra ndom vari able X is defined 81; follows: 

II(X ) = II (P" P" ....... p"-" P,,) = - L Pj log, Pj, (1.45) 
j 

With O(log(O))=O, 8 11 event with zero proba bi lity a nd thus no chance of 

occurring has zero entropy. The nega tive sign is since [o9(l1j < 1) produces 

a negative number, and as entropy cannot be negative, the minus sigll of 

this log, together wi th the predetermined mi nus sign in the equation (1.'11) , 

produces positive entropy, 

Bi ts arc used to define entropy. The informat ion entropy of an occurrence 

with a low probabili ty will be high, and vice versa. 

1.5.1 Binary E nt ropy 

We'U usc the example of a l'ClIluom variable X fo l' a stoclHtslic datu source 

with just two outcomes to bett er lInderst aud the property of information 

ent ropy. X = p, 1 - p, where p is the first e\'cnt's probabilit.y a nd 1·1) is the 
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H(p) 
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Binary entropy function 

H (X )=-plog p - (l - p ) log(l - p ) 

H=O: no uncertainty 
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Figure 1.2: P lot of binary ent ropy H(p) verses probability 

second event's binary ent ropy is the entropy associat ed with t his bipart ite 

system , which becomes, 

H(X) = -PlogP - (1 - P)log(1 - P) , (1.46) 

is plotted above. It is clear from the figure of binary ent ropy that Entropy 

H(p) reaches its highest value at P = ~, which is obvious if we assume we 

have a fair coin , in which case entropy should be maximum because we cannot 

expect specific outcomes head or t ail because both have half probability, so 

the ent ropy should be maximum in t his case. 
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1.5.2 R elat ive ent ropy 

T he relative entropy of two probability distribut ions p(x) and q(x) define how 

close t hey are to each other. They have a certain amount of entropy, if t hey 

coincide, they are the same and their relative entropy is zero and if they are 

indefinitely apart , t heir ent ropy is maximized . 

H(P( x)llq(x )) == L P(X)109P((: )) == -H(x) - Lp(x)log q(x), 
x q x 

(1.47) 

As, it is already defined -O(log(O))=O and -p(x)log(o)=+ inf , if p(x»O The 

relative entropy is non-negative, with H(p(x )llq(x )) ~ 0 and equality if p(x) 

= q(x). 

1.5.3 Joint entropy 

vVhen we want t o know t he total entropy of a system with a set of random 

variables, we use the t erm joint entropy. Assume that a system has two 

random variables, X and Y. The mathematical definition of joint variable 

entropy is, 

H(x, y) = -p(x, y) log p(x, y) , (1 .48) 

This can be generalized t o n number of random variables as, 
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1.5.4 Conditional entropy 

We'll use two random variables , system X and Y, to understand conditional 

ent ropy. Now, the definition of conditional entropy answers the question , 

how much uncertainty is there in the system when the entropy of one of the 

random variables is identified? The remaining uncertainty of t he pair (X, Y 

) is known as conditional entropy if we know the value of Y and hence H(Y 

). Mathematically, 

H(X\Y) = H(X, Y) - H(Y) , (1.49) 

So, conditional entropy is the average level of uncertainty we have about the 

system, taking into account the fact that we know the entropy of one of the 

random variables . 

1.5.5 Mutual Information 

The number of mutual information is defined as; it measures how much 

information is shared random variables X and Y 

H(X : Y) = H(X) + H(Y) - H(X, Y) , (1.50) 

using equation (1.45) above eq can be written as, 

H(X : Y) = H(X) - H(X\Y) , (1.51) 

vve are now in a position to discard the Shannon entropy properties. 
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I. 1) II (X, l') =lI(l', X), fI (X l')= fI(Y,X), 

1. 2) H(y)X)<: 0 and thus (X, l')S H(Y) where, equnlity holds when l'=J(X) 

I. 3) H(XI }1)'5. Jf(X)+fl( Y), where, equality only holds if }' find X don't 

depend on each other this is known sub-additivi ty. 

I. 4) lI(X)S fI (X, l') where, equality holds if and only if l'=J(X). 

l. 0) H( l1X) SN( Y) and thus H(X,Y)<:O where, equality holds if Y and 

X dOIl 't depend on each other. 

1.6 T h e quantum information entropy 

In QllElI1t.um information theory [9L the \ '011 Neumann cntropy or quantum 

in formation entropy is defi ned s imilarly to the Shannon entropy, wh ich is cal

culated on a classical probabili ty dis tribut.ion in classical information theory. 

Theorems on Shannon entropies are parallel appl ied to quantum information 

thcory. 

1.6.1 Von Neuman entropy 

The Vonn Neuman entropy is a quantum theory cOllll lerpart of the Shannon 

cutropy, in which the pl'Ouauility distrilmtion is rcpinccd l;y !.\ density oper

ator matrix as the 5 0 lll'Ce of information. VOll ll Neuman ent ropy is wriLten 

.s, 

S(p) = - T,' (p loy p), ( 1.52) 
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it is assumed t hat t he logarit hm has a base of two. If >' j are t he density 

matrix eigenvalues, then 

S(p) = - L >'jl09>' j 
j 

with already defined O(logO)=O. 

1.6.2 Properties of Vonn Neuman entropy 

( 1.53) 

• The entropy of a syst em is always positive. Only when the entropy is 

zero. then the quantum state is pure. 

• The entropy in n-dimensional Hilbert space is at most equal to log (n). 

If and only if the quantum st ate is maximally mixed ~ , the entropy is equal 

to log( n) , where I is the identity matrix of order n. 

• When a composite system in a pure state then , S(A)=S(B). 

• Assume that Pj is the probability and t he state j have orthonormal sub

space support. Then, 

(1. 54) 
j j 

• Under unitary translation , the von Neuman entropy is invariant , implying 

that 

S(p) = S(U pu t) . 

• S(p) exists for the independent uncorrelated syst em addivity. Additivity 

exists if we have two density matrices PA and P B that correspond to two 
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parties A and B, respectively. 

S(PA ® PH) = S(p,,) + S(pB)' (1.55) 

• If we \a\Ye three parties, A, B, and C, t he entropy S(p) is subaddi t ive. 

it guarantees t hat the subaddivity exists for S(p). 

(1.56) 

1.6.3 Quantum relative entropy 

Quant um relative entropy is a reasonable stat istical mcaSurc of quantum 

state d is ti nguishability. It 's a dens ity operator distance measure t.hat's ell

tropic. The measure of dis tinguishab ility between two quantum s tates is 

quantified by q llflll t.U Ill relative entropy if we have two d ensity mat ri ces . The 

Cjnflllt nlll IIlcchauicHi equivalent of dnssical relati ve cnt.ropy is ddilll.'d as 

S(plI<7) = r,, (p log p) - r,·(p log <7 ), (1.57) 

below arc n few features of quantum relative cnt ropy. 

The qllantum relative ent ropy S(pllo-);::: 0 is not negntive. When the COII

dition p = (J is fu lfilled, equality is achieved. It is a cont. inuous function if 

infinities do not exis t in t he eva luation of quantum relative entropy. 
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If we have density operators Pl, P2 , (Jl, (J2 with probability Pl , P2 , then 

relative entropy is jointly convex in its argument 

(1.58) 

with P = P1Pl +P2P2 and (J = Pl(Jl +P2(J2· The convexity in each argument 

automatically matches to the convexity in the joint cOIlvexity, resulting in 

(1.59) 
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Chapter 2 

Thermal Entanglement in two 

qubits Heisenberg XXX model 

under Inhomogenous magnetic 

field 

2.1 Entanglement 

Quantum entanglement is a physical phenomenon that occurs when a set of 

particles is generated, communicated , or having spatial proximity in such a. 

manner that the quantum state of every particle in the group cannot be char

acterized independently of the state of all others, even though the particles 

are isolated. Entanglement , a quantum correlation is not only a fundamental 

notion in quantum computing, quantum teleportation, and quantum dense 

coding [10,11] . To investigate the thermal entanglement in the Heisenberg 
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spin in order to better comprehend the quantum correlation properties of 

this model [12 , 13]. 

2.1.1 Thermal Entanglement Quantifier 

Let's suppose that a composite system SAB is prepared by Alice or Bob 

through Local operations on the subsystems SA and SB . Alice and Bob 

can exchange Information t hrough classical communication. During the 

preparation of t he SAB through local operation and classical communication 

(LOCC), Alice prepares t he system SA in the state p¢ and Bob prepares his 

system SB in the state pf which is different from that prepared by Alice. 

The composite state pAB is the mixture of the product state as, 

m 

pAB = LPrP~ ® pB , (2.1) 
r=l 

The above equation is valid for the classically correlated state. ·When the 

states are non classically correlated, then 

m 

pAB =I LPrP~ ® pB, (2.2) 
r=l 

To find a correlation between the two subsystems of a composite system, we 

use the density matrix approach. Density matrix (J is a mixture of classical 

and quantum correlations. Von Neuman entanglement entropy or quantum 

concurrence does give some values , although the states of the density matrix 

could be classically correlated. So, essentially difficulty with the density ma-

trix is t hat it is a mixture of classical and quantum correlations, and usually 
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sLanda rcl pll lT' stnt.e' ('nl,anglcnu'll l mca.. .. llrcs like von i\(,ll lnan cnl.angl(,Il1C'llt 

cntropy call HoL ith!llt ify tllcsc classica lly jlI'Clmn..'d st files or CIlII nut distin-

guish cl flSSic£l l cOlTelations from quantum correlations. 

To avoid this problcJIl , IcVs suppose that one wants to find entanglement 

between two subsystems, where the entire system is in contact with some 

thermal bath , then the state of the composite system can be rcpresented by 

I I · . /I 
t.1 C (enslt.y matnx fJ = e1n' . 

2 .1.2 Negat ivi ty 

Part inl I J"ansposc could he' hclpfu l in intcgrnlly characterizing thcn nni ('ntan-

glemcnt in :mch stat.es. By taking lhe partiallranspose of a dellsity mat rix , 

oue 111 0y get negative eigenvalues which is all indicat ion of the nonseparable 

entangled states, then one may define a measure of entanglement in terms 

of the absolu te va lue of those negative eigenvalues fire known as negativ

ity. Entanglement negntivity measures quantum d imensions of underlying 

dcv;rces of fI'CC<iOlll 0 11 t he ch~ill spins s,Ysl.elll. i\"egati vil.y is e ll1 auglemcnt 

monotone and casy to compute. Negativity is ft simple way t.o compute a 

measure of quantum ent.a nglement in quantum physics. It's a criterion for 

separability [141 derived from the PPT criterion. 

T he posit.ive partial transpose PPT cr iterion or Pen.'S- Horodecki crit e-

rion is a n essential condi t ion of the joint density matrix of two systems A 

uno n to be sCJ)!ll'ublc. For lhe st.ate {I' of composite ::;:yst.elll 1/ A (>¢ /I n 

p' = L piil i)(jl ® 1'>(11. (2.3) 
ijkl 
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its part ial t race over B, i~ given as 

i jkl ijH 

pi is separable for posit. ive eigenvalllcs of the T 1'B(p') and for negat.ive eigen

values, pi is ent.angled. The part ial t. ranspose of t he dellsity mat.ri x of a 

separable state (not entangled) is also a valid state. One or more than one 

negative eigenvalue appears in the part. ia l t ranspose of a 110n separable state. 

The degree to which a state violates the posit ive part ial transposit ion sepa-

rability condit ion is indicated by t he negativi ty of the sta te. In terms of a 

densit.y mat rix , the negativi t.y of Sl\bsystclIl A call h(~ defi ncd as : 

(2.5) 

2.1.3 Quantum M ixedness 

The const.ant interact.ioll of quantum systems wi th the environment results 

ill decohcrcllcc has an illlpact 01 1 the pUI'i t,y of allY quant. ll m st.at.e . Noisc 

causes mixedness in the quantum syst.em, result. ing in information loss. As 

a result , charact.erizing it is an import.ant challenge in quantum informat.ion 

protocols. The mixeciness, which is nothillg morc than t.he system's diso rder, 

can be expressed using ent.ropic functions. For a given d dimensional state, 

we define quant.urn mixed ness as, 

d 
M = -1-[1- TI'(p2}J. 

( - 1 
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\\' here d represents the dimension of given s tate p. For n pure stntf', having 

1\ dClIs iLy llIatrix p, "ft(p2)= 1 and for a mixed stale, n,p2) < 1. As a [(!:Sullo, 

mixedness riuctuates between 0 and 1 for each quantum system. Ko quantum 

system is completely bohl.Lcd, due Lo Lhis inLcraclion information loss due to 

an increase in ent ropy of the qmmtum system. So, it 's very important to dis

cuss t.h e decohcrence errect. In our present system as we are di scussing the 

t.hennal cffcd, on t.he entanglement in which our system is contnct.ing with 

lhe henL baLh for wh ich we lise quantum mixed ness to study the inLernclion 

between the spins system and heat bath. The states that achieve the lI1ax

imum entanglement for a given mixed ness are called maximally entangled 

mixed states. 

The maximal entanglement that may be produced between a quantum 

syst.c lII Hnd a ll im:oilcrmlt an{'i llary through illColH!rcnt opcra liolls arc liUl ited 

by Lhe system's IUtxcdness. All effective asymptoLic ent anglemenL metrics nrc 

either the same or f8il to yield uuifonnly consistent density mat ri x. orderings 

given by Virmalli and Plenio. Furthermore, determining the l'vlEMS form 

requ ires quantifying the mixeduess of a state and for mixedncss, there can 

also be o rdering issues. This shows that the MErd S mny depend on mixedness 

HieaSUreltlents as wcll . 

2.2 The Model 

Considcr Lwo quhiL Systl'lH placed ill HIl illriepcmlc:nl.ly cont rollablc non

uniform magnetic field (B-b) and (B+b), for whicJ l the Ha lni ltoniaJl is defined 
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as; 

where, J is the exchange coupling constant between spins , (}~ (a = x, y , z ) 

are the P auli spin operators. The J < 0 corresponds to the ferromagnetic 

case and J > 0 corresponds thc ant ifclTomagnetic chain case. The degree 

of inhomogeneity in uniform magnetic field B is indicated by b which shows 

an independent magnetic field. We're treating our system in units B , b, and 

J thus , we're in dimensionless units. Since we are using natural units or 

geometrized units , so we set Planck's and Boltzmann's constants into one 

h=k=1. The augmented matrix form of Hamiltonian can be written as in 

the conventional computational base 100) , 101 ), 110), 111) can be written as 

follows. 

J -2B 0 0 0 

0 -J +2b 2J 0 
H= 

0 2J J - 2B 0 

0 0 0 J +2B 

The corresponding eigenvalues and eigenvectors of H are given as, 

Eo = -J + 2B , 

El = -J - J J2 + b2 , 

E2 = - J + J J2 + b2 , 

E3 = 2B + J, 
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'l/Jo = 100), 

'l/Jl = N l(alIOl) + 110)) , 

'l/J2 = N2(a2 101) + 110)), 

'l/J3 = 111) , 

where, functional form of constants aI , a2, N l , N2 are given as; 

-b - JJ2 + b2 

al = J 

- b + V"'J=-2 -+--:b-""2 
a2 = J 

" T _ 1 
1\ 2 -

Ja~ + l' 

2.3 Thermal properties 

(2.10) 

(2. 11) 

As a two qubit system is in t hermal contact with the heat bath which main

tains its constant t emperature T. After establishing thermal equilibrium be-

tween system and surrounding is established so, we can write thermal state 

of the system is given below; 

H e- [(1' 

p(T) =-z' (2.12) 

where, Z = tr([el~, ]) is t he system's part ition function , and K represent 

Boltzmann constant. In the current system, the partition function and den-
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sity matrix are as follows: 

2B - J J + v' J2 + b2 J - v' J2 + b2 - 2B - J 
Z = exp( KT )+exp( ](T )+exp( ](T )+exp( KT ) , 

Putting (2.5) in (2.4) and (2.4) in (2.8), we get 

where, 

1 
p(T) = Z 

u 0 0 0 

o w y 0 

o y x 0 

o 0 0 v 

(2.13) 

(2 .14) 

(2 .15) 

(2.16) 

Now, we are going to numerically discuss t he results of t hermal entanglement 

by using a major called negativity discussed below. 
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Chapter 3 

Numerical results of thermal 

Entanglement 

\Vc start witll fClTOillagllctic case mid antifcl' l'Olllagnct ie. F'lll'tilcnnorc, t ilCI'C 

are two magnetic field C"1Ses ill each of them with a uniform magnet ic field 

(8#0, b=O) and non~l1niform magnetic field (8=0, b ~O). ' ·Vhere, the unit 

of temperature is inverse of the unit of Boltzmann constant while magnetic 

field is dimensionless. 

3.1 Negativity 

when J < O 

For t,h!" sake of si lllpiiri ty, we set. J=-1 which is 1'1 ferromagnetic case. 
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3.1.1 Uniform magnetic field in ferromagnetic case 

The plot of negativity as a function of temperature T, uniform magnetic field 

B in ferromagnetic case (J =-1). 

B 5 

N(p) 0.5 

Figure 3.1: N(p) plotted against Band T 

Figure 3.1 shows that the value of negativity is zero for each value of 

magnetic field B and temperature except at zero in the case of ferromagnetic 

in the presence of the uniform magnetic field. This shows that ferromagnetic 

materials do not exhibit entanglement within the system in the presence of a 

uniform magnetic field. It can also be observed from the graph that at small 

values of B approach to zero and at an absolute zero value of temperature 

negativity shows a peak, which indicates the presence of entanglement that 

is very sensitive to the magnetic field. As with a small variation in the 

field Band T from zero, negativity goes to zero. So in general, there is no 
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entanglement present in the ferromagnetic mat erials under the influence of 

uniform magnetic field B at finite temperature. 

3.1.2 Ferromagnetic case in non-uniform magnetic field 

The plot of negativity as a function of temperature T, non-uniform magnetic 

field b in ferromagnetic case (J=-l). From figure (3 .2), negativity decreases 

5 

Figure 3.2: N(p) plotted against band T 

with increasing both temperature and non-uniform magnetic field as shown 

in the graph. 

Negativity shows a very interesting behavior which is symmetric when 

plotted against the non-uniform magnetic field b and temperature T. In the 
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ahscllC"P' of the non-uniform magnetic fi C'ld and at zC'ro tcmpC'ratmc, lH'ga

Livity ha.s the lIIiuillll1lll value approac1u .. 'S Lo zeru. POI' Lhe slIlall valucs of 

the non-un iform magnetic field baud at low temperature, negativ ity is max

imum which indicates the presence of the entanglement, hut. this behavior is 

only valid for small values of b and with further increase the value of non

unifol'lIl magnelic field b and tem perature T, negativity also decreases even

tually npPl'oftrhes to zero. This shows that in t he absellce of nOIl-uni rorm 

external field and zero temperature, t here is no entanglement, but. for the 

smaller vt)lues of the non-uniform magnetic field b approaches to zero and at 

low temperature, there is some entanglement which decreases with increas

ing nOll-uniform magnetic field b and temperature T. This means that an 

infini tesimal magnetic field applied in opposite directions to the two spins 

III zero t('lIlp()rat.ul'c UlR..x iulizes the eut.a ugl<.' lllcllt betwC{'11 Iwo SIlins WIlidl 

dccreru;es with increasing magnetic field. 

whe n J > O 

For the sake of simplicity, we set J=1 , which is a anti ferromngnelic case. 

3.1.3 A ntiferr0l11agnetic case with unifornl 111agnetic 

fi eld 

The plot of negat ivity as n function of t.empcrature T, uniform magnelic 

field n in ant.iferromagnetic case (J=1). Figure (3.3) , shows that the neg

at iYity is maximum when the ex tel'l1al magnctic field is zero or vcry small 

anti :)Y llllllCt.l'ic. It cun easily Lc set.:n tli at. Ilcgat.ivit.y is maximulll ill t.ile 
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Figure 3.3: N(p) plotted against Band T 

limit -2 < B < 2 and absolute zero value of temperature T. So, entangle

ment decreases, increasing temperature in the antiferromagnetic case with 

the uniform magnetic field. Negativity shows an abrupt transition at B=2 

to zero i.e. entanglement in the system becomes zero at this specific value 

of the field also it decreases with increasing the temperature and eventually 

goes to zero when the temperature is large enough. 

3.1.4 Antiferromagnetic case with non-uniform mag

netic field 

Figure (3.4), negativity in the presence of non-uniform magnetic field for an

tiferromagnetic case plotted against band T, shows that negativity decreases 

with increasing temperature and magnetic field and eventually goes to zero 

for higher temperatures . For small values of the non-uniform magnetic field 
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Figure 3.4: N(p) plotted against band T 

b and temperature T, negativity is large and hence entanglement is present 

and is maximum in the absence of inhomogeneous magnetic field and at an 

absolute zero value of temperature T. 

Figure (3.4), also represent that negativity shows the symmetric behav

ior when plotted against non-uniform magnetic field b and decreases with 

increasing non-uniform magnetic field and also with temperature and hence 

entanglement decrease with increasing non-uniform magnetic field and also 

with temperature. 

3.2 Quantum Mixedness 

when J<O 

For the sake of simplicity, we set J=-l which is the ferromagnetic case. 
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3.2.1 Ferromagnetic case with uniform magnetic field 

The plot of quantum mixedness as a function of temperature T, uniform 

magnetic field B in ferromagnetic case (J = -1). 

o 

4 

-5 

Figure 3.5: QM plotted against Band T 

Figure (3.5), it is evident that the QM is symmetric with regard to the 

uniform magnetic field. Furthermore, it demonstrates that at lower tem

peratures, the QM decays rapidly as the uniform field increases, whereas at 

higher temperatures, the QM is maximum but with increasing uniform mag

netic field QM decays slowly and has a maximum value in the absence of a 

uniform magnetic field. 

Figure (3.5), also shows that QM for the ferromagnetic case with a uni

form magnetic field for different values of B increases with increasing tem-
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perature implies that decoherence and the entropy of the system increases 

which lead to the loss of the entanglement. 

3.2.2 Ferromagnetic case in non-uniform magnetic field 

The plot of quantum mixedness as a function of temperature T, non-uniform 

magnetic field b in ferromagnetic case (J =-1). 

4 T 

O.5M(P) 

-5 

Figure 3.6: QM plotted against band T 

Figure (3.6), for different fixed values of temperatures, it is evident that 

the QM has symmetric behavior when plotted against the non-uniform mag

netic field b. Furthermore, QM has maximum value in the absence of a 

non-uniform magnetic field b. It demonstrates that at a lower temperature, 

the QM decays rapidly as the uniform field values increases, whereas at higher 

temperatures, the QM decays slowly so, for ferromagnetic case in the pres

ence of a non-uniform magnetic field shows a unique behavior than for the 

rest of the cases which means that non-uniform magnetic field decreases the 
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entropy of the system. 

F igure (3 .6), shows that QM for the ferromagnetic case with non-uniform 

magnetic field for different values of b increases with increasing temperature. 

when J>O 

For the sake of simplicity, we set J=l, which is an antiferromagnetic case. 

3.2.3 Antiferromagnetic case in uniform magnetic field 

The plot of quantum mixedness as a function of t emperature T, uniform 

magnetic field B in antiferromagnetic case (J = 1 ). 

0.8 

0.6 

M(p) 0.4 

0.2 

B 5 

Figure 3.7: QM plotted against Band T 

Figure (3.7) , shows that QM for the antiferromagnetic case plotted against 

a uniform magnetic field B and temperature T has the symmetric behavior 

and has maximum peak value for B=2, on further increasing B beyond 2, 
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QM starts decreasing eventually to zero. vVhen a uniform magnetic field is 

zero or in the limit -2 < B < 2, QM is zero at low temperature T but for 

higher temperature T, QM has some value even in t he absence of t he uniform 

magnetic field implies that ent ropy increases. 

Figure (3.7) , shows that QM has zero value at low t emperatures and 

uniform magnetic field except for higher fixed values of the uniform mag

netic field like B=2, mixed ness is zero even at zero temperature and start 

increasing with increasing temperature to the maximum value. 
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3.2.4 Antiferromagnetic case with non-uniform mag-

netic field 

The plot of quantum mixedness as a function of temperature T, non-uniform 

magnetic field b in antiferromagnetic case (J = 1 ) . 

-5 

0.8 

M( )0.6 
P 0.4 

5 

Figure 3.8: QM plotted against band T 

Fig. 3.8, shows that QM for the antiferromagnetic case with non-uniform 

magnetic field plotted against b has the symmetric behavior and starts de-

creasing with increasing b and for higher values of temperature T. QM is 

minimum in the absence of the non-uniform magnetic field b, at low temper

ature T, but at higher temperature T, QM is maximum even in the absence 

of inhomogeneous magnetic field and decrease with increasing temperature, 

which shows that entropy is minimum in the absence or for low values of 

inhomogeneous magnetic field for the low temperature and start decreasing 

with increasing temperature. 

56 



3.3 Collective study of thermal Entanglement 

We have discussed a quantifier to study the thermal entanglement for ferro

lllrtgnct ic and antifcrrolllflgnct. ic cases, for uniform and non-uniform m agnetic 

fields fo r different values of temperature as negativit.y and we also use quan

tum mixeclness to study the effect of the heat bath on the spin system, here 

we are going to compare ment ioned two qua nt ifiers. The following graphs 

for the 2 different quantifiers i.e., negativity(blue solid} , quantum mixedness 

QivI (green dotted) is discussed in different cases as mentioned below. 

When J < O 

For the sake of simplicity, we set J=-l which is a ferromagnetic case. 

3.3.1 Ferromagnetic case in uniform magnetic fi eld 

The plots of negati vity and Qtvi as a funct ion of temperature T, for fixed 

vnlnes of uniform Inagnetic field B in fel'romagnet ic case (J= -l). 

In figure (3 .9), for the ferromagnetic case with a fixed value of the uniform 

magnetic field B when plotted against temperature T, negativi ty shows zero 

response for all values of B and over ent ire rang of T while for B=O, Qi~.,11 

has large value even in absence of B and at absolute zero T and increase 

with increasing temperature T as shown ill figure 3.9(a), but in the presence 

of hOlf10gCllcous IUagnctil: lield B, QM gocs to %cro for low tcmpcrature T 

approaches to zero and increase rapidly with increas ing temperature as shown 

in figure (3 .9)(b, c) . It is also observed in absence of homogeneous magnet ic 

field B, negativity is minimum having zero response for all values of the 
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F igure 3.9: N(p) and QM plotted against T, for fixed values of B 

uniform magnetic field and temperature, but QM shows zero response for 

small values of uniform magnetic field and temperature approaches to zero 

are shown in fig 3.9(b, c, d) which is an indication for the presence of the 

noise in the system which leads t he system to the loss of correlation. 

In fig. (3 .10), in the ferromagnetic case with a fixed value of temperature 

T, when plotted against uniform magnetic field B, negativity shows zero 

response for all values of T. For T =O, QM is also zero, mean entanglement 

does not appear in the system in the absence of the uniform magnetic field, 

and the absolute value of temperature is shown in fig 3. 10 (a). For all the 

other values of temperature except for T =O, negativity is still zero, but QM is 

maximum in the absence of homogeneous field and decreases rapidly for small 

values of temperature T, and slowly for higher values of the temperature with 
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Figure 3.10: N(p) and QM plotted against B, for fixed values of T 

increasing homogeneous magnetic field B shown in fig. 3.10(b, c, d). These 

results show that entanglement is present in the system, but very sensitive 

to temperature and uniform magnetic field. 

3.3.2 Ferromagnetic case in non-uniform field 

In figure (3.11), for the ferromagnetic case with a fixed value of temperature 

T when plotted against non-uniform magnetic field b, negativity shows an op-

posite behavior than the previous one for uniform magnetic field B. At T=O, 

negativity has some value even at b=O and decreases with increasing b i.e., 

in the absence of the b and at T=O, there is maximum entanglement present, 

which decreases with increasing non-uniform magnetic field b as shown in fig. 

3.11 (a) and for T=l, in the absence or small values of the inhomogeneous 
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Figure 3 .11: N(p) and QM plotted against b, for fixed values of T 

magnetic field b, QM goes to its maximum value while negativity goes to zero 

as shown in fig . 3.11 (b) and increase with increasing b along with decreasing 

QM shows that for small values of temperature and relatively large values of 

the non-uniform magnetic field, entanglement is present as shown in fig. 3.11 

(b, c). While from fig. 3.11 (d) , it is clear that with increasing temperature, 

negativity goes to zero while mixed ness increases , which indicates that with 

increasing temperature T, entanglement also decreases in the presence of the 

large values of the inhomogeneous magnetic field b. 

In figure (3 .12), for the ferromagnetic case with a fixed value of non-

uniform magnetic field b when plotted against temperature T, in the absence 

of the b, negativity is zero, but QM is present even for absolute zero T and 

in the absence of the b and increase with increasing T which shows that 

no entanglement is present for this case shown in fig 3.12 (a). For higher 
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Figure 3.12: N(p) and QM plotted against T for fixed values of b 

values of b, negativity shows some response even at absolute zero T and 

decrease quickly with increasing T i.e , entanglement is present for a very 

short interval of time at very low temperature and comparatively at large 

values of non-uniform magnetic field b. 

when J>O 

For the sake of simplicity, we set J=l which is antiferromagnetic case. 

3.3.3 Antiferromagnetic case in uniform magnetic field 

In figure 3.13, for the antiferromagnetic case with a fixed value of temperature 

T, when plotted against uniform magnetic field B, for T=O, negativity is 1 

(maximum) between -2<B<2, on further increasing B, negativity suddenly 
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Figure 3.13: N(p) and QM plotted against B, for fixed values of T 

goes to zero, this shows in antiferromagnetic case entanglement is present for 

a certain range of the B, QM is zero at T=O and for all values of B as shown 

in fig 3.13 (a). Case (b) for T=l , QM plays the role due to which sudden 

fall down of negativity convert into slowly decreasing pattern. On further 

increase in temperature as the case (b) and (c), QM starts increasing as 

resultant negativity goes down, which shows a decrease in the entanglement 

with a rise in the temperature T. 

In fig (3.14), for the ferromagnetic case with a fixed value of uniform 

magnetic field B when plotted against temperature T, negativity here shows 

different behavior from all the previous cases and is equal to 1 at B=O and 

B=l case (a,b) and start decreasing with increasing temperature T, this 

means that entanglement is present in this case which decreases with increas-

ing temperature T, while for B=O and B=l case (a,b), initially at B=T=O, 
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Figure 3 .14: N(p) and QM plotted against T, for fixed values of B 

QM is also zero but with increasing t emperature T, QM is also increasing 

which is a cause of decreasing entanglement. In case (c) B=2 , negativity 

has a small value, but QM is present even at T=O so, in t his case , spins are 

weakly entangled . In case (d), B=4, negat ivity shows zero response with an 

exponential increase in QM which shows no entanglement in the system. So 

as a conclusion , for the antiferromagnetic case entanglement decrease with 

an increase in both t emperature T and homogeneous magnetic field B. 

3.3.4 A nt iferromagnetic case in non-uniform magnet ic 

field 

In figure 3.15, for t he ant iferromagnetic case plotted against non-uniform 

magnetic field b, for fixed values of temperature T, when the negativity is 
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Figure 3.15: N (p) and QM plotted against b, for fixed values of T 

equal to 1 at B=Q and absolute zero temperature T = Q and start decreasing 

with increasing T, this means that there is entanglement in the present case 

(a) which decrease with increasing inhomogeneous magnetic field band QM 

is zero for all the values of t he b. In case (b), T= 1 negativity is almost the 

same, with a little increment in the QM, with the further increase in the tem-

perature, negativity starts decreasing and QM increases as shown in the case 

(d) where, for T = 4, for small values of b negativity is zero and on further 

increasing inhomogeneous field, there is a small increment in the negativity 

along with the decrease in the QM, which is an indication for the entangle

ment at large values of inhomogeneous magnetic field b. In figure (3.16), for 

the antiferromagnetic case with a fixed value of non-uniform magnetic field 

b when plotted against temperature T, negativity is equal to 1 (maximum) 

at b=Q and start decreasing with increasing temperature T, this means that 
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Figure 3.16: N(p) and QM plotted against T, for fixed values of b 

entanglement is present in this case. Initially, when b=O, for T approaches 

zero, QM is also zero, which increases wit h increasing temperature, hence 

decoherence and ent ropy increases in t he system. Wit h t he increasing of the 

inhomogeneous magnetic field , the maximum value of the negativity at ab

solute zero temperature T=O decreases indicat e that the maximum value of 

the entanglement decreases in the syst em with the increasing inhomogeneous 

magnetic field. 

3.4 Results and Discussion 

In this work, the quantification of entanglement measure, negativity is eval-

uated for two qubit Heisenberg XXX model under the inhomogeneous mag-

netic field for both ferromagnetic and ant iferromagnetic cases. In the ant ifer-
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romagnctic case in the uniform magnetic field B, wit h an increase in B, there 

is a critical point at B = Bc=2, negativity becomes a non-analytic function 

of B which gives the signature of phase transition. Negativity is maximum 

for B < Bc and is minimum for B > B c, when T=O. This means for B <Bc at 

T=O , the ground state of the system is in an entangled state, whereas for 

B >Bc it is not an ent angled state (see Fig. 3.13). 

Negativity in a non-uniform magnetic field for the antiferromagnetic case, 

IS a single-valued function and so there is no critical point where we can 

find the non-analytic relation with respect to b and so no quantum phase 

transition occurs in this case (see Fig. 3.15) . Moreover , it is seen that QM 

increases with the increase in T which is trivial as we have calculated the 

QM for thermal state and in contrast to the uniform antiferromagnetic case, 

in this case, an increase in the value of b generally slows down the rate of 

increase in QM with T. 

Negativity for the ferromagnetic case in a uniform magnetic field is zero 

(see Fig. 3.9) . So, in contrast to the uniform antiferromagnetic case, it is 

observed that there is no entanglement in this case. It is also observed that 

QM is zero for all the values of B at T = O. For small T the behavior of QM 

is localized at small values of B which becomes delocalize for larger values 

of T. 

In contrast to the uniform ferromagnetic case where is no entanglement at 

all , in the case of non-uniform ferromagnetic case, entanglement exists which 

is very sensitive to the values of temperature and non-uniform magnetic field 

b. At T = O, negativi ty is maximum at b=O and start decreasing with b (see 

Fig. (3.11)) . \ iVhereas for T > 0, negativity is zero at b= O and starts in-
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creasing after a certain value of non-uniform magnetic field b means for finite 

temperature, negativity start increases and decreases which is unusual. So 

in this case a very small inhomogeneity is capable of producing large values 

of thermal entanglement . This shows that the presence of entanglement in 

the ferromagnetic Heisenberg system is highly unstable against non-uniform 

magnetic fields. 

In general, with the increasing either the magnetic field or t emperature, 

entanglement decreases, fin ally vanishes. This is due to the fact that the in

creasing the temperature , the greater the thermal fluctuations , the system is 

made up of nonentangled and entangled states, and as the temperature rises, 

the presence of non-entangled states rises result ing in a decrease in entangle

ment. This shows that at a fixed temperature , a non-uniform magnetic field 

can minimize the effect on entanglement by thermal fluctuation , hence im

proving the system's entanglement. \Ne can control the size of entanglement 

by changing the size of the magnetic field in the inhomogeneous magnetic 

field , m aking an entanglement switch. 

3.5 Conclusion 

The effect of inhomogeneity on ferromagnetic spins is very prominent . An 

infinitesimal magnetic field applied in opposite directions to the two spins at 

zero temperature maximizes the entanglement between two spins. It 's like as 

vve've twisted the two spins together into an entangled state , which decreases 

with increasing temperature. When the spins are coupled ant iferromagneti

cally, inhomogeneity can only weaken entanglement . 
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